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For the first time in history, advanced detectors are available to observe

the stretching and squeezing of space—gravitational waves—from violent as-

trophysical events. This opens up the prospect of joint detections with in-

struments of traditional astronomy, creating the new field of multi-messenger

astrophysics. Joint detections allow us to form a coherent picture of the un-

folding event as told by the various channels of information: mass and energy

dynamics from gravitational waves, charged particle environments (along with

magnetic field and specific element environments) from electromagnetic radia-

tion, and thermonuclear reactions/relativistic particle outflows from neutrinos.

In this work, I motivate low-latency electromagnetic and neutrino follow-

up of sources known to emit gravitational radiation in the sensitivity band of

ground-based interferometric detectors, Advanced LIGO and Advanced Virgo.

To this end, I describe the low-latency infrastructure I developed with col-

leagues to select and enable successful follow-up of the first few gravitational-

wave candidate events in history, including the first binary black hole merger,

named GW150914, and binary neutron star coalescence, named GW170817,



from the first and second observing runs.

As a review, I outline the theory behind gravitational waves and explain

how the advanced detectors, low-latency searches, and data quality vetting

procedures work. To highlight the newness of the field, I also share results

from an offline search for a more speculative source of gravitational waves,

intersecting cosmic strings, from the second observing run.

Finally, I address how LIGO/Virgo is prepared to adapt to challenges

that will arise during the upcoming third observing run, an era that will be

marked by near-weekly binary black hole candidate events and near-monthly

binary neutron star candidate events. To handle this load, we made several

improvements to our low-latency infrastructure, including a new, streamlined

candidate event selection process, expansions I helped develop for temporal

coincidence searches with electromagnetic/neutrino triggers, and data quality

products on source classification and probability of astrophysical origin to

provide to our observing partners for potential compact binary coalescences.

These measures will further our prospects for multi-messenger astrophysics

and increase our science returns.
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For my umma and appa, Inseon Cho-Kim and Kijo Cho,
and for my unni, Min Jeong Cho.

“My heart is a traitor,” the boy said to the alchemist, when they had paused
to rest the horses. “It doesn’t want me to go on.”

“That makes sense. Naturally it’s afraid that, in pursuing your dream, you
might lose everything you’ve won.”

“Well, then, why should I listen to my heart?”

“Because you will never again be able to keep it quiet. Even if you pretend
not to have heard what it tells you, it will always be there inside you,
repeating to you what you’re thinking about life and about the world.”

“You mean I should listen, even if it’s treasonous?”

“Treason is a blow that comes unexpectedly. If you know your heart well, it
will never be able to do that to you. Because you’ll know its dreams and

wishes, and will know how to deal with them.”

Paulo Coelho, the Alchemist
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Chapter 1

Multi-Messenger Sources and
Motivations

The state of gravitational-wave physics before the discovery of the Hulse-

Taylor binary pulsar system PSR B1913+ 16 (Hulse & Taylor, 1975; Taylor

et al., 1976; Taylor & Weisberg, 1982) in many ways resembled the state of

neutrino physics in the 1940's and 1950's. As one contemporary observer

noted, �There can be no two opinions about the practical utility of the neu-

trino hypothesis ... but ... until clear experimental evidence for the existence

of the neutrino could be obtained ... the neutrino must remain purely hypo-

thetical� (Ellis, 1937). Then, in 1959, Reines and Cowan delivered the �rst

crucial bit of evidence: the �rst direct observation of the free neutrino (Cowan

et al., 1956). Fast-forward a few decades and today neutrinos are considered

by astrophysicists to be a valuable probe of the structure of matter and per-

haps less well-known, a key ingredient to reviving stalled stellar core-collapse

explosions (Section 1.1).

The �rst serious attempt to detect gravitational waves began with Joseph

Weber at the University of Maryland, College Park in the 1960's. Previous

to his e�orts, gravitational waves, while deemed essential for the structural

integrity of the General Theory of Relativity (Einstein, 1916, 1918), seemed

so weak in their visible manifestations that Einstein himself believed that

they would never be detected, and perhaps even worse, that they would be of

no practical importance. Not to be deterred, Weber built his aluminum bar

detectors and his claim of detection in 1969 (Weber, 1969) propelled others to
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attempt to do the same�and more importantly�convinced the skeptics that

detection could be possible. While results of the bar detector experiments

were not reproduced, in 1974, the discovery of the Hulse-Taylor binary pulsar

(see Section 2.4) con�rmed the existence of gravitational waves.

In present-day gravitational-wave physics, theory is now con�rmed by di-

rect observations with advanced ground-based interferometric detectors, lead-

ing to the advent of gravitational-wave astronomy (e.g., Abbott et al., 2016b,c,

2017c). In addition, recent discovery of gravitational waves from the �rst bi-

nary neutron star coalescence ever observed (Abbott et al., 2017) along with

its many electromagnetic counterparts has now signaled that multi-messenger

astronomy has o�cially begun (e.g., Abbott et al., 2017a; Albert et al., 2017;

Haggard et al., 2017; Savchenko et al., 2017; Troja et al., 2017; D'Avanzo et al.,

2018; Dobie et al., 2018; Margutti et al., 2018; Ruan et al., 2018).

This chapter is dedicated to exploring in depth astrophysical sources ex-

pected to be jointly observed by a network of advanced ground-based inter-

ferometric detectors and its traditional astronomy partners. Select unsolved

problems that are related to these sources are also presented since they could

be resolved by such observations.

1.1 Core-Collapse Supernovae

Core-collapse supernovae are the explosive deaths of massive stars that

require the full power of general relativity, the strong and weak interactions,

electrodynamics, and transport theory in order to be understood. The basics

of modern-day core-collapse supernova theory are summarized in this section

with a focus on the 50+ year old supernova problem: �How is the stellar core

infall eventually reversed so that the disruption of the star is triggered, along

with the ejection of the stellar mantle and stellar envelope?�
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In the advent of a core-collapse supernova in the Milky Way (suspected to

occur once every� 50 years), it will be possible to explore the supernova prob-

lem with advanced ground-based gravitational-wave detectors and/or their

near-term upgrades. Therefore, key gravitational-wave signatures from core-

collapse supernovae are discussed. In addition, information obtained from

gravitational-wave detections from neutron star binaries (Section 1.3) could

contribute to the e�ort of modeling core-collapse supernovae and are therefore

included.

The origins of the supernova problem start in 1925, when Pauli stated

in his exclusion principle (Pauli, 1925) that electrons from the same quantum

system must be in di�erent quantum states. When applied to stars that are

counteracting their own attractive force of gravitation, the Pauli exclusion

principle prevents electrons in the stars from getting in�nitely close to each

other. Instead, the electrons are forced to �ll up energy levels that are available

to them, starting from the very lowest.

However, the sheer number of electrons present in a star means ulti-

mately that some of the electrons end up with high energies, and therefore

high momenta. Thus, the electrons moving outward in the star provide a kind

of `electron degeneracy pressure' that can support the star against its own

gravitational implosion (e.g., Burrows & Ostriker, 2014):

P =
� 2~2

5mem
5=3
p

�
3
�

� 2=3 �
�
� e

� 5=3

where~ is Planck's constant divided by 2� , me is the mass of an electron,mp

is the mass of a proton,� is the density, and � e is the ratio of electrons to

protons.

Here, it is important to note that the same Pauli exclusion principle that

is applied for electrons applies for protons as well, although the partial pressure
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contribution from the degenerate proton gas is much less in the non-relativistic

limit. This is simply due to the high proton-to-electron mass ratio,� 1836,

that results in the degenerate proton gas having a kinetic energy� 1/1836

times the energy of the degenerate electron gas (Schutz, 2004).

An important moment in the life cycle of a star is reached when hydrogen

fusion to carbon and oxygen essentially completes and the star is not massive

enough to achieve the internal pressure/temperature needed to fuse the carbon

and oxygen into heavier elements. In this case, fusion stops, leading to the

cooling down of the star at essentially �xed density (i.e., the star begins to

shrink). For stars that begin less massive than� 8� 10M � , electron degeneracy

pressure will halt the shrinking. This occurs when the electron Fermi energy

exceeds the electron thermal energy,kB T. For non-relativistic electrons this

occurs at T10 � 4� 2=3
8 , and for relativistic electrons atT10 � � 1=3

8 with Tx �

T=(10x K) and � y � �= (10y g cm� 3) (Janka, 2012). Such a star is now a white

dwarf.

Equally important as Pauli's exclusion principle is Chandrasekhar's dis-

covery in 1931 (Chandrasekhar, 1931) that there is an upper mass limit to stars

that can be supported via the above electron degeneracy pressure. In modern-

day core-collapse supernova theory, Chandrasekhar's limit (e.g., Woosley et al.,

2002) is the starting point for describing the upper mass limit of metastable,

degenerate cores at the centers of massive stars near the onset of core-collapse.

These cores resemble hot white dwarfs close to their maximum e�ective Chan-

drasekhar mass1 given by:

MCh, e� � 1:44
�

Ye

0:5

� 2

M � + corrections...

1The e�ective Chandrasekhar mass given in the equation is for cold neutron stars. The
cores of massive stars which are still hot can have a mass up to a few tenths of a solar mass
aboveM Ch, e� without collapsing.
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where Ye is the electron fraction, the number density of electrons divided by

the total number density of baryons, with typical values� 0.45 (Janka et al.,

2012) andM � is one solar mass. Then, because no equilibrium solutions exist

for relativistic and degenerate electron gases withM > M Ch, e� , core-collapse

ensues when the stellar core mass exceeds the e�ective Chandrasekhar limit.

Progenitors

The lowest-mass progenitors of core-collapse supernovae have oxygen-

neon-magnesium (ONeMg) cores (Nomoto, 1984, 1987) that reach the elec-

tron degeneracy state before hydrostatic Ne-burning can be ignited. However,

ONeMg cores experience high rates of electron capture by protons and nuclei

in the cores, meaning the electron degeneracy pressure quickly lets up due to

a decrease inYe. Therefore, these cores are the progenitors of electron cap-

ture supernovae (ECSN) which are believed to comprise up to 20� 30% of all

core-collapse supernovae (Wanajo et al., 2009, 2010).

More massive progenitors are able to ignite Ne-burning and develop iron

cores which become unstable at temperatures around1010 K ( kB T � 1 MeV).

Then, electron degeneracy pressure support becomes reduced due to photodis-

sociation of the iron-group nuclei (e.g., Janka, 2012; Burbidge et al., 1957) and

reactions such as


 + 56
26Fe � 13� + 4n

favor the production of � -particles which proceed to capture more electrons,

speeding up the core-collapse.

In more detail, the collapsing iron core splits into two pieces, an inner core

and an outer core, because of radius-dependent local sound speeds and infall

velocities. (The outer core falls in supersonically while the inner core falls in

subsonically.) However, the collapsing inner core cannot collapse inde�nitely
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due to the repulsive nature of nucleon-nucleon interactions at extremely short

ranges (Bethe & Johnson, 1974). Thus, when the inner core reaches nuclear

densities,� nuc � 2.7 � 1014 g cm� 3, the repulsive term of the strong force kicks

in, causing the nuclear equation of state there to `sti�en', i.e.,� = d ln P=dln �

(or equivalently, the � in P / � � ) jumps from 4=3 up to � 2.6� 2.8 as the com-

position transitions from inhomogeneous matter (nucleons,� -particles, and

nuclei) towards pure nucleons. The e�ect of this sti�ening is that the inner

core `bounces' and launches the shock wave that eventually triggers the super-

nova (e.g., Mezzacappa et al., 2014).

The shock wave however, stalls, leading to the modern-day supernova

problem. As the inner core rebounds and expands into the surrounding outer

iron core material, it loses energy due to the dissociation of iron-group nuclei

into free nucleons (� 8.8 MeV per nucleon in the post-shock matter).� 1� 2

ms after the shock formation, velocities downstream from the shock become

negative. Finally, the shock comes to a halt when the mass accretion rate from

the outer core gets low enough (Janka et al., 2012).

If the shock is not revived within � 0.5� 3 s, the shock becomes an

accretion-shock, and infalling matter from the outer core accretes onto the

central object, enabling the formation of a �nal black hole (Bethe, 1990).

Else, the inner core eventually becomes a neutron star or black hole. This is

where we introduce the present-day supernova problem.

There are also more energetic supernovae which require magneto-rotational

driving but these constitute only 0.1-1% of all core-collapse supernovae (Woosley

& Weaver, 1981). The observational evidence for this is indirect: as of 2016,

there were 11 long GRB�core-collapse supernovae associations. It was de-

termined that neutrino-driven core-collapse explosions (which constitute the
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majority of core-collapse explosions) have insu�cient energy to generate long

GRBs.

The sti�ened nuclear equation of state describing the inner stellar core

generally has� > 5=3, which is the value predicted for cold neutron star inte-

riors (assumingT = 0 and that the interiors are composed of non-relativistic

Fermi neutron and proton gases) (Ott, 2014). This means that neutron stars

must be held up by more than the neutron and proton degeneracy pressures,

otherwise ones above0:7M � could not exist. Indeed, neutron stars are also

held up by the strong interactions which add another layer of di�culty to the

problem of obtaining the correct nuclear equation of state. However, �guring

out the nuclear equation of state (perhaps with the help of advanced ground-

based gravitational-wave detectors) could narrow down the number of viable

core-collapse supernovae mechanisms, a possibility that will be visited again

and explained later in this section.

The Supernova Problem

The fundamental supernova problem is that Nature is very good at pro-

ducing core-collapse supernovae, but we are not good at modeling them. Of

the � 3 � 1053 erg of gravitational binding energy released through the forma-

tion of the �nal neutron star or black hole, only � 1% ends up as kinetic and

internal energy of the expanding ejecta. The remaining 99% is radiated away

as neutrinos over hundreds of seconds as the proto-neutron star (the accreting

inner core) cools (Bethe, 1990; Janka, 2001).

In 1966, Colgate and White (Colgate & White, 1966) were the �rst to

suggest that neutrinos could play an important role in explosion, by depositing

some of their energy into the rest of the star. In the present-day paradigm

where core-collapse supernovae are indeed neutrino-driven (albeit much dif-
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ferently than was originally proposed by Colgate and White), the crux of

the supernova problem is that the shock from the inner core bounce becomes

stalled. In other words, neutrinos from the electron captures become trapped

by the infalling outer core which supplies a `ram pressure' to the neutrinos,

preventing them from getting out. Thus, any information about the bounce is

unable to propagate out faster than it is being swept back in.

This problem was addressed by Wilson in 1985 who suggested that there

can be delayed shocks due to net neutrino heating regions that develop behind

the shock (Wilson, 1985). At matter densities near3 � 1012 g cm� 3, the neu-

trino mean free paths decrease and the neutrinos become trapped due to the

shortened time between consecutive neutrino reactions. The radii at which

this occurs for each �avor of neutrino de�nes its respective neutrinosphere,

i.e., the approximate `surface' of the proto-neutron star (Mezzacappa et al.,

2006) (Figure 1.1). Between the shock and the neutrinosphere, radially depen-

dent heating and cooling determines the `gain region' where neutrino opaci-

ties, i.e., neutrino-matter interactions favor the absorption of neutrinos and

anti-neutrinos by protons and neutrons over their emissions (Bethe & Wilson,

1985):

� e + n ! p + e�

�� e + p ! n + e+

This energy deposition onto matter can deliver delayed (however, weak) ex-

plosions Bethe & Wilson (1985).

The next two milestones in contemporary supernova theory were discov-

ered through computations. The �rst was the prediction that neutrino con-

vection behind the shock can produce robust explosions with 2-dimensional

(axisymmetric) models, whereas 1-dimensional (spherically symmetric) mod-
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Figure 1.1: Net heating and cooling regions between the shock and proto-
neutron star `surface' which is de�ned by the neutrinospheres. (Figure from
Mezzacappa et al., 2006)

els cannot (Herant et al., 1994). This suggests neutrino convection can play

an important role in marginally explosive cases, and that the dimensionality

of the modeling alone can make the di�erence in the production (or not) of

the explosion.

The second computational prediction was of the standing accretion-shock

instability (SASI) in 2003 (Blondin et al., 2003). Previously, researchers had

studied the formation and the evolution of the shock but never its stability.

The SASI prediction shows that non-radial perturbations to the shock are

unstable and cause the shock to grow. However, radial perturbations are

stable and cause the shock to ring back to where it was.
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Therefore, to address the supernova problem realistically requires (1) a

fully general relativistic treatment of gravity and its corrections to the neu-

trino transport equations (e.g., Bruenn et al., 2001; Liebendörfer et al., 2005),

(2) net neutrino heating in the gain regions to overcome the infalling core's

ram pressure (e.g., Wilson, 1985; Bethe & Wilson, 1985), (3) neutrino convec-

tion to better describe neutrino transport to the gain regions (Herant et al.,

1994), (4) SASI which grows the shock upon non-radial disturbances (Blondin

et al., 2003), and (5) other corrections from stellar rotations and the pres-

ence of magnetic �elds, etc. to realistically model core-collapse supernovae.

These state-of-the-art models have already been used to produce preliminary

gravitational-wave waveforms to study their detection prospects by the ad-

vanced ground-based gravitational-wave detector network.

Detection Prospects

Less than 0.01% of the available � 3 � 1053 erg from core-collapse is ra-

diated away via gravitational waves (Ott, 2009; Kotake, 2013). This strictly

limits prospective sources for advanced ground-based gravitational-wave de-

tectors to Galactic events up to 10 kpc away (Yakunin et al., 2017). However,

much time and e�ort is dedicated to being ready for the next Galactic core-

collapse supernova. This is because gravitational waves directly probe the

central engine of the supernova, and particulars about the explosion dynamics

can be extracted from gravitational-wave detections (e.g., Powell et al., 2016).

Even more critically, this extracted information can also be used to validate

di�ering core-collapse supernovae models.

The leading order contribution to gravitational waves is due to spher-

ically asymmetric accelerations of mass and energy (Einstein, 1916, 1918).

Thus, it is �tting that observations of electromagnetic emissions from core-
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collapse supernovae (along with theory) predict strong asymmetries (Foglizzo

et al., 2015). Then, it is possible to detect gravitational waves from neu-

trino convection and large-scale standing accretion-shock instabilities (SASI)

for neutrino-driven core-collapse supernovae. (As a reminder, these were both

historically predicted using 2-dimensional (spherically asymmetric) computer

models (Herant et al., 1994; Blondin et al., 2003)).

The core-collapse supernova rate in the Milky Way and close-by Small

and Large Magellanic Clouds is rather low,. 1 event per30� 50 years (Ott,

2009). However, the rate increases to� 1 per 20 years if the entire local group of

galaxies up to M31 at 0.8 Mpc is included (van den Bergh & Tammann, 1991).

In general, a core-collapse event at 10 kpc (which is well within the Milky Way

Galaxy), will produce gravitational-wave strains of amplitude� 10� 22� 10� 21

with gravitational-wave energy outputs totaling � 10� 11� 10� 10M � c2 (Murphy

et al., 2009). This is more than enough for a detection by Advanced LIGO

which at design sensitivity, is expected to detect Galactic events with minimum

signal-to-noise ratios� 10� 20 (Harry & the LIGO Scienti�c Collaboration,

2010; Murphy et al., 2009).

Gravitational Wave Signatures

Gravitational wave signals were extracted from 2-dimensional and 3-

dimensional hydrodynamic simulations using a weak-�eld, slow-motion formal-

ism that considers strain contributions from the dominant mass-quadrupole

moment only (Murphy et al., 2009; Yakunin et al., 2015; Nakamura et al.,

2016). There are three key phases present in gravitational-wave emissions

(Figure 1.2).

The �rst of the three phases is the prompt convection phase which lasts

� 70� 80 ms after the core bounce. This is produced by Ledoux convec-
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tion (Keil et al., 1996) in the proto-neutron star, which is due to a nega-

tive entropy gradient, (@�=@ln s)Yl ;P
, or a negative (positive) lepton gradient,

(@�=@ln Yl )s;P for large (small) lepton fractions,Yl , below the neutrinosphere.

Figure 1.2: Sample gravitational-wave strain (h+ ) times the distance D vs.
time after bounce. This signal was extracted from a 2-dimensional 15M �

simulation. (Figure from Murphy et al., 2009)

The second phase is the neutrino convection/SASI phase which starts

around 120 ms for 15M � 2-dimensional and 3-dimensional models (Murphy

et al., 2009; Yakunin et al., 2017) and grows for about� 550 ms past the

bounce (Murphy et al., 2009). This is the strongest part of the gravitational-

wave signal, as up to this point the shock is still quasi-spherical. The SASI in

particular causes dense and narrow `SASI plumes' that strike the proto-neutron

star surface and correlate with large distinctive spikes in the gravitational-wave

signal (Murphy et al., 2009; Marek & Janka, 2009) (Figure 1.2). In general,

higher mass progenitors produce higher characteristic plume frequencies,f p,

which increase monotonically from� 100 Hz at bounce to� 300� 400 Hz before

explosion. Thus, although the gravitational-wave power declines between the
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prompt convection phase and the SASI phase, the time-frequency spectrogram

of the signal reveals the characteristic plumes and their increasing frequencies

clearly (Figure 1.3) (Murphy et al., 2009).

Figure 1.3: Comparisons of plume frequencies,f p, with the gravitational-wave
spectrogram. This signal was extracted from a 2-dimensional 15M � simula-
tion. (Figure from Murphy et al., 2009)

Comparisons of the gravitational-wave signals from the 2-dimensional

and 3-dimensional cases show that the SASI phase is strong in 2 dimensions,

although strong signal components below 250 Hz are still present in the 3-

dimensional cases (Andresen et al., 2017). On the other hand, gravitational-

wave signals from neutrino convection are stronger in 3-dimensional models

than in 2, although their overall contribution to the gravitational-wave signal

is less prominent.

The third and last phase is the explosion phase, which has a `memory'

feature originating from the outer exploding regions of the star, i.e., there

are distinct di�erences in the gravitational-wave signal that reveal the general

morphology of the explosion (i.e., prolate, oblate, and spherical) (Murphy
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et al., 2009). As expected, when the explosion is spherical, there is very little

gravitational radiation and the strain drops to 0. However, a prolate explosion

results in a rise in strain that is speci�cally positive (in the reference frame of

the star where the explosion would be seen as prolate) vs. an oblate explosion

whose strain will become negative.

The explosions are also much lower in frequency,� tens of Hz (Fig-

ure 1.3). In many of the 3-dimensional simulations, the models did not run long

enough to produce explosions2. However, it is expected that the 3-dimensional

gravitational-wave signal will be smaller in amplitude than the 2-dimensional

case due to a smaller mass fraction contained inside the shock wave (Lentz

et al., 2015).

One critical point in this section is that 2-dimensional models by necessity

admit only one polarization state of the gravitational waves,+ , due to their

axisymmetry. Therefore, realistic core-collapse supernovae which are more

likely to be similar to the 3-dimensional case will have increased chances of

detection due to both+ and � polarizations being available for detection.

Electromagnetic/Neutrino Signatures

Neutrinos compose nearly 99% of the energy released in a core-collapse su-

pernova. Thus, recent 3-dimensional core-collapse simulations of non-rotating

progenitors with neutrino transport looked for correlations between the re-

sultant neutrino and gravitational-wave signals (Kuroda et al., 2017). These

models show that strong correlations between the two signals are characteristic

of vigorous SASI activity in the supernova core.

On the electromagnetic signature side, main classes and subclasses of
2Simulations take millions of processing hours to complete, which convert into months

when running on thousands of computing cores (Messer et al., 2013).
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supernovae are determined by their spectral properties. The two main classes

of supernovae are Type I and Type II, established by the absence or presence

of hydrogen lines in the peak optical spectrum (Minkowski, 1941). Subclasses

of Type I exist to distinguish between supernovae with or without silicon or

helium lines. Of the di�erent classes of supernovae in Table 1.1, we focus

on those with a core-collapse3 explosion mechanism only (Types Ib, Ic, and

II). In reality, there is a continuum among the core-collapse supernovae classes

depending on the amount of hydrogen and helium lost from the outer envelopes

before the explosion (due to stellar winds) and of that, how much is retained

after the explosion. This results in di�erences among the supernovae light

curves that leads to further re�nement of classi�cation.

H He Si Mechanism Subclassi�cation

Type I X thermonuclear Type Ia
Type I X core-collapse Type Ib
Type I core-collapse Type Ic
Type II X core-collapse Type II

Table 1.1: Supernova classi�cation depends on the absence or presence
(marked by X ) of hydrogen (H), helium (He), or silicon (Si) lines in the peak
optical spectra.

Type II supernovae are typically observed in the spiral arms of spiral

galaxies with Population I4 stars as progenitors. They have characteristic

Balmer lines in their peak optical spectra. Among Type II supernovae, those

with thicker retained hydrogen envelopes have light curves with a long plateau

phase (Type IIP) in contrast to those with thinner hydrogen envelopes retained

whose light curves decline more quickly (Type IIL). Progenitors of Type IIL

supernovae are also expected to have larger radii than Type IIP in order to
3Type Ia supernovae are produced by accreting white dwarfs in close binaries where the

silicon lines are thought to come from runaway carbon fusion in the white dwarf core.
4Population I stars are young, high-metallicity stars, formed from the gas of previous

generation stars.
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explain their higher peak luminosities (Hicken et al., 2017).

Type IIb supernovae are a class between Type II and Type Ib, where

a few tenths of a solar mass of the original hydrogen envelope was retained.

Thus, Balmer lines that appear in the early spectra quickly disappear as the

supernova ages, and are replaced with strong helium lines. This suggests

retreat of the supernova photosphere through the hydrogen envelope and into

the helium layer. Progenitors of Type IIb supernovae are in the 10� 18 M �

range and are likely to be in binary systems.

Type IIn supernovae have distinct narrow hydrogen and helium emission

lines which indicate the presence of a dense circumstellar medium (CSM).

There is considerable heterogeneity in this supernova class, with some super-

novae featuring a strong H� line5 while in others it is noticeably faint, and

some supernovae evolving into strong radio and X-ray sources while others do

not.

Type Ib and Ic supernovae have only been observed in spiral galaxies near

sites of recent star formation (i.e., H II regions6). Furthermore, Type Ib and Ic

supernovae fall into the category of stripped-envelope supernovae where Type

Ib progenitors have lost their hydrogen envelope and Type Ic progenitors have

additionally lost their helium envelope. These two clues suggest progenitors of

Type Ib/Ic supernovae are Wolf-Rayet stars (i.e., stars with mass& 25 M � ).

In particular, Type Ic progenitors (especially those born with sub-solar

metallicity) are interesting because they are associated with the majority of

observed long-duration gamma-ray bursts (long GRBs), which are intense

beamed signals of gamma-rays with durations lasting2� 100 s (> 10,000 s
5The H� line is the �rst of the Balmer lines, meaning it occurs when a hydrogen electron

falls from its n= 3 to n= 2 energy level, corresponding to a wavelength of 656.28 nm.
6H II regions are regions of ionized interstellar atomic hydrogen, commonly found in

spiral galaxy disks.
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in the case of ultra-long GRBs). It is also likely that these long GRB progen-

itors are rapidly rotating, which would consequently alter the observed GW

signal from the associated core-collapse supernova. However, it remains un-

clear whether rapidly rotating Wolf-Rayet stars exist, although some models

suggest surface rotation velocities of� 200 km/s (Shenar et al., 2014). Thus,

there are low-latency searches in place by advanced ground-based interfero-

metric GW detectors to look for coincidences between unmodeled transient

gravitational-wave signals and GRBs/neutrinos (Section 8.1).

Lastly, supernovae leave behind spectacular supernovae remnants which

can be observed for hundreds to thousands of years after the explosion. These

remnants are created by the surrounding interstellar medium which is violently

compressed and chemically enriched by the gaseous shell ejected from the

supernova.

It is now more than 80 years since Baade and Zwicky proposed that neu-

tron stars are formed in core-collapse supernovae (Baade & Zwicky, 1934).

They were correct, although the exact internal mechanism still eludes us.

The advanced ground-based gravitational-wave detectors will allow us to di-

rectly probe the supernova central engine at design sensitivities. Thus, an

end is in sight to the 50+ year old supernova problem, likely with the help of

gravitational-wave astronomy.

1.2 Magnetars

Magnetars are a special class of neutron stars that were originally iden-

ti�ed by their ultra-strong magnetic �elds, in excess of the quantum critical

�eld 7, BQED = m2
ec3

~e = 4:4� 1013 G (Kouveliotou, 1999). In present-day magne-
7This is the value of the magnetic �eld at which the cyclotron energy (the energy between

Landau levels of electrons) equals the rest-mass energy for an electron (Duncan & Thompson,
1992; Mereghetti, 2008).
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tar physics, they are more generally de�ned as neutron stars with magnetically-

powered emissions, regardless of their measured or inferred surface dipole �elds

(Turolla et al., 2011; Rea et al., 2012; Rea et al., 2014), and regardless of be-

ing powered in-part by rotation (Kumar & Sa�-Harb, 2008). They are further

characterized by slow X-ray pulsations (periodsP � 2� 12 s) and large spin-

down rates (period derivatives _P � 10� 10� 10� 12 s s� 1) (Rea et al., 2008).

Magnetars were proposed in 1992 to explain in a uni�ed way, two obser-

vationally distinct classes of objects known by then (Duncan & Thompson,

1992): soft gamma repeaters (SGRs) and anomalous X-ray pulsars (AXPs),

which were discovered in 1979 (Mazets et al., 1979a,b; Mazets & Golenetskii,

1981) and 1981 (Fahlman & Gregory, 1981) respectively.

As of 2014, there were 21 con�rmed magnetars and 5 magnetar can-

didates, with thousands of them expected to exist in our Galaxy (Olausen

& Kaspi, 2014; Negreiros et al., 2018). Of the con�rmed magnetars, SGR

0418+ 5729, Swift J1822:3� 1606, and 3XMM J185246.6+ 003317 are the low-

est magnetic �eld magnetars, with inferred surface dipole �elds of magnitude

Bp < � 7:5 � 1012 G, 2:7 � 1013 G, and 4:1 � 1013 G (Turolla et al., 2011;

Rea et al., 2012; Rea et al., 2014), all less thanBQED . These lower magnetic

�eld magnetars are aged magnetars with rapidly decaying magnetic �elds.

SGR 0418+ 5729 and Swift J1822:3� 1606 are estimated to be� 1 Myr and

� 550kyr old.

A central question regarding magnetars is, �What is the origin of the

high magnetic �elds observed in magnetars?� In particular, the magnetic �eld

strength impacts the structure and evolution of neutron stars on three di�erent

fronts: microscopically by altering the equation of state through Landau quan-

tization which leads to pressure anisotropies that a�ect particle composition,
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macroscopically by requiring a full axially symmetric (rather than spherically

symmetric (Oppenheimer & Snyder, 1939)) treatment of perfect �uids within

the General Theory of Relativity framework that changes the mass/radii of

neutron stars, and temporally by altering the spin-down properties (P and

_P) which can mask the true age of the neutron star if the �eld exhibits non-

canonical behavior. So far, we understand that magnetar magnetospheres are

made up of twisted magnetic �eld lines both inside and outside of the star

as shown in Figure 1.4, which can explain their characteristic persistent emis-

sions and X-ray spectral shapes (Subsection 1.2) (Thompson & Duncan, 2001;

Thompson et al., 2002).

Furthermore, the study of magnetar subpopulations and their thermal

evolution is important to understanding physical conditions that lead to the

formation of di�erent types of young, isolated neutron stars (Ertan et al.,

2014): AXPs, SGRs, dim isolated neutron stars (XDINs), central compact ob-

jects (CCOs), and rotating radio transients (RRATs). Past population synthe-

sis studies suggest that up to� 10%of neutron stars are expected to have com-

panions (Iben & Tutukov, 1996), thus another lingering astrophysical question

regarding magnetars is, �Why are all the known magnetars isolated?� (Popov

& Prokhorov, 2006). In the case of AXPs, they were dubbed �anomalous� be-

cause their high X-ray luminosities could not be explained by accretion from a

binary companion or from rotational energy loss,_E, as in the case of standard

pulsars.

Electromagnetic/Neutrino Signatures

Nearly 10%of all core-collapse supernovae explosions (Section 1.1) result

in magnetars, manifesting themselves as either SGRs or AXPs (which could

be a later phase in the evolution of SGRs) (Kouveliotou, 1999). In 1986,
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Figure 1.4: Schematic diagram of magnetar magnetic �eld lines. Uniform
poloidal �eld lines thread the liquid core and the solid, outer crust of the
star while toroidal �eld lines are created by twisted �eld lines inside the core.
(Figure from Thompson & Duncan, 2001)

SGRs were recognized as a class of objects separate from GRBs, with the

most important di�erence being the recurrence of SGR events. This excluded

the possibility of SGRs having the same progenitors as GRBs, which were

(correctly) conjectured at the time to be caused by the catastrophic destruction

of their parent object population. Indeed, the best current model of SGR and

AXP events suggests they are glitches and �ares caused by stresses built up in

the magnetar crust due to internal toroidal �elds, B � , that are twisted up to

10 times more than the external dipole �elds. This induces a rotation of the

surface neutron star layers that deforms the crust and leads to fractures (i.e.,
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starquakes), outbursts, and �ares.

There have been 3 types of magnetar bursting events detected thus far:

short bursts, intermediate bursts, and giant �ares (Turolla et al., 2015). Short

bursts are the most common and observed in both SGRs and AXPs. They

typically last 0:1� 1 s and have peak luminosities1039� 1041 erg/s with soft

(� 10 keV) thermal spectra. Intermediate bursts are also observed in both

SGRs and AXPs but last longer (1� 40 s) and have more energetic peak lu-

minosities (1041� 1043 erg/s). Finally, there are also giant �ares which have

been observed only 3 times since SGRs were discovered: from SGR 0526� 66

in 1979 (Mazets et al., 1979a), SGR 1900+ 14 in 1998 (Hurley et al., 1999), and

SGR 1806� 20 in 2004 (Hurley et al., 2005; Palmer et al., 2005). These rare

events are characterized by peak luminosities in the range1044� 1047 erg/s.

As observed from Earth, giant �ares could appear as short gamma-ray bursts

(sGRBs) (Section 1.3) if emitted by extragalactic SGRs (Palmer et al., 2005;

Hurley et al., 2005). Upper limits on the fraction of sGRBs due to these events

are � 1� 15% (Hurley, 2011).

Magnetars also have persistent (non-bursting), often variable X-ray lu-

minosities in the range1033� 1036 erg/s. The low-energy thermal component

of these emissions can be �t with one blackbody spectrum of temperature

� 0:3� 0:6 keV and a power law with a steep photon index� � 2� 4, or by

two blackbody spectra of temperatures� 0.3 keV and � 0.7 keV (Rea et al.,

2008). On top of this, there are also non-thermal emissions caused by charged

particles trapped in the twisted magnetic �eld lines (Figure 1.4) that interact

with the surface X-ray thermal emissions through resonant cyclotron scatter-

ing (Thompson et al., 2002). While soft X-ray emissions (below 10 keV) can

be explained by resonant cyclotron scattering, hard X-ray emissions (above

� 20 keV) remain poorly understood. It is suspected that either thermal
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bremsstrahlung from magnetar surface layers heated by returning currents or

synchrotron emissions from pair creation in the upper magnetosphere (� 100

km) are responsible for these hard emissions (Thompson & Beloborodov, 2005).

Although more than 90% of magnetar bolometric luminosities are con-

centrated in the 1� 200 keV range, there are still faint (K � 20) optical and/or

NIR counterparts (Israel et al., 2004) that are sometimes pulsed and transient.

As of 2003, there were four IR-identi�ed counterparts to AXPs: 4U 0142+ 61

(Hulleman et al., 2000), 1E 2259+ 586 (Kaspi et al., 2003), 1E 1048.1� 5937

(Israel et al., 2002), and 1RXS J170849� 400910 (Israel et al., 2003).

Magnetar radio emissions remain controversial. In the past, it was as-

sumed they would be absent due to photon splitting, a quantum electrody-

namical e�ect which kicks in forB > B QED , and can overtake electron-positron

pair production deemed essential for pulsar radio emissions (Baring & Hard-

ing, 1998). However, as observed in AXP XTE J1810� 197, magnetars can also

emit radio pulses after an outburst (Camilo et al., 2006; Camilo et al., 2007).

These emissions di�er from standard radio pulsar emissions (Subsection 2.4)

in that their spectrum is �atter and both the �ux and pulse pro�le show strong

variations with time. This indicates either the emission mechanism or emission

region topology di�ers between standard radio pulsars and magnetars.

Lastly, newborn magnetars could emit neutrinos during the� 10� 100 s

cooling epoch following core-collapse (Murase et al., 2014). These emissions

would be generated by a relativistic nucleon-rich wind where the neutrons

eventually undergo inelastic collisions, producing neutrinos in the energy range

� 0.1� 1 GeV.
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Gravitational Wave Signatures

Two types of gravitational-wave emissions are expected from magnetars.

The �rst are short bursts of gravitational waves which could be generated in

the event of a starquake. In the most energetic case where giant �ares erupt,

there could be up to � 1049 erg emitted in the form of gravitational waves

(Corsi & Owen, 2011). These upper limits are calculated from models where

the internal toroidal �eld lines of the magnetars become recon�gured during

the starquake, changing the shape of the star, causing a sudden fractional jump

in the moment of inertia, � I =I � 10� 4. A change in the moment of inertia of

this magnitude was observed in the giant �are event of SGR 1900+ 14 in 1998.

The second main type of gravitational-wave emission is continuous and

caused by rotation of a deformed body around one of its principal axes. Ad-

vanced ground-based interferometric detectors can detect gravitational waves

from newborn magnetars up to� 20 Mpc away if they have internal toroidal

�elds B � & 1016 G, especially if dipole �eldsBp < a few1014 G and initial spin

periodsPi � a few ms (Kashiyama et al., 2016). Strong toroidal �elds make

the star more prolate and triaxial so that in general, the principal moments of

inertia, I 1 6= I 2 6= I 3. Then, the deformation can be described in terms of an

ellipticity parameter, � :

� =
I 1 � I 2

I 3
;

and the gravitational-wave amplitude is proportional toI 1� I 2 = �I 3. In the

special case thatI 1 = I 2 6= I 3 is symmetric about the axis of rotation, no

gravitational waves are generated. Lastly, a population of rotating, deformed

magnetars could contribute to an overall stochastic gravitational-wave back-

ground (Marassi et al., 2011).
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1.3 Compact Binary Coalescences

The three endpoints of stellar evolution are white dwarfs, neutron stars,

and stellar mass black holes, listed in order of increasing compactness, depen-

dent on the mass of the progenitor star. Binary systems of compact objects

(herein de�ned as neutron stars and stellar mass black holes) such as two

neutron stars or two stellar mass black holes orbiting around their common

center of mass have already been observed to emit gravitational waves. There

has been indirect observation in the case of binary pulsars with time-changing

orbits that are consistent with gravitational wave emission (see Section 2.4

for the Hulse-Taylor binary, the �rst of such systems to be discovered), and

direct observation in the case of all con�dent mergers listed inGWTC-1: A

Gravitational-Wave Transient Catalog of Compact Binary Mergers Observed by

LIGO and Virgo during the First and Second Observing Runs(Abbott et al.,

2018). Because orbital decay is a direct consequence of gravitational-wave

emission, compact objects in these systems eventually inspiral and merge.

During the inspiral phase, gravitational waves are emitted in a highly pre-

dictable manner that can be modeled using various techniques depending on

the masses and compactness of the system involved. Eventually, these objects

reach their �nal few cycles before merger, which occurs in the sensitivity band

of advanced ground-based interferometric gravitational-wave detectors. For

BNS systems (and low-mass BBH systems to a lesser extent), there can be

up to hundreds and thousands of cycles observed in the Advanced LIGO and

Virgo sensitivity band.

During these last few cycles, it becomes more and more di�cult to model

the gravitational-wave emission, especially when neutron stars make up one

or both of the compact objects. Compact systems involving two neutron stars

always tidally disrupt whereas neutron star-black hole binaries might or might
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not (depending on the mass ratio and spin of the two objects). When tidal

disruption does occur, there are opportunities for multi-messenger observa-

tions. In the case of binary stellar mass black hole systems, multi-messenger

observations are less likely, although not impossible.

Because compact binary coalescences are by far the most common class of

objects detectable by advanced ground-based interferometric detectors, there

is an entire section devoted to waveforms and searches for these events (see

Section 4.1). Here, we will explore various observing scenarios for joint grav-

itational wave, electromagnetic, and neutrino emissions from compact binary

coalescences.

Progenitors

Here, we focus on compact binary coalescences involving only neutron

stars and black holes, which are sources of gravitational waves in the Advanced

LIGO and Virgo sensitivity bands. Therefore, systems of interest are binary

neutron stars (BNS), neutron star-black holes (NS-BH), and binary black holes

(BBH).

As an aside, binary white dwarfs (known as double white dwarfs, DWD)

also emit gravitational waves, albeit in the sensitivity band of space-based in-

terferometric gravitational-wave detectors (0.1 mHz to 100 mHz) (Sathyaprakash

& Schutz, 2009). These systems involve complex mass transfer between the

donor stars and accretors that could result in the systems becoming AM

Canum Venaticorum variable stars (Nather et al., 1981; Tutukov & Yungelson,

1996) or Type Ia supernovae (e.g., Iben & Tutukov (1984); Webbink (1984)).

Thus, DWD systems are also multi-messenger sources that will detected with

the advent of LISA, the Laser Interferometer Space Antenna, the space-based

interferometric gravitational-wave detector in the works.
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Stellar Mass Black Hole Binaries

It is possible for stellar mass binary black hole (BBH) systems to have

electromagnetic/neutrino counterparts under more exotic circumstances (Ford

et al., 2019). In particular, either disks formed around the remnant black hole

with su�cient mass accretion at late times of the merger will be required, or

dense gaseous environments in order to produce strong electromagnetic and/or

neutrino emissions. The latter case is likely to arise in Active Galactic Nuclei

(AGN), where stellar mass black holes will congregate towards the accretion

disk of the supermassive black hole and merge quickly, with mini-accretion

disks formed around the inspiraling black holes that can power relativistic

out�ows.

Neutron Star Binaries

So far, there has been one con�rmed observation of a BNS merger by the

Advanced LIGO and Virgo gravitational-wave detectors, GW170817 (Abbott

et al., 2017). Discovery of its electromagnetic counterparts, a short gamma-ray

burst, GRB 170817A, and optical transient, SSS17a/AT 2017gfo, has led to

separate insights about the progenitor of GW170817.

The optical transient, SSS17a/AT 2017gfo, was �rst identi�ed by Swope

in a nearby (� 40 Mpc) host galaxy, NGC 4993, less than 11 hours after the

time of the neutron star merger. This identi�cation estimated the event to

take place at a projected distance of� 2 kpc from the galaxy's center, giving

us the �rst kinematic constraints on the progenitor system's natal (supernova)

kicks and size of the pre-supernova semi-major axes of the system (Abbott

et al., 2017b). Thus, progenitor models of the BNS system (starting at the

time of the second supernova, with various pre- and post- second supernova

properties) were evolved forward in time in the context of a model of the host



27

galaxy, and then narrowed down to those systems that became GW170817-like,

by using the physical location of the observed electromagnetic counterpart and

the gravitational-wave inspiral time/frequency as a veto. In the case of NGC

4993, an early-type spheroidal galaxy with few globular clusters (250+750
� 150), the

progenitor of GW170817 likely evolved as an isolated binary in the galaxy's

�eld population over & 1 Gyr before merger.

Prior to observations of GW170817 and its short gamma-ray burst (sGRB)

counterpart, sGRBs (at least those produced by neutron star binaries) were

thought to be powered by collimated, relativistic jets produced during rapid

accretion onto disks formed around the remnant �nal object�usually a black

hole�at late times of the merger. However, GW170817 showed that these jets

are not as sharply collimated as previously assumed. In general, these electro-

magnetic counterparts are only observable by viewers within the half-opening

angle of the jets.

Observations of the short gamma-ray burst, GRB 170817A, byFermi /GBM

and INTEGRAL /SPI-ACS (Goldstein et al., 2017; Savchenko et al., 2017),

con�rm for the �rst time that at least of a fraction of short gamma-ray bursts

(whose origins have long been debated) are due to BNS mergers, providing

insight into the energetics and phenomenology of the progenitor system's �nal

moments. Before GW170817/GRB 170817A, clues about the origin of short

gamma-ray bursts were given: the �rst afterglow detections in May to July

2005 of GRBs 050509b (Gehrels et al., 2004, 2005), 050709 (Villasenor et al.,

2005; Fox et al., 2005; Hjorth et al., 2005), and 050724 (Barthelmy et al., 2005;

Berger et al., 2005), revealed that short gamma-ray bursts are not associated

with core-collapse of massive stars (as in the case of long gamma-ray bursts),

occur at cosmological distances in both elliptical and star-forming galaxies,

and have afterglows with lower energy and density scales than long gamma-
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ray bursts.

Figure 1.5: Possible electromagnetic counterparts to neutron star binaries. In
blue is the cross section of the centrifugally supported disk around the �nal
black hole, in red is the surrounding circumburst medium, and in yellow is the
more isotropic kilonova. (Figure from Metzger & Berger, 2012)

Thus, the most probable electromagnetic counterparts to a binary neu-

tron star coalescence are the kilonova emission and the kilonova precursor.

During the neutron star merger, a small amount of neutron rich matter is

ejected both dynamically from the neutron star(s) being torn apart and from

remnant disk out�ows if a disk is created. The neutrons are then captured

for r -process nucleosynthesis (including Lanthanide production) and radioac-

tively decay for days to weeks long, producing the isotropic kilonova (Li &
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Paczy«ski, 1998). However, a small fraction (� 1� 10� 4M � ) escapes being cap-

tured through r -process and instead undergoes� -decay, producing the kilonova

precursor which occurs a few hours after the merger (Metzger et al., 2015).

Figure 1.6: A possible blue bump in the observed kilonova emission could be
indicative of a long-lived hypermassive neutron star phase where the electron
fraction is raised to a high enough value (Ye � 0.4) that no Lanthanides are
produced. On the other hand, if the remnant black hole is formed promptly
after the merger, both the dynamical ejecta before the merger and disk out�ows
after the merger will be highly neutron rich (Ye < 0.1) generating a kilonova
emission that peaks later and in the near-infrared. (Figure from Metzger &
Fernández, 2014)

Both the kilonova and the kilonova precursor are important counterparts

because they can encode information to discern the nature of the progenitor,

i.e., con�rm whether it is a binary neutron star or neutron star-black hole

merger, or whether the merger went through a brief period where a hyper-

massive neutron star (HMNS) was created before collapsing into the remnant

black hole (Metzger & Fernández, 2014). For instance, the� week long kilo-

nova emission with a spectral peak in the near-infrared (NIR) could be indica-
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tive of prompt (. 100 ms) remnant black hole creation and the production of

Lanthanides whereas a shorter-lived� day long emission with a bluer optical

peak before the late NIR peak could be indicative of a HMNS phase with

Lanthanide-free out�ows (Figure 1.6).

Constraining the Nuclear Equation of State

Both core-collapse supernovae and neutron star mergers (Section 1.3) in-

volve the same rich physics: they both require general relativity, the strong

and weak interactions, �uid and magnetohydrodynamics, and transport the-

ory. One way a neutron star merger detection could aid the supernova theorists

is by narrowing down the correct nuclear equation of state from a number of

contenders.

The equation of state strongly determines the sti�ness of the inner core

and the species of nuclides at the time of bounce (Togashi et al., 2017), which

ultimately a�ects the �nal mass of the proto-neutron star. This is turn de-

termines the amount and rate at which neutrinos revive the shock wave. In

general, studies have shown that increasing the proto-neutron star mass in-

creases the average neutrino luminosity and energy, as well as the evolutionary

timescale (Pons et al., 1999).

To date, the two most massive neutron stars were observed in binary

pulsar systems. They reveal masses of1:97� 0:04 M � from PSR J1614� 2230

(Demorest et al., 2010) and2:01� 0:04M � from PSR J0348+0432 (Antoniadis

et al., 2013). These two masses put constraints on the viable mass-radius

curves from di�erent equations of state in the neutron star mass vs. radius

parameter space. In particular, they rule out a large range of soft hadronic,

mixed hadronic-exotic, and strange-quark matter equations of state (Lattimer

& Prakash, 2011; Özel et al., 2010).
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As of yet, there have not been any robust neutron star radius (or mass

plus radius) measurements to further constrain the parameter space (Lattimer,

2012; Miller, 2013; Miller & Lamb, 2016). However, radius measurements could

be determined by gravitational-wave detections. For instance, the combina-

tion of gravitational-wave and electromagnetic data from GW170817 and its

kilonova has already led to the binary's neutron star radii estimates (Abbott

et al., 2018). It is also possible that signals from binary neutron star mergers

(Subsection 1.3), speci�cally the peak frequency of the post-merger emission,

could reveal the neutron star radius in the case of symmetric mass binaries

(Bauswein & Janka, 2012). For neutron star-black hole mergers, tidal defor-

mation and neutron star disruption could reveal the neutron star radius as

well (Lattimer, 2012).
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Chapter 2

Gravitational Waves

2.1 General Theory of Relativity in a Nutshell

In the opening chapter of the bookGravitation (Misner et al., 1973),

Einstein's geometric view of gravity is summarized in two sentences: �Space

acts on matter, telling it how to move. In turn, matter reacts back on space,

telling it how to curve.�

Mathematically, the �rst statement, �Space acts on matter...�, is known

as the geodesic equation and can be written as:

d2x �

d� 2
+ � �

��
dx�

d�
dx�

d�
= 0:

It is the statement that objects free of all forces, move in straight lines locally.

The second statement, �In turn, matter reacts back on space...� , is known

as Einstein's �eld equations1 and can be written as:

R�� �
1
2

g�� R =
8�G
c4

T�� :

Now, there are a lot of scary looking symbols in both equations above

but most of them can ultimately be written in terms of the key players: space-

time (time as x0 or t plus three spatial coordinatesx1, x2, x3, or x i ) and

mass/energy. The symbols that cannot be reduced to these are Newton's

gravitational constant (G) and the speed of light in vacuum (c).
1There are 6 truly independent equations in Einstein's �eld equations: 10 independent

equations from equating symmetric rank (0,2) tensors minus 4 constraints onR�� from the
Bianchi identity.
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When we calculate the di�erential separation between two points in space-

time, we use the line element:

ds2 = g�� dx� dx� ;

which gives us the metric tensor2, g�� . It has a related inverse metric,g�� ,

such that

g�� g�� = g�� g�� = � �
� =

8
>><

>>:

1 when � = �

0 when � 6= �
;

where the Einstein summation convention3 is used. The inverse metric and

metric come in handy when raising and lowering indices of a given tensor.

Fundamental quantities can be computed using the metric tensor. For

example, the proper time of an object following a time-like path,� , is:

� � =
Z r

� g��
dx�

d�
dx�

d�
d�;

where� is any a�ne parameter, i.e., it satis�es � = a� + b for some constants

a and b.

The Christo�el symbols4, � �
�� , which appear in the geodesic equation are

2A rank (k; l ) tensor is a real-valued, linear function ofk vectors and l dual vectors.
3In the Einstein summation convention, repeated upper and lower indices are summed

over. Greek letters include both spatial and temporal coordinates while Latin letters (ex-
cluding t for time) include only spatial coordinates.

4Christo�el symbols allow us to correctly switch between coordinate systems when de-
scribing physical objects and their rates of change. Fundamentally, all physical quantities
and laws must take a geometric form, i.e., one that is free of any coordinate system or basis
vectors. Thus, a vector ~V , for example, can be expressed in one coordinate system with
components V � and basis vectorsê� or equivalently, in another coordinate system with
componentsV � and basis vectorsê� . Its derivative has the relation:

@~V
@x�

=
@V�

@x�
ê� + V � @̂e�

@x�
;

where in the last term, @̂e� =@x� is itself a vector that can be written as a linear combination
of basis vectors:

@̂e�

@x�
= � �

�� ê� :

Then, a little substitution and renaming indices gives us an important result, the covariant
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de�ned as:

� �
�� =

1
2

g�� (@� g�� + @� g�� � @� g�� );

where@� is shorthand for:

@� =
@

@x�
=

�
1
c
@t ; @i

�
:

Thus, we have so far understood all of the symbols that appear in the

�rst statement, �Space acts on matter, telling it how to move� via the geodesic

equation.

In the Einstein �eld equations, the two symbolsR�� and R that appear

are related to the Christo�el symbol via the Riemann tensor:

R�
��� = @� � �

�� � @� � �
�� + � �

�� � �
�� � � �

�� � �
�� ;

which gives a local description of space-time curvature at each point. It gives

us the change�V � in the vector V � , if we move it around a closed loop via

parallel transport5 �rst along �a ê� , then �b ê� , then � �a ê� , and � �b ê� :

�V � = �a �b R �
��� V � :

Then, the Ricci tensor,R�� , is just a contraction of the �rst and third indices:

R�� = R�
��� ;

derivative:

@~V
@x�

=
@V�

@x�
ê� + V � @̂e�

@x�

=
@V�

@x�
ê� + V � � �

�� ê�

=
@V�

@x�
ê� + V � � �

�� ê�

=
�

@V�

@x�
+ V � � �

��

�
ê� :

5The parallel transport of vector ~V along a curve ~U means ~V is de�ned at every point
along the curve and requires~V to be parallel and of equal length at in�nitesimally close
points along the curve.
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and the curvature scalar,R, is its trace:

R = R�
� = g�� R�� :

Now, let us factor in the presence of mass and energy that curves space-

time. The symbol T �� is the energy-momentum tensor (also known as the

stress-energy tensor). It represents everything we need to know about the

energy-like aspects of the system. This includes the energy density (T00), the

momentum densities (T0i ), and the stresses (spatial termsT ij , of which the

diagonal terms,T ii , are known as pressure).

All together, this summarizes the second statement, �In turn, matter

reacts back on space, telling it how to curve.� Thus, in the General Theory

of Relativity, gravitation is a geometric e�ect that arises from objects trying

to move along straight lines locally in an overall curved space-time, where

space-time is curved because of the presence of mass and energy.

One of the consequences of this theory, as shall be seen in Section 2.2, is

that changes in gravity (i.e., changes in the curvature of space-time) do not

spread instantaneously throughout the Universe. Instead, they travel at the

vacuum speed of light,c, in the form of gravitational waves6.

2.2 Gravitational Waves

We can analyze the propagation of gravitational waves, which are changes

to the curvature of space-time/gravitational �eld, in two spatial domains: in

the near zone and the wave zone. These are de�ned by the following scaling
6This statement will be clari�ed in Section 2.3 to distinguish between gravitational

potentials and traditional gravitational waves.
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quantities:

tc := characteristic time scale of the source, i.e.,

:= time required for noticeable changes to

:= occur within the source,

! c :=
2�
tc

= characteristic frequency of the source,

� c :=
2�c
! c

= ctc = characteristic wavelength of the

:= gravitational waves,

where they are separated because (1) the di�erence between� = t � r=c and

t is small in the near zone versus large in the wave zone (i.e., �eld retardation

is unimportant versus important) and (2) time derivatives are small compared

with spatial derivatives (multiplied by a factor of c) in the near zone versus of

order unity in the wave zone.

Then, the near zone and wave zone are de�ned as:

near zone; N : r � � c

wave zone; W : r � � c

where the general solution to the wave equation of form
�

r 2 �
1
c2

@2

@t2

�
 = � 4��

is

 (t; x) =
Z

� (t � j x � x0j=c;x0)
jx � x0j

d3x0;

using the retarded Green's function. Here, the full set of Einstein �eld equa-

tions has been converted into a wave equation plus the harmonic gauge con-

dition, i.e., the `relaxed' �eld equations:
�

r 2 �
1
c2

@2

@t2

�
h�� = �

16�G
c4

� �� and

@� h�� = 0;
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where h�� are the gravitational potentials and � �� is the e�ective energy-

momentum pseudotensor. We drop the indices for simplicity to write down

the general solutions and then evaluate in the near zone and wave zone limits

to give:

 =  N +  W

for

 N (x) =
1X

l=0

(� 1)l

l !
@L

�
1
r

Z

M
� (�; x0)x0L d3x0

�
;

 W (x) =
nhL i

r

� Z R

0
dsf (� � 2s=c)A(s; r) +

Z 1

R
dsf (� � 2s=c)B(s; r)

�

when x is in the wave zone, and

 N (x) =
1X

l=0

(� 1)l

l !cl

�
@
@t

� l Z

M
� (t; x0)jx � x0j l � 1d3x0;

 W (x) =
nhL i

r

� Z R

R � r
dsf (� � 2s=c)A(s; r) +

Z 1

R
dsf (� � 2s=c)B(s; r)

�

when x is in the near zone.

In the solutions above,� = t � r=c is retarded time, M is a surface of

constant time bounded by the spherer 0 = R , L is a multi-index that contains

l individual spatial indices, and� is assumed to be of the form

� (x) =
1

4�
f (� )
r m

nhL i

where n is the radial unit vector x=r, and nhL i is the corresponding STF

(symmetric trace-free) tensor:

nhj 1 j 2 :::j l i =
[l=2]X

p=0

(� 1)p l !(2l � 2p � 1)!!
(l � 2p)!(2l � 1)!!(2p)!!

� � (j 1 j 2 � j 3 j 4 � � � � j 2p� 1 j 2p nj 2p+1 nj 2p+2 � � � nj l )
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in which [l=2] is the largest integer not larger thanl=2, and the round brackets

indicate symmetrization7.

Lastly, A(s; r) and B(s; r) are:

A(s; r) =
Z r + s

R

Pl (� )
r 0(m� 1)

dr0;

B (s; r) =
Z r + s

s

Pl (� )
r 0(m� 1)

dr0

for � = ( r + 2s)=r � 2s(r + s)=(rr 0) wherePl are the Legendre polynomials:

Pl (� ) =
1

2l l !
dl

d� l
(� 2 � 1)l :

So, a very good question one might ask at this point is, �Why did we do

all this?� The answer is, we did it for the sake of completeness. In practicality,

when solving for gravitational-wave signals that are characteristic of neutron

star and/or black hole coalescences for instance, one approach is to integrate

the wave equation in iterations, using an updated expression for the source

that must satisfy the harmonic gauge condition each iteration.

For our purposes of deriving basic properties of gravitational waves and

their e�ects on freely falling objects in the very far-away wave zone, we can

study plane wave solutions to the wave equation in vacuum. This neglects

corrections of order� c=jxj � 1 which turn out to be very small. For example,

a binary neutron star or black hole merger with a characteristic frequency near

100 Hz (� c � 3000 km) at a distance of 100 Mpc (� 3� 1021 km) will have terms

we neglect of order10� 18.
7A symmetrized rank-q tensor is de�ned by:

C(k1 k2 ��� kq ) =
1
q!

(Ck1 k2 ��� kq + � � � );

where the remaining� � � terms consist of all possible permutations of theq indices.
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Thus, plane wave solutions to the vacuum relaxed �eld equations:

�
r 2 �

1
c2

@2

@t2

�
h�� = 0

are:

h00 = 0;

h0j = 0;

hjk =
G

c4jx j
A jk

TT (�; x=jxj):

The TT subscript in the hjk expression means the gravitational potentials

are evaluated in the transverse trace-free gauge, which is a specialization of the

harmonic gauge condition. It indicates that the two independent components

of A jk
TT must contain all the radiative degrees of freedom regarding gravitational

�elds. This can be represented in matrix form as:

A jk
TT =

0

B
B
B
B
@

A+ A � 0

A � � A+ 0

0 0 0

1

C
C
C
C
A

in the case of a wave traveling in thêz-direction. The two degrees of free-

dom are referred to as the plus (+ ) and cross (� ) polarizations to describe

their e�ect on a circular ring of freely falling particles lying in the x-y plane

(Figure 2.1).

To see this, we consider the geodesic deviation equation:

D 2� �

dt2
= � R�

�
� u� � 
 u� ;

which describes the separation between two nearby freely falling masses,� � ,

each moving along their respective geodesics with four-velocitiesu� . Here,

D=dt is the covariant derivative along the direction ofu� . Then, in the trans-
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Figure 2.1: A circular ring of freely falling masses distorted by+ (blue, top)
and � (red, bottom) polarizations of a gravitational wave propagating out of
the page. A rotation of45� takes a+ mode into a� mode and vice versa. For
the �gure, a complete wave cycle is shown from left to right.

verse trace-free gauge for slowly moving masses, the geodesic deviation equa-

tion becomes:
d2� j

dt2
=

G
2c4jx j

(@� � A jk
TT )� k

which can be integrated to give us the solution:

� j (t) = � j (0) +
G

2c4jx j
A jk

TT (t)� k(0)

=

8
>>>>>><

>>>>>>:

� x(t) = � x0 + G
2c4 jx j (A+ (t)� x0 + A � (t)� y0);

� y(t) = � y0 + G
2c4 jx j (A � (t)� x0 � A+ (t)� y0);

� z(t) = � z0:

Thus, a purely + polarization gives us a distortion of the ring into an

ellipse:
�

� x
1 + � + (t)

� 2

+
�

� y
1 � � + (t)

� 2

= (� x0)2 + (� y0)2;

and a purely � polarization gives us a distortion of the ring into an ellipse:

1
2

�
� x + � y
1 + � � (t)

� 2

+
1
2

�
� x � � y
1 � � � (t)

� 2

= (� x0)2 + (� y0)2;

where� + (t) = 1
2(G=c4jx j)A+ (t) and � � (t) = 1

2(G=c4jx j)A � (t).



41

However, the positions of freely falling masses initially at rest do not

change. To see this, we can take the geodesic equation for a freely falling mass

wheredxi =d� = 0 at � = 0:

d2x i

d� 2

�
�
�
�
� =0

= �
�
� i

��
dx�

d�
dx�

d�

�

� =0

= �

"

� i
00

�
dx0

d�

� 2
#

� =0

:

Then, for a metric g�� = � �� + h�� , the Christo�el symbols are:

� �
�� =

1
2

� �� (@� h�� + @� h�� � @� h�� ):

Thus,

d2x i

d� 2

�
�
�
�
� =0

= �

"

� i
00

�
dx0

d�

� 2
#

� =0

= �

"
1
2

(2@0h0i � @i h00)
�

dx0

d�

� 2
#

� =0

0;

becauseh00 and h0j are both taken to be zero in the transverse trace-free

gauge. Thus,dxi =d� must remain 0 at all times if the freely falling masses are

initially at rest ( dxi =d� j � =0 = 0) and d2x i =d� 2 = 0.

This means we can think of marking the coordinates of the transverse

trace-free gauge with freely falling masses. The positions of the masses (ini-

tially at rest) do not change although the coordinates are stretched and squeezed

by incident gravitational waves. This interaction will allow us to conceptually

build a gravitational-wave detector in Chapter 3.

2.3 Sources of Gravitational Waves

Although several astrophysical examples of gravitational-wave sources

were mentioned in Chapter 1, we now explore more generally how gravita-

tional waves are generated.
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The �rst important result is known as Birkho�'s Theorem in the Gen-

eral Theory of Relativity. It states that space-time outside a spherical, non-

rotating body (i.e., the spherically-symmetric solution to Einstein's �eld equa-

tions in vacuum) is static and given by the Schwarzschild external metric:

ds2 = �
�

1 �
R
r

�
d(ct)2 +

�
1 �

R
r

� � 1

dr2 + r 2(d� 2 + sin2 � d� 2);

whereR is the Schwarzschild radius,R = 2GM=c2, describing the body. This

emphatically means spherically-symmetric matter distributions do not emit

gravitational waves. Thus, for example, a perfectly spherically-symmetric core-

collapse supernova would not generate any gravitational waves, despite large

accelerations of mass and energy during the event.

This begs the question, �What kind of mass and energy motions pro-

duce gravitational waves?�. The intuitive answer is non-spherically symmetric

accelerations of mass and energy produce gravitational waves.

In the very far-away wave zone from perfect �uids moving in slow-motion

(jxj � � c), exact solutions to the relaxed �eld equations:

�
r 2 �

1
c2

@2

@t2

�
h�� = �

16�G
c4

� ��

@� h�� = 0;

reduce to the gravitational potentials:

h00 =
4G

c2jx j

�
M +

1
2c2

•I jk nj nk + : : :
�

;

h0j =
4G

c3jx j

�
1
2c

•I jk nk + : : :
�

;

hjk =
4G

c4jx j

�
1
2

•I jk + : : :
�

whereM is the total gravitational mass of the source,nj = x j =jxj, and over-

head dots represent di�erentiation with respect to retarded time,t � j x j=c.
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The lowest order time dependent parts ofh�� are dominated by changes in

the mass quadrupole moment,I jk :

I jk (t � r=c) = c� 2
Z

� 00(t � r=c;x0)x0j x0kd3x0+ O(c� 2):

Thus, at the end of Section 2.1 where I stated, �...changes in gravity

(i.e., changes in the curvature of space-time) do not spread instantaneously

throughout the Universe. Instead, they travel at the vacuum speed of light,c,

in the form of gravitational waves.�, we can see that in the case of an object

accelerating rectilinearly, the termh00 = 4GM=c2jx j is the only �gravitational

wave� that re�ects the changing curvature at locationx. The aforementioned

gravitational-wave polarizations and what we traditionally refer to as gravi-

tational waves are the radiative parts of the above potentials, of which the

lowest order term can be extracted in the transverse trace-free gauge, to give

the quadrupole formula:

hjk
TT =

2G
c4R

•I jk
T T ;

where

I jk (t � r=c) = c� 2
Z

� 00(t � r=c;x0)x0j x0kd3x0:

With the quadrupole formula, we can investigate gravitational waves gen-

erated by binary systems, deformed rotating neutron stars, `mountains' on an

otherwise spherically symmetric neutron star, and more. We can also �nd a

ballpark estimate for the gravitational-wave amplitude,h0, due to a source of

massM con�ned to a volume of radiusr c, with changes on a characteristic

time scaletc. Then, the quadrupole moment scales asMr 2
c and •I jk is of order

M (r c=tc)2 � Mv 2
c . This gives us:

h0 �
GM
c2R

� vc

c

� 2

� 3:2 � 10� 19

�
M

10M �

� �
1:5 Mpc

R

� � vc

c

� 2
;
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where 10M � and 1.5 Mpc (the approximate size of the Local Group of galaxies)

are used as reference. This shows that even the most violent and energetic

processes in the Universe still produce tiny gravitational waves by the time

they reach us.

2.4 The Hulse-Taylor Binary

This section presents the �rst indirect evidence of gravitational waves

through observation of orbital decay in the Hulse-Taylor binary pulsar system.

Readers who would like to skip ahead to learn more about advanced ground-

based interferometric gravitational-wave detectors are advised to do so (see

Chapter 3).

Pulsars were �rst discovered in the 1960s as point-sources emitting elec-

tromagnetic radiation in the radio band (Hewish et al., 1968). They are highly

magnetized, rotating neutron stars with periods of the order� � 10� 3 to 1

seconds. Since their original detection, over two thousand pulsars have been

discovered and they are now known to emit radiation in the radio, optical,

X-ray, and/or gamma-ray wavelengths (Lorimer, 2008). The period of most

pulsars increases slowly with time and in a very regular manner. This pre-

dictability of the pulse time arrivals means pulsars can be used as clocks, on

par with the most accurate man-made clocks.

In the case of the pulsar in the Hulse-Taylor binary system, the pulsar

rotates on its axis approximately 17 times per second (Taylor & Weisberg,

1982) so the pulsation period� is 1=17 = 0:059s with an angular period of

! =
2�
�

=
2�

0:059s
= 106:5 s� 1:

The pulsar's measured period derivative is

d�
dt

= 8:62� 10� 18
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or

d!
dt

= �
2�
� 2

d�
dt

= �
2�

(0:059s)2
� 8:62� 10� 18

= � 1:55� 10� 14 s� 2:

Furthermore, the upper limit on the time-averaged X-ray and optical

�ux from the pulsar region is of the order10� 10 erg s� 1 cm� 2 (Davidsen et al.,

1975), meaning the X-ray and optical luminosity of the pulsar region has an

upper limit of

L tot = 10� 10 erg
cm2s

� (6400pc)2 � (
31� 1017 cm

1 pc
)2

� 4 � 1034 erg s� 1;

where 6400 pc is the distance to the binary.

The source of this luminosity is mostly in the form of synchrotron radia-

tion, i.e., the radiation emitted by relativistic electrons as they spiral around

magnetic �eld lines.

Pulsars Are Neutron Stars

To see that pulsars are spinning neutron stars, we will consider three

possible mechanisms for producing periodicity of the observed magnitude and

regularity: binaries, stellar pulsation, and stellar rotations.

For binaries, Kepler's law relates the angular frequency, masses, and sep-

aration distance as

! 2 =
G(M 1 + M 2)

a3
;
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and therefore we get

a =
(G(M 1 + M 2))1=3

! 2=3

=
(6:7 � 10� 11 m3

kg s2 � (4 � 1030 kg))1=3

(106:5 s� 1)2=3

� 300km;

if we assume two solar-mass objects and use the pulsar's frequency. This gives

us a separation,a, which is much smaller than the radii of normal stars (� 105

km) or white dwarfs (� 103 km). Only a pair of neutron stars could exist in a

binary at the above scale of separation. However, if two neutron stars were or-

biting each other at such a close distance, the system would lose gravitational

binding energy via the emission of gravitational waves, causing the separation

distance to shrink and orbital frequency to grow, which contradicts our ob-

servation that pulsar frequencies decrease with time. Indeed, this is because

pulsars have other mechanisms to lose spin energy, e.g., via magnetic dipole

radiation. Thus, we can conclude that pulsars cannot be explained by or-

bital motion of stellar-mass objects, with the exception of neutron stars under

special circumstances involving large magnetic �elds to account for observed

spin-downs.

Next, stars are observed to pulsate regularly in various modes, with the

pulsation period dependent on density as� / � � 1=2. Normal stars have pul-

sation periods between hours and months and white dwarfs have pulsation

periods of 100 to 1000 s. Neutron stars are about108 times denser than

white dwarfs, and should therefore have periods104 times shorter than white

dwarfs, putting them in the range 0.01 to 0.1 s. However, the most common

period for pulsars is about 0.8 s, which is just outside the predicted pulsation

range. Therefore, we rule out stellar pulsations as an explanation for pulsar

periodicity.
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And �nally, we consider anisotropic emission from a rotating star as an

explanation for pulsar periodicity. First, we can work out what the maximum

mean density of the pulsar must be when it is spinning as fast as it can without

breaking apart due to centrifugal forces:

GMm
r 2

> m! 2r )
M
r 3

>
! 2

G
;

and therefore,

�� =
3M
4�r 3

>
3! 2

4�G
=

3(106:5 s� 1)2

4� � 6:7 � 10� 11 m3

kg s2

= 4 � 1013 kg m� 3

for the pulsar in the Hulse-Taylor binary. This means if the pulsar is a spinning

star and is not �ying apart, it cannot be a white dwarf whose mean density

is four to �ve orders of magnitude smaller,� 109 kg m� 3. Also, pulsars with

the shortest periods of about 1 ms compared to our 59 ms, must have mean

densities about 3000 times larger to avoid breaking apart,� 1017 kg m� 3, which

is the mean density predicted for neutron stars.

Thus, it is accepted that pulsars are neutron stars. Their spin rate is what

would be expected from core-collapse of massive main-sequence stars down to

neutron star dimensions. For millisecond pulsars, it is believed they are spun

up by accretion after the neutron star formation. Also, loss of rotational energy

and decreasing pulsar frequency over time can be explained by the outgoing

radiation from the pulsar and surrounding nebula.

Pulsar Emission Mechanism and Age

Although the exact details of pulsar emission mechanism are still debated

and an active area of research, it is widely accepted that periodic emission from
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Figure 2.2: Schematic model of a pulsar. (Figure from Lorimer & Kramer,
2004)

pulsars is due to misalignment of the magnetic �eld axis and the star's rota-

tion axis by some angle� . This misalignment has the structure of a rotating

magnetic dipole, as seen in Figure 2.2.

Then, we know that a spinning magnetic dipole emits electromagnetic
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radiation with luminosity

L � B 2r 6! 4 sin2 �

where B is the magnetic �eld on the surface of the star, at a radiusr along

the magnetic �eld axis. This is the basic emission mechanism that is held

responsible for the pulsar's loss of rotational energy. Then,

dErot

dt
= I!

d!
dt

/ ! 4

and
d!
dt

/ ! 3 = C! 3

for some constantC, which can be determined from present-day values of

d!=dt and ! as

C =
_! 0

! 3
0
:

This means that we can obtain an upper limit on the age of the pulsar

by integrating the equation as follows:

tpulsar =
! 3

0

2 _! 0

�
1
! 2

i
�

1
! 2

�
;

where ! i is the initial angular frequency of the neutron star upon formation.

Therefore, the upper limit on the age of the Hulse-Taylor pulsar is obtained

by taking ! = ! 0 and ! i = 1 :

tpulsar <
! 0

2j _! 0j
=

106:5 s� 1

2 � 1:55� 10� 14 s� 2
= 3:4 � 1015 s

= 1 � 108 years:

Now, if we call � the distance from the rotation axis in cylindrical dis-

tance, magnetic �eld lines that reach a distance� > c=! must open and escape

to in�nity. This is because c=! is the maximum distance at which an object
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can co-rotate with the star and not exceed the speed of light. Only the �eld

lines fully contained within that maximum distance are closed, as shown in

Figure 2.2.

Then, high-energy charged particles accelerate around the open �eld lines

and emit electromagnetic radiation, most easily observed in the radio wave-

lengths. Because the open �eld lines are concentrated near the magnetic poles,

the radiation forms two conical beams centered along the magnetic �eld axis,

as shown in Figure 2.2. Then, as the pulsar spins on its rotation axis, the

beams sweep out an annulus in the sky and distant observers detect a pulse

once every rotation if they happen to lie along the path of the beams.

Timing with Pulsar Pro�les

Each pulse from a pulsar has a unique shape. It is only when many such

pulses are added up that the pulsar's pro�le can be built. The intensity and

shape of the pro�le is frequency dependent. In Figure 2.3, we have the pulse

pro�le for the pulsar in the Hulse-Taylor binary at 430 MHz.

Given that a millisecond pulsar will rotate over one million times during

a one hour duration, an error in the rotational period will produce a shift in

the time of arrivals at the end of the hour that is a million times larger. Thus,

if we can measure the time of arrivals to a precision of 1 millisecond, then the

rotational period of the pulsar can be resolved to a precision of10� 12 seconds,

the equivalent of 9 decimal places for millisecond pulsars! This is why pulsars

can be used as very accurate clocks.

However, most pulsars do show departures from simple, uniformly slowing

rotation. One signi�cant departure are glitches in the pulses. These glitches

are thought to be caused by `starquakes', which are sudden changes in the

magnetic �eld con�guration of the pulsar (Franco et al., 2000) due to crust
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Figure 2.3: Pulse pro�le at 430 MHz for the pulsar in Hulse-Taylor binary.
Observed during July 1977 (dotted line), June 1978 (dashed line), and October
1978 (solid line). The central component has been gradually moving to the
left and becoming broader, while the third component has shifted to the right.
All pro�les have been smoothed to the resolution indicated by the horizontal
bar, 400� s. (Figure from Taylor et al., 1979)

Figure 2.4: A possible geometry to account for pulse shape changes in the
Hulse-Taylor binary. (Figure from Taylor et al., 1979)

cracking. For most pulsars, the magnetic �eld seems to increase after each

glitch. Ultimately, the origin is unexplained and still an active area of research.

One possible explanation for the pulse shape changes is the following.
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The shaded regions in Figure 2.4 represent active portions of a hollow cone of

pulsar emission (the cross-section). The horizontal line in the �gure represents

the loci of the line of sight through the beam as the pulsar spins. Therefore,

when the spin axis precesses, di�erent portions of the beam move into the

line of sight and thus the pulse pro�le would change. After three decades

of observation at Arecibo, it is now assumed that the conal beams might be

hourglass-shaped (Weisberg & Taylor, 2002).

Pulsar Timing Formula for Isolated Pulsars

An observer on Earth records the times,� obs, of the arriving pulses from

an isolated pulsar. Our goal is to translate these times into times that are only

dependent on the intrinsic properties of the source. As recorded, these� obs's

are a�ected by Earth's motion around the Sun, Earth's spinning on its axis,

the gravitational redshifts of the Earth and the Sun, and the dispersion of the

pulse as it travels through the interstellar medium. If we could subtract out

these e�ects, we would then be left with timestSSB, which are the coordinate

times at which the pulse recorded on Earth would have arrived at the Solar

System Barycenter (SSB), which is the Solar System's center of mass. After

we �gure out how to do this, we consider the case of a pulsar in a binary.

Roemer Time Delay

The �rst step to getting the barycentric time of arrivals is to account

for the Roemer time delay. The motion of Earth around the Sun causes a

modulation in the arrival time of the pulses. Because the orbit lies very nearly

in a plane, it can be described with
 , the angular velocity of Earth around

the Sun, andt0, the time it takes light to travel from the Sun to Earth. And

therefore, if a pulsar is at a latitude� above the plane of the ecliptic, the
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modulation in the arrival time of the pulses can be written as

4 R;� = t0 cos(
 t � � ) cos�:

This would be precise enough classically but for pulsar timing, we need

to account for Earth spinning on its axis, the orbit of Earth being elliptical,

and the Sun moving around the SSB due to Jupiter's in�uence. The most

practical way to deal with all of these e�ects is to account for the corrections

by referring all arrival times for the observer to the SSB. Thus, we need the

vector from the observer to the SSB:

~rob = ~roe + ~res + ~rsb

where~roe is from the observer to the center of Earth,~res is from the center of

Earth to the center of the Sun,~rsb is from the center of the Sun to the SSB.

Then, the time we need to add to the times observed in the laboratory is

4 R;� = � ~rob � n̂=c

where n̂ is the unit vector from the SSB to the pulsar. This is the Roemer

time delay in the solar system.

Shapiro Time Delay

The second step to getting the barycentric time of arrivals is to account

for the Shapiro time delay. The pulse traveling in the vicinity of the Sun will

take slightly longer to get to Earth than if the Sun were not there. To see this,

we start with the space-time interval linearly approximated as

ds2 = � (1 + 2� (~x))c2dt2 + (1 � 2� (~x))d~x2:

And therefore photons traveling on the light-like geodesic (ds2 = 0) satisfy

to lowest order in � :

cdt = � (1 � 2� (~x)) jd~xj:
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This expansion is safe to do because in the solar system,j� (~x)j = GM � =rc2

is at most of order10� 6. For instance, between the Sun and Mercury we get

� (~x) = �
GM �

rc2
= �

6:7 � 10� 11 m3

kg s2 � 2 � 1030 kg

5:8 � 1010 m � (3 � 108 m
s )2

� � 2:6 � 10� 8:

Then, we can now calculate thecoordinate time di�erence between the

arrival time, tobs, and the emission time at the pulsar,te. If we locate the �xed

location of the pulsar with ~rp and the location of the observer attobs as ~rp,

then we get

c(tobs � te) =
Z ~rp

~robs

jd~xj(1 � 2� (~x))

= j~rp � ~robsj � 2
Z ~rp

~robs

jd~xj� (~x):

And now using the notation from above:

j~rp � ~robsj = j(~rp � ~rb) + ( ~rb � ~robs)j

� j ~rp � ~rbj + ( ~rb � ~robs) �
(~rp � ~rb)
j~rp � ~rbj

= j~rp � ~rbj + ( ~rb � ~robs) � n̂:

Then, substituting back we get

c(tobs � te) � j ~rp � ~rbj + ( ~rb � ~robs) � n̂ � 2
Z ~rp

~robs

jd~xj� (~x):

and writing ~rb � ~robs as~rob and rearranging gives us

tobs �
�

te +
1
c
j~rp � ~rbj

�
+

1
c
~rob � n̂ �

2
c

Z ~rp

~robs

jd~xj� (~x):

The terms in the parenthesis is the barycentric time of arrival,tSSB, which

is the time the pulse would have arrived at the SSB if there were no e�ects
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from the solar system's gravity. Therefore, we can get

tSSB = tobs �
1
c
~rob � n̂ +

2
c

Z ~rp

~robs

jd~xj� (~x):

The �rst correction is the Roemer delay that we found in Subsection 2.4.

The second term is (minus) the solar system Shapiro time delay:

4 S;� = �
2
c

Z ~rp

~robs

jd~xj� (~x)

so that in condensed form we have so far:

tSSB = tobs + 4 R;� � 4 S;� :

If we want to calculate the maximum modulation in time induced by the

Shapiro time delay, we must study the photon whose path from the pulsar to

Earth just grazes the surface of the Sun. The value for4 S;� ends up being

positive when calculated which agrees physically with the pulse arriving later

since it must travel through the potential well created by the Sun.

Einstein Time Delay

Next, the Einstein time delay will account for time dilation between the

clock moving with the observer, located at~xobs, versus the clock at the SSB.

To see this, we start with the relationship between the observer's proper time

� versus the coordinate timet:

� c2d� 2 = � (1 + 2� (~xobs))c2dt2 + (1 � 2� (~xobs))d~x2
obs:

Then, we get

d�
dt

=
�

(1 + 2� (~xobs)) �
1
c2

(1 � 2� (~xobs))
d~x2

obs

dt2

� 1=2

:
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And now using the notation~vobs = d~xobs=dt, we have to �rst order in the

small parameters� (~xobs) and ~vobs:

d�
dt

� 1 + � (~xobs) �
v2

obs

2c2
:

Integrating, we get

� � t +
Z t

dt0

�
� (~xobs(t0)) �

v2
obs(t

0)
2c2

�

where the lower limit of the integral corresponds to an arbitrary constant shift

in the origin of � . Therefore, the Einstein time delay can be found from the

relation t � � + 4 E � as

4 E � =
Z t

dt0

�
v2

obs(t
0)

2c2
� � (~xobs(t0))

�

Physically, the �rst term is dominant and is mostly due to the motion of

Earth around the Sun and Earth spinning on its axis. Thus,vobs � v� . The

second term gives us the gravitational redshift of the observer. In this case,

as the observer moves away from the Sun, the rate at which time passes is

increased relative to the case when the observer is closer to the Sun.

Dispersion in the Interstellar Medium

Pulses coming from the pulsar must travel through ionized interstellar

gas before arriving at the observer. This gas e�ectively acts as a medium

with index of refraction, n, signi�cantly di�erent from 1, which is the index of

refraction of vacuum. Then, the frequency-dependent expression for the index

of refraction is

n(� ) =
vg(� )

c
� 1 �

nee2

2�m e

1
� 2

wherevg(� ) is the group velocity of the pulse with frequency� , e and me are

the charge and mass of the electron, andne is the electron number density.
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Then, the time for the pulse to travel a distanceL is given by

Z L

0

dl
vg

�
L
c

+
�

e2

2�m ec

�
1
� 2

Z L

0
nedl:

The quantity
RL

0 nedl is called the dispersion measure, DM, and is typ-

ically given in cm� 3 pc. By measuring the time of arrivals for di�erent fre-

quency bandwidths, we can �nd the DM and correct for its e�ect. This proce-

dure is called de-dispersion and is crucial for pulsar observations. For values

of large enough DM's, the pulses can be spread out enough that it ends up

being greater than the intrinsic period of the pulsar, making the pulsar un-

observable. In the search for pulsars, the DM is an unknown parameter and

data are de-dispersed with various possible values. In the case of the Hulse-

Taylor binary, the DM is measured to be169cm� 3 pc (Hulse & Taylor, 1975).

The pulses were discovered near the frequency channel430MHz at Arecibo

Observatory, see Figure 2.3.

Thus, if we want to move the time of arrivals to the barycentric system,

we need to subtract out this dispersion e�ect. It can be summarized as

4 disp =
�

e2

2�m ec

�
1
� 2

DM =
D
� 2

:

Relation to the Intrinsic Pulsar Signal

All of the delays mentioned above are small and therefore can be added

up linearly. Then, the time of arrivals in the barycentric system are related to

the time of arrivals of the observer by:

tSSB = � obs �
D
� 2

+ 4 E � + 4 R;� � 4 S;� :

These times only depend on the intrinsic properties of the pulsar because

we have accounted for the e�ects from the solar system's gravitational �eld
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and the pulse's interaction with the interstellar gas. Now, we want to relate

these time of arrivals to the time of emission according to the pulse's proper

time, T. To do this, we start by de�ning the accumulated phase of the spinning

pulsar as� .

If � 0 is the angle at which the pulse sweeps across Earth, we will see a

pulse whenever� mod 2 � � � 0. Now, because the pulses carry energy away

from the pulsar, the spinning frequency of the pulsar,� , cannot be a constant.

It can be expanded around some reference valueT0 as

� (T) = � 0 + _� 0T +
1
2

•� 0T2 + : : : ;

where _� 0, •� 0, etc are called spindown parameters.

Then, the accumulated phase is given by

�( T) = 2 �
Z T

0
d� � (� )

= � 0T +
1
2

_� 0T2 +
1
3!

•� 0T3 + : : : .

Then, emission will take place at proper timesTn such that �( Tn ) mod 2� �

� 0, i.e., �( Tn ) = � 0 + 2�n . Then, the emission proper times,Tn , are given by

� 0Tn +
1
2

_� 0T2
n +

1
3!

•� 0T3
n + � � � =

� 0

2�
+ n:

Thus, if there were no spindown parameters, the emission times would

be exactly

Tn =
� 0

2�� 0
+

n
� 0

:

However, spindown parameters do exist and they produce deviations from

these times. The typical dissipation mechanisms for pulsars typically behave

as _� � C� n , for some constantC and n � 2� 3.
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In the case of the Hulse-Taylor pulsar,� 0 � 16:9 s� 1 and _� 0 � � 2:5 �

10� 15 s� 2. Thus, from the above model, we can expect•� 0 � Cn� n� 1 _� =

Cn� n _�=� = n _� 2=� and therefore•� 0 � 3� 10� 31 s� 3. This e�ect is unobservably

small and can be ignored. Then, it is su�cient to keep only up to the_� 0 term.

The �nal step is to connect these pulsar proper times of emission,Tn ,

with the corresponding coordinate times,tem,n . Once we �nd this relation, we

can relate these coordinate times of emission to the time of arrivals at the SSB

as tSSB = tem,n + d=cwhered is the distance between the pulsar and the SSB.

Further Corrections for Binary Pulsars

We must also correct for the Roemer, Shapiro, and Einstein time delays

for pulsars in binaries. However, because the binary has a much stronger grav-

itational �eld than the Solar System, each time delay must be treated with the

General Theory of Relativity in mind and becomes technically more di�cult.

We will sketch how to do this for each case and discuss other corrections that

come into play.

Einstein Time Delay

The Einstein delay in this case will relate the proper time kept on the

pulsar to the time that is kept at the center of mass system of the binary.

Here, I will sketch how to do this, still using Kepler's laws as a description of

the pulsar's trajectory. First, we start by writing the potential at the location

on the pulsar where the beam is emitted,~x:

� (~x) = �
Gmp

c2j~x � ~xpj
�

Gmc

c2j~x � ~xcj

wheremp, mc, ~xp, ~xc are the masses and locations of the pulsar and companion

star.
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However, the �rst term in the potential is time independent since the

location of the emission does not change with respect to the pulsar's center

of mass. Even though in magnitude it is signi�cant (Gmp=c2rNS � 0:2), we

can absorb it into a constant rescaling of the proper timeT. Thus, the time-

dependent part of the Einstein time delay is due entirely to the second term:

� (~x) = �
Gmc

c2j~x � ~xcj
:

Then, as in Subsection 2.4 on the Einstein time delay, we have

dT
dt

= 1 �
Gmc

c2j~x � ~xcj
�

v2
p

2c2
;

wherevp is the the pulsar's velocity given by the relation

vp =
mc

mp + mc
v;

wherev is the relative velocity in the center of mass system. It can be found

from the classical relation

1
2

v2 �
G(mp + mc)

r
= �

G(mp + mc)
2a

:

Therefore, plugging this back into our equation we get

dT
dt

= 1 �
Gmc

c2j~x � ~xcj
�

1
c2

�
mc

mp + mc

� 2 v2

2

= 1 �
Gmc

c2r
�

G
c2

�
mc

mp + mc

� 2 �
mp + mc

r
�

mp + mc

2a

�

= 1 �
G
c2

�
mc(mp + 2mc)

mp + mc

1
r

�
m2

c

mp + mc

1
2a

�
:

And now, we need to �nd another expression fordT=dt that depends on

other measurable parameters of the orbit. Thus, we recall that the binary can

be described as a Keplerian orbit

u � esinu =
2�
Pb

(t � t0);
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where t0 is a reference time of passage through the periastron andu is the

eccentric anomaly,r = a(1 � ecosu). Then, di�erentiation gives us

du
dt

(1 � ecosu) =
2�
Pb

;

and thus
dT
dt

=
du
dt

dT
du

=
2�
Pb

1
1 � ecosu

dT
du

:

Then, equating the two versions ofdT=dt together gives us

2�
Pb

1
1 � ecosu

dT
du

= 1 �
G
c2

�
mc(mp + 2mc)

mp + mc

1
r

�
m2

c

mp + mc

1
2a

�

which can be re-written as

2�
Pb

dT
du

=
�

1 �
G
c2

2mcmp + 3m2
c

2a(mp + mc)

�

� ecosu
�

1 +
G
c2

m2
c

2a(mp + mc)

�

�
�

1 �
G
c2

2mcmp + 3m2
c

2a(mp + mc)

�

�
�

1 � ecosu
�

1 +
G
c2

mc(mp + 2mc)
a(mp + mc)

��
:

In the above equation, only the part proportional tocosu produces a

modulation and is observable. And therefore, we rescale the proper timeT:

T )
�

1 �
G
c2

2mcmp + 3m2
c

2a(mp + mc)

�
T:

Therefore, we end up with

dT
du

=
Pb

2�
(1 � ecosu) � 
 cosu

where
 is the Einstein parameter given explicitly by


 = e
�

Pb

2�

�
G
c2

mc(mp + 2mc)
a(mp + mc)

= e
�

Pb

2�

� 1=3 G2=3

c2

mc(mp + 2mc)
(mp + mc)4=3

;
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where we eliminateda by using the Keplerian relation G(mp + mc)=a3 =

(2�=P b)2. Then, we can �nd the Einstein delay by writing T as t � 4 E . By

using
dT
du

=
d(t � 4 E )

du
=

Pb

2�
(1 � ecosu) � 
 cosu

and
dt
du

=
Pb

2�
(1 � ecosu)

we get
d4 E

du
= 
 cosu

which means

4 E = 
 sinu:

In the case of the Hulse-Taylor binary, plugging in observed values of

Pb � 27906s ande � 0:61713(Taylor & Weisberg, 1982) gives us


 � 2:94 ms
�

mc

M �

� �
mp + 2mc

M �

� �
mp + mc

M �

� � 4=3

:

Roemer Time Delay

Because the pulsar travels in an orbit,~x1(t), around the binary system's

center of mass, there is a modulation in the pulsar's location each time it

emits a pulse. Thus, there is a Roemer e�ect we must compute. As seen in

Subsection 2.4 for the Roemer time delay, the form for it is given by4 R =

� ~x1 � n̂=c, where~x1 is the position of the pulsar in the binary center of mass

system andn̂ is the unit vector from the SSB to the binary center of mass

(along the line of sight). If we de�ne the following variables:

~X =
m�

1~x1 + m�
2~x2

m�
1 + m�

2

where

m�
A = mA +

mA v2
A

2c2
�

Gm1m2

2rc2
;
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the 1PN8 order equations of motion becomed2 ~X=dt2 = 0. (We use the 1PN

corrections in this case because numerically, the Roemer time delay is quite

large when we calculate it using classical Kepler's laws.)

Just as in the Newtonian case, for the 1PN system of equations, we end up

with conservation of total angular momentum,~J , and total energyE. These

conserved quantities allow us to �nd the �rst integrals of the equations of

motion more easily and we arrive with

�
dr
dt

� 2

= A +
2B
r

+
C
r 2

+
D
r 3

and
d 
dt

=
H
r 2

+
I
r 3

:

The coe�cients in the above solutions are

A = 2"
�

1 +
3
2

(3� � 1)
"
c2

�
;

B = Gm
�

1 + (7� � 6)
"
c2

�
;

C = � j 2
�

1 + 2(3� � 1)
"
c2

�
+ (5 � � 10)

G2m2

c2
;

D = (8 � 3� )
GMj 2

c2
;

H = j
�

1 + (3� � 1)
"
c2

�
;

I = (2 � � 4)
GMj

c2

where " and ~j are the energy and angular momentum per unit value. Their
8Post-Newtonian (PN) theory is an approximation to the General Theory of Relativity

in the domain of weak �elds and slow motion. It combines an expansion in powers ofG
(to measure the strength of the �eld) with an expansion in powers of1=c2 (to measure the
velocity of the matter distribution) (Poisson & Will, 2014). Thus, 1PN is the lowest-order
post-Newtonian correction that can be applied when the source is non-relativistic (v=c� 1),
self-gravitating ( (Rs=d)1=2 � v=c), and weakly stressed (jT ij j=T00 � O (v2=c2)).
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explicit solutions are given by

" =
1
2

v2 �
Gm

r
+

3
8

(1 � 3� )
v4

c2

+
Gm
2rc2

�
(3 + � )v2 + � (r̂ � ~v)2 �

Gm
r

�

and

~j =
�

1 +
1
2

(1 � 3� )
v2

c2
+ (3 + � )

Gm
rc2

�
~r � ~v

where~v is the relative velocity andr̂ = ~r=r.

Now, if we introduce other special variables, we can integrate the �rst-

derivative equations to �nd the expression for the orbit in polar coordinates

(r (u);  (u)) , where (u) is the angle the pulsar is at with respect to the peri-

astron.

Then, the Roemer delay is given by

4 R = � ~x1 � n̂=c= r (u) sin i sin(! +  (u))

where ! and i are the angles of the periastron and inclination as shown in

Figure 2.5.

Figure 2.5: Geometry of the orbit with orbital parameters. The periastron of
a binary system has been labeled as pericenter here. (Figure from Weisstein,
2018)

Then, we can use the 1PN solutions to end up with

4 R = a1 sini ((cosu � er ) sin ! + (1 � e2
� )1=2 sinu cos! )
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where a1 is the semi-major axis of the pulsar ander = (1 + � r )e and e� =

(1 + � � )e. Here, � r and � � have the values

� r =
G
c2

3m2
p + 6mpmc + 2m2

c

a(mp + mc)

� � =
G
c2

(7=2)m2
p + 6mpmc + 2m2

c

a(mp + mc)
:

Now, besides the Roemer time delay correction, we can also extract more

information about the Hulse-Taylor binary by studying the 1PN solutions.

The solution for  (u) will show that the periastron does not advance uniformly

along the orbit but at di�erent rates according to u. Then, the derivative of

! averaged over the orbit gives us

h_! i =
3
c2

(G(mp + mc))2=3

�
2�
Pb

� 5=3 1
1 � e2

where using the measured values ofe and Pb for the Hulse-Taylor binary (Tay-

lor & Weisberg, 1982) gives

h_! i = 2:11353
�

mp + mc

M �

� 2=3

deg/yr:

Therefore, if we measuredh_! i , we would have a way of knowing the total

mass of the binary system.

Other Corrections

Though not covered in this dissertation, there is still a Shapiro time delay

for the pulse as it feels the `potential well' of the companion star. There must

also be corrections due to the loss of energy from the binary as a result of

gravitational-wave emission. This means that the orbit periodPb will ever so

slightly decrease with time. However, because the Hulse-Taylor binary is quite

relativistic, this e�ect can be and has been measured.
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Two other corrections include an aberration correction and longitudinal

Doppler shift correction. The aberration correction accounts for the fact that

pulses arrive at Earth from di�erent directions than was emitted as the pulsar

orbits the binary center of mass. The longitudinal Doppler shift correction

accounts for the proper motion of the SSB with respect to the binary center

of mass. Thus, the period of the binary that is observed is not the intrinsic

period of the binary. Then, we must study the relative acceleration of the

SSB and the binary system caused by di�erential rotation of the Galaxy and

correct the observed orbital period derivative for this Galactic acceleration.

Full Timing Formula and Results

In general, there are �ve Keplerian parameters that describe the orbital

motion of the pulsar. They are

f Pb; T0; x; e; ! g

where Pb is the orbital period, T0 is the time of passage at periastron,x =

(a=c) sin i is the projected size of the orbit,e is the eccentricity, and! is the

longitude of periastron, as shown in Figure 2.5. A non-changing Keplerian

orbit is what is predicted by Newtonian gravity.

There are also another eight post-Keplerian parameters which character-

izes the corrections to the orbital motion of the pulsar. They are

f _!; 
; _Pb; r; s; � � ; _e; _xg

where the_s signify time derivatives of mentioned Keplerian parameters,
 is

the Einstein parameter (Lorentz time dilation),s = x(Pb=2� )� 2=3T � 1=3
� M 2=3m� 1

2 ,

and r = T� m2 where T� � GM � =c3 = 4:925 � s. These post-Keplerian pa-

rameters are independently measurable.
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And now, assuming that the General Theory of Relativity is correct, all

eight of the post-Keplerian parameters are predicted once we know the value of

the Keplerian parameters and the two masses of the stars in the binary. What

this means is that if we can somehow extract the �ve Keplerian parameters

and any two of the post-Keplerian parameters from the data, we can �nd the

massesmp and mc. At this point, we would be able to �nd all of the other post-

Keplerian parameters. Thus, an accurate �t of the observed time of arrivals

to the timing formula is extremely important.

In the case of the Hulse-Taylor binary, it was possible to extract all �ve

Keplerian parameters along with three post-Keplerian quantitiesh_! i , 
 , and

_Pb. Then, usingh_! i and 
 , it was possible to determinemp and mc (see Fig-

ure 2.6) to check if the predicted value of_Pb matched the corrected9 observed

value of _Pb, which it did.

Shown in Figures 2.6 and 2.7 are two famous diagrams from nearly three

decades of observation at Arecibo. There is excellent agreement between

the observed and predicted values of binary orbital period decay,_Pb, due to

gravitational-wave emission. Thus, the Hulse-Taylor binary pulsar is histor-

ically important as giving the �rst experimental evidence for the existence

of gravitational waves. For this work and �for the discovery of a new type

of pulsar, a discovery that has opened up new possibilities for the study of

gravitation�, Hulse and Taylor were awarded the Nobel Prize in 1993.

9The observed value of _Pb must be corrected by subtracting out the Galactic acceleration
term, as mentioned previously in Subsection 2.4.
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Figure 2.6: Constraints on the pulsar mass,mp, and companion mass,mc,
from extracted values ofh_! i and 
 . (Figure from Weisberg & Taylor, 2002)
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Figure 2.7: Orbital decay of PSR B1913+ 16. The data points represent mea-
sured orbital phase errors caused by assuming a �xed value ofPb that have been
translated into cumulative shift of periastron time, in seconds. The parabola
is the General Theory of Relativity prediction for the binary emitting gravi-
tational waves. Error bars for data points are too small to see. (Figure from
Weisberg et al., 2010)
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Chapter 3

Advanced Ground-Based Laser
Interferometric
Gravitational-Wave Detectors

In this chapter I present the advanced ground-based gravitational-wave

detectors, with a focus on the Advanced LIGO instruments. I capture the

basic science of how these instruments operate and how detection is made

possible. However, this requires an understanding of the fundamental and

technical noise sources that must be accounted for and minimized. Thus, I

also provide an in-depth look at the various noise sources.

3.1 A Simple Michelson interferometer

We can now capture the essential physics of how ground-based laser inter-

ferometric gravitational-wave detectors work (Figure 3.1). At the heart of one

of these detectors is a Michelson interferometer, which acts as a transducer to

convert di�erential displacements between freely-falling test mass mirrors into

an optical signal. We will call ! L , kL = ! L=c, and � L = 2�=k L the frequency,

wavenumber, and wavelength of the laser light1.

Consider the input light electric �eld in the Michelson interferometer:

E in = E0ei ( � ! L t+ ~kL �~x) . Its re�ection o� and transmission through a 50-50 beam-

splitter is described by the amplitude re�ection coe�cient, r = 1=
p

2, and am-

plitude transmission coe�cient, t = i=
p

2. Thus, light that travels down the

x̂-arm of the detector has a �eldi (E0=
p

2)ei ( � ! L t+ kL x) whereas light re�ected
1In practice, both Advanced LIGO and Virgo use pre-stabilized 1064 nm Nd:YAG lasers.
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