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Differentiable physics priors enable gradient-based learning systems to adhere to physical
dynamics. By making physics simulations differentiable, we can backpropagate through the
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control policies, and enhance reinforcement learning algorithms.
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Chapter 1: Overview

1.1 Motivation

Physically-based simulation has become an essential component in animation, visual effects,
and broader computational problems, such as aircraft design and digital fabrication. In the
recent wave of machine learning, simulation environments for games, robots, and autonomous
cars have played a crucial role as infrastructure, fostering breakthroughs in learning algorithms.
With stronger arti cial general intelligence approaching, | believe that simulation will be even
more important. We need physics-informed Al; any intelligent agent needs to be safely trained,
aligned, and veri ed in a simulated sandbox before it can ultimately be deployed and bene t our
human society. Moreover, despite the presence of numerous simulation models and real-world
data, people are working to address the sim-to-real (generalization and robustness problems) and
real-to-sim (digital twin) gaps. Simply enlarging the dataset size or pursuing in nitely accurate
simulation would be too expensive. Instead, | aim to leverage the merits of both data-driven
and model-based approaches by designing novel physics-informed learning algorithms. In recent

years, | have undertaken many pioneering workdiiferentiable simulation toward this goal.

My research goal is to develop safe, realistic, and ef cient simulations for graphics, robotics,
embodied Al, digital twin, and inverse design.
The core of my work can be distilled into a three-part closed-loop pipeline, as illustrated

2



in Figure 1. (1) Formulate the governing dynamics: | will initially de ne the underlying rules of
the system and tailor the simulation to be ef cient and realistic for machine learning algorithms.
(2) Generate and understand observations: Subsequently, coupling the simulation output with
real-world observations, the existing data can be used to re ne our model-based approach by
automatically netuning the simulation parameters. (3) Interact and control the system: With
prior knowledge of the model and insights gained from real data, our algorithms can make
more informed decisions to interact with the system. Throughout this closed-loop pipeline, my
collaborators and | have developed several software libraries and made signi cant contributions
published in internationally renowned venues, as ICML, NeurlPS, ICLR, Siggraph Asia, ICRA,
and ICCV. Those works have garnered signi cant interest from researchers across the Machine

Learning, Computer Graphics, Robotics, and Computer Vision research communities.

Figure 1.1: An overview of my research. Upper boxes are the closed-loop pipeline, and the lower
boxes are my works.

1.2 Related work

1.2.1 Differentiable Programming

Differentiable physics provides gradients for learning, control, and inverse problems that
involve physical systems. [1] advocate using differentiable physics to solve control problems
in robotics. [2] obtain gradients of 2D rigid body dynamics. [3] use automatic differentiation

3



tools to obtain gradients for cloth simulation. [4] develop a more comprehensive differentiable
physics engine for rigid bodies and cloth based on mesh representations. [5] present differentiable
simulation of protein dynamics. For volumetric data, ChainQueen [6] computes gradients of the
MPM simulation pipeline. [7] use FEM to model soft robots and perform trajectory optimization
with analytic gradients. [8] differentiate the simulation of uids with solid coupling.

Many exciting applications of differentiable physics have been explored [9, 10, 11, 12].
[13] propose a soft-body manipulation benchmark for differentiable physics. [14] manipulate
tools with the help of differentiable physics. [15] perform system identi cation by learning
from the trajectory, and [16] then use the estimated frictional properties to help robotic pushing.
Differentiable simulation can also be used to train control policies by optimizing model predictive
control's objective function [17, 18].

A related line of work concerns the development of powerful automatic differentiation
tools that can be used to differentiate simulation. DiffTaichi [19] provides a new programming
language and a compiler, enabling the high-performance Taichi simulator to compute the gradients
of the simulation. JAX MD [20] makes use of the JAX autodiff library [21] to differentiate
molecular dynamics simulation. These works have speci cally made use of vectorization on
both CPU and GPU to achieve high performance on grids and particle sets, where the simulation
is intrinsically parallel. In contrast, the simulation of articulated bodies is far more serial, as
dynamics propagates along kinematic paths rather than acting in parallel on grid cells or particles.

TinyDiffSim [22] provides a templatized simulation framework that can leverage existing
autodiff tools such as CppAD [23], Ceres [24], and PyTorch [25] to differentiate simulation.
However, these methods introduce signi cant overhead in tracing the computation graph and
accumulate substantial computational and memory costs when applied to articulated bodies.
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Our method does not need to store the entire computation graph to compute the gradients.
We store the initial states of each simulation step and reproduce the intermediate results when
needed by the backward pass. This checkpointing strategy is also used in training neural ODESs [26]
and large neural networks [27, 28, 29, 30]. We are the rst to adapt this technique to articulated
dynamics, achieving dramatic reductions in memory consumption and enabling stable simulation

of long experiences.

Adjoint method. The adjoint method has been applied to uid control [31], PDEs [32], light
transport simulation [33], and neural ODEs [26, 34]. Recently, [35] proposed to use the adjoint
method in multi-body dynamics. However, they operate in maximal coordinates and model
body attachments using springs. This does not enforce physical validity of articulated bodies.
In contrast, we operate in reduced coordinates and derive the adjoints for the articulated body
algorithm and spatial algebra operators that properly model the body's joints. This supports
physically correct simulation with joint torques, limits, Coriolis forces, and proper transmission

of internal forces between links.

Neural approximation. A number of works approximate physics simulation using neural networks [36,
37, 38, 39, 40, 41, 42, 43, 44, 45, 46]. Physical principles have also been incorporated in the
design of neural networks [47, 48, 49, 50, 51]. Approximate simulation by neural networks is
naturally differentiable, but the networks are not constrained to abide by the underlying physical

dynamics and simulation delity may degenerate outside the training distribution.



1.2.2 Simulation and Animation Techniques

Deformable body simulationusing Finite Element Method (FEM) plays an important role
in many scienti ¢ and engineering problems [52, 53, 54]. Previous works model soft bodies using
different representations and methods for speci c tasks. There are several kinds of approaches
for modeling body actuation. Pneumatic-based methods [55] change the rest shape to produce
reaction forces. Rigid bones attached within soft materials are also used to control the motion of
deformable bodies [56, 57, 58, 59]. To further simulate biologically realistic motion, itis common
to apply joint torques in articulated skeletons [60]. For example, [61, 62] use articulated body
dynamics to govern the motion while handling collisions using soft contact. Inspired by animals,
different designs of muscle-like actuators for soft-body simulations were also proposed [63, 64,
65].

Regarding contact modeling, spring-based penalty forces are widely used [66, 67, 68] for
their simplicity. More advanced algorithms include inelastic projection [69, 70] and barrier-based
repulsion [71, 72]. However, these methods do not always conform to Coulomb's frictional law.
We opt for a more realistic dry frictional model [73] to better handle collisions.

Projective Dynamics [74] is widely used for its robustness and ef ciency for implicit
time integration. It has been extended to model muscles [75], rigid skeletons [76], realistic
materials [77], and accurate contact forces [78]. Our method also adopts this framework for faster
and more stable time integration. In contrast to the aforementioned methods using Projective
Dynamics, our algorithm is the rst to enable joint actuation in articulated skeletons together

with a generalized dry frictional contact for soft body dynamics.



1.2.3 Differentiable 3D Reconstruction

Differentiable volume rendering with implicit neural representation have recently been
used to synthesize novel views, estimate geometry and appearance. Neural Radiance Field
(NeRF) [79], and its follow-on works [80, 81, 82, 83] have achieved photorealistic rendering
results even on complex scenes. The expressive coordinate-based multi-layer perceptron (MLP)
representation equips the scene with high resolution [84] while remains regularized [85] and
memory-ef cient. Compared with differentiable surface rendering [86, 87], volume rendering
could backpropagate gradients to the entire space so to better handle complex geometry optimization
with topological changes and mitigate local minima. The original density eld from NeRF
cannot directly reconstruct high-quality surface mesh, so SDF-based neural elds [88, 89, 90]
are proposed for multi-view geometry reconstruction. Compared to other discrete representation
like mesh [91, 92, 93], point cloud [94, 95] and voxels [96, 97], SDF- eld has higher resolution.
And the the NeRF-based method can take raw RGB images without pixel-lebel segmentation [98,
99, 100]. However, current SDF-based neural elds cannot handle dynamic scenes. Recent work
has extended NeRF to videos of dynamic scenes [101, 102, 103], but they mainly focus on the
2D image synthesis, and few of them can reconstruct the 3D geometry well. They either learn
a canonical eld with time-dependent motion [104, 105, 106, 107] or condition all the elds
on the time axis [108, 109, 110]. We choose the former strategy because decoupling motion
from the geometry makes the formulation more constrained and it also provides us with point-
wise correspondence. All the mentioned dynamic extension of NeRF focus on the 2D video
reconstruction and lack regularization on the 3D geometry. Our method can reconstruct the

geometry much better than the existing works. Moreover, since single-video 3D reconstruction



is highly ill-posed, our geometry prior can also help improving the image reconstruction quality.

1.3 Outline of Dissertation

The subsequent chapters in this dissertation are organized as follows.

In Part Il, we will demonstrate how to develop differentiable simulation for several dynamical
systems.

Chapter 2 is dedicated to the two-way coupling of rigid body and cloth. We develop a
scalable framework for differentiable physics that can support a large number of objects and their
interactions. To accommodate objects with arbitrary geometry and topology, we adopt meshes
as our representation and leverage the sparsity of contacts for scalable differentiable collision
handling. Collisions are resolved in localized regions to minimize the number of optimization
variables even when the number of simulated objects is high. We further accelerate implicit
differentiation of optimization with nonlinear constraints. Experiments demonstrate that the
presented framework requires up to two orders of magnitude less memory and computation
in comparison to recent particle-based methods. We further validate the approach on inverse
problems and control scenarios, where it outperforms derivative-free and model-free baselines
by at least an order of magnitude.

Chapter 3 utilizes the adjoint method and checkpoint method for high-performance articulated
body simulation. We present a method for ef cient differentiable simulation of articulated bodies.
This enables integration of articulated body dynamics into deep learning frameworks, and gradient-
based optimization of neural networks that operate on articulated bodies. We derive the gradients

of the forward dynamics using spatial algebra and the adjoint method. Our approach is an order



of magnitude faster than autodiff tools. By only saving the initial states throughout the simulation
process, our method reduces memory requirements by two orders of magnitude. We demonstrate
the utility of ef cient differentiable dynamics for articulated bodies in a variety of applications.

We show that reinforcement learning with articulated systems can be accelerated using gradients
provided by our method. In applications to control and inverse problems, gradient-based optimization
enabled by our work accelerates convergence by more than an order of magnitude.

Chapter 4 provides a comprehensive simulation platform for articulated soft bodies. We
present a method for differentiable simulation of soft articulated bodies. Our work enables
the integration of differentiable physical dynamics into gradient-based pipelines. We develop
a top-down matrix assembly algorithm within Projective Dynamics and derive a generalized dry
friction model for soft continuum using a new matrix splitting strategy. We derive a differentiable
control framework for soft articulated bodies driven by muscles, joint torques, or pneumatic
tubes. The experiments demonstrate that our designs make soft body simulation more stable
and realistic compared to other frameworks. Our method accelerates the solution of system
identi cation problems by more than an order of magnitude, and enables ef cient gradient-based
learning of motion control with soft robots.

Chapter 5 presents other differentiable systems that | have been involved with, including
traf ¢ simulation, uid simulation, and quantum computing.

In Part Ill, we will go further and study how to fuse simulation and real-world observation.

Chapter 6 proposes to combine NeRF and differentiable simulation to reconstruct and
simulate video data. We present a method for learning 3D geometry and physics parameters
of a dynamic scene from only a monocular RGB video input. To decouple the learning of

underlying scene geometry from dynamic motion, we represent the scene as a time-invariant
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signed distance function (SDF) which serves as a reference frame, along with a time-conditioned
deformation eld. We further bridge this neural geometry representation with a differentiable
physics simulator by designing a two-way conversion between the neural eld and its corresponding
hexahedral mesh, enabling us to estimate physics parameters from the source video by minimizing
a cycle consistency loss. Our method also allows a user to interactively edit 3D objects from the
source video by modifying the recovered hexahedral mesh, and propagating the operation back
to the neural eld representation. Experiments show that our method achieves superior mesh and
video reconstruction of dynamic scenes compared to competing Neural Field approaches, and
we provide extensive examples which demonstrate its ability to extract useful 3D representations
from videos captured with consumer-grade cameras.

Chapter 7 designs a two-way coupling between mesh and NeRF during the rendering and
simulation. We rst review the light transport equations for both mesh and NeRF, then distill
them into a straightforward algorithm for updating radiance and throughput along a cast ray
with an arbitrary number of bounces. To address the discrepancy between the linear color space
that the path tracer assumes, versus the sRGB color space that standard NeRF uses, we train
NeRF with High Dynamic Range images to pull the radiance eld back to the linear space.
Finally, we consider how the hybrid surface-volumetric formulation can be ef ciently integrated
with a high-performance physics simulator that supports rigid and soft bodies, and cloth. The
full rendering and simulation system can be run on a GPU at interactive rates. We show that a
hybrid system approach outperforms alternatives in achieving visually realistic mesh insertion
into a NeRF scene, because it allows realistic light transport from volumetric NeRF media onto
surfaces, which affects the appearance of re ective/refractive surfaces and illumination of diffuse

surfaces informed by the scene.
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Chapter 8 introduces a method to utilize differentiable priors in hand-related tasks. Our
approach uses rendering priors to align with input images and segmentation masks, while physics
priors mitigate penetration and relative-sliding across frames. Furthermore, we present two
alternatives for hand and object pose estimation. The optimization-based pose estimation achieves
high accuracy, while the ltering-based tracking, which utilizes the differentiable priors as dynamics
and observation models, runs faster. We show that our method achieves comparable or better
results in the pose estimation task, and the differentiable physics module enables us to predict
contact information for pose re nement. We also show that our approach generalizes to perception
tasks including robotic hand manipulation and human-object pose estimation in the wild.

Chapter 9 includes two additional works on simulation from real-world observations.

Chapter 10 concludes by summarizing the key contributions and suggest possible future

directions in extending my dissertation research.
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Chapter 2: Scalable Differentiable Physics for Learning and Control

2.1 Introduction

Differentiable physics enables gradient-based learning systems to strictly adhere to physical
dynamics. By making physics simulation differentiable, we can backpropagate through the
physical consequences of actions. This enables agents to quickly learn to achieve desired effects
in the physical world. It is also a principled and effective approach to inverse problems that
involve physical systems [1, 2, 14, 39].

Recent efforts have signi cantly advanced the understanding of differentiable physics in
machine learning and robotics. Automatic differentiation and analytical methods have been
applied to derive a variety of differentiable simulation engines [3, 5, 19, 32]. Yet existing
differentiable frameworks are still limited in their ability to simulate complex scenes composed
of many detailed interacting objects. For example, modeling assumptions have limited some
existing frameworks to restricted object classes, such as balls or two-dimensional polygons [1, 2].
Other approaches adopt expressive grid- or particle-based formulations, which are general in
principle but have not scaled to detailed simulation of large scenes due to the cubic growth rates
of volumetric grids and particles [6, 38, 111]. For example, a grid of $@24 has on the
order of a billion elements, and this resolution is still quite coarse in comparison to the scale and
detail of physical environments we encounter in daily life, such as city streets. Particle-based
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representations likewise suffer from explosive growth rates or limited resolution: Macklin et al.
[112] suggest a maximum size ratio of 1:10 between the smallest and largest feature, or placing
particles only around boundaries, which runs the risk of object tunneling.

In this chapter, we develop a differentiable physics framework that addresses these limitations.
We adoptmeshesas a general representation of objects. Meshes are the most widely used
speci cation for object geometry in computer graphics and scienti c computing. Meshes are
inherently sparse, can model objects of any shape, and can compactly specify environments with
both large spatial extent and highly detailed features [113].

The use of meshes brings up the challenge of collision handling, since collisions can occur
anywhere on the surface of the mesh. Prior frameworks adopted global LCP-based formulations,
which severely limited scalability [1, 2]. In contrast, we leverage the structure of contacts by
grouping them into localized impact zones, which can be ef ciently represented and processed [114,
115]. This substantially reduces the number of variables and constraints involved in specifying
dynamical scenes and dramatically speeds up backpropagation.

Following prior work, we use implicit differentiation to compute gradients induced by
an optimization problem embedded in the simulation [3, 116]. One of our contributions is an
acceleration scheme that can handle the nonlinear constraints encountered in our system.

We evaluate the scalability and generality of the presented approach experimentally. Controlled
experiments that vary the number of objects in the scene and their relative scales demonstrate that
our approach is dramatically more ef cient than state-of-the-art differentiable physics frameworks.
Since meshes can represent both rigid and deformable objects, our work is also the rst differentiable
physics framework that can simulate two-way coupling of rigid bodies and cloth. We further
demonstrate example applications to learning and control scenarios, where the presented framework
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outperforms derivative-free and model-free baselines by at least an order of magnitude. Code
is available on our project pagdittps://gamma.umd.edu/researchdirections/

mlphysics/diffsim

2.2 Related Work

Backpropagating through physical dynamics is an enticing prospect for embedding physical
reasoning into learning processes. Degrave et al. [1] articulated the potential of this approach
and applied automatic differentiation to rigid body systems where contacts are assumed to only
happen between balls and planes. Although this assumption simpli es collision detection and
response, it greatly limits the scope of application. de Avila Belbute-Peres et al. [2] introduced
implicit differentiation for gradient computation, obviating the need to explicitly differentiate
through all steps of the forward optimization solver. By designing speci c rules for collision
response, their framework supports simple two-dimensional shapes such as circles and polygons,
but was not extended to general 3D objects. Toussaint et al. [14] utilized differentiable primitives
to develop a robot reasoning system that can achieve user-de ned tasks. It is designed for path
planning with sphere-swept shapes and frictionless interactions, but not for general control tasks.

Building on the implicit differentiation methodology, Liang et al. [3] developed a differentiable
simulator for cloth. Their formulation assumes that each node can move independently and is
only tied to others by soft constraints. This is true for cloth but not for rigid bodies. Carpentier and
Mansard [117] developed algorithms for ef cient computation of analytical derivatives of rigid-
body dynamics, but did not handle collision. Millard et al. [118] implemented an articulated body

simulator in a reverse-mode automatic differentiation framework, but likewise did not handle

15



dynamic contact and collision response, which are at the heart of our work.

Hu et al. [6] developed a differentiable simulator for deformable objects based on the
material point method (MPM). A follow-up work applies this framework to controller design
for soft robots [9]. This approach is effective in handling soft bodies, but has limited ability to
enforce rigid structure. Since the method is based on particles and grids, it has limited scalability
and has not been applied to large scenes with interacting objects. In contrast, our method uses
meshes to represent objects, naturally enforces precise detailed geometry, and scales to scenes
with both large spatial extent and ne local features.

Hu et al. [19] introduce a domain-speci ¢ language for building differentiable physical
simulators. This work develops a programming language and compiler that can be broadly useful
throughout the differentiable physics community, including to projects such as ours. However,
at present this framework does not deal with general mesh-based rigid and deformable objects.
Their rigid-body scenario uses rectangles constrained by springs, with contact responses only
possible between rectangles and the ground plane. Their three-dimensional scenario uses soft
bodies modeled by particles and grids and inherits the aforementioned limitations of MPM-based
modeling.

A line of work developed particle-based frameworks for differentiable simulation of uids [39,
44]and uni ed treatment of uids and solids [38, 111]. These frameworks resort to approximations
in handling rigid bodies and detailed geometry, and suffer from high growth rates in the scale of
objects and scenes. The generality of particle-based approaches is appealing, but their scalability
limitations are well-known and are explicitly discussed in the literature [112]. We take a different
tack and model objects as meshes, thus harnessing the scalability and generality of this representation.

Some of the aforementioned works, as well as others [36, 37, 40, 42], tfunction approximators
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Figure 2.1: Differentiable simulation embedded in a neural network. The loss can be
backpropagated through the physics simulator to the control signal, thus enabling end-to-end
gradient-based training of the controller network. This approach enables faster convergence with
higher accuracy in learning and control of physical systems.

to demonstrations of physical dynamics. Such approximators are valuable, but may not fully
capture the true underlying physics and may degenerate outside the training distribution. Our
work follows the program exempli ed by Degrave et al. [1], de Avila Belbute-Peres et al. [2],

and others in that we aim to backpropagate through the true physical dynamics. In this approach,

physical correctness is enforced by construction.

2.3 Overview

Our differentiable physics engine can function as a layer embedded within a broader differentiable
pipeline, with other neural network layers in the loop. This scenario is illustrated in Figure 2.1.
Given observations from simulation, the network can compute control signals and send them to
the simulator. The physics engine performs time integration, evaluates collision response, and
updates the mesh states. The simulation results can be used to evaluate the loss and provide
new observations to the network, thus closing the loop. All operations in our physics engine are
differentiable, supporting end-to-end gradient-based optimization of the complete pipeline. As
mentioned earlier, state-of-the-art differentiable simulation algorithms often suffer from scalability

issues. They either use particle representations, which have cubic growth rates with respect to
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object sizes, or compute custom dynamic responses for a limited number of object primitives,
which have limited ability to represent complex shapes. Our method resolves these issues to
advance scalability and generality.

Section 2.4 introduces our notation and the basic forward integration scheme. To facilitate
scalability and generality, we adopt meshes as our basic object representation. Simulation of
complex scenes brings up the challenge of collision detection and response. We describe an
ef cient collision handling scheme in Section 2.5. Observing that collisions are often sparse, we
utilize the impact zone method and handle collisions and contact forces locally in independent
collision areas. This collision handling scheme has linear computational complexity with respect
to the number of constraints rather than the total number of nodes. Our uni ed collision handling
formulation also enables differentiable two-way coupling of rigid bodies and cloth. In Section 2.6,
we describe the challenges involved in differentiation and introduce an acceleration scheme for

implicit differentiation with nonlinear constraints.

2.4 Preliminaries

After construction of the system, the dynamics can be written as
O 1 0 1 o0 1
dB 9 g g
dt = = ; (2.4.0.1)
s q M (a; 9
whereM is the mass matrix anfl is the generalized force vector. We incorporate contact
forces [115], internal forces including bending and stretching [119], and external forces including

gravity and control input. For numerical simulation, the dynamical system can be discretized with
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time steph. At time to, with gy = q(to) and @, = (to), we can compute the increment of the
coordinates g = q(to + h) g(tp) and velocities gq= (to+ h) (to) using the implicit

Euler method [120]:

0 1 0 1
q S+ 4
% § = h% § : (2.4.0.2)
[¢ M @+ ag+ 9
With a linear approximation, we can solve foq,
@ @ @
h'™M — h— =fo+h—q; 2.4.0.3
@ @ g=To @ S ( )

which can then be used to computi, + h) and (to + h) for the next time step.

2.5 Scalable Collision Handling

One of the most time-consuming and complex parts of physics simulation is collision
handling. The dif culty, especially for differentiable physics, lies in how to compute the correct
derivatives ef ciently even in a large scene with many interacting objects. As observed by Hu
et al. [19], naive discrete-time impulse-based collision response can lead to completely incorrect
gradients. We apply continuous collision detection to circumvent this problem. We also employ
a bounding volume hierarchy to localize and accelerate dynamic collision detection.

Traditional collision response algorithms for rigid bodies commonly employ global LCP-
based solvers to resolve collisions [2]. This works well for small-to-medium-size systems, but
does not scale well when the number of objects increases. The problem is exacerbated when the
derivatives of all DOFs in this large system need to be computed simultaneously, which is exactly
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what backpropagation does.

Our key observation is that collisions are sparse in the majority of simulation steps, which
means that the number of collisions is much smaller than the total DOF. As shown in Figure 2.2,
collisions are commonly localized around the scene. With this observation, we resolve collision
locally among the objects involved, rather than setting up a global optimization, updating coordinates,
and computing the gradients for all objects in the environment.

One way to represent local collisions is to
use impact zones [114, 115]. An impact is a pair
of primitives colliding with each other. It can be
an edge-edge (EE) or a vertex-face (VF) pair. For
these two cases, the non-penetration constraints can

be written as

0 Cee=n [( 3Xz+ 4Xq) ( X1+ 2X2)]

0 Cs=n [X4 ( 1X1+ oXo+ 3X3)]; (2501)

respectively, wherg; are the positions of the mesh verticeg,are the barycentric coordinates,
andn is the normal of the colliding plane.

Impacts may share vertices. All the impacts in one connected component are said to form
an impact zone. Each impact zone is a local area that can be treated independently. The red

areas in Figure 2.2 are impact zones. Collision resolution in one impact zone can be written as
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an optimization problem:

minimize }(x x)"M(x  x9
x0 2

subjectto Gx°+ h O: (2.5.0.2)

Herex is the concatenation of vertex positions in the impact zone before collision hanxfing;
are the resolved positions that satisfy constrailtsis the mass matrixG andh are a matrix
and a vector derived from the constraints in Equation 2.5.0.1.

The impact zone method is fail-safe [114] and is commonly used in cloth simulation, where
each vertex in the cloth is free and can be explicitly optimized when solving Equation 2.5.0.2.
However, we cannot directly use this formulation for rigid bodies, because all vertices in a rigid
body are tied and cannot be optimized separately. A possible treatment is to use additional
constraints on the relative positions of vertices to enforce rigidity. However, the number of
vertices in a rigid body is usually far larger than its DOF. We therefore take a different approach
that minimizes the number of optimization variables in the system. This is critical for scalable
backpropagation in such systems.

We make a distinction between contact vertigeend the objects' generalized coordinates
g. The actual optimization variables are replacedgbyFor a rigid bodyi with rotationr =
(;; ) and translation = (t4;t,;t;)”, the generalized coordinates are= [r”;t”]* 2 R®.

The block-diagonal mass matr® 2 R® © is accordingly changed into angular and linear
inertia. The constraints are rewritten using the new variables. A funttjgrmaps generalized
coordinateg to a contact poink, including both rotation and translation. Detailed formulations

of M andf () are given in Appendices A and A. The optimization problem for collision resolution
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Figure 2.2: Collision visualization. Regions in collision are shown in red. In most cases, the
number of collisions is sparse compared to the number of degrees of freedom in the scene.

becomes

mingronize %(q ad M@ g9

subjectto Gf (q9+ h O: (2.5.0.3)

2.6 Fast Differentiation

Gradients for the sparse linear system in Equation 2.4.0.3 can be computed via implicit
differentiation [3, 116]. Other basic operations can be handled by automatic differentiation [121].
However, the heaviest computation is induced by collision handling, which can take9@gdo
of the runtime for a single simulation step. Collision resolution can involve multiple iterations

of the optimization speci ed in Equation 2.5.0.3 for each impact zone. Liang et al. [3] proposed
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a method that reduces computation, but it only deals with linear constraints and does not apply
in our case due to the the nonlinearity introducedflfy). We now develop an appropriate
acceleration scheme that works in our setting.

Consider the differentiation in our case. At a local minimanwith Lagrange multiplier

, the following KKT conditions hold:

Mz Mg+rf>G> =0

D( )Gf(z)+ h)=0; (2.6.0.1)

whereD () packages a vector into a diagonal matrix. The key idea here is to linégrijzaround
a small neighborhood @ . The implicit differentiation is formulated as

2 32 3

p 4 e ey

D( )Grf D(Gf(z)+h) @
3

M@ r f>@s> |
g D( )@5 f(Z)+@1)Z.

(2.6.0.2)

As derived by Amos and Kolter [116], by solving fdg;d in the following equation
32 3 3

2
g " e geng gh (2.6.0.3)
Grf D(Gf(z)+ h) d 0
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we can get the backward gradients:

Q

- = d>m .0.0.
o= o (2.6.0.4)
% = D( ) fz)y drf (2.6.0.5)
%: &>D( ) (2.6.0.6)

Assume that in one impact zone, there mf@OFs andn constraints. In Equation 2.6.0.3,
the size of the system is+ m. The solution of this system would typically taki(n + m)3):
prohibitively expensive in large scenes. We therefore need to accelerate the computation of
d, andd . Liang et al. [3] proposed to use a QR decomposition. However, it only copes
with quadratic programming with linear constraints. We can extend this method to nonlinear
constraints by incorporating the Jacobrah.

Recall that a rigid body has coordinatgs= [r;t] 2 R®. The rotation is represented by

Eulerangles = ( ; ; ). The Jacobian at vertex= (X;y;z)” of the rigid body is

x
x

o oo of
o oo °op
o (ol
= o
o o

<

(2.6.0.7)

,
—
x~
1
Ete)0)0)0) o) )N \V}

o e ©p

N
N

N
o
o
=

The exact formulation of f can be found in Appendix A.

P— 1
After computingr f , we apply a QR decompositionM r f >G> = QR and derive

24



(a) Benchmark scenes (b) Running time (c) Memory consumption

Figure 2.3: Scalability. (a) Benchmark scenes. Few differentiable simulation frameworks
are capable of modeling these scenes. We compare to the expressive MPM-based framework
ChainQueen [6], implemented in the high-performance DiffTaichi library [19]. (b,c) Runtime
and memory consumption as the scenes are varied in controlled fashion. Memory consumption
is peak memory usage. Time is the running time for simulating 2 seconds of dynamics. Top:
the number of objects in the scene increases from 20 to 1000. Bottom: the relative scale of the
cloth and the bunny increases from 1:1 to 10:1. The MPM-based framework consumes up to two
orders of magnitude more memory and computation before it runs out of memory.

d,;d from Equation 2.6.0.3 as

P P >

d,= M 1(| QQ>) M 1% (2.6.0.8)
p_ >

d =D( )R Q> M l% : (2.6.0.9)

The cost of the QR decomposition®nm?), reducing the computation fro@((n+ m)3).

2.7 Experiments

We conduct a variety of experiments to evaluate the presented approach. We begin by

comparing to other differentiable physics frameworks, with particular attention to scalability and
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generality. We then conduct ablation studies to evaluate the impact of the techniques presented
in Sections 2.5 and 2.6. Lastly, we provide case studies that illustrate the application of the
presented approach to inverse problems and learning control.

The automatic differentiation is implemented in PyTorch 1.3 [121]. All experiments are

run on an Intel(R) Xeon(R) W-2123 CPU @ 3.60GHz.

2.7.1 Scalability

We construct two benchmark scenes and vary them in controlled fashion to evaluate scalability.
The scenes are illustrated in Figure 2.3.

In the rst, objects fall from the air, hit the ground, and nally settle. To test scalability, we
increase the number of objects while maintaining the stride between objects. As the number of
objects increases, the spatial extent of the scene expands accordingly.

In the second scene, a rigid bunny strikes a deformable cloth. We vary the relative scale
of the bunny and the cloth to test the ability of simulation frameworks to handle objects with
geometric features at different resolutions.

Few differentiable simulation frameworks are capable of modeling these scenes. de Avila Belbute-
Peres et al. [2] only simulate 2D scenes with a restricted repertoire of primitives. Liang et al.

[3] simulate cloth but cannot handle rigid-body dynamics. We therefore choose the simulation

framework of Hu et al. [6] as our main baseline. This framework uses the the material point

method (MPM), which leverages particles and grids to model solids. We use the state-of-the-art
implementation from the high-performance DiffTaichi library [19].

The results are shown in Figure 2.3. The rstrow reports the runtime and memory consumption
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of the two frameworks as the number of objects in the scene increases from 20 to 1000. Memory
consumption is peak memory usage. Time is the running time for simulating 2 seconds of
dynamics. Our runtime and memory consumption increase linearly in the complexity of the
scene, while the MPM-based method scales cubically until it runs out of memory at 200 objects
and a64C@ grid.

The second row reports runtime and memory consumption as the relative sizes of the cloth
and the bunny are varied from 1:1 to 10:1. The runtime and memory consumption of our method
stay constant. In contrast, as the size of the cloth grows, the MPM-based framework is forced to
allocate more and more memory and expend greater and greater computation.

These experiments indicate that scalability is a signi cant advantage of our method. Since
we do not need to quantize space, the extent of the scene or the relative sizes of objects do not
dominate our runtime and memory consumption. Since our method dynamically detects and
handles collisions locally, as needed, rather than setting up a global optimization problem, the

runtime scales linearly (rather than quadratically) with scene complexity.

2.7.2 Ablation Studies

We proposed localized collision handling in Section 2.5 and fast differentiation in Section 2.6
to make our method scalable to large scenes with many degrees of freedom. We conduct dedicated

ablation studies to assess the contribution of these techniques.

Localized collision handling. We compare with LCP-based rigid-body differentiable simulation
developed by de Avila Belbute-Peres et al. [2]. This baseline also uses implicit differentiation to

compute derivatives of optimization solvers [116]. The environment is shown in Figure 2.4(a).
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(a) Localized collisions (b) Correlated collisions

Figure 2.4: Ablation studies. (a) Comparing global and local collision handling. Cubes
are released from the air and fall to the ground. (b) Evaluating the contribution of the fast
differentiation scheme. Cubes are densely stacked, forming a big connected component. All
collisions need to be solved simultaneously because motion of one cube can affect all others.
N (= 100, 200, 300) cubes are released above the ground plane. They fall down and hit the
ground. We use the same environment for both methods, although the LCP-based framework only
simulates in 2D, thus having only half the degrees of freedom compared to our 3D simulation (3
versus 6 per object, accounting for translation and rotation). We disabled our fast differentiation
method in this experiment in order to neutralize its effect and conduct a controlled comparison
between global and local collision handling.

The implementation of de Avila Belbute-Peres et al. [2] uses four threads while our method
only uses one. Results are reported in Table 2.1. Our sparse collision handling method runs up to

5 times faster than the LCP-based approach, and the performance gap widens as the complexity

of the scene increases.

Fast differentiation. We now evaluate the contribution of the acceleration scheme described
in Section 2.6. The environment is shown in Figure 2.4(b). N (= 100, 200, 300) cubes are

stacked in two layers. During collision handling, all contacts between cubes form one connected
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# of cubes 100 200 300

LCP 0.73s 0.017s 2.87s 0.103s 8.42s 0.190s
Ours 0.56s 0.009s 1.11s 0.012s 1.65s 0.025s

Table 2.1: Runtime of backpropagation (in seconds per simulation step) with LCP-based collision

handling [2] and our approach. Simulation of the scene shown in Figure 2.4(a). The LCP-based
framework simulates in 2D and uses 4 threads, while our implementation simulates in 3D and

uses 1 thread. Our approach is faster, and the performance gap widens with the complexity of the
scene.

component. All constraints need to be solved in one big optimization problem. Thus the linear

system in Equation 2.6.0.3 is large.

# of cubes 100 200 300
W/o FD 1.43s 0.015s 7.76s 0.302s 21.88s 0.125s
Ours 0.41s 0.004s 0.86s 0.008s 1.30s 0.008s
Speedup 3.49x 9.02x 16.83x

Table 2.2: Runtime of backpropagation (in seconds per simulation step) with and without our
fast differentiation scheme. Simulation of the scene shown in Figure 2.4(b). N ( = 100, 200,
300) cubes are stacked in two layers. The impact of the acceleration scheme increases with the
complexity of the scene.

We evaluate the runtime of backpropagation in this scene with and without the presented
acceleration scheme. The ablation condition is referred to as "W/o FD', where FD refers to
fast differentiation. In this condition, the derivative of Equation 2.5.0.3 is calculated by solving
Equation 2.6.0.3 directly. The results are reported in Table 2.2. The fast differentiation accelerates

backpropagation by up to 16x in this scene, and the impact of the technique increases with the

complexity of the scene.
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2.7.3 Two-way coupling

One of the advantages of this presented framework is that it can handle both rigid bodies
and deformable objects such as cloth. This is illustrated in the two scenes shown in Figure 2.5.
In Figure 2.5(a), a Stanford bunny and an armadillo stand on a piece of cloth. The cloth is lifted
by its corners, envelopes the gurines, and lifts them up. In Figure 2.5(b), a piece of cloth strikes
a domino, which begins a chain reaction that propagates until the last domino strikes the cloth
from behind. The scenes are also shown in the supplementary video.

No prior differentiable simulation framework is capable of modeling these scenes properly.
Liang et al. [3] can simulate the cloth, but its motion does not affect the gurines. The framework
of Hu et al. [6, 19] does not enforce rigidity and suffers from interpenetration. In contrast, our
approach simulates the correct dynamics and the two-way coupling between them.

We further compare with MuJoCo, a popular physics engine [122]. MuJoCo models cloth
as a 2D grid of capsule and ellipsoid geoms in addition to spheres. This representation fails
to correctly handle collisions near the holes in a grid. In Figure 2.6, we simulate a rigid body
falling onto a trampoline and bouncing back. When simulated in MuJoCo, the ball penetrates the

trampoline. Our method simulates the interaction correctly.

2.7.4 Applications

Inverse problem. Differentiable simulation naturally lends itself to gradient-based optimization
for inverse problems. A case study is shown in Figure 2.7, in which a marble is supported
by a soft sheet. The sheet is xed at the four corners. In each time step, an external force

is applied to the marble. The goal is to nd a sequence of forces that drives the marble to a
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(a) Bunny and armadillo (b) Dominoes

Figure 2.5: Two-way coupling of rigid bodies and cloth. Top: initial state. Bottom: towards the
end of the simulation. (a) Two gurines are lifted by a piece of cloth. (b) Cloth strikes domino
and is later struck back. No prior differentiable simulation framework is capable of modeling

these scenes properly.
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