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Networks are commonly used to model and study complex systems that arise in a variety
of scientific domains. One important network data modality is multiplex networks which
are comprised of a collection of networks over a common vertex set. Multiplex networks
can describe complex relational data where edges within each network can encode differ-
ent relationship or interaction types. With the rise of network modeling of complex, multi-
sample network data, there has been a recent emphasis on multiplex inference methods.
In this thesis, we develop novel theory and methodology to study underlying network
structures and perform statistical inference on multiple networks. While each chapter of
the thesis has its own individual merit, synergistically they constitute a coherent multi-
scale spectral network inference framework that accounts for unlabeled and correlated
multisample network data. Together, these results significantly extend the reach of such

procedures in the literature.

In the first part of the thesis, we consider the inference task of aligning the vertices



across a pair of multiplex networks, a key algorithmic step in routines that assume a priori
node-aligned data. This general multiplex matching framework is then adapted to the task
of detecting a noisy induced multiplex template network in a larger multiplex background
network. Our methodology, which lifts the classical graph matching framework and
the matched filters method of [1] to the multiple network setting, uses the template
network to search for the “most” similar subgraph(s) in the background network, where
the notion of similarity is measured via a multiplex graph matching distance. We present
an algorithm which can efficiently match the template to a (induced or not induced)
subgraph in the background that approximately minimizes a suitable graph matching
distance, and we demonstrate the effectiveness of our approach both theoretically and

empirically in synthetic and real-world data settings.

In the second part of the thesis, we present a joint embedding procedure for multi-
scale spectral network inference. In our proposed framework, a collection of node-
aligned networks are jointly embedded into a common Euclidean space by embedding a
specialized omnibus matrix which contains the information across the entire collection
of networks. Our approach—which builds upon the work of [2]—is flexible enough
to faithfully embed many different network collection types (e.g., network time-series
data; test-retest network data, etc.) and is theoretically tractable. Indeed, our method is
among the first joint embedding methods in which statistical consistency and asymptotic
normality are established across correlated network collections. Moreover, we are able
to identify (and fully analyze in our setting) the phenomenon of induced correlation in

the embedded space, which is an artifact of joint embedding methodologies. We examine



how both the induced (by the method) and inherent correlation can impact inference for
correlated network data, and we provide network analogues of classical questions such as

the effective sample size for more generally correlated data.

In the final part of the thesis, we consider a constrained optimization problem called
corr20MNI, and we present an algorithm that approximates generalized omnibus matrix
structure (for jointly embedding networks) that best preserve (in the embedded space)
a given correlation structure across a collection of networks. Moreover, we analyze
theoretically an important special case of corr20OMNI where we desire a fixed level of

correlation across the networks.
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Chapter 1: Introduction

Network science is a relatively new, interdisciplinary academic field, linking long-standing
research areas such as probability, matrix analysis, statistics and machine learning. Net-
work science utilizes networks or graphs to study complex systems that arise in a multitude
of diverse disciplines ranging from sociology to political science, from epidemiology
to neuroscience and from engineering to computer science. The success/recognition of
network science over the last two decades is mainly due to technological advancements
that lead to mass data production coupled with the fact that networks are versatile data
structures.

Specifically, networks are commonly described by a set of actors or entities of
interest and a set of possible relationships or interactions among them. Due to the topo-
logically peculiar nature of networks, machinery from traditional statistics often cannot
be immediately leveraged to study networks. As a result, statistical inference on networks
requires developing new methodology and discovering ways to bring notions and concepts
from classical statistics to network statistics.

In order to pursue statistical inference on networks, a number of graph models have
been proposed in recent years; for example, random graph models (e.g., Erdos-Renyi [3],

Stochastic Blockmodel [4]), scale-free models (e.g., Barabasi-Albert [5]), small world



models (e.g., Watts-Strogatz [6]), etc. We focus on a subset of random graph models
called latent space models [7] in which each vertex has associated to it a Euclidean vector
called latent position that is usually unobserved. The edge probabilities between two
vertices ¢ and j are then defined via p;; = k(z;,x;), where x(, ) : X X T [0,1]
is a kernel function, and the edges are (conditional on the x;’s) independently sampled.
Then, conditional on the x;’s the realized graph G is represented by the adjacency matrix
A with entries A;;  Bernoulli(p;;). Note that the latent positions of a latent space model
can often only be estimated up to a rotation since many kernel functions are orthogonally
invariant.

When x(, ) is given by the dot product and X is an appropriately constrained
subspace of R%, the model is called d Random Dot Product Graph (abbreviated d RDPG)
[8]. The RDPG model assigns Euclidean vectors to vertices allowing for potential cross-
overs between traditional statistics and network statistics. Moreover, it encompasses
many flexible and popular models such as the positive semi-definite stochastic blockmodel,
which itself has proven to well-approximate any independent-edge random graph with a
sufficiently large number of blocks [9]. In these models, there is a good deal of work
pursuing inference tasks in single-network analysis, including (but not limited to) com-
munity detection, vertex classification, and anomaly detection. These tasks have caught
the attention of many researchers recently, and there has been a large number of relatively
recent papers in the literature pursuing these tasks. For random dot product graphs, the
first (and perhaps, the most important) inference task is to estimate the latent positions
from a single realization of the (unobserved) network. Indeed, it has proven that, under
mild assumptions, spectral embeddings (i.e., eigendecompositions) of either adjacency
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[10] or Laplacian [11] matrices yield estimates that are both consistent (up to a rotation)
and satisfy asymptotic normality. As a consequence, inference built upon these estimates
is theoretically justified, and RDPG’s form a popular framework to pursue the aforemen-
tioned inference tasks.

Although single-network inference is a comparatively new research area, many
scientists have focused on leveraging existing methods from the single-network setting
for inference in the multiple-network setting. This is true in the latent space framework,
where, inspired by building statistical analogues from multi-sample Euclidean inference,
many novel joint spectral embedding methods have emerged [2, 12-16]. These methods,
apart from providing improved estimation of the underlying network parameters, are
amenable to various subsequent multi-sample inference tasks such as two-sample hypoth-
esis testing [17], multi-scale anomaly detection [18], and multi-scale classification [19].
Moreover, random graph models such as d RDPG can be naturally extended to the
multiple-network setting (see Chapter 3, Definition 3.2.3).

Joint spectral graph embedding methods aim to simultaneously embed a collection
of networks into a common, often low-dimensional, latent space. Recent work has demon-
strated that joint spectral embeddings can deliver more accurate estimation of underlying
graph parameters than individual separate embeddings [2, 14]. Moreover, due to the
non-identifiability in latent space models estimates from individual embeddings require
additional alignment in the embedded space, and joint embedding methods are designed
to bypass the need for this additional alignment step. An instance of a joint spectral
embedding method is the omnibus embedding of [2] (in short, classical OMNI), in which
multiple networks on a common vertex set are simultaneously embedded into a single

3



lower-dimensional Euclidean space, with a distinct representation provided for each vertex
across the networks. They achieve this by considering an eigendecomposition of a particu-
larly designed matrix, called omnibus matrix, that contains information from all the
networks. Classical OMNI provides both consistent estimation and asymptotic normal
residual errors when networks arise from a common distribution. Also, the omnibus
embedding endows a natural test statistic and retains discriminatory power as a test proce-
dure for comparisons of different network models.

Nonetheless, existing joint spectral methods (including the OMNI embedding) have
several limitations/drawbacks. First, all the theoretical results in the current literature have
been developed under the assumption of the networks being independent. However, this
assumption rarely holds in real data applications. Second, there are no studies about
the effect of the joint embedding procedure in the embedded space. In other words,
do the embedded networks respect the independence assumption, and if not, how to
identify and analyze the correlation artifact “induced” by the algorithm? Third, the vertex
correspondence across all networks is considered to exist and also be known a priori, i.e.,
existing procedures can often handle only labeled and aligned network data. Finally, these
methods often consider networks of equal size, however, such expectation rarely holds in
real-world scenarios due to missing or noisy data.

Herein, we address these limitations by considering the generalized omnibus embed-
ding procedure (abbreviated genOMNI) which encompasses classical OMNI and extends
the joint embedding framework of [2] to a broad class of jointly spectral methods under
a multiple random graph model that accounts for correlated networks. In addition, in
this generalized OMNI setting we identify and fully characterize the induced correlation
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which is an artifice of the joint embedding methodology, and we express a relationship
(see Chapter 3, Theorem 7) between the inherent correlation—that is, the correlation
that arises naturally in multisample network data—and the induced correlation in the
genOMNI setting.

In order to tackle the often problematic assumption that the networks are node
aligned and of the same order, we formalize and study a multiplex graph matching problem
in which we seek to find an optimal node correspondence between two multiplex networks
of different orders. While this task is applicable to a wide range of applications, it can
also be thought of as a pre-processing step in the genOMNI setting when the multisample
network data are unlabeled (i.e., not pre-aligned) and the networks are of different orders.

Below, we describe the chapters of the thesis in more detail.

Chapter 2

This chapter extends and elucidates upon the published workshop paper [20]: “Multiplex
graph matching matched filters,” by Pantazis, K., Sussman, D. L., Park, Y., Priebe, C.
E., & Lyzinski, V. In 2019 IEEE International Conference on Big Data (Big Data) (pp.
4921-4927), IEEE. In this chapter, we consider the problem of detecting a noisy induced
multiplex template network in a larger multiplex background network. Our approach is
based upon adapting the graph matching matched filters method of [1] to the multiplex
setting. Effectively, given a multiplex template, we scan the multiplex background for
similarly structured subgraphs based on a multiplex graph matching distance (see Section
2.1.3). This noisy subgraph detection task (also referred to as inexact subgraph matching)
differs from the classical subgraph isomorphism problem, as it accounts for the reality
that relatively large, complex subgraph templates may only errorfully occur in the larger
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background network. Under a statistical network model suitable for modeling noisy
network data, we prove that, under mild conditions, the true vertex correspondence can be
found with high probability (see Theorems 1 and 2). Moreover, we present an algorithm
called M-GMMF which utilizes the multiplex template and a multiplex analogue of a
matching algorithm (see Sections 2.2.1 and 2.2.2) to search for approximate solutions. We
further demonstrate these theoretical and methodological results in a number of simulated
and real data settings. In Section 2.4, we apply our multiplex matched filter approach in
detecting a hidden template in a multiplex social media network and we compare M-
GMMF to other multiplex graph matching algorithms on a semantic property graph.
Chapter 3

As mentioned above, we present the generalized omnibus embedding (genOMNI) and
we provide a detailed analysis of this embedding across both independent and correlated
networks. Unlike the omnibus matrix in [2], the generalized omnibus matrix (see Defini-
tion 3.4.1) is generic, thus genOMNI can be regarded as a family of joint graph embedding
methods. Also, we identify the phenomenon of induced correlation in genOMNI and we
capture the dual effects of inherent and induced correlation in the limiting covariance
across the embedded networks (see Theorem 7). We show that genOMNI is flexible
and robust, and we prove both consistency and a central limit theorem for the embedded
points. Next, we provide an analysis of a time series of networks in the brain of the
marine mollusk Aplysia californica to illustrate how the induced correlation found in
classical OMNI obscurs important network changes corresponding directly to transitions
in animal behavior, and how an appropriately calibrated generalized omnibus embedding
succeeds to do so. In Sections 3.5 and 3.6, we show how the weights of genOMNI can

6



be adapted for certain specific inherent correlation structures. Lastly, in Section 3.7, we
further show via simulated and real data examples, how inherent and induced correlation
across networks impact the effective sample size for subsequent inference tasks in the
joint embedded space.

Chapter 4

We present two optimization problems that derive from the genOMNI framework. First,
we introduce the flat correlation problem (see Section 4.2) in which we seek to find
generalized omnibus matrices that attain the minimum flat correlation (flat correlation
refers to the case when the amount of induced correlation among all network pairs is the
same). Essentially, this problem attempts to minimize the effect of induced correlation
when the networks are assumed independent. Under a suitable subspace of generalized
omnibus matrices, we provide a lower bound (see Lemma 1) and we show that classical
OMNI achieves the maximum flat correlation (see Theorem 11). Next, we define a con-
strained optimization problem called corr20OMNI (see Section 4.3) in which we search
for generalized omnibus matrices that best fit the inherent correlation structure across
multiple network data. We develop an algorithm inspired by Multi-dimensional Scaling

theory and we further explore its performance via simulations.

Note that each of the following chapters is essentially self-contained. Each chapter has
its own introduction section, conclusion section and notation description (if necessary).
Appendices A, B and C correspond to Chapters 2, 3 and 4 respectively, and they constitute
the backbone of this thesis containing proofs, arguments and supporting materials for the

theoretical results found herein.



Chapter 2: Multiplex Graph Matching Matched Filters

Abstract

We consider the problem of detecting a noisy induced multiplex template network in a
larger multiplex background network. Our approach, which extends the framework of [1]
to the multiplex setting, leverages a multiplex analogue of the classical graph matching
problem to use the template as a matched filter for efficiently searching the background
for candidate template matches. The effectiveness of our approach is demonstrated both
theoretically and empirically, with particular attention paid to the potential benefits of

considering multiple channels.

2.1 Introduction

Multilayer and multiplex networks or graphs have proven to be useful models for capturing
complex relational data where multiple types of relations are potentially present between
vertices in the network [21,22]. Classical, single layer (or monoplex) networks, have
proven popular for representing complex interactions (i.e., edges) amongst a collection of
objects of interest (vertices). In the multilayer setting, there are multiple vertex layers and
edges within a layer can encode different relationship/interaction types. Multilayer graphs
are often distinguished by the structure across layers; in the present work we consider
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multiplex networks where inter-layer relations can only exist amongst vertices represent-
ing the same object across the layers. For example, in connectomes (i.e., brain graphs)
different edge modalities can represent different synapse types between neurons [23];
in social networks different edge modalities can capture relationships in different social
network platforms [24]; in scholarly networks different edge modalities can capture co-
authorship across multiple classification categories [25]. Insofar as there is complimentary
signal across the layers in the multilayer network (which is the case in many applications,
see for example [22, 26, 27]), leveraging the signal across the different layers of the
network can lead to better, more robust performance than working within any single
network modality. In this paper, we address the question of how we can practically (and
theoretical-ly) leverage the signal across multiple network layers in the inference setting
of noisy subgraph detection.

A graph or network ¢ consists of a set of vertices or nodes V' (g), and a set of edges
E(g). A graph ¢ is a subgraph of g if V(¢")  V(g) and E(¢")  E(g). Formally,
the noisy subgraph detection problem can be stated as follows. For integer n > 0, let
G,, be the space of all n-vertex node-labeled graphs; note that unless otherwise specified,
all graphs considered will be unweighted. Given a dissimilarity d : G,, G,, @ R
(so that d is non-negative, d(g,g) = 0 for all ¢ 2 G,,, and small (resp., large) values
of d are indicative of highly similar (resp., dissimilar) networks), a template subgraph
g 2 G,,, and a background graph i 2 G,, with n > m, the goal is to find the subgraphs
¢" 2 G,, of h minimizing d(g, ¢°). Common dissimilarities d considered in the literature
include variants of graph edit distance [28] and the graph matching distance [1,29] (see
Section 2.1.1 for detail). The mingy 5 d(g,4¢") = 0 setting (where ¢ h denotes ¢’

9



is a subgraph of h) is closely related to the subgraph isomorphism problem—given a
template g, determine if an isomorphic copy of g exists in the larger network h and find
the isomorphic copy (or copies) if it exists. This NP-complete problem (see [30] for more
details) has been the subject of voluminous research, with notable results in the setting
where ¢ is small or structured. Common approaches include those based on efficient tree
search [31], color coding [32, 33], graph homomorphisms [34], rule-based/filter-based
matchings [35, 36], among others; for a survey of the literature circa 2012, see [37].
The potential to have ming 1, d(g,¢") > 0 (this is what is meant by “noisy”; note this
is also referred to as inexact matching in the literature) for a given template separates
the noisy subgraph detection task from the classical subgraph isomorphism problem, as
this accounts for the reality that relatively large, complex subgraph templates may only
errorfully occur in the larger background network. These errors may be due to missing
edges/vertices in the template or background, and arise in a variety of real data settings
[38]. When g is large and complex and/or ming ,d(g,g") > 0, there are relatively
fewer methods in the literature for attacking this problem; see, for example, [1,39-42].
Moreover, for many d, in the setting of complex templates g there is often a single
element (up to vertex reordering) in arg miny 5, d (9, "), and the noisy subgraph detection
problem reduces to detecting this unique minimizer.

The inference task we consider in this chapter is the problem of detecting (possi-
bly multiple copies of) a noisy multiplex template network in a multiplex background
network. Letting M be the set of all c-layer, n-vertex multiplex networks (see Definition
2.1.1), we can define the problem formally as follows. Given a dissimilarity d : M,
M¢, M R (so that d is non-negative, d(g,g) = 0 for all g 2 M, and small (resp.,

10



large) values of d are indicative of highly similar (resp., dissimilar) networks), a template
subgraph g 2 MY , and a background graph h 2 M¢ with n > m, the goal is to find
the subgraphs g' 2 M¢, of h minimizing d(g,g’). With the rise of network modeling
of complex, multilayer data, there has been a recent emphasis on multiplex inference
methods. This is, indeed, the case with the noisy multiplex subgraph detection problem,
as there have been numerous recent papers dedicated to solving this problem; see, for
example [36,43-47]. This multilayer subgraph detection problem presents a host of
additional challenges versus its single layer counterpart, including how to adapt monoplex
dissimilarities to the multilayer setting (see [48] for the challenges in defining the general
multilayer graph isomorphism), and how to appropriately leverage the signal across the
multiple layers rather than more streamlined approaches that collapse the network to a
single layer.

Our approach to approximately solving the multiplex noisy subgraph problem adapts
the graph matching matched filter (GMMF) method proposed in [1] to the multiplex
setting. The basic idea of the GMMF is to use the template graph g to scan the background
for similarly (according to d) structured subgraphs in h; this is similar in spirit to the
matched filters for pattern detection in image analysis (e.g., [49]) and the convolutional
filters in image processing and convolutional neural networks [50,51]. In our Multiplex
GMMF (which we denote M-GMMF), the scanning mechanism determining how the tem-
plate is used to search the background is a multiplex adaptation of the Frank-Wolfe [52]
based FAQ algorithm of [53] (see Section 2.2.1 for more detail). For the details of
M-GMMF, see Section 2.2.2. In the process of developing the M—-GMMF, we introduce
a multiplex graph matching problem (see Section 2.1.3) that allows us to appropriately

11



define a dissimilarity d that seeks to minimize the number of disagreements between g
and g’ (i.e., optimal induced subgraph match) or maximize the number of common edges
across g and g’ (i.e., optimal subgraph match).

In addition to the algorithmic development above, we further posit a statistical
framework for embedding a noisy copy of g into h that allows us to study an analogue
of multiplex graph matchability; see Section 2.3. In this model, we demonstrate the
theoretical appropriateness of multiplex matched filters for detecting the noisy induced
subgraph as well as the benefit of considering multiple channels for improved graph de-
anonymization. We further demonstrate these theoretical results in a number of simulation
and real data settings. In Section 2.4, we apply our multiplex matched filter approach in
detecting a hidden template in a multiplex social media network and we compare M—-GMMF
to other multiplex graph matching algorithms on a template discovery task in a large

semantic property graph.

Notation: The following notation will be used throughout. For an integer n > 0, we will
define [n] := f1,2,...,ng, let 1, 2 R™ (resp. I,, 2 R™ ™) be the vector (resp. diagonal
matrix) with all entries identically set to 1, let .J,, be the n n matrix with all diagonal
entries identically set to 0 and all off-diagonal entries set to 1. Let Oy ¢ (resp., 0;) be the
k¢ (resp., k k) matrix with all entries identically set to 0. The set of n  n permutation
matrices is denoted by II,,. For a graph g 2 G,,, we let VV(g) denote the ordered vertex set
of g and F(g) denote the edge set of g. A graph ¢’ is a subgraph of g (denoted by ¢  ¢)

ifV(g") V(g)and E(¢") E(g).
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2.1.1 The Graph Matching Distance

Both the single and multilayer noisy subgraph detection problems defined above rely
heavily on a suitable definition of graph dissimilarity d to measure the goodness of the
fit of the recovered subgraph match. A common dissimilarity used in the literature is
the graph matching distance dgy defined as follows: Let g, h 2 G, (recalling G,, is the
space of n-vertex, labelled graphs; here these are assumed to be unweighted, allowing
self-loops) and let A be the adjacency matrix for g, and B the adjacency matrix for h; we

then define

dem(g, h) = zgzlin KAP PBkp= Jgrzlin \/kAkfT 2 trace(APBTPT) + kBk%, (2.1)

where 11, is the set of n  n permutation matrices. Note that dgy is a pseudo-distance
(i.e., dgm(g,9) = O for all g 2 G,,, dgy is symmetric, and satisfies the triangle inequality)
as it is clear that dgm(g, h) = 0 can hold for g & h. See [54] for a study of a number of
related graph matching (pseudo) distances.

There is an immense literature devoted to solving the related graph matching prob-
lem: Given graphs g, h 2 G, (with respective adjacency matrices A and B), find P 2
I1,, such that dgm(g,h) = KAP  PBKpg; see [55-58] for a thorough review of the
current graph matching literature. Briefly, the graph matching literature is composed of
two (intertwined) main thrusts: algorithmic development, with popular methods including
optimization/relaxation-based approaches (e.g., [53,59-62]), tree-search (e.g., [63]), deep

learning-based approaches (e.g., [64]), representation-learning approaches (e.g., [65,66]),
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spectral approaches (e.g., [67-70]), and structured factorization-based approaches (e.g.,
[71,72]), to name but a few. The second thrust of the graph matching literature is focused
on graph de-anonymization / graph matchability. Stated succinctly, the problem of graph
matchability is as follows: given a latent alignment P between two networks g and A (with
respective adjacency matrices A and B), is it the case that dgm(g, h) = KAP  PBKp;
i.e., will the optimal “graph matching” permutation be unique and recover the true latent
alignment? The latent alignment between g and & is often achieved by correlating the
networks g and h edge-wise (so that ~ can be thought of as a noisy version of g), and
the matchability literature is often focused on deriving sharp phase-transitions for when
dom(g,h) 6 KAP  PBKp in terms of decaying correlation across networks; see, for
example, [73-82] for a litany of graph matchability results in the single layer setting.

In the noisy subgraph detection problem outlined above, where g 2 G,, and h 2 G,,
for n > m (with respective adjacency matrices A and B), there are a number of ways
of adapting dgym to the setting where the graphs are different sizes (see, for example,
Appendix F of [54]). If we desire our dissimilarity to penalize extraneous structure (i.e.,
non-edges mapped to edges) and reward both common edges and common non-edges, we
can seek a subgraph ¢' (with adjacency matrix B") of h that minimizes minps , KAP
PB%g. That is, minimizing dgm(g, ) over subgraphs of h of order m, which amounts to
finding the closest (according to dgy) induced subgraph of / to g. Equivalently, this can

be cast as seeking an element P in

M, =fQ2f0,1g™ "jQI, =1,, 12Q 1lg
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minimizing KA PBPTky (see Remark 1 below for detail). If we desire our dissimilarity
to only reward recovered structure, we can seek a subgraph ¢’ (with adjacency matrix B')
of h that maximizes maxp, ,, trace(AP(B")T PT). This is effectively minimizing
1
dgl\),l(g, = (1£r21ax trace(AP(BO)TPT)>
over subgraphs ¢' of h of order m. Equivalently, this can be cast as seeking an element P
in I1,, , maximizing trace(AP B” PT) (see Remark 1 below for detail), which amounts to
finding the closest (closest in that it has the most common edges) subgraph of / to g. Note

that these two distances/dissimilarities can be obtained from dgy directly by appropriately

weighting and padding g and h; see [1,83] and Remark 1.

Remark 1. Let g 2 G,,, with adjacency matrix A and ~ 2 G,, with adjacency matrix B.
In [84], the method for finding the closest (according to dgy) induced subgraph of i to ¢

was to match

to 2B THTZ using dgwm (this is referred to as the centered padding scheme). For @ 2 11,,,

write

where P 2 TI,,,,. Then, matching (24 1,,1%) 0, ,t02B 1,17 is equivalent to

15



maximizing

trace([(24 1,17) 0, Q2B 1,1)7Q") (2.2)
—trace(PT(24 1,10)P2B 1,107

— 4trace(APBTPT) 2trace((1,,12)PBT PT)

J/

~—
— 2
=kPBPTKZ,

2trace(AP(1, 1) PT) +trace((1,,1%) P (1, 1) PT)

=KAK2,

and finding the optimal @ for Eq. (2.2) is equivalent to finding the optimal P 2 II,,,

minimizing

kAKZ+kPBPTK2 2trace(APBTPT) =kA PBPTK.

Moreover, the above derivations show us that for P 2 I1,,, ,,, minimizing kA~ PBPTkZ
is not equivalent to maximizing trace( AP BT PT). Indeed, in [84], the best fitting (non-

induced) subgraph of A to ¢ is found by maximizing (over @ 2 11,,)

trace((A 0, ,)QBTQ"),

which is easily seen to be equivalent to maximizing

trace(APBT PT)

over P 211, ,, as claimed.
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Remark 2. The graph matching distance can be easily adapted to the weighted graph
setting. Letting W,, be the set of all n-vertex graphs with nonnegative edge weights,
we can associate ¢ = (V, E,W) 2 W, with a weighted adjacency matrix A so that
A;; = 1ffi, jg 2 EgW (fi,jg9). For g,h 2 W,, with respective weighted adjacency
matrices A and B, we define dgu(g,h) = minpy, ,KAP  PBKp. Extensions to the

n

setting where ¢ 2 W,,, and h 2 W,, are then achieved as above.

2.1.2 Multiplex Networks

Before lifting the graph matching distance/problem to the multiplex setting, we first need
to define precisely what we mean by a multiplex graph. At the core of this paper, we
view the template as being equal or lower order than the background. Moreover, our
definition of multiplex networks, ideally, would allow for differing graph orders across
the multiple layers within a single graph. To allow for these expected data nuances in
the multiplex setting, we consider the following multiplex graph model; see [22] for a

thorough overview of this and other multiplex network formulations.

Definition 2.1.1. The c-tuple g = (g1, g2, - - -, gc) IS an n-vertex multiplex network if for
eachi =1,2,...,¢, we have that g; 2 G,,, = fn;-vertex labeled graphsg, and the vertex

sets (V; = V(¢;))=, further satisfy the following:

i. Foreachi 2 [c], we have that V' (g;) [n];

[

ii. U Vig) = [nl;

=1

iii. Foreachi 2 [c], there existsa j 2 [c], with j & i and V(g;) \ V(g,) & ;;
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Figure 2.1: An example of the two padding schemes applied to a two layer multiplex
network g = (g1, g2) with 8 vertices.

iv. The layers are a priori node aligned; i.e., vertices sharing the same label across

layers correspond to the same entity in the network.

Note that each vertex v 2 [n] need not appear in each channel i 2 [c], however, we
do require that the node set of each layer has non-empty intersection with at least one
other layer’s node set. We will denote the set of c-layer, n-vertex multiplex networks
via M. We note here that in the subsequent sections we will describe the M-GMMF
and its associated parts in the setting of unweighted multiplex networks. This is done
to streamline exposition, and analogues in the weighted graph setting can be defined

accordingly.

2.1.3 The Multiplex Graph Matching Distance

As mentioned previously, in the single layer setting the two subgraph matching distances—

the ones based on dgy and dg,{,l—can be obtained from dgy via appropriate padding
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schemes applied to the template g and background h. This will be the approach we take
in order to define the analogues of these distances in the multiplex setting, as this will
allow us to circumvent the difficulties of differing number of vertices across graphs and
across the layers of a given graph. To this end, we consider the following pair of padding
schemes (adapted here from [1, 84]). Lettingg 2 M¢ and h 2 M¢ withm  n, we

define

i. (Naive Padding) For each i 2 [c|, define the adjacency matrices A; 2 R™ ™ and

B; 2 R"™ ™via

1 ifuyv2V(g), and fuvg 2 E(g);
Ai(u,v) = S0 if u,v 2 V(g;), and fu,vg 2 E(g;);

0 ifuorv2[mlnV(g);

1 ifuyv 2 V(h;), and fu,vg 2 E(h;);
Bi(u,v) =0 ifuy 2 V(h;), and fu,vg 2 E(h);

0 ifuorv2[n|nV(h);

\

Denote A = (A1, A3,  ,A,) and B = (B1,B,, ,B.). This padding scheme
effectively appends the number of isolated vertices to each graph layer needed in

order to make the number of vertices in all layers equal (equal m in g and n in h).

ii. (Centered Padding) For each i 2 [c], define the weighted adjacency matrices ZZ 2
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R™ ™ and El 2 R™ ™via

1 ifuv2V(g), and fu,vg 2 E(g;);
Zi(u, v) = 1 ifuyv2V(g), and fu,vg 2 E(g;); (2.3)
\O ifuorv2 [m|nV(g);
( 1 ifuv2V(h;), and fu,vg 2 E(h;);
Ei(ua v) = 1 ifuyv2V(h;), and fu,vg 2 E(h;);
0 ifuorv2n|nV(h);

~

Denote A — (21,22, ,Xc) and B = (gl,ﬁz, , B.). This padding scheme
makes the number of vertices in all layers equal, as well as penalizes non-existent

edges of existing vertices.

For an example of the two padding schemes applied to a graph in M3, see Figure 2.1.
We are now ready to define the multiplex analogues of our subgraph matching
dissimilarities. We begin by defining the multiplex analogue(s) of dgy for two graphs
of the same order; we will then adapt this pseudo-distance to graphs of differing orders.
Let g1, g2 2 M¢, and let C® (resp., C?) be the naive padding of g; (resp., g) and o®
d©

~2
(resp., C’( )) be the centered padding of g; (resp., g»). We then define d,(\;;?GM and dy,.gm

as follows.

Definition 2.1.2. With notation as above, we consider the following multiplex graph
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dissimilarities

C
(n) L . ~(1) @2 .
dpem (81, 82) = ]Ijglri Z;kq. P PC7KE;

© . ‘o~ ~@), ,
dM-GM(glagZ) = ;I%H}l chz P PCZ- kF

If g 2 M, (with naive and centered paddings given by Aand A resp.,) and h 2 M¢

with m < n, the multiplex analogue of déM that only rewards recovered structure then
~ ~

seeks a subgraph g' 2 M, (with naive and centered paddings given by B’ and B resp.,)

of h that minimizes

1

dl(\?GM(gago) = (}ggai Ztrace(AiP(Bg)TPT)>

For matrices A 2 R™ ™and B 2 R® ™ ™ ™ we consider the matrix directsum A B 2

R"™ ™ defined via
A Om,n m

On m,m B
where we recall for integral k£, ¢ > 0, O ¢ (resp., 0;) isthe & ¢ (resp., & k) matrix of all

0’s. Finding the m-vertex subgraphs of h minimizing dﬁ_)GM(g, ) is equivalent to finding

all Pin
argmin » k(A; 0, n)P PB;k2 = arg min 0, =)PBI'PT), 24
g3 KA gy PECED, @)

=1 =1

as each P in Eq. (2.4) matches g to a subgraph of h minimizing dﬁ_)GM. This formulation
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in Eq. (2.4) effectively seeks to maximize the number of common edges between the
multiplex template and multiplex background, where all edges across all channels are
weighted equally (see [54, 84] for the monoplex analogue). A multiplex analogue of the
dissimilarity that penalizes extraneously recovered structure seeks an induced subgraph

g’ 2 M¢, of h that minimizes
© . ¢ -~ Aq 5
diom (8, 8') = nin E_ KA;P  PBK.

Finding the m-vertex subgraphs of h minimizing dM om(8, ) is equivalent to finding all

Pin

~T
argmin » k(A; 0, n)P PBk = arg min A; OnmPBiPT, 2.5
g3 ¥ agnind 5D, @)

i=1

as each P in Eq. (2.5) matches g to a subgraph of h minimizing dl(\,?GM(g, ). If for each
i, we have that V'(g;) = [n]  [m;] = V(h;), then the formulation in Eq. (2.5) effectively
seeks to minimize the number of disagreements (edge mapped to non-edge and vice versa)
induced between the background and the matched subgraphs in the template, where all
disagreements across all channels are weighted equally. Given the interpretation of Egs.
(2.4) and (2.5), the appropriate padding schemes to deploy in practice depends on the
underlying problem assumptions and setting. Moreover, in the centered padding scheme,
the amount of penalty in the multiplex template can vary (rather than being fixed to 1)
within and across the layers (see Eq. (2.12)). In the sequel, we will let the optimization in

Eq. (2.4) be known as the naive multiplex graph matching problem and the optimization
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in Eq. (2.5) be known as the centered multiplex graph matching problem.

Remark 3. Our formulation of the Multiplex GMP is (assuming channels of equal order

across the adjacency matrix lists A and B)

C

argmin > kA;P PBKA.

rather than a formulation weighting the matching in each channel via

arg min Z \NKA;P  PBkZ,

P2 .

for A; > 0. Note that we implemented the Multiplex GMP for different values of A,
though in our experiments below we found that matching results with \; = 1 work
suitably well while being more robust than other ad-hoc weighting strategies. As such,
we only present the results with \; = 1, though finding optimal weight for a given graph
sequence is an important learning task in its own right and is the subject of present
research. Moreover, this allows each edge in each template channel to be weighted
equally, which may be desirable. In the case that one or more channels is more informative
or of higher import than the others, then choosing appropriate \’s to overweight the

matching in those channels may be desirable.

2.2 Multiplex Graph Matching Matched Filters

Our approach to approximately solving Eqgs. (2.4) and (2.5) uses the template g as a

filter to search the background h for approximate matches. Similar to how convolutional
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and matched filters are used in computer vision tasks, we use the template to scan the
background for matching structure, though the mechanism for scanning is not exhaustive
search but rather an adaptation of the Frank-Wolfe based matching algorithm FAQ of [53].
Below we provide the details of our multiplex FAQ algorithm, as well as how this is
implemented towards our goal of building effective multiplex graph matching matched

filters.

2.2.1 Multiplex FAQ

One of the principal motivations for our additive multiplex graph distance formulation
is that it allows us to adapt gradient descent based search algorithms to the multiplex
setting with ease. One such algorithm that has proven useful in the literature is the FAQ
algorithm of [53]. This algorithm—based on the Frank-Wolfe method for constrained
gradient descent applied to an indefinite relaxation of the graph matching problem—
proceeds as follows (in the monoplex setting): Given graphs g, h 2 G,, with adjacency
matrices A, B, a threshold €, and initialization P® 2 D,, (where D,, is the set of doubly

stochastic n  n matrices, i.e., the convex hull of IL,,):
1. While kP®  P¢ Dkp> catstept 1, repeat the following iterative loop:

i. Letting f(P) = trace(APBT PT), compute

rf(PW)= ATPOR APORT,
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ii. Find the optimal search direction for gradient descent by finding

Q(t) = arg min trace(rf(P(t))TQ);
Q2D,

note that this is an instantiation of the famous linear assignment problem

(LAP) and can be solved via the Hungarian method in O(n3) time [85].

iii. Set @ equal to the minimizer of f(aP® + (1  «)QW). This line search
in the direction of Q® can be done efficiently, as it amounts to optimizing a

simple quadratic function of «.

iv. Set P4+ = PO 4+ (1 o )QW,

2. Project the (possibly) interior point solution P to the set of permutation matrices

by solving the following LAP

P = a1;§2min trace(r f (P T p)y.
The FAQ algorithm [86] is theoretically principled (for example, one of the theoretical
guarantees is that the optimal solution exists in the relaxed search space of the algorithm,
see Section 4.6 in [86]), performs well in a number of real-data alignment tasks (see [53]
for a comparison of FAQ to other graph matching approaches), and is flexible enough
to easily handle weighted and directed graphs, seeded vertices [84], matching graphs of
different orders [1, 84], and, as we will see below, matching multiplex networks.
The above algorithm extends easily to the multiplex setting as follows (see Algorithm

1 below). Let A = (A3, ,A.)and A" = (A4}, , A’) be the adjacency matrix vectors
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Algorithm 1 M-FAQ
Let A = (41, ,A.)and A'= (A}, , A’) be the (possibly padded) adjacency matrix
vectors of two multiplex graphs in M€, where each A; and A! is assumedtobe ann  n

matrix. Given a threshold € and initialization P® 2 D,,, we proceed via

1. While kP®  P¢ Dkp> catstept 1, repeat the following iterative loop:
i. Compute ¥ f(P®) = >°  ATPOAL A, POANT,
1. Set Q(t) = arg ming,p, tl‘ace(rfM(P(t))TQ>
iii. Seta equal to the minimizer of fy;(aP® + (1  a)QW).
iv. Set PO*D = PO + (1 o )QW.

2. Lastly compute P = argminp, _trace(r f(P@D)T P). Return approximate so-
lution P .

of two multiplex graphs in M (padded in the case of differing vertex sizes between
layers and channels and/or in the case of penalizing extraneous structure), where each A;

and A? is assumed to be ann  n matrix, we consider minimizing the objective function

fu(P) = Z trace(A; P(A%)T PT)

=1

using the same Frank-Wolfe procedure outlined above. This multiplex FAQ algorithm
(denoted M-FAQ) aims to, ideally, find the global minimizer of f,,;(P). We will see in
the next section how these ideas can be leveraged towards building our multiplex graph

matching matched filter.

Remark 4. One of the advantages of FAQ and M—FAQ is the ease with it allows seeded
vertices to be incorporated [84]. In the setting of graph alignment, seeded vertices are
those whose correspondence across networks is a priori known. This is incorporated
into M-FAQ as follows. Without loss of generality, letting the first s < n vertices of
g, g’ 2 M¢ (with respective adjacency matrix lists A and A") be seeded via the identity
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mapping, we can consider incorporating these seeds via:

A hard seeded approach: We seek to align g and g’ by finding

argminZkAi(Is P) (I, P)A%K:.

P2 ns =

This effectively enforces the alignment across seeded vertices must hold in any
optimal matching across g and g’, thus reducing the dimension of the search space
of the graph matching problem. In this case, M-FAQ proceeds as outlined above

with the objective function
fu(P)= > trace(A;(I, P)(A)"(I, P)"),

with the computation of the gradient and search steps proceeding analogously.

ii. A soft seeded approach: We seek to align g and g’ by finding

arg min ZkA,-P PANKZ,

P2 w i;

and initializing our optimization algorithm at a P of the form I, @ (where the
form of Q may be dictated by whether the algorithm relaxes the feasible region).
This alignment across seeded vertices is encoded into the initialization step though
this alignment is not necessarily enforced in an optimal matching across g and
g". This is more appropriate in settings where the seeds are potentially noisy or

errorful [87].
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In both the soft and hard seeded approaches, the performance (both empirically and
theoretically) of FAQ and M-FAQ is often dramatically improved even with the inclusion
of relatively few seeds. For theoretical guarantees of seeded FAQ under the Correlated

Erd6s-Renyi graph model, see [88], and for empirical results in [84, 89].

2.2.2 Multiplex Graph Matching Matched Filters

In the setting of multiplex noisy subgraph detection, there may be many subgraphs in
h optimally matching to g. To account for this (and the presence of spurious local
minima for the indefinite f);(D) for D in D,,), the multiplex graph matching matched
filter (M-GMMF) algorithm proceeds as follows: Use multiple random restarts of the
M-FAQ algorithm applied to either Eq. (2.4) or (2.5) (depending on the desired structure
to recover) to find multiple candidate matches for the template g in h. This approach
was developed first in the monoplex setting (using FAQ) in [1]; herein, we extend this

approach to the multiplex setting.

Remark 5. The M-GMMF algorithm uses the multiplex template and a multiplex matching
algorithm A (M-FAQ in our implementation) to search II,, for relevant regions of h that
align well to g. The multiple restarts in Step 2 of the procedure are needed in the case of
A = M-FAQ to account for multiple possible globally best matched and the fact that the
objective function is relaxed to an indefinite quadratic program with myriad local minima
in the feasible region. For approximate combinatorial A, the restarts may be appropriate
as well, while for continuous, convex relaxation algorithms (see, for example, [54]), this

step may not be necessary if we believe there is a single global minima.
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Algorithm 2 M-GMMF

Given multiplex graphs g 2 M¢ and h 2 M¢ with m  n, an appropriate padding
scheme (either naive or centered), a tolerance ¢ 2 R > 0, a random initialization
parameter v, and the number of restarts /N, M-GMMF proceeds as follows:

1. Pad g and h accordingly. In the naive (resp., centered) padding regime, the padded
adjacency matrix list of g is denoted via A (resp., A), and the padded h via B
(resp., B).

2. Fork=1,2,..., N, repeat the following

i. Create a random initialization for the M—FAQ algorithm via
PO ol 1T /n+(1 )P

where P Unif(Il,,), «  Unif|0, 7]. Note that this is one possible random
initialization scheme (the random jitter of the barycenter 1,17 /n of D,,).

ii. In the naive (resp., centered) padding regime, find a candidate match for
g via P, = M-FAQ(A 0, ,,,B,P® ¢) (resp., P, = M-FAQ(A
0, m,B, PO, ¢))

3. Rank the matchings TP, , P,, , PyQ by increasing value of the multiplex graph
matching objective function, Eq. (2.4) or (2.5), depending on the padding regime
selected. This ranked list provides a candidate list of matchings/detected subgraphs
for g in h.
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2.3 Multiplex Template Matchability

In order to theoretically understand the efficacy of our M-GMMF approach, we consider the
following probabilistic framework (note that real-data experimentation demonstrating the
empirical success of M-GMMF is presented in Section 2.4). Considering a random graph
model for both g and h in which a stochastically noisy copy of g has been embedded
into h, we seek to understand to what degree an oracle algorithm (i.e., those that can
exactly solve Eq. (2.4) and (2.5)) can identify the noisy copy of g in h. This offers
an important suitability test for M-GMMF, as if even oracle approaches are not able to
uncover probabilistically errorful copies of g, then practically M-GMMF will most likely
not be suitable for finding optimal subgraph matches in real data, high noise settings.
Moreover, to understand this problem further, we develop novel results on multiplex
graph matchability (for g and h of the same order) that may be of independent interest,
as well as generative multiplex error models in which to explore this question. The
layout of this section is as follows. We develop a pair of error models, the ME and
MS models, in Section 2.3.1. Within each error model, we tackle the question of template
matchability in Section 2.3.2. Interspersed with these matchability results are simulations

further illuminating the corresponding matching theory.

2.3.1 Background/Template Error Models

We first consider a random graph model in the monoplex setting, in which a stochastically
noisy copy of a template g has been embedded into the background h. Next, we leverage

this model in the multiplex setting by proposing a pair of generative error models wherein
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the template g is embedded as an errorful subgraph into the background h.

Definition 2.3.1 (See [90]). Consider a graph g with V (g) [n]. Let the centered,
padded adjacency matrix (as in Eqg. (2.3)) of g be denoted A2R" " LetE 2 [0,1]> ™
be a symmetric, hollow (hollow indicating that the diagonal entries of E are set to 0)
matrix. The graph-valued random variable E (¢) with vertex set equal to V' (¢g) and random
centered, padded adjacency matrix ZQE, which models passing ¢ through an errorful

channel £, is defined as follows. For each i, jg 2 (71),

Aap(i ) =Al,5) (1 2X(,5)),

where X (i, 5) ™" Bern(E(i, ).

The two generative models we then consider for lifting Definition 2.3.1 to the multiplex
setting are defined below. Each models a particular setting in which multilayer networks

can appear in real-data settings.

i. (Single Channel Source, Multiplex Error; abbreviated ME) There is a single non-
random background source graph h 2 G, and a non-random source template g =
h[m] 2 G,,, and two multi-channel errorful filters E® = (E® .. E®), with
each EZ-(l) acting on h, and E® = (Eiz), e Eéz)), with each Ei(z) acting on g.
We observe H = (EP(n), ... E&(h)) as the multiplex background and G =
EP(g),...,EP(g)) as the multiplex template. By assumption, the errorful filters
act independently across channels within G and H, and independently across G and

H. In this model, by construction each jV (G; = ES?(g))j= [m] and each jV (H; =
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il.

El(i) (h))j= [n]. This situation is used to model settings in which the multiplex layers
can be thought of as errorful realizations of a single true but unknown network, and
the edges across layers are of the same fundamental kind. For example, multiplex
connectomes in which each layer graphically represents a (for example) DT-MRI

scan for a patient at a different point in time; see, for example, [91,92].

(Single Channel Errors, Multiplex Source; abbreviated MS) The non-random back-
ground and non-random template source graphs are multiplex. To wit, let g 2 M¢,
and h 2 M satisfy the following: For each i 2 [c], let C and D be the centered
paddings of g and h respectively. We assume then that /C’\Z = ﬁz [m] (i.e., /C’\Z—
the padded adjacency matrix of g,—is the m  m principal submatrix of /ﬁi—the
padded adjacency matrix of /;). In this model, there are two multi-channel errorful
filters: E® = (E®, .. EM) and E@ = (E® ... E®). For eachi 2 [d],

El.(l) 2 R™ ™acts on h;, and Ei(z) 2 R™ ™ acts on g;. We observe

H = (EP (), EP (ha) ... ,ED(h,))

as the multiplex background, and

G = (EP(01),EP(g2), ... .EP(g0))

as the multiplex template. As above, the errorful filters act independently across
channels within G and H, and independently across G and H. Note that if the

template (resp., background) channels have non-identical vertex sets, then this will
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be preserved in the errorful template (resp., background). This situation is used
to model settings in which we errorfully observe a given multiplex background
and template. This is the case in many applications where the layers in G and H
represent different edge types; e.g., a multiplex social network where the layers
represent different friendship modalities [93] or a multilayer connectome where the

layers represent different synaptic types [27].

It may be convenient to view g and h (resp., g and h) as realizations from graph-valued
random variables in the ME (resp., MS) model. In this case, we will assume the actions
of the errorful filters on g and A (resp., g and h) are also independent of the random g and
h (resp., g and h).

Considering the models above, in order for our M-GMMF approach to possibly
recover the true errorful induced subgraph of h corresponding to g, we need for the
global minimum of the Multiplex GMP to be in P,,, ,, := fI,, P : P 21l, ,,0. Thisis
the multiplex analogue of template matchability, i.e., uncovering conditions under which
an oracle graph matching will recover a true but unknown latent vertex alignment. Here,

that alignment is represented by g being an errorful version of h[m].

2.3.2 Template matchability

In this section, we will explore the benefit of considering multiplex versus monoplex
networks when considering template matchability in both the MS and ME models. We
note here that while the proof mechanism behind the theory underlying the matchability

results in the multiplex setting differs only slightly from those used in the monoplex
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setting of [1], we stress that the end results are novel and demonstrate the utility of
considering multiple channels in a novel manner. Recall below that for integer n > 0, J,,
isthe n  n matrix with all diagonal entries identically set to 0 and all off-diagonal entries
set to 1.

We consider the MS model first. The M'S model is used to model settings in which
we errorfully observe a single given multiplex background and template (rather than a
collection of noisy observations of a single monoplex network). Let g 2 M¢, and h 2
M be the respective template and background source graphs, with respective centered,
padded adjacency matrices given respectively by C and D satisfying /C'\Z = /ﬁl [m] for
all i 2 [c]. Assume that the errorful filters satisfy for each i 2 [c], Ei(l) = ¢;J, and
EZ.(Z) = s;Jy, (Where s; = s;(n) and ¢; = ¢;(n) are allowed to vary with n). If ¢ = 1,
and s1, q; = 1/2, then the observed background and template are effectively independent
ER(n,1/2) and ER(m, 1/2) networks (see Appendix A.l for the definition of the ER
graph model), respectively. It is immediate then that the optimal permutation aligning
the background to the template will almost surely not be in P,,, ,,. If ¢ > 1, can strongly
correlated signal present in less noisy channels be used to counteract the excess error
caused by noisier channels?

The next result tackles this from a template matchability perspective. The main
result in the following theorem (Theorem 1) is that in the correlated model outlined above,
if there are sufficiently many positively correlated channels relative to the number of
negatively correlated channels, then under mild assumptions on the growth of m, the
subgraph of H minimizing the centered graph matching dissimilarity dl(vc[?GM(G, ), s,
with high probability, uniquely the embedded noisy copy of G in H; note that the proof
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of Theorem 1 can be found in Appendix A.2.1. While an oracle procedure for finding
the minimizer of dl(vchM(G, ), is unknown, this result gives credence to the matched filter
approach, as the global optimizing alignment sought by the multiplex matched filter will

(with high probability) be the right alignment.

Theorem 1. Inthe MS model framework, suppose that there exist constants o« < 1, 5 > 0,
and ng 2 Z > 0 such that for all n > ng, m = m(n) satisfies m® > flogn. Suppose that
for p; = p = p(n) we have that each h; "ER(n, p), and that si(n) = s(n) = s < 1/2.
For ¢; channels, let ¢; = ¢ < 1/2, for ¢, channels, let ¢; = 1/2,andforecs =¢ 1
channelslet ¢; = 1 ¢ > 1/2 (Where ¢1 = c1(n), c2 = c2(n), cz3 = cz3(n), s = s(n)
and ¢ = ¢(n) are allowed to vary with n). Then there exist constants ~,¢ > 0, and

ny 2 Z > 0 such that if for all n > n,,

mp®  &logn, (2.6)
p
p(1/2  $)(1/2 q)(cx  c3) >~y m® le (2.7)
then for n > max(ng, n,), we have
argmin » k(A; 0, n)P PB k26 Pmn) 4n 2.
> (g K

If s, q, ¢, c; and ¢, are fixed constants that do not vary with n, we need only require

¢y > c3 rather than Condition (2.6).

To derive analogous results to Theorem 1 in the ME model, we consider the following
setting. Letting H  ER(n,p = p(n)) 2 G, with p  1/2, and G = H|m] be

35



1.00-

0.75-
correlation
— 01
— 02
— 03

accuracy

<

o

S
1

— 04
— 05

0.25-

# channels

Figure 2.2: Considering n = m = 100, we let G,H 2 MYy, (for c ranging over
1,2, ,10g). Fori 2 [¢|, we have that (G;, H;) ER(100,0.5, p). Utilizing s = 10
seeded vertices, we match G and H using M-FAQ. In red (resp., olive, green, blue, purple)
we plot the results for p = 0.1 (resp., p = 0.2, p = 0.3, p = 0.4, p = 0.5). The partially
transparent points visualize the accuracy distribution and correspond to individual Monte
Carlo replicates.

the respective background and template source graphs, we again assume that there exist
constants « 1, 8 > 0, and ng 2 Z > 0 such that for all n > ng, m = m(n) satisfies

m®  [logn. Further assume that for each i 2 [¢ = ¢(n)] the errorful filters satisfy,

4
si = si(n)if G(j,0) =1
EP(j,0) = 4
\qi =¢q(n)if G(5,¢) =0
ri=r;n)if H(j,¢) =1
EX(j, 1) =

\

In the ME setting, we then have the following theorem whose proof is presented in
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Appendix A.3.1. The result in Theorem 2 is similar to that of Theorem 1: In the correlated
ME model outlined above, if there are sufficiently many positively correlated channels
(those in c3 and c¢y4) relative to the number of negatively correlated channels (those in
c1 and c¢), then under mild assumptions the subgraph of H minimizing the centered
graph matching dissimilarity dl(\?GM(G, ), is again, with high probability, uniquely the

embedded noisy copy of G in H.

Theorem 2. With setup as above, suppose that o < 1. For

c1 = c1(n) channels, suppose that s; + ¢; = 1+e; > landr +t;, =1 e < 1;
¢, = cp(n) channels, suppose that s; +¢; =1 ey <landr;, +t;, =14 e > 1;
c3 = c3(n) channels, suppose that s; +¢; =1 +e; > landr; +t;, =1+ e > 1;

c4 = c4(n) channels, suppose that s; +¢; =1 ey <landr, +t;, =1 e <1,

where e; = ej(n) and e; = ex(n) canvary inn and ¢ = ¢; + ¢ + ¢3 + ¢4. Then there

exist constants v, £ > 0, and n, 2 Z > 0 such that if for all n > n;

mp®  €logn, (2.8)
perexfcs+cy 1 ] >y me le (2.9)
then for n > max(ng, nz),
P(argminZk(Zi 0 m)P PBK.6 van) 6n 2. (2.10)
P2 =1
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If e, €5, and c are fixed in n, we need only require ¢; + ¢, < c¢3 + ¢4 for the bound in Eq.

(2.10) to hold for sufficiently large n.

In Theorem 2, the channels in c3 and ¢4 represent those in which the template and back-
ground are positively correlated, with those in ¢; and ¢, representing those in which the
template and background are negatively correlated. We can then interpret Eq. (2.9) as
asserting that sufficiently many positively correlated channels can overcome the signal
loss in negatively correlated channels. This is a unique benefit of multiple layers versus
the monoplex setting, as in the single layer setting there is no universal way to overcome
the negative impact of anti-correlation on graph matchability. In the following sections,
we further empirically explore the effect of negatively correlated/high noise channels on

multiplex matchability.

2.3.2.1 Strength in numbers

Consider ¢, = ¢z = 0 in Theorem 1. Condition (2.7) then reduces to
_ P—
(/2 (12 g ey me .1

and sparsity in the background (i.e., p  0) and large noise values (i.e., close to 1/2)
for s and ¢ can be mitigated by choosing an appropriately large c; effectively, multiple
channels can amplify the weak signal present in each individual channel.

We explore this further in the following experiment. We will look at two different
cases, first considering when m = n and then when m < n. First, we consider n =
m = 100 (to mitigate possible effects of template order on matching accuracy), and

38



we let G,H 2 MY, for ¢ ranging over 1,2, 10g. For each i 2 [c], we have

that (G;, H;) ER(100,0.5, p) (so that GG; and H; are marginally ER(100,0.5) and

[100]

edges across graphs are independent except that for each fj, kg 2 ( )

), we have that
corr(1Ffj, kg 2 FE(G;)9, 1Ffj, kg 2 E(H;)g) = p). Within this model, the channels are
endowed with a natural vertex correspondence across G; and H;, namely the identity
mapping as identically labeled edges are correlated while edges with different vertex
labels are independent. Note that in the h; ER(n,p;) MS model setting, we have

that

so that the correlation between edges in GG; and H; can be made positive or negative
with judiciously chosen s; and ¢;. Considering p varying over ¥0.1,0.2,0.3,0.4,0.5g, we
match G and H using M-FAQ using s = 10 hard seeded vertices (see Remark 4). Results
are plotted in Figure 2.2. In the figure, we plot the mean matching accuracy (i.e., the
fraction of vertices whose latent alignment is recovered correctly) of M=FAQ versus c,
averaged over 2000 Monte Carlo replicates. For each choice of parameters, we also plot
(via the partially transparent points) the accuracy distribution corresponding to the MC
replicates. In red (resp., olive, green, blue, purple) we plot the results for p = 0.1 (resp.,
p=02p=03,p=04, p=0.5). From Figure 2.2, we see the expected relationship:
in low correlation settings where M-FAQ is unable to align the monoplex graphs, this can
often be overcome by considering ¢ > 1. Indeed, in all cases, save p = 0.1, perfect
matching is achieved using ¢~ 8 channels.

Next, we look at the case when m < n. In addition to examining the effect of
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Figure 2.3: Under the same MS model setting as in Figure 2.2, we fix n = 500,
m = 100 and we apply naive padding (left panel) and centered padding (right panel)
in (G,H) 2 (MZ1,, M13,). We plot the matching accuracy (averaged over 100 Monte
Carlo replicates) obtained by M-FAQ (with s = 10 seeded vertices) versus the number of
channels c.

multiple channels when weak signal is present across channels, we wish to compare
the effect of different padding schemes (Naive vs Centered) in terms of the matching
accuracy. Here, we are following the MS model with the background (resp., template)
channels independent and marginally distributed as ER(n,1/2) (resp., ER(m,1/2)).
Here the template is correlated edge-wise to the induced subgraph of the first m vertices
in the background (as in the MS model), with edge correlation p. We analyze the padding
schemes’ effectiveness by first varying the values of the correlation p 2 ¥0.1,0.2, ,0.5¢
while keeping n = 500, and m = 100 constant (see Figure 2.3) and second, by varying
the background size n 2 £100, 500, 1000, 2000g while the template size m = 100 and the
correlation p = 0.5 remain constant (see Figure 2.4). Letting the Naive (resp. Centered)
padded template/background pair have adjacency matrix lists (é, fI) (resp. (@, ﬁ)), in
each figure we consider matching the template to the background using M-FAQ (with
10 hard seeds) while varying ¢ over 1,2, | 10g. Results are plotted in Figures 2.3

and 2.4. As in Figure 2.2, we plot the mean matching accuracy (i.e., the fraction of
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Figure 2.4: Under the same MS model setting as in Figure 2.2, we fix m = 100 and
we consider n ranging over 100, 500, 1000, 2000g. We fix p = 0.5 and we apply naive
padding (left panel) and centered padding (right panel) to (G, H) 2 (M M1)). We
match both pairs (G, H) and (G, H) using M=-FAQ (with s = 10 seeds).

template vertices whose true latent alignment is recovered correctly in the background) of
M-FAQ versus ¢, here averaged over 100 MC replicates. For each choice of parameters,
we also plot (via the partially transparent points) the accuracy distribution corresponding
to the MC replicates. In Figure 2.3, in red (resp., olive, green, blue, purple) we plot the
results for p = 0.1 (resp., p = 0.2, p = 0.3, p = 0.4, p = 0.5). In Figure 2.4, in red
(resp., green, blue, purple) we plot the results for n = 100 (resp., n = 500, n = 1000,
n = 2000). All figures demonstrate that even though the M—FAQ algorithm is unable to
align the multiplex template to its correlated subgraph in the background when ¢ = 1, this
can often be overcome by considering ¢ > 1. Moreover, Figures 2.3 and 2.4, show that
the Centered Padding scheme achieves better matching accuracy between channels than
the Naive Padding scheme, and that the matching accuracy increases as the correlation
increases for both padding schemes. Finally, we observe the unsurprising phenomena in
Figure 2.4 that the matching accuracy decreases as the ratio between the template size

and the background size decreases (indeed, larger backgrounds are harder to search!).
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Figure 2.5: We consider m = 100, and we let G, H 2 M1), (i.e., ¢ = 10) (left panel).
We also implement the naive padding scheme, and we let G, H 2 MZ3, (right panel).
Considering p to take two possible values: p = r for ¢, channels, or p = 1 for ¢, =
¢ ¢4 channels, where r varies in 0.1, 0.2, 0.3, 0.4, 0.59. We plot the matching accuracy
(averaged over 2000 (left panel) and 100 (right panel) Monte Carlo replicates) obtained
by M-FAQ (with 10 seeds) versus ¢,. In red (resp., olive, green, blue, purple) we plot
the results for r = 0.1 (resp., r = 0.2, r = 0.3, r = 0.4, r = 0.5). The partially
transparent points visualize the accuracy distribution and correspond to individual Monte
Carlo replicates.

2.3.3 The good outweighs the bad

In this section, we explore the ability of the signal in “good” channels to overcome the
obfuscating effect of “bad” channels. To wit, consider Condition (2.7) with c3 > 0. We
see that if there are enough channels (i.e., c; is sufficiently large) with positive correlation
(si,q; < 1/2), then the template and background remain matchable even in the presence
of (potentially) multiple negatively-correlated channels. We explore this further in the
following experiment. As in the previous subsection 2.3.2.1, we study the obfuscating
effect of negatively-correlated channels for both the m = n and m < n cases.

In Figure 2.5, we first consider n = m = 100 (left panel), and let G, H 2 M13,

(i.e., ¢ = 10), where for ¢ 2 [10] we have that (G;, H;)  ER(100,0.5,p). Under

42



naive padding centered padding

100 O 100~
\ \ correlation
_ o7 075 - \\ 03
Q \\
< T 0.4
Q \
S 0.50 0.50 - + — 05
\ — 06
025 . “ é 025 - {\ 0.7
S VI = oW
1 2 34 56 78 9 10 1234 56 7 8 9 10
# neg. corr. channels # neg. corr. channels

Figure 2.6: Under the MS model setting as in Figure 2.5, we fix n = 500, m = 100,
and we apply Naive Padding (left panel) and Centered Padding (right panel) in (G, H) 2
(M35, M13,). In red (resp., olive, green, blue, purple) we plot the results for r = 0.3
(resp., 7 =0.4,r =0.5,7r = 0.6, r = 0.7).

the same setting (right panel), we let m = 100, n = 500 and we apply Naive Padding
to (G,H) 2 (M13,,M2;). Considering p to be either p = r (for ¢, channels) or
p= r({forc, =c ¢, channels), where r varies in 0.1, 0.2, 0.3, 0.4, 0.5g, we plot the
matching accuracy (averaged over 2000 (left panel) and 100 (right panel) Monte Carlo
replicates) obtained by M-FAQ (with 10 seeds) versus ¢, in Figure 2.5. For each choice
of parameters, we also plot (via the partially transparent points) the accuracy achieved
by each MC replicate. In red (resp., olive, green, blue, purple) we plot the results for
r = 0.1 (resp.,r = 0.2, r = 0.3, r = 0.4, » = 0.5). From the figure, we see the expected
relationship: matching at higher levels of p yields better accuracy, and more robustness to
channels with negative correlation. Further, we notice that the matching accuracy in the
right panel (i.e., m < n) is not as good as in the left panel (i.e., m = n). We make this
phenomenon more clear in Figure 2.7.

In addition, we study the effect of different padding schemes (Naive vs Centered)

in terms of the matching accuracy. We analyze the padding scheme’s effectiveness first,
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Figure 2.7: Under the MS model setting as in Figure 2.5, we fix m = 100 and we apply
Naive Padding (left panel) and Centered Padding (right panel) in (G, H) 2 (M° M13,)
where n varies. In red (resp., green, blue, purple) we plot the results for n = 100 (resp.,
n = 500, n = 1000, n = 2000).

by varying the values of the correlation » 2 £0.3,0.4,0.5,0.6,0.7g while keeping n, m
constant (see Figure 2.6) and second, by varying the number of the background vertices
n 2 100,500, 1000,2000g while the template size m remains the same (see Figure
2.7). Using the naive (resp. centered) padding scheme, we let (é, fI) 2 M (resp.
(/G\r, ﬁ) 2 M) for ¢ ranging over 1,2, | 10g. Utilizing s = 10 seeds, we match G
and H (resp. G and ﬁ) using M—FAQ. Results are plotted in Figures 2.6 and 2.7. As in
Figure 2.5, we plot the mean matching accuracy (i.e., the fraction of vertices whose latent
alignment is recovered correctly) of M—=FAQ versus c;, averaged over 100 MC replicates.
For each choice of parameters, we also plot (via the partially transparent points) the
accuracy distribution corresponding to the MC replicates. In Figure 2.6, in red (resp.,
olive, green, blue, purple) we plot the results for » = 0.3 (resp., r = 0.4, r = 0.5,
r = 0.6, r = 0.7). In Figure 2.7, in red (resp., green, blue, purple) we plot the results for
n = 100 (resp., n = 500, n = 1000, n = 2000).

From Figures 2.5 and 2.6, we observe that matching at higher levels of p yields
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better accuracy, and more robustness to channels with negative correlation. Moreover,
Figures 2.6 and 2.7 show that the centered padding scheme achieves better performance

in terms of matching accuracy than the naive padding scheme.

2.4 Real-world data experiments

Our previous simulation explored the effect on multiple channels on multiplex matcha-
bility. We next consider the performance of our multiplex matched filter approach in
detecting a hidden template in a multilayer social media network and in a semantic
property graph. Finally, we compare M-GMMF to other multiplex graph matching algo-

rithms on the (noisy) template detection task.

2.4.1 Multilayer social media networks

The task at hand is to detect a hidden template in a multilayer social media network from
[94]. The background network contains 3 aligned channels representing user activity in
FriendFeed, Twitter and Youtube (where the Youtube and Twitter channels were generated
via FriendFeed which aggregates user information across these platforms). In total, there
are 6,407 unique vertices across the three channels, with the channel specific networks

satisfying: Given a 35 vertex multiplex template g created by Pacific Northwest National

channel ‘ vertices ‘ edges

FriendFeed | 5,540 | 31,921

Twitter 5,702 | 42,327
YouTube 663 614

Table 2.1: Number of vertices and edges for FriendFeed, Twitter and YouTube channels.

Laboratories for the DARPA MAA program, we ran our M-GMMF algorithm to attempt to
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recover the template in h; results are summarized below.

In our first experiment, we first considered running “cold-start” M-GMMF; that is,
no prior information (in the form of seeds, hard or soft) is utilized in the algorithm.
We consider padding the graph via the Naive Padding and Centered Padding regimes
of Section 2.1.3, and for each padding regime, we ran M=-GMMF with N = 100 random
restarts. Numeric results are summarized in Table 2.2 (with the best recovered background
signals also plotted in Figure 2.8). While the best recovered signal in the naive padding
regime captures all but two template edges, this is at the expense of many extraneous
background edges that do not appear in the template. On the other hand, the centered
padding regime recovers most of the template edges (across the three channels) with
minimal extra template edges in the recovered signal.

The M-FAQ algorithmic primitive used in our implementation of M-GMMF is most
effective when it can leverage a priori available matching data in the form of seeded
vertices. Seeds can either come in the form of hard seeds (a priori known 1-to—1 matches;
here that would translate to template vertices whose exact match is known in the back-
ground) or Soft seeds (where a soft seeded vertex v in g has an a priori known distribution
over possible matches in h; here this would translate into template vertices with a list of
candidate matches in the background). While hard seeds are costly and often unavailable
in practice, there are many scalable procedures in the literature for automatically generating
soft seed matches. Here, we use as a soft-seeding the output of [36,47], a filtering
approach for finding all subgraphs of the background network homomorphic to the tem-
plate.

For each node in the template, the output of [36,47] produces a multiset of candidate
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Padding regime ‘ % recovered in ch. 1 ‘ % recovered in ch. 2 ‘ % recovered in ch. 3
Centered 86.67 85.07 96.77
Naive 98.33 100 96.77

Table 2.2: For each padding regime, we provide the % of template edges present in the
recovered background signal in the best random restart. Here, the best performer is the
one that recovers the highest average % across the three channels (averaging the % within
each channel across channels).

(centerW,centerS) = (TRUE, TRUE), best over MC (centerW centerS) = (FALSE, FALSE)
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Figure 2.8: Signal recovered by the best performing random restart in M-=GMMF across
different padding regimes. As in Table 2.2, the best performer is the one that recovers the
highest average % of the template edges across the three channels (averaging the % within
each channel across channels). In the left panel, we plot the Centered Padding regime and
in the right panel the Naive Padding regime. For each centering regime, we plot the signal
template across the three channels (in the left 3 panels) and the best recovered subgraphs
in the background (in the right 3 panels).

matches in the background, where each candidate match corresponds to a template copy
contained in the background as a subgraph (not necessarily as an induced subgraph).
We convert the candidate matches into probabilities by simply converting the multiset
to a count vector and normalizing the count vector to sum to 1. We then consider the
normalized count vectors as rows of a stochastic matrix; this stochastic matrix provides
M-FAQ with a soft-seeding which can be used to initialize the algorithm.

Considering random restarts as perturbations (akin to Step 2.i of M-GMMF as pre-
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sented in Section 2.2.2) of the soft-seeding (conditioned on retaining nonnegative entries),
we ran M—-GMMF using a generalization of Centered Padding, which is defined as follows:

For each i 2 [c], define the weighted adjacency matrices A; 2R™ mand B; 2 R™ " via

1 ifu,v 2 V(H;), and fu,vg 2 E(H,);

A(u,v) = w ifu,v 2 V(H;), and fu,vg 2 E(H;); (2.12)
0 ifuorv 2 [m|nV(H;);

1 ifu,v 2 V(G,;), and fu,vg 2 E(G;);

Bi(u,v) = 1 ifuv2V(G;), and fu,vg 2 E(G;);

0 ifuorv2n]nV(Gy);

where we vary w from O to 1. Note that w = 0 yields Naive Padding, and w = 1 yields
Centered Padding. Optimal performance in the present experiment was achieved with
w = 0.25, in which case N = 4000 random restarts yielded an induced subgraph in the

background that was isomorphic to the template network.

2.4.2 M-GMMF on semantic property graphs

For our second example, we consider the semantic property graph released by Pacific
Northwest National Laboratories as part of the MAA-AIDA Data Release V2.1.2 via the
DARPA MAA program [28]. In this dataset, the background network is a knowledge
graph constructed from a variety of documents (e.g., newspaper articles) by DARPA’s
AIDA program. At a high level, the graph is encoding the real-world relationships

between a variety of entities (people, locations, major events, etc.) that can be auto-
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Figure 2.9: Graph edit distance score from [28] for the best recovered signal for the filter
algorithms of [39] (green) and [46] (gray); G-finder of [95] (blue; as implemented in [46])
and M-GMMF (red; with 1000 random restarts) for each of the 18 templates.

matically extracted from a variety of data sources. Practically, the graph is a richly
featured network on the order of 100K nodes. Node properties include name; rdf:type
(corresponding to a structured ontology of types); textValue; linkTarget; start time; among
others. Edge properties include name/id, rdf:type, argument (values given to edges of a
given rdf:type), among others. Note that many nodes and edges do not have values for
all properties. The templates here, themselves richly featured knowledge graphs, are of
the order of 10s of vertices (ranging in size from 33 nodes & 40 edges to 11 nodes &
11 edges); for each of three template types, there are 6 variants with varying error levels,
including one variant (version “A”) that is perfectly/isomorphically embedded into the
background.

The principle challenge in applying our M-GMMF methodology on such richly fea-

tured data is sensibly incorporating the rich, structured features into our multiplex network
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framework. Towards this end, we adopted the following approach. We incorporated
the vertex features/properties into a penalty term in the objective function, encoding
the features into a vertex—to—vertex similarity matrix S (this is possible provided that
similarities are easily computed within each vertex covariate, which is the case here).
Edge features were used to divide the knowledge graph into multiple overlapping channels
in a multiplex network. One channel was assigned to each unique (E(rdf:type),
E(argument)) pair in the template, and we divided background edges amongst the

channels via

i. A hard split based on E(argument): Within each (E(rdf:type), E(argu-
ment)) channel, only edges with matching E(argument) are potentially present.
If the E(argument) property is missing in the background, we allow the edge to

possibly exist in all (E(rdf:type), E(argument)) channels.

ii. A soft split (weighted according to E(rdf: type); note that a rdf: type similar-
ity function was provided with the data) based on E(rdf:type): Within each
(E(rdf: type), E(argument)) channel, each background edge with matching
(or missing) E(argument) is present, and the edge is weighted according to a
similarity measured between its E(rdf : type) and that of the channel. Scalability

gains can be achieved by thresholding the similarities to improve sparsity.

Spatiotemporal constraints can be coded into separate channels in the multiplex graph,
one channel per spatiotemporal constraint in the template. Each constraint (e.g., action
A must occur between x and y days after action B) yields an edge filter, with only edges
that could potentially satisfy the constraint being added to that constraint channel. Lastly,
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Figure 2.10:  Example of template knowledge graph and recovered signal
in the knowledge graph. In each graph, different colored edges represent
different E(rdf:types), with the dotted versus solid edges representing different
E(arguments).

numeric edge features are used to further weight the edges in the background/template.

The final objective function we used in our M-GMMF approach was then of the form

c
A~

argmax Y _tr((A; 0, ,)PBiPT) +u(SPT). (2.13)
P2 w i;

Performance of M-GMMEF and various other approaches (as scored by the GED scoring
metric of [28]) are presented in Figure 2.9 (Note that the filtering approach of Tu et al.,
as presented in [39], also present a method that uses the clean “A” template for training,
and achieves essentially the best score for all template versions; we did not include those
scores for comparison in our figure).

Overall, 18 templates were present: 3 distinct template types, each with 6 variants
encompassing different amounts of template noise which give an indication of the knowl-
edge graph structure encoded into the multiplex graph; see Figure 2.10, for a pair of
example templates and M-GMMF recovered signals here. One template of each type

was constructed to have a perfect isomorphic match in the background, while the noisy

51



templates were designed for inexact/fuzzy matching. All approaches identified the isomor-
phic match in the background for all three template types version “A”, while our approach
achieved its best relative results on the larger, more complex template (Template 1). For
Template 1, we obtained the best (or nearly the best) score on 3/6 versions; see Table 2.3

for detail. Templates 2 and 3 were essentially tree-like structures (nodes/edges is 13/15

Method | TIA| TIB | TIC | TID | TIE | TIF
M-GMMF 0 [ 024 ] 628435 517 | 3.12
G-Finder [95] 0 [ 738 [18.81] 076 | 2.25 | 1496
Tu et al. [39] 0 [0.347 [ 8.783 [ 15.47 | 19.194 | 13.596
Kopylovetal. [46] | 0 | 1.17 | 347 | 258 | 3.85 | 2.94

Table 2.3: Performance (in terms of the graph edit distance score for the best recovered
signal) of different filters algorithms on Template 1.
and 11/11 respectively), and we suspect that the filtering-based approaches are more
suitable to this problem type. Indeed, M-GMMF is designed for larger/more complex
templates, though our performance (especially compared to the non-filtering G-Finder
of [95]) is encouraging on these instantiations, especially on version “B” of the templates.
Note also that our approach does not directly seek to optimize the GED of [28] and
here does not make use of the importance weights provided by the GED scoring metric
(though these could easily be encoded via edge weights and scaling the similarities in S);
rather, we seek to optimize the multiplex GM objective function of 2.13. Nonetheless,
as shown in Figure 2.11, the rankings of the random restart outputs for our GM objective
function and for the GED are often highly correlated, with recovered signals scoring well
in one metric often scoring well in both. The interesting gap appearing in the plot of
Template 1E is evocative of the GM phase transitions appearing in the literature (see, for

example, [96]) and bears further study.
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Figure 2.11: For two of the templates, we plot the scores of the recovered signals
(recovered by M-GMMF across multiple random restarts), where scores are computed
both using the GED metric of [28] (y-axis) and the GM objective function (x-axis).

2.5 Discussion

In this chapter, we presented a framework for finding noisy copies of a multiplex template

in a large multiplex back-ground network. Our strategy, which extends [1] to the multiplex

setting, uses graph matching combined with multiple random restarts to search the back-

ground for locally optimal matches to the template. To formalize this strategy, we provided
a very natural extension of the classical graph matching problem to the multiplex that is

easily amended to matching graphs of different orders (both across networks and channels).
Further, the effectiveness of the resulting algorithm, named M-GMMF, is demonstrated

both theoretically and empirically.

There are a number of extensions and open questions that arose during the course
of this work. Natural theoretic extensions include lifting Theorems 1 and 2 to non-edge
independent models (note that certain localized dependencies amongst edges can easily
be handled in the McDiarmind proof framework, while globally dependent errors provide

a more significant challenge); formulating the analogues of Theorems 1 and 2 in the
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weighted, attributed graph settings; and considering the theoretic properties of various
continuous relaxations of the multiplex GM problem akin to [97-99].

A key methodological question in multiplex graph matching was touched upon in
Remark 3; indeed, we expect the question of how to weight the matching across channels
to be essential when applying these methods to topologically diverse and weighted net-
works. If the order of magnitude of edge weights vary across channel, then it is easy
to see a GM algorithm aligning channels with large edge weights at the expense of
the alignment accuracy in other channels. Judiciously choosing ()\;) would allow for
the signal in channels with smaller edge weights to be better leveraged towards a better
overall matching. Furthermore, a key question in practice is, how to estimate the number
¢ of channels needed for M-GMMF to achieve optimal matching accuracy? This is a
specific example of the broader question of how to encode a network-valued dataset into
a multiplex network.

While the largest network we consider in this work has 100, 000 vertices, scaling
this approach to very large networks is essential. By utilizing efficient data structures for
sparse, low-rank matrices and a clever implementation of the LAP subroutine of M-FAQ
(Step 2.ii. in the presented M-GMMF algorithm), we are able to match O(10) vertex
templates to 20K -vertex background graphs in < 10s per restart with our base M-GMMF
code (available in 1GraphMatch) implemented in R on a standard laptop. Further work
to scale M-GMMF by leveraging both efficient data structures and scalable approximate

LAP solvers is currently underway.
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Declarations

Availability of data and materials

The background graphs for the 3-channel social network in Section 2.4 is available at
http://multilayer.it.uu.se/datasets.html. The data from the DARPA
MAA analysis Section is not publicly available, and the obtained results for the outside
algorithms appear in the cited papers in the literature.

The code implementing the M-GMMF and M-FAQ procedures can be downloaded as
part of our R package, iGraphMatch, which is available on CRAN or can be downloaded

at https://github.com/dpmcsuss/iGraphMatch.
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Chapter 3: The Importance of Being Correlated: Implications of
Dependence in Joint Spectral Inference across Multiple

Networks

Abstract

Spectral inference on multiple networks is a rapidly-developing subfield of graph statistics.
Recent work has demonstrated that joint, or simultaneous, spectral embedding of multiple
independent networks can deliver more accurate estimation than individual spectral de-
compositions of those same networks. Such inference procedures typically rely heavily on
independence assumptions across the multiple network realizations, and even in this case,
little attention has been paid to the induced network correlation that can be a consequence
of such joint embeddings. In this chapter, we present a generalized omnibus embedding
methodology and we provide a detailed analysis of this embedding across both indepen-
dent and correlated networks, the latter of which significantly extends the reach of such
procedures, and we describe how this omnibus embedding can itself induce correlation.
This leads us to distinguish between inherent correlation—that is, the correlation that
arises naturally in multisample network data—and induced correlation, which is an artifice
of the joint embedding methodology. We show that the generalized omnibus embedding
procedure is flexible and robust, and we prove both consistency and a central limit theorem
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for the embedded points, that is, the rows of the embedding. We examine how induced
and inherent correlation can impact inference for network time series data, and we provide
network analogues of classical questions such as the effective sample size for more general-
ly correlated data. Further, we show how an appropriately calibrated generalized omnibus
embedding can detect changes in real biological networks that previous embedding proce-
dures could not discern, confirming that the effect of inherent and induced correlation
can be subtle and transformative. By allowing for and deconstructing both forms of
correlation, our methodology widens the scope of spectral techniques for network infer-

ence, with import in theory and practice.

3.1 Introduction

Networks and graphs, which consist of objects of interest and a vast array of possible
relationships between them, arise very naturally in fields as diverse as political science
[100-103]; bioinformatics via gene and protein interaction networks [104—-106]; physics
via (for example) dimer systems and percolation [107-109]; and sociology/social network
analysis [110-112], to name but a few. As such, they are a useful data structure for
modeling complex interactions between different experimental entities. Network data,
however, is qualitatively distinct from more traditional Euclidean data, and statistical
inference on networks is a comparatively new discipline, one that has seen explosive
growth over the last two decades. While there is a significant literature devoted to the
rigorous statistical study of single networks, multiple network inference—the analogue of

the classical problem of multiple-sample Euclidean inference—is still relatively nascent.
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Much recent progress in network inference has relied on extracting Euclidean representations
of networks, and popular methods include spectral embeddings of network adjacency [10]
or Laplacian [113] matrices, representation learning [114, 115], or Bayesian hierarchical
methods [116]. Moreover, many network models [7] allow for important properties of
network entities to be hidden, or latent, and posit that relationships between entities
depend on these latent variables. Such models, known as latent position networks, have
wide intuitive appeal. For instance, relationships among participants in a social network
are a function of the participants’ personal interests, which are typically not directly
observed. In these cases, spectral embeddings can provide useful estimates of latent
variables, effectively transforming, via eigen-decompositions, a non-Euclidean inference
problem into a Euclidean one.

For single latent position networks, spectrally-derived estimates of important graph
parameters are well-understood, and under mild assumptions, these estimates satisfy
classical notions of consistency [113,117], asymptotic normality [11,118], and efficiency
[11,119-121]. More recently, spectral methods have also proven useful in multi-sample
network inference, including (non)parametric estimation [116,122], two-sample hypothesis
testing [17, 123—-125], and graph matching [126—128]. Typically, these methods rely
upon separately embedding multiple networks into a lower-dimensional Euclidean space
and then aligning the embeddings via Procrustes analysis [129] or point set registration
methods [130]. An important issue in multi-sample inference, however, is the use of
multiple networks both for improved estimation of underlying model parameters and for
more streamlined testing across several populations of networks. To this end, a number

of recent papers are dedicated to the development of novel techniques for simultaneously
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embedding several networks into a common Euclidean space, employing spectral graph
techniques [2,12-14], tensor factorizations [131-133], multilayer network decompositions
[22,134,135], and non-parametric Bayesian algorithms [116, 136].

While multisample joint embedding methods allow for accurate graph inference
and are often superior to individual separate embeddings [2, 14], there are a number of
potential pitfalls in joint embeddings. In particular, network statisticians must confront
issues of noisy vertex alignments across graphs [137]; large, high-rank matrices that
arise in a joint embedding [16]; the relationship between individual network sparsity and
the signal in a joint embedding; and the induced correlation across estimates that arise
from the joint embedding, the last of which is inevitable in any simultaneous embedding
pro-cedure. What is more, virtually all existing procedures for multi-sample network
inference rely, like their classical analogues, on an assumption of independence across
network realizations. In this sense, existing methodology is ill-equipped to handle, at
least in a principled manner, the inherent network correlation—for example, the natural
and unavoidable correlation across edges in a network time series—to say nothing of
the additional correlation induced by any dimension-reduction procedure. This chapter
is devoted to broadening spectral analysis to account for both types of correlation, and
to understanding how the correlation induced by joint spectral procedures can mask or
amplify important signal. We focus on a generalization of the omnibus or joint graph
embedding procedure (OMNI) of [2], in which multiple networks are simultaneously
embedded into a single lower-dimensional subspace, with a distinct representation for
each vertex across the networks. The work of [2] considers this problem in the case where

the network realizations themselves are independent, though even when independent
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network samples are jointly embedded, correlation across the embedded point clouds
is automatically induced by the OMNI procedure (this is the price we pay to circumvent
the pairwise Procrustes/registration analysis necessary in separate embedding settings),
to say nothing of the impact of OMNI in preserving/masking the a priori present inherent
correlation across networks. It is natural, then, to seek to adapt the OMNI embedding
technique in order to preserve in the embedded (independent or correlated) graphs the
same correlation that would be present if edge-wise inherently correlated networks are
embedded separately and then aligned. This would allow for the jointly embedded net-
works to be a more appropriate proxy in embedding space for sequences of graphs with
complex dependency structures.

To understand these phenomena more rigorously, we anchor our analysis in a specific
class of latent position random graphs, the random dot product graph (RDPG:; see [8]).
Random dot product graphs have proven to be a theoretically tractable family of latent
position networks [10] suitable for modeling a host of complex real-data networks [11,
138, 139]. In Section 3.2.2, we formulate several models for inherent correlation across a
series of random dot product graphs, and, thereafter, examine the impact of a joint spectral
embedding of such a collection of multiple networks. Given m adjacency matrices of
multiple independent, n-vertex, aligned RDPGs, the OMNI embedding of [2] and its
more general counterpart—the genOMNI embedding we define here—provide m distinct
representations for the latent attributes of each of the n vertices in the collection of graphs.
This permits both consistent estimation of underlying RDPG latent positions (in which the
omnibus embedding is empirically shown to be competitive with embedding the sample
mean of the respective adjacencies) and inference across the latent positions, including
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testing, classification, and change-point detection. The generalized omnibus embedding
jointly embeds the collection of graphs, though by construction the m distinct n  d
blocks in the genOMNI embedding (there are m such blocks) are necessarily correlated.
This is not a unique feature of the generalized omnibus methodology; all joint embedding
procedures typically induce correlation across network pairs. What is unique, at least to
our knowledge, about the genOMNI embedding is that the dual impact of induced and
inherent correlation in the embedding is theoretically tractable.

In light of this, the major contributions of this chapter are as follows. The first is an
entirely novel treatment of method-induced correlation in the output of joint embedding
procedures, and the second is the development, through genOMNI, of a flexible joint
embedding that can not only reproduce complex correlation in the embedded space,
but can also accommodate inherently correlated network data while retaining important
theoretical performance guarantees of consistency and asymptotic normality. By compar-
ing the omnibus embedding of independent graphs to the separate embeddings of cor-
related (and subsequently Procrustes-aligned) graphs, we can explicitly capture the level
of correlation the OMNI embedding induces, in the limit, across independent networks.
This, in turn, motivates the creation of the generalized omnibus embedding (Definition
3.4.1), which produces more complex correlation structure in the embedded space, en-
abling higher-fidelity application of the omnibus methodology in real data. This replica-
tion of more complicated correlation structure renders the generalized omnibus embedding
suitable for inference on network time series, because it can reproduce, via realizations of
independent networks, the correlation that is an important component of a time series.

The core result underlying the above is a central limit theorem (Theorems 5 and 7)
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for the row-wise residuals of the estimated latent positions in both inherently correlated
and/or independent RDPGs in a generalized omnibus embedding framework. In addition,
we are able to precisely characterize the dual effects of inherent and induced correlation
on the limiting covariance structure across the embedded networks. In Sections 3.5
and 3.6, we show how the weights of genOMNI can be adapted for certain specific
inherent correlation structures. As an illustration of the power of the more nuanced
embedding correlation enabled by the genOMNI setting, we present in Section 3.3.2 an
analysis of a motor program time series of networks in the brain of the marine mollusk
Aplysia californica. The classical omnibus embedding (i.e., OMNI) on this time series
homogenizes the inherent correlation across the time-series, effectively obscuring important
network changes corresponding directly to transitions in animal behavior (from stimulus
to gallop and crawl). Our genOMNI embedding, however, is flexible enough to permit
different weightings of networks over time, and this more general joint inference procedure
captures exactly the signal the earlier omnibus embedding misses. Figure 3.3 in Section
3.3.2 and Figure 3.8 in Section 3.5 demonstrate this contrast in inferential accuracy between
the two.

Lastly, in Section 3.7, we further show simulated and real data examples, how
inherent and induced correlation across networks impact the effective sample size for
subsequent inference tasks in the joint embedded space. This provides a network analogue
of the classical statistical challenge of quantifying, via a comparison of sample sizes,
the extent to which dependence in data can impact inference. In sum, our generalized
omnibus embedding and accompanying correlation analysis form a tractable, scalable

inference methodology that can be applied to independent and correlated data, carries
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straightforward theoretical guarantees, has demonstrable empirical utility, and correctly

identifies important and subtle network changes that its predecessors miss.

Notation: For a positive integer n, we let [n] = 1,2,  ng, let 0,, be the zeron n
matrix, and let fn 2 R" (resp. J, 2 R™ ™) be the vector (resp. matrix) with all entries
identically equal to one. The set of n  n real orthogonal matrices is denoted by O,,. We
represent a simple (no self-loops or multiple edges), un-weighted and undirected graph as
the ordered pair G = (V, E), where V = [n] represents the set of nodes and £ (5) the
set of edges of the graph; we denote the set of all n-vertex labeled graphs via G,,. Note
that we will use graph and network interchangeably. For the graph G = (V| E), we will
denote its adjacency matrix via A 2 0, 19" ";i.e., A;; is equal to 1 if there exists an edge
between nodes ¢ and j in GG, and 0 otherwise. When there is no danger of confusion, we
will often refer to a graph G and its adjacency matrix A interchangeably. The Kronecker
product is denoted by  and the direct sum by . Finally, the symbols K kz, k k, and

k ko w 1 correspond to the Frobenius, spectral and two-to-infinity norms respectively.

3.2 Background
In this section, we will introduce the modeling and spectral embedding frameworks that

we build our theory and methods upon.

3.2.1 Random dot product graphs

The theoretical developments to follow are situated in the context of the random dot

product graph (as mentioned above, abbreviated RDPG) model of [8]. Random dot
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product graphs are a special case of the more general latent position random graphs
(abbreviated LPGs) of [140]. Every vertex in a latent position random graph has associated
to it a (typically unobserved) latent position, itself an object belonging to some (often
Euclidean) space X. Probabilities of an edge between two vertices 7 and j, p;;, are then
a function x(, ) : X X ¥ [0, 1] (known as the link function) of their associated latent
positions (z;, z;). Thus p;; = k(z;,x;), and edges between vertices arise independently
of one another. Given these probabilities, the entries A;; of the adjacency matrix A are
conditionally independent Bernoulli random variables with success probabilities p;;. We
consolidate these probabilities into a matrix P = (p;;), and we write A P to denote
this relationship.

In a d-dimensional random dot product graph, the latent space is an appropriately-
constrained subspace of R?, and the link function is simply the dot product of the two
latent d-dimensional vectors. Random dot product graphs are often divided into two
types: those in which the latent positions are fixed, and those in which the latent positions
are themselves random. Specifically, we consider the case in which the latent position
X; 2 R? for vertex i is drawn from some distribution F on R?, and we further assume
that the latent positions for each vertex are drawn independently and identically from this
distribution F'. Random dot product graphs have proven to be a tractable and useful
model for low-rank latent position networks, and variants of the RDPG model have
recently emerged that extend the framework to allow for modeling more complex network

topologies [11, 15].

Definition 3.2.1 (d-dimensional RDPG). Let F' be a distribution on a set X 2 R¢?
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satisfying hz, 2'1 2 [0,1] for all z,2? 2 X. Let X1, X,, ,X, F beiid. random
variables distributed via F, and let P = XX*, where X = [X]jX7j jXTI]T 2 R" 4,
Let A be a symmetric, hollow adjacency matrix with above diagonal entries distributed

via

P(AJX) = TT(XFx) (1 XTX))! A9, (3.1

1<j
i.e., conditioned on X the above diagonal entries are independent Bernoulli random
variables with success probabilities provided by the corresponding above diagonal entries
in P. The pair (A, X) is then said to be a realization of a d-dimensional Random Dot

Product Graph with distribution F, denoted (A, X) RDPG(F,n).

Note that there is a rotational non-identifiability inherent to the RDPG model. Indeed, if
Y = XW for W 2 Oy, then the distribution over graphs induced by Eq. (3.1) by X
and Y are identical; i.e., P(AjX) = P(AjY) for all A. There is also a non-identifiability
regarding the eigenvector subspaces of P. The basis vectors of the eigenspaces of P
corresponding to repeated eigenvalues are determined only up to a rotation. As inference
in the RDPG setting often proceeds by first estimating the latent positions X, which can
only be done up to a rotation factor, this model is not generally suitable for inference
tasks that are not rotationally invariant. For more details about non-identifiability in latent

position random graph models, see [141].

Remark 6. We note that a generalization of the RDPG model has recently been developed,
namely the Generalized Random Dot Product Graph of [15], which allows for modeling
latent position graphs where P is not necessarily positive definite (this, for example,
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allows for disassortative connectivity behavior in stochastic block model networks modeled
via the RDPG framework which is not possible under Definition 3.2.1). In more general
latent space models (see, for example, [7,142,143]), the probability of connections in the
network are computed via more general similarity functions (i.e., kernels) compared to
the dot product in the RDPG. While we suspect that our results translate immediately to
the generalized RDPG setting (and perhaps less immediately to the general latent space

setting; see [144]), we do not pursue this further here.

3.2.2 Modeling multiple correlated RDPGs

Next, we present a natural extension of the RDPG model to the multiple network setting,
namely the Joint Random Dot Product Graph from [2]. This model allows us to simultaneously
characterize multiple graphs (A®)™  with a common set of latent positions X so that the

collection of A® are conditionally independent given X.

Definition 3.2.2 (Joint Random Dot Product Graph). Let F' be a distribution on a set
X 2 R satisfying hz, 2% 2 [0,1] for all z,2" 2 X. Let X1, X,, X, M pand
let P = XXT, where X = [X[jX7j jXT]T 2 R* 4. We say that the random graphs
(AD A@ A are an instantiation of a Joint Random Dot Product Graph model

(abbreviated JRDPG), written

(AD A@ A X)) JRDPG(F,n,m)

if marginally each (A®,X)  RDPG(F,n) and conditioned on X, the A®)’s are
independent with distribution given by Eq.(3.1).
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While this model allows for modeling multiple networks simultaneously, the conditional
independence is ill suited for a number of inference tasks (e.g., time-series analysis
in graphs as in [145-147]) that necessitate more nuanced dependency structure across
graphs. While correlated RDPG models exist for pairs of graphs (see, for example, [139]),
we seek a framework that allows for (pairwise) correlation across the entire collection of
A®_ To do so, we assume, as in JRDPG, that each network is marginally distributed as
an RDPG, and then we assign an edge-wise correlation among the network pairs. We will

then provide a few constructive methods via which such networks can be sampled.

Definition 3.2.3 (Pairwise multiple edge-correlated RDPG). With notation as in Definition
3.2.2, we say that the random graphs (A®, A@ A() are an instantiation of a R-
correlated Joint Random Dot Product Graph model, written (A®, A® A0 X))

JRDPG(F,n,m, R), if
i. Marginally, (A® X) RDPG(F,n) for every k 2 [m];

ii. Thematrix R 2 [ 1,1]™ ™ is symmetric and has diagonal entries identically equal

to 1. We will write the (k1, k2)-element of R via py, .

iii. Conditioned on X the collection

k
fAz(,j)ng[m],Kj

is mutually independent except that for each £z, jg 2 (‘2/) , we have for each &y, k, 2
[m],
correlation (A% AZ(ZQ)) = Dy ko

%3
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Note that if all off-diagonal elements of R are identically equal to p, then we will often

write (A®D A@ A X))  JRDPG(F,n,m, p).

Below we will assume that & 0, entry-wise, although negatively correlated graphs
can be considered in Definition 3.2.3. The pairwise multiple edge-correlated RDPG is a
better candidate for modeling time series of networks and multilayer networks than the
conditionally independent JRDPG model, as it allows for generating conditionally (within
graph) edge-independent networks and induces correlation across networks pairwise. A
natural extension would be to allow for correlation across edges within each network, and
we are actively working on this extension; see [148] for an example of how this structure
could be introduced in a model related to the stochastic blockmodel.

We next illustrate two constructions that result in JRDPG(F, n, m, R) networks.

3.2.2.1 Forward propagation (sequential) model

The Forward Propagation (Sequential) model (abbreviated JRDPGy,,) fits time-varying
networks with forward propagation of correlation suitable for network time-series infer-
ence tasks such as (spectral) clustering [149] and anomaly detection of vertices (or net-

works) [18] in a given time period. It derives the JRDPG(F, n, m, R) for R equal to the
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symmetric matrix

1
1 012 01,2023 | |
1
012 1 023 ITies o+t
_ 1 m m
Ryor = 01,2023 023 1 ITizs O+t 2R :
m 1 m 1 m 1
ILisy onpr TIiSs okkrr [lies Okr+r 1

The formal definition is presented as follows.

Definition 3.2.4. (Forward Propagation (Sequential) model) With the notation as in Definition
3.2.3, we say that the random graphs A®, A@ A are an instantiation of a sequential

(correlated) JRDPG and we write (AD, A®@ A X)) JRDPGyy (F,n,m, o) if
i. ©210,1)™ 'is avector whose k-th element is denoted gy, j+1.
i. (AD A® A X)  JRDPG(F,n,m,R)wherefor1 ki <k, m,

ko 1

Rk1,k2 = Pki ke = H Ok, k+1-
k:kl

Practically, we can sample from (A® A®@ A X)  JRDPGi(F,n,m, @) by
first sampling from (A® X) RDPG(F,n), and then conditional on X and A® for

¢ 1, independently sampling the edges of A“*Y according to the following scheme

1% a1 Bern(P;; + 00p+1(1  Pyj)) if Ag) =1,
8fi,j92( ) ACD

2 E
Bern(P;;(1  0r4+1)) if Ag) —0.
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A straightforward induction on ¢ guarantees that marginally, (A, X)  RDPG(F,n).
The form of the correlation follows from the recursion that for k3 < k; (suppressing the

conditioning on X below),

Correlation(Al(.?), AE’];Q)) = Oky oy COI‘relatiOH(Ag?), AE,IEQ 1))'

It is also possible to model non-stationary time series of graphs (i.e., allowing for distinct

(latent) distributions of A%*1) and A%2) still with pairwise correlation; see [150] for details).

3.2.2.2 Single generator model

Similarly, the Single Generator model derives from JRDPG( F, n, m, R) when the correlation

matrix [? is equal to

I 00 010m
0201 1 020m
Ryer, = 2R™ ™,
Om01 Om0O2 1
Define the (generator) vector v = [p1, , 0,u]7 2 R™, so that the correlation matrix Ry,

can be also written as Ry, = vv’ + diag(l,, wvvT). It is reasonable to add the term
diag(l,, vv'); this ensures that the correlation of each graph with itself remains the

same for all graphs and is equal to 1.
Definition 3.2.5. (Single Generator Model) With notation as in Definition 3.2.3, we say

that the graphs A©@, A® A are an instantiation of a multiple RDPG with gener-
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ator matrix A@ and we write (A@, AD A A X)) JRDPGgen(F,n, m,v)

if
i. Marginally, (A®@ X) RDPG(F,n);

ii. v 2 [0,1]™ is a nonnegative vector with entries in [0, 1]; we denote the k-th entry

of vvia v, = .

iii. (AW A@  AM X))  JRDPG(F,n,m, R)where R = vvT +diag(I,, vv7)

sothatforl ki <k, m,
Rkl,kg ‘= Pk ke = Ok Oks-

The single generator model, JRDPG,.,,, mimics the correlated Erdés-Rényi graph pairs
that are a common model in the graph matching literature (see, for example, [151, 152])
where the pair of graphs are noisy realizations of a background network (here A©®),
The single generator model with m networks provides a suitable framework for studying
problems of aligning multiple networks. As in the JRDPGy,, case, we can sample from
(AQ A X)) JRDPGgen(F, n, m,v)) by first sampling from (A©, X)

RDPG(F, n)), and then conditional on A and X, independently sampling the edges of

each A®, ¢ 2 [m)], according to the following scheme

A©

v

v Bern(P; + o1  Py)) if AP =1,
8fi, jg 2 ,

Bern(P,(1  or)) if AD = 0.
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The above scheme implies that the correlation between two networks A¢1) | A?2) is given
by the product oy, 0,, i.€., correlation(A(gl) Agi?)) = 00,00,

1’7] ’

3.2.3 Spectral graph embeddings

One of the key inference tasks in latent position random graphs (LPGs) is to estimate the
unobserved latent positions for each of the vertices based on a single observation of the
adjacency matrix of a sufficiently large graph. Since the matrix of connection probabilities
for an RDPG is expressible as an outer product of the matrix of true latent positions, and
since the adjacency matrix A can be regarded as a “small” perturbation of P, the inference
of properties of P from an observation of A is a problem well-suited to spectral graph
methods, such as singular value decompositions of adjacency or Laplacian matrices.
Indeed, these spectral decompositions have been the basis for a suite of approaches to
graph estimation, community detection, and hypothesis testing for random dot product
graphs. For a comprehensive summary of these techniques, see [10]. Note that the popular
stochastic blockmodel (SBM) with positive semidefinite block connection probabilities
can be regarded as a random dot product graph. In an SBM, there are a finite number
of possible latent positions for each vertex—one for each block—and the latent position
exactly determines the block assignment for that vertex.

For a random dot product graph in which the latent position X; 2 R for each vertex
i,1 i n,aredrawn i.i.d from some distribution ' on R, a common graph inference
task is to infer properties of F' from an observation of the graph alone. For example, in a

stochastic block model, in which the distribution [ is discretely supported, we may wish
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to estimate the point masses in the support of F'. In the graph inference setting, however,
there are two sources of randomness that culminate in the generation of the actual graph:
first, the randomness in the latent positions, and second, given these latent positions, the

conditional randomness in the existence of edges between vertices.

3.2.3.1 Adjacency spectral embedding

A rank-d RDPG has a connection probability matrix P that is necessarily low rank (rank
d, regardless of the number of vertices in the graph); hence random dot product graphs can
be productively analyzed using low-dimensional embeddings. Under mild assumptions,
the adjacency matrix A of a random dot product graph approximates the matrix P =
E(A). To be more precise, P = E(AjX) in the sense that the spectral norm of A P
can be controlled; see [153] and [154]. It is reasonable to ask how close the spectrum and
associated invariant subspaces of A are to those of P. Weyl’s Theorem [155] describes
how the eigenvalues of A differ from those of P. Sharp bounds on differences between
the associated invariant subspaces are fewer, with the Davis-Kahan Theorem [156—158]
perhaps the best known. Because of the invariance of the inner product to orthogonal
transformations, however, the RDPG exhibits a clear nonidentifiability: latent positions
can be estimated only up to an orthogonal transformation.

Since P is a symmetric, positive definite, rank d-matrix of the form P = XXT the
latent position matrix X can be written as X = U pS}J/ TV for some orthogonal matrix W,
where Sp is the diagonal matrix of the d nonzero eigenvalues of P, sorted by magnitude,

and Up the associated eigenvectors. The Davis-Kahan Theorem translates spectral norm
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bounds on A P to projection operator bounds between U AUX and U pUg, and, in turn,
into Frobenius norm bounds between U4 and a rotation of Up [113].

These bounds can be sufficiently sharpened to ensure that the rows of a partial
spectral decomposition of A, known as the adjacency spectral embedding (ASE) are
accurate estimates of the latent positions X; for each vertex. With this in mind, we define

the adjacency spectral embedding (ASE) as follows.

Definition 3.2.6 (Adjacency Spectral Embedding (ASE)). Letd 1 be a positive integer.
The d-dimensional adjacency spectral embedding of a graph A 2 G,, into R¢, denoted by

ASE(A, d), is defined to be X = U,5%?, where
~ ~ - T
jAj= (A7 A)Y2 = [UA j UA] [SA SA} [UA i UA} ,

is the spectral decomposition of j4j, Sx 2 R? ? is the diagonal matrix with the d
largest eigenvalues of jAj, and U, 2 R™ ¢ the corresponding matrix of the d-largest
eigenvectors. The diagonal matrix S, 2 R 9 ( 9 contains the remaining n = d

eigenvalues of j.Aj with the associated matrix of orthonormal eigenvectors U/, 2 R* 9.

Now, if we define /)Z =U ASi/ 2, where S, is the diagonal matrix of the top d
eigenvalues of (A7 A)/2, sorted by magnitude, and the columns of U, are the associated
unit eigenvectors, results in [117] and [159] establish that, under assumptions on the
spectrum of P, the rows X are consistent estimates of the latent positions TX,g (up to
orthogonal rotation). Further, in [118], it is shown that under the RDPG, the (suitably-

scaled) ASE of the adjacency matrix converges in distribution to a Gaussian mixture.
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The utility of the ASE in single graph inference points us to a natural test statistic
for determining whether two random dot product graphs have the same latent positions.
Namely, we can perform Procrustes alignment of two graphs’ embeddings [123]. Specifical-
ly, let A and A® be the adjacency matrices of two random dot product graphs on the
same vertex set, with vertices aligned so that vertex i in A® can be sensibly identified
with vertex i in A® for all i 2 [n]. Letting X and Y be the respective adjacency spectral
embeddings of these two graphs, if the two graphs have the same generating P matrices,

then it is reasonable to surmise that the Procrustes distance

min kX YWkp, (3.2)
w204 d

will be small. In [123], the authors show that a scaled version of the Procrustes distance
in (3.2) provides a valid and consistent test for the equality of latent positions for pairs
of graphs. Unfortunately, the fact that a Procrustes minimization must be performed both
complicates the test statistic and compromises its power. The Procrustes alignment is
necessary, though, because these two embeddings may well inhabit different d-dimen-

sional subspaces of R".

3.2.4 Joint spectral graph embeddings

An alternative approach is to consider jointly embedding a collection of random graphs
into the same subspace, which is the topic of [2] and which we extend here. Consider
(AD A A X)) JRDPG(F,n,m, R). Once the latent position matrix is gener-

ated, the m correlated random graphs with respective adjacency matrices A1, A, |, A,
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all have the same connection probability matrix P. That is, E(A®jX) = P for all k.
This is a direct graph-analogue of correlated Euclidean data from the same generating
distribution, and given that we have multiple adjacency matrices from the same distribu-
tion, it is plausible that a latent position inference procedure using all the A% matrices
is superior to an inference procedure that depends on a single A®). In addition, since
individual graph embeddings cannot be compared without Procrustes alignments, a joint
embedding procedure that eliminates post-hoc pairwise alignments can be particularly

useful.

3.2.4.1 (Classical) Omnibus embedding

In [2], the authors consider the setting where the A®) are independent (i.e., the conditional-
ly independent JRDPG model), and they build a spectral embedding of an mn mn matrix
M from the A®) matrices by placing each A®) on the main block-diagonal and, on the

AR) 4+ A(0)
2

(k, £)-th off-diagonal block, the average . That is, for, say the m = 2 case, the

matrix M is
@ A 4+ A(2)
A 2

M = , 3.3)
A(l);A@) A(g)

Observe that the expected value of M is the matrix

E[M] = , (3.4)

which is still a rank d matrix. As a consequence, a d-dimensional embedding of M can

produce an m-fold collection of correlated estimates for the rows of the latent position
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matrix X. This joint or omnibus spectral embedding, denoted OM N1, is defined as

follows.

Definition 3.2.7 (Omnibus Spectral Embedding). Let A®, A® A pe a collection
of m graphs each in G,,. Define the omnibus matrix of A® A® A to pe the

mn  mn matrix M defined via

A(l) A+ A(2) A +43) A 4 A(m)
2 2 2
AR) 4 A1) A(g) AR) 4 AB) A2) 4 A(m)
2 2 2
M = AB) 4+ A1) AB) +A(2) A(g) AB) 4 A(m)
2 2 2
A(m);-A(l) A(m);A@) A(m>;-A(3> A(m)

The d-dimensional Omnibus Spectral Embedding of A® A@ A0 is then given by

OMNI(AW A® A gy = ASE(M, d) = Uy S,

where ASE(M,d) is the d-dimensional adjacency spectral embedding of A; that is,
Sy 2 R? 4 is the diagonal matrix of the top d eigenvalues of jAj, and U, 2 R™ 9

the corresponding eigenvectors.

Note that the omnibus embedding is an mn  d-dimensional matrix. Each m-fold
block of rows supplies an n  d matrix that can serve as a latent position estimate for the
corresponding graph. That is, the s-th n  d block of the omnibus embedding, denoted

SO

X [UprS+/?], is an estimate for X, the matrix of latent positions for the s-th graph.
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In [2], it is shown that—in parallel to the same result for the ASE—when (A®,
A® A X)) JRDPG(F,n,m), the rows of the omnibus embedding provide
simultaneous consistent estimation for the latent positions X;, where 1 ~ j  n. There
are m such rows for each vertex j. In addition, [2] demonstrates that for fixed m, as
n ¥ 1, the distribution of any fixed [ sub-collection of the rows of the omnibus matrix,
suitably scaled, converges in distribution to a mixture of Gaussians. It is important to note
that in [2], the jointly embedded adjacency matrices are all independent; as we shall see,
in this work, which allows for explicit correlation in the multiple-graph model, we extend
consistency and normality to the dependent case.

Even when the adjacency matrices are themselves independent, the simultaneous
nature of the omnibus embedding forces correlation across the estimated latent positions,
and in return it obviates the need for Procrustes alignments between n d matrices /}Z(S)
and /)E(t), where 1 st m. One consequence of this is that with the omnibus
embedding, an empirically useful test statistic for assessing latent position equality is
simply the Frobenius norm k/)Z(S) /)Z(t) kr (as opposed to miny 20, k/)Z(S) /)Z(t)WkF
in the separately embedded graph setting of [123]). Quantifying the correlation induced
by this joint embedding, and determining how it relates to the choice of block-matrix
on the off-diagonal of M, is an important question. The classical omnibus matrix uses
a simple pairwise average, chosen to balance the requirements of estimation accuracy
(when all graphs have the same latent positions) with the need to retain discriminatory
power in hypothesis testing (when some of the graphs have different latent positions).
By analyzing precisely how the off-diagonal blocks can impact this correlation, we can

describe how the omnibus embedding can be used to perform inference on collections
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Figure 3.1: The effect of induced versus inherent correlation in the embedded space. In
panels 1-5 we plot, for various levels of p, the difference in the aligned estimates of
X3 from separately spectrally embedding (B®Y, B@ X) JRDPG(F,n,2,p) (where
F has the form in Eq. (3.5)). In the sixth panel, we consider (B®, B® X)
JRDPG( F’, 300, 2), and plot the difference in the pair of estimates of X; = & derived
from the omnibus embedding. In all panels, the experiment was repeated nMC = 500
times.

of graphs that are not necessarily independent, or can replicate some desired correlation

structure in spectral estimates.

3.3 Inherent and induced correlation in classical OMNI

Before delving into our theoretical results on the competing roles of induced versus
inherent correlation in the omnibus framework, we first consider the effect of classical
OMNI in the original setting of embedding conditionally independent networks considered
in [2,16]. This highlights both the correlation induced by the OMNI method and the dual
contributions of inherent and induced correlation in subsequent correlated graph results.

To this end, we start with the task of embedding a pair of n-vertex correlated d-
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dimensional random dot product graphs, (B®, B® X)  JRDPG(F,n,2, p). Prior to
the development of methods to jointly embed the networks, a common approach was
to separately embed the two graphs into a common Euclidean space, and then align
the networks via orthogonal Procrustes analysis [123]. One motivating question for the
present work is how to capture the effect of the correlation on the embedded pair. Consider
a simple, motivating example with n = 300, p 2 £0,0.25,0.5,0.75, 1g and F, a mixture

of point mass distributions, defined via:

1 1
F - 5 &1 + 5(5&27 (35)
where &1, & 2 R? satisfy
T
& & 0.7 0.3
& & 0.3 0.5

so that the RDPGs drawn from F’ are examples of correlated stochastic blockmodel random
graphs [160]. In order to better understand the role of the correlation in the embedded
space, we separately spectrally embed each network, X ) = ASE(B®, 2) and X o =
ASE(B (2), 2), and then align the networks via 5(\ B W and 5(\ B® W@ where for each
k=12,

W — argminW202k/)ZB(k)W XKg.

In Figure 3.1, we plot (/)ZB(l)W(l) /)ZB(Q)W(Z))]_ (i.e., the first row of /)ZB(I)W(D

X e W®), the distance between the (aligned) estimates of X; = &; derived from the
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embeddings over a range of values of p; note that in each panel the experiment is repeated
nMC = 500 times. In the first five panels of the figure, we see the effect of increasing p
on the difference, namely that the covariance of the difference is monotonically decreasing
as p increases.

In the sixth panel of Figure 3.1 (again performing nMC = 500 Monte Carlo
replicates), we consider the conditionally independent case (i.e., p = 0), so that (B®, B®),
X)  JRDPG(F,300,2). We consider the omnibus spectral embedding of (B®, B®),
denoted X, = OMNI(B®, B@ 2), and plot the difference in the estimates of X; = &
derived from the omnibus embedding, namely (35;14))1 (35324))1 From the figure, we
see that the correlation induced between the independent graphs in the embedded space is
(roughly) equivalent to the inherent correlation between p = 0.75 correlated networks that
have been separately embedded and aligned. In the next section, we will formalize this
notion of induced versus inherent correlation, and we will see that, as the Figure suggests,

OMNI does indeed induce correlation of level p = 0.75 across independent graphs in the

embedded space.

3.3.1 Central limit theorems and correlation in the embedded space

1
Viewing (B®, B@ X) as an element of the sequence ((Bfll), Bff),Xn)) . where

n=1

for each n 1, (Bfll), BT(LZ), X.) JRDPG(F,n,2,p), the Central Limit Theorem
established in [118] provides a framework for understanding the effect, in the embedded

space, of the edge-wise correlation across networks. Letting X ASE(B,(Ll) ,d) and

B —

X @ = ASE(BSLZ), d), Theorem 3.3 of [118] (in the form presented in Theorem 9 of [10])
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implies that for each k = 1,2, if A := E[X; X7] is rank d, then there exist sequences of

orthogonal d-by-d matrices (V¥ ék)) L . such that for all z 2 R¢ and for any fixed index 1,

where
S(z):=ATE[(="Xy (@"X)H)XaX[]A Y (3.6)

®( ,3) denotes the cdf of a (multivariate) Gaussian with mean zero and covariance matrix
Y, and (X\an X,,)i denotes the i-th row of /)Zan X.,,. Combining the above central
limit theorems for X pw and X 5@, we have the following theorem (proven in Appendix

B.1).

Theorem 3. Let p 2 (0,1) be fixed. Let F' be a distribution on a set X ~ R<, where
hz,2%i 2 [0,1] for all z,2" 2 X, and assume that A := E[X;X]] is rank d. Let
(Bfll), B,ﬁz), X,) JRDPG(F,n,2,p), be asequence of adjacency matrices and associ-
ated latent positions, where for eachn 1 the rows of X,, are i.i.d. distributed according
to F. Letting X\BS) = ASE(BS", d) and /)537(3) = ASE(BY, d), there exist sequences of
orthogonal d-by-d matrices (W)L, (W)L, such that for all z 2 R? and for any

fixed index 1,

lim P [nl/z <5<\B(1)W7$1) 5(\3(2>W7$2)> z] :/ ) (z,i(z,p)) dF(z), (3.7)
L " " i supp F
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where (z, p) = 2(1  p)2(z).

From Theorem 3, we see that the effect of the correlation p in the embedding space
is to introduce a dampening factor of (1 ~ p) into the asymptotic limiting covariance
(see Figure 3.1). This is entirely reasonable; indeed, consider Y7, Y5 to be p correlated
Norm(y, 02) random variables, in which case Y; Y, N(0,2(1  p)o?). In the
embedded space, no extraneous correlation is introduced (in the limit) by separately
embedding the networks and aligning the embeddings via (Wék))fgl for £ = 1,2. Joint
embedding procedures like the Omnibus method forgo these Procrustes rotations, but at
a price: they induce correlation across even independent networks. To understand this,
we consider the omnibus central limit theorem of [2] and derive the following result. Its
proof can be obtained from [2], but is also an immediate consequence of our more general

main result, Theorem 8, which is stated formally in the following section.

Theorem 4 (Induced correlation in classical OMNI). Let F' be a distribution on a set
X R9, where hz,2%i 2 [0,1] for all x,2" 2 X, and assume that A := E[X; XT] is
rank d. Let (Afll), A,(f), ,A,({”), X,) JRDPG(F,n,m) be asequence of independent
RDPG random graphs, and for each n 1, let M,, denote the omnibus matrix as in
Definition 3.2.7. Also, let /}EMn = ASE(M,,, d) and denote the s-th n  d block of the
omnibus embedding X\Mn as ’)Zﬁ‘})n. Consider fixed indices ¢ 2 [n] and sy, s, 2 [m]. Then
there exists a sequence of orthogonal matrices (,,) X, such that for all z 2 R?, we have

that

1i.nip[n1/2[(§if\jf Sc\ﬁz)) Wn} z]:/ O(z, 5(x,3/4)dF(z).  (3.8)
i supp F'

n =



A~ 51) —~(s2

Unpacking Theorem 4, (XEW" )i and (X, "); represent the estimates of X; derived from
AGD and AG2) by the omnibus embedding paradigm. In light of Theorem 3, the induced
correlation in OMNI can be understood in the context of the limiting covariance of the
difference of a pair of estimates for the same underlying latent position. Comparing Eqgs.
(3.7) and (3.8), we see that OMNI effectively induces a correlation of level p = 3/4
uniformly across embedded network pairs.

While it is easy to surmise that this flat correlation would have a detrimental signal
dampening effect on inference tasks in settings where there is nuanced inherent correlation
(e.g., in time-series analysis), this theory is in the setting of conditionally independent
networks. It is natural to ask whether in the presence of inherent correlation across the
network pairs the dampening effect of the induced correlation in OMNI diminished. As
we will see in our next result (a special case of Theorem 8 in Section 3.4.1), this is not

the case.

Theorem 5 (Induced and inherent correlation in classical OMNI). Let F' be a distribution
onaset X R? wherehz, 2'i 2 [0,1] forall z, 2" 2 X, and assume that A := E[X; X7 |
is rank d. Let

(AP, AP, AT, X,) JRDPG(F,n,m,R)

be a sequence of correlated RDPG random graphs, and for each n 1, let M,, denote
the omnibus matrix as in Definition 3.2.7. Also, let /)EMn = ASE(M,, d) and denote the
s-thn  d block of the omnibus embedding X\Mn as 5(\5\2 Consider fixed indices i 2 [n]

and s;, s, 2 [m].Then there exists a sequence of orthogonal matrices (,,), such that

n=1
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for all z 2 R?, we have that

i P 02 [(R5 RV )= [ e (S pten o) dFte)
i supp F'

n =2

3 1
where p(s1,52) = 3 4 351,50

In the JRDPG(F, n,m, R) setting, the form of the limiting correlation highlights the
separate contributions from the method (i.e., the induced correlation 3/4) and the model
(i.e., the inherent correlation py, 5,). This correlation is independent of 1, and the outsized
effect of the induced correlation versus the downscaled inherent correlation further sug-
gests that OMNI is not ideal for embedding temporal sequences of networks that exhibit
complex dependency patterns (i.e., a change point or anomaly). Indeed, the induced
correlation from OMNI whitens out the existing complex correlation structures amongst
the A®, and, as we will show in our next example, this whitening effect of OMNI can

serve to mask significant data features and structures in complex data environs.

3.3.2 OMNT’s whitening correlation: Aplysia spike train analysis

We consider a time series of networks derived from the Aplysia californica escape motor
program of [161]. The motor program consists of a 20 min recording of the action
potentials generated by 82 neurons in the dorsal pedal ganglion of an isolated brain
preparation from the marine mollusk Aplysia californica. One minute into the recording
a brief electrical stimulus was applied to pedal ganglion nerve 9 to elicit the animal’s

rhythmic escape locomotion motor program. This consists of an initial rapid bursting,
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Binned Aplysia motor program

MM%%@MMM@@@%&%@%&

Figure 3.2: The 20 minute Aplysia escape motor program from [161], binned into 24
windows, each approximately 50 seconds in length. The stimulus happens one minute
into the motor program, in the highlighted second bin.

lasting several cycles, that drives the animal’s gallop behavior, followed by a slower
rhythm persisting until the end of the recording that drives the animal’s crawling behavior.
To extract a network time series from the recording, we binned the motor program into
24 bins, each approximately 50 second long; the binned motor program (with the
second bin, containing the stimulus, highlighted) is pictured in Figure 3.2. Using the
meaRtools package in R [162], we apply the STTC (spike time tiling correlation)
method of [163] to convert each 50 second window into a weighted correlation matrix
amongst the 82 neurons. Each of the 24 bins then yields one weighted graph on 82 vertices
representing this correlation structure amongst the 82 neurons. The stimulus occurs then

in the second of the 24 bins, followed by the gallop and crawling motor programs.
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3.3.2.1 Classical omnibus embeddings and correlation masking

Our motivation in the following analyses is to determine whether, in light of the correlation
structure in Theorem 5, the classical OMNI method can detect the distinct phases of
behavior in the motor program. In order to explore the impact of the flat correlation
induced in the classical omnibus embedding, we use the classical OMNI embedding to
embed the FA®g2% into a common R? (where d = 4 as chosen by locating the elbow
in the scree plot as suggested by [164, 165]). Further isolating the impact of the stimulus
and the evolution of the galloping and crawling phases of the motor program, we plot the
average distance between the estimated latent positions for each vertex (as the bar heights)
in the embedding between embedded graph 1 (res., embedded graph 2) and embedded
graph k for each £ 2 [m] (where the location of the bars in Figure 3.3 correspond to

k=1,2, ,24). To wit, we plot (where X, := [(XEW)n)TJ (ij)n)Tj (X )T

82

1 <O <) . R
22 X, X, in the left panel in Figure 3.3;
1 A (<@ S® || -
2 X, X, in the center panel in Figure 3.3.
=1 ( 1112

From Figure 3.2 and our knowledge of the Aplysia motor program’s evolution, we see
that if the omnibus embedding is able to detect the biologically distinct phases of this

network time series, then

i. There will be a significant difference between the embeddings of graphs 1 and 2 (as
demonstrated in Figure 3.3).
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Figure 3.3: In the left (resp., center) panel, we plot the average vertex distance (as the bar
heights) in the embedding between graph 1 (resp., graph 2) and graph k& for each k 2 [m)]
in OMNI (where the bars are labeled £ = 1,2,  ,24). In the right panel, we compute
the 24 24 distance matrices D, and embed it into R2. The resulting 24 data points are
clustered using Mclust (clusters denoted by shape), and are plotted, with graphs 1 and
2 further labeled with their corresponding number.

ii. The effect of the stimulus is less apparent as the Aplysia transitions from galloping
to crawling; this would be manifested as the distance between graphs 2 and £ > 2

increasing as the Aplysia transitions from galloping to crawling.

iii. The distance from graph 1 to graphs k£ > 2 should be large, as the Aplysia never

returns to its spontaneous firing state in the motor program.

While we see that the omnibus methodology demonstrates the capacity to detect the
anomaly (namely, the stimulus) in the second graph, the flat correlation structure induced
in the embedding space has the effect of masking the transition from galloping to crawling
and creates an artificial similarity between graphs 1 and some of the graphs £ > 2 in the
embedded space (as shown in the right panel of Figure 3.3). Exploring this further, we

compute the 24 24 distance matrix D, where

~(k ~(
D= [Dk,g] where Dk.g = kaWl Xj\/l)nkF' (310)
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Eigenvalues
40
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index

Figure 3.4: Scree plot of the eigenvalues of D.

Graph | 1 | 2 |3 |4 |5 |6 |7 |89 10|11 |12
Cluster | 1 | 2 [ 5|3 [ 5|54 |53 |]1(1]1

Graph | 13 |14 | 15|16 |17 |18 | 19|20 |21 |22 |23 |24
Cluster | 1 | 5 |3 |1 (1|4 | 1|3 [3|1/|4]3

Table 3.1: This table displays the cluster labels for the 24 networks when embedding
the time-series using classical OMNI, then embedding the across-graph distance matrix
using classical MDS scaling, and finally clustering the graphs using Mclust. In the
MDS embedding, each graph is represented by a single 2 dimensional embedded data
point, and the pair (Graph, Cluster) describes which cluster these points are assigned by
Mclust.

The matrix D is then each embedded into R? (where d = 2 is, again, chosen by the elbow
in the scree plot as suggested by [164, 165]; see Figure 3.4), and the 24 data points are
clustered using Mclust [166]. The resulting clusters are plotted in the right panel of
Figure 3.3. Points 1 and 2 (corresponding to graphs 1 and 2 resp.) are plotted with larger
symbols and labeled. The cluster labels found by Mclust are given in Table 3.1. This
clustering reinforces the finding that while the stimulus is detected (graph 2 is clustered
apart from the others), the transition from stimulus to gallop and crawl and the distinct

nature of graph 1 (as the only spontaneous firing state measurement) are masked in this
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analysis. We shall see in Section 3.5.1 that different structures in the Omnibus matrix can

be introduced to ameliorate these shortcomings.

3.4 Generalized omnibus embeddings

All joint embedding procedures induce correlation across the embedded networks, and
the omnibus embedding is no exception. Unfortunately, the particular structure of the
correlation induced by classical OMNI (namely, the large, flat induced correlation across
all graphs) may render it less effective for time-series applications or settings where the
correlation varies dramatically across networks. This motivates our next contribution, in
which we show that by generalizing the structure of the omnibus matrix M, more nuanced
(and application-appropriate) induced correlation structures are possible.

The consistency and asymptotic normality of the classical omnibus embedding rest
on a few defining model assumptions: first,

EM]=P:=J, P

Y

and second, in the k-th block-row of M, the weight put on A® (which is equal to 1 +
(m  1)/2) is strictly greater than the weight put on any A® for ¢ & k (as each of these
is 1/2). The low-rank RDPG structure of E[M] = P allows us to use random matrix
concentration results to prove that the scaled eigenvectors of M are tightly concentrated
about the scaled eigenvectors of P which, up to a possible rotation, are equal to Z :=
I,, X. The weights in block-row & being maximized for A®) ensures that the k-th block

in ASE(M, d) corresponds to the embedding of A®), which is essential for subsequent
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inference (e.g., hypothesis testing [16]) in the omnibus setting.

It is natural to ask if, subject to the above conditions, we can generalize the omnibus
structure to permit more esoteric induced correlation in the embedded space. This moti-
vates the following definition of the generalized omnibus matrix. Let F' be a distribution
onaset X RY where hz,2'i 2 [0,1] for all z,2° 2 X. Suppose that (A® A@,

A X)  JRDPG(F,n,m, R). The convex hull of A® A@ A jg denoted via

An={ 3¢9 2R *| withc, Oforallg2 [m]and Y ¢, =1},
q=1

q=1

Definition 3.4.1 (Generalized Omnibus Matrix). Consider M 2 R™" ™" a generalized
version of the omnibus M of Definition 3.2.7 defined as follows. M is a block matrix

satisfying the following assumptions:

1. Each block entry M®*9 2 R "k ¢ 2 [m] is an element of A,,,; we will write

m
MED — N (5D 4@
> .

q=1

2. For each block row & 2 [m] of M, the cumulative weight of A® is greater than the

cumulative weight of the rest of the A@, ¢ & k; i.e., for ¢ & k

Z cgk’ﬁ) < Z c,gk’e) .
¢ l

3. M is symmetric.

Such a block matrix satisfying assumptions 1-3 above will be referred to as a Generalized
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Omnibus Matrix.

If M is a Generalized Omnibus Matrix, setting «(k,q) = ), &9 to be the weight put

on A@ in the k-th block-row of M, assumption 2 above becomes, for each k& 2 [m)],

alk,q) < a(k,k) forallq 6 k. (3.11)

Because M (i.e., E(M) = P) is unbiased and low-rank, we can appropriately modify
matrix concentration and perturbation results for the scaled eigenvectors of M, and we
can establish that the rows of ASE(M, d) consistently estimate the associated rows of Z
and the associated residual errors satisfy a distributional central limit theorem. This is the
content of the following theorems, whose proofs can be found in Appendix B. The proof
of the following theorem that accounts for consistent estimation of the model parameters

(i.e., latent positions) can be found in Section B.2.

Theorem 6 (Consistency of generalized omnibus embedding estimates). Let F' be a
distribution on a set X RY, where hz, 2'i 2 [0,1] for all z,2" 2 X, and assume

that A := E[X; X ] is rank d. Let

(AP, AP, A, X,)  JRDPG(F,n,m, R)

be a sequence of correlated RDPG random graphs. For each n 1, let M,, denote

the generalized omnibus matrix as in Definition 3.4.1. Let the spectral decomposition of
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P, = E(M,,) be given by
By =EM,) =Up, Sp Up

where U, 2 R™ 4and S, 2 R? 4. Let /XMn = ASE(M,,,d) = UMnS,i,{i denote the
adjacency spectral embedding of M,,. Then there exists an orthogonal matrix V,, 2 Oy,
and a constant C' > 0 such that, with high probability for n sufficiently large,

m*?logmn

kUwm, Sya Upns;fvnkz!l =1

The above theorem is analogous to Lemma 1 in [2]. Interestingly, the consistency error
rate for the generalized omnibus embedding estimates with pairwise correlated adjacency
matrices coincides with the consistency error rate for the classical omnibus embedding
estimates with independent adjacency matrices. This is a consequence of two facts: first,
the sum of the cumulative weights 221:1 a(k, q) is equal to m, and second, the extra
correlation term in the matrix Bernstein concentration bound is of the same order as in
the independent term.

Building upon this consistency, our principal result describes the limiting distribu-
tional behavior of low-dimensional embeddings of the generalized omnibus matrix for

joint networks, stated below.

Theorem 7 (Asymptotic normality of rows of the generalized omnibus embedding). Let
F be adistribution on aset X~ R<, where hz, 2°i 2 [0, 1] for all , 2° 2 X, and assume

that A := E[X; X7]is rank d. Let (A, AP, AU X,)  JRDPG(F,n,m,R)
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be a sequence of correlated RDPG random graphs, and let Z,, = [XTjX7j jXT]" 2
R™ 4 Further, for each n 1, let M,, denote the generalized omnibus matrix as in
Definition 3.4.1 and Xy, = ASE(M,,,d). For fixed indices i 2 [n] and s 2 [m], let
</}E,(\j,)n>l denote the i-th row of the s-th n  d block of X\Mn (i.e., the estimated latent
position from graph AY of the hidden latent position X;). Then, there exists a sequence

of orthogonal matrices fQ,,g,, such that

i P[0 (XK@ Z) 2| = / (=, 5)(x8))dF (),
- t suppF

where
1 m
Swis) = (Yo a¥sa)  +2)als.g)als Do )S(@),
q=1 q<l
method-induced coefficient model-inhere‘nrt coefficient
where

S(z) =A TERTX;(1 2TX)XXT]A L

The covariance matrix flp(xi; s) corresponds to the residual of the (true) latent position
of vertex i and its estimate from graph A®). We note that this covariance matrix can be

written as a sum of two terms, for which the first term

So(as: 8) = (# é o2(s, q))E(wi)

corresponds to the covariance matrix for the ¢-th row from the s-th block of the generalized

omnibus embedding under the JRDPG(F,n,m) model as in Definition 3.2.2, and the

94



second term is accredited to the presence of the inherent correlation from the JRDPG( F, n,
m, R) model. By noting that pr, 0 and a(k,¢) 0 for all k,¢ 2 [m], we deduce
that ¥,(7;;8)  Yo(zi;s) entry-wise for all 4, implying tighter residual errors when the
estimates arise from independent graphs. This observation motivates our simulations in
Section 3.7 where we explore the effect of the inherent correlation on effective sample

size in the context of community detection in SBM’s.

Remark 7. Note that for fixed n, the orthogonal matrices V,,, Q,, in Theorems 6 and 7
accordingly, can be explicitly defined. The matrix V,, is the solution of the Procrustes
problem

‘%londeMn Up VK,

and its solution is given by V, := V1,,V;, where the columns of the matrices V1 ,,, V2.,
are the left- and right-singular vectors of UL U, respectively. Moreover, Q,, := V, W,

where W, is an orthogonal transformation such that Z,, = 7. W, =U IS S;/ 2Wn.

In the following example, we apply Theorem 7 with the (classical) omnibus matrix from

[2].

Example 1. (Classical omnibus matrix)
Suppose first that (A®, A@ A X)  JRDPG(F,n,m, R). Let e;, 2 R™ be the
vector with the k-th entry equal to 1 and the rest equal to 0, and let ey, = exe] + ese} 2

R™ ™ Then, the omnibus matrix M 2 R™" ™" is defined as

M= ers (A(k) +A(é))

k ¢

DN | —
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As mentioned previously, M is a special case of the generalized omnibus matrix M: it

satisfies all the assumptions of Definition 3.4.1. For ¢ 2 [m], the coefficient matrix C'(?

is given by
1 ifk=0=q
ko) _
=912 ifk6&, andq2 Fk, (g
0 else,
and so
1+(m 1)/2 ifs=q
a(s,q) =

1/2 else.

Fix s 2 [m]. Then, the resulting covariance matrix is

- m+ 3 m+ 1 1
Ep($;8) = ( - +szq,s + ﬁ Z pq,l>2(1‘).

4m
q&s q<l

method-induced coefficient q,l6s
N >

~
model-inherent coefficient

As expected, the first term coincides with the covariance structure in classical OMNI
(Theorem 1 in [2]) and further, the second term accounts for the pair-wise correlation of

the adjacency matrices.

Moving beyond the classical case, the following examples of generalized omnibus
structures highlight the impact of M has on the limiting covariance (and hence on the

limiting correlation; see Theorem 8).
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Example 2 (Total Average Omnibus). In the total average case, letting

AD 4+ AB 4 A

)

A=

m

we define the generalized omnibus matrix M 4 via

A® A A
A AO® A
M, =
A A Al
In this example,
(
1 ifk="0=g;
7€ JR—
=30 ifk=r6q
1/m else,
\
and so
1+(m 1)/m ifs=q
a(s,q) =

(m 1)/m else.

The associated coefficient of () in Xo(z; s) (i.e., method coefficient) is then

%( a2<s7q>)=i(<m D3 /m 4 (L4 (m 1)/m)?)

q=
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and the model coefficient is

% Z a(sv q)Oé(S, l)pq,l = % ((m 137(jm 1) Z Pq,s + (Wl—l)z Z pq,l)-

m?2
q<l q&s q<l
q,l6s

When R 0,, (i.e., in the uncorrelated case), in the classical OMNI setting of Example
1 for large m the limiting covariance > (x; s) is approximately (x)/4, and is not degen-
erate; in the total average omnibus setting for large m, the limiting covariance is approx-
imately ¥(x)/m 0. This is sensible heuristically, as in that setting, we are effectively
embedding J,, A P, and the correct scaling of the residuals would ideally be p%
rather than pﬁ. When R = ©O(1) and m large, the model coefficient dominates the
method coefficient, as even when m is large, the model coefficient is not (approximately)

degenerate.

Example 3 (Weighted Pairwise Average Omnibus). In the classical omnibus setting, we

have that

and all matrices are effectively weighted equally in the omnibus matrix. This is sensible
if all A® are i.i.d., but is, perhaps, less ideal in the setting where the networks are noisily

observed with the level of noise varying in & 2 [m]. In that setting, the Weighted Pairwise
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Average Omnibus matrix defined via

A w1 AD +wy A2 w1 AD +w343) w1 AD +qp,, AM)

w1 +ws w1 t+ws w1 F+wWm,
wa A2 4qp; A A(z) wa A2 43 AB) wa A2) 4qp,, A(M)

wo+w1 wotw3 wotwm
MW — w3 AB) 4+ AD) w3 AB) 4y A(2) A(3) wsg AB) 4+, A(M)

w3 +wq w3 +ws w3z twm

W AT 1 AD gy A 4y A, A g3 AB) A(m)
Wy Fw1 W F+we Wm w3

may be more appropriate. In this case, the block entries of the omnibus matrix are defined

via
Wi, A(k) + U)gA(Z)

Wy + Wy

(k0 _
My =

with weights wy, > 0 k, ¢ 2 [m]. In this example,

1 ifk=0=q
Ye ifg=k6&6/
C(k,‘e) _ wq+w£ q
q

wquk ifg=06k
0 else,

\

and so
14+ 6 w;‘fwr if s=gq
afs,q) =
w;’fws else.

As (if each wy, > 0) a(s,q) < 1 for ¢ & s, we immediately have that (s, s) > a(s, q)

for ¢ & s. From this, it follows that in the weighted pairwise average omnibus setting, the
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covariance matrix is given by

Z(wq# ( +Zws+wr>

q&s r&s

N

$,(x:8) = i(

TV
method-induced coefficient

Wy w Wow;
2 (1 ) 42 “ >
* Z * ; Wy + W,/ Wy + W, Pas =+ ; (wy + ws) (w; + ws)pq’l (z)

q&s

q,l6s

[

~
model-inherent coefficient

While the method coefficient of Yo(x; s) in ¥,(w; s) is not easily expressed in general,
specific examples can nonetheless be instructive. Consider the setting where w; = w
and wp = 1 for all £ & 1. Considering s = 1 in Theorem 7 provides that the method

coefficient of %, (; s) is

1 1 (m  Dw\?
i (Errea) =i (i vt (53

Similarly, the model coefficient is

2 1+mw
WZ(J(S,Q)O((S,Z)MI,Z < w + 1 2 qus 2 Z pl],)

q<l q<l
q,l6s

Ifw  m then the method coefficient is approximately equal to 1 and the model coefficient
is approximately equal to 0, which is the limiting covariance achieved by embedding A®
separately. This will be further explained in the context of limiting induced correlation in

the next section. If w 1, then both model and method correlation are approximately
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equal to their analogues in the classical OMNI setting. If w 1 is small, then the method
coefficient is approximately 1/m, and the model correlation is effectively a function of
pr for k, ¢ & s for m large (assuming, for the moment, all the inherent correlations are
of the same relative order). As the number of graphs increases, the relative impact on
the overall embedding of A decreases; this is in direct contrast to the classical OMNI
setting, where each graph has the same (non-trivial) relative import in the embedded

space.

3.4.1 Limiting inherent and induced correlation

In the generalized omnibus embedding, similar to the classical setting (see Theorem 5),
we can precisely compute the limiting correlation between estimates of the same latent
position in the embedded space. To wit, we have the following theorem; as with the other

main results, its proof can be found in the Appendix, specifically Section B.4.

Theorem 8. With notation and assumptions as in Theorem 7, consider fixed indices i 2
[n] and s, s1, 52 2 [m]. Let <5(\,(\j,)n> ~denote the estimated latent position from graph AP
of the hidden latent position X;. There exists a sequence of orthogonal matrices (Q,,)L;

such that for all z 2 R%, we have that

lim P |n!/? (/}E(,\jl) X\SQ))QH z| = @(z,f}p(x;sl,sz))) dF (x),
= " " i supp F

(3.12)
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where X, (z; 51, 52) is given by

m

(75 51, 52) = %(Z (a(sl,Q) a(sz, Q))2

q=1

~
method-induced correlation

+22<a(51,q) a(sz2,q))(a(s1,1) a(sz,l)>pq,l>2(x) (3.13)

g<l

J/

model-inher;rﬁ correlation
- (2T 0 almadalul) el ) )S)

m2
g<l

The covariance matrix ip(x; $1, S2) from Theorem 8 can be expressed in terms of the
limiting correlation p(sy, s), where p(s1, s2) via:
Z(T]n:l(a(sh Q) Q(827 Q)>2

=1
p(s1, 52) 5772

. J

~
method-induced correlation

L Zoa(alra) abzolasad) alosd)r

m2

(. J

(3.14)

Vv
model-inherent correlation

Before considering the more exotic examples described above, let’s recall the classical
omnibus embedding setting.

Example 1 continued: Consider fixed indices ¢ 2 [n] and s1, s, 2 [m]. Then, the limiting

. . " (1)
correlation between two estimated latent positions (X Mln )
7

, (5(\5\21)) _from graphs AV,

AG2) respectively is given by

1

3
p(s1,82) = 1T P (3.15)
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To see this, note that in this case

1+ (m 1)/2 ifs=gq
als,q) =

1/2 otherwise

Without loss of generality, suppose that s; < sp. Then,

%Z( (s1,9)  a(s2,9)) =%<( (s1,81)  alsz,81))” + (a(s1, s2)
m2 mz
=T 3
and

L3 (o) alsza)(o(sed)  alss, D))oy
q<l
= # Z(a(SLQ) CY(SZ,Q))(CY(Sz,Sl) a(slysl))pq,sl

~~
l=sl

a(s2,52))°)

+ L Z(a(sl,q) Oz(SQ,Q))(Oé(SZ,SZ) 01(81,32)),0(1,52

J/

2
m?
I=s5
] ud m
=2 X (el _ataa) (5 ) rue
m por ~ o\ 2

m
Z 817 527Q))1(5)10q752

:6-0 only When q=s1

1 m.m

= ﬂ?(g)(g)ﬂsm
1

- ZLPSLST
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Plugging these values into Eq. (3.14) yields the desired result.

Example 2 continued. In the total average case, we can show (similar to the classical

case) that

1 1

- 1 —5 Fs1,s
p<81732) + mzp 1,52

m2
method-induced correlation  model-inherent correlation
This is sensible, because for large m, we have that M,  .J,, A and the embedding
of each A® is effectively equivalent to repeatedly embedding A, yielding the large m
correlation approximately equal to 1. Note also that when m = 2, this correlation
coincides with the pairwise (unweighted) average classical OMNI setting (i.e., the matrix
structure as in Definition 3.2.7). However, the covariance matrix Y depends on m in the
M 4 setting, and for m 3 the limiting embedded correlation for M 4 is always greater

than the limiting embedded correlation for the classical M.

Example 3 continued. In the weighted average OMNI setting, the general form of the
limiting correlation is computationally unwieldy. However, when w,, = w,, = w and
wg = 1, for k & s1, sp, a simple computation yields that the limiting correlation for the

(scaled) row difference in Theorem 8 is given by (where, wlog, s1 < s2)

(m Dw+1)* (m Dw+1)

=1 51,5
plor, 52) m?(1 + w)? m2(1+ w32 o
method:orrrelation model c?)?relation
_, . Dwrn?®
- m2<1 +w>2 ( pSl,Sz)'

Figure 3.5 further highlights this relationship between the matrix structure of My and
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Figure 3.5: The plot illustrates the correlation p(s;, s;) between estimates of the same
true latent position across different values of the weights ws, = w,, = w, where wy, = 1
forall k£ & s1, so. The number of graphs is m = 10. The different line types correspond to
different values of p;, ,,, with the vertical red line at w = 1 corresponding to the classical
OMNI setting of [2].

the limiting covariance for the weighted pairwise average case.In this example, we set the
number of graphs to be m = 10. The plot illustrates the correlation p(s1, s) between
estimates of the same true latent position across different values of the weights w,, =
ws, = w, where wy, = 1 for all k & s1, s,. The different line types correspond to different
values of the model correlation p;, ,, with the vertical red line at w = 1 corresponding to
the classical OMNI setting of [2]. We see that as the weight w increases, the correlation
p(s1,s2) decreases (i.e., in the limit, the embedded estimates derived from AG1D and
AG2) are “less” dependent on each other). On the contrary, as the weight w decreases,
the correlation p(s;, sp) increases (towards 1) as the A® for k 6 sq, s, has the same
outsized influence on the embeddings of A®1) and A®2?) which has the effect of making

the embeddings effectively identical.
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Indeed, the driving force behind the limiting correlation between the embedded
AGY and A2 is the cumulative weights of the other A® for k & s1, s,. If these weights
are large, then the relative contribution to block-row s; (resp., so) by A®1) (resp., A2))
is low when compared to the cumulative effect of the other networks, and this masks
the signal corresponding to A®1) (resp., A®2) in the s;-th (resp., so-th) block of the
embedding. If, however, the weights of the A®) for k & sy, s, are small, then the relative
contribution to block-row s; (resp., s») by A®1) (resp., A®2)) is high when compared
to the cumulative effect of the other networks, and this has the effect of reducing the
correlation between the embeddings of A¢?) and AG2),

We are also interested in showcasing how different assigned weights in weighted
pairwise average OMNI affect the scaled difference between two estimates and their
limiting covariance structure. To investigate this relation, we simulate three 300-vertex
random undirected graphs AM, A@ A® via the JRDPG model from Definition 3.2.2
(e, (AD A@ A® X) JRDPG(F,300,3)) with underlying distribution F' be a mix-

ture of point mass distributions defined via:
1 1
F= 5551 + 55527

where &1, & 2 R? satisfy

T

&l la 0.7 0.2
p— f— P

&l & 0.2 0.7

Marginally, each graph is generated from the Stochastic Blockmodel with K = 2 com-
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Figure 3.6: We consider (A®, A@ A® X) JRDPG(F, 300,3), and plot the
difference in the pair of estimates of X; = &; derived from the omnibus embedding.
Each column panel corresponds to a different pair of estimates, and each row panel
corresponds to a different weighted omnibus matrix M created by the weight vectors
(1,1,10),(1,1,.1) (resp. top, bottom). Each panel has estimates derived from two
different omnibus embeddings, namely ASE(M,2) and ASE(M, 2) (resp. blue and red
points), and the experiment was repeated nM C' = 100 times.

munities and block probability matrix P. Further, we consider the weighted average

omnibus matrices M 2 R%° 9% created by the weight vectors

(wi, wp,ws) 2 F(1,1,1), (1,1,10), (1,1,.1)g.

Letting /)ZM = ASFE(M,2), in Figure 3.6 we plot the scaled differences between two

estimates of X; = &; derived from the omnibus embedding, namely

P ((/)EM)l (/)ZM)301> in column 1,

P ((/)ZM)l (X\M)601> in column 2,
P_ /o Y

n <(XM)301 (XM)601> in column 3.
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Each panel in the figure represents 100 Monte Carlo replicates (as the plotted points), and
the limiting covariance structures are plotted as smooth curves. The different weightings
in M are denoted via blue (always @ = (1, 1, 1)) and red. Denoting p(s1, s2) the induced
correlation between estimates from graphs AGD - AG2) with matrix M, and note that
po(s1,s2) = .75 for any pair fsq, s, = 1,29, f1, 39, 2, 3g. Figure 3.6 exhibits some
interesting insights. First, the top left panel (denoted panel (1,1)) and the bottom left
panel (denoted panel (2,1)) capture the relationship between the omnibus matrix structure
and the correlation as shown in Figure 3.5. Specifically, the weight of A® in block rows
1,2 of M influences the scaling of the covariance matrix; we have p(1,2) = .8677 in
panel (1, 1) which provides more covariance shrinkage as compared to panel (2,1) where
p(1,2) = .5950. Further, in the rest of the panels, either A® A® or AW A® have
different weightings with each other. Looking, for example, at panel(1, 2) (resp. (2, 2)),
we observe that the weight of A® is larger (resp. smaller) than the weight of A®) making

its estimates more distinct (resp. less distinct) from the estimates of A®.

3.5 Dampened omnibus and Aplysia spike train analysis

In the example in Section 3.3.2, we see how the uniformity of the induced correlation
in the classical omnibus embedding effectively masks much of the biologically relevant
signal in the Aplysia motor program. There is a dramatic spike in the data signal (the
stimulus) followed by structured behavior and decay in spike intensity. In this case (and in
many other time series settings where we are modeling the impact of anomalous events),

it is natural to assume that the dependence between two networks at different times 4, ¢,
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decays as their difference jt;  t,] gets bigger, and also decays over time as ¢, 1, get

bigger. This motivates the dampened omnibus matrix defined via

(

wp AR A .
T — ifk >/,

(k,0)
Maamp = 4 A® itk =¢

AR 4, AO) .
T if k < g,

\

where  is a strictly increasing vector of weights. In the dampened omnibus matrix,

M iamp, the relative contribution of each successive matrix (i.e., as [ > £ increases in AD)

increases in block-row k; this (keeping the form of p(t;,t,) in mind) can have the effect

of decreasing the limiting induced correlation between A®) and A® as [ > k increases.

As an example of this, consider the case where w, = ¢ for all £ 2 [m]. The form of (total)

correlation, though cumbersome, is nonetheless instructive. Letting s1, sp 2 [m], $1 < s,

we have that the induced correlation is

1
2m?

(s1 1)(s2 31)2+<s§+1+ Z 1 )2

(51 + 1)2(82 + 1)2 S1 + 1 1551 1650 ) -+ 1

,Ome(Sl, 32) =1

l 1 2 (s2 1)sa+1
+ 2 (1 o) o

s1<l<sa
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while the effect of the inherent correlation is

1 82)
o1 52) = [zz Jou ),

I<s1 g<l
2
s1+1 1
2 (B Y )
q<51 )(s2 —|— 1)\sg +1 hos e, h+1
+z(z s (G )
q7
s1<I<s9 q<si Sl + 1)(82 + 1) 82 + 1 l + 1
Sl+1 1 1 l
ot ) s
Sl+1 h>8§&52h+1 <82+1 l+1 Ps1,l
q 1 1 l
i Z (q+1 82+1) (82+1 l+1)pq71)
s1<qg<l
2
S22 51 s5  sp+1 1
- + Pa.s
q;l(sﬁl)(sﬁl)( s2 41 Z:SQthl 0.5
2 2
+< * Z ) +Z Ps1,s2
st I>s1, [&sg [+1 s2+1 h>so h+1
1 55 sa+1 1
* Z (Q+1 52+1)< 82—|—1 +Zh+1)pq782]-
§1<q<s2 h>so

With the form of p,. above, consider the situation in which s, s1. In this case, pye 1S
growing like 1  s5/2m?, which is decaying to 1/2 as s, approaches m. When both
$2,51 1, pme is growing like 1 (s34 s2)/2m?, which is decaying to 0 as s, s1 both
approach m. This corroborates the effect we see in Figure 3.7, where p(s1, s2) is tracking
the inherent (i.e., model) correlation fairly well after an initial burn-in period (i.e., when
s1 1is sufficiently large). For p,, (ignoring for the moment the potential large differences
in the inherent correlation), when s, 57 (s2 1), the dominant term is #slszpsl,s2

which is tracking the true inherent correlation. When both s;, s1 1 but their difference
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Figure 3.7: In a JRDPG¢, model where the entries of g are identically set to 0.8, we
consider the induced correlation for the classical omnibus (blue), the dampened omnibus
(red) embeddings. Considering m = 200 networks, the solid (resp, dashed, dotted,
dot-dash) lines correspond to the limiting induced correlation between vertices of the
embedded A® (resp., A0 AAS0) = AU78)) and AG2) as s, varies from 2 (resp., 101,
151, 176) to 200. For each curve type, the true inherent correlation across the networks is
plotted in green.

is not necessarily relatively small, the dominant term in py,, is of the order

1 1
ﬂ?3152p81782 + ﬁsz § : Pq,s2 -

51<q<s2

We see that this only depends on p, s, for ¢ 2 fs; +1,...,s, 19 and the effect of the
inherent correlation is effectively localized.

In Figure 3.7, we consider the JRDPGg,, model of Subsection 3.2.2.1 where the
entries of g are identically set to 0.8 and m = 200. We plot the induced correlation for the
classical omnibus embedding (blue), the dampened omnibus embedding (red), where the
solid (resp, dashed, dotted, dot-dash) lines correspond to the limiting induced correlation
between vertices of the embedded A® (resp., AQ), A0 = AA79)) and AG2) a5 s, varies
from 2 (resp., 101, 151, 176) to 200. For each curve type, the true inherent correlation

across the networks is plotted in green. While the method correlation in classical OMNI
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m = 100 dampened w; = i | dampened w; = 1 + log(i) | classical
s1=1,8,=2 9981 9653 5
s1=1,5 =50 .8781 .8622 75

s1 =1,s2 =100 5140 .6259 5
s1 =49, 5, = 50 7626 7618 75
s1 = 00, s, = 100 3936 5222 75
s1=99,s, =100 .0391 2918 75
Table 3.2: Letting m = 100, we list the limiting induced correlation for dampened
omnibus (with w; = ¢ and w; = 1 + log(i)) and classical omnibus for a number of

(81, s2) pairs.

prevents the induced correlation from ever tracking the true inherent correlation, we see
that the more nuanced structure presented by dampened OMNI allows (after a suitable
burn-in period) the induced correlation to significantly better (though far from ideally)
track the inherent correlation. Developing M to induce a given correlation structure is a
natural next step, and we are partially investigating this in the next chapter, Chapter 4.
As an example, consider w; = i and w; = log(i) + 1, and m = 100. In Table
3.2 above, we list the limiting induced correlation for a number of (s1, sp) pairs, offering
a sharp contrast to the flat induced correlation in the classical omnibus setting. We see
the general trend that p(sy, sp) is decreasing as s; increases for a fixed s, (and as p( , )
is a symmetric function, as s, increases for a fixed s;). Note the level of correlation
decays differs dramatically across the two figures, as the slower growth of the weights
in the w; = 1 + log(i) setting allows for a slower decay in the pairwise correlations.
This decaying correlation structure appears well-suited for the Aplysia motor program,
as it precisely allows for a large correlation at early time-points (corresponding to the
dampening of signal after an anomalous event) that dissipates in time. We will explore

this further in the next section.
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Figure 3.8: Using wy; = ¢ in the Dampened OMNI framework, in the left (resp., center)
panel, we plot the average vertex distance (as the bar heights) in the embedding between
graph 1 (resp., graph 2) and graph k for each & 2 [m] (where the bars are labeled k =
1,2, ,24). In the right panel, we compute the 24 24 distance matrices D4, and embed
it into R?. The resulting 24 data points are clustered using Mc lust (clusters denoted by
shape), and are plotted, with graphs 1 through 6 further labeled with their corresponding
number.

3.5.1 Dampened spike train analysis

Since the generalized omnibus embedding permits additional degrees of freedom for the
off-diagonal entries, a richer spectrum of induced correlation is possible. The dampened
omnibus embedding, in particular, is designed to weaken cross-graph interplay over time.
Given that the correlation homogeneity of the classical omnibus makes inter-network
changes less apparent, it is natural to ask if an appropriately-calibrated dampened omnibus
embedding can detect what the more limited classical omnibus can not. To test this, we
next apply the methodology of Section 3.3.2.1 to the Aplysia data of Section 3.3.2 using
M amp With w, = £. Results are summarized in Figure 3.8 where Dy, is the corresponding
distance matrix from Eq. (3.10) in the dampened setting.

We again see that dampened OMNI is able to isolate the stimulus in the second

graph. However, unlike in the classical OMNI setting, dampened OMNI is able to tease
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Graph | 1 | 2 |3 |4 |56 7|8 |9 |10 11|12
Cluster | 1 | 2 [ 3|3 |3 [3 |3 |3 |3 |4|4]| 4
Graph | 13 |14 | 15|16 |17 |18 | 19|20 |21 |22 |23 |24
Cluster | 4 | S| 5|4 | 4|54 |5 |54 |5]|5

Table 3.3: This table displays the cluster labels for the 24 networks when embedding
the time-series using dampened OMNI with weights w, = ¢, then embedding the across-
graph distance matrix using classical MDS scaling, and finally clustering the graphs using
Mclust. In the MDS embedding, each graph is represented by a single 2 dimensional
embedded data point, and the pair (Graph, Cluster) describes which cluster these points
are assigned by Mclust.

out additional relevant structure including the uniqueness of graph 1, the transition from
gallop to crawl and an unstable dynamic in the crawling motor program. In this dampened
setting the cluster labels found by Mc lust are summarized in Table 3.3. From the table,
we further see that the clustering is better able to isolate graph 1 (the spontaneous firing
state graph) than in the classical omnibus setting. Moreover, the clustering of graphs 3-9
and the classical MDS graph embedding, shows that the dampened setting is better able
to capture (imperfectly) the transition from galloping in bins 3 and 4 to crawling in bins
5-24. Clustering yields classes that progress in orderly fashion over the first half of the
motor program, after which states irregularly alternate between 4 and 5, suggesting an
unstable dynamic to the program not apparent from simple visual inspection of the firing
traces.

Here, the dampened omnibus structure allows us to better tease out the biologically
relevant structure in the data; namely, the distinct nature of graph 1, the transition from
gallop to crawl, the unstable dynamic in the crawling. Indeed, from Figure 3.3, we see
that the flat correlation structure induced by classical OMNI masks much of this latent

structure in these biological networks, while the dampened structure induces the right
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correlation and both uncovers and clarifies this neuroscientifically relevant signal in the

data.

3.6 Induced correlation in JRDPG,, model

In this section, we present a series of simulations that are designed further illuminate the
flexibility of the generalized omnibus framework in the JRDPG,, model (having explored
dampened OMNI in the JRDPGg,, model in Section 3.5). If we consider a collection of
graphs as noisy realizations of some true, underlying, network process (i.e., the JRDPGy,
model), then it is reasonable to expect some of the realizations to be noisier, or of lower
fidelity, than others. As such, it is desirable to have an embedding method that can
account for the difference in sampling fidelity across networks. To explore this further,
we consider the JRDPG,, model with v; = 0.8 for7 = 1,2, ,50, and v; = 0.3 for
i = 51,52, 100 (so that m = 100). In this case, the first 50 A® are higher fidelity
(i.e., less noisy) copies of the generator A©. It is natural then to seek to down-weight A®
for s = 51,52,...,100 in the embedding. We can achieve this via the weighted average

omnibus embedding with

w Ww; + wj

where w is a vector of positive graph weights. In Table 3.4, we consider the limiting
embedding correlation across the networks within this model for a variety of different
weight vectors. We see that upweighting the higher-fidelity networks in My has the effect
of more closely modeling the true inherent correlation among the high fidelity networks

in the embedded space versus classical OMNI (i.e., w; = 1 for all z). This comes at the
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inherent corr. Ww; i Unlf(O, 1) w = TlOO w = [I507 1_050] w = [T050, T50]
p(1,2) 0.64 0.933 0.91 0.969 0.821
p(1,51) 0.24 0.823 0.81 0.729 0.839
p(51,52) 0.09 0.684 0.773 0.548 0.921

Table 3.4: Considering the JRDPG,., model with ; = 0.8 for z = 1,2, 50, and
v; = 0.3 fore = 51,52, 100 (so that m = 100), we provide the correlations induced
by embedding My for a variety of weight vectors . Values are rounded to three digits
for ease of display.

expense of inducing more correlation between the lower fidelity samples (and across the
lower fidelity and higher fidelity samples), as the higher fidelity samples are having more
influence on the embeddings of the lower fidelity samples. We note also that the effect is
reversed if the lower fidelity samples are upweighted.

In the model above, suppose that we want the embedding to preserve the correlation
between one particular pair of graphs (wlog, between A and A®). This can be achieved

via a special OMNI construction as follows. Letting m be even, for ¢ odd define

(
A® ifi=jori j 2
M(i:j) —J 4@ 4A® e .
12 === ifi=j 1
A0 if i >,
\
for 7 even define
(
A® ifi=jori j 1
12 === iti=j+1
AO) ifi 1>j.
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Figure 3.9: Considering the JRDPGy., model with v; = 0.8 for7 = 1,2, 50, and
v; = 0.3 fori = 51,52, 100 (so that m = 100), we plot the difference between total

and inherent correlations when embedding via Mj,. Darker blue indicates less accurate
preservation of the correlation structure.

Then it is not difficult to compute

p(1,2) = 1 (]. Rl’z)T7

so that p(1,2) Ry for large m. While this choice of M, may not globally preserve
R in the embedded space, this demonstrates that local (i.e., between pairs or a few pairs)
can be well-preserved. In Figure 3.9, we see that (considering again the JRDPGg., model
with v; = 0.8 for: = 1,2, |50, and v; = 0.3 for ¢ = 51,52, ,100), the pairwise
correlation is well preserved by embedding via My, not just between A® and A® but

between many of the network pairs A® and A® for 7, j small.
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3.7 Effective sample size in correlated graphs

Statistical inference for multiple networks often faces questions that require to aggregate
the information about the latent positions across samples of graphs. When the graphs are
correlated, correlation itself adds a dampening factor that can reduce the effective sample
size. In this subsection, we investigate the effect of correlation (induced and inherent) on
effective sample size in subsequent inference about the latent position.

The following theorem describes the limiting behavior of the average latent positions

estimated from a sample of correlated graphs. The proof is given in Appendix B.5.

Theorem 9. Let p 2 (0,1) be fixed. Let F' be a distribution on a set X ~ R<, where
hz,2%i 2 [0,1] for all z,2" 2 X, and assume that A := E[X;X] is rank d. Let
(A,(f), o ,A,({”),Xn) JRDPG(F,n,m,p), be a sequence of p correlated RDPG

random graphs and associated latent positions.

a) Letting /}Z(ji = ASE(AS),d) for each s = 1,...,m, there exist sequences of
orthogonal d-by-d matrices (W,?)X, s = 1,...,m such that for all z 2 R¢

n=21»

and for any fixed index ¢,

Py p)) dF (z). (3.16)

b) (OMNIBAR) Letting /)ZMn = ASE(M,, d), and denoting the s-th n  d block of

1
n=1

=~ END) . : 7
X, as X Azn, there exist a sequence of orthogonal d-by-d matrices (1V,) such

118



that for all = 2 R? and for any fixed index i,

1 < ~(s) -
Tim P [nl/z (EZXEW)”W" Xn> 2
s=1

- 1
= / P (Z, b (x,
supp F'

Stated simply, the previous theorem recovers the classical result about the covariance of

Py p>> dF (z). (3.17)

the sample mean for correlated data. When the graphs are independent, the average of the
estimated latent positions after a proper orthogonal alignment adds a factor of 1/m to the
limiting covariance matrix, suggesting that this average concentrates for large sample size
around the true mean. This is shown both for a separate embedding of each graph (part
a)) and a joint embedding with classical OMNI (part b)). When the edges of the graphs
are correlated by some positive constant p, the efficiency of this estimator is reduced, and

the limiting effective sample size is meg 1= 1+p(”"°—ml).

3.7.1 Recovery of community labels in stochastic blockmodels

We start by investigating the recovery of community labels from estimated latent positions
of stochastic block model graphs. First, we consider a correlated pair of positive semi-
definite K -block stochastic block models [160] as in [10], Definition 8. In particular,
letting K’ = 2 we generate a pair of adjacency matrices (A, B,X) JRDPG(F,n,2,p),

where F'is a mixture of point mass distributions defined by
1 1
F = -6 =0, 3.18
9 ¢1 + 9 (2> ( )
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Figure 3.10: Average clustering error in a p SBM model with X' = 2 communities,
N = 100 number of vertices and block probability matrix P, as a function of €. The
latent positions are estimated by ASE embedding of the mean graph A (red lines), OMNI
embedding (green lines) and Procrustes-based pairwise embedding (blue lines). Each
point is the mean of 100 MC replicates. Observe that in both panels the ASE(A4, 2) and
OMNI(M, 2) embeddings in the i.i.d case perform better than their embeddings in the
correlated case, while the Procrustes-based pairwise embedding remains unaffected by
the effect of correlation. Also note that the performance of the Procrustes-based pairwise
embedding is inferior to the other two embedding methods.

in which (1, (» 2 R? are the latent positions and satisfy

T
Gl la 05 0.5

Cz Cz 0.5 0.5 +€

where € > 0. We let K = d = 2 and we consider the following three graph embedding
techniques to help us understand the role of effective sample size on correlated random

graphs:

1. Classical OMNI embedding: We apply the traditional omnibus embedding using
M as in Equation (3.3) to obtain estimated latent positions ASE(M;2) 2 R?" 2

~1
and we average the n rows across the two graphs to obtain X 2 R" 2,

2. Average graph embedding: We use ASE to embed the mean of the two graphs,
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Figure 3.11: Average clustering error in recovery of community labels of estimated latent
positions in a p-SBM model with K = 2 communities, N = 100 number of vertices and
block probability matrix P, as a function of the correlation p. The latent positions are
estimated by ASE embedding of the mean graph A (red lines), OMNI embedding (green
lines) and Procrustes-based pairwise embedding (blue lines). Each point is the mean of
100 MC replicates. In panel (a), all the methods effectively achieve the same clustering
error. In panel (b), the performance of the ASE(A, 2) and OMNI(M, 2) embeddings in
the correlated case decreases as the correlation increases.

_ ~2 _
A = 428 [122] to obtain estimated latent positions X = ASE(4;2) 2 R" 2.

3. Procrustes-based embedding: We separately embed the graphs A, B, obtaining
two separate matrices of estimated latent positions ASE(A4,2), ASE(B,2) 2 R" 2
We then align these two matrices via orthognal Procrustes alignment [129], and

~3
average the aligned embeddings to obtain X 2 R" 2.

For each embedding strategy, we further consider p = 0 (i.e., conditionally independent

graphs) and p > 0 (i.e., correlated graphs) in our generative model resulting in a total of

six estimated latent position matrices, X, 4, X Xinds Xcorrs 2ind» Xecorr-

In Figures 3.10-3.12, we cluster the rows of estimated latent positions 5(\;, for all
k 2 F1,2,39, ¢ 2 find, corrg into K = 2 communities via the model based clustering

procedure in the Mclust R package [166]. It is shown in [167], Section 4, that Gaussian
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mixture model-based clustering yields substantial improvement over /-means clustering
in recovering the latent communities in ASE of stochastic blockmodels. This is due to
the associated limiting covariance matrices often being elliptical rather than spherical. In
each figure, we plot the (average) clustering error in recovering the latent community
labels for all six estimated latent position matrices where the solid lines correspond
to the independent case and the dashed lines correspond to the correlated case. The
latent positions estimated by ASE(A, 2) are displayed in incarnadine/red lines, by OMNI
embedding in green lines and by Procrustes-based pairwise embedding in blue lines. Each
point is the average of 100 MC replicates.

In Figure 3.10, we set the number of vertices for each graph equal to N = 100
and we plot the clustering error versus €. In panel (a) (resp. (b)) we set the correlation
for the estimated latent positions in the correlated case equal to p = 0.25 (resp. p =
0.75). Observe that in both panels the ASE(A, 2) and OMNI(M, 2) embeddings in the i.i.d
case perform better than their corresponding embeddings in the correlated case, while the
Procrustes-based pairwise embedding remains unaffected by the inherent correlation; we
suspect this is due to the Procrustes step introducing additional signal across the networks
which can mask the present inherent correlation. Also note that the performance of the
Procrustes-based pairwise embedding is inferior to the other two embedding methods,
while the omnibus and mean embeddings have comparable performance. In Figure 3.11,
we again set N = 100 and we plot the clustering error versus the correlation. In panel
(a) (resp. (b)) we set ¢ = 0.1 (resp. ¢ = 0.2) across all estimated latent positions in
both cases. In panel (a), the signal in distinguishing the two communities is weak and
all embedding methods achieve similar performance across p. In panel (b) however, the
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Figure 3.12: Clustering error in recovery of community labels of estimated latent
positions in a p-SBM model with K = 2 communities and block probability matrix
P. as a function of the number of vertices /N. The latent positions are estimated by
ASE embedding of the mean graph A (red lines), OMNI embedding (green lines) and
Procrustes-based pairwise embedding (blue lines). Each point is the mean of 100 MC
replicates. Comparing panels (a) and (b) we observe how the effective sample size is
diminished for the estimated latent positions X\COH, iim as the correlation increases (i.e.,
more vertices are needed to achieve the same error in the highly correlated case). This is
mirrored in panels (c¢) and (d) as well.

1 ~2
and X ___ decreases as the

corr corr

performance of clustering the estimated latent positions X
correlation increases, as the effective sample size of the correlated networks is decreasing.

In Figure 3.12, we plot the clustering error versus the number of vertices of the
graphs. The rows of the figure correspond to different values of ¢ 2 £0.1,0.2g and the
columns correspond to different values of p 2 0.25,0.759. Comparing panels (a) and
(b) we observe how the effective sample size is reduced for the estimated latent positions

~1 ~2

Xeom» Xeo as the correlation increases (i.e., more vertices are needed to achieve the

corr?

same error in the highly correlated case). For example, in panel (a) (p = 0.25), the
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clustering error for both X _ . and X_ . is approximately 0.2 when the number of vertices
is N 250, whereas in panel (b) (p = 0.75) the same error is achieved when N 350.

This is mirrored in panels (c¢) and (d) as well.

3.7.2 Vertex classification in brain networks

Vertex classification is a problem that arises in applications where the goal is to predict
vertex labels using a subset of the vertices for which this information is known a priori
[168,169]. In brain networks, for instance, where the vertices correspond to brain regions
or neurons, information about vertex attributes is sometimes known in more detail for a
portion of the graph, and this can be used to infer these attributes in the remaining vertices
[169]. Here, we show how leveraging the information from a collection of networks
yields improvements in vertex classification accuracy, but the presence of edge correlation
between the networks can reduce the effective sample size and result in smaller prediction
improvements.

The HNU1 study [170] includes brain diffusion magnetic resonance images (AMRI)
from 30 healthy subjects that were scanned 10 times each over a period of one month.
These scans were used to construct a collection of brain networks with the CPAC200
atlas [171], resulting in a sample of 300 graphs (one per each subject and each scan) with
200 aligned vertices, and binary edges denoting the existence of nerve tracts between
each pair of brain regions. The vertices of the networks are labeled according to the
brain hemisphere, with 94 vertices corresponding to the left hemisphere, 98 to the right

hemisphere, and 8 unlabeled vertices. The post-processed brain networks were down-
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loaded from https://neurodata.io/mri/.
To understand the effect of the correlation in subsequent inference, we start by
measuring the correlation between pairs of graphs. Recall that under the p-correlated

heterogeneous Erdds-Rényi (or Bernoulli) model, the correlation between two graphs

A®  Bernoulli(P®) and A®  Bernoulli(P®) satisfies

®) *) 0] 0
(k0 _ E[(Aij Pz'j )(Az'j Pij )]

P , 81,5 2(n),i6 .

1/2
[Var(AD) Var(49)]

. . () =~ .
Based on estimates of the edge probability matrices P~ and P ', we construct a plug-in

estimator of the correlation given by

& S 0 O

H0 — 2 Z (Aij P )(Aij P )
nn D= sm, . 5050, =0

Pz‘j<1 Pz’j)Pij(l Pz’j)

12"

. o N O N OEOR ~0) 4
The edge probability matrix is estimated as P*) = X "D X ~ ,where D ~ 2 R

. . . () . . .
is a diagonal matrix such that D, is the sign of the u-th eigenvalue of A® ordered by
< (k)
magnitude, X = = ASE(A® d), and d = 15 as suggested by an analysis to the same
. ~(k) o .
dataset in [14]. After that, P is formed by trimming the entries to ensure that the values

of the matrix are inside the interval (0,1). Given a value € 2 (0,1/2), this estimator is

defined as

e ifP® ¢

(k) - -
Py =9 P® if P®2 (1 ),

1 ¢ otherwise.
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In our experiments, we choose ¢ = 10 4 but we observe that the results remain quantitati-
vely similar for a wide range of values. We also estimate the Pearson correlation between
the graphs, which corresponds to the edge correlation under the correlated homogeneous

Erd6s-Rényi model, and it is given by

k - 1 _
A0 _ S (AR ABY AL AO)
a DI N .
[Ei>j <Az§j) A(k)>2 Zi>j (Az(j) A(é))z]l/z

Here, A®) = n(nl ) Do ; Az(f) is the edge sample mean.

Figure 3.13 shows the empirical distribution of the estimated correlation values
between pairs of networks, divided according to correlation estimates for pairs of networks
corresponding to the same subject (blue curves) and pairs of networks belonging to differ-
ent subjects (red curves). For both edge and Pearson correlation distributions, the red
curves appear to be stochastically smaller than the blue curves, suggesting that the correla-
tion for pairs of networks within-subject is higher than the correlation between networks
of different subjects, which is expected. Thus, according to our theory, we would expect
that the corresponding embeddings will show a stronger correlation, which can have
consequences in subsequent inference.

We now evaluate the performance of vertex classification when a sample of m
networks is observed. We focus on predicting the hemisphere labels using the information
of a subset of the vertices to predict the label of the remaining ones. The classification
strategy is based on constructing an unsupervised classical omnibus embedding on the m

observed graphs. Note that the theory states that the correlation across the embedding

will be higher for the collection of graphs with the higher inherent correlation (i.e., same
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Figure 3.13: Empirical distribution of the correlation between pairs of graphs. The left
panel shows the Pearson correlation between pairs of vectorized adjacency matrices, and
the right panel shows the estimated edge correlation in the p-RDPG model. In both cases,
the correlation between graphs corresponding to different subjects is larger than the same-
subject correlation.

subject), and this would have the effect of reducing the effective sample size. After
embedding, the average of the m sets of estimated latent positions is calculated following
a similar procedure to Section 3.7.1. The resulting embedding is used to perform 1-nearest
neighbor classification for the unlabeled vertices.

We evaluate the classification performance of the omnibus embedding by randomly
selecting a sample of 10% of the vertices as the training set, for which the hemisphere
labels are known, and the classification accuracy is measured on the remaining 90% of
the vertices with occluded hemisphere label. The accuracy is computed as the average
of 250 replications over randomly selected training vertices and subjects. We compare
the performance of two different choices of the training set of networks: first, a random
sample of m networks from the same subject, and second, a random sample of m networks
from different subjects. Figure 3.14 shows the average classification accuracy (with bars

corresponding to two standard errors) as a function of the number of networks used to
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Figure 3.14: Average vertex classification accuracy for predicting brain hemisphere. For
each run, 20 random vertices were used to train the model, and the hemisphere class was
predicted on the rest based on a 1-nearest neighbor classifier using the estimated latent
positions of the omnibus embedding of m different graphs. The embeddings constructed
from graphs corresponding to different subjects show higher gains in accuracy as the
sample size increases.

estimate the latent positions. We observe that in general the accuracy improves as the
sample size m increases, which is expected. However, the figure also shows that the gains
in accuracy are much better for the classifier that uses networks from different subjects.
Our theory suggests that the presence of correlation inflates the estimation error of the
corresponding latent positions of the RDPG model, and thus, the degraded performance

of the method is both expected and in line with our theoretical analysis.

3.8 Conclusion

The generalized omnibus embedding methodology is both flexible, allowing for an array
of off-diagonal weightings, and tractable, in that its component pieces can be rigorously
analyzed. One such component piece, in particular, is the effect of induced and inherent
correlations across the embedded networks in the omnibus framework, and in this chapter
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we provide a first step toward understanding these correlations. The implications of this
are many, both in the analysis of real data (Section 3.3.2), and in the setting where
we desire the omnibus method to imbue identically distributed embedded data with a
specific correlation structure or preserve the signal across inherently correlated networks.
Furthermore, the analysis of correlated graphs in the generalized OMNIBUS framework,
enables principled, high fidelity applications in time-series (and other naturally correlated)
network settings. Understanding the dual contributions of inherent and induced correlation
also allows us to formulate and experiment with the network analogue of classical effective
sample size analysis.

Of course, there are many significant follow-on questions and research directions.
For instance, given a feasible correlation structure for a collection of networks, can we
choose weights in the generalized omnibus setting that would (from 1.i.d. or correlated
identically distributed networks) reproduce this structure in the embedded space? In the
i.i.d. setting, representing the desired correlation matrix via p = [p(s1, s2)] 2 R™ ™ and
the matrix of generalized OMNI weights a = [a(s1,52)] 2 R™ ™, inducing p in the

embedding space amounts to finding feasible ¢ solving

—D,, (3.19)

where

D, = [Da(k, )] = [ka(k, ) a(l, )k3].

If a solution exists, this might be easily solved via multidimensional scaling [172], if not
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for the condition that each «(k, ) must be nonnegative, sum to m, and be derived from
symmetric C¥ matrices. While this is further complicated in the presence of inherent
correlation, we are nonetheless exploring possible approximation approaches for this
problem, including alternately projecting onto the cone of distance matrices [173] and
the polytope defining the constraints on the «’s. In Chapter 4, we present an algorithm
which assembles a generalized omnibus matrix given a correlation matrix.

There are a number of M we could consider that would produce differing limiting
levels of correlation amongst the embedded network pairs. For example, we could consider

the forward omnibus matrix My,,., where

;

@3 _ . e .
Mjs’ = A® ifi =
i (D)4 A p .

\

Comparing this to the dampened setting in the m = 100 case, we have the following
analogue of Table 3.2 in which we show the limiting induced correlation between A®
and AV for a variety of (i, j) pairs (where in the dampened case, we are considering

w; = Z)a
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m = 100 dampened | forward

s1=1,8=2 9981 .0914
sy =1,8 =50 .8781 4136
s1=1,s, =100 5140 5443
51 =49, s, =50 7626 7301

s1 = 90, s = 100 3936 .8663

51 =99,5, =100 .0391 .9964

In contrast to the dampened OMNI setting, which has decaying correlation across
graph pairs, in the forward model, the correlation is increasing as the graph indices are
increasing, and can be used to model time series where the correlation is growing as the
series progresses.

As we demonstrated in this chapter, the role of induced correlation (if exists) is
critical in subsequent inference. The discovery of the phenomenon of induced correlation
in classic OMNI calls for further investigation. The crucial question is whether this
phenomenon is an integral part of all the joint graph embedding procedures or not. To
shed some light on this question, we run the same experiment as in Figure 3.1 with two
established joint graph embedding methods (along with classic OMNI) which produce
estimates for each graph; namely Multiple Adjacency Spectral Embedding (MASE) [14]
and Multiple Random Dot Product Graph (multi-RDPG) [12]. Under the same setup
as in Figure 3.1, we first plot the distance between the (aligned) estimates of the latent
position X; = &; derived from the separate graph embeddings over a range of values of

p 2 10,0.75,0.999, and then, we plot the difference in the estimates of X; = &; derived
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Figure 3.15: The effect of the induced correlation in the embedded space by the classical
OMNI, MASE and multi-RDPG joint embedding methods in contrast to the inherent
correlation (correlation from the graph model). The graph model JRDPG(F, n,m, p)),
the set of parameters and the number of MC iterations are the exact same as in Figure 3.1.

from classic OMNI, MASE and multi-RDPG. The plots are depicted in Figure 3.15.

The top row (resp. bottom row) of panels in Figure 3.15 illustrates the level of
correlation induced by classic OMNI (resp. MASE & multi-RDPG) in terms of the
inherent correlation. Recall that the model used to generate the pair of graphs is the
JRDPG(F',n,2, p) model. The pair of graphs in the OMNI, MASE and multi-RDPG
procedures was generated by JRDPG(F| n, 2), i.e., when p = 0. Both MASE and multi-
RDPG induce correlation very close to 1. Subsequently, the estimates alloted to each
graph are almost identical with each other (up to orthogonal transformation in case of
MASE), however the estimates derived from classical OMNI are less correlated (p = %).
For the advancement of multi-sample graph inference, it’s important to further investigate

whether it is possible to carry out similar correlation analyses in other joint graph embed-
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ding methods too.

Next, the structure of the generalized omnibus mean matrix P=1J, Pis designed
to maintain the low-rank property of P in P and allows for the leading d eigenvectors of
P to be related to those of P (indeed 1 Up provides a basis for the leading d-dimensional
eigenspace of P). If we consider other structures in the Kronecker product that have the
form E P, with the restriction that 1 is a leading eigenvector of £, can we replicate the
omnibus analysis? We are exploring this at present with examples of interest, including
E has ring-graph structure. While more complex £ will necessarily violate the low-rank
assumption on P, we are exploring if there is still sufficient concentration (about I X)
of the leading d-dimensional eigenspace of M in order to of a low-rank approximation
of P. We are also exploring extensions of the out-of-sample framework of [174] to the
generalized OMNI framework. By using the OMNI framework to embed the core vertices
aligned across networks and out-of-sample embedding any remaining vertices, this would
allow us to jointly embed networks in the cases when the vertices across the networks are
only partially (or errorfully) aligned. This would, in turn, enable us to use the OMNI
framework towards alignment-based tasks such as seeded graph matching (as in [175]).

Finally, given recent extensions for matrix concentrations in sparser regimes [176,
177], we suspect that our consistency results can be extended to sparser graphs. We are
also currently exploring distributional results and asymptotics for omnibus embeddings in
which the latent positions differ and in which the OMNI matrix is asymmetric (while still
maintaining E(]B) = Jn P). These extensions can be very challenging, so preliminary
results will likely be constrained to only a few special cases. The range of possibilities

for follow-on work highlights the important role of joint embeddings in graph inference;
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as such, the novel intricacies of embedded-space correlation that we examine here are a

key component of multiple network inference.
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Chapter 4: Corr20MNI and Flat Correlation Analysis

4.1 Introduction

Over the last two decades, the proliferation of network data across different disciplines
ranging from social sciences to neuroscience to computer science lead to the birth of
statistical network inference. Traditional statistics is a rich and well-established field,
and although network statistics is different from traditional statistics, statistical inference
on networks borrows upon the theoretical and methodological apparatus of traditional
statistics. Latent space models [140] are popular models that generate random graphs with
vertices represented by Euclidean vectors (latent positions) and edges formed by a given
kernel function. Spectral embedding procedures have proven successful in estimating
these latent positions [178], and hence, bridging the gap between network and classical
statistics.

In multisample network inference, it is important to design methods that make use
of the multiple network data both for improved estimation of underlying model parameters
and for more streamlined testing across several populations of networks. Several joint,
or simultaneous, spectral embedding methods [2, 12—15] have displayed more accurate
estimation than individual spectral decompositions. Nonetheless, these methods rely

heavily on independence assumptions across the multiple network realizations and they
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are not aware of the phenomenon of induced correlation resulted from jointly embedding
these same networks into a common low-dimensional Euclidean space.

In Chapter 3, we presented the generalized omnibus embedding (g2enOMNI) frame-
work which extends the framework of [2] both conceptually and analytically. Besides
the advantages of [2] (e.g., multi-scale inference) that are carried over to genOMNI,
theoretical guarantees such as consistent estimation and asymptotic normality are extended
to correlated networks and to a wide class of omnibus matrices. Moreover, the generality
of genOMNI lead to the discovery of induced correlation in the embedded space, which is
an artifice of the joint graph embedding methodology, and its interplay with the inherent
correlation, i.e., the correlation presumed by the network model. All of the above, make
genOMNI an appropriate method for a suite of multisample inference tasks, such as
multi-graph hypothesis testing, multiscale anomaly detection / change point detection
and vertex/graph classification, among others.

While the promise of genOMNI is theoretically justified, its practical utility is
coupled with the choice of the generalized omnibus matrix. Hence, the main questions
that arise are: What is the generalized omnibus matrix that best fits the given network data,
and how to find it? For the former question, we argue that the best fit is the generalized
omnibus matrix which induces the same correlation in the embedded space as the pre-
existing pairwise correlation of the networks (inherent correlation). In this chapter, we
give an answer to the latter question by providing an algorithm that seeks to find an
approximate solution for the corr2OMNI problem (see Section 4.3). The corr20OMNI
problem is a constrained optimization problem inspired by the MDS theory which seeks to
minimize an objective function and its solution is a matrix o with its rows corresponding
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to the cumulative weights of the networks in the generalized omnibus matrix.

In Chapter 3, we also studied the classical OMNI embedding in terms of the induced
correlation and we showed that classical OMNI induces the same amount of limiting
correlation across all the network pairs (flat correlation) in the embedded space (see
Theorem 3.8). Ideally, one may hope that when the multiple network realizations are
assumed to be independent (for example, independent copies of a generator network), we
would like to apply a generalized omnibus matrix that induces zero correlation. Although,
a symmetric omnibus matrix that induces zero correlation does not exist, we seek to
find the omnibus matrix that achieves the minimum flat correlation and we call this the
flat correlation problem. Restricting the space of generalized omnibus matrices to the
space of weighted omnibus (WOMNI) matrices, we provide a lower bound for the flat
correlation and we prove that classical OMNI achieves the maximum flat correlation.

First, we present the flat correlation problem in Section 4.2 and then, we introduce
the corr20OMNI problem in Section 4.3. Note that the flat correlation problem can be
considered as a special case of the corr20MNI problem if the minimum flat correlation is

known.

4.2 Flat correlation analysis

Herein, we present the flat (induced) correlation problem which arises from the correlation
analysis of classical OMNI in Section 3.2.3. The main goal is to identify the class of
omnibus matrices that induce flat correlation and deduce where the classical OMNI stands

within this class. In Chapter 3 we showed both empirically and theoretically that, given
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(conditionally) independent graphs A® A® A the classical OMNI embedding
induces the same amount of limiting correlation p,,,. = % between all network pairs in the
embedded space. This is an artifact of the OMNI method, however we have empirically
shown (see Figure 3.15) that it exists in other joint embedding methods too, and we argue
that is an inextrictable piece of all joint (spectral) network inference procedures. Thus,
we are interested in searching the space of omnibus matrices which induce the minimum

flat correlation.

4.2.1 Problem setup

We state the flat correlation optimization problem in its most general setting and then, we
restrict it to an appropriate space of omnibus matrices.

Let F' be a distribution on a set X R?, where hz, 2" 2 [0,1] for all z,2° 2 X
and suppose that (AM, A@ A X)  JRDPG(F,n,m, R) (see Definition 3.2.3).
Next, let M 2 R™" ™" be a generalized omnibus matrix (recall Definition 3.4.1). That is,

the matrix M 2 R™" ™" is a symmetric block matrix if the following assumptions hold:

1. Each block entry My, 2 R "k, ¢ 2 [m] can be written as My, = >/, ¢\ A@,
where fc,(fzgk,&q satisfy the convex combination constraints (CCC), i.e.,

(a) c§g? 2[0,1] for all ¢, 4,5 2 [m],

(b) ", & =1 foralli < j.

q=1"ij

2. For each block row k 2 [m], the cumulative weight of A® is greater than the
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cumulative weight of the rest of A, i.e., for ¢ & k
(@ (%)
D<) c
¢ f

Setting a(k,q) = Y, c,(fz to be the weight put on A@ in the k-th block-row of M,

assumption 2 above becomes
a(k,q) < alk,k) forallq 6 k.

Next, recall that the covariance term between two graphs A®1), A®2) with correlation
Psy.s, is given by 3,(z; 51, 52) from Theorem 8. The limiting correlation p(sy, sz) of
AGD | AG2) can be expressed in terms of the covariance term

Z;n:l(a(slv Q) 05(82, Q>)2

=1
p<81752) 2m2

N J/

TV
method-induced correlation

 Zia(obr0)alza)alnd) alosD)ou

ma2

(. J/

TV
model-inherent correlation

= Pme T Pmo-

We coin the term flat correlation whenever p(s;, s;) is the same across all sq, s, 2 [m)].
Note that the limiting correlation can be decomposed into a sum of two non-negative
parts. Our main focus is to minimize the flat correlation induced by genOMNI (i.e.,
method-induced correlation) so that the genOMNI estimates will have analogous amount

of pairwise limiting correlation as the individually-embedded estimates, i.e., p Pmo-
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Therefore, we consider the graphs AM, A@ A to be independent, that is, R =
0., m- Now, we are ready to state the flat correlation optimization problem.

Flat correlation optimization problem:

(@) ym

We seek to find weights fc;’ g7 —;

that minimize p,,.(s1.s2) := C for all s; < s,.

Note that this is a quadratic system of (2) equations with m( ) + m? unknowns due to

the symmetry of M.

4.2.1.1 Weighted OMNI (WOMNI) matrices

We restrict the space of generalized omnibus matrices to the space of weighted omnibus

matrices. The block entries of a Weighted OMNI (WOMNI) are

A® if i = j and
MY = 4.1)

cgfj)-A(i) - cgj)A(j), ifi & j.

(J)

m) unknowns ch +CiiYi<j» Where the convex combination constraints

This results in (2

(CCC) become c(l) 2 [0,1] and c(’) + c(]) = 1 for all 4, j. The covariance term between

two independent graphs AG) AG2) jg

io(iU; 81,82) = in ( als1,4 (SZ,Q))ZE($)7
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and under the WOMNI setting, the coefficient term in the above expression becomes

2 2 2
(a(sl,sl) cg‘zlgl) +<oz(82,52) 02?32) + Z <c§5113 cg?g) 4.2)

q651,52

Restricting to the WOMNI setting is not arbitrary. First, the CCC constraints along with
assumption 2 and the fact that minimizing p,.(s1, s2) is equivalent to maximizing Eq.
(4.2) imply that we seek to find fc®); ;g; ; such that (a(sl, s1) cgile)z, (a(sz, s2)
cg‘i%) i D gs1sn (cgsllg c§§23) " This is because a(sy, s1)isequaltom Y- o &2,
thus (a(sns) 52 ) s Om2), but Ty, (450 62) = Sien, (2
cgg),q> i is only O(m). Second, observe that Eq. (4.2) consists of sums of squared differ-
ences and each af( , ) is non-negative. These observations make us hypothesize the
following.

Conjecture 1: For any m, the solution of the flat correlation optimization problem exists
in the space of weighted omnibus matrices.

When m = 2, the only matrix that induces flat correlation is the classical OMNI which
exists in the WOMNI space with cf’]) = % for all 7, 5. When m = 3, it is immediate to
see that the omnibus matrix that solves the optimization problem belongs in the space of

Weighted OMNI matrices. When m > 3, the unknowns cflj) interweave in the quadratic
equations in a more nuisance way. However, the above observations can be used to justify
why someone would deduce the problem to the WOMNI setting. More details can be

found in Appendix C.1.
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4.2.2 Correlation bounds

As noted above, we are interested in finding a generalized omnibus matrix that minimizes
the flat correlation problem. We investigate first whether we can determine bounds for
Eq. (4.2) by exploiting assumption 2 and the CCC constraints. From Eq. (4.2), we can

obtain a naive lower bound for the flat correlation, that is

2max, a?(¢q,q) +m 2

me 1 4.3
p 92 (4.3)
Also, the following condition holds (the proof can be found in Appendix C.1.1)
m(m + 1
> ale.q) = (T) (4.4)

q

From Eq. (4.4) we conclude that max, a(q, q) ’”T” Next, we present a lower bound
for the flat correlation by bounding first the difference max, a(¢q,q) min, a(q,q) which

in turn gives us an upper bound for max, a(q, ¢).

Lemma 1. In the WOMNI setting, the flat correlation is bounded below as follows

3 3 21
2= (4.5)

me = .
P 4 m  4m?

Lemma 1 implies that Classical OMNI is asymptotically desirable. The proof (see,

Appendix C.1.2) further shows

1. max, a(g,q) minga(g,q) <2,
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m+5

2. ming a(q,q) > 52 and max, a(q, q) <

In real data applications, oftentimes the sample size of the graphs is moderately small.
Thus, the bound in Lemma 1 may not be as useful when m is small. Indeed, the lower
bound is greater than % when m > 13. However, Lemma 1 is quite general and can be
further tightened under mild assumptions.

Similarly, we can obtain an upper bound for the flat correlation,

3 5 25
Prme 4 2m  4m?’

From these bounds, we derive the following asymptotic result.

Theorem 10. Under the WOMNI setting we have that
3 1
o 31=0(%)

While the above lower and upper bounds are not as informative when m is small, Theorem
10 indicates that classical OMNI is an appropriate choice when m is large. Next, we
argue that classical OMNI achieves the smallest upper bound among all weighted omnibus
matrices, i.e., Pme % for all WOMNI matrices. We prove this for m = 3,4 and we
conjecture that it holds for any m > 4. The proof idea is based on Lagrange multipliers
since the system consists of quadratic equations and linear constraints (see Appendix C.3

for more detail).

Theorem 11. In the WOMNI space, classical OMNI induces the maximum possible flat
correlation for m = 2, 3, 4. We conjecture that it holds for any m 5 as well.
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4.2.3 Matrices with smaller flat correlation than classical OMNI

The initial motivation for conceptualizing and working on the flat correlation optimization
problem was to discern whether the classical OMNI induces the minimum flat correlation
among all generalized omnibus matrices. In this subsection, we provide examples of
omnibus matrices that have smaller flat correlation than classical OMNI. We note that the
construction of an omnibus matrix (or a set of omnibus matrices) which induce smaller

correlation for all m 3, is non-trivial and further study is needed.

Example when m = 3
The following pair of omnibus matrices induce flat correlation p,,.(1,2) = pne(1,3) =
Pme(2,3) = £, and in fact, we show that these matrices attain the optimal minimum flat

correlation (see, Appendix C.2). The matrices are

AD 4@ AG)

MY = [ 4@ 2@

AG® 4@ AB)

and _ -
A 4@ 4D
MY, = [ 4@ 4@ G
AD 4G 4®)
In the m = 3 case, the quadratic equations p,,.(s1,s2) = C are ellipses and their

intersection points correspond to the above weighted omnibus matrices.
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Example when m=4

Consider the following OMNI matrix that builds upon the m = 3 case. We want to find

constants a, b 2 [0, 1] such that a + b = 1 and flat correlation smaller than py,,,; = %.
A A@ AD aA® L pA@®
A®@ A®@ A®) aA@ 1 pA®
MY, =
A® AG A®) aA® L pA®
aA® + bA® g AP L pAB) g AG) L pAB) A®
: : : 5 pﬁ pﬁ 3
We show that indeed such a, b exist. In particular, a = 2= and b = —5. The

induced flat correlation is p,,.  .71827. This is an omnibus matrix that induces smaller
flat correlation than classical OMNI, yet there is no indication that this is the optimal
solution in the m = 4 case. The difficulty of optimizing the flat correlation is already
apparent, however does this process of creating omnibus matrices that produce smaller

correlation (M34, My, etc.) extends to m > 4 graphs?

Remark 8. We note that this trend doesn’t continue when m = 5. Specifically, there

areno a,b,c,d 2 [0,1], a+b =1, ¢+ d = 1 such that the following matrix has flat
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correlation less than %

AD A@ AD aA® L pA@  AD L qAG)
A@ A® AB aA® £ pA®  A@ L A6

MW
54 A A®) AB aA® L pA®  AG) L A6

aA® 4 pA®

aA@ + pA®

cA® 1+ dA®G)

aA® +pA®

cA® L dA®G)

A®

cA® L qA®)

cA® 4 JA®)

A®)

cA® £ qAG)

4.3  Corr20OMNI optimization problem

As shown in Chapter 3, the generalized omnibus framework provides theoretical guara-
ntees (such as consistency and concentration normality) for a wide class of omnibus
matrices, however it induces correlation between graph estimates in the embedded space
and also, the methodology of genOMNI is not automated. That is, applying genOMNI in
a multisample network data application, we need first to infer which generalized omnibus
matrix simulates “best” the multiple networks in the embedded space.

In this section, we introduce a constrained optimization problem that exploits the
existence of induced correlation to find a suitable omnibus matrix. Given pairwise graph
correlations, we seek to find a generalized omnibus matrix for which the induced correla-
tions estimate the given correlations. More specifically, denoting the pairwise correlations
of m graphs by an m  m matrix R, we wish to find an omnibus matrix M such that

Pme(t,j)  R(i,7) for all ¢ < j. Recall that the induced correlation for two independent
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graphs AGD | AG2) s, < s, is given by

Yity(a(s1,0) _als2, 07 (4.6)

2m?

,Ome<517 82) =1

The above expression can be written in matrix form as follows

1
me — ﬂmﬂT _D(Z)

where D@ isanm m (squared) distance matrix with entries D(j?) =ka(i, ) «afj, K2

)

The distance matrix D® can also be written as D® = 2m?(1,,17  p,..). Also, let a

be the m  m matrix denoted by

a(l,)
(2, )
o =
a(m, )
Then, we consider the following problem:
Given D@ find . 4.7)

When there are no constraints in o, this problem can be solved via multidimensional
scaling, see Appendix C.4. However, we are interested in solving this problem under the

constraints imposed by the definition of the generalized omnibus matrix, i.e., each entry
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a(k, £) correspond to the weight put on A® in the k-th block-row of M. The constrained

minimization problem (corr20OMNI) derived by (4.7) is stated below:

Given distance matrix D@ 2 R™ ™ _find matrix o 2 R™ ™ such that':

minimize: f(a) =kD®  (c1l + 1,7 2aa’)KE

1
= kaa® + ern(iJmD(Z)Jm)ernkzF, (4.8)

subject to:
(i) al,, =ml,,,
(ii) Foreachi 2 [m], el ae; > el ce; for every j 6 i.
(iii)) a 0 (Each entry is non-negative).

Here, J,, = I, 11,17 and ¢ = diag(aa™) 2 R™. The objective function derives
from the unconstained case, see Appendix C.4. Further, we seek to approximate the
cumulative weights a(k, ) instead of the individual weights cgf; as in the flat correlation
problem. This is deliberate because the individual weights cannot be retrieved by the
graph correlations. Rather, we find the cumulative weights first and then we impose the
symmetry of M and the CCC constraints to get the weights.

The latter can be done in different ways. For example, letting the weights of each
graph to be the same across all block entries in each block-row and taking into account

the associated cumulative weights. Expressly, each off-diagonal block entry in the kth

row is given by Y- &A@ where 3O . &? = 1 and the weight of A@ js & = 2D

ly corresponds to the Moore-Penrose inverse.
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(@) 4 o(2)
The symmetry of M can be enforced by setting c,(fz = ﬁ for all k& & (. The weights

on the diagonal are set c,(ffg = 1.

Note that the flat correlation problem is a special case of the corr2OMNI problem

when the minimum flat correlation (minp ppme = C) is known, by setting D@ as

om2(1 ), ifi<j

0, ifi = ;.

4.3.1 corr20OMNI algorithm

We present an algorithm associated to the constrained minimization problem (4.8). We
apply the MDS algorithm from the unconstrained case but we obtain only the first m 1
columns. Then, we place the (i)  (¢i¢) constraints of (4.8) by manipulating the rows
of the m m 1 matrix and adding back the deleted column to obtain a solution for
the corr20OMNI problem. We emphasize that corr20MNI is not exclusively tied to the
MDS method, since other linear/non-linear dimensionality reduction methods may apply

in Step 1, for example Isomap [179].

149



Algorithm 3 corr2omni
Input: Number of graphs m; Distance matrix D derived by the correlation matrix

R; shifting constant ¢y, > 0, scaling constant ¢, > 0

1. Set o the output of MDS algorithm (Appendix C.4) with the last column deleted;

2. oy, g+ cg, (Add the shifting constant to make the entries of ag nonnegative);

3w (@A) con (Multiply oy with (2350

3. Add mth column such that each row of .. adds up to m, resulting in a;
4. Project ay to the cone of diagonally dominant matrices;

Output: @, a solution to the constrained minimization problem (4.8).

Note that MDS is used to translate information about the pairwise distances among
a set of m objects into a configuration of m points mapped into an Euclidean space. Thus,
Csh, shifts the points to the closed orthant in R™ and {@—=- rescales the m 1 points,

so that the row sums are equal to m after appending the last point. Finally, line 4 ensures

that constraint (77) holds.

4.3.2 Simulation study

In this subsection, we run some simulations to explore how the corr20OMNI algorithm
performs using the Weighted Pairwise Average Omnibus matrix with different weight
vectors in terms of the absolute (Figure 4.1) and relative (Figure 4.2) error. Further, we
illustrate in Figure 4.3 how the shifting and scaling constants affect the performance of

the corr20OMNI algorithm.
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The block entries of the weighted matrix are

(k) ® .
M7 ifk 6/
wgtwy

My, =
AR ifk=1¢

with weights wy, > 0 k, ¢ 2 [m].

The entries of the associated (row-weight) matrix A are

1+Zk&$ujs+swk ifs=/¢
a(s,l) =

We
we+ws

else.

Considering m varying over 3,4, 1009, we generate a weight vector w,, which
determines a weighted omnibus matrix My, . We display the performance of corr2OMNI
algorithm in three different scenarios. In the first scenario, we sample w,, for each m from
a uniform [0, 1] distribution (coefficients of A are within the [0, 1] interval), a uniform
[1, 2] distribution (coefficients of A are within the [3, 2] interval) and a uniform [1, 1.01]
distribution (coefficients of A are approximately %). In the second scenario, we first
sample wy,,, for each m from a uniform [0, 1] distribution three times. We keep one weight
vector as it is (red line). For the weight vector corresponding to the black line, we add % in
all its entries smaller than % Analogously, for the weight vector corresponding to the blue
line, we subtract % in all its entries greater than % In the third scenario, we let w,,, = 1,,
and we substitute w,,(1) = ﬁ (red line), we substitute w,,(50) = ﬁ (black line) and

we keep it unchanged (blue line). In this scenario, note that the blue line corresponds to
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Absolute error in corr20MNI with Weighted OMNI Absolute error in corr2OMNI with Weighted OMNI

8 4 — wsin[o1] 0" 8 4 — wsinpo1] .. N
| - wsin 13213 [ ] T - wsin[1721] [ 34 9
g | s~ ""l g | Wm0 & ’0"*
. NN . Be
5‘ o | [ ) 5' o | . ‘ [
T @ ..y @ O
5 .: 5
< o < o | + '
<7 e : :: agh 7 ¢ A
o | o | A
™ (8]
a A o A
T T T T T T T T T T T T
0 20 40 60 80 100 0 20 40 60 80 100
m m
(a) (b)

Absolute error in corr20MNI with Weighted OMNI

50

A — 1] = 01, w2:100]=1
- w[50) = .01 w[2:100]=1
-y

40

[1A-A_hat]|_F
30
|

20
1

©

Figure 4.1: The (a)-(c) panels above demonstrate the absolute error in Frobenius norm
between a and & (i.e., ke &kp) over m using three different weight vectors for each
panel. In panel (a), for each m, we generate the weight vector w,, from a uniform [0, 1]
distribution (red line), a uniform [1, 2] (black line) and a uniform [1,1.01] (blue line).
In panel (b), we generate w,, from a uniform [0, 1] (red line), a uniform [0, 1] in which
we added 1 to all the entries less than % (black line) and a uniform [0, 1] in which we
subtracted 2% to all the entries greater than % (blue line). In panel (c), we set w,, equal to
1,, 2 R™ and substitute its first entry with ;55 0 (red line), its 50-th entry with %
(black line) and with no substitution (blue line) which is equivalent to classical OMNI.

the classical OMNI from [2]. In Figures 4.1, 4.2, 4.3, these scenarios correspond to the
panels (a), (b) and (c) accordingly.

In Figure 4.1, we demonstrate the absolute error in Frobenius norm between o and
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Relative error in corr20MNI with Weighted OMNI Relative error in corr20MNI with Weighted OMNI
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Figure 4.2: Under the same setting as in Figure 4.1, the (a)-(c) panels above demonstrate
koo Gekp

the relative error in Frobenius norm between o and & (i.e., KoUKy

different weight vectors for each panel.

) over m using three

a (output of corr20OMNI) over the varying number of graphs m. In panels (a), (b), we
observe that the absolute error between o and « increases (linearly w.r.t m) whenever
wy, (1) take values close to 0 and performs quite well whenever there is a threshold > 0
that keeps all the w,,(7)’s sufficiently large (e.g., n > %). This is sensible since entries
of w,, that are nearly 0, may result in nearly 0 coefficients of the associated adjacency

matrix, for example A®¥. As a consequence, the weight of A® is almost equal to some
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In Figure 4.2, we plot the relative error in Frobenius norm between « and & (output

Figure 4.3: Under the same setting as in Figure 4.1,the (a)-(c) plots above demonstrate
the optimal shifting and scaling constants in terms of the relative error of o and & over
the number of graphs m.

a(s,?) for some s) which makes the
estimates of A®) indistinguishable. This effect is emphasized in panel (c) (red line) in

which the estimates of A® resemble the estimates of A.

of corr20OMNI) over m under the three scenarios described above. We observe that the

results in Figure 4.2 are consistent with the results in Figure 4.1. Additionally, it is worthy




to note that the relative error in panel (c¢) decreases towards zero as the number of graphs
m increases. In Figure 4.3, we illustrate the optimal shifting and scaling constants in
terms of the relative error of o and @ over m. We consider the shifting constant to be
Csh = Csn min (o) whenever min () < 0 and ¢y, = ¢ otherwise. We also assume
the constants to be multiples of min (ap), i.e., s, = ¢ = min (o) ¢ for some
t 2 [0, 2.5]. By running corr20MNI over the different values of t 2 £0,0.1, 2.4, 2.5g,
we pick the optimal t* which minimizes the relative error between a and . Figure 4.3

depicts the optimal ¢}, for every m in each scenario.

4.4 Conclusion and future work

In this chapter, we introduced two optimization problems, corr20MNI and flat correlation.
In the flat correlation problem, we presented a subspace of genOMNI matrices, namely
WOMNI, in which we speculate that the optimal solution exists. We demonstrated a lower
bound for the flat correlation and we showed that classical OMNI induces the maximum
flat correlation. In the corr20OMNI problem, we presented an algorithm that approximates
the matrix of generalized OMNI weights from a given correlation matrix computed by
the pairwise graph correlations and we demonstrated the accuracy of the algorithm on
simulated data.

In the flat correlation problem, we built our theory upon Conjecture 1, thus proving
rigorously that the optimal solution of the flat correlation problem exists in the space of
Weighted OMNI matrices is necessary. Further, we found two omnibus matrices that

minimize the flat correlation when m = 3, however, it still remains unknown what
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are those omnibus matrices with the minimum flat correlation when m > 3. Perhaps
a simpler, yet important task is to search for a sequence (over m) of omnibus matrices
that induce strictly less correlation than classical OMNI. Also, while Lemma 1 provides
an asymptotically desirable lower bound, tighter bounds are needed for small m.
Regarding the corr2Z0OMNI problem, there is ample groundwork that needs to be
laid as well. First, little is known from a theoretical perspective, for example, the feasible
solution space is unspecified and there are no convergence theorems developed yet. Second,
further studies with real-data experiments need to be conducted to show the effectiveness
of the algorithm on retrieving an omnibus matrix from a correlation matrix. Finally,
the choice of MDS in the corr2omni algorithm emerged from the unconstrained case,
however, its appropriateness in the constrained case is not confirmed. There may be other
linear/non-linear dimensionality reduction methods more suitable for the corr2OMNI

problem.
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Chapter 5:  Concluding remarks

In this thesis, we developed novel theory and methodology to study underlying network
structures and performed statistical inference on multiple networks. While each chapter of
the thesis has its own individual merit, synergistically, they constitute an end-to-end multi-
scale spectral network inference procedure that accounts for unlabeled and correlated
multisample network data, which significantly widens the scope of spectral techniques
for multiple network inference. In Sections 2.5, 3.8 and 4.4, we provide an in-depth
discussion about the significance of our results and directions for future work. These
sections are of paramount importance as they act as planted seeds for future research.

Indeed, Chapter 4 stemmed entirely from one of the future directions of Chapter 3.
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Appendix A: Proofs of Chapter 2

Herein we collect details of our auxiliary algorithms and proofs of our main results. While
the main proof techniques below for Theorem 1 are adapted to the multiplex setting from
similar results in [1] in the monoplex case, the emphasis on c and the good-versus-bad

channel analysis is novel.

A.1 Auxiliary definitions

Definition A.1.1 ((Heterogeneous) ErdGs-Renyi model). Letn 2 Nandlet P 2 [0, 1]" ™.
Let Abethen nadjacency matrix of agraph g 2 G,,. We say that graph ¢ is a realization
of the Erd6s-Renyi graph model with parameters n, P (denoted as A  ER(n, P)) if
each edge i, jg is sampled with probability P;;, independently from the other edges ( i.e.,
Ajj ind Bernoulli(P;;)). The ER(n, p) model is when all the edges are sampled uniformly

at random with fixed probability p 2 [0, 1].
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A.2  MS matchability

A.2.1 Proof of Theorem 1

For each m < n, denote the set of permutations in II, that permute exactly % labels of

[m] by I1,, ., .. For each P 2 II,, (with associated permutation o,,), define

Ap = {fi,jg 2 ([W;}) s.t. fi, jg & fap(i),ap(j)g} , (A1)
and for each i 2 [c], define

ASY — £Fj,0g 2 Ap s.t. 06 Cy(j, ) & Di(0,(j), o,(()) 6 0g;

AGD — £Fj,0g 2 Ap s.t. 06 Cy(j, ) & Di(0,(), o,(¢)) = 0g.

Let the set of the ¢; low-noise channels (¢ < 1/2) be denoted C;, and the set of the c3
high-noise channels (¢ > 1/2) be denoted Cs. If there exists an ny > 0 such that for all

n > ng, we have that forall k£ 2 1,2,3,...,m(n)gand all P 2 II,, ,,, 1,

G (i2). 672mitec
) (2JA§;1)J+JA§;2)J) (0 25000 20) k[ (A.2)
i2C1 [Cs

then letting A and B be the padded, centered adjacency matrices of G and H respectively

(the errorful g and h), for n > n = max(ng, ny) we have that

P (argminZk(Zi 0n m)P PBK%6 van) o 2, (A.3)
P2 i3
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(see Appendix A.2.2 for proof of this bound).

While we expect Eq. (A.2) to hold in more general settings, below we show it
holds with high probability in the present Erdés-Rényi setting with our given theorem
assumptions. Here, Ag’z) is empty, and a simple application of McDiarmid’s inequality

yields that for a fixed P 2 II,, ,,, x, we have

JASPj2 (jApip(1 p),3iApip(1 p)),

with probability at least

o )
1 2exp{ 2JAPJp8(1 ) } (A4)

Indeed, if each h; ER(n,p), then

AGD = N7 1£0,(j,0) & Dilo,(j), 7(0))g,
5,092 p

so that E(Ag’l)) = 2p(1  p)jApj. Also, Ag’l) is then a function of at most 2jApj
independent Bernoulli random variables, and changing the value of any one these can
change the value of Ag’l) by at most 2. McDiarmid’s inequality then yields the desired

result

G i) 2t?
PGALY  EAYY)] 1) QGXp{ 5 Apj}’ (A.5)

by setting t = p(1  p)jApj.
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Note that if m > 6, then as P 2 II,, ,,, ,, mk/3  jApj mk. Therefore, if m > 6
then for n sufficiently large, we have that with probability at least (letting £ in Assumption
2.6 be appropriately defined)

2mkp?(1
24

2
1 2exp{ p)} 1 2expf 8klog(n)g. (A.6)

the event

fiACYj2 imkp(1 p)/3,3mkp(1 p)lg

occurs. Now, we have that

>0 (VAR (1 2501 20) > Smhkp(l P)(1/2 (12 @a c)
12C1 [Cs

p
-mk(1 p)y m* le

P
= ;k(1  p)y mi*ec

where the second inequality holds by assumption. We see then that Eq. (A.2) then holds
with high probability with an appropriate choice of v (independent of k).

To finish the proof, we proceed as follows. For each P 2 II,, define

1 ~
=1 Zk 0, m)P PBik: Zk 0, m) Biks (A7)
i=1
Let the equivalence relation “ ” on II,, ,, , be defined via P () if there exists a U 2
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P..m such that PU = (). Note thatif P () then

C

Sk(A; 0, wm)P PBKE=Y k(A 0, .)Q QB

and so Xp = Xq. LetIl, . be a fixed (but arbitrarily chosen) set composed of one
member of each equivalence class according to “ ,” and note that jII, , ;] is at most

m?n2* From Eq. (A.6), for n > n, we have that for each P 2 II

n,m,k>

P(O{JA%’% [mkp(1 p)/3,3mkp(1 p)]})

=1

2expf 8klogn +logeg 2expf Tklogng. (A.8)
Denote the event bound in Eq. (A.8) via E,, p. For n > max(nz, ng), we then have

P(argmin Sk(A;, 0, )P PBk:6 Pm,n> —P(OP 2P, st Xp 0)

P2 n iz
Y PXp 0)
k=1 P2

n,m,k

Z Z P(iXr E(X,)i E(Xp)iE,p)+P(E.p)

k=1 P2

n,m,k

ST Y P(Xp E(X,) E(Xp)JES,)
k=1 P2

[\

n,m,k

~
2n 2 by the proof in App. A.2.2

—i-QZeXp( Tklogn + 2klogn + 2klogm)
k=1

4n 2,
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as desired.

A.2.2 Proof of Eq. (A.3)

Recall, for each P 2 II,,, we defined

o 1 - Ty, 2 - D12
Xp:= [;k(& 0, m) PBPTK, ;k(Az On m) Bikg
C 1 Py e ~ T
=35 (tr((A, 00 w)Bs) (A 0, )PB,P ))

=1
- 4G.0 [BG.0) Biloy(i),op(0)
i=1 fj 092 p

Assuming that P 2 II,, ,,, 1, then JAp] mk. Note that Xp is a function of (at most)
3¢jA pj independent Bernoulli random variables, and changing any one of these Bernoulli
random variables can change the value of X p by at most 8. McDiarmid’s inequality [180]

then implies that for any ¢ 0,

. i 212
P(iXp E(Xp)j t) Zexp{ 192cmk}. (A.9)

Note that if C;(j, k), Di(j, k), Di(0,(5), o,(k)) 2 1, 1g then

-~

EA(G,0B,(,0) = C;(5,0D:(j, 0) (1 2s)(1  2¢;) = Ci(j, 02 (1 2s)(1  2g,)

E Ai(j, 0)Bi0y (), 5p(0)) = Ci(, ) Dilop(3), 0p(0)) (1 25)(1 24,).
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Define

ALY = £Fj,69 2 Ap s.t. Ci(4, () & 0;
A — ££j 092 AU 5106 Ci(j, 0) & Di(o,(4), 0,(()) & 0g;
AGD — )09 2 ALY 5.0 06 Ci(j,£) & Dil0,()), 0,(0)) = 0g;

ALY = ££j,09 2 ALY st 06 C,(5, 0) = Dilo,(4), 0,(0));

so that JAS?j= jJAEDj 1A% +jALD]. We then have

C

E(Xp>=z[m§i’°’j<1 25)(1 2¢;) JAYYI(1 2s)(1 2g)

=1

LiASY 1 2501 2@}

:Z<2jA§i’l)j+jA§i’2)j> (1 2s)(1  2g). (A.10)

=1

Note that if P,Q 2 II, %, then Xp = Xg if 0,(j) = o,(j) for all ;7 2 [m]; ie.,
if there exists a U 2 P,,, such that PU = (). Note that this defines an equivalence
relation on P, 2 1I,,,, which we will denote by “ ., and let 1L, ,, . be a fixed (but
arbitrarily chosen) set composed of one member of each equivalence class according to

“ ” Note that jIT, . j is at most m*n?*. Letting t = E(Xp) in Eq. (A.9), we have that
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if n > n = max(ng, ny)

POP 2 P, st. Xp 0) Zm: > P(Xp 0

k=1 P2

n,m,k

> > P(lXp E(X,)] E(Xp))

k=1 P2 nymok

55 5 e )
k=1 P2 nymok

Zm: Z ox { 7m°‘k}

k=1 P2 P ﬁ

n,m,k

Z 2expT Tklogn + 2klogn + 2klogmg
k=1

2expf 2logng.

A.3 ME matchability

A.3.1 Proof of Theorem 2

For each P 2 II(n), define

AR = FFj,0g 2 Ap st G(j,0) = 1; H(oy(4), 0,(0)) = 0;

AD = FFj 09 2 Ap st. G(j.0) = 0; H(o,(5), 0,(0)) = 10,

where Ap is defined as in Eq. (A.1). Suppose that there exists an n; > 0 such that for

all n > ny, we have that for all £ 2 [m = m(n)| and all P 2 I, ,,, . (Where 7 is an
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appropriately chosen constant)

l+a
ijQ 2s;)(1 7 ‘HA(Z)JZQ 2¢)(L 1 ) ok o Ca

B
(A.11)
then
<argm1n2k 0n m)P PB k26 Pmn> =2n % (A.12)
P2 ., ‘=

where the proof of the bound in Eq. (A.12) uses Appendix A.3.2 and then the proof
follows mutatis mutandis from the proof in Appendix A.2.2.

In the present ER setting, as in Eq. (A.4), we then have that for j = 1, 2,
JAPI2 ( SiArip(L p), SJAPIP(L p) ),

with probability at least

o ,
1 Zexp{ QJAP”;Q“ p)} (A.13)

Note thatif m > 6, thenmk/3  jApj mk, so that with probability atleast 1 4e 8097

(this lower bounds Eq. (A.13) for judiciously chosen £ in Eq. (2.8),

iAPi2 (1/6,3/2) mkp(1  p).
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for both 5 = 1, 2. To show Eq. (A.11) holds here with sufficiently high probability, note

that the above bounds yield

2

gmkp(l Y (1 s @) o b
2

:§mkp(1 plcatea a  ceer

2 P

%k(l p) mi*ec

where the last inequality follows from Eq. (2.9). Proving Eq. (2.10) then follows mutatis
mtuandis to the proof of the analogue in Theorem 1 (which is spelled out in detail in

Appendix A.2.1), and details are omitted.

A.3.2 Proof details for Eq. (A.12)

For P 2 11,,, define

AW = FFj (g 2 Ap sit. G(j,0) = 1; H(o,(5), 0,(¢)) = 0g;

AL = £F),0g 2 Ap st G(j.0) = 0; H(o,(j), 0,(0)) = 1;

AL = Fj,0g 2 Ap st. G(j.0) = H(o,(j), 0,(0)) = 1g;

AL = )09 2 Ap st. G(j.0) = H(0,(5), 0,(0)) = 0g;
ep :=TFj, g 2 Apst. G(j,0) = 1g;

np :=ffj, (g 2 Aps.t. G(j,¢) = 0g.
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For P 2 11,, ,,, .» we then have that X p defined in Eq. (A.7) satisfies

E(Xp) =(er] JADDS (1 2s)(1 2r) + (inpj JALH Y (1 2¢)(1  2t7)
HIARD (1 2s)(1 2t) +JAPD (1 20)(1 2my)
SADD "2(1 251 m ) +HIAP)Y 201 20)(1 ).
Showing that this yields the desired bound combines Eq. (A.11) with the (nearly identical)

proof technique of Appendix A.2.2; details are omitted.
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Appendix B:  Proofs of Chapter 3

Herein we collect the proofs of the main theoretical results of Chapter 3. Before proving
the theorems, we will first establish some convenient asymptotic notation for our theory

moving forward.

Definition B.0.1. Given a sequence of events TE,g 2 F, wheren = 1,2, , we say that

E,, occurs

i. asymptotically almost surely and write F,, a.a.s. ifP(E£,) ¥ lasn ¥ 1.

Ii. with high probability, and write F,, w.h.p. , if for some ay 2, there exists finite

positive constant A, depending only on ag such that

P[Eﬁ] Aon o

for all n.

We note that £, occurring w.h.p. is stronger than F,, occurring a.a.s., as w.h.p.implies,
by the Borel-Cantelli Lemma [181], that P(limsup E,) = 1 and with probability 1 all

but finitely many F,, occur.

For matrices A 2 RP* P2 and B 2 RP? P3| we will make use of the following common
matrix norm identities in the proofs below (where A; denotes the i-th row of A, and
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kAk= kAk, denotes the spectral norm of A; the symbol “:=" is used below to denote a

definition).

kAxk
kAk, := P for 1 A
Pk, L P
kKAK,w 4 := sup kAxkl;
60 kme

The following lemma concerns relationships between the 2 ¥ 1 bound and other classical

matrix norms. For a proof, see [182].

Lemma 2. For A 2 RP* P2 and B 2 RP2 P3, we have the following:

kAkz 11 = manAikz;
i2[p1]

KAkysq kdk PpkAkpsq:

kABkz | B B kAkg [ ] 1kBk;

kAk  /kAkikAkq

where A; denotes the i-th row of A.

B.1 Correlation in the classical omnibus embedding and its relationship

to correlated stochastic block model graphs

We begin with the proof of Theorem 3 from Section 3.3.

Proof. (Induced correlation in classical OMNI and its relationship with correlated block
models) To ease notation, we will frequently suppress the explicit dependence on n in
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the subscript of P = P, BT(Lk), etc., noting that this dependence is to be implicitly
understood throughout. For each n 1, we write the spectral decomposition of the

positive semidefinite P, via
P, =X,X} =Up,Sp,U} .

Let the singular value decomposition of UL U ) be denoted Wiy D; WL and define W 1 =
W1, Wi, Similarly, let the singular value decomposition of Ug Ug be denoted W1 D, WL
and define W 2 = W21W2T2. As in the proof of Theorem 9 (p 76) in [10], we have that
for each £ = 1, 2 and fixed index 1,

pﬁ <UB(k) 51/2

UpsHaw #) =Pu((BO PUps AW +) 40 P logn)

B&) i
(B.1)
with high probability. Letting WW,, be a sequence of orthogonal matrices such that
Up, SH*W, = X,
foralln 1, we have then that, again with high probability,
P-— 1/2 T 1/2 _
’ (B.2)

Py <(B(’“) P)UpSpl/ZW) +0(n Y?logn)
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It follows then that for fixed ¢, we have with high probability

P—
n <UB(1)SB(1)(W ’1)TW UB(2)S;/<§)(W 72)TW>

7

B B(2)
_ 1
PR (5 P W) o (L)

_ 1
_Pa ((B<1> B(2>)UPSP1/2W> +0 ( ¥ ﬁ”) .

n (Ugo Sy (W 17w Ups;/zw),+pﬁ(UpS}J2W Upe Sy (W 2)1W)

%

_P (B9 P)Ups, W)

i

(B.3)

Next, note that

pﬁ((Bﬂ) B(Z))UPSPUZW)A:IOE((B(D B@)X) WTS,tW

_ Py (Z(Bf? ij))Xj> WSt w

J

_ (n 1/2 Z BY  B?)x > (TS ).
Conditioning on X; = z;,
n 12 Z B(l) B(Z)
is a scaled sum of n 1 1.1.d random variables (the (BZ(? BZ.(?)X ), each with mean

E(BY B?)x;)=EE(BY B?)X;iX;))

= E(X,E(BY)  B2jx;) =0
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and covariance matrix

N(x) =201 p)E[X;X] (2] X; (¢ X;)?)],

7

as

Cov((BY} BP)X;) =E[(BY) BZ))X;X]]
—EE[B)  BD)?XX]iX;)
= E(X,X]E[BY  BP)?X;))
= E(X,;X]E[(B)? + (B 2BYBR)jx;)
= E(X;XT[22] X; 227 X;(al X5+ p(1 2] X))
=E(XGXT 227X 2(7X5)? p2(1 2l X))l X))

=2(1 pEX;X](«]X; (2] X;)?)].
The classical multivariate central limit theorem then yields
1/22 (BY  B?)X; ¥ N(0,5(x:)). (B.4)

The strong law of large numbers (SLLN) ensures that %XTX = %WTS pW YhA
and therefore, nW7S P1W “8 A 1 Therefore, by the multivariate Slutsky’s Theorem,

conditional on X; = x;, we have that

Po((B® BOV.s.Y2w) A N(0.5(z,. ). B.5
( )UpSp (0,%(x4, p)) (B.5)

%
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By setting W® = (W HTW and W® = (W )T, the requisite result then follows
from multivariate Slutsky’s applied to Eq. (B.3) and (B.5), and integrating the above

display over the possible values of x; with respect to distribution F'. [

B.2 Consistency of generalized omnibus embeddings

Here, we prove our consistency result, Theorem 6 from Section 3.4, which is, in part, what
makes the generalized omnibus embedding useful for estimation. To prove Theorem 6,
we will need a Bernstein concentration inequality bound given immediately below, in
B.2.1; and number of intermediate supporting lemmas (Lemmas 4-8) all of which are
suitably adapted from [2].

Again, to ease notation, we will on occasion suppress the explicit dependence on
n in the subscript of X = X,,, M = M,,, P = Pn, etc., noting that this dependence is

implicitly understood throughout. Recall that the spectral decomposition of Pis given by

P=EM)=U,S:U},

where Up 2 R™ < and Sp 2 R? <. Also recall that the adjacency spectral embedding

of M is given by ASE(M, d) = UMS,%,{Z.
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B.2.1 Concentration inequality via matrix Bernstein

Lemma 3. Let F be adistribution on aset X 2 R¢ satisfying hx, 2'i 2 [0, 1] forall z, 2 2

X. Let X1, Xp, X, V"

F,and let P = XX where X = [X]jX7j jXI]". Let

(AP AP, A.X,)  TRDPG(F.n,m. B

be a sequence of correlated RDPG random graphs, and let M,, denote the generalized

omnibus matrix as in Definition 3.4.1. Then for n sufficiently large, with high probability,

kKM EMkK 4my/(n 1)logmn.

Proof. Condition on X and let P = XX, so that

P P P

. P P P
EM=P=

P P P

Foralll 2 [m] and 7, j 2 [n], we define an auxiliary block matrix Ez(lj) 2 R™ ™" which
will help us express the difference M E M as a sum of independent Hermitian matrices,
which will allow us to apply Bernstein’s matrix bound (see, for example, Theorem 5.4.1
in [183]). For i & j, let €V = e;e] + eje] where e; is a vector in R™ with all its entries

equal to 0 except the i-th entry which is equal to 1, so that ¢ is a matrix whose entries
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are all equal to 0 except the (4, j)th and (j, ¢)th entries which are equal to 1. For ¢ 2 [m],

we define the m  m matrix O (symmetric because M is symmetric) as follows,

Cgl,l) CEl,Z) Cél,m)
C C C

C(Z) - ¢ {4 {4
CEm,l) Cém,Z) Cgm,m)

We then define the mn  mmn block (symmetric) matrix E( ) as the Kronecker product of

C® and ev, i.e., E(Z) C® ¢, Now, we can write M E M as

Y Y 9 mE- X (S uf n?)

1 ¢4 ml i<j n li<jn 1€ m

-~

:=Bi,j,7n

These B, ; , are then symmetric, mean-zero, independent matrices, as we have grouped
edges indexed by the same (i,7) pair across graphs to account for the across graph
correlation and achieve the desired independence.

As we have written M E M as the sum of (72‘) symmetric, mean-zero, independent

matrices B, ;,, where for all ¢, j 2 [n], we have that

m

(2[m] £2[m] g2[m] £

We can now apply the matrix Bernstein inequality to derive the desired concentration of
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M E M. To this end, let

m

K
L := max max céq ) m;

t2[m] q2[m] s =

To apply the matrix Bernstein inequality, it remains to compute the variance term

v(M EM)=| Y  E[B

z,j,m]

1i<j n

> X E[(Agf) B»j)z(Eff;?)Z]

1 i<j nl £ m

4 4 4 4
> ZE[(A%I) Py)(AS? P”ij>Ez(,j1)Ez(,J2)]

1 i<j nti1<ly

+2

(B.6)

To bound the variance term ¥(M  EM) we will bound the two terms in Eq.(B.6)
independently. Let D;; = e”e” = e;e] + eje] 2 R™ ™. The mixed-product property of

Kronecker products implies that

E}él)EZ(f;?) — (C(fl) eij)(C(b) eij) — oW e2) Di;.

Note that for any symmetric matrix A, we have that KAk /kAki kAkq = kAk4 (see,

for example, [155] Ex. 5.6.21), where Kk K; is the maximum column sum matrix norm and
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K k1 the maximum row sum matrix norm. The first term is then bounded above via

Y Y E [A(e) 2 (ED) ]

1 i<j nl £ m

‘—H >3 R0 RICO? Dy

1 ¢ ml i<jn

i

=
kA1k4
1 SLaLS 1) )
— n 1 maX DE) 1%
4 qz[m]e 1;; ‘
1
:Zn 1) max PP o
a2ml = =1
L 1ymL
Z(n m
4

The second term is then bounded above via

01 lo G Lo
Z Z E [(Az(j ) Pij)(Az(j ) Pij)Ei(,j)Ei(,j)}

1 i<j nti1<ty

| X 0 R Y puc@c® by

1 i<j n 01<lo

J/

-~

= 2

v/ kAsKkq kAsK,
1 k) (b k) (b
Z(n (g% kz; C(q )C§2 )) <£r21% Z Z Z C(q ) ( )) ‘

l1<ly =1 l1<ly q=1 k=1
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Note that

m

m
(qvk) (k,’!’) — (Q7k) k g
}1121[%,)5 Z Z;Cfl €ty 321[%:5 Z ZC& Oé( ’ 2>

1<l r=1

and that a similar bound holds for max,apn) Dy, g, D vey D het P57 Therefore,

we have that the second term in the variance is bounded by (n 1)m?/4 yielding a total

variance bound of

v(M EM) (n 1)m?

To apply the matrix Bernstein bound, let ¢ = 4m \/ (n 1)logmn, and then

8m*(n  1)logmn

PkM EMK 4my/(n 1)logmn} 2nm  exp

m2LP(n 1) log mn
3

v(M EM)+ 2

8m?(n  1)logmn

2nm exp pP—————
(n 1)m2 4 4m3 (nsl) logmn
8m?(n  1)logmn
2
nm exp{ 2 1)
=2m 3n 3,

where the third inequality holds for n sufficiently large (pﬁ %’m log mn) as we assume

m is not growing in n. Integrating over the X then yields the desired result. 0
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B.2.2 Supporting Lemmas

Lemma 4 (Observation 2 in [2]). Let F' be a distribution on a set X 2 R? satisfying

i.1.d

hz,2%i 2 [0,1] forall z,2" 2 X. Let X1, X,, ,X,,Y """ F,and let P = XX where

X = [X]jX7j iXI]". Then with probability at least 1 <, we have that

iN(P)  nNE(YYTD)) o 2dy/nlogn.
Furthermore, with high probability there exists a constant C' > 0 such that for all ¢ 2 [d],
Xi(P)  Cnéand \;(P) Cnmd, where § = M\(E(YYT)).

Assuming 0 > 0, combining Lemma 4 with the fact that the rows of U PS;/ ? are bounded

in Euclidean norm by 1, we obtain

KUpkawa  C(mn) /% whp. (B.7)

Lemma 5. With notation as in Lemma 4, assume that 6 > 0 so that E(Y'Y') is full rank.
Let the singular value decomposition of U}ZUM 2 R? 4 pe given by 11XV, Then, there

exists a constant C' > 0 such that

1
KUZUw  ViVike C—2

w.h.p.

Adapted from the proof of Proposition 16 in [184]. Working on the intersection of the sets
where both Lemma 3 and 4 hold (noting this set has high probability), note that Weyl’s
theorem gives that A\;(M) Cnm for some constant C. Let o oy o4
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be the singular values of U};UM, so that o; = cos(6;) where the 6;’s are the principal
angles between the subspaces spanned by U and Up. The Davis-Kahan theorem (see, for
example, Theorem 3.6 in [157] Theorem VII.3.1) then implies that with high probability

(where C'is a constant that can change line-to-line)

KUZUM ViVi'kp = [> (1 ;)

> od)
d maxjsin(6;)j?
d’kM  Pk?

Aa(M)?

m2(n  1)logmn

C

n?ms?
log mn

¢ ,
n

where the bounds in the fourth line follows from Davis-Kahan, and those in the second-

to-last line follow from Lemma 3 (numerator) and Lemma 4 (denominator). L]

Lemma 6. With the assumptions and notation of Lemma 5, let VV = V4 V,I'. Then we have

that

kVSu  SpVkp Cm?logmn  w.h.p., (B.8)

m®3/?logmn
ni/2

kvsy?  SYVke C© w.h.p., (B.9)
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m?logmn

KVSw'® 8, Vke O

w.h.p., (B.10)

where SMl, and Spl are understood to be the pseudoinverses of Sy, and S in the unlikely

event these matrices are singular.

Adapted from the proof of Proposition 17 in [184]. Let

so that

VSu=(V
= (V
= (V
= (V
= (V

R:=Un UpULUw,

ULUm)Sm + ULUmSM

ULUm)Sm + UpMUMI

ULUM)Sm +UL(M  P)UuI + ULPUGI

ULUM)Sm+ULM  P)RI +UL(M  P)URULUmI + UEPUMI

ULUM)Sm+ULEM  P)RI +UE(M  P)URULUmI + SpULUMI

where [ is a random diagonal matrix with 1 entries on its diagonal indicating whether

the signs of the eigenvalues associated with Uy, agree for M and for jMj. We will first

bound the Frobenius norm of Ug(M ]5)U p- Specifically, we will prove that there exists

a constant C' such that w.h.p.

KUZ(M  P)Upkp dkUL(M  P)Upkpex  Cdm?y/logmn. (B.11)
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The proof proceeds as follows. Note that UL(M ~ P)Up 2 R? ? and kUZ(M

p)UpkmaX: mza[z?] h(M P)Uj,Uii .Forany1 4,5 d,
i\

hM  P)U;Ui=U'(M P)U;

=2 Z (Mk,r ]Sk,r)UmUrj Z]SMUMUEJ'

1 E<T mn %
m m n
it
=2 Z (ZZMI(:J) mzpkvl)UkiUlj mZPk,kUkiUkj
1 k<l n s=11t=1 k=1

m

=2 Z (Zzzcgs,t)Al(ﬁ mZPkJ) UkiUlj mZPk,kUszky
k=1

1 k<l n s=1t=1 ¢=1

=92 Z ( (ia(s,ﬁ))Agg mszvl> UkiUy; miPk,kUkiU;@j.

1 k<l n (=1 s=1 k=1

J/

3

-
mean O r.v.

Conditioned on X (and hence on P), Ul (M P)U ; consists of two terms. The first
term is a sum of (g) independent, mean zero, bounded random variables taking values in
[ 2m2U; Uy, 2m?U,,;Uy;] and the second term is of order O(m), and thus, dominated by

the first term. By Hoeffding’s inequality,

3 32m*logmn
2 7
PUQ Z (Mg PE,Z‘)UkiUTj‘ 8m logmn} QQXp( 3 (4m2UkiUlj)2>

1 E<TU mn 1 k<l n

2(mn) 2.
Integrating over X yields the desired result that there exists a constant C' > 0 such that

kUL (M P)Upky  Cm?\/logmn w.h.p.
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Consider the events (where C' is an appropriately chosen constant)

Ei = {kU};(M P)Upkp Cm?log mn}
E, := T the statement of Lemma 4 holdsg
Es := T the statement of Lemma 5 holdsg

E4 := T the statement of Lemma 3 holdsg

As each E; is a high probability event, E = \’_,E; is also a high probability event. In
what follows, we will condition on the events in E occurring.

Conditioning on E, from the Davis-Kahan theorem (shown in detail in Lemma 8),

1
KUm  UpULUmk \/@ (B.12)

holds for some constant C. Also, Weyl’s theorem [155, Section 6.3] with Lemmas 4 and

we have that

3 imply that

A(M)j Cm+/nlogmn

for 7 > d, and that
iN(M)  N(P)j Cma/nlogmn

forj d. Asforj d, we have that there is a constant C' > 0 such that )\j(P) Cnmd,
and so \;(jMj) = \;(M)  Cnmd for all i 2 [d] and an appropriately chosen constant

C (abusing notation, the two C’s need not be equal). Therefore, we have that I = I; so
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that

SpULUMI = SpULUM = Sp(ULUm V) + SpV.

We have then that

kKVSm  SpVke KV ULUmkp(kSmk+kSpHk)

+KUL(M  P)Rkp+kUE (M P)UULUmKp.

Now, we have that kMk, kPk  mn. It follows then that there exists a constant C' such
that (where the first bound follows from Lemma 5, and the second by combining Lemma

3 and Eq. (B.12))

kV U;UMkF(kSMk—i—kSPk) Cmlogmn

. p
kUL(M  P)Rkp

EkU;(M P)Rk  Cmlogmn,
so that

kVSm  SpVkr Cmlogmn+kUL(M  P)Uykp Cm?logmn.

as desired, thus proving Eq. (B.8).
To prove Eq. (B.9) and (B.10), note that we have shown that with high probability,

both of the following events hold:

i. kVSu  SpVkr Cm?logmn (by the first part of the Lemma).
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ii. Foralli, j 2 [d], \i(M), \;(P) are of order 2(nmd) (by Lemmas 4 and 3).

Given these events, as we have that

(Sy” SYHSME+SY) = (Sm Sp) D (Sy” SHH) = (Sm Sp)(Sm-+57%) 4,

the 7, j-th entry of VS,{,{ 2 Slls/ 2V is equal to

VisWEM) AP = VA/MA(:)/IL )\/\/((i)))

7

and Eq. (B.9) follows. To prove Eq. (B.10), note that the ¢, j-th entry of VSMl/ 29 Pl/ v

is equal to

Va0 ), ) = YD AT
Ai(M)A;(P)

The proof then follows immediately. 0

Lemma 7. With the assumptions in Lemma 5, denote the SVD of U,ZUM as V12V, and

set V := V1V, There exists a constant C such that w.h.p.

5 p_
k(M P)Upkyua C dm+/logmn. (B.13)

Proof. We note first that

1 ~ ~ . ..
p=k(M  P)Upkox1 k(M P)Upkmax= max jn(M P)U;,, e;ij,
d i2[mn],j2[d]
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where e¢; 2 R™" is the unit vector with all of its entries equal to 0, except for the i-th
entry.

Let s 2 [m] arbitrary. There exists a matrix IV such that

XWE(Sp) /2

UpSY2W =2 > Up=2ZW"(Sp) V2=

XWT(Sp) V2

Therefore, foralll &k n,Uy; = Upsn; = = Uka(n 1)n,j- Foreach (s 1)n+1

¢ snand1l j d,

hM  P)Uj eii=el(M  P)U, (B.14)

= (Mi,k p,z)Uk,j

(2

[
Mls

MG mP| Uk

k=1 t=1

Il
|M|§
NE
NE

, {4
040 P

k=1 t=1 ¢=1
n _m
{4
=313 as, 049 mPZ-74 Us,,
k=1 ¢=1

where a(s, () = > cgs’t) 0and ) a(s,?) = m for all s 2 [m]. Conditioning on X
=1 =1
(and hence on P) for all s 2 [m], forany (s 1)n+1 ¢ snandl j d,the

above expansion is a sum of n independent (in k), bounded, mean zero random variables
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taking values in [ mUy, j, mUy ;|. Hence, by Hoeffding’s inequality,

mn

P (’ Z(Mzk’ ‘f)z‘,fe)Uk,j

k=1

8m?1
2m logmn) 2exp( an(;;igfy) 2(mn) 2,
k=1 5]

where we used the fact that > _,_, (2mUy.;)>  4m? as the columns of U are norm 1.
Therefore, by integrating over X we have that w.h.p. there exists a constant C' > 0 such

that k(M P)Upkau 4 C’pc_imp—logmn as desired. O

Lemma 8. With the assumptions in Lemma 5, denote the SVD of U Uwm as VXV, and

set V := V1V, Setalso Q) = Uy U,V there exists a constant C such that w.h.p.,

log'2 mn
nl/2

kQWk C©

Proof. Following the reasoning from Lemma 6.8 in [182], we add and substract U PUITBU M

and by triangle inequality,
kQWk=kUnm UpVk kUm  UpULUnmk+KUp(ULUMm VK.
The first term can be rewritten as follows,

kUv  UpULUmk = kUnUy,  UpULUmUgk
=k(I UpU})UmUpk

= ksin ©(Upm, Up k.

Given the intersection of the events in the statements of Lemmas 4 and 3, the Davis-Kahan
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theorem gives that,

kM Pk logt? mn
T
kUm  UpULUmk BYIR O

Further, we can bound kU P(UgU m V)kusing Lemma 5; as the intersection of the events

in Lemma 4, 5 and 3 has high probability, this leads us to the desired result. O

B.2.3 Heart of consistency’s proof

We now address the proof of Theorem 6.

Proof. (Consistency of generalized omnibus embeddings) Let W, be a sequence of matrices
such that Z = Z W,,, and let V be as in Lemma 6. Define the matrices Q@ , Q® as

follows

QP =Unm UpV;

QP =UULUMm  UpV.

Note that, as defined, MUy = UpSmI where [ is a random sign matrix indicating
whether the signs of the eigenvalues associated with Uy, agree for M and jM]. Given
the events of Lemmas 4 and 3, we have that (by Weyl’s Theorem) I = I; as this term
appears only in the residual terms (H,-Hs) of the below decomposition, and as, when
bounding the residual terms we assume the events of Lemmas 4 and 3, we write, with a

slight abuse of notation, MUp = UpmSwm in the below decomposition. We decompose the
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term UMS,%,{Z UPS;/ZV as follows,

UMS,%,{Z UPS;/ZV:(M P)UPSP1/2V+(|\/| P)UP(VSMl/Z SPI/ZV)

TV TV
Z=H1 Z=H2

UpUL(M  P)URVS, 2+ (I UUD(M  P)QWS,,H?

~~ ~~
‘=H3 =Hy

+ QPS4 UL(VSu? SV, (B.15)

P

~
‘=Hsj;

For the H;’s, i = 1,2, 3, 4, there exists a constant C' > 0 such that the following bounds

hold w.h.p.:

kHikzva  kS,Y?kk(M  P)Upkoy1

mY2log?? mn
/2

, [Lemmas 4, 7]

KHzkova KVS,? S, "2VKK(M  P)Upkzra

m3/2 log?’/ Zmn
n3/2 )

[Lemmas 6, 7]

KHskona KkUpkon 1kUL(M  P)Upk kSy,*k

1
oosm [Lemma 4; Eq. (B.7),(B.11)]
n

kHikoua K(I  UpUDkys1k(M  P)kkQ®kkS,,"*k

m*?log mn
/2

[Lemmas 4, 3, 8 ].
Next, by Lemmas 4, 5 and Eq. (B.7) we get

1
KQOSY%kyxa KUpkpyakUTUN  Vkksi2k 10877

n
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and by Lemma 6 and Eq (B.7) we get

kUP<VS|1'/{2 S;/ZV)kzgl kUPkZ!lk(VS'{-/{Z Sl/zv)k M.

P n
Hence, by triangle inequality,

KHekpn o CTI0BTT

n

Plugging into Eq. (B.15) the bounds above, for sufficiently large n, applying triangle

inequality yields the desired result. O

B.3 Central limit theorem for the rows of the generalized omnibus

embedding

To prove Theorem 7 from Section 3.4, we adapt the proof of Theorem 1 in [2] and further
we extend it to correlated networks. The main difficulty in this adaptation is the more
complex structure of the general M, which requires a number of modifications that we

have already completed.
¢ Account for the model correlation in Lemmas 3, 6 and 7.

* The proofs of the Bernstein matrix concentration result and Lemma 6 necessitate
a more delicate decomposition of M in order to leverage classical concentration
inequality results. Moreover, the proof of Lemma 3 highlights how the coefficient

matrices C) of the adjacency matrices A® in M fully characterize the omnibus
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matrix M.

* We adapt the general exchangeability result in the proof of Lemma 5 of [2] (used
there to bound the term ‘B;’) to our current setting, and the general block-form of
M still allows for a weaker (within block) exchangeability argument to be employed,

which is sufficient for our purposes.

* The model correlation and the weights in the M matrix necessitate novel decom-

positions to compute the relevant covariance structures.
* Considering row-wise differences of M is a key contribution to the literature.

The overall layout of the proof is as follows. Let X\Mn = ASE(M,,,d) = UMnS,%,{i 2
R™ 4 and let Z, := [X1jXZj jXI]" 2 R™" 4, Fix indices i 2 [n] and s 2 [m], and
let h = n(s 1)+ i. The quantity of interest is the h-th row (i.e., i-th row from s-th
block) of

nl/? (iannT W, zn>,

where V,,, W,, 2 R% < are suitable orthogonal transformations and W, is such that Z,, =
Up, S}l?{l 2V[/n. This quantity can be decomposed into a sum of matrices (Eq. (B.15)) as

(dropping the subscripted dependence on n)

1/2 1/2 - 1/2
R/ (UMSM/ UpSY V)hVTW :n1/2<(M P)U,S,Y v)thW+ (2R, V)V W

_ . 1/2 5 1/2 1/2
—n/<(M P)ULS . W>h+n/RhW,
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where R;, 2 R™ ¢ is the residual matrix. Next, Theorem 12 establishes that

n1/2<(M ]5)UPSP1/2W>h

converges in distribution to a mixture of normals.

B.3.1 Proof of Theorem 12

We begin with a more limited conditional central limit theorem. Recall that, by the
definition of the JRDPG, the latent positions of the expected omnibus matrix EM =

P = UpSpU? are given by

X*
X*

7 = =UpS;22R™ ¢,
X*

Recall that the matrix of the true latent positions is denoted by Z = [XTXT  XT]T 2

R™ 4 g0 that Z = Z*W for some suitable-chosen orthogonal matrix W.

Theorem 12. With notation and assumptions as in Theorem 7, fix some i 2 [n] and some
s2[m]andleth =n(s 1)+ i. Conditional on X; = x; 2 R there exists a sequence

of d-by-d orthogonal matrices fI¥,,g,, such that

M2 (M, B)Up S Y2 W, W N(0, 5, (5 ),

P, P, h
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where

. 1 &
2y(wiis) = — (D 0%(s,0) +2_ als.q)als, Doy ) A TE/ X,(1 2l X)XxT)A 2
q=1

q<l

~~
/ N / = (1‘1)

vV TV
method coefficient model coefficient

IS a covariance matrix that depends on x;.

Proof. Following the proof of Lemma 6 in [2], for each n = 1,2, , choose orthogonal
W, 2R dsothat Z = Z*W,, = U PS;/ W,,. Dropping the explicit dependence on n,
we rewrite the term nl/2 [(M P)UPSPUZ] W as follows

h

1/2 5 1/2 _ 12 5 1/2
n [(M P)U,S . ]hw n2|(M - P)URS, W]h

— 12 :(M P)UPS},/ZWWTSPlW}

h
_ 2] 2 Tg 1
=n'?((M Pyz| WS tw
n 12 ~
=5 —|Mz Pz| [nWTS,'W]. (B.16)

Consider next the scaled rows of MZ ~ PZ. We write (where for a matrix A, either (A);

or [A], are used to denote the k-th row of A and (A)yy or [A]n denoting Ap)

mn
1/2 n 1/2

n ~ ~
MZ PZ], = M P),.(Z
— [ I - ;( k(2
1/2 m n
_n 3 (M,(ff) PU>XJ
(=1 j=1
1/2 m
_ > mE? mPZ-->XJ n 2P, X; .
m j&i \ (=1
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Conditioning on X; = z; 2 R?, we first observe that

> T,
Pi—le = M(L'Z a.s! O
n /2 nl/2

Moreover, the remaining portion of the scaled sum becomes

1 (&K (.
" 1/22—(2m§f> m<xij>)xj
o :

j&i =1
1 m m )
—n LS (S0un) miaTx)x
& (=1 \¢=1
1 (= @
=n 1/22:%(2 (ch ,€)> Ai?j m(x?Xj))Xj,
761 q=1 /=1

=a(s,q)

where Y «a(s,q) = mforall s 2 [m|. The above expression is a sum of n 1 independent
g=1

0-mean random variables, the

(S0t 042 milx)x)

q=1

each with covariance matrix denoted by E(xl), computed as follows (suppressing the
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conditioning on X; = x;)

() = %E«i (s, q) A7 m@TXj))ZXﬂ‘XjT )

(2

_ E :E [(ia(s,q)fl(?) m(x.TX],)>2Xij

9

e (B (g9 in] warnr)ux]

- % E ((iaz(s,q))x?& + (2ZO‘(S’Q)O‘(S’Z) mz)(x"TXj)z
g=1 q<l
+ <2EE:CKS>Q)Q(S,DﬁhJ)xf)?K1 ‘”?39>>‘X3)§F]

- % (Z 0?(s,q) +2) _als,q)als, l)Pq/) : [(I?Xj (27 X5)%) XjXJT}’

q<l

where the third equality holds because conditioning on P = X X7,

E [i afs,q)A@

q=1

P| =mxx".
The fourth equality holds from the fact that conditioning on X; and X,
E[(A)%1, X)) = XX,

for all ¢ 2 [m], and from the fact that conditioning on X; and X, (A(q) Afl])) are pg -

’L’J ’

correlated Bernoulli(X;” X ;) random variables,

E[A?AYiX,, X;] = (XTX))? + pu X X;(1 X7 X))

»J
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for all ¢ & [. Lastly, the final equality holds by observing

m? = (Z als, q)) = Z: als, q)? + QZ a(s, q)a(s,1).

q<l

q=1

Thus, by the multivariate central limit theorem we have that

n ”22%(2'\"53"” m<r?Xj>>Xj T N(0,33(z:), (B.17)
q=1

&

Next, recall (as in the proof of Theorem 3) nW!S,'W, “¥ A 1 so that by the

multivariate version of Slutsky’s theorem in Eq. (B.16) we get
nl/2 [(M 15>UP5P1/2] W, W N(0,3, (2 ),
where ¥, (z;;5)) = A 1 (z;)A L. O

B.3.2 Core of CLT’s proof

This equips us for the proof of Theorem 7.

Proof. (Central Limit Theorem for the rows of the generalized omnibus matrix) Fix the
index h 2 [mn]as h = n(s 1)+, where s 2 [m], i 2 [n]. Recall that for each
n =1,2, , we choose orthogonal W, 2 R? 4o that Z = Z*W,, = UPS;/ZWTL. With

V,, defined as in Lemma 5, the matrix difference

nl/Z(UMnsﬁ,{j UP,LSI{,QZVn)hVnTWn
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can be decomposed into a sum of matrices (as shown in Eq.(B.15) of the proof of Theorem
6) as follows

nl/2 (UMn Sl:\L/{j U 51/2‘/ )hVnTWn = n1/2 <(Mn pn)UPn SP:/ZWn>h+nl/2Rh,nVany

P, P, "

where Ry, 2 R™ ¢is the h th row of the residual matrix defined as R = H, Hj; +
H4 + Hs. Further, in the proof of Theorem 6 it is shown that for any ¢« = 2, 3, 5 we have

Cmlogmn

n?kH;kyw 1 172
n

w.h.p.

It remains to provide an appropriate bound for H,.

Rather than showing pﬁkH4k2 » 1 converges to 0 in probability, we will prove
directly that pﬁk(H4)hk2 converges to 0 in probability, which is sufficient. Adapting the
exchangeability bound on the analogous term from [2], we recall that (recalling that [ is

the random diagonal sign matrix designed to give MUy = UmSm! )

Hy:=(I UUDM  P)QWS,M1
=(I UUDYM  P)(Uwm  UpULUM)S\W?T

+(I UUDM  P)URULUM  UpV)Sy1
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Denote the first term in this expression via Hy; (the second via Hyg,), and note that

Hiu =(I UnUD(M  P)(Um UpULUw)S\"I

=1 UpUZ)(M  P)I UpUZ)UnU(UnSi”1 )

[

~~
=F1

Hi:=(I UpUD(M  P)UpULUM  UpV)SyT21

=(I UUDM  PYUR(ULUM  Up)VS\2I

Considering first H,1, we have that

K(Ha)rko  K(E1)nkokUm Sy k.

Consider now the term K(E4);,Ko. For any symmetric matrix B 2 R* ¥, we define I1;(B)
to be the orthogonal projection onto the eigenspace corresponding to the eigenvectors
of B with the d largest (in magnitude) eigenvalues. Similarly, let IT7 (B) denote the
orthogonal projection onto (I14(B))7.

Note that for any permutation matrix (), we have that

M(QBQ") = Qy(B)Q"

17 (QBQ") = QI (B)Q".

Asin [2], forany (B, H) 2 R¥ ¥ R * define the operator L(B, H) via:

L(B,H) =TI](H)(B  H)I(H)4(B).
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Let us consider permutations () 2 R™" ™ of the form

for permutations () 2 R™ ™. Note that, for such Q, we have that

QM(l’l)QT QM(l’Z)QT QM(l’m)QT
3 3 QM(l,Z)QT QM(z’Z)QT QM(Z’m)QT
QMQ" = )
QM 1,m) QT Q M (Z,m)QT QM (m,m)QT

and that for each (i, j) pair,

QM(M‘)QT _ Z cf’j)QA“)QT.
¢
Similarly,
QPQ" = Jn  (QPQ").
Note that L(M, 15) = Fj1, and as these orthogonal projections are unique, we have
L(@MQT,QPQT)
=QU U UNHQTQM  P)QTQUI U UNQ"QUWULQT  (B18)
= QEQ".

Since the rows of X are i.i.d. and the correlation across a given pair of graphs is the
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(k) A(f)

same for all edge pairs (i.e., corr(Am , ) = Ry, independent of ¢ and j), together

this implies that the matrix-pair entries of (M, P) are equal in distribution to those of
(QMQT, QPQT). Therefore, the entries of L(QMQ”, QPQT) = QE1QT are equal in

law to those of L(M, P) = Ej. Therefore, for each row i we have that

K(QE1) K= k(QE1QT )KL K(Ey) K.

This implies that if (); ; = 1 then for any k£ 2 [m],
E(K(E1)g 1n+ik’) = E(K(QEL) g 1n+ik®) = E(K(ED) e 1yn+sK2). (B.19)
This guarantees that

E(K(EL)k 1yn+iK®)

depends only on & and not on ¢, and note that the analogous result follows immediately

for

EK(QE) @k 1yn+iK®).
We can then define for i, j 2 [n],

1y = E(K(QEL) 1)n+ik2) = E(k(E1) 1)”+jk2)'

Observe that

kElk2 E T N IMAXTE.
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Because h = (s 1)n+1, fori 2 [n], Eq.(B.19) and an application of Markov’s inequality

yield

P— nE(K(Ey),k? nry
P(" nk(Ey)pk> t) %: 2
E(kELK2)
2

The entries of M P are bounded between [ 1,1], and (I ~ UpUZ)UmUY, is rank d

(with spectral norm bounded by 1). Hence, globally
KBS kI UpULKkM  PKEK(I  UpUL)UmUGKE  m®n?d?.

Now, we also have that, with high probability (so that the bad set has probability bounded

above by Cn 2), there exists a constant C' > 0 such that

kEiKS  dkI UpULKPkM  PKPK(I - UpUL)UmK?KURGKS:

m?nlog® mn

C = Cm?log? mn by Lemma 3, and Eq.(B.12).

n
We then have that there exists a constant C' > 0 such that

E(kEkE)  C(m?log?mn +n *m2n2d?) = C(m?log? mn + m?d?).

Letting t = n'* in our Markov bound, we see that P(pﬁk(El)hk> nt/4) 1 0. As,
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w.h.p., we have that KUy, SMl/ ’k C / DW, we have that
nY2k(Hay)nke  n3K(Ey)kn'/°kUpn Sy, k1 0.
Turning our attention to H,,, we have that (w.h.p.)

kHikp k(I UnUDYM  PYURULUM  UpV)Sy?I ke
k(I UpUDKKM Pk kUpkkUZUwm  VkrkSy, %k

log mn 1 mY210g*2 mn
C(m+/nlogmn) ( ) <(mn)1/2) C :

n n

where the last line follows from Lemmas 4, 3, and 5. Therefore, n'/2H,, converges to
0 in probability, and combined this yields that the h-th row of n*/? H, converges to 0 as
desired.

Since the matrix W), is unitary, the bounds above imply that the term nt/ ZRh’an

converges to 0 in probability. Moreover, by Lemma 12 we have

: /2 5 1/2 SN
liy p[nl ((M P)URS, )hWn x} ;| /Supqu)(x,Ep(y,s))dF(y),

by integrating over the latent positions X;. Finally, an application of Slutsky’s theorem

completes the proof. [
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B.4 Limiting correlation for the general omnibus embedding

Here, we supply details for the computation of the limiting correlation across rows of the

general omnibus embedding; this is the content of Theorem 8 from Section 3.4.1.

Proof. We mimic the proof of Theorem 3 here, and so omit some detail. Fix some i 2 [n]
and some s1, 5, 2 [m] and for j = 1,2,let h; = n(s; 1)+ 2 [mn]. Conditioning on
X, = x;, analogous to Eq.(B.3), we write (where Q,, = VnTWn as defined in the proof of

Theorem 7)

— 1/2 7 1/2 ~
- (<Mn PZ), (M. PZ), o)
) (Z<Z'\"(Slq) f‘?’q)>Xa‘> WS, + op(1)
6
1 m
=n — @) @) . Ta 1
n (]6:2 m(;OK(Sl,q)A%J 04(82>CI)AW>XJ> [TLWn SP Wn] _|_0P(1>

Each of the n 1 terms, ( > oeey a1, q)AZ(Z.) a(sz, q)AZ(Z?)Xj, is an independent,
mean zero, random variable, with common covariance matrix ®,(z;, s1, s2). The desired
result will then follow from an application of the multivariate central limit theorem and
multivariate Slutsky theorems (as in the proof of Theorem 3), provided we can show the

right form for ®,(x;, 51, s2). To this end, we consider (suppressing the conditioning on
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m m 2
1
D, (xi, 51,82) == ﬁE<<ZOZ(51,Q)A§? Za(Sz,q)AS?)) XijT)

— o [EETX)NXT S o) alsz.0))?
+2E[(2] X,)?X; X1 (als1,q)  alsz, q))(alsy, 1) 04(8275))>
q<l

FRELTX( TX)X XY (alsng)  alss)(a(sn]) a<82,1>>pq,z]

q<l

123 (alsna) als)(alsn ) a<32,z>>pq,z]z<xi>

q<l

:#(22(04(51,(]) a(s2,q))(a(s1,l)  als2,1))(pgu 1))2(:57;),

q<l

(B.20)

where X(z;) = E[(«] X; (2] X;)?)X;X]], and the third equality follows from

0= <Za(sl,q) 04(82,61)>

= (als1,q)  als2,9)* +2) (als1,q)  alsz,q))(alsi,l)  alsz,1)).

g<l

The proof then follows mutatis mutandis as that of Theorem 3. [
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B.5 Central limit theorem for the rows of the average embeddings

We supply details for the computation of the limiting covariance matrix of the rows of
the sums of the aligned embeddings across the graphs, as described in Theorem 9 from
Section 3.7. As in the previous theorems, the proof mimics the one of Theorem 3, and so

we omit some details.

Proof. To prove part a), fix some i 2 [n] . By the same arguments than Equations (B.1)

and (B.2), observe that

P (15~ g® P (13~ 40 2
"(E;XAHVV?E) Xn): n<EZ(A,(1) P)UpSY Wn> +0(n Ylogn),

s=1 i

where W) = WED(WENT with WEDA((WENT = LU (., the singular value

decomposition of the matrix on the right hand side, and W, is a sequence of orthogonal
. 1/2

matrices such that Up, Sp "W, = X,,,

Now, observe that the first term can be written as

m

(AQ  PYUpS,Y*W, | = =N (A9 pAX WIS W,
(e mos ) (1300 nxars)

s=1
1 1 o, (s
=P= (EZ(AEJ) R,-)X}) (nW, Sp'Wa).

s=1

Conditioning on X; = x;, the expression is a sum of n 1 independent terms with mean
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zero. The covariance matrix of each term can be calculated as

2 2
1L o T 1 ) T
E (EZMM PZ")) XiXj | =B zE (Z(Aij Fy) | | X | XX
s=1 s=1
J

1
—E (W (mPy;  m*P*+m(m  1)P;(Py+p(l Py))) XjX.T>

:<1 p+P>E(Pz"(1 Py)X;X})

As in Theorem 3, the classical multivariate central limit theorem gives the desired result.
To prove part b), we follow similar arguments to the proofs of Theorems 3 and 8.

Fix some i 2 [n], and observe that

m P— m
K (i S X W, x) =3 (M POZLOVES,MT)) +op(1),
s=1 % s=1

m n(s 1)+

where VVn = VnTWn as defined in the proof of Theorem 4. The first term can be written
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as

n® zm: (M P)ZWT S W)
s=1

m n(s 1)+

P—mn m
S0 3) SEN (VRN SUAERIR)

m s=1 t=1 i
pﬁ U | (5,t) T o 1yf
= o3 (0 PN, ) (TS,
761 s=1 t=1
pﬁ 1 1 (s) @® T o 177
B FZZE §(Aij +AG) By ) X ) (W, Sp7Wa)
&0 st
= DEZZ LA P+ (4D Py)) X, (WS,N)
oom & 57 \2m A s
pﬁ 1 (s) 1 ® T 177
= 2\ g 222247 B kg > D (AT By | X (WS,
j6i t s s
Py 1 ) 1 ®) VTS 1
T m 52(1‘% Pj) +§Z(Az’j Py) | Xi(Wo Sp™Wa)
j&i s t
1 IR 7 i
=p=> (> (y H-)) X;(n WS pH W),
j&i s=1

The covariance of each of the terms is calculated in the same way as in part a), and the

result follows by similar arguments.
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Appendix C: Proofs of Chapter 4

We provide proofs and explanations for the results of Section 4.2. First, we give a brief
explanation on how Conjecture 1 came about. Next, we prove Eq. (4.4) and then, we
compute the lower bound from Subsection 4.2.2. Next, we present how the examples

with smaller flat correlation arise, and finally, we prove Theorem 11.

C.1  From genOMNI to WOMNI

To see the restriction into the WOMNI space, consider the case when m = 4. WLOG, let’s
compute the covariance coefficient term that corresponds to p(1, 2), that is Z;zl (a(1,q)

(2, q))?, which can be written as

4
Z(a(laQ) a(2,q))? = (14'0%,3*'0%,4 C%,a 05,4)2*'(0%,34'0%,4 Cg,s G4 1)?
q=1

+(ci3+ci4 02,3 C§,4>2+(01,3+01,4 0‘2‘73 03,4) .

(C.1)

Since the weights are non-negative, in order to maximize Eq. (C.1), we have to set
1 1 d 2 2 1 H he li : f 1 m (0) _
33, C3 4 and ¢f 5, ¢f 4, equal to zero. However, the linear constraints (for example, ) | g=1C23 =

1) make the problem less trivial.
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Let’s argue why 0573 = 0: First consider the covariance terms,

4
Z(Oé(l’ q) af3,9)* =01+ Ci,z + 0%74 C%s 6%74)2 + (Ciz + Ci4 03,3 05,4)2

q=1

3 3 3 3 2 4 4 4
+(cia+tcls 3 g 1)+ (cla+cls g

Z(a(2, q9) a4,9) = (Ci,z + C%,3 Ci,4 C§,4)2 + (1 + Ciz + 05,3 05,4 05,4)2

3 3 3 3 12 4 4 4 4 2
+ (ot s g Ga) + (ot Cla g 1)

4
Z(a(3aQ) a(4,q))* = (Ci,s + Cé,s 01,4 05,4)2 + (Cis + 03,3 Ci4 03,4)2
q=1

3 3 3 2 4 4 4 4 2
+(I+cigtcs g4 Gu) + (st g g 1)

(C4)

The weight 0573 shows up in all of the above equations. It is obvious to set 0573 equal to 0
in Egs. (C.1), (C.2). However, it is not obvious why it has to be zero in Eqgs. (C.3) and
(C.4). Notice that Z;;l 0373 = 1. Taking Eq. (C.3), the terms with the largest values are
(I+ci,+c5s G4 Ga)and (cl,+35 iy ¢34 1)° According to the previous

argument, we set c‘zl’3 = (0 and we want to maximize 03’3. Similarly in Eq. (C.4), we want

to maximize 0373. Hence, setting 0%73 = 0 1s justified (not rigorously proven though). The
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same argument holds for the rest of the weights set equal to 0. Then, Eq. (C.1) becomes

Z(a(l, q) «(2,9)°=(1+ Ci,s + 01,4)2

q=1

+(c§73+c§74+1)2+(ci3 03,3)24‘(0[11,4 03,4)2-

Finally, using the linear constraints again (for example, ci?, + Ci3 = 1) we can rewrite the

above equation as

Z(a(l, q) «2,9)°=(1+ Ci,s + 01,4)2

q=1

+(c§73+c§74+1)2+(c%73 03,3)24‘(0%,4 03,4)2-

This provides a heuristic justification for why we restrict the flat correlation optimization
problem to the weighted omnibus matrices. Note that similar arguments (with progres-

sively messier notation) hold for m > 4 as well.

C.1.1 Proof of Eq. (4.4)

We first show and prove Lemma 1.

Lemma 9. In the weighted OMNI (WOMNI) setting, if all the cumulative weights are

the same then the only allowed value is 752, that is if a(q,q) == . cl,. = Aforall k,
r=1

then A = mTH

Proof. First note that in each row ¢ the cumulative weights must sum up to m, i.e., for
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each ¢ 2 [m], 2, a(g,!) = m. This implies that

Za(q,l) =m A

1&q

Now, observe that a(q,l) = cf” for any [ & ¢ (This is because of the WOMNI archi-

tecture), hence > clq7 , =m A. Next, we have the following m linear constraints:
1&q

Z cg,=A lforallg.

r&q

Also, we have the following m constraints:

Cf;,z =m Aforall q.

1&q

Finally, > S a(q,q) =mA DY > > cl.=mA mandnotice that (recall that ¢} , = ¢} ,)

q q r6q

DD =220 ch (€5)

q I6q q ré&q

The above equality forces the following equation to hold: m?> mA=mA m ) A=

m+1

> -

To visualize Eq. C.5, notice that
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1 _ 1 1 1
E ci,=Cptcas+ +e, =4 1
r&1l

> 2 2 2
Z o, =C1tG3+ +o,=A4 1
r&2

E : m  __.m m m _
Cm,r_cm,l+cm,2+ +Cm,m 1_14 1

r&m

and

12 3 mo_
E G =ciptcst +,, =m A
161

E [ 1 3 mo__
Cz,l = 0271 + C2’3 + + CZ,m =m A
&2

§ : U § 2 m 1
Cm,l - Cm,l + cm,Z + + Cm,m 1=m A
1&Em

Now, if you represent the middle terms of the second equation system as an m  (m

1) matrix and use the right diagonal shift operator T, (xy, ,z, 1,2, ,Tm 1) =
(1, ,xr 1,0,2., ,x, 1)in each row, we get an m m matrix with its diagonal
entries equal to zero. Thus, the columns of this matrix correspond to the rows of the first
equation system matrix, therefore the summands of the two systems are equal (because

they contain the same terms). [

Proof of Eq. (4.4): Eq. (4.4) derives from the row-sum constraints (i.e., 221:1 alk,q) =

213



m for any row k 2 [m]) and Eq. (C.5).

C.1.2 Proof of Section 4.2.2 (Lower bound)

There is an equation of covariance coefficients that involves max, (¢, ¢), min, a(q, q)
and a common other term (i.e., p(max, a(q, q),a(s,s)) = p(min,(q, q), a(s,s)). Let
D := a(s,s)and let @ = argmax, a(q,q) and @ = argmin, a(q, g). Then, by the flat

correlation constraint

(maxa(g.q) @ P +(D @ P Y, )=

(C.6)

wherecd . =1 ¢, ,andc) =1 ¢

a s a s a ,s*

In order to find a lower bound of max, &(q,q) min, «(q, ¢), we need to minimize the
left hand side and maximize the right hand size of Eq. (C.6). For the left hand side, since

D max,a(q,q) and max, a(q,q), D 1, we have that

(maxa(g,q) g )?+(D )+ D (, ) (maxa(gq) 1)°+D?%
& ,s

(67

Le., co

=landcy ,=c;, forall g & s,a . Similarly, for the right hand side we have

q

(mina(g,q) ¢ (D ¢ )+ > (ch, ¢,)?  (minalg.q) 1*+D*+(m 2),
& ,s
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ie,cy =1landcy ,,c;, 2%0,1gsuchthatcy , 6 c; forallg€ s o .

« ?8 @ 7q7 S7q

Hence,

(maxa(g,q) mina(q, q))(maxa(q, q) + mina(g,q) 2) m 2
q q q q

m 2
max, a(q, q) + min, a(q,q) 2

D max a(q,q) mqin a(q,q)

maxg a(g,q) "3

: D maxa(q,q) mina(g,q) <2. (C.7)
ming a(g,q) 1 q q

m+5

From Eq. (4.4), we have that min, a(g,¢) ™52, hence max, a(q, ¢) < Z5>. Plugging

this bound into Eq. (4.3) we obtain the desired result of Lemma 1. The upper bound is

derived analogously and we omit the details of the proof.

C.2  Examples with smaller flat correlation

C.2.1 m=3case

Question: How do these matrices (M3 and Mz. ) derive and do they induce the minimum
flat correlation?
To see this, let 1 = ¢y, T2 = 13,41 = 32, Yo = 53, 21 = ¢33 and z = ¢3 3. Then,

the quadratic equations from Eq. (4.2) become (by setting p(s1, s2) = C)

x§+y§ £C2y2+$2+y2+1 :m2(1 C)
2., .2 2
1+ z; Timtarit+zm+1l=m(l C)

Y422 ypmtpta+l=m?1 O) (C.8)
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and the linear constraints

r1t+y=1
To+2z1=1
Y2+ 22 =1

Forcing the [0, 1] restrictions, an integer solution that maximizes m?(1 (') is

(ajl) T2,Y1,Y2, 21, 22) = (1a 07 07 17 17 O)

This solution corresponds to M3,.. An additional integer solution is given by swapping
Os to 1s and vice versa. The flip-side solution is (0,1, 1,0,0,1) which corresponds to
M3 . For these solutions the covariance coefficients are equal to m?(1 (') = 6, hence
C = % Is p(s1,82) = % the minimum possible value? The answer is yes. Equating the

three quadratic equations, we obtain the solution set

(xl,xz,yl,yg,zl,zz) = (l’l,l 1‘1,1 ml,xl,xl,l l’l).

Substituting it back to Eq. (C.8) we have that z(z; 1) = M Since z; 2 [0, 1],
the maximum value for the covariance coefficients is obtained when either x1 = 0 or

x1 = 1 which result in the M3 and M3, matrices.
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C.2.2 m=4 case

As in the previous example, let 21 = ¢I,, T2 = {3,453 = C1 4,41 = 32,42 = Co3,Y3 =
2 _ .3 _ .3 _ .3 _ 4 _ 4 _ 4 4
02747 Z_‘]_ — 01’37 22 — 02,3, 23 — C3’4 al’ld wl — 0174, wz — 02747 U)g — 0374. Thel’l, the (2)

covariance coefficients from Eq. (4.2) can be written as

(@5 +v5 zaya+a2+y2) + (15405 ways+as+ys) + (rars+yays + 1) =m?(1 C)

(23 4+ 25 mizp 4+ a1+ 20) + (25 + 25 wazs a3+ 23) 4+ (w1w3 + 2z + 1) =m2(1 O)

(xi + wg Tiwy + 1 + wp) + (:L‘% + w§ Towz + Tz + w3) + (r122 + wowz + 1) = m2(1 )
(V2422 ity t2)+ W5 +25 yszmtyst+ )+ (nys +azm 1) =m?(1 O)

(2 + w2 yrwr + 1 +wi) 4 (5 +wi  yows + yo + ws) + (1ye + wrws + 1) =m?(1 C)

(zf + wf 2wy + 21 + wq) + (z% + w% 2Wo + 2Zp + wa) + (2122 + wywy + 1) = m2(1 C)

along with the associated linear constraints

Tty =1
Top+21=1
r3+wy =1
Y2+ 22=1
Yz + w2 =1

23—|—U}3:1

217



Now, let (x1, T2, Y1, Y2, 21, 22) = (1,0,0,1,1,0). Then, the system reduces to

234 ys aays 2y taz=mi(l C) 3 (C.9)
x% + z% T3723 + 203 + 23 = m2(1 c) 3
i+ yem+2mtys=mi(l C) 3
2, .2 2
w; +ws +wowz +wzg=m(1 C) 3
2, .2 2
wi +ws +wywzg +w; =m(1 C) 3

w2 +ws 4+ wiwy +wy =m?(1 C) 3

Using the linear constraints and equating the following pairs of equations: (1,6), (2,5)

and (3,4), we get the hyperbolas

wWiwy + 2wy + wy = 2
wiLws + 2w1 + w3 = 2

wWorws + 2w3 + wy = 2.
Equating the hyperbolas together, we get the solution set

(w1, wp,w3) = (z,z,x), for0 x 1.

pﬁ:a

Substituting back to the hyperbolas we obtain wy = wp, = w3z = —5

. Hence, x3 =
P P—
Y3 = 23 = ST Further, m2(1 C) =221 4 17) 9.01515 (Note that the

classical OMNI case corresponds to m?(1 ~ C) = 8). The induced flat correlation is
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pP—
p="43=2 71827

C.3 Proof of Theorem 11 (Lagrange multipliers)

Below, we demonstrate that by solving two Lagrange systems sequentially, we get that
classical OMNI maximizes the flat correlation problem. The first Lagrange system has the
covariance coefficient terms as Lagrange equations and the cumulative weight equations
as Lagrange constraints. The second Lagrange system has the same equations as the first
system but written in terms of the (updated) cumulative weights and the only constraint

is given by Eq. (4.4).

m = 3 case: The first three rows of the Lagrange system below correspond to the

covariance coefficients (Eq. (4.2)) and the last row to the linear constraints,

(1+ C%,3)2 + (03,3 +1)%+ (Cis 02,3)2 =C
(1+ 0%72)2 + (Ciz 05,3)2 + (Cg,z +1?=C
(C%,z 01,3)2 + (1 + Ciz)z + (Cia +1)P2=C

1 > 1 3 2 3
Ciptci,=1 cztcaz=1 Gzt+cz=1

withm(m 1) =3 2=6unknowns c},,ci; 2, 34,4, 3.
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Using the equality constraints, the equation system can be rewritten as

fl(ci,Ba 65,3) = (1+ C%,s)z + (03,3 +1)%+ (C%,s 05,3)2 =C
fZ(Cizj 0273) = (1+ C%,z)z + (Ci,z 03,3)2 + (Cg,s +1?=C

f3(0i2a 05,3) = (f, 02,3)2 +(1+ Ci,z)z + (Cis +1?=C (C.10)

)

We would like to show that classical OMNI induces the maximum possible flat correlation.
We will show a stronger result, that classical OMNI induces the maximum total correlation
among all weighted average OMNI matrices (total correlation being defined as the sum

of the pairwise correlations). To this end, define

f(ci,za C%,37 C%,z: C%,s: Cisa Cg,g) = fl(CiS’ 0373) + fZ(C%,Zv 0373) + f3<C§,2a Cis)- (C.1D)

Consider that the cumulative weights of the graphs are different. Set the following

equations as the Lagrange constraints

Oé(].,].) — 1+C%’2+C%73 a]_
a(2,2) =1+ci, + 65 a

a(3,3)=1+c3+ s as (C.12)

_ 1 1 _ 2 2 _ 3 3
Setgy = a1 1 Cilp (i3 92 = a2 1 iy (o3 and g3 = a3z 1 13 (g3
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@ (L 1 2 2 3 3
Letting ¢ = (c1,,¢13,C1 2, C335 Ci 35 G5 3), We seek to solve

min f(c)

st g1(@) =0
92(¢) = 0
g93(c) =0

Rewriting this as

we see that (as B + AT A is positive definite), the KKT system (defined by finding \;’s

and ¢ that solve

rf@) Mra(d Xrg(@ Asrg(é) =0)

has a unique solution that is the global optima of the quadratic program. We seek now to

construct such a solution. Inspired by the symmetry in the above formulation, we seek a
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solution that would solve

rii@) Mrg(® Xrg(@ =0 (C.13)
ri;@ Mra(@ Xsrg(@) =0 (C.14)
rfs@) Xorg(d) Xsrgs(@ =0 (C.15)

Letting A=\ /2 would yield then the desired solution to the quadratic program. Now,

Eq. C.13 yields that

A
a(fl . 1gl> — O ) C%g — 20%3 _|_ (1 )\1)
301’3 ’ ’
olh 2)\2g2_) =0 C%s = 2033 + (1 Ap),
802,3 ' '

where A, = 3. Hence, G5 = (1 A) +2(1 X)) +4cd3 D B3=3(A\+2), 3).

Substituting back in the other equation, we get ci3 = %(2/\1 + A, 3). Similarly, we get

and Cis = %(/\2 +2); 3) from f3. Therefore, the solution of the Lagrange system is

<2>\1 + )\3 1 2)\1 + Az 1 2)\2 + )\3 1 2)\2 + Al 1 2)\3 + )\2 1 2)\3 + Al 1)
3 ’ 3 ’ 3 ’ 3 ’ 3 ’ 3 '

Now, we substitute these values back to Eq. C.12 to write the cumulative weights in terms
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of the Lagrange coefficients. By using the Lagrange coefficient constraint above, we get

1
alz)\l+§
1
a2:)\2+§
1
a3:>\3+§

It follows that we can rewrite the CZ j’s in terms of ay, ay, az as shown below

3 2’ 3 2’ 3 2’ 3 2’ 3 2’ 3 2

<2a1+a3 3 2a1—i—a2 3 2a2+a3 3 2a2—i—a1 3 2a3—i—a2 3 2&3+CL1 3)

From the initial constraints cﬁ it CZ ; = 1, we get the following equation (Lagrange
coefficients constraint): A\; + A, + A; = 2. The second Lagrange systems are derived
from the initial equations from (C.10) written in terms of a1, ay, az (denoted now fi) and

m(m+1)

the constraint given by Eq. (4.4) (i.e., > ale,q) = T) . In this case, the constraint

is h(ay, az,a3) = a; + az + az 6. The second Lagrange system is thus as follows:

min fl(al, az) + fz(al, as) + fa(az, as)

s.t. h(ag, az,az) = 0.

As in the previous case, the KKT system for this program has a unique solution (the
objective function is strictly convex and the analogue of B + AT A is positive definite here
as well). To construct the unique solution to the KKT system (which is the global optima)

we seek to solve ¥ fl AN, 4, = 0 (where 1, ,, is the gradient only for the variable

223



a1 and ay). Similarly, we seek r‘fz AN, ash = 0and r‘fg ANV 4,051 = 0. A solution

to these equations would yield a global KKT point as desired. Setting

8(f1 )\h) 4(11 2&2
S AT L T2 A A=t 22
day 3 * 3 > 3 3

8(f1 )\h) 4@2 2CL1
_— - 7 + E—
8@2

Similarly for fz and f3, we end up with a; = ay = a3 yields the minimal value of fl, fz,
and fg separately. Hence, from the equality a1 +ay+az = 6, we obtain a; = ap = az = 2,

and substituting these back to the c’ values, the classical OMNI appears.
= 4 case: For m = 4, we have 12 equations (6 quadratic equations derived by
the covariance terms and 6 linear equations from the block-entry constraints) and 12

unknowns (c§ j)l i&; 4. For example, the covariance term between Ist and 2nd rows

18

> (o @(2,9))" =

q=1

(1+ci3+ci,4)2+(1+c§73—|—c§74)2+(ci3 03,3)2"'(0‘11,4 03,4)2 C

: 1 3 _q 2 3 _ 1 4 1 4 4 _
From the constraints ¢c; 3+ c¢13 = 1,53+ a3 =land s+, =165+ =1, we

can rewrite the above constraint as
(I+caz+cas)+(1+E3+ G2+ (s G+ (s G2 C (Cl6)

Analogous results hold for the other covariance terms. As in the m = 3 case, write the
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equations from the cumulative weights as the Lagrange constraints

a(l,1) = 1—i—ci’2—|—ci’3+ci4 ax
a(2,2) =1+ &, + G+ G, a
a(3,3) =1+ Cis + 03,3 + Cg,A as

al4,4) =1+ 0‘1174 + 0‘2174 + ch as (C.17)

Then, we define f;; as the Lagrange equation that corresponds to the covariance coefficient

of io(x; i,7),and ¢, f, g; as in the m = 3 case. Hence, we seek to solve

min f(c)

st g1(&) =0
92(¢) = 0
93(c) =0
94(¢) =0

Rewriting this system in matrix form, we get that B + AT A = 41}, thus positive definite.

The KKT system (defined by finding \;’s and ¢ that solve

rf(c) Mrg(@ Xrg(c) Arg(c) Mrg(c)=0)

has a unique solution that is the global optima of the quadratic program. As in the m = 3
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case, we seek a solution that would solve

rfia(@ Mra(d Jlrg(d=0
rfi@ Mra@ Asrg@ =0
rfu(@ MAra(@ Xrg@ =0
rfa(@ Aarg(@) Asrg@ =0
(@ Xrg(@ Mra(@ =0

rfau@  Asrgs(@  Arga(@) =0

(C.18)

(C.19)

(C.20)

(C.21)

(C.22)

(C.23)

Letting A=\ /3 would yield then the desired solution to the quadratic program. Now,

Eq. C.18 yields that

0 (f 12 5\191)
80%73

0 (f 12 5\191)
80%,4
0 (f 12 5\292)

7
862’3

a(flz 5\zgz)

2
9c5 4

=0 Gy=2c13+ i+ (1
=0 Ga=2c1,+ci5+(1
=0 cig =243+, + (1

=0 =24, +G5+(1

where \; = Zt. Similarly, for the covariance terms between 1st and 3rd rows and 1st and

4th rows, we obtain
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8(f13 ;\191)

1
80172

0 (f 13 5\191)
80%74

=0 Ga=2c,+ca+ (1 Ay)

=0 Ga=2c4+c+ (1 N)

iz Nags)

3
302’3

0 (f 13 5\393)
(9c§’ 4

=0 =265+, + (1 A)

=0 Ci,4 = 202,4 + 02,3 + (1 Ag),

and
I(f14 5\191)
Nfe 01 _ oy 3, =, +efat (1 A
1,2
9(f14 5\191
( oct ) 0> cgp=2c15+c+ (1 N)
€13
O(f1a 5\494)
(8—4 =0 C%,z = 203,4 + 03,4 +(1 )
€24
O(f1a 5\494)
ok 0> c13=20,+Ga+ (1 Ay
C34
Now, take cf 4. From the first system of equations we have that ¢1 , = AR 13
From the third system we have that 0%73 = 3A1:A4 1 C%,z and from the second we have
that C%,z = 3A1IA3 1 0%74. Plugging in all these back to Ch, we get that

VD V) VD V!
Cia = g .
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Similarly, we have

LB Mt A 4y BN At 4

Cl,z = 8 ) 1,3 — 8 )

1 M FNFA N, 4, ME3IN+FA+HN, 4
Cl4 = 3 y C1p = 3

’ AM+3N A4+ N 4, ME3N+HAN N, 4
Ca3 = 3 » Co4 = 3

3 MFEAN+F3N+N 4 4 A A+ N 4
€13 = » Co3 =

’ 8 ' 8

3 M+X+3N N, 4, M+ + A +4N 4
C34 = (14 =

’ 8 ' 8

4 A At AE3N 4, M A A t3N 4
Coa = 3 » C34 = 3 ‘

Next, substituting the above values to the linear constraints (for example, 0%72 + ciz =1)
we get that ) . A, = 8. Using this fact and substituting again the above values back to the

Lagrangian constraints we get that

1
CL4:)\4+_.

1
agz)\3+ 9

1 1
o a2 =X+ 2

alz)\1+2 5,

As in the m = 3 case, we can rewrite the unknowns in terms of a, b, ¢, d as

1 3a, a4+ az+as 6
Cl,2 - 8 Y
1 3CL1 + ax az + aq 6
0173 - 8 Y
1 3&1 + az az + aq 6
Cl4 = 3 )

The second Lagrange systems are derived from the initial equations written in terms of
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a1, az, az, as (denoted now fij) and the constraint given by Eq. (4.4) (i.e., Zq a(q,q) =

m(m~+1)

5 ) In this case, the constraint is h(aq, az, az, as) = a1 + az + az + aq  10. The

second Lagrange system is thus as follows:

min Z ﬁj(ai7 (lj)

1 i<j 4

S.t. h(CLl, az, az, CL4) =0.

As in the previous case, the KKT system for this program has a unique solution (the
objective function is strictly convex and the analogue of B + AT A is positive definite here
as well). To construct the unique solution to the KKT system (which is the global optima)
we seek to solve I f;; A¥ g, 0,1 = 0,1 < j. A solution to these equations would yield a

global KKT point as desired,

(fi; M) 31

0. —O))\—Qal—i—za] 1
A(fi; Ah)
BT =020 =a

Hence, from the equality a1 + a; + a3z + a4 = 10, we obtain a; = ap = a3z = a4 = g, and

substituting these back to the ] ; values, the classical OMNI appears again.

For general m: We argue that the same proof idea works for general m as well, but here
we only provide a proof sketch, rather than proving this rigorously. For general m, we
have (m) covariance terms, (Tg) linear constraints cﬁJ + cf] = land m(m 1) unknowns

2

fcl ;. ¢l Qie;. The Lagrange constraints are a(i, i) = 1 + > ie; Ci - Also, let A= A
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and let \, = % Following the procedure as in the previous cases (i.e., m = 3,4) we

obtain

(m 1N (m 3))\3‘ + Zk&i,j Ay m

m(m  2) '
Substituting the above values into the linear constraints we get that > . A\, = mTQ From the
Lagrangian constraints we get that «(i,7) = A, + % for all & 2 [m]. Solving the second
Lagrangian system (i.e., the covariance terms in terms of «(i,4) with the Lagrangian

constraint h = . a(i, 1) M) we obtain

a(i, 1) = alj, ), forall i, j 2 [m].

Finally, this results to Cg,j? cfj = % for all 7 & 7, i.e., classical OMNI.

Remark 9. The first KKT system can be written in matrix form

min ' B+ ¢'¢+r

st AZ=b,

where Bisanm(m 1) m(m 1) block matrix givenby B =1,, M and M is an

(m 1) (m 1) matrix
M= (m 41, 111, +ml, 1.

Moreover, ATA =1,, 1,, 11 ,, hence B + AT A is positive definite.

m 11
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For the second KKT system, B isanm m matrix given by
B 1(11 12 +m(m  2)1,)
= —\im m{m m
m m
and ATA = 1,17 therefore B + AT A is positive definite as desired.

C.4 Unconstrained case (MDS Algorithm)

Without any assumptions on A, we first describe a method to solve (4.7) based on the
Multi-Dimensional Scaling theory (MDS). Let J,, = I,,, %1,”1% be a centering matrix.

The procedure for solving this MDS problem is summarized in the following steps.

(1) Compute the distance matrix D®, which can be written as
D® =c1” + 1,7 2AAT,
where ¢ 2 R™ is the vector with the diagonal elements of AAT.
(2) Apply double centering to D®!:

1
JnAAT T, = 5JmD<2> Jn )

1
DAAT = ) ( §JmD(2)Jm)J,yn

(3) Compute the eigendecomposition: AAT = QAQT.

(4) Finally, set A = QA2

ly corresponds to the Moore-Penrose inverse.

231



Remark 10. In general, matrix A has not column means equal to 0. Let ¢ 2 [m], and let
P— R : :
C® be the m m matrix with entries the squared roots of the weights ¢, \/(q)ij. To
. P——- ., /. - ,
make A a column mean 0 matrix, subtract the term k' COK3, (If C® positive semi-

definite matrix, otherwise just % > cﬁs’t)> from each entry of the /-th column of A.
s,t=1
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