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Scanning tunneling microscopy (STM) provides an opportunity to study the physical and

electromagnetic properties of surfaces at the atomic scale. When performed at low temperatures,

in high magnetic fields, and with a variety of different probes, it offers a wide range of methods by

which novel materials of great practical and theoretical interest can be evaluated, characterized,

and even fabricated with atomic precision.

This thesis describes three independent STM studies performed at cryogenic temperatures.

In the first, I present an in-situ modification to our 4K STM which permits us to current-bias

our samples during STM operation. The modification can be used to study non-equilibrium

effects such as spin accumulation induced by a current through a spin Hall material and the spin-

momentum locking which is present at the surface of topological insulators.

Next, I examined oxygen-doped aluminum films with anomalously high kinetic inductance.

A suggested explanation was the migration of oxygen to the grain boundaries, forming a percola-



tion network separated by Josephson links. To determine the coupling between grains, I studied

the films using milliKelvin STM performed with a superconducting tip.

Finally, transport measurements performed by our collaborators indicated the possible pres-

ence of a topological Hall effect in thin films of Cr2Te3, induced by the presence of topologically

non-trivial magnetic textures called magnetic skyrmions. In order to provide more decisive evi-

dence, I studied the films using spin-polarized STM at 4K.

In addition to the experimental studies, this work explores the theoretical underpinnings of

the novel materials which constitute the frontier of our current understanding of condensed matter

physics. An emphatically pedagogical viewpoint is adopted throughout as part of a continuing

effort to bridge the gap between experiment and theory.
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Chapter 1: Introduction

In 1981, Binning and Rohrer [11] developed the scanning tunneling microscope (STM) -

an instrument capable of measuring the topography and electrical characteristics of surfaces with

sub-nanometer precision without direct physical contact with the sample. If a small voltage is

applied between a sharp metallic probe and a sample which are separated by a few angstroms, the

quantum tunneling effect allows electrons to traverse the classically-forbidden vacuum gap and

establish a small but measurable current. In the tunneling regime, this current varies exponentially

with the tip-sample distance; if the latter decreases by1 	A, then the former typically increases by

roughly a factor of10. By slowly scanning the probe across the surface and adjusting its position

to maintain a constant tunneling current, the surface topography (as well as its electromagnetic

properties) can be measured with sub-nanometer precision.

The STM has revolutionized the way that we study and manipulate physical systems on the

smallest of scales. Its sub-nanometer spatial resolution has enabled the characterization of the

topography and physical structure of surfaces, atomic features, and composite heterostructures

with unprecedented detail, while its wealth of variations has provided a window into the elec-

tromagnetic and chemical properties of materials and how they vary over scales from microns to

angstroms. The rise of STM-based atomic precision fabrication [12,13] has even allowed us the

ability to build our own nanostructures atom-by-atom. It has become one of the most essential
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and direct tools in the arsenal of experimental solid-state physics.

Over roughly the same period of time, topology has emerged as an indispensable tool for

our theoreticalunderstanding of physical systems. In 1980, Klaus von Klitzing discovered the

quantum Hall effect [14], in which a material exhibits a quantized Hall conductance of such high

quality that it initially led to a suspicion of the laboratory equipment. The incredible robustness

of this quantization in the presence of even quite strong disorder suggested an underlying mech-

anism which in some sense operated globally, completely glossing over the localized messiness

of an imperfectly clean system. Since then, the mathematical tools and concepts from topology

have permeated essentially every sub�eld of condensed matter physics and beyond, informing a

complementary picture of global and local in�uences.

This work reports several novel studies performed using STM as the principal experimental

tool, while simultaneously developing a uni�ed theoretical understanding of the phenomena un-

der investigation through the lens of topology. Chapter 2 serves as a self-contained introduction to

the basic ideas of topology from a purely mathematical viewpoint before Chapter 3 applies those

ideas to the study and characterization of defects in ordered media such as magnetic materials

and superconductors. Chapter 4 reviews the fundamentals of the electronic structure of solids

before Chapter 5 develops an understanding of the novel topological phases which can emerge in

quantum matter and of the surprising correspondence between topological properties of the bulk

of a material and the unique and robust electronic states which are localized to its boundaries.

Having built this broad theoretical base, Chapter 6 reviews the subject of STM, the princi-

ples on which it operates, and the practical side of operating an STM under cryogenic conditions

before the remaining chapters report some of the experimental studies performed over the last

several years in the STM group at the Laboratory for Physical Sciences. Chapter 7 describes an

2



in-situ modi�cation which I implemented on our low-temperature STM to permit the study of

non-equilibrium effects which arise only in the presence of a transverse electrical current. Chap-

ter 8 is a report on a study I performed on superconducting granular aluminum at mK tempera-

tures to study the coupling between grains and the somewhat unconventional nature of granular

superconductivity in general. Finally, Chapter 9 describes my search for topological magnetic

structures as part of a larger, collaborative effort to explain the unexpected electromagnetic be-

havior of the quasi-2D layered ferromagnet Cr2Te3.
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Chapter 2: A Brief Introduction to Topology

This chapter constitutes a purely mathematical but hopefully fairly gentle introduction to

topology for someone who had never seen it before. It is my belief that it is helpful to be willing to

set physics aside for a moment and wrestle with some mathematical ideas without being burdened

by the necessity of practical application. On the other hand, being a physicist, I want to get to the

good stuff eventually. The best resources I've found which manage to bridge this divide are the

books by Nakahara [15] and Frankel [16]. Additionally, I must credit the lecture course by Dr.

Frederic Schuller entitledThe Geometrical Anatomy of Theoretical Physics[17] as perhaps the

most self-contained introduction to mathematics for physicists that I've ever seen, which spurred

me in this direction some years ago. At the time of writing, it is freely available on YouTube and

from FAU's video archives.

2.1 The Main Ideas

The most fundamental concept in topology is that of aneighborhood. Given a setS and a

point p 2 S, a topologyon S amounts to a de�nition of what constitutes a neighborhood ofp.

The following constraints are imposed on all such de�nitions:

1. If N is a neighborhood ofp, thenp 2 N

2. If N is a neighborhood ofp andN � M , thenM is also a neighborhood ofp

4



Figure 2.1: (a) A set isopenif it constitutes a neighborhood for each point it contains. (b) This
set is not open because it contains points at the edge, and does not constitute a neighborhood for
those points.

3. If N andM are neighborhoods ofp, then their intersectionN \ M is a neighborhood ofp

4. If N is a neighborhood ofp, then there exists some neighborhoodM of p such thatN is a

neighborhood of every point inM .

Given a notion of neighborhood as de�ned above, we de�ne a setU to beopenif it is a

neighborhood of every pointp 2 U which it contains. All topological properties of a space can

be framed in terms of these open sets. Given a setS, the set of all open setsU � S - which we

denote byO - is called thetopologyonS. The pair(S;O) is then called atopological space.

These requirements do not uniquely associate a topology to any given set. In fact, it's

quite the opposite - for a generic set, there are a vast number of topologies which satisfy these

conditions.
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2.1.0.1 A Few Simple Topologies

Let S be any set. The following de�nitions of neighborhoods are consistent with the re-

quirements of a topology.

• The Discrete TopologyEveryset containing a pointp 2 S is a neighborhood ofp.

• The Indiscrete TopologyTheonlyneighborhood of a pointp 2 S is S itself.

• The Particular Point Topology Let q 2 S be an arbitrary point. A setN containingp 2 S

is a neighborhood ofp if and only if N also containsq.

• The Co�nite Topology We call a setN � S co�nite if its complement ofN in S contains

an in�nite number of points. A setN � S is a neighborhood ofp in the co�nite topology

if p 2 N andN is co�nite.

The discrete and indiscrete topologies are not particularly interesting because of how in-

clusive and exclusive they are, respectively. The particular point and co�nite topologies is less

trivial, but are also of limited importance for our purposes. However, it is easy to show that all

four satisfy the requirements of a topology, so it is a good exercise to do so.

It is worth emphasizing that given a setS, whether a subsetU � S is open clearly depends

on the topology we choose forS. For example, if we equipS with the discrete topology de�ned

above, then every possibleU � S is open. On the other hand, if we equipS with the indiscrete

topology, thenno subsetsU � S are open, with the exception of; andS itself. Therefore, when

there is a possibility for ambiguity it is important to specify that a set is openin a particular

topology. Since a topologyO formally consists of the collection of all sets which are to be

considered open, the statement that a setU is open in that topology can also be written asU 2 O .
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2.1.0.2 Terminology

It's worth taking a moment to explicitly mention some important terminology. Let(S;OS)

be a topological space. As mentioned above, a subsetU � S is calledopenif it is an element of

OS. If the complement ofU is open, thenU is calledclosed. Confusingly, observe that openness

and closedness are neither exhaustive nor mutually exclusive; a set could be either open or closed,

both1 open and closed, or neither open nor closed.

Given a setU � S, theinterior of U, denotedU� , is the collection of pointsp 2 U such

that there exists a neighborhoodN of p which lies entirely withinU (note that ifU is open, then

U� = U). Equivalently,U� is the union of all open setsX � U. Theclosureof U, denotedU, is

the intersection of all closed setsX � U; as one might expect,U is a closed set (in some sense,

it is the smallest closed set containingU). Theboundaryof U, denoted@U, is the set of points

in U which are not elements ofU� .

In more intuitive terms, a setU is open if it does not contain any of its boundary points. For

the topologies of general interest to physics, this means that open sets have the property that their

elements remain elements when they are shifted or changed by small amounts. In contrast, the

boundary points are teetering on the edge, such that any arbitrarily small shift may be enough to

move it outside. Put differently, ifU is open then membership inU is a property which is robust

to tiny perturbations.

1Note that for any topological space(S;OS ), bothS and the empty set; are always both open and closed.
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Figure 2.2: Given an arbitrary setU, its interiorU� is the largest open subset ofU, the closure is
the smallest closed superset ofU, and the boundary@Uis the complement ofU� in U. U is open
if and only if it does not contain any boundary points, i.e.U \ @U= ; .
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2.1.1 Constructing Important Topologies

The topologies given above are straightforward to de�ne, and serve as a good warm-up to

test our understanding of important ideas. However, in physics we are interested in more complex

topologies. The most important topology for our purposes is the so-calledstandard topologyORd

onRd. Once we've de�ned this fundamental topology, we can inherit a large number of additional

topologies from it. For example, any subsetM � Rd can be endowed with the subset topology

inherited fromORd .

2.1.1.1 The Standard Topology

To de�ne this topology, we introduce the concept of the open ball of radiusr > 0 centered

at a pointx 2 Rd, denotedB r (x); it is de�ned as

B r (x) :=

(

y 2 Rd

�
�
�
�

dX

i =1

(yi � x i )2 < r 2

)

That is,B r (x) is the set of points within a distancer of x, where the notion of distance is de�ned

in the preceding expression. Having made this de�nition, we say that a setN is a neighborhood

of a pointp 2 Rd if there exists somer > 0 such thatB r (p) � N , and that a setU � Rd is

open (in the standard topology) if it is a neighborhood of every pointp 2 U. See Fig. 2.1 for an

illustration of this topology.

This construction provides a topology onRd, and whenever we speak ofRd in the future

we will assume it to be equipped with this topology unless otherwise speci�ed. However, any set

which can be expressed as a subset ofRd can inherit a so-called subset topology from its parent,
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as we see from the following construction.

2.1.1.2 The Subset Topology

Let (S;OS) be a topological space, and letM � S. We can de�ne a topologyOM on M

called thesubset topologyinherited fromOS as follows. A setU � M is an element ofOM if

there exists someV 2 O S such thatU = V \ M . In words,U is open in the subset topology if

it can be expressed as the intersection of the subsetM with a setV which is open in the parent

topology.

As an example, letS = R2 andOS be the standard topology onR2, and letM = S1 where

S1 :=
�

(a; b) 2 R2

�
�
�
� a2 + b2 = 1

�

is the unit circle (also called the1-sphere). LetU = f (a; b) 2 S1 j a > 0g be the right semicircle

of S1. It's easy to see thatU is notan element ofOS (see the de�nition above), but itis an element

of the subset topologyOM . This can be seen by lettingV = f (a; b) 2 R2 j a > 0g and noting

thatU = V \ S1.

The subset topology allows us to start from the standard topology onRd and construct a

topology for any of its subsets. A very large number of topological spaces2 can be expressed

in this way, making this a very powerful construction. The product topology construction adds

another crucial tool to our toolbox, which provides a topology to the Cartesian product of spaces.

2Then-spheres, then-tori, and spaces ofn � n matrices (interpreted as elements ofRn 2
) are classic examples.
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Figure 2.3: A setU � S1 is open in the subset topology inherited fromR2 if there exists a set
V � R2 which is open in the topology onR2 such thatU = V \ S1.

2.1.1.3 The Product Topology

Let (S;OS) and(T;OT ) be topological spaces, and letS � T be the Cartesian product set

whose elements are the ordered pairs(s; t) wheres 2 S andt 2 T. A subsetU 2 S � T is

open in the product topology if for allp 2 U there exists someA 2 O S andB 2 O T such that

p 2 A � B andA � B � U.

The �nal method for constructing a topology which we will consider here is thequotient

topologyconstruction, which is particularly useful for constructing topologies on spaces which

are obtained by identifying elements of other spaces as equivalent. For example, the circleS1 can

be obtained by starting from an interval[0; 2� ] and then identifying the points0 and2� - hence

”gluing” the ends of the interval together.
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Figure 2.4: A setU � S � T is open in the product topology, if for allp 2 U, there exist open
setsA � S andB � T such thatp 2 A � B � U.
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2.1.1.4 The Quotient Topology

An equivalence relationon a setS, denoted by� , is a relation which satis�es the following

conditions:

• s � s for all s 2 S (re�exivity)

• s � t () t � s for all s; t 2 S (symmetry)

• s � t andt � u implies thats � u for all s; t; u 2 S (transitivity)

If s � t, then we say thats andt areequivalentunder� .

Every equivalence relation onS partitionsS into so-calledequivalence classes. Given an

elements 2 S, the equivalence class[s] is the subset of all elements ofS which are equivalent

to s. It's easy to show that each element ofS corresponds to one and only one equivalence class.

The set of all equivalence classes is denotedS=� and is called thequotient spaceof S under� .

Finally, thequotient mapq : S ! S=� is the maps 7! [s] which takes each element ofS to the

corresponding equivalence class.

Having made these de�nitions, let(S;OS) be a topological space and let� be an equiva-

lence relation onS. A subsetU � S= � is open in thequotient topology3 if its preimage4 under

the quotient mapq is open in the parent topologyOS.

To �esh out the example mentioned previously, letS = [0; 2� ] andOS be the topology

inherited from the standard topology onR. De�ne the equivalence relation� on S such that for

3This construction actually works for an arbitrary functionf : A ! B , and is more generally called the�nal
topologyon B inherited fromf (where ”�nal” refers to the fact thatf takes points inA to some destination in
B ). The quotient topology is then the �nal topology applied to a quotient map which arises due to an equivalence
relation.

4Given a mapf : A ! B , the preimage of a setU � B , denotedpreimf (U) or f � 1(U), is the set of alla 2 A
such thatf (a) 2 U.
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Figure 2.5: The set[0; 2� ] is mapped to the quotient set[0; 2� ]= � by the quotient mapq. A set
U � [0; 2� ]= � is open in the quotient topology if its preimage underq is open in the topology
on the original space[0; 2� ].

all s 2 S; s � s and0 � 2� . Consider the set of points

U =
�

[s] 2 S=�

�
�
�
� s 2 [0; �= 2) [ (3�= 2; 2� ]

�

The setpreimq(U) = [0 ; �= 2) [ (3�= 2; 2� ] is open in the parent topologyOS, and soU is open

in the quotient topology.

We can �nd compatibility with our earlier constructions by noting that if we embedS= �

into R2 with the map[s] 7!
�

cos(s); sin(s)
�
, then we obtain the familiar circleS1, where the

quotient topology onS= � coincides with the subset topology onS1 inherited from the standard

topology onR2.
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2.1.2 Topological Ideas

Armed with the ability to endow a large variety of different spaces with topologies, we can

now explore some of the ideas which a topology allows us to de�ne.

2.1.2.1 Continuity

One of the most important ideas which arises in topology is that ofcontinuity. A function

f between topological spaces is continuous if small changes in the input yield correspondingly

small changes in the output. Formally, let(A; OA ) and(B; OB ) be topological spaces, and let

f be a map fromA ! B . We say thatf is continuous at a pointa 2 A if, for any open set

V 3 f (a), there exists an open setU 3 a such thatf (U) � V . If f is continuous at each point in

its domain, we simply say thatf is a continuous function.

Intuitively, f : A ! B is continuous ata if we may restrict the output to an arbitrarily

small neighborhood off (a) 2 B by restricting the input to an suf�ciently small neighborhood of

a 2 A. If we cannotdo this, then that is an indication that the function makes a ”jump” ata.

In practice, an extremely useful alternative de�nition of continuity goes as follows. Given

topological spaces(A; OA ) and(B; OB ), a functionf : A ! B is continuous if the preimage

f � 1(U) of all open setsU � B are open - that is,U 2 O B =) f � 1(U) 2 O A . It is an excellent

exercise to demonstrate that this de�nition is equivalent to the more intuitive one given above.

2.1.2.2 Convergence

Another crucial idea which emerges from topology is that ofconvergence. A sequence

f : N ! S is formally a map from the natural numbers(0; 1; 2; : : :) to some other setS. By
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Figure 2.6: A functionf : A ! B is said to be continuous ata 2 A if its output can be restricted
to an arbitrarily small open neighborhoodV 3 f (a) by restricting itsinput to a suf�ciently small
open neighborhoodU 3 a.

convention, we often writef (n) � f n .

If (S;OS) is a topological space, then we can talk about a sequence converging to a limitL .

The formal de�nition goes as follows. A sequencef : N ! S converges to a limitL 2 S in the

topologyOS if every open set containingL contains all but �nitely-many points in the sequence.

Alternatively, we sayf converges toL if, given any open setU 3 L, there exist someN 2 N

such thatf n 2 U for all n > N . Proving that these de�nitions are equivalent is a useful exercise.

Intuitively, for f f ng to converge toL we want its elements to get arbitrarily close toL

(where we de�ne arbitrary close as belonging to an arbitrary open neighborhood ofL) and stay

there (which we ensure by demanding that past a certainN , all pointsf n with n > N remain in

that neighborhood).
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Figure 2.7: A sequencef f ng is said to converge to a limitL if every open set containingL
contains all but �nitely-many points in the sequence.
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2.2 Topological Equivalence of Spaces

If (A; OA ) and(B; OB ) are topological spaces, it is worth asking whether there is a sense

in which they are the same space.

For example, we �rst de�ned the circleS1 as the topological space whose underlying set

is the unit circle inR2 and whose topology is inherited by the subset topology construction.

However, when discussing the quotient topology we started with the interval[0; 2� ], identi�ed

the endpoints as equivalent via an equivalence relation� , and then equipped[0; 2� ]= � with the

quotient topology. We then claimed that this was an equivalent construction of the circle.

Obviously the underlying sets of the two constructions are totally different - the former

consists of ordered pairs ofR-numbers, while the latter consists of equivalent classes of elements

of the interval[0; 2� ]. However, from atopologicalperspective, all of their properties are exactly

the same. The reason for this is the existence of the function� : [s] 7!
�

cos(s); sin(s)
�

which was

mentioned during the discussion of the quotient topology. This function is invertible, and both�

and� � 1 are continuous; as a result, the open sets in the domain are in one-to-one correspondence

with the open sets in the codomain. Any property which can be phrased entirely in terms of the

open sets of a topological space must therefore be shared between the two.

Formally, let(A; OA ) and(B; OB ) be topological spaces and let� : A ! B be a map

between them. If� is invertible and� and� � 1 are both continuous, then� is called ahomeomor-

phism(or topological isomorphism). If there exists a homeomorphism between two topological

spaces, then the spaces are calledhomeomorphicand they are equivalent from a topological

standpoint.

The following are several examples of topological properties, their de�nitions in terms of
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Figure 2.8: Given a parent space(M; OM ) and two subsetsA andB, the subspace(S; OS) (where
S = A [ B andOS is the subset topology) is disconnected if and only ifA \ B = 0.

open sets, and an explicit demonstration that they are preserved under homeomorphisms:

2.2.0.1 Connectedness

A topological space(S;OS) is calleddisconnectedif it can be written as the union of

two disjoint, non-empty open subsets. Otherwise, it is calledconnected. This de�nition can be

motivated by the observation that if we start with an arbitrary space(M; OM ), take two non-

empty subsetsU; V � M , and letS = U [ V andOS be the subset topology, then(S;OS) is

disconnected if and only ifU andV are disjoint. That is, if(S;OS) arises as a subspace of a

larger space(M; OM ), thenS is disconnected precisely if it can be written as disjoint pieces of

M . The non-intuitive de�nition is given because it does not require any reference to a ”parent”

space.

Let (A; OA ) and(B; OB ) be topological spaces and letf : A ! B be a homeomorphism.
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If B = U [ V for non-emptyU; V 2 O B , then

A = f � 1(B ) = f � 1(U [ V) = f � 1(U) [ f � 1(V) (2.1)

wheref � 1(U) andf � 1(V) are non-empty (becausef is surjective) and open (becausef is con-

tinuous). As a result, ifB is (dis)connected thenA is (dis)connected, and vice-versa.

2.2.0.2 Separation (T0; T1; T2)

A topological space(S;OS) is called:

• T0 if for any two distinct pointss 6= t 2 S, there exists an open setU which containss

but not t or t but nots. This property means that any two points ins are topologically

distinguishable; otherwise, the topology is too coarse to tell them apart. For an example

of a topological space for which this fails, consider any set equipped with the indiscrete

topology.

• T1 if for any two distinct pointss 6= t 2 S, there exists an open setU containings which

does not containt. Note the subtle distinction between this andT0 - the latter admits the

possibility that there are some pointst such that the only open set containingt is the entire

setS, while the latter does not. For an example of a space which isT0 but notT1, consider

any set equipped with the particular point topology.

• T2 if for any two distinct pointss 6= t 2 S, there exist open setsUs 3 s andUt 3 t such that

Us \ Ut = ; . In such spaces, any two distinct points can be respectively enclosed within

their own open sets which do not intersect. This is crucially important for convergence
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Figure 2.9: (a) InT0 spaces, no two distinct pointss 6= t are in exactly the same open sets, but it's
possible that every open set containings also containst (but not the reverse). (b) InT1 spaces,
we can always �nd open sets containings but nott andt but nots, but it's possible that such sets
necessarily intersect somewhere. (c) InT2 spaces, we can always �nd open sets around any two
distinct points which don't intersect at all..

because it implies and is required by the uniqueness of limits - a convergent sequence has

a unique limit if and only if the space in question isT2. All topologies we will work with

areT2, but for an example of a topology which isT1 but notT2, consider any set equipped

with the co�nite topology.

To prove that these properties are preserved under homeomorphism, let(A; OA ) and(B; OB )

be topological spaces and letf : A ! B be a homeomorphism between them. Assuming thatB

has any of the properties listed above, simply replace sets and points with their preimages under

f to prove thatA has the same properties.
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Figure 2.10: IfM is a bounded subset ofRn , then its closureM equipped with the subset topology
is a compact space.

2.2.0.3 Compactness

An open coverC of a topological space(S;OS) is a collection of open setsf U1; U2; : : :g

whose union is equal toS. A subcoverC0 of a coverC if C0 � C andC0 is also a cover -

intuitively we obtainC0 from C by throwing away some of theU's.

We say that(S;OS) is non-compactif there exists an open coverC = f Ui g which has no

�nite subcover - that is, there is no �nite subset of theseU's which covers the space. Otherwise,

we say that the space iscompact. Some intuition for compactness is obtained by considering

subsets ofRn . A subsetM � Rn is calledboundedif there exists somer > 0 such that

M � B r (0), i.e. M can be contained inside a ball of �nite radius centered at the origin. IfM

is bounded then(M; O) is a compact space, whereM is the closure ofM andO is the induced

subset topology.

Compact spaces have a number of very useful properties. For example, anyR-valued
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continuous functions on a metric space are bounded, and achieve both minimum and maximum

values. More generally, the image of a compact space under a continuous function is also com-

pact. More sophisticated operations such as integration are often better-behaved on compact

spaces, and a number of important theorems such as the Chern-Gauss-Bonnet theorem hold only

for compact spaces.

To see that this property is preserved under homeomorphism, let(A; OA ) and(B; OB ) be

topological spaces andf : A ! B be a homeomorphism. Assume that(A; OA ) is compact.

Then any open coverf Ui g of B can be mapped to an open coverf f � 1(Ui )g of A. Because

A is compact, this implies that this cover admits a �nite subcover, which can be mapped via

f = ( f � 1)� 1 to a �nite open cover ofB .

2.3 Homotopy

Sometimes we are interested not in the equivalence of different spaces, but rather in the

equivalence of maps between spaces. For example, a global map of the magnetic �eld orientation

could be understood as a function fromS2 (whose points represent positions on the surface of the

Earth) toS2 (whose points represent unit vectors which specify the direction of the magnetic �eld

at the Earth's surface). Two different con�gurations can be viewed as topologically equivalent if

it is possible to continuously deform one into the other (in a sense to be de�ned momentarily). If

this is not possible, it suggests that the two con�gurations are distinct in some topological sense,

and that a transition between the two is possible only by introducing a discontinuity in the map.

The concept at play here is calledhomotopy. Let (A; OA ) and (B; OB ) be topological

spaces and letf; g : A ! B be two continuous functions between them. If there exists a
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Figure 2.11:f andg are homotopic if they can be continuously deformed into one another. The
curves in (a) are homotopic (with varying stages of the homotopy shown with dashed lines), but
the curves in (b) are non-homotopic because they may not cross over the puncture in the center
of the disk.

continuous maph : [0; 1] � A ! B such thath(0; a) = f (a) andh(1; a) = g(a), then it is called

a homotopybetweenf andg, andf andg are calledhomotopic. The intuition for this is that the

parameter� 2 [0; 1] in the expressionh(�; a ) parameterizes the deformation off into g; as�

varies from0 to 1, h(�; a ) varies in a continuous way betweenf (a) andg(a).

As a trivial example, consider two functionsf; g : R ! R2 such that

f (t) = ( t; 0) g(t) = ( t; t 2)

We can easily �nd a homotopyh between these maps:

h(�; t ) = ( t; �t 2) (2.2)

Note thath can be written ash(�; t ) = (1 � � )f (t) + �g (t). This raises the question as to why
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we couldn'talwaysdo this - why can't we always �nd a homotopy between any two functions in

a similar way?

The answer is that when we multipliedf andg by (1 � � ) and� and again when we added

the results together, we made implicit use of the canonical vector space structure onR2, where

� (a; b) = ( �a; �b ) and(a; b) + ( a0; b0) � (a + a0; b+ b0). If a spacedoeshave such a vector

space structure, then indeed all continuous functions are homotopic to one another. However,

this assumption fails for almost all spaces. Consider points on the unit circle - what does it mean

to add them together, or to multiply them by scalars?

For a less trivial example, consider functionsf; g : [0; 2� ] ! S1 such that

f (t) =
�

cos(t); sin(t)
�

g(t) =
�

cos(2t); sin(2t)
�

These functions are also homotopic via the homotopy

h(�; t ) =
�

cos([1 + � ]t); sin([1 + � ]t)
�

Though this homotopy is slightly less trivial, it may not yet be clear why it is impossible to con-

struct a similar homotopy for arbitrary functions. Functions from[0; 2� ] ! S1 can be imagined

as continuous arcs on the unit circle (which may double back on themselves), and intuitively any

such arc should be continuously deformable into any other. And indeed, this is also true, a fact

which can be traced back to the triviality of the domain[0; 2� ].

To see an example of when it is not true, consider functionsf; g : S1 ! S1. For ease of

notation, we will identifyS1 with pointsz on the unit circle in the complex plane, soz 2 C and
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jzj = 1. Let

f (z) = 1 g(z) = z2 (2.3)

I claim that it isnot possible to produce a homotopyh : [0; 1] � S1 ! S1 between these two

functions. Intuitively, the image off is a single point while the image ofg wraps aroundS1, and

it is not possible to continuously expandf to g (or shrinkg to f ) without leaving the unit circle or

having an intermediate stage in which the loop is ”cut” - but a continuous function whose domain

is S1 must form a closed loop at all times.

2.3.1 Homotopy Invariants

The intuitive argument is convincing, but it would be nice to have a rigorous proof which

extends to more general functions and spaces. The problem lies in the dif�culty of proving that

it's impossible to construct something. The general way to do this is to de�ne some quantity

which is homotopy-invariant, meaning that if two functions are homotopic then the quantity

must be the same for both of them. Once we have this, it follows that if two functionsdiffer in

the value of this quantity, then they mustnot be homotopic to one another (and so a homotopy

cannot possibly be constructed).

2.3.1.1 The Winding Number

An extremely useful homotopy invariant for maps fromS1 to S1 is given by thewinding

number� , which counts the number of times the output of the function winds around the circle

when the input winds around once. A complex numberu with modulus1 can be assigned an

angle in the complex plane given by� (u) = log( u)=i; along a contour
 , the total change in that
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angle is given by

� � =
Z



d� =

1
i

Z




du
u

(2.4)

Since the angle changes by2� for each winding, we divide by2� to yield the winding number of

the curve
 . If u = f (z) is the image of a pointz 2 S1 under the differentiable mappingf , then

du = f 0(z)dz and it follows that the winding number associated to the functionf is

� [f ] =
1

2�i

I

jzj=1

f 0(z)
f (z)

dz (2.5)

To show that this is homotopy-invariant, consider two functionsf; g and a homotopyh

between them. We may write

� [h; � ] =
1

2�i

I

jzj=1

d
dz h(z; � )
h(z; � )

dz

Becauseh is a continuous function of� , � must also be a continuous function of� . However,

we know that� takes only integer values, while� varies continuously from0 to 1. The crucial

insight5 is that the only way to have a continuous function of� take only discrete values is for it

to be constant - otherwise it will have a discontinuity somewhere. As a result,� [f ] = � [h; 0] =

� [h; 1] = � [g].

Applying this to our previous example 2.3, we see immediately that� [f ] = 0 and� [g] = 1,

and so the two functions are not homotopic.

5Proving this is a nice exercise!
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2.3.1.2 The Wrapping Number

The concept of a winding number can be extended to higher dimensions. Consider a con-

tinuous mapf : S2 ! S2, whereS2 is the 2-sphere de�ned as

S2 :=
�

(a; b; c) 2 R3

�
�
�
� a2 + b2 + c2 = 1

�
(2.6)

By way of analogy with the winding number, we begin by writing a normalized integral

over theareaof S2:

1
4�

I
sin(� )d� d� (2.7)

where � 2 [0; � ] and � 2 [0; 2� ] are the polar and azimuthal angles, respectively. Letting

� = � (�; � ) and� = � (�; � ), we �nd the wrapping numberw of the mapf to be

w[n] =
1

4�

I
sin(� )d� d�

=
1

4�

I
sin

�
� (�; � )

�
�

@�
@�

@�
@�

�
@�
@�

@�
@�

�
d� d�

(2.8)

where@�
@�

@�
@� � @�

@�
@�
@� is the Jacobian of the coordinate transformation(�; � ) 7! (�; � ).

From an intuitive standpoint, one can imagine a regionR � S2 with boundary@Rand

imagef (R). The image of the boundaryf (@R) traces out a loop in the target space of the func-

tion. AsR grows to cover the entire domain, this loop shrinks down to a point and disappears. It

could do this by wrapping around the target space once, or by wrapping partway around the target
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space and doubling back on itself (think of a de�ated balloon being draped over a basketball), or

by wrapping itself around the unit sphere any integer number of times (with negative wrapping

number corresponding to a reversal of orientation, where the image is turned ”inside out”).

2.3.1.3 The Degree of A Continuous Map

The construction we've used so far seems readily generalizable, which turns out to be

true. LetM andN be smooth manifolds, which for the moment we will loosely describe as

topological spaces which can be smoothly and consistently coordinatized6. The dimension of a

smooth manifold is equal to the number of coordinates necessary to specify a point.

If M andN are compact, boundary-less smooth manifolds of the same dimension, then

every continuous functionf : M ! N can be characterized by an integer homotopy invariant

called itsdegree, which can be obtained by �rst writing down the natural volume7 integral over

N (suitably normalized) and then taking its coordinates to be the images of points inM under

the mapf . If the volume of the spaceN is given by

vol(N ) =
I

! (y)dy1 : : : dyd (2.9)

where! is the so-calledvolume form8, then the degree of a functionf : x 7! y is given by

deg[f ] =
1

vol(N )

I

M
!

�
y (x)

�
det

�
@yi

@xj

�
dx1 : : : dxd (2.10)

6A given coordinate system may only be valid on a particular patch of the manifold, but by coordinatizing each
patch and smoothly transitioning between coordinate systems in the overlap region we can cover the entire manifold.

7Here we mean volume in a generalized sense - for a one- or two-dimensional manifold, we mean length and
area, respectively.

8For our parameterization ofS1, the volume form was1; for S2, it wassin(� ).
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For maps fromS1 ! S1 andS2 ! S2, the degree of the map is given by the winding

and wrapping numbers, respectively. More generally, one might consider the degree of a map

betweenn-spheres,n-tori, and other similar spaces.

2.3.2 Homotopy Equivalence of Topological Spaces

The concept underlying homotopy is the continuous deformation of continuous maps into

one another. Using this concept, one can speak of a kind of equivalence between the topological

spaces themselves.

Let (A; OA ) and(B; OB ) be topological spaces, and letf : A ! B andg : B ! A be

continuous maps. Ifg � f is homotopic toidA
9 andf � g is homotopic toidB , then the spaces are

said to behomotopy equivalent.

Homotopy equivalence is a strictly weaker notion than that of topological equivalence (via

a homeomorphism). For homotopy equivalence, we must be able to �nd somef andg such that

thatg � f andf � g are homotopic toidA andidB , respectively; ifA andB are homeomorphic, it

is possible to �ndf andg such thatg � f andf � g are actuallyequalto idA andidB (in which

caseg = f � 1). Therefore, if two topological spaces are homeomorphic then they are necessarily

homotopy equivalent, but the reverse is not true. With that being said, homotopy equivalence is

often easier to work with in practice, and many topological invariants are also homotopy invariant.

2.3.2.1 Contractibility

An important notion for topological spaces is that ofcontractibility. A contractible space

is a topological space which is homotopy-equivalent to a set with a single element, which means

9Given a setS, the functionidS : S ! S is the identity map which maps eachs 2 S to itself.
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that it can be continuously shrunk down into a point. The interval[� 1; 1] � R is contractible, but

[� 1; 0) [ (0; 1] is not. Similarly, the unit diskD = f (a; b) 2 R2 j a2 + b2 < 1g is contractible,

but the punctured diskD ? = f (a; b) 2 R2 j 0 < a 2 + b2 < 1g is not.

More generally, let(S;OS) be a topological space andP = f 0g be a topological space

with one element10. The only map fromS ! P is f : s 7! 0, which is easily seen to be

continuous. Letg : P ! S be a map de�ned byg(0) = s0 for some arbitrarily chosen point

s0 2 S, which is also easily shown to be continuous. The mapg � f is the constant map which

takess 7! s0, while the mapf � g is the identity map which takes0 7! 0. Therefore, by de�nition

(S;OS) is homotopy equivalent toP (and is therefore contractible) if and only if the identity map

idS : s 7! s is homotopic to any constant maps 7! s0. A map which is homotopic to a constant

map is callednull-homotopic.

As a simple example, letS = [ � 1; 1] � R ands0 2 S. The constant mapidS is homotopic

to f : s 7! s0 via the following homotopy:

h(�; s ) = �s 0 + (1 � � )s (2.11)

As a result,[� 1; 1] is contractible.

To see the importance of contractibility, consider two spaces(A; OA ) and(B; OB ) and a

continuous mapf : A ! B between them. If(A; OA ) is contractible, then there exists some

hA : [0; 1] � A ! A such thathA (0; a) = a andhA (1; a) = a0 for some constanta0 2 A.

Therefore, the mapf � hA : [0; 1] � A ! B has the property that
�
f � hA

�
(0; a) = f (a) and

�
f � hA

�
(1; a) = f (a0), meaning thatf is homotopic to a constant map (i.e. it is null-homotopic).

10Up to homeomorphism, there is only one topological space with one element, with the obvious (discrete) topol-
ogy.
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Figure 2.12: (a) A contractible space is homotopy-equivalent to a point. (b) The punctured disk
is not contractible, but it is homotopy-equivalent toS1 (i.e. its boundary). (c) The surface of a
hollow cube is homotopy equivalent toS2 (the surface of a ball).

If this is the case, then all of its homotopy-invariant properties (e.g. its wrapping number or, more

generally, topological degree) must be trivial. Similarly, if(B; OB ) is contractible then there

exists somehB : [0; 1] � B ! B such thathB (0; b) = b andhB (1; b) = b0 for someb0 2 B.

From there,hB � f constitutes a homotopy betweenf and a constant map onb, and once again

we �nd that f must be null-homotopic.

The conclusion, then, is that for a continuous mapf : A ! B to have non-trivial homotopy-

invariant properties, both(A; OA ) and(B; OB ) must be non-contractible. In essence, contractible

spaces are too trivial for maps to or from them to have interesting properties (at least through the

lens of homotopy).

2.3.2.2 Homotopy Groups

If a space isnot contractible, then it is because there is some kind of obstruction which

prevents us from continuously shrinking it down to a point. The examples[� 1; 0) [ (0; 1] � R
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and the punctured disk cannot be shrunk down because they have holes in them. The same is

true of the circleS1, the 2-sphereS2, and more generally then-spheres11. The homotopic non-

triviality of a space can, in essence, be associated to the presence and nature of these holes.

Consider a topological space(A; OA ). We can de�ne aloop in A to be a continuous map

f : S1 ! A. It is convenient to takeS1 to be constructed from interval[0; 2� ] with its endpoints

glued together, in which case we can think of a loop as a continuous mapf : [0; 2� ] ! A with

f (0) = f (2� ). We call the pointf (0) � a 2 A thebase pointof the loop.

Two loopsf andg which share the same base point can be concatenated to form a third

loop f � g, which followsf and then subsequentlyg. Concretely, we de�ne

�
f � g

�
(t) =

8
>>><

>>>:

f (2t) 0 � t < �

g(2(t � � )) � � 0 � 2�

(2.12)

Let L a be the set of all loops with base pointa. We de�ne the equivalence relation�

on L a such thatf � g () f andg are homotopic. Therefore, the equivalence classes[f ]

consist of families of loops which can be continuously deformed into one another. We can de�ne

a kind of composition operation� on L a= � by letting [f ] � [g] := [ f � g]; it can be shown

straightforwardly that this respects the equivalence relation. Equipped with this operation, the

quotient spaceL a= � has the structure of agroupwhich we call� 1(A; a) - the �rst homotopy

group ofA based ata.

The unit diskD � R2 is contractible, and so every loop based at anyd0 2 D is homotopic

to the constant loopf : t 7! d0. This implies that every loop based atd0 is homotopic to every

11Then-sphereSn is given by the setf (x1; x2; : : : ; xn +1 ) 2 Rn +1 j
P n +1

i =1 x2
i = 1g equipped with the topology

inherited fromRn +1 .

33



other, and therefore equivalent to every other under the equivalence relation� . As a result,

� 1(D; d0) is the trivial group with a single element, which we may write as� 1(D; d0) ' f 0g.

Clearly this is true for any contractible space. In general, if� 1 is trivial then we call the space

simply connected12.

On the other hand, the punctured diskD ? � R2 is not contractible. The constant loopt 7!

d0 2 D ? is not homotopic to a loop which encircles the origin, which in turn is not homotopic to a

loop which encircles the origin twice. It turns out that the equivalence classes[f ] 2 � 1(D ?; d0) '

Z, where the association[f ] $ n 2 Z means that every loop in[f ] winds13 around the originn

times.

The general homotopy groups� n (A; a) are constructed analogously to� 1(A; a), with the

only difference being that the continuous maps in question are fromSn ! A. The 0-sphereS0 is

the set of pointsx 2 R such thatx2 = 1 - that is, the setf� 1; 1g. A mapf : f� 1; 1g ! A with

base pointa must havef (1) = a, and so is completely characterized byf (� 1). Two such maps

f; g are homotopic if there exists a homotopyh such thath(0; � 1) = f (� 1) andh(1; � 1) =

g(� 1) - that is, if there exists a continuous pathp : [0; 1] ! A such thatp(0) = f (� 1) and

p(1) = g(� 1). This property is calledpath-connectedness; a generic space can be decomposed

into pieces which are each path-connected, and� 0(A; a) counts the number of such pieces.

One can show that ifA is path-connected, then the homotopy groups� n (A; a) are indepen-

dent ofa, and in such cases the groups are often written as� n (A). However, in general this is not

possible, and the homotopy groups of a generic spacedodepend on the chosen base point.

12Observe that contractibility implies simple-connectedness, but simple-connectedness does not imply con-
tractibility

13We can de�ne a generalized winding number about the origin (i.e. the puncture). Because the winding number
is a homotopy invariant,f � g =) � [f ] = � [g], and in this particular example the reverse is also true. As a result,
the equivalence classes in� 1(D ?; d0) can be precisely identi�ed by their winding numbers.
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Figure 2.13: The punctured diskD ? has a non-trivial fundamental group given by� 1(D ?; d0) ' Z
for arbitraryd0. Curvef belongs to the equivalence class with winding number+1.g1; g2; g3 are
all homotopic and belong to the class with winding number0. h belongs to the class with winding
number� 2, with the minus sign originating from the clockwise orientation.
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2.3.2.3 Interplay between Homotopy Groups and Invariants

As one might be able to suspect by now, the homotopy groups� n of a given space (and

base point) are intimately related to the types of homotopy-invariant quantities which that space

may support. As an example,� 1 (also called thefundamental group) describes the homotopy-

equivalent families of loops which can exist in the space, and therefore constrais the types of

winding numbers which can be de�ned.� 1(D ?) ' � 1(S1) ' Z, which means that these spaces

support integer-valued winding numbers. For the 2-torus14,� 2(T2) ' Z � Z (loops may wind

an integer number of times around the major (exterior) radius and an integer number of times

around the minor (interior) radius, and so it supportstwo integer-valued winding numbers. The

somewhat exotic spaceRP3 - which can mysteriously be associated with 3-dimensional rotations

- has fundamental group� 1(RP3) ' Z=2Z (the group of integers modulo 2), meaning that there

are only two distinct classes of loops on this space. This is intimately related to the fact that there

are only two types of fundamental particle (fermionic and bosonic) in three spatial dimensions.

14The 2-torusT2 is the surface of a doughnut.
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Chapter 3: Physical Applications of Topology I

Much of the content of this chapter can be learned from the excellent overview of the

topologically ordered media by Mermin [18]. His approach is somewhat more sophisticated and

powerful, but it comes at the cost of working with quotient groups from the start. It would be an

excellent idea to study his review if the material in this chapter is deemed interesting.

3.1 Foundational Ideas

An immediate application of topology arises when we seek to classify ordered media -

physical systems occupying some regionR � Rd which can be described by a continuous,

spatially-varying quantity called theorder parameter. The order parameter associates to each

point r 2 R a value which lies in some parameter spaceM . The archetypal example of an order

parameter arises in a magnetic material, in which each spatial pointx is associated to the local

magnetizationm(x) 2 R3; other examples include the translations, rotations, and distortions of

in�nitesimal elements of a crystalline solid, and the orientations of molecules in a liquid crystal.

The topological classi�cation of various con�gurations of the order parameter (which we

will refer to asstates) is built on the idea that not all continuous states can be continuously

deformed into one another; in the language of topology, not all continuous states (which are

ultimately functions fromR ! M ) are homotopic. Given a choice of domainR and parameter
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Figure 3.1: The homotopic equivalence ofn-dimensional loops is preserved under the action of a
continuous state : R ! M , which motivates the de�nition of the maps ?

n : � n (R) ! � n (M )
which map families of equivalentn-loops inR to corresponding families inM .

spaceM , we would like to decompose the space of all continuous states1 into homotopically

equivalent families.

Given a state : R ! M , anyn-dimensional loop
 : Sn ! R in the domain can be

mapped to ann-dimensional loop � 
 : Sn ! M in the parameter space, as in Fig. 3.1.

It's not dif�cult to show that if two loops
; � in R are homotopic, then the loops � 
 and

 � � in M are homotopic. As a result, for each non-negative integern, a state induces a map

 ?
n : � n (R) ! � n (M ) which acts as follows. Given any equivalence classC 2 � n (R), choose

a representative loop
 2 C and map it toM via  . The output of function is the corresponding

equivalence class in� n (M ). Symbolically, let[
 ] be the equivalence class to which the loop


1Note that we may consider only those states which are compatible with some prescribed boundary conditions.
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belongs; then we may write

 ?
n :� n (R) ! � n (M )

[
 ] 7! [ � 
 ]

(3.1)

If two states and � are homotopic, then it is straightforward to show that ?
n and � ?

n

are the same maps for alln. This implies that if ?
n and � ?

n are different (for any n) then  

and� cannot be homotopic. This provides the foundation for our classi�cation scheme. Once

we have speci�edR andM , we may systematically ask what kinds of maps we can have from

� n (R) ! � n (M ) for eachn, and distinguish different states based on the results.

In particular, note that if� n (R) = f 0g or � n (M ) = f 0g, then the only possible map from

� n (R) ! � n (M ) is the zero map. In order to have a meaningful classi�cation scheme for a given

n, it is necessary (and, as it turns out, suf�cient) that� n (R) and� n (M ) be non-trivial. In the

following, we restrict our attention ton � 2, while remarking that there is room for some very

interesting research surrounding the application of higher homotopy groups to the classi�cation

of physical systems.

3.1.1 A Mathematical Example

To make this rather abstract discussion concrete, we will consider a visual (but still purely

mathematical) example before moving on to a more in-depth discussion of physical phenomena.

Let R = D ? be the punctured unit disk andM = C?? be the doubly-punctured complex plane,

de�ned as

C?? :=
�

z 2 C
�
� z 6= � 1
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Figure 3.2: An example of three states 1;  2;  3 : R ! M and their corresponding topological
indices(� + ; � � ). Under our classi�cation scheme, 1 has indices(0; 0),  2 has indices(1; 1),
and 3 has indicies(1; 0).

as shown in Fig. 3.2. Note that� 1(D ?) ' Z and� 1(C??) ' Z � Z, so forn = 1 we have a

nontrivial classi�cation scheme.

Loops inD ? are classi�ed by an integer winding number which describes how many times

they encircle the central puncture (with positiven denoting a counterclockwise loop). Loops in

C?? are classi�ed by a pair of integer winding numbers which describe how many times they

encircle each of the two punctures. Therefore, we may classify a state by choosing a loop


in D ? with winding number1 (e.g. the positively-oriented unit circle) and assigning it a pair of

integers(� + ; � � ) which denote the respective winding numbers around the punctures at+1 and

� 1 in M . It is an instructive exercise to work out that those winding numbers are given by

� � =
1

2�

Z 2�

0
d�

d
d�

Im
�
log

�
 (r; � ) � 1
j (r; � ) � 1j

��
(3.2)

where(r; � ) are the coordinates onD ? andlog is the natural logarithm. To see this classi�cation
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scheme at work, consider the following three states:

 1(r; � ) = 0

 2(r; � ) = (1 + r )ei�

 3(r; � ) = 1 + e� r ei�

(3.3)

It is straightforward to verify that our classi�cation scheme labels 1 with (0; 0),  2 with (1; 1),

and 3 with (1; 0), which matches the picture shown in Fig. 3.2.

3.1.2 An Important Note Regarding Stability

Before studying physical examples, it's important to note that topological classi�cation can

have implications about the dynamical stability of various structures in ordered media, but these

implications are often subtle. Topological stability and dynamical stability are often improperly

con�ated, and so disentangling these notions is crucially important to physical applications.

It is always worth remembering that modeling states of an ordered system as continuous

maps is always, on some level, an approximation. Sometimes the approximation arises from

some form of coarse-graining procedure, in which e.g. spins on a lattice may be approximated as

a continuous function on a line in the suitable thermodynamic limit. Other times, the approxima-

tion arises when we assert that a many-particle system can be described as a spatially coherent

condensate, as in super�uids or superconductivity.

In a generic ordered medium, there is an energy cost associated with spatial variation in the

order parameter, such that the introduction of a discontinuity would require a formally in�nite
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amount of energy. Since transitions between states which are topologically inequivalent requires

such a discontinuity, one might think that such transitions are energetically forbidden, but this

reasoning holds only as long as our underlying assumptions do.

Once the introduction of discontinuities in an order parameter becomes physically allowed

due to the breakdown of those assumptions, any topologically non-trivial state gains a viable

pathway by which it can be annihilated to a trivial state. That pathway generally takes the form

of a continuous deformation to a regime in which the assumption of continuity becomes question-

able, followed by a transition to an energetically favorable trivial state. Therefore, the stability

of a topological state depends on the presence of an energy barrier which prevents this pathway

from being followed. With that in mind, the relationship between topological non-triviality and

dynamical stability is something which must be examined on a case-by-case basis, as we will do

in the following two examples.

3.2 Magnetic Skyrmions

3.2.1 Homotopic Preliminaries

If we model ad-dimensional magnetic medium with an order parameterm : Rd ! R3,

then becauseM = R3 is contractible, there are no topologically distinct con�gurations ofm.

However, if we require that the magnetization be everywhere non-vanishing, then the parameter

space becomesM = R3 � f ~0g, which is homotopic toS2 (see Fig. 3.3). In less technical terms,

if m(x) 6= 0 for all x, then we may consider the alternative order parametern : Rd ! S2 where

n(x) := m(x)=jm(x)j is a unit vector de�ned by a point on the unit sphere.

The �rst two homotopy groups of the 2-sphere are well-known and can be understood
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Figure 3.3: The punctured spaceR3 � ~0 is homotopic to the 2-sphereS2. On this domain,
point defects take the form of monopole con�gurations, and our classi�cation scheme essentially
counts the number of monopoles which are present at the location of the puncture.

intuitively:

• S2 is simply-connected, which means that its fundamental group is� 1(S2) = f 0g, and all

closed loops onS2 can be deformed into one another2.

• The second homotopy group is given by� 2(S2) = Z, suggesting that the wrapping number

may be a viable classi�cation tool.

This suggests that if we restrict our attention to materials with a non-vanishing local mag-

netization, then defects may be characterized by some kind of wrapping number. One example is

point singularities in three dimensional systems; taking the singularity to occur at the coordinate

origin, the regionR on which the magnetizationm is continuous and non-vanishing is given by

R = R3 � f 0g, again homotopic toS2. This suggests surrounding the singularity with a spherical

surface, de�ning a mapN : S2 ! S2 to be the restriction ofn to the aforementioned surface, and

computing the degree ofN . Physically,deg(N ) would be the normalized �ux ofm through the

2This is often intuitively phrased as ”you cannot lasso a basketball.”
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Figure 3.4: The stereographic projection map� provides a continuous, one-to-one correspon-
dence between points onS2 and points inR2 [ f1g , where the so-calledpoint at in�nity is
associated to the north pole of the sphere.

surface, and could be called themonopole number.

3.2.2 2D Magnetic Skyrmions

Alternatively, consider a 2D magnetized �lm which is asymptotically uniform (lim jr j!1 n(r )

is well-de�ned and unique along all directions) alongẑ, and whose magnetization directionn is

a continuously-varying function fromR2 to S2. As shown in Fig. 3.4, we may de�ne the stere-

ographic projection� : S 2 ! R2 [ f1g where the north pole of the sphere is mapped to the

so-called ”point at in�nity”3 From there, the functionN := n � � is a map fromS2 ! S2; note

thatn(1 ) is well-de�ned because of the asymptotically uniform magnetization.

As per our classi�cation scheme, the only non-trivial map between homotopy groups is

� 2(R) ! � 2(M ). A continuous staten : R2 [ f1g ! S2 can then be classi�ed precisely by the

3Because� provides a homeomorphism betweenS2 andR2 [ f1g , the two spaces must share all topological
properties - in particular, compactness. For this reason,R2 [ f1g is called a(one-point) compacti�cationof R2.
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degree ofN � n � � , given explicitly by

deg(N ) :=
1

4�

ZZ

R2
dxdy n � (@xn � @yn) (3.4)

In the present context, we refer to this integer� � deg(N ) as theskyrmion number4 of the

magnetic texture. As long as� is well-de�ned, it cannot be changed by continuous variation in

N . That is, we might parameterize the magnetization with a continuous variable� such that for

each� 2 R, N � corresponds to a different function. IfN � is a continuous function of� , then we

have that

d
d�

� � �
d

d�
deg

�
N �

�
= 0 (3.5)

Physically, this implies that magnetic textures with different skyrmion numbers cannot be de-

formed into one another without introducing a discontinuity in the magnetization direction. As

such,� constitutes a topological invariant, and so textures with� = 0 are referred to as(topo-

logically) trivial while textures with� 6= 0 are referred to as(topologically) non-trivial. The

topologically non-trivial magnetization textures obtained here are calledmagnetic skyrmions.

3.2.3 Skyrmion Stability

As mentioned in Sec. 3.1.2, fact that magnetic skyrmions cannot be created or deleted

without introducing a discontinuity into the magnetization is often referred to astopological

protection, and taken as an indication that these con�gurations are stable against perturbations

and thermal noise. However, it should be noted that stability is really a statement about energetics,

and topology alone is insuf�cient to determine whether a particular con�guration is energetically

4The name is in deference to Tony Skyrme, who developed the relevant ideas in the context of nuclear physics.
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Figure 3.5: An example of a magnetic texture with skyrmion number� = +1 .

stable.

3.2.3.1 Energy of Magnetic Structures

An axisymmetric magnetization texturem can be described using cylindrical coordinates

(r; '; z ) as

m(r; '; z ) = m0

0

B
B
B
B
B
B
@

sin
�
� (r )

�
cos(' +  )

sin
�
� (r )

�
sin(' +  )

cos
�
� (r )

�

1

C
C
C
C
C
C
A

(3.6)

where� (r ) is the polar angle (measured from̂z) of the magnetization direction and is the so-

calleddomain wall anglewhich quanti�es the direction of the in-plane component ofm with

respect tôr . For  = 0 (resp.� ) m points radially outward (resp. inward), and the skyrmion is

calledNéel-type; if  = �= 2 (resp.� �= 2) m winds around counterclockwise (resp. clockwise)

as observed from above and the skyrmion is calledBloch-type. In general, a skyrmion may have

any  , but the energetics of a particular material may dictate that one of these two extremes is
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preferred.

The energy of such a con�guration can be expressed as the sum of several distinct contri-

butions:

• The demagnetization energyEd quanti�es the interaction of the magnetizationm with

the demagnetizing �eldH which it produces, which typically acts to reduce the overall

magnetic moment of the �lm. In the absence of other interactions, it favors the in-plane

magnetization of a ferromagnetic �lm.

• The anisotropy energyEk quanti�es the preference toward out-of-plane magnetization for

2D �lms, and competes directly with the demagnetization energy. Electrons at interfaces

(and in particular, in quasi-2D materials) can experience strong spin-orbit interactions

which tend to align their spins along the out-of-plane direction.

• The exchange energyEA quanti�es the tendency of magnetic moments to align with their

neighbors. If two adjacent sites host electrons with parallel spins, their spatial wavefunc-

tion is necessarily antisymmetric which leads to a reduced Coulomb interaction energy.

When this effect dominates the dipole interaction energy (which favors antiparallel spins

on adjacent sites) the net effect is a preference for aligned spins.

• The DMI energyED quanti�es the tendency of adjacent magnetic moments to be orthog-

onal, and therefore competes directly with the exchange energy (favoring (anti)parallel

alignment) to produce a gradual tilting in the magnetization of the �lm. This effect arises

due to the Dzyalyshinskii-Moriya interaction, which is a higher-order effect of spin-orbit

coupling, and has both an interfacial component and a bulk component.
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• The Zeeman energyEz quanti�es the interaction between the magnetic con�guration and

an externally applied magnetic �eldH ext = Hzẑ.

The relevant variables which determine the magnitudes of these contributions are the satur-

ization magnetization of the �lmM s, the externally-applied �eldHz, the thickness of the �lmd,

the uniaxial magnetic anisotropyK u, the exchange constantA, and the interfacial and bulk DMI

coef�cientsD i andDb. Given a choice of� (r ) and , each of these �ve contributions to the total

energy of the con�guration can be evaluated for a magnetization of the form 3.6.

3.2.3.2 Skyrmion Model

A relatively simple model of skyrmion structure called the360� Domain Wall model was

�rst given in [19] and experimentally validated in [20]. The input parameters to the model are the

characteristic radiusR0, the domain wall width� , the domain wall angle , and the skyrmion

number (or topological charge)� = � 1. By de�ning the dimensionless parameter� 0 � R0=�

and radial coordinate%= r=� , it takes the form

� (%) = 2
�

tan� 1(e%� � 0 ) + tan � 1(e%+ � 0 )
�

�
(� + 1) �

2
(3.7)

which can subsequently be plugged into Eq. 3.6.

Note that whenR0 < 1, the parameterR0 is not a particularly intuitive measure of the

skyrmion size as shown in 3.6. It is more informative to de�ne the radiusR and reduced radius

� � R=� of the skyrmion to be the radius of themz = 0 contour, which (for� = +1 ) are related

to � 0 via
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Figure 3.6: The pro�le of a magnetic skyrmion in the360� domain wall model with� 0 = 0:25.
The color scale denotes the polar angle� , with the asymptotic magnetization pointing down. The
inner circle is the parameter� 0, while the outer circle is the more intuitive� � sinh� 1 �

cosh(� 0)
�
:

� = sinh � 1 �
cosh(� 0)

�
(3.8)

Note that as� 0 ! 0, � approaches a minimum value� min = sinh � 1(1) � 0:8813.

3.2.3.3 Skyrmion Minimum Energy

An important observation can be made by computing the minimum exchange energy of a

con�guration with non-zero Skyrmion number. The exchange energy of an axisymmetric mag-

netic texture de�ned by a unit vectorn is

EA [n] := A
Z

d3r
X �

r ni (r )
� 2

= Ad
Z

R2
dxdy

X

i

�
r ni (x; y)

� 2
(3.9)
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Noting that

 
@ni

@x
�

1
2

�
@n
@y

� n
� i

! 2

� 0 =)
X

i

� @ni

@x

� 2
� n �

�
@n
@x

�
@n
@y

�

Similarly,

 
@ni

@y
+

1
2

�
@n
@x

� n
� i

! 2

� 0 =)
X

i

� @ni

@y

� 2
� n �

�
@n
@x

�
@n
@y

�

As a result, we �nd that5

EA [n] � 2Az
Z

dxdy n �
�

@n
@x

�
@n
@y

�
= 8�Ad j� j (3.10)

This is a direct link between the topology of a magnetic con�guration (captured by the

skyrmion number� ) and its minimum energy. However, this gives us a sense of how much

energy it costs to nucleate a magnetic skyrmion from the uniform ferromagnetic state, and is

not directly related to the skyrmion's stability against collapse. For that, a more subtle study is

needed.

3.2.3.4 Energy Analysis

Unsurprisingly, an analytic expression of the total energy of an arbitrary (or even axisym-

metric) magnetic con�guration is not available. However, a recent quasi-empirical model6 for the

energy of an axisymmetric magnetic structure is both impressively accurate and computationally

5By �ipping the minus signs in the preceding manipulations, one can obtain the analogous result for� < 0,
hence the absolute value in Eq. 3.10

6 [21]

50



Exact Expression Approximate Expression

Ed � 1
2 � 0

R
d3r (M � H s � M 2

s ) d ! 0 =) K u 7! K u � 1
2 � 0M 2

s

Ek K u
R

d3r sin2
�
� (r )

�
� 2�K ud� 2I k I k � 2� � 1

3e� �=
p

3

EA
A

R
d3r jr nj2 = A

R
d3r

�
@r � )2 + 1

r 2 sin2(� )
�

� 2�AdI A

I A � 2� + 2
�

+1:93(� � 0:65)e� 1:48(� � 0:65)

ED

� 2�d �
�
D i cos( ) + Db sin( )

�

�
R1

0 d�
�
�@� � + sin( � ) cos(� )

�

� � 2�d �
�
D i cos( ) � Db sin( )

�
I D

I D � �� + 1
2e� �

Ez
� � 0

R
d3rM � H z

= � 2�� 0M sHzd� 2I z
I z � � 2 + � 2

12 � 0:42 exp(� � 2)

Table 3.1: Exact and approximate expressions for the various contributions to the total energy of
an isolated, axially-symmetric magnetic skyrmion in the 2D limitd ! 0. TheI 's are numerical
functions of the reduced skyrmion radius� � R=� , whereR is the radius of themz = 0 contour
and� is the domain wall thickness.

inexpensive, and uses the input con�guration in Eq. 3.7 and some numerical approximations to

otherwise complex integrals. The exact and numerically approximate expressions for the various

contributions to the energy in the thin-�lm limit are given in Table 3.1.

The general route to collapse for a magnetic skyrmion is for its characteristic radiusR0 !

0. This creates a singularity at the origin, and because topological invariants arenot generally

preserved in the presence of singularities, the con�guration can revert to the uniform state. In the

limit as R0 ! 0, all of the contributions to the total energy go to zero (relative to the uniform

state) with the exception of the exchange energy, which has a contribution from@r � . Therefore,

under the assumption of axisymmetry and the 360� DW model, we can numerically compute the

universal skyrmion energy asR ! 0 to be

E0 � 27:3Ad
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which is quite close to our earlier estimateE0 � 8�Ad . The energy barrier which stabilizes the

skyrmion is therefore

� E = E0 � E tot (R; �)

The equilibrium values ofR0 and� are determined by the various contributions to the total

energy. Without making thed ! 0 approximation to the stray �eld made in Table 3.1, the total

energy can be written

E
2�d

= � 2
�
K uI k � � 0M 2

s I s � � 0HzM sI z
�

� �
�
[D i cos( ) � Db sin( )] I D � 2� 0M 2

s Rd cos2( )I V
�

+ AI A

(3.11)

whereI s andI V correspond to the surface and volume stray �elds. The approximate expressions

for these integrals are numerically complex, but can be found in the supplementary material

of [21], Section S2.7.

Observing that this expression is a quadratic function of� , it is clear that in order to have

a stable equilibrium point, the �rst term must be positive, i.e.

K uI k � � 0M 2
s I s � � 0HzM sI z > 0

The value of� at equilibrium is then given by

� eq =
[D i cos( ) � Db sin( )]I D � 2� 0M 2

s Rd cos2( )I V

2(K uI k � � 0M 2
s I s � � 0HzM sI z)

> 0

=) [D i cos( ) � Db sin( )]I D � 2� 0M 2
s Rd cos2( )I V

52



which must lie in the range0 < � < R= sinh� 1(1) in order to have a physically meaningful

solution. Plugging this in to our energy expression to eliminate� yields

E
2�d

= AI A �
([D i cos( ) � Db sin( )]I D � 2� 0M 2

s Rd cos2( )I V )2

4(K uI k � � 0M 2
s I s � � 0HzM sI z)

and an annilihation energy barrier

� E
2�d

= � (I A � 4:34)A +
([D i cos( ) � Db sin( )]I D � 2� 0M 2

s Rd cos2( )I V )2

4(K uI k � � 0M 2
s I s � � 0HzM sI z)

(3.12)

We therefore arrive at the following qualitative conclusions based on this model:

• The perpendicular anisotropy termK uI k must be strong enough to overcome the surface

stray �eld and the externally appliedHz.

• A non-zero Dzyaloshinskii-Moriya interaction is essential - otherwise the energy could

always be reduced by shrinking the domain wall thickness� .

• The exchange energyA serves to reduce the annihilation barrier for large� , and therefore

favors compact skyrmions (� ! � min ) over bubble skyrmions(� � 1).
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3.3 Abrikosov Vortices in Type-II Superconductors

3.3.1 Homotopic Preliminaries

Quantum theory is a rich source of topological phenomena, due in part to the ubiquity of

the unitary groupsU(n), whose elements are then � n matricesu which satisfy

uyu = uuy = 1n� n (3.13)

whereuy is the conjugate transpose ofu. The simplest example is the groupU(1), whose ele-

ments are simply the complex numbers with unit magnitude. This set traces out a unit circle in the

complex plane, and so as one might expect we have thatU(1) andS1 are homeomorphic. In par-

ticular, this implies that they are homotopically equivalent, which means that� d
�
U(1)

�
= � d(S1).

The homotopy groups ofS1 are given by

� 1(S1) = Z � d(S1) = f 0g; d 6= 1 (3.14)

Therefore, if we are interested in aU(1)-valued order parameter, we should be looking for wind-

ing numbers and families of inequivalent closed loops. If the domainR of our order parameter

is R3 (or any other contractible space), then all con�gurations of the order parameter are ho-

motopic to all others. If we allow the order parameter to be singular at isolated pointsr i , then

R = R3 � [ i f r i g which is no longer contractible. However, this spaceis simply-connected7,

implying that the only map from� 1(R) ! � 1(M ) is the trivial map0 7! 0 and again have no

7Recall that a spaceX is simply-connected if� 1(X ) = f 0g
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Figure 3.7: AU(1)-valued order parameter exhibits non-trivial states only if� 1(R) 6= f 0g. This
applies to point defects in 2D (a) and line defects in 3D (b), but not point defects in 3D (c).

viable classi�cation scheme.

As shown in Fig. 3.7, we are therefore led to the conclusion that if we are considering a

U(1)-valued order parameter on some regionR � R3, we must haveline defects - for example8,

we might subtract the entirêz-axis fromR3 to let the domain of the order parameter be given by

R =
�

(a; b; c) 2 R3

�
�
�
� a2 + b2 > 0

�

Having done this, the possible con�gurations of the order parameter which are continuous

on R decompose into families which are characterized by the winding numbers of the order

parameter around the singular axis, which we will refer to as thevorticity; for a U(1)-valued

order parameter̂' in cylindrical coordinates(r; �; z ), the vorticity� is given by

� [' ] =
1

2�i

Z
d�

d
d�

[log ( ^' (1; �; 0)))] (3.15)

8An alternative and interesting possibility is that the line defects themselves form closed loops - see e.g. vortex
rings.
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3.3.2 A Note on Magnetic Free Energy

Before moving on to the Ginzburg-Landau theory, it is worthwhile to take a moment to

discuss free energies in magnetic materials. In a material with polarization densityP and mag-

netization densityM , the Maxwell-Heaviside9 equations are given by

r � D = � f r � E = �
@
@t

B

r � B = 0 r � H = J f +
@
@t

D

whereD = � 0E + P, H = B=� 0 � M , and� f ; J f are the free charge and current densities,

respectively. The rate at which external power is delivered to a volumeV by is given by10

Z

V
d3r E � J f = �

I

@V
d2r n̂ �

�
E � H

�
+

Z

V
d3r

�
D �

@
@t

E + H �
@
@t

B
�

(3.16)

This invites us to interpretD � dE + H � dB as the change in electromagnetic energy density

within the volume. In particular, for a system with �xed volume immersed in a magnetic �eld,

the �rst law of thermodynamics (for reversible, quasistatic processes) takes the form

dU = TdS � �w mag = TdS +
Z

V
d3r H � dB (3.17)

9Oliver Heaviside is often robbed of credit for a great many contributions to physics - in this case, inventing
modern vector calculus notation and condensing Maxwell's twenty equations of electromagnetism down to four.

10This is Poynting's theorem.
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3.3.2.1 The Helmholtz Free Energy

If S and B are held �xed by the experimenter, the allowed processes which can occur

within the system are those for which no heat�q = TdS is transferred to or from the system and

for which theB = � 0(H + M ) is maintained at a constant value. Under these circumstances, the

system will come to equilibrium in the state which minimizesU.

On the other hand, if the system is kept in thermal contact with a heat reservoir at tempera-

tureT, the entropy of the system is not held �xed because heat can be transferred back and forth

between the system and reservoir. Therefore, the internal energy of the system is not minimized

at equilibrium. However, because the system and reservoir are at the same temperature, we have

that

dS + d SR =
�q
T

�
�q
T

= 0 =) d(S + SR) = 0

Since the total entropy of system and reservoir is �xed, the total internal energy of the system

and reservoir is minimized, and becaused
�
U + UR

�
= d U � TdS = d

�
U � TS

�
= 0 (where

we have used thatT is constant), we see that the so-calledHelmholtz free energy

F = U � TS (3.18)

is minimized at equilibrium. Observe the remarkable fact that because of the thermal equilibrium

between the system and reservoir, we were able to reformulate an equilibrium condition for the

combined ”universe” (thatU + UR is minimized) as an equilibrium condition about the system

alone (thatF = U � TS is minimized), which holds as long asdUR = � TdS.
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3.3.2.2 The Gibbs Free Energy

Along precisely analogous lines, we often do not have direct experimental control ofB . If

we have a sample within a solenoidal �eld coil, for example, what we really have control of isH

- the thing which is related to the current in the coil. If there are processes or phase transitions

which can changeM , holdingB �xed implies dynamically modulating the current in the coil to

compensate.

If instead we holdH �xed, then B is permitted to change. We have now introduced the

possibility that the system may perform magnetic work�w mag = �
R

V d3r H � dB during a

process. The change in energy of the environment becomes

dUR = � TdS �
Z

V
d3rH � dB

where the latter term can be understood11 by noting that a change inB induces a back-EMF in

the solenoidal coil. As a result,

d(U + UR) = d U � TdS �
Z

V
d3r H � dB = d

�
U � TS �

Z

V
d3rH � B

�
= 0

and so it is theGibbs free energy

G = U � TS �
Z

V
d3r H � B (3.19)

which is minimized at equilibrium under the constraint of �xedT andH .

11Working out the energetics of this is a straightforward but very illuminating exercise.
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3.3.3 Ginzburg-Landau Theory of Superconductivity

In the Ginzburg-Landau theory of superconductivity, a superconductor is characterized by a

C-valued order parameter , whose squared magnitudej j2 gives the density of superconducting

Cooper pairs. The Helmholtz free energy functional is taken by ansatz to be

F [ ] � FN :=
Z �

� j j2 +
�
2

j j4 +
1

2m�

�
�(� i~r � e� A ) 

�
�2

+
jB j2

2� 0

�
d3r (3.20)

whereFN is the free energy in the normal state with no electromagnetic �elds,� and � are

empirical parameters to be determined,e� andm� are the effective charge and mass of the Cooper

pairs,A is the electromagnetic vector potential, andB = r � A is the magnetic �eld. The

supercurrentJ is given by

J �
e�

m�
Ref  � (� i~r � e� A ) g (3.21)

It is extremely useful to non-dimensionalize this expression. In the absence of gradients or

electromagnetic �elds, and assuming that� > 0, the minimum of the free energy functional is

found to be

j j2 =

8
>>><

>>>:

0 � � 0

j � j
� �  2

0 � < 0

(3.22)

This suggests de�ning the normalized order parameter' �  = 0. The coherence length - the

scale which characterizes �uctuations in the order parameter - is found to be� �
p

~2=4mj� j in

the superconducting state12. This scale can be absorbed into the gradient by de�ning normalized

12Observe the possibly unexpected factor4 in the denominator, where we might expect a2. To see this arise
explicitly, setA = 0 , take real, compute the Euler-Lagrange equations, and let =  0 + �; � �  0 to obtain

~2

4m j � j r
2� = �
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coordinates13 r � � r � . De�ning the dimensionless vector potentiala = A �e � =~, we �nally

obtain

F [' ] � FN

� 2
0� 3

=
Z  

�j ' j2 +
1
2

j' j4 + 2 j(r � ia)' j2 + 4
�

�
�

� 2

(r � a)2

!

d3r � (3.23)

j �
e�  2

0~
m�

J = Im f ' � (r � ia)' g (3.24)

The quantity� �
p

m� �=� 0e� 2j� j is the London penetration depth, which characterizes how

far magnetic �elds can penetrate into the superconductor before being screened out by the super-

current which �ows across the surface. The parameter� � �=� is called the Ginzburg-Landau

parameter, which quanti�es the energy cost of a non-zero magnetic �eld relative to the energy

cost of density variations. To get a physical interpretation of� , consider a magnetic �eld parallel

to the surface of a superconductor. The magnitude of the order parameter rises to its bulk value

over a characteristic distance� , while the magnetic �eld decays over a characteristic distance� .

In the � � 1 limit, the magnetic �eld is screened out well beforej' j = j' 0j, whereas in the

� � 1 limit the magnetic �eld persists for some distance into the bulk.

3.3.4 Abrikosov Vortices

Turning to topology, as long as the order parameter' is non-vanishing, we may consider

the alternativeU(1)-valued order parameter̂' � '= j' j. Referring to Sec. 3.3.1, we are led

immediately to consider line defects characterized by non-zero vorticity. Such a state is called

anAbrikosov14 vortex. To study them in greater depth, we adopt cylindrical coordinates(r; �; z )

13We will suppress the asterisk on the normalized coordinates in what follows.
14Named for Alexei Abrikosov.
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(appropriately normalized to the correlation length) and assume vanishingz-dependence. Writing

the order parameter as' = �e i# with � 2 R, we also assume that� depends onr alone. Finally,

in order for' to be continuous we must have that# = m� for somem 2 Z - it's easy to see that

the vorticity is given by� [' ] = m. We also assume thata = a� �̂ , and thata� is a function ofr

alone. Under these conditions, the free energy functional takes the form

F [� ] � FN

� 2
0� 3

=
Z �

� � 2 +
1
2

� 4 + 2 _� 2 + 2
�

a� �
m
r

� 2
� 2 + 4� 2

�
_a� +

a�

r

� 2
�

d3r � (3.25)

The Euler-Lagrange equations for� anda� are

•� +
1
r

_� = �
1
2

(� � � 3) +
�

a� �
m
r

� 2
�

•a� +
1
r

_a� =
a�

r 2
+

1
2� 2

�
a� �

m
r

�
� 2

(3.26)

Far from the vortex core, we expecta� ! m=r, yielding zero magnetic �eld and an asymp-

totic magnetic �ux
R

rdrd� b � ẑ = 2�ra � = 2�m . For numerical reasons, it is useful to re-frame

Eq. 3.26 in terms of a normalized �ux variable� � a� r=m, which yields

•� +
1
r

_� = �
1
2

(� � � 3) +
m2

r 2
(1 � �) 2�

•� �
1
r

_� = �
� 2

2� 2
(1 � �)

(3.27)
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Solving these equations in ther � 1 limit yields the core solutions

� < (r ) � r m

� < (r ) �
b0r 2

2m

(3.28)

whereb0 is the value of the magnetic �eld at the core. In the opposite limitr � 1 we �nd

approximate solutions

� > (r ) � 1 � K 0(r )

� > (r ) � 1 �
e� r=

p
2k2

q
r=

p
2k2

(3.29)

whereK 0 is the modi�ed Bessel function. After some numerical experimentation, a fairly good

approximation (shown in Fig. 3.8) for allr is provided by

� (r ) = tanh( r )m

�( r ) = 1 �

 
tanh

�
3r=4

p
2k2

�

3r=4
p

2k2

! 3 (3.30)

Recall thatr is normalized to� , while � � �=� . It makes good physical sense that the

characteristic length scale over which the Cooper pair density� varies is given by the correlation

length, while the �ux and magnetic �eld vary over a length scale given by the London penetration

depth.
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Figure 3.8: Abrikosov vortices and their associated magnetic �elds for (a)� = 0:2 and (b)
� = 10. The density� is re�ected in the surface shape, while the color re�ects the magnitude of
the magnetic �eld. Note that in the� � 1 limit, the �ux is restricted to the very center of the
core, whereas for� � 1 the �ux extends deep into the bulk.

3.3.4.1 The Energy of an Abrikosov Vortex

Plugging the Euler-Lagrange equation for� back into the free energy functional and inte-

grating by parts yields

F [�; a � ] � FN

� 2
0� 3

= 2�`
Z R

0

�
�

1
2

� 4 +
4m2� 2

r 2
_� 2

�
r dr

whereR and` are the extent of the sample in ther̂ andẑ-directions15. Plugging in the approxi-

mations given in Eq. 3.30 yields the result

F [�; a � ] � FN

� 2
0� 3

= �
�R 2`

2
+ � (m; � )` � (m; � ) = � � (m) + � � (m; � ) (3.31)

15Normalized to� , of course.
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where the respective energy terms take the approximate forms

� � (m) = 0 :537m0:359 + 0:178 log(m) � � (m; � ) = 1 :448m2� 0:568
�
� log(� )

�
� (3.32)

Once again, we �nd a direct link between the energy� F of the con�guration and the

vorticity m of the topological line defect. Ifm = 0, � is free to relax to the uniform value1.

However, ifm 6= 0 then this is impossible -� mustvanish at the singular axis.

Note that we assumed that the phase singularity arises because the order parameter vanishes

at the singular axis, but this need not necessarily be so. We could consider' = eim� with no

density perturbation at all. However, in this case we �nd thata� = m=r =) b = 2�m� (r )ẑ,

which gives an in�nite contribution/ � (0) to the magnetic energy density. More generally, a

supercurrentj = ( m
r � a� )� 2�̂ is generated if� 6= 1 =) a� 6= m=r which diverges (therefore

requiring an in�nite amount of energy) unless� ! 0 at the singular axis.
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Chapter 4: Elementary Band Theory

4.1 Preliminary Remarks

We now turn our attention to the electronic states of a crystalline solid consisting ofNel

electrons with massm and charge� e as well asN ion ions with massM and chargesZe. The

correspondingNel + N ion -particle Hamiltonian is [22], [23]

H =

 
NelX

i =1

�
~2

2m
r 2

i

!

+

 
N ionX

i =1

�
~2

2M i
r 2

i

!

�
NelX

i =1

N ionX

j =1

Ze2

4�� 0jx i � R j j
+

X

i 6= j

e2

4�� 0jx i � x j j
+

X

i 6= j

Z 2e2

4�� 0jR i � R j j

(4.1)

whose respective terms correspond to the electron kinetic energy, ion kinetic energy, electron-ion

interaction, electron-electron interaction, and ion-ion interaction.

At a glance the problem seems insurmountable, given someN � 1024 electrons and an

equal number of ions interacting among themselves and with each other. In order to make the

problem even remotely tractable, some fairly drastic approximations need to be made.

• First, the ions are vastly heavier than the electrons, which means that their dynamics oc-

cur over much longer time scales. We can begin by treating them as stationary and then

add their dynamics as an adiabatic perturbation. This is the so-calledBorn-Oppenheimer

approximationand eliminates the second and �fth terms from 4.1.
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• Next, we assume that the electron-electron interactions1 can be approximated with a mean-

�eld potential which is independent of the positions of the other electrons. This allows us

to combine the third and fourth terms of 4.1 into a single term of the form
P Nel

i =1 V(x i ),

at which point the Hamiltonian factors into a direct sum of single-particle Hamiltonians of

the form

H0 = �
~2

2m
r 2 + V(x) (4.2)

• Finally, we assume that we may treatV as a periodic function with the same periodicity as

the crystal lattice. This ignores any disorder (crystalline defects, etc) and the fact that real

crystals have edges - an issue we will return to at the end of the chapter.

These approximations can later be weakened or removed to varying degrees, but they pro-

vide us with a reasonable starting point. We will begin by trying to understand the states of a

single-electron system subject to a periodic potential.

4.2 Bloch Theorem in the Continuum

4.2.1 Formulation of the Theorem

Consider the Hilbert spaceL2(Rd), whered 2 f 1; 2; 3g, with a Schr̈odinger-type Hamilto-

nianH = � ~2

2m r 2+ V(x). Furthermore, let there bed linearly-independent vectorsf a1; : : : ; adg,

called primitive lattice vectors, such thatV(x + ai ) = V(x). For anyd-tuple of integers

(n1; : : : ; nd), the linear combination
P d

i =1 ni ai is called alattice vectorbecause it points from

1Note that we arenot assuming that the electrons are non-interacting, but rather that those interactions can be
treated by a mean-�eld approximation. The potential which appears in the single-electron Hamiltonian therefore
encodes this mean-�eld interaction as well as the interaction with the ionic lattice.
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Figure 4.1: The Wigner-Seitz unit cell of a 2D triangular lattice, consisting of all of the points
nearer to the origin than to any other lattice site.

one lattice site to another; let the space of all lattice vectors2 spanZ(a1; : : : ; ad) be denotedL .

We can think ofRd as being tesselated by identical copies of a primitive unit cellCwhich

have been translated to each lattice point. A good choice is the theWigner-Seitzde�nition,

wherein the unit cell consists of all of the points which are closer to the origin than to any other

lattice point; an example is shown in Fig. 4.1 for a 2D triangular lattice.

We de�ne the discrete translation operatorsTi via
�
Ti  

�
(x) =  (x � ai ), and note that

(i ) eachTi is unitary, and(ii ) the periodicity of the potential means thatTi HT y
i = H ()

[H; T i ] = 0. We therefore seek generalized eigenvectors ofH which are simultaneous eigen-

vectors of eachTi . To do this, it is convenient to de�ne theprimitive reciprocal lattice vec-

tors bk such thataj � bk = 2�� jk , and the reciprocal lattice asL � 1 = spanZ

�
f b1; : : : ; bdg

�
.

Note that if  is an eigenvector ofTj with eigenvaluee2�iq j ; qi 2 [� 1
2 ; 1

2 ], then the function

2Z is the set of all integers, sospanZ(a1; : : : ; ad) means the set of linear combinations of theai 's with integer
coef�cients.
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u(x) = e� iq j b j �x  (x) satis�esu(x + ai ) = u(x). More generally, if we de�nek �
P d

i =1 qi b i ,

thenuk (x) � e� i k �x  k (x) = uk (x + ai ) and (x) = ei k �x uk (x) is an eigenvector of eachTj

with respective eigenvaluese2�iq j . From this we conclude that if is a simultaneous eigenvector

of eachTj , then it can be expressed in the form

 (x) = ei k �x uk (x) k =
X

i

qi b i

These 's are the Bloch waves, and the cell-periodic functionsuk are calledBloch functions.

The set of allk 's is called the(�rst) Brillouin zone, which we will denote byBZ . Note that the

Brillouin zone is the Wigner-Seitz cell of the reciprocal latticeL � 1.

Having identi�ed the form of simultaneous eigenvectors of thed translation operators, we

turn to the Hamiltonian. Plugging Eq. 4.2.1 into the Schrödinger equation, we �nd

�
H 

�
(x) = ei k �x

�
(� i~r + ~k)2

2m
+ V(x)

�
u(x) = Eei k �x u(x)

Observe that for eachk 2 BZ , the Bloch functionsuk can be understood as periodic eigenfunc-

tions of the so-calledBloch Hamiltonian

Hk = e� i k �x Hei k �x =
(� i~r + ~k)2

2m
+ V(x) (4.3)

with periodic boundary conditions. EachHk is a self-adjoint operator with a discrete eigen-

value spectrum. We are therefore guaranteed that any square-integrable functionf on C can be
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expressed as a linear combination

f =
X

n

cnunk (4.4)

whereunk is thenth eigenstate ofHk .

Putting everything together, Bloch's theorem tells us that the eigenfunctions of a periodic

Hamiltonian can be written in the form

 nk (x) = ei k �x unk (x); H nk = Enk  nk (4.5)

whereunk is the periodicnth eigenfunction ofHk with eigenvalueEnk . As an important note

for later, there is some subtlety when we get to the edges ofBZ ; nä�vely taking the Brillouin

zone to be the setBZ =
nP d

i =1 qi b i

o
with qi 2 [� 1=2; 1=2] means that we will be counting

all of the states on the edge ofBZ twice, because for any reciprocal lattice vectorG 2 L � 1

and eigenvectoruk of Hk , we have thatuk is also an eigenvector ofHk + G . At the moment, we

may simply chooseqi 2 [� 1=2; 1=2); in Chapter 5, we will take this a step further and identify

opposite edges of the Brillouin zone with one another to giveBZ the topology of ad-torus.

4.2.2 Example Models

4.2.2.1 The Free Electron Model

The simplest example is the 1D free electron model withV(x) = 0 ; this is trivially peri-

odic3. Choosing the primitive lattice vectora = ax̂, we obtainb = 2�
a x̂ andBZ = [ � �

a ; �
a ).

3Obviously ifV (x) = 0 , thenV(x + a) = V (x) for anya we choose. Picking a value fora out of thin air allows
us to apply the machinery of Bloch's theorem, and it's a simple exercise to show that the set of all Bloch waves and
their corresponding energies is independent of our choice.
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Figure 4.2: The free electron dispersion relation for then = 0 andn = � 1 bands. The degenerate
points where the bands intersect are denoted by red dots.

From there,

(� i~r + ~k)2

2m
uk = Ekuk () uk / eiGx ; Ek =

~2(G + k)2

2m

Imposing periodicity yieldsG = 2�n=a for somen 2 Z, and so we �nd that

unk (x) =
1

p
a

ei( 2�n
a )x Enk =

~2
�

2�n
a + k

� 2

2m

The free electron dispersion relation is shown in Fig. 4.2. Note that the bands intersect

at k = 0 and k = � � ; the corresponding two-fold degeneracies are generically lifted when

interactions with a non-trivial periodic potential are taken into account, and the energy spectrum

separates into bands.
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4.2.2.2 The Kronig-Penney Model

One of the few non-trivial continuum systems with an exact analytic solution is the Kronig-

Penney (or KP) model. The simplest 1D version is sometimes referred to as aDirac combbecause

it features the Hamiltonian

H = �
~2

2m
d2

dx2
+ a�

X

n2 Z

� (x � na) (4.6)

The� -functions enforce a jump condition on the derivative of the Bloch waves. The result is the

following eigenvalue equation for the periodic Bloch functions:

�
d

dx
+ ik

� 2

uk = � q2uk (4.7a)

uk(0) = uk(a) (4.7b)

u0
k(0) = u0

k(a) + �u k(0) (4.7c)

whereq2 � 2mE
~2 and� � 2m�a

~2 The general solution to Eq. 4.7 takes the form

uk(x) = e� ikx
�
A sin(qx) + B cos(qx)

�

Enforcing the boundary conditions onuk gives

uk(x) = Ae� ikx
�

sin(qx) + f (k; q) cos(qx)
�
; f (k; q) =

e� ika sin(qa)
1 � e� ika cos(qa)

(4.8)
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while the jump condition yields

cos(ka) = cos(qa) + �
sin(qa)

qa
(4.9)

Eq. 4.9 provides the Kronig-Penney dispersion relation (in the Dirac comb limit). Clearly this

condition can be satis�ed if and only if the right-hand side lies in the range[� 1; 1]; for a generic

nonzero value of� , the energy spectrum is partitioned up into allowed bands separated by for-

bidden gaps, as shown in Fig. 4.3.

4.3 Bloch Theorem on a Lattice

If the electrons in the crystal are tightly bound to their parent ions, then there is an alter-

native approach which is often computationally simpler than a continuum model. Let the full

potential be decomposed as

V(x) = V0(x) +
X

R 6= 02L

V0(x � R) � V0(x) + U(x) (4.10)

and imagine plucking a single unit cell out of the lattice. If we denote the (orthonormal) eigen-

functions of the single-cell HamiltonianHcell = � ~2

2m r 2 + V0(x) by � n , we loosely describe

a system as tightly bound if, for alln and for allR 2 L , the functions� n (x � R) serve as a

reasonable approximation to an orthonormal basis of the full HamiltonianH . Operationally, this

means that we can study the system by starting from the bound states of a single unit cell and

then adding in the in�uence of the rest of the crystal as a perturbation.

In general, this is an approximation for three reasons:
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(a) (b)

(c) (d)

Figure 4.3: Illustrations of the allowed energies in the Kronig-Penney model for several values
of the barrier strength. The allowed energiesE � q2~2=2m are those for whichcos(ka) =
cos(qa) + � sin(qa)=qa2 [� 1; 1]. When� = 3 (Figs. a andb), the� -barriers are fairly weak
and the forbidden gaps are small. When� = 10 (Figs.c andd), the� -barriers are strong and the
gaps are correspondingly large compared to the width of the bands.
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1. � n (x) and� m (x� R) are not orthogonal, so the overlap integrals4 � nm (R) � h � n ; TR � m i 6=

0 for R 6= 0.

2. At a given lattice site, the presence of the off-site potentialU generally couples eigenfunc-

tions ofHcell to those with different energies so� nm � h � n ; U� m i 6= 0.

3. The presenceU also couples eigenfunctions ofHcell to those localized to adjacent cells, so


 nm (R) � h � n ; UTR � m i 6= 0.

If the single-cell potentialV0 is strong and well-localized, then the overlap integrals� nm (R) �

0 for R 6= 0. If U is suf�ciently weak, then transitions between single-cell states with different

energies are strongly suppressed and� nm (R) � � n � nm � R ;0 can be absorbed into the energiesEn .

If both conditions are met, then the full Hamiltonian is well-approximated by the tight-binding

Hamiltonian

HT B =
X

nR

(En + � n )jn; R ihn; R j +
1
2

X

nm RR 0


 nm (R � R 0)jn; R ihm; R 0j (4.11)

wherejn; R i � TR j� n i .

4.3.1 Formulation of the Theorem

Consider now the Hilbert space`2(Zd) whose elements are the square-summable sequences

indexed byd-tuples of integers. Eachn � (n1; : : : ; nd) de�nes a particular lattice siteR n =

P d
j =1 nj aj , wheref a1; : : : ; aj g are once again the primitive lattice vectors. A useful basis for

this space is given byjni = f � jn gj 2 Zd i.e. the sequence whosen th term is1 and whose remaining

4Recall thatTR is the discrete translation operator, so
�
TR �

�
(x) = � (x � R )
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terms are0; note thatn � (n1; : : : ; nd) and j � (j 1; : : : ; j d). We interpretjni as a vector

describing a state which is localized to then th lattice site. We'd also like to add a spaceH int

of internal excitations - these could be spin states, atomic energy levels, etc. Therefore, our full

Hilbert space should bè2(Zd) 
 H int which is spanned by the basisjn; � i � j ni 
 j � i where

fj � ig is a basis forH int .

In this basis, the most generic Hamiltonian is given by Eq. 4.11. Translational invariance

of the Hamiltonian implies thathnn 0�� 0 depends only onn � n0; as a result, it is convenient to

rewrite this as

H =
X

nj �� 0

hj �� 0jn; � ih(n + j )� 0j =
X

nj �� 0

hj �� 0jnihn + j j 
 j � ih� 0j (4.12)

We now perform a semi-discrete Fourier transform by de�ning

jki =
1

(2� )d=2

X

n2 Zd

e� i k �R n jni j ni =
1

(2� )d=2

Z

BZ
ddk ei k �R n jk i (4.13)

where, as before,k is an element of the Brillouin zoneBZ . Plugging this in to the previous

expression forH yields

H =
Z

BZ
ddk jkihkj 


2

4~hk �� 0j� ih� 0j
| {z }

� H k

3

5 ~hk �� 0 �
X

j 2 Zd

hj �� 0ei k �R j (4.14)

The eigenvectors for this Hamiltonian can be expressed asjki 
 j unk i � j k; unk i , where

junk i is thenth eigenvector ofHk - in precise analogy to the result in the continuum case.
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4.3.2 Example Models

4.3.2.1 Free Nearest-Neighbor Hopping on a Lattice

Consider a 1D lattice with lattice spacinga and Hamiltonian

H = � t
X

n2 Z

�
jnihn + 1j + h:c:

�
=

X

n;j 2 Z

�
� t� j; 1 + � t� j; � 1

�

| {z }
� h j

jnihn + j j (4.15)

The Brillouin zone is the circle[� �=a; �=a ] where we identify the endpoints as equivalent. The

Bloch Hamiltonian becomes

Hk =
X

j 2 Z

hj eijka = �
�
eika + e� ika

�
= � 2t cos(ka) (4.16)

and the energy eigenstates are simply the plane wavesjki � 1p
2�

P
n e� ikna jni . Note thatj�=a i

andj � �=a i are equal to each other, providing some additional motivation for our impending

identi�cation of BZ with a circle rather than a half-open interval.

4.3.2.2 Hopping on a Bipartite Chain

A less trivial lattice example is obtained by allowing each lattice site to have two accessible

statesA andB with energies� � and+ � respectively. On-site hopping betweenA andB occurs

with amplitudev, and intercell hopping betweenjn; B i andjn + 1; Ai occurs with amplitudew.

The Hamiltonian for this system is

76



H =
X

n2 Z

�
�

jn; B ihn; B j � j n; Aihn; Aj
�

+ v
�

jn; Aihn; B j + jn; B ihn; Aj
�

+ w
�

jn; B ihn + 1; Aj + jn + 1; Aihn; B j
�

(4.17)

where we take�; v; w 2 R. In terms of Eq. 4.12, we have that

h0AA = � h0BB = � �

h0AB = h0BA = v

h1BA = h� 1AB = w

(4.18)

and

~hkAA = � ~hkBB = � �

~hkAB = v + weika = ~hkBA

(4.19)

and so the Bloch Hamiltonian is given by

Hk =

0

B
B
@

� � v + weika

v + we� ika �

1

C
C
A (4.20)
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(a) (b)

Figure 4.4: The dispersion relation for the bipartite chain with on-site energy� � and intracell and
intercell hopping amplitudesv andw. Allowed energy ranges are highlighted in green. In (a),
(�; v; w) = (0 :5; 1; 1) and the system is gapped. In (b),(�; v; w) = (0 ; 1; 1) and the gap closes,
making the system a semimetal.

The eigenvalues of this Hamiltonian are given byEk = �
p

� 2 + v2 + w2 + 2vw cos(ka), and so

the two energy intervals are given by

I � =
�

�
p

� 2 + ( v + w)2; �
p

� 2 + ( v � w)2

�

I + =
� p

� 2 + ( v � w)2;
p

� 2 + ( v + w)2

� (4.21)

with band gap2
p

� 2 + ( v � w)2 The band structure of this system is plotted for in Fig.4:4. Note

that if � = 0 andv = w, the bands will touch5 at the edges of the Brillouin zone and the band

gap closes; we will return to this possibility in Chapter 5 when we meet the Su-Schrieffer-Heeger

model of polyacetylene.

5When the gap closes at discrete points, the system is classi�ed as asemimetal.
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4.4 Finite Systems and the Thermodynamic Limit

Up to this point, we have formulated Bloch's theorem for in�nite systems - that is, on the

unbounded Hilbert spacesL2(Rd) and`2(Zd), respectively. This is ostensibly necessary because

it is obviously impossible for a system restricted to a compact region ofR3 (or Z3) to exhibit

translation invariance. However, it introduces a number of inconvenient technical issues, such as

the non-normalizability of the Bloch waves and the formally in�nite number of electrons needed

to �ll a given band.

An alternative approach is to consider a crystalline system on atorus - which we may

understand as ad-dimensional box with side lengthL whose opposite faces are identi�ed with

one another. This is ultimately unphysical - real space is not (apparently) periodic after all - but

in the limit asL ! 1 then we can postulate on physical grounds that it will be a good physical

model for the bulk of a crystal, far away from any edge effects.

The formulation of Bloch's theorem on a periodic domain mirrors the approaches taken

above. The primary difference is that before, we de�ned the Brillouin zone to be the set of points

BZ =

(
dX

i =1

qi b i

�
�
�
�qi 2 [� 1=2; 1=2)

)

(4.22)

whereb i are the reciprocal lattice vectors. When the system is toroidal with side lengthsL i �

N i jai j, thenqi takes on discrete values
�

� 1
2 + n

N i

�
for n = 1; : : : ; Ni . As a result, the Brillouin

zone becomes discrete (regardless of whether the real space is treated as a continuum or a discrete

lattice) and the integrals overBZ must be replaced by discrete sums via
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Z

�
ddk  !

(2� )d

V

X

k

; V �
dY

i =1

L i (4.23)

The Bloch waves take the same form as before, as do the equations satis�ed by the Bloch

functionsunk (or junk i in the discrete formulation). In particular, the energy eigenvalues can be

obtained by plugging the discrete quasimomentak i into the continuous-band dispersion relation

Enk derived in the unbounded space formulation. In this sense, taking the thermodynamic limit

L i ! 1 simply means adding points to the discrete Brillouin zone until it becomes a contin-

uum. This also implies that the discrete density of states - which formally consists of a sum of

delta functions - converges (in some sense) to the continuous density of states we obtain in the

unbounded formulation, and so the use of the latter introduces an error which vanishes in the

thermodynamic limit.

4.4.0.1 Hopping on a Circle

To see a concrete example, consider hopping on the �nite chain withN sites, where we

enforce periodic6 boundary conditions. The Hamiltonian becomes

H = � t
N � 1X

n=1

�
jnihn + 1j + h:c:

�
� t

�
j1ihN j + jN ih1j

�
(4.24)

We now perform a discrete Fourier transform

jki =
1

p
N

NX

n=1

e� ikna jni  ! j ni =
1

p
N

X

k2 BZ

eikna jki (4.25)

6These boundary conditions are usually calledBorn-von Karmanboundary conditions
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where now

BZ =
�

�
a

�
� 1 +

2j
N

� �
�
�
� j = 0; : : : ; N � 1

�
(4.26)

Substituting this transformation into the Hamiltonian yields the same result as the free hopping

example from the previous section - namely thatHk = � 2t cos(ka) - but now thek's are re-

stricted to a discrete set.

4.4.0.2 The Density of States

Now that everything is �nite, we may consider the number of states in a given energy

interval. Because the number of points in the Brillouin zone is the same as the number of lattice

sites, we may expect that the number of states in a given interval should scale with the system

sizeL � Na. Therefore, it is reasonable to de�ne the density of statesg(E) as the number of

statesper unit volumewith energy betweenE andE +d E, with the expectation that this quantity

should be �nite when we take the limitL ! 1 .

The discrete density of states is formally given by

g(E) =
1
L

X

k2 BZ

�
�
E + 2t cos(ka)

�
(4.27)

Because the density of states is particularly useful when computing weighted averages of physical

quantities, we might consider what happens when we integrateg against some well-behaved

functionf . The result is

Z
f (E)g(E)dE =

1
L

X

k2 BZ

f
�
2t cos(ka)

�
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Noting that the spacing betweenk's is � k � 2�=L , we may approximate the sum as an

integral:

1
L

X

k2 BZ

f
�

� 2t cos(ka)
�

=
1

2�

X

k2 BZ

f
�

� 2t cos(ka)
�
� k N !1�!

1
2�

Z

k2 BZ
f

�
� 2t cos(ka)

�
dk

Finally, lettingdk =
�
� dk

dE

�
� dE = d E=[2ta

p
1 � E 2=4t2] this becomes

Z
f (E)g(E)dE L !1���!

Z
f (E)

2t
q

1 �
�

E
2t

� 2
dE (4.28)

=) g(E) L !1���!
1

2ta
q

1 �
�

E
2t

� 2
=

�
�
�
�
dk
dE

�
�
�
� (4.29)

As anticipated, the density of states remains �nite in theL ! 1 limit, and is found by dif-

ferentiating and inverting the dispersion relation. Though the DOS formally depends onL, this

dependence vanishes asL becomes macroscopically large.

4.5 The Emergence of Forbidden Bands

Consider again Eq. 4.3. TheHk 's constitute acontinuous familyof self-adjoint operators

labeled by the pseudomomentumk 2 BZ . The compactness ofC and the periodic boundary

conditions ensure that for eachk, the eigenvalue spectrum ofHk is discrete; at the same time, the

fact thatHk 's constitute a continuous family ensures that the eigenvaluesEk are continuous and

periodic functions ofk. Therefore, as we sweepk across the Brillouin zone, thenth eigenvalue

Enk traces out a compact (i.e. closed and bounded) intervalI n � R called an(allowed) energy
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band.

There is noa priori constraint on how these bands align with one another. Distinct bands

may overlap, meet at discrete points, or be entirely disjoint. However, the emergence of forbidden

band gapsat the boundaries of the Brillouin zone is a generic feature of a system with a periodic

potential, as seen in the previous examples - a fact which can be explained in a number of different

ways.

4.5.0.1 Nearly-free Electrons

Consider the case of electrons whose interaction with the lattice is suf�ciently weak that

the potentialVc(x) can be thought of as a small perturbation to the free electron Hamiltonian

H = � ~2

2m r 2. If k lies on the edge of the Brillouin zone, then there exists some reciprocal lattice

vectorG such thatjkj = jk + Gj, and thereforeE (0)
k = E (0)

k + G whereE (0) is the unperturbed

energy. As a result, we can express the eigenfunctions at this energy as standing waves of the

form

 = ei k 0 �x

�
A cos

�
G � x

2

�
+ B sin

�
G � x

2

��
; k0 � k +

1
2

G (4.30)

The periodicity of the potential means that we can write it as

Vc(x) =
X

G 0

� G 0 cos(G0 � x) + � G 0 sin(G0 � x) (4.31)

where the sum is over the reciprocal lattice vectors. Computing the expected value of the potential

in our states yields
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Figure 4.5: The origin of the band gap in nearly free electron models at the edge of the Brillouin
zone. States at the edge ofBZ can be written as (co)sinusoidal waves whose corresponding
probability densities are maximized (red) or minimized (blue) on the lattice sites.

hVci  =
�

A2 � B 2

2

�
� G + AB� G (4.32)

whereV is the volume of the unit cell. If we assume that the potential is centrosymmetric for

simplicity, then� G = 0 and we �nd that the (co)sinusoidal states are respectively pushed up and

down in energy by an amountj� G j. In essence, the (co)sinusoidal states achieve their maximum

and minimum probability densities at the center of the ionic potential, leading to a splitting of the

degeneracy and the opening of a forbidden energy gap as shown in 4.5

A closely related picture is to note that at the edges of the Brillouin zone, scattering off of

the lattice plane de�nedG � x = 0 for reciprocal lattice vectorG satis�es the von Laue condition

2k � G = jGj2 for destructive interference; as a result, such waves cannot propagate through the

crystal. This corresponds to the opening of a gap (though as we shall see in the next section, such

statescanbe exponentially localized to the surfaces of a �nite crystal).
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4.5.0.2 Tightly Bound Electrons

Alternatively, we might consider the case of electrons which are so tightly bound to their

parent ions that they may be considered nearly isolated. In this case, the Hamiltonian would

be well-approximated by a tight-binding Hamiltonian of the formH =
P

n2 Z jnihnj 
 Hatom ,

wheren labels the lattice site andHatom is the atomic Hamiltonian with eigenstatesj� j i and

eigenvalues� j . The eigenvalues of this Hamiltonian are simply the discrete atomic energies� j ,

and the eigenvectors take the form

 =
X

n

cn jn; � j i ; H = � j  (4.33)

with thecn 's arbitrary. As a result, the energy levels of the isolated Hamiltonian are massively

degenerate. If we turn on interactions with neighboring ions via a hopping term

V = � t
X

n2 Z

�
jnihn + 1j 
 1 + jn + 1ihnj 
 1

�
(4.34)

then this degeneracy is broken. Computing the expected value of the potential in the state given

by Eq. 4.33 yields

hVi  = � t
X

n2 Z

�
cncn+1 + cn+1 cn

�
= � 2t

X

n2 Z

Re
�
cncn+1

�
(4.35)

Writing cn = rnei� n , the expected value becomes

hVi  = � 2t
X

n2 Z

rn rn+1 cos
�
� n ); � n � � n+1 � � n (4.36)
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Figure 4.6: A cartoon illustrating the breaking of the isolated atom energy degeneracy by in-
clusion of nearest-neighbor interactions. The dashed lines correspond to the unperturbed wave-
functions centered at lattice sitesn andn + 1. The symmetric linear combination (red) is larger
than the antisymmetric combination (green) in between the lattice sites, and therefore feels the
potential due to the neighboring sites more strongly.

which is negative if neighboring lattice site amplitudescn and cn+1 tend to be in-phase, and

positive if they tend to be out-of-phase. The maximum energy decrease occurs when� n = 2� Z,

and the maximum increase occurs� n+1 = � n +(2 n � 1)� Z. Expressing this in terms of our Bloch

waves, the former case corresponds to the center of the Brillouin zonek = 2�=a � 0, while the

latter corresponds to the edge of the Brillouin zonek = � �=a .

Physically, some intuition for this is obtained by identifyingjn; � j i as an atomic orbital

wavefunction� j centered at thenth lattice site. Turning on the perturbation amounts to allowing

the energy of a state localized on siten to be in�uenced by the neighboring lattice sitesn � 1. If

� n = 2� Z then there is constructive interference in between sites, and the electrons spend more

time in the region where the perturbation (i.e. the potential from the neighboring ions) is larger.

On the other hand, if� n = (2 n � 1)� Z then the opposite is true. This is illustrated schematically

in Fig. 4.6.
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4.6 The Wannier Representation

The Bloch states provide a very important tool for understanding the electronic states of

a crystalline solid. However, the fact that they are extended throughout the entire crystal makes

them both non-intuitive and somewhat unsuitable for certain applications. For example, it is not

immediately clear how they respond to the presence of localized disorder, nor is it clear how best

to visualize the distribution of charge within the unit cell.

The Wannier statesWn;R are an exceedingly useful alternative representation [24]. They

are de�ned as

Wn;R (x) =
1

p



Z
e� i k �R  nk (x) =

1
p




Z
ei k �(x � R )unk (x) (4.37)

whereR is a lattice vector, and
 is the volume of the Brillouin zone7. Given the orthonormaliza-

tion of the Bloch waves, it is a straightforward exercise to demonstrate that the Wannier functions

are also orthonormal:

hWnR ; WmR 0i = � nm � R ;R 0 (4.38)

Additionally, though the Wannier states are not eigenstates of the Hamiltonian, they do constitute

a complete basis for each band. Any �lled bandn can equally well be described as an electron

occupying the extended Bloch wave nk for eachk 2 BZ or as an electron occupying the

localized Wannier orbitalWnR for each lattice vectorR.

The Wannier states provide a real-space (as opposed tok-space) representation of the elec-

tronic states, and in that sense are much more physically intuitive than the Bloch states.WnR is

7If V is the volume of thed-dimensional lattice's unit cell, then
 = (2 � )d=V.
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Figure 4.7: A representation of the magnitude of the conduction band Wannier functionW1;0 for
the bipartite lattice (see Sec. 4.3.2.2), where the intercell hopping amplitudew is half the value
of the intracell hopping amplitudev. Whereas the Bloch wavesunk have uniform probability
density on theA andB sublattices, the Wannier representation clearly shows a strong intra-cell
bond.

localized to the unit cell atR, and provides a concrete sense of the spatial distribution ofn-band

electrons, as illustrated in Fig. 4.7. They are frequently used to justify the tight-binding approx-

imation8 that led to the lattice formulation of Sec. 4.3, which in turn is usually the preferred

context in which to discuss the effects of defects and disorder on the electronic states.

4.6.0.1 Maximally Localized Wannier States

With that being said, there is a substantial ambiguity hiding in our de�nition of the Wannier

functions which is tied to our choice of phase for our Bloch functionsunk . Performing ak-

dependent change of phase

unk 7! ei� (k )unk

8We did this in a hand-wavy way by simply asserting the existence of a basisjni of states localized to the lattice
siten; we now recognize this as a Wannier basis.
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can have a substantial effect on the shape and nature of the corresponding Wannier functions. If

there areN occupied bands under consideration, then this ambiguity takes the form ofN � N

unitary matricesUk , since the system is invariant under the transformation

unk 7!
X

m

�
Uk

�
nm

umk

As a result, the Wannier functions are highly non-unique. However, it is often desirable to choose

the phase function� (k) such that the Wannier functions are as localized as possible. It has

been known for many years9 that exponentially localized Wannier states can always be found in

1D [26]. Thesemaximally localized Wannier statesare the eigenfunctions of the band-projected

position operator

X = PX P; P =
MX

n=1

Z
dk j nk ih nk j (4.39)

which measures the position of the electrons averaged over theM occupied bands. Using the

maximally-localized Wannier functions, we have

XjWnR i = ( R + � n )jWnR i (4.40)

where� n is anR-independent constant called theWannier charge center. Physically, then-band

electrons have an average position which is not generically in the center of the unit cell, and the

displacement from the center is given by� n .

9It was not until the 21st century that it was shown that exponential localization is always possible in 2D and 3D
as long as time-reversal symmetry is obeyed - c.f. [25].
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4.6.0.2 Hybrid Wannier States

In higher dimensions, it is generically not possible to �nd Wannier functions which are ex-

ponentially localized in each direction, a fact which can be traced back to the non-commutivity of

the projected position operatorsX; Y; andZ. However, we can de�ne thehybrid Wannier func-

tions to be exponentially localized along one direction while possessing a plane wave character

in the orthogonal directions. With the appropriate choice of gauge, these states take the form

WnR k k
=

1
p

2�

Z
dk? eik ? R j nk i (4.41)

where k? de�nes the direction along which the states are exponentially localized andk �

(k? ; kk). These states are the eigenvectors of the corresponding projected position operators

X? = P? X ? P? ; P? =
MX

n=1

Z
dk? j nk ih nk j (4.42)

with eigenvaluesR? + � n? .
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Chapter 5: Physical Applications of Topology II: Topological Band Theory

Having reviewed the fundamentals of the band theory of crystalline solids, we now return

to topology. In 1980, Klaus von Klitzing discovered the quantum Hall effect, in which the Hall

conductance becomes quantized to spectacular precision in suf�ciently strong magnetic �elds.

von Klitzing was awarded the Nobel prize �ve years later, and the experimental and theoretical

developments since that time have revolutionized condensed matter physics.

There are many ways in which the tools of topology can be leveraged to study quantum

matter. In Chapter 3, we saw how defects in classical ordered media can be predicted, studied,

and classi�ed through the lens of homotopy; in this chapter, we take a different focus. We �rst in-

troduce the concept of a vector bundle as a way to reinterpret the space of electronic states. From

there, we will study the topology of the ground states of gapped systems by de�ning a sense in

which states can be transported through the bundle, at which point we can topologically distin-

guish between distinct phases if they cannot be continuously deformed into one another (possibly

subject to certain constraints). We conclude this rather abstract mathematical chapter by making

contact to the physical interpretations of these phases and to the bulk-boundary correspondence -

one of the most beautiful and startling phenomena in physics.
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5.1 The Bloch Bundle

5.1.1 The Nontrivial Topology of the Brillouin Zone

Recall from 4 that the eigenstates of a periodic HamiltonianH = � 1
2r 2 + V can be written

in the form

 nk (x) = ei k �x unk (x) (5.1)

whereunk is periodic on the lattice's unit cell andk 2 BZ is taken from the Wigner-Seitz cell of

the reciprocal lattice, more commonly called the�rst Brillouin zone. Additionally, for any points

k; k0 2 BZ , we were to identifyk � k0 () k0 � k = G for some reciprocal lattice vectorG,

which implies that the edges ofBZ are to be identi�ed with one another.

This point is subtle, and is worth taking some time to consider carefully. When we derived

the Bloch theorem we found that the lattice translation operatorsTi were unitary and commuted

pairwise with one another, implying that we could �nd a basis of simultaneous eigenvectors of

them all. For any such eigenvector ,

�
Tj  

�
(x) =  (x � aj ) = � j  (x) =)  (x � naj ) = � n

j  (x) (5.2)

where� 2 U(1) is a phase factor1. In d spatial dimensions, the set of all such phase factors

1Previously, we wrote� j = ei� j , but we will see shortly why this form may be more illuminating in the present
context.
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is

U(1) � : : : : : : � U(1)
| {z }

d times

' (S1)d ' Td (5.3)

whereTd is thed-torus.

A point (� 1; : : : ; � d) 2 Td speci�es an eigenspace of the set of lattice translation operators.

Because the Hamiltonian commutes with all of them, we may specialize to a particular setf � j g

and attempt to diagonalize the Hamiltonian there.

Recalling the de�nition of the primitive reciprocal lattice vectorsb j , we observe that the

function

u(x) �

 
Y

j

� � b j �x =2�
j

!

 (x) b j � ak = 2�� jk (5.4)

is lattice-periodic, because

u(x � aj ) =

 
Y

k

� � b k �(x � aj )=2�
k

!

 (x � aj ) = � � 1
j � j u(x) = u(x)

It follows that we may write

 (x) =

 
Y

j

� � b j �x =2�
j

!

u(x) (5.5)

for some phase factors� j and some lattice-periodic functionu.

As it turns out, this seemingly simple step has a substantial hole in it. The problem arises

when we attempt to de�ne the functions� � b j �x =2�
j . By de�nition,

� � b j �x =2�
j = exp

�
�

b j � x
2�

log(� j )
�

(5.6)
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and herein lies the problem - the complex logarithm is not single-valued. It is obvious that

� j = � j e2�i , but plugging that into Eq. 5.6 leads to the obvious contradictione� b j �x = 1.

In order for Eq. 5.6 to be well-de�ned, we must choose a branch cut in the complex plane.

By (arbitrary) convention, we choose the branch cut to be along the negative real axis, and so

� j = ei� j ; � j 2 [� �; � ). Having made that choice, we are justi�ed in writing

 (x) = ei k �x u(x) k �
X

j

� j b j

2�
(5.7)

where we identify the set of all suchk's as the familiarBZ . Plugging this into the Hamiltonian

leads to the familiar Bloch Hamiltonian

Hk = e� i k �x Hei k �x =
1
2

(� i r + k)2 + V (5.8)

To summarize, each simultaneous eigenspace2 of theTj 's can be labeled by a set of phase

factorsf � j g. The set of such phase factors ind dimensions isU(1)d ' Td. Given a point in this

parameter spaceand a choice of branch cut, we may express an element in the corresponding

eigenspace of the translation operators as a Bloch wave. The reason two pointsk; k0which differ

by a reciprocal lattice vector are identi�ed as equivalent is because we are using them to specify

a particular eigenspace of theTj 's, and if k � k0 = G for some reciprocal lattice vectorG then

the eigenspaces they correspond to are the same.

2Because theTj 's are not a complete set of commuting observables, their eigenspaces are degenerate. That is,
the eigenvalues� j do not correspond to a single eigenvector (up to scalar multiples) but rather to entireeigenspaces.
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Figure 5.1: A cartoon schematic of the Bloch bundle. The Brillouin zoneBZ is called thebase
space, and the copies ofL2(C) which are attached to each point ofBZ are called the�bers. This
type of structure is called a �ber bundle; becauseL2(C) is a vector space, the Bloch bundle is a
special type of �ber bundle called avector bundle.

5.1.2 The Bundle Picture

In this way, the Bloch theorem provides a decomposition of the Hilbert space. An energy

eigenvector can be identi�ed by a pointk 2 BZ and a vectorunk which is an eigenvector of

the Bloch HamiltonianHk . One way to think about this is to imagine that a copy of the Hilbert

space3 L2(C) is attached to each pointk 2 BZ - see Fig. 5.1 for an intuitive cartoon. Note that

in ann-band lattice model,L2(C) can be replaced byCn .

This construction is called a�ber bundle- more speci�cally, avectorbundle [15], because

L2(C) is a vector space4.

It's important to emphasize that the copies ofL2(C) attached to each point ofBZ are fully

distinct - in precisely the same way that the tangent plane to the north pole ofS2 is distinct

3Recall thatL 2(C) is the Hilbert space of square integrable functions on the unit cell .
4Even more speci�cally, aHilbert bundle, becauseL 2(C) is a Hilbert space.
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from the tangent plane attached to a point on the equator5. To the copy ofL2(C) attached to

a pointk 2 BZ , we assign the HamiltonianHk - so every �ber is a different copy ofL2(C)

equipped with a different Hamiltonian operator, which possesses different eigenvectorsunk and

eigenvaluesEnk .

5.1.3 States in the Bloch Bundle

A single-particle state in the full Hilbert space can be identi�ed with a square-integrable

function fromRd ! C. Expanding a generic state' in terms of Bloch waves,

' (x) =
1

(2� )d=2

Z
ddk

X

n

f n (k)ei k �x unk (x)

k' k2 =
Z

ddk
X

n

jf n (k)j2
(5.9)

In the Bloch decomposition, we can interpret this as a mapk 7!
P

n f n (k)unk . This

appears to be a vector-valued function ofk, but we must be careful. Different points inBZ are

mapped todifferent spaces! This object is not a map fromk 2 BZ to L2(C) - it is a map from

k 2 BZ to thecopyof L2(C) which is attached to that point. Such an object is called asection

of a �ber bundle, and is diagrammed in Fig. 5.2.

5.1.4 The Valence Bundle

When studying thermodynamically large systems of fermions at temperatures well below

the Fermi temperature, to very good approximation we can assume that it is essentially occupying

its ground state, in which all states below the Fermi level are occupied and all states above the

5This analogy is quite precise - the set of all tangent spaces to a manifold is thetangent bundle, another example
of a vector bundle.
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Figure 5.2: A genuine functionf : BZ ! L2(C) (left) vs. a section� of the Bloch bundle (right).
f sends all points inBZ to the same vector space, while� does not. This has critical implications
for differentiation, which fundamentally relies on expressions likef (k + dk) � f (k) which don't
make any sense iff (k + dk) andf (k) live in different vector spaces.

Fermi level are vacant. If the system isgapped- by which we mean there is a nonzero lower

bound� to the energy required to excite it from the ground state - then we can unambiguously

de�ne the projector

Pk =
X

n occupied

junk ihunk j (5.10)

onto the space of occupied states at eachk. This object contains all of the physical information

about the system's ground state - notice that it is in particular theT ! 0 limit of the density

matrix6

� k = e� (H � �N )=T=Z Z = Tr
�
e� (H � �N )=T

�
(5.11)

which describes thermodynamic7 systems of fermions.

6Actually, ourPk is normalized such thatT r [� k ] is the number of particles with pseudomomentumk, and so
physical quantities scale with system size.

7I absorb the Boltzmann constant into the temperature in Eq. 5.11.
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At eachk 2 BZ , theN occupied states span a subspaceValk � L2(C). If we attach this

subspaceto each point inBZ , we obtain thevalence bundle. Formally, the valence bundle is

called asubbundleof the Bloch bundle.

5.1.4.1 A Note on Gapped Systems

In the present context, the reason we specialize to gapped systems is that for systems with-

out a gap, the projectorsPk cannot be unambiguously. If there is somek 2 BZ where the gap

vanishes,Pk becomes discontinuous there - which can be seen by the simple observation that the

trace of the projector is the number of occupied states, and the trace is a continuous function. If

the number of occupied states changes, that indicates a discontinuity ofPk .

Topological classi�cation of non-gapped systems is still possible [27], but such classi�ca-

tion schemes generally take a different approach than the one presented here. In the case of Weyl

and Dirac semimetals, the points at which the gap closes are typically excised from the Brillouin

zone, in much the same way as we excised points from the spatial domains of the ordered media

in Chapter 3. However, for the time being we will restrict our attention to systems with nonzero

gaps.

Finally, it is frequently useful from a calculational perspective to assume that the gap is

centered atE = 0 for all k 2 BZ . For example, this allows us to identify points at which the

gap closes with points at which the energy eigenvalues go to zero. This is not a generic feature -

c.f. 5.3 - but we can always subtract the mid-gap energy at eachk 2 BZ in a continuous way so

that the topological properties of the ground state remain unchanged. For convenience, we will

universally assume this has been done.
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Figure 5.3: A generic band structure before (a) and after (b) subtracting the center of the gap at
each point in the Brillouin zone. This can always be done to a gapped system without changing
its topology, so we will always assume that the gap is centered at0.

5.1.5 Transport of States

To explore the structure of a particular ground state, consider the following question. Say

you start with some vector� which lives in the space of occupied states at a particulark i 2 BZ ,

and would like to transport it to a second pointk f . How do we do this? In fact it is not so simple.

Consider the one-dimensional two-band Hamiltonian

Hk =

0

B
B
@

0 �e� ik

�eik 0

1

C
C
A E � k = � � u � ;k =

1
p

2

0

B
B
@

� 1

eik

1

C
C
A (5.12)

At k = 0, consider the stateu� ;0 = 1p
2

0

B
B
@

� 1

1

1

C
C
A . If we naively move this to a differentk point,

it will not remain in the lower energy subspace. It must be somehow modi�ed as we move it

through the Brillouin zone. You could say that we should just follow the eigenstate prescribed

as a function ofk in 5.12, but this was an arbitrary choice - multiplyingu� ;k by ei� (k) for any
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Figure 5.4: The transport procedure de�ned by the projectorsPk . As the initial vector is moved
in in�nitesimal steps along the curve, it generically leaves the subspace of occupied states, but
the relevant projection operator acts to project it back. In the limit asj� k i j ! 0, this process
preserves the normalization of the initial vector, and the operatorW[
 ] will be seen to be unitary.

2� -periodic function� (k) would result in a perfectly good alternative. Therefore, we see that

transport through the valence band is not unambiguous, even in the simplest case.

Luckily, there is a prescription we can follow which arises naturally from the fact that the

valence bundle is a subbundle of the Bloch bundle. All we need to do is transport the� in the

naive way along an in�nitesimal stepdk, and then usePk +d k to project the result back into the

space of occupied states atk + d k. Repeating this procedure along a curve
 connectingk i and

k f allows us to de�ne a transport operatorW[
 ] which guides our state through the space of

occupied states along the curve
 . This process is diagrammed in Fig. 5.4

Before diving into the calculation of this object, note that the result will generically be

dependent on which curve we use to connectk i andk f . WhetherW[
 ] is (or is not) independent

of path will depend on the system - and will in fact be one of the crucial topological properties of
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a particular ground state.

5.1.6 Wilson Lines

Consider �rst a discretized path consisting ofN pointsf k1; : : : ; kN g such thatk1 = k i ,

kN = k f , andkn+1 = kn + � kn . The result of the transport process is then given by

W[
 ]j� i =
NY

n=1

Pk n j� i

=
X

m1

: : :
X

mN

�
jumN ;k N ihumN ;k N jumN � 1 ;k N � 1 ihumN � 1 ;k N � 1 j : : :

: : : jum3 ;k 3 ihum3 ;k 3 jum2 ;k 2 ihum2 ;k 2 j
�

j� i

(5.13)

Let us take a closer look at those interior terms. Observe that

hum;k ju`;k � � k i = hum ; k ju`;k i � � k � hum;k jr k u`;k i � � m` � � k � A m` (k) (5.14)

The quantityA m` is called theBerry connection. For eachm; `, A m` (k) is a d-dimensional

vector, whered is the dimensionality of the Brillouin zone (and therefore of the physical space

we are working in). Sincem and` both range from1 to the number of occupied bandsNoc, A

can be thought of as ad-dimensional vector ofNoc � Noc matrices.

Having made this de�nition, our transportation operator becomes
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W[
 ] =
�

I � � kN � 1 � A (kN � 1)
�

: : :
�

I � � k1 � A (k1)
�

= P

"
N � 1Y

n=1

�
I � � kn � A (kn )

� # (5.15)

The symbolP is the so-calledpath-orderingsymbol, which reminds us because the terms in the

product are matrices, their multiplication generally does not commute. Therefore, it is essential

that the terms are multiplied in the correct order, with the points which come later in the path to

the left.

In the limit asN ! 1 ; j� kn j ! 0, the transport operator can be formally expressed as a

path-ordered exponential:

W[
 ] = P
�
exp

�
�

Z



A(k) � dk

��
(5.16)

This object is called aWilson line. The exponential notation is, in some sense, purely

formal; naively integratingA component-wise along
 and then exponentiating the result fails to

give the correct answer because the path-ordering prescription was not followed. For short paths

or smallA 's, one may approximate it as

W[
 ] � I �
Z 1

0
dt A

�

 (t)

�
� 
 0(t)dt

+
1
2

Z 1

0
dt1

Z 1

0
dt2

�
A

�

 (t1)

�
� 
 0(t1)

��
A

�

 (t2)

�
� 
 0(t2)

�

+ : : :

(5.17)
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where we have parameterized the path as
 : [0; 1] 3 t 7! 
 (t) 2 BZ where
 (0) = k i ; 
 (1) =

k f , and once again we remember that the terms in the expansion are matrices and we must keep

the order straight. A somewhat more useful fact is that if we can compute the unique solution to

the matrix differential equation

M 0(t) = �
�
A

�

 (t)

�
� 
 0(t)

�
M (t); M (0) = I (5.18)

thenW[
 ] = M (1). It's important to note that if
 r is the reversed path through the Brillouin

zone (i.e.
 r (t) = 
 (1 � t)) thenW[
 r ] = W[
 ]� 1 = W[
 ]y.

5.1.7 The Role of Gauge Invariance

The underlying idea of this section was to de�ne a consistent notion of the transport of a

vector through the space of occupied states. The Wilson line provides such a structure, but in

de�ning it we made use of an arbitrary choice of basisjun;k i spanning the space of occupied

states at eachk 2 BZ . We have not shown thatW[
 ] is independent of this choice of basis - and

unfortunately, it is not.

To see this, consider an alternative basis given byjeun;k i � Uk junk i , where eachUk is a

unitary matrix. The Berry connectioneA associated to the new basis is related toA via

eA = U� 1
k AUk + U� 1

k r k Uk (5.19)

We may hope that even though the Berry connection depends on on our choice of basis,

this dependence drops out when computing the Wilson loop. This turns out not to be the case.
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Plugging Eq. 5.19 into the differential equation 5.18, we �nd after a bit of algebra that Wilson

line associated to the new basis is

fW[
 ] = U� 1
k f

W[
 ]Uk i (5.20)

The arbitrariness of the choice of basis for the space of occupied states at eachk 2 BZ

is an example of agauge ambiguity. It is precisely analogous to the gauge ambiguity in electro-

magnetism, except for the fact that the set of all possible gauge transformations is merely the set

of phase transformations - multiplication byC-valued functions with unit magnitude.

In contrast, the possible transformations we are presently considering take their values in

the unitary groupU(Noc), which are notC-valued but rathermatrix-valued. The fact that they

do not commute - as illustrated in our previous calculations - is a profoundly rich source of

complexity.

5.1.8 Wilson Loops

Since a choice of gauge is ultimately arbitrary and unphysical, no quantity of direct physical

meaning can depend on it. One could begin to worry that our focus on transportation and Wilson

lines was all for nothing. However, thereis a way to construct a gauge invariant physical quantity

from the Berry connection, and that is to construct a Wilsonloop by taking
 to be closed. If the

curve
 starts and ends at the same pointk0 2 BZ , then under a gauge transformation we have

that

fW[
 ] = U� 1
k 0

W[
 ]Uk 0 (5.21)
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Note that now the matrices on either side ofW[
 ] are inverses of one another, unlike the case

of an open Wilson line. This kind of behavior under a gauge transformation is calledgauge

covariance. It is not invariant under gauge transformations, but it is getting close - for example,

if W[
 ] = 0 in one gauge, then it must vanish in every gauge.

5.1.8.1 The Spectrum of a Wilson Loop

ThoughW[
 ] is generally only gauge covariant, its eigenvalue spectrum is gaugeinvariant,

since a change of gauge corresponds to conjugation by a unitary matrix. As a result, it is possible

that these eigenvalues contain physical information. Being unitary itself,W[
 ] has eigenvalues

which are pure phase factorszi 2 U(1); i = 1; : : : ; Noc. Our experience with homotopy suggests

that these phases may be a source of topological invariants, which turns out to be true, as we will

see shortly.

5.1.8.2 The Trace and Determinant of a Wilson Loop

In particular, gauge-invariant information can be extracted by recalling the cyclic property

of the trace operation. Note that

Tr
� fW[
 ]

�
= Tr

�
U� 1

k 0
W[
 ]Uk 0

�
= Tr

�
W[
 ]Uk 0 U� 1

k 0

�
= Tr

�
W[
 ]

�
(5.22)

Similarly,

det
� fW[
 ]

�
= det

�
U� 1

k 0

�
det

�
W[
 ]

�
det

�
Uk 0

�
= det

�
W[
 ]

�
(5.23)

These facts follow from the gauge invariance of the spectrum. Denoting the eigenvalues by
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zj ' ei� j for � j 2 [� �; � ),

Tr
�
W[
 ]

�
=

NocX

j =1

zj det
�
W[
 ]

�
=

NocY

j =1

zj = exp

"

i
NocX

j =1

� j

#

(5.24)

5.1.9 The Berry Curvature

Before spending a large amount of time attemping to compute holonomies and Wilson

loops, we might �rst ask a basic question - namely, whether there's a way to check of the holon-

omy on a space is non-trivial in the �rst place. If, for example, it is possible to choose our gauge

in such a way thatA = 0, then every holonomy is trivial in that gauge - but because holonomies

are gauge-invariant, they must be trivial ineverygauge.

For concreteness, we work ind = 3 spatial dimensions. Let us assume that, given a Berry

connectionA , there exists a gauge transformationU such thatU� 1AU + U� 1r U = 0. In that

case, we have that

A = �
�
r U

�
U� 1

Taking the curl of this expression (being careful to remember that these terms are matrices) yields

(r � A )n = � n`m @̀
�
(@mU)U� 1

�
= � n`m

�
@̀@mU

�
U� 1 + � n`m

�
@̀U

�
U� 1

�
@mU

�
U� 1

= � � n`m A `Am = � (A � A )n

(5.25)
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This motivates us to de�ne the gauge covariantBerry Curvatureto be

FA = r � A + A � A (5.26)

Once again, note that the components in these expressions are matrices. This is why ex-

pressions likeA � A - which features termsA 2A 3 � A 3A 2 - do not generically vanish.

It is a straightforward exercise to show that ind = 2 dimensions, the Berry curvature takes

the formFA = @1A 2 � @2A 1 + [ A 1; A 2] - essentially just the third component of the expression

in three dimensions. Ind = 1 dimensions, we takeFA � 0.

FA can be viewed as a kind of obstruction against locally setting the Berry connection

to zero via a gauge transformation. IfFA 6= 0 in some regionR, it is not possible to �nd a

gauge transformation that setsA = 0 everywhere onR. Conversely,FA = 0 implies that there

doesexist a gauge transformation which makesA = 0 everywhere onR, provided thatR is

contractible. On a non-contractible domain, it is possible thatFA = 0 everywhere butA is

necessarily non-zero - and we must bear this in mind, becauseBZ ' Td is not contractible by

de�nition.

5.1.9.1 The Trace and Determinant of the Berry Curvature

BecauseFA is gauge-covariant, we see that just as in the case of the Wilson loop, its

eigenvalue spectrum - and therefore bothTr( FA ) anddet(FA ) - are gauge-invariant. Note that

in d spatial dimensions,FA is ad-component vector ofNoc � Noc. When we talk about the trace
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and determinant in this context, we are referring to theNoc degrees of freedom, so that e.g.

�
Tr( FA )

�
j

=
NocX

n=1

�
un;k

�
�
�
�

@
@kj

un;k

�
(5.27)

and similarly withdet(FA ).

5.1.10 The Abelian Simpli�cation

If we happen to be studying a system in which there is only one occupied band, the Berry

connection and curvature reduce to1 � 1 matrices - that is, complex numbers. We refer to the

Berry connection and curvature asAbelian, in reference to the fact that their multiplication oper-

ations commute. This drastically simpli�es the mathematics. For example, the Berry curvature

becomes gaugeinvariant, not merelycovariant, and it can be given a physical interpretation in

its own right. The Wilson line no longer requires a path-ordering symbol, and is the genuine

exponential of the integral of the Berry connection along a curve. And so on.

The same is true if there are multiple occupied bands, but we are able to choose a gauge in

which the matrix-valued components of the Berry connection and curvature are diagonal. Since

the multiplication of diagonal matrices is also commutative, we can simply treat such situations

as having an Abelian Berry connection and curvature assigned to each1 � 1.

In contrast, the non-Abelian case is necessary when we cannot guarantee that occupied

bands are non-degenerate [28]. In such systems, transport via Wilson lines generally mixes to-

gether degenerate eigenspaces. In many realistic materials - certainly those in higher than 1D -

the structure of the occupied bands near the Fermi level is simply too complicated for an Abelian

model to be accurate. This is a generic feature of many systems, and is absolutelyguaranteedin
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others such as time-reversal invariant systems which feature the Kramers degeneracy. Though it

adds to the operational complexity, the conceptual bene�ts to the non-Abelian generalization are

worth the effort.

5.2 The Physicality of the Wilson Loop

In the preceding sections, the Berry connectionA and curvatureFA and the associated

Wannier loopW[
 ] were introduced from a purely mathematical perspective, where our motiva-

tion came from a desire to formulate an unambiguous way to transport a vector through the space

of occupied states. While this process does plausibly lead to topological invariants by which we

can classify different phases of quantum matter, one could be forgiven for feeling that the afore-

mentioned objects are merely tools for accomplishing that goal, with no particularly physical

signi�cance in their own right. As we will see in this section, that is far from the truth. We will

focus in particular on the eigenvalue spectra of non-contractible Wilson loops.

5.2.1 The Zak Phase in 1D

The �rst piece of the puzzle emerges already in the simplest possible model - a two-band

Hamiltonian in one dimension. Assume that we've diagonalized our Hamiltonian to obtain the

Bloch functionsunk and their corresponding energiesEnk . As mentioned in Sec. 4.6, the Bloch

waves are not a particularly useful basis for visualizing the real-space electron probability density.

Therefore, we switch to the maximally localized Wannier basis

WnR (x) =
1

p
2�

Z �

� �
dkeik (x� R)unk (x) (5.28)
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and compute the location of the Wannier charge center

hWnR ; XWnR i �
1

2�

Z 1=2

� 1=2
dx

Z �

� �
dk

Z �

� �
dq ei (k� q)( x� R)unq(x)unk (x) (5.29)

After some simpli�cation, this takes the remarkable form

hWnR ; XWnR i = R +
Z �

� �
dk

�
unk ; i

d
dk

unk

�
� R + i

Z �

� �
dk A(k) (5.30)

where we recognizeA n as the Berry connection of thenth band. With this choice of basis,

the integral of the Berry connection over the 1D Brillouin zone (called theZak phase) can be

interpreted physically as2� times the Wannier charge center.

5.2.1.1 Gauge Invariance of the Wannier Charge Center

Note that while the Wannier functions themselves are not gauge-invariant, the location

of the charge center is - at least up to the lattice constant. Performing the continuous gauge

transformationunk 7! e� i� (k)unk (whereei� (k) is 2� -periodic) shifts the location of the charge

center by

1
2�

Z �

� �
dk � 0(k) � ` 2 Z

where` is the number of timese� i� (k) winds around the unit circle in the complex plane. In other

words, the effect of the gauge transformation is - at most - to shift all of the charge centers over

by some number of lattice vectors. But sinceall of the electrons are being shifted by the same

amount, this does not lead to a physically meaningful change.
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5.2.1.2 The Wilson Loop

In the language of the previous sections, the Wilson loop

W[
 ] = P
�

exp
� Z



dk A(k)

��
= e� 2�i � (5.31)

is a1 � 1 matrix, whose (eigen)value is the exponential of the Wannier charge center.W[
 ] is a

1� 1 matrix because we only considered a single band, which simpli�es the picture substantially

(e.g. we don't need to worry about path-ordering or non-commutivity). Also, note that the

spectrum ofW[
 ] (which is justW[
 ] itself) is gauge-invariant because a change of gauge shifts

� by an integer.

Finally, note that in general the Wilson loop can take any value on the complex unit circle.

However, if we impose a symmetry constraint - say, inversion symmetry - then this is no longer

the case, which we will see in Sec. 5.3.

5.2.2 The Bulk-Boundary Correspondence

The intuition from the 1D case extends readily to higher dimensions. Choosing a direction

and splittingk = ( k? ; kk), we may consider the Wilson loop

W(kk) = exp
� Z �

� �
dk? A(k? ; kk)

�
� e2�i � ? (k k ) (5.32)

For each value ofkk in the (d � 1)-dimensional Brillouin zone,� ? (the charge center along

the ? direction) takes a generically different value. The single-valuedness of the Wilson loop

requires that�( kk) be periodic modulo 1; the charge center increasing by 1 ask is swept across
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Figure 5.5: The periodic evolution of the Wannier charge center� y askx is swept from� � to
� . The trivial phase (a) can be continuously deformed to� y = 0, but the topological phase (b)
cannot, as it undergoes non-zero winding.

the Brillouin zone should be interpreted physically as the charge center entering the next unit cell

in the? direction while being replaced by the charge center of the preceding cell, as shown in

Fig. 5.5.

This winding of the charge center askk varies over the(d � 1)-dimensional Brillouin zone

has dramatic implications for the states which exist at the boundary of the crystal. In the case

of non-zero winding, it implies the existence surface modes which cross the Fermi level, and

therefore that the surface becomes metallic. This can be argued intuitively by considering the

adiabatic transport of states through the Brillouin zone; non-zero winding` implies that during

this transport, the physical charge is ”pumped” a distance` along the? direction. This results in

the accumulation of charge on the surface of the crystal - however, the �nal state is precisely the

same as the initial state. This is not possible unless the surface state crosses the Fermi level, at

which point an electron is removed from the system and charge neutrality is maintained.
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5.2.3 The Surface Dispersion

A more quantitative argument was given in [29]. Given a bulk Hamiltonian

H =
X

n

Z
d3k Enk j nk ih nk j

where the energy is measured with respect to the Fermi level, we can de�ne

H � =
X

n

Z
d3k Enk (� )j nk ih nk j

=
MX

n=1

Z
d3k Enk (� )j nk ih nk j

| {z }
occupied,E< 0

+
1X

n= M +1

Z
d3k Enk (� )j nk ih nk j

| {z }
empty,E> 0

(5.33)

where

Enk (� ) = (1 � � )Enk + �
Enk

jEnk j
(5.34)

and� 2 [0; 1]. When� = 0, we have our original Hamiltonian; when� = 1, all occupied (resp.

empty) states have energy -1 (resp.+1). Therefore, we have that

H1 = 1 � 2P; P =
MX

n=1

Z
d3k j nk ih nk j (5.35)

whereP is the projector onto the occupied states. This constitutes a continuous deformation into

a �at-band Hamiltonian without closing the gap. In a similar way, the �at-band Hamiltonian of

the vacuum (in which no states are occupied) takes the trivial formH vac
1 = 1. This provides us

with a convenient way to introduce an edge into the system - an edge perpendicular toẑ can be
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modeled as

H = 1 � P + PV(Z)P (5.36)

whereV is a function which approaches� 1 asz ! �1 and+1 asz ! 1 . This models

an edge which interpolates between the vacuum in thez > 0 region(H = 1 � P + P = 1) and

the bulk in thez < 0 region(H = 1 � P � P = 1 � 2P).

As a coarse model, one could simply takeV(z) = z on the regionz 2 [� 1; 1], at which

point we recognize the Hamiltonian in the edge region as

H = 1 � P + PZP � 1 � P + Z (5.37)

whereZ is the projected position operator from Sec. 4.6. Noting that

P =
MX

n=1

Z
d3k j nk ih nk j =

MX

n=1

X

R

Z
d2kkj� nR k k

ih� nR k k
j (5.38)

we see that the eigenvectors of the edge Hamiltonian are the hybrid Wannier states (exponentially

localized alonĝz) with eigenvalues, and the spectrum of the edge Hamiltonian is given by the

spectrum ofZ. The ”squashing” of the full spectrum ofZ into a compact interval is shown in

Fig. 5.6 for a trivial and topological phase; the latter is distinguished by the presence of winding.

Of course, the �at band Hamiltonian is a continuous (if somewhat dramatic) deformation

of our realistic Hamiltonian, and so this is not a quantitatively accurate picture of the edge state

dispersion relation. However, its topological features (such as discreteness for a givenkk and

continuity askk is varied) should be retained as the Hamiltonian is deformed back into a realistic
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Figure 5.6: (a) In the trivial case, the spectrum ofZ is periodic inkk and exhibits no winding, so
when it is squashed into a compact interval (b) there is no guarantee that it will cross the Fermi
level. (c) In the trivial case, the spectrum ofZ exhibits winding askk varies across theBZ , and
so the squashed edge spectrum (d)mustintersect the Fermi level.
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Figure 5.7: As the �at-band Hamiltonian is deformed back into a realistic one, the edge state spec-
trum should change continuously, in particular retaining its topological properties (e.g. whether
or not it exhibits winding).

one, as shown in Fig. 5.7. In particular, if the charge center winds around the unit cell` times as

kk is varied along any line through the(d� 1)-dimensional Brillouin zone, then the corresponding

surface dispersion along that line should intersect the Fermi level with a signed8 intersection

number of̀ .

5.3 Symmetry-Protected Topological Phases

We now come to the impact of symmetries on the existence and character of different

topological phases. To recapitulate, we recognize two systems as being topologically distinct

if it is not possible to deform one Hamiltonian into the other without closing the (bulk) gap.

For systems which obey a particular symmetry, we can re�ne this question and ask whether one

Hamiltonian can be deformed into the otherwhile preserving the symmetry. In many cases, itis

possible to deform one into the other without closing the gap, but to do so requires violating a

8This counts intersections as positive if the curve passes through the Fermi level from below, and negative if
it passes through from above. The (absolute) number of intersections is not guaranteed, but their signed total is a
topological invariant.
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symmetry that they both exhibit. In such cases, we regard them as different,symmetry-protected

topological phases.

Which symmetry is in play determines the physical character of the phases - in particular,

the properties of the edge modes (including whether they exist at all). The connections between a

symmetry, the phases it can protect, and the characteristics of the corresponding edge states will

now be demonstrated by way of example. An exhaustive classi�cation of symmetry-protected

topological phases referred to as thetenfold wayis presented in [30] - here we seek only to

provide several illuminating examples.

5.3.1 The Chern Insulator in 2D

As a warm-up, we �rst consider a system whose topological properties exist in the absence

of any symmetries at all - the 2D Chern insulator. Recall that in a 2D system with a single

occupied band, the Berry curvatureFA is gauge-invariant and given by

FA =
@

@k1
A 2 �

@
@k2

A 1 (5.39)

The(�rst) Chern numberCh is de�ned to be

Ch =
1

2�i

ZZ

BZ
d2k FA (k) (5.40)

Given that the Brillouin zone is boundary-less, an appeal to Stokes theorem9, which states that

ZZ

R
r � A � dS =

I

@R
A � dS (5.41)

9Or more speci�cally, the 2D variant known as Green's theorem.
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might suggest that this quantity is always zero (since the right-hand side trivially reduces to0 if

@R= ; ). The reason itisn't (or rather, need not be) is due to the fact that whileFA is physical and

non-singular,A is gauge-dependent and generally possesses (unphysical) singularities10. Since

this violates the conditions under which Stokes' theorem is valid, the Chern number need not

vanish11.

If we consider a 2-band Hamiltonian of the form

Hk = d(k) � � (5.42)

then it is straightforward to see that the eigenvalues and eigenvectors ofHk are given by

E � = � d u� =
1

p
2d(d � d3)

0

B
B
@

d1 � id2

d � d3

1

C
C
A (5.43)

whered � j dj. Therefore, the system is gapped as long asd 6= 0. The Berry connection and

curvature are given via straightforward (but tedious) computation to be

A �
� = i

d2@� d1 � d1@� d2

2d(d � d3)
F � = �

i
2d2

d � (@1d � @2d) (5.44)

From there, we compute the Chern number to be

Ch� =
1

4�
d̂ � (@1d̂ � @2d̂) d̂ �

d
jdj

(5.45)

10These singularities are akin to coordinate singularities - e.g. the polar coordinates(r; � ) are singular atr = 0 ,
because� becomes unde�ned there.

11From that perspective, the Chern number serves as atopological obstructionto the existence of a globally
smooth gauge; if such a gauge existed, then the Chern number would be trivially zero, and so the non-triviality of
Ch is an indicator that no globally smooth gauge is possible.
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Figure 5.8: The Wannier charge center evolution (a), the spectrum of the projected position
operator alongy (b), the top edge state dispersion (c), and the helical edge mode (d) of a 2D
Chern insulator with Chern numberCh = +1 . In (c), the bulk bands are shown in gray, and the
Fermi level is denoted by a wavy line.
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