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Solid Modeling is a well-establishedeld. The signi cance of the cortributions
of this eld is visible in the availability of abundart commercialand free modeling
tools for the applications of CAD, animation, visualization etc.

There are various approadesto modeling shapes. A commonproblemto all of
them howeer, is the handling of non-manifold shapes. Manifold shapesare shapes
with the property of topological\smoothness"at the local neighbourhood of every
point. Objects that cortain one or more points that lack this smaoothnessare all
considerednon-manifold. Non-manifold objects form a huge catagory of shapes.
In the eld of solid modeling, solutions typically limit the application domain to
manifold shapes. Where the occurrenceof non-manifold shapesis inevitable, they
are often processedat a high cost. The lack of understanding on the nature of
non-manifold shapesis the main causeof it. Thereis a tremendousgap betweenthe
well-establishedmathematical theoriesin topology and the materialization of suth
knowledgein the discretecombinatorial domain of computerscienceand engineering.

The motivation of this researt is to bridge this gap betweenthe two.



We present a characterization of non-manifoldnessin 3D simplicial shapes.
Basedon this characterization, we proposedata structures to addressthe applica-
tional needdor the represemation of 3D simplicial complexesvith mixed dimensions
and non-manifold connectivities, which is an areathat is greatly lacking in the lit-
erature. The availability of a suitable data structure makesthe structural analysis
of non-manifold shapes feasible. We addressthe problem of non-manifold shape

understandingthrough a structural analysisthat is basedon decompmsition.
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Chapter 1

Intr oduction

1.1 Mo deling Shapes

The issueof data represemation is at the core of solid modeling. Solid objects
are usually described through cell and simplicial complexes. These complexesare
collectionsof quasi-disjoirt cells. The useof them o ers the capabililty of decoupling
betweenthe geometryand the topology of the model. Typically, the topology at any
regionin the model is captured by the connectivity of the cellsin that neighbour-
hood, while the geometrycan be seenas an attributes of the cellsin the complex.

There are variations on the amourt of information descriked in an object
model. At the lowest end, the model may consistof just a set of verticesand a set
of polygonsde ned on thesevertices. One exampleis the \soup of triangles”. A
soup-of-triangledata set consistsof just a set of verticeswhich correspnd to points
with coordinates, and a set of triangles spannedby thesevertices. The topological
information captured in the data set is minimal. At the opposite end, the model
may consistof a detailed description (including the topology, geometry and other

attributes) of ewery cell in the complex.



In the rest of this work, we focuson represeting simplicial complexesbecause
they are the most commonform of complexesand they play a key role in applica-
tions sud asvisualization, nite elemen analysis,geographicdata processingjust
to mention afew. Simplicial complexesare alsoa special caseof cell complexes.Sev-
eral topological properties that hold for cell complexesgenerally hold for simplicial
complexesas well.

Traditionally, a shape hasbeendescribed asa collection of surfacesbounding a
volume of space. This approad givesrise to the so-calledboundary representation
An alternative way is to perceiwe the shape as a volume of materials in the 3D
space. This approad leadsto the volumetric representation Figures 1.1(a)-(d)

givesexamplesof boundary and volumetric represemations of a medanical part.

Volumetric represemations are usedonly whenit is necessaryto descrike the
\solidity" of a shape, There are various approadiesto volumetric represemation,
sud asCSGand OctTrees. We areinterestedin the object-basedapproad. The de-
velopmer of object-basedvolumetric represetation is harderthan that of boundary
represemation becausehe processs often not unique and involvesthe introduction
of extra vertices; it is alsodicult to visualize, or to perform shape modi cation
on, a volumetric mesh. To date, limited number of techniques exist for working
on volumetic meshegsee,for instance, Shewhuk's constrained Delaunay tetrahe-
dralization [74] implemerted in the Tetgentool.) The boundary represemation is

currerntly the most popular approad.
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Figure 1.1: Boundary and volumetric representations of a me-
chanical part: (a) A mechanical part modeled by a tetrahedral

mesh describing the surface of it; (b) A cross-section view of
(@) showing the hollow internior of the model; (c) The same
mechanical part modeled by a triangle mesh describing its vol-
ume; (d) A cross-section view of (c) highligh ting the tetrahedra

on the cut plane.



1.2 Pointers from the Literature

Thus, a huge amourt of literature on topological data structures is basedon
boundary represetation. Classicalexamplesare the Winged-Edgedata structure
by Baumgart [4], the Half-Edge data structure by Mantyla [57], the Quad-Edge
data structure by Guibas and Stol [41]. Data structures for manifold 2D cell and
simplicial complexesexploit many nice topological propertiesin sud complexes.A
shape is (topological) smooth if the neighbourhood of every point in it is homeo-
morphic to a disk or half-disk. Objects with one or more point that doesnot ful Il
this is called non-manifold. The handling of 2D manifold cell and simplicial com-
plexeshave beenextensiely investigated. In recert years, various data structures
have been proposedfor the optimization of storage costs, navigation e ciencies,
capturing of additional properties and attributes, and easeof support for shape
modi cation and compression.

A few volumetric represemations have beenproposed,which extend the data
structuresfrom modeling 2D manifoldsto modeling the higher dimensionalones. An
exampleis the Facet-Edgedata structure [30] which is an extensionof Quad-Edge
data structure [4]] to represemn manifold complexeswith volumetric cells. Howewer,
researt in this areais still very limited to the manifold domain.

Application demandshave driven solid modeling researt in the non-manifold
direction. One suth demand comesfrom CAD applications, wherely an object
consistsof seweral connectedparts. Considerthe simple exampleof two cubesmade

of di erent materials sitting side-by-side. A boundary represemation that captures



(a) (b)

Figure 1.2: (a) A model describing two cubes, made of dieren t
materials, sharing a face; (b) A model describing the overall
shape of the object

the di erence in parts is that of two cubessharingonefaceasshown in Figure 1.2(a)
and not that shown in Figure 1.2(b). Non-manifold connectivity existsin the model
of Figure 1.2(a).

The needsto capture non-manifold properties in object boundary have been
addressedy variousresearbers. The classicalwork on this is the Radial Edgedata
structure proposedby Weiler [79). Subsequetty, much e ort has beenchanneled
into improving the usability and cost e ectivenessof data structures that represem
shapeswith 2D non-manifold boundaries. Howewer, no work has beendone on the
handling of non-manifold parts in volumetric represetations becauseof the intrinsic

di culties of the problem.

Moreover, someapplications are not sointerestedin the precisegeometricde-
scription of the surfaceof a shape. Instead, they are interestedin the shape at some

level of abstraction. One sud non-trivial demandcomesfrom the idealization prob-



lem in ReverseEngineering. An exampleis the modeling of supporting structures
on a shape. Supporting structures sud aswedgegshown in Figure 1.3(a)) are com-
monly found in medanical parts and are appropriately abstracted by non-manifold
connections(such as that shavn in Figure 1.3(b)). The non-manifold connections
between an object and its supporting structures form a framework that can be

consideredas a characteristic of a shape.

(@) (b)

Figure 1.3: (a) A wedge that strengthens the connection be-
tween the vertical and the horizon tal faces; (b) The idealized
model of (a)

1.3 Our Contribution

The challenge of modeling objects with mixed dimensionsand non-manifold
connectiviesis even greater when a model is to be represeted as as mixture of
volumetric parts, 2D parts and 1D parts, with non-manifold connectivites. We

tackle this problem from the following aspects:

the nature of the non-manifold parts in 3D shapes:
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A characterization of them enablesthe designof data structuresthat properly

represemn non-manifold parts when they occur

the costsof topological data structures that capture sud non-manifold parts:
The primary costsare: storagecost and navigation e ciency. Theseare gen-
eral concernssharedto various degreeby almost all applications. The sec-

ondary costsare:

1. scalability to manifold inputs
2. support for shape modi cation

3. capturing of additional properties and attributes

These secondarycriteria are application-dependent. Someof theseare hard
constrairts while others are irrelevant to speci ¢ applications. For example,
in nite elemen analysis,it is hecessaryto assesshe numerical error at ead
vertex, edgeand faceof a triangle mesh. Sosud an application requiresa data
structure that explicitly capturesall such elemens. An understandingof these

criteria enablesthe optimization of costson the topological data structures.

This work has made three cortributions to solid modeling researt. First,
we performed a full characterization on non-manifold properties in 3D simplicial
complexes. Non-manifoldnessis an issue of connectivity. In order to facilitate a
proper description of connectivity throughout the whole shape, we considerwhat
non-manifold parts consistof and wherethey occur and shov how suc part can be

captured.



Second,we applied our understanding of non-manifoldnessto dewelop useful
represemations for 3D shapeswith mixed dimensionsand non-manifold connectiv-
ities. Basedon the taxonomy we built on the literature, we evaluated the cost
e ciencies of all data structures in eat category and identi ed the researt fron-
tier which is the focus of this work [15, 19, 20]. There are two motivations for the
proposal of new data structures for non-manifold 3D shapes: First, only one data
structure, namely the IncidenceGraph, describesnon-manifold simplicial meshesof
dimension 3 or higher. No data structure exists that takes advantage of selected
properties of simplicial complexesover cell complexes. Second,there are practi-
cal demands(1) from Finite Element Analysis applications for data structures that
explicitly encale of all simplexesand (2) from Simulation applications for highly
compactdata structures.

We proposed,implemerted and evaluated four newtopologicaldata structures
for non-manifold simplicial 3-complexes.The Non-Manifold Indexed data structure
with Adjacencies(NMIA) [13]isthe rst data structure to capture non-manifoldsin-
gularities explicitly and succinctly. The NMIA hasthe additional feature of being
highly compactand capableof supporting shape modi cation [14]. The Simpli ed
Incidence Graph (SIG) [12 17] and the Incidence Simplicial (IS) data structure
[16], were deweloped to support the manipulation of non-manifold shapes, with the
additional needfor the explicit encaling of all vertices, edges,triangles and tetra-
hedra. The features of the SIG and the IS make such data structures suitable
for the dewvelopmert of the multi-resolution model, Non-manifold Multi-T esselation

The Double-level Decomposition (DLD) data structure [47] was developed with the
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same represetational power as the NMIA, but along a completely di erent ap-
proad, namely that of decompsition.

Third, following the decompsition approad to shape modeling, we explored
a new way to analysing non-manifold shapes. We proposeda decompsition-based
represemation that capturesthe high-level topology of a non-manifoldshape[45, 18].
This step from shape represemation to shape analysishasled to collaborations in
researt on shape understanding[21, 22, 66]. Part of this work on shape analysis

hasbeenbuilt into atool called TopMesh

1.4 Overview

We give an overview to eat subsequen chapter in this work. Chapter 2
reviewssomemathematicalbadkgroundsontopologyin celland simplcial complexes.

In Chapter 3, we characterize non-manifold properties, with special focus on
3D shapes. Non-manifoldnessin a shape consistsof parts whoseneighbourhood is
not \smooth". It occursat points at which the neighbourhood is not homeomorphic
to a d-dimensionalball. The neighbourhood of a cell is descrited conbinatorially
by the notion of \star". Non-manifoldnesss characterizedby the presenceof mixed
dimensionsand complex connectivity in the star of a cell. These properties are
discussedn details. We also demonstratethat an understanding of non-manifold
properties is instrumental to seweral shape modeling applications. In particular,
the elemenary operation vertex pair contraction, in a shape modi cation, is fully

descriked by a characterization of the changeto the neighbourhoods of the vertices



to be merged.

In Chapter 4, we review the literature related to shape represemation. We
classify existing works primarily accordingto dimensionsand domains, and secon-
darily accordingto the typesof topological relations they encale. Dimension and
domainarethe rst issueso considerwhendetermining whether a data structure is
feasiblefor an application. For a givendimensionand a given domain, the next issue
to consideris the typesof topologicalinformation encaled within a data structure.
Therefore, we classify the data structures into dimension-indegnden ones; ones
specializedfor 2D boundary models,and onesspecializedfor 3D volumetric models.
For ead dimension,we further considerwhether the data structure is for manifold,
regular or non-manifold domain. Then we examineead data structure according
to what typesof topological elemertts are encaded in them. Basedon the types of
elemerts they encale, we label the data structures aseither implicit or explicit. The
explicit typeis further re ned into: incidence-kasel, thosewhich encale topological
relations primarily amongcellsof di erent dimensions;adjacncy-laseal, thosewhich
encale topologicalrelations primarily amongcellsof the samedimension;and edge-
baseal, which focusedon relations of edgewith respect to others. In addition to the
traditional approad in which a shape is descrilked as one whole piece. There is an
alternative way of describingshapesin the literature, called decompsition. This
approad is to break shapesdown to simpler nearly manifold parts. We examine
the represemations built from this approad.

Chapter 5 addresstwo proposalsthat are dimension-indegnder. They are

called the Simpli ed Incidence Graph (SIG) and the Incidence Simplicial (IS) data
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structure. These proposalsaddressthe demandfor data structures that explicitly

encale of all simplexes. The storage costs of ead proposal is evaluated. Algo-

rithms for the retrieval of topological relations are proposedfor eat of thesedata

structures, with an evaluation of their e ciencies. As a test on the e ectiveness
of these proposals, the vertex-pair cortraction operator is implemerted on them.

The Simplied Incidence Graph has usedfor the construction of the non-manifold
multi-tesselation (NMT) application.

In Chapter 6, we presen two data structures specializedfor 3D simplicial com-
plexes. These proposals addressdemand for high-optimized dimensional-sgci ¢
represemations. Optimization is important when an application needsto handle
hundredsof millions of cells. Two proposalsare made. They are the Non-manifold
Indexal data structure with Adjacencies (NMIA) and the Double-Level Decompo-
sition (DLD) data structure. Both the NMIA and the DLD data structures have
very high compactnessyery high scalability to manifold shapes, and support for
high navigation e ciency. The NMIA oers e cient support for shape modi ca-
tion through a variation of vertex-pair cortraction, while the DLD data structure is
tailored for shape decomposition.

In Chapter 7, we explore the new frontier that is openedup through the de-
composition of non-manifold 3D shape into uniformly dimensionalparts connected
by non-manifold joints. We proposedtwo levels of decompsition. At the low
level, the decompsition is called MC-decomposition, and is basedon the property
of manifold-connectednessThe MC-decomposition breaksa shape into manifold-
connectedparts connectedat non-manifold joints. This decomposition is used as

11



the basisfor the high-level decompsition, namely the semantics-orientel decompo-
sition. Componerts in the semartics-orierted decomposition are wire-webs, sheets
and shells. This latter decompsition, along with other topological features, has
beenemployed to construct a non-manifold shape analysistool. The decomposition
graphrepreseting the structure of a non-manifoldshape is the newreseart frontier
for shape understanding. We report here our work collaborations, with the Euro-
peanNetwork of ExcellenceAIM@SHAPE, on Form Featuresldenti cation and on
Shape Ontology.

In Chapter 8, we draw someconcluding remarks and discussfuture dewelop-

ments of this work and the open problems.
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Chapter 2

Back gr ound Notions

In this Chapter, we review somenotions on cell and simplicial complexesthat

we will usethroughout this dissertation (see[1] for more details).

2.1 Cell and Simplicial Complex

Intuitiv ely, a Euclidean cell complexis a collection of basic elemens, called
cells, which cover a domainin the Euclideanspace.A k-dimensionalcell (or simply
a k-cell) in the EuclideanspaceE", 1 k n, is a subsetof E" homeomorphic
to a closedk-dimensionalball B = fx 2 R* :jjxjj  1g (jjxjj denotesthe norm of
vector x.) A O-cellis a point in R". k is called the order, or dimension of k-cell

A (Euclidean) cell complexis a nite set of cellsof dimensionat mostd in
E",0 d n,sud that the interiors of the cellsof aredisjoint, andif ; ;2 ,
suth that \ ; 6 ;, then \ ; is the disjoint union of interiors of cells of .
A cell complex , sud that the maximum dimension of its cellsis equalto d, is
called a d-dimensional complex or simply a d-complex The domain, or carrier, of

a Euclideancell d-complex embeddedin E", with O d n, is the subsetof E"
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de ned by the union, as point sets,of all the cellsin .

The (combinatorial) boundary of a cell in a cell complex is the set of all
cellsin , which are subsetsof the boundary of cell (consideredas a point set).
Every cellin b( ) is calleda face of . If k is the dimensionof the face, it is called
a k-face. The co-boundary, or star, of a cell , is the collection of all the cellsin
cortaining in its boundary. The link of a cell is de ned asthe collection of the
cellsbounding the cellsin the star of , which do not cortain . A cell is calleda
top cell if it is not cortained in the boundary of any other cellin .

Two cellsare called k-adjacent if they sharea k-face. Two p-cells,0< p d,
are saidto be adjaent if they are (p 1)-adjacen. Two vertices(i.e., O-simplexes)
are called adjaent if they are both incident at a common 1-simplex. An h-path,
0 h d 1,isasequencef (h+ 1)-cells( ;), sud that two consecutie cells ; ;
and ; in the sequenceare h-adjacen. Twocells and aresaidto be h-connected
if there existsan h-path ( )&, suc that isafaceof oand isafaceof . A
complex is called h-connected if and only if any two cellsof  are h-connected.

A d-complex , in which all top cellsare d-cells, is calledregular (or uniformly
d-dimensiona). A regular (d 1)-connectedd-complexin which ead (d 1)-cellis
shared by one or two d-cell is called a (combinatorial) pseudo-manifold(possibly
with boundary). A pseudo-manifoldcomplexwhosedomain is a manifold is called
a manifold complex Figure 2.1(a) shonvs an exampleof a regular complex, which is
not a pseudo-manifold,while Figure 2.1(b) and (c) shov an example of a pseudo-

manifold complexwhich doesnot have a manifold domain.
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(@) (b)

Figure 2.1: (a) A regular cell complex that is not manifold;
(b) A pseudo-manifold with a non-manifold domain (a 3D
pinc hed pie); (c) The cross-section of the pinched pie at the
non-manifold vertex.

Note that sometimesin solid modeling, there is the needto descrike objects
with facesof disjoint boundaries. The decompsition of the boundary in sud case
is not a cell complex, but it can be transformed into a cell 2-complexby adding

suitable dummy edgeg57].

2.2 Simplexes and Simplicial Complex

implicial complexescan be seenas a subclassof cell complexes. Their cells,
called simplexes are de ned as the corvex conbination of points in the Euclidean
space. A Euclidean simplex of dimensionk is the cornvex hull of k+ 1 linearly
independen points in the n-dimensionalEuclideanspaceE", 0 k n. Wesimply
call a Euclidean simplex of dimensionk a k-simplex k is called the dimension of
. Any Euclidean p-simplex ¢ with 0 p < k, generatedby asetVo V of
cardinality p+1 d, is called a p-faee of . Whenewer no ambiguity arises,the
dimensionof °will be omitted, and °is simply called a face of . Any face ° of
sudh that °6 is called a proper face of
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A nite collection of Euclideansimplexesforms a Euclidean simplicial com-
plex if and only if (i), for eath simplex 2 , all facesof belongto , and (ii),
for eat pair of simplexes and ¢ either \ %= ; or \ Cisafaceof both
and © If dis the maximum of the dimensionsof the simplexesin , wecall a
d-dimensionalsimplicial complex or a simplicial d-complex The domain (or carrier)
of a Euclidean simplicial complexis de ned in the sameway as for a cell complex.
Sincea simplicial complexis a cell complex, all the properties of cell complexesare

inherited by simplicial complexes.

2.3 Topological Relations

The connectivity information among the entities in a cell or in a simplicial
complexare expressedhrough topological relations Theselatter provide ane ective
framework for de ning, analyzing and comparing the wide spectrum of existing
data structures. Data structures for cell and simplicial complexescan be described
formally in terms of the topological ertities and relations they encale. We de ne
topological relations for the caseof a cell complex (since a simplicial complex can
be seenas a special caseof a cell complex).

We considera cell d-complex andacell 2 , with O p d. Wecan

de ne topolaogical relations as follows:

Boundary relation Rpq( ), with O g p 1, consistsof the set of g-cells

which are facesof

Co-oundary relation Rp4( ), with p+ 1 g d, consistsof the set of g-cells
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incidert in

For p> 0, adjacency relation Rp,,( ) consistsof the setof p-cellsin  that are

(p 1)-adjacern to

Relation Ro.o( ), where is a vertex, consistsof the set of verticesthat are

adjacernt to through a 1-cell (an edge).

Figure 2.2illustrates topologicalrelations: R,.1(f ) is the setof edgeshounding
2-cellf (seeFigure 2.2(a)), relation Rq.1(V) is the set of edgesincidert in vertex v
(seeFigure 2.2(b)), relation R,.»(f ) consistsof the setof 2-cellswhich shareoneedge
(1-cell) with 2-cellf (seeFigure 2.2(c)). Note that both boundary and co-boundary

relations are called incidence relations.

Figure 2.2: Example of top ological relations (a) boundary re-
lation Ry,.1(f) = fey;e;e3g9 for face f, (b) co-boundary relation
Roi(v) = fe;; ;e,9 for vertex v, and (c) adjacency relation
Rao(f) = ffq;  ;f4g for face f

We call constantany relation which involvesa constart number of ertities. Re-
lations which involve a variable number of ertities are called variable Co-boundary
and adjacencyrelations are variable relations in general. Boundary relations are
constart in simplicial complexes. Thus, we consideran algorithm for retrieving a
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topologicalrelation R to be optimal if it retrievesa givenrelation R in time linear
in the number of ertities involved in R. Depending on the amourt of information
encaled, data structures for cell and simplicial complexesmay support the retrieval
of topologicalrelations accordingto various degreeof e ciency . If the retrieval of a
relation requiresexamining the star of all the cellsadjacen to or on the boundary
of the query cell, we say that the data structure o ers a sub-optimalsupport for the
retrieval of that relation. If the retrieval a relation requiresexaminingall cellsof a
speci ¢ dimension,then the data structure doesnot support an e cien t retrieval of

that relation.
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Chapter 3

Underst anding and Handling
Non-manif old 3D Shapes

In this Chapter, we presen a mathematical characterization of non-manifold
propertiesin simplicial complexesspeci cally for the 3D case,and discussa generic
approad to capturing non-manifold properties. Note that thesepropertiesare char-
acterizablelikewiseon cell complexes.

Non-manifold situations are frequertly encouriered by shape modi cation ap-
plications. One pair of elemenary operator in shape modi cation is vertex pair
cortraction and vertex split, upon which high-level shape modi cation operations
are built. Through an understandingof the properties of non-manifolds,we discuss

how they can be handledin such an operator.

3.1 Mathematical Characterization of Non-manifold Singu-

larities

We characterizethe non-manifold singularities in the combinatorial represen-

tation of a non-manifold shape by de ning non-manifold cellsin its discretization
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asa cell complex.

A vertex (0-cell) v in a cell (simplicial) d-complex (with d 1) is amanifold
vertex if and only if the link of v in is homeomorphicto a triangulation of the
(d 1)-sphereS® !, or of the (d 1)-disk BY 1. A vertex is called non-manifold
otherwise (seethe examplein Figure 3.1(a).)

An edge(1-cell) ein ad-complex (with d 2)is a manifold edgeif and only
if the link of ein  is homeomorphicto a triangulation of the (d 2)-sphereS¢ 2,
or of the (d 2)-disk BY 2. An edgeis called a non-manifold edgeotherwise(seethe
examplein Figure 3.1(b).)

In general,a k-cell isad-complex (with d k+ 1) is a manifold k-cell if
andonly if the link of in ishomeomorphicto a triangulation of the (d k)-sphere
SY K or of the (d 2)-disk B¢ ¥. It is called non-manifold otherwise.

In a manifold d-complex,all the top cellsare of dimensiond. A non-manifold
complexmay consistof top cells of mixed dimensions.In the caseof 3D simplicial
complexeswith mixed dimensions,we call 1-dimensionaltop simplexeswire-alges
while we call the 2-dimensionaltop simplexesdangling-fa@s A 2D simplicial com-

plex is not uniformly dimensionalif it cortains wire-edges.
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(b)

Figure 3.1: (&) A non-manifold vertex v; (b) A non-manifold edge e

3.2 Understanding Non-manifold Prop erties in 3D Com bi-

natorial Shapes

Traditionally, shapesare modeledascollectionsof uniformly-dimensionalman-
ifold shapes. Any non-manifold parts that arisein shape processingare considered
as singularities. The current researt is on how to handle suth singularities e ec-
tively. Assumingthat a shape is mostly manifold, it is sucient to capture the
subsetsof the shape at which non-manifold properties exist. In the caseof a 3D

simplicial complexembeddedin 3D Euclidean space,sud subsetspertain to:

1. the lower-dimensionalparts composedof wire-edgesand dangling-faces;
2. the neighborhoods of the non-manifold edges;and

3. the neighborhoods of the non-manifold vertices.

In a 3D simplicial 3-complexembeddedin 3D space there are no non-manifold
facesbecausesad triangle is sharedby at most two tetrahedra. The neighborhood

of non-manifold simplexesis descriked by their stars and their links. The star of a
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non-manifold edgee consistsat leasttwo disjoint groupsof tetrahedra, or dangling-
faces. Wire edgesare not presert in the star of e. All simplexesin the star of e
can be radially orderedaround the edge. Likewise,the link of e consistsof chains
of edgesand isolated verticesand can be radially orderedon a plane. Each chain of
edgesin the link of e corresppndsto a fan of tetrahedra in the star of e, while eah
isolatedvertex correspndsto a dangling-face.Figure 3.2(a) illustrates the star of a
non-manifold edge,which consistsof fans of tetrahedra and dangling-faces.Figure
3.2(b) shaws the link of the non-manifold edgeshawn in Figure 3.2(a).

The star of a non-manifold vertex v is more complex. It may consistof either
connectedor disjoint groupsof tetrahedra, dangling-facesand wire-edges.The link
of v is a general2-dimensionalsimplicial complexwhich may be geometrically pro-
jected onto a spherein the 3D space. Each k-simplex (for k= 0; 1; 2) in the link of
v correspndsto a (k+ 1)-simplexin the star of v. Every non-manifold vertex in
the link of v corresppndsto a non-manifold edgeincidert at vertex v. Figure 3.3(a)
givesan exampleof a non-manifold vertex whoseneighborhood consistsof sevendis-
joint componerts, of which four are wire-edges,one consistsof just dangling-faces,
one consistsof just tetrahedra, and one has mixed dimensions.Figure 3.3(b) shavs
the link of the non-manifold vertex shavn in Figure 3.3(a). It is the complexity
of the connectivity at non-manifold vertices which makesthe caseof non-manifold
modeling challenging. Sincethe link of v is a 2-complexfor which Euler's Formula
V E + F = 2holds (whereV;E and F are respectively the numbers of vertices,
edgesand facesin the link of v), the relationship Eq Fs + Ts = 2 holds for the
elemerts in the star of a vertex, whereEs; Fs and Ts is are respectively the number
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Figure 3.2: (a) Example of simplicial 3-complexes showing the
star of a non-manifold edge. The tetrahedra are in green while
the dangling-faces are in purple. The link of the non-manifold
edge is shown in (b).

of edges facesand tetrahedra in the star of v.

The non-manifold casesin simplicial 2-complexessnbeddedin 3D Euclidean
spacecan be consideredas a subset of those in the 3-complexesbecauseof the
absenceof tetrahedra. The lower-dimensionalparts are composed of wire-edges
only. The star of a non-manifold edgee in a 2-complexconsistsof more than two
triangles, and thus the link of e is a set of isolated vertices. Figure 3.2(a) showvs
an exampleof a non-manifold edgein a simplicial 2-complex. Its link is shavn in
Figure 3.2(b). The star of a non-manifoldvertex v in a simplicial 2-complexconsists
of triangles and wire-edges.Each componert in the star of v is either 1-dimensional
(that is a wire-edge),or 2-dimensional(that is a 1-connectedset of triangles). The
link of v is a 1-complex,in which an isolated vertex correspndsto a wire-edgein

the star of v while a 0-connectedset of edgescorrespndsto a 1-connectedset of
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Figure 3.3: (a) Example of simplicial 3-complexes showing the
star of a non-manifold vertex. The tetrahedra are in green
while the dangling-faces are in purple. The link of the vertex
is shown in (b).

trianglesin the star of v. An exampleof a non-manifold vertex v is shown in Figure
3.3(a) and its link is shavn in Figure 3.3(b). An interesting point to note is that
the non-manifold singularities for simplicial 3-complexesnmbeddedin 3D spaceare
the sameasthosefor the 2D complexesin 3D space.It meansthat the problem of

represeting the former is no harder than that of the latter.

Table 3.1 summarizesthe non-manifold properties, in simplicial complexesof
dimensions2 and 3, in terms of the types of non-manifold simplexesthat may be
presen in the complexes,and the locations at which non-manifold connectivities
may occur. Table 3.2 and Table 3.3 summarizesthe detailed characteristics of
the non-manifold singularities in simplicial 3- and 2-complexesdiscussedin this

Subsection.
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Figure 3.4: (a) Example of simplicial 2-complexes showing the
star of a non-manifold edge. The link of the non-manifold edge

is shown in (b).

(@)

(b)

Figure 3.5: (a) Example of simplicial 2-complexes showing the
star of a non-manifold vertex. The link of the non-manifold
vertex is shown in (b).

Shape

Simplicial 3-complex Simplicial 2-complex

Lower dimensional
parts

Dangling facesand

Wire edges
wire-edges d

Non-manifold
connectivity

At edgesand vertices

Table 3.1: Summary of non-manifold characteristics in simpli-
cial 3- and 2-complexes embedded in E3
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Properties In simplicial 3-complex In simplicial 2-complex

Composition At least 2 fans of tets, or _
of star st(e) Mixed tets and dangling-facespr | At least3 triangles
At least 3 dangling-faces

Orderability of Linearly sortable around e

star st(e)
Composition Chains of edgesand Isolated vertices
of link 1k(e) Isolated vertices

Projectibilit y

Geometrically projectable onto a circle on a plane
of link Ik(e) yprol P

Table 3.2: Summary of the prop erties of the neighborho od of a
non-manifold edge ein simplicial 3- and 2-complexes embedded
in E3

3.3 Handling Non-manifold Singularities in the Up dates of

Simplicial Complexes

A questionrelated to the represetation of a non-manifold shape is on how
a local modi cation on the shape will a ect the topology in correspndenceof the
modi cation. Shape modi cation is one major causeto the occurrenceof non-
manifold singularities in a shape. While not at the certer of our researt, this
guestionis of primary interestto applicationswhich modify a shapein the modeling
process,sud as|[52).

In this Section,we considerone elemertary update operation, namely vertex-
pair contraction (VPC), and a special caseof it, known as edgecollapse performed

on a 3D complexes. In the vertex-pair cortraction operation, two verticesv; and
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Properties In simplicial 3-complex In simplicial 2-complex

Composition Mixed tets, dangling-faces Mixed dangling-faces
of star st(v) and wire-edges and wire-edges
Orderability of Not sortable

star st(v)

Composition Setsof connectedtriangles and | Setsof connectededges
of link st(v) edges,and isolated vertices and isolated vertices
Projectibility Onto a spherein 3D space

of link 1k(v) P P

Connectivity Any non-manifold verticesin |k(v) correspnd to

at link Ik(v) non-manifold edgesin st(v)

Table 3.3: Summary of the prop erties of the neighborho od

of a non-manifold vertex v in simplicial 3- and 2-complexes

embedded in E3
V, in the existing complexare mergedinto a new vertex in the complex. Variations
on vertex-pair cortraction include the assymetricVPC in which vertex v, is merged
into v; without creating a newvertex. This latter operation is often selectedsinceit
doesnot createnew vertices. Edge-ollapsewhich requiresthat the existing vertices
v, and v, sharean edgee. This requiremen ensuresthat the operation does not
introduce new handlesinto the shape. Edge-collapseon 3D complexis of special
interest to someapplications becauseit allows topological modi cation to be made

in a cortrolled fashion. An application built using VPC is the progressie simplicial

complexes.

3.3.1 E ect of Vertex-Pair Contraction on a Simplicial Complex

We formally de ne herethe e ect of vertex-pair cortraction on a d-dimensional

simplicial complex. Then, we considerthe casewhen this operation is performed
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on 3D complexes. To this aim, we introduce somenotations. For a vertex w, we
denoteas |k(w) its link and with st(w) the set of simplexesin its star. Let v; and
vV, be two verticesin a simplicial d-complex . A vertex-pair cortraction applied
to pair (vq;V,) consistsof cortracting verticesv; and v, to a new vertex v. Thus,
all simplexesthat are in st(vy) or in st(v,) becomeincident at v. This can be
descriked through a map F which maps simplexesin st(vy) [ st(vz) onto st(v), in
sud a way that for eat simplex 2 st(vy) [ st(vo), F( ) = fvy;vog[ fvg.
Note that if a p-simplex alsobelongsto st(v,) \ st(v,), map F transforms into a
(p 1)-simplex. Figure 3.6 shaws the e ect of a vertex-pair cortraction. Map F is
a surjective function. Its e ect can be characterizedby four possiblecases.Let us

considera p-simplex (p d) in the star of the new vertex v:

Casel: There exists one p-simplex ; in the star of v; sudh that = F( ;), and
1 hasan empty intersectionwith every simplexin the star of v, (seeFigure

3.7). In this case, is obtainedfrom ; just by replacingv; with v.

Case2: There exists one p-simplex , in the star of v, which has an empty inter-
sectionwith every simplexin the star of v;, sudh that = F( ;). This caseis

completely symmetric with respect to casel.

Case3: There exist two p-simplexes ; and ,, belongingto the star of v; and of
Vo, but not to the intersection of the two stars, sud that = F( ;) and

= F( ,) (seeFigure 3.8).

Case4: There exist three simplexes,a (p+1)-simplex °belongingto the intersection
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Figure 3.6: In a vertex-pair contraction, vertices v; and v, be-
come one new vertex v: (a) shows st(v;)[ st(v2) in dark gray; (b)
shows st(v) in dark gray whic h replaces st(vi)[ st(v,) in the com-
plex; (c) shows lk(vy) [ lk(v2) in thic k black lines and a vertex.
It remains the same as lk(v) whic h is shown in (d).

of the starsof v; and v, and two p-simplexes 1, and ,, belongingto the stars
of vi and v, respectively, sudhthat =F( 9, =F( i and = F( »). In
this case, resultsfrom cortracting Cincident at edgee = fvy;v,g, and from

transforming ; and ; into through map F (seeFigure 3.9).

Considerthe vertex-pair cortraction on a simplicial complex of dimension 3.

Figures 3.10(a)-(j) summarizesall the caseghat occur in suc a complex.
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l"Il u4 ul u4
—_—
\Y \Y

1 2

Figure 3.7: Case 1. simplex is obtained from exactly one
simplex, 1, because ; doesnot intersect with st(v,).

U, ¢ u, Ut u,

Figure 3.8: Case 3: simplex is obtained from two simplexes,
1and , because ; and ,intersect at . =F( 1)=F( )=
fvi;vag[ fvg.

3.3.2 Vertex Expansionon Simplicial Complex

In shape modeling applications, often there is a needto reversethe action
performedby a simpli cation operation. For example,in the application of multi-
resolution modeling, a model is rst reducedto its coarsestlevel (which is called

!

Figure 3.9: Case 4: simplex is obtained from three simplexes,
0, and 5, the intersection of all three of which is at

=F(J)=F(2=  fvivgl fvg.
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(@)

--®
(f) @)

Figure 3.10: All the casesthat occur in the vertex-pair contrac-
tion operation on a simplicial 3-complex: (a)-(d) Cases 1 to 4
for p= 1, (e) Mapping of (a)-(d) by F; (f)-() Cases 1 to 4 for
p= 2 (j) Mapping of (f)-(i) by F; the dotted lines connecting
the vertices that are to be merged denote the possible presence
of an edge between the two vertices.

the basemesh) through a seriesof simpli cation operations. Then regionsof the
model is reconstructedon demandto a higher level of details. In suc applications,
there is not only the needto perform simpli cation, but alsothe needto reverseits
e ect. The reverseoperation of a vertex-pair cortraction, vertex exgmnsion, can be
performed by reversing the actions taken in the vertex-pair cortraction algorithm
and it is briey descriked here. Vertex expansionis de ned as follows: vertex v is
expandedinto two new verticesv; and v,, that may or may not be connectedby an

edge(seeFigure 3.11). For eat p-simplex in the star of v, may become:

a new p-simplexincident only at v; (in the exampleof the triangle in Figure

3.12(a), Figure 3.12(b) shows the result of this caseof the expansionof v), or

a new p-simplex incidert only at v, (seeFigure 3.12(c)), or
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two new p-simplexes,one ead at v; and v, (seeFigure 3.12(d)), or

a new (p+ 1)-simplexincidert at v; and v, (seeFigure 3.12(e))

e
\'/ Vie eV, V, e—eV,
(a) (b) (c)

Figure 3.11: Vertex expansion: expansion of v may result in
two indep endent vertices or two vertices connected by an edge

; [ ) [ J & ; & @
\V V1 V2 V1 V2 V1 Vz V1 \

(@) (b) (€) (d) (€)

Figure 3.12: Vertex expansion: (a) Before expansion, a triangle
is inciden t at vertex v; (b)-(d): After expansion; (b) case l: the
new triangle is incident at v;; (c) case 2: the new triangle is
incident at v,; (d) case 3: two new triangles are created, one
each at v; and v,; (e) case 4. a tetrahedron is created incident
at v, and v,

3.3.3 E ect of EdgeCollapseon a Simplicial 3-Complex

In this Section, we study edgecollapse,a constrained version of vertex-pair

32
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cortraction, on a simplicial 3-complex. This is the most commonly used update

LOriginally published in [14]. Reproduced with notice of ACM copyright: permissionto make
digital or hard copiesof part or all of this work for personal or classram useis granted without
fee provided that copiesare not made or distributed for prot or commercial advantage and that
copiesbear this notice and the full citation on the rst page. Copyrights for componerts of this
work owned by others than ACM must be honoured. Abstracting with credit is permitted. To
copy otherwise, to republish, to post on serwers or to redistribute to lists, requires prior specic
permissionand/or a fee.



operation on tetrahedral meshes,and is the basis for techniques like [9, 39, 75].
Conditions for performing edgecollapseon a manifold shape without changingits
topology has beenstudied by [29. We are interested in the topological changes
causedby edgecollpse. We analyzeedgecollapsein terms of how the connectivity of
top simplexeschangein the neighbhourhood of the collapsingedge. Understanding
this enablesthe edgecollapseoperation to be performed on highly compact data
structures for 3D simplicial complexes.

The reverseoperation of edgecollapseis vertex split. Vertex split is a variant
of vertex expansion (see Section 3.3.2), with the constrairt that the vertex v is
expandedinto two verticesv, and v, sharing an edgee.

Let e= (vq1;Vv2) bethe edgeto be collapsedin a 3D simplicial complex . Let

9 be the complexresulting from by collapsingedgee into a vertex v.

An edgecollapseappliedto an edgee = (vi;V2) in  consistsof replacingedge
e with the new vertex v in % collapsingall dangling-facesand tetrahedra in the
restricted star of e, st(e), to wire-edgesand facesincidert at v, respectively, and in
updating all the top simplexesin st(v;) [ st(v2), i.e., all the top simplexesincident
at either v, or v,. We call st(v;) [ st(v2) the neighbourhood of the collapsingedge
e.

Givenatop k-simplex, ,k=1;2;3,in , sudithat 2 st(e)[ st(vy)[ st(vz),
either is incident at edgee, or s incident at v; or v, but not at both. In the
former case, must be either a dangling-faceor a tetrahedron. In the latter case,
there are two possiblesituations. Let usassumethat is incident at v,, then either

intersectssomeother top simplex — incidert at the other vertex, v,, or hasan
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empty intersectionwith all other top simplexesincident at v,.

Therefore, the following three casesmay occur:

1. 2 st(e): in this case, caneither be atop 2-simplexor a 3-simplex. Within
this case,we further examine the neighbourhood of  within the scope of

st(vy) [ st(vo) st(e). There are three sub-cases:

(a) for every top simplex ; in st(v;) st(vz), \ 1= fvigand for ewvery
top simplex , in st(vy) st(vy), \ . = fv,g; that is connectsto

simplexesin st(vy) [ st(v2) st(e) only through either vy or v,;

(b) there exists a top simplex 1 in st(vy) st(vy) that sharesa g-face
with  (where g > 0), but for every top simplex , in st(vy) st(vy),
\ , = fvyg; that is is morethan O-connectedto somesimplexesin
st(vy) st(e), but only O-connectedto simplexesin st(v,) st(e). This

alsoinclude the symmetric casewherev; and v, are reversed.

(c) there existsatop simplex ; 2 st(vy) st(v,) that sharesa g-face ; with
, and a top simplex , 2 st(v,) st(vy) that sharesar-face , with

suct that ; sharesa m-facewith ,, (m < q;r).

Figures 3.13(a)-(f) give six examplesof simplexesthat are incidernt at edge
e = (vq;V,) to be collapsedasin casel. In Figures 3.13(a)to 3.13(c), the
top simplexin st(e) is tetrahedron t;. In Figures 3.13(d) to 3.13(f), the top

simplexin st(e) is dangling-faced ;.

2. 2 st(vy), 62st(v,) and there exists — 2 st(v,) sudhhthat \ —= and
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6 ;: in this case, isincidert at v; but not in v,, and there exists a top
simplex — incident at v, which intersects . Therefore,there exists a pair of
non-top simplexes( ;7)) sudhthat = f ;vigisafaceof and— =1 ;v,gis
afaceof —. This casealsoincludesthe symmetric situation in which 2 st(v,)
and 62t(v,) and there exists— 2 st(vy) sudhthat \ —6 ;.

In Figures3.14(a)-(f), six examplesare givenof top simplexesthat areincident
at only oneextremevertex of the edgeto be collapsed,and that intersectsome
top simplexesthat are incidert at the other extreme vertex. As in Figure
3.13, e is the edgeto be collapsed. In Figures 3.14(a) to 3.14(c), the non-
empty intersectionof thosetop simplexesincident at v; and thoseincident at
Vv, is edge(uy; uz). In the other three examplesin Figures 3.14(d) to (f), the

non-emply intersectionis vertex u.

3. 2 st(vq), 62st(vy) and \ — = ;, for every — 2 st(v,): in this case,
is incident at v; and not in v, and it doesnot have any intersection with
simplexesincident at v,. This casealso includesthe symmetric situation in
which 2 st(v;) and 62t(v;) and 8~ 2 st(vy), \ —=;. Figure 3.15shows
an examplewherea top simplexincident at v, doesnot intersectany simplex

incidert at vs.

Recallfrom Section3.3.1the mapF( ) = fvy;vog[ fvg which de ne the
mergeof two vertices. In edgecollapse,map F is applied with the constrairt that
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(@) (b) (€)
Vi t Vi t Vi
. 4 ; u ; u ;
A v, t v,

(d) (e) (f)
Figure 3.13: Six examples of top simplexes that are incident at
the edge e= (vi;V,) to be collapsed: in (a), (b) and (c), the top
simplex incident at eis tetrahedron t;. In (d), (e) and (f), the
dangling-face d;, is incident at e. (Case 1)
v; and v, sharea commonedgee. The e ect of edgecollapseon the connectivity of

the top simplexesat the neighbourhood of the collapsingedgeis fully characterized

as follows:

in casel: map F reducesthe top p-simplex in toa(p 1)-simplex %in
the reducedcomplex °. For ead of the sub-caseswvithin this case,the result

of applying F is asfollows:

{ for sub-casel: Cisatop (p 1)-simplex;

{ for sub-case2: Considerthe g-face sharedbetween and ; in .
If g= p 1,then %in the reducedcomplexis a faceof 9 = F( 4).
Otherwise, %isatop (p 1)-simplex;

{ for sub-case3: Considerthe g-face ; sharedbetween and ; andthe
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2
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u u ’ u ’
1 u2 V2 1 « uz- V2 1 % — V2
df, df, ﬂ t,
(a) (b) (c)
we, v L v t1 Vv
N
u © u © u‘ ©
wez/( V2 Wez/( V2 t, V2
(d) (e) ()

Figure 3.14: Six examples of top simplexes that are incident
at one vertex of the edge e to be collapsed, and that have
non-empt y intersection with some other top simplexes that are
inciden t at the other vertex. In (a), dangling-face o is incident
at v; and dangling-face d3 is incident at v,. Their intersection
is edge (up;uy). (b) and (c) are similar to (a), except that the
simplex incident at either vertex may also be a tetrahedron. In
(d), wire-edges we; and we, are incident at v; and v,, respec-
tiv ely, and their intersection is vertex u. Similarly , in (e) and
(f), the intersection is at vertex u. (Case 2)

r-face , sharedbetween and ,in . Ifq=p 1,then Cin the
reducedcomplexis a faceof = F( ;). Similarly,if r = p 1,then °
isafaceof 2= F(,). f ggr<p 1,then isatop (p 1)-simplex.

The simplexes ? and 9 arer-connectedin °

Note that if two tetrahedrat; andt; in st(e) are face-adjacehin , then F

transformst; and t, into two edge-adjacenfacesin °

in case2: map F transforms and — into new simplexes °and © sharing
the samevertex v; F alsotransform the p-faces and — into a new p-face °
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Figure 3.15: An example in which a top simplex, that is inci-
dent at one vertex of the edge eto be collapsed, has an empty
intersection with all other top simplexes that are incident at
the other vertex. Tetrahedra t, and t; are incident at v; and v,
respectiv ely, and they do not intersect each other. (Case 3)

commonto %and °©

in case3: map F transforms into a newsimplex Cincident at v

Figures 3.16(a)-(f) and Figures 3.17(a)-(f) showv the e ect of edge collapse
on ead of the examplesin discussedin Figures 3.13, 3.14. In eah example,the
drawing on top is a reproduction of that in Figures 3.13 and 3.14. The drawing
at the bottom shows what happens after edgee is collapsed. In Figures 3.16(a)
to 3.16(c), tetrahedron t; is incident at e. After edgecollapse,t; may be become
a dangling-face,as in Figure 3.16(a), a boundary face, asin Figure 3.16(b), or an
internal face,asin Figure 3.16(c). In Figures3.16(d)to 3.16(f), d ; is incidernt at e.
After edgecollapse,d ; may becomea wire-edge,asin Figure 3.16(d), or a boundary
edge,asin Figures 3.16(e)and 3.16(f). Figure 3.17is similar. The result of edge

collapseon the exampleof Figure 3.15is shown in Figure 3.18.
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3.4 Summary

In this Chapter we have characterizedthe non-manifold properties pertaining
to non-manifold simplicial shapesin the Euclidean 3D space.An understandingon
sud characteristicsessetial to the designof e cien t topologicaldata structures for
3D shapes. For the application of such data structures, we have alsoformulated an
elemenary meshmodi cation operator, namely vertex-pair cortraction, and char-
acterized edge collapse(a constrained form of vertex-pair cortraction) whenit is
applied to simplicial 3D shapes. The materialsin this Chapter sere asthe founda-

tion for data structure designsand shape modi cation applications.
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Figure 3.16: E ect of edge collapse on the six examples shown
in Figure 3.13. Edge e = (vi;V;) is collapsed into vertex v. In
(@), (b) and (c), tetrahedron t; becomes a new dangling-face,
d , an external face, f, of tetrahedron t,, or an internal face, f°
shared by tetrahedra t, and tj, respectively. In (d), dangling-
face d, becomes a wire-edge, we. In (e) and (f), d, becomes a
boundary edge, €°, of simplexes incident at both u and the new
vertex V.
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Figure 3.17: Eect of edge collapse on the six examples shown
in Figure 3.14. Edge e= (vi;V,) is collapsed into a new vertex
v. In (a), dangling-faces d, and d3, which originally intersect
at edge (uj;u,), become one face d,. In (b), d3; becomes an
external face of tetrahedron t,. In (c), the two tetrahedra t,
and t; become face-adjacent at f% In (d), wire-edges we; and
we, become a single wire-edge, we;. In (e), we, becomes a
boundary edge of simplexes incident at both u and the new
vertex v. In (f), the two set of simplexes that are incident at
vi and Vv, respectiv ely, become edge-adjacent at edge €° after
edge collapse.



Figure 3.18: Eect of edge collapse on the example shown in
Figure 3.15. When edge e is collapsed, the two tetrahedra
become 0-adjacent.
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Chapter 4

State of the Art1l

4.1 Criteria of classication and evaluation of top ological

data structures

We can rst classify the data structures for cell and simplicial complexesin

terms of:

1. the domain of the complexesthey represet manifold, pseudo-manifold,reg-

ular, etc.

2. the dimension dimension-indegndentdata structures can descrile cell and
simplicial complexesin any dimension, while dimension-sgci ¢ data struc-
tures are for 2D and 3D cell and simplicial complexesenbeddedin the three-

dimensionalEuclidean space.

3. the topolagical information encded: in a cell (or simplicial) complex,the basic
topological elemerts are the cells (simplexes). A data structure may encale

all the cellsof a complex,or only a subsetof it.

10riginally published in [19] Copyright ¢ 2007 Eurgraphics.
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4. the way topological information is encoded: somedata structures encale the
cellsand their topologicalrelations explicitly. In sud data structures, the cells
are entities and the relations are assaiated with the ertities. Implicit data
structures encale the relations amongcells indirectly, through tuples of cells

in the samerelation.

Explicit data structures can be further classied into incidence-tasal, and
adjaency-laseal represemations. Incidence-basedlata structures encale all cellsin
a complexand a suitable subsetof their incidencerelations. Adjacency-basedlata
structures generallyencade only top cells(i.e., cellswhich are not on the boundary
of other cells) and vertices, and adjacencyrelations among them plus possibly a
suitable subsetof co-boundary relations. We distinguish a further categoryfor data
structures for simplicial and cell 2-complexes,which consists of edge-lasel data
structures in the 2D case.

Data structures that are designedfor cell complexescan be usedfor simpli-
cial complexes. In some cases,specializations of sud data structures have been
deweloped by taking advantage of the properties of simplicial complexes.

In the remainder of this Chapter, we organizethe description of the various
represemations on the basisof the dimension of the complex they represeh We
presen a description of ead data structure in terms of the ertities and topological
relations it encales,and we evaluate it basedon its expressie power, on its space
requiremerns, and on the e ciency in supporting navigation insidethe complex(i.e.,

in retrieving topologicalrelationsnot explicitly encaled). In explicit data structures,
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topological queriesare basedon cells and simplexes. In cortrast, in implicit data
structures, navigation is typically performed with the tuples as the atomic units.
The e ciency of navigation is measuredin terms the number of sud atomic units
retrieved which correspnd to the cellsor simplexesin the relations queried.

The spacerequiremerns are expressedhroughout this Chapter in terms only
of number of items of topological information encaled, since we assumethat all
the data structures encale the samegeometricalinformation. This also gives an
evaluation which is independen of the speci ¢c implemertation, which is not always
descriked in the literature in su cien t details. We comparethe various data struc-
tures inside eath category basedon the above featuresand, for represemations for
non-manifold shapes, also basedon their salability to the manifold case. One im-
portant issuein ewaluating a data structure for non-manifold shapesis its salability
to the manifold case,which is evaluated asthe overheadof the storagecost of data
structure when applied to a manifold shape with respect to that of a data structure
of the sametype but speci cally designedfor manifold shapes. This is relevant since
in a typical modeling scenariowe needto have a represemation capableto dealwith
non-manifold shapes, but most of the shapeswill be in any casemanifold. We em-
phasizedata structures for simplicial complexessincethese are the most common

mesh-basednodelsin a variety of applications.
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4.1.1 Dimension-indegnden Data Structures

In this Section,we discussdimension-indegnden represemations for cell com-
plexes rst, and then for simplicial complexes. We review rst two dimension-
independent implicit represemations, namely the Cell-Tuple [6] and the N-G-map
[53 represetations, and an explicit incidence-basedepresetation, the Incidence
Graph(IG) [32. The two implicit represemations are for manifold shapes,while the
latter is for non-manifold shapesaswell. Wethen discussdata structures speci ¢ for
simplicial complexes,namely the Indexal data structure with Adjacencies(IA) [65]
(which is a d-dimensionalextensionof the represemation discussedn [64]). The IA

data structure is an adjacency-basedepresemation and is for pseudo-manifolds.

4.1.1.1 Cell-Tuple and N-G-map

A Cell-Tuple[6] is a represemation for Euclideancell complexeswith a mani-
fold domain, while the n-G-map [53] hasbeendeweloped for abstract cell complexes
belonging to the classof quasi-manifolds,which is a superclassof conbinatorial
manifoldsde ned in [53]. In essencehoweer, the cell-tuplesand the n-G-mapsare
equivalert. Here, we describe, for brevity, only the Cell-Tuple data structure.

Given a Euclidean d-dimensionalcell complex,a cell tupleis a (d+ 1)-tuple t
ofd+ 1cells,t = (cp;c1; ¢g), sud that ¢ is ani-cell on the boundary of cellsci+,
to ¢g. A function s; fori = 0:.d, calleda switch function, is de ned on the cell-tuples
sud that t°= s;(t) if the cell tuple t°is identical to t in every elemen exceptthe

i-th one. The s; functions partition the set of cell-tuplesinto equivalent classesof
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size2 eat. The s; functions have the following two properties:

fori = 0;:::;d, s is an involution, that is, given a cell tuple t, sij(si(t)) = t;

fori = 0;;d 2andi+ 2 d, sis;, wheres;sj(t) = s;(si(t)), is an

involution, that is, s;s; (sis; (t)) = t.

Figure 4.1(a) gives a simple example of a cell complex de ned on a surface
without boundary. The cell complexis composedof two internal 2-cellsA and B,
and the 2-cell C. Figure 4.1(b) shows all the tuples in small squares,and all the s;
(i = 0;1;2) functions. Two tuples are related by function s, if they are connected
through a dotted line, by s; if connectedby a thin solid line, or by s, if connected
by a dashedline.

The Cell-Tuple data structure encadesall cell-tuplesin a complex, and the
switch functions s; for i = 0::d. It is animplicit data structure becausehe cellsand

their mutual topologicalrelations are implicitly represeted by the cell-tuples.

The topological relations encaded by the cell tuple data structure can be for-

malized as follows:

boundary Ry, for ead p-cell,p> 0, foreahh 0 q< p.

co-boundary Ry, for ead p-cell, p< d, foreahh 0 qg< p.

The spacerequiremerts of the Cell-Tuple data structure can be evaluated for
a simplicial d-complexwith ngq d-simplexesas follows [26]. The number of tuples is

at most ng(d+ 1)!. The switch functions s; are encaded as(s;; t; t% wheres;(t) = t°
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(C,a,5) (C,a, --------- So

(b)

Figure 4.1: (a) A simple cell complex on a surface homeo-
morphic to a sphere. The complex is composed of triangle A,
square B and the external 2-cell C on the surface; (b) all the
tuples and all the switc h s; (i = 0;1;2) functions encoded by the
cell-tuple

which consistsof ng(d + 1)(d + 1)! piecesof information. To e ciently support
topological navigation, it is necessaryto store links from ead p-simplex to eah
of the cell-tuplesthat cortain of . This needsngy(d + 1)! extra links and thus it
resultsin a verboserepresemation.

It canbe shown that all topologicalrelations can be retrieved in optimal time
from the Cell-Tuple data structure. As an example,considerthe retrieval of relation
Ro.2(5) for vertex 5 in Figure 4.1, which consistsof all the 2-cellsthat are incidert
at vertex 5. The retrieval starts with any of the tuples that include vertex 5, sudh as
(C;a;5). By alternately applying functions s, and s; to ead new tuple visited, the
cyclic sequencgC; a;5), (B;a;5), (B;f;5), (A;f;5), (A;e;5), (C;e;5) is obtained,

which producesthe set of 2-cellsf C; B; Cg that areincidernt at vertex 5.
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4.1.1.2 IncidenceGraph (IG)

The Incidence Graph (IG) [32 is an incidence-basecdexplicit data structure
for cell complexes.The incidencerelations amongcellsthat di er by onedimension
are explicitly encaled. Formally, the IG encales all the cells of any given cell
d-complex , and for eat p-cell , its immediate boundary, and immediate co-

boundary relations, namely:

for eat p-cell , whereO<p d, boundary relations Ry, 1( ),

for eat p-cell , whereO p<d, co-boundary relations Ry 1( )

Figures 4.2(a)-(c) give an examplethat illustrates the relations encaled in the 1G

in the form of a directed graph.

WW

Vl Vl V2 V3 V4 Vl V2 V3 V4
(@) (b) (€)
Figure 4.2: (a) A simple simplicial complex formed by two

triangles; (b) all the boundary relations encoded by the IG; (c)
all the co-boundary relations encoded by the IG

The designofthe IG supports a simplerecursive strategy to retrievetopological

boundary and co-boundary relations. Boundary relation Rp4( ) (p> @) for a given
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p-cell is obtained by retrieving the encaled boundary R;; ; relations of all the
i-facesfori = p; ;q 1of . Co-boundary relation Ry, ( ) (p < r) is obtained
by retrieving the encaled co-boundary R;;.; relations of all the i-cells for i =
p; ;r 1lin the star of . The retrieval of sud relations can be donein time
linear in the number of cellsinvolved, which is thus optimal.

We can ewaluate the exactspacerequiremerts of the IG whenit encalesa sim-
plicial complexbecausesat simplexhasa constart number of faces. The boundary

and co-boundary relations encaled by the IG for a simplicial complexamourts to

X
2 Np(p+ 1)
O<p d

piecesof information, becausesad p-simplex hasexactly (p+ 1) facesof dimension
(p 1)

The spacerequiremerts for an Incidence Graph can be evaluated as follows.
Let nq denotethe number of cellsof dimensiong, with 0 g din a cell complex .

The storagecost of the 1G is boundedby

X
npnp 1
O<p d

where nyn, 1 is the bound on the number of boundary relations in the complex
Rpp 1. The co-boundaryrelationsencaledin the IG are symmetricto the boundary
relations.

In the caseof manifold cell 2-complexesgvery edgeis sharedby two facesand
is incident at two vertices. For ewvery link from an edgeto either its vertex or its
face,there is a reverselink from that ertity bad to the edge. Thus, we can deduce
the storagecost of the IG for manifold 2-complexeswill be 8n;.
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4.1.1.3 Indexed Data Structure with Adjacencies

The Indexeal data structure is a represetation for simplicial d-complexeswvhich
encales, for ead top k-simplex , relation Ry.o( ), i.e., the indexesto its (k + 1)
vertices. Only boundary relations of type Ry;( ), ] < k, for any top k-simplex

, can be extracted in optimal time from sud represemation. Note that the j-
simplexeson the boundary of are described through j + 1 vertex indexes.

The Indexeal data structure with Adjacencies(lA) , alsocalledwinged represen-
tation [64, 65], extendsthe indexeddata structure into a topologicaldata structure,
which also encades adjacencyinformation amongthe simplexes. This restricts its
represemation domainto pseudo-manifolds.The IA data structure encales,for eah

d-simplex in a simplicial complex :
relation Rqy.o( ), i.e., the indexesof its (d + 1) vertices;

relation Rq.4( ), i.e., the indexesof the (d+ 1) d-simplexessharinga(d 1)-face

with

Only boundary relations, as in the indexed data structure, plus relation R4
can be retrieved in optimal time from the IA data structure. Vertex-basedco-
boundary relations can retrieved in optimal time from an extensionof the 1A data
structure, which we call the Extended Indexed data structure with Adjacencies
(EIA). This is achieved by encaling, for eat vertex v, a partial versionof relation
Ro,q(Vv), that we denoteR4(V), i.e., oned-simplexfor eah connectedcomponert of
the link of v.

Figure 4.3 gives an example of the retrieval of the complete Rq.3(Vv) relation
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for vertex v. We start from the encaled partial Ry5(v) = fty; 149 relation. From v,
t, is accessibleghrough R (V). t» is accessiblehrough the Rz 3(t1) relation of t;.
Similarly, the tetrahedrat; and ts in the star of v are retrievable rst by extracting

t; from Ry3(v) and then by retrieving Rz;3(t4).

Figure 4.3: Example of the retriev al of the Rg3(Vv) relation from
the encoded partial Ry3(v) = fty;t4g relation in the EIA data
structure

This extensionallows extracting all simplexesin the star of a vertex in time
linear in the number of sud simplexes,i.e., all Rok(v) relations, where0 k d,
can be retrieved in time linear in the number of d-simplexesin the star of v. The
retrieval of Ro(v) ford  3is still optimal, while this is not true if d > 3 sincethere
is no linear relation amongthe number of k-simplexesincidert in vertex v and the
number of verticesin Rogo(v). Retrieval of all Rqk( ) relationsforO< g< k<d 1
requirestraversingthe star of eat of the verticesof andthusit takestime linear
in the number of d-simplexesincidert at the verticesof . Thus, sud algorithms
are still local, but sub-optimal.

The storagecostof the EIA data structure is equalto 2ngy(d+ 1)+ ng itemsfor a
simplicial complexwith ng4 d-simplexesand ng vertices,which is only ny items more

with respect to storing just the Rgy.0 and R4 relations. For a manifold simplicial
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2-complex,this leadsto 6n;, + ng, which is approximately 13ny asa consequencef

Euler's formula.

4.1.1.4 Comparisons

We comparethe dimension-indegndert data structures described above in
terms of their expressie power, of their characteristics,their storagecostsand their
e ciency in supporting topological navigation.

Table4.1summarizeghe comparisonamongthe variousdimension-indegndert
data structures in terms of their domain, of the complexesthey can descrike, and

of the represemation method.

Data Domain Complexes Method
Structure

Cell-Tuple Manifold Cell Implicit

IG Non-manifold Cell Incidence-based
EIA Manifold Simplicial | Adjacency-based

Table 4.1: Data structures for d-dimensional complexes

We summarizethe spacerequiremerts of the above data structures, for man-
ifold and for arbitrary simplicial complexes.Thesecostsare expressedhroughout
this Chapter only in terms of items of topological information encaled. The stor-
age costsof the cell-tuple, of the IG and of the EIA data structure for a manifold
d-dimensionalsimplicial complexare as follows (they are expressedn terms of the

number of g-simplexes,denotedas ng):
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Cell-Tuple: ng(d+ 1)(d+ 1)!+ ng(d+ 1)!
EIA: 2(d+ 1)ng + ng

P
IG: 2 op gNp(p+ 1)

For arbitrary d-dimensionalsimplicial complexeswe canonly report the stor-
agecostsof the IG, sincethe other two are for restricted classesof complexes.In
the following, k, denotesthe total number of connectedcomponerts at all the links
of the g-simplexesof the complex.

Table 4.2 summarizesthe navigation costs by ewvaluating the optimality of

algorithms for retrieving topological relations on the various represemations.

Data Boundary | Co-boundary | Adjacency
Structure | relations relations relations
Cell-Tuple | Optimal Optimal Optimal
IG Optimal Optimal Optimal
EIA Optimal | Roq: optimal | Rq.q: optimal
Others: Others:
sub-optimal | sub-optimal
Table 4.2: Navigation eciency of data structures for d-
dimensional complexes

4.1.2 Data Structures for 2D Complexes

In this Section, we discussrepresemations for cell and simplicial 2-complexes
embeddedin the 3D Euclidean space.We classifythem accordingto the taxonomy

introducedin Section4.1, and organizetheir descriptionin two subsectionsaccord-
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ing to the domain of the complexes(manifold or non-manifold). We perform the
comparisonbasedon their spacerequiremens and on their e ciency in retrieving
topological relations. We evaluate and comparethe non-manifold represemations

alsobasedon their scalability to the manifold case.

4.1.2.1 Represenmations for Manifold 2-Complexes

We discusshererepresermations for cell and simplicial complexesfor manifold
shapes. A thorough analysisand comparisonof data structures for manifold cell
2-complexescan be found in [73. Here, we briey review the Winged-Edge [4],
the Doubly-Conneted Edge List (DCEL) [6]], the Half-Edge [57] the Quad-Edge
[4]], the Lath-basal [48] data structures, and the Star-Vertex [49 data structure
for manifold cell complexes.and the Corner Table [71] data structures for manifold
simplicial complexes(usually called triangle meshey The Winged-Edge, DCEL,
and the Half-Edge data structures are all edge-basedepresetations, since they
represenm the edgeasthe primary ertit y and the relationsaroundit. The quad-edge
and the lath-based data structures are implicit represemations. The Star-Vertex
data structure is an adjacency-basedepresetation for cell complexes.The Corner
Table is an adjacency-basedepresemation speci ¢ for simplical complexes.

We will analyzeand comparethesedata structures, alsowith respect to two-
dimensional instancesof the dimension-indendert data structures, in terms of
their spacerequiremerts and their e ciency in retrieving topological relations. We

will focusour comparisonon the caseof triangle meshesy consideringthe special-
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izations of represemations for cell complexesto the simplicial case.

Explicit Edge-basedata Structuresfor Cell 2-Complexes The Winged-Edge(WE)
data structure [5] is historically the rst one proposedfor cell 2-complexes.It en-
codes: (i) for ead edgee, its two vertices, the two 2-cells(usually called facesin
the context of boundary represemations for solid objects) incident at e, and the
four edgesthat are both adjacent to e and are on the boundary of the two faces
incident at e (seeFigure 4.4(a)); (i) for eat facef, a referenceto one edgeon
the boundary of f ; (iii) for ead vertex v, a referenceto one edgeincidernt at v. It
supports the retrieval of all topological relations in optimal time. Also the cellsin
the star of a vertex or on the boundary of a facecan be traversedin both clockwise
or courterclockwise directions. Given a cell 2-complexwith n, faces,n; edgesand
Ny vertices,the Winged-Edgedata structure storesn,+8n;+ ng piecesof topological
information.

The Doubly-Conneted Edge List (DCEL) data structure [6]] is a simpli ed
versionof the WE represemation, though it hasbeendeweloped independertly. For
ead edgee, instead of encaling all four edgeson the boundary of the two faces
incidert at e (seeFigure 4.4(b)), it storesonly two edges,one for ead of the two
facesincident in e. The DCEL supports the traversalof all topologicalrelations, but
only in cournterclockwise direction in the star of a vertex, and in clockwise direction
around the boundary of a face. The DCEL data structure encales n,+6n;+ ng
piecesof topologicalinformation.

The Half-Edge (HE) data structure [57] encalestwo copiesof eat edge,eah
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of which is called a half-adge A half-edgehas a direction with respect to the face
which it bounds. For ead half-edge,the following information is encaled: its start
vertex, the face assaiated with it, the previous and the next edgeson the same
face,the companionhalf-edge(seeFigure 4.4(c)). Relationsencaled at verticesand
facesare the sameasthoseencaledin the Winged-Edgeand DCEL data structure.
The Half-Edge data structure supports the retrieval of all topological relations in
optimal time, and also the cellsin the star of a vertex or on the boundary of a
face can be traversedin both clockwise or courterclockwise directions. There are
n,+10n;+ ng piecesof topological information encaded in the HE data structure.
Moreover, an implemertation of the HE data structure which hasthe samestorage
costasthe WE data structure is described in [73].

The edge-basedelations encaled in eat of the edge-basedlata structures
descriked are illustrated in Figures 4.4(a)-(c). All the edge-basedlata structures
preserted in this section encale, for ead edge,relations Ry, and R;.,, di erent
partial Ry, relations, sinceonly two or four edgesare encaled, a partial R, relation
for eat vertex, which consistsof one edgein the star of the vertex, and a partial
R,., relation for ead face,which consistsof oneedgeon the boundary of the vertex.
All thesedata structures support the retrieval of all topologicalrelationsin optimal

time.

The Quad-Edgeand Lath-based Data Structures The Quad-Edgedata structure

[41] and the Lath-baseal data structures[48] are implicit data structures for cell 2-
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Figure 4.4: Edge-based relations represented in the edge-based
data structures: (a) In the Winged-Edge data structure, e has
a reference to e;;e;es3;e4;u;v;f1 and f,. (b) In the DCEL, e has
a reference to e;es;u;v;f; and f,. (c) In the Half-Edge data
structure, each edge e is represented as two half-edges he and
he. Half-edge he has a reference to he®he;;hes;u and f,

complexeswith a manifold domain. In sud complexes,edgesin the star of eadh
vertex can be orderedradially on a plane around the vertex, and the edgeson the
boundary of a face can be ordered clockwise or courterclockwise around the face.
Thus, eat edgebelongsto four loops: the two at its extreme vertices,and the two
at the facessharingit. Sud represemations exploit this property.

In the Quad-Edgedata structure, ead quad-&lgeis assaiated with its two
extremevertices,its two adjacert facesandthe next edgesn its four loops. Basically,
the Quad-Edgedata structure encalesthe sameinformation as the Winged-Edge
data structure. In a quad-edgethat correspndsto edgee, the four adjacen edges
of e are organizedas part of the two loops around two faces,and two loops around
two vertices. In the Winged-Edgedata structure, the samefour edgesbelongto
the two loops of the two faces. Samerelations at verticesand facesare encaled as
in the Winged-Edgedata structure. As the edge-basedlata structures presened

in Subsection4.1.2.1,the Quad-Edgedata structure encalespartial relations R,
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for ead face, partial relation Ry, for ead vertex, complete relations Ry, Ri;2
and a partial version of relation Ry, for ead edge. As in the other edge-based
represemations, all topological relations can be retrieved in optimal time. The
storagecost of the Quad-Edgedata structure is n,+8n;+ no.

The Lath-asel data structures are a collection of data structures that use
verticesand lathsasthe basicelemerts. Ead lath is uniquely iderti ed with exactly
onevertex, one edgeand onefaceof a complex. A lath is conceptually similar to a
cell-tuple. A Lath-baseddata structure requiresno separaterecordsfor edgesand
faces. There are three variations in the encaling of a lath, giving rise to three data
structures: the Split-Edge the Half-Edge-lath and the Corner data structures.

In the Split-Edgedata structure, ead lath se corresppndsto one side of an
edgeand encalesa link to its start vertex u, alink to the lath seof the other sideof
the sameedge,and a link to the lath se; of the next edgein the clockwise direction
on the sameface (seeFigure 4.5(a)).

In the Half-Edge-lath data structure, ead lath he (illustrated in Figure 4.5(b))
is asseiated with half of an edge. It encalesa link to its vertex u, alink to the lath
he® of the other half of the sameedge,and a link to the lath he} of the next edge
in the clockwise direction around the samevertex. Joy et al. called this version of
the lath-baseddata structure the Half-Edgedata structure, but the edgeis halved
di erently from that of the Half-Edge data structure descrited above [57], and we
call it the Half-Edge-Lath to distinguish it from the latter.

In the Corner data structure, a lath is assaiated with one corner of a vertex.

Eacd lath u®encales: a link to the vertex u, a link to the lath v° of the next vertex
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v in the clockwise direction on the sameface,and a link to the lath u®%bf the next
facein the clockwise direction around the samevertex.

All Lath-baseddata structures support the retrieval of all topologicalrelations
through laths in optimal time. Howewer, becauseof the implicitness of the faces,
edgesand vertices, accessfrom these cells to their assaiated laths is not time-
e cient. All Lath-baseddata structures have the samestoragecosts,which is equal
to 6n1, becauseead lath storesthree piecesof topologicalinformation and the total
number of laths is 2n, in ead caseelaborated as follows. For the Split-Edge and
Half-Edge-Lath structures, every edgecorrespndsto exactly two split-edge laths,
exactly two half-edgelaths, respectively. As far as the Corner data structure is
concernedthe number of cornersat ead vertex is equalto the degreeof the vertex
(the number of edgesincident at that vertex), while ead edgeis incidert at exactly

two vertices.

The Star-Vertex Data Structure The Star-Vertex (SV) data structure [49 is an
adjacency-baseddata structure for manifold planar cell 2-complexes. The basic
ertity hereis the vertex. For eat vertex v, the Star-Vertex data structure encales
all the verticesin the link of v in courterclockwise order (seeFigure 4.6(a)). For
ead vertex v%in the link of v, the data structure encalesa referenceto the position
of vertex v®in the link of v° sud that v;v®%v®are three consecutie vertices in
clockwise order on the sameface. Considerthe exampleof facef in Figure 4.6(b).

vs; V1 and v, are three consecuti verticesorderedin clockwise direction around f .
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(b) (c)

Figure 4.5. Relations encoded in alath: (a) A Split-Edge Lath
associates split-edge se with its opp osite split-edge se€°, with its
succeeding split-edge se; ordered clockwise on the same face,
and with its start vertex u; (b) Half-Edge Lath associates half-
edge he with its other half-edge he®, with its start vertex u and
with its succeeding half-edge ordered clockwise around u; (c)
Corner Lath associates a corner u® of vertex u, with u itself,
with the succeeding corner Vv° ordered clockwise on the same
face, and with the succeeding corner u® ordered clockwise on
vertex u.

Vertex v, is the secondvertex in the link of v;. Therefore,the position 2 is encaled
along with v; in asenry (vq;2) at vertex vs. The full encaling of the exampleis

shown in the table shavn in Figure 4.6(c). The verticeson boundary of the whole

shape are order in courter clockwise.

In terms of topological relations, the Star-Vertex data structure encalesrela-
tion Ro.o explicitly. Relation R,.o(f) is partially encadedwith facef beingimplicitly
descriked through one of its vertices. The Star-Vertex data structure only supports
the retrieval of R, relation and Rq, relation in optimal time. Co-boundary rela-
tions cannot be retrieved locally.

The number of piecesof information encaled by the Star-Vertex data structure

. . . . P
is twice the sum of the number of neighbors at all vertices, , deqV), becausefor
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vertex on face) are encaled. The term

Vi | (V55 2), (V2; 1), (Va; 1)
Vo | (Vs 1), (Va;2), (v1;3)
V3 | (V2;3), (Va;2)
Vg | (v3;1), (v1; 1)
Vs | (V1;2), (V2;2)

(©)

Figure 4.6: (a) The link of vertex v; consists of fvy;vs;  ;Veg
and is encoded by the Star-V ertex data structure at vy in the
counter-clo ckwise order as labeled; (b) For each vertex in the
link of v, a reference to the next vertex on the same face is
encoded; (c) The information encoded for the example of (b),
in whic h the left column is each vertex, and in the right column
is the link of v. For each vertex in the link, the reference to
the next vertex on the same face is encoded.

eat neighbor, two piecesof information (i.e., the neighbor vertex, and the next

edges. Thus the storagecostis 4n;. In the caseof a simplicial 2-complexwith n,
triangles, basedon Euler's formula, this is appraximately equalto 6n,. The Star-

Vertex data structure encales 6n, piecesof information for a manifold simplicial

2-complex.

The Corner Table (CoT) Data Structure The Corner Table (CoT) data structure

[71] is an adjacency-basedlata structure for manifold simplicial 2-complexes. A
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corner is a unique index that is assignedto a triangle-vertex pair. It encalesthe

following information:

For ead triangle t, its three cornersat its three incidernt vertices: vi;Vs; Vs.
(As illustrated in Figure 4.7(a), corner ¢ descrikes the asseiation between

triangle t and vertex v;);

For ead corner c of triangle t, let e be the edgeof t that is opposite to c.
Then the opposite corner of the triangle that sharese is ass@iated to c. (In

Figure 4.7(b), ®is the opposite corner of c.)

vy
Vl
t
V2 V3
() (b)

Figure 4.7: An illustration of the notion of corners in Corner
Table: (a) Corner cassociates triangle t with its incident vertex
vi; (b) The opposite corner of cis c®

A cornertable is fully encaledin two arrays T and O. Cornersare represeted
asthe indicesof both T and O. Array T storesthe verticesof ead triangle, ordered
in courter-clockwise direction. Given a corner c as a index between0 and 3n; (n,
being the number of triangles), the speci c triangle assaiated by c is computable
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ast = ¢ mod3 and the speci c vertex assaiated by c is given by the array entry
T|[c]. The opposite cornerof cis givenby O[c]. The compactnesf the cornertable
arisesfrom using the order of array elemens and the array indicesto capture the
assiation betweena triangle and its vertices.

Formally, the Corner-Table data structure encadesthe completeR»., and Rz
relations. The Rq.; relation is partially encaled through the corners. Direct access
from an explicit vertex to its cornersis not supported. All topologicalrelations can
be retrieved as cornersfrom the Corner-Table in optimal time. The total amourt
of encaled information is equalto 6n,, of which 3n, accours for the verticesof the

triangles, and 3n, accours for the opposite corner of ead corner.

Comparisons We comparethe data structures for manifold 2-complexesn terms
of their characteristics, their spacerequiremens and e ciency in supporting the
retrieval of topological relations. Table 4.3 summarizesthe characteristics of the
various data structures in terms of the complexesthey represem and of their repre-

senation method.

The storage cost of ead data structure is evaluated basedon the topolog-
ical information encaled. We also considerthe two-dimensionalinstancesof the
dimension-inde@nden data structures, except for the Cell-Tuple data structure,
which is the dimension-indegndent generalization of the Quad-Edge data struc-
ture. The storagecostsof thesedata structures for a cell 2-complexwith n, faces,

n, edgesand ny vertices, are listed belon. From Euler's formula, we have that
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Data Domain | Complexes Method
Structure

Winged-Edge| Manifold Cell Edge-based
DCEL Manifold Cell Edge-based
Half-Edge Manifold Cell Edge-based
Quad-Edge | Manifold Cell Implicit

Lath Manifold Cell Implicit
Star-Vertex | Manifold Cell Adjacency-based
Corner Table | Manifold | Simplicial | Adjacency-based

Table 4.3: Characteristics of the data structures for manifold
2-complexes

n, 2ngandn; 3ng. Thus, for the sake of comparison,we can expressall the

storagecostsin terms of the number of vertices.

Winged-Edge:n, + 8n;+ ng  27ng

DCEL: no, + 6n1+ No 21n0

Half-Edge: n, + 10n;+ ng  33ng

Quad-Edge:n, + 8n;+ ng  27ng

Laths: 6n;  18ng

SVidn;, 12ng

IG: 8n4 24ng

The storagecostsof thesedata structures are evaluated for six manifold cell
complexesandreported in Table4.4. The Lath data structuresarethe mostcompact
data structures for manifold cell 2-complexesfollowed by the IncidenceGraph. The
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Dataset ng Ny n, deg(V) deg(F)

Football 1 1232 2340 1110 3.80 4.22
Football 2 930 1500 572  3.23 5.24
Crumb 312 564 254 3.62 4.44
Multidode 80 150 72 3.75 4.17
Torus 10.2k 20.5k 10.2k 4.00 4.00
Cone 641 1310 671 4.09 3.90

(@)

Dataset | CT IG WE DC HE QE L SV

Football 1 | 26.6k | 18.7k | 21.1k | 16.4k | 25.7k | 21.1k | 14.0k | 9.36k
Football 2 | 13.7k | 12.0k | 13.5k | 10.5k | 16.5k | 13.5k | 9.00k | 6.00k
Crumb 6.1k | 4.5k | 5.1k | 4.0k | 6.2k | 5.1k | 3.4k | 2.26k
Multidode | 1.7k | 1.2k | 1.4k | 1.1k | 1.7k | 1.4k | 0.9k | 0.60k
Torus 246k | 164k | 184k | 143k | 225k | 184k | 123k | 82.0k
Cone 16.1k | 10.5k | 11.8k | 9.17k | 14.4k | 11.8k | 7.86k | 5.24k

(b)

Table 4.4. (a) Six data sets describing manifold cell 2-
complexes: deg(V)=Av erage number of facesincident at a face,
deg(F)=Av erage number of vertices on a face; (b) Storage cost
of seven data structures for data sets in (a): CT (Cell Tuple),
IG (Incidence Graph), WE (Winged Edge), DC (DCEL), HE
(Half-Edge), QE (Quad-Edge), L (Lath), SV (Star-V ertex)
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compactnes®f the lath-baseddata structuresis achieved, howewer, through the im-
plicit nature of the entities. Vertices,edgesand facesare not explicitly addressable,
but are implicitly encaded within the laths, and topological traversalis performed
with laths asinputs and outputs. The IG, which is 1.33times the sizeof the Laths
data structures, on the other hand, explicitly represets all theseentities. Explicit
edge-basedlata structures generallyare lessspace-e cient. Amongthem, the Half-
Edge data structure hasthe largest spacerequiremerts, which is 1.8 times that of
the Laths data structures. The Star-Vertex data structure is the most compactdata
structure, encaling only half the information of the 1G. Howewer, the Star-Vertex
doesnot asthe full navigation capacity asthe other data structures.

The storage costs of the data structures for manifold simplicial 2-complexes

and of the two dimensionalinstanceof the EIA data structure are:

Winged-Edge: 131, + np  27ng

DCEL: 10n, + ng 21ng

Half-Edge: 16n, + ng 33

Quad-Edge:13n, + ng  27ng

Laths: 9n, 18ng

Corner Table: 6n, 12ng

Star-Vertex: 6n, 12ng

EIA: 6n, + ng 13

67



We have evaluated the storagecostsof thesedata structures for six data sets
describing manifold simplicial 2-complexesand the results are reported in Table
4.5. We can seethat the spacerequiremerts of the Corner-Table, of the EIA and of
the Star-Vertex data structuresare comparable,but all of them encale only vertices
and triangles. When appliedto simplicial complexesthe edge-basedepresetations
have the largestspacerequiremerts, at leasttwicethe storagecostof thoseencaling
only verticesand triangles. The lath-basedonesare somehav in-between, and, as

the edge-basedepresemations, encale all the ertities uniquely and explicitly.

Data set ng n, n, deg(V)
Car 6.94k 18.0k 11.8k 5.09
Doll 551 1.38k 831 452

Face 2.09k 6.15k 4.05k 5.83
Temple 6.85k 17.8k 11.00k 4.82
Sofa  8.09k 23.5k 15.1k 5.61
Lion 517k 15.2k 10.1k 5.84

(@)
Dataset| WE | DC | HE | QE | L | CoT | SV | EIA

Car 163k | 127k | 199k | 163k | 108k | 70.7k | 70.7k | 77.7k
Doll 12.4k | 9.65k | 15.2k | 12.4k | 8.27k | 5.0k | 5.0k | 5.54k
Face | 55.3k| 43.0k| 67.6k | 55.3k | 36.9k | 24.3k | 24.3k | 26.4k
Temple | 160k | 125k | 196k | 160k | 107k | 66.0k | 66.0k | 72.9k
Sofa 211k | 164k | 258k | 211k | 141k | 90.8k | 90.8k | 98.9k
Lion 137k | 106k | 167k | 137k | 91.1k | 60.4k | 60.4k | 65.5k

(b)

Table 4.5: (a) Six data sets of manifold simplicial 2-complexes:
deg(V)=Av erage number of faces incident at a face; (b) Stor-
age cost of nine data structures for data sets in (a): WE
(Winged Edge), DC (DCEL), HE (Half-Edge), QE (Quad-
Edge), L (Lath), CoT (Corner Table), SV (Star-V ertex) and
EIA
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Finally, we summarizein Table 4.6 the navigation costs by ewaluating the
optimality of algorithms for retrieving topologicalrelations on the various represen-

tations.

Data Boundary Co-boundary | Adjacency
Structure relations relations relations
Winged-Edge Optimal Optimal Optimal
DCEL Optimal Optimal Optimal
Half-Edge Optimal Optimal Optimal
Quad-Edge Optimal Optimal Optimal
Lath Optimal Optimal Optimal
Star-Vertex R2.0: optimal O(no) Ro.0: optimal
Others: O(no) Others: O(nop)
Corner Table Optimal Optimal Optimal

Table 4.6: Navigation performances of data structures for 2-
dimensional complexes specic for manifold domains

4.1.2.2 Represenations for Arbitrary Two-DimensionalComplexes

In this Subsection, we review represetations for non-manifold shapes dis-
cretizedthrough cell and simplicial complexes.The rst data structure proposedin
the literature for cell 2-complexess the Radial Edge(RE) data structure [80], which
hasbeenextendedand specializedin [42, 82]. More recert simpli ed represemations
are the Partial Entities (PE) data structure [51] and the Loop Edge-use(LE) data
structure [58]. The PE data structure hasthe samerepresemation power asthe RE,
but it is considerablymore compact. The LE data structure is a specialization of
the RE data structure to regular cell complexes.

We descrike the Radial-Edgeand the Partial-Entities data structures. Then,
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we presen and analyzein details data structuresfor simplicial 2-complexespamely;
an edge-basedlata structure, the Directed Edge(DE) data structure [7], which can
be viewed as an extension of the Half-Edge data structure to the non-manifold
simplicial case,an adjacency-basedlata structure, the Triangle-S@ment(TS) data
structure [25, which extendsthe EIA data structure to the non-manifold case,
and an incidence-basedlata structure, called the Vertex-Face (VF) data structure
[77]. We comparesud represetations basedon their storagerequiremens and on
their performancein retrieving topological relations, also with respect to the two-
dimensionalinstance of the Incidence Graph described in Subsections4.1.1.2. We

also evaluate the scalability of the data structuresto the man old case.

The Radial-Edge Data Structure The Radial Edge (RE) data structure [80] has
been deweloped in order to descrike the decompsition of the boundary of non-
manifold and non-regular three-dimensionalobjects. As pointed out in Section 2,
the decompsition is not a cell complexas de ned in algebraictopology, sincethe
2-cellsare not necessarilynhomeomorphicto closeddisks, but they can be multiply
connected2-manifolds with boundary. The connectedcomponerts formed by the
edgesbounding any 2-cell (face) are called loops The ertities in the RE data
structure are thus: regions, shells, faces,loops, edgesand vertices. A region is a
solid objects, which is bounded by a collection of shells. (In Figure 4.8(a), there
are three shellson a shape of two hollow cubes sharing a face.) A shel is thus
an oriented boundary surfaceof a region, consisting of maximal connectedsets of

2-cells (faces). In addition, faces,loops, edgesand vertices are characterized by
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orientations, namely face-uses loop-uses edge-usesand vertex-uses A facef has
two face-usesssaiated with it, which correspnd to the two possibleorientations of
f (seeFigure 4.8(b)). The oriented boundary of a face-usds descrited by loop-uses.
A loop-useis composedof a circular list of edge-usesEact edge-useassaiatesan
edgee with the orientation inducedon e by the face-useo which it belongs. Thus,
an edge-usaepresets the assaiation betweenan edgeand a face-use(seeFigure
4.8(c)). A top 1-simplex, called a wire-edge is described by two edge-usesorming
a loop that connectsthe two boundary vertices of the wire-edge. Sinceead edge
is boundedby two vertices, eat edge-usds assaiated with a vertex-use. Thus, a
vertex-usedescrikesthe assaiation betweena vertex and an edge-usehat goesout

from it (seeFigures4.8(d) and (e)).

Here, we presen, for clarity, a simpler version of the RE data structure for
represeming an object descrilked by a connectedcell 2-complex,in which the 2-cells
are homeomorphicto disks, and there are no isolated vertices. Thus, ewery faceis
bounded by exactly one loop. This simple version of the RE data structure does
not cortain high-level topologicalelemertts, namely, regions,and shells. This simple
version of the RE data structure has the following ertities: faces,edges,vertices,
face-usegwhich alsocapture their oriented boundariesoriginally descrilked by loop-

uses),edge-usesand vertex-uses.It encalesonly the following information:

For ead facef, a referenceto a face-use(for example,in Figure 4.9(a) f,

points to fq);
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Figure 4.8: An illustration of the entities in the RE data struc-
ture: (a) Three shells exist in a complex describing two hollow
cubes sharing a common face; (b) Each face f has two face-
uses f, and f? (c) Each face-use on the inner shell of a cube
is bounded by a loop-use which is comp osed of a circular list
of edge-uses; (d) and (e) V vertex v shared by three faces, and
the vertex-uses v,;Vv° and v®that start at v.
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For ead face-usef , (seef; of Figure 4.9(a)):

{ the facef with which it is ass@ciated (f; in the example);
{ areferenceto the other face-useassaiated with f (f,, in the example);
{ areferenceto an edge-usen f (ey; in the example);

For eath edgee, a referenceto one edge-usethat is assaiated with e (for

example,in Figure 4.9(b) e refersto e1);

For eat edge-uses, in the face-usd , of facef (sudc ase,; in Figure 4.9(b)):

{ the correspnding undirected edgee;

{ its face-usef, (fy1 in Figure 4.9(b));

{ the mate edge-usean the other face-useof f (e,, in Figure 4.9(b));

{ the adjacer edge-useaadially orderedaround e (that is eyg);

{ the previousedge-usan f (in Figure 4.10,the previous edge-useof e,;
IS €ya);

{ the next edge-usen f, (in Figure 4.10,the next edge-useof e,; is e2);

{ the start vertex-useof e, (in Figure 4.10, the start vertex-useof e,; is
Vu1);

For ead edge-uses, which is assaiated with wire-edgee:

{ its wire-edges;

{ the previousedge-useasseiated with €;
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{ the next edge-useassiated with e;
{ the start vertex-useof e;;

For ead vertex v, a referenceto one vertex-useassaiated with v (in Figure

4.11,v hasa referenceto v1;

For eat vertex-usev, that is assaiated with oneedge-uses, (sud asvertex-
usevy; of Figure 4.11):
{ the correspnding undirected vertex v;
{ the previousvertex-useof v (vys in Figure 4.11);
{ the next vertex-useof v (v, in Figure 4.11);
{ its edge-uses, (e,; in Figure 4.11);
While the edge-usesaround an edgecan be ordered, the vertex-usesat a vertex

cannot be ordered. Therefore, the list of vertex-usesat vertex v simply collect all

the vertex-usesat v.

The RE data structure can be formalized in terms of topological relations
as follows (note that the formalization doesnot take into accourt the orientations

captured by face-usesedge-usesind vertex-uses):

For ead facef : relation R,.,(f ), which consistsof one edgeon the boundary

of f,
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For ead edgee:

{ relation R;.»(€), in which the facesare orderedaround e;

{ partial relation R,.;(€), de ned asthe collection of the pair of edgesadja-
cert to e and bounding the facesincidert in e, orderedaround e, sothat
both the 2i-th elemen and the (2i+ 1)-elemen in this relation belongto

the i-th facein Ry.(e);

{ relation Ry.0(e), orderedby the indicesof the vertices;

For eath vertex v: relation Ry.1(v), unordered.

Relations Ry;»(€), Ry.;(€) and Ry4(e) for edgee descrike the information en-
coded at edges.R;.,(e) descrikesthe relation betweenan edgeand a facede ned by
an edge-use.Relation R,.;(€) capturesthe asseiation betweenan edge-useg, and
the edgesfollowing and precedinge, in the boundary of the facef with which e,
is assaiated. The adjacencyof edge-usest the sameedgee is implicitly expressed
through the orderin R,.;(€). It can be shavn that all topological relations can be
retrieved in optimal time from the RE data structure.

The Tri-Cyclic Cusp represemation [42] extendsthe RE data structure with
new elemerts (called cuspg introducedin order to handle the inclusion relations of
topologicaldisksat non-manifoldvertices. The Coupling Entities represetation [82]
is an improvemert over both the RE and the Tri-Cyclic Cusp data structures, ob-
tained by introducing additional ertities that descrike the relationshipsat the loops
formed by edgesaround faces,the radial cyclesformed by facesaround edgesand
cyclesformed by facesat vertices. The RE represetation is not highly scalable
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to the degreeof manifold singularities of a shape. It hasbeenshown in [5]] that,
when the domain is manifold, the RE represemation requiresabout four times as
much storagespaceas the manifold represetations sut asthe Winged-Edgedata
structure descrited in Section 4.1.2.1, which resenbles the RE data structure in

terms of the entities and relations encaled.

The Partial Entities Data Structure The Partial Entities (PE) data structure [5]]
descrikesthe boundary description of a non-manifold solid through regions shels,
faces loops edges and vertices partial-faces partial-edgesand partial-vertices
Eadh facehasa unique orientation de ned basedon the geometryof its surface
normal. A partial face descrikesone of the two orientations of a face. Each face
is bounded by one loop, which consistsof a cycle of partial-edges. Each partial-
edgecorrespndsto the appearanceof an edgeon a loop bounding a face. Thus, if
there are m facesincident at edgee, the PE data structure storesm partial-edges
correspnding to e. A top 1-simplexwe, called a wire-edge hasa loop that consists
of two partial-edgesof we. The partial-edge is comparableto the edge-usen the
RE data structure, exceptthat eat edge-usas assaiated with oneface-usewhile
a partial-edgeis assaiated with a face. As there are two face-usedor ead facein
the RE data structure, the number of edge-usesn the RE data structure is twice
the number of partial edgesin the PE data structure. Partial-facesare the de ning
componerts of shells. Each face hastwo partial-facesas a face may belongto two
shells. A partial-vertexis a copy of a vertex createdfor ead manifold surfacesharing

it.
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The PE data structure is designedto encale objects with seeral boundaries
and seeral connectedcomponerts. By limiting the domain to objects with just
one connectedcomponert, and with facesthat are homeomorphicto 2-disks, and
are thus boundedby oneloop, we have simpli ed the original PE data structure for
the purposeof highlighting its capability in represeting the connectivity amongthe
ertities of a cellcomplex. Therefore,high-level topologicalelemerts, namely, regions
and shellsare not represeted. We alsodo not considerpartial-facesbecausetheir
primary function is just to descrike the orientation of a face, but all other ertities
refer to facesand not to partial facesas described above. The simpli ed versionof
the PE data structure encalesthe following information (we referto Figures4.12(a)

and (b) to illustrate it):
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(b)

Figure 4.9: (a) Edge-uses radially ordered around an edge be-
tween two faces; (b) Cross-section view of edge-uses radially
ordered around an edge between three faces
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Figure 4.10: Planar view of a loop of edge-uses bounding a
face-use f, of face f;
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Figure 4.11: Vertex-uses of the same vertex v



Figure 4.12: Elements of the PE structure: (a) relations at
a non-manifold edge e shared by three faces: fi;f,, fs; (b)
relations at a non-manifold vertex u shared by two manifold
comp onents.

For eat facef: a referenceto a partial-edge on its boundary (In Figure

4.12(a),f1 hasareferenceto ey);

For eath edgee, a referenceto a partial-edge that descrikes e (In Figure

4.12(a), e has a referenceto e,);

For ead partial-edgee, bounding facef , a referenceto: (ey; in Figure 4.12(a)
asan example)
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{ the correspnding edgee (e in the example);
{ the facef (f; in the example);

{ the previousadjacen partial-edgeorderedin courter-clockwise direction

around e (ey in the example);
{ the next adjacern partial-edgeorderedaround e (e, in the example);

{ the previouspartial-edgein courter-clockwise direction on the boundary

of f (ey3 in the example);
{ the next partial-edgeon the boundary of f (&, in the example);

{ the partial-vertex of e, (v in the example);

For ead partial-edge e, bounding wire-edgee, a referenceto:

{ the wire-edgese;

{ the next partial-edge bounding €;

{ the previous partial-edge bounding €;
{ the partial-vertex of &,

For ead vertex v: the list of all partial-verticesv, that are asseiated with v

(In Figure 4.12(b), u hasreferencedo up; and ug;.)

For ead partial-vertex v, ass@iated with vertex v (seeuy; in Figure 4.12(b)
asan example):
{ the vertex v (u in the example);

{ apartial-edgethat starts at v, (ey in the example).
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We can expressthe information encaled in the specializedPE data structure

in terms of topological relations as follows:

For eath facef : relation R, (f ), which encalesone edgeon the boundary of

f,
For ead edgee:

{ relation R;.»(e), orderedaround edgee;

{ Partial relation R,.;(€) which is de ned asfollows: R,.;(€) consistsof the
edgeson the boundary of the facesincident at e and sharingoneextreme
vertex with e. The elemerts in relation Ry.;(e) are orderedsothat both
the 2i-th and the (2i + 1)-th elemerts in R,.;(€) are on the i-th triangle

in Ry.2(€).

{ Relation Ry(€);

For ead vertex v: partial relation R (v) which consistsof one edgefor eat

connectedcomponert of the link of v.

Relations Ry;2(€), Ry.;1(€) and Ry(€) for edgee descrike the information en-
coded at edges.R1.»(e) describesthe relation betweenan edgeand a facede ned by
a partial-edge. Relation R,.,(€) capturesthe assaiation betweena partial-edge e,
and the edgesfollowing and precedinge, in the boundary of the facef with which
&, is asseiated. The adjacencyof partial-edgesat the sameedgee is implicitly
expressedhrough the order in R;.,(€). Thus, the PE data structure encalesthe
samerelations as the RE one, with the exception of Ry.1(v) relation at vertex v
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which is partially encaled in the PE but fully encaded in the RE. All topological
relations can be retrieved in optimal time from the PE data structures, asdescribed
in [51].

In [5]], an implemertation of the PE represemation is presened that has half
the storage cost of the RE represemation for non-manifold cell 2-complexes,and
usestwice as much spaceas that of the Winged-Edgerepreseation for manifold
cell 2-complexeqseeSection4.1.2.1).

The primary di erence betweenthe RE and the PE data structure is that the
PE data structure considerseat faceto have oneorientation geometricallyde ned
basedon its face normal. The orientation of its boundary can thus be uniquely
de ned. In the RE data structure, a faceertity is without orientation. The face-
usesof the RE data structure descrike all the possibleoriertations of ead face.
In the RE data structure, the connectivity amongthe faces,edgesand verticesis
de ned through face-uses.edge-usesand vertex-uses. In the PE data structure,
however, the connectivity amongfaces,edgesand verticesis captured at the faces,

at partial-edgesand at partial-vertices.

The Directed EdgeData Structure The Directed-Edge(DE) data structure[7] is an
extensionof the Half-Edge data structure [57], proposedfor cell 2-complexeswith

a manifold domain, to simplicial 2-complexesenbeddedin the three-dimensional
Euclidean space. The DE data structure is basedon the conceptof directed edge.
A directed edgeey of an edgee in a simplicial 2-complexis an occurrenceof e on the

boundary a triangle incidernt at e. A directed edgeis similar to the edge-useand to
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the partial-edgein the RE and PE data structures, respectively.

In the DE data structure, the ertities stored are directed edgesand vertices.
Trianglesand undirected edgesare not explicitly encaled. Trianglesare implicitly
referencedhrough the edgeson their boundary. The assaiation betweena triangle
and its three edgesis through indexing. The i-th triangle f; is implicitly descrited
by the 3i-th, (3i + 1)-th and (3i + 2)-th directed edges,which form the oriented
boundary of f;. Wire-edgesare represeted as directed edges. Thus, the DE data

structure encadesthe following information:

Eadh triangle f is implicitly described by the three directed edgeson the

boundary of f ;

For ead directed edgeey onthe boundary of facef , thereis areferenceo eah
of the following ertities (seeFigure 4.13for the illustration of the symbols)

{ its start vertex vq;

{ its end vertex v;;

{ the adjacern directed edgee;, that is incident at v; and v,;

{ the previousdirected edgeel’bounding f in courter-clockwise order;

{ the next directed edgee bounding f in courter-clockwise order;
For ead directed wire-edgee:

{ its start vertex vq;

{ its end vertex vy;
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For eadt vertex v, onedirected edgefor ead connectedcomponert of the link

of v.

Figure 4.13: An llustration of the relations encoded at a di-
rected edge gy

The topologicalrelations encaled in the DE data structure are:

For ead facef: R,.(f), which is encaled implicitly (the i-th directed edge

belongsto the (i=3)-th triangle);

For ead edgee:

{ Relation Ry.o(e);

{ Partial relation R,,,(€), asde ned for the RE data structure;

For eat vertex v: partial relation R,.;(v), which consistsof one edgefor eat

connectedcomponert of the link of v.

In our formalization, we have consideredthe undirected edgee, instead of
its oriented version and, thus, the information in the directed edgesin the DE

data structure hasbeentransferredto the undirected edgeand descrilked by partial
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relation Ry,(e), and in its ordering. Note that the DE data structure encales
exactly the samerelations asthe PE data structure.

The DE data structure can implemerted at three levels of detail. In the full-
sizedlevel, for ead directed edgeey, a referenceis encaled to verticesv,;v,, and
directed edgese; ; €] and €}°(seeFigure 4.13). In the medium-sizedevel, only v,, &
and e}°are encaled for 4. In the small-sizedlevel, eah e4 has a referenceonly to
Vo and e .

The DE data structure is highly scalableto the degreeof manifoldnessin a
simplicial 2-complex. A cost-e ective implemertation reported in [7] has a storage
cost of 68n, bytes, which is 1.13times the cost of the Winged-Edgedata structure
for represeting 2-manifolds. The DE data structure is alsohighly adaptableto the
availability of memory spaceby trading o the amourt of topological information
encaled with assesdime. The full-sized level implemertation has a storage cost
of 68n, bytes, while the medium-sizedand the small-sizedlevels have respectively

44n, bytes and 32n, bytes.

The Triangle-Segmen(TS) Data structure The Triangle-S@ment(TS) data struc-
ture [25 describes simplicial 2-complexesenbedded in the two-dimensional Eu-
clidean space. It extendsthe 2D instance of the EIA data structure (see Sec-
tion 4.1.1.3) to the non-manifold domanin. It encales all the vertices, the top
2-simplexes,i.e., the triangles, and the top 1-simplexes,that we call wire-edges

together with the following topological relations (seeFigure 4.14):

For ead triangle t:
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{ boundary relation Ry.(t);

{ apartial R,,(t) relation de ned asfollows: for ead edgee of t. R,.,(t)
encalesthe triangle(s) that are immediately precedingand succeeding
t in courter-clockwise order around edgee. In the example of Figure

4.14(a),R,,(f2) = ffq;f30.
For eat wire-edgewe, boundary relation Ry.q(we);
For eat vertex v:

{ apartial Ry,(v) relation, which encalesonetriangle for eah connected
componert of the link of vertex v, asillustrated in the exampleof Figure
4.14(b), Rop(v) = ff1;f20;

{ apartial Ry, (v) relation, which encalesthe list of the wire-edgesin the

star of vertex v, for example,R,(v) = feg in Figure 4.14(b).

——
fa Y]
(a) (b)

Figure 4.14: (a) Non-manifold edge e shared by three faces; (b)
Non-manifold vertex v shared by two connected components
and wire-edge e

In the TS data structure, only wire-edgesare explicitly encaled, but not the
edgesbounding triangles. In a compactimplemertation of the TS data structure,
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relation R,., is implemerted through arrays and bit ags, while relations Rg,(V)
and R,,(v) are implemerted as linked lists. It hasbeenshavn in [29 that the TS
data structure supports the retrieval of all topological relations in optimal time.

In [25], a highly manifold-scalableimplemertation of the TS data structure is
reported which hasa storagecost overheadof onebyte per vertex in storagecostfor
manifold simplicial 2-complexes. This has been evaluated by comparing with the

storagecost of the EIA data structure for manifold simplicial 2-complexes.

The Vertex-FaceData Structure The VertexFace (VF) datastructure[77] hasbeen
dewelopedto descrike regular simplicial complexeqi.e., simplicial 2-complexewith-
out wire-edges).It encalesall vertices, edges triangles explicitly and the following

topological relations:
For ead triangle t, boundary relation R,.1(t)
For ead edgee, boundary relation Ry.o(€)
For eath vertex v, co-boundary relation Rg.2(V)

Boundary relations aswell as co-boundary relations basedon vertices,namely
relations Ro.0(V), Ro.1(V) and Rg.2(Vv) can be retrieved in optimal time. Edge-based
co-boundary relations are retrieved in sub-optimal time, sincewe needto consider
Ro.2 relation for both the extreme vertices of any edge. As a consequenceall
adjacencyrelations are sub-optimal. Algorithms for retrieving topological relations

are reported in [46].
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Comparisons We comparethe data structures for cell and simplicial 2-complexes
in terms of their characteristics, their spacerequiremers and their e ciency in
supporting topological navigation. Table 4.7 summarizesthe domain, the kinds of
complexeswhich can be descriked by the various data structures, and the represen-

tation methods.

Data Domain Complexes Method
Structure

RE Non-manifold Cell Edge-based
PE Non-manifold Cell Edge-based
DE Non-manifold | Simplicial Edge-based
TS Non-manifold | Simplicial | Adjacency-based
VF Regular Simplicial | Incidence-based

Table 4.7. Characteristics of the data structures for arbitrary
2-dimensional complexes

We evaluate the storage costs of the data structures reviewed for simplicial
2-dimensionalcomplex, plus the 2D instance of the Incidence Graph. Considera
simplicial 2-dimensionalcomplexwith n, triangles, n; edges,of which n} are wire-
edges,and ng vertices. The total number of connectedcomponerts at the link of
non-manifoldedgeds denotedby C., and the total number of connected-compnerts

at all verticesis denotedby C,. The storagecostof ead data structure is asfollows:

RE: 730, + n; + 4n} + ng

PE :22n, + n; + 4n} + 3C,

DE (full-sized) : 15n, + 2n + C,
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TS:6n, + Co + C,
VF :6n, + 2n,

IG : 6n, + 4n,

In Table 4.8, we report an evaluation of the amourt of information encaled by
thesedata structures for somesimplicial 2-complexes.Among the three edge-based
data structures, namely, the RE, the PE and the DE data structures, the RE data
structure encalesthree times the number of topological elemens encaled by the
PE, which is about 1.6timesthat of the DE. The TS is the most compactamongthe
se\en data structures comparedin Table 4.8. The incidence-basedlata structures,
i.e., the VF andthe IG arelessspace-consuminghan the edge-basednes,but not

ascompactasthe adjacency-based’ S data structure.

We summarizein Table 4.9 the navigation costsby ewaluating the optimality

of the algorithms for retrieving topological relations on the various represemations.

4.1.3 Data Structures for 3D Complexes

In this Section, we discussrepresemations for cell and simplicial 3-complexes
embeddedin the three-dimensionalEuclidean space. There are relatively few rep-
reserations for describing3D shapesdiscretizedas cell and simplicial 3-complexes.
Most of sudh represemations are limited to the manifold domain. Represetations

for manifold cell complexesare the Facet-Edge[30, 60]and the Handle-Face[54] data
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Data set No Ny Ny nt Ce Cy ng

cylinders 91 300 204 O 16 2
pies 696 298k 2.30k 0 192k 72
frame 987 2.16k 1.08k 216 O 390
cubes 2.20k 10.7k 9.60k 0 14.9k 0

densetover2 9.13k 27.7k 18.4k 160 1.92k 480

(@)
Dataset | RE | PE | DE | TS | VF | IG

cylinders | 15.3k | 5.07k | 3.15k | 1.33k | 1.82k | 2.42k
pies 172k | 56.0k | 35.3k | 16.5k | 19.8k| 25.7k
frame 82.9k | 30.1k | 18.0k | 7.86k | 10.8k | 15.1k
cubes 714k | 228k | 146k | 74.7k| 79.0k | 100k
densetover2 | 1,380k | 462k | 286k | 122k | 166k | 221k

(b)

Table 4.8: (a) Five non-manifold 2D simplicial data sets: Ce=#
connected comp onents at non-manifold edges, C,=# connected
comp onents at all vertices; (b) Storage cost of seven data struc-
tures for 2D data sets in (a)

structures. The Compact Half-Face (CHF) data structure [50] is speci ¢ for mani-
fold simplicial 3-complexeqtheselatter are usually called tetrahedral meshey The
only data structure that canrepresen 3D complexeswith non-manifold propertiesis
the 3D instanceof the dimension-indegnden IncidenceGraph (IG) represetation.
In this Section, we analyzeand comparesud represetations alsowith respect to

the three-dimensionalinstance of IG discussedn Section4.1.1.

4.1.3.1 The Facet-Edge(FE) Data Structure

The Facet-Edge (FE) data structure [3( is an extension of the Quad-Edge
data structure deweloped for cell 2-complexes(see Subsection4.1.2.1), and thus

it is an implicit represemation for manifold cell 3-complexes. The basic ertities
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Data Boundary Co-boundary Adjacency
Structure | relations relations relations
RE Optimal Optimal Optimal
PE Optimal Optimal Optimal
DE Optimal Optimal Optimal
TS Optimal Optimal Optimal
VF Optimal Rox: optimal Sub-optimal
Others: sub-optimal

Table 4.9: Navigation performance of data structures for non-
manifold 2-dimensional complexes

encaled in the Facet-Edgedata structure are the vertices and the so-calledfacet-
edgesde ned on the 2-cellsand 1-cells (facesand edges). The 3-cellsand their
topological information are encaled through the topological vertex-basedrelations
of the complex which is dual to the given one. The 0-cells of the dual complex
correspnd to the 3-cellsof the original complex,its 1-cellsto the faces,its 2-cells
to the edgesand its 3-cellsto the vertices.

The boundary of eat face(2-cell) f cortains a ring of edges(1-cells)ey; ::; &,.
This ring is called a face-ring, and may be orderedin two directions. The star of
an edgee cortains a ring of facesf;:::;f,. This ring is called an edge-ring and
canalsobe orderedin two directions. A facet-edgepair uniquely asseiatesa facef
with an edgee on the boundary of f . Eadch facet-edgepair existsin four versions.
Ead versionis assaiated with exactly oneface-ringof f and exactly one edge-ring
of e. Each versionof a facet-edgehasits dual which is de ned in the dual complex.
Figures4.15to 4.17illustrate the conceptof facet-edge.The four unique facet-edges
formed by facef, and edgee; in Figure 4.15(a) are shavn in Figures 4.15(b)-(e).

Figure 4.16(a) shows the dual complexof the oneshown in Figure 4.15(a), in which
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edgee, is the dual of f; and the highlighted facescorrespnd to the edgesof f;.
Figure 4.16(b) shows the dual of the facet-edgeshown in Figure 4.15(b).
Givenafacef andan edgee on its boundary, the four versionsof facet-edges

and the duals of eat of them are related by the following operators.

Clock, which returns the facet-edgewith the face-ringin reverseddirection;

Rev, which returns the facet-edgewith the edge-ringin reverseddirection;

Fnext, which returns the facet-edgeof the next facein the sameedge-ringas

f;

Enext, which returns the facet-edgeof the next edgein the sameface-ringas

€,

Dual, which returns the facet-edgewith the sameorientation in the dual com-

plex.

Operators Clock, Rev, Fnext and Enext are illustrated in Figure 4.17 for the facet-
edgeshown in Figure 4.15(b).

In addition, the relations betweenthe facet-edgesand their vertices are de-
scribed by the operator Org, which returns the start vertex of ead facet-edge.Org
inducesa partition (known asorigin partition) on the set of facet-edgesn the com-
plex and in its dual complex. Note that, while the origin partition in the 3-complex
capturesthe incidencerelations betweenedgesand vertices, sud a partition in the
dual complexcapturesthe incidencerelations betweenthe 3-cellsand their bounding
faces.
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The Facet-Edgedata structure describesa complex by encaling, for eadh
facet-edgepair a asseiated with edgeein aface-ringand with facef in anedge-ring,
the precedingand succeedindacet-edgesn both the face-ringand the edge-ringof a.
The successorsf a in the face-ringin two opposite directions correspnd to aFnext
and aClockFnext The successor®f a in the edge-ringin two opposite directions
correspnd to aDualFnext and aDualClockFnextin the dual-complexof . For the
example of Figure 4.15(a), the successor®f (f1;e;) in the face-ring of e; in both
directionsarerespectively (f ; e;) and (f 3; ;). The successorsf (f;;e;) in the edge-
ring of f, are (f1; &) and (f 1; e3), which correspnd to the facet-edgeqf,;e;) and
(f5;€) shawvn in Figure 4.16(a).

The Facet-Edgedata structure also encales the vertex-basedfunctions by
implemerting the partition of the facet-edgesnduced by the Org operator on the

3-complexand on the dual complex.

(@) (b) (©) (d)

Figure 4.15: An illustration of the concept of facet-edge: (a)
a model of two cubes; (b)-(e) the four facet-edge pairs formed
by face f; and edge e,
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(b)
Figure 4.16: An illustration of the dual of a facet-edge: (a) the

dual complex of Figure 4.15(a); (b) the dual of the facet-edge
shown in Figure 4.15(b);

Clock Rev Fnext Enext

Figure 4.17: An illustration of the operators de ned on a facet-
edge: the facet-edges mapp ed from Figure 4.15(b) by operators
Clock, Rev, Fnext, and Enext, respectiv ely

In terms of topologicalrelations, the FE data structure encadesrelations R,.;
in the form of facet-edgesyelation Ry;, in the form of face-rings partial relation R,
in the form of edge-rings,relations Ry, and R,.3 implicitly asthe incidernt vertices
of the edges,and relation Rq; as the origin partition. Relation R3., is implicitly
encaledasthe origin partition of the dual complex. It canbe showvn that topological

relations can be retrieved from the FE data structure in optimal time.
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The storagecostof the FE data structure for a manifold cell 3-complexwith nj
3-cells,n;, faces,andng vertic:esis4P i=1:n, degfi)+ P i=1:n, dEYC)+ P i=1:n, dEYVi),
wherededf;) is the number of edgeson the i-th face,dedc;) the number of faces
on the i-th 3-cell and deqv;) the degreeof vertex v;. The term 4F> i=1::n, dedf;)
derivesfrom the encaling of the successor®n the edge-ringand face-ring of eah
facet-edge.The remaining two terms derive from the vertex-basedrelations. In the
caseof simplicial 3-complexesdedf;) = 3, dedc) = 4 and P i=1:n, d€YVi) = 2Ny,
sothe amourt of information encaled by the FE data structure is 4nz+ 12n, + 2n;.

Unlikeincidence-base@nd adjacency-basedepresetations, the FE data struc-
ture doesnot explicitly encale cells as ertities but it presenesthe oriertation of
the cells, which makesit a suitable choice for applications that depend on the ori-
ertation of cells. The FE data structure has beenspecializedto the simplicial case
without dualsin Triangle-Edgedata structure [60]. By limiting the scope to simpli-
cial complexes,there is a constart number of triangle-edgepairs for ead triangle,
which allows for an e cien t implemertation. The Triangle-Edgedata structure has
beenemployedin the application of computing a tetrahedralization of a solid object

and of the simpli cation of tetrahedral meshed63].

4.1.3.2 The Handle-Face(HF) Data Structure

The Handle-Fae (HF) data structure [54] is an explicit represemation for
manifold cell 3-complexes.

It is similar to represetations for cell 2-complexesembeddedin the three-
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dimensionalEuclidean space,sud asthe RE and the PE data structures (seeSec-
tion 4.1.2.2),sincethe 3-cellsare descriked in the HF data structure through their
boundaries,made by faces,edgesand vertices. The HF data structure cortains two
typesof entities: the basic entities, which are the faces edgesand verticesin the cell
complex,and the surface entities, which describe the boundary of eat 3-cell of the
complex. The HF data structure further distinguish between surfaceertities that
are on the boundary of the entire manifold shape and surfaceertities that arein the
interior. Herewe presern a simpli ed versionof the HF data structure in which the
surfaceentities simply descrite the surfaceof ead 3-cell. The surfaceertities are
surfaes half-faces surface edges surfac-oriented edgesand surface verticeswhich

are described below.

A surfacerefersto the surfaceof a 3-cell. Each surfaceis formedby a collection

of half-faceswhich encloseghe volume occupiedby the 3-cell.

A half-facecorrespndsto one oriertation of a facein the cell complex. Each
half-facehf assaiatesfacef to the surfaceof a 3-cellsharingf . hf is bounded
by a cycle of surface-orieted edges,whose orientation is aligned with the

orientation of the half-face.

Eadh surface-edgese assaiates an edgee to a 3-cell sharing e. se also cor-
responds to exactly one pair of opposite surface-orieted edgeson the same

3-cell.

A surface-orieted edgesoeassaiatesa surfaceedgese to a half-facesharing
se. Each surface-orieted edgehas a start surface-ertex.
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A surface-ertex sv asseiatesvertex v to the surfaceof a 3-cell sharingv.

Figure 4.18illustrates the ertities in the HF data structure. Figure 4.18(a)shawvsall
the faces,edgesand verticesin a cell complexthat is composedof two 3-cells. Figure
4.18(b) shownsthe half-faces surface-edgeand surface-erticeson the surfaceof eat
3-cell of Figure 4.18(a). Figure 4.18(c) shaws the surface-orieted edgesbounding

eadt half-faceshawn in Figure 4.18(b).

(a) (b) (c)
of 11 faces, 20 edges, and 12 vertices; (b) There are 12 half-
faces, 24 surface-edges, and 16 surface vertices in the whole

Figure 4.18: (a) A 3-complex with two cubic 3-cells, comp osed

complex; (c) Surface-orien ted edges of the two 3-cells

Besidestheserelations, two adjacencyrelations are encaled, namely, the one
betweenead pair of half-facesbelongingto the sameface,and the oneof the surface-
oriented edgesthat correspnd to the sameedgein the samepair of half-faces.

A half-faceis equivalent to a face-usein the RE data structure. A surface-
oriented edgecorrespndsto the half-edgein the Half-Edge data structure, to the
edge-usen the RE data structure and to the partial-edgein the PE data structure.

We can formalize the HF data structure in terms of topological relations as

follows:

For eath facef, partial R,,(f) relation, which encales one edge bounding
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facef ;

For ead edgee, partial R,.,(€) relation, which encalesall the edgeshat share
a facewith edgee, radially orderedaround e and relation R;.,, which encales

all facesaround an edgein the sameradial order;

For eat vertex v, partial relation R,(v), which encalesone edgeincidert in

vertex v.

All the relations are ordered, but the above formalization does not capture
the assaiation betweenfacesand half-facesand thus the orientations on the faces.
Note that the 3-cellsare not represemed explicitly in the HF data structure. The
drawbad is that no attribute can be attached to the 3-cells as a consequence.
Also, the HF represemation encalesthe samerelations asin the RE and PE data
structures. On the other hand, unlike the RE and the PE data structures, the HF
data structure cannot represen shapeswith dangling edgesor faces,aswell as 3D
shapeswith non-manifold vertices and edges. As all represemations which encale
orientations by duplicating the basicertities, the HF data structure is quite verbose.

All topological relations at faces,edgesand vertices can be retrieved in op-
timal time from the HF data structure, and the represemation of surfaceentities
allows retrieving the boundariesof the 3-cellseven if theselatter are not explicitly

represered.
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4.1.3.3 The Compact Half-Face (CHF) Data Structure

The Compact Half-Face (CHF) data structure [50] is a specialization of the
HF data structure for represeting manifold simplicial 3-complexequsually called
tetrahadral meshey It is a multi-level data structure that encales simplexesand
the connectivity amongthem at di erent levels of detail. It is designedwith four
levels (0-3). We descrile levels 0 to 2 in detail. Level 3 addresseghe boundary
information of the 3-manifold, wherely boundary cells are encaded. This level is
not elaborated hereasit is an application-speci ¢ feature of the data structure.

The entities in the CHF fall into two groups: the hasic entities which are
the tetrahedra, triangles, edgesand vertices of a simplicial 3-complex(seeFigure
4.19(a)), and the surface entities which are the half-facesand half-edges. Each
half-face correspnds to an orientation of a triangle and belongsto at most one
tetrahedron (seeFigure 4.19(b)). Eacd half-faceis bounded by a circular list of

half-edgeswvhoseorientation is alignedwith that of the half-face(seeFigure 4.19(c)).
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(@ (b) (©)

Figure 4.19: (a) A simplicial 3-complex with two tetrahedra
sharing one triangle. There are two tetrahedra, seven triangles,
nine edges and v e vertices; (b) Two half-faces corresp onding
to the face shared between two tetrahedra (c) Half-edges on
two half-faces of one tetrahedron.

Level 0 encales vertices and tetrahedra as explicit ertities. The topological
relations explicitly encaled are Rj3(t) that is the vertices of ead tetrahedron t.
Half-facesand half-edgesnot explicitly encaled. Given a tetrahedron t, basedon
the encaled ordering of the vertices of t, the half-facesand half-edgesof t can be
conbinatorially computed and expressedn terms of the order of their vertices. In
navigation, only topologicalrelation R3.o(t) can be retrieved in optimal time.

At level 1, both relations R3.0(t) and R3.3(t) are encaled for eat tetrahedron
t. The encaling of relation R3.3(t) providesthe pairing information of the half-faces
that belongto the sameface. Basedon the pairing information, mate half-edgescan
be computed conmbinatorially, and thus partial relation R1.3(€e), is partially encaled
for ead edgee implicitly represemed by its half-edges.The CHF data structure at
level 1 supports the retrieval of all relations Rs. (t) at tetrahedra, and the retrieval
of relations R,. (f) at facef and R;. (e) at edgee giventhat f and e are expressed
as half-facesand half-edgesof tetrahedra.

Level 2 explicitly encadesrelations Rs.o(t) and Rs.3(t) for eat tetrahedron t
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and partial relations R.5(v) which encalesan incidert tetrahedron for eat vertex
v. In addition, the facesand edgesare encaled explicitly for the purposeof attribute

assignmeh Eac facef entity is mapped to one half-facesharingit. A half-edge
de ned by its verticesis mappedto one of its incident half-faces.

The CHF data structure at level 2 supports full topologicalnavigation. Namely,
the retrieval of tetrahedron-basedrelations R3.3 and Rs.9, and face-basedelations
R,. can be performedin constart time. The retrieval of vertex-basedand edge-
basedco-boundary relations can be performed in time linear with respect to the
sizeof the relations.

The amourt of information encaled by the CHF data structure up to level
2is 8n3 + n, + ny + ng, whereead of level 0 and level 1 cortributes to 4ns, level
2 cortributes to n, + n; + ng. In total, the amourt of information encaled is

O(@Bnz+ n,+ ny+ n+ 0).

4.1.3.4 Comparisons

We comparethe above data structures in terms of their characteristics, their
storagecostsand e ciency in supporting topological navigation. Table 4.10 sum-
marizesthe comparisonamongthe various data structuresin terms of their domain,

represeted complex,and represemation method.

We evaluate herethe storagecostsof the various data structures for simplicial
3-complexesexceptthe HF data structure, which is represeted into the CHF, and

the specialization of the dimension-indegndernt onesfor the manifold and non-
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Data Domain | Complexes| Method
Structure

HF Manifold Cell Edge-based
CHF Manifold | Simplicial | Edge-based
Facet-Edge| Manifold Cell Implicit

Table 4.10: Characteristics of data structures for 3-complexes

manifold domains.
In the caseof manifold simplicial 3-complexesthe numbers of elemeis en-

coded in the data structures are evaluated to be:

EIA: 8n3+ ng

IG : 8n3 + 6n, + 4n;

CHF: 8n3+ no+ ny + ng

FE: 4n3 + 12n, + 2nq

A comparisonof their storagecostsis madeexperimertally basedon v e data
setsof manifold simplicial 3-complexeshownn in Table4.11. The implicit FE repre-
seration encalesthe largest number of topological elemerts, The incidence-based
IG is more compactthan the FE. The CHF at level 2 is more compactthan the 1G.

The most compactis the adjacency-basedEIA data structure.

Topological relations can be retrieved in optimal time from the HF, and the

FE data structures.
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Data set ng n, n, N3

Rings 2.52k 13.2k 18.8k 8.13k
Basket 1.21k 6.43k 9.22k 4.00k
Cylinder 1.31k 7.79k 11.6k 5.16k
Gargoyle 2.73k 14.7k 22.0k 10.0k
Torus  2.29k 15.4k 24.0k 10.9k

(a)
Data set | EIA IG CHF | FE

Rings | 67.6k| 231k | 99.6k | 285k
Basket | 33.2k| 113k | 48.9k | 139k
Cylinder | 42.6k | 142k | 62.1k | 176k
Gargoyle | 82.7k | 271k | 119k | 333k
Torus | 89.2k| 293k | 129k | 362k

(b)

Table 4.11: (a) Five manifold 3D simplicial data sets; (b) Stor-
age cost of six data structures for the data sets in (a)

Data Boundary | Co-boundary | Adjacency
Structure | relations relations relations
HF Optimal Optimal Optimal
FE Optimal Optimal Optimal

Table 4.12: Performances in retrieving top ological relations
from data structures for 3-complexes

The only data structure that candescribe non-manifold simplicial 3-complexes

is the IncidenceGraph (IG).

4.2 Decomp osition Approac h to Shape Representation

Another way to represem non-manifold shapesconsistsof decompsing them
into manifold, or nearly-manifold, componerts. The various decompsition ap-

proadesproposedin the literature try to realizein the discretecasea strati cation
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of the shape which hasbeende ned for analytic sets(see[81]). In this Section,we
focus on those approadheswhich have beendeweloped as a basisof data structures
for non-manifold shapes.

Selective Geometric Complexes(SGCs) [72] describe arbitrary-dimensional
non-manifold objects through collections of mutually disjoint cells, which are de-
ned as open subsetsof d-manifolds. Thus, the cells can be either open, and not
simply connected,and they form a strati cation of the shape. In SGCs, cellsand
their neighbourhood information are encaded in a graph whosenodesrepresen the
cellsand whosearcs descrike their incidencerelations. This graph notion is similar
to that of the IncidenceGraph (see4.1.1.2). SGCis designedfor high-level geomet-
ric represemation of shape, and thus is not equivalert to a combinatorial simplicial
complexwhich is a topological notion. Each cell in SGC s the represemation that
requiresminimum fragmertation consister with explicit presenceof boundary data
and with connectednes®f cell. The example showvn in Figure 4.20(a) shaws the
SGC description of a cube, which uniquely capturesits shape and boundary. Fig-
ure 4.20(b) shows the samecube described as a simplicial complex. The simplicial
complexrepresemation of the cube is not unique due to the non-uniquenesf the
tetrahedralization. The examplein Figure 4.20(c)shavsthe SGC descriptionof two

rectangular boxessharing an edge.

Sometechniques have been proposedin the literature for decommsing the
boundary of regular non-manifold 3D shapes (the so-calledr-sets) into manifolds

[34, 40, 70]. The objectiveis to apply modeling tools deweloped for manifold shapes
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(@) (b) ()

Figure 4.20: (a) In SGC, the minimal representation of a cube
that takes into account its boundary data consists of 1 vol-
ume, 6 faces, 12 edges and 8 vertices; (b) The same cube when
describ ed as a minimal simplicial complex consists of 6 tetra-
hedra, 16 triangles, 22 edges and 8 vertices; (c) In SGC, the
minimal representation of two rectangular boxes sharing an
edges consists of 2 volumes, 12 faces, 23 edges and 14 vertices

(data structures and manipulation operators) to non-manifold ones. In [34], the
result of the decompsition is represerted asa graph in which the arcsdescribe non-
manifold singularities. The approad hasbeenapplied for identifying form features
in r-sets. In [70], a decomposition algorithm for a non-manifold object is presened
which minimizesthe number of duplications introduced by the decompsition pro-
cess. In [40], the idea of cutting a non-manifold 2-complexinto manifold piecesis
exploitedto developcompressioralgorithms. A cut-and-stitch techniqueis proposed
for handling non-manifold cell 2-complexes.The cutting part of the cut-and-stitch
technique decompsesthe star of every non-manifold vertex in such a way that 2-
cells (faces)that sharemanifold edgesin the star are in the samecomponert. Each
sud componert is homeomorphicto a discor to a half-disc. After cutting, the non-
manifold edgesn the original complexbecomeboundary edgesn the new complex.

Also, multiple componerts may have resulted from cutting. The stitching part of
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the cut-and-stitch technique mergesselectededgesthat are createdin the cutting

phase.

4.2.1 Combinatorial Strati cation

Pescoet al. [67] proposean approad inspired from strati cation to repre-
sert non-manifold shapes. A cell 2-complexdescribingthe boundary of a 3D non-
manifold shape is decompsedinto subcomplexes,which are the analogousof the
strata (the componerts) in a strati cation of an analytic set. They de ne a combina-
torial strati c ation of a cell 2-complex asa collection of k-dimensionalconnected
combinatorial manifoldsS = fM; ;Mpg (k = 0;1;2) with or without boundary
sud that the union [ {M; gives and the intersectionbetweenany two elemers M;
and M; in S is either empty of a sub-complexof both M; and M;. A conbinato-
rial strati cation is not necessarilyunique. As an example,two valid strati cations
of a simplicial 2-complexin Figure 4.21(a) are shown in Figures 4.21(b) and (c).
The resulting set of strata and their connectivity providesa description of the orig-
inal shape which is usedas the basisfor a data structure for non-manifold shapes

discretizedas cell 2-complexesgalled the Handle-Cel (HC) data structure.

The Handle-Cel (HC) data structure consistsof two setsof cells, namely the
glotal cells and the local cells. The global cells,i.e., global vertices,global edgesand
global facesare the vertices, edgesand facesof the given cell complex. The local
cellsarethe cellsthat descrikethe strata. The strata are points, curvesand surfaces.

Curves are composedof curve-\ertices and curve-edges.Surfacesare composedof
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Figure 4.21: (a) A 2-complex that consists of three triangles
sharing an edge; (b) and (c) two valid strati cations of (a)
whic h result in dieren t manifold comp onents

surface-ertices, surface-edgeshoundary-curves and surface-facesSincestrata are
2-complexewvith a manifold domain, surfacesarerepresered through the Half-Edge
data structure. This is conceptually similar to the represetation of the surfacesof
the 3-cellsin the Handle-Face(HF) data structure (seeSection4.1.3.2). Curvesare
descrilked aslists of edgesconnectedby vertices. The connectivity amongthe strata
is captured through the sharing of global verticesand global edges.

The HC data structure can be formalized in terms of topological relations as

follows:

For eat facef : Relation R,.,(f ) which consistsof one edgeon the boundary

of f,
For ead edgee:

{ Relation R1.2(€), which consistsof all facesincidert in ¢

{ Partial relation R,.;(e), ordered around edgee, sothat both the 2i-th

elemen and the (2i+ 1)-elemen in this relation are on the i-th faceof €
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{ Relation R1.¢(€), which consistsof the extreme verticesof edgee;

For ead vertex v: Relation Ry.1(v), which consistsof the set of edgesincidert

in avertex v.

The HC data structure supports e cien t topological navigation, as the inci-
dencerelations amongg-cellsand (q 1)-cellsare fully encaled and the edge-based
adjacencyrelations amongedgesin the 2-manifold strata are encaled. It encalesa
large number of topologicalrelationsin orderto support incremeral shape construc-
tion in the non-manifold domain through a speci ¢ category of topology-maifying
operators.

The Handle-Cell data structure is closely related to the Handle-Face data
structure for manifold 3D cell complexesand it is similar to the data structures for
non-manifold 2-complexessud asthe Radial-Edgedata structure (Section4.1.2.2)
and Partial-Edge data structure (Section4.1.2.2). The primary di erence between
the HC represemation and the latter group lies in the explicit description of the

strati cation encaled in the HC data structure.

4.2.2 Initial Quasi-Manifold Decompbsition

A decomposition of a non-manifold shape into simpler parts can be obtained
by splitting the shape at those elemerts (vertices, edges,faces,etc.) where singu-
larities occur. In order to be e ective, the decompsition processshould remove
asmary singularities as possible,without introducing arti cial, or arbitrary, \cuts"

through manifold parts. Under these assumptions,a decompsition into manifold
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componerts is possible,in general,only for 2-complexes.In three or higher dimen-
sions, a decompsition into manifold componerts may needto introduce arti cial
cuts through the object. In six or higher dimensions,a decompsition into manifold
componerts is not feasiblein general,sincethe classof d-manifolds hasbeenproven
to be not decidableford 6 [62].

In [26], a decompsition of a non-manifold complexin arbitrary dimensionsis
proposed,which is unique sinceit doesnot make any arbitrary choicein deciding
wherethe object hasto be decommsed,and natural, sinceit removessingularities
by splitting the complexat non-manifold simplexesonly. Sud a decompsition is
known asthe standad decompsition of the original complex. The componerts of
sudh decompsition, called Initial Quasi-Manifolds (IQMs), admit a local charac-
terization in terms of conmbinatorial propertiesaround ead vertex. A d-dimensional
IQM is a simplicial d-complex in which all top simplexeshave dimensiond and
sudh that the star of eat vertex of is(d 1)-connected,.e., can be traversedby
moving betweenadjacert d-simplexesthrough their common(d 1)-face. If an IQM
is enmbeddablein RY whered 3, it must be a pseudo-manifoldcomplex (i.e., a
(d 1)-connectedcomplexin which every (d 1)-simplexis on the boundary of one,
or two d-simplexes).

The properties of the IQM decomposition makesit a good basisfor de ning
represemation for non-manifold simplicial shapes.

The Initial Quasi-Manifold (IQM) data structure [26] is built on theseprop-
erties. The IQM data structure describesthe decompsition of a simplicial complex

into k-dimensionalinitial quasi-manifoldcomponerts.
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The basisof the IQM data structure are an extendedindexed data structure
with adjacenciego encale eaty IQM componert and a hypergraph describinghow
the componerts are connectedtogether in the decompsition. An h-dimensional
IQM can be e ectiv ely descriked by an extendedindexed data structure with adja-
cenciessincethe star of ead vertex in the IQM can be traversedby using relations
Ron PIUS Ryh.

The connectionamongcomponerts is described through the verticesbounding
the k-simplexes,which are sharedby more than onelQM componert. A vertex v of
, which is sharedby sewral IQM componerts, is called a split vertex The copy of
split vertex v in a componert C;, to which vertex v belongs,is denotedasv; andit is
calleda vertexcopy. The relationsamongthe componerts in an IQM decomposition
of a complex descriked by the split verticesis represeted as a hypergraph H, in
which the nodescorrespnd to IQM componerts and ead hyperarc correspndsto
a split vertex v and it connectsall componerts C; sharingv. In the exampleshavn
in Figure 4.22, vertex v in Figure 4.22(a)is split into verticesvy, v, and vz in the
decompmsition shavn in Figure 4.22(b). In the hypergraphshown in Figure 4.22(c),
a hyperarc assaiatesv with the three componerts C;, C, and C; through the three

vertex copies.

The hypergraphis encaled in the following data structure:

for eatch componert C;: a referenceto the EIA data structure describingC;;

for eadh hyperarc: the correspnding split vertex v and the vertex copiesof v;
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Figure 4.22: IQM decomp osition of a complex

for every vertex copy v; correspnding to split vertex v:

{ the componert cortaining vi;

{ areferenceto its hyperarc,i.e., v.

The hypergraph supports a vertex-basedtraversal among componerts connected
through the samehyperarc. Given a vertex copy v; from any componert C;, we
canfollow the referenceto its hyperarcand nd all other vertex copiesv; connected
with v, aswell asall other componerts sharingv.

The IQM decompsition approad taken by the IQM data structure di ers
from the strati cation approad of the HC represemation in the following two as-
pects. First, the HC represemation is basedon a decompsition for cell 2-complexes,

approad while the IQM decomposition is dimension-indegndert. Also, unlike the
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combinatorial strati cation, an IQM decompsition is unique.

4.3 Up dates on Representations

The algorithms for extracting topological relations from a complex are the
basisfor performing update operations on the complex. There is a vast literature
on update and construction operatorsand a review of suc operatorsgoesbeyond the
scoye of this survey. Updating a manifold 2D cell complexdescribingthe boundary
of a 3D object has been extensiwly studied in the solid modeling literature for
more than tweny years,and se\eral proposalsexist for primitiv e update operators
which maintain the validity of Euler's formula, the so-calledEuler operators (see,for
instance,[57]). Sud operatorshave alsobeende ned for non-manifold 2-complexes
(see,for instance,[51,56, 82, 80]) by consideringdi erent variants of Euler's formula.
In both the manifold and non-manifold casesthe e ect of any other operation on
the complexis then expressedas a suitable sequenceof Euler operators. Higher-
level operators basedon the Handle-Bady theory have been proposed[67]. The
handle-body theory studiesthe topological changesgeneratedby attaching handles
to a manifold without boundary. Handle-body operatorschangealsothe topological
type of the domain of the complex.

Primitiv esfor updating simplicial complexeshave beenproposedin the liter-
ature, mainly for triangle and tetrahedral mesheqsee,for instance,[23, 76]). Some
of them do not a ect the topology of the domain of the complex, but only the com-

binatorial structure of the subdivision (see,for instance,[76]). The most common
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update operators for simplicial complexesare those applied in meshsimpli cation
algorithms. The problem of simpli cation of simplicial complexeshas beenexten-
sively studied in computer graphicsfor triangle meshegqsee,e.g.,[23, 37, 55, for a
survey), and, more recerily, somealgorithms have beendeweloped for tetrahedral
meshes.Theseapproadesare basedon cortracting one edgeto one of its extreme
verticesor to a new vertex [8, 9, 39, 43 69, 75]. In [68], the problem of applying a
vertex-pair cortraction (which consistsof cortracting a pair of verticesto a newver-
tex) on a d-dimensionalsimplicial complexis addressed.The complexis represeted
as an IncidenceGraph. In [25], algorithms for performing vertex-pair cortraction
and its inverse, vertex expansion,have been deweloped on a simplicial 2-complex
descriked asa TS data structure [25].

Speci ¢ simpli cation algorithms have beenproposedfor nite elemen mesh
generationfrom CAD models [11, 35, 77, 78. In this case,the idealization of a
simplicial complexis performedthrough a set of geometricaland topological trans-
formations [78], involving detail removal operators (e.g., vertex removal and re-
meshing), which changethe shape of a componert without modifying its topology;
topologicaldetail removal operators(e.g., hole removal), which changethe topology
of the complexwhile preservingthe dimensionof the part, and dimension-reduction
operators, which reducethe dimension of a part, by cortracting, for instance, a

tubular part to a wire.
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4.4 Summary

In this Chapter, We reviewed, analyzedand compareddata structures for sim-
plicial and cell complexeswith a special emphasison data structures for simplicial
complexes. We classi ed the data structures in ead group accordingto the basic
kinds of the topological ertities they represeh We descrilked ead data structure in
terms of the entities and topologicalrelationsit encales,and we evaluated it based
on its expressie power, on its storage cost, on the e ciency in supporting navi-
gation inside the complex. We also discussa decompsition approad to modeling
non-manifold shapes,which hasled to powerful and highly scalablerepresemations.
This work hasbeenpublished rst at a preliminary level for simplicial shapesin [15],
then as a thorough state-of-the-art report in [19] and wasinvited for publication as
[20).

Basedon this survey, we obsene that majority of existing work falls in the
category for represeting 2D complexes. As discussedin Section 4.1.3, there is
only onedata structure, namely the dimension-indegnden IncidenceGraph (1G),
that can represeh non-manifold 3D complexes. This absenceof represemations
is due to a lack of understanding of the non-manifold properties in a 3-complex.
When employed on manifold simplicial complexes,we have shovn that the IG has
a large storageoverheadcomparedwith the extendedIndexed Data Structure with
Adjacencies(EIA), a data structure specializedfor sudh complexes. On the other
hand, the IG encalesall cells explicitly, which is necessaryfor someapplications.

Thus, there is a lack of cost-e cient represemation with the sameexpresspower as
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the IG but specializedfor non-manifold simplicial complexes.Therefore, this work
beginswith researt onrepresemations for non-manifold simplicial d-complexeswith

primary interestin the casefor d = 3.

116



Chapter 5

Tw o Dimension-Independent Data

Str uctures for Non-manif old Shapes

In the designof topological data structures, the primary issueis their repre-
sertation power. The issuesof the storage cost and the navigation e ciency are
next in signi cance. Storagecostdependson the amourt of topologicalinformation
explicitly encaded in the speci ¢ data structure, which in turn is depender on the
operational e ciency that is neededof the data structure.

Basic geometric modeling operations, sud as Boolean operations, as well as
algorithms for manipulating and updating an object descriked by a simplicial com-
plex (e.g, simpli cation algorithms) require being able to extract the simplexeson
the boundary of a given simplex, or belongingto its star, or those adjacen to it.
This requires e cien t algorithms for retrieving the simplexes,which are in some
topological relation with a given simplex, from the data structure encaling a sim-
plicial complex. The objective is to have algorithms which require only examining
the neighborhood of the given simplex, and, thus, exhibit a time complexity linear

in the number of simplexesin sud neighborhood.
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We have shavn in our review of the literature that the only existing data struc-
ture that hasthe represemation powerto descrike non-manifoldsimplicial complexes
of dimensionthree or above, is the IncidenceGraph (IG) (seeSection4.1.1.2). The
IG philosopty is to encale all the cellsand a selectedsubsetof the incidencerela-
tions sothat it is possibleto perform navigation of the whole complex e cien tly.
The IG encalesall simplexesexplicitly, which makesit suitable for nite elemen
analysis (FEA) applications, in which it is necessaryto assignattributes (sud as
geometricand thermal properties) to the vertices, edgesand facesof a 3D model.
Howewer, our comparisonof the IG with the extendedIndexed Data Structure with
Adjacencies(EIA) shows that the IG doesnot scalewell to the manifold case. In
simplicial complexes,there is a constart number of boundary relations asseiated
with ead simplex. This property enablesa data structure designwhich givessignif-
icant reduction to the storagecostwithout trading o the e ciency of navigation.

We are, thus, interestedin a data structure for simplicial complexes,which
encalesall simplexes,supports e cien t retrieval of topological relation and is cost
ecient. To investigate this, we study the topological relations encaled by an
explicit data structure for a simplicial complexthrough a directed graph.

In addition, for someapplications, it is necessaryto perform modi cations
on the model. An exampleis the idealization processin CAD tools, in which a
model is abstractedinto simple forms through the removal of details, sud as clos-
ing through holesand reducing the dimension of selectedparts of the model [52).
Theseoperations are implemerted as a seriesof elemetiary topology-malifying op-

erations. Vertex-pair cortraction, which consistsof cortracting a pair of vertices
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to a single one, is the basic operation used for modifying the topological type of
a complex. Therefore, in our designof new data structures, we also considerthe
support for modi cations for the construction of a Non-manifold Multi-T esselation
model (NMT), which is a new paradigm of multi-resolution modeling.

In Section5.1, we discussthe directed graph asa tool for visualizing and ana-
lyzing an explicit data structure. In Sections5.2 and 5.3, we presen two proposals
of cost-e cient dimension-indegndert data structures, namely the Simpli ed In-
cidenceGraph (published in [12]) and the Incidence Simplicial Data Structure (in
preparation to be published). In Section5.4 an evaluation of thesetwo proposals
are made by a comparisonwith existing data structures. Section5.5 discusseghe
application of one of the proposeddata structures in a technique of constructing
a multi-resolution model, called Non-manifold Multi-T esselation(NMT). Work on

this application hasbeenpublishedin [17].

5.1 Directed Graph Representation of Explicit Data Struc-

tures Encoding Simplicial Complex

The simplicial complex can be descriked as a directed graph G =< N;A >
in which the nodesN represemn simplexesand are arrangedin a hierardy in the
order of their dimensions,and the directed arcsA represem the topologicalrelations
amongthe simplexes. A directed arc that points from node m at level i to node n
at level j (for j > i) indicatesthat n is a cofaceof m. The inversearc from n to m

indicatesthat m is a faceof n. A bi-directed arc betweennodesn and n® at level i
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indicatesthat n andn®are (i  1)-adjacen.

The topologicalrelations captured by IncidenceGraph (IG) [32 are all those
boundary and co-boundary relations between simplexesthat dier by one dimen-
sion. Theserelations are represeted by the directed edgesbetweennodesat two
adjacent levels. Figure 5.1 shaws a simplicial complex formed by four tetrahedra
and two dangling-faces.Figures 5.2 and 5.3 show, respectively, the boundary and
co-boundary relations encaded by the IG. Obsene that the di erence betweenthe
two diagramsis in the direction of the arcs. The co-boundary relations encaled are
the inverseof the boundary relations. The size of S(ST) in the IG is the sameas
the sizeof all the boundary relations encaled by the IG.

It can be obsened that, if a data structure encales all boundary relations
betweensimplexesdi ering by one dimension(sud asthe Incidence Graph), then
it is necessaryto encale only a selectedsubset of relations in the star of eah
simplex in order to provide navigation e ciency. Two proposalsare made, which

are preserned in Sections5.2 and 5.3 respectively.

5.2 Simplied Incidence Graph !

In this Section,we presen the Simpli ed IncidenceGraph which specializeghe

IncidenceGraph for simplicial complexes.We discussthe designof this data struc-

LOriginally published in [12] Copyright c 2004 Eurgraphics.
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Figure 5.1: Example of a 3D simplicial complex that consists of
four face-adjacent tetrahedra shown in light shaded gray, and
two dangling triangles shown in dark gray. The vertices are
lab eled with numbers 1 to 8.
ture, evaluate its cost e ciency and discussits scalability to the manifold domain.

Lastly, we discusshow asymentric vertex-pair cortraction may be implemerted on

this data structure.

5.2.1 Designof the Data Structure

The Simpli ed Incidence Graph (SIG) is a represemation for a d-dimensional
Euclideansimplicial complexembeddedin the n-dimensionalEuclidean space with
d n. Whend= n, every (d 1)-simplexis sharedby at most two d-simplexes,
since any d-dimensional simplicial complex embedded in the d-dimensional Eu-
clidean spaceis a pseudo-manifold. Given a d-dimensional simplicial complex ,

the SIG encalesall p-simplexesfor p= 0;1;:::din , and
for eat p-simplex , whereO< p d, it encadesboundaryrelationsR;, 1( ),
for ead p-simplex , where0 p < d, partial co-boundary relations R,,.,( )

(whereg > p), which consistsof onearbitrarily-selectedtop g-simplexfor eath
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Figure 5.2: The directed graph showing the boundary rela-
tions encoded by the IG for the example shown in Figure 5.1.
Simplexes are identied by the indices of the vertices spanning
them. For example, the node (4;5;6;8) denotes the tetrahedron
that is incident at vertices 4, 5, 6 and 8.

(g p 2)-connectedregular(g p 1)-dimensionalcomponert in the link

of

Note that partial co-boundary relation Ry ;.4( ) is the sameas co-boundary rela-
tion Rq 1.4( ). Moreover, when the domain is a manifold, all partial co-boundary
relations are empty with the exceptionof Ry.4( ). In this case,co-boundary relation
Rpqa( ) encalesone or two d-simplexesincidert at  whenp = d 1, or just one

d-simplexincident at whenp<d 1.

Figure 5.4(a) shavs an example of the encaling of a vertex of a 2-complex
in a SIG. Two partial co-boundary relations are de ned at v, namely, Ry4(v), for
g = 1,2. Relation Ry,(v) = feg and relation Rqy,(v) = ff;f>g. Figure 5.4(b)
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Figure 5.3: The directed graph showing the co-boundary rela-
tions encoded by the IG for the example shown in Figure 5.1.
Simplexes are identied by the indices of the vertices spanning
them.

shaws an exampleof the encaling of an edgeof a 2-complexin a SIG. The patrtial

co-boundary relation de ned at e is R (€), which consistsof ff; f»g.

Figure 5.5(a) shovs an exampleof the encaling of a vertex of a 3-complexin
a SIG. The restricted star of v st(v) consistsof edgewe, of triangles d ; and d ,, of
the edgesof d ; and d , which areincidert at v, of tetrahedraty, t, and ts, together
with all the facesand edgesof t;, t, and t3 which are incident at v. Three partial
co-boundary relations are de ned at v, namely, Rq4(v), for g = 1;2;3. Relation
Ro.1(v) = fweg, relation Ry,(v) = fd 19, and relation Ry 3(v) = fty, t2g.

Figure 5.5(b) shavs an exampleof the encaing of an edgeof a 3-complexin
the SIG. The restricted star st(e) of edgee is composedof triangles d ; and d ,, of
tetrahedrat, t,, and tz, and their faceswhich areincidert at e. Sincee 62st(e), d ;
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Figure 5.4: Two examples showing the relations stored at a
vertex (a) and at an edge (b) in a SIG describing a 2-complex.
In (a), the top simplexes incident at vertex v are triangles fq,
f,, f3 and f4, and edge e. In (b), the top simplexes incdient at
edge e are triangles f, and f»,.

Figure 5.5: Two examples showing the relations stored at a
vertex (a) and at an edge (b) in a SIG describing a 3-complex.
In (a), the top simplexes incidnet at vertex v are tetrahedra
t;, t, and ts, triangles d; and d,, and edge we. In (b), the top
simplexes incident at edge e= fvy;v,g are tetrahedra t,, t, and
t3, and triangles d; and d,.

and d , are not 1-connectedn st(e), and, thus, they form two separate0-connected
1-compnerts in st(e). Boundary relation R;.0(€), and the two partial co-boundary
relationsR,.,(€), for g = 2; 3, arestoredat edgee. Boundary relation R;.4(€) consists
of the set of extreme vertices of e, namely fvy;v,g. Partial co-boundary relations
R1..(e) and Ry.5(e) consistof fd 1; d >g and fty, t,g, respectively.

The directed graph that describesthe boundary relations encaled by the SIG

is the sameasthat for the IG, wherely edgesexist betweenadjacert layersof nodes.
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In the directed graph that describesthe partial co-boundary relations encaled by
the SIG, the end nodesof ead directed edgeis a top simplex. Considerthe example
shown in Figure 5.1, the topological relations encaled by the SIG are shavn in the
form of directed graphsin Figures5.6 and 5.7. Note that the diagramin Figure 5.6
is the sameasthat in Figure 5.2. It canbe obsenedthat all the arcsin the diagram

in Figure 5.7 end at top simplexes.

/RSN

35.8(45.8(4,6,8(16.8 (158 (56,8(4.56/(15.6(56,74,5.7(4,6,7(1,5,7(1,6,7(2,5.7
N\ =/ 7
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Figure 5.6: The directed graph showing the boundary relations
encoded by the SIG for the example shown in Figure 5.1. Nodes
representing simplexes are identied by the indices spanning
them.

5.2.2 Implemenation and StorageCost

In this subsection we descrike the implemertation of the SIG, and discussthe
storagecost for this implemertation. For simplicity, in our current implemertation,

125



& & & 66 6 O 0 O

Figure 5.7: The directed graph showing the partial co-
boundary relations encoded by the SIG for the example shown
in Figure 5.1

we useoneintegerto index a simplex.

All simplexesare storedin ascendingorder of their dimensions.Eadc simplex
has a unique index. A lookup-table is usedto encale the starting and ending
indices of the simplexesfor ead dimension. For ead simplex, we also store a one-
bit ag that is usedby the navigation algorithmsto mark a simplexasvisited during
traversal, and resetafter traversalis completed.

For ead p-simplex , with 0< p d, boundary relation Ry, 1( ) is storedin
a x-sized array, eat elemen of which is an index to a simplexon the boundary of

. For eah p-simplex , with 0 pr < d, partial co-boundary relationsR,.,( ) for
p< g darestored,in decreasingrderof g, in avariable-sizedarray. Each ertry of
the array consistsof the index of a simplex cortaining in its boundary. The end of

the array is marked by a stop code. An integer pointer is assaiated with simplex
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which is the starting index of the variable-sizedarrays of the co-boundary relations.
In the manifold case,for all p-simplexes , with p < d 1, only relation R.4( )
exists. Thus, the integer pointer ass@iated with  referenceglirectly the d-simplex
in R,4( ) relation. A ag is usedto indicate whether the manifold condition holds
at a p-simplex,whenp< d 1.

We denotewith np, for 0 p d, the number of p-simplexesin a simplicial
complex, with 9( ), fordim( )< g d,thetotal numberof(g p 2)-connected
regular(g p 1)-dimensionalcomponerts in the link of asimplex in , andwith

=P gm()=p °( ), for0O p<d, andg> p, the total numberof (g p 2)-

b
connectedregular(g p 1)-dimensionalcomponerts summedover the links of all
the p-simplexesin .

The lookup-table, that storesthe starting and endingindicesfor the simplexes
in ead dimension, requiresd+ 1 integers. A total of i o p dNp bits is neededfor
the ag usedfor navigation. The spaceuse for all boundary relations Ry, 1 for
O< p disequalto P osp d(P+ 1)n, integers.

The storagespacerequired for encaling the partial co-boundary relations can
be ewaluated as follows. Each p-simplex, 0 p < d, hasa link to the partial
co-boundary relations R, assaiated with it. This requiresP o p<d Np integersin
total. In addition, the ag, that indicates whether the manifold condition holds at
a simplex, requiresonebit for ead simplex, and, thus, P 0 p<d Np bits in total. The
total spaceusefor all the variable-sizedarrays that store the partial co-boundary
relations R, is equalto P 0 p<d P p<g d pt P o p<d Np iNtegers,wherethe rst term

- , P
accourts for the indices of the simplexesand the secondterm =, ,.4 N, accours

127



for the stop codes.
Thus, the total spaceused for encaling all topological relations (i.e., both

. . : P P P
boundaryand partial co-boundaryrelations)isequalto ¢ p<g p<g ¢ %2 0 p<d Np*

P op da(P*1)n, integersand P 0 p<d Np bits.

If is a manifold complex, the variable-sizedarrays are not used for the
partial co-boundary relations assaiated with the p-simplexes,when0 p<d 1.
For the (d 1)-simplexesthe variable-sizedarrays are still usedbecausesat (d 1)-
dimensionalsimplexmay be sharedby either oneor two d-simplexes.The spaceused
for encaling the partial co-boundary relations thus becomesp 0 p<d Np¥ d +ng;
integersand P o p<d Np bits. Also, d, = 2n4 ;. The spaceusedfor the simplexes
and the boundary relations is the sameas in the non-manifold case. Thus, the

overheadwith respect to a simpli ed incidencegraph speci ¢ for a d-complexwith

, _ P . ,
a manifold domainis equalto =, pq Np bits + nq 3 integers.

5.2.3 Building a Simpli ed IncidenceGraph

The Simpli ed Incidence Graph represemation can be constructed from the
Incidence Graph. The approad is to idertify the (q 1)-connectedg-componerts
in the star of ead simplex in the complex . The construction algorithm consist

of the following steps:
1. Find the set S, of all the top g-simplexesin st( )

2. Partition the set Sq into fS3;S3;  ;Skg, sud that  belongsto Sj if and

only if either sharesno (q 1)-facewith any top simplexin S, or shares
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a(q 1)-facewith someother simplex °in S|,

3. Selectonetop k-simplexfrom ead set S(‘] to be the represemativ e of in partial

co-boundary R,.,( )

5.2.4 Topological Navigation in the SIG

Navigation in a complexrequiresretrieving topologicalrelations. The retrieval
of topological relations is alsothe basisfor performing simpli cation operationson
a simplicial complex. The SIG supports a simple recursivwe strategy to retrieve
all topological boundary relations. Boundary relation Rp,( ) for a p-simplex is
retrieved by cascadinghe retrieval of boundaryrelationsR,, 1;Rp 1p 20 iRgiig
on andits faces.

The generalstrategy for retrieving co-boundary relations at a simplex con-
sists of performing a traversal of the star of , and then retrieving the boundary
relations of the top simplexesin the star of . The star of isretrievedby traversing
all the componerts belongingto it. The traversal of an h-dimensionalcomponert
starts with a represemativ e in partial co-boundary R,,,( ). It visits ea h-simplex

and all its (h  1)-adjacen simplexesincident at , and it terminates when all
h-simplexesin the componen are visited. The strategy for retrieving adjacency
relationsat consistsof retrieving the co-boundary relations for the simplexesthat

are in the boundary relation of
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3 t, =(1,2,34) e =(1,2)
—— 5 t, =(1,345 e, =(1,3)
) f,=(123) e =(14)
2 f, =(1,24) e, =(15)
7 f, =(1,34) e =(16)
f, =(135) e =(L7)
f. =(145) v =1
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Figure 5.8: Example of retrieving Rg.1(v) from the SIG through
a traversal of the star of vertex v using boundary and partial
co-boundary relations: (a) the star st(v) of a vertex v, vertices
are lab eled by their indices and the simplexes are de ned by the
indices of the vertices that span them; (b) boundary relations
encoded by the SIG among simplexes in st(v); (c) partial co-
boundary relations encoded by the SIG among simplexes in
st(v) (part 1)
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Figure 5.9: Example of retrieving Rg.1(v) from the SIG through
a traversal of the star of vertex v using boundary and partial
co-boundary relations encoded by the SIG: (a) to (d) are four
stages of the traversal of st(v) (part 2)

We illustrate the retrieval of relation Rg.1(v) for a vertex v in the example
showvn in Figures 5.8(a)-(c). The traversal of the star of v is showvn in Figures
5.9. Figures 5.9(a) to (d) show four stagesof the traversal of the star of vertex v
(from the exampleof Figure 5.8(a)) for retrieving Ro.1(Vv). Figure 5.9(a) shows that
the traversal starts from v at which the partial co-boundary relations encaled are

Ro.3(v) = ftig and Ry,(v) = fd ;9. Following relation Ry,(v) = ft;g, tetrahedron
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t; is visited. The boundary relation R3.»(t1) is examinedand facesf ;;f, and f3 are
found to beincident at v. In Figure 5.9(b), the partial co-boundary relations of the
facesf;f, and f3 have beenexamined. The partial co-boundary relation of face
f3 leadsto tetrahedront,. The facesof t, are examined,and they lead to no new
tetrahedra. Sothe whole 3D componert assaiated with t; in the star of v is visited.
Figure 5.9(c) shaws that the 2D componert asseiated with d ; in Ry,(v) = fd1g
is examinedlikewise. Figure 5.9(d) showns that the edgesincident at v are retrieved
from all the top simplexesin the star of v.

The time complexity for the retrieval of the variousrelations is summarizedin
Table 5.1. The time complexity for the retrieval of boundary relations is constart
for all dimensions,while that for retrieving co-boundary relations dependson the
dimension of the complex. Retrieving co-boundary relations Rp4( ) requirestime
linear in the number of top simplexesin the restricted star st( ) of . For simplicial
2- and 3-complexes,the number of top simplexesis linear in the number of ¢
simplexesin st( ), asa consequencef Euler's formula (seethe description of the
properties of non-manifold 3D shapesunder Section3.2). This is no longertrue for

higher dimensions.

5.2.5 Vertex-Pair Contraction on the SIG

In many applications of shape modeling, it is necessarynot only to have an
e cient represetation that capturestopological information within the shape, but

alsoto havetoolsfor updating this represetation to preseneits topologicalintigrit y
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Dimension | Boundary | Co-boundary Adjacency

d Rp;q( ) Rp;q( ) Rp;p( )
2and 3 constart | linear in terms of | linear in terms of
p-simplexes p-simplexes
in Rp.q( ) in Rpp( )

4 and above | constart | linear in terms of | linear in terms of
top simplexes top simplexes
in st( ) in st( ), where

2 Rpp o )

Table 5.1: Time complexit y of the retriev al strategies for top o-
logical relations of a p-simplex

asthe shape is modi ed. One elemenary meshupdate operator is the Vertex-Pair
Contraction (VPC) operator. In Section3.3, we have formulated the VPC operation
and characterizedits e ect whentwo verticesv; and v, are mergedinto onevertex.
In the assymetricvariation of VPC, vertex v, is mergedto vertex v; and no new
vertexis created. In this Section,we presen an algorithm for performingasymmetric
vertex-pair cortraction on a simplicial complexencaled asa SIG. We descrite how
the ertities and topologicalrelations encaledin the SIG are updated asan e ect of
sud operation.

Let beasimplicial complex. Let st(v,) and st(v,) denotethe starsof v; and
Vo, and let 1k(v;) and Ik(v;) denotetheir links. Let the complexresulted from the
assymetricVPC be denotedby r, andlet stg(v;) and kg (v1) denote,respectively,
the resultant star and link of v;.

The procedureof performing vertex-pair cortraction on the SIG is described
in the following four subsections.In ead subsection,we descrike how the ertities

and topological relations encaled in the SIG are updated.
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5.2.5.1 Labeling Simplexes

The rst step of the algorithm consistsof labeling the simplexesincident at v,
and v, and in constructing the transformation map F. For ead p-simplex 2

we de ne two labels|,( ) andl,( ) asfollows:
li( )= 1ifandonlyif 2 st(v),i= 1,2
li( )= 21ifandonlyif 2 Ilk(v),i= 1,2
li( )= 0,i= 12, otherwise

In what follows, we write |; for short wheneer the simplex being addresseds clear.
Figures5.10(a)and (b) give examplesof labeling of the simplexesn the star and link
of v; and v,. The examplein Figure 5.10(a) illustrates the casein which the stars
of v; and of v, have a non-empty intersection, i.e., there is an edgeconnectingv;
and v,. The examplein Figure 5.10(b) illustrates the casein which the intersection

of the two stars is empty, becausethere is no edgeconnectingv; and v;.

All information necessaryor updating the SIG canbe deducedfrom the labels

of eath p-simplexin and ofits (p 1)-faces:

Any p-simplexwith labels(0;0), ( 1,0), (0; 1)and( 1, 1)isnot aected,

sinceit is not incident at v; or vs.

Any p-simplex labeled (1;0) or (1; 1) will remain the samein the reduced

complex.
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Vi

(b)

Figure 5.10: The labeling of the restricted stars and the links
of vertices v; and v,

Any p-simplex labeled( 1;1) is mergedinto a p-simplex Cincidert at v,
i.e., v, is replacedin  with v;, thus giving °(see,for instance,edgef u,; v»g

in Figure 5.10(a)).

Any p-simplexlabeled (0; 1), which hasa (p 1)-facelabeled( 1; 1)isalso
mergedinto a p-simplex Cincidert at vy, asin the caseabove (see,for instance,
edgef u; v»g in Figure 5.10(b)). Any p-simplexlabeled(0; 1), which doesnot
satisfy the latter condition, is transformedinto a new p-simplexincident at v;

(see,for instance,edgef us; vog in Figures5.10(a) or 5.10(b)).
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Any p-simplex labeled(1;1) is mappedto its (p 1)-face, °which is labeled
(1; 1), i.e. that facewhich is incidert at v; and in the link of v, (see,for

instance, the triangle fu,; vy;v,g in Figure 5.10(a)).

5.2.5.2 Updating Boundary Relations

In the vertex-pair cortraction algorithm, boundary relations are a ected for
all simplexesgeneratedby transforming simplexesof incidert at v, into simplexes
incident at v; in R, and that are not mergedinto other simplexesincidert at v;.

Boundary relation Ry, is updated for every edgee labeled(0; 1), which is not
incidert at a vertex labeled( 1; 1). In other words, edgee must be incident at
vertex at v,, but not at v; and its other extremevertex cannotbe in the intersection
of the links of v, and v,. For example,boundary relation Ry, for edgees, in Figure
5.11, consistsof fv,;u,g in , andit consistsof fvy;u,gin .

Boundary relations are a ected for all p-simplexeslabeled(0; 1), which do not
havea (p 1)-facelabeled( 1; 1). In the SIG we are interestedonly in boundary
relations of type Ry, 1;2 p d. Theselatter are updated for every p-simplex

labeled (0;1) sud that:
is not mergedin a p-simplexincident at v,
hasa (p 1)-face , mappedinto a (p 1)-simplex ; incidernt at v;.

Simplex , isidenti ed ashaving labell, = 1 andhaving a(p 2)-facelabeled
( 1, 1). For instance, edgee; in Figure 5.11 replacesedgee, in the boundary
relation Ry, of triangle f. The algorithm for updating boundary relations applies
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the rule above recursiwely on the dimensionsof the simplexes. The simplex ; on

which , is mergedis retrieved from the hashtable.

ul('ll'l) u
1
(1,0)e
L —
& € U,
vi O8N % 0. 5
Vv, Vi

Figure 5.11: Example of the update of the boundary relations
of simplexes in st(v;)

5.2.5.3 Updating Partial Co-boundary Relationsof Type R,.1
Co-boundary relations are a ected in two situations:
1. for any p-simplexincidert at v;, on which a p-simplexincidert at v, is mapped,

2. for any p-simplexincident at v, which is not mapped into any p-simplexinci-

dert at v;.

We considerherepartial co-boundaryrelationsof typeR In the restricted

pip+l -
star of a p-simplex, eat p-connected(p+ 1)-componert consistsof just one (p+ 1)-
simplex. Thus, partial co-boundary relations R,,.;,; is updated on the basisof the
original relations Rppet in , of boundary relations Ry, 1 in g and of the labels
of the simplexes.

We apply the update of partial co-boundary relations in decreasingorder of

dimension. We considera p-simplex ; incident at v; and we perform the following
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steps:

1. For every simplex 2 Ry, ( 1) in

if islabeled(1;1), then isnotin Ry, ( 1)in g, since isreduced

to i, (for example,in Figure 5.12(a), tetrahedront is not in R,.5(f1) in
R);

if islabeled(1;0) or (1; 1), and there is a same-dimensionasimplex
Oincidert at v, sudhthat = F( 9 and Cis not atop simplex, then

isnotin Ry...; (1) in g, since becomesa face,(for example,in Figure

5.12(b)triangle f; mergeswith triangle f,, but f, is a faceof tetrahedron

t, sofy is notin Ry, relation for edgefvi;ugin  R);

otherwise, remainsin R,.;( 1) in g, sinceit is not a ected by the

transformation, (for example,in Figure 5.12(c), triangle f; remainsin

Rl;z(el))

2. If there exists a p-simplex , incident at v, sud that ; = F( »), then, for

every 2Ry (2)in,

if islabeled(1;1),then isnotinRy.,.;( 1)in g, since isreducedin

dimension(in Figure 5.12(a), for example,tetrahedront is not in R,.5(f1)

in Rr);

if islabeled(0;1) and doesnot have a p-facelabeled( 1; 1),then s

in Ry.p.q (1) In g, (for example,in Figure 5.12(c), triangle f, becomes
an elemen in R,.,(ey)).
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. After updating R, ( 1), if 1 becomesa top simplex, then ; is addedto
the R, 1, relation of all its (p 1)-faces. Theselatter can be retrieved from
boundary Ry, 1 relation of ; (for example,in Figure 5.12(a), f, is a top-

simplex after cortraction, soit becomesan elemet in the R, relation of all

its edges).

e,(1,0) e, (0, 1)

<v
(11 (o 1)

Vi

-y
7
L

(c)

Figure 5.12: Examples of the update of the partial co-boundary
Ry, relations of simplexes in stg(v)
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5.2.5.4 Updating the Remaining Partial Co-boundary Relations

The problem with updating partial co-boundary relations R,., with g> p+1
is that the SIG does not store all g-simplexesincident at a given simplex , but
just onerepresemativ e for eat (0 1)-connectedg-componert incidert at . Thus,
we needto traverseall (@ 1)-connectedg-componert in str(vi), and selectone
represetativ e for ead g-componert in the R, relation. The traversal algorithm
usesthe boundary relations Ry 1 for the g-simplexesin the g-componert, and the
updated partial co-boundaryrelationsR, ., oftheir (q 1)-facesaswell asthe labels
of sud faces.

We start with oneg-simplex inthe (g 1)-connectedg-componert, and visit
eath (q 1)-face of . If wasnot labeledin (-1,0) or (0,-1), i.e., is notin
Ikr (v1), then all the top g-simplexesin R, ;.,( ) are visited.

At the end of the g-componert traversal, we update R ), for eacr sud

p;q(
that there exists exactly one g-simplexin R,.,( ) in r that is marked as visited.
In the exampleof Figure 5.13,let us assumethat R,.;(€;) consistsof t; and R,.5(€,)
consistsof t, beforecortraction. After the cortraction, we will have R,.;(e1) = ty,
sincet; and t, form just one 3-compnert at e;.

Also, we needto update the samepartial co-boundary relations for the sim-
plexesin the link of v; in g which wereoriginally the simplexesin the intersection

of the links of v; and v,. The update is performedin a similar way as describe

above. The description is omitted for brevity.
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Figure 5.13: Example of the update of the partial co-boundary
R1.5 relations of simplexes in stg(vi)

5.2.6 Encoading a Vertex Expansionfor the SIG

Vertex ex@nsion is the inverseoperation with respect to vertex-pair cortrac-
tion. It consistsof expandinga vertex v; in a simplicial complex into two vertices
vi; and v,. There may or may not be an edgee = (vy;V;) joining them. The k-
simplexesin st(v;) either expandinto (k + 1)-simplexesforming st(e), if e exists,
or becomeincidert at v; or v,, or are duplicated. A vertex expansiontransfor-
mation reversesthe vertex-pair cortraction transformation and, thus, producesthe
simplicial complex from the reducedcomplex r.

While a vertex-pair cortraction is ertirely specied by the two vertices to
be cortracted, for the expansionof vertex v; into pair (vi;V,) we neednot only to
specify the newvertex v,, but alsohow the simplexesincident at v; aretransformed.
We assaiate a two-bit code with ead p-simplex belongingto the star of v; in

R, denotedcd( ) (we write cd for short whereit is clear which simplex is being
addressed).Thus, the valuefor cdfor eat sud p-simplex is: 00if isnot a ected
by the expansion,01if is transformedinto a p-simplexin , incident at v,, 10if

is expandedinto two p-simplexesin , oneincident at v; and the other incident

at vp, and, 11if is expandedinto a (p+ 1)-simplexincident at both v; and v,.
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Sud codesare computed during vertex-pair cortraction as descrited below.
We considera p-simplex in g, incident at v;. We denoteby °the samesimplex
in (i.e., = 9, by thep-simplexof (if it exists)which resultsfrom replacing
vi by v, in % and by the (p+ 1)-simplexin (if it exists) which results from

expanding ° The code of simplex is computed as follows:

cd= 00,if andonly if Cislabeled(1;0) and noneofits (p 1)-facesis labeled
( 1, 1);invertexexpansion, remainsincidert at v; (for example,in Figure

5.14(a), triangle f; is given a code 00);

cd= 01,if andonly if islabeled(0,1), but noneofits (p 1)-facesis labeled
(-1,-1); in vertex expansion,this simplex becomesncidert at v, (for example,

in Figure 5.14(a), the code of triangle f, is 01);

cd= 10, if and only if °is labeled(1,0) and oneofits (p 1)-facesis labeled
(-1,-1); in vertex expansion,this simplex is expandedinto the two simplexes

%and (for example,in Figure 5.14(a), edgee; hascode 10);

cd= 11,if and only if Cis labeled (1,-1), meaningthat Cis a face of some
(p+ 1)-simplex that is reducedby the cortraction. (for example,in Figure

5.14(b), edgee; hascode 11).

A code is assaiated with ewery top simplex in stg(vi) and every non-top
simplex in stg(v;) that is split or expandedin vertex split. All other simplexesin

str(v1) behave the sameway astheir co-facesn the vertex split, sothey do not need
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Figure 5.14: Example of the generation of code cd during
vertex-pair contraction

to be explicited encaled. The encaling of str(v,) is organizedby decreasingorder
of simplex dimension rst, and then accordingto the lexicographicalorder of the
verticesde ning the simplexes.This givesa unique sequencewhich is independer
of the data structure usedfor encaling the simplicial complex, and, thus, a unique
encaling for stg(vy).

An encdaling schemeof stg(v;) that asseiatesa code with every edgeinstead
of top-simplex is generally more compactin terms of the storagecost [36, 68], but
it will work well only when the edgesin stg(v;) are all explicitly encaled in the
data structure. Our encaling is not optimized for compactnesssincea compressed
represemation will a ect the e ciency of the vertex split operation on the SIG.

As vertex expansionoperation reversesthe e ect of vertex-pair cortraction,

for brevity, we will not discussthe stepsinvolved in this operation.
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5.3 The Incidence Simplicial (IS) Data Structure

In this Section, we considera secondparadigm of cost-e cient dimension-
independent data structure, the IncidenceSimplicial Data Structure, that encales
all simplexes. We discussits design, evaluate its storage cost and its navigation
e ciency. Wealsodiscussdts scalability to manifold models. In addition, we consider

how it can support the vertex-pair cortraction operation.

5.3.1 Designof the Data Structure

The Incidence Simplicial (IS) data structure is a new dimension-indegndert
data structure for represeting Euclidean simplicial complexesin arbitrary dimen-
sions. It encalesall simplexesof a d-dimensionalsimplicial complex embedded

in the n-dimensionalEuclideanspace(with d n), plus the following relations:
for ead p-simplex , whereO< p d, boundary relation Ry 1( ),

for eat p-simplex , where0 p< d, apartial versionof partial co-boundary
relation Rp;p+1 (), denotedasR,,.,.; (), that consistsof onearbitrarily-selected

(p+ 1)-simplexfor ead connectedcomponert of the link of

In the exampleof Figure 5.15(a), the link of vertex v (showvn in Figure 5.15(b))
consistsof two connectedcomponeris. There arein total v e edgesincidert at v,
of which four comefrom the samecomponert. Thus, partial co-boundary relation
Ro.1(V) consistsof f we;eg, wheree is an edgeof triangle d . In the exampleof Figure

5.15(c), the link of edgee (showvn in Figure 5.15(d)) is composedof three connected
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componerts correspnding to triangle d , and to tetrahedra ty, t, and their faces
which are incidert at e. Thus, partial co-boundary relation R;.,(€) consistsof just

three elemens, namely fd ;f;f,g, wheref, is a faceof t; and f, is a faceof t,.

df
(@) (b)

Figure 5.15: Two examples of 3-complexes with non-manifold
singularities: (a) shows an example of a non-manifold vertex v,
whose link is shown in thic k lines and a vertex in (b); (c) shows
an example of a non-manifold edge €; (d) shows the link of e

In general,for ead (d 1)-simplex , partial co-boundary relation Ry 1.4( )
is the sameas co-boundary relation Ry 1.4( ). If the domain of is a manifold,
then R, ( ) cortains just one (p+ 1)-simplex sincethe link of  consistsof one
single connectedcomponert. Also, whend = n, ewery (d 1)-simplexis sharedby
at most two d-simplexes,sinceany d-dimensionalsimplicial complex embeddedin
the d-dimensionalEuclideanspaceis a pseudo-manifold.Non-manifold singularities
are de ned by simplexesof dimensionlower than the dimensionn of the embedding
spacewhoselink consistsof morethan oneconnectedcomponert. Sud singularities
are madeexplicit by the encaling of the partial co-boundary relations, in which one
simplex is consideredfor eat connectedcomponerts in the link of ead simplex.

Considerthe examplein Figure 5.1, the topological relations encaded by the

IS are shown in the form of directed graphsin Figures5.16and 5.17. Obsene that
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the directed graph in Figure 5.16 is the sameas those in Figure 5.2 and Figure
5.6 becausethe IS, the SIG and the IG encale the sameboundary relations. The
diagram in Figure 5.17 has signi cantly fewer arcsthan the onein Figure 5.3. In
Figure 5.17, arcs connectnodes of two adjacert levels while this is not the casein
Figure 5.7. Note that in Figures5.17,5.3 and 5.7, the arcs going out from level

d 1into level d are the same.

/RSN

!

<
4 , \
1,8(6,8)(4.6/5,6 (1,6 (1,5 (4,7 (6,7 (1,7
AN

® & 6o 66 & 0O 0 6

Figure 5.16: The directed graph showing the boundary rela-
tions encoded by the IS for the example shown in Figure 5.1.
No des representing simplexes are identied by the indices of
the vertices spanning them.

5.3.2 Encading Data Structure

In the following, we descrike our implemertation of the IS data structure, and
discussits storagecost. Simplexesare storedin ascendingorder of their dimensions.
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Figure 5.17: The directed graph showing the co-boundary re-
lations encoded by the IS for the example shown in Figure 5.1

Ead simplex has a unique index, and attributes can be assaiated to it. For eah
simplex, we also assigna one-bit ag that is usedby the navigation algorithms to
mark a simplex asvisited during traversal,and is resetafter traversalis completed.
For eat p-simplex , with 0 < p  d, boundary relation Ry, 1( ) is storedin a
x-sized array, ead elemer of which isanindexto a(p 1)-simplexonthe boundary
of
For ead p-simplex , with O p< d, we encale partial co-boundary relation
Ryp+1 () inavariable-sizedarray. The rst ertry of the array storesits length. Each
of the remainingertries of the array consistsof the index of a (p+ 1)-simplexto which
Is a boundary. Simplex hasan integer pointer that points to the beginning of
this variable-sizedarray. In the manifold case relation R,,;,; ( ) consistsof just one

elemen. Thus,the integerpointer for the partial co-boundaryrelationsof directly
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storesthe index of the (p+ 1)-simplexin R, ( ) relation. A bit-ag is usedto
indicate whether the manifold condition holds at a p-simplex,whenp< d 1.

We evaluate the storagecost of the IS data structure by assumingthat both
indicesand pointers have the sizeof aninteger. We denotethe number of p-simplexes
in a simplicial complex asnp, for 0 p d. We denotethe total number of
connectedcomponerts in the link of a simplex as ( ) (whendim( )< d), and
the total number of connectedcomponerts summedover the links of all p-simplexes
in as , = P gm()=p (), for0 p < d Ead p-simplex has a pointer to a
structure in which all its attributes are stored. The total number of such pointers
is P o p dNp integers. As ead p-simplex has (p+ 1) (p 1)-faces,the encaling
of boundary relations R, 1 for O<p d requiresP op da(P+ 1)n, integers. The
encaling of the partial co-boundary relations requiresF> 0 p<d ( p+ 2) integers(for
the variable-sizedarrays and the pointers that refersto them) and P 0 p<d 1Np bits

(for the bit ags). Thus, the total storagecostof the IS data structure for a general

simplicial d-complexcan be summarizedas follows:
.. P . _
For ertities: = o , 4np integers;
. P .
For boundary relations: = o, 4(p+ 1)n, integers;

- . P :
For co-boundary relations: = ¢ ,«4( p+ 2) integersand , ,o4 1 Np bits;

If is a manifold complex, ( ) = 1fordim( )< d land () 2for
dm( )=d 1. So ,=npforp< d 1. The variable-sizedarrays are not needed
for 0 p< d 1 becausethe pointer to the array can directly store the index
of one simplex. For the (d 1)-simplexes, x-sized arrays are used becauseead
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(d 1)-dimensionalsimplex can be sharedby either one or two d-simplexes. The

storagecost of the IS data structure for a manifold d-complexreducesto:
For entities and boundary relations: no change
. P . P .
For co-boundaryrelations: o p«q 1Np+ 2ng 1integersand g 1 Np bIts;

The overheadof the IS data structure with respect to a data structure that
encalesthe sametopologicalrelations but speci ¢ for a manifold d-complexis thus
equalto P o p<d 1 Np bits. This isjust the costof encaling the bit ags that indicate
whether a simplexis a non-manifold singularity. This meansa overheadof onebyte
plus one bit per vertex for manifold 2-complexes,and of four bytes plus four bits
per vertex for manifold 3-complexes.This shows that the IS data structure scales

very well to the manifold case.

5.3.3 Building an IncidenceSimplicial Data Structure

The most common exchange format for a simplicial complex consists of a
collection of top simplexesdescriked by their vertices. This represetation is known
as a soup of top simplexes which is the collection of all the top simplexesof a
simplicial complex. In this Section,we descrilke how to generatethe IS data structure
from a soup of top simplexes.

As a soup represemation does not explicitly describe any simplex that is on
the boundary of other simplexes,we needto generateall the simplexesof the input
complex rst, and then establish the topological relations among them. This is
performedin four steps (note that we do the computation in decreasingorder of
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simplex dimension):

1. For ead p-simplex, we generateits (p+ 1) (p 1)-faces.Each (p 1)-simplexis

represered by its vertices(sorted in lexicographicorder).

2. All (p 1)-simplexesare sorted by the lexicographicorder of their verticesand
duplicate simplexesare removed. In this way, ead simplexis given a unique

integer index.

3. Boundary relations R, 1 and complete co-boundary relations R, 1, for all
simplexesare computedasfollows. For ead p-simplex of index i, we simply
considerall its (p 1)-faces . A(p 1)-face isdened asV fug, where
V denotesthe set of verticesof and u the vertex of not belongingto
We locate the index | of by binary seart on the lexicographicalorder of its

vertices,andwe add to Ry, 1( ) and to Ry 1;5( ).

4. For eat (p 1)-simplex, its partial co-boundary relation R, ., (with p < d)
is computedfrom the correspnding completeco-boundary R, 1, relations as

descrited below. Recallthat Ry ;.4 is the sameasRy 14

The computation of the partial co-boundary relation of p-simplex in Step
4 is performed basedon the topological information available in the intermediate
structure obtained in Step 3. The topological information available for ead p-
simplex in the intermediate structure are the boundary Ry, 1( ) relations and
the co-boundary Rp+1 () relations. This information canbe represeted asa graph

in which the nodesarethe simplexesin the star of andthe arcsdescrike the partial
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co-boundary relations encaled among these simplexes. We call this graph a star-
graph

Figure 5.18(a) shavs an exampleof the star of a vertex v. Figure 5.18(b) and
Figure 5.18(c)illustrate the boundary R, 1 and co-boundary R,.,+1 relations that
are computed as the intermediate results at vertex v through a star-graph.

The partial co-boundary relation of is computed by performing a traversal
on the star-graphof . For eat p-simplex (with p< d 1), we needto idertify
the (p+ 1)-simplexesthat belongto the sameconnectedcomponert of its star. This
is performedby a connectedcomponert labeling algorithm. The simplest situation
ariseswhen a connectedcomponert is formed only by one (p + 1)-simplex . In
this case, will be labeled as belonging one componert and addedto R,.,.; ( ).
Otherwise, a (p+ 1)-simplex in the star of  will be on the boundary of (p+ 2)-
simplexesbelongingto the sameconnectedcomponert.

Referring to the star-graph, we needto traversethe simplexesbelongingto
levels (p + 1) and (p + 2) in sudh graph, by using relations Rp.p+1, Rp+1p+2, and
Rp+2 p+1 . Westart from anunlabeled(p+1)-simplex incidert at ,i.e.,in Rppi1 (),
and we mark  with a new label. For ead (p+ 2)-simplex in Rppe2( ), We
retrieve the (p+ 1)-simplexesin its boundary, i.e., belongingto Rp.zp+1 (). All
(p+ 1)-simplexes in Ry p41 () that areincident at  are marked with the same
label. This traversalis repeatedrecursively for all the simplexesin Ry p+2 () until
all (p+ 1)-simplexesincidert at and belongingto the sameconnectedcomponert
arevisited. Then, for ead connectedcomponert in the star of , one(p+1)-simplex

is selectedas an elemert of R, ().
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As an example,we considercomputing Ry, ( ) in the complexof Figure 5.18(a)
in terms of a graph traversal. Figure 5.18(d) shows the traversal of one componert:
starting at vertex v, we move one level up to edgee;. By visiting all the nodes
through the arcsbetweenlevels1 and 2, we nd all the edgeshamelye;; e, and es,
that are in the sameconnectedcomponert. Edgee, is then selectedas a represen-
tativ e for this componert. Figure 5.18(e)shows the traversalof the other connected
componert in st(v). Edge e, is selectedto represemn the samecomponert. The

partial Ry( ) relation thus consistsof e; and e,.
I
@@ (e) (e @@ (e) (e

)

7\

(e) (&) (&) (e) (e
Y
v

(d)

Figure 5.18: The top ological relations of simplexes in the star of
vertex v encoded as a star-graph: (a) The star, st(v), of vertex
v; (b) the boundary Ry, and Ry, relations; (c) the co-boundary
Ro1 and Rj., relations computed as intermediate results in the
construction of the 1S; (d) a traversal of one component in
st(v) using relations Rg1;R12 and Ry; only; (e) a traversal of
the other component in st(v)
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It should be pointed out that it is not necessaryto store the complete co-
boundary relations of all simplexesthroughout the construction process. At any
level p, only the boundary and co-boundary relations for levels(p+ 1) and (p + 2)
are needed.

Let us now ewaluate the time complexity of the various stepsin the IS con-
struction algorithm. In step 1, at any level p, the total number of (p 1)-simplexes
createdequalsto (p+1) n,, wheren, is the number of p-simplexesin the whole com-
plex. Thus, the creationof the (p 1)-simplexegsakestime linear with respectto the
number of p-simplexes.In step 2, the time requiredfor sorting all (p 1)-simplexess
boundedby O(nylog(np)). The computation of boundary and co-boundary relations
in step 3 takestime linear with respect to the number of number of p-simplexes,
sinceboundary relations are constart relations. In step 4, the traversal of the star
of asimplex visits ewvery arc and every node of the star-graphof st( ) once.In the
ertire complex, eat g-simplexis in the stars of (g+ 1) (g 1)-simplexesand in the
stars of % (g 2)-simplexes.Thus, the computation of partial relations for all

(@ 2)-simplexeshastime complexity of (2 n, + (g+ 1)ng, which is O(ng).

5.3.4 Retrieving Topological Relations

In this Section, we presen algorithms for retrieving the simplexeswhich are
in a boundary, co-boundary or adjacencyrelation with a given simplex from the 1S

data structure.
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5.3.4.1 Retrieving Boundary Relations

Boundary relationsoftypeR,., ; aredirectly encaledin the IS represetation,
while boundary relation of type R4, with g < p can be easily retrieved through
relations Ry, 1, Rp 1p 2., Rge1q- FOr instance, the vertices of a tetrahedron
i.e., in Rso( ), areretrieved by applying Rs.2( ), then R,.1( ), for ead triangle
in Rz.2( ), and then Ry.o( ), for ead edge in Ru.q( ).

The time complexity of this processis equalto ;- 1.5+, Wherec is a con-
stant. This quanity is boundedby a constart which dependson the dimensionp
of the simplex and on the dimensionq of its faces. For instance,retrieving Rg.o( )

relation requiresO((d+ 1)!) time.

5.3.4.2 Retrieving Co-boundary Relations

Co-boundary relation Ry 1.4( ) for any (d 1)-simplex is directly encaled
in the IS data structure, becauseRy 14( ) is the sameas Ry 1.4( ). Sinceonly
partial co-boundary relations are encaded in the IS represemation, the challengeis
to retrieve all complete co-boundary relations e cien tly. Recall that co-boundary
relation Rp.4( ) consistsof all g-simplexesin the star of p-simplex . We will show
that we can retrieve sud relations in time linear in the number of top simplexes
incidert in simplex

Obsenethat the g-simplexesincidert at are either top simplexes,or facesof
top simplexedn the star of of dimensiongreaterthan g. Thus,in orderto compute

the generalco-boundary R,.( ) relation, we needto retrieve the top simplexesof
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dimensionsq and above from eat connectedcomponert of the star of , sinceall
g-simplexesthat are facesof higher-dimensionalsimplexesincident at canbe only
retrieved from boundariesof the top simplexesincidert in

To illustrate the algorithm, we considerthe graph describingthe topological
relations encaled by the IS for any g-simplex . We call this graph encaling the
boundary relations Rq.1:q and the partial co-boundary relations R, of the IS
star-graph Figure 5.19(a) showvs an example of the star of a vertex v. The arcs
of the minimal star-graph represeting the boundary and the partial co-boundary
relations encaled in the IS data structure for this complexare separatelyshown in
Figures5.19(b) and (c). Note that the verticesbounding simplexesin the star of v
are not shawn for clarity.

The algorithm for retrieving co-boundary relation Ry.4( ) for a p-simplexcon-
sists of a breadth- rst traversal of the minimal star-graph of , starting at , as
descriked in Algorithm 1. For ead p-simplex in the star of , the traversalal-
gorithm visits every simplex in its partial co-boundary relation, and visits every
simplex in its boundary relation provided that is incidert at . The traversal
of the arcsrepreseting partial co-boundary relations is descriked in lines 11-18of
Algorithm 1, while the traversal of the arcsrepreseting boundary relations is de-
scribed in lines 20-29. Note that simplexesof dimensionp or lower are not visited

becausehey are not in the star of

Figures 5.20(a) to (d) shaw four stagesof the traversal of the star of vertex

v (from the exampleof Figure 5.19(a)) for retrieving Ro.1(v). The traversal starts

155



t, =(1,2,34) e, =(12)
t, =(15,67) e, =(13)
f, =(1,2,3) e, =(14)
f, =(1,24) e, =(15)
f, =(1,34) e =(16)
f, =(156) e =(L7)
fo =(15,7) v =1

fo =(1,6,7)

df, =(1,4,5)

(b) (c)

Figure 5.19: Example (part 1) of retrieving Rg1(Vv) through a
traversal of the star of vertex v using boundary and partial
co-boundary relations encoded by the IS: (a) the star st(v) of
a vertex v; (b) boundary relations encoded by the IS among
simplexes in st(v); (c) partial co-boundary relations encoded
by the IS among simplexes in st(v)

from v and it is initialized by using Rg,(v), which leadsto edgee,. Through
partial co-boundary relations R;.,(e;) and R,3(f1), tetrahedron t; is visited (as
shavn in Figure 5.20(a)). Through the boundary relation R3.5(t1), all facesof t; are
visited. Similarly, and all the edgesof the facesf;f, and f; are visited through
their boundary relations R,.; (seeFigure 5.20(b)). The partial co-boundary relation

Ri.,(es) of edgee; leadsto dangling-faced ;. The boundary relation Rz1(d ;) of
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d, leadsto edgee, (as shavn in Figure 5.20(c)). Through edgeey, all the faces
and edgesof tetrahedron t, are visited in a similar fashion as those of tetrahedron
t; (seeFigure 5.20(d)). At the end of the traversal, all the edgesthat are in the

co-boundary Rq.1(Vv) relation of v are retrieved.

Figure 5.20: Example (part 2) of retrieving Rg1(v) through a
traversal of the star of vertex v using boundary and partial
co-boundary relations encoded by the IS: (a) to (d) are four
stages of the tra versal of st(v)

In Algorithm 1, a simplexis inserted and deletedfrom the queueexactly once
and ead arc in the incidence subgraph assaiated with a simplex is traversed
exactly once. Note that the number of arcsis linear in the number of nodesin
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the incidence subgraph since ead simplex is bounded by a constart number of
simplexes.Moreover, the total number of simplexesin the star of a simplexis linear
in the number of top simplexesin the star. The time complexity of the algorithm
for retrieving co-boundary Ry.4( ) is, thus, linear with respect to the number of top
simplexesin the star of

For simplicial 2-complexesand for simplicial 3-complexesembeddedin the
three-dimensionaEuclideanspace any co-boundary R,.4( ) canberetrievedin time
linear in the number of g-simplexesin the star of . For instance,in a simplicial
3-complex,Rq.1(Vv) for a vertex v can be retrieved in time linear in the number of
edgesincident at v, sincethe number of tetrahedra, triangles and edgesincidert at
a vertex v are all linear in ead other (from Euler's formula). On the cortrary, for
instance,in a simplicial 4-complex,Rq.1(Vv) for a vertex v cannotbe retrievedin time
linear in the number of edgesncident at v, sincethe number of 4-simplexeancidert
at a vertex v can be quadratic in the number of sud edges[59. In general,when
p d 3,the number of g-simplexesin co-boundary R,.4( ) is linear with respectto
the number of top simplexes,becausehe link of is homeomorphicin this caseto
a triangulated sphereand, thus, the vertices,edgesand facesin the link are related

by Euler' formula.

5.3.4.3 Retrieving Adjacency Relations

Adjacencyrelation R.,( ) for a p-simplex , whenp > 0, is simply retrieved

by rst extracting the p+ 1 (p 1)-facesof , and then retrieving, for eat sud
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face of , co-boundary relation Ry, 1,,( ). When p = 0, adjacencyrelation Ro.o(V)
for a vertex v is obtained by rst retrieving the set of edgesin the co-boundary
relation Ro.1(v), and then retrieving the other extreme vertex of eat edgee in
Ro:1(v) through boundary relation Ry.o(€).

For p> 0, the running time of the algorithm for retrieving Rp,( ) is dominated
by the time required to retrieve the co-boundary relations at the (p 1)-facesof
Thus, the complexity of the algorithm is linear in the total number of top simplexes
incidert at the (p 1)-facesof . Similarly, the time complexity of the algorithm

for retrieving Ro.o(V) is linear in the number of top simplexesincidernt at vertex v.

5.3.5 Vertex-Pair Contraction on the IS Data Structure

In this Section, we descrite an algorithm for performing the vertex-pair con-
traction operation on a simplicial complexdescriked as an IS data structure. (The
formulation of the vertex-pair cortraction on simplicial complexhasbeenpreserted
in Section3.3. Seealso[68] for an informal de nition of vertex-pair cortraction).

The Vertex-Pair Contraction (VPC) operateson a simplicial complex by
mergingtwo verticesv; and v, into a new vertex v, thus creating a new complex °
in which the neighborhood of v; and v, is replacedby the neighborhood of the new
vertex v. Let st(w) and Ik(w) denotethe star and the link of a vertex v. VPC is
de ned by a map F which mapssimplexesin st(vy) [ st(v,) onto st(v), sothat for
eat simplex 2 st(vy) [ st(v2), F( ) = fvi;vog[ fvg (seeSection3.3).

The algorithm for performing a vertex-pair cortraction rst retrievesthe stars
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and the links of v; and v,. Next, it computesthe vertex-pair cortraction map F for
all the simplexesin the starsof v; and v,, thusde ning the simplexesin st(v). Then,
it updatesthe boundary and the partial co-boundary relations of the simplexesin
st(v) aswell asthe partial co-boundary relations of the simplexesin Ik(v). The link
of v is a ected sinceany simplex incident in the link of v; or v, and belonging
to the star of vy or v, hasto be replacedwith F( ) in Ik(v). Moreover, connected
componerts formedby simplexesncidert in asimplex belongingto the two links of
v, and v, may mergeasan e ect of the vertex-pair cortraction (sud asat vertex u,
in Figure 5.21). This alsoa ects the partial co-boundary relations of the simplexes

in the link.

Figure 5.21: An example showing the e ect of vertex-pair con-
traction on simplexes in the intersection of lk(vy) and Ik(v,).
Vertex u, is in lk(vy) [ Ik(vz). Contraction of v; and v, causes
two connected components at u, to merge into one single com-
ponent.

A high-lewel description of the vertex-cortraction algorithm is shavn in Algo-
rithm 2. Boundary relation R, 1( ) for a p-simplex in the star of v is computed
by consideringjust onesimplex sud that = F( ) and applying map F to the
(p 1)-simplexesbelongingto the boundary of andincidernt in v; or v, (seelines

9 16in Algorithm 2).
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Complete co-boundary relations Rp,,.1 () are computed for ead p-simplex
incidert in v, or v,. Giventhe stars of v; and of v,, completeco-boundary relations
for all p-simplexesin ead star can be computed basedon the boundary relations
of all (p+ 1)-simplexesin the samestar. This strategy is similar to that usedin
the construction algorithm descriked in Section5.3.3. Then, co-boundary relation
Rpp+1 () forap-simplex in the star of v is computedby consideringthe p-simplexes

incident in vy or v, sud that = F( ), and applying map F to the (p+ 1)-
simplexes belongingto the star of simplexes (seelines18 20in Algorithm 2).
Note that that we do not needto considerany (p + 1)-simplexincidernt in both v,
and v, and mapped by F into , if there existsone. Then, the partial co-boundary
relations of eat simplex in st(v) can be found by a traversal of the star of eah
simplex simply using relations Rp.p+1 ; Rp+1:pr2 @nd Rpiq p.

Co-boundary relations are updated for the simplexesin the links of v; and
V,. For simplexesnot in the intersection of Ik(v;) and Ik(v;), the update is simply
basedon the boundary relations of their incidernt simplexes.But, for the simplexesn
the intersectionof Ik(v;) and Ik(v;), completeco-boundary relations are computed.
Then the complete co-boundary relations for the simplexesin the link of v are
retrieved in a similar way asfor the simplexesin the star of v (seelines24 30in
Algorithm 2). As mertioned above, we needto retrieve the complete co-boundary
relations sinceconnectedcomponerts formed by simplexesincidert in the link may
mergeasan e ect of vertex-pair cortraction. Partial co-boundary relations are then
obtained from completeonesasin the caseof simplexesbelongingto the star of v.

Note that the algorithm for the retrieval of the star, st( ), of a simplex s

161



very similar to that for retrieving the co-boundaryrelationsof . The only di erence
is that the star of consistsof every simplex encourtered in the traversal, while
co-boundary relation Rp4( ) consistsof only the g-simplexesencourtered. Thus,
Algorithm Star( ), which retrieves st( ), can be obtained by changing the test
condition of line 7 of Algorithm 1 from (r = gy to ( 6 ). In a similar manner,
Ik( ) canbe computedby collecting all simplexesvisited during the traversal that
are not incident at . Algorithm Link( ), which computeslk( ), can be obtained
by adding an else-statemento Algorithm 1 whenthe test condition in line 22 fails.
Function F can be implemerted as a hashtable.

Let S( ) bethe sizeof st( ). The retrieval of the starsand links of v, and v, is
of the order of S(v;) and S(v,) respectively. The retrieval of the co-boundary rela-
tions of simplexesin lk(vy)\ Ik(v,) takeslinear time with respect to the star of eat
simplex in Ik(vy)\ Ik(v,). The update of all boundary and co-boundary relations
is linear with respectto S(vy) + S(v2) The complexity of vertex-pair cortraction on
an IS data structure is thus S(v;) + S(v,) + P 21k (V) Ik(va) S( )

A high-lewel description of the vertex-coriraction algorithm is shovn in Algo-
rithm 2. Boundary relation R, 1( ) for a p-simplex in the star of v is computed
by consideringjust onesimplex sud that = F( ) and applying map F to the
(p 1)-simplexesbelongingto the boundary of and incidernt in v, or v, (seelines
9 16in Algorithm 2).

A vertex expansionoperation, seenasthe reverseof a vertex-pair cortraction,
canbefully encaledby encaling the changeof the simplexesn the star of the vertex

v to be expanded. The encaling of vertex expansionis data structure dependen
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in the sensethat the encaling should provide su cien t information for the vertex
expansionto be performedon the data structure. In Section5.2.6,we preserted an
encaling sthemefor performing vertex expansionon the Simpli ed IncidenceGraph
(SIG). Both the SIG and the IS encale the samesets of ertities. This similarity

enablesthe sameencaling to be usedfor both.

5.4 Evaluation, Comparison and Discussison

In this Section, we presen comparisonsamong our proposed and existing
dimension-inde@nden data structures for simplicial complexes. Subsection5.4.1
presens a comparisonbetweenthe IS data structure and the SIG. In Subsection
5.4.2, we discussthe di erences betweenthe IS data structure and the Incidence
Graph (IG). In Subsection5.4.3,we comparethe IS data structure with the EIA for

manifold simplicial complexes.

5.4.1 Comparisonbetweenthe SIG and the IS

In this Subsection,we comparethe SIG and the IS data structure in terms of
their designs.Then, we ewaluate their di erence in terms of the storagecost.

The SIG storesthe sameboundary relations asthe IS data structure, but the
SIG and the IS data structure encale di erent subsetsof co-boundary relations. In
the SIG, the star of ead non-manifold p-simplex is encaled through the partial
co-boundary relation R,,( ), with onerepresetative top simplexin the star of

foreach (g p 2)-connectedregular(g p 1)-dimensionalcomponert in the link
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of . In the IS, the samestar is encaled with one represetative (p + 1)-simplex
in the star of for ead connectedcomponert in the link of . The dierence
occurswhenthe star of consistsof top simplexesof mixed dimensions,becausea
(g p 2)-connectedregular(g p 1)-dimensionalcomponert is a special class

of connectedcomponert.

we \/ Vv oy
N L. N
LD o] A
df, df;
(a) (b) (©)

Figure 5.22: lllustrations of dierence in the subsets of co-
boundary relations encoded by the SIG and by the IS: (@) a
vertex whose star consists of tetrahedron t, dangling-faces d;
and d,, and wire-edge we; (b) the (h 1)-connected regular h-
components in the link of v, for h = 0;1;2; (c) the connected
components in the link of v

This is illustrated in Figures5.22(a)-(c). Figure 5.22(a) shows a vertex whose
star consistsof one tetrahedron, two dangling-facesand one wire-edge. Figure
5.22(b) shaws the (h  1)-connectedregular h-componerts in the link of v for
h = 0; 1; 2, superimposedon the top simplexesin the star of v which correspnd to
thesecomponerts. There is one suh componert of dimension2, one of dimension
1 and one of dimension0. Thus the SIG encalesR,; = fweg, Ry, = fd.g and
Ro.3 = ftg. Figure 5.22(c) shows the connectedcomponerts in the link of v. There
are only two connectedcomponerts. The IS encalesR; = fwe;eg, wheree is an

edgein the star of v which represeis the mixed-dimensionalcomponert.
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Note that a complexis two-dimensional,there are only vertices, edgesand
triangles. Therefore,every componert in the link of a vertex is either a singlevertex
or a connectedset of edges. As a result, the total sizeof the partial co-boundary
relations encaled by the SIG and the IS is the same. Therefore, the storagecosts
of the IS data structure and the SIG are idertical for simplicial 2-complexes. In
the caseof a manifold d-complex, the SIG and the IS also have the samestorage
cost becausethe link of every p-simplexis just one(d p 2)-connectedregular
(d p 1)-dimensionalcomponert.

We experimerted on six simplicial 3-complexesvith non-manifoldedgesshovn
in Figure 5.2(a). The storage costs of the two data structures are evaluated re-
spectively for the boundary relations encaled, and the di erent setsof partial co-
boundary relations encaled. The predominart componert in the storage costs of
both data structuresarisefrom the encaling of the boundaryrelations. The di erent
setsof partial co-boundary relations encaled are about half the size of the bound-
ary relations. The ratio of the storagethat the IS spent on encaling its subsetsof
partial co-boundary relations to that of the SIG variesfrom 85%¢to 99%. The IS is
slightly more compactthan the SIG. Comparing betweenthe partial co-boundary
relations encaled by the IS with thoseby the SIG, the IS is 85%to 99%that of the
SIG. This savzing comesfrom the di erent setsof partial relations encaled at the 3D
non-manifold vertices (seethe Example in Figure 5.22). Note that the componerts
in the star of 3D non-manifold edgesare uniformly-dimensional. Therefore,they do

not cortribute to the di erence betweenthe IS and the SIG in their storagecosts.
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Data set No nyg n- N3 Ce C, ng
Blocks 5.00k 2.83k 40.9k 17.6k 3,25k 0
400-cukes 2.82k 13.6k 17.0k 6.23k 4,29k 0
200-cukes 1.90k 77.6k 9.00k 3.29k 1,10k 0
Starl 41 120 112 32 48 0
Star2 33 80 64 16 32 0
Hollow cube 8 18 16 4 6 0
(a)
Data set | Boundary | co-boundary | co-boundary
subsetlS subsetSIG
Blocks 249,363 105,141 106,844
400-cules 103,139 43,465 46,007
200-cules 55,684 23,383 24,295
starl 704 313 352
star2 416 193 224
Hollow cube 100 48 56
(b)
Table 5.2: (a) Six tetrahedral data sets with non-manifold

edges; (b) Sizes of t
ferent sets of partial
and by the SIG

he boundary relations encode, and the dif-
co-boundary relations encoded by the IS
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Onthe e ciency of navigation, both the SIG andthe IS data structure support
the retrieval of boundary relations in optimal time. On co-boundary and adjacency
relations, both data structures support their retrieval in optimal time for complexes
up to dimension 3. In the following, we discussthe navigation e ciency of eah
data structure for generalsimplicial complexesof dimensionbeyond 3.

The SIG supports the retrieval of co-boundary relations Rpq( ) in optimal
time for any p-simplex p < d. This is becausethe SIG encales the partial co-
boundary R4 relationswhich enableshe e cien t traversalofead (d 1)-connected
d-componerts in the star of . The retrieval of all other co-boundary and adjacency
relations are sub-optimally supported.

The retrieval of all co-boundary and adjacencyrelations is sub-optimally sup-
ported by the IS at all times becausethe retrieval of any co-boundary relation at

involvesthe traversal of all the simplexesin the star of . Note that when the
complex is manifold, the retrieval of co-boundary R4 relation is also supported
in optimal time by the IS becausethe star of ead simplex consist of just one d-
dimensionalcomponert.

A summary of the comparisonsbetweenthe SIG and the IS for navigation

e ciency is shown in Table 5.3.
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Algorithm 1 Co-b oundary( g, )

Require: gq> dim( )
1: S :
2: Mark asvisited
3: Enqueue, )
4: while not Empty(Q) do
DequeueQ)
r dim()
if r=q then
Add to S
end if
10: f Visit co-boundaryof g
11: if r<dand R,,,;( )6 ; then
12: for eahh 2R, ,;( ) do

13: if is not visited then
14: Mark asvisited

15: EnqueueQ, )

16: end if

17: end for

18: end if

19: f Visit boundaryof g
20. if r>dim( )+ 1 then
21: for eahh 2 R, i( ) do

22: if is on the boundary of  then
23: if is not visited then

24: Mark asvisited

25: EnqueueQ, )

26: end if

27: end if

28: end for

29: end if

30: end while
31: return S
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Algorithm 2 VertexP airCon tract( vi, Vo)

=

:S  Star(vy) [ Star( v,)

2. L Link( vi) [ Link( vp)

3: Compute and store F( ) for eat p-simplex in S
4: Retrieve Rpp.1 () for eat p-simplex in S

5. for ead p-simplex in S do

6: F()

7. if dim( )= dim( ) then

8 f Update boundary relations of g

9: for ead (p 1)-simplex in Ry, 1( ) do

10: if isin S then

11: Add F( ) to Rpp 1( )

12: else

13: f isinLg

14: Add to Rpp 1( )

15: end if

16: end for

17: f Update co-boundary relations of g
18: for ead (p+ 1)-simplex in Rpp.1( ) do
19: Add F( ) to Rppea ()

20: end for

21: end if

22: end for

23: f Update co-loundary relations of the links Lg
24: for ead p-simplex in L do
25:  for ead (p+ 1)-simplex in Ry () do

26: if isin Sthen

27: Replace by F( ) in Rppe( )
28: end if

29: end for

30: end for

31: Compute partial co-boundary R,.,( ) for ead p-simplex in S| L

169



Dimension Data Boundary | Co-boundary | Adjacency
Structure | relations relations relations
d 3 SIG Optimal Optimal Optimal
IS Optimal Optimal Optimal

d> 3 SIG Optimal | Rp,4: optimal | Rg.4: optimal
Others: Others:

sub-optimal | sub-optimal

IS Optimal | Sub-optimal | Sub-optimal

of the SIG and the IS data
complexes

Table 5.3: Navigation e ciency
structure for general d-dimensional

5.4.2 Comparisonwith the IncidenceGraph (IG)

The Incidence Graph (described in Subsection4.1.1.2)is the one dimension-
independent data structures suitable for general simplicial complexes. In Section
5.4, we have comparedthe SIG and the IS data structure for generald-dimensional
simplicial complexes. In this Section, we comparethe IS data structure with the
IncidenceGraph (IG) in terms of the storagecosts,of e ciency in retrieving topo-
logical relations and performing update operations.

The IS data structure and the IG store the sameertities, and boundary rela-
tions, but the IG encadesthe completeco-boundary relations of type Rp.p+1 . Thus,
the IG thus occupiesp P+ 1ng P &5 ( o) integersmore than the IS. Recall
that we denotethe total number of connectedcomponerts in the link of a simplex

as () (whendim( )<d), andthe total number of connectedcomponerts summed

P

over the links of all p-simplexesin  as , = gm()=p ( ), for 0 p<d The

above di erence is maximized when encaling a manifold complex. In this case,
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. . P . :
q = Ng andthusthe di erenceis (d+ 1)ng+ gzll adng No. Figure 5.23providesan

exampleat a vertex v whosestar is a manifold 3-complex. The IG encalesall the
seen edgesincident at v while the IS encalesonly edgee. The di erence between
the IG and the IS data is minimum whenonly (q+ 1)-simplexesare incident at all
g-simplexes,in which case, 4= (q+ 2)ng1. An examplefor this caseis when the
whole complexconsistsof isolated edges.Only relations Rq.; and Ry.o are encaled.

Then the IG and the IS have the samestoragecost.

(a) (b)
Figure 5.23: A comparison between Rgai(v) and Rg,(v) in the

manifold case. In (a) IG encodes all the edges that are inciden t
at v. In (b), IS encodes only edge ein the star of v

Retrieving boundary relationsis performedin the sameway for IG and IS data
structures, and requires constart time. Retrieving co-boundary relation Rpq( ),
with p < g+ 1 from the IS data structure requirestime linear in the number of
top simplexesin the star of . An illustrative example has beengiven in Figure
5.19, in which all co-boundary relations of vertex v are retrieved as facesof the
top simplexesin the star of v. It can be shavn that the retrieval of co-boundary
relations requirestime linear only in the number of g-simplexesin the star of
from the 1G when dealing with regular objects. In the caseof simplicial 2- and
3-complexesgo-boundary relations can be retrieved in optimal time from both data
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structures. For both the IS and the IG, the time required for retrieving adjacency
relations dependslinearly on the retrieval of boundary and co-boundary relations.

Update operations can be done e cien tly on both the IS data structure and
onthe IG. The three basicstepsfor updating thesetwo data structuresare: rst, to
retrieve all the simplexesdn the starsof the verticesthat areto be contracted; second,
to computethe simplexesthat result from the cortraction, and third, to update the
co-boundary relations of simplexesin the star of the new vertex. The update of the
IG for vertex-pair cortraction is a local operation involving only simplexesin the
stars of the verticescorntracted. An algorithm for vertex-pair cortraction operation
on the IG is presened in [68]. Thesedata structures exhibit a very low overhead
when encaling manifold complexes.The IG doesnot distinguish betweenmanifold
and non-manifold simplexes,while theselatter and their incident componerts are
explicit in the IS data structure. This can be illustrated through the examplein
Figure 5.19(a). Vertex v in this exampleis non-manifold becausenodese; and e,
in the partial incidencegraph of v (as shown in Figure 5.19(c)) have more than one
arc pointing up.

The simplicity of the partial co-boundary relations encaded by the IS data
structure allows it to support update operations in a fashionthat is conceptually
comparableto the IG.

The IS data structure has a storagecost of about 80% of the IG for manifold
triangle meshesand for triangle mesheswith a small amourt of non-manifold sin-
gularities. The IS and the IG all have the samestoragecost for encaling simplexes

and boundary relations (which are the predominart cost). The partial co-boundary
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relations encaled by the IS occupy aslittle as50%the storagethat the IG spends

on encdaling the full co-boundary relations for simplicial 3-complexes.

5.4.3 Comparisonwith the Extended Indexed Data Structure with

Adjacencies(EIA)

Among dimension-indegndert data structures suitable for manifold simplicial
complexes,the Indexed data structure with Adjacencies(lA) (seeSection4.1.1.3)
is the most compact. In Section5.4.1, we have shavn that for manifold complexes,
the SIG and the IS are equivalert in terms of the typesof topological information
they encale. In this Section,we comparethe SIG and the IS data structure with
the EIA.

The EIA data structure is an adjacency-basedlata structure. It encalesver-
tices, top simplexes,their incident vertices,and the adjacencyrelations amongthe
top simplexes.The EIA data structure di ers from the SIG and the IS data struc-
ture primarily in the ertities encaded. The former encalesonly the top simplexesin
the complexeswhich is much smallerin number than the total number of simplexes.
As a result, the way a simplex is addressedn the SIG and the IS is di erent from
that in the EIA. Sincethe SIG and the IS encalesall simplexes,ead simplex has
a unique identi er. In the EIA, a p-simplex (for 0 < p < d) needsto be describked
as a faceof one of the d-simplexesincidert at it.

Now we comparethe data structuresin terms of their storagecosts. Consider

a complexwith ny d-simplexesand ng vertices. Let n, be the number of p-simplexes.
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The number of topological relations encaled by the three data structures for mani-

fold d-complexesare respectively:
EIA: 2(d+ 1)ng + ng
P P
SIGandIS: oy gNp(P+ 1)+ 2ng 1+ o peg 1Np

For the caseof n = 2, the EIA encales6n, + ng  13ng piecesof information
on topologicalrelations while both the SIG andthe IS encade9n,+ ny 19 pieces
of information. The storagecostsof the two data structures have beenevaluated for
data setsof manifold 2-complexesn Table 5.4. The the caseof n = 3, comparisons

are madein Section6.3 along with data structures specializedfor 3-complexes.

Data set ng ng 1P deg(V) | IS/SIG | EIA

Car 6.94k 18.0k 11.8k 5.09 114k | 77.7k
Doll 551 1.38k 831 452 | 8.56k | 5.54k
Face 2.09k 6.15k 4.05k 5.83 | 38.8k | 26.4k
Temple 6.85k 17.8k 11.00k 4.82 111k | 72.9k
Sofa  8.09k 23.5k 15.1k 5.61 147k | 98.9k
Lion 5.17k 15.2k 10.1k 5.84 | 96.1k | 65.5k

Table 5.4: Comparison between the IS (or SIG) and the EIA
on the number of top ological relations they encode on manifold
triangle meshes

On the e ciency of navigation, the EIA provides optimal support for the
retrieval of co-boundary Ro.4 and adjacencyRy.4 relations. Other co-boundary rela-
tions R,.q are sub-optimally supported astheir retrieval involvesthe retrieval of all
the d-simplexesin the star of the query p-simplex . The retrieval of adjacencyre-
lations is dependen on that of the co-boundary relations, and are thus sub-optimal.
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The SIG and the IS are comparableto the EIA in their support for e cient
retrieval of boundary relations for complexesof any dimension and for e cient
retrieval of co-boundary relations for complexesof dimensionup to 3. Details on
the navigation e ciency of the SIG andthe IS data structure canbefoundin Section

5.4. A summary of the navigation comparisonis shown in Table 5.5.

Dimension Data Boundary | Co-boundary | Adjacency
Structure | relations relations relations
d 3 SIG/IS Optimal Optimal Optimal
EIA Optimal Optimal Optimal

d> 3 SIG/IS Optimal | Rp.q: optimal | Rg.q: optimal
Others: Others:

sub-optimal | sub-optimal

EIA Optimal | Rog: optimal | Rq.q: optimal
Others: Others:

sub-optimal | sub-optimal

Table 5.5: Navigation eciency of SIG, IS and EIA for d-

dimensional manifold complexes

5.4.4 Comparisonwith Existing Data Structures for Non-manifold
Simplicial 2-Complexes

In this Section,we comparethe storagecost of the IS data structure and the
SIG with existing data structures for non-manifold simplicial 2-complexeseviewed
in Section4.1.2.2: namely, the Radial-Edge (RE), the Partial Entities (PE), the
Directed Edge (DE), the Triangle-Segmen (TS) and the Vertex-Face (VF) data

structures. Note that the IS and the SIG have the samestoragecostfor 2-complexes.
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We ewaluate the storagecostsof eat of thesedata structures for a simplicial
2-complexwith n, triangles, n; edgegincluding n! wire-edgesjand n, vertices. The
total number of connectedcomponerts at the link of non-manifold edgess denoted
by C., and the total number of connected-compnerts at all verticesis denotedby

C,. The storagecost of ead data structure is as follows:
RE : 730, + ny + 4n} + ng
PE :22n, + n; + 4n} + 3C,
DE (full-sized) : 150, + 2n} + C,
TS:6n, + Ce + C,
VF :6n; + 2n;
ISand SIG: 6n,+ 2n; + C,

We comparethe IS and the SIG with thesedata structures on the data sets
shown in Table 4.8(a). The results are shovn in Table 5.6. It can be obsened that
the IS and the SIG are lessspace-consuminghan the edge-basedlata structures
(RE, PE and DE), but they are not as compact as the adjacency-basedl'S data

structure.

5.5 A Multi-resolution Mo del

A Non-manifold Multi Tessellationis a generalizationof the Multi-T essellation
proposedin [27] for manifold simplicial complexesto arbitrarily-dimensional sim-
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Data set RE PE DE TS VF | IS/SIG

cylinders | 15.3k | 5.07k | 3.15k | 1.33k | 1.82k| 1.92k
pies 172k | 56.0k | 35.3k | 16.5k | 19.8k| 20.5k
frame 82.9k | 30.1k | 18.0k | 7.86k | 10.8k | 12.2k
cubes 714k | 228k | 146k | 74.7k| 79.0k | 81.2k
densetover2 | 1,380k | 462k | 286k | 122k | 166k | 175k

Table 5.6: Storage cost of seven data structures for 2D data
sets in Table 4.8(a)

plicial complexes. The basic ingredierts in a Non-manifold Multi-T essellationare
updates and a dependencyrelation among updates. An update of a complex is
an operation that replacesa set of simplexesof  with another set of simplexes,
under the constraint that the result is still a simplicial complex. Here, we focus
on updatesthat changethe size of a meshby either increasingit (re nement), or
decreasingit (coarsening. The dependencyrelation amongre nement updatesis
de ned asfollows: an update u dependson another update u®if u deletessomesim-
plexesintroducedby u® Under certain assumptions(see[27]), the transitiv e closure
of the dependencyrelation de nes a partial order amonga set of re nement modi -

cations applied to the complexat coarsestresolution. This latter is called the base
complex A Non-manifold Multi-T esselation is de ned as the basecomplexplus a
partially orderedset of updatesfU g= (fup;us; :::; uyg; ), whereead update u;,
i = 1,2;::;h represets both a re nement update and its inversecoarseningupdate.

Figure 5.24 givesan exampleof an update on a non-manifold model.

A subsetS of the updates of an NMT is called closal with respect to the

partial order if, for ead update u; 2 S, all updatesu;, sud that u; precedesy;, are
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(@) (b)

Figure 5.24: An update u applied on the beak of a non-manifold
duck model: (a) u and u*; (b)! (c) application of u= (u ;u*)
on the complex shown in (b); (c)! (b) application of the inverse
of u to the complex shown in (c)

alsoin S. The re nement updates correspnding to a closedsubsetof nodes can
be applied to the basecomplex o in any total order extending the partial order.
This producesan extractad mesh ¢ at a level of resolution intermediate between
the basecomplexand the complexat full resolution.

Here, we are interestedin an NMT built through the iterativ e application of
the vertex-pair cortraction operation. A vertex-@ir contraction appliedto a pair of
verticesvs; v, of a simplicial complex consistsof mergingv; and v,, and updating
all the simplexesin st(v,) [ st(v,) asa consequenceFor simplicity, we will consider
mergingvertex v, into v; (in other words, we call v; the new vertex). Vertex split is
the inverseoperation with respect to vertex-pair cortraction. It consistsof splitting
a vertex vy in a simplicial complex into two verticesv; and v,. There may or
may not be an edgee = fvy;v,g. The k-simplexesin st(v;) either expand into
(k + 1)-simplexesforming st(e), if e exists, or becomeincidert at v, or v,, or are
duplicated. Figure 5.25 shavs two examplesof the operations. The vertex-pair
cortraction operation changesthe mesh on the left to the mesh g on the right.

Its inverseoperation changemesh g into mesh .
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A V, Vi

(@) (b)

Figure 5.25: Two examples of contraction and its inverse, ver-
tex split: vertices v; and v, are contracted into v,

We call an NMT built through vertex-pair cortraction a Vertex-lasal Multi-
Tesselation (VNMT) . An update in a VNMT, thus, correspndsto a cortraction
of a pair of verticesto a vertex and to its inverse, vertex split. The data struc-
ture encaling a VNMT consistsof a procedural encaling of the updates (vertex
cortraction and vertex split) and a compactencaling of the partial order relation.
For vertex-pair cortraction, we just needto encale the verticesv,; and v, which
are merged, while for vertex split we needto specify the e ect of the split on the
simplexesin the star of v;.

The dependencyrelation is encaled as a forest of binary trees of vertices by
using a modi cation of the medanism proposedin [33] for triangle meshes. The
leaves of the forest corresppnd to the vertices of the referencemesh. Eadch internal
node represets the vertex v; on which pair v; and v; is collapsed,and its two chil-
dren represen verticesv; and v,. Sincea vertex-pair cortraction doesnot generate
a new vertex, we renamethe surviving vertex v, and considerit as another vertex.
If the pair v, and v, is collapsedto vertex vy, then V? is a renamel copy of vertex

vi, and appearsin the binary tree as the parert of verticesv;, and v,. In addi-
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tion, we usea vertex erumeration medanism. The n vertices of the full-resolution
complex are labeled arbitrarily from 1 to n, the remaining vertices (vertex copies,
in our case)are labeled with consecutie numbers as they are created during the
LOD model generationthrough edgecollapse. In this way, the label of parert v?
will be greaterthan the labels of its two children v, and v,. It can be shown that
the information stored in the forest plus the enumeration medanism are su cien t
to retrieve the updatesu®sudh that u® u, whenwe are goingto apply an update
u on the currently extracted complex .

The basis of any query on a multi-resolution model is seletive re nement,
which consistsof extracting a complex, which satis es someapplication-dependen
requiremerts, sud asapproximating a spatial object with a certain accuracywhich
can be either uniform, or variable in space. The solution of a selective re nement
query is the extracted complex s of minimum sizeassaiated with a closedsetS of
modi cations applied to the basecomplex . Selective re nement is performedby
traversingthe NMT and constructing a closedsubsetS of updates,andits assaiated
mesh s either by recursive top-downre nement applied to the basecomplexor by
an incrementalfashion,which nds asolutionto a newquery by applying re nement
and coarseningupdatesto the complex obtained as a solution to a previous query
[31, 24, 38. The incremenal algorithm can be applied to the basemeshto extract
a complexfrom scratdh. So, it encompassethe top-down re nement algorithm as
a special case.

In [17], we have encaled the extracted complex as a SIG (see Section 5.2).

Vertex-pair cortraction is the basicoperation we useto generatethe multi-resolution
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model. Both vertex-pair cortraction and vertex expansionare usedwhen extracting
variable-resolutionrepresemations from the vertex-basedNMT. The algorithm for
performing vertex-pair cortraction on the SIG hasbeendescriked in Section5.2.5.
In the following Section, we report someexperimertal results on the construction

of an NMT usingthe SIG and the VPC operator.

5.5.1 Experimertal Results

In this Section,we show the resultsof three casestudiesthat consistof triangle
meshesdescribingthe boundary of man-madeobjects. The rst casestudy is the
model of a bicycle. It cortains 22,000verticesand 44,000triangles at full resolution.
The interesting characteristic of this data setis the presenceof many thin long parts.
The secondcasestudy is the model of a handgun. The full resolutionmodel of it has
13,000verticesand 22,000triangles. This model hasparts (such asthe trigger) that
are featuresof interest in di erent resolutions. The third casestudy is a model of
a reductor. This model has 67,000verticesand 133,500triangles at full resolution.
Both the bicycle and the handgun models are obtained from the Princeton Shape
Depository. The reductor is from CAD data. Thesemodels are showvn in Figure

5.26.

To ewaluate the performanceof the vertex-pair cortraction algorithm, we per-
form a sequencef vertex-pair cortraction operationson ead casestudy to construct
a seriesof uniform-resolution models. The experimerts have beenperformedon a

Linux PC with 1 million CPU clocks per second. The times taken in constructing

181



Bicycle Handgun
22,000vertices 13,000vertices
44,000triangles 22,000triangles

Figure 5.26: Three case studies:
reductor,

the handgun models are shavn in Table 5.7.

Reductor
67,000vertices
133,500triangles

a bicycle, a handgun and a
each shown at full resolution

Model size (number of triangles) 42000 24000 14000 2000

Bicycle | Number of vertex-pair cortractions | 1000 10000 15000 21000
Total time in sec 0.15 4.54 6.27 7.71

Model size (hnumber of triangles) | 20,400 10,000 6,000 2,000

Handgun | Number of vertex-pair cortractions 800 6,000 8,000 10,000
Total time in sec 0.09 1.48 2.06 2.58

Model size (number of triangles) | 113,500 93,500 73,500 53,500

Reductor | Number of vertex-pair cortractions | 10,000 20,000 30,000 40,000
Total time in sec 1.38 265 382 6.92

Table 5.7: CPU times used in performing vertex-pair

tion on the three models

contrac-

We alsoshow the results of various meshesxtracted from the multi-resolution

model of the bicycle model. Figure 5.27 shav somevariable-resolutionmeshesob-

tained. In ead variable-resolutionmesh,the part of the object that is of interestis

shown in full resolution and is highlighted in the picture, while the remaining part

of the object is at a user-designatedesolution, which is uniform and is a fraction of

the full resolution. This fraction is estimated by the ratio of the number of vertices

182



in the coarsenedareaof the meshto the number of vertices of the sameareain the

full resolution mesh.

(a) (b) (©)
5,900vertices 7,300vertices 3,800vertices
11,500triangles 14,000triangles 7,000triangles
244 wire edges 320wire edges 500wire edges

Figure 5.27: The bicycle model describ ed at variable resolu-

tion (a) wheel at full resolution, remaining parts at 2—13 of full

resolution; (b) paddle at full resolution, remaining parts at ﬁ

of full resolution; (c) handle at full resolution, remaining parts
at o= of full resolution

5.6 Summary

In this Chapter, we studied the problem of modeling non-manifold simplicial
shapes cost-e ectively. We proposedtwo dimension-inde@ndert data structures,
namely, the Simpli ed IncidenceGraph (SIG) and the IncidenceSimplicial (IS) data

structure. Thesedata structures cater to the needof applications which require the
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explicit encading of all simplicial ertities. At the sametime, thesedata structures
optimize on the storageand navigation costs. Update operatorshave beendeweloped
for both data structures. We also case-studiedthe SIG in the application of Non-
manifold Multi-T esselation.Both data structures and the update operatorson them
have beenimplemerted.

The work on SIG has beenpublishedin [12]. In conjunction with the modi-
cation operator (seeSection3.3.1,the SIG hasbeendewloped successfullyinto a
multi-resolution modeling application, the non-manifold multi-tesselation, see[17].
The IS data structure hasbeendiscussedn [16) andis in the procesdfor publication.
It hasbeenobsened in the Solid Modeling comnunity that there is a real demand

for sudh cost-e cient data structures which encale all simplexesof a complex.
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Chapter 6

Tw o Data Str uctures for

Non-manif old Tetrahedral 3D Shapes

It is not uncommonthat a model cortains parts of mixed dimensionsand with
non-manifold connectivites. No compact topological data structure exists in the
literature which describes3D shapeswith mixed dimensionsand non-manifold con-
nectivities. While dimension-inde@nden data structures, sud as those described
in Chapter 5, are able to capture the topology of sud a model with integrity, such
data structures may not be optimized in storagecost.

Storagecost is strongly related to the amount of topological information en-
coded in a speci c data structure. In general,the more the information encaled,
the larger the sizeof the data structure. For applicationson small-to medium-sized
data, it is possibleto trade o storagecost with the easeof accesdo the encaled
information. Howewer, for applicationsthat work on models described by hundreds
of millions of cells, storagecostis a key factor on the usability of a data structure.

In handling huge models, it is essetial that the represemation capturesthe

intrigit y of the shape while trading o the explicit description of someinformation
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for lessspaceconsumption. One approad to optimization which is commonly used
in data exdhangeis the \soup of top simplexes". The soupof top simplexesapproadh
barely capturesall the top simplexeghat form the model and cortains no topological
information regarding the connectivities among the top simplexes. Thus sut a
represemation haslittle useapart from data transmission. But it servesasthe basis
on which highly compacttopologicaldata structures may be built. In this Chapter,
we proposetwo highly compactdata structures specializedon 3D simplicial shapes
of mixed dimensionsand non-manifold connectivities.

The Indexed Data Structure with Adjacencies(NMIA) presered in Section
6.1 is a highly compact data structure for tetrahedral mesheswith non-manifold
singularities. The NMIA data structure is especially suitable for applications which
perform shape modi cation onhugemodels. We alsodiscussupdate operation onthe
NMIA. The Double-Lewel Decommsition (DLD) Data structure preserted in Section
6.2 is designedfrom the decomposition approad which breaksa non-manifold 3D

simplicial shape into parts of uniform dimenion and simpler topology.

6.1 Non-Manifold Indexed Data Structure with Adjacencies
(NMIA) !
We have designedthe Non-Manifold Indexed data structure with Adjacencies

(NMIA) [13] in orderto capture all the 3D non-manifold singularitiessuccirtly. The

NMIA data structure is a non-manifold extensionof the EIA data structure. The ex-

10riginally published in [13] Copyright ¢ 2003 Eurgraphics.
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tensionis performedby encaling the various connectedcomponerts at non-manifold
vertices and non-manifold edges. For the purposeof compactnessjt encalesonly
the vertices, and all the top simplexesof a simplicial 3-complex. A minimal set
of topological relations is encaled to ensurethat all other topological relations are

retrievable. The following are the topological relations encaded:

For ead tetrahedront:

{ relation R3(t), which consistsof all the verticesof t;
{ relation R3.3(t), which consistsof all the tetrahedra sharing a face with

t;

For ead dangling-facef (recall from Section3.1that a dangling-faceis a top
2-simplex):

{ relation Ry.o(f ), which consistsof all the verticesof f ;

For ead wire-edgew (recall from Section 3.1 that a wire-edgeis a top 1-

simplex): relation R1.o(w), which consistsof all the verticesof w;
For eadh non-manifold edgee:

{ partial relation Ry.,, which consistsof all the dangling facesincidert at

€

{ partial relation R, 3, which consistsof one tetrahedron from ead fan of
tetrahedra(i.e., alinearly-sortable2-connectedset of tetrahedra) incident

at g
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For eath vertex v:

{ partial relation R, (v), which consistof all the wire edgesincidert at v;

{ partial relation R,(v), which consistsof onedangling-facefrom eat 2D
connectedcomponert (that is a componert of dangling faces)in the star

of v;

{ partial relation Ry3(v), which consistsof one tetrahedron from ead 3D
connectcomponert (that is a componert of tetrahedra possibly mixed

with dangling-faces)in the star of v.

Vertex-basedR, (for g = 1;2;3) relations asseiate ead vertex v with one
g-dimensional connectedcomponert in st(v). The edge-basedelations R,., and
R;.; areencaled at the simplexesthat areincidert at the non-manifold edgesin the

following manner:

at a non-manifold edgee of a dangling-faced , the top simplexes(dangling-
facesor tetrahedra) following and precedingd around e are encaded. For
examplein Figure 6.1, tetrahedra t; and t, are encaled at edgee of dangling-

faced ;

at a non-manifold edgee of a tetrahedront, the top simplexes(dangling-faces
or tetrahedra) following and precedingt around e and sharingonly edgee with
t are encaed (if theseexist). For examplein Figure 6.1, only tetrahedron t4

is encaled at edgee of tetrahedron ts.

This resultsin an implicit encading of relation Ry, and R..
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Figure 6.1: Encoding of relations at an implicitty encoded non-
manifold edge e

6.1.1 Implemertation and StorageCost

In this Section, we descrite the implemertation details of the NMIA data
structure and its storagecost in terms of the number of piecesof information en-
coded. The indices of the simplexesare integer. We assumethat eadr memory
slot may by interpreted as either an integer or a pointer, depending on the cortext.
Flags are encaled by bits.

For ead entity (vertex, wire-edge,dangling-faceand tetrahedron), we store
avisit ag. This ag is usedby traversal algorithms to mark a simplex as having
beenvisited. The ags of the visited ertities have to be resetafter eadh traversalis
completed.

All boundary relations are implemerted as x-sized arrays.

Relation R3.3 is implemerted as a x-sized array with one bit- ag for ewery
elemen to indicate if the correspnding face-adjacentetrahedron is presen or not.
When the adjacen tetrahedron is absen, the correspnding array position is used
as a pointer to a x-sized array which encalesR;., and R,.; at ead edgeof the

correspnding facef of t, encaling one elemen per edge. A 3-bit ag encales
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which edgesof facef of t are non-manifold edges. When all three edgesof f are
manifold edgesthe array position cortains value -1.

For dangling-facespartial relationsR;., and R, ; at eat edgeof dangling-face
d is encaled by a variable-sizedarray with up to two elemerts for ead edgeof d .
Three ags are usedto indicate whether eat edgeof d is manifold.

For partial co-boundary relations at vertices,we encale an index | and a ag
for eat vertex v. The ag indicateswhether v is manifold or not. If v is manifold,
the index | points to onetetrahedronin the star of v. Otherwise,| points to anarray
of three pointers. Ead pointer points to a variable array encading Ry.1; Rg.2; Ro:3
respectively.

Let nz;n,; n,; N denotethe number of tetrahedra, dangling-faceswire-edges
and vertices respectively. let us de ne C, to be the total number of connected
componerts summedover all the non-manifold edges,C, to be the total number of
connectedcomponerts in all stars of vertices.

For this implemertation, the storagecost can be estimated as follows:
Rs.0: 4n3 integers

Rs.3: 4n3 integersand 4n; bits

R;; and Ry.,: 2C, integersand 12n3 + 3n}, bits

Ro.0: 3n) integers

Rio: 2n} integers

Ro.1: Ro2: Rga: Cy integersand ng bits
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The total storagecostis 8nz + 3n}, + 2n} + 2C, + C, integersand 16nz + 3n} + ng
bits. For the caseof encaling a regular object, n}, = n! = 0 and the costis reduced
to 8nz+ 2C. + C, integersand 16n3+ ng bits. Moreover, whenthe complexencaled
hasa 3-manifold domain, n}, = n} = C, = 0 and C, = n,. Thusthe costis 8n3+ ng
integersand 16n3 + ng bits. Thus, the NMIA hasa very high scalability. When it

encalesa manifold simplicial 3-complex,its overheadis only 16n3+ ng bits compared

with the EIA.

Non-manifold| ng N3 n} n Ce C, StorageCost
Teapot 4,658 5,666 2,944 3,930 144 10,617| 73,911int 107,104bits
Balloon 1,108 856 64 1632 O 1,268 | 13,140int 19,700bits
Regular No ns ni=0ni=0 C, C, StorageCost
Cubic 4,823 14,503 - - 160 4,823 121,167int 236,871bits
Dough 3,097 8,509 - - 256 3,097 | 71,681int 139,241bits
Manifold No ng ni=0n\=0 Ce=0 C,=ng StorageCost

Gargoyle [2.73k 10.0k - - - - 82.73int 162.73bits
Rings 2.52k 8.13k - - - - 67.56int 132.6bits

Table 6.1: An evaluation of the implemen tation-sp ecic storage
cost of the NMIA data structure on non-manifold, regular and
manifold data sets

6.1.2 Retrieval of Topological Relations

In this Section, we discusshow topological relations can be retrieved in opti-
mal, or almost optimal, time from the NMIA data structure. Sud retrieval algo-
rithms arethe basisfor developinge cien t traversalalgorithms through the complex
descriked by the data structure.
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Retrieving those relations which are explicitly stored in the data structure,
i.e., R3g and Rss, for tetrahedra, Ry, for dangling-facesR o, for wire-edgestakes
constart time. Retrieving boundary relations R3.,(t) and R3;(t) providesasresults
the facesof tetrahedron t, speci ed astriplets of vertices,and the edgesof tetrahe-
dron t, speci ed as pairs of vertices, respectively, and can be performedin constar
time. To retrieve boundary relation R,.;(f ), we needto specify facef in casef
is not a dangling-face. Thus, if f is a boundary face of a tetrahedron t, then we
specify f asface(t, i), that is the i-th faceof t, wherei = 0;::; 3. The 1-simplexes
involved in R,.1(f) are again speci ed as pairs of vertices. Thus, relation R.1(f)
is retrieved in constart time. Relation Ry3(f ) can be extracted only for boundary
facesof tetrahedra. Facef is speci ed asface(t, i). The retrieval algorithm makes
useof relation R33(t) to nd the other tetrahedron sharingf , if it exists. This takes
constart time.

Retrieving relations R1.2(€) and R;.3(e) involvesnavigating around an edgee.
Sud navigation can be descriked by Algorithm 3. The simplexesof the desired

dimensionscan be extracted during sud navigation.

We illustrate through the examplein Figure 6.2 how to retrieve both R1.»(€)
and Ry.3(e) relations, i.e., how to navigate around an edgee in courter-clockwise

direction. To this aim, we perform the following steps:
1. We start with e being an edgeof ts.

2. Using Ry5(t3; €), we retrieve the left and right neighbors of t; with respect to
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Algorithm 3 Retriev eSimplexesA tEdge( , €)
Require: be a tetrahedron or dangling-face,and e be an edgeof

1. 0=
2: done:=false
3: rep eat
4: if dim( 9= 3 then
5: Retrieve °0 which follows ©around edgee, from R 1;2( ;€), R 1;3( ;€)
or R3;3( )
6: elseif dim( 9= 2 then
7: Retrieve % which follows °aroundedgee, fromR 1;2( ;e) orR 1;3( ;€
8 endif
o: 0= 00
10: until = ©
df, 3
i3
df,
b
bt
(a)

Figure 6.2: (a) shows a non-manifold edge €; (b) shows the same
edge view ed perpendicularly (c) shows the steps of navigating
through the entities incident at the non-manifold edge e

e. Theseare d; andt,, respectively. Sincewe chooseto go around e in the

courter-clockwise direction, we move to t,.

3. At t,, relation R3.3(t2) allows us to extract all the tetrahedra which are face-
adjacert to t,. By usingRz.(t2), we canselectt; asthe only tetrahedron that

is alsoincidert at e. Then, we move to t;.

4. At t1, again we use the R33(t;) to retrieve the tetrahedra which are face-

adjacert to t; and R3o(t;) to selectthoseincidert at e. This givesty and to,
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and thus we move to to.

5. Tetrahedron ty has only one face-adjaceh neighbour, namely t; which has
beenvisited. The top simplex following to around e is encaled as R;.,(to; €).
From R.,(to; €) we retrieve the right neighbor of to, which is do. Thus, we

move to d .

6. The neighbours of d at e are encaled as Ry.,(do;€). From Ry (do;€) we

retrieve the right neighbor of d o, which is d ;. Thus, we move to d ;.

7. From Ry.,(d 1;€) we retrieve the right neighbor of d 1, which is t3. Thus, we

are done, sincewe started with ts.

Retrieving relation Ri.»(€) takes a time linear in the number of facesincidernt at
e, i.e., it can be performed in optimal time. Retrieving relation R;.3(e) takes
O(jR1:2(€))) time, wherejR1.2(€)j denotesthe number of facesincident at e, because
of the possiblepresenceof dangling-faces.Relation R,.,(f ) is basically retrieved in
the sameway as relation R;.»(€), onefor ead edgeof facef. Therefore,it takes
O(jR2:2(f )]) time, which is optimal.

Top simplexesincident at a vertex v must be retrieved by traversingthe star of
v through relation Ry, for g = 1;2;3. Retrieving relations Roo(V), Ro1(V), Roz2(V),
and Rg3(Vv) requiresa breadth- rst seart over all the connectedcomponerts incident
at vertex v. Within ead componer, ertities that areincidert at v are traversedby
using Rs3, R3, Ry3, and Ry, relations. Here we show the algorithm for retrieving
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Algorithm 4 Retriev eTetrahedraA tV ertex( v)

1: for ead in Rgs( ) do
2. visit( )

3:  enqueueQ, )

4. while not Empty (Q) do

5: = dequeueQ)

6: if dim( 9= 2 then

7: retrieve all edgesof through Ro.o( )

8: else

9: retrieve all edgesof through Rs.o( )

10: end if

11: for ead edgee retrieved that is incident at v do
12: retrieve all top simplexesincidernt at e
13: for ead top simplex Cincidert at e do
14: if not visited © then

15: visit( 9

16: enqueueQ, 9

17: end if

18: end for

19: end for

20: end while

21: end for

6.1.3 Performing an Edge Collapseon the NMIA Data Structure?

In this Section, we addresshow the NMIA data structure can be useful for
applications that needto perform updates on 3D models. Speci cally, we want
to study how the NMIA data structure can support the elemenary meshupdate
operator edgecollapse and its reverseoperation, vertexsplit. The generalprinciples
of the elemenary edgecollapseand vertex split on non-manifold 3D shapes have

beendiscussedn Section3.3.3. In this Section,we addresshow an edgecollapsemay

20riginally published in [14]. Reproduced with notice of ACM copyright: permissionto make
digital or hard copiesof part or all of this work for personal or classram useis granted without
fee provided that copiesare not made or distributed for prot or commercial advantage and that
copiesbear this notice and the full citation on the rst page. Copyrights for componerts of this
work owned by others than ACM must be honoured. Abstracting with credit is permitted. To
copy otherwise, to republish, to post on seners or to redistribute to lists, requires prior specic
permissionand/or a fee.
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be performedon the NMIA data structure sothat the neighbourhood connectivity
of the shape is captured in the data structure. Vertex split and its encaling are
addressedn the next two Sections.
Performing the collapseof an edgee = (v1;V;) into a vertex v in a complex
requires specifying just edgee and vertex v. Ry, relation is a ected for all k-
simplexesin st(vi) [ st(v2). Ras, Ry3, Ry, @and Ry (for g = 1;2;3) relations are
a ected for all simplexesbelongingto st(vy) [ st(v;), or adjacert to simplexesin
st(vy) [ st(vo). In this Section, we discussin detail the di erent situations which
can arise and shav how the ertities and the relations in the NMIA data structure
have to be updated. Basedon this analysis,we presen an algorithm for performing
edgecollapse.
In Section 3.3.3, we erumerated the three casesthat may occur when edgee

is collapsed.We summarizethem as follows:

1. 2 st(e): in this case, caneither be a 2-simplexor a 3-simplex.

2. 2 st(vy), 62t(v,) andthere exists™ 2 st(v,) sudhthat \ — 6 ;: in this
case, isincident at v; but not in v,, and there existsa simplex — incident at
v, which intersects . This casealsoincludesthe symmetric situation in which

2 st(vy) and 62t(vy) and there exists— 2 st(vy) sudhthat \ —6 ;.

3. 2 st(vq), 62st(vy) and \ — = ;, for every — 2 st(v,): in this case,

is incident at v; and not in v, and it doesnot have any intersection with

simplexesincidernt at v,. This casealso includesthe symmetric situation in
which 2 st(v,) and 62t(v;) and 8~ 2 st(vy), \ —=;.
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Casel, in which a k-simplex s reducedto a (k 1)-simplex and case2, in
which two k-simplexesmay be mergedinto a singleone,require more attention. We
erumerate herethe di erent situations which may arisein thesetwo cases.This will
alsohelp us encaling the inverseof edgecollapse,vertex split.

Tothis aim, weconsiderL = link (vy)\ link (v,). L isacollectionof verticesand
edgeswhich can be orderedclockwise or courter-clockwise around edgee = (vq; Vo).
If e is a manifold edge, then L is homeomorphicto a circle or to a portion of
a circle. If e is a non-manifold edge, then L is composed of seweral connected
componerts, onefor ead connectedcomponert incident at e. Each componert may
consist of an isolated vertex or of a chain of edges. Figure 6.3 gives an example
of L = link(vy) \ link(v;). Edgee = (vi;V,) is the edgeto be collapsed. st(v;)
is composed of tetrahedra ty;t,;ts; and of all their faces. link (v1) consistsof the
simplexesin st(v,) that are not incident at v;, namely facesf,; and f3; with all
their boundaries. st(v,) is composedof tetrahedra t;;t3;ts and of all their faces.
link (v,) is de ned similarly to link (v;), and consistsof facesf , and f , with all their

boundaries. Thus L consistsof one edge,namely, edge(us; uy).

Let usconsider! ; 2 L: !'; canbe a vertex, u, or an edge(u;; u,). We denote
with 1(!;) the set of simplexesincident at ! ;, i.e. in st(!;), and incidert at either
V1 Or v, but not in both. In the exampleof Figure 6.3, L hasonly onecomponert,
namely edge(uy; uy), which wecall ! . Thus,I(! o) = ft,;t3g. We denotewith ¢(! ;)
the set of simplexesincidert at !, i.e., in st(!;), and in both v; and v,. In the

exampleof Figure 6.3, ¢(! o) = ft,0.
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Figure 6.3: An illustration for L = link(vy)\ link(vz): link (vy) is
comp osed of faces f;, f3 and of all their boundaries. Similarly ,
link (v») iIs composed of faces f,, f4, and of their boundaries.
Therefore, L is composed of edge (uj;uy). Let o = fty;tsg.
Then, (! o) = fty;t3g9, and c(! o) = ft,0.

We considera simplex 2 ¢(!i), which can be either a tetrahedron, or a
dangling-face,and two simplexes ; and », incident at v; and v,, respectively,
and belongingto I(! ;). Note that ; and , can be tetrahedra, dangling-facesor
wire-edges.This latter caseis possibleonly when! ; is a vertex.

The possiblecombinations of ;, and , are reported in Table 6.2. The
rst eigh casesapply when!; is an edge. The other eight casesapply when! ; is
a vertex. In the columnscorrespndingto ;, and 5, the symbol T, F, E or ;,
meansthat the correspnding simplexis a tetrahedron, a dangling-face,a wire-edge
or is non-existert, respectively. When ! ; is an edge, is always boundedby four
verticesfvy; vo;! jg and canbe either atetrahedron or a hole. In both casesjt shares
facefvy;!jgwith ; andfacefv,;!igwith ,. If isatetrahedron,it undergesa
dimension-reductiontransformation into facefv;! ;g. In all casessimplexesfvy;!ig
and fv,;! ;g are mergedinto simplexfv;!;g. In the NMIA data structure, we are
only interestedin the casein which fv;! ;g is a dangling-face sincewe do not encale

the facesbounding a tetrahedron explicitly.
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When ! is a vertex, can be either a dangling-faceor a hole, but, in both
casesijt is boundedby three verticesfvy;Vv,;!ig. Simplexes ; and , shareedges
fvi;ligandfvy;!jgwith |, respectively. Note that, in general,there are seweral ;
and ,inl(!;), exceptwhen ;or , arewire-edgesin this casethey arecompletely
dened by fvy;!igorfv,;!;g. Moreover, either 1 or , canbe a wire-edgeonly if

iS empty.

I'; is an edge(uy; up) I, isavertexu
Case| 2 Case 1 2
1 | T X 9 X F X
2 TI|T : 10 | T/F | F X
3 T T 11 : F|TIF
4 TI|T T 12 | T/IF |F | TIF
5 Fl; F 13 E |; E
6 T |; F 14 | T/IF | ; E
7 Fl; T 15 E |; |TIF
8 T |; T 16 |T/IF | ; | TIF

Table 6.2: Cases for simplex in c(!;) and simplexes ;and »
in I(!;). T = tetrahedron, F = dangling-face, E = wire-edge, ;
stands for the absence of a simplex.

Examples of casesl, 2, 4, 9, 10 and 12 in Table 6.2 are shown in Figures
3.13(a)to 3.13(f). The examplesin Figures3.14(a)to 3.14(f) are instancesof cases
5, 6, 8, 13,14 and 16, respectively. Cases3, 7, 11 and 15 are symmetric to cases2,
6, 10 and 14 respectively.

In what follows, we examine how the ertities and the relations are a ected
in the sixteen casesshown in Table 6.2. We considerL as an ordered sequenceof

elemens ! i, where! ; is either a vertex or an edge. We denoteas!; ; and !,
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respectively, the predecessoand the successopf ! ; alongL. Note that ! ; doesnot
needto be connectedto either!; 1 or !, . Also,!; canbe an isolated vertex, or
a vertex which is commonto the two edges! ; ; and! .1, or an extreme vertex of
either!; 1 or!i;; . Thesetwo latter casesoccurwhen is adangling-facef u; vy; v,g
andf!; 1;vi;vegorf!ii;vy;veg, or both, de ne an empty tetrahedral hole. Thus,
similarly to isolated vertices, we considersud a vertex as a separateelemen of L

and not as an extreme vertex of an edge.
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Figure 6.4. Examples of the updates needed at edge (ui;uy)
after the collapse of edge e= (vi;Vv2): In (a), tetrahedron t; be-
comes a dangling-face d . Rl;z(d;eo) at edge €°= (u;;uy) consists
of dangling-face d, and tetrahedron t,. The adjacency rela-
tions of the original neighbors of t; at edge (u;;u,), namely d,
and t;, need to be updated. d replaces t; in Ry,(d»;€) and
Rys(t2;€9). In (b), after edge e is collapsed, tetrahedron t, be-
comes a boundary face of tetrahedron ts, and tetrahedra t; and
t; become immediate neighbors of each other at edge (uj;u,).
Therefore, t, is removed from R3.3(t3) relation and t; is added
to R ;(t3;€9). ts replaces t, in Rys(ty;€). In (c), dangling-face
d, is merged into dangling-face d,. d, and tetrahedron t4; be-
come immediate neighbors of each other. So t4 replaces d, in
Ry (d1;€), and d; replaces d; in Ry5(ts; €9).
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When !'; = (ug;u,) is an edge, (which holds for casesl to 8 in Table 6.2,)
the collapseof edgee = (vi;Vv2) may causethe 1- and 2-adjacency(i.e., R;.,, Ry3
and R3.3) relationsto changefor simplexesincidernt at edge(u;; u,). Theserelations
needto be updated. The three examplesin Figure 6.4 illustrate how the update is
doneat (u;; uy). In ead example,the left part illustrates the situation beforeedge
collapse,and the right part after. After edgecollapse,adjacencyrelations (R;.; or
R;.,) at the new edges(us;Vv) and (u,;Vv) are updated in a similar fashion. Special
attention hasto be given, however, when! ; = (uy; u,) isconnectedto ! ; ;orto! 4
becauseneighboring simplexesmay also be mergeddue to the collapseof edgee.
Figure 6.5(a) illustrates a situation in which ! ; is not connectedto its predessesoor
successorand Figure 6.5(b), a situation in which ! ; is connectedto its predessesor.
In Figure 6.5(a), tetrahedron t; is incident at the edgee = (vi;V,) to be collapsed.
Let ! o beedge(uy; u,). ! o is not connectedto any other componerts of L sinceit is
the only componert of L. Dangling faced ; is the immediate neighbor of t; at edge
(ug; v1), and dangling-faced , is the immediate neighbor of t; at edge(us; v,). After
edgecollapse,d; and d, becomel-adjacen at the new edge, (u;;v). In Figure
6.5(b), the edgeto be collapsedis e = (v1;Vv2). L hastwo componerts, namely
(uz;uq) and (uq;u,), which we call ! g and ! ;. Similar to the example of 6.5(a),
beforeedgecollapse,dangling-facesd ; and d , are neighbors of t; at edges(us;vi)

and (uy; vo), respectively. After edgecollapse,d , is mergedto d ;.

When ! = u is a vertex, (cases9 to 16 in Table 6.2,) the collapseof edge

e = (v1;V2) causestwo 1-connectcomponerts to mergeinto one. Ry, (q= 1;2;3)
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u; Wo

(b)

Figure 6.5: Two examples to show the update of the connected
components at edge (u;;v) after an edge collapse operation.
In (a), tetrahedron t; becomes a dangling-face d3;. Dangling
faces d, and d,, which are neighbors of t; at edge (u;;v;) and
edge (ui;V,), respectiv ely, become neighbors of each other at
the new edge € = (uy;v) Therefore, Rl;z(dg;e(b consists of d,
and d,. d; replaces t; in both Ry,(d1;€) and Ry, (d2;€). In
(b), after edge collapse, tetrahedron t; becomes dangling-face
d 3, and dangling-face d; is merged into dangling-face d,. So
R1.,(d5; €9 consists of only df; and R.,(d ;€ consists of only d ;.

at the new vertex v needsto be de ned. We needto update R, ; or R,., relations
at edge(u;v). Theseupdates are completely similar to those done for simplexes
incident at edge(uy;Vv) and (uy;Vv) for the casewhere! ; is an edge.

We summarizenow the various casesn an edgecollapsealgorithm. Let be
the given complex. Let e = (v1;V,) be the edgeto be collapsedinto a vertex v.
Recallthat L = link(vy) \ link(v2). We denotewith | ; the set of top simplexes
(tetrahedra, dangling-facesand wire-edge) sud that is incident at v; and in

someertity of link(v;) L, andwith |, the setof simplexesincident at v, and in
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someertity of link (vz) L.

The EdgeCollapsealgorithm performsthe following steps:

Step 1. ComputelL, i1, .2, and,foreadh!; 2L, I(!;) andc(!;) asfollows:

1. Compute st(v1) and st(vz) by using Ry4(v1) and Ry,(v2) (4 = 1,2 3),
respectively.

2. Computelink (v1) andlink (v2) from the boundary relations of the ertities
in st(vy) and st(v,).

3. ComputeL = link (v1) \ link(v,). If afaceexistsin L, the edgecollapse
operation is invalid.

4. Foread ! 2 L, computel(!;) and c(! ) by using Ry, Ry, and Ry
relations.

5. Compute i, 2 fromL, st(vy) and st(v,).

Step 2: For ead simplex!; 2 L:

If 1i= (uy;uy) is an edge,

1. Perform validity ched to ensurethat the regionfvs;Vv,; us; u,g is either

a tetrahedron or is empty.

2. Case 1: mark asdeleted,and createa new dangling-face %in .
Cases 2, 3 and 4: mark asdeleted.
Cases 5 and 6: mark , asdeleted.

Case 7: mark ; asdeleted.

If ', = uisavertex,
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1. Perform validity ched to ensurethat the region fvy;Vv,;ug is either a

dangling-faceor is empty.

2. Cases 9 to 12: mark asdeleted.
Case 9: createnew a wire-edge %in
Cases 13 and 14: mark , asdeleted.

Case 15: mark 1 asdeleted.

Step 3: For ead simplex!; 2 L:

Update the relations a ected at the neighborhood of ! ;, as descriked before.
Step 4: For ead simplex °2 |, Update Ry.o( 9 by replacingv; with v.
Step 5: For ead simplex °2 | ,, Update Ry.o( 9 by replacingv, with v.
Step 6: Update Ry4(v) (= 1;2;3). Deleteall the marked simplexes.

The rst stepin the edgecollapsealgorithm involvesthe examination of the
neighbourhood of the two extremevertices,v; and v,, of the collapsingedgee. The
time complexity in the computation of the stars of v; and of v, is thus boundedby
the sizeof st(vy) [ st(v2). The sizeof the links of v; and v, is alsoboundedby the
sizeof the correspnding star of eat vertex (a property of the relationship between
the link and the star of a vertex in 3D space). The link of e is computable based
on the links of v; and v,. Thus the time complexity of this step is bounded by
the sizeof st(vy) [ st(v2). Subsequenstepsof the algorithm involve only the local
neighbourhoold within st(vy) [ st(v,). Thusthe edgecollapseoperation hasa time

complexity that is boundedby O(st(v1) [ st(vs)).
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6.1.4 An Encoding Schemefor Vertex Split in NMIA

Edge collapseis often usedin conjunction with its reverse operation vertex
split (see Section 3.3.3). In this Section, we discussan encaling of vertex split,
which is computed at the time when an edgee = (vq;V,) is collapsedinto a new
vertex v. The encaling of vertex split at v enablesthe expansionof v bad into two
verticesv; and v, sharingan edgee.

We descrile a compact encaling scheme for a vertex split. The encaling
schemeis composedof two parts: a labeling of the ertities in the restricted star of
v and an encaling of L = link (vy) \ link (v,) together with the casesdiscussedn
Section6.1.3. The labeling of the ertities in the star of v allows us to modify all
the simplexeswhich becomeincidert at v; or v, to generatethe new k-simplexes
obtained by expanding(k 1)-simplexesand to duplicate simplexes. The encal-
ing of L is necessaryfor encaling boundary facesand edgeswhich are duplicated
and expanded(since they are not described in the NMIA data structure), and for
updating topological relations locally. For every k-simplex ©in st(v), we store a
2-bit code, c;( 9 for detecting whether © after the split becomesincident at v;
(ci( 9 = 00)oratv, (co( Y= 01)orit is duplicated into two k-simplexesincidert
at v; and at v, respectively (ci( 9 = 10), or it is expandedinto a (k + 1)-simplex
incidert at edgee (c.( 9 = 11). A unique traversalof st(v) is de ned by following
the order in which the represemativ e simplexesare encaled in the Ry, (9= 1;2;3)
relation and a prede ned traversalinside ead connectedcomponert at the vertex.

For eat elemen ! ; 2 L, we store:
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a 4-bit code c,(! ;) which encalesthe sixteencasesshavn in Table 6.2;

1-bit code c3(! ;) which indicates whether ! ; is connectedto !; ; through

vertex u. If I'; is connectedto ! ; 1, then vertex u is not encaled;

one or two indexesof the verticeswhich de ne ! ; (only onevertex is encaled

when! ; is a vertex or is connectedto ! ; ;);

other information which depend on the speci ¢ caseaccordingto Table 6.2:

{ Case 1: index of the dangling-facef u;; u,; vg, which becomesa tetrahe-

dron fug; uy; vy; Vog;

{ Cases 2, 4, 6 and 8: index of ;

{ Cases 3 and 7: index of ;

{ Case 5: index of the dangling-facef uy; u,; vg, which becomegwo faces

fuy;uyz;vig and fug; up; vo0; @
{ Case 9: index of wire-edge(u; v), which becomesa dangling-facef u; vq; vog;
{ Cases 10 and 14: index of g;
{ Cases 11 and 15: index of »;
{ Cases 12 and 16: indexof ; and ».

{ Case 13: index of wire-edge(u; v), which becomegwo wire-edgequ; V)

and (u; v);

Figure 6.6 shows two examplesof the encaling scheme. In the example of
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Figure 6.6: Two examples of encoding a vertex split: In (a),
the encoding of L is [4 O u; uy ty]. In (b), the encoding of L is
[L Ougu, dq; 51 us dyl.

Figure 6.6(a), L consistsof just oneelemen, namely (u;; u,), which wecall ! . The
encaling of L relativeto ! g is[4 O u; u, t;]. The rst eld is code ¢, meaning
that we are in case4. The second eld indicatesthat the rst vertex of ! § is not
connectedto the last vertex of ! 5. So, both verticesu; and u, are found in the
next eld, which is followed by tetrahedron t, incident at v;. During vertex split,
t3 is retrieved from Rg.3(t,) relation, and, a new tetrahedron t; is created,which is
incident at the new edgee.

In Figure 6.6(b), L consistsof two elments, edges(uy; u,) and (u,; us), that
we call ! o and ! ;, respectively. The encading of L is[1 O u; u, d;; 51 uz d].
I o isin casel. The value 0 in the next eld indicatesthat the rst vertex of ! o is
not connectedto the last vertex of ! ;. The simplexincident at ! 5 is d;. During

vertex split, d ; is expandedinto a tetrahedron incident at both v; and v,. ! ; isiin
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caseb. The valuelin the next eld meansthat rst vertex of! ; is the sameasthe
last vertex of ! 5. The secondvertex of ! ; is uz, which is given in the third eld.
The last eld givesthe simplex, d ,, which is incident at ! ;. During vertex split,

d , becomedncident at v;, and a new dangling-faceincident at v, is created.

6.1.5 Performing Vertex Split on the NMIA Data Structure

Vertex split is the reverseoperation of edgecollapse. The formulation of the
vertex split operation hasbeenaddressedn Section3.3. In this Section,we discuss
how this operator is implemerted on the NMIA data structure in conjunction with
the encaling of it descriked in Section6.1.4.

The algorithm for performing vertex split usesthe encaling of the vertex split
operation descriked in Section6.1.4and updatesthe simplicial complex on which

the vertex split is applied through the following steps:

Step 1: Compute st(v) by retrieving Ro;(Vv) for wire-edgesincidert at v, Rp(V)
for dangling-facesncident at v and Rg3(V) relations from the partial relations

RO;k(V)-
Step 2: For eath °2 st(v),

If ci( 9= 00( °becomesdncident at v;),

then update Ry.o( 9;k = 2 or 3 by replacingv with v;.

If ci( 9= 01( °becomesncidert at v,),

then update Ry.o( 9;k = 2 or 3 by replacingv with vs.
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If ci( 9= 10( Cis duplicated into two simplexes),

then replacek-simplex %k = 1 or 2, with two new k-simplexes , and
b Sud that Ry.o( o) is obtainedfrom Ry.o( 9 by replacingv with v; and

Ri.o( ) is obtained from Ry.o( 9 by replacingv with v,.

If ci( 9= 11( %is expandedinto a (k + 1)-simplex),

then replacek-simplex %k = 1 or 2, with anew(k + 1)-simplex sud

that Ry.o( ) is obtained from Ry.o( 9 by replacingv with (vi;V,).
Step 3: Foreah ! 2 L :
Case 2: ( ;isalreadyincidernt at v;) A newtetrahedron = fug;u,;Vvy;Veg

is createdwhich sharesfacef uy; uy; vig with ;.

Case 3: ( pisalreadyincident at v,) A newtetrahedron = fuy;uy;Vvy;Veg

is createdwhich sharesfacef uy; uy; vog with ».

Case 4: ( ;isalreadyincident at v; and ; is alreadyincident at v;) A new
tetrahedron is created which sharesfacesfuy;u,;vig and fug; uy; vog

with 1 and ,, respectively.

Case 6: ( ; is alreadyincidert at v;) A new dangling-face , = fu;;uy;Vv,g

is created.

Case 7. ( , is alreadyincident at v,) A new dangling-face ; = fugs; Uy;vig

IS created.
Cases 10, 11 and 12: A newdangling-face = fu;vy;V.g is created.
Case 14: ( ; is already incidert at v;) A new wire-edge , = (U;Vy) is
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created.

Case 15: ( , is already incident at v,) A new wire-edge ; = (u;vy) is

created.

All other cases: nothing to be done.
In all casesde ne Ry, for eat newly createdk-simplex.

Step 4: De ne adjacencyand incidencerelations for ead newly created ertit .
Update relations for eac simplex Cincidert at an elemen ! ; 2 L and at v,
or at v,, and update relations for eat neigrbor of © This step reversesthe
modi cations to the adjacencyand incidencerelations encaled in the NMIA

data structure performedin edgecollapse(seeSection6.1.3).
Step 5: Compute the partial relations Rg, (v1) and Ry, (v2) for k = 2;3.

The vertex split algorithm acts on the neighbourhood of the vertex v that is
being splitted. The total number of simplexesvisited or introducedis bounded by

the sizeof the two stars of the resultant verticesv,; and vs.

6.2 Double-Lev el Decomp osition (DLD) data structure 3

In this Section, we approad the problem of non-manifold shape modeling
along the decompsition approad, which considersa non-manifold shape as a col-
lection of simpler parts, called Initial Quasi-Manifolds (IQM) , connectedat non-

manifold joints. The Initial Quasi-Manifold Decomposition has been proposedin

3Originally published in [47] Copyright ¢ 2006 Eurgraphics.
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[26]. We reviewed the IQM decomposition approad for generald-dimensionalsim-
plicial complexesin Section4.2.2. In this Section,we considerthe specialization of
this approad to a Euclidean 3D simplicial complex. We proposean optimized data
structure, that we called the Double-Lewel Decomposition (DLD) data structure,
for 3D simplicial shapesbasedon this decomposition. A special feature of the DLD
data structure is that it captures high-level information of the shape in terms of
its non-manifold structure. As a result of this, the DLD is not suitable for shape
modi cation basedon local updates, unlike the NMIA data structure we proposed

in Section6.1.

6.2.1 Decomposition of a 3D Simplicial Complex

In this Section,we presert an algorithm for computing the IQM decomppsition
of a 3D simplicial complex. In a 3D simplicial complex, non-manifold singularities
may occur at edgesand vertices. The IQM decompmsition can be obtained by
cutting the complex along all non-manifold vertices and non-manifold edges. For
an e cien t computation of sudh decompsition, we need: adjacencyrelations Rs.3
for all tetrahedra, adjacencyrelations R,., for all dangling-facesand the stars of alll
the vertices. The decomposition algorithm performs the following v e steps, that

are detailed in the rest of this Section:
1. Compute adjacencyrelation R3.3 for all tetrahedra.
2. Compute adjacencyrelation R,., for all dangling-faces.

3. Compute the stars of all vertices,whereead star is described asthe set of all
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top simplexesincidert at that vertex.

4. ldentify non-manifold edgesand non-manifold verticesthrough a traversal of

the star of ead vertex.

5. Decomposethe complexat non-manifold simplexesand identify IQM compo-

nerns.

Step 1: Compute adjacency relation Rgz3 for all tetrahedra. An ecient
way to computeit is to sort the tetrahedra by their four faces. It can be done as

follows:

1. The facesof the tetrahedra are not explicit in the input. Ead sud face
can be describted through a 4-tuple (uy;uy;usz;t), where us; u,; uz are three
verticesthat descrilke onefaceof t, and are sorted in the increasingorder of
their indices. Each 4-tuple not only identi es a uniqueface,but alsoasseiates
the facewith atetrahedronboundedby it. For ead tetrahedront four 4-tuples

are created.

2. After sorting all the 4-tuplesin lexicographicalorder, adjacen 4-tuplesof the
form (uq; uy; us;ty) and (ug; up; us;ty) indicate that tetrahedra t; and t, are

face-adjacenh

The time complexity for this step is O(mzlog(ms)), where ms denotesthe number
of tetrahedra in the complex.

Step 2: Compute adjacency relation Ry, for all dangling-faces. The tech-
nigue is the sameasthe computation of relation R3.3 for tetrahedra descrilked above.
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The complexity of this stepis, thus, O(d;log(d;)), whered, denotesthe number of
dangling-facedn the complex.

Step 3: Compute the stars of all vertices. This is performedas follows:

1. For eadt vertex v and eat h, createempty sets,b(v; h), which we call buckets

for collecting all the top simplexesof dimensionh incidernt at v.

2. For ead top h-simplex describedby verticesfvy;  ;vh+1 0, add to buckets

b(vi;h), fori=1, ;h+ 1.

This step is performedin time linear with respect to the number of vertices and
the number of top simplexes,i.e., O(vo + wy + d, + mj3), wherevy is the number of
vertices,w; the number of wire-edgesd, the number of dangling-facesand ms the
number of tetrahedra.

Step 4: Identify non-manifold edges and non-manifold vertices. Non-
manifold vertices and edgesare identi ed through a traversal of the star of eah

vertex. This traversalis doneby usingthe information storedin the buckets b(v; h),

plus the relations R3.3 for tetrahedra, and R,., for dangling-faces.During the traver-
sal, the top simplexesin the star of v are grouped into densely(h 1)-connected
componerts. Eadch componert found is assigneda unique label, which we call the

compnentindex All vertices(exceptfor v) in a componert C are labeledwith the

index of C. Theselabels are used for identifying non-manifold edgesin the star

of v. If a vertex u in the link of v has more than one label, then edge(u;Vv) is a
non-manifold edge. If the star of v consistsof more than one componert, then v

is a non-manifold vertex; it is a manifold vertex otherwise. Algorithm 5 providesa

214



pseudo-cde description of the traversal strategy.

Algorithm 5 FindComponertsinStar(v, b)
1] 1
2: for h from 3 downto 1 do

3:  while b(v;h) is not empty do

4: Remove the unvisited top simplex from b(v; h)
5: Create new componert C; for v

6: Enqueu€Q, )

7: while not empty(Q) do

8: DequeuéQ)

9: Cj Cj [

10: for eadr in Ryh( ) do

11: if the (h 1)-facebetween and is manifold and visited( )=0 then
12: visited( ) 1

13: EnqueuéQ, )

14: end if

15: end for

16: end while

17: for eadqh inC; do

18: Add labelj to all verticesof (exceptv)

19: end for

20: end while

21: end for

We illustrate the labeling of the star of v through the examplein Figure 6.7.
In this example,the four tetrahedra form two densely2-connectedcomponerts and
the three dangling-faceghree denselyl-connectedcomponerts in the star of vertex
v. The verticesin the link of v are labeledaccordingto the componert(s) to which

they belong, thus exposingthe non-manifold edgesin the star of v.

The traversal of the star of ead vertex is a linear processwith respect to
the number of top simplexesin that star. The time complexity for Step 4 is thus
P : : . : : : .

O( » jst(v)j), wherejst(v)] denotesthe size of the star of vertex v in . Since

eath h-simplex belongsto the stars of exactly h+ 1 vertices, the time complexity
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Figure 6.7: Labeling densely connected comp onents in the star

of vertex v

resultsto be linear in the number of top simplexesin the complex.
Step 5. Decomp ose non-manifold simplexes and identify IQM comp o-
nents. To complete the decomposition, the complexis cut at the non-manifold
simplexes. For ead non-manifold vertex v, one vertex copy Vv; is createdfor eat
IQM componert in the star of v. After the cutting, the whole complexis traversed
once,but the traversaldoesnot passthrough non-manifold edgesand non-manifold
vertices. All tetrahedra that are 2-connectedbelongto the samelQM componert.
All the dangling-facesthat are 1-connectedform a separatemanifold componert.
Likewisefor all wire-edgeghat are 0-connected.

The star of eadr non-manifold vertex is partitioned when copies are cre-
ated for the non-manifold vertex. The subsequen traversal of the whole complex
takes linear time with respect to the size of the complex. Thus this step takes
O(P ve2 ISt(Vs)]) + O(vo+ wy+ dyr+ m3+ ko), wherejst(vs)j denotesthe size of the
star of non-manifold vertex vs in , kg is the number of IQM componerts at all
non-manifold vertices, and vy; w1 ; d>; ms denotethe number of vertices, wire-edges,

dangling-facesand tetrahedra respectively.
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Both Steps1 and 2 involve sorting, while all the other stepsperform operations
that are linear in terms of the total number of top simplexesin the complex. For a
typical 3-complexthat is mostly 3-manifold with few dangling-facesand wire-edges,

the time consumption of the decomposition is dominated by Step 1.

6.2.2 A Decomppsition-basedData Structure for Simplicial 3-complexes

In this Section,we presen the Double-Level Decomposition (DLD) data struc-
ture, which is basedon the IQM decompsition and is generatedthrough the algo-
rithm descriked in Section6.2.1. The DLD data structure is a two-layer represen-
tation in which the upper level describesthe connectivity of the IQM componerts
through their non-manifold simplexes,while the lower level descritesthe ertities,
their connectivity and adjacencyrelation inside the IQM componerts C;;  ; Cy.
This is similar in conceptto the represemation proposedin [26 for decommsed
abstract simplicial complexeswhich is still a two-lewel data structure, but the de-
scription of the singlelQM componert is more complexsinceit may not necessarily
be pseudo-manifold.

The connectivity of the componerts in the decomposition is represered as a
hypergraphG=< N;A >, whereN is a set of nhodesrepreseting the IQM compo-
nerts C;; ;Cy, and A is a set of hyperarcs. There are two kinds of hyperarcs:
hyperarcs of type vertex which represemn non-manifoldvertices,and hyperarcs of type
edgewhich represemn non-manifold edges. A hyperarc represeting a hon-manifold

vertex v connectsall componerts which cortain copiesof vertex v. Similarly, a hy-
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perarc represeting a non-manifold edgee connectsall componerts which contain
copiesof edgee.

Figures 6.8(a)-(c) give an example of the IQM decompsition of a simple 3-
complex and the hypergraph that represems the decompsition. The 3-complex
shown in Figure 6.8(a) consistsof two tetrahedra that sharethe non-manifold edge
e which is incident at non-manifold verticesu and v, and two wire-edgesthat are
incident at vertexv. The decomposition of this complexconsistsof four componerts:
C, and C, arethe two tetrahedra, C; and C, are the wire-edges.Figure 6.8(b) shavs
all the componerts of the decomposition. The non-manifoldedgee and non-manifold
verticesu and v are copiedfor eatch componert. Figure 6.8(c) is a full description
of the decomposition graph G. The nodesare C;; ;C4 and the hyperarcsare e,
u and v. In the hypergraph, the solid lines connecting C; and the hyperarcsare
the copiesof the non-manifold joints. The dashedlines betweenu, v and e indicate

their incidence.

All non-manifold singularities are thus explicitly represemed only in the upper

level, which encaleshypergraph G. The following information are encaed:

For ead node represeting IQM componert C;:

{ dimensionof the componert;
{ and a pointer to onetop simplexin this componert.
For ead hyperarcrepreseting non-manifold edgee: (We considerhyperarce

in Figure 6.8(c) to illustrate the following)
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Figure 6.8: (a) a 3D complex; (b) its IQM decomp osition; and
(c) the hypergraph describing the decomp osition

{ a pointer ead to its extreme vertices, which are hyperarcsin G (in our

illustration, they are hyperarcsu and v for e);

{ two lists of pointers: ead pointer references represetativ e top simplex
for eath 2D or 3D IQM componert in the star of e. Onelist collectsthe 2D
represemativ esand the other the 3D represemativ es(in our illustration,
the 2D list of e is empty while its 3D list consistsof the two tetrahedra

in Figure 6.8(b)).

For eat hyperarc represeting non-manifold vertex v: (see hyperarc v in

Figure 6.8(c) asan example)
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{ A list of pointers, eat to the vertex copy of v in eath IQM componert in

the star of v, (for the example,the list of v consistsof copiesvy;  ;Vva);

{ alist of pointers, one for eatch non-manifold edgein graph G, that is

incidert at v (for the sameexample,the list of v cortains hyperarce).

The lower level descritesthe IQM componerts. For any h-dimensionallQM com-
ponert C;, we usethe Indexed data structure with Adjacencieswhich encaesall

the h-simplexes,the verticesand the following relations:

For eat vertex v in the componen, relation R, (v) which consistsof one

h-simplexin the star of v;
For eath h-simplex of C;, relation Ry.o( ) and relation Ry, ( )

The low level data structure is implemerted through the following constructs:
For ead vertex v in componert C;:

{ A 1-bit ag to indicate whether v is manifold;

{ One pointer for relation Ry, (V);
For eath wire-edge of C;: a pointer array of size2 for relation Ry.o( )
For ead top h-simplex of C;, h> 1:

{ A pointer array of size(h + 1) for relation Ry.o( )

{ A pointer array of size(h + 1) for relation Rp.n( )

{ A bit ag of size("j!) to indicate whether eath edgeof is manifold:;
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A hashtable H, that storesthe pointers from the vertex copiesto the node

that correspndsto v in graph G.

The storagecostrequiredby the DLD data structure canbe evaluatedin terms

of the following quartities:

Mo

No :

: number of manifold vertices;

number of non-manifold vertices;

. total number of IQM componerts at all non-manifold vertices;

: number of non-manifold edges;

: number of wire-edges;

. total number of IQM componerts at all non-manifold edges;

: number of dangling-faces;

: number of tetrahedra;

. total number of IQM componerts in the whole complex.

In the lower level data structure, the total number of vertices (including all

manifold vertices and copiesof non-manifold vertices) is mg + kg. Assuming that

the hashtables are 10% full in order to support constart accessime, the size of

the hashtable H, is 20ng pointers. The storagecost of the DLD data structure for

various domainsis showvn below:

For generalnon-manifold complexes:
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{ lower level: mg + ko + 2w; + 4d, + 8mz + 20ng + 30n; pointers and

Mo + ko + 3d, + 6ms bits,
{ upper level: 2C + 6n; + 2ng + k; + ko pointers,

{ hashtable: 20n, pointers.
For manifold complexesd,=w;=ng=n;=kp=k;=0andC=1

{ lower level: mg+ 8mj3 pointers and mgy + 6mj3 bits,
{ upper level: 2 pointers,

{ hashtable: 0 pointers.

A comparisonwith the extended Indexed data structure with Adjacencies
(IA)[64] for manifoldsgivesus a measureof the scalability of the DLD data structure.
When encaling manifolds, the DLD data structure is reducedto the EIA with just
someadditional bit ags. Thus, the overheadof the DLD data structure in encaling

manifold is mg + 6m3 bits and 2 pointers.

6.2.3 Navigation in the DLD Data Structure

In this Section,we discusshow to retrieve topologicalrelations from the DLD
data structure. Thesealgorithms are the basic building blocks for any algorithm
which navigates or updatesthe complex.

Boundary relation can be retrieved both for top simplexesand for facesof top
simplexes.For any top p-simplex, (p= 2;3), the setof g-facesof are described

as (gﬁ) combinations of (q+ 1) verticesof . Thus, to retrieve boundary relation
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Rpq( ), relation Rpo( ) is retrieved, and the combinations describing the g-faces
are generated.

We retrieve co-boundary relation Rp4( ) of a p-simplex through a traversal
of the star of , (p = 0;1;2). In the casein which is a manifold simplex, all
g-simplexesincident at belongto the samelQM componert. Thus, the traversal
of the star of is performedwithin the lower level data structure. When is non-
manifold, the star of is distributed amongseweral componerts. Therefore, it is
necessaryto accessthe upper level data structure to retrieve all the componerts
incident at

Relation Ro.n(Vv), h = 2; 3, in an h-dimensionallQM componert C is retrieved
by traversingthe star of v in C through relationsR,, Ry @and Rp,o. The traversalis
performedby starting with h-simplex = R (v). The h-simplexes(h 1)-adjacen
to are found through Ry, ( ), and those which are incident at v are found by
consideringRy,.o for sud h-simplexes.The pseud@ode is descrited in Algorithm 6.

This processis linear in the number of h-simplexesincident at v. If we want
to retrieve Roq4(v) in an h-dimensional IQM componert with q < h, we perform
the sametraversal described above, but we collect as result the g-facesof the h-
simplexesfound in the retrieval. The time complexity is still linear in the number of
g-simplexesincident at v, sincethe number of h-simplexesin the star of v is linear
in the number of g-simplexesincident at v becauseof Euler' formula.

Next, we consider how to retrieve relation Roq4(v), 0 < q h, for a non-
manifold vertex u. The star of u is the union of the stars of all its vertex copies.

The vertex copiesof u are retrieved from the upper level data structure. Relation
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Algorithm 6 Co-b oundary o1(C, V)
Require: v is avertex in the h-dimensionalcomponert C

1: S :

2. Ro;h(V)

3: Mark asvisited

4SS S[fg

5. EnqueueQ, )

6: while not Empty(Q) do
7: Dequeue)

8 for eacr 2 Rnn( ) do
o: if v2 Rpo( )and isnot visited then
10: Mark asvisited
11: S S[fg

12: Enqueue, )

13: end if

14: end for

15: end while

Ro,q for eat vertex copy is retrieved from the lower level data structure asthough
the vertex copy u was a manifold vertex. Given an arbitrary vertex v in a given
componert C of dimensionh, the bit- ag indicates whether v is a vertex copy. If
it is, the referenceto the hyperarcrepreseting the non-manifold vertex is retrieved
from the hash table H,. From the hyperarc, we retrieve all the other copies of
the samevertex, and then the g-simplexesincidernt at eat sud copy. Thus, all
Ro.q(V) relations,whereO< q h, canbe retrieved in time linear in the number of
g-simplexesin the star of v.

We considerhow to retrieve co-boundary relation of type Ri4(e), 0 g h,
for an edgee. If e is a manifold edge, we consider a tetrahedron or triangle
containing it. (Note that sincethe edgesare not encaledin the DLD data structure
for the IQM componert, we considerall edgesto be speci ed through a top simplex

cortaining it.) For a 3-componert, we retrieve all tetrahedra, or triangles, depending
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onwhetherg= 2 or 3, incidert at e, by traversingthe star of e starting from , and
retrieving all the other tetrahedra or triangles, by using Ry, and Ry.o relations. For
a 2-compnert, R1.»(e) is retrieved by simply consideringR»., of triangle

If e is a non-manifold edge,we get accesdrom the hyperarc describingit to
a top simplex in ead componert cortaining it. For eatch componert, we repeat
the processdiscussedabove for the manifold edge. The time complexity of this
algorithm is linear in the number of g-simplexesincidert at e.

Co-boundary relation R,.3(f) for a triangle f is retrieved through the R33
relation of a tetrahedron that sharesf. Adjacency relations Ry, (p = 0;1;2) are
retrieved asa conbination of boundary and co-boundary relations, and are not elab-
orated here. Their time complexity is linear in the number of p-simplexesproduced
as result of retrieval. Thus, all topological relations can be extracted in optimal

time from the DLD data structure.

6.3 Evaluation, Comparison and Discussion

In this Sectionwe comparethe NMIA andthe DLD data structuresfor the rep-
resertation of 3D simplicial shapes. This comparisonis madein terms of: the types
of entities and topological relations encaled, the storage cost and the navigation

e ciency of thesedata structures.
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6.3.1 ComparisonbetweenNMIA and DLD

In terms of the ertities and relations encaled, the NMIA and the DLD data
structures are comparable. Both encale only verticesand top h-simplexesfor any
h 3. The relations encaled by both data structures are of the following types:
adjacencyrelations Ry, amongtop h-simplexes,incidencerelations Ry.o of top h-
simplexes partial co-boundary R, relationswhich capture selectedtop h-simplexes
in the star of a vertex, and partial co-boundary relations R, which capture selected
top h-simplexesincident at a non-manifold edge.

In terms of scalability, both the NMIA and the DLD data structures are com-
parableto the EIA whenthe domain is manifold.

Also, both data structuressupport an e cien t retrieval of topologicalrelations.
The retrieval algorithmsfor relationsR 3, for p = 0; 1, aresub-optimalfor the NMIA
data structure, but still linear in the number of top simplexesin the star of a vertex

for p = 0, or edgefor p = 1. A summary of the navigation e ciency is shown in

Table 6.3.
Relations | Boundary Co-boundary Adjacency
retrieved Rpa( ) Rpq( ) Rpn( )
NMIA Optimal | Ry.3 and Ry.,: linear in | Ry.q: linear in top simplexes
top simplexesat at 2 verticesof
Others: Optimal Others: Optimal
DLD Optimal Optimal Optimal

Table 6.3: Navigation eciency of the NMIA and the DLD
data structures
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The primary di erence betweenthe two data structuresis that the DLD data
structure encalesthe complex as an IQM decomposition, thus allowing the non-
manifold singularities to be explicitly addressable,while the NMIA encales the
complexasa singlepiecewith non-manifold singularitiesdistributed insidethe com-

plex. The DLD belongsto the categoryof decompsition-baseddata structures.

6.3.2 Comparisonof the NMIA with 3D Instancesof IG and IS for
Non-manifold Simplicial 3-complexes

While the DLD and the NMIA data structures are comparablein their storage
costs, navigation e ciency and scalability to manifold domain, they are designed
from two di erent approates. Therefore, as we comparethem with existing data
structures, we needto comparethem basedon the approatestaken. Instantiated
from the IQM data structure (seeSection4.2.2)for abstract complexedo Euclidean
3-complexesthe DLD data structure is oneof akind in the decompsition approad.

Outside of the decompsition approad, the only data structures that can de-
scribe non-manifold simplicial 3-complexearethe NMIA, the IncidenceGraph (1G),
the Simpli ed Incidence Graph (SIG) (seeSection5.2) and the IS data structure
(seeSection5.3). In this Section, we comparethe NMIA data structure with the
IG and the IS data structure which is an improvemen over the SIG.

Considera simplicial 3-complex. The NMIA data structure encalesonly the
top simplexesand the verticesof the complex. This is in cortrast with the dimension

independent data structures, which encale all the simplexesin the complex. The
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relations encaded by the NMIA data structure and the dimensionindependern ones

are comparedin Table 6.4

Relations encaded Boundary Co-boundary Adjacency
NMIA Rh.o( ): Ron(v) (h=1,2,3), Rhn( )
. top simplex | Rj3(e) and Ry.,(€) . top simplex
IG Rpp 1: 0<p d| Rppu: 0 p<d -
IS Rpp 1:0<p d| Ry :0 p<d -

Table 6.4: A summary of the top ological encoded by the NMIA,
the IG and the IS data structures

Table6.5(a)shavs v enon-manifolddata setswith mixed tetrahedra, dangling-
facesand wire-edges. The storagecost of the NMIA data structure and of 3D in-
stancesof the IG and of the IS data structure are comparedfor these3-complexes.
The NMIA is the most compactasit encalesonly top simplexesand vertices ex-
plicitly. The IG is at leastthree times as much asthe NMIA becausat encalesall
simplexesand a large number of incidencerelations. IS is more compactthan the
IG becausdat only encalesa subsetof the incidencerelations encaled by the 1G.

In terms of navigation e ciency, the IG support the retrieval of all topological
relations at optimal time for 3-complexegSeeSection5.4.2). The IS and the NMIA
are comparablein their support of the retrieval of topological relations. The IS is

ableto support optimal retrieval of all relations given an optimized implemertation.

We also ewvaluate the storage costs of the various existing data structures

for manifold simplicial 3-complexes,namely, the CHF (see Section 4.1.3.3), the
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Data set ng ny N, N3 nt n, Ce C, ng

Bucket 53 167 160 48 6 32 32 14
Wheel 402 2093 2728 1148 96 32 56 256
Balloon 1108 3913 3616 856 64 1632 O 160
Flasks 1301 6307 8465 3455 O 460 104 0
Teapt 4658 17.9k 17.0k 5666 2944 3930 144 5959

(a)
Data set | NMIA G IS

Bucket 591 | 2012 | 1105
Wheel | 10.2k | 33.9k| 17.7k
Balloon | 13.1k | 44.2k | 23.4k
Flasks | 30.4k | 104k | 53.2k
Teapot | 73.8k | 219k | 120k

(b)
Table 6.5: (a) Five non-manifold 3D simplicial data sets; (b)

Storage cost of three non-manifold data structures for the data
sets in (a)

FE (seeSection4.1.3.1),and the specialization of the dimension-indegnder data
structures, namely, the EIA (seeSection4.1.1.3)and the IG, along with our pro-
poseddimension-inde@ndert IS data structure. In the caseof manifold simplicial
3-complexesthe numbers of elemerts encaded in the data structures are evaluated

to be:
NMIA: 8n3 + ng
EIA: 8n3+ ng
IG :8nz + 6n, + 4n4
IS:4n5; + 5n, + 3N+ nNg
CHF: 8n3+ n,+ N1+ ng

229



FE: 4n3+ 12n, + 2n,

In Table 6.6, we report an experimertal comparisonof the storage costs of
thesedata structures on the v e data setsof manifold tetrahedral meshesshowvn in
Table4.11. It can be obsenedthat the NMIA and the EIA data structures are the
most compactrepresetation, followed by the CHF. The IS data structure is in the
middle rangein terms of storagecost. The data structure that encalesthe most

amourt of topologicalinformation is the FE.

Data set ng N n- N3

Rings 2.52k 13.2k 18.8k 8.13k
Basket 1.21k 6.43k 9.22k 4.00k
Cylinder 1.31k 7.79k 11.6k 5.16k
Gargoyle 2.73k 14.7k 22.0k 10.0k
Torus 2.29k 15.4k 24.0k 10.9k

(@)
Data set | EIA/NMIA | IG | IS | CHF | FE
Rings 67.6k | 231k| 169k | 99.6k | 285k

Baslet 33.2k 113k | 82.6k | 48.9k | 139k
Cylinder 42.6k 142k | 104k | 62.1k | 176k
Gargoyle 82.7k 271k | 197k | 119k | 333k

Torus 89.2k 293k | 212k | 129k | 362k

(b)

Table 6.6: (a) Five manifold 3D simplicial data sets; (b) Storage
cost of six data structures for the data sets in (a)

6.4 Summary

In this Chapter, we addressedthe problem of the represemation of 3D non-
manifold simplicial shapes. We speci cally focusedon cost-e cient data structures
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for huge data sets. We have consideredtwo di erent approades. In the rst
approad, we consider models that are pre-domininartly 3D and manifold, with
small portion of lower dimensionalparts and non-manifold connectivities, which are
treated as singularities. The Non-manifold Indexed Data Structure with Adjacen-
cies(NMIA) is an optimized data structure that follows this rst approad. After
the publication of our work on the NMIA [13, 14], it hasbeenobsened in the Solid
Modeling community that there is a keen interest on compact represemations of
non-manifold 3D simplicial shapes. The dewelopmen on sud represemations has
beenfollowed up by a researt group in computer graphics.

In the secondapproad, we considera model as a collection of parts that are
uniformly dimensionaland nearly manifold, connectedat non-manifold joints. The
Double-Lewel Decomposition Data Structure (DLD) is a new paradigm of this ap-
proadh. The two represemations proposedfor thesetwo approadhiesare comparable
in terms of their storagecost and navigation e ciency. They are also highly com-
pact becausejn both data structures, the primary ertities encaled are the vertices
and the top simplexes,and the topologicalrelations encaled are thoseamongthese
encaled simplexes.This work hasbeenpublishedin [47).

The conceptof represeting a shape at two levelsmay alsobe usedin conjunc-
tion with other data structures such asthe IS at the lower level. This direction can
betakenon further to build a hierarchical represemation at two levelsof abstraction.

This is addressedn the next chapter.
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Chapter 7

Underst anding Non-manif old Shapes by

Decomposition

In this Chapter, we discussthe dewelopmen from shape represemation of
shape understanding. The genericapproad to non-manifold shape represemation
is basedon the assumptionthat a 3D shape has a predominart dimensionand is
predominartly manifold. In fact, most data structures designedfor non-manifold
2-complexeswork under this assumption. Departing from this assumption,the de-
composition approad considersa 3D shape as a collection of topologically simpler
parts connectedtogether at non-manifold joints. This approad opensup a some
new issuesto be addressed.There is the pressingissueon what topological prop-
erties have practical signi cance in semairtics. The semaittics of a shape asswiates
domain-speci ¢ knowledgeto the parts of the shape, and is thus context-dependent.
Topology and sematics are not issuesat the samelevel. To achieve both topologi-
cal signi cance and semattical signi cance, we proposeda two-level decompsition.
The lower level decompsition is purely topological and is basedon the property of

manifold-connectednessThe upper level decomposition integratestopological fea-

232



tures with semairtics. The componerts of the semarics-oriented decompsition are
uniformly dimensionalnearly-manifold parts. We also proposea decomposition for
describingthe connectivitiesamongcomponerts in thesetwo decompositions. Then
we discusstwo collaborations we have on the application of non-manifold shape
decomposition to form feature identi cation and shape understanding. Lastly we

descrike a shape analysistool that hasbeenbuilt.

Rt

(b)

Figure 7.1. Examples on the degree of connectivit y: (1) Two
tetrahedra that are O-connected; (2) Four triangles that are
1-connected.

The topological complexity of a non-manifold shape can be characterizedby
dimensionalityand connectivity . A shape of uniform dimension(i.e., aregularshape)
is \dimensionally simpler" than a shape with mixed dimensions. We know that in
any regular h-complex, top simplexesare necessarilymanifold. In arbitrary non-
manifold h-dimensionalshapes, non-manifold situations only occur at simplexesof
dimensionsstrictly lower than h. Thus, the decomposition of a shape basedon
dimensionsyields a collection of regular parts that are simpler to understand. The
connectivity within a shape is measurableboth quartitativ ely and qualitatively. A
quartitativ e measuremet of a non-manifold shape is its degree of connectivity . It

givesa direct measuremento the overall \thic kness" of the object. If an object is

233



h-connected,it meansthat the path connectingany two simplexesin the object is
at least h-dimensional. Figures 7.1(a) and (b) give two examplesof the degreeof
connectivity. The degreeof connectivity of a mixed-dimensionalkhape is constrained

by the lowest dimensionality of the top simplexesin the shape.

Prop erty 1 A manifold d-complex is (d 1)-connected. is also a d-pseudo-

manifold emtkedded in EP.

Prop erty 2 A regular h-complex is at most(h 1)-connected.

Prop erty 3 If the lowest-dimensionatop simplexin a complex ish wheeh d,

the complexis at most (h 1)-connected.

These properties are illustrated in Figures 7.2(a)-(b). In Figure 7.2(a), the
lowest dimensionaltop simplex is a dangling face. Therefore, the 3-complexis at

most 1-connected.Figure 7.2(b) shaws a regular complexthat is 1-connected.

A B

Figure 7.2: Basic non-manifold prop erties: (a) A 3-complex
that consists of tetrahedron t sharing an edge with dangling-
face f, whic h is the lowest-dimensional top simplex in . Since
f is of dimension 2, is at most 1-connected; (b) A regular
3-complex that consists of two tetrahedra t; and t, and is only
1-connected.
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Qualitativ ely, the \smoothness" of the shape is measurableby how closethe
shape is to manifold. As pointed out in [26], manifoldnessis not a su cient basis
for decompsition of any non-manifold complex of dimensionabove 2. In the fol-
lowing, we de ne the notion of manifold-connectednesas a qualitativ e topological

description of smoothnessfor simplicial objects up to dimension3.

7.1 Manifold Connectedness

In this Section, we introduce the notion of manifold-connectednessand then
examine some properties of manifold-connectedcomplexesenbeddedin the Eu-
clidean3D spaceE 3. Manifold-connectednesss closeto the notion of manifoldness.

Recall that a regular simplicial d-complexis onein which every top simplex
is d-dimensional. We considera regular simplicial d-complex embeddedin the
3D Euclidean space,whered = 1;2;3. In suth a complex,a (d 1)-simplex isa
manifold simplex if and only if there are at most two d-simplexesin  incidert in

. We thus introducethe following de nitions.

De nition 1 An (h 1)-path (i.e., a path formed by alternating h- and (h  1)-
simplexes)suchthat every (h 1)-simplexin the path is a manifold simplexis called

a manifold (h-1)-path.

De nition 2 Two d-simplexesin a d-complex are said to ke manifold-connected

if and only if there existsa manifold (d 1)-path connecting them.

De nition 3 A regular simplicial d-complex is a manifold-connectedcomplexif
and only if every pair of d-simplexesin  is manifold-connected.
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Figures 7.3(a) and (b) give two examplesof manifold-connected2-complexes.
Figures7.5(a) and (b) give two examplesof manifold-connected3-complexes.Both
examplesin Figures 7.4(a) and (b) are not manifold-connected.In the complexin
(a), the upper part is connectedto the lower part only through non-manifold edges.

In (b), the left and right parts are connectedonly through non-manifold vertices.

(@) (b)

Figure 7.3: Examples of simplicial manifold-connected  2-
complexes with (a) a non-manifold edge and (b) a non-manifold
vertex.

(@) (b)

Figure 7.4: Examples of simplicial 2-complexes that are not
manifold connected.
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(@) (b)

Figure 7.5: Examples of simplicial manifold-connected  3-
complexes with (a) a non-manifold edge and (b) a non-manifold
vertex.

A 1-dimensionalmanifold-connectedshape consistsof a linear or circular chain
of wire-edges. 2-dimensionalmanifold-connectedshapes are composedof dangling
triangles (i.e., top 2-simplexes). There are two kinds of non-manifold situations
in a manifold-connected2-complex,namely, that at an edgeand that at a vertex.
The non-manifold situation at an edge occurs in the form of having more than
two dangling triangles sharing that edge. An example of a non-manifold edgein
a manifold-connected2-complexis shavn in Figure 7.3(a). Here also, the non-
manifold situation at a vertex v consistsa combination of the following two cases:
the link of v (which is a 1-complexwithout isolated vertices) is disjoint, or a non-
manifold vertex existsin the link of v.

3-dimensionalmanifold-connectedshapes consist of tetrahedra. Sincethe 3-
complexis enbeddedin E3, all the triangles are sharedby at most two tetrahe-
dra. The non-manifold situations occur at the vertices and at the edges. The

non-manifold edgeis characterizedby having more than one fan of tetrahedra in
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its star. The link of a non-manifold edgeis a set of disconnectedchains of edges.
An example of a non-manifold edgecreated by pinching a duster at its certer is
shown in Figures7.5(a). The tetrahedra incident at non-manifold edge,e, are high-
lighted. The star of a non-manifold vertex consistsof tetrahedra only. The link of
a non-manifold vertex is a regular 2-complexconsistingof triangles. An exampleof
a non-manifold vertex on a pinched torus is shavn in Figure 7.5(b).

In determiningwhat is a meaningfuldecomposition, the issuego be considered
include theoretical signi cance and practical cost e ciency. A decompsition that
yields parts of homogenousdimension and with nearly manifold properties is an
optimal choice. The classof manifold-connectedh-complexesis of special interest

to us because:

The star of ead non-manifold simplex in  is formed by a nite number
of manifold-connectedcomponerts. When we consider manifold-connected
complexesembeddedin E3, the only di erence betweena manifold edgeand
a non-manifold edgeliesin the number of componerts in their star, while the
only di erence betweena manifold vertex and a non-manifold vertex lies in
both the number of componerts and the presenceof non-manifold edgesin

their stars.

Manifold-connectednesgnsureghat the wholecomplexis traversablethrough
visiting all top h-simplexesand (h 1)-simplexesonce. Sincethe number of
(h  1)-simplexesis linearly proportional to the number of h-simplexes,the

traversalis a linear procedurewith respect to the number of top h-simplexes
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in the complex.

As a result, manifold-connectednes&nablesthe designof compact, e cient and

conceptually simple represemations.

7.2 The MC-Decomp osition 1

A simplicial 3-complex enbeddedin the three-dimensionalEuclidean space
canbedecompmsedinto manifold-connectedne-,two- and three dimensionalmanifold-
connectedcomplexes,called MC-compnents A decompsition of s a collec-
tion of sub-complexef , sud that the union of the componerts in  is , and
any two componerts ; and , in , if they intersect, intersectat a collection of
non-manifold verticesand edges.An MC-decomposition is constructively de ned by
cutting complex only and at all its non-manifold verticesand edges,and forming
componerts that satisfy the following property: two k-dimensionaltop simplexes

1 and , belongto the samecomponert in the MC-decomposition if and only if
there existsa manifold (k 1)-path that connects ; and , in  (see[44] for more

details).

LOriginally published in [45). Reproduced with notice of ACM copyright: permissionto make
digital or hard copiesof part or all of this work for personalor classram useis granted without
fee provided that copiesare not made or distributed for prot or commercial advantage and that
copiesbear this notice and the full citation on the rst page. Copyrights for componerts of this
work owned by others than ACM must be honoured. Abstracting with credit is permitted. To
copy otherwise, to republish, to post on serers or to redistribute to lists, requires prior specic
permissionand/or a fee.
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(@) (b)

Figure 7.6: An example of the MC-decomp osition. (a) A hol-
low ball that is pinched at the top and has a circular wing,
the visible non-manifold edges are highligh ted; (b) Its MC-
decomp osition into three manifold-connected comp onents.

7.2.1 An Algorithm for Computing an MC-decomposition

Our algorithm for computing the MC-decompsition of a simplicial 3-complex
consists of extracting rst the k-dimensional regular sub-complexesof  for

k = 1;2; 3, and then computing the MC-decomposition of ead sud k-dimensional
regular sub-complex.To computethe MC-decomposition of a k-dimensionalregular
complex, we usethe property that any pair of manifold simplexesbelongingto the
same k-dimensional manifold-connectedcomponent (for k = 1;2;3) must be con-
nectedthrough a manifold (k 1)-path. This meansthat every such componert can
betraversedby following the manifold (k 1)-pathsconnectingthe k-simplexesn the
componert. The algorithm for computing the MC-decomposition of the simplicial

3-complex thus consistsof the following steps:

1. Identify all non-manifoldedgesand verticesin  to ensurethat thesesimplexes

will not be visited in any traversal;
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2. Fork=1;2; 3, extract the top k-simplexedrom , which form the k-dimensional

regular sub-complexesf ;

3. For ead k-dimensionalregular sub-complex , perform the following traver-
sal that starts with some unvisited top k-simplex 2 : nd all other
unvisited top k-simplexesthat are readable from by alternately visiting
manifold (k 1)-simplexesand their incidernt top k-simplexes.All visited top
k-simplexesbelongto the samek-dimensionalmanifold-connectedcomponert.

The traversalof | is completewhen all top k-simplexeshave beenvisited.

4. Mark ead non-manifold singularity, that is sharedby morethan onemanifold-

connectedcomponent, asa joint.

In our implemertation of the algorithm above, we have usedthe Incidence
Simplicial (IS) data structure to encale complex (seeSection5.3). The IS data
structure is a good choice for the MC-decomposition becauseof its easeof use as
well as compactness. Algorithm 7 descrikes how MC-decompsition is computed
from the IS represemation of a simplicial complex .

The manifold test of simplex in line 12 is basedon the properties of non-
manifold singularities in 3D complexesas follows. If is a triangle, it is always
manifold. If is an edge,it is manifold if its partial co-boundary relation R,
consistsof either just one triangle, or two triangles that are top simplexes. If
is a vertex, it is detected either as extreme vertices of non-manifold edges,or as
verticeswhosepartial co-boundary relations R,,; consistof morethan oneedge. By
using the IS data structure, the computation of the MC-decomppsition requiresa
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Algorithm 7 MC-decomp osition( )

1.comp O
2: Initialize empty queueQ
3: for p=dim() downtol do

4. for ead simplex of dimensionp do

5: if  istop simplexand is not labeled then
6: comp comp+ 1

7 label( ) comp

8 EnqueuéQ, )

9: while not Empty(Q) do

10: = DequeueQ)

11: for ead (p 1)-simplex in Ry, 1( ) do
12: if  is manifold then

13: for ead p-simplex inR, ;,( ) do
14: if is top simplexand is not labeled then
15: label( ) comp

16: Enqueu€Q, )

17: end if

18: end for

19: end if

20: end for

21: end while

22: end if

23:  end for

24: end for

time complexity that is linear in terms of the number of simplexesin the simplicial

complex .

By examining the top h-simplexesincident at the (h 1)-facesof ead top

h-simplex , all top h-simplexesthat are manifold-connectedare visited. Two top

h-simplexesof carry the samelabel if and only if they are manifold-connected.

Therefore, the MC-decompsition computing by the traversal algorithm is unique.

The time complexity of this algorithm is linear with respect to the number of top

simplexesin the complex.
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Figure 7.7(a) shows the MC-decomposition of the object in Figure 7.6(a).
Obsene that the non-manifold edgeat the top of the shape is presenedin the MC-
decomposition. The example shovn in Figure 7.7(b) is under-decommsed. The
examplein Figure 7.7(c) is over-decommsed. Figure 7.7(d) shavs the overly de-

composedpart in the decomposition of Figure 7.7(c).

(a) (b)

() (d)

Figure 7.7: (a) MC-decomp osition of 7.6(a); Both (b) and (c)
are not MC-decomp ositions of 7.6(a); (b) is under-decomp osed
while (c) is over-decomp osed; (d) a top-do wn view of the up-
permost comp onent of (c), showing that the connectivit y of the
triangles is brok en at the non-manifold edge at the top.
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7.3 The Semantics-Orien ted Decomp osition 2

In this Section, we discussa decompsition of a non-manifold 3D shape em-
beddedin the Euclidean 3D spaceinto composite topological shapeswhich are of
interest becauseof their richer semartics in seweral application scenarios.We limit
rst the investigation of this decompsition to 2-complexesin which all triangles
are 1-connectedand to 3-complexesn which tetrahedral parts have one connected
boundary. (Thus, we excludesolids with holesin their interior.) In Section7.3.1,
we introduce these composite shapesin a 2-complexand discusshow to compute
the semairtics-oriernted decompsition basedon theseshapes. Then, in Section7.3.3,
we show that 3-complexesembeddedin the 3D Euclidean spaceare no harder to

decommsethan the 2-complexes.

7.3.1 Semarics-Oriented Decomposition of a Simplicial 2-Complex

We consider here 1-connectedsimplicial 2-complexes. A semarics-orierted
decompsition is a decomposition of a simplicial 2-complexembeddedin the three-

dimensionalEuclidean spaceinto componerts informally de ned as:

Wir e-webs which are maximal connectedcomponerts formed only by top 1-

simplexes.An exampleis givenin Figure 7.8(a).

20riginally published in [45]. Reproduced with notice of ACM copyright: permissionto make
digital or hard copiesof part or all of this work for personal or classramm useis granted without
fee provided that copiesare not made or distributed for prot or commercial advantage and that
copiesbear this notice and the full citation on the rst page. Copyrights for componerts of this
work owned by others than ACM must be honoured. Abstracting with credit is permitted. To
copy otherwise, to republish, to post on seners or to redistribute to lists, requires prior specic
permissionand/or a fee.
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shels: a shell C is any manifold-connected2-complexwithout boundary, such
that the three-dimensionalregionin the spaceenclosedoy C is connected,i.e.,
any two points in the region can be joined by a curve which doesnot intersect
any simplexof . In Figure 7.6(a), the part that enclosesa hollow volume is

an exampleof a shell.

Sheets, which are maximal manifold-connected2-complexeswith boundary

that do not encloseany 3D region. Figure 7.8(b) shovs an exampleof a sheet.
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(a) (b)

Figure 7.8: Examples of (a) a wire-w eb and (b) a sheet

Figure 7.9(a) shonvsthe semartics-orierted decomposition of the exampleshown
in Figure 7.6(b). The hollow pinched ball in Figure 7.6(b) is a shelland the circular
wing is a sheet. In the exampleof Figure 7.9(b), we have two shellsformed by two

hollow tori.

(a) (b)

Figure 7.9: Examples of the semantics-orien ted decomp osition
of: (a) a hollow pinched ball with a circular wing; (b) two tori
that are connected at two edges.

We obsene that a shellin a simplicial 2-complexis the union of 2-dimensional
manifold-connectedcomponerts. In the exampleof Figure 7.6(b), the shellis formed
by the upper componert and the lower componert of its MC-decomposition, as
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shawvn in Figure 7.6(c).

7.3.2 Computing the Semarics-Oriented Decompsition for a 2-complex

In this Section,we shav how to computethe semartics-orierted decompsition
of a simplicial 2-complex from its MC-decomposition (discussedin Section7.2).
We highlight the computation of shells. It is known that there is a unique way to
assignorientations consistettly to all the shellsin a simplicial 2-complex sothat,
if a triangle appearsin two shells, its orientations in the two shells are opposite
[28]. Thus, giventhe MC-decomposition of a simplicial 2-complex,we compute the
shellsfrom the manifold-connected2-dimensionalcomponerts by duplicating ead
componert and assigningopposite orientations to them. Then, we sewtogether the
parts whoseoriented boundariesmatch eat other. Thus, the algorithm for nding

the wire-webs, sheets,and shellsconsistsof the following steps:

1. Compute a wire-web as the union of all manifold-connectedone-dimensional

componerts which shareone or more vertices.

2. Classifyany two-dimensionalmanifold-connecteccomponert in the MC-decomposition
that cortains boundary edgesa boundary edgeis onethat belongsto exactly
onetriangle) in  asa sheet(an exampleis the circular wing in the Figure

7.6(b)).

3. For the remaining 2-dimensionalcomponerts in the MC-decomposition, eath
componert is duplicated and opposite orientations are assignedto ead com-
ponert and its duplicate. Basedon the orientation of the boundaries,pieces
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belongingto the sameshell are matched.

We elaborate step 3 here. After the identi cation of the sheets,the remaining
2-dimensionalcomponerts are either without boundariesor boundedby edgesthat
are non-manifold. In the former case,eat sudh componert completely enclosesa
volume. In the latter case,the componert may be part of an orientable surfacethat
encloses volume. Therefore,orientation is usedto stitch the componerts together.
To this end, ead componert is duplicated so that the original and its duplicate
are assignedopposite orientations, sinceeat componert boundstwo volumes,one
on ead side. By the left-hand rule, the orientation of ead copy of the component

inducesan order to edgeson its boundary (seeFigure 7.10(a) and (b)).

() (b)

Figure 7.10: (a) A 2D component obtained from the MC-
decomp osition; (b) Tw o orderings of the boundary of the com-
ponent shown in (a), corresp onding to opp osite orien tations

Moreover, at any non-manifold edgee that is sharedby oriertable surfaces
bounding 3D volumes,the surfaceswith their assignedorientations may be ordered
radially at e (seeFigure 7.11(a) and (b)). Two neighbouring surfacesthat are
adjacent in this orderingcanbe stitchedtogetherat e. For examplethe neighbouring

surfacesA and B° are adjacert in the order around e and may thus be stitched
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together. After stitching, the resultant surface has the same orientation but it
has a new boundary (seeFigure 7.12(a) and (b)). Stitching terminates when no
more surfacesshare overlapping boundaries, at which point, those surfacesthat
have no boundary completely enclosevolumes. The outermost surfaceswhich form
the exterior of the complex are identi able geometrically and are discarded. The

remainderis the set of shellsin the complex.

&
(a) (b)

Figure 7.11: (a) Three 2D components, A;B and C, sharing a
non-manifold boundary €; (b) The six surfaces with orien tation,
A, A%B;B%C and C° corresponding to A;B and C in (c) are
sortable around the non-manifold boundary e

Considerthe exampleof two overlapping spheressharinga commonsurfaceas
shown in Figure 7.13(a). The MC-decomposition of this shape yields three pieces
as shown in Figure 7.13(b). The componerts are duplicated and assignedunique
orientations. Each sud surfacewith an orientation is shovn in a di erent colour in
Figure 7.13(c). Stitching is performedon the surfacesand yield three setsof surfaces
without boundaries,of which, the outermost one is discarded. Note that the time

complexity of step 3 of this algorithm is linearly proportional to the total number
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Figure 7.12: (a) Tw o surfaces with orientation, D and E, whose
boundaries may be stitc hed together along their common edges;
(b) The resultan t surface F of the stitc h has the same orien ta-
tion as D and E but it has a new boundary

of triangles at the non-manifold edgesof the componert. This is becausestep 3 is

performedby tracing the boundariesof the componernts.

7.3.3 Semarics-Oriented Decompsition of a Simplicial 3-Complex

The semanics-oriented decompsition can be also extracted for any simpli-
cial 3-complexenmbeddedin the 3D Euclideanspace.In this Section,we de ne the
componerts in this decompsition for 3-complexesn which ead tetrahedral com-
ponert has one connectedboundary. The componerts of the semaiics-oridened

decomposition for the domain of a simplicial 3-complexare:

Wir e-webswhich are maximal connectedcomponerts formedby top 1-simplexes.

shels: a shell C is any manifold-connectedtriangles without boundary, sut
that the three-dimensionalregionin the spaceenclosedy C is connected,i.e.,

any two points in the region can be joined by a curve which doesnot intersect
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(@) (b) (c)

(d) (e) (f)

Figure 7.13: (a) A 2-complex describing two spheres that over-
lap and share a common surface; (b) The MC-decomp osition
of the complex consisting of three 2D components; (c) The
2D components are duplicated so that the originals and the
duplicates have opposite orientations; (d)-(f ) three resultan t
surfaces that completely bound volumes, among which (d) and
(e) are shells, and (f) is the exterior of the shape
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any simplexof . The trianglesforming a shellmay be top simplexes,or faces

of tetrahedra.

Sheets which are maximal manifold-connectedtwo-dimensionalcomponerts

with boundary that do not encloseany region.

Solids which are maximal manifold-connectedsubcomplexesormed by tetra-

hedra.

Figure 7.14(a)shovs a half- lled sphere.lts semartics-orierted decompsition
yields a solid that is the lower tetrahedralized hemisphere,and a shell that is com-
posedof the dangling triangles and part of the surfaceof the solid, that together

enclosethe upper hollow hemisphere.

7.3.4 Computing the Semartics-Oriented Decompsition for a 3-complex

For ead simplicial 3-complex , there is a correspnding 2-complex °which
consist of the wire-edgesand the dangling triangles of , plus the set of triangles
that are on the 2D boundary of the tetrahedral componerts of .

The complex °can be obtained from by replacing ead tetrahedral com-
ponert t in  with its 2D boundary t. We call ° the reduced complex For
the example of the half- lled sphereshownn in 7.14(a), the reduced complex con-
sists of a spherewith an internal surfacepartitioning it into halves. Figure 7.14(b)
shows the boundary of the half- lled spherewhich is addedto the remainderof the
MC-decomposition (c) to form the reducedcomplexshavn in Figure 7.14(d). The
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(a) (b)

(c) (d)

Figure 7.14: Example of components in the semantics-orien ted
decomp osition of a 3-complex: (a) A complex with empty
upp er hemisphere and solid lower hemisphere; (b) the solid
part of is replaced by its 2D boundary, and it is added to
the remaining comp onent shown in (c); (d) All the parts of the
reduced complex © of

semaitics-orierted decompsition of the 3-complex may be computed in three

steps:

1. Identify the setT = ftq;:::txg of k tetrahedral componerts of and extract

the setS = f ty;:::; tkg, where t; is the 2D boundary of componert t, in T.

2. Construct the complex °asthe union of the set S, and the set of wire-edges

and the dangling triangles of .

3. Compute the semartics-orierted decompsition of the 2-complex ©

4. For eat shellsin © if s correspndsto the boundary of sometetrahedral
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componert t in , replaces by t.

The computation of the 2D boundary of ead tetrahedral componert in  takes
time that is linear with respectto the number of tetrahedra in the componert. Note
that the number of triangles on the 2D boundary of ead tetrahedral componert t is
of the sameorder asthe number of tetrahedra in t itself. Thus, this algorithm has

the samecomplexity asthe computation of the semartics-orierted decomposition of

0

7.4 The Decomp osition Graph 3

In this Section, we introduce a graph-basedrepresetation for both the MC-
and the semairtics-oriented decompositions discussed respectively, in Sections7.2
and 7.3. This represetation capturesthe complexity of the connectivity amongthe
componerts and supports the extraction of interesting global topological featuresof
the decommsedcomplex.

Both the MC-decomposition and the semarnics-oriented decompsition canbe
descriked as a hypergraphH =< N;A >, that we call the decomgosition graph in
which the nodesin N correspnd to the componerts in the decompsition, while the
hyperarcsin A capture the structure of the connectivity both amongand within the

componerts. Hyperarcsthat are self-cyclesrepresem the non-manifold structure of

30riginally published in [45]. Reproduced with notice of ACM copyright: permissionto make
digital or hard copiesof part or all of this work for personal or classram useis granted without
fee provided that copiesare not made or distributed for prot or commercial advantage and that
copiesbear this notice and the full citation on the rst page. Copyrights for componerts of this
work owned by others than ACM must be honoured. Abstracting with credit is permitted. To
copy otherwise, to republish, to post on serers or to redistribute to lists, requires prior specic
permissionand/or a fee.
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a singlecomponert. The hyperarcsthat connectdistinct componerts are de ned as
follows. Any k components C,; C,;  ; C in the decompsition with k > 1 sud that
the intersectionJ of all sudh componerts is a not empty, andJ iscommononly to the
k componerts, de nes oneor more hyperarcswith extremenodesin Cq;C,; ; Cy.
The intersectionof componerts C;; C,;  ; Cy¢ consistsof isolated non-manifold ver-
tices, maximal connectedl-complexesormed by non-manifold edges.or, only when
we considera semanics-oriented decomposition, maximal 1-connected2-complexes
formed by triangles. A hyperarc is a connectedcomponert of sud intersection.

Thus, we classify hyperarcsas follows:

0-hyperarcs,which consistonly of one non-manifold vertex;

1-hyperarcs,which are maximal connectedl-complexegormedby non-manifold

edges;

2-hyperarcs,which are maximal 1-connected2-complexedormed by triangles.

A 2-hyperarc existsonly in the graph describingthe semartics-oriented decomposi-
tion and it may connectonly two nodes, becausea connectedset of triangles may
belong to at most two shells. Note that there may exist one or more hyperarcs
connectingthe sameset of nodes. All hyperarcswhich connectthe samecompo-
nerts C;;C,; ;Cy canbe grouped into a macro-hyperarc, which thus de nes the
structure of the intersection of the k intersectingcomponerts.

An exampleof a decomposition graphis shaovn in Figure 7.15. The semarnics-
oriented decomposition of the object, shavn in Figure 7.15(a), consistsof two shells,
C, and C,. The connectivity betweenC; and C, is shavn in Figures 7.15(b) and
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(c). C; and C, sharevertex v (shown in Figure 7.15(b)) and the four edgese;
to e, (shown in Figure 7.15(c)). Thus, there are two hyperarcs: a 0-hyperarc de-
ned by the standalonevertex v and a 1-hyperarc de ned by the sequenceof edges
(e1; ;e4). Figure 7.15(d) shavs the hypergraphwith the macro-typerarc (labeled
a) connectingcomponerts C; and C,. Note that the number of hyperarcsbetween
the two componerts is related to the number 1-cyclesin the object. In this case,

the two componerts form a 1-cycle.

G G

(a) C4—

()

Figure 7.15: An example showing the connectivit y between
two shells: (a) the semantics-orien ted decomp osition consists
of two shells C; and C;; (b) connection at vertex v; (c) connec-
tion through a chain of four edges e; to e4; (d) the hyp ergraph
showing two hyperarcs whic h describ e vertex v and the chain
of edges e;; e;e3;€, connecting components C; and C;; (e) the
hyp ergraph at a higher level, showing the macro-h yperarc a,
comp osed of the two hyperarcs connecting C; and C.,.

Sincea componert C may cortain non-manifold singularities, we represemn
C in the decomposition graph with a node and with self-cyclescorrespnding to
the non-manifold vertices and non-manifold edges. A 0-hyperarc correspndsto a
non-manifold vertex belongingto C, while a 1-hyperarc to a maximal connected
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1-complexformed by non-manifold edgesall belongingto C. Figure 7.16(a) shaws
an exampleof a non-manifold vertex within a pinchedtorus. The pinchedtorus is a
manifold-connected2-complex. The graph describingthe non-manifold connectivity
of the shape is shavn in Figure 7.16(b). Figure 7.16(c) shavs an exampleof a non-
manifold edgewithin a pinched duster. The pinched duster is a manifold-connected

2-complex.
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Figure 7.16: (a) Example of a manifold-connected 2-complex
with a non-manifold vertex. The neighborho od of the non-
manifold vertex v is highligh ted; (b) The graph describing the
non-manifold vertex internal to the complex; (c) An example
of a manifold-connected 2-complex with a non-manifold edge.
The four triangles incident at the non-manifold edge e are high-
lighted; (d) The graph describing the non-manifold vertex in-
ternal to the complex.
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7.5 Form Feature Identi cation

The designof a product is constrainedto satisfy seweral requiremerts speci ed
by the customer. In the designprocess,it is necessaryto conduct seweral analysis
from multiple perspectivesin order to ensurethat all the requiremens are met.
Qualitativ e attributes are generallyattachedto the geometricframework to provide
sud perspectives. On top of it, it is alsoinstrumental to dewelop a feature-based
description of the model which o ers a channelto assaiate functional information
to geometric data [10]. An example of sudh an application is shovn in Figures

7.17(a)-(c).

It iscommonfor the modelsto be describedassimplicial 2-complexes Further-
more, in the processof abstraction, mixed dimensionality and non-manifold connec-
tivities may occur in the simpli ed model. In collaboration with IMATI (Genova),
we investigatedthe possibility of using the decompsition of hon-manifold objects
into parts connectedat non-manifold joints asa rst stepto feature identi cation.
The parts in the decompsition can then be classi ed into a prede ned set of fea-
tures. One sud category of feature-baseddescription is the form featuresin Finite
Elemert model. The componerts of a manifold shape can be classi ed accordingto
a set of form featuresdocumerted in the STEP (Standard for Exchangeof Product
Data, 1SO 10303). The work [10] proposesa taxononmy of form featuresfor non-
manifold objects, extending the STEP classi cation. These featuresfall into two

categories: added parts and subtracted parts. The features, that add parts to a
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(@) (b)

(c) (d)

Figure 7.17: (a) A detailed geometric model of the door; (b) An

idealized model of the door with identiable parts which may

be associated with features describing functional information;

(c) An association between the functional information and the

geometric description of the parts of the shape; (d) A part of

the model that is associated with the function of a door handle
shape, include protrusions, connectors, handes and standalones The features,that
subtract parts from a shape, include cavities and throughholes Form featuresthat
substract parts from the object may be consideredasthe negationof thosethat add
parts to it. In the non-manifold taxonomy, a part is a 1-dimensional,2-dimensional
or 3-dimensionalconnectedand compactsubsetof the object that hasa meaningful

semattics in the application cortext. Theseparts are de ned accordingto [10] as

follows:

Connector: is a k-dimensionalpart of object that, if removed, splits the object into
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two or more connectedm-dimensionalparts, wherem  k;

Handle: is a k-dimensionalpart of object that intersectsonly oneother m-dimensional
part, with m Kk, in two or more connectedportions of their commonbound-

ary, and it is external to this other part;

Connector-handle:is a k-dimensionalpart of an object which intersectsat leasttwo
other m-dimensionalparts, wherem  k, and whoseremoval doesnot break

the object into disconnectedelemerts;

Through hole: is a k-dimensional part of object that intersectsonly one other m-
dimensional part, with m  k, in two or more connectedportions of their

boundary, and is internal to this other part;

Protrusion: is a k-dimensional part of object that intersects only one other m-
dimensional part, with m k, in one connectedportion of the boundary,

and is external to this other part;

Cavity: isak-dimensionalpart of object that intersectsonly oneother m-dimensional
part in one connectedportion of the boundary, and is internal to this other

part, with m k;

Standalone: part of object that is not a feature of any other part and can be con-

sideredasindependent.
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Figure 7.18: Non-manifold objects with identiable form fea-
tures (part 1): Two views of a door with a lamina door-handle.
The door-handle is considered as a protrusion to the door,
whic h is a standalone object

Figure 7.19: Non-manifold objects with identiable form fea-
tures (part 2): Two views of alock; The upp er part of the lock
forms a handle on the lower part.

Figure 7.18,Figure 7.19,and Figure 7.20give examplesto illustrate eat non-
manifold form feature. Figure 7.18shaws a door that is composedof two parts: the
door and the door-handle. The door-handleis a protrusion. The door is a standalone
componert in the model. The lock modeledby a lamina attachedto a block shovn
in Figure 7.19illustrates the handle feature. Figure 7.20(a) shavs a compassthat
consistsof three parts: the base,the thin wire supporting the magnetizedneedle
and the magnetizedneedleitself. The thin wire is a connector. In Figure 7.20(b),

the bucket consistsof four parts. The wires of bucket are connector-handles.For
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(a) (b)

Figure 7.20: Non-manifold objects with identiable form fea-
tures (part 3): (a) A compass in which the pivot supporting
the needle is a connector between the magnetized needle and
the base of the compass; (b) A bucket that is formed by four
mixed-dimensional comp onents.

visual clarity, we usemanifold objectsin Figures7.21(a)-(b) to illustrate the features
of through holesand cavities. Figure 7.21(a) illustrate a mug with a cavity and a
through hole. Figure 7.21 (b) shows the volumesthat are subtracted to form the
cavity and the through hole of the mug.

We consider here only the form features formed by addition. The identi -
cation of form featuresrequiresthe availability of multiple sourcesof information
on the shape. Geometric information include the size and relative position of the
parts. Topologicalinformation includesdimensionof the parts, and the connectivity
amongthem. Protrusions, connectorsand handlesare local featuresthat canbe de-
termined basedon the connectivity betweenadjacert parts, while connector-handles
are global featureswhoseidenti cation require an examination of the whole model.
We investigate how the semarics-oriented decompsition (seeSection7.3) can be
usedas a starting point to extract the topological information.

In the next two Sections, we discussthe use of the semartics-orierted de-
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(a) (b)

Figure 7.21: Manifold objects with identiable local form fea-
tures: (a) A mug with a cavity and a through hole; (b) The
volumes that are substracted from the mug to form the cavity
and the through hole shown in (a)

composition for idertifying local form features;then we discusscertain interesting
properties of the decompsition graph that open up the door to further researt on

the global structure of the non-manifold shape.

7.5.1 An Interpretation of Semarics-Oriented Decomposition

In the semartics-orierted decomposition of a simplicial 2-complex, we can
considerthe shellsasimplicit represemations of solids (even though in somecases
they really only represem holes) and considerthem as three-dimensional compo-
nents Sheetsare consideredas two-dimensional compoents while wire-webs are
one-dimensional These componerts are directly obtainable from the semartics-
oriented decomposition. Basedon the componert dimension, a hierarchy may be
createdamongthe componerts sud that the componert with the lower simplicial
dimensionis potentially consideredto be a feature of the one with the sameor a

higher dimension. In the casewhere two componerts are of the samedimension,
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thereis a tie that cannot be resoled without geometricinformation sud asthe size

of the two.

(@) (b)

(€)

(d)
CaCaCacul
(€)

Figure 7.22: (a) An antenna model in whic h the base is a shell,
the dish is a sheet and the antenna is a wire-w eb; (b) The
base; (c) The dish; (d) The wire; (e) The graph describing the
connectivit y among the three parts: arc a; represents the set
of non-manifold edges connecting the dish and the base, while
arc a; represents the non-manifold vertex shared by the base
and the wire.

In addition to dimension,the graph describingthe semartics-orierted decom-
position o ers information about connectivity amongthe componerts. Seefor exam-

ple the antennamodel shavn in Figures7.22(a)-(d). The graph of the decomposition
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of the antenna describesthe connectivity amongits three parts (seeFigure 7.22(e)).

Combining the properties in the decompsition graph with information on
the dimensionsof the componerts, we are able to idertify properties that have
correspndencewith form features. Let p and q be nodesin the decompsition

graph. We know that:

1. if pis an end node and it has lower dimensionthan its neighbouring node,

then p is a protrusion;

2. if pis anarticulation node which doesnot belongto any cycleand hasa lower

dimensionthan one of its neighbour, then p is a connector;

3. if two nodes,p and g form a simple cycle, and q hasa higher dimensionthan

g, then p is a hande.

For example,the wire componert in the graph of Figure 7.22(e)is classi ed as
a protrusion to the dish component. Figures7.23(a)-(b) describe a compassand its
decompmsition graph. Componert B (the wire) is a connectorbetweencomponerts
A and B becausat is an articulation node, not part of any cycle,and its dimension
is lower than thoseof its neighbours. Figures7.24(a)-(c) describe the decompsition
graphof the lock model shavn in Figure 7.19. Componert A (the lamina) is a handle
to componert B (the block) becausethe two componerts form a simple cycle and

A hasa lower dimensionthan B.
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Figure 7.23: (a) A compass describ ed by comp onent A (a mag-
netized needle) connected to component B (a wire) at vertex u,
and component B is set on component C (the base) at vertex
v; (b) The graph describing the connectivit y of the compass

Figure 7.24: (a) A lock describ ed by component A (a lamina)
connected to component B (a block); (b) The two non-manifold
edges e; and e, connecting components A and B; (c) The graph
describing the connectivit y of the lock

7.5.2 Further Obsenations on the Decomysition Graph

In this Section, we make further obsenations on the decompsition graph
which are pointers to future researti. The cyclesin the graph are formed by a
circular list of alternating nodesand arcs. They descrike both local and global fea-
tures of the shape. There are three typesof cyclesthat re ect interesting structural
propertiesin the shape: cyclesof overlappingjoints, self-cyclesand multi-component

simple cycles which we elaborate below.
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Figure 7.25: Example of a cycle of overlapping joints in the
decomp osition graph: (a) Non-manifold vertex v which is a
hyp erarc shared by components A;B;C and D, is part of the
non-manifold edge e shared by A;B and C; (b) Non-manifold
edge e shared by components A;B and C is part of the surface
f shared by A and B.

Cyclesof overlapping joints When multiple componerts are connectedwith over-
lapping joints, this is re ected in the decompsition graph as simple cyclesof the
form < Cy;a;;Cy; a; Cy >, where C; and C, are componerts and the hyperarc a;
represems a joint that is a subsetof that of a,. An exampleis shavn in Figures
7.25a)-(b). In this example,the non-manifold edge, e is sharedby componerts A,
B and C while oneof its extreme vertices, v, is sharedby componerts A; B; C and
D. The simplecyclessud as< A;v;B;e;A >, wherev is a subsetof g, re ect the

local feature at the vicinity of non-manifold edgee and non-manifold vertex v.

Self-cycles Self-cyclesare cyclesthat consistof just one componert and one arc.
They correspnd to non-manifold folding within a componert, which can be clas-
si ed into the internal caseand the external case. Internal folding appliesonly to
shells. In the internal case,the 3D spacethat is consideredthe interior of the shell

is cortinous in the neighbourhood of the non-manifold singularity. The folding is
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external otherwise. External folding cortributes to the formation of handlesinside
the componert. Two examplesof folding is shavn in Figures7.26(a)and (b). Fig-
ures7.26(c)and (d) shows the 3D spacein the neighbourhood of the non-manifold

verticesin the examplesof (a) and (b).

(a) (b)

(©) (d)
Figure 7.26: Non-manifold folding: (a) A pinched ball (inter-
nal folding); (b) A pinched torus (external folding); (c) the
contin uous 3D space in the neighbourho od of the non-manifold
vertex in (a) indicating an internal folding; (d) two disjoint 3D

spaces in the neighbourho od of the non-manifold vertex in (b)
indicating an external folding

Multi-componert simple cycles Certain simple cyclesin the graph, that do not
correspnd to overlapping joints and self-cycles,correspnd to someloops in the
object. An exampleis shavn in Figures 7.27(a)-(b), in which the decompsition
graph (b) of the bucket model (a) describesa loop in the model. This is, by far, the
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most interesting property of the decomposition graph which makesit a possiblenon-
manifold corresppndenceto the reeb graph represemation for the manifold shape.

It remainsan open questionat this stagehow all sud cyclescan be iderti ed.

A
(@) (b)

Figure 7.27: An example of multi-comp onent cycle: (a) A
bucket with four components; (b) The graph of the semantics-
oriented decomp osition of (a).

7.6 Web-based shape retriev al using top ological character-

istics as the ontology

In recen years,largenumber of multimedia data are generatedfrom industrial,
researt and personalsources.This createsthe needfor thesedata to be organized
in an intelligent way, that enablesthe retrieval of thesedata using di erent typesof
information descriptors. To createan intelligent databaserequiresstrongintegration
of knowledgemanagemeh technologies.A rst stepto this integration involvesan

ontology of shapes, that represeits a collection of conceptsdescribingthe shapes
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and the relationshipsamongtheseconcepts.

The understandingof a shape hasbeena challengingproblemfor a while. Pre-
vious approades have generallytaken on the directions of madine learning based
on statistical analysisof geometricdata. Someapproadesalsooverlap with pysdo-
logical studies. The common ground sharedby many researbers is that a shape
understanding is multifacetal. A shape can be described at three levels: geomet-
ric, structual and conceptual. Geometrically, a shape is described as a collection of
elemertary cells, sud as triangles, edgesand vertices, which capturesthe bound-
aries of the volume encapsuledby the shape. A structural represemation is a more
concisedescription of a shape in which geometric details are abstracted and only
important featuresremain. Thus, it is a suitable basisfor semartic annotation and
reasoning. Examplesof structural represetations are skeleton-baseddescriptions,
or part-baseddecompsitions.

The availability of geometric and topological information is instrumental to
the construction of the conceptual model of a shape. In particular, a structural
represemations guided by topological information (such as the semarics-orierned
decompmsition proposedin Section7.3) is essetial for inferring semanic properties.
To this aim, the Common Shape Ontology has been proposed[3] asthe rst step
to shape understanding. In collaboration with DISI-Genova, we proposeda system
basedon this ontology, that is capableof exploring, organizing and understanding
digital represemations [21]. The dewlopmen of this work has been published in
[22, 66] In the following, we descrile this proposedBeSmartsystem. We alsoreport
a tool that we have built for the topological componert of this system.
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7.6.1 be-SMART (BEyond Shape Modeling for understAnding Real
world represemations)

Be-SMART (BEyond Shape Modeling for understAnding Realworld represen-
tations) [22, 66] is a Java-basedsystem, designedfor geometric-tological inspec-
tion and semaric annotation and structuring of 3D shapes. The two purposesof
be-SMART are to extract quartitativ ely replicable information about featuresand
regionsof interest, and and to provide an intuitiv e interface for reasoningon digital
models, which thereby enablesthe generation of ontology-driven metadata about
an object. This is adhieved by (i) extracting (automatically) geometricand topo-
logical information from the model and by maintaining them using ontology-driven
metadata; by (ii) segmeting the model (both manually and/or automatically) us-
ing editing technologiesand context-dependen segmetation techniquesand by (iii)
structuring and idealizing (automatically) the shape in order to createa structural
multi-level represemation of the model guided by the assaiated semaric. The
systemcan be coupledwith a semanic web portal, which provides metadata man-
agemenm and interaction functionalities. Be-SMART consistsof the following v e

modules:

1. Geometry and Topology Analyzer (GTA): it analysesthe input shape model
and extracts geometrical/topological information which is maintained in the

enriched shape model and as instance valuesof a given ontology.

2. Topological Decomposer (TD) : starting from the information extracted by the
GTA module, this module producesa graph-basedrepresemation (decompo-
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sition graph) of the shape model into nearly manifold componerts.

. Manual Segmentation module (MS): This module o ers both simple and ad-

vancedediting functionalities allowing a userto selectportions of the model.

The segmetration is maintained in the decomposition graph.

Automatic Segmentation module (AS): This module o ers the possibility of
applying automatic segmeiation algorithms for decompsing the manifold
componerts into meaningful parts (accordingto context-dependen criteria).

The segmetation is maintained in the decomposition graph.

. Semantic Annotator (SA): This module o ers the possibility of assaiating

speci ¢ metadata valuesto speci ¢ portions of the decompmpsedmaodel accord-
ing to pre-loadedontologies. Basically, it ass@iates metadata with nodes of

the decomposition graph which descrilke the decompmsedmodel.

-

decomposition graph -
Geometry and Topology . Manual
Analyzer (GTA) Segmentation (M$)

Topological Decomposer

\ 4

Automatic %
)

(TD) Segmentation (A

Figure 7.28: The general architecture of be-SMAR T, with its
v e constituen t modules. The GTA module exchanges infor-
mation with all the other modules. Both the GTA and the TD
modules are application-indep endent. The other modules are
context-dep endent

273



The interactions amongthe modulesin the be-SMART architecture are shovn
in Figure 7.28. We corribute to the be-SMART system primarily in the de ni-
tion and the construction of the Geometry and Topology Analyzer (GTA) module.
The Geometry and Topology Analyzer (GTA) addresseshe problem of extract-
ing topological characteristicsfrom non-manifold 3D shapesdescrited as simplicial

2-complexescortaining parts of di erent dimensions.

als

(@) (b) (©) (d) (€)

Figure 7.29: Non-manifold features handled by the GTA: (a)
A spider-w eb on a windo w; (b) a block that touches a plane at
two straigh t-lines; (c) a cone touc hing a plane at a single point;
(d) an object that encloses one void, that is it has a shell, and
contains two 1-cycles, which de ne the handle; (e) an object
with two shells, each of which is the interior of a cube.

As we have discussedn Chapter 3, the basiccharacteristicsof a non-manifold
shapethat arerelevant to topologicalanalysisare: non-manifold singularities, which
can be non-manifold isolated points, or non-manifold curves (seethe two examples
in Figure 7.29(b) and (c)). Additionally, asmertioned in Chapter 7, a non-manifold
shape may be described as parts with certain dimensionand degreeof connectiv-
ity. Sud parts include: wire-webs (seeFigure 7.29(a)); connectedcomponerts of
the shape; and maximal connectedcomponerts which do not cortain non-manifold

isolated points (sudh asthe objectsin Figure 7.29(d) and (e)). Note that the object
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in Figure 7.29(c) is formed by two of sud parts (the coneand the planar surface).

Thesecharacteristics can be expressess the following quartitativ e features:

1. non-manifold isolated vertices and non-manifold edges,which correspnd to

the non-manifold singularities of the shape;

2. wire-edges;

3. connectedcomponerts;

4. wire-webs(seetheir de nition in Section7.3.1)which descrikethe 1-dimensional

parts of a shape (seethe web in Fig. 2(a))

5. 1-connectedcomponerts. Note that a 1-connectedcomponert is a componernt
in which, for every pair of triangles, there exists a path composedof triangles
and edgessudh that any edgein the path belongsto the boundary of the two

triangles precedingand following it in the path.

In addition, a topological signature for a non-manifold shape can be de ned on the
numbers of its hon-manifold singularities (isolated points and curves), the numbers
of di erent componerts listed above, and on its Betti numkers, o, ; and ,, which
are the number of connectedcomponerts, the number of 1-cyclesand shellsin the
shape, respectively [1]. The Betti numbersare related through the Euler-Poincare's
formula: V. E+ F = 1+ -, whereV, E and F denotethe number of the
vertices, edgesand triangles, respectively. The list of propertiesto be extracted by
the GTA module and the correspnding metadata descriked in the Common Shape
Ontology is shavn in Table 7.1.
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Information extracted

NonManifoldMesh metadata

made of wire-edges

by the GTA

# triangles hasNunberOfCell

# vertices hasNunberOfVertice

# edges hasNunberOfEdge

# wire-edges hasNunmberOfWireEdges

# non-manifold vertices hasNunmberOfNonManifoldisolated\értex

# non-manifold edges hasNunmberOfNonManifoldEdge

# connectedcomponerts hasNunberOfConnectedSimplexes-OfDim1

# connectedcomponerts
made of triangles

NG

hasNunberOfConnectedSimplexes-OfDim2

o (number of connected
componerts)

hasNunberOfConnectedCompnerts

# 1-connectedcomponerts

hasNunberOflConnectedCompnerts

1

hasNunmberOf1Cycles

2> (number of shells)

hasNunberOf2Cycles

Table 7.1: Corresp ondence between prop erties extracted by
the GTA module and the metadata describ ed in the Common
Shape Ontology for the concept of non-manifold mesh (Non-

ManifoldMesh)

To fulll the objective of the GTA module we deweloped a topological anal-

ysistool, that we called TopMesh for the extraction of topological properties. We

descrilke TopMeshin the following Section.
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7.7 TopMesh: A Tool for Topological Analysis of Non-manifold

Shapes

Simplicial meshesare the most commonrepresetation for 3D digital shapesin
avariety of application domains. A 3D shapeis most commonlydescrikedthrough a
discretization of its boundary into a simplicial meshconsistingof triangles, bounded
by edgesand vertices, and by wire-edges,which are edgesthat do not bound any
triangle. Here, in collaboration with May Huang, we addressthe problem of ex-
tracting topological characteristics from non-manifold 3D shapes cortaining parts
of di erent dimensionsand discretizedas simplicial meshes.While there exist tools
to extract geometricand topological information from manifold shapes, much less
work exists on extracting sud information from non-manifold ones. An example
of a tool for extracting sud information from manifold shapesis provided by the
TriMeshinfo tool currently usedin the Shape repository of AIM@SHAPE to extract
shape metadata only for manifold shapes. Thus, we have deweloped algorithms for
extracting non-manifold singularities, parts of a 3D shape with di erent degreesof
connectivity, and with di erent dimensionsfrom a discretization of the shape asa
simplicial 2-complexenmbeddedin the three-dimensionalEuclidean space.

All the algorithms have beenimplemerted into a tool for topological analysis
of non-manifold meshescalled TopMesh that we are applying to generatemetadata
for the shapesin the AIM@SHAPE shape repository [2]. TopMeshis basedon a
represemation of the underlying simplicial meshas a Triangle-Segmen (TS) data

structure (seeSection4.1.2.2). Recall that the TS data structure is a topological
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data structure that encalestriangles, wire-edgesand vertices, along with the fol-
lowing set of topological relations: boundary R, relation for triangles, boundary
R0 relation for wire-edgespartial co-boundary Ry, and R, relations for vertices,
partial adjacencyR,., relation for triangles. The encaling of this set of topological
information is su cien t to enablee cien t navigation in the complex. TopMeshex-
tracts the topological characteristicsof the shape, in the form of metadata speci ed
in the Common Shape Ontology (seeTable 7.1in Section7.6.1),and computesthe
semaitics-orierted decompsition of the shape (seeSection7.3). Sud information
obtainedfor the shape providesa topologicalsignaturefor the shape usefulfor shape
retrieval.

In the following, we discusshow to extract the metadata enlistedin Table 7.1
from a simplicial 2-complexencaled in the TS data structure. The computation
of the numbers of triangles, vertices, edgesis trivial and is not descritked. The
identi cation of non-manifold isolated vertices, non-manifold edgesand wire-edges
is descriked in Section 7.7.1. The computations of componert-based metadata,
namely, the connectedcomponerts made of wire-edgeg(i.e., wire-webs), connected
componerts madeof triangles, 1-connecteccomponerts and the Betti numbers o; 1
and , are descrited in Section7.7.2. The computation of the semarnics-oriented
decompmsition of a simplicial 2-complexhasbeendescrikedin Section7.3and is not
repeated here. A detailed description of the TS data structure is found in Section

41.2.2.
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7.7.1 Computing Non-manifold Singularities, Wire-Edgesand Betti
Numbers

Wire-edgesare explicitly encaled in the TS data structure. A non-manifold
isolated vertex v is a vertex sud that its link has more than one connectedcompo-
nert. This can be identied in the TS data structure by consideringthe relations
Ro.. and Rq,, relations at ead vertex v. Thus, vertex v is not consideredto be

non-manifold isolated if only one of thesetwo relations is empty, and
if the Ry.,(v) relation is not empty, and it consistsonly onetriangle;

if the Ryo(Vv) relation is not empty, and it consistsof either one or two wire-

edges

A non-manifold edgee can be detectedby consideringa triangle t incidernt at
e and chedking whethert hasa predecessoand successom the R, relation of t at
e, which are di erent.

TopMeshextracts shellsand sheetsand thus computesthe semarnics-orierted
decompsition of the shape (seealgorithm in Section 7.3.2). There is a one-to-
one correspndencebetween a shell and a 2-cyclein a simplicial 2-complex. The
value of , is thus equal to the number of shellsfound in the semarics-oriernted
decompsition. ¢ is the number of connectedcomponerts (seeSection7.7.2). 1 is
the number of 1-cycles,and ; can be computedthrough Euler-Poincare'sformula

given alsothe numbers of triangles, verticesand edgesin the simplicial complex.
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7.7.2 Extracting Componerts of Various Connectivity

TopMesh computes: connectedcomponerts, connectedcomponerts made of
triangles, connectedcomponerts made of wire-edges,1-connectedcomponers. The
TopMesh also computesthe semarnics-oriented decompsition of the shape, and
thereby computesthe Betti numbers of the shape. Here, we rst describe how the
Betti numbers can be computed. Then we descrike how various componerts are
found.

While non-manifold verticesand edgesare detectedlocally by examiningtheir
starsthrough the R, Ry and R,., relations, detecting parts with certain connec-
tivit y properties require a traversal of the simplicial complex. We descrite below
how we perform this task as a breadth- rst traversalin the TS data structure by

using a queueas an auxiliary data structure.

7.7.2.1 Extracting ConnectedComponerts

The traversal of ead connectedcomponerts starts at an arbitrary unvisited
vertex v in the complex, and visits all triangles, or wire-edgeincident in v. These
are all triangles in the R, relation at v and all the wire-edgesin the R, relation
at v. Then, we considerall the verticeswhich are bounding sud triangles and wire-
edgesandif not visited, we insert them in a queue. The verticesbounding a triangle
t are obtained through the R,.o(t) relation, while those bounding a wire-edgeare
retrieved through the Ry relation. The traversal cortinuesby extracting the rst

vertex in the queueand consideringit ascurrent vertex v. A connectedcomponert
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is completelytraversedwhenthe queueis empty. By repeating this traversalprocess

till no unvisited vertex left in the complex,weretrieve all the connectedcomponerts.

7.7.2.2 Extracting ConnectedComponerts of Uniform Dimensions

Wire-websare still connectedcomponerts but formed only of wire-edges.To
detect sudh componerts, we just perform a similar traversal as the one described
above for the connectedcomponerts, but at eat vertex v, we consideronly the
wire-edgesincidert in it, de ned by the Ry, relation at v. Similarly, connected
componerts made solely of triangles can be traversedin the samefashionwith the

exclusionof wire-edges.

7.7.2.3 Extracting 1-connectedComponerts

The 1-connecteccomponerts canbe computedby consideringthe regularcom-
plex °obtained from the original simplicial 2-complex by eliminating the wire-
webs.

The 1-connectedcomponerts can be extracted from the TS data structure as
follows. We consideread connectedcomponert of  separately We start from
an arbitrary triangle t of a given connectedcomponert of . For eat e of t, we
extract all the triangles incident at edgee from the TS data structure as follows.
Let edgee = (u;v), and t; be the rst triangle after t in the courter-clockwise
direction by the right-hand-rule with the thumb pointing in the direction of v! wu.

We retrieve t; from relation R,., of (t; €) and examinethe order of the verticesas
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they areencaledin relation R, of t;. If the order of verticesu andvisv ! u then,
we retrieve the rst triangle in the courter-clockwise direction in the relation R,.,
of (t1;€). Otherwise, we retrieve the rst triangle in the clockwise direction. The
processis repeated for every triangle retrieved at edgee until we hit t again. We
visit all the trianglesincidert at e and we insert them in a queue. Then, we extract
the rst triangle from the queueand we repeat the traversal from sud triangle.
A 1-connectedcomponert is completely traversedwhen the queueis empty. By
repeating this traversal processtill no unvisited triangle is left in the complex, we

retrieve all the 1-connectedcomponerts.

7.7.3 TopMeshasa Web Service

It has been mertioned in Section 7.6.1 that shape reasoningrelies on the
availability of geometricand topological information about a shape in the form of
metadata. TopMeshhas been,in collaboration with May Huang, into a C library.
It is available as a web servicefor AIM@Shape Network of Excellence[2], for the
extraction of metadata descriked in the Common Shape Ontology shown in Table

7.1. Figure 7.30shows the metadata extracted on a non-manifold data set.

7.8 Summary

In this Chapter, we discussednon-manifold shape decompsition as the rst

step to the understandingof non-manifold shapes. We proposeda two-level decom-
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NonManifoldMesh metadata

hasNumberOfCell = 10616
hasNumberOfVertice = 5269
hasNunberOfEdge = 15876
hasNunmberOfWireEdges= 0
hasNumberOfNonManifoldisolatedVertex = 0
hasNunmberOfNonManifoldEdge = 56
hasNunmberOfConnectedSimplexes-OfDiml1= 0
hasNumberOfConnectedSimplexes-OfDim2= 1

hasNumberOfConnectedCommnens = 1

hasNunmberOflConnectedCommnerts = 0
hasNunmberOf1Cycles= 0

hasNunmberOf2Cycles= 8
(a) (b)

Figure 7.30: (a) An armchair model; (b) Metadata reported by
TopMesh on the data set
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position, in which we rst decompmsea non-manifold shape basedon its manifold-
connectednesghen we computethe sematics-orierted decomposition which yields
parts of the form: wire-webs, sheets,shellsand solids. The semarics-orierted de-
composition hasbeenconsideredasa rst stepto non-manifold shape analysis. This
decomposition approad hasbeenproposedin [45, 18]. Two collaborations started
basedon this work. They arethe iderti cation of non-manifoldform features,which
is at its preliminary stageof dewelopmer, and the dewelopmer of the BeSmartsys-
tem, as discussedn [21, 22, 66]. In conjunction with May Huang, we deweloped a
non-manifold shape analysistool, TopMesh which is now available asa web service
at the AIM@SHAPE project.

The decompsition-basedgraph represetation of non-manifold shape opens
door to researt on shape understanding,and hasreceiwed interest from both Shape

Modeling and CAD Engineeringcomrmunities.
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Chapter 8

Conclusion

In this work, we have consideredthe problem of represeting and understand-
ing 3D shapes. We have focusedon the simplicial represemations of suc shapes.
We have surveyed the eld and iderti ed the areasthat are lacking and are in de-
mand. Theseareasare in the modeling of shapeswith parts of mixed dimensions
and non-manifold connectivites.

The lack of represemations for non-manifold 3D simplicial shapesis dueto the
lack of understandingon the nature of non-manifoldnessn sud shapes. Therefore,
in this work, we addressthis lack by providing a characterization of non-manifold
properties. Through this characterization, it is possibleto designnew data struc-
tures and to designoperatorsthat support shape modi cation on suc data struc-
tures.

We proposedfour data structuresfor two di erent typesof applicational needs.
The Non-manifold Indexed data structure with Adjacencies(NMIA) is a highly
compactdata structure for 3D non-manifold shapes. It is suitable for solid modeling
applications that handle huge volume of data. Researb on this direction has been

picked up by the Solid Modeling commnunity sincethe proposal of the NMIA, which
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highlighted the technique of capturing non-manifold singularitiesin a 3D simplicial
complex.

It has beenobsened that many modeling tools require data structures that
are more compact than the existing ones, but have the capacit to assiate at-
tributes to all simplexesin the complex. The Simplied Incidence Graph (SIG)
and the IncidenceSimplicial (IS) data structure are designedfor sud applicational
needs.Both data structures are for simplicial 3-complexeswvith mixed dimensional
parts. Thesetwo data structures have smaller storagecost comparedwith the only
existing data structure, the IncidenceGraph (IG), for sud shapes. Thesetwo data
structure e cient support for topological navigation and shape modi cation. We
have successfullyemployed the SIG with the elemeniary shape modi cation opera-
tor, vertex-pair cortraction, in the construction of a multi-resolution model called
the Non-manifold Multi-T esselation.

The design of the Double-Lewel Decomposition (DLD) data structure is a
bridge from shape represemation to shape analysis through the technique of de-
composition. The DLD data structure represetts a shape both at the resolution of
cells and the resolution of nearly manifold componerts. The DLD data structure
provides a structural description of a non-manifold shape, which opensa door to
shape analysis.

We proposed a two-level decompsition of non-manifold shape. The lower
level decomposition, that we calledthe MC-decomposition, breaksa shape uniquely
into manifold-connectedcomponerts. The upper level decompsition, that we called

the semartics-orierted decomposition, breaksa shape into wire-webs, sheets,shells
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(and pseudomanifoldsolid in the caseof 3-complexes). The semanics-orierted
decomposition is computableuniquely from the MC-decomposition. We proposeda
hyper-graphthat capturesthe connectivitiesamongthe various componerts of the
decompsition of a non-manifold shape. This hyper-graph represemation opened
up a new frontier to non-manifold shape understanding. We collaborated with two
Solid Modeling comnmunities to dewelop techniquesand tools for non-manifold shape

analysis.

8.1 Pointers for Future Research

We have shavn that shape decompsition is a basictool for shape reasoning.
An exampleof its useis provided by reasoningon CAD modelsbasedon the iderti-
cation of structural features. One of the characteristicsof sud modelsis that they
often describe shapeswith a complexnon-manifoldtopology. This is especially true
when a CAD-generatedshape undergaesa so-calledidealization processto prepare
it for nite elemen simulation. The non-manifold connectivitiesin the model can
be employed asthe signature of the model. The ability to identify and capture non-
manifold propertiesin a shape is thus instrumental to shape characterization. One
exampleis given in Figures 8.1(a)-(c). Figure 8.1(a) shows a surfacewith a com-
plex supporting structure, and Figure 8.1(b) shows the framework of non-manifold
connectionsin the model of (a), which can be consideredas the shape signature of

Figure 8.1(a).
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Figure 8.1: Use of non-manifold features: (a) An idealized

representation of a surface with supporting structure; (b) the

non-manifold edges describing the framew ork of the supp orting

structure

Moreover, we foreseghat non-manifold shape analysiscan be integrated with
manifold shape analysis techniques sud as the reeb graph to provide a complete
description of shapesin general. An exampleis shown in Figures8.2(a)-(e). Figure
8.2(a) shavsan object that hasthreetori. The top andthe middle tori areconnected
alonga cycleof edgesand thusthe two tori form onemanifold part (shown in Figure
8.2(b)). The middle torus touchesthe bottom torus at vertex v (shown in Figure
8.2(c)). The analysisof this shape may rst bedone rst basedon the non-manifold
properties, thus giving the structural description shovn in Figure 8.2(d). Then
eat componert is then analyzedindividually usingthe reeb graph and the overall

structural description of the shape is shavn in Figure 8.2(e).

Global topological characteristics, such asthe betti numbers o, ;and ;in
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Euler's Formula have geometricinterpretations for manifold shapes. Investigation
is neededon how these numbers are geometrically interpretable when applied to

non-manifold shapes.

Shape modi cation is often a related problemto shape represemation because
most applicationsneednot only a static represemation of shapes,but alsothe ability
to operation on them. With the dewelopmen of shape analysis,it will be necessary
to addresshow to update shapesat the structural level. The literature on this area
is lacking. It is particularly interesting to understand how a local modi cation in
shape may a ect the global structure of the shape.

Modi cation on a simplicial shape can be built on elemenary operators sut
asvertex pair cortraction if a represemation capturesonly the topology at the level
of simplexes. Howewer, when a represetation also captures the topology at the
level of componerts (such asthe DLD data structure), shape modi cation involves
not only local updates, but also structural updatesthat results from local change.
Structural update is a global operation and is thus costly. One possiblesolution to
keeptrack of global structure while performinglocal changess to assumehat global
changesoccur lessfrequertly than the local ones. Basedon sud an assumption,
the structural represemation is recomputed periodically after a sequenceof local
updates. An exampleis represem a shape using the NMIA asthe underlying data
structure for local update, and to construct the DLD data structure when it is

necessarnto accesghe structural information of the shape.
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Figure 8.2: The integration of manifold and non-manifold tech-
nique on the structural description of a shape
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