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Scanning tunneling microscopy (STM) provides an opportunity to study the physical and
electromagnetic properties of surfaces at the atomic scale. When performed at low temperatures,
in high magnetic fields, and with a variety of different probes, it offers a wide range of methods by
which novel materials of great practical and theoretical interest can be evaluated, characterized,
and even fabricated with atomic precision.

This thesis describes three independent STM studies performed at cryogenic temperatures.
In the first, I present an in-situ modification to our 4K STM which permits us to current-bias
our samples during STM operation. The modification can be used to study non-equilibrium
effects such as spin accumulation induced by a current through a spin Hall material and the spin-
momentum locking which is present at the surface of topological insulators.

Next, I examined oxygen-doped aluminum films with anomalously high kinetic inductance.

A suggested explanation was the migration of oxygen to the grain boundaries, forming a percola-



tion network separated by Josephson links. To determine the coupling between grains, I studied
the films using milliKelvin STM performed with a superconducting tip.

Finally, transport measurements performed by our collaborators indicated the possible pres-
ence of a topological Hall effect in thin films of Cr,Tes, induced by the presence of topologically
non-trivial magnetic textures called magnetic skyrmions. In order to provide more decisive evi-
dence, I studied the films using spin-polarized STM at 4K.

In addition to the experimental studies, this work explores the theoretical underpinnings of
the novel materials which constitute the frontier of our current understanding of condensed matter
physics. An emphatically pedagogical viewpoint is adopted throughout as part of a continuing

effort to bridge the gap between experiment and theory.
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Chapter 1: Introduction

In 1981, Binning and Rohrer [11] developed the scanning tunneling microscope (STM) -
an instrument capable of measuring the topography and electrical characteristics of surfaces with
sub-nanometer precision without direct physical contact with the sample. If a small voltage is
applied between a sharp metallic probe and a sample which are separated by a few angstroms, the
guantum tunneling effect allows electrons to traverse the classically-forbidden vacuum gap and
establish a small but measurable current. In the tunneling regime, this current varies exponentially
with the tip-sample distance; if the latter decrease& Bythen the former typically increases by
roughly a factor ofL0. By slowly scanning the probe across the surface and adjusting its position
to maintain a constant tunneling current, the surface topography (as well as its electromagnetic
properties) can be measured with sub-nanometer precision.

The STM has revolutionized the way that we study and manipulate physical systems on the
smallest of scales. Its sub-nanometer spatial resolution has enabled the characterization of the
topography and physical structure of surfaces, atomic features, and composite heterostructures
with unprecedented detail, while its wealth of variations has provided a window into the elec-
tromagnetic and chemical properties of materials and how they vary over scales from microns to
angstroms. The rise of STM-based atomic precision fabrication [12, 13] has even allowed us the

ability to build our own nanostructures atom-by-atom. It has become one of the most essential



and direct tools in the arsenal of experimental solid-state physics.

Over roughly the same period of time, topology has emerged as an indispensable tool for
our theoreticalunderstanding of physical systems. In 1980, Klaus von Klitzing discovered the
guantum Hall effect [14], in which a material exhibits a quantized Hall conductance of such high
quality that it initially led to a suspicion of the laboratory equipment. The incredible robustness
of this quantization in the presence of even quite strong disorder suggested an underlying mech-
anism which in some sense operated globally, completely glossing over the localized messiness
of an imperfectly clean system. Since then, the mathematical tools and concepts from topology
have permeated essentially every sub eld of condensed matter physics and beyond, informing a
complementary picture of global and local in uences.

This work reports several novel studies performed using STM as the principal experimental
tool, while simultaneously developing a uni ed theoretical understanding of the phenomena un-
der investigation through the lens of topology. Chapter 2 serves as a self-contained introduction to
the basic ideas of topology from a purely mathematical viewpoint before Chapter 3 applies those
ideas to the study and characterization of defects in ordered media such as magnetic materials
and superconductors. Chapter 4 reviews the fundamentals of the electronic structure of solids
before Chapter 5 develops an understanding of the novel topological phases which can emerge in
guantum matter and of the surprising correspondence between topological properties of the bulk
of a material and the unique and robust electronic states which are localized to its boundaries.

Having built this broad theoretical base, Chapter 6 reviews the subject of STM, the princi-
ples on which it operates, and the practical side of operating an STM under cryogenic conditions
before the remaining chapters report some of the experimental studies performed over the last
several years in the STM group at the Laboratory for Physical Sciences. Chapter 7 describes an
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in-situ modi cation which | implemented on our low-temperature STM to permit the study of
non-equilibrium effects which arise only in the presence of a transverse electrical current. Chap-
ter 8 is a report on a study | performed on superconducting granular aluminum at mK tempera-
tures to study the coupling between grains and the somewhat unconventional nature of granular
superconductivity in general. Finally, Chapter 9 describes my search for topological magnetic
structures as part of a larger, collaborative effort to explain the unexpected electromagnetic be-

havior of the quasi-2D layered ferromagnep Gs.



Chapter 2: A Brief Introduction to Topology

This chapter constitutes a purely mathematical but hopefully fairly gentle introduction to
topology for someone who had never seen it before. Itis my belief that it is helpful to be willing to
set physics aside for a moment and wrestle with some mathematical ideas without being burdened
by the necessity of practical application. On the other hand, being a physicist, | want to get to the
good stuff eventually. The best resources I've found which manage to bridge this divide are the
books by Nakahara [15] and Frankel [16]. Additionally, | must credit the lecture course by Dr.
Frederic Schuller entitle@he Geometrical Anatomy of Theoretical PhydiCg] as perhaps the
most self-contained introduction to mathematics for physicists that I've ever seen, which spurred
me in this direction some years ago. At the time of writing, it is freely available on YouTube and

from FAU's video archives.

2.1 The Main Ideas

The most fundamental concept in topology is that oegghborhood Given a se€ and a
pointp 2 S, atopologyon S amounts to a de nition of what constitutes a neighborhoog.of

The following constraints are imposed on all such de nitions:

1. If N is a neighborhood gb, thenp 2 N

2. If N is a neighborhood gandN M, thenM is also a neighborhood of

4



Figure 2.1: (a) A set ispenif it constitutes a neighborhood for each point it contains. (b) This
set is not open because it contains points at the edge, and does not constitute a neighborhood for
those points.

3. If N andM are neighborhoods ¢, then their intersectioNl \ M is a neighborhood g

4. If N is a neighborhood gb, then there exists some neighborhdddof p such thalN is a

neighborhood of every point i .

Given a notion of neighborhood as de ned above, we de ne aké&b beopenif it is a
neighborhood of every poimt 2 U which it contains. All topological properties of a space can
be framed in terms of these open sets. Given &séte set of all open setd S - which we
denote byO - is called thetopologyon S. The pair(S; O) is then called @opological space

These requirements do not uniquely associate a topology to any given set. In fact, it's
quite the opposite - for a generic set, there are a vast number of topologies which satisfy these

conditions.



2.1.0.1 A Few Simple Topologies

Let S be any set. The following de nitions of neighborhoods are consistent with the re-

quirements of a topology.

The Discrete TopologyEveryset containing a poimi 2 S is a neighborhood gb.

The Indiscrete TopologyTheonly neighborhood of a poirg 2 S is S itself.

The Particular Point Topology Letq 2 S be an arbitrary point. A séd containingp 2 S

is a neighborhood gf if and only if N also containg).

The Co nite Topology We callaselN S co nite if its complement oN in S contains
an in nite number of points. Aseil S is a neighborhood gb in the co nite topology

if p2 N andN is co nite.

The discrete and indiscrete topologies are not particularly interesting because of how in-
clusive and exclusive they are, respectively. The particular point and co nite topologies is less
trivial, but are also of limited importance for our purposes. However, it is easy to show that all
four satisfy the requirements of a topology, so it is a good exercise to do so.

It is worth emphasizing that given a setwhether a subsét S is open clearly depends
on the topology we choose f&. For example, if we equif with the discrete topology de ned
above, then every possiblé S is open. On the other hand, if we equBpwith the indiscrete
topology, themosubsetd) S are open, with the exception pfandS itself. Therefore, when
there is a possibility for ambiguity it is important to specify that a set is dpean particular
topology Since a topologyO formally consists of the collection of all sets which are to be
considered open, the statement that dsistopen in that topology can also be writtenlag O.
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2.1.0.2 Terminology

It's worth taking a moment to explicitly mention some important terminology.(50s)
be a topological space. As mentioned above, a sulsetS is calledopenif it is an element of
Os. If the complement oU is open, therd is calledclosed Confusingly, observe that openness
and closedness are neither exhaustive nor mutually exclusive; a set could be either open or closed,
both' open and closed, or neither open nor closed.

Givenasety S, theinterior of U, denotedJ , is the collection of pointp 2 U such
that there exists a neighborhobidof p which lies entirely withinU (note that ifU is open, then
U = U). Equivalently,U is the union of all open seb¢  U. Theclosureof U, denotedJ, is
the intersection of all closed seXs  U; as one might expect] is a closed set (in some sense,
it is the smallest closed set containing. Theboundaryof U, denoted@ U is the set of points
in U which are not elements &f .

In more intuitive terms, a sét is open if it does not contain any of its boundary points. For
the topologies of general interest to physics, this means that open sets have the property that their
elements remain elements when they are shifted or changed by small amounts. In contrast, the
boundary points are teetering on the edge, such that any arbitrarily small shift may be enough to
move it outside. Put differently, i) is open then membership W is a property which is robust

to tiny perturbations.

INote that for any topological spa¢8;Os), bothS and the empty setare always both open and closed.



Figure 2.2: Given an arbitrary sbt its interiorU is the largest open subsetUdf the closure is
the smallest closed supersetibfand the boundar@ Us the complement df in U. U is open
if and only if it does not contain any boundary points, e\ @U= ;.



2.1.1 Constructing Important Topologies

The topologies given above are straightforward to de ne, and serve as a good warm-up to
test our understanding of important ideas. However, in physics we are interested in more complex
topologies. The most important topology for our purposes is the so-cfedard topolog g
onRY. Once we've de ned this fundamental topology, we can inherit a large number of additional
topologies from it. For example, any subs&ét RY can be endowed with the subset topology

inherited fromORga.

2.1.1.1 The Standard Topology

To de ne this topology, we introduce the concept of the open ball of radud) centered

at a pointx 2 RY, denoted, (x); it is de ned as

(
Bi(x):= y2R° (yi x)?<r?

)

That is,B, (x) is the set of points within a distanceof x, where the notion of distance is de ned
in the preceding expression. Having made this de nition, we say thatld $&t& neighborhood
of a pointp 2 RY if there exists some > Osuch thaB,(p) N, andthatasett RYis
open (in the standard topology) if it is a neighborhood of every goiatU. See Fig. 2.1 for an
illustration of this topology.
This construction provides a topology &Y, and whenever we speak Bf in the future
we will assume it to be equipped with this topology unless otherwise speci ed. However, any set

which can be expressed as a subsd®btan inherit a so-called subset topology from its parent,



as we see from the following construction.

2.1.1.2 The Subset Topology

Let (S;Os) be atopological space, and Mt S. We can de ne a topologpy onM
called thesubset topologynherited fromOs as follows. AselU M is an element 00, if
there exists som¥& 2 Os suchthaty = V\ M. In words,U is open in the subset topology if
it can be expressed as the intersection of the siMseitith a setV which is open in the parent
topology.

As an example, |es = R? andOs be the standard topology &¥, and letM = S* where

Sl:= (ab2R? a®+PP=1

is the unit circle (also called thiesphere). Let) = f(a;b 2 S'j a > 0Og be the right semicircle
of S'. It's easy to see that is notan element 005 (see the de nition above), butig an element
of the subset topolog®y, . This can be seen by letting = f(a;b 2 R?j a > 0g and noting
thatu = Vv \ S.

The subset topology allows us to start from the standard topology®cemd construct a
topology for any of its subsets. A very large number of topological sgacas be expressed
in this way, making this a very powerful construction. The product topology construction adds

another crucial tool to our toolbox, which provides a topology to the Cartesian product of spaces.

2Then-spheres, tha-tori, and spaces of n matrices (interpreted as elementsm‘fz) are classic examples.
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Figure 2.3: Aset)  S'is open in the subset topology inherited fr@®n if there exists a set
V  R?which is open in the topology oR? such thaty = V \ S

2.1.1.3 The Product Topology

Let (S;Os) and(T;O7) be topological spaces, and Bt T be the Cartesian product set
whose elements are the ordered pé&#d) wheres 2 Sandt 2 T. AsubsetU 2 S T s
open in the product topology if for ai 2 U there exists somA 2 Os andB 2 Ot such that
p2A BandA B U.

The nal method for constructing a topology which we will consider here isghetient
topologyconstruction, which is particularly useful for constructing topologies on spaces which
are obtained by identifying elements of other spaces as equivalent. For example, th&' ciecie
be obtained by starting from an intenf@l 2 ] and then identifying the poin@and2 - hence

"gluing” the ends of the interval together.
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Figure 2.4: Aset) S T isopen in the product topology, if for ghl 2 U, there exist open
setsA SandB Tsuchthap2 A B U.
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2.1.1.4 The Quotient Topology

An equivalence relatioon a seS, denoted by , is a relation which satis es the following

conditions:
s sforalls2 S (re exivity)
s t t sforalls;t2 S (symmetry)
s tandt uimpliesthats uforalls;t;u2 S (transitivity)

If s t, then we say that andt areequivalentunder

Every equivalence relation d partitionsS into so-calledequivalence classe&iven an
elements 2 S, the equivalence clags] is the subset of all elements 8fwhich are equivalent
tos. It's easy to show that each element®torresponds to one and only one equivalence class.
The set of all equivalence classes is den@ed and is called theuotient spacef S under
Finally, thequotient mapy: S! S= isthe maps 7! [s] which takes each element §fto the
corresponding equivalence class.

Having made these de nitions, 1€5;0s) be a topological space and letbe an equiva-
lence relation orB. A subsetU S= is open in theguotient topologyif its preimagé under
the quotient majg is open in the parent topolodys.

To esh out the example mentioned previously, &t= [0;2 ] andOg be the topology

inherited from the standard topology &1 De ne the equivalence relation on S such that for

3This construction actually works for an arbitrary function A ! B, and is more generally called theal
topologyon B inherited fromf (where " nal” refers to the fact thaf takes points iPA to some destination in
B). The quotient topology is then the nal topology applied to a quotient map which arises due to an equivalence
relation.

‘Givenamagd : A! B,the preimage ofasét B, denotecpreim; (U) orf 1(U),isthe setofalb2 A
such thaf (a) 2 U.
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Figure 2.5: The sd0;2 ] is mapped to the quotient & 2 ]= by the quotient mag. A set
U [0;2 ]= isopen inthe quotient topology if its preimage undes open in the topology
on the original spacf; 2 ].

alls2 S;s sand0 2 . Consider the set of points

U= [s]2 S= s2[0;, =2)[ 3=22]

The setpreim,(U) = [0; =2)[ (3=2;2 ]is open in the parent topolodys, and soU is open
in the quotient topology.

We can nd compatibility with our earlier constructions by noting that if we emBed
into R? with the map[s] 7! cosE);sin(s) , then we obtain the familiar circl&', where the
quotient topology or8=  coincides with the subset topology &hinherited from the standard

topology onR?.
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2.1.2 Topological Ideas

Armed with the ability to endow a large variety of different spaces with topologies, we can

now explore some of the ideas which a topology allows us to de ne.

2.1.2.1 Continuity

One of the most important ideas which arises in topology is thabofinuity A function
f between topological spaces is continuous if small changes in the input yield correspondingly
small changes in the output. Formally, (&; O,) and(B; Og) be topological spaces, and let
f be amap fromA ! B. We say thaf is continuous at a poina 2 A if, for any open set
V 3 f (a), there exists an open d6t3 a such thaf (U) V. If f is continuous at each pointin
its domain, we simply say thatis a continuous function.

Intuitively, f : A ! B is continuous at if we may restrict the output to an arbitrarily
small neighborhood df(a) 2 B by restricting the input to an suf ciently small neighborhood of
a2 A. If we cannotdo this, then that is an indication that the function makes a "jumg at

In practice, an extremely useful alternative de nition of continuity goes as follows. Given
topological spacefA; O,) and(B; Og), a functionf : A ! B is continuous if the preimage
f 1(U)ofallopensett) B areopen-thatid)20g =) f 1(U)20,. Itisanexcellent

exercise to demonstrate that this de nition is equivalent to the more intuitive one given above.

2.1.2.2 Convergence

Another crucial idea which emerges from topology is thatofivergence A sequence

f :N! Sisformally a map from the natural numbdf3; 1; 2;:::) to some other séb. By
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Figure 2.6: A functiorf : A! B is said to be continuous at2 A if its output can be restricted
to an arbitrarily small open neighborhowd3 f (a) by restricting itsnputto a suf ciently small
open neighborhootd 3 a.

convention, we often writé(n)  f,.

If (S;0Os) is atopological space, then we can talk about a sequence converging tola limit
The formal de nition goes as follows. A sequenice N! S convergestoalimik 2 Sinthe
topologyOgs if every open set containing contains all but nitely-many points in the sequence.
Alternatively, we sayf converges td if, given any open set) 3 L, there exist somé&l 2 N
such thaf, 2 U for all n > N . Proving that these de nitions are equivalent is a useful exercise.

Intuitively, for ff,g to converge td. we want its elements to get arbitrarily closelto
(where we de ne arbitrary close as belonging to an arbitrary open neighborhdodaofd stay
there (which we ensure by demanding that past a celaiall pointsf,, with n > N remain in

that neighborhood).
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Figure 2.7: A sequenckf,g is said to converge to a limit if every open set containing
contains all but nitely-many points in the sequence.
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2.2 Topological Equivalence of Spaces

If (A; Op) and(B; Og) are topological spaces, it is worth asking whether there is a sense
in which they are the same space.

For example, we rst de ned the circl&' as the topological space whose underlying set
is the unit circle inR? and whose topology is inherited by the subset topology construction.
However, when discussing the quotient topology we started with the int@\al], identi ed
the endpoints as equivalent via an equivalence relatioand then equippef@; 2 ]= with the
guotient topology. We then claimed that this was an equivalent construction of the circle.

Obviously the underlying sets of the two constructions are totally different - the former
consists of ordered pairs B-numbers, while the latter consists of equivalent classes of elements
of the interval[0; 2 ]. However, from d@opologicalperspective, all of their properties are exactly
the same. The reason for this is the existence of the functids] 7! cos@); sin(s) which was
mentioned during the discussion of the quotient topology. This function is invertible, and both
and !are continuous; as a result, the open sets in the domain are in one-to-one correspondence
with the open sets in the codomain. Any property which can be phrased entirely in terms of the
open sets of a topological space must therefore be shared between the two.

Formally, let(A; O5) and(B; Og) be topological spaces and let: A'! B be a map
between them. If is invertible and and ! are both continuous, thenis called shomeomor-
phism(or topological isomorphisin If there exists a homeomorphism between two topological
spaces, then the spaces are calledheomorphia@and they are equivalent from a topological
standpoint.

The following are several examples of topological properties, their de nitions in terms of
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Figure 2.8: Given a parent spa@dd; Oy, ) and two subset& andB, the subspacdEs; Os) (where
S = A[ B andOs is the subset topology) is disconnected if and onl i B = 0.

open sets, and an explicit demonstration that they are preserved under homeomorphisms:

2.2.0.1 Connectedness

A topological spac€S;Os) is calleddisconnectedf it can be written as the union of
two disjoint, non-empty open subsets. Otherwise, it is call@thected This de nition can be
motivated by the observation that if we start with an arbitrary sgateOy, ), take two non-
empty subsett);V M, and letS = U[ V andOs be the subset topology, thé8;Os) is
disconnected if and only i) andV are disjoint. That is, ifS;Og) arises as a subspace of a
larger spacéM; Oy, ), thenS is disconnected precisely if it can be written as disjoint pieces of
M. The non-intuitive de nition is given because it does not require any reference to a "parent”
space.

Let (A; Oa) and(B; Og) be topological spaces and fet A! B be a homeomorphism.
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If B=UJ V for non-emptyJ;V 2 Og, then

A=f YB)=f YU[V)=f YU f YV) (2.1)

wheref 1(U) andf (V) are non-empty (becauseis surjective) and open (becausés con-

tinuous). As a result, iB is (dis)connected theA is (dis)connected, and vice-versa.

2.2.0.2 SeparationTf; Tq; To)
A topological spac€S; Os) is called:

» Ty if for any two distinct pointss 6 t 2 S, there exists an open setwhich containss
but nott or t but nots. This property means that any two pointssrare topologically
distinguishable; otherwise, the topology is too coarse to tell them apart. For an example
of a topological space for which this fails, consider any set equipped with the indiscrete

topology.

» T, if for any two distinct points 6 t 2 S, there exists an open sdtcontainings which
does not contaim. Note the subtle distinction between this angd- the latter admits the
possibility that there are some pointsuch that the only open set containing the entire
setS, while the latter does not. For an example of a space whigh it notT,, consider

any set equipped with the particular point topology.

» T, if for any two distinct points 6 t 2 S, there exist open setg 3 sandU; 3 t such that
Us\ U; = ;. In such spaces, any two distinct points can be respectively enclosed within

their own open sets which do not intersect. This is crucially important for convergence
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Figure 2.9: (a) InTy spaces, no two distinct poingss t are in exactly the same open sets, but it's
possible that every open set containgglso containg (but not the reverse). (b) I, spaces,

we can always nd open sets containiagput nott andt but nots, but it's possible that such sets
necessarily intersect somewhere. (c)ilnspaces, we can always nd open sets around any two
distinct points which don't intersect at all..

because it implies and is required by the uniqueness of limits - a convergent sequence has
a unique limit if and only if the space in questionTis. All topologies we will work with
areT,, but for an example of a topology which1s but notT,, consider any set equipped

with the co nite topology.

To prove that these properties are preserved under homeomorphiéf,@at) and(B; Og)
be topological spaces and fet A! B be a homeomorphism between them. AssumingBhat
has any of the properties listed above, simply replace sets and points with their preimages under

f to prove thatA has the same properties.
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Figure 2.10: IV is a bounded subset Bf', then its closurd! equipped with the subset topology
iS a compact space.

2.2.0.3 Compactness

An open covelC of a topological spacéS; Os) is a collection of open sefdJ;; Uy;:::g
whose union is equal t6. A subcoverC®of a coverC if C° C andC%is also a cover -
intuitively we obtainC°from C by throwing away some of the's.

We say tha(S; Os) is non-compacif there exists an open cové = f U;g which has no
nite subcover - that is, there is no nite subset of thddis which covers the space. Otherwise,
we say that the space ®mpact Some intuition for compactness is obtained by considering

subsets oR". A subsetM R" is calledboundedif there exists some& > 0 such that
M B, (0), i.,e. M can be contained inside a ball of nite radius centered at the origiM If
is bounded the(M; O) is a compact space, wheké is the closure oM andO is the induced
subset topology.

Compact spaces have a number of very useful properties. For exampl&-eaiyed
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continuous functions on a metric space are bounded, and achieve both minimum and maximum
values. More generally, the image of a compact space under a continuous function is also com-
pact. More sophisticated operations such as integration are often better-behaved on compact
spaces, and a number of important theorems such as the Chern-Gauss-Bonnet theorem hold only
for compact spaces.

To see that this property is preserved under homeomorphisifA;l€@,) and(B; Og) be
topological spaces arfd : A'! B be a homeomorphism. Assume tl{at O,) is compact.
Then any open coverU;g of B can be mapped to an open cov¥ér 1(U;)g of A. Because
A is compact, this implies that this cover admits a nite subcover, which can be mapped via

f =(f 1) ltoa nite open cover oB.

2.3 Homotopy

Sometimes we are interested not in the equivalence of different spaces, but rather in the
equivalence of maps between spaces. For example, a global map of the magnetic eld orientation
could be understood as a function fr@&h(whose points represent positions on the surface of the
Earth) toS? (whose points represent unit vectors which specify the direction of the magnetic eld
at the Earth's surface). Two different con gurations can be viewed as topologically equivalent if
it is possible to continuously deform one into the other (in a sense to be de ned momentarily). If
this is not possible, it suggests that the two con gurations are distinct in some topological sense,
and that a transition between the two is possible only by introducing a discontinuity in the map.

The concept at play here is callédmotopy Let (A; Oa) and(B; Og) be topological

spaces and letbg : A ! B be two continuous functions between them. If there exists a

23



Figure 2.11:f andg are homotopic if they can be continuously deformed into one another. The
curves in (a) are homotopic (with varying stages of the homotopy shown with dashed lines), but
the curves in (b) are non-homotopic because they may not cross over the puncture in the center
of the disk.

continuous maj : [0;1] A! B suchthah(0;a) = f (a) andh(1;a) = g(a), then itis called
ahomotopybetweerf andg, andf andg are callechomotopic The intuition for this is that the
parameter 2 [0; 1] in the expressiom( ;a) parameterizes the deformation fofinto g; as
varies fromOto 1, h( ;a) varies in a continuous way betwek(a) andg(a).

As a trivial example, consider two functiofiy : R! R? such that

fM)=(t0  ot)=(tt?)

We can easily nd a homotoply between these maps:

h(;t)=(tt? (2.2)

Note thath can be written ab(;t ) = (1 )f (t) + g (t). This raises the question as to why
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we couldn'talwaysdo this - why can't we always nd a homotopy between any two functions in
a similar way?
The answer is that when we multipliédandgby (1 ) and and again when we added

the results together, we made implicit use of the canonical vector space structifewhere

(a;b =(a b)and(a;h+(a%P) (a+ a%b+ ). If a spacedoeshave such a vector
space structure, then indeed all continuous functions are homotopic to one another. However,
this assumption fails for almost all spaces. Consider points on the unit circle - what does it mean
to add them together, or to multiply them by scalars?

For a less trivial example, consider functidng : [0;2 ]! S'such that

f(t)= cost);sin(t) g(t) = cos(2);sin(2t)

These functions are also homotopic via the homotopy

h(;t)= cos([1+ Jt);sin((1+ ]t)

Though this homotopy is slightly less trivial, it may not yet be clear why it is impossible to con-
struct a similar homotopy for arbitrary functions. Functions fif@y® ]! S' can be imagined
as continuous arcs on the unit circle (which may double back on themselves), and intuitively any
such arc should be continuously deformable into any other. And indeed, this is also true, a fact
which can be traced back to the triviality of the domgi2 |.

To see an example of when it is not true, consider functfpgs: St ! S'. For ease of

notation, we will identifyS* with pointsz on the unit circle in the complex plane, 3@ C and
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jzj = 1. Let

f(z)=1 g(z) = 22 (2.3)

| claim that it isnot possible to produce a homotopy: [0;1] S'! S' between these two
functions. Intuitively, the image df is a single point while the image gfwraps around', and

itis not possible to continuously expahdo g (or shrinkg to f ) without leaving the unit circle or
having an intermediate stage in which the loop is "cut” - but a continuous function whose domain

is St must form a closed loop at all times.

2.3.1 Homotopy Invariants

The intuitive argument is convincing, but it would be nice to have a rigorous proof which
extends to more general functions and spaces. The problem lies in the dif culty of proving that
it's impossible to construct something. The general way to do this is to de ne some quantity
which is homotopy-invariant meaning that if two functions are homotopic then the quantity
must be the same for both of them. Once we have this, it follows that if two funatidfes in
the value of this quantity, then they musit be homotopic to one another (and so a homotopy

cannot possibly be constructed).

2.3.1.1 The Winding Number

An extremely useful homotopy invariant for maps fr&hto St is given by thewinding
number , which counts the number of times the output of the function winds around the circle
when the input winds around once. A complex numbevith modulusl can be assigned an

angle in the complex plane given byu) = log( u)=i; along a contour , the total change in that
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angle is given by
z z
1 du
= d = T (2.4)

Since the angle changes By for each winding, we divide bg to yield the winding number of
the curve . If u = f (z) is the image of a poirt 2 S' under the differentiable mappirfg then
du = f z)dz and it follows that the winding number associated to the fundtidm
I
1 fq2)

[fl1= 27 it ﬁdz (2.5)

To show that this is homotopy-invariant, consider two functiGrgs and a homotopy

between them. We may write

d .
)= Ee)

et 0 /4
jizj=1 h(z; )

Becauséh is a continuous function of, must also be a continuous function of However,
we know that takes only integer values, whilevaries continuously fron® to 1. The crucial
insight is that the only way to have a continuous function dfike only discrete values is for it
to be constant - otherwise it will have a discontinuity somewhere. As a re§u]t= [h; 0] =
[h;1]1="[gl.
Applying this to our previous example 2.3, we see immediately tfigt= 0 and [g] =1,

and so the two functions are not homotopic.

SProving this is a nice exercise!
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2.3.1.2 The Wrapping Number

The concept of a winding number can be extended to higher dimensions. Consider a con-

tinuous mag : & ! S, whereS is the 2-sphere de ned as
= (ab92R® a?+PP+c=1 (2.6)

By way of analogy with the winding number, we begin by writing a normalized integral

over theareaof S

1 I
7 sin( )d d (2.7)

where 2 [0; Jand 2 [0;2 ] are the polar and azimuthal angles, respectively. Letting

= (; )and = (; ),we ndthe wrapping numbew of the mapf to be
I
1 .
w[n] = 7 sin( )d d
! 0@ Q@@ (28)
"2 " U) @e ee °°

where&- S &9 s the Jacobian of the coordinate transformation ) 7! (; ).

From an intuitive standpoint, one can imagine a regon $? with boundary@ Rand
imagef (R). The image of the boundafy(@ R traces out a loop in the target space of the func-
tion. AsR grows to cover the entire domain, this loop shrinks down to a point and disappears. It

could do this by wrapping around the target space once, or by wrapping partway around the target
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space and doubling back on itself (think of a de ated balloon being draped over a basketball), or
by wrapping itself around the unit sphere any integer number of times (with negative wrapping

number corresponding to a reversal of orientation, where the image is turned "inside out”).

2.3.1.3 The Degree of A Continuous Map

The construction we've used so far seems readily generalizable, which turns out to be
true. LetM andN be smooth manifolds, which for the moment we will loosely describe as
topological spaces which can be smoothly and consistently coordirfatizad dimension of a
smooth manifold is equal to the number of coordinates necessary to specify a point.

If M andN are compact, boundary-less smooth manifolds of the same dimension, then
every continuous functioh : M ! N can be characterized by an integer homotopy invariant
called itsdegree which can be obtained by rst writing down the natural voluniategral over
N (suitably normalized) and then taking its coordinates to be the images of poiktsunder

the mapf . If the volume of the spacl is given by

vol(N) = 1 (y)dyt:::dy? (2.9)

where! is the so-calledrolume forrfi, then the degree of a functidn: x 7! y is given by

I .
@
I y(x) det @y dx®:::dx¢ (2.10)
@k
6A given coordinate system may only be valid on a particular patch of the manifold, but by coordinatizing each
patch and smoothly transitioning between coordinate systems in the overlap region we can cover the entire manifold.
"Here we mean volume in a generalized sense - for a one- or two-dimensional manifold, we mean length and

area, respectively.
8For our parameterization &, the volume form wag; for S, it wassin( ).

deall= Joimy
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For maps fromSt | St andS? | <2, the degree of the map is given by the winding
and wrapping numbers, respectively. More generally, one might consider the degree of a map

betweem-spheresn-tori, and other similar spaces.

2.3.2 Homotopy Equivalence of Topological Spaces

The concept underlying homotopy is the continuous deformation of continuous maps into
one another. Using this concept, one can speak of a kind of equivalence between the topological
spaces themselves.

Let (A; Op) and(B; Og) be topological spaces, andfet: A! Bandg:B ! A be
continuous maps. if f is homotopic tdd,® andf gis homotopic tddg, then the spaces are
said to behomotopy equivalent

Homotopy equivalence is a strictly weaker notion than that of topological equivalence (via
a homeomorphism). For homotopy equivalence, we must be able to nd E@andg such that
thatg f andf gare homotopictad, andidg, respectively; ifA andB are homeomorphic, it
is possible to ndf andgsuchthag f andf g are actuallyequaltoid, andidg (in which
caseg = f 1). Therefore, if two topological spaces are homeomorphic then they are necessarily
homotopy equivalent, but the reverse is not true. With that being said, homotopy equivalence is

often easier to work with in practice, and many topological invariants are also homotopy invariant.

2.3.2.1 Contractibility

An important notion for topological spaces is thatoohtractibility. A contractible space

is a topological space which is homotopy-equivalent to a set with a single element, which means

9Given a seB, the functionids : S! S is the identity map which maps east? S to itself.
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that it can be continuously shrunk down into a point. The intdrvdl 1] R is contractible, but
[ 1;0)[ (0;1]is not. Similarly, the unit disld = f(a;b 2 R?j a?+ b? < 1gis contractible,
but the punctured disk® = f(a;) 2 R?j0<a?+ k? < 1gis not.

More generally, le(S;Os) be a topological space aRl = f0g be a topological space
with one elemenrf. The only map fromS ! P isf : s 7! 0, which is easily seen to be
continuous. Leg : P ! S be a map de ned by(0) = so for some arbitrarily chosen point
So 2 S, which is also easily shown to be continuous. The magd is the constant map which
takess 7! sp, while the mag gis the identity map which takes7! 0. Therefore, by de nition
(S;Os) is homotopy equivalent tB (and is therefore contractible) if and only if the identity map
ids : s 7! sis homotopic to any constant map! sg. A map which is homotopic to a constant
map is callechull-homotopic

As asimple example, & =[ 1;1] Randsy 2 S. The constant majas is homotopic

tof :s7! sy viathe following homotopy:

h(;s)= so+(1 )s (2.11)

As aresult] 1;1]is contractible.

To see the importance of contractibility, consider two spgdée®©,) and(B; Og) and a
continuous map : A ! B between them. I{A; O,) is contractible, then there exists some
ha : [0;1] A ! A suchthathy(0;a) = aandha(l;a) = a, for some constardy 2 A.
Therefore, the map hp : [0;1] A ! B has the property thatt h, (0;a) = f(a) and

f ha (1;a@) = f (ap), meaning that is homotopic to a constant map (i.e. itis null-homotopic).

0yp to homeomorphism, there is only one topological space with one element, with the obvious (discrete) topol-
ogy.
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Figure 2.12: (a) A contractible space is homotopy-equivalent to a point. (b) The punctured disk
is not contractible, but it is homotopy-equivalentSb(i.e. its boundary). (c) The surface of a
hollow cube is homotopy equivalent 8 (the surface of a ball).

If this is the case, then all of its homotopy-invariant properties (e.g. its wrapping number or, more
generally, topological degree) must be trivial. Similarly(#; Og) is contractible then there
exists somég : [0;1] B ! B such thathg(0;b) = bandhg(1;b) = by for somel, 2 B.
From therehg f constitutes a homotopy betweerand a constant map dj and once again
we nd thatf must be null-homotopic.

The conclusion, then, is that for a continuous rhapA ! B to have non-trivial homotopy-
invariant properties, botfA; O,) and(B; Og) must be non-contractible. In essence, contractible
spaces are too trivial for maps to or from them to have interesting properties (at least through the

lens of homotopy).

2.3.2.2 Homotopy Groups

If a space isnot contractible, then it is because there is some kind of obstruction which

prevents us from continuously shrinking it down to a point. The exanjplésO)[ (0;1] R
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and the punctured disk cannot be shrunk down because they have holes in them. The same is
true of the circleS', the 2-spher&?, and more generally the-spheret'. The homotopic non-
triviality of a space can, in essence, be associated to the presence and nature of these holes.
Consider a topological spa¢é; O,). We can de ne doopin A to be a continuous map
f :St1 A, Itis convenient to tak&' to be constructed from intervfd; 2 ] with its endpoints
glued together, in which case we can think of a loop as a continuous m@@ 2 ]! A with
f(0) = f (2 ). We call the poinft (0) a2 A thebase poinbf the loop.
Two loopsf andg which share the same base point can be concatenated to form a third

loopf g, which followsf and then subsequently Concretely, we de ne

8
3 (2t) 0 t<
fog()= (2.12)

'§9(2(t ) 0 2

Let L ; be the set of all loops with base poiat We de ne the equivalence relation
onL 5 such thatf g 0 f andg are homotopic. Therefore, the equivalence clafisgs
consist of families of loops which can be continuously deformed into one another. We can de ne
a kind of composition operationonL .= by letting[f] [g] := [f g]; it can be shown
straightforwardly that this respects the equivalence relation. Equipped with this operation, the
quotient spacé& ,= has the structure of groupwhich we call 1(A;a) - the rst homotopy
group ofA based at.

The unit diskD  R? is contractible, and so every loop based atdng D is homotopic

to the constant loop : t 7! dy. This implies that every loop baseddtis homotopic to every

n+1

P
1Then-spheres” is given by the seft(x1;X2; i Xn41) 2 R™ j 7 x2 = 1g equipped with the topology
inherited fromR"*1
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other, and therefore equivalent to every other under the equivalence relatiogks a result,
1(D; dyp) is the trivial group with a single element, which we may write 46D ;dy) ' f 0Og.

Clearly this is true for any contractible space. In generalyifs trivial then we call the space
simply connecteld.

On the other hand, the punctured d3k  R? is not contractible. The constant loapy!
do 2 D? is not homotopic to a loop which encircles the origin, which in turn is not homotopic to a
loop which encircles the origin twice. It turns out that the equivalence clfisg2s *(D?; dp) '
Z, where the associatidh] $ n 2 Z means that every loop iifi ] winds'® around the origim
times.

The general homotopy groups(A; a) are constructed analogously te(A; a), with the
only difference being that the continuous maps in question are §om A. The 0-spher&’ is
the set of pointx 2 R such tha? = 1 - thatis, the set 1;1g. Amapf :f 1;1g! A with
base poina must havd (1) = a, and so is completely characterizedfbly 1). Two such maps
f; g are homotopic if there exists a homotopysuch thath(0; 1) = f( 1) andh(1; 1) =
g( 1) - that is, if there exists a continuous path [0;1] ! A such thatp(0) = f( 1) and
p(1) = g( 1). This property is callegpath-connectednesa generic space can be decomposed
into pieces which are each path-connected, aid; a) counts the number of such pieces.

One can show that A is path-connected, then the homotopy group@\; a) are indepen-
dent ofa, and in such cases the groups are often writter,&8). However, in general this is not

possible, and the homotopy groups of a generic sgackepend on the chosen base point.

20Observe that contractibility implies simple-connectedness, but simple-connectedness does not imply con-

tractibility
13We can de ne a generalized winding number about the origin (i.e. the puncture). Because the winding number
is a homotopy invarianf, g =) [f1= [g], and in this particular example the reverse is also true. As a result,

the equivalence classes in(D?; dg) can be precisely identi ed by their winding numbers.
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Figure 2.13: The punctured di§€k’ has a non-trivial fundamental group given by{D?; do) ' Z
for arbitrarydy. Curvef belongs to the equivalence class with winding numiiemg; ; g,; g; are
all homotopic and belong to the class with winding numbér belongs to the class with winding
number 2, with the minus sign originating from the clockwise orientation.
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2.3.2.3 Interplay between Homotopy Groups and Invariants

As one might be able to suspect by now, the homotopy groypsf a given space (and
base point) are intimately related to the types of homotopy-invariant quantities which that space
may support. As an example; (also called thdundamental groupdescribes the homotopy-
equivalent families of loops which can exist in the space, and therefore constrais the types of
winding numbers which can be de ned;(D?) ' 1(S') ' Z, which means that these spaces
support integer-valued winding numbers. For the 2-tdtus(T?) ' Z  Z (loops may wind
an integer number of times around the major (exterior) radius and an integer number of times
around the minor (interior) radius, and so it supptwe integer-valued winding numbers. The
somewhat exotic spad®@P® - which can mysteriously be associated with 3-dimensional rotations
- has fundamental group,(RP?) ' Z=2Z (the group of integers modulo 2), meaning that there
are only two distinct classes of loops on this space. This is intimately related to the fact that there

are only two types of fundamental particle (fermionic and bosonic) in three spatial dimensions.

14The 2-torusT? is the surface of a doughnut.

36



Chapter 3: Physical Applications of Topology |

Much of the content of this chapter can be learned from the excellent overview of the
topologically ordered media by Mermin [18]. His approach is somewhat more sophisticated and
powerful, but it comes at the cost of working with quotient groups from the start. It would be an

excellent idea to study his review if the material in this chapter is deemed interesting.

3.1 Foundational Ideas

An immediate application of topology arises when we seek to classify ordered media -
physical systems occupying some regien RY which can be described by a continuous,
spatially-varying quantity called therder parameter The order parameter associates to each
pointr 2 R a value which lies in some parameter spite The archetypal example of an order
parameter arises in a magnetic material, in which each spatial yagndssociated to the local
magnetizatioom (x) 2 R3; other examples include the translations, rotations, and distortions of
in nitesimal elements of a crystalline solid, and the orientations of molecules in a liquid crystal.

The topological classi cation of various con gurations of the order parameter (which we
will refer to asstate$ is built on the idea that not all continuous states can be continuously
deformed into one another; in the language of topology, not all continuous states (which are

ultimately functions fromR ! M ) are homotopic. Given a choice of domd&nand parameter
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Figure 3.1: The homotopic equivalencerstlimensional loops is preserved under the action of a
continuous state : R!' M , which motivates the de nition of the maps : ,(R)! (M)
which map families of equivalemt-loops inR to corresponding families iN .

spaceM , we would like to decompose the space of all continuous statés homotopically
equivalent families.

Given astate : R! M , anyn-dimensional loop : S'! R inthe domain can be
mapped to am-dimensional loop : S" I' M in the parameter space, as in Fig. 3.1.
It's not dif cult to show that if two loops ; in R are homotopic, then the loops and

in M are homotopic. As a result, for each non-negative integerstate induces a map

2 h(R)!' (M) which acts as follows. Given any equivalence cl@sg ,(R), choose

a representative loop2 C and map ittdM via . The output of function is the corresponding

equivalence class in,(M ). Symbolically, let[ ] be the equivalence class to which the loop

INote that we may consider only those states which are compatible with some prescribed boundary conditions.
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belongs; then we may write

Z s n(R)! n(M)
(3.1)

(1701

?

If two states and are homotopic, then it is straightforward to show th3tand ?
are the same maps for all This implies that if ? and ? aredifferent (for any n) then
and cannot be homotopic. This provides the foundation for our classi cation scheme. Once
we have speci edR andM , we may systematically ask what kinds of maps we can have from

n(R)! (M) for eachn, and distinguish different states based on the results.
In particular, note that if ,(R) = fOgor (M) = f0g, then the only possible map from
n(R)! (M) isthe zero map. In order to have a meaningful classi cation scheme for a given
n, it is necessary (and, as it turns out, suf cient) tha{R) and ,(M ) be non-trivial. In the
following, we restrict our attention to 2, while remarking that there is room for some very
interesting research surrounding the application of higher homotopy groups to the classi cation

of physical systems.

3.1.1 A Mathematical Example

To make this rather abstract discussion concrete, we will consider a visual (but still purely
mathematical) example before moving on to a more in-depth discussion of physical phenomena.
Let R = D? be the punctured unit disk ad = C?? be the doubly-punctured complex plane,
de ned as

C?”:= z2C z6 1
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Figure 3.2: An example of three stateg ,; 3: R ! M and their corresponding topological
indices( +; ). Under our classi cation scheme, has indiceq0;0), » has indiceq1;1),
and 3 hasindicieq1;0).

as shown in Fig. 3.2. Note that(D?) ' Zand (C?")' Z Z, soforn =1 we have a
nontrivial classi cation scheme.

Loops inD? are classi ed by an integer winding number which describes how many times
they encircle the central puncture (with positivelenoting a counterclockwise loop). Loops in
C?? are classi ed by a pair of integer winding numbers which describe how many times they
encircle each of the two punctures. Therefore, we may classify a stayechoosing a loop
in D? with winding numberl (e.g. the positively-oriented unit circle) and assigning it a pair of
integers( +; ) which denote the respective winding numbers around the punctutdsad

1in M . Itis an instructive exercise to work out that those winding numbers are given by
Z 2 d () 1

1
= — d —Im log —————
2 ST 3

3.2
S dyg (3.2)

where(r; ) are the coordinates dd? andlog is the natural logarithm. To see this classi cation
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scheme at work, consider the following three states:

i(r; )=0
o(r; )=+ r)e (3.3)

a(; )=1+ e '€

It is straightforward to verify that our classi cation scheme labejswith (0;0), , with (1;1),

and 3 with (1;0), which matches the picture shown in Fig. 3.2.

3.1.2 An Important Note Regarding Stability

Before studying physical examples, it's important to note that topological classi cation can
have implications about the dynamical stability of various structures in ordered media, but these
implications are often subtle. Topological stability and dynamical stability are often improperly
con ated, and so disentangling these notions is crucially important to physical applications.

It is always worth remembering that modeling states of an ordered system as continuous
maps is always, on some level, an approximation. Sometimes the approximation arises from
some form of coarse-graining procedure, in which e.g. spins on a lattice may be approximated as
a continuous function on a line in the suitable thermodynamic limit. Other times, the approxima-
tion arises when we assert that a many-particle system can be described as a spatially coherent
condensate, as in super uids or superconductivity.

In a generic ordered medium, there is an energy cost associated with spatial variation in the

order parameter, such that the introduction of a discontinuity would require a formally in nite

41



amount of energy. Since transitions between states which are topologically inequivalent requires
such a discontinuity, one might think that such transitions are energetically forbidden, but this
reasoning holds only as long as our underlying assumptions do.

Once the introduction of discontinuities in an order parameter becomes physically allowed
due to the breakdown of those assumptions, any topologically non-trivial state gains a viable
pathway by which it can be annihilated to a trivial state. That pathway generally takes the form
of a continuous deformation to a regime in which the assumption of continuity becomes question-
able, followed by a transition to an energetically favorable trivial state. Therefore, the stability
of a topological state depends on the presence of an energy barrier which prevents this pathway
from being followed. With that in mind, the relationship between topological non-triviality and
dynamical stability is something which must be examined on a case-by-case basis, as we will do

in the following two examples.

3.2 Magnetic Skyrmions

3.2.1 Homotopic Preliminaries

If we model ad-dimensional magnetic medium with an order paramater RY | R3,
then becaus®! = R3is contractible, there are no topologically distinct con gurationsrof
However, if we require that the magnetization be everywhere non-vanishing, then the parameter
space becomdd = R® f 0Og, which is homotopic t&? (see Fig. 3.3). In less technical terms,
if m(x) 6 0 for all x, then we may consider the alternative order parameteR? | S* where
n(x) := m(x)5m(x)j is a unit vector de ned by a point on the unit sphere.

The rst two homotopy groups of the 2-sphere are well-known and can be understood
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Figure 3.3: The punctured spa& 0 is homotopic to the 2-spher®. On this domain,
point defects take the form of monopole con gurations, and our classi cation scheme essentially
counts the number of monopoles which are present at the location of the puncture.

intuitively:

« $ is simply-connected, which means that its fundamental group(8°) = f0g, and all

closed loops of$? can be deformed into one another

« The second homotopy group is given by(S?) = Z, suggesting that the wrapping number

may be a viable classi cation tool.

This suggests that if we restrict our attention to materials with a non-vanishing local mag-
netization, then defects may be characterized by some kind of wrapping number. One example is
point singularities in three dimensional systems; taking the singularity to occur at the coordinate
origin, the regiorR on which the magnetizatiom is continuous and non-vanishing is given by
R = R3® f 0g, again homotopic t&. This suggests surrounding the singularity with a spherical
surface, de ningamapl : §! $?to be the restriction afi to the aforementioned surface, and

computing the degree ®f . Physically,deg(N ) would be the normalized ux oim through the

2This is often intuitively phrased as "you cannot lasso a basketball.”
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Figure 3.4: The stereographic projection magprovides a continuous, one-to-one correspon-
dence between points @ and points inR? [ f1g , where the so-callegoint at in nity is
associated to the north pole of the sphere.

surface, and could be called thenopole number

3.2.2 2D Magnetic Skyrmions

Alternatively, consider a 2D magnetized Im which is asymptotically unifolimf;;  n(r)
is well-de ned and unique along all directions) alodgand whose magnetization directians
a continuously-varying function frorR? to S°. As shown in Fig. 3.4, we may de ne the stere-
ographic projection : S2! R2?2[flg where the north pole of the sphere is mapped to the
so-called "point at in nity’® From there, the functioN := n isamap frons* ! $; note
thatn(1 ) is well-de ned because of the asymptotically uniform magnetization.

As per our classi cation scheme, the only non-trivial map between homotopy groups is

»(R)!  »(M). Acontinuous stata : R?[flg ! $? can then be classi ed precisely by the

3Because provides a homeomorphism betwehandR? [flg |, the two spaces must share all topological
properties - in particular, compactness. For this reaRdriflg is called aone-point) compacti catiorf R2.
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degree oN n , given explicitly by

7z

degN ) := dxdyn (@n @n) (3.4)

1

4 R
In the present context, we refer to this integer deg(N ) as theskyrmion numbérof the

magnetic texture. As long asis well-de ned, it cannot be changed by continuous variation in

N . That is, we might parameterize the magnetization with a continuous variabieh that for

each 2 R, N corresponds to a different function.Nf is a continuous function of, then we

have that

d

Physically, this implies that magnetic textures with different skyrmion numbers cannot be de-
formed into one another without introducing a discontinuity in the magnetization direction. As
such, constitutes a topological invariant, and so textures withO are referred to agopo-
logically) trivial while textures with 6 0 are referred to agopologically) non-trivial The

topologically non-trivial magnetization textures obtained here are calbghetic skyrmions

3.2.3 Skyrmion Stability

As mentioned in Sec. 3.1.2, fact that magnetic skyrmions cannot be created or deleted
without introducing a discontinuity into the magnetization is often referred ttwpslogical
protection and taken as an indication that these con gurations are stable against perturbations
and thermal noise. However, it should be noted that stability is really a statement about energetics,

and topology alone is insuf cient to determine whether a particular con guration is energetically

4The name is in deference to Tony Skyrme, who developed the relevant ideas in the context of nuclear physics.
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Figure 3.5: An example of a magnetic texture with skyrmion numbefl .

stable.

3.2.3.1 Energy of Magnetic Structures

An axisymmetric magnetization textune can be described using cylindrical coordinates

(r;;z ) as 0 1

sin (r) cos( + )
m(r;52 )= MoBsin (r) sin( + ) (3.6)
cos (r)

where (r) is the polar angle (measured fratpof the magnetization direction andis the so-
calleddomain wall anglewhich quanti es the direction of the in-plane componentofwith
respect ta®. For =0 (resp. ) m points radially outward (resp. inward), and the skyrmion is
calledNéel-typeif = =2(resp. =2) m winds around counterclockwise (resp. clockwise)
as observed from above and the skyrmion is caliexth-type In general, a skyrmion may have

any , but the energetics of a particular material may dictate that one of these two extremes is
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preferred.
The energy of such a con guration can be expressed as the sum of several distinct contri-

butions:

* The demagnetization enerdyy quanti es the interaction of the magnetizatiom with
the demagnetizing eldH which it produces, which typically acts to reduce the overall
magnetic moment of the Im. In the absence of other interactions, it favors the in-plane

magnetization of a ferromagnetic Im.

» The anisotropy energlf, quanti es the preference toward out-of-plane magnetization for
2D Ims, and competes directly with the demagnetization energy. Electrons at interfaces
(and in particular, in quasi-2D materials) can experience strong spin-orbit interactions

which tend to align their spins along the out-of-plane direction.

* The exchange enerdy, quanti es the tendency of magnetic moments to align with their
neighbors. If two adjacent sites host electrons with parallel spins, their spatial wavefunc-
tion is necessarily antisymmetric which leads to a reduced Coulomb interaction energy.
When this effect dominates the dipole interaction energy (which favors antiparallel spins

on adjacent sites) the net effect is a preference for aligned spins.

» The DMI energyEp quanti es the tendency of adjacent magnetic moments to be orthog-
onal, and therefore competes directly with the exchange energy (favoring (anti)parallel
alignment) to produce a gradual tilting in the magnetization of the Im. This effect arises
due to the Dzyalyshinskii-Moriya interaction, which is a higher-order effect of spin-orbit

coupling, and has both an interfacial component and a bulk component.
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» The Zeeman enerdy, quanti es the interaction between the magnetic con guration and

an externally applied magnetic eld ¢ = H,2.

The relevant variables which determine the magnitudes of these contributions are the satur-
ization magnetization of the InMg, the externally-applied eld,, the thickness of the Ind,
the uniaxial magnetic anisotropy,, the exchange constaft and the interfacial and bulk DMI
coef cientsD; andDy. Given a choice of (r) and , each of these ve contributions to the total

energy of the con guration can be evaluated for a magnetization of the form 3.6.

3.2.3.2 Skyrmion Model

A relatively simple model of skyrmion structure called @0 Domain Wall model was
rst given in [19] and experimentally validated in [20]. The input parameters to the model are the
characteristic radiuRy, the domain wall width , the domain wall angle , and the skyrmion
number (or topological charge)x 1. By de ning the dimensionless parametey Rp=
and radial coordinat®= r= , it takes the form

(+1)

(=2 tan '(e* °)+tan *(e* °) >

3.7)

which can subsequently be plugged into Eq. 3.6.
Note that wherRy < 1, the parameteR, is not a particularly intuitive measure of the
skyrmion size as shown in 3.6. It is more informative to de ne the ra8iwmnd reduced radius
R= of the skyrmion to be the radius of the, = 0 contour, which (for = +1 ) are related

to gvia
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Figure 3.6: The pro le of a magnetic skyrmion in tB60 domain wall model with ; = 0:25.
The color scale denotes the polar anglevith the asymptotic magnetization pointing down. The
inner circle is the parameteg, while the outer circle is the more intuitive  sinh * cosh( o) :

=sinh * cosh( ) (3.8)

Notethatas,! 0, approachesaminimum valugi, =sinh (1) 0:8813

3.2.3.3 Skyrmion Minimum Energy

An important observation can be made by computing the minimum exchange energy of a
con guration with non-zero Skyrmion number. The exchange energy of an axisymmetric mag-
netic texture de ned by a unit vector is

Z X z X

Ealn]:=A &  rni(r) °=Ad dxdy rni(xy) (3.9)
2

R i
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Noting that

@h 1@ 0 =) SENCLE @ @
@x 2 @y . @x @x @y
Similarly,
1
eh1t@ T X eh: @ @
@y 2 @x . @y @x @y
As a result, we nd that
£ @ @
Ea[ln] 2Az dxdyn @x @y =8 Adj | (3.10)

This is a direct link between the topology of a magnetic con guration (captured by the
skyrmion number ) and its minimum energy. However, this gives us a sense of how much
energy it costs to nucleate a magnetic skyrmion from the uniform ferromagnetic state, and is
not directly related to the skyrmion's stability against collapse. For that, a more subtle study is

needed.

3.2.3.4 Energy Analysis

Unsurprisingly, an analytic expression of the total energy of an arbitrary (or even axisym-
metric) magnetic con guration is not available. However, a recent quasi-empirical frfodéte

energy of an axisymmetric magnetic structure is both impressively accurate and computationally

By ipping the minus signs in the preceding manipulations, one can obtain the analogous resulkfdb,
hence the absolute value in Eqg. 3.10
°[21]
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Exact Expression Approximate Expression
R
Eq % o &Br(M Hg M2 d! 0= K, 7'Ky % oM 2
R P
Ex Ky d®rsin® (r) 2K ,d 2l lk 2 e =3
R R
£ | A drirni2= AT dr @)2+ Fsin’( ) ln 2 +2
A 2 Adl A +193( 065)6 1:48( 0:65)
2@2 D;cos( )+ Dpsin( )
Ep ;o d @ +sin( )cos() Ip + le
2d DiDcos() Dypsin( ) Ip
M H )
0 z 2 _ . 2
E, = 2 JMH,d 2, . + 3 0:42exp( 9)

Table 3.1: Exact and approximate expressions for the various contributions to the total energy of
an isolated, axially-symmetric magnetic skyrmion in the 2D lichit 0. Thel's are numerical
functions of the reduced skyrmion radius R= , whereR is the radius of then, = 0 contour

and is the domain wall thickness.

inexpensive, and uses the input con guration in Eq. 3.7 and some numerical approximations to
otherwise complex integrals. The exact and numerically approximate expressions for the various
contributions to the energy in the thin- Im limit are given in Table 3.1.

The general route to collapse for a magnetic skyrmion is for its characteristic Rgius
0. This creates a singularity at the origin, and because topological invarianm®iegenerally
preserved in the presence of singularities, the con guration can revert to the uniform state. In the
limitasRoy ! 0O, all of the contributions to the total energy go to zero (relative to the uniform
state) with the exception of the exchange energy, which has a contributior@roritherefore,
under the assumption of axisymmetry and the 38@&/ model, we can numerically compute the

universal skyrmion energy &! 0to be

Eo 27:3Ad
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which is quite close to our earlier estimdig 8 Ad . The energy barrier which stabilizes the

skyrmion is therefore

E=Eo Ew(R;)

The equilibrium values dRg and are determined by the various contributions to the total
energy. Without making thd ! 0 approximation to the stray eld made in Table 3.1, the total
energy can be written

E
ﬁ: 2 Kulk OMSZIS oH;Msl,
[Dicos() Dpsin( )]lp 2 oM2ZRdcog( )ly (3.11)

+ Al A

wherel ¢ andly correspond to the surface and volume stray elds. The approximate expressions
for these integrals are numerically complex, but can be found in the supplementary material

of [21], Section S2.7.
Observing that this expression is a quadratic function pit is clear that in order to have

a stable equilibrium point, the rst term must be positive, i.e.
Kulk  oM2ls  oHMel, >0
The value of at equilibrium is then given by

_[Dicos() Dypsin( )llp 2 oM2Rdcog( )ly
e 2Kyl oM2ls  oH,Mgly)

>0

=) [Dicos() Dpsin( )lp 2 oMZRdcog( )ly
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which must lie in the rang@ < < R=sinh (1) in order to have a physically meaningful

solution. Plugging this in to our energy expression to eliminatgelds

E _ . (Dicos() Desin()llo 2 oMZRdcos( Myv)?
2d ~ A 4Kyl oM2ls  oH Msly)

and an annilihation energy barrier

([Dicos() Dpsin( )llp 2 oM2Rdcog( )ly)?

= I 4:34)A +
(Ia ) 4(K ol M2l oH Mgl )

E
54 (3.12)

We therefore arrive at the following qualitative conclusions based on this model:

» The perpendicular anisotropy terik, |« must be strong enough to overcome the surface

stray eld and the externally applied,.

* A non-zero Dzyaloshinskii-Moriya interaction is essential - otherwise the energy could

always be reduced by shrinking the domain wall thickness

» The exchange energy serves to reduce the annihilation barrier for largand therefore

favors compact skyrmions ( ,n ) over bubble skyrmiong 1).
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3.3 Abrikosov Vortices in Type-Il Superconductors

3.3.1 Homotopic Preliminaries

Quantum theory is a rich source of topological phenomena, due in part to the ubiquity of

the unitary group&J(n), whose elements are the n matricesu which satisfy

wWu=uw=1, , (3.13)

whereu? is the conjugate transpose wf The simplest example is the groljd1), whose ele-
ments are simply the complex numbers with unit magnitude. This set traces out a unit circle in the
complex plane, and so as one might expect we havdifigtandS* are homeomorphic. In par-
ticular, this implies that they are homotopically equivalent, which means thex(1) = 4(S?).

The homotopy groups @& are given by

1(ShH=2z a(SH=fog;d6 1 (3.14)

Therefore, if we are interested inK{1)-valued order parameter, we should be looking for wind-
ing numbers and families of inequivalent closed loops. If the dorRaof our order parameter

is R® (or any other contractible space), then all con gurations of the order parameter are ho-
motopic to all others. If we allow the order parameter to be singular at isolated pgirtiten

R = R® [ fr;gwhich is no longer contractible. However, this spassimply-connected

implying that the only map from(R) !  1(M ) is the trivial mapO 7! 0 and again have no

"Recall that a spac¥ is simply-connected if 1(X ) = f0g
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Figure 3.7: AU(1)-valued order parameter exhibits non-trivial states only (R) 6 f0g. This
applies to point defects in 2D (a) and line defects in 3D (b), but not point defects in 3D (c).

viable classi cation scheme.
As shown in Fig. 3.7, we are therefore led to the conclusion that if we are considering a
U(1)-valued order parameter on some region R2, we must havéine defects - for exampfe

we might subtract the entizaxis fromR3 to let the domain of the order parameter be given by

R= (ab;92R® &a+K¥>0

Having done this, the possible con gurations of the order parameter which are continuous
on R decompose into families which are characterized by the winding numbers of the order
parameter around the singular axis, which we will refer to asvtiréicity; for a U(1)-valued

order parametef in cylindrical coordinate$r; ;z ), the vorticity is given by

Z
1 — 1 d N1 -
[]1= > d d—[|09( (1; 500l (3.15)

8An alternative and interesting possibility is that the line defects themselves form closed loops - see e.g. vortex
rings.
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3.3.2 A Note on Magnetic Free Energy

Before moving on to the Ginzburg-Landau theory, it is worthwhile to take a moment to
discuss free energies in magnetic materials. In a material with polarization denaitg mag-

netization densityl , the Maxwell-Heavisidéequations are given by

@
D= E= =B
r f r @t

@

B=0 H=J+—=D

r r 't

whereD = E+ P,H = B=y M, and ¢;J; are the free charge and current densities,

respectively. The rate at which external power is delivered to a voMirog is given by?®

V4 I Y4

d*rE J; = dra E H + d D @E+H @B (3.16)
\% @V \% @t @t

This invites us to interpreéd dE + H dB as the change in electromagnetic energy density
within the volume. In particular, for a system with xed volume immersed in a magnetic eld,

the rst law of thermodynamics (for reversible, quasistatic processes) takes the form

z
dU=TdS Wpe=TdS+ d’rH dB (3.17)
\

9Oliver Heaviside is often robbed of credit for a great many contributions to physics - in this case, inventing
modern vector calculus notation and condensing Maxwell's twenty equations of electromagnetism down to four.
10This is Poynting's theorem.
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3.3.2.1 The Helmholtz Free Energy

If S andB are held xed by the experimenter, the allowed processes which can occur
within the system are those for which no heat= TdS is transferred to or from the system and
forwhichtheB = o(H + M) is maintained at a constant value. Under these circumstances, the
system will come to equilibrium in the state which minimiés

On the other hand, if the system is kept in thermal contact with a heat reservoir at tempera-
tureT, the entropy of the system is not held xed because heat can be transferred back and forth
between the system and reservoir. Therefore, the internal energy of the system is not minimized
at equilibrium. However, because the system and reservoir are at the same temperature, we have
that

dS +d Sy = ?q ?qzo =) d(S+ Sk)=0

Since the total entropy of system and reservoir is xed, the total internal energy of the system
and reservoir is minimized, and becaus®) + Us =dU TdS=d U TS =0 (where

we have used that is constant), we see that the so-calldeglmholtz free energy
F=U TS (3.18)

is minimized at equilibrium. Observe the remarkable fact that because of the thermal equilibrium
between the system and reservoir, we were able to reformulate an equilibrium condition for the
combined "universe” (that) + Ug is minimized) as an equilibrium condition about the system

alone (thaF = U T Sis minimized), which holds as long aéJz = TdS.
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3.3.2.2 The Gibbs Free Energy

Along precisely analogous lines, we often do not have direct experimental conBollbf
we have a sample within a solenoidal eld colil, for example, what we really have controHof is
- the thing which is related to the current in the coil. If there are processes or phase transitions
which can chang#! , holdingB xed implies dynamically modulating the current in the coil to
compensate.

If instead we holdH xed, then B is permitted to change. We have now introduced the
possibility that the system may perform magnetic wotkn,g = RV d®r H dB during a

process. The change in energy of the environment becomes

Z

dUg = TdS d®rH dB
Vv

where the latter term can be understtdaly noting that a change iB induces a back-EMF in

the solenoidal coil. As a result,

Z Z

dU+ Ug)=dU TdS d*H dB=d U TS d®*H B =0
\Y \Y

and so it is thesibbs free energy

4

G=U TS d°rH B (3.19)
\%

which is minimized at equilibrium under the constraint of x&dandH .

Working out the energetics of this is a straightforward but very illuminating exercise.
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3.3.3 Ginzburg-Landau Theory of Superconductivity

In the Ginzburg-Landau theory of superconductivity, a superconductor is characterized by a
C-valued order parameter, whose squared magnituflg? gives the density of superconducting

Cooper pairs. The Helmholtz free energy functional is taken by ansatz to be

Z
1
— - .2 _. .4 .~ 3
F[ 1 Fn:= Jj+211+—2m(|r eA) + —— d°r (3.20)

whereFy is the free energy in the normal state with no electromagnetic eldand are
empirical parameters to be determinedandm are the effective charge and mass of the Cooper
pairs, A is the electromagnetic vector potential, ad= r A is the magnetic eld. The
supercurrend is given by

J r‘:—Ref (i~ eA) g (3.21)

It is extremely useful to non-dimensionalize this expression. In the absence of gradients or
electromagnetic elds, and assuming that 0, the minimum of the free energy functional is

found to be

j°= (3.22)

W AV Y eo]
: o
o

I
on
N
o

This suggests de ning the normalized order parameter = . The coherence length - the
. . . . . p T a4+ s .
scale which characterizes uctuations in the order parameter - is found to be ~2=4mj jin

the superconducting state This scale can be absorbed into the gradient by de ning normalized

20bserve the possibly unexpected factan the denominator, where we might expec2.aTo see this arise

explicitly, setA = 0, take real, compute the Euler-Lagrange equations, and let o + ; o to obtain
2
I 2 =
amj j
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coordinate¥ r r . De ning the dimensionless vector potental= A e =, we nally
obtain

V4 ) !

= jrit+ %j'j +2j(r ia) j*+4 — (r a)?® d (3.23)

e 2~

| J=Imf" (r ia)'g (3.24)

The quantity P m = ¢e? jisthe London penetration depth, which characterizes how

far magnetic elds can penetrate into the superconductor before being screened out by the super-
current which ows across the surface. The parameter = is called the Ginzburg-Landau
parameter, which quanti es the energy cost of a non-zero magnetic eld relative to the energy
cost of density variations. To get a physical interpretation,aonsider a magnetic eld parallel

to the surface of a superconductor. The magnitude of the order parameter rises to its bulk value
over a characteristic distancewhile the magnetic eld decays over a characteristic distance

In the 1 limit, the magnetic eld is screened out well befgre] = ' oj, whereas in the

1 limit the magnetic eld persists for some distance into the bulk.

3.3.4 Abrikosov Vortices

Turning to topology, as long as the order parameétés non-vanishing, we may consider
the alternativeJ(1)-valued order parametér  '=j' j. Referring to Sec. 3.3.1, we are led
immediately to consider line defects characterized by non-zero vorticity. Such a state is called

anAbrikosov* vortex To study them in greater depth, we adopt cylindrical coordinatesz )

3We will suppress the asterisk on the normalized coordinates in what follows.
4Named for Alexei Abrikosov.
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(appropriately normalized to the correlation length) and assume vansfiiegendence. Writing
the order parameter as= e” with 2 R, we also assume thatdepends om alone. Finally,
in order for' to be continuous we must have tllat m for somem 2 Z - it's easy to see that
the vorticity is given by [ ] = m. We also assume that= a ", and tha is a function ofr

alone. Under these conditions, the free energy functional takes the form

z
2 2
F[]23FN= e laio2i g MP2,02 5428 % @ (325
& 2 r r
The Euler-Lagrange equations foanda are
2
o + }_: :_L( 3) + a m
r ? r (3.26)
o+ 1a _a 1 a m ,
r- r2 22 r

Far from the vortex core, we expext! m=r, yielding zero magnetic eld and an asymp-
R
totic magnetic ux rdrd b 2=2ra =2 m . Fornumerical reasons, itis useful to re-frame

Eq. 3.26 in terms of a normalized ux variable a r=m, which yields

1 2
= S0 e e
2

p(l )

(3.27)

N e W IEN
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Solving these equations in the 1 limit yields the core solutions

<(r) ™
(3.28)
bor?
<(r) om

wherely is the value of the magnetic eld at the core. In the opposite limit

l1we nd
approximate solutions
>(r) 1 Ko(r)
o =P 5z (3.29)
r= 2k2

whereK ¢ is the modi ed Bessel function. After some numerical experimentation, a fairly good

approximation (shown in Fig. 3.8) for allis provided by

(r)y=tanh(r)™

|
= 3.30
(n=1 tanh 3r§4ID xe (3:30)

3r=4 2k?

Recall thatr is normalized to , while

. It makes good physical sense that the

characteristic length scale over which the Cooper pair densiries is given by the correlation

length, while the ux and magnetic eld vary over a length scale given by the London penetration
depth.
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Figure 3.8: Abrikosov vortices and their associated magnetic elds for (&) 0:2 and (b)

= 10. The density is re ected in the surface shape, while the color re ects the magnitude of
the magnetic eld. Note that in the 1 limit, the ux is restricted to the very center of the
core, whereas for  1the ux extends deep into the bulk.

3.3.4.1 The Energy of an Abrikosov Vortex

Plugging the Euler-Lagrange equation foback into the free energy functional and inte-

grating by parts yields

Z g

Fy p

Flia _° rdr

]
2 3
0 0

whereR and" are the extent of the sample in thand?2-directions®. Plugging in the approxi-
mations given in Eq. 3.30 yields the result
Fn R?%

= + (m; ) (m; )= (m+ (m; ) (3.31)

Fl;a ]
5 2

15Normalized to , of course.
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where the respective energy terms take the approximate forms

(m) = 0:537%3*° + 0:178 logfn) (m; ) =1:448m? %% |og( ) (3.32)

Once again, we nd a direct link between the energ¥§ of the con guration and the
vorticity m of the topological line defect. In = 0, is free to relax to the uniform valug
However, ifm 6 0 then this is impossible - mustvanish at the singular axis.

Note that we assumed that the phase singularity arises because the order parameter vanishes
at the singular axis, but this need not necessarily be so. We could cohsieg™ with no
density perturbation at all. However, in this case we ndthat m=r =) b =2m (r)2,
which gives an in nite contributiord  (0) to the magnetic energy density. More generally, a
supercurrenf = (% a) 2"is generated if 6 1 =) a 6 m=r which diverges (therefore

requiring an in nite amount of energy) unlesd 0 at the singular axis.
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Chapter 4. Elementary Band Theory

4.1 Preliminary Remarks

We now turn our attention to the electronic states of a crystalline solid consistiNg, of
electrons with masm and charge e as well asNj,, ions with masdM and chargeZe. The

correspondingNg + Njon -particle Hamiltonian is [22], [23]

el 2 , Nion 2 )
H = —r s + - r:
 om' oM
i=1 i=1
_ (4.1)
Ret Kon Ze? X e X 72¢?
4 oxi Rjj 4 oxi X ... 4 oRi Rjj

i=1 j=1 i6] i6]

whose respective terms correspond to the electron kinetic energy, ion kinetic energy, electron-ion

interaction, electron-electron interaction, and ion-ion interaction.

At a glance the problem seems insurmountable, given Sdme 10?* electrons and an

equal number of ions interacting among themselves and with each other. In order to make the

problem even remotely tractable, some fairly drastic approximations need to be made.

* First, the ions are vastly heavier than the electrons, which means that their dynamics oc-

cur over much longer time scales. We can begin by treating them as stationary and then

add their dynamics as an adiabatic perturbation. This is the so-&dtledOppenheimer
approximationand eliminates the second and fth terms from 4.1.
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 Next, we assume that the electron-electron interacticas be approximated with a mean-
eld potential which is independent of the positions of the other electrons. This allows us
to combine the third and fourth terms of 4.1 into a single term of the fng_:El' V(Xi),
at which point the Hamiltonian factors into a direct sum of single-particle Hamiltonians of
the form
2

Ho = 2~—mr 24 V() (4.2)

* Finally, we assume that we may trdatas a periodic function with the same periodicity as
the crystal lattice. This ignores any disorder (crystalline defects, etc) and the fact that real

crystals have edges - an issue we will return to at the end of the chapter.

These approximations can later be weakened or removed to varying degrees, but they pro-
vide us with a reasonable starting point. We will begin by trying to understand the states of a

single-electron system subject to a periodic potential.

4.2 Bloch Theorem in the Continuum

4.2.1 Formulation of the Theorem

Consider the Hilbert spade?(RY), whered 2 f 1; 2; 3g, with a Schdinger-type Hamilto-
nianH = %r 2+ V(x). Furthermore, let there lilinearly-independent vectofsy; : : : ; a0,

called primitive lattice vectors such thatV(x + a;) = V(x). For anyd-tuple of integers

Note that we areot assuming that the electrons are non-interacting, but rather that those interactions can be
treated by a mean- eld approximation. The potential which appears in the single-electron Hamiltonian therefore
encodes this mean- eld interaction as well as the interaction with the ionic lattice.
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Figure 4.1: The Wigner-Seitz unit cell of a 2D triangular lattice, consisting of all of the points
nearer to the origin than to any other lattice site.

We can think ofR? as being tesselated by identical copies of a primitive unitCethich
have been translated to each lattice point. A good choice is th&\tbeer-Seitzde nition,
wherein the unit cell consists of all of the points which are closer to the origin than to any other
lattice point; an example is shown in Fig. 4.1 for a 2D triangular lattice.

We de ne the discrete translation operatdisvia T; (X) = (X &), and note that
(i) eachT; is unitary, and(ii) the periodicity of the potential means thBHTY = H ()
[H; Ti] = 0. We therefore seek generalized eigenvectorbl ovhich are simultaneous eigen-
vectors of eachl;. To do this, it is convenient to de ne thgrimitive reciprocal lattice vec-
tors by such thata; by = 2 j, and the reciprocal lattice ds 1 = span, fby;:::;bgg .

Note that if is an eigenvector ofj with eigenvaluee?@i;q 2 [ 3;3], then the function

27 is the set of all integers, sspan,(aj;:::;aq) means the set of linear combinations of & with integer
coef cients.
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. P
u(x) = e b x (x) satisesu(x + a) = u(x). More generally, if we de nek idzl gbi,
thenuc(x) e ™% ((x) = u(x + &) and (x) = €k*uc(x) is an eigenvector of each
with respective eigenvalu@s'™@i. From this we conclude that if is a simultaneous eigenvector

of eachTj, then it can be expressed in the form

X
(x) = €“uc(x) k= G b;

These 's are the Bloch waves, and the cell-periodic functiapsare calledBloch functions.
The set of alk's is called the( rst) Brillouin zone, which we will denote byBZ . Note that the
Brillouin zone is the Wigner-Seitz cell of the reciprocal lattice?!.

Having identi ed the form of simultaneous eigenvectors of theanslation operators, we
turn to the Hamiltonian. Plugging Eq. 4.2.1 into the Qxhinger equation, we nd

(i~ + k)2

— Ak x
H xX)=¢€ >

+ V(x) u(x)= Ee**u(x)

Observe that for eadh 2 BZ, the Bloch functionsi, can be understood as periodic eigenfunc-
tions of the so-calle@loch Hamiltonian

(i~ + ~k)?

H. = e ikXHeikX —
K 2m

+ V(X) (4.3)

with periodic boundary conditions. Eadth, is a self-adjoint operator with a discrete eigen-

value spectrum. We are therefore guaranteed that any square-integrable flinati@can be
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expressed as a linear combination

f = Ciln (4.4)

whereuy is then" eigenstate oH,.
Putting everything together, Bloch's theorem tells us that the eigenfunctions of a periodic

Hamiltonian can be written in the form

nk(X) = e”“‘unk(X); H ok = Enk nk (4.5)

whereu, is the periodion™ eigenfunction ofH, with eigenvalueE, . As an important note
for later, there is some subtlety when we get to the edgddZaf navely taking the Brillouin
zone to be the sd8Z = "P idzl qbiO with g 2 [ 1=2; 1=2] means that we will be counting
all of the states on the edge BZ twice, because for any reciprocal lattice veo®r2 L !
and eigenvectoun, of Hy, we have that is also an eigenvector ¢fy. . At the moment, we

may simply chooseg 2 [ 1=2; 1=2); in Chapter 5, we will take this a step further and identify

opposite edges of the Brillouin zone with one another to 8¥ethe topology of al-torus.

4.2.2 Example Models

4.2.2.1 The Free Electron Model

The simplest example is the 1D free electron model Witlx) = O; this is trivially peri-

odic®. Choosing the primitive lattice vecta = a®, we obtainb = %k andBZ =[ ;7).

3Obviously ifV(x) = 0, thenV (x + a) = V(x) for anya we choose. Picking a value farout of thin air allows
us to apply the machinery of Bloch's theorem, and it's a simple exercise to show that the set of all Bloch waves and
their corresponding energies is independent of our choice.
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Figure 4.2: The free electron dispersion relation forthe 0 andn = 1bands. The degenerate
points where the bands intersect are denoted by red dots.

From there,

( i~r + ~k)?
2m

~2(G + k)2

U = Erug 0 Uk / eiGX By = om

Imposing periodicity yield$s = 2 n=a for somen 2 Z, and so we nd that
_ 1 i(22-)x _
Unk (X) = p_ae a En =

The free electron dispersion relation is shown in Fig. 4.2. Note that the bands intersect
atk = 0 andk = ; the corresponding two-fold degeneracies are generically lifted when
interactions with a non-trivial periodic potential are taken into account, and the energy spectrum

separates into bands.
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4.2.2.2 The Kronig-Penney Model

One of the few non-trivial continuum systems with an exact analytic solution is the Kronig-
Penney (or KP) model. The simplest 1D version is sometimes referred Disecacombbecause

it features the Hamiltonian

~2 2 X
= —— _+ .
H o e a (X na) (4.6)
n2z

The -functions enforce a jump condition on the derivative of the Bloch waves. The result is the

following eigenvalue equation for the periodic Bloch functions:

2

d% +ik u=  ug (4.73)
Uk(O) = uk(a) (4.7b)
up(0) = u(a) + u (0) (4.7¢)

where¢?  20E and 2ma_The general solution to Eq. 4.7 takes the form

u(x) = e ® Asin(gx) + B cos@Xx)

Enforcing the boundary conditions oR gives

e 'k sin(ga)

e ka cos@a) (4.8)

uc(x) = Ae ™ sin@X) + f (k;g)cos@y) ;  f(kig) = T
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while the jump condition yields

sin(qa)

0a (4.9)

coska) = cos(qa) +

Eq. 4.9 provides the Kronig-Penney dispersion relation (in the Dirac comb limit). Clearly this
condition can be satis ed if and only if the right-hand side lies in the rgnde 1]; for a generic
nonzero value of , the energy spectrum is partitioned up into allowed bands separated by for-

bidden gaps, as shown in Fig. 4.3.

4.3 Bloch Theorem on a Lattice

If the electrons in the crystal are tightly bound to their parent ions, then there is an alter-
native approach which is often computationally simpler than a continuum model. Let the full

potential be decomposed as

X
V(x) = Vo(x) + Vo(x  R)  Vo(x) + U(x) (4.10)
R602L

and imagine plucking a single unit cell out of the lattice. If we denote the (orthonormal) eigen-

2

= 2+ Vo(x) by n, we loosely describe

functions of the single-cell HamiltoniaH ¢ =
a system as tightly bound if, for afi and for allR 2 L, the functions ,(x R) serve as a
reasonable approximation to an orthonormal basis of the full Hamiltdtiia@perationally, this
means that we can study the system by starting from the bound states of a single unit cell and

then adding in the in uence of the rest of the crystal as a perturbation.

In general, this is an approximation for three reasons:
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(@) (b)

() (d)

Figure 4.3: lllustrations of the allowed energies in the Kronig-Penney model for several values
of the barrier strength. The allowed energies ?~?=2m are those for whicltoska) =
cos@a + sin(ga=ga2 [ 1;1]. When = 3 (Figs. a andb), the -barriers are fairly weak

and the forbidden gaps are small. Wher 10 (Figs. c andd), the -barriers are strong and the
gaps are correspondingly large compared to the width of the bands.
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1. ,(x)and ,(x R)arenotorthogonal, sothe overlapintegtals,(R) h ,;Tr mi &

OforR 6 0.

2. At a given lattice site, the presence of the off-site potektigenerally couples eigenfunc-

tions ofHe to those with different energiess@,, h ;U i &O0.

3. The presencH also couples eigenfunctions Hf,. to those localized to adjacent cells, so

m(R) h ;UTg ni &0.

If the single-cell potentidlj is strong and well-localized, then the overlap integrals(R)
Ofor R 6 0. If U is suf ciently weak, then transitions between single-cell states with different
energies are strongly suppressed apg(R) n nm R:0 Can be absorbed into the enerdigs
If both conditions are met, then the full Hamiltonian is well-approximated by the tight-binding

Hamiltonian

X
Hrg = (En+ n)in;RihN; Rj +

nR nmRR 0

X
m (R RYjn;Rihm; RY (4.11)

NI =

wherejn; Ri - Tgrj ni.

4.3.1 Formulation of the Theorem

Consider now the Hilbert spac&Z9) whose elements are the square-summable sequences

indexed byd-tuples of integers. Each  (ny;:::;ng) de nes a particular lattice sitR,, =

this space is given i = f , gz« i.€. the sequence whogé# term is1 and whose remaining

“Recall thafTy is the discrete translation operator, S  (x)= (x R)
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terms are0; note thatn (ng;:::;ng) andj (1;::7Jq)- We interpretjini as a vector
describing a state which is localized to th¥ lattice site. We'd also like to add a spakk,
of internal excitations - these could be spin states, atomic energy levels, etc. Therefore, our full
Hilbert space should b&(Z%) H i which is spanned by the bagis; i j ni j i where
fi ig is a basis foH j .

In this basis, the most generic Hamiltonian is given by Eq. 4.11. Translational invariance
of the Hamiltonian implies that,,o o depends only om n% as a result, it is convenient to

rewrite this as

X X
H = h on; ih(n+j) 9= hj onihn+jj j ih g (4.12)

nj © nj °©
We now perform a semi-discrete Fourier transform by de ning

Z

jki = i
(2 )d_z BZ

e kRojni  jni= dk &% Rnjki (4.13)

n2zd

1

where, as beforek is an element of the Brillouin zonBZ . Plugging this in to the previous

expression foH yields

2 3
Z X
H=  d% jkihkj 4rik i, 0 ?5 Me o h o R (4.14)

Bz — .
Hy JZZd

The eigenvectors for this Hamiltonian can be expressgllias unki j K;uni, where

junki is then™™ eigenvector oH, - in precise analogy to the result in the continuum case.
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4.3.2 Example Models

4.3.2.1 Free Nearest-Neighbor Hopping on a Lattice

Consider a 1D lattice with lattice spaciagand Hamiltonian

X X
H= t jnihn+1j+ hic: = tpi+ tg 1 jnihn+jj (4.15)

n2z n;j 22| {ﬁ }
j

The Brillouin zone is the circlg =a; =a ] where we identify the endpoints as equivalent. The

Bloch Hamiltonian becomes

X ) . .
He= he*k = ¢ga+e® = 2tcoska) (4.16)
j2z

e *"ajnj, Note that =ai

and the energy eigenstates are simply the plane waves 912= N

andj =ai are equal to each other, providing some additional motivation for our impending

identi cation of BZ with a circle rather than a half-open interval.

4.3.2.2 Hopping on a Bipartite Chain

A less trivial lattice example is obtained by allowing each lattice site to have two accessible
statesA andB with energies and+ respectively. On-site hopping betweArandB occurs
with amplitudev, and intercell hopping between; Bi andjn + 1; Ai occurs with amplitudev.

The Hamiltonian for this system is
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X
H = jn;Bihn; Bj j n;Aihn; Aj

n2z

+ v jn;Aihn;Bj+ jn; Bihn; Aj (4.17)

+w jn;Bihn+1;Aj+ jn+1;Aihn;Bj

where we take;v;w 2 R. Interms of Eq. 4.12, we have that

hoaa = hoss =
hoas = hoga = V (4.18)
higa = h 148 = W
and
Paa = Mk =
(4.19)
Mag = V+ weke = Nkea
and so the Bloch Hamiltonian is given by
0 1
v + weka
H, = % § (4.20)

v+ we ka
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() (b)

Figure 4.4: The dispersion relation for the bipartite chain with on-site energnd intracell and
intercell hopping amplitudeg andw. Allowed energy ranges are highlighted in green. In (a),
(;v;w) = (0:5;1;1) and the system is gapped. In (},v;w) = (0;1;1) and the gap closes,
making the system a semimetal.

: . I : p
The eigenvalues of this Hamiltonian are giventy= 2+ v2+ w2+ 2vwcoska), and so

the two energy intervals are given by

I = P 2+ (v+ w)?; P 2+ (v w)?

) (4.21)

2+ (v W)2;p 24 (v+ w)?

with band gapzp 2+ (v w)? The band structure of this system is plotted for in Figl. Note
that if = 0 andv = w, the bands will touchat the edges of the Brillouin zone and the band
gap closes; we will return to this possibility in Chapter 5 when we meet the Su-Schrieffer-Heeger

model of polyacetylene.

SWhen the gap closes at discrete points, the system is classi edersianetal
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4.4 Finite Systems and the Thermodynamic Limit

Up to this point, we have formulated Bloch's theorem for in nite systems - that is, on the
unbounded Hilbert spacég(RY) and 2(Z%), respectively. This is ostensibly necessary because
it is obviously impossible for a system restricted to a compact regidR®dor Z3) to exhibit
translation invariance. However, it introduces a number of inconvenient technical issues, such as
the non-normalizability of the Bloch waves and the formally in nite number of electrons needed
to Il a given band.

An alternative approach is to consider a crystalline system torus - which we may
understand as @dimensional box with side length whose opposite faces are identi ed with
one another. This is ultimately unphysical - real space is not (apparently) periodic after all - but
inthe limitasL ! 1  then we can postulate on physical grounds that it will be a good physical
model for the bulk of a crystal, far away from any edge effects.

The formulation of Bloch's theorem on a periodic domain mirrors the approaches taken

above. The primary difference is that before, we de ned the Brillouin zone to be the set of points

)
BZ = gbi g 2 [ 1=2;1=2) (4.22)

i=1

whereb; are the reciprocal lattice vectors. When the system is toroidal with side lebgths
Nijaj, thenqg takes on discrete values % + Ni

zone becomes discrete (regardless of whether the real space is treated as a continuum or a discrete

lattice) and the integrals ov&Z must be replaced by discrete sums via
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Z

dk ! @)% ¥

N VL (4.23)
k i=1

The Bloch waves take the same form as before, as do the equations satis ed by the Bloch
functionsu, (or junki in the discrete formulation). In particular, the energy eigenvalues can be
obtained by plugging the discrete quasimomeaqtanto the continuous-band dispersion relation
E.« derived in the unbounded space formulation. In this sense, taking the thermodynamic limit
Li ' 1 simply means adding points to the discrete Brillouin zone until it becomes a contin-
uum. This also implies that the discrete density of states - which formally consists of a sum of
delta functions - converges (in some sense) to the continuous density of states we obtain in the
unbounded formulation, and so the use of the latter introduces an error which vanishes in the

thermodynamic limit.

4.4.0.1 Hopping on a Circle

To see a concrete example, consider hopping on the nite chainMWitites, where we

enforce perioditboundary conditions. The Hamiltonian becomes

H= t  jnihn+1j+ hc:  t juhNj+ jNihlj (4.24)

n=1

We now perform a discrete Fourier transform

oo X X
jKi = p—= e jni 'y ni= p= " jki (4.25)
N n=1 N k2Bz

5These boundary conditions are usually calBain-von Karmarboundary conditions
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where now

BZ= - 1+—=— [=0;::5;N 1 4.26
A T (4.26)

Substituting this transformation into the Hamiltonian yields the same result as the free hopping

example from the previous section - namely thlat = 2t coska) - but now thek's are re-

stricted to a discrete set.

4.4.0.2 The Density of States

Now that everything is nite, we may consider the number of states in a given energy
interval. Because the number of points in the Brillouin zone is the same as the number of lattice
sites, we may expect that the number of states in a given interval should scale with the system
sizeL  Na. Therefore, it is reasonable to de ne the density of stg(&s) as the number of
stateger unit volumewith energy betweek andE +d E, with the expectation that this quantity
should be nite when we take the limit ! 1

The discrete density of states is formally given by

X
E + 2t coska) (4.27)

| =

o(E) =

k2BzZ

Because the density of states is particularly useful when computing weighted averages of physical
guantities, we might consider what happens when we integragainst some well-behaved
functionf . The resultis

4 X
f (E)g(E)dE =

| =

f 2t coska)

k2Bz
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Noting that the spacing betwedrs is k 2 =L, we may approximate the sum as an

integral:
Z
1 X 1 X no 1
— f 2tcoska) = 5 f 2t coska) P —— f 2t coska) dk
L opz k2BZ k2Bz
p

Finally, lettingdk = % dE =dE=[2ta 1 EZ2=4t?]this becomes

Z Z
f(E)g(E)dE " _q%dlz (4.28)
21 E
. 1 dk
=) e =" & (4.29)
a i

As anticipated, the density of states remains nite inthé 1  limit, and is found by dif-
ferentiating and inverting the dispersion relation. Though the DOS formally dependstbis

dependence vanishesladbecomes macroscopically large.

4.5 The Emergence of Forbidden Bands

Consider again Eq. 4.3. Théy's constitute acontinuous familyf self-adjoint operators
labeled by the pseudomomentkm2 BZ. The compactness @ and the periodic boundary
conditions ensure that for eakhthe eigenvalue spectrum Hiy is discrete; at the same time, the
fact thatH's constitute a continuous family ensures that the eigenvdtyesre continuous and
periodic functions ok. Therefore, as we swedpacross the Brillouin zone, th&" eigenvalue

E.« traces out a compact (i.e. closed and bounded) intérval R called an(allowed) energy
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band

There is noa priori constraint on how these bands align with one another. Distinct bands
may overlap, meet at discrete points, or be entirely disjoint. However, the emergence of forbidden
band gapsat the boundaries of the Brillouin zone is a generic feature of a system with a periodic
potential, as seen in the previous examples - a fact which can be explained in a number of different

ways.

4.5.0.1 Nearly-free Electrons

Consider the case of electrons whose interaction with the lattice is suf ciently weak that
the potentialM.(x) can be thought of as a small perturbation to the free electron Hamiltonian
H = %r 2_If k lies on the edge of the Brillouin zone, then there exists some reciprocal lattice
vectorG such thatkj = jk + Gj, and therefor&€® = E?_ whereE®© is the unperturbed
energy. As a result, we can express the eigenfunctions at this energy as standing waves of the
form

i G x G x 1
= ko Acos —= +Bsin —— ke k+ =G 4.30
s — Si 5 ; 0 5 (4.30)
The periodicity of the potential means that we can write it as

X
Ve(x) = c0cosG® x)+ osin(G° x) (4.31)
GO

where the sum is over the reciprocal lattice vectors. Computing the expected value of the potential

in our states yields
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Figure 4.5: The origin of the band gap in nearly free electron models at the edge of the Brillouin
zone. States at the edge BZ can be written as (co)sinusoidal waves whose corresponding
probability densities are maximized (red) or minimized (blue) on the lattice sites.

2 2
Vi = &~ B iaB . (4.32)

whereV is the volume of the unit cell. If we assume that the potential is centrosymmetric for
simplicity, then ¢ = 0 and we nd that the (co)sinusoidal states are respectively pushed up and
down in energy by an amouptgj. In essence, the (co)sinusoidal states achieve their maximum
and minimum probability densities at the center of the ionic potential, leading to a splitting of the
degeneracy and the opening of a forbidden energy gap as shown in 4.5

A closely related picture is to note that at the edges of the Brillouin zone, scattering off of
the lattice plane de ne x = 0 for reciprocal lattice vectoG satis es the von Laue condition
2k G = jGj? for destructive interference; as a result, such waves cannot propagate through the
crystal. This corresponds to the opening of a gap (though as we shall see in the next section, such

statescanbe exponentially localized to the surfaces of a nite crystal).
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4.5.0.2 Tightly Bound Electrons

Alternatively, we might consider the case of electrons which are so tightly bound to their
parent ions that they may be considered nearly isolated. In this case, the Hamiltonian would
be well-approximated by a tight-binding Hamiltonian of the farm= P a7z inihn  Haom,
wheren labels the lattice site anHl 5om is the atomic Hamiltonian with eigenstatgsi and
eigenvalues;. The eigenvalues of this Hamiltonian are simply the discrete atomic enefgies

and the eigenvectors take the form
= Gjn; i, H = (4.33)

with the c,'s arbitrary. As a result, the energy levels of the isolated Hamiltonian are massively

degenerate. If we turn on interactions with neighboring ions via a hopping term

X
V=t jnihn+1j 1+ jn+1lihnj 1 (4.34)
n2z
then this degeneracy is broken. Computing the expected value of the potential in the state given
by Eq. 4.33 yields
X X
hvi = t ChChs1 + ChitG = 2t Re Tt (4.35)

n2z n2z

Writing ¢, = rn€ ", the expected value becomes

X
WI = 2t rnrn+1 COS n), n n+1 n (4.36)

n2z

85



Figure 4.6: A cartoon illustrating the breaking of the isolated atom energy degeneracy by in-
clusion of nearest-neighbor interactions. The dashed lines correspond to the unperturbed wave-
functions centered at lattice sitesandn + 1. The symmetric linear combination (red) is larger

than the antisymmetric combination (green) in between the lattice sites, and therefore feels the
potential due to the neighboring sites more strongly.

which is negative if neighboring lattice site amplitudgsandc,.; tend to be in-phase, and
positive if they tend to be out-of-phase. The maximum energy decrease occurs whkeh Z,
and the maximum increase occufs; = n+(2n 1) Z. Expressing this in terms of our Bloch
waves, the former case corresponds to the center of the Brillouinkzen2 =a 0, while the
latter corresponds to the edge of the Brillouin z&rre =a.

Physically, some intuition for this is obtained by identifying ;i as an atomic orbital
wavefunction ; centered at tha™ lattice site. Turning on the perturbation amounts to allowing
the energy of a state localized on sitéo be in uenced by the neighboring lattice sites 1. If

n =2 Zthen there is constructive interference in between sites, and the electrons spend more
time in the region where the perturbation (i.e. the potential from the neighboring ions) is larger.
Onthe other hand, if , = (2n 1) Z then the opposite is true. This is illustrated schematically

in Fig. 4.6.
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4.6 The Wannier Representation

The Bloch states provide a very important tool for understanding the electronic states of
a crystalline solid. However, the fact that they are extended throughout the entire crystal makes
them both non-intuitive and somewhat unsuitable for certain applications. For example, it is not
immediately clear how they respond to the presence of localized disorder, nor is it clear how best
to visualize the distribution of charge within the unit cell.

The Wannier state®/,gr are an exceedingly useful alternative representation [24]. They

are de ned as

Z Z
Wor()= P e ™R ()= p @& Py, (x) (4.37)

whereR is a lattice vector, and is the volume of the Brillouin zorfe Given the orthonormaliza-
tion of the Bloch waves, it is a straightforward exercise to demonstrate that the Wannier functions
are also orthonormal:

hWnR;WmROi = nm RRO (438)

Additionally, though the Wannier states are not eigenstates of the Hamiltonian, they do constitute
a complete basis for each band. Any lled bandan equally well be described as an electron
occupying the extended Bloch wavey for eachk 2 BZ or as an electron occupying the
localized Wannier orbitalV,,g for each lattice vectoR .

The Wannier states provide a real-space (as oppodegpace) representation of the elec-

tronic states, and in that sense are much more physically intuitive than the Bloch ¥iatess

7If V is the volume of thel-dimensional lattice's unit cell, ther= (2 )9=V.
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Figure 4.7: A representation of the magnitude of the conduction band Wannier fuidé¢tigfor

the bipartite lattice (see Sec. 4.3.2.2), where the intercell hopping amplitusi@alf the value

of the intracell hopping amplitude. Whereas the Bloch waves, have uniform probability
density on theA andB sublattices, the Wannier representation clearly shows a strong intra-cell
bond.

localized to the unit cell @R, and provides a concrete sense of the spatial distributionbzind
electrons, as illustrated in Fig. 4.7. They are frequently used to justify the tight-binding approx-
imatiorf that led to the lattice formulation of Sec. 4.3, which in turn is usually the preferred

context in which to discuss the effects of defects and disorder on the electronic states.

4.6.0.1 Maximally Localized Wannier States

With that being said, there is a substantial ambiguity hiding in our de nition of the Wannier
functions which is tied to our choice of phase for our Bloch functiaps. Performing ak-
dependent change of phase

Unk 7! e' (k)Unk

8We did this in a hand-wavy way by simply asserting the existence of a jyasis states localized to the lattice
siten; we now recognize this as a Wannier basis.
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can have a substantial effect on the shape and nature of the corresponding Wannier functions. If
there areN occupied bands under consideration, then this ambiguity takes the faxm ofN

unitary matricedJy, since the system is invariant under the transformation

As aresult, the Wannier functions are highly non-unique. However, it is often desirable to choose
the phase function(k) such that the Wannier functions are as localized as possible. It has
been known for many yearshat exponentially localized Wannier states can always be found in
1D [26]. Thesemaximally localized Wannier statese the eigenfunctions of the band-projected

position operator

X=PXP, P= dkj wih e (4.39)

n=1
which measures the position of the electrons averaged oveM tlhecupied bands. Using the

maximally-localized Wannier functions, we have

XjWpri = (R+  )jWpri (4.40)

where , is anR-independent constant called A&annier charge centePhysically, then-band
electrons have an average position which is not generically in the center of the unit cell, and the

displacement from the center is given by.

%1t was not until the 21st century that it was shown that exponential localization is always possible in 2D and 3D
as long as time-reversal symmetry is obeyed - c.f. [25].
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4.6.0.2 Hybrid Wannier States

In higher dimensions, it is generically not possible to nd Wannier functions which are ex-
ponentially localized in each direction, a fact which can be traced back to the non-commutivity of
the projected position operataxs Y; andZ. However, we can de ne thkybrid Wannier func-
tions to be exponentially localized along one direction while possessing a plane wave character

in the orthogonal directions. With the appropriate choice of gauge, these states take the form

Z
1 : . .
Whrk, = p? dk, €2 Rj i (4.41)

wherek, de nes the direction along which the states are exponentially localizedkand
(k- ; kk). These states are the eigenvectors of the corresponding projected position operators
w Z
X'_) = P? X? P’), P'_) = dk') J nkih nkj (442)
n=1

with eigenvalue®k, + ».
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Chapter 5: Physical Applications of Topology IlI: Topological Band Theory

Having reviewed the fundamentals of the band theory of crystalline solids, we now return
to topology. In 1980, Klaus von Kilitzing discovered the quantum Hall effect, in which the Hall
conductance becomes quantized to spectacular precision in suf ciently strong magnetic elds.
von Klitzing was awarded the Nobel prize ve years later, and the experimental and theoretical
developments since that time have revolutionized condensed matter physics.

There are many ways in which the tools of topology can be leveraged to study quantum
matter. In Chapter 3, we saw how defects in classical ordered media can be predicted, studied,
and classi ed through the lens of homotopy; in this chapter, we take a different focus. We rstin-
troduce the concept of a vector bundle as a way to reinterpret the space of electronic states. From
there, we will study the topology of the ground states of gapped systems by de ning a sense in
which states can be transported through the bundle, at which point we can topologically distin-
guish between distinct phases if they cannot be continuously deformed into one another (possibly
subject to certain constraints). We conclude this rather abstract mathematical chapter by making
contact to the physical interpretations of these phases and to the bulk-boundary correspondence -

one of the most beautiful and startling phenomena in physics.
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5.1 The Bloch Bundle

5.1.1 The Nontrivial Topology of the Brillouin Zone

Recall from 4 that the eigenstates of a periodic Hamiltoran %r 2+ V can be written

in the form

nk(x) = eikxunk(x) (5-1)

whereu, is periodic on the lattice's unit cell and2 BZ is taken from the Wigner-Seitz cell of
the reciprocal lattice, more commonly called tret Brillouin zone. Additionally, for any points
k;k°2 BZ,we weretoidentifk k° () k° k = G for some reciprocal lattice vect@,
which implies that the edges 8Z are to be identi ed with one another.

This point is subtle, and is worth taking some time to consider carefully. When we derived
the Bloch theorem we found that the lattice translation operdiongere unitary and commuted
pairwise with one another, implying that we could nd a basis of simultaneous eigenvectors of

them all. For any such eigenvector

T ()= x &)= ; x)=) & ng)= [ (x) (5.2)

where 2 U(1) is a phase factér In d spatial dimensions, the set of all such phase factors

1Previously, we wrote i = € 1, but we will see shortly why this form may be more illuminating in the present
context.

92



1) coosonou@to(sher T 5.3
|J( ) i (l} (S) (5.3)
dtimes
whereT¢ is thed-torus.
Apoint( 1;:::; 4) 2 T9speci es an eigenspace of the set of lattice translation operators

Because the Hamiltonian commutes with all of them, we may specialize to a particuiar; get
and attempt to diagonalize the Hamiltonian there.

Recalling the de nition of the primitive reciprocal lattice vectdrs, we observe that the

function |
Y b; x=2 .
U(X) i ! (X) bj Ax =2 ik (54)
j
is lattice-periodic, because
!
Y by (x aj)=2 1
ux &)= k (x &)= ;7 ju(x)= u(x)
k
It follows that we may write
!
Y
_ b; x=2
(x) = i u(x) (5.5)

for some phase factors and some lattice-periodic functian

As it turns out, this seemingly simple step has a substantial hole in it. The problem arises

bj x=2

when we attempt to de ne the functions . By de nition,

PX= b X
0 =exp ST log( ) (5.6)
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and herein lies the problem - the complex logarithm is not single-valued. It is obvious that
i = €', but plugging that into Eq. 5.6 leads to the obvious contradictich * = 1.
In order for Eq. 5.6 to be well-de ned, we must choose a branch cut in the complex plane.
By (arbitrary) convention, we choose the branch cut to be along the negative real axis, and so
i =¢€i;;2[ ; ).Having made that choice, we are justi ed in writing
X b

(x)= €*u(x) k - (5.7)
j

where we identify the set of all sudtis as the familiaBZ . Plugging this into the Hamiltonian

leads to the familiar Bloch Hamiltonian

He = e K*Hekx = %( ir + k)2+V (5.8)

To summarize, each simultaneous eigenspaténe T;'s can be labeled by a set of phase
factorsf ;g. The set of such phase factorsdimensions igJ(1)? ' T9. Given a point in this
parameter spacend a choice of branch cuf we may express an element in the corresponding
eigenspace of the translation operators as a Bloch wave. The reason twdkphkftwich differ
by a reciprocal lattice vector are identi ed as equivalent is because we are using them to specify
a particular eigenspace of tfig's, and ifk k%= G for some reciprocal lattice vect@ then

the eigenspaces they correspond to are the same.

’Because thd;'s are not a complete set of commuting observables, their eigenspaces are degenerate. That is,
the eigenvalues; do not correspond to a single eigenvector (up to scalar multiples) but rather tostgéinspaces
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Figure 5.1: A cartoon schematic of the Bloch bundle. The Brillouin ZBAeis called thebase
space and the copies df 2(C) which are attached to each pointB¥ are called thebers. This
type of structure is called a ber bundle; becausg€C) is a vector space, the Bloch bundle is a
special type of ber bundle called\ector bundle

5.1.2 The Bundle Picture

In this way, the Bloch theorem provides a decomposition of the Hilbert space. An energy
eigenvector can be identi ed by a poikt2 BZ and a vectou,, which is an eigenvector of
the Bloch HamiltoniarH,. One way to think about this is to imagine that a copy of the Hilbert
spacé L?(C) is attached to each poikt2 BZ - see Fig. 5.1 for an intuitive cartoon. Note that
in ann-band lattice model, 2(C) can be replaced bg".

This construction is called &er bundle - more speci cally, avectorbundle [15], because
L2(C) is a vector spade

It's important to emphasize that the copied.3{C) attached to each point &Z are fully

distinct - in precisely the same way that the tangent plane to the north p@e isfdistinct

SRecall that_?(C) is the Hilbert space of square integrable functions on the unit cell .
4Even more speci cally, &ilbert bundle, because?(C) is a Hilbert space.
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from the tangent plane attached to a point on the equaffw the copy ofL?(C) attached to
a pointk 2 BZ, we assign the HamiltoniaH, - so every ber is a different copy of ?(C)
equipped with a different Hamiltonian operator, which possesses different eigenvggt@isd

eigenvaluef k.

5.1.3 States in the Bloch Bundle

A single-particle state in the full Hilbert space can be identi ed with a square-integrable

function fromRY! C. Expanding a generic statein terms of Bloch waves,

1 8 d X ik x
W d“k fn(k)e™ “unk(x)

n

z X (5.9)
kK= d%  jfa(k)j?

t(x) =

In the Bloch decomposition, we can interpret this as a map! P  Fn(K)unk. This
appears to be a vector-valued functiorkofout we must be careful. Different pointsBY are
mapped tddifferent spacdsThis object is not a map frork 2 BZ to L?(C) - it is a map from
k 2 BZ to thecopyof L?(C) which is attached to that point. Such an object is callséction

of a ber bundle, and is diagrammed in Fig. 5.2.

5.1.4 The Valence Bundle

When studying thermodynamically large systems of fermions at temperatures well below
the Fermi temperature, to very good approximation we can assume that it is essentially occupying

its ground state, in which all states below the Fermi level are occupied and all states above the

5This analogy is quite precise - the set of all tangent spaces to a manifoldt@ent bundlganother example
of a vector bundle.
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Figure 5.2: A genuine functioh: BZ ! L2(C) (left) vs. a section of the Bloch bundle (right).
f sends all points iBZ to the same vector space, whil&loes not. This has critical implications
for differentiation, which fundamentally relies on expressionsfike+ dk) f (k) which don't
make any sense ff(k + dk) andf (k) live in different vector spaces.

Fermi level are vacant. If the systemgapped- by which we mean there is a nonzero lower
bound to the energy required to excite it from the ground state - then we can unambiguously
de ne the projector

X
Pk = jUnkihUnkj (510)

n occupied
onto the space of occupied states at dachihis object contains all of the physical information
about the system's ground state - notice that it is in particulaiTtie O limit of the density

matrixé

k=e ™ N)TT=z  Z=Tr e ® NIT (5.11)

which describes thermodynanisystems of fermions.

6Actually, our Py is normalized such thalr[ ] is the number of particles with pseudomomentkimand so
physical quantities scale with system size.
7] absorb the Boltzmann constant into the temperature in Eq. 5.11.
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At eachk 2 BZ, theN occupied states span a subspslag  L?(C). If we attach this
subspacdo each point inBZ , we obtain thevalence bundle Formally, the valence bundle is

called asubbundleof the Bloch bundle.

5.1.4.1 A Note on Gapped Systems

In the present context, the reason we specialize to gapped systems is that for systems with-
out a gap, the projecto® cannot be unambiguously. If there is solm@ BZ where the gap
vanishesPy, becomes discontinuous there - which can be seen by the simple observation that the
trace of the projector is the number of occupied states, and the trace is a continuous function. If
the number of occupied states changes, that indicates a discontinBity of

Topological classi cation of non-gapped systems is still possible [27], but such classi ca-
tion schemes generally take a different approach than the one presented here. In the case of Weyl
and Dirac semimetals, the points at which the gap closes are typically excised from the Brillouin
zone, in much the same way as we excised points from the spatial domains of the ordered media
in Chapter 3. However, for the time being we will restrict our attention to systems with nonzero
gaps.

Finally, it is frequently useful from a calculational perspective to assume that the gap is
centered aE = 0 for all k 2 BZ. For example, this allows us to identify points at which the
gap closes with points at which the energy eigenvalues go to zero. This is not a generic feature -
c.f. 5.3 - but we can always subtract the mid-gap energy atle&BZ in a continuous way so
that the topological properties of the ground state remain unchanged. For convenience, we will

universally assume this has been done.
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Figure 5.3: A generic band structure before (a) and after (b) subtracting the center of the gap at
each point in the Brillouin zone. This can always be done to a gapped system without changing
its topology, so we will always assume that the gap is centeréd at

5.1.5 Transport of States

To explore the structure of a particular ground state, consider the following question. Say
you start with some vector which lives in the space of occupied states at a partidyl@ BZ ,
and would like to transport it to a second pdiat How do we do this? In fact it is not so simple.

Consider the one-dimensional two-band Hamiltonian

0 1 1

0
0 ek 1 1

ek 0
0 1

1
At k = 0, consider the state ., = 91—2% § If we naively move this to a differerit point,
1

it will not remain in the lower energy subspace. It must be somehow modi ed as we move it
through the Brillouin zone. You could say that we should just follow the eigenstate prescribed

as a function ok in 5.12, but this was an arbitrary choice - multiplying., by € & for any
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Figure 5.4: The transport procedure de ned by the projed®&rsAs the initial vector is moved
in in nitesimal steps along the curve, it generically leaves the subspace of occupied states, but
the relevant projection operator acts to project it back. In the limjtlag ! O, this process
preserves the normalization of the initial vector, and the opeY&{ol] will be seen to be unitary.

2 -periodic function (k) would result in a perfectly good alternative. Therefore, we see that
transport through the valence band is not unambiguous, even in the simplest case.

Luckily, there is a prescription we can follow which arises naturally from the fact that the
valence bundle is a subbundle of the Bloch bundle. All we need to do is transportinhte
naive way along an in nitesimal stegk, and then us®y.q« to project the result back into the
space of occupied stateskat- d k. Repeating this procedure along a curveonnecting; and
k¢ allows us to de ne a transport operatdf[ ] which guides our state through the space of
occupied states along the curveThis process is diagrammed in Fig. 5.4

Before diving into the calculation of this object, note that the result will generically be
dependent on which curve we use to conea@ndk; . WhetheW[ ]is (or is not) independent

of path will depend on the system - and will in fact be one of the crucial topological properties of
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a particular ground state.

5.1.6 Wilson Lines

W
WL]i= Pgji
n=1
X X
= e jumN;kN ihumNikNjumN ;KN 1ihumN ;KN 1j::: (513)
ma mn

:::jUm3;k3ihum3;k3jum2;k2ihum2;k2j J I

Let us take a closer look at those interior terms. Observe that

The quantityA,, is called theBerry connection For eachm; ", A, (k) is a d-dimensional
vector, wherdl is the dimensionality of the Brillouin zone (and therefore of the physical space
we are working in). Sincen and™ both range fromil to the number of occupied banbtlg, A

can be thought of as@&dimensional vector d,. N, matrices.

Having made this de nition, our transportation operator becomes
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Wl]= 1 kn 1 A(kny 1) 50 1 ki A(ky)
",Y L # (5.15)
=P | kn A(knp)
n=1

The symboP s the so-callegbath-orderingsymbol, which reminds us because the terms in the
product are matrices, their multiplication generally does not commute. Therefore, it is essential
that the terms are multiplied in the correct order, with the points which come later in the path to
the left.

Inthe limitasN !'1 ;j k,j! O, the transport operator can be formally expressed as a
path-ordered exponential

Z
W[]=P exp A(k) dk (5.16)

This object is called aVilson line The exponential notation is, in some sense, purely

formal; naively integratindh component-wise along and then exponentiating the result fails to

give the correct answer because the path-ordering prescription was not followed. For short paths

or smallA's, one may approximate it as

Zl
W[] | dtA (1) Yt)dt
121 Zl
t5odt dte A () Y A () qt) (5.17)
0 0
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where we have parameterized the path a40;1]3 t 7! (t) 2 BZ where (0) = k;; (1) =
k¢, and once again we remember that the terms in the expansion are matrices and we must keep
the order straight. A somewhat more useful fact is that if we can compute the unique solution to

the matrix differential equation

MYt)y= A (@) qt) M(@); M (0) = | (5.18)

thenW[ ] = M (2). It's important to note that if , is the reversed path through the Brillouin

zone (i.e. ()= (1 t))thenW[ ,]=W[] 1= W[ Y.

5.1.7 The Role of Gauge Invariance

The underlying idea of this section was to de ne a consistent notion of the transport of a
vector through the space of occupied states. The Wilson line provides such a structure, but in
de ning it we made use of an arbitrary choice of bagigxi spanning the space of occupied
states at eack 2 BZ . We have not shown thaV/[ ]is independent of this choice of basis - and
unfortunately, it is not.

To see this, consider an alternative basis givendayi Ukjunki, where eachJy is a

unitary matrix. The Berry connectio® associated to the new basis is related tvia

R=U AU+ U r Uy (5.19)

We may hope that even though the Berry connection depends on on our choice of basis,

this dependence drops out when computing the Wilson loop. This turns out not to be the case.
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Plugging Eqg. 5.19 into the differential equation 5.18, we nd after a bit of algebra that Wilson

line associated to the new basis is

Wi 1=u,'W[ U, (5.20)

The arbitrariness of the choice of basis for the space of occupied states & @a8x
is an example of gauge ambiguitylt is precisely analogous to the gauge ambiguity in electro-
magnetism, except for the fact that the set of all possible gauge transformations is merely the set
of phase transformations - multiplication Byvalued functions with unit magnitude.

In contrast, the possible transformations we are presently considering take their values in
the unitary grougJ(Nc), which are notC-valued but rathematrix-valued. The fact that they
do not commute - as illustrated in our previous calculations - is a profoundly rich source of

complexity.

5.1.8 Wilson Loops

Since a choice of gauge is ultimately arbitrary and unphysical, no quantity of direct physical
meaning can depend on it. One could begin to worry that our focus on transportation and Wilson
lines was all for nothing. However, theisea way to construct a gauge invariant physical quantity
from the Berry connection, and that is to construct a Wilkap by taking to be closed. If the
curve starts and ends at the same p&pt2 BZ, then under a gauge transformation we have
that

Wi 1=u, Wi 1, (5.21)
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Note that now the matrices on either sideVd{ ] are inverses of one another, unlike the case
of an open Wilson line. This kind of behavior under a gauge transformation is adlege
covariance It is notinvariant under gauge transformations, but it is getting close - for example,

if W[ ]=0 in one gauge, then it must vanish in every gauge.

5.1.8.1 The Spectrum of a Wilson Loop

ThoughW| ]is generally only gauge covariant, its eigenvalue spectrum is gauggant,
since a change of gauge corresponds to conjugation by a unitary matrix. As a result, it is possible

that these eigenvalues contain physical information. Being unitary it8glf] has eigenvalues

that these phases may be a source of topological invariants, which turns out to be true, as we will

see shortly.

5.1.8.2 The Trace and Determinant of a Wilson Loop

In particular, gauge-invariant information can be extracted by recalling the cyclic property

of the trace operation. Note that

W] =T U W[ U, =Tr W[ JU,Ut =Tr W[ ] (5.22)

Similarly,

det W[ ] =det U det W[ ] det U, =det W[ ] (5.23)

These facts follow from the gauge invariance of the spectrum. Denoting the eigenvalues by
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T W[] = Z det W[ ] = Zy=exp i i (5.24)

5.1.9 The Berry Curvature

Before spending a large amount of time attemping to compute holonomies and Wilson
loops, we might rst ask a basic question - namely, whether there's a way to check of the holon-
omy on a space is non-trivial in the rst place. If, for example, it is possible to choose our gauge
in such a way tha® = 0, then every holonomy is trivial in that gauge - but because holonomies
are gauge-invariant, they must be trivialawerygauge.

For concreteness, we work th= 3 spatial dimensions. Let us assume that, given a Berry
connectionA, there exists a gauge transformatidrsuch that) AU+ U Ir U = 0. In that

case, we have that
A= ruUu't

Taking the curl of this expression (being careful to remember that these terms are matrices) yields

(r A ) n‘m@((@1U)U1= am @@RUU '+ o @UUP@UuuUu'!

(5.25)
= emAAn= (A A ),
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This motivates us to de ne the gauge covariBetry Curvatureto be

Fa=r A +AA (5.26)

Once again, note that the components in these expressions are matrices. This is why ex-
pressions likeA A - which features term8,A3 A 3A, - do not generically vanish.

It is a straightforward exercise to show thatdir 2 dimensions, the Berry curvature takes
the formF, = @A, @A1+[A1;A,] - essentially just the third component of the expression
in three dimensions. Id = 1 dimensions, we take, 0.

Fa can be viewed as a kind of obstruction against locally setting the Berry connection
to zero via a gauge transformation. Hfy 6 0 in some regiorR, it is not possible to nd a
gauge transformation that séts= 0 everywhere oR. ConverselyF, = 0 implies that there
doesexist a gauge transformation which makes= 0 everywhere orR, provided thatR is
contractible. On a non-contractible domain, it is possible tiiat = 0 everywhere buf is
necessarily non-zero - and we must bear this in mind, beddzise TY is not contractible by

de nition.

5.1.9.1 The Trace and Determinant of the Berry Curvature

BecauseF, is gauge-covariant, we see that just as in the case of the Wilson loop, its
eigenvalue spectrum - and therefore bdthF 5 ) anddet(F 5) - are gauge-invariant. Note that

in d spatial dimensiong; 5 is ad-component vector dil,c  No.. When we talk about the trace
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and determinant in this context, we are referring tokkgdegrees of freedom, so that e.g.

XOC

Ti(Fa) | = (5.27)

and similarly withdet(F »).

5.1.10 The Abelian Simpli cation

If we happen to be studying a system in which there is only one occupied band, the Berry
connection and curvature reducelto 1 matrices - that is, complex numbers. We refer to the
Berry connection and curvature Abelian in reference to the fact that their multiplication oper-
ations commute. This drastically simpli es the mathematics. For example, the Berry curvature
becomes gaugmvariant, not merelycovariant, and it can be given a physical interpretation in
its own right. The Wilson line no longer requires a path-ordering symbol, and is the genuine
exponential of the integral of the Berry connection along a curve. And so on.

The same is true if there are multiple occupied bands, but we are able to choose a gauge in
which the matrix-valued components of the Berry connection and curvature are diagonal. Since
the multiplication of diagonal matrices is also commutative, we can simply treat such situations
as having an Abelian Berry connection and curvature assigned tdleadh

In contrast, the non-Abelian case is necessary when we cannot guarantee that occupied
bands are non-degenerate [28]. In such systems, transport via Wilson lines generally mixes to-
gether degenerate eigenspaces. In many realistic materials - certainly those in higher than 1D -
the structure of the occupied bands near the Fermi level is simply too complicated for an Abelian

model to be accurate. This is a generic feature of many systems, and is absplatelgteedn
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others such as time-reversal invariant systems which feature the Kramers degeneracy. Though it
adds to the operational complexity, the conceptual bene ts to the non-Abelian generalization are

worth the effort.

5.2 The Physicality of the Wilson Loop

In the preceding sections, the Berry connectforand curvaturd=, and the associated
Wannier loopW|[ ] were introduced from a purely mathematical perspective, where our motiva-
tion came from a desire to formulate an unambiguous way to transport a vector through the space
of occupied states. While this process does plausibly lead to topological invariants by which we
can classify different phases of quantum matter, one could be forgiven for feeling that the afore-
mentioned objects are merely tools for accomplishing that goal, with no particularly physical
signi cance in their own right. As we will see in this section, that is far from the truth. We will

focus in particular on the eigenvalue spectra of non-contractible Wilson loops.

5.2.1 The Zak Phase in 1D

The rst piece of the puzzle emerges already in the simplest possible model - a two-band
Hamiltonian in one dimension. Assume that we've diagonalized our Hamiltonian to obtain the
Bloch functionsu,k and their corresponding energies,. As mentioned in Sec. 4.6, the Bloch
waves are not a particularly useful basis for visualizing the real-space electron probability density.

Therefore, we switch to the maximally localized Wannier basis

Z
Wog (X) = p12: dke* < Ry (x) (5.28)
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and compute the location of the Wannier charge center

Z., Z Z

hWig ; XW R dx dk  dgé® 9 Ry (X)unk (X) (5.29)

After some simpli cation, this takes the remarkable form

Z Z
hWir; XWri = R+ dk unk;i%unk R+ dk A (k) (5.30)

where we recognizé , as the Berry connection of th&" band. With this choice of basis,
the integral of the Berry connection over the 1D Brillouin zone (calledzalk phasgcan be

interpreted physically a8 times the Wannier charge center.

5.2.1.1 Gauge Invariance of the Wannier Charge Center

Note that while the Wannier functions themselves are not gauge-invariant, the location
of the charge center is - at least up to the lattice constant. Performing the continuous gauge
transformatioru,, 7! e ' ®u, (wheree ) is 2 -periodic) shifts the location of the charge
center by

Z
1 .
— dk k) 227
2
where’ is the number of times ' (X winds around the unit circle in the complex plane. In other
words, the effect of the gauge transformation is - at most - to shift all of the charge centers over

by some number of lattice vectors. But siraleof the electrons are being shifted by the same

amount, this does not lead to a physically meaningful change.

110



5.2.1.2 The Wilson Loop

In the language of the previous sections, the Wilson loop

Z
W[]=P exp dkAKk) =e? (5.31)

isal 1 matrix, whose (eigen)value is the exponential of the Wannier charge ceévlel.is a
1 1 matrix because we only considered a single band, which simpli es the picture substantially
(e.g. we don't need to worry about path-ordering or non-commutivity). Also, note that the
spectrum oW|[ ] (which is justW| ]itself) is gauge-invariant because a change of gauge shifts
by an integer.
Finally, note that in general the Wilson loop can take any value on the complex unit circle.
However, if we impose a symmetry constraint - say, inversion symmetry - then this is no longer

the case, which we will see in Sec. 5.3.

5.2.2 The Bulk-Boundary Correspondence

The intuition from the 1D case extends readily to higher dimensions. Choosing a direction

and splittingk = (k- ; ky), we may consider the Wilson loop

z
W (ki) = exp dk, A(kosky) &' 2 (5.32)
For each value ok, in the (d 1)-dimensional Brillouin zone, ,» (the charge center along
the ? direction) takes a generically different value. The single-valuedness of the Wilson loop

requires that( ki) be periodic modulo 1; the charge center increasing byK.iaswept across
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Figure 5.5: The periodic evolution of the Wannier charge centeasky is swept from  to
. The trivial phase (a) can be continuously deformed {o= 0, but the topological phase (b)
cannot, as it undergoes non-zero winding.

the Brillouin zone should be interpreted physically as the charge center entering the next unit cell
in the ? direction while being replaced by the charge center of the preceding cell, as shown in
Fig. 5.5.

This winding of the charge center kg varies over théd 1)-dimensional Brillouin zone
has dramatic implications for the states which exist at the boundary of the crystal. In the case
of non-zero winding, it implies the existence surface modes which cross the Fermi level, and
therefore that the surface becomes metallic. This can be argued intuitively by considering the
adiabatic transport of states through the Brillouin zone; non-zero windingplies that during
this transport, the physical charge is "pumped” a distareeng the? direction. This results in
the accumulation of charge on the surface of the crystal - however, the nal state is precisely the
same as the initial state. This is not possible unless the surface state crosses the Fermi level, at

which point an electron is removed from the system and charge neutrality is maintained.
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5.2.3 The Surface Dispersion

A more quantitative argument was given in [29]. Given a bulk Hamiltonian

x Z

n

where the energy is measured with respect to the Fermi level, we can de ne

X Z
H = d®k Enk( )i nkih nk]
n
W R (5.33)
= d°K Enk( )] nkih nij + d°K Enk( )] nkih k]
= {z N {z }
occupiedE< 0 empty,E> 0
where
Enk
Ex()=(1 JEnk + - - (5.34)
JEnkJ

and 2 [0;1]. When =0, we have our original Hamiltonian; when= 1, all occupied (resp.
empty) states have energy -1 (resf..). Therefore, we have that

w Z
Hi=1 2P; P= d*kj nkih nkj (5.35)

whereP is the projector onto the occupied states. This constitutes a continuous deformation into
a at-band Hamiltonian without closing the gap. In a similar way, the at-band Hamiltonian of
the vacuum (in which no states are occupied) takes the trivial fé{fi = 1. This provides us

with a convenient way to introduce an edge into the system - an edge perpendicitzrtde
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modeled as

H=1 P+PV(Z)P (5.36)

whereV is a function which approachesl asz ! 1 and+1 asz!1 . This models
an edge which interpolates between the vacuum irztheO region(H =1 P+ P=1) and
the bulkinthez < Oregion(H =1 P P=1 2P).

As a coarse model, one could simply takéz) = z on the regiorez 2 [ 1;1], at which

point we recognize the Hamiltonian in the edge region as

H=1 P+PZP 1 P+Z (5.37)

whereZ is the projected position operator from Sec. 4.6. Noting that

w £ W X £
P= K| nih nj = d?kj nRk, I nRK] (5.38)

n=1 n=1 R
we see that the eigenvectors of the edge Hamiltonian are the hybrid Wannier states (exponentially
localized along?) with eigenvalues, and the spectrum of the edge Hamiltonian is given by the
spectrum ofZ. The "squashing” of the full spectrum & into a compact interval is shown in
Fig. 5.6 for a trivial and topological phase; the latter is distinguished by the presence of winding.

Of course, the at band Hamiltonian is a continuous (if somewhat dramatic) deformation

of our realistic Hamiltonian, and so this is not a quantitatively accurate picture of the edge state

dispersion relation. However, its topological features (such as discreteness for & giaed

continuity asky is varied) should be retained as the Hamiltonian is deformed back into a realistic
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Figure 5.6: (a) In the trivial case, the spectrunZaf periodic inky, and exhibits no winding, so
when it is squashed into a compact interval (b) there is no guarantee that it will cross the Fermi
level. (c) In the trivial case, the spectrumadbfexhibits winding aky varies across thBZ , and

so the squashed edge spectrumnidistintersect the Fermi level.
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Figure 5.7: Asthe at-band Hamiltonian is deformed back into a realistic one, the edge state spec-
trum should change continuously, in particular retaining its topological properties (e.g. whether
or not it exhibits winding).

one, as shown in Fig. 5.7. In particular, if the charge center winds around the unitiogdls as
ki is varied along any line through tijd 1)-dimensional Brillouin zone, then the corresponding
surface dispersion along that line should intersect the Fermi level with a Sigmedsection

number of .

5.3 Symmetry-Protected Topological Phases

We now come to the impact of symmetries on the existence and character of different
topological phases. To recapitulate, we recognize two systems as being topologically distinct
if it is not possible to deform one Hamiltonian into the other without closing the (bulk) gap.
For systems which obey a particular symmetry, we can re ne this question and ask whether one
Hamiltonian can be deformed into the othvehnile preserving the symmetrin many cases, is

possible to deform one into the other without closing the gap, but to do so requires violating a

8This counts intersections as positive if the curve passes through the Fermi level from below, and negative if
it passes through from above. The (absolute) number of intersections is not guaranteed, but their signed total is a
topological invariant.
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symmetry that they both exhibit. In such cases, we regard them as diffeyamfjetry-protected
topological phases.

Which symmetry is in play determines the physical character of the phases - in particular,
the properties of the edge modes (including whether they exist at all). The connections between a
symmetry, the phases it can protect, and the characteristics of the corresponding edge states will
now be demonstrated by way of example. An exhaustive classi cation of symmetry-protected
topological phases referred to as tlemfold wayis presented in [30] - here we seek only to

provide several illuminating examples.

5.3.1 The Chern Insulator in 2D

As a warm-up, we rst consider a system whose topological properties exist in the absence
of any symmetries at all - the 2D Chern insulator. Recall that in a 2D system with a single
occupied band, the Berry curvatufg is gauge-invariant and given by

@ @

FA = —A2

o™ @R’ (5.39)

The( rst) Chern numberCh is de ned to be

7

Ch= i d?k Fa (k) (5.40)
21 BZ

Given that the Brillouin zone is boundary-less, an appeal to Stokes thgostch states that

7 |

rA dS= A dS (5.41)
R @R

90r more speci cally, the 2D variant known as Green's theorem.
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might suggest that this quantity is always zero (since the right-hand side trivially redugés to
@R= ;). Thereasoniisn't (or rather, need not be) is due to the fact that whileis physical and
non-singularA is gauge-dependent and generally possesses (unphysical) singdfarSiese

this violates the conditions under which Stokes' theorem is valid, the Chern number need not
vanish.

If we consider a 2-band Hamiltonian of the form
Hi = d(k) (5.42)

then it is straightforward to see that the eigenvalues and eigenvectdisare given by

0 1

d 1 di |d2§ ( )
E = u = p— 5.43
2dd &)@,

whered | dj. Therefore, the system is gapped as longl& 0. The Berry connection and

curvature are given via straightforward (but tedious) computation to be

%@L d@d o _ L aq @) (5.44)

A 2d(d  ds) 202

From there, we compute the Chern number to be

1 d
Ch _4—6‘ (@ @) ¢ i (5.45)

10These singularities are akin to coordinate singularities - e.g. the polar coordinatesre singular at = 0,
because becomes unde ned there.

From that perspective, the Chern number serves @mpalogical obstructiorto the existence of a globally
smooth gauge; if such a gauge existed, then the Chern number would be trivially zero, and so the non-triviality of
Ch is an indicator that no globally smooth gauge is possible.
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Figure 5.8: The Wannier charge center evolution (a), the spectrum of the projected position
operator along/ (b), the top edge state dispersion (c), and the helical edge mode (d) of a 2D
Chern insulator with Chern numbé&h = +1 . In (c), the bulk bands are shown in gray, and the
Fermi level is denoted by a wavy line.
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