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This thesis addresses the stability and feedback control of period doubling bi-
furcations. We find formulas for determining the stability of nondegenerate and
degenerate period doubling bifurcations. Specifically, we find a formula for the
second-order coeflicient and a formula for the fourth-order coefficient which as-
sumes the second-order coefficient vanishes in the Taylor series expansion about
the critical fixed-point associated with a period doubling bifurcation of the func-
tion which maps the amplitude of an emerging period-two point to the eigenvalue
of the linearization of the system about the period-two point which determines
the bifurcation’s stability. We observe that the size of the expression for the
first nonzero coeflicient in the series expansion above increases rapidly as the
coefficient’s order and the system’s size increase.

We examine both static and robust feedback control of period doubling bifur-
cations. We find conditions under which linear feedback incorporating a washout
filter can delay the parameter value at which a period doubling bifurcation oc-
curs, and conditions under which a purely nonlinear washout filter-aided feed-

back which preserves the critical parameter value and the critical fixed-point



of a period doubling bifurcation can adjust the stability of the bifurcation. We
demonstrate that these robust feedback controls can suppress the chaotic behav-
ior in systems which exhibit the period doubling route to chaos. Additionally,
we show that if a discrete-time system is exponentially stabilizable by static lin-

ear feedback, then it is exponentially stabilizable by washout filter-aided linear
feedback.



Stability and Robust Control of

Period Doubling Bifurcations

by
Richard C. Chen

Thesis submitted to the Faculty of the Graduate School
of The University of Maryland in partial fulfillment
of the requirements for the degree of
Master of Science

1993

Advisory Committee:

Associate Professor Eyad H. Abed, Chairman/Advisor
Associate Professor Nariman Farvardin
Professor P. S. Krishnaprasad



© Copyright by
Richard C. Chen
1993



Dedication

To MY PARENTS

ii






Acknowledgements

I would like to thank my advisor Professor Eyad H. Abed, for his guidance
and support. I am grateful for his help and advice. I would also like to acknowl-
edge Professor Farvardin and Professor Krishnaprasad for serving on my thesis
advisory committee.

I would also like to thank Dr. Der-Cherng Liaw for teaching me how to
use simulation software, Mr. Hua Wang for helping me carry out some of the
calculations in this thesis, and Dr. Lahcen Saydy for helping me learn about
nonlinear systems.

I would like to acknowledge the Naval Surface Warfare Center and my su-
pervisors there, Mr. Victor S. Newton and Mr. Patrick J. Winters, for their

support of my thesis work.

iii






Table of Contents

List of Figures

1 Introduction

2 Review of Analysis and Control of Bifurcating Systems

2.1
2.2

2.3
24

Introduction to Bifurcations . . .. ... ... ... ...
Mathematical Preliminaries . . .. .. .. .. ... ...
2.2.1 Linear Algebra . . . ... ... .. ... .....
2.2.2 Multilinear Functions and Taylor Series Expansion
2.2.3 Bifurcation Theorems. . . . .. .. .. ... ...
Degenerate Period Doubling Bifurcations . . . . . . . ..
Control of Hopf Bifurcations and Stationary Bifurcations
2.4.1 Static Nonlinear Control . . . . .. .. ... ...
2.4.2 Continuous-Time Washout Filters . . . . . . . ..

2.4.3 Washout Filter Aided Nonlinear Control . . . . .

3 Stability Calculations

3.1
3.2

Stationary Bifurcations . . . . . ... ... .. ... ...

Period Doubling Bifurcations . .. ... ... ... ...

4 Control of Period Doubling Bifurcations

v

.....

.....

.....

.....

vi

10
11
15
16
17
18
21

22
23
29

36



4.1 Static Nonlinear Feedback Control . . . ... ... ... ... .. 37
4.2 Discrete-Time Washout Filters . . . . . .. ... ... ... .... 42
4.3 Robust Nonlinear Feedback Control . . . . . . ... ... ... .. 44
4.4 Robust Linear Feedback Control of Period Doubling . . . . . . . . 52
4.5 Control of Chaos . . ... ... .. ... ... ... .. 55
Conclusions and Suggestions for Further Research 63
51 Summary . .. .. ... ... e 63
5.2 Suggestions for Further Research . . . ... ... ... ...... 64

Vv



List of Figures

4.1 Bifurcation Diagram of Uncontrolled Hénon System.. . . . . . .. 57
4.2 Bifurcation Diagram of Hénon System with Dynamic Linear Feed-
back, k =0.3. . . . . . ... 38
4.3 Bifurcation Diagram of Hénon System with Dynamic Linear Feed-
back, k =0.5. . . . . ... e 29
4.4 Bifurcation Diagram of Hénon System with Dynamic Nonlinear
Feedback, k = 1.1. . . .. ... . ... . . ... ... ... ... 60
4.5 Bifurcation Diagram of Hénon System with Dynamic Nonlinear
Feedback, k =1.5. . ... ... ... .. ... ... ... . ... 61
4.6 Bifurcation Diagram of Hénon System with Combined Linear and

Nonlinear Dynamic Feedback . . . .. ... ... ...... ... 62

vi






Chapter 1

Introduction

In a variety of applications such as electronic circuits, power systems, mechanical
systems, and chemical reaction systems, a bifurcation, or qualitative change in
the behavior of a system, often represents a performance limit. For example,
a parameterized system may operate at some steady state operating point for
parameter values up to a given bifurcation point, but may exhibit undesirable
behavior for parameter values past the bifurcation point. Thus, given a param-
eterized system which exhibits bifurcations, one may wish to apply control to
extend the range of parameter values at which the system can operate, thereby
increasing the performance of the system.

There are many works which have focused on the analysis of systems which
exhibit bifurcations, and several which have addressed the control of bifurcating
systems. In this work, we focus on the period doubling bifurcation. In a period
doubling bifurcation, a stable (unstable) periodic orbit of a parameterized system
becomes unstable (stable) at some critical parameter value as the parameter is
quasi-statically varied. Simultaneously, a new period doubled orbit emerges from

the original periodic orbit. Period doubling bifurcations are important since they



are commonly observed in simulation studies of real systems. This is a reflection
of the fact that mathematically, period doubling bifurcations are generic.

A specific scenario which motivates our study of the period doubling bifur-
cation is the period doubling route to chaos. In this global bifurcation, period
doubling bifurcations occur in a cascade leading to chaotic behavior. In many
applications, chaotic behavior may be undesirable. We demonstrate in this the-
sis, as shown by Abed, Wang, and Chen [8], that very simple dynamic feedbacks
utilizing a high-pass filter referred to as a washout filter may be used to suppress
chaotic behavior in systems which exhibit the period doubling route to chaos.
The use of dynamic feedback utilizing washout filters for the suppression of chaos
was considered by Wang and Abed [6].

This thesis focuses on period doubling bifurcations in discrete-time systems,
despite the fact that many applications are modeled as continuous-time sys-
tems. We study only the discrete-time case since period doubling bifurcations
in discrete-time systems are easier to analyze than period doubling bifurcations
in continuous-time systems. However, many generic questions concerning period
doubling bifurcations in continuous-time systems can be answered by studying
the discrete-time system associated with a Poincaré map of the given continuous-
time system.

We focus primarily on two aspects of the analysis and control of period dou-
bling bifurcations. We are concerned mainly with controlling a system locally
around some given period doubling bifurcation point. Two natural control objec-
tives for systems undergoing period doubling bifurcations are considered: delay-
ing the bifurcation point, and ensuring that the emerging period doubled orbit is

stable and remains very close to the original orbit. The use of static state feed-



back to achieve objectives similar to the latter objective for systems undergoing
stationary bifurcations and Hopf bifurcations was considered by Abed and Fu
[1] [2]. In this thesis, we derive results concerning the control of period doubling
bifurcations which are analogous to the results of Abed and Fu [1] [2]. That is,
we find conditions under which the second above-mentioned objective for sys-
tems undergoing period doubling bifurcations can be achieved by applying static
state feedback.

In order to achieve certain robustness properties, the use of washout filters in
the feedback control of stationary bifurcations and Hopf bifurcations was consid-
ered by Lee [10]. In this thesis, we examine conditions under which the above-
mentioned objectives for systems undergoing period doubling bifurcations can
be achieved by applying feedback controls which incorporate washout filters and
thereby result in closed-loop systems which have certain robustness properties.

In addition to studying the local control of period doubling bifurcations, we
also find formulas for calculating the stability of the critical equilibrium point
of a period doubling bifurcation, both in the nondegenerate case and in the
case in which a certain simple mathematical degeneracy occurs. The type of
degeneracy considered arises in critical systems when the stability coefficient
vanishes, and occurs generically only in systems with multiple parameters. See
Peckham and Kevrekidis [13] for a reference. Our investigation of this problem
is not motivated by a particular application. In addition, we do not consider the
new qualitative behavior around the bifurcation point which arises due to the
presence of multiple parameters as opposed to a single parameter. However, we

expect that the results may have practical implications for control problems in

which more than one parameter is considered.



Although the period doubling bifurcation is the focus of this thesis, some of
the results apply to systems other than those undergoing period doubling bifurca-
tions. In particular, stability calculations for degenerate stationary bifurcations

and a stabilizability result concerning discrete-time systems are presented.



Chapter 2

Review of Analysis and Control of

Bifurcating Systems

In this chapter, we survey previous work concerning the analysis and control of
local bifurcations. In addition, we simultaneously review elementary mathemat-
ics which are used in the study of bifurcations by stating theorems, stating basic

definitions, and giving simple examples.

2.1 Introduction to Bifurcations

A bifurcation is a qualitative change in the behavior of a parameterized dynam-
ical system at some critical parameter value. A bifurcation in which an equilib-
rium point loses stability as a parameter is quasi-statically varied is categorized
as a local bifurcation. Examples of bifurcations include the Hopf bifurcation,
the stationary bifurcation, the saddle-node bifurcation (also called the fold bifur-
cation), the Neimark-Sacker-Moser bifurcation (also called the Andronov-Hopf

bifurcation for maps), and the period doubling bifurcation.
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Stationary Bifurcations

There are two kinds of stationary bifurcations: pitchfork bifurcations and tran-
scritical bifurcations. In a pitchfork bifurcation, a stable (unstable) equilibrium
point of a parameterized system becomes unstable (stable) and two new equi-
librium points emerge from the original equilibrium point as the bifurcation
parameter is quasi-statically varied through the critical point. In such a bi-
furcation, the stability of the emerging pair of equilibrium points is the same
as the stability of the critical equilibrium point. Furthermore, the greater the
stability of the critical equilibrium point, the greater the degree to which the
emerging pair of equilibrium points stay close to the original equilibrium point
in a neighborhood of the bifurcation point. If the critical equilibrium point and
the emerging pair of eqﬁilibrium points is stable, the bifurcation is supercritical.
If the critical equilibrium point and the emerging pair of equilibrium points are
unstable, the bifurcation is subcritical. The following is an example of a system

which undergoes a pitchfork bifurcation at p = 0:

T = px—z°
Locally near p = 0, for p > 0, z = \/t and = —,/J are both equilibrium

points of this system. In this case, both of these equilibrium points are stable,
and the origin is an asymptotically stable equilibrium point for g = 0.

In a transcritical bifurcation, an equilibrium point becomes unstable as it
intersects another unstable equilibrium point which becomes stable, as the bi-
furcation parameter is quasi-statically varied through the critical point. The

following is an example of a system which undergoes a transcritical bifurcation



at u=0:
i = px—z°

Locally near 4 = 0, z = g is an equilibrium point of this system. For g > 0
(respectively g < 0 ), this equilibrium point is stable (respectively unstable).

The origin is an unstable equilibrium point for u = 0.

Hopf Bifurcations

In a Hopf bifurcation, a stable (unstable) equilibrium point of a parameterized
system becomes unstable (stable) as the bifurcation parameter is quasi-statically
varied and simultaneously, a periodic orbit emerges from the equilibrium point.
The stability of the emerging periodic orbit is the same as the stability of the
critical equilibrium point. Additionally, the greater the stability of the critical
equilibrium point, the greater the degree to which the emerging periodic orbit
stays close to the original equilibrium point in a neighborhood of the bifurcation
point. Asin the stationary bifurcation, if the critical equilibrium point is asymp-
totically stable, then the bifurcation is supercritical. If the critical equilibrium
point and the emerging periodic orbit are unstable, the bifurcation is subcritical.
The following is an example of a system which undergoes a Hopf bifurcation at

p=20:

& = —y+a(p—(e®+y")

gy = z+y(p—(a®+y%).

Locally near the origin for g > 0, there are nontrivial periodic orbits.



Period Doubling Bifurcations

In a period doubling bifurcation, a stable (unstable) periodic orbit of a parame-
terized system becomes unstable (stable) at some critical parameter value as the
parameter is quasi-statically varied. Simultaneously, a new period doubled orbit
emerges from the original periodic orbit. Again, the stability of the critical orbit
is the same as the stability of the period doubled orbit, and the bifurcation is
termed supercritical if the critical orbit is stable, and subcritical if the critical or-
bit is unstable. A period doubling bifurcation can occur in both continuous-time
systems and discrete-time systems.

The following is an example of a discrete-time system where 0 is a fixed-point

which undergoes a period doubling bifurcation at g = 0:
Tppr = —(p+ Dz + 2%

Locally near y = 0, for p > 0, (\/ft, —/) is a period-2 orbit for this system. In
this case, the period-2 orbits are stable, and the origin is asymptotically stable

for p = 0.

2.2 Mathematical Preliminaries

There are a number of approaches to studying bifurcations. These include the
Lyapunov-Schmidt reduction, center manifold reduction and transformations
yielding normal forms, and the “projection method” described by looss and
Joseph [11]. Each approach has certain advantages over the other approaches.
In a local bifurcation such as a stationary bifurcation or Hopf bifurcation,

applying the projection method yields an explicit formula for the stability of the



critical equilibrium point for a given type of bifurcation in terms of the Taylor
series expansion of the vector field of the bifurcating system. The following
subsections review some of the elements of the “projection method” as outlined

by Iooss and Joseph [11].

2.2.1 Linear Algebra
Fredholm Alternative

The following is a statement of the Fredholm Alternative, from Howard {12]:

Theorem 2.2.1 Given any b € R™, the equation Az = b has a solution if and
only if yTb = 0 for all y in the null space of AT. Moreover, if dim Ker(A) =1

and yTb = 0 for all y in the null space of AT, then one solution is £ = A~b where

A~ = (ATA + yTy)~1AT.

Spectral Mapping Theorem

We first make the following definition:

Definition 2.2.1 The spectrum of A, denoted by o(A), is defined by

o(A) def {z|x is an eigenvalue of A}.
The following is a well-known fact.

Theorem 2.2.2 Let A be an n X n matrix whose elements are real numbers.

Let f be an analytic function which maps n X n matrices to n x n matrices.

Then o(f(A)) = {f(s)|s € o(A4)}.



2.2.2 Multilinear Functions and Taylor Series Expansion

The material in this section is from Abed [16]. We first introduce notation.
Let z be the vector (z1,xs,...2,). Let k = (k1,kq,...,k,) be a multi-index of

nonnegative integers. Then,
|kl = ki + ka4 ...+ kn, k! = kgl k! - - K
ot = abraf ol and () = (R (L) ()
Note that we also use the superscript to enumerate vectors in R" as 2!, 22,

Theorem 2.2.3 Let f(z),z € R", be a scalar N + 1 times continuously differ-

entiable function for x in a neighborhood of 0 € IR™. Then

@) = JO+ ¥ FlG) O + Bxe)

o<lk|<N

where Ry(z) = O(|z|N+1).
We now define multilinear functions.

Definition 2.2.2 Let V;,V,,... Vi and W be vector spaces over some field. A
map ¢ : Vi x Vo x...x Vi — W is said to be multilinear (or k-linear) if it is linear
with respect to each of its variables. That is, for all v! € V},v? € V;,...,v" € V,,

w' € V; where 1 < i < k, and for arbitrary scalars a and b, we have
(vl .. a0t Fbw', ... 0F) = ap(vty. . vt 0R) Fb(uh, L w0,

We refer to k as the degree of the multilinear function . In particular, multi-
linear functions of degree two are referred to as bilinear functions and multilinear

functions of degree three are referred to as trilinear functions.

10



Definition 2.2.3 A k-linear function ¥ : V x V x ... x V — W is symmetric
if for all v! € V, v? € V, ..., v" € V, the vector (v}, v?, ..., v*) is invariant

under arbitrary permutations of the argument vectors v’.

Given an arbitrary multilinear function 1, we associate a symmetric multi-

linear function v, resulting from the symmetrization operation as follows:

Po(zt, 2%, .. 2F) = o > bz, 2, ... 2,

where the sum is taken over the k! permutations of integers 1,2,..., k.
Consider a smooth vector-valued function f : R® — R™. Then f(z) may be

represented in the following form:

f2) = JO)+[DION) + DS O)(w,2) + 57D O)r.,2)

3!
1 .
oot DY, 7, ) + O(I2 M)
where [D¥ f(0)](z?,22,...,2*%) is a symmetric k-linear form.

[D?f(0))(z, z) is a quadratic form induced by the symmetric bilinear form
[D? f(0))(, %) and [D?f(0)](x,z,z) is a cubic form induced by the symmetric

trilinear form [D?f(0)](z?, 22, 2).

2.2.3  Bifurcation Theorems

We now state two bifurcation theorems.

Stationary Bifurcation Theorem

Theorem 2.2.4 gives sufficient conditions for the existence of a stationary bifur-
cation in a continuous-time system. The material in Theorem 2.2.4 can be found

in Howard [12] and Iooss and Joseph [11].
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Theorem 2.2.4 Consider the equation f,(z) = 0 where z € R" and y is a real-
valued parameter. Suppose f is smooth with respect to both z and y. Suppose
that z = 0 is a solution of f,(z) = 0 for all x in some neighborhood of 0. Suppose
that A, = D, f.(zo(p)) possesses a simple eigenvalue A(g) such that A(0) = 0
and X'(0) = %ﬁ-l p=0 # 0. Assume that all the remaining eigenvalues of A, have

strictly negative real parts for 4 = 0. Then:
(i) There is an € > 0, a function g : R — R,
u(?) = e+ e +pa’ ..,
and a function z : R — IR",
z(e) = zie+ 296 + a3 4 ...

such that for each ¢ € (—€,0) U (0,¢), z(€) is a nontrivial solution to
fue(z) = 0. Furthermore, there exist o > 0 and r > 0 such that for all
P € (—f0,0) U (0, o), all of the nontrivial solutions to f,(z) = 0 such that

||| < r are contained in the set {z(e)|u(e) = p}.

(ii) Exactly one eigenvalue §(¢) of the Jacobian with respect to z of f, ()
evaluated at z(€) approaches 0 as ¢ — 0, and it is given by a real-valued

function B(€) = Bre + Boc® + Bse + ... .
(iii) The coefficients in parts (i) and (ii) satisfy:

(1) B ==X (0)m
(2) If 81 =0, then f; = —2X(0)u,

(3) If ,81 =0 and /82 = 0, then ﬂ,j = —6/\/(0)/1,3

12



(4) If ,81 = 0, ,32 =0 and ﬂ3 = 0, then ,34 = —24A'(‘0)'Lt4
(iv) Let m be such that for all 1 < k¥ <m, B =0 and 8, #0.

(1) If m is odd, then 0 is an unstable equilibrium point of the system
z = fo(z).

(2) If mis even and B, < 0 (respectively 8, > 0), then 0 is an asymptot-
ically stable (respectively unstable) equilibrium point of the system
& = fo(x). That is, the bifurcation is supercritical (respectively sub-
critical).

Period Doubling Bifurcation Theorem

We will state a theorem giving sufficient conditions for the existence of a period

doubling bifurcation in a discrete-time system. We first define basic terms.

Definition 2.2.4 A period-2 point of a system zy41 = f(z) is any point z
which satisfies z = f(f(z)).

Definition 2.2.5 A period-2 orbit of a system zx41 = f(xx) is any pair of points

(z,y) which satisfies z = f(f(2)), y = f(f(y)), y = f(z), and = = f(y).

Definition 2.2.6 A period-1 orbit of a system x;4; = f(zx) is any point =

which satisfies = f(z).

The material in Theorem 2.2.5 can be found in Peckham and Kevrekidis [13]

and Guckenheimer and Holmes {21].

Theorem 2.2.5 Suppose we are given a discrete-time nonlinear system

w1 = Julak) (2.1)

13



where z; € R", k > 0, and g is a real-valued parameter. Suppose the map
fu(z) 1s smooth with respect to both z and y and has a fixed point z = 0
for all p in a neighborhood of 0. Suppose that A, = D, f,(zo(p)) possesses a
simple eigenvalue A(x) such that A(0) = —1 and X'(0) # 0. Assume that all the
remaining eigenvalues of A, have magnitudes which are all less than unity for

#=0. Then:
(1) There is an € > 0, a function p: R — R,
ple) = poe® +pact +...,

and a function z : R — R",
z(e) = xe+ 9c® + 36> + ...

such that for each € € (—ep,0) U (0, €), z(€) is a period-2 point of x4, =
Jue(zx) such that x(e) # 0 (i.e. z(e) is a nontrivial solution to z =
fue(fue(x)) ). Furthermore, there exist po > 0 and r > 0 such that for
all p € (—po,0)U (0, uo), if z is a period-2 point of zx11 = f,(zx) such that
0 < ||z]| < r, then « is contained in the set {z(e)|u(e) = p}-

(i1) Exactly one eigenvalue B(€) of the Jacobian with respect to x of
Ju)(fu(e)(x)) — = evaluated at z(e) approaches 0 as e — 0, and it is given
by a real-valued function 3(¢) = fBae® + Bac* + ... .

(iii) The coefficients in parts (i) and (ii) satisfy:

(1) B2 = —2X(0)p,

(2) If ﬂz = 0, then /34 = —24)\’(0)/!4

14



(iv) Let 2m be such that for all 1 < k < 2m, B = 0 and B # 0. If B3, < 0
(respectively Bym > 0), then 0 is an asymptotically stable (respectively
unstable) equilibrium point of the system zp4; = fo(zx). That is, the

period doubling bifurcation is supercritical (respectively subcritical).

Remark If z and y are the only period-2 points of zx+1 = f(zx), then (z,y)
is a period-2 orbit of zx41 = f(zx). Thus, Theorem 2.2.5 gives conditions for
the existence of a bifurcation which results in a unique period doubled orbit for

all parameter values in some small neighborhood of the origin.

2.3 Degenerate Period Doubling Bifurcations

Assume we are given a discrete-time system which satisfies the hypotheses of
Theorem 2.2.5. That is, the map of the system is smooth and the system un-
dergoes a period doubling bifurcation. The stability of the critical fixed-point
of the period doubling bifurcation in such a system can be determined from the
function which maps the amplitude of an emerging period-two point with respect
to the original orbit to the nearly-critical eigenvalue of the linearization of the
system about the specified period-two point. More specifically, the stability of
the emerging period doubled orbit is determined by the sign of the first nonzero
coefficient in the Taylor series expansion of this function. For period doubling
bifurcations, the terms of odd order always vanish. These facts have all been
summarized in Theorem 2.2.5.

For k > 1, the first 2k coeflicients in the Taylor series expansion above vanish
generically only if there are multiple parameters in the map associated with the

given discrete time system. If, for & > 1, the first 2k coefficients in the Tay-



lor series expansion above vanish, then the system is degenerate and the local
qualitative behavior of the system is different than that of a system around a
nondegenerate period doubling bifurcation point. That is, the local qualitative
behavior of the system has properties which are not described in Theorem 2.2.5.
Specifically, the period doubled orbits undergo fold (or sadd]e—node) bifurcations
near the period doubling bifurcation point. This kind of degenerate period dou-
bling bifurcation, referred to és a period doubling bifurcation with higher-order

degeneracies, is examined in detail by Peckham and Kevrekidis [13].

2.4 Control of Hopf Bifurcations and Station-
ary Bifurcations

Given a system exhibiting a local bifurcation such as a stationary bifurcation
or a Hopf bifurcation, there are a variety of control objectives which one might
like to achieve. For any particular system, however, only certain objectives are
achievable and practical. One obvious objective is to delay the bifurcation point
to a different parameter value by linear feedback. Delaying a local bifurcation can
be accomplished only by exponentially stabilizing the critical equilibrium point
of the bifurcation, so a feedback which includes a nonvanishing linear component
must be used.

An alternative objective, studied in Abed and Fu [1] [2] and Lee and Abed
[5], is to increase the stability of the critical equilibrium point of a given local bi-
furcation while preserving both the bifurcation point and the critical equilibrium
point. More specifically, if the bifurcation is subcritical, one may wish to apply

feedback so that the closed-loop system exhibits a supercritical bifurcation. If

16



the bifurcation is already supercritical, one may wish to increase the stability of
the critical equilibrium point so that the system behavior after the bifurcation is
similar to the behavior before the bifurcation. For example, for a system under-
going a Hopf bifurcation, one may wish to design a controller which preserves the
critical parameter value and the critical equilibrium point, but which decreases
the amplitude of the bifurcated oscillations. In this case, the oscillations could
serve as an indication of the performance limit of the system. In some cases,
it may be desirable to both delay the bifurcation point to a different parameter
value and to increase the stability of the critical equilibrium point.

The stabilization of critical system has also been studied in work of Aeyels
[17]. While this work focuses on general critical systems, the works due to Abed
and Fu [1] [2], and Lee [10] have in contrast focused on the control of specific

types of bifurcations.

2.4.1 Static Nonlinear Control

In Abed and Fu [1] [2], static, purely nonlinear feedbacks are employed for the
control of stationary bifurcations and Hopf bifurcations. The feedback controls
examined in these works preserve both the critical parameter value and the
critical equilibrium point of a stationary or Hopf bifurcation while adjusting the
both the amplitude of the bifurcate;d behavior and the stability of the critical
equilibrium point. The method described by Iooss and Joseph [11] is used for
analyzing the stability of the critical equilibrium point and for finding conditions
for stabilizability. The static nonlinear feedbacks of Abed and Fu [1] [2] are non-
robust in that the application of such a feedback to a nominal system undergoing

a local bifurcation can result in a closed-loop system which exhibits behavior near

17



the nominal critical equilibrium point which is qualitatively different than the
behavior of the nominal system if there is any deviation either in the actual
critical equilibrium point from the nominal critical equilibrium point or in the
actual critical parameter value from the nominal critical parameter value.

In Lee [10] and Lee and Abed [5], this difficulty is overcome by considering
feedback controls which incorporate a washout filter in the feedback loop. In the

next sub-section, we introduce washout filters.

2.4.2 Continuous-Time Washout Filters
Background and Motivation

For many feedback control problems concerning a parameterized system which
must operate over a range of parameter values, the closed-loop system is required
to have the same equilibrium points as the open-loop system. For instance, con-
sider the problem of designing a controller for an aircraft to increase the Dutch
roll damping factor. The controller designed must operate properly whether the
aircraft is turning or in level flight. Furthermore, if the aircraft is executing a
turn, the controller should not interfere with the turn.

One approach to this problem is to apply feedback which approaches zero
asymptotically as the closed-loop system approaches steady-state values. This
can be accomplished by applying feedback control in which the feedback signal
is a function of the output of a high-pass filter whose input consists of system
states such that the value of the fuuction is zero at the origin. A high-pass
filter used in this way is called a washout filter. As the closed-loop system

approaches steady state, the output of the washout filter approaches zero. Thus,

18



the application of a feedback control as described above results in a closed-loop
system whose equilibrium points are the same as the equilibrium points of the

open-loop system. A simple, mathematically rigorous explanation follows. For

a reference, see Blakelock [22] or Lee [10] [5].

Preservation of Equilibria
A traditional washout filter in continuous time is a stable high pass filter with
the following transfer function:

S

s+d

G(s) =
In order to illustrate properties of the washout filter, consider the implementation

2 = a—dz (2.2)

y = z—dz (2.3)

where z is the input and y is the output. At steady state,

0 = =z —dze
from (2.2). Then,
Yog = Teq— dzeg
= 0.

Thus, when a washout filter is at steady-state, the output of the washout filter
1s 0.

Now consider a continuous-time nonlinear feedback system
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where u is a scalar valued input. We now show how placing a washout filter in a
feedback loop results in a controller which preserves equilibria of a given system.
Consider a washout filter aided feedback control for (2.4) which results in the

following system:

i o= fule,u) (2.5)
P o= x—dz (2.6)
y = o—do | (2.7)
u = hiy) (2.8)

where h : R — R is any smooth function such that A(0) = 0. Note that the
washout filter has been placed so that it is the first element in the feedback loop.
Thus, the feedback applied is a function of the output of a washout filter whose
input is some state of the system. For simplicity, we have assumed that we have
one washout filter and that the feedback loop involves only one state variable.

Suppose ., is an equilibrium of (2.4) with no feedback control. Then:
0 = fu(zeq,0). (2.9)
When the feedback controlled system given by (2.5) - (2.8) is at equilibrium, the
steady state operating point (2%, 22, Y2, us,) satisfies
0 = fulely, h(ys,))

fu(@Zy; 1(0))

il

since the output of the washout filter is 0 when the system is at steady state.

Thus,

0 = fulal, h(y,))

= f#(mzw 0)'
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Then from (2.9), z., = z,, since z., and z}, both satisfy the same equation.

Thus, the equilibrium point ., of the system given by (2.4) has been preserved

by a washout filter-aided feedback.

2.4.3 'Washout Filter Aided Nonlinear Control

By using a washout filter in conjunction with a purely nonlinear feedback in the
control of a system undergoing a stationary or Hopf bifurcation, the equilibrium
points of the system as well as the bifurcation points of the system can be
preserved, while the the stability of the critical equilibrium point is increased.
Moreover, the use of washout filter aided nonlinear feedback for the control of
local bifurcations results in systems which are robust in the following sense:
Given a system which undergoes a local bifurcation at some nominal critical
equilibrium point and some nominal critical parameter value, the qualitative
effect of a washout filter-aided controller on the system will not change even
if the actual critical parameter value and the actual critical equilibrium point
deviate by small amounts from the nominal values. This is discussed in detail
in Lee [10]. In contrast, the use of static nonlinear feedback results in systems
which are not robust.

In Lee [10] and Lee and Abed [5], general conditions for the stabilizability
of systems undergoing Hopf bifurcations and stationary bifurcations by washout
filter-aided feedback are found using the projection method described by looss
and Joseph [11]. [n some cases, the use of washout filters restricts the control
objectives which can be achieved. For instance, in Lee [10], it is shown that a

stationary bifurcation cannot be linearly stabilized by any washout filter-aided

feedback law.
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Chapter 3

Stability Calculations

In this chapter, we follow the method outlined in Iooss and Joseph [11] in order
to find first formulas for determining the stability of stationary bifurcations and
subsequently formulas for determining the stability of period doubling bifurca-
tions. Period doubling bifurcations and stationary bifurcations with a higher-
order degeneracy are considered. The results for stationary bifurcations are
applied to obtain the results for period doubling bifurcations. First, we find
formulas for the coefficients of order less than or equal to four in the Taylor
series expansion at the critical equilibrium point associated with a stationary
bifurcation of the function which maps the amplitude with respect to the origi-
nal equilibrium point of an emerging equilibrium point to the eigenvalue of the
linearization of the system about the specified emerging equilibrium point which
determines the stability of the bifurcation. These formulas assume that the
coefficient sought is the first nonzero coefficient in the Taylor series expansion.
Next, we find a formula for the coefficient of the second order term in the
Taylor series expansion at the critical fixed-point associated with a period dou-

bling bifurcation of the function which maps the amplitude with respect to the
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original orbit of an emerging period-2 point to the eigenvalue of the linearization
of the system about the specified period-2 point which determines the stability
of the bifurcation. We also find a formula for the fourth order coefficient in the
above-mentioned Taylor series expansion which assumes that the second order
coeflicient vanishes.

It should be noted that the size of the general expression for the first nonzero
coeflicient in either of the above-mentioned Taylor series expansions increases
rapidly as the order of the coefficient and the size of the system increase. In this

thesis, we do not attempt to simplify this general expression.

3.1 Stationary Bifurcations

We first state and prove a theorem which gives formulas for calculating the
stability of the critical equilibrium point of a stationary bifurcation. We will
subsequently apply this theorem to find formulas for the stability of the critical
fixed-point of a period doubling bifurcation. The approach for deriving Theorem

3.1.1 follows the approach in looss and Joseph [11] and Abed and Fu [2].

Theorem 3.1.1 Consider the equation f,(z) = 0 where z € R" and g is a real-
valued parameter. Suppose [ is smooth with respect to both z and x. Suppose
that £ = 0 is a solution of f,(2) = 0 for all 4 in some neighborhood of 0. Suppose
that A, = D, f.(zo(pt)) possesses a simple eigenvalue A(g) such that A(0) = 0
and N(0) = 5—%“:0 # 0. Assume that all the remaining eigenvalues of A, have

strictly negative real parts for 4 = 0. Then:
(i) There is an € > 0, a function : R — R,

ple) = met pac® + e+,



and a function z : R — R",
z(€) = zie+ 206 + 136 + ...

such that for each ¢ € (—e€p,0) U (0,€), z(¢) is a nontrivial solution to
Ju@(z) = 0. Furthermore, there exist gg > 0 and r > 0 such that for all
P € (—ft0,0) U (0, po), all of the nontrivial solutions to f,(z) = 0 such that

||z]| < r are contained in the set {z(¢)|u(€) = p}.

(ii) Exactly one eigenvalue 3(¢) of the Jacobian with respect to z of f,((z)
evaluated at x(¢) approaches 0 as ¢ — 0, and it is given by a real-valued

function B(e¢) = Bre + Boc® + B + ... .

(iii) Let ! and r be the left and right eigenifectors, respectively, of Ag corre-
sponding to the eigenvalue 0, normalized so that [~ = 1. Denote the Taylor

series expansion of f,(x) by

fu(z) = F (2)+ FXa,z)+ F(x,2,2) + ...
= Fo(x) + pFy(z) + i Fy(z) + ...
+F(z,x) + pFi(z,z) + p? Fi(z,z) + ...

+F (2,2, 2) + pF(z,z,x) + p2F3(z,x,2) + . ..
Then:
(1) Bi = 1M, and py = —-ﬁo)le where M, = FZ(r,r)
(2) If /81 = 0, t,hen ,82 = 21M3 and M2 = —)‘,—%()-)-M;;
where Mz = 2F(xy,7) + F(r,r,r) and 2, = —A~ M,

(3) If By =0 and By =0, then B3 = 6IM, and 3 = —/\—,};)M4 where



My = F§(za, x2) + 2FF (3, 1) +3F3(zg,r,7) + Fi(r,r,r,7)
and z3 = —-A "M,

(4) f By =0, B, =0, and f3 = 0, then B4 = 24IM5 and pq = — ke Ms
where My = F&(z;) + 2F¢(24,7) +3F3 (a2, x2,7) + 3F3 (23,1, 1)
+4F(zq,r,r,r) + F(r,r,r,r,7) and z4 = —A~ M,

We now derive the expressions in Theorem 3.1.1. The derivations follow the

analysis of Abed and Fu [2]. Notice that we have assumed that zo(p) = 0 for all

# 1n a neighborhood of 0. Thus, given 0 = f,(z), we can write

0 = fu(x)
= Fi(z)+ FX(z,2) + Fl(z,2,2) + ...
= Fy(z)+ pFl =)+ FHa) + ...
+FY (2, 2) + pFi(z,2) + g Fiz,z) + ...

+F 2, x) 4+ pF3(z, 2, 2) + PRz, 2, 2) + ...

Denote by A def D, Fy(20(0)) the Jacobian matrix at the point g = 0. Recall
that we have assumed A possesses a simple zero eigenvalue \;(0). Denote by r
the right eigenvector of A, and denote by I the left row eigenvector of A. Choose
[ and r such that the first component of r is 1 and Ir = 1. If z is a real solution
of f,(x) =0, define the parameter ¢ by ¢ = lz. With these definitions, it can be

shown that
N(0) = lFll(r). (3.1)

See [11] for a proof.



Assume that the following series expansion holds.

k=00 Ty
=3
ple) ) k=t

Substituting this series expansion into 0 = f(z, 1) and equating like powers of ¢

Hi

gives:

0 = Fol(a:l) 1[32)
0 = Fy(x2) + mFy (21) + F (a1, 21) (33)
0 = Fy(zs) + paly (1) + paFy (22) (3.4)

i FE @y, 21) + F2 (2o, 7) + Fo (21, 71, 21)

0 = Fy(orer) + By (@1) + Mipr + News (3.5)

where

My = ) p

PEPr41

Nyt = ) ¢

9EQK+1

Piy1 = {FJ(Ca, Tuyy- - Ta )b+ 1 =a1+az+ ...+ am,

a; > 1,1 <m <k + 1)\ {F3(zr41)}

and

Qk+1 - {”jFJm(xal’xaw'"fcam){k+1:j+a1+a2+"'+amaj211)

a; > 1,1 <m < k+1}\ {uFy(z1)}.

By applying the Fredholm Alternative to the (k+1)th equation, an expression

for z44y in terms of x1, x4, ... 2 can be found. Since

e = lz(e)
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= elz; + oy + Elag + ...

we have

and

lz, = 0 (3.7)
for k£ > 2. Since we assumed Ir = 1, the solution for (3.2) is

T =7 (3.8)
Let A be the matrix associated with F(x) so that

Fl(z) = Az
We now apply the Fredholm Alternative to solve (3.3). Rewrite (3.3) as
Axy = —uF}(r)— FZ(r,r). (3.9)

By the Fredholm Alternative, equation (3.9) has a solution z; if and only if its
right-hand side is orthogonal to all left eigenvectors of A which correspond to the

zero eigenvalue. Since zero is a simple eigenvalue of A, this condition becomes
plFH(r) + LFE(r,r) = 0.

Thus

LT T
p1 = —WlFo(’,T)

where (3.1) has been used. Thus, we have derived the expression for py in The-

orem (3.1.1). The expression for B follows from the equation in Theorem 2.2.4
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which relates ) and p;. Since the Fredholm Alternative condition is satisfied,

(3.3) and (3.7) together have a solution
gy = A7(~mFi(r) = Fg(r,r)) (3.10)
where
A= = (ATA+1T)rAT,
We now assume g = 0. If this is the case, then z, is given by
z = —AT(F(r,r)).
Now, assuming p; = 0, we solve for y, by applying the Fredholm Alternative

condition to (3.4) to get

= —ﬁmf‘g(—mw&(nr)),m+F3<'r,r,r>>.

Thus, we have derived the expression for y; in Theorem 3.1.1. Again, the ex-
pression for 3, follows from the equation in Theorem 2.2.4 which relates 3, and

p2. If it is the case that gy = 0 and ps = 0, then by following the analysis from

above, we get

Ty = “A—Mg (311)
and
- _ l M
SR ()
Then,
B3 = 6lMj;.
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If pgy =0,p, =0, and p3 = 0, then by repeating the analysis,

T4 = —A My, (3.12)
_ {
Ha )\,(0) 5
and
ﬂ4 = 24IM5

Thus, we have derived the expressions given in Theorem 3.1.1.

Remark In general, if gy = p2 = ... g—1 = 0 then
HEe = )\,(0) k+1
T = —A" M,
and

Br = (K)IMi

3.2 Period Doubling Bifurcations

We consider for simplicity the scenario in which a system given by

erer = fulaw), (3.13)

possesses a period-1 orbit at the origin for all g in a neighborhood of the origin.
If the system given by (3.13) satisfies the hypotheses of Theorem 2.2.5, then it
exhibits a period-doubling bifurcation at the origin for g = 0, and any period-2

point = on the period-doubled orbit satisfies

fulfu(2)) =2 = 0. (3.14)
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Since we have assumed z = 0 is a solution of (3.14), we can use Theorem 3.1.1
to find expressions for the coefficients 3; and (3, defined in Theorem 2.2.5. These

expressions are given as part of the following theorem.

Theorem 3.2.1 Suppose we are given a discrete-time nonlinear system

T = ful@) (3.15)

where £ € R", £ > 0, and g is a real-valued parameter. Suppose the map
fu(z) is smooth with respect to both z and g and has a fixed point ¢ = 0
for all 4 in a neighborhood of 0. Suppose that A, = D, f,(zo(p)) possesses a
simple eigenvalue A(y) such that A(0) = —1 and )\ (0) # 0. Assume that all the
remaining eigenvalues of A, have magnitudes which are all less than unity for

p=0. Then:
(i) There is an ¢ > 0, a function g : R — R,
ple) = poe® 4+ pac' + ..,
and a function z : R — R",
z(€) = xie+ 9t + 236> + ...

such that for each € € (—¢y,0) U (0,¢0), x(€) is a period-2 point of x5y =
Ju(zx) such that x(e) # 0 (i.e. z(€) is a nontrivial solution to = =
Jue)(fue)(2)) ). Furthermore, there exist yo > 0 and r > 0 such that for
all p € (~p0,0)U (0, po), if = is a period-2 point of xxy1 = fp(zx) such that

0 < ||z|| < r, then z is contained in the set {z(e)|u(e) = p}.

(ii) Exactly one eigenvalue 3(e) of the Jacobian with respect to x of
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Ju)(fu(e)(z)) — x evaluated at z(e€) approaches 0 as € — 0, and it is given

by a real-valued function 8(¢) = Ba€® + Bae* + ... .

(iii) Let [ and r be the left and right eigenvectors, respectively, of Ag corre-

sponding to the eigenvalue -1, normalized so that Ir = 1. Let A % A2 1.

Denote the Taylor series expansion of f,(z) by

fulz) = Fu(2)+ Fl(z,2)+ Fo(z,z,2) + ...
= Fy(z) +pF(2) + 1’ F(2) + ...
+Fg(x,2) + pFi(z, o) + g’ Fi(z,2) + ...

+F§(.’E,(E,£I)) + ,LLF?(:L,:I,,(E) +H2F§)($7$7$)+ st
Then:

9 = 3 an 2 = — ey 3 wiere
(1) B2 = 20M; and piy = — b M wl

My = 2BY(E(enr) + 2R3 (e2), F()
+F01(F3(T,T,7‘))+2F3(F02(7',T),F(}(1'))

+E(Fo (r), Fo (), Fo (r),

r2 = —A"M,, and M, = F}(F}(r,r)) + F2(Fa(r), Fi(r)).

(2) If B3 =0, then B4 = 24IM5 and p4 = —T\TI@ME, where

Ms = 2Fy(Fg(zs,v2)) + 2F (Fy (w3), Fo (w2))
+2Fy (Fg (24, 7)) + 2F5 (Fy (24), Fo ()
+3Fy (Fy (2, 22, 7)) + 2F3 (F3 (22, 22), F3 (1))
H4FG (F (z2,1), Fo(22)) + 3F5 (Fy (z2), Fo(x2), Fo (r))

+3Fy (Fg (s, 7)) + 4F5(Fg(3,7), Fy (7))
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H2EG(F3(r,r), Fo (3)) + 3F5 (Fy (33), Fo(r), Fo (7))
+4Fg (Fg (22, 7,7,7)) + 4F5 (F (22,7), F5(r, 7))

+BFG (F5 (22,7,7), Fy(r)) + 2Fg (Fg(r,7,7), Fo(22))

+6FG(FG (22, 7), Fo (r), F () + 3FG(Fg (r,7), Fo (z2), Fo (r))
HFG(Fy (2), Fo (r), Fo (r), Fo (r)) + Fo (Fg (rymyry 7, m))
H2FG(FG (v, r), Fo(r, 1)) + 283 (Fg (rymymy ), B (7))
+3FG(Fy (r,r), Fy(r,r), Fo (1))

+3FG(FG (r,ry1), Fo (), Fo ()

HFG(F (ry ), Fy (r), Fo (r), Fo (7))

+Eg (Fy (r), Fo (1), Fy (r), Fo (r), Fo (r)),
x4 =—A" My,

My = FM(Fiana2) + F2(Fi(a2), Fi(a2))
F2FN(F2(ws,r)) + 2FE(Fo (23), Fa(r))
+3F (F3(xq,r,7)) + 2F2(FE(r,7), Fo(z2))
FAFS(FX(wa,r), FA () + 3F3(F} (r), Fo(r), F3(22))
FENF ) + B2 (r, 1), F3(r,7))
FRRR(F(r, 7 7), FA(r)) + 3FE(FE(r, ), FA(r), FA(r))

+Ey (Fy(r), Fo(r), Fo (r), Fo (),
and 23 = —A~ Msj.

Corollary 3.2.2 Equivalently, 8, can be expressed as

Br = 2A(E(r,rr) - 2B, A F3(r,r))) (3.16)
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where

F(;Z(x’y) = AOF()Z(x,y)+F()2(AO$>A0y)
Fg’(wayaz) = AOF(?(xayaz)+2F02(A01'7F02(y7z))
+F3 (Ao, Aoy, Aoz)

A = A-1

In this thesis, we do not attempt to simplify the expressions for 3, and 3, in
Theorem 3.2.1. We now derive Theorem 3.2.1. Assume we are given a discrete

time nonlinear system

T = fulan) (3.17)

which satisfies the hypotheses of Theorem 3.2.1. A period-2 point = near the

origin for this system must satisfy

0 = fulfulz)) -2 (3.18)

We will apply Theorem 3.1.1 to (3.18) to obtain the expressions for 8, and f4
in Theorem 3.2.1.

Let Ao be the matrix associated with the linearization of fo(z) about the
origin. Then AZ—1 is the matrix associated with the linearization of fo( fo(z))—=
about the origin. By the spectral mapping theorem, (A2 — I) possesses a simple
zero eigenvalue. Also, the spectral mapping theorem and our assumption that
X'(0) # 0 implies that X'(0) # 0 where A(g) is the eigenvalue of A2 — I such that
A(0) = 0. Thus, (3.18) satisfies the hypotheses of Theorem 3.1.1.

Denote the Taylor series expansion of f,(z) by:

Juz) = Fj(bL) + Fj(:v,:c) + Fj(m,w,w) +...
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Then,

folfo(z)) = Fy(Fo(z))

+F5 (Fg(z, ) + F(Fy (2), Fo ()

+F01(F(:)3(x,x7 z)) + 2F02(F02(xa z), F(}(x))

+HFG(Fy (2), Fy (), Fy (2))

+F01(F(‘)1($7 Ty Ty JJ)) + Foz(Foz(wvx)v F()Z(:c,x))
+2FG(F (2,2, 2), Fy(x))
FBEY(F(r,2), F)(), Fi(@))

+Fy (Fy (2), Fo (2), Fy (2), Fy ()

+F) (Fo(z, 2, 2,2, 2)) + 2FE (Fo (2, 2, 2), Fo(z, T))
+2F}(Fi(z,x,z,7), Fy(2))

+3F (Fg (2, 2), Fy(2, 2), Fy(x))

+3F5 (F5 (2,2, 2), Fy(2), Fy(x))

HF (i (a, @), Fy (), Fy (2), Fo ()

+FG(Fy(2), Ky (2), Fy (), Fy(2), Fg (2))

+...

Let Ao be the matrix associated with Fjj(z) so that

Fl(z) = A
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Define A def Ag — I. Since we have assumed that Ag has an eigenvalue of -1 with

left eigenvector [ and right eigenvector r,

A()T' = T
Ay = -1
so that we have
(AA~D)yr = 0
l(A(z) -1y = 0.

That is, [ is the left eigenvector associated with the simple zero eigenvalue of A,

and r is the right eigenvector associated with the simple zero eigenvalue of A.

Let

A- Y (ATA+ T AT

From Theorem 3.1.1, we find:

61 = l(AUF(?(’a T) + FO2(A0"'7 AOT))
= —lF(r,r) + UFg(=r,—7)
= —IF}rr) + F¢(r,T)

= 0

Thus, 3, vanishes as asserted by Theorem 2.2.5. Applying Theorem 3.1.1 yields

the expressions for f; and 4 in Theorem 3.2.1.
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Chapter 4

Jontrol of Period Doubling

Bifurcations

In this chapter, we consider four control objectives for a system undergoing
a period doubling bifurcation. First, we consider a static nonlinear controller
which preserves the bifurcation so that it occurs at the same critical parameter
value and so that the critical equilibrium point is the same in both the controlled
and uncontrolled systems. The action of the controller is to adjust the second
order stability coefficient 8, defined in Theorem 3.2.1. Thus the amplitude with
respect to the original orbit of the period doubled orbit is decreased locally near
the bifurcation point, and the stability of the bifurcation point is enhanced. In
addition, we consider a washout filter-aided nonlinear controller which results
in a closed-loop system which exhibits certain robustness properties. We find
that for a period doubling bifurcation in which the critical mode is controllable,
stabilizability by static nonlinear feedback implies stabilizability by washout
filter-aided nonlinear feedback. Also, we consider a washout filter-aided linear

feedback which delays the bifurcation to a different parameter value. We find
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that a system which is exponentially stabilizable by static linear feedback is
also exponentially stabilizable by dynamic, washout filter-aided linear feedback.
Finally, we demonstrate that the chaotic behavior in the Hénon system can be

suppressed by both linear and nonlinear, robust, washout filter-aided feedback.

4.1 Static Nonlinear Feedback Control

In this section, we design a nonlinear controller for a system undergoing a period
doubling bifurcation. The controller does not incorporate a washout filter. The
calculations of this section will aid in verifying the calculations for robust nonlin-
ear control of period doubling bifurcations using washout filters. The notation
used in this chapter differs slightly from the notation used in Chapter 3. In this
chapter, starred quantities denote values after feedback. Suppose we are given

a discrete-time nonlinear system of the form

v = fulowu) (4.1)

Expand this as

Trpr = fular, ur)
= Az + plazi + ulizg + urh + Q(xx, i)
+u? Loz, + pQ1(wr, zk) + Ule(l'k, Tk)

+C(xk, xp, k) + . ..
Assume

up(z) = 2§ Quar + Cular, Tk, Ti)
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where Q, is a real symmetric n X n matrix and C,(z,z,z) is a cubic form
generated by a scalar valued symmetric trilinear form Cy(z,y,2). The closed-

loop dynamics with a feedback of this form are given by

rpp1 = Azg+ Q(zi, o) + C (ks Thy Th) (4.2)

+ulyzy + p*Lloze + ...

where

Q'(xy) ¢ (@TQu)b+ Q)
Ce,2)  Culaynz)bt Olay,2) + 367 Qu)

1 . 1 .
+§(‘LTQuZ)L1y -+ g(yTQuz)le.

Note that C*(z,y, z) is a symmetric trilinear form, and Q*(x,y) is a symmetric
bilinear form. Substituting these expressions into the expression for B; given by

(3.16) gives

B; = 2U(C*(r,r,7)) — 2Q°(r, AQ"(r,7)))

where

C*(z,y,2) = AC*(z,y,2)+2Q*(Az,Q"(y,2)) + C"(Az, Ay, Az)

Q*(z,y) = AQ(z,y)+ Q" (Az, Ay)

A = A -1

G (ey) = AGTQu)b+ AQ(e,y) + (A2)TQu(Ay)b + Q(Az, Ay)
C*(z,y,2) = ACuz,y,2)b+ AC(z,y, z)+ %A(:vTQuy)le
FLAETQu) Ly + SA(TQu) e
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+2(Az)? Qu((y" Que)b + Qly, 2))b
+2Q(Az, (y7Qu2)b + Q(y, 2))
+Cy(Az, Ay, Az)b+ C(Az, Ay, Az)+ %((A:c)TQu(Ay))Ll(Az)

+ (AT QAN (A + (A QAL (42

so that
Q*(r,r) = (A+ DETQur)b+ (A+DQ(r,7)
C*roryr) = (A—DCulr,mr)b— (r* Qur)Lar
+(A - 1)C(r,r, r)+ A(T’TQuT)LIT
~2rT Q. ((rF Qur)b + Q(r,7))b
—QQ(T, ("'TQur)b) - QQ(Ta Q(ra T))
Thus,

g = 2(C*(r,r,r)—2Q7(r, AQ"(r,7)))

= 2(C*(r,r,r)
—2A( T QuAQ"(r,1))b
~24Q(r, A=Q"(r, 7))
—2(Ar)T Qu(AA=Q"(r,7))b
~2Q(Ar, AA=Q"(r, 7))

= (A - D)Culr,r, )b — (T Qur)Lar
+(A - DC(ryryr) + AT Qur) Lur
~ 2T Qu((rT Qur)b + Q(r,1))b
~2Q(r, (rTQur)b) — 2Q(r, Q(r:7))
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—2A(TQuA™(A+ DT Qur)b + (A+ DQ(r, )b
—2AQ(r, A((A+ D(r" Qur)b+ (A + 1)Q(r,7)))
—2(Ar)TQu(AA™((A+ D)(r" Qur)b + (A+ 1)Q(r;7)))b

—2Q(Ar, AA~((A+ I)(r" Qur)b + (A + 1)Q(r,7)))-

Thus,

By = FatA

where

A = —4lCy(r,r,r)b— 4l((rTQur)Lyr
+r 7 Qu((rTQur)b + Q(ry 1))b + Q(r, (1 Qur)b))
+4(Q(r, A~(A + DT Qurb) + (T QuA™ (A + D(r" Qur)b
+HA + DQ(r,r)b) + 4(Q(r, AA~(A+ (7" Qur)b)

+1TQuAA((A+ D" Qur)b + (A+ DQ(r,)))b).

We now consider the effect of the controllability of the zero cigenvalue of the
lincarization of the system about the origin. Recall from the Popov-Belevitch-
Hautus eigenvector test for controllability of modes of linear time-invariant sys-
tems that [b # 0 is equivalent to controllability of the zero eigenvalue of the
linearized system. Clearly, if [b # 0, the value of 8, may be assigned arbitrarily
by appropriate choice of Cy(z,z,z). That is, set Q, = 0 and observe that in

this case
A = —4C,(r,r,T)lb.

This is summarized in the following theorem.
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Theorem 4.1.1 Suppose the hypotheses of Theorem 3.2.1 hold for the system
given by (4.1) with u = 0 and that /b # 0. Then for any real number s, there
is a feedback u = C,(zk,zk, ) such that the stability coefficient §; for the

closed-loop system is equal to s.
Now consider the case when (b = 0. Then the expression for A simplifies to
A = —4l(rTQur)Lyr — 4Q(r, (rTQur)b)
+41Q(r, A~(A + I)(#TQur)b) + 4lQ(r, AA~(A + I)(rTQ,r)b).
Introduce the parameter p def +TQ.r. Then we have
A = —4p(llyr +1Q(r,b) — 1Q(r, A= (A + I)b)

—1Q(r, AA~(A + I)b)).

Thus, if the expression which multiplies p in the above expression for A is non-
zero, (), chosen to set 3 to any desired value. This stabilizability result is

suminarized in the next theorem.

Theorem 4.1.2 Suppose the hypotheses of Theorem 3.2.1 hold for the system
given by (4.1) with v = 0, and that [b = 0. Then for any real number s, there
is a feedback such that the stability coefficient (3, for the closed-loop system is

equal to s, provided that

0 # (ILyr +1Q(r,b) —1Q(r, A~ (A+ I)b)

—1Q(r, AA~(A + 1)b))
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4.2 Discrete-Time Washout Filters

In this section, we introduce a simple discrete-time high-pass filter which is
analogous to the washout filter in continuous-time. We show in this section
how the use of this filter results in a feedback controller which preserves the
equilibrium points of the given system. Consider the high-pass filter which has

the following z-transform:

Since a unit step has z-transform

1

1 -2V
the step response of this filter is a decaying exponential with z-transform

1
1—dz"t"

Consider the following implementation of the above-mentioned transfer function:

zkp1 = e+ (1= d)z (4.3)

yr = T —dz (4.4)

where {z;} is the input sequence, {y;} is the output sequence, and 0 < d < 2
(d is related to the washout filter time-constant). At steady state, zx41 = 2 so

that by substitution into (4.3) we have
0 = =z —dz.

From (4.4) we have that y; = 0 at steady-state. Thus, when the washout filter

1s at steady-state, its output vanishes.
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Now consider the discrete-time nonlinear feedback system
ey = ful@e, wk) (4.5)

where uy is a scalar valued input. We now show how placing a washout filter in
a feedback loop results in a controller which preserves the equilibria of a given
system. Consider a washout filter-aided feedback control for (4.5) which results

in the following system:

Tesr = fulzr, ) (4.6)
zep1 = ap+ (1 —d)z (4.7)
e = k- dz (4.8)
ue = h(yi) (4.9)

where b : R — R is any smooth function such that 7(0) = 0. Note that the
washout filter has been placed so that it is the first element in the feedback loop.
Thus, the feedback applied is a function of the output of a washout filter whose
input is some state of the system. For simplicity, we have assumed that we have
one washout filter and that the feedback loop involves only one state variable.

Suppose z., is an equilibrium of (4.5) with no feedback control. Then

Toy = [ul@eq,0). (4.10)
When the feedback controlled system given by (4.6) - (4.9) is at equilibrium, the

3 3 e * n*® as® 3
steady-state operating point (2}, 25, y5,, ul,) satisfies

Teg = fu(l':q; h(yeq))

= JulaZ,, h(0))
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since the output of the washout filter is zero when the system is at steady-state.

Thus,

To = Julal h(ysy))

= fﬂ(x:q’o)‘

Then from (4.10), z., = z},, since they both satisfy the same equation. Thus,

the equilibrium point z., of (4.5) has been preserved by a washout filter-aided
feedback.

4.3 Robust Nonlinear Feedback Control

In this section we design a nonlinear controller for a system which undergoes a
period doubling bifurcation which preserves the critical parameter value of the
bifurcation and all fixed-points of the system. The action of the controller then
is to reduce the amplitude of the emerging period doubled orbits. Suppose we

are given a discrete-time nonlinear system of the form
Ty = fu(@r,u) (4.11)

which satisfies the hypotheses of Theorem 3.2.1. Then we have the Taylor series

expansion

Ere1 = Adp+ plide + ulady + ueh + Q(dx, ix)
+12Lady + pQi (g, 21) + upQ1(x, 1)

+C (g, iy 84) + ...
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For each system state variable #' introduce a washout filter with state variable

%' and output variable §*. Let the dynamics of the washout filter be given by
g = &+ -d)3 (4.12)

with the output given by

g = #—di (4.13)

where 0 < d < 2 (d is related to the washout filter time-constant). Then, after

appending the above washout filters, the extended system is given by:

Thi1 3 A 0 T N pLy 2y + uly 2y
2k+] I (]. - d)] 72]‘; 0
N upb + Q(&x, T) + p?Lady,
0
N pQ1(&k, &) + wQ1(Ex, £k) + C (&, Tk, &%)
0
+..

Assume the control v has the form
U = gl{ngk + Ou(?)]ﬂgk? :'jk)

where (), is a real symmetric n X n matrix and Cy(z,z,z) is a cubic form
generated by a scalar valued symmetric trilinear form Cy(z,y,z). Since the

output is given by ¢ = &), — dZ;, substitution yields

up = (&% —d2)TQu(dr — d3)

Ok — diy, &y — dbx, 35 — diz)
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= ( T 5T ) Qu _dQu T
k k
'—dQu d2Qu 2k
+Cu(§:ka :%ka i:k) - SdCu(ika Li‘ka ék)

+3d2C (x50, 50) — BCu(Zr, 21, 51)

Tk Ty, Tk T
= (& o) +Cy , , )
where
\
—dQ, d*Q.
Uy Vg Wy def
C‘!’L( L] 3 ) é Cu(uz, vmawm) —dCu(uz,vanwz)
U, v, w,

+d?Cy(uzgy vz w,) — dCy(tg, vz, wy)

+d?Co(ts, Vo, w,) — dCy(uz, Uz, W)

+d2Cy (1, vy, wy) — dPCy(tz, v, ).
The closed-loop dynamics with a feedback of this form are given by

Tr1 Ty, Ty, T

= A" + Q*( , ) (4.14)
Zk+1 e 2, ) Zk
Tk 4 Tk
+C*( : ; )
P 2k Z
ﬂszi'k /lLli'k
0 0
/
where
A 0
A* =
I 1-d)I
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Q*(z,2) = (e7Q2)V +Q'(z,2)
C*(z,z,2) = C.(z,z,z)b' +C'(z,z,2) + (xTQ;m)i;x

() [ Qus, v3)
QI( ’ ) =
Uz Uy 0
Uy ( Vg Wy \ C(ug, Vg, Wy)
(w( 3 ) ) =
U, \ v, W, \ 0
. Li 0
Ly =
0 0
b
iV =
0

and Q;, and C, are defined earlier. Note that Q*(u,v) and C*(u, v, w) have been

defined as follows:

Q*(z,y) = (TQV +Q'(z,y)
C*(z,y,2z) = Ci(z,y,2)' +C'(z,y,2)

1 .1 .1 .
+§(wTQLy)L'12 + g(yTQLZ)L'l-’E + g(ZTQLI)L'ly

To calculate B2, we need the left and right eigenvectors of A*. These are given

by

r

1.
d—2'

= (1)
We now apply (3.16) to the feedback controlled system given by (4.14). We find:

/'i* — A*Z_I
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AT -] 0
A+ (1—d) dd—2)I
Q*(z,y) = A"Q"(z,y)+ Q" (A"x,A%y)

C*(z,y,z) = AC*(z,y,2)+2Q*(A*z,Q*(y,z)) + C*(A*z, A%y, A*z2).

Substituting the expressions for Q*(u,v) and C*(u,v,w) into the above expres-

sions gives

@@y) = AT+ AQ )
H((A"2)TQL(A™y))V + Q'(A"e, A7y)
C*(e,,2) = ACllw,y, 2 + A°C'(w,9,2) + A (T Q) 2
AW QU e + AT QL) iy
P2 QL Q)W + Q3 2))¥
PQ(A, (1 QW + Q')
Co(A*x, A"y, A"2)V + C'(A*z, Ay, A*2)
LA Q (A L4 (472)

5 (A QUA ) L (A2)

(A2 QUA") L (A,

+

Q(yr) = (A DT + (A + DQ'(, ')
C*(r',r' ') = (AT = DL e = (PTQL )L
+HAT = DO o) + AT QL) Ly
2 TQL(( " Qui' W + Q'+, 1)V
—2Q'(", (" Qur')b) = 2Q'(r', Q'(r',1")).
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Then,

B = 2A(C(r',r',r") = 2Q° (', A Q1))

= 2'(C*(+', 7, r")
—2A°(rT QAT QY (', )Y
—2A4*Q'(+', A*Q* (v, "))
—2(A )T QL (A AQ (', )Y
—2Q'(A™', A"AQ(+", "))

= 2((A" = DCL v )W — (T QL)L
HAT = DO, 1 o") + A (T Q) Ly
=2r QL (" Qur )Y + Q'(r', )Y
~2Q'(r', (" QL) = 2Q'(+', Q'(+', 1))
=247 (r'TQ (A7) (A" + DT Qur ) + (A" + DQ'(r', 7))
—2A7Q'(r', A" (A" + D)(r Q') + (A + DQ'(r', "))
—2(AT)TQ (A (A) (A + DT QY + (A + DQ'(r', 7)Y

=2/ (A%, A (A7) (AT + DT Qur )Y + (47 + DR, )

Thus,

By = PtA
where
A = —4l'C (v, —al(("T QL)L

+T’TQ;((‘I‘ITQ;T'/)I)I _+_ QI(7,I, 7_/))1)/ + Ql(rl7 (T’TQ;‘I',)I)’))
HI(Q' (', A (A" + DT QU W) + (W' QLA ((A* + 1) (v Qur')Y
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HA+ DQ'(, P )NY) + 4 (Q'(r, A A (A" + I)(r'T Q1))
HrT QAT A (A" + D)(rT Q¥ + (A" + D)Q'(+',7")¥)
Note that

A N _ d d?
Qu(‘r’r) - (1 2d—2+((l—2)2)

TTQuT'
and

d d? d?

S A R TR . _
C.ir',r,ry = (1 3d—2+3(d—2)2 (d_Q)S)Cu(r,r,r)
Define
d d*
= 1- 4.1
¢ = 1-27 5+ o (4.15)
d d? d?
(= 3 S~ (4.16)

Then, simplifying yields
A = —4l'(Cy(r,r,r)b — 4l (E(rTQur) L
FTQUEET QY + QY + QG (7 Qur)l)
Q' (', A (A" + DEETQur)l ) + (T QLA™ (A" + DE(rT Qur)Y
HAT+ DQ'(r, ")) + 4(Q'(r', A A (AT + DE(rT Qur))
HTQUAT AT (A + DEET Qur)b + (A" + DQ'(r', r"))Y).
Again, as in the case of static nonlinear control, we consider the effect of the
controllability of the zero eigenvalue of the linearization of the system about
the origin. Clearly, if [0 # 0, the value of B, may be assigned arbitrarily by

appropriate choice of Cy(x,x, ). That is, set (), = 0 and observe that in this

case,

A = —4(Cy(r,r,1)lb.



This is summarized in the following theorem.

Theorem 4.3.1 Suppose the hypotheses of Theorem 3.2.1 hold for the system
given by (4.1) with u = 0 and that Ib # 0. Let y} be the output of a washout
filter with dynamics given by (4.12) and output given by (4.13) whose input is
the state variable z of the system given by (4.1). Let y; be the vector such that
the sth component of yi is yi. Then for any real number s, there is a feedback
u = C(Yk, Yk, Yx) such that the stability coeflicient B, for the closed-loop system

is equal to s, provided that d is chosen so that { # 0 where ( is given by (4.16).

Now consider the case when [0 = 0. Then the expression for A simplifies to

A = —dp(llar +1Q(r,b) = I'Q'(+', A*~(A* + D)V

—IQ'(r', AT A (A" + )Y))
where

def
p = aTQur.

If the expression which multiplies p in the expression above for A is non-zero,
(. may be chosen to set 85 to any desired value. This stabilizability result is

summarized in the next theorem.

Theorem 4.3.2 Suppose the hypotheses of Theorem 3.2.1 hold for the system
given by (4.1) with u = 0, and that [b = 0. Let y! be the output of a washout
filter with dynamics given by (4.12) and output given by (4.13) whose input is
the state variable 2% of the system given by (4.1). Let y; be the vector such that

the ith component of y; is yi. Then for any real number s, there is a feedback

u = u(yx) such that the stability coefficient 3, for the closed-loop system is equal
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to s, provided that ¢ # 0 where ¢ is given by (4.15), and provided that

0 # (ILyr +1Q(r,b) = I'Q'(+', A*~(A* + 1)} (4.17)

—I'Q' (', A"A (A" + I)V)).

It should be noted that fof a feedback function of the form ur = Q.(zk, zx) +
Cu(zk, Tk, 1), stabilizability is not affected by assuming that a washout-aided
feedback control is used in the case of a controllable critical eigenvalue (Ib # 0).
In the case of an uncontrollable critical eigenvalue (Ib = 0), it is not clear whether

a system stabilizable by static state feedback is stabilizable by washout filter
aided feedback.

4.4 Robust Linear Feedback Control of Period
Doubling

In this section, we study a washout filter-aided feedback control for a system
which undergoes a period doubling which delays the given bifurcation to a dif-
ferent parameter value, but which preserves equilibria of the given system. De-
laying a period doubling bifurcation to a different parameter value must involve
exponentially stabilizing the critical equilibrium point of the bifurcating system.

Assume a system of the form

Tpy1 = Az + bug + ¢($k, uk) (4.18)

yp = Cuay

where {y;} is the output of the system, C' is an m x n matrix, and 4(-,-) is a

purely nonlinear function. If linear feedback of the form uy = Ky; is applied,
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where K is a row vector of m elements, then the linear part of the closed-loop
system is A — bKC.

Now consider a washout filter-aided linear feedback for the system given by
(4.18). By appending washout filters whose inputs are the outputs of (4.18), the

overall system becomes

T A 0 z
= ¢ (4.19)
e ¢ I-D) |\ &
buy P(zk, ur)
+ +
0 0

where C' is an m X n matrix and D is an m x m diagonal matrix. Apply a linear
feedback uy = Kw; where K is a 1 x m vector and wy is the output of the

washout filters. Note that wy = Cz;, — Dz;. Then the Jacobian matrix of the

closed-loop system is

i A+bVKC —bKD
C I-D

The closed-loop characteristic equation for this matrix is given by

det(\ — A) = det(M — (I - D)) -

det(M — A= bKC) + bKD(A — (I — D))™'C)
Then
o(A) = {Mdet(A\I — (I — D)) =0} U

{Mdet((\ = A= bKC) + bKD(M — (I — D))™'C) = 0}.
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Note that if D = 0, then A is nonsingular. Recall that if A is nonsingular,
then the eigenvalues of A depend continuously on the elements of A. Thus, the

eigenvalues of A given by
{AMdet(M — A= bKC)+ bKD(M — (I — D))™'C) = 0}

can be made as close to 0(A — bK C) as desired by setting the diagonal elements

of D close enough to zero. Also, the eigenvalues of A given by
{A|det(A] — (I — D)) =0}

can all be set to have magnitude less than 1 by setting the diagonal elements of D
to be all greater than 0 and less than 1. Thus, if |z| < 1 for all z € (A —bKC),
then D can be chosen so that |z| < 1 for all z € a(A).

This argument applies not only to this case, but for discrete time systems
in general at any fixed-point. Thus, if a fixed-point of a discrete-time system
can be exponentially stabilized by static linear feedback, then the system can be

exponentially stabilized by a washout filter-aided linear feedback. To summarize,

we state the following theorem.

Theorem 4.4.1 Assume we are given a discrete-time system as described by
(4.18). Then if this system can be exponentially stabilized by feedback of the
form uy = Ky, then it can be stabilized by washout filter-aided feedback where
the system with washout filters appended is given by (4.19) and the feedback is
of the form uy = K(Czy — Dz).
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4.5 Control of Chaos

In this section, we apply robust, washout filter-aided linear and nonlinear feed-
backs to the Hénon system. One effect of these controllers is that in the closed-
loop systems, the onset of chaos occurs at a different parameter value than in

the uncontrolled Hénon system. The Hénon system has dynamics described by
Thp1 = T — 2+ Pu
Y41 = Tk

A bifurcation diagram for this system is shown in Figure 4.1. Next, consider

a linear washout filter-aided feedback which results in the following closed-loop

system:
Tryr = T —Tp+ pyk + uk
Y41 = Tk
wipr = 2+ (1 = d)wy,
zr = xp — dwyg
up = kzg.

Bifurcation diagrams for this system for two different values of k are shown in
Figures 4.2 and 4.3. Note that the bifurcation has been delayed to a different
parameter value, while fixed-points of the system have been preserved. Next,
consider a cubic washout filter-aided feedback which results in the following

closed-loop system:

2
Tpt1 = T — T+ PpYr + ug

Y1 = Tk
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Wiy = Tx + (1 — d)wy
2 = X — dwk

up = kzj.

Bifurcation diagrams for this system for two different values of k are shown in
Figures 4.4 and 4.5. Note that while the critical fixed-point and the critical
parameter value have been preserved, the amplitude of the period doubled orbit
has been decreased. Finally, Figure 4.6 shows the bifurcation diagram of a
dynamic linear feedback with both a linear and a nonlinear component which

results in the following closed-loop system:

Thp1 = T — i+ pyr+ up
Ye+1 = Tk
wie1 = 2z + (1 — d)wy

2k = xp — dwg

uy = kiz+ kzp.

We have demonstrated that with both linear and nonlinear washout filter-
aided feedback, the chaotic behavior in a system which exhibits the period dou-

bling route to chaos can be suppressed.
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Chapter 5

Jonclusions and Suggestions for

Further Research

5.1 Summary

We have found formulas for determining the stability of the critical fixed-point of
a nondegenerate period doubling bifurcation and a period doubling bifurcations
with a higher-order degeneracy. In addition, we have found formulas for deter-
mining the stability of degenerate stationary bifurcations. Specifically, we have
found a formula for the second-order coefficient and a formula for the fourth-order
coeflicient if the second-order coefficient vanishes in the Taylor series expansion
about the critical fixed-point associated with a period doubling bifurcation of
the function which maps the amplitude with respect to the original fixed-point
of a period-2 point to the eigenvalue of the linearization of the system about the
specified period-2 point which becomes the critical eigenvalue as the period-2
point approaches the critical fixed-point. We note that the size of the expression

for a coefficient in the above-mentioned Taylor series expansion increases rapidly
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as the order of the coeflicient and the size of the system increase.

We have presented robust linear and nonlinear feedback controls for systems
undergoing period doubling bifurcations. We have found conditions under which
the stability of the critical fixed-point of a given period doubling bifurcation can
be adjusted by static nonlinear feedback and conditions under which the stability
of a period doubling bifurcation can be adjusted by robust, washout filter-aided
nonlinear feedback.

Also, we have found that ex‘ponential stabilizability of a general discrete-
time system by linear feedback implies exponential stabilizability of the system
by washout filter-aided linear feedback. In particular, exponential stabilizabil-
ity of a discrete-time system undergoing a period doubling bifurcation implies
exponential stabilizability of the system by washout filter-aided linear feedback.

We have demonstrated that washout filter-aided linear feedback, purely non-
linear washout filter-aided feedback, and washout filter-aided feedback with a
linear and nonlinear component, are effective in suppressing the chaotic behav-

ior in systems which exhibit the period doubling route to chaos.

5.2 Suggestions for Further Research

One avenue of further research is the analysis and control of period doubling
bifurcations in continuous-time systems. Also, an investigation of the Neimark-
Sacker-Moser bifurcation by applying the approach used in this thesis would be
of interest.

Another avenue of research is to further examine the suppression of chaos

by means of washout filter-aided feedback controls in systems exhibiting the pe-
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riod doubling route to chaos, as well as the suppression of chaos by feedback
controls incorporating washout filters in systems exhibiting other global bifur-

cations which result in chaotic behavior.
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