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Solid Modeling is a well-established�eld. The signi�canceof the contributions

of this �eld is visible in the availabilit y of abundant commercialand free modeling

tools for the applications of CAD, animation, visualization etc.

There arevariousapproachesto modeling shapes. A commonproblemto all of

them however, is the handling of non-manifold shapes. Manifold shapesare shapes

with the property of topological \smoothness"at the local neighbourhood of every

point. Objects that contain one or more points that lack this smoothnessare all

considerednon-manifold. Non-manifold objects form a huge catagory of shapes.

In the �eld of solid modeling, solutions typically limit the application domain to

manifold shapes. Where the occurrenceof non-manifold shapes is inevitable, they

are often processedat a high cost. The lack of understanding on the nature of

non-manifoldshapesis the main causeof it. There is a tremendousgapbetweenthe

well-establishedmathematical theories in topology and the materialization of such

knowledgein the discretecombinatorial domainof computerscienceandengineering.

The motivation of this research is to bridge this gap betweenthe two.



We present a characterization of non-manifoldnessin 3D simplicial shapes.

Basedon this characterization, we proposedata structures to addressthe applica-

tional needsfor the representation of 3D simplicial complexeswith mixed dimensions

and non-manifold connectivities,which is an area that is greatly lacking in the lit-

erature. The availabilit y of a suitable data structure makesthe structural analysis

of non-manifold shapes feasible. We addressthe problem of non-manifold shape

understandingthrough a structural analysisthat is basedon decomposition.
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Chapter 1

Intr oduction

1.1 Mo deling Shapes

The issueof data representation is at the coreof solid modeling. Solid objects

are usually described through cell and simplicial complexes. Thesecomplexesare

collectionsof quasi-disjoint cells. The useof them o�ers the capabililty of decoupling

betweenthe geometryand the topologyof the model. Typically, the topologyat any

region in the model is captured by the connectivity of the cells in that neighbour-

hood, while the geometrycan be seenas an attributes of the cells in the complex.

There are variations on the amount of information described in an object

model. At the lowest end, the model may consistof just a set of verticesand a set

of polygonsde�ned on thesevertices. One example is the \soup of triangles". A

soup-of-triangledata set consistsof just a set of verticeswhich correspond to points

with coordinates, and a set of triangles spannedby thesevertices. The topological

information captured in the data set is minimal. At the opposite end, the model

may consist of a detailed description (including the topology, geometry and other

attributes) of every cell in the complex.
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In the rest of this work, we focuson representing simplicial complexesbecause

they are the most commonform of complexesand they play a key role in applica-

tions such as visualization, �nite element analysis,geographicdata processing,just

to mention a few. Simplicial complexesarealsoa specialcaseof cell complexes.Sev-

eral topological properties that hold for cell complexesgenerallyhold for simplicial

complexesas well.

Traditionally, a shapehasbeendescribedasa collectionof surfacesboundinga

volume of space.This approach givesrise to the so-calledboundary representation.

An alternative way is to perceive the shape as a volume of materials in the 3D

space. This approach leads to the volumetric representation. Figures 1.1(a)-(d)

givesexamplesof boundary and volumetric representations of a mechanical part.

Volumetric representations are usedonly when it is necessaryto describe the

\solidit y" of a shape, There are various approaches to volumetric representation,

such asCSGand OctTrees.Weareinterestedin the object-basedapproach. The de-

velopment of object-basedvolumetric representation is harder than that of boundary

representation becausethe processis often not uniqueand involvesthe introduction

of extra vertices; it is also di�cult to visualize, or to perform shape modi�cation

on, a volumetric mesh. To date, limited number of techniques exist for working

on volumetic meshes(see,for instance,Shewchuk's constrainted Delaunay tetrahe-

dralization [74] implemented in the Tetgen tool.) The boundary representation is

currently the most popular approach.
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(a) (b)

(c) (d)

Figure 1.1: Boundary and volumetric represen tations of a me-
chanical part: (a) A mechanical part mo deled by a tetrahedral
mesh describing the surface of it; (b) A cross-section view of
(a) showing the hollo w in ternior of the mo del; (c) The same
mechanical part mo deled by a triangle mesh describing its vol-
ume; (d) A cross-section view of (c) highligh ting the tetrahedra
on the cut plane.
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1.2 Poin ters from the Literature

Thus, a huge amount of literature on topological data structures is basedon

boundary representation. Classicalexamplesare the Winged-Edgedata structure

by Baumgart [4], the Half-Edge data structure by Mantyla [57], the Quad-Edge

data structure by Guibas and Stol� [41]. Data structures for manifold 2D cell and

simplicial complexesexploit many nice topologicalproperties in such complexes.A

shape is (topological) smooth if the neighbourhood of every point in it is homeo-

morphic to a disk or half-disk. Objects with oneor more point that doesnot ful�ll

this is called non-manifold. The handling of 2D manifold cell and simplicial com-

plexeshave beenextensively investigated. In recent years,various data structures

have been proposed for the optimization of storage costs, navigation e�ciencies,

capturing of additional properties and attributes, and easeof support for shape

modi�cation and compression.

A few volumetric representations have beenproposed,which extend the data

structuresfrom modeling2D manifoldsto modeling the higherdimensionalones.An

exampleis the Facet-Edgedata structure [30] which is an extensionof Quad-Edge

data structure [41] to represent manifold complexeswith volumetric cells. However,

research in this area is still very limited to the manifold domain.

Application demandshave driven solid modeling research in the non-manifold

direction. One such demand comesfrom CAD applications, whereby an object

consistsof several connectedparts. Considerthe simpleexampleof two cubesmade

of di�eren t materials sitting side-by-side. A boundary representation that captures
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(a) (b)

Figure 1.2: (a) A mo del describing two cub es, made of di�eren t
materials, sharing a face; (b) A mo del describing the overall
shape of the ob ject

the di�erence in parts is that of two cubessharingonefaceasshown in Figure 1.2(a)

and not that shown in Figure 1.2(b). Non-manifold connectivity exists in the model

of Figure 1.2(a).

The needsto capture non-manifold properties in object boundary have been

addressedby variousresearchers. The classicalwork on this is the Radial Edgedata

structure proposedby Weiler [79]. Subsequently, much e�ort has been channeled

into improving the usability and cost e�ectiv enessof data structures that represent

shapeswith 2D non-manifold boundaries. However, no work has beendoneon the

handling of non-manifoldparts in volumetric representations becauseof the intrinsic

di�culties of the problem.

Moreover, someapplications are not so interestedin the precisegeometricde-

scription of the surfaceof a shape. Instead, they are interestedin the shape at some

level of abstraction. Onesuch non-trivial demandcomesfrom the idealization prob-
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lem in ReverseEngineering. An exampleis the modeling of supporting structures

on a shape. Supporting structuressuch aswedges(shown in Figure 1.3(a)) arecom-

monly found in mechanical parts and are appropriately abstractedby non-manifold

connections(such as that shown in Figure 1.3(b)). The non-manifold connections

between an object and its supporting structures form a framework that can be

consideredas a characteristic of a shape.

(a) (b)

Figure 1.3: (a) A wedge that strengthens the connection be-
tween the vertical and the horizon tal faces; (b) The idealized
mo del of (a)

1.3 Our Con tribution

The challengeof modeling objects with mixed dimensionsand non-manifold

connectiviesis even greater when a model is to be represented as as mixture of

volumetric parts, 2D parts and 1D parts, with non-manifold connectivites. We

tackle this problem from the following aspects:

� the nature of the non-manifold parts in 3D shapes:
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A characterizationof them enablesthe designof data structures that properly

represent non-manifold parts when they occur

� the costsof topologicaldata structures that capture such non-manifold parts:

The primary costsare: storagecost and navigation e�ciency . Theseare gen-

eral concernsshared to various degreeby almost all applications. The sec-

ondary costsare:

1. scalability to manifold inputs

2. support for shape modi�cation

3. capturing of additional properties and attributes

Thesesecondarycriteria are application-dependent. Someof theseare hard

constraints while others are irrelevant to speci�c applications. For example,

in �nite element analysis,it is necessaryto assessthe numerical error at each

vertex, edgeand faceof a triangle mesh.Sosuch an application requiresa data

structure that explicitly capturesall such elements. An understandingof these

criteria enablesthe optimization of costson the topological data structures.

This work has made three contributions to solid modeling research. First,

we performed a full characterization on non-manifold properties in 3D simplicial

complexes. Non-manifoldnessis an issueof connectivity. In order to facilitate a

proper description of connectivity throughout the whole shape, we considerwhat

non-manifold parts consistof and wherethey occur and show how such part can be

captured.
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Second,we applied our understandingof non-manifoldnessto develop useful

representations for 3D shapeswith mixed dimensionsand non-manifold connectiv-

ities. Based on the taxonomy we built on the literature, we evaluated the cost

e�ciencies of all data structures in each category, and identi�ed the research fron-

tier which is the focus of this work [15, 19, 20]. There are two motivations for the

proposal of new data structures for non-manifold 3D shapes: First, only one data

structure, namely the IncidenceGraph, describesnon-manifold simplicial meshesof

dimension 3 or higher. No data structure exists that takes advantage of selected

properties of simplicial complexesover cell complexes. Second,there are practi-

cal demands(1) from Finite Element Analysis applications for data structures that

explicitly encode of all simplexesand (2) from Simulation applications for highly

compactdata structures.

Weproposed,implemented and evaluated four newtopologicaldata structures

for non-manifold simplicial 3-complexes.The Non-Manifold Indexed data structure

with Adjacencies(NMIA) [13] is the �rst data structure to capturenon-manifoldsin-

gularities explicitly and succinctly. The NMIA has the additional feature of being

highly compact and capableof supporting shape modi�cation [14]. The Simpli�ed

Incidence Graph (SIG) [12, 17] and the Incidence Simplicial (IS) data structure

[16], weredeveloped to support the manipulation of non-manifold shapes,with the

additional needfor the explicit encoding of all vertices, edges,triangles and tetra-

hedra. The features of the SIG and the IS make such data structures suitable

for the development of the multi-resolution model, Non-manifold Multi-T esselation.

The Double-LevelDecomposition (DLD) data structure [47] wasdeveloped with the
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same representational power as the NMIA, but along a completely di�eren t ap-

proach, namely that of decomposition.

Third, following the decomposition approach to shape modeling, we explored

a new way to analysingnon-manifold shapes. We proposeda decomposition-based

representation that capturesthe high-level topologyof a non-manifoldshape[45, 18].

This step from shape representation to shape analysishas led to collaborations in

research on shape understanding [21, 22, 66]. Part of this work on shape analysis

hasbeenbuilt into a tool called TopMesh.

1.4 Overview

We give an overview to each subsequent chapter in this work. Chapter 2

reviewssomemathematicalbackgroundson topologyin cell andsimplcial complexes.

In Chapter 3, we characterizenon-manifold properties, with special focus on

3D shapes. Non-manifoldnessin a shape consistsof parts whoseneighbourhood is

not \smooth". It occursat points at which the neighbourhood is not homeomorphic

to a d-dimensionalball. The neighbourhood of a cell is described combinatorially

by the notion of \star". Non-manifoldnessis characterizedby the presenceof mixed

dimensionsand complex connectivity in the star of a cell. These properties are

discussedin details. We also demonstratethat an understanding of non-manifold

properties is instrumental to several shape modeling applications. In particular,

the elementary operation vertex pair contraction, in a shape modi�cation, is fully

described by a characterization of the changeto the neighbourhoods of the vertices
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to be merged.

In Chapter 4, we review the literature related to shape representation. We

classifyexisting works primarily accordingto dimensionsand domains,and secon-

darily accordingto the typesof topological relations they encode. Dimension and

domain are the �rst issuesto considerwhendetermining whether a data structure is

feasiblefor an application. For a givendimensionand a givendomain, the next issue

to consideris the typesof topological information encoded within a data structure.

Therefore, we classify the data structures into dimension-independent ones; ones

specializedfor 2D boundary models,and onesspecializedfor 3D volumetric models.

For each dimension,we further considerwhether the data structure is for manifold,

regular or non-manifold domain. Then we examineeach data structure according

to what typesof topological elements are encoded in them. Basedon the typesof

elements they encode,we label the data structuresaseither implicit or explicit. The

explicit type is further re�ned into: incidence-based, thosewhich encode topological

relationsprimarily amongcellsof di�eren t dimensions;adjacency-based, thosewhich

encode topologicalrelations primarily amongcellsof the samedimension;and edge-

based, which focusedon relations of edgewith respect to others. In addition to the

traditional approach in which a shape is described as one whole piece. There is an

alternative way of describingshapes in the literature, called decomposition. This

approach is to break shapes down to simpler nearly manifold parts. We examine

the representations built from this approach.

Chapter 5 addresstwo proposalsthat are dimension-independent. They are

called the Simpli�ed Incidence Graph (SIG) and the Incidence Simplicial (IS) data
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structure. Theseproposalsaddressthe demand for data structures that explicitly

encode of all simplexes. The storage costs of each proposal is evaluated. Algo-

rithms for the retrieval of topological relations are proposedfor each of thesedata

structures, with an evaluation of their e�ciencies. As a test on the e�ectiv eness

of these proposals, the vertex-pair contraction operator is implemented on them.

The Simpli�ed IncidenceGraph has usedfor the construction of the non-manifold

multi-tesselation (NMT) application.

In Chapter 6, wepresent two data structuresspecializedfor 3D simplicial com-

plexes. These proposals addressdemand for high-optimized dimensional-speci�c

representations. Optimization is important when an application needsto handle

hundredsof millions of cells. Two proposalsare made. They are the Non-manifold

Indexed data structure with Adjacencies (NMIA) and the Double-Level Decompo-

sition (DLD) data structure. Both the NMIA and the DLD data structures have

very high compactness,very high scalability to manifold shapes, and support for

high navigation e�ciency . The NMIA o�ers e�cien t support for shape modi�ca-

tion through a variation of vertex-pair contraction, while the DLD data structure is

tailored for shape decomposition.

In Chapter 7, we explore the new frontier that is openedup through the de-

composition of non-manifold 3D shape into uniformly dimensionalparts connected

by non-manifold joints. We proposed two levels of decomposition. At the low

level, the decomposition is called MC-decomposition, and is basedon the property

of manifold-connectedness.The MC-decomposition breaksa shape into manifold-

connectedparts connectedat non-manifold joints. This decomposition is used as
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the basisfor the high-level decomposition, namely the semantics-oriented decompo-

sition. Components in the semantics-oriented decomposition are wire-webs,sheets

and shells. This latter decomposition, along with other topological features, has

beenemployed to construct a non-manifoldshape analysistool. The decomposition

graph representing the structure of a non-manifoldshape is the newresearch frontier

for shape understanding. We report here our work collaborations, with the Euro-

peanNetwork of ExcellenceAIM@SHAPE, on Form FeaturesIdenti�cation and on

Shape Ontology.

In Chapter 8, we draw someconcluding remarks and discussfuture develop-

ments of this work and the open problems.
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Chapter 2

Back gr ound Notions

In this Chapter, we reviewsomenotions on cell and simplicial complexes,that

we will usethroughout this dissertation (see[1] for more details).

2.1 Cell and Simplicial Complex

Intuitiv ely, a Euclidean cell complex is a collection of basic elements, called

cells, which cover a domain in the Euclideanspace.A k-dimensionalcell (or simply

a k-cell) 
 in the Euclidean spaceE n , 1 � k � n, is a subsetof E n homeomorphic

to a closedk-dimensionalball B k = f x 2 Rk : jjxjj � 1g (jjxjj denotesthe norm of

vector x.) A 0-cell is a point in Rn . k is called the order, or dimension, of k-cell 
 .

A (Euclidean) cell complexis a �nite set � of cells of dimensionat most d in

E n , 0 � d � n, such that the interiors of the cellsof � are disjoint, and if 
 ; 
 1 2 �,

such that 
 \ 
 1 6= ; , then 
 \ 
 1 is the disjoint union of interiors of cells of �.

A cell complex �, such that the maximum dimension of its cells is equal to d, is

called a d-dimensional complex, or simply a d-complex. The domain, or carrier , of

a Euclideancell d-complex� embeddedin E n , with 0 � d � n, is the subsetof E n
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de�ned by the union, as point sets,of all the cells in �.

The (combinatorial) boundary of a cell 
 in a cell complex � is the set of all

cells in �, which are subsetsof the boundary of cell 
 (consideredas a point set).

Every cell in b(
 ) is called a face of 
 . If k is the dimensionof the face, it is called

a k-face. The co-boundary, or star, of a cell 
 , is the collection of all the cells in �

containing 
 in its boundary. The link of a cell 
 is de�ned as the collection of the

cells bounding the cells in the star of 
 , which do not contain 
 . A cell is called a

top cell if it is not contained in the boundary of any other cell in �.

Two cellsare called k-adjacent if they sharea k-face. Two p-cells,0 < p � d,

are said to be adjacent if they are (p� 1)-adjacent. Two vertices(i.e., 0-simplexes)

are called adjacent if they are both incident at a common 1-simplex. An h-path,

0� h � d� 1, is a sequenceof (h+ 1)-cells(
 i )k
i=0 such that two consecutive cells 
 i� 1

and 
 i in the sequenceareh-adjacent. Two cells
 and 
 � aresaid to be h-connected

if there exists an h-path (
 i )k
i=0 such that 
 is a faceof 
 0 and 
 � is a faceof � k . A

complex� � is called h-connected if and only if any two cellsof � � are h-connected.

A d-complex�, in which all top cellsare d-cells,is calledregular (or uniformly

d-dimensional). A regular (d� 1)-connectedd-complex in which each (d� 1)-cell is

shared by one or two d-cell is called a (combinatorial) pseudo-manifold(possibly

with boundary). A pseudo-manifoldcomplexwhosedomain is a manifold is called

a manifold complex. Figure 2.1(a) shows an exampleof a regular complex,which is

not a pseudo-manifold,while Figure 2.1(b) and (c) show an exampleof a pseudo-

manifold complexwhich doesnot have a manifold domain.
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(a) (b) (c)

Figure 2.1: (a) A regular cell complex that is not manifold;
(b) A pseudo-manifold with a non-manifold domain (a 3D
pinc hed pie); (c) The cross-section of the pinc hed pie at the
non-manifold vertex.

Note that sometimesin solid modeling, there is the needto describe objects

with facesof disjoint boundaries. The decomposition of the boundary in such case

is not a cell complex, but it can be transformed into a cell 2-complexby adding

suitable dummy edges[57].

2.2 Simplexes and Simplicial Complex

implicial complexescan be seenas a subclassof cell complexes. Their cells,

called simplexes, are de�ned as the convex combination of points in the Euclidean

space. A Euclidean simplex � of dimension k is the convex hull of k + 1 linearly

independent points in the n-dimensionalEuclideanspaceE n , 0 � k � n. We simply

call a Euclidean simplex of dimensionk a k-simplex. k is called the dimension of

� . Any Euclidean p-simplex � 0, with 0 � p < k, generatedby a set V� 0 � V� of

cardinality p+ 1 � d, is called a p-face of � . Whenever no ambiguity arises, the

dimensionof � 0 will be omitted, and � 0 is simply called a face of � . Any face� 0 of

� such that � 0 6= � is called a proper face of � .
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A �nite collection � of Euclideansimplexesforms a Euclidean simplicial com-

plex if and only if (i), for each simplex � 2 �, all facesof � belong to �, and (ii),

for each pair of simplexes� and � 0, either � \ � 0 = ; or � \ � 0 is a faceof both �

and � 0. If d is the maximum of the dimensionsof the simplexesin �, we call � a

d-dimensionalsimplicial complex, or a simplicial d-complex. The domain (or carrier)

of a Euclidean simplicial complex is de�ned in the sameway as for a cell complex.

Sincea simplicial complexis a cell complex,all the properties of cell complexesare

inherited by simplicial complexes.

2.3 Topological Relations

The connectivity information among the entities in a cell or in a simplicial

complexareexpressedthrough topological relations. Theselatter provide an e�ectiv e

framework for de�ning, analyzing and comparing the wide spectrum of existing

data structures. Data structures for cell and simplicial complexescan be described

formally in terms of the topological entities and relations they encode. We de�ne

topological relations for the caseof a cell complex (since a simplicial complex can

be seenas a special caseof a cell complex).

We considera cell d-complex � and a cell 
 2 �, with 0 � p � d. We can

de�ne topological relations as follows:

� Boundary relation Rp;q(
 ), with 0 � q � p � 1, consistsof the set of q-cells

which are facesof 
 .

� Co-boundary relation Rp;q(
 ), with p+ 1 � q � d, consistsof the set of q-cells

16



incident in 
 .

� For p> 0, adjacency relation Rp;p(
 ) consistsof the set of p-cells in � that are

(p� 1)-adjacent to 
 .

� Relation R0;0(
 ), where 
 is a vertex, consistsof the set of vertices that are

adjacent to 
 through a 1-cell (an edge).

Figure 2.2 illustrates topologicalrelations: R2;1(f ) is the setof edgesbounding

2-cell f (seeFigure 2.2(a)), relation R0;1(v) is the set of edgesincident in vertex v

(seeFigure 2.2(b)), relation R2;2(f ) consistsof the setof 2-cellswhich shareoneedge

(1-cell) with 2-cell f (seeFigure 2.2(c)). Note that both boundary and co-boundary

relations are called incidence relations.

f
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f 3f 2

f 4

f

(a) (b) (c)

Figure 2.2: Example of top ological relations (a) boundary re-
lation R2;1(f ) = f e1; e2; e3g for face f , (b) co-b oundary relation
R0;1(v) = f e1; � � � ; e7g for vertex v, and (c) adjacency relation
R2;2(f ) = f f 1; � � � ; f 4g for face f

Wecall constantany relation which involvesa constant number of entities. Re-

lations which involve a variable number of entities are calledvariable. Co-boundary

and adjacencyrelations are variable relations in general. Boundary relations are

constant in simplicial complexes. Thus, we consideran algorithm for retrieving a
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topological relation R to be optimal if it retrievesa given relation R in time linear

in the number of entities involved in R. Depending on the amount of information

encoded, data structures for cell and simplicial complexesmay support the retrieval

of topological relations accordingto various degreeof e�ciency . If the retrieval of a

relation requiresexamining the star of all the cellsadjacent to or on the boundary

of the query cell, we say that the data structure o�ers a sub-optimalsupport for the

retrieval of that relation. If the retrieval a relation requiresexamining all cellsof a

speci�c dimension,then the data structure doesnot support an e�cien t retrieval of

that relation.
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Chapter 3

Underst anding and Handling

Non-manif old 3D Shapes

In this Chapter, we present a mathematical characterization of non-manifold

properties in simplicial complexes,speci�cally for the 3D case,and discussa generic

approach to capturing non-manifoldproperties. Note that thesepropertiesarechar-

acterizablelikewiseon cell complexes.

Non-manifold situations are frequently encountered by shape modi�cation ap-

plications. One pair of elementary operator in shape modi�cation is vertex pair

contraction and vertex split, upon which high-level shape modi�cation operations

are built. Through an understandingof the properties of non-manifolds,we discuss

how they can be handled in such an operator.

3.1 Mathematical Characterization of Non-manifold Singu-

larities

We characterizethe non-manifold singularities in the combinatorial represen-

tation of a non-manifold shape by de�ning non-manifold cells in its discretization
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as a cell complex.

A vertex (0-cell) v in a cell (simplicial) d-complex� (with d � 1) is a manifold

vertex if and only if the link of v in � is homeomorphicto a triangulation of the

(d� 1)-sphereSd� 1, or of the (d� 1)-disk B d� 1. A vertex is called non-manifold

otherwise(seethe examplein Figure 3.1(a).)

An edge(1-cell) e in a d-complex� (with d � 2) is a manifold edgeif and only

if the link of e in � is homeomorphicto a triangulation of the (d� 2)-sphereSd� 2,

or of the (d� 2)-disk B d� 2. An edgeis calleda non-manifold edgeotherwise(seethe

examplein Figure 3.1(b).)

In general,a k-cell 
 is a d-complex� (with d � k + 1) is a manifold k-cell if

and only if the link of 
 in � is homeomorphicto a triangulation of the (d� k)-sphere

Sd� k or of the (d� 2)-disk B d� k . It is called non-manifold otherwise.

In a manifold d-complex,all the top cellsare of dimensiond. A non-manifold

complexmay consistof top cells of mixed dimensions. In the caseof 3D simplicial

complexeswith mixed dimensions,we call 1-dimensionaltop simplexeswire-edges,

while we call the 2-dimensionaltop simplexesdangling-faces. A 2D simplicial com-

plex is not uniformly dimensionalif it contains wire-edges.
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Figure 3.1: (a) A non-manifold vertex v; (b) A non-manifold edge e

3.2 Understanding Non-manifold Prop erties in 3D Com bi-

natorial Shapes

Traditionally, shapesaremodeledascollectionsof uniformly-dimensionalman-

ifold shapes. Any non-manifold parts that arise in shape processingare considered

as singularities. The current research is on how to handle such singularities e�ec-

tiv ely. Assuming that a shape is mostly manifold, it is su�cien t to capture the

subsetsof the shape at which non-manifold properties exist. In the caseof a 3D

simplicial complexembeddedin 3D Euclideanspace,such subsetspertain to:

1. the lower-dimensionalparts composedof wire-edgesand dangling-faces;

2. the neighborhoods of the non-manifold edges;and

3. the neighborhoods of the non-manifold vertices.

In a 3D simplicial 3-complexembeddedin 3D space,there areno non-manifold

facesbecauseeach triangle is sharedby at most two tetrahedra. The neighborhood

of non-manifold simplexesis described by their stars and their links. The star of a

21



non-manifold edgee consistsat least two disjoint groupsof tetrahedra, or dangling-

faces. Wire edgesare not present in the star of e. All simplexesin the star of e

can be radially orderedaround the edge. Likewise,the link of e consistsof chains

of edgesand isolatedverticesand can be radially orderedon a plane. Each chain of

edgesin the link of e correspondsto a fan of tetrahedra in the star of e, while each

isolatedvertex correspondsto a dangling-face.Figure 3.2(a) illustrates the star of a

non-manifold edge,which consistsof fans of tetrahedra and dangling-faces.Figure

3.2(b) shows the link of the non-manifold edgeshown in Figure 3.2(a).

The star of a non-manifold vertex v is more complex. It may consistof either

connectedor disjoint groupsof tetrahedra, dangling-facesand wire-edges.The link

of v is a general2-dimensionalsimplicial complexwhich may be geometricallypro-

jected onto a spherein the 3D space.Each k-simplex (for k = 0; 1; 2) in the link of

v corresponds to a (k + 1)-simplex in the star of v. Every non-manifold vertex in

the link of v correspondsto a non-manifold edgeincident at vertex v. Figure 3.3(a)

givesan exampleof a non-manifoldvertex whoseneighborhood consistsof sevendis-

joint components, of which four are wire-edges,one consistsof just dangling-faces,

oneconsistsof just tetrahedra, and onehasmixed dimensions.Figure 3.3(b) shows

the link of the non-manifold vertex shown in Figure 3.3(a). It is the complexity

of the connectivity at non-manifold verticeswhich makesthe caseof non-manifold

modeling challenging. Sincethe link of v is a 2-complexfor which Euler's Formula

V � E + F = 2 holds (where V; E and F are respectively the numbers of vertices,

edgesand facesin the link of v), the relationship Es � Fs + Ts = 2 holds for the

elements in the star of a vertex, whereEs; Fs and Ts is are respectively the number
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(a) (b)

Figure 3.2: (a) Example of simplicial 3-complexes showing the
star of a non-manifold edge. The tetrahedra are in green while
the dangling-faces are in purple. The link of the non-manifold
edge is shown in (b).

of edges,facesand tetrahedra in the star of v.

The non-manifold casesin simplicial 2-complexesembeddedin 3D Euclidean

spacecan be consideredas a subset of those in the 3-complexesbecauseof the

absenceof tetrahedra. The lower-dimensionalparts are composed of wire-edges

only. The star of a non-manifold edgee in a 2-complexconsistsof more than two

triangles, and thus the link of e is a set of isolated vertices. Figure 3.2(a) shows

an exampleof a non-manifold edgein a simplicial 2-complex. Its link is shown in

Figure 3.2(b). The star of a non-manifoldvertex v in a simplicial 2-complexconsists

of triangles and wire-edges.Each component in the star of v is either 1-dimensional

(that is a wire-edge),or 2-dimensional(that is a 1-connectedset of triangles). The

link of v is a 1-complex,in which an isolated vertex corresponds to a wire-edgein

the star of v while a 0-connectedset of edgescorresponds to a 1-connectedset of
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(a) (b)

Figure 3.3: (a) Example of simplicial 3-complexes showing the
star of a non-manifold vertex. The tetrahedra are in green
while the dangling-faces are in purple. The link of the vertex
is shown in (b).

triangles in the star of v. An exampleof a non-manifoldvertex v is shown in Figure

3.3(a) and its link is shown in Figure 3.3(b). An interesting point to note is that

the non-manifold singularities for simplicial 3-complexesembeddedin 3D spaceare

the sameas thosefor the 2D complexesin 3D space.It meansthat the problem of

representing the former is no harder than that of the latter.

Table 3.1 summarizesthe non-manifold properties, in simplicial complexesof

dimensions2 and 3, in terms of the types of non-manifold simplexesthat may be

present in the complexes,and the locations at which non-manifold connectivities

may occur. Table 3.2 and Table 3.3 summarizesthe detailed characteristics of

the non-manifold singularities in simplicial 3- and 2-complexesdiscussedin this

Subsection.
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(a) (b)

Figure 3.4: (a) Example of simplicial 2-complexes showing the
star of a non-manifold edge. The link of the non-manifold edge
is shown in (b).

(a) (b)

Figure 3.5: (a) Example of simplicial 2-complexes showing the
star of a non-manifold vertex. The link of the non-manifold
vertex is shown in (b).

Shape Simplicial 3-complex Simplicial 2-complex

Lower dimensional
parts

Dangling facesand
wire-edges

Wire edges

Non-manifold
connectivity

At edgesand vertices

Table 3.1: Summary of non-manifold characteristics in simpli-
cial 3- and 2-complexes embedded in E 3
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Properties In simplicial 3-complex In simplicial 2-complex

Composition
of star st(e)

At least 2 fans of tets, or
Mixed tets and dangling-faces,or

At least 3 dangling-faces

At least 3 triangles

Orderability of
star st(e)

Linearly sortable around e

Composition
of link lk(e)

Chains of edgesand
Isolated vertices

Isolated vertices

Projectibilit y
of link lk(e)

Geometrically projectable onto a circle on a plane

Table 3.2: Summary of the prop erties of the neigh borho od of a
non-manifold edge e in simplicial 3- and 2-complexes embedded
in E 3

3.3 Handling Non-manifold Singularities in the Up dates of

Simplicial Complexes

A question related to the representation of a non-manifold shape is on how

a local modi�cation on the shape will a�ect the topology in correspondenceof the

modi�cation. Shape modi�cation is one major causeto the occurrenceof non-

manifold singularities in a shape. While not at the center of our research, this

questionis of primary interest to applicationswhich modify a shape in the modeling

process,such as [52].

In this Section,we consideroneelementary update operation, namely vertex-

pair contraction (VPC) , and a special caseof it, known asedgecollapse, performed

on a 3D complexes. In the vertex-pair contraction operation, two vertices v1 and
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Properties In simplicial 3-complex In simplicial 2-complex

Composition Mixed tets, dangling-faces Mixed dangling-faces
of star st(v) and wire-edges and wire-edges

Orderability of
star st(v)

Not sortable

Composition Setsof connectedtriangles and Setsof connectededges
of link st(v) edges,and isolated vertices and isolated vertices

Projectibilit y
of link lk(v)

Onto a spherein 3D space

Connectivity Any non-manifold verticesin lk(v) correspond to
at link lk(v) non-manifold edgesin st(v)

Table 3.3: Summary of the prop erties of the neigh borho od
of a non-manifold vertex v in simplicial 3- and 2-complexes
embedded in E 3

v2 in the existing complexare mergedinto a new vertex in the complex. Variations

on vertex-pair contraction include the assymetricVPC in which vertex v2 is merged

into v1 without creating a newvertex. This latter operation is often selectedsinceit

doesnot createnewvertices. Edge-collapsewhich requiresthat the existing vertices

v1 and v2 sharean edgee. This requirement ensuresthat the operation does not

introduce new handles into the shape. Edge-collapseon 3D complex is of special

interest to someapplications becauseit allows topological modi�cation to be made

in a controlled fashion. An application built usingVPC is the progressive simplicial

complexes.

3.3.1 E�ect of Vertex-Pair Contraction on a Simplicial Complex

Weformally de�ne herethe e�ect of vertex-pair contraction on a d-dimensional

simplicial complex. Then, we considerthe casewhen this operation is performed

27



on 3D complexes. To this aim, we introduce somenotations. For a vertex w, we

denoteas lk(w) its link and with st(w) the set of simplexesin its star. Let v1 and

v2 be two vertices in a simplicial d-complex �. A vertex-pair contraction applied

to pair (v1; v2) consistsof contracting vertices v1 and v2 to a new vertex v. Thus,

all simplexesthat are in st(v1) or in st(v2) becomeincident at v. This can be

described through a map F which maps simplexesin st(v1) [ st(v2) onto st(v), in

such a way that for each simplex � 2 st(v1) [ st(v2), F (� ) = � � f v1; v2g [ f vg.

Note that if a p-simplex alsobelongsto st(v1) \ st(v2), map F transforms � into a

(p � 1)-simplex. Figure 3.6 shows the e�ect of a vertex-pair contraction. Map F is

a surjective function. Its e�ect can be characterizedby four possiblecases.Let us

considera p-simplex � (p � d) in the star of the new vertex v:

Case1: There exists one p-simplex � 1 in the star of v1 such that � = F (� 1), and

� 1 has an empty intersection with every simplex in the star of v2 (seeFigure

3.7). In this case,� is obtained from � 1 just by replacingv1 with v.

Case2: There exists one p-simplex � 2 in the star of v2 which has an empty inter-

sectionwith every simplex in the star of v1, such that � = F (� 2). This caseis

completely symmetric with respect to case1.

Case3: There exist two p-simplexes� 1 and � 2, belonging to the star of v1 and of

v2, but not to the intersection of the two stars, such that � = F (� 1) and

� = F (� 2) (seeFigure 3.8).

Case4: There exist three simplexes,a (p+1)-simplex� 0 belongingto the intersection
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v2
v1 v

(a) (b)

v2
v1 v

(c) (d)

Figure 3.6: In a vertex-pair contraction, vertices v1 and v2 be-
come one new vertex v: (a) shows st(v1) [ st(v2) in dark gray; (b)
shows st(v) in dark gray whic h replaces st(v1) [ st(v2) in the com-
plex; (c) shows lk(v1) [ lk(v2) in thic k black lines and a vertex.
It remains the same as lk(v) whic h is shown in (d).

of the starsof v1 and v2 and two p-simplexes� 1, and � 2, belongingto the stars

of v1 and v2, respectively, such that � = F (� 0), � = F (� 1) and � = F (� 2). In

this case,� results from contracting � 0 incident at edgee = f v1; v2g, and from

transforming � 1 and � 2 into � through map F (seeFigure 3.9).

Consider the vertex-pair contraction on a simplicial complex of dimension3.

Figures3.10(a)-(j) summarizesall the casesthat occur in such a complex.

29



u4

1s

v1 v2

u1

u2 u3

s

u2 u3u1 u4

v

Figure 3.7: Case 1: simplex � is obtained from exactly one
simplex, � 1, because � 1 does not in tersect with st(v2).

t u2

s21s

v2

u1

v1

s

u1 u2

v

t

Figure 3.8: Case 3: simplex � is obtained from two simplexes,
� 1 and � 2 because � 1 and � 2 in tersect at � . � = F (� 1) = F (� 2) =
� � f v1; v2g [ f vg.

3.3.2 Vertex Expansionon Simplicial Complex

In shape modeling applications, often there is a need to reverse the action

performedby a simpli�cation operation. For example,in the application of multi-

resolution modeling, a model is �rst reducedto its coarsestlevel (which is called

v2
v1

1s s2

t

's

t

s

v

Figure 3.9: Case 4: simplex � is obtained from three simplexes,
� 0, � 1 and � 2, the in tersection of all three of whic h is at � .
� = F (� 1) = F (� 2) = � � f v1; v2g [ f vg.

30



(a) (b) (c) (d) (e)

(f ) (g) (h) (i) (j)

Figure 3.10: All the cases that occur in the vertex-pair contrac-
tion operation on a simplicial 3-complex: (a)-(d) Cases 1 to 4
for p = 1; (e) Mapping of (a)-(d) by F ; (f )-(i) Cases 1 to 4 for
p = 2; (j) Mapping of (f )-(i) by F ; the dotted lines connecting
the vertices that are to be merged denote the possible presence
of an edge between the two vertices.

the basemesh) through a seriesof simpli�cation operations. Then regionsof the

model is reconstructedon demandto a higher level of details. In such applications,

there is not only the needto perform simpli�cation, but alsothe needto reverseits

e�ect. The reverseoperation of a vertex-pair contraction, vertex expansion, can be

performed by reversing the actions taken in the vertex-pair contraction algorithm

and it is brie
y described here. Vertex expansionis de�ned as follows: vertex v is

expandedinto two new verticesv1 and v2, that may or may not be connectedby an

edge(seeFigure 3.11). For each p-simplex � in the star of v, � may become:

� a new p-simplex incident only at v1 (in the exampleof the triangle in Figure

3.12(a),Figure 3.12(b) shows the result of this caseof the expansionof v), or

� a new p-simplex incident only at v2 (seeFigure 3.12(c)), or
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� two new p-simplexes,oneeach at v1 and v2 (seeFigure 3.12(d)), or

� a new (p+ 1)-simplex incident at v1 and v2 (seeFigure 3.12(e))

v21v1v v2

e

v
(a) (b) (c)

Figure 3.11: Vertex expansion: expansion of v may result in
two indep endent vertices or two vertices connected by an edge

v v1 2v v1 2v v1 2v v1 2v
(a) (b) (c) (d) (e)

Figure 3.12: Vertex expansion: (a) Before expansion, a triangle
is inciden t at vertex v; (b)-(d): After expansion; (b) case 1: the
new triangle is inciden t at v1; (c) case 2: the new triangle is
inciden t at v2; (d) case 3: two new triangles are created, one
each at v1 and v2; (e) case 4: a tetrahedron is created inciden t
at v1 and v2

3.3.3 E�ect of EdgeCollapseon a Simplicial 3-Complex1

In this Section, we study edgecollapse,a constrainedversion of vertex-pair

contraction, on a simplicial 3-complex. This is the most commonly used update

1Originally published in [14]. Reproduced with notice of ACM copyright: permission to make
digital or hard copiesof part or all of this work for personal or classroom use is granted without
fee provided that copiesare not made or distributed for pro�t or commercial advantage and that
copiesbear this notice and the full citation on the �rst page. Copyrights for components of this
work owned by others than ACM must be honoured. Abstracting with credit is permitted. To
copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior speci�c
permissionand/or a fee.
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operation on tetrahedral meshes,and is the basis for techniques like [9, 39, 75].

Conditions for performing edgecollapseon a manifold shape without changing its

topology has been studied by [29]. We are interested in the topological changes

causedby edgecollpse.We analyzeedgecollapsein terms of how the connectivity of

top simplexeschangein the neighbhourhood of the collapsingedge.Understanding

this enablesthe edgecollapseoperation to be performed on highly compact data

structures for 3D simplicial complexes.

The reverseoperation of edgecollapseis vertex split. Vertex split is a variant

of vertex expansion(see Section 3.3.2), with the constraint that the vertex v is

expandedinto two verticesv1 and v2 sharing an edgee.

Let e = (v1; v2) be the edgeto be collapsedin a 3D simplicial complex�. Let

� 0 be the complexresulting from � by collapsingedgee into a vertex v.

An edgecollapseapplied to an edgee = (v1; v2) in � consistsof replacingedge

e with the new vertex v in � 0, collapsingall dangling-facesand tetrahedra in the

restricted star of e, st(e), to wire-edgesand facesincident at v, respectively, and in

updating all the top simplexesin st(v1) [ st(v2), i.e., all the top simplexesincident

at either v1 or v2. We call st(v1) [ st(v2) the neighbourhood of the collapsingedge

e.

Givena top k-simplex, � , k = 1; 2; 3, in �, such that � 2 st(e) [ st(v1) [ st(v2),

either � is incident at edgee, or � is incident at v1 or v2 but not at both. In the

former case,� must be either a dangling-faceor a tetrahedron. In the latter case,

there are two possiblesituations. Let us assumethat � is incident at v1, then either

� intersectssomeother top simplex � incident at the other vertex, v2, or � has an
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empty intersectionwith all other top simplexesincident at v2.

Therefore,the following three casesmay occur:

1. � 2 st(e): in this case,� can either be a top 2-simplexor a 3-simplex. Within

this case,we further examine the neighbourhood of � within the scope of

st(v1) [ st(v2) � st(e). There are three sub-cases:

(a) for every top simplex � 1 in st(v1) � st(v2), � \ � 1 = f v1g and for every

top simplex � 2 in st(v2) � st(v1), � \ � 2 = f v2g; that is � connectsto

simplexesin st(v1) [ st(v2) � st(e) only through either v1 or v2;

(b) there exists a top simplex � 1 in st(v1) � st(v2) that sharesa q-face �

with � (where q > 0), but for every top simplex � 2 in st(v2) � st(v1),

� \ � 2 = f v2g; that is � is more than 0-connectedto somesimplexesin

st(v1) � st(e), but only 0-connectedto simplexesin st(v2) � st(e). This

also include the symmetric casewherev1 and v2 are reversed.

(c) there existsa top simplex � 1 2 st(v1) � st(v2) that sharesa q-face� 1 with

� , and a top simplex � 2 2 st(v2) � st(v1) that sharesa r -face� 2 with � ,

such that � 1 sharesa m-facewith � 2, (m < q; r ).

Figures 3.13(a)-(f) give six examplesof simplexesthat are incident at edge

e = (v1; v2) to be collapsedas in case1. In Figures 3.13(a) to 3.13(c), the

top simplex in st(e) is tetrahedron t1. In Figures 3.13(d) to 3.13(f), the top

simplex in st(e) is dangling-facedf 1.

2. � 2 st(v1), � 62st(v2) and there exists � 2 st(v2) such that � \ � = � and
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� 6= ; : in this case,� is incident at v1 but not in v2, and there exists a top

simplex � incident at v2 which intersects� . Therefore, there exists a pair of

non-top simplexes(
 ; 
 ) such that 
 = f � ; v1g is a faceof � and 
 = f � ; v2g is

a faceof � . This casealsoincludesthe symmetricsituation in which � 2 st(v2)

and � 62st(v1) and there exists � 2 st(v1) such that � \ � 6= ; .

In Figures3.14(a)-(f), six examplesaregivenof top simplexesthat areincident

at only oneextremevertex of the edgeto be collapsed,and that intersectsome

top simplexesthat are incident at the other extreme vertex. As in Figure

3.13, e is the edgeto be collapsed. In Figures 3.14(a) to 3.14(c), the non-

empty intersectionof thosetop simplexesincident at v1 and thoseincident at

v2 is edge(u1; u2). In the other three examplesin Figures 3.14(d) to (f ), the

non-empty intersection is vertex u.

3. � 2 st(v1), � 62st(v2) and � \ � = ; , for every � 2 st(v2): in this case,

� is incident at v1 and not in v2 and it does not have any intersection with

simplexesincident at v2. This casealso includes the symmetric situation in

which � 2 st(v2) and � 62st(v1) and 8� 2 st(v1), � \ � = ; . Figure 3.15shows

an examplewherea top simplex incident at v1 doesnot intersect any simplex

incident at v2.

Recall from Section3.3.1the map F (� ) = � � f v1; v2g [ f vg which de�ne the

mergeof two vertices. In edgecollapse,map F is applied with the constraint that
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Figure 3.13: Six examples of top simplexes that are inciden t at
the edge e = (v1; v2) to be collapsed: in (a), (b) and (c), the top
simplex inciden t at e is tetrahedron t1. In (d), (e) and (f ), the
dangling-face df 1 is inciden t at e. (Case 1)

v1 and v2 sharea commonedgee. The e�ect of edgecollapseon the connectivity of

the top simplexesat the neighbourhood of the collapsingedgeis fully characterized

as follows:

� in case1: map F reducesthe top p-simplex � in � to a (p � 1)-simplex � 0 in

the reducedcomplex� 0. For each of the sub-caseswithin this case,the result

of applying F is as follows:

{ for sub-case1: � 0 is a top (p � 1)-simplex;

{ for sub-case2: Consider the q-face � shared between � and � 1 in �.

If q = p � 1, then � 0 in the reducedcomplex is a face of � 0
1 = F (� 1).

Otherwise, � 0 is a top (p � 1)-simplex;

{ for sub-case3: Consider the q-face � 1 sharedbetween� and � 1 and the
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Figure 3.14: Six examples of top simplexes that are inciden t
at one vertex of the edge e to be collapsed, and that have
non-empt y in tersection with some other top simplexes that are
inciden t at the other vertex. In (a), dangling-face df 2 is inciden t
at v1 and dangling-face df 3 is inciden t at v2. Their in tersection
is edge (u1; u2). (b) and (c) are similar to (a), except that the
simplex inciden t at either vertex may also be a tetrahedron. In
(d), wire-edges we1 and we2 are inciden t at v1 and v2, respec-
tiv ely, and their in tersection is vertex u. Similarly , in (e) and
(f ), the in tersection is at vertex u. (Case 2)

r -face � 2 shared between � and � 2 in �. If q = p � 1, then � 0 in the

reducedcomplex is a faceof � 0
1 = F (� 1). Similarly, if r = p � 1, then � 0

is a faceof � 0
2 = F (� 2). If q; r < p � 1, then � is a top (p � 1)-simplex.

The simplexes� 0
1 and � 0

2 are r -connectedin � 0.

Note that if two tetrahedra t1 and t1 in st(e) are face-adjacent in �, then F

transforms t1 and t2 into two edge-adjacent facesin � 0.

� in case2: map F transforms � and � into new simplexes� 0 and � 0 sharing

the samevertex v; F also transform the p-faces
 and 
 into a new p-face
 0
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t 3

v2

v1t 2

e

Figure 3.15: An example in whic h a top simplex, that is inci-
dent at one vertex of the edge e to be collapsed, has an empt y
in tersection with all other top simplexes that are inciden t at
the other vertex. Tetrahedra t2 and t3 are inciden t at v1 and v2,
respectiv ely, and they do not in tersect each other. (Case 3)

commonto � 0 and � 0

� in case3: map F transforms � into a new simplex � 0 incident at v

Figures 3.16(a)-(f) and Figures 3.17(a)-(f) show the e�ect of edge collapse

on each of the examplesin discussedin Figures 3.13, 3.14. In each example, the

drawing on top is a reproduction of that in Figures 3.13 and 3.14. The drawing

at the bottom shows what happens after edgee is collapsed. In Figures 3.16(a)

to 3.16(c), tetrahedron t1 is incident at e. After edgecollapse,t1 may be become

a dangling-face,as in Figure 3.16(a), a boundary face, as in Figure 3.16(b), or an

internal face,as in Figure 3.16(c). In Figures3.16(d) to 3.16(f), df 1 is incident at e.

After edgecollapse,df 1 may becomea wire-edge,asin Figure 3.16(d), or a boundary

edge,as in Figures 3.16(e) and 3.16(f). Figure 3.17 is similar. The result of edge

collapseon the exampleof Figure 3.15 is shown in Figure 3.18.
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3.4 Summary

In this Chapter we have characterizedthe non-manifold properties pertaining

to non-manifold simplicial shapesin the Euclidean3D space.An understandingon

such characteristicsessential to the designof e�cien t topologicaldata structures for

3D shapes. For the application of such data structures, we have also formulated an

elementary meshmodi�cation operator, namely vertex-pair contraction, and char-

acterized edgecollapse(a constrained form of vertex-pair contraction) when it is

applied to simplicial 3D shapes. The materials in this Chapter serve as the founda-

tion for data structure designsand shape modi�cation applications.
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Figure 3.16: E�ect of edge collapse on the six examples shown
in Figure 3.13. Edge e = (v1; v2) is collapsed in to vertex v. In
(a), (b) and (c), tetrahedron t1 becomes a new dangling-face,
df , an external face, f , of tetrahedron t2, or an in ternal face, f 0,
shared by tetrahedra t2 and t3, respectiv ely. In (d), dangling-
face df 1 becomes a wire-edge, we. In (e) and (f ), df 1 becomes a
boundary edge, e0, of simplexes inciden t at both u and the new
vertex v.
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Figure 3.17: E�ect of edge collapse on the six examples shown
in Figure 3.14. Edge e = (v1; v2) is collapsed in to a new vertex
v. In (a), dangling-faces df 2 and df 3, whic h originally in tersect
at edge (u1; u2), become one face df 2. In (b), df 3 becomes an
external face of tetrahedron t2. In (c), the two tetrahedra t2

and t3 become face-adjacen t at f 0. In (d), wire-edges we1 and
we2 become a single wire-edge, we1. In (e), we2 becomes a
boundary edge of simplexes inciden t at both u and the new
vertex v. In (f ), the two set of simplexes that are inciden t at
v1 and v2, respectiv ely, become edge-adjacen t at edge e0 after
edge collapse.
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Figure 3.18: E�ect of edge collapse on the example shown in
Figure 3.15. When edge e is collapsed, the two tetrahedra
become 0-adjacen t.
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Chapter 4

St ate of the Ar t 1

4.1 Criteria of classi�cation and evaluation of top ological

data structures

We can �rst classify the data structures for cell and simplicial complexesin

terms of:

1. the domain of the complexesthey represent: manifold, pseudo-manifold,reg-

ular, etc.

2. the dimension: dimension-independent data structures can describe cell and

simplicial complexesin any dimension, while dimension-speci�c data struc-

tures are for 2D and 3D cell and simplicial complexesembeddedin the three-

dimensionalEuclideanspace.

3. the topological information encoded: in a cell (or simplicial) complex,the basic

topological elements are the cells (simplexes). A data structure may encode

all the cellsof a complex,or only a subsetof it.

1Originally published in [19] Copyright c
 2007Eurgraphics.
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4. the way topological information is encoded: somedata structures encode the

cellsand their topologicalrelationsexplicitly. In such data structures, the cells

are entities and the relations are associated with the entities. Implicit data

structures encode the relations amongcells indirectly, through tuples of cells

in the samerelation.

Explicit data structures can be further classi�ed into incidence-based, and

adjacency-based representations. Incidence-baseddata structures encode all cells in

a complexand a suitable subsetof their incidencerelations. Adjacency-baseddata

structures generallyencode only top cells (i.e., cellswhich are not on the boundary

of other cells) and vertices, and adjacencyrelations among them plus possibly a

suitable subsetof co-boundary relations. We distinguish a further categoryfor data

structures for simplicial and cell 2-complexes,which consists of edge-based data

structures in the 2D case.

Data structures that are designedfor cell complexescan be used for simpli-

cial complexes. In somecases,specializations of such data structures have been

developed by taking advantage of the properties of simplicial complexes.

In the remainder of this Chapter, we organizethe description of the various

representations on the basis of the dimension of the complex they represent. We

present a description of each data structure in terms of the entities and topological

relations it encodes,and we evaluate it basedon its expressive power, on its space

requirements, and on the e�ciency in supporting navigation insidethe complex(i.e.,

in retrieving topologicalrelationsnot explicitly encoded). In explicit data structures,
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topological queriesare basedon cells and simplexes. In contrast, in implicit data

structures, navigation is typically performed with the tuples as the atomic units.

The e�ciency of navigation is measuredin terms the number of such atomic units

retrieved which correspond to the cellsor simplexesin the relations queried.

The spacerequirements are expressedthroughout this Chapter in terms only

of number of items of topological information encoded, since we assumethat all

the data structures encode the samegeometrical information. This also gives an

evaluation which is independent of the speci�c implementation, which is not always

described in the literature in su�cien t details. We comparethe various data struc-

tures inside each categorybasedon the above featuresand, for representations for

non-manifold shapes,also basedon their scalability to the manifold case. One im-

portant issuein evaluating a data structure for non-manifoldshapesis its scalability

to the manifold case,which is evaluated as the overheadof the storagecost of data

structure whenapplied to a manifold shape with respect to that of a data structure

of the sametype but speci�cally designedfor manifold shapes. This is relevant since

in a typical modeling scenariowe needto have a representation capableto dealwith

non-manifold shapes,but most of the shapeswill be in any casemanifold. We em-

phasizedata structures for simplicial complexessincetheseare the most common

mesh-basedmodels in a variety of applications.
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4.1.1 Dimension-independent Data Structures

In this Section,wediscussdimension-independent representations for cell com-

plexes �rst, and then for simplicial complexes. We review �rst two dimension-

independent implicit representations, namely the Cell-Tuple [6] and the N-G-map

[53] representations, and an explicit incidence-basedrepresentation, the Incidence

Graph(IG) [32]. The two implicit representations are for manifold shapes,while the

latter is for non-manifoldshapesaswell. We then discussdata structuresspeci�c for

simplicial complexes,namely the Indexed data structure with Adjacencies(IA) [65]

(which is a d-dimensionalextensionof the representation discussedin [64]). The IA

data structure is an adjacency-basedrepresentation and is for pseudo-manifolds.

4.1.1.1 Cell-Tuple and N-G-map

A Cell-Tuple [6] is a representation for Euclideancell complexeswith a mani-

fold domain, while the n-G-map [53] hasbeendeveloped for abstract cell complexes

belonging to the class of quasi-manifolds,which is a superclassof combinatorial

manifoldsde�ned in [53]. In essence,however, the cell-tuplesand the n-G-mapsare

equivalent. Here,we describe, for brevity, only the Cell-Tuple data structure.

Given a Euclideand-dimensionalcell complex,a cell tuple is a (d + 1)-tuple t

of d+ 1 cells,t = (c0; c1; � � � cd), such that ci is an i -cell on the boundary of cellsci +1

to cd. A function si for i = 0::d, calleda switch function, is de�ned on the cell-tuples

such that t0 = si (t) if the cell tuple t0 is identical to t in every element except the

i -th one. The si functions partition the set of cell-tuples into equivalent classesof
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size2 each. The si functions have the following two properties:

� for i = 0; :::; d, si is an involution, that is, given a cell tuple t, si (si (t)) = t;

� for i = 0; :::; d � 2 and i + 2 � j � d, si sj , where si sj (t) = sj (si (t)), is an

involution, that is, si sj (si sj (t)) = t.

Figure 4.1(a) gives a simple exampleof a cell complex de�ned on a surface

without boundary. The cell complex is composedof two internal 2-cellsA and B,

and the 2-cell C. Figure 4.1(b) shows all the tuples in small squares,and all the si

(i = 0; 1; 2) functions. Two tuples are related by function s0 if they are connected

through a dotted line, by s1 if connectedby a thin solid line, or by s2 if connected

by a dashedline.

The Cell-Tuple data structure encodes all cell-tuples in a complex, and the

switch functions si for i = 0::d. It is an implicit data structure becausethe cellsand

their mutual topological relations are implicitly represented by the cell-tuples.

The topological relations encoded by the cell tuple data structure can be for-

malized as follows:

� boundary Rp;q for each p-cell, p > 0, for each 0 � q < p.

� co-boundary Rp;q for each p-cell, p < d, for each 0 � q < p.

The spacerequirements of the Cell-Tuple data structure can be evaluated for

a simplicial d-complexwith nd d-simplexesas follows [26]. The number of tuples is

at most nd(d+ 1)!. The switch functions si are encoded as(si ; t; t0) wheresi (t) = t0,
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Figure 4.1: (a) A simple cell complex on a surface homeo-
morphic to a sphere. The complex is comp osed of triangle A,
square B and the external 2-cell C on the surface; (b) all the
tuples and all the switc h si ( i = 0; 1; 2) functions encoded by the
cell-tuple

which consistsof nd(d + 1)(d + 1)! piecesof information. To e�cien tly support

topological navigation, it is necessaryto store links from each p-simplex � to each

of the cell-tuples that contain of � . This needsnd(d + 1)! extra links and thus it

results in a verboserepresentation.

It can be shown that all topological relations can be retrieved in optimal time

from the Cell-Tuple data structure. As an example,considerthe retrieval of relation

R0;2(5) for vertex 5 in Figure 4.1, which consistsof all the 2-cellsthat are incident

at vertex 5. The retrieval starts with any of the tuples that include vertex 5, such as

(C; a;5). By alternately applying functions s2 and s1 to each new tuple visited, the

cyclic sequence(C; a;5), (B ; a;5), (B ; f ; 5), (A; f ; 5), (A; e;5), (C; e;5) is obtained,

which producesthe set of 2-cellsf C; B ; Cg that are incident at vertex 5.
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4.1.1.2 IncidenceGraph (IG)

The Incidence Graph (IG) [32] is an incidence-basedexplicit data structure

for cell complexes.The incidencerelations amongcellsthat di�er by onedimension

are explicitly encoded. Formally, the IG encodes all the cells of any given cell

d-complex �, and for each p-cell 
 , its immediate boundary, and immediate co-

boundary relations, namely:

� for each p-cell 
 , where0< p� d, boundary relations Rp;p� 1(
 ),

� for each p-cell 
 , where0� p< d, co-boundary relations Rp;p+1(
 )

Figures 4.2(a)-(c) give an examplethat illustrates the relations encoded in the IG

in the form of a directed graph.

e3e2e1

v1 v2

e4 e5

f 1 f 2

v3 v4

f 2e2f 1

v1

v3

v4

e5

e3

v2

e4

e1

e3e2e1

v1 v2

e4 e5

f 1 f 2

v3 v4

(a) (b) (c)

Figure 4.2: (a) A simple simplicial complex formed by two
triangles; (b) all the boundary relations encoded by the IG; (c)
all the co-b oundary relations encoded by the IG

The designof the IG supports a simplerecursivestrategy to retrievetopological

boundary and co-boundary relations. Boundary relation Rp;q(
 ) (p > q) for a given
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p-cell 
 is obtained by retrieving the encoded boundary Ri;i � 1 relations of all the

i -facesfor i = p;� � � ; q � 1 of 
 . Co-boundary relation Rp;r (
 ) (p < r ) is obtained

by retrieving the encoded co-boundary Ri;i +1 relations of all the i -cells for i =

p;� � � ; r � 1 in the star of 
 . The retrieval of such relations can be done in time

linear in the number of cells involved, which is thus optimal.

Wecanevaluate the exactspacerequirements of the IG whenit encodesa sim-

plicial complexbecauseeach simplexhasa constant number of faces.The boundary

and co-boundary relations encoded by the IG for a simplicial complexamounts to

2
X

0<p � d

np(p + 1)

piecesof information, becauseeach p-simplex hasexactly (p+ 1) facesof dimension

(p � 1).

The spacerequirements for an IncidenceGraph can be evaluated as follows.

Let nq denotethe number of cellsof dimensionq, with 0� q� d in a cell complex�.

The storagecost of the IG is boundedby

X

0<p � d

npnp� 1;

where npnp� 1 is the bound on the number of boundary relations in the complex

Rp;p� 1. The co-boundary relationsencodedin the IG aresymmetric to the boundary

relations.

In the caseof manifold cell 2-complexes,every edgeis sharedby two facesand

is incident at two vertices. For every link from an edgeto either its vertex or its

face,there is a reverselink from that entit y back to the edge.Thus, we can deduce

the storagecost of the IG for manifold 2-complexeswill be 8n1.
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4.1.1.3 IndexedData Structure with Adjacencies

The Indexed data structure is a representation for simplicial d-complexeswhich

encodes, for each top k-simplex � , relation Rk;0(� ), i.e., the indexesto its (k + 1)

vertices. Only boundary relations of type Rk;j (� ), j < k, for any top k-simplex

� , can be extracted in optimal time from such representation. Note that the j -

simplexeson the boundary of � are described through j + 1 vertex indexes.

The Indexed data structure with Adjacencies(IA) , alsocalledwinged represen-

tation [64, 65], extendsthe indexeddata structure into a topologicaldata structure,

which also encodesadjacencyinformation among the simplexes. This restricts its

representation domain to pseudo-manifolds.The IA data structure encodes,for each

d-simplex � in a simplicial complex�:

� relation Rd;0(� ), i.e., the indexesof its (d + 1) vertices;

� relation Rd;d(� ), i.e., the indexesof the (d+ 1) d-simplexessharinga (d� 1)-face

with � .

Only boundary relations, as in the indexed data structure, plus relation Rd;d

can be retrieved in optimal time from the IA data structure. Vertex-basedco-

boundary relations can retrieved in optimal time from an extensionof the IA data

structure, which we call the Extended Indexed data structure with Adjacencies

(EIA). This is achieved by encoding, for each vertex v, a partial versionof relation

R0;d(v), that we denoteR�
0;d(v), i.e., oned-simplex for each connectedcomponent of

the link of v.

Figure 4.3 gives an exampleof the retrieval of the completeR0;3(v) relation
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for vertex v. We start from the encoded partial R �
0;3(v) = f t1; t4g relation. From v,

t1 is accessiblethrough R�
0;3(v). t2 is accessiblethrough the R3;3(t1) relation of t1.

Similarly, the tetrahedra t3 and t5 in the star of v are retrievable �rst by extracting

t4 from R�
0;3(v) and then by retrieving R3;3(t4).

t 5t 3

t 41t

t 2

v

Figure 4.3: Example of the retriev al of the R0;3(v) relation from
the encoded partial R�

0;3(v) = f t1; t4g relation in the EIA data
structure

This extensionallows extracting all simplexesin the star of a vertex in time

linear in the number of such simplexes,i.e., all R0;k (v) relations, where0 � k � d,

can be retrieved in time linear in the number of d-simplexesin the star of v. The

retrieval of R0;k (v) for d � 3 is still optimal, while this is not true if d > 3 sincethere

is no linear relation amongthe number of k-simplexesincident in vertex v and the

number of verticesin R0;0(v). Retrieval of all Rq;k (� ) relations for 0 < q < k < d� 1

requirestraversingthe star of each of the verticesof � and thus it takestime linear

in the number of d-simplexesincident at the vertices of � . Thus, such algorithms

are still local, but sub-optimal.

The storagecostof the EIA data structure is equalto 2nd(d+ 1)+ n0 items for a

simplicial complexwith nd d-simplexesand n0 vertices,which is only n0 items more

with respect to storing just the Rd;0 and Rd;d relations. For a manifold simplicial
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2-complex,this leadsto 6n2 + n0, which is approximately 13n0 as a consequenceof

Euler's formula.

4.1.1.4 Comparisons

We compare the dimension-independent data structures described above in

terms of their expressive power, of their characteristics,their storagecostsand their

e�ciency in supporting topological navigation.

Table4.1summarizesthe comparisonamongthe variousdimension-independent

data structures in terms of their domain, of the complexesthey can describe, and

of the representation method.

Data Domain Complexes Method
Structure

Cell-Tuple Manifold Cell Implicit
IG Non-manifold Cell Incidence-based
EIA Manifold Simplicial Adjacency-based

Table 4.1: Data structures for d-dimensional complexes

We summarizethe spacerequirements of the above data structures, for man-

ifold and for arbitrary simplicial complexes.Thesecostsare expressedthroughout

this Chapter only in terms of items of topological information encoded. The stor-

agecostsof the cell-tuple, of the IG and of the EIA data structure for a manifold

d-dimensionalsimplicial complexare as follows (they are expressedin terms of the

number of q-simplexes,denotedas nq):
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� Cell-Tuple: nd(d + 1)(d + 1)! + nd(d + 1)!

� EIA: 2(d + 1)nd + n0

� IG: 2
P

0<p � d np(p + 1)

For arbitrary d-dimensionalsimplicial complexes,we can only report the stor-

agecostsof the IG, sincethe other two are for restricted classesof complexes. In

the following, kq denotesthe total number of connectedcomponents at all the links

of the q-simplexesof the complex.

Table 4.2 summarizesthe navigation costs by evaluating the optimalit y of

algorithms for retrieving topological relations on the various representations.

Data Boundary Co-boundary Adjacency
Structure relations relations relations

Cell-Tuple Optimal Optimal Optimal
IG Optimal Optimal Optimal
EIA Optimal R0;d: optimal Rd;d: optimal

Others: Others:
sub-optimal sub-optimal

Table 4.2: Navigation e�ciency of data structures for d-
dimensional complexes

4.1.2 Data Structures for 2D Complexes

In this Section,we discussrepresentations for cell and simplicial 2-complexes

embeddedin the 3D Euclideanspace.We classifythem accordingto the taxonomy

introducedin Section4.1, and organizetheir description in two subsectionsaccord-
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ing to the domain of the complexes(manifold or non-manifold). We perform the

comparisonbasedon their spacerequirements and on their e�ciency in retrieving

topological relations. We evaluate and comparethe non-manifold representations

alsobasedon their scalability to the manifold case.

4.1.2.1 Representations for Manifold 2-Complexes

We discusshererepresentations for cell and simplicial complexesfor manifold

shapes. A thorough analysis and comparisonof data structures for manifold cell

2-complexescan be found in [73]. Here, we brie
y review the Winged-Edge [4],

the Doubly-Connected Edge List (DCEL) [61], the Half-Edge [57] the Quad-Edge

[41], the Lath-based [48] data structures, and the Star-Vertex [49] data structure

for manifold cell complexes,and the Corner Table [71] data structures for manifold

simplicial complexes(usually called triangle meshes). The Winged-Edge,DCEL,

and the Half-Edge data structures are all edge-basedrepresentations, since they

represent the edgeasthe primary entit y and the relations around it. The quad-edge

and the lath-based data structures are implicit representations. The Star-Vertex

data structure is an adjacency-basedrepresentation for cell complexes.The Corner

Table is an adjacency-basedrepresentation speci�c for simplical complexes.

We will analyzeand comparethesedata structures, alsowith respect to two-

dimensional instancesof the dimension-independent data structures, in terms of

their spacerequirements and their e�ciency in retrieving topological relations. We

will focusour comparisonon the caseof triangle meshesby consideringthe special-
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izations of representations for cell complexesto the simplicial case.

Explicit Edge-basedData Structuresfor Cell 2-Complexes The Winged-Edge(WE)

data structure [5] is historically the �rst one proposedfor cell 2-complexes.It en-

codes: (i) for each edgee, its two vertices, the two 2-cells(usually called faces in

the context of boundary representations for solid objects) incident at e, and the

four edgesthat are both adjacent to e and are on the boundary of the two faces

incident at e (seeFigure 4.4(a)); (ii) for each face f , a referenceto one edgeon

the boundary of f ; (iii) for each vertex v, a referenceto one edgeincident at v. It

supports the retrieval of all topological relations in optimal time. Also the cells in

the star of a vertex or on the boundary of a facecan be traversedin both clockwise

or counterclockwise directions. Given a cell 2-complexwith n2 faces,n1 edgesand

n0 vertices,the Winged-Edgedata structure storesn2+8n1+ n0 piecesof topological

information.

The Doubly-Connected Edge List (DCEL) data structure [61] is a simpli�ed

versionof the WE representation, though it hasbeendeveloped independently. For

each edgee, instead of encoding all four edgeson the boundary of the two faces

incident at e (seeFigure 4.4(b)), it storesonly two edges,one for each of the two

facesincident in e. The DCEL supports the traversalof all topologicalrelations,but

only in counterclockwisedirection in the star of a vertex, and in clockwisedirection

around the boundary of a face. The DCEL data structure encodes n2+6n1+ n0

piecesof topological information.

The Half-Edge(HE) data structure [57] encodestwo copiesof each edge,each
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of which is called a half-edge. A half-edgehas a direction with respect to the face

which it bounds. For each half-edge,the following information is encoded: its start

vertex, the face associated with it, the previous and the next edgeson the same

face,the companionhalf-edge(seeFigure 4.4(c)). Relationsencodedat verticesand

facesare the sameasthoseencoded in the Winged-Edgeand DCEL data structure.

The Half-Edge data structure supports the retrieval of all topological relations in

optimal time, and also the cells in the star of a vertex or on the boundary of a

face can be traversedin both clockwise or counterclockwise directions. There are

n2+10n1+ n0 piecesof topological information encoded in the HE data structure.

Moreover, an implementation of the HE data structure which has the samestorage

cost as the WE data structure is described in [73].

The edge-basedrelations encoded in each of the edge-baseddata structures

described are illustrated in Figures 4.4(a)-(c). All the edge-baseddata structures

presented in this section encode, for each edge, relations R1;0 and R1;2, di�eren t

partial R�
1;1 relations,sinceonly two or four edgesareencoded,a partial R �

0;1 relation

for each vertex, which consistsof one edgein the star of the vertex, and a partial

R�
2;1 relation for each face,which consistsof oneedgeon the boundary of the vertex.

All thesedata structures support the retrieval of all topological relations in optimal

time.

The Quad-Edgeand Lath-based Data Structures The Quad-Edgedata structure

[41] and the Lath-based data structures [48] are implicit data structures for cell 2-

57



3e 4e

1e 2e

1f
2f

v

u

e

3e

1f
2f

2e

v

u

e

3he
1f

1he

he he'

u

(a) (b) (c)

Figure 4.4: Edge-based relations represen ted in the edge-based
data structures: (a) In the Winged-Edge data structure, e has
a reference to e1; e2; e3; e4; u; v; f 1 and f 2. (b) In the DCEL, e has
a reference to e2; e3; u; v; f 1 and f 2. (c) In the Half-Edge data
structure, each edge e is represen ted as two half-edges he and
he. Half-edge he has a reference to he0; he1; he3; u and f 1

complexeswith a manifold domain. In such complexes,edgesin the star of each

vertex can be orderedradially on a plane around the vertex, and the edgeson the

boundary of a face can be ordered clockwise or counterclockwise around the face.

Thus, each edgebelongsto four loops: the two at its extremevertices,and the two

at the facessharing it. Such representations exploit this property.

In the Quad-Edgedata structure, each quad-edge is associated with its two

extremevertices,its two adjacent facesand the next edgesin its four loops. Basically,

the Quad-Edgedata structure encodes the sameinformation as the Winged-Edge

data structure. In a quad-edgethat corresponds to edgee, the four adjacent edges

of e are organizedas part of the two loopsaround two faces,and two loopsaround

two vertices. In the Winged-Edgedata structure, the samefour edgesbelong to

the two loops of the two faces.Samerelations at verticesand facesare encoded as

in the Winged-Edgedata structure. As the edge-baseddata structures presented

in Subsection4.1.2.1,the Quad-Edgedata structure encodespartial relations R �
2;1
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for each face, partial relation R�
0;1 for each vertex, complete relations R1;0, R1;2

and a partial version of relation R1;1 for each edge. As in the other edge-based

representations, all topological relations can be retrieved in optimal time. The

storagecost of the Quad-Edgedata structure is n2+8n1+ n0.

The Lath-based data structures are a collection of data structures that use

verticesand lathsasthe basicelements. Each lath is uniquely identi�ed with exactly

onevertex, oneedgeand one faceof a complex. A lath is conceptuallysimilar to a

cell-tuple. A Lath-baseddata structure requiresno separaterecordsfor edgesand

faces.There are three variations in the encoding of a lath, giving rise to three data

structures: the Split-Edge, the Half-Edge-Lath and the Corner data structures.

In the Split-Edgedata structure, each lath se corresponds to one side of an

edgeand encodesa link to its start vertex u, a link to the lath se0 of the other sideof

the sameedge,and a link to the lath se3 of the next edgein the clockwisedirection

on the sameface(seeFigure 4.5(a)).

In the Half-Edge-Lath data structure, each lath he (illustrated in Figure 4.5(b))

is associated with half of an edge.It encodesa link to its vertex u, a link to the lath

he0 of the other half of the sameedge,and a link to the lath he0
1 of the next edge

in the clockwise direction around the samevertex. Joy et al. called this versionof

the lath-baseddata structure the Half-Edgedata structure, but the edgeis halved

di�eren tly from that of the Half-Edge data structure described above [57], and we

call it the Half-Edge-Lath to distinguish it from the latter.

In the Corner data structure, a lath is associated with onecorner of a vertex.

Each lath u0 encodes: a link to the vertex u, a link to the lath v0 of the next vertex
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v in the clockwise direction on the sameface,and a link to the lath u000of the next

facein the clockwise direction around the samevertex.

All Lath-baseddata structuressupport the retrieval of all topologicalrelations

through laths in optimal time. However, becauseof the implicitness of the faces,

edgesand vertices, accessfrom these cells to their associated laths is not time-

e�cien t. All Lath-baseddata structures have the samestoragecosts,which is equal

to 6n1, becauseeach lath storesthree piecesof topological information and the total

number of laths is 2n1 in each caseelaborated as follows. For the Split-Edge and

Half-Edge-Lath structures, every edgecorresponds to exactly two split-edgelaths,

exactly two half-edgelaths, respectively. As far as the Corner data structure is

concerned,the number of cornersat each vertex is equal to the degreeof the vertex

(the number of edgesincident at that vertex), while each edgeis incident at exactly

two vertices.

The Star-Vertex Data Structure The Star-Vertex (SV) data structure [49] is an

adjacency-baseddata structure for manifold planar cell 2-complexes. The basic

entit y here is the vertex. For each vertex v, the Star-Vertex data structure encodes

all the vertices in the link of v in counterclockwise order (seeFigure 4.6(a)). For

each vertex v0 in the link of v, the data structure encodesa referenceto the position

of vertex v00 in the link of v0, such that v; v0; v00are three consecutive vertices in

clockwise order on the sameface. Considerthe exampleof facef in Figure 4.6(b).

v5; v1 and v2 are three consecutive verticesorderedin clockwisedirection around f .
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Figure 4.5: Relations encoded in a lath: (a) A Split-Edge Lath
associates split-edge se with its opp osite split-edge se0, with its
succeeding split-edge se3 ordered clockwise on the same face,
and with its start vertex u; (b) Half-Edge Lath associates half-
edge he with its other half-edge he0, with its start vertex u and
with its succeeding half-edge ordered clockwise around u; (c)
Corner Lath associates a corner u0 of vertex u, with u itself,
with the succeeding corner v0 ordered clockwise on the same
face, and with the succeeding corner u000ordered clockwise on
vertex u.

Vertex v2 is the secondvertex in the link of v1. Therefore,the position 2 is encoded

along with v1 in as entry (v1; 2) at vertex v5. The full encoding of the exampleis

shown in the table shown in Figure 4.6(c). The verticeson boundary of the whole

shape are order in counter clockwise.

In terms of topological relations, the Star-Vertex data structure encodesrela-

tion R0;0 explicitly. Relation R2;0(f ) is partially encodedwith facef beingimplicitly

described through oneof its vertices. The Star-Vertex data structure only supports

the retrieval of R2;0 relation and R0;0 relation in optimal time. Co-boundary rela-

tions cannot be retrieved locally.

The number of piecesof information encodedby the Star-Vertex data structure

is twice the sum of the number of neighbors at all vertices,
P

v deg(v), becausefor
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v1 (v5; 2), (v2; 1), (v4; 1)
v2 (v5; 1), (v3; 2), (v1; 3)
v3 (v2; 3), (v4; 2)
v4 (v3; 1), (v1; 1)
v5 (v1; 2), (v2; 2)

(c)

Figure 4.6: (a) The link of vertex v1 consists of f v2; v3; � � � ; v6g
and is encoded by the Star-V ertex data structure at v1 in the
counter-clo ckwise order as lab eled; (b) For each vertex in the
link of v, a reference to the next vertex on the same face is
encoded; (c) The information encoded for the example of (b),
in whic h the left column is each vertex, and in the righ t column
is the link of v. For each vertex in the link, the reference to
the next vertex on the same face is encoded.

each neighbor, two piecesof information (i.e., the neighbor vertex, and the next

vertex on face) are encoded. The term
P

v deg(v) is equal to twice the number of

edges.Thus the storagecost is 4n1. In the caseof a simplicial 2-complexwith n2

triangles, basedon Euler's formula, this is approximately equal to 6n2. The Star-

Vertex data structure encodes 6n2 piecesof information for a manifold simplicial

2-complex.

The Corner Table (CoT) Data Structure The Corner Table(CoT) data structure

[71] is an adjacency-baseddata structure for manifold simplicial 2-complexes. A
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corner is a unique index that is assignedto a triangle-vertex pair. It encodes the

following information:

� For each triangle t, its three cornersat its three incident vertices: v1; v2; v3.

(As illustrated in Figure 4.7(a), corner c describes the association between

triangle t and vertex v1);

� For each corner c of triangle t, let e be the edgeof t that is opposite to c.

Then the opposite corner of the triangle that sharese is associated to c. (In

Figure 4.7(b), c0 is the opposite corner of c.)

1v

v32v

t

c

t'

t
e

c

c'

2v v3

v4

1v

(a) (b)

Figure 4.7: An illustration of the notion of corners in Corner
Table: (a) Corner c associates triangle t with its inciden t vertex
v1; (b) The opp osite corner of c is c0

A cornertable is fully encodedin two arrays T and O. Cornersarerepresented

asthe indicesof both T and O. Array T storesthe verticesof each triangle, ordered

in counter-clockwise direction. Given a corner c as a index between0 and 3n2 (n2

being the number of triangles), the speci�c triangle associated by c is computable
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as t = c mod3 and the speci�c vertex associated by c is given by the array entry

T[c]. The oppositecornerof c is given by O[c]. The compactnessof the corner table

arisesfrom using the order of array elements and the array indices to capture the

association betweena triangle and its vertices.

Formally, the Corner-Table data structure encodesthe completeR2;2 and R2;0

relations. The R0;2 relation is partially encoded through the corners. Direct access

from an explicit vertex to its cornersis not supported. All topological relations can

be retrieved as cornersfrom the Corner-Table in optimal time. The total amount

of encoded information is equal to 6n2, of which 3n2 accounts for the verticesof the

triangles, and 3n2 accounts for the opposite corner of each corner.

Comparisons We comparethe data structures for manifold 2-complexesin terms

of their characteristics, their spacerequirements and e�ciency in supporting the

retrieval of topological relations. Table 4.3 summarizesthe characteristics of the

various data structures in terms of the complexesthey represent and of their repre-

sentation method.

The storage cost of each data structure is evaluated basedon the topolog-

ical information encoded. We also consider the two-dimensionalinstancesof the

dimension-independent data structures, except for the Cell-Tuple data structure,

which is the dimension-independent generalizationof the Quad-Edgedata struc-

ture. The storagecostsof thesedata structures for a cell 2-complexwith n2 faces,

n1 edgesand n0 vertices, are listed below. From Euler's formula, we have that
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Data Domain Complexes Method
Structure

Winged-Edge Manifold Cell Edge-based
DCEL Manifold Cell Edge-based
Half-Edge Manifold Cell Edge-based
Quad-Edge Manifold Cell Implicit
Lath Manifold Cell Implicit
Star-Vertex Manifold Cell Adjacency-based
Corner Table Manifold Simplicial Adjacency-based

Table 4.3: Characteristics of the data structures for manifold
2-complexes

n2 � 2n0 and n1 � 3n0. Thus, for the sake of comparison,we can expressall the

storagecostsin terms of the number of vertices.

� Winged-Edge:n2 + 8n1 + n0 � 27n0

� DCEL: n2 + 6n1 + n0 � 21n0

� Half-Edge: n2 + 10n1 + n0 � 33n0

� Quad-Edge:n2 + 8n1 + n0 � 27n0

� Laths: 6n1 � 18n0

� SV: 4n1 � 12n0

� IG: 8n1 � 24n0

The storagecostsof thesedata structures are evaluated for six manifold cell

complexesand reported in Table4.4. The Lath data structuresarethe mostcompact

data structures for manifold cell 2-complexes,followedby the IncidenceGraph. The
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Data set n0 n1 n2 deg(V) deg(F)

Football 1 1232 2340 1110 3.80 4.22
Football 2 930 1500 572 3.23 5.24

Crumb 312 564 254 3.62 4.44
Multido de 80 150 72 3.75 4.17

Torus 10.2k 20.5k 10.2k 4.00 4.00
Cone 641 1310 671 4.09 3.90

(a)

Data set CT IG WE DC HE QE L SV

Football 1 26.6k 18.7k 21.1k 16.4k 25.7k 21.1k 14.0k 9.36k
Football 2 13.7k 12.0k 13.5k 10.5k 16.5k 13.5k 9.00k 6.00k

Crumb 6.1k 4.5k 5.1k 4.0k 6.2k 5.1k 3.4k 2.26k
Multido de 1.7k 1.2k 1.4k 1.1k 1.7k 1.4k 0.9k 0.60k

Torus 246k 164k 184k 143k 225k 184k 123k 82.0k
Cone 16.1k 10.5k 11.8k 9.17k 14.4k 11.8k 7.86k 5.24k

(b)

Table 4.4: (a) Six data sets describing manifold cell 2-
complexes: deg(V)=Av erage num ber of faces inciden t at a face,
deg(F)=Av erage num ber of vertices on a face; (b) Storage cost
of seven data structures for data sets in (a): CT (Cell Tuple),
IG (Incidence Graph), WE (Winged Edge), DC (DCEL), HE
(Half-Edge), QE (Quad-Edge), L (Lath), SV (Star-V ertex)
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compactnessof the lath-baseddata structures is achieved, however, through the im-

plicit nature of the entities. Vertices,edgesand facesare not explicitly addressable,

but are implicitly encoded within the laths, and topological traversal is performed

with laths as inputs and outputs. The IG, which is 1.33times the sizeof the Laths

data structures, on the other hand, explicitly represents all theseentities. Explicit

edge-baseddata structuresgenerallyare lessspace-e�cient. Among them, the Half-

Edge data structure has the largest spacerequirements, which is 1.8 times that of

the Laths data structures. The Star-Vertex data structure is the most compactdata

structure, encoding only half the information of the IG. However, the Star-Vertex

doesnot as the full navigation capacity as the other data structures.

The storagecostsof the data structures for manifold simplicial 2-complexes

and of the two dimensionalinstanceof the EIA data structure are:

� Winged-Edge:13n2 + n0 � 27n0

� DCEL: 10n2 + n0 � 21n0

� Half-Edge: 16n2 + n0 � 33n0

� Quad-Edge:13n2 + n0 � 27n0

� Laths: 9n2 � 18n0

� Corner Table: 6n2 � 12n0

� Star-Vertex: 6n2 � 12n0

� EIA: 6n2 + n0 � 13n0
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We have evaluated the storagecostsof thesedata structures for six data sets

describing manifold simplicial 2-complexesand the results are reported in Table

4.5. We can seethat the spacerequirements of the Corner-Table, of the EIA and of

the Star-Vertex data structuresarecomparable,but all of them encodeonly vertices

and triangles. When applied to simplicial complexes,the edge-basedrepresentations

have the largestspacerequirements, at least twicethe storagecostof thoseencoding

only vertices and triangles. The lath-basedonesare somehow in-between,and, as

the edge-basedrepresentations, encode all the entities uniquely and explicitly.

Data set n0 n1 n2 deg(V)

Car 6.94k 18.0k 11.8k 5.09
Doll 551 1.38k 831 4.52
Face 2.09k 6.15k 4.05k 5.83

Temple 6.85k 17.8k 11.00k 4.82
Sofa 8.09k 23.5k 15.1k 5.61
Lion 5.17k 15.2k 10.1k 5.84

(a)

Data set WE DC HE QE L CoT SV EIA

Car 163k 127k 199k 163k 108k 70.7k 70.7k 77.7k
Doll 12.4k 9.65k 15.2k 12.4k 8.27k 5.0k 5.0k 5.54k
Face 55.3k 43.0k 67.6k 55.3k 36.9k 24.3k 24.3k 26.4k

Temple 160k 125k 196k 160k 107k 66.0k 66.0k 72.9k
Sofa 211k 164k 258k 211k 141k 90.8k 90.8k 98.9k
Lion 137k 106k 167k 137k 91.1k 60.4k 60.4k 65.5k

(b)

Table 4.5: (a) Six data sets of manifold simplicial 2-complexes:
deg(V)=Av erage num ber of faces inciden t at a face; (b) Stor-
age cost of nine data structures for data sets in (a): WE
(Winged Edge), DC (DCEL), HE (Half-Edge), QE (Quad-
Edge), L (Lath), CoT (Corner Table), SV (Star-V ertex) and
EIA
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Finally, we summarize in Table 4.6 the navigation costs by evaluating the

optimalit y of algorithms for retrieving topological relations on the various represen-

tations.

Data Boundary Co-boundary Adjacency
Structure relations relations relations

Winged-Edge Optimal Optimal Optimal
DCEL Optimal Optimal Optimal
Half-Edge Optimal Optimal Optimal
Quad-Edge Optimal Optimal Optimal
Lath Optimal Optimal Optimal
Star-Vertex R2;0: optimal O(n0) R0;0: optimal

Others: O(n0) Others: O(n0)
Corner Table Optimal Optimal Optimal

Table 4.6: Navigation performances of data structures for 2-
dimensional complexes speci�c for manifold domains

4.1.2.2 Representations for Arbitrary Two-DimensionalComplexes

In this Subsection,we review representations for non-manifold shapes dis-

cretizedthrough cell and simplicial complexes.The �rst data structure proposedin

the literature for cell 2-complexesis the Radial Edge(RE) data structure [80], which

hasbeenextendedand specializedin [42, 82]. More recent simpli�ed representations

are the Partial Entities (PE) data structure [51] and the Loop Edge-use(LE) data

structure [58]. The PE data structure hasthe samerepresentation power asthe RE,

but it is considerablymore compact. The LE data structure is a specialization of

the RE data structure to regular cell complexes.

We describe the Radial-Edgeand the Partial-Entities data structures. Then,

69



we present and analyzein details data structures for simplicial 2-complexes,namely,

an edge-baseddata structure, the Directed Edge(DE) data structure [7], which can

be viewed as an extension of the Half-Edge data structure to the non-manifold

simplicial case,an adjacency-baseddata structure, the Triangle-Segment (TS) data

structure [25], which extends the EIA data structure to the non-manifold case,

and an incidence-baseddata structure, called the Vertex-Face (VF) data structure

[77]. We comparesuch representations basedon their storagerequirements and on

their performancein retrieving topological relations, also with respect to the two-

dimensional instanceof the IncidenceGraph described in Subsections4.1.1.2. We

alsoevaluate the scalability of the data structures to the man�old case.

The Radial-Edge Data Structure The Radial Edge (RE) data structure [80] has

been developed in order to describe the decomposition of the boundary of non-

manifold and non-regular three-dimensionalobjects. As pointed out in Section 2,

the decomposition is not a cell complex as de�ned in algebraic topology, sincethe

2-cellsare not necessarilyhomeomorphicto closeddisks, but they can be multiply

connected2-manifolds with boundary. The connectedcomponents formed by the

edgesbounding any 2-cell (face) are called loops. The entities in the RE data

structure are thus: regions, shells, faces,loops, edgesand vertices. A region is a

solid objects, which is bounded by a collection of shells. (In Figure 4.8(a), there

are three shells on a shape of two hollow cubes sharing a face.) A shell is thus

an oriented boundary surfaceof a region, consistingof maximal connectedsetsof

2-cells (faces). In addition, faces, loops, edgesand vertices are characterized by
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orientations, namely face-uses, loop-uses, edge-usesand vertex-uses. A face f has

two face-usesassociated with it, which correspond to the two possibleorientations of

f (seeFigure 4.8(b)). The oriented boundary of a face-useis describedby loop-uses.

A loop-useis composedof a circular list of edge-uses.Each edge-useassociatesan

edgee with the orientation inducedon e by the face-useto which it belongs.Thus,

an edge-userepresents the association betweenan edgeand a face-use(seeFigure

4.8(c)). A top 1-simplex,called a wire-edge, is described by two edge-usesforming

a loop that connectsthe two boundary vertices of the wire-edge. Sinceeach edge

is boundedby two vertices,each edge-useis associated with a vertex-use. Thus, a

vertex-usedescribesthe association betweena vertex and an edge-usethat goesout

from it (seeFigures4.8(d) and (e)).

Here, we present, for clarity, a simpler version of the RE data structure for

representing an object described by a connectedcell 2-complex,in which the 2-cells

are homeomorphicto disks, and there are no isolated vertices. Thus, every face is

bounded by exactly one loop. This simple version of the RE data structure does

not contain high-level topologicalelements, namely, regions,and shells. This simple

version of the RE data structure has the following entities: faces,edges,vertices,

face-uses(which alsocapture their oriented boundariesoriginally described by loop-

uses),edge-usesand vertex-uses.It encodesonly the following information:

� For each face f , a referenceto a face-use(for example, in Figure 4.9(a) f 1

points to f u1);
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Figure 4.8: An illustration of the entities in the RE data struc-
ture: (a) Three shells exist in a complex describing two hollo w
cub es sharing a common face; (b) Each face f has two face-
uses f u and f 0

u; (c) Each face-use on the inner shell of a cub e
is bounded by a loop-use whic h is comp osed of a circular list
of edge-uses; (d) and (e) V vertex v shared by three faces, and
the vertex-uses vu; v0

u and v00
u that start at v.
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� For each face-usef u (seef u1 of Figure 4.9(a)):

{ the facef with which it is assocciated (f 1 in the example);

{ a referenceto the other face-useassociated with f (f u2 in the example);

{ a referenceto an edge-useon f u (eu1 in the example);

� For each edgee, a referenceto one edge-usethat is associated with e (for

example,in Figure 4.9(b) e refersto eu1);

� For each edge-useeu in the face-usef u of facef (such aseu1 in Figure 4.9(b)):

{ the corresponding undirected edgee;

{ its face-usef u (f u1 in Figure 4.9(b));

{ the mate edge-usein the other face-useof f (eu2 in Figure 4.9(b));

{ the adjacent edge-useradially orderedaround e (that is eu6);

{ the previousedge-usein f u (in Figure 4.10, the previousedge-useof eu1

is eu4);

{ the next edge-usein f u (in Figure 4.10, the next edge-useof eu1 is eu2);

{ the start vertex-useof eu (in Figure 4.10, the start vertex-useof eu1 is

vu1);

� For each edge-useeu which is associated with wire-edgee:

{ its wire-edgee;

{ the previousedge-useassociated with e;
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{ the next edge-useassociated with e;

{ the start vertex-useof eu;

� For each vertex v, a referenceto one vertex-useassociated with v (in Figure

4.11,v hasa referenceto vu1;

� For each vertex-usevu that is associated with oneedge-useeu (such asvertex-

usevu1 of Figure 4.11):

{ the corresponding undirected vertex v;

{ the previousvertex-useof v (vu5 in Figure 4.11);

{ the next vertex-useof v (vu2 in Figure 4.11);

{ its edge-useeu (eu1 in Figure 4.11);

While the edge-usesaround an edgecan be ordered, the vertex-usesat a vertex

cannot be ordered. Therefore, the list of vertex-usesat vertex v simply collect all

the vertex-usesat v.

The RE data structure can be formalized in terms of topological relations

as follows (note that the formalization doesnot take into account the orientations

captured by face-uses,edge-usesand vertex-uses):

� For each facef : relation R�
2;1(f ), which consistsof oneedgeon the boundary

of f ,
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� For each edgee:

{ relation R1;2(e), in which the facesare orderedaround e;

{ partial relation R�
1;1(e), de�ned asthe collectionof the pair of edgesadja-

cent to e and bounding the facesincident in e, orderedaround e, so that

both the 2i -th element and the (2i + 1)-element in this relation belongto

the i -th facein R1;2(e);

{ relation R1;0(e), orderedby the indicesof the vertices;

� For each vertex v: relation R0;1(v), unordered.

Relations R1;2(e), R�
1;1(e) and R�

1;0(e) for edgee describe the information en-

codedat edges.R1;2(e) describesthe relation betweenan edgeand a facede�ned by

an edge-use.Relation R�
1;1(e) capturesthe association betweenan edge-useep and

the edgesfollowing and precedingep in the boundary of the face f with which ep

is associated. The adjacencyof edge-usesat the sameedgee is implicitly expressed

through the order in R�
1;1(e). It can be shown that all topological relations can be

retrieved in optimal time from the RE data structure.

The Tri-Cyclic Cusp representation [42] extendsthe RE data structure with

new elements (called cusps) introducedin order to handle the inclusion relations of

topologicaldisksat non-manifoldvertices. The Coupling Entities representation [82]

is an improvement over both the RE and the Tri-Cyclic Cusp data structures, ob-

tained by introducing additional entities that describe the relationshipsat the loops

formed by edgesaround faces,the radial cyclesformed by facesaround edgesand

cycles formed by facesat vertices. The RE representation is not highly scalable
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to the degreeof manifold singularities of a shape. It has beenshown in [51] that,

when the domain is manifold, the RE representation requiresabout four times as

much storagespaceas the manifold representations such as the Winged-Edgedata

structure described in Section 4.1.2.1, which resembles the RE data structure in

terms of the entities and relations encoded.

The Partial Entities Data Structure The Partial Entities (PE) data structure [51]

describesthe boundary description of a non-manifold solid through regions, shells,

faces, loops, edges, and vertices, partial-faces, partial-edgesand partial-vertices.

Each facehasa uniqueorientation de�ned basedon the geometryof its surface

normal. A partial face describes one of the two orientations of a face. Each face

is bounded by one loop, which consistsof a cycle of partial-edges. Each partial-

edgecorresponds to the appearanceof an edgeon a loop bounding a face. Thus, if

there are m facesincident at edgee, the PE data structure storesm partial-edges

corresponding to e. A top 1-simplexwe, calleda wire-edge, hasa loop that consists

of two partial-edgesof we. The partial-edge is comparableto the edge-usein the

RE data structure, except that each edge-useis associated with oneface-use,while

a partial-edge is associated with a face. As there are two face-usesfor each facein

the RE data structure, the number of edge-usesin the RE data structure is twice

the number of partial edgesin the PE data structure. Partial-facesare the de�ning

components of shells. Each facehas two partial-facesas a facemay belong to two

shells.A partial-vertex is a copy of a vertex createdfor each manifold surfacesharing

it.
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The PE data structure is designedto encode objects with several boundaries

and several connectedcomponents. By limiting the domain to objects with just

one connectedcomponent, and with facesthat are homeomorphicto 2-disks, and

are thus boundedby oneloop, we have simpli�ed the original PE data structure for

the purposeof highlighting its capability in representing the connectivity amongthe

entities of a cell complex. Therefore,high-level topologicalelements, namely, regions

and shellsare not represented. We also do not considerpartial-facesbecausetheir

primary function is just to describe the orientation of a face,but all other entities

refer to facesand not to partial facesas described above. The simpli�ed versionof

the PE data structure encodesthe following information (we refer to Figures4.12(a)

and (b) to illustrate it):
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f1
f2

u1e
u2e

u3e

u4e

u2f
u1f

(a)

f2f3

f1

u4eu5e

u6e

u1e u2e

u3e

f2f3

f1
u1f u2f

e

e

(b)

Figure 4.9: (a) Edge-uses radially ordered around an edge be-
tween two faces; (b) Cross-section view of edge-uses radially
ordered around an edge between three faces
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u3eu1e

u2e

u4e u4vu1v

u3v
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Figure 4.10: Planar view of a loop of edge-uses bounding a
face-use f u of face f ;

vu1

vu5

vu4
vu3

vu2

eu1

eu2

eu3
eu4

eu5

e1

e2

e3

e5

e4

v

v

Figure 4.11: Vertex-uses of the same vertex v
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p4e

v

p6e p5e
p7e

p1e
p2e p3e

e

f1
f2f3

(a)

1ep1e p1u

e2p2e

p2u
u

f 3 f 2

f 1

(b)

Figure 4.12: Elemen ts of the PE structure: (a) relations at
a non-manifold edge e shared by three faces: f 1; f 2, f 3; (b)
relations at a non-manifold vertex u shared by two manifold
comp onents.

� For each face f : a referenceto a partial-edge on its boundary (In Figure

4.12(a), f 1 hasa referenceto ep1);

� For each edge e, a referenceto a partial-edge that describes e (In Figure

4.12(a), e hasa referenceto ep1);

� For each partial-edgeep bounding facef , a referenceto: (ep1 in Figure 4.12(a)

as an example)
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{ the corresponding edgee (e in the example);

{ the facef (f 1 in the example);

{ the previousadjacent partial-edgeorderedin counter-clockwisedirection

around e (ep4 in the example);

{ the next adjacent partial-edgeorderedaround e (ep6 in the example);

{ the previouspartial-edgein counter-clockwisedirection on the boundary

of f (ep3 in the example);

{ the next partial-edgeon the boundary of f (ep2 in the example);

{ the partial-vertex of ep (v in the example);

� For each partial-edgeep bounding wire-edgee, a referenceto:

{ the wire-edgee;

{ the next partial-edgebounding e;

{ the previouspartial-edgebounding e;

{ the partial-vertex of ep

� For each vertex v: the list of all partial-verticesvp that are associated with v

(In Figure 4.12(b), u has referencesto up1 and up2.)

� For each partial-vertex vp associated with vertex v (seeup1 in Figure 4.12(b)

as an example):

{ the vertex v (u in the example);

{ a partial-edgethat starts at vp (ep1 in the example).
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We can expressthe information encoded in the specializedPE data structure

in terms of topological relations as follows:

� For each facef : relation R�
2;1(f ), which encodesoneedgeon the boundary of

f ,

� For each edgee:

{ relation R1;2(e), orderedaround edgee;

{ Partial relation R�
1;1(e) which is de�ned asfollows: R�

1;1(e) consistsof the

edgeson the boundary of the facesincident at e and sharingoneextreme

vertex with e. The elements in relation R�
1;1(e) are orderedso that both

the 2i -th and the (2i + 1)-th elements in R�
1;1(e) are on the i -th triangle

in R1;2(e).

{ Relation R1;0(e);

� For each vertex v: partial relation R�
0;1(v) which consistsof oneedgefor each

connectedcomponent of the link of v.

Relations R1;2(e), R�
1;1(e) and R1;0(e) for edgee describe the information en-

codedat edges.R1;2(e) describesthe relation betweenan edgeand a facede�ned by

a partial-edge. Relation R�
1;1(e) capturesthe association betweena partial-edgeep

and the edgesfollowing and precedingep in the boundary of the facef with which

ep is associated. The adjacencyof partial-edgesat the sameedgee is implicitly

expressedthrough the order in R�
1;1(e). Thus, the PE data structure encodes the

samerelations as the RE one, with the exception of R0;1(v) relation at vertex v
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which is partially encoded in the PE but fully encoded in the RE. All topological

relations can be retrieved in optimal time from the PE data structures, asdescribed

in [51].

In [51], an implementation of the PE representation is presented that hashalf

the storagecost of the RE representation for non-manifold cell 2-complexes,and

usestwice as much spaceas that of the Winged-Edgerepresentation for manifold

cell 2-complexes(seeSection4.1.2.1).

The primary di�erence betweenthe RE and the PE data structure is that the

PE data structure considerseach faceto have oneorientation geometricallyde�ned

basedon its face normal. The orientation of its boundary can thus be uniquely

de�ned. In the RE data structure, a face entit y is without orientation. The face-

usesof the RE data structure describe all the possibleorientations of each face.

In the RE data structure, the connectivity among the faces,edgesand vertices is

de�ned through face-uses,edge-usesand vertex-uses. In the PE data structure,

however, the connectivity amongfaces,edgesand vertices is captured at the faces,

at partial-edgesand at partial-vertices.

The Directed EdgeData Structure The Directed-Edge(DE) data structure [7] is an

extensionof the Half-Edge data structure [57], proposedfor cell 2-complexeswith

a manifold domain, to simplicial 2-complexesembedded in the three-dimensional

Euclidean space.The DE data structure is basedon the conceptof directed edge.

A directed edgeed of an edgee in a simplicial 2-complexis an occurrenceof e on the

boundary a triangle incident at e. A directed edgeis similar to the edge-useand to
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the partial-edgein the RE and PE data structures, respectively.

In the DE data structure, the entities stored are directed edgesand vertices.

Trianglesand undirected edgesare not explicitly encoded. Trianglesare implicitly

referencedthrough the edgeson their boundary. The association betweena triangle

and its three edgesis through indexing. The i -th triangle f i is implicitly described

by the 3i -th, (3i + 1)-th and (3i + 2)-th directed edges,which form the oriented

boundary of f i . Wire-edgesare represented as directed edges.Thus, the DE data

structure encodesthe following information:

� Each triangle f is implicitly described by the three directed edgeson the

boundary of f ;

� For each directededgeed on the boundaryof facef , there is a referenceto each

of the following entities (seeFigure 4.13 for the illustration of the symbols)

{ its start vertex v1;

{ its end vertex v2;

{ the adjacent directed edgeer that is incident at v1 and v2;

{ the previousdirected edgee00
d bounding f in counter-clockwise order;

{ the next directed edgee0
d bounding f in counter-clockwise order;

� For each directed wire-edgee:

{ its start vertex v1;

{ its end vertex v2;
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� For each vertex v, onedirected edgefor each connectedcomponent of the link

of v.

2v

1v

de''

de'

re
de

f

f '

Figure 4.13: An illustration of the relations encoded at a di-
rected edge ed

The topological relations encoded in the DE data structure are:

� For each face f : R2;1(f ), which is encoded implicitly (the i -th directed edge

belongsto the (i=3)-th triangle);

� For each edgee:

{ Relation R1;0(e);

{ Partial relation R�
1;1(e), as de�ned for the RE data structure;

� For each vertex v: partial relation R�
0;1(v), which consistsof oneedgefor each

connectedcomponent of the link of v.

In our formalization, we have consideredthe undirected edgee, instead of

its oriented version and, thus, the information in the directed edgesin the DE

data structure hasbeentransferredto the undirected edgeand described by partial

85



relation R�
1;1(e), and in its ordering. Note that the DE data structure encodes

exactly the samerelations as the PE data structure.

The DE data structure can implemented at three levels of detail. In the full-

sized level, for each directed edgeed, a referenceis encoded to vertices v1; v2, and

directed edgeser ; e0
d and e00

d (seeFigure 4.13). In the medium-sizedlevel, only v2, er

and e00
d are encoded for ed. In the small-sizedlevel, each ed has a referenceonly to

v2 and er .

The DE data structure is highly scalableto the degreeof manifoldnessin a

simplicial 2-complex. A cost-e�ective implementation reported in [7] has a storage

cost of 68n2 bytes, which is 1.13 times the cost of the Winged-Edgedata structure

for representing 2-manifolds. The DE data structure is alsohighly adaptableto the

availabilit y of memory spaceby trading o� the amount of topological information

encoded with assesstime. The full-sized level implementation has a storagecost

of 68n2 bytes, while the medium-sizedand the small-sizedlevels have respectively

44n2 bytes and 32n2 bytes.

The Triangle-Segment (TS) Data structure The Triangle-Segment(TS) data struc-

ture [25] describes simplicial 2-complexesembedded in the two-dimensional Eu-

clidean space. It extends the 2D instance of the EIA data structure (see Sec-

tion 4.1.1.3) to the non-manifold domanin. It encodes all the vertices, the top

2-simplexes,i.e., the triangles, and the top 1-simplexes,that we call wire-edges,

together with the following topological relations (seeFigure 4.14):

� For each triangle t:
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{ boundary relation R2;0(t);

{ a partial R�
2;2(t) relation de�ned as follows: for each edgee of t. R �

2;2(t)

encodes the triangle(s) that are immediately precedingand succeeding

t in counter-clockwise order around edgee. In the example of Figure

4.14(a), R�
2;2(f 2) = f f 1; f 3g.

� For each wire-edgewe, boundary relation R1;0(we);

� For each vertex v:

{ a partial R�
0;2(v) relation, which encodesone triangle for each connected

component of the link of vertex v, as illustrated in the exampleof Figure

4.14(b), R�
0;2(v) = f f 1; f 2g;

{ a partial R�
0;1(v) relation, which encodesthe list of the wire-edgesin the

star of vertex v, for example,R�
0;1(v) = f eg in Figure 4.14(b).

v

e
f 1

f 2

f 3f 1

f 2

f 4

e

(a) (b)

Figure 4.14: (a) Non-manifold edge e shared by three faces; (b)
Non-manifold vertex v shared by two connected comp onents
and wire-edge e

In the TS data structure, only wire-edgesare explicitly encoded, but not the

edgesbounding triangles. In a compact implementation of the TS data structure,
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relation R�
2;2 is implemented through arrays and bit 
ags, while relations R �

0;1(v)

and R�
0;2(v) are implemented as linked lists. It has beenshown in [25] that the TS

data structure supports the retrieval of all topological relations in optimal time.

In [25], a highly manifold-scalableimplementation of the TS data structure is

reported which hasa storagecostoverheadof onebyte per vertex in storagecost for

manifold simplicial 2-complexes.This has been evaluated by comparing with the

storagecost of the EIA data structure for manifold simplicial 2-complexes.

The Vertex-FaceData Structure The VertexFace (VF) datastructure [77] hasbeen

developed to describe regularsimplicial complexes(i.e., simplicial 2-complexeswith-

out wire-edges).It encodesall vertices,edges,triangles explicitly and the following

topological relations:

� For each triangle t, boundary relation R2;1(t)

� For each edgee, boundary relation R1;0(e)

� For each vertex v, co-boundary relation R0;2(v)

Boundary relations aswell asco-boundary relations basedon vertices,namely

relations R0;0(v), R0;1(v) and R0;2(v) can be retrieved in optimal time. Edge-based

co-boundary relations are retrieved in sub-optimal time, sincewe needto consider

R0;2 relation for both the extreme vertices of any edge. As a consequence,all

adjacencyrelations are sub-optimal. Algorithms for retrieving topological relations

are reported in [46].
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Comparisons We comparethe data structures for cell and simplicial 2-complexes

in terms of their characteristics, their spacerequirements and their e�ciency in

supporting topological navigation. Table 4.7 summarizesthe domain, the kinds of

complexeswhich can be described by the variousdata structures, and the represen-

tation methods.

Data Domain Complexes Method
Structure

RE Non-manifold Cell Edge-based
PE Non-manifold Cell Edge-based
DE Non-manifold Simplicial Edge-based
TS Non-manifold Simplicial Adjacency-based
VF Regular Simplicial Incidence-based

Table 4.7: Characteristics of the data structures for arbitrary
2-dimensional complexes

We evaluate the storagecosts of the data structures reviewed for simplicial

2-dimensionalcomplex, plus the 2D instance of the IncidenceGraph. Consider a

simplicial 2-dimensionalcomplexwith n2 triangles, n1 edges,of which nt
1 are wire-

edges,and n0 vertices. The total number of connectedcomponents at the link of

non-manifoldedgesis denotedby Ce, and the total number of connected-components

at all verticesis denotedby Cv. The storagecostof each data structure is asfollows:

� RE : 73n2 + n1 + 4nt
1 + n0

� PE : 22n2 + n1 + 4nt
1 + 3Cv

� DE (full-sized) : 15n2 + 2nt
1 + Cv
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� TS : 6n2 + Ce + Cv

� VF : 6n2 + 2n1

� IG : 6n2 + 4n1

In Table4.8,we report an evaluation of the amount of information encodedby

thesedata structures for somesimplicial 2-complexes.Among the three edge-based

data structures, namely, the RE, the PE and the DE data structures, the RE data

structure encodes three times the number of topological elements encoded by the

PE, which is about 1.6 times that of the DE. The TS is the most compactamongthe

seven data structures comparedin Table 4.8. The incidence-baseddata structures,

i.e., the VF and the IG are lessspace-consumingthan the edge-basedones,but not

as compactas the adjacency-basedTS data structure.

We summarizein Table 4.9 the navigation costsby evaluating the optimalit y

of the algorithms for retrieving topological relations on the various representations.

4.1.3 Data Structures for 3D Complexes

In this Section,we discussrepresentations for cell and simplicial 3-complexes

embeddedin the three-dimensionalEuclidean space. There are relatively few rep-

resentations for describing3D shapesdiscretizedascell and simplicial 3-complexes.

Most of such representations are limited to the manifold domain. Representations

for manifold cell complexesarethe Facet-Edge[30, 60]and the Handle-Face[54] data
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Data set n0 n1 n2 nt
1 Ce Cv � n0

cylinders 91 300 204 0 16 2
pies 696 2.98k 2.30k 0 1.92k 72

frame 987 2.16k 1.08k 216 0 390
cubes 2.20k 10.7k 9.60k 0 14.9k 0

densetower2 9.13k 27.7k 18.4k 160 1.92k 480

(a)

Data set RE PE DE TS VF IG

cylinders 15.3k 5.07k 3.15k 1.33k 1.82k 2.42k
pies 172k 56.0k 35.3k 16.5k 19.8k 25.7k

frame 82.9k 30.1k 18.0k 7.86k 10.8k 15.1k
cubes 714k 228k 146k 74.7k 79.0k 100k

densetower2 1,380k 462k 286k 122k 166k 221k

(b)

Table 4.8: (a) Fiv e non-manifold 2D simplicial data sets: Ce=#
connected comp onents at non-manifold edges, Cv=# connected
comp onents at all vertices; (b) Storage cost of seven data struc-
tures for 2D data sets in (a)

structures. The Compact Half-Face(CHF) data structure [50] is speci�c for mani-

fold simplicial 3-complexes(theselatter are usually called tetrahedral meshes). The

only data structure that canrepresent 3D complexeswith non-manifoldpropertiesis

the 3D instanceof the dimension-independent IncidenceGraph (IG) representation.

In this Section,we analyzeand comparesuch representations also with respect to

the three-dimensionalinstanceof IG discussedin Section4.1.1.

4.1.3.1 The Facet-Edge(FE) Data Structure

The Facet-Edge (FE) data structure [30] is an extension of the Quad-Edge

data structure developed for cell 2-complexes(see Subsection4.1.2.1), and thus

it is an implicit representation for manifold cell 3-complexes. The basic entities
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Data Boundary Co-boundary Adjacency
Structure relations relations relations

RE Optimal Optimal Optimal
PE Optimal Optimal Optimal
DE Optimal Optimal Optimal
TS Optimal Optimal Optimal
VF Optimal R0;k : optimal Sub-optimal

Others: sub-optimal

Table 4.9: Navigation performance of data structures for non-
manifold 2-dimensional complexes

encoded in the Facet-Edgedata structure are the vertices and the so-calledfacet-

edgesde�ned on the 2-cells and 1-cells (faces and edges). The 3-cells and their

topological information are encoded through the topological vertex-basedrelations

of the complex which is dual to the given one. The 0-cells of the dual complex

correspond to the 3-cellsof the original complex, its 1-cellsto the faces,its 2-cells

to the edgesand its 3-cellsto the vertices.

The boundary of each face(2-cell) f contains a ring of edges(1-cells)e1; ::; en .

This ring is called a face-ring, and may be ordered in two directions. The star of

an edgee contains a ring of facesf 1; :::; f m . This ring is called an edge-ring and

can alsobe orderedin two directions. A facet-edgepair uniquely associatesa facef

with an edgee on the boundary of f . Each facet-edgepair exists in four versions.

Each versionis associated with exactly oneface-ringof f and exactly oneedge-ring

of e. Each versionof a facet-edgehas its dual which is de�ned in the dual complex.

Figures4.15to 4.17illustrate the conceptof facet-edge.The four uniquefacet-edges

formed by face f 1 and edgee1 in Figure 4.15(a) are shown in Figures 4.15(b)-(e).

Figure 4.16(a)shows the dual complexof the oneshown in Figure 4.15(a), in which
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edgee�
1 is the dual of f 1 and the highlighted facescorrespond to the edgesof f 1.

Figure 4.16(b) shows the dual of the facet-edgeshown in Figure 4.15(b).

Given a facef and an edgee on its boundary, the four versionsof facet-edges

and the duals of each of them are related by the following operators.

� Clock, which returns the facet-edgewith the face-ringin reverseddirection;

� Rev, which returns the facet-edgewith the edge-ringin reverseddirection;

� Fnext, which returns the facet-edgeof the next face in the sameedge-ringas

f ;

� Enext, which returns the facet-edgeof the next edgein the sameface-ringas

e;

� Dual, which returns the facet-edgewith the sameorientation in the dual com-

plex.

Operators Clock, Rev, Fnext and Enext are illustrated in Figure 4.17 for the facet-

edgeshown in Figure 4.15(b).

In addition, the relations between the facet-edgesand their vertices are de-

scribed by the operator Org, which returns the start vertex of each facet-edge.Org

inducesa partition (known asorigin partition ) on the set of facet-edgesin the com-

plex and in its dual complex. Note that, while the origin partition in the 3-complex

capturesthe incidencerelations betweenedgesand vertices,such a partition in the

dual complexcapturesthe incidencerelationsbetweenthe 3-cellsand their bounding

faces.
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The Facet-Edgedata structure describes a complex � by encoding, for each

facet-edgepair a associatedwith edgee in a face-ringand with facef in an edge-ring,

the precedingand succeedingfacet-edgesin both the face-ringand the edge-ringof a.

The successorsof a in the face-ringin two opposite directions correspond to aFnext

and aClockFnext. The successorsof a in the edge-ringin two opposite directions

correspond to aDualFnext and aDualClockFnext in the dual-complexof �. For the

exampleof Figure 4.15(a), the successorsof (f 1; e1) in the face-ring of e1 in both

directionsarerespectively (f 2; e1) and (f 3; e1). The successorsof (f 1; e1) in the edge-

ring of f 1 are (f 1; e2) and (f 1; e3), which correspond to the facet-edges(f �
2 ; e�

1) and

(f �
3 ; e�

1) shown in Figure 4.16(a).

The Facet-Edgedata structure also encodes the vertex-basedfunctions by

implementing the partition of the facet-edgesinduced by the Org operator on the

3-complexand on the dual complex.

f 1

e1

e2

f 2

e3

f 3

f 1

e1

f 1 f 1 f 1

e1e1
e1

(a) (b) (c) (d) (e)

Figure 4.15: An illustration of the concept of facet-edge: (a)
a mo del of two cub es; (b)-(e) the four facet-edge pairs formed
by face f 1 and edge e1
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e*1
f *2

e*2 f *1 e*3

f *3

f *1

e*1

(a) (b)

Figure 4.16: An illustration of the dual of a facet-edge: (a) the
dual complex of Figure 4.15(a); (b) the dual of the facet-edge
shown in Figure 4.15(b);

f 1

e1

f 1

e2f 1

e1

f 2 e1

RevClock Fnext Enext

Figure 4.17: An illustration of the operators de�ned on a facet-
edge: the facet-edges mapp ed from Figure 4.15(b) by operators
Clock, Rev, Fnext, and Enext, respectiv ely

In terms of topological relations, the FE data structure encodesrelations R2;1

in the form of facet-edges,relation R1;2 in the form of face-rings,partial relation R �
1;1

in the form of edge-rings,relations R1;0 and R2;3 implicitly as the incident vertices

of the edges,and relation R0;1 as the origin partition. Relation R3;2 is implicitly

encodedasthe origin partition of the dual complex. It canbeshown that topological

relations can be retrieved from the FE data structure in optimal time.
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The storagecostof the FE data structure for a manifold cell 3-complexwith n3

3-cells,n2 faces,andn0 verticesis 4
P

i =1 ::n 2
deg(f i )+

P
i =1 ::n 3

deg(ci )+
P

i =1 ::n 0
deg(vi ),

wheredeg(f i ) is the number of edgeson the i -th face,deg(ci ) the number of faces

on the i -th 3-cell and deg(vi ) the degreeof vertex vi . The term 4
P

i =1 ::n 2
deg(f i )

derives from the encoding of the successorson the edge-ringand face-ring of each

facet-edge.The remaining two terms derive from the vertex-basedrelations. In the

caseof simplicial 3-complexes,deg(f i ) = 3, deg(ci ) = 4 and
P

i =1 ::n 0
deg(vi ) = 2n1,

sothe amount of information encoded by the FE data structure is 4n3 + 12n2 + 2n1.

Unlikeincidence-basedandadjacency-basedrepresentations, the FE data struc-

ture does not explicitly encode cells as entities but it preserves the orientation of

the cells, which makes it a suitable choice for applications that depend on the ori-

entation of cells. The FE data structure has beenspecializedto the simplicial case

without duals in Triangle-Edgedata structure [60]. By limiting the scope to simpli-

cial complexes,there is a constant number of triangle-edgepairs for each triangle,

which allows for an e�cien t implementation. The Triangle-Edgedata structure has

beenemployed in the application of computing a tetrahedralization of a solid object

and of the simpli�cation of tetrahedral meshes[63].

4.1.3.2 The Handle-Face(HF) Data Structure

The Handle-Face (HF) data structure [54] is an explicit representation for

manifold cell 3-complexes.

It is similar to representations for cell 2-complexesembedded in the three-
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dimensionalEuclidean space,such as the RE and the PE data structures (seeSec-

tion 4.1.2.2),sincethe 3-cellsare described in the HF data structure through their

boundaries,madeby faces,edgesand vertices. The HF data structure contains two

typesof entities: the basic entities, which are the faces, edgesand verticesin the cell

complex,and the surface entities, which describe the boundary of each 3-cell of the

complex. The HF data structure further distinguish betweensurfaceentities that

areon the boundary of the entire manifold shape and surfaceentities that are in the

interior. Herewe present a simpli�ed versionof the HF data structure in which the

surfaceentities simply describe the surfaceof each 3-cell. The surfaceentities are

surfaces, half-faces, surface edges, surface-oriented edgesand surface verticeswhich

are described below.

� A surfacerefersto the surfaceof a 3-cell. Each surfaceis formedby a collection

of half-faceswhich enclosesthe volume occupiedby the 3-cell.

� A half-facecorrespondsto oneorientation of a facein the cell complex. Each

half-facehf associatesfacef to the surfaceof a 3-cellsharingf . hf is bounded

by a cycle of surface-oriented edges,whoseorientation is aligned with the

orientation of the half-face.

� Each surface-edgese associates an edgee to a 3-cell sharing e. se also cor-

responds to exactly one pair of opposite surface-oriented edgeson the same

3-cell.

� A surface-oriented edgesoeassociatesa surfaceedgese to a half-facesharing

se. Each surface-oriented edgehasa start surface-vertex.
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� A surface-vertex sv associatesvertex v to the surfaceof a 3-cell sharing v.

Figure 4.18illustrates the entities in the HF data structure. Figure 4.18(a)showsall

the faces,edgesand verticesin a cell complexthat is composedof two 3-cells.Figure

4.18(b)showsthe half-faces,surface-edgesand surface-verticeson the surfaceof each

3-cell of Figure 4.18(a). Figure 4.18(c) shows the surface-oriented edgesbounding

each half-faceshown in Figure 4.18(b).

(a) (b) (c)

Figure 4.18: (a) A 3-complex with two cubic 3-cells, comp osed
of 11 faces, 20 edges, and 12 vertices; (b) There are 12 half-
faces, 24 surface-edges, and 16 surface vertices in the whole
complex; (c) Surface-orien ted edges of the two 3-cells

Besidestheserelations, two adjacencyrelations are encoded, namely, the one

betweeneach pair of half-facesbelongingto the sameface,and the oneof the surface-

oriented edgesthat correspond to the sameedgein the samepair of half-faces.

A half-face is equivalent to a face-usein the RE data structure. A surface-

oriented edgecorresponds to the half-edgein the Half-Edge data structure, to the

edge-usein the RE data structure and to the partial-edgein the PE data structure.

We can formalize the HF data structure in terms of topological relations as

follows:

� For each face f , partial R�
2;1(f ) relation, which encodes one edgebounding
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facef ;

� For each edgee, partial R�
1;1(e) relation, which encodesall the edgesthat share

a facewith edgee, radially orderedaround e and relation R1;2, which encodes

all facesaround an edgein the sameradial order;

� For each vertex v, partial relation R�
0;1(v), which encodesoneedgeincident in

vertex v.

All the relations are ordered, but the above formalization does not capture

the association betweenfacesand half-facesand thus the orientations on the faces.

Note that the 3-cellsare not represented explicitly in the HF data structure. The

drawback is that no attribute can be attached to the 3-cells as a consequence.

Also, the HF representation encodesthe samerelations as in the RE and PE data

structures. On the other hand, unlike the RE and the PE data structures, the HF

data structure cannot represent shapeswith dangling edgesor faces,as well as 3D

shapeswith non-manifold vertices and edges.As all representations which encode

orientations by duplicating the basicentities, the HF data structure is quite verbose.

All topological relations at faces,edgesand vertices can be retrieved in op-

timal time from the HF data structure, and the representation of surfaceentities

allows retrieving the boundariesof the 3-cellseven if theselatter are not explicitly

represented.
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4.1.3.3 The Compact Half-Face(CHF) Data Structure

The Compact Half-Face (CHF) data structure [50] is a specialization of the

HF data structure for representing manifold simplicial 3-complexes(usually called

tetrahedral meshes). It is a multi-level data structure that encodes simplexesand

the connectivity among them at di�eren t levels of detail. It is designedwith four

levels (0-3). We describe levels 0 to 2 in detail. Level 3 addressesthe boundary

information of the 3-manifold, whereby boundary cells are encoded. This level is

not elaborated hereas it is an application-speci�c feature of the data structure.

The entities in the CHF fall into two groups: the basic entities which are

the tetrahedra, triangles, edgesand vertices of a simplicial 3-complex(seeFigure

4.19(a)), and the surface entities which are the half-facesand half-edges. Each

half-face corresponds to an orientation of a triangle and belongsto at most one

tetrahedron (seeFigure 4.19(b)). Each half-face is bounded by a circular list of

half-edgeswhoseorientation is alignedwith that of the half-face(seeFigure 4.19(c)).
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(a) (b) (c)

Figure 4.19: (a) A simplicial 3-complex with two tetrahedra
sharing one triangle. There are two tetrahedra, seven triangles,
nine edges and �v e vertices; (b) Tw o half-faces corresp onding
to the face shared between two tetrahedra (c) Half-edges on
two half-faces of one tetrahedron.

Level 0 encodes vertices and tetrahedra as explicit entities. The topological

relations explicitly encoded are R3;0(t) that is the vertices of each tetrahedron t.

Half-facesand half-edgesnot explicitly encoded. Given a tetrahedron t, basedon

the encoded ordering of the vertices of t, the half-facesand half-edgesof t can be

combinatorially computed and expressedin terms of the order of their vertices. In

navigation, only topological relation R3;0(t) can be retrieved in optimal time.

At level 1, both relations R3;0(t) and R3;3(t) are encoded for each tetrahedron

t. The encoding of relation R3;3(t) providesthe pairing information of the half-faces

that belongto the sameface. Basedon the pairing information, mate half-edgescan

be computedcombinatorially, and thus partial relation R1;3(e), is partially encoded

for each edgee implicitly represented by its half-edges.The CHF data structure at

level 1 supports the retrieval of all relations R3;� (t) at tetrahedra, and the retrieval

of relations R2;� (f ) at facef and R1;� (e) at edgee given that f and e are expressed

as half-facesand half-edgesof tetrahedra.

Level 2 explicitly encodesrelations R3;0(t) and R3;3(t) for each tetrahedron t
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and partial relations R�
0;3(v) which encodesan incident tetrahedron for each vertex

v. In addition, the facesand edgesareencodedexplicitly for the purposeof attribute

assignment. Each face f entit y is mapped to one half-facesharing it. A half-edge

de�ned by its verticesis mapped to oneof its incident half-faces.

The CHF data structure at level 2 supports full topologicalnavigation. Namely,

the retrieval of tetrahedron-basedrelations R3;3 and R3;0, and face-basedrelations

R2;� can be performed in constant time. The retrieval of vertex-basedand edge-

basedco-boundary relations can be performed in time linear with respect to the

sizeof the relations.

The amount of information encoded by the CHF data structure up to level

2 is 8n3 + n2 + n1 + n0, where each of level 0 and level 1 contributes to 4n3, level

2 contributes to n2 + n1 + n0. In total, the amount of information encoded is

O(8n3 + n2 + n1 + n + 0).

4.1.3.4 Comparisons

We comparethe above data structures in terms of their characteristics, their

storagecostsand e�ciency in supporting topological navigation. Table 4.10 sum-

marizesthe comparisonamongthe variousdata structures in terms of their domain,

represented complex,and representation method.

We evaluate herethe storagecostsof the variousdata structures for simplicial

3-complexesexcept the HF data structure, which is represented into the CHF, and

the specialization of the dimension-independent ones for the manifold and non-
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Data Domain Complexes Method
Structure

HF Manifold Cell Edge-based
CHF Manifold Simplicial Edge-based
Facet-Edge Manifold Cell Implicit

Table 4.10: Characteristics of data structures for 3-complexes

manifold domains.

In the caseof manifold simplicial 3-complexes,the numbers of elements en-

coded in the data structures are evaluated to be:

� EIA: 8n3 + n0

� IG : 8n3 + 6n2 + 4n1

� CHF: 8n3 + n2 + n1 + n0

� FE: 4n3 + 12n2 + 2n1

A comparisonof their storagecostsis madeexperimentally basedon �v e data

setsof manifold simplicial 3-complexesshown in Table 4.11. The implicit FE repre-

sentation encodesthe largest number of topological elements, The incidence-based

IG is morecompact than the FE. The CHF at level 2 is morecompact than the IG.

The most compact is the adjacency-basedEIA data structure.

Topological relations can be retrieved in optimal time from the HF, and the

FE data structures.
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Data set n0 n1 n2 n3

Rings 2.52k 13.2k 18.8k 8.13k
Basket 1.21k 6.43k 9.22k 4.00k

Cylinder 1.31k 7.79k 11.6k 5.16k
Gargoyle 2.73k 14.7k 22.0k 10.0k

Torus 2.29k 15.4k 24.0k 10.9k

(a)

Data set EIA IG CHF FE

Rings 67.6k 231k 99.6k 285k
Basket 33.2k 113k 48.9k 139k

Cylinder 42.6k 142k 62.1k 176k
Gargoyle 82.7k 271k 119k 333k

Torus 89.2k 293k 129k 362k

(b)

Table 4.11: (a) Fiv e manifold 3D simplicial data sets; (b) Stor-
age cost of six data structures for the data sets in (a)

Data Boundary Co-boundary Adjacency
Structure relations relations relations

HF Optimal Optimal Optimal
FE Optimal Optimal Optimal

Table 4.12: Performances in retrieving top ological relations
from data structures for 3-complexes

The only data structure that candescribenon-manifoldsimplicial 3-complexes

is the IncidenceGraph (IG).

4.2 Decomp osition Approac h to Shape Represen tation

Another way to represent non-manifold shapesconsistsof decomposing them

into manifold, or nearly-manifold, components. The various decomposition ap-

proachesproposedin the literature try to realizein the discretecasea strati�cation
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of the shape which hasbeende�ned for analytic sets(see[81]). In this Section,we

focus on thoseapproacheswhich have beendeveloped as a basisof data structures

for non-manifold shapes.

Selective Geometric Complexes(SGCs) [72] describe arbitrary-dimensional

non-manifold objects through collections of mutually disjoint cells, which are de-

�ned as open subsetsof d-manifolds. Thus, the cells can be either open, and not

simply connected,and they form a strati�cation of the shape. In SGCs,cells and

their neighbourhood information are encoded in a graph whosenodesrepresent the

cellsand whosearcsdescribe their incidencerelations. This graph notion is similar

to that of the IncidenceGraph (see4.1.1.2). SGC is designedfor high-level geomet-

ric representation of shape, and thus is not equivalent to a combinatorial simplicial

complexwhich is a topological notion. Each cell in SGC is the representation that

requiresminimum fragmentation consistent with explicit presenceof boundary data

and with connectednessof cell. The example shown in Figure 4.20(a) shows the

SGC description of a cube, which uniquely captures its shape and boundary. Fig-

ure 4.20(b) shows the samecube described as a simplicial complex. The simplicial

complex representation of the cube is not unique due to the non-uniquenessof the

tetrahedralization. The examplein Figure 4.20(c)shows the SGCdescriptionof two

rectangular boxessharing an edge.

Sometechniques have been proposed in the literature for decomposing the

boundary of regular non-manifold 3D shapes (the so-calledr-sets) into manifolds

[34, 40, 70]. The objective is to apply modeling tools developed for manifold shapes
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(a) (b) (c)

Figure 4.20: (a) In SGC, the minimal represen tation of a cub e
that tak es in to account its boundary data consists of 1 vol-
ume, 6 faces, 12 edges and 8 vertices; (b) The same cub e when
describ ed as a minimal simplicial complex consists of 6 tetra-
hedra, 16 triangles, 22 edges and 8 vertices; (c) In SGC, the
minimal represen tation of two rectangular boxes sharing an
edges consists of 2 volumes, 12 faces, 23 edges and 14 vertices

(data structures and manipulation operators) to non-manifold ones. In [34], the

result of the decomposition is represented asa graph in which the arcsdescribe non-

manifold singularities. The approach hasbeenapplied for identifying form features

in r-sets. In [70], a decomposition algorithm for a non-manifold object is presented

which minimizes the number of duplications introducedby the decomposition pro-

cess. In [40], the idea of cutting a non-manifold 2-complexinto manifold piecesis

exploited to developcompressionalgorithms. A cut-and-stitch techniqueis proposed

for handling non-manifold cell 2-complexes.The cutting part of the cut-and-stitch

technique decomposesthe star of every non-manifold vertex in such a way that 2-

cells(faces)that sharemanifold edgesin the star are in the samecomponent. Each

such component is homeomorphicto a disc or to a half-disc. After cutting, the non-

manifold edgesin the original complexbecomeboundary edgesin the newcomplex.

Also, multiple components may have resulted from cutting. The stitching part of
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the cut-and-stitch technique mergesselectededgesthat are created in the cutting

phase.

4.2.1 Combinatorial Strati�cation

Pescoet al. [67] proposean approach inspired from strati�cation to repre-

sent non-manifold shapes. A cell 2-complexdescribingthe boundary of a 3D non-

manifold shape is decomposedinto subcomplexes,which are the analogousof the

strata (the components) in a strati�cation of an analytic set. They de�ne a combina-

torial strati�c ation of a cell 2-complex� as a collection of k-dimensionalconnected

combinatorial manifolds S = f M 1; � � � ; M ng (k = 0; 1; 2) with or without boundary

such that the union [ i M i gives� and the intersectionbetweenany two elements M i

and M j in S is either empty of a sub-complexof both M i and M j . A combinato-

rial strati�cation is not necessarilyunique. As an example,two valid strati�cations

of a simplicial 2-complex in Figure 4.21(a) are shown in Figures 4.21(b) and (c).

The resulting set of strata and their connectivity providesa description of the orig-

inal shape which is usedas the basis for a data structure for non-manifold shapes

discretizedas cell 2-complexes,called the Handle-Cell (HC) data structure.

The Handle-Cell (HC) data structure consistsof two setsof cells,namely the

global cells and the local cells. The global cells, i.e., global vertices,global edgesand

global facesare the vertices, edgesand facesof the given cell complex. The local

cellsarethe cellsthat describe the strata. The strata arepoints, curvesand surfaces.

Curves are composedof curve-vertices and curve-edges.Surfacesare composedof
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(a) (b) (c)

Figure 4.21: (a) A 2-complex that consists of three triangles
sharing an edge; (b) and (c) two valid strati�cations of (a)
whic h result in di�eren t manifold comp onents

surface-vertices,surface-edges,boundary-curvesand surface-faces.Sincestrata are

2-complexeswith a manifold domain,surfacesarerepresented through the Half-Edge

data structure. This is conceptuallysimilar to the representation of the surfacesof

the 3-cellsin the Handle-Face(HF) data structure (seeSection4.1.3.2). Curvesare

described aslists of edgesconnectedby vertices. The connectivity amongthe strata

is captured through the sharing of global verticesand global edges.

The HC data structure can be formalized in terms of topological relations as

follows:

� For each facef : Relation R�
2;1(f ) which consistsof oneedgeon the boundary

of f ,

� For each edgee:

{ Relation R1;2(e), which consistsof all facesincident in e;

{ Partial relation R�
1;1(e), ordered around edgee, so that both the 2i -th

element and the (2i + 1)-element in this relation are on the i -th faceof e;
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{ Relation R1;0(e), which consistsof the extremeverticesof edgee;

� For each vertex v: Relation R0;1(v), which consistsof the set of edgesincident

in a vertex v.

The HC data structure supports e�cien t topological navigation, as the inci-

dencerelations amongq-cellsand (q� 1)-cellsare fully encoded and the edge-based

adjacencyrelations amongedgesin the 2-manifold strata are encoded. It encodesa

largenumber of topologicalrelationsin order to support incremental shapeconstruc-

tion in the non-manifold domain through a speci�c categoryof topology-modifying

operators.

The Handle-Cell data structure is closely related to the Handle-Face data

structure for manifold 3D cell complexes,and it is similar to the data structures for

non-manifold 2-complexes,such as the Radial-Edgedata structure (Section4.1.2.2)

and Partial-Edge data structure (Section 4.1.2.2). The primary di�erence between

the HC representation and the latter group lies in the explicit description of the

strati�cation encoded in the HC data structure.

4.2.2 Initial Quasi-Manifold Decomposition

A decomposition of a non-manifold shape into simpler parts can be obtained

by splitting the shape at those elements (vertices, edges,faces,etc.) where singu-

larities occur. In order to be e�ectiv e, the decomposition processshould remove

asmany singularities aspossible,without introducing arti�cial, or arbitrary, \cuts"

through manifold parts. Under theseassumptions,a decomposition into manifold
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components is possible,in general,only for 2-complexes.In three or higher dimen-

sions, a decomposition into manifold components may needto introduce arti�cial

cuts through the object. In six or higher dimensions,a decomposition into manifold

components is not feasiblein general,sincethe classof d-manifoldshasbeenproven

to be not decidablefor d � 6 [62].

In [26], a decomposition of a non-manifold complexin arbitrary dimensionsis

proposed,which is unique, sinceit doesnot make any arbitrary choice in deciding

where the object has to be decomposed,and natural, sinceit removessingularities

by splitting the complex at non-manifold simplexesonly. Such a decomposition is

known as the standard decomposition of the original complex. The components of

such decomposition, called Initial Quasi-Manifolds (IQMs) , admit a local charac-

terization in terms of combinatorial propertiesaround each vertex. A d-dimensional

IQM is a simplicial d-complex � in which all top simplexeshave dimensiond and

such that the star of each vertex of � is (d� 1)-connected,i.e., can be traversedby

moving betweenadjacent d-simplexesthrough their common(d� 1)-face. If an IQM

is embeddable in Rd where d � 3, it must be a pseudo-manifoldcomplex (i.e., a

(d � 1)-connectedcomplexin which every (d� 1)-simplex is on the boundary of one,

or two d-simplexes).

The properties of the IQM decomposition makes it a good basis for de�ning

representation for non-manifold simplicial shapes.

The Initial Quasi-Manifold (IQM) data structure [26] is built on theseprop-

erties. The IQM data structure describesthe decomposition of a simplicial complex

into k-dimensionalinitial quasi-manifoldcomponents.
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The basisof the IQM data structure are an extendedindexeddata structure

with adjacenciesto encode each IQM component and a hypergraphdescribinghow

the components are connectedtogether in the decomposition. An h-dimensional

IQM can be e�ectiv ely described by an extendedindexeddata structure with adja-

cencies,sincethe star of each vertex in the IQM can be traversedby using relations

R�
0;h plus Rh;h .

The connectionamongcomponents is described through the verticesbounding

the k-simplexes,which are sharedby more than oneIQM component. A vertex v of

�, which is sharedby several IQM components, is called a split vertex. The copy of

split vertex v in a component Ci , to which vertex v belongs,is denotedasvi and it is

calleda vertexcopy. The relationsamongthe components in an IQM decomposition

of a complex described by the split vertices is represented as a hypergraph H , in

which the nodescorrespond to IQM components and each hyperarc correspondsto

a split vertex v and it connectsall components Ci sharingv. In the exampleshown

in Figure 4.22, vertex v in Figure 4.22(a) is split into vertices v1, v2 and v3 in the

decomposition shown in Figure 4.22(b). In the hypergraphshown in Figure 4.22(c),

a hyperarcassociatesv with the three components C1, C2 and C3 through the three

vertex copies.

The hypergraph is encoded in the following data structure:

� for each component Ci : a referenceto the EIA data structure describingCi ;

� for each hyperarc: the corresponding split vertex v and the vertex copiesof v;
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Figure 4.22: IQM decomp osition of a complex

� for every vertex copy vi corresponding to split vertex v:

{ the component containing vi ;

{ a referenceto its hyperarc, i.e., v.

The hypergraph supports a vertex-basedtraversal among components connected

through the samehyperarc. Given a vertex copy vi from any component Ci , we

can follow the referenceto its hyperarcand �nd all other vertex copiesvj connected

with v, as well as all other components sharing v.

The IQM decomposition approach taken by the IQM data structure di�ers

from the strati�cation approach of the HC representation in the following two as-

pects. First, the HC representation is basedon a decomposition for cell 2-complexes,

approach while the IQM decomposition is dimension-independent. Also, unlike the
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combinatorial strati�cation, an IQM decomposition is unique.

4.3 Up dates on Represen tations

The algorithms for extracting topological relations from a complex are the

basis for performing update operations on the complex. There is a vast literature

on updateandconstructionoperatorsanda reviewof such operatorsgoesbeyond the

scope of this survey. Updating a manifold 2D cell complexdescribingthe boundary

of a 3D object has been extensively studied in the solid modeling literature for

more than twenty years,and several proposalsexist for primitiv e update operators

which maintain the validit y of Euler's formula, the so-calledEuler operators (see,for

instance,[57]). Such operatorshave alsobeende�ned for non-manifold2-complexes

(see,for instance,[51,56, 82, 80])by consideringdi�eren t variants of Euler's formula.

In both the manifold and non-manifold cases,the e�ect of any other operation on

the complex is then expressedas a suitable sequenceof Euler operators. Higher-

level operators basedon the Handle-Body theory have been proposed [67]. The

handle-body theory studiesthe topological changesgeneratedby attaching handles

to a manifold without boundary. Handle-body operatorschangealsothe topological

type of the domain of the complex.

Primitiv esfor updating simplicial complexeshave beenproposedin the liter-

ature, mainly for triangle and tetrahedral meshes(see,for instance,[23, 76]). Some

of them do not a�ect the topology of the domain of the complex,but only the com-

binatorial structure of the subdivision (see,for instance, [76]). The most common
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update operators for simplicial complexesare those applied in meshsimpli�cation

algorithms. The problem of simpli�cation of simplicial complexeshas beenexten-

sively studied in computer graphicsfor triangle meshes(see,e.g., [23, 37, 55], for a

survey), and, more recently, somealgorithms have beendeveloped for tetrahedral

meshes.Theseapproachesare basedon contracting one edgeto one of its extreme

verticesor to a new vertex [8, 9, 39, 43, 69, 75]. In [68], the problem of applying a

vertex-pair contraction (which consistsof contracting a pair of verticesto a newver-

tex) on a d-dimensionalsimplicial complexis addressed.The complexis represented

as an IncidenceGraph. In [25], algorithms for performing vertex-pair contraction

and its inverse,vertex expansion,have been developed on a simplicial 2-complex

described as a TS data structure [25].

Speci�c simpli�cation algorithms have beenproposedfor �nite element mesh

generation from CAD models [11, 35, 77, 78]. In this case,the idealization of a

simplicial complexis performedthrough a set of geometricaland topological trans-

formations [78], involving detail removal operators (e.g., vertex removal and re-

meshing),which changethe shape of a component without modifying its topology,

topologicaldetail removal operators(e.g., hole removal), which changethe topology

of the complexwhile preservingthe dimensionof the part, and dimension-reduction

operators, which reduce the dimension of a part, by contracting, for instance, a

tubular part to a wire.
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4.4 Summary

In this Chapter, We reviewed, analyzedand compareddata structures for sim-

plicial and cell complexes,with a special emphasison data structures for simplicial

complexes.We classi�ed the data structures in each group accordingto the basic

kinds of the topologicalentities they represent. We described each data structure in

terms of the entities and topological relations it encodes,and we evaluated it based

on its expressive power, on its storagecost, on the e�ciency in supporting navi-

gation inside the complex. We also discussa decomposition approach to modeling

non-manifoldshapes,which hasled to powerful and highly scalablerepresentations.

This work hasbeenpublished�rst at a preliminary level for simplicial shapesin [15],

then asa thorough state-of-the-art report in [19] and was invited for publication as

[20].

Basedon this survey, we observe that majorit y of existing work falls in the

category for representing 2D complexes. As discussedin Section 4.1.3, there is

only onedata structure, namely the dimension-independent IncidenceGraph (IG),

that can represent non-manifold 3D complexes. This absenceof representations

is due to a lack of understanding of the non-manifold properties in a 3-complex.

When employed on manifold simplicial complexes,we have shown that the IG has

a large storageoverheadcomparedwith the extendedIndexedData Structure with

Adjacencies(EIA), a data structure specializedfor such complexes.On the other

hand, the IG encodesall cells explicitly, which is necessaryfor someapplications.

Thus, there is a lack of cost-e�cien t representation with the sameexpresspower as
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the IG but specializedfor non-manifold simplicial complexes.Therefore, this work

beginswith research on representations for non-manifoldsimplicial d-complexeswith

primary interest in the casefor d = 3.
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Chapter 5

Tw o Dimension-Independent Dat a

Str uctures f or Non-manif old Shapes

In the designof topological data structures, the primary issueis their repre-

sentation power. The issuesof the storagecost and the navigation e�ciency are

next in signi�cance. Storagecost dependson the amount of topological information

explicitly encoded in the speci�c data structure, which in turn is dependent on the

operational e�ciency that is neededof the data structure.

Basic geometricmodeling operations, such as Boolean operations, as well as

algorithms for manipulating and updating an object described by a simplicial com-

plex (e.g, simpli�cation algorithms) require being able to extract the simplexeson

the boundary of a given simplex, or belonging to its star, or those adjacent to it.

This requires e�cien t algorithms for retrieving the simplexes,which are in some

topological relation with a given simplex, from the data structure encoding a sim-

plicial complex. The objective is to have algorithms which require only examining

the neighborhood of the given simplex, and, thus, exhibit a time complexity linear

in the number of simplexesin such neighborhood.
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Wehaveshown in our reviewof the literature that the only existing data struc-

ture that hasthe representation power to describenon-manifoldsimplicial complexes

of dimensionthree or above, is the IncidenceGraph (IG) (seeSection4.1.1.2). The

IG philosophy is to encode all the cells and a selectedsubsetof the incidencerela-

tions so that it is possibleto perform navigation of the whole complex e�cien tly.

The IG encodesall simplexesexplicitly, which makes it suitable for �nite element

analysis (FEA) applications, in which it is necessaryto assignattributes (such as

geometricand thermal properties) to the vertices, edgesand facesof a 3D model.

However, our comparisonof the IG with the extendedIndexedData Structure with

Adjacencies(EIA) shows that the IG doesnot scalewell to the manifold case. In

simplicial complexes,there is a constant number of boundary relations associated

with each simplex. This property enablesa data structure designwhich givessignif-

icant reduction to the storagecost without trading o� the e�ciency of navigation.

We are, thus, interested in a data structure for simplicial complexes,which

encodesall simplexes,supports e�cien t retrieval of topological relation and is cost

e�cien t. To investigate this, we study the topological relations encoded by an

explicit data structure for a simplicial complexthrough a directed graph.

In addition, for someapplications, it is necessaryto perform modi�cations

on the model. An example is the idealization processin CAD tools, in which a

model is abstracted into simple forms through the removal of details, such as clos-

ing through holesand reducing the dimensionof selectedparts of the model [52].

Theseoperationsare implemented asa seriesof elementary topology-modifying op-

erations. Vertex-pair contraction, which consistsof contracting a pair of vertices
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to a single one, is the basic operation used for modifying the topological type of

a complex. Therefore, in our designof new data structures, we also considerthe

support for modi�cations for the construction of a Non-manifold Multi-T esselation

model (NMT), which is a new paradigm of multi-resolution modeling.

In Section5.1, we discussthe directed graph asa tool for visualizing and ana-

lyzing an explicit data structure. In Sections5.2 and 5.3, we present two proposals

of cost-e�cien t dimension-independent data structures, namely the Simpli�ed In-

cidenceGraph (published in [12]) and the IncidenceSimplicial Data Structure (in

preparation to be published). In Section 5.4 an evaluation of thesetwo proposals

are made by a comparisonwith existing data structures. Section5.5 discussesthe

application of one of the proposeddata structures in a technique of constructing

a multi-resolution model, called Non-manifold Multi-T esselation(NMT). Work on

this application hasbeenpublished in [17].

5.1 Directed Graph Represen tation of Explicit Data Struc-

tures Enco ding Simplicial Complex

The simplicial complex can be described as a directed graph G = < N; A >

in which the nodes N represent simplexesand are arranged in a hierarchy in the

order of their dimensions,and the directedarcsA represent the topologicalrelations

amongthe simplexes.A directed arc that points from node m at level i to node n

at level j (for j > i ) indicates that n is a cofaceof m. The inversearc from n to m

indicates that m is a faceof n. A bi-directed arc betweennodesn and n0 at level i
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indicates that n and n0 are (i � 1)-adjacent.

The topological relations captured by IncidenceGraph (IG) [32] are all those

boundary and co-boundary relations betweensimplexesthat di�er by one dimen-

sion. Theserelations are represented by the directed edgesbetweennodesat two

adjacent levels. Figure 5.1 shows a simplicial complex formed by four tetrahedra

and two dangling-faces.Figures 5.2 and 5.3 show, respectively, the boundary and

co-boundary relations encoded by the IG. Observe that the di�erence betweenthe

two diagramsis in the direction of the arcs. The co-boundary relations encoded are

the inverseof the boundary relations. The sizeof
S

(ST) in the IG is the sameas

the sizeof all the boundary relations encoded by the IG.

It can be observed that, if a data structure encodes all boundary relations

betweensimplexesdi�ering by one dimension(such as the IncidenceGraph), then

it is necessaryto encode only a selectedsubset of relations in the star of each

simplex in order to provide navigation e�ciency . Two proposalsare made, which

are presented in Sections5.2 and 5.3 respectively.

5.2 Simpli�ed Incidence Graph 1

In this Section,wepresent the Simpli�ed IncidenceGraph which specializesthe

IncidenceGraph for simplicial complexes.We discussthe designof this data struc-

1Originally published in [12] Copyright c
 2004Eurgraphics.
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Figure 5.1: Example of a 3D simplicial complex that consists of
four face-adjacen t tetrahedra shown in ligh t shaded gray, and
two dangling triangles shown in dark gray. The vertices are
lab eled with num bers 1 to 8.

ture, evaluate its cost e�ciency and discussits scalability to the manifold domain.

Lastly, we discusshow asymemtric vertex-pair contraction may be implemented on

this data structure.

5.2.1 Designof the Data Structure

The Simpli�ed Incidence Graph (SIG) is a representation for a d-dimensional

Euclideansimplicial complexembeddedin the n-dimensionalEuclideanspace,with

d � n. When d = n, every (d� 1)-simplex is sharedby at most two d-simplexes,

since any d-dimensional simplicial complex embedded in the d-dimensional Eu-

clidean spaceis a pseudo-manifold. Given a d-dimensional simplicial complex �,

the SIG encodesall p-simplexesfor p = 0; 1; : : : d in �, and

� for each p-simplex� , where0 < p � d, it encodesboundary relationsRp;p� 1(� ),

� for each p-simplex � , where0 � p < d, partial co-boundary relations R �
p;g(� )

(whereg > p), which consistsof onearbitrarily-selectedtop g-simplexfor each
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3,8 3,5 5,8 4,5 6,8 4,6 5,6 1,6 5,7 2,72,56,7 1,74,71,5

3 8 4 5 6 1 7 2

3,5,8 4,5,8 4,6,8 1,6,8 1,5,8 5,6,8 4,5,6 1,5,6 5,6,7 4,5,7 4,6,7 1,5,7 1,6,7 2,5,7

4,8 1,8

Figure 5.2: The directed graph showing the boundary rela-
tions encoded by the IG for the example shown in Figure 5.1.
Simplexes are iden ti�ed by the indices of the vertices spanning
them. For example, the node (4; 5; 6; 8) denotes the tetrahedron
that is inciden t at vertices 4, 5, 6 and 8.

(g � p � 2)-connectedregular (g � p � 1)-dimensionalcomponent in the link

of � .

Note that partial co-boundary relation R�
d� 1;d(� ) is the sameas co-boundary rela-

tion Rd� 1;d(� ). Moreover, when the domain is a manifold, all partial co-boundary

relationsareempty with the exceptionof R�
p;d(� ). In this case,co-boundary relation

R�
p;d(� ) encodes one or two d-simplexesincident at � when p = d� 1, or just one

d-simplex incident at � when p < d� 1.

Figure 5.4(a) shows an example of the encoding of a vertex of a 2-complex

in a SIG. Two partial co-boundary relations are de�ned at v, namely, R �
0;g(v), for

g = 1; 2. Relation R�
0;1(v) = f eg and relation R�

0;2(v) = f f 1; f 2g. Figure 5.4(b)
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3 8 4 5 6 1 7 2

1,5,6

Figure 5.3: The directed graph showing the co-b oundary rela-
tions encoded by the IG for the example shown in Figure 5.1.
Simplexes are iden ti�ed by the indices of the vertices spanning
them.

shows an exampleof the encoding of an edgeof a 2-complexin a SIG. The partial

co-boundary relation de�ned at e is R�
0;1(e), which consistsof f f 1; f 2g.

Figure 5.5(a) shows an exampleof the encoding of a vertex of a 3-complexin

a SIG. The restricted star of v st(v) consistsof edgewe, of triangles df 1 and df 2, of

the edgesof df 1 and df 2 which are incident at v, of tetrahedra t1, t2 and t3, together

with all the facesand edgesof t1, t2 and t3 which are incident at v. Three partial

co-boundary relations are de�ned at v, namely, R�
0;g(v), for g = 1; 2; 3. Relation

R�
0;1(v) = f weg, relation R�

0;2(v) = f df 1g, and relation R�
0;3(v) = f t1, t2g.

Figure 5.5(b) shows an exampleof the encoding of an edgeof a 3-complexin

the SIG. The restricted star st(e) of edgee is composedof triangles df 1 and df 2, of

tetrahedra t1, t2, and t3, and their faceswhich are incident at e. Sincee 62st(e), df 1
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e

4f

3f

1f

2f

v
e

1f
2f

(a) (b)

Figure 5.4: Tw o examples showing the relations stored at a
vertex (a) and at an edge (b) in a SIG describing a 2-complex.
In (a), the top simplexes inciden t at vertex v are triangles f 1,
f 2, f 3 and f 4, and edge e. In (b), the top simplexes incdien t at
edge e are triangles f 1 and f 2.

3t
df1

df2
1t

2t

we v

2t1t

3t

2v

1v
df2

df1 e

(a) (b)

Figure 5.5: Tw o examples showing the relations stored at a
vertex (a) and at an edge (b) in a SIG describing a 3-complex.
In (a), the top simplexes incidnet at vertex v are tetrahedra
t1, t2 and t3, triangles df 1 and df 2, and edge we. In (b), the top
simplexes inciden t at edge e = f v1; v2g are tetrahedra t1, t2 and
t3, and triangles df 1 and df 2.

and df 2 are not 1-connectedin st(e), and, thus, they form two separate0-connected

1-components in st(e). Boundary relation R1;0(e), and the two partial co-boundary

relationsR�
1;g(e), for g = 2; 3, arestoredat edgee. Boundary relation R �

1;0(e) consists

of the set of extreme vertices of e, namely f v1; v2g. Partial co-boundary relations

R�
1;2(e) and R�

1;3(e) consistof f df 1; df 2g and f t1, t2g, respectively.

The directed graph that describesthe boundary relations encoded by the SIG

is the sameasthat for the IG, whereby edgesexist betweenadjacent layersof nodes.
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In the directed graph that describes the partial co-boundary relations encoded by

the SIG, the endnodesof each directededgeis a top simplex. Considerthe example

shown in Figure 5.1, the topological relations encoded by the SIG are shown in the

form of directed graphsin Figures5.6 and 5.7. Note that the diagram in Figure 5.6

is the sameasthat in Figure 5.2. It canbe observed that all the arcsin the diagram

in Figure 5.7 end at top simplexes.

4,5,6,8 1,5,6,71,5,6,8 4,5,6,7

3,8 3,5 5,8 4,5 6,8 4,6 5,6 1,6 5,7 2,72,56,7 1,74,71,5

3 8 4 5 6 1 7 2

3,5,8 4,5,8 4,6,8 1,6,8 1,5,8 5,6,8 4,5,6 1,5,6 5,6,7 4,5,7 4,6,7 1,5,7 1,6,7 2,5,7

4,8 1,8

Figure 5.6: The directed graph showing the boundary relations
encoded by the SIG for the example shown in Figure 5.1. No des
represen ting simplexes are iden ti�ed by the indices spanning
them.

5.2.2 Implementation and StorageCost

In this subsection,we describe the implementation of the SIG, and discussthe

storagecost for this implementation. For simplicity, in our current implementation,
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3 8 4 5 6 1 7 2

3,5,8 4,5,8 4,6,8 1,6,8 1,5,8 5,6,8 4,5,6 1,5,6 5,6,7 4,5,7 4,6,7 1,5,7 1,6,7 2,5,7

4,8 1,8

Figure 5.7: The directed graph showing the partial co-
boundary relations encoded by the SIG for the example shown
in Figure 5.1

we useone integer to index a simplex.

All simplexesare stored in ascendingorder of their dimensions.Each simplex

has a unique index. A lookup-table is used to encode the starting and ending

indicesof the simplexesfor each dimension. For each simplex, we also store a one-

bit 
ag that is usedby the navigation algorithms to mark a simplexasvisited during

traversal,and resetafter traversal is completed.

For each p-simplex � , with 0 < p � d, boundary relation Rp;p� 1(� ) is stored in

a �x-sized array, each element of which is an index to a simplex on the boundary of

� . For each p-simplex � , with 0 � pr < d, partial co-boundary relations R �
p;g(� ) for

p < g � d arestored,in decreasingorderof g, in a variable-sizedarray. Each entry of

the array consistsof the index of a simplexcontaining � in its boundary. The endof

the array is marked by a stop code. An integerpointer is associated with simplex � ,
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which is the starting index of the variable-sizedarrays of the co-boundary relations.

In the manifold case,for all p-simplexes� , with p < d� 1, only relation R �
p;d(� )

exists. Thus, the integer pointer associated with � referencesdirectly the d-simplex

in R�
p;d(� ) relation. A 
ag is usedto indicate whether the manifold condition holds

at a p-simplex, when p < d� 1.

We denotewith np, for 0 � p � d, the number of p-simplexesin a simplicial

complex�, with � g(� ), for dim(� ) < g � d, the total number of (g� p� 2)-connected

regular (g� p� 1)-dimensionalcomponents in the link of a simplex � in �, and with

� g
p =

P
dim (� )= p � g(� ), for 0 � p < d, and g > p, the total number of (g � p � 2)-

connectedregular (g � p � 1)-dimensionalcomponents summedover the links of all

the p-simplexesin �.

The lookup-table, that storesthe starting and endingindicesfor the simplexes

in each dimension, requiresd+ 1 integers. A total of
P

0� p� d np bits is neededfor

the 
ag used for navigation. The spaceuse for all boundary relations Rp;p� 1 for

0 < p � d is equal to
P

0<p � d(p+ 1)np integers.

The storagespacerequired for encoding the partial co-boundary relations can

be evaluated as follows. Each p-simplex, 0 � p < d, has a link to the partial

co-boundary relations R�
p;g associated with it. This requires

P
0� p<d np integers in

total. In addition, the 
ag, that indicates whether the manifold condition holds at

a simplex, requiresonebit for each simplex, and, thus,
P

0� p<d np bits in total. The

total spaceuse for all the variable-sizedarrays that store the partial co-boundary

relationsR�
p;g is equalto

P
0� p<d

P
p<g � d � g

p+
P

0� p<d np integers,wherethe �rst term

accounts for the indices of the simplexesand the secondterm
P

0� p<d np accounts
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for the stop codes.

Thus, the total spaceused for encoding all topological relations (i.e., both

boundaryandpartial co-boundaryrelations) is equalto
P

0� p<d
P

p<g � d � g
p+2

P
0� p<d np+

P
0<p � d(p+ 1) np integersand

P
0� p<d np bits.

If � is a manifold complex, the variable-sizedarrays are not used for the

partial co-boundary relations associated with the p-simplexes,when 0 � p < d� 1.

For the (d� 1)-simplexes,the variable-sizedarrays are still usedbecauseeach (d� 1)-

dimensionalsimplexmay besharedby either oneor two d-simplexes.The spaceused

for encoding the partial co-boundary relations thus becomes
P

0� p<d np + � d
d� 1 + nd� 1

integersand
P

0� p<d np bits. Also, � d
d� 1 = 2nd� 1. The spaceusedfor the simplexes

and the boundary relations is the sameas in the non-manifold case. Thus, the

overheadwith respect to a simpli�ed incidencegraph speci�c for a d-complexwith

a manifold domain is equal to
P

0� p<d np bits + nd� 1 integers.

5.2.3 Building a Simpli�ed IncidenceGraph

The Simpli�ed IncidenceGraph representation can be constructed from the

IncidenceGraph. The approach is to identify the (q � 1)-connectedq-components

in the star of each simplex � in the complex�. The construction algorithm consist

of the following steps:

1. Find the set Sq of all the top q-simplexesin st(� )

2. Partition the set Sq into f S1
q; S2

q ; � � � ; Sj
qg, such that 
 belongsto Si

q if and

only if either 
 sharesno (q � 1)-facewith any top simplex in Sq or 
 shares
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a (q � 1)-facewith someother simplex 
 0 in Si
q.

3. Selectonetop k-simplex from each set Si
q to be the representativ e of in partial

co-boundary R�
p;q(� )

5.2.4 Topological Navigation in the SIG

Navigation in a complexrequiresretrieving topologicalrelations. The retrieval

of topological relations is also the basisfor performing simpli�cation operations on

a simplicial complex. The SIG supports a simple recursive strategy to retrieve

all topological boundary relations. Boundary relation Rp;q(� ) for a p-simplex � is

retrievedby cascadingthe retrieval of boundary relationsRp;p� 1; Rp� 1;p� 2; � � � ; Rq+1 ;q

on � and its faces.

The generalstrategy for retrieving co-boundary relations at a simplex � con-

sists of performing a traversal of the star of � , and then retrieving the boundary

relationsof the top simplexesin the star of � . The star of � is retrievedby traversing

all the components belonging to it. The traversal of an h-dimensionalcomponent

starts with a representativ e in partial co-boundary R �
p;h(� ). It visits each h-simplex

� and all its (h � 1)-adjacent simplexesincident at � , and it terminates when all

h-simplexesin the component are visited. The strategy for retrieving adjacency

relations at � consistsof retrieving the co-boundary relations for the simplexesthat

are in the boundary relation of � .
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Figure 5.8: Example of retrieving R0;1(v) from the SIG through
a tra versal of the star of vertex v using boundary and partial
co-b oundary relations: (a) the star st(v) of a vertex v, vertices
are lab eled by their indices and the simplexes are de�ned by the
indices of the vertices that span them; (b) boundary relations
encoded by the SIG among simplexes in st(v); (c) partial co-
boundary relations encoded by the SIG among simplexes in
st(v) (part 1)
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t 2
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Figure 5.9: Example of retrieving R0;1(v) from the SIG through
a tra versal of the star of vertex v using boundary and partial
co-b oundary relations encoded by the SIG: (a) to (d) are four
stages of the tra versal of st(v) (part 2)

We illustrate the retrieval of relation R0;1(v) for a vertex v in the example

shown in Figures 5.8(a)-(c). The traversal of the star of v is shown in Figures

5.9. Figures 5.9(a) to (d) show four stagesof the traversal of the star of vertex v

(from the exampleof Figure 5.8(a)) for retrieving R0;1(v). Figure 5.9(a) shows that

the traversal starts from v at which the partial co-boundary relations encoded are

R�
0;3(v) = f t1g and R�

0;2(v) = f df 1g. Following relation R�
0;2(v) = f t1g, tetrahedron

131



t1 is visited. The boundary relation R3;2(t1) is examinedand facesf 1; f 2 and f 3 are

found to be incident at v. In Figure 5.9(b), the partial co-boundary relations of the

facesf 1; f 2 and f 3 have been examined. The partial co-boundary relation of face

f 3 leadsto tetrahedron t2. The facesof t2 are examined,and they lead to no new

tetrahedra. Sothe whole3D component associated with t1 in the star of v is visited.

Figure 5.9(c) shows that the 2D component associated with df 1 in R�
0;2(v) = f df 1g

is examinedlikewise.Figure 5.9(d) shows that the edgesincident at v are retrieved

from all the top simplexesin the star of v.

The time complexity for the retrieval of the variousrelations is summarizedin

Table 5.1. The time complexity for the retrieval of boundary relations is constant

for all dimensions,while that for retrieving co-boundary relations dependson the

dimensionof the complex. Retrieving co-boundary relations Rp;q(� ) requirestime

linear in the number of top simplexesin the restricted star st(� ) of � . For simplicial

2- and 3-complexes,the number of top simplexesis linear in the number of q-

simplexesin st(� ), as a consequenceof Euler's formula (seethe description of the

properties of non-manifold 3D shapesunder Section3.2). This is no longer true for

higher dimensions.

5.2.5 Vertex-Pair Contraction on the SIG

In many applications of shape modeling, it is necessarynot only to have an

e�cien t representation that capturestopological information within the shape, but

alsoto havetools for updating this representation to preserve its topologicalintigrit y
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Dimension Boundary Co-boundary Adjacency
d Rp;q(� ) Rp;q(� ) Rp;p(� )

2 and 3 constant linear in terms of linear in terms of
p-simplexes p-simplexes
in Rp;q(� ) in Rp;p(� )

4 and above constant linear in terms of linear in terms of
top simplexes top simplexes

in st(� ) in st(
 ), where

 2 Rp;p� q(� )

Table 5.1: Time complexit y of the retriev al strategies for top o-
logical relations of a p-simplex �

as the shape is modi�ed. One elementary meshupdate operator is the Vertex-Pair

Contraction (VPC) operator. In Section3.3,wehave formulated the VPC operation

and characterizedits e�ect when two verticesv1 and v2 are mergedinto onevertex.

In the assymetricvariation of VPC, vertex v2 is mergedto vertex v1 and no new

vertex is created. In this Section,wepresent an algorithm for performingasymmetric

vertex-pair contraction on a simplicial complexencoded asa SIG. We describe how

the entities and topological relations encoded in the SIG are updated asan e�ect of

such operation.

Let � be a simplicial complex. Let st(v1) and st(v2) denotethe starsof v1 and

v2, and let lk(v1) and lk(v2) denote their links. Let the complex resulted from the

assymetricVPC be denotedby � R , and let stR(v1) and lkR(v1) denote,respectively,

the resultant star and link of v1.

The procedureof performing vertex-pair contraction on the SIG is described

in the following four subsections.In each subsection,we describe how the entities

and topological relations encoded in the SIG are updated.
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5.2.5.1 Labeling Simplexes

The �rst step of the algorithm consistsof labeling the simplexesincident at v1

and v2 and in constructing the transformation map F . For each p-simplex � 2 �,

we de�ne two labels l1(� ) and l2(� ) as follows:

� l i (� ) = 1 if and only if � 2 st(vi ), i = 1; 2

� l i (� ) = � 1 if and only if � 2 lk(vi ), i = 1; 2

� l i (� ) = 0, i = 1; 2, otherwise

In what follows, we write l i for short whenever the simplex being addressedis clear.

Figures5.10(a)and (b) giveexamplesof labelingof the simplexesin the star and link

of v1 and v2. The examplein Figure 5.10(a) illustrates the casein which the stars

of v1 and of v2 have a non-empty intersection, i.e., there is an edgeconnectingv1

and v2. The examplein Figure 5.10(b) illustrates the casein which the intersection

of the two stars is empty, becausethere is no edgeconnectingv1 and v2.

All information necessaryfor updating the SIG canbededucedfrom the labels

of each p-simplex in � and of its (p� 1)-faces:

� Any p-simplex with labels (0; 0), (� 1; 0), (0; � 1) and (� 1; � 1) is not a�ected,

sinceit is not incident at v1 or v2.

� Any p-simplex labeled (1; 0) or (1; � 1) will remain the samein the reduced

complex.

134



1u

v2v1

2u

u3

1,1

1,1

0,1

-1,0

1,0

-1,1

-1,-1

0,-1

0,1

1,-1

1,0

0,-1-1,0

1,-1 -1,1

1u

v1

2u

u3

(a)

1u

v2v1

2u

u3

0,1

-1,0

1,0

-1,-1

0,-1

0,1
1,0

0,-1-1,0

1,0
0,1

1,0 0,1

1u

v1

2u

u3

(b)

Figure 5.10: The lab eling of the restricted stars and the links
of vertices v1 and v2

� Any p-simplex � labeled (� 1; 1) is mergedinto a p-simplex � 0 incident at v1,

i.e., v2 is replacedin � with v1, thus giving � 0 (see,for instance,edgef u2; v2g

in Figure 5.10(a)).

� Any p-simplex labeled(0; 1), which hasa (p � 1)-facelabeled(� 1; � 1) is also

mergedinto a p-simplex� 0 incident at v1, asin the caseabove(see,for instance,

edgef u2; v2g in Figure 5.10(b)). Any p-simplex labeled(0; 1), which doesnot

satisfy the latter condition, is transformedinto a new p-simplex incident at v1

(see,for instance,edgef u3; v2g in Figures5.10(a) or 5.10(b)).
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� Any p-simplex � labeled(1; 1) is mapped to its (p� 1)-face,� 0 which is labeled

(1; � 1), i.e. that face which is incident at v1 and in the link of v2 (see, for

instance,the triangle f u2; v1; v2g in Figure 5.10(a)).

5.2.5.2 Updating Boundary Relations

In the vertex-pair contraction algorithm, boundary relations are a�ected for

all simplexesgeneratedby transforming simplexesof � incident at v2 into simplexes

incident at v1 in � R , and that are not mergedinto other simplexesincident at v1.

Boundary relation R1;0 is updated for every edgee labeled(0; 1), which is not

incident at a vertex labeled (� 1; � 1). In other words, edgee must be incident at

vertex at v2, but not at v1 and its other extremevertex cannot be in the intersection

of the links of v1 and v2. For example,boundary relation R1;0 for edgee3, in Figure

5.11,consistsof f v2; u2g in �, and it consistsof f v1; u2g in � R .

Boundary relations are a�ected for all p-simplexeslabeled(0; 1), which do not

have a (p� 1)-facelabeled(� 1; � 1). In the SIG we are interestedonly in boundary

relations of type Rp;p� 1; 2 � p � d. Theselatter are updated for every p-simplex �

labeled(0; 1) such that:

� � is not mergedin a p-simplex incident at v1

� � hasa (p� 1)-face� 2 mapped into a (p� 1)-simplex � 1 incident at v1.

Simplex � 2 is identi�ed ashaving label l2 = 1 and having a (p� 2)-facelabeled

(� 1; � 1). For instance, edgee1 in Figure 5.11 replacesedgee2 in the boundary

relation R2;1 of triangle f . The algorithm for updating boundary relations applies
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the rule above recursively on the dimensionsof the simplexes. The simplex � 1 on

which � 2 is mergedis retrieved from the hashtable.

2v
1v
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2u1e

3e
2e f (0,1)

(1,0)

(0,1)
(0,1)

(-1,-1)
1u

2u1e

3e
1v

f

Figure 5.11: Example of the up date of the boundary relations
of simplexes in st(v2)

5.2.5.3 Updating Partial Co-boundary Relations of Type R �
p;p+1

Co-boundary relations are a�ected in two situations:

1. for any p-simplexincident at v1, on which a p-simplexincident at v2 is mapped,

2. for any p-simplex incident at v2 which is not mapped into any p-simplex inci-

dent at v1.

Weconsiderherepartial co-boundary relationsof typeR �
p;p+1 . In the restricted

star of a p-simplex, each p-connected(p+ 1)-component consistsof just one(p+ 1)-

simplex. Thus, partial co-boundary relations R �
p;p+1 is updated on the basisof the

original relations R�
p;p+1 in �, of boundary relations Rp;p� 1 in � R and of the labels

of the simplexes.

We apply the update of partial co-boundary relations in decreasingorder of

dimension. We considera p-simplex � 1 incident at v1 and we perform the following
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steps:

1. For every simplex � 2 R�
p;p+1 (� 1) in �,

� if � is labeled(1; 1), then � is not in R�
p;p+1 (� 1) in � R , since� is reduced

to � 1, (for example,in Figure 5.12(a), tetrahedron t is not in R �
2;3(f 1) in

� R);

� if � is labeled (1; 0) or (1; � 1), and there is a same-dimensionalsimplex

� 0 incident at v2 such that � = F (� 0) and � 0 is not a top simplex, then �

is not in R�
p;p+1 (� 1) in � R , since� becomesa face,(for example,in Figure

5.12(b) triangle f 1 mergeswith triangle f 2, but f 2 is a faceof tetrahedron

t, so f 1 is not in R�
1;2 relation for edgef v1; ug in � R);

� otherwise, � remains in R�
p;p+1 (� 1) in � R , sinceit is not a�ected by the

transformation, (for example, in Figure 5.12(c), triangle f 1 remains in

R�
1;2(e1))

2. If there exists a p-simplex � 2 incident at v2 such that � 1 = F (� 2), then, for

every � 2 R�
p;p+1 (� 2) in �,

� if � is labeled(1; 1), then � is not in R�
p;p+1 (� 1) in � R , since� is reducedin

dimension(in Figure 5.12(a),for example,tetrahedron t is not in R �
2;3(f 1)

in � R);

� if � is labeled(0; 1) and doesnot have a p-facelabeled(� 1; � 1), then � is

in R�
p;p+1 (� 1) in � R , (for example,in Figure 5.12(c), triangle f 2 becomes

an element in R�
1;2(e1)).

138



3. After updating R�
p;p+1 (� 1), if � 1 becomesa top simplex, then � 1 is added to

the R�
p� 1;p relation of all its (p� 1)-faces. Theselatter can be retrieved from

boundary Rp;p� 1 relation of � 1 (for example, in Figure 5.12(a), f 1 is a top-

simplex after contraction, so it becomesan element in the R �
1;2 relation of all

its edges).
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f 1 f 2

f 1

v1

f 1

t(1,1)

(1,�1) (�1,1)
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f 1(1,0)
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(0,1)

(0,1) t
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(b)

v1

f 2
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f 1

v1 v2

f 2

e2e1

f 1
(0,1)

(1,0) (0,1)

(1,0)
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Figure 5.12: Examples of the up date of the partial co-b oundary
R�

1;2 relations of simplexes in stR(v1)
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5.2.5.4 Updating the RemainingPartial Co-boundary Relations

The problem with updating partial co-boundary relations R �
p;q with q> p+ 1

is that the SIG does not store all q-simplexesincident at a given simplex � , but

just onerepresentativ e for each (q� 1)-connectedq-component incident at � . Thus,

we need to traverseall (q � 1)-connectedq-component in stR(v1), and select one

representativ e for each q-component in the R�
p;q relation. The traversal algorithm

usesthe boundary relations Rq;q� 1 for the q-simplexesin the q-component, and the

updatedpartial co-boundary relationsR�
q� 1;q of their (q� 1)-facesaswell asthe labels

of such faces.

We start with oneq-simplex � in the (q� 1)-connectedq-component, and visit

each (q� 1)-face� of � . If � was not labeled in � (-1,0) or (0,-1), i.e., � is not in

lkR(v1), then all the top q-simplexesin R�
q� 1;q(� ) are visited.

At the end of the q-component traversal, we update R �
p;q(� ), for each � such

that there exists exactly one q-simplex in R�
p;q(� ) in � R that is marked as visited.

In the exampleof Figure 5.13,let us assumethat R�
1;3(e1) consistsof t1 and R�

1;3(e2)

consistsof t2 beforecontraction. After the contraction, we will have R �
1;3(e1) = t1,

sincet1 and t2 form just one3-component at e1.

Also, we needto update the samepartial co-boundary relations for the sim-

plexesin the link of v1 in � R which wereoriginally the simplexesin the intersection

of the links of v1 and v2. The update is performed in a similar way as describe

above. The description is omitted for brevity.
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Figure 5.13: Example of the up date of the partial co-b oundary
R�

1;3 relations of simplexes in stR(v1)

5.2.6 Encoding a Vertex Expansionfor the SIG

Vertex expansion is the inverseoperation with respect to vertex-pair contrac-

tion. It consistsof expandinga vertex v1 in a simplicial complex� into two vertices

v1 and v2. There may or may not be an edgee = (v1; v2) joining them. The k-

simplexesin st(v1) either expand into (k + 1)-simplexesforming st(e), if e exists,

or becomeincident at v1 or v2, or are duplicated. A vertex expansiontransfor-

mation reversesthe vertex-pair contraction transformation and, thus, producesthe

simplicial complex� from the reducedcomplex� R .

While a vertex-pair contraction is entirely speci�ed by the two vertices to

be contracted, for the expansionof vertex v1 into pair (v1; v2) we neednot only to

specify the newvertex v2, but alsohow the simplexesincident at v1 are transformed.

We associate a two-bit code with each p-simplex � belonging to the star of v1 in

� R , denoted cd(� ) (we write cd for short where it is clear which simplex is being

addressed).Thus, the valuefor cd for each such p-simplex� is: 00 if � is not a�ected

by the expansion,01 if � is transformed into a p-simplex in �, incident at v2, 10 if

� is expandedinto two p-simplexesin �, one incident at v1 and the other incident

at v2, and, 11 if � is expandedinto a (p+ 1)-simplex incident at both v1 and v2.
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Such codesare computed during vertex-pair contraction as described below.

We considera p-simplex � in � R , incident at v1. We denoteby � 0 the samesimplex

in � (i.e., � = � 0), by 
 the p-simplexof � (if it exists) which results from replacing

v1 by v2 in � 0, and by � the (p+ 1)-simplex in � (if it exists) which results from

expanding� 0. The code of simplex � is computedas follows:

� cd = 00, if and only if � 0 is labeled(1; 0) and noneof its (p� 1)-facesis labeled

(� 1; � 1); in vertex expansion,� remainsincident at v1 (for example,in Figure

5.14(a), triangle f 1 is given a code 00);

� cd = 01, if and only if 
 is labeled(0,1), but noneof its (p� 1)-facesis labeled

(-1,-1); in vertex expansion,this simplex becomesincident at v2 (for example,

in Figure 5.14(a), the code of triangle f 2 is 01);

� cd = 10, if and only if � 0 is labeled(1,0) and oneof its (p� 1)-facesis labeled

(-1,-1); in vertex expansion,this simplex is expandedinto the two simplexes

� 0 and 
 (for example,in Figure 5.14(a), edgee1 hascode 10);

� cd = 11, if and only if � 0 is labeled (1,-1), meaningthat � 0 is a faceof some

(p+ 1)-simplex � that is reducedby the contraction. (for example,in Figure

5.14(b), edgee1 hascode 11).

A code is associated with every top simplex in stR(v1) and every non-top

simplex in stR(v1) that is split or expandedin vertex split. All other simplexesin

stR(v1) behave the sameway astheir co-facesin the vertex split, sothey do not need
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Figure 5.14: Example of the generation of code cd during
vertex-pair contraction

to be explicited encoded. The encoding of stR(v1) is organizedby decreasingorder

of simplex dimension �rst, and then according to the lexicographicalorder of the

verticesde�ning the simplexes.This givesa unique sequence,which is independent

of the data structure usedfor encoding the simplicial complex,and, thus, a unique

encoding for stR(v1).

An encoding schemeof stR(v1) that associatesa code with every edgeinstead

of top-simplex is generallymore compact in terms of the storagecost [36, 68], but

it will work well only when the edgesin stR(v1) are all explicitly encoded in the

data structure. Our encoding is not optimized for compactnesssincea compressed

representation will a�ect the e�ciency of the vertex split operation on the SIG.

As vertex expansionoperation reversesthe e�ect of vertex-pair contraction,

for brevity, we will not discussthe stepsinvolved in this operation.
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5.3 The Incidence Simplicial (IS) Data Structure

In this Section, we consider a secondparadigm of cost-e�cien t dimension-

independent data structure, the IncidenceSimplicial Data Structure, that encodes

all simplexes. We discussits design, evaluate its storage cost and its navigation

e�ciency . Wealsodiscussits scalability to manifold models. In addition, weconsider

how it can support the vertex-pair contraction operation.

5.3.1 Designof the Data Structure

The Incidence Simplicial (IS) data structure is a new dimension-independent

data structure for representing Euclidean simplicial complexesin arbitrary dimen-

sions. It encodesall simplexesof a d-dimensionalsimplicial complex � embedded

in the n-dimensionalEuclideanspace(with d � n), plus the following relations:

� for each p-simplex � , where0 < p � d, boundary relation Rp;p� 1(� ),

� for each p-simplex� , where0 � p < d, a partial versionof partial co-boundary

relation Rp;p+1 (� ), denotedasR�
p;p+1 (� ), that consistsof onearbitrarily-selected

(p + 1)-simplex for each connectedcomponent of the link of � .

In the exampleof Figure 5.15(a),the link of vertex v (shown in Figure 5.15(b))

consistsof two connectedcomponents. There are in total �v e edgesincident at v,

of which four comefrom the samecomponent. Thus, partial co-boundary relation

R�
0;1(v) consistsof f we;eg, wheree is an edgeof triangle df . In the exampleof Figure

5.15(c), the link of edgee (shown in Figure 5.15(d)) is composedof three connected
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components corresponding to triangle df , and to tetrahedra t1, t2 and their faces

which are incident at e. Thus, partial co-boundary relation R �
1;2(e) consistsof just

three elements, namely f df ; f 1; f 2g, wheref 1 is a faceof t1 and f 2 is a faceof t2.

t
df

e

we v v

f1 2f

2t1v

2v

1t

df e e

(a) (b) (c) (d)

Figure 5.15: Tw o examples of 3-complexes with non-manifold
singularities: (a) shows an example of a non-manifold vertex v,
whose link is shown in thic k lines and a vertex in (b); (c) shows
an example of a non-manifold edge e; (d) shows the link of e

In general,for each (d� 1)-simplex � , partial co-boundary relation R �
d� 1;d(� )

is the sameas co-boundary relation Rd� 1;d(� ). If the domain of � is a manifold,

then R�
p;p+1 (� ) contains just one (p+ 1)-simplex sincethe link of � consistsof one

single connectedcomponent. Also, when d = n, every (d� 1)-simplex is sharedby

at most two d-simplexes,sinceany d-dimensionalsimplicial complex embeddedin

the d-dimensionalEuclideanspaceis a pseudo-manifold.Non-manifold singularities

are de�ned by simplexesof dimensionlower than the dimensionn of the embedding

spacewhoselink consistsof morethan oneconnectedcomponent. Such singularities

are madeexplicit by the encoding of the partial co-boundary relations, in which one

simplex is consideredfor each connectedcomponents in the link of each simplex.

Consider the examplein Figure 5.1, the topological relations encoded by the

IS are shown in the form of directed graphsin Figures5.16and 5.17. Observe that

145



the directed graph in Figure 5.16 is the sameas those in Figure 5.2 and Figure

5.6 becausethe IS, the SIG and the IG encode the sameboundary relations. The

diagram in Figure 5.17 has signi�cantly fewer arcs than the one in Figure 5.3. In

Figure 5.17, arcs connectnodesof two adjacent levels while this is not the casein

Figure 5.7. Note that in Figures 5.17, 5.3 and 5.7, the arcs going out from level

d � 1 into level d are the same.

4,5,6,8 1,5,6,71,5,6,8 4,5,6,7

3,8 3,5 5,8 4,5 6,8 4,6 5,6 1,6 5,7 2,72,56,7 1,74,71,5

3 8 4 5 6 1 7 2

3,5,8 4,5,8 4,6,8 1,6,8 1,5,8 5,6,8 4,5,6 1,5,6 5,6,7 4,5,7 4,6,7 1,5,7 1,6,7 2,5,7

4,8 1,8

Figure 5.16: The directed graph showing the boundary rela-
tions encoded by the IS for the example shown in Figure 5.1.
No des represen ting simplexes are iden ti�ed by the indices of
the vertices spanning them.

5.3.2 Encoding Data Structure

In the following, we describe our implementation of the IS data structure, and

discussits storagecost. Simplexesarestoredin ascendingorder of their dimensions.
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4,5,6,8 1,5,6,71,5,6,8 4,5,6,7

3,8 3,5 5,8 4,5 6,8 4,6 5,6 1,6 5,7 2,72,56,7 1,74,71,5

3,5,8 4,5,8 4,6,8 1,6,8 1,5,8 5,6,8 4,5,6 5,6,7 4,5,7 4,6,7 1,5,7 1,6,7 2,5,7

4,8 1,8

3 8 4 5 6 1 7 2

1,5,6

Figure 5.17: The directed graph showing the co-b oundary re-
lations encoded by the IS for the example shown in Figure 5.1

Each simplex has a unique index, and attributes can be associated to it. For each

simplex, we also assigna one-bit 
ag that is usedby the navigation algorithms to

mark a simplex asvisited during traversal,and is resetafter traversal is completed.

For each p-simplex � , with 0 < p � d, boundary relation Rp;p� 1(� ) is stored in a

�x-sized array, each element of which is an index to a (p� 1)-simplexon the boundary

of � .

For each p-simplex � , with 0 � p < d, we encode partial co-boundary relation

R�
p;p+1 (� ) in a variable-sizedarray. The �rst entry of the array storesits length. Each

of the remainingentries of the array consistsof the index of a (p+1)-simplexto which

� is a boundary. Simplex � has an integer pointer that points to the beginning of

this variable-sizedarray. In the manifold case,relation R �
p;p+1 (� ) consistsof just one

element. Thus, the integerpointer for the partial co-boundary relationsof � directly
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stores the index of the (p+ 1)-simplex in R�
p;p+1 (� ) relation. A bit-
ag is used to

indicate whether the manifold condition holds at a p-simplex, when p < d� 1.

We evaluate the storagecost of the IS data structure by assumingthat both

indicesandpointers havethe sizeof an integer. Wedenotethe number of p-simplexes

in a simplicial complex � as np, for 0 � p � d. We denote the total number of

connectedcomponents in the link of a simplex � as � (� ) (when dim(� ) < d), and

the total number of connectedcomponents summedover the links of all p-simplexes

in � as � p =
P

dim (� )= p � (� ), for 0 � p < d. Each p-simplex has a pointer to a

structure in which all its attributes are stored. The total number of such pointers

is
P

0� p� d np integers. As each p-simplex has (p + 1) (p� 1)-faces,the encoding

of boundary relations Rp;p� 1 for 0 < p � d requires
P

0<p � d(p+ 1)np integers. The

encoding of the partial co-boundary relations requires
P

0� p<d (� p + 2) integers(for

the variable-sizedarrays and the pointers that refersto them) and
P

0� p<d � 1 np bits

(for the bit 
ags). Thus, the total storagecost of the IS data structure for a general

simplicial d-complexcan be summarizedas follows:

� For entities:
P

0� p� d np integers;

� For boundary relations:
P

0<p � d(p+ 1)np integers;

� For co-boundary relations:
P

0� p<d (� p + 2) integersand
P

0� p<d � 1 np bits;

If � is a manifold complex, � (� ) = 1 for dim(� ) < d� 1 and � (� ) � 2 for

dim(� ) = d� 1. So � p = np for p < d� 1. The variable-sizedarrays are not needed

for 0 � p < d � 1 becausethe pointer to the array can directly store the index

of one simplex. For the (d� 1)-simplexes,�x-sized arrays are used becauseeach
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(d� 1)-dimensionalsimplex can be sharedby either one or two d-simplexes. The

storagecost of the IS data structure for a manifold d-complexreducesto:

� For entities and boundary relations: no change

� For co-boundary relations:
P

0� p<d � 1 np + 2nd� 1 integersand
P

0� p<d � 1 np bits;

The overheadof the IS data structure with respect to a data structure that

encodesthe sametopological relations but speci�c for a manifold d-complexis thus

equalto
P

0� p<d � 1 np bits. This is just the costof encoding the bit 
ags that indicate

whether a simplex is a non-manifoldsingularity. This meansa overheadof onebyte

plus one bit per vertex for manifold 2-complexes,and of four bytes plus four bits

per vertex for manifold 3-complexes.This shows that the IS data structure scales

very well to the manifold case.

5.3.3 Building an IncidenceSimplicial Data Structure

The most common exchange format for a simplicial complex consists of a

collection of top simplexesdescribed by their vertices. This representation is known

as a soup of top simplexes, which is the collection of all the top simplexesof a

simplicial complex. In this Section,wedescribehow to generatethe IS data structure

from a soupof top simplexes.

As a soup representation does not explicitly describe any simplex that is on

the boundary of other simplexes,we needto generateall the simplexesof the input

complex �rst, and then establish the topological relations among them. This is

performed in four steps (note that we do the computation in decreasingorder of
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simplex dimension):

1. For each p-simplex, we generateits (p+ 1) (p� 1)-faces.Each (p� 1)-simplex is

represented by its vertices(sorted in lexicographicorder).

2. All (p� 1)-simplexesare sortedby the lexicographicorder of their verticesand

duplicate simplexesare removed. In this way, each simplex is given a unique

integer index.

3. Boundary relations Rp;p� 1 and completeco-boundary relations Rp� 1;p for all

simplexesare computedasfollows. For each p-simplex � of index i , we simply

considerall its (p � 1)-faces
 . A(p� 1)-face
 is de�ned as V� � f ug, where

V� denotesthe set of verticesof � and u the vertex of � not belongingto 
 .

We locate the index j of 
 by binary search on the lexicographicalorder of its

vertices,and we add 
 to Rp;p� 1(� ) and � to Rp� 1;p(
 ).

4. For each (p� 1)-simplex, its partial co-boundary relation R �
p� 1;p (with p < d)

is computedfrom the corresponding completeco-boundary Rp� 1;p relations as

described below. Recall that R�
d� 1;d is the sameas Rd� 1;d

The computation of the partial co-boundary relation of p-simplex � in Step

4 is performed basedon the topological information available in the intermediate

structure obtained in Step 3. The topological information available for each p-

simplex � in the intermediate structure are the boundary Rp;p� 1(� ) relations and

the co-boundary Rp;p+1 (� ) relations. This information canberepresented asa graph

in which the nodesarethe simplexesin the star of � and the arcsdescribe the partial
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co-boundary relations encoded among thesesimplexes. We call this graph a star-

graph.

Figure 5.18(a)shows an exampleof the star of a vertex v. Figure 5.18(b) and

Figure 5.18(c) illustrate the boundary Rp;p� 1 and co-boundary Rp;p+1 relations that

are computedas the intermediate results at vertex v through a star-graph.

The partial co-boundary relation of � is computed by performing a traversal

on the star-graph of � . For each p-simplex � (with p < d � 1), we needto identify

the (p+ 1)-simplexesthat belongto the sameconnectedcomponent of its star. This

is performedby a connectedcomponent labeling algorithm. The simplest situation

ariseswhen a connectedcomponent is formed only by one (p + 1)-simplex � . In

this case,� will be labeled as belonging one component and added to R �
p;p+1 (� ).

Otherwise, a (p+ 1)-simplex in the star of � will be on the boundary of (p+ 2)-

simplexesbelongingto the sameconnectedcomponent.

Referring to the star-graph, we need to traversethe simplexesbelonging to

levels (p + 1) and (p + 2) in such graph, by using relations Rp;p+1 , Rp+1 ;p+2 , and

Rp+2 ;p+1 . Westart from an unlabeled(p+1)-simplex� incident at � , i.e., in Rp;p+1 (� ),

and we mark � with a new label. For each (p+ 2)-simplex � in Rp+1 ;p+2 (� ), we

retrieve the (p+ 1)-simplexesin its boundary, i.e., belonging to Rp+2 ;p+1 (� ). All

(p+ 1)-simplexes� in Rp+2 ;p+1 (� ) that are incident at � are marked with the same

label. This traversalis repeatedrecursively for all the simplexesin Rp+1 ;p+2 (� ) until

all (p+ 1)-simplexesincident at � and belongingto the sameconnectedcomponent

arevisited. Then, for each connectedcomponent in the star of � , one(p+1)-simplex

is selectedas an element of R�
p;p+1 (� ).
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As an example,weconsidercomputingR�
0;1(� ) in the complexof Figure 5.18(a)

in terms of a graph traversal. Figure 5.18(d) shows the traversalof onecomponent:

starting at vertex v, we move one level up to edgee1. By visiting all the nodes

through the arcsbetweenlevels1 and 2, we �nd all the edges,namely e1; e2 and e3,

that are in the sameconnectedcomponent. Edgee1 is then selectedas a represen-

tativ e for this component. Figure 5.18(e)shows the traversalof the other connected

component in st(v). Edge e4 is selectedto represent the samecomponent. The

partial R�
0;1(� ) relation thus consistsof e1 and e4.

e5e1

e4
f 3

f 1 e2

f 2

e3

v
e1 e2 e3 e4 e5

f 2 f 3f 1

v

e1 e2 e3 e4 e5

f 2 f 3f 1

v

(a) (b) (c)

e1 e2 e3 e4 e5

f 2 f 3f 1

v

e1 e2 e3 e4 e5

f 2 f 3f 1

v

(c) (d)

Figure 5.18: The top ological relations of simplexes in the star of
vertex v encoded as a star-graph: (a) The star, st(v), of vertex
v; (b) the boundary R1;0 and R2;1 relations; (c) the co-b oundary
R0;1 and R1;2 relations computed as in termediate results in the
construction of the IS; (d) a tra versal of one comp onent in
st(v) using relations R0;1; R1;2 and R2;1 only; (e) a tra versal of
the other comp onent in st(v)
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It should be pointed out that it is not necessaryto store the complete co-

boundary relations of all simplexesthroughout the construction process. At any

level p, only the boundary and co-boundary relations for levels (p + 1) and (p + 2)

are needed.

Let us now evaluate the time complexity of the various steps in the IS con-

struction algorithm. In step 1, at any level p, the total number of (p� 1)-simplexes

createdequalsto (p+1)�np, wherenp is the number of p-simplexesin the wholecom-

plex. Thus, the creationof the (p� 1)-simplexestakestime linear with respect to the

number of p-simplexes.In step2, the time requiredfor sorting all (p� 1)-simplexesis

boundedby O(nplog(np)). The computation of boundary and co-boundary relations

in step 3 takes time linear with respect to the number of number of p-simplexes,

sinceboundary relations are constant relations. In step 4, the traversal of the star

of a simplex � visits every arc and every node of the star-graphof st(� ) once. In the

entire complex,each q-simplex is in the stars of (q+ 1) (q� 1)-simplexesand in the

stars of (q+2)�(q+1)
2 (q� 2)-simplexes.Thus, the computation of partial relations for all

(q � 2)-simplexeshas time complexity of (q+2)�(q+1)
2 nq + (q+ 1)nq, which is O(nq).

5.3.4 Retrieving Topological Relations

In this Section,we present algorithms for retrieving the simplexeswhich are

in a boundary, co-boundary or adjacencyrelation with a given simplex from the IS

data structure.
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5.3.4.1 Retrieving Boundary Relations

Boundary relationsof typeRp;p� 1 aredirectly encodedin the IS representation,

while boundary relation of type Rp;q, with q < p can be easily retrieved through

relations Rp;p� 1, Rp� 1;p� 2,� � �, Rq+1 ;q. For instance, the verticesof a tetrahedron � ,

i.e., in R3;0(� ), are retrieved by applying R3;2(� ), then R2;1(� ), for each triangle �

in R3;2(� ), and then R1;0(
 ), for each edge
 in R2;1(� ).

The time complexity of this processis equal to � r = q+1;p+1r , where c is a con-

stant. This quantit y is boundedby a constant which dependson the dimensionp

of the simplex and on the dimensionq of its faces.For instance,retrieving Rd;0(� )

relation requiresO((d+ 1)!) time.

5.3.4.2 Retrieving Co-boundary Relations

Co-boundary relation Rd� 1;d(� ) for any (d� 1)-simplex � is directly encoded

in the IS data structure, becauseR�
d� 1;d(� ) is the sameas Rd� 1;d(� ). Since only

partial co-boundary relations are encoded in the IS representation, the challengeis

to retrieve all completeco-boundary relations e�cien tly. Recall that co-boundary

relation Rp;q(� ) consistsof all q-simplexesin the star of p-simplex � . We will show

that we can retrieve such relations in time linear in the number of top simplexes

incident in simplex � .

Observe that the q-simplexesincident at � areeither top simplexes,or facesof

top simplexesin the star of � of dimensiongreaterthan q. Thus, in order to compute

the generalco-boundary Rp;q(� ) relation, we needto retrieve the top simplexesof
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dimensionsq and above from each connectedcomponent of the star of � , sinceall

q-simplexesthat are facesof higher-dimensionalsimplexesincident at � can be only

retrieved from boundariesof the top simplexesincident in � .

To illustrate the algorithm, we considerthe graph describingthe topological

relations encoded by the IS for any q-simplex 
 . We call this graph encoding the

boundary relations Rq+1 ;q and the partial co-boundary relations R�
q;q+1 of 
 the IS

star-graph. Figure 5.19(a) shows an exampleof the star of a vertex v. The arcs

of the minimal star-graph representing the boundary and the partial co-boundary

relations encoded in the IS data structure for this complexare separatelyshown in

Figures5.19(b) and (c). Note that the verticesbounding simplexesin the star of v

are not shown for clarity.

The algorithm for retrieving co-boundary relation Rp;q(� ) for a p-simplexcon-

sists of a breadth-�rst traversal of the minimal star-graph of � , starting at � , as

described in Algorithm 1. For each p-simplex � in the star of � , the traversal al-

gorithm visits every simplex � in its partial co-boundary relation, and visits every

simplex 
 in its boundary relation provided that 
 is incident at � . The traversal

of the arcs representing partial co-boundary relations is described in lines 11-18of

Algorithm 1, while the traversal of the arcs representing boundary relations is de-

scribed in lines 20-29. Note that simplexesof dimensionp or lower are not visited

becausethey are not in the star of � .

Figures 5.20(a) to (d) show four stagesof the traversal of the star of vertex

v (from the exampleof Figure 5.19(a)) for retrieving R0;1(v). The traversal starts
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Figure 5.19: Example (part 1) of retrieving R0;1(v) through a
tra versal of the star of vertex v using boundary and partial
co-b oundary relations encoded by the IS: (a) the star st(v) of
a vertex v; (b) boundary relations encoded by the IS among
simplexes in st(v); (c) partial co-b oundary relations encoded
by the IS among simplexes in st(v)

from v and it is initialized by using R�
0;1(v), which leads to edge e2. Through

partial co-boundary relations R�
1;2(e1) and R�

2;3(f 1), tetrahedron t1 is visited (as

shown in Figure 5.20(a)). Through the boundary relation R3;2(t1), all facesof t1 are

visited. Similarly, and all the edgesof the facesf 1; f 2 and f 3 are visited through

their boundary relations R2;1 (seeFigure 5.20(b)). The partial co-boundary relation

R�
1;2(e3) of edgee3 leads to dangling-facedf 1. The boundary relation R2;1(df 1) of
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df 1 leads to edgee4 (as shown in Figure 5.20(c)). Through edgee4, all the faces

and edgesof tetrahedron t2 are visited in a similar fashion as thoseof tetrahedron

t1 (seeFigure 5.20(d)). At the end of the traversal, all the edgesthat are in the

co-boundary R0;1(v) relation of v are retrieved.

f 2

e3e2e1 e4 e6e5

f 1 f 3 f 5 f 6

t 1 t 2

f 4df1

v

f 2

e3e2e1 e4 e6e5

f 1 f 3 f 5 f 6

t 1 t 2

f 4df1

v

(a) (b)

f 2

e3e2e1 e4 e6e5

f 1 f 3 f 5 f 6

t 1 t 2

f 4df1

v

f 2

e3e2e1 e4 e6e5

f 1 f 3 f 5 f 6

t 1 t 2

f 4df1

v

(c) (d)

Figure 5.20: Example (part 2) of retrieving R0;1(v) through a
tra versal of the star of vertex v using boundary and partial
co-b oundary relations encoded by the IS: (a) to (d) are four
stages of the tra versal of st(v)

In Algorithm 1, a simplex is insertedand deletedfrom the queueexactly once

and each arc in the incidencesubgraph associated with a simplex � is traversed

exactly once. Note that the number of arcs is linear in the number of nodes in
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the incidence subgraph since each simplex is bounded by a constant number of

simplexes.Moreover, the total number of simplexesin the star of a simplex is linear

in the number of top simplexesin the star. The time complexity of the algorithm

for retrieving co-boundary Rp;q(� ) is, thus, linear with respect to the number of top

simplexesin the star of � .

For simplicial 2-complexesand for simplicial 3-complexesembedded in the

three-dimensionalEuclideanspace,any co-boundaryRp;q(� ) canberetrievedin time

linear in the number of q-simplexesin the star of � . For instance, in a simplicial

3-complex,R0;1(v) for a vertex v can be retrieved in time linear in the number of

edgesincident at v, sincethe number of tetrahedra, triangles and edgesincident at

a vertex v are all linear in each other (from Euler's formula). On the contrary, for

instance,in a simplicial 4-complex,R0;1(v) for a vertex v cannot be retrieved in time

linear in the number of edgesincident at v, sincethe number of 4-simplexesincident

at a vertex v can be quadratic in the number of such edges[59]. In general,when

p � d� 3, the number of q-simplexesin co-boundary Rp;q(� ) is linear with respect to

the number of top simplexes,becausethe link of � is homeomorphicin this caseto

a triangulated sphereand, thus, the vertices,edgesand facesin the link are related

by Euler' formula.

5.3.4.3 Retrieving Adjacency Relations

Adjacency relation Rp;p(� ) for a p-simplex � , when p > 0, is simply retrieved

by �rst extracting the p+ 1 (p� 1)-facesof � , and then retrieving, for each such
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face� of � , co-boundary relation Rp� 1;p(� ). When p = 0, adjacencyrelation R0;0(v)

for a vertex v is obtained by �rst retrieving the set of edgesin the co-boundary

relation R0;1(v), and then retrieving the other extreme vertex of each edgee in

R0;1(v) through boundary relation R1;0(e).

For p > 0, the running time of the algorithm for retrieving Rp;p(� ) is dominated

by the time required to retrieve the co-boundary relations at the (p� 1)-facesof � .

Thus, the complexity of the algorithm is linear in the total number of top simplexes

incident at the (p � 1)-facesof � . Similarly, the time complexity of the algorithm

for retrieving R0;0(v) is linear in the number of top simplexesincident at vertex v.

5.3.5 Vertex-Pair Contraction on the IS Data Structure

In this Section,we describe an algorithm for performing the vertex-pair con-

traction operation on a simplicial complexdescribed as an IS data structure. (The

formulation of the vertex-pair contraction on simplicial complexhasbeenpresented

in Section3.3. Seealso [68] for an informal de�nition of vertex-pair contraction).

The Vertex-Pair Contraction (VPC) operates on a simplicial complex � by

merging two verticesv1 and v2 into a new vertex v, thus creating a new complex� 0

in which the neighborhood of v1 and v2 is replacedby the neighborhood of the new

vertex v. Let st(w) and lk(w) denote the star and the link of a vertex v. VPC is

de�ned by a map F which mapssimplexesin st(v1) [ st(v2) onto st(v), so that for

each simplex � 2 st(v1) [ st(v2), F (� ) = � � f v1; v2g [ f vg (seeSection3.3).

The algorithm for performing a vertex-pair contraction �rst retrievesthe stars
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and the links of v1 and v2. Next, it computesthe vertex-pair contraction map F for

all the simplexesin the starsof v1 and v2, thusde�ning the simplexesin st(v). Then,

it updates the boundary and the partial co-boundary relations of the simplexesin

st(v) aswell asthe partial co-boundary relations of the simplexesin lk(v). The link

of v is a�ected sinceany simplex � incident in the link of v1 or v2 and belonging

to the star of v1 or v2 has to be replacedwith F (� ) in lk(v). Moreover, connected

components formedby simplexesincident in a simplex� belongingto the two links of

v1 and v2 may mergeasan e�ect of the vertex-pair contraction (such asat vertex u2

in Figure 5.21). This alsoa�ects the partial co-boundary relations of the simplexes

in the link.

v1 v2

u1 u3

u2e1 e2 u1 u3

u2e1 e2

v

Figure 5.21: An example showing the e�ect of vertex-pair con-
traction on simplexes in the in tersection of lk(v1) and lk(v2).
Vertex u2 is in lk(v1) [ lk(v2). Con traction of v1 and v2 causes
two connected comp onents at u2 to merge in to one single com-
ponent.

A high-level description of the vertex-contraction algorithm is shown in Algo-

rithm 2. Boundary relation Rp;p� 1(
 ) for a p-simplex 
 in the star of v is computed

by consideringjust one simplex � such that 
 = F (� ) and applying map F to the

(p � 1)-simplexesbelongingto the boundary of � and incident in v1 or v2 (seelines

9 � 16 in Algorithm 2).
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Complete co-boundary relations Rp;p+1 (� ) are computed for each p-simplex

incident in v1 or v2. Given the stars of v1 and of v2, completeco-boundary relations

for all p-simplexesin each star can be computed basedon the boundary relations

of all (p+ 1)-simplexesin the samestar. This strategy is similar to that used in

the construction algorithm described in Section5.3.3. Then, co-boundary relation

Rp;p+1 (
 ) for a p-simplex
 in the star of v is computedby consideringthe p-simplexes

� incident in v1 or v2 such that 
 = F (� ), and applying map F to the (p + 1)-

simplexes� belongingto the star of simplexes� (seelines 18� 20 in Algorithm 2).

Note that that we do not needto considerany (p + 1)-simplex incident in both v1

and v2 and mapped by F into 
 , if there existsone. Then, the partial co-boundary

relations of each simplex in st(v) can be found by a traversal of the star of each

simplex simply using relations Rp;p+1 ; Rp+1 ;p+2 and Rp+1 ;p.

Co-boundary relations are updated for the simplexesin the links of v1 and

v2. For simplexesnot in the intersection of lk(v1) and lk(v2), the update is simply

basedon the boundary relationsof their incident simplexes.But, for the simplexesin

the intersectionof lk(v1) and lk(v2), completeco-boundary relations are computed.

Then the complete co-boundary relations for the simplexesin the link of v are

retrieved in a similar way as for the simplexesin the star of v (seelines 24� 30 in

Algorithm 2). As mentioned above, we needto retrieve the completeco-boundary

relations sinceconnectedcomponents formed by simplexesincident in the link may

mergeasan e�ect of vertex-pair contraction. Partial co-boundary relations are then

obtained from completeonesas in the caseof simplexesbelongingto the star of v.

Note that the algorithm for the retrieval of the star, st(� ), of a simplex � is
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very similar to that for retrieving the co-boundary relationsof � . The only di�erence

is that the star of � consistsof every simplex encountered in the traversal, while

co-boundary relation Rp;q(� ) consistsof only the q-simplexesencountered. Thus,

Algorithm Star( � ) , which retrieves st(� ), can be obtained by changing the test

condition of line 7 of Algorithm 1 from (r = q) to (� 6= � ). In a similar manner,

lk(� ) can be computedby collecting all simplexesvisited during the traversal that

are not incident at � . Algorithm Link( � ) , which computeslk(� ), can be obtained

by adding an else-statement to Algorithm 1 when the test condition in line 22 fails.

Function F can be implemented as a hashtable.

Let S(� ) be the sizeof st(� ). The retrieval of the starsand links of v1 and v2 is

of the order of S(v1) and S(v2) respectively. The retrieval of the co-boundary rela-

tions of simplexesin lk(v1) \ lk(v2) takeslinear time with respect to the star of each

simplex � in lk(v1) \ lk(v2). The update of all boundary and co-boundary relations

is linear with respect to S(v1) + S(v2) The complexity of vertex-pair contraction on

an IS data structure is thus S(v1) + S(v2) +
P

� 2 lk(v1 )\ lk(v2 ) S(� ).

A high-level description of the vertex-contraction algorithm is shown in Algo-

rithm 2. Boundary relation Rp;p� 1(
 ) for a p-simplex 
 in the star of v is computed

by consideringjust one simplex � such that 
 = F (� ) and applying map F to the

(p � 1)-simplexesbelongingto the boundary of � and incident in v1 or v2 (seelines

9 � 16 in Algorithm 2).

A vertex expansionoperation, seenasthe reverseof a vertex-pair contraction,

canbefully encodedby encoding the changeof the simplexesin the star of the vertex

v to be expanded. The encoding of vertex expansionis data structure dependent
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in the sensethat the encoding should provide su�cien t information for the vertex

expansionto be performedon the data structure. In Section5.2.6,we presented an

encoding schemefor performing vertex expansionon the Simpli�ed IncidenceGraph

(SIG). Both the SIG and the IS encode the samesets of entities. This similarit y

enablesthe sameencoding to be usedfor both.

5.4 Evaluation, Comparison and Discussison

In this Section, we present comparisonsamong our proposed and existing

dimension-independent data structures for simplicial complexes. Subsection5.4.1

presents a comparisonbetween the IS data structure and the SIG. In Subsection

5.4.2, we discussthe di�erences between the IS data structure and the Incidence

Graph (IG). In Subsection5.4.3,we comparethe IS data structure with the EIA for

manifold simplicial complexes.

5.4.1 Comparisonbetweenthe SIG and the IS

In this Subsection,we comparethe SIG and the IS data structure in terms of

their designs.Then, we evaluate their di�erence in terms of the storagecost.

The SIG storesthe sameboundary relations as the IS data structure, but the

SIG and the IS data structure encode di�eren t subsetsof co-boundary relations. In

the SIG, the star of each non-manifold p-simplex � is encoded through the partial

co-boundary relation R�
p;g(� ), with one representativ e top simplex in the star of �

for each (g� p� 2)-connectedregular (g� p� 1)-dimensionalcomponent in the link

163



of � . In the IS, the samestar is encoded with one representativ e (p + 1)-simplex

in the star of � for each connectedcomponent in the link of � . The di�erence

occurswhen the star of � consistsof top simplexesof mixed dimensions,becausea

(g � p � 2)-connectedregular (g � p � 1)-dimensionalcomponent is a special class

of connectedcomponent.

we

df1
df2

v

t
e

v v

(a) (b) (c)

Figure 5.22: Illustrations of di�erence in the subsets of co-
boundary relations encoded by the SIG and by the IS: (a) a
vertex whose star consists of tetrahedron t, dangling-faces df 1

and df 2, and wire-edge we; (b) the (h � 1)-connected regular h-
comp onents in the link of v, for h = 0; 1; 2; (c) the connected
comp onents in the link of v

This is illustrated in Figures5.22(a)-(c). Figure 5.22(a)shows a vertex whose

star consists of one tetrahedron, two dangling-facesand one wire-edge. Figure

5.22(b) shows the (h � 1)-connectedregular h-components in the link of v for

h = 0; 1; 2, superimposedon the top simplexesin the star of v which correspond to

thesecomponents. There is one such component of dimension2, one of dimension

1 and one of dimension0. Thus the SIG encodes R�
0;1 = f weg, R�

0;2 = f df 1g and

R�
0;3 = f tg. Figure 5.22(c) shows the connectedcomponents in the link of v. There

are only two connectedcomponents. The IS encodesR�
0;1 = f we;eg, wheree is an

edgein the star of v which represents the mixed-dimensionalcomponent.
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Note that a complex is two-dimensional, there are only vertices, edgesand

triangles. Therefore,every component in the link of a vertex is either a singlevertex

or a connectedset of edges. As a result, the total sizeof the partial co-boundary

relations encoded by the SIG and the IS is the same. Therefore, the storagecosts

of the IS data structure and the SIG are identical for simplicial 2-complexes. In

the caseof a manifold d-complex, the SIG and the IS also have the samestorage

cost becausethe link of every p-simplex is just one (d � p � 2)-connectedregular

(d � p � 1)-dimensionalcomponent.

Weexperimented on six simplicial 3-complexeswith non-manifoldedgesshown

in Figure 5.2(a). The storage costs of the two data structures are evaluated re-

spectively for the boundary relations encoded, and the di�eren t setsof partial co-

boundary relations encoded. The predominant component in the storagecostsof

both data structuresarisefrom the encoding of the boundary relations. The di�eren t

setsof partial co-boundary relations encoded are about half the sizeof the bound-

ary relations. The ratio of the storagethat the IS spent on encoding its subsetsof

partial co-boundary relations to that of the SIG variesfrom 85%to 99%. The IS is

slightly more compact than the SIG. Comparing betweenthe partial co-boundary

relations encoded by the IS with thoseby the SIG, the IS is 85%to 99%that of the

SIG. This saving comesfrom the di�eren t setsof partial relationsencodedat the 3D

non-manifold vertices(seethe Example in Figure 5.22). Note that the components

in the star of 3D non-manifold edgesare uniformly-dimensional. Therefore,they do

not contribute to the di�erence betweenthe IS and the SIG in their storagecosts.
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Data set n0 n1 n2 n3 Ce Cv � n0

Blocks 5.00k 2.83k 40.9k 17.6k 3,25k 0
400-cubes 2.82k 13.6k 17.0k 6.23k 4,29k 0
200-cubes 1.90k 77.6k 9.00k 3.29k 1,10k 0

Star1 41 120 112 32 48 0
Star2 33 80 64 16 32 0

Hollow cube 8 18 16 4 6 0

(a)

Data set Boundary co-boundary co-boundary
subsetIS subsetSIG

Blocks 249,363 105,141 106,844
400-cubes 103,139 43,465 46,007
200-cubes 55,684 23,383 24,295

star1 704 313 352
star2 416 193 224

Hollow cube 100 48 56

(b)

Table 5.2: (a) Six tetrahedral data sets with non-manifold
edges; (b) Sizes of the boundary relations encode, and the dif-
feren t sets of partial co-b oundary relations encoded by the IS
and by the SIG

166



On the e�ciency of navigation, both the SIG and the IS data structure support

the retrieval of boundary relations in optimal time. On co-boundary and adjacency

relations, both data structures support their retrieval in optimal time for complexes

up to dimension 3. In the following, we discussthe navigation e�ciency of each

data structure for generalsimplicial complexesof dimensionbeyond 3.

The SIG supports the retrieval of co-boundary relations Rp;d(� ) in optimal

time for any p-simplex p < d. This is becausethe SIG encodes the partial co-

boundaryR�
p;d relationswhich enablesthe e�cien t traversalof each (d� 1)-connected

d-components in the star of � . The retrieval of all other co-boundary and adjacency

relations are sub-optimally supported.

The retrieval of all co-boundary and adjacencyrelations is sub-optimally sup-

ported by the IS at all times becausethe retrieval of any co-boundary relation at

� involves the traversal of all the simplexesin the star of � . Note that when the

complex is manifold, the retrieval of co-boundary Rp;d relation is also supported

in optimal time by the IS becausethe star of each simplex consist of just one d-

dimensionalcomponent.

A summary of the comparisonsbetween the SIG and the IS for navigation

e�ciency is shown in Table 5.3.
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Algorithm 1 Co-b oundary( q, � )
Require: q > dim(� )

1: S  ;
2: Mark � as visited
3: Enqueue(Q, � )
4: while not Empty(Q) do
5: �  Dequeue(Q)
6: r  dim(� )
7: if r = q then
8: Add � to S
9: end if

10: f Visit co-boundary of � g
11: if r < d and R�

r ;r +1 (� ) 6= ; then
12: for each � 2 R�

r ;r +1 (� ) do
13: if � is not visited then
14: Mark � as visited
15: Enqueue(Q, � )
16: end if
17: end for
18: end if
19: f Visit boundary of � g
20: if r > dim(� ) + 1 then
21: for each 
 2 Rr ;r � 1(� ) do
22: if � is on the boundary of 
 then
23: if 
 is not visited then
24: Mark 
 as visited
25: Enqueue(Q, 
 )
26: end if
27: end if
28: end for
29: end if
30: end while
31: return S
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Algorithm 2 VertexP airCon tract( v1, v2)
1: S  Star( v1) [ Star( v2)
2: L  Link( v1) [ Link( v2)
3: Compute and store F (� ) for each p-simplex � in S
4: Retrieve Rp;p+1 (� ) for each p-simplex � in S
5: for each p-simplex � in S do
6: 
  F (� )
7: if dim(
 ) = dim(� ) then
8: f Update boundary relations of 
 g
9: for each (p� 1)-simplex � in Rp;p� 1(� ) do

10: if � is in S then
11: Add F (� ) to Rp;p� 1(
 )
12: else
13: f � is in Lg
14: Add � to Rp;p� 1(
 )
15: end if
16: end for
17: f Update co-boundary relations of 
 g
18: for each (p+ 1)-simplex � in Rp;p+1 (� ) do
19: Add F (� ) to Rp;p+1 (
 )
20: end for
21: end if
22: end for
23: f Update co-boundary relations of the links Lg
24: for each p-simplex � in L do
25: for each (p+ 1)-simplex � in Rp;p+1 (� ) do
26: if � is in S then
27: Replace� by F (� ) in Rp;p+1 (� )
28: end if
29: end for
30: end for
31: Compute partial co-boundary R�

p;q(� ) for each p-simplex � in S [ L
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Dimension Data Boundary Co-boundary Adjacency
Structure relations relations relations

d � 3 SIG Optimal Optimal Optimal
IS Optimal Optimal Optimal

d > 3 SIG Optimal Rp;d: optimal Rd;d: optimal
Others: Others:

sub-optimal sub-optimal
IS Optimal Sub-optimal Sub-optimal

Table 5.3: Navigation e�ciency of the SIG and the IS data
structure for general d-dimensional complexes

5.4.2 Comparisonwith the IncidenceGraph (IG)

The IncidenceGraph (described in Subsection4.1.1.2) is the one dimension-

independent data structures suitable for generalsimplicial complexes. In Section

5.4, we have comparedthe SIG and the IS data structure for generald-dimensional

simplicial complexes. In this Section, we comparethe IS data structure with the

IncidenceGraph (IG) in terms of the storagecosts,of e�ciency in retrieving topo-

logical relations and performing update operations.

The IS data structure and the IG store the sameentities, and boundary rela-

tions, but the IG encodesthe completeco-boundary relations of type Rp;p+1 . Thus,

the IG thus occupies
P d� 1

p=1 (p + 1)np �
P d� 2

q=0 (� q) integersmore than the IS. Recall

that we denotethe total number of connectedcomponents in the link of a simplex �

as� (� ) (when dim(� ) < d), and the total number of connectedcomponents summed

over the links of all p-simplexesin � as � p =
P

dim (� )= p � (� ), for 0 � p < d. The

above di�erence is maximized when encoding a manifold complex. In this case,
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� q = nq and thus the di�erence is (d+ 1)nd +
P d� 1

q=1 qnq � n0. Figure 5.23providesan

exampleat a vertex v whosestar is a manifold 3-complex. The IG encodesall the

seven edgesincident at v while the IS encodesonly edgee. The di�erence between

the IG and the IS data is minimum when only (q+ 1)-simplexesare incident at all

q-simplexes,in which case,� q = (q + 2)nq+1 . An examplefor this caseis when the

whole complexconsistsof isolatededges.Only relations R0;1 and R1;0 are encoded.

Then the IG and the IS have the samestoragecost.

v

e

v

(a) (b)

Figure 5.23: A comparison between R0;1(v) and R�
0;1(v) in the

manifold case. In (a) IG encodes all the edges that are inciden t
at v. In (b), IS encodes only edge e in the star of v

Retrieving boundary relations is performedin the sameway for IG and IS data

structures, and requires constant time. Retrieving co-boundary relation Rp;q(� ),

with p < q + 1 from the IS data structure requires time linear in the number of

top simplexesin the star of � . An illustrativ e examplehas been given in Figure

5.19, in which all co-boundary relations of vertex v are retrieved as facesof the

top simplexesin the star of v. It can be shown that the retrieval of co-boundary

relations requires time linear only in the number of q-simplexesin the star of �

from the IG when dealing with regular objects. In the caseof simplicial 2- and

3-complexes,co-boundary relations canbe retrieved in optimal time from both data
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structures. For both the IS and the IG, the time required for retrieving adjacency

relations dependslinearly on the retrieval of boundary and co-boundary relations.

Update operations can be done e�cien tly on both the IS data structure and

on the IG. The three basicstepsfor updating thesetwo data structures are: �rst, to

retrieveall the simplexesin the starsof the verticesthat areto becontracted; second,

to computethe simplexesthat result from the contraction, and third, to update the

co-boundary relations of simplexesin the star of the new vertex. The update of the

IG for vertex-pair contraction is a local operation involving only simplexesin the

stars of the verticescontracted. An algorithm for vertex-pair contraction operation

on the IG is presented in [68]. Thesedata structures exhibit a very low overhead

when encoding manifold complexes.The IG doesnot distinguish betweenmanifold

and non-manifold simplexes,while these latter and their incident components are

explicit in the IS data structure. This can be illustrated through the example in

Figure 5.19(a). Vertex v in this exampleis non-manifold becausenodese3 and e4

in the partial incidencegraph of v (as shown in Figure 5.19(c)) have more than one

arc pointing up.

The simplicity of the partial co-boundary relations encoded by the IS data

structure allows it to support update operations in a fashion that is conceptually

comparableto the IG.

The IS data structure hasa storagecost of about 80%of the IG for manifold

triangle meshes,and for triangle mesheswith a small amount of non-manifold sin-

gularities. The IS and the IG all have the samestoragecost for encoding simplexes

and boundary relations (which are the predominant cost). The partial co-boundary
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relations encoded by the IS occupy as little as 50%the storagethat the IG spends

on encoding the full co-boundary relations for simplicial 3-complexes.

5.4.3 Comparisonwith the Extended Indexed Data Structure with

Adjacencies(EIA)

Among dimension-independent data structuressuitable for manifold simplicial

complexes,the Indexed data structure with Adjacencies(IA) (seeSection4.1.1.3)

is the most compact. In Section5.4.1,we have shown that for manifold complexes,

the SIG and the IS are equivalent in terms of the typesof topological information

they encode. In this Section,we comparethe SIG and the IS data structure with

the EIA.

The EIA data structure is an adjacency-baseddata structure. It encodesver-

tices, top simplexes,their incident vertices,and the adjacencyrelations amongthe

top simplexes.The EIA data structure di�ers from the SIG and the IS data struc-

ture primarily in the entities encoded. The former encodesonly the top simplexesin

the complexes,which is much smallerin number than the total number of simplexes.

As a result, the way a simplex is addressedin the SIG and the IS is di�eren t from

that in the EIA. Sincethe SIG and the IS encodesall simplexes,each simplex has

a unique identi�er. In the EIA, a p-simplex (for 0 < p < d) needsto be described

as a faceof oneof the d-simplexesincident at it.

Now we comparethe data structures in terms of their storagecosts. Consider

a complexwith nd d-simplexesand n0 vertices. Let np be the number of p-simplexes.
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The number of topological relations encoded by the three data structures for mani-

fold d-complexesare respectively:

� EIA: 2(d + 1)nd + n0

� SIG and IS:
P

0<p � d np(p + 1) + 2nd� 1+
P

0� p<d � 1 np

For the caseof n = 2, the EIA encodes6n2 + n0 � 13n0 piecesof information

on topologicalrelationswhile both the SIG and the IS encode9n2+ n0 � 19n0 pieces

of information. The storagecostsof the two data structureshave beenevaluated for

data setsof manifold 2-complexesin Table 5.4. The the caseof n = 3, comparisons

are madein Section6.3 along with data structures specializedfor 3-complexes.

Data set n0 n1 n2 deg(V) IS/SIG EIA

Car 6.94k 18.0k 11.8k 5.09 114k 77.7k
Doll 551 1.38k 831 4.52 8.56k 5.54k
Face 2.09k 6.15k 4.05k 5.83 38.8k 26.4k

Temple 6.85k 17.8k 11.00k 4.82 111k 72.9k
Sofa 8.09k 23.5k 15.1k 5.61 147k 98.9k
Lion 5.17k 15.2k 10.1k 5.84 96.1k 65.5k

Table 5.4: Comparison between the IS (or SIG) and the EIA
on the num ber of top ological relations they encode on manifold
triangle meshes

On the e�ciency of navigation, the EIA provides optimal support for the

retrieval of co-boundary R0;d and adjacencyRd;d relations. Other co-boundary rela-

tions Rp;q are sub-optimally supported as their retrieval involvesthe retrieval of all

the d-simplexesin the star of the query p-simplex � . The retrieval of adjacencyre-

lations is dependent on that of the co-boundary relations, and are thus sub-optimal.
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The SIG and the IS are comparableto the EIA in their support for e�cien t

retrieval of boundary relations for complexesof any dimension and for e�cien t

retrieval of co-boundary relations for complexesof dimensionup to 3. Details on

the navigation e�ciency of the SIG and the IS data structure canbefound in Section

5.4. A summary of the navigation comparisonis shown in Table 5.5.

Dimension Data Boundary Co-boundary Adjacency
Structure relations relations relations

d � 3 SIG/IS Optimal Optimal Optimal
EIA Optimal Optimal Optimal

d > 3 SIG/IS Optimal Rp;d: optimal Rd;d: optimal
Others: Others:

sub-optimal sub-optimal
EIA Optimal R0;d: optimal Rd;d: optimal

Others: Others:
sub-optimal sub-optimal

Table 5.5: Navigation e�ciency of SIG, IS and EIA for d-
dimensional manifold complexes

5.4.4 Comparison with Existing Data Structures for Non-manifold

Simplicial 2-Complexes

In this Section,we comparethe storagecost of the IS data structure and the

SIG with existing data structures for non-manifold simplicial 2-complexesreviewed

in Section 4.1.2.2: namely, the Radial-Edge (RE), the Partial Entities (PE), the

Directed Edge (DE), the Triangle-Segment (TS) and the Vertex-Face (VF) data

structures. Note that the IS and the SIG havethe samestoragecostfor 2-complexes.
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We evaluate the storagecostsof each of thesedata structures for a simplicial

2-complexwith n2 triangles,n1 edges(including nt
1 wire-edges)and n0 vertices. The

total number of connectedcomponents at the link of non-manifold edgesis denoted

by Ce, and the total number of connected-components at all vertices is denotedby

Cv. The storagecost of each data structure is as follows:

� RE : 73n2 + n1 + 4nt
1 + n0

� PE : 22n2 + n1 + 4nt
1 + 3Cv

� DE (full-sized) : 15n2 + 2nt
1 + Cv

� TS : 6n2 + Ce + Cv

� VF : 6n2 + 2n1

� IS and SIG : 6n2 + 2n1 + Cv

We comparethe IS and the SIG with thesedata structures on the data sets

shown in Table 4.8(a). The results are shown in Table 5.6. It can be observed that

the IS and the SIG are lessspace-consumingthan the edge-baseddata structures

(RE, PE and DE), but they are not as compact as the adjacency-basedTS data

structure.

5.5 A Multi-resolution Mo del

A Non-manifoldMulti Tessellationis a generalizationof the Multi-T essellation

proposedin [27] for manifold simplicial complexesto arbitrarily-dimensional sim-
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Data set RE PE DE TS VF IS/SIG

cylinders 15.3k 5.07k 3.15k 1.33k 1.82k 1.92k
pies 172k 56.0k 35.3k 16.5k 19.8k 20.5k

frame 82.9k 30.1k 18.0k 7.86k 10.8k 12.2k
cubes 714k 228k 146k 74.7k 79.0k 81.2k

densetower2 1,380k 462k 286k 122k 166k 175k

Table 5.6: Storage cost of seven data structures for 2D data
sets in Table 4.8(a)

plicial complexes. The basic ingredients in a Non-manifold Multi-T essellationare

updates and a dependencyrelation among updates. An update of a complex � is

an operation that replacesa set of simplexesof � with another set of simplexes,

under the constraint that the result is still a simplicial complex. Here, we focus

on updates that changethe sizeof a meshby either increasingit (re�nement), or

decreasingit (coarsening). The dependencyrelation among re�nement updates is

de�ned asfollows: an update u dependson another update u0 if u deletessomesim-

plexesintroducedby u0. Under certain assumptions(see[27]), the transitiv e closure

of the dependencyrelation de�nes a partial order amonga set of re�nement modi�-

cations applied to the complexat coarsestresolution. This latter is called the base

complex. A Non-manifold Multi-T essellation is de�ned as the basecomplex plus a

partially orderedset of updatesfU g = (f u0; u1; : : : ; uhg; � ), whereeach update ui ,

i = 1; 2; ::; h represents both a re�nement update and its inversecoarseningupdate.

Figure 5.24givesan exampleof an update on a non-manifold model.

A subset S of the updates of an NMT is called closed with respect to the

partial order if, for each update uj 2 S, all updatesui , such that ui precedesuj , are
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u- u+

(a) (b) (c)

Figure 5.24: An up date u applied on the beak of a non-manifold
duck mo del: (a) u� and u+ ; (b) ! (c) application of u = (u� ; u+ )
on the complex shown in (b); (c) ! (b) application of the inverse
of u to the complex shown in (c)

also in S. The re�nement updates corresponding to a closedsubsetof nodes can

be applied to the basecomplex � 0 in any total order extending the partial order.

This producesan extracted mesh� S at a level of resolution intermediate between

the basecomplexand the complexat full resolution.

Here, we are interested in an NMT built through the iterativ e application of

the vertex-pair contraction operation. A vertex-pair contraction applied to a pair of

verticesv1; v2 of a simplicial complex� consistsof mergingv1 and v2, and updating

all the simplexesin st(v1) [ st(v2) asa consequence.For simplicity, we will consider

mergingvertex v2 into v1 (in other words, we call v1 the new vertex). Vertex split is

the inverseoperation with respect to vertex-pair contraction. It consistsof splitting

a vertex v1 in a simplicial complex � into two vertices v1 and v2. There may or

may not be an edgee = f v1; v2g. The k-simplexesin st(v1) either expand into

(k + 1)-simplexesforming st(e), if e exists, or becomeincident at v1 or v2, or are

duplicated. Figure 5.25 shows two examplesof the operations. The vertex-pair

contraction operation changesthe mesh� on the left to the mesh� R on the right.

Its inverseoperation changemesh� R into mesh�.
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v1v1 v2 v2v1 v1

(b)(a)

Figure 5.25: Tw o examples of contraction and its inverse, ver-
tex split: vertices v1 and v2 are contracted in to v1

We call an NMT built through vertex-pair contraction a Vertex-based Multi-

Tessellation (VNMT) . An update in a VNMT, thus, corresponds to a contraction

of a pair of vertices to a vertex and to its inverse,vertex split. The data struc-

ture encoding a VNMT consistsof a procedural encoding of the updates (vertex

contraction and vertex split) and a compact encoding of the partial order relation.

For vertex-pair contraction, we just need to encode the vertices v1 and v2 which

are merged,while for vertex split we needto specify the e�ect of the split on the

simplexesin the star of v1.

The dependencyrelation is encoded as a forest of binary trees of vertices by

using a modi�cation of the mechanism proposedin [33] for triangle meshes. The

leavesof the forest correspond to the verticesof the referencemesh. Each internal

node represents the vertex v1 on which pair v1 and v2 is collapsed,and its two chil-

dren represent verticesv1 and v2. Sincea vertex-pair contraction doesnot generate

a new vertex, we renamethe surviving vertex v1 and considerit as another vertex.

If the pair v1 and v2 is collapsedto vertex v1, then v0
1 is a renamed copy of vertex

v1, and appears in the binary tree as the parent of vertices v1 and v2. In addi-
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tion, we usea vertex enumeration mechanism. The n verticesof the full-resolution

complex are labeled arbitrarily from 1 to n, the remaining vertices (vertex copies,

in our case)are labeled with consecutive numbers as they are created during the

LOD model generation through edgecollapse. In this way, the label of parent v0
1

will be greater than the labels of its two children v1 and v2. It can be shown that

the information stored in the forest plus the enumeration mechanism are su�cien t

to retrieve the updatesu0 such that u0 � u, when we are going to apply an update

u on the currently extracted complex�.

The basis of any query on a multi-resolution model is selective re�nement,

which consistsof extracting a complex,which satis�es someapplication-dependent

requirements, such asapproximating a spatial object with a certain accuracywhich

can be either uniform, or variable in space. The solution of a selective re�nement

query is the extracted complex� S of minimum sizeassociated with a closedsetS of

modi�cations applied to the basecomplex� 0. Selective re�nement is performedby

traversingthe NMT andconstructinga closedsubsetS of updates,and its associated

mesh� S either by recursive top-downre�nement applied to the basecomplexor by

an incrementalfashion,which �nds a solution to a newqueryby applying re�nement

and coarseningupdates to the complex obtained as a solution to a previous query

[31, 24, 38]. The incremental algorithm can be applied to the basemeshto extract

a complex from scratch. So, it encompassesthe top-down re�nement algorithm as

a special case.

In [17], we have encoded the extracted complex as a SIG (seeSection 5.2).

Vertex-pair contraction is the basicoperation weuseto generatethe multi-resolution
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model. Both vertex-pair contraction and vertex expansionareusedwhenextracting

variable-resolutionrepresentations from the vertex-basedNMT. The algorithm for

performing vertex-pair contraction on the SIG has beendescribed in Section5.2.5.

In the following Section, we report someexperimental results on the construction

of an NMT using the SIG and the VPC operator.

5.5.1 Experimental Results

In this Section,weshow the resultsof three casestudiesthat consistof triangle

meshesdescribing the boundary of man-madeobjects. The �rst casestudy is the

model of a bicycle. It contains 22,000verticesand 44,000trianglesat full resolution.

The interestingcharacteristicof this data set is the presenceof many thin long parts.

The secondcasestudy is the model of a handgun. The full resolutionmodel of it has

13,000verticesand 22,000triangles. This model hasparts (such asthe trigger) that

are featuresof interest in di�eren t resolutions. The third casestudy is a model of

a reductor. This model has 67,000verticesand 133,500triangles at full resolution.

Both the bicycle and the handgun models are obtained from the Princeton Shape

Depository. The reductor is from CAD data. Thesemodels are shown in Figure

5.26.

To evaluate the performanceof the vertex-pair contraction algorithm, we per-

form a sequenceof vertex-pair contraction operationson each casestudy to construct

a seriesof uniform-resolution models. The experiments have beenperformed on a

Linux PC with 1 million CPU clocks per second.The times taken in constructing
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Bicycle Handgun Reductor
22,000vertices 13,000vertices 67,000vertices

44,000triangles 22,000triangles 133,500triangles

Figure 5.26: Three case studies: a bicycle, a handgun and a
reductor, each shown at full resolution

the handgunmodelsare shown in Table 5.7.

Model size(number of triangles) 42000 24000 14000 2000
Bicycle Number of vertex-pair contractions 1000 10000 15000 21000

Total time in sec 0.15 4.54 6.27 7.71

Model size(number of triangles) 20,400 10,000 6,000 2,000
Handgun Number of vertex-pair contractions 800 6,000 8,000 10,000

Total time in sec 0.09 1.48 2.06 2.58

Model size(number of triangles) 113,500 93,500 73,500 53,500
Reductor Number of vertex-pair contractions 10,000 20,000 30,000 40,000

Total time in sec 1.38 2.65 3.82 6.92

Table 5.7: CPU times used in performing vertex-pair contrac-
tion on the three mo dels

We alsoshow the resultsof variousmeshesextracted from the multi-resolution

model of the bicycle model. Figure 5.27 show somevariable-resolutionmeshesob-

tained. In each variable-resolutionmesh,the part of the object that is of interest is

shown in full resolution and is highlighted in the picture, while the remaining part

of the object is at a user-designatedresolution, which is uniform and is a fraction of

the full resolution. This fraction is estimatedby the ratio of the number of vertices
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in the coarsenedareaof the meshto the number of verticesof the sameareain the

full resolution mesh.

(a) (b) (c)
5,900vertices 7,300vertices 3,800vertices
11,500triangles 14,000triangles 7,000triangles
244wire edges 320wire edges 500wire edges

Figure 5.27: The bicycle mo del describ ed at variable resolu-
tion (a) wheel at full resolution, remaining parts at 1

23 of full
resolution; (b) paddle at full resolution, remaining parts at 1

11
of full resolution; (c) handle at full resolution, remaining parts
at 1

26 of full resolution

5.6 Summary

In this Chapter, we studied the problem of modeling non-manifold simplicial

shapes cost-e�ectively. We proposedtwo dimension-independent data structures,

namely, the Simpli�ed IncidenceGraph (SIG) and the IncidenceSimplicial (IS) data

structure. Thesedata structures cater to the needof applicationswhich require the
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explicit encoding of all simplicial entities. At the sametime, thesedata structures

optimize on the storageand navigation costs. Updateoperatorshavebeendeveloped

for both data structures. We also case-studiedthe SIG in the application of Non-

manifold Multi-T esselation.Both data structuresand the update operatorson them

have beenimplemented.

The work on SIG has beenpublished in [12]. In conjunction with the modi-

�cation operator (seeSection3.3.1, the SIG has beendeveloped successfullyinto a

multi-resolution modeling application, the non-manifold multi-tesselation, see[17].

The IS data structure hasbeendiscussedin [16] and is in the processfor publication.

It hasbeenobserved in the Solid Modeling community that there is a real demand

for such cost-e�cien t data structures which encode all simplexesof a complex.
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Chapter 6

Tw o Dat a Str uctures f or

Non-manif old Tetrahedral 3D Shapes

It is not uncommonthat a model contains parts of mixed dimensionsand with

non-manifold connectivites. No compact topological data structure exists in the

literature which describes3D shapeswith mixed dimensionsand non-manifold con-

nectivities. While dimension-independent data structures, such as those described

in Chapter 5, are able to capture the topology of such a model with integrity, such

data structures may not be optimized in storagecost.

Storagecost is strongly related to the amount of topological information en-

coded in a speci�c data structure. In general, the more the information encoded,

the larger the sizeof the data structure. For applicationson small- to medium-sized

data, it is possibleto trade o� storagecost with the easeof accessto the encoded

information. However, for applications that work on modelsdescribed by hundreds

of millions of cells,storagecost is a key factor on the usability of a data structure.

In handling huge models, it is essential that the representation captures the

intrigit y of the shape while trading o� the explicit description of someinformation
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for lessspaceconsumption. One approach to optimization which is commonlyused

in data exchangeis the \soup of top simplexes". The soupof top simplexesapproach

barelycapturesall the top simplexesthat form the model andcontains no topological

information regarding the connectivities among the top simplexes. Thus such a

representation haslittle useapart from data transmission. But it servesasthe basis

on which highly compact topologicaldata structures may be built. In this Chapter,

we proposetwo highly compactdata structures specializedon 3D simplicial shapes

of mixed dimensionsand non-manifold connectivities.

The Indexed Data Structure with Adjacencies(NMIA) presented in Section

6.1 is a highly compact data structure for tetrahedral mesheswith non-manifold

singularities. The NMIA data structure is especially suitable for applicationswhich

performshapemodi�cation on hugemodels. Wealsodiscussupdateoperation on the

NMIA. The Double-Level Decomposition (DLD) Data structure presented in Section

6.2 is designedfrom the decomposition approach which breaksa non-manifold 3D

simplicial shape into parts of uniform dimenion and simpler topology.

6.1 Non-Manifold Indexed Data Structure with Adjacencies

(NMIA) 1

We have designedthe Non-Manifold Indexed data structure with Adjacencies

(NMIA) [13] in order to captureall the 3D non-manifoldsingularitiessuccintly. The

NMIA data structure is a non-manifoldextensionof the EIA data structure. The ex-

1Originally published in [13] Copyright c
 2003Eurgraphics.
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tensionis performedby encoding the variousconnectedcomponents at non-manifold

vertices and non-manifold edges.For the purposeof compactness,it encodesonly

the vertices, and all the top simplexesof a simplicial 3-complex. A minimal set

of topological relations is encoded to ensurethat all other topological relations are

retrievable. The following are the topological relations encoded:

� For each tetrahedron t:

{ relation R3;0(t), which consistsof all the verticesof t;

{ relation R3;3(t), which consistsof all the tetrahedra sharing a facewith

t;

� For each dangling-facef (recall from Section3.1 that a dangling-faceis a top

2-simplex):

{ relation R2;0(f ), which consistsof all the verticesof f ;

� For each wire-edgew (recall from Section 3.1 that a wire-edgeis a top 1-

simplex): relation R1;0(w), which consistsof all the verticesof w;

� For each non-manifold edgee:

{ partial relation R�
1;2, which consistsof all the dangling facesincident at

e;

{ partial relation R�
1;3, which consistsof one tetrahedron from each fan of

tetrahedra (i.e., a linearly-sortable2-connectedsetof tetrahedra) incident

at e;
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� For each vertex v:

{ partial relation R�
0;1(v), which consistof all the wire edgesincident at v;

{ partial relation R�
0;2(v), which consistsof onedangling-facefrom each 2D

connectedcomponent (that is a component of dangling faces)in the star

of v;

{ partial relation R�
0;3(v), which consistsof one tetrahedron from each 3D

connect component (that is a component of tetrahedra possibly mixed

with dangling-faces)in the star of v.

Vertex-basedR�
0;q (for q = 1; 2; 3) relations associate each vertex v with one

q-dimensional connectedcomponent in st(v). The edge-basedrelations R �
1;2 and

R�
1;3 are encodedat the simplexesthat are incident at the non-manifoldedgesin the

following manner:

� at a non-manifold edgee of a dangling-facedf , the top simplexes(dangling-

facesor tetrahedra) following and precedingdf around e are encoded. For

examplein Figure 6.1, tetrahedra t1 and t4 are encoded at edgee of dangling-

facedf ;

� at a non-manifold edgee of a tetrahedron t, the top simplexes(dangling-faces

or tetrahedra) following and precedingt arounde and sharingonly edgee with

t are encoded (if theseexist). For examplein Figure 6.1, only tetrahedron t4

is encoded at edgee of tetrahedron t3.

This results in an implicit encoding of relation R �
1;2 and R�

1;3.
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t 2

t 1

4t

t 3

dfe

Figure 6.1: Enco ding of relations at an implicitly encoded non-
manifold edge e

6.1.1 Implementation and StorageCost

In this Section, we describe the implementation details of the NMIA data

structure and its storagecost in terms of the number of piecesof information en-

coded. The indices of the simplexesare integer. We assumethat each memory

slot may by interpreted aseither an integer or a pointer, dependingon the context.

Flags are encoded by bits.

For each entit y (vertex, wire-edge,dangling-faceand tetrahedron), we store

a visit 
ag . This 
ag is usedby traversal algorithms to mark a simplex as having

beenvisited. The 
ags of the visited entities have to be resetafter each traversal is

completed.

All boundary relations are implemented as �x-sized arrays.

Relation R3;3 is implemented as a �x-sized array with one bit-
ag for every

element to indicate if the corresponding face-adjacent tetrahedron is present or not.

When the adjacent tetrahedron is absent, the corresponding array position is used

as a pointer to a �x-sized array which encodes R�
1;2 and R�

1;3 at each edgeof the

corresponding face f of t, encoding one element per edge. A 3-bit 
ag encodes
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which edgesof face f of t are non-manifold edges. When all three edgesof f are

manifold edges,the array position contains value -1.

For dangling-faces,partial relationsR�
1;2 and R�

1;3 at each edgeof dangling-face

df is encoded by a variable-sizedarray with up to two elements for each edgeof df .

Three 
ags are usedto indicate whether each edgeof df is manifold.

For partial co-boundary relations at vertices,we encode an index I and a 
ag

for each vertex v. The 
ag indicateswhether v is manifold or not. If v is manifold,

the index I points to onetetrahedron in the star of v. Otherwise,I points to an array

of three pointers. Each pointer points to a variable array encoding R �
0;1; R�

0;2; R�
0;3

respectively.

Let n3; n�
2; n�

1; n0 denote the number of tetrahedra, dangling-faces,wire-edges

and vertices respectively. let us de�ne Ce to be the total number of connected

components summedover all the non-manifold edges,Cv to be the total number of

connectedcomponents in all stars of vertices.

For this implementation, the storagecost can be estimatedas follows:

� R3;0: 4n3 integers

� R3;3: 4n3 integersand 4n3 bits

� R�
1;3 and R�

1;2: 2Ce integersand 12n3 + 3nt
2 bits

� R2;0: 3nt
2 integers

� R1;0: 2nt
1 integers

� R�
0;1; R�

0;2; R�
0;3: Cv integersand n0 bits

190



The total storagecost is 8n3 + 3nt
2 + 2nt

1 + 2Ce + Cv integersand 16n3 + 3nt
2 + n0

bits. For the caseof encoding a regular object, nt
2 = nt

1 = 0 and the cost is reduced

to 8n3 + 2Ce + Cv integersand 16n3 + n0 bits. Moreover, whenthe complexencoded

hasa 3-manifold domain, nt
2 = nt

1 = Ce = 0 and Cv = n0. Thus the cost is 8n3 + n0

integersand 16n3 + n0 bits. Thus, the NMIA has a very high scalability. When it

encodesa manifold simplicial 3-complex,its overheadis only 16n3+ n0 bits compared

with the EIA.

Non-manifold n0 n3 nt
1 nt

2 Ce Cv StorageCost

Teapot 4,658 5,666 2,944 3,930 144 10,617 73,911int 107,104bits
Balloon 1,108 856 64 1,632 0 1,268 13,140int 19,700bits

Regular n0 n3 nt
1 = 0 nt

2 = 0 Ce Cv StorageCost

Cubic 4,823 14,503 - - 160 4,823 121,167int 236,871bits
Dough 3,097 8,509 - - 256 3,097 71,681int 139,241bits

Manifold n0 n3 nt
1 = 0 nt

2 = 0 Ce= 0 Cv = n0 StorageCost

Gargoyle 2.73k 10.0k - - - - 82.73int 162.73bits
Rings 2.52k 8.13k - - - - 67.56int 132.6bits

Table 6.1: An evaluation of the implemen tation-sp eci�c storage
cost of the NMIA data structure on non-manifold, regular and
manifold data sets

6.1.2 Retrieval of Topological Relations

In this Section,we discusshow topological relations can be retrieved in opti-

mal, or almost optimal, time from the NMIA data structure. Such retrieval algo-

rithms arethe basisfor developinge�cien t traversalalgorithms through the complex

described by the data structure.
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Retrieving those relations which are explicitly stored in the data structure,

i.e., R30 and R33, for tetrahedra, R20, for dangling-faces,R10, for wire-edges,takes

constant time. Retrieving boundary relations R3;2(t) and R31(t) provides as results

the facesof tetrahedron t, speci�ed as triplets of vertices,and the edgesof tetrahe-

dron t, speci�ed aspairs of vertices,respectively, and can be performedin constant

time. To retrieve boundary relation R2;1(f ), we need to specify face f in casef

is not a dangling-face. Thus, if f is a boundary face of a tetrahedron t, then we

specify f as face(t, i) , that is the i -th faceof t, where i = 0; ::; 3. The 1-simplexes

involved in R2;1(f ) are again speci�ed as pairs of vertices. Thus, relation R2;1(f )

is retrieved in constant time. Relation R23(f ) can be extracted only for boundary

facesof tetrahedra. Facef is speci�ed as face(t, i) . The retrieval algorithm makes

useof relation R33(t) to �nd the other tetrahedron sharingf , if it exists. This takes

constant time.

Retrieving relations R1;2(e) and R1;3(e) involvesnavigating around an edgee.

Such navigation can be described by Algorithm 3. The simplexesof the desired

dimensionscan be extracted during such navigation.

We illustrate through the examplein Figure 6.2 how to retrieve both R1;2(e)

and R1;3(e) relations, i.e., how to navigate around an edgee in counter-clockwise

direction. To this aim, we perform the following steps:

1. We start with e being an edgeof t3.

2. Using R�
1;3(t3; e), we retrieve the left and right neighbors of t3 with respect to
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Algorithm 3 Retriev eSimplexesA tEdge( � , e)
Require: � be a tetrahedron or dangling-face,and e be an edgeof �

1: � 0:= �
2: done:=false
3: rep eat
4: if dim(� 0) = 3 then
5: Retrieve � 00, which follows � 0 around edgee, from R� 1; 2(� ; e), R� 1; 3(� ; e)

or R3;3(� ).
6: else if dim(� 0) = 2 then
7: Retrieve � 00, which follows � 0 aroundedgee, from R� 1; 2(� ; e) or R� 1; 3(� ; e)
8: end if
9: � 0:= � 00

10: until � = � 0
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Figure 6.2: (a) shows a non-manifold edge e; (b) shows the same
edge view ed perp endicularly (c) shows the steps of navigating
through the entities inciden t at the non-manifold edge e

e. Theseare df 1 and t2, respectively. Sincewe chooseto go around e in the

counter-clockwise direction, we move to t2.

3. At t2, relation R3;3(t2) allows us to extract all the tetrahedra which are face-

adjacent to t2. By usingR3;0(t2), we can selectt1 asthe only tetrahedron that

is also incident at e. Then, we move to t1.

4. At t1, again we use the R3;3(t1) to retrieve the tetrahedra which are face-

adjacent to t1 and R3;0(t1) to selectthose incident at e. This givest0 and t2,
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and thus we move to t0.

5. Tetrahedron t0 has only one face-adjacent neighbour, namely t1 which has

beenvisited. The top simplex following t0 around e is encoded as R�
1;2(t0; e).

From R�
1;2(t0; e) we retrieve the right neighbor of t0, which is df 0. Thus, we

move to df 0.

6. The neighbours of df at e are encoded as R�
1;2(df 0; e). From R�

1;2(df 0; e) we

retrieve the right neighbor of df 0, which is df 1. Thus, we move to df 1.

7. From R�
1;2(df 1; e) we retrieve the right neighbor of df 1, which is t3. Thus, we

are done,sincewe started with t3.

Retrieving relation R1;2(e) takes a time linear in the number of facesincident at

e, i.e., it can be performed in optimal time. Retrieving relation R1;3(e) takes

O(jR1;2(e)j) time, wherejR1;2(e)j denotesthe number of facesincident at e, because

of the possiblepresenceof dangling-faces.Relation R2;2(f ) is basically retrieved in

the sameway as relation R1;2(e), one for each edgeof face f . Therefore, it takes

O(jR2;2(f )j) time, which is optimal.

Top simplexesincident at a vertex v must be retrievedby traversingthe star of

v through relation R�
0;q, for q = 1; 2; 3. Retrieving relations R00(v), R01(v), R02(v),

andR03(v) requiresa breadth-�rst search over all the connectedcomponents incident

at vertex v. Within each component, entities that are incident at v are traversedby

using R33, R3;0, R�
1;3, and R�

1;2 relations. Here we show the algorithm for retrieving

R0;3.
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Algorithm 4 Retriev eTetrahedraA tV ertex( v)
1: for each � in R0;3(� ) do
2: visit( � )
3: enqueue(Q, � )
4: while not Empty (Q) do
5: � = dequeue(Q)
6: if dim(� 0) = 2 then
7: retrieve all edgesof � through R2;0(� )
8: else
9: retrieve all edgesof � through R3;0(� )

10: end if
11: for each edgee retrieved that is incident at v do
12: retrieve all top simplexesincident at e
13: for each top simplex � 0 incident at e do
14: if not visited � 0 then
15: visit( � 0)
16: enqueue(Q, � 0)
17: end if
18: end for
19: end for
20: end while
21: end for

6.1.3 Performing an EdgeCollapseon the NMIA Data Structure2

In this Section, we addresshow the NMIA data structure can be useful for

applications that need to perform updates on 3D models. Speci�cally, we want

to study how the NMIA data structure can support the elementary meshupdate

operator edgecollapse, and its reverseoperation, vertexsplit. The generalprinciples

of the elementary edgecollapseand vertex split on non-manifold 3D shapes have

beendiscussedin Section3.3.3. In this Section,weaddresshow an edgecollapsemay

2Originally published in [14]. Reproduced with notice of ACM copyright: permission to make
digital or hard copiesof part or all of this work for personal or classroom use is granted without
fee provided that copiesare not made or distributed for pro�t or commercial advantage and that
copiesbear this notice and the full citation on the �rst page. Copyrights for components of this
work owned by others than ACM must be honoured. Abstracting with credit is permitted. To
copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior speci�c
permissionand/or a fee.
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be performedon the NMIA data structure so that the neighbourhood connectivity

of the shape is captured in the data structure. Vertex split and its encoding are

addressedin the next two Sections.

Performing the collapseof an edgee = (v1; v2) into a vertex v in a complex

� requiresspecifying just edgee and vertex v. Rk;0 relation is a�ected for all k-

simplexesin st(v1) [ st(v2). R3;3, R�
1;3, R�

1;2 and R�
0;q (for q = 1; 2; 3) relations are

a�ected for all simplexesbelonging to st(v1) [ st(v2), or adjacent to simplexesin

st(v1) [ st(v2). In this Section, we discussin detail the di�eren t situations which

can arise and show how the entities and the relations in the NMIA data structure

have to be updated. Basedon this analysis,we present an algorithm for performing

edgecollapse.

In Section3.3.3,we enumerated the three casesthat may occur when edgee

is collapsed.We summarizethem as follows:

1. � 2 st(e): in this case,� can either be a 2-simplexor a 3-simplex.

2. � 2 st(v1), � 62st(v2) and there exists � 2 st(v2) such that � \ � 6= ; : in this

case,� is incident at v1 but not in v2, and there existsa simplex � incident at

v2 which intersects� . This casealsoincludesthe symmetric situation in which

� 2 st(v2) and � 62st(v1) and there exists � 2 st(v1) such that � \ � 6= ; .

3. � 2 st(v1), � 62st(v2) and � \ � = ; , for every � 2 st(v2): in this case,

� is incident at v1 and not in v2 and it does not have any intersection with

simplexesincident at v2. This casealso includes the symmetric situation in

which � 2 st(v2) and � 62st(v1) and 8� 2 st(v1), � \ � = ; .
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Case1, in which a k-simplex is reducedto a (k � 1)-simplex and case2, in

which two k-simplexesmay be mergedinto a singleone,requiremoreattention. We

enumerateherethe di�eren t situations which may arisein thesetwo cases.This will

alsohelp us encoding the inverseof edgecollapse,vertex split.

To this aim, weconsiderL = l ink (v1)\ l ink (v2). L is a collectionof verticesand

edgeswhich can be orderedclockwiseor counter-clockwisearound edgee = (v1; v2).

If e is a manifold edge, then L is homeomorphic to a circle or to a portion of

a circle. If e is a non-manifold edge, then L is composed of several connected

components, onefor each connectedcomponent incident at e. Each component may

consist of an isolated vertex or of a chain of edges. Figure 6.3 gives an example

of L = l ink (v1) \ l ink (v2). Edge e = (v1; v2) is the edgeto be collapsed. st(v1)

is composedof tetrahedra t1; t2; t4 and of all their faces. l ink (v1) consistsof the

simplexesin st(v1) that are not incident at v1, namely facesf 1 and f 3 with all

their boundaries. st(v2) is composedof tetrahedra t1; t3; t5 and of all their faces.

l ink (v2) is de�ned similarly to l ink (v1), and consistsof facesf 2 and f 4 with all their

boundaries.Thus L consistsof oneedge,namely, edge(u1; u2).

Let us consider! i 2 L: ! i can be a vertex, u, or an edge(u1; u2). We denote

with l(! i ) the set of simplexesincident at ! i , i.e. in st(! i ), and incident at either

v1 or v2 but not in both. In the exampleof Figure 6.3, L has only onecomponent,

namelyedge(u1; u2), which we call ! 0. Thus, l(! 0) = f t2; t3g. We denotewith c(! i )

the set of simplexesincident at ! i , i.e., in st(! i ), and in both v1 and v2. In the

exampleof Figure 6.3, c(! 0) = f t1g.
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L

Figure 6.3: An illustration for L = l ink (v1) \ l ink (v2): l ink (v1) is
comp osed of faces f 1, f 3 and of all their boundaries. Similarly ,
l ink (v2) is comp osed of faces f 2, f 4, and of their boundaries.
Therefore, L is comp osed of edge (u1; u2). Let ! 0 = f t2; t3g.
Then, l(! 0) = f t2; t3g, and c(! 0) = f t1g.

We consider a simplex � 2 c(! i ), which can be either a tetrahedron, or a

dangling-face,and two simplexes� 1 and � 2, incident at v1 and v2, respectively,

and belonging to l(! i ). Note that � 1 and � 2 can be tetrahedra, dangling-facesor

wire-edges.This latter caseis possibleonly when ! i is a vertex.

The possiblecombinations of � 1, � and � 2 are reported in Table 6.2. The

�rst eight casesapply when ! i is an edge. The other eight casesapply when ! i is

a vertex. In the columnscorresponding to � 1, � and � 2, the symbol T, F, E or ; ,

meansthat the corresponding simplex is a tetrahedron, a dangling-face,a wire-edge

or is non-existent, respectively. When ! i is an edge,� is always bounded by four

verticesf v1; v2; ! i g and canbeeither a tetrahedronor a hole. In both cases,it shares

facef v1; ! i g with � 1 and facef v2; ! i g with � 2. If � is a tetrahedron, it undergoesa

dimension-reductiontransformation into facef v; ! i g. In all cases,simplexesf v1; ! i g

and f v2; ! i g are mergedinto simplex f v; ! i g. In the NMIA data structure, we are

only interestedin the casein which f v; ! i g is a dangling-face,sincewedo not encode

the facesbounding a tetrahedron explicitly.

198



When ! i is a vertex, � can be either a dangling-faceor a hole, but, in both

cases,it is boundedby three vertices f v1; v2; ! i g. Simplexes� 1 and � 2 shareedges

f v1; ! i g and f v2; ! i g with � , respectively. Note that, in general,there are several � 1

and � 2 in l(! i ), exceptwhen� 1 or � 2 arewire-edges:in this case,they arecompletely

de�ned by f v1; ! i g or f v2; ! i g. Moreover, either � 1 or � 2 can be a wire-edgeonly if

� is empty.

! i is an edge(u1; u2) ! i is a vertex u
Case � 1 � � 2 Case � 1 � � 2

1 ; T ; 9 ; F ;
2 T T ; 10 T/F F ;
3 ; T T 11 ; F T/F
4 T T T 12 T/F F T/F
5 F ; F 13 E ; E
6 T ; F 14 T/F ; E
7 F ; T 15 E ; T/F
8 T ; T 16 T/F ; T/F

Table 6.2: Cases for simplex � in c(! i ) and simplexes � 1 and � 2

in l(! i ). T = tetrahedron, F = dangling-face, E = wire-edge, ;
stands for the absence of a simplex.

Examples of cases1, 2, 4, 9, 10 and 12 in Table 6.2 are shown in Figures

3.13(a) to 3.13(f). The examplesin Figures3.14(a) to 3.14(f) are instancesof cases

5, 6, 8, 13, 14 and 16, respectively. Cases3, 7, 11 and 15 are symmetric to cases2,

6, 10 and 14 respectively.

In what follows, we examine how the entities and the relations are a�ected

in the sixteen casesshown in Table 6.2. We considerL as an orderedsequenceof

elements ! i , where ! i is either a vertex or an edge. We denote as ! i � 1 and ! i +1 ,
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respectively, the predecessorand the successorof ! i along L. Note that ! i doesnot

needto be connectedto either ! i � 1 or ! i +1 . Also, ! i can be an isolated vertex, or

a vertex which is commonto the two edges! i � 1 and ! i +1 , or an extremevertex of

either ! i � 1 or ! i +1 . Thesetwo latter casesoccur when� is a dangling-facef u; v1; v2g

and f ! i � 1; v1; v2g or f ! i +1 ; v1; v2g, or both, de�ne an empty tetrahedral hole. Thus,

similarly to isolated vertices,we considersuch a vertex as a separateelement of L

and not as an extremevertex of an edge.
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Figure 6.4: Examples of the up dates needed at edge (u1; u2)
after the collapse of edge e = (v1; v2): In (a), tetrahedron t1 be-
comes a dangling-face df . R�

1;2(df ; e0) at edge e0 = (u1; u2) consists
of dangling-face df 2 and tetrahedron t2. The adjacency rela-
tions of the original neigh bors of t1 at edge (u1; u2), namely df 2

and t2, need to be up dated. df replaces t1 in R�
1;2(df 2; e0) and

R�
1;3(t2; e0). In (b), after edge e is collapsed, tetrahedron t2 be-

comes a boundary face of tetrahedron t3, and tetrahedra t1 and
t3 become immediate neigh bors of each other at edge (u1; u2).
Therefore, t2 is remo ved from R3;3(t3) relation and t1 is added
to R�

1;3(t3; e0). t3 replaces t2 in R�
1;3(t1; e0). In (c), dangling-face

df 2 is merged in to dangling-face df 1. df 1 and tetrahedron t4 be-
come immediate neigh bors of each other. So t4 replaces df 2 in
R�

1;2(df 1; e0), and df 1 replaces df 2 in R�
1;3(t4; e0).
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When ! i = (u1; u2) is an edge,(which holds for cases1 to 8 in Table 6.2,)

the collapseof edgee = (v1; v2) may causethe 1- and 2-adjacency(i.e., R�
1;2, R�

1;3

and R3;3) relations to changefor simplexesincident at edge(u1; u2). Theserelations

needto be updated. The three examplesin Figure 6.4 illustrate how the update is

doneat (u1; u2). In each example,the left part illustrates the situation beforeedge

collapse,and the right part after. After edgecollapse,adjacencyrelations (R �
1;3 or

R�
1;2) at the new edges(u1; v) and (u2; v) are updated in a similar fashion. Special

attention hasto begiven,however, when! i = (u1; u2) is connectedto ! i � 1 or to ! i +1

becauseneighboring simplexesmay also be mergeddue to the collapseof edgee.

Figure 6.5(a) illustrates a situation in which ! i is not connectedto its predessesoror

successor,and Figure 6.5(b), a situation in which ! i is connectedto its predessesor.

In Figure 6.5(a), tetrahedron t1 is incident at the edgee = (v1; v2) to be collapsed.

Let ! 0 be edge(u1; u2). ! 0 is not connectedto any other components of L sinceit is

the only component of L. Dangling facedf 1 is the immediate neighbor of t1 at edge

(u1; v1), and dangling-facedf 2 is the immediateneighbor of t1 at edge(u1; v2). After

edgecollapse,df 1 and df 2 become1-adjacent at the new edge,(u1; v). In Figure

6.5(b), the edgeto be collapsedis e = (v1; v2). L has two components, namely

(u3; u1) and (u1; u2), which we call ! 0 and ! 1. Similar to the example of 6.5(a),

beforeedgecollapse,dangling-facesdf 1 and df 2 are neighbors of t1 at edges(u1; v1)

and (u1; v2), respectively. After edgecollapse,df 2 is mergedto df 1.

When ! i = u is a vertex, (cases9 to 16 in Table 6.2,) the collapseof edge

e = (v1; v2) causestwo 1-connectcomponents to mergeinto one. R�
0;q (q = 1; 2; 3)
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Figure 6.5: Tw o examples to show the up date of the connected
comp onents at edge (u1; v) after an edge collapse operation.
In (a), tetrahedron t1 becomes a dangling-face df 3. Dangling
faces df 1 and df 2, whic h are neigh bors of t1 at edge (u1; v1) and
edge (u1; v2), respectiv ely, become neigh bors of each other at
the new edge e0 = (u1; v) Therefore, R�

1;2(df 3; e0) consists of df 1

and df 2. df 3 replaces t1 in both R�
1;2(df 1; e0) and R�

1;2(df 2; e0). In
(b), after edge collapse, tetrahedron t1 becomes dangling-face
df 3, and dangling-face df 1 is merged in to dangling-face df 2. So
R�

1;2(df 3; e0) consists of only df 1 and R�
1;2(df 1; e0) consists of only df 3.

at the new vertex v needsto be de�ned. We needto update R�
1;3 or R�

1;2 relations

at edge(u; v). Theseupdates are completely similar to those done for simplexes

incident at edge(u1; v) and (u2; v) for the casewhere! i is an edge.

We summarizenow the various casesin an edgecollapsealgorithm. Let � be

the given complex. Let e = (v1; v2) be the edgeto be collapsedinto a vertex v.

Recall that L = l ink (v1) \ l ink (v2). We denotewith 
 L 1 the set of top simplexes

(tetrahedra, dangling-facesand wire-edge)� such that � is incident at v1 and in

someentit y of l ink (v1) � L , and with 
 L 2 the set of simplexesincident at v2 and in
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someentit y of l ink (v2) � L .

The EdgeCollapsealgorithm performsthe following steps:

Step 1: Compute L, 
 L 1, 
 L 2, and, for each ! i 2 L, l(! i ) and c(! i ) as follows:

1. Compute st(v1) and st(v2) by using R�
0;q(v1) and R�

0;q(v2) (q = 1; 2; 3),

respectively.

2. Computel ink (v1) and l ink (v2) from the boundary relationsof the entities

in st(v1) and st(v2).

3. Compute L = link (v1) \ l ink (v2). If a faceexists in L, the edgecollapse

operation is invalid.

4. For each ! i 2 L, compute l(! i ) and c(! i ) by using R�
0;q, R�

1;2 and R�
1;3

relations.

5. Compute 
 L 1, 
 L 2 from L, st(v1) and st(v2).

Step 2: For each simplex ! i 2 L:

If ! i = (u1; u2) is an edge,

1. Perform validit y check to ensurethat the region f v1; v2; u1; u2g is either

a tetrahedron or is empty.

2. Case 1: mark � as deleted,and createa new dangling-face� 0 in �.

Cases 2, 3 and 4: mark � as deleted.

Cases 5 and 6: mark � 2 as deleted.

Case 7: mark � 1 as deleted.

If ! i = u is a vertex,
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1. Perform validit y check to ensurethat the region f v1; v2; ug is either a

dangling-faceor is empty.

2. Cases 9 to 12: mark � as deleted.

Case 9: createnew a wire-edge� 0 in �,

Cases 13 and 14: mark � 2 as deleted.

Case 15: mark � 1 as deleted.

Step 3: For each simplex ! i 2 L:

Update the relations a�ected at the neighborhood of ! i , as described before.

Step 4: For each simplex � 0 2 
 L 1, Update Rk;0(� 0) by replacingv1 with v.

Step 5: For each simplex � 0 2 
 L 2, Update Rk;0(� 0) by replacingv2 with v.

Step 6: Update R�
0;q(v) (q = 1; 2; 3). Delete all the marked simplexes.

The �rst step in the edgecollapsealgorithm involves the examination of the

neighbourhood of the two extremevertices,v1 and v2, of the collapsingedgee. The

time complexity in the computation of the stars of v1 and of v2 is thus boundedby

the sizeof st(v1) [ st(v2). The sizeof the links of v1 and v2 is alsoboundedby the

sizeof the corresponding star of each vertex (a property of the relationship between

the link and the star of a vertex in 3D space). The link of e is computable based

on the links of v1 and v2. Thus the time complexity of this step is bounded by

the sizeof st(v1) [ st(v2). Subsequent stepsof the algorithm involve only the local

neighbourhoold within st(v1) [ st(v2). Thus the edgecollapseoperation hasa time

complexity that is boundedby O(st(v1) [ st(v2)).
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6.1.4 An Encoding Schemefor Vertex Split in NMIA

Edge collapseis often used in conjunction with its reverseoperation vertex

split (seeSection 3.3.3). In this Section, we discussan encoding of vertex split,

which is computed at the time when an edgee = (v1; v2) is collapsedinto a new

vertex v. The encoding of vertex split at v enablesthe expansionof v back into two

verticesv1 and v2 sharing an edgee.

We describe a compact encoding scheme for a vertex split. The encoding

schemeis composedof two parts: a labeling of the entities in the restricted star of

v and an encoding of L = l ink (v1) \ l ink (v2) together with the casesdiscussedin

Section 6.1.3. The labeling of the entities in the star of v allows us to modify all

the simplexeswhich becomeincident at v1 or v2 to generatethe new k-simplexes

obtained by expanding (k � 1)-simplexesand to duplicate simplexes. The encod-

ing of L is necessaryfor encoding boundary facesand edgeswhich are duplicated

and expanded(since they are not described in the NMIA data structure), and for

updating topological relations locally. For every k-simplex � 0 in st(v), we store a

2-bit code, c1(� 0) for detecting whether � 0 after the split becomesincident at v1

(c1(� 0) = 00) or at v2 (c1(� 0) = 01) or it is duplicated into two k-simplexesincident

at v1 and at v2 respectively (c1(� 0) = 10), or it is expandedinto a (k + 1)-simplex

incident at edgee (c1(� 0) = 11). A unique traversalof st(v) is de�ned by following

the order in which the representativ e simplexesare encoded in the R �
0;q (q = 1; 2; 3)

relation and a prede�ned traversal inside each connectedcomponent at the vertex.

For each element ! i 2 L, we store:
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� a 4-bit code c2(! i ) which encodesthe sixteencasesshown in Table 6.2;

� 1-bit code c3(! i ) which indicates whether ! i is connectedto ! i � 1 through

vertex u. If ! i is connectedto ! i � 1, then vertex u is not encoded;

� oneor two indexesof the verticeswhich de�ne ! i (only onevertex is encoded

when ! i is a vertex or is connectedto ! i � 1);

� other information which depend on the speci�c caseaccordingto Table 6.2:

{ Case 1: index of the dangling-facef u1; u2; vg, which becomesa tetrahe-

dron f u1; u2; v1; v2g;

{ Cases 2, 4, 6 and 8: index of � 1;

{ Cases 3 and 7: index of � 2;

{ Case 5: index of the dangling-facef u1; u2; vg, which becomestwo faces

f u1; u2; v1g and f u1; u2; v2g; a

{ Case 9: indexof wire-edge(u; v), which becomesa dangling-facef u; v1; v2g;

{ Cases 10 and 14: index of � 1;

{ Cases 11 and 15: index of � 2;

{ Cases 12 and 16: index of � 1 and � 2.

{ Case 13: index of wire-edge(u; v), which becomestwo wire-edges(u; v1)

and (u; v2);

Figure 6.6 shows two examplesof the encoding scheme. In the example of
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Figure 6.6: Tw o examples of encoding a vertex split: In (a),
the encoding of L is [4 0 u1 u2 t2]. In (b), the encoding of L is
[1 0 u1 u2 df 1; 5 1 u3 df 2].

Figure 6.6(a), L consistsof just oneelement, namely (u1; u2), which we call ! 0. The

encoding of L relative to ! 0 is [4 0 u1 u2 t2]. The �rst �eld is code c2, meaning

that we are in case4. The second�eld indicates that the �rst vertex of ! 0 is not

connectedto the last vertex of ! 0. So, both vertices u1 and u2 are found in the

next �eld, which is followed by tetrahedron t2 incident at v1. During vertex split,

t3 is retrieved from R3;3(t2) relation, and, a new tetrahedron t1 is created,which is

incident at the new edgee.

In Figure 6.6(b), L consistsof two elments, edges(u1; u2) and (u2; u3), that

we call ! 0 and ! 1, respectively. The encoding of L is [1 0 u1 u2 df 1; 5 1 u3 df 2].

! 0 is in case1. The value 0 in the next �eld indicates that the �rst vertex of ! 0 is

not connectedto the last vertex of ! 1. The simplex incident at ! 0 is df 1. During

vertex split, df 1 is expandedinto a tetrahedron incident at both v1 and v2. ! 1 is in
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case5. The value 1 in the next �eld meansthat �rst vertex of ! 1 is the sameasthe

last vertex of ! 0. The secondvertex of ! 1 is u3, which is given in the third �eld.

The last �eld gives the simplex, df 2, which is incident at ! 1. During vertex split,

df 2 becomesincident at v1, and a new dangling-faceincident at v2 is created.

6.1.5 Performing Vertex Split on the NMIA Data Structure

Vertex split is the reverseoperation of edgecollapse. The formulation of the

vertex split operation hasbeenaddressedin Section3.3. In this Section,we discuss

how this operator is implemented on the NMIA data structure in conjunction with

the encoding of it described in Section6.1.4.

The algorithm for performing vertex split usesthe encoding of the vertex split

operation described in Section6.1.4and updatesthe simplicial complex� on which

the vertex split is applied through the following steps:

Step 1: Compute st(v) by retrieving R01(v) for wire-edgesincident at v, R02(v)

for dangling-facesincident at v and R03(v) relations from the partial relations

R�
0;k (v).

Step 2: For each � 0 2 st(v),

� If c1(� 0) = 00 (� 0 becomesincident at v1),

then update Rk;0(� 0); k = 2 or 3 by replacingv with v1.

� If c1(� 0) = 01 (� 0 becomesincident at v2),

then update Rk;0(� 0); k = 2 or 3 by replacingv with v2.
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� If c1(� 0) = 10 (� 0 is duplicated into two simplexes),

then replacek-simplex � 0; k = 1 or 2, with two new k-simplexes� a and

� b such that Rk;0(� a) is obtained from Rk;0(� 0) by replacingv with v1 and

Rk;0(� b) is obtained from Rk;0(� 0) by replacingv with v2.

� If c1(� 0) = 11 (� 0 is expandedinto a (k + 1)-simplex),

then replacek-simplex � 0; k = 1 or 2, with a new (k + 1)-simplex � such

that Rk;0(� ) is obtained from Rk;0(� 0) by replacingv with (v1; v2).

Step 3: For each ! i 2 L :

Case 2: (� 1 is already incident at v1) A new tetrahedron � = f u1; u2; v1; v2g

is createdwhich sharesfacef u1; u2; v1g with � 1.

Case 3: (� 2 is already incident at v2) A new tetrahedron � = f u1; u2; v1; v2g

is createdwhich sharesfacef u1; u2; v2g with � 2.

Case 4: (� 1 is already incident at v1 and � 2 is already incident at v1) A new

tetrahedron � is created which sharesfacesf u1; u2; v1g and f u1; u2; v2g

with � 1 and � 2, respectively.

Case 6: (� 1 is already incident at v1) A new dangling-face� 2 = f u1; u2; v2g

is created.

Case 7: (� 2 is already incident at v2) A new dangling-face� 1 = f u1; u2; v1g

is created.

Cases 10, 11 and 12: A new dangling-face� = f u; v1; v2g is created.

Case 14: (� 1 is already incident at v1) A new wire-edge� 2 = (u; v2) is
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created.

Case 15: (� 2 is already incident at v2) A new wire-edge� 1 = (u; v1) is

created.

All other cases: nothing to be done.

In all cases,de�ne Rk;0 for each newly createdk-simplex.

Step 4: De�ne adjacencyand incidencerelations for each newly created entit y.

Update relations for each simplex � 0 incident at an element ! i 2 L and at v1

or at v2, and update relations for each neighbor of � 0. This step reversesthe

modi�cations to the adjacencyand incidencerelations encoded in the NMIA

data structure performedin edgecollapse(seeSection6.1.3).

Step 5: Compute the partial relations R�
0;k (v1) and R�

0;k (v2) for k = 2; 3.

The vertex split algorithm acts on the neighbourhood of the vertex v that is

being splitted. The total number of simplexesvisited or introduced is boundedby

the sizeof the two stars of the resultant verticesv1 and v2.

6.2 Double-Lev el Decomp osition (DLD) data structure 3

In this Section, we approach the problem of non-manifold shape modeling

along the decomposition approach, which considersa non-manifold shape as a col-

lection of simpler parts, called Initial Quasi-Manifolds (IQM) , connectedat non-

manifold joints. The Initial Quasi-Manifold Decomposition has been proposedin

3Originally published in [47] Copyright c
 2006Eurgraphics.
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[26]. We reviewed the IQM decomposition approach for generald-dimensionalsim-

plicial complexesin Section4.2.2. In this Section,we considerthe specialization of

this approach to a Euclidean3D simplicial complex. We proposean optimized data

structure, that we called the Double-Level Decomposition (DLD) data structure,

for 3D simplicial shapesbasedon this decomposition. A special feature of the DLD

data structure is that it captures high-level information of the shape in terms of

its non-manifold structure. As a result of this, the DLD is not suitable for shape

modi�cation basedon local updates,unlike the NMIA data structure we proposed

in Section6.1.

6.2.1 Decomposition of a 3D Simplicial Complex

In this Section,wepresent an algorithm for computing the IQM decomposition

of a 3D simplicial complex. In a 3D simplicial complex,non-manifold singularities

may occur at edgesand vertices. The IQM decomposition can be obtained by

cutting the complex along all non-manifold vertices and non-manifold edges. For

an e�cien t computation of such decomposition, we need: adjacencyrelations R3;3

for all tetrahedra, adjacencyrelations R2;2 for all dangling-faces,and the stars of all

the vertices. The decomposition algorithm performs the following �v e steps, that

are detailed in the rest of this Section:

1. Compute adjacencyrelation R3;3 for all tetrahedra.

2. Compute adjacencyrelation R2;2 for all dangling-faces.

3. Compute the stars of all vertices,whereeach star is described as the set of all
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top simplexesincident at that vertex.

4. Identify non-manifold edgesand non-manifold vertices through a traversalof

the star of each vertex.

5. Decomposethe complexat non-manifold simplexesand identify IQM compo-

nents.

Step 1: Compute adjacency relation R3;3 for all tetrahedra. An e�cien t

way to compute it is to sort the tetrahedra by their four faces. It can be done as

follows:

1. The facesof the tetrahedra are not explicit in the input. Each such face

can be described through a 4-tuple (u1; u2; u3; t), where u1; u2; u3 are three

vertices that describe one faceof t, and are sorted in the increasingorder of

their indices. Each 4-tuple not only identi�es a uniqueface,but alsoassociates

the facewith a tetrahedronboundedby it. For each tetrahedron t four 4-tuples

are created.

2. After sorting all the 4-tuples in lexicographicalorder, adjacent 4-tuplesof the

form (u1; u2; u3; t1) and (u1; u2; u3; t2) indicate that tetrahedra t1 and t2 are

face-adjacent.

The time complexity for this step is O(m3log(m3)), wherem3 denotesthe number

of tetrahedra in the complex.

Step 2: Compute adjacency relation R2;2 for all dangling-faces. The tech-

nique is the sameasthe computation of relation R3;3 for tetrahedra describedabove.
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The complexity of this step is, thus, O(d2log(d2)), whered2 denotesthe number of

dangling-facesin the complex.

Step 3: Compute the stars of all vertices. This is performedas follows:

1. For each vertex v and each h, createempty sets,b(v; h), which we call buckets,

for collecting all the top simplexesof dimensionh incident at v.

2. For each top h-simplex� describedby verticesf v1; � � � ; vh+1 g, add � to buckets

b(vi ; h), for i = 1; � � � ; h + 1.

This step is performed in time linear with respect to the number of vertices and

the number of top simplexes,i.e., O(v0 + w1 + d2 + m3), wherev0 is the number of

vertices,w1 the number of wire-edges,d2 the number of dangling-facesand m3 the

number of tetrahedra.

Step 4: Iden tify non-manifold edges and non-manifold vertices. Non-

manifold vertices and edgesare identi�ed through a traversal of the star of each

vertex. This traversalis doneby using the information stored in the buckets b(v; h),

plus the relationsR3;3 for tetrahedra, and R2;2 for dangling-faces.During the traver-

sal, the top simplexesin the star of v are grouped into densely(h � 1)-connected

components. Each component found is assigneda unique label, which we call the

component index. All vertices(except for v) in a component C are labeledwith the

index of C. These labels are used for identifying non-manifold edgesin the star

of v. If a vertex u in the link of v has more than one label, then edge(u; v) is a

non-manifold edge. If the star of v consistsof more than one component, then v

is a non-manifold vertex; it is a manifold vertex otherwise. Algorithm 5 provides a
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pseudo-code description of the traversalstrategy.

Algorithm 5 FindComponentsInStar(v, b)
1: j  1
2: for h from 3 downto 1 do
3: while b(v; h) is not empty do
4: Remove the unvisited top simplex � from b(v; h)
5: Create new component Cj for v
6: Enqueue(Q, � )
7: while not empty(Q) do
8: �  Dequeue(Q)
9: Cj  Cj [ �

10: for each 
 in Rh;h (� ) do
11: if the (h� 1)-facebetween� and 
 is manifold and visited(
 )=0 then
12: visited(
 )  1
13: Enqueue(Q, 
 )
14: end if
15: end for
16: end while
17: for each � in Cj do
18: Add label j to all verticesof � (except v)
19: end for
20: end while
21: end for

We illustrate the labeling of the star of v through the examplein Figure 6.7.

In this example,the four tetrahedra form two densely2-connectedcomponents and

the three dangling-facesthree densely1-connectedcomponents in the star of vertex

v. The verticesin the link of v are labeledaccordingto the component(s) to which

they belong,thus exposingthe non-manifold edgesin the star of v.

The traversal of the star of each vertex is a linear processwith respect to

the number of top simplexesin that star. The time complexity for Step 4 is thus

O(
P

v2 � jst(v)j), where jst(v)j denotesthe sizeof the star of vertex v in �. Since

each h-simplex belongsto the stars of exactly h+ 1 vertices, the time complexity
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Figure 6.7: Lab eling densely connected comp onents in the star
of vertex v

results to be linear in the number of top simplexesin the complex.

Step 5: Decomp ose non-manifold simplexes and iden tify IQM comp o-

nents. To complete the decomposition, the complex is cut at the non-manifold

simplexes. For each non-manifold vertex v, one vertex copy vi is created for each

IQM component in the star of v. After the cutting, the whole complex is traversed

once,but the traversaldoesnot passthrough non-manifold edgesand non-manifold

vertices. All tetrahedra that are 2-connectedbelong to the sameIQM component.

All the dangling-facesthat are 1-connectedform a separatemanifold component.

Likewisefor all wire-edgesthat are 0-connected.

The star of each non-manifold vertex is partitioned when copies are cre-

ated for the non-manifold vertex. The subsequent traversal of the whole complex

takes linear time with respect to the size of the complex. Thus this step takes

O(
P

vs 2 � jst(vs)j) + O(v0+ w1+ d2+ m3+ k0), where jst(vs)j denotesthe sizeof the

star of non-manifold vertex vs in �, k0 is the number of IQM components at all

non-manifold vertices,and v0; w1; d2; m3 denotethe number of vertices,wire-edges,

dangling-facesand tetrahedra respectively.
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Both Steps1 and 2 involvesorting, while all the other stepsperform operations

that are linear in terms of the total number of top simplexesin the complex. For a

typical 3-complexthat is mostly 3-manifold with few dangling-facesand wire-edges,

the time consumptionof the decomposition is dominated by Step 1.

6.2.2 A Decomposition-basedData Structure for Simplicial 3-complexes

In this Section,we present the Double-LevelDecomposition (DLD) data struc-

ture, which is basedon the IQM decomposition and is generatedthrough the algo-

rithm described in Section6.2.1. The DLD data structure is a two-layer represen-

tation in which the upper level describes the connectivity of the IQM components

through their non-manifold simplexes,while the lower level describes the entities,

their connectivity and adjacencyrelation inside the IQM components C1; � � � ; Ck .

This is similar in concept to the representation proposed in [26] for decomposed

abstract simplicial complexeswhich is still a two-level data structure, but the de-

scription of the singleIQM component is morecomplexsinceit may not necessarily

be pseudo-manifold.

The connectivity of the components in the decomposition is represented as a

hypergraph G =< N; A > , whereN is a set of nodesrepresenting the IQM compo-

nents C1; � � � ; Ck , and A is a set of hyperarcs. There are two kinds of hyperarcs:

hyperarcsof type vertex, which represent non-manifoldvertices,and hyperarcsof type

edgewhich represent non-manifold edges.A hyperarc representing a non-manifold

vertex v connectsall components which contain copiesof vertex v. Similarly, a hy-
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perarc representing a non-manifold edgee connectsall components which contain

copiesof edgee.

Figures 6.8(a)-(c) give an exampleof the IQM decomposition of a simple 3-

complex and the hypergraph that represents the decomposition. The 3-complex

shown in Figure 6.8(a) consistsof two tetrahedra that sharethe non-manifold edge

e which is incident at non-manifold vertices u and v, and two wire-edgesthat are

incident at vertex v. The decomposition of this complexconsistsof four components:

C1 and C2 arethe two tetrahedra, C3 and C4 arethe wire-edges.Figure 6.8(b) shows

all the components of the decomposition. The non-manifoldedgeeandnon-manifold

verticesu and v are copied for each component. Figure 6.8(c) is a full description

of the decomposition graph G. The nodesare C1; � � � ; C4 and the hyperarcsare e,

u and v. In the hypergraph, the solid lines connecting Ci and the hyperarcs are

the copiesof the non-manifold joints. The dashedlines betweenu, v and e indicate

their incidence.

All non-manifoldsingularitiesare thus explicitly represented only in the upper

level, which encodeshypergraph G. The following information are encoded:

� For each node representing IQM component Ci :

{ dimensionof the component;

{ and a pointer to one top simplex in this component.

� For each hyperarc representing non-manifold edgee: (We considerhyperarc e

in Figure 6.8(c) to illustrate the following)
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Figure 6.8: (a) a 3D complex; (b) its IQM decomp osition; and
(c) the hyp ergraph describing the decomp osition

{ a pointer each to its extreme vertices,which are hyperarcsin G (in our

illustration, they are hyperarcsu and v for e);

{ two lists of pointers: each pointer referencesa representativ e top simplex

for each 2D or 3D IQM component in the star of e. Onelist collectsthe 2D

representativ esand the other the 3D representativ es(in our illustration,

the 2D list of e is empty while its 3D list consistsof the two tetrahedra

in Figure 6.8(b)).

� For each hyperarc representing non-manifold vertex v: (see hyperarc v in

Figure 6.8(c) as an example)
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{ A list of pointers, each to the vertex copy of v in each IQM component in

the star of v, (for the example,the list of v consistsof copiesv1; � � � ; v4);

{ a list of pointers, one for each non-manifold edge in graph G, that is

incident at v (for the sameexample,the list of v contains hyperarc e).

The lower level describes the IQM components. For any h-dimensionalIQM com-

ponent Ci , we use the Indexed data structure with Adjacencieswhich encodesall

the h-simplexes,the verticesand the following relations:

� For each vertex v in the component, relation R�
0;h(v) which consistsof one

h-simplex in the star of v;

� For each h-simplex � of Ci , relation Rh;0(� ) and relation Rh;h (� )

The low level data structure is implemented through the following constructs:

� For each vertex v in component Ci :

{ A 1-bit 
ag to indicate whether v is manifold;

{ One pointer for relation R�
0;h(v);

� For each wire-edge� of Ci : a pointer array of size2 for relation R1;0(� )

� For each top h-simplex � of Ci , h > 1:

{ A pointer array of size(h + 1) for relation Rh;0(� )

{ A pointer array of size(h + 1) for relation Rh;h (� )

{ A bit 
ag of size(h+1
1 ) to indicate whether each edgeof � is manifold;
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� A hash table Hv that storesthe pointers from the vertex copiesto the node

that corresponds to v in graph G.

The storagecostrequiredby the DLD data structure canbeevaluated in terms

of the following quantities:

m0 : number of manifold vertices;

n0 : number of non-manifold vertices;

k0 : total number of IQM components at all non-manifold vertices;

n1 : number of non-manifold edges;

w1 : number of wire-edges;

k1 : total number of IQM components at all non-manifold edges;

d2 : number of dangling-faces;

m3 : number of tetrahedra;

C : total number of IQM components in the whole complex.

In the lower level data structure, the total number of vertices (including all

manifold vertices and copiesof non-manifold vertices) is m0 + k0. Assuming that

the hash tables are 10% full in order to support constant accesstime, the size of

the hashtable Hv is 20n0 pointers. The storagecost of the DLD data structure for

various domainsis shown below:

� For generalnon-manifold complexes:
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{ lower level: m0 + k0 + 2w1 + 4d2 + 8m3 + 20n0 + 30n1 pointers and

m0 + k0 + 3d2 + 6m3 bits,

{ upper level: 2C + 6n1 + 2n0 + k1 + k0 pointers,

{ hashtable: 20n0 pointers.

� For manifold complexes,d2 = w1 = n0 = n1 = k0 = k1 = 0 and C = 1

{ lower level: m0 + 8m3 pointers and m0 + 6m3 bits,

{ upper level: 2 pointers,

{ hashtable: 0 pointers.

A comparison with the extended Indexed data structure with Adjacencies

(IA)[64] for manifoldsgivesusa measureof the scalability of the DLD data structure.

When encoding manifolds, the DLD data structure is reducedto the EIA with just

someadditional bit 
ags. Thus, the overheadof the DLD data structure in encoding

manifold is m0 + 6m3 bits and 2 pointers.

6.2.3 Navigation in the DLD Data Structure

In this Section,we discusshow to retrieve topological relations from the DLD

data structure. Thesealgorithms are the basic building blocks for any algorithm

which navigatesor updatesthe complex.

Boundary relation can be retrieved both for top simplexesand for facesof top

simplexes.For any top p-simplex, � (p = 2; 3), the set of q-facesof � are described

as (p+1
q+1 ) combinations of (q + 1) verticesof � . Thus, to retrieve boundary relation
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Rp;q(� ), relation Rp;0(� ) is retrieved, and the combinations describing the q-faces

are generated.

We retrieve co-boundary relation Rp;q(� ) of a p-simplex � through a traversal

of the star of � , (p = 0; 1; 2). In the casein which � is a manifold simplex, all

q-simplexesincident at � belong to the sameIQM component. Thus, the traversal

of the star of � is performedwithin the lower level data structure. When � is non-

manifold, the star of � is distributed among several components. Therefore, it is

necessaryto accessthe upper level data structure to retrieve all the components

incident at � .

Relation R0;h(v), h = 2; 3, in an h-dimensionalIQM component C is retrieved

by traversingthe star of v in C through relationsR �
0;h , Rh;h and Rh;0. The traversalis

performedby starting with h-simplex � = R�
0;h(v). The h-simplexes(h� 1)-adjacent

to � are found through Rh;h (� ), and those which are incident at v are found by

consideringRh;0 for such h-simplexes.The pseudocode is described in Algorithm 6.

This processis linear in the number of h-simplexesincident at v. If we want

to retrieve R0;q(v) in an h-dimensional IQM component with q < h, we perform

the sametraversal described above, but we collect as result the q-facesof the h-

simplexesfound in the retrieval. The time complexity is still linear in the number of

q-simplexesincident at v, sincethe number of h-simplexesin the star of v is linear

in the number of q-simplexesincident at v becauseof Euler' formula.

Next, we consider how to retrieve relation R0;q(v), 0 < q � h, for a non-

manifold vertex u. The star of u is the union of the stars of all its vertex copies.

The vertex copiesof u are retrieved from the upper level data structure. Relation
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Algorithm 6 Co-b oundary 0;h(C, v)
Require: v is a vertex in the h-dimensionalcomponent C

1: S  ;
2: �  R�

0;h(v)
3: Mark � as visited
4: S  S [ f � g
5: Enqueue(Q, � )
6: while not Empty(Q) do
7: �  Dequeue(Q)
8: for each 
 2 Rh;h (� ) do
9: if v 2 Rh;0(
 ) and 
 is not visited then

10: Mark 
 as visited
11: S  S [ f 
 g
12: Enqueue(Q, 
 )
13: end if
14: end for
15: end while

R0;q for each vertex copy is retrieved from the lower level data structure as though

the vertex copy u was a manifold vertex. Given an arbitrary vertex v in a given

component C of dimensionh, the bit-
ag indicates whether v is a vertex copy. If

it is, the referenceto the hyperarc representing the non-manifold vertex is retrieved

from the hash table Hv. From the hyperarc, we retrieve all the other copiesof

the samevertex, and then the q-simplexesincident at each such copy. Thus, all

R0;q(v) relations, where0 < q � h, can be retrieved in time linear in the number of

q-simplexesin the star of v.

We considerhow to retrieve co-boundary relation of type R1;q(e), 0 � q � h,

for an edgee. If e is a manifold edge, we consider a tetrahedron or triangle �

containing it. (Note that sincethe edgesarenot encoded in the DLD data structure

for the IQM component, we considerall edgesto be speci�ed through a top simplex

containing it.) For a 3-component, weretrieveall tetrahedra, or triangles,depending
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on whether q = 2 or 3, incident at e, by traversingthe star of e starting from � , and

retrieving all the other tetrahedra or triangles, by usingRh;h and Rh;0 relations. For

a 2-component, R1;2(e) is retrieved by simply consideringR2;2 of triangle � .

If e is a non-manifold edge,we get accessfrom the hyperarc describing it to

a top simplex in each component containing it. For each component, we repeat

the processdiscussedabove for the manifold edge. The time complexity of this

algorithm is linear in the number of q-simplexesincident at e.

Co-boundary relation R2;3(f ) for a triangle f is retrieved through the R3;3

relation of a tetrahedron that sharesf . Adjacency relations Rp;p (p = 0; 1; 2) are

retrievedasa combination of boundary and co-boundary relations,and arenot elab-

orated here. Their time complexity is linear in the number of p-simplexesproduced

as result of retrieval. Thus, all topological relations can be extracted in optimal

time from the DLD data structure.

6.3 Evaluation, Comparison and Discussion

In this Sectionwecomparethe NMIA and the DLD data structuresfor the rep-

resentation of 3D simplicial shapes. This comparisonis madein terms of: the types

of entities and topological relations encoded, the storagecost and the navigation

e�ciency of thesedata structures.
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6.3.1 ComparisonbetweenNMIA and DLD

In terms of the entities and relations encoded, the NMIA and the DLD data

structures are comparable. Both encode only verticesand top h-simplexesfor any

h � 3. The relations encoded by both data structures are of the following types:

adjacencyrelations Rh;h among top h-simplexes,incidencerelations Rh;0 of top h-

simplexes,partial co-boundary R�
0;h relationswhich captureselectedtop h-simplexes

in the star of a vertex, and partial co-boundary relationsR �
0;h which captureselected

top h-simplexesincident at a non-manifold edge.

In terms of scalability, both the NMIA and the DLD data structures are com-

parable to the EIA when the domain is manifold.

Also, both data structuressupport an e�cien t retrieval of topologicalrelations.

The retrieval algorithms for relationsRp;3, for p = 0; 1, aresub-optimal for the NMIA

data structure, but still linear in the number of top simplexesin the star of a vertex

for p = 0, or edgefor p = 1. A summary of the navigation e�ciency is shown in

Table 6.3.

Relations Boundary Co-boundary Adjacency
retrieved Rp;q(� ) Rp;q(� ) Rp;p(� )

NMIA Optimal R1;3 and R1;2: linear in R1;1: linear in top simplexes
top simplexesat � at 2 verticesof �
Others: Optimal Others: Optimal

DLD Optimal Optimal Optimal

Table 6.3: Navigation e�ciency of the NMIA and the DLD
data structures
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The primary di�erence betweenthe two data structures is that the DLD data

structure encodes the complex as an IQM decomposition, thus allowing the non-

manifold singularities to be explicitly addressable,while the NMIA encodes the

complexasa singlepiecewith non-manifoldsingularitiesdistributed insidethe com-

plex. The DLD belongsto the categoryof decomposition-baseddata structures.

6.3.2 Comparisonof the NMIA with 3D Instancesof IG and IS for

Non-manifold Simplicial 3-complexes

While the DLD and the NMIA data structuresarecomparablein their storage

costs, navigation e�ciency and scalability to manifold domain, they are designed

from two di�eren t approaches. Therefore, as we comparethem with existing data

structures, we needto comparethem basedon the approachestaken. Instantiated

from the IQM data structure (seeSection4.2.2)for abstract complexesto Euclidean

3-complexes,the DLD data structure is oneof a kind in the decomposition approach.

Outside of the decomposition approach, the only data structures that can de-

scribenon-manifoldsimplicial 3-complexesarethe NMIA, the IncidenceGraph (IG),

the Simpli�ed IncidenceGraph (SIG) (seeSection 5.2) and the IS data structure

(seeSection 5.3). In this Section, we comparethe NMIA data structure with the

IG and the IS data structure which is an improvement over the SIG.

Considera simplicial 3-complex. The NMIA data structure encodesonly the

top simplexesand the verticesof the complex. This is in contrast with the dimension

independent data structures, which encode all the simplexesin the complex. The
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relations encoded by the NMIA data structure and the dimensionindependent ones

are comparedin Table 6.4

Relations encoded Boundary Co-boundary Adjacency

NMIA Rh;0(� ): R�
0;h(v) (h = 1; 2; 3), Rh;h (� )

� : top simplex R�
1;3(e) and R�

1;2(e) � : top simplex

IG Rp;p� 1: 0 < p � d Rp;p+1 : 0 � p < d -

IS Rp;p� 1: 0 < p � d R�
p;p+1 : 0 � p < d -

Table 6.4: A summary of the top ological encoded by the NMIA,
the IG and the IS data structures

Table6.5(a)shows�v enon-manifolddata setswith mixed tetrahedra,dangling-

facesand wire-edges.The storagecost of the NMIA data structure and of 3D in-

stancesof the IG and of the IS data structure are comparedfor these3-complexes.

The NMIA is the most compact as it encodesonly top simplexesand vertices ex-

plicitly . The IG is at least three times asmuch as the NMIA becauseit encodesall

simplexesand a large number of incidencerelations. IS is more compact than the

IG becauseit only encodesa subsetof the incidencerelations encoded by the IG.

In terms of navigation e�ciency , the IG support the retrieval of all topological

relations at optimal time for 3-complexes(SeeSection5.4.2). The IS and the NMIA

are comparablein their support of the retrieval of topological relations. The IS is

able to support optimal retrieval of all relationsgiven an optimized implementation.

We also evaluate the storage costs of the various existing data structures

for manifold simplicial 3-complexes,namely, the CHF (see Section 4.1.3.3), the
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Data set n0 n1 n2 n3 nt
1 nt

2 Ce Cv � n0

Bucket 53 167 160 48 6 32 32 14
Wheel 402 2093 2728 1148 96 32 56 256

Balloon 1108 3913 3616 856 64 1632 0 160
Flasks 1301 6307 8465 3455 0 460 104 0
Teapot 4658 17.9k 17.0k 5666 2944 3930 144 5959

(a)

Data set NMIA IG IS

Bucket 591 2012 1105
Wheel 10.2k 33.9k 17.7k

Balloon 13.1k 44.2k 23.4k
Flasks 30.4k 104k 53.2k
Teapot 73.8k 219k 120k

(b)

Table 6.5: (a) Fiv e non-manifold 3D simplicial data sets; (b)
Storage cost of three non-manifold data structures for the data
sets in (a)

FE (seeSection4.1.3.1),and the specialization of the dimension-independent data

structures, namely, the EIA (seeSection 4.1.1.3) and the IG, along with our pro-

poseddimension-independent IS data structure. In the caseof manifold simplicial

3-complexes,the numbersof elements encoded in the data structures are evaluated

to be:

� NMIA: 8n3 + n0

� EIA: 8n3 + n0

� IG : 8n3 + 6n2 + 4n1

� IS : 4n3 + 5n2 + 3n1 + n0

� CHF: 8n3 + n2 + n1 + n0
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� FE: 4n3 + 12n2 + 2n1

In Table 6.6, we report an experimental comparisonof the storagecosts of

thesedata structures on the �v e data setsof manifold tetrahedral meshesshown in

Table 4.11. It can be observed that the NMIA and the EIA data structures are the

most compact representation, followed by the CHF. The IS data structure is in the

middle range in terms of storagecost. The data structure that encodes the most

amount of topological information is the FE.

Data set n0 n1 n2 n3

Rings 2.52k 13.2k 18.8k 8.13k
Basket 1.21k 6.43k 9.22k 4.00k

Cylinder 1.31k 7.79k 11.6k 5.16k
Gargoyle 2.73k 14.7k 22.0k 10.0k

Torus 2.29k 15.4k 24.0k 10.9k

(a)

Data set EIA/NMIA IG IS CHF FE

Rings 67.6k 231k 169k 99.6k 285k
Basket 33.2k 113k 82.6k 48.9k 139k

Cylinder 42.6k 142k 104k 62.1k 176k
Gargoyle 82.7k 271k 197k 119k 333k

Torus 89.2k 293k 212k 129k 362k

(b)

Table 6.6: (a) Fiv e manifold 3D simplicial data sets; (b) Storage
cost of six data structures for the data sets in (a)

6.4 Summary

In this Chapter, we addressedthe problem of the representation of 3D non-

manifold simplicial shapes. We speci�cally focusedon cost-e�cien t data structures
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for huge data sets. We have consideredtwo di�eren t approaches. In the �rst

approach, we consider models that are pre-domininantly 3D and manifold, with

small portion of lower dimensionalparts and non-manifoldconnectivities,which are

treated as singularities. The Non-manifold Indexed Data Structure with Adjacen-

cies(NMIA) is an optimized data structure that follows this �rst approach. After

the publication of our work on the NMIA [13, 14], it hasbeenobserved in the Solid

Modeling community that there is a keen interest on compact representations of

non-manifold 3D simplicial shapes. The development on such representations has

beenfollowed up by a research group in computer graphics.

In the secondapproach, we considera model as a collection of parts that are

uniformly dimensionaland nearly manifold, connectedat non-manifold joints. The

Double-Level Decomposition Data Structure (DLD) is a new paradigm of this ap-

proach. The two representations proposedfor thesetwo approachesare comparable

in terms of their storagecost and navigation e�ciency . They are also highly com-

pact because,in both data structures, the primary entities encoded are the vertices

and the top simplexes,and the topological relations encoded are thoseamongthese

encoded simplexes.This work hasbeenpublished in [47].

The conceptof representing a shape at two levelsmay alsobe usedin conjunc-

tion with other data structures such as the IS at the lower level. This direction can

betakenon further to build a hierarchical representation at two levelsof abstraction.

This is addressedin the next chapter.
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Chapter 7

Underst anding Non-manif old Shapes by

Decomposition

In this Chapter, we discussthe development from shape representation of

shape understanding. The genericapproach to non-manifold shape representation

is basedon the assumption that a 3D shape has a predominant dimensionand is

predominantly manifold. In fact, most data structures designedfor non-manifold

2-complexeswork under this assumption. Departing from this assumption,the de-

composition approach considersa 3D shape as a collection of topologically simpler

parts connectedtogether at non-manifold joints. This approach opens up a some

new issuesto be addressed.There is the pressingissueon what topological prop-

erties have practical signi�cance in semantics. The semantics of a shape associates

domain-speci�c knowledgeto the parts of the shape, and is thus context-dependent.

Topology and semantics are not issuesat the samelevel. To achieve both topologi-

cal signi�cance and semantical signi�cance, we proposeda two-level decomposition.

The lower level decomposition is purely topologicaland is basedon the property of

manifold-connectedness.The upper level decomposition integrates topological fea-
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tures with semantics. The components of the semantics-oriented decomposition are

uniformly dimensionalnearly-manifold parts. We alsoproposea decomposition for

describingthe connectivitiesamongcomponents in thesetwo decompositions. Then

we discusstwo collaborations we have on the application of non-manifold shape

decomposition to form feature identi�cation and shape understanding. Lastly we

describe a shape analysistool that hasbeenbuilt.

t 2t 1

1f
2f f 3

4
f

(a) (b)

Figure 7.1: Examples on the degree of connectivit y: (1) Tw o
tetrahedra that are 0-connected; (2) Four triangles that are
1-connected.

The topological complexity of a non-manifold shape can be characterizedby

dimensionalityandconnectivity . A shapeof uniform dimension(i.e., a regularshape)

is \dimensionally simpler" than a shape with mixed dimensions. We know that in

any regular h-complex, top simplexesare necessarilymanifold. In arbitrary non-

manifold h-dimensionalshapes,non-manifold situations only occur at simplexesof

dimensionsstrictly lower than h. Thus, the decomposition of a shape basedon

dimensionsyields a collection of regular parts that are simpler to understand. The

connectivity within a shape is measurableboth quantitativ ely and qualitativ ely. A

quantitativ e measurement of a non-manifold shape is its degree of connectivity . It

givesa direct measurement to the overall \thic kness"of the object. If an object is
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h-connected,it meansthat the path connectingany two simplexesin the object is

at least h-dimensional. Figures 7.1(a) and (b) give two examplesof the degreeof

connectivity. The degreeof connectivity of a mixed-dimensionalshapeis constrained

by the lowest dimensionality of the top simplexesin the shape.

Prop ert y 1 A manifold d-complex � is (d� 1)-connected. � is also a d-pseudo-

manifold embedded in E h.

Prop ert y 2 A regular h-complex� is at most (h � 1)-connected.

Prop ert y 3 If the lowest-dimensionaltop simplexin a complex� is h where h � d,

the complexis at most (h� 1)-connected.

These properties are illustrated in Figures 7.2(a)-(b). In Figure 7.2(a), the

lowest dimensional top simplex is a dangling face. Therefore, the 3-complexis at

most 1-connected.Figure 7.2(b) shows a regular complexthat is 1-connected.

f

t t 1

t 2

(a) (b)

Figure 7.2: Basic non-manifold prop erties: (a) A 3-complex �
that consists of tetrahedron t sharing an edge with dangling-
face f , whic h is the lowest-dimensional top simplex in � . Since
f is of dimension 2, � is at most 1-connected; (b) A regular
3-complex that consists of two tetrahedra t1 and t2 and is only
1-connected.
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Qualitativ ely, the \smoothness" of the shape is measurableby how closethe

shape is to manifold. As pointed out in [26], manifoldnessis not a su�cien t basis

for decomposition of any non-manifold complex of dimensionabove 2. In the fol-

lowing, we de�ne the notion of manifold-connectednessas a qualitativ e topological

description of smoothnessfor simplicial objects up to dimension3.

7.1 Manifold Connectedness

In this Section,we introduce the notion of manifold-connectedness,and then

examine some properties of manifold-connectedcomplexesembedded in the Eu-

clidean3D spaceE 3. Manifold-connectednessis closeto the notion of manifoldness.

Recall that a regular simplicial d-complex is one in which every top simplex

is d-dimensional. We considera regular simplicial d-complex � embedded in the

3D Euclidean space,where d = 1; 2; 3. In such a complex, a (d� 1)-simplex � is a

manifold simplex if and only if there are at most two d-simplexesin � incident in

� . We thus introducethe following de�nitions.

De�nition 1 An (h � 1)-path (i.e., a path formed by alternating h- and (h � 1)-

simplexes)suchthat every(h� 1)-simplexin the path is a manifold simplexis called

a manifold (h-1)-path.

De�nition 2 Two d-simplexesin a d-complex� are said to be manifold-connected

if and only if there existsa manifold (d� 1)-path connecting them.

De�nition 3 A regular simplicial d-complex� is a manifold-connectedcomplexif

and only if every pair of d-simplexesin � is manifold-connected.
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Figures 7.3(a) and (b) give two examplesof manifold-connected2-complexes.

Figures7.5(a) and (b) give two examplesof manifold-connected3-complexes.Both

examplesin Figures 7.4(a) and (b) are not manifold-connected.In the complex in

(a), the upper part is connectedto the lower part only through non-manifold edges.

In (b), the left and right parts are connectedonly through non-manifold vertices.

(a) (b)

Figure 7.3: Examples of simplicial manifold-connected 2-
complexes with (a) a non-manifold edge and (b) a non-manifold
vertex.

(a) (b)

Figure 7.4: Examples of simplicial 2-complexes that are not
manifold connected.
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(a) (b)

Figure 7.5: Examples of simplicial manifold-connected 3-
complexes with (a) a non-manifold edge and (b) a non-manifold
vertex.

A 1-dimensionalmanifold-connectedshapeconsistsof a linear or circular chain

of wire-edges.2-dimensionalmanifold-connectedshapesare composedof dangling

triangles (i.e., top 2-simplexes). There are two kinds of non-manifold situations

in a manifold-connected2-complex,namely, that at an edgeand that at a vertex.

The non-manifold situation at an edge occurs in the form of having more than

two dangling triangles sharing that edge. An exampleof a non-manifold edgein

a manifold-connected2-complex is shown in Figure 7.3(a). Here also, the non-

manifold situation at a vertex v consistsa combination of the following two cases:

the link of v (which is a 1-complexwithout isolated vertices) is disjoint, or a non-

manifold vertex exists in the link of v.

3-dimensionalmanifold-connectedshapes consist of tetrahedra. Sincethe 3-

complex is embedded in E 3, all the triangles are sharedby at most two tetrahe-

dra. The non-manifold situations occur at the vertices and at the edges. The

non-manifold edgeis characterizedby having more than one fan of tetrahedra in
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its star. The link of a non-manifold edgeis a set of disconnectedchains of edges.

An example of a non-manifold edgecreated by pinching a duster at its center is

shown in Figures7.5(a). The tetrahedra incident at non-manifold edge,e, are high-

lighted. The star of a non-manifold vertex consistsof tetrahedra only. The link of

a non-manifold vertex is a regular 2-complexconsistingof triangles. An exampleof

a non-manifold vertex on a pinched torus is shown in Figure 7.5(b).

In determiningwhat is a meaningfuldecomposition, the issuesto beconsidered

include theoretical signi�cance and practical cost e�ciency . A decomposition that

yields parts of homogenousdimension and with nearly manifold properties is an

optimal choice. The classof manifold-connectedh-complexesis of special interest

to us because:

� The star of each non-manifold simplex in � is formed by a �nite number

of manifold-connectedcomponents. When we consider manifold-connected

complexesembeddedin E 3, the only di�erence betweena manifold edgeand

a non-manifold edgelies in the number of components in their star, while the

only di�erence between a manifold vertex and a non-manifold vertex lies in

both the number of components and the presenceof non-manifold edgesin

their stars.

� Manifold-connectednessensuresthat the wholecomplexis traversablethrough

visiting all top h-simplexesand (h� 1)-simplexesonce. Sincethe number of

(h � 1)-simplexesis linearly proportional to the number of h-simplexes,the

traversal is a linear procedurewith respect to the number of top h-simplexes
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in the complex.

As a result, manifold-connectednessenablesthe design of compact, e�cien t and

conceptuallysimple representations.

7.2 The MC-Decomp osition 1

A simplicial 3-complex� embeddedin the three-dimensionalEuclideanspace

canbedecomposedinto manifold-connectedone-,two- and threedimensionalmanifold-

connectedcomplexes,called MC-components. A decomposition � of � is a collec-

tion of sub-complexesof �, such that the union of the components in � is �, and

any two components � 1 and � 2 in �, if they intersect, intersect at a collection of

non-manifoldverticesand edges.An MC-decomposition is constructively de�ned by

cutting complex� only and at all its non-manifold verticesand edges,and forming

components that satisfy the following property: two k-dimensional top simplexes

� 1 and � 2 belong to the samecomponent in the MC-decomposition if and only if

there exists a manifold (k� 1)-path that connects� 1 and � 2 in � (see[44] for more

details).

1Originally published in [45]. Reproduced with notice of ACM copyright: permission to make
digital or hard copiesof part or all of this work for personal or classroom use is granted without
fee provided that copiesare not made or distributed for pro�t or commercial advantage and that
copiesbear this notice and the full citation on the �rst page. Copyrights for components of this
work owned by others than ACM must be honoured. Abstracting with credit is permitted. To
copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior speci�c
permissionand/or a fee.
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(a) (b)

Figure 7.6: An example of the MC-decomp osition. (a) A hol-
low ball that is pinc hed at the top and has a circular wing,
the visible non-manifold edges are highligh ted; (b) Its MC-
decomp osition in to three manifold-connected comp onents.

7.2.1 An Algorithm for Computing an MC-decomposition

Our algorithm for computing the MC-decomposition of a simplicial 3-complex

� consists of extracting �rst the k-dimensional regular sub-complexesof � for

k = 1; 2; 3, and then computing the MC-decomposition of each such k-dimensional

regular sub-complex.To computethe MC-decomposition of a k-dimensionalregular

complex,we usethe property that any pair of manifold simplexesbelongingto the

samek-dimensional manifold-connectedcomponent (for k = 1; 2; 3) must be con-

nectedthrough a manifold (k� 1)-path. This meansthat every such component can

betraversedby following the manifold (k� 1)-pathsconnectingthe k-simplexesin the

component. The algorithm for computing the MC-decomposition of the simplicial

3-complex� thus consistsof the following steps:

1. Identify all non-manifoldedgesand verticesin � to ensurethat thesesimplexes

will not be visited in any traversal;
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2. For k = 1; 2; 3, extract the top k-simplexesfrom �, which form the k-dimensional

regular sub-complexesof �;

3. For each k-dimensionalregular sub-complex� k , perform the following traver-

sal that starts with some unvisited top k-simplex � 2 � k : �nd all other

unvisited top k-simplexesthat are reachable from � by alternately visiting

manifold (k � 1)-simplexesand their incident top k-simplexes.All visited top

k-simplexesbelongto the samek-dimensionalmanifold-connectedcomponent.

The traversalof � k is completewhen all top k-simplexeshave beenvisited.

4. Mark each non-manifoldsingularity, that is sharedby morethan onemanifold-

connectedcomponent, as a joint.

In our implementation of the algorithm above, we have used the Incidence

Simplicial (IS) data structure to encode complex � (seeSection5.3). The IS data

structure is a good choice for the MC-decomposition becauseof its easeof useas

well as compactness. Algorithm 7 describes how MC-decomposition is computed

from the IS representation of a simplicial complex�.

The manifold test of simplex 
 in line 12 is basedon the properties of non-

manifold singularities in 3D complexesas follows. If 
 is a triangle, it is always

manifold. If 
 is an edge, it is manifold if its partial co-boundary relation R �
1;2

consistsof either just one triangle, or two triangles that are top simplexes. If 


is a vertex, it is detected either as extreme vertices of non-manifold edges,or as

verticeswhosepartial co-boundary relations R �
0;1 consistof more than oneedge.By

using the IS data structure, the computation of the MC-decomposition requiresa
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Algorithm 7 MC-decomp osition( � )
1: comp 0
2: Initialize empty queueQ
3: for p = dim(�) down to 1 do
4: for each simplex � of dimensionp do
5: if � is top simplex and � is not labeled then
6: comp comp+ 1
7: label(� )  comp
8: Enqueue(Q, � )
9: while not Empty(Q) do

10: � = Dequeue(Q)
11: for each (p � 1)-simplex 
 in Rp;p� 1(� ) do
12: if 
 is manifold then
13: for each p-simplex � in R�

p� 1;p(
 ) do
14: if � is top simplex and � is not labeled then
15: label(� )  comp
16: Enqueue(Q, � )
17: end if
18: end for
19: end if
20: end for
21: end while
22: end if
23: end for
24: end for

time complexity that is linear in terms of the number of simplexesin the simplicial

complex�.

By examining the top h-simplexesincident at the (h � 1)-facesof each top

h-simplex � , all top h-simplexesthat are manifold-connectedare visited. Two top

h-simplexesof � carry the samelabel if and only if they are manifold-connected.

Therefore, the MC-decomposition computing by the traversal algorithm is unique.

The time complexity of this algorithm is linear with respect to the number of top

simplexesin the complex.
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Figure 7.7(a) shows the MC-decomposition of the object in Figure 7.6(a).

Observe that the non-manifoldedgeat the top of the shape is preserved in the MC-

decomposition. The example shown in Figure 7.7(b) is under-decomposed. The

example in Figure 7.7(c) is over-decomposed. Figure 7.7(d) shows the overly de-

composedpart in the decomposition of Figure 7.7(c).

(a) (b)

(c) (d)

Figure 7.7: (a) MC-decomp osition of 7.6(a); Both (b) and (c)
are not MC-decomp ositions of 7.6(a); (b) is under-decomp osed
while (c) is over-decomp osed; (d) a top-do wn view of the up-
permost comp onent of (c), showing that the connectivit y of the
triangles is brok en at the non-manifold edge at the top.
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7.3 The Semantics-Orien ted Decomp osition 2

In this Section,we discussa decomposition of a non-manifold 3D shape em-

beddedin the Euclidean 3D spaceinto composite topological shapes which are of

interest becauseof their richer semantics in several application scenarios.We limit

�rst the investigation of this decomposition to 2-complexesin which all triangles

are 1-connected,and to 3-complexesin which tetrahedral parts have oneconnected

boundary. (Thus, we excludesolids with holes in their interior.) In Section7.3.1,

we introduce thesecomposite shapes in a 2-complexand discusshow to compute

the semantics-oriented decomposition basedon theseshapes. Then, in Section7.3.3,

we show that 3-complexesembedded in the 3D Euclidean spaceare no harder to

decomposethan the 2-complexes.

7.3.1 Semantics-Oriented Decomposition of a Simplicial 2-Complex

We considerhere 1-connectedsimplicial 2-complexes. A semantics-oriented

decomposition is a decomposition of a simplicial 2-complexembeddedin the three-

dimensionalEuclideanspaceinto components informally de�ned as:

� Wir e-webs, which are maximal connectedcomponents formed only by top 1-

simplexes.An exampleis given in Figure 7.8(a).

2Originally published in [45]. Reproduced with notice of ACM copyright: permission to make
digital or hard copiesof part or all of this work for personal or classroom use is granted without
fee provided that copiesare not made or distributed for pro�t or commercial advantage and that
copiesbear this notice and the full citation on the �rst page. Copyrights for components of this
work owned by others than ACM must be honoured. Abstracting with credit is permitted. To
copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior speci�c
permissionand/or a fee.
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� shells: a shell C is any manifold-connected2-complexwithout boundary, such

that the three-dimensionalregionin the spaceenclosedby C is connected,i.e.,

any two points in the regioncan be joined by a curve which doesnot intersect

any simplex of �. In Figure 7.6(a), the part that enclosesa hollow volume is

an exampleof a shell.

� Sheets, which are maximal manifold-connected2-complexeswith boundary

that do not encloseany 3D region. Figure 7.8(b) shows an exampleof a sheet.
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(a) (b)

Figure 7.8: Examples of (a) a wire-w eb and (b) a sheet

Figure 7.9(a)showsthe semantics-oriented decomposition of the exampleshown

in Figure 7.6(b). The hollow pinched ball in Figure 7.6(b) is a shell and the circular

wing is a sheet. In the exampleof Figure 7.9(b), we have two shellsformed by two

hollow tori.

(a) (b)

Figure 7.9: Examples of the semantics-orien ted decomp osition
of: (a) a hollo w pinc hed ball with a circular wing; (b) two tori
that are connected at two edges.

We observe that a shell in a simplicial 2-complexis the union of 2-dimensional

manifold-connectedcomponents. In the exampleof Figure 7.6(b), the shell is formed

by the upper component and the lower component of its MC-decomposition, as
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shown in Figure 7.6(c).

7.3.2 Computing the Semantics-Oriented Decomposition for a 2-complex

In this Section,weshow how to computethe semantics-oriented decomposition

of a simplicial 2-complex� from its MC-decomposition (discussedin Section7.2).

We highlight the computation of shells. It is known that there is a unique way to

assignorientations consistently to all the shellsin a simplicial 2-complex� so that,

if a triangle appears in two shells, its orientations in the two shells are opposite

[28]. Thus, given the MC-decomposition of a simplicial 2-complex,we compute the

shells from the manifold-connected2-dimensionalcomponents by duplicating each

component and assigningopposite orientations to them. Then, we sewtogether the

parts whoseoriented boundariesmatch each other. Thus, the algorithm for �nding

the wire-webs,sheets,and shellsconsistsof the following steps:

1. Compute a wire-web as the union of all manifold-connectedone-dimensional

components which shareoneor more vertices.

2. Classifyany two-dimensionalmanifold-connectedcomponent in the MC-decomposition

that contains boundary edges(a boundary edgeis onethat belongsto exactly

one triangle) in � as a sheet (an example is the circular wing in the Figure

7.6(b)).

3. For the remaining 2-dimensionalcomponents in the MC-decomposition, each

component is duplicated and opposite orientations are assignedto each com-

ponent and its duplicate. Basedon the orientation of the boundaries,pieces
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belongingto the sameshell are matched.

We elaborate step 3 here. After the identi�cation of the sheets,the remaining

2-dimensionalcomponents are either without boundariesor boundedby edgesthat

are non-manifold. In the former case,each such component completely enclosesa

volume. In the latter case,the component may be part of an orientable surfacethat

enclosesa volume. Therefore,orientation is usedto stitch the components together.

To this end, each component is duplicated so that the original and its duplicate

are assignedopposite orientations, sinceeach component bounds two volumes,one

on each side. By the left-hand rule, the orientation of each copy of the component

inducesan order to edgeson its boundary (seeFigure 7.10(a) and (b)).

f

d

e

c

b

a

(a) (b)

Figure 7.10: (a) A 2D comp onent obtained from the MC-
decomp osition; (b) Tw o orderings of the boundary of the com-
ponent shown in (a), corresp onding to opp osite orien tations

Moreover, at any non-manifold edgee that is shared by orientable surfaces

bounding 3D volumes,the surfaceswith their assignedorientations may be ordered

radially at e (see Figure 7.11(a) and (b)). Two neighbouring surfacesthat are

adjacent in this orderingcanbestitchedtogetherat e. For examplethe neighbouring

surfaces ~A and ~B 0 are adjacent in the order around e and may thus be stitched
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together. After stitching, the resultant surface has the same orientation but it

has a new boundary (seeFigure 7.12(a) and (b)). Stitching terminates when no

more surfacesshare overlapping boundaries, at which point, those surfacesthat

have no boundary completely enclosevolumes. The outermost surfaceswhich form

the exterior of the complex are identi�able geometrically and are discarded. The

remainder is the set of shellsin the complex.

C

A' A

B'

BC'

e

A

BC

(a) (b)

Figure 7.11: (a) Three 2D comp onents, A; B and C, sharing a
non-manifold boundary e; (b) The six surfaces with orien tation,
~A; ~A0; ~B ; ~B 0; ~C and ~C0, corresp onding to A; B and C in (c) are
sortable around the non-manifold boundary e

Considerthe exampleof two overlappingspheressharinga commonsurfaceas

shown in Figure 7.13(a). The MC-decomposition of this shape yields three pieces

as shown in Figure 7.13(b). The components are duplicated and assignedunique

orientations. Each such surfacewith an orientation is shown in a di�eren t colour in

Figure 7.13(c). Stitching is performedon the surfacesand yield three setsof surfaces

without boundaries,of which, the outermost one is discarded. Note that the time

complexity of step 3 of this algorithm is linearly proportional to the total number
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Figure 7.12: (a) Tw o surfaces with orien tation, D and E, whose
boundaries may be stitc hed together along their common edges;
(b) The resultan t surface F of the stitc h has the same orien ta-
tion as D and E but it has a new boundary

of triangles at the non-manifold edgesof the component. This is becausestep 3 is

performedby tracing the boundariesof the components.

7.3.3 Semantics-Oriented Decomposition of a Simplicial 3-Complex

The semantics-oriented decomposition can be also extracted for any simpli-

cial 3-complexembeddedin the 3D Euclidean space.In this Section,we de�ne the

components in this decomposition for 3-complexesin which each tetrahedral com-

ponent has one connectedboundary. The components of the semantics-oridented

decomposition for the domain of a simplicial 3-complexare:

� Wir e-webs, which aremaximal connectedcomponents formedby top 1-simplexes.

� shells: a shell C is any manifold-connectedtriangles without boundary, such

that the three-dimensionalregionin the spaceenclosedby C is connected,i.e.,

any two points in the regioncan be joined by a curve which doesnot intersect
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(a) (b) (c)

(d) (e) (f )

Figure 7.13: (a) A 2-complex describing two spheres that over-
lap and share a common surface; (b) The MC-decomp osition
of the complex consisting of three 2D comp onents; (c) The
2D comp onents are duplicated so that the originals and the
duplicates have opp osite orien tations; (d)-(f ) three resultan t
surfaces that completely bound volumes, among whic h (d) and
(e) are shells, and (f ) is the exterior of the shape

251



any simplexof �. The triangles forming a shellmay be top simplexes,or faces

of tetrahedra.

� Sheets, which are maximal manifold-connectedtwo-dimensionalcomponents

with boundary that do not encloseany region.

� Solids, which are maximal manifold-connectedsubcomplexesformed by tetra-

hedra.

Figure 7.14(a)showsa half-�lled sphere.Its semantics-oriented decomposition

yields a solid that is the lower tetrahedralizedhemisphere,and a shell that is com-

posedof the dangling triangles and part of the surfaceof the solid, that together

enclosethe upper hollow hemisphere.

7.3.4 Computing the Semantics-Oriented Decomposition for a 3-complex

For each simplicial 3-complex�, there is a corresponding 2-complex� 0 which

consist of the wire-edgesand the dangling triangles of �, plus the set of triangles

that are on the 2D boundary of the tetrahedral components of �.

The complex � 0 can be obtained from � by replacing each tetrahedral com-

ponent t in � with its 2D boundary � t. We call � 0 the reduced complex. For

the example of the half-�lled sphereshown in 7.14(a), the reducedcomplex con-

sists of a spherewith an internal surfacepartitioning it into halves. Figure 7.14(b)

shows the boundary of the half-�lled spherewhich is addedto the remainderof the

MC-decomposition (c) to form the reducedcomplexshown in Figure 7.14(d). The
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(a) (b)

(c) (d)

Figure 7.14: Example of comp onents in the semantics-orien ted
decomp osition of a 3-complex: (a) A complex � with empt y
upp er hemisphere and solid lower hemisphere; (b) the solid
part of � is replaced by its 2D boundary , and it is added to
the remaining comp onent shown in (c); (d) All the parts of the
reduced complex � 0 of � .

semantics-oriented decomposition of the 3-complex � may be computed in three

steps:

1. Identify the set T = f t1; :::tkg of k tetrahedral components of � and extract

the set S = f � t1; :::; � tkg, where� t i is the 2D boundary of component tk in T.

2. Construct the complex� 0 as the union of the set S, and the set of wire-edges

and the dangling triangles of �.

3. Compute the semantics-oriented decomposition of the 2-complex� 0,

4. For each shell s in � 0, if s corresponds to the boundary of sometetrahedral
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component t in �, replaces by t.

The computation of the 2D boundaryof each tetrahedral component in � takes

time that is linear with respect to the number of tetrahedra in the component. Note

that the number of triangles on the 2D boundary of each tetrahedral component t is

of the sameorder as the number of tetrahedra in t itself. Thus, this algorithm has

the samecomplexity asthe computation of the semantics-oriented decomposition of

� 0.

7.4 The Decomp osition Graph 3

In this Section,we introduce a graph-basedrepresentation for both the MC-

and the semantics-oriented decompositions discussed,respectively, in Sections7.2

and 7.3. This representation capturesthe complexity of the connectivity amongthe

components and supports the extraction of interesting global topological featuresof

the decomposedcomplex.

Both the MC-decomposition and the semantics-oriented decomposition canbe

described as a hypergraph H = < N; A > , that we call the decomposition graph, in

which the nodesin N correspond to the components in the decomposition, while the

hyperarcsin A capture the structure of the connectivity both amongand within the

components. Hyperarcsthat are self-cyclesrepresent the non-manifold structure of

3Originally published in [45]. Reproduced with notice of ACM copyright: permission to make
digital or hard copiesof part or all of this work for personal or classroom use is granted without
fee provided that copiesare not made or distributed for pro�t or commercial advantage and that
copiesbear this notice and the full citation on the �rst page. Copyrights for components of this
work owned by others than ACM must be honoured. Abstracting with credit is permitted. To
copy otherwise, to republish, to post on servers or to redistribute to lists, requires prior speci�c
permissionand/or a fee.
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a singlecomponent. The hyperarcsthat connectdistinct components are de�ned as

follows. Any k components C1; C2; � � � ; Ck in the decomposition with k > 1 such that

the intersectionJ of all such components is a not empty, andJ is commononly to the

k components, de�nes oneor more hyperarcswith extremenodesin C1; C2; � � � ; Ck .

The intersectionof components C1; C2; � � � ; Ck consistsof isolatednon-manifoldver-

tices, maximal connected1-complexesformedby non-manifoldedges,or, only when

we considera semantics-oriented decomposition, maximal 1-connected2-complexes

formed by triangles. A hyperarc is a connectedcomponent of such intersection.

Thus, we classifyhyperarcsas follows:

� 0-hyperarcs,which consistonly of onenon-manifold vertex;

� 1-hyperarcs,which aremaximal connected1-complexesformedby non-manifold

edges;

� 2-hyperarcs,which are maximal 1-connected2-complexesformedby triangles.

A 2-hyperarc existsonly in the graph describingthe semantics-oriented decomposi-

tion and it may connectonly two nodes,becausea connectedset of triangles may

belong to at most two shells. Note that there may exist one or more hyperarcs

connecting the sameset of nodes. All hyperarcswhich connect the samecompo-

nents C1; C2; � � � ; Ck can be grouped into a macro-hyperarc, which thus de�nes the

structure of the intersectionof the k intersectingcomponents.

An exampleof a decomposition graph is shown in Figure 7.15. The semantics-

oriented decomposition of the object, shown in Figure 7.15(a),consistsof two shells,

C1 and C2. The connectivity betweenC1 and C2 is shown in Figures 7.15(b) and

255



(c). C1 and C2 share vertex v (shown in Figure 7.15(b)) and the four edgese1

to e4 (shown in Figure 7.15(c)). Thus, there are two hyperarcs: a 0-hyperarc de-

�ned by the standalonevertex v and a 1-hyperarc de�ned by the sequenceof edges

(e1; � � � ; e4). Figure 7.15(d) shows the hypergraphwith the macro-hyperarc (labeled

a) connectingcomponents C1 and C2. Note that the number of hyperarcsbetween

the two components is related to the number 1-cyclesin the object. In this case,

the two components form a 1-cycle.

1c 2c

(a)

v
(b)

e1

2e
e3

4e
(c)

e1
e2
e3
e4

1C 2C
v

(d)

1C 2Ca

(e)

Figure 7.15: An example showing the connectivit y between
two shells: (a) the semantics-orien ted decomp osition consists
of two shells C1 and C2; (b) connection at vertex v; (c) connec-
tion through a chain of four edges e1 to e4; (d) the hyp ergraph
showing two hyp erarcs whic h describ e vertex v and the chain
of edges e1; e2; e3; e4 connecting comp onents C1 and C2; (e) the
hyp ergraph at a higher level, showing the macro-h yp erarc a,
comp osed of the two hyp erarcs connecting C1 and C2.

Since a component C may contain non-manifold singularities, we represent

C in the decomposition graph with a node and with self-cyclescorresponding to

the non-manifold vertices and non-manifold edges.A 0-hyperarc corresponds to a

non-manifold vertex belonging to C, while a 1-hyperarc to a maximal connected

256



1-complexformed by non-manifold edgesall belongingto C. Figure 7.16(a) shows

an exampleof a non-manifoldvertex within a pinched torus. The pinched torus is a

manifold-connected2-complex.The graph describingthe non-manifoldconnectivity

of the shape is shown in Figure 7.16(b). Figure 7.16(c) shows an exampleof a non-

manifold edgewithin a pinched duster. The pinched duster is a manifold-connected

2-complex.
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v

C

(a) (b)

e

C

(c) (d)

Figure 7.16: (a) Example of a manifold-connected 2-complex
with a non-manifold vertex. The neigh borho od of the non-
manifold vertex v is highligh ted; (b) The graph describing the
non-manifold vertex in ternal to the complex; (c) An example
of a manifold-connected 2-complex with a non-manifold edge.
The four triangles inciden t at the non-manifold edge e are high-
ligh ted; (d) The graph describing the non-manifold vertex in-
ternal to the complex.
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7.5 Form Feature Iden ti�cation

The designof a product is constrainedto satisfy several requirements speci�ed

by the customer. In the designprocess,it is necessaryto conduct several analysis

from multiple perspectives in order to ensurethat all the requirements are met.

Qualitativ e attributes are generallyattached to the geometricframework to provide

such perspectives. On top of it, it is also instrumental to develop a feature-based

description of the model which o�ers a channel to associate functional information

to geometric data [10]. An example of such an application is shown in Figures

7.17(a)-(c).

It is commonfor the modelsto bedescribedassimplicial 2-complexes.Further-

more, in the processof abstraction, mixed dimensionality and non-manifoldconnec-

tivities may occur in the simpli�ed model. In collaboration with IMATI (Genova),

we investigated the possibility of using the decomposition of non-manifold objects

into parts connectedat non-manifold joints as a �rst step to feature identi�cation.

The parts in the decomposition can then be classi�ed into a prede�ned set of fea-

tures. One such categoryof feature-baseddescription is the form features in Finite

Element model. The components of a manifold shape can be classi�ed accordingto

a set of form featuresdocumented in the STEP (Standard for Exchangeof Product

Data, ISO 10303). The work [10] proposesa taxonomy of form features for non-

manifold objects, extending the STEP classi�cation. These features fall into two

categories: added parts and subtracted parts. The features, that add parts to a
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(a) (b)

(c) (d)

Figure 7.17: (a) A detailed geometric mo del of the door; (b) An
idealized mo del of the door with iden ti�able parts whic h may
be associated with features describing functional information;
(c) An association between the functional information and the
geometric description of the parts of the shape; (d) A part of
the mo del that is associated with the function of a door handle

shape, include protrusions, connectors, handlesand standalones. The features,that

subtract parts from a shape, include cavities and throughholes. Form featuresthat

substract parts from the object may be consideredasthe negationof thosethat add

parts to it. In the non-manifold taxonomy, a part is a 1-dimensional,2-dimensional

or 3-dimensionalconnectedand compactsubsetof the object that hasa meaningful

semantics in the application context. Theseparts are de�ned accordingto [10] as

follows:

Connector: is a k-dimensionalpart of object that, if removed, splits the object into
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two or more connectedm-dimensionalparts, wherem � k;

Handle: is a k-dimensionalpart of object that intersectsonly oneother m-dimensional

part, with m � k, in two or more connectedportions of their commonbound-

ary, and it is external to this other part;

Connector-handle:is a k-dimensionalpart of an object which intersectsat least two

other m-dimensionalparts, wherem � k, and whoseremoval doesnot break

the object into disconnectedelements;

Through hole: is a k-dimensionalpart of object that intersectsonly one other m-

dimensional part, with m � k, in two or more connectedportions of their

boundary, and is internal to this other part;

Protrusion: is a k-dimensional part of object that intersects only one other m-

dimensional part, with m � k, in one connectedportion of the boundary,

and is external to this other part;

Cavit y: is a k-dimensionalpart of object that intersectsonly oneother m-dimensional

part in one connectedportion of the boundary, and is internal to this other

part, with m � k;

Standalone: part of object that is not a feature of any other part and can be con-

sideredas independent.
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Figure 7.18: Non-manifold ob jects with iden ti�able form fea-
tures (part 1): Tw o views of a door with a lamina door-handle.
The door-handle is considered as a protrusion to the door,
whic h is a standalone ob ject

Figure 7.19: Non-manifold ob jects with iden ti�able form fea-
tures (part 2): Tw o views of a lock; The upp er part of the lock
forms a handle on the lower part.

Figure 7.18,Figure 7.19,and Figure 7.20give examplesto illustrate each non-

manifold form feature. Figure 7.18shows a door that is composedof two parts: the

door and the door-handle. The door-handleis a protrusion. The door is a standalone

component in the model. The lock modeledby a lamina attached to a block shown

in Figure 7.19 illustrates the handle feature. Figure 7.20(a) shows a compassthat

consistsof three parts: the base,the thin wire supporting the magnetizedneedle

and the magnetizedneedleitself. The thin wire is a connector. In Figure 7.20(b),

the bucket consistsof four parts. The wires of bucket are connector-handles.For
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(a) (b)

Figure 7.20: Non-manifold ob jects with iden ti�able form fea-
tures (part 3): (a) A compass in whic h the piv ot supp orting
the needle is a connector between the magnetized needle and
the base of the compass; (b) A bucket that is formed by four
mixed-dimensional comp onents.

visual clarity, weusemanifold objects in Figures7.21(a)-(b) to illustrate the features

of through holesand cavities. Figure 7.21(a) illustrate a mug with a cavit y and a

through hole. Figure 7.21 (b) shows the volumesthat are subtracted to form the

cavit y and the through hole of the mug.

We consider here only the form features formed by addition. The identi�-

cation of form featuresrequires the availabilit y of multiple sourcesof information

on the shape. Geometric information include the sizeand relative position of the

parts. Topologicalinformation includesdimensionof the parts, and the connectivity

amongthem. Protrusions, connectorsand handlesare local featuresthat canbe de-

termined basedon the connectivity betweenadjacent parts, while connector-handles

are global featureswhoseidenti�cation require an examination of the whole model.

We investigatehow the semantics-oriented decomposition (seeSection7.3) can be

usedas a starting point to extract the topological information.

In the next two Sections,we discussthe use of the semantics-oriented de-
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(a) (b)

Figure 7.21: Manifold ob jects with iden ti�able local form fea-
tures: (a) A mug with a cavit y and a through hole; (b) The
volumes that are substracted from the mug to form the cavit y
and the through hole shown in (a)

composition for identifying local form features; then we discusscertain interesting

properties of the decomposition graph that open up the door to further research on

the global structure of the non-manifold shape.

7.5.1 An Interpretation of Semantics-Oriented Decomposition

In the semantics-oriented decomposition of a simplicial 2-complex, we can

considerthe shellsas implicit representations of solids (even though in somecases

they really only represent holes) and consider them as three-dimensionalcompo-

nents. Sheetsare consideredas two-dimensional compoents while wire-webs are

one-dimensional. These components are directly obtainable from the semantics-

oriented decomposition. Basedon the component dimension, a hierarchy may be

createdamong the components such that the component with the lower simplicial

dimension is potentially consideredto be a feature of the one with the sameor a

higher dimension. In the casewhere two components are of the samedimension,
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there is a tie that cannot be resolved without geometricinformation such asthe size

of the two.

(a) (b)

(c) (d)

a1 a2 wiredish base

(e)

Figure 7.22: (a) An antenna mo del in whic h the base is a shell,
the dish is a sheet and the antenna is a wire-w eb; (b) The
base; (c) The dish; (d) The wire; (e) The graph describing the
connectivit y among the three parts: arc a1 represen ts the set
of non-manifold edges connecting the dish and the base, while
arc a1 represen ts the non-manifold vertex shared by the base
and the wire.

In addition to dimension,the graph describingthe semantics-oriented decom-

position o�ers information about connectivity amongthe components. Seefor exam-

ple the antennamodel shown in Figures7.22(a)-(d). The graphof the decomposition
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of the antenna describesthe connectivity amongits three parts (seeFigure 7.22(e)).

Combining the properties in the decomposition graph with information on

the dimensionsof the components, we are able to identify properties that have

correspondencewith form features. Let p and q be nodes in the decomposition

graph. We know that:

1. if p is an end node and it has lower dimension than its neighbouring node,

then p is a protrusion;

2. if p is an articulation node which doesnot belongto any cycleand hasa lower

dimensionthan oneof its neighbour, then p is a connector;

3. if two nodes,p and q form a simple cycle, and q hasa higher dimensionthan

q, then p is a handle.

For example,the wire component in the graph of Figure 7.22(e)is classi�ed as

a protrusion to the dish component. Figures7.23(a)-(b) describe a compassand its

decomposition graph. Component B (the wire) is a connectorbetweencomponents

A and B becauseit is an articulation node, not part of any cycle,and its dimension

is lower than thoseof its neighbours. Figures7.24(a)-(c)describe the decomposition

graphof the lock model shown in Figure 7.19. Component A (the lamina) is a handle

to component B (the block) becausethe two components form a simple cycle and

A hasa lower dimensionthan B.
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u

Figure 7.23: (a) A compass describ ed by comp onent A (a mag-
netized needle) connected to comp onent B (a wire) at vertex u,
and comp onent B is set on comp onent C (the base) at vertex
v; (b) The graph describing the connectivit y of the compass

A

B

e1 e2

A

B
e1

e2

Figure 7.24: (a) A lock describ ed by comp onent A (a lamina)
connected to comp onent B (a blo ck); (b) The two non-manifold
edges e1 and e2 connecting comp onents A and B; (c) The graph
describing the connectivit y of the lock

7.5.2 Further Observations on the Decomposition Graph

In this Section, we make further observations on the decomposition graph

which are pointers to future research. The cycles in the graph are formed by a

circular list of alternating nodesand arcs. They describe both local and global fea-

tures of the shape. There are three typesof cyclesthat re
ect interesting structural

propertiesin the shape: cyclesof overlappingjoints, self-cyclesand multi-component

simple cycles, which we elaborate below.
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Figure 7.25: Example of a cycle of overlapping join ts in the
decomp osition graph: (a) Non-manifold vertex v whic h is a
hyp erarc shared by comp onents A; B ; C and D, is part of the
non-manifold edge e shared by A; B and C; (b) Non-manifold
edge e shared by comp onents A; B and C is part of the surface
f shared by A and B.

Cyclesof overlapping joints When multiple components are connectedwith over-

lapping joints, this is re
ected in the decomposition graph as simple cyclesof the

form < C1; a1; C2; a2; C1 > , where C1 and C2 are components and the hyperarc a1

represents a joint that is a subsetof that of a2. An example is shown in Figures

7.25a)-(b). In this example,the non-manifold edge,e is sharedby components A,

B and C while oneof its extremevertices,v, is sharedby components A; B ; C and

D. The simple cyclessuch as < A; v; B ; e;A > , wherev is a subsetof e, re
ect the

local feature at the vicinit y of non-manifold edgee and non-manifold vertex v.

Self-cycles Self-cyclesare cyclesthat consist of just one component and one arc.

They correspond to non-manifold folding within a component, which can be clas-

si�ed into the internal caseand the external case. Internal folding applies only to

shells. In the internal case,the 3D spacethat is consideredthe interior of the shell

is continous in the neighbourhood of the non-manifold singularity. The folding is
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external otherwise. External folding contributes to the formation of handlesinside

the component. Two examplesof folding is shown in Figures 7.26(a) and (b). Fig-

ures7.26(c) and (d) shows the 3D spacein the neighbourhood of the non-manifold

verticesin the examplesof (a) and (b).

(a) (b)

(c) (d)

Figure 7.26: Non-manifold folding: (a) A pinc hed ball (in ter-
nal folding); (b) A pinc hed torus (external folding); (c) the
contin uous 3D space in the neigh bourho od of the non-manifold
vertex in (a) indicating an in ternal folding; (d) two disjoin t 3D
spaces in the neigh bourho od of the non-manifold vertex in (b)
indicating an external folding

Multi-component simple cycles Certain simple cycles in the graph, that do not

correspond to overlapping joints and self-cycles,correspond to someloops in the

object. An example is shown in Figures 7.27(a)-(b), in which the decomposition

graph (b) of the bucket model (a) describesa loop in the model. This is, by far, the

269



most interestingproperty of the decomposition graph which makesit a possiblenon-

manifold correspondenceto the reeb graph representation for the manifold shape.

It remainsan open questionat this stagehow all such cyclescan be identi�ed.

B

C D

A

C D

B

A
(a) (b)

Figure 7.27: An example of multi-comp onent cycle: (a) A
bucket with four comp onents; (b) The graph of the semantics-
orien ted decomp osition of (a).

7.6 Web-based shape retriev al using top ological character-

istics as the ontology

In recent years,largenumber of multimedia data aregeneratedfrom industrial,

research and personalsources.This createsthe needfor thesedata to be organized

in an intelligent way, that enablesthe retrieval of thesedata usingdi�eren t typesof

information descriptors.To createan intelligent databaserequiresstrong integration

of knowledgemanagement technologies.A �rst step to this integration involvesan

ontology of shapes, that represents a collection of conceptsdescribing the shapes
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and the relationshipsamongtheseconcepts.

The understandingof a shapehasbeena challengingproblemfor a while. Pre-

vious approacheshave generally taken on the directions of machine learning based

on statistical analysisof geometricdata. Someapproachesalsooverlap with pyscho-

logical studies. The common ground sharedby many researchers is that a shape

understanding is multifacetal. A shape can be described at three levels: geomet-

ric, structual and conceptual. Geometrically, a shape is described as a collection of

elementary cells, such as triangles, edgesand vertices, which captures the bound-

ariesof the volume encapsuledby the shape. A structural representation is a more

concisedescription of a shape in which geometricdetails are abstracted and only

important featuresremain. Thus, it is a suitable basisfor semantic annotation and

reasoning. Examplesof structural representations are skeleton-baseddescriptions,

or part-baseddecompositions.

The availabilit y of geometric and topological information is instrumental to

the construction of the conceptual model of a shape. In particular, a structural

representations guided by topological information (such as the semantics-oriented

decomposition proposedin Section7.3) is essential for inferring semantic properties.

To this aim, the Common Shape Ontology has beenproposed[3] as the �rst step

to shape understanding. In collaboration with DISI-Genova, we proposeda system

basedon this ontology, that is capableof exploring, organizing and understanding

digital representations [21]. The development of this work has been published in

[22, 66] In the following, we describe this proposedBeSmartsystem. We alsoreport

a tool that we have built for the topological component of this system.
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7.6.1 be-SMART (BEyond Shape Modeling for understAnding Real

world representations)

Be-SMART (BEyond Shape Modeling for understAnding Realworld represen-

tations) [22, 66] is a Java-basedsystem,designedfor geometric-topological inspec-

tion and semantic annotation and structuring of 3D shapes. The two purposesof

be-SMART are to extract quantitativ ely replicable information about featuresand

regionsof interest, and and to provide an intuitiv e interfacefor reasoningon digital

models, which thereby enablesthe generation of ontology-driven metadata about

an object. This is achieved by (i) extracting (automatically) geometricand topo-

logical information from the model and by maintaining them using ontology-driven

metadata; by (ii) segmenting the model (both manually and/or automatically) us-

ing editing technologiesand context-dependent segmentation techniquesand by (iii)

structuring and idealizing (automatically) the shape in order to createa structural

multi-level representation of the model guided by the associated semantic. The

systemcan be coupledwith a semantic web portal, which provides metadata man-

agement and interaction functionalities. Be-SMART consistsof the following �v e

modules:

1. Geometry and Topology Analyzer (GTA) : it analysesthe input shape model

and extracts geometrical/topological information which is maintained in the

enriched shape model and as instancevaluesof a given ontology.

2. Topological Decomposer (TD) : starting from the information extracted by the

GTA module, this module producesa graph-basedrepresentation (decompo-
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sition graph) of the shape model into nearly manifold components.

3. Manual Segmentation module (MS): This module o�ers both simple and ad-

vancedediting functionalities allowing a user to selectportions of the model.

The segmentation is maintained in the decomposition graph.

4. Automatic Segmentation module (AS): This module o�ers the possibility of

applying automatic segmentation algorithms for decomposing the manifold

components into meaningful parts (according to context-dependent criteria).

The segmentation is maintained in the decomposition graph.

5. Semantic Annotator (SA): This module o�ers the possibility of associating

speci�c metadata valuesto speci�c portions of the decomposedmodel accord-

ing to pre-loadedontologies. Basically, it associates metadata with nodesof

the decomposition graph which describe the decomposedmodel.

Geometry and Topology
Analyzer (GTA)

Topological Decomposer
(TD)

Segmentation (MS)
Manual

Segmentation (AS)
Automatic

decomposition graph

Figure 7.28: The general architecture of be-SMAR T, with its
�v e constituen t mo dules. The GT A mo dule exchanges infor-
mation with all the other mo dules. Both the GT A and the TD
mo dules are application-indep endent. The other mo dules are
context-dep endent
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The interactionsamongthe modulesin the be-SMART architecture areshown

in Figure 7.28. We contribute to the be-SMART system primarily in the de�ni-

tion and the construction of the Geometry and Topology Analyzer (GTA) module.

The Geometry and Topology Analyzer (GTA) addressesthe problem of extract-

ing topological characteristicsfrom non-manifold 3D shapesdescribed as simplicial

2-complexescontaining parts of di�eren t dimensions.

(a) (b) (c) (d) (e)

Figure 7.29: Non-manifold features handled by the GT A: (a)
A spider-w eb on a windo w; (b) a blo ck that touc hes a plane at
two straigh t-lines; (c) a cone touc hing a plane at a single poin t;
(d) an ob ject that encloses one void, that is it has a shell, and
contains two 1-cycles, whic h de�ne the handle; (e) an ob ject
with two shells, each of whic h is the in terior of a cub e.

As we have discussedin Chapter 3, the basiccharacteristicsof a non-manifold

shape that arerelevant to topologicalanalysisare: non-manifoldsingularities,which

can be non-manifold isolated points, or non-manifold curves(seethe two examples

in Figure 7.29(b) and (c)). Additionally , asmentioned in Chapter 7, a non-manifold

shape may be described as parts with certain dimensionand degreeof connectiv-

it y. Such parts include: wire-webs (seeFigure 7.29(a)); connectedcomponents of

the shape; and maximal connectedcomponents which do not contain non-manifold

isolatedpoints (such asthe objects in Figure 7.29(d) and (e)). Note that the object
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in Figure 7.29(c) is formed by two of such parts (the coneand the planar surface).

Thesecharacteristicscan be expressesas the following quantitativ e features:

1. non-manifold isolated vertices and non-manifold edges,which correspond to

the non-manifold singularities of the shape;

2. wire-edges;

3. connectedcomponents;

4. wire-webs(seetheir de�nition in Section7.3.1)which describethe 1-dimensional

parts of a shape (seethe web in Fig. 2(a))

5. 1-connectedcomponents. Note that a 1-connectedcomponent is a component

in which, for every pair of triangles, there existsa path composedof triangles

and edgessuch that any edgein the path belongsto the boundary of the two

triangles precedingand following it in the path.

In addition, a topological signature for a non-manifold shape can be de�ned on the

numbersof its non-manifold singularities (isolated points and curves), the numbers

of di�eren t components listed above, and on its Betti numbers, � 0, � 1 and � 2, which

are the number of connectedcomponents, the number of 1-cyclesand shellsin the

shape, respectively [1]. The Betti numbersare related through the Euler-Poincare's

formula: V � E + F = � 0 � � 1 + � 2, whereV, E and F denotethe number of the

vertices,edgesand triangles, respectively. The list of properties to be extracted by

the GTA module and the corresponding metadata described in the CommonShape

Ontology is shown in Table 7.1.
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Information extracted NonManifoldMeshmetadata
by the GTA

# triangles hasNumberOfCell

# vertices hasNumberOfVertice

# edges hasNumberOfEdge

# wire-edges hasNumberOfWireEdges

# non-manifold vertices hasNumberOfNonManifoldIsolatedVertex

# non-manifold edges hasNumberOfNonManifoldEdge

# connectedcomponents hasNumberOfConnectedSimplexes-OfDim1
madeof wire-edges

# connectedcomponents hasNumberOfConnectedSimplexes-OfDim2
madeof triangles

� 0 (number of connected hasNumberOfConnectedComponents
components)

# 1-connectedcomponents hasNumberOf1ConnectedComponents

� 1 hasNumberOf1Cycles

� 2 (number of shells) hasNumberOf2Cycles

Table 7.1: Corresp ondence between prop erties extracted by
the GT A mo dule and the metadata describ ed in the Common
Shape Ontology for the concept of non-manifold mesh (Non-
ManifoldMesh)

To ful�ll the objective of the GTA module we developed a topological anal-

ysis tool, that we called TopMesh, for the extraction of topological properties. We

describe TopMeshin the following Section.
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7.7 TopMesh: A Tool for Topological Analysis of Non-manifold

Shapes

Simplicial meshesarethe most commonrepresentation for 3D digital shapesin

a variety of application domains. A 3D shape is most commonlydescribedthrough a

discretization of its boundary into a simplicial meshconsistingof triangles, bounded

by edgesand vertices, and by wire-edges,which are edgesthat do not bound any

triangle. Here, in collaboration with May Huang, we addressthe problem of ex-

tracting topological characteristics from non-manifold 3D shapes containing parts

of di�eren t dimensionsand discretizedassimplicial meshes.While there exist tools

to extract geometricand topological information from manifold shapes, much less

work exists on extracting such information from non-manifold ones. An example

of a tool for extracting such information from manifold shapes is provided by the

TriMeshInfo tool currently usedin the Shape repository of AIM@SHAPE to extract

shape metadata only for manifold shapes. Thus, we have developed algorithms for

extracting non-manifold singularities, parts of a 3D shape with di�eren t degreesof

connectivity, and with di�eren t dimensionsfrom a discretization of the shape as a

simplicial 2-complexembeddedin the three-dimensionalEuclideanspace.

All the algorithms have beenimplemented into a tool for topological analysis

of non-manifoldmeshes,calledTopMesh, that we areapplying to generatemetadata

for the shapes in the AIM@SHAPE shape repository [2]. TopMeshis basedon a

representation of the underlying simplicial meshas a Triangle-Segment (TS) data

structure (seeSection 4.1.2.2). Recall that the TS data structure is a topological

277



data structure that encodes triangles, wire-edgesand vertices, along with the fol-

lowing set of topological relations: boundary R2;0 relation for triangles, boundary

R1;0 relation for wire-edges,partial co-boundary R �
0;1 and R�

0;2 relations for vertices,

partial adjacencyR�
2;2 relation for triangles. The encoding of this set of topological

information is su�cien t to enablee�cien t navigation in the complex. TopMeshex-

tracts the topologicalcharacteristicsof the shape, in the form of metadata speci�ed

in the CommonShape Ontology (seeTable 7.1 in Section7.6.1), and computesthe

semantics-oriented decomposition of the shape (seeSection7.3). Such information

obtainedfor the shapeprovidesa topologicalsignaturefor the shapeusefulfor shape

retrieval.

In the following, we discusshow to extract the metadata enlisted in Table 7.1

from a simplicial 2-complexencoded in the TS data structure. The computation

of the numbers of triangles, vertices, edgesis trivial and is not described. The

identi�cation of non-manifold isolated vertices,non-manifold edgesand wire-edges

is described in Section 7.7.1. The computations of component-based metadata,

namely, the connectedcomponents madeof wire-edges(i.e., wire-webs), connected

components madeof triangles,1-connectedcomponents and the Betti numbers� 0; � 1

and � 2 are described in Section 7.7.2. The computation of the semantics-oriented

decomposition of a simplicial 2-complexhasbeendescribed in Section7.3and is not

repeated here. A detailed description of the TS data structure is found in Section

4.1.2.2.
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7.7.1 Computing Non-manifold Singularities, Wire-Edgesand Betti

Numbers

Wire-edgesare explicitly encoded in the TS data structure. A non-manifold

isolatedvertex v is a vertex such that its link hasmore than oneconnectedcompo-

nent. This can be identi�ed in the TS data structure by consideringthe relations

R�
0;2 and R�

0;0 relations at each vertex v. Thus, vertex v is not consideredto be

non-manifold isolated if only oneof thesetwo relations is empty, and

� if the R�
0;2(v) relation is not empty, and it consistsonly one triangle;

� if the R�
0;0(v) relation is not empty, and it consistsof either one or two wire-

edges

A non-manifold edgee can be detectedby consideringa triangle t incident at

e and checking whether t hasa predecessorand successorin the R �
2;2 relation of t at

e, which are di�eren t.

TopMeshextracts shellsand sheetsand thus computesthe semantics-oriented

decomposition of the shape (see algorithm in Section 7.3.2). There is a one-to-

one correspondencebetween a shell and a 2-cycle in a simplicial 2-complex. The

value of � 2 is thus equal to the number of shells found in the semantics-oriented

decomposition. � 0 is the number of connectedcomponents (seeSection7.7.2). � 1 is

the number of 1-cycles,and � 1 can be computed through Euler-Poincare'sformula

given also the numbersof triangles, verticesand edgesin the simplicial complex.
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7.7.2 Extracting Components of Various Connectivity

TopMeshcomputes: connectedcomponents, connectedcomponents made of

triangles, connectedcomponents madeof wire-edges,1-connectedcomponents. The

TopMesh also computes the semantics-oriented decomposition of the shape, and

thereby computesthe Betti numbers of the shape. Here, we �rst describe how the

Betti numbers can be computed. Then we describe how various components are

found.

While non-manifoldverticesand edgesaredetectedlocally by examiningtheir

stars through the R�
0;2, R�

0;0 and R�
2;2 relations, detecting parts with certain connec-

tivit y properties require a traversal of the simplicial complex. We describe below

how we perform this task as a breadth-�rst traversal in the TS data structure by

using a queueas an auxiliary data structure.

7.7.2.1 Extracting ConnectedComponents

The traversal of each connectedcomponents starts at an arbitrary unvisited

vertex v in the complex, and visits all triangles, or wire-edgeincident in v. These

are all triangles in the R�
0;2 relation at v and all the wire-edgesin the R�

0;0 relation

at v. Then, we considerall the verticeswhich are bounding such triangles and wire-

edges,and if not visited, we insert them in a queue.The verticesboundinga triangle

t are obtained through the R2;0(t) relation, while those bounding a wire-edgeare

retrieved through the R1;0 relation. The traversal continuesby extracting the �rst

vertex in the queueand consideringit ascurrent vertex v. A connectedcomponent

280



is completelytraversedwhenthe queueis empty. By repeating this traversalprocess

till no unvisited vertex left in the complex,weretrieveall the connectedcomponents.

7.7.2.2 Extracting ConnectedComponents of Uniform Dimensions

Wire-websare still connectedcomponents but formed only of wire-edges.To

detect such components, we just perform a similar traversal as the one described

above for the connectedcomponents, but at each vertex v, we consideronly the

wire-edgesincident in it, de�ned by the R�
0;0 relation at v. Similarly, connected

components madesolely of triangles can be traversedin the samefashionwith the

exclusionof wire-edges.

7.7.2.3 Extracting 1-connectedComponents

The 1-connectedcomponents canbecomputedby consideringthe regularcom-

plex � 0 obtained from the original simplicial 2-complex� by eliminating the wire-

webs.

The 1-connectedcomponents can be extracted from the TS data structure as

follows. We considereach connectedcomponent of � separately. We start from

an arbitrary triangle t of a given connectedcomponent of �. For each e of t, we

extract all the triangles incident at edgee from the TS data structure as follows.

Let edgee = (u; v), and t1 be the �rst triangle after t in the counter-clockwise

direction by the right-hand-rule with the thumb pointing in the direction of v ! u.

We retrieve t1 from relation R�
2;2 of (t; e) and examinethe order of the vertices as
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they areencoded in relation R2;0 of t1. If the order of verticesu and v is v ! u then,

we retrieve the �rst triangle in the counter-clockwise direction in the relation R �
2;2

of (t1; e). Otherwise, we retrieve the �rst triangle in the clockwise direction. The

processis repeated for every triangle retrieved at edgee until we hit t again. We

visit all the triangles incident at e and we insert them in a queue.Then, we extract

the �rst triangle from the queueand we repeat the traversal from such triangle.

A 1-connectedcomponent is completely traversedwhen the queue is empty. By

repeating this traversal processtill no unvisited triangle is left in the complex, we

retrieve all the 1-connectedcomponents.

7.7.3 TopMeshas a Web Service

It has been mentioned in Section 7.6.1 that shape reasoningrelies on the

availabilit y of geometricand topological information about a shape in the form of

metadata. TopMeshhas been, in collaboration with May Huang, into a C library.

It is available as a web servicefor AIM@Shape Network of Excellence[2], for the

extraction of metadata described in the Common Shape Ontology shown in Table

7.1. Figure 7.30shows the metadata extracted on a non-manifold data set.

7.8 Summary

In this Chapter, we discussednon-manifold shape decomposition as the �rst

step to the understandingof non-manifold shapes. We proposeda two-level decom-
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NonManifoldMesh metadata

hasNumberOfCell = 10616

hasNumberOfVertice = 5269

hasNumberOfEdge = 15876

hasNumberOfWireEdges= 0

hasNumberOfNonManifoldIsolatedVertex = 0

hasNumberOfNonManifoldEdge = 56

hasNumberOfConnectedSimplexes-OfDim1= 0

hasNumberOfConnectedSimplexes-OfDim2= 1

hasNumberOfConnectedComponents = 1

hasNumberOf1ConnectedComponents = 0

hasNumberOf1Cycles= 0

hasNumberOf2Cycles= 8

(a) (b)

Figure 7.30: (a) An armc hair mo del; (b) Metadata rep orted by
TopMesh on the data set
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position, in which we �rst decomposea non-manifold shape basedon its manifold-

connectedness,then we computethe semantics-oriented decomposition which yields

parts of the form: wire-webs,sheets,shellsand solids. The semantics-oriented de-

composition hasbeenconsideredasa �rst stepto non-manifoldshapeanalysis. This

decomposition approach has beenproposedin [45, 18]. Two collaborations started

basedon this work. They arethe identi�cation of non-manifoldform features,which

is at its preliminary stageof development, and the development of the BeSmartsys-

tem, as discussedin [21, 22, 66]. In conjunction with May Huang, we developed a

non-manifold shape analysistool, TopMesh, which is now available asa web service

at the AIM@SHAPE project.

The decomposition-basedgraph representation of non-manifold shape opens

door to research on shape understanding,and hasreceived interest from both Shape

Modeling and CAD Engineeringcommunities.
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Chapter 8

Conclusion

In this work, we have consideredthe problem of representing and understand-

ing 3D shapes. We have focusedon the simplicial representations of such shapes.

We have surveyed the �eld and identi�ed the areasthat are lacking and are in de-

mand. Theseareasare in the modeling of shapeswith parts of mixed dimensions

and non-manifold connectivites.

The lack of representations for non-manifold3D simplicial shapesis dueto the

lack of understandingon the nature of non-manifoldnessin such shapes. Therefore,

in this work, we addressthis lack by providing a characterization of non-manifold

properties. Through this characterization, it is possibleto designnew data struc-

tures and to designoperators that support shape modi�cation on such data struc-

tures.

Weproposedfour data structuresfor two di�eren t typesof applicational needs.

The Non-manifold Indexed data structure with Adjacencies(NMIA) is a highly

compactdata structure for 3D non-manifoldshapes. It is suitable for solid modeling

applications that handle huge volume of data. Research on this direction has been

picked up by the Solid Modeling community sincethe proposalof the NMIA, which
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highlighted the technique of capturing non-manifold singularities in a 3D simplicial

complex.

It has beenobserved that many modeling tools require data structures that

are more compact than the existing ones,but have the capacity to associate at-

tributes to all simplexesin the complex. The Simpli�ed Incidence Graph (SIG)

and the IncidenceSimplicial (IS) data structure are designedfor such applicational

needs.Both data structures are for simplicial 3-complexeswith mixed dimensional

parts. Thesetwo data structures have smaller storagecost comparedwith the only

existing data structure, the IncidenceGraph (IG), for such shapes. Thesetwo data

structure e�cien t support for topological navigation and shape modi�cation. We

have successfullyemployed the SIG with the elementary shape modi�cation opera-

tor, vertex-pair contraction, in the construction of a multi-resolution model called

the Non-manifold Multi-T esselation.

The design of the Double-Level Decomposition (DLD) data structure is a

bridge from shape representation to shape analysis through the technique of de-

composition. The DLD data structure represents a shape both at the resolution of

cells and the resolution of nearly manifold components. The DLD data structure

provides a structural description of a non-manifold shape, which opens a door to

shape analysis.

We proposed a two-level decomposition of non-manifold shape. The lower

level decomposition, that we called the MC-decomposition, breaksa shape uniquely

into manifold-connectedcomponents. The upper level decomposition, that wecalled

the semantics-oriented decomposition, breaksa shape into wire-webs,sheets,shells
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(and pseudomanifoldsolid in the caseof 3-complexes). The semantics-oriented

decomposition is computableuniquely from the MC-decomposition. We proposeda

hyper-graph that capturesthe connectivitiesamongthe various components of the

decomposition of a non-manifold shape. This hyper-graph representation opened

up a new frontier to non-manifold shape understanding. We collaborated with two

Solid Modeling communities to developtechniquesand tools for non-manifoldshape

analysis.

8.1 Poin ters for Future Research

We have shown that shape decomposition is a basic tool for shape reasoning.

An exampleof its useis provided by reasoningon CAD modelsbasedon the identi-

�cation of structural features. Oneof the characteristicsof such modelsis that they

often describe shapeswith a complexnon-manifold topology. This is especially true

when a CAD-generatedshape undergoesa so-calledidealization processto prepare

it for �nite element simulation. The non-manifold connectivities in the model can

be employed asthe signatureof the model. The abilit y to identify and capture non-

manifold properties in a shape is thus instrumental to shape characterization. One

example is given in Figures 8.1(a)-(c). Figure 8.1(a) shows a surfacewith a com-

plex supporting structure, and Figure 8.1(b) shows the framework of non-manifold

connectionsin the model of (a), which can be consideredas the shape signature of

Figure 8.1(a).
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(a) (b)

Figure 8.1: Use of non-manifold features: (a) An idealized
represen tation of a surface with supp orting structure; (b) the
non-manifold edges describing the framew ork of the supp orting
structure

Moreover, we foreseethat non-manifold shape analysiscan be integrated with

manifold shape analysis techniques such as the reeb graph to provide a complete

description of shapesin general.An exampleis shown in Figures8.2(a)-(e). Figure

8.2(a)showsan object that hasthree tori. The top and the middle tori areconnected

alonga cycleof edges,and thusthe two tori form onemanifold part (shown in Figure

8.2(b)). The middle torus touches the bottom torus at vertex v (shown in Figure

8.2(c)). The analysisof this shape may �rst be done�rst basedon the non-manifold

properties, thus giving the structural description shown in Figure 8.2(d). Then

each component is then analyzedindividually using the reebgraph and the overall

structural description of the shape is shown in Figure 8.2(e).

Global topological characteristics,such as the betti numbers � 0, � 1 and � 2 in
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Euler's Formula have geometric interpretations for manifold shapes. Investigation

is neededon how these numbers are geometrically interpretable when applied to

non-manifold shapes.

Shape modi�cation is often a related problem to shape representation because

most applicationsneednot only a static representation of shapes,but alsothe abilit y

to operation on them. With the development of shape analysis,it will be necessary

to addresshow to update shapesat the structural level. The literature on this area

is lacking. It is particularly interesting to understand how a local modi�cation in

shape may a�ect the global structure of the shape.

Modi�cation on a simplicial shape can be built on elementary operators such

asvertex pair contraction if a representation capturesonly the topology at the level

of simplexes. However, when a representation also captures the topology at the

level of components (such as the DLD data structure), shape modi�cation involves

not only local updates, but also structural updates that results from local change.

Structural update is a global operation and is thus costly. One possiblesolution to

keeptrack of globalstructure while performing local changesis to assumethat global

changesoccur lessfrequently than the local ones. Basedon such an assumption,

the structural representation is recomputed periodically after a sequenceof local

updates. An exampleis represent a shape using the NMIA as the underlying data

structure for local update, and to construct the DLD data structure when it is

necessaryto accessthe structural information of the shape.
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(a) (b) (c)

A

v

B

v

B

A

(d) (e)

Figure 8.2: The in tegration of manifold and non-manifold tech-
nique on the structural description of a shape
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