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Chapter 1: |l ntroduction

The past decade has seen growing attention in designing and developing
cognitive assessments that tap into andrdoemed by cognitive processes that
students engage in during learning or-teking (Ercikan & Pellegrino, 2017). The
advent of computer technology and availability of rich data have concurrently
brought forth opportunities for a range of approachesddeling response and
response process data that hold promise for building a holistic understanding of the
processes that tetstkers engage in and strategies they use as they interact with the
assessment tasks and #adting environment. Cognitive diagsttcc models (CDMs)
configure assessment tasks as functions of component skills and relate their features
to skills required for performing them through ax@trix (Leighton & Gierl, 2007,
Mislevy, 2018; Nichols, Chipman, & Brennan, 1995; Rupp, Templin,eastn,
2010).Latest advances in cognitive diagnostic modeling have seeémtégeation of
the response process data in the modeling of responses for cognitive di@ljaosis
Liao, & Zhan, 2019; Zhan, Jiao, Liao, 2018ahis joint modeling approach,
however haslargely beenlimited to response time (RTgataonly, although other
relevantdatasourcescan potentially inform ability estimation andkiagnosisof
student s& ma sskils angattribites of interes®ne retcemteexamplef
integrating response process data other than RT is the integratinsvedr changes
(ACs) datain cognitive diagnosisodeling an approachalidatedby an empirical
dataanalysig(Jiao, Ding, & Yin, 2020). The model, however, does not address local
dependenes incurred by testlets. Testlets are widely used units of test construction

in educational assessmefus assessingkills and competencies across domains.
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Motivated by these developments, this dissertation research proposes to expand on
current model®f responses and response time (RT) by incorporating answer changes
(ACs) as an additional supplemental data for tebtsed cognitive diagnostic

assessments.

1.1 Statement of the Problem

CDMs are process models for assessment tasks that closely leetigenb
knowledge, patterns, and rules people use when responding to the tasks (Kane &
Mislevy, 2017). CDMs structure assessment tasks around selected attributes or skill
sets sampled from a narrowdiefined domain of interest and model item responses as
functions of an assembly of required skills, based upon which prowess
interpretations and inferences are drawn regarding what examinees can or cannot do
and are often at a finer grain size compared to summary statements. As psychometric
models, specit CDMs are multivariate discrete latent variable models which assume
a theory of cognitive processes for the responses to the items. Examples include the
deterministic inputs, noisy fAando gate (DI
Macready & Dayta , 1977), the deterministic noisy f
Henson, 2006; Templin, 2016) and the linear logistic model (LLM; Hagenaars, 1993).
CDMs are widely used in learning and assessment applications, particularly in
formative assessments to underdtanst udent sé mastery or nonma
and strategies of interest (e.g., Deonovic, Chopade, Yudelson, de la Torre, & van
Davier, 2019; Leighton & Gierl, 2007; Rupp et 2010).
Advances in cognitive diagnostic modeling have seen a joint imgdel

approach integrating response and response process data from cdrapeter



assessments of student learning (&al, 2019; Zharet al, 2018a). This approach
extends van der Lindends (2007) hierarchic
accuracyd incorporate RTs in the modeling of response data for cognitive diagnosis.
Compared to stardlone CDMs such as the DINA model, the joint modetesh

responseand RTs improves attribute level and attribute profile level classification

accuracy and yids more accurate and precise estimates of model parameters (Zhan

et al, 2018a).

Response processes are the thought process, strategies, and behaviors of the
examinees as they interact with assessment tasks (Ercikan & Pellegrino, 2017). In
computerbasedassessments, data on examinee response processes can be collected
through response logs which document examinee interaction with stimulus materials
and indicate which task elements are used and manipulated. Examples of response
process data include RT valer Linden, 2006, 2009), answer changes (A€31,J
De Boeck, & van der Linden, 2017; Liu, Bridgeman, Gu, Xu, & Kong, 2015;

Sinharay & Johnson, 2016; van der Linden &n]e2012), eydracking (Cho, Brown
Schmidt, Naveiras, & De Boeck, 2020; Oranje, @pdia, & Kerr, 2017; van Gog &
Sheiter, 2010), and hint requests (Bolsinova, Deonovic, Attali, & Maris, 2020). RT as
a widely used response process data ratbedlengths of time an examinee spends

on an item or particular aspects of the item.-Egekng data, as another example,
include traces of performance and thinking and points of gaze on the computer screen
(Man & Harring, 2019)ACs areanother type of response process datap#tierns,

and outcomes of which are closely associated witkhdksts ability level (Liu,

Bridgeman, Gu, Xu, & Kong, 2015As such, response process data can provide



Il nformation about examineesd engagement
which examinees utilize resources and information related to test items.

With the use of computer technology and digital devices becoming
ubiquitous, rich response process data become readily available. The modeling of
response process data is emerging and can be integrated with standard item response
models. To date, howevegsponse modeling incorporating process data other than
RT is limited. The joihmodeling approach proposed by Zhan e{2018a) and Jiao
et al (2019) illustrates the use of RT to improve parameter estimation and
classification accuracy in CDMs. As disssed byliao et al(2019), the effects of
integrating response process data in the modeling of responses for cognitive diagnosis
can be evident whemtest is not ideally designed for cognitive diagnosis and can
potentially improve model parameter estiion.A recent development in the joint
modeling of response and response process data is the integration of ACs as an
additional process data the modeling of response and RT for cognitive diagnosis,
an approach which is validated agalyses of empial data(Jiao, Ding, & Yin,
2020). The joint model of response, RT, and ACs proposed in this study, however,
does not address local dependencies incurred by testlets. -bastet assessments
are widelyused in educational assessments for assessing ahil competencies at
various levels and across domains. Studies have shown that models incorrectly
assuming local item independence can result in biased parameter estimates (Yen,
1993). Considering thishis dissertation research proposes to extendthe |

modeling of response amdsponse process ddita cognitive diagnosis by tagrating
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both RT andACs asprocess datto specifically accountor thetestlet desigmand

examinetheir effects on model fit and parameter estimation.

1.2 Purpose of th&tudy

This dissertation study proposes an extension of the joint model of response
and RT for cognitive diagnosis (Jiao et 2019; Zhan et aP018a) by incorporating
another type of response process data, ACs, as an additional data source-in testlet
based cognitive diagnostic assessments. Its primary purpose is to identify whether the
inclusion of ACs can improve classification accuracy at the attribute and attribute
profile level, model fit, and parameter estimation compared to the joint model of
respnse and RT only.

ACs, also called erasures or response revisions, refer to the fact that
examinees, after making an initial decision, subsequently revisit the decision and
revert to an alternative option as their best choice (Jeon, Deboeck, &nandien,

2017). Patterns and outcomes of ACs are associated with examinee ability, with high
performing examinees making more wrong to right changes and attaining greater
score gains from making them compared to-fmewforming examinees (e.g., Jeon et

al., 2017, Liu et al, 2015 Milia, 2007).ACs directly contribute to changes

response patternghe inclusion of ACs as an additional response process data for
cognitive diagnostic assessments timag/result in improved estimation of examinee
ability and diagosis of skills and strategies specified in the assessment blueprint.

This dissertation study additionally exansriee effects of ignoring
dependency of response and RT on model performance and parameter estimation

testletbased cognitive diagnostic assessments. Testlets are units of test construction



that aggregate a group of test items arouodmamonstimulus(Wainer & Kiely,
1987). The use of testlets in educational assessments is a common practice and is
likely to induce local response dependence, with responses to groups of items
embedded within the same context. In jonmodels of response and RT, testlet design
can additionally induce dependency among RT, resulting in local RT dependence. As
fitting standad IRT models to testlet responses can produce overestimation of
measurement precision, and biased estimation of item parameters, this dissertation
research proposes to investigate how the exclusion of testlet effects in joint models of
responses, RTs, aiCs in testletbased cognitive diagnostic assessments affieets
performance of the proposguint modekin comparison wittalternative comparison
models andhe estimation of model parameters.

This researclzonductsa simulation study to investigatieet effects of
including ACs in addition to RTs and of accounting for local response and RT
dependence on model performance and parameter estimates in the joint model of
responses, RTs, and ACs in teshated cognitive diagnostic assessméhts.
manipulaes three factors identified as likely contributing to systematic variation in
parameter estimates: sample size, correlation between speed and ability, and testlet
effect size. These factors simul#ite conditionsin thereal world educational tests
that ikely vary by the magnitude of the testlet effects and by the time constraints
identified as likely contributing to different levels of correlation between speed and
ability (van de Linden, 2009).

The simulation study in this dissertation research ideguby the following

research questions:



1. How does the proposed joint model of response, RT, and ACs for-teessied
cognitive diagnostic assessment perform comparéessttetbasedoint model of
response and Rih terms of model fit, attribute andtabute profile classification
accuracy, and parameter estimates?

2. How do the factors manipulatéa this study, i.e., correlation between speed and
ability, testlet effects size, and sample size, affect comparisons of the joint model
of response, RT, anlICs for testletbased cognitive diagnostic assessnagrt
testletbasedoint model of response and RT?

3. How does the proposed joint model of response, RT, and ACs aicapiant
testlet effects perform comparedthe alternative model ignoring theséfeds in
terms ofmodel fit, attribute and attribute profile classification accuracy, and
parameter estiman?

4. How do the factors manipulaté@uthis studyj.e., thecorrelation between speed
and ability,the magnitude of theestlet effects, anthe samplesize affect
comparisos of the joint model of response, RT, and ACs accounting for testlet
effects andhejoint model of respons®T, andACsignoring testlet effects?

To evaluate and validate the proposed joint model, this research coanluct
analysis of an empirical dataset consisting of the response, RT, and ACs of
examinees foa standardized largecalemathematics assessmehhe empirical data
analyses are guided by research questions 3 to identify thtthegtmodel, based
upan which parameter estimates, mixing proportions, and attribute padierns

summarized.



1.3 Significance of the Study

As noted earlier in this chapter, capacities for response and response process
data collection have significantly expanded as compgatdémology becomes
increasingly integrated into learning and assessment practices, and celnageter
assessments have become the norm rather than the exception. Through the use of
response logs and other data collection techniques, rich process dada Richeye
tracking data, ACs, and examineesd use of
promoting considerations of new approacteasiodelingand integrating different
types of process data. Response modeling incorporating process data otherithan RT
emerging and yet is very limited. Methodologically, a modeling approach integrating
response data and different types of process data for cognitive diagnosis can generate
i mproved parameter estimates and diagnosi s
skills and strategies assessed by the educational tests compared to existing models
that only consider response and RT. To this end, this dissertation study as an
extension of the joint model of responses and RT by Jiao (@04/9) and Zhan et al
(2018a) o incorporate a second type of process data, ACs, for cognitive diagnosis
will likely serve as a modelingpproacho incorporating multiple response process
data in the modeling of responses for cognitive diagnosis, with possible extensions to
accommodatether types of response process data and psychometric models other
than CDMs.

Moreover, the proposed joint model distinguishes from existing models by
explicitly accounting for testlet effects likely resulting from groups of items nested

within the same&ontent area and sharing the same stimulus and examines the effects



of fitting standard joint models of response and response process data on model
performance and parameter estimation in tebtstd cognitive diagnostic
assessmentsa n der LOO7hhdemmchical mgdeling framework assumes

independence of response given ability and of RT given speed, and independence

bet ween response and RTs girgabtypthee x ami nees o

assumption of local independence of response and RiInakely to be tenable given
the prevalent use of testlets as units of test construction in educational assessments.
As such, by explicitly accounting for testlets effects in tesideted cognitive
diagnostic assessments and examining their effects aimdelated conditions that
resemble real world scenarios, the proposed model will likely demonstrate how the
inclusion of testlet parameters will yield improved model fit, parameter estimates, and
classification accuracy at the attribute and attributeilprizivel.

Finally, as stated in the Standards for Educational and Psychological Testing

(American Educational Research Association, American Psychological Association,

& Nati onal Counci l on Measurement i n Educa

degreeo which evidence and theory support the interpretations of test scores for the
proposed use of tesfThe process of validation involves accumulating relevant
evidence to propose a sound scientific
as citel in Kane & Mislevy, 2017). Advances in the use of computer technology for
educational assessments expand evidence accumulation as going beyond traditional
summary scores indicating overall achievement in a specific domain to encompass
evidence garnereddm supplemental data such as RT and log files.-§iamed

i nferences regarding examineesd use of

bas

c
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CDMs modeling tasks as functions of component skills and abilities can be
supplementeavith additional responsgrocess data to support both trait
interpretations and processodel interpretations of the meaning of test scores (Kane
& Mislevy, 2017). In this regard, integrating additional process data in the modeling
of responses in testlbased diagnostic assesamis a step forward in extending

validation of score meaning with supplemental response process data.

1.4 Overview of the Chapters

This chapter describes recent advances in educational assessments and
psychometric modelinthatmotivate this research studyd states the purposes of
this research and its significance. The following chapters are organized as follows.
Chapter 2 is a coprehensive review of current approaches to cognitive diagnostic
modeling and the modeling of testlet effects, RT, and ACs, and distinct frameworks
for modeling speed and accuracy. This chapter additionally introduces the model
estimation method to be uskdthis research: fundamentals of Bayesian inference,
the Monta Carlo simulation method, and diagnostics for assessing model
convergence. Chapter 3 proposes the joint model, describing its formulation and
parameterization, and the design of a simulatiodysto investigate the impact of the
manipulated factors on model performance and parameter estimates, and concludes
with a description of an empirical study designed to evaluate and validate the
proposed model. Results of the simulation study and emipitata analyses are
presented in Chapters 4. This dissertation concludes with Chapter 5 discussing the
results of the simulation study and empirical data analyses and addressing limitations

of this research.
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ChaptLart eZ:ature Review

This chapter reviews approaches and methodsoigmitive diagnostic
modeling and for modeling oRT, testletsandAC patternswhich lays the
foundation for the proposedodeling approachn Chapter 3. The firdhreesections
review cognitive diagnostimodelstestlet modelsand RT modelsyith emphasis on
the DINA mode] the GDINA model the testlet response model (Wain@radlow,
& Wang,2007) and van der Lindeno6.3hefo@ta06) | ognor
section reviewshe methods for jointly modéalg responses arlRTs The last section
presents Bayesian MCMC method farameter estimation ¢iie proposed model

and the rationale for employing this method.

2.1 Cognitive Diagnostic Modeling

Cognitive diagnostic modelaJsoknown asdiagnostic classification models
restricted latent class modessructured located latent class modetanultiple
classification latent class modglgereoriginally a collectionof models of within
person production system to betwgmrson measurememodels characterized by
coarseigrained attributes (Mislevy, 2018; Nichol, Chipman, & Brennan, 1995).
Persons and tasks are described in terms of attributes, i.e., clusters or properties of
knowledge and rules comprising a production systenk functionssuch as identity,
logit, or logarithmicdeterminghepr obabi | ity distributions fo
performance on a task given the person and task waitlesespect tdhe attributes

(Mislevy, 2018).
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1.1.1 Latent Class Analysis

Specifically, latentlassanalysis (LCA) conditions response probabilities
upon an unobserved latent categorical variable known as class membership
(Macready & Dayton, 1977). This model is based upon three assumplions:
response probabilities are clesgsecific and clasdependet) b) local independence,
l.e., observed responses are independent given their class membersbjglassks
are mutually exclusive and exhaustive (von Davier & Lee, 2019). Mathematically,

probabilities of response patterns in LCA are given as:

LW 0 “ p - P

where® andw are the observed responss,is the response to item*“ is the

probability of a correct response to itéfor examinees in clags andv is the

mixing proportian, i.e.,the proportion of examinees in classThe joint probability

of a particular response pattern is thus given as the product of the probability of a
correct response and of an incorrect response across all items, assuming independence
of item respases given class membership. This is weighted by the mixing proportion

0 of a given latent class and summed across all latent classes, giving the marginal
likelihood of observed response patterns. An unrestricted LCA model of responses to

i items genertas 2 response patterns or latent classes, withrixing proportions

and 2 item parameters to be estimated.

1.1.2 The DINA Model

The deterministic inputs, noi sy fAando ¢

restricted latent class model (Macready & Daytb977), and is considered the

12



foundation of several cognitive diagnostic models (Junker & Sijtsma, 2001). This

model identifies latent response variables as

d
whergl  indicates whether examinepossesses attribukeandQjx indicates
whether attributd is required for task or itef Specific attributes required for
correctly responding to an item is fixegh@ori by aJx K Q-matrix where thd rows
are items an& columns are attributes théduet items are designed to measure
(Embreston, 1984; Tatsuoka, 1995). In this matrixgitie element yields a value of
1 when a correct response to jtieitem requires mastery of thth attribute;

otherwise ittakes on a valuef zero.The notation, indicates whether examime

has all the attributes required for itgnTatsuoka (1995) defines the latent vectdrs

= (U1, Uz, é k) asknowledge statesind the vectors , h M A as

representing a deterministic prediction

knowledge state.

The temResponsé-unctionfor a given item igpresentedsfollows:
L plhHhQ p i Q &
wherei 0 & T, pandQ O0&® p, T . Item parameter$

andg;, mnemonically termed slipping and guessing probabilities, are false negative

and false positive rates for detectingfrom noisy observationX; (Junker &

Sijtsma, 2001)., as a binary function of binary inputs yields a value of 1 if and

only i f all the inputs are 1s and funct.i
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deterministic input . Assuming local independence, the joirtlmability of all

responses is:

c8
1.13 The GDINA Model
Based upon the DINA model, the[NA (generalized deterministic inputs,
noisyil a n d 0) mgdeltise saturated model with more relaxed assumptions
postulated to relate several CDMs with different formulations (de la Torre, 2011; de

la Torre & Minchen, 2019). Assuming’ attributes are required to correctly respond
to itemj, the G-DINA model classifies examinees im;oz latent groups, whene*

B 1 denotes the number of attributes required for jteamd “ denotes the

reduced attribute vector the elements of which are required foy.it€wr two given
attribute vectors * and»” , », ©» _if and only if> 4 g0 g i.€., areduced
vector subsuming another reduced vector will have more ones. -CHBl/&model

estimateg; " number of parameters for itgnand is thus a generalization of the more
restricted DINA model.
Three link functions used in specifying modfgs cognitive diagnosis are

identiy, logit, andlogarithmic (de la Torre, 2011). Regardless of the link functions,

all models in their saturated forms result in an estimatian ohumber of
parameters for iterpand provide identical modelata fit. The GDINA model using

the identity link expresses the response probability giveas:

14



()]
In thisexpressioni, is the intercepfor itemj, representing the probability of a
correct response in the absence of mastery of none of the required attribistéhe
main effect of and indicates a change in the probability attributable to mastery of
| is a firstorder interaction effect ¢f and| , denoting the change in
probability due to the mastery of both and| . This effect is above and beyond the
main effectsof and .7 g :is the integ&aidi gn effect o
representing the change in probability as a result of mastery of all required attributes,
This effect is above and beyond the main effects of the required attributes and the
lower-order interaction effects.

The general CDM model using the logit linkeiguivalent to the loginear

CDM (Hagenaars, 1993; Henson & Templin, 2019) and is expressed as follows:

1T QED  _ _ - 18 _ g-

CH

Similarly, using the Ig link, the response probability giver is expressed as:

z z z z

1 og” I + L8 F g

&
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Notwithstanding similar formulations in the three general CDMsn#tere of the

effects described by these models is diffe(datla Torre, 2011)G-DINA and logit

CDM describes the additive effect of attribute mastery on the probability and logit of
the probability of success, whereas in the log CDM the effextigplicative. De la
Torre(2011)notes the importance of noting this distinction as different link functions

result in different reduced models even as the same set of constraints are imposed.

1.1.4 Summary and Discussion

LCA was developed as probabtic models for classifying examinees with
respect to mastery of specific concepts or skills (Macready & Dayton, 1977). The
within-class model of LCA assumes independence of responses, which can be
violatedin assessment situations whégst structureaninduce highly related
responsesas in estletbased assessmelfsge section 2.2 for a detailed discussion of
testlet modeling). The other drawback of LCA isfliéxibility in accounting for
dependene betweerbservedrariablesby increasing the numbef latent classes,
which can result in the model overfitting the observed dependencies and a substantial
increase in thaumber of parameters to be estimated (von Davier & Lee,)2019

The DINA model is a commonly used CDM based upon whichdnaéned
inferences about cognitive information of the items and attribute profiles can be
drawnto inform classroom instruction and learniagdis appropriate to use when
assessment tasks require the conjunctive use of several equally important attributes,
and wha lackng one required attribute is the same as lacking all required attributes
(de la Torre, 2008]e le Torre & Douglas, 2008Kupp et al 2010). This modisl

restrictive ancgparsimonious as only two parametexslipping parameteanda
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guessing paranter, are required for estimating each iteds described earlier in this
section, an integral component of the DINA model is th@&rix, which describes
how items are related to attributes. Fit analysis in the DINA model assumes that the
Q-matrix iscorrectly specifiedModel fit analysis without verification of the
completemessand accuracy of the-@atrix can only be incomplete and partial (de la
Torre, 2008). Furthegs a norcompensatory model which specifies that the lack of
one or more of thettibutes required for correctly responding to an item cannot be
compensated for by the presence of angtherDINA model assumes the attribute
vectors in the same group to have the same probability of correctly resptmttieg
items, which may not alays be true. Attribute vectors in the same group may have
varyinglevel of deficiency with regard to the required attributes, hence their
probabilities ofproducinga correct response may not be identical (de la Torre, 2011).
Additionally, the DINA model vas found to be affected by identifiability issues, with
one empirical study showingnbt being ableo identify all attribute patterns
(DeCarlo, 2011), and other studies showing that model identifiability requires the use
of singleloadeditems that onlyneasures one attribute (DeCarlo, 2011; Fang, Liu, &
Ying, 2017).

As a generalization of the DINA model, theBBNA model extends the
flexibility and usefulness of cognitive diagnostic modeling by allowing the fitting of
different reduced models withouecessitatingstimaion of the parameters from the
original response data (de la Torre, 2011). Parameter estinatiseveral saturated
models and a special class of reduced mamieiuse the more efficient maximum

likelihood estiméion (MMLE), which is faster than the Markov chain Monte Carlo
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(MCMC) algorthm.The model 6s fl exi bility becomes us
specify the reduced CDMspiori as they can still obtain parameter estimates based
on the final model specification. Additionsttengthsinclude the possibility of using
several CDMs simultaneously to construct a test, and of empirically verifying
researchersé hypothesis regarding the wunde
items. This framework, however, cannot be used whamstraints need toe set
across items, as it allows for reduced models to be estimated one item at a time. The
otherdr awb ac k i maximunelikefihoatiestimatisn method whicis not
applicable to parameter estimatesreduced models that do nmlong to the special
class of reduced models (de la Torre, 2011).
In the joint model of response, RT, and ACs in tedibeted assessments for
cognitive diagnosigroposed in this research studye DINA model is th&€DM
chosen to fit the response dafs described above, the DINA model is a
parsimonious CDM specifying two parameters for every i@ahis thus more
interpretable and tractable compared to other ClEWamplesof the goplicationof
the DINA model can be found Macready and Dayton (1977), Junker and Sijstma
(2001) and de la Torre and Douglas (20@iyen the prevalent use of testlets in
educational assessmeatsd dependence of responses likely resulting from this, the
DINA modd can be extended to specifically account for local response dependence.
The next section reviewseasurement models specifically addressing local item

dependence induced by testlet
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2.2 Testlet Modeling

A testlet alsoknown asan tem cluster oitem bundle, is a unit of test
construction that aggregates a group of items around k& siogtent are@WVainer &
Kiely, 1987) Testlets are typically characterized by a predetermined and fixed
number of pathghat an examinee can takeerarchical, liear, or a combination of
both. Compared tetandaloneitems, testlett ever age testsd capabili
efficiently addressing problems such as contextual effects, item ordering, and content
balancing (Wainer & Kiely, 1987; Wainer & Lewis, 199Theuseof testlets as
testing unitgs likely to inducelocal item dependence, as responses to a group of
itemsembeddedvithin the same context are likely to be more highly related are
thus aviolation of the assumption of conditional independe(@i¢ for standardtem
response theory (IRThodels(Yen, 1993) Fitting standard IRT models to testlet
responses induces overestimation of measurement precision and biased estimation of
item difficulty and discrimination parameters, resultingnaccurate inferences about

the parameters (Wainer & Wang, 2000; Yen, 3993

2.21 The Bayesian Random Effects Model for Testlets

Testlet models are developed primarily to account for the nesting of items
within the same testlets and dependence of item responses as incurred by a common
stimulus.Jiaq Wang, and He (2013) summarizes multiple perspectives on testlet
modeling as indicative of how testlet effects are conceptualized. Essentially viewing
the lack ofCl as a form ofuinidimensionaproficiency model misfit, Bradlow,

Wainer, and Wang (1999) proposed the Bayesian raraftents model for testlets to
explicitly account for the dependence structure of testlet items. Their Bayesian
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hierarchicaimodel modifes standard twparameter IRT models to include an

additional interaction term to model persgpecific testlet effects for item test scores
composed of a mixture of binary independent and testlet items. This model was
extended into a thregarameter testt model (Wainer, Bradlow, & Du, 2000), and to
tests composed of a mixture of binary and polytomous items, independent and nested
within testlets (Wang, Bradiv, & Wainer, 2002).

The general Bayesian model for testlets as proposed by Wang et al (2002)
builds upon two basic IRT models: the thug&rameter logistic model for binary
items (Birnbaum, 198 andSamejima’'§1969)polytomous IRT model. These
models are given as:

np 0w p-h ® p GaéQao AT A

ni 0w 1-A K BQ o B "Q o h )y
wherer} 1 is the probability of examin® pF8 HQeceiving scoré  pFB8 RY on
item’Q pMB M), & is the lower asymptote for binary it€® s the set of ite@ s
parametersQ is the latentutoff for the polytomous item§, is the normal
cumulative density function, ard is the latent linear score predictor. Standard form
for the linear predictod is given as:

O O — » &
whered, ®, and—are standard ita slope, item difficulty, and latent trait
parameters. Bradlow, Wainer, and Wang (1999) extends it to

O O — ® o h P T

whereg/ denotes the testlet effect of ité@o persorimested within testlé® 'Q
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Prior distributions for the set of parameters in this model as embedded in the
Bayesian hierarchical framework are specified as follows:

@0 R

az
C:s
¢

~

nx o h
< 1D
roox 6o, P p
whered ‘R, denotes a Gaussian distribution with méaand variance and
R & & "Q0The mean and variance of the ability distribution are fixed at 0 and 1
to identify the model, representing testlepecific excess dependence is allowed
to vay across testlets. Hyperpriors for the means of the set of parameters in the prior
distributions are specified asx T ,* * 1w ,and’ x 1w , wherew
W w were set to 0. Slightly informative hyperpriors specified fopetr
variances are given hy* ,,  which is an inverse ckiquare random variable with

"Q degrees of freedom whei® 1@ for all distributions.

2.2.2 The Rasch Testlet Model

Similarly, Wang and Wilson (2005) proposed the Rasch testlet model for both
dichotomous and polytomous items in testlased tests, demonstrating it to be a
special case of the multidimensional random coefficients multinomial logit model
(MRCMLM).

The oneparameter Rasch testlet model is given as:
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This equation can be expressed as:

‘I'I'% — » 7 o

wherer) andr] are the probabilities for scoring 1 and®item’Gor persore.

For polytomous items, this can be extended to:

(] n% — o T h P T
wheren  andn are the probabilities for scorifgand’Q p on item'Gor

persorg ando is the'@h step dificulty for item "QLet

w W “ ¢P L
whereq is the difficulty of item'Qand* is the'@h threshold parameter of ite®
Constraining the threshold parameters to be the same across items,“such ‘as

the Rasch testlet model for polytomatesmsis reduced to

”ﬁ —

—and o2 are assumed t o [WistributeddTbusendent | vy

[ QN0

B MKE MK hasamultivariate normal distributién ‘ i , where for model

i denti ficati ontisconstramed$dd a diagonakmeatrbo, and

2.23 Higher OrderTestletResponsélodels

To simultaneously account for both testlet design and hierarchical structure in
latent traitsHuang and Wang (2012eveloped higher order testlet response models

on the basis of higher order IRT models for hierarchical latent traits (e.g. de la Torre
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& Douglas, 2004; de la Torre & Hong, 2010; de la Torre & $80§9)and testlet
response models (Bradlost al 1999; Waineet al 2000; Waineet al 2007; Wang
& Wilson, 2005) In these models, the relationship between first and second order

latent traitgs specified as:

- I — - P X
wheretheUth first-order latent traits denoted by  for persore is a linear function
of the same secorarder latent trait denoted by- .1 is the regression weight
(factor loading) inttating the magnitude of the effect-ef on— . The error term

- isassumed to be normally distributed with a mean of zero and independent of
other- and—
The 3 PL higher order testlet response modelH3®) for dichotomous

itemsaccounting for hierarchical latent trsi$ given as:

Agp 1 — 1 - I
p - P Y
p AP 1 — 1 - I

where0 is the probability of responding cortcto item“(n testu for persore,
“ is the asymptotic parameter for it€fim test0,| is the discrimination
parameter, arid is the item difficulty parametet. is the additional latent trait

accounting for local dependemfor items nested within testl@tof testv and is
assumed to be normally and independently distributed (Wainer et al, 2007; Wang &
Wilson, 2005).
The 3 PL higher order testlet response modelH3®) for polytomous
items, referred to as the geneadll partial credit higher order testlet model {GP

HTM) is given as:
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whered  and0 are the probabilities of scorirgand’Q p on item’Gn test

U for persorg, andt is the'@h threshold parameter for itef@n testo.

2.24 The ThreelLevel OneParameter Testlet Modehd Its Extensions

Jiao, Wang, and Kamata (2005) proposed the {lered oneparameter model
for dichotomoustems where the contextual effect of testlets on items is accounted
for from the hierarchical generalized linear modeling perspective, configuring it to be
a threelevel hierarchical generalized linear model for item analysis (Kamata, 2001).
At level 1, the logodds of persoffXesponding to iterithested within testlé®is

expressed as:

”W - i o c& T

wherer) is the probability of persolzorrectly responding to iteffhested within
testletQ & is therith dummy variable for perscgy is an intercept term
representing the reference item effect, fand, the coefficient foko ~ wheren

pfB AQ phand™Qis the total number of items on the test, represents the unique effect

for itemn relative td . Level 2 models the testlet effects and is given as:
f r : and

f r cg& p

where level 1 reference item effect is decompasexda fixed effect and a

random testlet effect comparable to the testlet effect paramgter in the
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general Bayesian random effects testlet model (Bradlow et al, 1999). Level 3 models
person effects by further partitioning the le2dixed effect  into a fixed
component and a random component. Level 3 model is given as

r ‘ 1 AT A ‘ C& ¢
wherg x (0 1, is the random person effect and the effects for the items
remain fixed. Jiao, Wang, and K&013)demonstrate the equivalence between this

model and the Rasch testlet model, as the three equations can be combined into

: : , g O

where Pﬁ ‘
In educational settings, the nesting of students within classes and of classes
within schools is a norm rather than an exception (Bryk & Raudenbush, 1992).
Applying standard IRT models to tests with person dependence structure may result
in biased parametestmates, compromising the validity of the inferences we can
drawregarding item parameters and student proficiency. To simultaneously account
for both item dependence and person dependéiaae,Kamata, Wang, and Jin
(2012) further extended thiree leel oneparameter testlehodelto a fourlevel
IRT model for dual local dependence, where the levels in their ascending order
respectively represent item effects, testlet effects, the effects of persons fully crossed
with testlets and items, amckaminee goup effects as incurred by the nesting of
examinees within classes, schools, or school districts.

The fourlevel IRT model for dual dependenime dichotomous itemss given

by
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where—denotes the persespecific ability for persof{2— denotes the group
specific ability for groupQ @ is the item difficulty for iteniQand represents
the testlet effect for persdn testletQ In this model,, indicates thenagnitude

of the group effects. This model further assumes the effects otltestering and
personclustering, and person ability to be mutually exclusive and independent and
the residuals variance to be uncorrelated after controlling for the threecesi

This model was generalized into polytomous multilevel testlet models for
person and item clustering for dichotomous and polytomous items (Jiao & Zhang,

2015).Mathematically, this mode$ given as

s » e % Y E% Qw B (-b - j r Q
0 0 wohQ h—h h — - ,
B QwB w— I Q
cg v
whereB @ — r Q T, @ is the item discrimination parameter,

‘Q is the item step difficulty, is the group effet, — is the persosspecific ability
indicating the deviation of persd@ ability from the group ability, and  is the

testlet effect for persofinteracting with testleb. This equation thus represents the
probability of persorfwith personrspecific ability— in group"Qreceiving a score of

@ on item"Qith a step difficulty ofQ in testletd. Person clustering effeict , if

present, will vary across groups. Its variance indicates the magnitude of the person
clustering effect. Likewisefem clustering effe¢t  varies across persons and
across testlets, but remains constant for the same persbaitems nested within

the same testlet. The variancég of indicates the magnitude of the item chrstg
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effect. Item clustering effects, person clustering effects, and person ability are
additive, and assumed to be mutually exclusive and indeperkdetiter, residual
variances area assumed to be uncorrelated after controlling for the three random

effects.

2.25 The Bayesian Multilevel Multidimensional IRT (BMMIRT) Model for

Locally Dependent Data

A Bayesian approach differs from frequentist approaches in treating the model
parameters not as fixed but as random and uses distributions thata gifiiect
knowledge to model beliefs about them (Levy & Mislevy, 2018 BMMIRT
model for locally dependent data was proposed to investigather the assumption
about the orthogonality of the dimensional structunereviously reviewedanodels is
justifiable and the extent to which it is violated (Fujimoto, 2018). Based upon the
generalized partial credit model (Muraki, 1992), the probability of a response of

item "Qby persoriQ{@ersoriGn group’@given all model parametefs) is expressed

as

> ” b O- b p O-

0 & oz E 0= E 5 O cg o
where'O — is the cumulative density function for the conditional probability of a
responsento item’Qand is given as

0 o GO & phy O- _A0D & X
p A@b
The systematic component+  for the model is
- ,— ,— 1 't h & W
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where

, .4 and
, WA | & w
In this model, discrimination parametersjare| , .., anda wherg and are

the 1 xD vector of itemspecific discriminations dtevel 2 and_evel 3, and..andw
are 1 XO vector of overall discriminations aevel 2 and_evel 3.Latenttrait

parameters are- and— with— being the 1D vector of latent trait dimensional
positions for persoffin clusterCat Level 2, and—being the 1 5O vectorof latent

trait dimensional positions for clustént Level 3] s the overall difficulty for item
"Qandt s thecih element inthe 1 & vector of relative intercepts, denoting item

Ws relative imtercept for category

2.26 The BayesialCovaiance Structure ModéBCSM) for Testlets

The Bayesian covariance structure model (BCSM) for testlets extends
standard IRT models with a covariance structure to account for dependencies among
testlet items (Fox, Wenzel, & Klotzke, 2020). Withaiging testlet effects, the model
efficiently addresses problems such as sample size restrictions and computational
burden as incurred by the inclusion of the testlet pararteetarcount for the
dependencéor each combination of testlet and tidter.By assuming a common
covariance between responses to items in a test across test takers, BCSM estimates
the same number of additional model parameters as the number of testlets, making it
more suitable for small sample sizes, incomplete design, and fothaistontains

just a few items for many testlets (Fox et al, 2020).
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The BCSM for testlets expresses the latent responses to @ $tlet

individual ‘(as
O O— ® Q
— § T,
Qx O it ¢ T
wheret ) * , and) and* are the identify matrix and a matrix of

ones, respectively, both of dimensiagns This model assumes the latent responses to
items in testle2to be multivariate normally distributed. Furthgr, as a covariance
parameter cabe negative or zero, making it possible to represent a negative

association among testlet items or no testlet effects.

2.2.7 Summary and Discussion

All but one estlet models reviewed in this section are modifications of
standard IRT modeland highetorder latent trait model® include an additional
interaction parameter to spécally model the testlet effexbf persons interacting
with items nested withia given testlet. As is demonstrated by Jiao et24113), the
general Bayesian model for testlets (Wang e28i02), the Rasch testlet model
(Wang & Wilson, 2005), and the thrémvel oneparameter testlet model (Jiao et al
2005)are essentially equiveht modelsn terms of specifying the testlet effects as an
additional parameter in the oparameter Rasch mod&onceptually however,in
boththe general Bayesian model for testkatsl the Rasch testlet mogditle testlet
effectsarerepresented by persorspecific random effects parametenile the
Rasch testlet model views theas additional dimensionandthe thredevel one

parameter testlet model describes them as represéinéirmpntextual effects on items
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nested within a cdext. Additionally, boththe general Bayesian model for testlets

and the Rasch testlet model applyptith binary and polytomous items nested within

testlets yetthe estimation methods are different for the two models. The general

Bayesian model for test$t embeds the modified 3PL IRT model (Birnbaum, 1968)

and Semijimads (1969) polytomous | RT withi
MCMC to obtain inferences regarding model parameters. The Rasch testlet model,
demonstrated to be a special case of the MRMMapplies MMLE and Bock and
Aitkinds (1981) formulation of the EM algo
By way of contrast,hte thredevel oneparameter testlet model usasother

estimation methodhe sixthorder approximation Laplace (Laplacegtmod for

parameter estimation.

Compared with models assuming conditional independence, the general
Bayesian model for testlets yieAnds unbi ase
additional strength of the modil its useto score a test constructetlany
combination of item formats, such @mmiltiple-choiceitems, fill in the blank items,
and items rated by expert raters, which alloest developers tohoose item formats
that best suit the constructs of interdisturther shows that ake sampe size is
increased, the raanean square error of the estimates decreases to an acceptable
level. When fit to an empirical test data set, the Rasch testlet model fit the data
statistically better than the standard IRT model, which overestimates the test
reliability and yields difficulty estimates that shrink slightly toward the mean. This
modeladditionallyallows for simultaneous calibration of multiple tests (with or

without testletsand direct estimation of the correlations between latent traits and
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more precise measures for individual persons than several calilsratitatent traits
(Wang, Chen, & Cheng, 2004).

These models, however, only account for local item dependence, whereas in
educational settings, the nesting of students within schoolgfauthools within a
largergeographicatontext can also incyrerson clustering aridcal person
dependencelhe fourlevel IRT model for dual dependence (Jiao et2012) and its
extension to polytomous items and complex sampling desigmadlytomos
multilevel testlet models (Jiao & Zhar@g015, account for both testlet effects and
person clustering effect€ompared to alternative models that ignore local item
and/or person dependence, both models yield more accurate item and/or person
ability parameter estimatesd can bapplied toK-12 state assessment programs and
largescale national and international assessment programs.

The other limitatioswith the general Bayesian model for testkatsthe
number of teset parameters whicbhan become very large if a test consists of many
testlets and is administered to a langenber ofexamineesnd sample size
restrictions which limits its applicabilityFox et al, 2020).An additionallimitation is
the use of the inversgamma prior fotestlet variance, which is restricted to be
positive and does not include the point of no testlet variance. As the testlet variance
gets close to 0, the invergamma prior can become biased by overstating the level
of dependence of the testlet iterihe BCSM for testlets (Fox et al2020) addresses
these limitations by modeling the testlet dependences through an additional
covariance structure, which significantly reduces the number of model parameters,

and at the same time allowing testlet dependembe et at O or negative when
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estimating the model parameteCampared to the general Bayesian model for
testlets, the BCSM testlet model is more efficient and flexible and can be extended to
model different types of clustered items.

The inclusion of destlet parameter is the approadoptedn the proposed
research studyOne of thepurposs of this research is to estimate the effects of
accounting for dependence of resporeas RTson the precision with which model
parameters, including person dyilparameters and item parametenr® estimated.

The proposed research additionally examines the effects of the inclusion of RT in the
modeling of responses on model performance and parameter estimation. The next
section reviews RT modglwhich isfollowed by a review of joint modebf

responses and RT with or withalgpendency in th8ection2.4.

2.3 Response Timd&RT)Modeling

Response tim@RT), alsoknown as reaction timés an important source of
informationfor understandin@spects of cognitive processinderlying test
performance (De Boeck & Jeon, 2019; van der Linden7R@Xperimental
psychologistsn their longstanding traditiomecomposed reaction time into stagf
information processing to understand the structure of mental activity (Sternberg,
1969).From a test design perspecti®R as a type of process data translates directly
into evidence accumulation and holds implications for the validity of the mfese
regarding testakersand test use

Two traditions in RT modeling are distinct models for RT amatlels
integrating response and RT (van der Linden, 2009). De Boeckeami?019)

furtherclassify approaches to RT modeling into four broad categ@)iésl models
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with RT asthesoledependentariable b) joint models in which RT and another kind

of variable are both dependent variab®dependency models in which RT and

other dataarejointly modeled with the possibility of dependencasdd) RT as

covariate models which another variableariesas a function of RTThis section

reviews distinct RT models and RT as covariate models, followed by a review of joint

models for RT and r@snse with or without dependersde Section 2.4.

2.31 Lognormal Response Time Model

RT distributions are positively skewed, with their means and variances
positively correlated (Luce, 1986; Maris, 1993; Townsend & Ashby, 1988).of
thewidely useddistributions reported as having a good fiR® data is lognormal
distribution.van der Linden (2006) proposed a lognormal modeRfbon test iters
in which RT distributions are determined by a distinct set of item and person
parametersAssuming response tintefor a fixed person on iteffis the realization
of a random variabléy, the normal density for the distribution of the R, In"Y, is
written as:

Qonth A ‘|\—_A®58| Té 1 1 ¢®p
oncg” C

wheret is thepersonspeedparametelf denotes the time intensity of itef@and
is the discrimination parametmodifying the relationship betweénand its mean
f T. When estimating the item parametehg tollowing constraint is imposezh

the set of value$ to identify the model:

T m C® G
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This constraint implies that

£ i €0 : C® o

which equates the average item paranietéo the expected log time averaged over
persons and items. The valuedité person parametérthus represents deviations

from this average. The proposed model is analogous to the 2PL IRT model in
imposing a similar structure on the means of the variables and having the same

discrimination parameter moderating the effects of an item and persongpara

2.32 Alternative Distribution Models

Alternative distributions possessitite aforementionedroperties are gamma,
inverse Gaussian, égaussian, Weibull and Gumblend shifted Wald (De Boek &
Jeon, 2019; Maris 19938nd were used as descriptiistributions in the modeling
and analysis oRT data For exampleMaris (1993)formulated additive,
multiplicative, and combined additivaultiplicative models for gamma distributed
random variablebased upomhich an analysis of response time data feomental
rotation experimenias conducted.o and Andrews (2015) in their reanalysis of
three experiments investigating the effects of word frequency and stiquality
applied generalized linear mixedfect model (GLMM) to rawRT assuming Gamma
or Inverse Gaussian distribution for the response time Bafaxing thenormality
assumptiorfor the dependent variable, GLMMs allows the assumptions regarding the
relationship between the predictors and the dependent variable to be tested
independently bthe assumption for the dependent variallleeys, Rosseel, and

Baten (2011) proposed a joint model for the reaction time and accuracy assuming a
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log-normal distribution and a shifted thrparameter Weibull distribution for the
response timeUsing aBayesian hierarchical framework, their joint model provides
for estimation of the correlation between item intensity and difficulty at the item
level, and between speed and ability at the subject l&v@mulation study shows
the reduction in bias gaim®mpared to the separate modeling approach.
Ex-Gaussian and the shifted Wald distributiansused both as a
measurement model aadan intraindividual cognitive process model fRT data
(e.g.,Anders Alario, Van Maanen2016; Burbeck & Luce, 1982; Luce, 1986; Wald,
1947). Anders et al (2014) describleetshifted Walddistribution as an accumulation
process modehatprovides a clear signato-response threshold interpretation of the
RT data, with its parametetscorresponding to the accurnatibn of the internal
signal®,| to the threshold for initiating the physical process, -a#a the time
lapsed external of signal accumulatidihe versatility and usefulness of this model
was demonstrated on thrBd data sets representing differembdes of responding.
Theex-Gaussian distribution can be described by three parameters: the mean and
standard deviation of the Gaussian comporieatd, , and the mean of the
exponential component, This distribution was conjectured to represent the
durations of various components of cognitive processing (e.g., Hohle, MdiZke
and Wagenmarkers (2008 the other handautiored against interpretinthe
changes in thparametersf the exGaussian and the shifted Wald distributioms
terms of underlying cognitive process&seirsimulation study and empirical study
demonstrated that the parameters of the two distributions dmrrespond uniquely

to the parameters of the difion model.
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2.33 Response Time as a Function of Response Accuracy

RT as a function of response accuracy models are the models inRhish
the dependent variable (De Boeckl&on 2019).van der Linden (2009) describes
these model s dsncfRTpomoadeel sr etstpaotnses 0. These
condition theRT distributions upomesponses, with distributions for correct
responses being different from the distributions for incorrect responses.-A well
known example of this 983lqgeormalRT modetif@ | s i s Th
timed testing usin@PLIRT. This model assumes that the variations in item
responses and response times were attributable to the same sources, and that
responses and latencies could both be used in the estimation of exaniityeanab
item easiness. The model is given as
fTec o i 6 wd— & -h -x06mh Cd T
whereuv is the overall mean log response timeando are the person and item
slowness parameterdjs a regression parameter reflecting how latency relates to
effective ability and item easiness, ahd— ando are the discrimination, effective
ability and item easiness parameters in the 2PLeinddhe person and item slowness
parameters and6 are introduced toepresent the extra effeaft the examines and

itemson the RTthat are not related tbe trait that the items are designed to measure.

2.3.4 Response Tiems a Covariate Models

RT as covariate models are models in wHthfunctions as a covariate, and
response accuracy is the dependent variable (De Boeck & Jeon,\z01€gr

Linden (2009) descrilsthem as response models incorporating R¥o modeling
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approaches fall intchts category: modelsssuming speedccuracy tradeff (SAT)
and generalized linear mixed mo@Bke Boeck & Jeon, 2019)
Models Assuming SASAT refers to the fact that there exists an inverse
relationship between speed and accurdbe relationship between meR and the
probability of a correct response across conditions is called the-8peachcy
Tradeoff Function (SATF) and is usually dieged as an increasing oghige
function(Roskam, 1997)An example of thisiRo s k amdé s ( HaScB 7 , 1997)
respons¢ime model for timelimit tests In this model, the probability of a correct
response conditional upon the response foma given condion, the Conditional

Accuracy Function (CAFLuce, 1988, is given as

5w \ LA, C‘ A @ D T ”
LY po hAQ ; ¢® v
-6 - p Agp t
where—is person ability; is item difficulty, andois theRT., , , , andt are the

logarithms of—--, ando. Roskam defines fAthe efdective :
as fAment al speed Asithmmalel impliescae imcseasedm t i me 0 .
results in an increase in CAF for ité@henceforth a tradeff between speed dn

accuracyRoskam (1997) further assumes a Weibull distributiorRfbwhere the

hazardfunction defined as the probability density that the response is given aj time

conditional upon not given yet, is given as

Mo —o C® @

1 is the person persistence in continuing working on ifehmis function impliesa

direct relationship between item difficulty and RT, and between person persistence
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and RT, and an inverse relationship between mental speed and RT. The hazard
function deines the probability density and probability distribution functions.

Anot her exampl e i s Marmpagrametardogidians onos
response time (4PLRT) mod#lat incorporates response tigria the 3PL IRT model
and can be applied to power tedtse probability of a correct response to it€by
person@s given as

Do p—it oD 6 P_© @ X

b’ T

whered) ay and®are the discrimination, difficulty, and guessing parareand—is
the person ability parametas they are interpreted in the 3PL IRT mo@kk the

item slowness parametérjs the person slowness parameter, @aisdtheRT by this

(2

persorto thisitem. The person slowness parameter indicategakstr s 6 wor k pace

they response to items. The item slowness parameter indicates how itemsRdact to
The product of these two parameters detergtime rate of increase in the probability
of a correct answas a function oRT. An increase irRT results in an increase in

the probability of a correct respon$#ang and Hanson further note that the person
slowness parameter does not indicate the amount of timetakestpends on a
particular item and may or may not relatdRfb. As RT for a particular item increases
to infinity, the 4PLRT model reduces to the 3PL IRT model.

GLMM-basedViodels GoldhammerSteinwascher, Kroehne, & Naumann

(2017) extends Ros kRIrmoédslfortimhedi®ifitestsfboraa9 7) Ras ch

singlecondition to estimat®T effects both within and across conditioBgeed

differences can be a confounding factor when interpreting observed differences in
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ability estimates when individuals completing a test have therofitichoose their
speed, as differences can be attributed to ability, speed chosen, or both (van der
Linden, 2009)By using a GLMM approach, the proposed SATF and residual CAF
model address the relation between speed and accuracy boihditrdually and
inter-individually.

In this model, the observeRIT of a person B pH M completing item

"0Q pB FOin speed conditiod ® ph8 [ is decomposed into:

z

6 & O & 0g O & G O & Y
whereg; is the grandnean ofRT, gz is the condition average,g is the person

average per conditiol; is the item average per condition, and is the residual.

The residuab representRT differences after removing the effects of item and

person ands an indication of the extent to which tR& deviates from the expected
RTin conditondgi ven the personés spe@&hsiséhad
random response time effect mote multiple speedconditions.

Goldhammer et al (2017) incorporate person and item differences in the
SATF.The person SATF moddescribes the effect of withiperson speed

differences on the probability of a correct responsei@agiven as

~

0 p w I ® ® T ® 0B I O & 0
C® w

wherew is the inverse logit functioh, is the general interceph is the random
person intercept for individual performance differences in the reference condition,
and® isthe random intercept across items or item easihedsthe average person
SATF sloperepresering the fixed effect of speed across conditions @ndis the
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random person SAFT slopepresenng the individual deviation from if. is the
fixed effect of relative time intensity across conditions, and the random item
slope, is the related itespecific deviationThe person SATF slope indicates the
rate at which information is accumulated to give the respdimsetem SATFmodel
describes the effect of intitem differences in time intensity across speed conditions
andis similarly given by
0 p wi O O I & 05 & I @ 8
g8 m
where denotes the fixed effect of relative speed accosslitions, is the
random person slope denoting related individual differehceis, the average item
SATF representing fixed effect of item time intensity, ands the random item
SATF slope representing the related ispecific deviation. Tie item SATF slope
indicateson averagéow fast informations gained and lost by item as speed
changes.

Using theRT residualo “ asa predictor in the person SATF model, the

overall SATF and residual CARmodelis givenby

0g

0 p w I © ® [ o Og

8 p
where the variabl®© indicates whether the observation was made under condition

@ The last term in this expression represent the effects of the reRifiuahere, for
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a given conditiorf, is the residual CAF slope representing the fixed effect of
residualRT, ® is the random person component, and is the random item
component. The residuRIT effects indicate how deviation from expectd affect
response accuracyYhe CAF and residual CAF model for a single condition is given

as

c8 ¢
wherg is the average person CAF slope relating differences in speed to accuracy,
@ is the variation of this relation across iteinsjs the average item CAF slope

relating differences in item intensity to accuracy, @ndis the variain of the

relation across persons.

2.35 Summary and Discussion

This section reviews distribution models for RT, RT as a function of response
accuracy models, and RT as a covariate model. Descriptive distributions used for the
modeling and analysis of RT include lognormal, gamma, inverse Gaussian, ex
Gaussian, Weibuthtnd Gumble, and shifted/ald distributions. The lognormal RT
model (van der Linden, 2006) is analogouths2PL IRT model with its own set of
RT parameters: person speed paranmietiéem time intensity parameter and
discrimination parameter . Other distribution models reported as having a good fit
for RT data are used for fitting RTs data from psychological experiments, such as

mental rotation experiments (Maris, 1998kical decision tasks (Lo & Andrews,
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2013), and word recognition tasks @ys et al, 2011)I'wo of the distributions, ex
Gaussian and the shifted Wald distributions, were used as both a measurement model
and as an intrandividual cognitive process models @il datg with parameters in

the distribution model corresponding t@tharameters in the cognitive process model
(e.g., Anders et al, 2014; Burbeck & Luce, 1982; Luce, 1986; Wald, 1947). Luce
(1986) concludes that it is unclear how cognitive processes relate to RT distributions.
Matzke and Wagenmakers (2009) similarly aautgain interpreting changes in the
parameters as indicative of underlying cognitive processeshe same notean der

Linden (2006) notes that the exponential and gamma distributions models follow

strict assumptions on the problesolving process uradlying responses to an item,
which i s these mode l-solGingprecass may sat meatshet he pr o
assumptions of these models.

SAT models assume an inverse relationship between speed and accuracy and
incorporate a RT parameter in IRT models for response accuracy such that an
increase ird results in an increase in the probability of a correct response (e.g.,
Raskam, 1997; Wang & Hanson, 2005). In reaction time research, SAT is typically
represented by the positive relationship kestwthe proportion of correct tasks and
the average time on the tasks (e.g., Luce, 1986; van der Linden, 260& der
Linden (2009) notes, SAT in reaction time research is equivalent to-apéiy
tradeoff in testing, which is a withiperson phesmenon and implies a
monotonically decreasing relation between speed and alsipgedability tradeoff
further implies that test scores do not reflect the level ofttestk e r s 6 abi | i ti es

constancy of speed is assumed. In this seapsed and aliy are related through the
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function— —1 and models of response and RT should treat the effective speed
and ability of the test takers as fixed parameters (van der Linden, Z008)SAT
modelsare for persons with fixed levels of ability and sphaad seem to confound

the withinperson and fixegberson levels as speathility tradeoff is only evidence
when there is a change of strategy or condition (van der Linden, 2007).

The GLMM-based models provide for estimation of the effects of RT on
respnse accuracy within and across experimental speed codiBofdhammelet
al, 2017). The person and item SATF slope capture the between conditios, effect
i ndicating individual s6é efficiency in accu
correctness of the sponse. Te residual CAF slopes estimate the within condition
effectsand are an indicator for the mode of information proces3ihgse models are
proposed for measws@cluding simple cognitive tasks with a strong speed
component and can be extended with additional person and item indicators to provide
better understanding of factors affecting the individual and item differencesRTthe
effects (Goldhammer et al, 2D)1L Analyss of the empirical dataseapplying the
modelssuggest that the association between speed and acdeyz@ayds on the tasks
and that the association is less negative (or rposéive) for more difficult items.

The proposed research adoptavader Lindenés (2006) | ogn
due to itdfit to RT datafor different item types in computéased assessments and
integrates it with the DINA model and partial credit AC model through a joint
modeling approach. The next section reviews jointlai® of responses and RT with

or without dependencies.
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2.4 Joint Modeling of Response and Response Time

Joint modeling of response aRd entaik distinct models for response and
RT, each with its own set of parameters, with or without dependenciesdtyase
captured by latent variables and item parameters (De Boeck & Jeon, 2019; van der
Linden,2007 2009). The prototypical model i n th
(2007) hierarchical framework for modeling speed and accuracy (De Boeck & Jeon,
2019) Two otherjoint models are the diffusion model (Ratcliff, 1978) and race
model (Towsend &Ashby, 1978), whiclrectly model cognitive processes using
responses andTsdatabut can be rparameterizedsaitem response models
(Tuerlinckx & De Boeck, 2005)This section reviews joint models for response and
RT with and without dependencies and extensions of the hierarchical framework to

jointly modelresponse anBT for cognitive diagnosis.

2.41 Hierarchical Framework for Modeling Speed and Accuracy

van der Linden (2007) proposedhaeelevel hierarchical framework for the
hybrid type of test having items with varying difficulty and requiring varying amount
of cognitive processinghe first level of the framework specifies distinct
measurement models for response Biidor each combination of person and item.
The second level models represent the relations between the parametefiss the
level models. Prior distributions for the secalestel parameters or hyperparameters
are specified at t he tandprd dyloewaelp.r oalRéy eltdp
frameworkallows for plugins of alternative models for the response Riid

distributions as well as distributions for their parameters.
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As an illustrative examplejan der Linden adopted the 3PL norrogive
model as the response model, and the lognormal mo&&l a®del. The sampling
distribution for the response vector and respdimse vector 5 HY RiQ ph8 hofor
the itemsQ pfB H@and the testakersQ prB h), given conditional independence

of 5 and”Yhare given as

QYA fy Q6 Nhohohd Qo T h K & o

where, —ht  denotes the vectavith parameters fopersonCandr

whofoh i denotes the vector of parametisitem 'QSecondevel models
describe the joint distribution of the person parameters in a populbati@amd a joint
distribution for the item parameters in the domain of itémasfollowing a
multivariate normal distributiorThe values of , assumed to be randomly drawn

from a multivariate normal distribution, is

, X Q, nyﬁ'y <
where the density function is
Q, nyﬁy 3y“$A®DB, vy oty “y g v
q q
with mean vector
'y 8 8 o
and covariance matrix
ty T c8 X

Likewise, parameter vectpr follows a multivariate normal distribution
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with density function

o nohAy ﬁAQE)Er I TR ) 8 w
e~ C
mean vector
‘) ‘“H R A H C® T
and covariance matrix
v
A @
o n O

The sampling tribution for the full model is

~~ A

Q0D hy QOMN hwy Q, Ny, U N Ay d ¢

Prior distributions for the population and itatomain models are specified as

normal/inversé/Nishart distributions.

2.4 2 Diffusion ModelandRace Model

The diffusion model directly models the cognitive processes involved in
simplesinglestagetwo-choice decisions as encompassing an encoding process with
durationo, the decision process with durati@nand a response output process with
durationt (Ratcliff, 1987;Ratcliff & McKoon, 2008).This model assumes a noisy
evidence accumulation processtwit starting poindtand culminating in one of two

response criteria or boundaries labealeghdm, at which point a response is initiated.
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This process is analogous to a random walk process between two bourderiege
of evidence accumulation iselrift rate {). Nondecision components aseandv
combined with mean duratiolY . In this model, the probability of a nonmatch (error

rate) is given by

r , C® o
!Q - p
where, denotes relatedness and is set equal to driftj amglthe variance in the drift.

The finishing time density function for a nonmatch is given by

0 & o oeldR - — .
- i Qe— T
® ) S

Setting, , anda @ aresults in equivalent expressions for a match

The Q-diffusion model is a modification of the diffusions model and is
considered an alternate to the hierarchical model (De Boeck & Jeon, 209).
model decomposes theiftirate and boundary sepamat into a person and item part
denoted by , 0 , @, andw respectively and combines them into the diffusion

parametersv@an der Maas et al, 201Mhe quotient function is applied to baitand
@ suchthab —and®w ®7TH.Byex endi ng Bockds (1972) nomi

model, ageneral framework for modeling item responses for simple abilities,

assuming that a diffusion process produces the item responses, is given by
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where the 2PL parameters are s¢tto | andf © T . As the two major latent
variablesin this model are cognitive efficiency, the drift rate, and cautiousness, the
boundary separation, dimensions in théiusion model are considered a rotation
of the ability and speed dimensions in the hierarchical model (De Boeodn& Je
2019).

The ra&e modelsareanother type ofognitive process model of response
choice andRT data based upon which inferences are drawn regarding the processes
and mental representations underlying informaporcessing. An example of this is
the lognormal race modploposed by RoundeProvince, Morey, Gomez, &
Heathkotg2015). This model assumes an accumulator for each responsewitiion
a boundary. The response choice Ridaredetermined by the first accumulator that
reaches g boundary. By modeling cognitivgprocess as a race between accumulators,
this model applies to any number of response choices and accommodates other
models such as IRT and cetlean models in its accumulation rafésis model is
given by

W Gy w | Ew d @
wherew denotes response choice for fi@trial with o~ pf8 FEMndQ pfB 8
And & denotes the finishing time for tf@BGaccumulator on th&®trial. RT 0 is
o [ | Ew d X
where is the shift parameter that reflects the cdmtiion of nondecision processes
such as encoding and response execuliach finishing timeo is modeled as log
normally distributed
wx 0 €I doa ¢d Y
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The joint density function of choide at timeois
Qald Qo 1N R p 06 1NAH ® w

whereg and G are the density and cumulative distribution functions of the two
parameters lognormal distributiofnother example is Rangdfuhn, Gaviri& s

(2015) race model for response &itlthat specikes two increasing stochastic
processes for representing information accumulation associated with one of the two
response options. The two latent variables in this model represent information
accumulation for producing the correct response and misinfamaticumulation

for generating the incorrect responBe. Boeck and Jeon (2019) descnibee models
with speed and ability as latent variables as they can-pareeneterized as effective
speed and effective ability. Both diffusion models and race madelanalogous to

the hierarchical model in working with the same -shimensional space represented

by the latent variables.

2.43 Local Dependency Models

Three different assumptions of conditional independence associated with
modeling the relationshipetween response alRT in the hierarchical framework are
independence between responses to difference geas ability, independence
between RTs on different itengéven speedand independence between response and
RT on the same itemiven speed and abilifivan der Linden, 2009; van der Linden
& Glas, 2010)An additional assumption is constancy of speed and proficiency
during the test (van der Linden & Glas, 20I®&uctuation of speed and ability during

test administration resulis violations of local dependence, henceforth altéveat
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modeling approaches to accaungtfor conditional dependeresif occurring in a
large and systematic fashion.

Local dependencipint models capture dependencies beybigherlevel
correlation beween overall speed and ability by including local dependency
parameters or through mixture modeling of different classes of responses (De Boek &
Jeon, 2019)van der Linden and Glas (2010), for example, incladl@dditional
parameter representing the shfthe expected response on it€xs caused by a
correct response to itelby the same test taker as the alternative model for
responses, and an extra parameter denoting the correlation betweentitme $ogn
items"GandQby the same test takier the RT modelDe Boek, Chen, & Davison
(2017)specify general dependency and itspecific dependency of accuracy on RT
in the CAF as

- — 1 117TYQy C T
and

- — 1 1 1TYy CHp
wherg and are general and itespecific timedependency parameters.
Bolsinova De BoeckandLeuven(2017) model conditional dependence between
response and RT by incorporating the effects of the resRiliah the intercept and
slope parameter of the 2PL model for response accuracy.

The alternative approach to modeling local dependencies beRieand
accuracy is mixture modeling of two classes of respassetermined by RT (De
Boek & Jeon, 2019)Different response processes may be used when subjects

respond to different sets of items, giving rise to wilbject heterogeneity of the
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item charateristics across thRT. Molenaar and De Boeck (2018) proposed a
response mixture model for response and RT that specifies twepteafic latent
classes underlying the responses of each item. In this model, class membership is
regressed on Rand classediffer in their item characteristicA. mixture of two
measurement modedsmchwith their distinct set of item discrimination and difficulty
parameterss formulated for response probabilities given class membership,
respectively as

aé oAb p—h A — 1 C® ¢
and

ae AW p—h A | — ®o
for response probabilities given class membership mando p. Class
membership is then repressed on the subject anecideracted I0eRT to detemine
whetherfaster or sloweRT are indicative otlistinctclass membershipvang and
Xu (2015) proposed a mixture hierarchical model for RT and response accuracy to
account fodifferences in responses and RT associated with twetdsig

behaviors: rpid guessing and solution behavior.

2.4.4 Joint Modeling of Responses and Response Times for Cognitive

Diagnosis

Joint modeling of response aRd has been extended to incorporate cognitive
diagnostic models as an alternatresponse accuracy modélao et al, 201%han et
al 2018a), and tmint testlet models that accommodate local dependencies (Zhan et
al, 2018b)Based upon the hierarchicahimeworkfor modeling responses and RTs

Zhanet al(2018b)proposed goint RTs DINA (JRFDINA) modelwith the DINA
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model as the response accuracy model and the lognormal model as the RT model.
The firstlevel models aréhe lognormal RT model (van dermden, 2006) expressed
as

be - t - R -x0mh BT

ae WA p T C& v

wherg is the item intercept parameter &nds the interaction parartex and
I a € Mo
1 a € "@Qd a € "W ¢ @
The second level models specify the item parameters of th®IRA model as
following a trivariate normal distribution and the person parameters as following a

bivariate normal distribtion, respectively given by

w ] x0 ht C#® X

and

g TxO . B R = @ y

Bayesian estimation using MCMC indicates that joint modeling of response and RT
in the DINA model would improve parameter estimation and classification accuracy
rates for attributes and attribute profiles.

Zhan et al (2018b) extends the JRINA model toaccount for local item
dependency and item time dependency in joint modeling of response and RT for

cognitive diagnosidn this model, testlet effects as caused by the same stimulus are

52



defined as paired local dependence, i.e., dependency in RT, amdielepgin

response accuracBased upothe hierarchical framework for modeling RT and
response accuracy (van der Linden, 2006), thel&w&l models are testi&INA

model with an additional testlet parameter to represent the interaction effect between
person and items on response accuracy, and a lognormal testlet model with an

additional testlet parameter to denote the local RT depend&hey arggiven by

aeE WA p T T CH w

and

De™x O — 1 “ _ h C& T

where'  indicates whether or not iteifis part of testleéi , and® and_
denote the effect of tdet & on response accuracy ands$Espectively. At the
second level, the testlet effect parameteesassumed to follow a bivariate normal

distribution
3 x6 R & p
where the samee value is assumed in the response and RT mo8péificationof

the item and person parametatgshis levelare identical compadeto the JRTIDINA

model.

2.45 Summary and Discussion

This section reviews joint modedf response and RT, the hierarchical
framework for modeling speed and ability, the diffusion model, the race model, local

dependency models, and joint models of response and RT for cognitive diagnosis.
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The hierarchical framework for modeling speed antitgbs a complex twe
dimensional measurement model, with one dimension for response accuracy, and
another dimension for RT (De Boeck & Jeon, 2019). Thelgxstl models specify
distributions for response and RT, while the second level specify multesaria
distributions for the model parameters, allowing for estimation of the relation
between speed and ability at the population level. Applied to educational and
psychological testing, this framework simultaneously estigi®€ parameters and
other paramet's in this framework, which may lead to increased accuracy of the
estimated parameters (van der Linden, 2007; van der Linden, Klein Entink, & Fox,
2010). RT modeling in this framework can be used to improve the design of adaptive
testing, handle the isswé speededness in testing (van der Linden, Breithaupt, Chuah,
& Zhang, 2007), and detect aberrant test behaviors (van der Linden & G&p, 200
The diffusion model and race modgebn the other hand, afi@er-grained
process models the parameterizattbmvhich maps onto elements of the cognitive
processes contributing to decision making. The diffusion model assumes information
accumulation between boundaries, while the race models assume a race among
different accumulator@e Boeck & Jeon, 2019Roth types ofmodels account for
speedaccuracy tradeff and represent it as a complicated function of the model
parameters. In addition, botypes ofmodels are amenable to latent variable
modeling, withthe dimensions in the models corresponding to théyhitd speed
dimensions of the hierarchical mo@Ble Boeck & Jeon, 201Rangeret al 2014;

van der Maas, Molenaar, Maris, Kievit, & Borsboom, 2011).
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Local dependency modatapture extra dependency of the response and RT,
beyond the relationship their latent variables and item paramet8gsspecifying a
general and itemspecific dependency of accuraay RT, De Boeck et al (2017)
identified two kinds of speed effects: a spaeduracy tradeff induced by imposed
speed, and an opposite CAF effassociated with speed within conditions, which
may occur as a result of withperson variation of the cognitive capacity. Bolsinova
et al7pisvesi(gationlof the residual dependence between RT and accuracy
identified thedependence afem propertes on the speed of responseAT holds for
more difficult items, whered®r easier itemsan opposite SAT existsvith slower
responseassociated with a lower probability of a correct respaBkrver responses
are also less informative for ability as their discrimination parameters decrease with
residualRTThese findings are in |ine with Mol en
found a simar effect, indicating local dependence of the response accuracy and RT
conditioned on item propertiedsing a hierarchical mixture modeling approach,

Wang and Xu (2015) identify differences in RT patterns and responses attributable to
two testtaking belaviors: problerrsolving and rapid guessing and demonstrate that
the model yields more accurate item and person parameter estimates than a non
mixture model.

The JRTDINA model @iao et al, 201%han et al, 2018a) and its extension to
account for dual lcal response and RT dependence (Zhan et al, 2018jojretre
models of response and RT for cognitive diagnostic models built upon the
hierarchical framework for modeling speed and accuracy (van der Linden, 2007). By

incorporating RT modeling in the modediof responses, the JROINA model
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yields improved attribute and profile correct classificatiaies and more accurate
and precise estimation of the model parameters (Zhan et al, 2018a). This finding is in
line with van der Lindert al (2006), suggestirthat simultaneous estimation of the
DINA model parameters and other parameters in the joint model can lead to increased
accuracy of the estimated parameters. As noted by Jiao et al (2019), under certain
circumstances when a test is not adequately desfgnedgnitive diagnosis, as
indicated by @matrix not properly verified, inadequate test lengtiigoor item
quality, the effect ofincorporating RT in the modeling of responsegparameter
estimationis evident.

RT is one of the most widely studiegdsponse process data in psychometric
modeling. Another type of response process data is ACs. This next section review AC

patterns and outcomes, indices for detecting aberrant ACs, and AC modeling.

2.5 Answer Change Modeling

Answer changefACs), synonynous to erasures (Sinharary, 2018), response
changes (Liu, Bridgeman, Gu, Xu, & Kong, 2015), or response revisions, refer to the
fact that testakers, after making an initial decision, subsequently revisit the decision
andrevert to an alternative optioms #gher best choice (Jeon, DBoeck & van der
Linden, 2017; Malia, 2007pistinctionsare drawn between benign ACs and
fraudulent ACs, with the former describing Raberrant ACs and the latter
suggestg test tampering by tesakers, tesadministrators, or educators (Sinharay,
Duong, & Wood, 2017Sinharay & Johnson, 20L&inharay and Johnson (2016)
further distinguishes betweéwo types of benign ACs: stringnd ACsandrandom

ACs. Stringend ACs occur when examinees randomly guegsh®@nemaining test
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items due to timeonstraintsbut subsequently revise some of the answéien
additional time becomes availabRandom ACsefer to the types of ACs that
examinees make upon reconsidering the choices they initially make by accident
(Wollack, Cohen, & Serlin2015).This section reviewsesearclon AC patterns,

aberrant ACs, and psychometric models of ACs and AC patterns.

2.51 Patternsand Outcomesf Answer Change(ACS)

ACs research dating back to the 1920s seeks answisssi&s including
outcomes of ACs, the relationship between ability and ACs, and factors affecting test
takess BC behavios (e.g., Bridgeman, 2012; Kruger et al, 2015; Liu et al, 2015;
Malia, 2007; Jeon et al, 2017Results of ACs studies conducted & Hygregate
level consistently suggest that, contrary to the belief that stwsleodld trust their
first instinct and initial response choices are more accurate than subsequent responses,
ACs are likely to result iscore gains ankdnproved test perfornmece(e.g.
Bridgeman, 2012; Liu et al, 2019. majority of the students change answers during
a test (AtHamly & Coombe, 2005; Liu et al, 2015). Although only a small portion of
the test itemsra typically changed during a teghe majority of the studes benefit
from changing their answers (#Alamly & Coombe, 2005; Liu et al, 201Btilia,
2007). Limited research on computataptive tests (CAT) yields similar findings,
i.e., although ACs occur for only a small portion of the test items, mortatess
change their answers than those who do not, and those who do usually gain scores
from changing their answers (Liu et,&015).
The extent to which tesakers gain scores from ACs is moderated by test

takersdé ability | ev erspasestestkerpchamgesiuriogn t h e
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the test (AMlHamly & Coombe, 2005; Jeon et al, 2017; Liu et al, 2015; McMorris,
DeMers, & Schwarz, 1987; Milia, 200 Hligh-performing examinees were more
likely to make wrongio-right changes and feweght-to-wrongchanges (AHamly

& Coombe, 2005; Milia, 2007). Higherforming examinees tend to gain more from
ACs than lowperforming examinees, as indicated by significantly higher-gaioss
ratios by the higiperforming group (Liu et al, 2015). Score gaameminimal for the
low-ability test takers, as compared to minor to moderate gains faakess with
moderate to high ability levelS€on et al, 201 WIcMorris, et al, 198Y. In addition,
the nature of the respongésittesttakers change affexthe effectof ACs. Score
gains are more likely for responses that-takers initially and mistakenly make due
to carelessness time constrainteind are able to correct subsequently, but less likely
for responses resulting from misconception or confusion ovenattee options on

multiple-choice items (Higham & Gerrard, 2005; Liu et al, 2015).

2.52 Indices for Detecting Aberrant Answer Changes (ACs)

Considerable research focuses on the analysis of ACs or erasure analysis to
derive indices for detectingaudulent erasures and test tampering (e.g. Belov, 2011,
2015, 2017; Sinhary, 2018; Sinharay, Duong, & Wood, 2017; Sinharay & Johnson,
2016; Wollack Cohen& Eckerly, 2015). Belov (2015) for example proposed the D
index based on the Kullbadleibler divergence (KLD; Kullback & Leibler, 1951)
measure of the difference between posteriors of ability computed from responses to
two subsets: one subset with ACs and one subset without ACs to detect aberrant ACs.
Wallack et al (2015) suggested the erasuredeteat i ndex ( EDI ) based

(1972) nominal response model for fraud detection at the individual level. Wallack
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and Eckerly (2017) extended the EDI to detection of fraudulent erasures at the group
level. Sinharay et al (2017) proposed thmtlex base@n the likelihood ratio test

(LRT; e.qg., Cox & Hinkley, 1974) of the equality of the model parameters underlying
the subset of items with ACs and the subset without ACs for detection of aberrant
ACs. Simulation studies of the performance of these indieasahstrate their

robustness and/or usefulnessffaudulent erasures for dichotomous items.

2.53 Models of Answer ChangefACs)

ACs models represent AC behaviors as a sequence consisting of an initial
stage where tesakers give initial responses st items and a final stage in which
theyeither confirm oreplace their initial responsé¥on, De Boeck, & van der
Linden, 2017; van der Linden & Jeon, 202n der Linden and Jeon (2012)
proposed an IR‘based approach to model fm@bability of testtakers changing
answers upon reviewing their initial choides multiple-choice papeandpencil
test, based on the assumptithrat testtakersare allowed enough time to respaod
all itemson the test and review their answers upompleting a first pass. This
model distinguishes three types of erasure patterns: a RW erasure that occurs when
the initial correct responsetigplaed by an incorrect response, a WW erasuhieh
replacesan initial incorrect responseith another incarect response, and a WR
erasure which replaces the initial incorrect response witirract responsén this

model, the final stage responses, conditional on the initial responses, are given by

_ _ Ao — &
00y pY p - C& ¢
p A —

the complement of which is the probability of a RW erasure, and
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which is the probability of a WR erasure and the complement of which is a compound
event of a WW erasure or a tégker confirming an incorrect response given at the

initial stage.In this model the item parametebsand® are free but the final Qe

ability parameters are set to equal to their initial values such+that —

Jeon et al (2017) adopted a similar approach in an application of the
generalized IRT tree model to model AC behavidte leaves inte IRT tree in this
model repesents four possible outcomes of AC behavior: WW (both initial and final
responses are wrong), WR (the initial response is wrong and the final response is
right), RW (the initial response is right and the final response is wrong), and RR (both
the initialand final responses are righthree nodes represent three latent abilities
contributing tathe four AC patterns, with the node at the definingthe ability to
correctly respond to an item when initially reviewed, and the two nodes in the middle
representing two different abilities, the ability to make a correct change when the

initial response is wrong anopensityto make no change when the initial response
is right. Nodespecific response probabilities denotedibyh® hé are given

by the 2PL IRT model specifying them as a function of three distinct sets of ability

and item parameter$he following T matrix shows how the outcomes denotedas

relate to the nodspecific response probabilities
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The probabilities of the observed outcomes are then computed as the product of the

nodespecific prolabilitiesas follows:

0@ p— 00D wS— 0 OO S— hd Tt
0@ ¢— 00b wS— 0 OO ps— Tt
0@ o— 00O ps— 0 O S— hd Tt
o t1t— 0 p— 0@ p— hd P C& L

Simpler models can be specified by constraining the item and person parameters to be

the same across the three nodes.

2.54 Summary and Discussion

This section reviews AC patterns and outcomes, indices for detecting aberrant
ACs, and AC models. As described in this sectiba,majority of the students
change their answers during a test and the majority of the students gain scores from
changing thenfAl-Hamly & Coombe, 2005; Liu et al, 2015; Milia, 2007). Further,
AC outcomes are associated with#esh k er s 6 abi | iperfprmihgevel , wi t h
students gaining from making more wrong to right changegigkhly & Coombe,
2005; Milia, 2007). Indices fadetecting aberrant ACs are theiridlex based on the
KLD, the EDI based on Bockébés (-In®X2) nomi na

based on theRT. IRT-based approach and IRT tree model are used to model the

61



probability of AC patterns: WW, WR, RW, and RRC patterns and outcomes are

closely associated with testa k e r s 0  dntadditionA@ outcaenesadirectly

contribute to changes in response pattef@zs as a response process data can

provide more information fatheestimaion of person ability ad the assessment of

student sdé mastery st afThusincaporatingiACsastt ri but es
process data in the joint model of responses and RT can provide more information

about the estimation of st udatribitesasdd abi | i ty
attribute profile classification accuracy and more accurate and precise estimation of

the ability parameter.

2.6 Model Estimation

2.6.1 Bayesiarinference

Bayesian inferences regarding a parametare drawn in terms of probability
statementshat areconditional on the observed valuewflenoted ag§ —sw
(Almond, Mislevy, Steinberg, Yan%Williamson,2015;Gelman, Carlin, Stern,
Dunson, Vehtari& Rubin 2014; Levy & Mislevy, 2016). The level cbnditioning
on observed data distinguishes Bayesian inferences froaiténeativeapproach to
statistical inference whictetrospectively evaluates the procedure used to estimate
over the distribution of possibtevalues conditional on the true kmown valie of —
(Gelman et al, 2014Applying the basic property of conditional probability, defined
as B ay ¢hepbsteriardensityis expresseds

n—ho N —N ae—
o o

N —<o X @
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where the joint probability mass or density functipafo is written as the product
of the prior distributiom) — and the sampling distributiap cs—, andr ®
B n —n «s— is summed over all possible values-efin response data modeling,
the posterior density of the parametetranslates into probability beliefs about the
parameterdased ormprior and response data information (Fox, 2010; Levy &
Mislevy, 2016).As the facton w does not depend erand ca be considered a
constant, lhle unnormalized posterior density omitting the fagtab can bewritten
as

n—w® n—n oe— C& X
As such, applications of Bayesian inferences are primarily concerned with modeling

N —ko and summarizing —<0 in appropiate ways (Gelman et,&2014).

2.62 Markov ChainMonte Carlo

Markov chain simulation, also called Markov Chain Monte CAIEMC), is
a method that draws values-efrom approximate distributions and then corrects
them to better approximate the target posterior distributjorgn (Gelman et al,
2014). In this method, sampling is done sequentially, and the resulting distribution of
the sampled draws depends onlytlba value last drawn, hence forming a Markov
chain.Markov chain simulation is used when samplirdirectly fromr) —sw is not
possible asin many hierarchical modelshere marginal posteriors are intractable
andthe dimensionality of the problem resuih difficulties in sampling—directly
fromr —s0 (Fox, 2010; Gelman et al, 2014).

One of the Markov chain algorittswften used in many multidimensional
problems is the Gibbs sampl@&ox, 2010; Gelman et al, 2014)he Gibbs sampler
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partitions tke parameter vecterinto Qsubvectors— —8 h— . Each iteration of

the Gibbs sampler consists@tteps cycling though th@subvectors and drawing

each subset conditional on the values of all the others (Gelman et al, R044dgh
iterationo, theQsubvectors are ordered and each subvector is updated conditional on
the latest values of the other subvectors;aksulting in the iteration values for the
subvectors already updated and the iteratiorp values for the others.

The MetropolisHastings algorithm refers to a family of Markov chain
simulation methods for sampling from Bayesian posterior distributiodss a
generalization of the basic Metropolis algoriti@elman et al, 2014;evy &

Mislevy, 2016) The Metropolis algorithm, defined as an adaptation of a random
walk, computes acceptance/rejection proliiads for mixing a proposal distribution

and a jumping distribution and cycling through the process camtvergence to the
target distibution is reached (Gelman et al, 2014). As described by Gelman et al
(2014; see also Levy & Mislevy, 2016), the algorithm consists of an initial draw of a
starting point— from a starting distribution — and subsequently sampling a
proposal— from a symmetricjumping distribution or proposal distribution at time

0 —s— , at which point the ratio of densities

z

g

1 = C
n— W xv
is computed. Specifying the acceptance/rejection rule as
— xEOBTI AAREDEOU
— O C& w

— T OEAOxEOA
the algorithm generates the transition distribut®dr—s—  as a weighted jumping

distribution0 —s—  that adjusts for the acceptance rate.
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The MetropolisHastings algorithm generalizes thiketropolis algorithm by
allowing asymmetrigumping distributios and correcting for the asymmetry in the

jumping rulewith a réormulation of the ratid as a ratio of ratios:

L
.0 —s—
| — Tt
F— R
0 — S

Asymmetric jumping rulen the MetropolisHasting algorithm increases the speed of

the random walk and improgeomputational efficiency (Gelman et al, 2014).

2.63 Convergencéssessment

Iterative simulations can yield significant underrepresentatiaheofarget
distribution if convergence is not reached. Serial correlation, althootgtecessarily
problematic at convergenaggn cause computational inefficiencies. Assessment of
convergence in iterative simulations involves checking mixing and saatipby
comparing within and betweersequence variation (Gelman et al, 2014; Levy &
Mislevy, 2016).For quantities with normal marginal posterior distributions, Gelman
et al (2014) recommend assessingwergence by estimating the factor by which the
scde of the distribution for the scalar estimandnight be reduced if the simulations

were continued to infinityor simulations  with & chains each of length, the

potential scaleeductionfactor is

L Wil W
W

Y cqp

wherew is the withinsequence variance, and® i [ 2w is a weighted average of

the withinsequence varian@e and betweeisequence variance given by
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The potential scale reduction factor decreases tc lagproaches imiity. If Yis
close to 1, the inference that iterati@pproximate the target distribution is justified.
For extreme quantiles or for parameters with multimodal posterior distributions,

Gelman et al (2014) recommend also monitoring the extreme quanitites between

and within sequences.

2.7 Summary of Literature Review

This chapter is a comprehensive revievewirentapproaches to cognitive
diagnostic modeling and the modeling of testlet effects, RT, and ACs, and
frameworks fomodeling speed andateuracy, which provides the context and
theoreticabackgroundor the joint model of responses, RT, and ACs in tebéesied
assessments for cognitive diagngsisposed in this researchhis chapter
additionallyintroducegshe model estimation method twe used in this research:
fundamentals of Bayesian inferentlee Monta Carlo simulation method, and
diagnostics for assessing model converge@tmpter 3 proposes the joint model,
describing its formulation and parameterizatiive, design o simulation study to
investigate the impact of the manipulated factors on model performance and
parameter estimates, aadlescription of an empirical stutty evaluate and validate

the proposed model.
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Ch ap tMert h3o:d s

This chapteproposes a joint model of responses, RTs, and ACs in testlet
based assessments for cognitive diagnosis, the components of which are drawn from
the modeling approaches and methodologies reviewed in Chafectibn 3.1
presents the ovdidramework for nodeling the responses, Riid AC patterns
testletbasedcognitive diagnostiassessmentollowed by a description ofmodel
specification and parameterizatifor each otthecomponential measuremanbdels
in this frameworkSection 3.2 specifies thgeior distributions of the model
parameters and hyperparameters discussgddtion3.1 and methods for estimating
them from the Bayesian inference perspective. Section 3.3 delineatksitpe of the
simulationstudiesandintroduces the fixed versus mpulatedfactorsand criteria for
evaluating model fit and parameter recovéilyis chapter concludes with a
description of the empirical dasamdanalytic proceduregmployed to evaluate and

validatethe performance ofhe proposed model.

3.1 The Proposed Model

The research study proposed in this chapter adopts and extends van der
Lindends (2007) hi e madelindhandnalysis df regpomsew o r k
accuracy, RT, andn additional source of information abaesttakers,ACs, in
testletbased assessment for cognitive diagn@sseviewedin Chapter 2,he

hierarchical frameworls the prototypical model in the joint modeling of response
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and RT for tests typically administered in comptdased testing progms (De
Boeck & Jeon, 2019nd has been used extensively in joint models of response and
RT (e.g.Klein Entink, Fox, & van der Linden, 2009; Loeys et al, 2011; Zhan et al,
2018a Zhan et al, 2011§. By accounting for dependencies between the item and
person parameters in a higHewel structure, the hierarchical framework is flexible in
allowing alternative models for thstributions ofresponsg RT, andtheir
parameters antthe modelingof the relationship between speed and accuaacy
between the time and response parameters of the items at the population level (van
der Linden, 2007).

The first level models in the proposed joint model are distinct models for
cognitive diagnosis, RT, arACs: the DINA model Junker &Sijtsma, 2001,
Macready & Dayton, 197%7the lognormal RT model (van der Linden, 2006), and
partial credit modelor ACs (Masters, 1982)ollowing Zhan et al (2018, testlet
parameters are incorporated in the response amudtiel tospecifically addresthe
testlet effectsThe following subsections describes in detail formulation of the model
and specification of the model parameters for the threddivst modelsand for the
second level models that capture the relatioetween person parameters, item

parameters, and testlet parameters

3.11 HigherOrder Latent TraiDINA Model for TestletBased Assessment

Thefirst-level response model is thegherorderlatent traitDINA model de
la Torre & Douglas, 2004lunker & Sijtsma, 2001; Macready & Dayton, 1977). As
reviewed in Chapter 2, the DINA model is@n-compensatorparsimonious

cognitive diagnostic modé¢hatspecifesresponse probabilities as a functiortvabd
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parametersa dipping parameter and a guessing parameteredoh iten(e.g.,Junker

& Sijtsma, 2001; Macready & Dayton, 197The latent response variablesis a
binary function of binary inputs and
combining deterministimput| wherg  indicates whether examiné&p@ossesses
attribute’Qand0  indicates whether attribuf®is required for task or itef@

Following Zhan et al (2(83), the IRF for a given item can beesgresseas

LW p M p i Q oP

and, using the logsdcale reparameterized as

aéoed p 1 o1
where
f o € "AWo o
and
1 a € "PQa o € "Wmo o8

This reformulated IRF can be easdytended to incorporate a testlet parameter to
account for the contextual effects of testlets on items (Zhan et ab;26863also Im,
2017).Following Zhan et al (2018, the DINA model for testlebased assessment is

given by

adé e p (I T oR

where... is a 1/0 variable thahdicateswhether itemCs an item nested within

testletQand? x O 1, denotes the testlet effectioém Qo persorithested
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within testletQ 'Q ,, represents the magnitude of the testlet effects and is allowed

to vary across testlets (Wang et @D02; Wang & Wilson, 2005411 testlet effects
I sare assumed to be independent of each other.

Assuming attributes and their acqtian as related to a moteroadly defined
latent construct of general intelligence or aptitude denoteg e higherorder
latentstructuralmodel specifies thprobability for attributé conditional on—as a
logistic regression model with latent covariatéde la Torre & Douglas, 2004).
Using the logit scale, it can be reformulated as

a ¢ @6 ps— h— — o
wherell and—are the slope and intercept for attrib@&han etal., 2018a). This
impliesan estimation o0 parameters, whichreatlyreduces the complexity of the
higherorder structural modeFurther, his highorder structurenodelgenerates an

estimate—beyond theattribute profilesyielded byclassificationof |

3.12 The Lognormal RT Moddbr Testletbased Assessment
As reviewed in Chapter Zh¢ lognormal RT modés a flexible model for
fitting RT data generated by different item types in compbi#esed tests. Hpecifies
RT distributionsfor a fixed persoras determined by the person speed pararteter
the time intensity of itenflenoted as- , and the dicrimination parameter
modifying the relationship between timde and its mean (van der Linden, 2006).
This model assumes conditional independence of the RT given persorasfieed
level of a fixed persarni.e.,person speed and ability are ctamé, andbonce a per sond

choice of ability and speed level is made, only person speed accouthits RF
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distributions.A second level of modeling captures the dependence between speed and
ability at the population level.

In this researcithe RT modeis the lognormal RT testlet modehich
extends the lognormal RT model to specifically account for local RT dependence (Im,

2017; Zhan et al, 20b3 This model is given by

Yx Qo Nth R ‘1‘_AQE)BT 1 1oC - 1
0 UNg” C

which is equivalent to

¢

I - ¢ - _ of)

wherel T0Cis the log RT,.. indicates testlet membership, and *x 0 1, )is

the testlet parameter representing the effect for pé&sariestlelQ The variance of

the testlet effect  indicatedts magnitude. Further, all testlet effects sare

assumed to be independent of each other.

3.13 Partial Credit AQVodel

In the proposed model, partial credit model is chosen to fit the ACTata.
partial credit modeis a polytomous item response model that agfi@e s c h6s mod e |
for dichotomies to each pair of adjacent categories in an ordered sequence (Master,
1982, 208; Masters & Wright, 1996). As a Rasch family model, PCM features
separable person and item parameters and sufficient statigiich, allows objetive
comparisons of persons and items (Mast2048 Rasch, 197)7 Two sets of

parameters in the model, one for persons and one for items, represent locations on the
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underlying measurement variable. PCM is applied to tests using items with two or
more orered response categories and is easy to implement in practice due to
simplicity of its formulation(Masters2018.

The reviewed studies distinguish four AC behaviors based on a comparison of
the initial and final response: WW (both the initial and lfregponses are wrong),
WR (the initial response is wrong and the final response is right), RW (the initial
response is right and the final response is wrong), and RR (both the initial and final
response are right) (Jeon at @D17; van der Linden & JepfA012).ACs studies
reviewed in Chapter &dditionallyassociate AC outcomes withtésta k er sd abi | i ty
level: high-performingaremore likely to make WR ACs and fewer RW ACs dhedy
benefit more from ACs compared to lgerforming examinees (e.g., Jedrak
2017, Liu et al, 2015; Milia 2007By adoptingthe PCM as the AC modethe
proposed researa@ssumeshat AC patterns follow aategoricasequencerdered as
WW, RW, WR, and RR, with RR indicating a final confirmation of an initially right
answerand WW suggesting either a change from one wrong answer to another or a
final confirmation of an initially wrong answefrhis modelfurther assumes théte
probability of a giverAC patternis afunction oftestt a k katersability and item
stepdifficulty (Jiaoet al,2020)

Assuming the response categories followed an intendedmrdey 8 h

0 , in the PCM the conditional probability of scoringbaather than & p using

Raschds model of dichotomies is given by
oY & Agp &
5 R o 5 o 5 0&)
0YY ®p 0 & p AgB
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This can be reexpressed as the unconditional probability of each possible outcome of

persori@esponding to iten{yiven by

sy o PR — O e ®
U w — w O Tt
B Ao —
where
— AT A — & — o oP p

—is the ability of persoffas in the response modahdc is the item step
parametefor item Qettinga score category @i The higherorder ability parameter
—connects the attributes aA€ patternsThe item step parametér is
reparametrized into an item location paramétemd the threshold parameter for

® p score categories.

3.14 Specification of th&secondevel Models

Foll owing van der Lindenés (2007) hiera
through 3.1.3 present the filglvel modelsThis subsection presents trecsndlevel
modelsspecifying the joint distributions of the person, item, and testlet parameters.
Thesemodelsdescribe the relations between the person, item, and testlet parameters
in the first level models for respong€], andAC patternsin the first model, e

person parameteseassumed to follow a bivariate normal distribution:

‘

U TXG . R H S oP ¢

The second model describes the relations between the item parameters, which are

assumed to follow a multivariate normal distribution
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The residual error variange is assumed to be independently distributed and is not
included inw . The third model captures the relatsdretween testlet parameters in

testletQ which are assumed to follow a bivariate normal distribution

f B | g
3 X 0 T[h roh R oP T

f— ” ”

To establish identifiability,lte following constraints are set
©om,  pH m o v
The first two constraints are similar to constraints for-tarameters in highesrder

latent trait modeland IRT modelandfunction toidentify the scale betweer-and

t and betweer—anda. The third constraint fixes the zerobfand removes the
tradeoff betweer andt . Fixing the location of identifiesthe scale betweeh
and- . The proposed modélrther assumeimdependence of the attributes given
independencef the responses givén andf , independence of the RTs givén
and_ , and independence between respoage®RTs for a given item given

person parameters and testlet parameters.

3.2 Model Parameter Estimation

This research usghe Bayesian approach to estimate the parameters in the
join model of response, RT, and ACs in tedtiased assessment for cognitive

diagnosis. Parameter estimation will be implemented using the prégcesn
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Another Gibbs Sampld V e r s i(JAGS; Rlumdner,02017). The JAGS program

interfaces witithe R programvia the package R2jags (Su & Yajima; 2020).

3.2.1 Specification othePriors and Hyper Priors

The proposed model assumes conditional independence of response, RT, and
ACs. Specifiation of the priors and hyper priors follodiso et a{202Q see also
Zhan et al, 2018a; Zhan et al, 20L8®ior distributions for thettributesresponses,
RT, and ACs are specified as
OX6QI tL0MHAQ
aegEwo - + B ... h

| x6Qi ¢£0@BaDP
Yx 6 o Q¢ i Do daphgho P ¢
In the secondevel models, e priors of the person parametare specified

as

X 0 T[H-
t "0 n P X

The variance of—is constrained to 1 for identification purposesing the Chelosky

decompositiont is reparameterized as 3 (Zhan et al, 2018a)
3 is shown as

3 .p ;T op Y
ands is its conjugate transpose. The prior elements i-the are set as

ox ) 1ip and * "OW & & php 8
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Priors for the slope and intercept parameter in the higidsr structural
model are specified as
I x § g vh= 0 & VO— T 0P w

The priors of the item parameters are assumed to follow a multivariate normal

distribution
T ‘
o TS e
& a0 « R xh xQe 0 O PP w o8 T
o O (o} O

Hyper priors for thgparameter this distribution are specified &dllowing
normal/inverséNishart distributions:
X G Tip
tx b c® Wik
Cx ) 1® Wt O Tt
“x § ofg
t  x "'O& U CEEQi W 8 o8 p
On alogit scale¢, at ¢&® wianslates into a mean guessing probabilitygfand
* indicates a mean slipping probability of OWith a variance;, the simulated
mean guessing probabiésrangefrom 0.026 to 0.314ndthe range of theimulated
mean slipping probability isém 0.007 to 0.6530n anaturallog scale; at 3with
a variance of Ihdicates a mean RT of 20.086d a range from 4.883 to 82.617 for
the simulated RTears. Item step parametens the ACs modeare assumed to

follow a normal distribution:
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The priors of theestlet parameters for a given testlet are specified as

[

X 0 E ht i o8 O
where
t X O& 0 G888l O i g o] 1
For the specification of prior distributions and hyper priors, the joint posterior

distribution of the parameters is given by

QK+ h i H H ht R R ma | PO

0 QoN A AKE QTgnhith Q0 NHo Q i-h-Hhl
Q, N ht o n [ Q3 N ht
Q' 4 Q h Q" ht "Q—"Qll o8 U

3.22 Implementation of Mrkov ChainMonte Carlo

This researchuses the Markov chainsimulation method, the Gibbs sampler, to
implement Bayesian estimation of model parameiagesian inferences are based
on the assumption that the distributions of the simulated values are close to the target
distribution and use iterative simulation @safromr; —s0 to summarize the
posterior densityAs stated in Chapter 2, the Markov chain simulation draws values
of —from approximate distributions and subsequently corrects those draws to better
approximate the target posterior distribution (Geiretal, 2014). The Gibbs sampler
Is anappropriate method as it can treat the parametehe domainspecific models

as blocks of parameters and iterate through draws from the conditional distributions
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of one block of parametec®nditional on all remaing parameterdAs suggested by
Gelman et al (2014}his research simula@ minimum of two chains to allow
effective monitoringdf convergencef-urther, it rus a sufficient number of iterations
until convergence is reached. Witlgach chain, the fitdalf iterations of the
simulated runsirediscarded to minimize the influence of the starting valtash of
the remaining chainaresplit up into the first and second half to allow simultaneous
testing of mixing and stationgy. Convergence of theeltative simulation is
diagnosedy the potential scale reduction factdt 'Y close to 1 is an indication that

convergence has reached, at which point posterior demflitipe summarized.

3.3 Simulation Design

The smulation studyproposed irthis research addressthe fit of the
proposed model and the degree to which model parameteadexyaately recovered.
This sectiordescribes the design of the simulation gtodnductedn this research,
factors that are fixed versus manipulated, aitédrea used to evaluate model fit and
parameter recovery, followed by a description of the methodology adopti for

analysis of empirical data in section 3.4.

3.31 Fixed Factors

The simulation study is designed to evaluate model performance and
paraneter estimation under simulated conditions and a¢hwesmodels
differentiated on the inclusion or exclusion of tegbletameters ahe AC
componentThe simulation design fixespecific factors to create conditions under

which the fit of the differenmodels and the precision with which model parameters
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are estimatedan be compared. Factors fixed in the simulation study atesta)
design including th€-matrix design and the number of test itemnsd b) specific
elements of the distributions foretlpriors and hyper priors that are not manipulated.
This research specifies a higheder DINA model for the response data. An
essential component of this model is then@trix. To allow comparison across the
models, a uniform test design anehg@trix are used in the simulation study for data
generation, model fitting, and parameter estimafldre test is a portion &
standardized largecaleMath Test featurin@5 item math teghatmeasue five
attributesand wasused inanempiricalanalysis of the response, RT, and ACs data for
cognitive diagnosisJfag Ding, & Yin, 2020).Table 3.1shows the @matrix for the
portion of the test chosen for this research study. I&IM#A2, A5, A7, andA8
depend orAttribute AF-1; items B2, B4, an@®9 load onAttribute AF-10; itemsB3,
B4, B19, andB28 measure Attribut&F-3; five items measure Attribut&F-5: items
A9, All, B10, B11, andB19; and the last attribute, Attribuf2A-1, is measured by 9
items: itemsB1, B5, B7, B12, B13, B15, B17, B22 andB23. For comparison
purposes, this test design anér@trix areused for data generation and model
estimation.

Tablel
Q-Matrix for the Simulation Study

ltem AF-1 AF-10
Al 1 0

A2
A3
A4
A5
A7
A8
A9
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Ococoorroom
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All 0 0 0 1 0
Bl 0 0 0 0 1
B2 0 1 0 0 0
B4 0 1 0 0 0
BS 0 0 0 0 1
B7 0 0 0 0 1
B9 0 1 0 0 0
B10 0 0 0 1 0
B11 0 0 0 1 0
B12 0 0 0 0 1
B13 0 0 0 0 1
B15 0 0 0 0 1
B17 0 0 0 0 1
B19 0 0 1 1 0
B22 0 0 0 0 1
B23 0 0 0 0 1
B28 0 0 1 0 0

Specific components of the distributions for the priors and hyper priors
described in Chapter 2 are likewise fixed to compare models including or excluding
the ACs model or the testlet parametersstasedn Chapter 2,
the person parameters in the pregd model are assumed to follow a bivariate

normal distribution

L o TU
f 0 ht o8 @
Person parameters will be generated from a normal distribution whebe dp and
tx O g veHigherorder structural parameters are fixed at p® for all
attributes ang— r@frtr@h r@ird) , which indicates moderate correlations
among attributes (Zhan et al, 2018Bgrson attribute mastery parameterwill be
generated from Bernoulli distribution * 6 Q1 & £ B & & " , as specified in
Chapter 2. The multivariate normal distribution from which item parameters will be

generated is fixed as
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a_a" 0oy T8IT[T[h TE&UFT)@UT[&U f o8 X
Crd)() & Tt ™ T[zﬁ)(pnar(pp&itno
And,, 8t Uuor all items Item step parameters are fixed as
Gx 0 Grip Wox O Erip KD i 6 b D o8 |

RA and RT testlet parameters will be generated from the same bivariate normal
distribution

r R |
3 X 0 nh R o8 w

where,, T® SParameters ,, ,and, aremanipulated factarin this

simulation study, as will bdiscussedn the next subsection.

3.32 Manipulated Factors

Factors manipulated in the simulation studyargample sizgb) the variance
of the testlet effectand3) the correlation between the speed parameter and the
ability parameterDifferent sample sizes and levels of the variaawkthe testlet
effectsandof the correlatios between the speed and ability parameters are
configured to examine the effects of the variation on the degree to which the proposed
model andhe comparison models recover the parameters of interest in this research
study.

One ofthe most often manipulated factors in simulation studies of model
performance and parameter estimation is sample size, the choice of which is
contingent upon model specification and parameters of interest. Sample sizes vary

across the simulation studievimved in Chapter 2, with some studies having a fixed
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sample size, and others varying sample sizes to examine the conditions under which
parameters can be optimally recovergtlidieswith a fixed sample sizeften opt for
1,000as in studies specifying rtilevel testlet models (Jiao et al, 2012; Jiao et al
2013) and polytomous multilevel testlet models (Jiao & Zhang, 28biginovaand
Tijmstra (2019) similarly fix the sample size at 1,000 when fitting a model
differentiating RTs for correct and incocteesponsesn joint modeling of responses
and RTs for cognitive diagnosis, Zhan ef(a018a) and Zhan et.gR018b) fix the
sample size at 1,00@ther studies specify different sample sizes to examine the
extent to which sample size affects modef@enance Wang and Wilson (2005), for
instance, compare recovery of the parameters in the Rasch testlet model for sample
sizes of 200 and 500. Their simulation study suggests that as sample sizesdncrease
the root mean square errors of the parametenaigs decreaddo an acceptable

level. Fox et al (2020) similarly set the sample size at 200, 500, and 1080

simulation study that compares the Bayesian covariance structure model (BCSM) for
testlets and the random effects models for testletsr Shaly suggests that parameter
estimation is more accurate for BCSM when sample size is small. In a simulation
study of the performance of the 4PLRT model, @and Hansor§2005)opt for

three different sample sizeég)00, 2000, and 4000. Their study shows that increasing
sample size consistently reduces standard error abdhean square error but does

not necessarily result in smaller bias. Based on the review of the saneglsetizn

these studies, this reseasdt sample size €200 and500 to examine the extent to

which sample sizes affect parameter estimation in the proposed model.
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The levels of testlet varianae indicative othe magnitude of theestlet
effects andare one of the mostften examinedactorsin the modeling and estimation
of testlet response moddksg.,Bradley et al, 199%-0x et al, 2020; Jiao et al, 2012;
Jiao et al, 2013; Jiao & Zhang, 2038ang et al, 2002; Wang & Wilson, 200
studies oftestlet effects, varying sets of variances have been used to represent the
magnitude to the testlet effect¥ang and Wilson (2005), for instance, set the
variances of the random testlet variables at 0.25, 0.50, 0.75, and 1.00, presenting
small to large #ects of the testlets. Jiao et al (2012) used two levels of variances,
0.25 and 1.00 to indicate low and moderate local item dependence and person
clustering effects. Jiao et al (2013) spedifyr levels of testlet variance at 0, 0.25,
0.5625, and 1, repsenting testlets effecting ranging frormedo large. Fox et al
(2020) focus on small testlet variances and set them at 0.1, 0.05, anthe tsview
of relevant literature suggests that while the studies similarly use 0.25 and 0.5/0.5625
to indicatesmall and moderate testlet effects, the labeling of a large testlet effect
seems to be at the resear chdocabréspodsescr et i on
and RTtestlet variances are set at 0.25, 0.5, and 1.00 to represent small, moderate,
and larg testlet effectto simulate conditions under which model performance and
parameter estimation can be examined.

The third factor for which different levels are chosen in this research study is
the correlation between ability and speedexamining thébasic issues in RT
modeling, van der Linden (2009) equates SAT in reaction time research with the
speedability tradeoff in testing and concludes that the two are related through a

distinct function— —t for each testaker, which models of responsesid&iT do
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not need to incorporate but require fixed parameters for the effective speed and ability
of the testtakers. Empirical evidence suggests that the correlations between the two
parameters can be positive or negative, with studies reportingidhr@nge from-
0.65to 0.30 and suggesting that more capable students may have better time
management skills and strategically speed up or slow down to meet the time
constraint of the tests (van der Linden, 200®simulation studies of response and
RT, variaus levels othecorrelations between speed and ability are chosen. Molenaar
andDe Boeck (2018%etthe correlation at 0.4 iresponse mixture modeling that
accounts for heterogeneity in item characteristics across responseBioisgsova
and Tijmstra (2019), in their model differentiating RTs for correct and incorrect
response, specify two different levéts correlations beteen speed and ability, O,
and 0.5, with 0 representing the baseline condition and 0.5 indicating that response
speed provides collateral information for the estimation of ability. Zhan @04l8a)
compared parameter estimates for four different leselse correlation:0.5,-0.3,
0.3, and 0.5. To simulate testing conditions with varying time consteaidtshe
varying degree to which response speed provides collateral information for the
estimation of ability, this research ggeur levels for theorrelations between speed
and ability,-0.5,-0.3, 0.3, and 0.5as a facet of thmanipulatecconditions under
which model performance and parameter recovery can be examined.

The three factors manipulated in this study intersect thigtproposed model
and comparison models to create a totédldfonditionsunder which model
performance and parameter estimates can be compared. 30 repliasgiromsunder

each conditiorior each of the three modsfielding a total oR,160datasets.
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3.33 Data Genertgon Procedure

Data generation consists of the generation of item, person, and testlet
parameters specified in the measurement models for response, RT, and ACs presented
in sections 3.1.1 through 3.1.3, followed by plugging them into the models to
generatetemresponse, RT, and ACs datasets. The following stepgprisethe
procedure taken to generate the datasets.

Simulation of the Item and Item Step Parameteiidie initial step in the data
generation process is the generation of the item and item stepeparas is stated
under 3.1.4, the item parametersfarg , — hand®; theyaregenerated from the
multivariate distribution specified in Equation 3.27.aregenerated from
0 ¢hn® v. ltem step parameteasegenerated from the normaistributions
specified in Equation 3.28. Theyecombined with the item parameters as true item
parameters to provide a point of reference for determining the extent to which
estimated item parameters diverge from them.

Simulation of the PersorParameteas. The next step in this procedure is the
generation of person parameters and higinder structural parameters. As is stated
under 3.1.4, the person parameters-a@ndt ; they were generated from the
bivariate normal distribution specified in &ition 3.17. As is seen in this equation,
the means of—andt are constrained to.) is fixedas land, is fixed as0.25.

" is a manipulated factor that takes on the valuesr@, 1@, @, andr®,
resulting in the correspondingJels in,

Simulation of the Testlet ParameterA total of 5 testlets are presumed to

underly the 25 items presented in Table 1, each consisting of 5 items. As is presented
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in Section 3.1.4, the testlet parameters are the response testlet etiawttes
and the RT testlet parameter, . The five pairs of and_ are generated
from the same bivariate normal distribution specified in equations 3.23, and 3.24.

, Isfixedat @ v, and, are constrained to be the same, the magnitude

of which is manipulated to take on three values as discussed under Section 3.3.2.
Simulation of the Attribute PatternsAs is described under Section 3.3.1, the
higherorder structural parameters diveed atll p® for all attributes and—
r@irtrgh Tt . These are plugged into Equation 3.6 in Section 3.1.1 to
generate the attribute pattern matri X
mastery status on the five attributes s$jped in the Qmatrix. Elements of the pattern
matrix are specified as following a binomial distribution, serving as points of
reference for calculating attribute and attribute profile classification accuracy.
Simulation of the Response Dat@he responsdataaresimulated by
plugging in the generated item parameterand , the generated response testlet
parametef into Equation 3.5 to generate the probabilities of the examinees
giving a correct response to the items. The latent respamnisdble in this equation
B | is computed as the product of the generated attribute patterns and the Q
matrix. The response datsespecified as following a binomial distribution.
Simulation of the RT DataThe RT time dataresimilarly simulated by
plugging in the generated item time intensity parameter , the person speed
parametert , and the RT testlet parameter into Equation 3.8. Thegrespecified

as following a lognormal distribution.
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Simulation of the ACs D&a. The ACs datarelikewise simulated by
plugging in the generated item difficulty paramebeand the item step parameters
into Equation 3.10Answer changes data set and the item response dataset follow the
same dimension. The responses data aysnd consist of Os and 1s; the answer
change data are categorical and consist of 1s, 2s, 3s, d@dnitional dependence
is established through generating patterns 1 and 2 for responses thiay are 0
generating the probability for category 1 and gatg 2. They are thescakdup by
a constant of 1 if the responses are 1. This resulteitorrespondence between the
response and ACs data with a response of 0 only having an AC pattern of 1 or 2, and

a response of 1 only having an AC pattern of 3.or

3.34 Evaluation Criteria

This dissertatiomesearch usdhreeses of indices to evaluattheaccuracy
andprecision with which parameters of interest are estimated by the Monta Carlo
simulation study, comparativeodel fit, and classification accuracy for the proposed
model and comparison modekhe first set of indices compangarameter estimates
and theirtrue values generated by the proposed madeélthe comparison models
The level of estimation precision is determinedwy indices, biamandstandard
error (SE) of the estimategspectivelygiven by

woumw, B W W
0 Qauad v oD Tt

“Y'Qw W — o® p
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where R denotes the total number of replications, is the true value of parameter
if the parameter of interest, addis an estimate of the parametefor replicationi 8

0 "Qaad isthe systematic error indicatrthe extent to which estimated values
deviate from the true value of the parameter across replicationsy'@udis the
random error indicating the variability among parameter estimates without
referencing the true value of the parameter.

Indices usedo evaluate and compare the fit of the proposed menutd|
comparison models are the Akaike information criterion (A&aike, 1974, the
Bayesian information criterion (BIC; Schwarz, 1978), and the deviance information
criterion (DIC; Spiegelhalter, BesCarlin, & van der Linde2002. Information
criteria are measus®f predicative accuracy and are typically based on the deviance,

¢l 1nQ@o— (Gelman et al, 2014AIC corrects forthe increase in predictive
accuracy caused by the fitting ®parameters by subtractif@rom the log
predicative density given the maximum likelihood estimatéf)@o— , and
multiplies it by ¢. AIC is given by

006 cl InQr— ¢Q 0B

wherel ThQo— s the log predicative density given the maximum likelihood and
Qs the number of fitted parameteBIC replaces the maximum likelihood estimate
—with the posterior mean- 0 —z0 andQwith effective number of
paameters. DIC is given by

006 ¢l InQv— ¢ 0% o

88



where— is the posterior mean amd is the effective number of parameters.
BIC corrects for the increase in predictive accuracy by a penalty that increases with
the sarple size¢ and is given by
606 ¢l In@— ™A 1tC oD 1
which penalizes large datasets more tA8D andthus performbetter for simpler
models.
Two indicesareused to compare the attribtdeyel and pattertevel
classification accuracy for the proposed model and comparison matetsute
correct classification rate (ACCR), and pattern correct classification rate (PCCR).

ACCR evaluates attribute level cldgsation rate and is given by

N 'YB B &
000 VS o v
where R is the number of replications, | denotes itemsgand p if | | and

W Ttif otherwise. PCCR is the pattelevel classification accuracy and is given

by

B B b w
Y 0

066"y oD @
where0 denotes attributes. Both indicaecomputed for the proposed model and
the comparison models to determine the effeé@®@fdata and testlet effects on the
rate at which attributes and attribute patterns are correctly classified.

Within and across each simulated conditiors tesearch usebiasandSEto

evaluate and compare the level of precision with which parameteestmated by

the proposed model and comparison models. The proposed research sonoizie
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fit indices AIC, BIC, and DIGor the proposed model ammhe of thecomparison

modek to identify the besfitting model.

3.4 Empirical Data Analysis

This research uskthe proposed model and comparison modefg tnd
analyedata from dargescalemath test, whiclincludedbinary data response data,
RTsdata, and AGdata for71respondentsTheportion of math items used the
empirical data analysiacludesa total of58 items measuring five attributeBhe Q
matrix for this datsetis described in detail in sectid@2.

Two chains and.0000iterationswererun in the analysis of the empirical
dataset. Within each chain, the first half of the tiereswasdiscardedas burrins.
Convergencevasassessed by the potential scale reduction fa¢tbtodel fit indices
AIC, DIC, and BICdescribed in Subsection 333vereused to evaluate and compare
relative fitfor the proposed model and comparison eisd

Analyses of the empirical data set resdin estimates of the person, item,
and testlet parameters in thestfitting mode| whichwerebe summarized as the
mean vector and variance covariance rasfior the three sets of parameters.
Estimated higheorder structure parameters ahd posterior mixing proportions of

the attribute patterngsulting from the analysegerealsosummarized.
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4.1 Results of the Simulation Studies

The smulation stug conducted in this research purport to examine 1) the fit
of the proposed joint model of responde$, andAC patterns for testldvased
cognitive diagnostic assessments as compared to the two alternative models; 2) the
impact of this nedeling approach on parameter recovery and classification accuracy;
and 3) the effect of three manipulated factors on model performance and parameter
estimation for the proposed model.

The proposed model accounting for dual dependency of respon&a amil
including AC pattern as an additional data source is evaluated in the context of model
comparison with two alternative models: 1) the JRNA-R/RT/AC model
neglecting testlet effects in responses Riidand 2) the Joint Testk&INA model
excludingAC patterns in model specification. The three models are compared on
outcome measures including model fit, classification accuracy at the attribute and
attribute profile level, and recovery of item and person paramétigierorder
structural parameterand variance/covariance matrices for item, person, and testlet
parameters. Tabl2summarizes and compares the specification of the tatze
fitting models in the simulation styd

Three factors manipulated in the simulation studies are: the samgl¢hsiz
correlation between latent ability and latent speed, and the magnitude of the testlet
effects. These factors constitute a total of 24 simulated conditions. 30 replications
were run for each simulated condition, resulting in a total of 720 rephsatio

Bayesian estimation of model parameters was implemented simulating two chains
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and running 10,000 iterations per chain. Within each chain, the first 5,000 iterations
were discarded as bum. Convergence of the iterative simulation was determined by
the potential scale reduction fact®¥r which was close to 1 across the replications in
all simulated conditions. Parameter estimation was summarized based on 10,000
iterations.Throughout the simulation conditions and the replicatidffey the model
parameters was p®. Estimation of all three models used around 5 hours per
replication for a sample of 200 examinees and 6.5 hours for a sample of 500
examinees.

Table2

Specification of the Dat&itting Models in the Simulation Sty
Distinction in Model Specification

Model Dependency of Responst  Modeling of Answer
and Response Time ChangePatterns
Joint TestleDINA a X
JRT-DINA-R/RT/AC X a
JRT-AC-DINA for Testles a a
Note: & indicates presence; x indicates ab

The following sections present the results of the simulation stody
summarize them by the criteria used to evaluate and compare the three models. The
first section presents and compares model fit iredfoe thetwo modelsthat use the
same set of datdhe remaining sectiorexaminethe effects of accounting for testlet
effects and of includindC patterns as an additional data source on parameter
estimates by comparing the classification accufacyhe attributes and attribute
profilesand the biassand SE for the parameters estimatbythe threanodels at
the levels of the manipulated factors. Table 3 summarizes the types of parameters

estimated by each model in the simulation study.
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Table3

Summary of Parameters of Interest Estimated by the Models in the Simulation Study

Categories

Notation

Description

Presence/Absence the Models

JAD-TT

JAD

JD-TT

ltem Parameter

—x

Item Intercept

Item Interaction
Item Time Intensity
Item Difficulty

Person Parameter

Person Ability
Person Speed

HigherOrder
Structural Paramete

|—I-| Sl

Attribute Easiness
Attribute Discrimination

Item Mean Vector

Item Intercept

Item Interaction
Item Time Intensity
Item Difficulty

I[tem Variance and
CovarianceMatrix

Variance ofitem Intercept

Variance of Item Interaction

Variance of Iltem Time Intensity

Variance of Item Difficulty

Covariance: Item Intercept & Interaction
Covariance: Item Intercept & Time Intensity
Covariance: Item Intercept & Difficulty
Covariance: Iteninteraction & Time Intensity
Covariance: Item Interaction & Difficulty
Covariance: Item Time Intensity & Difficulty

D2 | D D D Q7| Qe Qzf Qe Qzf Q2 Q2 W Q)

Qr QO D QO QD Qr v Qn

an

2 | D D D QD7 Qe Qzf Qe Qzf W W W Q)

Qr QO D QO QD Qr Qv Qn

an

Q| X QD QO Qrf W W D2 Q2| X QD Qe QA

e X QO Qn

X X O X Qn

Person Variance an
Covariance Matrix

Variance of PersoBpeed
Covariance of Person Ability & Speed

Testlet Variance

Variance of Response Testlet Effect
Variance of Response Time Testlet Effect

an Q| an axn

X X[ Qe

Qan Qr|an an
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4.1.1Performance of the Model Fit Indices

Model performance was evaluated by using ABIC, and DICto compare
the fit of the proposed model, JRIC-DINA for Testlets, withthe alternative model
that uses the same datasi®T-DINA-R/RT/AC. As described in Chapterkith
information criteria are meases of predicative accuracy and are typically based on
the deviance ¢i TnQy— (Gelman et al, 2014For a given simulated condition,
comparative model fit is determined by comparing the AIC, and DICfor the two
datafitting models andsummarizing the number of replications by which the smallest
values of AIC and BIC are identified

Table4 summarizes the number of replications by which the smallest values
of AIC and BIC are identifiedAcross all simulated conditions, AIC and BIC vaue
for the proposed model, JRAC-DINA for Testlets, are consistently smaller
compared to the JRDINA-R/RT/AC model, suggesting that the proposed model has
better fit than the JRDINA-R/RT/AC model.The DIC values, howeveaye higher
for the proposed mad than for the JR-DINA-R/RT/AC model, suggesting that the
JRT-DINA-R/RT/AC model has a better model filore detailed discussion
regarding the usability of the three indices and the caution that needs to be taken

when using and interpreting them is mneted in Subsection 5.1.2.
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Table4
Number of Replications in Identifying the BEgting Model in the Simulation Study

Condition AlIC BIC DIC
No. N K w I JRT-AC-DINA JRT-DINA - JRT-AC-DINA JRT-DINA- JRT-AC-DINA JRT-DINA-
for Testlet R/RT/AC for Testlet R/RT/AC for Testlet R/RT/AC
1 200 -0.5 0.25 30 0 30 0 0 30
2 0.5 30 0 30 0 0 30
3 1 30 0 30 0 0 30
4 -0.3 0.25 30 0 30 0 0 30
5 0.5 30 0 30 0 0 30
6 1 30 0 30 0 0 30
7 0.3 0.25 30 0 30 0 0 30
8 0.5 30 0 30 0 0 30
9 1 30 0 30 0 0 30
10 0.5 0.25 30 0 30 0 0 30
11 0.5 30 0 30 0 0 30
12 1 30 0 30 0 0 30
13 500 -0.5 0.25 30 0 30 0 0 30
14 0.5 30 0 30 0 0 30
15 1 30 0 30 0 0 30
16 -0.3 0.25 30 0 30 0 0 30
17 0.5 30 0 30 0 0 30
18 1 30 0 30 0 0 30
19 0.3 0.25 30 0 30 0 0 30
20 0.5 30 0 30 0 0 30
21 1 30 0 30 0 0 30
22 0.5 0.25 30 0 30 0 0 30
23 0.5 30 0 30 0 0 30
24 1 30 0 30 0 0 30
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4.1.2Recovery of the Person Paramster

Person parameters evaluated in this study are the latent ability parameter,
and latent speed parameter,] nf er ences are drawn regarding
ability and speed based on information provided by the person parameters. To
evaluate the degree to which accounting for testlet effects and inci@ipgttern
as an additional data source affect estiomabf person parameters and classification
accuracy at the attribute and attribute profile level, this section summarizes and
compares the ACCR and PCCR for each ofeténation models and presents
mixed-effect ANOVA results on the effects of theodeltypeand manipulated
factors on théiasesand SE of —andt .

Attribute Mastery StatusE x ami nees 6 attri bute mastery
ACCR and PCCR. These are summarized for each of thdidaigu models
comparedunderall simulated condibnsand presented in Tald@.1.1-4. As is
indicated by the tabseacrossll the 24 simulated conditionACCRs for all five
attributes for the proposed model, JRT-DINA for Testlets are 180 TtTandPCCR
is T T1suggesting that overall and for each attribute, the attribute mastery status
of more than 90% of the simulated examinees are correctly classified using the
proposed model aritie attribute profile for over 74% of the simulated examiees
correctly reovered by the proposed model

Further, compared with tHRCCRs of thedRT-DINA-R/RT/AC mode| the
PCCRs for the proposed moaekonly slightly higher under all simulated
conditions.The ACCRs for and| for the proposed model are slightly

higher than or equal to those for the JBRINA-R/RT/AC model in all 24 simulated
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Figurel Marginal mean attribute correct classification rates (ACCRs) at each level of
the correlation between higherder person ability and speed. Al to A5 indicates
Attribute 1 to Attribute 5.
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conditions, andn 23 out of the 24 conditions fpr , 21 out of 4 for| , and 18 out
of 24 for| . When compared with the Joint Test2NA model, however, the
ACCRs and PCCRs for the proposed model are slightly less or acoskall 24
simulated conditionsThe differences, however, are small and can be comesider
negligible.

Figuresl through4 show the marginal mean ACCRs and PCCRs for the three
models being compared at each level of the three manipulated factonslesize
and correlation between latent speed and ability dapear to result in differense
in ACCRs and PCCRs for the three mod#igyare similar across the levels of the
two factors. Thenagnitudeof the testlet effects dshave an effect as both ACCRs
and PCCRs decrease as the variance of the testlet gffeataeterincreases from
0.25 to 1 and are the smallest for conditions that feature large testlet effects. The
indicates that an increase in tnagnitudeof the testlet effects corresponds to
reduced accuracy rate at both the attribute and attribute profile level.

These results indate the proposed model successfully recotrersattributes
andattribute profilesThey further suggest that while accounting for dual dependency
in responses ardT in the joint model of responses aRd slightly improves
classification accuracy fortaibutes and attributes profiles compared with the model
that ignores this dependency, when the testlet effects are accounted for, indldding
patterns in the joint model does not necessarily lead to improved attribute and

attribute profile correct claggiation rates.
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Figure2 Marginal mean attribute correct classification rates (ACCRs) at each level of
the sample size. Al to A5 indicates Attribute 1 to Attribute 5.
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Figure3 Marginal mean attribute correct classification rates (ACCRs) at each level of
the testlet variance. Al to A5 indicates Attribute 1 to Attribute 5.
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Figure4 Marginal mean attribute profile classification rates (PCCRs) at each level of

the testlet variance.

Correlation betweerrue and estimategerson parameterslableA.2 in

Appendix Apresents the correlation betweaemeand estimated higheability and

person speed parametéos the three models under the 24 simulated conditions. As is

shown in the table, the correlation isrg dbor the higherability parameter and

T80 Yior the person speed parameter as estimated by the proposed model, indicating

strorg correlation between the true ageherated person parameters.
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Of the three models being evaluated in the simulation stbdycorrelation
for the higherorderability parameteyieldedby the proposed model is teongest
compared to the othé&wo modelsacross the 24 simulated conditions. Further,
although overalthecorrelationcomputed using person ability parameter estimated by
the proposed modé only slightly higher than that fdhe JRFDINA-R/RT/AC
mode| compared to the Joint Test#BINA model, thecorrelationcomputed by using
estimates fronthe two models arstrongerby up to 5%. This indicates that the
inclusion of AC pattern in the joint model of responses &Idcontributes to
improved correlation betwedrueand estimated higerability parameter, and
additionally accounting for testlet effectstireresponses andT slightly improves
this correlation.

The proposed modeling approach, however, has little effeateroglation for
the other person parametperson speed pameter across the simulated conditions
correlation for this parametesidentical or only slightly different for théaree
modelsbeing evaluatedlhus, all three models yield estimated person speed
parameter that correlates strongly with the rasneter andncluding AC pattern
and accounting for testlet effects do not necessarily impghaseorrelation.

While the manipulated factors have little effects on the correlation for the
person speed parameter, the variance of the respongldadtlet effecparametes
is related to the correlation for the higloeder ability parameter. Across all three
models as the variance of the testlet effpatameterincreases from 0.25 to 1, the
correlationdecreasg andis the smallesfor the conditions that have a largariance

of 1. This indicates that an increase in im@gnitudeof the testlet effectsorrespond
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to weakenedorrelation betweetrue higherorder ability parameter ants estimates
by all three models.

These resultsdicatethat the proposed modgklds estimates of the higher
order ability parameter that correlate more strongly Wigtrue parameter compared
with the other two modeld hus,modelingAC patterns in addition to responses and
RT and accounting for the testlet effetgadto stronger correlation for the higher
order person ability parameter. Further, consistent \welmtpactof the variance of
the testlet effegbarameteon the ACCRs and PCCRagcreasingmagnitudeof the
testlet effect leads to wealer correlation between the generated highweter ability
parameter and its estimatgsldedby all three models.

Higher-Order Ability and Person SpeeHstimates Person ability parameters
include the higheorder ability parameter the person speed parameterand thé
corresponding mean vector and variagogariance matrix—andt areindividual
specific firstlevel parametersand tteir corresponding mean vector and variance
covariance matrix are populati@pecific secondevel parameters. This section preasen
the bias and SE for the two parameters to evaluate their recovery.

Mixed-effect ANOVAs were employed to examine the effects of the-filtitag
modeltypeand the manipulated factors on the recover~@ndt . Specifically,
identifying the effets of the datditting model allows for inferences regarding the impact
of including the modeling oAC patterns and testlet effects on the recovemheftwo
model parameterdlixed-effects ANOVAs were performed separately for the two
differentsample &es to ensure the robustness of the analyses to violation of the
homogeneity of residual variances assumpfiothe analyses, the higherder ability

parameter and person speed parameter were treated as subjects andegbaindBS
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were treated ahedependent variable. The withgubject factor was the modgpe,and
the betweersubject factors were the two other manipulated factors: correlation between
—andt and testlet variance.

The following sections report trstatistically significant effects and their effect
sizes. Only the highesbrder significant interaction or main effeet#h at least a small
effect sizewere reporteds the interpretation of low@rder interaction or main effect
would be misleading ifiigherorder interaction effectaresignificant. Table
summarizes the highestder significant effectwith at least a small effect siaed their
effect sizes identified in the mixezffect ANOVASs.

Table5

Summary oEffect Sizes of the HigheSrrder Significant Effects from the Mixed
Effect ANOVA on the Recoverytlogé Higher-Order Ability and Person Speed

Parameter
N Effect HigherOrder Ability — Person Speet
Bias SE Bias SE
200 Model*Testlet Variance 0.011
Model*Correlation*Testlet 0.156
Variance
500 Model 0.932
Model*Testlet Variance 0.019
Model*Correlation 0.030
Model*Correlation*Testlet 0.134
Variance

Note: Effect Size is classified 8so | | ows : S mad €0.0¢),MedubhOparti al
( 0. 06 Gp<a.t4), Lame (partiat O0 . 1 4)

At the sample size of 200, two manipulated factoosielation betweer-
andt and testlet varianc@teract withmodelto affect the bias of with a large
effect size of 0.156I'he SE of—is significantly affected by the interaction between
testlet variance and model typke effect sizéor which issmall at 0.011At the
sample size of 50Gjgnificant effect on the SE efstems from th interaction othe

testlet variancandmodel typewhichresutsin a small effect size of 0.01Fhetwo
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manipulated factors interact withe correlation betweer-andt to affect the bias

of T , the effect size for which imediumat0.134. Model type has a significant main
effect on the SE of with a large effect size of 0.932. An additional significant effect
on SE of—is the interaction between model type and correlation betweandt
havinga small effect size d.030.

Higher-Order Ability EstimatesTable6 further details the significant main
and irteraction effects othe bias and SE ef-with at least a small effect sizatthe
sample sizéevel of 200.Model typehasa significant main effect on the SE-ef
with a large effect size of 0.86Plodel type also interact with testlet variance to
significantly affect the SE o5 resulting in an affect size of 0.011.

Table6

EffectSizes inthe MixedEffect ANOVA Results of the Bias and SE of the Higher
Order Ability Estimates (N=200)

Source Bias of— SE of—
F p-value  Partial— F p-value  Partial—-

Within -Subject Effects
(with Greenhouse
Geisser Adjustment

Model 14702.996 0.000 0.860
Model*Testlet Variance 12.990 <0.001 0.011
Not e: Effect Size is c¢l| ass<006),Mddiums f ol | ows

( 0. 06 Gp<a.t4), Lame (partiat O0 . 1 4)

Table7 presents the descriptive statistics for the SE-ait each testlet
variance levelThe proposed model yields better SE-e€ompared with the models
neglecting testlet effects and excluding the modeling@fpatterns when testlet
variance equals.Band 1 When testlet variance equals 0.25, the proposed model and
the JRT-DINA-R/RT/AC model yield amallerSE for —thanthe Joint TestleDINA

modelexcluding the modeling of AC patterns.
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Table7
Means and SD for the SE tbie Higher-Order Ability Estimatesy Model Type and
Testlet Variance (N=200)

JAD-TT JAD JD-TT
o L Mean SD Mean SD Mean SD
0.25 .7215 .0933 .7215 .0932 7799 .07%
0.5 .7230 .0989 7234 .090 7764 .0831
1 732 .0998 .73% .1001 Naaa .0765

Table8 is a more detailed presentation of the significant effects in the SE of
—with at least a small effect siter the sample size of 508s is shown in the table,
Model hasa significant main effect on the SE-ef The effect of the model is large at
0.462 Additional sgnificant interaction effectsn the SE of—areattributable to the
interactionbetween model and correlation betweeandt and between modahd

testlet varianceboth having a small effect size of less than 0.060.

Table8
EffectSizes in the MixeeEffect ANOVA Results of the Bias and SE of the Higher
Order Ability Estimates (N=500)

Source Bias of— SE of—
F p-value Partial— F p-value  Partial—

Within -Subject Effects
(with Greenhouse
Geisser Adjustment

Model 5149.775 0.000 0.462

Model*Correlation 61.570 <0.001 0.030

Model*Testlet Variance 58.443 <0.001 0.019
Note: Effect Sizeis | assi fi ed as f ol-l <008, Mediirma | | (0.01

( 0. 06 Gp<a.t4), Lame (partiat O0 . 1 4)

Table9 presents the descriptive statistics for the SE-ait each testlet
variance level. Across the levels, the SE-eik slightly smallerfor the proposed
modelthan forthe JRT-DINA-R/RT/AC model, which, in turn, is small¢éhanthe
Joint TestleDINA model. These results indicate that the proposed myoelels
slightly better SE of—thanthe model neglecting testlet effects awidently better

SE than the modeixcluding the modeling AC patterns
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Table9
Means and SD for the SE tbie Higher-Order Ability Estimatesy Model Type and
Testlet Variance (N=500)

JAD-TT JAD JD-TT
w Mean SD Mean SD Mean SD
0.25 0.7184 0.0910 0.71&% 0.0910 0.7833 0.08(®
0.5 0.7230 0.0943 0.722 0.0943 0.7793 0.08(®
1 0.7352 0.0981 0.73% 0.0981 0.7799 0.079
Table 10 presents the descriptive statistics for the SE-gielded by the three
modelsat each correlation levelhe SE of—is slightly betterfor the proposed
modelthan forthe JRT-DINA-R/RT/AC modelat the correlation levels of 0.3, 0.5,
and-0.5. Across the levelgshe SE of—as estimated by the Joint TestiHNA
modelis the largest compared to the other two madEese results indicate that the
proposed modeindthe JRT-DINA-R/RT/AC modelyield better SE of—thanthe
model excluding the modeling 8iC patternsacross all correlation levelg/hen
correlationequals0.3 0.5,and-0.5, the proposed modglelds aslightly smaller
random error for—thanthe JRT-DINA-R/RT/AC model
Tabe 10
Means and SD for the SE thie Higher-Order Ability Estimatedy Model Type and
Correlation betweetthe Higher-Order AbilityandPerson Spee(N=500)
JAD-TT JAD JD-TT
Mean SD Mean SD Mean SD
0.3 7304 .0972 .7306 .0972 7729 0778
0.5 .7236 .0955 7237 .0955 .7896 .0847
-0.3 .7260 .0938 .7260 .0938 7734 0768
-0.5 7222 .0925 7224 .0924 7874 .0808

Person Speed EstimateBable 11 further details the significant effects in the

bias and SE of with atleast a small effect size tite sample size of 200estlet

variance and correlation betweenandt have a significant main effect on the bias

of T . Model has a main effeon the SE of . Also significantin their effects on the
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bias oft are tweway interaction effects of model and correlation betweeandt ,
of model and testlet variance, and of correlation betweandt and testlet
variance, all hawng a medium effect size of less than 0.THe highesbrder
interaction effect isheinteraction of all three factoxm the bias of , having darge
effect size of 0.156

Table11

EffectSizes in theMixed-Effect ANOVA Results of the Bias and SE of the Person
Speed Estimates (N=200)

Source Bias of SE of
F p-value Partial— F p-value  Partial—

Within -Subject Effects
(with Greenhouse
Geisser Adjustment
Model*Correlation 95.765 <0.001 0.107
Model*Testlet Variance 124.898 <0.001 0.0%
Model*Correlation*Testlet 73.580 <0.001 0.156
Variance
BetweenSubject Effects
Correlation 22.642 <0.001 0.028
Testlet Variance 31.938 <0.001 0.026
Correlation*Testlet 56.878 <0.001 0.125
Variance

Note: Effect Size is cl ass<006)&ddiums f ol l ows
( 0. 06 Gp<Aa.14j), Lame (partiadt O0 . 1 4)
Figure5is avisual presentation of the interaction between model type and
testlet variance on the biasoffor each abilityspeed correlation level andthe
sample sizéevel of 200.The bias oft yielded by all three models varibyg the

levels of theestkt variance and of the correlation betweeandt . At the
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Figure5. Significant tweway interaction of testlet variance and model type on the
bias fort at all correlation levels and for a sample size of 200.

correlation level of 0.3he absolute value of thmas fort is thehighestin

conditions having a largestlet effect antbwestin conditions having anoderate

testlet effectModel effect is not consistent across the variance levels: in conditions
having a large testlet effeahd having a ability-speed correlation of 0.3 and Qtbe
proposed model yields a bias smaller than the other two models; in conditions having
a moderate testlet effect, tART-DINA-R/RT/AC model yields reduceslystematic

error compared to the proposed model andthet TestletDINA model. Similar
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pattens are observed for conditions havimgadility-speed correlation 0.3 and-
0.5.At the correlation level 0f0.3, bias ishighestin conditions having a small testlet
variance and in conditions havingrenderate and a large testlet variance the bias i
comparable. The proposed model yields reduced systematic error compared with the
Joint TestleDINA modeland/or theJRT-DINA-R/RT/AC modelonly in conditions
having a small testlet variance.

Tablel12is a detailed presentation of the significant effectbe bias and SE
of T with at least a small effect siter the sample size of 500. Mod&hsa
significant main effect on the bias pf Model additionally has a main effect on the
SE oft, the effect size for which is large at 0.932. Three-tvay interaction effects
involving model, testlet variancand correlation betweer-andt on the bias of
are also significant. The highestder interaction effect is the interaction effect of all
three factors on the bias bf having anedium effect size of 0.134.
Table12

EffectSizes in the MixeeEffect ANOVA Results of the Bias and SE of the Person
Speed Estimates (N=500)

Source Bias of SE oft
F p-value Partial— F p-value  Partial—

Within -Subject Effects
(with Greenhouse
Geisser Adjustment
Model 321.141 <0.001 0.051 81996.888 0.000 0.932
Model*Correlation 633.417 0.000 0.241
Model*Testlet Variance 240.427 <0.001 0.074
Model*Correlation*Testlet 154.152 <0.001 0.134
Variance
BetweenSubject Effects
Correlation*Testlet 20.711 <0.001 0.020
Variance

Not e: Effect Size is c¢l| ass<006),Mddiums f ol | ows
( 0. 06 Gp<a.t4), Lame (partiat O0 . 1 4)
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Figure6. Significant threeway interaction of testlet variance, correlation between
—and U, and model type on tIbBe@. bias for

Figure6 is a visual presentation of the interaction of testlet variance and
modelon the bias fott for each level of the correlation betweerandt . When the
correlation is negative, the proposed model yields slightly reduced bias for
compared to the other two models when testlet variance is large. When the correlation
is positive week at 0.3, biasekt yielded by the proposed model and fwoént
TestletDINA model are identical and are better thenthe JRT-DINA-R/RT/AC

model ignoring the testlet effects. At a positive moderate correlation of 0.5, the
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proposed model yields slightly reduced systematic error when the testlet variance is
smal at 0.25, compared to the other two models.

Table13 presents the descriptive statistics for the SE @r the three models
atthesample size of 500he proposed model and the Joint TedllEt{A model
yield identical SEs that are smaller than t8& yielded by thdRT-DINA-R/RT/AC
model. This indicates that the proposed model and the Joint T@Btla&tmodel
accounting for testlet effects result in reduced random error comparedJ®The

DINA-R/RT/AC modelignoring testlet effects.

Tablel13
Means and SD for the SEthie Person Speed Estimat®sModel Type (N=500)
JAD-TT JAD JD-TT
Mean SD Mean SD Mean SD
SEof t 4698 .0624 4781 .0635 .4698 .0624

4.1.3 Recovery of the Persdfariance/Covariance Matrix

TableA.3 and TableA.4 in Appendix Asummarizehie bias and SE for the
variance of the person speed parameter and covariance between person speed and
higherorder abilityunder the 24 simulated conditiodscrossthe conditions the
absolute value of thieiasfor the two parametetis 18t tandtheSE is 1@t v

Compared with the JRDINA-R/RT/AC model, theabsolute value of the
bias of, for theproposed model is siher under all 24 simulated conditionsy a
very smallmargin. Only under specific simulated conditiposnditions 1, 8, and 13,
is theabsolute value of thieias for,  slightly reduced for the proposed model
Under the rest of themulated conditions, th&bsolute value of thieias for, is
either slightly higher than or equalttee biasfor the JRT-DINA-R/RT/AC model.

Similarly, SEsfor,, and, are better for the proposed model, but not across all
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simulated conditios. Under 16 out of the 24 simulated conditizthe SE for, for
the proposed model slightly smalkend 13 out of 24 for the Skor,, . Compared
with the Joint TestleDINA model, however, the absolute value of the los for
the proposd model idhigheracross all simulated conditiom$ereashe bias of
is smallerin conditions3, 6, 9, 12, 18, 21, and 24, all having a testlet effect size of 1.
Similarly, the SE for botl) and, for the proposed model is slighttygher than
for the Joint TestleDINA model

Figures7 through10 are visual representations of tmarginalmean bias and
SE ofthe estimates gf and, by levels of the manipulated factor&he proposed
model yieldsmarginal mean bias of the estimaif, that are smallethanfor the
JRT-DINA-R/RT/AC modelbut are larger than fahe Joint TestleDINA model.
The marginal mean bias of the estimates ofand the SE of both and, for the
proposed model and theJRT-DINA-R/RT/AC malel are comparable and are larger
than for the Joint Testk2INA model. Variation by the levels of theample size is
seen in the marginal mean biadiu estimates of and the SE of both and, ,
with a larger sample size of 500 corresponding to reduced values in these estimates.
An increase in the variance of the testlet effects corresponds to reduced marginal
mean bias and SE of the estimates obut increasedbsolute value of theargind
mean bias of the estimates,of . The marginal mean SE of the estimates of
however, is théowestat the testlet variance level of moderate, increases at the level
of large, and is the largest at the level of small. Variation by levéls dfiffers for
, and, :whereas the marginal mean bias and SE of the estiofgtess larger

for moderaté than for wek” , themarginal mean biagf, is comparable for
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the moderate and weak levels. The marginal me&E of, , bycontrast,
increases a5 progresses from negative moderate to positive moderate for the

proposed model and tB®T-DINA-R/RT/AC model.

Model
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>| JAD
& 0.01- -4 JAD_TT
|_
JD TT
0.00 -
200 500
Sample Size
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P Model
------------ A
& 0.02- BRI
(>0| BRREP ! JAD
& 0.01- & JAD_TT
- JD_TT
0.00 - -
Small Moderate Large
Testlet Variance
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[ [ .
© S =
>|0.02- JAD
l(_?, 0.01- e H ~& JAD_TT
0.00 - JD. TT

Neg Moderate Neg Weak Pos Weak Pos Moderate
Correlation between Ability and Speed

Figure7 Marginal mean bias of the estimates of the variange®fr son speed
levels of the manipulated factors.
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Figure8Mar gi nall mean SE of the estimates

levels of the manipulated factors.

Thus,based upoithe marginal means, the proposeddal andhe JRT-
DINA-R/RT/AC modelboth includingAC patterns in the joint model of responses
andRT yield comparable random error for estimatfog,, and, and comparable
systematic error for estimating . Compared with the Joint TestBtNA model,
however, their biases and SEs are both larger. Thus, when testlet effects are
accounted for, additionally modelidC patterns does not necessarily lead to

improved bias for estimating and SE for botl) and,
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4.14 Recovery of the HigheDrder Structural Parameters

The higherorder structural parameters are the attribute easiness parameters
(/3 and the attribute dcrimination parametef8 ) that specify the relationship
between latent ability and attribute mastery status in the hayler structureThis
section summarizes the bias and SE+@andll for each of the five attributes
specified in the proposed mod€&hese arsummarized for each of the dditing
models and all 24 simulated conditions @nesented in Tables AB4 and A.6.14
in Appendix A.

Attribute EasinessFiguresl1-15 are visial representations of the marginal
mean biases and SEs-effor the five attributes at all levels of the manipulated
factors.Theimpactof model specificatiomn the marginal mean bias of thes not
consistenacrosghe attributesThe marginalmeanbiasesof —for attributes 1, 2, 4,
and 5 are comparabées estimated bthe proposed model and the JRINA -
R/RT/AC model and arthe lowestas estimated bghe Joint TestleDINA model.
For attribute 3however, theyare comparablas estimated bthe proposed and the
Joint TestleDINA model and are largexs estimated bthe JRT-DINA-R/RT/AC
model.Further, for attribute 3 theyary by the levels afwo of the manipulated
factors they are larger for larger testheriance, and for strongér . For the other
attributes, they do not exhibit much variation across the levels.

Theimpactof model specification on the marginal mean SE-@fre similarly
inconsistent across the attributes. For attributes 1 and 5 and across the levels of the
manipulated factors, the marginal mean SEs-afe comparable for the proposed

model and thdRT-DINA-R/RT/AC model ancarethe smallest as estimatbg the
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Joint TestleDINA model. For attributes 2 an8 and across the levels ofeth

manipulated factors, they are comparable as estimated by the proposed model and the
Joint TestleDINA model and are the smallest as estimatethey)RT-DINA -

R/RT/AC moel. For attribute 4, they are similar for the proposed model and the
JRT-DINA-R/RT/AC model and are smaller than the estimates generated by the Joint
TesltletDINA model at the levels of but are larger at the levels of sample size

and testlet variaze. They additionally increase as testlet variance increases from

small to large. Variation by levels bf and testlet variance are not consistent across
the attributes: attributes 4 and 5 see least variation whereas attributes 1, 2, and 3 see
attributespecific variation patterns. The only factor for which consistency across the
attributes is shown is samgdeze: as it increases from 200 to 500, the marginal mean

SEs of the attribute easiness parameters decrease.
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Figurel16 Marginal mean SE of the highrder attribute easiness estimates for each of
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Attribute Discrimination. Figuresl7 through22 display the biases and SEs of
the highorderdiscriminationestimates for théve attributes at all levels of the
manipulated factorsConsistent across the levels of the manipulated faataishe
five attributes marginal mean biase$ the estimates generated by the proposed
model and thdRT-DINA-R/RT/AC model are comparabladiare larger than those
generated by the Joint TestRINA model. They additionally show little variation by
levels of thesample size and , suggesting that thevo factorshave littleimpacton
them.Increased testlet variance corresponds to #s@@ marginal mean biases for
two attributes: attribute 2 and 3. Attributes 1, 4, and 5 show little variation by the
levels of this factor.

The marginal mean Siof the estimates of the higirder discrimination
parameters, however, sh@videntvariation across the attributes and by levelshef
manipulated factors. Similar to patterns observed for the marginal mean bias of the
discrimination estimates, SEs of the estimates are comparable for the proposed model
and theJRT-DINA-R/RT/AC model across tHevels of the manipulated factors. For
attribute 5 they are larger than the estimates generated by the JointDié#et
model. For attributes 1 and 4, they are larger than those yielded by the Joint Testlet
DINA model at specific levels of the testletrizmce and : at negativé or small
testlet variance for attribute 4 and at positive modérat@r moderate testlet
variance for attribute 1. At the other levels'of or of testlet variance, the proposed
model and thdRT-DINA-R/RT/AC model yield reduced SEs compared with the

Joint TestleDINA model. Marginal mean SEs for attributes 2 and 3 are consistently
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smaller for estimates generated by the proposed model adRTHRINA-R/RT/AC
model than for those generated by the Joint TeStiEA model.

The only manipulated factor that sees consistency across attributes is sample
size: SEs are consistently smaller at the sample size of 500 than at 200. Variation by
the lewls of the other two manipulated factors is attribatedl modekpecific. For
instance, attribute 5 sees least variation in the marginal mean SEs by the |évels of
or testlet variance whereas for attribute 3 and across the models, its marginal mean

SESs increase as testlet variance increases.
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Figurel7. Marginal mean bias of the higirder attribute discrimination estimates for

each of the five attributes at four correlation levels.
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Figure20. Marginal mean SE of the higbrder attribute discrimination estimates for
each of the five attributes eitefour correlation évels.
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Figure21 Marginal mean SE of the higbrder attribute discrimination estimates for
each of the five attributes at two sample size levels.
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Figure22 Marginal mean SE of the higbrder attribute @crimination estimates for
each of the five attributes titethree testlet variance levels.
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4.1.5Recovery of the Item Parameters

Item parameters evaluated in this studyf areheitem intercepparameter
1, theitem interactionparameter— theitem time intensityparameterandahthe
item difficulty parameterTo evaluate the degree to which fireposed model
successfully recovers these parameters as compared to the other two models, this
section presents drsummarizes the correlation between the true item parameters and
their estimategenerated bgach model. Mixed effect ANOVA results on the bias
and SE of K| , and— are presented to examine the extent to wifielthree
modelsand the three nmipulated factors affed¢he recovery of these parameters. The
ANOVA results do not includé asit is not one of the parametersthe Joint
TestletDINA model.

Correlation between true and estimatédm parametersTableA.7 presents
the correlatiorbetween true and estimated person parameters for each model under
the 24 simulated conditionds is shown in in the table, correlation for the proposed
model is T@o tforf , @ tfor] , closeto 1 for—,and T Tfor o,
suggesting that estimates for these parameters yielded by proposed model correlate
well with the true parameter$he correlatioafor @ and are weaker than the
correlatiorsforf and —.

The correlations for the three models are identicabonparablainder the 24
simulated conditions. Correlation fer, the item time intensity parameter, is
identical for the three models under sithulatedconditions. Slight differences in the

corrdation forf ,1 , and & are observetietweerthe proposed model aidRT-
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DINA-R/RT/AC. In 14 out of the 24 simulated conditions, the correlatioh fos
slightly stronger for the proposed model. All 14 conditions have a testlet variance of
0.50r 1.In 15 out of the 24 conditions the correlationifors slightly stronger for

the proposed moddExamples are conditions 7, 8, anda having a sample size of
200 and a value @.3 for” , and conditions 13, 14, and &&th a sample sizef

500 and avalue of-0.5 for” . Correlations foro for the proposed model and the
JRT-DINA-R/RT/AC arecomparablealthough in 7 out of the 24 conditions, its value
is slightly strongerfor the proposedhodel Compared with the Joint TestBINA
model,however the proposed model yields a weaker correlatioh fand under
most of the simulated conditions. Only in a couple of simulated conditions are the
correlationdor the proposed modstronger: coditions 7 forf and conditions 12

and 18 for .

Thus, while under specific conditions, accounting for testlet effects in addition
to modeling the answer change patterns can lead to slight improvement in the
correlation between true and estimdted , and—, when the testlets effects are
accounted for, as in the Joint TestlHNA model, additionally modelindC patterns
in the joint model of response aRd does not result in a stronger correlation for the
three itemparametes. Furthercorrelation for— is identical for the three models
being compared, indicating mmpactof the modeling approaanthe estimation of
this parameter.

Item Intercept ParameterTable14 summarizes highestrder significant
effects on the recovery akeim parameters. The fouwray highestorder interaction of

model and the three manipulated factors: sample’sizeand testlet variance, has a
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significant effect on the bias of with a large effect size of 0.774nd the SE of
and with amediumandsmalleffect sizeThe interaction of sample siZe, , and
testlet variance has a significant effect on the bias ahd| , both having a small
effect sizewhereas the interaction of model, , and testlet variancend d model,
sample size, and testlet variamzes a significant effect on the SHE ofand the bias
of1 , similarly having a small effect size.

Table14
Summary of Effect Sizes of the High@stler Significant Effects from theikéd Effect
ANOVA on the Recoveof Item Parameters

I | -

Effect

Bias SE Bias SE Bias SE

Model

Model*Sample SizeTestlet Variance 0.013 0.011

Model*Correlation*Testlet Varianc 0.023 0.031

Model*Sample Size€orrelation*Testlet 0.024 0.774 0.222

Variance

Sample Size€orrelation*Testlet 0.042 0.025
Variance

Not e: Effect Size is c¢l as-s kOb)eviediums f ol | ows

( 0. 06 Gp<a.t4), Lame (partiat O0 . 1 4)
Table15 summarizes the significant main and interaction effects on the

recovery of identified in the mixeeeffect ANOVA. Model, sample size, and testlet
variance all have a significant main effect on the bias andf SESignificant two
way interaction effects on the bias and SE oftem from the interaction of model

and sample size and of model and testlet variance. Twowag@teraction of
model, sample size, afid , and of model, , and testlevariance significantly

affect the SE df 8Significant threeway interaction effect on the biasfofis from

the interaction of sample siZe, , and testlet variance.
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Tablel5
EffectSizesin the MixedEffect ANOVA Re#ts of the Bias and SE of the Item Intercept
Estimates

Source Bias off SE off
F p-value Partial— F p-value Partial—

Within -Subject Effects (with
GreenhouseGeisser Adjustment
Model 8900.325 0.000 0.939 3536.772 0.00 0.860

Model* Sample Size 98.651 <.001 0.146 27.601 <0.001 0.046
Model*Testlet Variance 52.311 <.001 0.154 32.207 <0.001 0.101
Model*Sample SizeCorrelation 2.537 0.032 0.013
Model*Correlation*Testlet Varianc 2.258 0.018 0.023
BetweenSubject Effects
Sample Size 6.588 0.011 0.011 8.538 0.04 0.015
Testlet Variance 172.400 <.001 0.374 33.001 <0.001 0.103
Sample Size*Correlation*Testle 4.252 <.001 0.042
Variance
Note: Effect Size is classified as followd:ma | | ( 0 = xO.0B) Mediam a |

( 0. 06 Gp<d.t4), Lame (partiat O0 . 1 4)

Figure 23 displays the highestder interaction effect f and testlet
variance on the marginaiean bias df as estimated by the proposed maatehe
two sample sizes. Consistent across the two sample sizes, bias is the lowest at the
level of small testlet variance, increases at the level of moderate testlet variance, and
is the highest when testlet variance is large. Variatioh bys specific to theestlet
variance level and the sample sizes. At the sample size of 200, for example, the
lowest mean bias for the levels of small and moderate testlet variance is at positive

weak” . At 500, the lowest mean bias for the same testlet variance Is\atlsveak
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Figure23 Significant threeway interaction of sample size, correlation, and testlet
variance on the mean bias offor the proposed model.
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