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Chapter 1

Introduction and background

1.1 Introduction

Let K = Q(
√
D) be a real quadratic field and Z2 = lim

←−
Z/2nZ is the additive group

of 2-adic integers. We shall use K∞ to denote the cyclotomic Z2-extension of K. Let Kn

denote its n-th layer and An the 2-Sylow subgroup of the class group of Kn, which we refer

to simply as the 2-class group of Kn.

In [25], Mouhib and Movahhedi determined all real quadratic fields with non-trivial cyclic

Iwasawa module X∞ (Theorem 2.3.9) and proved that Greenberg’s conjecture is satisfied

under certain restrictions, as will be presented in Chapter 2. In this dissertation, we will

focus our attention on the following cases:

1. D = pq, with p ≡ 5 mod 8 and q ̸≡ 1 mod 8.

2. D = pq1q2 with p ≡ 5 mod 8, q1 ≡ 3 mod 8 and q2 ≡ 3 mod 4.

3. D = pq, with p ≡ 5 mod 8 and q ≡ 1 mod 8, with
(

2
q

)
4
̸= (−1)

p−1
8 .

These are infinite families of real quadratic fields (by Dirichlet’s theorem on arithmetic pro-

gressions), and they were not covered completely in [25] or analyzed by anyone else:
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In the first case, it is known since [27] that X∞ is finite. In Chapter 3, we prove that for

q ≡ 3 mod 4 the Iwasawa module X∞ is isomorphic to A0. For q ≡ 5 mod 8 this holds in

some cases of Theorem 1.2.6. This case will be discussed in Chapter 3 and Chapter 4, as it

leads to possible ideas for future research.

In the second case, when q2 ≡ 7 mod 8 the Iwasawa module X∞ is finite [25]. Moreover,

in [14] the authors proved that X∞ ∼= A0 under certain restrictions for q2 ≡ 3 mod 4, using

the properties of the biquadratic field K1. In Chapter 3, we draw some conclusions about

their results using our methods and provide a new example of Greenberg’s conjecture using

the field K2 instead.

Finally, in the third case, we use some of the conditions present in [29] (Theorem 1.2.6)

and the ideas in [25], to provide new examples in Chapter 3.

It is worth mentioning that similar problems can be found in the literature. For instance,

ifK = Q(
√
−D) is an imaginary quadratic extension, it is known that the Hilbert 2-class field

tower is infinite if D has at least 6 prime divisors ([6], Chapter 9). It has been conjectured

that the same is true if D has at least 5 prime divisors, but only case-by-case analysis works

(see for example, [5]).

1.2 Preliminary concepts

In this section, we introduce some of the main concepts from number theory that will

be used throughout this dissertation. For readers less familiar with the topic, we start with

a background discussion on class groups and prime factorization on number fields. After

that, we discuss some of the main results and ideas that will serve as references in the next

chapters. The notation we will use will be defined within the text, mainly in the first two
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chapters.

1.2.1 Class groups and ramification ([26])

We define a number field K as a finite extension of Q. An element α of K is an algebraic

integer if it satisfies a monic polynomial equation of the form

αn + c1α
n−1 + · · ·+ cn = 0,

with coefficients c1, · · · , cn in Z. The set of algebraic integers forms a subring OK of K,

known as the ring of integers. Moreover, OK is a Dedekind domain, which implies that

every ideal has a unique factorization into prime ideals.

A fractional ideal of K is a finitely generated OK-submodule of K. The group IK of

fractional ideals is the free abelian group generated by the nonzero prime ideals of OK under

multiplication. The subgroup PK of principal fractional ideals consists of elements generated

by non-zero elements of K. The subgroup P+
K of PK is the set of principal ideals generated

by elements that are positive under all real embeddings. We define the class group Cl(K)

and the narrow class group Cl+(K) of K as:

Cl(K) = IK/PK .

Cl+(K) = IK/P+
K .

Both of these two groups are finite. The orders of these groups are the class number

h(K) and the narrow class number h+(K). For brevity, we will denote them as h and h+

when the underlying field is clear. We are interested in predicting the growth of the class

number within specific chains of number fields, using ramification and genus theory.
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Let K/k be a finite Galois extension of number fields. Each prime ideal p of Ok has a

unique factorization in OK of the form

pOK = (B1 · · · Bg)e .

For any Bi, the degree f = [OK/Bi : Ok/p] remains the same, and it is called the inertia

degree. The prime p is ramified if e > 1, and it is totally ramified if g = f = 1. The prime

p splits completely, or simply splits, if e = f = 1. The prime is inert if g = e = 1 (i.e. if

it remains a prime ideal in OK). For the sake of simplicity, the extension K/k is said to be

ramified at infinity whenever k is real and K is imaginary, as we will only focus on Galois

extensions.

One of the main results of Class Field Theory, which we will utilize, is the existence

of a unique finite Galois extension H/K corresponding to the maximal unramified abelian

extension of K, such that the Galois group Gal(H/K) is isomorphic to the class group of

K via the Artin map. This extension is commonly known as the Hilbert class field of K,

and by the Galois correspondence, every abelian unramified extension of K corresponds to a

subextension of H/K. In particular, there is an unramified extension, called the p-class field

of K, such that its Galois group over K is the p-Sylow subgroup of Cl(K). We will refer to

this group simply as the p-class group of K. An ideal I of OK capitulates in an extension L

if IOL is principal. Through the Artin map, one can deduce that a prime splits completely

in H if and only if it is principal in K ([8], Corollary 5.21, Corollary 5.25).

We will focus on quadratic extensions of Q, which are fields of the form K = Q(
√
D)

with D being a square-free integer. As they are well understood, we write down some of
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their main properties. The ring of integers OK can be characterized as:

OK =


Z
[√

dK
]

if D ≡ 2, 3 mod 4,

Z
[
1+
√
dK

2

]
if D ≡ 1 mod 4.

Define the discriminant dK as:

dK =


D if D ≡ 1 mod 4,

4D if D ≡ 2, 3 mod 4.

Then a prime ramifies in OK if and only if it divides dK . Furthermore, if p is an odd prime

we can define the Legendre (or Jacobi) symbol by

(
a

p

)
=


0 if p | a,

1 if a is a quadratic residue modulo p,

−1 if else,

where a is a quadratic residue if the equation x2 ≡ a mod p has a solution.

It can be extended multiplicatively by

(
ab

p

)
=

(
a

p

)(
b

p

)
, and it determines the fac-

torization in K, as a prime p splits in K if and only if

(
dK
p

)
= 1. For the case p = 2, the

prime splits if D ≡ ±1 mod 8 and it is inert if D ≡ ±5 mod 8. Thus, we can simply define

the Legendre symbol for a ≡ 1 mod 4 by

(
a

p

)
= 1 if and only if p splits in Q(

√
a). This

will become important once we discuss Rédei matrices. If r is a positive divisor of dK with

r ≡ 1 mod 4, it is a well-known result ( [31], Exercise 9.3) that the extension K(
√
r)/K is

unramified at all primes.

Finally, for any real number field K of degree n over Q, let E(K) represent the unit group
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of OK . Then by Dirichlet’s unit theorem, E(K) is isomorphic to ⟨−1⟩ × Zn−1, meaning its

torsion is generated by −1 and its Z-rank is n − 1. In particular, for real quadratic fields,

we can choose a generator ε > 1, referred to as the fundamental unit of K.

Remark 1.2.1. An important fact we will use is that the class group and narrow class

group are equal if and only if NK/Q(ε) = −1, where NK/Q denotes the norm map from K to

Q. Otherwise, if NK/Q (ε) = 1, we have 2h = h+, Several properties regarding fundamental

units will be discussed in future sections.

1.2.2 Binary quadratic forms and genus theory ([8] , [12], [18])

In this section, we discuss the relation between binary quadratic forms and the class

groups of quadratic fields. It is worth noting that the standard notations for this topic are

the ones used in Cox’s book [8], which primarily focuses on imaginary quadratic fields. For

real quadratic fields, the main ideas were originally introduced by Gauss [12]. As it is one

of our main references, we will adhere to the notation presented by Kaplan [18], just for

consistency with our results. We are particularly interested in Pell’s equation

x2 − ny2 = −1 or − 4,

as it determines whether the norm of the fundamental unit is −1 or not. Thus, the binary

quadratic form x2 − ny2 is one of our main objects of study.

A binary quadratic form is a homogeneous polynomial of degree 2 in Z[x, y]. We only

consider those of the form Q(x, y) = ax2 + 2bxy + cy2, where the second coefficient is even.

We denote the form by Q = [a, b, c]. The condition regarding the second coefficient is the

main difference from the usual definition. As established in [18], there is a map between

the group we will define using this restriction and the usual definition, where the kernel is

6



a group of order 1 or 3 (in the latter case, it is isomorphic to SL2(Z/2Z)). Since we will

mainly focus on the 2-part of a group, there will be no difference in the overall theory.

A form Q(x, y) = [a, b, c] is primitive if g.c.d. (a, 2b, c) = 1. We say that an integer m

is represented by Q if the equation Q(x, y) = m has an integral solution, and it is properly

represented if x, y can be chosen such that gcd(x, y) = 1. The discriminant of Q is defined

as D = b2−ac (which is different from the usual definition, since it disregards the factor of 4).

The group SL2(Z) (invertible matrices with integral coefficients and determinant 1) has

a discriminant-preserving action on the group of quadratic forms. If Q = [a, b, c] and

M = ( p qr s ) ∈ SL2(Z), then M acts on Q by

M ·Q(x, y) = Q(px+ ry, qx+ sy).

Two forms are equivalent if they lie in the same orbit. We denote the equivalence classes

of forms of discriminant D by C(D), which form a group under what is known as Gauss

composition: for two given classes Q1,Q2, there exist representatives of the form [A,B,A′C],

[A′, B,AC] respectively. Then the composition is defined as the class of the form [AA′, B, C].

The unit of this group is given by the class F of f = [1, 0,−D], which will be referred to

as the principal form. As established in ([12],[18]), the 2-part of the narrow class group of

K = Q(
√
D) is isomorphic to 2-part of C(D).

The ambiguous classes of C(D) are the elements of order 2. A quadratic form is am-

biguous simple if it is of the form [A, 0, C] with |A|< |C|, or [2B,B,E] with |B|< |2E −B|.

The second type only exists if D ̸≡ 1 mod 4. When D > 0, each ambiguous class contains

two ambiguous simple representatives, whereas there is only one for D < 0. In particular,

every ambiguous class represents divisors of the discriminant of K, as equivalent classes rep-

7



resent the same numbers. The divisors of dK represented by the principal form are called

the principal factors. To illustrate how to use these concepts, if [1, 0,−D] and [−1, 0, D]

are in the same class, then −1 is represented by [1, 0,−D], implying it is a norm from the

corresponding quadratic extension.

For a finite abelian group G, we can define the 2n-rank of G as

r2n(G) = dimF2

(
G2n−1

/G2n
)
,

where F2 represents the finite field of 2 elements. A result due to Gauss is that the 2-rank

of the narrow class group of K, denoted by r2 for simplicity, satisfies

r2 = r − 1, (1.1)

where r is the number of divisors of the discriminant dK .

Similar to the case for imaginary quadratic fields [8], one can define the generic characters

of a given form as follows: If p is an odd divisor of D, any integer m relatively prime to p,

that is represented by a form Q of discriminant D, has the same value ep(Q) =

(
m

p

)
, called

the generic character associated to p. Similarly, if 2 divides the discriminant, the character

e2(Q) is defined as:

e2(Q) =



(
−1

m

)
= (−1)

m−1
2 if D ≡ −1 mod 4,(

2

m

)
= (−1)

m2−1
8 if D ≡ 2 mod 8,(

−2

m

)
if D ≡ 6 mod 8.

Two classes are in the same genus if their generic characters have the same values. We

define the principal genus to be the genus of the principal form. In particular, a class is

8



in the principal genus if the value of every generic character is equal to 1. Similar to the

imaginary case, let s be the number of ambiguous simple forms in the principal genus, then

s = 2 r4+1, (1.2)

where r4 is the 4-rank of the group Cl+(K). We provide an example of how to use these

ideas, but a better criterion will be introduced with the Rédei-Reichardt matrix.

Example 1.2.2. Let D = pq with p ≡ 5 mod 8 and q ≡ 3 mod 4. The simple ambiguous

forms for K = Q(
√
D) are given by ([18], Proposition A3):

f = [1, 0,−pq], g = [p, 0,−q], h =

[
2, 1,

1− pq

2

]
, l =

[
2p, p,

p− q

2

]
,

f = [−1, 0, pq], g = [q, 0,−p], h =

[
−2, 1,

pq − 1

2

]
, l =

[
2q, q,

q − p

2

]
.

Let
(
p
q

)
=
(
q
p

)
= τ ,

(
2
p

)
= τ ′ and

(
2
q

)
= τ ′′. The generic characters are the ones in the

following table:

f f g g h h l l(
m
p

)
1 1 τ τ τ ′ τ ′ ττ ′ ττ ′

(
m
q

)
1 −1 τ −τ τ ′′ τ ′′ ττ ′′ −ττ ′′

(−1)
m−1

2 1 −1 1 −1 τ ′τ ′′ −τ ′τ ′′ τ ′τ ′′ −τ ′τ ′′

Table 1.1: Generic character for D = pq, p ≡ 5 mod 8, q ≡ 3 mod 8

By the modular conditions, we have τ ′ = −1. In particular, depending on the values of

τ and τ ′′, exactly one of the forms g, l or l is in the principal genus. Hence r4 = 0, as there

are only 2 forms in the principal genus. Since r2 = 2, one can easily conclude that the 2-part

9



of the narrow class group is isomorphic to C2 × C2, where C2 represents the cyclic group of

2 elements.

1.2.3 Rédei-Reichardt matrix [28]

In this section, we present what is known as the Rédei-Reichardt criterion, as it will be

easier to determine the 4-rank this way. As explained in the previous section,

r2(Cl+(K)) = r − 1, where r is equal to the number of divisors of the discriminant. There-

fore, the 2-torsion group Cl+(K)[2] is isomorphic to Fr−1
2 .

Consider the group Cl+(K)/Cl+(K)2. Since it is a quotient of Cl+(K), there is a cor-

responding intermediate extension H∗ of H/K, where H is the Hilbert class field of K,

such that Gal(H∗/K) ∼= Cl+(K)/Cl+(K)2 via the Galois correspondence. This extension is

known as the genus field of K [8], and it corresponds to the maximal abelian extension of K

that is unramified at the finite primes and is also abelian over Q.

This is proved in ([8], Theorem 6.1) for imaginary quadratic fields, but the same ideas

work here: Let H2 be the narrow class field of K; i.e., the abelian unramified extension of

K such that Gal(H2/K) ∼= Cl+(K). Then there is an exact sequence

1 −→ Cl+(K) −→ Gal(H2/Q) −→ Gal(K/Q) −→ 1.

If Gal(K/Q) = ⟨σ⟩, since the class group of Q is trivial, the norm map from K to Q is

trivial in ideal classes. Thus, σ acts as inversion in Gal(H2/Q) and this group is dihedral

over Q (in particular, the Hilbert class field can be non-abelian over Q). From here, the

proof follows the same steps as in ([8], Theorem 6.1), with the only difference being that

the genus field extension might be ramified at the infinite places since the class group and

narrow class group can be different. It is worth noting that we can only draw conclusions

10



on the 2-part of the class groups, which is an advantage that disappears when working with

any other prime.

The genus field is determined in the following way: if p is an odd prime number we can

define p∗ = (−1)
p−1
2 p; otherwise, for p = 2 the definition relates to the corresponding generic

character, since

2∗ =


−4 if D ≡ 3 mod 4,

8 if D ≡ 2 mod 8,

−8 if D ≡ 6 mod 8.

Then H∗ is the composite of the quadratic extensions Q(
√
p∗) such that p | dK . In par-

ticular, Gal(H∗/K) ∼= Cl+(K)/Cl+(K)2 injects into Gal(H∗/Q) ∼= Fr−1
2 .

To determine the 4-rank of Cl+(K), we can consider a series of maps. We have a surjection

Fr
2 Cl+(K)[2].

Restricting the natural projection of Cl+(K) onto Cl+(K)/Cl+(K)2 to the torsion sub-

group, we have a map

Cl+(K)[2] Cl+(K)/Cl+(K)2.
ψ

Composing these maps with the injection into Gal(H∗/Q), we get the Rèdei-Reichardt

map

Fr
2 Fr

2.
Ψ

One can see that the kernel of this map has order equal to 2r4 . Therefore,

r4 = r− 1− rankF2(Ψ). This map corresponds to a matrix R with F2 coefficients, which are

easily determined by the Artin symbol (for quadratic fields, it is determined by the Legendre

symbol).
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Let R = (aij) and suppose dk = p1 · · · pn is written as a product of primes. Then for

i ̸= j we have

(−1)aij =

(
p∗j
pi

)
.

The sum of the entries in every row is 0, hence the entries cii are easily determined. This

matrix is known as the Rédei-Reichardt matrix of K and we have the following formula

r4 = r − 1− rank(R) = r2 − rank(R) (1.3)

Example 1.2.3. We present as an example again what happens if K = Q(
√
pq) with p ≡ 5

mod 8 and q ≡ 3 mod 4. By the modular condition, both symbols with respect to p = 2 are

equal to −1, and by quadratic reciprocity we have

(
p∗

q

)
=

(
q∗

p

)
. Since dK = 4pq, there

are 3 divisors of the discriminant and we get a 3× 3 matrix. If

(
p

q

)
= 1, the two possible

matrices are


1 1 0

0 1 0

1 0 0

 ,


1 1 1

0 1 0

1 0 1

 ;

both of rank 2, which implies r4 = 3− 1− 2 = 0.
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Similarly, when

(
p

q

)
= −1, the 2 possible matrices are


1 1 0

0 0 1

1 1 0

 ,


1 1 1

0 0 1

1 1 1

 ;

where again, we get r4 = 0. We can then conclude that the 2-part of Cl+(K) is C2 × C2.

Remark 1.2.4. A well-known result we present is that the fundamental unit has norm equal

to 1 whenever a prime q ≡ 3 mod 4 divides D, where K = Q(
√
D). Let εD = x + y

√
pq

with x, y integers and assume by contradiction that x2 −Dy2 = −1 . Then x2 ≡ −1 mod q

leads to
(
−1
q

)
= (−1)

q−1
2 = 1, which is absurd. In the previous example, this implies that

the class group differs by 2 from the narrow class group (Remark 1.2.4), and the 2-class

group of K is isomorphic to C2. In particular, since the extension Q(
√
p,
√
q) is unramified

of degree 2, it corresponds to the 2-class field.

1.2.4 Biquadratic symbol and the 8-rank of the class group ([18], [12])

The conditions for the 8-rank are far more complicated. We must consider the classes

Q that have a square root Q ; i.e., Q = Q
2
. Let r8 = r8 (Cl+(K)) be the 8-rank of the

narrow class group of K. Then 2 r8+1 is equal to the number of simple ambiguous forms such

that there is a square root in the principal genus. Thus, we need to calculate the generic

characters of the square roots to determine which ones belong to the principal genus. To

this end, we introduce the biquadratic symbol:

For p ≡ 1 mod 4, whenever

(
a

p

)
= 1, the biquadratic symbol

(
a

p

)
4

is equal to 1 if a is

a biquadratic residue modulo p (meaning the equation x4 ≡ a mod p has a solution), and

it is equal to −1 otherwise.
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We can also define the biquadratic symbol for p = 2 whenever a ≡ 1 mod 8. Then(a
2

)
4
= (−1)

a−1
8 , where it is equal to 1 if a ≡ 1 mod 16 and it is −1 if a ≡ 9 mod 16.

Example 1.2.5. Suppose D = pq with p ≡ q ≡ 1 mod 4. Let g = [p, 0,−q]. By [18], there

exists a square root φ of g such that ep(φ) =

(
p

q

)
4

. Thus, the generic character of a square

root depends entirely on the biquadratic symbol.

We end this section with the following result by Scholz, which will be significant to our

analysis:

Theorem 1.2.6. ([29], cf. [17] , Proposition 2.2), Let N denote the norm map from K

to Q, and h, h+ denote respectively the class number and the narrow class number of K.

Assume p ≡ q ≡ 1 (mod 4). The following statements hold:

1. If

(
p

q

)
= −1, then h+ ≡ h ≡ 2 (mod 4) and N(εD) = −1.

2. If

(
p

q

)
= 1, then:

(i) If

(
p

q

)
4

= −
(
q

p

)
4

, then h+ ≡ 2h ≡ 4 (mod 8) and N(εD) = 1.

(ii) If

(
p

q

)
4

=

(
q

p

)
4

= −1, then h+ ≡ h ≡ 4 (mod 8) and N(εD) = −1.

(iii) If

(
p

q

)
4

=

(
q

p

)
4

= 1, then h+ ≡ 0 (mod 8).

Remark 1.2.7. These conditions mainly determine which ambiguous simple classes are

equivalent to the unit, since the biquadratic symbols determine the generic characters. For

example, the condition

(
p

q

)
4

=

(
q

p

)
4

= −1 is equivalent to [−1, 0, D] being the only form

equivalent to [1, 0,−D], hence −1 is a norm from the quadratic field to Q.

14



The condition

(
p

q

)
4

= −
(
q

p

)
4

= 1 implies that the class of [q, 0,−p] is equivalent to

[1, 0,−D] instead. Hence, the equation x2−Dy2 = q has a solution instead. In this case, the

prime q is a principal factor of K. As mentioned in [17], only one of p, q, −1 is represented

by [1, 0,−D]. This will be relevant to our analysis in future chapters.

1.3 Zp-extensions and Iwasawa theory [31], [16]

Let Zp denote the additive group of p-adic integers. A Zp-extension of a given number

field K is an extension K∞/K with Gal(K∞/K) ∼= Zp. The intermediate fields of this ex-

tension correspond to the closed subgroups of Zp. Thus, for each n ≥ 0 there is a unique

extension Kn/K contained in K∞ with Gal(Kn/K) ∼= Z/pnZ. All Zp-extensions are unram-

ified at primes that do not lie over p. Furthermore, at least one prime over p ramifies, and

there exists an n0 ≥ 0 such that every ramifying prime is totally ramified in K∞/Kn0 . We

denote n0 to be the smallest integer with this property.

Let Γ = Gal(K∞/K). Let Ln denote the maximal unramified abelian p-extension of Kn,

so that the Galois group Xn = Gal(Ln/Kn) is isomorphic to the p-class group of Kn, which

we denote by An. Let L =
∞⋃
n=o

Ln. The inverse limit X∞ = lim
←−

An
∼= Gal(L/K∞) is known

as the Iwasawa module of the extension. Let Λ = ZpJT K. Then X is a finitely generated

Λ-torsion module.

Let |An|= pen . Using the structure of Λ-modules, Iwasawa proved that n for sufficiently

large, there exist integers µ ≥ 0, λ ≥ 0, and ν such that

en = λn+ µpn + ν.

As it will be our main object of study, we construct a particular Zp-extension. Let

q = p if p is odd and q = 4 if p = 2. Denote by ζqpn a primitive qpn root of unity. Since

15



Gal(Q(ζqpn) ∼= (Z/qZ)∗ × Z/pnZ, there exists a subfield Qn, which is cyclic of degree pn.

Then Q∞ =
∞⋃
n=o

Qn is a Zp-extension of Q, and it can be easily shown that K∞ = KQ̇∞ is a

Zp-extension of K, which is referred to as the cyclotomic Zp-extension of K.

Since we will use genus theory, the results of binary quadratic forms in [18] and Kubota’s

work on biquadratic fields [19] as some of our main tools, we will restrict our attention to

the case p = 2. We can easily describe Qn = Q (an) by the sequence a0 = 0, an =
√
2 + an−1

for n ≥ 1. If K = Q(
√
D) is a real quadratic field, then Kn = Q(an,

√
D). It is worth noting

that the extension is the same if we replace D with 2D, so we can use either extension at

our convenience. We also point out that K1 = Q(
√
2,
√
D) and K2 = Q

(√
2 +

√
2,
√
D
)
,

since they will be significant to our analysis. In particular, K1 is a biquadratic field, so we

can use this in our favor to deduce some of the properties of the cyclotomic extension.

For abelian extensions K/Q, it is well-known that the invariant µ of the cyclotomic

extension is equal to 0 [9]. For totally real fields, it was conjectured by Greenberg [13] that

both invariants λ, µ vanish, and the sequence stabilizes for large enough n. In the next

chapter, we discuss some results related to real quadratic fields regarding this conjecture.

16



Chapter 2

Real quadratic fields with cyclic Iwasawa module

In this chapter, we lay out some of the main results and theorems that will be essential

in the next chapter.

2.1 Greenberg’s conjecture and results [13]

Let K be a totally real number field. Greenberg has conjectured (and this is expected

to be true but has turned out to be very hard to prove in general) that the order of the

class groups in the cyclotomic Zp extension is uniformly bounded, which is equivalent to

the invariants µ and λ from the previous chapter being equal to 0. For some of his results,

Greenberg assumes that the field K satisfies Leopoldt’s conjecture, which for totally real

fields is equivalent to the p-adic regulator of the number field K being non-zero, in its sim-

plest form. This conjecture has been proved for abelian extensions of Q, so our main fields of

interest will satisfy it. We present some of the results, as they will be useful in future chapters.

Let K̃ be the composite of all Zp extensions of K with Gal(K̃/K) ∼= Znp . Then Leopoldt’s

conjecture is equivalent to n = l2+1, where l2 denotes the number of complex embeddings of

K. In particular, for a totally real field, it is equivalent to the cyclotomic extension K∞ being

the only Zp extension. Let M0 denote the maximal abelian p-extension unramified outside

of p, then [M0 : K̃] is finite [31]. If K is totally real and satisfies Leopoldt’s conjecture, this

is equivalent to [M0 : K∞] < ∞.
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Let σ be a topological generator of Gal(K∞/K). By restricting σ to Gal(Kn/K), we

have a generator of this group, which we also denote by σ. It acts on the class group An and

we can consider the fixed elements of this action:

Bn = AGal(Kn/K)
n = {c ∈ An | cσ = c}.

Greenberg proves that if K is totally real and satisfies Leopoldt’s conjecture, then for n

sufficiently large, |Bn| ≤ [M0 : K∞].

Moreover, it is worth mentioning the following criterion for the vanishing of the invariants,

as it relates to the unit index studied in Theorem 2.3.4:

Theorem 2.1.1. ([13], Theorem 1) Let K be a totally real number field. Assume that only

one prime of K lies over p and that this prime is totally ramified in K∞/K. Then the

following two statements are equivalent:

(i) Every ideal class of A0 becomes principal in Kn for some n.

(ii) |An| is bounded as n → ∞.

Let B′n denote the subgroup of Bn consisting of ideal classes containing an ideal invariant

under the action of Gal(Kn/K). Then from the proof of Theorem 2.1.1, the following holds:

Bn/B
′
n
∼= E(K)/Nn,0(E(Kn))

where E(L) denotes the units of the ring of integers of L and Nn,0 is the norm map from Kn

to K0. This result will be relevant to our discussion in Chapter 4.
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2.2 Biquadratic extensions and fundamental units [19]

We define a biquadratic extension as any extension of number fields L/K such that

Gal(L/K) ∼= C2 ×C2. Most of the work on imaginary biquadratic extensions L/Q was done

by Kuroda [21]. For real biquadratic extensions, we have the following result by Kubota,

commonly known as the Kubota-Kuroda formula:

Theorem 2.2.1. [19] Let L/Q be a totally real biquadratic extension, with unit group E(L)

and 2-class group A(L). Let L1, L2, and L3 be the quadratic subfields of L. Let εi be the

fundamental unit of Li, for i = 1, 2 and 3. Let q(L) := [E(L) : ⟨−1, ε1, ε2, ε3⟩] be the Hasse

unit index of L. Then we have

|A(L)|= 1

4
· q(L) · |A(L1)|·|A(L2)|·|A(L3)|.

Further, a system F of fundamental units of L (F.S.U) is one of the following possibilities.

1. {ε1, ε2, ε3},

2. {√ε1, ε2, ε3},

3. {√ε1,
√
ε2, ε3},

4. {√ε1ε2, ε2, ε3},

5. {√ε1ε2, ε2,
√
ε3},

6. {√ε1ε2,
√
ε1ε3,

√
ε2ε3},

7. {√ε1ε2ε3, ε2, ε3}.

Any unit εi that appears under the square root sign is assumed to have norm equal to 1,

except for the last case, where all the units can have the same norm, either all 1 or all -1.

We also refer to a set of generators of the unit group modulo {1,−1} of a biquadratic

field as a fundamental system of units (F.S.U). We aim to use this formula to determine the

order of the class group of the biquadratic field K1 = Q(
√
2,
√
D) and obtain a fundamental

system of units.

Furthermore, we have the following generalization by Lemmermeyer [22]:
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Theorem 2.2.2. Let L/K be a biquadratic extension. Then

h(L) =
2d−κ−2−v · q(L) · h1 · h2 · h3

h(K)2
.

Where

• The values hi denote the class numbers of the intermediate quadratic subextensions Li.

• d is the number of infinite places ramifies in L/K.

• κ is the Z-rank of E(K).

• q(L) is the index [E(L) : E(L1)E(L2)E(L3)].

• v = 1 if L = K(
√
ε,
√
η) for units ε, η ∈ K; and v = 0 otherwise.

In particular, for a real biquadratic extension L of Q(
√
2) where v = 0, we have:

h(L) =
1

8
· q(L) · h1 · h2 · h3, (2.1)

since d = 0 and κ = 1.

We conclude this section with an analysis of one specific case, as presented in [30] (the

original result is in Kubota’s paper). Suppose L/Q is biquadratic and that the norm of all

the fundamental units is equal to −1. The F.S.U. of L depends on whether ε1 · ε2 · ε3 is a

square in L or not. The units of L are determined completely by the units of the quadratic

subextensions L1, L2 and L3. Furthermore, the group of units E(L) is generated by the units

of these subfields and the elements of E(L1)E(L2)E(L3) that are squares in L. Consider the

following diagram:
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Q

L3L2L1

L

ρτσ

where σ, τ and ρ are the non-trivial automorphisms of the corresponding Galois exten-

sions.

Let η = ε1 · ε2 · ε3 − ε1 − ε2 − ε3 and C = T (η) = η + ησ + ητ + ηρ, where T = TL/Q

represents the trace map on an extension L/Q. We calculate ε1 · ε2 · ε3 · ησ:

ε1 · ε2 · ε3 · ησ = ε1(ε1 · (ε2 · εσ2 )(ε3 · εσ3 )− ε1 · ε2 · ε3 − ε3 · (ε2 · εσ2 )− ε2 · (ε3 · εσ3 ))

= ε1(ε1 + ε2 + ε3 − ε1 · ε2 · ε3)

= −ε1 · η

since εσ2D and εσ2 are the conjugates, and the norm of both units is equal to −1.

Similarly, we get ε1 · ε2 · ε3 · ητ = −ε2 · η and ε1 · ε2 · ε3 · ηρ = −ε3 · η. Hence,

ε1 · ε2 · ε3 · C = η2.

Therefore, as shown in [30], ε1 · ε2 · ε3 is a square in L if and only if C is a square in L,

with the advantage that C is an integer. Thus, C = d · t2 where d divides the discriminant

of L, and this condition relies entirely on
√
d.
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Let T be the trace map from L to Q. We can define

c1 = T (ε1 · ε2 · ε3 − ε1 − ε2 − ε3),

c2 = T (ε1 · ε2 · ε3 + ε1 + ε2 − ε3),

c3 = T (ε1 · ε2 · ε3 + ε1 − ε2 + ε3),

c4 = T (ε1 · ε2 · ε3 − ε1 + ε2 + ε3).

With a similar argument, one can show that ε1 · ε2 · ε3 is a square if and only if any of

the ci’s is a square, and we have:

√
ε1 · ε2 · ε3 =

1

4
(
√
c1 +

√
c2 +

√
c3 +

√
c3).

We will talk about this condition in future chapters.

2.3 Quadratic fields with cyclic Iwasawa module [25]

We present some of the results in Mouhib and Movahhedi’s paper, as it serves as our

main point of reference for the cases we will be focusing on.

We maintain the notations from the previous chapter. Let K∞/K be a Zp-extension with

intermediate fields Kn, where K is a totally real field. Then Ln will denote the maximal un-

ramified p-extension of Kn, corresponding to the p-class group An. The extension K∞/Kn0

is totally ramified. Thus if we fix a prime a p-adic prime Pn0 , there is only one prime Pn of

Kn above Pn0 for each n ≥ n0.

Let Fn be the decomposition field of Pn in Ln/Kn, which is the largest subfield where

the prime splits. Let L′n ⊂ Fn be the maximal subextension of Ln/Kn in which all p-adic

primes split completely (not only Pn). If Kn0 satisfies Leopoldt’s conjecture at the prime p,
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and the Iwasawa module X∞ is cyclic, Mouhib and Movahhedi proved that µ = λ = 0 as

soon as LN ̸= L′N for some integer N ≥ n0, which is equivalent to a p-adic prime not split-

ting in LN/KN . It is difficult to determine the order of the module X∞ using this criterion

(Proposition 3.1.2).

We present the proof of the following result from their paper, as we can conclude an

important corollary from it:

Proposition 2.3.1. Suppose X∞ is cyclic. Let N ≥ n0 be the smallest integer such that

AN ̸= 0. Then X∞ is finite as soon as there exists a non-trivial element of AN which

capitulates in K∞.

Proof. Let Y∞ = Gal(L∞/K∞Ln0), which is a Λ = ZpJT K-module [31]. Define ωn = (1 +

T )p
n − 1 and vm,n = ωn/ωm for n ≥ m ≥ 0. It is known that X∞/vn0,nY∞

∼= An for n ≥ n0.

We have the following commutative diagram for n ≥ N :

AN X∞/vn0,NY∞

An X∞/vn0,nY∞

vN,n

where the horizontal maps are isomorphisms, and the map from AN to An is the inclusion

map.

Let |AN |= |X∞/vn0,NY∞|= pr. By hypothesis, the vertical map vN,n is not injective for

n large enough. Thus, its kernel is not trivial of size pr−k for some k < r. In particular, we

can easily see that pr−1X∞ is contained in the kernel, so that

vN,np
r−1X∞ ⊂ vn0,nY∞.
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Since X∞ is cyclic, prX∞ = vn0,nY∞. Therefore,

vn0,nY∞ = vN,nvn0,NY∞ = vN,np
rX∞

and we get

vN,np
r−1X∞ ⊂ vN,np

rX∞ = p(vN,np
r−1X∞).

Thus, vN,np
r−1X∞ = p(vN,np

r−1X∞). Since vN,np
r−1X∞ is finitely generated and p be-

longs to the maximal ideal of Λ, we can conclude by Nakayama’s lemma [31] that

vN,np
r−1X∞ = 0. Then vn0,nY∞ = 0 and X∞ ∼= X∞/vn0,nY∞

∼= An.

The following result is only mentioned in [25]. As it will be used to determine the group

X∞ in specific cases, we provide a proof:

Corollary 2.3.2. Suppose X∞ is cyclic and An0 ̸= 0. Then X∞ ∼= An0 if there exists a

non-trivial element of An0 which capitulates in Kn0+1.

Proof. Using the notation from the previous result, we have N = n0, and there exists a

non-trivial element of AN which capitulates in AN+1. Then vn0,N is the identity map and we

have

vn0,N+1Y∞ = prX∞,

which implies

AN+1
∼= X∞/vn0,N+1Y∞ ∼= X∞/p

rX∞.

Since AN+1 is cyclic, we have |AN+1| ≤ |AN | = pr. The extension is totally ramified,

thus |AN | ≤ |AN+1|. We can conclude that X∞ ∼= AN = An0 , due to the following result by

Fukuda.
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Theorem 2.3.3. [10] Let K∞/K be a Zp extension such that K∞/K is totally ramified. If

|A1| = |A0|, then |An| = |A0| for all n ≥ 0.

For the cyclotomic extension, since any field Kn in the chain has the same extension,

this can be simply stated as X∞ ∼= An if n ≥ n0 and |An+1| = |An|. That is, as soon as the

extension is totally ramified and two consecutive fields have the same class group, the size

of the class groups in the chain stabilizes.

We will discuss some other important results from [25] at the end of this chapter, but

first, we talk about some results from genus theory that will be relevant to our analysis.

2.3.1 Genus formula and Hilbert symbol ([7], [3])

The following result by Chevalley is commonly known as the ambiguous class number

formula:

Theorem 2.3.4. [7] Let L/K be a cyclic extension of degree pn with Galois group

G = Gal (L/K). Let A(L)G be the subgroup of the p-class group A(L) consisting of the ideal

classes that are fixed by the action of G on A(L). Let NL/K denote the norm map from L

to K. Let E(L) and E(K) be the unit groups of L and K, respectively. Then the following

equation holds.

∣∣A(L)G∣∣ = |A(K)| ·
∏

ev

[L : K]
[
E(K) : E(K) ∩NL/K(L∗)

] .
where ev is the ramification index at v and the product is taken over all the places of L.

Let B(L)G be the subgroup of A(L)G which consists of the ideal classes which contain an

ideal fixed by the action of G on the ideals of K. Then,

∣∣B(L)G
∣∣ = |A(K)| ·

∏
ev

[L : K]
[
E(K) : NL/K(E(L))

] .
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Remark 2.3.5. If K∞/K is totally ramified, using Greenberg’s notation we have

|Bn| =
∣∣A(Kn)

G
∣∣ = |A(K)|[

E(K) : E(K) ∩NL/K(L∗)
]

|B′n| =
∣∣B(Kn)

G
∣∣ = |A(K)|[

E(K) : NL/K(E(L)
]

since it is only ramified above p = 2 and e2 = 2n = [Kn : K].

Restricting our attention to quadratic extensions, we have the following result known as

the Genus formula.

Theorem 2.3.6. Let L/K be a quadratic extension of number fields with Galois group G =

Gal (L/K). Let A(L)G be the subgroup of the 2-class group A(L) consisting of the ideal

classes that are fixed by the action of G on A(L). Let NL/K denote the norm map from L to

K. Let E(L) and E(K) be the unit groups of L and K, respectively. If t is the number of

places of K ramified in L, then the following equality holds.

∣∣A(L)G∣∣ = |A(K)| × 2t−1[
E(K) : E(K) ∩NL/K(L∗)

] .
Let B(L)G be the subgroup of A(L)G which consists of the ideal classes which contain an

ideal fixed by the action of G on the ideals of L. Then,

∣∣B(L)G
∣∣ = |A(K)| × 2t−1[

E(K) : NL/K(E(L))
] .

When the 2-class group of K is trivial the 2-rank of A(L) is determined by

r2 (A(L)) = t− e− 1, (2.2)

where e = r2
(
E(K)/E(K) ∩NL/KK

∗), which we will often refer to as the norm unit index.
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When we consider a quadratic extensionK/Q, since the class group of Q is trivial, we recover

the formula for the 2-rank. (Equation (1.1))

Let Q1 = Q(
√
2). The unit group E(Q1) is generated by −1 and the fundamental unit

ε2 = 1+
√
2 of negative norm. Hence, to determine the index e from before, we simply need

to determine whether these generators are a norm from K∗ or not. Let K = Q(
√
D) with

D > 0 a square-free integer. The biquadratic field K1 = Q(
√
2,
√
D) is the first step in the

cyclotomic Z2 extension of K, and by using the extension K1/Q1, it is possible to determine

the 2-rank of A1 = A(K1) by calculating the norm unit index.

Let P be a prime of K. Let KP be a completion of K at that prime. The Hilbert symbol

or norm residue symbol is defined as

(
a, b

P

)
=

σa(
√
b)√
b

= ±1,

where σa is the automorphism corresponding to the Artin Symbol
(
a,KP(

√
b)/KP

)
.

Remark 2.3.7. As established in [3], for an extension K(
√
b)/K, a unit u in E(K) is a

norm if and only if
(
u,b
P

)
= 1 for every prime P that ramifies in K(

√
b).

These conditions will be related to the quadratic and biquadratic symbols. For example,

assume D has no divisors q ≡ 3 mod 4, and a prime p ≡ 1 mod 8 divides D. Then p splits

into two primes ideals P1,P2 of Q1. From [3], we have

(
ε2, 2

P1

)
=

(
ε2, 2

P2

)
=

(
2

p

)
4

(
p

2

)
4 =

(
2

p

)
4

(̇− 1)
p−1
8 .

27



In particular, a necessary condition for ε2 to be a norm is that

(
2

p

)
4

=

(
p

2

)
4 = (−1)

p−1
8

for all such primes.

Mouhib and Movahhedi used this to determine when the rank of the 2-class groups in

the cyclotomic chain is equal to 1; i.e., the Iwasawa module X∞ is cyclic.

2.3.2 Cyclic Iwasawa module

Throughout, we will restrict our attention to the Z2 extension of K. In [25], the authors

proved the following results:

Theorem 2.3.8. Real quadratic number fields K = Q(
√
d) such that X∞ = 0 are precisely:

(i) Q(
√
p) or Q(

√
2p) with p ≡ 5 mod 8;

(ii) Q(
√
p) or Q(

√
2p) with p ≡ 1 mod 8 and

(
2
p

)
4
̸= (−1)

p−1
8 ;

(iii) Q(
√
p) or Q(

√
2p) with p ≡ 3 mod 8;

(iv) Q(
√
pq) or Q(

√
2pq) with p ≡ 5 mod 8 and q ≡ 3 mod 8;

where p and q denote distinct odd prime numbers

Theorem 2.3.9. Real quadratic number fields K = Q(
√
d) for which X∞ is cyclic (non-

trivial) are precisely:

(i) Q(
√
p) or Q(

√
2p) with p ≡ 1 mod 8 and

(
2
p

)
4
= (−1)

p−1
8 , such that the 2-class group

of Q
(√

2p+
√
2p
)
is isomorphic to Z/2Z× Z/2Z;

(ii) Q(
√
pq) or Q(

√
2pq) with p ≡ 5 mod 8 and such that

(
2
q

)
4
̸= (−1)

q−1
8 whenever q ≡ 1

mod 8;
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(iii) Q(
√
pq) or Q(

√
2pq) with p ≡ q ≡ −1 mod 8 and q ̸≡ −1 mod 16;

(iv) Q(
√
pq1q2) or Q(

√
2pq1q2) with p ≡ 5 mod 8, q1 ≡ 3 mod 8 and q2 ≡ 3 mod 4

where p, q, q1 and q2 denote distinct odd prime numbers

The field K ′1 = Q
(√

2p+
√
2p
)
is the proper subextension of K2/Q1 different from K1

and Q2, and will be mentioned in future chapters. It is worth noting again that Q(
√
d) and

Q(
√
2d) yield the same cyclotomic extension. Additionally, Ozaki-Taya had partially proved

some of these results:

Theorem 2.3.10. [27] Let K = Q(
√
m) or Q(

√
2m). Suppose that m is one of the following:

1. m = p, with p ≡ 1 mod 8 and
(

2
p

)
4
̸= (−1)

p−1
8 ,

2. m = pq, with p ≡ q ≡ 3 mod 8,

3. m = pq, with p ≡ 3, q ≡ 5 mod 8,

4. m = pq, with p ≡ 5, q ≡ 7 mod 8,

5. m = pq, with p ≡ q ≡ 5 mod 8,

where p and q denote distinct odd prime numbers. Then λ = 0, and ν = 0 for (1) and (2),

and ν > 0 for (3), (4) and (5).

The proof of the cases (3), (4), and (5) are included in [25], but it is worth mentioning

that the case p ≡ q ≡ 5 mod 8 follows a similar argument, based on the fact that the 2-adic

prime does not split in some extension LN/KN .

2.3.3 Problem setup

We focus our attention on real quadratic fields with cyclic Iwasawa module, namely

those mentioned in Theorem 2.3.9. In the next chapter, we determine some new examples

of Greenberg’s conjecture being valid and calculate the order of the cyclic module X∞ when
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possible. In [25], the authors proved that the λ-invariant vanishes in some of these cases.

Denote the quadratic field byK = Q(
√
D). We list some of the main results in the literature:

In the first case, with D = p, the Iwasawa module of K is finite if
(

2
p

)
4
= (−1)

p−1
8 = −1.

Furthermore, when
(

2
p

)
4
= (−1)

p−1
8 = 1 and the norm of the fundamental unit ε2D of

Q(
√
2p) is −1, the authors prove that X∞ ∼= A1. We will use some of the ideas in this proof

to provide some new examples in the next chapter.

For the second case, from the results of Ozaki-Taya, it is known that for D = pq with

p ≡ 5 mod 8, and q ̸≡ 1 mod 8, the λ-invariant is 0. As we will see in the next chapter,

one can determine the size of the Iwasawa module in some cases. Furthermore, we present

some new examples when q ≡ 1 mod 8 and determine the size of the Iwasawa module, using

some ideas from [25], [24], [1], and the analysis of quadratic forms in [18].

For the fourth case, the invariant is 0 when K = Q(
√
pq1q2) with p ≡ 5 mod 8, q1 ≡ 3

mod 8 and q3 ≡ 7 mod 8. In [14], the authors calculate the size of the Iwasawa module in

some cases. Furthermore, they provide some new examples in the case where q3 ≡ 3 mod 8.

Specifically, if
(
q1q2
p

)
= −1 or if

(
q1
p

)
=
(
q2
p

)
= 1 and the ideal over p in K is not principal.

We give proof of some of these results using our methods and provide a new example where

the λ-invariant is 0.

Finally, the cases that are left out present notable challenges using these techniques. For

instance, in the fourth case, when the prime above p or q becomes principal in Q(
√
D),

the behavior seems to be rather unpredictable. These cases prove to be quite difficult to

understand. We will provide some examples throughout the sections of the next chapter.

As a new idea on how to deal with these cases, we work with the units of the intermediate

fields of K ′1 = Q
(√

(2 +
√
2)D

)
to derive some properties of the field K2.

30



Chapter 3

Main results

In this chapter, we will focus on the second case and fourth case of Theorem 2.3.9. We

present the main results we obtained during our research. Throughout, let K = Q(
√
D),

where the conditions on D will be given in each section. As before, K∞ will denote the

cyclotomic Z2-extension of K with intermediate fields Kn and 2-class groups An. We also

denote by εD the fundamental unit of K.

Let Qn the n-th layer of the cyclotomic Z2-extension of Q. Then Q1 = Q(
√
2), and we

denote its fundamental unit by ε2 = 1 +
√
2. Following [20], we shall also denote K ′n to be

the subfield of Kn+1 containing Qn, different from Kn and Qn+1, and A′n to be its 2-class

group. Notably, we have K ′0 = K ′ = Q(
√
2D), and K ′1 = Q

(√
(2 +

√
2)pq

)
. We denote

the fundamental unit of K ′ by ε2D.

We divide this chapter in terms of the 3 cases mentioned before, in the following order:

1. D = pq, with p ≡ 5 mod 8 and q ̸≡ 1 mod 8.

2. D = pq1q2 with p ≡ 5 mod 8, q1 ≡ 3 mod 8 and q2 ≡ 3 mod 4.

3. D = pq, with p ≡ 5 mod 8 and q ≡ 1 mod 8, with
(

2
q

)
4
̸= (−1)

p−1
8 .
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3.1 First Case

Throughout this section, we assume that D = pq, with p ≡ 5 mod 8 and q ̸≡ 1 mod 8.

As mentioned before, the corresponding Iwasawa module is finite. First, let us consider the

case where q ≡ 3 mod 4. Under these conditions, we show that the Iwasawa module is

isomorphic to A0 = A(K):

Proposition 3.1.1. Let K = Q(
√
pq) with p ≡ 5 mod 8 and q ≡ 3 mod 4. Then

{√εDε2D, εD, ε2} is a F.S.U. of K1 and X∞ ∼= A0
∼= C2.

Proof. As mentioned in Example 1.2.2, the simple ambiguous forms of K are

f = [1, 0,−pq], g = [p, 0,−q], h =

[
2, 1,

1− pq

2

]
, l =

[
2p, p,

p− q

2

]
,

f = [−1, 0, pq], g = [q, 0,−p], h =

[
−2, 1,

pq − 1

2

]
, l =

[
2q, q,

q − p

2

]
.

where exactly only one of the forms g, l or l is in the principal genus (this is equivalent to all

the generic characters being equal to 1 in Table 1.1). Thus, r4(Cl+(K)) = 0 (Equation (1.2))

and A0
∼= C2, since N(εD) = 1 (Remark 1.2.1).

Without loss of generality, let’s assume that the form l is in the principal genus. Since

there are only two forms, l is equivalent to f = [1, 0,−pq]. Furthermore, since l represents

the number 2p, so does f . Hence, the equation x2−pqy2 = 2p has an integral solution. Since

both primes 2 and p ramify in K, the ideal generated by 2p factorizes as ⟨2p⟩ = L2 for some

ideal L of K. Thus, from the equation

(x− y
√
pq) · (x+ y

√
pq) = 2p,

since the ideals ⟨x− y
√
pq⟩, ⟨x+ y

√
pq⟩ are conjugates and the ideals over p and 2 are self-
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conjugate, it follows by unique factorization that the ideal L is principal (this is why they

are called principal factors). Consequently, we have ⟨2p⟩ = ⟨z⟩2 for some fractional ideal ⟨z⟩

in K. Therefore,

2p = z2 · εnD for some n.

If n is even, then
√
2p ∈ K1, which is impossible, as K1 = Q(

√
2,
√
pq). Thus, n is odd. Let

α = |z|·ε(n−1)/2D , then

√
p =

α · √εD√
2

,

which implies that K1(
√
p) = K1(

√
εD). Since K1(

√
p) = K1(

√
q), the other cases follow in

a similar manner. In any case, we can conclude that
√
εD ̸∈ K1.

Following the same lines, by Kaplan ([18], §6, Proposition A4), the narrow 2-class group

of K ′ is isomorphic to C2×C2. Since the norm of ε2D is 1, we can conclude that A′0
∼= C2. By

analyzing the generic characters of K ′, we observe that exactly one of the forms [−p, 0, 2q],

[q, 0,−2p] or [−q, 0, 2p] is equivalent to the unit form f = [1, 0,−2pq]. Consequently, the ideal

over one of the elements 2q, 2p, or q is principal in K1, and K1

(√
p
)
= K1

(√
ε2D
)
, reasoning

as before. Therefore, K1(
√
εD) = K1(

√
ε2D), which shortly implies that

√
εDε2D ∈ K1.

By Theorem 2.2.1, the F.S.U of K1 is {√εDε2D, εD, ε2} and the Hasse unit index q(K1)

is equal to 2. Hence,

|A1| =
1

2
|A0| · |A′0| = |A0| .

Finally, since the extension K∞/K is totally ramified, as the prime 2 is ramifies in every

quadratic subextension of K1/Q, it follows by Theorem 2.3.3 that X∞ ∼= A0.
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The case q ≡ 5 mod 8 turns out to be more complicated. Using the conditions in

Theorem 1.2.6 and Remark 1.2.7, we prove the following result:

Proposition 3.1.2. Let K = Q(
√
pq) with p ≡ q ≡ 5 (mod 8). Then the following hold:

(i) Assume

(
p

q

)
= 1 and

(
p

q

)
4

= −
(
q

p

)
4

. Then {εD, ε2D, ε2} is a F.S.U of K1,

and X∞ ∼= A0.

(ii) Assume either

(
p

q

)
= −1, or

(
p

q

)
= 1 with

(
p

q

)
4

=

(
q

p

)
4

= −1. Then

X∞ ∼= A0 ⇐⇒
√
εDε2Dε2 ̸∈ K1.

In this case, {εD, ε2D, ε2} is a F.S.U of K1. Otherwise, {√εDε2Dε2, εD, ε2} is the

corresponding F.S.U and |A1| = 2 · |A0|.

(iii) Assume

(
p

q

)
= 1 and

(
p

q

)
4

=

(
q

p

)
4

= 1.

(a) If N(εD) = 1, then {εD, ε2D, ε2} is a F.S.U of K1, and X∞ ∼= A0.

(b) If N(εD) = −1, then

X∞ ∼= A0 ⇐⇒
√
εDε2Dε2 ̸∈ K1.

In this case, {εD, ε2D, ε2} is a F.S.U of K1. Otherwise, {
√
εDε2Dε2, εD, ε2} is the

corresponding F.S.U and |A1| = 2 · |A0|.

Proof. First, we work with the field K ′, independent of the conditions of quadratic and

biquadratic symbols. From ([18], §4, Proposition A2), the simple ambiguous forms are:

f = [1, 0,−2pq], g = [2, 0,−pq], h = [p, 0,−2q], l = [q, 0,−2q],

f = [−1, 0, 2pq], g = [−2, 0, pq], h = [−p, 0, 2q], l = [q, 0,−2q].
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In this case, a form and its inverse are in the same class. Let
(
p
q

)
=
(
q
p

)
= τ ,

(
2
p

)
= τ ′ and(

2
q

)
= τ ′′. Then the generic characters are the ones in the following table:

f , f g, g h, h l, l(
m
p

)
1 τ ′ ττ ′ τ

(
m
q

)
1 τ ′′ τ ττ ′′

(−1)
m−1

2 1 τ ′τ ′′ τ ′ τ ′′

Table 3.1: Generic character for D = pq, p ≡ q ≡ 5 mod 8

From the conditions

(
2

p

)
=

(
2

q

)
= −1 we can see that only f is in the principal genus.

Hence, the 4-rank of narrow class group K ′ is 0 and N(ε2D) = −1. Since the 2-class group

of K ′ is the same, we have A′0
∼= C2 × C2.

For the field K, only one of the forms [−1, 0, pq], [p, 0,−q] or [q, 0,−p] is equivalent to

[1, 0,−pq], as these are the forms in the principal genus. If N(εD) = 1, the form [−1, 0, pq] is

not equivalent to the unit, so that either p or q is a principal factor. We can then conclude

that either the ideal over p or q in K is principal and K1(
√
p) = K1(

√
εD), using a similar

argument as before. Hence,
√
εD ̸∈ K1.

If

(
p

q

)
= 1 and

(
p

q

)
4

= −
(
q

p

)
4

, then from Theorem 1.2.6, we can see that N(εD) = 1.

Given that only the unit εD has norm 1, and
√
εD ̸∈ K1, it follows from Theorem 2.2.1

that {εD, ε2D, ε2} is the F.S.U. of K1 and the Hasse unit index q(K1) = 1. Thus, from the

Kubota-Kuroda formula we have |A1| = |A0|, and since n0 = 0, it follows that X∞ ∼= A0.

Now assume either

(
p

q

)
= −1, or

(
p

q

)
= 1 with

(
p

q

)
4

=

(
q

p

)
4

= −1. From The-

orem 1.2.6 and the previous analysis on the generic characters, the norm of all the fun-

35



damental units is −1. The only possible fundamental systems for K1 are {εD, ε2D, ε2} or

{√εDε2Dε2, ε2D, ε2}. Therefore, |A1| = q(K1) |A0|, and |A1| = |A0| if and only if

√
εDε2Dε2 ̸∈ K1.

Finally, if

(
p

q

)
= 1 with

(
p

q

)
4

=

(
q

p

)
4

= 1, the result follows similarly, depending on

whether N(εD) = 1 or not.

Let εD = x+y
√
D

2
with x2 −Dy2 = −4. Since D ≡ 1 mod 8, we have the equation

x2 ≡ y2 + 4 mod 8. Since odd squares are equal to 1 modulo 8 and even squares are equal

to 0 or 4, both x and y must be even. Thus, we can assume εD = x + y
√
D, by clearing

denominators, with x2−Dy2 = −1, which implies that x is even and y is odd, by taking the

equation modulo 4. Similarly, ε2D = r + s
√
2D, where both r, s are odd in this case.

The traces mentioned in the previous chapter are easy to calculate:

c1 = 4rx+ 8sypq − 4− 4x− 4r

c2 = 4rx+ 8sypq + 4− 4x− 4r

c3 = 4rx+ 8sypq − 4 + 4x− 4r

c4 = 4rx+ 8sypq − 4− 4x+ 4r

where
√
εDε2Dε2 ∈ K1 if and only if all the ci’s are squares in K1.

Example 3.1.3. If p = 5, q = 13 then

c0 = 23 · 232

c1 = 24 · 172

c2 = 23 · 32 · 5 · 13

c3 = 26 · 5 · 13
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In this case,
√
εDε2Dε2 ∈ K1, as all the square roots are in K1. Computing the class

numbers we get |A2|= |A1|= 4, thus X∞ ∼= A1
∼= C4. These cases are rather complicated, as

it is hard to calculate the exact group in the chain where A0 capitulates.

We present some examples obtained with PARI computing the sizes of the corresponding

class groups:

p q c0 X∞
5 13 (8)2 · 5 · 13 A1

5 53 (20)2 · 2 · 5 · 53 A1

5 677 (4660145624)2 · 5 · 677 A2

5 1493 (96826)2 · 2 · 5 · 1493 A2

13 317 (6956378008)2 · 13 · 317 A1

13 421 t2 · 13 · 421 A1

13 229 t2 · 2 · 13 · 229 A2

13 733 t2 · 2 · 13 · 733 A2

Table 3.2: X∞ ̸= A0 for p ≡ q ≡ 5 mod 8

For some cases like p = 5, q = 397, the chain goes beyond the second level, since

|A3| > |A2|.

If we take p = 5, q = 37, then c1 = 23 · 5 · 732, from where it follows that
√
c3 ̸∈ K1, since

√
2p ̸∈ K1. In this case X∞ ∼= A0.

We will come back to this condition in the final chapter, as it relates to the more com-

plicated cases and gives possible ideas on how to treat them.

3.2 Second Case

We assume D = pq1q2 with p ≡ 5 mod 8, q1 ≡ 3 mod 8 and q2 ≡ 3 mod 4 in this

section. First, we give a different proof of some of the results in [14] using ideas from ([1],

[2]). Later in this section, we provide a new case where the λ-invariant is 0. We present the

proof of the following result by Azizi [1] for future reference.
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Lemma 3.2.1. Let ε = x+ y
√
d be the fundamental unit of K = Q(

√
d) with d square-free,

and x, y are integers or semi-integers. Assume that the norm of ε is equal to 1. Then 2(x±1)

and 2d(x± 1) are not squares in Q.

Proof. Since x2 − dy2 = 1, we can see that 4(x+ 1)(x− 1) = 4dy2, which implies

√
2(x+ 1)

√
2(x− 1) = 2y

√
d,

where all the elements inside the square roots are integers. Using the norm identity, we have

the following equality:

(√
2(x+ 1 +

√
2(x− 1)

)2
= 2(x+ 1) + 2(x− 1) + 2

√
4(x2 − 1) = 4(x+ y

√
d).

Hence,

√
ε =

1

2

(√
2(x+ 1) +

√
2(x− 1)

)
.

From this, we can see that
√
ε
√

2(x± 1) ∈ Q(
√
d), where one can conclude that 2(x± 1) is

not a square, since
√
ε ̸∈ Q(

√
d). Then,

√
2d(x± 1)

√
2(x∓ 1) = 2yd.

Therefore, 2d(x± 1) is not a square either.

Remark 3.2.2. This proof works if we change the unit to any odd power of ε since the

conclusion only needs
√
ε ̸∈ Q(

√
d)

We provide an alternative proof to the following result from [14] using some techniques

from [2], and we draw some conclusions regarding the fundamental units. The argument will

help us understand the remaining cases. Moreover, in the cases that are not covered by the

theorem, the unit εDε2D is a square in K1, and we can calculate its norm:
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Theorem 3.2.3. Let K = Q(
√
pq1q2) such that p ≡ 5 mod 8, q1 ≡ q2 ≡ 3 mod 8, and(

p
q1

)
=
(
p
q2

)
= 1. If the ideal above p in K is not principal, then the Iwasawa module X∞

is isomorphic to A0.

Furthermore, the ideal above p is principal if and only if
√
εDε2D ∈ K1. In this case,

|A1| = 2 |A0| and {√εDε2D, εD, ε2} is a F.S.U of K1. Moreover,
√
εDε2D satisfies

NK1/K(
√
εDε2D) = εD, NK1/K′(

√
εDε2D) = −ε2D, NK1/Q1(

√
εDε2D) = −1.

Proof. Let εD = x+y
√
D

2
for some integers x, y, where D = pq1q2. Since the norm is equal to

1 (Remark 1.2.4), we have x2 − 4 = Dy2. Then the following equality holds:

8ε3D = (x+ y
√
D)3

= x(x2 + 3Dy2) + y(3x2 +Dy2)
√
D

= x(x2 + 3(x2 − 4)) + y(3x2 + x2 − 4)
√
D

= 4x(x2 − 3) + 4y(x2 − 1)
√
D

Since x, y have the same parity, ε3D = w + z
√
D with w, z integers. We are interested in

whether
√
εD ∈ K1 or not, which is equivalent to

√
ε3D ∈ K1. Thus, we may assume that

εD = x + y
√
D where x, y are integers, where the norm of εD is equal to 1. Consequently,

we get the equation x2 = Dy2 + 1 ≡ 5y2 + 1 mod 8, where x must be odd and y must be

divisible by 4, due to the congruences.

Since g.c.d(x − 1, x + 1) = 2 and only one of these factors is divisible by 4, from the

equation (x− 1)(x+ 1) = Dy2, we must have


x+ 1 = 2d1y

2
1,

x− 1 = 2d2y
2
2,

for some integers satisfying d1d2 = pq1q2 = D and 2y1y2 = y.
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From Lemma 3.2.1 and Remark 3.2.2, we cannot have di = 1 or di = D. it is worth

mentioning yi has no common factors with dj when i ̸= j, due to the g.c.d condition. We

also make the following observation:

Let z = y1
√
2d1 + y2

√
2d2, then

z2 = (2d1y
2
1 + 2d2y

2
2 + 2y

√
D) = 2(x+ y

√
D) = 2εD.

Hence, z =
√
2εD and since

2
√

d1εD =
√

2d1z = 2(y1d1 + y2
√
D),

we have
√
d1εD = y1d1 + y2

√
D = γ1 ∈ K, where

NK/Q(γ1) = d1(d1y
2
1 − d2y

2
2) = d1.

In particular, K1(
√
εD) = K1(

√
di) for some proper divisors d1, d2, which implies

√
εD ̸∈ K1. There are 8 possibilities for d1, we already discarded two of them. Suppose

d1 ∈ {pq1, pq2, q1, q2}. From our previous analysis. we have
√
qiεD ∈ K, and

K1(
√
εD) = K1(

√
qi).

We also notice that K(
√
εD) = K(

√
p) if and only if d1 = p or d1 = q1q2. In particular,

if K(
√
εD) = K(

√
p), then p = εDγ

2 for some γ ∈ K, and the ideal over p is principal.

Conversely, if the ideal over p is principal, then K(
√
εD) = K(

√
p).

If d1 = q1q2, then 
x+ 1 = 2q1q2y

2
1,

x− 1 = 2py22.
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Therefore,

−1 =

(
2p

q1

)
=

(
2py22
q1

)
=

(
x− 1

q1

)
=

(
x+ 1− 2

q1

)
=

(
−2

q1

)
= 1,

which is absurd. Thus, we must have


x+ 1 = 2py21,

x− 1 = 2q1q2y
2
2.

Then, as discussed previously,

√
pεD = py1 + y2

√
D = γ1 ∈ k

in this case, with NK/Q(γ1) = p.

We now focus on K ′ = Q(
√
2D). Let ε2D = r + s

√
2D, where r2 = 2Ds2 + 1. Since

r2 ≡ 2s2 + 1 mod 8, r is odd and s is even. Since (r + 1)(r − 1) = 2Ds2, we must have in

this case: 
r ± 1 = d1s

2
1,

r ∓ 1 = 2d2s
2
2,

for some integers satisfying d1d2 = D and s1s2 = s.

The cases d1 = 1 and d1 = D are excluded again by Lemma 3.2.1, therefore
√
ε2D ̸∈ K1.

If d1 = pq1 or d1 = q1, then

(
q1
q2

)
=

(
d1
q2

)
=

(
±2

q2

)
,
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and

(
q2
q1

)
= −

(
2d2
q1

)
= −

(
∓2

q2

)
=

(
±2

q2

)
=

(
q1
q2

)
.

which is impossible due to quadratic reciprocity. By symmetry, we must have d1 = p or

d1 = q1q2. If d1 = q1q2, then

(
q1q2
p

)
=

(
±2

p

)
= −1,

which is impossible by the Legendre conditions. Thus, we must have


r ± 1 = ps21,

r ∓ 1 = 2q1q2s
2
2.

If 
r + 1 = ps21,

r − 1 = 2q1q2s
2
2,

then

(
p

q2

)
=

(
2

q2

)
= −1,

which contradicts our assumption. Therefore,


r − 1 = ps21,

r + 1 = 2q1q2s
2
2.
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Let z = s1
√
p+ s2

√
2q1q2. Then, z =

√
2ε2D and

√
2
√
pε2D = ps1 + s2

√
2D = γ2 ∈ K ′,

with NK′/Q(γ2) = −2p, and K1(
√
ε2D) = K1(

√
p), since

√
2 ∈ K1.

We can conclude that
√
εDε2D ∈ K1 if and only if K1(

√
ε2D) = K1(

√
εD) = K1(

√
p),

which happens if and only if p is principal. In this case,

p ·
√
2 ·

√
εDε2D = γ1γ2.

We first notice that NK1/K(
√
2) = NK1/K′(

√
2) = −2, since the corresponding auto-

morphisms change the sign of
√
2. Taking norms on both sides of the equation we get the

following:

−2p2NK1/K(
√
εDε2D) = γ2

1(−2p) = −2p2εD;

−2p2NK1/K′(
√
εDε2D) = pγ2

2 = 2p2ε2D;

2p2NK1/Q1(
√
εDε2D) = (p)(−2p) = −2p2.

The assertion about the norms then follows.

The two possible Rédei-Reichardt matrices for K ′ are



1 1 1 1

1 1 0 0

1 0 0 0

1 0 1 1


,



1 1 1 1

1 1 0 0

1 0 1 1

1 0 0 0


.

The rank of both matrices is 3, from where it follows (Equation (1.3)) that the 4-rank
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of Cl+(K ′) is 0. Consequently, A′0
∼= C2 × C2, as the 2-rank of the narrow class group is 3

(Equation (1.1)).

Finally, by Theorem 2.2.1,

|A1| =
1

4
· q(K1) · |A0|· |A′0| = q(K1) · |A0|,

from where we can conclude that X∞ ∼= A0 when p is not principal, since q(K1) = 1 in this

case, and |A1| = 2 |A0| otherwise.

Example 3.2.4. We present some examples when p = 5 and q1 = 11 in the following table:

p q1 q2 Is
√
εDε2D ∈ k1? X∞

5 11 19 No A0 = C4

5 11 59 No A0 = C4

5 11 139 No A0 = C4

5 11 179 No A0 = C4

5 11 331 Yes A1 = C16

5 11 691 Yes A1 = C8

5 11 131 Yes A2 = C16

5 11 211 Yes A2 = C16

Table 3.3: X∞ for second case with
(
p
q1

)
=
(
p
q2

)
= 1

It looks difficult to predict where the chain stops when
√
εDε2D ̸∈ K1, as it presents a

similar behavior to the non-trivial case in Example 3.1.3.

In their paper [14], the authors proved that X∞ ∼= A0 in the following cases:

1. q2 ≡ 3 mod 8, where
(
q1q2
p

)
= −1.

2. q2 ≡ 3 mod 8, where
(
q1
p

)
=
(
q2
p

)
= 1, and the ideal above p in K is not principal.

(Theorem 3.2.3)
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3. q2 ≡ 7 mod 8, where
(
q2
p

)
= −1.

4. q2 ≡ 7 mod 8, where
(
q2
p

)
=
(
q1
p

)
= 1, and the ideal above q2 in K is not principal.

We could give an alternative proof to these results using the techniques from Theo-

rem 3.2.3, but we would rather draw some conclusions on the following case:

Lemma 3.2.5. Let K = Q(
√
D) where D = pq1q2, such that p ≡ 5 mod 8, q1 ≡ q2 ≡ 3

mod 8, and
(
p
q1

)
=
(
p
q2

)
= −1. Then the ideal above p in K is principal. Furthermore, the

only possible F.S.U. of K1 are {εD, ε2D, ε2} or {√εDε2D, εD, ε2}.

Let ε2D = r + s
√
2D. Then

√
εDε2D ∈ K1 if and only if p(r + 1) is a square. In this case,

NK1/K(
√
εDε2D) = −εD, NK1/K′(

√
εDε2D) = ε2D, NK1/Q1(

√
εDε2D) = −1.

Proof. The simple ambiguous forms of K are:

f = [1, 0,−pq1q2], g = [p, 0,−q1q2], h = [q1, 0,−pq2], l = [q2, 0,−pq1],

f = [−1, 0, pq1q2], g = [−p, 0, q1q2], h = [−q1, 0, pq2], l = [−q2, 0, pq1].

There are some minor typos in Kaplan’s original paper ([18], Proposition A5). Let
(
p
q1

)
= τ ,(

p
q2

)
= τ ′ and

(
q1
q2

)
= τ ′′. Then the table of generic characters is:

f f g g h h l l(
m
p

)
1 1 ττ ′ ττ ′ τ τ τ ′ τ ′(

m
q1

)
1 −1 τ −τ ττ ′′ −ττ ′′ −τ ′′ τ ′′(

m
q2

)
1 −1 τ ′ −τ ′ τ ′′ −τ ′′ −τ ′τ ′′ τ ′τ ′′

Table 3.4: Generic characters for the second case with q2 ≡ 3 mod 8

Hence, g is the only form in the principal genus and the 2-part of the narrow class group is

C2×C2. Since the norm of the fundamental unit is 1, we must have A0
∼= C2. Moreover, q1q2
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is a principal factor, which implies that K1(
√
εD) = K1(

√
q1q2) = K1(

√
p) and

√
εD ̸∈ K1.

We proceed as we did in Theorem 3.2.3. Let D = pq1q2. Replacing εD with ε3D if

necessary, we can assume that εD = x+ y
√
D with x odd, y even. Hence,


x+ 1 = 2d1y

2
1,

x− 1 = 2d2y
2
2,

with d1d2 = D and 2y1y2 = y. From the previous observations, we can assume that d1 = p

or d1 = q1q2. If d1 = p, then 
x+ 1 = 2py21,

x− 1 = 2q1q2y
2
2,

implies

(
2p

q1

)
=

(
2

q1

)
= −1,

which is impossible. Therefore,


x+ 1 = 2q1q2y

2
1,

x− 1 = 2py22.

Let z = y2
√
2p+ y1

√
2q1q2. Then z =

√
2εD, and we must have

2
√
pεD =

√
2p · z = 2py2 + 2y1

√
D

Hence,
√
pεD = py2 + y1

√
D = γ1, where γ1 has norm −p in Q.
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Let ε2D = r + s
√
2D, where r is odd and s is even. Then


r ± 1 = d1s

2
1,

r ∓ 1 = 2d2s
2
2,

with d1d2 = D and s1s2 = s. The cases d2 = 1 or D cannot happen due to Lemma 3.2.1.

This immediately implies that
√
ε2D ̸∈ K1, since

√
d1ε2D ∈ K1 for some proper divisor d1

of D. In particular, K1(
√
ε2D) = K1(

√
εD) if and only if one of d1 is equal to p or q1q2. If

d2 = p, then 
r ± 1 = q1q2s

2
1,

r ∓ 1 = 2ps22.

Thus, we get

(
q1q2
p

)
=

(
±2

p

)
= −1.

which is absurd.

Hence, in this case, we must have


r ± 1 = ps21,

r ∓ 1 = 2q1q2s
2
2.

If 
r − 1 = ps21,

r + 1 = 2q1q2s
2
2,
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then

(
p

q1

)
=

(
−2

q1

)
= 1.

which is a contradiction. Therefore,


r + 1 = ps21,

r − 1 = 2q1q2s
2
2,

is the only possibility and
√
εDε2D ∈ K1 if only if p(r + 1) is a square.

Let w = s1
√
p+ s2

√
2q1q2. Then

w2 = (ps21 + 2q1q2s
2
2 + 2y

√
2D) = 2ε2D.

Since w =
√
2εD, we have

√
2pε2D =

√
p · w = ps1 + s2

√
2D = γ2,

where the norm of γ2 is equal to 2p.

Multiplying these equations, we obtain
√
2p ·√εDε2D = γ1γ2 and the result on the norms

follows as before.

Example 3.2.6. We give a list of examples where
√
εDε2D ̸∈ K1 for p = 5, q = 3:
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p q1 q2 X∞
5 3 43 A1

5 3 67 A1

5 3 227 A1

5 3 283 A1

5 3 307 A1

5 3 347 A1

5 3 443 A1

5 3 467 A1

5 3 523 A1

5 3 547 A1

5 3 683 A1

5 3 787 A1

Table 3.5: X∞ for second case with
(
p
q1

)
=
(
p
q2

)
= −1 where

√
εDε2D ̸∈ K1

As we can see, there is a clear pattern that we will explore in the next section for this case.

Examples where
√
εDε2D ∈ K1:

p q1 q2 |A1| |A2| |A3|
5 3 83 8 16 32
5 3 107 8 16 32
5 3 163 8 8 8
5 3 347 8 8 8
5 3 563 16 32 32
5 3 587 8 8 8
5 3 643 8 16 16

Table 3.6: X∞ for second case with
(
p
q1

)
=
(
p
q2

)
= −1 where

√
εDε2D ∈ K1

In this case, the behavior seems to be more complicated. We also mention that the

discrepancy in |A1| for q2 = 563 is because A′0
∼= C8 × C2 for that particular prime.

Similar results can be obtained for the case q2 ≡ 7 mod 8. In fact, in [14] the authors

prove that for the case where
(
p
q2

)
= 1 and

(
p
q1

)
= −1 we have K1(

√
εD) = K1(

√
ε2D),
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whilst for
(
p
q2

)
= −1 this only happens when the ideal over q1 in K is principal, which is

again equivalent to
√
εDε2D ∈ K1. It is harder to determine the sign of norms of

√
εDε2D in

this case.

3.2.1 Class group of K2

Throughout this section, we will analyze the intermediate subfields of K2/Q1 to get a

new example of Greenberg’s conjecture. To this end, we have the following result:

Lemma 3.2.7. Let K = Q(
√
D) where D = pq1q2 with p ≡ 5 mod 8, q1 ≡ 3 mod 8 and

q2 ≡ 3 mod 4. Then the 2-class group of K ′1 = Q
(√

(2 +
√
2)D

)
is isomorphic to C2×C2.

Proof. We first show that the 2-rank of A′1 is 2. Consider the extension K1/Q1. From ([1],

Theorem 1), we see that ±ε2 is not a norm from K1. Indeed, from ([2], Theorem 2.5), if Q

is the ideal over q1 in Q1 (there is only one), then

(
ε2, D

Q

)
=

(
NQ1/Q(ε2), D

q1

)
=

(
−1, D

q1

)
= −1,

which implies that ε2 is not a norm, since K1 = Q1(
√
D) (Remark 2.3.7).

Following ([25],Lemma 3.5), if L is not a 2-adic prime of Q1, then the extension Q2/Q1

is unramified at L. Since Q2 = Q1(ε2
√
2), the Hilbert symbol satisfies:

(
ε2, ε2

√
2

L

)
= 1.

Multiplying the symbols we obtain

(
ε2, Dε2

√
2

Q

)
= −1.
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Thus, we know that ε2 is not a norm from K ′1 = Q1(
√

Dε2
√
2) in both cases. Using a

similar argument, one can conclude that −1 is not a norm if q2 ≡ 7 mod 8, since for a prime

Q over q2 satisfying
(

2
q2

)
= 1, Azizi ([1]) showed that

(
−1, D

Q

)
=

(
−1

q2

)
= −1,

whereas for q2 ≡ 3 mod 8, this symbol is always one.

Next, we apply the genus formula to the extension K ′1/Q1. If q2 ≡ 3 mod 8, there are 4

ramifying primes in this extension: the 3 primes from the divisors of D and one prime over

2. Hence,

r2(A
′
0) = 3− e,

where e is the norm unit index (Equation (2.2)). Thus, the 2-rank is at most 2. Since the

extension K ′1(
√
p,
√
q1q2) is unramified and biquadratic over K ′1, it follows that the 2-rank

of the class group is exactly 2.

Conversely, when q2 ≡ 7 mod 8, there are 5 primes that ramify, as q2 splits in Q1. Then,

since −1 and ε2 are not norms, we must have

r2(A
′
0) = 4− e = 4− 2 = 2.

In any case, the class group of K ′1 is of the form C2m × C2n for some m,n ≥ 1.

The cyclicity of the groups An plays a significant role in the following argument. Consider

51



the intermediate fields of the extension M = K ′1(
√
p,
√
q1q2) over K

′
1; i.e, the fields

M1 = Q
(√

2 +
√
2,
√
pq1q2

)
= K2 ;

M2 = Q
(√

(2 +
√
2)p,

√
q1q2

)
;

M3 = Q
(√

(2 +
√
2)q1q2,

√
p

)
.

Suppose H is the 2-class field of K ′1 with Galois group C2m × C2n .

Ifm,n ≥ 2, the extensionM/K ′1 is unramified and its Galois group Gal(M/K ′1)
∼= C2×C2

is contained in both C22 × C2 and C2 × C22 , which are proper subgroups of Gal(H/K ′1). It

follows that the two unramified extensions corresponding to these subgroups contain both M

and M1 = K2, which is impossible, since K2 cannot have two different unramified extensions

of the same order, as its class group is cyclic.

Therefore, A′1
∼= C2 × C2n for some n ≥ 1. The extension H/K2 is unramified and

abelian, hence it must be cyclic. It follows that Gal(H/M) is also cyclic, and it is contained

in Gal(H/Mi) for i = 1, 2, 3, which are the 3 different subgroups of index two of A′1.

Let A′1
∼= ⟨a⟩ × ⟨b⟩, where a has order 2 and b has order 2n. The subgroups of index

2 correspond to ⟨b⟩, ⟨a · b⟩, and ⟨a⟩ × ⟨b2⟩. These groups have trivial intersection, thus

Gal(H/M) is trivial, and H = M . The result then follows, since Gal(M/K ′1)
∼= C2×C2.

The following result is derived from ([20], Lemma 2.1) and is proved in [14]. Even though

the authors prove it for the current case, it holds with more generality. Consider the following

diagram
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Qn

K ′nKnQn+1

Kn+1

σττσ

where both σ and τ are generators of the corresponding Galois groups.

Lemma 3.2.8. Let K = Q(
√
D) with D ≡ 5 (mod 8). Then

|An+1| ≤
|A′n| · |An|

2 ·
[
E(Kn) : NKn+1/Kn(E(Kn+1))

] ≤ 1

2
· |An| · |A′n|

Proof. The proof is analogous to ([14], Lemma 5.1), since the prime 2 is inert in the extension

K/Q, the same steps can be taken whenever this happens. We write it down for completion.

By ([24],Remark 2.6), σ acts as −1 on An+1, since the class group of Qn is always trivial.

This implies that Aστ−1
n+1 = Aτ+1

n+1, where Aτ+1
n+1 = {[a]τ · [a] : [a] ∈ An+1}.

From the long exact sequence:

1 −→ A
⟨στ⟩
n+1 −→ An+1 −→ Aστ−1

n+1 −→ 1.

It follows that |An+1| =
∣∣∣A⟨στ⟩n+1

∣∣∣ · ∣∣Aτ+1
n+1

∣∣ . By the genus formula on the quadratic extension

Kn+1/K
′
n (Theorem 2.3.6), we have∣∣∣A⟨στ⟩n+1

∣∣∣ = |A′n| · 2t−1

e(Kn+1/K ′n)

where t is the number of prime ideals ramified on Kn+1/K
′
n and e(Kn+1/K

′
n) is the norm

unit index. It is easy to see that the extension Kn+1/K
′
n is always unramified, since
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Kn+1 = K ′n(
√
D). Therefore, |An+1| ≤ 1

2
· |A′n| ·

∣∣Aτ+1
n+1

∣∣.
Since Aτ+1

n+1 is contained in the group B(Kn+1)
⟨τ⟩ of classes containing an ideal fixed by

the action of τ (Theorem 2.3.6), and the extension Kn+1/Kn is totally ramified, the following

inequality holds:

∣∣Aτ+1
n+1

∣∣ ≤ ∣∣B(Kn+1)
⟨τ⟩∣∣ = |An|[

E(Kn) : NKn+1/Kn(E(Kn+1))
]

Piecing everything together, the result follows.

Remark. As mentioned in [14], if D ≡ 1 mod 8, we obtain

|An+1| ≤
|A′n| · |An|

·
[
E(Kn) : NKn+1/Kn(E(Kn+1))

] ≤ |An| · |A′n|

instead, since 2 splits in K. The inclusion of the index
[
E(Kn) : NKn+1/Kn(E(Kn+1))

]
is

important to our study since we will prove that there are units in Kn that are not norms

from E(Kn+1), even if they are norms from K∗n+1.

We will try to determine an F.S.U of the field K2 = Q
(√

2 +
√
2,
√
D
)
by analyzing the

units of the intermediate fields in the following diagram:
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Q1

K ′1K1Q2

K2

σττσ

By Dirichlet’s unit theorem, the Z-rank of the units of the intermediate fields is 3, and

the Z-rank of E(K2) is 7. We also note that they all share ε2 , hence E(K1) ·E(K ′1) ·E(Q2)

has Z-rank equal to 7 and it has finite index in E(K2). This is also apparent from Lemmer-

meyer’s formula (Theorem 2.2.2).

First, we notice that if x is K1, the norm from K2 to any of the other subfields is equal to

NK1/Q1(x), since the other automorphisms change
√
D. The same argument works as well if

x is in the other fields. From Wada’s analysis [30], the units of E(K2) are generated by the

units of the intermediate fields and the elements of E(K1) · E(K ′1) · E(Q2) that are squares

in K2. To see this, if u ∈ E(K2), then

NK2/K1(u) ·NK1/K′
1
(u) ·NK2/Q2(u) = u2 ·NK2/Q1(u).

The units of Q2 are determined by the cyclotomic units [31],

ξa =
sin πa/16

sin π/16
, a ∈ {3, 5, 7}

Then ξ5 = 1 +
√
2 +

√
2 +

√
2 has norm ε2 in Q1 and ξ7 = 1 +

√
2 +

√
2
√

2 +
√
2 has

norm −1. Since ξ3 · ξ5 · ξ−17 = ε2, we can choose a F.S.U. {w1, w2, ε2} of Q2, such that

NQ2/Q1(w1) = ε2 and NQ2/Q1(w2) = −1.
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In the extension K ′1/Q1, as seen in Lemma 3.2.7, ε2 is not a norm. In particular, if v is a

unit with NK′
1/Q1

(v) = ±εn2 , then n has to be even, otherwise v · ε−(n−1)/22 has norm ε2. Since

ε2 forms part of the fundamental system of E(K ′1), as
√
ε2 ̸∈ K ′1, the unit v can be replaced

by v · ε−n/22 , so that its norm is ±1. In particular, we can choose a F.S.U. of E(K ′1) of the

form {v1, v2, ε2}, where NK′
1/Q1

(v1) = 1, and NK′
1/Q1

(v2) = ±1, depending on whether −1 is

a norm or not.

In view of Example 3.2.6, we prove the following result about one of the cases discussed

in Lemma 3.2.5:

Theorem 3.2.9. Let K = Q(
√
D) where D = pq1q2, such that p ≡ 5 mod 8, q1, q2 ≡ 3

mod 8, and
(
p
q1

)
=
(
p
q2

)
= −1. Furthermore, suppose that

√
εDε2D ̸∈ K1. Then X∞ ∼= A1.

Proof. We will show that |A2| = |A1|. From Lemma 3.2.7, we must have |A′1| = 4. Thus,

from Lemma 3.2.8 we have

|A2| ≤
2 · |A1|[

E(K1) : NK2/K1(E(K2))
] ≤ 2 · |A1| .

From Lemmermeyer’s formula (Theorem 2.2.2 and Equation (2.1)),

|A2| =
1

8
· q(K2) · |A1| · |A′1| =

q(K2)

2
· |A1| ,

which implies that q(K2) is at most 4; i.e., at most two independent elements of

E(K1) · E(K ′1) · E(Q2) are squares in K2.

Since
√
εDε2D ̸∈ K1, the fundamental system of K1 is {εD, ε2D, ε2}. The F.S.U. of E(K ′1)

is of the form {v1, v2, ε2}, where NK′
1/Q1

(v1) = 1, and NK′
1/Q1

(v2) = −1. The one for E(Q2)

is {w1, w2, ε2}, where NQ2/Q1(w1) = ε2, and NQ2/Q1(w2) = −1.
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Suppose u ∈ E(K2) satisfies

u2 = εaD εb2D εc2 v
d
1 ve2 w

f
1 wg

2.

Applying the norm to K1 on both sides of the equation, we have

NK2/K1(u)
2 = ε2aD ε2b2D ε2c2 (−1)e εf2 (−1)g.

Since ε2 is not a square in K1, it follows that e ≡ g mod 2, and f ≡ 0 mod 2. Hence,

u2 = εaD εb2D εc2 v
d
1 ve2 w

e
2 t

2, for some t.

For now, we omit t, since it can be included inside u, with the idea in mind that the

norm to K1 of any square we leave out of the equations always lies in Q1. By taking the

norm to Q2, we can see that

NK2/Q2(u)
2 = ε2c2 (−1)e w2e

2 ,

which implies e ≡ 0 mod 2. Hence,

u2 = εaD εb2D εc2 v
d
1

modulo squares. Suppose NK2/K1(E(K2)) = E(K1), so that both εD and ε2D are norms from

K2. If NK2/K1(u) = ε2D, then we can write

u2 = εaD εb2D εc2 v
d
1 t2,

where the norm of t is some element w in Q1. By applying the norm to K1 on both sides,
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we have

ε2D = ε2aD ε2b2D ε2c2 w2,

from where we conclude that b = 0 and a = 1. Consequently, u2 = εD εc2 vd1 for some

c, d ∈ {0, 1}. Similarly, if NK2/K1(v) = ε2D, then v2 = εD εm2 vn1 for some m,n ∈ {0, 1}.

First, we notice that we cannot have mixed terms inside the square root since this would

give us 3 independent square roots by taking the product. For example,
√
εDv1 and

√
ε2Dv1

being in K2 implies that
√
εDε2D ∈ K2. We also notice that K2(

√
εD) = K2(

√
d1) for some

proper divisor d1 of D, as seen in Lemma 3.2.5, so that we cannot have
√
εD ∈ K2. Similarly,

both
√
ε2D and

√
εDε2D are not in K2.

Therefore, either
√
εDε2 ∈ K2 or

√
ε2Dε2 ∈ K2. Consider the map θ in Gal(K2/Q)

defined by

θ

(√
2 +

√
2

)
=

√
2−

√
2 , θ(

√
D) =

√
D.

Suppose
√
ε2Dε2 = u ∈ K2. Since θ(

√
2) = −

√
2, then θ(ε2D) is its conjugate over Q.

Thus,

(u · θ(u))2 = NK′/Q(ε2D) ·NQ1/Q(ε2) = −1,

which is impossible. Similarly, if
√
εDε2 = u ∈ K2, then

(u · θ(u))2 = −(εD)
2 < 0.

Therefore, at most one of these elements is a norm and
[
E(K1) : NK2/K1(E(K2))

]
> 1,
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which implies that |A2| ≤ |A1|, by Lemma 3.2.8 and the result follows for this case using

Theorem 2.3.3.

We end this section with an analysis of the cases that are left. For q2 ≡ 3 mod 8, the

λ-invariant is equal to 0, except maybe in the cases where η =
√
εDε2D ∈ K1. As seen in

Example 3.2.6, some extra conditions are needed to have X∞ ∼= A1. From our observations,

NK1/Q1(η) = −1 whenever this happens. In particular, doing the same analysis as in the

previous result, any square in K2 is of the form

u2 = (ηv2w2)
a · εbD · εc2 · vd1

It is clear that if one of (ηv2w2) · εc2 or εD · v1 · εc2 is not a square in K2, then |A2| = |A1|,

following the same ideas from the previous theorem. One could take a naive approach and

try to analyze when εD · v1 is not a square, which is equivalent to K2(
√
v1) ̸= K2(

√
p). This

condition seems rather complicated, as the units of K ′1 are difficult to determine [20].

Moreover, if v1 = a+b
√

2 +
√
2
√
D with a, b ∈ Z[

√
2], then (a−1)(a+1) = (2+

√
2)Db2.

One could try to take a similar approach to that of the previous section, but the unit ε2

complicates this idea in terms of factorization. Furthermore, if we take the quadratic symbol

in the extension Q1 [23], the symbol
(

2+
√
2

pOQ1

)
is equal to −1 ([23]), which makes it hard to

determine if there is a contradiction regarding the quadratic symbols.

The case q2 ≡ 7 mod 8 appears to be even more complex, as it is not obvious whether

η has norm 1 or −1. In this case, −1 is not a norm in the extension K ′1/Q1, so the units

of this field K ′1 could potentially appear in the square root of either element. To add to the

complexity, the prime q2 splits in Z[
√
2], so that the factorization problem depends on which

prime above q2 is chosen. Some parallels can be drawn with what will be presented in the

next chapter, but there seems to be no real approach using the techniques at our disposal.
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3.3 Third Case

Throughout this section, we assume K = Q(
√
D), where D = pq with p ≡ 5 (mod 8),

q ≡ 1 (mod 8), and

(
2

q

)
4

̸= (−1)
q−1
8 . We provide new examples of infinite families of

real quadratic fields in Theorem 2.3.9 satisfying Greenberg’s conjecture. Following ([25],

Theorem 4.1), we prove the following result:

Lemma 3.3.1. The following statements hold:

(i) Assume that the ideal Q above the prime q in K is not principal. Then the λ-invariant

of the cyclotomic extension of K is 0 and X∞ ∼= A0.

(ii) Assume that the ideal Q′ above the prime q in K ′ is not principal, and q ≡ 1 mod 16.

Then the λ-invariant of the cyclotomic extension K is 0 and X∞ ∼= A1.

Proof. Since n0 = 0 for K, n0 = 1 for K ′, and all the 2-groups involved are non-trivial, we

can apply Proposition 2.3.1 and Corollary 2.3.2 with N = 0 or N = 1, once we prove that a

non-trivial ideal capitulates in the next level.

Let Q denote the prime of K above q, and assume that it is not principal. Since q ≡ 1

mod 8, it splits in Q1 = Q(
√
2)/Q and ramifies in K/Q. Thus, Q splits into two primes

Q1, Q2 in K1. These primes cannot be principal, because they are conjugate by the non-

trivial automorphism of Gal(K1/K), so if Q1 = ⟨α⟩, it follows that Q = ⟨NK1/K(α)⟩ in K,

which is a contradiction by our assumption. Since all q-adic primes ramify in K1/Q1, it

follows that Q2
i comes from an ideal of Q1 for i = 1, 2. Since the class group of Q1 is trivial,

it follows that Q2
i is principal in K1. Any cyclic group has a unique element of order 2,

therefore Q1 and Q2 lie within the same class of A1. Hence, Q = Q1Q2 is principal in K1

and Q capitulates in K1. By Proposition 2.3.1 and corollary 2.3.2, the result follows for the

first statement.

60



Let Q′ be the prime above q in K ′. Assume Q′ is not principal and q ≡ 1 mod 16. Since

q splits in Q1, it follows that Q
′ splits into two non-principal prime ideals Q′1, Q

′
2 of K1. The

field Q2 = Q(
√

2 +
√
2) is contained in Q(ζ16) (it is the maximal real subfield). Since

q ≡ 1 mod 16, it splits completely in the extension Q(ζ16)/Q [31]. Therefore, both primes

Q′1 and Q′2 are non-trivial and split in K2. Since the q-adic primes are ramified in K2/Q2

and the group A2 is cyclic, both primes capitulate in K2 due to a similar argument. Once

again, we can conclude by Proposition 2.3.1 and Corollary 2.3.2 that X∞ ∼= A1.

Remark. The case q ≡ 9 mod 16 turns out to be more complex: the inertia degree in

Q(ζ16)/Q is equal to the order modulo 16, which in this case is 2. The primes over q in Q1

become inert in Q2, therefore the primes Q′1 and Q′2 are inert in the extension K2/K1, and

one cannot draw the same conclusion. Some work has been done with similar cases using

circular units ([20]) to analyze the units of the field K ′1 or using Iwasawa theory [11]. Still,

the modular conditions make it hard to get similar results. We will refer to this case in the

next chapter, as its complexity requires some degree of explanation.

Proposition 3.3.2. Let N denote the norm map of the corresponding field to Q. Then the

following hold:

(i) If N(εD) = −1, then the ideal above q in K is not principal.

(ii) If N(ε2D) = −1, then the ideal above q in K ′ is not principal.

Proof. First, assume that N(εD) = −1. Let Q denote the prime of K above q. Assume by

contradiction that Q is principal. Then there exists a fractional ideal ⟨x⟩ in K such that

Q = ⟨x⟩. By squaring, we get q = x2 · εnD for some n. Applying the norm map on both sides,

it follows that q2 = NK/Q(x)
2(−1)n. Hence, n is even and

q = (|NK/Q(x)|·ε
n
2
D)

2.
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Therefore,
√
q ∈ K, which is a contradiction. It follows that Q is not principal in K.

The second case is analogous.

We also get the following corollary:

Corollary 3.3.3. Suppose K = Q(
√
pq) with the same conditions as before. Then the

following hold:

(i) Assume

(
p

q

)
= −1. Then λ = 0, and X∞ ∼= A0

∼= C2.

(ii) Assume

(
p

q

)
= 1 and

(
p

q

)
4

=

(
q

p

)
4

= −1. Then λ = 0, and X∞ ∼= A0
∼= C4.

(iii) Assume

(
p

q

)
= 1 and

(
p

q

)
4

=

(
q

p

)
4

= 1. If the ideal above q in K is not principal,

then λ = 0, and X∞ ∼= A0. In particular, the result holds if N(ε2D) = −1.

(iv) Assume

(
p

q

)
= 1,

(
p

q

)
4

= −
(
q

p

)
4

and q ≡ 1 mod 16. If the ideal above q in K ′ is

not principal, then λ = 0 and X∞ ∼= A1. In particular, the result holds if N(ε2D) = −1.

Proof. This follows from Lemma 3.3.1, Proposition 3.3.2, and Theorem 1.2.6.

Since these conditions are rather complicated, we will present some examples at the end

of this chapter. One of the cases from Theorem 1.2.6 in the previous corollary was excluded

due to the following:

Proposition 3.3.4. Assume

(
p

q

)
= 1 and

(
p

q

)
4

=

(
q

p

)
4

= 1. Then N(ε2D) = 1 and the

ideal above q is principal in K ′.

Proof. By Kaplan ([18], §4, Proposition B2), since

(
2p

q

)
4

̸=
(

q

2p

)
4

, either q or −q is a

norm from K ′ to Q. The principal genus contains both [q, 0,−2p] and [−q, 0, 2p], so exactly

one of them is equivalent to the unit, by Kaplan’s criterion on the 8-rank.

We conclude as before that the ideal over q in K ′ is principal. Thus q = x2 · εn2D for some

n. Since
√
q ̸∈ K1, n must be odd, K1(

√
ε2D) = K1(

√
q), and N(ε2D) = 1.
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We mention some results and consequences in terms of fundamental units and class

groups, as we did for the second case.

Corollary 3.3.5. Suppose

(
p

q

)
= −1. Then the 2-class group A′0 of K ′ is isomorphic to

C2 × C2. Furthermore, {εD, ε2D, ε2} is a fundamental system of units F.S.U. of K1.

Proof. By Kaplan ([18], §4, Proposition A2), we have N(ε2D) = −1, as only the unit and its

inverse are in the principal genus. Thus, the 4-rank is 0 and A′0
∼= C2 ×C2, since it must be

equal to its narrow class group.

From Theorem 2.2.1 and Corollary 3.3.3, we have |A1| = |A0| = q(K1) · |A0|. Therefore,

q(K1) = 1, and the fundamental system is the one indicated.

Remark. In particular, since the norm of every unit is −1, we must have
√
εDε2Dε2 ̸∈ K1,

and the traces mentioned in Example 3.1.3 are not squares in K1.

Corollary 3.3.6. Assume

(
p

q

)
= 1. Suppose we are in one of the following cases:

(i)

(
p

q

)
4

=

(
q

p

)
4

= −1.

(ii)

(
p

q

)
4

=

(
q

p

)
4

= 1, and the ideal above q in K is not principal.

Then the 2-class group A′0 of K ′ is isomorphic to C2 ×C2 and the norm of the fundamental

unit ε2D is 1. Furthermore, {εD, ε2D, ε2} is a F.S.U. of K1. In the second case, if the ideal

above q in K is principal, then {√εDε2D, ε2D, ε2} is a F.S.U. of K1.

Proof. From the Kubota-Kuroda formula we have

|A1| =
q(K1) · |A0| · |A′0|

4
.
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From Corollary 3.3.3, |A1| = |A0|, and we have q(K1) · |A′0| = 4. Thus, |A′0| ≤ 4. Fur-

thermore, the 2-rank of this group is 2, from where it follows that A′0
∼= C2 ×C2, q(K1) = 1,

and the fundamental system is the one stated.

The Rèdei-Reichardt matrix for K ′ is


1 1 0

1 1 0

0 0 0

.

Hence, the 4-rank of the narrow class group of K ′ is 3−1−1 = 1. Since the narrow class

number differs from the strict class number, the fundamental unit must have norm equal to 1.

Finally, if the ideal above q is principal in K, it follows that K1(
√
εD) = K1(

√
q) =

K1(
√
ε2D) (proposition 3.3.4), and

√
εDε2D ∈ K1.

For the last case in Lemma 3.3.1, we have the following:

Proposition 3.3.7. Suppose

(
p

q

)
= 1 and

(
p

q

)
4

= −
(
q

p

)
4

. Then the ideal over q is not

principal in K ′ if and only if N(ε2D) = −1.

Proof. One of the implications was already discussed in proposition 3.3.2. Assume that the

ideal over q is not principal in K ′. From Kaplan ([18], Proposition B2), the forms in the

principal genus are f = [1, 0,−pq], f = [−1, 0, pq], h = [q, 0,−2p] and h = [−q, 0, 2p]. We

cannot have f equivalent to h or h, otherwise q would be principal in K ′. Therefore, f is

equivalent to f and f represents −1, which completes the result.

Lemma 3.3.8. Suppose

(
p

q

)
= 1 and

(
p

q

)
4

= −
(
q

p

)
4

. If q ≡ 1 mod 16, then the

following statements hold:
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(i) If N(ε2D) = −1, the fundamental system of units of K1 is {εD, ε2D, ε2} and we get

|A1| = 1
2
· |A′0| . Moreover, if

(
2p

q

)
4

= −1, then N(ε2D) = −1 and |A1| = 4.

(ii) If N(ε2D) = 1, then {√εDε2D, εD, ε2} is a F.S.U. of K1. Hence, q(K1) = 2 in this

case.

Proof. For the field K, the norm of εD is 1 and one of the ideals above p or q in K is principal

([29],[17]). Thus, we have K1(
√
p) = K1(

√
q) = K(

√
εD). In particular,

√
εD ̸∈ K1.

If N(ε2D) = −1, the only possible system is {εD, ε2D, ε2}.. Therefore q(K1) = 1, and

since |A0| = 2, we get

|A1| =
1

2
· |A′0| .

In the case when

(
2p

q

)
4

= −1, due to ([18], §4, Proposition A2), the 8-rank of the narrow

class group of K ′ is 0 and N(ε2D) = −1. Since the 4-rank of the narrow class group is 1 and

the 2-rank is 2, we have A′0
∼= C4 × C2.

Finally, if N(ε2D) = 1 we must have K1(
√
ε2D) = K1(

√
q) = K1(

√
εD) due to Proposi-

tion 3.3.7.

The complexity of the cases that are left is similar to what was discussed during the second

case. We prove a result similar to Lemma 3.2.7, that doesn’t need any extra conditions on

the quadratic or biquadratic symbols, as it will be helpful for our analysis in the next chapter:

Lemma 3.3.9. Suppose p ≡ 5 mod 8 and q ≡ 1 mod 8 with
(

2
q

)
4
̸= (−1)

q−1
8 . Then the

2-class group of K ′1 = Q
(√

(2 +
√
2)pq

)
is isomorphic to C2 ×C2. In particular, |A′1| = 4.

Proof. We first show that the 2-rank of A′1 is 2. Consider the extension K ′1/Q1. Since there
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are 4 ramifying primes in this extension (2 over q, 1 over p and 1 over 2), we have:

r2(A
′
1) = 3− e(K ′1/Q1)

where e(K ′1/Q1) is the unit index, as expressed in Theorem 2.3.6.

Since the extension K ′1(
√
p,
√
q) is unramified and biquadratic over K ′1, it follows that

the 2-rank of the class group is at least 2.

If L is not a 2-adic prime of Q1, then the extension Q2/Q1 is unramified at L. Since

Q2 = Q1(ε2
√
2), we have

(
ε2, ε2

√
2

L

)
= 1.

Let Q be an ideal over q in Q2. Then as discussed in [3],

(
ε2, q

Q

)
= −1,

since (
ε2, q

Q

)
=

(
2

q

)
4

·
(
q

2

)
4

.

In particular (
ε2, pqε2

√
2

Q

)
= −1

Thus, we know that ε2 is not a norm from K ′1. It follows that e(K ′1/Q1) = 1 and the

2-rank of A′1 is exactly 2.

From here the proof is the same as in Lemma 3.2.7, by simply considering the intermediate
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fields of the extension M = K ′1(
√
p,
√
q) = Q(

√
2 +

√
2,
√
p,
√
q) over K ′1.

M1 = Q(

√
2 +

√
2,
√
pq) = K2

M2 = Q(

√
(2 +

√
2)p,

√
q)

M3 = Q(

√
(2 +

√
2)q,

√
p)

Repeating the same argument, M is the 2−class field of K ′1 and A′1
∼= C2 × C2.

We end this section with some examples:

Example 3.3.10. These lists were obtained by using the software Mathematica and trans-

forming the biquadratic conditions into modular conditions. Since it will be enough to

illustrate the different cases, we assume that p = 5 and provide some lists of the first primes

q satisfying one of the conditions in Corollary 3.3.3. We also give examples of the behavior

in the fourth case when p ≡ 9 mod 16 in the next section.

p q Modulo 16
5 17 1
5 97 1
5 433 1
5 673 1
5 73 9
5 233 9
5 617 9
5 937 9

Table 3.7: Examples of third case with
(
p
q

)
= −1
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p q Modulo 16
5 769 1
5 1009 1
5 1409 1
5 3169 1
5 89 9
5 1049 9
5 2089 9
5 3049 9

Table 3.8: Condition:

(
p

q

)
4

=

(
q

p

)
4

= −1

p q Modulo 16
5 2081 1
5 4561 1
5 6961 1
5 12401 1
5 11161 9
5 17801 9
5 17881 9
5 18121 9

Table 3.9: Condition:

(
p

q

)
4

=

(
q

p

)
4

= 1, with N(εD) = −1

p q
5 449
5 929
5 1489
5 2609

Table 3.10: Condition:

(
p

q

)
4

= −
(
q

p

)
4

= −1, N(ε2D) = −1, and q ≡ 1 mod 16
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Chapter 4

Future explorations

We start this chapter with an analysis of the second and third cases of Proposition 3.1.2,

whenever N(εD) = −1, as it will give us some new ideas on how to deal with the cases from

Theorem 2.3.9 that are left.

4.1 Trace condition [15], [32], [23], [4]

Let D = pq with p ≡ q ≡ 5 mod 8. Let εD = x + y
√
D, where x is even and y is odd.

Since x2 +1 = Dy2, we have a factorization (x+ i)(x− i) = Dy2 in the unique factorization

domain Z[i]. Both primes split in Q(i), therefore there exists primes π1, π2 of Z[i] such that

p = π1π1, q = π2π2, where πj denotes the complex conjugate.

The primes can be chosen to be primary, which means π1 ≡ π2 ≡ 1 mod (1 + i)3, so

that they are relatively prime to 2. Every element of E(Z[i]) = {±1,±i} is unique modulo

πj. Then for α not divisible by πj, there is a unique unit
(
a
πj

)
4
such that

a(N(πj)−1)/4 ≡
(

a

πj

)
4

mod πj.

This is known as the biquadratic symbol for Z[i], and its square
(
a
πj

)
2
is the quadratic

symbol. Most of the properties we will use are taken from ([23], Chapters 5 and 6).
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The following calculations are taken from ([32],Theorem 1), and specifically from [4],

where the authors study the case

(
p

q

)
= −1. They give a necessary and sufficient condition

for whether
√
εDε2Dε2 ∈ K1 or not.

Since g.c.d.(x+ i, x− i) | 2i and πj | (x+ i)(x− i), it follows that πj divides one of x± i.

We could replace πj by its conjugate if necessary and assume that πj divides x + i. This

choice turns out to be significant when

(
p

q

)
= 1. In any case, by unique factorization, we

must have

x+ i = uπ1π2y
2
1

for some unit u ∈ E(Z[i]), and y1 ∈ Z[i] such that y1y1 = y. Since x is even and y is odd,

taking the equation modulo 2, it follows that u ≡ i mod 2. Replacing y1 by iy1 if necessary,

we can assume that u = i and 
x+ i = i · π1 · π2 · y21,

x− i = −i · π1 · π2 · y12.

Let z = (1 + i)y1
√
π1 · π2 + (1− i)y1

√
π1 · π2. Then

z2 = 2εD,

which implies

√
2εD · π1 · π2 ∈ Z

[
i,
√
D
]
.
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We also have

√
2ε2 =

√
1 + i+

√
1− i,

from where it follows that
√
2ε2 · (1 + i) ∈ Z

[
i,
√
2
]
.

Let ε2D = r + s
√
ε2D. Then (r + 1)(r − 1) = 2Ds2. Since (1 + i)(1 − i) = 2, one of the

following equations holds:

1. 
r ± i = u · (1− i) · π1 · π2 · s21,

r ∓ i = u · (1 + i) · π1 · π2 · s12.

2. 
r ± i = u · (1− i) · π1 · π2 · s21,

r ∓ i = u · (1 + i) · π1 · π2 · s12.

where u ∈ E(Z[i]) and s = s1s1.

In the first case,

√
2kε2D · (1 + i) · π1 · π2 ∈ Z

[
i,
√
2D
]
,

whereas in the second case, we have

√
2kε2D · (1 + i) · π1 · π2 ∈ Z

[
i,
√
2D
]
.

Multiplying the equalities for εD, ε2D, ε2, we can see that
√
εDε2Dε2 ∈ K1(i) only in the

first equation, since
√
π2π2 =

√
p ̸∈ K1(i).
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The following necessary and sufficient condition is given without proof in [4]:

(
π2

π1

)
2

(
1 + i

π1π2

)
2

= −1.

We derive it in a similar way as before. First, from [23], we have

(
i

π1

)
2

= (−1)(p−1)/2 = −1,

since p ≡ 5 mod 8. The same result follows for π2. Following [32], the equation

x+ i = i · π1 · π2 · y21 implies that

2 = π1 · π2 · y21 + π1 · π2 · y12.

Therefore,

(
2

π1

)
2

=

(
π1 · π2

π1

)
2

.

Suppose first that u = 1, we have


r ± i = (1− i) · π1 · π2 · y21,

r ∓ i = (1 + i) · π1 · π2 · y12,

Then

(
(1 + i) · π1 · π2

π1

)
2

=

(
±2i

π1

)
2

,

which implies

(
1 + i

π1

)
2

=

(
i

π1

)
2

= −1.
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Similarly, we get

(
1 + i

π2

)
2

=

(
i

π1

)
2

= −1.

In the second case, with u = i, we have


r ± i = i(1− i) · π1 · π2 · y21,

r ∓ i = −i(1 + i) · π1 · π2 · y12,

then

(
−i · (1 + i) · π1 · π2

π1

)
2

=

(
±2i

π1

)
2

,

which implies

(
1 + i

π1

)
2

= 1.

Again, we also have

(
1 + i

π2

)
2

= 1.

In both cases,

(
1 + i

π1

)
2

=

(
1 + i

π2

)
2

.

In the case 
r ± i = u · (1− i) · π1 · π2 · y21,

r ∓ i = u · (1 + i) · π1 · π2 · y12,
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we have

(
1 + i

π1

)
2

=

(
1 + i

π2

)
2

instead. Following ([23], Proposition 6.8), we have the equation

(
1 + i

π2

)
2

·
(
1 + i

π2

)
2

=

(
i

π2

)
2

= −1,

which implies

(
1 + i

π1

)
2

̸=
(
i+ 1

π2

)
2

.

Therefore, a necessary and sufficient condition for
√
εDε2Dε2 ∈ K1 is

(
1 + i

π1

)
2

=

(
i+ 1

π2

)
2

.

In [4], the authors prove that if
(
p
q

)
= −1, the following equation is independent of the

choice of the factorization:

(pq
2

)
4

(
2p

q

)
4

(
2q

p

)
4

=

(
π2

π1

)
2

(
1 + i

π1

)
2

(
i+ 1

π2

)
2

.

Also worth mentioning, the following equality holds:

(
2

π1π2

)
4

·
(
π2

π1

)
2

=

(
2p

q

)
4

·
(
2q

p

)
4

.

From ([32], Corollary 2), the symbol
(
π2
π1

)
2
is equal to −1 whenever

(
p
q

)
= −1, Then

√
εDε2Dε2 ∈ K1 ⇐⇒

(
pq

2

)
4

(
2p

q

)
4

(
2q

p

)
4

= −1.
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for this case. This is proved in [4]. This condition appears for the first time in ([17], Propo-

sition B′1), and it is equivalent to the 2-part of Cl+(Q(
√
−pq)) being equal to C2 × C4.

We now assume that
(
p
q

)
= 1 with

(
p
q

)
4
=
(
q
p

)
4
= −1. We need to understand when

the condition
(

1+i
π1

)
2

(
i+1
π2

)
2
= 1 happens. The symbols are dependent on the choice of

factorization in this case, since

(
1 + i

π1

)
2

=

(
2

a+ b

)
,

(
1 + i

π2

)
2

=

(
2

c+ d

)
,

where π1 = a+ bi, π2 = c+ di.

Since 2 = i3 · (1 + i)2, it follows that

(
2

π1π2

)
4

=

(
i

π1π2

)
4

·
(
1 + i

π1π2

)
2

.

It is easy to see that

(
i

π1π2

)
4

=

(
pq

2

)
4

= (−1)
pq−1

8 ,

so that the condition transforms into

(
2

π1π2

)
4

· (−1)
pq−1

8 = 1.

Likewise, if
(
p
q

)
= 1 with

(
p
q

)
4
=
(
q
p

)
4
= 1 and N(εD) = 1, we have the same conditions.

It is worth noting that the condition
(
p
q

)
4
=
(
q
p

)
4
appears in ([18], Proposition B′4), and it

is equivalent again the 2-part of Cl+(Q(
√
−pq)) being equal to C2 × C4.
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In these cases, we could not find a way to express
(

2
π1π2

)
4
in terms of p and q, since both

symbols
(

2p
q

)
4
,
(

2q
p

)
4
are not well defined. Still, we show how to calculate this condition

using this equivalence:

Example 4.1.1. Let p = 5 = (−1 + 2i)(−1 − 2i) and q = 29 = (−5 + 2i)(−5 − 2i), where

all the elements (−1± 2i), (−5± 2i) are primary. In this case, εD = 12 +
√
D. Only one of

12 + i

(−1± 2i) · (−5± 2i))

is an element of Z[i]. In this case, π1 = −1 + 2i and π2 = −5 + 2i, so that

1 =

(
1 + i

π1

)
2

̸=
(
1 + i

π2

)
2

=

(
2

−3

)
= −1

and
√
εDε2Dε2 ̸∈ K1, which is the case since |A1| = |A0| according to PARI. We provide a

list of the first examples with the corresponding symbols and primes in Z[i]:

p q π1 π2

(
1+i
π1

)
2

(
1+i
π2

)
2

Is
√
εDε2Dε2 ∈ K1?

5 29 −1 + 2i −5 + 2i 1 −1 No
5 229 −1 + 2i 15− 2i 1 −1 No
5 349 −1 + 2i −5 + 18i 1 −1 No
5 509 −1 + 2i −5 + 22i 1 1 Yes
5 709 −1 + 2i 15− 2i 1 1 Yes
5 1109 −1 + 2i −25 + 22i 1 −1 No
5 1229 −1 + 2i 35− 2i 1 1 No
5 1549 −1− 2i 35 + 18i −1 −1 Yes
5 1669 −1− 2i 15 + 38i −1 −1 Yes
5 1709 −1 + 2i 35 + 22i 1 1 Yes
5 1789 −1 + 2i −5− 42i 1 1 Yes
5 2029 −1 + 2i −45 + 2i 1 −1 No

Table 4.1: Trace condition for

(
p

q

)
4

=

(
q

p

)
4

= −1.

Since we need to calculate the fundamental unit to determine the correct primes, this
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condition is as complex as the trace condition in the previous chapter. The one obtained in

[4] for the case
(
p
q

)
= −1 is a lot easier, since it depends only on p and q:

p q
(
pq
2

)
4

(
2p
q

)
4

(
2q
p

)
4

Is
√
εDε2Dε2 ∈ K1?

5 29 1 −1 1 Yes
5 37 −1 1 −1 No
5 53 −1 1 1 Yes
5 157 1 −1 −1 No
5 173 1 1 1 No
5 197 1 −1 −1 No
5 277 −1 1 −1 No
5 293 −1 −1 1 No
5 317 1 1 −1 Yes

Table 4.2: Trace condition for

(
p

q

)
= −1.

4.2 Case q ≡ 9 mod 16

Out of all the possible cases from Theorem 2.3.9 that are left, the one from the second

case where

(
p

q

)
= 1,

(
p

q

)
4

= −
(
q

p

)
4

, q ≡ 9 (mod 16), and N(ε2D) = −1 seems to be

the one within reach with the techniques used in this dissertation. We were not able to find

an example where X∞ ̸∼= A1.
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p q X∞
5 6569 A1

5 7129 A1

5 15289 A1

5 16249 A1

5 19289 A1

5 25609 A1

5 26249 A1

5 28409 A1

5 32089 A1

5 48649 A1

5 57689 A1

5 64489 A1

5 65929 A1

5 77689 A1

Table 4.3: Condition:

(
p

q

)
4

= −
(
q

p

)
4

= −1, N(ε2D) = −1, and q ≡ 9 mod 16

We conjecture that the following statement is true:

Conjecture 4.2.1. Let K = Q(
√
D), where D = pq with p ≡ 5 (mod 8), q ≡ 1 (mod 8),

and

(
2

q

)
4

̸= (−1)
q−1
8 . Assume that

(
p

q

)
= 1,

(
p

q

)
4

= −
(
q

p

)
4

, q ≡ 9 mod 16, and

N(ε2D) = −1. Then X∞ ∼= A1.

A similar case is treated in [11] and [20], with different modular conditions over the prime

p. The same techniques cannot be applied to get a concrete answer in our case, but some

properties about the prime q might be useful. We expand on some of the ideas in these

papers and explain the main differences with the current case.

The prime q splits in Q1 as q = q1q2, where q1 ≡ r + s
√
2 and q1 ≡ r + s

√
2 for some

positive integers r, s. From ([20], Lemma 2.4), we have

q1 ≡ q2 ≡ 3 or (1 + 2
√
2) mod 4

√
2.
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The main difference is that

pqi ≡ −1 or − (3 + 2
√
2) = −(1 +

√
2)2 mod 4

√
2,

and the extension K1(
√
qi) is ramified at the primes above 2 ([31], Exercise 9.3). This can

also be drawn from A1 being cyclic, but we wanted to emphasize why the same ideas fail

within this context.

Following the notation in Theorem 2.1.1, let B′n denote the subgroup of Bn = A
Gal(Kn/K)
n

consisting of ideal classes containing an ideal invariant under the action of Gal(Kn/K). From

Theorem 2.3.4 and Remark 2.3.5,

|B′n| =
|A(K)|[

E(K) : NKn/K(E(Kn)
] = 2[

E(K) : NKn/K(E(Kn))
] .

The F.S.U. of K1 is {εD, ε2D, ε2}, due to a similar argument as in Lemma 3.3.8. In

particular, εD ̸∈ NK1/K(E(K1)). Moreover, since NKn/K(u) = NK1/K(NKn/K1(u)), it follows

that εD ̸∈ NKn/K(E(Kn)) and |B′n| = 1 for every n.

If Ln is the ideal in Kn above 2, since the class of Ln is in B′n if follows that this ideal is

always principal, similar to what is concluded in ([20], Lemma 2.4). The author calculates

A1 and uses circular units to estimate the order of the groups A′1 and A2. Even though

we know that |A′1| = 4 in our case (Lemma 3.3.9), the complicated nature of A′0 makes it

difficult to arrive to the same conclusions since all that is known is that this group is of the

form C2m × C2 with m ≥ 3 ([18], Proposition B2).

We want to take a similar approach to Theorem 3.2.9, given that both Lemma 3.2.8 and

Lemma 3.3.9 hold for this case. Similar to what we did in the previous section with the field

Q(i), we would like to use the factorization in Z
[√

2
]
and the quadratic symbol of Q1 ([23],
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Chapter 4) to draw some conclusions.

There is a F.S.U. of K ′1 of the form {v1, v2, ε2}, where v1 has norm 1 in Q1 and v2 has

norm −1. The F.S.U. of Q2 is the system {w1, w2, ε2} mentioned before, and the one for K1

is {εD, ε2D, ε2}. Then any square in E(K2) is necessarily of the form

u2 = (ε2Dv2w2)
a · εbD · εc2 · vd1 ,

since εD has norm 1 and ε2D has norm −1. As before, it is enough to show that either εD

or ε2D is not a norm from K2. If εD is a norm, then either εDv1 or εDv1ε2 is a square in K2.

Suppose we can write v1 = r + s
√

2 +
√
2 ·

√
D, where r, s ∈ Z

[√
2
]
. Then

(r + 1)(r − 1) = p · q · (2 +
√
2) · s2.

If εDv1 is a square, since K2(
√
εD) = K2(

√
p), by unique factorization we must have


r ± 1 = u1 · d1 · s21

r ∓ 1 = u−11 · (2 +
√
2) · d2 · s22

where d1 = p or d1 = q, s1s2 = s, and u1 ∈ E(Q1).

This is a rather promising path. For instance, if d1 = p and u1 = 1, then

(
(2 +

√
2)q

pZ[
√
2]

)
=

(
±2

pZ[
√
2

)
= 1,
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but

(
2 +

√
2

pZ[
√
2]

)
= −1,

giving us a contradiction, since
(
q
p

)
= 1.

The main issue is that the prime q splits inQ1 and the symbol depends on the choice of the

divisor, as seen in the previous chapter. If q = q1q2 inQ1, we believe thatK2(
√
v1) = K2(

√
qj)

for some j ∈ {1, 2}, but certain problems arise in the argument. For instance, what happens

if u1 = ε2, or why is it not possible for εDv1ε2 to be a square in K2? If one of these elements

is a square, is it possible for ε2Dv2w2 to be a square? If we have to deal with this, it becomes

more complicated, since we would have to work on Z[
√
2, i] instead, where the quadratic

symbols are more difficult to manage.

It might be possible to use these ideas to formulate a valid argument using the quadratic

symbols, by proving that the extension K2(
√
v1) is ramified, or using the conditions on the

prime q discussed at the beginning of this section, but at the moment we have not been able

to do so. We hope in the future to be able to use the quadratic symbols and their properties

to conclude the result, and that the study of the biquadratic extensions Kn+2/Kn and its

intermediate subfields will bring forth a better understanding of the cyclotomic Zp-extension

and towers of p-groups in general.

81



Bibliography

[1] Abdelmalek Azizi, Sur la capitulation des 2-classes d’idéaux de Q(
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