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Quantum computing promises to revolutionize solutions to valuable computational prob-

lems like factorization and quantum system simulation. Harnessing the power of quantum com-

puters in real life cannot happen without a supportive software stack. This thesis studies the

fundamental problems appearing in the software for quantum computing to shed light on shaping

software that controls quantum computing devices in the near term and long future.

First, we consider the software for Hamiltonian-oriented quantum computing (HOQC). We

discuss our new software framework, SimuQ, for programming quantum Hamiltonian simula-

tion on analog quantum simulators (AQS). To characterize the capability of AQSs, we introduce

new abstractions named abstract analog instruction sets (AAIS), which enable us to design sev-

eral domain-specific languages and a novel compiler. SimuQ reduces knowledge barriers for

the study of HOQC because front-end users can easily program Hamiltonian systems and simu-

late their dynamics on AQSs. We then demonstrate how SimuQ inspires new algorithm design



and hardware improvements, and extend our view to the full-stack software support of quantum

applications via HOQC.

Second, we study the software for circuit-oriented quantum computing (COQC). Many

prototypes of quantum programming languages have been proposed in recent years based on

quantum circuits, while how to debug programs written in these languages remains a critical

challenge. Formal methods, a mature area in programming language research, provide a new

perspective in guaranteeing the correctness of quantum programs, and we adapt several formal

verification techniques to accommodate the nature of quantum programs. In compilers for quan-

tum while programs, rewrite rules need to preserve the semantics of the programs. We connect

non-idempotent Kleene algebra with quantum program semantics and propose an equivalence-

proving system with algebraic expression derivation. Besides, deductive program verification

can also be leveraged on quantum programs to ensure the semantics correctness. To this end, we

formally certify an end-to-end implementation of Shor’s algorithm, justifying the feasibility of

deductive verification for quantum programs.
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Chapter 1: Background

1.1 Brief history of quantum computing

The concept of quantum computing was born out of the difficulty in simulating quantum

systems on classical computers. As large-scale electronic computers have become crucial since

the last century, the study of large physical systems has depended significantly on classical com-

puters. However, a significant challenge is encountered in the realm of quantum physics: quan-

tum systems necessitate an exponential number of classical bits for state representation, making

simulation even more complex. Richard Feynman, in a seminal lecture [1], suggested the emula-

tion of a quantum system through another precisely-controlled quantum system—quantum com-

puters—which inherently bypass the curse of dimensionality. This concept evolved into quantum

Hamiltonian simulation, which is a fundamental component of Hamiltonian-oriented quantum

computing.

Theoretical computer scientists and mathematicians later started studying the computa-

tional power of quantum computers. They introduced new concepts such as quantum bits (qubits),

quantum gates, and quantum circuits to mimic the computation units of classical computers. A

quantum bit (qubit) comes from selected two-level systems in quantum systems, such as atoms or

ions, and it is possible to simulate any n-level quantum system efficiently using O(log n) qubits.

Quantum states are represented by finite-dimensional complex vectors, and quantum processes
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unfold in discrete time through quantum circuits composed of numerous quantum gates. When a

quantum gate acts on qubits, it alters the quantum state. This abstraction of quantum gates hides

the natural continuous-time evolution of quantum states but reveals the initial and final states,

aiding theorists in the development of quantum algorithms.

In the early 1990s, several quantum algorithms were introduced using these abstractions

and showing demonstrated quantum advantage, such as the Deutsch-Jozsa algorithm. This led

to the so-called circuit-oriented quantum computing (COQC) paradigm. The most famous one

among these, Shor’s algorithm, was proposed in 1997 [2], offering a polynomial-time algorithm

to the large integer factorization problem for the first time with the aid of quantum computers.

This discovery significantly increased the potential impact of quantum computers, particularly

since Shor’s algorithm could attack RSA encryption, posing a threat to contemporary crypto-

graphic systems. Concurrently, Grover’s algorithm was introduced for searching unstructured

databases, showcasing another instance of quantum speedup. Together, Shor’s and Grover’s al-

gorithms lay the cornerstones for the development of subsequent quantum algorithms.

Algorithm development for quantum computers has advanced rapidly over recent decades,

yet the practical realization of these algorithms by modern hardware remains a distant prospect.

Various quantum computer architectures have been proposed, utilizing precisely engineered phys-

ical devices such as superconducting chips, Rydberg atom arrays, and trapped ion arrays. These

systems aim to achieve universal quantum computing through the construction of high-fidelity

quantum gates. However, for the time being and the foreseeable future, they function primar-

ily as analog quantum simulators, without the capability to execute thousands of quantum gates.

This limitation stems from the substantial overheads associated with algorithm and gate imple-

mentation through circuit abstractions in COQC. The general belief is that it may take another 20
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years to witness a fault-tolerant quantum computer being used in practical applications through

COQC. In the interim, the potential of quantum computers is likely to be exploited via HOQC.

1.2 Quantum software stacks

Quantum computing applications are largely dependent on the software that manipulates

computations on the hardware. However, the attention on quantum software research has not

kept pace with the focus on hardware and theoretical developments. Since 2000, there have been

emerging prototypes of quantum programming languages and compilers, primarily developed

through COQC using circuit abstraction.

A stack of quantum software through circuit abstraction consists of multiple layers of soft-

ware abstractions lying between applications and hardware. From top to down, several major

components include:

• software interface for inputting application problems;

• high-level programs for quantum operations (e.g., data structures and algorithms);

• circuit-level programs describing the gate sequences in quantum circuits;

• hardware-level control software describing the pulses.

Then a compilation scheme transforms programs among the layers sequentially, including signif-

icant components like:

• implementation of quantum algorithms for specific applications in high-level languages;

• circuit generation from high-level programs;
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• circuit optimization to reduce the size;

• device-specific quantum gate implementations using pulses;

On the other side, software tools for HOQC are lacking. The research on the theory of

Hamiltonian-based quantum algorithms is relatively rare, leading to lower attention in the soft-

ware development of HOQC. However, HOQC avoids many overheads compared to COQC,

which is crucial for near-term quantum applications. We will discuss more details in Chapter 3.

During the programming of the components in the scheme, a critical challenge appears:

how to debug quantum programs? Human errors are inevitable in the construction of the soft-

ware toolchain, and to have useful results for applications, we need a bug-free software suite.

Conventional debugging techniques like assertions and testing fall short because of the different

nature of quantum mechanics. Alternatively, a family of mature techniques from programming

language research comes to the save of ensuring the correctness of the programs. Formal verifica-

tion, where people design formal techniques to verify the correctness of programs, can be adapted

to quantum programs. The research of formal verification for quantum programs has drawn more

and more attention in recent years, because of its unique advantages in the new scenario.
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Chapter 2: Dissertation Overview

We study the software tools for both HOQC and COQC in this dissertation. For HOQC,

we focus on building the foundational software tools in Part II to serve as a platform for HOQC

studies. For COQC, we study formal methods in Part III to ensure the correctness of quantum

programs.

Framework for programming Hamiltonian simulation

Currently, there is little study in the literature on programming languages for HOQC. Since

Hamiltonian-based quantum algorithms aim for practical cases, they need empirical studies to

understand performances. However, manual mapping of designed Hamiltonian to analog quan-

tum simulators’ Hamiltonian is tedious and error-prone (for human programmers). A software

stack is necessary to support programmers in programming Hamiltonian simulation.

In Chapter 4, we propose SimuQ, a framework for programming and deploying Hamil-

tonian simulation. With SimuQ, front-end users can easily program many-body Hamiltonian

systems with a domain-specific language, Hamiltonian Modeling Language, and compile the

program into executable pulses using the SimuQ compiler. Currently, SimuQ supports multiple

platforms of backends, including neutral atom arrays, trapped ion arrays, and superconducting

circuits. This is achieved by a novel abstraction of analog quantum simulators, namely abstract
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analog instruction sets (AAIS), which capture the programmability of these devices. Then we

may use instruction schedules to describe the Hamiltonian evolution of devices. Hardware devel-

opers can design AAISs for their own devices and program them with another domain-specific

language, AAIS Specification Language.

Based on the new abstraction, we can build a compiler to automatically generate the sched-

ules according to the front-end user’s Hamiltonian and the device instruction set. We decompose

the compilation procedure to multiple compiler passes to reduce the problem into several natural

steps, with several intermediate representations. The most significant step in the compiler is to

synthesize the target Hamiltonian with descriptions of the abstract analog instruction sets. We

model this problem as a mixed integer equation system and leverage a least-square-based solver

to obtain solutions.

SimuQ provides a testbed for full-stack quantum technology evaluation. From applications

to hardware, we evaluate quantum algorithms, compilation techniques, and hardware techniques

with SimuQ to understand how significant the new idea in the stack is.

Differentiable analog quantum computing

With the new abstraction of instruction schedules which we study in SimuQ, new algorith-

mic ideas emerge in HOQC. Inspired by SimuQ, we study a new Hamiltonian-based algorithm

in Chapter 5 to evaluate the gradient for parameterized Hamiltonian systems.

A parameterized Hamiltonian system is controlled by a vector of variables v and measured

by an arbitrary observable M . Our algorithm can estimate ∂⟨ψ(T )|M |ψ(T )⟩
∂v

with a hybrid digital-

analog quantum algorithm, where |ψ(T )⟩ is a quantum state obtained by evolving from an initial
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state |ψ0⟩ obeying the Schrödinger’s equation with the parameterized Hamiltonian. By applying

a classical optimizer to update v, we may optimize the pulse control of quantum systems.

The parameterized Hamiltonian evolution can model many quantum applications. For ex-

ample, quantum control asks for a series of pulses that can prepare a state or realize a quan-

tum gate on a quantum device. These tasks can be formulated as an optimization of form

⟨ψ(T )|M |ψ(T )⟩, and be tackled by gradient descent algorithms. Similarly, quantum optimiza-

tion algorithms like variational ground state estimation and quantum approximate optimization

algorithms can also be adapted to our setting with our algorithm.

Deductive verification of Shor’s algorithm

A significant technique in formal methods to ensure program correctness is deductive pro-

gram verification. It is a technique based on the Curry-Howard isomorphism, where the corre-

spondence between logic and type systems makes mechanical proof checking possible with a

type checker. Many proof assistants allow programmers to specify mathematical theorems and

prove them mechanically. Deductive program verification then adapts this idea to mechanically

certify the correctness of programs. Programmers are required to write the target program (or

their equivalences) in the proof assistant, together with the specification of the program seman-

tics and a mechanical proof. Then the proof assistant certifies that the semantics of the program

satisfy the desired behavior, concluding the correctness of the program.

This technique is adapted for quantum circuit generating programs [3, 4], where formal

definitions of complex matrices, quantum circuits, and their denotational semantics (the unitary

matrices) are formulated in proof assistants like Coq and Isabella. Many quantum algorithms
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like the Deutsch-Jozsa algorithm [3] and Grover’s algorithm [4] are implemented in these proof

assistants and formally certified. Besides, related quantum software like circuit optimizer with

many easy-to-reason rules is also implemented and verified.

It is natural to whether deductive verification can handle most scenarios in quantum soft-

ware. This question motivates us to look into the most sophisticated quantum algorithm, Shor’s

algorithm for factorizing big integers. This is a hybrid quantum-classical algorithm whose cor-

rectness heavily depends on theorems from number theory. Previous attempts [5] at verifying

its correctness focus on the quantum subroutine. We construct an end-to-end implementation of

Shor’s algorithm and formally certify that the failure probability of our programs is less than a

constant with polynomial resources, with details presented in Chapter 7.

Our implementation contains an in-place modular multiplication circuit generator, which is

viewed as an oracle in Shor’s algorithm. Its implementation typically requires a translation from

classical reversible circuits to quantum circuits. To ease the challenges in the implementation

and reasoning, we propose a reversible circuit intermediate representation for classical reversible

circuit construction. Meanwhile, we prove a theorem transferring the correctness of a classical

reversible circuit into the correctness of its corresponding quantum oracle.

The classical parts of Shor’s algorithm also rely on many number theory results. The post-

processing makes use of the continued fraction expansion algorithm, whose correctness depends

on Legendre’s theorems. Shor also reduces the factorization problem into order finding problem,

whose proof relies on the 2-adic number properties. We formally prove these theorems in Coq

and establish the bounds for the failure probability of Shor’s algorithm. Besides, we also analyze

and prove bounds on the resource consumption of Shor’s algorithm including the number of

qubits and number of gates.
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To validate the correctness of the specification of our implementation, we extract the pro-

grams into OCaml which can generate quantum circuits in OpenQASM format. By employing

DDSIM, a classical simulator of quantum circuits, we empirically show that the success proba-

bility in small-scale cases matches the theoretical bounds we proved in Coq.

Equivalence theory for quantum while programs

Another essential component in the software stack for COQC is the compiler that integrates

optimization techniques, where many rewrite rules are realized to reduce the resource consump-

tion of quantum programs. Bugs in the optimizer may be triggered only in rare cases, leading to

incorrect rewrite rules hard to detect. We study formal methods for ensuring the correctness of

quantum while program’s rewrite rules, effectively establishing an equivalence theory of quantum

while programs.

Kleene algebra models the equivalence relations of regular languages. Since the control

flow of classical deterministic programs shares similar structures of regular expressions, Kleene

algebra is employed to algebraically derive equivalences of classical programs [6]. [7, 8, 9] adds

tests to Kleene algebra, enabling the analysis of assertions and logic in programs.

In light of the widespread applications of Kleene algebra (with tests) in program analysis,

we connect a variant of Kleene algebra, the non-idempotent Kleene algebra (NKA), to quantum

programs, illustrated in Chapter 8. We build an isomorphism between NKA and a generalized

version of quantum channels and establish a theorem enabling proving quantum program equiv-

alence by algebraic expression derivation. With the theoretical tool, we employ NKA to reason

about several compiler rules for quantum while programs and establish the first algebraic proof

10



of a normalization theorem for quantum while programs.

To further subsume quantum Hoare logic, we embed an effect algebra into NKA to create

the non-idempotent Kleene algebra with tests. It enables mechanical derivation of quantum Hoare

triples with succinct expressions.
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Part II

Build HOQC Software Stacks
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Chapter 3: Part II Preface

Hamiltonian-oriented quantum computing is a paradigm of quantum computing where

Hamiltonian is employed as the first-principle abstraction of quantum computing. A stack con-

necting applications to quantum hardware with HOQC needs a refurbishment of intermediate

abstraction layers in the current stack of COQC using Hamiltonian as the abstraction:

• HOQC algorithm design. For applications, theorists design quantum algorithms with

a description in the form of continuous-time Hamiltonian evolution. The major difference

between Hamiltonian-based algorithms and circuit-based algorithms is that the components

in the HOQC algorithms are compositions of Hamiltonians. Although in principle these

algorithms can be implemented with a digital quantum computer, the overheads are still

unaffordable for modern architectures. For example, the implementation of the product

formula method for simulating a 100-site Heisenberg model needs more than 109 quantum

gates. There are several existing HOQC algorithms like quantum annealing, conventionally

under the category of analog or analog-digital hybrid algorithms.

• Hamiltonian compilation. The Hamiltonian designed in HOQC algorithms needs to be

mapped to quantum hardware’s Hamiltonian to be executed. On a quantum platform, only

a few types of Hamiltonian can be natively simulated, hence compilation techniques are

required to embed a target Hamiltonian into the device Hamiltonian. The theory of univer-
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sal Hamiltonian simulation states that arbitrary k-local Hamiltonian can be embedded into

the low-energy subspace of certain fixed types of Hamiltonian with Hamiltonian gadgets.

However, since the theory focuses on general cases, the gadget design is still expensive,

and universal Hamiltonian is also rarely native to devices. Embedding schemes of specific

applications with low overheads for specific devices need fine-grained design and opti-

mization, which should be integrated into the compilation process.

• Hardware programming. The eventual device Hamiltonian is implemented through phys-

ical pulses as mediums, such as microwaves and lasers interacting with the hardware. A

control software generates the pulses, modulates them with physical pulse generators, and

sends the pulses to the devices.

The benefit of HOQC compared to COQC is the low overhead in each layer. In COQC, the

resource consumption of many algorithms in practical cases requires thousands of logical qubits

and millions of logical quantum gates. For example, using Shor’s algorithm to factorize 2048-bit

RSA integers demands more than 104 qubits and 107 gates. However, extant quantum computers

can implement at most 1000 qubits and several hundreds of quantum gates before the fidelity

of the state fidelity deteriorates to unacceptable levels. However, in HOQC, the overheads are

considerably lower, because Hamiltonian is the native description for many application problems

(like simulation of quantum systems) and also the hardware. By avoiding the detour to quantum

circuits and directly mapping target Hamiltonian realizing algorithms to device Hamiltonian,

several orders of magnitudes of overheads can be saved.

Because of the low overhead of HOQC, it is more likely to realize practical applications

of quantum computing via HOQC. This future was once a reality for classical computing. In
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the early history of classical computing, analog computers made use of mechanical or electronic

components to build systems with native continuous variables and continuous time evolution,

targeting problems in nature like missile trajectory calculation or network analysis. Later, after

the blooming development of electronic components, integrated circuits leveraged their great

scalability to realize large-scale general-purpose digital computation, which was efficient enough

to overcome the overheads. We believe that in the near future, HOQC will be more valuable in

applications, while in the far future, COQC will benefit from error correction and easy design

automation to surpass HOQC in many applications.

However, the research efforts in building a stack for HOQC are limited in the literature.

In this chapter, we study several software tools that help with the programming and control of

quantum devices via HOQC. The overarching goal is to build an end-to-end software stack that

utilizes Hamiltonian-oriented programming designs to reduce overheads in the stack.

In Chapter 4, We first study a foundational framework for Hamiltonian-oriented program-

ming, named SimuQ. It provides a platform for further empirical exploration of HOQC. This

chapter is based on [10]: Peng, Y., Young, J., Liu, P., & Wu, X. (2024). SimuQ: A Framework

for Programming Quantum Hamiltonian Simulation with Analog Compilation. Proceedings of

the ACM on Programming Languages, 8(POPL), 2425-2455.

Follow-up studies are based on SimuQ to investigate technology in multiple layers of the

software stack for HOQC. In Chapter 5, Specifically, we study an algorithm for automatic differ-

entiation of parameterized Hamiltonian systems, inspired by SimuQ and designed for the stack

of HOQC. This chapter is based on [11]: Leng, J., Peng, Y., Qiao, Y. L., Lin, M., & Wu, X.

(2022). Differentiable analog quantum computing for optimization and control. Advances in

Neural Information Processing Systems, 35, 4707-4721.
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Chapter 4: SimuQ: A Framework for Hamiltonian-Oriented Programming

Chapter summary

Quantum Hamiltonian simulation, which simulates the evolution of quantum systems and

probes quantum phenomena, is one of the most promising applications of quantum computing.

Recent experimental results suggest that Hamiltonian-oriented analog quantum simulation would

be advantageous over circuit-oriented digital quantum simulation in the Noisy Intermediate-Scale

Quantum (NISQ) machine era. However, programming analog quantum simulators is much more

challenging due to the lack of a unified interface between hardware and software.

In this chapter, we design and implement SimuQ, the first framework for quantum Hamilto-

nian simulation that supports Hamiltonian programming and pulse-level compilation to heteroge-

neous analog quantum simulators. Specifically, in SimuQ, front-end users specify the target quan-

tum system with Hamiltonian Modeling Language, and the Hamiltonian-level programmability

of analog quantum simulators is specified through a new abstraction called the abstract analog

instruction set (AAIS) and programmed in AAIS Specification Language by hardware providers.

Through a solver-based compilation, SimuQ generates executable pulse schedules for real devices

to simulate the evolution of desired quantum systems, which is demonstrated on superconducting

(IBM), neutral-atom (QuEra), and trapped-ion (IonQ) quantum devices. Moreover, we demon-

strate the advantages of exposing the Hamiltonian-level programmability of devices with native
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operations or interaction-based gates and establish a small benchmark of quantum simulation to

evaluate SimuQ’s compiler with the above analog quantum simulators.

4.1 Introduction

Developing appropriate abstraction is a critical step in designing programming languages

that help bridge the domain users and the potentially complicated computing devices. Abstraction

is a fundamental factor in the productivity of the underlying programming language. Prominent

early examples of such include, e.g., FORTRAN [12] and SIMULA [13], both of which provide

high-level abstractions for modeling desirable operations for domain applications and have been

proven enormous successes in history.

Conventionally, abstractions for quantum computing adopt (qubit-level) quantum circuits

to describe procedures, a mathematically simple approach that works well as a mental tool for

the theoretical study of quantum information and algorithms [14, 15]. As a result, many quantum

programming languages [3, 16, 17, 18] have adopted quantum circuits as the only abstraction.

Many quantum applications are implemented using these programming languages to generate

quantum circuits, although only a few can be demonstrated on existing quantum devices.

Quantum Hamiltonian simulation (also called quantum simulation1) is arguably one of

the most promising quantum applications. The evolution of a quantum system, starting from a

quantum state represented by a high-dimensional complex vector |ψ(0)⟩, obeys the Schrödinger

1In certain contexts, quantum simulation and quantum simulators refer to the classical simulation of quantum
circuits and the corresponding classical software tools, respectively. Yet throughout this chapter, quantum simulation
represents the task of simulating a quantum Hamiltonian system, and quantum simulators represent controllable
quantum devices that are capable of simulating other quantum systems.
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Figure 4.1: The circuit-oriented and Hamiltonian-oriented schemes for compiling quantum
Hamiltonian simulation on quantum devices. Here T exp(−i

∫
H(t)dt) is a solution to a

Schrödinger equation governed by H(t).

equation:

d

dt
|ψ(t)⟩ = −iH(t) |ψ(t)⟩ , (4.1.0.1)

where H(t) is generally a time-dependent Hermitian matrix, also known as the Hamiltonian

governing the system. Probing quantum phenomena from solutions of the Schrödinger equation

is a promising approach to tackle many open problems in various domains, including quantum

chemistry, high-energy physics, and condensed matter physics [19, 20, 21]. However, for an

n qubit system, the dimension of both H(t) and |ψ(t)⟩ could be 2n, which makes its classical

simulation exponentially difficult in general. Though mature software developments for classical

simulation of quantum systems using methods like quantum Monte Carlo [22] and density-matrix

renormalization groups [23, 24] succeed for restricted cases, many intermediate-size (∼100 sites)

quantum systems of significance are still out of reach for classical computers.

To address this issue, in his famous 1981 lecture, Feynman [1] suggested employing a

precisely controlled quantum system to simulate a target quantum system to avoid exponential

complexity. Modern quantum technologies foster a variety of platforms to advance the realiza-
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tion of Feynman’s proposal, for example, photonic systems [25], superconducting circuits [26],

semiconductor nanocrystals [27], neutral atom arrays [28], and trapped-ion arrays [29]. Most

of them are described by a Hamiltonian with continuous-time parameters characterizing the sig-

nals sent through controllable physics instruments like microwaves or magnetic fields. They are

called analog quantum simulators. Only a few devices support a specific set of system evolutions

with sophisticated pulse engineering, abstracted as a set of universal quantum gates [30], hence

called digital quantum computers. They include IBM’s superconducting devices [31] and IonQ’s

trapped-ion devices [32]. However, inherent noises on near-term digital quantum computers in-

duce detrimental errors causing short coherence time (i.e., quantum states do not deteriorate to

classical states within it) and preventing demonstrating large quantum applications with provable

speedup. The solution through fault-tolerant quantum computing [33] requires significantly lower

gate implementation errors and better device connectivity, impractical in the NISQ era [34].

Motivated by the experimental success of simulation by designing and building specific

precisely controlled quantum systems mimicking the Hamiltonian of target quantum systems

[35, 36, 37, 38], programming analog quantum simulators in a Hamiltonian-oriented scheme is

a promising approach to quantum applications before fault-tolerant digital quantum computers

are manufactured. Instead of programming quantum circuits implementing quantum simulation

algorithms, Hamiltonian-oriented schemes directly program Hamiltonians of analog quantum

simulators to synthesize an evolution equivalent to the desired quantum system evolution. Ana-

log quantum simulators have native support for generating Hamiltonians, resulting in a succinct

translation process to construct pulse schedules. Via Hamiltonian programming, complicated

interactions that demand sophisticated quantum algorithms and large quantum circuits to simu-
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Figure 4.2: The framework of SimuQ is presented. Here abstract analog instruction sets are de-
signed and programmed by hardware developers based on the capability of their analog quantum
simulators.

late can be natively constructed and simulated on analog quantum simulators. We compare both

schemes for quantum simulation in Figure 4.1 with further details.

By breaking the quantum circuit abstraction and exposing the Hamiltonian-level programma-

bility of modern quantum devices, resource-efficient protocols can deliver reliable solutions to

quantum applications [39] on NISQ devices, including various devices that do not support uni-

versal quantum gates, like QuEra’s neutral atom devices.

Although Hamiltonian-oriented approaches for quantum simulation are beneficial, there is

a lack of formal abstractions and supplementary software stacks. Prior works of analog quantum

simulation following Hamiltonian-oriented schemes [37, 38] manually construct device-specific

configurations, which are tedious, error-prone, and demanding for hardware knowledge, hence

not suitable for large-scale experiments.

We propose SimuQ with the first end-to-end automatic framework for quantum simulation

on general analog quantum simulators, illustrated in Figure 4.2. As a result, domain experts can

focus on describing the desired quantum simulation problems and leave their implementation

and deployment to the automation of SimuQ. Our framework lays the foundation for large-scale

applications of analog quantum simulators, paving the path for a wide range of novel and practical

solutions to domain problems via quantum Hamiltonian simulation for common users.
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Physics Signal carriers Pulse signals Signal effects Device evolution
Rydberg devices Laser emitters Time-dependent lasers H

(j)
laser Obeys HRydberg(t)

AAIS Signal lines Instructions Instruction Hamiltonians Total Hamiltonian

Table 4.1: Comparison among physics concepts, Rydberg devices instances, and AAIS abstrac-
tion designs.

Related Works. There are a few Hamiltonian-level programming interfaces for analog quantum

simulators, such as IBM Qiskit Pulse [40], QuEra Bloqade [41], and Pasqal Pulser [42] developed

by hardware service providers. These interfaces are designed to represent the specific underly-

ing quantum hardware rather than to provide a unified interface for all analog quantum simu-

lators like AAIS. Computational quantum physics packages like QuTiP [43] support modeling

and numerical calculation of quantum simulation without any compilation to quantum devices.

Software tools for quantum Hamiltonian simulation are discussed extensively for circuit mod-

els [44, 45, 46, 47, 48], while the expressiveness of the circuit abstraction limits their exploitation

of analog quantum simulators. SimuQ’s solver-based compilation is inspired by the seminal

work in classical analog compilation [49, 50]. However, the specific abstraction and compilation

technique therein is less relevant as the nature of analog quantum devices is very different from

classical ones.

4.2 Abstract Analog Instruction Set

An abstract analog instruction set (AAIS) conveys the functionality of an analog quan-

tum simulator in the form of instructions and system Hamiltonians, including necessary device

information for synthesizing target quantum systems.

We present the AAIS design and their physics correspondences in Table 4.1. An analog

instruction η of an AAIS contains configurable parameters v⃗ and generates an instruction Hamil-
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tonian Hη(v⃗) on the device when executed. These parameters are local variables of η, modeling

the device parameters that can change over time. The instruction Hamiltonian Hη(v⃗) takes the

following form where uP (v⃗) is a real function depending on the local variables v⃗:

Hη(v⃗) =
∑

P
uP (v⃗) · P. (4.2.0.1)

Additionally, a system Hamiltonian Hsys(v⃗glob) with a similar form of (4.2.0.1) applies

an always-on effect on the device. A vector v⃗glob of time-independent configurable parameters,

called global variables, belongs to it. These global variables are configured before executing any

instructions and stay unchanged during the execution.

4.3 Domain-specific languages

SimuQ is the first framework to tackle quantum simulation with Hamiltonian-level compi-

lation to analog quantum simulators. It includes a collection of novel abstractions and domain-

specific languages (DSL). We propose two DSLs in SimuQ: Hamiltonian Modeling Language

(HML) for front-end users to depict their target quantum systems and AAIS Specification Lan-

guage (AAIS-SL) to specify analog abstract instruction sets (AAISs) of analog quantum simula-

tors.

4.3.1 Hamiltonian Modeling Language

HML is a DSL designed to describe the physical structure of many-body quantum sys-

tems that introduces many abstractions, including quantum sites and site-based representations

of Hamiltonians. We implement this language in Python, with its abstract syntax and denotational
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A ∈ Site, r ∈ R, τ ∈ R+

R ∈ Operator ::= I | X | Y | Z
S ∈ Scalar ::= S1 + S2 | S1 · S2 | S1 − S2 | S1/S2

| exp(S) | cos(S) | sin(S) | r
M ∈ Hermitian ::= M1 +M2 |M1 ·M2 | S ·M | A.R
E ∈ Evolution ::= nil | (M, τ);E

(a) Abstract syntax of HML.

hA.R = RA

hS·M = eval(S) · hM ,
hM1+M2 = hM1 + hM2 ,

hM1·M2 = hM1 · hM2 ,

JnilK = I,

J(M, τ);EK = JEK · e−iτhM .

(b) Semantics of HML.

Figure 4.3: Syntax and denotational semantics of HML. Here Site contains system sites. hM
translates to the Hermitian matrix described by M . RA is a Hermitian matrix where operator R
applies to site A and I applies to other sites. Function eval evaluates scalar expression S to a real
number.

semantics formally defined in Figure 4.3.

Abstract Syntax of HML The first-class objects in HML are sites of quantum systems. A site

is an abstraction for any quantized 2-level physical entity, like atoms with two energy levels,

whose mathematical description is a qubit. In HML, site identifiers are collected in a set Site,

each representing a site of the system. Four operators, I,X, Y , and Z, are defined to represent

the Pauli operators, and they are site operators. We denote the X operator of qubit q as q.X and

other operators similarly.

A time-independent Hamiltonian is effectively a Hermitian matrix programmed by alge-

braic expressions. The basic elements are site operators A.R. Expressions for Hermitian are

constructed using site operators and scalar expressions, consisting of common matrix operations

and scalar operations. An evolution E in HML is a sequence of pairs (M, τ), representing a se-

quential evolution where each segment is governed by a time-independent Hamiltonian hM and

for time τ .
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Remark 4.3.1. Beyond sites representing qubits, sites representing fermionic and bosonic modes

can be defined together with their annihilation and creation operators. These are characterized

by different types of sites in our implementation. Each type of site contains specific site operators,

and the operator algebras are symbolically implemented. We omit formal discussions of them for

simplicity.

Remark 4.3.2. HML can generally deal with Hamiltonians with continuous-time coefficients

by introducing an additional identifier t in scalars. We choose sequences of time-independent

evolution for numerical convenience in the compilation stage and leave this possibility for the

future.

Semantics of HML The denotational semantics of a program E in HML is interpreted as a uni-

tary matrix by JEK in Figure 4.3b. We let hM translate program M into Hermitian matrices by

evaluating the expressions. Then JEK is the product of unitary matrices e−iτhM , each representing

the solution to the Schrödinger equation under H(t) = hM for time duration τ . This is the solu-

tion to the Schrödinger equation governed by the piecewise-constant Hamiltonian programmed

in E.

Implementation of HML

We implement HML in Python to ensure accessibility to physicists and other common

users. For a quantum system, we store the sites in a list. A product Hamiltonian P is then stored

as a list of site operators using the same order of the site list. We also employ a Python dictionary

to store a time-independent Hamiltonian H where the key-value pairs are made of a product

Hamiltonian P and its coefficient denoted by H[P ]. Mathematically, H[P ] = Tr{H · P}. We

only store those P with non-zero H[P ] to compactly store Hamiltonians.
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To deal with the algebraic operations of Hermitian matrices, we symbolically implement an

algebraic group for site operators (the Pauli group), and then Hermitian expressions are evaluated

accordingly. For example, H1 + H2 is effectively implemented by enumerating P appearing in

the keys of H1’s and H2’s dictionary, and construct (H1 + H2)[P ] = H1[P ] + H2[P ]. Another

example is multiplication, where H1 · H2 is implemented by enumerating Pj in Hj’s dictionary

keys. Since the site operators of different sites commute and those of the same sites are in

a finite group, P1 · P2 is a product Hamiltonian P with an additional scalar multiplier p (i.e.,

(X1X2) · (Y1Y2) = −1 · Z1Z2). We add p ·H1[P1] ·H2[P2] to the coefficient (H1 ·H2)[P ]. Then

we represent the evolution E as a list of tuples (H, τ) encompassing Hermitian matrix H and the

evolution time τ of an evolution segment.

Input Discretization Error In many-body physics systems, Hamiltonians are commonly con-

tinuous, taking form Htar(t) =
∑K

k=1 αk(t)Hk. In HML, these Hamiltonians are discretized into

a series of piecewise time-independent Hamiltonians in the input. Let the evolution duration

be T and the discretization number be D. We discretize Htar(t) over time steps {td}Dd=1 where

0 < t1 < ... < tD < T and use the left endpoint of each interval as its approximation. Formally,

Htar(t) is approximated by

H̃(t) =
∑K

k=1
α̃k(t)Hk, α̃k(t) =

∑D

d=1
αk(td)1[td,td+1)(t), (4.3.1.1)

where 1[a,b) is the indicator function of set [a, b). We assume ∥Hk∥ = 1 where ∥·∥ is the spectral

norm of matrices, αk(t) are piecewiseM -Lipschitz functions, and {td}Dd=1 include all partitioning

points of the piecewise Lipschitz coefficients αk(t). Then we can derive the error bound induced

by discretization by the following lemma.
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A ∈ Site, v[q] ∈ Varq for q ∈ {L,G}, r ∈ R

R ∈ Operator ::= I | X | Y | Z
Sq ∈ Para. Scalarq ::= Sq1 + Sq2 | S

q
1 · S

q
2 | S

q
1 − S

q
2 | S

q
1/S

q
2

| exp(Sq) | cos(Sq) | sin(Sq) | r | v[q]
M q ∈ Para. Herm.q ::= M q

1 +M q
2 |M

q
1 ·M

q
2 | Sq ·M q | A.R

D ∈ Device ::= MG |ML;D

(a) Syntax of AAIS specification language.

hA.R = RA,

hSq ·Mq = eval(Sq) · hMq ,

hMq
1+M

q
2
= hMq

1
+ hMq

2
,

hMq
1 ·M

q
2
= hMq

1
· hMq

2
,{∣∣MG

∣∣}= hMG ,{∣∣ML;D
∣∣}= hML ; {|D|}

(b) Semantics of AAIS programs.

Figure 4.4: Abstract syntax and denotational semantics of AAIS-SL. Here Site contains the sites
of the device. VarL and VarG contain the local and global variables correspondingly. eval(S)
evaluates S as a real function.

Lemma 4.3.1 ([14]). The difference between the unitary U(T ) of evolution under Htar(t) for

duration T and the unitary Ũ(T ) of evolution under H̃(t) is bounded by

∥∥∥U(T )− Ũ(T )∥∥∥ ≤ C1D
−1MKT 2. (4.3.1.2)

Here C1 > 0 is a constant, D is the discretization number, K is the number of terms in Htar(t),

and L is the Lipschitz constant for αk(t).

This lemma shows that when we increase the discretization number D, the evolution error

in the approximation can be arbitrarily small, justifying the discretization. The proof is routine

in quantum information and hence omitted.

4.3.2 AAIS Specification Language

To specify AAISs with programs, we propose and implement AAIS Specification Language

(AAIS-SL) and present its abstract syntax and denotational semantics in Figure 4.4.

Abstract Syntax of AAIS-SL
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To characterize the Hamiltonians of instructions, sites are declared with identifiers stored

in a set Site, and site operators are defined as objects of sites by default.

Compared to HML, the major difference in the syntax is variables. Two types of vari-

ables whose identifiers are stored in VarG and VarL represent global variables and local variables,

respectively. They are terms in parameterized scalars and consist of parameterized Hermitians.

Then an AAIS for a device is effectively a collection of instruction Hamiltonians as parameterized

Hermitian matrices, along with the system Hamiltonian.

Denotational Semantics of AAIS-SL

We interpret an AAIS D characterizing a device as a list of instructions along with the

system Hamiltonian. Similar to the HML semantics, we employ a translation h for expressions

S to obtain parameterized Hermitians. Function eval evaluates a parameterized scalar expres-

sion S as a real function taking a valuation of variables and outputting a real number. Hence h

translates parameterized Hermitian expressions to Hamiltonians in the form of (4.2.0.1). Without

ambiguity, we use {|η|}(v⃗) to represent the instruction Hamiltonian of η.

Implementation of AAIS-SL

We also provide a Python implementation of AAIS-SL. We store sites and Hermitian ma-

trices similarly to the implementation of HML. The difference is that instead of storing real

numbers as coefficients, we store Python functions taking global variable and local variable val-

uations as inputs. We build function algebraic operations (i.e., (f1 + f2)(x) = f1(x) + f2(x) and

(f1 · f2)(x) = f1(x) · f2(x)) to deal with expressions and establish the parameterized Hermitian

matrix expressions. As described in Figure 4.4, an AAIS is effectively represented by a system

Hamiltonian and a list of instruction Hamiltonians.
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4.3.2.1 Examples of AAIS

Through AAISs, we provide a general framework to characterize the programmability of

analog quantum simulators. Here we show how we design AAISs for QuEra, IonQ, and IBM

devices. The design of AAIS abstraction pursues a balance between expressiveness and im-

plementation hardness on real devices: to simulate more complicated quantum systems, more

complicated instructions are needed, requiring more advanced technologies in their implementa-

tion.

Rydberg AAIS However, current QuEra devices do not support local laser addressing, meaning

only a global laser interacts with every atom simultaneously. We use a variant for QuEra de-

vices, called the global Rydberg AAIS, where there is only one instruction η with the instruction

Hamiltonian

{|η|}(∆,Ω, ϕ) = −∆
∑m

j=1
n̂j +

Ω

2

∑m

j=1
(cos(ϕ)Xj − sin(ϕ)Yj). (4.3.2.1)

Heisenberg AAIS The IonQ and IBM devices, though using different platforms, share similar

capabilities for constructing interactions. For both platforms, the Heisenberg AAIS is designed

and implemented, which contains 1-site instructions ηj,P and 2-site instructions ηj,k,PP for j, k ∈

{1, ..., n} and P ∈ {X, Y, Z}, where n is the number of sites. Each instruction possesses one

local variable, and their instruction Hamiltonians are:

{|ηj,P |}(a) = a · Pj, {|ηj,k,PP |}(a) = a · PjPk. (4.3.2.2)
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Here, the 1-site instructions ηj,P are defined for every site in the system, and the 2-site instructions

ηj,k,PP are only defined when (j, k) ∈ E for an undirected connectivity graph E representing the

connectivity of the detailed device. For ion trap devices, E is a complete graph with an edge

between each site pair. Superconducting devices typically have limited connectivity, and we let

E be the connectivity graph of the IBM devices.

The Heisenberg AAIS can simulate a family of Heisenberg models [51] covering the Ising

models. A variant of the Heisenberg AAIS called the 2-Pauli AAIS extends the 2-site interactions

to PjQk interactions for P,Q ∈ {X, Y, Z}, is capable of simulating more quantum systems, and

is realizable on IonQ and IBM devices with specific connectivity.

IBM-Native AAIS Besides the Heisenberg AAIS, for the IBM devices, we can also model their

native effects in an IBM-native AAIS. Its 2-site instructions are ηj,k,CR for (j, k) ∈ E where

{|ηj,k,CR|}(Ω) = ωZXΩZjXk + ωZZZjZk + ωIXΩXk + ωZIΩ
2Zj, (4.3.2.3)

where ωZX , ωZZ , ωIX , and ωZI are device-dependent constants. Instruction ηj,k,CR and ηl,k,CR

can be simultaneously executed on IBM devices because of platform features. However, since

it contains multiple terms with limited freedom of control, only a few quantum systems can be

directly simulated by the IBM-native AAIS. For the systems that can be simulated, a much shorter

pulse duration can be produced. A more detailed analysis is in Section 4.5.2.

4.4 SimuQ compiler with intermediate representations

Compiling a target quantum system to an analog quantum simulator is computationally

hard in most cases, especially when we aim at a general framework. In this section, we build the
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Figure 4.5: An illustration of the SimuQ compilation process.

first compiler for quantum simulation on general analog quantum simulators and several novel

intermediate representations to conquer various challenges in the overall compilation.

The overall compilation workflow is presented in Figure 4.5. Since this is the first ex-

ploration of compilation to heterogeneous analog quantum simulators, our proposal intuitively

decomposes the problem into several natural sub-problems that are rarely encountered in prior

works and applies straightforward solutions to each step. Much space for optimizing our work-

flow within the scope of our approach is left for future work, which is left as future work.

4.4.1 Instruction schedules and Hamiltonian synthesizer

The first intermediate representation is instruction schedules that describe the execution

of instructions on the device. We will also introduce a Hamiltonian synthesizer to create an

instruction schedule that simulates a target quantum system.

4.4.1.1 Instruction Schedules

An instruction execution (η, a⃗, τs, τe) specifies an instruction η, a valuation v⃗ 7→ a⃗ of η’s

local variables, and evolution starting time τs and ending time τe. It applies a Hamiltonian Hη (⃗a)

to the device during [τs, τe). In later cases when the absolute starting time and ending time are
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unimportant, we also use duration τd = τe − τs in instruction executions.

An instruction schedule includes a valuation g⃗ to the global variables and a set of instruction

executions {(ηj, a⃗j, τs,j, τe,j)}. At the time t, the instruction executions satisfying τs,j ≤ t < τe,j

generate effects on the device. Executing the instruction schedule evolves the device, governed

by:

H(t) = Hsys(g⃗) +
∑

j:τs,j≤t<τe,j
Hηj (⃗aj). (4.4.1.1)

We use a more succinct representation of the instruction schedules generated by our Hamil-

tonian synthesizer. We characterize the set of instruction executions as a list S = [(Cj, τj)]
m
j=1

where Cj = {(ηjk, a⃗jk)}k. S denotes a sequential evolution of simultaneous instruction ex-

ecutions in Cj for time duration τj . Let Tj =
∑

k≤j τj and assume T0 = 0. The absolute

starting and ending time of instruction execution (ηjk, a⃗jk) ∈ Cj are then Tj−1 and Tj . Mathe-

matically, the Hamiltonian H(t) governing the evolution of the device at time t ∈ [Tj−1, Tj) is

H(t) = Hsys(g⃗) +
∑

k {|ηjk|}(⃗ajk). As a solution to the Schrödinger equation, the execution of

instruction schedule (S, g⃗) results in an evolution of the device described by a unitary matrix

U(Tm) =
∏1

j=m
e−iτj(Hsys(g⃗)+

∑
k{|ηjk|}(a⃗jk)). (4.4.1.2)

4.4.1.2 Quantum Simulation by Executing Instruction Schedules

We formally define the task of compiling quantum simulations to a quantum device de-

scribed by an AAIS. Consider a target quantum system described by a Hamiltonian Htar(t) and

evolution time interval [0, T ). Compilation of a quantum simulation asks for a site layout L and
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an instruction schedule (S, g⃗). A site layout L is an injective mapping from each site in the target

system to a site in the device system. We call the Hilbert space of the sites mapped to by L the

layout subspace of the device Hilbert space. A layout L induces a mapping L from the target

system’s Hilbert space to the layout subspace. When limiting L(H) in the layout subspace where

H is a Hermitian matrix in the target Hilbert space, one can relabel the sites of L(H) according

to L−1 and recover H . When H(t) is a time-dependent Hamiltonian of the target Hilbert space,

we write L(H) as a Hamiltonian of the device Hilbert space satisfying L(H)(t) = L(H(t)). Let

the execution of the instruction schedule (S, g⃗) produce a unitary matrix U and let the evolution

under L(Htar) for time interval [0, T ) be L(Utar). We say that a site layout L and the instruction

schedule (S, g⃗) simulate Htar(t) if U approximates L(Utar).

4.4.1.3 Hamiltonian Synthesizer

Since HML discretizes continuous Hamiltonians with small errors, in this step, we consider

a target quantum system described by a sequence of evolution under Htar,j for time duration τj

indexed by j ∈ {1, ..., N}. We want to synthesize an instruction schedule simulating the target

quantum system on a device described by an AAIS D = [η1; ...; ηM ;Hsys]. Our Hamiltonian

synthesizer follows a three-step loop: (1) propose a site layout L; (2) build a coefficient equation

system; (3) solve the mixed-binary equation system. If the solver does not find an approximate

solution, we repeat this process until a timeout condition is met.

Site layout proposer The first step of the synthesizer loop proposes a site layout L and later steps

check its feasibility. To the best of our knowledge, although layout synthesis for quantum circuits

is thoroughly studied [52], there is no prior work on the layout synthesis for Hamiltonian-oriented
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quantum computing. The main difference between them is the unavailability of swap gates for

many analog quantum devices, i.e., QuEra’s Rydberg atom arrays.

We employ a search with pruning as a general solution to a layout proposer. The pruning

strategy is to abort the search when there exists a product Hamiltonian P and j whereHtar,j[P ] ̸=

0 and L(P ) does not have a non-zero coefficient expression in any ηk and Hsys. This abort

condition can be met halfway through the search. For a partial layout L (where several sites are

not assigned in L yet) and a product Hamiltonian P , we can map it to a product Hamiltonian

L(P ) of the device with holes on several sites. When searching for L(P ) in an AAIS, holes can

match any site operator. If none is found, the current search branch is aborted.

After proposing a layout, we proceed to steps (2) and (3) to check its feasibility. If rejected,

the above search process returns and proceeds to other search branches to propose another layout.

If all possibilities are not feasible, the compiler will report no solution and fail the process.

Coefficient equation builder We synthesize instruction executions by a system of mixed-binary

non-linear equations to match coefficients of product Hamiltonian in the target quantum system.

Given a site layout L, a set of equations is constructed to match the coefficients in Htar,j

for every 1 ≤ j ≤ N . We create time variables tj to represent the evolution time for instruction

executions synthesizing evolution of Htar,j for time τj , with constraints tj > 0. For instruction ηk

in the AAIS, we create an indicator variable sk,j ∈ {0, 1} to indicate whether ηk is selected to be

executed in the synthesis of Htar,j . Assuming that ηk has local variables v⃗k of dimension |v⃗k|, we

create |v⃗k| new equation system variables stored in a vector a⃗k,j . For global variables, we create

a vector g⃗ of dimension |v⃗glob| of the AAIS, which is independent of j. In total, we have created

|v⃗glob| + N
∑

k |v⃗k| + N real variables for global variables, local variables, and time variables
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Algorithm 1 Equation builder for Hamiltonian
synthesis.
Inputs: site layout mapping L, target quantum
system (Htar,j, τj) for 1 ≤ j ≤ N , AAIS
D = [η1, ..., ηM , Hsys], equation system variables
{a⃗k,j}, {sk,j}, g⃗, {tj}
Output: a system of equations Υ
Υ← {}
for j ∈ {1, ..., N} do

G← {L(Htar,j)}Nj=1 ∪ {Hsys}
Q← [P | ∃H ∈ G,H[P ] ̸= 0]
i← 0
while i < |Q| do

P ← Q.getitem(i)
i← i+ 1
if P = I then

continue
e← Htar,j[P ](g⃗)
for k ∈ {1, ...M} do

if {|ηk|}[P ] ̸≡ 0 then
e← e+ {|ηk|}[P ](⃗ak,j) · sk,j
for P ′ ̸∈ Q : {|ηk|}[P ′] ̸≡ 0 do

Q.append(P ′)

Υ.add(tj · e = τj · L(Htar,j)[P ])
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respectively, and NM indicator variables.

Then we establish a coefficient equation for each product Hamiltonian P to match Htar,j:

(∀j), (∀P ̸= I) : tj ·Hsys(g⃗)[P ] +
∑M

k=1
tj · {|ηk|}[P ](v⃗k,j) · sk,j = τj · L(Htar,j)[P ].

(4.4.1.3)

Here the left-hand-side calculates the summed effects of P from each instruction and the system

Hamiltonian and the right-hand-side calculates the effect of P in the target quantum system.

There are typically many trivial equations in this system having 0 on both sides since only

a few P appear in either Htar,j or {|ηk|}with respect to the exponentially many possible combina-

tions of site operators. We propose Algorithm 1 to find all non-trivial equations. This algorithm
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starts with a list Q containing all the product Hamiltonians with non-zero coefficients in Hsys and

L(Htar,j). It then enumerates the list Q and establishes coefficient equations for each P by enu-

merating instructions ηk in AAIS. During this process, it may encounter instruction Hamiltonians

{|ηk|}who contain product Hamiltonians P ′ that never appears in Q. These product Hamiltoni-

ans may lead to non-trivial equations, so we add them to Q. An example of this procedure is

illustrated in Figure 4.6.

Mixed equation solver The established coefficient equation system is mixed-binary and non-

linear. A solver is applied to obtain approximate solutions which correspond to instruction sched-

ules.

We provide several options for the solver. The first is dReal [53] based on δ-complete

decision procedures, which supports real variables, binary variables, and algebraic functions in

HML and AAIS-SL. It performs well when the coefficient expressions are close to linear (the

Heisenberg AAIS), while poorly when highly non-linear (the Rydberg AAIS).

As another option, we construct a least-squares-based solver. This solver uses a relaxation-

rounding scheme. We apply a continuous relaxation to loosen the value range of indicator vari-

ables from sk,j ∈ {0, 1} to ŝk,j ∈ [0, 1], substitute ŝk,j for sk,j in the equation system, and solve

the equation system by least-squares methods via an implementation in SciPy [54]. We then

round the indicator variables sk,j according to the solution. The criterion sets sk,j to 1 if there is∑
P tj {|ηk,j|}[P ](v⃗k,j)ŝk,j > δ for a pre-defined tolerance parameter δ, and sets to 0 otherwise.

This criterion evaluates how much error the solution will induce if we set sk,j to 0. We then solve

the equation system again to obtain a more precise solution.
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The solver generates an approximate solution with error e, defined by

e =
∑

k,j,P
|τj {|ηk|}[P ](v⃗k,j)− tjL(Htar,j)[P ]|. (4.4.1.4)

If e < ϵ where ϵ is a pre-defined tolerance, the solution is accepted. Otherwise, we return to step

(1) to generate another layout and check feasibility. An accepted solution induces an instruction

schedule (S = {(Cj, tj)}, g⃗) where Cj = {(ηk, a⃗k,j) : sk,j = 1}.

4.4.1.4 Error Induced by Hamiltonian Synthesizer

Now we bound the error in the evolution induced by the approximation in the equation

solving of the Hamiltonian synthesizer since our solver generates approximate numerical solu-

tions. Let Û(T ) be the unitary of executing generated instruction schedule (S, g⃗), and Ũ ′(T ) =

L(Ũ(T )) be the unitary of the evolution of the discretized target system after site layout mapping

L. We can conclude the error induced by the Hamiltonian synthesizer is bounded by tolerance ϵ

in the equation solving and the proof is routine and omitted.

Lemma 4.4.1 ([14]). The error of evolution induced by equation solving is bounded by a constant

C2 > 0 and error bound ϵ with the following inequality:

∥∥∥Ũ ′(T )− Û(T )
∥∥∥ ≤ C2ϵ. (4.4.1.5)

Remark 4.4.1. In general, compiling a target system is computationally hard. Finding a site

layout for machines with specific topology can be as hard as the sub-graph isomorphism problem,

an NP-complete problem. Besides, since the design of AAIS does not pose strict restrictions on
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the expressions, pathological functions may emerge in the coefficients, which complicates the

equation-solving process. Our solutions to these problems may not be optimal but are intuitive,

feasible, and efficient enough for most cases (also refer to Section 4.5 for detailed case studies).

4.4.2 Block schedules and conflict resolver

Instruction schedules are oversimplified descriptions of what can be executed on the de-

vices. Mainly, there are two realistic restrictions not captured by instruction schedules. First,

some instructions on real devices can not be executed simultaneously. For example, on an IonQ

device, η1,2,XX cannot be simultaneously executed with η1,2,ZZ since they use the same interac-

tion process with different bases. Second, instruction execution implementations may take longer

than the scheduled execution time. We propose a flexible generalization to the instruction sched-

ules called block schedules and implement a conflict resolver to compile generated instruction

schedules to block schedules.

4.4.2.1 Block Schedules

A block schedule is a temporal graph whose vertices are blocks of instruction executions,

together with the valuation of the global variables. An instruction blockB contains a collection of

instruction executions whose evolution duration is τ . The block schedule is then a directed acyclic

graph where an edge (Bj → Bk) is a restriction: instructions in Bk should start simultaneously

after instruction executions in Bj end. Instruction schedules generated by our Hamiltonian syn-

thesizer are special cases of block schedules where the temporal graph forms a chain and blocks

are the collections of instruction executions.
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When executing a block schedule, we first decide the execution order γ : (B1, ..., Br) of

the blocks and then evolve the system by γ sequentially. Let the Bj contain {(ηj,k, a⃗j,k)}k with

evolution time τj . The evolution will generate a unitary transformation

Uγ =
∏1

j=r
e−iτj(Hsys(g⃗)+

∑
k{|ηj,k|}(a⃗j,k)). (4.4.2.1)

Our next step is to generate a block schedule where instructions in each block are simultaneously

executable and approximate the execution of the instruction schedule.

4.4.2.2 Instruction Decorations

In general, the conflict relation of instructions forms a graph F : (ηj, ηk) ∈ F means that ηj

and ηk cannot be executed simultaneously. To ease the description of F , we introduce decorations

to instructions to specify properties like categories of instructions. More decorations can be added

based on the detailed hardware restrictions accordingly.

Signal Lines Physical pulses are sent to devices through signal carriers like electronic wires

or arbitrary waveform generators (AWG). A natural conflict is that if two instructions require

the same signal carrier, they cannot be executed simultaneously. We abstract the concept of

signal carriers as signal lines and assign each instruction η to a signal line denoted by SL(η). If

SL(ηj) = SL(ηk), instructions ηj, ηk conflict with each other.

Nativeness Another aspect leading to conflicts is whether instruction implementations employ

compound pulses to approximate an effective Hamiltonian. For example, IBM devices generate

{|ηj,k,CR|}by direct microwave controls of a cross-resonance pulse [55]. Hence the IBM-native

AAIS for IBM devices has ηj,k,CR as native instructions: they can be simultaneously executed
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with other native instructions. To effectively realize {|ηj,k,ZZ |}, a compound sequence of mi-

crowaves including two cross-resonance pulses is applied to approximate a ZjZk interaction [56].

Simultaneously applying other pulses on site j or k will break the approximation. Hence ηj,k,ZZ

are derived instructions in the IBM-native AAIS.

Let inf(H) be the sites on which Hamiltonian H acts non-trivially (when limited on these

sites, H is not identity). We assume that implementing a derived instruction η only affects

inf({|η|}). Then a derived instruction η1 conflicts with η2 if inf({|η1|}) ∩ inf({|η2|}) is not empty.

4.4.2.3 Conflict Resolver via Trotterization

Given a conflict graph and an instruction schedule (S, g⃗), we implement a conflict resolver

to generate a block schedule without conflicts in each block.

A well-studied technique in quantum information to simulate summed Hamiltonians in

quantum simulation is Trotterization. Let Hamiltonian H =
∑L

j=1Hj where L Hamiltonians

evolve the system simultaneously. We assume we have a device supporting evolving single Hj

for any duration t, realizing unitary matrix e−itHj , while there is no evolution under
∑L

j=1Hj .

Trotterization (also known as the product formula algorithm) [57] makes use of the Lie-Trotter

formula

e−it
∑

j Hj = limn→∞

(∏
j
e−i

t
n
Hj

)n
≈
(∏

j
e−i

t
N
Hj

)N
. (4.4.2.2)

By choosing a large N , the above formula shows that we can approximate the evolution under H

for time T by repeating for N times a sequential evolution for j ∈ {1, ..., L} under Hj for time

t/N . Each segment of evolution realizes a unitary transformation e−i(t/N)Hj as in the formula.
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First, we consider the case whereHsys = 0. Each (Cd, τd) in S is considered independently.

Let Cd = {(ηj, a⃗j)}j and the conflict graph of these instructions be F . To accommodate Trot-

terization in a conflict resolver, we first categorize the instructions into groups without conflict.

The grouping is effectively a coloring of vertices in F where no edge connects monochromatic

vertices. We employ a greedy graph coloring algorithm from NetworkX [58] to find a feasible

grouping {Gj}Lj=1 with L colors where Gj contains instruction executions in the j-th group.

A temporal graph in a block schedule can depict the process in (4.4.2.2). Let Hj be the

Hamiltonian of simultaneous instruction executions in Gj , Hj =
∑

({|ηk|},⃗ak)∈Gj
{|ηk|}(⃗ak), and R

be the Trotterization number specified by users. An evolution of Hj for time τd/R corresponds

to a block Bj = (Gj, τd/R). Then a sequential evolution of {Hj}Lj=1 forms a chain B1 → · · · →

BL. We createR copies of this chain and connect them sequentially to represent the Trotterization

process.

Additionally, we deal with the cases where the system Hamiltonian Hsys is non-zero. Let L̃

be the maximal coloring number L in the above process. We assume that there exists g⃗L̃ such that

Hsys(g⃗L̃) = Hsys(g⃗)/L̃. Some devices may not support this assumption, but it is rarely used since

only a few devices with non-zero system Hamiltonian have conflicting instructions. We then

augment the number of groups to L̃ for each (Cj, τj) ∈ S by adding empty sets in groupings.

Now we create a block schedule with g⃗L̃ and a temporal graph constructed on the augmented

groupings. Executing this block schedule approximates the execution of the given instruction

schedule.
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4.4.2.4 Error Induced by Conflict Resolver

The Trotterization resolves conflicts while also introducing errors. We denote the instruc-

tion schedule where S = {({(ηd,j, a⃗d,j)}j, τd)}Dd=1 and its evolution as Û(T ). For segment d of

evolution in S, we assume the grouping is {Gd
j}
Ld
j=1 and the evolution by executing the block

schedule as Ū(T ).

Lemma 4.4.2 ([59]). The difference between Û(T ) and Ū(T ) of evolution after resolving con-

flicts by Trotterization is bounded by

∥∥∥Û(T )− Ū(T )∥∥∥ ≤ (ΛT )2

DR
e

ΛT
DR . (4.4.2.3)

Here Λ = maxd,j Ld

∥∥∥∑(η,⃗a)∈Gd
j
{|η|}(⃗a)

∥∥∥, D and R are the discretization and Trotterization

numbers.

As implied by this lemma, in ideal cases, increasing the Trotterization number reduces the

induced error to arbitrarily small. However, it also increases the total number of instruction exe-

cutions. Due to the non-negligible error accumulations in each instruction execution on devices,

there is a trade-off over the Trotterization number R depending on the real-time parameters of

the device, where we leave the freedom to user specification.

Although Trotterization provides a theoretical guarantee of dealing with conflicts [60] with

bounded approximation errors, in practice, a large Trotterization number can also amplify device

noises. Many optimization techniques may be used in Trotterization, and we implement the

following ones as a demonstration. We leave further optimizations as future directions.

• Order inside a Trotterization step. Notice that the error bound in [59] does not require a
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fixed simulation order of Hj . We realize the freedom here by setting the blocks in one

Trotterization step to be parallel in the temporal graph and connecting the blocks in the

next step after the blocks in this step. This freedom may be exploited in the following

compilation passes.

• Blocks commuting with others. If the Hamiltonian of a block commutes with other blocks,

we separate it from others, evolve it first, and resolve the conflicts of others. This procedure

does not introduce errors.

• High-order Trotterization. We also integrated the second-order Trotterization method in our

compiler, whose practical performance archives a balance between approximation errors

and machine errors.

4.4.3 Signal line schedules and scheduler

The eventual output of SimuQ contains the pulses sent through signal carriers for de-

vices to execute. We propose another intermediate representation, called a signal line schedule,

to depict the concrete instruction executions sent through each signal line abstracted in Sec-

tion 4.4.2.2 before generating platform-dependent executable pulses. For signal line l, it contains

a list of instruction executions (η, a⃗, τs, τe) with absolute starting and ending times and satisfying

SL(η) = l.

To obtain a signal line schedule, we build a scheduler to traverse the temporal graph of the

block schedule via a topological sort and generate a valid execution order of block schedules.

It employs a first-arrive-first-serve principle for each signal line. The scheduler first extracts

information about how long implementing each instruction execution takes from real devices.
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Next, it arranges instruction executions on the signal lines at the earliest possible starting time

obeying the order.

Remark 4.4.2. The scheduling process may be independently configured and optimized, and the

scheduler may use other criteria to determine the traversal order of instruction blocks or the

alignment of blocks within the scheduled order as long as the hardware permits. This freedom

in the scheduling process may be leveraged to reduce cross-talk [61] between the blocks or save

small implementation overheads. We illustrate only a basic strategy and leave the exploitation

for the future.

4.4.4 Pulse schedules and pulse translator

In its final stage, the SimuQ compiler translates a signal line schedule into a pulse schedule

using hardware providers’ domain languages and APIs.

We extract the pulse shapes from the devices for each platform to implement instruction

executions. We substitute the instruction execution on each signal line for pulse shapes configured

by the valuations of local variables via the format specified by a pulse-enabled quantum device

provider.

4.4.4.1 Translation to Hardware APIs

There are few pulse-enabled quantum device providers, and programming pulses is a chal-

lenging endeavor that requires extensive platform knowledge of various hardware and software

engineering considerations. We demonstrate the effectiveness of SimuQ using QuEra, IBM, and

IonQ devices.
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QuEra’s Rydberg atom devices Two APIs to QuEra devices are supported by SimuQ for the

global Rydberg AAIS: Bloqade [41] programs and Amazon Braket programs. We set the atom

positions according to the valuation of global variables and laser configurations as piecewise con-

stant functions according to the valuations of local variables. Since the detuning ∆ and amplitude

Ω generate linear effects, piecewise linear laser configurations are also supported as an option.

For Amazon Braket programs, Ω(t) should start and end at amplitude 0, so we add short (0.1ms)

time intervals to the pulses’ beginning and end with linear ramping. We also scale the pulse

schedules to a total length of around 3.5ms to fit in the 4ms duration limit of the device.

IBM’s superconducting devices For IBM devices, SimuQ can generate Qiskit Pulse programs

for the Heisenberg AAIS and the IBM-native AAIS. For single-site instructions, the IBM device

supports implementations of native X and Y instructions and derived Z instructions. We build

up DRAG pulses [62] to realize X and Y instructions and free Z rotations [63] to realize Z in-

structions, which are standard superconducting device techniques. Two-qubit instructions in the

Heisenberg AAIS are realized through the ZjXk interactions created by echoed cross resonance

pulses [55] together with single-qubit evolution to change bases. We follow Earnest et al. [64]

and realize interaction-based gate implementations, whose benefits are further explained in Sec-

tion 4.5.3. Additionally, we extract cross-resonance pulses from Qiskit and compose pulses to

realize native ηj,k,CR in the IBM-native AAIS.

IonQ’s trapped-ion devices SimuQ supports both IonQ cloud and Qiskit circuit programs for

IonQ devices with the Heisenberg AAIS. Unlike QuEra and IBM devices, IonQ does not provide

pulse-level programmability for their ion trap devices. However, we can still exploit their native

gate set to generate a quantum circuit with precise control of the execution on their devices. With
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the support of partially entangling Mølmer-Sørenson gate [65], we can implement instructions

of the Heisenberg AAIS with higher fidelity. More details are explained in our case studies in

Section 4.5.3.

4.4.4.2 Semantics of Pulse Schedules and Errors in Instruction Implementation

Abstractly, a pulse schedule includes a time-dependent function f⃗l(t) (pulses) for signal

line l, generating the effective Hamiltonian Hl(t) physically. For example, instruction execution

(η, a⃗, τs, τe) for signal line l in the signal line schedule should be translated into pulses f⃗l(t) that

effectively generate Hl(t) = {|η|}(⃗a) for τs ≤ t < τe. Collectively, the Hamiltonian on the

device is Hdev(t) = Hsys +
∑

lHl(t), and the semantics of executing a pulse schedule is the

unitary evolution under Hdev(t). Yet, the implementation of instructions on real devices may be

imperfect. We assume that there is a implementation error threshold ∆ such that the on-device

Ȟl(t) and Ȟsys satisfies maxt,l
∥∥Ȟl(t)−Hl(t)

∥∥ ≤ ∆ and
∥∥Ȟsys −Hsys

∥∥ ≤ ∆, forming on-

device evolution under Ȟdev(t) = Ȟsys +
∑

l Ȟl(t). Since the signal line scheduler does not alter

the semantics of block schedules, we bound the implementation error on the device.

Lemma 4.4.3 ([14]). The difference between the unitary Ǔ(T ) on the device and the unitary

Ū(T ) of executing the block schedule generated by the conflict resolver is bounded by

∥∥Ū(T )− Ǔ(T )∥∥ ≤ C3S∆ΓT, (4.4.4.1)

where C3 > 0 is a constant, S is the number of signal lines and system Hamiltonians, and

Γ = maxd Ld is the maximal number of groups in the conflict resolver.

With a faithful implementation of instructions on real devices, the pulse translator pro-
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duces negligible errors. The proof is routine in quantum information and is therefore omitted.

We remark that other forms of device errors (e.g., high-energy space leakage) can be analyzed

similarly.

4.4.5 Semantics preservation of SimuQ compiler

If compilation succeeds, the SimuQ compiler generates executable pulse schedules from

programmed quantum systems with bounded errors. We conclude the approximate semantics

preservation theorem of the SimuQ compilation process using Lemma 4.3.1, Lemma 4.4.1, Lemma 4.4.2,

and Lemma 4.4.3.

Theorem 4.4.4 (Semantics Preservation). Given a Hamiltonian Htar(t) =
∑K

k=1 αk(t)Hk where

αk is piecewise M -Lipschitz and ∥Hk∥ = 1, if the compilation succeeds, SimuQ generates a site

layout L and an executable pulse schedule. Let the unitary U(T ) represent the evolution under

Htar(t) for duration [0, T ] and Ǔ(T ) for the evolution executing the pulse schedule on the device.

We have

∥∥L(U(T ))− Ǔ(T )∥∥ ≤ C1D
−1MKT 2 + C2ϵ+ (ΛT )2D−1R−1e

ΛT
DR + C3S∆ΓT. (4.4.5.1)

Here, T is the evolution time, L is the site layout mapping of layout L, C1, C2, C3 are constants,

D is the discretization number, ϵ is the error threshold in Hamiltonian synthesizer, R is the

Trotterization number, ∆ is the instruction implementation error threshold, S is the number of

signal lines and system Hamiltonians on the device, and Λ and Γ depend on the Trotterization

strategy in the compilation.

Tuning D, ϵ,R and improving the implementation to decrease δ can reduce errors induced
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by the SimuQ compiler to arbitrarily small. The evolution under Htar is hence simulated on the

device.

4.5 Case studies

We conduct case studies highlighting SimuQ’s portability. We also establish a small bench-

mark of quantum simulation to evaluate the SimuQ compiler performance.

4.5.1 Multiple-platform compatability

We compile and execute the Ising model on multiple supported devices of SimuQ. The

following experiments show the portability of SimuQ on heterogeneous analog quantum simula-

tors. We only need to program the target quantum systems once and apply the SimuQ compiler

to generate code for different platforms and deploy and execute them on multiple real devices.

We focus on the simulation of the Ising model. We demonstrate two instances: a 6-site

cycle and a 6-site chain, mathematically depicted by

Hchain =
∑5

j=1
ZjZj+1 +

∑6

j=1
Xj, Hcycle = Hchain + Z1Z6. (4.5.1.1)

The target quantum system is to simulate Hcycle and Hchain for T = 1. When Trotterization

is utilized, we set the Trotterization number to be 4, which is empirically selected based on

experiment results.

SimuQ successfully compiles Hcycle on QuEra devices using the global Rydberg AAIS,

both Hcycle and Hchain on IonQ devices using the Heisenberg AAIS, and Hchain on IBM devices

using the Heisenberg AAIS. We send the generated code to execute on corresponding devices.

47



Figure 4.8: The simulation errors of the 6-site Ising models on multiple platforms. Ideal results
are obtained by compiling with SimuQ and executing on noiseless simulators.

Since QuEra devices do not support state tomography, we evaluate the results on these platforms

by a metric based on measurements supported by all devices in our experiments. We obtain the

frequency of reading a bit-string s in a measurement instantly after the simulation finishes as a

distribution Pexp[s] and numerically calculate the ground truth distribution PGT[s] of obtaining

s. We utilize the total variation distance TV (Pexp,PGT) = 1
2

∑
s∈{0,1}6|Pexp[s] − PGT[s]| to

evaluates the errors. We present the classical simulation of devices and real device execution

results in Figure 4.8.

The minor errors in the classical simulations indicate the correctness of our framework.

In ideal cases, the errors are induced by uncancellable non-neighboring ZjZk interactions and

short ramping times for the global Rydberg AAIS and by Trotterization errors for the Heisenberg

AAIS. The real device execution results show higher errors than classical simulation because of

device noises, while they are valid quantum simulation results. The errors on the IBM device

are non-monotone, likely because the large state preparation and measurement errors affect more

heavily the cases where the states deviate only a little from the initial state.

SimuQ fails to compile Hchain on QuEra devices since it requires different local detuning

parameters for different sites, which current QuEra devices and the global Rydberg AAIS do not
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support. It also fails to compile Hcycle on IBM devices since there is no 6-vertex cycle in IBM

devices.

4.5.2 Hamiltonian-oriented compilation with native instructions

The most significant benefit of enabling Hamiltonian-level programming is to gain fine-

grained and multi-site control via native operations. Near-term quantum devices have short co-

herence times: quantum states will deteriorate and lose their quantumness quickly. Generating

shorter pulses to achieve the same effects is one of the crucial tasks for compilers of modern

quantum devices. In this case study, we showcase the advantage in the lengths of pulse schedules

enabled by Hamiltonian-oriented compilation using the IBM-native AAIS.

Our target quantum system evolves under H2ZX = Z1X2 +X2Z3 for time T = 1, a small

3-site system. The IBM-native AAIS contains two native instructions η1,2,CR and η3,2,CR with

Z1X2 and X2Z3 interactions respectively. Following Greenaway et al. [66], the simultaneous

execution of them can be realized by simultaneously applying two cross-resonance pulses on

IBM devices. By automatically compensating the other terms in SimuQ with native instructions

η2,X and derived instructions η1,Z and η2,Z (their effects commute with {|η1,2,CR|}and η3,2,CR so no

Trotterization is needed), the uncancellable remains are Z1Z2 interactions and Z2Z3 interactions.

Fortunately, they can be reduced to one magnitude smaller than Z1X2 and X2Z3 interactions

when selecting a relatively large Ω, and are considered small errors in the compilation. The pulse

schedule to realize H2ZX , displayed in Figure 4.9, is around 280ns long.

H2ZX can also be compiled on IBM devices by a circuit-based compilation with the help of

Qiskit. It first decomposes the simulation into a circuit with two gates RZ1X2(2)RX2Z3(2) where
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Figure 4.9: Pulses generated by
SimuQ for evolution underH2ZX for
duration 1.

Figure 4.10: Pulses generated by
Qiskit compiler for evolution under
H2ZX for duration 1.

Figure 4.11: Pulses generated by SimuQ for evolving
Z0Z1 for T = 1.

Figure 4.12: Pulses generated by Qiskit for evolving
Z0Z1 for T = 1.

Table 4.2: The differences between the ideal C(s) and
the measured C(s) on devices are displayed for different
layers p with SimuQ and Qiskit CNOT-based compiler
and are better when lower.

p
IBM IonQ

SimuQ Qiskit SimuQ Qiskit
1 0.724 0.855 0.240 0.114
2 1.365 1.929 0.453 0.474
3 2.082 3.166 0.518 0.715
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RZjXk
(θ) = e−i(θ/2)ZjXk . It then invokes Qiskit’s transpiler to decompose each RZjXk

(θ) into

two CNOT gates and several single qubit gates and generates a Qiskit pulse schedule, which is

displayed in Figure 4.10 and is around 1660ns long. This is around six times longer than the

pulse schedule generated by SimuQ using the IBM-native AAIS.

4.5.3 Hamiltonian-oriented compilation with interaction-based gates

For some devices that lack the support of simultaneous instruction executions by native

operations, we can still exploit the capability of realizing gates based on evolving interaction for

various time periods. By interaction-based gates, we refer to quantum gates of form RH(t) =

e−itH , where the time duration of the pulse shapes implementing them is strongly correlated

with t. These gates are common on platforms supporting universal gates like IBM devices and

IonQ devices but are not exploited in their provided compiler due to the hardness in calibration.

Under the conventional circuit-oriented compilation where quantum programs are compiled to a

gate set with fixed number 2-qubit gates (typically, only CNOT gates), interaction-based gates

are decomposed using multiple 2-qubit gates for the convenience of calibration, like RZjXk
(θ)

gates that are decomposed using 2 CNOT gates by Qiskit and translated to a pulse schedule of

long and fixed duration. Although interaction-based gates cannot be simultaneously applied on

devices when overlapping sites exist, exploiting them can still significantly reduce the duration

of generated pulse schedules and increase the fidelity of simulations as observed in [64, 67].

In this section, we implement the quantum approximate optimization algorithm (QAOA)

in SimuQ and execute it on IBM and IonQ devices. The QAOA algorithm is a classical-quantum

Hamiltonian-oriented algorithm designed to solve combinatorial problems. We omit the algo-
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rithm analysis and refer interested readers to [68]. We consider the quantum simulation part of a

typical case of the QAOA algorithm, where the target quantum system evolves under a length-p

sequence of alternative evolution between H1 and H2 where

H1 = Z1ZN +
∑N−1

j=1
ZjZj+1, H2 =

∑N

j=1
Xj. (4.5.3.1)

Here N = 12 is the problem size. Two pre-defined parameter lists {θj}pj=1 and {γj}pj=1 of

length p describe the time of each evolution segment. I.e., the j-th segment first lets the system

evolve under H1 for time θj and then lets the system evolve under H2 for time γj . Ultimately,

we measure the sites and store the results in a bit-string s. The more precisely we simulate the

system, the larger the evaluation functionC(s) = |{j : 1 ≤ j ≤ N, sj ̸= sj+1}|will be (assuming

sN+1 = s1).

When compiling the target system for the Heisenberg AAIS, ηj,j+1,ZZ are executed fre-

quently. We take an execution η1,2,ZZ for t = 1 as an example, which effectively realizes the

gate e−iZ1Z2 . Qiskit decomposes it with 2 CNOT gates and single qubit rotation gates, and the

generated pulse duration takes a constant 662ns independent of t, as illustrated in Figure 4.12. An

alternative solution is to create Z1X2 interaction constructed by echoed cross-resonance pulses

for a duration positively correlated to t with short pulses implementing Hadamard gates to ef-

fectively realize the Z1Z2 interaction, as illustrated in Figure 4.11. The pulse schedule is around

(200t + 130)ns long to execute {|ηj,j1,ZZ |}(1) for time t. When t = 1, it is 324ns long, 51%

shorter than the Qiskit compiler. Interaction-based gates are especially beneficial when a program

requires many short instruction executions, like compiled simulations with a large Trotterization

number.
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We then compile and execute the QAOA system simulation to IBM and IonQ devices for

cases p = 1, 2, 3. Similarly, we reproduce this problem in Qiskit and compile it with the Qiskit

compiler (CNOT-based decomposition is applied). On IBM devices, for p = 3, the pulse schedule

generated by SimuQ is 3.35ms long. In contrast, the one generated by Qiskit is 7.48ms long,

which is more than two times longer. On average, SimuQ generates pulse schedules 59% percent

shorter than Qiskit. We then execute the generated programs on IBM devices and IonQ devices.

The differences of the evaluation function C(s) measured on devices and ground truth values are

present in Table 4.2. We observe that, on average, the pulse schedules generated by SimuQ reduce

errors (the difference to ideal results) by 34% on IBM devices and 28% on IonQ devices for p = 3

compared to pulse schedules from Qiskit. The advantage is less significant for shallow cases

where p = 1, 2 because of state preparation and measurement errors on real devices [69]. These

experiments demonstrate the advantage and the necessity of Hamiltonian-oriented compilation

using interaction-based gates on devices not supporting simultaneous instruction executions.

4.5.4 Benchmarking quantum simulation compilation

To illustrate SimuQ’s capability of dealing with various quantum simulation problems,

we craft a small benchmark containing models collected from multiple domains like condensed

matter physics, high-energy physics, particle physics, and optimization. The diversity of the

cases in this benchmark of different topologies, time dependency, and system sizes exhibits our

compiler’s feasibility and efficiency in dealing with significant simulation problems.

We present the benchmark in Table 4.3. We report each quantum system’s number of sites

and lines of code to implement them with HML in SimuQ. Most systems can be programmed
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Table 4.3: A benchmark of quantum simulation problems. We program and compile the models
in SimuQ to obtain pulse schedules for QuEra and IBM devices and quantum circuits for IonQ
devices. We record the compilation time (comp. time), the pulse duration (P.D.), and the 2-qubit
gate count for the generated circuits. No sol. represents cases where the SimuQ compiler reports
no solution because of hardware constraints, such as limited interactions of QuEra devices and
machine topology for IBM devices. Time out is reported when the compilation takes more than
an hour, which happens in the search for a 64-qubit cycle on IBM devices.

System
name LoC # of

sites
QuEra IBM IonQ
Comp.
time (s)

Comp.
time (s)

P.D. (µs)
SimuQ

P.D. (µs)
Qiskit

Comp.
time (s)

# of
2q-gate

ising chain 13

6 0.177 0.224 2.06 8.69 0.155 20
32 39.3 54.6 3.24 39.2 47.2 124
64 663 257 3.15 81.2 680 252
96 2298 1086 3.26 450 3568 380

ising cycle 13

6 0.585 No sol. 0.13 24
12 3.47 1.49 2.05 37.8 1.37 48
32 114 483 3.35 144 53.8 128
64 3454 Time out 907 256

heis chain 15 32 No sol. 143 10.1 119 138 372
qaoa cycle 19 12 No sol. 0.503 0.83 37.6 1.5 36

qhd 16 16 No sol. No sol. 66.3 480

mis chain 22
12 5.45 19.1 18.9 94 25.2 440
24 53.1 328 18.9 162 278 920

mis grid 29
16 28.4 No sol. 85.4 960
25 141 No sol. 489 1600

kitaev 13 18 4.67 15.6 2.12 21.2 8.74 68
schwinger 18 10 No sol. No sol. 1.09 28
o3nlσm 19 30 No sol. No sol. 77.7 588
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within 20 lines, showing the user-friendliness of programming quantum systems in SimuQ.

For each target quantum system, we compile it on the platforms supported by SimuQ using

their most capable devices in the possible future. The compilation time is averaged over 5 runs

on a laptop with Intel Core i7-8705G CPU. SimuQ compiler reports no solution (No sol.) in

several cases due to complicated interactions beyond the hardware capability of QuEra devices

and the limited connectivity of IBM devices. Limited connectivity on large IBM devices also

complicates the site layout search, making a case exceed a pre-set compilation time limit of 3600

seconds, which is marked as a time out.

Pulse schedule duration for IBM devices using SimuQ and Qiskit to compile is reported.

On average, Qiskit’s default compilation passes generate 29.3 times longer pulse schedules than

the SimuQ compiler over cases successfully compiled. We also report the number of partially

entangling Mølmer-Sørenson gates when compiling on IonQ’s devices to indicate the total dura-

tion.

4.6 Follow-up works

SimuQ serves as a path-finding platform for applications of Hamiltonian-oriented quantum

computing. Numerous follow-up projects of SimuQ are in progress upon the completion of this

dissertation, like realizing Hamiltonian-based algorithms on IonQ devices and evaluating the per-

formance of dynamical decoupling sequences in quantum simulation. A particularly interesting

one is the development of QHDOPT[70], which we briefly discuss here.

QHDOPT. The QHD-based OPTimization (QHDOPT) package is a software solution for non-

linear and non-convex optimization problems, utilizing the design of Hamiltonian-oriented quan-

55



tum computing. A Hamiltonian-based algorithm, Quantum Hamiltonian Descent (QHD) [71], is

implemented in SimuQ and wrapped for domain users.

The package targets problems of form

min
x
f(x1, . . . , xn) =

n∑
i=1

gi(xi)︸ ︷︷ ︸
univariate part

+
m∑
j=1

pj(xkj)qj(xℓj)︸ ︷︷ ︸
bivariate part

, (4.6.0.1a)

s.t. Li ≤ xi ≤ Ui,∀i ∈ {1, . . . , n}, (4.6.0.1b)

where x1, . . . , xn are n variables subject to the box constraint xi ∈ [Li, Ui] ⊂ R for each i =

1, . . . , n, and the indices kj, ℓj ∈ {1, . . . , n} and kj ̸= ℓj for each j = 1, . . . ,m. The functions

gi(xi), pj(xkj), and qj(xℓj) are real univariate differentiable functions defined on R. Note that

the univariate part in (4.6.0.1a) has at most n terms because we can always combine separate

univariate functions of a fixed variable xi into a single one. However, there is no upper bound for

the integer m (i.e., the number of bivariate terms).

To input the objective function and constraints, QHDOPT provides an interface through

SymPy [72] and also a specific interface for box-constrained quadratic programming via ma-

trices. QHDOPT takes the problem instance to construct a Hamiltonian evolution according to

QHD algorithm, then programs it in SimuQ and deploy it to D-Wave devices, IonQ devices, and

classical simulators. We evaluate our package on a small benchmark of nonconvex optimization

problems, and obtained more than 10 times speedup compared to state-of-the-art classical solvers

like Ipopt [73] and Gurobi [74]. More details of the evaluation are in [70].
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Chapter 5: Automatic Differentiation of Parameterized Quantum Systems

Chapter summary

One of significant software tools in modern classical computing is automatic differentia-

tion of parameterized systems like neural networks. In this chapter, we develop the theory of

automatic differentiation for parameterized quantum evolution, whose programming can be dealt

with using SimuQ (see Chapter 4).

We formulate the first differentiable analog quantum computing framework with a specific

parameterization design at the analog signal (pulse) level to better exploit near-term quantum de-

vices via variational methods. We further propose a scalable approach to estimate the gradients

of quantum dynamics using a forward pass with Monte Carlo sampling, which leads to a quan-

tum stochastic gradient descent algorithm for scalable gradient-based training in our framework.

Applying our framework to quantum optimization and control, we observe a significant advan-

tage of differentiable analog quantum computing against SOTAs based on parameterized digital

quantum circuits by orders of magnitude.

The theory studied in this chapter serves as the foundation of building a software stack

integrating automatic differentiation for quantum systems, which lead to diverse applications in

quantum chemistry and quantum control.
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5.1 Introduction

Quantum computing has promised unprecedented improvement in our computational abil-

ity to tackle classically intractable problems. Despite the rapid development of quantum hard-

ware [75, 76], near-term quantum computers are still likely to have very restricted hardware re-

sources, where the limited number of “qubits” and non-negligible machine noises would impede

the implementation of large-scale quantum algorithms. Recent research results in both computer

science [77] and physics [78] suggest a promising approach to designing resource-efficient Noisy

Intermediate-Scale Quantum (NISQ) [34] applications by breaking quantum circuit abstractions

and directly designing applications at the pulse-level control of quantum machines. The bene-

fits of this Hamiltonian-oriented approach have been witnessed in the history of classical analog

computing that predates digital computing due to relaxed hardware requirement and plays an

important role in domain applications such as simulation.

One leading algorithmic paradigm on NISQ computers is the Variational Quantum Algo-

rithm (VQA) with a few prominent examples like the Variational Quantum Eignensolver (VQE) [79],

quantum approximate optimization algorithm (QAOA) [68], and more in [80]. Specifically, VQA

uses parametrized quantum models to characterize loss functions, in particular those from quan-

tum physics, which are potentially intractable for classical computing [81]. These parameters

will then be optimized, usually through gradient-based approaches, to minimize the given loss

function. Conventionally, parameterized quantum models are typically quantum circuits where

each gate is parameterized by classical variables. Moreover, auto-differentiation techniques have

been recently developed (e.g., [82, 83, 84]) for a scalable quantum gradient calculation on param-

eterized quantum circuits. We henceforth refer this existing framework as differentiable digital
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Diff. Quantum Neural ODE Diff. Physics
d
dt
x(t) =? −iH(v, t)x(t) f(x(t),v) f(x(t),v)

Parametrization Basis Function Neural Network Dynamics Equation
Forward Time Evolution Forward Pass Time Integration
Backward MC Integration Autodiff Auto/Manual Diff.
Device Quantum Classical Classical

Table 5.1: Machine learning in different dynamical systems.

quantum computing.

Although parameterized quantum circuits are designed for NISQ applications, implement-

ing (digital) quantum circuits still incurs non-negligible overheads, which significantly restricts

the size of parametrized circuits that can be executed faithfully on NISQ machines. Moreover,

the current parameterization in VQAs is also largely restricted by available parameterized gates

and how they compose circuits, which in turn limits the expressive power of VQAs. A natural

alternative to the current digital parameterization is to perform VQA directly on parametrized

analog signals (pulses), either on digital quantum machines with pulse-level controls, or on gen-

eral analog quantum hardware. Indeed, parameterized analog pulses have the potential for more

efficient NISQ implementation and better expressiveness as suggested in a recent perspective pa-

per [78], which could be a more favorable parameterization for NISQ applications even when

digital quantum gates are available.

However, there is not yet a systematic study of the analog parameterization for VQAs,

its scalable training, and its quantitative benefits in achieving high-quality solutions in VQA

applications.

Contributions. We conduct the first systematic study of the parameterization and scalable train-

ing of analog VQAs, which we call differentiable analog quantum computing. We also leverage

our scalable training to demonstrate the quantitative benefits of the analog parameterization for
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specific VQA applications.

Specifically, we formulate the general differentiable analog quantum computing as a con-

trol problem, minv L(v), where the loss function L(v) is calculated from the v-parametrized

quantum state x(T ;v) generated by quantum machines at the evolution time t = T . Intuitively,

this control problem is no different from any classical ones except that the evolution of the quan-

tum state in [0, T ] is governed by the Schrödinger equation

d

dt
x(t) = −iH(v, t)x(t), (5.1.0.1)

where the Hamiltonian operatorH(v, t) can be much more flexibly parameterized in v compared

with parameterized quantum circuits (detailed in Section 5.2.2), and i is the imaginary unit.

We also develop a scalable Monte Carlo integration technique of computing quantum-

related gradients from the loss function L(v). A well-known difficulty in computing quantum-

related gradients by classical means is the exponential cost associated with classical simulation

of the quantum system. Thus, any scalable solution must leverage quantum machines to com-

pute the gradients for themselves. Existing “auto-differentiation” techniques for parameterized

quantum circuits (e.g., [82, 83, 84]) are designed for discrete-time evolution and the basic pa-

rameterized units (i.e., gates) are described by finite-dimensional matrices. Differential analog

quantum computing exploits parameterization of continuous-time evolution and H(v, t) refers to

a parameterized model from a functional space. Our Monte Carlo integration technique is de-

signed to bridge this technical gap, which is later integrated with the stochastic gradient descent

(SGD) for the entire framework for fast convergence and robustness against empirical noise. We

further illustrate that our quantum stochastic gradient descent could still work with approximate
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descriptions of H(v, t) for domain applications.

An analogy could be drawn between our approach and classical deep learning, as summa-

rized in Table 5.1. Neural ODEs [85, 86] view the structure of ResNet [87], xn+1 = xn+f(xn, θ),

as the solving of an ordinary differential equation,

d

dt
x(t) = f(x(t),v), (5.1.0.2)

with f(·) as the network layer, v the network parameter, and x(t) the hidden state. This for-

mula is similar to our system in (5.1.0.1), although we adopt a different parametrization than

neural networks. Similarly, differentiable physics (e.g., [88]), which incorporates physical sim-

ulation into learning process, leverages existing numerical solvers and the autodiff functionality

of deep learning with backpropagation to compute gradients of a physical or dynamical system,

then integrates them into a neural network. This approach has proven to accelerate learning and

generalization.

Differentiable analog quantum computing can be deemed as a special form of differentiable

physics at the quantum scale. Similar to the promise of differentiable physics or neural ODEs, we

have also observed the advantageous performance of differentiable analog quantum computing

against the conventional parameterized quantum circuits by orders of magnitude in major VQA

applications like optimization (Section 5.3) and control (Section 5.4). Our auto-differentiation

technique in quantum is however less efficient than classical ones that leverage the chain rule and

the forward/backward propagation. This is due to the quantum no-cloning theorem [89] which

prevents us from storing any arbitrary immediate state during quantum computation. So, we

develop a sampling technique to compute gradients. To sum up, the key contributions of this
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work include:

• A formulation of differentiable, resource-efficient analog quantum computing framework

(Sec. 5.2),

• A scalable technique of computing gradients by Monte Carlo sampling with SGD (Sec. 5.2.3),

• Formal analysis on correctness, efficiency, and robustness that showcases exponential re-

duction of computational complexity and bounded errors with approximate machine de-

scription (Sec. 5.2.4-5.2.6),

• Applications of our framework on quantum optimization (Sec. 5.3) and control (Sec. 5.4),

with demonstrated advantages by orders of magnitude against parameterized quantum cir-

cuits. Our code is available here: https://github.com/YilingQiao/diffquantum

Related work.

Learning for dynamics and control. Dynamical systems have widely been used to interpret

and improve the design of machine learning algorithms. Compared to traditional discrete layers,

Neural ODEs [90] demonstrate that continuous modeling of neural network can better learn the

continuous structures [91, 92] with infinite depth [93] and constant memory cost [94]. Besides

neural networks, differentiable physics [95] also computes analytic gradients of classical dynam-

ical systems like rigid body [96, 97], articulated body [98, 99, 100], soft body [101, 102, 103],

and fluids [104, 105, 106, 107]. Those methods have made great success on design [108], con-

trol [109] and system identification [110] tasks in the macroworld. Our framework, as the first

differentiable dynamics for quantum computing, could have tremendous potential in chemistry

and physics applications.
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Quantum machine learning & optimal control. Quantum machine learning is a fast-developing

emerging field (e.g., see the survey [111]) where variational quantum algorithms (VQAs) (e.g.,

see the survey [80] are one of the most promising candidates for NISQ applications. Quantum op-

timal control (succinctly, quantum control) aims to achieve a desired response from the quantum

system by controlling the system parameters [112, 113]. Quantum control theory has empowered

the growth of quantum technologies and found applications in several fields, ranging from molec-

ular chemistry to quantum computing [114, 115]. The connection between quantum control the-

ory and VQAs has been discussed recently [78, 116]. Several optimization algorithms have been

developed to solve quantum control problems, including the Krotov method [117], monotoni-

cally convergence algorithms [118], non-iterative algorithms [119], the GRadient Ascent Pulse

Engineering (GRAPE) algorithm [120], the Chopped RAndom-Basis (CRAB) algorithm [121],

etc. The development of quantum computing also opens up the possibility of solving quantum

control problems with quantum computers [122, 123]. These proposals take the approach of

hybridizing quantum simulations with classical optimization routines. Nevertheless, they either

do not support gradient-based methods or compute the gradients in a non-scalable way (e.g., via

classical simulation), which significantly limits their performance especially comparing to ours.

Existing pulse-level variational algorithms [116, 124, 125, 126] do not discuss their direct ap-

plication to quantum analog machines and can not compute gradients analytically on quantum

machines, while our method resolves this problem.
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Figure 5.1: The workflow of differentiable analog quantum computing is presented. In this 2-
qubit example, the system starts with an initial ground state ψ0 of dimension 4 = 22 and evolves
through the time following the Schrödinger equation (5.1.0.1). We control the dynamics of this
quantum system by specifying the time-dependent Hamiltonian H(v, t), parameterized by train-
able variables v. At the end of the process, we measure the system and get a real-valued loss
value, L. The derivatives are computed as in the right box. Quantum computers cannot store
computational graphs, so we propose to sample a time t in the forward simulation and apply the
parameter shift rule to compute the gradients. The derivatives are then used in the feedback loop
to update v optimizing L.

5.2 Differentiation of parameterized quantum systems

Similar to classical dynamical systems, quantum systems also have states, governing equa-

tions, and observations, so there naturally exist plenty of optimization [127], control [128], and

learning [111] problems for quantum computing. Inspired by the success of gradient-based ap-

proach in the classical domain, we propose a differentiable framework to compute the gradients

of parametrized analog control signals on quantum computers, based on a “forward simulation

with stochastic sampling” (see the workflow in Figure 5.1).

5.2.1 Quantum preliminaries

A qubit (or quantum bit) is the analogue of a classical bit in quantum computation. It is

a two-level quantum-mechanical system described by vectors in the Hilbert space C2. We use

Dirac notation |ψ⟩ to denote quantum states (i.e., unit vectors) ψ inH. For example, the classical
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“0” and “1” are represented by |0⟩=

1
0

 and |1⟩=

0
1

. One qubit states could be in any linear

combination of |0⟩ and |1⟩, which is called superposition. An n-qubit state is a unit vector in the

Kronecker tensor product ⊗ of n single-qubit Hilbert spaces, i.e., H = ⊗ni=1C2 ∼= C2n , whose

dimension is exponential in n. For an n by m matrix A and a p by q matrix B, their Kronecker

product is an np by mq matrix where (A ⊗ B)pr+u,qs+v = Ar,sBu,v. The complex conjugate

transpose of |ψ⟩ is denoted as ⟨ψ|= |ψ⟩† († is the Hermitian conjugate). Therefore, the inner

product of ϕ and ψ could be written as ⟨ϕ⟩ψ.

The time evolution of quantum states under Schödinger equation is specified by the (time-

dependent) Hermitian matrix H(t) over the corresponding Hilbert space, known as the Hamilto-

nian of the quantum system. Typical single-qubit Hamiltonians include the famous Pauli matri-

ces:

I =

1 0

0 1

 , X =

0 1

1 0

 , Y =

0 −i
i 0

 , Z =

1 0

0 −1

 . (5.2.1.1)

Similarly, a multi-qubit Hamiltonian can be built from the Pauli group consisting of tensor prod-

ucts of Pauli matrices. Conventionally we write Xj (Yj , Zj) for a multi-qubit Hamiltonian to

indicate the tensor product of multiple identity matrices while the j-th operand is X (Y , Z),

which represents operations on the j-th subsystem.

Quantum measurement refers to the procedure of extracting classical information from

quantum systems. It is characterized by an Hermitian matrixM called the observable. Measuring

a quantum state |ψ⟩with observableM is modelled as a random variable whose expectation value

is ⟨ψ|M |ψ⟩.
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5.2.2 Problem formulations

Most computational tasks in quantum simulation and control, like finding the ground state

of a physics system, can be formulated as the following optimization problem. Given a quantum

observable M and an initial state |ψ(0)⟩ = |ψ0⟩, we seek for a parameter vector v by minimizing

the loss function

L = ⟨ψ(T )|M |ψ(T )⟩ , (5.2.2.1)

where the evolution of |ψ(t)⟩ from t = 0 to t = T subject to the Schrödinger equation (5.1.0.1).

Here, H(v, t) is a Hamiltonian parametrized by v with form

H(v, t) = Hc +
∑m

j=1
uj(v, t)Hj, (5.2.2.2)

where m is the number of control pulses, Hc is a time-independent Hamiltonian (e.g. Pauli

matrices),Hj are tensor products of Pauli matrices, and the range of uj(v, t) is R.We also require

uj(v, t) to be differentiable with respect to v for any t ∈ [0, T ]. The loss function L is hence

differentiable. We can loosen the restriction of Hj to general time-independent Hamiltonians if

we have powerful enough quantum simulators. We keep it for the convenience of presenting our

algorithm.

With specific M and |ψ0⟩, optimization problem minv L with post-processing can encode

many essential classical and quantum problems. For example, any classical optimization of f(x)

over n-bit integers x can be formulated as M =
∑

x f(x) |x⟩ ⟨x| . More examples like Max-Cut

problem and quantum state preparation are discussed in details in Sec. 5.3, 5.4.

Abstract Quantum Analog Machines (AQAMs). We propose AQAMs as our computational
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model. An AQAM optimizing the above loss function should be capable of consecutively: (1)

evolving under H(v, t) for any v and time interval [t1, t2] ⊂ [0, T ]; (2) evolving under constant

Hamiltonian Hj for time duration τ (effectively applying unitary transformation e−iHjτ ); (3)

preparing |ψ0⟩ ; (4) measuring with observable M . For realistic quantum devices, we need to

design AQAMs accordingly.

Remark 5.2.1. A trivial AQAM directly employs the Hamiltonian of a quantum device asH(v, t),

parameterized by tunable pulses. In most realistic quantum devices, multi-qubit interactions are

not tunable and weak compared to tunable single-qubit Hamiltonians. Thus Hj can be simu-

lated with high fidelity. Our method is robust against imprecise simulations of H(v, t) and Hj

(discussed in Section 5.2.6). Hence the trivial AQAMs are usually suitable for realistic quantum

devices.

Our formulation of the problem via analog quantum computing is a generalization of the

formulation via parameterized circuits. For example, a series of parameterized Pauli rotation

gates RPj
(θj) = exp{−i(θj/2)Pj} can be realized by H(v, t) =

∑
j vj1j(t)Pj with valuation

vj = θj/2, where 1j is the indicator function of [j, j + 1]. However, simulating analog quantum

computing via quantum circuits requires much longer time on nowadays devices [78], hence is

unrealistic. So direct analog quantum computing can exploit near-term quantum devices much

better than quantum circuits.

5.2.3 Quantum stochastic gradient descent

Our quantum SGD scheme for computing gradients on AQAMs is illustrated in this section,

with its correctness, efficiency, and robustness discussed in the following sections.
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Algorithm 2 Estimating gradients on an AQAM

Classical inputs: bint, bobs (batch sizes), m (number of control pulses), uj (parametrized pulses), T (evo-
lution duration), v (parameters)
Quantum inputs: E|ψ0⟩ (preparation of initial state), H (parametrized system Hamiltonian), Hj (pulse-
controllable Hamiltonian), EM (measurement procedure with observable M )
Output: a gradient estimation of L to v

for k ∈ {1, ..., bint} do
Draw τ ∼ Uniform(0, T )
for j ∈ {1, ...,m}, s ∈ {−1,+1} do

for l ∈ {1, ..., bobs} do
Prepare |ψ0⟩ via E|ψ0⟩
Evolve under H(v, t) for time [0, τ ]
Evolve under Hj for duration (1 + 3

4s)π
Evolve under H(v, t) for time [τ, T ]
xl ← observation sample from EM

p̃
sign(s)
j ← 1

bobs

∑bobs
l=1 xl

f̃k ←
∑m

j=1
∂uj
∂v (v, τ)(p̃−j − p̃

+
j )

∂̃L
∂v ←

T
bint

∑bint
k=1 f̃k

We borrow the idea of mini-batches from classical SGD to deal with the gradients, and set

two layers of mini-batches: (1) an integration mini-batch with size bint; (2) an observation mini-

batch with size bobs. The integration mini-batch updates parameters according to the estimation

of derivatives on the sampled time. The observation mini-batch repeats experiments to generate

more precise measurement results. The scheme is displayed in Algorithm 2.

The forward and backward propagation of our SGD scheme is depicted in Figure 5.1. No-

tice that the inner loop is the only procedure on quantum machine. The difference of this proce-

dure compared with the estimation of loss function L is the inserted evolution under Hj , which

is beneficial in the error analysis in Section 5.2.6.

With the estimation of gradients, various optimizers designed for classical stochastic gra-

dient descent are suitable to optimize the objective function. For example, Adam [129] is used in

our experiments.
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5.2.4 Correctness of gradient estimation

We show that Algorithm 2 generates an unbiased estimation of the gradient ∂L
∂v

, and hence

establishes its correctness.

Theorem 5.2.1. The derivative of L to parameters v is

∂L
∂v

=

∫ T

0

dτ
∑m

j=1

∂uj
∂v

(v, τ)
(
p−j (τ)− p+j (τ)

)
. (5.2.4.1)

Here, p±j (t) = ⟨ψ0|U †
v(t, 0)e

iHj(1± 3
4
)πU †

v(T, t)MUv(T, t)e
−iHj(1± 3

4
)πUv(t, 0) |ψ0⟩, whereUv(t2, t1)

denotes the time evolution operator for time interval [t1, t2] under Hamiltonian H(v, t).

Proof. We first show that the derivative of the time evolution operator is

∂Uv(t2, t1)

∂v
= −i

∫ t2

t1

dτ Uv(t2, τ)
∂H(v, τ)

∂v
Uv(τ, t1) (5.2.4.2)

Let Uv(t2, t1) be as defined in Theorem 5.2.1. We can re-write (5.1.0.1) in the form of time

evolution operator,

i
∂Uv(t, 0)

∂t
= H(v, t)U(t, 0). (5.2.4.3)

It follows that

i (Uu(t, 0)− Uv(t, 0))
′

=H(u, t)Uu(t, 0)−H(v, t)Uv(t, 0)

=[H(u, t)−H(v, t)]Uu(t, 0) +H(v, t)(Uu − Uv)(t, 0). (5.2.4.4)
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By the variation-of-parameters formula [60], we have

Uu(t, 0)− Uv(t, 0) = −i
∫ t

0

dτ Uv(t, τ)[H(u, τ)−H(v, τ)]Uu(τ, 0). (5.2.4.5)

Now, if u = v + h, we have H(u, t) = H(v, t) + h∂H(v,t)
∂v

+ O(h2). Therefore, for each t ≥ 0,

we have

Uu(t, 0)− Uv(t, 0)

h
= −i

∫ t

0

dτ Uv(t, τ)
∂H(v, τ)

∂v
Uu(τ, 0) +O(h), (5.2.4.6)

which implies the desired result (5.2.4.2) by taking h→ 0.

This proofs (5.2.4.2). We now take the derivative to L. Let L be defined as (5.2.2.1), and

H(v, t) =
∑

j fj(v, t)Hj . Then

∂L
∂v

= ⟨ψ(0)|U †(T, 0)M
∂U(T, 0)

∂v
|ψ(0)⟩+ h.c.

=
(
− i
∫ T

0

dτ
∑
j

∂fj(v, τ)

∂v
⟨ψ(0)|U †(τ, 0)U †(T, τ)MU(T, τ)HjU(τ, 0) |ψ(0)⟩

)
+ h.c.

(5.2.4.7)

=
(
− i
∫ T

0

dτ
m∑
j=1

∂fj(v, τ)

∂v
⟨ψ(τ)|MτHj |ψ(τ)⟩

)
+ h.c., (5.2.4.8)

where |ψ(τ)⟩ = U(τ, 0) |ψ(0)⟩ is the state evolving under H(v, t) to time τ starting from |ψ(0)⟩,

and Mτ = U †(T, τ)MU(T, τ). Here h.c. means the Hermitian conjugate of the first half of the

expression (this is a common abbreviation among physics, resulting in a Hermitian matrix).

One can interpret (5.2.4.1) as a direct application of the chain rule over functional deriva-

tives δL
δuj

and partial derivatives ∂uj
∂v

, since δL
δuj

(v, t) = p−j (t) − p+j (t) by the parameter shift rule
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[82, 83], which is a technique for evaluating commutators of Hermitian by quantum processes.

Algorithm 2 estimates the integral in (5.2.4.1) via Monte Carlo integration (MCI) tech-

nique. We show the MCI generates an unbiased estimation of ∂L
∂v

and converges of rate O(b
− 1

2
int ).

We require that the derivatives of u(v, t) are bounded: ∀t ∈ [0, T ],
∣∣∣∂uj(v,t)∂v

∣∣∣ ≤ D.

The integration mini-batch draws time samplings τ ∼ Uniform(0, T ), and evaluates

f(τ) =
m∑
j=1

∂uj
∂v

(v, τ)
(
p−j (τ)− p+j (τ)

)
. (5.2.4.9)

Then (5.2.4.1) turns to ∂L
∂v

=
∫ T
0
f(τ)dτ. By MCI, the average value of T · f(τ) in the integration

mini-batch is an unbiased estimation of ∂L
∂v

. By applying Popocivius’s inequality and the Cauchy-

Schwarz inequality, we obtain the following variance bound, which guarantees a low error of

MCI.

Proposition 5.2.2. The variance of f(τ) is finite. Specifically,

Var[f(τ)] ≤ 4m2∥M∥2D2. (5.2.4.10)

Other numerical integral methods are also applicable here for different conditions on uj

and Hj and may have better convergence rates than MCI. We present it here because MCI has

good generalization and simplicity. We also remark that similar ideas developed in this section

have also appeared in [130] in the circuit model, whereas we developed everything in the analog

quantum computing model.

Overall, the forward and backward propagation of differentiation of L is depicted in Fig-

ure 5.1. Since the parameterization of uj is arbitrary, a typical treatment is using a Fourier basis
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or a Legendre basis as the support of the parameterization. Neural networks are also suitable for

pulse generation, whose gradients are easy to compute via backpropagation.

5.2.5 Scalability analysis

The resource consumption of our classical-quantum hybrid approach has two aspects: the

classical and the quantum sides. The classical computation, as described in Algorithm 2, has

O(bintbobsm) numerical calculations. On the quantum side, the sampling process assessing the

loss function and its derivatives takes O(T ) time each. The total running time on a quantum

computer then is O(bintbobsmT ). Almost on every architecture of quantum devices, the number

of control signals m is at most quadratic in the number of qubits n (see some survey papers [28,

29, 131, 132]), showing excellent scalability of our approach. We exhibit the scalability of our

method for up to 11 qubits in numerical experiments in Section 5.3.2. Our approach could in

principle be readily applied to the most advanced existing quantum systems (e.g., [133] with

n ∼ 60). This is in sharp contrast to the case of GRAPE and CRAB algorithms, which rely

on classical simulation of quantum systems with an exponential cost in n. For instance, the

associated classical computation cost for n ∼ 60 (i.e. at least 260) is prohibitively high, almost

reaching the limit of supercomputers today. Our approach makes it feasible with only O(n2)

complexity.

5.2.6 Robustness analysis

In this section, we analyze systematic errors of gradient estimation produced of Algo-

rithm 2. Our goal is to optimize the loss function assessed on a realistic and noisy quantum
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machine, whose capabilities of evolving under H(v, t) and Hj are imperfect.

As a concrete example, when using the trivial AQAMs in Remark 5.2.1, the actual Hamil-

tonian of the quantum device may deviate from the description H(v, t) in our understanding, and

the simulation of Hj may be imprecise due to weak non-tunable terms in Hc. We show that our

algorithm well approximates the gradient of loss function of the actual devices.

One major advantage of Algorithm 2 is that even though we have imperfect realization of

Hamiltonian H(v, t) built in the AQAM, the quantum part is executed on the actual quantum

machine following the accurate Hamiltonian Ĥ(v, t). As a result, the output of our algorithm

well approximates the gradient for the actual quantum machine.

Lemma 5.2.3. Let ∂̂L
∂v

denote the accurate gradient of the loss function of the quantum ma-

chine, ∂L
∂v

denote the estimated gradient via Algorithm 2, and ∥·∥ represents the matrix spectral

norm [134], then
∣∣∣∂L∂v − ∂̂L

∂v

∣∣∣ ≤ 2∥M∥T maxτ∈[0,T ]

∥∥∥∂H∂v (v, τ)− ∂Ĥ
∂v

(v, τ)
∥∥∥ .

Proof. We let ∂̂L
∂v

denote the accurate gradient of the loss function of the quantum machine, and

∂L
∂v

denote the estimated gradient via Algorithm 2. Their analytical expressions are

∂L
∂v

= −i
∫ T

0

dτ ⟨ψ0| Û †
v(T, 0)MÛv(T, τ)

∂H

∂v
Û(τ, 0) |ψ0⟩+ h.c., (5.2.6.1)

∂̂L
∂v

= −i
∫ T

0

dτ ⟨ψ0| Û †
v(T, 0)MÛv(T, τ)

∂Ĥ

∂v
Û(τ, 0) |ψ0⟩+ h.c., (5.2.6.2)

where h.c. means the Hermitian conjugate of the first half of the expression, and Ûv(t2, t1) is

the evolution operator under the actual Hamiltonian Ĥ(v, t) of the realistic machine. Hence the
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difference between these two evaluations are

∣∣∣∣∣∂L∂v − ∂̂L
∂v

∣∣∣∣∣ =
∣∣∣∣∣−i

∫ T

0

dτ ⟨ψ0| Û †
v(T, 0)MÛv(T, τ)

(
∂H

∂v
− ∂Ĥ

∂v

)
Û(τ, 0) |ψ0⟩+ h.c.

∣∣∣∣∣
(5.2.6.3)

≤ 2T∥M∥ max
τ∈[0,T ]

∥∥∥∥∥∂H∂v (v, τ)− ∂Ĥ

∂v
(v, τ)

∥∥∥∥∥ , (5.2.6.4)

where ∥·∥ is the spectral norm [134].

In other words, one can use Algorithm 2 to optimize the control pulses without a precise

understanding of the machine Hamiltonian, if the differenceH(v, t)−Ĥ(v, t) varies slowly w.r.t.

v (a rather mild condition to satisfy).

On the contrary, if one relies solely on the HamiltonianH(v, t) built in the abstract quantum

analog machine (e.g., the classical simulation of quantum systems in GRAPE or CRAB), the

approximation error could be as large as the difference H(v, t) − Ĥ(v, t) itself, a potentially

large term compared with its derivative w.r.t. v. This particular advantage of Algorithm 2 exists

exactly because of its execution on the real machine, which is potentially applicable in general

scenarios where only approximate machine descriptions are obtainable.

Similar to the circuit case, the systematic error caused by the imprecise evolution under Hj

is bounded by the error sum in each evolution under Hj for duration (1 ± 3
4
)π, which is usually

small.
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(a) Analog-ansatz-based VQE for the H2 system (b) Ground energy search
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(c) Analog-ansatz-based QAOA for a MaxCut problem (d) Cut size maximization

Figure 5.2: Experiments on quantum optimization problems are presented. (a) Experiment results
on the H2 ground energy search. The loss function is the difference between the evaluated energy
to the ground energy of H2, and the lower is the better. Our method with the same (720dt) or
less (360dt) pulse duration converges more than 10 times faster than the circuit model [135].
(b) Experiment results on finding the max cut for 4 vertices circular graph. The loss function is
the difference between the evaluated cut size to the maximal cut size, the lower the better. Our
method outperforms the others by orders of magnitude.

5.3 Applications in quantum optimization

Many important optimization problems in both physics and combinatorics that allow varia-

tional solutions can be formulated easily in our framework. For example, finding the ground state

of physics systems can be solved by variational quantum eigensolver (VQE) (e.g. [79, 135]), and

searching for the max-cut of graphs can be approximated by quantum approximate optimization

algorithms (QAOA) [68]. Replacing parameterized circuits by AQAMs in existing variational

quantum algorithms leads to significantly improved convergence based on numerical experiments

on a classical simulator.
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5.3.1 Variational quantum eigensolver

We exhibit our approach via an AQAM comparable to existing circuit VQE in terms of the

pulse duration, with significantly better convergence and hardware efficiency in identifying the

ground state of the H2 molecule.

Problem setting. The Hamiltonian of H2 molecule is expanded with Pauli matrices in the form

HH2 = α0I+α1Z1Z2+α2X1X2+α3Z1+α4Z2, where αi is a scalar weight calculated in [135].

The ground state |ψ⟩ has the minimal energy, defined by argmin|ψ⟩ ⟨ψ|HH2 |ψ⟩ . This energy

function is computed on real machines by Pauli measurements and linearity.

AQAM design. We propose an IBM-AQAM mimicking IBM transmon system [136], and hence

realizable on IBM’s machines. The IBM-AQAM contains 2 qubits and 4 input pulses ujk(t), and

can evolve under

H(t) = Hsys +
∑

j,k∈{0,1}
Mjk(ujk, t)Xj. (5.3.1.1)

Here Hsys is a constant Hamiltonian. The input pulses to IBM quantum devices are ujk(t) which

are complex values with norm less than 1. These pulses are modulated by the built-in modulation

procedureMjk of the IBM’s quantum devices when executed on the real machine. Since the tun-

able terms have Hamiltonian Xj , we require the IBM-AQAM to be able to evolve under Xj . This

is realizable on IBM’s machines because in (5.3.1.1), Hsys is much weaker than the microwave

input pulses for each qubit in form Xj, ensuring a high fidelity simulation of Hamiltonian Xj on

real machines. We also require the IBM-AQAM to support initializing in state |00⟩ and measur-

ing with M = HH2 , and these procedures are easy to implement for IBM’s machines. We adopt
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the parameterization

ujk(v, t) = N
(∑d

l=0
(vjkl0 + ivjkl1) · Pl

(
2t

T
− 1

))
(5.3.1.2)

to make the pulse norms less than 1, whereN (0) = 0,N (z) = S(|z|)
|z| z for z ̸= 0 is a differentiable

normalization function restricting the norm, S(x) = 1−e−x

1+e−x is the shifted sigmoid function, T is

the duration, and Pl is the l-th Legendre polynomial.

In [135], a parameterized circuit is proposed as layered tunable single qubit rotations and

fixed cross-resonance gates, which are compiled to pulses fitting in (5.3.1.1) and sent to the IBM

quantum devices. Their one-layer experiments over two qubits have cross resonance gates com-

piled to pulses with duration around 720dt where dt=0.22ns. We match it in our experiments,

setting T = 720dt. Additionally, we test our approach with only half the duration, T = 360dt.

Comparisons. We compare our approach to circuit VQE, finite difference method, simultane-

ous perturbation stochastic approximation (SPSA), and derivative-free methods (CMAES [137]

and SLSQP [138]) with the IBM-AQAM on a classical simulator. The experiment results are

displayed in Figure 5.2b.

The circuit VQE converges toL = 0.02,while our approach decreases lower: at 400 epoch,

with 720dt it decreases to less than 0.002, and with 360dt it decreses to 0.01. In general, our

approach is over 10 times more accurate than the circuit VQE, and 100 times more accurate than

the derivative-free methods. The finite difference method and SPSA do not converge because

of the intrinsic randomness of quantum measurements at relatively small observation mini-batch

(bobs = 100), which would be amplified by the small difference length. With a large enough

observation mini-batch, the gradients evaluated by finite difference method has ∼ 3% relative
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difference to the gradients evaluated by our approach. These results exhibit the advantages of our

differentiable analog framework compared to circuit model and derivative-free analog models.

We note that the benefits of using analog controls in VQE for H2 molecule are also dis-

covered in a recent result [116], where the optimization is conducted based on GRAPE-like

techniques.

5.3.2 Quantum approximate optimization algorithm

We also investigate the application of QAOA to approximate solutions for the MaxCut

problem, an NP-complete problem. With a corresponding AQAM, we achieve a significantly

better convergence.

Problem setting. Given a graphG = {E, V }where V is the vertex set andE = {(i, j)} contains

all the edges, our goal is to partition the vertices into two sets (V0, V1) so that the number of

edges between the two sets is maximized. A cut of an n-node graph G is represented by an

n-bit string s = b1b2...bn, with bj ∈ {0, 1} representing in which set the j-th vertex is. We use

the computational basis |s⟩ in an n-qubit register to represent the cut s. A maximum cut |s⟩

maximizes the expected cut size ⟨s|C |s⟩, where C = 1
2

∑
(j,k)∈E Cj,k, Cj,k = I− ZjZk. We test

the performance on the circular graph shown in the leftmost of Figure 5.2c.

AQAM design. Farhi et al. [68] optimizes a p-layer circuit ansatz U(β, γ) = Πp
j=1e

−iβjBe−iγjC ,

where B=
∑n

j=1Xj . We set p=2 as a baseline.

To have a fair comparison, we design a Cut-AQAM corresponding to the above circuit:

H(t) = 1
2π

∑4
j=1 (uj0(t)Cj,j+1 + uj1(t)Xj).

The input pulses are real functions ujk(t), where we restrict the energy input by requiring

78



(a) |+⟩ preparation (b) |Φ+⟩ preparation (c) X gate synthesis (d) CNOT gate synthesis

Figure 5.3: Experimental results on quantum control are presented. We apply our differentiable
analog quantum computing framework to state preparation and gate synthesis. Four methods
(SLSQP, CMAES, GRAPE, and ours) are used in these tasks. In gate synthesis, the accuracy of
the built-in gates from IBM Qiskit is shown in dashed lines. Our method outperforms the other
three algorithms in terms of convergence rate and accuracy by up to orders of magnitude.

|ujk| ≤ 1. Cut-AQAM natively supports evolving merely under Cj,j+1 or Xj by setting ujk as

indicator functions. We also require it to support initializing in state |0⟩ and measuring with

observable C. In our experiment, we set the duration T = 4 within which the circuit QAOA can

be realized by Cut-AQAM. Similar to (5.3.1.2), we parameterize ujk(v, t) by a normalized linear

combination of Legendre’s polynomial.

Comparisons. The experiments are set up in a similar way as in Section 5.3.1. Results are shown

in Figure 5.2d. The circuit QAOA and SLSQP converge to 0.08 at 200 epoch, while our method

converges to 2.6 × 10−6. The finite difference method, SPSA, and CMAES do not converge to

a value less than 1. The analysis is similar to Section 5.3.1. Since Cut-AQAM does not have a

high-frequency modulation, SLSQP also converges close to 0 but is slower than our approach.

5.4 Applications in quantum control

Quantum control problems fall into two categories: 1) state preparation: to steer a given

initial state into a target final state; 2) gate synthesis: to effect a specific unitary transformation

(quantum gate) in the system. In what follows, we discuss how to formulate and solve quantum

79



control problems using our differentiable analog quantum computing framework. We demon-

strate our methodology by numerical experiments on the IBM-AQAM.

5.4.1 State preparation

To prepare the target state |ψtar⟩ from certain fixed initial state, we desire a parameter vector

v that minimizes the loss function defined in (5.2.2.1) with the observable M = I− |ψtar⟩ ⟨ψtar|.

We consider two tasks: 1) to prepare the state |+⟩ = 1√
2
(|0⟩ + |1⟩) from |0⟩; 2) to prepare the

two-qubit maximally entangled state |Φ+⟩ = 1√
2
(|00⟩ + |11⟩) from |00⟩. |Φ+⟩ =. In both tasks,

the loss function is readily computed as the measurement merely involves local Pauli operators,

and can be carried out on the IBM-AQAM.

In the numerical experiments, the pulse duration is fixed as T = 20dt for the |+⟩ state, and

T = 1200dt for the |Φ+⟩ state. We also compare our method with two gradient-free methods

(SLSQP, CMAES) and the GRAPE algorithm. In both tasks, ours achieves faster convergence

than all other three methods. In the |+⟩ task, the final loss value from our method reads approxi-

mately 10−5, which is 18 times better than the second best result (i.e., SLSQP), as in in Figure 5.3

(a). In the |Φ+⟩ task, the final loss value from our method reads 0.034, which is 3 times better

than GRAPE and 6 times better than SLSQP, as shown in Figure 5.3 (b).

5.4.2 Gate synthesis

Gate synthesis is more challenging than state preparation because we hope to engineer a

full unitary gate Utar instead of just mapping a single state to a target state. To this end we first

specify a set of pairs S = {(|xj⟩ , |yj⟩)}kj=1 that completely determines Utar in the sense that
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no unitary map U other than Utar satisfies
∣∣∣ ⟨yj|U |xj⟩ ∣∣∣ = 1 for all j = 1, 2, .., k. Then, we

consider the loss function L = 1
k

∑k
j=1 Lj , where each Lj is defined as in (5.2.2.1) with quantum

observable M = I − |yj⟩ ⟨yj| and initial state |xj⟩. When L(v) is close to 0, the time evolution

controlled by the parameter v is approximately Utar.

The X gate and CNOT gate are widely used in digital quantum computing and supported by

IBM Qiskit. We now exemplify our method by recovering these two gates on the IBM-AQAM.

In both cases, the loss function can be readily computed on IBM machines.

The pulse duration is chosen to be comparable to the built-in ones in IBM Qiskit: T =

160dt for X gate, and T = 1200dt for CNOT gate. In IBM Qiskit, the X gate is implemented by

a pulse of duration T = 160dt, and CNOT is by T = 1056dt. We apply four methods (SLSQP,

CMAES, GRAPE, ours) to the gate synthesis tasks. The results are shown in Figure 5.3 (c), (d).

In the synthesis of X gate, the final loss value from our method is 1.17 × 10−7, which is over

104 times more accurate than the other three methods. In the more involved task of synthesizing

CNOT gate, our method returns a pulse sequence with loss 0.0172, while the results from other

methods are no less than 0.2. It is worth noting that the loss of IBM built-in calibrated pulses

evaluated on IBM machines are 0.019 for X gate and 0.043 for CNOT gate when no measurement

error mitigation or state preparation error mitigation technique is applied.
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Part III

Verify COQC Software Stacks
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Chapter 6: Part III Preface

In the process of building a software stack, human errors are inevitable. Moreover, bugs

in quantum programs are detrimental. Because every quantum algorithm makes use of the su-

perposition of quantum states, slight human errors in the program almost always generate non-

negligible effects on the output, and most of the time the output measurement distribution is

greatly different than the ideal distribution. However, locating the bug in an erroneous program

is utterly difficult. Traditional techniques like software testing no longer suffice for debugging

quantum programs (more details in Section 7.1), which propels us to explore alternative ways to

ensure the correctness of quantum programs in the software stack.

We study formal verification for quantum programs in this part, which has several unique

advantages in ensuring quantum program correctness. Techniques in formal verification normally

require special expertise and many human efforts. Meanwhile, the established correctness of

programs from formal verification is relatively hard to be transferred to other programs. However,

they provide strong guarantees of the correctness of programs. To validate the feasibility of

applying formal verification to quantum programs, we target mature frameworks of quantum

programs. Since the foundational software for HOQC is relatively new (details in Part II), we

shift our focus to software stacks for COQC in this part.

Similar to the HOQC software stacks like Chapter 3, COQC software stacks contain several
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major components: (1) high-level programs implementing quantum algorithms; (2) low-level

programs generating quantum circuits; (2) COQC compilers to map the circuits to pulses. Many

prototypes are developed in the literature [16, 17]. We develop formal methods for the abstract

version of these tools to ensure their correctness.

In Chapter 7, we investigate deductive program verification for implementations of quan-

tum algorithms. We target Shor’s factorization algorithm, the most complicated quantum algo-

rithm, to justify the feasibility of deductive verification for ensuring the semantics correctness of

quantum programs for high-level and low-level descriptions of quantum algorithms. This chapter

is based on [139]: Peng, Y., Hietala, K., Tao, R., Li, L., Rand, R., Hicks, M., & Wu, X. (2023).

A formally certified end-to-end implementation of Shor’s factorization algorithm. Proceedings

of the National Academy of Sciences, 120(21), e2218775120.

In Chapter 8, we study an algebraic reasoning method for quantum while programs. It

leverages non-idempotent Kleene algebra to formally verify program rewrite rules. With verified

rewrite rules, compilers can ensure the correctness of their program transformations and reduce

resource consumption in compiled programs. This chapter is based on [140]: Peng, Y., Ying, M.,

& Wu, X. (2022, June). Algebraic reasoning of Quantum programs via non-idempotent Kleene

algebra. In Proceedings of the 43rd ACM SIGPLAN International Conference on Programming

Language Design and Implementation (pp. 657-670).

84



Chapter 7: Deductive Verification for Shor’s Factorization Algorithm

Chapter summary

While hardware errors have garnered significant attention as the major obstacle to quan-

tum computing, the error due to human factors in the implementation is less recognized. We

identify human programming errors as another important source of errors, whereas most exist-

ing techniques from the classical domain fail to transfer at scale to quantum programming. The

adaptation of formal methods to quantum programming is proposed as a solution that circum-

vents quantum unique challenges and leads to the high-assurance implementation of large-scale

quantum applications in a principle way.

Deductive program verification, where programmers not only write programs but also

mechanized specification of their programs and proofs, suits well for verifying the correctness of

quantum programs. As a demonstration of the feasibility, in this chapter, we present a formally

certified end-to-end implementation of Shor’s prime factorization algorithm due to its complexity

and importance.
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7.1 Introduction

As developments in quantum computer hardware bring promising quantum applications

closer to reality, a key question to contend with is: How can we be sure that a quantum computer

program, when executed, will give the right answer? A well-recognized threat to correctness is

the quantum computer hardware, which is susceptible to decoherence errors. Techniques to pro-

vide hardware-level fault tolerance are under active research [141, 142]. A less recognized threat

comes from errors—bugs—in the program itself, as well as errors in the software that prepares

a program to run on a quantum computer (compilers, linkers, etc.). In the classical domain, pro-

gram bugs are commonplace and are sometimes the source of expensive and catastrophic failures

or security vulnerabilities.

Quantum programs that provide a performance advantage over their classical counterparts

are even more challenging to write, understand and certify (Figure 7.1 (a)). They often involve

the use of randomized algorithms and leverage unfamiliar quantum-specific concepts, including

superposition, entanglement, and destructive measurement. Quantum programs are also hard

to test. To debug a failing test, programmers cannot easily observe (measure) an intermediate

state due to the destructive nature of quantum measurement. Moreover, many quantum algo-

rithms generate samples over an exponentially large output domain, whose statistical properties

could require exponentially many samples to be verified information-theoretically. Simulating

a quantum program on a classical computer can help, but is limited by such computers’ ability

to faithfully represent a quantum state of even modest size (which is why we must build quan-

tum hardware). The fact that near-term quantum computers are error-prone adds another layer of

difficulty.
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Proving programs correct with formal methods

As a potential remedy to these problems, we have been exploring how to use formal meth-

ods (aka formal verification) to develop quantum programs (Figure 7.1 (b)). Formal methods

are processes and techniques by which one can mathematically prove that software does what it

should, for all inputs; the proved-correct artifact is referred to as formally certified. The formal

verification is usually conducted by using a proof assistant, which is a software tool for formal-

izing mathematical definitions and stating and proving properties about them. A proof assistant

may produce proofs automatically or assist a human in doing so, interactively. Either way, the

proof assistant confirms that a proof is correct by employing a proof verifier. Most modern proof

assistants implement proof verification by leveraging the Curry-Howard correspondence, which

embodies a surprising and powerful analogy between formal logic and programming language

type systems [143, 144]. Automating and confirming such proofs have, for more than 50 years,

been a grand challenge for computing research [145].

While early developments of formal methods led to disappointment [146], the last two

decades have seen remarkable progress. Notable successes include the development of the seL4

microkernel [147] and the CompCert C compiler [148]. For the latter, the benefits of formal

methods have been demonstrated empirically: Using sophisticated testing techniques, researchers

found hundreds of bugs in the popular mainstream C compilers gcc and clang, but none in

CompCert’s verified core [149]. Formal methods have also been successfully deployed to prove

major mathematical theorems (e.g., the Four Color theorem [150]) and build computer-assisted

proofs in the grand unification theory of mathematics [151, 152].
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Figure 7.1: Comparison of developing quantum programs with (a) testing and with (b) deduc-
tive program verification. The major classical routines of debugging with testing are blocked by
quantum-specific features, and can only guarantee correctness in test cases. In the formal meth-
ods approach, a proof assistant will mechanically certify quantum programs along with their
specifications and proofs. If successful, the certified implementation is guaranteed to meet the
desired specifications on all possible inputs, even without running the program on real machines.

Formal methods for quantum programs

Our key observation is that the symbolic reasoning that underlies formal methods is not

limited by the aforementioned difficulties of testing directly on quantum machines or classi-

cally simulating them. As a result, it may be a viable alternative to certifying the correctness of

quantum programs. Our research has explored how to put this observation into practice. Pre-

cisely, using the Coq proof assistant [153], we defined a simple quantum intermediate represen-

tation [3] (SQIR) for expressing a quantum program as a series of operations—essentially a kind

of circuit—and specified those operations’ mathematical meaning. Thus we can state the math-

ematical properties of an SQIR program and prove that they always hold without needing to run

that program. Assured that the program is correct, we can run it on specific inputs by asking Coq

to extract the SQIR program to a OpenQASM 2.0 circuit, and then run it on a real machine.
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Adapting formal methods developed for classical programs to work on quantum ones is

conceptually straightforward but pragmatically challenging. Consider that classical program

states are (in the simplest terms) maps from addresses to bits (0 or 1); thus, a state is essentially a

length-n vector of Booleans. Quantum states are much more involved: In SQIR an n-qubit quan-

tum state is represented as a length-2n vector of complex numbers and the meaning of an n-qubit

operation is represented as a 2n × 2n matrix—applying an operation to a state is tantamount to

multiplying the operation’s matrix with the state’s vector. Proofs over all possible inputs thus

involve translating such multiplications into symbolic formulae and then reasoning about them.

Given the potentially large size of quantum states, such formulae could become quite large

and difficult to reason about. To cope, we developed automated tactics to translate symbolic states

into normalized algebraic forms, making them more amenable to automated simplification. We

also eschew matrix-based representations entirely when an operation can be expressed symboli-

cally in terms of its action on basis states. With these techniques and others [154], we proved the

correctness of key components of several quantum algorithms—Grover’s search algorithm [155]

and quantum phase estimation (QPE) [2]—and demonstrated advantages over competing ap-

proaches [5, 156, 157, 158].

With this promising foundation in place, several challenges remain. First, both Grover’s

and QPE are parameterized by oracles, which are classical algorithmic components that must

be implemented to run on quantum hardware. These must be reasoned about, too, but they

can be large (many times larger than an algorithm’s quantum scaffold) and can be challenging to

encode for quantum processing, bug-free. Another challenge is proving the end-to-end properties

of hybrid quantum/classical algorithms. These algorithms execute code on both classical and

quantum computers to produce a final result. Such algorithms are likely to be common in near-
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Figure 7.2: Overview of Shor’s factoring algorithm, which finds a non-trivial factor of integer
N (not 1 or N ) with high probability in polynomial time. This is a quantum-classical hybrid
algorithm, whose quantum part (marked cream) is a sub-procedure of finding multiplicative or-
ders (enclosed in the blue frame). We implement and mechanically certified Shor’s algorithm
(enclosed in the green frame), for N not prime, even, or a prime power (these cases can be
efficiently tested for and solved by classical algorithms). A detailed illustration of our implemen-
tation of ModExp(a,N) is in Figure 7.4.

term deployments in which quantum processors complement classical ones. Finally, end-to-end

certified software must implement and reason about probabilistic algorithms, which are correct

with a certain probability and may require multiple runs.

To close these gaps, and thereby demonstrate the feasibility of the application of formal

methods to quantum programming, we have produced a fully certified version of Shor’s prime

factorization algorithm [2], which is famous for breaking widely-used RSA cryptographic sys-

tems. This algorithm has been a fundamental motivation for the development of quantum com-

puters and is at a scale and complexity not reached in prior formalization efforts.

As shown in Figure 7.2, Shor developed a sophisticated, quantum-classical hybrid algo-

rithm to factor a number N : the key quantum part—order finding—preceded and followed by
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classical computation—primality testing before, and conversion of found orders to prime factors,

after. The algorithm’s correctness proof critically relies on arguments about both its quantum and

classical parts, and also on several number-theoretical arguments.

While it is difficult to factor a number, it is easy to confirm a proposed factorization (the

factoring problem is inside the NP complexity class). One might wonder: why prove a program

correct if we can always efficiently check its output? When the check shows an output is wrong,

this fact does not help with computing the correct output and provides no hint about the source

of the implementation error. By contrast, formal verification allows us to identify the source of

the error: it is precisely in the subprogram that we could not certify.

Moreover, because inputs are reasoned about symbolically, the complexity of all-input cer-

tification can be (much) less than the complexity of single-output correctness checking. For

example, one can symbolically verify that a quantum circuit generates a uniform distribution

over n bits, but directly checking whether the output samples from a uniform distribution over n

bits could take as many as 2Θ(n) samples [159]. As such, with formal methods, one could poten-

tially certify implementations for major quantum applications, like quantum simulation which is

BQP-complete [57] and believed to lie outside NP.

An instantiation of the scheme in Figure 7.1 (b) for Shor’s algorithm is given in Figure 7.3

(a)(b). We have certified the implementation against both a correctness specification (e.g., the

likelihood of success) and a resource specification (e.g., the gate count) (see Figure 7.6).
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Figure 7.3: Technical illustration of our fully certified implementation of Shor’s algorithm. (a)
The schematic framework of our implementation in Coq. Intermediate representations SQIR and
RCIR are embedded in Coq, dealing with classical reversible and quantum circuits respectively.
(b) An instantiation of the formal methods scheme in Shor’s implementation.

7.2 End-to-end implementation of Shor’s algorithm

Shor’s factorization algorithm consists of two parts. The first employs a hybrid classical-

quantum algorithm to solve the order-finding problem; the second reduces factorization to order-

finding. In this section, we present an overview of Shor’s algorithm (see Figure 7.2 for a sum-

mary). In the next sections, we discuss details about our implementation (see Figure 7.3) and

certified correctness properties.

We give a brief introduction to the procedure of Shor’s algorithm, whose details are pre-

sented later. The classical pre-processing will identify cases where N is prime, even, or a prime

power, which can be efficiently tested for and solved by classical algorithms. Otherwise, one will

proceed to the main part of Shor’s algorithm (enclosed in the green frame) to solve the case where

N = pkq. One starts with a random integer sample a between 1 and N . When a is a co-prime of

N , i.e., the greatest common divisor gcd(a,N) = 1, the algorithm leverages a quantum computer

and classical post-processing to find the order r of a modulo N (i.e., the smallest positive inte-

ger r such that ar ≡ 1( mod N)). The quantum part of order finding involves quantum phase

estimation (QPE) on modular multipliers for (a,N). The classical post-processing finds the con-
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tinued fraction expansion (CFE) [a1, a2, · · · , a2m] of the output s/2m ≈ k/r of quantum phase

estimation to recover the order r. Further classical post-processing will rule out cases where r

is odd before outputting the non-trivial factor. To formally prove the correctness of the imple-

mentation, we first prove separately the correctness of the quantum component (i.e., QPE with

in-place modular multiplier circuits for any (a,N) on n bits) and the classical component (i.e.,

the convergence and the correctness of the CFE procedure). We then integrate them to prove that

with one randomly sampled a, the main part of Shor’s algorithm, i.e., the quantum order-finding

step sandwiched between the pre and post classical processing, will succeed in identifying a non-

trivial factor ofN with probability at least 1/polylog(N ). By repeating this procedure polylog(N )

times, our certified implementation of Shor’s algorithm is guaranteed to find a non-trivial factor

with a success probability close to 1.

Our focus is on implementation over an ideal quantum computer, where there is no gate

implementation error and no topology constraints. In practice, error correction codes become

necessary to correct errors caused by system decoherence or state leakage. This involves using

multiple physical qubits to represent a logical qubit, which can significantly increase the circuit

size depending on the precision of the quantum computer. Incorporating error correction into a

certified implementation of Shor’s algorithm is left as a future research direction.

7.2.1 A hybrid algorithm for order finding

The multiplicative order of a modulo N , represented by ord(a,N), is the least integer r

larger than 1 such that ar ≡ 1 (mod N). Calculating ord(a,N) is hard for classical comput-

ers, but can be efficiently solved with a quantum computer, for which Shor proposed a hybrid
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classical-quantum algorithm [2]. This algorithm has three major components: (1) in-place mod-

ular multiplication on a quantum computer; (2) quantum phase estimation; and (3) continued

fraction expansion on a classical computer.

In-place Modular Multiplication An in-place modular multiplication operator IMM(a,N) on

n working qubits and s ancillary qubits satisfies the following property:

∀x < N, IMM(a,N)|x⟩n|0⟩s = |(a · x) mod N⟩n|0⟩s,

where 0 < N < 2n−1. It is required that a and N are co-prime, otherwise the operator is irre-

versible. This requirement implies the existence of a multiplicative inverse a−1 modulo N such

that a · a−1 ≡ 1 (mod N).

Quantum Phase Estimation Given a subroutine U and an eigenvector |ψ⟩ with eigenvalue eiθ,

quantum phase estimation (QPE) finds the closest integer to θ
2π
2m with high success probability,

where m is a predefined precision parameter.

Shor’s algorithm picks a random a from [1, N) first, and applies QPE on IMM(a,N) on

input state |0⟩m |1⟩n |0⟩s where m = ⌊log2 2N2⌋, n = ⌊log2 2N⌋ and s is the number of ancillary

qubits used in IMM(a,N). Then a computational basis measurement is applied on the first m

qubits, generating an output integer 0 ≤ out < 2m. The distribution of the output has ord(a,N)

peaks, and these peaks are almost equally spaced. We can extract the order by the following

procedure.

Continued Fraction Expansion The post-processing of Shor’s algorithm invokes the continued
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fraction expansion (CFE) algorithm. A k-level continued fraction is defined recursively by

⟨⟩ = 0,

⟨a1, a2, ..., ak⟩ =
1

a1 + ⟨a2, a3, ..., ak⟩
.

k-step CFE finds a k-level continued fraction to approximate a given real number. For a rational

number 0 ≤ a
b
< 1, the first term of the expansion is ⌊ b

a
⌋ if a ̸= 0, and we recursively expand

b mod a
a

for at most k times to get an approximation of a
b

by a k-level continued fraction. In Coq,

the CFE algorithm is implemented as

Fixpoint CFE_ite (k a b p1 q1 p2 q2 : N) : N× N :=

match k with

| 0 ⇒ (p1, q1)

| S k' ⇒ if a = 0 then (p1, q1)

else let (c, d) := (⌊ ba ⌋, b mod a) in

CF_ite k' d a (c · p1 + p2) (c · q1 + q2) p1 q1

end.

Definition CFE k a b := snd (CF_ite (k+1) a b 0 1 1 0).

Function CFE_ite takes in the number of iterations k, target fraction a/b, the fraction from

the (k − 1)-step expansion, and the (k − 2)-step expansion. Function CFE k a b represents the

denominator in the simplified fraction equal to the k-level continued fraction that is the closest to

a
b
.

The post-processing of Shor’s algorithm expands out
2m

using CFE, where out is the mea-

surement result and m is the precision for QPE defined above. It finds the minimal step k such that

aCFE k out 2m ≡ 1 (mod N) and k ≤ 2m+1. With probability no less than 1/polylog(N), there

exists k such that CFE k out 2m is the multiplicative order of a modulo N . We can repeat
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the QPE and post-processing for polylog(N) times. Then the probability that the order exists in

one of the results can be arbitrarily close to 1. The minimal valid post-processing result is highly

likely to be the order.

7.2.2 Reduction from factorization to order finding

To completely factorize composite numberN , we only need to find one non-trivial factor of

N (i.e., a factor that is not 1 norN ). If a non-trivial factor d ofN can be found, we can recursively

solve the problem by factorizing d and N
d

separately. Because there are at most log2(N) prime

factors of N , this procedure repeats for at most polylog(N) times. A classical computer can

efficiently find a non-trivial factor in the case where N is even or N = pk for prime p. However,

Shor’s algorithm is the only known (classical or quantum) algorithm to efficiently factor numbers

for which neither of these is true.

Shor’s algorithm randomly picks an integer 1 ≤ a < N . If the greatest common divisor

gcd(a,N) of a and N is a non-trivial factor of N , then we are done. Otherwise we invoke the

hybrid order finding procedure to find ord(a,N). With probability no less than one half, one

of gcd
(
a⌊

ord(a,N)
2

⌋ ± 1, N
)

is a non-trivial factor of N . Note that gcd
(
a⌊

ord(a,N)
2

⌋ ± 1, N
)

can be

efficiently computed by a classical computer[160]. By repeating the random selection of a and

the above procedure for constant times, the success probability to find a non-trivial factor of N is

close to 1.
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7.2.3 Implementation details

7.2.3.1 Implementation of in-place modular exponentiation

One of the pivoting components of Shor’s order-finding procedure is a quantum circuit for

in-place modular exponentiation, effectively in-place modular multiplication (IMM). We initially

tried to define this operation in SQIR but found that for purely classical operations (that take basis

states to basis states), SQIR’s general quantum semantics make proofs unnecessarily complicated.

In response, we developed the reversible circuit intermediate representation (RCIR) to express

classical functions and prove their correctness. RCIR programs can be translated into SQIR, and

we prove this translation correct.

RCIR

RCIR contains a universal set of constructs on classical bits labeled by natural numbers.

The syntax is:

R := skip | X n | ctrl n R | swapm n | R1; R2.

Here skip is a unit operation with no effect, X n flips the n-th bit, ctrl n R executes subpro-

gram R if the n-th bit is 1 and otherwise has no effect, swap m n swaps the m-th and n-th bits,

and R1;R2 executes subprograms R1 and R2 sequentially. We remark that swap is not necessary

for the expressiveness of the language, since it can be decomposed into a sequence of three ctrl

and X operations. We include it here to facilitate swap-specific optimizations of the circuit.

As an example, we show the RCIR code for the MAJ (majority) operation [161], which is

an essential component of the ripple-carry adder.
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Definition MAJ a b c :=

ctrl c (X b) ; ctrl c (X a) ; ctrl a (ctrl b (X c)).

It takes in three bits labeled by a, b, c whose initial values are va, vb, vc correspondingly, and

stores va xor vc in a, vb xor vc in b, and MAJ(va, vb, vc) in c. Here MAJ(va, vb, vc) is the

majority of va, vb and vc, the value that appears at least twice.

To reverse a program written in this syntax, we define a reverse operator by skiprev =

skip, (X n)rev = X n, (ctrl n R)rev = ctrl n Rrev, (swap m n)rev = swap m n,

(R1; R2)
rev = Rrev

2 ; Rrev
1 . We prove that the reversed circuit will cancel the behavior of the

original circuit.

We can express the semantics of a RCIR program as a function between Boolean registers.

We use notation [k]n to represent an n-bit register storing natural number k < 2n in binary

representation. Consecutive registers are labeled sequentially by natural numbers. If n = 1, we

simplify the notation to [0] or [1].

The translation from RCIR to SQIR is natural since every RCIR construct has a direct cor-

respondence in SQIR. The correctness of this translation states that the behavior of a well-typed

classical circuit in RCIR is preserved by the generated quantum circuit in the context of SQIR.

That is, the translated quantum circuit turns a state on the computational basis into another one

corresponding to the classical state after the execution of the classical reversible circuit.

Details of IMM

Then the goal is to construct a reversible circuit IMMc(a,N) in RCIR satisfying

∀x < N, [x]n[0]s
IMMc(a,N)−−−−−−−→ [a · x mod N ]n[0]s. (7.2.3.1)
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Figure 7.4: An overview of our certified implementation of modular exponentiation circuit.

99



so that we can translate it into a quantum circuit in SQIR. The overview of our implementation of

such a circuit is presented in Figure 7.4. We present it in detail below.

Since we will encounter bit-level logic frequently, we define x⊙?y for binary logic operator

⊙ as a binary expression over x and y whose value is 1 if x ⊙ y is true and 0 otherwise. For

example, 3 ≥? 2 = 1 and 3 ≤? 2 = 0 since 3 ≥ 2. This notation also carries over into our Coq

code, e.g. x<?y is the expression x <? y.

Adapting the standard practice [162], we implement modular multiplication based on re-

peated modular additions. For addition, we use Cuccaro et al.’s ripple-carry adder (RCA) [161].

RCA realizes the transformation

[c][x]n[y]n
RCA−−−→ [c][x]n[(x+ y + c) mod 2n]n,

for ancillary bit c ∈ {0, 1} and inputs x, y < 2n−1. We use Cucarro et al.’s RCA-based defini-

tions of subtractor (SUB) and comparator (CMP), and we additionally provide a n-qubit register

swapper (SWP) and shifter (SFT) built using swap gates. These components realize the following

transformations:

[0][x]n[y]n
SUB−−−→ [0][x]n[(y − x) mod 2n]n

[0][x]n[y]n
CMP−−−→ [x ≥? y][x]n[y]n

[x]n[y]n
SWP−−−→ [y]n[x]n

[x]n
SFT−−→ [2x]n

We remark here that SFT is correct only when x < 2n−1. With these components, we can build
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a modular adder (ModAdd) and modular shifter (ModSft) using two ancillary bits at positions 0

and 1.

Definition ModAdd n :=

SWP02 n; RCA n; SWP02 n; CMP n;

ctrl 1 (SUB n); SWP02 n; (CMP n)rev; SWP02 n.

Definition ModSft n := SFT n; CMP n; ctrl 1 (SUB n).

SWP02 is the register swapper applied to the first and third n-bit registers. These functions realize

the following transformations:

[0][0][N ]n[x]n[y]n
ModAdd−−−−→ [0][0][N ]n[x]n[(x+ y) mod N ]n

[0][0][N ]n[x]n
ModSft−−−−→ [0][N ≤? 2x][N ]n[2x mod N ]n

Note that (a · x) mod N can be decomposed into

(a · x) mod N =

(
n−1∑
i=0

(1 ≤? ai) · 2i · x

)
mod N,

where ai is the i-th bit in the little-endian binary representation of a. By repeating ModSfts and

ModAdds, we can perform (a · x) mod N according to this decomposition, eventually generating

a circuit for modular multiplication on two registers (MM(a,N)), which implements

[x]n[0]n[0]s
MM(a,N)−−−−−−→ [x]n[a · x mod N ]n[0]s.

Here s is the number of additional ancillary qubits, which is linear to n. Finally, to make the

operation in-place, we exploit the modular inverse a−1 modulo N :

Definition IMM a N n :=
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MM a N n; SWP01 n; (MM a−1 N n)rev.

There is much space left for optimization in this implementation. Other approaches in

the literature [163, 164, 165, 166, 167] may have a lower depth or fewer ancillary qubits. We

chose this approach because its structure is cleaner to express in our language, and its asymptotic

complexity is feasible for efficient factorization, which makes it great for mechanized proofs.

7.2.3.2 Implementation of Shor’s algorithm

Our final definition of Shor’s algorithm in Coq uses the IMM operation along with a SQIR

implementation of QPE described in the previous sections. The quantum circuit to find the multi-

plicative order ord(a,N) is then

Definition shor_circuit a N :=

let m := log2 (2*Nˆ2) in

let n := log2 (2*N) in

let f i := IMM (modexp a (2ˆi) N) N n in

X (m + n - 1); QPE m f.

We can extract the distribution of the result of the random procedure of Shor’s factorization

algorithm

Definition factor (a N r : N) :=

let cand1 := Nat.gcd (a ˆ (r / 2) - 1) N in

let cand2 := Nat.gcd (a ˆ (r / 2) + 1) N in

if (1 <? cand1) && (cand1 <? N) then Some cand1

else if (1 <? cand2) && (cand2 <? N) then Some cand2

else None.

Definition shor_body N rnd :=

let m := log2 (2*Nˆ2) in

let k := 4*log2 (2*N)+11 in

let distr := join (uniform 1 N)
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(fun a ⇒ run (to_base_ucom (m+k)

(shor_circuit a N))) in

let out := sample distr rnd in

let a := out / 2ˆ(m+k)) in

let x := (out mod (2ˆ(m+k))) / 2ˆk in

if Nat.gcd a N =? 1%N

then factor a N (OF_post a N x n)

else Some (Nat.gcd a N).

Definition end_to_end_shor N rnds :=

iterate rnds (shor_body N).

Here factor is the reduction finding non-trivial factors from multiplicative order, shor body

generates the distribution and sampling from it, and end to end shor iterates shor body

for multiple times and returns a non-trivial factor if any of them succeeds.

7.3 Certification of the implementation

With the properties and correctness of order finding established, we can prove the success

probability of the algorithm overall. In this section, we summarize the facts we have proved in

Coq to fully verify Shor’s algorithm.

For the overall algorithm, we prove that the order finding procedure combined with the

classical post-processing will output a non-trivial factor with a success probability of at least

2e−2/π2⌊log2(N)⌋4, which is exactly half of the success probability of order finding. Namely,

we prove that for at least a half of the integers a between 1 and N , the order r will be even and

either gcd(ar/2 + 1, N) or gcd(ar/2 − 1, N) will be a non-trivial factor of N . Shor’s original

proof [2] of this property made use of the existence of the group generator of Zpk , also known as

primitive roots, for odd prime p. However, the known proof of the existence of primitive roots is
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Figure 7.5: End-to-end execution of our implementation of Shor’s algorithm. (a) A schematic
illustration of the end-to-end quantum-classical hybrid execution. (b) An example of end-to-end
execution and simulation of factorization. (c) Empirical statistics (i.e., minimal to maximal suc-
cess probability) of the success probability of factorization for every valid input N with respect
to input size n from 4 to 10 bits.

non-constructive [168] meaning that it makes use of axioms like the law of the excluded middle,

whereas one needs to provide constructive proofs [169] in Coq and other proof assistants.

We provide a new, constructive proof without using primitive roots by resorting to the

quadratic residues in modulus pk and connecting whether a randomly chosen a leads to a non-

trivial factor to the number of quadratic residues and non-residues in modulus pk. The counting

of the latter is established based on Euler’s criterion for distinguishing between quadratic residues

and non-residues modulo pk in Coq.

Putting it all together, we have proved that our implementation of Shor’s algorithm suc-

cessfully outputs a non-trivial factor with a probability of at least 2e−2/π2⌊log2(N)⌋4 for one

iteration. Furthermore, we also prove in Coq that its failure probability of t repetitions is upper

bounded by (1− 2e−2/π2⌊log2(N)⌋4)t, which boosts the success probability of our implementa-
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tion arbitrarily close to 1 after O(log4(N)) repetitions.

We also certify that the gate count in our implementation of Shor’s algorithm using Open-

QASM’s gate set is upper bounded by (212n2 + 975n + 1031)m + 4m + m2 in Coq, where n

refers to the number of bits representing N and m the number of bits in QPE output. Note further

m,n = O(logN), which leads to an O(log3N) overall asymptotic complexity that matches the

original paper.

7.3.1 Certifying order finding

For the hybrid order finding procedure, we verify that the success probability is at least

1/polylog(N). Recall that the quantum part of order finding uses in-place modular multiplica-

tion (IMM(a,N)) and quantum phase estimation (QPE). The classical part applies continued

fraction expansion to the outcome of quantum measurements. Our statement of order finding

correctness says:

Lemma Shor_OF_correct :

∀ (a N : N),

(1 < a < N) → (gcd a N = 1) →

P[Shor_OF a N = ord a N] ≥ β
⌊log2(N)⌋4

.

where β = 4e−2

π2 . The probability sums over possible outputs of the quantum circuit and tests if

post-processing finds ord a N.

Certifying IMM

We have proved that our RCIR implementation of IMM satisfies (7.2.3.1). Therefore, be-

cause we have a proved-correct translator from RCIR to SQIR, our SQIR translation of IMM also

satisfies this property. In particular, the in-place modular multiplication circuit IMM(a,N) with
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Modular Adder

Modular Shifter

Modular Multiplier

In-place Modular Multiplier

RCA codes in RCIR

Fixpoint MAJseq i n :=
match i with
| 0 => MAJ 0 (1+n) 1
| S i' => MAJseq i' n;

MAJ i (1+n+i) (1+i)
end.

Fixpoint UMAseq i n :=
match i with
| 0 => UMA 0 (1+n) 1
| S i' => UMA i (1+n+i) (1+i);

UMAseq i' n
end.

Definition RCA n :=
MAJseq (n-1) n; UMAseq (n-1) n.

Implementation Correctness specifications
Lemma RCA_correct :

∀ n x y c ∶ ℕ ,
0 < n →
rc_exec (RCA n) c 1[x]n[y]n
= c 1[x]n[x+y+c]n.

Lemma IMM_correct :
∀ n x k N ∶ ℕ ,

1 < N < 2n → x < N →
k < N → (gcd k N)=1 →
let s≔ 3n+ 11 in

rc_exec (IMM k N n) [x]n[0]s
= [k ⋅ x mod N]n[0]s.

Gate count specifications

Lemma MAJseq_gate_count :
∀ n m ∶ ℕ ,

rc_count (MAJseq n m) ≤ 3 ⋅ n.

Lemma RCA_gate_count :
∀ n ∶ ℕ , 0 < n →

rc_count (RCA n) ≤ 6 ⋅ n.

Lemma IMM_gate_count :
∀ n k N ∶ ℕ , 1 < n →

rc_count (IMM k N n)
≤ 212 ⋅ n2 + 943 ⋅ n + 967.

Proof
intros n m.
induction n.
- simpl. lia.
- simpl. lia.

Qed.

(i) In-place modular multiplier (IMM) in RCIR

Implementation Correctness specifications Gate count specifications

(ii) Quantum phase estimation over IMM in SQIR

Fixpoint ctrl_modexp m n a N k :=
match k with
| 0    => SKIP
| S k' => ctrl_modexp m n a N k';

control (m-k) 
(map_qubits

(λ q ⇒ m+q)

(IMM (a2
k′

mod N) N n))
end.

Definition QPE_IMM m n a N :=
npar m U_H;
ctrl_modexp m n a N m; 
invert (QFT m).

Definition |ψk⟩ (a N n ∶ ℕ) :=

let r≔ ord a N in
1

rσx=0
r−1ωr

−k⋅x ax mod N n .

Lemma QPE_IMM_correct :
∀ a N n m k ∶ ℕ , let (r,s) ≔ (ord a N,3n+11) in

1 < N < 2n → a < N → (gcd a N)=1 → k < r →

ℙ ≥
4

𝜋2

Lemma QPE_IMM_gate_count :
∀ a N n m ∶ ℕ ,
0 < n →
0 < m →
uc_count (QPE_IMM m n a N)
≤ (212 ⋅ n2 + 975 ⋅ n+ 1031) ⋅ m
+ m2 + 4 ⋅ m.

Implementation

Correctness specifications(iii) Continued Fraction Expansion (CFE) in Order Finding (OF) &
Classical Post-Processing in Shor’s Factoring Algorithm (FAC)

Fixpoint CFE n a b q1 q2 :=
match n with
| 0   => q1
| S n => if (a =? 0) then q1

else let c := (b / a)%ℕ in
CFE n (b mod a) a (cq1+q2) q1

end.

Fixpoint OF_post’ s out a N m :=
match s with
| 0 => 0  | S s' => 

let u := OF_post' s’ out a N m in
let v := CFE s’ out (2^m) 1 0 in

if (u <>? 0) then u else
if (a^v mod N =? 1) then v else 0

end.

Definition OF_post out a N m := 
OF_post' (2*m+2) out a N m.

Definition FAC_post out a N m :=
let r := OF_post out a N m in
let p := gcd (a^(r/2)+1) N in
let q := gcd (a^(r/2)-1) N in

if ((1<?p) && (p<?N)) then p
else q.

Definition E2E_FAC N rs :=
iterate rs (run_shor N)

Lemma OF_post_correct : ∃ β, β > 0 ∧
∀ a N ∶ ℕ , 0 < a < N → (gcd a N)=1 →

let (m,n) ≔ ( log22N2 , log22N ) in
let (s,f) ≔ (3n+11,(λ out).OF_post out a N m) in

Lemma FAC_correct : ∃ β, β > 0 ∧ ∀ (N t ∶ ℕ),

¬ (prime N)→ Odd N→ (∀ p k, prime p → N ≠ pk)→
let (m,n,s) ≔ ( log22N2 , log22N ,3 log22N + 11) in

Theorem Legendre_CFE : 
∀ p q a b ∶ ℕ , 0 < q → a < b→

(gcd p q)= 1 →
a
b−

p
q <

1

2q2 →

∃ s, s < 2 log2b + 2 ∧
CFE s a b 1 0 = q.

Theorem Euler_totient_lb : 

∀ n ∶ ℕ , n ≥ 2 →
𝜑 n
n ≥

𝑒−2

log2n 4 .

Theorem Euler_criterion :
∀ a p k ∶ ℕ , prime p→ 0 < k →

gcd p a = 1→ 2 < p →

a
𝜑 pk /2

≡ ൞
1 mod pk a is a q. r.

−1 mod pk a is a q. n. r.

0 m
ψk n

2m ⋅ k/r m

0 s

QPE_IMM
m n a N

ℙout res=(ord a N) ≥
β

log2N 4
.

0 m

1 n

out m

0 s

QPE_IMM
m n a N

f res

ℙout,a∈ℤN
let f ≔ (λ out).FAC_post out a N m in

FAC_succ res N
≥

β

log2N 4

∧ ℙrs∈Unif 0,1 t FAC_fail (E2E_FAC N rs) N ≤ 1 −
β

log2N 4

t

.

Number theory theorems

Figure 7.6: Showcases of major components of our end-to-end implementation and correspond-
ing proofs. Codes are adjusted for pretty-printing. (i) The implementation of IMM. We use the
example of the Ripple-Carry Adder (RCA) to illustrate the specifications and proofs. (ii) The
implementation of quantum phase estimation over IMM in SQIR (QPE_IMM). The correctness
specification states that, under some premises, the probability of measuring the closest integer
to 2mk/r, where r is the order of a modulo N , is larger than a positive constant 4/π2. We also
certify the gate count of the implementation of QPE_IMM. (iii) The implementation of classical
post-processing for order finding and factorization. Continued fraction expansion CFE is ap-
plied to the outcome of QPE_IMM to recover the order with a certified success probability at least
1/polylog(N ). The success probability of factorization is also certified to be at least 1/polylog(N ),
which can be boosted to 1 minus some exponentially decaying error term after repetitions. These
analyses critically rely on number theoretical statements like Legendre’s theorem, lower bounds
for Euler’s totient function, and Euler’s criterion for quadratic residues, which have been proven
constructively in Coq in our implementation.
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n qubits to represent the register and s ancillary qubits, translated from RCIR to SQIR, has the

following property for any 0 ≤ N < 2n and a ∈ ZN :

Definition IMMBehavior a N n s c :=

∀ x : N, x < N →

(uc_eval c) × (|x⟩n ⊗ |0⟩s) = |a · x mod N⟩n ⊗ |0⟩s.

Lemma IMM_correct a N :=

let n := log2 (2*N) in

let s := 3*n + 11 in

IMMBehavior a N n s (IMM a n).

Here IMMBehavior depicts the desired behavior of an in-place modular multiplier, and we have

proved the constructed IMM(a,N) satisfies this property.

Certifying QPE over IMM

We certify that QPE outputs the closest estimate of the eigenvalue’s phase corresponding

to the input eigenvector with probability no less than 4
π2 :

Lemma QPE_semantics :

∀ m n z δ (f : N → base_ucom n) (|ψ⟩ : Vector 2n),

n > 0 → m > 1 → − 1
2m+1 ≤ δ < 1

2m+1 →

Pure_State_Vector |ψ⟩ →

(∀ k, k < m →

uc_WT (f k) ∧ (uc_eval (f k)) |ψ⟩ = e2
k+1πi( z

2m +δ) |ψ⟩) →

∥⟨z, ψ| (uc eval (QPE k n f)) |0, ψ⟩∥2 ≥ 4
π2 .

To utilize this lemma with IMM(a,N), we first analyze the eigenpairs of IMM(a,N).

Let r = ord(a,N) be the multiplicative order of a modulo N . We define

|ψj⟩n =
1√
r

∑
l<r

ω−j·l
r |al mod N⟩n

in SQIR and prove that it is an eigenvector of any circuit satisfying IMMBehavior, including
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IMM(a2
k
, N), with eigenvalue ωj·2kr for any natural number k, where ωr = e

2πi
r is the r-th

primitive root in the complex plane.

Lemma IMMBehavior_eigenpair :

∀ (a r N j n s k : N) (c : base_ucom (n+s)),

Order a r N → N < 2n →

IMMBehavior a2
k
N n s c →

(uc_eval (f k)) |ψj⟩n ⊗ |0⟩s = e2
k+1πi jr |ψj⟩n ⊗ |0⟩s .

Here Order a r N is a proposition specifying that r is the order of a modulo N . Because we

cannot directly prepare |ψj⟩, we actually set the eigenvector register in QPE to the state |1⟩n⊗|0⟩s

using the identity:

Lemma sum_of_ψ_is_one :

∀ a r N n : N,

Order a r N → N < 2n → 1√
r

∑
k<r |ψj⟩n = |1⟩n.

By applying QPE_semantics, we prove that for any 0 ≤ k < r, with probability no less than

4
π2r

, the result of measuring QPE applied to |0⟩m ⊗ |1⟩n ⊗ |0⟩s is the closest integer to k
r
2m.

Certifying Post-processing

Our certification of post-processing is based on two mathematical results (also formally

certified in Coq): the lower bound of Euler’s totient function and the Legendre’s theorem for

continued fraction expansion. Let Z∗
n be the integers smaller than n and coprime to n. For a

positive integer n, Euler’s totient function φ(n) is the size of Z∗
n. They are formulated in Coq as

follows.

Theorem Euler_totient_lb : ∀ n, n ≥ 2 → φ(n)
n ≥ e−2

⌊log2 n⌋4 .

Lemma Legendre_CFE :

∀ a b p q : N,

a < b → gcd p q = 1 → 0 < q →
∣∣∣ ab − p

q

∣∣∣ < 1
2q2

→

∃ s, s ≤ 2 log2(b) + 1 ∧ CFE s a b = q.
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The verification of these theorems is discussed later.

By Legendre’s theorem for CFE, there exists a s ≤ 2m + 1 such that CFE s out 2m = r,

where out is the closest integer to k
r
2m for any k ∈ Z∗

r . Hence the probability of obtaining the

order (r) is the sum
∑

k∈Z∗
r

4
π2r

. Note that r ≤ φ(N) < N . With the lower bound on Euler’s

totient function, we obtain a lower bound of 1/polylog(N) of successfully obtaining the order

r = ord(a,N) through the hybrid algorithm, finishing the proof of Shor_OF_correct.

Lower Bound of Euler’s Totient Function

We build our proof on the formalization of Euler’s product formula and Euler’s theorem

by de Rauglaudre [170]. By rewriting Euler’s product formula into exponents, we can scale the

formula into exponents of Harmonic sequence
∑

0<i≤n
1
i
. Then an upper bound for the Harmonic

sequence suffices for the result.

In fact, a tighter lower bound of Euler’s totient function exists [171], but obtaining it in-

volves evolved mathematical techniques which are hard to formalize in Coq since they involved

analytic number theory. Fortunately, the formula certified above is sufficient to obtain a success

probability of at least 1/polylog(N) for factorizing N .

Legendre’s Theorem for Continued Fraction Expansion

The proof of Legendre’s theorem consists of facts: (1) CFE s a b monotonically increases,

and reaches b within 2 log2(b) + 1 steps, and (2) for CFE s a b ≤ q < CFE (s+1) a b satisfying∣∣∣ab − p
q

∣∣∣ < 1
2q2 , the only possible value for q is CFE s a b. These are certified following basic

analysis to the continued fraction expansion[168].

109



7.3.2 Certifying Shor’s reduction

We formally certify that for half of the possible choices of a, ord a n can be used to find

a nontrivial factor of N :

Lemma reduction_fact_OF :

∀ (p k q N : N),

k > 0 → prime p → 2 < p → 2 < q →

gcd p q = 1 → N = pk ∗ q →

|ZN| ≤ 2 ·
∑

a∈ZN [1 < gcd (a⌊
ord a N

2
⌋ ± 1) N < N].

The expression [1 < (gcd (a⌊ ord a N
2

⌋±1) N) < N] equals to 1 if at least one of gcd(a⌊ ord a N
2

⌋+

1, N) or gcd(a⌊ ord a N
2

⌋ − 1, N) is a nontrivial factor of N , otherwise it equals to 0. In the

following we illustrate how we achieve this lemma.

From 2-adic Order to Non-Trivial Factors

The proof proceeds as follows: Let d(x) be the largest integer i such that 2i is a factor of

x, which is also known as the 2-adic order. We first certify that d(ord(a, pk)) ̸= d(ord(a, q))

indicates a⌊
ord(a,N)

2
⌋ ̸≡ ±1 (mod N)

Lemma d_neq_sufficient :

∀ a p q N,

2 < p → 2 < q → gcd p q = 1 → N = pq →

d (ord a p) ̸= d (ord a q) →

a⌊
ord a N

2
⌋ ̸≡ ±1 (mod N).

This condition is sufficient to get a nontrivial factor of N by Euler’s theorem and the following

lemma

Lemma sqr1_not_pm1 :

∀ x N,

1 < N → x2 ≡ 1 (mod N) → x ̸≡ ±1 (mod N) →

1 < gcd (x - 1) N < N ∨ 1 < gcd (x + 1) N < N.
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By the Chinese remainder theorem, randomly picking a in ZN is equivalent to randomly

picking b in Zpk and randomly picking c in Zq. a ≡ b mod pk and a ≡ c mod q, so ord(a, pk) =

ord(b, pk) and ord(a, q) = ord(c, q). Because the random pick of b is independent from the ran-

dom pick of c, it suffices to show that for any integer i, at least half of the elements in Zpk satisfy

d(ord(x, pk)) ̸= i.

Detouring to Quadratic Residue

Shor’s original proof[2] of this property made use of the existence of a group generator

of Zpk , also known as primitive roots, for odd prime p. But the existence of primitive roots is

non-constructive, hence hard to present in Coq. We manage to detour from primitive roots to

quadratic residues in modulus pk in order to avoid non-constructive proofs.

A quadratic residue modulo pk is a natural number a ∈ Zpk such that there exists an integer

x with x2 ≡ a mod pk. We observe that a quadratic residue a ∈ Zpk will have d(ord(x, pk)) <

d(φ(pk)), where φ is the Euler’s totient function. Conversely, a quadratic non-residue a ∈ Zpk

will have d(ord(x, pk)) = d(φ(pk)):

Lemma qr_d_lt :

∀ a p k,

k ̸= 0 → prime p → 2 < p →

(∃ x, x2 ≡ a mod pk) →

d (ord a pk) < d (φ (pk)).

Lemma qnr_d_eq :

∀ a p k,

k ̸= 0 → prime p → 2 < p →

(∀ x, x2 ̸≡ a mod pk) →

d (ord a pk) = d (φ (pk)).

These lemmas are obtained via Euler’s Criterion, which describes the difference between multi-

plicative orders of quadratic residues and quadratic non-residues. The detailed discussion is put
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later.

We claim that the number of quadratic residues in Zpk equals to the number of quadratic

non-residues in Zpk , whose detailed verification is left later. Then no matter what i is, at least

half of the elements in Zpk satisfy d(ord(x, pk)) ̸= i. This makes the probability of finding

an a ∈ Zpkq satisfying d(ord(a, pk)) ̸= d(ord(a, q)) at least one half, in which case one of

gcd
(
a⌊ ord a N

2
⌋ ± 1

)
N is a nontrivial factor of N .

Euler’s Criterion

We formalize a generalized version of Euler’s criterion: for odd prime p and k > 0, whether

an integer a ∈ Zpk is a quadratic residue modulo pk is determined by the value of a
φ(pk)

2 mod pk.

Lemma Euler_criterion_qr :

∀ a p k,

k ̸= 0 → prime p → 2 < p → gcd a p = 1 →

(∃ x, x2 ≡ a mod pk) →

a
φ(pk)

2 mod pk = 1.

Lemma Euler_criterion_qnr :

∀ a p k,

k ̸= 0 → prime p → 2 < p → gcd a p = 1 →

(∀ x, x2 ̸≡ a mod pk) →

a
φ(pk)

2 mod pk = pk - 1.

These formulae can be proved by a pairing function over Zpk :

x 7→ (a · x−1) mod pk,

where x−1 is the multiplicative inverse of x modulo pk. For a quadratic residue a, only the two

solutions of x2 ≡ a mod pk do not form pairing: each of them maps to itself. For each pair

(x, y) there is x · y ≡ a mod pk, so reordering the product
∏

x∈Z
pk
x with this pairing proves the
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Euler’s criterion.

With Euler’s criterion, we can reason about the 2-adic order of multiplicative orders for

quadratic residues and quadratic non-residues, due to the definition of multiplicative order and

ord(a, pk)|φ(pk).

Counting Quadratic Residues Modulo pk

For odd prime p and k > 0, there are exactly φ(pk)/2 quadratic residues modulo pk in Zpk ,

and exactly φ(pk)/2 quadratic non-residues.

Lemma qr_half :

∀ p k,

k ̸= 0 → prime p → 2 < p →

|Zpk | = 2 ·
∑

a∈Zpk
[∃x, x2 ≡ a mod pk].

Lemma qnr_half :

∀ p k,

k ̸= 0 → prime p → 2 < p →

|Zpk | = 2 ·
∑

a∈Zpk
[∀x, x2 ̸≡ a mod pk].

Here [∃x, x2 ≡ a mod pk] equals to 1 if a is a quadratic residue modulo pk, otherwise it equals

to 0. Similarly, [∀x, x2 ̸≡ a mod pk] represents whether a is a quadratic non-residue modulo

pk. These lemmas are proved by the fact that a quadratic residue a has exactly two solutions in

Zpk to the equation x2 ≡ a mod pk. Thus for the two-to-one self-map over Zpk

x 7→ x2 mod pk,

the size of its image is exactly half of the size of Zpk . To prove this result in Coq, we generalize

two-to-one functions with mask functions of type N→ B to encode the available positions, then

reason by induction.
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7.3.3 End-to-end certification

We present the final statement of the correctness of the end-to-end implementation of Shor’s

algorithm.

Theorem end_to_end_shor_fails_with_low_probability :

∀ N niter,

¬ (prime N) → Odd N →

(∀ p k, prime p → N ̸= pˆk) →

Prnds∈Uniform([0,1]niter)[end_to_end_shor N rnds = None]

≤ (1 - (1/2) * (β / (log2 N)ˆ4))ˆniter.

Then r can be less than an arbitrarily small positive constant ϵ by enlarging niter to 2
β
ln 1

ϵ
log42N ,

which is O(log4N).

This theorem can be proved by combining the success probability of finding the multiplica-

tive order and the success probability of choosing proper a in the reduction from factorization to

order finding. We build an ad-hoc framework for reasoning about discrete probability procedures

to express the probability here.

7.3.4 Certifying resource bounds

We provide a concrete polynomial upper bound on resource consumption in our implemen-

tation of Shor’s algorithm. The aspects of resource consumption considered here are the number

of qubits and the number of primitive gates supported by OpenQASM 2.0 [172]. The number of

qubits is easily bounded by the maximal index used in the SQIR program, which is linear to the

length of the input. For gate count bounds, we reason about the structure of our circuits. We first

generate the gate count bound for the RCIR program, then we transfer this bound to the bound for

the SQIR program. Eventually, the resource bound is given by
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Lemma ugcount_shor_circuit :

∀ a N,

0 < N →

let m := Nat.log2 (2*(Nˆ2)) in

let n := Nat.log2 (2*N) in

ugcount (shor_circuit a N) ≤

(212*n*n + 975*n + 1031)*m + 4*m + m*m.

Here ugcount counts how many gates are in the circuit. Note m,n = O(logN). This gives the

gate count bound for one iteration as (212n2+975n+1031)m+4m+m2 = O(log3N),which is

asymptotically the same as the original paper [2], and similar to other implementations of Shor’s

algorithm [166, 167] (up to O(log logN) multiplicative difference because of the different gate

sets).

Using the certified bound, we may estimate the upper bound of gates in large factoriza-

tion circuits in our implementation. To factorize a number of 1024-bit, our implementation will

generate circuits with at most 4.58 × 1011 gates. This upper bound is several orders of mag-

nitudes larger than the estimation in [166, 167] (orders of magnitudes around 109) because our

implementation is not optimized to reduce the total gate count but for a structured certification

procedure.

7.4 Running certified code

The codes are certified in Coq, which is a language designed for formal verification. To run

the codes realistically and efficiently, extractions to other languages are necessary. Our certifica-

tion contains the quantum part and the classical part. The quantum part is implemented in SQIR

embedded in Coq, and we extract the quantum circuit into OpenQASM 2.0 [172] format. The
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classical part is extracted into OCaml code following Coq’s extraction mechanism [173]. Then

the OpenQASM codes can be sent to a quantum computer (in our case, a classical simulation of

a quantum computer), and OCaml codes are executed on a classical computer.

With a certification of Shor’s algorithm implemented inside Coq, the guarantees of correct-

ness on the extracted codes are strong. However, although our Coq implementation of Shor’s al-

gorithm is fully certified, extraction introduces some trusted code outside the scope of our proofs.

In particular, we trust that extraction produces OCaml code consistent with our Coq definitions

and that we do not introduce errors in our conversion from SQIR to OpenQASM. We “tested” our

extraction process by generating order-finding circuits for various sizes and confirming that they

produce the expected results in a simulator.

7.4.1 Extraction

For the quantum part, we extract the Coq program generating SQIR circuits into the OCaml

program generating the corresponding OpenQASM 2.0 assembly file. We substitute the Open-

QASM 2.0 gate set for the basic gate set in SQIR, which is extended with: X,H,U1, U2, U3, CU1,

SWAP,CSWAP,CX,CCX,C3X,C4X . HereX,H are the PauliX gate and Hadamard gate.

U1, U2, U3 are single-qubit rotation gates with different parametrization [172]. CU1 is the con-

trolled version of the U1 gate. SWAP and CSWAP are the swap gate and its controlled version.

CX,CCX,C3X , and C4X are the controlled versions of the X gate, with a different number

of control qubits. Specifically, CX is the CNOT gate. The proofs are adapted with this gate set.

The translation from SQIR to OpenQASM then is direct.

For the classical part, we follow Coq’s extraction mechanism. We extract the integer types
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in Coq’s proof to OCaml’s Z type, and several number theory functions to their correspondence

in OCaml with the same behavior but better efficiency. Since our proofs are for programs with

classical probabilistic procedures and quantum procedures, we extract the sampling procedures

with OCaml’s built-in randomization library.

One potential gap in our extraction of Coq to OCaml is the assumption that OCaml floats

satisfy the same properties as Coq Real numbers. It is actually not the case, but we did not

observe any error introduced by this assumption in our testing. In our development, we use

Coq’s axiomatized representation of reals [174], which cannot be directly extracted to OCaml.

We chose to extract it to the most similar native data type in OCaml–floating-point numbers. An

alternative would be to prove Shor’s algorithm correct with gate parameters represented using

some Coq formalism for floating-point numbers [175], which we leave for future work.

7.4.2 Experiments

We test the extracted codes by running small examples on them. Since nowadays quantum

computers are still not capable of running quantum circuits as large as generated Shor’s factor-

ization circuits (∼30 qubits, ∼ 104 gates for small cases), we run the circuits with the DDSIM

simulator [176] on a laptop with an Intel Core i7-8705G CPU. The experiment results are in-

cluded in Figure 7.5 (b) (c).

As a simple illustration, we showcase the order finding for a = 3 and N = 7 on the left

of Figure 7.5 (b). The extracted OpenQASM file makes use of 29 qubits and contains around

11000 gates. DDSIM simulator executes the file and generates simulated outcomes for 105 shots.

The measurement results of QPE are interpreted in binary representation as estimated 2m · k/r.
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Figure 7.7: End-to-end execution of the order-finding algorithm. (a) Examples of end-to-end ex-
ecutions of order finding (OF). The left example finds the order for a=3 and N=7. The generated
OpenQASM file uses 29 qubits and contains around 11k gates. We employed JKQ DDSIM [176]
to simulate the circuit for 100k shots, and the frequency distribution is presented. The trials with
post-processing leading to the correct order r=6 are marked green. The empirical success proba-
bility is 28.40%, whereas the proved success probability lower bound is 0.34%. (b, c) Empirical
statistics of the gate count and success probability of order finding for every valid input N with
respect to input size n from 2 to 10 bits. We draw the bounds certified in Coq as red curves.
Whenever the simulation is possible with DDSIM, we draw the empirical bounds as red circles.
Otherwise, we compute the corresponding bounds using analytical formulas with concrete in-
puts. These bounds are drawn as blue intervals called empirical ranges (i.e., minimal to maximal
success probability) for each input size.
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In this case, the outcome ranges from 0 to 63, with different frequencies. We apply OCaml

post-processing codes for order finding on each outcome to find the order. Those measurement

outcomes reporting the correct order (which is 6) are marked green in Figure 7.5 (b). The fre-

quency summation of these measurement outcomes over the total is 28.40%, above the proven

lower bound of the success probability of order finding which is 0.17% for this input.

We are also able to simulate the factorization algorithm for N = 15. For any a coprime

to 15, the extracted OpenQASM codes contain around 35 qubits and 22000 gates. Fortunately,

DDSIM still works efficiently on these cases due to the well-structured states of these cases,

taking around 10 seconds for each simulation. We take 7 × 105 shots in total. When N = 15,

the measurement outcomes from QPE in order finding are limited to 0, 64, 128, 192 because the

order of any a coprime to 15 is either 2 or 4, so 2m · k/r can be precisely expressed as one of

them without approximation. The frequency of the simulation outcomes for N = 15 is displayed

on the right of Figure 7.5 (b). We then apply the extracted OCaml post-processing codes for

factorization to obtain a non-trivial factor of N . The overall empirical success probability is

43.77%, above our certified lower bound of 0.17%.

We have also tested larger cases on DDSIM simulator [176] for input size ranging from 2

bits to 10 bits (correspondingly, N from 3 to 1023), as in Figure 7.5 (c). Since the circuits gener-

ated are large, most of the circuits cannot be simulated in a reasonable amount of time (we set the

termination threshold 1 hour). We exhibit selected cases that DDSIM is capable of simulating:

N = 15, 21, 51, 55, 63, 77, 105, 255 for factorization, and (a,N) = (2, 3), (3, 7), (7, 15), (4, 21),

(18, 41), (39, 61), (99, 170), (101, 384), (97, 1020) for order finding. These empirically inves-

tigated cases are drawn as red circles in Figure 7.5 (c). Most larger circuits that are simulated

by DDSIM have the multiplicative order a power of 2 so that the simulated state is efficiently
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expressible. For each input size, we also calculate the success probability for each possible input

combination by using the analytical formulae of the success probability with concrete inputs.

Shor shows the probability of obtaining a specific output for order finding is[2]

P[out = u] =
1

22m

∑
0≤k<r

∣∣∣∣∣∣∣∣
∑

0≤v<r
v≡k (mod r)

e2πiuv/2
m

∣∣∣∣∣∣∣∣
2

.

Here r is the order and m is the precision used in QPE. The success probability of order finding

then is a summation of us for which the post-processing gives correct r. For most output u, the

probability is negligible. The output tends to be around 2mk/r, so the sum is taken over inte-

gers whose distance to the closest 2mk/r (for some k) is less than a threshold, and the overall

probability of getting these integers is at least 95%. Hence the additive error is less than 0.05.

These empirical results are drawn as blue intervals (i.e., minimal to maximal success probabil-

ity) in Figure 7.5 for each input size, which is called the empirical range of success probability.

The certified probability lower bounds are drawn as red curves in Figure 7.5 as well. The em-

pirical bounds are significantly larger than the certified bounds for small input sizes because of

loose scaling in proofs, and non-optimality in our certification of Euler’s totient function’s lower

bounds. Nevertheless, asymptotically our certified lower bound is sufficient for showing that

Shor’s algorithm succeeds in polynomial time with large probability.

We also exhibit the empirical gate count and certified gate count for order finding and

factorization circuits. The circuits for order finding are exactly the factorization circuits after a

is picked, so we do not distinguish these two problems for gate count. On the right of Figure 7.5

(c), we exhibit these data for input sizes ranging from 2 to 10. We enumerate all the inputs for
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these cases and calculate the maximal, minimal, and average gate count and draw them as blue

curves and intervals. The certified gate count only depends on the input size, which is drawn in

red. One can see the empirical results satisfy the certified bounds on gate count. Due to some

scaling factors in the analytical gate count analysis, the certified bounds are relatively loose.

Asymptotically, our certified gate count is the same as the original paper’s analysis.
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Chapter 8: Algebraic Reasoning of Quantum While Programs

Chapter summary

Compilers serve as an essential role in the quantum software stacks to reduce resource

consumption of running quantum programs, while their correctness needs high-assurance: the

rewrites conducted by compilers should keep the behaviors of programs the same. In this chapter,

we investigate the algebraic reasoning of quantum programs.

The theory in this chapter is inspired by the success of classical program analysis based

on Kleene algebra. One prominent example of such is the famous Kleene Algebra with Tests

(KAT), which has furnished both theoretical insights and practical tools. The succinctness of

algebraic reasoning would be especially desirable for scalable analysis of quantum programs,

given the involvement of exponential-size matrices in most of the existing methods. A few key

features of KAT including the idempotent law and the nice properties of classical tests, however,

fail to hold in the context of quantum programs due to their unique quantum features, especially

in branching. We propose Non-idempotent Kleene Algebra (NKA) as a natural alternative and

identify complete and sound semantic models for NKA as well as their quantum interpretations.

In light of applications of KAT, we demonstrate algebraic proofs in NKA of quantum compiler

optimization and the normal form of quantum while-programs. Moreover, we extend NKA with

Tests (i.e., NKAT), where tests model quantum predicates following effect algebra, and illustrate
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how to encode propositional quantum Hoare logic as NKAT theorems.

8.1 Introduction

8.1.1 Background and motivation

Kleene algebra (KA) [177] that establishes the equivalence of regular expressions and fi-

nite automata is an important connection built between programming languages and abstract

machines with a wide range of applications. One very successful extension of KA, called Kleene

algebra with tests (KAT), was introduced by Kozen [8] that combines KA with Boolean algebra

(BA) to model the fundamental constructs arising in programs: sequencing, branching, iteration,

etc. More importantly, the equational theory of KAT, which can be finitely axiomatized [178],

allows algebraic reasoning about corresponding classical programs.

The mathematical elegance and succinctness of algebraic reasoning with KAT have fur-

nished deep theoretical insights as well as practical tools. A lot of topics can be investigated

with KAT including, e.g., program transformations [7], compiler optimization [179], Hoare

logic [180], and so on. An important recent application of KAT is NetKAT [181] that reasons

about the packet-forwarding behavior of software-defined networks, with both a solid theoreti-

cal foundation [182] and scalable practical performance [181]. An efficient fragment of KAT,

called Guarded KAT (GKAT), has also been identified [183] to model typical imperative pro-

grams with an almost linear time equational theory. In contrast, KAT’s equational theory is

PSPACE-complete [184].

Quantum computation has been a topic of significant recent interest. With breakthroughs in

experimental quantum computing and the introduction of many quantum programming languages
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such as Quipper [16], Scaffold [185], QWIRE [186], Microsoft’s Q# [187], IBM’s Qiskit [188],

Google’s Cirq [189], Rigetti’s Forest [190], there is an imperative need for the analysis and

verification of quantum programs.

Indeed, program analysis and verification have been a central topic ever since the seminal

work on quantum programming languages [191, 192, 193, 194, 195]. There have been many at-

tempts of developing Hoare-like logic [196] for verification of quantum programs [197, 198, 199,

200, 201, 202]. In particular, D’Hondt and Panangaden [203] proposed the notions of quantum

predicate and weakest precondition. Ying [202] established the quantum Hoare logic with (rel-

ative) completeness for reasoning about a quantum extension of the while-language with many

subsequent developments [204, 205, 206]. We refer curious readers to surveys [207, 208, 209]

for details.

Quantum while-programs have similar (yet semantically different) fundamental constructs

(e.g., sequencing, branching, iterations) like classical ones, which gives rise to a natural question

of the possibility of using KA/KAT to algebraically reason about quantum programs. Existing

methods for quantum program analysis and verification usually involve exponential-size matrices

in terms of the system size, which hence significantly limits the scalability. In contrast, a succinct

KA-based algebraic reasoning, if possible, would greatly increase the scalability of such analyses

for quantum programs due to its mathematical succinctness.

8.1.2 Research challenges and solutions

Let us first revisit KAT-based algebraic reasoning and highlight the challenges in extending

the framework to the quantum setting. We assume a few self-explanatory quantum notations with
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detailed quantum preliminaries in Section 8.3.1.

KAT-based Reasoning. A typical reasoning framework based on KAT, similarly for NetKAT

and GKAT, will establish that KAT models the targeted computation by showing

⊢KAT e = f ⇔ ∀int,Kint(e) = Kint(f), (8.1.2.1)

whereKint is an interpretation mapping from expressions to a language (or semantic) model of the

desired computation. In reasoning about while programs, one encodes them as KAT expressions

as in Propositional Dynamic Logic [210]:

p; q := pq (8.1.2.2)

if b then p else q := bp+ bq (8.1.2.3)

while b do p done := (bp)∗b, (8.1.2.4)

where b is a classical guard/test and b is its Boolean negation.

Intuitively, if one can derive the equivalence of encodings of two classical programs in

KAT, then through the soundness direction (⇒), one can also establish the equivalence between

the semantics of the original programs by applying an appropriate interpretation.

Quantum Branching. One critical difference between quantum and classical programs lies in

the branching statement. The quantum branching statement,

caseM [q]→i Pi end, (8.1.2.5)
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refers to a probabilistic procedure to execute branch Pi depending on the outcome of quantum

measurement M on quantum variable q (of which the state is denoted by a density operator

ρ). Consider the two-branching case (i=0,1), and let M = {M0,M1} be the quantum mea-

surement operators. Measurement M will collapse ρ to the state ρ0 = M0ρM
†
0/Tr

(
M0ρM

†
0

)
with probability p0 = Tr

(
M0ρM

†
0

)
, and the state ρ1 = M1ρM

†
1/Tr

(
M1ρM

†
1

)
with probability

p1 = Tr
(
M1ρM

†
1

)
respectively (here Tr(·) is the matrix trace). After the measurement M , the

program will execute Pi on state ρi with probability pi (i = 0, 1).

There are two important differences between quantum and classical branching. The first is

that quantum branching allows probabilistic choices over different branches. Even though ran-

dom choices also appear in probabilistic programs, the probabilistic choices in quantum branch-

ing are due to quantum mechanics (i.e., measurements). In particular, their distributions are

determined by the underlying quantum states and the corresponding quantum measurements,

and hence implicit in the syntax of quantum programs, whereas specific probabilities are usually

explicitly encoded in the syntax of probabilistic programs. Moreover, different quantum mea-

surements do not necessarily commute with each other, which could hence lead to more complex

probability distributions in quantum branching than ones allowed in classical probability theory

and hence probabilistic programs.

The second difference lies in the different roles played by classical guards and quantum

measurements in branching. Note that classical guards serve two functionalities simultaneously:

(1) first, their values are used to choose the branches before the control; (2) second, they can

also be deemed as property tests (i.e. logical propositions) on the state of the program after the

control but before executing each branch. These two points might be so natural that one tends

to forget that they are based on an assumption that observing the guard won’t change the state
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of the program, which is also naturally held classically. The classical guards, when deemed as

tests in KAT, enjoy further the Boolean algebraic properties so that they can be conveniently

manipulated.

This natural assumption, however, fails to hold in quantum branching since quantum mea-

surements will change underlying states in the branching statement. This is mathematically evi-

dent as we see ρ is collapsed to either ρ0 or ρ1 for different branches. Therefore, it is conceivable

that quantum branching (and hence quantum programs) should refer to a different semantic model

and quantum measurements should be deemed different from the tests in KAT.

Issues with directly adopting KAT/KA. Aforementioned differences make it hard to directly

work with KAT/KA for quantum programs. First, there is a well-known issue when combin-

ing non-determinism, which is native to KAT, with probabilistic choices [211, 212], the latter

of which is however essential in quantum branching. A similar issue also showed up in the

probabilistic extension of NetKAT [213], which does not satisfy all the KAT rules, especially

the idempotent law. One might wonder about the possibility of using GKAT [183], which is

designed to mitigate this issue by restricting KAT with guarded structures. Unfortunately, the

classical guarded structure modeled in GKAT is semantically different from quantum branching,

which makes it hard to connect GKAT with appropriate quantum models.

Solution with NKA and NKAT. Our strategy is to work with the variant of KA without the idem-

potent law, namely, the non-idempotent Kleene algebra (NKA). This change will help model

the probabilistic nature of quantum programs in a natural way, however, at the cost of losing

properties implied by the idempotent law. Fortunately, thanks to the existing research on NKA

[214, 215], many properties of KA are recovered in NKA for its applications to quantum pro-
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grams.

Since there is no single ”test” in quantum programs that can serve two purposes like classi-

cal guards, we simply separate the treatments for them. The branching functionality of quantum

measurements can hence be expressed in NKA by treating them as normal program statements.

Precisely, any quantum two-branching can be encoded as

m0p0 +m1p1, (8.1.2.6)

where m0/1 are encodings of measurements and p0/1 are encodings of programs in each branch.

Comparing with the classical encoding (8.1.2.3), m0/1 no longer enjoy the Boolean algebraic

properties and should be treated separately.

It turns out that many classical applications of KAT such as compiler optimization [179]

and the proof of the normal form of while-programs [8] can be implemented in NKA for quantum

programs with branching functionality only.

However, one needs to extend NKA to recover other applications of KAT which makes

essential use of the proposition functionality of tests. A prominent example in KAT is its ap-

plication to propositional Hoare logic [180]. Indeed, a typical Hoare triple {b}p{c} asserts that

whenever b holds before the execution of the program p, then if and when p halts, c will hold of

the output state, where b, c are both tests in KAT leveraging their proposition functionality.

A similar triple {A}P{B} is also used in quantum Hoare logic [202], where P is the quan-

tum program and A,B become quantum predicates [203]. To encode quantum Hoare logic, we

extend NKA with the ”test”, denoted NKAT, which mimics the behavior of quantum predicates

following the effect algebra [216]. With quantum predicates, we develop a more delicate descrip-
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tion of measurements in quantum branching, called partitions, which allow us to reason about

the relationship among quantum branches caused by the same quantum measurement, e.g., the

m0 and m1 branches in (8.1.2.6).

Quantum Path Model. One of our main technical contributions is the identification of the so-

called quantum path model, a complete and sound semantic model for NKA. Namely,

⊢NKA e = f ⇔ ∀int,Qint(e) = Qint(f), (8.1.2.7)

where Qint is an interpretation mapping from NKA expressions to quantum path actions, which

can be deemed as quantum evolution in the path integral formulation of quantum mechanics. Qint

will connect the NKA encoding of any quantum program P with its denotational semantics JP K.

Since we relate NKA to quantum models which imply the probabilistic feature inherently, there

is no need to explicitly add probability to NKA.

The key motivation of the quantum path model is to address the infinity issue in NKA.

For an intuitive understanding, one can deem any KA or NKA expression as a collection of

potentially infinitely many traces, where ”infinitely many” is caused by ∗ operations. In the case

of KA, by the idempotent law, every single trace is either in or out of the collection. However,

in the case of NKA, each trace is associated with a weight, which by itself could be infinite. To

distinguish between nonequivalent NKA expressions, one needs to build a semantic model that

can characterize a collection of weighted traces with potentially infinite weights. We also require

the quantum nature of this semantic model for connection with the denotational semantics of

quantum programs.

The path integral formulation becomes very natural in this regard: it formulates quantum
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evolution as the accumulative effect of a collection of evolutions on individual trajectories. Our

quantum path model basically characterizes the accumulative quantum evolution over a collec-

tion of potentially infinite evolutions over individual traces. By identifying quantum path ac-

tions representing quantum predicates and quantum measurements in the quantum path model, a

soundness theorem is proved for NKAT as well.

Quantum-Classical differences as exhibited in NKA and NKAT. The quantum-classical dif-

ference is not explicit in the syntax of NKA, as there is no special symbol for quantum measure-

ments. This is also reflected in the proof of the completeness of NKA where an interpretation of

essentially classical probabilistic processes is constructed (Remark 8.4.1).

However, the difference becomes explicit in NKAT: the two functionalities of the quantum

guards are characterized separately by effects and partitions, in contrast with the classical guards

in KAT. The general noncommutativity of quantum measurements in NKAT demonstrates its

quantumness and distinguishes itself from any classical model.

Main Theorem. Our main theorem presented below formally guarantees that quantum program

equivalences are implied if we can algebraically derive the corresponding NKA theorems. This

approach is similar to deriving classical program equivalence via KAT.

Theorem 8.1.1. Given two quantum programs P,Q and sub-program pairs {⟨Pi, Qi⟩} where

JPiK = JQiK, if Horn theorem

⊢NKA

(∧
i
Enc(Pi) = Enc(Qi)

)
→ Enc(P ) = Enc(Q)

is derivable, then we have JP K = JQK .Here Enc is the encoding of quantum program in a similar

manner of (8.1.2.2)-(8.1.2.4).
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Related Works. It is worthwhile comparing quantum algebraic reasoning based on NKA with

other techniques on quantum program analysis, e.g., quantum Hoare logic [202]. As we see,

classical algebraic reasoning is extremely good at certain tasks (e.g, equational proofs). However,

since it abstracts away a lot of semantic information, it cannot tell about detailed specifications

on the state of programs, which can otherwise be reasoned by Hoare logic [196].

Our quantum algebraic reasoning inherits the advantages and disadvantages of its classical

counterpart. It allows elegant applications in Section 8.5 & 8.6, which is very hard (e.g., in-

volving exponential-size matrices) to solve with the quantum Hoare logic [202] or its relational

variants [217, 218]. However, it cannot replace quantum Hoare logic to reason about, e.g., speci-

fications on the state of quantum programs either.

A recent result of quantum abstract interpretation [219] contributes to another promising

approach to verifying quantum assertions with succinct proofs, although its applicability and

technique are incomparable to ours.

There are many other verification tools developed for quantum programs. Hietala et al.

[220] built VOQC, an infrastructure for quantum circuits in Coq with numerous verified programs

and compiler optimization rules. Another theory for equational reasoning of quantum circuits is

introduced in [221]. They serve as good complements of our framework when loops are absent.

8.2 Non-idempotent Kleene algebra

In this section, we introduce the theory of a Kleene algebraic system without the idempotent

law, which is called non-idempotent Kleene algebra (NKA).

We inherit Kozen’s axiomatization for Kleene algebra (KA) in [6] with several weakenings.
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Axioms of KA

SEMIRING LAWS

p+ (q + r) = (p+ q) + r;

p+ q = q + p;

p+ 0 = p;

p(qr) = (pq)r;

1p = p1 = p;

0p = p0 = 0;

p(q + r) = pq + pr;

(p+ q)r = pr + qr;

p+ p = p;

PARTIAL ORDER LAWS

p ≤ q ↔ p+ q = q;

STAR LAWS

1 + pp∗ ≤ p∗;

q + pr ≤ r → p∗q ≤ r;

q + rp ≤ r → qp∗ ≤ r;

Axioms of NKA

SEMIRING LAWS:
p+ (q + r) = (p+ q) + r;

p+ q = q + p;

p+ 0 = p;

p(qr) = (pq)r;

1p = p1 = p;

0p = p0 = 0;

p(q + r) = pq + pr;

(p+ q)r = pr + qr;

PARTIAL ORDER LAWS

p ≤ p;

p ≤ q ∧ q ≤ p→ p = q;

p ≤ q ∧ q ≤ r → p ≤ r;

p ≤ q ∧ r ≤ s→ p+ r ≤ q + s;

p ≤ q ∧ r ≤ s→ pr ≤ qs;

STAR LAWS

1 + pp∗ ≤ p∗;

q + pr ≤ r → p∗q ≤ r;

q + rp ≤ r → qp∗ ≤ r;

Figure 8.1: Axioms of KA and NKA. Axioms marked in blue (red) only present in NKA (KA).

Definition 8.2.1. A non-idempotent Kleene algebra (NKA) is a 7-tuple (K,+, ·, ∗,≤, 0, 1), where

+ and · are binary operations, ∗ is a unary operation, and ≤ is a binary relation. It satisfies the

axioms in Figure 8.1.

The most essential weakening is the deletion of the idempotent law. The partial order in

KA cannot directly fit in the scenario when the idempotent law is absent. We hence generalize

the KA partial order to any partial order that is preserved by + and ·. Therefore, ∗ also preserves

this partial order. Moreover, we did not include the symmetric fixed point inequality 1+p∗p ≤ p∗
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1 + pp∗ = 1 + p∗p = p∗ (fixed-point)
p ≤ q → p∗ ≤ q∗ (monotone-star)
1 + p(qp)∗q = (pq)∗ (product-star)
(pq)∗p = p(qp)∗ (sliding)
(p+ q)∗ = (p∗q)∗p∗ = p∗(qp∗)∗ (denesting)
0 ≤ p (positivity)

(a) Commonly used theorems of NKA

(pp)∗(1 + p) = p∗ (unrolling)
pq = qp→ p∗q = qp∗ (swap-star)
pq = rp→ pq∗ = r∗p (star-rewrite)

(b) Several theorems of NKA for applications

Figure 8.2: Derivable formulae in NKA.

because it is derivable by other axioms, both in KA and in NKA [215].

Definition 8.2.2. For an alphabet Σ, an expression over Σ is inductively defined by:

e ::= 0 | 1 | a | e1 + e2 | e1 · e2 | e∗1, (8.2.0.1)

where a ∈ Σ. We denote all the expressions over Σ by ExpΣ.

A Horn formula ϕ is defined as the form (
∧
i ei ≤ fi) → e ≤ f . One may also substitute

equation for inequality in ϕ since e = f ↔ e ≤ f ∧ f ≤ e.

We write ⊢NKA ϕ if ϕ is derivable in NKA with equational logic. Any derivable formula in

NKA is a theorem of NKA.

Apparently, every theorem in NKA is derivable in KA, since the partial order in KA is

monotone. The reverse direction is not true in general. Indeed, the idempotent law, for example,

is nowhere derivable from the NKA axioms. It is thus natural to ask what important theorems in

KA are still derivable in NKA. We provide affirmative answers to many of them in the following.

Lemma 8.2.3. The following formulae are derivable in NKA.

1. The formulae in Figure 8.2a due to [215].
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2. The formulae in Figure 8.2b.

Proof of Lemma 8.2.3. We rewrite the proofs in [215] for the rules in Figure 8.2a.

• (1+ pp∗ = p∗): By star laws there is 1+ pp∗ ≤ p∗, so we only need to prove the other side.

Because ≤ is monotone, we multiply p and then plus 1 on the both sides, leading to

1 + p(1 + pp∗) ≤ 1 + pp∗.

Applying the inductive star law gives p∗ ≤ 1 + pp∗.

• (1 + p∗p = p∗): First we show ≥ side. Notice that

1 + p(1 + p∗p) = 1 + p+ pp∗p = 1 + (1 + pp∗)p = 1 + p∗p.

Applying the inductive star law, we have p∗ ≤ 1 + p∗p.

Then we show ≤ side. Applying star law,

p+ ppp∗ = p(1 + pp∗) ≤ pp∗.

So p∗p ≤ pp∗ holds. Because ≤ is preserved by +, we conclude 1 + p∗p ≤ 1 + pp∗ ≤ p∗.

• (p ≤ q → p∗ ≤ q∗): We multiply q∗ and add 1 on both sides, which gives

1 + pq∗ ≤ 1 + qq∗ ≤ q∗.

By star laws, there is p∗ ≤ q∗.
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• (1 + p(qp)∗q = (pq)∗): We show ≥ side first. By semiring laws there is

1 + (pq)(1 + p(qp)∗q) = 1 + p(1 + qp(qp)∗)q = 1 + p(qp∗)q.

Because of the inductive star law, we get (pq)∗ ≤ 1 + p(qp)∗q.

Similarly for ≤ side, we consider

q + qpq(pq)∗ = q(1 + pq(pq)∗ = q(pq)∗.

We know that (qp)∗q ≤ q(pq)∗. Multiplying p and adding 1 on the both sides give

1 + p(qp)∗q ≤ 1 + pq(pq)∗ ≤ (pq)∗.

• ((pq)∗p = p(qp)∗): Multiplying p on product-star results in

(pq)∗p = p+ p(qp)∗qp = p(qp)∗.

• ((p + q)∗ = (p∗q)∗p∗): To show (p + q)∗ ≤ (p∗q)∗p∗, we apply sliding twice, fixed-point
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twice, followed by sliding once :

1 + (p+ q)(p∗q)∗p∗ = 1 + p(p∗q)∗p∗ + q(p∗q)∗p∗

= pp∗(qp∗)∗ + (1 + (qp∗)∗qp∗)

= pp∗(qp∗)∗ + (qp∗)∗

= (1 + pp∗)(qp∗)∗

= p∗(qp∗)∗

= (p∗q)∗p∗

Then by the inductive star law there is (p+ q)∗ ≤ (p∗q)∗p∗.

The other side is by

(p+ q)∗ = 1 + (p+ q)(p+ q)∗ = (1 + q(p+ q)∗) + p(p+ q)∗.

Because of the inductive star law there is

p∗ + p∗q(p+ q)∗ = p∗(1 + q(p+ q)∗) ≤ (p+ q)∗.

Apply it once more, we eventually get (p∗q)∗p∗ ≤ (p+ q)∗.

• ((p+ q)∗ = p∗(qp∗)∗): By sliding there is p∗(qp∗)∗ = (p∗q)∗p∗ = (p+ q)∗.

• (0 ≤ p): Note that 0+1·p = p ≤ p. Apply the inductive star law, and we have 0 = 1∗·0 ≤ p.

Rules in Figure 8.2b can be derived by:
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• (unrolling): For ≤ side, applying fixed-point twice on p∗, we have

1 + p+ (pp)p∗ = p∗.

Applying the inductive star law, we have (pp)∗(1 + p) ≤ p∗.

For ≥ side, applying fixed-point on (pp)∗ we have

1 + (pp)∗(1 + p)p = (pp)∗p+ (1 + (pp)∗pp) = (pp)∗(1 + p).

Then by the inductive law, we have p∗ ≤ (pp)∗(1 + p).

• (swap-star): Applying fixed-point there is

p∗q = q + p∗pq = q + p∗qp.

By the inductive star law there is qp∗ ≤ p∗q.

Similarly, the other side is by

qp∗ = q + qpp∗ = q + pqp∗,

which leads to p∗q ≤ qp∗.

• (star-rewrite): By fixed-point there is

r∗p = p+ r∗rp = p+ r∗pq.
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Applying the inductive star law there is pq∗ ≤ r∗p.

To prove the other side, note that with fixed-point there is

pq∗ = p+ pqq∗ = p+ rpq∗.

The inductive star law gives r∗p ≤ pq∗.

Research on formal power series dates back to [222], and see also some recent references

[223, 224].

Formal power series generalize formal languages by weighing strings with the extended

natural number N.

Definition 8.2.4. The extended set of natural numbers is N = N ∪ {∞}, where∞ is an added

top element. The calculation in this semiring follows the correspondences in N, and:

0 +∞ =∞, 0 · ∞ =∞ · 0 = 0, 0∗ = 1;

∀n ∈ N\{0} : n+∞ =∞, n · ∞ =∞ · n =∞, n∗ =∞.

A countable summation
∑

i∈I ni for ni ∈ N is defined to be∞ if there exists an i0 ∈ I such

that ni0 = ∞, or if there exists infinitely many non-zero ni’s. In other cases, it degenerates to a

finite summation and the definition follows naturally.

The partial order in N extends the natural partial order in N by ∀n ∈ N, n ≤ ∞.

Definition 8.2.5 ([223, 224]). For a finite alphabet Σ, a formal power series f over Σ is a function
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f : Σ∗ → N, and can be represented by f =
∑

w∈Σ∗ f [w]w where f [w] ∈ N is the coefficient of

string w. We denote the set of the formal power series over Σ by N⟨⟨Σ∗⟩⟩.

For example, the zero mapping in N⟨⟨Σ∗⟩⟩ is represented by f = 0. The unit mapping

f = 1ϵ maps the empty string ϵ to 1, and the others to 0. The mapping represented by f = 1a for

a ∈ Σ maps a to 1, and the others to 0.

Definition 8.2.6. Addition, multiplication and the star operation are defined on N⟨⟨Σ∗⟩⟩ by

(f + g)[w] = f [w] + g[w], (8.2.0.2)

(f · g)[w] =
∑
uv=w

f [u]g[v], (8.2.0.3)

(f∗)[w] =
∑
n≥0

∑
u1···un=w

f [u1] · · · f [un]w. (8.2.0.4)

Here uv is the concatenation of strings in Σ∗, and ui can be the empty string ϵ in (8.2.0.4). Note

also that f∗ =
∑

n≥0 f
n.

The partial order in N⟨⟨Σ∗⟩⟩ is defined by:

f ≤ g↔ ∀w ∈ Σ∗, f [w] ≤ g[w]. (8.2.0.5)

With these operations in formal power series, it is possible to interpret expressions over Σ

as formal power series over Σ by a semantic mapping {{−}}.

139



Definition 8.2.7. {{−}} : ExpΣ → N⟨⟨Σ∗⟩⟩ is defined by

{{0}} = 0, {{a}} = 1a, {{e+ f}} = {{e}}+ {{f}},

{{1}} = 1ϵ, {{e∗}} = {{e}}∗, {{e · f}} = {{e}} · {{f}},

where a ∈ Σ, and e, f ∈ ExpΣ.

Then we are able to define rational power series as an analogue to regular languages.

Definition 8.2.8 ([223, 224]). The set of rational power series, denoted by Nrat⟨⟨Σ∗⟩⟩, is the

smallest subset of N⟨⟨Σ∗⟩⟩ containing: (1) f = 0; (2) f = 1ϵ; (3) f = 1a for all a ∈ Σ, and is

closed under +, ·, ∗.

A series of works from Ésik and Kuich [215], Béal et al. [225, 226], Bloom and Ésik [227]

demonstrates the rational power series as a pivotal model for the NKA axioms.

Theorem 8.2.9 ([215, 227]). The NKA axioms are sound and complete for (Nrat⟨⟨Σ∗⟩⟩,+, ·, ∗,

≤, 0, 1ϵ). Namely, for any expression e and f over Σ, we have

⊢NKA e = f ⇔ {{e}} = {{f}}. (8.2.0.6)

Remark 8.2.1 (Complexity related to NKA). Bloom and Ésik [227] have proposed an algorithm

to determine the equivalence of two rational power series, so the equational theory of NKA is

decidable. Meanwhile, a subset 1∗K = {1∗p : p ∈ K} satisfies the Kleene algebra axioms, and

the equational theory of KA is PSPACE-complete [228], thus equational theory of NKA is also

PSPACE-hard. However, by linking formal power series to weighted finite automata, Eilenberg

[229] shows that it is undecidable whether a given inequality e ≤ f holds in NKA.
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8.3 Quantum path model

To address the infinity issue, we introduce a generalization of quantum superoperators in

this section, named quantum path model, a sound model of NKA. We include detailed quantum

preliminaries in Section 8.3.1, introduce extended positive operators as a generalization of quan-

tum states in Section 8.3.2, define the quantum path model as an analog of the path integral in

quantum mechanics in Section 8.3.3, and embed quantum superoperators in the quantum path

model in Section 8.3.4. We recommend that first-time readers skip technical construction details

in this section.

8.3.1 Quantum preliminaries

We review basic notations from quantum information that are used in this chapter. Curious

readers should refer to [230, 231] for more details.

An n-dimensional Hilbert space H is essentially the space Cn of complex vectors. We use

Dirac’s notation, |ψ⟩, to denote a complex vector in Cn. The inner product of |ψ⟩ and |φ⟩ is

denoted by ⟨ψ|φ⟩, which is the product of the Hermitian conjugate of |ψ⟩, denoted by ⟨ψ|, and

the vector |φ⟩.

Linear operators between n-dimensional Hilbert spaces are represented by n× n matrices.

For example, the zero operator OH and the identity operator IH can be identified by the zero

matrix and the identity matrix on H. The Hermitian conjugate of operator A is denoted by A†.

Operator A is positive semidefinite if for all vectors |ψ⟩ ∈ H, ⟨ψ|A |ψ⟩ ≥ 0. The set of positive

semidefinite operators over H is denoted by PO(H). This gives rise to the Löwner order ⊑

among operators: A ⊑ B ⇔ B − A is positive semidefinite.
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A density operator ρ is a positive semidefinite operator ρ =
∑

i pi|ψi⟩⟨ψi| where
∑

i pi =

1, pi > 0. A special case ρ = |ψ⟩⟨ψ| is conventionally denoted as |ψ⟩. A positive semidefinite

operator ρ on H is a partial density operator if tr(ρ) ≤ 1, where tr(ρ) is the matrix trace of ρ.

The set of partial density operators is denoted by D(H).

A superoperator E is a mapping fromD(H) toD(H′) for Hilbert spacesH,H′. It is positive

if it maps from D(H) to D(H′) for Hilbert spaces H,H′. It is completely-positive if for any

Hilbert space A, the superoperator E ⊗ IA is positive. It is trace-non-increasing if for any initial

state ρ ∈ D(H), the final state E(ρ) ∈ D(H′) satisfies tr(E(ρ)) ≤ tr(ρ). The evolution of

a quantum system can be characterized by a completely-positive and trace-non-increasing linear

superoperator E . We denote the set of such superoperators byQC(H,H′). The special case, when

H′ = H, is denoted by QC(H).

For two superoperators E1, E2 ∈ QC(H), the composition is defined as (E1 ◦ E2)(ρ) =

E2(E1(ρ)). If there exists E and Ei ∈ QC(H) satisfying E(ρ) =
∑

i Ei(ρ) for every ρ ∈ PO(H),

then we define E as
∑

i Ei. For every superoperator E ∈ QC(H,H′), by [232] there exists a set of

Kraus operators {Ek}k such that E(ρ) =
∑

k EkρE
†
k for any input ρ ∈ D(H). The Schrödinger-

Heisenberg dual of a superoperator E(ρ) =
∑

k EkρE
†
k is E†(ρ) =

∑
k E

†
kρEk.

A quantum measurement on a system over Hilbert space H can be described by a set of

linear operators {Mm}m where
∑

mM
†
mMm = IH. The measurement outcome m is observed

with probability pm = tr
(
MmρM

†
m

)
for each m, which will collapse the pre-measure state ρ to

Mm(ρ) = MmρM
†
m/pm. A quantum measurement is projective if MiMj = Mi if i = j and OH

otherwise. Namely, all Mi are projective operators orthogonal to each other.
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8.3.2 Extended positive operators

The set PO(H) does not contain any infinity. We need to incorporate different infinities

into it to distinguish different path sets which may lead to different divergent summations.

Definition 8.3.1. A series of PO(H) is a countable multiset of PO(H), and can be written

as
⊎
i∈I ρi, where I is a countable index set. Symbol

⊎
i∈I enumerates every element ρi in the

multiset. The set of series of PO(H) is denoted by S(H).

The union of countably many series is denoted by:

⊎
i∈I

(⊎
j∈Ji

ρij

)
=
⊎

(i,j):i∈I,j∈Ji
ρij. (8.3.2.1)

Note
⊎
i∈I
⊎
j∈Ji ρij ∈ S(H) since the index set is countable.

A binary relation ≲ over S(H) is defined by:
⊎
i∈I ρi ≲

⊎
j∈J σj if and only if for every

ϵ > 0 and finite I ′ ⊆ I , there exists a finite J ′ ⊆ J , such that

∑
i∈I′

ρi ⊑ ϵIH +
∑

j∈J ′
σj. (8.3.2.2)

We induce another binary relation ∼ from ≲ on S(H) by:

⊎
i∈I

ρi ∼
⊎
j∈J

σj ⇔
⊎
i∈I

ρi ≲
⊎
j∈J

σj ∧
⊎
j∈J

σj ≲
⊎
i∈I

ρi.

Symbol
⊎
i∈I is employed to distinguish the series from the normal summation

∑
i∈I over

PO(H). We will build connections between these two notions so that
⊎
i∈I can readily help us

in the analysis of convergence, and more.
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We represent a finite series by enumerating its elements. Like a series with one element

OH, we denote it by {|OH|}.

The definition of ≲ aims at a generalization to the Löwner order in S(H) that distinguishes

the different infinities while preserving relations like {|IH|} ≲
⊎
i>0

1
2i
IH, whose correspondence

in PO(H) holds.

Lemma 8.3.2. ≲ is a preorder, so ∼ is an equivalence relation.

Proof of Lemma 8.3.2. Reflexivity is proved by choosing J ′ = I ′ in the definition. To prove

transitivity, we assume
⊎
i∈I ρi ≲

⊎
j∈J σj and

⊎
j∈J σj ≲

⊎
k∈K γk. For ϵ > 0 and finite I ′ ⊆ I ,

there exists a finite J ′ ⊆ J such that
∑

i∈I′ ρi ⊑
ϵ
2
IH +

∑
j∈J ′ σj. Then there exists a finite

K ′ ⊆ K such that
∑

j∈J ′ σj ⊑ ϵ
2
IH +

∑
k∈K′ γk as well. Because ⊑ is monotone with respect to

+, we have
∑

i∈I′ ρi ⊑ ϵIH +
∑

k∈K′ γk.

Several facts about ∼ are deposited here.

Lemma 8.3.3. We demonstrate several basic facts about S(H).

(i) If for all i ∈ I ,
⊎
j∈Ji ρij ≲

⊎
k∈Ki

σik, then

⊎
i∈I

⊎
j∈Ji

ρij ≲
⊎
i∈I

⊎
k∈Ki

σik. (8.3.2.3)

(ii) Let ni ∈ N for all i ∈ I. Then for all
⊎
j∈J ρj ∈ S(H), there is

⊎
i∈I

⊎
0≤k<ni

⊎
j∈Ji

ρj ∼
⊎

0≤k<
∑

i∈I ni

⊎
j∈Ji

ρj. (8.3.2.4)

Here {k : 0 ≤ k <∞} = N.
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(iii) If
∑

i∈I ρi converges in PO(H), then

⊎
i∈I

ρi ∼

{∣∣∣∣∣∑
i∈I

ρi

∣∣∣∣∣
}
. (8.3.2.5)

(iv) For a series
⊎
i∈N
⊎
j∈Ji ρij ∈ S(H), if there exists

⊎
k∈K σk such that for all n ≥ 0,

⊎
0≤i<n

⊎
j∈Ji

ρij ≲
⊎
k∈K

σk, (8.3.2.6)

then
⊎
i∈N
⊎
j∈Ji ρij ≲

⊎
k∈K σk.

(v) If
⊎
i∈I ρi ≲

⊎
j∈J σj, then for E ∈ QC(H), there is

⊎
i∈I

E(ρi) ≲
⊎
j∈J

E(σj). (8.3.2.7)

Proof of Lemma 8.3.3. W.l.o.g. we assume the index sets to be subsets of N.

(i) For any ϵ > 0 and any finite subseries
⊎
i∈I,j∈J ′

i
ρij of

⊎
i∈I
⊎
j∈Ji ρij , there exists an N

such that for i ≥ N , there is J ′
i = ϕ. When N = 0, then {(i, j) : i ∈ I, j ∈ J ′

i} = ϕ

and the inequality holds with an empty subset chosen on the right hand side. Otherwise

let ϵ′ = ϵ
N
, so there exist finite index set K ′

i for each 0 ≤ i < N such that
∑

j∈J ′
i
ρij ⊑

ϵ′I +
∑

k∈K′
i
σik. Adding them up gives

∑
0≤i<N,j∈J ′

i
ρij ⊑ ϵI +

∑
0≤i<N,k∈K′

i
σik. This

concludes
⊎
i

⊎
j∈Ji ρij ≲

⊎
i

⊎
k∈Ki

σik.

(ii) By reordering the multisets it holds apparently.

(iii) (≲): Notice that for any finite I ′ ⊆ I ,
∑

i∈I′ ρi ⊑
∑

i∈I ρi. Then this direction comes from
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the definition.

(≳): Since
∑

i∈I ρi converges, for any ϵ > 0 there is an N > 0 such that
∥∥∥∑i∈I,i>N ρi

∥∥∥ ≤
ϵ, where ∥·∥ is the spectral norm. Hence

∑
i∈I ρi ⊑ ϵIH +

∑
i∈I,i≤N ρi. This gives ≳

direction.

(iv) Consider any finite subseries
⊎
i∈N,j∈J ′

i
ρij selected from

⊎
i≥0

⊎
j∈Ji ρij. There exists N

such that for all i ≥ N, J ′
i = ϕ. Let n = N in the assumption, then we know that for any

ϵ > 0 there exists a finite K ′ ⊆ K such that
∑

0≤i<N,j∈J ′
i
ρij ⊑ ϵIH +

∑
k∈K′ σk, and this

concludes the proof.

(v) If E(IH) = OH, then E ≡ OH, and we are done by definition. Now we assume E(IH) ̸=

OH. For every finite I ′ ⊆ I and ϵ > 0, there exists J ′ ⊆ J such that
∑

i∈I′ ρi ⊑
ϵ

∥E(IH)∥IH+∑
j∈J ′ σj. Then

∑
i∈I′
E(ρi) = E

(∑
i∈I′

ρi

)
⊑ E

(
ϵ

∥E(IH)∥
IH +

∑
j∈J ′

σj

)

⊑ ϵIH +
∑
j∈J ′

E(σj).

Here ∥·∥ is the spectral norm. This leads to
⊎
i∈I E(ρi) ≲

⊎
j∈J E(σj).

Definition 8.3.4. We define the extended positive operators PO∞(H) = S(H)/ ∼ as the set of

equivalence classes of ∼. Let the equivalence class including
⊎
i∈I ρi be

[⊎
i∈I

ρi

]
=
{⊎

j∈J
σj

⊎
j∈J

σj ∼
⊎

i∈I
ρi

}
, (8.3.2.8)
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where on the right hand side is a set of series.

A partial order ≤ over PO∞(H) is induced from the preorder ≲ over S(H) by:

[⊎
i∈I

ρi

]
≤
[⊎

j∈J
σj

]
⇔

⊎
i∈I

ρi ≲
⊎

j∈J
σj. (8.3.2.9)

We define countable summation over PO∞(H) from the union in S(H) by

∑
i∈I

[⊎
j∈Ji

ρij

]
=
[⊎

i∈I

⊎
j∈Ji

ρij

]
. (8.3.2.10)

The summation defined above is independent of the choices of
⊎
j∈Ji ρij because of Lemma 8.3.3.(i).

We slightly abuse notation, writing [ρ] to represent [{|ρ|}] for ρ ∈ PO(H). A frequently

used case of (8.3.2.10) is to write the equivalence class of a series as

[⊎
i∈I

ρi

]
=
∑

i∈I
[ρi] , (8.3.2.11)

where we can intuitively deem the countable summation over PO∞(H) as a generalized sum-

mation over PO(H). For example, we have
∑

i>0

[
1
2i
IH
]
=
[∑

i>0
1
2i
IH
]
= [IH] according to

Lemma 8.3.3.(iii).

Remark 8.3.1. PO(H) is embedded inPO∞(H) by ρ 7→ [ρ] as finite positive operators. Besides

these, PO∞(H) contains distinguishable divergent summations unattainable by PO(H): e.g.,∑
i>0[|0⟩ ⟨0|] is different from

∑
i>0[|1⟩ ⟨1|], and less than

∑
i>0[IH2 ]. These divergent summa-

tions are leveraged to depict the domain and the range of our extended quantum superoperators.
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8.3.3 Quantum actions

We are now ready to introduce quantum actions, a generalization of superoperators in the

quantum path model, inspired by the path integral formulation of quantum mechanics.

Definition 8.3.5. A quantum action, or action for simplicity, over PO∞(H) is a mapping from

PO∞(H) to PO∞(H).

A quantum action A is linear if for series
∑

j∈Ji [ρij] ,

A
(∑

i∈I

∑
j∈Ji

[ρij]
)
=
∑

i∈I
A
(∑

j∈Ji
[ρij]

)
. (8.3.3.1)

A quantum action A is monotone if for any two series
∑

i∈I [ρi] ≤
∑

j∈J [σj] ,

A
(∑

i∈I
[ρi]
)
≤ A

(∑
j∈J

[σj]
)
. (8.3.3.2)

We denote the set of linear and monotone quantum actions over PO∞(H) by P(H) as the

set of quantum path actions.

The zero action OH maps everything to [OH] , and the identity action is denoted by IH.

A physical interpretation of quantum path actions in P(H) is the collection of quantum

evolution along a single or many possible trajectories of the underlying system. Thus, one can

readily define the composition and the sum of quantum path actions, as the concatenation and the

union of trajectories.
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Definition 8.3.6. We define the operations in P(H) by:

(∑
i∈I

Ai

)(∑
j∈J

[ρj]

)
=
∑
i∈I

Ai

(∑
j∈J

[ρj]

)
, (8.3.3.3)

(A1;A2)
(∑

j∈J
[ρj]
)
= A2

(
A1

(∑
j∈J

[ρj]
))

, (8.3.3.4)

A∗ =
∑

i≥0
Ai. (8.3.3.5)

Here Ai = IH;A;A; · · · ;A where A repeats i times.

Additionally, we define A1 ⋄ A2 = A2;A1.

A point-wise partial order ⪯ in P(H) is induced point-wisely: A1 ⪯ A2 if and only if

∀
∑

i∈I
[ρi] , A1

(∑
i∈I

[ρi]
)
≤ A2

(∑
i∈I

[ρi]
)
. (8.3.3.6)

Lemma 8.3.7.
∑

i, ; and ∗ operations are closed in P(H).

Proof of Lemma 8.3.7. The monotone of
∑

i follows Lemma 8.3.3.(i), and the monotone of ;

follows the definition. It suffices to verify the linearity of them.

For
∑

i, notice that

(∑
k

Ak

)(∑
i

∑
j∈Ji

[ρij]

)
=
∑
k

Ak

(∑
i

∑
j∈Ji

[ρij]

)

=
∑
k

∑
i

Ak

(∑
j∈Ji

[ρij]

)

=
∑
i

∑
k

Ak

(∑
j∈Ji

[ρij]

)

=
∑
i

(∑
k

Ak

)(∑
j∈Ji

[ρij]

)
.
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For ; operation, it is directly proved by

(A1;A2)

(∑
i

∑
j∈Ji

[ρij]

)
= A2

(∑
i

A1

(∑
j∈Ji

[ρij]

))

=
∑
i

A2

(
A1

(∑
j∈Ji

[ρij]

))

=
∑
i

(A1;A2)

(∑
j∈Ji

[ρij]

)
.

Our main result is that P(H) with the above partial order and operations satisfies the ax-

ioms of NKA. Since infinite summations are well-defined over quantum path actions, any NKA

derivation safely induces a derivation over quantum path actions without worrying about the in-

finity issue.

Theorem 8.3.8. The NKA axioms are sound for the quantum path model, defined by (P(H),+, ; ,

∗,⪯,OH, IH). Here + is the
∑

i operation restricted on two operands.

Proof of Theorem 8.3.8. The proofs of monotone of + and ; operations, the star laws are pre-

sented here.

• p ≤ q ∧ r ≤ s → p + r ≤ q + s: First we show that + and ≤ over PO∞(H) follow this

rule.

Let ⊎ be an abbreviation of
⊎
i where there are only two operands.

For
∑

i∈I [ρi] ≤
∑

j∈J [σj] and
∑

k∈K [γk] ≤
∑

l∈L [χl], notice that
⊎
i∈I ρi ≲

⊎
j∈J σj and⊎

k∈K γk ≲
⊎
l∈L χl. By Lemma 8.3.3.(i) there is

⊎
i∈I ρi ⊎

⊎
k∈K γk ≲

⊎
j∈J σj ⊎

⊎
l∈L χl.
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Hence

∑
i∈I

[ρi] +
∑
k∈K

[γk] =

[⊎
i∈I

ρi ⊎
⊎
k∈K

γk

]

≤

[⊎
j∈J

σj ⊎
⊎
l∈L

χl

]
=
∑
j∈J

[σj] +
∑
l∈L

[χl] .

Then at P(H) level, the inequality holds by definition.

• p ≤ q ∧ r ≤ s→ pr ≤ qs: Because A ∈ P(H) is monotone, by definition this law holds.

• 1 + pp∗ ≤ p∗: For any A ∈ P(H), there is

IH + (A;A∗) = A0 +

(
A;
∑
i≥0

Ai
)

= A0 +
∑
i≥0

(A;Ai)

=
∑
i≥0

Ai = A∗.

The second equality comes from the definition of ; operation.

• ∗-continuity: Lemma 8.3.3.(iv) leads to the ∗-continuity inPO∞(H): for
∑

i∈N
∑

j∈Ji [ρij] ,

if there exists
∑

k∈K [σk] such that for all n ≥ 0 :
∑

0≤i<n
∑

j∈Ji [ρij] ≤
∑

k∈K [σk] , then∑
i∈N
∑

j∈Ji [ρij] ≤
∑

k∈K [σk] .

Eventually we show the ∗-continuity ofP(H). ForAp,Aq,Ar,As satisfying
∑

0≤i<n(Ap;Aiq;Ar) ⪯

As for all n ≥ 0, there is
∑

0≤i<n(Ap;Aiq;Ar)(
∑

j∈J [ρj]) ≤ As(
∑

j∈J [ρj]) for every
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∑
j∈J [ρj] ∈ PO∞(H). By the ∗-continuity in PO∞(H) and linearity, inequality

(Ap;A∗
q;Ar)

(∑
j∈J

[ρj]

)

=
∑
i≥0

(Ap;Aiq;Ar)

(∑
j∈J

[ρj]

)
≤ As

(∑
j∈J

[ρj]

)

holds for every
∑

j∈J [ρj] ∈ PO∞(H). This concludes the ∗-continuity rule inP(H). Then

the inductive star laws follow naturally.

8.3.4 Embedding of QC(H) in P(H)

We mentioned the intuition that quantum path actions are generalizations of quantum su-

peroperators in the quantum path model. We now make it precise by building an embedding from

quantum superoperators to quantum path actions (and hence the quantum path model), which

allows us to prove superoperator equations via NKA theorems.

Definition 8.3.9. Path lifting is a mapping from E ∈ QC(H) to a quantum path action ⟨E⟩↑ :∑
i∈I [ρi] 7→

∑
i∈I [E(ρi)] .

⟨E⟩↑ is well-defined (it does not depend on the choices of
∑

i∈I [ρi]) because of Lemma 8.3.3.(v).

The path lifting embeds QC(H) in P(H) by the following lemma, whose proof is routine.

Lemma 8.3.10. The path lifting has the following properties:

(i) ⟨E⟩↑ ∈ P(H), for E ∈ QC(H).

(ii) E1 = E2 ⇔ ⟨E1⟩↑ = ⟨E2⟩↑, for E1, E2 ∈ QC(H).
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(iii) operations ◦ and
∑

i (when defined) in QC(H) are preserved by path lifting as ; and
∑

i

operations in P(H).

Proof of Lemma 8.3.10.

(i) By Lemma 8.3.3.(v), ⟨E⟩↑ is monotone. Linearity is from

⟨E⟩↑
(∑

i

∑
j∈Ji

[ρij]

)
=
∑
i

∑
j∈Ji

[E(ρij)] =
∑
i

⟨E⟩↑
(∑
j∈Ji

[ρij]

)
.

(ii) (⇒): By definition this direction holds.

(⇐): To prove the injectivity of path lifting, we assume E1 ̸= E2 while ⟨E1⟩↑ = ⟨E2⟩↑, then

there exists ρ ∈ PO(H) such that E1(ρ) ̸= E2(ρ). ⟨E1⟩↑ = ⟨E2⟩↑ indicates that

[E1(ρ)] = ⟨E1⟩↑ ([ρ]) = ⟨E2⟩↑ ([ρ]) = [E2(ρ)] .

Hence {E1(ρ)} ∼ {E2(ρ)}. If E1(ρ) = OH, then for every ϵ > 0, there is E2(ρ) ⊑ ϵIH,

resulting in E2(ρ) = OH = E1(ρ), which is a contradiction. If E1(ρ) ̸= OH, for every

0 < ϵ < ∥E1(ρ)∥, there is E1(ρ) ⊑ ϵIH + E2(ρ). Hence E1(ρ) ⊑ E2(ρ). Similarly we have

E2(ρ) ⊑ E1(ρ). So E1(ρ) = E2(ρ) is the contradiction.

(iii) For E1, E2 ∈ QC(H) and
∑

i∈I [ρi] ∈ PO∞(H), there is

(⟨E1⟩↑; ⟨E2⟩↑)

(∑
i∈I

[ρi]

)
= ⟨E2⟩↑

(∑
i∈I

[E1(ρi)]

)
=
∑
i∈I

[E2(E1(ρi))] = ⟨E1 ◦ E2⟩↑
(∑

i∈I

[ρi]

)
.

Similarly, if
∑

i Ei is defined in QC(H), then
∑

i Ei(ρ) converges for any ρ ∈ PO(H). By
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Lemma 8.3.3.(iii), for every
∑

j∈J [ρj] ∈ PO∞(H), there is

(∑
i

⟨Ei⟩↑
)(∑

j∈J

[ρj]

)
=
∑
i

⟨Ei⟩↑
(∑
j∈J

[ρj]

)
=
∑
j

∑
i

[Ei(ρj)]

=
∑
j

[∑
i

Ei(ρj)

]
= ⟨
∑
i

Ei⟩↑
(∑
j∈J

[ρj]

)
.

8.4 Quantum interpretation and quantum while programs

In this section, we link expressions, quantum path actions and quantum programs by quan-

tum interpretation (Section 8.4.1) and encoding (Section 8.4.2).

8.4.1 Quantum interpretation

We endow equations in NKA with quantum interpretations.

Definition 8.4.1. A quantum interpretation setting over an alphabet Σ is a pair int = (H, eval)

where

1. H is a finite dimensional Hilbert space.

2. eval : Σ→ QC(H) is a function to interpret symbols.

The quantum interpretation Qint w.r.t. a quantum interpretation setting int is a mapping
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from ExpΣ to P(H) where

Qint(0) = OH, Qint(e+ f) = Qint(e) +Qint(f),

Qint(1) = IH, Qint(e · f) = Qint(e);Qint(f),

Qint(a) = ⟨eval(a)⟩↑, Qint(e
∗) = Qint(e)

∗.

Here a ∈ Σ, and ⟨eval(a)⟩↑ is the path lifting of eval(a).

Theorem 8.4.2. The axioms of NKA are sound and complete w.r.t. the quantum interpretation.

That is, for any e, f ∈ ExpΣ,

⊢NKA e = f ⇔ ∀int,Qint(e) = Qint(f). (8.4.1.1)

The soundness comes directly from Theorem 8.3.8. The completeness proof makes use of

formal power series.

Proof of Theorem 8.4.2. (⇒): Formally we prove it by induction on the derivation of ⊢NKA e =

f. Practically it suffices to prove the soundness of the NKA axioms on the quantum path model,

which is proved in Theorem 8.3.8.

(⇐): We will establish ⊢NKA e = f by first showing {{e}} = {{f}} and then applying

Theorem 8.2.9. To that end, let us consider the case of any fixed n ∈ N, and show that for string

w with length less than n, there is {{e}}[w] = {{f}}[w].

Let S = {s ∈ Σ∗ : |s| ≤ n}. Because Σ and n are finite, S is a finite set. We set

H = span{|s⟩ : s ∈ S} which is finite dimensional, and eval(a)(ρ) =
∑

s∈SKa,sρK
†
a,s, where

Ka,s = 1√
#a
|sa⟩ ⟨s| for sa ∈ S, Ka,s = OH for sa ̸∈ S. Here #a = |{s : sa ∈ S}| is a
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normalization factor to make sure eval(a) ∈ QC(H). For s = a1a2 · · · al, we set #s =
∏l

i=1#ai .

Let int = (H, eval). We claim for s ∈ S and r ∈ R, there is

Qint(e)([r · |s⟩ ⟨s|]) =
∑
st∈S

{{e}}[t]∑
k=1

[r/#t · |st⟩ ⟨st|] . (8.4.1.2)

The proof is based on the induction on expression e, and its proof is left to the last.

Then we consider two expressions e, f such that Qint(e) = Qint(f). We apply this action

on ϵ and r = 1, resulting in

∑
s∈S

{{e}}[s]∑
k=1

[1/#s · |s⟩ ⟨s|] =
∑
s∈S

{{f}}[s]∑
k=1

[1/#s · |s⟩ ⟨s|] .

If there exists t ∈ S : {{e}}[t] < {{f}}[t], then there existsm ∈ N such that {{e}}[t] < m ≤ {{f}}[t].

By selecting I ′ = {(t, k) : 0 ≤ k < m} in the definition of
⊎
s∈S
⊎{{f}}[s]
k=1 1/#s · |s⟩ ⟨s| ≲⊎

s∈S
⊎{{e}}[s]
k=1 1/#s · |s⟩ ⟨s| , it is impossible to find a J ′ to satisfy definition inequality (8.3.2.2),

because there are at most {{e}}[t] operators that are non-zero in basis |t⟩ ⟨t|. The cases where

{{e}}[s] > {{f}}[s] can be ruled out similarly. Then ∀s ∈ S, {{e}}[s] = {{f}}[s].

Notice that the above argument holds for any n ∈ N. Hence {{e}} = {{f}}. By Theo-

rem 8.2.9, ⊢NKA e = f.

Now we come back to (8.4.1.2). Let us prove it by induction on e. For the base cases,
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notice that

Qint(0) = OH, Qint(1) = IH,

Qint(a)([r · |s⟩ ⟨s|]) =


[r/#a · |sa⟩ ⟨sa|] , sa ∈ S,

[OH] , sa ̸∈ S.

Combined with {{0}} = 0, {{1}} = 1ϵ and {{a}} = 1a, the equation holds for the base cases.

Consider the case e + f . For any s ∈ S and r ∈ R, by inductive hypotheses and

Lemma 8.3.3.(ii),

Qint(e+ f)([r · |s⟩ ⟨s|]) = Qint(e)([r · |s⟩ ⟨s|]) +Qint(f)([r · |s⟩ ⟨s|])

=
∑
st∈S

{{e}}[t]∑
k=1

[r/#t · |st⟩ ⟨st|] +
{{f}}[t]∑
k=1

[r/#t · |st⟩ ⟨st|]


=
∑
st∈S

{{e+f}}[t]∑
k=1

[r/#t · |st⟩ ⟨st|] .

Consider the case e·f . For any s ∈ S and r ∈ R, by inductive hypotheses and Lemma 8.3.3.(ii),

Qint(e · f)([r · |s⟩ ⟨s|]) = Qint(f)(Qint(e)([r · |s⟩ ⟨s|]))

= Qint(f)

∑
st∈S

{{e}}[t]∑
k=1

[r/#t · |st⟩ ⟨st|]


=
∑
stw∈S

{{e}}[t]∑
k=1

{{f}}[w]∑
l=1

[r/(#t ·#w) · |stw⟩ ⟨stw|]

=
∑
st∈S

{{e·f}}[t]∑
k=1

[r/#t · |st⟩ ⟨st|] .

157



Consider the case e∗. For any s ∈ S, by inductive hypothesis, Lemma 8.3.3.(ii) and the

above proofs for e+ f and e · f ,

Qint(e
∗)([r · |s⟩ ⟨s|]) = Qint(e)

∗([r · |s⟩ ⟨s|]) =
∑
i≥0

Qint(e)
i([r · |s⟩ ⟨s|])

=
∑
i≥0

Qint(e
i)([r · |s⟩ ⟨s|]) =

∑
i≥0

∑
st∈S

{{ei}}[t]∑
k=1

[r/#t · |st⟩ ⟨st|]

=
∑
st∈S

{{e∗}}[t]∑
k=1

[r/#t · |st⟩ ⟨st|] .

This result indicates that equations of NKA are all possible tautologies when atomic sym-

bols are interpreted as any (lifted) quantum superoperator. These equations and interpretations do

not necessarily correspond to quantum programs, so further exploitation of algebraic structures

specifically for quantum programs is possible.

Remark 8.4.1. The completeness proof constructs interpretations with probabilistic processes

only. It suggests that quantum processes have similar algebraic behaviors to probabilistic pro-

cesses when probabilities are implicit (abstracted inside atomic operations). This is valid when

measurements are not distinguished from other processes. We will discuss additional axioms for

quantum measurements in Section 8.7.

Most of the derived rules in our applications rely on external hypotheses aside from the

NKA axioms. A formula with inequalities as hypotheses is called a Horn clause. We present the

relation of the Horn theorems of NKA and quantum interpretations by the following theorem.
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Corollary 8.4.3. For expressions {ei}ni=1, {fi}ni=1 ⊂ ExpΣ and e, f ∈ ExpΣ, if

⊢NKA

(
n∧
i=1

ei ≤ fi

)
→ e ≤ f, (8.4.1.3)

and int = (H, eval) satisfies Qint(ei) ⪯ Qint(fi) for 1 ≤ i ≤ n, then Qint(e) ⪯ Qint(f).

Note that the inequalities above can be replaced by equations, using the fact that p = q ↔

p ≤ q ∧ q ≤ p.

Proof. The proof comes from Theorem 8.3.8 similarly. Along the derivation of e ≤ f , we apply

the NKA axioms and premises ei ≤ fi for 1 ≤ i ≤ n. The soundness of e ≤ f comes from

the soundness of NKA axioms, proved in Theorem 8.3.8, and the soundness of each premises,

provided by the assumption Qint(ei) ⪯ Qint(fi) for each ei ≤ fi.

8.4.2 Encoding of quantum programs

The syntax of a quantum while program, also called a program for simplicity, P is defined

as follows. 1

P ::= skip | abort | q := |0⟩ | q := U [q] | P1;P2 |

caseM [q]
i−→ Pi end | whileM [q] = 1 do P1 done.

1The skip statement does nothing and terminates. The abort statement announces that the program fails, and
halts the program without any result. Statement q := |0⟩ resets the register q to |0⟩, and q := U [q] applies a unitary
operation on register set q. These four statements’ denotational semantics are called elementary superoperators.
Note that there is no assignment statement due to the quantum no-cloning theorem [233]. The loop whileM [q] =
1 do P1 done executes repeatedly. Each time it measures q by M . If the measurement result is 1, it executes
P1 and then starts over. Otherwise, it terminates. When there are only two branches, we define syntax sugar
if M [q] = 1 then P1 else P2 as an alternative to case M [q] →i Pi end. Moreover, if P2 ≡ skip, we write
if M [q] = 1 then P1.
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The denotational semantics of P is a quantum superoperator, denoted by JP K. Ying [234]

proves that:

JskipK (ρ) = ρ,
r
caseM [q]

i−→ Pi end
z
=
∑
i

Mi ◦ JPiK ,

JabortK (ρ) = OH, Jq := |0⟩K (ρ) =
∑
i

|0⟩q ⟨i| ρ |i⟩q ⟨0| ,

JP1;P2K = JP1K ◦ JP2K , Jq := U [q]K (ρ) = UqρU
†
q ,

JwhileM [q] = 1 do P doneK =
∑
n≥0

((M1 ◦ JP K)n ◦M0),

where for a quantum measurement {Mi}i∈I ,Mi is defined byMi(ρ) =MiρM
†
i . Both ◦ and

∑
i

are operations over quantum superoperators.

We formally define how to encode a quantum program as an expression, and how to recover

the denotational semantics of a quantum program from an expression.

Definition 8.4.4. An encoder setting is a mapping E from a finite subset ofQC(H) to Σ, that as-

signs a unique symbol in Σ to the elementary superoperators (qubit resetting, unitary application,

and measurement branches) in the target programs.

The encoder Enc of a program to ExpΣ with respect to an encoder setting E is defined
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inductively by:

Enc(skip) = 1; Enc(q := |0⟩) = E(Jq := |0⟩K);

Enc(abort) = 0; Enc(q := U [q]) = E(Jq := U [q]K);

Enc(P1;P2) = Enc(P1) · Enc(P2);

Enc(caseM [q]
i−→ Pi end) =

∑
i

E(Mi) · Enc(Pi);

Enc(whileM [q]=1do P done)=(E(M1)·Enc(P ))∗ ·E(M0),

where Σi in (8.4.2.1) is an abbreviation of expression summation.

Theorem 8.4.5. For any quantum program P and encoder setting E, let int = (H, E−1), where

E−1 maps back the unique symbol for an elementary superoperator. Then

Qint(Enc(P )) = ⟨JP K⟩↑. (8.4.2.1)

Proof of Theorem 8.4.5. We prove them by induction on P .

• For the base cases P ≡ skip, abort, the equation holds by definition. For P ≡ q := |0⟩

and q := U [q], we know Enc(P ) ∈ Σ by the encoder setting E. With E−1(Enc(P )) =

⟨JP K⟩↑, the equation holds.

• For P = P1;P2, by inductive hypotheses there areQint(Enc(P1)) = ⟨JP1K⟩↑ andQint(Enc(P2)) =

⟨JP2K⟩↑. Then by Lemma 8.3.10.(iii),

Qint(Enc(P )) = Qint(Enc(P1));Qint(Enc(P2)) = ⟨JP1K⟩↑; ⟨JP2K⟩↑ = ⟨JP1K ◦ JP2K⟩↑.
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• For P ≡ case M [q]
i−→ Pi end, the inductive hypotheses are Qint(Enc(Pi)) = ⟨JPiK⟩↑.

Then by Lemma 8.3.10.(iii),

Qint(Enc(P )) =
∑
i

(Qint(E(Mi));Qint(Enc(Pi))

=
∑
i

(⟨Mi⟩↑; ⟨JPiK⟩↑) =
∑
i

(⟨Mi ◦ JPiK⟩↑) = ⟨
∑
i

(Mi ◦ JPiK)⟩↑.

• For P ≡ whileM [q] = 1 do S done, the inductive hypothesis becomes Qint(Enc(S)) =

⟨JSK⟩↑. By [234]
∑

n≥0((M1 ◦ JSK)n ◦ M0) exists in QC(H), so by Lemma 8.3.10.(iii)

and linearity of transformations in P(H),

Qint(Enc(P )) = (Qint(E(M1));Qint(Enc(S)))
∗Qint(E(M0))

= (⟨M1⟩↑; ⟨JSK⟩↑)∗; ⟨M0⟩↑ =

(∑
n≥0

(⟨M1⟩↑; ⟨JSK⟩↑)n
)
; ⟨M0⟩↑

=
∑
n≥0

((⟨M1⟩↑; ⟨JSK⟩↑)n; ⟨M0⟩↑) =
∑
n≥0

⟨(M1 ◦ JSK)n ◦M0⟩↑

= ⟨
∑
n≥0

((M1 ◦ JSK)n ◦M0)⟩↑.

Note that in real applications, we usually define the encoder setting E jointly for multiple

programs {Pi} for technical convenience and easy comparison.

Now we have all the ingredients for Theorem 8.1.1.

Proof of Theorem 8.1.1. We have constructed the quantum path model and proved it a sound

model of NKA in Theorem 8.3.8, leading to the soundness of Horn theorems by Corollary 8.4.3.
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We also show an embedding of quantum superoperators into quantum path actions in Lemma 8.3.10.(ii),

so Horn theorems are interpreted as quantum superoperator equivalences. For each quantum

program, we encode it with a symbolic expression whose interpretation corresponds to its de-

notational semantics, according to Theorem 8.4.5. Hence, if the NKA equivalence of quantum

programs’ encoding is derivable, the equivalence of their denotational semantics is induced.

In the next sections, we show applications of Theorem 8.1.1.

8.5 Validation of quantum compiler optimizing rules

We demonstrate a few quantum compiler optimizing rules and their validation in NKA,

in light of a similar application of KAT [179]. Note that many classical compiler optimizing

rules do not hold or make sense in the quantum setting. We have carefully selected those rules

with reasonable quantum counterparts, as well as quantum-specific rules found in real quantum

applications.

The validation of quantum program equivalence via NKA consists of three steps: (1) pro-

gram encoding: encode the programs as expressions over an alphabet; (2) condition formulation:

identify necessary hypotheses and construct a formula that encodes hypotheses and target equa-

tion; (3) NKA derivation: derive the formula with the NKA axioms.

8.5.1 Loop unrolling

Consider programs UNROLLING1 and UNROLLING2 in Figure 8.3 with a program P and

a projective measurement M .

Program Encoding: We encode the two programs by expressions Enc(UNROLLING1) = (m0p)
∗m1
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and Enc(UNROLLING2) = (m0p(m0p+m1 · 1))∗m1. The encoder setting is inferred easily.

Condition Formulation: Because M is a projective measurement, M1 ◦ M1 = M1 andM1 ◦

M0 = OH can be encoded by m1m1 = m1 and m1m0 = 0. Their equivalence can be verified by

the following formula:

⊢NKA m1m1 = m1 ∧m1m0 = 0→

(m0p)
∗m1 = (m0p(m0p+m1 · 1))∗m1. (8.5.1.1)

NKA Derivation: This formula can be derived in NKA by:

(m0p(m0p+m1 · 1))∗m1

= (m0pm0p+m0pm1)
∗m1 (distributive-law)

= (m0pm0p)
∗(m0pm1(m0pm0p)

∗)∗m1 (denesting)

= (m0pm0p)
∗(m0pm1(1 +m0pm0p(m0pm0p)

∗))∗m1 (fixed-point)

= (m0pm0p)
∗(m0pm1)

∗m1 (m1m0 = 0)

= (m0pm0p)
∗(1 +m0pm1(1 +m0pm1(m0pm1)

∗))m1 (fixed-point)

= (m0pm0p)
∗(1 +m0pm1)m1 (m1m0 = 0)

= (m0pm0p)
∗(1 +m0p)m1 (m1m1 = m1, distributive-law)

= (m0p)
∗m1. (unrolling)

By Theorem 8.1.1, we have JUNROLLING1K = JUNROLLING2K.
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UNROLLING1 ≡
whileM [q] = 0 do

P

done.

BOUNDARY1 ≡
whileM [w] = 0 do

q := U [q];

P ;

q := U−1[q]

done.

UNROLLING2 ≡
whileM [q] = 0 do

P ; if M [q] = 0 then P

done.

BOUNDARY2 ≡
q := U [q];

whileM [w] = 0 do

P ;

done;

q := U−1[q].

Figure 8.3: Two pairs of equivalent programs with conditions.

8.5.2 Loop boundary

This rule is quantum-specific because it makes use of the reversible property of quantum

operations. Consider programs BOUNDARY1 and BOUNDARY2 in Figure 8.3, where P is an

arbitrary program. Here the unitary U acting on q does not affect the measurement on qubit w.

In other words, quantum measurement M0 and M1 commute with U .

Program Encoding: We encode these program by expressions Enc(BOUNDARY1) = (m0upu
−1)∗m1

and Enc(BOUNDARY2) = u(m0p)
∗m1u

−1, where the encoder setting E can be inferred.

Condition Formulation: The reversibility property UU−1 = U−1U = I can be encoded by

uu−1 = u−1u = 1 (at the level of quantum superoperators). Besides, the commutativity property

of measurement and U is encoded as um0 = m0u and um1 = m1u. Then the formula we need
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to derive is

⊢NKA uu−1 = u−1u = 1 ∧ um0 = m0u ∧ um1 = m1u→

(m0upu
−1)∗m1 = u(m0p)

∗m1u
−1. (8.5.2.1)

NKA Derivation: The derivation of this formula in NKA is

(m0upu
−1)∗m1 = (um0pu

−1)∗m1 (um0 = m0u)

= (1 + u(m0pu
−1u)∗m0pu

−1)m1 (product-star)

= u(m0p)
∗m1u

−1. (u−1u = 1, fixed-point)

Then JBOUNDARY1K = JBOUNDARY2K by Theorem 8.1.1.

8.5.3 Optimizing quantum signal processing

We showcase the use of the Loop Boundary rule to optimize, as observed in [235], one lead-

ing quantum Hamiltonian simulation algorithm called quantum signal processing (QSP) [236],

as well as its algebraic verification.

The QSP implementation before (QSP) and after (QSP’) the optimization is illustrated in

Figure 8.4. The algorithm QSP simulates the Hamiltonian H =
∑L

l=1 αlHl on qubit register q

with high probability. Let us explain the components in QSP briefly, whose details imply some

commutativity conditions for our purpose. |G⟩ = 1/
√∑L

l=1 αl
∑L

l=1

√
αl |l⟩ is a state defined by

H . Φ =
∑n

j=1 |j⟩ ⟨j| ⊗ e−iϕjσ
Z/2 is an operation that rotates qubit p with a pre-defined angle ϕj

when the control quantum register c is j. Unitary S = (1 − i) |G⟩ ⟨G| − I is a partial reflection
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QSP[q] ≡ c := |n⟩ ; p := |+⟩ ; r := |G⟩ ;
(c0p0r0)

whileM [c] = 1 do ({mi})
c, p := Φ[c, p]; (ϕ)
r := S[r]; (s)
p, r, q := CW [p, r, q]; (wc)
r := S−1[r]; (s−1)
c, p := Φ−1[c, p]; (ϕ−1)
c := Dec[c] (d)

done;

if M|+⟩|G⟩[p, r] = 0

then abort (τ00 + τ11)

QSP’[q] ≡ c := |n⟩ ; p := |+⟩ ; r := |G⟩ ;
(c0p0r0)

whileM [c] = 1 do ({mi})
c, p := Φ[c, p]; (ϕ)
p, r, q := CW [p, r, q]; (wc)
c, p := Φ−1[c, p]; (ϕ−1)
c := Dec[c] (d)

done;

if M|+⟩|G⟩[p, r] = 0

then abort (τ00 + τ11)

Figure 8.4: The program QSP and QSP’. The measurement M [c] is {M0 = Ic − |0⟩ ⟨0| ,M1 =
|0⟩ ⟨0|} on register c. The measurement M|+⟩|G⟩[p, r] is {M0 = Ip,r − |+⟩ ⟨+| ⊗ |G⟩ ⟨G| ,M1 =
|+⟩ ⟨+| ⊗ |G⟩ ⟨G|} on register p and r jointly.

operator about state |G⟩, and W = −i((2 |G⟩ ⟨G| − I) ⊗ I)
∑L

l=1 |l⟩ ⟨l| ⊗ Hl, which defines

CW = |+⟩ ⟨+|⊗ I+ |−⟩ ⟨−|⊗W . Dec = |n⟩ ⟨0|+
∑n

j=1 |j − 1⟩ ⟨j| is the unitary implementing

j 7→ (j − 1) mod n.

Program Encoding: We encode the programs in Figure 8.4 as

Enc(QSP) = c0p0r0(m1φswcs
−1φ−1d)∗m0(τ00 + τ11),

Enc(QSP’) = c0p0r0(m1φwcφ
−1d)∗m0(τ00 + τ11).

The detailed encoder setting is self-explanatory.

Condition Formulation: One can derive commutative conditions because c, p := Φ[c, p] and

r := S[r], similarly r := S−1[r] and c, p := Φ−1[c, p]; c := Dec[c], apply on different quan-

tum variables and hence commute. Algebraically, we hence have φs = sφ, and φ−1ds−1 =
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s−1φ−1d. Moreover, M [c] is commutable to r := S[r], so m1s = sm1 and m0s = sm0. Since

S |G⟩ ⟨G|S† = |G⟩ ⟨G|, we have r0s = r0. Similarly the Kraus operator (|+⟩ ⟨+| ⊗ |G⟩ ⟨G|) ·

(Ip⊗((1+i) |G⟩ ⟨G|−Ir)) = i |+⟩ ⟨+|⊗|G⟩ ⟨G| , and the phases are cancelled when represented

by superoperator. This is encoded as s−1τ1 = τ1. Then we need to show Enc(QSP) = Enc(QSP’)

with these hypotheses and the NKA axioms.

NKA derivation: By (8.5.2.1), we have

c0p0r0(m1φswcs
−1φ−1d)∗m0(τ00 + τ11)

= c0p0r0(sm1φwcφ
−1ds−1)∗m0τ1 (commutativity)

= c0p0r0s(m1φwcφ
−1d)∗m0s

−1τ1 ((8.5.2.1))

= c0p0r0(m1φwcφ
−1d)∗m0τ1, (absorption-hypotheses)

= c0p0r0(m1φwcφ
−1d)∗m0(τ00 + τ11).

Notice that m1 and φ do not commute, so we cannot apply (8.5.2.1) further. By Corollary 8.4.3,

Theorem 8.4.5 and Lemma 8.3.10.(ii), JQSPK = JQSP’K. Note that in QSP’, S and S−1 vanish,

which could largely reduce the total gate count.

8.6 Normal form theorem of quantum while programs

Here we use NKA to prove a quantum counterpart of the classic Böhm-Jacopini theo-

rem [237], namely, a normal form of quantum while programs consisting of only a single loop.

The normal form of classical programs depends on the folk operation, which copies the value of

a variable to a new variable. However, in quantum programs, the no-cloning theorem prevents us
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from directly copying unknown states. Our approach is to store every measurement result in an

augmented classical space and depends on the classical variables to manipulate the control flow

of the program. We note a quantum version of the Böhm-Jacopini theorem was recently shown

in [238], however, using a completely different and non-algebraic approach.

Let us illustrate our idea with a simple example below first. To unify the two while loops

of ORIGINAL into one, we redesign the control flow as in CONSTRUCTED with a fresh classical

guard variable g ∈ {0, 1, 2}.

ORIGINAL ≡ CONSTRUCTED ≡

whileM1[p] = 1 do P1 done; g := |1⟩ ;

whileM2[p] = 1 do P2 done; while Meas[g] > 0 do

g := |0⟩ , if Meas[g] > 1 then

if M2[p] = 1 then P2 else g := |0⟩

else

if M1[p] = 1 then P1 else g := |2⟩

done

Here Meas[g] is the computational basis measurement on variable g. When g is classical, Meas[g]

returns the value of g, and does not modify g. The variable g is used to store the measurement re-

sults and decide which branch the program executes in the next round. We prove JORIGINALK =

JCONSTRUCTEDK via NKA, using the outline in Section 8.5.

Program Encoding: We encode g := |i⟩ as gi, and Meas[g] > i as g>i and g≤i. Then the two
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programs are encoded as

Enc(ORIGINAL) = (m11p1)
∗m10(m21p2)

∗m20g
0,

Enc(CONSTRUCTED) = g1(g>0(g>1(m21p2 +m20g
0) + g≤1(m11p1 +m10g

2)))∗g≤0.

Condition Formulation: Since g is fresh, operations on g commutes with the quantum mea-

surements M1,M2 and subprograms P1, P2. This is encoded as gimjk = mjkg
i, gipj = pjg

i.

Two consecutive assignment on g will make the first one be overwritten, which is encoded as

gigj = gj. On top of these, gig>j = gi if i > j and gig>j = 0 if i ≤ j. Similarly, gig≤j = gi if

i ≤ j and gig≤j = 0 if i > j.

NKA derivation: To simplify the proof, let X = g>0g>1(m21p2 +m20g
0), Y = g>0g≤1(m11p1 +

m10g
2). Then Enc(CONSTRUCTED) is equivalent to g1(X + Y )∗g≤0. We simplify giX∗ first.

g1X∗ = g1(1 + g>0g>1(m20g
0 +m21p2)X

∗) = g1 (fixed-point, distributive-law)

g2X∗ = g2(g>0g>1m21p2)
∗(g>0g>1m20g

0

· (1 + g>0g>1m21p2(g>0g>1m21p2)
∗))∗ (denesting, fixed-point)

= (m21p2)
∗g2(g>0g>1m20g

0)∗ (star-rewrite)

= (m21p2)
∗g2(1 + g>0g>1m20g

0) (fixed-point)

= (m21p2)
∗(g2 +m20g

0). (distributive-law)
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Consider g1(X + Y )∗ = g1X∗(Y X∗)∗ = g1(Y X∗)∗, and then

g1(Y X∗)∗ = g1(g>0g≤1m11p1X
∗)∗(g>0g≤1m10g

2X∗(g>0g≤1m11p1X
∗)∗)∗ (denesting)

= (m11p1)
∗g1(g>0g≤1m10m

∗
21(g

2 +m20g
0)

· (1 + (g>0g≤1m11p1X
∗)(g>0g≤1m11p1X

∗)∗)) (star-rewrite, fixed-point)

= (m11p1)
∗m10(m21p2)

∗(g2 +m20g
0).

Insert the above equation into g1(X + Y )∗g≤0.

g1(X + Y )∗g≤0 = (m11p1)
∗m10(m21p2)

∗(g2 +m20g
0)g≤0(m11p1)

∗m10(m21p2)
∗m20g

0.

This is exactly Enc(CONSTRUCTED) = Enc(ORIGINAL). Applying the main Theo-

rem 8.1.1 gives JCONSTRUCTEDK = JORIGINALK . Hence the two loops have been merged into

one, with an additional classical space restored to 0 at the end.

We employ a similar idea to arbitrary programs by induction. Note that our above example

corresponds to the case S1;S2 in induction. Our analysis above, which results in an equivalent

program with one while-loop and additional classical space, constitutes proof in that case. The

more complicated cases are proved similarly.

Theorem 8.6.1. For any quantum while program P over Hilbert space H, there are a classical

space C and a quantum while program

P0; whileM do P1 done; pC := |0⟩ (8.6.0.1)
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equivalent to P ; pC := |0⟩ overH⊗C, where P0, P1 are while-free, pC := |0⟩ resets the classical

variables in C to |0⟩.

Proof of Theorem 8.6.1. We prove the normal form theorem by induction on the program P .

For each step we introduce a classical guard variable g whose value is limited in a finite set

{0, 1, ..., n − 1}, and denote the space of g by Cn. We encode g := |i⟩ as gi, the measurement

Meas[g] = i as gi and the reset of space C as c. Each time g is independent of the existing space,

so the following assumptions hold for any i, j in the value set:

• gi commutes with every elements except for gj.

• gigj = δijg
i, where δij = 1 when i = j, and δij = 0 when i ̸= j.

• gigj = gj.

(a) For the base case where P = skip | abort | q := |0⟩ | q = U [q], they are while-

free. Let C = C1 the space with only one value. We claim P ; g := |0⟩ ;while Meas[g] =

1 do skip done; g := |0⟩ is equivalent to P ; g := |0⟩. The NKA encoding of these two programs

are pg0(g11)∗g0g0 and pg0. This motivates the following derivation:

g0(g11)
∗g0 = g0g0 + g0g1g

∗
1g0 = g0.

Hence pg0(g11)∗g0g0 = pg0g0 = pg0.

(b) For the S1;S2 case, by inductive hypothesis we have two external space C1 and C2

such that Si; pCi := |0⟩ is equivalent to Pi0;while Mi do Pi1 done; pCi := |0⟩, where Pij is
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while-free. We claim S1;S2; pC1⊗C2⊗C3 := |0⟩ and

P10; g := |1⟩ ;

whileMeas[g] > 0 do

if Meas[g] = 1 then

if M1 then P11

else P20; g := |2⟩

else

if M2 then P21

else g := |0⟩

done;

pC1⊗C2⊗C3 := |0⟩ ,

are equivalent, whose encodings are s1s2c1c2g0 and p10g1((g1 + g2)(g1(m11p11 + m12p20g
2) +

(g0 + g2)(m21p21 +m22g
0)))∗g0c1c2g

0.

Notice that c1 acts on C1, so c1 is commutable to those operators acting on H ⊗ C2 ⊗ C3.

By inductive hypothesis, there is sici = pi0(mi1pi1)
∗mi2ci, so

s1s2c1c2g
0 = s1c1s2c2g

0

= p10(m11p11)
∗m12c1p20(m21p21)

∗m22c2g
0

= p10(m11p11)
∗m12p20(m21p21)

∗m22c1c2g
0.
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Let X = (g1 + g2)(g1(m11p11 +m12p20g
2) + (g0 + g2)(m21p21 +m22g

0)) = g1(m11p11 +

m12p20g
2) + g2(m21p21 +m22g

0), and Y = g1(m11p11 +m12p20g
2). Then by denesting rule:

g1X∗ = g1(g1(m11p11 +m12p20g
2))∗(g2(m21p21 +m22g

0)(g1(m11p11 +m12p20g
2))∗)∗

= g1Y ∗(g2(m21p21 +m22g
0)Y ∗)∗.

g1Y ∗ = g1(g1m11p11)
∗(g1m12p20g

2(g1m11p11)
∗)∗

= (m11p11)
∗g1(g1m12p20g

2 + g1m12p20g
2g1m11p11(g1m11p11)

∗))∗

= (m11p11)
∗g1(g1m12p20g

2)∗

= (m11p11)
∗g1(1 + g1m12p20g

2 + g1m12p20g
2g1m12p20g

2(g1m12p20g
2)∗)

= (m11p11)
∗(g1 +m12p20g

2).

g2Y ∗ = g2.

By star-rewrite , we have:

g2(g2(m21p21 +m22g
0)Y ∗)∗

= g2(g2m21p21Y
∗)∗(g2m22g

0Y ∗(g2m21p21Y
∗)∗)∗

= g2(g2m21p21)
∗(g2m22g

0 + g2m22g
0g2m21p21Y

∗(g2m21p21Y
∗)∗)

= (m21p21)
∗g2(g2m22g

0)∗

= (m21p21)
∗g2(1 + g2m22g

0 + g2m22g
0(g2m22g

0)∗)

= (m21p21)
∗(g2 +m22g

0).
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Hence we have:

p10g
1((g1 + g2)(g1(m11p11 +m12p20g

2) + (g0 + g2)(m21p21 +m22g
0)))∗g0c1c2g

0

= p10(m11p11)
∗(g1 +m12p20g

2)(g2(m21p21 +m22g
0)Y ∗)∗g0c1c2g

0

= p10(m11p11)
∗g1g0c1c2g

0 + p10(m11p11)
∗m12p20g

2(g2(m21p21 +m22g
0)Y ∗)∗g0c1c2g

0

= p10(m11p11)
∗m12p20(m21p21)

∗(g2 +m22g
0)g0c1c2g

0

= p10(m11p11)
∗m12p20(m21p21)

∗m22c1c2g
0

= s1s2c1c2g
0.

(c) For the case M
i−→ Si end case, w.l.o.g. we assume the measurement results are

{1, 2, ..., n}. By inductive hypothesis we have two external spaces {Ci}1≤i≤n such that Si; pCi :=

|0⟩ is equivalent to Pi0;while Mi do Pi1 done; pCi := |0⟩, where Pij is while-free. Let C =(⊗
1≤i≤n Ci

)
⊗ Cn+1. We claim caseM

i−→ Si end; pC = |0⟩ and

caseM
i−→ Pi0; g := |i⟩ end

whileMeas[g] > 0 do

case Meas[g]
i>0−−→

if Mi then Pi1 else g := |0⟩

end

done;

pC := |0⟩
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are equivalent, whose encodings are (
∑n

i=1misi)(
∏n

i=1 ci)g
0 and

(
n∑
i=1

mipi0g
i

)((
n∑
i=1

gi

)(
n∑
i=1

gi(mi1pi1 +mi2g
0)

))∗

g0

(
n∏
i=1

ci

)
g0.

First we show caseM
i−→ Si end; pC = |0⟩ is equivalent to

caseM
i−→ Si; pCi := |0⟩ end;

pC = |0⟩ .

(∑
1≤i≤nmisi

)
(
∏n

i=1 ci) g
0 =

(∑
1≤i≤nmisici

)
(
∏n

i=1 ci) g
0 is what we need to derive. Because

each Ci and C3 are disjoint, we have ci commutes each other for 1 ≤ i ≤ n, and cici = ci. With

these assumptions added, the two expressions are equivalent by distributive law.

Then we could apply inductive hypothesis pi0(mi1pi1)
∗mi2ci = sici on each branch. Let

X = (
∑n

i=1 gi) (
∑n

i=1 gi(mi1pi1 +mi2g
0)) =

∑n
i=1 gi(mi1pi1+mi2g

0), Yi = gimi1pi1+gimi2g
0

for convenience. By denesting rule, giX∗ = giY ∗
i

((∑
j ̸=i gj(mj1pj1 +mj2g

0)
)
Y ∗
i

)∗
. Notice

that for 1 ≤ i ≤ n,

giY ∗
i = gi(gimi1pi1)

∗(gimi2g
0(gimi1pi1)

∗)∗

= (mi1pi1)
∗gi(gimi2g

0 + gimi2g
0gimi1pi1(gimi1pi1)

∗)∗

= (mi1pi1)
∗gi(gimi2g

0)∗

= (mi1pi1)
∗gi(1 + gimi2g

0 + gimi2g
0gimi2g

0(gimi2g
0)∗)

= (mi1pi1)
∗(gi +mi2g

0).
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Meanwhile, for all 1 ≤ i ≤ n, g0
((∑

j ̸=i gj(mj1pj1 +mj2g
0)
)
Y ∗
i

)∗
= g0, and gi =

gi
((∑

j ̸=i gj(mj1pj1 +mj2g
0)
)
Y ∗
i

)∗
.

Combining them up results in giX∗ = (mi1pi1)
∗(gi +mi2g

0) for 1 ≤ i ≤ n. Thus

(
n∑
i=1

mipi0g
i

)((
n∑
i=1

gi

)(
n∑
i=1

gi(mi1pi1 +mi2g
0)

))∗

g0

(
n∏
i=1

ci

)
g0

=

(
n∑
i=1

mipi0g
iX∗

)
g0

(
n∏
i=1

ci

)
g0

=

(
n∑
i=1

mipi0(mi1pi1)
∗(gi +mi2g

0)

)
g0

(
n∏
i=1

ci

)
g0

=

(
n∑
i=1

mipi0(mi1pi1)
∗mi2g

0

)
g0

(
n∏
i=1

ci

)
g0

=

(
n∑
i=1

mipi0(mi1pi1)
∗mi2ci

)(
n∏
i=1

ci

)
g0

=

(
n∑
i=1

misici

)(
n∏
i=1

ci

)
g0

=

(
n∑
i=1

misi

)(
n∏
i=1

ci

)
g0.

(d) For the while M1 do S done case, by inductive hypothesis we have C such that

S; pC := |0⟩ is equivalent to P1;whileM2 do P2 done; pC := |0⟩, where Pi is while-free.
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We claim whileM1 do S done; pC⊗C3 := |0⟩ and

g := |1⟩ ;

while Meas[g] > 0 do

if Meas[g] = 1 then

if M1 then P1; g := |2⟩

else g := |0⟩

else

if M2 then P2

else g := |1⟩

pC⊗C3 := |0⟩ ,

are equivalent, whose encodings are (m11s)
∗m12cg

0 and g1((g1 + g2)(g1(m11p1g
2 + m12g

0) +

(g0 + g2)(m21p2 +m22g
1)))∗g0cg

0.

Similarly to the above case, utilizing inductive hypothesis, we have sc = p1(m21p2)
∗m22c.

Let X = (g1+g2)(g1(m11p1g
2+m12g

0)+(g0+g2)(m21p2+m22g
1)) = g1(m11p1g

2+m12g
0)+

g2(m21p2+m22g
1).By denesting rule g1X∗ = g1(g1(m11p1g

2+m12g
0))∗. Let Y = g1(m11p1g

2+

m12g
0), Z = m11p1(m21p2)

∗m22. So g2Y ∗ = g2 and

g1X∗ = g1Y ∗(g2(m21p2 +m22g
1)Y ∗)∗,

g1Y ∗ = g1(1 + g1(m11p1g
2 +m12g

0)(g1(m11p1g
2 +m12g

0))∗) = g1 +m12g
0 +m11p1g

2.
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Hence g2(g2m21p2Y
∗)∗ = g2(g2m21p2)

∗ = (m21p2)
∗g2. By star-rewrite, there is

g2(g2(m21p2 +m22g
1)Y ∗)∗g0

= g2(g2m21p2Y
∗)∗(g2m22g

1Y ∗(g2m21p2Y
∗)∗)∗g0

= (m21p2)
∗g2(g2m22(g

1 +m12g
0 +m11p1g

2)(g2m21p2Y
∗)∗)∗g0

= (m21p2)
∗g2(g2m22(g

1 +m12g
0) + g2m22m11p1(m21p2)

∗g2)∗g0

= (m21p2)
∗g2(g2m22m11p1(m21p2)

∗g2)∗(g2m22(g
1 +m12g

0)(g2m22m11p1(m21p2)
∗g2)∗)∗g0

= (m21p2)
∗(m22m11p1(m21p2)

∗)∗g2(g2m22(g
1 +m12g

0))∗g0

Expand the star expression twice:

g2(g2m22(g
1 +m12g

0))∗g0

= g2[1 + g2m22(g
1 +m12g

0) + g2m22(g
1 +m12g

0)g2m22(g
1 +m12g

0)(g2m22(g
1 +m12g

0))∗]g0

= g2(1 + g2m22(g
1 +m12g

0))g0

=m22m12g
0.

By sliding,

g2(g2(m21p2 +m22g
1)Y ∗)∗g0 = (m21p2)

∗(m22m11p1(m21p2)
∗)∗m22m12g

0

= (m21p2)
∗m22(m11p1(m21p2)

∗m22)
∗m12g

0

= (m21p2)
∗m22Z

∗m12g
0.
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Combining them up gives

g1X∗g0 = (g1 +m12g
0 +m11p1g

2)(g2(m21p2 +m22g
1)Y ∗)∗g0

=m12g
0 +m11p1g

2(g2(m21p2 +m22g
1)Y ∗)∗g0

= (1 +m11p1(m21p2)
∗m22Z

∗)m12g
0

= (1 + ZZ∗)m12g
0

= Z∗m12g
0

Hence we have

g1((g1 + g2)(g1(m11p1g
2 +m12g

0) + (g0 + g2)(m21p2 +m22g
1)))∗g0cg

0

= g1X∗g0cg
0

= Z∗m12cg
0

= (m11p1(m21p2)
∗m22)

∗cm12g
0

= (m11p1(m21p2)
∗m22c)

∗cm12g
0

= (m11sc)
∗cm12g

0

= (m11s)
∗m12cg

0.
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8.7 Non-idempotent Kleene algebra with tests

As we stated before, NKA is not specifically designed for quantum programs: the mea-

surements are treated as normal processes. Further characterization of measurements will grant

finer algebraic structure. KAT introduces tests into KA, relying on the ability to simultaneously

represent branching and predicates by Boolean algebra. However, for quantum programs, there

is a gap between branching and predicates, which requires us to treat predicates and branching

separately. We introduce effect algebra as a subalgebra of NKA to tackle quantum predicates in

Section 8.7.1. As for branching, quantum measurements are abstracted as algebraic rules based

on predicates. These lead to non-idempotent Kleene algebra with tests (NKAT) in Section 8.7.2.

As an application, we show how propositional quantum Hoare logic is subsumed into algebraic

rules of NKAT in Section 8.7.3 and Section 8.7.4.

8.7.1 Effect algebra

The notion of quantum predicates was defined in [203] as an operator A ∈ PO(H) satis-

fying ∥A∥ ≤ 1, and its negation A = IH − A. In the quantum foundations literature, quantum

predicates are also called effects. Their algebraic properties have been extensively studied as

effect algebras.

Definition 8.7.1 ([216]). An effect algebra (EA) is a 4-tuple (L,⊕, 0, e), where 0, e ∈ L, and

⊕ : L × L → L is a partial binary operation satisfying the following properties: for any

a, b, c ∈ L,

1. if a⊕ b is defined then b⊕ a is defined and a⊕ b = b⊕ a;
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2. if a⊕ b and (a⊕ b)⊕ c are defined, then b⊕ c and a⊕ (b⊕ c) are defined and (a⊕ b)⊕ c =

a⊕ (b⊕ c);

3. if a⊕ e is defined, then a = 0;

4. for every a ∈ L there exists a unique a ∈ L such that a⊕ a = e;

5. for every a ∈ L, 0⊕ a = a.

The fourth rule of the effect algebra defines a unary operator, the negation over L, denoted

by ā for a ∈ L.

An effect algebra is easily embedded in NKA by viewing⊕ as a restricted + of NKA. Then

we need to identify the correspondence of predicates in the quantum path model.

Definition 8.7.2. For a predicate A, a constant superoperator CA ∈ QC(H) for A ∈ PO(H) is

defined by

CA(ρ) = tr[ρ]A. (8.7.1.1)

We let PPred(H) = {⟨CA⟩↑ : A ∈ PO(H), ∥A∥ ≤ 1} be the subset of P(H) containing the

lifted constant superoperator.

A partial binary addition ⊕ over PPred(H) inherits from the addition in P(H), defined by:

⟨CA⟩↑ ⊕ ⟨CB⟩↑ =


⟨CA⟩↑ + ⟨CB⟩↑ ⟨CA⟩↑ + ⟨CB⟩↑ ⪯ ⟨CIH⟩↑,

undefined otherwise.
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Lemma 8.7.3. (PPred(H),⊕,OH, ⟨CIH⟩↑) forms an effect algebra. Specifically, the negation of

it satisfies ⟨CA⟩↑ = ⟨CA⟩↑.

Proof of Lemma 8.7.3.

1. If ⟨CA⟩↑⊕⟨CB⟩↑ is defined, then ⟨CA⟩↑+⟨CB⟩↑ ⪯ ⟨CIH⟩↑. Commutativity of addition makes

⟨CB⟩↑ + ⟨CA⟩↑ ⪯ ⟨CIH⟩↑ and leads to ⟨CB⟩↑ ⊕ ⟨CA⟩↑ = ⟨CB⟩↑ + ⟨CA⟩↑.

2. If ⟨CA⟩↑⊕⟨CB⟩↑ and (⟨CA⟩↑⊕⟨CB⟩↑)⊕⟨CC⟩↑ are defined, then ⟨CA⟩↑+⟨CB⟩↑ ⪯ ⟨CIH⟩↑ and

(⟨CA⟩↑ + ⟨CB⟩↑) + ⟨CC⟩↑ ⪯ ⟨CIH⟩↑. Hence ⟨CB⟩↑ + ⟨CC⟩↑ ⪯ ⟨CIH⟩↑ and ⟨CA⟩↑ + (⟨CB⟩↑ +

⟨CC⟩↑) ⪯ ⟨CIH⟩↑. By definition, ⟨CB⟩↑ + ⟨CC⟩↑ and ⟨CA⟩↑ + (⟨CB⟩↑ + ⟨CC⟩↑) are defined,

and ⟨CA⟩↑ + (⟨CB⟩↑ + ⟨CC⟩↑) = (⟨CA⟩↑ + ⟨CB⟩↑) + ⟨CC⟩↑.

3. If ⟨CA⟩↑ ⊕ ⟨CIH⟩↑ is defined in PPred(H), we assume ⟨CA⟩↑ + ⟨CIH⟩↑ = ⟨CB⟩↑. Apply the

quantum actions on [|0⟩ ⟨0|], we have [A + IH] = [B]. Meanwhile, ∥A∥, ∥B∥ ≤ 1. This

forces A = 0 so ⟨CA⟩↑ = ⟨COH⟩↑ = OH.

4. For ⟨CA⟩↑ ∈ PPred(H), there is ⟨CA⟩↑ + ⟨CA⟩↑ = ⟨CIH⟩↑, hence ⟨CA⟩↑ ⊕ ⟨CA⟩↑ = ⟨CIH⟩↑.

Meanwhile, if ⟨CA⟩↑ ⊕ ⟨CB⟩↑ = ⟨CIH⟩↑, we apply these quantum actions on [|0⟩ ⟨0|], re-

sulting in [A + B] = [IH]. Hence B = I − A = A. That is, ⟨CA⟩↑ = ⟨CA⟩↑ is the unique

negation of ⟨CA⟩↑ in PPred(H).

5. For ⟨CA⟩↑ ∈ PPred(H), OH + ⟨CA⟩↑ = ⟨CA⟩↑ ⪯ ⟨CIH⟩↑, whose left hand side then equals

to OH ⊕ ⟨CA⟩↑ by definition.
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8.7.2 Non-idempotent Kleene algebras with tests

We can characterize quantum measurements with the help of predicates, for which we

propose partitions algebraically.

Definition 8.7.4. An NKAT is a many-sorted algebra (K,L,N ,+, ·, ∗,≤, 0, 1, e) such that

1. (K,+, ·, ∗,≤, 0, 1) is an NKA;

2. L is a subset ofK, and (L,⊕, 0, e) is an effect algebra, where⊕ is the restriction of + w.r.t.

top element e and partial order ≤; that is, for any a, b ∈ L

a⊕ b =


a+ b a+ b ≤ e,

undefined otherwise;

(8.7.2.1)

3. N is a set of tuples (mi)i∈I , where I are finite index sets and mi ∈ K, satisfying:

(a) each entry in the tuples satisfies miL ⊆ L; that is, for a ∈ L, mia ∈ L.

(b) for each tuple,
∑

i∈I mie = e.

The tuples in N are called partitions.

We use L to characterize quantum predicates, andN to characterize branching in quantum

programs. For a quantum measurement {Mi}i∈I , its dual superoperators transform quantum

predicates to quantum predicates: E†Mi
(A) = M †

iAMi. This is captured by miL ⊆ L. Besides,

general quantum measurements satisfies
∑

i∈IM
†
iMi = I , which is captured by

∑
i∈I mie = e,

since e represents predicate IH. 2

2Our characterization of measurements matches positive-operator-valued measurements (POVM), the most gen-
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Definition 8.7.5. The set of quantum measurements lifted as quantum path actions in the dual

sense is PMeas(H) =
{(
⟨M†

i⟩↑
)
i∈I

: Mi(ρ) =MiρM
†
i ,
∑

i∈IM
†
iMi = IH

}
.

Then we augment the quantum path model in the NKAT framework, supporting quantum

predicates (PPred(H)) and quantum measurements (PMeas(H)).

Theorem 8.7.6. The NKAT axioms are sound for the algebra (P(H),PPred(H),PMeas(H),+, ⋄, ∗,

⪯,OH, IH, ⟨CIH⟩↑).

Proof of Theorem 8.7.6. Notice that the NKA axioms are symmetric for operands of ·. That is,

if we define a ⋆ b = b · a, any axiom substituting ⋆ for · has a corresponding axiom. Hence if

(K,+, ·, ∗, 0, 1) forms an NKA, (K,+, ⋆, ∗, 0, 1) also forms an NKA. Hence Theorem 8.3.8 has

verified (1) in Definition 8.7.4.

Meanwhile, Lemma 8.7.3 has verified (2) in Definition 8.7.4. We only need to verify (3)

here.

• By definition, ⟨M†
i⟩↑ are elements of P(H).

• Note ⟨M†
i⟩↑⋄⟨CA⟩↑(

∑
j[ρj]) =

∑
j[tr(ρj)M

†
iAMi] = ⟨CM†

iAMi
⟩↑(
∑

j[ρj]).Hence ⟨M†
i⟩↑⋄

⟨CA⟩↑ = ⟨CM†
iAMi

⟩↑ and it is in PPred(H).

eral quantum measurements. We can further classify structures inside N to depict specific classes of quantum
measurements. For example, projection-valued measurements (PVM) can be modeled as tuples (mi)i∈I where
mimj = mi if i = j, otherwise mimj = 0.

Furthermore, a set of projective and pair-wise commutative measurement superoperators, defined by C(H) =
{E ∈ QC(H) : E(ρ) = DρD†, D is diagonal, D2 = D}, represents the measurement superoperators in probabilis-
tic programs. A Boolean algebra can be observed from it. It would be an interesting future direction to investigate
the algebraic relation between NKAT and this Boolean algebra.
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• Similarly, we have

(∑
i∈I

⟨M†
i⟩↑ ⋄ ⟨CIH⟩↑

)(∑
j

[ρj]

)

=
∑
j

[
tr(ρj)

∑
i∈I

M†
iMi

]

=
∑
j

[tr(ρj)IH] = ⟨CIH⟩↑
(∑

j

[ρj]

)
.

This gives
(∑

i∈I⟨M
†
i⟩↑ ⋄ ⟨CIH⟩↑

)
= ⟨CIH⟩↑.

Note we have substituted the right composition operation ⋄ for the left composition oper-

ation ; in P(H). This is mainly because our interpretation now uses dual superoperators. The

verification of each axiom is standard.

Several useful rules are derivable in NKAT.

Lemma 8.7.7. The following formulae are derivable in NKAT. Here I is a finite index set, a, b, ai

are elements of the effect subalgebra, (mi)i∈I is a partition.

1. 0 ≤ a ≤ e;

2. a+ a = e;

3. a = a;

4. (negation-reverse): a ≤ b→ b ≤ a;

5. (partition-transform):
∑

i∈I miai =
∑

i∈I miai.
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Proof of Lemma 8.7.7.

• (0 ≤ a ≤ e): Notice that 0 ⊕ a = a is defined by the definition of effect algebra. There is

0 ≤ 0 + a = a ≤ e.

• (a+ a = e): Because a⊕ a = e is defined, we have e = a⊕ a = a+ a.

• (a = a): Notice that there exists a unique a ∈ L satisfying a ⊕ a = e. Then there exists a

unique a satisfying a⊕ a = e. Therefore a = a.

• (negation-reverse): Because a ≤ b, 0 ≤ a + b ≤ b + b = e. Hence a ⊕ b ∈ L. Let

c = a⊕ b ∈ L, there is 0 ≤ c. So a⊕ b⊕ c = e = a⊕ a. Thence a = b⊕ c = b + c, and

a ≤ b.

• (partition-transform): By 0 ≤ ai ≤ e, monotone properties and miai ∈ L,
∑

i∈I miai ≤∑
i∈I mie = e. So

⊕
i∈I miai =

∑
i∈I miai ∈ L by the definition of ⊕. Similarly⊕

i∈I miai =
∑

i∈I miai ∈ L.Adding them together, e =
∑

i∈I mie =
∑

i∈I mi(ai+ai) =∑
i∈I miai +

∑
i∈I miai. Hence

∑
i∈I miai =

∑
i∈I miai.

8.7.3 Encoding of quantum Hoare triples

A natural usage of classical predicates is reasoning via Hoare triples. With an algebraic

representation of quantum predicates and programs, we can encode quantum Hoare triples as

algebraic formulae. A quantum Hoare triple is a judgment of the form {A}P{B} where A,B are

quantum predicates and P is a quantum program. It refers to partial correctness [234], denoted
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by |=par {A}P{B}, if for all input ρ ∈ D(H) there is

tr(Aρ) ≤ tr(B JP K (ρ)) + tr(ρ)− tr (JP K (ρ)) . (8.7.3.1)

Then partial correctness |=par {A}P{B} can be encoded as an inequality pb ≤ a, where

p is the encoding of program P , and effect algebra elements a, b are the encoding of constant

superoperators CA and CB. This encoding can be interpreted by a dual interpretation Q†
int.

3 By

setting any non-zero input for Q†
int(pb) ⪯ Q

†
int(a) and Lemma 8.3.10.(ii), it turns to JP K† (I −

B) ⊑ I − A, which is equivalent to |=par {A}P{B}.

8.7.4 Propositional quantum Hoare logic

An important feature of KAT is that KAT subsumes the deductive system of propositional

Hoare logic, which contains the rules directly related to the control flow of classical while pro-

grams but not the rule for assignments [180]. As a counterpart, quantum Hoare logic is an im-

portant tool in the verification and analysis of quantum programs. A sound and (relatively) com-

plete proof system for partial correctness of quantum while programs presented in Figure 8.5 is

discussed in [202]. We aim to subsume in NKAT a fragment of quantum Hoare logic, called

propositional quantum Hoare logic.

Due to the no-cloning of quantum information, the role of assignment is played by initial-

ization and unitary transformation together in quantum programming. In quantum Hoare logic,

the rule (Ax.In) and (Ax.UT) for them include atomic transformations, which cannot be captured

3A dual interpretation Q†
int is defined similar to Qint except for Q†

int(e · f) = Q†
int(e) ⋄ Q

†
int(f) and

Q†
int(a) = ⟨eval(a)†⟩↑. It describes the dual superoperators lifted to P(H). Properties of Qint like Theorem 8.4.2,

Corollary 8.4.3 hold for the dual interpretation similarly. Analogous of Theorem 8.4.5, Q†
int(Enc(P )) = ⟨JP K†⟩↑,

holds as well.
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(Ax.UT) {U †AU} q := U [q] {A} (Ax.In)

{∑
i

|i⟩q ⟨0|A |0⟩q ⟨i|

}
q := |0⟩ {A}

(Ax.Sk) {A} skip {A} (R.OR)
A ⊑ A′ {A′}P{B′} B′ ⊑ B

{A}P{B}

(Ax.Ab) {IH} abort {OH} (R.IF)
{Ai}Pi{B} for all i

{
∑

iM
†
i (Ai)}caseM

i−→ Pi end{B}

(R.SC)
{A}P1{B} {B}P2{C}
{A}P1;P2{C}

(R.LP)
{B}P{C} C =M†

0(A) +M
†
1(B)

{C}whileM = 1 do P done{A}

Figure 8.5: A proof system for partial correctness of quantum programs. Propositional quantum
Hoare logic includes the rules marked red in this figure (the lower six rules).

by algebraic methods. As such, propositional quantum Hoare logic will treat these rules as atomic

propositions and work with the following program syntax

P ::= p | skip | abort | P1;P2 |

caseM [q]
i−→ Pi end | whileM [q] = 1 do P1 done.

Therefore, the deductive system of propositional quantum Hoare logic consists of the rules

marked red in Figure 8.5. Its relative completeness and soundness can be proved similarly to

the original quantum Hoare logic [202] as a routine exercise.

By the discussions in Section 8.7.3, the partial correctness of quantum Hoare triples can

be encoded in NKAT. For a quantum measurement {Mi}i∈I we have an additional normalization
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rule
∑

iM
†
iMi = I , which is encoded as

∑
imie = e. Then the encoding of these rules is



(Ax.Sk) : 1a ≤ a,

(Ax.Ab) : 00 ≤ 1,

(R.OR) : a ≤ a′ ∧ pb′ ≤ a′ ∧ b′ ≤ b→ pb ≤ a,

(R.IF) :
(∧

i∈I pib ≤ ai
)
→ (

∑
i∈I mipi)b ≤

∑
imiai,

(R.SC) : p1b ≤ a ∧ p2c ≤ b→ p1p2c ≤ a,

(R.LP) : pm0a+m1b ≤ b→ (m1p)
∗m0a ≤ m0a+m1b.

Here I is a finite index set, p, pi ∈ K, elements a, b, c, a′, b′, ai ∈ L, and (mi)i∈I are partitions.

Theorem 8.7.8. With partitions (mi)i∈I , the formulae above are derivable in NKAT.

Proof.

1. (Ax.Sk): 1a = a.

2. (Ax.Ab): 00 = 0 ≤ 1 by positivity.

3. (R.OR): By negation-reverse, we have a′ ≤ a and b ≤ b′. So pb ≤ pb′ ≤ a′ ≤ a.

4. (R.IF): Applying partition-transform, (
∑

i∈I mipi)b =
∑

i∈I mipib ≤
∑

i∈I miai =
∑

imiai.

5. (R.SC): p1(p2c) ≤ p1b ≤ a.

6. (R.LP): By partition-transform, m0a+m1b = m0a + m1b. With pm0a+m1b ≤ b, we
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have

m0a+m1pm0a+m1b ≤ m0a+m1b = m0a+m1b.

Then (m1p)
∗m0a ≤ m0a+m1b is concluded by applying q + pr ≤ r → p∗q ≤ r.

It is clear that the NKAT subsumes the encoding of propositional quantum Hoare logic.

191



Part IV

Conclusion
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Conclusion

In this dissertation, we have studied software tools for quantum computing, from building

software stacks to leveraging formal methods to ensure the correctness of the software. We

established the foundation of Hamiltonian-oriented programming software and then illustrated

an example of theoretical tool design for the control software of HOQC. We also justified the

feasibility of deductive verification for ensuring the correctness of COQC quantum algorithm

implementation and built a theory for leveraging algebraic expression derivation for quantum

program equivalences.

From the discussions in the dissertation, we had an overarching understanding of the de-

velopment of quantum software. Ideally, it depends on three aspects:

1. Build an end-to-end software stack connecting applications to quantum hardware.

2. Explore practical applications using the software stack.

3. Ensuring the correctness of the software stack.

The developments of HOQC and COQC software are still limited in this picture. There are many

directions to be further explored in the future.

The future directions after this dissertation include filling in missing pieces for high-assurance

software stacks for HOQC and COQC. Several possible directions include
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• Build software to fill in the gaps in the software stack for HOQC.

• Optimize the software stack for specific applications and specific hardware.

• Develop formal methods for HOQC software stacks.

• Develop methods to verify the hardware for both HOQC and COQC.

• Investigate proper high-level abstractions for circuit-oriented programming.

Upon finishing this dissertation, we are specifically interested in exploring practical appli-

cations with our software stack based on SimuQ. Benefiting from the low overheads of HOQC

and large-scale analog quantum simulators, we have observed evidence of practical usage of ex-

tant quantum computers. We hope that we can achieve real-world quantum advantages shortly

with the help of the high-assurance software tools we built in this dissertation.
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[5] Christophe Chareton, Sébastien Bardin, François Bobot, Valentin Perrelle, and Benoı̂t
Valiron. An automated deductive verification framework for circuit-building quantum
programs. Programming Languages and Systems: 30th European Symposium on Pro-
gramming, ESOP 2021, Held as Part of the European Joint Conferences on Theory and
Practice of Software, ETAPS 2021, Luxembourg City, Luxembourg, March 27 –April 1,
2021, Proceedings, 12648:148–177, 03 2021. doi: 10.1007/978-3-030-72019-3{\ }6.
URL https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7984546/.

[6] Dexter Kozen. A completeness theorem for kleene algebras and the algebra of regular
events. Technical report, Cornell University, 1990.

[7] Allegra Angus and Dexter Kozen. Kleene algebra with tests and program schematology.
Technical Report TR2001-1844, Computer Science Department, Cornell University, July
2001.

[8] Dexter Kozen. Kleene algebra with tests. ACM Trans. Programming Languages and
Systems (TOPLAS), 19(3):427–443, May 1997. doi: 10.1145/256167.256195.

[9] Dexter Kozen. On hoare logic and kleene algebra with tests. ACM Trans. Comput. Logic,
1(1):60–76, July 2000. ISSN 1529-3785. doi: 10.1145/343369.343378. URL https:
//doi.org/10.1145/343369.343378.

195

https://doi.org/10.1137/S0097539795293172
https://doi.org/10.1137/S0097539795293172
https://doi.org/10.1145/3434318
https://www.ncbi.nlm.nih.gov/pmc/articles/PMC7984546/
https://doi.org/10.1145/343369.343378
https://doi.org/10.1145/343369.343378


[10] Yuxiang Peng, Jacob Young, Pengyu Liu, and Xiaodi Wu. Simuq: A framework for pro-
gramming quantum hamiltonian simulation with analog compilation (extended version).
arXiv preprint arXiv:2303.02775, 2023. doi: https://doi.org/10.48550/arXiv.2303.02775.

[11] Jiaqi Leng, Yuxiang Peng, Yi-Ling Qiao, Ming Lin, and Xiaodi Wu. Differentiable ana-
log quantum computing for optimization and control. Advances in Neural Information
Processing Systems, 35:4707–4721, 2022.

[12] John Backus. The History of Fortran I, II, and III, page 25–74. Association for Computing
Machinery, New York, NY, USA, 1978. ISBN 0127450408. URL https://doi.org/
10.1145/800025.1198345.

[13] Kristen Nygaard and Ole-Johan Dahl. The Development of the SIMULA Languages, page
439–480. Association for Computing Machinery, New York, NY, USA, 1978. ISBN
0127450408. URL https://doi.org/10.1145/800025.1198392.

[14] Michael A Nielsen and Isaac Chuang. Quantum computation and quantum information,
2002.

[15] Andrew M Childs. Lecture notes on quantum algorithms. Lecture notes at University of
Maryland, 2017.

[16] Alexander S. Green, Peter LeFanu Lumsdaine, Neil J. Ross, Peter Selinger, and Benoı̂t
Valiron. Quipper: A scalable quantum programming language. In Proceedings of the
34th ACM SIGPLAN Conference on Programming Language Design and Implementation,
PLDI ’13, page 333–342, New York, NY, USA, 2013. Association for Computing Ma-
chinery. ISBN 9781450320146. doi: https://doi.org/10.1145/2491956.2462177. URL
https://doi.org/10.1145/2491956.2462177.

[17] Ali J Abhari, Arvin Faruque, Mohammad J Dousti, Lukas Svec, Oana Catu, Amlan
Chakrabati, Chen-Fu Chiang, Seth Vanderwilt, John Black, and Fred Chong. Scaffold:
Quantum programming language. Technical report, Princeton Univ NJ Dept of Computer
Science, 2012.

[18] Jennifer Paykin, Robert Rand, and Steve Zdancewic. QWIRE: A core language for quan-
tum circuits. SIGPLAN Not., 52(1):846–858, January 2017. ISSN 0362-1340. doi: 10.
1145/3093333.3009894. URL https://doi.org/10.1145/3093333.3009894.

[19] Yudong Cao, Jonathan Romero, Jonathan P Olson, Matthias Degroote, Peter D Johnson,
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Nature Photonics, 3(12):687–695, 2009. doi: https://doi.org/10.1038/nphoton.2009.229.
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[73] Andreas Wächter and Lorenz T Biegler. On the implementation of an interior-point filter
line-search algorithm for large-scale nonlinear programming. Mathematical programming,
106:25–57, 2006.

[74] Gurobi Optimization, LLC. Gurobi Optimizer Reference Manual, 2023. URL https:
//www.gurobi.com.

201

https://doi.org/10.7717/peerj-cs.103
https://www.gurobi.com
https://www.gurobi.com


[75] Frank Arute, Kunal Arya, Ryan Babbush, Dave Bacon, Joseph C. Bardin, Rami Barends,
Rupak Biswas, Sergio Boixo, Fernando G. S. L. Brandao, David A. Buell, Brian Bur-
kett, Yu Chen, Zijun Chen, Ben Chiaro, Roberto Collins, William Courtney, Andrew
Dunsworth, Edward Farhi, Brooks Foxen, Austin Fowler, Craig Gidney, Marissa Giustina,
Rob Graff, Keith Guerin, Steve Habegger, Matthew P. Harrigan, Michael J. Hartmann,
Alan Ho, Markus Hoffmann, Trent Huang, Travis S. Humble, Sergei V. Isakov, Evan
Jeffrey, Zhang Jiang, Dvir Kafri, Kostyantyn Kechedzhi, Julian Kelly, Paul V. Klimov,
Sergey Knysh, Alexander Korotkov, Fedor Kostritsa, David Landhuis, Mike Lindmark,
Erik Lucero, Dmitry Lyakh, Salvatore Mandrà, Jarrod R. McClean, Matthew McEwen,
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