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Simple systems such as a spin 1/2 particle driven by periodic drives can exhibit sur-

prisingly rich physics. These systems can be described as lattices in phase space, in analogy

with spatially periodic systems. By varying the phase and amplitude of the drives one can

synthesize arbitrary complex hopping terms where the dimensionality of the effective lattice

is set by the number of drives. In this thesis, we explore how to construct a 2-dimensional

synthetic lattice with a topological band structure and study the effect of dissipation on

the steady state of a strongly driven system.

Topological band structures are well known to produce symmetry-protected chiral

edge modes which transport particles unidirectionally. The half-BHZ (Bernevig–Hughes–Zhang)

model, defined as a 2-d lattice of two-level systems, exhibits edge modes in the limit that

the hopping exceeds the on-site energy splitting. We synthesize this model by coupling a

qubit to a cavity and driving it with a large external effective magnetic field. In the limit



of strong driving, the Floquet lattice can be topologically non-trivial, where the analog of

a topologically protected edge state is a topologically protected energy pump. We have

developed a toolkit for generating and characterizing the large synthetic magnetic fields

required to reach the topological regime.

In the second part of the thesis, we explore a surprising result discovered in the

process of characterizing the large synthetic fields: the stabilization of Floquet states in the

presence of dissipation. While dissipation generally leads to errors in quantum systems, it

can also lead to the stabilization of specific states of a driven system. This concept has been

extensively studied in the context of optical pumping in atomic systems to drive systems

to a pure ground state. Here we show that cavity-induced loss can have the dramatic and

unexpected consequence of purifying a mixed state to a dynamically driven Floquet state.
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Chapter 1

Introduction

Since the invention of the transistor nearly 70 years ago, drastic improvements in computing

power have radically increased the range of problems that can be practically studied. In

particular, the increase in computational power has enabled the fully digital simulation

of physical systems to incredible accuracy levels. One of the most striking examples of

this computational might, is the increase in weather forecast accuracy: we can predict

the weather 5 days out with a higher accuracy today than single-day forecasts from 30

years ago. However, not all systems can be e�ciently simulated on a classical architecture.

In particular, quantum mechanical systemscomposed of entangled particles display an

exponential complexity in the computational resources required to model them.

This naturally begs the question: why not use a quantum system to perform quantum

simulation? This idea was �rst presented by Feynman in 1982 and, for a decade, drew very

little serious consideration as the task of building such a computer seemed completely out

of reach with problems ranging from coherently controlling the qubits to correcting errors

arising from decoherence to building systems with enough qubits to do anything interesting.

Dramatic improvements in quantum technology starting with trapped ions [1], followed by

superconducting qubits [2], then, in the last decade, neutral atoms [3] have revolutionized

the �eld and started making serious inroads towards a fully digitalquantum computer.
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Additionally, the quantum nature of this new proposed computer allows it to solve

problems that are computationally ine�cient for classical computers. Famously, the prob-

lem of factoring numbers, the backbone of modern RSA cryptography, can be e�ciently

solved on a quantum computer with Shor's algorithm [4]. The existence of Shor's algo-

rithm has lead to the search for other so-calledquantum advantagealgorithms which o�er

an exponential speedup over their classical counterparts.

However, current quantum systems are still far from realizing apractical digital quan-

tum computer due to the relatively small number of qubits and the di�culties surrounding

error correction. In some ways, the current quantum computing landscape is reminiscent of

the early days of classical computing where the theory foundation for a new computational

paradigm exists but the hardware is still in its infancy. While a fully digital system can

in principle simulate any system, specialized hardware designed to solve aspeci�c problem

can be a much more e�cient way to solve it. In the early days of digital computing, analog

computers were often used for ballistics calculations, to solve partial di�erential equations

(Water Integrator), or even to simulate the hydrodynamics of the North sea (Deltar, Ishig-

uro storm surge computer). The same principle can be applied for quantum mechanical

systems: to simulate a speci�c system, we do not require a fully digital computer, just a

system that reproduces the dynamics we wish to study.

In our lab, we use superconducting circuits to study the di�erent physics arising in

lattice systems.

1.1 Experimental Platform

Our experimental platform consists of superconducting circuits to simulate atomic and

photonic modes described with circuit quantum electrodynamics. Circuit quantum electro-

dynamics (cQED) has emerged in the last decade as one of the premier quantum computing

and simulation platforms due to its fast, high �delity gates and rich tunability of circuit
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topologies for Hamiltonian engineering [5, 6]. The basic building blocks for a cQED system

are a qubit and a microwave photon. Both the qubit and the photonic mode are imple-

mented using superconducting circuits which, while macroscopic in size and consisting of

billions of individual atoms, behave as simple quantum mechanical systems. The photonic

mode is typically implemented as a microwave resonator made from a coplanar waveguide

cavity. The qubit mode is e�ectively an arti�cial atom whose energy level structure can

be tailored by changing the underlying circuit topology. The most commonly used qubit,

the transmon qubit [7], is implemented using a capacitor and a non-linear inductor and

displays an anharmonic oscillator level structure which isolates the lowest two levels. Other

qubit designs such as the 
uxonium qubit (�rst developed in [8]) or the zero-pi qubit [9],

include additional inductances and capacitances to sculpt a much richer level structure and

can provide protection from decoherence. The interaction between the qubit and photon is

described by the Jaynes-Cummings Hamiltonian which has been extensively studied in the

context of atoms trapped in optical cavities. Circuit QED experiments have light-matter

coupling that is orders of magnitude higher than cavity QED experiments allowing for a

wider range of systems to be studied.

cQED systems are typically analyzed using simple circuit elements such as capacitors

and inductors along with Josephson junctions which imbue the circuit with nonlinearity.

Harmonic oscillators, qubits, and coupling structures are decomposed into their circuit

representation; the resulting circuit can then be directly lithographically de�ned on a su-

perconducting thin �lm allowing for virtually any planar circuit topology to be realized.

In addition to freedom in circuit topology, the control electronics used in the microwave

domain allow for direct wave synthesis leading to a high degree of control over qubit pulses

for gates and time varying Hamiltonians.

In this thesis, we consider two kinds of simulated systems: photonic lattices (stud-

ied in detail in [10]) in which a spatial array of resonators is used to synthesize e�ective

band structures and Floquet lattices where the action of strong periodic drives leads to an
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e�ective lattice description.

Photonic lattices Photonic lattices are realized by arranging microwave resonators

in a regular network and coupling their endpoints. In contrast to regular spatial lattices

where the "site" is a 0-dimensional point and the interaction strength depends on the

distance between sites, these microwave photonic lattices have extended "sites" and point-

like interactions. This inversion of scales allows for the synthesis of non-Euclidean lattice

tilings on Euclidean substrates. In particular, the freedom to deform the photonic resonator

without a�ecting its resonant frequency or coupling strength to neighboring sites has been

used to create a true representation of a hyperbolic lattice on a chip. These lattices can

be used to study the e�ect of non-commuting spatial symmetries as well as study other

simulation paradigms involving hyperbolic spin systems.

In addition to non-Euclidean tilings, the extended nature of the lattice sites leads to

the emergence of 
at bands in the band structure. Flat bands have long been of interest

due to their large scale degeneracy and non-trivial ground states. Adding qubits to the

photonic lattice allows for a measurement of the band structure and photonic modes. By

tuning the qubit frequency into resonance with a particular lattice band and mapping out

the photon-mediated qubit-qubit interactions we can study the e�ect of di�erent band types

(
at, linear, quadratic). This is studied in Chapter 5 where we develop a tunable coupler

prototype to provide in-situ tunability of both the qubit frequency and the qubit-resonator

coupling allowing us to isolate speci�c bands in a photonic lattice.

Floquet Systems While spatial lattices o�er a large range of possible band struc-

tures, the native capacitive and inductive coupling are limited to real hopping terms. Mag-

netic �elds (real or synthetic) have long been a source of topology in materials with early

demonstrations such as the integer quantum hall e�ect. In addition to topological bands,

magnetic �elds are also the source of virtually all non-reciprocal devices such as circulators

and isolators, which are a fundamental component of experimental setups. These �elds can

be synthesized on a lattice by adding a complex phase on hopping terms so that the phase

4



enclosed around a plaquette is non-trivial. This is usually achieved either by parametric

modulation of the coupling between sites or by using magnetic materials to directly break

time-reversal symmetry. However, this can also by realized in a Floquet lattice arising from

strong, periodic driving of a qubit. The full amplitude and phase control of the microwave

drives applied on the qubit allow us to synthesize lattices with complex hopping terms.

Historically, the half-BHZ model is considered as a minimal model for a 2-dimensional

lattice with topological bands. This model consists of a square lattice of two level systems

where the topological regime is achieved when the hopping terms exceed the on-site level

splitting. This topological regime leads to the generation of chiral, uni-directional propagat-

ing modes. By synthesizing this model in the Floquet regime, the signature of non-trivial

topology is an energy pump with a quantized rate of energy exchange between drives. This

work has recently been extended to "boosting" where replacing one of the classical drives

with a quantum state leads to a translation in the Fock basis of the underlying state. In

Chapter 7, we develop a framework to synthesize the required �elds on a driven transmon.

In the process of characterizing the driving �elds, we discovered a persistent oscillation

in the qubit population extending for much longer than any of the experimental decoherence

timescales and discuss it in Chapter 8. While driven-dissipative systems have long been

studied in the context of initial state preparation and stabilization, they usually involved

either a tailored dissipator, which can be di�cult to implement experimentally, or lead to

a lab frame ground state such as in optical pumping. The system we studied in Chapter

7 consists of a qubit adiabatically following a rotating �eld coupled to a lossy cavity. At

long times, the system is driven to Floquet ground state (i.e. "aligned" with the rotating

�eld). This result lead to a generalized theoretical treatment extending the stabilization

of Floquet states outside of the adiabatic regimes shown in the experiment opening up a

large class of problems to be studied in other platforms.
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1.2 Thesis Overview

This dissertation starts by introducing the theoretical framework for circuit QED in Chapter

2. We introduce the Jayne-Cummings Hamiltonian, circuit quantization (in which an

electrical circuit is mapped onto an e�ective Hamiltonian), the transmon qubit, and qubit

state readout.

In Chapter 3, we provide a full overview of the measurements used to characterize

and control qubits. This includes spectroscopy, coherent control, qubit readout, and qubit

characterization.

Chapter 4 introduces the experimental hardware used for measurements. We discuss

the basic operating principles of the dilution fridge, provide an overview of the microwave

equipment, and brie
y discuss the control code architecture developed for the lab.

In Chapter 5, we develop a tunable coupler to selectively interact with a speci�c band

in a photonic lattice without introducing defects due to frequency shifts in the resonator

mode. We present a proof of concept experimental implementation and discuss a circuit

model to reduce the frequency shift on the resonator mode.

Chapter 6 provides a brief introduction to the synthetic �elds used in the �nal portion

of the thesis. We discuss how to synthesize e�ective magnetic �elds on a transmon using

an amplitude modulated drive and frequency modulation on the qubit.

Chapters 7 and 8 develop an experimental framework to synthesize the required �elds

and study the dynamics of a qubit driven with a rotating magnetic �eld.
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Chapter 2

Circuit Quantum Electrodynamics

In this chapter, I will lay out the building blocks for all our devices and present the simple

theoretical framework underlying circuit quantum electrodynamics (cQED) [2, 11]. At their

core, all of our devices can be modeled as harmonic (photonic modes) and anharmonic

(atomic/ qubit modes) quantum oscillators. To build up a theory model for a given design,

all one has to do is decompose the resulting circuit into these two types of quantum systems

and compute the various couplings between the di�erent subsystems to build up the system

Hamiltonian. The rich topology available to circuit models allows for a wide range of

Hamiltonians to be constructed using only a few circuit elements: capacitors, inductors,

and a Josephson junction. Over the last two decades of development in the �eld, these

three simple building blocks have led to the emergence of a veritable zoo of qubit designs,

novel ampli�ers, and exotic coupling schemes between photonic and atomic modes. A full

description of these various improvements is outside the scope of this chapter; however, the

interested reader will �nd the following publications a fruitful starting point [5, 6, 11, 12].

I will start with a theory overview of the Jaynes-Cummings Hamiltonian before setting up

the circuit quantization framework to build Hamiltonians from electrical circuits. This will

lead us to discuss the coplanar waveguide resonator and transmon as photonic and qubit

modes respectively.
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Figure 2.1: The simple picture we will consider for the theory section of this chapter:
an atom approximated as a two level system(circled pair of lines) is coupled to a cavity
(illustrated with the two curved mirrors) with a strength g. Both the atom and the cavity
can experience dissipative processes indicates by the wavy lines leaving the system (�
corresponding to depolarization and decoherence of the atomic state and� corresponding
to photon losses). The atom can also be driven with a resonant drive of strength 
 for
control.

2.1 The Jaynes-Cummings Hamiltonian

The Jaynes-Cummings (JC) Hamiltonian was developed to describe the interaction between

an atom and a photonic mode near resonance(schematically shown in Fig. 2.1 [13]). The

atomic mode is usually approximated as a two-level system with transition frequency! q

and the photonic mode is modeled as a simple quantum harmonic oscillator (QHO) mode

with resonance frequency! c. The interaction between the atomic and photonic mode is
�!
d �

�!
E where we need to provide a quantum description for each term. Quantizing the

electric �eld from the cavity mode allows us to rewrite
�!
E as ERMS (a + ay) where ERMS is

the root-mean squared �eld of a single photon in the cavity mode. The dipole operator for

a two level system is given byd(� � + � + ), where d is the matrix element of the position

operator j hgj ex̂ jei j and � � are the usual raising and lowering operators for a two-level

system. Combining all the terms, we obtain the general form of the JC Hamiltonian:

H = ! c

�
aya +

1
2

�
+

! q� z

2
+ dERMS (� � + � + )(a + ay) (2.1)
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we can simplify this expression by removing terms that violate energy conservation to �rst

order. Intuitively, we expect the de-excitation of the atom (� � ) to be associated with the

creation of a photon (ay) and vice versa. We can also explicitly show this by going into

the interaction frame with the following unitary transformation U = eit (! caya+ ! q
� z
2 ) . The

resulting Hamiltonian H 0 is given by:

H 0 = UHUy + i _UUy (2.2)

= g
�

eit! q
� z
2 (� � + � + )e� it! q

� z
2

� �
eit! caya(a + ay)e� it! caya

�
(2.3)

where we've simpli�ed the diagonal terms/ aya; � z as they commute with the transforma-

tion U. The coupling term can be simpli�ed using the Baker-Campbell-Hausdor� (BCH)

formula for exponentiated operators

eX Y e� X =
X

m

1
m!

[X; [X; :::; [X; Y ]:::]] =
X 1

m!
[X; Y ]m : (2.4)

Recall [aya; a] = � a and [� z; � � ] = 2� � and after some algebra we can simplifyH 0:

H 0 = g(ei! q t � + + e� i! q t � � )(ei! c tay + e� i! c ta) (2.5)

which oscillates at two frequencies:j! c + ! qj and j! c � ! qj. The Rotating Wave Approx-

imation (RWA) assumes that the rapidly oscillating terms average out to zero relative to

the slow oscillations atj! c � ! qj. Connecting this to our intuitive approach, we can see

that the di�erence frequency occurs for a de-excitation of one system and excitation of the

other keeping the total number of excitations constant. Note, the RWA is only valid in the

regime wherej! c � ! qj � j ! c + ! qj and g � ! c; ! q i.e. the detuning between the atom and

the cavity is not so large that the sum and di�erence frequencies are comparable andg is

small enough that higher order terms are suppressed. Writing our �nal Hamiltonian in the
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interaction picture:

H 0 = g(ei (! c � ! q )tay� � + ei (! q � ! c )tay� � ) (2.6)

which can be rotated back to the lab-frame Hamiltonian usingUy.

This e�ectively reduces the Hamiltonian to constant particle number sectors (hayai +

h� zi ) set by the initial state preparation of the system. The simpli�ed Hamiltonian now

reads:

H = ! caya +
! q

2
� z + g(a� + + ay� � ) (2.7)

whereg is dERMS is the coupling strength in units of frequency. This Hamiltonian can be

diagonalized into 2� 2 sectors for each number of excitations. The dressed state energies

are:

E � ;n = n! c �
1
2

q
(! c � ! q)2 + 4ng2 (2.8)

E+ ;n = n! c +
1
2

q
(! c � ! q)2 + 4ng2 (2.9)

with corresponding eigenvectors:

j� ; ni = cos
�

� n
2

�
jg; ni � sin

�
� n
2

�
je; n � 1i (2.10)

j+ ; ni = cos
�

� n
2

�
je; n � 1i + sin

�
� n
2

�
jg; ni (2.11)

wherej�i are the eigenvectors for upper and lower energy branches respectively, tan(� n ) =

2g
p

n
� , � = ! c � ! q is the detuning between the qubit and the cavity, andn is the number

of photons in the cavity. Near resonance, � ! 0 leading to � n � �= 2, the two dressed

states are the symmetric and antisymmetric combination ofjg; ni and je; n � 1i and are

split by 2g
p

n, the coupling strength. An atom-cavity system initialized in theje;0i state

will spontaneously undergo oscillations, called vacuum Rabi oscillations, betweenjgi and

jei as the excitation is exchanged between the atomic component (je;0i ) and the photonic

component (jg;1i ).
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Far from resonance, we can expand the trigonometric functions to �rst order to get

the corrections to the barejg; ni and je; n � 1i states:

jg; ni = jg; ni �
g
p

n
�

je; n � 1i (2.12)

�
�e; n � 1

�
= je; n � 1i +

g
p

n
�

jg; ni (2.13)

where we have usedj i to indicate that the dressed states are very close to the bare,

uncoupled states.

In the limit of a \good" cavity ( � < g ), the cavity spectral lineshape will change the

spontaneous emission of the qubit, either enhancing or suppressing the decay rate. Quali-

tatively, the electromagnetic spectrum of the noise inside the cavity inducing spontaneous

emission in the atom is sharply peaked at the cavity resonance frequency but suppressed

everywhere else. For a far-detuned cavity-atom system, this can increase the lifetime by a

few orders of magnitude relative to the free-space lifetime [14, 15]. This e�ect is called the

Purcell e�ect and we can derive a simple intuitive model using the dispersive eigenstates

de�ned above: if the cavity is lossy with rate� , a system initialized in je;0i will have its

photonic portion decay overtime, slowly driving it to thejg;0i state. We can compute the

e�ective qubit decoherence rate due to the cavity by squaring the photonic contribution

(to extract the probability of the system being in thejg;1i state) and multiplying it by the

photon decay rate:

� purcell �
g2

� 2
� (2.14)

where� is the cavity linewidth and g2

� 2 is the overlap with the photonic mode. The Purcell

loss sets an upper limit on the coherence time of the atom in the cavity. An atom whose

lifetime is limited by this cavity-induced decay rate is said to bePurcell limited [16]. This

can be important to know when trying to increase qubit coherence times as the dominant

issue might not be the qubit itself but instead the linewidth of the cavity it is coupled to.
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Figure 2.2: In the dispersive regime, both the qubit and the cavity experience frequency
shifts based on the state of the other. The qubit line (on the left) with base linewidth � gets
split into a set of lines corresponding to the photon number distribution of the cavity state.
At low photon numbers and � > �, the qubit is in the photon-number resolvedregime
where individual transitions corresponding to speci�cjni are resolvable. In the largejni
limit, all that is visible is an overall shift and broadening of the qubit line (due to the Stark
shift and photon number broadening). The cavity (with linewidth � ) also is split into two
new lines corresponding tojei and jgi qubit states.

2.1.1 Dispersive Readout

In the previous section, we introduced the Jaynes-Cummings Hamiltonian and one might

reasonably wonder why we should couple our qubit to a cavity, especially when considering

the Purcell-induced decay added by the cavity. While not immediately obvious in the more

general description above, the key lies in the fact that the cavity resonance frequency is

now dependent on thequbit state or equivalently that the qubit resonance frequency has

become sensitive to thephoton number in the cavity as shown in Fig. 2.2. Our original

coupling Hamiltonian read as follows:

H = ! caya +
! q

2
� z + g(ay� � + a� + ) (2.15)

where we have omitted the 1=2 energy o�set for the cavity term and dropped the energy

non-conserving termsa� � ; ay� + . In the dispersive limit, � = ! c � ! q � g, we can rewrite
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the Hamiltonian as follows [5, 6]:

H = ! caya +
! q

2
� z + �a ya� z +

�
2

� z (2.16)

where � = g2

� is the dispersive shift. Note, this expression for� is only valid for two-level

systems and we will discuss correction to this term in Sec. 2.5.5. The third term, containing

photonic and qubit operators, can be thought of as a Stark shift on the qubit frequency,

and the bare�� z term is a Lamb shift due to vacuum 
uctuations. Depending on how we

group terms, we can highlight a qubit-dependent frequency shift on the cavity frequency

or a photon-number shift on the qubit frequency:

H = ( ! c + �� z)aya +
(! q + � )

2
� z (2.17)

H = ! caya + ( ! q + 2�a ya + � )
� z

2
(2.18)

If the cavity linewidth � is smaller than the dispersive shift� , we can infer the state of the

qubit by measuring the resonance frequency of the cavity [2, 17](shown schematically in

Fig. 2.2). In addition to qubit state readout, this dispersive interaction makes it possible

to perform measurements of the cavity photon number distribution (provided the qubit

linewidth is narrower than 2� ) [18] which we explored in 6.4 and to control the cavity state

with photon-number conditioned qubit control pulses [19]. Although our devices only use

the photonic mode as a tool for qubit state readout, using the photonic mode itself as a

quantum resource with the qubit as an auxiliary control system has proven to be a very

fruitful research direction [20].

2.2 Numerical simulations and talking to theorists

In the previous sections, we discussed the Jaynes-Cummings Hamiltonian as a simple de-

scription of an atom-light system with parameters such as! c, g, ! q, etc. In the following
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chapters, we will discuss how we measure those in a real system, but I want to take a

moment to discuss the bane of physics: factors of 2 and 2� . Namely, when discussing a

particular experimental system with theorists or even just when trying to simulate the sys-

tem on a platform like QuTiP [21] orscqubits [22, 23], the units of the various parameters

in the Hamiltonian become critical. We typically casually mention that the qubit frequency

is 4.8 GHz, the coupling is 13 MHz, the Rabi rate is 100 MHz or the cavity linewidth is

30 kHz but how exactly do those numbers translate to the parameters! q, g, 
, and � ?

It will be useful to de�ne the standard form of the Hamiltonian we will be assuming

our theory collaborators will be using:

H = ( ! c � ! d)(aya+ 1=2) + ( ! q � ! d)
� z

2
+ g(ay� � + a� + ) +



2

(cos(� )� x + sin( � )� y) (2.19)

where! c;d;q are the resonant frequencies for the cavity, applied drive, and qubit respectively,

g is the qubit-cavity coupling strength, and 
 is the Rabi rate induced on the qubit by the

applied drive with � indicating the phase of the drive. Note, while we have set~ = 1 for

notation simplicity, all these quantities come with a factor of2� when doing numerics. For

example, Rabi oscillations in the qubit population with a period of 20 ns correspond to a

Rabi rate of 50 MHzhowever, the parameter 
 in the Hamiltonian above is 2� � 50 MHz.

Dissipation is added to this simple Hamiltonian model using the standard Lindblad-

form master equation [24{26]:

@�
@t

= � i [H0; � ] +
X

j


 j D[� j ]� (2.20)

whereD[� j ]� = � j ��
y
j � 1

2

�
� y

j �� + �a y
j a

�
is the Lindblad super-operator for operator� j and


 j is the associated loss term. For our typical systems consisting of a qubit coupled to a

cavity, we consider three loss mechanisms: qubit depolarization (i.e. decay fromjei to jgi ,

also called longitudinal relaxation), qubit dephasing (i.e. decay ofcoherences� ge; � eg, also

14



called transverse relaxation), and cavity leakage (the rate at whichenergy leaks out of the

cavity). The collapse operatorsaj for each of these dissipation channels can be modeled

as
p

� � � and
p 


2 � z for longitudinal and transverse noise respectively. and
p

�a for cavity

leakage [25]. The longitudinal and transverse relation rates (�; 
 ) are given by 1=T1 and

1=T2 for the qubit and are implicitly in units of 2� � Hz. The cavity relaxation rate � can

be extracted from the full width half maximum (FWHM) of the cavity intensity or from

a ring-down measurement of the leakage voltage. In the �rst case,� = 2� � FWHM is

the correct expression; a useful conversion to remember is: a 1 MHz wide cavity has a 120

ns lifetime, not 1 � s. In the second case,� = 2=Tcav where Tcav is the exponential decay

envelope of the ring-down voltage. The factor of 2 arises from� being de�ned as theenergy

leakage ratewhich scales as thepower and not the voltage.

2.3 Coplanar Waveguide Resonators

Our �rst building block is the coplanar waveguide resonator (CPW resonator), which im-

plements the photonic mode in our circuits [27]. A coplanar waveguide is a 2D structure

that consists of a metal center trace of widthw separated by a gapg from the ground plane

on each side on top of a substrate as illustrated in Fig. 2.3, reminiscent of a coaxial cable.

To minimize losses, we use a superconductor for the ground plane (tantalum) and a high-

dielectric constant material for the substrate (sapphire). The CPW is modeled as a lossless

transmission line (although we will revisit this assumption in the following section) with

inductance and capacitance per unit length (L l , Cl ) set by the geometry of the waveguide

(in particular, the gap to center pin ratio) [28]:

L l =
� 0

4
K (k0

0)
K (k0)

(2.21)

Cl = 4� 0� ef f
K (k0)
K (k0

0)
(2.22)
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where � ef f is the e�ective dielectric constant, k0 = w
w+2 g , k0

0 =
p

1 � k2
0, and K (x) is the

complete elliptic integral of the �rst kind.

A CPW resonator is achieved by terminating the CPW with a short or an open to

ground on both ends. Just as with wind instruments, the termination type and length of

the waveguide set the resonant frequency for the fundamental mode of the trace:

f res =
v

nL
(2.23)

wherev = cp � ef f � ef f
is the wave speed in the system,L is the length, and n=2 for open-open

or closed-closed terminations and n=4 otherwise. For�= 2 resonators (n=2), the CPW is

typically terminated with a pair of open circuits leading to voltage anti-nodes at the ends of

the resonator, shown schematically in Fig. 2.4 with associated harmonics.�= 4 resonators

(n=4) consist of an open and a short end with a voltage and current anti-node at those

ends respectively. Coupling to the rest of the system (for example a feedline for read-out) is

achieved by bringing the resonator into proximity with another CPW trace. This coupling

can be either inductive or capacitive depending on the location on the resonator close

to the coupling site. Voltage anti-nodes (such as at the open end of a�= 2 resonator) are

predominantly capacitive coupling sites, whereas current anti-nodes (such as at the shorted

end of a�= 4 or the middle of a�= 2 resonator) are predominantly inductive. However, this

approximation is only valid for coupling sites with spatial dimensions much smaller than

the wavelength of the resonant mode. Outside of this regime, both coupling types will

contribute and require a more extensive analysis incorporating the spatial mode pro�le of

the current and voltage.

For typical devices on sapphire substrates,� ef f � 1 and� ef f � 5:6 (where the e�ective

dielectric constant can be taken as the average of the sapphire dielectric constant� = 11:5

and air � = 1). Note, the dielectric constant of sapphire is anisotropic with� ranging from

9.4 perpendicular to the C-axis (goinginto the substrate) to 11.5 parallel to the C-axis
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Figure 2.3: The Coplanar Waveguide. (a) Geometry for a standard waveguide: the sub-
strate thickness is set by the substrate choice (530� m sapphire in our case), the center
pin width and gap to the ground plane set the characteristic inductance, capacitance, and
impedance of the transmission line (see panels (c)-(d) for plots of C,L, and Z vs the gap
to center pin ratio). (b) Electric �eld pro�les for the CPW mode (top) and parasitic slot-
line mode (bottom). In the CPW mode, the �eld lines go from the center pin to the two
ground planes symmetrically. Narrower CPW lines will cause a tighter bending of the �eld
lines and concentrate more �eld at the interfaces leading to increased losses. While not
pictured here, adding a lossy material below the substrate (like a normal metal) will also
add loss (discussed more in Chapter 4). The slotline mode is a parasitic mode arising from
an imbalance between the ground planes and completely bypasses the center pin. It is
suppressed by adding grounding wirebonds between the ground planes regularly along the
length of the transmission line (essentially conducting bridges over the center pin) as shown
in Fig. 2.4. (c)-(d) Electrical properties of the CPW as a function of gap to center pin ratio.
The apparent intersection in the L-C plot is an artifact of the dual y-axis plotting method.
Our devices operate withw = 20� m and g = 8:372� m.
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Figure 2.4: Modes in a half-wave CPW resonator without and with a wirebond (orange)
in the center. The wirebond acts as a bridge between the two ground planes and does
not connect to the center pin. The wirebond serves to short together the ground planes
to suppress parasitic modes in the CPW. By placing the wirebond near the center of the
resonator, we shift the resonant frequency of the slot line mode from 7.4 GHz to 11 GHz.
The wirebondonly suppresses slot-line modes as evidenced by the unchanged 3rd harmonic
of the CPW mode in the lowest row.
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(parallel to the surface of the substrate). In the 4-10 GHz range, the main operating range

for cQED-based devices, this leads to�= 2 resonators with lengths of up to 15 mm which

becomes impractical when attempting to design devices with many resonators. Fortunately,

CPW resonators can bemeanderedon the chip without a�ecting their resonant frequency

(although higher order e�ects do slightly shift the frequency at the 0.1% level). This allows

for compact layouts as well as some interesting applications in non-euclidean geometries

[29].

In the following sections, I will quickly show how to transform this extended physical

resonator into �rst an equivalent lumped element circuit composed of inductors, capacitors,

and resonators and �nally how to model this system using the usual quantum mechanical

description (i.e. the circuit Hamiltonian).

2.3.1 The LCR resonator

To represent the CPW resonators described in the previous section, we use the parallel

LCR resonator circuit. This circuit consists of a parallel combination of an inductor, a

capacitor, and a resistor where the inductor and the capacitor form an oscillating circuit

and the resistance introduces loss, damping out the oscillations. The response of this circuit

in the frequency domain can be extracted by examining the impedanceZ(! ):

Z (! ) =
�

1
R

+ j!C +
1

j!L

� � 1

(2.24)

Z (! ) =
1

1 + R
j!L

�
1 � ! 2

! 2
0

� (2.25)

where thej is the usual electrical circuit complex component (j = � i ) and ! 0 = 1=
p

LC

is the resonance frequency of the circuit. Near resonance,! � ! 0, we can simplify the

expression by using the following approximation:! 2 � ! 2
0 = ( ! + ! 0)( ! � ! 0) � 2!�! ,
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giving:

Z (! ) =
R

1 + 2jR
L! 0

�!
! 0

=
R

1 + 2jQ �!
! 0

(2.26)

The quantity R=L! 0 (equivalently, ! 0RC ) is de�ned as theQ-factor of the resonator and

is dimensionless. Just as with mechanical or optical resonances, theQ-factor is the ratio

between the stored power (in the LC portion of the circuit) to the dissipated power in one

cycle (through the resistive portion of the circuit).

We can extract a lumped element description of the CPW resonator by comparing the

impedance and collecting terms (following the description in [30]). The input impedance

of a transmission line of lengthl with characteristic impedanceZ0 and termination ZL is:

Z (l) = Z0
ZL + jZ 0 tanh(
l )
Z0 + jZ L tanh(
l )

(2.27)

where 
 = � + j� is the propagation constant with� � 1
2

�
R l
Z0

+ GlZ0

�
and � � !

p
L lCl .

For a �= 2 resonator, the load impedanceZL is an open so we can simplify the expression

for Z (l):

Z (l) = Z0
1

j tanh(�l + j�l )
= Z0

1 + j tan(�l ) tanh( �l )
tanh(�l ) + tan( �l )

(2.28)

which we can expand around! = � ! + ! 0. In resonance,l = �= 2, which allows us to rewrite

�l = � + � � !
! 0

. For low loss, tanh(�l ) � �l , and we can �nally rewrite the expression without

trig functions:

Z �= 2 =
Z0

�l + j � � !
! 0

(2.29)

where we have dropped the term/ �l � � !
! 0

in the numerator as we've assumed�l � 1. By

comparing terms with the expression for the LRC resonator we can identify the equivalent
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resistance, inductance, capacitance, and impedance for a�= 2 resonator:

R =
Z0

�l
(2.30)

C =
�

2! 0Z0
=

Cl l
2

(2.31)

L =
1

! 2
0C

=
2L l l
� 2

(2.32)

Z =
2Z0

�
(2.33)

intuitively, we can understand the di�erence between the total capacitance/inductance/re-

sistance/impedance (de�ned asl � Cl for the capacitance for example) and the e�ective

values as a weighted sum which takes into account the spatial pro�le of the resonant mode.

Near the voltage nodes, the e�ect of the capacitance is smaller than the inductance, and

vice versa at the antinodes.

2.3.2 Coupling a CPW resonator to the environment

(a) (b)

R C L

C�

Z0 R C L C � Z �

Figure 2.5: Circuit models for the coupled LCR resonator. (a)C� is the coupling capac-
itance to the environment (i.e. our measurement apparatus) andZ0 is the characteristic
impedance of the transmission lines (50
). (b) Equivalent full parallel circuit to the one in
(a). R� , C � are found by setting the parallel impedance con�guration equal to the series
con�guration (see text).

To �nalize our discussion of resonators before we jump into the quantized description,

we will consider the case of a capacitively coupled resonator. As we will discuss later in

Chapter 4, the resonator has to be coupled to the environment for measurement. Here we

will analyze the e�ect of adding a coupling capacitance on both the resonance frequency
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and the quality factor of the resonance. This analysis closely follows that presented in [27],

but is reproduced here with some helpful comments.

Our starting point is the simple LCR circuit described in the previous section capac-

itively coupled to a 50
 load as shown in Fig. 2.5. The bare LCR circuit has a resonant

frequency! 0 = 1=
p

LC and Q factor ! 0RC. By representing the coupling section (Cc; Z0)

with the equivalent parallel circuit (R� ; C� ) as shown in (b), we can compute the new res-

onant frequency as well asQ-factor in terms of the new quantitiesR� ; C� (derived below):

! 0
0 =

1
p

L(C + C � )
(2.34)

QT = ! 0(RjjR?)(C + C?) (2.35)

where we have simply written! 0
0 and QT in terms of the total e�ective resistance and

capacitance and thejj notation indicates the parallel con�guration. For the circuits that

we consider,C � C � allowing us to simplify the ! 0
0 expression:

! 0
0 =

1
p

LC
�

1
q

1 + C?

C

� ! 0

�
1 �

C?

2C

�
(2.36)

where we can see that the addition of coupling has the e�ect oflowering the resonant

frequency of the circuit. TheQ-factor is typically broken up into two components:Qint and

Qext which represent the internal losses and losses to the environment (i.e. our measured

signal!) respectively. We can represent the totalQ-factor as a the sum of the two loss rates:

1
QT

=
1

Qint
+

1
Qext

(2.37)

=
1

! 0 (C + C � )

�
1
R

+
1

R�

�
(2.38)

=
1

! 0CR
+

1
! 0CR�

(2.39)

where we have usedC � C � to simplify the expressions. We can immediately identify
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Qint = ! 0CR and Qext = ! 0CR� .

Now that we have computed all our corrections in terms ofC � and R� , we need to

compute the equivalent parallel circuit in terms of the original quantitiesC� and Z0. This

is done by setting the parallel impedance (Zp) equal to the series impedance (Zs) it is

replacing:

Zs(! ) = Z0 +
1

jC � !
(2.40)

Zp(! ) = ( j!C � + 1=R� )� 1 =
R� � j!C � R� 2

1 + ( !R � C � )2 (2.41)

which also serve as de�nitions forR� and C � . By comparing the real and imaginary

components, we can calculateR� and C � :

Z0 =
R�

1 + ( !R � C � )2 (2.42)

1
!C �

=
!C � R� 2

1 + ( !R � C � )2 (2.43)

while this expression looks quite daunting to invert forR� and C � , the following tricks

allow for a relatively simple process: taking the ratio of the expressions allows us to relate

Z0!C � to (!C � R� )� 1 and assumingZ0!C � � 1 simpli�es the �nal expressions:

R� =
Z0

(!C � Z0)2
(2.44)

C � � C� (2.45)

where we can see that in the parallel circuit version, the load impedance is transformed to

a much larger equivalent parallel resistance, scaling as 1=C2
� . Putting it all together, we

can compute the couplingQ-factor, Qext , as:

Qext = ! 0CR� =
�
2

1

(! 0C� Z0)2 (2.46)
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where we have used! 0C = �
2Z0

for the lumped element representation of a�= 2 CPW

resonator.

With the circuit description of CPW resonators laid out, we can now transition to

mapping our electrical circuits to Hamiltonians.

2.4 Circuit Quantization

Here I will quickly sketch out the idea behind circuit quantization, starting with building up

the circuit Lagrangian using generalized charge and 
ux variables, using the standard Leg-

endre transform to build the Hamiltonian from the circuit Lagrangian, and �nally working

through an example with coupled LC oscillators.

2.4.1 The Quantum Harmonic Oscillator

As a starting point, we will quickly revisit the quantum harmonic oscillator (QHO), possibly

the most widely used starting point in physics to model linear systems. Fundamentally, the

QHO describes the dynamics of any system with perfectly linear behavior (i.e. independent

with respect to the scale of the dynamics) arising from a quadratic potential well. The

Lagrangian for a simple spring-mass system (massm, spring constantk) is given by:

L = T � V =
1
2

mv2 �
1
2

kx2 (2.47)

where we have simply computed the kinetic and potential energy of the system. While we

can immediately compute the equations of motion for this system,L is not an intuitive

quantity as it does not measure the total energy in the system. The system Hamiltonian,H ,

representing the total energy in the system, can be obtained from the Legendre transform
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of the variablesv and x to the conjugate variablesp and q:

H =
X

i

pi _qi � L (2.48)

wherep and q are de�ned as:

p =
@L
@_q

= m _q (2.49)

q = x (2.50)

leaving us with the Hamiltonian H :

H = m _q2 �
1
2

m _q2 +
1
2

kq2 =
1

2m
p2 +

1
2

kq2 (2.51)

While this machinery might seem overly complicated for a simple spring-mass oscillator

whose energy one could have simply written down, it becomes particularly well suited for

more complex systems involving multiple coupled coordinates or for whom the momentum

p de�nition is not as trivial as mv (such as for electromagnetic systems).

The coordinatesp, q are the so-calledconjugatecoordinates and satisfy the following

relation: f q; pg = � where fg denotes the Poisson bracket. While the Hamiltonian has

many fascinating properties in classical physics (such as �nding constants of motion), we

will follow the standard steps to go from classical to quantum representations:

ˆ Convert p; q to operators p̂; q̂

ˆ Replace the Poisson bracket with the commutator:f p; qg = � 1 ) [p; q] = � i~

Leading to the standard QHO Hamiltonian:

H =
1

2m
p̂2 +

1
2

kq̂2 =
1

2m
p̂2 +

1
2

m! 2x̂2 (2.52)
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where we've used! =
q

k
m and rewritten the general coordinateq as x by convention.

Finally, we de�ne raising and lowering operatorsa; ay to transform our system into the

standard second quantized form:

â =

r
m!
2~

�
x̂ +

i
m!

p̂
�

x̂ =

r
~

2m!

�
ay + a

�
(2.53)

ây =

r
m!
2~

�
x̂ �

i
m!

p̂
�

p̂ = i

r
~m!

2

�
ay � a

�
(2.54)

for which a; ay satisfy [ay; a] = 1. Using the substitution and the commutation relation

(and setting ~ = 1), we �nally obtain:

H = �
!
4

(ay � a)2 +
!
4

(ay + a)2 (2.55)

H = !
�

aya +
1
2

�
= !

�
n̂ +

1
2

�
(2.56)

where aya is the number operator n̂ with eigenstatesjni , the Fock states. In this second

quantized form, the energy of any level is simplyn! (ignoring the constant energy o�set),

clearly indicating that the energy per excitationis constant.

While this detour might seem like an extended review of undergraduate quantum

mechanics, the machinery developed in building up the Hamiltonian from the Lagrangian

and in de�ning the raising and lowering operators will prove invaluable when analyzing

systems with more degrees of freedom.

2.4.2 The circuit Lagrangian

As we discussed in the previous section, the starting point to the system Hamiltonian is

the circuit Lagrangian (see [11, 12] for a detailed treatment). For electrical circuits, one

might consider voltageV and current I as natural conjugate variables; however, using a

di�erent set of conjugate variables makes the analysis of the Josephson junction simpler.
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Instead, circuits are de�ned in terms of generalized chargeQ and 
ux � :

� (t) =
Z t

�1
V(t0)dt0 Q(t) =

Z t

�1
I (t0)dt0 (2.57)

we can now compute the energy stored in a capacitive or inductive element composing our

circuit by integrating the power:

Ecap =
Z

IVcapdt0 =
Z

_Q
Q
C

dt0 =
Q2

2C
=

CV2

2
=

C _� 2

2
(2.58)

E ind =
Z

I ind V dt0 =
Z

�
L

_�dt 0 =
� 2

2L
(2.59)

where we have use the usual expressions for the voltage and current across a capacitor and

inductor respectively.

A simple LC circuit consisting of a capacitor and an inductor in parallel has the

following Lagrangian:

L =
C _� 2

2
�

� 2

2L
(2.60)

where we have used the_� representation of the capacitive energy to put the Lagrangian in

standard form: L (q; _q). Using the formalism de�ned above, we can immediately compute

the conjugate variableQ:

Q =
@L

@_�
= C _� (2.61)

and write the Hamiltonian:

H =
Q2

2C
+

� 2

2L
(2.62)

By comparing this Hamiltonian to the mass-spring system, we can make the following
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� 1 � 2

C1 L1

Cc

C2 L2

Figure 2.6: Coupled LC resonators. The generalized 
uxes (� 1; � 2) are used to compute
the circuit Lagrangian and �nd the equivalent Hamiltonian representation.

identi�cation: C ! m and L ! k� 1:

â =

r
!C
2~

�
�̂ +

i
!C

Q̂
�

�̂ =

r
~

2!C

�
ay + a

�
(2.63)

ây =

r
!C
2~

�
�̂ �

i
!C

Q̂
�

Q̂ = i

r
~!C

2

�
ay � a

�
(2.64)

Replacing the various variables in the ladder operator method, we obtain exactly the same

�nal Hamiltonian: H = !
�
aya + 1

2

�
where ! is now 1p

LC
which is the familiar resonance

frequency of an LC oscillator.

2.4.3 Coupled LC oscillators

To show the power of the generalized Lagrangian method, we will compute the Hamiltonian

for a system of coupled LC oscillators shown in Fig. 2.6. Eachnodein the circuit is assigned

a 
ux � i where particular care must be taken when an inductive loop is formed (as an

external applied 
ux � ext will add a term to the inductive energy). In our example, we

consider the case of a pair of capacitively coupled LC resonators with coupling capacitance

Cc. We start by simply listing the kinetic and potential energy contributions from each

circuit element:

L =
C1

_� 1
2

2
+

C2
_� 2

2

2
+

Cc( _� 1 � _� 2)2

2
�

� 2
1

2L1
�

� 2
2

2L2
(2.65)
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as usual, we compute the conjugate variablesQ1 and Q2:

Q1 = C1
_� 1 + Cc( _� 1 � _� 2) = ( C1 + Cc) _� 1 � Cc

_� 2 (2.66)

Q2 = C2
_� 2 + Cc( _� 2 � _� 1) = ( C2 + Cc) _� 2 � Cc

_� 1 (2.67)

which can be inverted to �nd _� 1 and _� 2:

_� 1 =
1

C�
[(C2 + Cc)Q1 + CcQ2] (2.68)

_� 2 =
1

C�
[(C1 + Cc)Q2 + CcQ1] (2.69)

where we have de�nedC� = C1C2+ C1Cc+ C2Cc which is the determinant of the capacitance

matrix de�ned in the canonical transformation for Q ! _� . Using the previous equations,

we can write the Hamiltonian:

H =
1

C�

�
C2 + Cc

2
Q2

1 +
C1 + Cc

2
Q2

2 + CcQ1Q2

�
+

� 2
1

2L1
+

� 2
2

2L2
(2.70)

which we can write in terms of normal modes! 1; ! 2 coupled throughCc:

H =
�

Q2
1

2(C1 + Cc)
+

� 2
1

2L1

�
+

�
Q2

2

2(C2 + Cc)
+

� 2
2

2L2

�
+

Cc

C�
Q1Q2 (2.71)

H = ! 1aya + ! 2byb+ g(ay + a)(by + b) (2.72)

where! 1;2 = 1p
L 1;2 (C1;2+ Cc )

and g = Cc
2
p

C1C2

p
! 1! 2 (where we have assumed thatCc � C1;2).

This method allows us to directly convert a circuit to a set of coupled QHOs with coupling

strength g.
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2.5 Making a qubit

Our next building block is the qubit. The fundamental requirements for a qubit are as

follows (paraphrasing the well known DiVincenzo criteria [31]): well de�ned states which

can be isolated from the rest of the system (labeledj0i ; j1i ), state initialization (i.e. the

ability to reliably prepare the qubit in a starting state), full control of the qubit state with

universal gates, long coherence times, and the ability to measure the state. To satisfy these

requirements with an electrical circuit, we will slightly tweak the LC oscillator to introduce

some anharmonicity and isolate a 2-level subspace that we can use for the qubit. The

transmon qubit consists of a large capacitor shunted by a Josephson junction, a lossless

nonlinear inductance.

2.5.1 The Josephson junction as a nonlinear inductor

The Josephson e�ect, proposed in 1962 by overachieving graduate student Brian Josephson,

is the appearance of a persistent current between superconducting leads separated by a

tunnel barrier (usually implemented with an insulator) with no applied voltage [32{34].

The current 
owing through the junction arises from the tunneling of Cooper pairs between

the two superconducting leads and is modulated by the phase di�erence between the leads

of the junction. The voltage-current relationships for Josephson junctions (also known as

the Josephson relations) are:

I (t) = I c sin(� (t)) (2.73)

@�
@t

=
2eV(t)

~
(2.74)

where I c is the critical current (set in our case by the superconducting metal used, the

barrier thickness, and the geometry of the junction),� is the phase di�erence across the

junction, 2e is the charge carried by a Cooper pair, andV is the voltage applied across

the junction. These simple constitutive equations allow the Josephson junction (JJ) to act
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as a perfect voltage to frequency converter (a �xed applied voltage will cause the phase to

linearly ramp inducing a sinusoidal current between the leads, the AC Josephson e�ect)

and inversely as a perfect frequency to voltage converter where a time varying phase leads

to a �xed voltage between the leads of the junction (the inverse AC Josephson e�ect). We

can also model the junction as a non-linear inductance by using the Josephson relations

and the de�nition of inductance: V = L dI
dt :

dI
dt

= I c cos(� (t))
@�
@t

= I c
2e
~

cos(� (t))V(t) = L � 1V(t) (2.75)

whereL(� ) = ~
2eI c cos(� ) = L J

cos(� ) is the e�ective inductance of the junction. We can use the

formalism de�ned earlier to �nd the equivalent inductive energy for a junction, de�ned as

EJ :

E =
Z

IV dt =
Z

I c sin(� (t))
~
2e

@�
@t

dt = � I c
2e
~

(1 � cos(� )) = EJ (1 � cos(� )) (2.76)

where EJ is referred to as theJosephson energyof the junction. To compare the JJ to

a regular inductor, we can expand the cosine term around� = 0 to compare to a linear

inductance: E = EJ ( � 2

2 � � 2

24).

2.5.2 The Transmon

The transmon [7] is fundamentally an LC oscillator with a non-linear inductance that

provides anharmonicity to isolate a two-level subspace in the energy levels. It consists of a

large capacitor (EC ) shunted by a Josephson junction (EJ ), as shown in Fig. 2.7, and has

the following Hamiltonian:

H = 4EC (n̂ � n0)2 � EJ cos
�

�̂
�

(2.77)
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Figure 2.7: The transmon qubit. Left: Circuit representation of the transmon as a Joseph-
son junction shunted by a capacitor acting as a weakly nonlinear LC resonator. Middle:
Energy ladder for the transmon with the harmonic oscillator for reference (dashed red line).
Due to the cosine potential, higher levels see a \softening" of the potential reducing the en-
ergy splitting of consecutive levels which gives a negative anharmonicity. Our computation
subspace consists of thej0i and j1i states with transition energy! 01. Right: Physical im-
plementation of a transmon qubit. The capacitor is implemented with the two large metal
pads in the center of the picture (the qubit is surrounded by a superconducting ground
plane) with the Josephson junction connecting the two pads (faint line in the middle of the
image). The �rst two panels are adapted from [5] and the right panel is adapted from [35].

where n0 is the o�set charge, EC = e2

2C�
is the charging energyand EJ = I c

2e
~ is the

inductive energy. This Hamiltonian can be obtained from the previous derivation for the

basic LC oscillator and replacingQ̂ with 2en̂ to cast the Hamiltonian in terms of purely

non-dimensional quantities ^n and �̂ . The formal solutions to the energy levels of a transmon

can be obtained from the Mathieu equations [7]:

Em (n0) = ECa2[ng + k(m;n g )] (� EJ =EC ) (2.78)

wherea� (q) is Mathieu's characteristic value andk(n; m) denotes an ordering of eigenvalues.

It will be useful to de�ne two quantities: the charge dispersion� m and the anharmonicity

� . � m measures the sensitivity of the energy levels to 
uctuations in the o�set chargen0

on the island. � is de�ned as the energy di�erence between the 0-1 transition and the 1-2

transition. In Ref. [7], Koch et al. develop some guiding asymptotic behavior for� m and
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Figure 2.8: Transmon energy levels as a function ofEJ =Ec and gate o�set charge (ng). At
low ratios (panel (a)), the levels correspond to multiple parabolas centered atng = n split
by EJ when they intersect. The charge dispersion (ripple in the energy levels as a function
of ng) is large relative to the energy splitting with a singlecharge sweetspotat ng = 1=2+ n
where the energy is �rst order insensitive. As the ratio increases, (b)-(c), the bands 
atten
out and the anharmonicity � decreases slightly. In the transmon regime,E j =Ec > 50, the
bands are e�ectively 
at, almost completely removing the charge dispersion on the energy
levels while also signi�cantly decreasing� (from a GHz scale in the cooper pair box to a
couple hundred MHz in the transmon regime). Figure reproduced from [7].

� as a function ofEC and EJ :

� m = ( � 1)mEc
24m+5

m!

r
2
�

�
EJ

2Ec

� m
2 + 3

4

e�
p

8EJ EC / e�
p

8EJ =EC (2.79)

� r =
�

! 01
/ �

�
8EJ

EC

� � 1=2

(2.80)

showing that � m is exponentially suppressed at highEJ =EC while � only polynomially

decreases.

To build more intuition, we will examine two regimes that have been historically

considered in the development of superconducting qubits: the Cooper-pair box regime

(EC > E J ) and the transmon regime (EJ � EC ).

The Cooper-pair box was one of the very �rst superconducting qubits used by the �eld
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and e�ectively consisted of a Josephson junction capacitively coupled to a gate voltage for

control of the o�set chargen0. BecauseEC > E J , the energy is dominated by the number

of Cooper pairs on the island and is parabolic for each value ofn0. The EJ term induces

coupling between the di�erent charge number states and leads to the avoided crossings

betweenjni and jn + 1i at the n0 = 1=2 + m points called the charge degeneracy point,

shown in Fig. 2.8(a). The qubit was operated at this degeneracy point with the two levels

consisting of the symmetric and anti-symmetric combinations ofjni and jn + 1i . However,

frequency jumps due to changes in the o�set charge (from 
uctuations on the control lines)

made this qubit di�cult to operate and led to very short coherence times.

To mitigate the e�ects of o�set charge noise, the transmon qubit reverses the energy

hierarchy and uses a largeEJ =EC ratio (typically in the 50-100 range). In this new hier-

archy, the Hamiltonian is dominated by the cosine term leading to localized wavefunctions

in the phase basis and delocalization in the number basis leading to an exponential sup-

pression of the charge dispersion� m as seen in panel (d) of Fig. 2.8 and Eq. 2.79. The

following derivation follows the typical arguments presented in circuit QED reviews [5{7].

Expanding the cosine term allows us to rewrite the Hamiltonian as a Du�ng oscillator:

H = 4EC n̂2 � EJ cos(� ) = 4 Ecn̂2 + EJ
�̂ 2

2
� EJ

�̂ 4

4!
(2.81)

where the �rst two terms are the usual QHO terms for which we can de�ne creation and

annihilation operatorsa and ay:

n̂ =
a � ay

p
2

�
EJ

8EC

� 1=4

(2.82)

�̂ =
a + ay

p
2

�
8EC

EJ

� 1=4

(2.83)
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allowing us to rewrite the Hamiltonian as:

H = ! (aya +
1
2

) �
EC

12
(ay + a)4 (2.84)

where ! =
p

8EJ EC . By treating the second term as a perturbation on the usual QHO

Hamiltonian (and computing the on-site energy correctionshnj E jni ), the corrections to

the QHO energy levels are given by:

Em = m! �
EC

12
(6m2 + 6m + 3) (2.85)

where we have dropped the 1=2 constant term from the QHO energy. By computing the

energy di�erence between consecutive transitions,� is:

f m;m � 1 = Em � Em� 1 = ! 01 � ECm (2.86)

� = f m+1 ;m � f m;m � 1 = � EC (2.87)

The decoupling of� from EJ allows us to independently adjust the qubit frequency,! , and

anharmonicity, � , to match the design criterion. Typical values of� range from 150 MHz

to 250 MHz and! ranges from 2-6 GHz although can go higher or lower depending on the

device. Higher precision for� can be obtained by keeping the� 6 term in the cosine before

performing the perturbation theory calculation.

2.5.3 The Tunable Transmon

The tunable transmon allows us to vary the resonance frequencyin situ which is very

useful for a variety of applications: studying frequency dependent e�ects (such as loss and

noise spectrum [36]), for gates ([37{39]), to vary the interaction strength between qubits or

between qubits and resonators ([40, 41] and which we explore in the later chapters of this

thesis), and much more. To achieve tunability, we replace the single Josephson junction
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EJ 1 EJ 2

+

� extEc

Figure 2.9: The tunable transmon replaces the single Josephson junction with a SQUID
loop composed of two JJs with asymmetry d (d = EJ 2 � EJ 1

EJ 1 + EJ 2
). The transition frequency

varies periodically as a function of the applied 
ux �ext with the modulation contrast set
by the junction asymmetry. For symmetric junctions, the transition frequency approaches
0 (although the simple model used to plot the curves is no longer valid as we exit the
transmon regime). Devices presented in this thesis operate withd � 0:4� 0:6 which allows
for some tunability and leads to the appearance of a lower sweetspot at �ext = 0:5� 0=� .

with a pair of junctions connected in a loop con�guration called a superconducting quantum

interference device (SQUID) [34]. This causes interference between the two possible paths

and leads to a phase-dependent e�ective junction energyEJ . By applying an external

magnetic �eld through the loop, we can vary the interference phase to tune the junction

energy and therefore the qubit resonance frequency (recall! ge =
p

8EJ EC ).

To calculate the e�ective junction energyEJT as a function of the externally applied


ux � ext the two junction energies are added up and 
uxoid quantization (i.e. the 
ux going

through a loop has to be an integer) is used to express the phases across the junctions in

terms of the external 
ux:

EJT = EJ1 cos(� 1) + EJ2 cos(� 2) (2.88)

� 1 � � 2 = 2�n + 2�
� ext

� 0
(2.89)

where the phases for the second line are signed according to the direction the junctions
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are traversed (in this case we chose a counter-clockwise path around the loop), as shown

in Fig. 2.9, and � 0 = h
2e is the magnetic 
ux quantum. It will be useful to express� 1;2 in

terms of the average and di�erence:

EJT = EJ1 cos
�

� +
� � ext

� 0

�
+ EJ2 cos

�
� �

� � ext

� 0

�
(2.90)

which can be rewritten using some trig identities, namely:

cos(a + b) = cos(a) cos(b) � sin(a) sin(b) (2.91)

A cos(� ) + B sin(� ) =
p

A2 + B 2 cos(� + � ) with tan( � ) = �
B
A

(2.92)

using the previous identities, Eq. 2.90 simpli�es to:

EJT = EJ �

�
�
�
�cos

�
� � ext

� 0

� �
�
�
�

s

1 + d2 tan2

�
� � ext

� 0

�
cos(� � � 0) (2.93)

where EJ � = EJ1 + EJ2 , d = EJ 2 � EJ 1
EJ 1 + EJ 2

, and tan(� ) = d tan
�

� � ext
� 0

�
. For �xed external 
ux

� ext , � 0 can be gauged away leaving us with an e�ective junction with a tunable junction

energyEJ (� ext ) = EJ � j cos
�

� � ext
� 0

�
j
q

1 + d2 tan2( � � ext
� 0

). The asymmetry factor d controls

the depth of modulation strength onEJ with perfectly symmetric junctions allowing for a

very wideEJ range from approximately 0 to 2EJ . However, for many applications, d is kept

�nite to reduce the sensitivity to 
ux noise away from the 
ux sweetspots (� ext = n� 0
2 ).

2.5.4 Calculating the qubit-resonator coupling

By replacing the atom with a transmon qubit and con�ning the cavity mode to a 1D

waveguide (the CPW resonator), circuit QED systems drastically increase the light-matter

interaction strength. The dipole strength of the transmon is enhanced by its macroscopic

dimensions: instead of looking at the dipole of an electron going between two atomic

orbitals, we are considering a dipole made of a Cooper pair oscillating between two metal
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Figure 2.10: Capacitive network used to calculate the qubit-resonator coupling. (a)
Schematic representation of the resonator (center pin in purple and ground plane in blue)
and the qubit (capacitor de�ned by the orange and green blocks). The capacitance val-
ues between the various pieces of metal are extracted using the Maxwell EM solver (more
on that later). (b) Circuit representation of the network in the schematic (ignoring the
small center-pin to ground capacitance from the resonator for simplicity). To compute the
coupling factor � , we calculate the ratio of the voltage acrossC12 (which is the voltage
across the junction) to the resonator voltageV0. This network is also used to �nd the total
e�ective capacitance of the transmonC� . (c) Thevenin equivalent circuit of the two-port
circuit in (b).

pads separated by a few tens of microns. Recall, the qubit-cavity coupling in the JC

Hamiltonian is given by ~d � ~E which, for the quasi 1D system consisting of a transmon in

a CPW cavity, reduces to [5, 7]:

~g = 2en̂�V rms (a + ay) (2.94)

where 2en̂ serves as the dipole strength,Vrms is the voltage drop between the resonator

center pin and the ground plane, and� is the coupling factor corresponding to the ratio of

the resonator voltage to the voltage drop across the Josephson junction.

The typical transmon-resonator coupling scheme is shown in Fig. 2.10, with the rele-

vant capacitances highlighted. Two main corrections need to be calculated for this coupled

system: the total e�ective capacitance in parallel with the junction and the net voltage drop

across the qubit capacitor and junction due to a �eld on the center pin of the resonator.

The e�ective capacitanceC� , is calculated by looking at the total capacitance between
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the nodes labeled 1 and 2 in Fig. 2.10. The dominant contributions to the total capacitance

are C12, the direct capacitance between the qubit paddles, andCig the capacitance from

each paddle to ground. The full capacitance includes the addition capacitance to the

resonator center pin, however, this capacitance is much smaller and muddies the simple

analytical expression. By simplifying the circuit network, we extractC� = C12 + C1g C2g

C1g + C2g
.

To compute thecoupling factor � , we calculate the ratio of the voltage between nodes

1 and 2 to the total voltage drop between the center pin of the resonator and ground. Here

we consider the voltage divider network shown in Fig. 2.10(b), which can be analyzed

using the Thevenin equivalent impedance and voltage [42]. This speci�c con�guration is

also called a Wheatstone bridge and can be used to measure the impedance of an unknown

load. Z th is computed by calculating the impedance between nodes 1 and 2 and removing

the voltage sources leaving:

Z th = ( Z1 + Z2)jj (Z3 + Z4) =
(Z1 + Z2)(Z3 + Z4)
Z1 + Z2 + Z3 + Z4

(2.95)

where the jj notation indicates parallel impedances.Vth is calculated by replacing the

impedance between 1 and 2 with an open circuit and computing the voltage di�erence

between the nodes. Here the voltages at 1 and 2 are set by the voltage dividers made up

by Z1=Z3 and Z2=Z4 respectively. The �nal voltage di�erence between 1 and 2 is given by:

Vth = V1 � V2 = V0

�
Z3

Z1 + Z3
�

Z4

Z2 + Z4

�
(2.96)

We can now replace the full impedance network with the Thevenin equivalent circuit and

calculateV12 as the result of the voltage divider:

V12 = Vth
Z12

Z12 + Z th
= V0

�
Z3

Z1 + Z3
�

Z4

Z2 + Z4

�
Z12

Z12 + Z th
= �V 0 (2.97)

We can now consider a few limiting cases using typical values for the various capacitances
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in the circuit:

ˆ The capacitances to ground are much larger than the capacitances to the resonator

center pin: C1r , C2r � C1g, C1g ! Z1;2 � Z3;4

ˆ The capacitances from the paddles to ground are roughly equivalent:C1g � C2g !

Z3 � Z4

ˆ The direct capacitance between 1 and 2 is much larger than the capacitance to ground:

C12 � C1g; C2g ! Z12 � Z1g; Z2g

Simplifying the earlier expression for� , we obtain a much simpler expression that we can

use as a guiding design rule:

� �
Z12

2

�
1

Z1
�

1
Z2

�
=

C1r � C2r

2C12
(2.98)

Here we can see that for large coupling� , one has to maximize the relative di�erence

of the capacitance to the center pin with respect to the direct capacitance between the

paddles. In practice, achieving more than� = 0:3 is di�cult as these capacitance cannot

be independently tuned. However,� = 0:3 designs can achieve coupling values up to

150-200 MHz, which is su�cient for most designs.

2.5.5 Dispersive shift for the transmon qubit

To �nalize our discussion of the coupled qubit-cavity system we have to revisit our expres-

sion for the dispersive shift derived at the beginning of this chapter. In the simple JC case,

the atom is considered to be a two level system (with e�ectively in�nite anharmonicity).

However, the transmon is explicitly an n-level system whose lowest two levels we use to

perform quantum operations. Each transition in the transmon will couple to the cavity

leading to multiple dispersive shifts to each level which must be summed up to calculate the

net shift. In particular, resonances between a speci�c qubit transition and the cavity lead
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Figure 2.11: Left: Energy shifts on leveli due to coupling to level j computed using
Eq. 2.99 using ScQubits for the transmon numerics [22, 23]. The total chi shift for each
level is found by summing corresponding column in the matrix (middle) where the colored
dots show the energy shifts due to coupling to all the other levels (traversing the plot on the
left vertically) and the black circles show the total shift (sum). The di�erential dispersive
shift (i.e. the frequency shift in the cavity frequency for the qubit state inji i or jj i ) is
computed by taking the di�erence between consecutive levels (right).

to a breakdown in the perturbative approach used to calculate the individual chi shifts.

The generic expression for the energy shift on each level can be obtained from second or-

der perturbation theory [7](see [8] for an excellent overview of energy shifts for arbitrary

atoms):

� � = g2
X

� 6= �

jn�� j2
2� ��

� 2
�� � � 2

0
(2.99)

whereg is the coupling (here written without the matrix elementn�;� for notational easy,

the generalized coupling appearing in the JC model would begjn�;� j), n�;� and � �;� are the

charge matrix element and transition frequency between levels�; � , and � 0 is the cavity

frequency. Fig. 2.11 shows the computed chi shifts for each level using the full transmon

Hamiltonian to compute the charge matrix element. For the transmon qubit, this expression

simpli�es greatly as the charge operator only couples consecutive elements with a harmonic

oscillator type scaling:hn + 1j n̂ jni =
p

n + 1 (where here confusingly, ^n denotes the charge
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operator and not the typical number operator for harmonic oscillators). The ground state

chi shift is unchanged (to �rst order, a more complete calculation replaces the harmonic

oscillator expression derive above with the full transmon raising and lowering operators):

� g =
(gge)22� ge

� 2
ge � � 2

0
(2.100)

wheregge = gnge. The excited state now has two contributions: one from thejgi level and

another from the jf i level:

� e =
(geg)22� eg

� 2
eg � v2

0
+

(gef )22� ef

� 2
ef � � 2

0
(2.101)

which can be simpli�ed usinggef =
p

2gge; � ge = � � eg; � ef = � (� eg � Ec). Calculating the

di�erential dispersive shift � eg = � e � � g:

� eg =
4g2

eg� eg

� 2
eg � � 2

0
�

4g2
eg(� eg � Ec)

(� eg � Ec)2 � � 2
0

(2.102)

and using the expansion� 2
eg � � 2

0 � 2� eg(� eg � � 0) for the denominators, we �nally obtain:

� eg = �
2g2Ec

�(� � Ec)
(2.103)

where � = � ge � � 0 is the detuning between the qubit and the cavity. We can observe

two interesting features: the dispersive shift issuppressedby a factor Ec
� � Ec

and acquires

a secondary pole at � = Ec where the cavity enters resonance with thee � f transition.

The frequency range between � = 0 and � = Ec is called thestraddling range where the

cavity frequency is between theg � e and e� f qubit transition and should be avoided. In

general, placing the qubitg � e transition belowthe cavity transition avoids spurious �rst

order resonances between the cavity and higher-lying states as all the higher states have a

lower frequency than theg � e transition. Fig. 2.12 shows the exact dispersive shift using
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Figure 2.12: Comparing di�erent approximations to calculate the chi shift. Left: chi shift
values as a function of detuning between the qubit and cavity, Right: relative error for the
computed chi shift to the more exact value incorporating the full coupled Hamiltonian as
provided by ScQubits [22, 23]. The two-level system (TLS) approximation (used in the JC
section of this chapter) dramatically over estimates the dispersive shift over the entirety of
the detuning range. Adding in the contribution of thejf i -state from the weak QHO model
(transmon QHO, Eq. 2.103) of the transmon improves the agreement to within 10-20%
which is improved by incorporating the exact matrix element on thee� f transition instead
of using the QHO approximation (transmon matrix, Eq. 2.101)

the full transmon Hamiltonian with comparisons to the calculated dispersive shift as well

as the two level approximation.
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Chapter 3

Readout and Coherent Control

In this section, we will learn how to perform measurements and apply control signals on

the qubit. We will start by laying out how we calibrate a standard qubit device (both

for �xed frequency qubits as well as 
ux tunable ones) using both continuous-wave (CW)

measurements and pulsed measurements and brie
y discuss qubit population normalization

before moving on to coherent control of both the qubit and the cavity.

3.1 Initial device characterization

So you've �nally made a device and cooled it down, congrats! Now, how can we check that

it is working correctly?

The initial set of measurements is designed to quickly determine if the device is

working properly. For a standard device consisting of a qubit coupled to one or more res-

onators, this consists of establishing that the readout resonator is at the correct frequency,

that the qubit is functional, and, for tunable devices, that the frequency of the qubit can

be changed in situ. Once these parameters have been established, depending on the use

case, more extensive characterization can be undertaken.
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3.1.1 Finding and characterizing the cavity

For circuit QED architectures, everything starts and ends with the readout cavity. As

described in the previous chapter, this usually consists of a CPW resonator in a�= 2 or �= 4

con�guration coupled to a feedline used to send signals to and from the chip. To establish

notation in the electrical engineering way, we will label the input port as \Port 1" and the

output port as \Port 2". We distinguish two types of coupling sketched out with typical

responses in Fig. 3.1. The �rst is the \hanger" geometry where the feedline is uninterrupted

between the input and output ports of the chip and the resonatorhangso� the feedline. In

this con�guration, the resonator acts as a notch �lter, cutting out transmission from port

1 to 2 at the resonance frequency. The second is the \transmission" geometry where the

input and output of the resonator are coupled to stubs leading to the ports o� the chip. The

transmission geometry only allows for signals to propagate from port 1 to 2 on resonance

acting as a band pass �lter. For those more familiar with optics terms, the hanger geometry

acts like a re
ection measurement with a circulator, whereas the transmission geometry

gives us thetransmitted signal through the cavity.

The notch-�lter behavior of the hanger geometry allows for multiple resonators with

di�erent frequencies to be coupled to the same feedline. This multiplexing is extremely

useful for fast prototyping of qubits as many qubit-readout resonator pairs can be placed

on the same chip and measured using only a single feedline. In addition to multiplexing,

the broadband nature of the feedline guarantees a measurable signal over a wide frequency

range allowing for independent tuning of possible ampli�ers on the output side without

requiring a full chip characterization. Finally, because the response of a hanger resonator

is an interference between the signal coming from the resonator and the base signal in the

feedline, it is aself-referencedmeasurement allowing for an absolute measurement of the

losses in the resonator independent of losses in the lines leading to and from the device.

On the other hand, the transmission style geometry provides �ltering of the various

non-readout pulses applied to the cavity (for example, qubit control pulses are applied to
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Figure 3.1: The two coupling geometries used for readout resonators: transmission style
(a) and hanger style (b) where the feedline is blue and the resonator is shown in orange.
The magnitude (c) and phase (d) of response for each resonator is plotted as a function
of detuning from the resonance frequency scaled by the linewidth. These measurements
were taken with with di�erent powers (as they occurred on di�erent devices) leading to the
di�erence in signal to noise ratio between the hanger and transmission style measurements.
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the cavity and typically have much higher powers than readout pulses), which can reduce

saturation e�ects in the output line ampli�ers. Additionally, using asymmetric input and

output coupling strengths, one can achieve a more directional emission of the readout signal,

increasing the readout signal to noise ratio. In contrast to the self-referenced nature of the

hanger geometry, transmission-style resonators are unable to separate transmission losses

from all other loss sources on the lines (input attenuation, packaging losses, etc.) without

a dedicated line calibration.

In both cases, we perform aS21 measurement using the Vector Network Analyzer

(VNA) to �nd the resonance frequency of the cavity. S21 is a fancy electrical engineering

term to say that we are measuring the amplitude and phase at port 2 relative to the signal

injected at port 1. The VNA sweeps the frequency of the probe tone injected into port 1

and measures thelinear response (i.e. measures the output signal at the same frequency)

at port 2 while using an internal phase and amplitude reference to compute the gain and

phase shift acquired by the signal going through the device. Our R&S VNA has over 100dB

dynamic range (with a maximum at 140dB for the narrowest bandwidth measurements)

allowing it to measure a power ratios of 1 part in 10 billion (because power scales asV 2,

this only maps to a part in 100 thousand for voltages)!

The typical S21 response for a hanger resonator is:

S21(f ) = 1 �
Q=Qc

1 + 2iQ �f
f 0

(3.1)

where Q is the total quality factor of the resonator, Qc is the coupling quality factor,

f 0 is the resonance frequency, and�f = ( f � f 0) is the detuning from resonance. From

the coupling quality factor, as well as the total quality factor, we can extractQi (using

Q� 1 = Q� 1
c + Q� 1

i ) to estimate the internal losses due to interfaces and other impurities.

A more realistic model that incorporates impedance mismatches and other e�ects of the

imperfect microwave environment is discussed in Appendix A. While a complete �t would
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give exact values forf 0, Q, and Qc for quick estimates we can use a few simple heuristics.

The resonance frequencyf 0 occurs at the minimum ofS21 and the total quality factor is

extracted from the ratio of f 0 to the linewidth � f which is approximated by the bandwidth

of the 3 dB points (measured relative to thebaseline). For highly overcoupled devices

(Qi > Q c), the internal quality factor Qi can be estimated from the contrast in theS21

curve: max � min
min � Q [30] (for typical VNA-basedS21 measurements given in dB instead of

linear units, the expression becomesmax( S21)� min( S21 )
20 � Q).

For transmission style resonators,S21 looks very similar:

S21(f ) =
Q=Qc

1 + 2iQ �f
f 0

(3.2)

except we lose the interference term. If we model the input/output lines as applying

some phase factor� and attenuation � , we can see that it becomes impossible to separate

attenuation from quality factor for transmission measurements whereas the self-referencing

of the hanger measurement makes it insensitive to loss (as we are measuring a diprelative

to the baseline instead of an absolute signal):

S21(f ) = e�l ei�

 

1 �
Q=Qc

1 + 2iQ �f
f 0

!

(3.3)

S21(f ) = e�l ei�

 
Q=Qc

1 + 2iQ �f
f 0

!

(3.4)

where � is typically the phase acquired due to linear dispersion in the transmission lines

(� = 2�l=� wherel is the electrical length and� is the wavelength).

In either case, once the cavity frequency is known (usually by just taking the minimum

(maximum) for hanger (transmission) style resonators), we can start looking for a qubit.

To quickly identify whether the qubit works, we can perform a power sweep on the cavity.

At high power, the cavity decouples from the qubit leading to a frequency shift of the cavity

to its bare resonance frequency [2] (Fig. 3.2 shows a typical power scan measurement). A
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Figure 3.2: Transmission power scans for a simple cavity (left) and a cavity-qubit system
(middle) with associated power cuts shown for reference (right), the colormap displays
jS21j2(dB). The cavity readout power is setbelowthe power at which the cavity decouples
from the qubit (around -45 dBm for the data shown here)

power dependence on the cavity frequency is typically a good indicator that there is a qubit

in it, although it really only tells us that there is something non-linear in the system.

3.1.2 Finding the qubit

To �nd the qubit resonance frequency we perform two-tone spectroscopy, that is, we monitor

S21 at the cavity frequency and sweep a probe tone around the expected qubit frequency.

As discussed in Chap. 2, the cavity resonance frequency depends on the state of the

qubit, and so exciting the qubit should be visible if we monitor transmission at the original

frequency. The resonance frequency we found in the cavity measurement corresponds to

the jgi state on the qubit as the cryogenic environment leads to an almost perfect ground

state initialization. A continuous drive near the qubit frequency will drive it to a mixed

state, leading to a bimodal cavity transmission spectrum (the combination of thejgi and

jei resonances). By plottingS21(! g) (i.e. S21 at the base cavity resonance frequency as a

function of the applied tone frequency) the qubit will appear as a peak (dip) for hanger

(transmission) style resonators. In addition to �nding the! ge frequency, we can also get

an estimate of the anharmonicity� by increasing the drive power. At high enough powers,
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Figure 3.3: Qubit drive power scan in two-tone spectroscopy. At low powers only the
jgi � j ei transmission is visible (around 4.62 GHz) but higher order photon transitions
appear at higher power. The faint line visible at low power for the left panel (around 4.48
GHz) indicates residualjei -state population from imperfect thermalization.

a peak at the two photon resonance fromj0i to j2i will appear (! gf =2). A typical power

scan for a qubit device is shown in Fig. 3.3 with the 0-1 transition and 0-2 transitions

identi�ed. For a properly thermalized qubit, only transitions from 0 to n should be visible

as all higher states should be empty. In particular, due to the transmon acting as a

harmonic oscillator, transmissions between levels further than 1 index apart are suppressed

and only the (0! n)/n lines appear as multi-photon transitions. A good diagnostic of poor

thermalization is the appearance of lines at the 1-2 and 2-3 transition frequencies.

3.1.3 Flux tunable devices

For 
ux tunable devices, the above procedures need to be repeated over an entire 
ux

quantum to identify the frequency tuning range of the qubit. For faster measurements, the

cavity can be used to identify the applied current/voltage to 
ux conversion. Although the

cavity itself is not tunable, by coupling it to the qubit, it acquires a weak 
ux dependence

(recall, � / g2=�). For some devices, the qubit crosses the cavity leading to an avoided

crossing which can be used to calculate the coupling to the cavity (see Chapter 5). Varying
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Figure 3.4: Transmission and spectroscopy scans for a 
ux tunable qubit. Due to coupling
to the qubit, the readout cavity acquires a small degree of 
ux sensitivity. Near resonance,
the cavity system becomes strongly hybridized with the qubit turning it into a near single
photon source. This reduces the output signal drastically.

the control parameter (voltage or current) will lead to periodic modulation of the cavity

frequency which can be used to identify the conversion to applied 
ux in units of 
ux quanta.

The qubit frequency can then be mapped as a function of applied 
ux by �rst performing

a transmission measurement to �nd the cavity resonance frequency before doing two-tone

spectroscopy. Due to the potentially large dynamic range in detuning between the qubit and

cavity, di�erent readout powers might be required as the qubit frequency changes although

the power used to measure the 
ux periodicity in the earlier transmission measurements

is a good place to start (for instance, for qubits approaching the readout cavity frequency,

the readout power would need to beloweredto avoid saturating the system and decoupling

the qubit from the cavity). Some example data is shown in Fig. 3.4 for a tunable transmon

clearly showing the periodic behavior of the 
ux bias.

3.1.4 CW measurement summary

The goal of the CW measurements is to quickly identify wether a device performs correctly

and to extract most of the design parameters of the device. The cavity readout frequency
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and power are extracted from pulsed transmission measurements, the qubitge frequency,

anharmonicity, and thermalization are extracted from the two-tone spectroscopy power

scan, and current or voltage sweeps for 
ux tunable devices allow us to convert from

laboratory units (A or V) to 
ux on the qubit � =� 0. Finally, the qubit-cavity coupling

strength can also be extracted from a measurement of the� -shift on the cavity or from an

explicit avoided crossing (if the qubit crosses resonance, the resulting crossing can be �t to

extract g).

3.2 Pulsed Measurements

Once the basic characteristics of the device are measured using CW measurements, we can

switch to pulsed measurements to start performing actual gates and to treat the system

as an actual coherent quantum system instead of just a thermal mixture of coupled and

anharmonic oscillators.

3.2.1 Pulsed Transmission

Just as for the CW measurements, the �rst step is �nding the cavity resonant frequency.

While the CW calibration described above already provides frequencies for both the readout

and qubit, small frequency shifts occur when switching from continuous measurements to

pulsed measurements, in particular on the qubit frequency (as the qubit and cavity drives

no longer overlap and the qubit can fully relax to thejgi state between measurements).

The pulsed transmission measurement also provides a quick way to optimize the readout

settings as we switch from the VNA to the pulsed set up. To perform pulsed measurements,

we use an arbitrary waveform generator (AWG) to modulate the output of the generator

sending signals to the dilution fridge. The qubit control pulses require both amplitude and

frequency or phase control (although for basic calibration, only amplitude modulation is

required) which is performed with IQ modulation, described in the following section. The
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Figure 3.5: Schematic representation of the hardware required for pulsed measurements.
On the input side, an arbitrary waveform generators produces the pulses for the qubit
and cavity drives. On the output, the cavity signal is downconverted before digitization.
The trigger generator (light blue) sends a pulse at the beginning of every measurement to
synchronize the AWG and the digitizer. An atomic clock (dark green) is used to provide a
common frequency reference to all the equipment.

return signal is then downconverted and digitized on an analog to digital converter card

(ADC). A trigger generator is used to synchronize the AWG and digitizer and sets the

experimental repetition rate. A simpli�ed wiring diagram is shown in Fig. 3.5 with the full

detailed diagram left to Chap. 4.

A measurement consists of measuring the phase and amplitude of the cavity pulse at

the resonance frequency. While in principle it is possible to directly digitize signals in the

5 to 9 GHz frequency range used by our readout cavities, these digitizers are extremely

expensive and completely overkill. By multiplying our cavity pulse with another RF tone

(and �ltering out the other mixing products), we can downconvert it to a lower frequency

which we can directly digitize. This process is called downconversion or heterodyning and

is used virtually everywhere in communications (optical �bers, radio, WiFi signals, etc.).

The same process can be used in reverse to upconvert abasebandcontaining information

to a frequency used for data transmission.
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Figure 3.6: Downconversion of signals from a high frequency baseband to a lower frequency
baseband. (a) Typical con�guration where a signal at frequency RF is mixed with a local
oscillator detuned by an o�set frequency IF which shifts the RF spectrum down to the
detuning frequency IF. (b) When the detuning between the local oscillator and RF signal
is smaller than the bandwidth of the incoming RF spectrum, some of the frequency com-
ponents (below the LO frequency in this case) will get mirrored back onto the spectrum
when shifted down to IF.

A primer on up/down conversion, IQ points and IQ modulation

The product of two oscillatory signals at frequencies! 1;2 generates sum and di�erence

frequencies:

A sin(! 1t + � ) � sin(! 2t) =
A
2

[cos((! 1 � ! 2)t + � ) � cos((! 1 + ! 2)t + � )] : (3.5)

By �ltering the output with a low-pass or high-pass �lter we can isolate either the sum or

the di�erence frequency corresponding to up or downconversion of our signal. In general, a

signal with frequency components centered around! 0 multiplied by a local oscillator signal

at frequency! LO will be shifted to two bands centered atj! 0 � ! LO j and j! 0 + ! LO j. Some

care must be taken when downconverting signals with a wide bandwidth baseband to avoid

\mirroring" of the spectrum at ! = 0 as shown in Fig. 3.6. The intermediate frequency,

! IF = ! 0 � ! LO , signal still contains all the amplitude and phase information of the original

microwave signal and can now be further processed or digitized. This process can also be

reversed to generate modulated signals at frequencies much higher than the base bandwidth

of the waveform generator by mixing the basebandup to the desired carrier frequency with
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Figure 3.7: Visualization of IQ signals on the unit circle (top) and for time dependent
signals (right panels). Figure credit: Vigneshdm1990 (https://commons.wikimedia.org/
wiki/File:IQ_phasor_diagram.svg ,\IQ phasor diagram", https://creativecommons.
org/licenses/by-sa/4.0/legalcode

an LO at the frequency of interest (typically 4-7 GHz in our applications). While a simple

mixer as described above can perform up and down conversion, it comes with the drawback

that we lose half the amplitude of the signal we wanted to the other sideband which we also

need to eliminate. We will see that combining in-phase (I) and quadrature (Q) signals with

an IQ mixer gives us full control over which sideband is generated and even the amplitude

and phase of each sideband.

While a signal is typically de�ned with an amplitude and phase (which we can think

of as a polar representation of the phasor), it is actually simpler, from a modulation stand-

point, to use a Cartesian representation of the signal (I and Q):

A cos(!t + � ) = A [cos(!t ) cos(� ) � sin(!t ) sin(� )) = I cos(!t ) � Q sin(!t ) (3.6)
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where

I = A cos(� ) A =
p

I 2 + Q2 (3.7)

Q = A sin(� ) � = arctan
�

Q
I

�
(3.8)

are the usual polar to Cartesian conversions, see Fig. 3.7 for a visual representation. While

the distance between two points is independent of the representation (polar vs Cartesian),

using IQ points removes the distinction between changes mostly in amplitude or phase

making the data analysis more straightforward. We can compute the I and Q components

of a signal by multiplying it by cosine and sine at the frequency of oscillation:

A cos(!t + � ) cos(!t ) = A
�
cos(!t )2 cos(� ) � sin(!t ) cos(!t ) sin(� )

�
(3.9)

=
A
2

[(1 + cos(2!t )) cos(� ) � sin(2!t ) sin(� )] (3.10)

LP F )
I
2

(3.11)

A cos(!t + � ) sin(!t ) = A
�
cos(!t ) sin(!t ) cos(� ) � sin(!t )2 sin(� )

�
(3.12)

=
A
2

[sin(2!t ) cos(� ) + (1 � cos(2!t )) sin(� )] (3.13)

LP F )
Q
2

(3.14)

by �ltering the output with a low-pass �lter ( LP F ) ) or averaging over a period of oscillation

we recover the I and Q components of the original signal. This is e�ectively how the

downconversion process in an IQ mixer works: the incoming signal is split into two branches

which are mixed with the cos and sin of the LO generating the I and Q signals at the output

ports.
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Arbitrary Modulation with IQ signals

The IQ mixer can also be used to perform arbitrary amplitude and phase modulation on

a microwave tone. We will examine three di�erent kinds of modulation although, funda-

mentally, the only limitations on the achievable output waveform are the bandwidth of the

components and IQ imperfections (which will be discussed at the end of this section). The

simplest form of modulation is simply amplitude modulation. For example, by modulating

I we directly vary the output amplitude of the RF waveform:

s(t) = I (t) cos(!t ) = (1 + � cos(! m t)) cos(!t ) (3.15)

where � is the modulation depth and ! m is the modulation frequency. Note, for pure

amplitude modulation, � should stay below 1 to avoid imprinting phase modulation on the

signal. The exact same principle applies when using the Q channel for modulation except

for a 90 degree phase shift in the carrier frequency. The spectrum for amplitude modulation

is characterized by sidebands on either side of the carrier at frequencies! � ! m and ! + ! m

with amplitudes set by �= 2 relative to the main carrier power.

By varying I and Q out of phase, we perform phase modulation. Phase modulation

and frequency modulation are e�ectively equivalent as they are related by a derivative/

integral relationship. Consider the RF signalA cos(
 ), where 
 = !t + � for the simple

�xed-frequency case, while in this case we directly identify the frequency of oscillation as

! , in general, we can de�ne the frequency as the derivative of the phase argument in the

cos:

! =
@

@t

(3.16)

which can have arbitrary time dependence. In general, we desire to generate a well de�ned

time dependent frequency for our signal (for example ramping the frequency between two

points) however, the I and Q components are de�ned as functions of� , the phase of the

signal: I = cos(� ); Q = sin( � ). To convert frequency modulation to phase modulation,
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we simply integrate the desired frequency trajectory. Let's consider three simple cases: a

constant frequency shift of the carrier frequency, a frequency chirp, and sinusoidal frequency

modulation.

A constant frequency shift on the carrier is used to rapidly change the frequency of the

carrier within an experimental cycle (faster than the instrument can change its frequency

setting in the actual hardware). As we discussed earlier, a �xed frequency signal has a phase

proportional to !t which means that linearly ramping the phase of the carrier changes the

frequency by a �xed amount (positive ramps shift! 0 to ! 0 + ! IF and negative ramps shift

to ! 0 � ! IF ). This is easily achieved withI = cos(! IF t) and Q = sin( ! IF t) where the upper

or lower sideband is generated depending on the sign in front of theQ component. For the

frequency chirp,! IF (t) = �t + � where � and � are the frequency sweep rate and initial

frequency o�set. Here the required modulation phase is simply�t
2

2 + �t which we can again

plug into our expressions for I and Q in the modulator. Finally, some applications require

periodic frequency modulation (see Chap. 7 for example applications). This modulation

is speci�ed by two parameters: the frequency deviation, �! (i.e. how far the frequency is

shifted at the extrema of the modulation signal) and the modulation frequency! m . The

required phase modulation is obtained by integrating the periodic frequency:

� (t) =
Z

� ! cos(! m t) =
� !
! m

sin(! m t) (3.17)

where the prefactor is sometimes referred to as� , the phase modulation depth.

In principle, any frequency/amplitude modulation can be achieved with IQ modula-

tion by following the method outlined above giving us exquisite control over the microwaves

signals used to drive our quantum systems provided the bandwidth of the modulator is suf-

�cient.
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Figure 3.8: Cavity response (at! IF ) for the qubit in jgi vs jei with the extracted IQ
components overlaid for reference. In the �rst two panels, the blue trace is the raw voltage
acquired by the DAC card and the green/ orange traces correspond to the �ltered I and Q
signals. The third panel shows the IQ distance between the two traces showing a rapid rise
as the cavity initially �lls with photons before decaying as the qubit jei -state population
decays back to g. The signal to noise ratio (de�ned as the integral of the signal divided by
the characteristic noise calculated from the variance in the traces after the pulse) is also
plotted showing a clear peak in integration time roughly corresponding toT1 (around 10-15
� s for this device).
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3.2.2 Readout

Now that the reader is hopefully a bit more familiar with IQ points, we can describe our

readout with the typical jargon used in the �eld. We perform cavity state readout by

measuring the I and Q components of an RF pulse sent to the device. To reduce the

required bandwidth of the ADC card, we �rst downconvert the cavity signal from 5-7 GHz

to a 2 MHz IF signal which is then �ltered, ampli�ed and digitized. We then perform

digital downconversion (DDC) to extract the I and Q components of the pulse. A typical

pulse response is shown in Fig. 3.8 showing the DDC process. By sweeping the probe

frequency we can �nd the resonance frequency of the cavity, just as with the VNA in the

CW measurement section.

For all the subsequent measurements, the qubit is assumed to be initialized in the

jgi state. In pulsed measurement mode, the repetition rate of the experiments should be

set such that it exceeds 5-10T1 (or at least a best guess as to the expectedT1 value of the

qubit). This guarantees that the qubit will have decayed back down the a purejgi state

before the start of the following measurement.

3.2.3 Pulsed qubit spectroscopy

We can �nd the qubit frequency by pulsing the qubit and measuring the response of the

cavity. As we've discussed earlier, the resonance frequency of the cavity shifts based on

the qubit. A resonant frequency shift of the cavity can appear as mostly a magnitude

signal (� > � ), mostly a phase signal (� < � ), or both (� � � ). By computing the

IQ distance between two measurements, both amplitude and phase shifts are converted

to a 1-dimensional number instead of having to account for the two shifts separately. In

pulsed spectroscopy, we pulse the qubit with a 10 to 20� s pulse immediately followed by a

readout pulse of length 5 to 10� s. At this stage, it is important to use along qubit pulse

to drive it to a somewhat mixed state and avoid accidentally driving the qubit perfectly

back to the ground state with an 2n� pulse. Additionally, a long qubit pulse allows for a
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Figure 3.9: Comparison of di�erent pulse shapes. (a) Time traces for square pulses (blue),
gaussian pulses (orange), and gaussian-ramp square pulses (green) with their e�ective ro-
tation angle for a given drive power (� ef f ). (b), (c) Fourier spectrum for the pulses in panel
(a) for two di�erent pulse lengths showing change in spectral width as a function of pulse
shape and length.

higher resolution frequency sweep as the spectral width of the pulse is narrow. The qubit

frequency is extracted by �tting a Lorentzian to the IQ distance vs frequency trace acquired

(although simply picking the maximum amplitude is su�cient for a �rst calibration pass).

While in principle one could use square pulses to drive the qubit, this leads to spurious

excitations outside of the computational subspace due to the high frequency content in the

pulse. Fig. 3.9 shows the Fourier transform for square, gaussian, and gaussian square pulse

shapes of length 50 ns. By rounding the square pulse shape, we drastically reduce power

at the jei � j f i frequency which is only� � 250 MHz away from the resonance frequency.

While the gaussian pulse shape has the narrowest frequency spread it has a much lower

e�ective drive rate due to its rapid fall-o� in the time domain. Our qubit gates consist of

a square wave of variable length with a �xed length gaussian ramp truncated at� 2� with

� = 2:1 ns.

61



Figure 3.10: (a) As the drive length on the qubit increases, the qubit oscillates between
jgi (high voltage) and jei (low voltage) where the period of oscillation gives the Rabi rate.
(b) By sweeping the drive frequency we can map out theRabi chevronshowing increased
Rabi rates with smaller oscillation contrasts as expected from Eq. 3.19.

3.2.4 Rabi oscillations and � -pulses

Once the qubit frequency is found, we can calibrate the �rst of our gates: the� -pulse. While

all the previous measurements only required mixed qubit states to extract a resonance

frequency, we are now switching to coherent operations on the qubit state. The� -pulse


ips the state of the qubit from jgi to jei and once calibrated allows us to normalize the

readout voltage to convert to qubit population. Recall the Hamiltonian for a qubit driven

by an electric �eld at its resonant frequency:

H =


2

� x : (3.18)

For a qubit initialized in the jgi state, the excited state probability will oscillate as sin(
t)

where 
 is the Rabi rate. The excitation probability is acquired by performing repeated

measurements and averaging the results. By varying the length of the qubit-drive pulse,

we map out these oscillations and identify the� -pulse as the �rst extremum. Fig. 3.11(a)

shows an example curve where the� -pulse time indicated with the vertical line. One can
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also keep the pulse time �xed and vary the linear amplitude of the driving �eld to obtain

similar oscillations for which the �rst extremum corresponds to� -pulse again.

In addition to calibrating the � -pulse, this measurement is also used to calibrate the

strength of the driving �eld as the Rabi rate corresponds to the frequency of oscillation.

The Rabi rate is proportional to the electric �eld of the driving tone so doubling the Rabi

rate corresponds to a quadrupling of the driving power (6 dB) or a doubling of the I/Q

amplitude from the AWG generator.

O� resonance, the e�ective Hamiltonian acquires a term proportional to� z reducing

the amplitude of oscillations and increasing the e�ective Rabi rate as shown by:

H =
�
2

� z +


2

� x (3.19)

where � is the detuning between the qubit frequency and the applied drive. In this case, the

excited state probability is P(e) = 
 2


 2+� 2 cos
� p

� 2 + 
 2t
�

where
p

� 2 + 
 2 is the e�ective

Rabi rate. Fig. 3.10(b) shows a colormap of the oscillations as a function of drive detuning

displaying the characteristic chevrons.

Finally, the rotation axis about which the qubit state rotates is set by the phase of the

applied microwave drive. By convention, we associate theI component with a� x rotation

and Q with a � y rotation.

3.2.5 Readout normalization

To convert the readout amplitude to a qubit population we can use the results of the

previous calibration:

P(e) =
~IQ d� g � ~IQ e� g

jj IQ e� gjj 2
(3.20)

whereIQ g;e correspond to reference IQ points with the qubit prepared injgi vs jei and IQ d

is the IQ point of the sample to be normalized. This corresponds to taking the projection

of the data IQ vector fromjgi onto the g� e IQ vector and normalizing to obtain a number
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Figure 3.11: Tune up procedure for a typical device: (a) the resonant frequency of the
cavity is found, (b) the qubit frequency is found using the long pulse spectroscopy method
described in the text, (c) the� -pulse is tuned up by sweeping the length of an applied pulse
on the qubit and �nding the �rst extrema (here a minimum as the cavity is measured in
transmission meaning thejei -state corresponds to alow signal).

Figure 3.12: By acquiring reference IQ point forjgi and jei qubit state preparation, we can
convert the outcome of a speci�c resultjdi into a fractional population between g and e.
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between 0 and 1 as shown in Fig. 3.12.

3.2.6 T1, T2, Techo

With a � -pulse in hand, we can now complete our characterization of the qubit by measuring

its coherence times [5]. The depolarization time,T1, corresponds to lifetime of the excited

state and is measured by simply� -pulsing the qubit and waiting a variable time� before

readout (as shown in Fig. 3.13(a)).T1 is extracted from an exponential �t of Ae� t=T 1 + B

to the data. For normalized data,A = 1 and B = 0, leaving only T1 as a �t parameter. For

an accurate �t, the total evolution time should be � 5T1 to provide enough long time data

to \pin" the �t. If T1 is found to be signi�cantly larger than expected, the measurement

repetition rate might need to be reduced to allow the qubit to decay back tojgi before the

following measurement. In some cases, if the qubitT1 is signi�cantly longer than expected

relative to the time between measurements, the contrast of the measurements will be low

as the qubit state becomes e�ectively random at the beginning of every measurement.

The dephasing time,T� , corresponds to the lifetime of a superposition ofjgi and jei .

For a perfect qubit (without phase noise), the coherence time,T2, is only limited by T1 as

the jei state portion of the superposition decays tojgi at a rate e� t=2T1 . Phase noise (due

to 
uctuations in the energy splitting of the qubit) is an additional loss channel leading the

coherence time to be:
1
T2

=
1

2T1
+

1
T�

(3.21)

whereT� is the characteristic lifetime due to dephasing processes. To measure the Ramsey

dephasing time,T �
2 , the qubit is initialized in a superposition with a � /2 pulse before

waiting a time � and applying a second� /2 to bring the qubit back to the � z basis, a

Ramsey sequence. On resonance, this leads to a decaying exponential going toP(e) = 0 :5.

However, if the qubit drive is not perfectly in resonance with theg� e transition, the state

will precess during the wait time� leading to oscillations in the �nal output state. The
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Figure 3.13: Coherence times for the qubit with their associated pulse sequences (red pulses
correspond to� -pulses, green are� /2 pulses, and the long rectangular block at the end is
the measurement). (a)T1 measurement showing an exponential decay of thejei population
as the time between the� -pulse and measurement is increased. (b)T2 echo measurement
where a� -pulse is inserted in between the two� /2 pulses to remove the e�ects from DC
qubit frequency noise. (c)T2 measurement using two�= 2 pulses to measure the qubit
coherencetime (i.e. the time for which a superposition ofjgi and jei maintains its phase)
under free evolution. The insets show the corresponding pulse sequences.
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damped oscillatory response can be �t to extract the decay rate (1=T2) and the qubit-drive

detuning (� ) if the two scales are su�ciently separated (as shown in Fig. 3.13(c)).

In particular, near critical damping (1=T2 � � ), the two scales cannot be separated

leading to a poor estimation of either parameter. Two methods are used to avoid this issue:

detuning the qubit drive frequency deliberately to induce a controlled precession of the qubit

or rotating the phase of the second� /2 pulse to virtually detune the drive. While the direct

detuning method is simpler as it only requires shifting the drive frequency, it incurs a cost in

the �nal contrast of the oscillations if the required detuning is large. For example, for short

lived-devices withT2 < 1� 5� s, the required separation of scales leads to 5-10 MHz detuning

values which can reduce the contrast of the oscillations as the� -pulses are no longer well

calibrated. On the other hand, the virtual detuning method allows for any oscillation

frequency without loss of contrast but is more sensitive to drive imperfections due to IQ

imbalances. Fig. 3.14 shows the e�ect of small IQ imbalances (essentially di�erent Rabi

rates for X vs Y rotations) on the long-time signal: persistent small amplitude oscillations

arising from a imperfectly calibrated X-Y � -pulses. The tomography section will discuss

how to calibrate out these e�ects.

Finally, the spin-echo time, Techo, is an NMR term which characterizes the low-

frequency noise in the qubit. It consists of a sequence of three pulses:� /2, � , � /2 with

equal wait times between both segments on either side of the� pulse. A di�erent way to

think about the dephasing process from theT2 measurement is to consider an ensemble of

qubits with a spread of frequencies centered about! ge whose behavior we average together.

Each qubit will precess at a di�erent rate relative to the drive leading to the averaged mag-

netization (which controls the contrast of the oscillations) to decay over time. However, by

adding a � -pulse in the middle of the evolution time, we can rephase all the qubits again

for the second measurement pulse. Consider two qubits with frequencies! 01 � � : after

an evolution time � , the lower frequency qubit will seem to be \lagging" by�� and the

higher frequency qubit will be \leading" by �t . The � -pulse 
ips the state on the Bloch
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Figure 3.14: T2 Ramsey measurement using a variable phase on the second pulse. At long
times, small o�sets on the IQ modulation ports of the RF generator lead to persistent
oscillations long after the coherence has decayed away due to over/ under rotations as the
second� /2-pulse phase is rotated.

sphere leading to the lower frequency qubit \leading" and the higher frequency qubit lag-

ging. After another evolution time � , the accumulated precession phases cancel out for

both qubits leading to a full rephasing of the entire collection of qubits. In contrast to

the T2 measurement, all pulses are on resonance with the qubit as the� -pulse removes the

oscillation in P(e). Here the qubit state will start in jgi instead of jei and grow to the

50-50 mixed state exponentially as shown in Fig. 3.13(b).

A single � -pulse can compensate the e�ect of a low frequency qubit frequency noise

source (i.e. the noise is essentially constant from shot to shot) but will amplify noise

with frequency 2=� . This method can be used to perform noise spectroscopy by increasing

the number of � -pulses between the two� /2 pulses [36]. This more general sequence is

called the CPMG sequence and is characterized by the following spacing between� -pulses:

� i = � ( i � 0:5)
N where N is the total number of pulses andi is the index of the ith � -pulse

(starting at 1) [5, 43, 44].
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3.2.7 Ramsey spectroscopy

Ramsey spectroscopy uses the pulse sequence de�ned in theT2 discussion above to more

precisely calibrate the qubit frequency. The oscillation frequency ofP(e) is set by the qubit-

drive detuning allowing for a very accurate measurement of the qubit frequency for long-

lived qubits. Fitting many periods of oscillation allows for a very accurate measurement of

the detuning (recall the usual Fourier transform arguments:�f / 1=T) which can be used

to extract the qubit frequency from the drive frequency. Two measurements are required

to determine the absolute frequency of the qubit as� = j! q � ! dj doesn't give the sign of

the detuning.

For �xed frequency qubits, once the qubit frequency has been calibrated to high

precision, it can be useful to perform a secondary calibration routine to optimize the readout

power and frequency and qubit� -pulse. For readout optimization, we perform a cavity

transmission measurement with the qubit injgi vs jei and pick the point with the highest

IQ contrast. While in principle this method also works for frequency tunable qubits, drifts

in the 
ux bias point lead to marginal returns as the readout and qubit frequency need to

be frequently calibrated.

3.3 Qubit pulse tuneup

A quantum algorithm might consist of thousands of gates applied consecutively before per-

forming state readout requiring high-�delity qubit pulses. However, at high pulse �delities,

the error on the �nal state after a single pulse can be di�cult to measure accurately as

the error is combined with the standard measurement noise in the readout. Error ampli�-

cation sequences are used to increase the signal to noise ratio on the pulse in�delity. The

typical gate set used for single qubit operations is� pulses and X, Y gates (de�ned as� /2

pulses about either axis). Errors in these pulses consist of over or under rotation, incorrect

rotation axes due to small residual detuning (from imperfect qubit spectroscopy or the
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Stark shift) or leakage to thejf i state, or IQ imbalances in the qubit generator leading to

di�erent Rabi rates for X vs Y pulses.

3.3.1 Pulse amplitude calibration

For �xed pulse duration, the amplitude of the drive pulse sets the rotation angle of the

qubit. Over or under rotations due to miscalibrated pulses can quickly add up and the

qubit in an e�ectively random state after N pulses. To �ne tune the pulse amplitude, we

perform an odd number of� /2 pulses and measure the qubit population. A� /2 pulse is

used instead of a� -pulse as the qubit population is linearly sensitive to the rotation angle

near the equator but only quadratically sensitive at the poles. A slightly over or under

rotating pulse will have a characteristic growing oscillatory response as the accrued phase

error grows with the number of pulses (see Fig. 3.18(c)). The optimal pulse amplitude

corresponds to a 
at response without any oscillations.

3.3.2 Stark Shift and DRAG Pulses

At large drive amplitudes, required for fast gates, the qubit no longer behaves strictly

like a two-level system and the higher levels lead to errors in the computation basis. In

particular, when the drive strength 
 approaches� , the jf i -state will lead to a shift in the

g � e frequency, detuning the drive. We can estimate this e�ect by considering the driven

3-level Hamiltonian with a drive at the ! ge frequency:

H =

0

B
B
B
B
@

0 

2 0



2 0

p
2

2

0
p

2

2 � �

1

C
C
C
C
A

(3.22)

where the �rst 2 � 2 block is the usual driven two level qubit and� is the anharmonicity.

The o�-diagonal elements betweenjei and jf i have the
p

n scaling expected from the
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