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A decisioamaker when faced with a limiteend fixedbudget to collect data in support of

a multiple attribute selection decision, must decide how many samples to observe from
each alternative and attribute. This allocation deoigmf particular importancghen the
information gained leads to uncertain estimates of the attribute values as with sample data
collected from observations such as measurements, experimental evaluations, or simula-
tion runs.For example, when the U.S. pertment of Homeland Security must decide upon

a radiation detection system to acquire, a number of performance attributes are of interest
and must be measured in order to characterize each of the considered /st &hasti-

fied and evaluated several appches to incorporate the uncertainty in the attribute value
estimates into a normative model for a multiple attribute selection decisssaming an

additive multiple attribute value molleve demonstrated the idea of propagating the at-



tribute valueuncertaintyanddescribing the decision values for each alternative as proba-
bility distributions Thesedistributionswere used tgelectanalternative With the goal of
maximizing the probability of correct selection we developed evaluatedunder segral
different sets of assumptigrprocedures to allocate the fixed experimental budget across
the multiple attributes and alternativd$irough a series of simulation studies, we com-
pared the performance of these allocafioocedures to the simple, lmdmmon allocation
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glected such informatiorBeginning with generatnowledge of the attribute values pro-
vided by Bayesian prior distributionand updating this knowledgeith each observed
sample,the sequential allocation procedyrerforned particularly well These observa-

tions demonstrate that managing projects focused on a selection decision so that the deci-
sion modeling and the experimental planning are done jointly, rather than in isolation, can

improve he overall selection results
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Chapter 1 Introduction

Decisionmakersare often required to make decisions basedimited knowledgeas a
consequencef time and resourceonstraits ontheirinformation gathering effort§ hese
decisions are further complicated when important characteristics about the alternatives are
described by uncertain quantitesch agstimates based @xperimentabr measurement
results

We define adecision where a decisiemaker must select a single alternative from a
finite set of alternatives and each alternative is described by several charactbatacs
important to the decisiemaker as anultiple attribute selectiodecision We use théerm
attribute value uncertaintyo refer tothe uncertainty in the quantities that describe the
a |l t er mcharacdterisdcshat aramportant to the decisiemaker A commonnormative
model of the multiple attribute selectidecisionentails the decisn-maker placing a de-
cision value on each alternative by consideringtthdeoffs amongst, and tlesirability

oft he alternatives i mportant characterist.i

greatest decision valf&eeney & Raiffa, 1993Clemen & Reilly, 2001; Kirkwood, 1997,
Dyer, 2005)
We illustrate this model ifrigure 1.1, wherem alternatives,a,,...,d,, are each de-

scribed byk important characteristiqattributes) The values of the attributesy,..., .,

are used by the decisianaker in developing a decision valug, for each of the



i =1,...,m alternatives. The deawsr-maker then selesthe alternative,a_, that has the
largest decision value
Alternative Attribute Value Decision Value Selection

m
m,

M
m,
m,

1T

M
e

M

Figurel.1: Conceptual model of a multiple attribute selecti@gision

In this dissertation, weonsiderthe problem ofincorporaing attribute value uncer-
tainty in a normative decisiomodeland further, howa decisioamaker mightoptimally

use his limited informatiowgathering budgeb identify the best alternative.

1.1 Motivating Examples

This secton describeghreemotivatingexamplesThe first exampleregarding the uncer-

tainty in the United States c e nikistratesa al ues
series of single attribute selection decisions that contain attribute value ungegelact-

ing a consumer service based on customer reviews provides an example of a multiple at-



tribute selectiordecisionwith attribute value uncertainty. And finallihe selection deci-
sion faced by th&).S. Department of Homeland Securitychoosing a radiation and nu-
clear detetion system to install at U.Based international arrival airport terminals pro-
vides an example of a multiple attribute selection decision with attrialtie uncertainty
where theallocation of thdixed informaion-gathering budget may fadtered to optimally

support the identification of the best system

1.1.1 Census Uncertainty inU.S. Congressional Reapportionment

Article I, Section 2 of the United States Constitution mandates¢haty 10 years, a cen-

sus of theJnited States be takemhe census yields data about millions of families that is
valuable to government agencies, social scientists and economists, marketing firms, and
many others who want to know who lives whérbough large, the resources of the U.S.
Census Bureau are limitethsufficient resources and enumeration errors intpét the

census data collection methods cannot determine the precise population of every state,
county, and place in the United Statesr the 2010 Census, the Census Bureaducted

a postenumeration study (the 2010 Census Coverage Measurement program, or CCM sur-
vey) to estimate the size of the error in the census colimtsstudy estimated a net over-
count of 0.01%Mule, 2012)(Davis & Mulligan, 2012) Although this was smaller than

the 2000 Census net undercount (0.49%). 200 studyshowedmore variability in the
statelevel errors for the 2010 Censysome states had a larger undercount or overcount
than in 200]. In another attempt to understand the uncertainty in the population estimates,
the Census Bureau used demographic analysis to estimgtepulation change from de-

mographic data such as births and deaths, and this analysis yielded a range of population



estimatesT heresultinglow and high estimates for the population of the United States were
305 million and 312 millio{U.S. Census Bureau , 2010)

The primary reasofor the decenniatensuss to assign seats in the HoudeRepre-
sentativesHow to assigrthis integer number of representatives in a fair manner to the
States of the Union has been an often debated question dating back to the Constitutional
Convention of 17870ver the years, a number of methods proposed dayipent politi-
cians and mathematicians have been employed in the reapportionment of Cddapess.
linski and Young(1982)provide a comprehensive historical note of these methods.

The total number of seats in the HouseRepresentatives currently equals 435, and
each state will be allocated at least one Sd#.decision of which Congressional appor-
tionment realization to implement is the responsibility of the United States Congress and
is currently computed using the thed of equal proportion3.his method has been imple-
mented computainally as follows(Burnett, 2011) The first 50 seats are allocated with
each state receiving one seat, which satisfies the minimum requirement. Each subseque
seat is assigned to the state with the largest priority value. (That is, the state with the largest
priority value is selected forthatsedtla ch st at e’ s priority val
lation and the number of seats already assigned.

Becauseungcet ai nty exists in the estimate of
prevalent in the priority valyeand thus each selection decision atisbute value uncer-

tainty.

u
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1.1.2 Selecting Consumer Services Based on Ratings

Consumers today can accesssoml opinions regarding just about anything with only a
few clicks of a mouséwWhile some opinions- fashion, entertainment, politicalmay be
appealing only in the eye of the beholder, others can be very useful for consumers.
Although individual qualitatie reviews are certainly useful, more quantitative sum-
maries of consumers' opinions are available fromprafit organizations such as Con-
sumers Union and the Center for the Study of ServiBshsurveys attempts to assess the
true values of performance rating criteioa products and serviceBecausenysurvey is
based on limited data, the summary statistics used for the performance rating criterion
valueareestimats of ther true valus and contaia uncertairies i.e.,attribute value un-
certainty When selecting a product or service provider, the decisiaker should consider
how this uncertainty affects the relative desirability of the alternatives.
For example, theWa s hi ngt on Co n sku(@entersfor theC Stedg kfb o0 o
Services, 2011includes ten performance rating criteria for 94 roofing firfitse results
of the review were obtained t hr Bousxbfthea sur v
criteria, the meage provided is the proportion of customers surveyed who rated the firm

as stplee imevi ew’ s performance criteria val
attribute values that describe each roo@onsider a consumer who wishesctmosea
roofer for a job and is using the survey results to inform this deci$iois.consumer faces

a multiple attribute selection decision with attribute value uncertainty.



1.1.3 Selecthg a Radiological and NuclearDetection System

In 2008 the Domestic Nuclear DetectiOffice (DNDO) of the U.S. Department of Home-
land Security was congressionally mandated to work with the U.S. Customs and Border
Protection (CBP) on evaluating and improving the radiation detection systems in U.S.
based international airportas a result bthis mandate, the DNDO PaxBag pilot program
was initiated to identify the best possible system design for detecting, identifying and lo-
calizing illicit radiological or nuclear (rad/nuc) material entering the United States through
international passengand baggage screeniny.major objective of the PaxBag program
was toidentify a system thalisplayed strong potential for improved capability over cur-
rently deployed technologyp put forth foranoperational demonstration

Passengers arriving at Ulssed international airport terminals are subject to two man-
datory encounters with CBP agems.illustrated inFigurel.2, passengers exit the aircraft
and choose anof several queues prior to the first CBP encounter at the passport control
booths.Upon exiting the passport control booths, passengers proceed to the luggage car-
ousel to claim any luggage they may hawéth luggage in tow, passengers proceed to the
seond CBP encounter at one of several customs declaration booths before exiting the in-
ternational arrival terminal for the main terminal of the airpDrring each of these en-
counters, or at any other time within the international arrival terminal, passengg be

subject to further interrogation as deemed necessary.
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Figurel.2: Generic pass@er and luggage flow at a Ulsased international arrival terminal

With respect to screening detection systehastwo subsystems: passport control and
customs declaratiocach subsystem will have one of three detection sensor technologies
In each subsystem, the sensor technology will be placed either at the dmatising the
CBP agentsr in the queues prido the boothand used in one of four operational mades
Thus, there ar8 x 2 x 4 =24 combinations of sensor technologies, sensor locations, and
operational modes for each subsystem, which yields a to@#’cf 57¢ possible pairs of
subsystemsThe detection system alternatives in thmgltiple attribute selectiodecision
are these 576 possible combinatiofise goal of the decision analysis is to select the de-
tection system alternative that maximizes the value function as defirtté BNDO and
CBP preference structure.

Three main objectives-{gure1.3) were considered in developing the decision model:
(1) maximize material interdiction, (2) minimize operational impact, and (3) minimize cost.

Subobjectives and attributes were developedupport the main objectives.
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Figurel.3: Objectives and associated weights for the selection of a radiation detection. system

Due to the uncertainty in their assessment, those attributes of direct itdetestre-
search were the detection system performance measures that supported the material inter-
diction objective (interdiction performance attributeR)ese attributes were based on the
detection systemsbility to detect and identifglevenradological and nucleasources of
specific interest to DNDO which inefled Special Nuclear Material and radioisotopes used
in industry and medicinéAll other attributes (those that supported the second and third
objectives) were considered to contain no uncestamthis analysis.

To provide a value for each of the interdiction performance attributedgetbetion and
identification performance of thilnree detection sensor technologaginstthe eleven
rad/nuc sources under the four different operationalesahs experimentally evaluated
in a laboratory settingThe resultsof theselimited numberof experimental evaluations
were expressed as probabilggtimate with associated uncertainties and providsti e
matesoft he sensor ' s Byaccaringdoatpessénsolr technolegges and op-
erational modes of each subsystem, these uncertain probability estimates were used in the

evaluation of the interdiction performance attributes for each detection system alternative.



These uncertain attribute valuesre combined with the remaining attribute values using
a multiple attribute decision model.
To select the detection system to put forth for the operational demonstration, DNDO
and CBP formulated multiple attribute selectionetision model and develog@ labora-
tory experimental plan to support the estimation of the attribute valuesdévelopment
of the experimental plaled to the following question: how should the limited laboratory
experimental budget be allocated to best support the decisiaaspfothis question, which
is not limited to the selection of a radiation detection system, appliesseledtiondeci-
sion processes where the values of multiple attributes are estimatedulpaseexperi-

mental evaluations.

1.2 Research Question

A decisionmakerfaced witha limited andfixed budget for collecting information about
multiple attributes othe alternatives in a selection decision mustidehow much of his
informationgathering budgetb allocate to each attribute of each alternatiM@s alloca-
tion decision is important ixen the information gainddads touncertainestimatef the
attribute valuess withsample data collected from observas@uch as measurements,
experimental evaluations, or simulation rumiese uncertain attribut@lueslead to un-
certaintyin selecting thdrue best alternativeWhen more information is gathered about
one attribute of one alternative, its value becomes more certaithibabmes at the ex-
pense of less information (more uncertainty) about the iremgaattributes and alterna-

tives.



To understandhiow theallocation decisiommpactsthedecisionma k er ' s sebi | i ty
lect thetrue best alternativécorrect selection)we must first understand how the uncer-
tainties in the attribute valuesnay bereflected in the selection decision modéh this
dissertation we address the following research questions as they pertain to this described
situation:

1. What approaches candacisioamakeruse toincorporateand propagate un-
certainty and identify the best altative when faced with a multiple attribute
selection decision with attribute value uncertainty? What aredbensages
and disadvantages tifese approaches?

2. What approaches can be used to inform the allocafi@nlimited and fixed
budget for collectingbservations across multiple attributes of multiple alter-
nativesin support of a multiple attribute selection decision with attribute value

uncertainty? How well deach otthese approaches perform?

1.3 Notation

As a conveience to the readerherewe provide dist of notation usedhroughoutthis

dissertation

a An individual alternativealternativei; throughoutalternatives
are indexed by

{al, e 3m} Set ofm alternatives

Attribute j An individual attribute attributej; throughoutattributes are in-
dexed by

m Thetruevalue of attributg of alternativea,

10



X A random variable that represents the outcahan evaluation
of attributej of alternativea

X; An observedealization(sampleobservatiohof anevaluation of
attributej of alternativeq,

n, An integer number of observations for alternatéye attributej

X; Set ofn; observationgrom an evaluation ddttributej of alterna-

tive a , i.e., (Kjlv--,)ﬁni,. )

X The set of lhhobservations collected to support alternatiye i.e.,
(X1 X )
X The set of all observations collected to suppors#iectiondeci-

sion, i.e.,(X,,....X)

/ The decision weight associated with attribute

X; Decision value for alternative,

1.4 Dissertation Overview

The remainder of this dissertation is organizedi@d®ws: Chapter 2is a review otthe
literature thajprovidesa foundation for the work in this dissertati®@hapter 3addresss

the problem of incorporating attribute value uncertainty intelactiondecision. Wepro-

vide assumptions amutesent several approaches for satgctin alternative when the at-
tribute value uncertainty has been propagated through the decision model and onto the
decision valueUsing the methods presentedGhapter 3Chapter 4develops and com-
paresseveral methods for allocating a constraimgdrmationgatherig budgetacross the

multiple attributes and alternaéis of a multiple attribute selection decision. We consider

11



both Gaussian and Bernoulli error distributions and present optirealart and sequen-
tial allocationproceduresChapter Elosesthis dissertation with conclusions apibposals

for future work
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Chapter 2 Literature Review

The problers of formulating a model to describe a decision amongst alternatittesul-

tiple characteristicenportant to the decisiemaker decidinghow to best allocate experi-
mental effortwhen gathering informatigrand selecting a single alternative from acfet
alternativesthat aredescribed by uncertain or random metgpanseveral disciplines
which includedecision analysjsstatisticaldesignof experimers, and ranking and selec-
tion. In this chapter, we review workiom these disciplineand discuss their limitations

in addressing the research questionghisfdissertation.

2.1 Decision Analysis

At the core of te problem studied in thdissertatiopnwe havea decision problemMore

specifically, the decisiocmaker faces multiple attribute decision problewith uncer-

tainty intheattribute valuesRon Howard first coined the terdecision analysig a 1966

conference tal{Howard, 1966)where he provided a formal procedure for thedeling
andanalysis of decision problems. Active work in this field had been taking place for more
than a decade prior to Howard’ s batbnsoduct i
during this time include works from von Neumann and Morgensté®d4) Savage

(1954) and Luce and Raiffel957) These works provided tHeundation to formally ad-

dress, through analytical methods, the decision problem for which the consequence of the

action cannot be realized until some uncertain event is resalgedlecisions with risk.
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The method of expected utility theory first fahzed by von Neumann and Morgenstern
and later put into practical terms for mplg attribute decision analysis in the text of
Keeney and Raiff§1993)provides a structured approach to decision analysis when uncer-
tainevents exist through the consideration of the probability distributions over the potential
outcomes of the uncertain event.

Adecisonmaker’ s preference structure is fund
scribe a decisioma k er ' s p r e foelinaévaloeefundtiong Mmeasueeable value
functions, and utility functions. DygR005)provides a comprehensive overview of these
models, their applications, underlying assumptions, and assessment methods. In-brief, o
dinal value functions are applicable in decisions under certainty. They lead to a rank order-
ing of the decision alternatives, ibeydo not indicatehe magnitude of preference among
the alternatives. Measureable value functions, also applicable giaecunder certainty,
provide an interval scale of measurement; that is, the degismk er ° s st rengt h
ence amongst the alternatives is captured. Finally, utility functions are applicable in deci-
sions with risk. Th e ncastructuienot onljnoodsalérs tleefde- o n e’

cisiormaker’ s values of the potential conseque
reactions to taking risk®yer and Sarir§1979) von Winterfeldt and Edward4986) Far-
guhar and Kelle(1989) Keeney and Raiff§1993) andKirkwood (1997)provide irdepth
discussions of theseagference structure models as they apply to both single and multiple
attribute decisions.

Multiple attributedecisionmethods require thdecisioamakerto consider tradeoffs

amongst the multiple criteria beiragldressedn the decision analysig.he tradeoffs are

guantified andnodeledby thedecisioamaket s pr e f er e nweights.Pandey,at t r i k
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Nikolaidis,andMourelatos2011)studied the uncertainty ohefiningthe general structure

of thedecisioamake’ preferencs, while others, e.g(Kahn & Meyer, 1991; Mustajoki

et al., 2005; Chambal et al., 20TBveconsidered thdifficulty faced byadecisionmaker
particularly a group oflecisionmakes, in precisely definingattribute weightsThe sto-

chasic multiobjective acceptability analysis (SMAA) metlsoflLahdelma et al., 1998)

were developed to help multiple decisionakers explore the impact of uncertain or un-
specified attribute weight&ather than producing a ranking of alternatives based on a pre-
cisely defined preference structure, the SMAA methods describe the ranking of alternatives
though several measures across the entire parameter space of preference weights by com-
puting multidimensional integral$n practice, these multidimensional integrale esti-

mated usindgMonte Carlo simulationThe original SMAA methodhcludedthree descrip-

tive measuresThe SMAA-2 method(Lahdelma & Salminen, 200Expands the descrip-

tive measures to fiv®ther versions of the SMAA method, including methods to consider
ordinal measures, are reviewed in the survey paper of Tervonen and Hg0esa

Beyond the uncertainties in the decisima k e r * s p rcture and &aoutvehichs t r u
outcome will occur in a risky decision, a decisimaker may face decision ambiguity.

First definedin the 1960s by Daniel Ellsbed961) who is best known in the decision

analysis community forif now infamous Ellsberg Paradox (g&gnhorn & Hogarth,

1986)for a well described presentatio)etterm decision ambiguity in the decision anal-

ysis context has since been generalized and elabavateg many.Frisch and Bron
(1988)gave the followingd e f i ni ti on: “Ambiguity is wuncert

by missing information t h#tdecisian amalgsis,eamta-nt an

guity is specific to the probabilitieused to describe an uncertain event in a risky decision.
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Some have used this idea to challenge the validity of utiigpry, particularly as a de-
scriptive theorythoughmost proponents of utility theogrgue that the theory was meant
only as a normate one(Raiffa, 1961; Frisch & Baron, 1988; Dyer, 2008thershave
attempted to expand utility theory to include ambiguity (&@/astava, 19973s an ex-
ample).Herrmann2015)use theidea of decision ambiguity in the discussion of the value

of information. In some&asesa decisioamaker may be able to collect additional infor-
mation to reduce his uncertainty about the probability of a future uncertain event. In short,
decision ambiguyt refers to the uncertainty in describing the probability profile of a risky
decision.

To summarize, uncertainty in decision making i$ amew conceptThe theory of
expected utility addresses the decision problem for which an uncertain futuretevels
between the decision at hand and the realized consequBecé&son ambiguity considers
the uncertainty involved in describing the probability profile of the uncertain event in a
risky decision.Other examples of uncertainty in decision makingudel uncertain deci-
sionrmaker preference structures and uncertainty in attribute wei§ytiteugh thesdhe-
ories andmethods encompass many aspects of uncertainty in decision making, they all
presume that the consequences (described by the attribute eakipeecisely defined and
neglect any uncertainty that may exist in their assessifieePROMETHEE outranking
techniqueallows for some degree of attribute value uncertainty to enter the decision model

through the decisicma k er ' s s e | e cized ooitarionofnctian(Hygecet al.;y a |
2003 Zhang et al., 2010But we are unaware of arpublishedwork thatallows foran

explicit representation of the attribute value uncertainty to enter the decision model.
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2.2 Experiment Design

The statistical design oéxperimentdliscipline is devoted to the importance of obtaining

the best set of observations in an experimental setting. The statistical design of experiments
provides the foundation for defining experimental factors and levels in developing a design
spae, identifying optimal locations to sample within the design space, and determining the
appropriate sample siz€lassic references such as Beixal. (2005) and Montgomery

(2013) provide extensive guidance for the principles and numerous example applications
of the methods of statistical design of experimdptsblems in this domain span the realm

of comparing entities, quantifying the impact of various experimental factorestéintht-

ing functional relationships.These problems can begenerically represented by

y= f(Il,...,Ik), wherey is the response variable of interest, therekagperimental fac-

tors that each have multiple levels, ahds the level of thé™ experimental factor. A

primaryfocus of the design of experiments discipline is how to best allocate the total ex-
perimental budget of observations across the design space defined by the factors and their
levels while adhering to thenderlying principles which, for example, minimize estimation
variability and maximize hypothesis testing powetthis regardthe designer must choose
which particular combinations ¢dctors and levelwill be included in the experimerthe
responseariable can be either a single response or multiple responses, with all responses
measured over each of the identified design points. While the principles are much the same,
an alternative to the traditional design of experiments approach is that ofddegrgeri-

mental desigr{Chaloner & Verdinelli, 1995)In Bayesian design, information available
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prior to experimentation is leveragedidentifying optimal locations to sample within the
design space and determining the appede sample size

Although the researchguestios in this dissertatiomre also concerned wittample
allocation the principles and techniquesstétistical design of experimerntsovide guid-
anceon allocating samples across a design space defined by experimental factors and lev-
els, whichis different tharallocatng samples across multiple attributgsmultiple alter-
nativesin a selection decisiotJsing thestatistical design of experimentymirology, the
measuredalues for each of the attributesay be viewed as a responvsgiabledependent
onthesingle factor, alternative, wittihe number of levels equal to the number of alterna-
tives considered. Thus the sample allocation problem of theentisdion is to allocate a
sample budget across these multiple responses, each evaluated by a different experiment
and whose importance differs according to the attribute weights, with the goal of maxim-

izing the decisiooma k er s abi | i t prefetred altermative actordinght@hismo s t
preference modeT o our knowledge, the work die statistical design of experimerdss-

cipline does not address these needs.

2.3 Ranking and Selection

Most closely related to thepic of this dissertation are the metis of anking and selec-
tion. Ranking and selectiomethods are used to compare a finite number of alternatives
whose performance measures are generated by a stochastic,arasgerimentation

via physicalmeasuremesbr computesimulation Thestudy of ranking and selection first
gained traction in the 1950s in the statistics commumiitty the noteworthy publication of

Bechhofer(1954) Gupta and Panchapakeg&879)published the first modern text on the

18



subject andBechhofer et al(1995)is a more recent texDuring this time, the field of
computer simulation, and in particular discrete event simulation, began advancing the work
of ranking and selection and now accounts for much of the research in the area.

Kim and Nelsor(2006)provided an extensive overview of the recent developments in
ranking and selectiowith a focus on the indifferent zone jlallocation procedure for
selecting the alternative with the largest expected value. The 1Z procedcd has no
fixed limit on the number of observatiorggtermines how often each alternative is ob-
served(sampledwhile guaranteeing a specified proiay of correct selection provided
that the true performance of the “best” al:
an amount the experimentsishes tadetect. Butler et a(2001)appiedthelZ procedue
to a multiple attribute decision problaming a multiple attribute value model

Kim and Nelson descrilbefour classes of comparisons as they relate to ranking and
selection problems: selecting the alternative with the largest or smallest expected perfor-
mance measure (selection of the best), comparing all alternatives against a standard (com-
parison with a standard), selecting the alternative with the largest probability of actually
being the best performer (multinomial selection), and selecting the sydtietne largest
probability of success (Bernoulli selectiohy. developing an experimental approach for
each class, a constraint is imposed on either the probability of correct selection or on the
overall experimental budget. That is, some procedurgs (edifference zone procedures)
attempt to find a desirable alternative with a guarantee on the probability of correct selec-
tion with no regards to the experimental budget, and other procedures attempt to maximize
the probability of correct selection vd adhering to an experimental budget constraint.

Computational results presented by Braekeal. (2007) demonstrated the strengths and
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weaknesses ddeveral ranking and selectipnoceduresncluding he indifferencezone,
the expected value of information procedure, and the optimal computing budget allocation.

Unlike the IZ allocation procedure, the Optimal Computing Budget Allocation
(OCBA) procedure derives a sample allocation based on a fixed bwdgehe goal &
maximizing the probability of correct selectiosubject tothis budgetconstraint Thus,
OCBA is the ranking and selection procedure most similar to our Whekn and Lee have
published many articles on the subjantl presented comprehensive colleon of ideas
in a recent texChen & Lee, 2011)Chen et al(2008)developed a version of OCBA that
can be used to find the bewstalternatives efficiently. Lee et §R004 2010)considerd
the problem of finding the set of n@ominated alternatives when there are multiple ob-
jectives and developed approaches for allocating simulation replications to different alter-
natives.LaPorteet al.(2012)developed a version of OCBA that is useful when the com-
puting budget is extremely small.

Although theranking and selectiomethodshave some similarities to the problem con-
sideied in this dissertatigra main difference is that they all consider thecallion of sam-
ples across multiple alternatives with a single performance measure, while our work is
focused on the allocation of samples across ti@multiple alternatives anthe multiple
attributes.We used the idea dutler et al.(2001) and combined themultiple uncertain
attribute values using a multiple attribut
performance measurés the OCBA procedurds a sequential procedure trdgrives a
sample allocatio based on a fixed budget adapteddeasfrom OCBA in our develop-

mentof thesequential allocation procedure.
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Chapter 3 DecisionUncertainty in Alternative Selectior

The Roman scholar Gaius Plinius Secundus, better known as Pliny the E{d8),&3ated
that,“the only certainty is that nothing is certdirdncertanty and its assessment has be-
come a popular topic in recent yeaksdley (2006) suggestd that the reason for this
popularity is that the rules for assessing and applying uncertainty are now understood and
that pastendencies of suppressing uncertainties are no longer necessary.

Many terms and classifications have been defined relating to the concept of uncertainty.
Bevington and Robinsof2002)discusedaccuracy and precisias heyrelaieto experi-
mens in the physical science$he accuracy of an experiment isv@asure of how close
the results of an experiment are to the true valhe.idea of accuracy is closely related to
the statistical term bias, where the bias of an estimator is the difference between the ex-
pected value of the estimator and the true value of the parameter being egide&eubt,
1989) Precision is a measure of the reproducibility of the restdtspective of the agree-
ment with the true valuén general, when the uncertainty of an experimenbigd it is
the precision of the experiment that is beiaferencedlt is often thecase inmetrology
that thetrue value of the measurarslunknown, thus the accuracy cannot be determined
and only the precision of the measurement can be quantified.

Many have attempted to categorize the sources of uncertainty in the decision analysis
context. For example French(1995)listedten sources of uncertainty as it relates to deci-

sion analysisHe classifiel these sources into three broad groups: uncertainties expressed
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during modeling (or problem structuringuncertainties expressed during exploration of
the models, and uncertainty expressed during interpret&iewart(2005)further classi-

fied these sources as internal and external uncertaibbreter this classifican, internal
uncertainties refer to uncertainties due to the problem formulation, structure of the model
adopted, and the judgmental inputs required by the mia#drnal uncertainties refer to

the lack of knowledge about the consequences of a partchdae.

Stewart’s external uncertainty c¢class can
of another common classification of uncertainty: aleatory versus epistemic uncertainty.
Aleatory uncertainty is the uncertainty due to a random proaassrtainty as a result of
natural, unpredictable variation in the performance of the system under Bhiskgmic
uncertainty is the uncertainty due to a lack of knowledge about the system under study.
The focus of thichapteris incorporatingattributevalue uncertaintiesand more specifi-
cally epistemicuncertainies, into a decision analytic model of a selection decisi®he
propagation of attribute value uncertainty results in an uncertain decision value for which
the selection decision is based. We discuss four approaches to selecting an alternative from
a set of alternatives described by uncertdinbute values antlence uncertaidecision
values. We conclude tlehapter by applying these methods to the examples introduced in
Chapter 1

The discussins and examples found ihi¢ chapter are largely taken from the works

of Leber and Herrman{2012 2013b)
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3.1 Uncertainty in Decision Making

Decision problems can be classified on several dimensions. First, the desaien can

be either an individual or a group. Second, the nurobattributes used to describe the set

of consequences can be a single attribute or can consist of multiple attributes. And finally,
a decision problem may be classified under conditions of certainty, risk, or uncertainty.
These conditions may be definasl follows(Luce & Raiffa, 1957)

1. Decisions under certaintfEach alternative is known to lead invariably to a specific
outcome.

2. Decisions with riskEach alternative leads to one of a set of possible outcomes,
where each outome occurs with a probability assumed to be known by the deci-
sionmaker. These outcomes may be the result of an uncertain future event, for
example.

3. Decisions under strict uncertaintizach alternative leads to one of a set of possible
outcomes, though nleing is known or can be stated about the probability of the
occurrence of each outcome.

The consequence associated with any decision is the result of the selected alternative

and the outcome of relevant external factors that are outside the controldeicibien

maker (e.g. uncertain future evenfro illustrate this perspective, a decision may be rep-
resented as a decision tabl@le3.1). Themdecision alternatives,, ..., a,,, are the rows

in the tableThe columns in the table correspondsio.., S, ther mutually exclusive and
collectively exhaustive possible outcomes of relevant external fatérs t at es. of na

Associated with each possildtate of naturés P(s), the probability thats will be the
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truestate As shown in each cellféhe table, the consequence that ensueen alternative

a is selected and; is thestate of naturés described bk attributes and their associated
attribute valuesmg,i=1,...m,j =,.. k| %..r.

Table3.1: General form of a decision tabMth multiple attributes and multiple states of nature

State of Nature
S S . S

,qll"'” ,_'Z]l ,7212""7 /JZ?Z n?lr’"" ,127
& Myysees B Myz--os By Myereees R

e

Decision
Alternatives

ay M- Mo Mo+ e Myere-r e

Table3.1 clearly displays the components of a decision: the alternatheqossible
states of natureand the resulting consequences described by attribute velihes the
decision components axéewed as displayed ifable 3.1, it becomes evident thainy
uncertainty inestimating thattribute valuesdttribute value uncertaintys essentially un-
like uncetainty about which of the set of possible outcon®s,.., S, will occur (risky
decision) and uncertainty in defining the probability of each outd¢dewsion ambiguity).

While it may be conceivable to model the attribute value uncéytasian uncertain
event in a risky decision, we choose to maintain a decision model that distinguishes the
attribute value uncertainty as a unique component of uncertdingyreason is that a de-
cisionrmaker can control, to some extent, the amount oétiamty in an estimate of the
true value of an attribute by varying the amount of information observed in its assessment

whereas the outcome of a future uncertain event cannot be controlled in this same manner.
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Decisionmakers often consider decisioneaftatives that have consequences that are
described by uncertain attribute value estimdfes.decision problem includes attributes
whose values arestimated based on a limitedt of sample data collected from observa-
tions such as measuremerggperimental evaluations, or simulation rutigen attribute
value uncertainty exist8/hen these attribute values are provided only as point values, the
decisionmaker must move forward under the assumptions that the values are accurate and
that the levebf uncertainty associated with each alternative is equivalent.

Scientists and engineers are trained to quantify and report the uncertainties in assess-
ments, including measured physical quantities such as mass and performance characteris-
tics such as the pbability of system failurel hese uncertainties may be developed through
a variety of techniques including daétased methods and subjective expert opinions.

When faced with attribute value uncertainty, the decisiaker confronts the risk of
selectingan alternative that is not the best one, which in fact could be identified if no at-

tribute value uncertainty existed.

3.2 Assumptions

Expanding on the general concepts introducedhapter 1Figurel.1, the random meas-

ured value, X.

ij !

used in estimating attribujdrom alternativea, adheres to a probability
distribution, denoted:j(ni],q’j ) t hat depends uponmtdne at't
other distributional parameterd, , to include the uncertainty associated with the measure-
ment technique. Upon observing the measurementsx,,..., %, , used to estimate the

value of attributg for alternativea, , a decisio-maker may describe the attribute value by
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a single point, such as a sample mean, or a distribution, such a Bayesian posterior distribu-

tion. We denote this attribute value description as the probability distribution

Gj(ni],q G, ) that depends pon t he at t r igbthetnerber ofbhsarved v al u

measurements), , and other distributional parametets,, to include the uncertainty as-

ij 1
sociated with the measurement technique. The multiple attribute decision mtéc)eljs

used to combine the attribute values, leading to a decision value for each alternative. The
decisionmaker may desibe the decision values as a single point or a distribution. We

denote the decision value description as the probability distriblﬂi@riu, o) ) that depends

upon the alternat ixvand adhedistribugonatparameteisip,to v al ue

include the uncertainty associated with the measurement techniques and the number of

observed measurements for each attribute. Based on the devigidne r ° s descr i p-

the decision values, afternative, a,, is selected according to a selection rule that takes
into account the information that is generated from the measurements. Nag ithedn-

dom because it depends upon the random measureri@petconceptual modef a selec-
tion decision presentad Figurel.1 is expandedh Figure3.1 to include the measurement

processes and distributional descriptions
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Decision Decision
Model Value

Alternative Attribute Value Selectior

X11~F1(,711’d11)' {Xur“"xm,]} - G{ MmNy, Gll

% () Hxo)
X, ~F. (m.d,) - {xlkl,...,xlm} - G( mn, G)
X, ~ F(m,d,)- {xm,...,xmm}— G m,n, G)
5 10 Hleo) —
X, ~F.(m,.d,)- {XZkl,...,szEk} - G( mn,, 4,)
)
X ~F(m.d.)- {xmu,...,xm%} - G mun,, G
a, H (X9

ka~Fk(mnk’dmk)_ {ka""’xmm}' G( My mkan)k

Figure3.1: Model of a multiple attribute selectiatecisionincluding measurement processes, value estima-
tions, and distributional representations

Given this expanded conceptual model of a multiple attribute selection decision with

attribute value uncertainty,eumake the following assumptions in thigpter.

1. The set ofmdistinct alternatives{a,,...,a,} , is provided, wherenis a finite pos-

itive integer such that all alternatives can be assessed.

2. Each alternative is described ky 2 attributesThedecisionma k er * s knowl e

of thevalueof attributej of alternativea is uncertain and idescribed by aroba-

bility distributionwhich depends on the attributes true valug.

. . . o Kk
3. Also provided is a decisiomodel, x = f( ... /1A J.\/j/( ; ) that re-
flectsthedecisiooma k er ' s preference structure and

valuesas provided by th& individual value functionsy, (n]) , to produce a deci-

sion value,x;, for each alternative, . The attributedecisionweights, /;, are de-

fined such tha ;/i =1.
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Note that the probability distributiaumsed to describe the attribualues Assumption
2) may be a parametric probability distribution, such @aassiaror Binomial probability
distribution, or it may b@nonparametridistribution such as the empirical distribution of

thecollected set of sample observations.

3.3 PropagatingAttribute Value Uncertainty

The ideal attribute value input to the decision model is the true, but often unknown, value.
As previously discussed, wh attribute values are obtained basedample data collected
from observations such as measurements, experimental evaluations, or simulatitheruns

values acquiredaremerely estimateof the true attribute valseWe denote thset ofob-

served sampk asx; :(le,...,>§n u_ ) wheren, is the number of measurements obtained

for attributej of alternativea, , and the total sample data observed in support of alternative
a arex, =(X,...,%, ). While the uncertainty in the attribute value estimates is fundamen-

tal to this work, it is the uncertainty in the decision valuwes,that directly impacts the

decisiomnma k er ' s abi | idctyselettionDeserikirey teauncertaimattribute
valueestimats with probability distributios allows for theattribute valuaincertainiesto

be propagated through the decision model to the decision v@his.sectiondescribes
techniques for propagati the attribute value uncertainty in order to describe the decision
value uncertainty; these will be essential parts of the sample allocation methods discusse
in Chapter 4

Under some models of attribute valugcertaintyijt is possible to propagate the uncer-

tainty to the decision valugsing aranalyticalapproachThis is the casehen the attribute
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values are described liyaussiannormal) probability distributions Considerwhen the
decisiomnma k er ' s Kk n oatirlbigedvaluess dedcribedbyhe normally distributed

Bayesian posterior distributions in Equat(@l) where /73, and¢; are the parameters of

0jj

the conjugate normal prior distribution asd is the variance of the measurement process

used to measure attribyte

M %%, ~Nag

~N§‘§j2 AN LR gizl m,j =L.. k (31
Sty b =L .
¢ P = s

As theattribute values for each alternatige are combinedaccording tothe linear
decision modely = § Ij(:l { ;! (Assumption3), it follows from the properties of the sum

of normally distributed random variabléSasella & Berger, 2002hatthe distribution of

thedecisioama k er ’ sk n o tnde éedigioa valogfx,, ¢am lee dscribed by the

posterior distribution ifcquation(3.2).

(3.2)

Whenno closed form expression exists for th&tributionof thedecision valus, e.g.,
when the decision value is a linear combination of Binomial random variables with differ-
ing success probabilitiethen Monte Carlo simulatigorovides a method to propagate the
attribute value uncertaintysenerally speaking, a Monte Carlo simulation is a moter
experiment that consists of drawing a random sarfgtmbey from a specified distri-
bution, performing some operation involving the drawn sample, and recording the result.

This process is repeated numerous times building a distribution of réssitsan(1996)
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discussd error and sample size considerations as well as sampling techniques and vari-
ancereducing techniques.

Monte Carlosimulationcan be leveraged to describe the probability distribution of a
function of multiple random variablesAs the decisiorvalue in the multiple attribute se-
lectiondecisionmodelis a function oimultiple attribute valueshat may bedescribed by
probabilitydistributions, the application of Monte Cadwnulationto propagatehe attrib-
ute value uncertainties to the decisi@iuesis a useful toal

To summarize, when possible, the attribute value uncertainty can be propagated
through the decision model using an analytical approach. Monte Carlo simulation offers a
general metbd to propagate the attribute value uncertaamyis particularly useful when

no closed form expression exists for thstributionaldescription of the decision value.

3.4 Selection Approaches

Traditional decision analysis approaches clearly identify thet rdesirable alternative.

This property should not be lost when expanding the model to be more comprehensive by
including attribute value uncertaintfhe result of propagating attribute value uncertainty

is a set ofincertaindecision valueestimateshatmay bedescribed by distribution3.hus,

the problem o&electing an alternative changes from a simple ordering exercise to a com-
parison of distributionsThis section discussdsur approaches to compare the resulting
decision valudistributions:expeced value multinomial selectionstochastic dominance,

and majority judgment.
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3.4.1 Expected Value

Kim and Nelsor{2006)use the ternselection of the besb describeselecting the alterna-
tive with the largest or smalleskpected performance measuBased on this idea, av

define theexpected value selection procedasselecting the alternative that has the larg-

est expected decision valudeor example, when thegecisionma k er * sk nxoisvl ed g e

described by th@osterior probabilitydistribution of X, provided by Equatioif3.2), we

2
62“’ . That is the selected

alternative is chosen by selecting the alternative with the lapgsstrior mean

select the alternativa, where s=arg ma@ /

;@
2
¢S

j

In the multiple attribute selection settinhpetexpected valuselectionprocedurehas
the desirable trait of simplicity whiclikely leads to its common use jmactice, even in
the presence of attribute value uncertaiftlyis simplicity can be seen whéme popular

frequentist method of maximum likelihoasl usedto provideestimateso f t he attr i b

true values using thmaximum likelihood estimatoy = Xu —nl | 1)3, From the invar-

iant property of maximum likelihood estimatqSasella & Berger, 2003) follows that

the maximum likelihoodestimatos of the alternatives true decision value are

X =8 Ii(=1 {)?,J . Thusthealternativea  is selectedvhere s =arg maxx . This selectioris

made without consideration for the uncertaintyhi@eestimation of the attribute values.
Because thexpected value proceduials, in most casesp considethe uncertainty
in the decision valuewhen making a selectioit may fail to select the alternative that

maximizes the decisiema k e r s satisfaction.
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3.4.2 Multinomial Selection

Multinomial selectionapproachesvere originally designed for experiments with a cate-
gorical response, for example, which among five soft drinks will a subject say they prefer
(Kim & Nelson, 2006) Goldsman (19844 1984b)suggested a more general perspective

for the field of computer simulation. Givan competing alternatives, it is assumed that

there is an unknown probability vectgp=(p,,...,p,) such that0¢p @ and

ézlg =1. The p, are the probabilities that alternatide “ wi n s ” on any gi Vv
where winning is the observation of a most desirable criteria of goodness (e.qg., the largest
decision value)p thus defines am-nomial probability distribution for winning over the

set of alternatives. The goal of a multinomial selection procedure is to identify the alterna-

tive with the largestp; .

We used thideas of Goldsman to define thaultinomial selection procedurghich

selects thalternativethat has the greatest probability of having the largest decision value.

That is, we definep =P(x >x ' 1=..m,r i) andselect the alternative, where
s=argmaxp.

Because intractable multiple integrals are often involved in calculating. thee im-
plemenedthe multinomial selection proceduresing Monte Carlo simulation to estimate
the p,. From each of the distributions fof,i =1,...,m, we draw a single realization and

note the alternative with the largest realized value amongnttialues. We repeat this

process a large number of times and tabulate the relagigeencyp , that alternatives,

provided the largest realized valugVe select the alternative, where s=argmaxp.
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Though we did not use the techniques, we noteNisr et al. (1998)provided an effi-
cient computational approach for implementing indtinomial selection procedure using
resampling of the Monte Carlo samplésd recently Tollesfson et a2014) provided

optimal algorithms for the multinomial selection procedure.
Due to the intractable multiple integradéten involved in calculating thep, in the

multinomial selection procedure, one megher spend theesources to calculate these
integrals or use Monte Carlo simulation to estimate them, which is faster but may (will) be
wrong. Using Monte Carlo simulation to obtain accurate estimations of the integagls
alsobecomecomputationally expensive implement. Howeverthe approach clearly con-
siders the uncertainty in the attribute value estima#ed.further, when attributand de-
cisionvalues are described using Bayesian posterior distributions, the multinomial selec-
tion procedue has the desirable pregy of directly maximizing th@robability of correct
selection §eeSectiond.7.1). For these reasonaie use Bayesian posterior distributions in
describing atibuteand decisiowvalues and the multinomial selectiprocedureasa basis

for much of the sample allocation work presenteGapter 4

3.4.3 Stochastic Dominance

Ourthird selectionapproach builds upon the concept of stochastic dominance for compar-
ing distributions.In the following discussiorx; and X, represent thencertaindecision

values for alternatives, and a, respectivelyHadar and Russgl969)discuss stochastic

dominance as an approach to predicting a decisiank e r

events without knowledgef the decisiorma k e r
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of stochastic dominance: firsiegree stochastic dominance and seateglee stochastic

dominance.

X, stochastically dominates, in thefirst degreeif and only if
Plxeyl o x ¢ v (3.3)
That is, the value of the cumulative distition for X, never exceeds that of, for all
yi x.
When the support ok; and X, is contained within the closed intenjal b], x; sto-

chastically dominateg, in thesecond degre# and only if

APlxcyldy ¢ Fx ¢ay t[ab (3.4)

That is, the area under the cumulative distributionxois less than or equal to that of
x,foracx @ t' [&H.

If X, is found to stochastically dominatg in the first degregthen the decisiecmaker
will prefer alternativea, to alternativea, as long as his utilitjunctionis monotonic.If x;
is found to stochastically dominat¢ in theseconddegree then the decisiomaker will
preferalternativea, to alternativea, as long as his utilitjunctionis concavewhich im-
plies that the decisiemaker isrisk-aversg. Under these restrictions, i is found to sto-
chastically dominatex, in either the first or second degree tlike decisiormaker will

prefer alternativea, to alternativea, because alternative will have a greater expected

utility.
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If thereexistsa singlex thatstochastically dominasex.," r,i ,r (first- or second

degree) and, in at least one case, the inequality in Equ&8@) or (3.4) is found to be a
strict inequality then alternative can be selected with few underlying assumptigfedar

& Russell, 1969)We thus define thetochastic dominance selection procedigeselect
alternative a; such that the distribution that describes the uncertain decision value,
stochastically dominatex,," r,s , r (first- or seconedegree), and, in at least one case,
the inequality in Equatio(8.3) or (3.4) is found to be a strict inequality

When the distributions of; and x, are provided as empirical distributions, as in the
case wher® Monte Carlo simulatiomeplicates ee used to propagate the attribute value
uncertainty, liernative a, dominates alternativ@, based upon the ideas of fidéegree
stochastic dominance if, for all valugsthe number obbservedsalues ofx; that are not
greater thary is less than or equal to the numberobServedvalues ofx, that are not
greater than y. To check for secondegree stochastic dominance,et |

Z ={ Yy Wiz o0 y[R]} be the odered set of thR decisiornvalues for alternative, where
Yig ¢ Yy ¢ g - Let f(y) be the numbeof decision values irZ; that are less than

or equal toy. Note that thids a step function that increases at each value in thé skét
a andb be the lower and upper boumsn the decision values for all of the alternatives.
Alternative a, dominates alternativa, basedupon the ideas of secoiwgree stochastic

dominance iflnequality(3.5) holds.

ALMdye  Eydy "tfab (35)
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Becausefl(y) and fz(y) are step functions, it is easy to calculate these integrals for

any value of, and this condition holds for &l [a, b if it holds for allti Z, CZ,.

Using the idea of stochastic dominance as a decision rule to selatternativefrom
a set of alternatives characterized by uncertain decision values is attractive because of the
minimal restrictionsnecessaryn the utility functioss. Because the integrals required to
evaluate stochastic dominance are univariate, they are substantially easier to compute than
those required of theultinomial selectiorprocedureAlthough many alternatives can be
easily dismissed from consideration doedbminancethis procedureanay not produce a
solution, andhus an alternative would not kentified for selectionT his phenomenoiis

illustrated in the example in Secti@r.

3.4.4 Majority Judgement

Consideran empirical distribution oR valuesthat describeéhe uncertain decision value
X, andanother empirical distribution & valuesthat describex, . By viewing eachvalue

from these distributionas a score assigned by an individual judge or voter, the problem of
selecting an alternative based on distributions of decision values may be viewed as one of
social choiceA consensus value for each alternative tipgtrapriately represents the mes-
sage of all judges is sought in comparing and selecting the most desirable altéiViaiteve.
many models of social choice exist, we consider the method of majority judgment.

In an attempt to identify a model of social chotbat overcomes the shortcomings
displayed by traditional social choice models such as the Borda and Condorcent methods,
Balinski and Larak{2007, 2010)proposd the method of majority judgmerthe majority

judgment method relies upon the middlemostrirdkto identify a social grading function
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that has desirable functional properties, provides protection against outcome manipulation

by individual voters or judges, and overcomes many of the shortcomings of traditional

social choice modelsWhen consideng the ordered scores for alternative,

Yig ¢ Oy themajority-gradeis defined to be the median scosg,..,, , » whenRis

27
odd and the lower bound of the middlemost interygl,, , whenR is even.The majority

judgment method identifies the alternative with the largest majgragle as the most de-
sirable alternative in the social choice contéxnultiple alternatives have the same largest
majority-grade then a single majoritgrade value is removed from the set of scores for
each alternative in the tie, and the majegtgde of the new distributions are calculatéd.
a tie again occurs, this process is repeated until a single alternative has gierajgety
grade.The majority judgmentmethod extends this concept to provide a complete- rank
ordering termed theajority-ranking

We define thenajority judgement selection proceduoeselect the alternative with the
largest majoritygrade.To implement themajority judgmentselection proceduréhe ma-
jority-grade is computed for each alternatiéhen the decision valus are described by
probability distributions that are expressed analytically,ntagority-gradeis simply the
median of thgrobabilty distribution. Whernhe X, aredescribed bgmpirical distributios
of Rvalues the majoritygrade ér each alternativis the median (iR is odd) or the lower
bound of the middlemost interval fis even) of the distribution of decision valuése
alternative with the largest majoriggrade is then identified as the most desirable alterna-
tive. If a tie exists, the tibreaking procedure defined by the majority judgment method is

used to identifithe single most desirable alternative.
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As the majoritygrade is defined based upon the midaiest interval, it emphasizes
the significance of place in order rather than magnitlidat is, it is robust against extreme
scoresFurther, the majorityankingprovides, for any two alternatives, a ranking that de-
pends upon the grades of only those two alternatimexther words, the majoritganking
is independent of irrelevant alternatives (Arrow's I{Ajrow, 1951) But like theexpected
value selection procedyrne majority judgmenselection procedur®cuses on the loca-
tions of the decision value distributions and does little to consider the uncertainty aspects

of these distributions.

3.5 Application toCongressionaRegportionment

Inthissection we e x p £endus Wnoertaintydd.S*Congressional Reapportion-
ment exampl e i nt rld.tl Weikustrate the apkcationiobnmethods pre-
sented in thighapter for propagating attribute value uncertainty and selecting an alterna-

tive.

3.5.1 Apportionment Decision Model

According to theencarta Dictionary, apportionment is the division and allocation of some-
thing among different people or groufecific to the United States Congress, apportion-
ment is the process of dividing the total seats in the House of Representatives among the
50 gates according to their proportional populatidime apportionment population for

2010 is defined to be the resident population of the 50 states plus overseas U.S. military
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and federal civilian employees (and their dependents living with them) allocatkdirt

home state, as reported by the employing federal agdiiBuesett, 2011)

For this exampleet P=(B,...,R,) be the population vector arl=(S,..., ;) be

the apportionment vectowhere P represents the population of stasnd S the number
of Congressional seats allocated to stdbe i =1,...,50. The total number of seats in the

House of Representatives to be allocagedurrently equal to 435, and each state will be
allocated at least one seat. The problem of Congressional reapportionment in the United
States is to define an apportionment ve@dhat satisfiegirticle I, Section 2 of the Unite

States Constitution.

The decision of which Congressional apportionment realization to implement is the
responsibility of the United States Congress and is currently computed using the method
of equal proportionsThis method has been implemented compomaily as follows
(Burnett, 2011)

1. Seats 1 through 50 are allocated with each state receiving one seat, which satisfies

the minimum requirement.

2. Seat 51 is assigned to the state with the largest priority \(@loat is, thestate with

the largest priority value is selected for that sekttg priority value,v, , for each
statei =1,...,50 and seat assignment=51,...,43¢ is calculated according to

Equation(3.6) where s; is the number of seats currently assigned to stateus

for the 51st seatissignmentvhere all states are currently assigned a sisgi,

s, =1 " %..,5C
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v =Pt (36)

j i
(s +1)s
3. Upon assigning the 51st seat, #eare updated to reflect the new allocatigua-

tion (3.6) is used to calculate the revised pitipivalues, and the %2 seat is as-
signed to the state with the largest priority value.

4. This process is repeated until all 435 seats have been assigned.

This computational implementation of the method of equal proportions leads naturally
to a decision modehat consists of a series of 385 decisions of selecting the state to receive
thej" seat, j =51,...,43¢. Each decision consists of 50 alternatives, the 50 states, with a
single attribute, the priority valu&he criterion for selecting aalternative in any decision
is the state that maximizes the priority value.

We model ach of these sequential decisions as a single attribute decision under cer-
tainty (Keeney & Raiffa, 1993)Because uncertainty exists inthreei mat e of t he
populationsthese decisionsontainattribute value uncertaintyRather tharconsidering
approaches for adjusting the population estimatesjsed themethod presented in this
chapter to propagatée uncertainty in the populati@stimatesnd select a state to assign

the Congressionadeat for each of the 385 selection decisions.

3.5.2 Census Uncertainty

For more than three decades, there has been debétn fierce— over the inclusion of
statistical adjustments to the censnsmerationOne basis for the proposed incorporation
of statistical adjustment is that the census enumeration is not accurate and precise but is

rather an uncertain estimate of the true population that statistical procedures may improve
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(Anderson, et al., 2000Jhe Census Act and a 1999 Supreme Court ruling prohibit the use
of statistical sampling for alternate counts in the reapportionment populitétiould be
noted that statistical sampling procedures are accepted feappmrtionment purposes
such as unemployment and housing estimates.

Over the past 50 years the U.S. Census Bureau has conducted programs as part of the
decennial census to evaluate the degree of the census coveradgeregmams in the 1990
and 2000 Cesuses were designed to produce alternative counts based on the measurement
of net coverage areds a result of the 1999 Supreme Court ruling prohibiting the use of
statistical sampling in determining the population for apportionment purposes, the goal of
the 2010 program, referred to as the Census Coverage Measurement (CCM) survey, was
to focus on improving the process for subsequent Ceng@mmamittee on National
Statistics, 2009)While the names and yeto-year goals mayitfer, the census coverage
programs all aim to capture some measure of uncertainty in the population estimates.

The 2010 state level apportionment population and results are provided in Table 1 of
the U.S. Census report Congressional Apportionrfieumtnett, 2011)As previously men-
tioned, the apportionment population includes the resident population of the 50 states plus
overseas U.S. federal employees (military and civilian) and their chilemeasures of
uncertainty arg@rovided with the apportionment population values.

The results of the 2010 Census Coverage Measurement program are provided in a se-
ries of twelve reports published by the U.S. Census Burbao. of the CCM reports
(Mule, 2012; Davis & Mulligan, 2013)rovide state level population estimates along with

a measure of uncertainty in the form of a root mean squared (@ineroot mean squared

error uncertainty measures for the states ranged fron?0163.43%.) TheCCM r epor t s
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population estimates do natclude overseas U.S. federal employees, residents of remote
Alaska, or persons living in group quartefswus the population estimates are not useful
for reapportionment purposedowever, v assumed that thelative uncertainties pro-
vided in the CCM reps represemd the uncertainties of the apportionment population
values and used these to model the uncertainty in the population estimates, and in turn, the
uncertainty in theriority values (the decisiovalueused for seat assignment).

Specifically, we used a parametric bootstrap appro@fron & Tibshirani, 1993}o
model the apportionment population uncertainty for each state and each sequential seat
assignment decisiofzor each state, we modeled its population as malby distributed
random variable, with a mean equal to its apportionment population and a standard devia-
tion equal to that state’s CCM relative ro
tionment populatiorf-or a given seat assignment decision weegggied 10,000 realizations
from these apportionment population models (each realization included a population value
for every state) and calculated the corresponding priority values as defined in Equation

(3.6). For example, the apportionment populatidiMaryland the20" state alphabetically,
was modeled by & (3,, s,) probability distribution wherem, =5,789,92¢ (reported
apportionment population) and,, =0.011973 =68,90 (root mean squared error of

1.19%). A single realization from this distributiod,841,425providesthe priority value,

according to Equatio(8.6), for the 5% seat assignment where the current number of seats
assigned,s,,;; =1, of V,y,,=5,841, 42¢ﬂ/( 2= 4,130,5.. This samplingprocess was

replicated 10,000 times for each bé®0 states, producing a distribution of 10,000 priority

values for each state.
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The multinomial selectionprocedure(Section3.4.2 was used to select the state to
which the Congressional seat would be assighbkdt is, the seat was assigned to the state
that most often had the largest priority vallibis process wagpeated 385 times until all

435 House of Representative seats were assigned.

3.5.3 Results

When incorporating census uncertainty into the sequential seat assignment decisions, the
uncertainty in the population estimates had little impact on some seat assigemgions,

but the impact was more substantalothersConsider the distribution of priority values
obtained during the assignment of sea(Ffjure3.2). For eab state, the 10,000 priority
values obtained by sampling the apportionment population models are displayed by the
mostly overlappeglotting charactersThe single vertical hash for each state represents the
single priority value obtained based on the ifgd apportionment population value.

this decision there is little question that California has the largest priority value and should

be assigned the S%eat.
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Figure3.2: Priority values for the assignent of seat 5I'he states are arranged in alphabetical order from
bottom to top along the-gxis. The distributions of points are a result of the uncertainty propagatien.
vertical hashes are the priority values that result from the apportiopogmniation value

On the other hand, consider the distribution of priority values obtained during the as-
signment of seat 384igure3.3). Here the priority values ¢dined from the apportionment
population (vertical hashes) famumber oftates are nearly equd@he propagation of the
population uncertainty leads to priority value distributions that are difficult to distinguish
from one another, and it is not cleghich state should be assigned this seethis situa-

tion amultinomialselectionproceduras necessary to aid in the decision.
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Figure3.3: Priority values for the assignment of seat 38% states ararranged in alphabetical order from
bottom to top along the-gxis. The distributions of points are a result of the uncertainty propagatien.
vertical hashes are the priority values that result from the apportionment population value.

In each randomly @nerated realization, thultinomial selectioproceduredentifies
the state with the maxi mmutingnialipombabiltyigesv al u e,
timated bythe proportion of realizations in which it had the maximum priority valine.
state wih the largesestimated multinomial probabilityalue is selected (assigned the
seat).When one state clearly holds the maximum priority value, as Califoichifmidseat
51 (Figure 3.2), that state is identified as having the maximum priority value in all of the
realizations (that is, itestimated multinomial probability valus 1).When it is less obvi-
ous which state hds the maximum priority value, asnsfor Seat 384Kigure3.3), there

may be multiple states with nearly equalltinomial probabilityvalues.
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T h e sdstanatd swltinomial probabilityvalues for each of the 385 seat assign-
ment decisions are displayed in the stacked bar ch&igofe3.4. The bars are sorted by
theestimaed multinomial probabilityalues.For each seat assignment decision, the height
of the bottom (most lightly shaded) bar representsttienated multinomial probability
value for the selected stafiéhe height of the next bar representsasiemated muihomial
probability value for the state with the second largestimated multinomial probability

value, and so an
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Figure3.4: Estimated multinomial probability (Rank &xlues for each state in the 38&at assignment de-
cisions.For each seat decision, testimated multinomial probabilityalue for the selected state is dis-
played by the height of the bottom bar. The states with the second and subsequemskngdst multi-
nomial probabilityvalues ae displayed by the additional stacked bars
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Two trends are observed Figure 3.4. First, theestimatedmultinomial probability
values for the selected states areggally smaller and more nearly equal to the o&stF
mated multinomial probabilityalues in the later seat assignment decisibhis reflects a
desirable property of apportionment: as more seats are assigned, the differences in the
st at es’ veness (aemeasareéday the priority values) approaches zero.

Within the general trend of decreasesfimated multinomial probabilityalues for the
selected states, we observe the second trendstimated multinomial probabilityalues
of these selectkstates occasionally increase dramaticdllyis often occurs when there
are several states that have nearly equal priority values, and there is a significant gap be-
tween the priority values of these states and the laeyést priority valueThe estimaed
multinomial probabilityvalues for these states will be nearly equal (and much less than 1).
The priority value of a state decreases after it is awarded al'seat. after most of these
states have been awarded seats (and their priority values ddyreaseone of these states
remains, and its priority value is significantly larger than any other state, which will lead
to a largeestimated multinomial probabilityalue for that state.

The complete apportionment (the number of seats assigned tstathhat was gen-
erated by the uncertainty propagation approach was exactly the same as the official 2010
Congressional reapportionment that was applied to the 113th Cor{glasslso occurred
when the approach was applied to the 2000 Censhs.segence of seat assignments,
however, was not the sank@ar example, in the 2010 apportionment, seat 176 was assigned
to New York, and seat 177 was assigned to Ariz€na. approach assigned seat 176 to

Arizona and seat 177 to New York.
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A total of 77 differexces occurredDf these, 46 differences occurred in 23 pairs like the
example.The other discrepancies occurred in longer sequences of seat assignment deci-
sions.The longest had six seats and four differences.

Although the complete apportionments were éqine observed differences in seat
assignment sequences shows that the two approaches could produce differing apportion-
ments.For example, if the House of Representations had only 433 seats, Texas would have
a total of 35 seats using the apportionmentaipns (which assigned seat 433 to Texas).
Because the uncertainty propagation approach assigned seat 433 to Minnesota, however,
that state would take a seat from Texas (which would then have only 34).

The decision analysis approach incorporated popuastimate uncertainty into the
apportionment procedure without directly adjusting the apportionment population values.
Such an approach could satisfy some critics of the current apportionment process, which

prohibits the use of statistical sampling tquativalues in the apportionment population.

3.5.4 Summary

This example othe Congressional reapportionment process illustridteddea of incor-
porating attribute value uncertainty (stat
decision. Theeapportionment process was modeled as 385 single attribute selection deci-
sions with attribute value uncertaintyhd uncertainty moddbr the attribute valuewas

based on a parametric bootstrap approach with parameter estimates provided by the appor-
tionme n t population and t he CCUWsingWMontg Caslon’ s un

simulation,the population uncertainties were propagated to the priority values (decision
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values). Given the relatively simple functional form of the decision value and thdt the a
tribute values were modeled as Gaussian random variables, an analytical approach could
have been implemented to propagate the uncertaiigyimplemented themultinomial
selectiorproceduraising Monte Carlo simulation to estimate the multinomial probegsil

and select an alternative.

3.6 Application to Consumer Services

Inthissection we e x p &elaettingpGonsuntereServices Based on Rdtinge x a m-
ple introducedn Sectionl.1.2 We illustrate the applicatioof methods presented in this

chapter for propagating attribute value uncertainty and selecting an alternative.

3.6.1 Sekcting a Roofer

When homeowners require a repairman or other services, they often seek reviews and rec-
ommendations for potential service providers. The Spring/Summer 2011 edition of the
Washi ngt on Co ns (Canterfartle St0dy efSé&nbcesp201pjovidedan
extensive review of roofing firms in the Washington, D.C., metropolitan area. We consid-
eredt he problem of selecting a roofing firm
Checkbook to illustrate the presermieattribute value uncertainty in a multiple attribute
selection decision.

The Washington Consumer dten p&farmande ating kri- r e v i €

teria for 94 roofing frmo bt ai ned t hrough a surveBe of th
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cause the reviews based on only a limited survey sampeet r evi ew’ s per for1
ria values are uncertain estimates of the true attribute values that describe eachiteofer.
consumer who wishes to pick a roofer for a job usingeakarvey results to inform this
decisionfaces a multiple attribute selection decision with attribute value uncertamty.
demonstrate the methods pFeted in this bapter of incorporating attribute value uncer-
tainty into a multiple attribute selectionasion, we formulated a roofer selection decision
with the following fourperformance rating criterigttributes) that were measured in the
survey:

1. Work performed properly on first attempt

2. Began and completed work promptly

3. Neatness of work

4. Percent of $5,00 job the firm allows the customer to pay upon completion

The survey results for the performance rating criteria were used as estimates of the true

attribute valuesAttributes -3 ar e t he probabi |l i tegtimad a S |
valuesprovidled as the proportion of customers sur
These attributgalue measureare random variables consisting of a collection of Bernoulli

trials: the performance criterion was rated by each survey respondent as either superior or

not. Thus, for each roofing firnfalternative)i =1,...,87 (seven firms were removed from

the analysis due to incomplete dathgdata supportingttributej = 1, 2, 3can bemodeled

by a binomial random variable with parametegsand n,, where /77 is theprobability of

obtaining a r atnistge nonfber tsarvey resposes For these rattrib-

utes, a larger value is preferréthe fourth attributes not random; it is provided by the

roofing firm and thus dr each firmjts value is considered to be a constdwatrger values
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are preferred because, if the value is small, the customer must pay more upfront, which
increases the cuiso me r s f iSumanaryg stasistics of the distribution for the four
attributes and the number of survey responses across=t&¥ firms congdered are pro-

vided inTable3.2.

Table3.2: Summary statistics for the distribution of data across thedihg firms.

Mean StdDev  Min Median Max

Number of survey responses 54.17 66.30 10 29 390
Work performed properly 0.74 0.16 0.23 0.79 1.00
Began and completed promptly 0.74 0.16 0.28 0.77 1.00
Neatness of work 0.76 0.16 0.27 0.79 1.00

Percent paid after completion 0.77 0.19 0.33 0.67 1.00

A multiple attribute measurable value function was used to represent the decision
ma k e(rt’ hse aprefetrence stracjure. We assuhtbe preference structure is such
that attributes are mutually preference independent and mutually difference independent.
Therefae,the multiple attribute measureable value function can be represented by the sum
of single attribute measureable value functi{idger & Sarin, 1979)which provideghe
decision value of each alternative, as displayed in Equatidf.7).

4

x=v( @ mm)ma ;v (4 ) (3.7)

=1

Here § ?21/]- =1 and the individual measureable value functi(méni?) are scaled

such that, forn?, the met preferred outcomaverall alli for a fixed;j, v, (n,y) =1 and, for

/1?, the least preferred outcoragerall alli for a fixedj, v, (/7,?) =0.
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3.6.2 Uncertain Attribute and Decision Value Estimates

One may employ thexpectegerformance ratingalues published as thsurveyresultsin
conjunction with Equatiorf3.7) to obtaina decision valudor each oofing firm. As de-
scribed by Keeney and Raiffd993) the alternative with the largest resultidgcision
value would be considered to be the alternative most fitting given the decisiok e r * s
preferencesWe refer tosuch an approacss a deterministic selectian

To implement tb deterministic selectiorapproach we developed thendividual

measureable value function§(ni]), j=1...,4 usingan augmentation to the midvalue

splitting technique that leverages an analytical exponential f&irkwood, 1997)based
on the attribute value ranges displayedTable 3.2. The swing weighting procedure
(Clemen & Reilly, 2001was used tobtainthe attribute decisionveights /,,..., 4. The

individual measureable value functicensd associated weights are provided afle3.3.

Table3.3: Individual measureable value functions aedisionweights fordeterministic selectian

Attribute v (m) /|

Work performed properly v (m) = ﬁ(l dmon 0'502) 0.476
Began and completed promptly v, (r3,) =1 -g (% 2%/ 0% 0.190
Neatness of work v, (775)= 0.73 -0.37 0.286
Percent paid after completion Vv, (/7,) = ﬁog(l g (m 033/ 0'280) 0.048

Based on these defined individual measureable functions and associated weights, Equa-

tion (3.7) was evaluated for each alternativéh results displayed graphically Figure
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3.5. Roofing Firm 29, whoseecisionvalue equals 0.9837, identified aghe most desir-
able alternativeThis firm is followed closely by Roofing Firm 84, whodecisionvalue

equals 0.9835.

Roofing Firm ID
XX
XX

Decision Value &;

Figure3.5: Roofing firm decision modetesults using thdeterministt selectionapproach

To describe the uncertainty in attributes 3, we used Bayesian posterior distribuson

For eaclof the 87alternatives and each attribute= 1, 2, 3, we began with thassumption

(prior knowledgg that the true value of the attributey, lies between 0 and 1 with equal
likelihood. This is represented by tlhdﬂiform[O,J] prior probability distribution, which is
equivalent to aBeta(l,l) probability distribution.Observations, i.e., the number‘os u p e -

r i woatings recorded by the survéyodeled by aBinomiaI( n, ni]) probability distribu-

tion), for each performance critefjiz 1, 2, 3 for each of the 87 roofing firms were used to
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updae the prior distributionBecause theBeta(a, l) distribution is the conjugate prior

distribution to the Binomial( np) distribution, upon observinghe survey results, our
knowledge of the true attribute valueis updated and described by the
Beta(1+ np.1 +p(1 p)) posterior distributiorwhere p; is therating value provided
for performance criteripand roofing firmi and n. is the number of survey responses

Given the postdor distributions for each attribuiaf each alternative, we drew 1000
random samples from each of these distributiBased on the distributions of the random

realizations for each attribute across all alternatmestedefined thendividual measure-
abe value functionsy, (/7;) j=1,2,3 and attribute decisioweights again usingan aug-

mentation to the midvalue splitting technigaied the swng weighting procedureSince
attribute 4 was consideredconstant havingo uncertainty, its individual value function
as provided by thdeterministicselectioranalysis wasinchangedThe updatedhdividual

measureable value functioaad associated weights are provided afle3.4.

Table3.4: Individual measureable value functions aedisionweights when considering attribute value

uncertainty
Attribute v (m) /|
Work performed properly v, (m) = %53(1 0029/ 0‘570) 0526
Began and completed promptly V, (77,) :ﬁ(l -g (7 005/ 0‘309) 0.158
Neatness of work v, (/73,) = (/0.951 -0.0¢ 0.263
Percent paid after completion Vv, (/7,) = ﬁog(l (™ O‘33)/0'280) 0.063

Based on thesepdatedindividual measureable functions and associated decision

weights, Equatior{3.7) was evaluated for each alternative for each of the 1000 random
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realizationgandconstantvalueof attribute 4) The resultwasa distribution of 1000 deci-
sion values for each roofing firm. &found the minimum valuef each of thes87 deci-
sionvaluesdistributions and identified the greatest of th@8eninimum valuesFifty-nine
alternatives were observed to provide a maximum decision valugvéisdess than the
greatest minimum valuand werethusdetermined to be dominate@he decisionvalue

distributionsfor the 28non-dominated alternativesre displayed ifrigure3.6.
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Figure3.6: Decisionvaluedistributions for the 28 nomlominated alternatives
3.6.3 Results

We applied the multinomiagtochastic dominance, and majority judgment selection pro-

cedures to thdistributions of decision values for the rdaminated roofing firmsJsing
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the multinomial and majorityudgmentprocedures, we identified the alternative to be se-
lected first. By removing that alternative from consideration, we were able to identify the
alternative to be selected second, and sorais enabled us to provide a rank order of
alternativesTable3.5 displaysthe rank ordeas provided byhe multinomial and majority
judgment selection procedures for tliens that had theix largestdecisionvalues aspro-

vided bythe deterministic selectiompproachThe results for the stochastic dominance
decisionprocedureare best displayed graphically as empirical cumulative distribution

curves, which are displayed kigure 3.7 for the top roofing firms.

Table3.5: The rank of the top six roofing firms as provided byde&erministic multinomial, and majority
judgement selectioprocedures.

Roofing Firm n Deterministic Multinomial Majority Judgement
Firm 29 24 1 2 2
Firm 84 82 2 1 1
Firm 57 23 3 3 5
Firm 28 54 4 4 4
Firm 90 36 5 5 6
Firm 8 347 6 6 3

FromTable3.5 we see that the multinomial and majority judgement selegtione-
dures, whichincorporate the attribute value uncertaintgntify Roofing Firm 84 as the
most desirable alternative witRoofing Firm 29 identified as the second most desirable
alternative.The deterministic selectiompproacHlips this order byidentifying Roofing
Firm 29 as the most desirable alternafeterministicdecision value of 0.9837) aiRbof-
ing Firm 84 as theecondmost desirabledeterministicdecision value of 0.9835n 1000
Monte Carlo simulatiomealizations, Roofing Firm 84 wadentified aghe most desirable

option 74% of thetime, and Roofing Firm 29 was the most desirable option only%7
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of thetime (these values are interpreted as estimates optiethe multinomial selection

procedure) The majoritygrade in themajority judgment selectioprocedurdor Roofing

Firm 84 was 0.9724, while the majortyade for Roofind=irm 29 was 0.9426.
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Figure3.7: Empirical cumulative distribution curves for the t&ig roofing firms.

As shown inFigure 3.7, the empirical cumulative distribution curve for Roofing Firm
84 never exceeds that of any other alternative, so Roofing Firm 84 stochastically dominates
all other alternatives in the firsedree.Thus Roofing Firm 84 is deemed to be the most
desirable alternative using te®chasticdominance decisioprocedureThis result is con-
sistent with the results obtained by the other decigionedurs that consider the attribute
value uncertaint Further, the fact that we found one alternative that stochastically domi-

nates all of the other alternatives in the first degree is an extremely powerful result, as
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Hadar and Russ€(l969)have shown that this is tliecisiomnma k er ' s most pr ef

ternative regardless of his underlying utility function.

3.6.4 Summary

This example of selecting a roofing firm based on performance criteria estimates obtained
through a customer survey illustrated how attribute value uncertasy be incorporated

into a multiple attribute selection decision model and how an alternative may be selected
using the selection approaches discussed in Seg#oiThe multiple uncertain attributes
were viewed as success probabilities and modeled using Bayesian posterior probability
distributiors. Monte Carlo simulation was used to propagate the attribute value uncertainty
to the decision value. We appli¢hedeterministic multinomial, majority judgement, and
stochastic dominance selection procedures to produce a rank ordering of the roofing firms.
We observed that the selection procedures that explicitly consider the attribute value un-
certainty (multinomialmajority judgement, and stochastic dominance) all identified Roof-
ing Firm & as the most prefezdalternative. Theleterministicselection proceduravhich

does notconsider the uncertainty in the estimation of the true attribute vatleegjfied
Roofing Firm 24as the most preferretlVhile we are unable to definitively state which
roofing firm is truly the most preferred, this observation illustrates that ignoring attribute

value uncertainty in a selection decision does indeed have an impact.
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3.7 Application to Radiation Detection

Inthissection we e x p &ealedthga Raddlogiel afd NucleaDetection Systein
example introduced in Sectidnl.3 We illustrate the applicatioof methods presented in

this chapter for propagating attribute value uncertainty and selecting an alternative.

3.7.1 Radiation and Nuclear DetectionSystemSelection Model

To identify a radiation and nuclear detection system from a set of 576 candidate systems
to put forth for an operational demonstratiorthe PaxBag pilot progranthe Domestic
Nuclear Detection Office (DNDOandthe U.S. Customs dnBorder Protection (CBP)

agenciedormulated a multiple attribute decision modeinsisting ofk =26 attributes

(Equation(3.8)) to determinethe decision valug X, , of each system=1,...,57€.
25
x=v( m.., .4 A J.\4/( iJ.) (3.8)
j=1
In Equation(3.8), /m is the true value for attribujeof alternatives, . a ?illj =1 and

the individual value functions; (n,]) are scaled such that, ftmq the most preferred out-
comeoverall alli for a fixed;, v, (n,y) =1 and for nf the least preferred outcoroeerall

alli for a fixedj, v, (/7,?) =0. The individual value functions were defined to be linear, i.e.,

Vi(”i?):( -y ( P mi“jo)'
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3.7.2 Uncertain Attribute and DecisionValue Estimates

The 26 attributes and their decision weiglits, are provided iffable3.6. Only theinter-

diction performance attributeatributes 1-22,were studied in this research because their
values were success probabilities that were estimated using the results of laboratory eval-
uations.We note fromlable 3.6 thatthe attributedecisionweights differ across thiater-

diction performance attribute¥his reflects the different level of importance that DNDO

and CBP place on the ability of a system to interdict the different sources.

Table3.6: Decision model attributes and decision weidghbtghe selection of a rad/nuc detection system

Attribute / Attribute /;

1. Inderdict Source 1Passenger 0.022500 | 14. Inderdict Source 3Baggage 0.022500
2. Inderdict Source 2Passenger  0.022500 | 15. Inderdict Source 4 Baggage 0.022500
3. Inderdict Source 3Passenger 0.022500 | 16. Inderdict Source 5Baggage 0.022500
4. Inderdict Source 4Passenger  0.022500 | 17. InderdictSource 6 Baggage 0.022500
5. Inderdict Source 5Passenger  0.022500 | 18. Inderdict Source 7 Baggage 0.022500
6. Inderdict Source 6 Passenger  0.022500 | 19. Inderdict Source 8 Baggage 0.016875
7
8
9

Inderdict Source 7Passenger  0.022500 | 20. Inderdict Source 9Baggage 0.016875
Inderdict Source 8 Passenger  0.016875 | 21. Inderdict Source 10Baggage  0.016875
Inderdict Source 9Passenger  0.016875 | 22. Inderdict Source 11Baggage  0.016875

10. Inderdict Source 10Passenger 0.016875 | 23. Passenger Delay 0.202500
11. Inderdict Source 11Passenger 0.016875 | 24. Additional CBP Officers 0.202500
12. Inderdict Source 1Baggage 0.022500 | 25. System Integration 0.045000
13. Inderdict Source 2Baggage 0.022500 | 26. Cost 0.100000

The data collected in the laboratagyaluationswere the number of times sensor

technologywas successful at interdicting the source of interest under the various opera-

tional modesThese data were modeled wittBimomial( n,,0.,) probability distribution,
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where n is the number of observationsade for sensor technology and operational com-

binationc against sourcd and p_, is the probability that combinatiawill successfully

interdict sourcel. Based upon this data, attribute value estimates (probabilities) were for-

mulated for each system lbgiking into account the fact that passengers will go through

both detection subsystems, while checked baggage will go through only the second sub-

systemAs these probabilities were based on experimental evaluations from a limmted nu

ber of trials, they were only estimates for tretection systems t rue capabil it |
We used Bayesian posterior distributions to describe the uncertain vathesnbér-

diction performance attribute8Ve began with the assumpti@orior knowledgé that the
true probability, p_,, thatsensor technology and operational combinatiovill success-
fully detect and identify souratlies between 0 and 1 with equal likelihoddhis is repre-

sented by theUniform[O,]] prior probability distribution, which is equivalent to a
Beta(l,l) probability distribution.The data from the laboratory evaluations were used to
update the prior distribution8ecause theBeta(a, lj distribution is the cojngate prior
distribution to theBinomiaI( np) distribution, upon observing trexperimental evalua-
tion results, our knowledge ofp, is updated and presented by the

Beta(1+ x,,1 +n, %) posterior distribution wherd,, is thenumber of timeshatsen-

sor technology and operational combinatiomas successful at interdicting souttéue

to its sensitive nature, we cannot present the experimental evaluation.results
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Using Monte Carlo simulatiowe propagated the uncertainty in thg to the attribute
values, m, j =1,...,26, and ultimately to the decision valugsfor each of the 576 can-
didate radiation anduclear detection systems. Specifically, we drew 1000 random sam-
ples fromthe posterior distribution fop,,. For each of these 1000 realized samples, we
calculated a realization ofy, for attributes 1 22, using the required attribufermula-
tions For each of the attribute value realizations, togetitarthe constant values provided
for attributes 3 — 26, we computedk; using Equatior§3.8). This resulted in a distribution
(1000 realizations) ok, values for each of the 576 candidate radiation and nuclear detec-

tion systems.

We found the minimum valuef eachof the 576decisionvalues distributions and iden-
tified the greatest of the®&6 minimum valuesWe then determined that 5&@iernatives
were dominated bypbserving that the maximum decision value provided for tbd€e
alternativesvasless than the gatest minimum value. Thidecisionvalue distributiongor

theremaining36 nondominated alternativesre displayed ifrigure3.8.
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Figure3.8: Decisionvaluedistributions for the 36 hedominated alternatives

3.7.3 Results

We applied the multinomial, stochastic dominance, and majority judgment selection pro-
cedures to théistributions of decision values for the rdaminateddetection systems
Using themultinomial and majority judgment selectipnocedures, we identified the al-
ternative to be selected first. By removing that alternative from consideration, we were able
to identify the alternative to be selected secamd] so on. This enabled us to provide a
rank order of alternativetlinder the DNDO and CBP preference structure, the order of the
top 6 most desirable alternatives provided by bothrhkinomialand the majority judg-
mentselection proceduresre identich These alternatives are providedTiable3.7. The

empirical cumulative distribution functiomd the decision valuefer these six altemtives
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are displayed irFigure 3.9. Among these six, no alternative stochastically dominates all

others

Table3.7: Six top rankedletectionsystemsaccording to the multinomial and majority judgment selection

procedures.

Rank Alternative ID Sensor Techology & Placemeni Operational Mode

1

80

32

29

77

56

128

PMPP 1lin Passport booth
PMPP 2in Customs booth
PMPP 1 in Passpobiboth

PMPP 2 in Customs booth
PMPP 1 in Passport booth
PMPP 2 in Customs booth
PMPP 1 in Passport booth
PMPP 2 in Customs booth
PMPP 1 in Passport booth
PMPP 2in Customs booth
PMPP 2 in Passport booth
PMPP 2 in Customs booth

dwell: 30 s
dwell: 30 s
dwell: 2 min
dwell: 30 s
dwell: 2 min
walk: 0.5 m/s
dwell: 30 s
walk: 0.5 m/s
walk: 2.5 m/s
dwell 30 s
dwell: 2 min
dwell: 30 s

Both themultinomialand majority judgment selectigogrocedurs identify alternative

80 as the most desirable followed &fernative 32In the 1000 Monte Carlo simulation

realizations alternative80 wasidentified asthe most desirable optia38 % of the time,

andalternative32 was the most desirable opti@i % of the time (these values are inter-

preted as estimates gf in the multinomial selection procedure). The majegtade in

the majority judgment selection proceduredtiernative 8@vas 0819, while the majority

grade foralternative 32vas 0818
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Figure3.9: Empiricalcumulative distributioa of the decision values for thie $op rankeddetection sys-
temsaccording to the multinomial and majority judgment selection procedures.

From the empirical cumulative distributisiof the decision yaesdisplayed inFigure
3.9, it is seen that thewo top rankedlternativeg80 and 32have nearly identical distri-
butiors of decision valuesBecause they do natochastically dominate all other alterna-
tives, the decisioimakers are faced with making a tradeoff between these alternatives,
which have greater uncertainty in their decision values, and alternatives 29 and 77, which
have less uncertaintyn this casethe decisionvalue empirical cumulative distribution
curves of alternatives 80 and 32 fall largely to the right of all other alternatives.

The DNDO and CBP decisiemakers should take comfort in the fact that the top five
alternatives displayed in Tableutilize the same sensor technologies (PMPP 1 and PMPP
2) and sensor placements (within bootfg)e only difference between these alternatives

is the operational modeBurther, of thelOOOMonte Carlo simulatiomealizationspne of
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these top five alteatives was identified to be the most desirable in the multinomial selec-

tion procedure 998 times

3.7.4 Summary

In this exampleve illustrated how the DNDO and CBP decisimakers could incorporate
uncertain performance criteria estimates obtained thradight ed number oflaboratory
evaluations in the multiple attribute selection decision modeddtacting aadiation and
nuclear detection system. Of the 26 attributes considered in the decision tmedalues
of 22 of the attributesvereuncertain as thewereestimated based @anlimited number of
laboratory evaluations. $ing Bayesian posterior probability distributsaandMonte Carlo
simulation we modeled angropagatd the uncertaintiesresulting from the laboratory
evaluationgo the decision value We applied the multinomial, majority judgement, and
stochastic dominance selection procedures to produce a rank orderingaiditate sys-
tems The multinomial and majority judgementselection procedures provided identical
rankings for the top six alteatives. Thestochastic dominangarocedure did not provide
a selection as no alternative dominasdicbthers.

This example provided the original motivation for this dissertateésearchbecause
the experiment design used for the laboratory evaluation could have been altered to best
support the multiple attribute selection decision. There was a set budget regarding the num-
ber of evaluations that could be performed. Provided the multiple atteblgetion deci-
sion model, howshould the limited laboratory experimental budgave beerallocated
amongst the alternatives and attributesmiaximize the probabilitgf the bestsystenbeing

selecte@ This question of sample allocation is the focubiapter 4
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3.8 Summary

This chapter provided general notation and assumptions for the multiple attribute selection
decision model considered in this dissertation. We presented two methods, analytical and
Monte Carlo simulation, which may be used to propagate attribute valuetainiyer
through the decision model to the decision value.id&ntifying andadapting existing
methods for comparing multiple random variables, farenulatedfour selection proce-

dures that may be applied to a multiple attribute selection decision withuggtrralue
uncertainty. Theleterministicselection proceduravhich is often used in practicgglects

the alternative with the largest decision valyeevaluating the decision model using the
expected attribute valueshe multinomial selection procediselects thalternativethat

has the greatest probability of having the largest decision.vBheestochastic dominance
selection procedure selects that alternative whose distribution of the decision value sto-
chastically dominates, in the firsdr secoddd e gr ee, al | ot her altern
distributions. The majorityjudgement selection procedure selects the alternadtvethe

largest majoritygrade.

Through demonstrations in three different examples, we modeled the multiple attribute
decison and the attribute value uncertainty, propagated the uncertainty to the decision val-
ues, and applied one or more of the above mentioned selection procedures to select an
alternative.In the Congressionaapportionment example, we illustrated how theaunc

tainty in the states popul ation estsi mates
and a selection made using the multinomial selection procedure. We used data from a lim-

ited survey in the selection of a roofer example to illustrate a muétplibute selection
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decision with attribute value uncertainty. In this example the uncertainty in the perfor-
mance attributes was due to the limited number of survey responses. We usetbthe
ministic, multinomial, majority judgement, and stochastic dwamnice selections proce-
duresA single alternative was found stochasticallylominate all other in the firstegree.

This was the samalternative selected by the multinomald majority judgemergelec-

tion procedures, but thdeterministicselection procedurehose a different alternativ®ur

final examplepresented the decision to select a radiation and nuclear detection system to
consider for installation in U.S. based international arrival airport terminals. In this exam-
ple, the 22 unatain performance measures, provided as success probabilities, for 576 al-
ternative systems, were modeled using Bayesian posterior probability distributions and
propagated to the decision value using Monte Carlo simulation. Here, the stochastic dom-
inance skection procedure failed to identify an alternative for selection while the multino-
mial and majority judgment selection procedures agogetihe top six alternatives.

The selection of a radiation and nuclear detection system example was of particular
relevance to the overall work of this dissertation because it presented a situation where the
attribute values were estimated basea éimited number ofaboratory evaluation§Vhile
the number of laboratory evaluations was equivalent for all attributesli@ndatives, the
allocation of the fixed experimental budget could have been allocated differently to each
of the attributes and alternatives.€eltevelopment and evaluation sgmple allocation
procedurescross multiple attributes of multiple alternasvin a selection decision is the

topic addressed i@hapter 4

68



Of the selection procedures identified and illustrated in this chaptexxpleeted value
and the mjority-judgement selectioprocedurs account for and propagatee uncertain-
ties in the estimates of the attribwaues, but then fail to consider the uncertainty in the
decision valuesvhen selecting an alternativ€he stochastic dominance selectpoce-
dure does consider the uncertaintypaththe attributeand decisiorvalues and maintains
other desirable features, however, a selection cannot be guaranteed using this procedure.
Though Monte Carlo estimation is often required in its implementatt@nmultinomial
selection procedure does directly consider the uncertainty in the atarmitecisiorval-
ues. Also, as we will later demonstrate, when a Bayesian estimation approach is used, a
selection made using the multinomial selection procedscerabximizes the probability
of making a correct selection. For these reasons, we relied on the multinomial selection
procedure and Bayesian estimation as a basis for much of our sample allocation work in
Chapter 4 By understanding how the attribute value uncertamtyodeled and used in
the selection decision, we were atdefocus ar efforts in developing samplklocation

procedureshat improvel the likelihoal of selecting the true best alternative.
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Chapter 4 Information Gathering

In this chapter we turn to the development and evaluatiobudfyetconstrainedsample
allocationmethoddor selection decisions wi attribute value uncertantWhen attribute
values are estimated usisgmple data collected from measurements, experimental evalu-
ations, or simulation runsincertainty associated with the estimates is present and relevant
to theselectiondecision modelln particular, this attribute value uncertainty can limit the
decisiommaket s abi |l ity to i dent i imgeshisivaue(atiity) er nat i
due to theuncertaintyof the decision valuesSince the decisiemaker can reduce the
amount of uncertainty associated with each attrivailae by increasing the amount of
information used in its assessmehg allocation of perimental effort (sample allocation)
across the decisioalternatives anattributes plays an important role in maximizing the
probability of selecting the truly best alternat{tiee alternative that would have been se-
lected had the true attribute anecdion values been knoyvn

In general, the uncertainty in the true attribute values can be reduced by increasing the
number ofsamplesused in their estimation, which, in turn, reduces the uncertainty in the
decision values and conceivably increases itedihlood of making a correct selection.
When the decisiomaker is provided a fixedamplebudget that must not be exceeded
where a sample measures only one attribute for one alternative at ahenahallenge
becomes how to allocate this budget actbssalternatives and across the attributes to

provide the greatest probability of making the correct seleciiche samplebudget is
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sufficiently large, then the decisianaker can gather enough information about every at-
tribute of every alternative to reduce the attribute value uncertainty to a point where it is
clear which alternative is truly the best. In practice, however, espewciadin experiments
are expensive, this is not possible. For this work, we assume that the experimental budget
is fixed andlimited.

Sectiord.1 expands on the Aseptions provided irChapter 3as necessary to formu-
late the lmdgetconstrainedsampleallocationproblemfor selectiondecisions withmultiple
uncertainattributes In Section4.2 we introduce a simulation approach common to all of
the studies presented in this chapldre work presented iBection4.3 applies tahe Ber-
noulli measurement model whethee sample observations are the results of a seriBsmf
noulli trials. Moregenerally the attribute values are success probabilitiasare evaluated
using passail testing.From empirical studies we formulated and compared allocptmn
ceduredor singlestage experimental planning. In Sect&d we presentvork related to
the Gaussian measurement model. Here, the attribute values are results from measurement
processes that are assumeddatain Gaussian measurement erfdris model is useful
when the attribute values are physical quatitneasured on a continuous scale such as
the weight of an objectWe formulatedand evaluate@llocationproceduredor single
stage experimental plannifiggm empirical studie¢Sectionst.4 & 4.5) andusing analyt-
ical methodgSection4.6). The formulation and evaluation of a sequential sample alloca-
tion approacHor the Gaussian measurement madgiresentedh Section4.7. Chapter 4
closes with a summary of the allocation approaches developed in this dissertation in Sec-

tion 4.8.
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The discusens found in this leapter are largely taken from the works of Leber and

Herrmann(2013a, 2014a, 2014b, 2015)

4.1 Problem Definition

We assume in thmultiple attribute selection demon that he best alternative is the one
that has the greatesécisionvalue, which is a function of its true @iute valuesand that
itisthedecisiorma ker ' s goal t o s.aMiketuevatudsifosthelule st al t
tiple attributes exisfor each alternative, they are unknown to the decisiaker and will
be estimated through a series of experimémsasurements, evaluations, or simulation
runs)l n this setting, a n -gatheripgeactivitynthat prévidesa an i
valuefor one attribute of one alternativBue to randomness in the experiment, the value
returned is a random variable that depends upon the true value of the attribute for that
alternative.The uncertainty associated with the attribute is a function ofahes that are
collected from experimentationmore experiments gather more information about an at-
tribute and will reduce the uncertainty about the estimate for the true attributeAfdue.
the information is gathered, the results of the experimeatssad to model the uncertainty
aboutthe estimated attribute values and ultimately the estimated decision values in sup-
porting the selection decisioRrovided this uncertaintyhé decisiormaker seeks to max-
imize the probability of selecting the mosefarred alternative.

The informationgathering resource allocation problem can be stated as folldves:
overallexperimental budgeh terms of sample observatigrienotedB, shall not be ex-
ceeded and the cost of eambservatioris equivalent. ThusB is the upper bound on the

number ofobservationghat can beollected B is fixed and will be divided among the
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attributes of them alternativesinformation is gained abouteh attributehrough experi-
mental (measurement) processes. The experimgrdeésses are independeantd for a

given attribute, the same process is used to assess all alternaivis. be theindepend-
entrandom variablethat describesthe ™ outcomefrom the experimental processused
in estimating thevalue of thg™ attributeof alternativea, . Realized sample observations
are denotedgjl,...,>ﬁnij , wheren; is the number of measurements obtained for attripute
of alernative a, and the sample data observed in support of alternajveare
Xi = Xaqse--Xn s Xopee- Xa,ooees % 10+ %, - 1NE problemis to find values; that maxim-

ize the probability that théecisionmaker will choose the truly best alternative (the prob-

ability of correct selection), given the decisiora k e r * s pas raoladed ia the se-s
lection decisionsuch thatg in:l é’:r\j ¢ B.
Provided tle formulation of thenformationgathering resource allocation probleme

restate and amend the assumptions provided in S&:fias the basis for thdevelopment

of theallocation procedusspreseated in thischapter.
I. The set omdistinct alternatives{a,,...,d,} , is provided, wheren is a finite pos-

itive integer such that all alternatives can be assessed.

2. Each alternative is described by 2 attributes. The decisiema k er ' s knowl e

of the valueof attributej of alternativea, is uncertain and is described by a proba-
bility distribution which depends on the attributes true valge

3. Also provided is a decision modek = f( ..., ./ :é_';l J.vj/( i ) that re-

flectsthe decisioma ker ' s preference structure and
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values to produce a decision valug, for each alternative, . The decision model
iIs a multiple attribute linear value model with linear individual value functions,

v (ng) = 1. Theattributedecision weights/ , , are defined such thg ';:1/]. =1.

4. The total fixedexperimental budgeh terms of sample observatigrdenotedB,
shall not be exceeded and the cost of each measurement is equivalenB iShus,
the upper bound on the number of measurements that can be performed
5. The decisiommaker seeks to maximize tipeobability of selecting the true best
alternative PCS.
A Bayesian posterior distribution representatiorthef uncertairattribute values and
uncertaindecision valus is the basis for many of the sample allocatwacedureslevel-
oped and evaluated in thihapter.The Bayesian approach to modeling uncertainty pro-
vides a natural avenue to incorporate prior knowledge. This feature was advantageous in
our development of a sequential allocation approach where the detisidn® r ’
knowledge is updated with eaclew observation. Further, the ability to recognize prior
knowledge allows for a selection decision to be made based aloaation where no
additional information is collectefdr one or more attributesf one or more adrnatives
We also assume in much of the work of this chapter wian faced with uncertain deci-
sion valuesthe decisiormaker prefers (and will select) the alternative that has the greatest
probability of being the begtargest decision valuggmong he given set of alternatives
i.e., he uses theaultinomial selectiomprocedure

This problem definitiorand set ofassumptions holih generalfor the work in this

chapter with dditional definitions and assumptions providezineedeth the ®ctions to
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follow. We close thisectionwith a quick look overviewTable4.1) of thedecision sce-

narios for which theallocation procedures machsection ofthis chapterare developed

Table4.1: Quick look overview of allocation procedures develope@hapter 4

Section 4.3 4.4 4.5 4.6a 4.6b 4.7
Sampling : . . . . :
Approach singlestage singlestage singlestage singlestage singlestage sequential
Attribute success continuous continuous continuous continuous continuous
Type probability = measurand measurand measurand measurand measurand
Number of
Attributes 2 2 3 k=2 k=2 k=2
msg\:rrement Bernoulli Gaussian Gaussian Gaussian  Gaussian  Gaussian
Measure;ment NA unknown known known known known
Uncertainty
Estimation . . . . .
Approach Bayesian Bayesian Bayesian ML Bayesian Bayesian
Selection . . . . . . expected expected . .
Procedure multinomial multinomial multinomial value value multinomial
Allocation = uniform = uniform = uniform = uniform = uniform = uniform
Procedure « proportion = proportion = proportion = MLE EV = Bayes EV  (l-stage)
Comparison step « l-param = 3-zone * proportion
step « 4-70NE (1-stage)
» 2-param = sequential
step

4.2 A Simulation Approach

We relied on simulation studies to provide insights aemdluations of the allocation ap-

proachesUnlike the examples presenteddhapter 3by using simulated data with known

truths we are able to determine whbe alternative with the largest true decision value

had been selected his allowed for us to estimate the probability of correct selection as a

performance and evaluation criteriaeaich ofthe developed allocatigorocedures
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We developed our allocatigroceduresvith the focus ordecision cases with > 2
alternatives anét = 2 attributes whose true attribute values formed concave efficient fron-
tiers(Keeney & Raiffa, 1993)Such aset of nordominated decision alternativpsovided
the most challenging decision situation in terms of identifyirgtthe best alternative un-
der the assumed linear multiple attribute decision model (Assuntioihile some of
the allocationproceduresare generalizable, ost of the evaluations in thishapter are
based on decision cases with= 5 alternatives andk = 2 attributes These values were
chosen to create decision cases that were bothrivtal and capable of being evaluated
with reasonable computational effdri.the Gaussiameasuremennodelcases, the error
associated with theneasuremenprocesses used to collect information for each attribute
was also defined as part of the decision cage.description of thealgorithnms used to
generate thesemulateddecision cases is described in the following sections.

Given a simulatedecision casewhich consisted ok true attribute values for each of
m alternatives, and sometimksneasurement errors, veémulated results of the experi-

mental evaluation processader a given sample allocatifor each attribute of each alter-

native.That is, for eaclattributej of eachalternativea , we randomly selected, obser-

vations from a probability distribution whosenctioral form is defined by the assumed
measurement model and whadistributional parameters are equal to the true attribute
value (and measurement error, if applicable) as defined by the decisioRrcagged these
simulatedobservationsy;,,..., %, , we modeled the value and uncertainty of attrifpuate

alternative@, according to the defined estimation approach faraailj. Based upon these

attribute value models, wéen, for each alternative, , evaluated thgiven multiple at-

tribute decision modelxith specific attribute weighjsand propagated the attribute value
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uncertainty sing either the analyticalpproach or the Monte Cartomulationapproach

presented in Sectin3.3. The result of this evaluation was a description, i.e., distribution,
of the decision valuey; , for each of the =1,...,m alternatives. The defined selection

procedure was applied to this setneluncertain decision values, and an alternative was
identified for selection.

Because the decision case provides the true attribute values, the trueehbestizt
can be identified by evaluating the given multiple attribute decision model (with specific
attribute weights), for each alternative, using its true attribute values. The result is a set of
mtrue decision values, and the true best alternativeeisme that provides the largest true
decision value

We compared the alternatitieat wagdentified for selection as a result of the simulated
experimental evaluation to the true best alteveao conclude whether a correct selection
had been made. Bgpeating this process many times, either for the same decision case or
over multiple decision cases (or both), we are able to defirfeciipgency of correct selec-
tion (fcs) measure as the proportion of times that a correct selection was made. As an esti-
mate of the probability of correct selectid?q9, thefcsprovides an evaluation metric for
the allocatiorperformanceunder the specific multiple attribute decision modi¢hile de-
tails may vary, we used this general simulation and evaluation approaitbfithe studies

presented in this chapter.
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4.3 Allocation for Two Attribute Bernoulli Measurement Model

In thissectionwe describea singlestage allocation method for the Bernoulli measurement

modelthat was developedsingresults from an empiricatudy. In a singlestage alloca-

tion, the sample allocation (set of values) is determined prior tand is unaltered

throughoutthe data collection process. Wse the ternBernoulli measurement model
refer to the situatiowhere the attributes are success probabilities that are evaluated using
a series of Bernoulli trialge.g.,passfail testing.

We describéheoutcomes of the evaluation process usingrilependentandom var-
iables X, ~ Bernoulli(p“. ) with thesanple observations,,..., %, . In this notation,p;
is the true attribute value success probability, for attribuytef alternativea, and the
notation of the decision modgbm AssumptiorB of Sectiord.1 becomesasdisplayedin
Equation(4.1) with linear individual value functionsy, (pij ) = p.

x=t( R uh) %Tzl jVj/( ij) (4.2)

We assume that the decisiomm k er ' s knowl edge of the wunkn

p; , prior to observing any sample evaluations, can be describe(Bbyaéaij, {7) prob-
ability distribution with parameters, = § 4, i'j . This Beta(1,1) probability distribu-

tion is equivalent to aniform[O,]] probability distribution ands interpreted as the deci-

siormaker’'s a prior.i knowledge is that the t

the interval (0,1) with equal likelihood. Let the random variab¥ = § 21 X; be the

number of successful evaluations observeati of n; total evaluationsfor attributej of
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alternativea, , thenY; ~ Binomia( n.o ) Because th@eta(a, [) distribution is the con-
jugate priordistributionto the Binomial( np) distribution, upon observing realizations
Yi =a El X ,the decisiorma k er ’ sk ppiswipdatedjaed peesented by the pos-

terior distribution(Gelman et al., 2004jescribed in Equatiof®.2). This is the probability
distribution referenced in Assumptidhof Section4.1 for this Bernoulli measurement

model.
p 1y, ~Bet1+ y 1+n ) i I=..mj 17 | (4.2)

From the description of the decisioma k er ° s knowl edge of the
after observing the rekis of n; experimental evaluations for each attribute of each alter-
native, we used Monte Carlo simulation to propagate the attribute value uncertainty to the
decision valuesx; . The multinomial selectioproceduredescribed in Sectio8.4.2was

then used to select an alternative based upon then uncertain decision values.

It was further assumed thdtet overallfixed experimentabudget(Assumption4 of
Section4.1), B =cmk wherec is a positive integemwasdivided equally among the al-
ternatives. The budget for each alternatiaes further divided among thk attributes.In
general, the budgets for different alternatives ctaldebeendivided differently, but we

made the simplying assumption that the allocation is the same for all alternativasd

thus,n; =--- =, J. This assumptiors reasonablevhenthere is nanformative prior

information about the alternatives that would suggest treating them differently.
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4.3.1 Simulation Study

Intuitively, it would seem reasonable to perform more experiments on those attributes that

have the most uncertainty and are the most important in the decision Mmodest this

intuition and understand better the behavior of the préibabif correct selection as a

function of sample allocation across the attributes, we conducted a simulationVgtudy.
considered the situatiomhereeachof m=5 alternatives is described bk = 2 attributes,

and the two attr i bpwobabildy ofasuceesstinhtwo diffdrerntele- n at i v €

pendenttasks.The alternatives, when characterized by their aebutevalues form a

concave efficient frontier inR* space.The overall experimental budget &= 50 Ber-

noulli trials was divided equally among tfige alternative. The problenwas to determine

the number of trials to be allocated to attributg,l,and the number of trials to be allocated

to attribute 2,n,, (wheren, +n, =A0) to maximize the probability of correct selection.

To form thetraining decisioncasedor our initial simulationexperimentation, we de-
veloped 20 concave efficient frontiedegisioncases) where eadecisioncase included
five alternatives characterized by two attribufBise attribute values associated with each
alternative were randomly generated subject to the constraints necessary-ftwmmen
nance and concavitysing a constructioalgorithm(seeAppendix Afor detail. The left
panel ofFigure4.1 displays the attribute values of the @€cisian cases considered in our
initial experimentation.

Given the random nature of the @@cisioncases, many aspects ofsgiblesets of
alternatives are captured such as frontiers with great curvature, nearly linear frontiers, both
horizontally and verticayl situated frontiers, frontiers that span a small region, and those

that span a larger regiomwo characteristics were quantified and used to describe each
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case: a measure of nonlinearL, and a measure of general angieGenerally speaking,
the nonlinearity measures the area of the polygon formed by the attribute valsesled
by the distance between the extreme attribute .p@ive general anglis theacute angle
formed by the line segment connecting éxtremeattribute pairs and the horatal line
that passes through the maximum attribute 2 vidaeAppendix Bfor details) The right

panel ofFigure4.1 provides a illustration of the nonlinearity and general angle measures.
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Figured.1: Twentytraining cases (left panel) with the case number displayed byuheeric plotting char-
acter.Right panel illustrates the measures of nonlinearity (scaled shaded area) and genermal angle

Under the provided assumptions for this Bernoulli measurement moelgimwlated,
as described in Sectigh2, theexperimentaévaluation process faachcase usingll 11
possible sample allocations definedag, 1,) pairs: (0,10 (1,9 ... { 10,P. Theparam-

eters of tke Bayesian posterior distributions for the attribute values (Equg@tig)) were

calculated based on tlmeitcome of each simulated evaluatid¥e defined 1Qnique de-

cision models by applyinghe 19 unique(/l, 4) pair of attribute decisionweights
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(0.05,0.95 ( 0.10,0.90.., (, 0.95,0) to Equation(4.1). Using 1000 Monte Carlo sim-

ulation replicates, the attribute value uncertainty was propagated to the decision values
undereachdecision modeland a selectiowasmade using thenultinomial selection pro-
cedure For each decision case, we repeatesidimuation a total of 1000 timegompar-

ing each resulting selection to the true best alternaiivefinal result was 418€csvalues:

one for each of the 11 allocations, 19 decision models, and 20 decision cases.

4.3.2 The Impact of Sample Allocation

Before expbring the results of the decision simulation, we gained some insight about the

impact of sample allocation in this tvattribute problemUsing the set of five alternatives
with the trueattribute value pairg(0.1,0.9 ( 0.4,0.85(, 0.7,01 , 0.85p4 , 0.9)

we investigated thanpact of sample allocation on the expected Bayesian posterior distri-
butionsfor the attribute values

As with our general problem, we allocatfixed number olsamples (in this cag®0)

across théive alternatives antlvo probability of success attrites asn, andn, =50 -n,
wheren; =--- =, | 172. For each alternativand attribute, we defined the expected

Bayesian posterior distribution to be the posterior distribution obtained when the propor-

tion of successes observed in the binomial experiment ofsiegualsp; , the true attrib-

ute value That is, the observed resulgs =g, ; andthe expected Bayesian posterior dis-

tribution is Beta(1+ p;n,l +E‘(1 p)) The 95% credible interval was calculated for

each alternative and attribute as the interval from the loweho2Zjbantile to the upper
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97.5% quantile of the expected Bayesiamsterior difribution. We defined a 9586 ex-

pected cedible box to be the rectangle whose edges are equal to the end points &fthe 95
credible intervals for each attribute R* space Because the attributes are independent,

the probability that tueseareddlieveditomacbntained wighint r ue
this credible boxs 0.95 = 0.902!. Figure4.2 displays graphically the expected credible

boxes for each of the five alternatives for three different sample allocations.

ni=5 nnp=45 ni1=25 nn=25 ni=45 np=5

|7 g2l | 2 --
A | 17 2

‘| 77

0.0 02 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
Tl i1 Tl

1.0
1.0
1.0

0.8
0.8
0.8

0.6
0.6
0.6

0.4
0.4

0.2
0.2

0.0
0.0
0.0

Figured.2: Expeced credible boxes for three different sample allocations when the proportion of successes
observed equals the true attribute valtlee position of theplotting character (1 to 5) indicates the true at-
tribute values for each alternative.

When moving from he left panel (sample allocatiom, =5,n, =45) to the center

panel (, =25,n, =2%) and to the right paneln =45,n, =5) of Figure4.2, it is seen

that the ability to discern alternatives improves when considering attribute 1 (width of
boxes decrease) and declines when considering attribute 2 (height of boxes inthesise).
suggests that allocations placing more samples with attribute 2, such as in the left panel,

would provide the ability to better identify the true best alternative for a decision model
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with a large emphasis on attribute 2 (i.e., lafgevalue). Whereby the opposite is sug-
gested for allocations placing more samples with attribute 1 (better suited for decision mod-

els with large/, value).

4.3.3 Frequency of Correct SelectiorResults

For each of the 2@ecisioncasesand each of the 19 decision models considered in the

*

117

decision simulation, there is at least one sample allocation valag, afenotedn,, that
produced the maximuiinequency of correct selection (in someasgsor some values of

/,, there were multiple values af ). This optimalsample allocation should maximize the
probability of choosing the true best alternat8éce/, =1 - { andn, =10 -n,, it was
sufficient to consider only; and n, when exploring thécsresults.The relationship be-

tweenn, and /, was seen téollow ageneral trend in which, increased a¢, increased,

often in a manner that Scaulve "besuwdl lasr ¢ jhree
tion. The shape and location of tscurves varied but displayetkpendencies og the
frontier characteristic measure of overall angle.

For each of the 11 sample allocations for each decision case and decision model, we
defined therelative frequency of correct selectidrel fcs as the ratio of thécs for that
sanple allocation to thécsthat results from the optimal sample allocatidhis measure
provided a continuous response variable, as a functiom @nd /., that indicates the
relative quality of each sampédlocation versus the optimal sample allocatibinerel fcs
measure allows us, within the confines of

tribute values and the total experimental budget, to quantify how much better the selection
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could be if a dferent sample allocation was chos@&y. viewing the relationship between
n,, /,, and theel fcsas a contour plot for each case, further insights were gained.

The shaded contour plots Bigure4.3 present the relative frequency of correct selec-
tion as a function ofi, and /, ranging from dark (low val to light (high, desirable

values).The solid squares within the plots denate the sample allocation that produced

the maximum frequency of correct selection for eAchonsidered in the simulation stud

The contour plots ofigure4.3 serve to illustrate three general trends observed across the

20training cases

Case 8 Case 7
EEEEEEEER
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o ' '

Figure4.3: Contour plots for theel fcsas a function o, and /, for three selectettaining casesThe
solid squares denote, for the /, values evaluated.

The left panel irFigure4.3 displays the contour plot as a resultdetisioncase 1The
general increasing trend of, as a function of/, is observed, but further, i iobserved

that favorablael fcsvalues can be obtained through much of the middle of the graph; in

other words, choosing a sample allocation that performed poorly would be difficult for

nearly all values of ;. The center panel iRigure4.3 displays the contour plot as a result

of decisioncase 8Again the general increasing trendmfas a function of , is observed,
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but here t he ofpaOiomerl is thychantote tefirfed vatimess room for

error, and thus more careful consideration is necessary when choosing a samplerallocati

Finally, the rightmost panel iRigure4.3 is the contour plot as a resultadgcisioncase 7.

Here, favorableel fcsvalues at low values of, correspond to low values af, (lower
left region of graphic) and at high values bf favorable relative frequency of correct

selection values correspond to high values ofupper right region of graphicut unlike
the first two cases, these two regions are disconnéatecguspect that had we evaluated

several decision models with45</, <0.5Cin decision case 7 that a veryegieand de-

fined optfiormg*0td /p=aliwduld have been presented.

4.3.4 Allocation Procedures

In general, the optimal allocatignoceduréhas dependencies on the degree of information
possessed by the decisioraker.In the absence of angformation, including knowledge

of the decision model, the decisiomaker will have no reason to allocate more samples to
either attributeThus, a balanced allocation of =n, =2 would be implemented as the

experimental plan to collect data to support the estimation of each attributeof/akeh
alternativeand ultimately the selection decisioiVe refer to this sample allocation as the
uniform allocationprocedure This allocaton is consistent with the principle of balance in

the traditional design of experiments discipline.

If knowledge of the decision modeabecifically, the values of/, and/,, is available,

the decisiormakermay choose to implement an allocatjgmocedurehat assigng), and
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n, proportional to/, and/,. Such an approach is supported by the general insights dis-
cussed irSection4.3.2as well as the observations made is Secti@i3that the optimal

allocationn; increased a$, increasedSincen, and n, must be integer values, noding

is necessarywe chose the rounding rule, = round(/lg), n,=2 -n,. We refer to this

sample allocation approach as gheportional allocationprocedure
If, in addition to knowledge of the decision model, teeisionmaker is able to make
some general statements about the shape of the concave frontier, such as the value of the

general overall angleg, a casespecificallocationproceduremay be utilizedlt was ob-

served inthe work described iBection4.3.3that as a function of , the optimal sample

allocation n;

; » was reasonably represented bySaourve with locatiorand shape depend-

ent on the general overall angle of the concave froriee simplification of ars-curve

is a steplike function with the horizontal steps connected by a line which may or may not

be vertical. We consideredfor 0¢c, @, TandO0</, 4, astepallocation procedure

with n, defined byEquation(4.3) andn, =2 -n,.

m

8
10 if /,¢c,
|
T &/, - 2
nlz‘:round' /1- G f’} 0ifg <gand¢ K ¢ (4.3
7 &C- G Mg
i
- B .
I — if /,>c
im v

For each of our 2@aining caseswe determined the values gf and C, in Equation
(4.3) that maximized the average relative frequency of correct selection across tla- 19 ev

uated values of ;. From this, we hypothesized a quadratic relationship betwel c

87



(and c,) and found the best f{Equation(4.4)) using restricted leasiquares regression

that required the modeled responses ¢, ¥ wheng =0, andc, =c¢, 3 wheng=90.

c(9)=% g+

2

(4.4)
¢.(9)=% 9=

Note thaffor ahorizontal frontie g =0 andc, = ¢, ) andavertical frontier(g =90
and ¢, =c¢, 4) this stepprocedureprovidesthe sample aIIocationén1 =10,n, :O) and

(n,=0,n, =0, respectively, for any decision model values' paind /, .

An illustration of the sample allocations generated by @#lobationproceduresand
their resultingrel fcsvalues over the range df for training case 8 is provided iRigure
4.4. As inFigure4.3, the shaded contour plotskifjure4.4 present theel fcsas a function

of n, and/,, ranging from dark (lowel fcsvalues) to light (high, desirabtel fcsvalues).
The solid squares within the plots denafg the optimal sample allocation at eath

value. The solidred line in each plot represents the sample allocation generated by the

specifiedallocation proceduréor theattributedecision weight/ ;.

uniform proportional step
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Figure4.4: Sampleallocations (solidedline) generated by each allocatiproceduregor trainingcase 8
The shaded contour plots display teefcsas a function ofn, and /, . The solid squares denote, .
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A good allocatiomprocedureprovides sample allocations that result in highfcsval-

ues for anyattributedecision weight (, value); an ideaprocedureprovides a sample al-
location equal t;, at each/, value. While ngorocedureresented ifrigure4.4 provides
an optimal sample allocation at evetyvalue,the step allocatioprocedurenfferssample

allocations that provide highand often optimat rel fcsvalues for most; values. Sam-
ple allocations provided by the uniform and proportional allocgirocedurs are seen to

result in less desirable (darkly shadesl)fcsvalues over many values f.

4.3.5 Comparison of Allocation Procedures

The second part of our study compared the performance of the allogaiaaduresOne
hundred newa@ncave frontierg¢evaluation casesgach containing 5 alternativesscribed

by 2 attributesvere randomly generatesing the construction algorithdescribed in Sec-

tion 4.3.1 These evaluation cases were used to evaluate@ngae the three sample
allocationprocedureslescribed in SectioA.3.4 (uniform allocation, proprtional alloca-

tion, and steprocedurg The attribute values of the 100 evaluation cases and their non-

linearity and general angle measure values are display&dure4.5.
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Figured.5: Attribute values (left panel) and nonlinearity and general angle measure values (right panel) for
the 100 concave frontiers in the evaluation set.

The sample allocatiordirectedby each of the three allocatipnocedurs were deter-
mined for each of theQD evaluation caseBased on these sample allocatioms,usedhe
decision simulation described in Sectidr2, again with 1000 simulation replicates and

1000 Morte Carlosimulation replicatedo evaluate thies(andrel fcg for each evaluation

case and each of the 19 decision modé|s ¢ pair). We then examined, on a cdsg

case basis, the relative frequency of correct selection that resulted from the simulation, as
a function of/,. At each/, value, we calculated the averagéfcsacross the 1Mevalu-

ation casesl'he uncertainties in the averaggfcswere expressed & % pointwisecon-
fidence intervals baseash the normality assumptions provided by the Central Limit Theo-

rem.
While it varied from case to case and acrésvalues, in general, the step allocation
procedureprovided the largest relative frequency of correct selection valirespropor-

tional allocationproceduredisplayed similar performance to the sf@pcedurewith /,
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valuesnear 0 and near 1, butgwidedlower rel fcsvalues elsewher&he uniformalloca-
tion procedurenearly always produced the smallest fcs values.Figure 4.6 illustrates

these general conclusions by displaying, for each of the alomation proceduse therel

fcsaveraged across all evaluation cases at éacialue.
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Figure4.6: rel fcsvaluesaveraged across all evaluation caseshe stepallocationfor each/, value
shaded area represents®Fointwise confidence bounéts the true relativé®CS

It is observed fronfrigure4.6 that sample allocations provided by the unifaloca-

tion procedurdead to, on average, a relative frequency of correct selection near 0.75, and
this performance is nearly constant over all valog/,. The sample allocations provided
by the proportionahllocation proceduraear/, =0.5 are identical to the uniform alloca-

tion, and hence the performance of the proportional and undtocationprocedure are

comparable in this regioihe relative frequency of correct selection for the proportional
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allocation proceduréncreases ag, moves away from 0.5 and towards eithlg=0 or

/,=1. Overall, the average relative frequency of correct selection for the proposlenal
location procedures approximately 0.83The stegorocedurgrovided a maximum aver-

age relative frequency of correct selection value of 0.98 at0.95, a minimum average
value of 0.88 at/; = 0.5, and an overall average relative frequency of correct selection of

0.93.We thus arrive at the important conclusion that for nearly all valugs,ahe step

procedureprovides average relative frequency of correct selection values that are statisti-
cally distinguishable (nenverlapping confidence intervals) and superior to the atheer
cation procedure

It can be observed from the right paneFajure4.5 that there were a number of eval-

uation cases that displayed nearly identical frontier curve characteristic measures of non-
linearity and general angl&he contour plots of theel fcsas a function ofn, and /., and

ultimately therel fcsvalues that resulted from the sample allocations dictated by the three
allocation procedusewere very similar when comparisgveral such pair of evaluation
cases near the limits of the characteristic meas{ges0 or g =90). On the other hand,

these similarities were not observed when comparing pairs of cases near the middle of the
charact er i st i cThisrobservalianéads usdodelieve that there is at least
one additional frontier curve characteristic that would help distinguish relative frequency
of correct selection performance from case to case, and ultimately aid in identifying the

optimal sample &cation.
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4.4 Allocation for Two Attribute Gaussian Measurement Model

In thissectionwe describe a singlstage allocation method for the Gaussian measurement
model that was developed using results from an empirical study. Again, in asegge

allocation, the sample allocation (setmfvalues) is determinedripr to, and is unaltered

throughout, the data collection process. We use the@amssianmeasurement modt
refer to the situation where the attributes ewatinuous measurandsdthe error in the
process used to obtain the measuremem®seled aa normal probability distribution
(e.g.,measured physical quantities sucldasance.

In the Gaussian measurement modeluse therandom variableX;, =m +g, with
realized sample observations denobqgi...,)ﬁnij, to describethe I'™ outcomefrom the
measurement processed in estimating thealue of thg™ attributeof alternativea, . Here
m is the true attribute valyeg, is the randonmeasurem& error, andn, is the number
of measurements obtained for attribpd alternativea, . This notation is the basis for the
decision modehs writtenin Assumption3 of Section4.1 and repeated here Eguation

(4.5) with linear individual value functions, (/7]) = .

_ . k
Xi_f( Lo ik’)7:aj=l jvj/( ij) (4.5)
An experimental sample (measurement process) generatesiathem measurement
of one attribute of one alternativBeparate and independent measurement processes are

used in obtainingy, measurement data (samples) for each attrilungfor a given attrib-

ute j, the measurement process is theme for alli =1,...,m alternatives Further, it is
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assumed that thegasurement erreassociated witthesemeasurement processa®in-

dependent and identically distributed (i.i.dr)d can benodeledby a normalprobability

iid.
distributon centered at zerog, ~ N(O, ,%) Ji=1..m;l =1.. . It follows that the

measurement distribution fox; ~ N(n,y, ﬁ) andin this sectionwe assumehatsj2 IS

unknown.It is commonn the field of metrology for the error associated with a continuous
measurand to be modeled with a Gaussian distribiffiomt Committee for Guides in
Metrology, 2008)

We assume thahe decisiorma k eprior khowledge of the unknown trygarameters

for this Gaussian measurement modej, and sf, can be describedy the probability

distributions provided in Equatio@.6).

m~N( @ i)

(4.6)
s?~Inv- 8( o 02];)
While it was preferable to minimize the assumption on prior knowledge by usorg a

informative pair of prior distributionsuchasa Jef fr e yf’ asda pnifornodistri-o n

bution over(- g ):on m , these priors are improper priors and do not integrateéo

When updated based on observed data and Bayes rule, the resulting posimiieeds
proper. Howeverin this workthere are situations where no diatprovided i.e.,no sample
allocated to the attributéhus the prior distributions will be relied upon as a surrogate for
the posterior, and since the nriormative prior distribitions are improper, they are not

useful in the analysis. Also, this namformativeuniformprior on /i allows for negative

values to be observed with noegligible probabilitieswhich is problematic in a meas-

urement model whemmeasurandalues areftenassumed to be nemegative
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The selected priodistributionsof Equation(4.6) are attractive as they do maintain
some norinformative traits. The selected prion sj2 approaches a Jeffrey’

when sgj =1 andn,; is very small (e.g., 0.001put remains groper prior The selected

prior on m canapproachuniform distribution in form wherrjij is selected to be very

large.To best meet these goals, we used the prior paramegersl 50 and rgj =35, and

n,; =0.01and sgl. =1, for alli andj. The prior parameters fam; were chosen to be cen-

tered on the domain of the true attribute values as defined in the simskatity described
below in Section4.4.1, with a variance that provideas large a distributional spread as

possible without creating nemegligible probabilities over negative values af. The

prior parameters fo:;j2 were chosen so that the prior distribution closely resesabit®n

informatve Jef frey’s prior distribution.
This Bayesian sertonjugate prior model for normally distributed dé&elman et al.,

2004)provided the useful conditional posterior distributitr /77 givenby Equation(3.7).

2.2 245 2
~N%SJ AL SR I
2 2 2
& sitn g S g1

Ml K, (4.7)

To make use of Equatidd.7), a Monte Carlo simulation approanfust be usethat

first sample from themarginal posterior distribution ossz, p(sf | %10e- %, ) , and then

sample from the onditional posterior distribution fory . In this casehowever the mar-
ginal posterior distribution ofsj2 does not follow a standard parametric form, and thus

must be computed numericallsee pp. 82Gelmanet al., 2004). Fortunately, thé.earn-

BayespackaggAlbert, 2014)of theR software environment for statistical computing and
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graphicg(R Core Team, 2015rovides a function (normpostsim) that produsiesulated

samples from thint posterior distributiorf /77 andsj2 usingefficient Gibbs sampling
The simulatedampleof /; provided empirical distributicsfor the decisiorma k e r * s
knowledge of the true attribute values after observingample measurements for each

attribute of each alternativerom thesdlistributions we used Monte Carlo simulatido
propagate the attribute value uncertainty to the decision value3he multinomial se-

lection proceduredescribed in Sectio.4.2was then used to select an alternative based
upon the uncertain decision values.

We again assumed that there is no informative prior information about the alternatives
that would suggest traag them differentlyand thushe overalfixed experimentabudget
allocation was the same for all alternatives. Specificalig, dverallfixed experimental
budget B = cmk wherec is a positive integenvasdivided equally among thea alterna-

tivesandfurther divided among thieattributessuch thatn,; =--- =, J.

4.4.1 Simulation Study

We conducted a simulation study to understand how the experimental sample allocation
affects the probability of correct selection @ndest our general intuition that obtaining

more measurements on those attributes that have the most uncertainty and are the most
important to the decisiemaker is an obvious strategy for allocating the overall experi-
mental budgetWe considered the situati whereeachof m =5 alternatives is described

by k = 2 attributesthat are measured using two differemd independenineasurement

processesT he error of each measurement technique is normally distributed with unknown
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variance.The alternatives, wherharacterized by their trusgtributevalues form a concave

efficient frontier in R* spaceTheoverall experimental budget Bf= 50 sample measure-

ments was divided equally among five alternatives. The problenwas to determin¢he

number ofsamplesto be allocated to attribute h,, and the number cfamplesto be

allocated to attribute 27,, (wheren, +n, =0) to maximize the probability of correct

selection.

Based on the results 8ection4.3, which considered paskil testing to estimate at-
tribute values in terms of probabilities, we expected that saaijpleationprocedure
might provide the decisiemaker with guidance. We generated a set of 20 training cases
and used these to guide the values of the parameters in our sdlogdé&on proceduse
Like the Bernoulli measurement model study, our decision casested of five alterna-
tives described by two attributéBo generate these training cases, we transformeduhe
values of the attributesf the random training cases used in the Bernoulli measurement
model studyto the domain[100, 200] and againmeasurd the nonlinearity and general
anglecharacteristics of each case. Figure 1 displays the true attribute values of the 20 train-

ing cases.
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Figured.7: Twentytraining casedor the Gaussian measurement mowigh the case number displayed by
the numeric plotting character.

In the simulation study for the Gaussian measurement model, we also needed to provide
thetrue but unknowwarianceof the measurement errosjz, associated with thmeasure-
ment processused to measure the value ezEchattributej. For eachtraining cases, &
considered th&6 differentmeasurement error scenaridsscribed inrable4.2 which de-
fined thevariance of theneasurement errars > and s>, for the measurement processes

used to measure attribute 1 and attribud/@ referred to a decisiarase under a particular

measurement error scenasisa“subcase and used the notation 1
refer to decision case 16 with a measurement error variance for attribute0l afid a

measurement error variance fattribute 2 of!’. In this initial simulation experiment for
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the Gaussian measurement model, we considered 320 suleade®f the 20 decision

cases evaluated under each of the 16 measurement error scenarios.

Table4.2: Measurement error scenarios for the Gaussian measurement model simulatiovitbttuly

attributes

Scenario CH s;
1 1? 1?
2 1 107
3 1 20°
4 1 30¢°
5 107 1?
6 107 107
7 107 20
8 107 30¢°
9 20 1?
10 20° 107
11 20° 20
12 20° 30
13 30 1?
14 30 107
15 30 20
16 30 30

Under the provided assumptions for this Gaussian measurement model, we simulated,

as described in Sectigh2, the experimental evaluation processdachsubcase usingll

11 possible sample allocations definedres(n,, n,) pairs: (0,10 (1,9 ... ( 10,p. We
defined 19unique decision models by applyirnige 19 unique(/l, 4) pair of attribute

decisionweights (0.05,0.95 ( 0.10,0.90.., (, 0.95,0) to Equation(4.5). Based on the

outcome ofthe simulated evaluatioprocesdor each subcase under each allocatioa,

99



generated 1000 simulated samples from the conditional posterior distributmr(Bfua-

tion (4.7)) for each attribute of each alternative and calculated the decision v&lues
defined in Equatioif4.5) for each of the 19 decision moddlising these empirical distri-
butiors of x;, an alternative was selected using the multinomial seleptiocedureand

checkedo determie whether this alternative was thei¢rbest. We repeated tlagperi-
mentalevaluation simulatiom total 0f1000 times. The final result was 66,388values:

one for each of the 11 allocations, 19 decision models, and 320 subcases.

4.4.2 Frequency of CorrectSelectionResults

We identified n,; and defined theel fcsfor each of the 320 subcases and each of the 19

decisionmodels Recall that for a given decision modal, is theoptimal sample alloca-

tion for attribute 1thatproduced the maximuirinequency of correct selecti@ndtherel-
ative frequency of correct selecti¢rel fcg for each sample allocations the ratio of the

frequency of correct selection for that sample allocation to the frequencyreticselec-
tion for then , allocation.Though complicated by the measurement error scenario, similar
observations were made regardihg telationship betweem, and /, aswereobservedn
Section4.3.3

The shaded contour plots Bigure 4.8 present theel fcsas a function ofi, and /,,
ranging from dark (lowel fcsvalues) to light (high, desirabtel fcsvalues) for training

case 16. The solid squares within the plots demgtethe optimal sample allocation for
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attribute 1 at eaclt, value. The contour plots &ligure4.8 serve to illustrate two general
trends observed across 320 sulrases.

Subcase 16.30.1 Subcase 16.30.30 Subcase 16.1.30

10

0.05 020 035 050 065 080 095 005 020 035 0350 065 080 095 005 020 035 050 0.65 080 095
iy M M

Figure4.8: Contour plots displayingel fcsas a function o, and/, for training case 16 under measure-
ment error scenario@O2 12) , (302 ,302) , and (12,302) . For each/, , the squares denotg, .

First, considethe left panel ofFigure 4.8 (subcase 16.30.1) where the measurement

error variance associated with attribute 1 is large(=30°) and that associated with at-
tribute 2 is small §2 =1%). When attribute 1 is very important to the decisiaker (/,

is near 1), then only sample allocations that allocate nearly all 10 samples to attfipute 1

is near 10) produce favorahiel fcsvalues.When, however, attribute 1 is not important
(when/, is near 0), nearly all sample allocations produce very favorable results. Although
attribute 2 is very important in this situation, because it has low measurement variability,
sample allocations with smaflonzerovalues ofn, still produce favorableel fcsvalues.

This phenomenon is seen in reverse in subcase 16.1.30 (right fignet4.8). Subcase
16.30.30 (center pandtigure 4.8) combines the restrictive observations of the previous

two subcases because both attributes have large measureaamrent variance

(sf = g -—302). That is, onlysample allocations that allocate nearly all 10 samples to
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attribute 1 produce favorabtel fcsresults when attribute 1 is very important, and only
sample allocations that allocate nearly all 10 samples to attribute 2 produce favelrable
fcsresults wien attribute 2 is very important. These observations begin to illustrate the
complex tradeoff between apportioning samples based on measurement variability and
sampling the important attribute.

Like we observed in Sectioh3.3 we seen Figure4.8 that, in general, as the im-
portance of attribute 1 increases (that is, as the weigltcreases from 0 to 1), the,

values that generate theost desirable sample allocations increase. This relationship is not
strictly linear, but it cawmr we” rewcshnadl tyh
function. This can be seen most clearly in subcase 16.30.30 (centeRmumei4.8). Alt-

hough the location and shape of a represent&ougrve varied from case to case, we saw

that these parameters depended on the shape of the frontier.

4.4.3 Allocation Procedures

As in the Bernoulli study of Sectioh3, we again consider theniform allocationproce-

dure a balanced allocation ofi, =1, =2, andthe proportional allocatiorprocedure

where the decisiommaker assign n, and n, proportional to /, and /, by

n,= round(/l%) andn, =2 -n,. Although the proportional allocatiqroceduras sim-

ple, the evaluations showed that the relationship betWgand n,; was usually not linear,
but rather, distinctly nonlinear. To approximate this relationship, we used-bkstépnc-

tion that we called stepallocationprocedure ForO¢c, @, Tand0</, <4, the step

procedureassignsn, asdefined byEquation(4.8) andn, =2 -n,.
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We determined, for each training case, the values of the paransgtansl c, that

maximized the average relative frequency of correct selection across all measurement error
scenarios. We used those results to generate insights into how these parameter values de-
pend upon the shape of the concave frontier (the values of the generalangel}, and

the nonlinearity measurd&lL). From this, we hypothesized a quadratic relationship be-

tweeng and ¢, (and c,) and found the best fitEquation(4.9)) using restricted least
squares regressiahat required the modeled respanse=c, % wheng =0 (a horizon-
tal frontier),andc, = ¢, 4 when g =90 (a vertical frontier)We refer to the step allocation

procedure as &parameter step allocation procedungren ¢, and c, in the step function
of Equation(4.8) are defined according to the univariate modeEaqiation(4.9).

c,=f(g) 847 30" g 1414 18 *

4.9
c,=f,(g) 209 20° ¢ 1.09 18 ? (49)
We also hypothesized a bivariate relationship betweandNL and ¢, (and c,) and

found the best fifEquation(4.10)) using regticted leastsquares regressidhat required

the modeled response&s=c, ¥ wheng=0 and NL=0; ¢, =¢, 4 wheng=90 and

NL=0; and, ¢, =0,¢, & when g=45 and NL=0.25. We refer to the step allocation

103



procedure athe 2-parameter step allocation procedunen ¢, and ¢, in the step func-
tion of Equation(4.8) are defined according to the bivariate models of Equ#&tidid).

¢ =f(g,NL) 4.11 30° g O67AL 5:94 1B NL

4.10
c,=f,(g,NL) 4.11 30° g 456IL 5:69 1& L (410

Thus, if the decisioimaker had information about the shape of the concave frontier, a

specific step rule could be generated and used to determine the sample allNcagidmat

for ahorizontal frontieg =0, NL=0, andc, =¢, 9) andavertical frontier(g =90,
NL=0, andc, =c, ), both the iparaneter and the araneter step procedures pro-
vide the sample allocationfn, =10,n, =0) and (n,=0,n, =10), respectively, for @y
decision model values of, and/, .

An illustration of the sample allocations generated by edlolcation procedurand
their resultingrel fcsvalues over the range @f for subcase 8.20.20 is providedFigure

4.9. As inFigure4.8, the shaded contour plotskifjure4.9 present theel fcsas a function

of n, and/,, ranging from dark (lowel fcsvalues) to light (high, desirabtel fcsvalues).
The solid squares within the plots denate the optimal sample allocation for attribute 1
at each/, value. The solid line in each plot represents the sample allocation generated by

the specifiechllocation procedurtor the range oattributedecision weight/, .
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Figure4.9: Sample allocationgé€dline) generated by each allocatiprocedurdor training subcase
8.20.20. The shaded contour plots displayréiécsas a function of1, and /, with n;, denoted as solid
squares

A good allocatiorprocedureprovides sample allocations that result in highfcsval-
ues for anyattributedecision weight (, value); an ideaprocedureprovides a sample al-

location equal tan,; at each/, value. While ngprocedureoresented ifrigure4.9 provides

an optmal sample allocation at everl; value, the step allocatigrocedurs offer sample
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allocations that provide highand often optimat rel fcsvalues for most; values. Sam-
ple allocations provided by theniform and proportional allocatigrocedure are seen to

result in less desirable (darkly shadeal)fcsvalues over many values df.

4.4.4 Comparison of Allocation Procedures

To test the sample allocatipmocedureswe generate800 new concave frontiers (evalu-
ation cases)sing the construction algorithfaachevaluatiorcase was a set of 5 randomly
generated alternatives described by 2 alternatives. Agairfothiger generation process
ensured that the alternatives formed acawe efficient frontier with attribute values re-
stricted to the domain ¢100, 200]. We calculated the nonlinearitii() and general angle
(g) measures for each evaluation case.

We tested each of the sample allocation procedures developed in Sedt&umsing

all 500 evaluation cases and 19 decision mod@sach of the 508valuationcases, we

assigned a pair of measuremenbr variancealues,s? ands?. The assigned ; values

(j =1, 2) were independent, random draws from a uniform distribution with parameters

min =1 andmax= 30. Then, for each of the Jdossiblesample allocations, for each of the
19 attributemodels across the 508valuationcases, webtained ael fcsvalueusing the
samesimulationprocessaused for the training casasdescribed in Sectio#.4.1 For each
evaluationcase and decisiomode| we used each of the sample allocafivacedureso
producea sample allocation. Thel fcsvaluefrom the resuk of the simulatiorfor these
allocations werddentified. The performance of an allocation procedfmeeachattribute

decision weight, was defined to be the avenajdcsof its sample allocation across the
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500 evaluationcases. The uncertainties in the averegefcs were expressed as 9b
pointwise confidence intervals based on the normality assumptions provided by the Central
Limit Theorem.

The general ranking of the allocatiproceduresn terms of performance (averags

fcg from bestperforming to worsperforming is as follows2-parameter stefd-parameter

step, proportional, uniform. Af, values very near 0 and very near 1 the proportiahal
location procedur@nd the steprocedureprovide similar sample allocations(=0 at
/,°0andn, =2 at/ °1) and thus displayed similar performance at trséutede-
cision weight values. A, values near 0.5 the proportioralocation procedurand tte

uniform allocationprocedureprovide similar sample allocationsi{=1, =) and thus

displayed similar performance at theg&ibutedecision weight valueszigure4.10 illus-
trates these general conclusions by displaying, for each of the four allogedmedures

studied, the relative frequency of correct selection averaged adressluation casest

eah /, valueand the 9%% pointwiseconfidence intervafor the true relativé®CSvalue
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Figure4.10: rel fcsvaluesaveraged across all testing cafseshe 2parameter stepllocationfor each/,
value shaded area represents’®®ointwise confidence bounéts the truerelativePCS

As shown inFigure4.10, thesample allocations generated by the unif@liacation

procedurded, on average, tor@l fcsnear 0.80, and this performance is nearly constant

over most values of ;. The averageel fcsfor the proportionahllocation procedura-

creases ag, moves away from 0.5 and towards eitdg~ 0 or /, =1. Overall, the aver-
agerel fcsfor the proportionadllocation proceduris approximately 048 The oneparam-

eter steprocedureprovides a maximum averagel fcsvalue of 0.96at /, =0.95, a min-
imum average value of 0.83 & =0.5, and an overall averagel fcsof 0.88. The twe
parameter steproceduregprovides a maximum averagel fcsvalue of 0.97 at/; =0.95,

a minimum average value ofd@ at /, =0.5, and an overall averagel fcsof 0.92. We
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thus conclude that, for nearly all values f, the twoparameter steprocedure which
leverages the frontier characteristic measures of overall theta and nonlinearity, provides
average relative frequency of correct selection values that are statistically distinguishable
(non-overlapping confidence intervals) and superior tootierallocation proceduse

When one attribute is largely more important than the other (i.e., wh&nnear 0 or
1), and the less important attribute also has mmasuremenincertainty, we have seen
that there is a range of neaptimal sample allocations that have a highfcs Thus, it
appears that it is easier to generate a-opéimal sample allocation wheh, is near O or
1, which would perhapexplain why theevaluationcurves inFigure4.10 tend be lower

when /, is near 0.5 and higher whéey is near 0 or 1.

4.5 Allocation for Three AttributeGaussian Measurement Model

In thissectionwe continue our study of thanglestage allocation method for the Gaussian
measurement modeWe develop allocation methods for a fixed experimental sample
budget across three attributes based on insights gained fremparcal study.

As a continuation of the Gaussian measurement model work presented in Sedtion
the notation regarding the measurement process and the decisionamsodeld in this

k = 3 attribute study. We again assume that the measurement errors associated with the

iid.
measurement pogssesg, ~ N(O, 5) ,i=L..m,| =1,.. 5y and the measurement dis-
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tribution X, ~ N(n,y, 152) Unlike Sectior¥.4, here we assurr‘daatsj2 is known.In me-

trology, it is not uncommofor the variance athe measuring process be well character-

ized and assumed knovWiee P. M., 1997)

This knowledge ofsj2 allows for us to use a conjugate normal prior distribution,

N(ngij, é) to describe thdecisionma k eprior khowledge of theingleunknown true

parameters fothis Gaussian measurement modgl,(the true attribte value) While this

conjugate prior model simplified computatgover the semconjugatemodel used in the
two-attribute study, waeeded taontinue to be cautiousf defining a prior distribution

thatallowed for negative values to be observed withmmegligible probabilitiesand thus

we used the prior parameterg, =150 and¢;, =35°. These prior parameters fag were

chosen to be centered on the domain of the true attribute values as defined in the simulation
study describethelow in Section4.5.1, with a variance that provided as large a distribu-

tional spread as possible without creating-negligible probabilities over negative values

of /m. Upon observig n, measurement samples for attribjité alternativea, , the deci-

sionma k er ' sk nmp iwlpdated and pekented by the normally distributed pos-

terior distribution(Gelman etal., 2004 )displayed in Equatio(4.11).

as? m+n ?ﬁf .25 t
1% .., ~Ngp 2 i o 1 i .
T h NE ST e e “

As discussed in Sectidh3, since the decision model (Equati@rb)) is linear, we are

able to analytically propagate the uncertainty in the decisiank e r * s  k nmptwl| ed g e
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the decision valuex, . That is, giverx;, the total sample data observed in support of alter-

native a , the decisiorma k er ' sk n otmeédecdignevalugX , can beedescribed

by the posterior distribution iBEquation(4.12).

ax  sZp+n A% K, -
XIx ~Ng@ [— 21+ ’ém ¥ , ajzlz’—’ézt (4.12)
ci St g 2 S

Based on these uncertaiacision valuesye used thenultinomial selection procedure
described in Sectio®.4.2to select an alternative.

Like in the tweattribute study, wassumed thahe overalffixed experimentabudget
B = cmk wherec is a positive integemyvasdivided equally among thea alternativesand

further divided among theattributessuch thatn; =--- =, j (i.e., the allocation is the

same for all alternatives).

4.5.1 Simulation Study

We conducted a simulation stusiynilar to thatused in studying the two attribute Gaussian
measurement adel to understand how the experimental sample allocation affects the
probability of correct selectiorHowever, in this case, wepnsidered the situatiomhere
eachof m= 5 alternatives is described bl = 3 attributes Again, each attribute imeasured
usinga different measurement techniquedan exgerimental sample (measurement pro-
cess) generates onendom measurement of one attribute of one alternafive error of
each measurement technique is normally distributed with known vari@heealterna-

tives, when characterized by their trattributevalues form a concave efficient frontier in

R® spaceTheoverall experimental budget &= 45 sample measurements was divided

equally among théve alternatives. The prollem was to determine theampleallocaion
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triplet, (n,,n,.n,) such thatn, +n, 4, % to maximize the probability of correct se-

lection.

We generated a set of 20 training cases, evaluated every possible sample allocation,
and used the results to generate insights for developing sahoglation procedure Each
training case consisted of five alternatives described by three attributdsud halues of
the attributes were randomly assigned from the domajibQg¥, 200], subject to the con-

straints necessaryif nondominance and concavityhe constructionalgorithm used to
generatehe training caseim R® space isrovided inAppendix C

Each attribute was measured with a different measurement technique and it was as-
sumed that the technique maintained a measurement vityittak was consistent across
all alternatives measured. We set the measureeremtvariance of the three attributes
sZ,sZ, ands?, to one of1®? or 30%, which createdhe 2°=8di f f er ent “ measu
err or sdesribedriniablest.3. Again, we referred to a decan case under a par-
ticular measurement error scenaama “subcase and we use the notat
that used in two attribute study, e.g., 7.30.10.10, to refer to decision casereaghre-
menterrorvariancs s’ =307, sZ =107, and s =10°. In this initial simulation experi-
ment for the three attribute Gaussian measurement model, we considered 160 subcases:

each of the 20 decision cases evaluated under each of the 8 measuremecegr&arioss
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Table4.3: Measurement error scenarios for the Gaussian measurementsinualation studyvith three

attributes
Scenario s! s3 s3
1 109 107 10
2 109 107 30
3 109 30 109
4 109 30 30
5 30 107 109
6 30 107 30
7 30 30 1
8 30 30 30

Under the provided assumptions for this three attribute Gaussian measurement model,

we simulated, as described in Sect®f the experimental evaluation procdss each

subcase usingll 55 possible sample allocations defined tas (n,,n,,n,) triplets
(0,0,9 (0,18 ... ( 9,0,X. We defined 39 decision models by applythg ® (/,, 4, ,)
triplets of attribute decisionweights (0.1,0.1,0.8 ( 0.1,0.2,0)7., (, 0.8,0.1X and

(0.05,0.05,0.9 (, 0.05,0.9,0p% , 0.9,0.055) to Equation(4.5). For each decision

model, he parameters of the Bayesian posterior distributionhédecision values (Equa-

tion (4.12)) were calculated based on the outcome of each simulated evalligiog

these posterior distributions af , an alternative was selected using the multinomial selec-
tion procedure andheckedto determinewhether this alternative was theiér best. We
repeated this experimental evaluation simulation a total of 1000 times. The final result was

343,200fcs values: one for each of the 55 allocations, 39 decision models, and 160 sub-

cases.
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4.5.2 Frequency of Correct SelectiorResults

For each of the @0 subcases and each of the 39 decisimdels there is at least one
optimal sample allocation that produced the maxinficsivalue. This optimal sample al-
location should maximize the probability of choosing the true &kstnative For each
subcase andecisionmode| we defined theelative frequency of correct selecti(mel fcg
for each sample allocation as the ratio offtfsdor that sample allocation to thesfor the
optimal allocation. Within the confines of the problem which include thenaliet i v e s’ at
tribute values and the total budget, this relative frequency of correct selection measure al-
lows us to quantify how much better the selection could have been if a different sample
allocation were chosen.

Therel fcsvalues produced by the tramg cases were illustrated through a series of
contour plots such as those presenteHigure4.11. Each panel oFigure4.11 displays

therel fcsvalues for the indicated training subcase under a single decision model defined

by theattributedecision weight pai/, and /, (recall that/,=1 - { -,). Within each

panel, the shaded contours presentréhécsvalues as a function af, and n,, ranging
from dark (lowrel fcsvalues) to light (high, desirabtel fcsvalues). Note that results are

only feasible in the regiom, ¢ 9 -n, since the overabamplebudgetn,+n, #, $.

|
The solid squares within the plots denote the optimal sample allocation for the decision
model. For each desion model there is at least one, but potentially more than one optimal

sample allocation.
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Figure4.11: Contour plots displayingel fcsas a function ofh, andn, for training subcase 2.30.30.30
under decision moddl/, =0.1, 4 =0.8, ,/ 9.}, subcase 7.30.10.10 under decision model (0.8, 0.1, 0.1),

subcase 9.10.30.30 under decision model (0.1, 0.1, 0.8), and subcase 18.10.30.30 under decision model
(0.3, 0.3,0.4). The solid squares denote the optimal sample allocation for the decision model.

The immediate observation to be made frieigure4.11 is that the choice in sanmgl
allocation matters. That is, thel fcsfor the selection problem is impacted by the choice

in sample allocation. Consider, for example, Subcase 7.30.0d fightpanel)where a

sample allocation ofi, =9,n, =0,n, €is indicated to be the optimal sample allocation.
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If a different sample allocation is selectedyn, =1,1, =6,n, 3§, then theael fcswould

be approximately 0.3 and hence, the probability of selecting the true best alternative (cor-
rect selectiopwould be reduced by nearly 70 %.

A second observation that can be made from the pldtgure4.11is that when the
decision models are such that high weightlghig value) is placed on one of the attributes
and the other two attributes receive low weight, the optimal allocation is to allocate all or
nearly all of the budget¥ samples) to the highly weighted attrth. This trends illus-

trated bySubcased.10.30.30 under decision model (0.0,1,0.8), (bottom left panel of

Figure4.11) andwas seen repeatedly throughout the 160 training subcases.

4.5.3 Allocation Procedures

We again consider thaniform allocation procedurand theproportional allocation proce-

dure In this thre attribute study, the uniform allocation procedure is defined as

n,=n, M, =.The proportional allocation procedure is defiresth, = round(/l%) :

w

n,= round(/m), n,=2 -n, R,.As an example of #thproportional allocation proce-
dure,when theattributedecision weights ar€0.1,0.5,0.4 and the budgeB/m=9, then

the sample allocation equa(s 5,3 .

The results from the training cases also shotvéda t
all of the budget to only one attribute (while the others are not evaluated) were optimal
allocations for some of the Z8tributedecision weight triplets, especially those in which
one weight is near 1 while tls¢her two weights are near 0. This observation was consistent

with observations irthe previous work involving two attributes. We thus created two
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“zone” apploachethat determined the allocation based orditiebutedecision

weight values of/,, /,, and/,.

The 3-zone allocatiorproceduresassigns the allocatio(n,,n,, n,) =(9,0,0 when
the decision model has/a valuenear 1 assigns the allocatiof0,9,0 when the decision
model has &, valuenear 1 and assigns the allocati¢0,0,9 when the decision model

has a/, valuenear 1 The4-zane allocationprocedureassigns the same allocation as the

threezoneallocation procedurexcept for decisiomodelsin which all of theattribute

decisionweights are between 0.2 and 0.4; to these tripletpribeedureassigns the allo-
cation(n,,n,, N,) =(3,3,3. Figure4.12illustrates the sample allocatiopmvided by the

3-zoneand4-zone allocatiomproceduress a function of decision model.

Three Zone Allocation Four Zone Allocation
2 Jm (n1,n2,n3) % |m (ny,ny,n3)
— | (03 03 9) — | (0’ 0’ 9)
~ e m m (0,9,0) ~ | mm m (0,9,0)
< | (9,0,0) < | (9,0,0)
—|/ m mm - m EE 3.3,3)
<L 24 mmmn S 24 mmmnm
— E B RN — [
= E NN e E N
— E E N — HE E N
e I I = - " B EN
(= ™ < |
T 1T 1 I I I I I [ I I I [ | | | |
0.1 0.3 0.5 0.7 0.9 0.1 0.3 0.5 0.7 0.9
?L| 7\1

Figure4.12: Sample allocation definitions for tfezone (left) andl-zone (right)allocation procedure
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4.5.4 Comparison of Allocation Procedures

To test the samplallocation procedue we generated 500 neencave frontiersefvalu-

ation cases)using he constructioralgorithm to generatthe casein R’ spacedescribed
in Appendix C Eachevalwationcase was a set ofi =5 randomly generated alternatives
described bk = 3 attributesThe frontier generation process ensured that the alternatives
formed a concave efficient frontier with attribute values restricted to the domain of
[100, 200].

We tested the samplallocation procedusedeveloped in Sectioa.5.3using all 500
evaluationcases anthe 39 decisiormodels used in exploring the training cases each

of the 500evaluationcases, we assigned a triplet of measureraawol variancevalues,
(sf, é §>) The assigneds ; values j =1,2,3, were independent, random draws from

a uniform distrilution with parametermin =1 andmax =30. Then, for each of the 55
possible sample lalkcations for each of the 39 decisiomodels across the 500 testing
caseswe obtained ael fcsvalue using the same simulation process used for the training
cases adescribed in Sectiof.5.1 For eaclevaluationcase and decisiomodelcombina-

tion, we used each of the sample allocafiopcedure$o produce a sample allocatidrhe

rel fcsvalue from the results of the simulation for these allocations e@m@uted The
performance of m allocation procedurdor each decisiomode| was defined to be the
averagerel fcsof its sample allocationcaoss the 500 test cases. The uncertainties in the
averageel fcswere expressed as 9bpointwiseconfidence intervalfor the true relative

PCSvaluebased upon the normality assumption as justified by the Central Limit Theorem.
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When /, = / =, the proportionakllocation procedurand the uniformallocation

procedureprovide the same sample allocation = n, and thus th@rocedurs

i3 3m ’
displayed similar performance near these decision weight values. Otherwise, the propo
tional allocation procedurg@rovidedrel fcsvalues that exceeded those provided by the
uniformallocation procedurd-igure4.13 illustrates these general conclusions by display-
ing, for each of the fouallocation procedurestudied, the relative frequency of correct

selection averaged across all test cases and thep@bntwiseconfidence intervafor the

true relativePCSvalueat each decisiomodel
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Figure4.13: rel fcsvaluesaveraged across all testing casegHer4zone allocation foeachdecision
weight value shaded area represents?®pointwise confidence bounéts the truerelativePCS

The 3-zone and 4one allocation procedurghich leverage extreme sample alloca-

tions, provided the largest| fcsvalue as/; approaches 1 for any=1,2,3. However, as
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the /, move away from 1 and approach equality/atthe performance of thé and4-
zone allocatiorprocedurs rapidly decreases. With few excepis, when0.3¢ /; ¢0.€

for any j =1,2,3, the averageel fcsvalues provided by thg- and4-zone allocatiorpro-
ceduresither the average! fcsvalues provided thaniform and proportional allocation
proceduresOnly when0.2¢ /,  ¢0.4for all j =1,2,3 does the performance of thezone

allocationprocedureexceed that of thd-zone allocatioprocedurelt is within this range

of /j that thed4-zone allocation utilizethe uniform allocation.

4.6 An Optimal Allocation for Gaussian Measurement Model

In this sectionwe continue our study of singlage allocation methods for the Gaussian
measurement model first introduced in Sectich Here we take an analytical approach in

an attempt to develop optimallocation proceduse

4.6.1 Assumptions

While many of the assumptions astatel elsewhere in this dissertation, wevideherea
compehensiveset of assumptions for this analytical study of sirgjge allocation meth-

ods for the Gaussian measurement model.

I. The set ofndistinct alternatives{a,,...,a,} , is provided, wherenis a finite pos-

itive integer such that all alternatives can be assessed.
2. Each alternative is described ky 2 attributes.The true but unknown value of

attributej of alternativea, is /7. Separate and iegppendent measurement processes
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are used in obtaining measurement data (samples) for each ataiizlifer a given

attributej, the measurement process is the same for=ll...,m alternativesThe

measurement data are collected in a single experimental effort {stagk).n, is
the number of samples observed for attrigutéalternativea, . We representhe

outcomes of the measurement prodgsshe random variabl;, =m +ge. The

iid.
random measurement error associated with each observajon, N(O, ;3)

i=1..m;l =,..n,ands? is known. It follows thatX; ~ N(n,y, 152) with re-

alizationsx;,,..., %, . Note that it is common in the field of metrology for the error

associated with a continuous measurand to be modeled with a Gaussian distribution
(Joint Committee for Guides in Metrolog®008)and for the variance of this dis-

tribution to be well characterized and assumed kngwee P. M., 1997)

. Also provided is a decision modek = f ( #..., /) :é_T:l J-\/j/( ) that re-

ij

flects the decisiooma k e r s pructure and @mhines tre multiple attribute
values to produce a decision valug, for each alternative, . The decision model

is a multiple attribute linear value model with linear individual value funstio
v (17.]) = (1. Thedecisionweights, /, are defined such tha T:l/]. =1.

. The total fixed experimental budgiet terms of sample observatiqrdenotedB,

shall not be exceeded and the cost of each measurement is equivalenB i§hus,
the upper bound on the number of measurements that can be performed. Unlike in
our empirical studies, we do not assume that the allocations be equivalent across

alternatives
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5. The decisionmaker seeks to maximize the probability of selecting the true best

alternative PCS.

4.6.2 Expected Value Selection using Maximum Likelihood Estimation

The decisiormaker uses the limited number of measuremegts.,.., %, , to estimate the
true value,m, of attributej of alternatived, in support of the selection decisidunder
the Gaussian measurement model whete~ N(niy, .ﬁ) and s? known, the maximum

likelihood (ML) estimator forthe true attribute valuen is the samplenean of then,

measurementsdy = X; =3 "% (because the measuremens...,x, are assumed

to be i.i.d. it follows that )?ij ~ N(qy,i—f)). Since the decision model is line&ssumption

3), it follows fromthe invariant property oimaximum likelihood estimator&Casella &

Berger, 2002}hat the maximum likelihood estimatoof the alternatives true decision

values are x :é; (X;,1 4,...,m. And further, X ~ N( g(a']( ﬁ) Using maxi-

U =1 N
mumlikelihood estimation, decisioamakerwho selects an alternative using the expected

value selection procedu(8ection3.4.]) will selectalternativea, such thats=arg maX)?i
1

The probability of correct selectioRCS is the probability that the alternative identi-
fied for selectiona,, is indeed the most preferred alternative (largestdesesion value).

The primary goal of this work was to determine, givenpiteridedassumptions, the num-

ber of samples (measurements), required to maximize tHeCSsuch thatg 21 a:( N

122



does not exceed the totadperimental budge®. This sample allocation problem can be
expressed by the optization problem in Equatio®.13).

maxPCS= H a is actually the most preferred atiative)
0

m k
st g an¢B (4.13
i=1j 2
n 20
Without loss of generality, we assume tha® x I 2,...m. That is, alternativey,

is truly the most preferred alternative. Given this assumption and that the decaien
will use theexpected valuselectionprocedurausing maximumikelihood estimation, we

canstatethe more precise definition #fCSas provided in Equatiof.14).

PCS=Ha =g) #x & i2.=0) é(_ix_l )o)l (4.14)

We can thus restate the sample allocation problem of Equ@id8 as Equation

(4.15). Note that the final constraint in Equatig¢.15) is due to lhe requirement that

n, 21 "i,j toallow for X; , and subsequently; , to be computed.

st q an¢B (4.15)

We first consider then= 2 alternatives case. The objective function in Equatdbib)
=1

thus becomes maxP()?z- _f(<0) and s$nce X -~ N( x3 " ﬁ) then
i

X, - X~ N( ) X- 1,3'; a:( 4%) This yields the definition oPCSprovided byEqua-

tion (4.16).
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% & (4.16)
’.. 2 s /sz
ai=l a] E r\j

F (y) in Equation(4.16) denotes the standard normal cumulative distribution function

B >

PCS= Hx, - ¥

O

evaluated ay. Becausd- is a monotonically increasing function awg- X >0, maxim-

izing PCSrequires minimizingy izzl a'; 4/,-;_{ Note that this expression is the sum of the

mean squared errors (MSE) of the estimatqrand x, (see(Casella & Berger, 200Zpr

discussion of MSE)Therefore, lhe optimization problem iEquation(4.15), with m= 2,

is equivalent to that provided in Equati@hl?)

2 k17 g
minz=3 a—-—
M i=1j % nij

2 k
st Qq an¢B (4.17)
i=1j 4
n21
We restated the second constraint of the nonlinear optimization problEquation

(4.17) as-n, ¢ 1, and derived the optimal solution displayed in Equa#ol8) usirg the

Kuhn-Tucker conditiongWinston, 2004
é ~
e hs B o, 42b £. Kk (4.18)

ab .k
(;‘%'jzlli‘? 9

Since the objective functiom, in Equation(4.17) is the sum of convex functions, then
Zis too a convex function. As the constraints of this minimization problem are linear, they

are also convex. Therefore, the Ktihucker conditions are necessary and sufficient for

the solution displayed in Equati¢4.18) to be an optimal solution.
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Whenm> 2, there is no closetbrm expression foPCSas definedn the objective
function ofEquation(4.15). The solution to then = 2 case suggested an approach to over-
come this dilemma, so we derived a sample allocattonedurehat minimized the sum

of the mean squared errors of the estimakgrsi =1,...,m subject to the constraints pro-

vided inEquation(4.15). The solution to this genenalalternative prblem is provided by

Equation(4.19).

o ~

a
n =@ o3 E ad4..mb .k (4.19)
gajzllj g E]

Note that in Equationgt.18) and(4.19), the sample allocatiom,, , is dependent only

on the second indek, which represents the attribute. This means that for this satgége

problem, the sample allocations may vary across attribute, but are equivalent across the

alternativesWhile equivalent allocations across alternatives was a constraint placed upon
the solutions in our empirical studies (Sectigh84.5), it is interestingo note that here,

equivalent allocations across alternatives is a property of the derived optimal allocation.

Because the number of measurements made on any attribute must be an integer value

greater than or equal to one, and the total number of measuiemust not exceds] we
implement the following rounding rule, which completes our definition of the sample allo-
cation procedureising the expected value selection procedurenaaximum likelihood

estimation(MLE EV allocationprocedurg.

I. Calculate then, according to Equatiof4.19) for alternativesa, i =1,...,m and
attributesj =1,...k.

2. Calculatenj =gn , whereg is the ceiling function.
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3. Calculater; =nj - .

4. CalculateO=3 " é;‘ir]j -B.

5. Order thenj , 1 in decreasing order af . (For any j,r;; =--- #.,; thus, for each
such thatnj , 1, the nj are ordered in increasing orderi9f

6. Subtract 1 from each of the fir6t orderedn;; these adjusted;j are the sample

allocations for alternative, and attributg.

We first evaluated thtMLE EV allocation procedurasing a simulation studsimilar
to those used in the empirical studidSectionst.3-4.5that allowed for us to compute the
rel fcs We calculated theel fcsthatresultedover a range of 19 decision modeleena
sample budget d = 50 was allocated ton = 5 alternativesandk = 2 attributes using the
MLE EV allocation procedurand an alternative was selected uding expected value
selection procede. Recall that theel fcsprovides a performance measure of the sample
allocation suggested by the allocation procedure versus the optimal allocation. This al-
lowed for us to gauge the level of concessions made by adopting the easily computed allo-
cation povided by Equatiorf4.19) rather than working with the intractable multiple inte-
grals required for the definition #fCSwhenm > 2.

It was our desire to draw an evaluation conclusion that was valid over the population
of all possible decision cases with=5 alternatives described by=2 attributes whose
true attribute values formed a coneavefficient frontier with a domain
[100, 200] x [100, 200]. To accomplish this, we sought a random and representative sam-
ple from this population against which the allocation procetlwoild be evaluateBe-

cause we recognized that the construction methsed in the empirical studies for the
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generation of the testing and evaluation cases did not sample concave frontiers from the
population space withniform probability we turned tothe rejection algorithndescribed
in Appendix Dto generate decision cas@$e rejection algorithm assured that each deci-
sion case in the population had an equal likelihood of being accepted as an evaluation case.
And therefore, we awsidered any set of evaluation cases generated using the rejection al-
gorithm as random and representative of the population.

Usingtherejection algorithm, w generated 500 concave efficient frontiengafuation
cases), each consisting mf= 5 alternatives described = 2 attributes.This required
generating, on average, 2,922 sets of pdmt®ach accepted concave efficient frontier.
As in our previous studies of the Gaussian measurement modstatitard deviation of

the measurement ar for each attribute of each evaluation case was randomly generated

from aUniform[l, 3(] probability distribution We simulated, as described in Sectdba
the experimental evaluation process for each evaluation case usiht $henple alloca-
tionsthat provided equivalent allocations across alternatieéised ashe (n,,n,) pairs:
(0,10 (1,9 ... ( 10,p. Based on the outcomef the simulated evaluation process for
each evaluation case under each allocation, we calculated thestithatorfor the true

attribute value,fiy = X =§J—a l“;l X, . For each of 19 decision models definedthgy 19
unique(/,, 4) pair ofattriouteweights (0.05,0.9% ( 0.10,0.90.., (, 0.95,0), we cal-

culated theML estimatorof thetrue decision valug x = 3 I,-(=1 {X; . An alternative was

selected according to the expected value selection procedure and compared to the true best.
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We repeated this experimental evaluation simulation a total of 10,000 times. The final re-
sult was104,90 fcsvalues: one for each of tHd allocations,19 decision models, and
500evaluationcases.

For each evaluation case, we calculated, for each deasodel, theel fcsprovided

by the MLE EV allocation procedure as the ratio offtts®f its allocation to thécsof the
optimal allocation (assuming equivalent allocations across alternatitesach/, value,

we calculatedhe averageel fcsacross th&00 evaluation case®Vith one being the ideal

performance measunealue we observed a distribution of averagg fcs values that
ranged frona low of 0.994 at, =0.65, to a high of 0.998 at, = 0.95. These observations

illustrated that although the MLE EV allocation procedure was not derived as an optimal
solution, it does perform at a near optimal level when evaluated against the performance
of sample allocations that proeicequivalent allocations across alternatives

Our second evaluation of the MLE EV allocation procedure was to compare its perfor-
mance against the performance of a uniform allocation procedure that used maximum like-
lihood estimation and the expected valakestion procedure. For reasons that will become
clear in the following sections, we chose to perform this comparison using the absolute
measuras an estimate ¢fCS rather tharconsidertherel fcs

In general, for each evaluation case, the evalnatonsisted of a number of sample
measurements (as defined by the allocation procedure) being simulated and an alternative
selected according to a selection procedure and compared to the true best alternative. We
thus had a Bernoulli trial for each evaiioa (either succeeded or failed to select true best
alternative). Because the evaluation decision cases are unique, so too are the associated

Bernoulli success probabilities. As an evaluation metric, we were not interested in these
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individual success pralbilities, but rather, the success probab{RZS of the allocation
procedure over the population of all decision cases. Random effects md&slarte et

al., 2006)provides a method to account for variability amongstetlauation cases when
estimaing the overall population success probability. Fletsal.(2003)a ddr ess t hi s
timation of the marginal mean proportion”

portion (Equatior(4.20)) as an unbiased estimate.
p=2a,"n (4.20)
Here,mis the number of evaluation cases,is the number of evaluations made on case

i,n=§ in:ln ,and p :Eé- ?:1yu' , Wherey, is the Bernoulli outcome of th# evaluation

. - . x M sl
of casd. Assumingn evaluations are made on each case, fher;a _, @ .Y andthe

variance of p is provided by Equatio(4.21).

ar(p-n)

Var(p)=—= (4.21)

We note from Equatio.21) that the variance of the estimator for the overall popula-
tion success probability is independent of the number of evaluationade on each case,

and decreases as the number of evaluation caseg;reases. To keep the variancef

small, we chose an evaluation experiment design that makes only a single evaluation of
each of a large number (50,000) evaluation decision cases.

We also used the varianceduction techniqgue of common random numbgieswy,
2007)across the comparisons of the allocation procedures. To reduce the variability in the
comparison of the results from the allocation procedures, for each evaluation case, a set of

N =10 sample measurements were randomly drawn from the measurdisteibutions
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that defined each alternative of each attributgh(mean equal tthe true attribute value
and variance equal to the variammfehe measurement error). These sample measurements
were used in the evaluations of all of the allocation proedas needed. For example, the
first 5 sample measurements for each of the alternatives and attributes was used in the
evaluation of the uniforrallocation procedure

We estimate the PCSfor the MLE EV and uniform allocation procedut@screaing
50,000 evaluation cases with= 5 alternatives described Iy~ 2 attributesusing the re-

jection algorithm The standard deviation dhe measurement errdor each attribute of

each evaluation case was randomly generated frblmif@rm[l, Bq probability distribu-

tion. We simulatedas described in Sectigh2, a single experimental evaluation process
for each evaluation case under the allocation plexvibyeachallocation procedure. Based

on the outcome of the simulated evaluation process for each evaluation case, we calculated

m=X =8 Eﬁﬁl and subsequently =3 l,-(=1 (X, , for each of 19 decision models

defined by the 19 unique (/1, 4) pair of attribute decision weights

(0.05,0.9% ( 0.10,0.90.., (, 0.95,0). An alternative was selected according to the ex-

pected value selection procedure and compared to the truelbsstesulted in 50,000
true or false (core selection made) observations for each of the 19 decision models for
each allocation procedurg@o estimate thd?CS we computed the pooled averafes
(Equation(4.20)) and its variance (Equatidd.21)) over the 50,000 evaluation cades

each decision model amdlocation procedurdJsing thenormalityassumption as justified

by the Central Limit Theorepwe computed th®5 % pointwise confidence intervals

These results are providedrigure4.14.
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Figured4.14: EstimatedPCSvalues for the MLE EV allocatioaver the 50,000 evaluation cases; shaded
area represents 95 % pointwise confidence bounds.

We observe fronfrigure4.14 that theestimated®CSvaluesprovided by theMLE EV
allocation procedure are only slightly larger than those provided by the uniform allocation
procedure. Thesgerformancevalues are statisally indistinguishable (overlapping con-

fidence bounds) whef.4¢ /, ¢0.7. We further note that while threl fcsvalues for the

MLE EV allocation procedure was near the optimal value of onestimated®CSvalues
wererather low. This ray be a function of the sample size used in the evaluatiperhaps
a result due to the limitations of the allocation and selection procedures, e.@llardy

tionsproviding equivalent allocations across alternataesproduced.
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4.6.3 Expected Value Seletton using Bayesian Estimation

Under the Bayesian paradigm for estimation, we assumebifate collecting any meas-

urement data, the decisina k er ' s knowl edge of thepg,unknow
can be described by tlenjugate normal prior distributioi (ngij, é ) anda priori, the

m are independent Upon observing the normally distributed measurement data,

Xi1--- %o, o the decisiorma k e r ' s k mpiswipdatedyaaed poedented by the normal

posterior distributiofGelman et al., 2004h Equation(4.22).

és?/gﬁr} X 8t
2% X ~Nggt—— 3% 4.22
TP TN g T 42

Assumption3 of Section4.6.1providesx = q 'J_‘:l v ( i )7 for each alternatives, .

The posterior distribution of the decision value describes the decisiema k er ' s
knowledge of the true decision value for alternatdye after observingy, measurements

for the estination of each of th& attributes X, =X,;,... X4 s Xopee Xaveees ¥ 10+ ¥, -

The posteriordistribution of x; is presented in Equatiqd.23).

o 2 24— 2
o8 /SN oY %1,-2‘ | $ Zf
ci NG i s gt

(4.23)

Using Bayesian estimation,decisioamaker who selects an altative using the ex-

pected value selection procedure (Sect®d.l) will select alternativea, such that

ax sim+n ix
s=argm /j i 2! /I
'a)?i'i Sp+n 4
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As we did deriving theallocation procedureising maximum likelihood estimation

(Section4.6.2, we assumed thatx,> x 'I 2,...m and defined the?CS using the

Bayesian estimation ofx, (Equation (4.23)) and the rule to selecta, where

2
s=argm /j I‘? o' . With m= 2 alternatives this led to the opiization
! QJ_| ] é
problem of Equatioi(4.24).
é k 52 +n 2 m 2 m 2
&y, Si Mty A M, M
ag'l bos?en £ ! .25+n 2t
maxP( f(<0) =g j i 0y ] 02
" & 2K, Nl §
& a a;
(? =12 (s +n, é)

2k
st g an¢B (4.24)

i=1j 2

ﬂ,- 20
Because the unknown attribute valugg, in Equation(4.24) cannot be separated from
the decision variables), , we chose to minimize ttgim of the mean squared errofshe
estimatorsp()(i | X ) We present thisevised optimization problem for thlgeneral case

with m alternativesn Equation(4.25).

m s? ¢
mlnz /5
" a‘lle Ch +rh é
st é. é_r]j ¢B (4.25)
i=1j 2
n20

The optimal solution to this genenal alternative problem, found using the Kuhn

Tucker conditios, is displayed in Equatiq@d.26).
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Here, thesample allocation is dependent onlylwsth indicesa andb, which means

that the sample allocations may vary acrbgth attributes and alternative. This would

happen only when the prior knowledge differs from one alternative to another; more spe-

cifically, when thevariances of the prior distribution:sgij , differ from one alternative to

another.

When there idittle prior knowledge of the true attribute valueg,, that is, the prior
distribution for the/m are diffuse and the variances of the prior distributimﬁas,are very

large, thentte limiting posterior distribution fory can be st&d as displayed in Equation

(4.27).

%))

O Qo
XI
= |
1-QD: Ot
Q
(7]
= N}
1
o]

AR TN ~N (4.27)

Further, aygu. - o, the allocation solutionsing the expected value selion proce-
dure underBayesian estimation displayed in Equati@®6) converges to the solution
found using maximum likelihood estimation provided in Equaf#.19).

We finalize our definition of the sample allocation procedisiag the expected value

selection procedure arRhyesian estimatio(BayesEV allocation procedur@ by provid-

ing a rounding rule that assures that the number of measurements made on any attribute is

a nonnegative integer andhatthe total number of measurements does not exgeed

I. Calculate then, accordingto Equation(4.26) for alternativesa, i =1,...,m and

attributesj =1,.. .k .
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2. Calculatenj =gn , whereg is the ceiling function.
3. Calculater; =nj = .
4. CalculateO=3 " é;‘ir]j -B.

5. Order then;j in decreasing order af . (For any j,r,; =--- ¥, ; thus, for eacl, the

mj »
nj are ordered in increasing orderigf

6. Subtract 1 from each of the fir6t orderedn;; these adjustedj are the sample
allocations for alternativey, and attribute .

It has been observed thathenthe variances of the prior distribution%,j , are very

small, the sample allocations resulting from the rounding rule may be negative. In this case
the samplallocation must be set to zero.

As we did in Sectiod.6.2 we performed a computational experimenéwaluate the
Bayes EV allocation proceduoer a range of 18ecision models whensample budget
of B=50was allocated ton =5 alternativesandk = 2 attributes and an alternative was
selected using the expected value selection procedure. Because there is no constraint re-
quiring equal allocations across theeatftatives in the Bayes EV allocation procedure, the
number of possible sampl e akphrbcompositianmicd ¢ an

n problem from the field of combinatorial

. an+ - : : :
coefficient as the number of distinct allocations of thebjects among bins,
C n

where the number of objects in any bin can include @eedler, 1950) For each of our

evaluation cases we haBe= 50samples to be allocated amang=5 x 2 = 10alternative
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480+ 10 -1
and attribute * lg,el 9152]6 P16 hossible allachtibns. Since

we cannot possibly evaluate all 12.6 trillion allocations for each evaluation case to deter-
mine the optimal allocatiorwe cannot compe therel fcs Thus, wesimply present the
results as absolutesvalues an estimate of thBCS

Using the absolutécs measureas an estimate of teCS we compared the perfor-
mance of the Bayes EV allocation procedure to the performance of a unlfocatian
procedure that used Bayesian estimation and the expected value selection procedure. We
used the sam®0,000 evaluation casesd variancgeduction techniquethat were used
to compare the MLE EV to the uniform allocation procedure that used maximum likelihood
estimation and the expected value selection procedure in Sédi@We assumed that

thedecisionma k earptios knowledge of thattribute values/m , were modeledy the

N (ngij, é ) prior distributionwith 73, =150 and ¢, =35° for all attributes for all alter-

nativesfor all evaluationcasesWe simulated, as described in SecdoB a single exper-
imental evaluation process for each evatratiase under the allocation provided by each
allocation procedure. Based on the outcome of the simulated evaluation process for each
evaluation case, we calculatdte parameters of the Bayesian posterior distributions for

the decision valuesEQuation(4.23)), for each of 19 decision models definedthg 19
(/,, 4) pair of attribute decisiorweights (0.05,0.95 ( 0.10,0.90.., (, 0.95,0). An
alternative was selected according to the expected value selection procedure and compared
to the true best. This resulted in 50,000 true or false (correct selection made) observations

for each of the 19 decision models for each allocation procetimestimate théCS we

computed the pooled averafgs (Equation(4.20)) and its variance (Equatiqd.21)) over
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the 50,000 evaluation cases for each decision modehliwhtion proceduredsing the
normality assumption as justified by the Central Limit Theqres computed th85 %

pointwiseconfidence intervalsThese results are providedRigure4.15.

Bayes EV
—0— Uniform

PCS
040 045 050 055 060 065 0.70
|
o
o

I I | I I I I I I [ | I | I I I I I I
0.05 0.15 0.25 0.35 0.45 0.55 0.65 0.75 0.85 0.95

A

Figure4.15: EstimatedPCSvalues for the Bayes EV allocationer the 50,000 evaluation cases; shaded
area represents 95 % pointwise confidence bounds.

We observe frorfrigure4.15that thePCSvalues provided by thBayes EV allocation

procedure are larger than those provided by the uniform allocation procedure when
/,<0.3 and /,>0.75, but otherwise the performance values are statistically indistin-
guishable (overlapping confidence bounds). As the difference betweesnd 0.5 in-

creases, so too does the difference in the performance of the allocation procedures.
We end this section with a comparison of éiséimated®CSvalues resiting from the

Bayes EV and the uniform allocation procedutgat used Bayesian estimation and the
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expected value selection procedtoehe estimated®CSvalues resulting from thBLE
EV and the uniform allocation procedures that used ML estimatiorharekpected value
selection procedur&ectiord.6.2. Theestimated®?CSvalues pooled averagis) and the

95 % pointwiseconfidence intervalfor each allocation procedure are presentdeignre

4.16.
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Figure4.16: EstimatedPCSvalues for the Bayes EV andl EV over the 50,000 evaluation cases;
shaded area represents 95 % pointwise confidence bounds.

Werecognize that thBayesan estimation approa@udds informatiorabout the attrib-
ute values in the form afprior dissertationThePCSvaluesthat resulted whetieuniform
allocation procedure was used with Mktimationand those that resulted whtre uni-
form allocdion procedure was used wiBayesian estimation are nearly identical (as

shown by the black overstruck plotting charactersigfire4.16). This implied that under
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the uniform allocation procedure, the information added by the Bayesian gnas,the
nonspecific (same for all alternativesdaattributes) and diffuse nature of their distribu-
tions, had minimal impaain thePCSresults

The results oFigure4.16 do thoughillustrate the benefit of evenehslightesamount
of additional information when considering the allocation procedure. Whénnear 0 or

1, we see that theCSresults from the Bayes EV allocation procedure are distinguishably

larger than those provided by the MLE EV allocation procedure. We ascribe this to the fact
that near these extreme values/of theprior information allows th8ayes EV allocation

procedureo allocate all observations to a single attribute while using only the prior infor-
mation to estimate the other. This maximizes the information gained about the exceedingly
important attribute. With the MLE EV allocation procedat least one observation must

be allocated to each attribute. This impact in information gained may be large with only 10

observationsnadeon each alternative.

4.7 Sequential Allocation for Gaussian Measurement Model

The work presented in thprevious setionsof this chapteconsidered singlstage sample
allocation plans for multiple attribute selection decisions where the complete allocation
plan is determined before any samples are collected. Here we consider a sequential alloca-
tion approachwherethe experimental effort is divided into stages, each consisting of a

single sample. Within each stage, the decisi@aker determines, based on his current
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knowledge, which single alternative and attribute pair to sample next. This process is re-

peated until thexperimental budget is exhausted and a selection decision iy Figulies

4.17).
Stage 0 Stage 1 StageB
1 - 1. Sample 1. Sample
2. Analyze —» 2. Analyze —» ...—» 2. Analyze
3. Allocation 3. Allocation 3. Selection
Decision Decision Decision

Figure4.17: Sequential allocation procedure

In staget =0,...,B -1, thesequential allocatioprocedureanalyzes the available in-
formation and identifies the alternative and attribute to sample in stag€that is, the

next sample is allocated to that alternative and attribute)nli@) be the number adb-
senationsand x; (t) = %1+ X, ) O€ the data collected in staghs. .t for alternative
a and attributej (note that n, (0)=0, "i,j). Let X (t)=x,(t),....x(t) and
X (t) =x,(t),...x,,(t). In stage B the final sample is collectedthat is,
a., é’_kir\j (B) = B, and the selection decision made.

In many multistaged and sequential allocation procedusasnitialization set of ob-
servations are taken to gather preliminary informatibout each unknown value to be
used in the subsequent stages of the allocation proc@glechhofer et al., 1995; Kim &
Nelson, 2006; Chen & Lee, 201BHor each unknown valu&€hen and Le€2011) sug-
gestedan initialization set obetween 5 and 20 observatipasd Kim and Nelso(2006)

suggested 10 or more observations. While the information gained from theseitiaf
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observationss valuablein making subsequent sategllocationsjt may be cost prohibi-

tive in the multiple attribute setting. Initially observing each ofrthétiple attributs for

each of the multiple alternatives 5 or more times can quickly approach theniéal and

fixed measuremerttudget Forthis reason, we do not require an initial set of observations
for our sequential allocation procedure, but rather allow the allocation procedure to dictate

how to allocate all measurement samples.

4.7.1 Allocation ProcedureDerivation

To develop this sequential allocatiprocedureor the Gaussian measurement moded, w
began with the assumptionwovided in Section4.6.1(with the modificatiorto Assumption

2 that he measurement data are collected se@uentiabxperimental effojt Further, we
assumd that he decisiormaker will desdbe the attribte valuesand decision valuess-
ing Bayesian posterior distributisfEquatiors (4.22) and (4.23)) and thatthe decision

makerwill use the multinomial selectioprocedurgSection3.4.2. Under theseassump-
tions, Equation(4.28) gives the probability p,, that alternativea, has the largest decision
value.
p=P(x >x t' 1=..mr i) (4.28)
If the decisiormaker selects alternative, then the probability of correct selection is
the probability p,, thatalternativea, has the largest decision value (Equati©29)). The
decisionmaker who wants to maximizePCS will select alternative a, where

s=argmaxp.
PCS=p =Rx, » rl=,mr $ (4.29)
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When developing the Optimal Computing Budget Allocation (OCBA) method, Chen
and Leg(2011)definedPCSin a manner similar to Equati@d.29) but suggested that the
alternative be selected based upon its expected decision value. We see the maultinom
selectionprocedureto be more directly aligned with the decisoma k er ' s obj ect i
maximizing thePCSthan a selection based on the expected decision WAleeote that
the approach presented here could be modified to represent a dewdienwlo plans to
select the alternative with the best expected value.

Returning to the sequential allocation procedure illustrat€ture4.17, we note that

in any stagd =0,...,B,the decisiorma ker ' s current knasgileemdge o

by the posterior distributiorp(ng | X150 % ,,(t)), and subsequent current knowledge of

the decision valuesp(x |, (t)), can be obtainefr all alternativesa,, i =1,...,m and all
attributes j =1,... K. It then follows thathe probability p,, that alternativea, has the
largest decision valueEQuation(4.28)) can be calculated and the alternatagewhere

s=argmaxp identified. Thus, th€CSat stage is as described in Equati¢4.30).

PCS(§=Hx, >x t Lm..mr siX(})
=/ e P #IX(1))d,xd

X> %'t E.myr s,

(4.30)

The joint posterior probability distribution of,,..., X at staget, p(x,..., ¥|X(t)),is
the product of the individual marginal distributions (probability density of Equédi@B)

given x; (t)). This follows from the coritional independence of the measuremeits,,

and the prior independence of the true attribute valups,
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Simply stated,Equation(4.30) provides, given thalecisionma k er ' s knowl ed
staget, the probability thathe selected alternatived,, has the largest decision value.
While we chose to use the multinomial selection procedure that idergified the alter-
native that provides themaximumPCS other selection procedures may be used to identify

a, with PCS( 1) again calculated according to Equat{d80).

To make the sample allocation decision at stage note that theaxt sample X, (...
ij

observed from alternative and attribute fajt, j), will lead to a newPCSvalue (seeFig-

ure4.18). Although the value of the sample and the subsequenP@Sgannot be known
until the observation is made, the probability distribution of each can be described based
upon the decisiomake * s current knowledge. The distr.i

described by its posterior prediaiwdistribution (Press, 1988; Ntzoufras, 2008)ith
density p()gjnij(tﬂ) X, (t)): ﬁp( Xor ¢ 9 |’7i7) p( mix (1)) d; 7. Given our normality as-

sumptions and Bayesian framework, the predictistribution ofx, .,

is provided by

the normal distributioifiLee P. M., 1997 Equation(4.31).

ast g+n (1) ax (9 9t
Xin @) 1% (t) ~ N~ . R (4.31)
i £ sien (1) § s (Y gt

For each of thenk alternative and attribute paios the allocation decision illustrated

by the decision tree iRigure4.18, assuming that the multinomial selection procedure is
usedthe expectedPCSin staget + 1 if attribute] of alternativea, is sampled can be cal-

culated according to Equati@a.32).
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a 0
° R ~ ~ 0
rmm,a),(m F}K. q p(Xn. ] ‘K |X(t) ’)S].nii(t‘*l)) d l'X' d m /6( )Iﬁ_iij (t 'ﬂ.) kl( 9) d%ij(t 3_
- e Xq> KT O

(;‘, r4,..m -

(4.32
For a giverattributej andalternativea, , the inner multiplentegal of Equation(4.32)
provides, given thélecisionma k er * sk n o wt hreltthegkaowladge frorh @ mpe

tential new observation,, ., , the probability that alternative, has the largest decision
ij
value. The maximum such probability over afi alternatives (i.e.q=1,...,m) provides

the PCSaccording to the multinomial selectigmocedure Multiplying the PCSby the

posterior predictig probability density and integrag overthe possible values oﬁjnij (t+)

provides theexpectedPCSin staget + 1.

Thesequential allocatioapproach allocates the sample in stiagéd to the alternative
and attribute pair that yields the maximLEr( PCS ( t+1)).

Upon collecting the final observation in staBethe sequential allocatiompproach

calculates the probability, that alternativea, has the largest decision value (Equation

(4.28)) and identifies the selected alternatigg where s=argmaxp (the multinomial

selection procedure).
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(ab 1)
Illnu{r—lp PCSII ('H'l)

(a5 2)
M2y (1) PCS12 (t+1)

Sample Allocation
at stage 7

(aﬂm k)
ot (£-1)| > PCS i (z+1)

Figure4.18: Sample allocation decision to occur at each experimental stage

We summarize the sequential allocatmocedureas follows:

1.

Assignt = 0.

CaIcuIateE( PCS ( t+1)) for each attribute and alternative pdi,, j).

Identify the attribute and alternative pair with the IargEflPCﬁ( t+1)) as the
pair to be next sampled.

Assignt=t+ 1.

Sample the attribute and alternative pair identified in Step

Update the posterior distributior]s(xi | (t)) based on the samplelected in
StepsS.

Repeat stepdto 6 until the experimental budget is exhausted.

Use the multinomial selectiqprocedurdo select an alternative.
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4.7.2 Numerical Experiments

To investiga¢ the behavior of the sequential allocatmocedure we conducted ailot

study of numerical experimentg/e developed 20 concave efficient frontiededision
cases) where eadlecisioncase includedn =5 alternativeseachcharacterized bk = 2
attributes.The attribute values associated with each alternative were randomly generated
from the domairf100, 200] subject to the constraints necessary for-dominance and
concavityusingtherejection algorithndescribed in Sectiofh.6.2 The attribute values for

these 20 decision cases are displayeéignre4.19. Each attribute of each decision case

was assigned a knovatandard deviation of the measurement grmn aUniform[l, 3q
distribution.We assumed thabédecisionma k e r riorsknoavledye of thattribute val-
ues /1, were modeledy the N (ngij, é ) conjugate prior distributiowith /7, =150 and
ts, =35 for all attributes for all alternativesfor all decision casesiVe considered 19

decision models defined ibiye (/,, 4) pair (0.05,0.93 ( 0.1,0p9... (, 0.95,0Y and he

overall experimental budgetas limited toB = 50 sample measurements
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In each sampling stagie multiple integral irEquation(4.32) is computed to provide

Figure4.19: Decision cases for sequential allocation pilot study

attributej of alternativea, . As there is no tractable analytical solution to Equaib8?)

whenm> 2, we usd Monte Carlosimulationto obtain an estimated solution. In imple-
menting the Monte Carlsimulation a number of random replicates are taken to estimate

the outemost integral in Equatio(d.32), and another number of random replicates are

taken to estimate each of the remaining integradsterm these numbers of MenCarlo

simulation replicate®Crep.predictand MCrep.compargrespectively Recognizing the

impact that these two variables may have on the performance of the sequential allocation
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approach, we considered four combinations of Monte Carlo replicationnsthe pilot

experiment Table4.4).

Table4.4: Number or Monte Carlo replicates for sequential allocation pilot study

Combination MCrep.predict MCrep.compare

1 100 1000
2 100 10000
3 1000 1000
4 1000 10000

For each decision case, decision model, and Monte Carlo replication combination, we
simulated theselectiondecisionwith allocations made according tiee sequential alloca-
tion procedureAt each stage the simulatsamplemeasuremenwas a random draw from
a normal distribution with a mean equal to the true attribute value stath@ard deviation
equal to themeasurement errdor the alternative and attribute pair identified to be sam-
pled. Upon collecting the S0sample measurement, an alternative was selected according
to themultinomial selection procedur&his process was repeated 100 times and the fre-
guency of correct selection was defined to be the proportion of times that the selected al-

ternative was the teubest alternativél hese results are displayedFigure4.20.
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Figure4.20: fcsresults for the sequential allocation pilot studliie plotting characters present the four dif-
ferent levels of Monte Carlsimulation replication considered.

The first observatiothatwe made from the results displayedrigure4.20 wasthat
the number of Monte Carlo replicates hatldiimpact on thécsvalues. The results from
an ANOVA model that adjusted for the decision case and decision model further supported
this observation by providinthe insignificant pvalue of 0.98 for an effect due to the
Monte Carlo replication combinan.

We then observed three general trends amongst the 20 pilot study decision cases: (1)

an increasing trend iftsas /, increasede.g., case;92) a decreasing trend fosas /,

increasede.g., case;mand (3) one or morieflection points in thécsvaluesover /, e.g.,
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case 12These trends appear to depend on the shapes of the efficient frditesedficient
frontier for Case 9 is nearly horizontal, thus it is very difiido distinguish alternatives

based on an uncertain attribute 2 value, resulting iféswalues for decision models that

place large importance on attribute 2 (i.e., smalvalues). As the importance of attribute

1 (/,) increases it becomes easier to discern the alternatsvibe alternatives are reason-

ably spaced in #hattribute 1 dimension. The efficient frontier for Case 5 is nearly vertical
and thus an opposite argument holds. The efficienti&ofdr Case 12 has an overall slope

of nearly-1. Thus, when the decision model places equal weight on attribute 1 and attribute
2 (/,= 4 9.5), itis very difficult to discern the alternativas many alternatives have

similar decision vlues But as the decision model places greater weight on either of the

alternatives, it becomes easier to discern an optimal alternative. These conjectures are re-

flected in thefcsresultswherefcsvalues are high wheh, is small or large, anftsvalues

reach a low point neaf, = / $9.5. Similar observations and casual relationships were

observed to exist between frontier slopes and inflection poitfits nesuts for other pilot
study cases.

We expectedhat the more sequential stages completed (samples ot)sehesbetter
the quality of the decision (high&rs). By noting at the end of each sequential stabe
alternative that would have been selected undemiliénomial selection procedurave
were able to calculate thesas a result of each stage. These results are presefigdra
4.21 for the Monte Carlo replication combination 3 (1000, 1000). Tdwzbntal line on
each plot afcs= 0.2representshe results expected fromranadm draw (equal probabil-

ity) from 5 alternatives
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Figure4.21. fcsvaluesat eachsequential staggnderMonte Carloreplicationcombination 3.

We observe frorrigure4.21that in general, thiesdoes indeed increase as the number
of stages (sample measurements) increases. Weosewdr, that the rate of increase is

largely dependent on bothedecision case arttiedecision model. Consider, for example,
the resultsrom Case 8. Decision models with smdll values achievécsvalues near 1
within only a dozen sample measurements. Decision models with fargelues, how-

ever, never provid&svalues mucHarger tharD.2.
We also observed froifigure4.21 thatit was not uncommon for the sequential allo-

cation approach to provides values worse than a random draw(Q(2) in early stages
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when the sample size was small10). This behavior was predominantly observed for
decision casesngler decision models that provided multiple alternatives with nearly iden-
tical true decision value®ne being the true besihd those alternatives were not well
separated in attributeluespaceln this casethe measurement distributions aegy sim-

ilar across the alternativesd thus there is approximately a%0chance thaanobserva-

tion made on any of these alternativedl shift the resulting posterior distribution in the
positive directionincreasng the likelihood ofthe alternativebeing selectedBecauseall
attributes and alternatives began with the sprioe probability distribution, the first sam-
ple allocation was influenced anedsyemény t he
errors, but otherwise was assigned at randorosacthe alternatives. Bleads toa 20 %
chancql in 5)that the first sample is allocatedttee alternative that is the true bess a

result, the probability that thesulting posterior distribution of the true best alternative is
shifted in the psitive direction, increasing its likelihood of being selected, is approxi-
mately 10 %.With approximately 9@%6 probability the resulting posterior distributions

are such that the true best alternative appears either inferior to, or indistinguishable from,
the other similar alternatés.Furthermore, the alternative with the most favorable posterior
distribution in any stage is more likely to be allocated the next sample (the one observed
in the next stage)his perpetuatethe observedow fcsvalue over he early stages until
enough data is collected to begin to distinguish the nearly identical decision vdiees. T
sequential approach did however provide results reflective of-ameéicting behavioas
thefcsmost always increased beyond that expefrtat a random draw as the number of

sample measurements increased.
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4.7.3 Evaluation Experiment

Similar to the work described elsewhere in this chaptergevaluated the sequential allo-
cationprocedurausing a simulation study which calculaties an estimate tiie PCS the
frequency of correct selection that resulted witrenmultinomial selectioprocedurevas
applied to thallocationsof thesample budget d@ = 50 made according to the sequential
allocationprocedureover a range 019 decision modelsindacross a number of decision
(evaluation)cases. Thesestimated®CSresults were compared tbe estimatedPCSre-
sults obtained usinthe multinomial selectiorprocedureapplied to allocations made ac-
cording tothe uniform allocatiomndthe proportional Bocation(defined in Sectiod.3.7),
and tothe estimatedCSresults obtained using tlexpected valuselection approach ap-
plied to allocations made accorditige BayesEV allocation(defined in Sectior.6.3.
Again, because there is no constraint requiring equal allocations across the alternatives in
the sequential all@ion procedure and the number of possible sample allocations is ex-
tremely large, we simply present the results as absisit@lues.

We used the same 50,000 evaluation cases and vargsheetion techniques that were
used in the evaluations of the MLE EV and Bayes EV allocation procedures (Se6}ion
We also applied the varianceduction technique of common random numbers within the
implementation of the sequential allocation proceduteeach sampling stage Monte

Carlo simulations were used to estimate the multiple integrals requitkd galculation

of themk=10 E( PC3S ( t+1)) values Equation(4.32)) for each of the 19 decision mod-
els. Recall that for each decision modeg 11© E(PC%( t+1)) values were compared to

one another and the alternative and attribute pair with the Ial:'g(e@C%( t+1)) value

153



was selected to receive the sample allocation in sampling tstajeT o reduce the varia-

bility within this comparisonfor sampling stagé the same set of Monte Cadonulation
samples was used in all 10 calculationsEx(ﬂDC§( t+1)) for all 19 decision modsl

From the pilot study results presented irct®m 4.7.2 we concluded that among the
Monte Carlo replication combinations considered, no effect was observedfosrdselts

in the implementation of the geential allocation method. We chose to use 1U0odte
Carlo simulation replicateto estimate the outermost integrattive E(PC%( t+1)) cal-

culation Equation (4.29)and1000 Monte Carlsimulation replicateto estimate each of

the remaimg integralsDue to the large number of decision cases and the computational
effort needed testimateE( PC3 ( t+1)) at every stage in the sequential sample allocation

approachparallel computing withdistributed memorypn theUni ver sity of
High Performance Computing clusteeepthought2vas used to perform thevaluation
experiment Using 200 CPU cores, it required approximatedy hburs to evaluate all
50,000 evaluation casesing all of the considereallocationprocedurs.

To summarize, wased thé0,000 randonevaluationcasegyenerated by the rejection
algorithm for theevaluationstudies of Sectiod.6. Eachevaluation case haan =5 alter-
natives described by= 2 attributeswith true attribute values from the domir®0, 200].

Thestandard deviation dhe measurement errdor each attribute of each evaluation case

was randomly generated frontmworm[l, 3q probability distributionNineteen decision

models with(/,, 4) pairs(0.05,0.9 ( 0.10,0.90.., (, 0.95,0) were considered. Four

sample allocatioproceduresuniform, proportionalBayestV, and sequentialvere used

to allocate the overakample budget dB = 50to the alternatives and attributes of each
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evaluation cas€ne thousand Monte Carlo samples were used in estimatingtiérenost
integraland each of the inner integratsthe E( PCS ( t+1)) calcuationfor the sequential

allocationprocedure Common sample measurements were used across the evaluations of
the allocation algorithmsnd common Monte Carlo samples were used across the alterna-
tive and attribute pair in thenplementation of thesequetial allocationprocedureThe
multinomial selectiorprocedurevas used with the allocatismesulting from the uniform,
proportional, and sequential allocatiprocedure Theexpected valuselectionprocedure

was used with the allocations resulting from Balg¥sallocationprocedureAs a measure

of performanceof each allocatioprocedureat each decision modelve usedan estimate

of the overall probability of correct selectioRGS presented as the pooladeragefcs

value over the 50,00€ingleevaluation (Bernoulli trial) results of the evaluation cases.

4.7.4 Comparison of Allocation Procedures

As described in the previousion, we performed a simulation study to coraphe per-
formance of the sequentialniform, proportiona) andBayesEV allocationprocedures
For each allocation proceduaad each decision modek estimated th&@CSby compu-
ting the pooled averagécs (Equation(4.20)) and itsvariance (Equatio4.21)) over the
50,000 evaluation cases. Using tlermality assumjpdn as justified by the Central Limit
Theorem we computed th®5 % pointwise confidence intervalsTheseresultsare pro-

vided inFigure4.22.
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Figure4.22: EstimatedPCSvalues for the sequential allocatiower the 50,000 evaluation casesadid
area represents 956 pointvise confidence bounds.

We observedrom Figure4.22 that theperformanceRCS of all allocation procedures

varied in the same way as taitribute decisionveights varied: th® CSvalues were lower

when the decision weights were nearly eduaP 4 ©0.5) and increased whehe deci-

sionweight for one attributavas much larger than the othef, (or /, near 1). This phe-

nomenorwas observed in our previous studies aray occur becae, when the weights
are nearly equal, there are multiple alternatives with similar decision values.

We also obserwkin Figure4.22 that the sequentialllocation procedureutperforms
the uniform allocation procedure (large€Svalues with noroverlapping confidence in-
tervals) across all decision models. This same @hten holds when comparing the se-

guential allocation procedure to the proportional and Bayes EV allocation procémtures
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0.1</, <0.€. When the decisioweightfor one attributavas much larger than the other

(/, or /, near 1), the performances of the sequential, proportional, and Bayes EV alloca-

tion procedures werngot clearly dstinguishable. To emphasize this comparison, akeue
latedthe performance of the sequential allocation procerliaéve to each of thether
three allocation proceduréBigure4.23). We propagated the uncertainties of H@&Ses-
timates(Bevington & Robinson, 2002nd again displayed them as %@5pointwise con-
fidence intervals.

Figure4.23displays he sequential allocatidPCSvaluesrelative to thd>CSvaluesfor

the other allocation procedures evaluat¥de observe that only at /, =0.05 and
/,=0.95 does the performance of any of the allocation procedures match or exceed that
of the sequential allocation procedyrelative PCS¢1). At /, =0.05and /, =0.95, the
performance of the sequential procedure and the proportional allocation procedure are
equivalent. Across all othelecision models/; valueg, the performance of the sequential

procedure exceeded that of the proportional aliongorocedure by more thar®s (1.06

average relativeC9y.
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Figure4.23: Sequential allocation proceduP€ Sresults relative to the results of the uniform, proportional,
and Bayes EV allocation procedures; shaded area represéntpd@btwise confidence bounds.

On average, across all decision models, the performance of the Bayes EV allocation
procedure was @eest the performance of the sequential allocation (1.05 average relative
PCS. It did not, howevermatch or exceed that of the sequential allocation apprioach

any /, value

When compared to the commonly used uniform allocgtimtedure, thesequential
allocationprocedureproducedPCSvalues that are approximately ¥®larger (1.09 aver-
age relativd®C9 across all decision models. Although the lowe®8onfidence bounds
on theuniformrelativePCSvalues was as low as 1.@Bese results show that the sequen-

tial allocationprocedureproduced significantly better results than the uniform allocation

procedure

158



4.8 Summary

Through a series ddimulationstudies that investigated various decision situatiores,
demonstrated thatvhen collecting data to support a selection decigiith multiple un-
certain attributesthe allocation othe experimental budget across tmeiltiple attributes
and alternativedoes impact thdecisiomnma k er ' s abi |l ity to select
Il.e., the probability of correct selectiolm this chapter we developed and evaluated a num-
ber of procedures to allocate the samples of a fixed experimental budget to the multiple
attributesand alternatives of a multiple attribute selection decigidh the goal of max-
imizing the probability of correct selection

We first considered the multiple attribute selectitatisionwhere theattributeswere
success probabilities that were evaluated usepgirate and independseties of Bernoulli
trials (e.g, pasdail testing).We formulated several singtage sample allocation proce-
dures based on insights gained from an empisirallation studyf decision cases with
m=>5 alternatives and =2 attributes The uniform allocation procedure allocated an
equivalent number of samples to each attribute of each alterriBti@garoportionallo-
cation procedurea | | ocates samples to attributes pr
weight If, in addition to knowledge of the decision modtie decisiormaker had
knowledge of the shape of the efficient frontier formed by the attribute values, then he
could implement the step allocatigmocedure Through a second simulation study, we
evaluated each of these allocation procedures by consideringquencyof correct se-
lection fcs) performancaevhen applied to 106ewdecision cases witin =5 alternatives

andk = 2 attributesThe results of our evaluation showed thatdtepallocation procedure
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providedrel fcsthat were nearly 25 % higher, on average (0.93 versus 0.75), than those
provided by the common uniform allocation procedure.

We nextconductedstudies that considered the multiple attribute selection decision
where the attributes were continuous measigdhdt were evaluated usisgparate and
independenimeasuremerrocessesNe developed singistage allocation procedures for
both thek = 2 attributes anéd = 3 attributes decision casdrthek = 2 attributestudy,
we developed and evaluated thefpenance of the uniform, proportional;pghrameter
step, and Dparaneter step allocation procedurédsom thefcsandrel fcsresults provided
by an evaluation against 5@@w decision casewith m=5 alternatives and = 2 attrib-
utes we again saw thahe additional information provided by the decisimaker proved
beneficial. That is, the-parameter step outperformed thedrameter step, which outper-
formed the proportional, which outperformed the uniform allocation procedure in terms of
rel fcs The best performing arameter step allocation procedure providedfcsthat
were 15 % higher, on average (0.92 versus 0.80), than those provided by the common uni-
form allocation procedure.

In thek = 3 attributes study of the Gaussian measurement modelewsdoped and
evaluated the performance of the uniform, proportiadkabne, andl-zone allocation pro-
ceduresThe evaluation of these allocatiprocedures using 5Qfewdecision casewith
m = 5 alternatives ankl= 3 attributegrovidedfcsandrel fcsresults that demonstrated the
inferiority of these extreme allocation approaches. The zone allocation procedures were
outperformed by the proportional allocation procedure for all decision models investigated,
and they were outperformed by the unifornoadition procedure for most decision models

investigated.
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We conductecn analytical study of the Gaussian measurement model. We began by
developing an optimakinglestageallocation procedure fan = 2 alternatives when max-
imum likelihood estimation wassed in conjunction with the expected value selection pro-
cedure. We extended the idas®d indeveloping the optimah = 2 allocation procedure
to the derivatiorof a general, neasptimal, m alternatives procedure using maximum like-
lihood estimation anthe expected value selection procedWe calledthis general pro-
cedurethe MLE EV allocation procedurén an evaluation using 500 decision casgéh
m =5 alternatives ankl = 2 attributeswe found thafor all decision modelthe MLE EV
provided, oraveragefcsresults that were within % of fcsvalues provided by the optimal
allocation (over all allocations that provide equivalent allocations across alternatives).

We extended the analytical study of the Gaussian measurement model to develop a
geneal singlestage allocatioprocedure using Bayesian estimation and the expected value
selection procedurdhough tle BayesEV allocationprocedure was naterived to bep-
timal, anevaluatiorusing 50,000 decision casegh m =5 alternatives ankl= 2 attributes
showed it to perform welwhen canpare to the uniform allocation using Bayes estimation
and expected value selection, the MLE EV, and the uniform allocation using ML estima-
tion and expected value selectidde saw that thadditional information provided by the
Bayesian prior distributiobenefiedthe allocation procedure for some decision models.

In our final study of the Gaussian measurement model, we developed and evaluated a
generakequential allocation procedunsing Bayesian estimation and the multinomial se-
lection procedurdJsing 50,000 decision cases with= 5 alternatives ankl= 2 attributes,

we evaluated the performance of the sequential allogat@redureand compared it to the
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performance of the uniformand proportional allocationsroceduresising Bayesia esti-
mation and multinomial selection, and to the performance of the Bayes EV allocation pro-
cedure using Bayesian estimation and the expected value selection prodidhanegh

the sequential allocatmorequires additional overhead in terms of evaluating a multiple in-
tegral at each stage, the resultingvalues were, on average, 10 % larger than those pro-
vided the common uniform allocation and, on average, 5 % larger th&sstradues pro-

vided by tle proportional and Bayes EV allocatiprocedurs.

In the evaluation of each of these allocation procedures, we observed an inctiease in
probability of correct selectiomhen additional informatiowasused in the allocatiopro-
cedure and in the evaluan of theselection decision model. This informatiasas either
in the form of knowledg®f the shape of the efficient frontgror provided by Bayesian
prior distributions on the attribute values. While providing nonlinearity and general angle
measurefor the frontier shape may be difficult in makgcisionsituations, providing some
general information or bounding for the attribute values in termsBayasiarprior dis-
tribution may provedo bea beneficiabrd easiertask.

The allocation proceduregeloped in this chapter were based on the set of assump-

tions provided in Sectio#.1, with one of the more restrictive assumptions beingdée-
tity form of theindividual value functions, i.ey, (nly) = 1. When all attributes are meas-

ured on the same scalesing thesamemeasurement unijtand are of comparable sjzbis
assumption is reasonable. Howewshen attributes are measured on different scales, a

change of scalransformatiormay benecessaryWhen tke individual value functiois a
Iineartransformatione.g.,vj(/73): a ;/m+, , wherea, isthescalingfactor andb; is

the location constantor attributej, the approaches presented in this dissertation can be
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modified appropriately with straightforward chang&ee most notable changeat must

be accounted fas due tothe change in thelefinition ofthe decision valuey, , and more

specifically, thechange in th@robability distribution ofx; . To account for this change

the MLE EV allocation procedure (Equati@hl9)) andthe Bayes EV allocation procedure
(Equation(4.26)), / is replaced byg= a (with appropriate subscriptsBoth the mean

and the variance parameters of the posterior probathitsibutiors of the decision values
that underlie the sequential allocation proced{Equation(4.23) must be appropriately
updated, but otherwise the sequential allocation procedure remains as.dafwiledt is
believed that nonlinear ltge functions will have greater impact on the analyses and results

of this chapter,urther work is required to understand théent of theiimpact.
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Chapter 5 Conclusions,Contributions , and Future Work

In this dissertation we studied theoblem of allocating fixed experimental budget@ss
multiple attributesandalternatives in a selection decisiaherethe results of the experi-
mental evaluations lead to uncertain estimates of the true attribute \@illgsct to the
budget constraint, the goal was to identify an allocation approach that maximized the prob-
ability of correct selectionfhrough a series of simulation studieg geveloped and eval-
uated a number of allocation procedures under both the @B&measurement model (suc-
cess probability attributes) and the Gaussian measurement model (continuous measurand
attributes). We considered several approaches to incorporating the uncertainty about the
attribute values into the selection decision modduofing the multinomial selection pro-
cedure.

As a baseline for comparisonge useda uniform allocation procedure that allocated
the sample budget equally across the alternatives and attributes. This simple and common
approach igonsistent with the prinple of balance in the traditional design of experiments
discipline.We observed the performance of the uniform allocation procedure to be inferior
to that of allocation procedures that leveraged additional information, such as specific
knowledge of the désion model or general knowledge about the attribute values. Of the
allocation procedures developed, the best performing was found to be the sequential allo-
cation procedure, which uses specific knowledge of the decision raodejeneral

knowledge of thetéribute valuegprovided byBayesian prior distributionthat isupdatel
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with eachobserved sampl&@ hese observations lead us toithportantconclusiorthat the
manner in which the information gathering budget is allocated across the multiple attributes
and alternativesloesimpact the quality of the selection madertier,any available in-
formation should be useid developing the allocation plan and evaluating the selection
decision model. We saw that even vague information in the fonoradpecifianddiffuse
Bayesian prior probability distributions describing Ht&ribute valuesanlead to an in-
crease in selection performance for some decision mddgisactical termsthis empha-
sizes the importance for projects focused on a selection detosienmanaged so that the
decision modeling and the experimental planning are done jointly rather than in isolation
(which, unfortunately, is currently commour workdemonstratethat sich a coopera-
tive approach can improve the overall selection resflthe project.
We summarize the contributions of this dissertation as follows:
1. We identified and evaluated methods to incorpatfateuncertainty in thattribute
valueestimatesnto a normative model for a multiple attribute selection decision.
We denonstrated the idea of propagating the attribute value uncertainty and de-
scribing the decision values for each alternative as probability distribuaiachs
used these distributions in the selectiomofalternativeWe noted thatby select-
ing the alternave that has the greatest probability of having the largest decision
value, the multinomial selection procedure most closely aligns with the goal of
maximizing the probability of correct selectiohhis isparticularlytrue when a
Bayesian approadb usedo modeltheattributeand decisiorvalues.
2. We providel a set of allocation procedures that were developed under a variety of

assumptions and decision situatiorRsom the results of simulation experiments,
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we pralucedevidence of theelative performancef theallocation procedure3he
allocation procedures thaicludeddecisionmaker knowledge outperformed those
that neglected such information.

Thus, we have answered the research quaspiosed inChapter 1 We expecthese
contributions willlead to the further advancement of selection decision and allocation
methods that promote the use and recognition of the uncertainty in attribute values that
results wherthe values arestimated based on a limitedt of sample data collected from
observations such as measurements, experimental evaluations, or simulation runs.

We assumedh this workthat, for a given decisiorall attributes were of the same type
(e.g.,success probabilitiesyvereevaluatecor measurean the same scalthe values of
each attribute were described by simply linear individual value functémthe cost to
collect information about each attribwed alternativevas the samé/Vhile theg assump-
tions may hold for some decisiaituations they will not for many. We will look to relax
each of these assyptions in future work and specifically provide allocation and selection
methods to handle mixed attribute error typath differing individual value functions

Another general topic that we would like contemplaten future work is the consid-
eration of evaluation metrics beyond the probability of correct selection. For example, a
measure of regret that indicates how far, in decision \sjaee, a selected alternative is
from the true best alternative would be of interest. Such a measure may help us to further
understand what impact the proximitytbé alternatives in attribute space has on the qual-

ity of the selection decision.
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Simulation studies that allowed for the true best alternative to be known were the basis
for the evaluations performed in this dissertation. We relied upon the several methods de-
scribed inAppendix A Appendix G andAppendix Dto generate the true attribute values
for the random decision cases used in théuaev@ns. While using the rejection algorithm
of Appendix Dassured that each frontier in the population of all concave efficient frontiers
with m alternatives dessibed byk = 2 attributes had an equal probability of being con-
structed, it came with a computational cost. As notednfer5 alternatives, the generation
of an average of 2,9Z&ts of pointsvas required for each accepted concave efficient fron-
tier. This number of required sets of points increased to 3.5 million for each accepted con-
cave efficient frontier whem = 7, and the algorithm was unable to return a result when
m = 8. Further research on the development of a random set of concave effigigatdro
for the generai alternatives wittk attributes case would be beneficial in further progress-
ing this work. An immediate use of such random concave frontierskwith attributes
would be to evaluate the general allocapwoceduresieveloped in 8ctions4.6and4.7.

One focus of tawork of this dissertationvas how to allocate a provided information
gathering budgdb best support a selection decisidhe ideas of thealue of information
(Clemen & Reilly, 2001Y¥ocus onwhetherthe decisiormaker shoulctcollect additional
informationto improve the quality of the decision outcanidough different, there is a
similarity between theg®picsthat may be worthy of further exploration. The similarity is
most apparent in the sequential decision allocation procedure that congiéeis) aam-
pling stage, whether or not to sample from each alternative and attribute pair based on the
“value” that such a sampling is expected

lection.
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The sequential allocation procedure, which providedibst favorable results and is
the most complicated allocation procedure that was studied, also raises many questions for
future work.The complex relationship#iustrated inFigure 4.21 between decision case,
measurement error, decision model, and¢keesult at each stage provide for a rich topic
of researchAlso of interest is updating the sequential allocation procedure to allow for a
sample size greater thanein each stage. By pusbithis idea to the extrenad allocating
all Bsamples in the first stage of the sequential allocation procedure would provide another
single stage allocation procedure.

Finally, we noted that the OCBA meth¢@hen & Lee, 20113¥electecanalternative
based upotheexpected decision valué/e believe this approachaybe inconsistent with
the stated goal of maximizing the probability of correct selection and view the multinomial
selection procedure as a better choice for a selection procedure. We plan to further inves-
tigate these views biprmulating ancevaluating atOCBA:-like approach using a multino-
mial selection procedure and comparing the results to those that resultecufraarical

experimers performed by Chen and Lee.
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Appendix A Constructing Frontiers with Two Attributes

Herewe describe the construction algorithm used¢nerate a concave efficient frontier
with m =5 alternatives, each describedky 2 attributes such as that presenteBigure

A.l. For this discussigret X and Y denote the valwsof attribute 1 and attribute ®/e use

theordered statistiootation x, to denote thé" smallestvalueof attributeX.

Y141 Vis)

Y
K

,,
*

Y
-

Y

Rl X[2) X3 X[4] X[s]

X
FigureA.l: Concave efficienfrontier with 5 alternatives and 2 attributes.

The constructiomlgorithmproceeds as follows:
1. Definethedomainof the attribute values dX,,, Xa] @and|[You, You -
2. Randomly select the distance between the smalleskaageist valueof attributeX by

drawing a singlevalue from aUniformg),( Xax - Xmin) probability distribution Re-

peat for attributéy. Denote these valued, andd, .
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3. Determine the attribute values of ttetreme alternative{,xtl], }15]) and (X[s]’ }1]]) b
assigning asingle value drawn from aUniform[0,1- d, ] distribution to X4 and
Xq =%y +; similarly, assign a single value drawn frortumiform[0,1- d,] distri-
bution to yi; and yig = ¥y d,.

4. Define the attribute values of the third attribL(t%B], m) such thatl, ¢ x,; ®y and

L, €Yy Oy, wherel,is the line segment with endpoir(tgl], )15]) and(x[s], m) as
displayed inFigureA.2. We do this by drawing a single valuérom a Uniform[0, 1]

probability distribution.

a. If r<0.5, then:
I Xy is randomly selected fromlaniformgﬁ], Xq probability distribu-

tion.

i. Define L (x)= Y~ 3{51( - Xy) s Yy is randomly selected from
%17 Xy

a Uniformng( )fS])’ Y4 Probability distribution.
b. If r20.5,then:
L.y israndomly selected fromlaniformg;fl], Yy Probability distribu-

tion.

i. Define L'(y)= XIS] i (Y- Y1) #ty: %y is randomly selected from
" Yo

a Unn‘orméL1 (3f3])’ Xq probability distribution.
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FigureA.2: Constraints fothe attributevalues of the thirélternative
5. Define the attribute values of the fourth and fifth alternati(/g[gq,, y 4]) and (x[ 4 y[z]) ,
by randomly determining the ordératthey are created. (fx[z], y[4]) is the fourth al-

ternative createthen, L, ¢ x, 0L, and,if x, <Xi= %9 A (Y -¥y) % . then

Y = Y

L, ¢y Oy elsel, ¢y, ¢, Wherel, is the line that extends through the points

(x[l], 315]) and (x[g], )ﬁ) and L, is the line that extends through the poiblﬁ], )ﬁ)

and (X[,s], m). Theseconstraintsare illustrated by the shaded area in the left panel of

Figure A.3. It follows that the vlues of the fifth aIternativ{xm, y ) are such that

2

, Y3 o
L ¢y, W, and if y,; <Xid ;] - 3:4] (% %a) ¥u. then L ¢y Ofy. else
3" %2

L; ¢ x, @, Wherel, is the line that extends through the poirﬁbf,z], y[4]) and
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(x[g], >13]). These constraints are illustrated by the shaded area in the right panel of

FigureA.3.
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FigureA.3: Constraints fothe attributevalues of the fourth (left panel) and fifth (right panel) attributes, if
attribute(x[z], % 4]) is the fourth attribute created.

If, on the other hand(xm, y[z]) is the fourth alternative created, thel, ¢y, @,

and, if y; <X’ =%(>&ﬂ -)ﬁ]) ¥ then Ly €, Oy, else L, ¢ x, oL,
3] 1]

These constraints are illustrated by the shaded area in the left pd&iglifA.4. It

follows that the values of the fifth alternatjv@gzl, y[4]), are such that, ¢ x,; @

: - )ﬁ4 - )fs
and if x, <X ——y[zj - y[:] (Y Yo) %, thenL, Gy, Oy, elsel, ¢y, o

Where L is the line that extends through the poi(mé], )13]) and (XM, y[z]). These

constraints are illustrated by the shaded area in the right pafRigluséA.4.

172



Kk
= X
— a* \ — [ e -
= S \ = RS A\
S o \ S N
. vLs - vLs
~ ~ \
\\\ \\ \\\ AY
Ly~ * L™~
- N - ~
L LN S "
\\ RN \\ RN
B~ \ \\\ >~ \ ‘\\
A ~ * A ~
Ay ~ \ ~
A IX \
A 1 \
A | = \
\ \ R ]
A ) =
\\ i
A
— Al —
= ] = L]
= =
T T T T T T T
) x13) X[s] X[ X[3] X[4] X[3)

FigureA.4: Constraints fothe attributevalues of the fourth (left panel) and fifth (right panel) attributes, if
attribute(x[A], y[z]) is the fourth attribute created.

We accomplisbdthis by defining:

(X)_y[?,] 345]( . )ﬁ]) ) and L'Zl( ) Yty (y' y[5]) By

a1~ Ky Yia © ¥s1
L(x)= Z,I[ ;f;( ) g aNd L ()= fg(y- Yar) o
LAx)zH(x- Xy) B and L (y) = ;(2 ;Z (Y- W) %y
L (x) = Z,I ;f;( Xo) ¥ and i (y) = j f;(y- Vo) o

Randomly seleca single valuel from aUniform[O,]] probability distribution.

a. Ifuc 8,then:

I, X2 is randomly selected fromlaniformgﬁ], X probability distribu-

tion.
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i |f ><[2]<L'31()15]), then y, is randomly selected from a
UniformeL, (x, ), y ~probability distribution; elsey, is randomly
selected from aJniformng(%Z]), Lg( >f2]) probability distribution.

. X4 is randomly selected fromlaniformgﬁs], Xy probability distribu-
tion.
V. y, is randomly selected fromuniformgly (), L,(x,) probability

distribution.

b. If }2/3<u ¢%,then:

I, X2 is randomly selected fromlaniformgm], X probability distribu-

tion.

i If X, < Lél(}fs])’ then vy, is randomly selected from a
Uniformgg(ﬁ), ¥y probability distribution; elsey[4] is randomly
selected from wniformng()fZ]), LS( >f2]) probability distribution.

il. Yz is randomly selected fromlaniformgxl], ¥y probability distribu-
tion.

iv. If y[2]<L4(>$5]), then x, is randomly selected from a
UniformgL‘gl( 3{2]), Xy probability distribution; elsexm is randomly

. Q-1 1 . I .
selected from aJnlforméL3 ()le), L, (){2]) probability distribution.
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c. If %<u %,then:

..y, israndomly selected fromUniformgXB], Yy Probability distribu-
tion.
ii. %, is randomly selected fromtniformgL;'( y,), Ls*( ) probabil
ity distribution.
il. X4 is randomly selected fromlﬂniformgﬁ, Xq probability distribu-
tion.
V. y, is randomly selected fromudniformgly (), L, (x,) probability
distribution.
d. If %<u ¢}/2, then:
..y, israndomly selected fromlaniformg)fsl, Yy Probability distribu-
tion.
ii.  x, is randomly selected fromldniformgL'zl(y4]), Lj( )(4]) probabil-
ity distribution.
il. Yz is randomly selected fromlaniformgxl], ¥y probability distribu-

tion.

iv. If y[2]<L4(>$5]), then x, is randomly selected from a
UniformgL‘gl( 3{2]), Xy probability distribution; elsexm is randomly

. Q-1 1 . I .
selected from aJnlforméL3 ()le), L, (){2]) probability distribution.

175



e. If %<u (t%,then:

I X4 Is randomly selected fromlaniformgﬁs], Xy probability distribu-
tion.
ii.  y is randomly selected fromt@niformgly(x,,), L.(%,) probability
distribution.
il. X2 is randomly selected fromlaniformgﬁ, X probability distribu-
tion.

iv. If ><[2]<L;51()15]), then y, is randomly selected from a
Uniformng(>fZ]), yg Pprobability distribution; elsey, is randomly

selected from wniformng(%Z]), LS( >f2]) probability distribution.

f. If %<u ¢%,then:

I X4 is randomly selected fromlaniformg>f3], X probability distribu-
tion.
ii. y is randomly selected fromldniformgg(xw), L2(>§4]) probability
distribution.
il. Yig is randomly selected fromlaniformgxs], Yy probability distribu-
tion.
iv. X, is randomly skected from atJniforméL‘zl(){4]), Ls'l( )(4]) probabil-

ity distribution.
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g. If 34<u ¢%,then:
I Yz Is randomly selected fromlaniformgy{l], Yy probability distribu-

tion.

iy, < L2(>ﬁs]), then x, is randomly selected from a
UniformgL‘;( 3{2]), %4 Probability distribution; elsex, is randomly
selected from aJniformgL;(Xz]), L;( ){2]) probability distribution.

. X is randomly selected fromlaniformgm], X probability distribu-
tion.

iv. I %, <L;31(315]), then y, is randomly selected from a
Uniformng(%zl), ¥y probability distribution; elsey[4] is randomly
selected from wniformng(%Z]), LS( >f2]) probability distribution.

h. If %<u @, then:

I Yz is randomly selected fromlaniformgxl], ¥y probability distribu-

tion.

i If y[2]<L2(>ﬁs]), then x, is randomly selected from a
UniformgL'gl( 3{2]), Xy probability distribution; elsexw is randomly

selected from aJniformgL‘;( 3{2]), Lz'l( 3{2]) probability distribution.
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lil. Yiq Is randomly selected fromlaniformgxsl, Yq probability distribu-
tion.
v. X, is randomly selected fromtniformgL;’( ), Ls'( ¥, ) probabil-

ity distribution.
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Appendix B Frontier Measures

Here we define theneasure of nonlinearitlL, and a measure of general angjethat are

used to describe a concave efficient frontier witllternatives, each described by 2
attributes For this discussion, leX andY denote the valwsof attribute 1 and attribute 2.

For notational purposes/hen consideringn alternatives, alternative 1 will maintain the
smallest value for attribute 1 and the largest value for attribute 2 when compared to the
remaining alternatives. Alternative 2 will maintain the second smallest value for attribute

1 and tle secod largest value for attribute 2, and so ®he values for the attribute value

pair will be represented a(sg, yi) for alternativei =1,...,m. Figure B.1 illustrates this

alternative number convention foicancaveefficient frontier withm =5 attributes.

0.8 1.0
|

04
]
I~

0.0
|

I I I I I I
0.0 0.2 0.4 0.6 0.8 1.0

X

FigureB.1: Concave efficient frontier with 5 alternatives anat®ibutes.
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The measure of nonlinearity is defined as a scaled area between the piecewise linear

concave curve formed by the alternatives on the concave frontier and the line segment
connecting the alternatives defined by the attrivaleepairs (x, y;) and(x., y,,). Spe-

cifically, all points on the piecewise linear concave curve are scaled such that the distance
between(x,, y;) and(x,, y,,) is 1. The nonlinearity measure is theaabetween the scaled
piecewise linear concave curve and the line segment connecting the scaled>pojpn}s

and(xj, Y, This measure can range from 0O (line

“90° knee”) .

Thealgorithm to calculate the measure of nonlinearity is as follows:

1. For each alternativie represented bfx , y ), i=1...,m, calculate:

a. Ji:\/(x -x)" [y y)°, the distance betwedx, y ) and(x, y,) .

b. Ki:\/(x %) Gy y)°, the distance betwedx, y) and (X, Yy)-

C. L=\f(><l %) Gy ¥)°, the distance betwedx,, ;) and(x,, V.-

2

. JZ- K2 42 3% e - KT H% e

d. Scaled pointxj=—-— — andyj= |[—- &4/ |\
POINS 217 ¢ \/ R o

2. For each of then—1 line segments in the piecewise linear concave curve formed

by the scaled point@gi, y,)j i=1...,m, calculate area between the line segment

and the horizontal ling/i=0.

3. The measure of nonlinearitML, is the sum of the areas calculate&iep2.
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The measure of general angdeis defined as the acute angle formed by the lewe s

ment connecting the attributealue pairs (X, y,) and (x.,y,) and the horizontal line

y =Y,. This measure can range frorhtd 9C¢°. A measure of Dindicates that all alterna-

tives fall on a horizontal lineA measure of 90indicates that all alternatives fall on a
vertical line.
The algorithm to calculate the measure of general angle is as follows:

1. Calculate the angle, in radians, formed by the siegment connecting tlatribute

value pairs (x,y;) and (x,vy,) and the horizontal liney=y, as

gr=tan’(y, -Y./%, X).
2. Calculate the measure of general anglqasl%’ Q.

The measure of nonlinearity NL, and a measure of general angjeare illustrated in

FigureB.2.
% _|] L i ——— R
< \\\ 2 "
o \ X
- \\\ 3
< N NL\ 0
=~ . 4
< _| >N
=] . \
~ '
N K
o _| \5\ ¢
= AN
o —

FigureB.2: lllustraton of the measures of nonlinearity (scaled shaded area) and generafzangle

181



The measures of nonlinearity and overall angle are relRiedewise linear concave
curves with an overall angle measure near 0° (nearly horizontal) or near 90° (eear|y
cal) will have small nonlinearity measuréspiecewise linear concave curve consisting of
m points provides a maximum nonlinearity measure when all points fall on one of two line
segments and these line segments form a 90° arfggemaximum nonlinegdy measure,

as a function of the overall angle measure, can thus be described by

maxNL(g) =1 sin(%9).
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Appendix C Constructing Frontiers with Three Attributes

Here we describe the construction algorithm used to generate a concave efficient frontier

with m =5 alternatives, each describedkoy 3 attributes.The algorithm used to generate
a concave efficient frontier ilR® space is as follows:
1. For each attributg =1, 2,3, an attribute space was defined by:
a. The distance between the minimum attribute value and the maximum attrib-

ute value, denotediist;, was randomly selected fromuniform[0,10(

distribution.

b. The attribute value for the alternative with the minimum attributieie;

my,;» was randomly selected frommiform|[100, 206 dist] distribution.

c. The attribute value for the alternative with the maximum attribute value,

Xs)j = fy; dist.

2. A normalized space was defined such that the dormheach random variable,
Z;,j=1,2,2is [0,]].

3. A random concave surface in normalized space was defined by the curve
z,+7, ¥4 E where s was generated by randomly selecting a value r from a
Beta(1,2) distribution and setting=9r 4 so thatmin(s) =1 and max(s) = 1C

(The expected value of s was 4).

183



4. The normalized attribute valuds,, z,, z,) for each of five alternatives were ran-

domly selected from the concave surface. For each alternative-1,...,5, the
following steps were performed:

a. Avalue of z, was randomly drawn from @niform[0,1] distribution.

b. A value of Z, was randomly drawn from UniformgO,ffl- Z, distribu-

tion.

C. z, :45/1 -7, £
5. The normalized attribute values for each alternagivé =1....,5, were translated
to the attiibute space that was defined in step 1 by:
a. Assigning m,=2,, (§ =%, ;4N % where (ab, c) is a random permuta-
tion of (1,2, 3), with each permutation having equal probability.

b. Scaling (bydist;) and shifting (byrm,;) eachm, j=1,2,23.
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Appendix D Rejection Algorithm for Frontier Construction

Here we describe the rejection algorithm used to generate a random concave efficient fron-
tier with m alternatives, each describedloy 2 attributes.
1. Generate a set af = 5 points from a bivariate uniform probability distribution over
the twedimensional regioifil 00, 200] x [100, 200].

2. Order the points over the first dimension, we denote thesedered pair as
(g %) K )

3. Calculate tem—1gradientsg =22~ % i 4 . m 1.

X[i+1] B )fi]
4. Accept the set of points aconcave efficient frontieif g2 g,, "I %....m 1.

This rejection algorithm assures that each frontier in the population of all concave efficient
frontiers withm alternatives described ly= 2 attributes has an equal probability of being

constructed.
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