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Networks are commonly used to model and study complex systems that arise in a variety

of scientific domains. One important network data modality is multiplex networks which

are comprised of a collection of networks over a common vertex set. Multiplex networks

can describe complex relational data where edges within each network can encode differ-

ent relationship or interaction types. With the rise of network modeling of complex, multi-

sample network data, there has been a recent emphasis on multiplex inference methods.

In this thesis, we develop novel theory and methodology to study underlying network

structures and perform statistical inference on multiple networks. While each chapter of

the thesis has its own individual merit, synergistically they constitute a coherent multi-

scale spectral network inference framework that accounts for unlabeled and correlated

multisample network data. Together, these results significantly extend the reach of such

procedures in the literature.

In the first part of the thesis, we consider the inference task of aligning the vertices



across a pair of multiplex networks, a key algorithmic step in routines that assume a priori

node-aligned data. This general multiplex matching framework is then adapted to the task

of detecting a noisy induced multiplex template network in a larger multiplex background

network. Our methodology, which lifts the classical graph matching framework and

the matched filters method of [1] to the multiple network setting, uses the template

network to search for the “most” similar subgraph(s) in the background network, where

the notion of similarity is measured via a multiplex graph matching distance. We present

an algorithm which can efficiently match the template to a (induced or not induced)

subgraph in the background that approximately minimizes a suitable graph matching

distance, and we demonstrate the effectiveness of our approach both theoretically and

empirically in synthetic and real-world data settings.

In the second part of the thesis, we present a joint embedding procedure for multi-

scale spectral network inference. In our proposed framework, a collection of node-

aligned networks are jointly embedded into a common Euclidean space by embedding a

specialized omnibus matrix which contains the information across the entire collection

of networks. Our approach—which builds upon the work of [2]—is flexible enough

to faithfully embed many different network collection types (e.g., network time-series

data; test-retest network data, etc.) and is theoretically tractable. Indeed, our method is

among the first joint embedding methods in which statistical consistency and asymptotic

normality are established across correlated network collections. Moreover, we are able

to identify (and fully analyze in our setting) the phenomenon of induced correlation in

the embedded space, which is an artifact of joint embedding methodologies. We examine



how both the induced (by the method) and inherent correlation can impact inference for

correlated network data, and we provide network analogues of classical questions such as

the effective sample size for more generally correlated data.

In the final part of the thesis, we consider a constrained optimization problem called

corr2OMNI, and we present an algorithm that approximates generalized omnibus matrix

structure (for jointly embedding networks) that best preserve (in the embedded space)

a given correlation structure across a collection of networks. Moreover, we analyze

theoretically an important special case of corr2OMNI where we desire a fixed level of

correlation across the networks.
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Chapter 1: Introduction

Network science is a relatively new, interdisciplinary academic field, linking long-standing

research areas such as probability, matrix analysis, statistics and machine learning. Net-

work science utilizes networks or graphs to study complex systems that arise in a multitude

of diverse disciplines ranging from sociology to political science, from epidemiology

to neuroscience and from engineering to computer science. The success/recognition of

network science over the last two decades is mainly due to technological advancements

that lead to mass data production coupled with the fact that networks are versatile data

structures.

Specifically, networks are commonly described by a set of actors or entities of

interest and a set of possible relationships or interactions among them. Due to the topo-

logically peculiar nature of networks, machinery from traditional statistics often cannot

be immediately leveraged to study networks. As a result, statistical inference on networks

requires developing new methodology and discovering ways to bring notions and concepts

from classical statistics to network statistics.

In order to pursue statistical inference on networks, a number of graph models have

been proposed in recent years; for example, random graph models (e.g., Erdos-Renyi [3],

Stochastic Blockmodel [4]), scale-free models (e.g., Barabasi-Albert [5]), small world
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models (e.g., Watts-Strogatz [6]), etc. We focus on a subset of random graph models

called latent space models [7] in which each vertex has associated to it a Euclidean vector

called latent position that is usually unobserved. The edge probabilities between two

vertices i and j are then defined via pij = κ(xi, xj), where κ(�, �) : X � X ! [0, 1]

is a kernel function, and the edges are (conditional on the xi’s) independently sampled.

Then, conditional on the xi’s the realized graph G is represented by the adjacency matrix

A with entries Aij � Bernoulli(pij). Note that the latent positions of a latent space model

can often only be estimated up to a rotation since many kernel functions are orthogonally

invariant.

When κ(�, �) is given by the dot product and X is an appropriately constrained

subspace of Rd, the model is called d�Random Dot Product Graph (abbreviated d�RDPG)

[8]. The RDPG model assigns Euclidean vectors to vertices allowing for potential cross-

overs between traditional statistics and network statistics. Moreover, it encompasses

many flexible and popular models such as the positive semi-definite stochastic blockmodel,

which itself has proven to well-approximate any independent-edge random graph with a

sufficiently large number of blocks [9]. In these models, there is a good deal of work

pursuing inference tasks in single-network analysis, including (but not limited to) com-

munity detection, vertex classification, and anomaly detection. These tasks have caught

the attention of many researchers recently, and there has been a large number of relatively

recent papers in the literature pursuing these tasks. For random dot product graphs, the

first (and perhaps, the most important) inference task is to estimate the latent positions

from a single realization of the (unobserved) network. Indeed, it has proven that, under

mild assumptions, spectral embeddings (i.e., eigendecompositions) of either adjacency

2



[10] or Laplacian [11] matrices yield estimates that are both consistent (up to a rotation)

and satisfy asymptotic normality. As a consequence, inference built upon these estimates

is theoretically justified, and RDPG’s form a popular framework to pursue the aforemen-

tioned inference tasks.

Although single-network inference is a comparatively new research area, many

scientists have focused on leveraging existing methods from the single-network setting

for inference in the multiple-network setting. This is true in the latent space framework,

where, inspired by building statistical analogues from multi-sample Euclidean inference,

many novel joint spectral embedding methods have emerged [2, 12–16]. These methods,

apart from providing improved estimation of the underlying network parameters, are

amenable to various subsequent multi-sample inference tasks such as two-sample hypoth-

esis testing [17], multi-scale anomaly detection [18], and multi-scale classification [19].

Moreover, random graph models such as d�RDPG can be naturally extended to the

multiple-network setting (see Chapter 3, Definition 3.2.3).

Joint spectral graph embedding methods aim to simultaneously embed a collection

of networks into a common, often low-dimensional, latent space. Recent work has demon-

strated that joint spectral embeddings can deliver more accurate estimation of underlying

graph parameters than individual separate embeddings [2, 14]. Moreover, due to the

non-identifiability in latent space models estimates from individual embeddings require

additional alignment in the embedded space, and joint embedding methods are designed

to bypass the need for this additional alignment step. An instance of a joint spectral

embedding method is the omnibus embedding of [2] (in short, classical OMNI), in which

multiple networks on a common vertex set are simultaneously embedded into a single

3



lower-dimensional Euclidean space, with a distinct representation provided for each vertex

across the networks. They achieve this by considering an eigendecomposition of a particu-

larly designed matrix, called omnibus matrix, that contains information from all the

networks. Classical OMNI provides both consistent estimation and asymptotic normal

residual errors when networks arise from a common distribution. Also, the omnibus

embedding endows a natural test statistic and retains discriminatory power as a test proce-

dure for comparisons of different network models.

Nonetheless, existing joint spectral methods (including the OMNI embedding) have

several limitations/drawbacks. First, all the theoretical results in the current literature have

been developed under the assumption of the networks being independent. However, this

assumption rarely holds in real data applications. Second, there are no studies about

the effect of the joint embedding procedure in the embedded space. In other words,

do the embedded networks respect the independence assumption, and if not, how to

identify and analyze the correlation artifact “induced” by the algorithm? Third, the vertex

correspondence across all networks is considered to exist and also be known a priori, i.e.,

existing procedures can often handle only labeled and aligned network data. Finally, these

methods often consider networks of equal size, however, such expectation rarely holds in

real-world scenarios due to missing or noisy data.

Herein, we address these limitations by considering the generalized omnibus embed-

ding procedure (abbreviated genOMNI) which encompasses classical OMNI and extends

the joint embedding framework of [2] to a broad class of jointly spectral methods under

a multiple random graph model that accounts for correlated networks. In addition, in

this generalized OMNI setting we identify and fully characterize the induced correlation

4



which is an artifice of the joint embedding methodology, and we express a relationship

(see Chapter 3, Theorem 7) between the inherent correlation—that is, the correlation

that arises naturally in multisample network data—and the induced correlation in the

genOMNI setting.

In order to tackle the often problematic assumption that the networks are node

aligned and of the same order, we formalize and study a multiplex graph matching problem

in which we seek to find an optimal node correspondence between two multiplex networks

of different orders. While this task is applicable to a wide range of applications, it can

also be thought of as a pre-processing step in the genOMNI setting when the multisample

network data are unlabeled (i.e., not pre-aligned) and the networks are of different orders.

Below, we describe the chapters of the thesis in more detail.

Chapter 2

This chapter extends and elucidates upon the published workshop paper [20]: “Multiplex

graph matching matched filters,” by Pantazis, K., Sussman, D. L., Park, Y., Priebe, C.

E., & Lyzinski, V. In 2019 IEEE International Conference on Big Data (Big Data) (pp.

4921-4927), IEEE. In this chapter, we consider the problem of detecting a noisy induced

multiplex template network in a larger multiplex background network. Our approach is

based upon adapting the graph matching matched filters method of [1] to the multiplex

setting. Effectively, given a multiplex template, we scan the multiplex background for

similarly structured subgraphs based on a multiplex graph matching distance (see Section

2.1.3). This noisy subgraph detection task (also referred to as inexact subgraph matching)

differs from the classical subgraph isomorphism problem, as it accounts for the reality

that relatively large, complex subgraph templates may only errorfully occur in the larger
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background network. Under a statistical network model suitable for modeling noisy

network data, we prove that, under mild conditions, the true vertex correspondence can be

found with high probability (see Theorems 1 and 2). Moreover, we present an algorithm

called M-GMMF which utilizes the multiplex template and a multiplex analogue of a

matching algorithm (see Sections 2.2.1 and 2.2.2) to search for approximate solutions. We

further demonstrate these theoretical and methodological results in a number of simulated

and real data settings. In Section 2.4, we apply our multiplex matched filter approach in

detecting a hidden template in a multiplex social media network and we compare M-

GMMF to other multiplex graph matching algorithms on a semantic property graph.

Chapter 3

As mentioned above, we present the generalized omnibus embedding (genOMNI) and

we provide a detailed analysis of this embedding across both independent and correlated

networks. Unlike the omnibus matrix in [2], the generalized omnibus matrix (see Defini-

tion 3.4.1) is generic, thus genOMNI can be regarded as a family of joint graph embedding

methods. Also, we identify the phenomenon of induced correlation in genOMNI and we

capture the dual effects of inherent and induced correlation in the limiting covariance

across the embedded networks (see Theorem 7). We show that genOMNI is flexible

and robust, and we prove both consistency and a central limit theorem for the embedded

points. Next, we provide an analysis of a time series of networks in the brain of the

marine mollusk Aplysia californica to illustrate how the induced correlation found in

classical OMNI obscurs important network changes corresponding directly to transitions

in animal behavior, and how an appropriately calibrated generalized omnibus embedding

succeeds to do so. In Sections 3.5 and 3.6, we show how the weights of genOMNI can
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be adapted for certain specific inherent correlation structures. Lastly, in Section 3.7, we

further show via simulated and real data examples, how inherent and induced correlation

across networks impact the effective sample size for subsequent inference tasks in the

joint embedded space.

Chapter 4

We present two optimization problems that derive from the genOMNI framework. First,

we introduce the flat correlation problem (see Section 4.2) in which we seek to find

generalized omnibus matrices that attain the minimum flat correlation (flat correlation

refers to the case when the amount of induced correlation among all network pairs is the

same). Essentially, this problem attempts to minimize the effect of induced correlation

when the networks are assumed independent. Under a suitable subspace of generalized

omnibus matrices, we provide a lower bound (see Lemma 1) and we show that classical

OMNI achieves the maximum flat correlation (see Theorem 11). Next, we define a con-

strained optimization problem called corr2OMNI (see Section 4.3) in which we search

for generalized omnibus matrices that best fit the inherent correlation structure across

multiple network data. We develop an algorithm inspired by Multi-dimensional Scaling

theory and we further explore its performance via simulations.

Note that each of the following chapters is essentially self-contained. Each chapter has

its own introduction section, conclusion section and notation description (if necessary).

Appendices A, B and C correspond to Chapters 2, 3 and 4 respectively, and they constitute

the backbone of this thesis containing proofs, arguments and supporting materials for the

theoretical results found herein.
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Chapter 2: Multiplex Graph Matching Matched Filters

Abstract

We consider the problem of detecting a noisy induced multiplex template network in a

larger multiplex background network. Our approach, which extends the framework of [1]

to the multiplex setting, leverages a multiplex analogue of the classical graph matching

problem to use the template as a matched filter for efficiently searching the background

for candidate template matches. The effectiveness of our approach is demonstrated both

theoretically and empirically, with particular attention paid to the potential benefits of

considering multiple channels.

2.1 Introduction

Multilayer and multiplex networks or graphs have proven to be useful models for capturing

complex relational data where multiple types of relations are potentially present between

vertices in the network [21, 22]. Classical, single layer (or monoplex) networks, have

proven popular for representing complex interactions (i.e., edges) amongst a collection of

objects of interest (vertices). In the multilayer setting, there are multiple vertex layers and

edges within a layer can encode different relationship/interaction types. Multilayer graphs

are often distinguished by the structure across layers; in the present work we consider
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multiplex networks where inter-layer relations can only exist amongst vertices represent-

ing the same object across the layers. For example, in connectomes (i.e., brain graphs)

different edge modalities can represent different synapse types between neurons [23];

in social networks different edge modalities can capture relationships in different social

network platforms [24]; in scholarly networks different edge modalities can capture co-

authorship across multiple classification categories [25]. Insofar as there is complimentary

signal across the layers in the multilayer network (which is the case in many applications,

see for example [22, 26, 27]), leveraging the signal across the different layers of the

network can lead to better, more robust performance than working within any single

network modality. In this paper, we address the question of how we can practically (and

theoretical-ly) leverage the signal across multiple network layers in the inference setting

of noisy subgraph detection.

A graph or network g consists of a set of vertices or nodes V (g), and a set of edges

E(g). A graph g0 is a subgraph of g if V (g0) � V (g) and E(g0) � E(g). Formally,

the noisy subgraph detection problem can be stated as follows. For integer n > 0, let

Gn be the space of all n-vertex node-labeled graphs; note that unless otherwise specified,

all graphs considered will be unweighted. Given a dissimilarity d : Gm � Gm 7! R

(so that d is non-negative, d(g, g) = 0 for all g 2 Gm, and small (resp., large) values

of d are indicative of highly similar (resp., dissimilar) networks), a template subgraph

g 2 Gm, and a background graph h 2 Gn with n > m, the goal is to find the subgraphs

g0 2 Gm of h minimizing d(g, g0). Common dissimilarities d considered in the literature

include variants of graph edit distance [28] and the graph matching distance [1, 29] (see

Section 2.1.1 for detail). The ming0�h d(g, g0) = 0 setting (where g0 � h denotes g0
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is a subgraph of h) is closely related to the subgraph isomorphism problem—given a

template g, determine if an isomorphic copy of g exists in the larger network h and find

the isomorphic copy (or copies) if it exists. This NP-complete problem (see [30] for more

details) has been the subject of voluminous research, with notable results in the setting

where g is small or structured. Common approaches include those based on efficient tree

search [31], color coding [32, 33], graph homomorphisms [34], rule-based/filter-based

matchings [35, 36], among others; for a survey of the literature circa 2012, see [37].

The potential to have ming0�h d(g, g0) > 0 (this is what is meant by “noisy”; note this

is also referred to as inexact matching in the literature) for a given template separates

the noisy subgraph detection task from the classical subgraph isomorphism problem, as

this accounts for the reality that relatively large, complex subgraph templates may only

errorfully occur in the larger background network. These errors may be due to missing

edges/vertices in the template or background, and arise in a variety of real data settings

[38]. When g is large and complex and/or ming0�h d(g, g0) > 0, there are relatively

fewer methods in the literature for attacking this problem; see, for example, [1, 39–42].

Moreover, for many d, in the setting of complex templates g there is often a single

element (up to vertex reordering) in arg ming0�h d(g, g0), and the noisy subgraph detection

problem reduces to detecting this unique minimizer.

The inference task we consider in this chapter is the problem of detecting (possi-

bly multiple copies of) a noisy multiplex template network in a multiplex background

network. LettingMc
n be the set of all c-layer, n-vertex multiplex networks (see Definition

2.1.1), we can define the problem formally as follows. Given a dissimilarity d : Mc
m �

Mc
m 7! R (so that d is non-negative, d(g,g) = 0 for all g 2 Mc

m, and small (resp.,
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large) values of d are indicative of highly similar (resp., dissimilar) networks), a template

subgraph g 2 Mc
m, and a background graph h 2 Mc

n with n > m, the goal is to find

the subgraphs g0 2 Mc
m of h minimizing d(g,g0). With the rise of network modeling

of complex, multilayer data, there has been a recent emphasis on multiplex inference

methods. This is, indeed, the case with the noisy multiplex subgraph detection problem,

as there have been numerous recent papers dedicated to solving this problem; see, for

example [36, 43–47]. This multilayer subgraph detection problem presents a host of

additional challenges versus its single layer counterpart, including how to adapt monoplex

dissimilarities to the multilayer setting (see [48] for the challenges in defining the general

multilayer graph isomorphism), and how to appropriately leverage the signal across the

multiple layers rather than more streamlined approaches that collapse the network to a

single layer.

Our approach to approximately solving the multiplex noisy subgraph problem adapts

the graph matching matched filter (GMMF) method proposed in [1] to the multiplex

setting. The basic idea of the GMMF is to use the template graph g to scan the background

for similarly (according to d) structured subgraphs in h; this is similar in spirit to the

matched filters for pattern detection in image analysis (e.g., [49]) and the convolutional

filters in image processing and convolutional neural networks [50, 51]. In our Multiplex

GMMF (which we denote M-GMMF), the scanning mechanism determining how the tem-

plate is used to search the background is a multiplex adaptation of the Frank-Wolfe [52]

based FAQ algorithm of [53] (see Section 2.2.1 for more detail). For the details of

M-GMMF, see Section 2.2.2. In the process of developing the M-GMMF, we introduce

a multiplex graph matching problem (see Section 2.1.3) that allows us to appropriately
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define a dissimilarity d that seeks to minimize the number of disagreements between g

and g0 (i.e., optimal induced subgraph match) or maximize the number of common edges

across g and g0 (i.e., optimal subgraph match).

In addition to the algorithmic development above, we further posit a statistical

framework for embedding a noisy copy of g into h that allows us to study an analogue

of multiplex graph matchability; see Section 2.3. In this model, we demonstrate the

theoretical appropriateness of multiplex matched filters for detecting the noisy induced

subgraph as well as the benefit of considering multiple channels for improved graph de-

anonymization. We further demonstrate these theoretical results in a number of simulation

and real data settings. In Section 2.4, we apply our multiplex matched filter approach in

detecting a hidden template in a multiplex social media network and we compare M-GMMF

to other multiplex graph matching algorithms on a template discovery task in a large

semantic property graph.

Notation: The following notation will be used throughout. For an integer n > 0, we will

define [n] := f1, 2, . . . , ng, let ~1n 2 Rn (resp. In 2 Rn�n) be the vector (resp. diagonal

matrix) with all entries identically set to 1, let Jn be the n � n matrix with all diagonal

entries identically set to 0 and all off-diagonal entries set to 1. Let 0k,` (resp., 0k) be the

k�` (resp., k�k) matrix with all entries identically set to 0. The set of n�n permutation

matrices is denoted by Πn. For a graph g 2 Gn, we let V (g) denote the ordered vertex set

of g and E(g) denote the edge set of g. A graph g0 is a subgraph of g (denoted by g0 � g)

if V (g0) � V (g) and E(g0) � E(g).
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2.1.1 The Graph Matching Distance

Both the single and multilayer noisy subgraph detection problems defined above rely

heavily on a suitable definition of graph dissimilarity d to measure the goodness of the

fit of the recovered subgraph match. A common dissimilarity used in the literature is

the graph matching distance dGM defined as follows: Let g, h 2 Gn (recalling Gn is the

space of n-vertex, labelled graphs; here these are assumed to be unweighted, allowing

self-loops) and let A be the adjacency matrix for g, and B the adjacency matrix for h; we

then define

dGM(g, h) = min
P2�n

kAP � PBkF = min
P2�n

√
kAk2

F�2 trace(APBTP T ) + kBk2
F , (2.1)

where Πn is the set of n � n permutation matrices. Note that dGM is a pseudo-distance

(i.e., dGM(g, g) = 0 for all g 2 Gn, dGM is symmetric, and satisfies the triangle inequality)

as it is clear that dGM(g, h) = 0 can hold for g 6= h. See [54] for a study of a number of

related graph matching (pseudo) distances.

There is an immense literature devoted to solving the related graph matching prob-

lem: Given graphs g, h 2 Gn (with respective adjacency matrices A and B), find P 2

Πn such that dGM(g, h) = kAP � PBkF ; see [55–58] for a thorough review of the

current graph matching literature. Briefly, the graph matching literature is composed of

two (intertwined) main thrusts: algorithmic development, with popular methods including

optimization/relaxation-based approaches (e.g., [53,59–62]), tree-search (e.g., [63]), deep

learning-based approaches (e.g., [64]), representation-learning approaches (e.g., [65,66]),
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spectral approaches (e.g., [67–70]), and structured factorization-based approaches (e.g.,

[71,72]), to name but a few. The second thrust of the graph matching literature is focused

on graph de-anonymization / graph matchability. Stated succinctly, the problem of graph

matchability is as follows: given a latent alignment P between two networks g and h (with

respective adjacency matrices A and B), is it the case that dGM(g, h) = kAP � PBkF ;

i.e., will the optimal “graph matching” permutation be unique and recover the true latent

alignment? The latent alignment between g and h is often achieved by correlating the

networks g and h edge-wise (so that h can be thought of as a noisy version of g), and

the matchability literature is often focused on deriving sharp phase-transitions for when

dGM(g, h) 6= kAP � PBkF in terms of decaying correlation across networks; see, for

example, [73–82] for a litany of graph matchability results in the single layer setting.

In the noisy subgraph detection problem outlined above, where g 2 Gm and h 2 Gn

for n > m (with respective adjacency matrices A and B), there are a number of ways

of adapting dGM to the setting where the graphs are different sizes (see, for example,

Appendix F of [54]). If we desire our dissimilarity to penalize extraneous structure (i.e.,

non-edges mapped to edges) and reward both common edges and common non-edges, we

can seek a subgraph g0 (with adjacency matrix B0) of h that minimizes minP2�mkAP �

PB0kF . That is, minimizing dGM(g, �) over subgraphs of h of order m, which amounts to

finding the closest (according to dGM) induced subgraph of h to g. Equivalently, this can

be cast as seeking an element P in

Πm,n = fQ 2 f0, 1gm�n jQ~1n = ~1m, ~1
T
mQ � ~1Tng
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minimizing kA�PBP TkF (see Remark 1 below for detail). If we desire our dissimilarity

to only reward recovered structure, we can seek a subgraph g0 (with adjacency matrix B0)

of h that maximizes maxP2�m trace(AP (B0)TP T ). This is effectively minimizing

d
(2)
GM(g, g0) =

(
max
P2�m

trace(AP (B0)TP T )

)�1

over subgraphs g0 of h of order m. Equivalently, this can be cast as seeking an element P

in Πm,n maximizing trace(APBTP T ) (see Remark 1 below for detail), which amounts to

finding the closest (closest in that it has the most common edges) subgraph of h to g. Note

that these two distances/dissimilarities can be obtained from dGM directly by appropriately

weighting and padding g and h; see [1, 83] and Remark 1.

Remark 1. Let g 2 Gm with adjacency matrix A and h 2 Gn with adjacency matrix B.

In [84], the method for finding the closest (according to dGM) induced subgraph of h to g

was to match

(2A�~1m~1Tm)� 0n�m =

2A�~1m~1Tm 0m,n�m

0n�m,m 0n�m


to 2B�~1n~1Tn using dGM (this is referred to as the centered padding scheme). ForQ 2 Πn,

write

Q =

P

Q0


where P 2 Πm,n. Then, matching (2A � ~1m~1Tm) � 0n�m to 2B � ~1n~1Tn is equivalent to
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maximizing

trace([(2A�~1m~1Tm)� 0n�m]Q(2B �~1n~1Tn )TQT ) (2.2)

= trace(P T (2A�~1m~1Tm)P (2B �~1n~1Tn )T )

= 4trace(APBTP T )� 2 trace((~1m~1
T
m)PBTP T )︸ ︷︷ ︸

=kPBPT k2F

� 2 trace(AP (~1n~1
T
n )P T )︸ ︷︷ ︸

=kAk2F

+trace((~1m~1
T
m)P (~1n~1

T
n )P T )

and finding the optimal Q for Eq. (2.2) is equivalent to finding the optimal P 2 Πm,n

minimizing

kAk2
F+kPBP Tk2

F�2trace(APBTP T ) = kA� PBP Tk2
F .

Moreover, the above derivations show us that for P 2 Πm,n, minimizing kA� PBP Tk2
F

is not equivalent to maximizing trace(APBTP T ). Indeed, in [84], the best fitting (non-

induced) subgraph of h to g is found by maximizing (over Q 2 Πn)

trace((A� 0n�m)QBTQT ),

which is easily seen to be equivalent to maximizing

trace(APBTP T )

over P 2 Πm,n as claimed.
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Remark 2. The graph matching distance can be easily adapted to the weighted graph

setting. Letting Wn be the set of all n-vertex graphs with nonnegative edge weights,

we can associate g = (V,E,W ) 2 Wn with a weighted adjacency matrix A so that

Ai,j = 1ffi, jg 2 EgW (fi, jg). For g, h 2 Wn with respective weighted adjacency

matrices A and B, we define dGM(g, h) = minP2�n kAP � PBkF . Extensions to the

setting where g 2 Wm and h 2 Wn are then achieved as above.

2.1.2 Multiplex Networks

Before lifting the graph matching distance/problem to the multiplex setting, we first need

to define precisely what we mean by a multiplex graph. At the core of this paper, we

view the template as being equal or lower order than the background. Moreover, our

definition of multiplex networks, ideally, would allow for differing graph orders across

the multiple layers within a single graph. To allow for these expected data nuances in

the multiplex setting, we consider the following multiplex graph model; see [22] for a

thorough overview of this and other multiplex network formulations.

Definition 2.1.1. The c-tuple g = (g1, g2, . . . , gc) is an n-vertex multiplex network if for

each i = 1, 2, . . . , c, we have that gi 2 Gni
= fni-vertex labeled graphsg, and the vertex

sets (Vi = V (gi))
c
i=1 further satisfy the following:

i. For each i 2 [c], we have that V (gi) � [n];

ii.
c⋃
i=1

V (gi) = [n];

iii. For each i 2 [c], there exists a j 2 [c], with j 6= i and V (gi) \ V (gj) 6= ;;
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g1

g2

Figure 2.1: An example of the two padding schemes applied to a two layer multiplex
network g = (g1, g2) with 8 vertices.

iv. The layers are a priori node aligned; i.e., vertices sharing the same label across

layers correspond to the same entity in the network.

Note that each vertex v 2 [n] need not appear in each channel i 2 [c], however, we

do require that the node set of each layer has non-empty intersection with at least one

other layer’s node set. We will denote the set of c-layer, n-vertex multiplex networks

via Mc
n. We note here that in the subsequent sections we will describe the M-GMMF

and its associated parts in the setting of unweighted multiplex networks. This is done

to streamline exposition, and analogues in the weighted graph setting can be defined

accordingly.

2.1.3 The Multiplex Graph Matching Distance

As mentioned previously, in the single layer setting the two subgraph matching distances—

the ones based on dGM and d
(2)
GM—can be obtained from dGM via appropriate padding

18



schemes applied to the template g and background h. This will be the approach we take

in order to define the analogues of these distances in the multiplex setting, as this will

allow us to circumvent the difficulties of differing number of vertices across graphs and

across the layers of a given graph. To this end, we consider the following pair of padding

schemes (adapted here from [1, 84]). Letting g 2 Mc
m and h 2 Mc

n with m � n, we

define

i. (Naive Padding) For each i 2 [c], define the adjacency matrices Ãi 2 Rm�m and

B̃i 2 Rn�n via

Ãi(u, v) =



1 if u,v 2 V (gi), and fu,vg 2 E(gi);

0 if u,v 2 V (gi), and fu,vg /2 E(gi);

0 if u or v 2 [m] n V (gi);

B̃i(u, v) =



1 if u,v 2 V (hi), and fu,vg 2 E(hi);

0 if u,v 2 V (hi), and fu,vg /2 E(hi);

0 if u or v 2 [n] n V (hi);

Denote Ã = (Ã1, Ã2, � � � , Ãc) and B̃ = (B̃1, B̃2, � � � , B̃c). This padding scheme

effectively appends the number of isolated vertices to each graph layer needed in

order to make the number of vertices in all layers equal (equal m in g and n in h).

ii. (Centered Padding) For each i 2 [c], define the weighted adjacency matrices Âi 2
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Rm�m and B̂i 2 Rn�n via

Âi(u, v) =



1 if u,v 2 V (gi), and fu,vg 2 E(gi);

�1 if u,v 2 V (gi), and fu,vg /2 E(gi);

0 if u or v 2 [m] n V (gi);

(2.3)

B̂i(u, v) =



1 if u,v 2 V (hi), and fu,vg 2 E(hi);

�1 if u,v 2 V (hi), and fu,vg /2 E(hi);

0 if u or v 2 [n] n V (hi);

Denote Â = (Â1, Â2, � � � , Âc) and B̂ = (B̂1, B̂2, � � � , B̂c). This padding scheme

makes the number of vertices in all layers equal, as well as penalizes non-existent

edges of existing vertices.

For an example of the two padding schemes applied to a graph inM2
8, see Figure 2.1.

We are now ready to define the multiplex analogues of our subgraph matching

dissimilarities. We begin by defining the multiplex analogue(s) of dGM for two graphs

of the same order; we will then adapt this pseudo-distance to graphs of differing orders.

Let g1,g2 2Mc
n, and let C̃(1) (resp., C̃(2)) be the naive padding of g1 (resp., g2) and Ĉ

(1)

(resp., Ĉ
(2)

) be the centered padding of g1 (resp., g2). We then define d
(n)
M-GM and d

(c)
M-GM

as follows.

Definition 2.1.2. With notation as above, we consider the following multiplex graph

20



dissimilarities

d
(n)
M-GM(g1,g2) := min

P2�n

c∑
i=1

kC̃(1)
i P � PC̃(2)

i k2
F ;

d
(c)
M-GM(g1,g2) := min

P2�n

c∑
i=1

kĈ
(1)

i P � PĈ
(2)

i k2
F

If g 2 Mc
m (with naive and centered paddings given by Ã and Â resp.,) and h 2 Mc

n

with m < n, the multiplex analogue of d(2)
GM that only rewards recovered structure then

seeks a subgraph g0 2Mc
m (with naive and centered paddings given by B̃0 and B̂

0
resp.,)

of h that minimizes

d
(2)
M-GM(g,g0) :=

(
max
P2�m

c∑
i=1

trace(ÃiP (B̃0i)
TP T )

)�1

.

For matricesA 2 Rm�m andB 2 Rn�m�n�m, we consider the matrix direct sumA�B 2

Rn�n defined via

A�B =

 A 0m,n�m

0n�m,m B

 ,
where we recall for integral k, ` > 0, 0k,` (resp., 0k) is the k� ` (resp., k�k) matrix of all

0’s. Finding the m-vertex subgraphs of h minimizing d(2)
M-GM(g, �) is equivalent to finding

all P in

arg min
P2�n

c∑
i=1

k(Ãi � 0n�m)P � PB̃ik2
F = arg min

P2�n

c∑
i=1

�tr((Ãi � 0n�m)PB̃T
i P

T ), (2.4)

as each P in Eq. (2.4) matches g to a subgraph of h minimizing d(2)
M-GM. This formulation
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in Eq. (2.4) effectively seeks to maximize the number of common edges between the

multiplex template and multiplex background, where all edges across all channels are

weighted equally (see [54, 84] for the monoplex analogue). A multiplex analogue of the

dissimilarity that penalizes extraneously recovered structure seeks an induced subgraph

g0 2Mc
m of h that minimizes

d
(c)
M-GM(g,g0) := min

P2�m

c∑
i=1

kÂiP � PB̂
0
ik2
F .

Finding the m-vertex subgraphs of h minimizing d(c)
M-GM(g, �) is equivalent to finding all

P in

arg min
P2�n

c∑
i=1

k(Âi � 0n�m)P � PB̂ik2
F = arg min

P2�n

c∑
i=1

�tr((Âi � 0n�m)PB̂
T

i P
T ), (2.5)

as each P in Eq. (2.5) matches g to a subgraph of h minimizing d(c)
M-GM(g, �). If for each

i, we have that V (gi) = [n] � [mi] = V (hi), then the formulation in Eq. (2.5) effectively

seeks to minimize the number of disagreements (edge mapped to non-edge and vice versa)

induced between the background and the matched subgraphs in the template, where all

disagreements across all channels are weighted equally. Given the interpretation of Eqs.

(2.4) and (2.5), the appropriate padding schemes to deploy in practice depends on the

underlying problem assumptions and setting. Moreover, in the centered padding scheme,

the amount of penalty in the multiplex template can vary (rather than being fixed to �1)

within and across the layers (see Eq. (2.12)). In the sequel, we will let the optimization in

Eq. (2.4) be known as the naive multiplex graph matching problem and the optimization
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in Eq. (2.5) be known as the centered multiplex graph matching problem.

Remark 3. Our formulation of the Multiplex GMP is (assuming channels of equal order

across the adjacency matrix lists A and B)

arg min
P2�n

c∑
i=1

kAiP � PBik2
F .

rather than a formulation weighting the matching in each channel via

arg min
P2�n

c∑
i=1

λikAiP � PBik2
F ,

for λi > 0. Note that we implemented the Multiplex GMP for different values of λ,

though in our experiments below we found that matching results with λi = 1 work

suitably well while being more robust than other ad-hoc weighting strategies. As such,

we only present the results with λi = 1, though finding optimal weight for a given graph

sequence is an important learning task in its own right and is the subject of present

research. Moreover, this allows each edge in each template channel to be weighted

equally, which may be desirable. In the case that one or more channels is more informative

or of higher import than the others, then choosing appropriate λ’s to overweight the

matching in those channels may be desirable.

2.2 Multiplex Graph Matching Matched Filters

Our approach to approximately solving Eqs. (2.4) and (2.5) uses the template g as a

filter to search the background h for approximate matches. Similar to how convolutional
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and matched filters are used in computer vision tasks, we use the template to scan the

background for matching structure, though the mechanism for scanning is not exhaustive

search but rather an adaptation of the Frank-Wolfe based matching algorithm FAQ of [53].

Below we provide the details of our multiplex FAQ algorithm, as well as how this is

implemented towards our goal of building effective multiplex graph matching matched

filters.

2.2.1 Multiplex FAQ

One of the principal motivations for our additive multiplex graph distance formulation

is that it allows us to adapt gradient descent based search algorithms to the multiplex

setting with ease. One such algorithm that has proven useful in the literature is the FAQ

algorithm of [53]. This algorithm—based on the Frank-Wolfe method for constrained

gradient descent applied to an indefinite relaxation of the graph matching problem—

proceeds as follows (in the monoplex setting): Given graphs g, h 2 Gn with adjacency

matrices A,B, a threshold ε, and initialization P (0) 2 Dn (where Dn is the set of doubly

stochastic n� n matrices, i.e., the convex hull of Πn):

1. While kP (t) � P (t�1)kF> ε at step t � 1, repeat the following iterative loop:

i. Letting f(P ) = �trace(APBTP T ), compute

rf(P (t)) = �ATP (t)B � AP (t)BT .
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ii. Find the optimal search direction for gradient descent by finding

Q(t) = arg min
Q2Dn

trace(rf(P (t))TQ);

note that this is an instantiation of the famous linear assignment problem

(LAP) and can be solved via the Hungarian method in O(n3) time [85].

iii. Set α� equal to the minimizer of f(αP (t) + (1 � α)Q(t)). This line search

in the direction of Q(t) can be done efficiently, as it amounts to optimizing a

simple quadratic function of α.

iv. Set P (t+1) = α�P (t) + (1� α�)Q(t).

2. Project the (possibly) interior point solution P (final) to the set of permutation matrices

by solving the following LAP

P � = arg min
P2�n

trace(rf(P (final))TP ).

The FAQ algorithm [86] is theoretically principled (for example, one of the theoretical

guarantees is that the optimal solution exists in the relaxed search space of the algorithm,

see Section 4.6 in [86]), performs well in a number of real-data alignment tasks (see [53]

for a comparison of FAQ to other graph matching approaches), and is flexible enough

to easily handle weighted and directed graphs, seeded vertices [84], matching graphs of

different orders [1, 84], and, as we will see below, matching multiplex networks.

The above algorithm extends easily to the multiplex setting as follows (see Algorithm

1 below). Let A = (A1, � � � , Ac) and A0 = (A01, � � � , A0c) be the adjacency matrix vectors
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Algorithm 1 M-FAQ

Let A = (A1, � � � , Ac) and A0 = (A01, � � � , A0c) be the (possibly padded) adjacency matrix
vectors of two multiplex graphs inMc

n, where each Ai and A0i is assumed to be an n� n
matrix. Given a threshold ε and initialization P (0) 2 Dn, we proceed via

1. While kP (t) � P (t�1)kF> ε at step t � 1, repeat the following iterative loop:

i. ComputerfM(P (t)) = �
∑c

i=1A
T
i P

(t)A0i � AiP (t)(A0i)
T .

ii. Set Q(t) = arg minQ2Dn
trace(rfM(P (t))TQ)

iii. Set α� equal to the minimizer of fM(αP (t) + (1� α)Q(t)).

iv. Set P (t+1) = α�P (t) + (1� α�)Q(t).

2. Lastly compute P � = arg minP2�n
trace(rf(P (final))TP ). Return approximate so-

lution P �.

of two multiplex graphs in Mc
n (padded in the case of differing vertex sizes between

layers and channels and/or in the case of penalizing extraneous structure), where each Ai

and A0i is assumed to be an n� n matrix, we consider minimizing the objective function

fM(P ) = �
c∑
i=1

trace(AiP (A0i)
TP T )

using the same Frank-Wolfe procedure outlined above. This multiplex FAQ algorithm

(denoted M-FAQ) aims to, ideally, find the global minimizer of fM(P ). We will see in

the next section how these ideas can be leveraged towards building our multiplex graph

matching matched filter.

Remark 4. One of the advantages of FAQ and M-FAQ is the ease with it allows seeded

vertices to be incorporated [84]. In the setting of graph alignment, seeded vertices are

those whose correspondence across networks is a priori known. This is incorporated

into M-FAQ as follows. Without loss of generality, letting the first s < n vertices of

g,g0 2 Mc
n (with respective adjacency matrix lists A and A0) be seeded via the identity
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mapping, we can consider incorporating these seeds via:

i. A hard seeded approach: We seek to align g and g0 by finding

arg min
P2�n�s

c∑
i=1

kAi(Is � P )� (Is � P )A0ik2
F .

This effectively enforces the alignment across seeded vertices must hold in any

optimal matching across g and g0, thus reducing the dimension of the search space

of the graph matching problem. In this case, M-FAQ proceeds as outlined above

with the objective function

fM(P ) = �
c∑
i=1

trace(Ai(Is � P )(A0i)
T (Is � P )T ),

with the computation of the gradient and search steps proceeding analogously.

ii. A soft seeded approach: We seek to align g and g0 by finding

arg min
P2�n

c∑
i=1

kAiP � PA0ik2
F ,

and initializing our optimization algorithm at a P of the form Is � Q (where the

form of Q may be dictated by whether the algorithm relaxes the feasible region).

This alignment across seeded vertices is encoded into the initialization step though

this alignment is not necessarily enforced in an optimal matching across g and

g0. This is more appropriate in settings where the seeds are potentially noisy or

errorful [87].
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In both the soft and hard seeded approaches, the performance (both empirically and

theoretically) of FAQ and M-FAQ is often dramatically improved even with the inclusion

of relatively few seeds. For theoretical guarantees of seeded FAQ under the Correlated

Erdős-Renyi graph model, see [88], and for empirical results in [84, 89].

2.2.2 Multiplex Graph Matching Matched Filters

In the setting of multiplex noisy subgraph detection, there may be many subgraphs in

h optimally matching to g. To account for this (and the presence of spurious local

minima for the indefinite fM(D) for D in Dn), the multiplex graph matching matched

filter (M-GMMF) algorithm proceeds as follows: Use multiple random restarts of the

M-FAQ algorithm applied to either Eq. (2.4) or (2.5) (depending on the desired structure

to recover) to find multiple candidate matches for the template g in h. This approach

was developed first in the monoplex setting (using FAQ) in [1]; herein, we extend this

approach to the multiplex setting.

Remark 5. The M-GMMF algorithm uses the multiplex template and a multiplex matching

algorithm A (M-FAQ in our implementation) to search Πn for relevant regions of h that

align well to g. The multiple restarts in Step 2 of the procedure are needed in the case of

A = M-FAQ to account for multiple possible globally best matched and the fact that the

objective function is relaxed to an indefinite quadratic program with myriad local minima

in the feasible region. For approximate combinatorialA, the restarts may be appropriate

as well, while for continuous, convex relaxation algorithms (see, for example, [54]), this

step may not be necessary if we believe there is a single global minima.
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Algorithm 2 M-GMMF
Given multiplex graphs g 2 Mc

m and h 2 Mc
n with m � n, an appropriate padding

scheme (either naive or centered), a tolerance ε 2 R > 0, a random initialization
parameter γ, and the number of restarts N , M-GMMF proceeds as follows:

1. Pad g and h accordingly. In the naive (resp., centered) padding regime, the padded
adjacency matrix list of g is denoted via Ã (resp., Â), and the padded h via B̃

(resp., B̂).

2. For k = 1, 2, . . . , N , repeat the following

i. Create a random initialization for the M-FAQ algorithm via

P (0)  α~1n~1
T
n/n+ (1� α)P

where P � Unif(Πn), α � Unif[0, γ]. Note that this is one possible random
initialization scheme (the random jitter of the barycenter ~1n~1Tn/n of Dn).

ii. In the naive (resp., centered) padding regime, find a candidate match for
g via P �k = M-FAQ(Ã � 0n�m, B̃, P

(0), ε) (resp., P �k = M-FAQ(Â �
0n�m, B̂, P

(0), ε))

3. Rank the matchings fP �1 , P �2 , � � � , P �Ng by increasing value of the multiplex graph
matching objective function, Eq. (2.4) or (2.5), depending on the padding regime
selected. This ranked list provides a candidate list of matchings/detected subgraphs
for g in h.
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2.3 Multiplex Template Matchability

In order to theoretically understand the efficacy of our M-GMMF approach, we consider the

following probabilistic framework (note that real-data experimentation demonstrating the

empirical success of M-GMMF is presented in Section 2.4). Considering a random graph

model for both g and h in which a stochastically noisy copy of g has been embedded

into h, we seek to understand to what degree an oracle algorithm (i.e., those that can

exactly solve Eq. (2.4) and (2.5)) can identify the noisy copy of g in h. This offers

an important suitability test for M-GMMF, as if even oracle approaches are not able to

uncover probabilistically errorful copies of g, then practically M-GMMF will most likely

not be suitable for finding optimal subgraph matches in real data, high noise settings.

Moreover, to understand this problem further, we develop novel results on multiplex

graph matchability (for g and h of the same order) that may be of independent interest,

as well as generative multiplex error models in which to explore this question. The

layout of this section is as follows. We develop a pair of error models, the ME and

MS models, in Section 2.3.1. Within each error model, we tackle the question of template

matchability in Section 2.3.2. Interspersed with these matchability results are simulations

further illuminating the corresponding matching theory.

2.3.1 Background/Template Error Models

We first consider a random graph model in the monoplex setting, in which a stochastically

noisy copy of a template g has been embedded into the background h. Next, we leverage

this model in the multiplex setting by proposing a pair of generative error models wherein
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the template g is embedded as an errorful subgraph into the background h.

Definition 2.3.1 (See [90]). Consider a graph g with V (g) � [n]. Let the centered,

padded adjacency matrix (as in Eq. (2.3)) of g be denoted Â 2 Rn�n. Let E 2 [0, 1]n�n

be a symmetric, hollow (hollow indicating that the diagonal entries of E are set to 0)

matrix. The graph-valued random variable E(g) with vertex set equal to V (g) and random

centered, padded adjacency matrix Âg,E , which models passing g through an errorful

channel E, is defined as follows. For each fi, jg 2
(

[n]
2

)
,

ÂG,E(i, j) = Â(i, j) � (1� 2X(i, j)),

where X(i, j)
ind.� Bern(E(i, j)).

The two generative models we then consider for lifting Definition 2.3.1 to the multiplex

setting are defined below. Each models a particular setting in which multilayer networks

can appear in real-data settings.

i. (Single Channel Source, Multiplex Error; abbreviated ME) There is a single non-

random background source graph h 2 Gn and a non-random source template g =

h[m] 2 Gm, and two multi-channel errorful filters E(1) = (E
(1)
1 , . . . , E

(1)
c ), with

each E(1)
i acting on h, and E(2) = (E

(2)
1 , . . . , E

(2)
c ), with each E(2)

i acting on g.

We observe H = (E (1)
1 (h), . . . , E (1)

c (h)) as the multiplex background and G =

(E (2)
1 (g), . . . , E (2)

c (g)) as the multiplex template. By assumption, the errorful filters

act independently across channels within G and H, and independently across G and

H. In this model, by construction each jV (Gi = E (i)
2 (g))j= [m] and each jV (Hi =
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E (i)
1 (h))j= [n]. This situation is used to model settings in which the multiplex layers

can be thought of as errorful realizations of a single true but unknown network, and

the edges across layers are of the same fundamental kind. For example, multiplex

connectomes in which each layer graphically represents a (for example) DT-MRI

scan for a patient at a different point in time; see, for example, [91, 92].

ii. (Single Channel Errors, Multiplex Source; abbreviated MS) The non-random back-

ground and non-random template source graphs are multiplex. To wit, let g 2Mc
m

and h 2 Mc
n satisfy the following: For each i 2 [c], let Ĉ and D̂ be the centered

paddings of g and h respectively. We assume then that Ĉi = D̂i[m] (i.e., Ĉi—

the padded adjacency matrix of gi—is the m �m principal submatrix of D̂i—the

padded adjacency matrix of hi). In this model, there are two multi-channel errorful

filters: E(1) = (E
(1)
1 , . . . , E

(1)
c ) and E(2) = (E

(2)
1 , . . . , E

(2)
c ). For each i 2 [c],

E
(1)
i 2 Rn�n acts on hi, and E(2)

i 2 Rm�m acts on gi. We observe

H = (E (1)
1 (h1), E (1)

2 (h2) . . . , E (1)
c (hc))

as the multiplex background, and

G = (E (2)
1 (g1), E (2)

2 (g2), . . . , E (2)
c (gc))

as the multiplex template. As above, the errorful filters act independently across

channels within G and H, and independently across G and H. Note that if the

template (resp., background) channels have non-identical vertex sets, then this will
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be preserved in the errorful template (resp., background). This situation is used

to model settings in which we errorfully observe a given multiplex background

and template. This is the case in many applications where the layers in G and H

represent different edge types; e.g., a multiplex social network where the layers

represent different friendship modalities [93] or a multilayer connectome where the

layers represent different synaptic types [27].

It may be convenient to view g and h (resp., g and h) as realizations from graph-valued

random variables in the ME (resp., MS) model. In this case, we will assume the actions

of the errorful filters on g and h (resp., g and h) are also independent of the random g and

h (resp., g and h).

Considering the models above, in order for our M-GMMF approach to possibly

recover the true errorful induced subgraph of h corresponding to g, we need for the

global minimum of the Multiplex GMP to be in Pm,n := fIm � P : P 2 Πn�mg. This is

the multiplex analogue of template matchability, i.e., uncovering conditions under which

an oracle graph matching will recover a true but unknown latent vertex alignment. Here,

that alignment is represented by g being an errorful version of h[m].

2.3.2 Template matchability

In this section, we will explore the benefit of considering multiplex versus monoplex

networks when considering template matchability in both the MS and ME models. We

note here that while the proof mechanism behind the theory underlying the matchability

results in the multiplex setting differs only slightly from those used in the monoplex
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setting of [1], we stress that the end results are novel and demonstrate the utility of

considering multiple channels in a novel manner. Recall below that for integer n > 0, Jn

is the n�n matrix with all diagonal entries identically set to 0 and all off-diagonal entries

set to 1.

We consider the MS model first. The MS model is used to model settings in which

we errorfully observe a single given multiplex background and template (rather than a

collection of noisy observations of a single monoplex network). Let g 2 Mc
m and h 2

Mc
n be the respective template and background source graphs, with respective centered,

padded adjacency matrices given respectively by Ĉ and D̂ satisfying Ĉi = D̂i[m] for

all i 2 [c]. Assume that the errorful filters satisfy for each i 2 [c], E(1)
i = qiJn and

E
(2)
i = siJm (where si = si(n) and qi = qi(n) are allowed to vary with n). If c = 1,

and s1, q1 = 1/2, then the observed background and template are effectively independent

ER(n, 1/2) and ER(m, 1/2) networks (see Appendix A.1 for the definition of the ER

graph model), respectively. It is immediate then that the optimal permutation aligning

the background to the template will almost surely not be in Pm,n. If c > 1, can strongly

correlated signal present in less noisy channels be used to counteract the excess error

caused by noisier channels?

The next result tackles this from a template matchability perspective. The main

result in the following theorem (Theorem 1) is that in the correlated model outlined above,

if there are sufficiently many positively correlated channels relative to the number of

negatively correlated channels, then under mild assumptions on the growth of m, the

subgraph of H minimizing the centered graph matching dissimilarity d
(c)
M-GM(G, �), is,

with high probability, uniquely the embedded noisy copy of G in H; note that the proof
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of Theorem 1 can be found in Appendix A.2.1. While an oracle procedure for finding

the minimizer of d(c)
M-GM(G, �), is unknown, this result gives credence to the matched filter

approach, as the global optimizing alignment sought by the multiplex matched filter will

(with high probability) be the right alignment.

Theorem 1. In the MS model framework, suppose that there exist constants α < 1, β > 0,

and n0 2 Z > 0 such that for all n > n0, m = m(n) satisfiesmα > β log n. Suppose that

for pi = p = p(n) we have that each hi
ind.� ER(n, p), and that si(n) = s(n) = s < 1/2.

For c1 channels, let qi = q < 1/2, for c2 channels, let qi = 1/2, and for c3 = c� c1 � c2

channels let qi = 1 � q > 1/2 (where c1 = c1(n), c2 = c2(n), c3 = c3(n), s = s(n)

and q = q(n) are allowed to vary with n). Then there exist constants γ, ξ > 0, and

n2 2 Z > 0 such that if for all n > n2,

mp2 � ξ log n, (2.6)

p(1/2� s)(1/2� q)(c1 � c3) > γ
p
mα�1c, (2.7)

then for n > max(n0, n2), we have

P
(

arg min
P2�n

c∑
i=1

k(Âi � 0n�m)P � PB̂ik2
F 6� Pm,n

)
� 4n�2.

If s, q, c, c1 and c2 are fixed constants that do not vary with n, we need only require

c1 > c3 rather than Condition (2.6).

To derive analogous results to Theorem 1 in the ME model, we consider the following

setting. Letting H � ER(n, p = p(n)) 2 Gn with p � 1/2, and G = H[m] be
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Figure 2.2: Considering n = m = 100, we let G,H 2 Mc
100 (for c ranging over

f1, 2, � � � , 10g). For i 2 [c], we have that (Gi, Hi) � ER(100, 0.5, ρ). Utilizing s = 10
seeded vertices, we match G and H using M-FAQ. In red (resp., olive, green, blue, purple)
we plot the results for ρ = 0.1 (resp., ρ = 0.2, ρ = 0.3, ρ = 0.4, ρ = 0.5). The partially
transparent points visualize the accuracy distribution and correspond to individual Monte
Carlo replicates.

the respective background and template source graphs, we again assume that there exist

constants α � 1, β > 0, and n0 2 Z > 0 such that for all n > n0, m = m(n) satisfies

mα � β log n. Further assume that for each i 2 [c = c(n)] the errorful filters satisfy,

E
(2)
i (j, `) =


si = si(n) if G(j, `) = 1

qi = qi(n) if G(j, `) = 0

E
(1)
i (j, `) =


ri = ri(n) if H(j, `) = 1

ti = ti(n) if H(j, `) = 0.

In the ME setting, we then have the following theorem whose proof is presented in

36



Appendix A.3.1. The result in Theorem 2 is similar to that of Theorem 1: In the correlated

ME model outlined above, if there are sufficiently many positively correlated channels

(those in c3 and c4) relative to the number of negatively correlated channels (those in

c1 and c2), then under mild assumptions the subgraph of H minimizing the centered

graph matching dissimilarity d(c)
M-GM(G, �), is again, with high probability, uniquely the

embedded noisy copy of G in H.

Theorem 2. With setup as above, suppose that α < 1. For

c1 = c1(n) channels, suppose that si + qi = 1 + e1 > 1 and ri + ti = 1� e2 < 1;

c2 = c2(n) channels, suppose that si + qi = 1� e1 < 1 and ri + ti = 1 + e2 > 1;

c3 = c3(n) channels, suppose that si + qi = 1 + e1 > 1 and ri + ti = 1 + e2 > 1;

c4 = c4(n) channels, suppose that si + qi = 1� e1 < 1 and ri + ti = 1� e2 < 1,

where e1 = e1(n) and e2 = e2(n) can vary in n and c = c1 + c2 + c3 + c4. Then there

exist constants γ, ξ > 0, and n2 2 Z > 0 such that if for all n > n2

mp2 � ξ log n, (2.8)

pe1e2 [c3 + c4 � c1 � c2] > γ
p
mα�1c, (2.9)

then for n > max(n0, n2),

P
(

arg min
P2�n

c∑
i=1

k(Âi � 0n�m)P � PB̂ik2
F 6� Pm,n

)
� 6n�2. (2.10)
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If e1, e2, and c are fixed in n, we need only require c1 + c2 < c3 + c4 for the bound in Eq.

(2.10) to hold for sufficiently large n.

In Theorem 2, the channels in c3 and c4 represent those in which the template and back-

ground are positively correlated, with those in c1 and c2 representing those in which the

template and background are negatively correlated. We can then interpret Eq. (2.9) as

asserting that sufficiently many positively correlated channels can overcome the signal

loss in negatively correlated channels. This is a unique benefit of multiple layers versus

the monoplex setting, as in the single layer setting there is no universal way to overcome

the negative impact of anti-correlation on graph matchability. In the following sections,

we further empirically explore the effect of negatively correlated/high noise channels on

multiplex matchability.

2.3.2.1 Strength in numbers

Consider c2 = c3 = 0 in Theorem 1. Condition (2.7) then reduces to

p(1/2� s)(1/2� q)
p
c > γ

p
mα�1, (2.11)

and sparsity in the background (i.e., p � 0) and large noise values (i.e., close to 1/2)

for s and q can be mitigated by choosing an appropriately large c; effectively, multiple

channels can amplify the weak signal present in each individual channel.

We explore this further in the following experiment. We will look at two different

cases, first considering when m = n and then when m < n. First, we consider n =

m = 100 (to mitigate possible effects of template order on matching accuracy), and

38



we let G,H 2 Mc
100 for c ranging over f1, 2, � � � , 10g. For each i 2 [c], we have

that (Gi, Hi) � ER(100, 0.5, ρ) (so that Gi and Hi are marginally ER(100,0.5) and

edges across graphs are independent except that for each fj, kg 2
(

[100]
2

)
, we have that

corr(1ffj, kg 2 E(Gi)g,1ffj, kg 2 E(Hi)g) = ρ). Within this model, the channels are

endowed with a natural vertex correspondence across Gi and Hi, namely the identity

mapping as identically labeled edges are correlated while edges with different vertex

labels are independent. Note that in the hi � ER(n, pi) MS model setting, we have

that

Cov(1fj �gi kg,1fj �hi kg) = pi(1� pi)(1� 2si)(1� 2qi),

so that the correlation between edges in Gi and Hi can be made positive or negative

with judiciously chosen si and qi. Considering ρ varying over f0.1, 0.2, 0.3, 0.4, 0.5g, we

match G and H using M-FAQ using s = 10 hard seeded vertices (see Remark 4). Results

are plotted in Figure 2.2. In the figure, we plot the mean matching accuracy (i.e., the

fraction of vertices whose latent alignment is recovered correctly) of M-FAQ versus c,

averaged over 2000 Monte Carlo replicates. For each choice of parameters, we also plot

(via the partially transparent points) the accuracy distribution corresponding to the MC

replicates. In red (resp., olive, green, blue, purple) we plot the results for ρ = 0.1 (resp.,

ρ = 0.2, ρ = 0.3, ρ = 0.4, ρ = 0.5). From Figure 2.2, we see the expected relationship:

in low correlation settings where M-FAQ is unable to align the monoplex graphs, this can

often be overcome by considering c > 1. Indeed, in all cases, save ρ = 0.1, perfect

matching is achieved using c � 8 channels.

Next, we look at the case when m < n. In addition to examining the effect of
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Figure 2.3: Under the same MS model setting as in Figure 2.2, we fix n = 500,
m = 100 and we apply naive padding (left panel) and centered padding (right panel)
in (G,H) 2 (M10

500,M10
100). We plot the matching accuracy (averaged over 100 Monte

Carlo replicates) obtained by M-FAQ (with s = 10 seeded vertices) versus the number of
channels c.

multiple channels when weak signal is present across channels, we wish to compare

the effect of different padding schemes (Naive vs Centered) in terms of the matching

accuracy. Here, we are following the MS model with the background (resp., template)

channels independent and marginally distributed as ER(n, 1/2) (resp., ER(m, 1/2)).

Here the template is correlated edge-wise to the induced subgraph of the first m vertices

in the background (as in the MS model), with edge correlation ρ. We analyze the padding

schemes’ effectiveness by first varying the values of the correlation ρ 2 f0.1, 0.2, � � � , 0.5g

while keeping n = 500, and m = 100 constant (see Figure 2.3) and second, by varying

the background size n 2 f100, 500, 1000, 2000g while the template size m = 100 and the

correlation ρ = 0.5 remain constant (see Figure 2.4). Letting the Naive (resp. Centered)

padded template/background pair have adjacency matrix lists (G̃, H̃) (resp. (Ĝ, Ĥ)), in

each figure we consider matching the template to the background using M-FAQ (with

10 hard seeds) while varying c over f1, 2, � � � , 10g. Results are plotted in Figures 2.3

and 2.4. As in Figure 2.2, we plot the mean matching accuracy (i.e., the fraction of
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Figure 2.4: Under the same MS model setting as in Figure 2.2, we fix m = 100 and
we consider n ranging over f100, 500, 1000, 2000g. We fix ρ = 0.5 and we apply naive
padding (left panel) and centered padding (right panel) to (G,H) 2 (M10

n ,M10
100). We

match both pairs (G̃, H̃) and (Ĝ, Ĥ) using M-FAQ (with s = 10 seeds).

template vertices whose true latent alignment is recovered correctly in the background) of

M-FAQ versus c, here averaged over 100 MC replicates. For each choice of parameters,

we also plot (via the partially transparent points) the accuracy distribution corresponding

to the MC replicates. In Figure 2.3, in red (resp., olive, green, blue, purple) we plot the

results for ρ = 0.1 (resp., ρ = 0.2, ρ = 0.3, ρ = 0.4, ρ = 0.5). In Figure 2.4, in red

(resp., green, blue, purple) we plot the results for n = 100 (resp., n = 500, n = 1000,

n = 2000). All figures demonstrate that even though the M-FAQ algorithm is unable to

align the multiplex template to its correlated subgraph in the background when c = 1, this

can often be overcome by considering c > 1. Moreover, Figures 2.3 and 2.4, show that

the Centered Padding scheme achieves better matching accuracy between channels than

the Naive Padding scheme, and that the matching accuracy increases as the correlation

increases for both padding schemes. Finally, we observe the unsurprising phenomena in

Figure 2.4 that the matching accuracy decreases as the ratio between the template size

and the background size decreases (indeed, larger backgrounds are harder to search!).
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Figure 2.5: We consider m = 100, and we let G,H 2 M10
100 (i.e., c = 10) (left panel).

We also implement the naive padding scheme, and we let G̃, H̃ 2 M10
500 (right panel).

Considering ρ to take two possible values: ρ = r for cg channels, or ρ = �r for cb =
c� cg channels, where r varies in f0.1, 0.2, 0.3, 0.4, 0.5g. We plot the matching accuracy
(averaged over 2000 (left panel) and 100 (right panel) Monte Carlo replicates) obtained
by M-FAQ (with 10 seeds) versus cb. In red (resp., olive, green, blue, purple) we plot
the results for r = 0.1 (resp., r = 0.2, r = 0.3, r = 0.4, r = 0.5). The partially
transparent points visualize the accuracy distribution and correspond to individual Monte
Carlo replicates.

2.3.3 The good outweighs the bad

In this section, we explore the ability of the signal in “good” channels to overcome the

obfuscating effect of “bad” channels. To wit, consider Condition (2.7) with c3 > 0. We

see that if there are enough channels (i.e., c1 is sufficiently large) with positive correlation

(si, qi < 1/2), then the template and background remain matchable even in the presence

of (potentially) multiple negatively-correlated channels. We explore this further in the

following experiment. As in the previous subsection 2.3.2.1, we study the obfuscating

effect of negatively-correlated channels for both the m = n and m < n cases.

In Figure 2.5, we first consider n = m = 100 (left panel), and let G,H 2 M10
100

(i.e., c = 10), where for i 2 [10] we have that (Gi, Hi) � ER(100, 0.5, ρ). Under
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Figure 2.6: Under the MS model setting as in Figure 2.5, we fix n = 500, m = 100,
and we apply Naive Padding (left panel) and Centered Padding (right panel) in (G,H) 2
(M10

500,M10
100). In red (resp., olive, green, blue, purple) we plot the results for r = 0.3

(resp., r = 0.4, r = 0.5, r = 0.6, r = 0.7).

the same setting (right panel), we let m = 100, n = 500 and we apply Naive Padding

to (G,H) 2 (M10
100,M10

500). Considering ρ to be either ρ = r (for cg channels) or

ρ = �r (for cb = c � cg channels), where r varies in f0.1, 0.2, 0.3, 0.4, 0.5g, we plot the

matching accuracy (averaged over 2000 (left panel) and 100 (right panel) Monte Carlo

replicates) obtained by M-FAQ (with 10 seeds) versus cb in Figure 2.5. For each choice

of parameters, we also plot (via the partially transparent points) the accuracy achieved

by each MC replicate. In red (resp., olive, green, blue, purple) we plot the results for

r = 0.1 (resp., r = 0.2, r = 0.3, r = 0.4, r = 0.5). From the figure, we see the expected

relationship: matching at higher levels of ρ yields better accuracy, and more robustness to

channels with negative correlation. Further, we notice that the matching accuracy in the

right panel (i.e., m < n) is not as good as in the left panel (i.e., m = n). We make this

phenomenon more clear in Figure 2.7.

In addition, we study the effect of different padding schemes (Naive vs Centered)

in terms of the matching accuracy. We analyze the padding scheme’s effectiveness first,
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Figure 2.7: Under the MS model setting as in Figure 2.5, we fix m = 100 and we apply
Naive Padding (left panel) and Centered Padding (right panel) in (G,H) 2 (M10

n ,M10
100)

where n varies. In red (resp., green, blue, purple) we plot the results for n = 100 (resp.,
n = 500, n = 1000, n = 2000).

by varying the values of the correlation r 2 f0.3, 0.4, 0.5, 0.6, 0.7g while keeping n,m

constant (see Figure 2.6) and second, by varying the number of the background vertices

n 2 f100, 500, 1000, 2000g while the template size m remains the same (see Figure

2.7). Using the naive (resp. centered) padding scheme, we let (G̃, H̃) 2 Mc
n (resp.

(Ĝ, Ĥ) 2 Mc
n) for c ranging over f1, 2, � � � , 10g. Utilizing s = 10 seeds, we match G̃

and H̃ (resp. Ĝ and Ĥ) using M-FAQ. Results are plotted in Figures 2.6 and 2.7. As in

Figure 2.5, we plot the mean matching accuracy (i.e., the fraction of vertices whose latent

alignment is recovered correctly) of M-FAQ versus cb, averaged over 100 MC replicates.

For each choice of parameters, we also plot (via the partially transparent points) the

accuracy distribution corresponding to the MC replicates. In Figure 2.6, in red (resp.,

olive, green, blue, purple) we plot the results for r = 0.3 (resp., r = 0.4, r = 0.5,

r = 0.6, r = 0.7). In Figure 2.7, in red (resp., green, blue, purple) we plot the results for

n = 100 (resp., n = 500, n = 1000, n = 2000).

From Figures 2.5 and 2.6, we observe that matching at higher levels of ρ yields
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better accuracy, and more robustness to channels with negative correlation. Moreover,

Figures 2.6 and 2.7 show that the centered padding scheme achieves better performance

in terms of matching accuracy than the naive padding scheme.

2.4 Real-world data experiments

Our previous simulation explored the effect on multiple channels on multiplex matcha-

bility. We next consider the performance of our multiplex matched filter approach in

detecting a hidden template in a multilayer social media network and in a semantic

property graph. Finally, we compare M-GMMF to other multiplex graph matching algo-

rithms on the (noisy) template detection task.

2.4.1 Multilayer social media networks

The task at hand is to detect a hidden template in a multilayer social media network from

[94]. The background network contains 3 aligned channels representing user activity in

FriendFeed, Twitter and Youtube (where the Youtube and Twitter channels were generated

via FriendFeed which aggregates user information across these platforms). In total, there

are 6, 407 unique vertices across the three channels, with the channel specific networks

satisfying: Given a 35 vertex multiplex template g created by Pacific Northwest National

channel vertices edges
FriendFeed 5,540 31,921

Twitter 5,702 42,327
YouTube 663 614

Table 2.1: Number of vertices and edges for FriendFeed, Twitter and YouTube channels.

Laboratories for the DARPA MAA program, we ran our M-GMMF algorithm to attempt to
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recover the template in h; results are summarized below.

In our first experiment, we first considered running “cold-start” M-GMMF; that is,

no prior information (in the form of seeds, hard or soft) is utilized in the algorithm.

We consider padding the graph via the Naive Padding and Centered Padding regimes

of Section 2.1.3, and for each padding regime, we ran M-GMMF with N = 100 random

restarts. Numeric results are summarized in Table 2.2 (with the best recovered background

signals also plotted in Figure 2.8). While the best recovered signal in the naive padding

regime captures all but two template edges, this is at the expense of many extraneous

background edges that do not appear in the template. On the other hand, the centered

padding regime recovers most of the template edges (across the three channels) with

minimal extra template edges in the recovered signal.

The M-FAQ algorithmic primitive used in our implementation of M-GMMF is most

effective when it can leverage a priori available matching data in the form of seeded

vertices. Seeds can either come in the form of hard seeds (a priori known 1–to–1 matches;

here that would translate to template vertices whose exact match is known in the back-

ground) or soft seeds (where a soft seeded vertex v in g has an a priori known distribution

over possible matches in h; here this would translate into template vertices with a list of

candidate matches in the background). While hard seeds are costly and often unavailable

in practice, there are many scalable procedures in the literature for automatically generating

soft seed matches. Here, we use as a soft-seeding the output of [36, 47], a filtering

approach for finding all subgraphs of the background network homomorphic to the tem-

plate.

For each node in the template, the output of [36,47] produces a multiset of candidate
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Padding regime % recovered in ch. 1 % recovered in ch. 2 % recovered in ch. 3
Centered 86.67 85.07 96.77

Naive 98.33 100 96.77

Table 2.2: For each padding regime, we provide the % of template edges present in the
recovered background signal in the best random restart. Here, the best performer is the
one that recovers the highest average % across the three channels (averaging the % within
each channel across channels).

Figure 2.8: Signal recovered by the best performing random restart in M-GMMF across
different padding regimes. As in Table 2.2, the best performer is the one that recovers the
highest average % of the template edges across the three channels (averaging the % within
each channel across channels). In the left panel, we plot the Centered Padding regime and
in the right panel the Naive Padding regime. For each centering regime, we plot the signal
template across the three channels (in the left 3 panels) and the best recovered subgraphs
in the background (in the right 3 panels).

matches in the background, where each candidate match corresponds to a template copy

contained in the background as a subgraph (not necessarily as an induced subgraph).

We convert the candidate matches into probabilities by simply converting the multiset

to a count vector and normalizing the count vector to sum to 1. We then consider the

normalized count vectors as rows of a stochastic matrix; this stochastic matrix provides

M-FAQ with a soft-seeding which can be used to initialize the algorithm.

Considering random restarts as perturbations (akin to Step 2.i of M-GMMF as pre-

47



sented in Section 2.2.2) of the soft-seeding (conditioned on retaining nonnegative entries),

we ran M-GMMF using a generalization of Centered Padding, which is defined as follows:

For each i 2 [c], define the weighted adjacency matrices Ăi 2 Rm�m and B̆i 2 Rn�n via

Ăi(u, v) =



1 if u,v 2 V (Hi), and fu,vg 2 E(Hi);

�w if u,v 2 V (Hi), and fu,vg /2 E(Hi);

0 if u or v 2 [m] n V (Hi);

(2.12)

B̆i(u, v) =



1 if u,v 2 V (Gi), and fu,vg 2 E(Gi);

�1 if u,v 2 V (Gi), and fu,vg /2 E(Gi);

0 if u or v 2 [n] n V (Gi);

where we vary w from 0 to 1. Note that w = 0 yields Naive Padding, and w = 1 yields

Centered Padding. Optimal performance in the present experiment was achieved with

w = 0.25, in which case N = 4000 random restarts yielded an induced subgraph in the

background that was isomorphic to the template network.

2.4.2 M-GMMF on semantic property graphs

For our second example, we consider the semantic property graph released by Pacific

Northwest National Laboratories as part of the MAA-AIDA Data Release V2.1.2 via the

DARPA MAA program [28]. In this dataset, the background network is a knowledge

graph constructed from a variety of documents (e.g., newspaper articles) by DARPA’s

AIDA program. At a high level, the graph is encoding the real-world relationships

between a variety of entities (people, locations, major events, etc.) that can be auto-
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Figure 2.9: Graph edit distance score from [28] for the best recovered signal for the filter
algorithms of [39] (green) and [46] (gray); G-finder of [95] (blue; as implemented in [46])
and M-GMMF (red; with 1000 random restarts) for each of the 18 templates.

matically extracted from a variety of data sources. Practically, the graph is a richly

featured network on the order of 100K nodes. Node properties include name; rdf:type

(corresponding to a structured ontology of types); textValue; linkTarget; start time; among

others. Edge properties include name/id, rdf:type, argument (values given to edges of a

given rdf:type), among others. Note that many nodes and edges do not have values for

all properties. The templates here, themselves richly featured knowledge graphs, are of

the order of 10s of vertices (ranging in size from 33 nodes & 40 edges to 11 nodes &

11 edges); for each of three template types, there are 6 variants with varying error levels,

including one variant (version “A”) that is perfectly/isomorphically embedded into the

background.

The principle challenge in applying our M-GMMF methodology on such richly fea-

tured data is sensibly incorporating the rich, structured features into our multiplex network
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framework. Towards this end, we adopted the following approach. We incorporated

the vertex features/properties into a penalty term in the objective function, encoding

the features into a vertex–to–vertex similarity matrix S (this is possible provided that

similarities are easily computed within each vertex covariate, which is the case here).

Edge features were used to divide the knowledge graph into multiple overlapping channels

in a multiplex network. One channel was assigned to each unique (E(rdf:type),

E(argument)) pair in the template, and we divided background edges amongst the

channels via

i. A hard split based on E(argument): Within each (E(rdf:type), E(argu-

ment)) channel, only edges with matching E(argument) are potentially present.

If the E(argument) property is missing in the background, we allow the edge to

possibly exist in all (E(rdf:type), E(argument)) channels.

ii. A soft split (weighted according to E(rdf:type); note that a rdf:type similar-

ity function was provided with the data) based on E(rdf:type): Within each

(E(rdf: type), E(argument)) channel, each background edge with matching

(or missing) E(argument) is present, and the edge is weighted according to a

similarity measured between its E(rdf:type) and that of the channel. Scalability

gains can be achieved by thresholding the similarities to improve sparsity.

Spatiotemporal constraints can be coded into separate channels in the multiplex graph,

one channel per spatiotemporal constraint in the template. Each constraint (e.g., action

A must occur between x and y days after action B) yields an edge filter, with only edges

that could potentially satisfy the constraint being added to that constraint channel. Lastly,
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Figure 2.10: Example of template knowledge graph and recovered signal
in the knowledge graph. In each graph, different colored edges represent
different E(rdf:types), with the dotted versus solid edges representing different
E(arguments).

numeric edge features are used to further weight the edges in the background/template.

The final objective function we used in our M-GMMF approach was then of the form

arg max
P2�n

c∑
i=1

tr((Âi � 0n�m)PB̂iP
T ) + tr(SP T ). (2.13)

Performance of M-GMMF and various other approaches (as scored by the GED scoring

metric of [28]) are presented in Figure 2.9 (Note that the filtering approach of Tu et al.,

as presented in [39], also present a method that uses the clean “A” template for training,

and achieves essentially the best score for all template versions; we did not include those

scores for comparison in our figure).

Overall, 18 templates were present: 3 distinct template types, each with 6 variants

encompassing different amounts of template noise which give an indication of the knowl-

edge graph structure encoded into the multiplex graph; see Figure 2.10, for a pair of

example templates and M-GMMF recovered signals here. One template of each type

was constructed to have a perfect isomorphic match in the background, while the noisy
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templates were designed for inexact/fuzzy matching. All approaches identified the isomor-

phic match in the background for all three template types version “A”, while our approach

achieved its best relative results on the larger, more complex template (Template 1). For

Template 1, we obtained the best (or nearly the best) score on 3/6 versions; see Table 2.3

for detail. Templates 2 and 3 were essentially tree-like structures (nodes/edges is 13/15

Method T1A T1B T1C T1D T1E T1F
M-GMMF 0 0.24 6.28 4.35 5.17 3.12

G-Finder [95] 0 7.38 18.81 0.76 2.25 14.96
Tu et al. [39] 0 0.347 8.783 15.47 19.194 13.596

Kopylov et al. [46] 0 1.17 3.47 2.58 3.85 2.94

Table 2.3: Performance (in terms of the graph edit distance score for the best recovered
signal) of different filters algorithms on Template 1.

and 11/11 respectively), and we suspect that the filtering-based approaches are more

suitable to this problem type. Indeed, M-GMMF is designed for larger/more complex

templates, though our performance (especially compared to the non-filtering G-Finder

of [95]) is encouraging on these instantiations, especially on version “B” of the templates.

Note also that our approach does not directly seek to optimize the GED of [28] and

here does not make use of the importance weights provided by the GED scoring metric

(though these could easily be encoded via edge weights and scaling the similarities in S);

rather, we seek to optimize the multiplex GM objective function of 2.13. Nonetheless,

as shown in Figure 2.11, the rankings of the random restart outputs for our GM objective

function and for the GED are often highly correlated, with recovered signals scoring well

in one metric often scoring well in both. The interesting gap appearing in the plot of

Template 1E is evocative of the GM phase transitions appearing in the literature (see, for

example, [96]) and bears further study.
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Figure 2.11: For two of the templates, we plot the scores of the recovered signals
(recovered by M-GMMF across multiple random restarts), where scores are computed
both using the GED metric of [28] (y-axis) and the GM objective function (x-axis).

2.5 Discussion

In this chapter, we presented a framework for finding noisy copies of a multiplex template

in a large multiplex back-ground network. Our strategy, which extends [1] to the multiplex

setting, uses graph matching combined with multiple random restarts to search the back-

ground for locally optimal matches to the template. To formalize this strategy, we provided

a very natural extension of the classical graph matching problem to the multiplex that is

easily amended to matching graphs of different orders (both across networks and channels).

Further, the effectiveness of the resulting algorithm, named M-GMMF, is demonstrated

both theoretically and empirically.

There are a number of extensions and open questions that arose during the course

of this work. Natural theoretic extensions include lifting Theorems 1 and 2 to non-edge

independent models (note that certain localized dependencies amongst edges can easily

be handled in the McDiarmind proof framework, while globally dependent errors provide

a more significant challenge); formulating the analogues of Theorems 1 and 2 in the
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weighted, attributed graph settings; and considering the theoretic properties of various

continuous relaxations of the multiplex GM problem akin to [97–99].

A key methodological question in multiplex graph matching was touched upon in

Remark 3; indeed, we expect the question of how to weight the matching across channels

to be essential when applying these methods to topologically diverse and weighted net-

works. If the order of magnitude of edge weights vary across channel, then it is easy

to see a GM algorithm aligning channels with large edge weights at the expense of

the alignment accuracy in other channels. Judiciously choosing (λi) would allow for

the signal in channels with smaller edge weights to be better leveraged towards a better

overall matching. Furthermore, a key question in practice is, how to estimate the number

c of channels needed for M-GMMF to achieve optimal matching accuracy? This is a

specific example of the broader question of how to encode a network-valued dataset into

a multiplex network.

While the largest network we consider in this work has� 100, 000 vertices, scaling

this approach to very large networks is essential. By utilizing efficient data structures for

sparse, low-rank matrices and a clever implementation of the LAP subroutine of M-FAQ

(Step 2.ii. in the presented M-GMMF algorithm), we are able to match O(10) vertex

templates to 20K-vertex background graphs in < 10s per restart with our base M-GMMF

code (available in iGraphMatch) implemented in R on a standard laptop. Further work

to scale M-GMMF by leveraging both efficient data structures and scalable approximate

LAP solvers is currently underway.
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Declarations

Availability of data and materials

The background graphs for the 3-channel social network in Section 2.4 is available at

http://multilayer.it.uu.se/datasets.html. The data from the DARPA

MAA analysis Section is not publicly available, and the obtained results for the outside

algorithms appear in the cited papers in the literature.

The code implementing the M-GMMF and M-FAQ procedures can be downloaded as

part of our R package, iGraphMatch, which is available on CRAN or can be downloaded

at https://github.com/dpmcsuss/iGraphMatch.
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Chapter 3: The Importance of Being Correlated: Implications of

Dependence in Joint Spectral Inference across Multiple

Networks

Abstract

Spectral inference on multiple networks is a rapidly-developing subfield of graph statistics.

Recent work has demonstrated that joint, or simultaneous, spectral embedding of multiple

independent networks can deliver more accurate estimation than individual spectral de-

compositions of those same networks. Such inference procedures typically rely heavily on

independence assumptions across the multiple network realizations, and even in this case,

little attention has been paid to the induced network correlation that can be a consequence

of such joint embeddings. In this chapter, we present a generalized omnibus embedding

methodology and we provide a detailed analysis of this embedding across both indepen-

dent and correlated networks, the latter of which significantly extends the reach of such

procedures, and we describe how this omnibus embedding can itself induce correlation.

This leads us to distinguish between inherent correlation—that is, the correlation that

arises naturally in multisample network data—and induced correlation, which is an artifice

of the joint embedding methodology. We show that the generalized omnibus embedding

procedure is flexible and robust, and we prove both consistency and a central limit theorem
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for the embedded points, that is, the rows of the embedding. We examine how induced

and inherent correlation can impact inference for network time series data, and we provide

network analogues of classical questions such as the effective sample size for more general-

ly correlated data. Further, we show how an appropriately calibrated generalized omnibus

embedding can detect changes in real biological networks that previous embedding proce-

dures could not discern, confirming that the effect of inherent and induced correlation

can be subtle and transformative. By allowing for and deconstructing both forms of

correlation, our methodology widens the scope of spectral techniques for network infer-

ence, with import in theory and practice.

3.1 Introduction

Networks and graphs, which consist of objects of interest and a vast array of possible

relationships between them, arise very naturally in fields as diverse as political science

[100–103]; bioinformatics via gene and protein interaction networks [104–106]; physics

via (for example) dimer systems and percolation [107–109]; and sociology/social network

analysis [110–112], to name but a few. As such, they are a useful data structure for

modeling complex interactions between different experimental entities. Network data,

however, is qualitatively distinct from more traditional Euclidean data, and statistical

inference on networks is a comparatively new discipline, one that has seen explosive

growth over the last two decades. While there is a significant literature devoted to the

rigorous statistical study of single networks, multiple network inference—the analogue of

the classical problem of multiple-sample Euclidean inference—is still relatively nascent.
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Much recent progress in network inference has relied on extracting Euclidean representations

of networks, and popular methods include spectral embeddings of network adjacency [10]

or Laplacian [113] matrices, representation learning [114, 115], or Bayesian hierarchical

methods [116]. Moreover, many network models [7] allow for important properties of

network entities to be hidden, or latent, and posit that relationships between entities

depend on these latent variables. Such models, known as latent position networks, have

wide intuitive appeal. For instance, relationships among participants in a social network

are a function of the participants’ personal interests, which are typically not directly

observed. In these cases, spectral embeddings can provide useful estimates of latent

variables, effectively transforming, via eigen-decompositions, a non-Euclidean inference

problem into a Euclidean one.

For single latent position networks, spectrally-derived estimates of important graph

parameters are well-understood, and under mild assumptions, these estimates satisfy

classical notions of consistency [113,117], asymptotic normality [11,118], and efficiency

[11, 119–121]. More recently, spectral methods have also proven useful in multi-sample

network inference, including (non)parametric estimation [116,122], two-sample hypothesis

testing [17, 123–125], and graph matching [126–128]. Typically, these methods rely

upon separately embedding multiple networks into a lower-dimensional Euclidean space

and then aligning the embeddings via Procrustes analysis [129] or point set registration

methods [130]. An important issue in multi-sample inference, however, is the use of

multiple networks both for improved estimation of underlying model parameters and for

more streamlined testing across several populations of networks. To this end, a number

of recent papers are dedicated to the development of novel techniques for simultaneously
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embedding several networks into a common Euclidean space, employing spectral graph

techniques [2,12–14], tensor factorizations [131–133], multilayer network decompositions

[22, 134, 135], and non-parametric Bayesian algorithms [116, 136].

While multisample joint embedding methods allow for accurate graph inference

and are often superior to individual separate embeddings [2, 14], there are a number of

potential pitfalls in joint embeddings. In particular, network statisticians must confront

issues of noisy vertex alignments across graphs [137]; large, high-rank matrices that

arise in a joint embedding [16]; the relationship between individual network sparsity and

the signal in a joint embedding; and the induced correlation across estimates that arise

from the joint embedding, the last of which is inevitable in any simultaneous embedding

pro-cedure. What is more, virtually all existing procedures for multi-sample network

inference rely, like their classical analogues, on an assumption of independence across

network realizations. In this sense, existing methodology is ill-equipped to handle, at

least in a principled manner, the inherent network correlation—for example, the natural

and unavoidable correlation across edges in a network time series—to say nothing of

the additional correlation induced by any dimension-reduction procedure. This chapter

is devoted to broadening spectral analysis to account for both types of correlation, and

to understanding how the correlation induced by joint spectral procedures can mask or

amplify important signal. We focus on a generalization of the omnibus or joint graph

embedding procedure (OMNI) of [2], in which multiple networks are simultaneously

embedded into a single lower-dimensional subspace, with a distinct representation for

each vertex across the networks. The work of [2] considers this problem in the case where

the network realizations themselves are independent, though even when independent
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network samples are jointly embedded, correlation across the embedded point clouds

is automatically induced by the OMNI procedure (this is the price we pay to circumvent

the pairwise Procrustes/registration analysis necessary in separate embedding settings),

to say nothing of the impact of OMNI in preserving/masking the a priori present inherent

correlation across networks. It is natural, then, to seek to adapt the OMNI embedding

technique in order to preserve in the embedded (independent or correlated) graphs the

same correlation that would be present if edge-wise inherently correlated networks are

embedded separately and then aligned. This would allow for the jointly embedded net-

works to be a more appropriate proxy in embedding space for sequences of graphs with

complex dependency structures.

To understand these phenomena more rigorously, we anchor our analysis in a specific

class of latent position random graphs, the random dot product graph (RDPG; see [8]).

Random dot product graphs have proven to be a theoretically tractable family of latent

position networks [10] suitable for modeling a host of complex real-data networks [11,

138, 139]. In Section 3.2.2, we formulate several models for inherent correlation across a

series of random dot product graphs, and, thereafter, examine the impact of a joint spectral

embedding of such a collection of multiple networks. Given m adjacency matrices of

multiple independent, n-vertex, aligned RDPGs, the OMNI embedding of [2] and its

more general counterpart—the genOMNI embedding we define here—provide m distinct

representations for the latent attributes of each of the n vertices in the collection of graphs.

This permits both consistent estimation of underlying RDPG latent positions (in which the

omnibus embedding is empirically shown to be competitive with embedding the sample

mean of the respective adjacencies) and inference across the latent positions, including

60



testing, classification, and change-point detection. The generalized omnibus embedding

jointly embeds the collection of graphs, though by construction the m distinct n � d

blocks in the genOMNI embedding (there are m such blocks) are necessarily correlated.

This is not a unique feature of the generalized omnibus methodology; all joint embedding

procedures typically induce correlation across network pairs. What is unique, at least to

our knowledge, about the genOMNI embedding is that the dual impact of induced and

inherent correlation in the embedding is theoretically tractable.

In light of this, the major contributions of this chapter are as follows. The first is an

entirely novel treatment of method-induced correlation in the output of joint embedding

procedures, and the second is the development, through genOMNI, of a flexible joint

embedding that can not only reproduce complex correlation in the embedded space,

but can also accommodate inherently correlated network data while retaining important

theoretical performance guarantees of consistency and asymptotic normality. By compar-

ing the omnibus embedding of independent graphs to the separate embeddings of cor-

related (and subsequently Procrustes-aligned) graphs, we can explicitly capture the level

of correlation the OMNI embedding induces, in the limit, across independent networks.

This, in turn, motivates the creation of the generalized omnibus embedding (Definition

3.4.1), which produces more complex correlation structure in the embedded space, en-

abling higher-fidelity application of the omnibus methodology in real data. This replica-

tion of more complicated correlation structure renders the generalized omnibus embedding

suitable for inference on network time series, because it can reproduce, via realizations of

independent networks, the correlation that is an important component of a time series.

The core result underlying the above is a central limit theorem (Theorems 5 and 7)
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for the row-wise residuals of the estimated latent positions in both inherently correlated

and/or independent RDPGs in a generalized omnibus embedding framework. In addition,

we are able to precisely characterize the dual effects of inherent and induced correlation

on the limiting covariance structure across the embedded networks. In Sections 3.5

and 3.6, we show how the weights of genOMNI can be adapted for certain specific

inherent correlation structures. As an illustration of the power of the more nuanced

embedding correlation enabled by the genOMNI setting, we present in Section 3.3.2 an

analysis of a motor program time series of networks in the brain of the marine mollusk

Aplysia californica. The classical omnibus embedding (i.e., OMNI) on this time series

homogenizes the inherent correlation across the time-series, effectively obscuring important

network changes corresponding directly to transitions in animal behavior (from stimulus

to gallop and crawl). Our genOMNI embedding, however, is flexible enough to permit

different weightings of networks over time, and this more general joint inference procedure

captures exactly the signal the earlier omnibus embedding misses. Figure 3.3 in Section

3.3.2 and Figure 3.8 in Section 3.5 demonstrate this contrast in inferential accuracy between

the two.

Lastly, in Section 3.7, we further show simulated and real data examples, how

inherent and induced correlation across networks impact the effective sample size for

subsequent inference tasks in the joint embedded space. This provides a network analogue

of the classical statistical challenge of quantifying, via a comparison of sample sizes,

the extent to which dependence in data can impact inference. In sum, our generalized

omnibus embedding and accompanying correlation analysis form a tractable, scalable

inference methodology that can be applied to independent and correlated data, carries
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straightforward theoretical guarantees, has demonstrable empirical utility, and correctly

identifies important and subtle network changes that its predecessors miss.

Notation: For a positive integer n, we let [n] = f1, 2, � � � , ng, let 0n be the zero n � n

matrix, and let ~1n 2 Rn (resp. Jn 2 Rn�n) be the vector (resp. matrix) with all entries

identically equal to one. The set of n� n real orthogonal matrices is denoted by On. We

represent a simple (no self-loops or multiple edges), un-weighted and undirected graph as

the ordered pair G = (V,E), where V = [n] represents the set of nodes and E �
(
n
2

)
the

set of edges of the graph; we denote the set of all n-vertex labeled graphs via Gn. Note

that we will use graph and network interchangeably. For the graph G = (V,E), we will

denote its adjacency matrix viaA 2 f0, 1gn�n; i.e.,Aij is equal to 1 if there exists an edge

between nodes i and j in G, and 0 otherwise. When there is no danger of confusion, we

will often refer to a graph G and its adjacency matrix A interchangeably. The Kronecker

product is denoted by 
 and the direct sum by �. Finally, the symbols k�kF , k�k, and

k�k2!1 correspond to the Frobenius, spectral and two-to-infinity norms respectively.

3.2 Background

In this section, we will introduce the modeling and spectral embedding frameworks that

we build our theory and methods upon.

3.2.1 Random dot product graphs

The theoretical developments to follow are situated in the context of the random dot

product graph (as mentioned above, abbreviated RDPG) model of [8]. Random dot
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product graphs are a special case of the more general latent position random graphs

(abbreviated LPGs) of [140]. Every vertex in a latent position random graph has associated

to it a (typically unobserved) latent position, itself an object belonging to some (often

Euclidean) space X . Probabilities of an edge between two vertices i and j, pij , are then

a function κ(�, �) : X � X ! [0, 1] (known as the link function) of their associated latent

positions (xi, xj). Thus pij = κ(xi, xj), and edges between vertices arise independently

of one another. Given these probabilities, the entries Aij of the adjacency matrix A are

conditionally independent Bernoulli random variables with success probabilities pij . We

consolidate these probabilities into a matrix P = (pij), and we write A � P to denote

this relationship.

In a d-dimensional random dot product graph, the latent space is an appropriately-

constrained subspace of Rd, and the link function is simply the dot product of the two

latent d-dimensional vectors. Random dot product graphs are often divided into two

types: those in which the latent positions are fixed, and those in which the latent positions

are themselves random. Specifically, we consider the case in which the latent position

Xi 2 Rd for vertex i is drawn from some distribution F on Rd, and we further assume

that the latent positions for each vertex are drawn independently and identically from this

distribution F . Random dot product graphs have proven to be a tractable and useful

model for low-rank latent position networks, and variants of the RDPG model have

recently emerged that extend the framework to allow for modeling more complex network

topologies [11, 15].

Definition 3.2.1 (d-dimensional RDPG). Let F be a distribution on a set X 2 Rd

64



satisfying hx, x0i 2 [0, 1] for all x, x0 2 X . Let X1, X2, � � � , Xn � F be i.i.d. random

variables distributed via F , and let P = XXT , where X = [XT
1 jXT

2 j� � � jXT
n ]T 2 Rn�d.

Let A be a symmetric, hollow adjacency matrix with above diagonal entries distributed

via

P (AjX) =
∏
i<j

(XT
i Xj)

Aij(1�XT
i Xj)

1�Aij ; (3.1)

i.e., conditioned on X the above diagonal entries are independent Bernoulli random

variables with success probabilities provided by the corresponding above diagonal entries

in P . The pair (A,X) is then said to be a realization of a d-dimensional Random Dot

Product Graph with distribution F , denoted (A,X) � RDPG(F, n).

Note that there is a rotational non-identifiability inherent to the RDPG model. Indeed, if

Y = XW for W 2 Od, then the distribution over graphs induced by Eq. (3.1) by X

and Y are identical; i.e., P(AjX) = P(AjY) for all A. There is also a non-identifiability

regarding the eigenvector subspaces of P . The basis vectors of the eigenspaces of P

corresponding to repeated eigenvalues are determined only up to a rotation. As inference

in the RDPG setting often proceeds by first estimating the latent positions X, which can

only be done up to a rotation factor, this model is not generally suitable for inference

tasks that are not rotationally invariant. For more details about non-identifiability in latent

position random graph models, see [141].

Remark 6. We note that a generalization of the RDPG model has recently been developed,

namely the Generalized Random Dot Product Graph of [15], which allows for modeling

latent position graphs where P is not necessarily positive definite (this, for example,
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allows for disassortative connectivity behavior in stochastic block model networks modeled

via the RDPG framework which is not possible under Definition 3.2.1). In more general

latent space models (see, for example, [7,142,143]), the probability of connections in the

network are computed via more general similarity functions (i.e., kernels) compared to

the dot product in the RDPG. While we suspect that our results translate immediately to

the generalized RDPG setting (and perhaps less immediately to the general latent space

setting; see [144]), we do not pursue this further here.

3.2.2 Modeling multiple correlated RDPGs

Next, we present a natural extension of the RDPG model to the multiple network setting,

namely the Joint Random Dot Product Graph from [2]. This model allows us to simultaneously

characterize multiple graphs (A(k))mi=1 with a common set of latent positions X so that the

collection of A(k) are conditionally independent given X.

Definition 3.2.2 (Joint Random Dot Product Graph). Let F be a distribution on a set

X 2 Rd satisfying hx, x0i 2 [0, 1] for all x, x0 2 X . Let X1, X2, � � � , Xn
i.i.d.� F , and

let P = XXT , where X = [XT
1 jXT

2 j� � � jXT
n ]T 2 Rn�d. We say that the random graphs

(A(1), A(2), � � � , A(m)) are an instantiation of a Joint Random Dot Product Graph model

(abbreviated JRDPG), written

(A(1), A(2), � � � , A(m),X) � JRDPG(F, n,m)

if marginally each (A(k),X) � RDPG(F, n) and conditioned on X, the A(k)’s are

independent with distribution given by Eq.(3.1).

66



While this model allows for modeling multiple networks simultaneously, the conditional

independence is ill suited for a number of inference tasks (e.g., time-series analysis

in graphs as in [145–147]) that necessitate more nuanced dependency structure across

graphs. While correlated RDPG models exist for pairs of graphs (see, for example, [139]),

we seek a framework that allows for (pairwise) correlation across the entire collection of

A(i). To do so, we assume, as in JRDPG, that each network is marginally distributed as

an RDPG, and then we assign an edge-wise correlation among the network pairs. We will

then provide a few constructive methods via which such networks can be sampled.

Definition 3.2.3 (Pairwise multiple edge-correlated RDPG). With notation as in Definition

3.2.2, we say that the random graphs (A(1), A(2), � � � , A(m)) are an instantiation of a R-

correlated Joint Random Dot Product Graph model, written (A(1), A(2), � � � , A(m),X) �

JRDPG(F, n,m,R), if

i. Marginally, (A(k),X) � RDPG(F, n) for every k 2 [m];

ii. The matrixR 2 [�1, 1]m�m is symmetric and has diagonal entries identically equal

to 1. We will write the (k1, k2)-element of R via ρk1,k2 .

iii. Conditioned on X the collection

fA(k)
i,j gk2[m],i<j

is mutually independent except that for each fi, jg 2
(
V
2

)
, we have for each k1, k2 2

[m],

correlation(A
(k1)
i,j , A

(k2)
i,j ) = ρk1,k2 .
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Note that if all off-diagonal elements of R are identically equal to ρ, then we will often

write (A(1), A(2), � � � , A(m),X) � JRDPG(F, n,m, ρ).

Below we will assume that R � 0m entry-wise, although negatively correlated graphs

can be considered in Definition 3.2.3. The pairwise multiple edge-correlated RDPG is a

better candidate for modeling time series of networks and multilayer networks than the

conditionally independent JRDPG model, as it allows for generating conditionally (within

graph) edge-independent networks and induces correlation across networks pairwise. A

natural extension would be to allow for correlation across edges within each network, and

we are actively working on this extension; see [148] for an example of how this structure

could be introduced in a model related to the stochastic blockmodel.

We next illustrate two constructions that result in JRDPG(F, n,m,R) networks.

3.2.2.1 Forward propagation (sequential) model

The Forward Propagation (Sequential) model (abbreviated JRDPGfor) fits time-varying

networks with forward propagation of correlation suitable for network time-series infer-

ence tasks such as (spectral) clustering [149] and anomaly detection of vertices (or net-

works) [18] in a given time period. It derives the JRDPG(F, n,m,R) for R equal to the
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symmetric matrix

Rfor =



1 %1,2 %1,2%2,3 � � �
∏m�1

k=1 %k,k+1

%1,2 1 %2,3 � � �
∏m�1

k=2 %k,k+1

%1,2%2,3 %2,3 1 � � �
∏m�1

k=3 %k,k+1

...
...

... . . . ...∏m�1
k=1 %k,k+1

∏m�1
k=2 %k,k+1

∏m�1
k=3 %k,k+1 � � � 1


2 Rm�m.

The formal definition is presented as follows.

Definition 3.2.4. (Forward Propagation (Sequential) model) With the notation as in Definition

3.2.3, we say that the random graphsA(1), A(2), � � � , A(m) are an instantiation of a sequential

(correlated) JRDPG and we write (A(1), A(2), � � � , A(m),X) � JRDPGfor (F, n,m,%) if

i. % 2 [0, 1]m�1 is a vector whose k-th element is denoted %k,k+1.

ii. (A(1), A(2), � � � , A(m),X) � JRDPG(F, n,m,R) where for 1 � k1 < k2 � m,

Rk1,k2 := ρk1,k2 =

k2�1∏
k=k1

%k,k+1.

Practically, we can sample from (A(1), A(2), � � � , A(m),X) � JRDPGfor(F, n,m,%) by

first sampling from (A(1),X) �RDPG(F, n), and then conditional on X and A(`) for

` � 1, independently sampling the edges of A(`+1) according to the following scheme

8fi, jg 2
(
V

2

)
, A

(`+1)
ij �


Bern(Pij + %`,`+1(1� Pij)) if A(`)

ij = 1,

Bern(Pij(1� %`,`+1)) if A(`)
ij = 0.
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A straightforward induction on ` guarantees that marginally, (A(`),X) � RDPG(F, n).

The form of the correlation follows from the recursion that for k1 < k2 (suppressing the

conditioning on X below),

correlation(A
(k1)
i,j , A

(k2)
i,j ) = %k1,k2 � correlation(A

(k1)
i,j , A

(k2�1)
i,j ).

It is also possible to model non-stationary time series of graphs (i.e., allowing for distinct

(latent) distributions ofA(k1) andA(k2) still with pairwise correlation; see [150] for details).

3.2.2.2 Single generator model

Similarly, the Single Generator model derives from JRDPG(F, n,m,R) when the correlation

matrix R is equal to

Rgen =



1 %1%2 � � � %1%m

%2%1 1 � � � %2%m

...
... . . . ...

%m%1 %m%2 � � � 1


2 Rm�m.

Define the (generator) vector ν = [%1, � � � , %m]T 2 Rm, so that the correlation matrixRgen

can be also written as Rgen = ννT + diag(Im � ννT ). It is reasonable to add the term

diag(Im � ννT ); this ensures that the correlation of each graph with itself remains the

same for all graphs and is equal to 1.

Definition 3.2.5. (Single Generator Model) With notation as in Definition 3.2.3, we say

that the graphs A(0), A(1), � � � , A(m) are an instantiation of a multiple RDPG with gener-
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ator matrix A(0) and we write (A(0), A(1), A(2), � � � , A(m),X) � JRDPGgen(F, n,m, ν)

if

i. Marginally, (A(0),X) � RDPG(F, n);

ii. ν 2 [0, 1]m is a nonnegative vector with entries in [0, 1]; we denote the k-th entry

of ν via νk = %k.

iii. (A(1), A(2), � � � , A(m),X) � JRDPG(F, n,m,R) whereR = ννT+diag(Im�ννT )

so that for 1 � k1 < k2 � m,

Rk1,k2 := ρk1,k2 = %k1%k2 .

The single generator model, JRDPGgen, mimics the correlated Erdős-Rényi graph pairs

that are a common model in the graph matching literature (see, for example, [151, 152])

where the pair of graphs are noisy realizations of a background network (here A(0)).

The single generator model with m networks provides a suitable framework for studying

problems of aligning multiple networks. As in the JRDPGfor case, we can sample from

(A(0), � � � , A(m),X) � JRDPGgen(F, n,m, ν)) by first sampling from (A(0),X) �

RDPG(F, n)), and then conditional on A(0) and X, independently sampling the edges of

each A(`), ` 2 [m], according to the following scheme

8fi, jg 2
(
V

2

)
, A

(`)
ij �


Bern(Pij + %`(1� Pij)) if A(0)

ij = 1,

Bern(Pij(1� %`)) if A(0)
ij = 0.
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The above scheme implies that the correlation between two networks A(`1), A(`2) is given

by the product %`1%`2 , i.e., correlation(A
(`1)
i,j , A

(`2)
i,j ) = %`1%`2 .

3.2.3 Spectral graph embeddings

One of the key inference tasks in latent position random graphs (LPGs) is to estimate the

unobserved latent positions for each of the vertices based on a single observation of the

adjacency matrix of a sufficiently large graph. Since the matrix of connection probabilities

for an RDPG is expressible as an outer product of the matrix of true latent positions, and

since the adjacency matrixA can be regarded as a “small” perturbation of P , the inference

of properties of P from an observation of A is a problem well-suited to spectral graph

methods, such as singular value decompositions of adjacency or Laplacian matrices.

Indeed, these spectral decompositions have been the basis for a suite of approaches to

graph estimation, community detection, and hypothesis testing for random dot product

graphs. For a comprehensive summary of these techniques, see [10]. Note that the popular

stochastic blockmodel (SBM) with positive semidefinite block connection probabilities

can be regarded as a random dot product graph. In an SBM, there are a finite number

of possible latent positions for each vertex—one for each block—and the latent position

exactly determines the block assignment for that vertex.

For a random dot product graph in which the latent positionXi 2 Rd for each vertex

i, 1 � i � n, are drawn i.i.d from some distribution F on Rd, a common graph inference

task is to infer properties of F from an observation of the graph alone. For example, in a

stochastic block model, in which the distribution F is discretely supported, we may wish
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to estimate the point masses in the support of F . In the graph inference setting, however,

there are two sources of randomness that culminate in the generation of the actual graph:

first, the randomness in the latent positions, and second, given these latent positions, the

conditional randomness in the existence of edges between vertices.

3.2.3.1 Adjacency spectral embedding

A rank-d RDPG has a connection probability matrix P that is necessarily low rank (rank

d, regardless of the number of vertices in the graph); hence random dot product graphs can

be productively analyzed using low-dimensional embeddings. Under mild assumptions,

the adjacency matrix A of a random dot product graph approximates the matrix P =

E(A). To be more precise, P = E(AjX) in the sense that the spectral norm of A � P

can be controlled; see [153] and [154]. It is reasonable to ask how close the spectrum and

associated invariant subspaces of A are to those of P . Weyl’s Theorem [155] describes

how the eigenvalues of A differ from those of P . Sharp bounds on differences between

the associated invariant subspaces are fewer, with the Davis-Kahan Theorem [156–158]

perhaps the best known. Because of the invariance of the inner product to orthogonal

transformations, however, the RDPG exhibits a clear nonidentifiability: latent positions

can be estimated only up to an orthogonal transformation.

Since P is a symmetric, positive definite, rank d-matrix of the form P = XXT , the

latent position matrix X can be written as X = UPS
1/2
P W for some orthogonal matrixW ,

where SP is the diagonal matrix of the d nonzero eigenvalues of P , sorted by magnitude,

and UP the associated eigenvectors. The Davis-Kahan Theorem translates spectral norm
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bounds on A� P to projection operator bounds between UAUT
A and UPUT

P , and, in turn,

into Frobenius norm bounds between UA and a rotation of UP [113].

These bounds can be sufficiently sharpened to ensure that the rows of a partial

spectral decomposition of A, known as the adjacency spectral embedding (ASE) are

accurate estimates of the latent positions Xi for each vertex. With this in mind, we define

the adjacency spectral embedding (ASE) as follows.

Definition 3.2.6 (Adjacency Spectral Embedding (ASE)). Let d � 1 be a positive integer.

The d-dimensional adjacency spectral embedding of a graph A 2 Gn intoRd, denoted by

ASE(A, d), is defined to be X̂ = UAS
1/2
A , where

jAj= (A>A)1/2 =
[
UA j ŨA

] [
SA � S̃A

] [
UA j ŨA

]T
,

is the spectral decomposition of jAj, SA 2 Rd�d is the diagonal matrix with the d

largest eigenvalues of jAj, and UA 2 Rn�d the corresponding matrix of the d-largest

eigenvectors. The diagonal matrix S̃A 2 R(n�d)�(n�d) contains the remaining n � d

eigenvalues of jAjwith the associated matrix of orthonormal eigenvectors ŨA 2 Rn�(n�d).

Now, if we define X̂ = UAS
1/2
A , where SA is the diagonal matrix of the top d

eigenvalues of (ATA)1/2, sorted by magnitude, and the columns of UA are the associated

unit eigenvectors, results in [117] and [159] establish that, under assumptions on the

spectrum of P , the rows X̂ are consistent estimates of the latent positions fXig (up to

orthogonal rotation). Further, in [118], it is shown that under the RDPG, the (suitably-

scaled) ASE of the adjacency matrix converges in distribution to a Gaussian mixture.
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The utility of the ASE in single graph inference points us to a natural test statistic

for determining whether two random dot product graphs have the same latent positions.

Namely, we can perform Procrustes alignment of two graphs’ embeddings [123]. Specifical-

ly, let A(1) and A(2) be the adjacency matrices of two random dot product graphs on the

same vertex set, with vertices aligned so that vertex i in A(1) can be sensibly identified

with vertex i in A(2) for all i 2 [n]. Letting X̂ and Ŷ be the respective adjacency spectral

embeddings of these two graphs, if the two graphs have the same generating P matrices,

then it is reasonable to surmise that the Procrustes distance

min
W2Od�d

kX̂ � Ŷ WkF , (3.2)

will be small. In [123], the authors show that a scaled version of the Procrustes distance

in (3.2) provides a valid and consistent test for the equality of latent positions for pairs

of graphs. Unfortunately, the fact that a Procrustes minimization must be performed both

complicates the test statistic and compromises its power. The Procrustes alignment is

necessary, though, because these two embeddings may well inhabit different d-dimen-

sional subspaces of Rn.

3.2.4 Joint spectral graph embeddings

An alternative approach is to consider jointly embedding a collection of random graphs

into the same subspace, which is the topic of [2] and which we extend here. Consider

(A(1), A(2), � � � , A(m),X) � JRDPG(F, n,m,R). Once the latent position matrix is gener-

ated, the m correlated random graphs with respective adjacency matrices A1, A2, � � � , Am
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all have the same connection probability matrix P . That is, E(A(k)jX) = P for all k.

This is a direct graph-analogue of correlated Euclidean data from the same generating

distribution, and given that we have multiple adjacency matrices from the same distribu-

tion, it is plausible that a latent position inference procedure using all the A(k) matrices

is superior to an inference procedure that depends on a single A(k). In addition, since

individual graph embeddings cannot be compared without Procrustes alignments, a joint

embedding procedure that eliminates post-hoc pairwise alignments can be particularly

useful.

3.2.4.1 (Classical) Omnibus embedding

In [2], the authors consider the setting where theA(k) are independent (i.e., the conditional-

ly independent JRDPG model), and they build a spectral embedding of anmn�mnmatrix

M from the A(k) matrices by placing each A(k) on the main block-diagonal and, on the

(k, `)-th off-diagonal block, the average A(k)+A(`)

2
. That is, for, say the m = 2 case, the

matrix M is

M =

 A(1) A(1)+A(2)

2

A(1)+A(2)

2
A(2)

 , (3.3)

Observe that the expected value of M is the matrix

E[M ] =

P P

P P

 , (3.4)

which is still a rank d matrix. As a consequence, a d-dimensional embedding of M can

produce an m-fold collection of correlated estimates for the rows of the latent position
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matrix X. This joint or omnibus spectral embedding, denoted OMNI , is defined as

follows.

Definition 3.2.7 (Omnibus Spectral Embedding). Let A(1), A(2), � � � , A(m) be a collection

of m graphs each in Gn. Define the omnibus matrix of A(1), A(2), � � � , A(m) to be the

mn�mn matrix M defined via

M =



A(1) A(1)+A(2)

2
A(1)+A(3)

2
� � � A(1)+A(m)

2

A(2)+A(1)

2
A(2) A(2)+A(3)

2
� � � A(2)+A(m)

2

A(3)+A(1)

2
A(3)+A(2)

2
A(3) � � � A(3)+A(m)

2

...
... . . . ...

A(m)+A(1)

2
A(m)+A(2)

2
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2
� � � A(m)


.

The d-dimensional Omnibus Spectral Embedding of A(1), A(2), � � � , A(m) is then given by

OMNI(A(1), A(2), � � � , A(m), d) = ASE(M,d) = UMS
1/2
M ,

where ASE(M,d) is the d-dimensional adjacency spectral embedding of M ; that is,

SM 2 Rd�d is the diagonal matrix of the top d eigenvalues of jM j, and UM 2 Rmn�d

the corresponding eigenvectors.

Note that the omnibus embedding is an mn � d-dimensional matrix. Each m-fold

block of rows supplies an n� d matrix that can serve as a latent position estimate for the

corresponding graph. That is, the s-th n � d block of the omnibus embedding, denoted

X̂
(s)

= [UMS
1/2
M ]s, is an estimate for X(s), the matrix of latent positions for the s-th graph.
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In [2], it is shown that—in parallel to the same result for the ASE—when (A(1),

A(2), � � � , A(m),X) � JRDPG(F, n,m), the rows of the omnibus embedding provide

simultaneous consistent estimation for the latent positions Xj , where 1 � j � n. There

are m such rows for each vertex j. In addition, [2] demonstrates that for fixed m, as

n ! 1, the distribution of any fixed l sub-collection of the rows of the omnibus matrix,

suitably scaled, converges in distribution to a mixture of Gaussians. It is important to note

that in [2], the jointly embedded adjacency matrices are all independent; as we shall see,

in this work, which allows for explicit correlation in the multiple-graph model, we extend

consistency and normality to the dependent case.

Even when the adjacency matrices are themselves independent, the simultaneous

nature of the omnibus embedding forces correlation across the estimated latent positions,

and in return it obviates the need for Procrustes alignments between n� d matrices X̂
(s)

and X̂
(t)

, where 1 � s � t � m. One consequence of this is that with the omnibus

embedding, an empirically useful test statistic for assessing latent position equality is

simply the Frobenius norm kX̂
(s)
� X̂

(t)
kF (as opposed to minW2Od

kX̂
(s)
� X̂

(t)
WkF

in the separately embedded graph setting of [123]). Quantifying the correlation induced

by this joint embedding, and determining how it relates to the choice of block-matrix

on the off-diagonal of M , is an important question. The classical omnibus matrix uses

a simple pairwise average, chosen to balance the requirements of estimation accuracy

(when all graphs have the same latent positions) with the need to retain discriminatory

power in hypothesis testing (when some of the graphs have different latent positions).

By analyzing precisely how the off-diagonal blocks can impact this correlation, we can

describe how the omnibus embedding can be used to perform inference on collections
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Figure 3.1: The effect of induced versus inherent correlation in the embedded space. In
panels 1–5 we plot, for various levels of ρ, the difference in the aligned estimates of
X1 from separately spectrally embedding (B(1), B(2),X) � JRDPG(F, n, 2, ρ) (where
F has the form in Eq. (3.5)). In the sixth panel, we consider (B(1), B(2),X) �
JRDPG(F, 300, 2), and plot the difference in the pair of estimates of X1 = ξ1 derived
from the omnibus embedding. In all panels, the experiment was repeated nMC = 500
times.

of graphs that are not necessarily independent, or can replicate some desired correlation

structure in spectral estimates.

3.3 Inherent and induced correlation in classical OMNI

Before delving into our theoretical results on the competing roles of induced versus

inherent correlation in the omnibus framework, we first consider the effect of classical

OMNI in the original setting of embedding conditionally independent networks considered

in [2,16]. This highlights both the correlation induced by the OMNI method and the dual

contributions of inherent and induced correlation in subsequent correlated graph results.

To this end, we start with the task of embedding a pair of n-vertex correlated d-
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dimensional random dot product graphs, (B(1), B(2),X) � JRDPG(F, n, 2, ρ). Prior to

the development of methods to jointly embed the networks, a common approach was

to separately embed the two graphs into a common Euclidean space, and then align

the networks via orthogonal Procrustes analysis [123]. One motivating question for the

present work is how to capture the effect of the correlation on the embedded pair. Consider

a simple, motivating example with n = 300, ρ 2 f0, 0.25, 0.5, 0.75, 1g and F , a mixture

of point mass distributions, defined via:

F =
1

2
δξ1 +

1

2
δξ2 , (3.5)

where ξ1, ξ2 2 R2 satisfy

ξ1

ξ2


ξ1

ξ2


T

=

0.7 0.3

0.3 0.5

 ,

so that the RDPGs drawn fromF are examples of correlated stochastic blockmodel random

graphs [160]. In order to better understand the role of the correlation in the embedded

space, we separately spectrally embed each network, X̂B(1) = ASE(B(1), 2) and X̂B(2) =

ASE(B(2), 2), and then align the networks via X̂B(1)W (1) and X̂B(2)W (2) where for each

k = 1, 2,

W (k) = argminW2O2
kX̂B(k)W �XkF .

In Figure 3.1, we plot (X̂B(1)W (1) � X̂B(2)W (2))1 (i.e., the first row of X̂B(1)W (1) �

X̂B(2)W (2)), the distance between the (aligned) estimates of X1 = ξ1 derived from the
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embeddings over a range of values of ρ; note that in each panel the experiment is repeated

nMC = 500 times. In the first five panels of the figure, we see the effect of increasing ρ

on the difference, namely that the covariance of the difference is monotonically decreasing

as ρ increases.

In the sixth panel of Figure 3.1 (again performing nMC = 500 Monte Carlo

replicates), we consider the conditionally independent case (i.e., ρ = 0), so that (B(1), B(2),

X) � JRDPG(F, 300, 2). We consider the omnibus spectral embedding of (B(1), B(2)),

denoted X̂M = OMNI(B(1), B(2), 2), and plot the difference in the estimates of X1 = ξ1

derived from the omnibus embedding, namely (X̂
(1)

M )1 � (X̂
(2)

M )1. From the figure, we

see that the correlation induced between the independent graphs in the embedded space is

(roughly) equivalent to the inherent correlation between ρ = 0.75 correlated networks that

have been separately embedded and aligned. In the next section, we will formalize this

notion of induced versus inherent correlation, and we will see that, as the Figure suggests,

OMNI does indeed induce correlation of level ρ = 0.75 across independent graphs in the

embedded space.

3.3.1 Central limit theorems and correlation in the embedded space

Viewing (B(1), B(2),X) as an element of the sequence
(

(B
(1)
n , B

(2)
n ,Xn)

)1
n=1

, where

for each n � 1, (B
(1)
n , B

(2)
n ,Xn) � JRDPG(F, n, 2, ρ), the Central Limit Theorem

established in [118] provides a framework for understanding the effect, in the embedded

space, of the edge-wise correlation across networks. Letting X̂
B

(1)
n

= ASE(B
(1)
n , d) and

X̂
B

(2)
n

= ASE(B
(2)
n , d), Theorem 3.3 of [118] (in the form presented in Theorem 9 of [10])

81



implies that for each k = 1, 2, if ∆ := E[X1X
T
1 ] is rank d, then there exist sequences of

orthogonal d-by-d matrices (W̃
(k)
n )1n=1 such that for all z 2 Rd and for any fixed index i,

lim
n!1

P
[
n1/2

(
X̂
B

(k)
n
W̃ (k)
n �Xn

)
i
� z
]

=

∫
supp F

Φ (z,Σ(x)) dF (x),

where

Σ(x) := ∆�1 E
[
(xTX1 � (xTX1)2)X1X

T
1

]
∆�1; (3.6)

Φ(�,Σ) denotes the cdf of a (multivariate) Gaussian with mean zero and covariance matrix

Σ, and (X̂nW̃n�Xn)i denotes the i-th row of X̂nW̃n�Xn. Combining the above central

limit theorems for X̂
B

(1)
n

and X̂
B

(2)
n

, we have the following theorem (proven in Appendix

B.1).

Theorem 3. Let ρ 2 (0, 1) be fixed. Let F be a distribution on a set X � Rd, where

hx, x0i 2 [0, 1] for all x, x0 2 X , and assume that ∆ := E[X1X
T
1 ] is rank d. Let

(B
(1)
n , B

(2)
n ,Xn) � JRDPG(F, n, 2, ρ), be a sequence of adjacency matrices and associ-

ated latent positions, where for each n � 1 the rows of Xn are i.i.d. distributed according

to F . Letting X̂
B

(1)
n

= ASE(B
(1)
n , d) and X̂

B
(2)
n

= ASE(B
(2)
n , d), there exist sequences of

orthogonal d-by-d matrices (W
(1)
n )1n=1, (W

(2)
n )1n=1 such that for all z 2 Rd and for any

fixed index i,

lim
n!1

P
[
n1/2

(
X̂
B

(1)
n
W (1)
n � X̂

B
(2)
n
W (2)
n

)
i
� z
]

=

∫
supp F

Φ
(
z, Σ̃(x, ρ)

)
dF (x), (3.7)
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where Σ̃(x, ρ) = 2(1� ρ)Σ(x).

From Theorem 3, we see that the effect of the correlation ρ in the embedding space

is to introduce a dampening factor of (1 � ρ) into the asymptotic limiting covariance

(see Figure 3.1). This is entirely reasonable; indeed, consider Y1, Y2 to be ρ correlated

Norm(µ, σ2) random variables, in which case Y1 � Y2 � N(0, 2(1 � ρ)σ2). In the

embedded space, no extraneous correlation is introduced (in the limit) by separately

embedding the networks and aligning the embeddings via (W
(k)
n )1n=1 for k = 1, 2. Joint

embedding procedures like the Omnibus method forgo these Procrustes rotations, but at

a price: they induce correlation across even independent networks. To understand this,

we consider the omnibus central limit theorem of [2] and derive the following result. Its

proof can be obtained from [2], but is also an immediate consequence of our more general

main result, Theorem 8, which is stated formally in the following section.

Theorem 4 (Induced correlation in classical OMNI). Let F be a distribution on a set

X � Rd, where hx, x0i 2 [0, 1] for all x, x0 2 X , and assume that ∆ := E[X1X
T
1 ] is

rank d. Let (A
(1)
n , A

(2)
n , � � � , A(m)

n ,Xn) � JRDPG(F, n,m) be a sequence of independent

RDPG random graphs, and for each n � 1, let Mn denote the omnibus matrix as in

Definition 3.2.7. Also, let X̂Mn = ASE(Mn, d) and denote the s-th n � d block of the

omnibus embedding X̂Mn as X̂
(s)

Mn
. Consider fixed indices i 2 [n] and s1, s2 2 [m]. Then

there exists a sequence of orthogonal matrices (W̃n)1n=1 such that for all z 2 Rd, we have

that

lim
n!1

P
[
n1/2

[(
X̂

(s1)

Mn
� X̂

(s2)

Mn

)
W̃n

]
i

� z

]
=

∫
supp F

Φ(z, Σ̃(x, 3/4))dF (x). (3.8)
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Unpacking Theorem 4, (X̂
(s1)

Mn
)i and (X̂

(s2)

Mn
)i represent the estimates of Xi derived from

A(s1) and A(s2) by the omnibus embedding paradigm. In light of Theorem 3, the induced

correlation in OMNI can be understood in the context of the limiting covariance of the

difference of a pair of estimates for the same underlying latent position. Comparing Eqs.

(3.7) and (3.8), we see that OMNI effectively induces a correlation of level ρ = 3/4

uniformly across embedded network pairs.

While it is easy to surmise that this flat correlation would have a detrimental signal

dampening effect on inference tasks in settings where there is nuanced inherent correlation

(e.g., in time-series analysis), this theory is in the setting of conditionally independent

networks. It is natural to ask whether in the presence of inherent correlation across the

network pairs the dampening effect of the induced correlation in OMNI diminished. As

we will see in our next result (a special case of Theorem 8 in Section 3.4.1), this is not

the case.

Theorem 5 (Induced and inherent correlation in classical OMNI). Let F be a distribution

on a set X � Rd, where hx, x0i 2 [0, 1] for all x, x0 2 X , and assume that ∆ := E[X1X
T
1 ]

is rank d. Let

(A(1)
n , A(2)

n , � � � , A(m)
n ,Xn) � JRDPG(F, n,m,R)

be a sequence of correlated RDPG random graphs, and for each n � 1, let Mn denote

the omnibus matrix as in Definition 3.2.7. Also, let X̂Mn = ASE(Mn, d) and denote the

s-th n� d block of the omnibus embedding X̂Mn as X̂
(s)

Mn
. Consider fixed indices i 2 [n]

and s1, s2 2 [m].Then there exists a sequence of orthogonal matrices (W̃n)1n=1 such that
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for all z 2 Rd, we have that

lim
n!1

P
[
n1/2

[(
X̂

(s1)

Mn
� X̂

(s2)

Mn

)
W̃n

]
i

� z

]
=

∫
supp F

Φ
(
z, Σ̃(x, ρ(s1, s2))

)
dF (x),

(3.9)

where ρ(s1, s2) = 3
4

+ 1
4
ρs1,s2 .

In the JRDPG(F, n,m,R) setting, the form of the limiting correlation highlights the

separate contributions from the method (i.e., the induced correlation 3/4) and the model

(i.e., the inherent correlation ρs1,s2). This correlation is independent ofm, and the outsized

effect of the induced correlation versus the downscaled inherent correlation further sug-

gests that OMNI is not ideal for embedding temporal sequences of networks that exhibit

complex dependency patterns (i.e., a change point or anomaly). Indeed, the induced

correlation from OMNI whitens out the existing complex correlation structures amongst

the A(k), and, as we will show in our next example, this whitening effect of OMNI can

serve to mask significant data features and structures in complex data environs.

3.3.2 OMNI’s whitening correlation: Aplysia spike train analysis

We consider a time series of networks derived from the Aplysia californica escape motor

program of [161]. The motor program consists of a 20 min recording of the action

potentials generated by 82 neurons in the dorsal pedal ganglion of an isolated brain

preparation from the marine mollusk Aplysia californica. One minute into the recording

a brief electrical stimulus was applied to pedal ganglion nerve 9 to elicit the animal’s

rhythmic escape locomotion motor program. This consists of an initial rapid bursting,
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Binned Aplysia motor program 

Figure 3.2: The 20 minute Aplysia escape motor program from [161], binned into 24
windows, each approximately 50 seconds in length. The stimulus happens one minute
into the motor program, in the highlighted second bin.

lasting several cycles, that drives the animal’s gallop behavior, followed by a slower

rhythm persisting until the end of the recording that drives the animal’s crawling behavior.

To extract a network time series from the recording, we binned the motor program into

24 bins, each approximately � 50 second long; the binned motor program (with the

second bin, containing the stimulus, highlighted) is pictured in Figure 3.2. Using the

meaRtools package in R [162], we apply the STTC (spike time tiling correlation)

method of [163] to convert each 50 second window into a weighted correlation matrix

amongst the 82 neurons. Each of the 24 bins then yields one weighted graph on 82 vertices

representing this correlation structure amongst the 82 neurons. The stimulus occurs then

in the second of the 24 bins, followed by the gallop and crawling motor programs.
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3.3.2.1 Classical omnibus embeddings and correlation masking

Our motivation in the following analyses is to determine whether, in light of the correlation

structure in Theorem 5, the classical OMNI method can detect the distinct phases of

behavior in the motor program. In order to explore the impact of the flat correlation

induced in the classical omnibus embedding, we use the classical OMNI embedding to

embed the fA(k)g24
k=1 into a common Rd (where d = 4 as chosen by locating the elbow

in the scree plot as suggested by [164, 165]). Further isolating the impact of the stimulus

and the evolution of the galloping and crawling phases of the motor program, we plot the

average distance between the estimated latent positions for each vertex (as the bar heights)

in the embedding between embedded graph 1 (res., embedded graph 2) and embedded

graph k for each k 2 [m] (where the location of the bars in Figure 3.3 correspond to

k = 1, 2, � � � , 24). To wit, we plot (where X̂Mn := [(X̂
(1)

Mn
)T j (X̂

(2)

Mn
)T j � � � j (X̂

(m)

Mn
)T ]T )

1

82

82∑
i=1

∥∥∥∥(X̂(1)

Mn

)
i

�
(
X̂

(k)

Mn

)
i

∥∥∥∥
2

in the left panel in Figure 3.3;

1

82

82∑
i=1

∥∥∥∥(X̂(2)

Mn

)
i

�
(
X̂

(k)

Mn

)
i

∥∥∥∥
2

in the center panel in Figure 3.3.

From Figure 3.2 and our knowledge of the Aplysia motor program’s evolution, we see

that if the omnibus embedding is able to detect the biologically distinct phases of this

network time series, then

i. There will be a significant difference between the embeddings of graphs 1 and 2 (as

demonstrated in Figure 3.3).
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Figure 3.3: In the left (resp., center) panel, we plot the average vertex distance (as the bar
heights) in the embedding between graph 1 (resp., graph 2) and graph k for each k 2 [m]
in OMNI (where the bars are labeled k = 1, 2, � � � , 24). In the right panel, we compute
the 24 � 24 distance matrices D, and embed it into R2. The resulting 24 data points are
clustered using Mclust (clusters denoted by shape), and are plotted, with graphs 1 and
2 further labeled with their corresponding number.

ii. The effect of the stimulus is less apparent as the Aplysia transitions from galloping

to crawling; this would be manifested as the distance between graphs 2 and k > 2

increasing as the Aplysia transitions from galloping to crawling.

iii. The distance from graph 1 to graphs k > 2 should be large, as the Aplysia never

returns to its spontaneous firing state in the motor program.

While we see that the omnibus methodology demonstrates the capacity to detect the

anomaly (namely, the stimulus) in the second graph, the flat correlation structure induced

in the embedding space has the effect of masking the transition from galloping to crawling

and creates an artificial similarity between graphs 1 and some of the graphs k > 2 in the

embedded space (as shown in the right panel of Figure 3.3). Exploring this further, we

compute the 24� 24 distance matrix D, where

D = [Dk,`] where Dk.` = kX̂
(k)

Mn
� X̂

(`)

Mn
kF . (3.10)
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Figure 3.4: Scree plot of the eigenvalues of D.

Graph 1 2 3 4 5 6 7 8 9 10 11 12
Cluster 1 2 5 3 5 5 4 5 3 1 1 1
Graph 13 14 15 16 17 18 19 20 21 22 23 24
Cluster 1 5 3 1 1 4 1 3 3 1 4 3

Table 3.1: This table displays the cluster labels for the 24 networks when embedding
the time-series using classical OMNI, then embedding the across-graph distance matrix
using classical MDS scaling, and finally clustering the graphs using Mclust. In the
MDS embedding, each graph is represented by a single 2�dimensional embedded data
point, and the pair (Graph, Cluster) describes which cluster these points are assigned by
Mclust.

The matrix D is then each embedded into R2 (where d = 2 is, again, chosen by the elbow

in the scree plot as suggested by [164, 165]; see Figure 3.4), and the 24 data points are

clustered using Mclust [166]. The resulting clusters are plotted in the right panel of

Figure 3.3. Points 1 and 2 (corresponding to graphs 1 and 2 resp.) are plotted with larger

symbols and labeled. The cluster labels found by Mclust are given in Table 3.1. This

clustering reinforces the finding that while the stimulus is detected (graph 2 is clustered

apart from the others), the transition from stimulus to gallop and crawl and the distinct

nature of graph 1 (as the only spontaneous firing state measurement) are masked in this

89



analysis. We shall see in Section 3.5.1 that different structures in the Omnibus matrix can

be introduced to ameliorate these shortcomings.

3.4 Generalized omnibus embeddings

All joint embedding procedures induce correlation across the embedded networks, and

the omnibus embedding is no exception. Unfortunately, the particular structure of the

correlation induced by classical OMNI (namely, the large, flat induced correlation across

all graphs) may render it less effective for time-series applications or settings where the

correlation varies dramatically across networks. This motivates our next contribution, in

which we show that by generalizing the structure of the omnibus matrixM , more nuanced

(and application-appropriate) induced correlation structures are possible.

The consistency and asymptotic normality of the classical omnibus embedding rest

on a few defining model assumptions: first,

E[M ] = P̃ := Jm 
 P,

and second, in the k-th block-row of M , the weight put on A(k) (which is equal to 1 +

(m � 1)/2) is strictly greater than the weight put on any A(`) for ` 6= k (as each of these

is 1/2). The low-rank RDPG structure of E[M ] = P̃ allows us to use random matrix

concentration results to prove that the scaled eigenvectors of M are tightly concentrated

about the scaled eigenvectors of P̃ which, up to a possible rotation, are equal to Z :=

~1m
X. The weights in block-row k being maximized forA(k) ensures that the k-th block

in ASE(M,d) corresponds to the embedding of A(k), which is essential for subsequent
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inference (e.g., hypothesis testing [16]) in the omnibus setting.

It is natural to ask if, subject to the above conditions, we can generalize the omnibus

structure to permit more esoteric induced correlation in the embedded space. This moti-

vates the following definition of the generalized omnibus matrix. Let F be a distribution

on a set X � Rd, where hx, x0i 2 [0, 1] for all x, x0 2 X . Suppose that (A(1), A(2), � � � ,

A(m),X) � JRDPG(F, n,m,R). The convex hull of A(1), A(2), � � � , A(m) is denoted via

Am =
{ m∑

q=1

cqA
(q) 2 Rn�n

∣∣∣ with cq � 0 for all q 2 [m] and
m∑
q=1

cq = 1
}
.

Definition 3.4.1 (Generalized Omnibus Matrix). Consider M 2 Rmn�mn, a generalized

version of the omnibus M of Definition 3.2.7 defined as follows. M is a block matrix

satisfying the following assumptions:

1. Each block entry M(k,`) 2 Rn�n, k, ` 2 [m] is an element of Am; we will write

M(k,`) =
m∑
q=1

c(k,`)
q A(q).

2. For each block row k 2 [m] of M, the cumulative weight of A(k) is greater than the

cumulative weight of the rest of the A(q), q 6= k; i.e., for q 6= k

∑
`

c(k,`)
q <

∑
`

c
(k,`)
k .

3. M is symmetric.

Such a block matrix satisfying assumptions 1-3 above will be referred to as a Generalized
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Omnibus Matrix.

If M is a Generalized Omnibus Matrix, setting α(k, q) =
∑

` c
(k,`)
q to be the weight put

on A(q) in the k-th block-row of M, assumption 2 above becomes, for each k 2 [m],

α(k, q) < α(k, k) for all q 6= k. (3.11)

Because M (i.e., E(M) = P̃ ) is unbiased and low-rank, we can appropriately modify

matrix concentration and perturbation results for the scaled eigenvectors of M, and we

can establish that the rows of ASE(M, d) consistently estimate the associated rows of Z

and the associated residual errors satisfy a distributional central limit theorem. This is the

content of the following theorems, whose proofs can be found in Appendix B. The proof

of the following theorem that accounts for consistent estimation of the model parameters

(i.e., latent positions) can be found in Section B.2.

Theorem 6 (Consistency of generalized omnibus embedding estimates). Let F be a

distribution on a set X � Rd, where hx, x0i 2 [0, 1] for all x, x0 2 X , and assume

that ∆ := E[X1X
T
1 ] is rank d. Let

(A(1)
n , A(2)

n , � � � , A(m)
n ,Xn) � JRDPG(F, n,m,R)

be a sequence of correlated RDPG random graphs. For each n � 1, let Mn denote

the generalized omnibus matrix as in Definition 3.4.1. Let the spectral decomposition of
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P̃n = E(Mn) be given by

P̃n = E(Mn) = U ~Pn
S ~Pn

UT
~Pn
,

where U ~Pn
2 Rmn�d and S ~Pn

2 Rd�d. Let X̂Mn = ASE(Mn, d) = UMnS
1/2
Mn

denote the

adjacency spectral embedding of Mn. Then there exists an orthogonal matrix Vn 2 Od

and a constant C > 0 such that, with high probability for n sufficiently large,

kUMnS
1/2
Mn
� U ~Pn

S
1/2
~Pn
Vnk2!1� C

m1/2 logmn

n1/2
.

The above theorem is analogous to Lemma 1 in [2]. Interestingly, the consistency error

rate for the generalized omnibus embedding estimates with pairwise correlated adjacency

matrices coincides with the consistency error rate for the classical omnibus embedding

estimates with independent adjacency matrices. This is a consequence of two facts: first,

the sum of the cumulative weights
∑m

q=1 α(k, q) is equal to m, and second, the extra

correlation term in the matrix Bernstein concentration bound is of the same order as in

the independent term.

Building upon this consistency, our principal result describes the limiting distribu-

tional behavior of low-dimensional embeddings of the generalized omnibus matrix for

joint networks, stated below.

Theorem 7 (Asymptotic normality of rows of the generalized omnibus embedding). Let

F be a distribution on a set X � Rd, where hx, x0i 2 [0, 1] for all x, x0 2 X , and assume

that ∆ := E[X1X
T
1 ] is rank d. Let (A

(1)
n , A

(2)
n , � � � , A(m)

n ,Xn) � JRDPG(F, n,m,R)
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be a sequence of correlated RDPG random graphs, and let Zn = [XT
n jXT

n j� � � jXT
n ]T 2

Rmn�d. Further, for each n � 1, let Mn denote the generalized omnibus matrix as in

Definition 3.4.1 and X̂Mn = ASE(Mn, d). For fixed indices i 2 [n] and s 2 [m], let(
X̂

(s)

Mn

)
i

denote the i-th row of the s-th n � d block of X̂Mn (i.e., the estimated latent

position from graph A(s)
n of the hidden latent position Xi). Then, there exists a sequence

of orthogonal matrices fQngn such that

lim
n!1

P
[
n1/2

(
X̂

(s)

Mn
Qn � Zn

)
i
� z
]

=

∫
suppF

Φ(z, Σ̌ρ(x; s))dF (x),

where

Σ̌ρ(x; s) =
1

m2

( m∑
q=1

α2(s, q)︸ ︷︷ ︸
method-induced coefficient

+ 2
∑
q<l

α(s, q)α(s, l)ρq,l︸ ︷︷ ︸
model-inherent coefficient

)
Σ(x),

where

Σ(x) = ∆�1 E[xTXj(1� xTXj)XjX
T
j ]∆�1.

The covariance matrix Σ̌ρ(xi; s) corresponds to the residual of the (true) latent position

of vertex i and its estimate from graph A(s). We note that this covariance matrix can be

written as a sum of two terms, for which the first term

Σ0(xi; s) :=

(
1

m2

m∑
q=1

α2(s, q)

)
Σ(xi)

corresponds to the covariance matrix for the i-th row from the s-th block of the generalized

omnibus embedding under the JRDPG(F, n,m) model as in Definition 3.2.2, and the
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second term is accredited to the presence of the inherent correlation from the JRDPG(F, n,

m,R) model. By noting that ρk,` � 0 and α(k, `) � 0 for all k, ` 2 [m], we deduce

that Σ̌ρ(xi; s) � Σ0(xi; s) entry-wise for all i, implying tighter residual errors when the

estimates arise from independent graphs. This observation motivates our simulations in

Section 3.7 where we explore the effect of the inherent correlation on effective sample

size in the context of community detection in SBM’s.

Remark 7. Note that for fixed n, the orthogonal matrices Vn, Qn in Theorems 6 and 7

accordingly, can be explicitly defined. The matrix Vn is the solution of the Procrustes

problem

min
V 2Od

kUMn � U ~Pn
V k,

and its solution is given by Vn := V1,nV
T

2,n where the columns of the matrices V1,n, V2,n

are the left- and right-singular vectors of UT
~Pn
UMn respectively. Moreover,Qn := V T

n Wn,

where Wn is an orthogonal transformation such that Zn = ẐnWn = U ~Pn
S

1/2
~Pn
Wn.

In the following example, we apply Theorem 7 with the (classical) omnibus matrix from

[2].

Example 1. (Classical omnibus matrix)

Suppose first that (A(1), A(2), � � � , A(m),X) � JRDPG(F, n,m,R). Let ek 2 Rm be the

vector with the k-th entry equal to 1 and the rest equal to 0, and let ek` = eke
T
` + e`e

T
k 2

Rm�m. Then, the omnibus matrix M 2 Rmn�mn is defined as

M =
1

2

∑
k�`

ek` 

(
A(k) + A(`)

)
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As mentioned previously, M is a special case of the generalized omnibus matrix M: it

satisfies all the assumptions of Definition 3.4.1. For q 2 [m], the coefficient matrix C(q)

is given by

c(k,`)
q =



1 if k = ` = q

1/2 if k 6= `, and q 2 fk, `g

0 else,

and so

α(s, q) =


1 + (m� 1)/2 if s = q

1/2 else.

Fix s 2 [m]. Then, the resulting covariance matrix is

Σ̌ρ(x; s) =
( m+ 3

4m︸ ︷︷ ︸
method-induced coefficient

+
m+ 1

2m2

∑
q 6=s

ρq,s +
1

2m2

∑
q<l
q,l 6=s

ρq,l

︸ ︷︷ ︸
model-inherent coefficient

)
Σ(x).

As expected, the first term coincides with the covariance structure in classical OMNI

(Theorem 1 in [2]) and further, the second term accounts for the pair-wise correlation of

the adjacency matrices.

Moving beyond the classical case, the following examples of generalized omnibus

structures highlight the impact of M has on the limiting covariance (and hence on the

limiting correlation; see Theorem 8).
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Example 2 (Total Average Omnibus). In the total average case, letting

Ā =
A(1) + A(2) + � � �+ A(m)

m
,

we define the generalized omnibus matrix M �A via

M �A =



A(1) Ā � � � Ā

Ā A(2) � � � Ā

...
... . . . ...

Ā Ā � � � A(m)


.

In this example,

c(k,`)
q =



1 if k = ` = q;

0 if k = ` 6= q;

1/m else,

and so

α(s, q) =


1 + (m� 1)/m if s = q

(m� 1)/m else.

The associated coefficient of Σ(x) in Σ0(x; s) (i.e., method coefficient) is then

1

m2

(
m∑
q=1

α2(s, q)

)
=

1

m2

(
(m� 1)3/m2 + (1 + (m� 1)/m)2

)
=
m2 +m� 1

m3
,
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and the model coefficient is

2

m2

∑
q<l

α(s, q)α(s, l)ρq,l =
2

m2

(
(m� 1)(2m� 1)

m2

∑
q 6=s

ρq,s +
(m� 1)2

m2

∑
q<l
q,l 6=s

ρq,l

)
.

When R � 0m (i.e., in the uncorrelated case), in the classical OMNI setting of Example

1 for large m the limiting covariance Σ0(x; s) is approximately Σ(x)/4, and is not degen-

erate; in the total average omnibus setting for large m, the limiting covariance is approx-

imately Σ(x)/m � 0. This is sensible heuristically, as in that setting, we are effectively

embedding Jm 
 Ā � P̃ , and the correct scaling of the residuals would ideally be
p
nm

rather than
p
n. When R = Θ(1) and m large, the model coefficient dominates the

method coefficient, as even when m is large, the model coefficient is not (approximately)

degenerate.

Example 3 (Weighted Pairwise Average Omnibus). In the classical omnibus setting, we

have that

M(k,`) =
A(k) + A(`)

2
,

and all matrices are effectively weighted equally in the omnibus matrix. This is sensible

if all A(k) are i.i.d., but is, perhaps, less ideal in the setting where the networks are noisily

observed with the level of noise varying in k 2 [m]. In that setting, the Weighted Pairwise
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Average Omnibus matrix defined via

MW =



A(1) w1A(1)+w2A(2)

w1+w2

w1A(1)+w3A(3)

w1+w3
� � � w1A(1)+wmA(m)

w1+wm

w2A(2)+w1A(1)

w2+w1
A(2) w2A(2)+w3A(3)

w2+w3
� � � w2A(2)+wmA(m)

w2+wm

w3A(3)+w1A(1)

w3+w1

w3A(3)+w2A(2)

w3+w2
A(3) � � � w3A(3)+wmA(m)

w3+wm

...
... . . . ...

wmA(m)+w1A(1)

wm+w1

wmA(m)+w2A(2)

wm+w2

wmA(m)+w3A(3)

wm+w3
� � � A(m)


may be more appropriate. In this case, the block entries of the omnibus matrix are defined

via

M
(k,`)
W =

wkA
(k) + w`A

(`)

wk + w`

with weights wk > 0 k, ` 2 [m]. In this example,

c(k,`)
q =



1 if k = ` = q

wq

wq+w`
if q = k 6= `

wq

wq+wk
if q = ` 6= k

0 else,

and so

α(s, q) =


1 +

∑
r 6=s

ws

ws+wr
if s = q

wq

wq+ws
else.

As (if each wk > 0) α(s, q) < 1 for q 6= s, we immediately have that α(s, s) > α(s, q)

for q 6= s. From this, it follows that in the weighted pairwise average omnibus setting, the
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covariance matrix is given by

Σ̌ρ(x; s) =
1

m2

(∑
q 6=s

w2
q

(wq + ws)2
+
(

1 +
∑
r 6=s

ws
ws + wr

)2

︸ ︷︷ ︸
method-induced coefficient

+ 2
∑
q 6=s

(
1 +

∑
r 6=s

ws
ws + wr

) wq
wq + ws

ρq,s + 2
∑
q<l
q,l 6=s

wqwl
(wq + ws)(wl + ws)

ρq,l

︸ ︷︷ ︸
model-inherent coefficient

)
Σ(x)

While the method coefficient of Σ0(x; s) in Σ̌ρ(x; s) is not easily expressed in general,

specific examples can nonetheless be instructive. Consider the setting where w1 = w

and wk = 1 for all k 6= 1. Considering s = 1 in Theorem 7 provides that the method

coefficient of Σ̌ρ(x; s) is

1

m2

(
m∑
q=1

α2(s, q)

)
=

1

m2

(
(m� 1)

1

(1 + w)2
+

(
1 +

(m� 1)w

1 + w

)2
)

=
m� 1 + (1 +mw)2

m2(1 + w)2
.

Similarly, the model coefficient is

2

m2

∑
q<l

α(s, q)α(s, l)ρq,l =
2

m2

(
1 +mw

(w + 1)2

∑
q 6=s

ρq,s +
1

(1 + w)2

∑
q<l
q,l 6=s

ρq,l

)
.

Ifw � m then the method coefficient is approximately equal to 1 and the model coefficient

is approximately equal to 0, which is the limiting covariance achieved by embedding A(1)

separately. This will be further explained in the context of limiting induced correlation in

the next section. If w � 1, then both model and method correlation are approximately
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equal to their analogues in the classical OMNI setting. If w � 1 is small, then the method

coefficient is approximately 1/m, and the model correlation is effectively a function of

ρk,` for k, ` 6= s for m large (assuming, for the moment, all the inherent correlations are

of the same relative order). As the number of graphs increases, the relative impact on

the overall embedding of A(1) decreases; this is in direct contrast to the classical OMNI

setting, where each graph has the same (non-trivial) relative import in the embedded

space.

3.4.1 Limiting inherent and induced correlation

In the generalized omnibus embedding, similar to the classical setting (see Theorem 5),

we can precisely compute the limiting correlation between estimates of the same latent

position in the embedded space. To wit, we have the following theorem; as with the other

main results, its proof can be found in the Appendix, specifically Section B.4.

Theorem 8. With notation and assumptions as in Theorem 7, consider fixed indices i 2

[n] and s, s1, s2 2 [m]. Let
(
X̂

(s)

Mn

)
i

denote the estimated latent position from graph A(s)
n

of the hidden latent position Xi. There exists a sequence of orthogonal matrices (Qn)1n=1

such that for all z 2 Rd, we have that

lim
n!1

P
[
n1/2

[(
X̂

(s1)

Mn
� X̂

(s2)

Mn

)
Qn
]
i

� z

]
=

∫
supp F

Φ
(
z, Σ̃ρ(x; s1, s2))

)
dF (x),

(3.12)
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where Σ̃ρ(x; s1, s2) is given by

Σ̃ρ(x; s1, s2) =
1

m2

( m∑
q=1

(
α(s1, q)� α(s2, q)

)2

︸ ︷︷ ︸
method-induced correlation

+ 2
∑
q<l

(
α(s1, q)� α(s2, q))(α(s1, l)� α(s2, l)

)
ρq,l︸ ︷︷ ︸

model-inherent correlation

)
Σ(x) (3.13)

= � 1

m2

(
2
∑
q<l

(α(s1, q)� α(s2, q))(α(s1, l)� α(s2, l))(1� ρq,l)
)

Σ(x).

The covariance matrix Σ̃ρ(x; s1, s2) from Theorem 8 can be expressed in terms of the

limiting correlation ρ(s1, s2), where ρ(s1, s2) via:

ρ(s1, s2) = 1�
∑m

q=1(α(s1, q)� α(s2, q))
2

2m2︸ ︷︷ ︸
method-induced correlation

+

∑
q<l

(
α(s1, q)� α(s2, q))(α(s2, l)� α(s1, l)

)
ρq,l

m2︸ ︷︷ ︸
model-inherent correlation

. (3.14)

Before considering the more exotic examples described above, let’s recall the classical

omnibus embedding setting.

Example 1 continued: Consider fixed indices i 2 [n] and s1, s2 2 [m]. Then, the limiting

correlation between two estimated latent positions
(
X̂

(s1)

Mn

)
i
,
(
X̂

(s2)

Mn

)
i

from graphs A(s1),

A(s2) respectively is given by

ρ(s1, s2) =
3

4
+

1

4
ρs1,s2 . (3.15)
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To see this, note that in this case

α(s, q) =


1 + (m� 1)/2 if s = q

1/2 otherwise

Without loss of generality, suppose that s1 < s2. Then,

1

m2

m∑
q=1

(α(s1, q)� α(s2, q))
2 =

1

m2

(
(α(s1, s1)� α(s2, s1))2 + (α(s1, s2)� α(s2, s2))2

)
=

1

m2
(
m2

4
+
m2

4
) =

1

2

and

1

m2

∑
q<l

(
α(s1, q)� α(s2, q))(α(s2, l)� α(s1, l)

)
ρq,l

=
1

m2

s1�1∑
q=1

(α(s1, q)� α(s2, q))(α(s2, s1)� α(s1, s1))ρq,s1︸ ︷︷ ︸
l=s1

+
1

m2

s2�1∑
q=1

(α(s1, q)� α(s2, q))(α(s2, s2)� α(s1, s2))ρq,s2︸ ︷︷ ︸
l=s2

=
1

m2

s1�1∑
q=1

(α(s1, q)� α(s2, q))︸ ︷︷ ︸
:=0

(
�m

2

)
ρq,s1

+
1

m2

s2�1∑
q=1

(α(s1, q)� α(s2, q))︸ ︷︷ ︸
:6=0 only when q=s1

(
m

2
)ρq,s2

=
1

m2
(
m

2
)(
m

2
)ρs1,s2

=
1

4
ρs1,s2 .
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Plugging these values into Eq. (3.14) yields the desired result.

Example 2 continued. In the total average case, we can show (similar to the classical

case) that

ρ(s1, s2) = 1� 1

m2︸ ︷︷ ︸
method-induced correlation

+
1

m2
ρs1,s2︸ ︷︷ ︸

model-inherent correlation

.

This is sensible, because for large m, we have that M �A � Jm 
 Ā and the embedding

of each A(k) is effectively equivalent to repeatedly embedding Ā, yielding the large m

correlation approximately equal to 1. Note also that when m = 2, this correlation

coincides with the pairwise (unweighted) average classical OMNI setting (i.e., the matrix

structure as in Definition 3.2.7). However, the covariance matrix Σ̌ depends on m in the

M �A setting, and for m � 3 the limiting embedded correlation for M �A is always greater

than the limiting embedded correlation for the classical M .

Example 3 continued. In the weighted average OMNI setting, the general form of the

limiting correlation is computationally unwieldy. However, when ws1 = ws2 = w and

wk = 1, for k 6= s1, s2, a simple computation yields that the limiting correlation for the

(scaled) row difference in Theorem 8 is given by (where, wlog, s1 < s2)

ρ(s1, s2) = 1� ((m� 1)w + 1)2

m2(1 + w)2︸ ︷︷ ︸
method correlation

+
((m� 1)w + 1)2

m2(1 + w)2
ρs1,s2︸ ︷︷ ︸

model correlation

= 1� ((m� 1)w + 1)2

m2(1 + w)2
(1� ρs1,s2).

Figure 3.5 further highlights this relationship between the matrix structure of MW and
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Figure 3.5: The plot illustrates the correlation ρ(s1, s2) between estimates of the same
true latent position across different values of the weights ws1 = ws2 = w, where wk = 1
for all k 6= s1, s2. The number of graphs ism = 10. The different line types correspond to
different values of ρs1,s2 , with the vertical red line at w = 1 corresponding to the classical
OMNI setting of [2].

the limiting covariance for the weighted pairwise average case.In this example, we set the

number of graphs to be m = 10. The plot illustrates the correlation ρ(s1, s2) between

estimates of the same true latent position across different values of the weights ws1 =

ws2 = w, where wk = 1 for all k 6= s1, s2. The different line types correspond to different

values of the model correlation ρs1,s2 , with the vertical red line at w = 1 corresponding to

the classical OMNI setting of [2]. We see that as the weight w increases, the correlation

ρ(s1, s2) decreases (i.e., in the limit, the embedded estimates derived from A(s1) and

A(s2) are “less” dependent on each other). On the contrary, as the weight w decreases,

the correlation ρ(s1, s2) increases (towards 1) as the A(k) for k 6= s1, s2 has the same

outsized influence on the embeddings of A(s1) and A(s2) which has the effect of making

the embeddings effectively identical.
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Indeed, the driving force behind the limiting correlation between the embedded

A(s1) and A(s2) is the cumulative weights of the other A(k) for k 6= s1, s2. If these weights

are large, then the relative contribution to block-row s1 (resp., s2) by A(s1) (resp., A(s2))

is low when compared to the cumulative effect of the other networks, and this masks

the signal corresponding to A(s1) (resp., A(s2)) in the s1-th (resp., s2-th) block of the

embedding. If, however, the weights of the A(k) for k 6= s1, s2 are small, then the relative

contribution to block-row s1 (resp., s2) by A(s1) (resp., A(s2)) is high when compared

to the cumulative effect of the other networks, and this has the effect of reducing the

correlation between the embeddings of A(s1) and A(s2).

We are also interested in showcasing how different assigned weights in weighted

pairwise average OMNI affect the scaled difference between two estimates and their

limiting covariance structure. To investigate this relation, we simulate three 300-vertex

random undirected graphs A(1), A(2), A(3) via the JRDPG model from Definition 3.2.2

(i.e., (A(1), A(2), A(3),X) � JRDPG(F, 300, 3)) with underlying distribution F be a mix-

ture of point mass distributions defined via:

F =
1

2
δξ1 +

1

2
δξ2 ,

where ξ1, ξ2 2 R2 satisfy

ξ1

ξ2


ξ1

ξ2


T

=

0.7 0.2

0.2 0.7

 = P

Marginally, each graph is generated from the Stochastic Blockmodel with K = 2 com-
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Figure 3.6: We consider (A(1), A(2), A(3),X) � JRDPG(F, 300, 3), and plot the
difference in the pair of estimates of X1 = ξ1 derived from the omnibus embedding.
Each column panel corresponds to a different pair of estimates, and each row panel
corresponds to a different weighted omnibus matrix M created by the weight vectors
(1, 1, 10), (1, 1, .1) (resp. top, bottom). Each panel has estimates derived from two
different omnibus embeddings, namely ASE(M, 2) and ASE(M, 2) (resp. blue and red
points), and the experiment was repeated nMC = 100 times.

munities and block probability matrix P . Further, we consider the weighted average

omnibus matrices M 2 R900�900, created by the weight vectors

(w1, w2, w3) 2 f(1, 1, 1), (1, 1, 10), (1, 1, .1)g.

Letting X̂M = ASE(M, 2), in Figure 3.6 we plot the scaled differences between two

estimates of X1 = ξ1 derived from the omnibus embedding, namely

p
n
(

(X̂M)1 � (X̂M)301

)
in column 1,

p
n
(

(X̂M)1 � (X̂M)601

)
in column 2,

p
n
(

(X̂M)301 � (X̂M)601

)
in column 3.
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Each panel in the figure represents 100 Monte Carlo replicates (as the plotted points), and

the limiting covariance structures are plotted as smooth curves. The different weightings

in M are denoted via blue (always ~w = (1, 1, 1)) and red. Denoting ρ(s1, s2) the induced

correlation between estimates from graphs A(s1), A(s2) with matrix M , and note that

ρ0(s1, s2) = .75 for any pair fs1, s2g = f1, 2g, f1, 3g, f2, 3g. Figure 3.6 exhibits some

interesting insights. First, the top left panel (denoted panel (1,1)) and the bottom left

panel (denoted panel (2,1)) capture the relationship between the omnibus matrix structure

and the correlation as shown in Figure 3.5. Specifically, the weight of A(3) in block rows

1, 2 of M influences the scaling of the covariance matrix; we have ρ(1, 2) = .8677 in

panel (1, 1) which provides more covariance shrinkage as compared to panel (2,1) where

ρ(1, 2) = .5950. Further, in the rest of the panels, either A(2), A(3) or A(1), A(3) have

different weightings with each other. Looking, for example, at panel(1, 2) (resp. (2, 2)),

we observe that the weight of A(3) is larger (resp. smaller) than the weight of A(2) making

its estimates more distinct (resp. less distinct) from the estimates of A(2).

3.5 Dampened omnibus and Aplysia spike train analysis

In the example in Section 3.3.2, we see how the uniformity of the induced correlation

in the classical omnibus embedding effectively masks much of the biologically relevant

signal in the Aplysia motor program. There is a dramatic spike in the data signal (the

stimulus) followed by structured behavior and decay in spike intensity. In this case (and in

many other time series settings where we are modeling the impact of anomalous events),

it is natural to assume that the dependence between two networks at different times t1, t2
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decays as their difference jt1 � t2j gets bigger, and also decays over time as t1, t2 get

bigger. This motivates the dampened omnibus matrix defined via

M
(k,`)
damp =



wkA
(k)+A(`)

wk+1
if k > `,

A(k) if k = `,

A(k)+w`A
(`)

w`+1
if k < `,

where ~w is a strictly increasing vector of weights. In the dampened omnibus matrix,

Mdamp, the relative contribution of each successive matrix (i.e., as l > k increases inA(l))

increases in block-row k; this (keeping the form of ρ(t1, t2) in mind) can have the effect

of decreasing the limiting induced correlation between A(k) and A(l) as l > k increases.

As an example of this, consider the case where w` = ` for all ` 2 [m]. The form of (total)

correlation, though cumbersome, is nonetheless instructive. Letting s1, s2 2 [m], s1 < s2,

we have that the induced correlation is

ρme(s1, s2) =1� 1

2m2

[
(s1 � 1)(s2 � s1)2

(s1 + 1)2(s2 + 1)2
+
(s2

1 + 1

s1 + 1
+

∑
l>s1, l 6=s2

1

l + 1

)2

+
∑

s1<l<s2

( l

l + 1
� 1

s2 + 1

)2

+
((s2 � 1)s2 + 1

s2 + 1
+
∑
l>s2

1

l + 1

)2
]
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while the effect of the inherent correlation is

ρmo(s1, s2) =
1

m2

[∑
l<s1

∑
q<l

(s2 � s1)(s1 � s2)

(s1 + 1)2(s2 + 1)2
ρq,l

+
∑
q<s1

�(s2 � s1)

(s1 + 1)(s2 + 1)

(s2
1 + 1

s1 + 1
+

∑
h>s1, h6=s2

1

h+ 1

)
ρq,s1

+
∑

s1<l<s2

(∑
q<s1

s2 � s1

(s1 + 1)(s2 + 1)

(
1

s2 + 1
� l

l + 1

)
ρq,l

+
(s2

1 + 1

s1 + 1
+

∑
h>s1, h6=s2

1

h+ 1

)( 1

s2 + 1
� l

l + 1

)
ρs1,l

+
∑
s1<q<l

(
q

q + 1
� 1

s2 + 1

)(
1

s2 + 1
� l

l + 1

)
ρq,l

)

+
∑
q<s1

s2 � s1

(s1 + 1)(s2 + 1)

(
s2

2 � s2 + 1

s2 + 1
+
∑
h>s2

1

h+ 1

)
ρq,s2

+
(s2

1 + 1

s1 + 1
+

∑
l>s1, l 6=s2

1

l + 1

)(s2
2 � s2 + 1

s2 + 1
+
∑
h>s2

1

h+ 1

)
ρs1,s2

+
∑

s1<q<s2

(
q

q + 1
� 1

s2 + 1

)(
s2

2 � s2 + 1

s2 + 1
+
∑
h>s2

1

h+ 1

)
ρq,s2

]
.

With the form of ρme above, consider the situation in which s2 � s1. In this case, ρme is

growing like � 1 � s2
2/2m

2, which is decaying to 1/2 as s2 approaches m. When both

s2, s1 � 1, ρme is growing like� 1� (s2
2 +s2

1)/2m2, which is decaying to 0 as s2, s1 both

approach m. This corroborates the effect we see in Figure 3.7, where ρ(s1, s2) is tracking

the inherent (i.e., model) correlation fairly well after an initial burn-in period (i.e., when

s1 is sufficiently large). For ρmo (ignoring for the moment the potential large differences

in the inherent correlation), when s2, s1 � (s2�s1), the dominant term is� 1
m2 s1s2ρs1,s2

which is tracking the true inherent correlation. When both s2, s1 � 1 but their difference
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Figure 3.7: In a JRDPGfor model where the entries of % are identically set to 0.8, we
consider the induced correlation for the classical omnibus (blue), the dampened omnibus
(red) embeddings. Considering m = 200 networks, the solid (resp, dashed, dotted,
dot-dash) lines correspond to the limiting induced correlation between vertices of the
embedded A(1) (resp., A(100), A(150), A(175)) and A(s2) as s2 varies from 2 (resp., 101,
151, 176) to 200. For each curve type, the true inherent correlation across the networks is
plotted in green.

is not necessarily relatively small, the dominant term in ρmo is of the order

� 1

m2
s1s2ρs1,s2 +

1

m2
s2

∑
s1<q<s2

ρq,s2 .

We see that this only depends on ρq,s2 for q 2 fs1 + 1, . . . , s2 � 1g and the effect of the

inherent correlation is effectively localized.

In Figure 3.7, we consider the JRDPGfor model of Subsection 3.2.2.1 where the

entries of % are identically set to 0.8 andm = 200. We plot the induced correlation for the

classical omnibus embedding (blue), the dampened omnibus embedding (red), where the

solid (resp, dashed, dotted, dot-dash) lines correspond to the limiting induced correlation

between vertices of the embedded A(1) (resp., A(100), A(150), A(175)) and A(s2) as s2 varies

from 2 (resp., 101, 151, 176) to 200. For each curve type, the true inherent correlation

across the networks is plotted in green. While the method correlation in classical OMNI
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m = 100 dampened wi = i dampened wi = 1 + log(i) classical
s1 = 1, s2 = 2 .9981 .9653 .75
s1 = 1, s2 = 50 .8781 .8622 .75
s1 = 1, s2 = 100 .5140 .6259 .75
s1 = 49, s2 = 50 .7626 .7618 .75
s1 = 50, s2 = 100 .3936 .5222 .75
s1 = 99, s2 = 100 .0391 .2918 .75

Table 3.2: Letting m = 100, we list the limiting induced correlation for dampened
omnibus (with wi = i and wi = 1 + log(i)) and classical omnibus for a number of
(s1, s2) pairs.

prevents the induced correlation from ever tracking the true inherent correlation, we see

that the more nuanced structure presented by dampened OMNI allows (after a suitable

burn-in period) the induced correlation to significantly better (though far from ideally)

track the inherent correlation. Developing M to induce a given correlation structure is a

natural next step, and we are partially investigating this in the next chapter, Chapter 4.

As an example, consider wi = i and wi = log(i) + 1, and m = 100. In Table

3.2 above, we list the limiting induced correlation for a number of (s1, s2) pairs, offering

a sharp contrast to the flat induced correlation in the classical omnibus setting. We see

the general trend that ρ(s1, s2) is decreasing as s1 increases for a fixed s2 (and as ρ(�, �)

is a symmetric function, as s2 increases for a fixed s1). Note the level of correlation

decays differs dramatically across the two figures, as the slower growth of the weights

in the wi = 1 + log(i) setting allows for a slower decay in the pairwise correlations.

This decaying correlation structure appears well-suited for the Aplysia motor program,

as it precisely allows for a large correlation at early time-points (corresponding to the

dampening of signal after an anomalous event) that dissipates in time. We will explore

this further in the next section.
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Figure 3.8: Using w` = ` in the Dampened OMNI framework, in the left (resp., center)
panel, we plot the average vertex distance (as the bar heights) in the embedding between
graph 1 (resp., graph 2) and graph k for each k 2 [m] (where the bars are labeled k =
1, 2, � � � , 24). In the right panel, we compute the 24�24 distance matrices Dd, and embed
it into R2. The resulting 24 data points are clustered using Mclust (clusters denoted by
shape), and are plotted, with graphs 1 through 6 further labeled with their corresponding
number.

3.5.1 Dampened spike train analysis

Since the generalized omnibus embedding permits additional degrees of freedom for the

off-diagonal entries, a richer spectrum of induced correlation is possible. The dampened

omnibus embedding, in particular, is designed to weaken cross-graph interplay over time.

Given that the correlation homogeneity of the classical omnibus makes inter-network

changes less apparent, it is natural to ask if an appropriately-calibrated dampened omnibus

embedding can detect what the more limited classical omnibus can not. To test this, we

next apply the methodology of Section 3.3.2.1 to the Aplysia data of Section 3.3.2 using

Mdamp with w` = `. Results are summarized in Figure 3.8 where Dd is the corresponding

distance matrix from Eq. (3.10) in the dampened setting.

We again see that dampened OMNI is able to isolate the stimulus in the second

graph. However, unlike in the classical OMNI setting, dampened OMNI is able to tease
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Graph 1 2 3 4 5 6 7 8 9 10 11 12
Cluster 1 2 3 3 3 3 3 3 3 4 4 4
Graph 13 14 15 16 17 18 19 20 21 22 23 24
Cluster 4 5 5 4 4 5 4 5 5 4 5 5

Table 3.3: This table displays the cluster labels for the 24 networks when embedding
the time-series using dampened OMNI with weights w` = `, then embedding the across-
graph distance matrix using classical MDS scaling, and finally clustering the graphs using
Mclust. In the MDS embedding, each graph is represented by a single 2�dimensional
embedded data point, and the pair (Graph, Cluster) describes which cluster these points
are assigned by Mclust.

out additional relevant structure including the uniqueness of graph 1, the transition from

gallop to crawl and an unstable dynamic in the crawling motor program. In this dampened

setting the cluster labels found by Mclust are summarized in Table 3.3. From the table,

we further see that the clustering is better able to isolate graph 1 (the spontaneous firing

state graph) than in the classical omnibus setting. Moreover, the clustering of graphs 3–9

and the classical MDS graph embedding, shows that the dampened setting is better able

to capture (imperfectly) the transition from galloping in bins 3 and 4 to crawling in bins

5–24. Clustering yields classes that progress in orderly fashion over the first half of the

motor program, after which states irregularly alternate between 4 and 5, suggesting an

unstable dynamic to the program not apparent from simple visual inspection of the firing

traces.

Here, the dampened omnibus structure allows us to better tease out the biologically

relevant structure in the data; namely, the distinct nature of graph 1, the transition from

gallop to crawl, the unstable dynamic in the crawling. Indeed, from Figure 3.3, we see

that the flat correlation structure induced by classical OMNI masks much of this latent

structure in these biological networks, while the dampened structure induces the right
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correlation and both uncovers and clarifies this neuroscientifically relevant signal in the

data.

3.6 Induced correlation in JRDPGgen model

In this section, we present a series of simulations that are designed further illuminate the

flexibility of the generalized omnibus framework in the JRDPGgen model (having explored

dampened OMNI in the JRDPGfor model in Section 3.5). If we consider a collection of

graphs as noisy realizations of some true, underlying, network process (i.e., the JRDPGgen

model), then it is reasonable to expect some of the realizations to be noisier, or of lower

fidelity, than others. As such, it is desirable to have an embedding method that can

account for the difference in sampling fidelity across networks. To explore this further,

we consider the JRDPGgen model with νi = 0.8 for i = 1, 2, � � � , 50, and νi = 0.3 for

i = 51, 52, � � � , 100 (so that m = 100). In this case, the first 50 A(i) are higher fidelity

(i.e., less noisy) copies of the generatorA(0). It is natural then to seek to down-weightA(i)

for i = 51, 52, . . . , 100 in the embedding. We can achieve this via the weighted average

omnibus embedding with

M
(i,j)
W =

wiA
(i) + wjA

(j)

wi + wj

where ~w is a vector of positive graph weights. In Table 3.4, we consider the limiting

embedding correlation across the networks within this model for a variety of different

weight vectors. We see that upweighting the higher-fidelity networks in MW has the effect

of more closely modeling the true inherent correlation among the high fidelity networks

in the embedded space versus classical OMNI (i.e., wi = 1 for all i). This comes at the
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inherent corr. wi
iid� Unif(0, 1) w = ~1100 w = [~150, ~1050] w = [~1050,~150]

ρ(1, 2) 0.64 0.933 0.91 0.969 0.821
ρ(1, 51) 0.24 0.823 0.81 0.729 0.839
ρ(51, 52) 0.09 0.684 0.773 0.548 0.921

Table 3.4: Considering the JRDPGgen model with νi = 0.8 for i = 1, 2, � � � , 50, and
νi = 0.3 for i = 51, 52, � � � , 100 (so that m = 100), we provide the correlations induced
by embedding MW for a variety of weight vectors ~w. Values are rounded to three digits
for ease of display.

expense of inducing more correlation between the lower fidelity samples (and across the

lower fidelity and higher fidelity samples), as the higher fidelity samples are having more

influence on the embeddings of the lower fidelity samples. We note also that the effect is

reversed if the lower fidelity samples are upweighted.

In the model above, suppose that we want the embedding to preserve the correlation

between one particular pair of graphs (wlog, betweenA(1) andA(2)). This can be achieved

via a special OMNI construction as follows. Letting m be even, for i odd define

M
(i,j)
12 =



A(i) if i = j or i � j � 2

A(i)+A(j)

2
if i = j � 1

A(j) if i > j,

for i even define

M
(i,j)
12 =



A(i) if i = j or i � j � 1

A(i)+A(j)

2
if i = j + 1

A(j) if i� 1 > j.
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Figure 3.9: Considering the JRDPGgen model with νi = 0.8 for i = 1, 2, � � � , 50, and
νi = 0.3 for i = 51, 52, � � � , 100 (so that m = 100), we plot the difference between total
and inherent correlations when embedding via M12. Darker blue indicates less accurate
preservation of the correlation structure.

Then it is not difficult to compute

ρ(1, 2) = 1� (1�R1,2)
(m� 1)2

m2
,

so that ρ(1, 2) � R1,2 for large m. While this choice of M12 may not globally preserve

R in the embedded space, this demonstrates that local (i.e., between pairs or a few pairs)

can be well-preserved. In Figure 3.9, we see that (considering again the JRDPGgen model

with νi = 0.8 for i = 1, 2, � � � , 50, and νi = 0.3 for i = 51, 52, � � � , 100), the pairwise

correlation is well preserved by embedding via M12, not just between A(1) and A(2) but

between many of the network pairs A(i) and A(j) for i, j small.
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3.7 Effective sample size in correlated graphs

Statistical inference for multiple networks often faces questions that require to aggregate

the information about the latent positions across samples of graphs. When the graphs are

correlated, correlation itself adds a dampening factor that can reduce the effective sample

size. In this subsection, we investigate the effect of correlation (induced and inherent) on

effective sample size in subsequent inference about the latent position.

The following theorem describes the limiting behavior of the average latent positions

estimated from a sample of correlated graphs. The proof is given in Appendix B.5.

Theorem 9. Let ρ 2 (0, 1) be fixed. Let F be a distribution on a set X � Rd, where

hx, x0i 2 [0, 1] for all x, x0 2 X , and assume that ∆ := E[X1X
T
1 ] is rank d. Let

(A
(1)
n , . . . , A

(m)
n ,Xn) � JRDPG(F, n,m, ρ), be a sequence of ρ�correlated RDPG

random graphs and associated latent positions.

a) Letting X̂
(s)

An
= ASE(A

(s)
n , d) for each s = 1, . . . ,m, there exist sequences of

orthogonal d-by-d matrices (W
(s)
n )1n=1, s = 1, . . . ,m such that for all z 2 Rd

and for any fixed index i,

lim
n!1

P

[
n1/2

(
1

m

m∑
s=1

X̂
(s)

An
W (s)
n �Xn

)
i

� z

]

=

∫
supp F

Φ

(
z, Σ̃

(
x,

1� ρ
m

+ ρ

))
dF (x). (3.16)

b) (OMNIBAR) Letting X̂Mn = ASE(Mn, d), and denoting the s-th n � d block of

X̂Mn as X̂
(s)

Mn
, there exist a sequence of orthogonal d-by-d matrices (W̃n)1n=1, such
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that for all z 2 Rd and for any fixed index i,

lim
n!1

P

[
n1/2

(
1

m

m∑
s=1

X̂
(s)

Mn
W̃n �Xn

)
i

� z

]

=

∫
supp F

Φ

(
z, Σ̃

(
x,

1� ρ
m

+ ρ

))
dF (x). (3.17)

Stated simply, the previous theorem recovers the classical result about the covariance of

the sample mean for correlated data. When the graphs are independent, the average of the

estimated latent positions after a proper orthogonal alignment adds a factor of 1/m to the

limiting covariance matrix, suggesting that this average concentrates for large sample size

around the true mean. This is shown both for a separate embedding of each graph (part

a)) and a joint embedding with classical OMNI (part b)). When the edges of the graphs

are correlated by some positive constant ρ, the efficiency of this estimator is reduced, and

the limiting effective sample size is meff := m
1+ρ(m�1)

.

3.7.1 Recovery of community labels in stochastic blockmodels

We start by investigating the recovery of community labels from estimated latent positions

of stochastic block model graphs. First, we consider a correlated pair of positive semi-

definite K-block stochastic block models [160] as in [10], Definition 8. In particular,

letting K = 2 we generate a pair of adjacency matrices (A,B,X) � JRDPG(F, n, 2, ρ),

where F is a mixture of point mass distributions defined by

F =
1

2
δζ1 +

1

2
δζ2 , (3.18)
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Figure 3.10: Average clustering error in a ρ�SBM model with K = 2 communities,
N = 100 number of vertices and block probability matrix Pε as a function of ε. The
latent positions are estimated by ASE embedding of the mean graph Ā (red lines), OMNI
embedding (green lines) and Procrustes-based pairwise embedding (blue lines). Each
point is the mean of 100 MC replicates. Observe that in both panels the ASE(Ā, 2) and
OMNI(M, 2) embeddings in the i.i.d case perform better than their embeddings in the
correlated case, while the Procrustes-based pairwise embedding remains unaffected by
the effect of correlation. Also note that the performance of the Procrustes-based pairwise
embedding is inferior to the other two embedding methods.

in which ζ1, ζ2 2 R2 are the latent positions and satisfy

ζ1

ζ2


ζ1

ζ2


T

=

0.5 0.5

0.5 0.5 + ε

 =: Pε

where ε > 0. We let K = d = 2 and we consider the following three graph embedding

techniques to help us understand the role of effective sample size on correlated random

graphs:

1. Classical OMNI embedding: We apply the traditional omnibus embedding using

M as in Equation (3.3) to obtain estimated latent positions ASE(M ; 2) 2 R2n�2

and we average the n rows across the two graphs to obtain X̂
1
2 Rn�2.

2. Average graph embedding: We use ASE to embed the mean of the two graphs,
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Figure 3.11: Average clustering error in recovery of community labels of estimated latent
positions in a ρ-SBM model with K = 2 communities, N = 100 number of vertices and
block probability matrix Pε as a function of the correlation ρ. The latent positions are
estimated by ASE embedding of the mean graph Ā (red lines), OMNI embedding (green
lines) and Procrustes-based pairwise embedding (blue lines). Each point is the mean of
100 MC replicates. In panel (a), all the methods effectively achieve the same clustering
error. In panel (b), the performance of the ASE(Ā, 2) and OMNI(M, 2) embeddings in
the correlated case decreases as the correlation increases.

Ā = A+B
2

[122] to obtain estimated latent positions X̂
2

= ASE(Ā; 2) 2 Rn�2.

3. Procrustes-based embedding: We separately embed the graphs A,B, obtaining

two separate matrices of estimated latent positions ASE(A, 2),ASE(B, 2) 2 Rn�2.

We then align these two matrices via orthognal Procrustes alignment [129], and

average the aligned embeddings to obtain X̂
3
2 Rn�2.

For each embedding strategy, we further consider ρ = 0 (i.e., conditionally independent

graphs) and ρ > 0 (i.e., correlated graphs) in our generative model resulting in a total of

six estimated latent position matrices, X̂
1

ind, X̂
1

corr, X̂
2

ind, X̂
2

corr, X̂
3

ind, X̂
3

corr.

In Figures 3.10-3.12, we cluster the rows of estimated latent positions X̂
κ

` , for all

κ 2 f1, 2, 3g, ` 2 find, corrg into K = 2 communities via the model based clustering

procedure in the Mclust R package [166]. It is shown in [167], Section 4, that Gaussian
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mixture model-based clustering yields substantial improvement over K-means clustering

in recovering the latent communities in ASE of stochastic blockmodels. This is due to

the associated limiting covariance matrices often being elliptical rather than spherical. In

each figure, we plot the (average) clustering error in recovering the latent community

labels for all six estimated latent position matrices where the solid lines correspond

to the independent case and the dashed lines correspond to the correlated case. The

latent positions estimated by ASE(Ā, 2) are displayed in incarnadine/red lines, by OMNI

embedding in green lines and by Procrustes-based pairwise embedding in blue lines. Each

point is the average of 100 MC replicates.

In Figure 3.10, we set the number of vertices for each graph equal to N = 100

and we plot the clustering error versus ε. In panel (a) (resp. (b)) we set the correlation

for the estimated latent positions in the correlated case equal to ρ = 0.25 (resp. ρ =

0.75). Observe that in both panels the ASE(Ā, 2) and OMNI(M, 2) embeddings in the i.i.d

case perform better than their corresponding embeddings in the correlated case, while the

Procrustes-based pairwise embedding remains unaffected by the inherent correlation; we

suspect this is due to the Procrustes step introducing additional signal across the networks

which can mask the present inherent correlation. Also note that the performance of the

Procrustes-based pairwise embedding is inferior to the other two embedding methods,

while the omnibus and mean embeddings have comparable performance. In Figure 3.11,

we again set N = 100 and we plot the clustering error versus the correlation. In panel

(a) (resp. (b)) we set ε = 0.1 (resp. ε = 0.2) across all estimated latent positions in

both cases. In panel (a), the signal in distinguishing the two communities is weak and

all embedding methods achieve similar performance across ρ. In panel (b) however, the
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Figure 3.12: Clustering error in recovery of community labels of estimated latent
positions in a ρ-SBM model with K = 2 communities and block probability matrix
Pε as a function of the number of vertices N . The latent positions are estimated by
ASE embedding of the mean graph Ā (red lines), OMNI embedding (green lines) and
Procrustes-based pairwise embedding (blue lines). Each point is the mean of 100 MC
replicates. Comparing panels (a) and (b) we observe how the effective sample size is

diminished for the estimated latent positions X̂
1

corr, X̂
2

corr as the correlation increases (i.e.,
more vertices are needed to achieve the same error in the highly correlated case). This is
mirrored in panels (c) and (d) as well.

performance of clustering the estimated latent positions X̂
1

corr and X̂
2

corr decreases as the

correlation increases, as the effective sample size of the correlated networks is decreasing.

In Figure 3.12, we plot the clustering error versus the number of vertices of the

graphs. The rows of the figure correspond to different values of ε 2 f0.1, 0.2g and the

columns correspond to different values of ρ 2 f0.25, 0.75g. Comparing panels (a) and

(b) we observe how the effective sample size is reduced for the estimated latent positions

X̂
1

corr, X̂
2

corr as the correlation increases (i.e., more vertices are needed to achieve the

same error in the highly correlated case). For example, in panel (a) (ρ = 0.25), the
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clustering error for both X̂
1

corr and X̂
2

corr is approximately 0.2 when the number of vertices

is N � 250, whereas in panel (b) (ρ = 0.75) the same error is achieved when N � 350.

This is mirrored in panels (c) and (d) as well.

3.7.2 Vertex classification in brain networks

Vertex classification is a problem that arises in applications where the goal is to predict

vertex labels using a subset of the vertices for which this information is known a priori

[168,169]. In brain networks, for instance, where the vertices correspond to brain regions

or neurons, information about vertex attributes is sometimes known in more detail for a

portion of the graph, and this can be used to infer these attributes in the remaining vertices

[169]. Here, we show how leveraging the information from a collection of networks

yields improvements in vertex classification accuracy, but the presence of edge correlation

between the networks can reduce the effective sample size and result in smaller prediction

improvements.

The HNU1 study [170] includes brain diffusion magnetic resonance images (dMRI)

from 30 healthy subjects that were scanned 10 times each over a period of one month.

These scans were used to construct a collection of brain networks with the CPAC200

atlas [171], resulting in a sample of 300 graphs (one per each subject and each scan) with

200 aligned vertices, and binary edges denoting the existence of nerve tracts between

each pair of brain regions. The vertices of the networks are labeled according to the

brain hemisphere, with 94 vertices corresponding to the left hemisphere, 98 to the right

hemisphere, and 8 unlabeled vertices. The post-processed brain networks were down-
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loaded from https://neurodata.io/mri/.

To understand the effect of the correlation in subsequent inference, we start by

measuring the correlation between pairs of graphs. Recall that under the ρ-correlated

heterogeneous Erdős-Rényi (or Bernoulli) model, the correlation between two graphs

A(k) � Bernoulli(P (k)) and A(`) � Bernoulli(P (`)) satisfies

ρ(k,`) =
E[(A

(k)
ij � P

(k)
ij )(A

(`)
ij � P

(`)
ij )][

Var(A
(k)
ij ) Var(A

(`)
ij )
]1/2

, 8i, j 2 [n], i 6= j.

Based on estimates of the edge probability matrices P̂
(k)

and P̂
(`)

, we construct a plug-in

estimator of the correlation given by

ρ̂(k,`) =
2

n(n� 1)

∑
i<j

(A
(k)
ij � P̂

(k)

ij )(A
(`)
ij � P̂

(`)

ij )[
P̂

(k)

ij (1� P̂
(k)

ij )P̂
(`)

ij (1� P̂
(`)

ij )

]1/2
.

The edge probability matrix is estimated as P̃ (k) = X̂
(k)
D̂

(k)
X̂

(k)T

, where D̂
(k)
2 Rd�d

is a diagonal matrix such that D̂
(k)

uu is the sign of the u-th eigenvalue of A(k) ordered by

magnitude, X̂
(k)

= ASE(A(k), d), and d = 15 as suggested by an analysis to the same

dataset in [14]. After that, P̂
(k)

is formed by trimming the entries to ensure that the values

of the matrix are inside the interval (0, 1). Given a value ε 2 (0, 1/2), this estimator is

defined as

P̂
(k)

ij =


ε if P̃ (k) � ε,

P̃ (k) if P̃ (k) 2 (ε, 1� ε),

1� ε otherwise.
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In our experiments, we choose ε = 10�4, but we observe that the results remain quantitati-

vely similar for a wide range of values. We also estimate the Pearson correlation between

the graphs, which corresponds to the edge correlation under the correlated homogeneous

Erdős-Rényi model, and it is given by

%̂
(k,`)

=

∑
i>j(A

(k)
ij � Ā(k))(A

(`)
ij � Ā(`))

[
∑

i>j(A
(k)
ij � Ā(k))2

∑
i>j(A

(`)
ij � Ā(`))2]1/2

.

Here, Ā(k) = 1
n(n�1)

∑
i>j A

(k)
ij is the edge sample mean.

Figure 3.13 shows the empirical distribution of the estimated correlation values

between pairs of networks, divided according to correlation estimates for pairs of networks

corresponding to the same subject (blue curves) and pairs of networks belonging to differ-

ent subjects (red curves). For both edge and Pearson correlation distributions, the red

curves appear to be stochastically smaller than the blue curves, suggesting that the correla-

tion for pairs of networks within-subject is higher than the correlation between networks

of different subjects, which is expected. Thus, according to our theory, we would expect

that the corresponding embeddings will show a stronger correlation, which can have

consequences in subsequent inference.

We now evaluate the performance of vertex classification when a sample of m

networks is observed. We focus on predicting the hemisphere labels using the information

of a subset of the vertices to predict the label of the remaining ones. The classification

strategy is based on constructing an unsupervised classical omnibus embedding on the m

observed graphs. Note that the theory states that the correlation across the embedding

will be higher for the collection of graphs with the higher inherent correlation (i.e., same
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Figure 3.13: Empirical distribution of the correlation between pairs of graphs. The left
panel shows the Pearson correlation between pairs of vectorized adjacency matrices, and
the right panel shows the estimated edge correlation in the ρ-RDPG model. In both cases,
the correlation between graphs corresponding to different subjects is larger than the same-
subject correlation.

subject), and this would have the effect of reducing the effective sample size. After

embedding, the average of the m sets of estimated latent positions is calculated following

a similar procedure to Section 3.7.1. The resulting embedding is used to perform 1-nearest

neighbor classification for the unlabeled vertices.

We evaluate the classification performance of the omnibus embedding by randomly

selecting a sample of 10% of the vertices as the training set, for which the hemisphere

labels are known, and the classification accuracy is measured on the remaining 90% of

the vertices with occluded hemisphere label. The accuracy is computed as the average

of 250 replications over randomly selected training vertices and subjects. We compare

the performance of two different choices of the training set of networks: first, a random

sample ofm networks from the same subject, and second, a random sample ofm networks

from different subjects. Figure 3.14 shows the average classification accuracy (with bars

corresponding to two standard errors) as a function of the number of networks used to
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Figure 3.14: Average vertex classification accuracy for predicting brain hemisphere. For
each run, 20 random vertices were used to train the model, and the hemisphere class was
predicted on the rest based on a 1-nearest neighbor classifier using the estimated latent
positions of the omnibus embedding of m different graphs. The embeddings constructed
from graphs corresponding to different subjects show higher gains in accuracy as the
sample size increases.

estimate the latent positions. We observe that in general the accuracy improves as the

sample sizem increases, which is expected. However, the figure also shows that the gains

in accuracy are much better for the classifier that uses networks from different subjects.

Our theory suggests that the presence of correlation inflates the estimation error of the

corresponding latent positions of the RDPG model, and thus, the degraded performance

of the method is both expected and in line with our theoretical analysis.

3.8 Conclusion

The generalized omnibus embedding methodology is both flexible, allowing for an array

of off-diagonal weightings, and tractable, in that its component pieces can be rigorously

analyzed. One such component piece, in particular, is the effect of induced and inherent

correlations across the embedded networks in the omnibus framework, and in this chapter
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we provide a first step toward understanding these correlations. The implications of this

are many, both in the analysis of real data (Section 3.3.2), and in the setting where

we desire the omnibus method to imbue identically distributed embedded data with a

specific correlation structure or preserve the signal across inherently correlated networks.

Furthermore, the analysis of correlated graphs in the generalized OMNIBUS framework,

enables principled, high fidelity applications in time-series (and other naturally correlated)

network settings. Understanding the dual contributions of inherent and induced correlation

also allows us to formulate and experiment with the network analogue of classical effective

sample size analysis.

Of course, there are many significant follow-on questions and research directions.

For instance, given a feasible correlation structure for a collection of networks, can we

choose weights in the generalized omnibus setting that would (from i.i.d. or correlated

identically distributed networks) reproduce this structure in the embedded space? In the

i.i.d. setting, representing the desired correlation matrix via ρ = [ρ(s1, s2)] 2 Rm�m and

the matrix of generalized OMNI weights α = [α(s1, s2)] 2 Rm�m, inducing ρ in the

embedding space amounts to finding feasible α solving

ρ = 1� 1

2m2
Dα, (3.19)

where

Dα = [Dα(k, `)] = [kα(k, �)� α(`, �)k2
2].

If a solution exists, this might be easily solved via multidimensional scaling [172], if not
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for the condition that each α(k, �) must be nonnegative, sum to m, and be derived from

symmetric C(`) matrices. While this is further complicated in the presence of inherent

correlation, we are nonetheless exploring possible approximation approaches for this

problem, including alternately projecting onto the cone of distance matrices [173] and

the polytope defining the constraints on the α’s. In Chapter 4, we present an algorithm

which assembles a generalized omnibus matrix given a correlation matrix.

There are a number of M we could consider that would produce differing limiting

levels of correlation amongst the embedded network pairs. For example, we could consider

the forward omnibus matrix Mfor, where

M
(i,j)
for =



(i�1)A(j)+A(i)

i
if i > j

A(i) if i = j

(j�1)A(i)+A(j)

j
if i < j

Comparing this to the dampened setting in the m = 100 case, we have the following

analogue of Table 3.2 in which we show the limiting induced correlation between A(i)

and A(j) for a variety of (i, j) pairs (where in the dampened case, we are considering

wi = i),
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m = 100 dampened forward

s1 = 1, s2 = 2 .9981 .0914

s1 = 1, s2 = 50 .8781 .4136

s1 = 1, s2 = 100 .5140 .5443

s1 = 49, s2 = 50 .7626 .7301

s1 = 50, s2 = 100 .3936 .8663

s1 = 99, s2 = 100 .0391 .9964

In contrast to the dampened OMNI setting, which has decaying correlation across

graph pairs, in the forward model, the correlation is increasing as the graph indices are

increasing, and can be used to model time series where the correlation is growing as the

series progresses.

As we demonstrated in this chapter, the role of induced correlation (if exists) is

critical in subsequent inference. The discovery of the phenomenon of induced correlation

in classic OMNI calls for further investigation. The crucial question is whether this

phenomenon is an integral part of all the joint graph embedding procedures or not. To

shed some light on this question, we run the same experiment as in Figure 3.1 with two

established joint graph embedding methods (along with classic OMNI) which produce

estimates for each graph; namely Multiple Adjacency Spectral Embedding (MASE) [14]

and Multiple Random Dot Product Graph (multi-RDPG) [12]. Under the same setup

as in Figure 3.1, we first plot the distance between the (aligned) estimates of the latent

position X1 = ξ1 derived from the separate graph embeddings over a range of values of

ρ 2 f0, 0.75, 0.99g, and then, we plot the difference in the estimates of X1 = ξ1 derived
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Figure 3.15: The effect of the induced correlation in the embedded space by the classical
OMNI, MASE and multi-RDPG joint embedding methods in contrast to the inherent
correlation (correlation from the graph model). The graph model (JRDPG(F, n,m, ρ)),
the set of parameters and the number of MC iterations are the exact same as in Figure 3.1.

from classic OMNI, MASE and multi-RDPG. The plots are depicted in Figure 3.15.

The top row (resp. bottom row) of panels in Figure 3.15 illustrates the level of

correlation induced by classic OMNI (resp. MASE & multi-RDPG) in terms of the

inherent correlation. Recall that the model used to generate the pair of graphs is the

JRDPG(F, n, 2, ρ) model. The pair of graphs in the OMNI, MASE and multi-RDPG

procedures was generated by JRDPG(F, n, 2), i.e., when ρ = 0. Both MASE and multi-

RDPG induce correlation very close to 1. Subsequently, the estimates alloted to each

graph are almost identical with each other (up to orthogonal transformation in case of

MASE), however the estimates derived from classical OMNI are less correlated (ρ = 3
4
).

For the advancement of multi-sample graph inference, it’s important to further investigate

whether it is possible to carry out similar correlation analyses in other joint graph embed-
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ding methods too.

Next, the structure of the generalized omnibus mean matrix P̃ = Jm
P is designed

to maintain the low-rank property of P in P̃ and allows for the leading d eigenvectors of

P to be related to those of P̃ (indeed~1
UP provides a basis for the leading d-dimensional

eigenspace of P̃ ). If we consider other structures in the Kronecker product that have the

form E 
P , with the restriction that ~1 is a leading eigenvector of E, can we replicate the

omnibus analysis? We are exploring this at present with examples of interest, including

E has ring-graph structure. While more complex E will necessarily violate the low-rank

assumption on P̃ , we are exploring if there is still sufficient concentration (about ~1
X)

of the leading d-dimensional eigenspace of M in order to of a low-rank approximation

of P̃ . We are also exploring extensions of the out-of-sample framework of [174] to the

generalized OMNI framework. By using the OMNI framework to embed the core vertices

aligned across networks and out-of-sample embedding any remaining vertices, this would

allow us to jointly embed networks in the cases when the vertices across the networks are

only partially (or errorfully) aligned. This would, in turn, enable us to use the OMNI

framework towards alignment-based tasks such as seeded graph matching (as in [175]).

Finally, given recent extensions for matrix concentrations in sparser regimes [176,

177], we suspect that our consistency results can be extended to sparser graphs. We are

also currently exploring distributional results and asymptotics for omnibus embeddings in

which the latent positions differ and in which the OMNI matrix is asymmetric (while still

maintaining E(P̃ ) = Jm 
 P ). These extensions can be very challenging, so preliminary

results will likely be constrained to only a few special cases. The range of possibilities

for follow-on work highlights the important role of joint embeddings in graph inference;

133



as such, the novel intricacies of embedded-space correlation that we examine here are a

key component of multiple network inference.
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Chapter 4: Corr2OMNI and Flat Correlation Analysis

4.1 Introduction

Over the last two decades, the proliferation of network data across different disciplines

ranging from social sciences to neuroscience to computer science lead to the birth of

statistical network inference. Traditional statistics is a rich and well-established field,

and although network statistics is different from traditional statistics, statistical inference

on networks borrows upon the theoretical and methodological apparatus of traditional

statistics. Latent space models [140] are popular models that generate random graphs with

vertices represented by Euclidean vectors (latent positions) and edges formed by a given

kernel function. Spectral embedding procedures have proven successful in estimating

these latent positions [178], and hence, bridging the gap between network and classical

statistics.

In multisample network inference, it is important to design methods that make use

of the multiple network data both for improved estimation of underlying model parameters

and for more streamlined testing across several populations of networks. Several joint,

or simultaneous, spectral embedding methods [2, 12–15] have displayed more accurate

estimation than individual spectral decompositions. Nonetheless, these methods rely

heavily on independence assumptions across the multiple network realizations and they
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are not aware of the phenomenon of induced correlation resulted from jointly embedding

these same networks into a common low-dimensional Euclidean space.

In Chapter 3, we presented the generalized omnibus embedding (genOMNI) frame-

work which extends the framework of [2] both conceptually and analytically. Besides

the advantages of [2] (e.g., multi-scale inference) that are carried over to genOMNI,

theoretical guarantees such as consistent estimation and asymptotic normality are extended

to correlated networks and to a wide class of omnibus matrices. Moreover, the generality

of genOMNI lead to the discovery of induced correlation in the embedded space, which is

an artifice of the joint graph embedding methodology, and its interplay with the inherent

correlation, i.e., the correlation presumed by the network model. All of the above, make

genOMNI an appropriate method for a suite of multisample inference tasks, such as

multi-graph hypothesis testing, multiscale anomaly detection / change point detection

and vertex/graph classification, among others.

While the promise of genOMNI is theoretically justified, its practical utility is

coupled with the choice of the generalized omnibus matrix. Hence, the main questions

that arise are: What is the generalized omnibus matrix that best fits the given network data,

and how to find it? For the former question, we argue that the best fit is the generalized

omnibus matrix which induces the same correlation in the embedded space as the pre-

existing pairwise correlation of the networks (inherent correlation). In this chapter, we

give an answer to the latter question by providing an algorithm that seeks to find an

approximate solution for the corr2OMNI problem (see Section 4.3). The corr2OMNI

problem is a constrained optimization problem inspired by the MDS theory which seeks to

minimize an objective function and its solution is a matrix α with its rows corresponding
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to the cumulative weights of the networks in the generalized omnibus matrix.

In Chapter 3, we also studied the classical OMNI embedding in terms of the induced

correlation and we showed that classical OMNI induces the same amount of limiting

correlation across all the network pairs (flat correlation) in the embedded space (see

Theorem 3.8). Ideally, one may hope that when the multiple network realizations are

assumed to be independent (for example, independent copies of a generator network), we

would like to apply a generalized omnibus matrix that induces zero correlation. Although,

a symmetric omnibus matrix that induces zero correlation does not exist, we seek to

find the omnibus matrix that achieves the minimum flat correlation and we call this the

flat correlation problem. Restricting the space of generalized omnibus matrices to the

space of weighted omnibus (WOMNI) matrices, we provide a lower bound for the flat

correlation and we prove that classical OMNI achieves the maximum flat correlation.

First, we present the flat correlation problem in Section 4.2 and then, we introduce

the corr2OMNI problem in Section 4.3. Note that the flat correlation problem can be

considered as a special case of the corr2OMNI problem if the minimum flat correlation is

known.

4.2 Flat correlation analysis

Herein, we present the flat (induced) correlation problem which arises from the correlation

analysis of classical OMNI in Section 3.2.3. The main goal is to identify the class of

omnibus matrices that induce flat correlation and deduce where the classical OMNI stands

within this class. In Chapter 3 we showed both empirically and theoretically that, given
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(conditionally) independent graphs A(1), A(2), � � � , A(m), the classical OMNI embedding

induces the same amount of limiting correlation ρme = 3
4

between all network pairs in the

embedded space. This is an artifact of the OMNI method, however we have empirically

shown (see Figure 3.15) that it exists in other joint embedding methods too, and we argue

that is an inextrictable piece of all joint (spectral) network inference procedures. Thus,

we are interested in searching the space of omnibus matrices which induce the minimum

flat correlation.

4.2.1 Problem setup

We state the flat correlation optimization problem in its most general setting and then, we

restrict it to an appropriate space of omnibus matrices.

Let F be a distribution on a set X � Rd, where hx, x0i 2 [0, 1] for all x, x0 2 X

and suppose that (A(1), A(2), � � � , A(m) ,X) � JRDPG(F, n,m,R) (see Definition 3.2.3).

Next, let M 2 Rmn�mn be a generalized omnibus matrix (recall Definition 3.4.1). That is,

the matrix M 2 Rmn�mn is a symmetric block matrix if the following assumptions hold:

1. Each block entry Mk,` 2 Rn�n, k, ` 2 [m] can be written as Mk,` =
∑m

q=1 c
(q)
k,`A

(q),

where fc(q)
k,`gk,`,q satisfy the convex combination constraints (CCC), i.e.,

(a) c(q)
i,j 2 [0, 1] for all q, i, j 2 [m],

(b)
∑m

q=1 c
(q)
i,j = 1 for all i < j.

2. For each block row k 2 [m], the cumulative weight of A(k) is greater than the
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cumulative weight of the rest of A(q), i.e., for q 6= k

∑
`

c
(q)
k,` <

∑
`

c
(k)
k,` .

Setting α(k, q) =
∑

` c
(q)
k,` to be the weight put on A(q) in the k-th block-row of M,

assumption 2 above becomes

α(k, q) < α(k, k) for all q 6= k.

Next, recall that the covariance term between two graphs A(s1), A(s2) with correlation

ρs1,s2 is given by Σ̃ρ(x; s1, s2) from Theorem 8. The limiting correlation ρ(s1, s2) of

A(s1), A(s2) can be expressed in terms of the covariance term

ρ(s1, s2) = 1�
∑m

q=1(α(s1, q)� α(s2, q))
2

2m2︸ ︷︷ ︸
method-induced correlation

+

∑
q<l

(
α(s1, q)� α(s2, q))(α(s2, l)� α(s1, l)

)
ρq,l

m2︸ ︷︷ ︸
model-inherent correlation

= ρme + ρmo.

We coin the term flat correlation whenever ρ(s1, s2) is the same across all s1, s2 2 [m].

Note that the limiting correlation can be decomposed into a sum of two non-negative

parts. Our main focus is to minimize the flat correlation induced by genOMNI (i.e.,

method-induced correlation) so that the genOMNI estimates will have analogous amount

of pairwise limiting correlation as the individually-embedded estimates, i.e., ρ � ρmo.
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Therefore, we consider the graphs A(1), A(2), � � � , A(m) to be independent, that is, R =

0m�m. Now, we are ready to state the flat correlation optimization problem.

Flat correlation optimization problem:

We seek to find weights fc(q)
i,j gmi,j,q=1 that minimize ρme(s1.s2) := C for all s1 < s2.

Note that this is a quadratic system of
(
m
2

)
equations with m

(
m
2

)
+ m2 unknowns due to

the symmetry of M.

4.2.1.1 Weighted OMNI (WOMNI) matrices

We restrict the space of generalized omnibus matrices to the space of weighted omnibus

matrices. The block entries of a Weighted OMNI (WOMNI) are

MW
i,j =


A(i), if i = j and

c
(i)
i,jA

(i) + c
(j)
i,jA

(j), if i 6= j.

(4.1)

This results in
(
m
2

)
unknowns fc(i)

i,j , c
(j)
i,j gi<j , where the convex combination constraints

(CCC) become c(i)
i,j 2 [0, 1] and c(i)

i,j + c
(j)
i,j = 1 for all i, j. The covariance term between

two independent graphs A(s1), A(s2) is

Σ̃0(x; s1, s2) =
1

m2

m∑
q=1

(
α(s1, q)� α(s2, q)

)2

Σ(x),
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and under the WOMNI setting, the coefficient term in the above expression becomes

m∑
q=1

(
α(s1, q)� α(s2, q)

)2

=

(
α(s1, s1)� c(s1)

s2,s1

)2

+
(
α(s2, s2)� c(s2)

s1,s2

)2

+
∑

q 6=s1,s2

(
c(s1)
s1,q
� c(s2)

s2,q

)2

. (4.2)

Restricting to the WOMNI setting is not arbitrary. First, the CCC constraints along with

assumption 2 and the fact that minimizing ρme(s1, s2) is equivalent to maximizing Eq.

(4.2) imply that we seek to find fc(i))i,jgi,j such that
(
α(s1, s1) � c(s1)

s2,s1

)2

,
(
α(s2, s2) �

c
(s2)
s1,s2

)2

�
∑

q 6=s1,s2

(
c

(s1)
s1,q�c

(s2)
s2,q

)2

. This is because α(s1, s1) is equal tom�
∑

q 6=s1 c
(q)
s1,q,

thus
(
α(s1, s1) � c

(s1)
s2,s1

)2

is O(m2), but
∑

q 6=s1,s2

(
c

(s1)
s1,q � c

(s2)
s2,q

)2

=
∑

q 6=s1,s2

(
c

(q)
s1,q �

c
(q)
s2,q

)2

is only O(m). Second, observe that Eq. (4.2) consists of sums of squared differ-

ences and each α(�, �) is non-negative. These observations make us hypothesize the

following.

Conjecture 1: For any m, the solution of the flat correlation optimization problem exists

in the space of weighted omnibus matrices.

When m = 2, the only matrix that induces flat correlation is the classical OMNI which

exists in the WOMNI space with c(i)
i,j = 1

2
for all i, j. When m = 3, it is immediate to

see that the omnibus matrix that solves the optimization problem belongs in the space of

Weighted OMNI matrices. When m > 3, the unknowns c(i)
i,j interweave in the quadratic

equations in a more nuisance way. However, the above observations can be used to justify

why someone would deduce the problem to the WOMNI setting. More details can be

found in Appendix C.1.
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4.2.2 Correlation bounds

As noted above, we are interested in finding a generalized omnibus matrix that minimizes

the flat correlation problem. We investigate first whether we can determine bounds for

Eq. (4.2) by exploiting assumption 2 and the CCC constraints. From Eq. (4.2), we can

obtain a naive lower bound for the flat correlation, that is

ρme � 1� 2 maxq α
2(q, q) +m� 2

2m2
. (4.3)

Also, the following condition holds (the proof can be found in Appendix C.1.1)

∑
q

α(q, q) =
m(m+ 1)

2
. (4.4)

From Eq. (4.4) we conclude that maxq α(q, q) � m+1
2

. Next, we present a lower bound

for the flat correlation by bounding first the difference maxq α(q, q)�minq α(q, q) which

in turn gives us an upper bound for maxq α(q, q).

Lemma 1. In the WOMNI setting, the flat correlation is bounded below as follows

ρme >
3

4
� 3

m
� 21

4m2
. (4.5)

Lemma 1 implies that Classical OMNI is asymptotically desirable. The proof (see,

Appendix C.1.2) further shows

1. maxq α(q, q)�minq α(q, q) < 2,
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2. minq α(q, q) > m�3
2

and maxq α(q, q) < m+5
2

.

In real data applications, oftentimes the sample size of the graphs is moderately small.

Thus, the bound in Lemma 1 may not be as useful when m is small. Indeed, the lower

bound is greater than 1
2

when m > 13. However, Lemma 1 is quite general and can be

further tightened under mild assumptions.

Similarly, we can obtain an upper bound for the flat correlation,

ρme �
3

4
+

5

2m
� 25

4m2
.

From these bounds, we derive the following asymptotic result.

Theorem 10. Under the WOMNI setting we have that

∣∣∣ρme � 3

4

∣∣∣ = Θ
( 1

m

)
.

While the above lower and upper bounds are not as informative whenm is small, Theorem

10 indicates that classical OMNI is an appropriate choice when m is large. Next, we

argue that classical OMNI achieves the smallest upper bound among all weighted omnibus

matrices, i.e., ρme � 3
4

for all WOMNI matrices. We prove this for m = 3, 4 and we

conjecture that it holds for any m > 4. The proof idea is based on Lagrange multipliers

since the system consists of quadratic equations and linear constraints (see Appendix C.3

for more detail).

Theorem 11. In the WOMNI space, classical OMNI induces the maximum possible flat

correlation for m = 2, 3, 4. We conjecture that it holds for any m � 5 as well.
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4.2.3 Matrices with smaller flat correlation than classical OMNI

The initial motivation for conceptualizing and working on the flat correlation optimization

problem was to discern whether the classical OMNI induces the minimum flat correlation

among all generalized omnibus matrices. In this subsection, we provide examples of

omnibus matrices that have smaller flat correlation than classical OMNI. We note that the

construction of an omnibus matrix (or a set of omnibus matrices) which induce smaller

correlation for all m � 3, is non-trivial and further study is needed.

Example when m = 3

The following pair of omnibus matrices induce flat correlation ρme(1, 2) = ρme(1, 3) =

ρme(2, 3) = 2
3
, and in fact, we show that these matrices attain the optimal minimum flat

correlation (see, Appendix C.2). The matrices are

MW
3� =


A(1) A(1) A(3)

A(1) A(2) A(2)

A(3) A(2) A(3)


and

MW
3+ =


A(1) A(2) A(1)

A(2) A(2) A(3)

A(1) A(3) A(3)

 .

In the m = 3 case, the quadratic equations ρme(s1, s2) = C are ellipses and their

intersection points correspond to the above weighted omnibus matrices.
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Example when m=4

Consider the following OMNI matrix that builds upon the m = 3 case. We want to find

constants a, b 2 [0, 1] such that a+ b = 1 and flat correlation smaller than ρomni = 3
4
.

MW
4+ =



A(1) A(2) A(1) aA(1) + bA(4)

A(2) A(2) A(3) aA(2) + bA(4)

A(1) A(3) A(3) aA(3) + bA(4)

aA(1) + bA(4) aA(2) + bA(4) aA(3) + bA(4) A(4)


.

We show that indeed such a, b exist. In particular, a = 5�
p

17
2

and b =
p

17�3
2

. The

induced flat correlation is ρme � .71827. This is an omnibus matrix that induces smaller

flat correlation than classical OMNI, yet there is no indication that this is the optimal

solution in the m = 4 case. The difficulty of optimizing the flat correlation is already

apparent, however does this process of creating omnibus matrices that produce smaller

correlation (M3+,M4+, etc.) extends to m > 4 graphs?

Remark 8. We note that this trend doesn’t continue when m = 5. Specifically, there

are no a, b, c, d 2 [0, 1], a + b = 1, c + d = 1 such that the following matrix has flat
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correlation less than 3
4
,

MW
5+ =



A(1) A(2) A(1) aA(1) + bA(4) cA(1) + dA(5)

A(2) A(2) A(3) aA(2) + bA(4) cA(2) + dA(5)

A(1) A(3) A(3) aA(3) + bA(4) cA(3) + dA(5)

aA(1) + bA(4) aA(2) + bA(4) aA(3) + bA(4) A(4) cA(4) + dA(5)

cA(1) + dA(5) cA(2) + dA(5) cA(3) + dA(5) cA(4) + dA(5) A(5)


.

4.3 Corr2OMNI optimization problem

As shown in Chapter 3, the generalized omnibus framework provides theoretical guara-

ntees (such as consistency and concentration normality) for a wide class of omnibus

matrices, however it induces correlation between graph estimates in the embedded space

and also, the methodology of genOMNI is not automated. That is, applying genOMNI in

a multisample network data application, we need first to infer which generalized omnibus

matrix simulates “best” the multiple networks in the embedded space.

In this section, we introduce a constrained optimization problem that exploits the

existence of induced correlation to find a suitable omnibus matrix. Given pairwise graph

correlations, we seek to find a generalized omnibus matrix for which the induced correla-

tions estimate the given correlations. More specifically, denoting the pairwise correlations

of m graphs by an m � m matrix R, we wish to find an omnibus matrix M such that

ρme(i, j) � R(i, j) for all i < j. Recall that the induced correlation for two independent
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graphs A(s1), A(s2), s1 < s2 is given by

ρme(s1, s2) = 1�
∑m

`=1(α(s1, `)� α(s2, `))
2

2m2
. (4.6)

The above expression can be written in matrix form as follows

ρme = 1m1
T
m �

1

2m2
D(2),

whereD(2) is anm�m (squared) distance matrix with entriesD(2)
ij = kα(i, �)�α(j, �)k2.

The distance matrix D(2) can also be written as D(2) = 2m2(1m1
T
m � ρme). Also, let α

be the m�m matrix denoted by

α =



α(1, �)

α(2, �)

...

α(m, �)


Then, we consider the following problem:

Given D(2), find α. (4.7)

When there are no constraints in α, this problem can be solved via multidimensional

scaling, see Appendix C.4. However, we are interested in solving this problem under the

constraints imposed by the definition of the generalized omnibus matrix, i.e., each entry
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α(k, `) correspond to the weight put on A(`) in the k-th block-row of M. The constrained

minimization problem (corr2OMNI) derived by (4.7) is stated below:

Given distance matrix D(2) 2 Rm�m, find matrix α 2 Rm�m such that1:

minimize: f(α) = kD(2) � (c1Tm + 1mc
T � 2ααT )k2

F

= kααT + Jym(
1

2
JmD

(2)Jm)Jymk2
F , (4.8)

subject to:

(i) α1m = m1m,

(ii) For each i 2 [m], eTi αei > eTi αej for every j 6= i.

(iii) α � 0 (Each entry is non-negative).

Here, Jm = Im � 1
m

1m1Tm and c = diag(ααT ) 2 Rm. The objective function derives

from the unconstained case, see Appendix C.4. Further, we seek to approximate the

cumulative weights α(k, �) instead of the individual weights c(q)
k,j as in the flat correlation

problem. This is deliberate because the individual weights cannot be retrieved by the

graph correlations. Rather, we find the cumulative weights first and then we impose the

symmetry of M and the CCC constraints to get the weights.

The latter can be done in different ways. For example, letting the weights of each

graph to be the same across all block entries in each block-row and taking into account

the associated cumulative weights. Expressly, each off-diagonal block entry in the kth

row is given by
∑

q c̃
(q)
k A(q), where

∑
q c̃

(q)
k = 1 and the weight of A(q) is c̃(q)

k = α(k,q)
m

.

1y corresponds to the Moore-Penrose inverse.
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The symmetry of M can be enforced by setting c(q)
k,` =

~c
(q)
k +~c

(q)
`

2
for all k 6= `. The weights

on the diagonal are set c(q)
q,q = 1.

Note that the flat correlation problem is a special case of the corr2OMNI problem

when the minimum flat correlation (minM ρme = C) is known, by setting D(2) as

D
(2)
ij =


2m2(1� C), if i < j

0, if i = j.

4.3.1 corr2OMNI algorithm

We present an algorithm associated to the constrained minimization problem (4.8). We

apply the MDS algorithm from the unconstrained case but we obtain only the first m� 1

columns. Then, we place the (i) � (iii) constraints of (4.8) by manipulating the rows

of the m � m � 1 matrix and adding back the deleted column to obtain a solution for

the corr2OMNI problem. We emphasize that corr2OMNI is not exclusively tied to the

MDS method, since other linear/non-linear dimensionality reduction methods may apply

in Step 1, for example Isomap [179].
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Algorithm 3 corr2omni

Input: Number of graphs m; Distance matrix D(2) derived by the correlation matrix

R; shifting constant csh > 0, scaling constant csc > 0

1. Set α0 the output of MDS algorithm (Appendix C.4) with the last column deleted;

2. αsh  α0 + csh (Add the shifting constant to make the entries of α0 nonnegative);

3. αsc  
(

m�csc
kαshk1

)
�αsh (Multiply αsh with m�csc

kαshk1
);

3. Add mth column such that each row of αsc adds up to m, resulting in α̂0;

4. Project α̂0 to the cone of diagonally dominant matrices;

Output: α̂, a solution to the constrained minimization problem (4.8).

Note that MDS is used to translate information about the pairwise distances among

a set ofm objects into a configuration ofm points mapped into an Euclidean space. Thus,

csh shifts the points to the closed orthant in Rm and m�csc
kαshk1

rescales the m � 1 points,

so that the row sums are equal to m after appending the last point. Finally, line 4 ensures

that constraint (ii) holds.

4.3.2 Simulation study

In this subsection, we run some simulations to explore how the corr2OMNI algorithm

performs using the Weighted Pairwise Average Omnibus matrix with different weight

vectors in terms of the absolute (Figure 4.1) and relative (Figure 4.2) error. Further, we

illustrate in Figure 4.3 how the shifting and scaling constants affect the performance of

the corr2OMNI algorithm.
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The block entries of the weighted matrix are

Mk,` =


wkA

(k)+w`A
(`)

wk+w`
, if k 6= `

A(k), if k = `

with weights wk > 0 k, ` 2 [m].

The entries of the associated (row-weight) matrix A are

α(s, `) =


1 +

∑
k 6=s

ws

ws+wk
if s = `

w`

w`+ws
else.

Considering m varying over f3, 4, � � � , 100g, we generate a weight vector wm which

determines a weighted omnibus matrix MWm . We display the performance of corr2OMNI

algorithm in three different scenarios. In the first scenario, we samplewm for eachm from

a uniform [0, 1] distribution (coefficients of A(`) are within the [0, 1] interval), a uniform

[1, 2] distribution (coefficients ofA(`) are within the [1
3
, 2

3
] interval) and a uniform [1, 1.01]

distribution (coefficients of A(`) are approximately 1
2
). In the second scenario, we first

sample wm for each m from a uniform [0, 1] distribution three times. We keep one weight

vector as it is (red line). For the weight vector corresponding to the black line, we add 1
2

in

all its entries smaller than 1
2
. Analogously, for the weight vector corresponding to the blue

line, we subtract 1
2

in all its entries greater than 1
2
. In the third scenario, we let wm = 1m

and we substitute wm(1) = 1
100

(red line), we substitute wm(50) = 1
100

(black line) and

we keep it unchanged (blue line). In this scenario, note that the blue line corresponds to
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(a) (b)

(c)

Figure 4.1: The (a)-(c) panels above demonstrate the absolute error in Frobenius norm
between α and α̂ (i.e., kα � α̂kF ) over m using three different weight vectors for each
panel. In panel (a), for each m, we generate the weight vector wm from a uniform [0, 1]
distribution (red line), a uniform [1, 2] (black line) and a uniform [1, 1.01] (blue line).
In panel (b), we generate wm from a uniform [0, 1] (red line), a uniform [0, 1] in which
we added 1

2
to all the entries less than 1

2
(black line) and a uniform [0, 1] in which we

subtracted 1
2

to all the entries greater than 1
2

(blue line). In panel (c), we set wm equal to
1m 2 Rm and substitute its first entry with 1

100
� 0 (red line), its 50-th entry with 1

100

(black line) and with no substitution (blue line) which is equivalent to classical OMNI.

the classical OMNI from [2]. In Figures 4.1, 4.2, 4.3, these scenarios correspond to the

panels (a), (b) and (c) accordingly.

In Figure 4.1, we demonstrate the absolute error in Frobenius norm between α and
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(a) (b)

(c)

Figure 4.2: Under the same setting as in Figure 4.1, the (a)-(c) panels above demonstrate
the relative error in Frobenius norm between α and α̂ (i.e., kα�α̂kFkαkF ) over m using three
different weight vectors for each panel.

α̂ (output of corr2OMNI) over the varying number of graphs m. In panels (a), (b), we

observe that the absolute error between α and α̂ increases (linearly w.r.t m) whenever

wm(i) take values close to 0 and performs quite well whenever there is a threshold η > 0

that keeps all the wm(i)’s sufficiently large (e.g., η > 1
3
). This is sensible since entries

of wm that are nearly 0, may result in nearly 0 coefficients of the associated adjacency

matrix, for example A(`). As a consequence, the weight of A(`) is almost equal to some
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(a) (b)

(c)

Figure 4.3: Under the same setting as in Figure 4.1,the (a)-(c) plots above demonstrate
the optimal shifting and scaling constants in terms of the relative error of α and α̂ over
the number of graphs m.

other graph’s weight in the `-th row (α(`, `) � α(s, `) for some s) which makes the

estimates of A(`) indistinguishable. This effect is emphasized in panel (c) (red line) in

which the estimates of A(1) resemble the estimates of Ā.

In Figure 4.2, we plot the relative error in Frobenius norm betweenα and α̂ (output

of corr2OMNI) over m under the three scenarios described above. We observe that the

results in Figure 4.2 are consistent with the results in Figure 4.1. Additionally, it is worthy
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to note that the relative error in panel (c) decreases towards zero as the number of graphs

m increases. In Figure 4.3, we illustrate the optimal shifting and scaling constants in

terms of the relative error of α and α̂ over m. We consider the shifting constant to be

csh = csh �min (α0) whenever min (α0) < 0 and csh = csc otherwise. We also assume

the constants to be multiples of �min (α0), i.e., csh = csc = �min (α0) � t for some

t 2 [0, 2.5]. By running corr2OMNI over the different values of t 2 f0, 0.1, � � � , 2.4, 2.5g,

we pick the optimal t? which minimizes the relative error between α and α̂. Figure 4.3

depicts the optimal t?m for every m in each scenario.

4.4 Conclusion and future work

In this chapter, we introduced two optimization problems, corr2OMNI and flat correlation.

In the flat correlation problem, we presented a subspace of genOMNI matrices, namely

WOMNI, in which we speculate that the optimal solution exists. We demonstrated a lower

bound for the flat correlation and we showed that classical OMNI induces the maximum

flat correlation. In the corr2OMNI problem, we presented an algorithm that approximates

the matrix of generalized OMNI weights from a given correlation matrix computed by

the pairwise graph correlations and we demonstrated the accuracy of the algorithm on

simulated data.

In the flat correlation problem, we built our theory upon Conjecture 1, thus proving

rigorously that the optimal solution of the flat correlation problem exists in the space of

Weighted OMNI matrices is necessary. Further, we found two omnibus matrices that

minimize the flat correlation when m = 3, however, it still remains unknown what
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are those omnibus matrices with the minimum flat correlation when m > 3. Perhaps

a simpler, yet important task is to search for a sequence (over m) of omnibus matrices

that induce strictly less correlation than classical OMNI. Also, while Lemma 1 provides

an asymptotically desirable lower bound, tighter bounds are needed for small m.

Regarding the corr2OMNI problem, there is ample groundwork that needs to be

laid as well. First, little is known from a theoretical perspective, for example, the feasible

solution space is unspecified and there are no convergence theorems developed yet. Second,

further studies with real-data experiments need to be conducted to show the effectiveness

of the algorithm on retrieving an omnibus matrix from a correlation matrix. Finally,

the choice of MDS in the corr2omni algorithm emerged from the unconstrained case,

however, its appropriateness in the constrained case is not confirmed. There may be other

linear/non-linear dimensionality reduction methods more suitable for the corr2OMNI

problem.
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Chapter 5: Concluding remarks

In this thesis, we developed novel theory and methodology to study underlying network

structures and performed statistical inference on multiple networks. While each chapter of

the thesis has its own individual merit, synergistically, they constitute an end-to-end multi-

scale spectral network inference procedure that accounts for unlabeled and correlated

multisample network data, which significantly widens the scope of spectral techniques

for multiple network inference. In Sections 2.5, 3.8 and 4.4, we provide an in-depth

discussion about the significance of our results and directions for future work. These

sections are of paramount importance as they act as planted seeds for future research.

Indeed, Chapter 4 stemmed entirely from one of the future directions of Chapter 3.
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Appendix A: Proofs of Chapter 2

Herein we collect details of our auxiliary algorithms and proofs of our main results. While

the main proof techniques below for Theorem 1 are adapted to the multiplex setting from

similar results in [1] in the monoplex case, the emphasis on c and the good-versus-bad

channel analysis is novel.

A.1 Auxiliary definitions

Definition A.1.1 ((Heterogeneous) Erdős-Renyi model). Let n 2 N and let P 2 [0, 1]n�n.

LetA be the n�n adjacency matrix of a graph g 2 Gn.We say that graph g is a realization

of the Erdős-Renyi graph model with parameters n, P (denoted as A � ER(n, P )) if

each edge fi, jg is sampled with probability Pij , independently from the other edges ( i.e.,

Aij
ind.� Bernoulli(Pij)). The ER(n, p) model is when all the edges are sampled uniformly

at random with fixed probability p 2 [0, 1].
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A.2 MS matchability

A.2.1 Proof of Theorem 1

For each m < n, denote the set of permutations in Πn that permute exactly k labels of

[m] by Πn,m,k. For each P 2 Πn (with associated permutation σp), define

∆P =

{
fi, jg 2

(
[m]

2

)
s.t. fi, jg 6= fσp(i), σp(j)g

}
, (A.1)

and for each i 2 [c], define

∆
(i,1)
P = f fj, `g 2 ∆P s.t. 0 6= Ĉi(j, `) 6= D̂i(σp(j), σp(`)) 6= 0g;

∆
(i,2)
P = f fj, `g 2 ∆P s.t. 0 6= Ĉi(j, `) 6= D̂i(σp(j), σp(`)) = 0g.

Let the set of the c1 low-noise channels (q < 1/2) be denoted C1, and the set of the c3

high-noise channels (q > 1/2) be denoted C3. If there exists an n1 > 0 such that for all

n > n1, we have that for all k 2 f1, 2, 3, . . . ,m(n)g and all P 2 Πn,m,k,

∑
i2C1[C3

(
2j∆(i,1)

P j+j∆(i,2)
P j

)
(1� 2si)(1� 2qi) � k

√
672m1+αc

β
, (A.2)

then letting Â and B̂ be the padded, centered adjacency matrices of G and H respectively

(the errorful g and h), for n > n = max(n0, n1) we have that

P

(
arg min
P2�n

c∑
i=1

k(Âi � 0n�m)P � PB̂ik2
F 6� Pm,n

)
� 2n�2, (A.3)
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(see Appendix A.2.2 for proof of this bound).

While we expect Eq. (A.2) to hold in more general settings, below we show it

holds with high probability in the present Erdős-Rényi setting with our given theorem

assumptions. Here, ∆
(i,2)
P is empty, and a simple application of McDiarmid’s inequality

yields that for a fixed P 2 Πn,m,k, we have

j∆(i,1)
P j2 ( j∆P jp(1� p), 3j∆P jp(1� p) ),

with probability at least

1� 2exp
{
�2j∆P jp2(1� p)2

8

}
. (A.4)

Indeed, if each hi �ER(n, p), then

∆
(i,1)
P =

∑
fj,`g2�P

1fĈi(j, `) 6= D̂i(σp(j), σp(`))g,

so that E(∆
(i,1)
P ) = 2p(1 � p)j∆P j. Also, ∆

(i,1)
P is then a function of at most 2j∆P j

independent Bernoulli random variables, and changing the value of any one these can

change the value of ∆
(i,1)
P by at most 2. McDiarmid’s inequality then yields the desired

result

P(j∆(i,1)
P � E(∆

(i,1)
P )j� t) � 2exp

{
� 2t2

8j∆P j

}
, (A.5)

by setting t = p(1� p)j∆P j.
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Note that if m > 6, then as P 2 Πn,m,k, mk/3 � j∆P j� mk. Therefore, if m > 6

then for n sufficiently large, we have that with probability at least (letting ξ in Assumption

2.6 be appropriately defined)

1� 2exp
{
�2mkp2(1� p)2

24

}
� 1� 2exp f�8k log(n)g . (A.6)

the event

fj∆(i,1)
P j2 [mkp(1� p)/3, 3mkp(1� p)]g

occurs. Now, we have that

∑
i2C1[C3

(
2j∆(i,1)

P j+j∆(i,2)
P j

)
(1� 2si)(1� 2qi) >

4

3
mkp(1� p)(1/2� s)(1/2� q)(c1 � c3)

� 4

3
mk(1� p)γ

p
mα�1c

=
4

3
k(1� p)γ

p
m1+αc

where the second inequality holds by assumption. We see then that Eq. (A.2) then holds

with high probability with an appropriate choice of γ (independent of k).

To finish the proof, we proceed as follows. For each P 2 Πn define

XP : =
1

4

[
c∑
i=1

k(Âi � 0n�m)P � PB̂ik2
F�

c∑
i=1

k(Âi � 0n�m)� B̂ik2
F

]
(A.7)

Let the equivalence relation “�” on Πn,m,k be defined via P � Q if there exists a U 2
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Pn,m such that PU = Q. Note that if P � Q then

c∑
i=1

k(Âi � 0n�m)P � PB̂ik2
F=

c∑
i=1

k(Âi � 0n�m)Q�QB̂ik2
F ,

and so XP = XQ. Let Π�n,m,k be a fixed (but arbitrarily chosen) set composed of one

member of each equivalence class according to “�,” and note that jΠ�n,m,kj is at most

m2kn2k. From Eq. (A.6), for n > n2 we have that for each P 2 Π�n,m,k,

P
( c⋃
i=1

{
j∆(i,1)

P j/2 [mkp(1� p)/3, 3mkp(1� p)]
})
�

2exp f�8k log n+ log cg � 2exp f�7k log ng . (A.8)

Denote the event bound in Eq. (A.8) via En,P . For n > max(n2, n0), we then have

P
(

arg min
P2�n

c∑
i=1

k(Âi � 0n�m)P � PB̂ik2
F 6� Pm,n

)
= P(9P /2 Pm,n s.t. XP � 0)

�
m∑
k=1

∑
P2��n,m,k

P(XP � 0)

�
m∑
k=1

∑
P2��n,m,k

P(jXP � E(Xp)j� E(XP ) j Ecn,P ) + P(En,P )

�
m∑
k=1

∑
P2��n,m,k

P(jXP � E(Xp)j� E(XP ) j Ecn,P )

︸ ︷︷ ︸
�2n�2 by the proof in App. A.2.2

+ 2
m∑
k=1

exp(�7k log n+ 2k log n+ 2k logm)

� 4n�2,
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as desired.

A.2.2 Proof of Eq. (A.3)

Recall, for each P 2 Πn, we defined

XP : =
1

4

[
c∑
i=1

k(Âi � 0n�m)� PB̂iP
Tk2

F�
c∑
i=1

k(Âi � 0n�m)� B̂ik2
F

]

=
c∑
i=1

1

2

(
tr((Âi � 0n�m)B̂i)� tr((Âi � 0n�m)PB̂iP

T )
)

=
c∑
i=1

∑
fj,`g2�P

Âi(j, `)
[
B̂i(j, `)� B̂i(σp(j), σp(`))

]

Assuming that P 2 Πn,m,k, then j∆P j� mk. Note that XP is a function of (at most)

3cj∆P j independent Bernoulli random variables, and changing any one of these Bernoulli

random variables can change the value ofXP by at most 8. McDiarmid’s inequality [180]

then implies that for any t � 0,

P(jXP � E(XP )j� t) � 2exp
{
� 2t2

192cmk

}
. (A.9)

Note that if Ĉi(j, k), D̂i(j, k), D̂i(σp(j), σp(k)) 2 f1,�1g then

E Âi(j, `)B̂i(j, `) = Ĉi(j, `)D̂i(j, `) (1� 2si)(1� 2qi) = Ĉi(j, `)
2 (1� 2si)(1� 2qi)

E Âi(j, `)B̂i(σp(j), σp(`)) = Ĉi(j, `)D̂i(σp(j), σp(`)) (1� 2si)(1� 2qi).
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Define

∆
(i,0)
P = f fj, `g 2 ∆P s.t. Ĉi(j, `) 6= 0g;

∆
(i,1)
P = f fj, `g 2 ∆

(i,0)
P s.t. 0 6= Ĉi(j, `) 6= D̂i(σp(j), σp(`)) 6= 0g;

∆
(i,2)
P = f fj, `g 2 ∆

(i,0)
P s.t. 0 6= Ĉi(j, `) 6= D̂i(σp(j), σp(`)) = 0g;

∆
(i,3)
P = f fj, `g 2 ∆

(i,0)
P s.t. 0 6= Ĉi(j, `) = D̂i(σp(j), σp(`))g;

so that j∆(i,0)
P j= j∆(i,1)

P j+j∆(i,2)
P j+j∆(i,3)

P j. We then have

E(XP ) =
c∑
i=1

[
j∆(i,0)

P j (1� 2si)(1� 2qi)� j∆(i,3)
P j (1� 2si)(1� 2qi)

+ j∆(i,1)
P j (1� 2si)(1� 2qi)

]
=

c∑
i=1

(
2j∆(i,1)

P j+j∆(i,2)
P j

)
(1� 2si)(1� 2qi). (A.10)

Note that if P,Q 2 Πn,m,k, then XP = XQ if σp(j) = σq(j) for all j 2 [m]; i.e.,

if there exists a U 2 Pm,n such that PU = Q. Note that this defines an equivalence

relation on P,Q 2 Πn,m,k which we will denote by “�,” and let Π�n,m,k be a fixed (but

arbitrarily chosen) set composed of one member of each equivalence class according to

“�.” Note that jΠ�n,m,kj is at most m2kn2k. Letting t = E(XP ) in Eq. (A.9), we have that
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if n > n = max(n0, n1)

P(9P /2 Pm,n s.t. XP � 0) �
m∑
k=1

∑
P2��n,m,k

P(XP � 0)

�
m∑
k=1

∑
P2��n,m,k

P(jXP � E(Xp)j� E(XP ))

�
m∑
k=1

∑
P2��n,m,k

2exp
{
�1344m1+αck2

192βcmk

}

�
m∑
k=1

∑
P2��n,m,k

exp
{
�7mαk

β

}

�
m∑
k=1

2exp f�7k log n+ 2k log n+ 2k logmg

� 2exp f�2 log ng .

A.3 ME matchability

A.3.1 Proof of Theorem 2

For each P 2 Π(n), define

∆
(1)
P := ffj, `g 2 ∆P s.t. G(j, `) = 1;H(σp(j), σp(`)) = 0g;

∆
(2)
P := ffj, `g 2 ∆P s.t. G(j, `) = 0;H(σp(j), σp(`)) = 1g,

where ∆P is defined as in Eq. (A.1). Suppose that there exists an n1 > 0 such that for

all n > n1, we have that for all k 2 [m = m(n)] and all P 2 Πn,m,k (where γ is an
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appropriately chosen constant)

j∆(1)
P j
∑
i

2(1� 2si)(1� ri � ti) + j∆(2)
P j
∑
i

2(1� 2qi)(1� ri � ti) � k

√
γm1+αc

β
,

(A.11)

then

P

(
arg min
P2�n

c∑
i=1

k(Âi � 0n�m)P � PB̂ik2
F 6� Pm,n

)
= 2n�2; (A.12)

where the proof of the bound in Eq. (A.12) uses Appendix A.3.2 and then the proof

follows mutatis mutandis from the proof in Appendix A.2.2.

In the present ER setting, as in Eq. (A.4), we then have that for j = 1, 2,

j∆(j)
P j2

(
1

2
j∆P jp(1� p),

3

2
j∆P jp(1� p)

)
,

with probability at least

1� 2exp
{
�2j∆P jp2(1� p)2

32

}
(A.13)

Note that ifm > 6, thenmk/3 � j∆P j� mk, so that with probability at least 1�4e�8 logn

(this lower bounds Eq. (A.13) for judiciously chosen ξ in Eq. (2.8),

j∆(j)
P j2 (1/6, 3/2) �mkp(1� p).
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for both j = 1, 2. To show Eq. (A.11) holds here with sufficiently high probability, note

that the above bounds yield

j∆(1)
P j
∑
i

2(1� 2si)(1� ri � ti) + j∆(2)
P j
∑
i

2(1� 2qi)(1� ri � ti)

� 2

3
mkp(1� p)

∑
i

(1� si � qi)(1� ri � ti)

=
2

3
mkp(1� p)(c3 + c4 � c1 � c2)e1e2

� 2γ

3
k(1� p)

p
m1+αc

where the last inequality follows from Eq. (2.9). Proving Eq. (2.10) then follows mutatis

mtuandis to the proof of the analogue in Theorem 1 (which is spelled out in detail in

Appendix A.2.1), and details are omitted.

A.3.2 Proof details for Eq. (A.12)

For P 2 Πn, define

∆
(1)
P := ffj, `g 2 ∆P s.t. G(j, `) = 1;H(σp(j), σp(`)) = 0g;

∆
(2)
P := ffj, `g 2 ∆P s.t. G(j, `) = 0;H(σp(j), σp(`)) = 1g;

∆
(3)
P := ffj, `g 2 ∆P s.t. G(j, `) = H(σp(j), σp(`)) = 1g;

∆
(4)
P := ffj, `g 2 ∆P s.t. G(j, `) = H(σp(j), σp(`)) = 0g;

eP := ffj, `g 2 ∆P s.t. G(j, `) = 1g;

nP := ffj, `g 2 ∆P s.t. G(j, `) = 0g.
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For P 2 Πn,m,k, we then have that XP defined in Eq. (A.7) satisfies

E(XP ) =(jeP j�j∆(3)
P j)

∑
i

(1� 2si)(1� 2ri) + (jnP j�j∆(4)
P j)

∑
i

(1� 2qi)(1� 2ti)

+ j∆(1)
P j
∑
i

(1� 2si)(1� 2ti) + j∆(2)
P j
∑
i

(1� 2qi)(1� 2ri)

=j∆(1)
P j
∑
i

2(1� 2si)(1� ri � ti) + j∆(2)
P j
∑
i

2(1� 2qi)(1� ri � ti).

Showing that this yields the desired bound combines Eq. (A.11) with the (nearly identical)

proof technique of Appendix A.2.2; details are omitted.
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Appendix B: Proofs of Chapter 3

Herein we collect the proofs of the main theoretical results of Chapter 3. Before proving

the theorems, we will first establish some convenient asymptotic notation for our theory

moving forward.

Definition B.0.1. Given a sequence of events fEng 2 F , where n = 1, 2, � � �, we say that

En occurs

i. asymptotically almost surely and write En a.a.s. if P(En)! 1 as n!1.

ii. with high probability, and write En w.h.p. , if for some a0 � 2, there exists finite

positive constant A0 depending only on a0 such that

P[Ec
n] � A0n

�a0

for all n.

We note that En occurring w.h.p. is stronger than En occurring a.a.s., as w.h.p.implies,

by the Borel-Cantelli Lemma [181], that P(lim supEn) = 1 and with probability 1 all

but finitely many En occur.

For matrices A 2 Rp1�p2 and B 2 Rp2�p3 , we will make use of the following common

matrix norm identities in the proofs below (where Ai denotes the i-th row of A, and
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kAk= kAk2 denotes the spectral norm of A; the symbol “:=” is used below to denote a

definition).

kAkp := sup
x 6=0

kAxkp
kxkp

for 1 � p � 1;

kAk2!1 := sup
x 6=0

kAxk1
kxk2

;

The following lemma concerns relationships between the 2!1 bound and other classical

matrix norms. For a proof, see [182].

Lemma 2. For A 2 Rp1�p2 and B 2 Rp2�p3 , we have the following:

kAk2!1 = max
i2[p1]
kAik2;

kAk2!1 � kAk�
p
p1kAk2!1;

kABk2!1 � kAk2!1kBk;

kAk �
√
kAk1kAk1

where Ai denotes the i-th row of A.

B.1 Correlation in the classical omnibus embedding and its relationship

to correlated stochastic block model graphs

We begin with the proof of Theorem 3 from Section 3.3.

Proof. (Induced correlation in classical OMNI and its relationship with correlated block

models) To ease notation, we will frequently suppress the explicit dependence on n in
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the subscript of P̃ = P̃n, B(k)
n , etc., noting that this dependence is to be implicitly

understood throughout. For each n � 1, we write the spectral decomposition of the

positive semidefinite Pn via

Pn = XnX
T
n = UPnSPnU

T
Pn
.

Let the singular value decomposition ofUT
P UB(1) be denotedW11D1W

T
12 and defineW �,1 =

W11W
T
12. Similarly, let the singular value decomposition ofUT

P UB(2) be denotedW21D2W
T
22

and define W �,2 = W21W
T
22. As in the proof of Theorem 9 (p 76) in [10], we have that

for each k = 1, 2 and fixed index i,

p
n
(
UB(k)S

1/2

B(k) � UPS
1/2
P W �,k

)
i

=
p
n
(

(B(k) � P )UPS
�1/2
P W �,k

)
i
+O(n�1/2 log n)

(B.1)

with high probability. Letting Wn be a sequence of orthogonal matrices such that

UPnS
1/2
Pn
Wn = Xn

for all n � 1, we have then that, again with high probability,

p
n
(
UB(k)S

1/2

B(k)(W
�,k)TW � UPS1/2

P W
)
i

=

p
n
(

(B(k) � P )UPS
�1/2
P W

)
i
+O(n�1/2 log n)

(B.2)
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It follows then that for fixed i, we have with high probability

p
n
(
UB(1)S

1/2

B(1)(W
�,1)TW � UB(2)S

1/2

B(2)(W
�,2)TW

)
i

=
p
n
(
UB(1)S

1/2

B(1)(W
�,1)TW � UPS1/2

P W
)
i
+
p
n
(
UPS

1/2
P W � UB(2)S

1/2

B(2)(W
�,2)TW

)
i

=
p
n
(

(B(1) � P )UPS
�1/2
P W

)
i
�
p
n
(

(B(2) � P )UPS
�1/2
P W

)
i
+O

(
log np
n

)
=
p
n
(

(B(1) �B(2))UPS
�1/2
P W

)
i
+O

(
log np
n

)
.

(B.3)

Next, note that

p
n
(

(B(1) �B(2))UPS
�1/2
P W

)
i

=
p
n
(
(B(1) �B(2))X

)
i
W TS�1

P W

=
p
n

(∑
j

(B
(1)
i,j �B

(2)
i,j )Xj

)
W TS�1

P W

=

(
n�1/2

∑
j

(B
(1)
i,j �B

(2)
i,j )Xj

)
(nW TS�1

P W ).

Conditioning on Xi = xi,

n�1/2
∑
j

(B
(1)
i,j �B

(2)
i,j )Xj

is a scaled sum of n� 1 i.i.d random variables (the (B
(1)
i,j �B

(2)
i,j )Xj), each with mean

E((B
(1)
i,j �B

(2)
i,j )Xj) = E(E((B

(1)
i,j �B

(2)
i,j )XjjXj))

= E(XjE(B
(1)
i,j �B

(2)
i,j jXj)) = 0
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and covariance matrix

Σ̃(xi) = 2(1� ρ) E[XjX
T
j (xTi Xj � (xTi Xj)

2)],

as

Cov((B
(1)
i,j �B

(2)
i,j )Xj) = E[(B

(1)
i,j �B

(2)
i,j )2XjX

T
j ]

= E(E[(B
(1)
i,j �B

(2)
i,j )2XjX

T
j jXj])

= E(XjX
T
j E[(B

(1)
i,j �B

(2)
i,j )2jXj])

= E(XjX
T
j E[((B

(1)
i,j )2 + (B

(2)
i,j )2 � 2B

(1)
i,j B

(2)
i,j )jXj])

= E(XjX
T
j [2xTi Xj � 2xTi Xj(x

T
i Xj + ρ(1� xTi Xj))])

= E(XjX
T
j [2xTi Xj � 2(xTi Xj)

2 � ρ2(1� xTi Xj)x
T
i Xj])

= 2(1� ρ) E[XjX
T
j (xTi Xj � (xTi Xj)

2)].

The classical multivariate central limit theorem then yields

n�1/2
∑
j

(B
(1)
i,j �B

(2)
i,j )Xj

D�! N (0, Σ̃(xi)). (B.4)

The strong law of large numbers (SLLN) ensures that 1
n
XTX = 1

n
W TSPW

a.s�! ∆

and therefore, nW TS�1
P W

a.s�! ∆�1. Therefore, by the multivariate Slutsky’s Theorem,

conditional on Xi = xi, we have that

p
n
(

(B(1) �B(2))UPS
�1/2
P W

)
i

D�! N (0, Σ̃(xi, ρ)). (B.5)
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By setting W (1) = (W �,1)TW and W (2) = (W �,2)TW , the requisite result then follows

from multivariate Slutsky’s applied to Eq. (B.3) and (B.5), and integrating the above

display over the possible values of xi with respect to distribution F .

B.2 Consistency of generalized omnibus embeddings

Here, we prove our consistency result, Theorem 6 from Section 3.4, which is, in part, what

makes the generalized omnibus embedding useful for estimation. To prove Theorem 6,

we will need a Bernstein concentration inequality bound given immediately below, in

B.2.1; and number of intermediate supporting lemmas (Lemmas 4–8) all of which are

suitably adapted from [2].

Again, to ease notation, we will on occasion suppress the explicit dependence on

n in the subscript of X = Xn, M = Mn, P̃ = P̃n, etc., noting that this dependence is

implicitly understood throughout. Recall that the spectral decomposition of P̃ is given by

P̃ = E(M) = U ~PS ~PU
T
~P
,

where U ~P 2 Rmn�d and S ~P 2 Rd�d. Also recall that the adjacency spectral embedding

of M is given by ASE(M, d) = UMS
1/2
M .

174



B.2.1 Concentration inequality via matrix Bernstein

Lemma 3. Let F be a distribution on a setX 2 Rd satisfying hx, x0i 2 [0, 1] for all x, x0 2

X . Let X1, X2, � � � , Xn, Y
i.i.d� F , and let P = XXT where X = [XT

1 jXT
2 j� � � jXT

n ]T . Let

(A(1)
n , A(2)

n , � � � , A(m)
n ,Xn) � JRDPG(F, n,m,R)

be a sequence of correlated RDPG random graphs, and let Mn denote the generalized

omnibus matrix as in Definition 3.4.1. Then for n sufficiently large, with high probability,

kM� E Mk� 4m
√

(n� 1) logmn.

Proof. Condition on X and let P = XXT , so that

E M = P̃ =



P P � � � P

P P � � � P

...
... . . . ...

P P � � � P


.

For all l 2 [m] and i, j 2 [n], we define an auxiliary block matrix E(l)
i,j 2 Rmn�mn which

will help us express the difference M�E M as a sum of independent Hermitian matrices,

which will allow us to apply Bernstein’s matrix bound (see, for example, Theorem 5.4.1

in [183]). For i 6= j, let eij = eie
T
j + eje

T
i where ei is a vector in Rn with all its entries

equal to 0 except the i-th entry which is equal to 1, so that eij is a matrix whose entries
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are all equal to 0 except the (i, j)th and (j, i)th entries which are equal to 1. For ` 2 [m],

we define the m�m matrix C(`) (symmetric because M is symmetric) as follows,

C(`) =



c
(1,1)
` c

(1,2)
` � � � c

(1,m)
`

c
(2,1)
` c

(2,2)
` � � � c

(2,m)
`

...
... . . . ...

c
(m,1)
` c

(m,2)
` � � � c

(m,m)
`


.

We then define the mn�mn block (symmetric) matrix E(`)
i,j as the Kronecker product of

C(`) and eij , i.e., E(`)
i,j = C(`) 
 eij . Now, we can write M� E M as

M� E M =
∑

1�`�m

∑
1�i<j�n

(A
(`)
ij � Pij)E

(`)
i,j =

∑
1�i<j�n

( ∑
1�`�m

(A
(`)
ij � Pij)E

(`)
i,j︸ ︷︷ ︸

:=Bi,j,m

)
.

These Bi,j,m are then symmetric, mean-zero, independent matrices, as we have grouped

edges indexed by the same (i, j) pair across graphs to account for the across graph

correlation and achieve the desired independence.

As we have written M�E M as the sum of
(
n
2

)
symmetric, mean-zero, independent

matrices Bi,j,m where for all i, j 2 [n], we have that

kBi,j,mk� mmax
`2[m]
kC(`)k� m

(
max
`2[m]

max
q2[m]

m∑
k=1

c
(q,k)
`

)
.

We can now apply the matrix Bernstein inequality to derive the desired concentration of

176



M� E M. To this end, let

L := max
`2[m]

max
q2[m]

m∑
k=1

c
(q,k)
` � m;

To apply the matrix Bernstein inequality, it remains to compute the variance term

ν(M� E M) =

∥∥∥∥∥ ∑
1�i<j�n

E[B2
i,j,m]

∥∥∥∥∥
�

∥∥∥∥∥ ∑
1�i<j�n

∑
1�`�m

E
[
(A

(`)
ij � Pij)2(E

(`)
i,j )2

]∥∥∥∥∥
+ 2

∥∥∥∥∥ ∑
1�i<j�n

∑
`1<`2

E
[
(A

(`1)
ij � Pij)(A

(`2)
ij � Pij)E

(`1)
i,j E

(`2)
i,j

]∥∥∥∥∥ .
(B.6)

To bound the variance term ν(M � E M) we will bound the two terms in Eq.(B.6)

independently. Let Dij = eijeij = eie
T
i + eje

T
j 2 Rn�n. The mixed-product property of

Kronecker products implies that

E
(`1)
i,j E

(`2)
i,j = (C(`1) 
 eij)(C(`2) 
 eij) = C(`1)C(`2) 
Dij.

Note that for any symmetric matrix A, we have that kAk�
√
kAk1kAk1 = kAk1 (see,

for example, [155] Ex. 5.6.21), where k�k1 is the maximum column sum matrix norm and
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k�k1 the maximum row sum matrix norm. The first term is then bounded above via

∥∥∥∥∥ ∑
1�i<j�n

∑
1�`�m

E
[
(A

(`)
ij � Pij)2(E

(`)
i,j )2

]∥∥∥∥∥ =
∥∥∥ ∑

1�`�m

∑
1�i<j�n

Pij(1� Pij)[(C(`))2 
Dij]︸ ︷︷ ︸
:=�1

∥∥∥

� k∆1k1

� 1

4
(n� 1) max

q2[m]

m∑
`=1

m∑
r=1

m∑
k=1

c
(q,k)
` c

(k,r)
`

=
1

4
(n� 1) max

q2[m]

m∑
`=1

m∑
k=1

c
(q,k)
` α(k, `)

� 1

4
(n� 1)mL.

The second term is then bounded above via

∥∥∥∥∥ ∑
1�i<j�n

∑
`1<`2

E
[
(A

(`1)
ij � Pij)(A

(`2)
ij � Pij)E

(`1)
i,j E

(`2)
i,j

]∥∥∥∥∥
=
∥∥∥ ∑

1�i<j�n

Pij(1� Pij)
∑
`1<`2

ρ`1,`2C
(`1)C(`2) 
Dij︸ ︷︷ ︸

:=�2

∥∥∥

�
√
k∆2k1k∆2k1

� 1

4
(n� 1)

√√√√(max
q2[m]

∑
`1<`2

m∑
r=1

m∑
k=1

c
(q,k)
`1

c
(k,r)
`2

)(
max
r2[m]

∑
`1<`2

m∑
q=1

m∑
k=1

c
(q,k)
`1

c
(k,r)
`2

)
.
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Note that

max
q2[m]

∑
`1<`2

m∑
r=1

m∑
k=1

c
(q,k)
`1

c
(k,r)
`2

= max
q2[m]

∑
`1<`2

m∑
k=1

c
(q,k)
`1

α(k, `2)

� m �max
q2[m]

m∑
`1=1

m∑
k=1

c
(q,k)
`1

= m �max
q2[m]

m∑
`1=1

α(q, `1)

= m2,

and that a similar bound holds for maxr2[m]

∑
`1<`2

∑m
q=1

∑m
k=1 c

(q,k)
`1

c
(k,r)
`2

. Therefore,

we have that the second term in the variance is bounded by (n� 1)m2/4 yielding a total

variance bound of

ν(M� E M) � (n� 1)m2.

To apply the matrix Bernstein bound, let t = 4m
√

(n� 1) logmn, and then

P
[
kM� E Mk� 4m

√
(n� 1) logmn

]
� 2nm � exp

 �8m2(n� 1) logmn

ν(M� E M) +
4m2L
p

(n�1) logmn

3


� 2nm � exp

 �8m2(n� 1) logmn

(n� 1)m2 +
4m3
p

(n�1) logmn

3


� 2nm � exp

{
�8m2(n� 1) logmn

2(n� 1)m2

}
= 2m�3n�3,

where the third inequality holds for n sufficiently large (
p
n � 4

3
m logmn) as we assume

m is not growing in n. Integrating over the X then yields the desired result.
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B.2.2 Supporting Lemmas

Lemma 4 (Observation 2 in [2]). Let F be a distribution on a set X 2 Rd satisfying

hx, x0i 2 [0, 1] for all x, x0 2 X . Let X1, X2, � � � , Xn, Y
i.i.d� F , and let P = XXT where

X = [XT
1 jXT

2 j� � � jXT
n ]T . Then with probability at least 1� d2

n2 , we have that

jλi(P )� nλiE(Y Y T )j� 2d
√
n log n.

Furthermore, with high probability there exists a constant C > 0 such that for all i 2 [d],

λi(P ) � Cnδ and λi(P̃ ) � Cnmδ, where δ = λd(E(Y Y T )).

Assuming δ > 0, combining Lemma 4 with the fact that the rows of U ~PS
1/2
~P

are bounded

in Euclidean norm by 1, we obtain

kU ~Pk2!1� C(mn)�1/2 w.h.p. (B.7)

Lemma 5. With notation as in Lemma 4, assume that δ > 0 so that E(Y Y T ) is full rank.

Let the singular value decomposition of UT
~P
UM 2 Rd�d be given by V1ΣV T

2 . Then, there

exists a constant C > 0 such that

kUT
~P
UM � V1V

T
2 kF� C

logmn

n
w.h.p.

Adapted from the proof of Proposition 16 in [184]. Working on the intersection of the sets

where both Lemma 3 and 4 hold (noting this set has high probability), note that Weyl’s

theorem gives that λd(M) � Cnm for some constant C. Let σ1 � σ2 � � � � � σd
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be the singular values of UT
~P
UM, so that σi = cos(θi) where the θi’s are the principal

angles between the subspaces spanned byU ~P andUM. The Davis-Kahan theorem (see, for

example, Theorem 3.6 in [157] Theorem VII.3.1) then implies that with high probability

(where C is a constant that can change line-to-line)

kUT
~P
UM � V1V

T
2 kF =

√∑
i

(1� σi)2

�
∑
i

(1� σ2
i )

� dmax
i
jsin(θi)j2

� C
d2kM� P̃k2

λd(M)2

� C
m2(n� 1) logmn

n2m2

� C
logmn

n
,

where the bounds in the fourth line follows from Davis-Kahan, and those in the second-

to-last line follow from Lemma 3 (numerator) and Lemma 4 (denominator).

Lemma 6. With the assumptions and notation of Lemma 5, let V = V1V
T

2 . Then we have

that

kV SM � S ~PV kF� Cm2 logmn w.h.p., (B.8)

kV S1/2
M � S1/2

~P
V kF� C

m3/2 logmn

n1/2
w.h.p., (B.9)
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kV S�1/2
M � S�1/2

~P
V kF� C

m1/2 logmn

n3/2
w.h.p., (B.10)

where S�1
M , and S�1

~P
are understood to be the pseudoinverses of SM, and S ~P in the unlikely

event these matrices are singular.

Adapted from the proof of Proposition 17 in [184]. Let

R := UM � U ~PU
T
~P
UM,

so that

V SM = (V � UT
~P
UM)SM + UT

~P
UMSM

= (V � UT
~P
UM)SM + UT

~P
MUMI�

= (V � UT
~P
UM)SM + UT

~P
(M� P̃ )UMI� + UT

~P
P̃UMI�

= (V � UT
~P
UM)SM + UT

~P
(M� P̃ )RI� + UT

~P
(M� P̃ )U ~PU

T
~P
UMI� + UT

~P
P̃UMI�

= (V � UT
~P
UM)SM + UT

~P
(M� P̃ )RI� + UT

~P
(M� P̃ )U ~PU

T
~P
UMI� + S ~PU

T
~P
UMI�,

where I� is a random diagonal matrix with �1 entries on its diagonal indicating whether

the signs of the eigenvalues associated with UM agree for M and for jMj. We will first

bound the Frobenius norm of UT
~P
(M� P̃ )U ~P . Specifically, we will prove that there exists

a constant C such that w.h.p.

kUT
~P
(M� P̃ )U ~PkF� dkUT

~P
(M� P̃ )U ~Pkmax� Cdm2

√
logmn. (B.11)

182



The proof proceeds as follows. Note that UT
~P
(M � P̃ )U ~P 2 Rd�d and kUT

~P
(M �

P̃ )U ~Pkmax= max
i,j2[d]

∣∣∣h(M� P̃ )U�j, U�ii
∣∣∣. For any 1 � i, j � d,

h(M� P̃ )U�j, U�ii = UT
i� (M� P̃ )U�j

= 2
∑

1�~k<~l�mn

(M~k,~l � P̃~k,~l)U~kiU~lj �
∑

~k

P̃~k,~kU~kiU~kj

= 2
∑

1�k<l�n

( m∑
s=1

m∑
t=1

M
(s,t)
k,l �m

2Pk,l

)
UkiUlj �m

n∑
k=1

Pk,kUkiUkj

= 2
∑

1�k<l�n

( m∑
s=1

m∑
t=1

m∑
`=1

c
(s,t)
` A

(`)
k,l �m

2Pk,l

)
UkiUlj �m

n∑
k=1

Pk,kUkiUkj

= 2
∑

1�k<l�n

( m∑
`=1

( m∑
s=1

α(s, `)
)
A

(`)
k,l �m

2Pk,l

)
︸ ︷︷ ︸

mean 0 r.v.

UkiUlj �m
n∑
k=1

Pk,kUkiUkj.

Conditioned on X (and hence on P ), UT
i� (M � P̃ )U�j consists of two terms. The first

term is a sum of
(
n
2

)
independent, mean zero, bounded random variables taking values in

[�2m2UkiUlj, 2m
2UkiUlj] and the second term is of order O(m), and thus, dominated by

the first term. By Hoeffding’s inequality,

P
[∣∣∣2 ∑

1�~k<~l�mn

(M~k,~l � P̃~k,~l)U~kiU~lj

∣∣∣ � 8m2
√

logmn

]
� 2 exp

(
�32m4 logmn∑

1�k<l�n
(4m2UkiUlj)2

)

� 2(mn)�2.

Integrating over X yields the desired result that there exists a constant C > 0 such that

kUT
~P
(M� P̃ )U ~PkF� Cm2

√
logmn w.h.p.
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Consider the events (where C is an appropriately chosen constant)

E1 :=
{
kUT

~P
(M� P̃ )U ~PkF� Cm2 logmn

}
E2 := f the statement of Lemma 4 holdsg

E3 := f the statement of Lemma 5 holdsg

E4 := f the statement of Lemma 3 holdsg

As each Ei is a high probability event, E = \4
i=1Ei is also a high probability event. In

what follows, we will condition on the events in E occurring.

Conditioning on E , from the Davis-Kahan theorem (shown in detail in Lemma 8),

we have that

kUM � U ~PU
T
~P
UMk�

√
C logmn

n
(B.12)

holds for some constant C. Also, Weyl’s theorem [155, Section 6.3] with Lemmas 4 and

3 imply that

jλj(M)j� Cm
√
n logmn

for j > d, and that

jλj(M)� λj(P̃ )j� Cm
√
n logmn

for j � d. As for j � d, we have that there is a constant C > 0 such that λj(P̃ ) � Cnmδ,

and so λi(jMj) = λi(M) � Cnmδ for all i 2 [d] and an appropriately chosen constant

C (abusing notation, the two C’s need not be equal). Therefore, we have that I� = Id so
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that

S ~PU
T
~P
UMI� = S ~PU

T
~P
UM = S ~P (UT

~P
UM � V ) + S ~PV.

We have then that

kV SM � S ~PV kF � kV � U
T
~P
UMkF (kSMk+kS ~Pk)

+ kUT
~P
(M� P̃ )RkF+kUT

~P
(M� P̃ )U ~PU

T
~P
UMkF .

Now, we have that kMk, kP̃k� mn. It follows then that there exists a constant C such

that (where the first bound follows from Lemma 5, and the second by combining Lemma

3 and Eq. (B.12))

kV � UT
~P
UMkF (kSMk+kS ~Pk) � Cm logmn

kUT
~P
(M� P̃ )RkF �

p
dkUT

~P
(M� P̃ )Rk� Cm logmn,

so that

kV SM � S ~PV kF� Cm logmn+ kUT
~P
(M� P̃ )U ~PkF� Cm2 logmn.

as desired, thus proving Eq. (B.8).

To prove Eq. (B.9) and (B.10), note that we have shown that with high probability,

both of the following events hold:

i. kV SM � S ~PV kF� Cm2 logmn (by the first part of the Lemma).
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ii. For all i, j 2 [d], λi(M), λj(P̃ ) are of order Ω(nmδ) (by Lemmas 4 and 3).

Given these events, as we have that

(S
1/2
M �S1/2

~P
)(S

1/2
M +S

1/2
~P

) = (SM�S ~P )) (S
1/2
M �S1/2

~P
) = (SM�S ~P )(S

1/2
M +S

1/2
~P

)�1,

the i, j-th entry of V S1/2
M � S1/2

~P
V is equal to

Vi,j(λ
1/2
i (M)� λ1/2

j (P̃ )) =
Vi,j(λi(M)� λj(P̃ ))

λ
1/2
i (M) + λ

1/2
j (P̃ )

and Eq. (B.9) follows. To prove Eq. (B.10), note that the i, j-th entry of V S�1/2
M �S�1/2

~P
V

is equal to

Vi,j(λ
�1/2
i (M)� λ�1/2

j (P̃ )) =
Vi,j(λj(P̃ )1/2 � λi(M)1/2)√

λi(M)λj(P̃ )
.

The proof then follows immediately.

Lemma 7. With the assumptions in Lemma 5, denote the SVD of UT
~P
UM as V1ΣV T

2 and

set V := V1V
T

2 . There exists a constant C such that w.h.p.

k(M� P̃ )U ~Pk2!1� C
p
dm
√

logmn. (B.13)

Proof. We note first that

1p
d
k(M� P̃ )U ~Pk2!1� k(M� P̃ )U ~Pkmax= max

i2[mn],j2[d]
jh(M� P̃ )U�j, eiij,
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where ei 2 Rmn is the unit vector with all of its entries equal to 0, except for the i-th

entry.

Let s 2 [m] arbitrary. There exists a matrix W such that

U ~PS
1/2
~P
W = Z ) U ~P = ZW T (S ~P )�1/2 =



XW T (S ~P )�1/2

XW T (S ~P )�1/2

...

XW T (S ~P )�1/2


.

Therefore, for all 1 � k � n, Uk,j = Uk+n,j = � � � = Uk+(m�1)n,j . For each (s�1)n+1 �

i � sn and 1 � j � d,

h(M� P̃ )U�j, eii = eTi (M� P̃ )U�j (B.14)

=
mn∑
~k=1

(Mi,~k � P̃i,~k)U~k,j

=
n∑
k=1

[ m∑
t=1

M
(s,t)
i,k �mPi,k

]
Uk,j

=
n∑
k=1

[ m∑
t=1

m∑
`=1

c
(s,t)
` A

(`)
i,k �mPi,k

]
Uk,j

=
n∑
k=1

[ m∑
`=1

α(s, `)A
(`)
i,k �mPi,k

]
Uk,j,

where α(s, `) :=
m∑
t=1

c
(s,t)
` � 0 and

m∑̀
=1

a(s, `) = m for all s 2 [m]. Conditioning on X

(and hence on P) for all s 2 [m], for any (s � 1)n + 1 � i � sn and 1 � j � d, the

above expansion is a sum of n independent (in k), bounded, mean zero random variables
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taking values in [�mUk,j,mUk,j]. Hence, by Hoeffding’s inequality,

P
(∣∣∣ mn∑

~k=1

(Mi,~k � P̃i,~k)U~k,j

∣∣∣ � 2m
√

logmn
)
� 2 exp

(
� 8m2 logmn∑n

k=1(2mUk,j)2

)
� 2(mn)�2,

where we used the fact that
∑n

k=1(2mUk,j)
2 � 4m2 as the columns of U ~P are norm 1.

Therefore, by integrating over X we have that w.h.p. there exists a constant C > 0 such

that k(M� P̃ )U ~Pk2!1� C
p
dm
p

logmn as desired.

Lemma 8. With the assumptions in Lemma 5, denote the SVD of UT
~P
UM as V1ΣV T

2 and

set V := V1V
T

2 . Set also Q(1) = UM � U ~PV , there exists a constant C such that w.h.p.,

kQ(1)k� C
log1/2mn

n1/2
.

Proof. Following the reasoning from Lemma 6.8 in [182], we add and substractU ~PU
T
~P
UM

and by triangle inequality,

kQ(1)k= kUM � U ~PV k� kUM � U ~PU
T
~P
UMk+kU ~P (UT

~P
UM � V )k.

The first term can be rewritten as follows,

kUM � U ~PU
T
~P
UMk = kUMU

T
M � U ~PU

T
~P
UMU

T
Mk

= k(I � U ~PU
T
~P
)UMU

T
Mk

= ksin Θ(UM, U ~P )k.

Given the intersection of the events in the statements of Lemmas 4 and 3, the Davis-Kahan
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theorem gives that,

kUM � U ~PU
T
~P
UMk�

kM� P̃k
λd(M)

� C
log1/2mn

n1/2
.

Further, we can bound kU ~P (UT
~P
UM�V )k using Lemma 5; as the intersection of the events

in Lemma 4, 5 and 3 has high probability, this leads us to the desired result.

B.2.3 Heart of consistency’s proof

We now address the proof of Theorem 6.

Proof. (Consistency of generalized omnibus embeddings) LetWn be a sequence of matrices

such that Z = Z�Wn, and let V be as in Lemma 6. Define the matrices Q(1), Q(2) as

follows

Q(1) = UM � U ~PV ;

Q(2) = U ~PU
T
~P
UM � U ~PV.

Note that, as defined, MUM = UMSMI� where I� is a random sign matrix indicating

whether the signs of the eigenvalues associated with UM agree for M and jMj. Given

the events of Lemmas 4 and 3, we have that (by Weyl’s Theorem) I� = Id; as this term

appears only in the residual terms (H2-H5) of the below decomposition, and as, when

bounding the residual terms we assume the events of Lemmas 4 and 3, we write, with a

slight abuse of notation, MUM = UMSM in the below decomposition. We decompose the
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term UMS
1/2
M � U ~PS

1/2
~P
V as follows,

UMS
1/2
M � U ~PS

1/2
~P
V = (M� P̃ )U ~PS

�1/2
~P

V︸ ︷︷ ︸
:=H1

+ (M� P̃ )U ~P (V S
�1/2
M � S�1/2

~P
V )︸ ︷︷ ︸

:=H2

� U ~PU
T
~P
(M� P̃ )U ~PV S

�1/2
M︸ ︷︷ ︸

:=H3

+ (I � U ~PU
T
~P
)(M� P̃ )Q(1)S

�1/2
M︸ ︷︷ ︸

:=H4

+Q(2)S
1/2
M + U ~P (V S

1/2
M � S1/2

~P
V )︸ ︷︷ ︸

:=H5

. (B.15)

For the Hi’s, i = 1, 2, 3, 4, there exists a constant C > 0 such that the following bounds

hold w.h.p.:

kH1k2!1 � kS�1/2
~P
k�k(M� P̃ )U ~Pk2!1

� C
m1/2 log1/2mn

n1/2
, [Lemmas 4, 7]

kH2k2!1 � kV S�1/2
M � S�1/2

~P
V k�k(M� P̃ )U ~Pk2!1

� C
m3/2 log3/2mn

n3/2
, [Lemmas 6, 7]

kH3k2!1 � kU ~Pk2!1kUT
~P
(M� P̃ )U ~Pk�kS

�1/2
M k

� C
m logmn

n
, [Lemma 4; Eq. (B.7),(B.11)]

kH4k2!1 � k(I � U ~PU
T
~P
)k2!1k(M� P̃ )kkQ(1)kkS�1/2

M k

� C
m1/2 logmn

n1/2
. [Lemmas 4, 3, 8 ].

Next, by Lemmas 4, 5 and Eq. (B.7) we get

kQ(2)S
1/2
M k2!1� kU ~Pk2!1kUT

~P
UM � V k�kS1/2

M k�
C logmn

n
,
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and by Lemma 6 and Eq (B.7) we get

kU ~P (V S
1/2
M � S1/2

~P
V )k2!1� kU ~Pk2!1k(V S1/2

M � S1/2
~P
V )k� Cm logmn

n
.

Hence, by triangle inequality,

kH5k2!1� C
m logmn

n
.

Plugging into Eq. (B.15) the bounds above, for sufficiently large n, applying triangle

inequality yields the desired result.

B.3 Central limit theorem for the rows of the generalized omnibus

embedding

To prove Theorem 7 from Section 3.4, we adapt the proof of Theorem 1 in [2] and further

we extend it to correlated networks. The main difficulty in this adaptation is the more

complex structure of the general M, which requires a number of modifications that we

have already completed.

• Account for the model correlation in Lemmas 3, 6 and 7.

• The proofs of the Bernstein matrix concentration result and Lemma 6 necessitate

a more delicate decomposition of M in order to leverage classical concentration

inequality results. Moreover, the proof of Lemma 3 highlights how the coefficient

matrices C(l) of the adjacency matrices A(l) in M fully characterize the omnibus
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matrix M.

• We adapt the general exchangeability result in the proof of Lemma 5 of [2] (used

there to bound the term ‘B1’) to our current setting, and the general block-form of

M still allows for a weaker (within block) exchangeability argument to be employed,

which is sufficient for our purposes.

• The model correlation and the weights in the M matrix necessitate novel decom-

positions to compute the relevant covariance structures.

• Considering row-wise differences of M is a key contribution to the literature.

The overall layout of the proof is as follows. Let X̂Mn = ASE(Mn, d) = UMnS
1/2
Mn
2

Rmn�d and let Zn := [XT
n jXT

n j� � � jXT
n ]T 2 Rmn�d. Fix indices i 2 [n] and s 2 [m], and

let h = n(s � 1) + i. The quantity of interest is the h-th row (i.e., i-th row from s-th

block) of

n1/2
(
X̂MnV

T
n Wn � Zn

)
,

where Vn,Wn 2 Rd�d are suitable orthogonal transformations and Wn is such that Zn =

U ~Pn
S

1/2
~Pn
Wn. This quantity can be decomposed into a sum of matrices (Eq. (B.15)) as

(dropping the subscripted dependence on n)

n1/2
(
UMS

1/2
M � U ~PS

1/2
~P
V
)
h
V TW = n1/2

(
(M� P̃ )U ~PS

�1/2
~P

V
)
h
V TW + (n1/2RhV )V TW

= n1/2
(

(M� P̃ )U ~PS
�1/2
~P

W
)
h

+ n1/2RhW,

192



where Rh 2 Rmn�d is the residual matrix. Next, Theorem 12 establishes that

n1/2
(

(M� P̃ )U ~PS
�1/2
~P

W
)
h

converges in distribution to a mixture of normals.

B.3.1 Proof of Theorem 12

We begin with a more limited conditional central limit theorem. Recall that, by the

definition of the JRDPG, the latent positions of the expected omnibus matrix E M =

P̃ = U ~PS ~PU
T
~P

are given by

Z? =



X?

X?

...

X?


= U ~PS

1/2
~P
2 Rmn�d.

Recall that the matrix of the true latent positions is denoted by Z = [XTXT � � �XT ]T 2

Rmn�d, so that Z = Z?W for some suitable-chosen orthogonal matrix W .

Theorem 12. With notation and assumptions as in Theorem 7, fix some i 2 [n] and some

s 2 [m] and let h = n(s� 1) + i. Conditional on Xi = xi 2 Rd, there exists a sequence

of d-by-d orthogonal matrices fWngn such that

n1/2
[
(Mn � P̃n)U ~Pn

S
�1/2
~Pn

]
h
Wn

L�! N (0, Σ̌ρ(xi; s)),
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where

Σ̌ρ(xi; s) =
1

m2

( m∑
q=1

α2(s, q)︸ ︷︷ ︸
method coefficient

+ 2
∑
q<l

α(s, q)α(s, l)ρq,l︸ ︷︷ ︸
model coefficient

)
∆�1 E[xTi Xj(1� xTi Xj)XjX

T
j ]∆�1︸ ︷︷ ︸

:=�(xi)

is a covariance matrix that depends on xi.

Proof. Following the proof of Lemma 6 in [2], for each n = 1, 2, � � �, choose orthogonal

Wn 2 Rd�d so that Z = Z?Wn = U ~PS
1/2
~P
Wn. Dropping the explicit dependence on n,

we rewrite the term n1/2
[
(M� P̃ )U ~PS

�1/2
~P

]
h
W as follows

n1/2
[
(M� P̃ )U ~PS

�1/2
~P

]
h
W = n1/2

[
(M� P̃ )U ~PS

�1/2
~P

W
]
h

= n1/2
[
(M� P̃ )U ~PS

1/2
P WW TS�1

~P
W
]
h

= n1/2
[
(M� P̃ )Z

]
h
W TS�1

~P
W

=
n�1/2

m

[
MZ� P̃Z

]
h

[
nW TS�1

P W
]
. (B.16)

Consider next the scaled rows of MZ� P̃Z. We write (where for a matrix A, either (A)k

or [A]k are used to denote the k-th row of A and (A)hk or [A]hk denoting Ahk)

n�1/2

m
[MZ� P̃Z]h =

n�1/2

m

mn∑
k=1

(M� P̃ )hk(Z)k

=
n�1/2

m

m∑
`=1

n∑
j=1

(
M

(s,`)
i,j � Pij

)
Xj

=
n�1/2

m

∑
j 6=i

(
m∑
`=1

M
(s,`)
i,j �mPij

)
Xj � n�1/2PiiXi .
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Conditioning on Xi = xi 2 Rd, we first observe that

Pii
n1/2

Xi =
xTi xi
n1/2

xi
a.s.��! 0.

Moreover, the remaining portion of the scaled sum becomes

n�1/2
∑
j 6=i

1

m

(
m∑
`=1

M
(s,`)
i,j �m(xTi Xj)

)
Xj

= n�1/2
∑
j 6=i

1

m

( m∑
`=1

(
m∑
q=1

c(s,`)
q A

(q)
i,j

)
�m(xTi Xj)

)
Xj

= n�1/2
∑
j 6=i

1

m

( m∑
q=1

( m∑
`=1

c(s,`)
q

)
︸ ︷︷ ︸

:=α(s,q)

A
(q)
i,j �m(xTi Xj)

)
Xj,

where
m∑
q=1

α(s, q) = m for all s 2 [m]. The above expression is a sum of n�1 independent

0-mean random variables, the

1

m

( m∑
q=1

α(s, q)A
(q)
i,j �m(xTi Xj)

)
Xj

)
,

each with covariance matrix denoted by Σ̀(xi), computed as follows (suppressing the
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conditioning on Xi = xi)

Σ̀(xi) =
1

m2
E
(( m∑

q=1

α(s, q)A
(q)
i,j �m(xTi Xj)

)2

XjX
T
j

)
=

1

m2
E
[

E
[( m∑

q=1

α(s, q)A
(q)
i,j �m(xTi Xj)

)2

XjX
T
j

∣∣∣Xj

]]
=

1

m2
E
[(

E
[( m∑

q=1

α(s, q)A
(q)
i,j

)2

jXj

]
�m2(xTi Xj)

2

)
XjX

T
j

]
=

1

m2
E

[(( m∑
q=1

α2(s, q)
)
xTi Xj +

(
2
∑
q<l

α(s, q)α(s, l)�m2
)

(xTi Xj)
2

+
(

2
∑
q<l

α(s, q)α(s, l)ρq,l

)
xTi Xj(1� xTi Xj)

)
XjX

T
j

]

=
1

m2

(
m∑
q=1

α2(s, q) + 2
∑
q<l

α(s, q)α(s, l)ρq,l

)
E
[ (
xTi Xj � (xTi Xj)

2
)
XjX

T
j

]
,

where the third equality holds because conditioning on P = XXT ,

E
[ m∑
q=1

α(s, q)A(q)
∣∣∣P] = mXXT .

The fourth equality holds from the fact that conditioning on Xi and Xj ,

E[(A
(q)
i,j )2jXi, Xj] = XT

i Xj

for all q 2 [m], and from the fact that conditioning on Xi and Xj , (A
(q)
i,j , A

(l)
i,j) are ρq,l-

correlated Bernoulli(XT
i Xj) random variables,

E[A
(q)
i,jA

(l)
i,j jXi, Xj] = (XT

i Xj)
2 + ρq,lX

T
i Xj(1�XT

i Xj)
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for all q 6= l. Lastly, the final equality holds by observing

m2 =

(
m∑
q=1

α(s, q)

)2

=
m∑
q=1

α(s, q)2 + 2
∑
q<l

α(s, q)α(s, l).

Thus, by the multivariate central limit theorem we have that

n�1/2
∑
j 6=i

1

m

(
m∑
q=1

M
(s,q)
i,j �m(xTi Xj)

)
Xj

L�! N (0, Σ̀(xi)). (B.17)

Next, recall (as in the proof of Theorem 3) nW T
n S
�1
P Wn

a.s.��! ∆�1, so that by the

multivariate version of Slutsky’s theorem in Eq. (B.16) we get

n1/2
[
(M� P̃ )U ~PS

�1/2
~P

]
h
Wn

L�! N (0, Σ̌ρ(xi; s)),

where Σ̌ρ(xi; s)) = ∆�1Σ̀(xi)∆
�1.

B.3.2 Core of CLT’s proof

This equips us for the proof of Theorem 7.

Proof. (Central Limit Theorem for the rows of the generalized omnibus matrix) Fix the

index h 2 [mn] as h = n(s � 1) + i, where s 2 [m], i 2 [n]. Recall that for each

n = 1, 2, � � �, we choose orthogonal Wn 2 Rd�d so that Z = Z?Wn = U ~PS
1/2
~P
Wn. With

Vn defined as in Lemma 5, the matrix difference

n1/2
(
UMnS

1/2
Mn
� U ~Pn

S
1/2
~Pn
Vn

)
h
V T
n Wn
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can be decomposed into a sum of matrices (as shown in Eq.(B.15) of the proof of Theorem

6) as follows

n1/2
(
UMnS

1/2
Mn
�U ~Pn

S
1/2
~Pn
Vn

)
h
V T
n Wn = n1/2

(
(Mn�P̃n)U ~Pn

S
�1/2
~Pn

Wn

)
h
+n1/2Rh,nVnWn,

where Rh,n 2 Rmn�d is the h�th row of the residual matrix defined as R = H2 �H3 +

H4 +H5. Further, in the proof of Theorem 6 it is shown that for any i = 2, 3, 5 we have

n1/2kHik2!1�
Cm logmn

n1/2
w.h.p.

It remains to provide an appropriate bound for H4.

Rather than showing
p
nkH4k2!1 converges to 0 in probability, we will prove

directly that
p
nk(H4)hk2 converges to 0 in probability, which is sufficient. Adapting the

exchangeability bound on the analogous term from [2], we recall that (recalling that I� is

the random diagonal sign matrix designed to give MUM = UMSMI�)

H4 :=(I � U ~PU
T
~P
)(M� P̃ )Q(1)S

�1/2
M I�

=(I � U ~PU
T
~P
)(M� P̃ )(UM � U ~PU

T
~P
UM)S

�1/2
M I�

+ (I � U ~PU
T
~P
)(M� P̃ )(U ~PU

T
~P
UM � U ~PV )S

�1/2
M I� .
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Denote the first term in this expression via H41 (the second via H42), and note that

H41 :=(I � U ~PU
T
~P
)(M� P̃ )(UM � U ~PU

T
~P
UM)S

�1/2
M I�

= (I � U ~PU
T
~P
)(M� P̃ )(I � U ~PU

T
~P
)UMU

T
M︸ ︷︷ ︸

:=E1

(UMS
�1/2
M I�)

H42 :=(I � U ~PU
T
~P
)(M� P̃ )(U ~PU

T
~P
UM � U ~PV )S

�1/2
M I�

=(I � U ~PU
T
~P
)(M� P̃ )U ~P (UT

~P
UM � U ~P )V S

�1/2
M I� .

Considering first H41, we have that

k(H41)hk2� k(E1)hk2kUMS
�1/2
M k.

Consider now the term k(E1)hk2. For any symmetric matrix B 2 Rk�k, we define Πd(B)

to be the orthogonal projection onto the eigenspace corresponding to the eigenvectors

of B with the d largest (in magnitude) eigenvalues. Similarly, let Π?d (B) denote the

orthogonal projection onto (Πd(B))?.

Note that for any permutation matrix Q, we have that

Πd(QBQ
T ) = QΠd(B)QT

Π?d (QBQT ) = QΠ?d (B)QT .

As in [2], for any (B,H) 2 Rk�k � Rk�k, define the operator L(B,H) via:

L(B,H) = Π?d (H)(B �H)Π?d (H)Πd(B).
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Let us consider permutations Q̃ 2 Rmn�mn of the form

Q̃ = Im 
Q

for permutations Q 2 Rn�n. Note that, for such Q̃, we have that

Q̃MQ̃T =



QM(1,1)QT QM(1,2)QT � � � QM(1,m)QT

QM(1,2)QT QM(2,2)QT � � � QM(2,m)QT

...
... . . . ...

QM(1,m)QT QM(2,m)QT � � � QM(m,m)QT


,

and that for each (i, j) pair,

QM(i,j)QT =
∑
`

c
(i,j)
` QA(`)QT .

Similarly,

Q̃P̃ Q̃T = Jm 
 (QPQT ).

Note that L(M, P̃ ) = E1, and as these orthogonal projections are unique, we have

L(Q̃MQ̃T , Q̃P̃ Q̃T )

= Q̃(I � U ~PU
T
~P
)Q̃T Q̃(M� P̃ )Q̃T Q̃(I � U ~PU

T
~P
)Q̃T Q̃(UMU

T
M)Q̃T

= Q̃E1Q̃
T .

(B.18)

Since the rows of X are i.i.d. and the correlation across a given pair of graphs is the
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same for all edge pairs (i.e., corr(A(k)
i,j , A

(`)
i,j ) = Rk,` independent of i and j), together

this implies that the matrix-pair entries of (M, P̃ ) are equal in distribution to those of

(Q̃MQ̃T , Q̃P̃ Q̃T ). Therefore, the entries of L(Q̃MQ̃T , Q̃P̃ Q̃T ) = Q̃E1Q̃
T are equal in

law to those of L(M, P̃ ) = E1. Therefore, for each row i we have that

k(Q̃E1)ik2= k(Q̃E1Q̃
T )ik2 L= k(E1)ik2.

This implies that if Qi,j = 1 then for any k 2 [m],

E(k(E1)(k�1)n+ik2) = E(k(Q̃E1)(k�1)n+ik2) = E(k(E1)(k�1)n+jk2). (B.19)

This guarantees that

E(k(E1)(k�1)n+ik2)

depends only on k and not on i, and note that the analogous result follows immediately

for

E(k(Q̃E1)(k�1)n+ik2).

We can then define for i, j 2 [n],

rk := E(k(Q̃E1)(k�1)n+ik2) = E(k(E1)(k�1)n+jk2).

Observe that

E(kE1k2
F ) =

m∑
k=1

nrk � nmax
k
rk.
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Because h = (s�1)n+i, for i 2 [n], Eq.(B.19) and an application of Markov’s inequality

yield

P(
p
nk(E1)hk> t) � nE(k(E1)hk2)

t2
=
nrs
t2

� E(kE1k2
F )

t2
.

The entries of M � P̃ are bounded between [�1, 1], and (I � U ~PU
T
~P
)UMU

T
M is rank d

(with spectral norm bounded by 1). Hence, globally

kE1k2
F� kI � U ~PU

T
~P
k2kM� P̃k2

Fk(I � U ~PU
T
~P
)UMU

T
Mk2

F� m2n2d2.

Now, we also have that, with high probability (so that the bad set has probability bounded

above by Cn�2), there exists a constant C > 0 such that

kE1k2
F � d2kI � U ~PU

T
~P
k2kM� P̃k2k(I � U ~PU

T
~P
)UMk2kUT

Mk2
F

� C
m2n log2mn

n
= Cm2 log2mn by Lemma 3, and Eq.(B.12).

We then have that there exists a constant C > 0 such that

E(kE1k2
F ) � C(m2 log2mn+ n�2m2n2d2) = C(m2 log2mn+m2d2).

Letting t = n1/4 in our Markov bound, we see that P(
p
nk(E1)hk> n1/4) ! 0. As,
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w.h.p., we have that kUMS
�1/2
M k� C/

p
mn, we have that

n1/2k(H41)hk2 � n1/3k(E1)hkn1/6kUMS
�1/2
M k P! 0.

Turning our attention to H42, we have that (w.h.p.)

kH42kF � k(I � U ~PU
T
~P
)(M� P̃ )(U ~PU

T
~P
UM � U ~PV )S

�1/2
M I�kF

� k(I � U ~PU
T
~P
)k�kM� P̃k�kU ~Pk�kU

T
~P
UM � V kFkS�1/2

M k

� C(m
√
n logmn)

(
logmn

n

)(
1

(mn)1/2

)
� C

m1/2 log3/2mn

n
,

where the last line follows from Lemmas 4, 3, and 5. Therefore, n1/2H42 converges to

0 in probability, and combined this yields that the h-th row of n1/2H4 converges to 0 as

desired.

Since the matrix Wn is unitary, the bounds above imply that the term n1/2Rh,nWn

converges to 0 in probability. Moreover, by Lemma 12 we have

lim
n!1

P
[
n1/2

(
(M� P̃ )U ~PS

�1/2
~P

)
h
Wn � x

]
D�!
∫

suppF
Φ(x, Σ̌ρ(y; s))dF (y),

by integrating over the latent positions Xi. Finally, an application of Slutsky’s theorem

completes the proof.
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B.4 Limiting correlation for the general omnibus embedding

Here, we supply details for the computation of the limiting correlation across rows of the

general omnibus embedding; this is the content of Theorem 8 from Section 3.4.1.

Proof. We mimic the proof of Theorem 3 here, and so omit some detail. Fix some i 2 [n]

and some s1, s2 2 [m] and for j = 1, 2, let hj = n(sj � 1) + i 2 [mn]. Conditioning on

Xi = xi, analogous to Eq.(B.3), we write (where Qn = V T
n Wn as defined in the proof of

Theorem 7)

n1/2

((
X̂MV

T
n Wn

)
h1
�
(
X̂MV

T
n Wn

)
h2

)
= n1/2

(
(Mn � P̃n)Z

)
h1
� n1/2

(
(Mn � P̃n)Z

)
h2

+ oP (1)

=
n�1/2

m

(∑
j 6=i

( m∑
q=1

M
(s1,q)
i,j �M

(s2,q)
i,j

)
Xj

)
[nW T

n S
�1
P Wn] + oP (1)

= n�1/2

(∑
j 6=i

1

m

( m∑
q=1

α(s1, q)A
(q)
i,j � α(s2, q)A

(q)
i,j

)
Xj

)
[nW T

n S
�1
P Wn] + oP (1).

Each of the n � 1 terms, 1
m

(∑m
q=1 α(s1, q)A

(q)
i,j � α(s2, q)A

(q)
i,j

)
Xj , is an independent,

mean zero, random variable, with common covariance matrix Φρ(xi, s1, s2). The desired

result will then follow from an application of the multivariate central limit theorem and

multivariate Slutsky theorems (as in the proof of Theorem 3), provided we can show the

right form for Φρ(xi, s1, s2). To this end, we consider (suppressing the conditioning on
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Xi = xi)

Φρ(xi, s1, s2) :=
1

m2
E
(( m∑

q=1

α(s1, q)A
(q)
i,j �

m∑
q=1

α(s2, q)A
(q)
i,j )

)2

XjX
T
j

)
=

1

m2

[
E[(xTi Xj)XjX

T
j ]

m∑
q=1

(α(s1, q)� α(s2, q))
2

+ 2 E[(xTi Xj)
2XjX

T
j ]
∑
q<l

(α(s1, q)� α(s2, q))(α(s1, l)� α(s2, l))
)

+ 2 E[xTi Xj(1� xTi Xj)XjX
T
j ]
∑
q<l

(α(s1, q)� α(s2, q))(α(s1, l)� α(s2, l))ρq,l

]

=
1

m2

[ m∑
q=1

(α(s1, q)� α(s2, q))
2

+ 2
∑
q<l

(α(s1, q)� α(s2, q))(α(s1, l)� α(s2, l))ρq,l

]
Σ(xi)

=
1

m2

(
2
∑
q<l

(α(s1, q)� α(s2, q))(α(s1, l)� α(s2, l))(ρq,l � 1)

)
Σ(xi),

(B.20)

where Σ(xi) = E[(xTi Xj � (xTi Xj)
2)XjX

T
j ], and the third equality follows from

0 =

(∑
q

α(s1, q)� α(s2, q)

)2

=
∑
q

(α(s1, q)� α(s2, q))
2 + 2

∑
q<l

(α(s1, q)� α(s2, q))(α(s1, l)� α(s2, l)).

The proof then follows mutatis mutandis as that of Theorem 3.
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B.5 Central limit theorem for the rows of the average embeddings

We supply details for the computation of the limiting covariance matrix of the rows of

the sums of the aligned embeddings across the graphs, as described in Theorem 9 from

Section 3.7. As in the previous theorems, the proof mimics the one of Theorem 3, and so

we omit some details.

Proof. To prove part a), fix some i 2 [n] . By the same arguments than Equations (B.1)

and (B.2), observe that

p
n

(
1

m

m∑
s=1

X̂
(k)

An
W (s)
n �Xn

)
i

=
p
n

(
1

m

m∑
s=1

(A(s)
n � Pn)UPS

�1/2
P Wn

)
i

+O(n�1/2 log n),

where W (s) = W (s,1)(W (s,2))T , with W (s,1)Λ(s)(W (s,2))T = UT
P UA(s) the singular value

decomposition of the matrix on the right hand side, and Wn is a sequence of orthogonal

matrices such that UPnS
1/2
Pn
Wn = Xn,

Now, observe that the first term can be written as

p
n

(
1

m

m∑
s=1

(A(s)
n � Pn)UPS

�1/2
P Wn

)
i

=
p
n

(
1

m

m∑
s=1

(A(s)
n � Pn)XnW

T
n S
�1
P Wn

)
i

=
1p
n

∑
j 6=i

(
1

m

m∑
s=1

(A
(s)
ij � Pij)Xj

)
(nW T

n S
�1
P Wn).

Conditioning on Xi = xi, the expression is a sum of n� 1 independent terms with mean
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zero. The covariance matrix of each term can be calculated as

E

( 1

m

m∑
s=1

(A
(s)
ij � Pij)

)2

XjX
T
j

 = E

 1

m2
E

( m∑
s=1

(A
(s)
ij � Pij)

)2
∣∣∣∣∣∣X
XjX

T
j


= E

(
1

m2

(
mPij �m2P 2 +m(m� 1)Pij(Pij + ρ(1� Pij))

)
XjX

T
j

)
=

(
1� ρ
m

+ ρ

)
E
(
Pij(1� Pij)XjX

T
j

)
= Σ̃

(
xi,

1� ρ
m

+ ρ

)
.

As in Theorem 3, the classical multivariate central limit theorem gives the desired result.

To prove part b), we follow similar arguments to the proofs of Theorems 3 and 8.

Fix some i 2 [n], and observe that

p
n

(
1

m

m∑
s=1

X̂
(s)

Mn
W̃n �Xn

)
i

=

p
n

m

m∑
s=1

(
(Mn � P̃n)Zn(W̃ T

n S
�1
P W̃n)

)
n(s�1)+i

+ oP (1),

where W̃n = V T
n Wn as defined in the proof of Theorem 4. The first term can be written
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as

n1/2

m

m∑
s=1

(
(Mn � P̃n)ZnW̃

T
n S
�1
P W̃n

)
n(s�1)+i

=

p
n

m

m∑
s=1

m∑
t=1

1

m

(
(M (s,t)

n � Pn)Xn(W̃ T
n S
�1
P W̃n)

)
i

=

p
n

m

∑
j 6=i

m∑
s=1

m∑
t=1

1

m

(
(M

(s,t)
ij � Pij)Xj

)
(W̃ T

n S
�1
P W̃n)

=

p
n

m

∑
j 6=i

∑
s,t

1

m

((
1

2
(A

(s)
ij + A

(t)
ij )� Pij

)
Xj

)
(W̃ T

n S
�1
P W̃n)

=

p
n

m

∑
j 6=i

∑
s,t

(
1

2m
(A

(s)
ij � Pij) +

1

2m
(A

(t)
ij � Pij)

)
Xj(W̃

T
n S
�1
P W̃n)

=

p
n

m

∑
j 6=i

(
1

2m

∑
t

∑
s

(A
(s)
ij � Pij) +

1

2m

∑
s

∑
t

(A
(t)
ij � Pij)

)
Xj(W̃

T
n S
�1
P W̃n)

=

p
n

m

∑
j 6=i

(
1

2

∑
s

(A
(s)
ij � Pij) +

1

2

∑
t

(A
(t)
ij � Pij)

)
Xj(W̃

T
n S
�1
P W̃n)

=
1p
n

∑
j 6=i

(
1

m

m∑
s=1

(A
(s)
ij � Pij)

)
Xj(nW̃

T
n S
�1
P W̃n).

The covariance of each of the terms is calculated in the same way as in part a), and the

result follows by similar arguments.
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Appendix C: Proofs of Chapter 4

We provide proofs and explanations for the results of Section 4.2. First, we give a brief

explanation on how Conjecture 1 came about. Next, we prove Eq. (4.4) and then, we

compute the lower bound from Subsection 4.2.2. Next, we present how the examples

with smaller flat correlation arise, and finally, we prove Theorem 11.

C.1 From genOMNI to WOMNI

To see the restriction into the WOMNI space, consider the case whenm = 4. WLOG, let’s

compute the covariance coefficient term that corresponds to ρ(1, 2), that is
∑4

q=1(α(1, q)�

α(2, q))2, which can be written as

4∑
q=1

(α(1, q)� α(2, q))2 = (1 + c1
1,3 + c1

1,4 � c1
2,3 � c1

2,4)2 + (c2
1,3 + c2

1,4 � c2
2,3 � c2

2,4 � 1)2

+ (c3
1,3 + c3

1,4 � c3
2,3 � c3

2,4)2 + (c4
1,3 + c4

1,4 � c4
2,3 � c4

2,4)2.

(C.1)

Since the weights are non-negative, in order to maximize Eq. (C.1), we have to set

c1
2,3, c

1
2,4 and c2

1,3, c
2
1,4 equal to zero. However, the linear constraints (for example,

∑m
q=1 c

(q)
2,3 =

1) make the problem less trivial.
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Let’s argue why c1
2,3 = 0: First consider the covariance terms,

4∑
q=1

(α(1, q)� α(3, q))2 = (1 + c1
1,2 + c1

1,4 � c1
2,3 � c1

3,4)2 + (c2
1,2 + c2

1,4 � c2
2,3 � c2

3,4)2

+ (c3
1,2 + c3

1,4 � c3
2,3 � c3

3,4 � 1)2 + (c4
1,2 + c4

1,4 � c4
2,3 � c4

3,4)2

(C.2)

4∑
q=1

(α(2, q)� α(4, q))2 = (c1
1,2 + c1

2,3 � c1
1,4 � c1

3,4)2 + (1 + c2
1,2 + c2

2,3 � c2
1,4 � c2

3,4)2

+ (c3
1,2 + c3

2,3 � c3
1,4 � c3

3,4)2 + (c4
1,2 + c4

2,3 � c4
1,4 � c4

3,4 � 1)2

(C.3)

4∑
q=1

(α(3, q)� α(4, q))2 = (c1
1,3 + c1

2,3 � c1
1,4 � c1

2,4)2 + (c2
1,3 + c2

2,3 � c2
1,4 � c2

2,4)2

+ (1 + c3
1,3 + c3

2,3 � c3
1,4 � c3

2,4)2 + (c4
1,3 + c4

2,3 � c4
1,4 � c4

2,4 � 1)2

(C.4)

The weight c1
2,3 shows up in all of the above equations. It is obvious to set c1

2,3 equal to 0

in Eqs. (C.1), (C.2). However, it is not obvious why it has to be zero in Eqs. (C.3) and

(C.4). Notice that
∑4

q=1 c
q
2,3 = 1. Taking Eq. (C.3), the terms with the largest values are

(1 + c2
1,2 + c2

2,3� c2
1,4� c2

3,4)2 and (c4
1,2 + c4

2,3� c4
1,4� c4

3,4�1)2. According to the previous

argument, we set c4
2,3 = 0 and we want to maximize c2

2,3. Similarly in Eq. (C.4), we want

to maximize c3
2,3. Hence, setting c1

2,3 = 0 is justified (not rigorously proven though). The
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same argument holds for the rest of the weights set equal to 0. Then, Eq. (C.1) becomes

4∑
q=1

(α(1, q)� α(2, q))2 = (1 + c1
1,3 + c1

1,4)2

+ (c2
2,3 + c2

2,4 + 1)2 + (c3
1,3 � c3

2,3)2 + (c4
1,4 � c4

2,4)2.

Finally, using the linear constraints again (for example, c3
1,3 + c3

1,3 = 1) we can rewrite the

above equation as

4∑
q=1

(α(1, q)� α(2, q))2 = (1 + c1
1,3 + c1

1,4)2

+ (c2
2,3 + c2

2,4 + 1)2 + (c1
1,3 � c2

2,3)2 + (c1
1,4 � c2

2,4)2.

This provides a heuristic justification for why we restrict the flat correlation optimization

problem to the weighted omnibus matrices. Note that similar arguments (with progres-

sively messier notation) hold for m > 4 as well.

C.1.1 Proof of Eq. (4.4)

We first show and prove Lemma 1.

Lemma 9. In the weighted OMNI (WOMNI) setting, if all the cumulative weights are

the same then the only allowed value is m+1
2

, that is if α(q, q) :=
m∑
r=1

cqq,r = A for all k,

then A = m+1
2

.

Proof. First note that in each row q the cumulative weights must sum up to m, i.e., for
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each q 2 [m],
∑m

l=1 α(q, l) = m. This implies that

∑
l 6=q

α(q, l) = m� A.

Now, observe that α(q, l) = clq,l for any l 6= q (This is because of the WOMNI archi-

tecture), hence
∑
l 6=q

clq,l = m� A. Next, we have the following m linear constraints:

∑
r 6=q

cqq,r = A� 1 for all q.

Also, we have the following m constraints:

∑
l 6=q

clq,l = m� A for all q.

Finally,
∑
q

α(q, q) = mA)
∑
q

∑
r 6=q

cqq,r = mA�m and notice that (recall that cqa,b = cqb,a)

∑
q

∑
l 6=q

clq,l =
∑
q

∑
r 6=q

cqq,r. (C.5)

The above equality forces the following equation to hold: m2 �mA = mA�m) A =

m+1
2

.

To visualize Eq. C.5, notice that
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∑
r 6=1

c1
1,r = c1

1,2 + c1
1,3 + � � �+ c1

1,m = A� 1

∑
r 6=2

c2
2,r = c2

2,1 + c2
2,3 + � � �+ c2

2,m = A� 1

...∑
r 6=m

cmm,r = cmm,1 + cmm,2 + � � �+ cmm,m�1 = A� 1

and

∑
l 6=1

cl1,l = c2
1,2 + c3

1,3 + � � �+ cm1,m = m� A

∑
l 6=2

cl2,l = c1
2,1 + c3

2,3 + � � �+ cm2,m = m� A

...∑
l 6=m

clm,l = c1
m,1 + c2

m,2 + � � �+ cm�1
m,m�1 = m� A

Now, if you represent the middle terms of the second equation system as an m � (m �

1) matrix and use the right diagonal shift operator Tr(x1, � � � , xr�1, xr, � � � , xm�1) =

(x1, � � � , xr�1, 0, xr, � � � , xm�1) in each row, we get an m � m matrix with its diagonal

entries equal to zero. Thus, the columns of this matrix correspond to the rows of the first

equation system matrix, therefore the summands of the two systems are equal (because

they contain the same terms).

Proof of Eq. (4.4): Eq. (4.4) derives from the row-sum constraints (i.e.,
∑m

q=1 α(k, q) =
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m for any row k 2 [m]) and Eq. (C.5).

C.1.2 Proof of Section 4.2.2 (Lower bound)

There is an equation of covariance coefficients that involves maxq α(q, q),minq α(q, q)

and a common other term (i.e., ρ(maxq α(q, q), α(s, s)) = ρ(minα(q, q), α(s, s)). Let

D := α(s, s) and let α� = arg maxq α(q, q) and α� = arg minq α(q, q). Then, by the flat

correlation constraint

(max
q
α(q, q)� cα�α�,s)2 + (D � csα�,s)2 +

∑
q 6=α�,s

(cα
�

α�,q � css,q)2 =

(min
q
α(q, q)� cα�α�,s)

2 + (D � csα�,s)
2 +

∑
q 6=α�,s

(cα�α�,q � c
s
s,q)

2,

(C.6)

where cα�α�,s = 1� csα�,s and cα�α�,s = 1� csα�,s.

In order to find a lower bound of maxq α(q, q) � minq α(q, q), we need to minimize the

left hand side and maximize the right hand size of Eq. (C.6). For the left hand side, since

D � maxq α(q, q) and maxq α(q, q), D � 1, we have that

(max
q
α(q, q)� cα�α�,s)2 + (D� csα�,s)2 +

∑
q 6=α�,s

(cα
�

α�,q � css,q)2 � (max
q
α(q, q)� 1)2 +D2,

i.e., cα�α�,s = 1 and cα�α�,q = css,q for all q 6= s, α�. Similarly, for the right hand side we have

(min
q
α(q, q)�cα�α�,s)

2+(D�csα�,s)
2+
∑
q 6=α�,s

(cα�α�,q�c
s
s,q)

2 � (min
q
α(q, q)�1)2+D2+(m�2),
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i.e., cα�α�,s = 1 and cα�α�,q, c
s
s,q 2 f0, 1g such that cα�α�,q 6= css,q for all q 6= s, α�.

Hence,

(max
q
α(q, q)�min

q
α(q, q))(max

q
α(q, q) + min

q
α(q, q)� 2) � m� 2

) max
q
α(q, q)�min

q
α(q, q) � m� 2

maxq α(q, q) + minq α(q, q)� 2

maxq α(q,q)�m+1
2===========)

minq α(q,q)�1
max
q
α(q, q)�min

q
α(q, q) < 2. (C.7)

From Eq. (4.4), we have that minq α(q, q) � m+1
2

, hence maxq α(q, q) < m+5
2

. Plugging

this bound into Eq. (4.3) we obtain the desired result of Lemma 1. The upper bound is

derived analogously and we omit the details of the proof.

C.2 Examples with smaller flat correlation

C.2.1 m=3 case

Question: How do these matrices ( M3� and M3+) derive and do they induce the minimum

flat correlation?

To see this, let x1 = c1
1,2, x2 = c1

1,3, y1 = c2
1,2, y2 = c2

2,3, z1 = c3
1,3 and z2 = c3

2,3. Then,

the quadratic equations from Eq. (4.2) become (by setting ρ(s1, s2) = C)

x2
2 + y2

2 � x2y2 + x2 + y2 + 1 = m2(1� C)

x2
1 + z2

2 � x1z2 + x1 + z2 + 1 = m2(1� C)

y2
1 + z2

1 � y1z1 + y1 + z1 + 1 = m2(1� C) (C.8)
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and the linear constraints

x1 + y1 = 1

x2 + z1 = 1

y2 + z2 = 1

Forcing the [0, 1] restrictions, an integer solution that maximizes m2(1� C) is

(x1, x2, y1, y2, z1, z2) = (1, 0, 0, 1, 1, 0).

This solution corresponds to M3+. An additional integer solution is given by swapping

0s to 1s and vice versa. The flip-side solution is (0, 1, 1, 0, 0, 1) which corresponds to

M3�. For these solutions the covariance coefficients are equal to m2(1 � C) = 6, hence

C = 2
3
. Is ρ(s1, s2) = 2

3
the minimum possible value? The answer is yes. Equating the

three quadratic equations, we obtain the solution set

(x1, x2, y1, y2, z1, z2) = (x1, 1� x1, 1� x1, x1, x1, 1� x1).

Substituting it back to Eq. (C.8) we have that x1(x1 � 1) = m2(1�C)�3
3

. Since x1 2 [0, 1],

the maximum value for the covariance coefficients is obtained when either x1 = 0 or

x1 = 1 which result in the M3� and M3+ matrices.
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C.2.2 m=4 case

As in the previous example, let x1 = c1
1,2, x2 = c1

1,3, x3 = c1
1,4, y1 = c2

1,2, y2 = c2
2,3, y3 =

c2
2,4, z1 = c3

1,3, z2 = c3
2,3, z3 = c3

3,4 and w1 = c4
1,4, w2 = c4

2,4, w3 = c4
3,4. Then, the

(
4
2

)
covariance coefficients from Eq. (4.2) can be written as

(x2
2 + y2

2 � x2y2 + x2 + y2) + (x2
3 + y2

3 � x3y3 + x3 + y3) + (x2x3 + y2y3 + 1) = m2(1� C)

(x2
1 + z2

2 � x1z2 + x1 + z2) + (x2
3 + z2

3 � x3z3 + x3 + z3) + (x1x3 + z2z3 + 1) = m2(1� C)

(x2
1 + w2

2 � x1w2 + x1 + w2) + (x2
2 + w2

3 � x2w3 + x2 + w3) + (x1x2 + w2w3 + 1) = m2(1� C)

(y2
1 + z2

1 � y1z1 + y1 + z1) + (y2
3 + z2

3 � y3z3 + y3 + z3) + (y1y3 + z1z3 + 1) = m2(1� C)

(y2
1 + w2

1 � y1w1 + y1 + w1) + (y2
2 + w2

3 � y2w3 + y2 + w3) + (y1y2 + w1w3 + 1) = m2(1� C)

(z2
1 + w2

1 � z1w1 + z1 + w1) + (z2
2 + w2

2 � z2w2 + z2 + w2) + (z1z2 + w1w2 + 1) = m2(1� C)

along with the associated linear constraints

x1 + y1 = 1

x2 + z1 = 1

x3 + w1 = 1

y2 + z2 = 1

y3 + w2 = 1

z3 + w3 = 1
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Now, let (x1, x2, y1, y2, z1, z2) = (1, 0, 0, 1, 1, 0). Then, the system reduces to

x2
3 + y2

3 � x3y3 + 2y3 + x3 = m2(1� C)� 3 (C.9)

x2
3 + z2

3 � x3z3 + 2x3 + z3 = m2(1� C)� 3

y2
3 + z2

3 � y3z3 + 2z3 + y3 = m2(1� C)� 3

w2
2 + w2

3 + w2w3 + w3 = m2(1� C)� 3

w2
1 + w2

3 + w1w3 + w1 = m2(1� C)� 3

w2
1 + w2

2 + w1w2 + w2 = m2(1� C)� 3

Using the linear constraints and equating the following pairs of equations: (1, 6), (2, 5)

and (3, 4), we get the hyperbolas

w1w2 + 2w2 + w1 = 2

w1w3 + 2w1 + w3 = 2

w2w3 + 2w3 + w2 = 2.

Equating the hyperbolas together, we get the solution set

(w1, w2, w3) = (x, x, x), for 0 � x � 1.

Substituting back to the hyperbolas we obtain w1 = w2 = w3 =
p

17�3
2

. Hence, x3 =

y3 = z3 = 5�
p

17
2

. Further, m2(1 � C) = 2(21 � 4
p

17) � 9.01515 (Note that the

classical OMNI case corresponds to m2(1 � C) = 8). The induced flat correlation is
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ρ = 4
p

17�5
16

� .71827.

C.3 Proof of Theorem 11 (Lagrange multipliers)

Below, we demonstrate that by solving two Lagrange systems sequentially, we get that

classical OMNI maximizes the flat correlation problem. The first Lagrange system has the

covariance coefficient terms as Lagrange equations and the cumulative weight equations

as Lagrange constraints. The second Lagrange system has the same equations as the first

system but written in terms of the (updated) cumulative weights and the only constraint

is given by Eq. (4.4).

m = 3 case: The first three rows of the Lagrange system below correspond to the

covariance coefficients (Eq. (4.2)) and the last row to the linear constraints,

(1 + c1
1,3)2 + (c2

2,3 + 1)2 + (c3
1,3 � c3

2,3)2 = C

(1 + c1
1,2)2 + (c2

1,2 � c2
2,3)2 + (c3

2,3 + 1)2 = C

(c1
1,2 � c1

1,3)2 + (1 + c2
1,2)2 + (c3

1,3 + 1)2 = C

c1
1,2 + c2

1,2 = 1 c1
1,3 + c3

1,3 = 1 c2
2,3 + c3

2,3 = 1

with m(m� 1) = 3 � 2 = 6 unknowns c1
1,2, c

1
1,3, c

2
1,2, c

2
2,3, c

3
1,3, c

3
2,3.
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Using the equality constraints, the equation system can be rewritten as

f1(c1
1,3, c

2
2,3) := (1 + c1

1,3)2 + (c2
2,3 + 1)2 + (c1

1,3 � c2
2,3)2 = C

f2(c1
1,2, c

3
2,3) := (1 + c1

1,2)2 + (c1
1,2 � c3

2,3)2 + (c3
2,3 + 1)2 = C

f3(c2
1,2, c

3
1,3) := (c2

1,2 � c3
1,3)2 + (1 + c2

1,2)2 + (c3
1,3 + 1)2 = C (C.10)

We would like to show that classical OMNI induces the maximum possible flat correlation.

We will show a stronger result, that classical OMNI induces the maximum total correlation

among all weighted average OMNI matrices (total correlation being defined as the sum

of the pairwise correlations). To this end, define

f(c1
1,2, c

1
1,3, c

2
1,2, c

2
2,3, c

3
1,3, c

3
2,3) = f1(c1

1,3, c
2
2,3) + f2(c1

1,2, c
3
2,3) + f3(c2

1,2, c
3
1,3). (C.11)

Consider that the cumulative weights of the graphs are different. Set the following

equations as the Lagrange constraints

α(1, 1) = 1 + c1
1,2 + c1

1,3 � a1

α(2, 2) = 1 + c2
1,2 + c2

2,3 � a2

α(3, 3) = 1 + c3
1,3 + c3

2,3 � a3 (C.12)

Set g1 = a1 � 1 � c1
1,2 � c1

1,3, g2 = a2 � 1 � c2
1,2 � c2

2,3, and g3 = a3 � 1 � c3
1,3 � c3

2,3.
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Letting ~c = (c1
1,2, c

1
1,3, c

2
1,2, c

2
2,3, c

3
1,3, c

3
2,3), we seek to solve

min f(~c)

s.t. g1(~c) = 0

g2(~c) = 0

g3(~c) = 0

Rewriting this as

min ~cTB~c+ qT~c+ r

s.t. A~c = ~b,

we see that (as B + ATA is positive definite), the KKT system (defined by finding λi’s

and ~c that solve

rf(~c)� λ1rg1(~c)� λ2rg2(~c)� λ3rg3(~c) = 0)

has a unique solution that is the global optima of the quadratic program. We seek now to

construct such a solution. Inspired by the symmetry in the above formulation, we seek a
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solution that would solve

rf1(~c)� λ̃1rg1(~c)� λ̃2rg2(~c) = 0 (C.13)

rf2(~c)� λ̃1rg1(~c)� λ̃3rg3(~c) = 0 (C.14)

rf3(~c)� λ̃2rg2(~c)� λ̃3rg3(~c) = 0 (C.15)

Letting λ̃i = λi/2 would yield then the desired solution to the quadratic program. Now,

Eq. C.13 yields that

∂(f1 � λ̃1g1)

∂c1
1,3

= 0) c2
2,3 = 2c1

1,3 + (1� λ�1)

∂(f1 � λ̃2g2)

∂c2
2,3

= 0) c1
1,3 = 2c2

2,3 + (1� λ�2),

where λ�i =
~λi
2

. Hence, c2
2,3 = (1 � λ�1) + 2(1 � λ�2) + 4c2

2,3 ) c2
2,3 = 1

3
(λ�1 + 2λ�2 � 3).

Substituting back in the other equation, we get c1
1,3 = 1

3
(2λ�1 + λ�2 � 3). Similarly, we get

c1
1,2 = 1

3
(2λ�1 + λ�3 � 3) and c3

2,3 = 1
3
(λ�1 + 2λ�3 � 3) from f2 and c2

1,2 = 1
3
(2λ�2 + λ�3 � 3)

and c3
1,3 = 1

3
(λ�2 + 2λ�3 � 3) from f3. Therefore, the solution of the Lagrange system is

(2λ�1 + λ�3
3

�1,
2λ�1 + λ�2

3
�1,

2λ�2 + λ�3
3

�1,
2λ�2 + λ�1

3
�1,

2λ�3 + λ�2
3

�1,
2λ�3 + λ�1

3
�1
)
.

Now, we substitute these values back to Eq. C.12 to write the cumulative weights in terms
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of the Lagrange coefficients. By using the Lagrange coefficient constraint above, we get

a1 = λ�1 +
1

2

a2 = λ�2 +
1

2

a3 = λ�3 +
1

2

It follows that we can rewrite the cji,j’s in terms of a1, a2, a3 as shown below

(2a1 + a3

3
� 3

2
,
2a1 + a2

3
� 3

2
,
2a2 + a3

3
� 3

2
,
2a2 + a1

3
� 3

2
,
2a3 + a2

3
� 3

2
,
2a3 + a1

3
� 3

2

)
.

From the initial constraints cii,j + cji,j = 1, we get the following equation (Lagrange

coefficients constraint): λ�1 + λ�2 + λ�3 = 9
2
. The second Lagrange systems are derived

from the initial equations from (C.10) written in terms of a1, a2, a3 (denoted now f̃i) and

the constraint given by Eq. (4.4)
(

i.e.,
∑

q α(q, q) = m(m+1)
2

)
. In this case, the constraint

is h(a1, a2, a3) = a1 + a2 + a3 � 6. The second Lagrange system is thus as follows:

min f̃1(a1, a2) + f̃2(a1, a3) + f̃3(a2, a3)

s.t. h(a1, a2, a3) = 0.

As in the previous case, the KKT system for this program has a unique solution (the

objective function is strictly convex and the analogue ofB+ATA is positive definite here

as well). To construct the unique solution to the KKT system (which is the global optima)

we seek to solve rf̃1 � λra1,a2h = 0 (where ra1a2 is the gradient only for the variable
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a1 and a2). Similarly, we seekrf̃2� λra1,a3h = 0 andrf̃3� λra2,a3h = 0. A solution

to these equations would yield a global KKT point as desired. Setting

∂(f̃1 � λh)

∂a1

=
4a1

3
+

2a2

3
� 1� λ) λ =

4a1

3
+

2a2

3
� 1

∂(f̃1 � λh)

∂a2

=
4a2

3
+

2a1

3
� 1� λ) a2 = a1.

Similarly for f̃2 and f̃3, we end up with a1 = a2 = a3 yields the minimal value of f̃1, f̃2,

and f̃3 separately. Hence, from the equality a1+a2+a3 = 6, we obtain a1 = a2 = a3 = 2,

and substituting these back to the cji,j values, the classical OMNI appears.

m = 4 case: For m = 4, we have 12 equations (6 quadratic equations derived by

the covariance terms and 6 linear equations from the block-entry constraints) and 12

unknowns (cii,j)1�i 6=j�4. For example, the covariance term between 1st and 2nd rows

is

4∑
q=1

(α(1, q)� α(2, q))2 =

(1 + c1
1,3 + c1

1,4)2 + (1 + c2
2,3 + c2

2,4)2 + (c3
1,3 � c3

2,3)2 + (c4
1,4 � c4

2,4)2 � C

From the constraints c1
1,3 + c3

1,3 = 1, c2
2,3 + c3

2,3 = 1 and c1
1,4 + c4

1,4 = 1, c4
2,4 + c4

2,4 = 1, we

can rewrite the above constraint as

(1 + c1
1,3 + c1

1,4)2 + (1 + c2
2,3 + c2

2,4)2 + (c1
1,3 � c2

2,3)2 + (c1
1,4 � c2

2,4)2 � C (C.16)

Analogous results hold for the other covariance terms. As in the m = 3 case, write the
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equations from the cumulative weights as the Lagrange constraints

α(1, 1) = 1 + c1
1,2 + c1

1,3 + c1
1,4 � a1

α(2, 2) = 1 + c2
1,2 + c2

2,3 + c2
2,4 � a2

α(3, 3) = 1 + c3
1,3 + c3

2,3 + c3
3,4 � a3

α(4, 4) = 1 + c4
1,4 + c4

2,4 + c4
3,4 � a4 (C.17)

Then, we define fij as the Lagrange equation that corresponds to the covariance coefficient

of Σ̃0(x; i, j), and ~c, f , gi as in the m = 3 case. Hence, we seek to solve

min f(~c)

s.t. g1(~c) = 0

g2(~c) = 0

g3(~c) = 0

g4(~c) = 0

Rewriting this system in matrix form, we get that B+ATA = 4I12, thus positive definite.

The KKT system (defined by finding λi’s and ~c that solve

rf(~c)� λ1rg1(~c)� λ2rg2(~c)� λ3rg3(~c)� λ4rg4(~c) = 0)

has a unique solution that is the global optima of the quadratic program. As in the m = 3
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case, we seek a solution that would solve

rf12(~c)� λ̃1rg1(~c)� λ̃2rg2(~c) = 0 (C.18)

rf13(~c)� λ̃1rg1(~c)� λ̃3rg3(~c) = 0 (C.19)

rf14(~c)� λ̃1rg1(~c)� λ̃4rg3(~c) = 0 (C.20)

rf23(~c)� λ̃2rg2(~c)� λ̃3rg3(~c) = 0 (C.21)

rf24(~c)� λ̃2rg2(~c)� λ̃4rg4(~c) = 0 (C.22)

rf34(~c)� λ̃3rg3(~c)� λ̃4rg4(~c) = 0 (C.23)

Letting λ̃i = λi/3 would yield then the desired solution to the quadratic program. Now,

Eq. C.18 yields that

∂(f12 � λ̃1g1)

∂c1
1,3

= 0) c2
2,3 = 2c1

1,3 + c1
1,4 + (1� λ�1)

∂(f12 � λ̃1g1)

∂c1
1,4

= 0) c2
2,4 = 2c1

1,4 + c1
1,3 + (1� λ�1)

∂(f12 � λ̃2g2)

∂c2
2,3

= 0) c1
1,3 = 2c2

2,3 + c2
2,4 + (1� λ�2)

∂(f12 � λ̃2g2)

∂c2
2,4

= 0) c1
1,4 = 2c2

2,4 + c2
2,3 + (1� λ�2),

where λ�i =
~λi
2

. Similarly, for the covariance terms between 1st and 3rd rows and 1st and

4th rows, we obtain
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∂(f13 � λ̃1g1)

∂c1
1,2

= 0) c3
2,3 = 2c1

1,2 + c1
1,4 + (1� λ�1)

∂(f13 � λ̃1g1)

∂c1
1,4

= 0) c3
3,4 = 2c1

1,4 + c1
1,2 + (1� λ�1)

∂(f13 � λ̃3g3)

∂c3
2,3

= 0) c1
1,2 = 2c3

2,3 + c3
3,4 + (1� λ�3)

∂(f13 � λ̃3g3)

∂c3
3,4

= 0) c1
1,4 = 2c3

3,4 + c3
2,3 + (1� λ�3),

and

∂(f14 � λ̃1g1)

∂c1
1,2

= 0) c4
2,4 = 2c1

1,2 + c1
1,3 + (1� λ�1)

∂(f14 � λ̃1g1)

∂c1
1,3

= 0) c4
3,4 = 2c1

1,3 + c1
1,2 + (1� λ�1)

∂(f14 � λ̃4g4)

∂c4
2,4

= 0) c1
1,2 = 2c4

2,4 + c4
3,4 + (1� λ�4)

∂(f14 � λ̃4g4)

∂c4
3,4

= 0) c1
1,3 = 2c4

3,4 + c4
2,4 + (1� λ�4).

Now, take c1
1,4. From the first system of equations we have that c1

1,4 =
3λ�1+λ�2

4
� 1� c1

1,3.

From the third system we have that c1
1,3 =

3λ�1+λ�4
4
� 1� c1

1,2 and from the second we have

that c1
1,2 =

3λ�1+λ�3
4
� 1� c1

1,4. Plugging in all these back to c1
1,4, we get that

c1
1,4 =

3λ�1 + λ�2 + λ�3 � λ�4 � 4

8
.
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Similarly, we have

c1
1,2 =

3λ�1 � λ�2 + λ�3 + λ�4 � 4

8
, c1

1,3 =
3λ�1 + λ�2 � λ�3 + λ�4 � 4

8
,

c1
1,4 =

3λ�1 + λ�2 + λ�3 � λ�4 � 4

8
, c2

1,2 =
�λ�1 + 3λ�2 + λ�3 + λ�4 � 4

8

c2
2,3 =

λ�1 + 3λ�2 � λ�3 + λ�4 � 4

8
, c2

2,4 =
λ�1 + 3λ�2 + λ�3 � λ�4 � 4

8

c3
1,3 =

�λ�1 + λ�2 + 3λ�3 + λ�4 � 4

8
, c3

2,3 =
λ�1 � λ�2 + 3λ�3 + λ�4 � 4

8

c3
3,4 =

λ�1 + λ�2 + 3λ�3 � λ�4 � 4

8
, c4

1,4 =
�λ�1 + λ�2 + λ�3 + 4λ�4 � 4

8

c4
2,4 =

λ�1 � λ�2 + λ�3 + 3λ�4 � 4

8
, c4

3,4 =
λ�1 + λ�2 � λ�3 + 3λ�4 � 4

8
.

Next, substituting the above values to the linear constraints (for example, c1
1,2 + c2

1,2 = 1)

we get that
∑

i λ
�
i = 8. Using this fact and substituting again the above values back to the

Lagrangian constraints we get that

a1 = λ�1 +
1

2
, a2 = λ�2 +

1

2
, a3 = λ�3 +

1

2
, a4 = λ�4 +

1

2
.

As in the m = 3 case, we can rewrite the unknowns in terms of a, b, c, d as

c1
1,2 =

3a1 � a2 + a3 + a4 � 6

8
,

c1
1,3 =

3a1 + a2 � a3 + a4 � 6

8
,

c1
1,4 =

3a1 + a2 � a3 + a4 � 6

8
,

...

The second Lagrange systems are derived from the initial equations written in terms of
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a1, a2, a3, a4 (denoted now f̃ij) and the constraint given by Eq. (4.4)
(

i.e.,
∑

q α(q, q) =

m(m+1)
2

)
. In this case, the constraint is h(a1, a2, a3, a4) = a1 + a2 + a3 + a4 � 10. The

second Lagrange system is thus as follows:

min
∑

1�i<j�4

f̃ij(ai, aj)

s.t. h(a1, a2, a3, a4) = 0.

As in the previous case, the KKT system for this program has a unique solution (the

objective function is strictly convex and the analogue ofB+ATA is positive definite here

as well). To construct the unique solution to the KKT system (which is the global optima)

we seek to solverf̃ij � λrai,ajh = 0, i < j. A solution to these equations would yield a

global KKT point as desired,

∂(f̃ij � λh)

∂ai
= 0) λ =

3

2
ai +

1

2
aj � 1

∂(f̃ij � λh)

∂aj
= 0) aj = ai.

Hence, from the equality a1 + a2 + a3 + a4 = 10, we obtain a1 = a2 = a3 = a4 = 5
2
, and

substituting these back to the cji,j values, the classical OMNI appears again.

For general m: We argue that the same proof idea works for general m as well, but here

we only provide a proof sketch, rather than proving this rigorously. For general m, we

have
(
m
2

)
covariance terms,

(
m
2

)
linear constraints cii,j + cji,j = 1 and m(m� 1) unknowns

fcji,j, cii,jgi 6=j . The Lagrange constraints are α(i, i) = 1 +
∑

i 6=j c
i
i,j . Also, let λ̃i = λi

m�1
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and let λ�i =
~λi
2

. Following the procedure as in the previous cases (i.e., m = 3, 4) we

obtain

cii,j =
(m� 1)λ�i � (m� 3)λ�j +

∑
k 6=i,j λ

�
k �m

m(m� 2)
.

Substituting the above values into the linear constraints we get that
∑

i λ
�
i = m2

2
. From the

Lagrangian constraints we get that α(i, i) = λ�i + 1
2

for all k 2 [m]. Solving the second

Lagrangian system (i.e., the covariance terms in terms of α(i, i) with the Lagrangian

constraint h =
∑

i α(i, i)� m(m+1)
2

) we obtain

α(i, i) = α(j, j), for all i, j 2 [m].

Finally, this results to cii,j, c
j
i,j = 1

2
for all i 6= j, i.e., classical OMNI.

Remark 9. The first KKT system can be written in matrix form

min ~cTB~c+ qT~c+ r

s.t. A~c = ~b,

where B is an m(m� 1)�m(m� 1) block matrix given by B = 1m 
M and M is an

(m� 1)� (m� 1) matrix

M = (m� 4)1m�11
T
m�1 +mIm�1.

Moreover, ATA = 1m 
 1m�11
T
m�1, hence B + ATA is positive definite.
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For the second KKT system, B is an m�m matrix given by

B =
1

m
(1m1

T
m +m(m� 2)Im)

and ATA = 1m1
T
m, therefore B + ATA is positive definite as desired.

C.4 Unconstrained case (MDS Algorithm)

Without any assumptions on A, we first describe a method to solve (4.7) based on the

Multi-Dimensional Scaling theory (MDS). Let Jm = Im� 1
m

1m1Tm be a centering matrix.

The procedure for solving this MDS problem is summarized in the following steps.

(1) Compute the distance matrix D(2), which can be written as

D(2) = c1Tm + 1mc
T � 2AAT ,

where c 2 Rm is the vector with the diagonal elements of AAT .

(2) Apply double centering to D(2)1:

JmAATJm = �1

2
JmD

(2)Jm )

)AAT = Jym(�1

2
JmD

(2)Jm)Jym

(3) Compute the eigendecomposition: AAT = QΛQT .

(4) Finally, set A = QΛ1/2.

1y corresponds to the Moore-Penrose inverse.

231



Remark 10. In general, matrix A has not column means equal to 0. Let ` 2 [m], and let

p
C(`) be the m�m matrix with entries the squared roots of the weights c`,

√
(c`)ij . To

make A a column mean 0 matrix, subtract the term 1
m
k
p
C(`)k2

F

(
if C(`) positive semi-

definite matrix, otherwise just 1
m

m∑
s,t=1

c
(s,t)
`

)
from each entry of the `-th column of A.
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