'.) Check for updates

Accepted: 16 October 2023

DOI:10.1002/cpa.22189

RESEARCH ARTICLE

The anisotropic min-max theory: Existence
of anisotropic minimal and CMC surfaces

Guido De Philippis' | Antonio De Rosa*?

ICourant Institute of Mathematical Abstract
Sciences, New York University, New York,

We prove the existence of nontrivial closed surfaces with
New York, USA

*Department of Decision Sciences and constant anisotropic mean curvature with respect to elliptic

BIDSA, Bocconi University, Milan, Italy integrands in closed smooth 3-dimensional Riemannian
3Department of Mathematics, University manifolds. The constructed min-max surfaces are smooth
?stl\ﬁaryland’ College Park, Maryland, with at most one singular point. The constant anisotropic

mean curvature can be fixed to be any real number. In
Correspondence particular, we partially solve a conjecture of Allard in

Antonio De Rosa, Department of
Mathematics, University of Maryland,
4176 Campus Dr, College Park, MD 20742,
USA.

Email: anderosa@umd.edu

dimension 3.

Funding information

NSF DMS, Grant/Award Number:
2055686; Simons Foundation,
Grant/Award Number: 816188; NSF DMS,
Grant/Award Numbers: 1906451, 2112311,
2143124

1 | INTRODUCTION

The min-max theory has been extremely successful in finding critical points of the area functional,
commonly referred to as minimal surfaces. Almgren [5] started a monumental program to develop
avariational theory for minimal surfaces of arbitrary dimension and codimension using geometric
measure theory. In particular, he proved the existence of a nontrivial weak solution as a stationary
integral varifold [6]. The regularity of the solution in codimension one was established by Pitts [33]
up to dimension 6 of the ambient manifold, relying on the curvature estimates for stable minimal
surfaces proved by Schoen-Simon-Yau [34]. Then it has been extended to every dimension by
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Schoen-Simon [35] (always in codimension one). Thereafter, Colding-De Lellis [10] and De Lellis-
Tasnady [12] have proved a similar construction using smooth sweepouts, building on ideas of
Simon-Smith [37]. Very recently, the zero mean curvature case has been generalized by Zhou-Zhu
[39] to the existence of constant mean curvature surfaces in closed Riemannian manifolds.

In spite of the aforementioned vast literature for the area functional, nothing is known concern-
ing the existence of anisotropic minimal or constant anisotropic mean curvature surfaces. Allard
[3] proved an analogue of the curvature estimates of Schoen-Simon [35] and conjectured the exis-
tence of anisotropic minimal surfaces in closed Riemannian manifolds [3, page 288]. However he
observed that: “there remains a considerable amount of work to do before this becomes feasible for
general integrands” [3, page 288].

In this paper we partially solve this problem in dimension 3, proving the following first main
result:

Theorem 1.1. Let M be a 3-dimensional C* closed Riemannian manifold and F be a C? elliptic
integrand. Then there is a nontrivial surface ¥ C M without boundary which is a critical point with
respect to F. Moreover there exists at most one singular point p € M for %, that is, T is C> embedded
away from p. Furthermore one of the following properties hold:

(a) there exists R > 0 such that T is smooth stable in Br(x) for every x € M;
(b) Zisstablein M \ {p}.

Theorem 1.1 is obtained from the following second main result:

Theorem 1.2. Let M be a 3-dimensional C* closed Riemannian manifold, F be a C? elliptic
integrand and c € R\ {0}. Then there is a nontrivial surface £ C M without boundary which has
constant anisotropic mean curvature c with respect to F. Moreover there exists at most one singular
point p € M for %, that is, T is C* almost embedded away from p. Furthermore one of the following
properties hold:

(a) there exists R > 0 such that T is smooth stable in Br(x) for every x € M;
(b) Zisstablein M \ {p}.

The assumptions of a C* Riemannian manifold and a C* Lagrangian are used to construct a
surface T of class C2. A higher regularity on M and F provides a better regularity also for Z. In
this paper, if not further specified, smooth will always refer to the above regularities.

Theorem 1.1 is the 3-dimensional anisotropic counterpart of the celebrated existence result for
the area functional proved by Pitts in his groundbreaking monograph [33]. The isotropic version
of Theorem 1.2 has been recently proved by Zhou-Zhu in [39].

As previously remarked, Allard has conjectured in [3] the possibility to run the Pitts min-
max construction scheme [33] in the anisotropic setting. Theorem 1.1 positively answers to this
conjecture for 3-dimensional manifolds.

We conclude observing that Theorem 1.1 implies the following result in the setting of Finsler
manifolds: we refer the reader to [7, “Volumes on Normed and Finsler Spaces” by Alvarez Paiva
and Thompson] for a survey on Finsler manifolds and for the relevant definitions about Busemann
volume, Holmes-Thompson volume, Gromov’s mass, and Gromov’s mass:

Theorem 1.3. Let M be a 3-dimensional smooth Finsler sphere, such that the norms on all tangent
spaces T M are uniformly convex. Then there is a nontrivial minimal surface ¥ C M with respect to
the Holmes-Thompson volume, without boundary, which is smooth away from at most one singular
pointp € M
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Strategy of the proof. The proof follows the scheme developed by Almgren-Pitts [33] for the
existence of isotropic minimal surfaces. The scheme consists of two parts: the existence and the
regularity part. The existence of an anisotropic stationary rectifiable varifold can be proved with
a similar strategy to the one used by Almgren-Pitts [33], replacing Allard rectifiability theorem
[1] with its anisotropic counterpart proved by the authors [14]. To this aim we need to employ
a density lower bound, proved by Allard in [3]. On the other hand the regularity part has sev-
eral obstructions. The main issue is in showing that two consecutive replacements glue smoothly.
Indeed, due to the lack of monotonicity formula [2], it is not clear a priori if upper density esti-
mates hold at the points of the interface of two consecutive replacements. Moreover, the lack of
monotonicity formula does not allow to directly prove that the blowups at these points are planes
by simple mass comparison at different scales. To solve these issues, our strategy is first to focus on
the existence of constant non-zero anisotropic mean curvature (CMC) surfaces. Borrowing ideas
from [39], in the CMC setting we can construct multiplicity one replacements, containing just a 1-
dimensional set of touching points with multiplicity 2. This allows to split the proof of the smooth
gluing at the interface in two cases:

* For multiplicity one points we can refine the construction of the second replacement, showing
that its approximating sequence is regular up to the interface. Using its stability and the work
of the authors [16], we get uniform boundary curvature estimates, which allow to pass to the
limit the sequence and to obtain a replacement that is smooth (and stable) across the interface.
For the boundary curvature estimate we deeply rely on the surface being two-dimensional.

* For the isolated points of multiplicity two, we can show upper density estimates adapting [16].
The blowups are then proved to be planes with multiplicity two, exploiting the regularity in
the points of multiplicity one and the maximum principle. Then by a graphicality argument we
conclude that the two replacements glue smoothly.

This allows to show that the constructed anisotropic CMC surface is smooth and locally stable
away from finitely many points: the centers of the balls of the previous argument. Again due to
the lack of monotonicity formula we cannot remove these singularities just using the stationarity
and stability. However, refining Almgren-Pitts combinatorial lemma, by compactness we are able
to remove all these isolated singularities, except one. This last singularity is the one accounting for
the index of the constructed surface and cannot be removed by further exploiting Almgren-Pitts
combinatorial lemma. However, we would expect that this singularity is removable, too, by means
of the partial differential equation (PDE) and of the stability inequality outside of the singularity.
The last step is to apply this construction to obtain a sequence of CMC surfaces %;, with anisotropic
mean curvature 1/k, smooth away from at most one point x;. A simple compactness theorem will
guarantee the convergence of Z; to an anisotropic minimal surface, smooth outside of at most one
point.

2 | PRELIMINARIES

In this paper, unless otherwise specified, M will denote a 3-dimensional smooth closed
Riemannian manifold.
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2.1 | Notation

We first recall some classical notation: Inj(M) is the injectivity radius of M, diam(S) is the diameter
of S C M and d(S;,S,) :=inf,eg, yes, d(x,y) for every S;,S, C M.

We denote with B,.(x) and B,(x) respectively the open and closed balls centered at x of radius r
with respect to the metric of the Riemannian manifold M. B,(x) denotes instead the ball of radius
r and centered in x in R3. If the center is 0, we simply write ,. We set

An(x,s,r) := B.(x)\ By(x), An(x,s,r) := B.(x)\ Bs(x)

to be the open annulus centered at x of radii s and r. Furthermore we will define

AN (x) :={An(x,s,t) : 0<s<t<r}, and AN (x) :={An(x,s,t) : 0<s <t}

Given an annulus An, we denote with d, An the largest connected component of dAn.
We denote the space of smooth vector fields on M as X(M). For every open set U C M we denote
with X.(U) the subset of vector fields with support compactly contained in U.

2.2 | Measures, rectifiable sets, and varifolds

Given a locally compact metric space Y, we denote by M (Y) the set of positive Radon measures
in Y. For a Borel set A C Y, uL A is the restriction of u to A, that is, the measure defined by
[ul_ Al(E) = u(A N E) for every Borel set E C Y.

For every n € N, we denote by H" the n-dimensional Hausdorff measure. A set K is said to be
2-rectifiable if it can be covered, up to an H2-negligible set, by countably many C' 2-dimensional
submanifolds. Given a 2-rectifiable set K, we denote T, K the approximate tangent space of K at
x, which exists for 2-almost every point x € K, [36, Chapter 3].

For u € M (M) we consider its lower and upper 2-dimensional densities at x:

) YR 1C.)}
r

0..(x,u) :=limin
r—0 r—0 wr?

In case these two limits are equal, we denote by 8(x, 1) their common value. Note that, if u =
OH?|_K where K is 2-rectifiable, then 8(x) = 0,.(x, u) = 6*(x, u) for u-a.e. x, see [36, Chapter 3],
and y is called a 2-rectifiable measure.

For every open subset Q C M, we denote

G,(Q) :={(x,S) : x € Q, Sisa2-dimensional linear subspace ofT, M},

and for every open subset U C R?

G,(U) :={(x,S) : x € U, Sisa2-dimensional linear subspace ofR?},

We denote with V(M) : = M (G,(M)) (resp. V(U) : = M, (G,(U))) the space of the 2-varifolds on
M (resp. on U). Given a diffeomorphism 1 € C'(M, M), we define the push-forward of V € V(M)
with respect to ¥ as the varifold ¢4V € V(M) such that

/ ®(x, S)d(PV)(x,S) = / B (), dSWP(x, S)AV (x, S),
Go(M)

Gy(M)
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for every ® € C(G,(M)). Here d,%(S) is the image of S under the linear map d,.(x) and Ji(x, S)
denotes the 2-Jacobian determinant (i.e., area element) of the differential d, 3 restricted to the
2-plane S, see [36, Chapter 8].
To a varifold V € V(M) (resp. V € V(U)), we associate the measure ||V| € M (M) (resp.
IV € M(U)) defined by
[[VII(A) = V(G,(A)) for every openA C M(resp.A C U).
We will also use the notation

0.(x,V)=0.(x,IVI)  and  6°(x,V)=0%(x, |IVI)

for the upper and lower densities of ||V||. In case 6,.(x,V) = 6%(x, V), we denote the common
value 6(x, V) and it will be referred to as density of V' at x.

For every x € M and r < Inj(M), we define T : z € B; — exp, (rz) € B,(x), where exp,
denotes the exponential map at the point x. Then we define the function 7, ,(y) := (T%) ' (y).
We denote

Vx,r = (nx,r)#(Vl—Br(x)) € V(Bl),

and we observe that, if 6*(x, V) < oo, then there exists a sequence r, — 0 and W € V(;) such
that

Vx’r” —~We V(Bl)
We denote with TV (x, V') the space of all varifolds W obtained as above.
A varifold V € V(M) is said rectifiable if there exists a 2-rectifiable set K and a function 6 €
L'(M;R*; H?L_K), such that
V=0H*LKQ k. 1)
Moreover we say that a rectifiable varifold V is integral if in the representation (2.1), the density
function 6 is also integer valued.
The weak™ topology on V(M) is not metrizable. Nevertheless, in any closed ball

{Vevmm) : |[VII(M)<r}

of radius r, the weak™ topology is metrizable by Banach-Alaoglu theorem: in particular, an
example of metric d which induces the weak™ topology on V is

d(V1, V) = sup{Vi(f) = Vo(f) 1 f € WHO(Go,(M)) N Ce(G,(M))}.

The balls of radius r and center V in this metric will be denoted by U,.(V).
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2.3 | Integrands
The anisotropic integrands that we consider are C* positive functions
F : G,(M) — R* :=(0, +0),
for which there exist a positive constant 4 such that
0< /11 <F(x,T)<A<oo  forall (x,T) € Gy(M). 2.2)

Given a 2-rectifiable set K ¢ M and V € V(M), we define:

F(K) := / F(x,T,K)dH?>LK and F(V) := / F(x,T)dV(x,T).
K G,(M)

We will often identify a 2-rectifiable set with the canonically associated density one varifold sup-
ported on K. For a vector field X € X(M), we consider a one-parameter family of diffeomorphisms
of M into itself {¢; };cr, such that % = X. The anisotropic first variation is defined as the following
linear operator:

5V (X) 1= TRV

We say that a varifold V' € V(M) has bounded anisotropic first variation if §gV is a Radon
measure on M, that is, if there exists C > 0 such that

165V (X)| < CliX|le, forall X € X(M).

Remark 2.1. We identify the integrand F : G,(M) — R™ with a positively one homogeneous
even function G : TM — R via the equality

G(x,rv) := |r|F(x,v) for allr € Rand(x,v) € SM, (2.3)

where SM := {(x,v) € TM : |v| = 1}. Note that G € C3(TM \ {(x,0) : x € M}) and that by one-
homogeneity:

(D, G(x,v),v) = G(x,v) for all (x,v) € TM, with v # 0. 2.4)

With these identifications, if M = R3 itis a simple calculation to check that:
SO0 = [ (DX AV (x.)
SM

+/ (G(x,v)Id —v ® D,G(x,v)) : DX(x)dV(x,v), VX e XM),
SM

85UB0|7 SUOWWOD BAIIEBID 3o jdde au Aq peussnoh a1e Sajolie O ‘SN 0 SaIN 104 A%eiq1T 8UIJUO AB|IM UO (SUOIPUD-PUR-SWLBI LD A8 | IM"ALe1q 1 [BUI|UO//SANY) SUORIPUOD Pue swid | 8U) 88S *[7202/20/T0] uo ARigiTauliuo A8 |Im ‘puelArR N JO AisAIUN Aq 68T22ed0/200T OT/I0p/LLI00 A8 M AtIq1BuI|UO//SANY WO papeojumod ‘L ‘¥20g ‘ZTE0L60T



3190 | PHILIPPIS and ROSA

see for instance [4, Section 3] or [18, Lemma A.4].

‘We will always assume that F is an elliptic integrand, that is, the map G associated to F satisfies
(up to select a bigger 1 in (2.2)):

Id,.

ID.GI,ID,GI, D3, G, ID;GI < 4, ID,G| > 7 and Dy(Gisp)(x,v) > (25)

o =

The last condition above (the uniform convexity in all but the radial directions) in particular
implies the strict convexity of G in all (but the radial) directions:

G(x,v) > (D,G(x,),v) for all (x, »), (x,v) € SM with v # +7. (2.6)

Remark 2.2. We remark that condition (2.6) is necessary and sufficient to apply the rectifiability
theorem the authors proved in [14, Theorem 1.2], compare also [22].

2.4 | CMC surfaces

We will use the following definitions and tools, borrowed from [39]. We refer to [39, Section 2] for
more detailed notation.

We denote with C(M) the space of finite perimeter sets in M, also referred to as Caccioppoli
sets. Given ¢ > 0, we define the following energy functional:

F°(Q) = F(6Q) — cH3(Q), vQ e C(M).

In case 9Q is a smooth surface, the first variation of Q with respect to F¢ is

SpcQ(X) = / (HY® — e)(X,v) dH?, VX € X(M), (2.7)
0Q

where v and Hgﬂ denote respectively the outward unit normal on Q2 and the anisotropic mean
curvature of dQ with respect to v.

We deduce from (2.7) that for any critical point Q of F¢, dQ has constant anisotropic mean
curvature ¢ with respect to the outward unit normal v. This allows us to compute the second
variation 512:6. Q(X, X) of a critical point Q with respect to F¢ applied to a vector field X € X(M)
such that X(x) = p(x)D,G(x,v(x)) on 6Q where ¢ € C*(6Q2), combining [3, Section 1.5, page
295] or [18, Lamma A.5] with [8, Remark 2.4, Proposition 2.5]. In particular, dQ is c-stable if

0 < 82X, X) = S2%p, p) 1= 52(0Q)(X, X) — / RicM(v,v)G(x,v)*p* dH>. (2.8)
Q0

Here 512:(6(2)(X ,X) is the Euclidean second variation of F and it is calculated in [3, Section 1.5,
page 295] (for general F) or in [18, Lemma A.5] (without space dependence). The second term
— [,y Ric™ (v, v)G(x,v)*p* comes instead from the metric of M, as computed in [8, Remark 2.4,
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Proposition 2.5], where G(x, v)?¢* = (X,v)? as a simple application of the one-homogeneity of G.
We explicitly observe that (2.8) does not depend on c. For a more detailed study about anisotropic
CMC surfaces in the Euclidean space, we refer the author to [13, 15, 19-21, 23-25, 29].

Remark 2.3. We remark that we can absorb the metric of M in the elliptic integrand G. Hence, up
to modify G, we can always assume to work with the flat metric. This remark will be particularly
useful in all the local arguments of this paper, where we can consequently always assume to work
in R3 rather than M. In particular, in this way the stability inequality (2.8) simply reads

56X, X) 20,
where 512:(69)(X ,X) is the Euclidean second variation of F [3, Section 1.5, page 295].

Remark 2.4. We remark that in the local arguments, by Remark 2.3, when we work in R3 condition

(2.5) implies that H 95,(x) >

1
F = for every x € R? and every r > 0.
;

Definition 2.5. Consider an immersed, smooth, two-sided surface ¥ with unit normal vector
v, and an open set U C M. X is called a c-stable surface in U if the anisotropic mean curvature
H? of X n U with respect to v is identically equals to ¢ and S?(qo, @) > 0 for all ¢ € C*(Z) with
spt(p) cZTnU.

If c = 0 we simply say that X is a stable surface.

Remark 2.6. Since |RicM(v,v)|G(x,v)? < C(M,F), for every c-stable surface we deduce the
validity of [16, Equation (41)], applying [3, Lemma 2.1] or [18, Lemma A.5].

Definition 2.7. Consider an open subset U C M, and a smooth 2-dimensional surface X. A
smooth immersion ¢ : £ — U is an almost embedding if for every p € $(Z) where X fails to be
embedded, there exists a neighborhood Q C U of p, such that

c 2Ny I(Q) = Ul Z;, where %; are disjoint connected components;
* (Z;) is an embedding for every i = 1, ..., n;
* forevery i, every %(Z;), j # i, lies on one side of (Z;) in Q.

We identify ¢(Z) with ¥ and ¢(Z;) with X;. We define the touching set S(X) as the set of points of
¥ where X fails to be embedded. We define the regular set as R(Z) := Z\S(2).

Theorem 2.8. Consider an open subset U C M. Let ¥ C U be a c-stable surface in U such that
0XNU =0, and H*(T) < D, then there exists C > 0 depending only on M, c, D, F, such that

|AZ forallx € T, (2.9)

C
1?(x) < W

where A*(x) denotes the second fundamental form of X at x.

Moreover if Z, C U is a sequence of c-stable surfaces in U such that 0%, NU =@ and
sup, H?(Zy) < o, then up to a subsequence, T, converges locally smoothly to a c-stable surface in
U.
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Proof. From Remark 2.6 we deduce that c-stable surfaces satisfy all the assumptions in [3] to get
the curvature estimate (2.9), provided they enjoy upper density estimates, compare also [38]. The
upper density estimates for c-stable surfaces can be obtained again from Remark 2.6, that is, the
validity of [16, Equation (41)], applying [9, Lemma 3.5], compare with the proof of [16, Lemma
4.3] for the estimate of the L?-norm of the isotropic mean curvature / |H|?. We deduce that (2.9)
holds. The compactness statement can be easily deduced from the curvature estimates, see [39,
Theorem 2.6]. O

Theorem 2.9. Given a sequence of almost embedded, ci-stable surfaces X, C U, such that
sup, H2(Zy) < o and sup, ¢k < 0. Then the following hold:

() ifinf ¢, > 0, then {Z;} converges locally smoothly to an almost embedded c-stable surface T in
U (for some ¢ > 0), after possibly passing to a subsequence; moreover if {2, } are all boundaries,
then the density of X is 1 on R(X) and 2 on S(X), and X is a boundary as well;

(ii) ifci — O, then {Z,} converges locally smoothly with integer multiplicity to a smooth embedded
stable surface T in U, after possibly passing to a subsequence.

Proof. The proof is obtained repeating verbatim the proof of [39, Theorem 2.11], replacing the use

of [39, Theorem 2.6] with Theorem 2.8. O

2.5 | Regularity for minimizers of F¢

Theorem 2.10. Let Q € C(M), p € spt||0Q||, and r > 0, such that Q minimizes the F¢-functional

in B,(p): that is, for every W € C(M) with (W \ Q) U (Q \ W) C B,(p), we have F¢(W) > F¢(Q).

Then 0QL_B,(p) is a smooth, embedded surface.

Proof. Since for every U € C(M) with (U \ Q) U (Q \ U) C B,(p) we have F°(U) > F°(Q), then
F(0U) - F(OQ) 2 —c|H*(U) = H*(Q)| 2 —cH*(U \ Q) U (Q\ ).

This is [17, Condition (1.12) in Definition 1.8]. We deduce the claimed regularity applying [17,

Theorem 1.2, Remark 1.3]. O

2.6 | Sweepouts

We recall the following notions of generalized smooth families and sweepouts, compare [12,
Definition 0.2]:

Definition 2.11. Consider a family {X;};[o 1}« of closed subsets of M. We say that {Z;};c[o 1)« is a
generalized smooth family if the following properties hold

« H?*(Z,) < oo for every t;
* For every ¢ there exists a finite P, C M such that %, is a smooth surface in M \ P;;
* F(%,) depends continuously on t and if t — ¢, SUp,.c5, d(x, %) — 0;
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* %, — %, inC*normast — to,inany U CC M \ P,

A family {Q;},¢[o1) of open finite perimeter sets is a sweepout of M if {0Q;};¢(o1] is a generalized
smooth family and

(sol) Qy =@ and Q, = M,
(s02) H*(QAQ;) = Oast — t.

We recall the existence of sweepouts as in Definition 2.11, stated in [12, Proposition 0.4]:
Proposition 2.12 (see [12, Proposition 0.4]). Given any smooth Morse functiong : M — [0, 1], then

{{g < thiejo,) is a sweepout.

3 | MIN-MAX CONSTRUCTION
For every ¢ > 0 and every sweepout {Q,} we define

F{Q,}) := max F°(Q)).
tel0,1]

One can prove a uniform lower bound for 7¢ on the sweepouts:

Proposition 3.1. There exists C(M, F,c) > 0 such that F°({Q,;}) > C(M, F, ¢) for every sweepout
{Q}

Proof. Since {Q,} satisfies the properties of Definition 2.11, for every V € [0, H3(M)] there is t, €
[0,1] such that H3(Q,,) = V. By [39, Theorem 2.15], choosing V € [0, V], we compute

2
HX0Qy) | GoV3
I

F(Q,) >

where C,, is the isoperimetric constant of M in [39, Theorem 2.15]. We can choose V' € [0, H3(M)]
such that V = min{(%)3, Vo}, we deduce that
C.

2

C,V3 G\
Fo(Q;)) = F(0Q;) —cV > 0/1 —cVZcV:cmin{<2—0> ,VO} =:C(M,F,c),

cA

where C(M, F, c¢) depends just on M, F, and c. O

For every family & of sweepouts, we set

m(&¢) = inf F* = inf |max F(Q,)].
o(£) 57 (0 je [te[o,l] ( ‘)]
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By Proposition 3.1, m.(¥) > C(M, F,c) > 0. We say that a sequence {{Q,}*} ¢ & is minimizing if

Jim FEUQY) = mu(P).

A sequence {Qi‘k} is a min-max sequence if {{Q,}} is minimizing and FC(QZ{) - m(<L).
Remark 3.2. We observe that

P)< inf F(Q)| =: Z£) < o0, Ve > 0.
me( )_{(ir}leg [23,’1‘] ( t)] my(<£) < o« c

We will focus our study on the following families of sweepouts:

Definition 3.3. Two sweepouts {Q°}, {Q!} are homotopic if there exists a generalized smooth
family {Q;};¢[o,12 such that Q) = QY% and Qa5 = Q. Afamily & of sweepouts is homotopically
closed if it contains the homotopy class of each of its elements.

The main result of this paper is the following:

Theorem 3.4. Given c > 0, for any homotopically closed family & of sweepouts there is a min-max
sequence {ka} converging (in the sense of varifolds) to a non trivial surface  with multiplicity one,
which is smooth and almost embedded outside of one point p € M and H? = c¢. Moreover F(Z) <
2(m (%) + cH3(M)) and one of the following properties hold:

(a) thereexists Ry > 0 such that % is smooth stable in B _(x) for every x € M and there existsy € M
such that ¥ is smooth stable in M \ Bygg (¥);

. N : _r
(b) denoting Ry, := p min{4/c, Inj(M)/18, A(c+A+423)

X € M (when ¢ — 0 then Ry depends just on F and M).
(c) Zisstablein M \ {p}.

}, then X is smooth stable in B, (x) for every

Since Morse functions exist on every smooth compact Riemannian manifold without boundary,
[31, Corollary 6.7], Proposition 2.12 and Theorem 3.4 provide a proof for Theorem 1.2. We also
remark that Theorem 1.1 is a corollary of Theorem 3.4, as we show below.

Proof of Theorem 1.1. Fix an homotopically closed family & of sweepouts. Consider the sequence
Cp = i Applying Theorem 3.4, we construct a sequence of non trivial surfaces X, with multi-
plicity one, which are smooth and almost embedded outside of a point p, € M, with constant
anisotropic mean curvature cy, such that F(Z;) < 2(m,, (&) + cH3(M)). In particular, by (2.2)
and Remark 3.2, sup, H?(Z;) < co. Moreover one of the following properties hold:

(i) there exists R > 0 such that up to subsequences Ry, > R for every k;
(iii) Z is smooth stable in By (x) for every x € M;
(iv) X isstablein M \ {p,}.
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In Case (i), by Theorem 2.9 (ii), we deduce that {Z; } converges locally smoothly (with multiplicity)
to some smooth, embedded and stable surface in every Br(x). By the arbitrarity of x € M, we
conclude the proof.

In Case (ii), for every k there exists y, € M such that X, is stable in M \Blngk(yk).
By compactness of M, up to pass to a non-relabeled subsequence, y, - p € M. In par-
ticular, since Ry, — 0, for every compact set K C M \ {p}, there exists N € N such that
for every k> N then X, is smooth, c-stable and almost embedded in K. By Theo-
rem 2.9 (ii), we deduce that {Z;} converges locally smoothly (with multiplicity) to some
smooth, embedded and stable surface in int(K). By the arbitrarity of K, we conclude the
proof.

In Case (iii), we can argue as in Case (i).

In Case (iv), by compactness of M, up to pass to a non-relabeled subsequence, p, — p € M.
In particular, for every compact set K C M \ {p}, there exists N € N such that for every k > N
then X is smooth, ¢, -stable and almost embedded in K. By Theorem 2.9 (ii), we deduce that {Z; }
converges locally smoothly (with multiplicity) to some smooth, embedded and stable surface in
int(K). By the arbitrarity of K, we conclude the proof. O

4 | PROOF OF THEOREM 3.4

This section is devoted to the proof of Theorem 3.4.

41 | Pull-tight

We aim to show the existence of a minimizing sequence {{Q,}*} such that the boundaries
of any corresponding min-max sequence converge to a varifold with anisotropic first varia-
tion bounded by c. Nowadays, it is a well known construction for the isotropic case and it
is referred to as pull-tight [10, Section 4], [33, Section 4.3]. We adapt the pull-tight in [10,
33] to the anisotropic setting for the sake of exposition. In order to state it, we need further
terminology.

‘We denote

V:={vevM) : |VIM) < 2A(m(ZL) + cH3(M))}.
We set

Vs, i={Vev:|fpVX) < c/ |X| d||V]| for allX € X(M))},

to be the set of varifolds with anisotropic mean curvature bounded by c. VS, is clearly closed by
lower semicontinuity of the anisotropic first variation with respect to varifold convergence.

Proposition 4.1. Let & be a homotopically closed family of sweepouts. There exists a minimizing
sequence {{Q,}} ¢ & such that, if{Qi‘k} is a min-max sequence, then d(kok, V) — 0.
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Proof. Step 1: Mapping V to the space of vector fields. For every | € Z we define the annulus
V={Vey:: 27 >d4dw,v5) > 27172,

The sets V; are compact in the weak* topology by Banach-Alaoglu Theorem.
For every V' € V), there exists by definition a smooth vector field

Xy € X(M), s.t.0gV(Xy) +c/ IX|d||V] <o.
If I € N\ {0}, up to multiply Xy, by a suitable constant, we can also assume

IXvllcr <

— =

By continuity of the functional Z — §gZ(Xy,) + ¢ f |Xy/| d||Z]| with respect to the weak™ topology
for varifolds, we get that for every V' € V), there exists €;, > 0 such that

1
swx)+e [ Ixviawi < 3 (svon+e [ xvdmn). wevs,w. @

By compactness of V;, we can cover it with a finite number N(I) of balls UEVI (Vf) satisfying prop-
erty (4.1) (with vector fields X ;). Moreover, for each i = 1, ..., N(l), we choose gog € CC(Ungl (Vl?))
which is equal to 1 on UEV? (Vl?) and satisfies 0 < gof <1.

We now define the following continuous function

N(l
T elnxy,
H :vev,—-H,ex(M) where H, 1= ————— L
4 14 N(O)
2o &)

which by construction satisfies:

5FV(H‘I/) + c/ |H€,| d||V]| < 0 for everyV € V.

We also remark that if I € N \ {0}, then ||H%,||Cz < % forevery V eV,
Next, for every | € Z, we choose a function 1! with the properties that 0 < ¢! < 1,
Ppl=1lon{VeVv : 27 >dWv,v,)>271,

and

P=0on{V eV : 27 <d(V, V%) ord(V, VS) < 271721,
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On V \ V5, we define the continuous function

H:VeV\V, —>H,eXM) where Hy := %
2z PV)

which by construction satisfies

SV (Hy) + c/ |Hy | d||V]| < 0 for everyV € V \ V5.

Moreover, if d(V,VS,) < 27! with [ € N\ {0, 1}, then ||Hy ||ci-1 < ﬁ Hence, we can extend the

map V — Hy, to V continuously in every C! norm by setting it equal to 0 on V5.
Step 2: Mapping V to the space of isotopies. For each V' € V let @y, be the 1-parameter family of
diffeomorphisms generated by Hy,, that is,

9D
@y : [0,+00) XM — M where a—tV(t, x) = Hy (P (t, x)).

By continuity of the functional Z ~ SgZ(Hy) + ¢ [ |Hy|d||Z||, for each V € V \ V§, there is a
positive time oy, such that, for every s € [0, oy/]

Su(@y s NV +e [y di@y s, Vi< 5 (v e [imam) <o
By the continuity of the map Hy,, the map
(5, V) = Sp((@y (s, )V I(Hy) + C/ [Hy | dl(@y (s, )&Vl

is also continuous. Thus we conclude the existence of a radius py, such that, for every s € [0, oy/]
and W € U, (V)

Su(@u s W)+ [ i@ < § (v ve [miami) <o

Similarly to Step 1, we can construct a continuous function ¢ : ¥ — [0, o] such that o(V) = 0 for
every V € V5,,o(V) > 0forevery V € V \ VS, and

max Sp((Py (s, ) V)(Hy) + C/ |Hy | dl(®@y (s, )Vl <O foreveryV € V\Vg,. (4.2)
s€|0,0

We can redefine a (non relabeled) Hy, by multiplying the old one by (V). The new function Hy,
remains continuous and vanishes identically on VS, but (4.2) now reads

max (@ (5, Dy V() + / [ dl[@y (s, DV <0, WV EV\VE.  (43)

85UB0|7 SUOWWOD BAIIEBID 3o jdde au Aq peussnoh a1e Sajolie O ‘SN 0 SaIN 104 A%eiq1T 8UIJUO AB|IM UO (SUOIPUD-PUR-SWLBI LD A8 | IM"ALe1q 1 [BUI|UO//SANY) SUORIPUOD Pue swid | 8U) 88S *[7202/20/T0] uo ARigiTauliuo A8 |Im ‘puelArR N JO AisAIUN Aq 68T22ed0/200T OT/I0p/LLI00 A8 M AtIq1BuI|UO//SANY WO papeojumod ‘L ‘¥20g ‘ZTE0L60T



3198 | PHILIPPIS and ROSA

Step 3: Construction of an intermediate minimizing sequence. We choose a minimizing sequence
of families {{U,}*} ¢ & and consider the new families {{Q,}*} defined as

Qf =@ (LUY),  Vre[o1lkeN.

Notice that this is not our final minimizing sequence, because {2, }¥} is not necessarily an element
of &, since the map (¢, x) — q)aUk(l, X) is not known to be smooth in the parameter ¢. Neverthe-
t

less, we prove that the sequence {{Q, }*} satisfies the property claimed by the proposition. By (4.3),
we know that for every ¢t € [0,1] and k € N

1
PO = FUD < | 0r @y (5. U, ds
0

1
< /0 <5F(<I>5Ug<(s, QU (Hyyi) + ¢ / |kl dl| @y, aubu) ds <0.

(4.9)

Since {{U,}*} ¢ & is a minimizing sequence, (4.4) implies that also {{Q,}*} is a minimizing

sequence. Notice that we are making a slight abuse of notation from now until the end of the step,

since {{Q,}¥} is not necessarily a subset of &. We still call it minimizing sequence to denote that

limsup, ,  F¢ Q) < m.(£). We will use the same abuse of notation for a min-max sequence
{f)fk }, simply meaning that lim_, o, FC(Qi‘k) = m.(<L).

We now want to show that every min-max sequence associated to {{Q,}¥} clusters to V..

The main idea of the proof is to show that the min-max sequences associated to {{{2,}*} are

generated through @ just by those min-max sequences of {{U,}¥} clustering to V<. Indeed,
fix a general sequence {t;} such that lim_, o, FC(QZ) = m.(<Z). By (4.4), we deduce that ank

is a min-max sequence associated to {{U,}*}. In particular, up to extract a non relabeled
subsequence,

Hz(aUﬁ )< AF(aU{; ) < 2A(m (L) + cH3(M)).

This uniform bound implies that, up to possibly passing to a further subsequences, d Ug‘k converges
to some varifold V. In particular, by continuity of the maps ®, we deduce that

Qi‘k = (I’aU{‘k (1, Ul‘k) — Oy (1,)4V, in the sense of varifolds.

We claim that V € V5, otherwise if V € V\ VS, then we would compute the following
contradiction:

1
m (%) = Jim Fc(ofk ) = lim Fc(Ugfk ) + Jim /0 5Fc(q>aUtkk(s, Uf ))(Hank)ds
1
< my(%) + lim / <6F((<1>5Ui (5, D4OU)(Hyy ) + ¢ / [y | dl( @y (s, -)>#6Uﬁ;||)ds
- J t t t t

1 (4.3)
= m(L) + / <5F((c1>v<s,->)#V)<Hv)+c / \Hy | dl(®y s, ~))#V||>ds < ma@).
0
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Since V' € Vg, then Hy = 0 and consequently the diffeomorphism @y, is just the identity. We
deduce that Qi‘k — @y (1,-)4V =V € VS,. By the arbitrarity of the min-max sequence {Qi‘k} we
conclude the proof of this step.

Step 4: Construction of the final minimizing sequence. We now wish to construct the final min-
imizing sequence {{Q,}*}, which still satisfies the property of the proposition and is contained in
<. To this aim we want to regularize each {{U,}*} in the parameter ¢.

Foreachk € N, let hf denote the one parameter family of vector fields H Uk The map (¢, x) —

hi‘ (x) is continuous. Moreover, for every fixed I € N
lim || = hEOller = lim | gy — Hypeller = 0.

Convolving hi‘ with a standard convolution kernel in the parameter ¢, we can construct a smooth
map (¢, x) = h(x) with the property that

max () = AEO)ller < @3

1
k+1°
Consider now for each fixed k and ¢ the one-parameter family of diffeomorphisms IIf’t‘(s, -) gener-
ated by If_zi‘ and the one-parameter family of diffeomorphisms (Di‘ (s, ) generated by hi‘ Recall that
Q’t‘ = CIDf(l, Ul‘). We define the corresponding family Q’t‘ = lPi‘(l, Utk). By the smoothness of the
map (¢, x) ~ hf(x), we know that {{Q,}*} C Z.

We first observe that (4.5) and (4.4) imply that

lim sup max FC(Qi‘) = lim sup max FC(Qf) < lim sup max FC(Utk) < m(Z).
k— oo t k— o0 t k— oo t

Consequently {{Q,}¥} ¢ & is a minimizing sequence.
Furthermore, given a min-max sequence {Qi‘k} associated to {{Q,}¥}, that is

limy _, o FC(Qi‘k) =m(Z), again by (4.5) we have limy_ . Fc(flfk) = m.(Z£). Therefore, by
Step 3, limy_, o, d(aflkk, V) = 0. Since, again by (4.5),

lim max d(0QF, Q) = o,
k—oo t

we deduce that limy,_, o, d(kok, VS,) = 0, as desired. N

4.2 | Almost minimality

The limiting varifolds of the min-max sequences obtained in Subsection 4.1 are not necessarily
regular. Hence, in order to prove Theorem 3.4 we introduce the notion of almost minimizing
varifolds, compare [12, Definition 2.3].

Definition 4.2. Fix € > 0 and an open set U C M. An open set Q C M is called e-almost min-
imizing (e-a.m.) in U if it does not exist any one parameter family of open sets {Q;};c[o 1] such
that:
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{0Q;}ic(0,1)1s a generalized smooth family and (so02) of Definition 2.11 hold; (4.6)
Qy=Qand Q,\U =Q\ Uforallt €[0,1]; 4.7

F(Q,) < F(Q) + g forall t € [0,1]; (4.8)

F(Q) <F(Q) -« (4.9)

A sequence {Q¥} of open sets is called almost minimizing (a.m.) in U if each QF is g;-a.m. in U,
where ¢, possibly depends on U and ¢, — 0 as k — oo.

The analogous notion for the isotropic stationary setting was introduced by Pitts and then
rephrased by Colding-De Lellis (see Section 3.2 of [10]) and by De Lellis-Tasnady (see Section 2.2
of [10]). Using a combinatorial argument inspired by a general one of [6] reported in [33], we prove
the following existence result, following the isotropic counterpart in [12, Proposition 2.4].

Proposition 4.3. Let £ be a homotopically closed family of sweepouts. There is a min-max sequence
Qk = Qi‘k and a function r : M — (0, oo] such that for every An € A.N'r(x)(x) with x € M, there
exists a (non relabeled) subsequence {QF} that is a.m. in An and such that 3QF converges to a varifold
V € VS, as k — oco. Moreover the function r(x) satisfies one of the following properties:

(a) there exists Inj(M)/18 > R > 0 such that r(x) = R for every x € M and there exists y € M such
that {Q*} is a.m. in M \ Bygr(y).

(b) r(x) =Inj(M)/18 for every x € M.

(c) there exists p € M such that r(x) = d(x, p) for x # p and r(p) = oo.

The proof of Proposition 4.3 will build on the following result.

Lemma 4.4. Given two open sets U CC U C M and a sweepout {Q:}ie0,1]- Considerane > 0, t €
[0, 1] and a one parameter family of open sets {Q}sc(o,1] satisfying (4.6), (4.7), (4.8), and (4.9), with
Qo = Qy,- Then there existsn) > 0 such that forevery a,a, §,bwithty —n <a<a < <b <t;+7,
the following holds: There exists a sweepout {Q;};c[o,1] homotopic to {Q;};e(0,1] and satisfying:

(@) Q, =Q, foreveryt € [0,a] U [b,1]and Q;\ U = Q] \ U foreveryt € (a,b);
(b) F@Q)) <F(Q) + ; foreveryt €[0,1];

(©) F(Q) < F(Q,) — - forevery t € (a, f).

Proposition 4.3 can be proved gathering Lemma 4.4 with a combinatorial argument due to
Almgren-Pitts. This statement is slightly stronger than the corresponding propositions for the
isotropic case in [10, Section 5] and [12, Section 3]. We will need this stronger version to prove
the regularity of the surface we construct away from a single point. The difficulty appears in
Section 4.6: in the anisotropic setting we are not able to remove the center singularities in the
punctured balls, and in principle we may have a finite number of singularities. But with the
strengthened Proposition 4.3, we will be able to cover M with balls such that the surface is
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regular in all the punctured balls and moreover each center, but p, is contained in another
ball.

In order to prove Proposition 4.3, we need some further notation. Below we recall [12, Definition
3.2]:

Definition 4.5. Let A,B C M be two open sets. We say that Q € C(M) is e-a.m. in (A, B) if it is
¢-a.m. in at least one of the two open sets. A sequence {Q¥} of open sets is called almost minimizing
(a.m.) in (A, B) if each QF is g;-a.m. in (A, B) for some sequence ¢, — 0 (possibly depending on
(A, B)). We denote by CO the set of pairs (A, B) of open sets with

d(A4, B) > 4min{diam(A), diam(B)}.

The following proposition is Almgren—Pitts combinatorial Lemma: Proposition 4.3 follows as a
corollary of it.

Proposition 4.6. For every homotopically closed family of sweepouts &, there exists a min-max
sequence{Q"} = {Qg(g}such that Q" — V € VS, in the sense of varifolds, and {Q"} is a.m. in (A, B)
forevery (A, B) € CO.

Proof of Proposition 4.3. We claim that the sequence {Q"} given by Proposition 4.6 satisfies the
claim of Proposition 4.3. To this aim we fix R > 0 such that Inj(M) > 9R > 0. Then, (Bg(x),M \
Byr(x)) € CO for all x € M. In particular we deduce that {Q"} is a.m. in (Br(x), M \ Byg(x)).
Hence for every R € (0, Inj(M)/9) one of the following cases holds:

(ag) {Q"}isa.m.in Bg(x) for every x € M;
(bgr) there exists pr € M and a (not relabeled) subsequence {Q"} such that {Q"} is a.m. in M \
Bor(PR)-

Denote with R’ := sup{Inj(M)/18 > R > 0 : (ag) holds}. If Inj(M)/18 > R’ > 0, then denoting
R" := §R we clearly have a sequence as in Proposition 4.3 (a) for which r(x) = R” foreveryx € M

and there exists y € M such that {Q"} is a.m. in M \ Byggr(¥). If Inj(M)/18 = R’, analogously
(b) holds.

The last possibility is R” = 0, that is (bg) holds for every R € (0, Inj(M)/18). Then there exist a
subsequence of {Q"}, not relabeled, and a sequence of points {p;}jen C M such that p; - p € M
as j — oo and

for any fixed j, there exists a subsequence {Q"/} that is a.m. in M \ By /;(p;).

If xeM\{p}, for every r <d(x,p) then B,.(x) cC M \ {p}. Therefore, for every An €
AN g, (%) there exists a (non relabeled) subsequence {Q"} that is a.m. in An. Moreover, for
every An € AN (p), we have An cC M \ {p}, hence there exists a (non relabeled) subsequence
{Q"} that is a.m. in An. We deduce that {Q"} satisfies (c) of Proposition 4.3, which completes the
proof. O

Proof of Proposition 4.6. The proof of Proposition 4.6 is obtained repeating verbatim the proof
of [12, Proposition 3.4], with the only difference of replacing all the occurrences of H" and F in
[12, Proposition 3.4] respectively with F¢ and F¢, and replacing the use of [12, Lemma 3.1] with
Lemma 4.4. O
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Proof of Lemma 4.4. Although the proof of Lemma 4.4 follows the same proof of [12, Lemma 3.1],
the estimates need to be adapted to the functional F¢. Hence we sketch the argument for the sake
of readability, we refer to the proof of [12, Lemma 3.1] for more details.

We fix two open sets A, B such that U cc A cc Bcc U and 0Q, N C is a smooth surface,

where C = B\ A. Moreover, we choose two functions ¢, € CZ(B), pp € CP(M \ A) such that
®4 +¢p = 1. Next, we consider normal coordinates (z,0) € 6Q; NC X (=§,6) in a regular 6-
neighborhood of C N 3Q,,. As Q, converges to Q,, there exist > 0 and an open C’' c C, such
that the following holds for every t € (t, — n,ty + 1):

* dQ, N C is the graph of a function y, over 9Q,, N C;
* Q[OC\C, =QtoﬁC\C’;
e Q,nC'={(z,0): o<y (2}nC.

We also define

Yise = @Y +@a((1 = 8)y; +sy;) t, 7 € (ty —1n,tp +n),s €[0,1].

Denoting with I'; s ; the graph of y; ; ., there exists 7 small enough such that
max F(T, ;) < F(BQ,nC)+ 38—2 (4.10)
S,T

and

max cH3({(2,0) : & < ¥15:(2)}NC) < H(Q N C) + ;—2 . (4.11)

Now, given ty —n < a<a < f < b <ty+mn, we choose &’ € (a,a) and f’ € (8,b) and consider
a smooth function ¢ : [a,b] — [0,1] that is equal to 0 in a neighborhood of a and b and has
value 1 on [, B']. Moreover we choose a smooth function y : [a,b] = [ty — 1, t, + 1] which is
the identity in a neighborhood of a and b and equal to ¢, in [, 8’]. Finally, we define the family
of open sets {O,} satistying O, = Q, for t & [a, b], while for every ¢t € [a, b] we impose:

0,\B=Q,\B, O,NnA=Q,,)NnA

O,NnC\C'=Q,nC\C, 0,NC" ={(z,0) : 0 <Viywyn(@InC.
In particular {30,} is a sweepout homotopic to dQ;. By (4.10) and (4.11), we estimate

FC(Ot N C) < HSR}’X F(rt,s,r) + H;%X CH3({(Z, U) o< Yt,s,r(z)} N C)
’ ’ (4.12)

< FC(QtnC)+18—6 for t € [a, b].

We choose a smooth function y : [, '] — [0, 1] which is equal to 0 in a neighborhood of &’ and
' and which is identically 1 on [a, 8]. For t & [/, 8] we set Q; = O,, while for t € [o, '] we
set:

Q\A=0,\A4, QNA=Q,,HNA.
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{Q{} is a sweepout homotopic to {O,} and hence to {Q,}. To verify properties (a), (b) and (c) of the
lemma, we need to estimate FC(Q;).

If t & [a,b], then Q) = Q, and hence F*(Q)) = F°(Q,), which in turn implies the validity of
properties (a), (b).

We focus now on the more involved ¢ € [a, b]. In this case, we have Q) \ B=Q, \ Band Q| n
C = O; N C. This shows the property (a) of the lemma. Moreover, we have

FQ)—F(Q) < [F(O,nC)—F(Q NO)+[F(Q nA)—F(Q nA)

(412) ¢ o .
< Te + [F°(Q, N A) —F(Q; n A)]. (4.13)

Now, we have to consider three subcases:

(Subcase1) If t € [a,a’] U[B,b], then Q; N A = O; N A = Q) N A. Since y(t),t € (ty — 1, 1o +
1), choosing 7 small enough, we can assume

[F(QsNA) —F(Q; nA)| < 1—56 foreveryo,s € (to =n,to +7).  (414)

Hence (4.13) implies that F°(Q]) < F°(Q,) + g.
(Subcase 2) Ift € [a’,a] U [’, B], then Q] N A = Q) N A. Hence, by (4.13), we compute

F(Q)) — FY(Q) < 1 +[F(Q,, N A) ~F(Q: n A)]

(4.14),4.8) ¢
< b

+ [FC(QX([) NA)— FC(QtO n A)] < 1

(Subcase 3) Ift € [a, 8], then Q, N A = Q; N A. Hence, by (4.13), we compute

F(Q) —F(Q) < 15—6 +[F(Q nA) - F(Q, N A)]

(49),(414) ¢

+FQ, NA) -FQnA] < -5

The previous estimates imply properties (b) and (c) of the lemma. This concludes the proof. []

4.3 | Replacements

We use the notion of replacements introduced by Pitts, but we also require a density one condition,
asin [39].

Definition 4.7. Let V € P and U C M be an open set. We say that a varifold V' € VS, is
a replacement for V in U if V/L(M \ U) =V LM\ U), 6(x,V’) =1 for ||V'|-a.e. x € U, and

V'L U is a smooth c-stable surface.

We aim to show that almost minimizing varifolds posses replacements.
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Proposition 4.8. Consider {Q/}, V andr : M — (0, oo] be as in Proposition 4.3. For every x € M
and An € AN () there exist avarifold V, a min-max sequence {Q/} and a mapr’ : M — (0, o]
satisfying the following properties:

* V is a replacement for V in An and 3Q/ — V in the varifolds topology;
» {Q}isam. inevery An' € AN ,1,(y) for every y € M;

- () = r(x);

. limj_,oo(FC(Qf) —F(Q))) =0.

Remark 4.9. Once we have applied Proposition 4.8 obtaining the replacement V, thanks to the
properties above we can apply Proposition 4.8 again to {Q/}, V, and r’ in any An’ € AN roo)(X) U
Uy;éx AN,,/(y)(y).

4.4 | Proof of Proposition 4.8

The proof of Proposition 4.8 follows the proof of [12, Proposition 2.6], however it requires non-
trivial adaptations. We fix An € AN ,(,)(X), and for every j, consider the class E(QJ, An) of sets

Q such that there is a family {Q,} satisfying Q, = Q/, Q; = Q, (4.6), (4.7), and (4.8) for € = 1
J

Q = QJ and U = An. We choose a minimizing sequence {Q/}, for F¢ in the class £(Q/, An) such

that Q/* converges to a Caccioppoli set Q/, dQ/* converges to a varifold V/ € V<, and both VJ

and a diagonal sequence dQ/*() converge to the same varifold V.
To prove Proposition 4.8 we need four intermediate lemmas:

Lemma 4.10. Forevery j € Nandeveryy € Anthereexistaball B,(y) C Anandk, € N forwhich
the following statement holds:
For every k > k, and any open set Q satisfying:

- 0Q is smooth in the complement of a finite set,
- Q\ B,(») = Q7 \ B,(»),
- and F¢(Q) < FE(Q/0),

then Q € E(Q/, An).
Lemma 4.11. dQ/ N An is a smooth c-stable surface in An and Q/|_An = VI An.
Lemma 4.12. Assume that there exists y € 0, An and a ball pr (y) such that 3Q/ N pr (y)nAn =
y where y is a smooth simple curve. There exist a ball B,(y) C B, (¥) and ky € N for which the
following statement holds:
For every k > k, and any open set Q satisfying:
- 0Q is smooth in the complement of a finite set,
- Q\ (B, \ An) = QPF\ (B,(») \ An),
- and F(Q) < F(Q/5),

then Q € £(Q/, An).
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Lemma 4.13. Fix y € 0, An and assume Q/ is a smooth embedded c-stable surface in a ball
pr(y). Then there exists a ball B,(y) such that a0/ n B,(y) N An is smooth up to the boundary

0Q/ N8, An N B,(y).

Assuming the validity of the intermediate lemmas 4.10, 4.11, 4.12, 4.13, we can conclude the
proof of Proposition 4.8 as follows:

By definition Q/ coincides with Q/ outside An. Fix an annulus An’ = An(x, ¢, r(x) —€) DD An.
By the assumptions on {Q/}, then {Q/} is also a.m. in An’. As Q/ is a.m. in every open subset
U C Ar/, by the arbitrarity of ¢ we deduce that &/ is a.m. in any annulus in AN',(y)(x). Moreover
we have that M = An’ U (M \ An).

For every y € M \ An, y # x, we define r'(y) := min{r(y),d(y, An)}. If An” € AN ,1(,)(¥),
then Q/ N An” = O/ n An”, which in turn implies that {Q/} is a.m. in An”’. If y € An, then we
define '(y) := min{r(y),d(y,8An")}. If An"" € AN (), then An” C An’ and, since {Q/} is
a.m. in An’, then {Q/}is a.m. in An"’.

Now we prove that V is a replacement for V in An. Theorem 2.9 implies that V is a c-stable
surface in An. We need to show that V € V5. To this aim, we consider a partition of unity {;, 1,}
for the covering {An’, M \ An} of M. Since V coincides with V in M \ An, for every X € X(M) we
compute

I[8eVIXOI < |[8eV11X)| + [V @2X)| = [65V](%:1X) + C/¢2|X| d||V|l.
Hence, it is enough to prove that
ISpV(X)| < c/ |X| d||V|| for allX € X.(An').
If the inequality above does not holds, then there exists X € X.(An’) such that
SEV(X) + c/ |X|d||V] < —4C <0.

od(x,t)
ot

We consider the isotopy ® generated by X through the ODE = X(®(x,t)). Denoting

V(i) := &),V  ZTI@E) = &(,0Q)) Qi) = o, Q)),

there exists e > Osuch that SgV(1)(X) + ¢ [ [X| d[[V ()| < —2C forevery < ¢.Since T/ (¢) = V(¢)
in the sense of varifolds, there exists N € N such that

SpXI(H)(X) + c/ |X|d||Z/(t)]| < —C forevery j > N andt <e. (4.15)

Integrating (4.15) in ¢, we conclude that F¢(Q/(t)) < F¢(Q/) — Ct for every t € [0,¢] and j > N,
which contradicts the a.m. property of Q/ in An’. This conclude the proof that V is a replacement
for Vin An.

Finally, observe that F¢(Q/) < F¢(Q/) by construction and liminf, (F¢(Q/) — FS(Q/)) > 0,
because otherwise we would contradict the a.m. property of {Q/} in An. We thus conclude that:

,}Lm (F(Q)) — FE(QY)) = 0.
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4.5 | Proof of the intermediate lemmas 4.10, 4.11, 4.12,4.13

Proof of Lemma 4.10. The proof of Lemma 4.10 is analogous to the proof of [12, Lemma 4.1]. Hence
we refer the reader to [12] for more detailed justifications of the proof.

Let us fix j € N and y € An. Let p > 0 be such that B,,(y) C An and consider an open set Q
satisfying the properties in the statement of the Lemma. Given the local nature of Lemma 4.10,
by Remark 2.3 we will assume without loss of generality that the ambient space is R>.

As in the Step 1 of the proof of [12, Lemma 4.1], we can choose r € (p, 2p) such that, for every
k, 3QJk is regular in a neighborhood of 3B,(y) and intersects it transversally. For each z € B, ()
we denote with [y, z] the closed segment with end points y and z, and (y, z) := [y, z] \ {y, z}. We
define T as the following open cone

T = U (y,2).

2€0B,(y)NQJ-k

We consider ¢ > 0 and a smooth function 3 : [0,2p] — [0, 2p], such that: |(s) — s| < € and
0 < 9/(s) < 2 for every s; P(s) = s if |s — r| > ¢; and ¢ = r in a neighborhood of r.

We set W(t,s) := (1 —t)s + tip(s) and, for every 1 € [0,1] and every z € B,(y), we define
7,(2) € [y, z] such that d(y,7,(z)) = Ad(y, z). For 1 < 4, we define 7,;(z) to be the correspond-
ing point on the segment that is the extension of [y, z]. We can finally define an homotopy €,
between Q/F and Q, as follows:

o O, \ An(y,r —e,r +¢) = QK \ An(y,r —e,r 4 ¢);
* O, NB(Y) = Ty pw(5)(QF N BBy ) for every s € (r — &, 7 +¢).

Since Q/ is regular in a neighborhood of dB,(y) and intersects it transversally, we can choose ¢
to have max, F°(3Q),) — F(3Q/%) as small as desired. Moreover Q, coincides with T in a neigh-
borhood of 3B, (y). Since Q coincides with Q/K on M \ B,(y), the same argument can be applied
to Q. We deduce that one can assume T = Q = Q/F ina neighborhood of 0B,.(y).

We now consider the following family of open sets {Q; };¢[0,1]:

Q\ l_;r(y) = Q/k \ Er(y) for every ¢;
Q,NnAn(y,|1-2t|r,r) =T n An(y, |1 — 2t|r,r) for every ¢;
* QN Baon, () = 115, (QF N B,(y)) for ¢ € [0, 5];

* Q0B () = 11 QN B for t € [5,1]

This is a generalized smooth family and it satisfies (so2) of Definition 2.11. It remains to check
that

max F(Q,) < FY(Q/K) + Slj vk > k. (4.16)

We observe that for every r < 2p and y € [0, 1]:

F(3T N B,(y)) < AH*(3T NB,(y)) < ArH'(3Q/* naB,(y)) (4.17)
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F([8(r,(Q/* nB, ()N N B, (») < AH*([3(1,(Q* nB,(»)))] N B,.(»))

(4.18)
< AM*(0Q7F N B.(y)) < A’F(0Q7* n B,(y))
F([0(z,(Q N B, (NI NB,,(»)) < AH*([8(z,(QnB,(»))] N B, () 10
< AH?(0Q 1 B,(»)) < AF(3Q N B,(»)) '
2p
H'(@QI* NdB,(y))dr < H*(BQ* NB,,(y)) < AF@QK N By, (1) (4.20)
0
Since F¢(Q) < F(Q/*), we deduce from (4.19) that
F([0(1,(Q N B,(»))] N B,(y)) < A2F(6Q N B,(»))
< A[FGQ* N By, (»)) + ¢cH3(Q N Byy(y)) — cH3(Q)F N By (3))] (4.21)
< A’ [F(3Q/* N By, () + cH3(Bopy(»))] < A2[FBQ* N By,y(y)) + Co3l,

where C is a (possibly changing) constant depending just on F and c. Hence (4.17), (4.18), and
(4.21) imply that

max F(6Q) — F(OQ/*) < 22F(OQ/* N B,,(y) + ArH'(8Q7* n6B,(»)) + Cp>.
Moreover, by (4.20) we can choose r € (p, 2p) which satisfies:
1(30)k 24 e
H(0Q" NoB.(y) < ?F(aﬂf’ NBy,(»)-
Hence, we conclude
max F(3Q,) < F(6Q) +22°F(0Q/ N By,(y)) + Cp’ . (4.22)
Furthermore, there exists k, such that
F(OQ* NBy(») < 2F(V/LBy,(3) < 2AIIVI[(Byp(y))  foreveryk >kp.  (4.23)
By the non concentration Lemma 5.7,
IVII(Bap () < CIIVI (M) 0% #0/P). (4.24)

We recall that a € (0, 1) is the constant of Lemma 5.7 and it depends just on F. To conclude, we
observe that

cH3(BQ)*) — min cH3(09Q,) < cH*(B,,(y)) < Cp?. (4.25)
Combining (4.22), (4.23), (4.24), and (4.25), we deduce that
max F*(3Q) < FC(Q)K) + C||VI||(M)a'0%o/P) 4 Cp3 . (4.26)

As a € (0,1), choosing p < p, small enough, by (4.26) we conclude (4.16), as desired. O
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Proof of Lemma 4.11. Fix j € Nand y € An and let B,(y) C An be the ball given by Lemma 4.10.
Repeating verbatim the proof of [12, Lemma 4.2], and replacing the use of [12, Lemma 4.1] with
Lemma 4.10, one can prove that that / minimizes F¢ in the class P(Q/, B,/5(»)) of the finite
perimeter sets equal to Q/ outside of B, /,(y).

Now, we want to show that 0QJ L An = V/ L An. First we prove that

klim F(3Q/*) = F(6Y). (4.27)
Indeed, if this is not the case, then we would have

F(Q/ nB,/5(y) < limsup F(Q/* N B, /»(»)
k— o0

for some y € An and some p to which we can apply the conclusion Lemma 4.10. We can then use
Q/ in place of Q in the argument of the previous step to contradict, once again, the minimality of
the sequence {Q/},. We apply [27, Theorem 1, Section 3.4] to (4.27) to deduce that

klim H2(0QK) = H2(6QY). (4.28)

Applying [12, Proposition A.1] to (4.28), we deduce that 0Q/ L An = V/_ An.

To conclude, we prove the c-stability of the surface dQ/. Assume by contradiction that
there exists a smooth volume preserving vector field X compactly supported in An such that
82.QJ(X,X) = —C < 0. There exists amap ¢ : t € R > ¢, € C®(An, An) solving the following
ODE:

20— X@(x)  V¥xeM,
Po(x) = x Vx € M.

We set
~ 7 ~ s ',k . .
Q) :=(p)(Q), and Q) 1= (p Q).
Using the information on the first and second variation, we get that
F(Q)) < FE(Q) — Ce2. (4.29)

We can easily define an homotopy (¢, x) = ¢,(x) for every (t,x) € [0,1] X An and (t, x) = x
for every (t,x) € [0,1] x (M \ An), so that Q! := (1, Q/). This contradicts the minimality of the
sequence Q/% in £(Q/, An). O

Proofof Lemma 4.12. The proofis very similar to the one of Lemma 4.10. It is achieved by exhibiting
a suitable homotopy between Q/°F and Q. For simplicity, we will assume the ambient space is R?,
without loss of generality (as this is a local result). Up to translation and rotation, we can assume
¥y = 0, that the tangent space to 6, An in 0 is (e;, e,), that y/|y| = e;, and An C {(x,e3) > 0}. Up
to consider p small enough, for every a € [—p, p] there exists a unique y, € y N {x; = a}. The key
idea is:

- First deform Q/* to the set Q which is the union of Q/* \ (B,(y) \ An) and the family of 1-
dimensional cones {Cq}4e[—p 0] lying in {x; = a}, with vertices y, and base Qkn 9B,(y) N An;
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- Then deform Q to Q in a similar way.

Using this scheme, the proof becomes an immediate modification of the proof of Lemma 4.10 and
we will omit it. O

Proof of Lemma 4.13. We observe that 3Q/ satisfies the assumptions of Lemma 4.12 in B, (»). Let
B,(y) be the ball given by Lemma 4.12. We claim that {3/ minimizes F° in the class P(Q/, B, ;,(y) N
An) of the finite perimeter sets equal to Q/ outside of B, ,(y) N An. If this was true, by Theo-
rem A.l in the Appendix, we would deduce that 0Q/ N B, /,(y) N An is smooth up to the boundary
0Q/ Nd,Ann B, ().

Let us prove the claim. Assume, by contradiction, that Q is a Caccioppoli set with Q \ (B, /z(y) N
An) = Q) \ (B, /2(y) N An) and

F'(Q) < F(QJ)—21. (4.30)
Then there exists § > 0 such that, denoting with An; := (1 — t)An,
F(QNB, () NAn) < F(Q NB,n(y)nAn) —n, vt € (0,6). (4.31)

Since the convergence 1« — 1g; is strong in L, there exist 7 € (p/2, p) and § € (0, §) such that
(up to subsequences)

klg{.lo 1o — 1gikllLi@eB,(yyus, ans) = 0, (4.32)

F(Q/ nB.(y) N Ang) < 1i]£n inf F(Q/%* N B,(y) N Ans), and F({) < 1il£n inf FE(QJF).
(4.33)

‘We define

QM = (QNB(y) N Ang) U(Q*\ (B.(y) N Any)).
Hence, we deduce from (4.31), (4.32), and (4.33) that

lim sup[F¢(Q/*) — FE(Q/F)] < —7.

k—oo
We fix now k and a compactly supported kernel ¢, then we define g := 1k * ¢, and the level
setE, :={g, > t}forsomet € (4—1‘, %). Then F¢(B,) — F(Q/%) ase — 0, see [11, 32].

As B, does not coincide with Q/* outside B,(y)\ An, we need to modify =,. Hence we
choose (a, b) C (7, p) and (a, B) C (0,8) so that /* := 3Q* N ((By(») \ Ba(»)) U (Ang \ Ang))
is smooth. We also consider a smooth tubular neighborhood T of £/** and the associated nor-
mal coordinates (§,0). As Q7 \ (B.(») N Ang) = Q/' \ (B,(y) N An), then there exists ¢ > 0
and a smooth function f; : § — f.(§) such that 95, N ((By(y) \ Bo(y)) U (An, \ Ang)) C T and

TNE, :={0 < f(8)} and f, » 0 smoothlyase — 0,
Arguing as in the proof of Lemma 4.4 one can modify Q/ to a set /* satisfying:

+ 3=/k is smooth in the complement of a finite set;
© B\ (B,(y) \ An) = Q7 \ (B,(») \ An);
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« limsup, (F(8/'F) — FE(Q/K)) < —p < 0.

Lemma 4.12 implies that Q/* € £(Q/, An) for k sufficiently large, contradicting the minimality
of the sequence QJK. O

4.6 | Regularity
In this section we use Proposition 4.8 to get the desired regularity:

Proposition 4.14. Let V be as in Proposition 4.3 (and consequently as in Proposition 4.8). Then
V is induced by a non trivial surface X with multiplicity one, which is smooth, c-stable and almost
embedded outside of one point p € M.

We remark that Proposition 4.14 implies the validity of Theorem 3.4. In order to prove Propo-
sition 4.14, we will use some intermediate results that are of independent interest. Since they are
also valid in general dimension, we state and prove them in Section 5.

As a first step towards the proof of Proposition 4.14 we have the following:

Lemma 4.15. Let V € V°. If there exists a positive function r on M such that V has a replacement
in any annulus An € AN ,(y)(x), then V is integral. Moreover, there exists C > 0, depending only on
F and c, such that 6,(x,V) > C for any x € supp (||V||).

Proof. Fix x € supp (]|V]]). Given the local nature around x of this lemma, by Remark 2.3 we will
assume without loss of generality that the ambient space is R3. Fix r < % ,where A is the constant

defined in [3, page 294, Section 1.4] and depends just on F, and 2r < 1/c. Replace V with V' in
An(x,r,2r). We claim that ||V’|| cannot be identically 0 on An(x, r, 2r). Assume it was; since x €
supp (|[V']]), there would be a p < r such that vV’ “touches” dB,, from the interior. More precisely,
there would exist p and ¢ such that supp ||V'|| N dB,(x) #  and supp VIl n An(x, p, p + &) = @.
Moreover supp ||V’ L An(x, p, p + €)|| is a (2, ¢) subset of An(x, p, p + €), as proved in [23, Lemma

. s 6B
4.5]. In particular, we deduce from [16, Proposition 2 (iii)] that H, * (x)(p) <c for every p €

B
supp [|[V'|| N dB,(x) # @. On the other hand, since p < 2r < 4/c, we deduce that H, p() AN c,
P
which is the desired contradiction.
Thus V' An(x, r, 2r) is a non-empty smooth c-stable surface . (4.34)

We fix y € 0B, /,(x) N Z, which exists because otherwise we could apply the same argument as
before to the c-stable surface ¥ in B, /,(x), contradicting the maximum principle. We apply [3,

page 305, Theorem, Equation (9)] with Z = An(x,r,2r) and M = X: the whole set of assumption
1

\/X

needed is in [3, page 294, Section 1.4] and are trivially satisfied. Since r < , we deduce that

there exists C > 0 depending just on F and c, such that

H*(ZN B, (1) 2 C(r/2)%.
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In particular

IVIBL () | HENBpO)  ca/2’ | ¢
e - (2r)? =22 “ 16

Passing to the liminfin r, by the arbitrarity of x, we deduce that there exists C > 0, depending only
on F and c such that 6,.(x, V) > C for any x € supp (||V||), as claimed. The density lower bound,
together with V having bounded anisotropic first variation, implies that V' is a rectifiable varifold,
see [14, Theorem 1.2] and Remark 2.2.

We next prove that V is integral. Fix x € supp (]|V]|) such that the tangent cone C is unique and
is a plane 67 with constant multiplicity 6. We recall that this is true for ||V||-a.e. x, given that V'
is rectifiable, compare [36]. We need to prove that 6 is an integer value.

We observe that §g(C) = 0. Consider a sequence p, | 0 such that (1, , )4V — C. Replace V
by V,, in An(x, p,,/4,3p,/4) and set W}, = (1), , )» V. After possibly passing to a subsequence,
we can assume that W), — C’, where C’ satisfies again 6g(C’) = 0. A trivial consequences of the
definition of replacements is that

C' =C=0rin B, U An(0,3/4,1). (4.35)

Moreover, by definition of replacement and rescaling properties, W), are smooth, almost embed-
ded, (cp,)-stable surfaces in .An(0,1/4,3/4). Hence, by Theorem 2.9 (ii) we conclude that W/,
converge locally smoothly (with integer multiplicity) to some smooth embedded stable surface
> in An(0,1/4,3/4). Since 6g(C’) = 0, with the same argument used on V"’ to get (4.34), we can
show that

We claim that ¥’ C 7. Indeed, assume by contradiction the claim is false. Up to rotation, we can
assume 77 = (e;, ;). Moreover, without loss of generality we can assume ¥’ N {(x, e5) > 0} # @ (the
case where X’ lies below 7 is analogous). There exists min{a > 0 : &' N {(x, e;) = a} # @}. By the
classical maximum principle (cf. for instance [35, Corollary 5.1]):

{(x,e3) = a}n An(0,1/4,3/4) C =’ N An(0,1/4,3/4),

which contradicts (4.36). Recalling (4.35), this implies that supp (||C’||) C 7. Since §g(C’) = 0, the
Constancy Theorem [16, Proposition 5], together with (4.35), implies that C’ = 6. Since ¥’ has
integer multiplicity in .4n(0, 1/4, 3/4), we conclude that 6 is integer. 1

Proof of Proposition 4.14. Fix x € M, and consider

20 = %min {Inj(M),ﬂ./c, r(x), m }, (4.37)

where r(x) is as in Proposition 4.3. Consider a replacement V’ for V in An(x, p, 2p), and let ' be
the c-stable surface given by V’ in An(x, p, 2p). Thanks to Lemma 5.1, we can choose t €]p, 2p[
such that

HO(S(Z") N dB,(x)) < oo, and ¥’ intersects 0B,(x) transversally. (4.38)
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Fixing s < p, we consider the replacement V"’ of V/ in An(x, s, t), which in this annulus coincides
with a smooth c-stable surface £''. We remark that V' and V"’ are integral varifolds by Lemma 4.15
and the properties of replacements.

Fix a point y € =’ N 3B,(x).

Step 1: We claim that there exists a sufficiently small radius r, so that

2" N By(x) N B,(») =" N B,(x) N B,(y).

Given the local nature of Step 1, by Remark 2.3 we will assume without loss of generality that the
ambient space is R>. There are just two cases: either y € R(Z") ory € S(Z').

Case 1: Fix y € R(Z'). Since y € R(X'), there exists a sufficiently small radius r, so that ¥’ N
B,(y) is a smooth deformation of a disk and y = £’ n B,(x) N B,(y) isa C>* embedded curve. We
recall that, by construction of the replacement, ¥’ is the smooth limit of a locally F¢-minimizing
sequence {6Q;}j€N in An(x, p, 2p). This implies that, denoting y; = 6Q} N 3B;(x) N B,(y), theny;
are uniformly bounded in C?>* and uniformly embedded, namely

o 4,0G0y)

inf inf ——— >0.

Jox#ty |x =yl
X,YEYj

Moreover X" is obtained as a smooth limit in An(x, s, t) of a sequence {60;’} jen- Furthermore,
since V"' is c-stationary, with the same argument used to prove (4.34) or (4.36), we get (up to take
a smaller radius r)

097 N6B,(x) N B,(y) =7,
as t <2p < 1/c, then HIiB’ > 2¢. We apply Lemma 4.13 to {GQ;.’}J-GN and deduce that 60}’ is
smooth up to the boundary y; in B,(x) N B.(y). Recalling that aQS.’ is a c-stable surface in
An(x, s, t), we deduce from Theorem 5.5 the following uniform boundary curvature estimates:

1
sup A% (p) <C.
PEBr y)nz"

1
d(p,yj)<ry

This implies that {aQ;’} jen converge to >/’ smoothly up to the boundary y. Standard regularity
theory for Elliptic PDEs implies that

2"'NB;(x)NBr(y) D' NnB;(x)NBr (). (4.39)

In particular V" N Br (y) is c-stable.

Case 2: Fixy € 5(42’ ). We observe that, by (4.38), there exists a sufficiently small radius r, so
that S(Z') N B,.(y) N 8B;(x) = {y}. Up to take a smaller r, we can assume X' N 3B,(x) N B,(y) =
y =yt Uy, wherey*,y~ are C>* embedded curves, which are tangent each other in y and such
that y* N B.(y) = @. Moreover, since V" € V5, then 652" (X) = [, c(X, vE'Y dH? + n(X), for
every X € X.(B,(y)), where 7 is a finite Radon measure supported on y satisfying §gZ/(X) =
/z' (X, v¥ Y dH? — n(X), for every X € X.(B,(y)). Furthermore X" N 8B,(x) N B,(y) = 7, other-
wise we would have X touching 8B,(x) from the inside. This violates the maximum principle,
since t < 2p < A/c, which in turn reads HgBt > 2c. Since HgB‘ > 2c¢, we deduce by Proposition 5.4
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that, up to take a smaller r,

HA(Z" n By (1))

(4.40)
r<r m(r')?
Moreover, since y € S(£'), up to take a smaller r, we get that
H>(Z'NB
s (—2’/()))) <3. (4.41)
r'<r n(r')

Combining (4.40) and (4.41), we deduce that

IV"1I(B, ()

) o0, which implies e*(V",y) < 0.
r'<r

We deduce that the family {(7,,)4V"}, <, has uniformly bounded mass and consequently
TV (y,V") # @. Up to rotation, denoting p = (py, p,, p3) € By, we can assume that T,,(6B,(x)) =
ell, that 7, ,,(B;(x)) C {p; > 0} and that y/|y| = e,. Since y € S(Z'), by (4.38) we deduce that for
every Ce TV (y,V"),

CL{p; <0} =21, L{p, <0}, where T,X' # ell. (4.42)

Fix C € TV(y, V") and denote with {r,}, the sequence of radii such that W,, := (3, )4V’ con-
verges to C. Moreover, for every a € (0, 1), by (4.39), we know that there exists N(«) € N such
that foreveryn > N itholds W, L An(0,a,1/a) D n,,, =" N An(0,a,1/a)and W, is a sequence
of (cr,)-stable almost embedded smooth surfaces in .An(0, a,1/a). Since r,, | 0, by Theorem 2.9
(i) W,L An(0,a,1/a) converge smoothly (with integer multiplicity) to X%, where X% is a sta-
ble smooth embedded surface. Since CL_.An(0,a,1/a) = =%, by (4.42) we deduce the following
inequality in the sense of varifolds

CL An(0,a,1/a) > 2T, 'L An(0,a,1/a), Va € (0,1).
and consequently
CL{0}* > 2T, %' L{0}".
Since from (4.41) it holds 6*(C, y) < oo, we deduce that
C>2T,%. (4.43)

Since both C and 2T X’ are stationary, we deduce that C’ := C — 2T X' C {p; > 0} is stationary,
where again the difference is to be intended in the space of varifolds. With the same argument
used in the proof of Proposition 5.3 to obtain (5.5) and (5.6), we can prove that C’ is contained in a
wedge L := {|ps;| < ap;, p; > 0}forsome a > 0. We claim that C' = 0, and consequently that C =
2T,¥’. Indeed if by contradiction C’ # 0, there exists 4 := min{h > 0 : {p; = h} nspt(C’) # 0}.
By the maximum principle, we deduce that {p; = h} C spt(C’). But this cannot be true as {p; = h}
is not entirely contained in the wedge L. This is the desired contradiction.
In conclusion we have proved that

TV, V") = {2Ty2’}. (4.44)
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To conclude the proof of this case, we borrow some ideas from the Step 2 of the proof of [10,
Proposition 6.3]. Let g : B,.(y) — B; be a diffeomorphism such that

gy) =0, g0B;(x)) c{py =0} and  gE")c{p; >0},

where we denoted p = (py, p2, p3) € B;. We will also assume that g(y) = {(0, p,, v (0, p,))} U

{(0, p,v7(0, p2))} and g(Z' N B,(»)) = {(p1, P2, v (p1, P2))} U{(P1, P2, v~ (1, P2))} where v* are
smooth, tangent in 0 and Lv™ = —Lv~ = ¢. Moreover, by (4.39), for every a > 0 it holds

g nAn(y,a,r) n{p; > 0} = g&" nAn(y,a,r)). (4.45)

In the following, with an abuse of notation, we identify =,3',3",V, V', V" respectively with
g(2),8(Z"), g(x"), g4V, guV", guV".

The equality (4.44) implies that

9 T .
0,pex KlleH =0, where 7 denotes the unit normal to the graph of v™*. (4.46)
p—0.pe

Indeed assume that (4.46) fails; then there is a sequence {p,} C T” such that p, — 0
and [{p,,7)| > a|p,| for some a > 0. Set r, = |p,|. There exists a constant 8 € (0,1) such
that By, (p,) NTyE' = @. Thus d(T,X', Bg,, (pn)) = Br,. By (4.45), p, € £’ n An(0,Br,,1) =
V"' An(0, Br,, 1). Since X' is c-stable in B;, also V"' is c-stable in An(0, fr,, 1). Hence we apply
[3, page 305, Theorem, Equation (9)] with Z = B; and M = X': the whole set of assumptions
needed is in [3, page 294, Section 1.4] and are trivially satisfied. Since Bg,, (p,) C An(0, fr,, 1),
we have the lower density estimate

IV 1I(Bgr, (Pn)) = HA(Z' 1 Bg,, (py) = CA?ry.

This contradicts the fact that 2T, X is the only element of TV (y, V").
We now consider the unit normal vector field v to =" such that (v, (0,0,1)) > 0. We claim that

lim v(z) = 1. (4.47)
p—0,pex”’
Indeed let o be the plane {(0, p,, p3), p», p3 € R}, assume that p, — 0 and set r,, := d(p,,0),
andX" :=1, . (Z, N B, (p,)). Bach " isa (cr,)-stable surface in /B, with cr,, | 0, and hence by
Theorem 2.9(ii), after possibly passing to a subsequence, £" converges smoothly (with integer mul-
tiplicity) in 3, /, to a stable surface Z%. Since by (4.46) Z*° = T, Z’ N By ), then v(p,,) converges
to 7 as desired.
We deduce that there exists r > 0 and functions w*, w~ € C'({p; > 0}) satisfying

2" NB.(y) = {(p1,p2,w(P1,P2))s 1 > 03U {(p1, pasw™(p1, P2))s p1 > 0},

and the boundary conditions v*(0, p,) = w*(0, p;), v (0,p,) =w(0,p,), Vuvt(0,p,) =
Vw*(0, p,), and Vu=(0, p,) = Vw (0, p,). In the variables p;, p,, ps, the functions v* and w*
satisfy the same second order uniformly elliptic equation. Hence, by standard elliptic PDEs
theory we deduce that v* and w? are restrictions of two unique smooth functions u*.

Step 2: We claim that V' is almost embedded c-stable surface in B,,(x) \ {x}. The strategy to prove
the claim is similar to the one used in Step 3 of the proof of [10, Proposition 6.3]. However, several
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arguments need to be changed. Given the local nature of this claim, by Remark 2.3 we will assume
without loss of generality that the ambient space is R3. We first observe that:

¥ NSNAB,(x)#M@, foreveryconnected component S of 3. (4.48)

Indeed assume there exists S which does not satisfy (4.48). Since t < 2p < 1/c and consequently
HiB’ > 2c, the maximum principle implies that S N dB,(x) # @. Fix y in S N 8B,(x). As S does not
satisfy (4.48), there exists s > 0 such that

y €supp(IV"IDN6B(x)  and  (supp (V"] NBs(»)) C Bi(x).

Since V"L By(y) has bounded anisotropic first variation in By(y) and [|8g(V"" L B{(y))ll5ing = 0 as
a varifold in the domain By(y), we can apply [23, Lemma 4.5] with Q = By(y) to conclude that
supp (IV"" L B;(»)|l) is a (2, ¢) subset of By(y). In particular, applying [16, Proposition 2 (iii)] with
Q = By(y) and N = B,;(x) N B,(y), we deduce that HiBt(x)(y) < c (one can verify that the proof
of [16, Proposition 2 (iii)] works with the weaker assumption that N has smooth boundary just
around the point y). This contradicts the fact that HzB’ > 2c.

We observe that (4.48) implies that for every r < p, then X’ can be extended to a surface T,
in An(x,r,2p) and for every r; <r, < p, thenT, =T, in An(x,r,,2p). We can now define our
candidate ¥ := . I'r, which is a c-stable surface with ) \ Z C (0B,,(x) U {x}). To conclude Step
2, we need to prove that V' coincides with ¥ in B,(x) \ {x}. Recall that V' = V' in B,(x). Given
y € (supp (IVID) N Bo(x) \ {x} we define r = d(y, x). We claim that if TV (y, V) = {6z}, with 6 >
0, and 7 is a plane transversal to 8B,(x), then y € X. Denoting the second replacement V"’ of V'
in An(x,r, t), it is enough to show that y € cl((supp (|[V"|) \ m), which in turn implies y €
%, C Z. Assume by contradiction y & cl((supp (|IV"|])) \ B,(x)). In particular there exists a > 0
such that

((supp (V")) \ B;(x)) N By(y) = 0. (4.49)

Up to rotation we can assume that 7),, 1 /,(B,(x)) iy {p, > O}. Fix an element C € TV (y,V").
Combining (4.49) with the fact that V"’ _B,(x) = VL B,(x), we deduce that C = 67 _{p, > O}.
Since 6g(C) = 0 and 6 > 0, we get a contradiction with the Constancy Theorem [16, Proposition
5].

It is now enough to observe that by Lemma 5.6, the set of points y € B,(x) considered above is
dense in supp (||V||). We deduce that

(supp(IVID) N By(x) \ {x} C Z. (4.50)

By the last property in Proposition 4.8, we deduce that F(Z N B,(x)) = F(V'LB,(x)), which by
(4.50) and the integrality of V implies that V' = ¥ on B,(x) \ {x}.

Step 3: We deduce the global regularity of V.

The function r(x) is characterized in Proposition 4.3. In particular we split the proof of this step
in three cases:

Case (a): there exists Inj(M)/18 > R > 0 such that r(x) = R for every x € M and there exists y €
M such that {QF} is a.m. in M \ B1gr(y).
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By the definition of p in (4.37), if we denote

1 1
‘= 2mind 1/e,R, ————— b,
S 2mm{ /e /1(c+/1+4l3)}

we deduce that V' is smooth, almost embedded c-stable surface in By(x) \ {x}, for every x € M.
By compactness of M, we can extract from {B,(x)}.cps @ finite cover {B,(x;), ... , B{(x) )} such that
for every i = 1,..., k there exists j # i such that x; € By(x;) \ {x;}. This implies that V is smooth,
almost embedded surface in the whole ambient space M. Using the logaritmic cutoff, one can
easily verify that {x} has zero 2-capacity in a 2-dimensional smooth surface. Then, by a simple
capacity argument, V is a c-stable surface in By(x), for every x € M. Moreover there exists y € M
such that {OF} is a.m. in M \ Byg,(y) and since Q¥ converges to V € VS, and V is smooth every-
where, then V is a c-stable surface in M \ Bis5(»). This can be shown using the same argument
as at the end of Proof of Lemma 4.11. We repeat the argument for the sake of exposition:

Assume by contradiction that there exists a smooth volume preserving vector field X com-
pactly supported in M \ Big,(y) such that 512:V(X )=—C < 0. There existsamap ¢ : t ER
@, € C®°(M \ B1g4(y), M \ Byg;(»)) solving the following ODE:

"f;f") = X(p;(x)) VxeM,

Po(x) = x Vx € M.

‘We set
Qf 1= (p)(Q).

Since X is a volume preserving vector field, ¢; has C3>-norm bounded uniformly in ¢ € [0,1],
SrV(X) =0, 512:V(X )=—C <0 and dQF — V as varifolds, we get that there exists ¢ > 0 and
ko € N such that

Fe(QF) < FE(Q¥) — %ﬂ Vi<e, Vk> ko

We can easily define an homotopy ;b(t x) = @ (x) for every (t,x) € [0,1] X (M \ Byg(¥)) and
zp(t x) = x for every (¢, x) € [0,1] X Biss(»). Then, denoting Qk = (1, QF), it is easy to see that
{Qt }te[o,1] satisfies all properties (4.6),(4.7),(4.8),(4.9) for k large enough. This contradicts the
almost minimality of the sequence {QF} in M \ Byg(¥).

We observe that the radius 18s should be multiplied by a factor, by the definition of s. However
the factor is a geometric constant depending just on F and M, hence we can omit it without loss
of generality.

Case (b): r(x) = Inj(M)/18 for every x € M. We denote

1 1
= —mi A/e,Inj(M)/18, —— ».
S zmm{ /e Inj(M)/ /1(c+/1+4/13)}

With the same argument of Case (a), we can show that V' is a smooth, almost embedded surface
in the whole ambient space M and that V is a c-stable surface in By(x), for every x € M.
Case (c): there exists p € M such that r(x) = d(x, p) for x # p and r(p) =
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Again, by the definition of p in (4.37), if we denote

1 1 .
5 min{Inj(M), /¢, d(x, p), m} ifx#p

1 . ’
’ A(c+l+4ﬂ3)} ifx=p

s(x) 1= .
5 min{Inj(M),1/c

we deduce that V' is smooth, almost embedded c-stable surface in By, (x) \ {x}, for every x €
M. By compactness of M, we can extract from {Bs(x)}xeM\Bs@ 2(p) Y {Bs(p)(p)} 2 finite cover
{Bs, (x1), ..., Bs, (Xi), By(p)(p)} such that for every i = 1,..., k it holds x; # p and there exists j # i
such that x; € By (x;) \ {x;}. This implies that V' is smooth, almost embedded c-stable surface in
M \ {p}. Notice that the stability is not a consequence of the local stability (the second variation
is not linear), but of the fact that r(p) = 0. O

5 | TECHNICAL PROPOSITIONS

In this section, we prove some technical propositions of independent interest. Since they are valid
in every dimension, that is, for hypersurfaces in (n + 1)-dimensional manifolds, just in this sec-
tion we will denote with n the dimension of the hypersurface and n + 1 will be the dimension
of the ambient manifold. We remark that the notation introduced in Section 2 easily extends to
every dimension.

Lemma 5.1. Let M be an (n + 1) dimensional C?> manifold. Let ¥ C M be a C? almost embedded
hypersurface in M with H? = c. Then the touching set S(Z) is H"'-locally finite, that is, for every
compact set K C M there exists C > 0 such that

H"Y(S(E)NnK)<C.

Proof. Let x € S(Z). There exists r(x) > 0 such that X N B,(,)(x) decomposes as two distinct
graphs u; < u, over the common tangent plane T, X (compare with the proof of Theorem 2.9).
We define u := u; — u, and, since Lu; = —Lu, = c, then Lu = 2c. Moreover, by standard reg-
ularity for elliptic PDEs, up to shrink r(x), we have that u,u;,u, € C?. We further observe
that S(2) N B,(y)(x) C {u = 0, Du = 0}. Since at every p € {u = 0,Du = 0} N B,(,)(x) the equa-
tion Lu(p) = 2c > 0 has just the second order terms, we deduce that D?*u(x) # 0. In particular,
there exists v € T,.Z such that d,(Du)(x) # 0. By the implicit function theorem, we deduce that
there exists 7/(x) < r(x), an (n — 1)-plane V and f € C'(V,V+ nT,X) such that, denoting with
Gy the graph of f over V, it holds:

{Du =0}n B,/(x)(x) = Gf n B,/(x)(x).
Since f € C!, there exists C, > 0 such that

H" Y (S(Z) N Byr()(x)) < H" 1 ({u = 0,Du = 0} N Br((x))
< H"'({Du = 0} N Byr(y(X))

= H" (G N By()) < Cx(r/ ()",
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Since S(X) is a closed set in %, then for every compact set K C M the set K N S(X) is compact. We
can extract a finite covering of K N S(Z) from the family {B,()(x)}xexns(z) of balls By, ... B of

radii ry, ..., 7y centered in points xy, ... Xi.. Setting C : = max{Cy_,...,Cy, }, we deduce that
k k
H™ (KN SE) < Y H™H(SENnB) < Y Cril =: C.
i=1 i=1
This concludes the proof. O

Remark 5.2. Given the local nature of Proposition 5.3, Proposition 5.4, Theorem 5.5, Lemma 5.6,
Lemma 5.7, and Lemma A.2, by Remark 2.3 we can replace R"*! with a C3 (n + 1)-dimensional
manifold M.

Proposition 5.3. Let Q C R™! such that 3Q N B,y is C* and satisfies H® > 2c in Byg. Let T be a
C?>% embedded (n — 1)-submanifolds in dQ N B,g with 0T N Byg = @. Let X be a C? almost embedded
manifold in Q such that

SpX(X) = / c(X,v*)y dH? + n(X), VX € X,.(Bg), (5.1)
z

where 1) is a finite Radon measure supported on I'. Then there exists a constant C and a radiusry > 0
depending only on F, Q, T such that
HY(ZNB,(x
sup (—r()) <C<o0.

x€lNBg wnrn
r<ry

Proof. The proof is identical to the proof of [16, Proposition 6]. Indeed the statement of Proposi-
tion 5.3 differs from the one of [16, Proposition 6] just in the assumption (5.1), which is different
from the corresponding one in [16], that is, 6gZ = 0 and % N By = I'. However one can easily
verify by the maximum principle that (5.1) is enough for the proof. O

Proposition 5.4. Let O ¢ R™ such that 3Q N By is C* and satisfies H f;Q > 2cin Byg. Let T =
't T, where T*, T are C*>% embedded (n — 1)-submanifolds in 6Q N B,g, Which are tangent
eachotherinx € T N T~ and such that 3T* N B,x = @. Furthermore, let = be a C? almost embedded
manifold in Q such that

SpX(X) = / (X, ¥y dH? + n(X), VX € X.(Bg), (5.2)
z

where 1) is a finite Radon measure supported on I'. Then there exists a constant C and a radiusry > 0
depending only on F, Q, x, T such that

H"(ZNB,(x
p LENBL) oo (53)
r<rg w,r"
Proof. The proof is analogous to the proof of [16, Proposition 6]. Indeed the statement of Proposi-
tion 5.4 differs from the one of [16, Proposition 6] in two assumptions. The first difference is (5.2),
which is weaker than the corresponding assumption in [16] X n By = I'. However one can verify
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that (5.2) is enough for the proof. The second difference is that here I is the union of two touching
curves I', ", while in [16] T is a single curve. However, one can slightly modify the proof of [16,
Proposition 6] as follows.

Assume the conclusion (5.3) does not hold, then there exists a sequence X, r; satisfying

H' () 1 By, (0))
>k

n

1
0<rg<— and
k k

r

Let us denote y*,y~ the projection of respectively I't, '~ onto {x,,; = 0}. Up to subsequences,
and performing if necessary a rotation of B,p, the normals 7*(0) and 7~ (0) of respectively y* and
y~ in the plane {x,,; = 0} at O satisfy

71(0) = ¢, and P7(0) = —e, (5.4)

We can choose ry > 0 such that for all k € N we have

rp < min 1 1 1
" [ T2

where A7 is the second fundamental form of y*. Defining

B* 1= B} (rg?*(0)) C {x,41 = 0},
our choice of r, implies that Bfn(ytuy ) =1{0}. Foreach0 <s <6, using [16, Assumption 1]
and the notation therein (in particular the definition of ®), we can consider the unique solutions
ul € C>%(B*) of the following problems

Luf =s inB*
uf =@ ondB*.

From the Hopf-maximum principle, it follows that if s > h,,,,, thenuf < ® andifs < h,,;,, then
uy > ®. We observe that the graphs of uf never touch ¥, in the interior of B* X R when s > %hmm.
Indeed, if s > h,,,, this easily follows by Z;, C Q. Hence we can assume without loss of generality
that there exists a first (the biggest) %hmin < 8 < hypqa, Where the graph u; touches T, at a point
q = (v,uf(y)). Then X, is the graph of a map f; over the plane {x,,; = 0} in a neighborhood
of y. Since X is c-stationary, we have L(f;) =c < %hmm < s, which contradicts the maximum

principle, as uj” < f}.. One can argue analogously for u; .
We now set u* :=uT . Hopf boundary point lemma allows us to compare ® with u* at 0.

2 min

We deduce that there exists ¢y > 0 depending only on F and dQ such that

mm{wwm_amm ou=(0) aqm}>qp (5.5)

a9+(0)  89+(0)’ 89-(0) 99—(0)

Now we consider the blow-up sequences

1 1 1
=T Q 1= —Q, If=—TI%, I =T uTly, Y

Z j—
Tk ko re r

=
I
~ |
3

!
k
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1 u*(rpx) — ®(ripx
e Lpe o, W) - ®ex)
Tk Tk

d

+
k

Using (5.4), (5.5), since 1t L R"n {£x, >0}, and d;{—“ =0on a(iBi), we conclude that
4% Tk

Q = {Xu1 208 ¥ = {x, = 0}
di (x) = a*x, for every x € R" N {xx, > 0} for some a*,—a~ > cy. (5.6)
One can now conclude the proof analogously as in [16, Proposition 6]. O

Theorem 5.5. Let Q C R3 s.t. dQ N By is C? and satisfies Hgﬂ > 2c in Byg. Let T be a C*>% embed-
ded curve in dQ N B,y with 0T N Bz = @. Furthermore let T be a c-stable, C? regular surface in Q
such that 0Z N By = T. Then there exists a constant C > 0 and a radius r; > 0 depending only on
F,Q,T such that

sup 11|A(p)| <C.
PEBRNQ

2
d(p,)<ry

Moreover the constants C and r; are uniform as long as Q, T, and F vary in compact classes.

Proof. The proof can be repeated verbatim as the proof of [16, Theorem 4.1]. We highlight here
only the differences. By Remark 2.6, the c-stable surface X satisfies [16, Equation (41)]. We con-
clude observing that the proof [16, Lemma 4.3] applies also to c-stable surfaces, provided [16,
Equation (41)] holds and replacing [16, Proposition 6] with Proposition 5.3. O

Lemma 5.6. Consider a point x € R™1, an integral n-varifold V€ VS, in R**!, and the set

Q = {y esupp(IVI) : TV(y,V) = {67},

with 6 > 0, and 7 is a plane transversal to 0By ,y(X)} .

Ifp < then Q is dense in (supp (|[V]])) N B,(x).

Proof. Being V integral, we have V = 6H" L K ® &7 g for some n-rectifiable set K and some Borel
function 6 : K — N. Assume by contradiction that the lemma is false. In particular, there exists
Y € Bo(x) nsupp (|[V|]) and ¢ > 0 such that T,K is tangent to 9By, x)(x), for any z € B,(y). We
choose ¢ so that B,(y) C B,(x). Let f be a smooth nonnegative function in C¢°(B,(y)) with f =1
on B, /,(y). We define the vector field

X(2) := f(2)D,G(z,%(z)), where #(z) := v?Pixa(z),
We observe that, by (2.5),

[X(2)| > % (5.7)
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We compute the following contradiction
SpV(X) = /(DZG(Z, v),X(2)) + (G(z,v)Id — D,G(z,v) ® v) : DX(z)dV(z,v)
> -1 / IX1dlvil + / 0(2)(G(z, 7(2))Id — D,G(z,7(2)) ® 7(2)) :
KnB(y)
1 (Df(2) ® D,G(z,%(2)) + f(2)D;G(z, %(2))D%(2) + f(2)D3,G(z, %(2)))dH" (2)

> —/1/ IX1d|IV]| +/ 0(2)(G(z,%(z)(D f(2), D,G(z,%(2)))+
KnB(y)

0Bd(x,z)(X)

— Gz W@)DS(2). D, Gz 52} + f(2)O(z HDH P 2) - f()22(n + 2)dH"(2)
_ 3 = ; n

>—-A+4 (n+2))/ X1V +/KnBt(y)Q(Z)f(Z)G(Z,V(Z))ld(x,Z)dH (2)

> <%—<A+A3(n+z))>/|X|d||vu >c/|X|d||V||.

where in the first inequality we used (2.5), in the second inequality we used (2.4) and
D(2)[¥(2)] =0, (2.2) 1and (2.5), in the third inequality we used (5.7), Remark 2.4 and the

assumption p < ACc+A+23(n+2) )

Lemma 5.7. There exists a € (0,1) and ry > 0 (depending just on F) such that, for every n-varifold
V € VS, and for every x, € R"*!

IVIBr(x0)) < allVII(Bay(x0)),  Vr <ro.

Proof. By Remark 2.1, we recall that
SrV(X) = /(DxG(x, 1), X(x)) + (G(x,v)Id — D,G(x,v) ® v) : DX(x)dV(x,v).
Up to translation, we can assume x, = 0. Since V € VS, we have

’/(DXG(x,V),X(x)) + (G(x,v)Id — D,,G(x,v) ® v) : DX(x)dV(x,v)

<c / X dIV]. (5.8)

We consider X(x) := ¢(|x|)x, where ¢ : R — [0, o) satisfies ¢p(s) = 1if s <r, ¢(s) = 0if s > 2r
and ¢'(s) < 2/r if s € (r, 2r). It follows that DX (x) = ¢(|x|)Id + ¢'(|x|)’%". Then (5.8) reads

‘/nGsb(IXI) — (DG, v)$(|x]) — (v, x/|x|XD,G, x)¢'(Ix]) + Glx|¢'(|x[)dV (x, )

s<c+A>/¢<|x|)|x|d||vn,
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which, using the one-homogeneity of G reads

n

= [ txhaveey)

J

(v, %XDVG(x, V), |j§—|> + G(x,v)|¢/ (|x])[x|dV (x, v) + 2r(c + DIV I(Bay).

By (2.6), we deduce that

n

i) < | (G(x,v)+G<x,ﬁ))¢’(|x|)|x|dV(x,v>+2r(c+1)||V||(Bzr),

or equivalently

2
IVIB,) < 22 IV (ARG, 20) + 2 (e + DIVIB..).

n—

2.

2
Denoting K := %1 and adding on both side K||V||(B,), we deduce that

n

K+2r(c+ 1)
IVIB,) < =TIV
+1
Choosingr <ry := ——anda := 2 we conclude the claim. |
4(c+A) K+1
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APPENDIX: A BOUNDARY REGULARITY THEOREM

Theorem A.1. Fixy € 0, An and assume that the finite perimeter set Q minimizes F¢ in the class
P(Q, B,(y) N An) of the finite perimeter sets equal to Q outside of B,(y) N An. Moreover assume that
0Q N B,(y) \ An is smooth embedded and dQ N B,(y) N 0., An is a smooth embedded curvey. Then
there exists a smaller ball B;(y) C B,(y) such that dQ N B;(y) N An is smooth up to the boundary
0QNd,Ann B, ().

Proof. Thanks to [26, Theorem 0.1], it is enough to prove that the lower density 6..(6Q N An,y) <
%. To this aim, it is enough to show the existence of a blowup C € TV (y,0Q n An) which is half
a plane. This is the content of Lemma A.2. O

In the following, given Q € C(R?) and x € R3, we denote with TV (x, Q) the set of all the
subsequential limits, as r — 0, of 1, .(Q) € C(R?).

To prove the following Lemma A.2, we closely follow the strategy of [17, Lemma 5.4], which is
the analogous of [28, Lemma 4.5].

Lemma A.2. Under the assumptions of Theorem A.1, denoting H := {x; > 0}, there exists v €
S? := {|w| = 1} such that up to rotations

Hn{{v,x) <0} eTV(y,QnN An). (A1)

Proof. We denote Gt = G n H for every G C R>. Up to a translation and a rotation, we assume
¥ =0 and e, = y/|y|, hence arguing as in the proof of Proposition 5.3, compare also with [17,
Lemma 5.3], we deduce the existence of L = L(F, ¢) such that

sup 'gﬁ Z;' <L, VEEeTV(,Q). (A2)
Moreover
OENOH = {0} xR x{0}, VEeTV(,Q). (A.3)
We define & : TV(y,Q) — [-L,L] as
EE) = inf %) VE e TV(y,Q).

@B+ {(x,e;)’

One can easily check that & is upper semicontinuous on TV (y, Q) with respect to the LIIOC(R3)
convergence. Indeed, ifEj,, E € TV (y,Q)and E;, » Ein Llloc(H ), then, for every x € H N JE there
exist x, € H N 0Ey, h € N, such that x;, > x as h — oco. Hence,

(x,e3) . (xp,ez) _ ..
= > limsup £(Ey),
ey s Gy = i Sup S(E
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as claimed. Since TV (y, Q) is compact in Llloc(lR3), we deduce the existence of E; € TV (y, Q) such
that

§E)2EE), VEETV(,Q). (A4)
Let us fix @ € (—7/2,7/2) so that tan a = £(E;) and set
v, =cosae; —sinae, € S?, le{er:(x,vl)ZO}.
We now prove that
(6H\)* Cc BEDT. (A.5)
Indeed, by definition of &, it holds
(OE)* C H, . (A.6)
Moreover, denoting with w : {z € R? : z; > 0} —» [—o0, +c0) the function satisfying
w(z):inf{te[R{:(z,t)eaEl}, Vze{zeR?: z; >0},
we deduce from (A.3), (A.6), and the lower semicontinuity of w that

{x €H :x3< w(xl,xz)} CEq, (A7)

w(xy, xy) > E(Ey) x4, V(x1,%,) €E{z € R? : z; > 0}. (A.8)
If (A.5) fails, then there exists X € (8E;)" such that
w(Xy, X,) > §(Ep) %1 - (A9)

By (A.8) and (A.9), if we set 7 = |(X;, X,)|, Z = (%1, X,) and D; = B; N R? x {0}, then we can find
¢ € C1(8(D;)) such that

w(z) > p(z) > §(E1)(z,e1), Vz € d(D; N H) (A.10)

o(2) > E(E1)(Z,ey). (A.11)

In particular, ¢ = 0 on D; N 8H. By part two of [17, Lemma 2.11], there exists u € C*'(Df)n
Lip (cI(D;")) such that, if we set G(’f(p) = Gy(p, —1) for p € R?, then

div(V,G¥(Vu)) =0, inD;,
u=ge, on a(D;-) N

with

IVu(0)] = [{Vu(0),e1)| > §(Ey). (A12)
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Since Q minimizes F in the class P(Q, B,(y) N An), then the blowup E; satisfies
F(E,,cl(H)) < F(F,cl(H)), wheneverE,AF C H, (A.13)
and in particular:
F(E}, cl(D} X R)) < F(F,cl(Df x R)), wheneverE,AF C D} X R.
This, combined with (A.7) and (A.10), allows us to apply [17, Lemma 2.12] to infer that

{(z, HeDI xR :t< u(z)} CE;n(Df xR) up to zero H3-measure sets. (A.14)

If we now pick a sequence {s;,},cn such that s, — 0 as h — oo and 7, (E;) — E; in Llloc(lR3),
then, by (A.14) and u(0) = 0, we find that

{@D:t<(Vu©)ezen}

so that, thanks to (A.12), £(E}) > E(E,). Since E; € TV(0,E;) C TV (y, Q), this contradicts (A.4),
and completes the proof of (A.5). Since 0Q N B,(y) \ An is smooth, by (A.3), (A.5), and (A.6),
we conclude that there exists v € S? N (e;, e5) \ {=e; } which is an orthogonal vector to T,(0Qn
B,(y) \ An) such that

OW C 0E; and W CE;, where W :={{(x,v) <0}nH;. (A15)
The two properties above (A.15) imply that
H2(B(E; \ W)now) =0, (A.16)

compare with [30, Section 16.1] or with [17, Equation (2.7)]. We claim that this implies that
W = E; up to zero H>-measure sets. Indeed if this was not case, by (A.16) we would deduce that
F(0W) < F(OE,), which would contradict (A.13), as E;AF C H by (A.2). Hence W € TV (y,Q),
which implies the desired (A.1). [l
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