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Chapter 1: Introduction

Interest in graph and network-valued data has soared in the last decades [1], as networks
have become a common data type for modeling complex dependencies and interactions in many
elds of study, ranging from neuroscience [2—4] to sociology [5, 6] to biochemistry [7, 8], among
others. The growth and acknowledgment of network science in the last two decades can be
largely attributed to technological advancements that have led to the generation of vast volumes
of data. This growth is further supported by the adaptability of networks as data structures. As
network data has become more commonplace, a number of statistical tools tailored for handling
network data have been developed [9, 10], including methods for hypothesis testing [11-13],
goodness-of- t analysis [14-16], clustering [17—-22], and classi cation [23—26], among others.
When considering multiple networks for a single inference task, these methods often make an
implicit assumption that the graphs are “vertex-aligned,” i.e., that there is a known, true, one—
to—one correspondence across the vertex labels of the graphs. Often, this is not the case in
practice (see the voluminous literature on network alignment and graph matching [27-29]), and
errors across the observed vertex labels can have a dramatically detrimental impact on subsequent
inferential performance [30].

Despite the recent emergence of single-network inference as a eld, numerous researchers

[31-36] have ventured into adapting established methodologies originally designed for single-



network scenarios to conduct inference in situations featuring multiple networks. This pattern is
especially noticeable within the latent space framework, where innovative joint spectral embedding
techniques have surfaced, drawing inspiration from the concept of creating statistical equivalents
derived from multi-sample Euclidean inference.

The main objective of this paper is to study shuf ing in the context of testing, classi cation,
and clustering. We begin by going over basic notations, de nitions, and theorems used throughout
the paper. In Chapter 2, we dive into examining the numerous two-sample network hypothesis
testing methodologies and how the assumption of knowing vertex correspondence across networks
beforehand impacts testing. In this section, we investigate how the statistical power degrades in
two-sample graph hypothesis testing when vertices are misaligned or their labels are shuf ed
between networks. Speci cally, in the context of random dot product and stochastic block
model networks, we conduct a theoretical analysis to understand the decrease in statistical power
resulting from vertex shuf ing. We examine this phenomenon for two hypothesis tests that rely on
differences in Frobenius norms, either between estimated edge probability matrices or adjacency
matrices. To further validate our ndings, we conduct numerous simulations and experiments.
We compare the loss in statistical power across multiple recently proposed tests in the literature,
both in the stochastic block model and the random dot product graph model.

In Chapter 3, we explore the phenomenon of shufing when it comes to classi cation.
Graph classi cation is a fundamental problem in the realm of machine learning and data analysis,
where the objective is to categorize and label graphs into prede ned classes or categories based
on their structural characteristics. Unlike traditional data types like vectors or images, graphs
are versatile representations capable of capturing complex relationships and dependencies. This
makes graph classi cation particularly valuable in various domains, including social networks,
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bio-informatics, recommendation systems, and more [37, 38]. To perform graph classi cation
effectively, machine learning algorithms often leverage graph-based features, graph kernels, or
deep learning techniques tailored to handle graph-structured data. These methods enable the
extraction of essential patterns and structural information from graphs, facilitating accurate classi cation
and enhancing our understanding of complex systems represented by graphs. In this section, we
conduct simulations and experiments using various machine learning algorithms such as Support
Vector Machines and Random Forests in order to classify graphs under various conditions.

Chapter 4 is where we inspect the in uence shuf ing has on clustering. Graph clustering is
a pivotal area of research in network analysis and data mining, focused on the task of partitioning
nodes within a graph into distinct clusters or communities based on their connectivity patterns.
This process helps reveal the inherent structures and groupings within complex networks, shedding
light on the underlying organization of data in various elds, such as social networks, biology,
transportation, and more [39—-41]. The primary objective of graph clustering is to identify densely
connected groups of nodes within the graph while minimizing the connections between clusters.
Various algorithms and methodologies, from spectral clustering to modularity optimization and
hierarchical clustering, have been developed to tackle this problem [42,43].

All experiments and simulations lead to the similar conclusion: shuf ing hurts performance
of hypothesis testing, misclassi es graphs, and deteriorates the accuracy of clustering graphs.
However, graph matching can help improve the performance of all but even it has its limitations.
At its core, graph matching seeks to nd correspondences or mappings between nodes in two or
more graphs in a way that preserves the structural similarity between them [44]. The challenge in
graph matching lies in ef ciently and accurately nding the best correspondence between nodes

in different graphs, or in other words, unshuf ing the vertices that have been shuf ed. Practically,
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this often requires having some prior knowledge of which vertices have been misaligned in the

rst place, which can be costly and dif cult to obtain [45].

1.1 Notation

Before proceeding forward, we will rst set here some of the notational conventions that
will appear throughout this thesis. Given an undirected gnaplertex graphG (all graphs
considered will be undirected graphs with no self-loops unless otherwise speci ed), wg:tet

f1;2;:::; ng denote the vertices @. The adjacency matrik 2 f 0;1g" " of G is given by:

1 iffi;j g2 E(G)
Aij =

W AW 00

0 else

foralli;j 2 [n]. We note here that we will refer to a graph and its adjacency matrix interchangeably,
as these objects (in the setting we consider herein) encode equivalent information, similar to that
as seen in Figure 1.1. We denote tferow of any matrixM with the notationM;. We de ne

the usual Frobenius norkn kg and spectral norrk  k of a matrixA via

X

o<

kAkF = Aﬁ

ij =1

q —
kAk= max (ATA);
|

wheremax; (AT A) represents the largest eigenvalué\ofA. For positive integerd andn, we
will de ne the set of orthogonal matrices R 9 via Oq and the setofi n permutation matrices

via ,, where ., denotes permuting exactk-columns and (the same) rows of a matrix out
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Figure 1.1: The graph above contains ve vertices with a total of ten edges with its respective
adjacency matrix. We note this a undirected graph not only because it has no self loops, but the
adjacency matrix diagonal speci es this and is symmetric.

of the totaln-columns and rows. We indicate a matrix of all ones of sized by Jq4, andJ .4
is the matrix where all elements are the value one and ofrsized. Similarly, we denote the
corresponding matrices of all 0's iy = fOg® ¢ and 0,4 = fOg" 9: Lastly, the Kronecker
product of two matriceé andB is denoted byA B.

For functionsf;g : Z o 7! R o, we use here the standard asymptotic notations

—h
1

O(gif9C > 0; andng2 Z ¢s.t.f(n) Cg(n)forn ng

—
]

(gif9C >0; andng2 Z os.t.Cg(n) f(n)forn ng



f=(giff =( g);andf = O(g)

f:o(g)if@! Oasn!1l

g(n
f:!(g)if%! Oasn!1
. f(n
f glfm! lasn!l

Note that wherf = o(g) (resp.,f = ! (g) andf = ( g)) whengis a complicated function of
n, we will often writef g (resp.f gandf Q) to ease notation. We wrifgolylog(n) to
denote a generic polynomial tdg(n). In asymptotic notatiorf,(n)  polylog(n) denotes that

f grows strictly faster than any polynomial lofig(n).

1.2 Random Graph Models

As referenced above, to tackle the question of performance loss across the different inference
tasks statistically, we will anchor our analysis in commonly studied random graph models from
the literature. Key to our analysis will be considering thedsRényi (ER) graph, the Random
Dot Product Graph (RDPG) model [46, 47], and the Stochastic Blockmodel (SBM) [48] as
data generating s. These models provide tractable settings for the analysis of graphs where the
connectivity is driven by independent edge structure (in the ER setting) and/or latent features—
community membership in the SBM and the latent position vector in the RDPG.

The Erds-Rényi (ER) model is a fundamental conceptin the eld of random graph theory—
introduced by mathematicians Paul Bsdand Alfréd Rényi in the 1950's—which still serves as

a framework for generating random graphs [49, 50].



De nition 1. Erdos-Rényi ModelWe say that am-vertex random graph is

A ER(n;p)

is distributed according to aardos-Rényi modelandom graph with parametansas the number
vertices or nodes in graph apgthe probability of any pair of nodes being connected by an edge,

which are independent of each other.

As p, the probability of an edge existing between any two nodes, increases, the graph
becomes more connected leading to different and interesting properties for each graph. In the
homogeneous setting of the ER model, where every edge has the same probability of existence
p [51]. In the non-homogeneous setting of the ER model, variations in edge probabilities can be
introduced, leading to the creation of weighted random graphs. These variations can be based
on different characteristics or attributes of nodes or edges [52]. A type of non-homogeneous
setting of the ER model is called the Stochastic Blockmodel. The Stochastic Blockmodel, and
its myriad variants including mixed-membership [53], degree-corrected [54], and hierarchical

[25,55] SBMs, provide a simple structure for networks with latent community structure.

De nition 2. Stochastic Block Mod€5BM): We say that an-vertex random graph

A SBM(K; ;b;)

is distributed according to atochastic block modeandom graph with parametelks 2 Z*
the number of blocks in graph, 2 [0;1]¢ K the block probability matrixp 2 ZX the block
membership function, andthe sparsity parameter, if
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I. The vertex seV is partitioned intdK blocks

V=Vt VWt t VW;

such that for each 2 [K], we have]Vij = m; denotes the size of tH& block (so that

P
= Mi = n);

ii. The block membership functiob: V 7! K is such thab(v) = i iff v 2 V;, and we have
for eachfu;vg2 Y ,

Aw ™ Bernoulli( b))

Note that the block membership vector in an SBM is often modeled as a random multinomial
vector with block probability parameter 2 R¢ giving the probabilities of assigning vertices
randomly to each of th& blocks. Our analysis is done in the xed block membership setting,
although it translates immediately to the random membership setting. Note also that we will
often be considering cases where the number of vertic€sgatisesn ! 1 . In this case, we
write G SBM(K,; n;by; n) so that the model parameters may varyminHowever, to ease
notation, we will suppress thesubscript throughout, although the dependence isrimplicitly
understood.

In SBMs, the connectivity structure is driven by the latent community membership of
the vertices. In the space of latent feature models, a natural extension of this idea is to have
connectivity modeled as a function of more nuanced, vertex-level, features. In this direction, we

will also consider framing our inference in the popular Random Dot Product Graph model.

De nition 3. Random Dot Product GraphLet X = [X1jX5j jXn]” 2 R 9 be such that

8



hXi; X;i2 [0; 1]foralli;j 2 [n]. WesaythaA RDPQX; ) isaninstance of a d-dimensional
Random Dot Product Graph (RDP®yith latent positionsX and sparsity parameterif A 2

f0;1g" " is a random symmetric hollow matrix satisfying:

Y
PIAjX]= (X X)M (@ XX)H ", (1.1
i>j

sothatforall j,we have

A; ™ Bernoulli( X TX;): (1.2)

Note that the RDPG model encompasses all SBM models with positive semide nite
For inde nite or negative de nite SBM's, we could consider the generalized RDPG [56], though
the ordinary RDPG will be suf cient for our present purposes. Note also that our theory will
be presented for the xed latent position RDPG above, though it translates immediately to the
random latent position setting (i.e., where the rowsXaf namely theX;, are i.i.d. drawn

according to an appropriate distributiér).

Remark 1.2.1. We note an inherent non-identi ability of the RDPG model comes from the fact
that for any orthogonal matritv 2 O4, we getAjX L Aj(XW ). With this caveat, RDPGs
are more suitable for modeling in inference tasks that are rotation invariant, such as clustering

[20, 21], classi cation [24], and appropriately de ned hypothesis testing settings [11, 57].

As in [58], we will choose to control the sparsity of our graphs viand not through the
latent position matrixX or block probability matrix . As such, we will implicitly make the
following assumption throughout the remainder for all RDPGs and positive semide nite SBMs

(when viewed as RDPGSs):



Assumption 1. If we consider a random graph sequeAge RDPQX,; ) whereX, 2 R" ¢,

then we will assume that for atl suf ciently large, we have that:
i. X, isrankd, and if (X,) 2(Xn) 4(X,) are the singular values of,,, we
have 1(Xp) d(Xn) = ( n);

ii. There exists a xed compact s&t such that the rows of,, are inX for all n;

ili. There exists a xed constara > 0 such thaD(nXI a entry-wise.

1.3 Model Estimation

In the RDPG (and positive semide nite SBM) setting, inferential success will be predicated
upon having suitable estimates ¥fandP = E(AjX). In this setting, the Adjacency Spectral
Embedding (ASE) of [21] has proven to be practically useful and theoretically tractable means

for obtaining such an estimate.

De nition 4. Adjacency Spectral EmbeddinGiven the adjacency matri& 2 f 0; 19" " of an

n-vertex graph, thédjacency Spectral Embedding (ASENA into RY is given by
ASEQA;d) = R = UySZ 2 R ¢ (1.3)

where[UajUr][Sa  SallUajUa] is the spectral decomposition pAj = (ATA)%;SA is the
diagonal matrix with the orderedilargest singular values @ on its diagonal, antl, 2 R" ¢

is the matrix whose columns are the corresponding orthonormal eigenvectors of

The adjacency spectral embedding has a recent history in the literature as a tool for estimating
tractable graph representations, achieving its greatest estimation strength in the class of latent
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position networks (the RDPG being one such example). In these settings, it is often assumed that
the rank of the latent position matrkis d, and thad is considerably smaller than the number
of vertices in the graph.

As mentioned above, a great amount of inference in the RDPG setting is predicated upon
R being a suitably accurate estimateXafand the key statistical properties of consistency and
asymptotic residual normality are established for the ASE in [21,56,59] and [60, 61] respectively.
These results (and analogues for unscaled variants of the ASE) have laid the groundwork for
myriad subsequent inference results, including clustering [21,22,59,62], classi cation [24], time-
series analysis [63, 64], and vertex nomination [65, 66], among others. In the analysis that we
consider herein, we will use the following ASE consistency result from [56, 58]. Note that we
write here that a random variab¥e is Op(g(n)) if for any constanfA > 0, there exists1g 2 Z*
and constanB > 0 (both possibly depending oh) such thaP(jXj Bg(n)) 1 n A for

alln nyg.

Theorem 1.3.1.Given Assumption 1, leA, RDPQX,; ,) be a sequence akdimensional
RDPGs, and let the adjacency spectral embeddiy lwé given by? ASE(A; d). There exists
a sequence of orthogonal matridds, 2 O4 and a universal constaot> 0 such that if the

40n

sparsity factor, = | %%

, then

_ log°n
1=2 -
izmg?:(;n kW n)bi n Xik— Op —n1:2

(1.4)

From Eg. 1.4, we can derive the following rough (though suf cient for our present needs)

estimation bound okP Pke .

Corollary 1.3.1. With notation and assumptions as in Theorem 1.3.1Plet ,XX' andp =

11



??T (where? ASE(A; d)). We then have

kP Pk = Op (P Ay logen) (1.5)

Proof. Let (W,,) be the sequence &V's from Theorem 1.3.1. Note rst that (suppressing the

subscript dependence o

. T .. — — . . _ T .
PXTX RIR ] XTI WRDH T R W)W

k 272X, WRjkok 2XTko + k 12X, WX kKWK, k;

22]og°n log°n _ _
Op iz + Op i (kaj 1 2Xj k, + k ! 2Xj K2)
22]og°n
= Op T

Applying this entry-wise tkP PkZ we get
X T
kP Pk2= jX'X; R Xj?=0p n log®n
as desired.

Remark 1.3.1.In practice, there are a number of heuristics for estimating the unknown embedding
dimensiond in the ASE (see, for example, the work in [67-69]). In the experiments below, we

will adopt an automated elbow- nder applied to the SCREE plot (as motivated by [70] and [68]).

When dealing with multiple graphs simultaneously, the techniques and tools of the ASE can

12



still be brought to bear via usage of the Omnibus embedding framework. This will be essential

for our discussions in subsequent chapters.

De nition 5. Omnibus Matrix The Omnibus matrix in then = 2 setting— wheran is the
number of graphs to embed—is de ned as follows. Given two adjacency maki@® R" "
on the same vertex set with known vertex correspondence, the omnibus MagiR?" 2" is

de ned as 2 3

Note that this de nition can easily extend to a sequence of matAges. : ; A, where the; | -th
block of the omnibus matrid; = (A; + Aj)=2for alli;j 2 [m]. When combined with ASE,
the Omni framework allows for us to simultaneously produce directly comparable estimates of

the latent positions of each network without the need for a rotation.

13



Chapter 2: Hypothesis Testing

Numerous methods exist in the literature for (semi)parametric hypothesis testing across
network samples, where one of the parameters being leveraged is the correspondence of labels
across networks; see for example [11,57,58, 71]. There are also nonparametric methods that
estimate and compare network distributions, and ignore the information contained in the vertex
labels; see, for example, [12, 72]. This chapter considers an amalgam of the above settings in
which there is signal to be leveraged in one portion of the vertex labels, and uncertainty across
the remaining labels. To formalize this, suppose we have two netwaresidA, on a common
vertex seV (A1) = V(A,) = [n], and that the label correspondence across networks is known
forn  k of the vertices; denote the set of these verticedWja . We further assume that the
user has knowledge of which vertices arép,, . This, for example, could be the result of graph
matching algorithms that provide a measure of certainty for the validity of each matched vertex
(see, for example, the soft matching approach of [45] or the vertex nomination work of [65, 73]).
The veracity of the correspondence across the remalniegtices not inM ., (which we shall
denote vidJy., := [n] nMy.,), is assumed unknown a priori. This may be due, for example, to

algorithmic uncertainty in aligning nodes across networks or noise in the data.
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2.1 Shuf ed Networks in Practice

Before we present the shuf ed testing problem formally, we will take a step back and
discuss the importance of studying shuf ed networks in the literature. Shuf ed networks, i.e.,
those networks with vertex labels or edge structures that are permuted/observed incorrectly, have
garnered signi cant attention due to their relevance in modeling real-world complex systems. In
various domains such as social networks, biological networks, and technological infrastructures,
understanding the properties and dynamics of shuf ed networks holds paramount importance.
From the perspective of inference, the effect of shufing on inferential performance is not as
widely studied in the literature; see [23, 74] for notable studies in this direction. That said,
there is an immense literature devoted to unshuf ing graphs (see section 2.7) in practice, where
shuf ed graphs and images appear commonly in settings such as computer vision [75, 76], and
social network de-anonymization [77, 78].

In many applications, shufing either the edge or vertex structure of the network can be
used to model complex real world phenomena. For example, [79] explains how the process of
reshuf ing connections/edges among individuals can shed light on the propagation of information,
in uence, and behaviors within communities of social networks. By analyzing these networks,
researchers can uncover underlying patterns of connectivity that in uence phenomena like the
spread of innovations or the formation of opinion clusters. For another practical use of shufing
vertices in networks see, for example, [80], where permutation invariance in networks is employed
to investigate the robustness of networks against targeted attacks. For another example, see [23]
which tackles the important problem of classi cation in shuf ed graphs with an emphasis on

connectomes, a precursor of our work in Chapter 3. For another example in biological systems,
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see [81]. Therein the researchers utilized numerous different methods of graph registration/constructior
(that could lead to localized shuf ed networks) to analyze functional brain networks derived

from fMRI data. By comparing the properties of these shuf ed networks with the actual brain
networks, they could discern the presence of non-random structures indicative of organized
neural activity. Such analyses are invaluable in designing strategies to enhance the resilience of
communication networks, whether in the context of social media platforms or critical infrastructure

systems.

2.2 Shuf ed testing

Modeling this formally, we have that there exists an unknown (wheres the setoh n

permutation matrices)

X X
Qk 2 kn = fQ 2 .St Qii k; ij =n kg

iZUk;n jZMk;n

such that the practitioner observas and A, = QkAzQI. Given the above framework, it is
natural to consider the following semiparametric adaptation of the traditional parametric tests.
From A; and A,, the user seeks to test if the distributionAf is different than from that of

A,, i.e., to test the following hypotheses (whdréA;) denotes the distribution (law) d&;),

Ho : L(A1) = L(A) versusH; : L(A;) 6 L(Ay): In this work, we will be considering
testing within the family of (conditionally) edge-independent graph models, soLif#a) is
completely determined bly; = E(A;). Focusing our attention rst on a simple Frobenius-norm

based hypothesis test (later considering the spectral embedding based tests of [11,12,57]), we
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rejectHy if

T= T(Al,Az) = kbl bZ;Qk k|2:

is suitably large; herbl is an estimate dP; obtained from the ASE oA, andlf’z;Qk an estimate

of QP,Q" = E(A,) (this will be formalized later in Section 1.3; for intuition and experimental
validation on why the test statistic usiﬁ'gs preferable to the adjacency-based test ukihg

AokZ as its statistic, see Section 2.5). To account for the uncertainty in the labelikg &dr

each > 0andQy 2 ., denec, o > Oto be the smallest value such that

PHO(kbl kaZQIkF C: )

As we do not know which element ofy., yields the shuf ing fromA, to B,, a valid (conservative)

level- test using the Frobenius norm test statistic would rekgif
T(A1;A2) > max c. g, -
Q2 k;n

The price of this validity is a loss in testing power against any xed alternative, especially in the
scenario wher® (the true, but unknown, shuf ing) shuf es fewer thdnvertices inA.,. In this
case the conservative test is over-correcting for the uncertairlt.in The question we seek
to answer is how much testing power is lost in this shuf e, and how robust the adaptations of
different testing methods (i.e., differehttest statistics) are to this shuf ing.

Note that our choice of Frobenius norm for the test statistic is natural here in light of the
metric's extensive use for network comparison; see, e.g., its use in the estimation, testing, and

matching literatures [30, 82, 83].
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2.3 Motivating example: DTMRI connectome testing

To motivate the shuf ed testing problem further, we rst present the following real-data
example. We consider the test/retest connectomic dataset from [84] processed via the algorithmic
pipeline at [85] (note that this data is available for downloadtsp://www.cis.jhu.
edu/~parky/Microsoft/JHU-MSR/ZMx2/BNU1/DS01216-xyz.zip ). This dataset
represents human connectomes derived from DTMRI scans, where there are multiple (i.e., test/retest)
scans per each of the 57 individuals in the study. We consider three such scans, yielding connectomes
A; andA; andB;. Here,A; andA; represent test/retest scans from one subject (subject B;and
a scan from a different subject (subject 2 scan 1). In each scan, vertices represent voxel regions
of the brain with edges denoting whether a neuronal ber bundle connects the two regions or not
(so that the graphs are binary and undirected). Considering only vertices common to the three
connectomes, we are left with three graphs each with1085 vertices.

Fork > O, letQ, 2 ., be an unknown permutation. ObserviAg andA, andB; =
Qx BlQI (rather thaA1; A,; andB;) we seek to test wheth&, is a connectome drawn from the
same person a&; andA, or from a different person (i.e., under the reasonable assumption that
L(A1) = L(A,), we seek to test wheth@; is from this same distribution). Ideally, we would

then construct our test statistic as

T(Ai;B;) = kPy  Pyke (2.1)

Wherebi is the estimate oP; = E(A;) = E(A,) and bz;\ is an estimate olP, = E(B;) derived

from A;; B; as in Section 1.3.
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Incorporating the unknown shufing of).., in B, is tricky here, as for moderateit is
computationally infeasible to compute o, for all Qx 2 ., (where we recall that. o, is
the smallest value such thatkP;  Q-P,QTkZ ¢, q,) - indeed, the order of ., is k!
given we know the vertices iMy.,), and so it is dif cult to compute the conservative critical
valuemaxo, > ,, C:q,- Here, the task of nding the worse-case shufing in;, can be cast
as nding an optimal matching between one graph and the complement of the second, which
we suspect is computationally intractable. To proceed forward, then, we consider the following
modi cation of the overall testing regime: We consider a xed (randomly chosen) sequence of
nested permutation®, 2 ., for k = 0; 50, 150 200 250 350 and consider shufingA;
by Q, andB; by Q- for all = k. We then repeat this proceaMC = 50 times, each time
obtaining an estimate (via bootstrapping as outlined below) of testing power abaingthis
is done here out of computational necessity, and although the test does not achievehlere|-
this will nonetheless be suf cient to demonstrate the dramatic loss in testing performance due to
shufing.

In order to estimate the testing power here, we rely on the bootstrapping heuristic proposed
in [57, 83] for latent position networks. Informally, we will model, A,, andB; as instances
of the Random Dot Product Graph (RDPG) modeling framework of [47] (see De nition 3 for
more detail), which posits matrices of latent positioh2 R" ¢, for A;, A,, andY 2 R ¢
for By (with XXT:YYT 2 [0;1]" "), such that thé-th row of X, (resp.,Y) corresponds to the
latent feature vector associated with ikth vertex inA; andA; (resp.,B;). GivenX andY,
edges in eacl\; are then sampled independently, where for dagtvg 2 Y , the probability
of an edge between andv in Aj; A, is given by thef u; vg-th entry of the probability matrix
XX and inB; by the corresponding entry MY . In this setting, the distribution of networks
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Figure 2.1: Results for 200 bootstrapped samples of the test statistic in Eq. 2.1 at approximate
level = 0:05 Thex-axis represents the number of vertices shuf ed@ia(from 0 to k) while

the curve colors represent the maximum number of vertices potentially shuf ediahere all

shuf ed by Q,. The left panel displays testing power, the right type-I error; results are averaged
over 50 Monte Carlo iterates.

from the same person (i.eA; andA,) will serve as our null distribution, and we seek to test
H;:B; RDPQX)—even thought in reality, we knoB; RDPY).

The RDPG model posits a tractable parameterization of the networks provided by the latent
position matrices, and there are a number of statistically consistent methods for estimating these
parameters under a variety of model variants. We will use the Adjacency Spectral Embedding
(ASE), see Def. 1.3; see [61] for a survey of recent work in estimating and inference in RDPGs.
Once suitable estimates of the parameters— der*bieﬂz for those derived via ASE ohq; A,
respectively, and? derived via ASE ofB;—we use a parametric bootstrap (here with 200
bootstrap samples) to estimate the null distribution critical valdg(sf; A,) = kP, Q,P1Q] ke ;

where in theb-th bootstrap sample, the test statistic

To(A1; A2) = kP QPLuQl ke
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is computed as follows: For eachk 1;2,
(i) sample independei@;, RDPQR;; =1);
(i) computeki;b =ASEGiy; d);
(iii) setPip = Rin(Rip)T

Note that we use a single embeddidglimension for all the ASE's in the null, estimated as
detailed in Remark 1.3.1. In order to estimate the testing power, we mimic the above procedure
(again with 200 bootstrap samples) to estimate the distributidr{(Af; B,) = kP, Q- bZQT ke
whereP; is the ASE derived estimate & = E(B,); similar bootstrapping procedures were
considered in [11,57].
Estimated power for 200 bootstrapped samples of these test statistics at approximate level
= 0:05 are plotted in Figure 2.1 top panel (averaged overrtheC = 50 Monte Carlo
replicates). In the gure, the-axis represents the number of vertices shuf ed @a(from 0
to k) while the curve colors represent the maximum number of vertices potentially shuf ed via
kn; here all shuf ed byQ,. As seen in gure, the power of this test increases as lkadimd
" increase, implying that the test is able to correctly distinguish the difference between the two
subjects when the effect of the shufing is either minimal (sm@gllor when the shufing is
equally severe in both the null and alternative cases Qeshuf es as much ag,). Whenk
is much bigger than, the test is overly conservative (see Figure 2.1 right panel), as expected.
In this case the shufing iH, has the effect of in ating the critical value compared to the true
(i.e., unshuf ed) testing critical value, yielding an overly conservative test that cannot distinguish

between the different test subjects.
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2.4 Shuf ed graph testing in theory

In complicated testing regimes (e.g., the embedding-based tests of [11,57, 71]), analyzing
the distribution of the test under the alternative is itself a challenging proposition (see, for example,
the work in [11, 86]). Accounting for a second layer of uncertainty due to the shufing adds
further complexity to the analysis. In order to build intuition for these more complex settings in
the context of the RDPG and SBM models (which we will explore empirically in Section 2.6),
we examine the effect on testing power of shuf ing in the simple Frobenius norm test considered
in Section 2.3.

We consider rst the case where

and we have an independent

Under the nullX,, = Y,, and we will consider elements of the alternative that satisfy the
following: for all butr = r, rows ofY,,, we haveY,[i; :] = X,[i; ;] so that we hav&Y' =

XXT + E where (with the proper vertex reordering)

0 1
E, E?
E= % § (2.2)
(ED)T On
We will further assume that there exists constamts> ¢; > Oand , = > 0 such that
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i j ej ¢ forallentries ofE, andEP. We note that we will assume throughout that both
Xn andY,, satisfy the conditions of Assumption 1.

The principle challenge of testing in this regime is that the veracity of the (across graph)
labels of vertices irUJy., is unknown a priori. It could be the case that these vertices were all
shuf ed or all correctly aligned, and it is dif cult to disentangle the effect on testing power of
E versus the potential shufing. To model this, we consider shuf ed elements of the alternative,
so that we observé; and B, = Q-A,Q!, where the true but unknown shufing @&, is

determined byQ-, which shufes™  k labels inUy., .

2.4.1 Power analysis and the effect of shuf if§jtest

In this section, we will present a trio of theorems, namely Theorems 2.4.1-2.4.3, in which
we characterize the impact on power of the two distinct sources of noise here: the shufing error
(k and ") and the error in the alternative captured here bywWhen the difference betwedn
and’ is comparably large (for example, whén r g (k ")=rand k), then the
power of the resulting test will be low even in the presence of modest eriforthis case, the
relative size of the error in the alternative is overwhelmed by the excess shufing in the null
which is needed to maintain testing level The actual shuf ing error (i.e.,) is much less than
the conservative null shufing (i.ek), and the test is not able to distinguish the two graphs in
light of the conservative test's overcompensation. Even in the case Wheres relatively small,
if the error is suf ciently small, we will have low testing power, as expected. However, when the
difference betweehk and" is relatively small compared tq ork and™ are both relatively small

compared to (see the conditions in Theorem 2.4.1 and Theorem 2.4.2), then the difference in the
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number of vertices being shuf ed across the conservative null and truly shuf ed in the alternative
is overwhelmed by the error in the alternative. In this case, the noise created by the relatively
small differences in shuf ing between null and alternative can be overcome, and high power can

still be achieved.

2.4.1.1 Smalk " regime
Before presenting the trio of theorems, we will rst establish the following notation
i. Fori=1;2; let bi be the ASE-based estimateRfderived fromA;
ii. Fori = 1;2; and for anyQ, 2 ., let bi;Qk be the ASE-based estimate Bfo, =
Q«P:Q; derived fromQ,A;Q;
ii. LetQ 2 argmay, kP, Py k2
iv. Let®. be the shufing of®  k vertices inUy., such that we obsen@,- = Q-AQT.

In this section, we are concerned with conditions under which power is asymptotically almost

surely 1; speci cally conditions under which the following holds formkuf ciently large
Pu, kP P, k2> Jnaxc.q 1 m 2: (2.3)

Our rstresult tackles the case in whighs relatively small, and only modest errois needed to

achieve high testing power. Note that the proof of Theorem 2.4.1 can be found in Section 2.4.1.2.

Theorem 2.4.1.With notation as above, assume there exist 0 such that = ( n ) and

1 Prg k2 k Py PLe. k2
2n

N +kP _ . . |Og4C(n)
k; n , and that = O(k). In the sparse setting, consider =
for 2 (0;1]where . If either
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H —_ n n
i. k=0 jog®n and log25(n)

q__
and X

, or

_n___
log“¢(n)

then Eq. 2.3 holds for ati suf ciently large. In the dense case where= 1, if either

P

i. k log*(n)and k=n : or

i. kK log®(n) and P (log°(n))=n ;
then Eq. 2.3 holds for ati suf ciently large.

Note thakP; Pi.q k& = O(nk 2) sothe assumption on the growth rat&Bf Pi.q k& k P;
P,.e k2 in Theorem 2.4.1 considers the case where the shufing duedmes not compensate
for the shuf ing due tok, and the shufing due t needs to be relatively minor to achieve the
desired power (here, the growth rates an terms ofk).
Our second result tackles the case in which " is relatively small, and only modest error
Is needed to achieve high testing power. The proof of Theorem 2.4.2 can be found in Section

2.4.1.2.

Theorem 2.4.2.With notation as above, assume there exist 0 such thatr = ( n ) and

kP1 Pi.o kZ2 k P1 P, o k2 . . 4c
ki n,andthat—=",~ " F = O(k ). Inthe sparse setting where '°¢"(")
for 2 (O;1]where ,ifk @”C(hn) and either
ok o n=2 ) q K
e Ok —;and i or
. = jogmm:  novand g

then Eq. 2.3 holds for aft suf ciently large. In the dense case where 1 andk = ! (log® n),

if either
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i. %= log°(n); —; and K_:or

k1=2 Jog®(n)
)

i. &= log°(n); —; and .

then Eq. 2.3 holds for afl suf ciently large.

The assumption on the growth rateléf; P1.q k2 k Py Pre k2 in Theorem 2.4.2 considers
the case where the shufing due focan compensate for the shufing due ko(i.e., when

k ° k). In this setting, it is possible to achieve the desired power in alternative regimes
with signi cantly smaller . Under mild assumptions, this growth rate condition will hold, for

example, in the SBM where the shuf ing is across blocks; see Section 2.4.1.3.

2.4.1.2 Proof of Theorems 2.4.1 and 2.4.2

These proofs will proceed by using Corollary 1.3.1 to sharply bound the critical value of
the level testinterms of the error between the models (i.e., the difference efitiegtrices) and
the sampling error (i.e., the difference betwérand b). Growth rate analysis on the difference
of the P matrices will then allow for the detailed power analysis.

We will begin by recalling/establishing some notation. Pet= E(A;), P, = E(A). To

ease notation moving forward, we will de ne

i. Fori=1;2, let bi be the ASE-based estimate®fderived fromA;;

ii. Fori =1;2 foranyQ, 2 n, letP;o, be the ASE-based estimateRfo, = Q,P.Q}

derived fromQ, A, QI ;

GivenA; andB,: = Q-Ax(Q-)T (whereQ. shufes™  k vertices ofUy.,), a valid (conservative)
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level- test using the Frobenius norm test statistic would correctly réjgat
T (Al, Bz;‘) = kbl bZ;Q k|: QanaX C: o-
k;n

Our rst Proposition will boundmaxg, ., C; g interms ofmaxg, ., kP1  Pioke as follows:

Proposition 2.4.1. With notation and setup as above, we have that for any xed O, there
exists arM > 0 such that for all suf ciently largen,

max c.q max kP; Ppoke + M P n ,logn
QZ k;n Q2 k;n

and

P_— ¢
max c. max kP P..ok M" n ,log°n:
Q2 k;n ’Q Q2 k;n ! LQ F : g

Proof. Note that under the null hypothesi, = P,. As these critical values are computed under

under the null hypothesis assumption, we shall make use of this throughout. Note, however that

bl 6 bz in general, as these are estimated frdpandA,, which are equal only in distribution.

Note that for the ASE-based estimateRafo = P1.q, We havebz;Q = szQT. We then have

Qr;]ax kbl bz;QkF leax kbl PlkF + kPl Pz;QkF + sz;Q bz;QkF
kin k;n

ggax kbl PlkF + kPl PZ;QkF + kQ(PZ bZ)QT kF
k;n

erax kPl Pz;QkF + kbl PlkF + kP2 bsz
kin

gzwax KP1  Pioke + Op(p n ,log°n)

k;n
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where the last line follows from Corollary 1.3.1. Therefore, for ar® (0; ) there exists an

M, > OandN; > Osuch thatforanyp N,, and any@ 2  kn We have that

PHO kbl bz;ékp > QTaX kPl Pl;QkF + Mlpﬂlogcn
kin

PHo max kbl bz;QkF > max kPl Pl;QkF + Mlpﬂlog"n ;
QZ k;n Q2 k;n

implying (asQ was chosen arbitrarily)

C. o Qr;\ak?: kP1  Pioke + Mlpﬁlogcn

) Qrpax C.o Qrpax kP;  Pioke + Mlp n ,log°n:
kin k;n

For the lower bound, recall that f(@ 2 n, We havec; b is the smallest value such that

PHo(kbl bZ;QkF C.p) . From the triangle inequality, we have that

kP, Pooke k Py Pike + kP Pooke k Pao  Paoke

, k PZ;Q bZ;QkF + kbl P]_kF Kk Py PZ;QkF Kk b1 bZ?QkF

so that for any, > 0, there exists aM, andN, such that for alh N, (recallingP,; = P, by

assumption),

PH kpz;Q bg;QkF + kbl P1k|: sz ﬂloge n 1 2.

0

) PHO kpl Pz;QkF Kk b]_ bz;QkF szﬂlogcn 1 2.

, PHo kbl bz;QkF k P, Pl;QkF szﬁlogcn 1 2.

28



This then implies that (for a well chosen), that there exists aM, andN, such that for all

n N>

P_— ¢
max c. max kP P..ok M, n ,log"n
Q2 k;n ,Q QZ k;n ! 1’Q F 2 n g

LettingM = max(M; M,) yields the desired result.

For ease of notation €@ 2 argmax, o kP;  P1oke, and de ne

T]_;k;‘ = kPl Pl;Q k|2: k Pl Pl,QkIZZ’

Toop =KPy Poeki k Py Ppek?:

We have then that (under the assumptions of Theorem 2.4.1) there exists co@sf@hts 0
and an integeng such that fon  ny, the following holds with probability at leagt n 2 under

Hi,

kP, bz;ekF kP Piq K& Toe + T 1 Clpﬂlogcn;

kP, bz;@kF kP1 Pig K2 Toke + Too 2y Czp n ,log°n:
Recalling the form oE, we have the following simpli cation off,..- underH;; rst note that

;
kP P,eki = kPy P eki +2trace P v P E +KEKE;
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so that (wheré€ > O andc > 0 are constants that can change line—to—line)

8 8

ECnr22 cnr 2 if> r ECnr22+cnr2 if> r
T2;‘;‘ TZ;\;‘

“Cnr 22 ¢cnt 2 if> r “Cnr 22+c¢cn” 2 if

We are now ready to prove Theorem 2.4.1, which we state here for completeness. Recall, we are

concerned with showing that for all suf ciently large
2.
Pu, kPy Poke > Jnaxco 1 on* (2.4)

Proof of Theorem 2.4.1 Note that we will see below that we will requite < c,n for an
appropriate constarm,, so the assumption th&t n is not overly stringent. We begin by

noting
Tp T Cnr 22 on' 2 k Py ProkZ + kPy Pl;eklzz: (2.5)

Now, for power to be asymptotically almost surely 1 (i.e., bounded below byn 2 for all n

suf ciently large), it suf ces that undeH ,,

1=2 p

kPy Pooke  kPr Prg k2 Ty + Toy C. n log°n

k P, Pl;Q k|: + M pn_logcn;
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which is implied by

Cnr 22 cn" 2 +(kPy Py ki k Pr Ppeki)+(M + Cy)®n log™n

+2kP1 Pl;Q kF(M + Cl)pn_logcn: (26)

To show Eq. 2.6 holds, it suf ces that all of the following hold

S r
2C 1=2 C
nk log™“n_ k=?log"n 2.7)

r

! n ! n 1=2

n
. log*®(n) . .. . .
In the sparse settingwhere =22 for 2 (0; 1], we have Eq. 2.7 is implied by the following

r S s
k n n k1=2
n

! log?(n)” log’(n) n=2' @8

note that for these equations to be possible, we must have . If k = O ﬁ’zc—n , then Eq.

q
2.8 is implied by Ok Consider nexk @5‘% in which case Eq. 2.8 are implied

n
log
q__
by nL In the dense case where= 1, we have that Eq. 2.7 is implied by the following
r__ S - r
k =
L log n; k=2log"n (2.9)
n n n
Eq. 2.9 is then implied by
"
— if k  log®(n);
r n
C
'Oi(”) if kK log?°(n):
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as desired.
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Proof of Theorem 2.4.2 Mimicking the proof of Theorem 2.4.1, for Eq. 2.4 to hold, it suf ces

that all of the following hold

r S - o
k ~ log™n k=2log"n
e : : AL 2.10
n n n n 1= ( )
. log*¢(n) . .. . i
In the sparse setting where 29— for 2 (0; 1], we have Eq. 2.10 is implied by:
r S S ———
k ° n n k1=2
— _ —_— _— —, 2.11
n n log®(n) log°(n) n=2 (2.11)

Note, for these equations to be possible, we must have . This also depends onas well, as

Eq. 2.11 is implied by

k . k ° n=2
_; If = 2C ;
n s n k2 log*®(n)
n=2 k2 _k ° n=2

n log®°(n) n " = log®®(n)

In the dense case where= 1, we have that Eq. 2.10 is implied by the following

r " o " Zlodn

‘ kK | k=]

; ; og™n. Krodn (2.12)
n n n n

If k  log®™n, then Eq. 2.12 gives us the desired

i (k) o k - ¢

C3n ; ng - if W log“(n);

s k=2log°(n) ., k ° .
an—, Cs - if i log®(n):
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2.4.1.3 Shuf ed graph testing in SBMs

We consider next the case whekg SBM(K; ;b; ), and we assume there exists a
matrixE = [g;] 2 R" " of the form (up to vertex reordering) of Eq. 2.2. such that, under
H1, A2 = [Az; ] is an independently sampled graph with independently drawn edges sampled
according to

ind. _
A2;ij " Bernoulli b(i);b(j) + €;

We will consider herde being block-structured (in which cage is itself an SBM). As before,
we will assume that there exists constasts ¢c; > Oand , = > Osuchthat; | ]
for all entries ofE, ; EC.

Consider the setting wheté., Vi[ Vo, andjUxn \ Vij = jUen \ Vo) = kK=2; so that at
mostk vertices have shuf ed labels a2 of these are in each of blocks 1 and 2. Note that, as
block labels are arbitrary, this captures the setting where vertices may be ipped between any two
different blocks. In what follows below (see Proposition 2.4.1 in the Appendix), we will see that
we can boundnaxgy, ., C; g interms of any permutation that interchange exak#g vertices
between blocks 1 and 2. Without loss of generality we can then bownd, ,, c. o in terms

of Q, de ned via 1

0
Rk On1+n2;n ni n2§
Qx = (2.13)

On ni nNz;ni+nz |n ni N2
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where 0 1
Ok=ok=2  Ok=2in, k=2 k=2 Ok=2:n, k=2
E n1 k=2;k=2 |n1 k=2 Onl k=2;k=2 0n1 k=2;n, k=2
% Ok=2:n; k=2 Ok=2k=2  Ok=2n, k=2 E
nz k=2;k=2 n2 k=2;n; k=2 On2 k=2;k=2 Inz k=2

andn; represents the number of vertices present in blodke again consider shuf ed elements
of the alternative, so that we obsere andB, = Q-A»(Q-)T, whereQ- is de ned analogously
toQ, (i.e., foranyh Kk, Q, shuf esthe rsth=2vertices between blocks 1 and 2). In this SBM

setting, note that

X
kP; QuPi(Qu)TkE = k? (11 2)?=2+2k  n (i i2)?

i=3

+2k(ny  k=2) ?( 11 12)?+2k(n; k=2) *( 12)°

X
=k* *( 22)%=2 + 2k ni (i1 i2)?

i=1

k2 2( 11 12)2 kz 2( 22 12)2

If nj = ( n)foreachi 2 [K],thenkP; Q\P1(Q,)"k2 k P; Q-Pi(Q)'k2 = ( n %k "))

under mild assumptions on, and Theorem 2.4.2 applies.

2.4.1.4 Largk " regime

We next tackle the power lost by an overly conservative test (i.e., whemuch bigger
than’). In this case, it is reasonable to expect the power of the resulting test to be small, as in

this setting the shuf ing noise could hide the true discriminatory signal in the alternative (here
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presented b¥). Note that the proof of Theorem 2.4.3 can be found in Section 2.4.1.5.

Theorem 2.4.3.With notation as in Section 2.4.1.1, assume that

kP; Pig kﬁ k Py Pl;@kﬁ _
2n -

(k)

andr = ( n ): Suppose further thdt—  99=": Then if either
i K _and” r;or
k k °

il - —and T

we have that for alh suf ciently large
Pa, kP: QP,QTke > naxc;q N 2: (2.14)
k;n

Note again that under mild assumptions, the growth rate requiremek®s of Py.q k2 k Py
Pl;@ké holds in the SBM setting considered in Section 2.4.1.3, and Theorem 2.4.3 holds (given

the growth rate ok;r).

2.4.1.5 Proof of Theorem 2.4.3

Recall that

8

ECnr 22+cnr 2 k Py Pig k& + kP Pl;Qké if> r
T2;‘;‘ Tl;k;‘

3

“Cnr 22+c¢cn” 2 k Py Ppg kE+ kP Pl;@ké if >
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so that the assumption

kP; Pig ké k P; Pl;Qk,Z: _
2n -

(k)

yields that there exists a const&t> 0 such that fon suf ciently large

8
ECnr22+cnr2 Rn 2k ) if"> r

3

“Cnr 22+cn” 2 Rn %k V) if> o

T2;‘;‘ Tl;k;‘

Now, for power to be asymptotically almost surely O (i.e., bounded below Byfor all n
suf ciently large), it suf ces that undeH; we have (where is an appropriate constant that

can change line-to-line)

kP, bz;@kF kPy Pug ki Tu + To; 2y Czpn_|09cn

k Pr Pioke M IOn_logcn (2.15)
Eq. 2.15 is then implied by
Tor T (Co+ M)?n log®n  2(M + Cz)pn_logcn kPy  Pag ke

which is implied by

8

En“ 224 2 on %k )+ on log®n  on 3=oP klogtn if> r

§ (2.16)
“n* 224002 n 2k )+ on log®n o 3:2pE|09°n it r
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Suppose further that

log°n
P_ .

'(Jx

x|

In this case Eq. 2.16 is implied by

n* 22+ 2 njog®n+nk )2 if

n* 22+n 2 njog®n+nk )% if

8
E 24 Ior?zcn + kn_ if r
.§n 240 logn koY) iy
8
% kn_ if r
( (2.17)
3 d K K
: — — if r

as desired.

2.5 P versusA in the Frobenius test

The issue that is at the heart of the problem with the Frobenius-norm test using adjacency

matrices (rather than usirR®) can be best understood via the following simple example:

Example 2.5.1.Consider the simple setting where we have independent random variables

X Bernoulli{p); Y Bernoullip); Z Bernoull{g):
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In this case

EX  Yj=2p(1 p

EX Zj=pl a+ql p

Note that

P a@+ql p 2p(1 p=pp P+(qg PA pP=(q PI 2p

is greater tha® whenq > p andp < 1=2, or whenq < p andp > 1=2; and is less thaf when
g > pandp > 1=2, or whenq < p andp < 1=2.

Consider next the task of testiidy : L(A) = L(B) for a pair of graphsA andB. A
natural rst test statistic to use = kA Bk2, and it is natural to then reject the null whéris
relatively large. In the case whefe ER(n;p) (i.e., all edges appear i with i.i.d. probability
pindependent of all other edges) add ER(n; ), the test becomds, : p = g. However, under
Howe haveET = n(n 1)2p(1 p) and under the alternathe€T = n(n  1)(p(1 )+ gl p)).

If p < 1=2, thenp > q impliesE; T < EyT, and rejecting for large values af would fail to

reject for this range of alternatives. Of course, in the homogeneows®Rédnyi (ER) case, we
would want a two-sided rejection region (or we can appropriately scaterender a one-sided

test suitable), though in heterogeneous ER models, adaptimgiore nuanced as we shall show
below. While the test using = kP, bzké does not suffer from this particular quirk, we do

not claim it is the optimal test in the low-rank heterogeneous ER model. Indeed, we suspect the

more direct spectral tests of [11,57] would be more effective, though the effect of the shufing is
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more nuanced in those tests. There, it is considerably more dif cult to disentangle the shufing
from the embedding alignment steps of the testing regimes (Procrustes alignment in [11], and the

Omnibus construction in [57]).

Working in the SBM setting of Section 2.4.1.3, for 1;2and all0  h k, letA;, be
shorthand foiQ,,AQj, andE;, = [e,-(;?)] be shorthand fo@,,EQJ, (so that we are shuf ing
vertices in each block). Consider the hypothesis test for testingL (A1) = L(A,) using the
test statistic (wher&, is the set of alh-vertex undirected graph3) : G, G, 7! R °de ned
viaTa(A1; A2) = TkA1  ApkZ.

Assume that we are in the dense setting (i.¢5 1 for all n) and that the following holds:
I. There exists an 2 (0; 1=2) such that 1 entry-wise;
ii. There exists a2 [0; ) such that for alfij g,jg;] ~
iii. minin;=( n),andmaxj 5 2] 1 2= (1) :

In this case, we have th@k (A1; Ao) is stochastically greater tha (A1; Azp) for h <k, and

so the conservative level test—to account for the uncertainty Wyy.,—usingT, would reject

Ho if TaA(A1;A2) > cx Wherec, is the smallest value such thag,(Ta(A1; Azx) > Cxk )

. As the following proposition shows (proven in Section 2.5.1), the decay of power for this
adjacency-based test exhibits pathologies not present iR-thesed test (wherlg fii g denotes

the sum over unordered pairs of element$ndf andn = min; n;, and = max;j j 2i)

and =] 1y 22]).

Proposition 2.5.1. With notation as above, let = n and dene j; := (2 pi(jl) 1)q(j\) and
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P

= g4 i - We have that

Pu,(Ta(A1;A2) €k )= 0(1)

2 N2
Gnh kK , kK
n n n

2+F:!(1):

Digging a bit deeper into this proposition, we see the phenomena of Example 2.5.1 at play.

Even wherk  is relatively small, if suf ciently often we have that

el) < owhenp{” < 1=2 (2.18)

e’ > owhenp{" > 1=2 (2.19)
then—- can itself be positive and divergent, driving powe0to

2.5.1 Proof of Proposition 2.5.1

To ease notation, de n@n.a = Ta(A1;Azp) = %kAl Axnk2. We will adopt the
following notations for the entries of the shuf ed edge expectation matrices: forl; 2, the
(i;j )-th entry of P, = Q,,P QJ,, is denoted vqui(j ) (and Wherepi(;j) will refer to the(i;j )-

P .
th entry of P ). We will also de ne (recall, signi es the sum over unordered pairs of

fij g

P P
elementsofn]) 1:= ;4 pi(;}), and g == ¢, : Then, we have that (where we recall that
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Figure 2.2: Power results at level = 0:05 for nMC = 200 Monte Carlo replicates of the
adjacency matrix-based test statistic and null and alternative distributions presented in Eqg. 2.25.
In the gure thex-axis represents the number of vertices shuf ed®ia(from 0 to k) while the

curve colors represent the maximum number of vertices potentially shuf ed yig here all

shuf ed by Q.

E = QyEQ) = [e,-(;})] is the shuf ed noise matrix)

X .
Eno(Ta) =2 1+ 2 pi(,-l) pi(jl'k)
fij g

X . .
Eq,(Ta)=2 1+ g 2 pi(jl)(pi(jl’)+ ei(j))
fij g
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Figure 2.3: Power results at approximate levet 0:05for nMC = 200 Monte Carlo replicates

of the P-based test statistic and null and alternative distributions presented in Eq. 2.25. In the
gure the x-axis represents the number of vertices shuf ed@ia(from 0 to k) while the curve
colors represent the maximum number of vertices potentially shuf ed yig, here all shuf ed

by Q.

\ P
So that in the dense setting (i.e,,= 1 for all n), letting ; := (2 pi(jl) 1)e,-(j)and = g i

we have that (where to ease notation, we de nremax; | i %))

X . _ X .
Ero(Tka) En,(Toa)=2 pi(jl)(pi(jl’ : pi(jl'k)) E+2 pi(jl) ei(j)
fij g fij g
X R 2 k 2
=2 Nk ) 1n 2h)“ + 2 (1 22) (2.20)
h> 2

+(ny Kk ) 1 )+ (N2 Kk ) 2 12)° (2.21)

2(k ) u 12)( 22 21) (2.22)
X .
e+2  pild’ (2.23)
fijg
nk ) 2+ (2.24)
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To see this, we rst focus on bounding the terms in Eqgs. (2.20)—(2.22). To ease notation, let

X:= 11 srandy ;= 5 1. For the desired bound, it suf ces to show that

Kk

, X y)? k(k HOE+y) 2k Oy O

To see this, note that

k ° . R .
5 (x y)® k(k HxE+yh) 2(k )y
= kT (k ° DXP+y>) 2k ° 1xy 2k(x*+y?) 4xy
— k ) N 2 2 N N .
=5 ( k D(x“+vy) 2k xy 4xy 0}

P
as this yields the terms in Egs. (2.20)—(2.22) are bounded abad¥e by, nh(k  “)( 1n  2n)?
as desired. For a lower bound, we have that (where j 1; 22])
" #
X

Bro(Tka)  EBny(Ta)  2(k ) Nh( 1n 2h)2 (k+7) 2 2= +
h 1

2k minm (k+ )] * (k) 2+

To derive the desired lower bound on the terms in Egs. (2.20)—(2.22), we see that

W KK NCHY) 2Ky
S (T R A CIYD
Kok 922+ 9= (k NK+) P (k) =2
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as desired.

Under our assumptions onandE, we have that

2 (1 JBho(Tka)  Vary (Tka) (1 2 (1 ) Eno(Tka)

20 MA@ +MEu(Ta)  Var,(Tha) (@ 20 DA +7)En(Toa)

To see this foiTy.a (with T-.o being analogous), let, (resp., -) be the permutation associated

with Q,, (resp.,Q,:), and de ne

Sc:=ffijjgstfi;jgs f «(i); «(j)gg

S :=ffijjgstfi;jgsf -(i); (j)gg

For ease of notation, de ne

g = pp@ B+ P )
by = 2pi(;}) 1 pi(jl))
Then

X 2 X 2
Vary, (Tika) = Euo(Tia) & bj ;
fij g2Sy fij 925y
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noting that

21 ) & 1 21 )

21 ) by 1 2@ )

yields

X X
Vary,(Tka)  Eno(Tka) (1 2 (2 ) a (1 22 ) b
fij g2Sy fij g2S,

=2 (1 )EHo(Tk;A)

and, similarly, Vag ,(Tka) (1 2 (1 ))Eq,(Tka)-

Stein's method (see [87, 88]) yields that under bbith (resp.,H1) Ta(A1; Azx) (resp.,
Ta(Az; Az)) are aymptotically normally distributed, and hence the testing power is asymptotically
equal to (where® is the standard normal tail CDF, a@> 0 is a constant that can change line-

to-line, andn =min; n;)

q
Pii(Ta Cx) Pui(Tia 2 Vany (Tka) + Evo(Ta))
0 1
| O
_p., @ En,(Tha) 2 Vami (Tiea) * Eno(Tka)  Eni(Ta) o
= PH,y P b
Vary, (T-a) var, (T2)
p - H
e 2 Var,(Tka) + Eno(Tia)  Eni(Toa)
r.l —_—
VarHl(T‘;A)
e Cc 2k ) n K+ 2 k_ 24
n n n n
2 2
e Cc (k )n_ K 2 K 2,
n n n n
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Now, we have that power is asymptotically negligible if

as desired.

2.5.2 Power loss in Presence of Shuf ing: Adjacency velRimsed tests

To further explore the theoretical analysislafconsidered above, we consider the following
simple, illustrative experimental setup. Whfv) =2 1fv2f1;2; ;2503 we consider two

n = 500 vertex SBMs de ned via

0o 2 3 1 0o 2 3 1
055 04 055 04
A SBM %Zg Z ;b;1§ ; B SBM %Zg Z + E ;b;1§ (2.25)
0:4 045 0:4 045
whereE = Jsoo s00, @and ranges ovef 0:.01; 0:02 0:03g. According to Eq. 2.18 and

2.19, we would expect the power of the adjacency matrix-based test to be poor fok th@
values, even whek  is relatively small (i.e., even when the shufing has a negligible effect).

We see this play out in Figure 2.2, where the adjacency matrix-based test (i.e., the test where
T(A;B) = %kA BkZ ) demonstrates the following: diminishing power in tive 0 setting when

k " islarge, and uniformly poor power in the: O setting. Notably, whek ° is small, the test
power is (relatively) large when> 0and is near O when< 0. In Figure 2.3, we see the above
phenomena does not occur for fAedvased test (i.e., the test whélréA; B ) = kPn Pg k), as

for this test we see (nearly identical) diminishing power in the 0 and < O settings when

k " islarge, and relatively high power wh&n " is small. In both cases, the power is increasing
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as increases as expected.

One possible solution to the issue presented in Example 2.5.1 (and exempli ed in Eq. 2.18—
2.19) is to normalize the adjacency matrices to account for degree discrepancy. With the setup
the same as in Example 2.5.1, consider

U  Vj _
EU(L EU)+ EV(I EV)’

T(U;V) =

so that

pl o+ gl p

ol prol o -

TX;Y)=1;, T(X;Z)=

With A ER(n;p) andB ER(n;q), rejectingHo : p = q for large values ofT will be
asymptotically strongly consistent. However, in heterogeneous ER settings (see Figure 2.4) this
degree normalization is less effective (especially when the expected degrees are equal across

networks). In Figure 2.4, with

biv)y=2 1fv2f1,2, ;25Q;

we consider twan = 500 vertex SBMs de ned via

0 2 3 1 0 2 3 1
055 04 0:6 035
A SBM %25 é ;b;1§ ; B SBM %25 é ;b;1§ (2.26)
0:4 (@45 0:35 05
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Figure 2.4: Power results at approximate levet 0:05for nMC = 500 Monte Carlo replicates

of the normalized test statistic and null and alternative distributions presented in Eqg. 2.26. In the
gure the x-axis represents the number of vertices shuf ed@ia (from 0 to k) while the curve
colors represent the maximum number of vertices potentially shuf ed yig, here all shuf ed

by Q.

and we consider testingo : L(A) = L(B) in the presence of shuf ing using the test statistic

2 n2 F
I no m(‘ ‘; B) ( )

1 kAKZ 1 A kAK® + -1 kBk? 1 -1 _kBK2
2(5) " F 2(5) " F 2(3) F 2(5) F

Fromthe gure, we see thatin settings such as thiswkai¢ k Bk2, the degree normalization
is (unsurprisingly) unable to overcome the issues with the adjacency based test outlined in Example

2.5.1.

2.6 Empirically exploring shufing in ASE-based tests

As mentioned in previous sections, multiple spectral-based hypothesis testing regimes have
been proposed in the literature over the past several years; see, for example, [11,12,57,71]. One

of the chief advantages of tH&based test considered herein is the ease in which the analysis
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Figure 2.5: For the experimental setup considered in Section 2.6, we plot the empirical testing
power in the presence of shufing for the four tests: the Frobenius norm difference between
the adjacency-matrices, betweb'ls, Tomni @nd Tsemipar IN the gure the x-axis represents the
number of vertices actually shuf ed idy., (i.e., the number shuf ed in the alternative) while the
curve colors represent the maximum number of vertices potentially shuf ed Wg,in

lends itself to understanding the effect of shuf ing; indeed, this power analysis is markedly more
complex for the tests considered in [11,57], for example.
In the ASE-based tests in [11, 57], the authors considegrtex,d dimensional RDPG's

A RDPEX; =1)andB RDPQY; =1),andseektotest

Ho: X Z Y; versusHy : X 6 Y; (2.27)
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