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In general wave-functions spread and propagate. However, there are certain situations
where they cease to do so. Those situations are equivalently interpreted as frozen or localized
quantum particles. In the context of condensed matter physics, this localization—the vanishing
of the group velocity for a large class of states—is related to the appearance of flat bands in
the band structure of a quantum system. The flat bands are important occurrences for multiple
reasons, one of them being that on a flat band the kinematics of a system is non-existent and
therefore the physics is completely governed by the interaction terms which are responsible for
many exotic states of matter. Therefore, one expects that a flat band is a bedrock for finding
exotic states. The appearance of flat bands is also, at times, a puzzling phenomenon. For ex-
ample, the recurrent flat bands in twisted bilayer graphene for different twist angles are not yet
completely understood, even at the single particle level, and they are surprising enough that the
angles at which they appear are called “magic” angles. Here, the field theoretic approach to these

interesting phenomena is presented.
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Chapter 0: Directions

Here we give a brief description of the materials presented in the thesis as a map to navigate

them.

Chapter 1: Quantum Anomalies and Their Interplay with Interactions

Quantum anomaly is a fundamental quantum mechanical property of great signi cance.
Although it was rst discovered in the context of particle physics in the 1960's it has since been
realized that it is an integral concept to many different elds including, high energy physics,
astrophysics and condensed matter physics. A commonly held belief is that the chiral anomaly
and its consequences cannot be changed by interactions. This chapter shows that this is not the
case, interaction effects are present and signi cant. Using a variety of analytical methods, we
will see, quite generally, that anomalous chiral symmetry breaking is impacted by interactions.
Extensive analytical analysis, physical intuition and experimentally accessible predictions in the
context of interacting Weyl semimetals are provided.

This chapter introduces a non-perturbative method for investigating quantum anomalies in
interacting models, an important concept both in high energy and condensed matter physics. In
condensed matter, the topological semimetal phases exhibit fascinating transport phenomena such

as Hall conductivity, chiral magnetic effect, and chiral vortical effect, which are directly linked



to quantum anomalies. This chapter demonstrates that these responses undergo remarkable mod-
i cations due to density and/or spin interactions. While the Hall response remains unchanged in
equilibrium and homogeneous regimes, we observe corrections in both transverse and longitudi-
nal conductivities as we deviate from these conditions. These responses ultimately combine in
Sec. 1.7 to unveil the emergence of a massive propagating mode in Weyl semimetals resulting
from the interplay between the chiral anomaly and interactions.

The chapter provides a detailed and accessible exploration of this subject matter. We be-
gin with a succinct review of the path-integral treatment of quantum anomalies, known as Fu-
jikawa's method. Subsequently, we dive into an extensive investigation of chiral and mixed
chiral-gravitational anomalies in (1+1) and (3+1) dimensional systems, addressing relevant as-
pects across subsequent sections and appendices. Notably, appendices C and D present novel
technical ndings about the spinor path-integral.

This chapter is based on the works presented in Refs. [1] and [2].

Chapter 2: How To Get Rid of a (pseudo-)Vector Field

The interplay of strong correlations with topology is a central topic in modern theoretical
physics. Few non-perturbative techniques exist to study thss+rl dimensions. The chapter
introduces a new method to tackle this. It generalizes non-Abelian bosonizat®s fo di-
mensions utilizing the chiral and Weyl anomalies and enjoys interesting connections to classical
electrodynamics and QFT in curvilinear coordinates and curved space.

We will expound the method for @ + 1) -dimensional semimetal coupled to a system of

Kondo impurities. Such systems are an ideal place to study the interplay between strong correla-



tions and topology and require a non-perturbative approach+ Ihdimensions however there is

a dearth of non-perturbative methods. We will go through a new non-perturbative method based
on quantum anomalies which provides exact results. It generalizes the non-Abelian bosonization
approach of1 + 1) -dimensional systems ®+ 1 dimensions, an important generalization that

many other systems can bene t from. Thus essentially through this non-Abelian bosonization a
(pseudo-)vector eld that was originally coupled to the electrons, decouples from them. Using
this we compute the effective action for the spin system and the exact anomalous transport in
the system. The latter expressions are general and can be used in the case where the spins are
guantum mechanical or are in a xed classical con guration.

This chapter is based on the works presented in Ref. [3].

Chapter 3: Generic Criterion for Flat Bands

Flat bands are puzzling occurrences where a class of electrons stop propagating across a
system. This chapter shows that these occurrences are linked to the realizability of the timeless
version of the system. In two-dimensional materials, the self-consistency constraint for realizing
such a timeless theory becomes a topological one. This associates the already focal system of
bilayer graphene to also quantum anomalies and the corresponding topology. Apart from demys-
tifying the at band and straightforward derivation of magic angles, this description also extends
to arbitrary mutual deformations and external non-homogeneous magnetic elds.

The nature of the at-band in magically twisted bilayer graphene has not yet been fully
elucidated. This chapter shows that the at-band is actually a restricted type of the zeroth Landau

level which here we have called the “meiLandau level.” We will also see that an Aliyah-Singer



index can be attributed to the at band.

The chapter starts by introducing, quite pedagogically, the general continuum model for
the bilayer graphene from the point of view of the reciprocal lattice. Then we see the theory of
the bilayer system can also be interprete¢Pasl) -dimensional Dirac fermions subjected to two
non- uctuating emergent gauge elds. The next step, perhaps the most versatile one, is to show
that within the at band the theory reduces to(ist+0) -dimensional version. However, as it turns
out, this(2 +0) -dimensional theory, and thus the at-band, is not always realizable. The obstacle
is due to the presence of the chiral anomaly in even spacetime dimensions: The emergent gauge
elds now come with a winding number, given by the chiral anomaly, which must be an integer.
This sets up a self-consistency condition for the realization of the at-band satis ed only at the
magic angle.

Not only the magic angle is therefore given by a topological condition, but the Dirac repre-
sentation of the theory leads to straightforward generalizations. Thus the magic angle is derived
for general deformations of the bilayer system and also in presence of external non-homogeneous
magnetic eld. The latter results in splitting each magic angle into two pairs of new magic angles,
hence pairs of mo@-Landau levels. The way is also thus paved for other generalizations such as
to multilayer materials, nite temperature and also in the presence of interactions.

This chapter is based on the works presented in Ref. [4].

Chapter 4: Band Flattening Transitions

This chapter provides a general recipe for creating at bands. These at bands are related

to topological indices. Then we will see that in the presence of interactions certain systems may



follow this recipe on their own and give rise to localized electrons. This work is an instance of
rare non-perturbative transition schemes, through which interacting systems either spontaneously
or through external guidance, transition into localization.

The chapter starts by presenting a general theory of how to construct periodic-in-space
textures that give rise to at bands. In the continuum limit it formulates a simple condition on
the periodic gauge elds. This at band condition is related to the Atiyah-Singer index theo-
rem. We then see that this condition can be satis ed not only by external perturbations ( elds,
rotations, deformations, etc.) but also due to the formation of periodic electronic textures caused
by interactions. A general construction is provided where this interaction-induced localization
is energetically favorable. This means that these localizing transitions can happen in a large
class of materials. There are already experimentally relevant observations which these localizing
transitions might be the explanation of.

There are many natural extensions of this scheme to a variety of strongly correlated sys-
tems exhibiting a zoo of proximate symmetry broken phases. These include band- attening su-
perconducting phases, co-existence of magnetism and superconductivity, spontaneous formation
of moiré textures in bilayer structures, etc.

This chapter is based on the works presented in Ref. [5].

Chapter 5: A Magic Tutorial: Landau Levels at Zero Total Flux

Certain materials, including the well-known magic-angle twisted bilayer graphene, host
“magical” at bands—those that enigmatically appear only at speci ¢ (but in nitely many) val-

ues of a parameter such as the twist angle. Despite their revolutionary impact and promise for



novel phases of matter, the underlying physical principles remained elusive. In this chapter, we
demystify these magical occurrences through presenting the simplest model that transparently
gives rise to such behavior. This, hence, not only unveils the origin of magic but also provides
a critical foundation for an understanding of superconductivity and localization in time-reversal
symmetric systems.

When the total magnetic ux through a system is nonvanishing, at bands appear with a
density of states proportional to the total ux. So at rst glance, having zero total ux should
not result in localization. In that regard, we rst investigate the simplest zero magnetic ux ex-
ample and show where the obstruction to localization lies. We then remove the obstruction by
introducing an additional “spin” eld and show that the at band reappears after this recti ca-
tion. We proceed by gradually increasing the complexity of our examples, eventually reaching a
model that faithfully represents the magic angle twisted bilayer graphene where the electrons are
coupled to a non-Abelian gauge eld and they localize only at speci ¢ con gurations of the eld.
This transparently reveals the underlying physics of the magic inaliyer graphene.

This chapter is based on the works presented in Ref. [6].

Chapter 6: Emergent Energy Scales: Md@ravity and Cosmology

Infrared and ultraviolet limits mark two distinct regimes in a variety of physical theories
corresponding to low and high energy scales correspondingly. Motivated by the studies@®f moir
patterns in condensed matter systems, this chapter shows that one can reformulate them in a
geometric language of m@rdiffeomorphism, generalize it to a broad spectrum of classical and

guantum theories, and provide a way to obtain low energy structures from theories with individual



high energy scales. Speci cally, we will see that the ragihysics can be formulated in a general-
relativistic form and provides a new theoretical scenario for tackling the fundamental vacuum
catastrophe.

The chapter is motivated by a simple observation (the rst part of the chapter) that the
currently extremely active eld of mo# bilayer graphene can be generalized and formulated in
a purely geometric language, which takes the form of electrons tunneling between two curved
space-times. The md@mhysics manifests itself as the emergence of large length scales or equiv-
alently small energy scales. These réddiffeomorphisms appear quite generally in a large class
of models, where two similar systems (classical or quantum) have coalesced into one, indepen-
dent of the existence of an underlying lattice structure.

We then argue that this mé&iphenomenon is dimensionality independent and may be in-
vestigated theoretically in a large variety of models, including general-relativistic ones. There is
a long standing fundamental puzzle, known vacuum catastrophe in cosmology, whose main con-
tent is the dif culty in obtaining a low energy scale for the cosmological constant. We will see
that moigé diffeomorphism in principle provides a way to resolve the puzzle via double-universe
construction, where individual high energy scales @aiansform into a theory with a naturally
small cosmological constant. We present an explicit toy model demonstrating this construction
and derive and solve the corresponding Einstein equations.

Moiré physics, de ned as the emergent IR physics when two systems with UV character-
istics coalesce, has a natural capacity to deal with ne-tuning problems. This chapter generalizes
this fundamental notion to a multidisciplinary conceptual tool.

In the second part of the chapter we rst write down the most general action describing
two interacting universes and show that the resulting effective eld theory tackles the cosmo-

7



logical constant problem. Interestingly, without any manipulations, the emergent effective eld
describing the mo#& process, simultaneously couples to curvature and matter as dilaton, Higgs,
and axion.

As for all moiré systems, we will start with two separate universes that are going to co-
alesce to yield emergent méiphenomena. We then describe the most general action that is
allowed to be written for such a “bi-world” system. The bi-world degrees of freedom include two
sets of matter elds, two metrics and also a new type of degrees of freedom we are going call
“amphibian” elds. Out of the two metrics a new scalar, “mwield” if you like, can be formed.
Classically, the Bianchi identity xes this scalar. Nevertheless, when we consider the quantum
effects the moie eld will be allowed to change, instead, the quantum effects highly restrict the
two metrics to be conformally related.

Quite interestingly, it turns out that the meireld which naturally arises from the bi-world
construction, simultaneously plays in dilaton, Higgs, and axion roles. Of these mainly only focus,
in this chapter, on the dilaton role, which leads to a decay of the cosmological constant to zero.

This chapter is based on the works presented in Refs. [7] and [8].

Chapter 7: Geometric Delocalization

This chapter demonstrates the existence of two-dimensional membranes living in standard
at 3D space that have transient Brownian motion. This is equivalent to the absence of the
logarithmic infrared divergence of the Laplace-Beltrami operator, and leads to a breakdown of
standard two-dimensional physics such as the Mermin-Wagner theorem and absence of weak

localization on these manifolds.



As the proof of principle robust examples are provided which also posses the desirable
property of having a zero average curvature and can be realizable in both quantum simulators and
corrugated two-dimensional materials. It is shown that by introducing varying curvature, we can
achieve phenomena that belong to higher dimensions on these 2D membranes we call “tablecloth
manifolds”.

The unifying idea behind this breakdown of standard two-dimensional physics is the heat
kernel and Green's function of the Laplace-Beltrami operator on these manifolds, which is di-
rectly tied to the long time behavior of a random-walking particle. In at 2D space, the heat
kernel integral diverges logarithmically, which implies that a random-walking particle returns
to its starting region in nitely often, that there is Anderson localization in an arbitrary weak
disorder potential, and that there is no long-range order with spontaneously broken continuous
symmetry at nite temperature (Mermin-Wagner theorem). In contrast, on tablecloth manifolds
the heat kernel integral (Green's function) is nite, leading to a random-walking particle escaping
to in nity, the absence of weak localization, and the breakdown of the Mermin-Wagner theorem
and Kosterlitz-Thouless transition. Presented are both a heuristic and a fully rigorous proof of
the random-walk and heat kernel properties for the constructed tablecloth manifold, and also a
discussion the general requirements for constructing such a manifold.

This chapter is based on the works presented in Ref. [9].



Chapter 1: Quantum Anomalies and Their Interplay with Interactions

The prediction and subsequent discovery of topological semimetal phases of matter in solid
state systems has instigated a surge of activity investigating the exotic properties of these unusual
materials. Amongst these are transport signatures which can be attributed to the chiral anomaly;
the breaking of classical chiral symmetry in a quantum theory. This remarkable quantum phe-
nomenon, rst discovered in the context of particle physics has now found new life in condensed
matter physics, connecting topological quantum matter and band theory with effective eld the-
oretic models. In this chapter we investigate the interplay between interactions and the chiral
anomaly in eld theories inspired by semimetals using Fujikawa's path integral method. Starting
from models in one spatial dimension we discuss how the presence of interactions can affect the
consequences of the chiral anomaly leading to renormalization of excitations and their transport
properties. This is then generalised to the three dimensional case where we show that the anoma-
lous response of the system, namely the chiral magnetic and quantum hall effects, are modi ed by
the presence of interactions. These properties are investigated further through the identi cation
of anomalous modes which exist within interacting Weyl semimetals. These massive excitations
are nonperturbative in nature and are a direct consequence of the chiral anomaly. The effects
of interactions on mixed axial-gravitational anomalies are then investigated and the conditions

required for interactions effects to be observed are discussed.
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1.1 Introduction

The state of a physical system is de ned through parameters that fully determine its con-
guration. Two distinct physical states have distinct values of these parameters. For example,
the state of a point particle in three dimensions can be determined by the generalized coordinates
X = (x;y;z). Changingx takes the particle to different positions in the three dimensional space.

A transformationx ! T [x] then, yields a different physical state. While the two statesd

T [x] are different, the physical laws that govecrand T [x] can be identical; theifi is a sym-
metry of the physical laws, i.e. the theory. In other wordg] ifs a symmetry transformation,
the physical description of the system, will be blind to the difference betwesmmd T [x]. For
example in the action functional formulation, giverT athat preserves the action functional, if
the physical path ,, minimizes the action then also Will[X y].

There are two prominent types of physical descriptions, classical and quantum. The quan-
tum description is canonically derived from the classical one. So one expectsxhatdfT [x]
are governed by identical classical laws they should also be governed by the corresponding iden-
tical quantum laws. In other words, one expects a symmetry of the classical theory to be also a
symmetry of the corresponding quantum theory. However, peculiarly enough, that will not al-
ways be the case, due to the existencqguaEntum anomaliedn some cases the quantum theory
will distinguish between the two statetbie classical symmetry is ruined after quantizatidn
means that quantum corrections know something about the system that the classical description
is completely ignorant about.

For every symmetry there is a corresponding conserved Noether current. Thus, anomalies

which destroy a classical symmetry consequently ruin a classical conservation law, giving rise to
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a source term which is usually called the anomalous term. This non-vanishing source term is re-
sponsible for the decay of the neutral pion—the phenomenon which would have been suppressed
if not for quantum anomalies and thus led to their discovery [10-14].

Anomalies are hence purely quantum mechanical and therefore become of even greater
interest when one nds out that there are macroscopic phenomena based on these beings which
dwell deep in the quantum realm. One example of such macroscopic phenomena is anomalous
transport signatures in condensed matter systems.

Quantum anomalies are among many concepts that have originated in high energy physics
but have gradually found their way into condensed matter physics. In this chapter we will be
concerned with the chiral anomaly and its corresponding anomalous term which supplies the
non-conservation of the chiral current. In condensed matter systems such as crystals, chiral
symmetry is an emergent property, since the periodic nature of the crystal results in a periodic
band structure which allows for exactly as many left-handed chiral modes as there are right-
handed ones. In other words, if a band crosses the Fermi surface at one point it will cross the
Fermi surface back at least at one other point due to the periodicity of the band structure [15-18].
As a consequence, exciting the system will generate left-moving particles around one point while
it produces right-moving particles around the other. So a de nite chirality cannot be attributed
to a speci ¢ band. Even though chiral points are connected through the deep lattice structure,
they can be thought of as distinct nodes in the low energy description of the material which
is blind to the lattice structure. In this sense the chiral anomaly has a prosaic explanation in
condensed matter systems, namely, the pumping of charge through the bottom of the band from
one node to another. Amazingly, this simple picture relates key concepts such as the quantized

Hall conductance (e.g. via Laughlin's argument [19]) and existence of topological metals (e.g.
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the Weyl semimetal [20—-30]) to chiral anomalies.

Topology is the cornerstone of chiral anomaly. We will see that the chiral anomaly is
connected to zero-modes of the fermionic theory on the one hand and the winding number of the
gauge eld on the other, when we review the non-perturbative formulation of anomalies named
after Fujikawa [31-33] in section 1.2. Within perturbative QED the chiral anomaly aoidgs
from the triangle diagrams when one needs to carefully regularize the difference between linearly
divergence integrals [34]. Higher order loop diagrams will cancel their own contribution to chiral
symmetry breaking and render the chiral anomaly subject to non-renormalization theorems; the
higher order terms will leave the form of the anomalous term unmodi ed and are accounted for
by replacing the bare elds and parameters with their renormalized values.

While in theories of elementary particle physics, one is restricted by normalizability con-
ditions and symmetries such as Lorentz invariance and charge conservation, this is not the case
of condensed matter systems where we often seek effective low energy description of complex
systems. Condensed matter physics is therefore home to a diverse array of particles and interac-
tions, and thus low energy description of a condensed matter system is apt to carrying interaction
terms that could be alien to fundamental physics. In this article we investigate the interplay of the
chiral anomaly with these features that arise in condensed matter systems. In particular, we study
the effects of interactions on anomalous chiral symmetry breaking in low energy descriptions of
Dirac and Weyl materials.

After the review of the basics presented in section 1.2, we employ the path-integral for-
mulation in section 1.3 to investigate in detail the aspects of introducing interactions on chiral
anomaly in g1 + 1) -dimensional system e.g. a Luttinger liquid. Ever{in+ 1) dimensions the
altered chiral anomaly leads to noteworthy results such as modi ed massive photon, Eq. (1.52),
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and the dressed electrical charge, Eq. (1.56). We then proceed to do the same in the next sec-
tion 1.4 for(3 + 1)-dimensions where a much richer behaviour will emerge. As will we see,
due to interactions there are modi cations to the chiral symmetry breaking in both systems (e.qg.
Egs. (1.37) and (1.69)), and how they are related to each other is the subject of section 1.5. As
mentioned before there are macroscopic phenomena attributed to chiral anomaly such as chiral
magnetic effect and anomalous Hall response. Since the anomalous term will be different in a
theory that contains the additional interaction, these phenomena will be modi ed as well. In
particular we will see that even though Hall conductivity will remain the same in the equilib-
rium and homogeneous limit, it will have a different nite frequency behavior in presence of
interactions (see Eq. (1.106)). Other notable results are the emergence of longitudinal Hall re-
sponse, Eq. (1.107) and modi ed anomalous charge density response, Eq. (1.110). These are
investigated in section 1.6 where we have represented them as a way to measure the interaction
effects. Curiously, the effects of interaction exceed the mere modi cation of anomalous transport
phenomena; in section 1.7 we will see that due to the interplay of interactions and Weyl node sep-
aration, anomalous current will have a dynamic of its own even in the absence of electromagnetic
gauge eld, Eq. (1.118). These “anomalous modes” can further enforce dynamics on the gauge
eld; in particular they give rise to an axionic electrodynamics. Section 1.8 carries on to thermal
phenomena and investigates how interactions in uence the gravitational anomaly and transport
in presence of non-trivial geometry, which among other things leads to interacting Chiral Vortical
Effect (CVE) obtained through mixed chiral gravitational anomaly, Eq. (1.139). Finally, although
we are mainly focusing on the consequences of a general local current-current interaction, section
1.9 explores another type of interaction terms, encapsulating the effects of local spin-spin interac-
tions on the chiral anomaly, presented in Eq. (1.143). For this a new calculation of the quantum
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anomaly is required in which fermions are coupled to both a vector and an axial-vector gauge
eld. The calculation is presented in appendix D. As we will see for the path-integral approach
to quantum anomalies a certain regularization is needed, questions that might arise regarding to
the justi cation of the regularizations utilized, are generally answered by the procedure provided
in appendix C. The appendices A and B are some remarks qi thé&) -dimensional anomaly
in the interacting model.

Overall, a reader who ignly interested in the effect of interactions on anomaly3dn- 1)
dimensions and is familiar with the subject of chiral anomaly and Fujikawa's method for deriving

it, may start from section 1.4 and go back to previous sections upon questions or dif culties.

Notations

Throughout the chapter we use the natural units where the reduced Planck censtant
and the speed of light are set to one. We also use Einstein's summation convention and
sometimes represent the four-vector of current as (;j *;j¥;j?) in Minkowski coordinates
X (t;x;y;z). The Minkowskian metric is denoted by = diag1; 1, 1; 1), the Kro-
necker delta by , the d'Alembertian operator bg @ r 2 and Dirac's slash notation,

V = ¥, is employed.

Gamma matrices, , are the matrix representations of the Clifford algeldra:; g =

2 . We also de ne 5 as the matrix that satis es a natural extension; g=0 and 2 =1.

In a two dimensional spacetime we can choose the representatich=as * and * = i Y,
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yielding 5= ?#, with " being the Pauli matrices. In four dimensions we can write them as,

0 1 0 1
0 10
0 0 1
with (1; ) and (1; ). The basis of the above particular representation is
called the Weyl basis. A Wick rotation, ! it, changes the Minkowskian metric, !

diagd 1, 1, 1, 1), and hence changes the algebra, which leads to a rede nition of the zeroth
gamma matrix by 1 i °.
Moreover, to avoid clutter and for better compatibility with high energy physics, we have

treated the Fermi velocity as the speed of light unless when it was needed to restate it distinctly.

1.2 Fujikawa's Method

Here we brie y review our main technical tool, Fujikawa's path-integral approach to cal-
culating quantum anomalies. The reader who already has a fresh knowledge of the subject can

safely pass through to the next section.

1.2.1 Non-Trivial Jacobian

A symmetry transformation leaves the equations of motion unchanged, or in the language
of action principle, it preserves the action functional (up to a boundary term). Let us assume
action functionalS[] describes our classical system and it has as symmetry transforriation
that preserves it. All the degrees of freedom are represented byt us further formulate our

guantum theory by the path-integral approach. All there is to know about the quantum system
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is given by path-integrals of the forin = RD &S . An anomaly, as we have introduced it,
is an instance when a classical symmetry fails to be also a quantum oneS iButvariant
underT, sol also would be if it was not for the path-integral measbre. The only thing that
can ruin the symmetry at the quantum level, when described by the path-integral language, is
evidently the measure. Thus for the quantum anomaly to afgpeamust transform under
with a non-trivial Jacobian of transformation. This remarkable transparency, where the quantum
anomaly isanticipatedat the outset, is a feature of the path-integral approach in comparison
with the perturbative approach where the quantum anomatijsisoveredwhen higher order
corrections are being calculated. This Lagrangian formalism of quantum anomalies is named
after Fujikawa [31-33].

In this chapter we are concerned with chiral anomalies that happen in fermionic systems.
For concreteness consider the following action functional in (1+1)-dimensional space-time hav-

ing suf cient dimensions to capture the essence of the quantum anomalies,
Z
S[;:A 1= d i @ ieA : (1.2)
along with the corresponding path-integral,
Z

| = D DeSLiA ]; (1.3)

where the integration is only over fermionic degrees of freedoand Y 0 (which in the
current case are Weyl spinors) hence treating the gaugeAelds an external electromagnetic

four-potential. Note also, that the path-integral treaend as independent integral variables.
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The action (1.2) is symmetric under twd(1) global transformations. A simple phase
transformation,

- N Y-S (1.4)

and a chiral transformation,

I e s 1 el s (1.5)

We are then curious to see how the meagurd behaves under the above transformations.

To begin our investigation we use the usual method of Euclideanization, which has the
reward of making the Dirac operatGr (@ ieA ) hermitian and helps signi cantly in
the calculation of path-integrals. Hermitian operators can form complete orthonormal bases.
Therefore, if now we decide to expand the fermionic elds, there is a natural way of doing
so. Namely, we can expand and in orthonormal modes of the hermitian Dirac operator

B> , =1, » withl,s being eigenvalues @& and ,s the corresponding eigenfunctions.

X X
= boax); = & a(x): (1.6)

Both a, andb, are Grassmann numbers so that they form Grassmann eld spinors when multi-
plied by two component elds,, and 7.

We could have expanded the fermionic elds in the basis of any hermitian operator. But this
natural choice has the crucial property of formally diagonalizing the action. By this choice it be-

comes clear that the fermionic part of the path-integral is given by the products of all eigenvalues
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of the Dirac operator which renders it exactly integrable.

z
= D DeSlA ]
Zy h Y
= db,da, "™ = | =det(B): (1.7)
n n

In above and future path-integral equalities we use the equal sign for all path-integrals that are
proportional to each other by a constant coef cient. We should also note that integration over
Grassmann numbers is de ned by left derivative.

Other than orthonormality and completeness,

Z
d*x 1) n()= (1.8)

X
n(X) W)= (X Y); (1.9)

n

eigenfunctions of the Dirac operator have another property which is of interest here. Esince
anti-commutes with 5, multiplying an eigenfunction withs produces another eigenfunction of

the Dirac operator with an eigenvalue negative of the the original one:

D:( 5 n): 5D n = In( 5 n): (1-10)

Therefore, ifl, 6 0 then , and 5 , are orthogonal to each other. When= 0 the corre-
sponding eigenfunction is called a zero mode. In the subset of zero nEpdesl 5 can be
simultaneously diagonalized, sinf@; 5] , vanishes there.

By an in nitesimal chiral rotation (1.5) the expansion coef ciergs andhy, go under a
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transformation.

X X X |
A n ! € San n (1+ | S)an n
n n n
x Z
) An! anti o a, X (X)) s (%) (1.11)

where we have used (1.8) to go from rst to second line and we have kapide the integral
since in general it can depend on position. Therefbagg transforms aa,g®= M fa,g with
the matrix of transformation given by ,,, = " mn F 1 Rd2x Y(X) s n(x)I . The exact same
goes forly, because a chiral rotation (1.5) transformshe same way it transforms, unlike a
phase rotation (1.4).
X Z
by, ! m i X hX) s (X)) by (1.12)

n

Phase transformation is obtained from chiral transformation if we substiute 1 everywhere,
andi by i only for variables that have a bar sign i.eandh,.
Sincea,, andh, are Grassmann numbers and their integrals are given by left derivatives, the

Jacobian of their transformation is the inverse of Jacobian for standard c-number transformations
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and is given by,

Y Y ' Y
dfdal = detiM] > db, detM] ' da,
n n n I n #
x £ Y
= exp i d?x ¥ ., dh,
" n | n #
x £ Y
exp i d?x ¥ ., da,
n 1 n
x £ Y
—exp 2 d?’x ¥ ., dh, da,
n n
Y
Js( ) dbda,; (1.13)

whereJs( ) is the Jacobian and we have used the idemtiget(M 2) =  2TrIn(M) for the

second equality. To obtain the corresponding Jacobian for phase rotation (1.4), we can use the
prescription above, and observe that its Jacobian is unity and therefore the path-integral measure
remains unchanged under phase rotation. This is what we naturally desire, since consequently
the particle number conservation remains unbroken at the quantum level. As we can see, chiral
rotation has a different story. What was a classical symmetry and generated the continuity equa-
tion for chiral current@j s = 0, is now quantum mechanically broken. The broken conservation
law now reads:

yd x Z
d’x@ . '

]
AS)
o

N
X
S<
3]
]

(1.14)

where 5 IS the Noether current for the classical chiral symmetry.
Looking back at (1.10) and the statement below it, we nd out that only zero modes con-
R
tribute to the sumin (1.14), since for all other mode¥’x ¥ 5 ,is zero by (1.8). The same goes

for the exponents of (1.13) as well whens to be constant. Thus, chiral anomaly is attributed
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to the subset of zero modes. In fact since zero modes are also eigenvecigri can be diag-
onalized in the subspace of zero modes= diag(+1; 1), and then the value oF\f> d?x ¥ 5,
becomes eitherl when 5 , =+ ,,or 1when 5 , = n. Therefore the sum above is
eqgual to the number of right-moving zero moagesminus the number of left-moving zero modes
n,

dx ¥ 5 ,=n, n =Index(>): (1.15)

n
Since s are eigenfunctions of the covariant derivat®ethey depend on the gauge eld,

n(A (x)). Thereforen also depend oA (x), which, along with the knowledge that anomaly
belongs to zero modes, points to the fact that anomaly is topologically related to the gauge eld.
It is also worth mentioning that since a zero mode stays a zero mode after a chiral rotation, we

can now write (1.13) as

_ Y
dfdal = e 2 "-A 1 0 A dh,da, ; (1.16)

n2f Og n2f Og

wheren goes only over the subspace of zero modlég, while all other modes do not contribute
to the Jacobian of transformation.

The dependence af on the gauge eld is not surprising, as it is clear from the one-
dimensional model, applying an electric eld, say in the right direction, can of course favor the
generation of right moving particles and disfavor the left moving ones. In fact a sober guess can
tell us that in (1+1)-dimensional spacetime the number of right moving particles must increase
by a rate proportional teE which is the electrical force exerted on each particle, witine

charge of particles anél the applied electric eld. If there was no anomaly, say at the classical
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level where there is no sea of anti-particles to source this generftion, n ) would have been
conserved; instead it is on(yr, + n ), the total number of zero modes, that stays conserved at
the quantum level.

We now proceed to calculate what we have guessed above, speci cally, how (1.15) is given

in terms of the gauge eld\ .

1.2.2 Regularized Jacobian

So far, we have found that the Jacobian of chiral transformatlghs) is given by what is
essentially a trace ovek:
W Z

InJs( )= 2 lim d®x Y(x) (X) 5 n(X); (1.17)

n=1

where we have introduced ! 1  to emphasize that this sum, roughly speaking, is over an
in nite series of 1s. It is not trivial that such a sum converges. The nal value depends on
how we decide to groupls and 1s to obtain a convergent series. We need a proper method to
sum these numbers which conveys the physics behind. We have already taken one step, namely
choosing the basis of the Dirac operator. But the current labels attributed to the eigenfunctions

n In (1.17) do not carry any physical meaning. The correct method of summation should be
gauge invariant so that it can produce a gauge invariant result; otherwise a term resulting from
the breaking of gauge symmetry might be confused with the source of anomaly. Therefore,

we will further utilize eigenvalue$, of the Dirac operator, which are invariant under gauge
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transformations, to relabel the eigenfunctions and regularize (1.17) as follows.

Z

i| Js( )= i d? % y f —'ﬁ
2N30)= im0 R0 g a0
n= |
Z I32'
— 2 y .
= I\LIT dx (x) . n(x) sf 2 an(X); (1.18)

wheref (x) = 1 for x < 1 but vanishes fok > 1 fast enough. Now eigenfunctions are labeled
by how large their corresponding eigenvalue is. In (1.17) we needed to end the summation at
some arbitraryn which is re ected in the limitN ! 1, but now we are usinl ! 1 and
the summation ends on physical grounds. At this stage it is worth emphasising on the distinction
between the eigenbasis of the Dirac operator, which are used in the regularization, and that of
the corresponding Hamiltonian. In particular the zero-modes of the Dirac operatootaero
energymodes. The zero-modes Bf are those which solve the equations of motion of the free
theory, in other words the on-shell modes. Therefore, higher eigenvalues belong to those modes
which are farther from the shell. This means that the regularization above penalizes the most
off-shell degrees of freedom.

Presence oF in the last line of Eq. (1.18) makes it clear how the gauge A&ldappears
in the anomalous relation. However, what we so far have is given in terms of eigenvalges of
and it is not yet manifest how (1.18) is a function of time and space. To extract the dependence

of the regularizatiori on the coordinates we move to the basis of plane waves.
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i
éan5()=Tr 5 |

Z Z 2 2°
rlim xSk ekx g B g (1.19a)
M 11 (2) M
Z Z :
: DD er - F _
=tr lim d d kze kox o f 4[2 ] gk x (1.19b)
M 11 (2 ) M
Z zZ . :
kk +2ik D +D D er - JF
=tr lim d’ d k2 5 ( 5 )l ] (1.19¢)
M1 . (2 ) M
2 2k D DD © ; JF
—trgim M2 Px 9K 4 kk+2kD DD Gl ] (1.19d)
M 11 , Z(z ) M M . M
2 ie : F i
=tr lim M? d’ d k2f°( k k )2 3 T =i & B OF (w19
M1 (2) M 4

In (1.19a) we have chosen the basis of plane waves and have traced over the remaining

indices by tr. For the next line, (1.19b), we have exparﬂéd: D D by separating

into its symmetric and anti-symmetric parts and the factfpatD ] = ieF . We have then
pullede* * through covariant derivativéd from (1.19b) to (1.19c), which leavédls behind
wherever there is a covariant derivatide ! ik + D . Changing the variables of integration
fromk toMk leads usto (1.19d). This will let us expah(k) in orders ofl=M around k k
which takes us to the next line. In (1.19e) we have only kept the leading ordérdotind also
have used the fact that all terms coming with ondyvanish since tr; = 0. Furthermore, in a
two-dimensional spacetimdgtr; ] 5=4i  which gives us the only surviving term, and we

have
Z

0 _ du.o . _ 1
f{ kk)= 4—f (u) = i (1.20)

z d’k

2 )°

The above equality is true regardless of the details of the funétiand is satis ed only by
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the requirements described before. Therefore, for a general regularizing function we nd the

Jacobian of chiral transformations for the Minkowski metric to be

z
Jo( Yzexp i dx (x)zi Foo (1.21)

All'in all, the differences caused by chiral rotation in the path-integral can be represented by the
equality below,
Z Z R
. . . 2 . e
DDeS= D Des* @ (@s & F) (1.22)
where from the left-hand side to the right-hand side a chiral rotation in fermionic variables have
taken place while the equality sign re ects the fact that the chiral rotation is after all only a change

of path-integral variables and must not change the whole path-integral. From the above equality

the following anomalous relation is concluded,

h@jsi = h; Foi; (1.23)
wherej g 5 IS the Noether current corresponding to chiral rotations and is called “chiral

current”. Had it not been for the non-trivial Jacobidg( ), the right hand side of the above
equation would have been zero, which is the case for the classical theory were there are no path-
integral measures to begin with. Moreover, the angle sigrare there to remind us that these
equations are path-integral relations.

The chiral anomaly in (1+1) dimensions is probably the simplest form of quantum anomaly,
but it is connected to its (3+1) dimensional counterpart if we note that in four dimensions we will

have to integrate over a four dimensional momentum space and theléfoappears in (1.19d)
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in place ofM 2 behind the integral. This means that we now have to expand the reghi{afor
up to the order ol=M* (instead ofl=M? in two dimensional spacetime), since higher orders in
expansion vanish in the limi ! 1 . On the other hand, algebra of gamma matrices in (3+1)

dimensions gives the following

trg=1tr[ ; ] 5=0 (1.24a)

tr[ ; [ ; ]1s= 16 : (1.24b)

Thus, the only surviving term from the expansion will come from the squafe of |F

which, roughly speaking, gives us the square, F F , of what we had for (1+1) dimensions:

h@ji = h%zz F F i: (1.25)
(See appendix D for details of a more general calculation.) By following the same reasoning in
other dimensions one can show that the chiral anomaly vanishes in odd spacetime dimensions.
On an interesting note, a recent study [4] reveals an intriguing possibility that for certain systems,
in particular those which develop localization, it is possible to reduce the dimensionality, by
removing the time dimension, from odd to even number of spacetime dimensions, hence reviving
the chiral anomaly.

It is also worth while to rewrite (1.23) and (1.25) in terms of electric and magnetic elds

which respectively yields

h@jsi = hoEi; (2D spacetime) (1.26)
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and

2
. e . .

h@j:i = hFE Bi; (4D spacetime) (1.27)
where in the latter (four dimensional case) we see that it is the coincidence of electric and mag-
netic elds that breaks the conservation of the chiral current.

1.3 Interaction in 1+1 Dimensions

We now turn our attention to the following speci c question: How will the anomalous
relation (1.23) be modi ed, when the fermions interact with each other? To this end, consider the

interacting action functional below,

VA 2
S= dx i @ ieA S (1.28)
wherej is the Noether current of phase rotation, or simply the electrical current when

multiplied by the electrical charge and 2=2is the strength of an attractive interaction. Note that

the interaction term does not break any classical symng&tiyad when was zero. Knowing

this one might readily argue that since the anomaly comes from the measure of the path-integral,
and adding a term to the action functional has nothing to do with the measure, then the interaction

term must have no effect on the anomalous relation whatsoever. This is however

2

notthe case as we shall now explain.
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1.3.1 Diagonalized Partition Function

If the argument in the last sentences above is correct, then interactions must have no effect
on the anomalous relation and going any further in this direction would be a lost cause. But
from the above argument, the assumption that the action functional has nothing to do with the
measure, is wrong. In this subsection we discuss this fact, and show that it comes from a need
for a self-consistent regularization of the path-integral, and postpone a detailed demonstration to
appendix C. The reader who is not concerned with such details or would like to return to them
later, can safely jump to the next subsection, 1.3.2.

Unlike regular path-integration, fermionic path-integrals are de ned by left differentia-
tion of Grassmann numbers and they need regularization. For example, path integration over
fermionic degrees of freedom of a free Dirac fermion theory yields the determinant of the Dirac
operatordet(i + m) = Q I, only if the product is well-de ned which is the case when
P ﬁ il 1j converges [35]. But eigenvaluds, of the Dirac operator are not even bounded.
Thus the well-de ned path-integral must carry a type of regularization with itself. This is where
action functional intrudes into measure's business. The path-integral (or the partition function)
has two elements; the measure and the action. The action is just an integral over a certain La-
grangian and does not involve any regularization. The regularization is applied on the measure,
i.e. the eld variables of the path-integral. Bhbw the measure is to be regularized (or the
mechanism of regularization) is left to be determined by the action. This is because the measure
is the subject of regularization, and apart from the measure we only have the action, therefore the

mechanism of regularization must be dictated by the action. The other suggestion would be if the

mechanism of regularization is dictated externally, e.g. from certain physical considerations. But
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if we require the path-integral to be a mathematically well-de ned self-suf cient object, then it
should be indifferent towards external information such as the backstory of the physical system
it is trying to describe. Given this requirement, the measure must be regularized in accord with
the content of the action. Let us again look at the free Dirac fermion. We can write its partition

function as,

Z
det iF+m = db,da, 1+ I,hb,a, (1.29)
z " ! ( )
Y X
= db,da, exp lhbha,
n n

with b, anda, being the Grassmann amplitudes de ned before in equation (1.6). Looking at
above we see that the action is givean)))ﬁ |,b,a,. This setup, in which the action fermally
diagonalized makes it easy for us to set a natural cut-off on the determinant. We can simply
disregard all,s which are bigger than some linkt and eventually take the limhl ' 1 . This

is exactly what we have done for calculating the chiral anomaly in the previous section.

The above way of regularizing the path-integral clearly relies on the action, since the cut-
off is actually on the eigenvalues of the Euclidean action. In other words, the basis chosen for the
spinor expansion of the fermionic degrees of freedom, are those which formally diagonalize the
action functional. After this diagonalization the regularization is naturally given as above. Note
also that this regularization procedure is indifferent to external information such as what physical
system is being described by the path-integral, or whether a particular eld has a certain symmetry
or not. The regularization, being determined only by the action, will share the symmetries of the

action; even if the measure does not respect them all.
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Now we can go back to question raised below equation (1.28). To calculate the anomaly
we rst have to expand the fermionic degrees of freedom in spinor modes. But what basis should
they be expanded in? The answer would be the basis that formally diagonalizes the action and
therefore leads to a well-de ned path-integral. Clearly, by introducing interaction terms to the
action, the basis in which it will be diagonalized will change accordingly. Through this, the
presence of interactions will modify the anomaly.

This subject is rigorously expounded in the appendix C although the material covered there

will not be essential for what follows.

1.3.2 Effect of Interaction

Now we can proceed to see how the interactions modify the anomalous relaibr i)
dimensions. In the case of (1.28) we can easily nd a regularization that ts the descriptions put
forward in the previous subsection and in appendix C, although this regularization, which follows
shortly, may be natural enough for the reader to ignore the previous subsection altogether.

We can decouple the interaction term using a Hubbard-Stratonovich auxiliarya e{dot

to be confused with the Grassmann variadgy|® arriving at the following equality

D De® = D D Dae>*; (1.30)

S,= dx i @ ieA ia +Zaa : (1.31)

31



To see the equality of the two path-integrals, we rst shiftin (1.31) by to obtain

Z 2

. 1
S,= dx i +Zaa ; (1.32)

211t 5
but a simple shift does not change the path-integral med3are We can then integrate out
and regain equation (1.28). Recall that path-integral equalities of the form (1.30) ought to be
regarded as equalities upto a constant coef cient.
What has been sandwiched betweeand is now a generalized Dirac operatey,

@ ieA ia whereA anda have the same mathematical status. It is therefore ra-
tional to think thatl>y must substitutd> in Fujikawa's method of regularization introduced in
(1.18). Regardless of naturalness, moreover, regularizing with resgggtdatis es the require-
ments put forward in the previous section and appendix C, namely, expanding the spinor degrees
of freedom in the basis d¥, formally diagonalizes the fermionic part of the action.

Having established the above we can proceed to calculate the anomalous relation in pres-

. . P
ence of interactions. We need to calculate, ¥ sf (DS:M %), where we can take the same

To make a connection to what has been suggested in appendix C one can look at (C.3), (C.13) and (C.16). The
fact that such a regularization is enforced can be observed simply by choosing the basis of generalized hermitian
Dirac operato, , = I, , in order to expand fermionic degrees of freedorand as in (1.6), which makes the
fermionic part of the actio®, formally diagonalized:

z 1 Z
= Daexp ; d’xa a
- )
db, a, exp Inbh an

n n

Zy

Then, for instance, equation (C.3) tells us that= |,, meaning that the eigenvalues of the generalized Dirac
operator>, determine the regularization.

Itis also worth noting that the on-shell modes are now the zero-modes of the generalized Dirac dpgratgr=
0. So the regularization process should assign a penalty to the off-shell modes with respect to this operator.
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steps as (1.19) but withA replaced byeA + a , which yields,
N@ji.=hS @A +- @ai,:; (1.33)

where the subscrip&” is a reminder that in addition to fermionic elds there is also an integra-

tion over the auxiliary elda . We have also used the following,
F = @A+ @A =2 Q@A : (1.34)

R
To get back to the original path-integraD[ ; ]e° , we must rstshifta toa j and then

integrate it out,

N

N@j.i,=hC @A — @ +- @ai,

e

) @s=—- @A — @ ; (1.35)

N

where in the last line an integration over fermionic degrees of freedom is implied. Note that the
action is even ira , therefore, odd terms such s i are eliminated after the integration.

We can look at the result in different ways one of which is to write in the following form,

2

€ @ A+ e (1.36)
e

Q@js

and see the interplay of the interaction and the chiral anomaly manifested as an addition to the
electromagnetic eld due to the electrical currezmt. Note that the anomalous term above is

present also in the absence of the gauge eld; its effect then is to renormalize the excitations of
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the system. To see this recall that in (1+1)-dimensions we have = , allowing us to

writej; = ] , and therefore, restricted to (1+1)-dimensions, write the anomalous relation as,

o 1 e )
@15——1+ =5 F (1.37)

which gives us the same anomalous term on the right hand side as in the absence of interactions
but now modi ed by a coef cien{1 + 2= ) *.

For an effective eld theory of a condensed matter system there is no real reason for pre-
serving Lorentz symmetry. Thus it is reasonable to investigate interactions such as the density-
density interaction{ ¥ )?, that do not respect it. This type of interaction completely ts to our

procedure if we substituta just by its temporal componenfa, and integrate only ovea,

instead. We get

. e z
@Js=2— F —@s; (1.38)

which shows that even in the absence of external electromagnetic elds, the chiral charge conser-
vation law is modi ed by the interplay of interactions and chiral anomaly. In the absence of the
external eld the anomalous terms still remain and their effect can be seen as a renormalization

of the velocity of the excitations which carry the chiral charge.

1.3.3 Finite Chiral Rotation

All the transformations we were concerned with so far were in nitesimal transformations,
allowing us to obtain a (non)-conservation relation. In this subsection we will see how nite

transformations differ with in nitesimal ones in the context of anomalies. The content of this
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section is essentially algebraic, however, for the physical content presented in the next section we
will be needing the following discussion.

An in nitesimal chiral rotation ! € 5 adds aterm of (i@ ) s to the Dirac op-
erator> and an anomalous term, =~ F , coming from the non-trivial Jacobian, to the
Lagrangian. However, if you consider the effect of the former on the anomaly, you can observe
that the anomalous term should have been modi ed, but sinisen nitesimal, the higher order
corrections can be disregarded. But a nite chiral rotation as it appears inside the generalized
Dirac operatoiZ 4, changes the anomalous term and its potentially sizable contributions must be
brought into account.

We begin by noticing that in two dimensional spacetimes is equal to so that we

are able to write a generalized Dirac operator which carries an axial-vector term as

= @ ieA 1 b @ iC (1.39)
with b being the axial-vector eld. And therefore its corresponding anomalous relation is

@A + E@b X (1.40)

Qjs

where the right hand side is due to the Jacobian in preserize We see that ib is a constant
across spacetime it will not contribute.
Now let us start over with a simple Dirac opera®r (@ ieA ), and arrive at a

R
nite chiral rotation in steps ofl so that at any certain step an angle o d has been

35



accumulated, which nally reaches . At each step the following term is added to the action
z e d
¢4S= dx (@d)j; d- @A + —@@ (1.41)
Hence by integrating the total change due to the nite chiral rotation is obtained to be,

bA + Zi@b : (1.42)

with b set equal t@@ ;. One conclusion here is that if we begin with the action below,
z

S= di @ ieA ib 5 ; (1.43)

with b constant, we can remove from the Dirac operator by a chiral rotation with angle

satisfying@ = b.

| @

S+ S= d i @ ieA + bA : (1.44)

This is especially important becauserepresents the Weyl separation: For= 0 the energy
spectrum of the electron is a two-fold degenerate Dirac cone; while the degeneracy is broken as
b 6 0 separates the two Dirac cones. A case for non-conbtaamd for(3 + 1) dimensional

systems is studied in [36]. The equation above means that we can get rid of the Weyl separation
(from (1.43) to (1.44)) by a chiral rotation but the procedure is taxed by the anomaly. The systems
described by the actions (1.43) and (1.44) are equivalent because they are connected to each other

by a change of variables, however, reading the response of the system to a change of Weyl sepa-
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ration from Eq. (1.43) seems impracticable at rst sight, while it is obtainable straightforwardly
from EqQ. (1.44).
In the following section we are going to use the nite chiral rotation discussed above in

order to derive another interesting result.

1.3.4 Effective Action

In 2D vector spaces, Helmholtz theorem takes quite a simple form and allows us to decom-
pose any into vector and axial-vector parte,= @, + @, 5, withv being a two-vector and
v and  two scalars, generating the divergence-free and curl-free parts of the vector eld

respectively. Returning to the (1+1)-dimensional Hubbard-Stratonovich action functional (1.31),

S,=  dx i @ ieA ia +-aa ; (1.45)

we can rewritéA anda as the sum of their curl-free and divergence-free parts,

and
a =(@a)+(@; @); (1.47)
so that,
_Z o . . . 1 1 .
S, = d% i @ e @ (@ + @) +§@@ E@@ : (1.48)
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where we have chosenthe Lorentzga@® = @@( )=0 andused the identity =

. The elds and generate the divergence-free parts, whitgenerates the curl-free part.
Since we have chosen the Lorentz gaugeXomwe do not need another scalar eld to cover for
the curl-free part of the gauge eld. In two space-time dimensions we can writg =

and rearrange the above equation into
o . . . 1 1
Se= dx i @+ige@+ @ ) i@ ;@@ @@ ¢ (149

Next we are going to draw out the from inside the brackets by a nite chiral rotation!

i(e+

e )5 0 This in turn introduces a Jacobian which appears in the action as

z 1
S,= dx 1 @ °+ 5@@ (1.50)

lee .

S0+ e+ ) 5

where we have also eliminated @ by aU(1) phase rotation without any cost. A simple

squaring process gives

S,= d* 9 @0+%@@
1+ 2= o 2
> @ +1+ 2_@
2
l+12= ‘ee - (1.51)
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Here we can easily shift so that it devours the otherterm inside the parentheses, and then we

can integrate, and fermionic degrees of freedom out, to end up with,

4

2
s sp]= dx—— 8

———A A ; 1.52
where we remembered thAt = @ whenever@A = 0. As we can see the effective

eld theory for the gauge eld in (1+1)-dimensions comes with a mass term for photon which is
modi ed by interactions. Moreover, by functionally differentiating (1.31) and (1.52) with respect

toeA (x) we nd

j = —————A (153)

Notice, however, that this equation is true if we begin by choosing the Lorentz gaude ,for
this consequently means that electrical curfens conserved. On the other, hand chiral current
js = ] isnotand its non-conservation is modi ed by interaction strendgth

Getting back to (1.51) let us only integrate the auxiliargnd elds out and leave the

Grassmann elds unintegrated. We will have,

Z
s= dx § @° (1.54)
1 e e
2—@q @4
1+ 2= 1+ 2=
- P—
ige = 1+ °=

By another (reverse) rotation’! e we can now re-couple the gauge eld to
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fermion number current. This gives us

7 2 . 3
S= dx i 4@ ig—— @ 5 : (1.55)
1+ *=
Using the relation 5 = once again, we can write the above as
7 2 . 3
1+ %=

This means that in (1+1)-dimensions the effect of the current-current interaction is summa-
q__
rized in having dreefermionic theory with a “dressed” chargeef 1+ 2= .

1.4 Interaction in 3+1 Dimensions

Having the basics established, we are going to continue, for the case of four spacetime di-
mensions, with a more general short range current-current interaction appearing in the following

path-integral as,
z z

l= D[ Jexp i d'x i i (1.57)

NI =

where the currerjt and the Dirac operatd® are de ned as before and’ is the in-
teraction strength. The methods we outline in this chapter are quite general and can be applied to
arbitrary interaction strengths, however for clarity, at times, we have restricted our focus to spe-
cial cases of ° = ? | which preserves Lorentz symmetryand = 2, o + 33 3.

In the latter, when 3 = 0 the interaction term simply becomes the density-density interaction;

on the other hand, wherg = 2, it breaks the full Lorentz symmetry down to a reduced sym-
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metry constructed by a rotational invariance in ¥g plane and a boost invariance along the
direction. The same symmetry reduction happens in the presence of a constant background mag-
netic eld along the longitudinal directiorz. Evidently, depending on the choice of some of

the symmetries of the model may be broken, e.g. Lorentz invariance, but they do not break the
classical chiral symmetry. Unlike ifi + 1) dimensions, these interactions are RG irrelevant and
typically are not considered, however we will see that in the presence of the constant magnetic

eld, they should not be discounted.

1.4.1 Interacting Anomalous Relation
Again, through Hubbard-Stratonovich decoupling the path-intdgcah also be written as

Z Z 1
= D[a Jexp i d% i tsaa (1.58)

with the generalized Dirac operatBf, now de ned asl>, @ ieA i a . The
equivalence of (1.57) and (1.58) can be observed by noticing that a shift in the auxiliary eld by
its on-shell valuea ! a j in the above equation, preserves the measure but changes
the action to that of (1.57) plus a quadratic ternainwhich can be integrated out leaving only a
constant. Therefore these two path-integrals and all correlation functions generated by them are
concluded to be equivalent. In what follows, we are going to res&rfer the action of (1.57)

andS, for the action of (1.58) as in the two-dimensional case.

An in nitesimal chiral rotation ! e' s, | € s | transforms the actio8, to

Z
Sa+ Sa Sa+ d4X (@15 A 5): (1-59)
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The rstterm in the parentheses arises from the classical shift of the action itself whereas the sec-
ond is the anomalous term introduced by the non-invariance of the measure, or in other words,
the non-trivial Jacobian of the transformation. From the path-integral point of view, the trans-
formation is a mere renaming of the variables of integration. Demanding the same value for the
path-integral after such change of variables, is now translated in requ8iptp vanish. The
pre-regularization anomalous term is given similar to its two-dimensional counterpart as,

z z N #

d*x Ag(x) d*x 2 lim Y(x) 5 n(X) : (1.60)

n=1

As we discussed in sections 1.3.1 and 1.3.2, the above is well-de ned after a redlatd %)
is introduced in the sum, whekgs are the eigenvalues of the generalized Dirac opeBgjavhile
»S are the corresponding eigenfunctions. Then the large value lint gives way to that of

M asin (1.18), |

ol
AsCO= lim 00 S
’ n=1

n(X) (1.61)

where now is able to capture the position dependence of anomaly after acting(®js which
can further be replaced by plane waves via a change of basis. The four dimensional counterpart
of the calculation done in (1.19), as was discussed above equation (1.25), determines the value of

A to be,

with F @A + a) @(eA + a)whichrendersthe anomalous non-conservation
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law as below,

e2
@jsa=162 FF (1.63)

e2

" 162 P
e

+F @A @ a),
, D E

+F @( a)o( a)a;

where we remember that all relations here are path-integral relations and in particular there is an

integral over the auxiliary elca in the above which establishes the path-integral equivalence

D De®= D D Daex®: (1.64)

We want to integrata out in equation (1.63) and get the original path-integral (1.57) with

the current-current interaction term back. To go from RHS to LHS in the above relation, we rst

shift the Hubbard-Stratonovich eld by its on-shell valae! a j  which turns (1.63)
into,
. e’
@15 a_ 16 2 F F a (165)
e 5 .
+ 52 @A @( a i),
1 D , , E
L1 . . :
2 e a e a i)
In the above all terms are odd & except the term @a @a coming from the last

line. But if the matrix  has only one non-zero element in each of its rows and columns,
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which is the case for all special cases that we are focusing on, then this term is also odd in each
component ofa . The reason is that the totally anti-symmetric tensor does not allow for
repeated indices. Therefore, after integrating the auxiliary alaut, all terms that contaia

will vanish, and we will be left with,

@ijs ° @A @

[ERN
»
[N

L

= D
N

2 2@ @ ; (1.66)

IN
N

We see that there are terms respectively depending only on the electromagnetic eld, only on the
presence of interactions, and a mixed term requiring the presence of both. Note that the rstterm

on the right hand side is the anomalous term in the absence of interactions.

1.4.2 Interpretation through Screening

It is possible to look at the above result as a screening process which is the subject of this
subsection. The anomalous identity in the absence of interactions was previously given by (1.27)

which is@j s = zizzE B. In comparison, by de ning

‘@ @] ; (1.67)
ik | @ E@J ; (1.68)

the anomalous identity in presence of interactions (1.66) can also take the following appearance

. e’
Q@js FE B; (1.69)
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juxtaposed to the (1+1)-dimensional counterpart, equation (1.36). Viewed this way, one can
interpret the effects of interaction as a sort of anomalous screening where the newly introduced
interactions between charge densities and currents result in the screening of constituents of the
external electromagnetic eld responsible for the chiral symmetry breaking.

The interacting identity above can equivalently be written as,

. e
F F ; 1.70
@js 16 2 ( )
whereF  F 1 @ 2] @ 2  withthe brackets being the contribution from

the interacting currents. Let us for the moment consider the electromagnetic eld to be dynamical

and focus on the cas¢ = 2

where interactions respect Lorentz symmetry. Upon treating
the electromagnetic eld in a semi-classical fashion i.e. saddle-point approximatinwhile
it is coupled to uctuating fermionic elds and , we have@F = ej and consequently

@j =0. Therefore, Maxwell's equations féf are given by the four components of

2
@F = 1 ?2 e : (1.71)

On the other hand, using the commutative nature of partial derivatives, we have

F =1 %2 F ; (1.72)
€
or equivalently,
2
A= 1 52 A; (1.73)
€
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whereA is de ned throughF @A @A . Therefore, looking both at equation (1.70)
and equations above we see that the anomalous chiral symmetry breaking is generated not only

by the background elds but also by backreactions of the interacting matter.

1.4.3 A Perturbative Discussion

So far we have exploited only the non-perturbative language, it is worthwhile however, to
discuss the results in a perturbative language as well. Consider the vacuum expectation value of

the chiral currenj by utilizing the path-integral (1.58),

A
h 5. Da D D 5 e (1.74)

where the subscri@ designates that we have separated the integral over auxiliarya efcbm

the rest of the integrals denoted by the subscripiVe then notice that

h(x) s i = y,thT? s (X)) Wi

where , and are running over spinor indices of the gamma matrix and fermionic opera-

tors whileT” is the time ordering operator. The two point function on the write hand side can
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moreover be written as,

Z
D[ 1B (x) (y)e™
Z
A e
g

. (x)
— 11 D[ ] (Y)esa

B Z (x)

— 1 .
= iDg (x vy): (1.75)

1

hT” (%) ()i

1
L
5, Z

11
44 )

Here EF; is the generalized Dirac operator introduced previously containing a partial derivative
that acts on functions of, and1=l3§ just represent the inverse of that operator. Knowing this we

can rewrite (1.74) as
h 5 1o =limhr[  5(iBg) 1 x VYlia; (1.76)
yl x

where the trace is over spinor indices. By remembering the de nition of the generalized Dirac
operatoriF, = i@+ eA+ &awe can expandy, Yin powers ofex + a and then employ the
integration of the auxiliary elda over each order. The expansion 51 has the following

form,

1 1 1 1
—=—  —(eA+ a)—
By, i@ ié )i@

1 1 1 ...
+@§e,a;+ a)@geﬁH a)@+..., (1.77)
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Figure 1.1: Chiral anomaly is associated with triangle diagrams. On the left: The triangle diagram
responsible for chiral non-conservation with one vertex of chiral current and two vertices of
photons. On the right: The effect of interactions on chiral non-conservation can be schematically
shown by a Gaussian distribution of the photon legs.

the last term of which gives rise to the triangle diagram, Fig. 1.1. In hindsight we know that
only this term contributes to the chiral anomaly and all other higher order terms cancel out [34].
The difference from the non-interacting case is the new elemdénéat appears because of the
local current-current interactions alongsiée Without disturbing the triangle nature of chiral
anomalies, this new term will nevertheless contribute to the chiral symmetry breaking. Integration
ona is Gaussian with a peak an = 0. Therefore, the triangle diagram coming from (1.77)
can be looked at as having a Gaussian distribution of photon legs peal@d+atA ) = A .
(SeeFig. 1.1))

The chiral anomaly is given by substituting the last term of (1.77) in plade{) Yin
(1.76) and taking the divergence of the whole equality, or in momentum space, contracting it with
an external momentum.

Instead of investigating the chiral anomaly by looking directly at the divergence of the chi-
ral current, we can similarly investigate it through the response of a chiral system by considering

the number currerjt . For this, we rst introduce a constant axial eld 5 to the generalized
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Dirac operator and again expa(i ) 'in powers ofe&A+ awhich to rst order is given by,

1 1 1 1
= ex +
5, i@ B, i@ B, Ve b,

+ (1.78)

Similar to (1.76) we have a relation far i which after using the above expansion and successive

Fourier transformations, will be as below

* 7 " H+
e ig x
| g = tr —(eA+ a ; 1.79
Tl s Y e 5 Vs, (1.79)
_ R s o _ _
where kq IS de ned as Wﬁ‘ and the rst term of the expansion (1.78) has vanished. We

can see, for example by multiplying the numerator and denominator of the last fracteniby,
that additional linear ilA terms will appear due to the axial el . These are of the following

form

Z

h ia; f(k; q)tr[e 5q A (Q)b

k;q

+ sga((@Qb] +:::: (1.80)

a

with f (k;q) being some function of the two four-momentuks andq . Since for the Eu-
clideanized picture we havd tr 5] =4 the vacuum expectation value of the cur-
rent density] (x) acquires a contribution from b @A and another from b@h i.

We will discuss the exact path-integral treatment of the above in section 1.6 when we calculate

the response as a way to measure the effect of interactions on chiral anomaly.
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1.5 Dimensional Reduction and Luttinger Liquid

The chiral symmetry breaking relation in presence of interactions i.e. equation (1.66), can
be simpli ed when the system admits certain symmetries. For instance, when both electric and
magnetic elds are kept parallel to tleaxis,E = E,2 andB = B,2, we will have rotational
and translational symmetry acrassy plane. This ensures us that on average the currents and
derivatives along andy directions vanish. Therefore the last term in equation (1.66) vanishes

and it reduces to
e eB, ,
16 2 2 2

2 @ : (1.81)

The magnetic eld alon@ generates Landau levels in a non-interacting theory. It would
have been surprising if raising interaction strengths from zero to a small value would destroy the
Landau level structure completely. Thus it is quite reasonable to assume that for small interaction
strengths or large magnetic elds there still exist Landau levels and therefore also a lowest Landau
level (LLL). The contribution of all Landau levels to chiral anomaly are canceled out due to
the spin degeneracy of each level, except for the lowest Landau level which does not suffer
from such degeneracy. As we have discussed before (for example around equation (1.14) and its
following paragraph) the chiral anomaly comes from the zero-modes and the current situation is

no exception.
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Let us examing = in this situation and in chiral representation: We can write,

0 10 1
_ 0 u
= = wv B 55K
0 %

=u u+Vv v, (1.82)

whereu andv are two-component Weyl spinors that constitute Dirac spingrs (1

and (1; ). When the spinors are situated at the LLL they can have de nite spins along

# leaving them with only one non-zero component in the basis’ofandj given as above,

will have non-vanishing components only for= 0 and3. The same goes for the chiral current

5. Considering all these we realize that the system has gone through a dimensional reduction
from (3 + 1) dimensions tq1 + 1) dimensions. We can further see this by noticing that within
zero-modes of our system, which is all we are concerned about here, the refation = 5

holds if we keep 2f0;3gand 2 f 0;3g. Compare this with the relation = 5 Which

only holds in2-dimensional spacetimes and was used to calculate equation (1.37). After some

rearranging we arrive at

1 e No (2J % = 3
je = ———E,B s 1.83
@15 1+n0 %z 22 zVz 1+n0 ;%: @JS ( )

wheren, eB,=2 . Here we have also specialized to the case where the interaction tensor
is diagonal. In deriving this equation we have made no assumptions on the nature of Landau
levels or how they arise, only that they exist which seems a physically reasonable proposition

especially in the limit of large background eld. In the opposite limit of zero background eld
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(1.83) reduces to the noninteracting result.

Furthermore, when3 = 3 = 2 e.g. for Lorentz symmetry respecting interactions,

equation (1.83) simpli es even more to
1 e’ No

. e
= EB,= ———E,: 1.84
@J5 1+n02:2222 1+n02: z ( )

We see that here the chiral symmetry breaking in the absence of interactions has been modi ed
by a coef cient much like (1.37) iffl + 1) dimensions. The only difference here is the quantity
Ny which is nothing but the degeneracy of the lowest Landau level per unit area.

The second term in (1.83) is a prominent feature where chiral symmetry breaking can occur
due to the presence of interactions even when electromagnetic elds are absent. To understand
their appearance better we introduce the following action consisting ebupled(1 + 1)-d
bosonic elds

(
X\Izdzx 2
S= @; + @

X

2

5 e[ "AL@] i
j=1

)
2 2
+ 2@ ll@ J+ -2l@ 1@ ] ; (1.85)

i k

with ™ the 2-d Levi-Cevita symbol. This is equivalent, through bosonization, to a system of
N avors of interacting chiral fermions,” ; = P—el " aa ] where , is the background
density [37, 38]. The bosons are related to the fermionic charge and chiral charge density via
Y yiE @ = and _ % =@ ;= with::indicating normal ordering.

The model is avor symmetric and accordingly both the interactions and the gauge eld

. L P . .
affect only the symmetric combinationg = plﬁ i j- After a canonical transformation and
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retaining only the symmetric terms we arrive at the following action

Z

dZ n
Ss: X

- 1+ iN= [@ s+ 1+ IN= @

p_ p_ 0
2 NeAy@ s+t2 NeA;@ s : (1.86)

Note that here the gauge eld couples to the fermionic density rather than through minimal cou-
pling with the symmetric boson, an important distinction which we comment on further below.
The chiral anomaly is now manifest in the Euler-Lagrange equationdoCalculating this we

nd agreement with (1.83) provided one identi es the number of avors with the Landau level
degeneracyN = n, = eB,=2 aswellage = P @ = andj: = P @ ;= which follows

from the propertiesof in(1+1) d.

Our path integral calculation is therefore consistent with a description of the LLL as a
Luttinger liquid. A Luttinger liquid approach has also been adopted in [39] to investigate the
effect of disorder which we shall not consider here. The Luttinger liquid consists of a pair of
interacting chiral fermions” . = P—el s "aq o] formed from the symmetric boson which

couple to the gauge eld and the decoupled non-symmetric elds which play no role. The ex-

citations of the LLL are still chiral but are distinct from these bare fermions and are created by

p R
y p__i 1+ 5N= ¢ 1+ IN= 'dt@ o ) .. Ly . .
= o€ which coincide with * .4 only when interactions

are absent. In general these excitations carry different electric and chiral charges fravhich

can be seen through the coef cients qf andRt dt@ < inthe exponential. Had our gauge eld
coupled to these instead then we would nd that the chiral anomaly equation was unmodi ed. A
similar situation also arises when comparing conductances in one dimensional systems [40].

The similarity of (1.84) to th€l + 1)-dimensional case (1.37) can be further expounded
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through describing 41 + 1)-dimensional system wittN avors of fermions in an all to all

interacting relation. Consider the following path-integral,

" #
Z (z N . )
Iyv= Da D D ;exp  d* By i +saa (1.87)
i=1 i=1
with & = @ ieA ia . We can separately de nd current densities, i i
P
for each avor. The on-shell value i is so given bya = iNzl Ji which, whena

is integrated out, generates current-current interactions between all the current densities with
coupling  2=2 similar to what have done before.

Under the simultaneous chiral transformation of all avors,

T BNT- (1.88)

Z W Z
Sy = d’x @ i 5 j d’x @ Js ; (1.89)

hencels, de ned as above, is classically conserved. However the measure, under each one of
the chiral rotations in (1.88), will introduce a copy of tfle+ 1) -dimensional chiral anomaly to

break the classical conservation

e e 2
@l =N SE,+- @ =N-E, N—@J:

whereeE,= is the anomalous term for one avor in the absence of interactions and the last
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equality stems from integrating the auxiliary e&d out. For thel in the last equality to appear
we again have used the relation = 5 betweer2-dimensional gamma matrices. A simple

rearranging of the above equation yields,

N e
= —F,: 1.
@)= o E (1.90)

Upon identifyingN with the degeneracy of LLL per areg, equations (1.90) and (1.84) become
identical.

Moreover, we can take the same steps we took in section 1.3.4 forithes®r fermionic
system, to transform the action functional to

z 2 X i . e X
Sy = d% i 4@ ig=———=A>3 ; (1.91)
i=1 1+N =

which means that il + 1) dimensions we can treat &h- avor interacting fermionic system as
anN - avor free fermionic system where the coupling to external electromagnetic eld has been
modi ed by (1+ N 2= ) 2 Consistently, if we start with €8 + 1) -dimensional free fermionic

system which has gone through a dimensional reduction due to the presence of parallel magnetic

and electric elds, but has an electric charge given by

we get the same result as (1.84).
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1.6 Measurable Consequences

The models that we have been considering so far can be realized in many physical systems.
In lattice systems of these sort the band structure forms Dirac cones where, around the point
that the two low energy bands have deformed to touch each other, the description of the system
is given by fermionic path-integrals such I;Q{)[ ] expfi Rd” X i B g. One can point to
graphene, topological insulators and liqdide as few examples [7,41-47]. When the energy
dispersion has genuine doubly degenerate Dirac cones, they can be made separated into two
chirally distinct cones by introducing a chiral or time-reversal breaking element. Among material
that posses such feature, are Weyl semimetals [48-52]—a type of gapless topological matter
with distinctive features including a large negative magnetoresistance [53—-56] and an anomalous
Hall response [57,58]. The chiral element in Weyl semimetals, which separates the otherwise
degenerate cones, appears in the low energy description as the additiongld”eMJ s in the
action functional withb being constant. When projected to left and right handed spinors this
term breaks intoR d'xb (j r J.) which clearly destroys the preexisting symmetry$ R

between the exchange of left and right moving fermions.

1.6.1 Prior to Interactions

Before jumping to the interacting case, let us rst derive the anomalous transport of a chiral

system. The low energy description of the Weyl semimetal is provided by the following path-
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integral,

Z Z
ZJAl= D[ Jexp dx iF +bjs; ; (1.93)

where as befor®& = (@ ieA ) with A being an external eld and spinor degrees of freedom
are integrated over. Also the subscript in the partition funclgrndicates that it is carrying a
chiral element (or Weyl separation) which breaksltht R symmetry.

Sinceb is constant we can always perform a chiral transformation to remdve 5 from
inside the parentheses. This transformation is given By €® * s | I e™® * s Butof

course the measure is not invariant under such transformation and introduces an additional term

to the action,

VA Z )
ZJAl= D[ lexp dx iBF - DbA@A ; (1.94)

where the same path-integral,[A ], now comes with a different action in which the ; has
turned to a Chern-Simons like term. Here we can establish a relation between partition functions

that carry the chiral element and the ones that do not:

z
2

Z,[A 1= Z[A Jexp % X bA @A

with  ZIA1 ZJA ] (1.95)

We wish to know how much the chiral element contributes to the electrical current. To

obtain the current in non-zetm we varyZ, with respect to the external gauge eld and write
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el ip= Z—lb% Correspondingly we have the currefit i = -2 whenb has been excluded.

1
z
The response due to the chiral element, which we may call the anomalous rejspossbtained
from the difference of these two. Varying the above relation betvwggsndZ with respect to

the external gauge eld\ gives us just that,

e2

ey=ei iy e i=_; b@A: (1.96)

Note that the anomalous current is conserved@g, = -%b @@A =0.

1.6.2 Interactions Included

Having the current formula (1.96) at hand and remembering our experience in deriving
equation (1.70), we can readily guess that substitutiag by eA = eA > K i, should
give us the anomalous current in presence of interactions. Nevertheless, we are going to take
more careful steps and calculate the interacting formula rigorously as follows.

The low energy description of an interacting Weyl material can then be given by the fol-

lowing path-integral

Z Z

l,= D[ Jexp d'x iF +bj; 20 ; (1.97)

NI

As we have done so many times now, we are going to decouple the current-current interaction by

introducing an auxiliary elda to reform the path-integral as below,

Z Z
lb= D[a Jexp d'x iBy +bjs %aa ; (1.98)
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where as before the generalized Dirac operator is giveFpy @ ieA i a andthe
previous form of the path-integral is obtained by integrating aver

We are going to exploit the fact that bathandb can decouple from fermions, the former
by a shift with its on-shell value and the latter by a chiral rotation. Let us rst decdupiem
fermions via the chiral rotation ! €** s | 1 &P X s All the terms in the action
are invariant under this rotation, but the measure transforms with a non-trivial Jacobian and the
path-integral becomes reorganized as

Z Z
1

lb= D[ alexp d'x B aa (1.99)

1
22 b (eA + a)@ eA + a

We can separate the integration oaerfrom the rest of the path-integration,
Z
lp= Da Z A ;a]; (1.100)
and write the interacting version of the relation (1.95) as follows,
Z
Da Z,A ;a]=
Z 5 Z

Da Z[A ;a ]exp % d*x bA @A ;

with ZIA ;a] ZyA ;a] - ; (2.101)
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whereeA eA + a andZ,[A ;a ]is explicitly given by,

Z Z 1
ZJA ;al= D[ Jexp dx iDB; +bjs saa (1.102)

Therefore, similar to (1.96), upon varying the interacting path-integral, Eq. (1.101), with respect

to A , we have the following relation for currents,

z
Da h ipZ A ;a]= (1.103)
z
Da h‘i+2—e2 b@A ZJA :al:

We now rotate the fermionic degrees of freedonback to their original state by the reverse
chiral rotation. Doing this leaved, andj and consequently everything in the above relation
unchanged, but is nevertheless crucial, rst because the relevant correlation functions are those
expressed in terms of the original fermions and second for making integration over the auxiliary
eld a possible.

Now it is time to decoupl@a from fermions by the shifa ! a j which results
in getting the current-current interaction in (1.97) back. Note that the reverse chiral rotation to
original fermions has removed the Chern-Simons like term from the action which now after the
shift in the auxiliary eld is quadratic irm . This means thattheterm b @( a ), which
is linear ina , will be eliminated from b @A after integration over the auxiliary eld. At

this stage both current expectation values Zpd@re untied froma meaning that -terms can
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be factored out of them. Thus we are left with
. e o ..
e = 52 b@ eA h iy : (1.104)
This result is therefore true for all

1.6.3 Anomalous Transport

Remember that the total currefy, i,, is the sum total of the anomalous currgnt, and
the non-anomalous current. When the non-anomalous part of the total current is vanishing, we
can summarize the result (1.104)jas= 49—2; bF withF de nedunderequation (1.70).
Let us simplify the current equation by specializing to the cade &f b, ; and Lorentz invari-
ant interaction = , Which gives us &b, separation of Weyl nodes aloikg direction in
momentum space and natural current-current interaction which is but the density-density inter-
action made Lorentz invariant. When oridyis non-zeroj*®  j? is zero and we have for other
spatial direction®j* = Y EY with ¥ = €’b,=2 ? and similarly forj¥. As we can see from
the de nition (1.67), at the equilibrium and homogeneous liEhigoes toE. Therefore at such
limit, we end up with the same anomalous Hall response formula as in the non-interacting case.

More explicitly,

. eb .
it = FEY @, Q@ ; (1.105)
with ’h,=2 2. The rst term gives the quantum anomalous Hall current in either non-

interacting materials or the equilibrium and homogeneous limit; in both cases the second term

vanishes. Therefore, even though interactions do not affect the equilibrium Hall current, they
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may nevertheless contribute to the nonequilibrium or inhomogeneous response.

To obtain the Hall conductivity in the homogeneous but nonequilibrium limit we combine
equation (1.105) with the corresponding expressiorj foand after switching to Fourier space
we get

V(Y= 14( !)2 ! ¥ (1.106)

where again, ' = e’b,=2 ?is the Hall conductivity in the absence of interactions. There is also
a contribution to the longitudinal conductivity arising solely due to interplay of interactions with
the Hall conductivity,

xx(! )= éy = | xy(! ): (1107)

For small! i.e small deviations from equilibrium, the leading order ift (! ) is simply ! ¢,
whereas at large enoudh given the current formulation holds, the anomalous longitudinal con-
ductivity (! ) vanishes along with™ (! ). It is noteworthy that had the non-anomalous part

of the current been non-zero its contribution could appear as an additional non-anomalous longi-
tudinal conductivity §* on the right hand side of (1.107).

But the anomalous Hall effect is not the only anomalous transport phenomena that might
be in uenced by the effects of interactions. What about other responses at other limits, do, for
example, interactions affect the equilibrium density response to a change of the magnetic eld?
To see if that is the case, it is both convenient and insightful to look back at the dimensionally
reduced system, section 1.5, where as we have calculated in (1.84) the effect of interactions

on chiral symmetry breaking is simply a factor that depends on the degemnmeyacyeB,=2

’We can see this simply by substituting with j i, hj i in equation (1.104) and then writing the spatial
part of the non-anomalous current as conductivity times electric eld, in partitifar= 3 E*. Then it becomes
clear that whatever the anomalous or Hall conductivity is, the total conductivity is obtained by ading its
longitudinal part.
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of LLL while a strong magnetic eld has already generated a background charge density. We
start from the path-integral (1.97) in the dimensionally reduced setup where the full Lorentz
symmetry is broken into a rotational symmetryxry plane and a boost symmetry alotwg,

with 2 = ?(, o+ 3 3),E=E,2andB = B,2. We also restricb tob, * as before.
Removingb,j 2 from the Lagrangian by the chiral rotation employed in previous section, adds to

the action the right hand side of the following relation.

Z Z

2_4 2
e d*x ® bA @A : (1.108)

2

d*xbji= ——
b,js 1+n, 2=

The above relation can be con rmed by integrating over the modi ed chiral charge conserva-
tion law (1.84) multiplied by the parameter of the chiral rotatibor . Now that we have the

R
right hand side of (1.108) substitutingd*xb,j ? inside the action, varying the path-integral with

respect toA(x) will give us the anomalous density:

. n e
eJR =€ ]_+n—02—_bz (1109)
0 =

Remember that, depends ofB,. Also note that in reaching the above equation we have made
no assumptions regarding the non-anomalous part of the total current.

If we change the background magnetic eld by a smallamd@nt B,+ B, andthen let
the system go to the new equilibrium, the background density will be altered by a small amount.

For the case wheré? is positive, it is given to rst order by

e A= S—hy; (1.110)




with ny, = e B,=2 . Here, if we keep the magnetic eld large enough so that LLL is formed,
there are two domains of magnetic eld strength that the density transport phenomena has distinct
behaviors in. For largB, limit there is no density response to a change of magnetic eld, whereas
at low enougiB, the density responds linearly.

Notice that due to dimensional reduction the chiral current in the longitudinal dirdgfion
is equivalent to densith i through the relation = 5 Which holds in two dimensional
spacetimes. Therefore, equation (1.110) can be viewed as the generation of a chiral current
in response to a change in the magnetic eld which is known as the chiral separation effect
(CSE) [59-61].

At this point we brie y mention that the current formula (1.104) can be also exploit for
the interacting chiral magnetic effect when separation of Weyl point has a temporal component
b 6 0. Moreover, investigations through bosonization and random phase approximation shed

more light on the subject. These are discussed in reference [62].

1.6.4 Photon Action

As was pointed out in [58] the Chern-Simons term obtained via chiral transformation re-
guires some subtle interpretation if it is to describe a Weyl semimetal. The appropriate under-
standing comes from integrating out the fermionic degrees of freedom to determine the linear

response. We adopt this approach to con rm the equilibrium response of the system expected
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from Scs. To O(€?), after integrating out the fermions,

z
= e LTS @) 1A @)
ZZ 3
3 GO @D @DA@); (L.111)

whereG (q;! ) is the single particle, interacting, Green's function in the presen&s, @ndb,
and (q;!)= R%—()Tr G(@*'9% G (@ q;!° !).Theanomalousterms we are
interested in can then be isolated by considering the leaglihg! 0 terms which provide the
static homogeneous response.

The evaluation of5 (q;! ) cannot be carried out exactly however we are only interested
in computing the density response and the form of (1.110) suggestive of an RPA approximation.
Indeed, the low energy response in the longitudinal directions is determined solely by the LLL
whose current and density responses are completely captured by an RPA summation owing to

its reduced dimensionality. Using the non-interacting Green's function in the Landau level basis

derived in [63] we obtain

#
. 1 .
. | = . I .
(|1|!m0 RPA(q’ . ) 1 + 2% Pk + P? (|1|!m0 0 (q’ - ) ’ (1112)
' o 2 ' o
where, for 2 = %2 P, = (1  5)=2 projects onto the longitudinal components, while
P, =1 P, projects onto the transverse components. When= 2 , , we use instead

P. =11 3)=2][(1  5)=2] which projects only onto the temporal components. We see here
a screening of the density response due to the interactions while the transverse components are

unaffected. The equilibrium Hall response is therefore the same as the free case, in agreement
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with (1.105). The linear density response is then found after compfitini, 6°(q;! )=ig.
Surprisingly however, this vanishes. Thus the anomalous density response comes from the rst
term in (1.111) and can be attributed to the change in degeneracy of the LLL. The same RPA
screening occurs for this term also and we nd agreement with (1.110).

In the absence oB,, the density response depends on all lled bands [58]. When it is
present however, this is not the case and the density response is determined only by the LLL.
Therefore we can understand this by returning to our description of the LLL given in (1.86). The
S, term can be accounted for by the inclusion of a chemical potential term

Ssp = ’ dzxp WE@ S’ (1.113)
Recalling thalN = eB,=2 s identi ed with the degeneracy of the LLL we compute the density
responset®N ! N + N and once again nd agreement with (1.110). Furthermore, the modi -
cation of the anomalous terms is natural from this viewpoint as we can idéhtify’eB,=2 ?) *
as being the charge susceptibility or the chiral charge stiffness of the LLL [37,38]. This is in

agreement with (1.110) being viewed either as the density response or the CSE.

1.7 Anomalous Modes

In this section we brie y turn our attention to the interacting anomalous current formula
(1.104) to better uncover the dynamics that resides inside it. Turning the external electromagnetic
eld off makes it clear that the interplay between interactions and anomaly alone is creating a
dynamical behavior among anomaly generated phenomena. Let us th&n seD, and for

simplicity chooseb = b, ? in addition to the Lorentz invariant interactiof = 2 | to
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obtain out of equation (1.104) the following formula,

= 7 @ ; (1.114)

where we have dropped the subscripf jnsince we are only considering the situation where
only the anomalous current is present, and again we are using °b,=2  notation as in the
previous section.

Since inb only the = 3 component is non-zero the Levi-Civita tensor makes sure that

j % is zero. The other three equations are

= @ @@, (1.115)
Y= @ @) (1.116)
= @y @x =71 | (1.117)

The rst two equations are the ones that give rise to dynamical behavior, while the third one
is a constraint equation involving no time-derivative. Here the curl operator is in nature a two-
dimensional differential operator iy plane. But sincé” = 0 is kept zero and there are no
equations, hence no dynamics, alariigirection we can pretend that differential operators are
three-dimensional whenever it is desirable.

To see how charge disappears from a region let us take the time derivative of (1.117) and
write @ = @ j. On the other hand, by adding up the partial derivatives of (1.115) and
(1.116) respectively along andy, we haver j = @ . Comparing these two relations

tells us that the anomalous charge is locally conser@ds= r j. This of course should come
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as no surprise, since we are reiterating the fact@jat vanishes due to commutativity of partial
derivatives and anti-commutativity of the indices of the Levi-Civita tensor in (1.104) or (1.114).
Furthermore, incorporating dynamical equations (1.115) and (1.116) in the constraint equa-
tion (1.117) gives = 2 @ j+r ? . Using the conservation of charge this becomes an
2 2

equation for the density: = r @ . The similar relation holds fgr* andj. Thus we

end up with three Klein-Gordon equations for each non-zero compongnj of

@ r*+ ?j =0: (1.118)

Components of only depend on each other through the continuity equation, otherwise they
have separate dynamics. Solutions to the above equation are relativistic propagating distributions
j =f (t k x)where! andk satisfy the relation > k?= 2. Here is the reduced
Compton wavelength of these waves. By allowing the Fermi velogitgnd~ to reappear, we

can read off from = ~=mv: the mass attributed to these relativistic waves. In terms of the

parameters of our model then,

m=~= vg = h®>=2v: %b;: (1.119)

So at the limit of very strong interactions or well separated Weyl points, the waves become
massless and propagate with Fermi velocity.

Electromagnetic elds, then, are sources to equation (1.118) and we are going to con rm
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this by using equation (1.104) on itself. Let us for the sake of accessibility rewrite it below

s €b

S2@A @ (1.120)

We are going to restrict all indices f®; 1; 2g since there is no need to bother about the third

component. Using above equation twice gives,

seh

5 2@A (1.121)

j—%@A @i

By employing the conservation of current and after some rearranging we have,

eb
R 42 @F (1.122)

1+ %2 j =

where werecal? @ r ?is the d'Alembertian. Again, the above equation describes three
massive waves sourced by the electromagnetic eld.

As an aside, note that the role of speed of light is played by the Fermi velgci c
in the d'Alembertian. Was it not the case, shining electromagnetic waves on the material would
have a rather similar effect as in the non-interacting case. Let us for a moment set and
then apply the inverse ¢ + 22) from the left on both sides of the above equation. In effect,
doing this removes the the d'Alembertian, sitE vanishes in this case.

The origin of the gauge eld\ was external, meaning that no dynamical terms were intro-

duced for the gauge eld inside the action and it was treated as a source without being integrated
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over. Now it is rather interesting that regardless of the way the electromagnetic eld started,
Maxwell's equations have forced their way through, utilizing the interplay of chiral anomaly and
interactions. Notice the last term in (1.122) vanishes either when interactions are absent or no
chiral element exists, while the second to last term is a purely axionic one. We can there-
fore conclude that there exist massive modes coupled to electromagnetic elds obeying axionic

electrodynamics [64—67] all due to the interaction-anomaly interplay.

1.8 Introducing Gravity

Using what we have so far constructed, it is easy to see that a mixed chiral-gravitational
anomalous relation in (3+1)-dimensions [68] will also be modi ed in a similar way. In the pres-
ence of curvature but absence of interactions, the four dimensional anomalous relation will host

an additional geometrical Pontryagin density,

rjs= F F +

16 2 384 2 R (1.123)

with R being the Riemann curvature tensor. We need to be more careful about curved space
notions such as the covariant derivative and the fact that is a Levi-Civitatensorde ned

as :p jgj with " being the totally anti-symmetric Levi-Civisymbolandg the determi-

nant of the curved spacetime metgic .° If there was no chiral anomaly, then the right hand side

3The covariant derivative @ + is de ned with respect to the object it is acting on. For spinors, in
addition to the one spacetime index, also carries two spinor indices while for vectors or higher rank tensors it has
three spacetime indices. For example,rfor acting on a vecto¥ we have,

rv =@V + V ; (1.124)
with 1
9 @g +@g +@g (1.125)
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of the above equation would vanish and we would have,
. , 1 p_. )
rjs=(@+ )Jszﬁ—g@( 9j5) =0: (1.127)

This should not lead to the wrong impression that in curved spacetime, even in the absence
of quantum anomaly, the chiral current is not conserved bec@jge= 0 is not necessarily

satis ed anymore. What Noether's theorem gives as the conservation relation is in terms of the
covariant derivative j; = O in curved spacetime; which however due to the chiral anomaly
will be violated after quantization. All these, of course, do not change our previous results in at
spacetime. This point can be veri ed by considering the fact that at any given point on spacetime
we can always transform the coordinates to a frame where metric looks locally at.

The reason the gravitational term appears in the non-conservation of the chiral current is
clear by the arguments made in subsection 1.3.1: When there is curvature the covariant deriva-
tive must accommodate its presence, leading to a generalized Dirac operator which also contains
a spin-connection>, (@ ieA i ), with  representing the spin-connection and

(x) = g(x) * being the curved version of the at gamma matricés Also g, are the
vielbeins satisfyingy = e,e, ™. The basis of the generalized Dirac operator formally diago-
nalizes the action and can be used to regularize the fermionic path-integral as well as the Jacobian
of fermion transformations (1.61). In this way the curvature effects appear in the anomalous term

and we arrive at equation (1.123). (To better clarify the notation used above it should be added

The Riemann tensor is then de ned as,
R A = ro;r A (1.126)

The Levi-Civitasymbo] " is totally anti-symmetric wittt %22 = 1 and all other components given by permu-
tations and the anti-symmetry constraint. Thygnbolis a tensor density and it can be made into a tensor if it is

divided by the square root of the metric determinant.
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that we use Latin indices for objects that belong to the at tangent space. Alss,a compact
notation which encapsulates four matrices de nedas ™[ .,; ,]=4 with the commutator
of gamma matrices carrying all the spinor indices.)

We can treat the presence of interactions as before by a Hubbard-Stratonovich decoupling.
Let us consider the same four-fermionic interaction tefj j as in section 1.4. When curva-

ture effects are included this leads to the following anomalous relation,

rj5=42 2 2r jrj 2%r Ar |
2
€ 1
+ F F + R : 1.128
16 2 384 * ( )

As is apparent these types of interactions do not produce cross-terms with curvature.

Perhaps the effects of interactions on the chiral-gravitational part of the anomalous term are
most easily seen after a dimensional reduction as in section 1.5 where the electric and magnetic
elds are both pointing along direction. Doing so and choosing = 2  greatly simpli es

the above relation to,

2 2

Lrho— T ls=1g2 FF *5gm

R (1.129)

When we are interested in the non-conservation of the chiral current = A we see that it

2

has been modi ed by a factor ¢1 + n, *= ) * where we recall that, is de ned aseB,=2 in

section 1.5.
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1.8.1 Gravity and Temperature

Now that we have obtained the interacting anomalous relation in presence of curvature
(1.128) and (1.129) we can discuss the corresponding response and possible measurable conse-
guences which are the subject of the next three subsections. First we are going to consider two
examples that provide an intuition about the geometrical part of the anomalous term.

For the winding densitRR " R R to be non-zero, there should exist some
sort of “twist” in the geometry. A spherical symmetric geometry, for instance, has a vanishing

RR. Consider the following line element,

d? = dt?+ dri+ dzZ2+r%d % 2r ( z+I;| z)dd : (1.130)

with ( z+ I;I  z) being a generalized Heaviside step function: Zero whenever any of its
arguments are negative and equal to identity otherwise. A non-vanistgegerates a difference
between an angular step forwadtd> 0 and backwardl < 0. So the line element describes a
twist withing the region |  z |. For this metric we hav®&R = 2[ (I + 2) (I 2)

3-r2(L+ )% which is non-zero only for non-vanishing For a generat dependent( z) we
would haveRR =8 2@ =r’(1+ ?%)?instead.

As the second example consider the following metric,

ds? = dt?+ dr2+(dz ( t)d )®+ r3d 2: (1.131)

Let us denedz dz d , where now ( t) is an arbitrary function of time, and take
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as the new substitute for theaxis which sets up a coordinate system where metric becomes
diagonalized. Consequently, a step irwhile other coordinateét; r; z) are kept xed, would
mean a step iz direction. This describes a spiral aloag For this geometry we haRR =

8(@ =r)3, which is non-zero whenever there is a change.in

These give us a little more than zero intuition of wRER designates. But how does the
relation of this term to the chiral current shows itself in physical systems?

Quasi-patrticles propagating in a owing uid can be described as excitations of a eld that
lives on a curved background characterized by a non-trivial metric [69]. One can intuitively guess
that a rotating ow may translate, in analogue gravity language, to one with non-vanRIRng
On the other hand, in a rotating system of fermions an axial current emerges. This phenomenon is
known by the name of Chiral Vortical Effect (CVE) [70, 71]. An interesting feature of this effect
is its independent relation to temperature. For massless Dirac fermions, detached from chemical
potentials (represented by, this axial current relates to temperatdrdy the following,

jj2+-|-2
42 48°% 12

s (1.132)
with  being the angular velocity of the rotating system. There are other similar effects to CVE
that are worth mentioning such as the axial magnetic effect with measurable consequences where
the same temperature dependence appears [72]. In all these cases the temperature dependence has
been connected to the gravitational anomalies [73] albeit they can be derived by other methods
as well [74].

As the right hand side of (1.132), apart from the geometric parameteontains also the

temperaturd , the winding densitfR R must somehow encode the notion of temperature as well.
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To see how these seemingly unrelated notions, namely gravity and temperature, can possibly be
connected, its perhaps best to remember that gravity is the force that causes all spag b

ow; since it couples to everything. But this feature is just like temperature gradient. All energy
carriers contribute to heat transfer. So there should be a relation, even though ctitious, between
these two concepts, as has been employed before by Luttinger [75] in his treatment of thermal
transport using an auxiliary gravitational potential.

But how can we attribute a temperature to a speci ¢ space-time geometry? One way to
have a notion of temperature associated to geometry is to look at black hole space-times. They
radiate thermally. Let us for simplicity imagine(a + 1) dimensional black hole system. An
event horizon divides space-time into interior and exterior regions. In the exterior particles are
doomed to move towards theture and also are allowed to have positive or negath@menta
In the interior the roles of space and time are “swapped”, where now particles are doomed to
go towards thesingularityand also are allowed to have positive or negagimergy Having this
permission (for negative energy particles in the interior) allows for a real pair creation near the
horizon, where the negative energy particle is to be created inside the black hole while the positive
exterior one can escape to in nity. In this way energy can be extracted from the black hole in the
form of radiation. By calculating the probability of such pair creation [76, 77] we can see that
this radiation is thermal with a temperature proportional to the surface gravity of the horizon—a
completely geometrical quantity.

Therefore, for CVE, in order to get an anomalous contribution proportional &and T,
what we need is perhaps a geometry that has both a twist and a horizon. In fact we hope for a non-

vanishing Pontryagin density from which ar % term, as in equation (1.132), can be extracted.
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1.8.2 Adding a Horizon

The following metric [74] has all the properties we are looking for, namely, a twist, a
horizon, nonzero Pontryagin density, and asymptotic atness as an additional welcoming feature.

In return it is a bit more complicated than our previous examples:

dt  r%d 1 ., o, r’d  dp)?
d$ = f(2) T2 +f(z)dz+dr+ R

(1.133)

The horizon happens an= 0 wheref (z) is set to have a nhon-degenerate root. The Pontryagin

density of the metric (1.133) is given by

h i
2 %) 1 2 2%%) 8211 f(2)
R R = TR : (1.134)

ENJ

with the prime designating differentiation with respectztoRecall that =" :p jgj is
the Levi-Civitatensorandjgj = r with our choice of metric.

One can effectively reduce the near horizon physics to tha(bftal) dimensional chiral
guantum eld theory [78]. The anomalous non-conservation relation for a current of either right
or left moving particles is the same as equation (1.132) but now with half of the right hand side.
Looking back at the anomalous relation with the above Pontryagin density, keeping only the

leading term in we have,

@ t92)* ; (1.135)

L o P gz -
P5@ i 957
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or

jZ = 922 = —. ?: 1.136
JSZ!l 1922 () o 482 ( )

where = f9%0)=2 is the surface gravity of the horizon. Here we have used two boundary
conditions: First, because of the asymptotic atnes¥z) vanishes at in nity, second, a non-
vanishing current at the horizon leads to in nite ux which we have abandoned on physical
grounds [79, 80].

Temperature of the Hawking radiation out of the horizon is related to its surface gravity by
Ty = =2 ,in natural units. Through identifying this temperature with the temperature of our

fermionic system we will have,
1

2 .
o T (1.137)

j5 =

which is the temperature part of the CVE (1.132) as we were looking for.

1.8.3 Turning Interactions On
Looking back at (1.129) we observe that had we introduced interactions at the beginning,

we would have had a different coef cient behind the Pontryagin density,

. 1
1o~ 3847 1410, =

+ the electromagnetic term (1.138)
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which would have been dragged all the way to the end result, without altering anything else. In

that case we would instead get,

1
12 1+n, %=

1

T2:_
H™ 12

T (1.139)

j5=

This can be interpreted in two ways: Either that the interactions alter the ow of charge
along z, or, the temperature of this radiation is not simply given 82 in the presence of
interactions. In the latter case the modi ed temperature woul@pe Ty :q 1+ng %= .

Mixed axial-gravitational anomalies similar to the non-conservation relation (1.123) have
been invoked in the context of experimental condensed matter physics as in [81]. If these anoma-
lies truly appear in thermal phenomena as they have in [81], then according to what we have
discussed so far, one expects them and their consequent thermal phenomena to be modi ed by
the effects of interactions, for example, through equation (1.128). Seeing the modi cation in
experiment would also be a con rmation on the previous results. On the other hand, if the modi-
cations avoid observation then the association made between the gravitational anomaly and the
thermal phenomena would go under question.

Asthe nal remark here, let us go back to the black hole radiation. Energy and charge uxes
out of the black hole horizon have been evaluated before using gravitational anomalies [79, 80].
What usually is employed as an underlying theory for calculating the Hawking radiation, is a non-
interacting quantum eld theory. Itis therefore a notable question to ask how an interacting theory
would differ in producing black hole radiation. Combining our method of treating interactions

and the method used in [79, 80] for calculating horizon uxes in non-interacting theories, we can

observe that depending on the type of interactions the resulting uxes indeed can go under some
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modi cations; even though perhaps interaction terms such as are RG irrelevant.

1.9 Beyond Electrical Interactions

The main concern of this chapter has so far been the local current-current interactions of
the general type of? j j . But not all interactions are between currents, or in other words, not
all interactions are expressible in terms of electrical interactions. Take, for example, interactions
between chiral currents? Isls. Even though in two spacetime dimensions this interaction is
equivalent to the current-current interaction, as is discussed in the appendix B, the equivalence
does not hold in four dimensions. The spin-spin interactions between Dirac fermions can be seen
as the spatial part §f] s . What follows is the investigation of chiral anomaly in presence of such
an interaction.

The general local interaction between chiral currerﬁsjsj 5, can be investigated through
the same procedure established in previous sections, but for the sake of simplicity we are going

to specialize to the Lorentz invariant case expressed by the following path-integral,

Z Z

| = D[ Jexpi d**x iB A (1.140)

NI =

As before, it is possible to decouple the interaction term above by the help of an auxiliary eld
S,
Z Z 1
= D[s Jexpi d'%* iB, + 5SS (1.141)
where now the generalized Dirac operator is giver>gs @ ieA is . ltis

straightforward to check that a shift in the auxiliary etd ! s ] 5 decouples the auxil-
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iary eld from the fermions and leaves only a quadratic term in the action which can easily be
integrated out to give (1.140) back. But before we do that, we rst bene t from the fact that the

path-integral is formally diagonalized in its current state (1.141), in which we can unambiguously
calculate the chiral anomaly. (see subsection 1.3.1 if needed.)

We encountered a constant axial- eld appearing inside the generalized Dirac operator in
previous sections. Being constant the axial- eld would not contribute to the chiral anomaly.
But here we are integrating over all con gurationssofin which case the constast becomes
irrelevant. Therefore we need to recalculate the chiral anomaly in presence of both the gauge eld
A (x) and the axial- elds (x), which means we have to go over similar steps as in (1.19), when
we traced over s, but this time with the generalized Dirac operator that itself carriesiaside
and also in four spacetime dimensions. This is a rather long and tedious task, so we postpone
the details until appendix D and skip to the result below that rst appeared in [36] along with the

corresponding Weyl anomaly,

" #
. M? %ss @@
@js = i F*‘ 5 122 @s
2
T 3G G +eF F (1.142)

with G @s @s andM de nedin (1.18). The terms constructed outsofin the above
equation are all odd in each componentsof Therefore, if we shifs by its on-shell value,

] 5, and consequently make the action quadratis inall the odd terms in above will vanish
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after the integration. Therefore we will have for the chiral anomaly,

" #
. . M2 Y%y @@
Q@js = 'ZF"‘ 25 122 @js
4 4
+ T ?@j5@j5+ eF F (1.143)

with M now containing also the constant contribution coming frigsms i in addition toM .
Depending on the physics behind the anomalous relation above, we adjust the chiral symmetry
breaking formula. For example,jif is really describing the spin on a Dirac fermions, tljlén-

becomes a constaBtwhich renders (1.143) as

n !#
M2 4 2
i-= 1+i ? +
@js 5 2 2 qp2 16 2

4
%@jS@j5+ eF F o (L144)

Our investigations here comes to an end with the result above as we move to the following con-

cluding section.

1.10 Conclusion

Interactions, as we saw, have non-trivial effects on the chiral anomaly and its many conse-
guences. The non-conservation of the chiral current is modi ed by the presence of interactions
and consequently also all the phenomena associated to it: The Hall conductivity in the inhomo-
geneous and non-equilibrium limit; the electric charg€lot 1) -dimensional pseudo-patrticles;
the existence of longitudinal non-equilibrium Hall conductivity; the density response to magnetic
eld; the chiral magnetic effect; the chiral vortical effect and thermal or geometrical responses are

the few examples we discussed here explicitly. We also found that the interplay of anomaly with
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interactions and Weyl separation leads to the existence of curious massive modes coupled to an
axion-electromagnetic eld. Lastly we showed that the appearance of these modi cations are not
subject to only electrical interactions but can easily occur under the in uence of other types such
as spin-spin interactions. In order to make certain that the regularization used for the calculation
of the anomaly is indeed justi ed we have developed a general path-integral regularization pro-
cedure that reduces to well-known regularizations e.g. that of Fujikawa's or Pauli-Villars in such
cases that these regularizations become relevant. (The details of this construction is presented in
appendix C.)

The exactness of chiral anomaly extends to interacting systems as well, providing rare
non-perturbative results. One can hope that the results and the method set forth in this chap-
ter will extend to various other problems as well. Possible examples include the Weyl-Kondo
semimetal [36], interacting topological insulators [82], studies on Hawking radiation via anoma-
lies [78] in interacting eld theories, non-equilibrium studies of Hall phenomena, and can even
extend to odd spacetime dimensions [4]. For our investigations here we used the path-integral
technique for the low energy effective theory. It is nonetheless desirable to understand how these
effects arise from a microscopic lattice model and to observe how they coincide in the low energy

limit as the extra symmetries of the effective theory emerge.
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Chapter 2: How To Get Rid of a (pseudo-)Vector Field

Kondo lattice models have established themselves as an ideal platform for studying the
interplay between topology and strong correlations such as in topological Kondo insulators or
Weyl-Kondo semimetals. The nature of these systems requires the use of non-perturbative tech-
niques which are few in number, especially in high dimensions. Motivated by this we study a
model of Dirac fermions ir8 + 1 dimensions coupled to an arbitrary array of spins via a general-
ization of functional non-Abelian bosonization. We show that there exists an exact transformation
of the fermions which allows us to write the system as decoupled free fermions and interacting
spins. This decoupling transformation consists of a local chiral, Weyl and Lorentz transformation
parameterized by solutions to a set of nonlinear differential equations which order by order takes
the form of Maxwell's equations with the spins acting as sources. Owing to its chiral and Weyl
components this transformation is anomalous and generates a contribution to the action. From
this we obtain the effective action for the spins and expressions for the anomalous transport in
the system. In the former we nd that the coupling to the fermions generates kinetic terms for the
spins, along ranged interaction and a Wess-Zumino like term. In the latter we nd generalizations

of the chiral magnetic and Hall effects.
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2.1 Introduction

Quantum impurity models are a prime example of strongly correlated condensed matter
systems, facilitating our understanding of many physical phenomena including the ubiquitous
Kondo effect. When many impurities are present as is the case in a Kondo lattice, hybridization
between the localized spins and the itinerant fermions leads to a variety of effects including rich
Heavy fermion physics [83, 84]. More recently, the Kondo lattice has been the focus of attention
for its possible topological properties and in particular the potential to study the interplay between
topology and strong correlations. In those cases, the strong correlations result in the emergence
of topological phases of matter including topological Kondo insulators [85, 86] and Weyl-Kondo
semimetals [87-90]. In the latter case, due to the Kondo effect, the low energy excitations of the
system are Weyl fermions. Weyl semimetals are of great interest in and of themselves providing
concrete realizations in a solid-state system of physical phenomena historically associated with
particle physics. Chief amongst these is the chiral anomaly, the breaking of classical chiral sym-
metry [12, 13, 33] in a quantum theory which gives rise to several distinct transport features in
free [20-30,53,54,91] and interacting systems [92, 93].

Motivated by these considerations and in particular the effects of quantum anomalies in
strongly correlated systems, we study a syster8 ef1-dimensional Dirac fermions coupled
to an arbitrary array of spins. In lower dimensions there exist many analytic, non-perturbative
or exact techniques to study Kondo models including conformal eld theory [94, 95], Bethe
Ansatz [96—102] and bosonization [37,38,103-106]. In higher dimensions there is a lack of non-
perturbative techniques and typically a slave particle approach is adopted [83, 84, 90, 107, 108].

In this chapter we will take an alternative approach. Our method will follow that of the anomaly
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based formulation of functional bosonization, appropriately generalized to the present situation.
In the original formulation one considers Dirac fermiond il dimensions, with either Abelian

or non-Abelian symmetry, coupled to some uctuating eld e.g. a Hubbard Stratonovich eld.
The fermions are decoupled from this eld via a judiciously chosen local chiral and gauge ro-
tation after which the system consists of free fermions and a decoupled uctuating eld whose
effective action is calculated using the chiral anomaly [109-112]. The remaining fermonic de-
grees of freedom are easily integrated out resulting in an effective bosonic theory. We shall
follow the same procedure for our system, with the spin-momentum locking of Dirac fermions
necessitating a non-Abelian formulation. In addition, the increase in dimensions shall make the
formalism more complex and ultimately will not end in an exact solution which can be the case in
lower dimensions [37, 38]. In spite of this, the approach provides us access to some exact results
including that of the anomalous transport in the system.

This chapter is organized as follows: In Section Il we introduce the model and discuss the
relation between our method and the standard chiral anomaly treatment of Weyl semimetals. In
section Il we formulate the decoupling transformation and show how it can reduce the system
to free fermions and a decoupled interacting spin system. In the subsequent section we present
an iterative scheme for nding this transformation. In section V we calculate the contributions of
the chiral and Weyl anomalies to the action for our model. These are then used in section VI to
determine the low energy effective action for the spin system. Following this we determine the
anomalous transport, nding a modi cation to the quantum Hall current and a chiral magnetic

effect (CME) due to the uctuations of the spins. In the last section we summarize and conclude.
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2.2 Model

Our system is described by the path integral

Z
Z= D D Dsésliish (2.1)

where the action i§$ = Sp + S, With

Z
Sp= d'% (X)i @ ieA (x) 13 sSX (X): (2.2)

Here (x); (x) are four component Dirac fermions, (spinor indices suppressed for the moment)
describing the low energy sector of a semimetal. They are coupled via a spin exchange of strength
J to a system of spin§ (x) = (0; S(x)), governed by the actio,, and a gauge eldA (x).
Speci ¢ cases of this model have been studied previously including the Kondo effect for a single
impurity [113] and also the Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction for two impu-
rities [114]. Our approach here does not depend upon the fo®g,af S(x) can be an arbitrary
vector eld, classical or quantum as in (2.1).

This action, (2.2), can also be viewed as that of a low energy description of a semimetal
subject to strain elds [115,116]. The strain induces chiral gauge elds in the action for which the
eld S(x) plays the role of a vector potential e.g. a rotational strain will induce a chiral magnetic
eld with strengthr ~ S(x). Our results are also applicable to these strained semimetals however
in the remainder of the chapter we restrict the terminology and perspective to that of the Kondo

semimetal.
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We shall perform a rotation on the fermionic degrees of freedom suclstkais removed
from Sp. For a simple Weyl semimetal, whéhis constant this is easily carried out via a local

chiral gauge transformation
x)! €5 (x); (! (x)e =3 (2.3)

R
which transforms the actioBy ! S 3 =  dx (X)i @ ieA (x) (x) [57]. Such a
transformation is known to be anomalous [12, 13], meaning that it results in a nontrivial Jacobian

in the path integral measure i.e.,
DD !D De'S; (2.4)

The anomalous contribution to the transformed act®njs straightforwardly calculated using

the method of Fujikawa [31, 32]. It takes the form of an axion-like term

z
Sy = J4e—22 d*x SA @A : (2.5)
Using this one may then calculate the anomalous transport of the fermions by varying the action
with respect toA (x). This gives the Hall currert§i = J S—ZS E and densityh i = Jg—ZS B
whereE; B are external electric and magnetic elds. WHgné O inversion symmetry is broken
and the chiral magnetic effect occurs in the presence of a magnetic eld [56-58].
WhenS is not constant a local chiral gauge transformation is no longer suf cient to decou-

ple the fermions from the spins. As we will show below it is still possible but the transformation

which does this is non-Abelian, consisting of a combination of local chiral, Weyl and Lorentz
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transformations. The rst two of these are anomalous and will generate a contribution to action,
which includes interactions between the spins and also provide a route to calculating the exact
anomalous transport. For simplicity we restrict ourselves to the zero chemical potential and zero
chiral chemical potential (i.eS, = 0 which is also the case for a stained semimetal) however
both can be straightforwardly accommodated within our approach. In addition we treat only the

zero temperature and in nite volume case.

2.3 Decoupling Transformation

For arbitraryS(x) the appropriate decoupling transformation i&) ! U(x) (x) and

(x)!  (x)U(x) with

U(x) = g s 0+ )i sF () : (2.6)
andU(x) = UY(X) owhere =[ ; ]=2are the generators of Lorentz transformations in
the spinor representation. Heuristically, we can understand the form of this transformation in the
following way. We envision an array of spins, each of arbitrary length and orientation. Using a
local Lorentz transformation we can locally rotate to a frame where the spins are parallel but of
differing length. They can then be rescaled in length to be the same using the local Weyl trans-
formation and following this they can then be decoupled through the local chiral transformation.
More speci cally, the real functions(x); ( x), F (x) which parameterize the local chi-

ral, Weyl and Lorentz transformations respectively are determined by solving

i @Wx) U '(x)=J sS(x); (2.7)
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where we have employed Dirac slash notati®n; C . As opposed to the case of const&nt

the non-Abelian nature dfi(x) now makes this a non trivial task which we shall address in the

next section. Using this transformation in (2.2) the action is transform&g asS 3,

Z
Sy = d (UK UX) @ A (x) (2.8)
Z

d'x )Y (x) @ A  (X): (2.9)

In the second line we have introduced(x) =[€ 57 ®' ] with! being the generators of
Lorentz transformations in the vector representation. We then perform a coordinate transforma-

tionx ! y(x) such that,

dy (x) _ 2( x)=3 .
o e (x): (2.10)

This transformation does not have unit determinant due tq tk¢ term, however the coef cient
in the exponent is chosen such that the Jacobian of this transformation is cancelled. Ultimately,

we obtain
Z h i
ss= dy (y) @ A  (y): (2.11)
Which is the action of free Dirac fermions coupled to a rotated and rescaled gauge eld

A (y)= €93 (A (X): (2.12)

In the absence of the gauge eld the fermion and spin system have been decoupled. There-
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fore, provided that a solution to (2.7) exists our path integral is transformed to

Z
7 = D D DSeng[; ]+iA[S]+iSspin[S]; (2.13)

whereS, comes from the Jacobian of the chiral and Weyl transformations which depends upon
S(x) andA (x).

We note that the de ning equation for the transformation (2.7) is a Dirac equation of the
type which the untransformed fermion obeys. In the noninteracting daseQ, U(x) should
reduce to the identity and so we can view it as the operator which locally transforms the eld
from the Heisenberg to the interaction picture. We expect on general grounds that this is gener-
ically possible to implement. In contrast to the standard procedure however we carry out this

transformation in the path integral which turns out to be anomalous.

2.4 lterative Solution

The task now is to solve (2.7) for(x); ( x) andF (x) in terms ofS. To do this we

% ik F* with Latin indices reserved for spatial components.

introduceg = Fy andB; =
Inserting this form into (2.7) and using standard vector calculus identities we obtain a set of
non linear differential equations for our unknown functions, ; E andB which resemble the
equations for a driven two level system [117,118]. We solve these by expanding in powers of

H — P 1 n (n) . . .

e. X)= ., J and proceeding iteratively.

The leading order equations resemble Maxwell's equations with magnetic source terms.

Therein,E® andB® play the role of pseudo-electric and pseudo-magnetic elds&nd?,
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@ provide the sources,

@® r BP=s r @ (2.14)
@3(1) +r EQ = @ (2.15)
r BW=@ @ (2.16)
r EM=@® (2.17)

The solution of these equations is known from classical electromagnetism;
Px)=r G SXI; (2.18)
EY(x) = @G S(X)]; (2.19)
BOx)= r [G SX); (2.20)

in addition to

Wx)=0: (2.21)

HereG(x) is the Green's function for the d'Alembertiaf@ r %]G(x) = “(x) and stands
for convolution,G  S(x) = Rd“zG(x 7)S(z). Note that since (x) vanishes, no Weyl
transformation is required at this order and (2.14)-(2.17) reduce to Maxwell's equations without
magnetic monopole terms.

We may express this linearized solution in a more elegant form. To do this we recall

thatG(x) can be related to the Green's functids(x), for the massless Dirac equation through
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G(x) @G&x). Using this we have that to linear order

U(x) = & 5650, (2.22)

The higher order corrections to thE™ andB " are also solutions to Maxwell's equations but

with sources which are determined by the lower order terms. For example at second order

@® r B@=Rrds?] r @, (2.23)

@®+r E@=mm[sY] r @; (2.24)

r B@=@ @ 1msi1; (2.25)

r E9=@ @ Rgsi] (2.26)

where we have introduced

sW=x® [@+ir ]XW; (2.27)

S =xW r  x® (2.28)

with X® = g® 4+ ip®: (2.29)

The solution to these can be found from a straightforward generalization of the linear order solu-

tion, i.e. derivative operators acting on terms lige S®. Combining this with (2.22) we have

G Jms®] i 5(s+IRgs?

that up to second ordey(x) = e’ | higher orders proceed along
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similar lines and we can write the full solution as

U(X) — eJG (Im[S(x)] i sRES(x)]) .

P
whereS = ' J"S™ andS® = S . Matching this to (2.6),

Ux)= & 5 00000 sF (0

then gives,

()= (G ReS);

(x)= Jztr(G Im[S]); and

F (x)= %tr[ G ( sRdS] ilm[S])]:

(2.30)

(2.31)
(2.32)

(2.33)

The corrections t& naturally become more complicated at higher orders. Notably, they

contain an increasing number of derivatives each time,3%) contains at least derivatives

acting onS. Accordingly, if for somen, S is constant then no further terms are generated. For

instance, ifS is constant then only the rst order is required. We can view this as a gradient

expansion which can be truncated if one is interested in the long wavelength physics of the

system.
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2.5 Anomalous Action

We turn now to calculating the anomalous contribution to the action. Following Fujikawa's
method, we switch to Euclidean space and suppose that we have partially performed our trans-
R
formation sothaSy, !'S p( )= d'y (Y)BZF( ) (y)with 2 [0;1]and

h i
B()= @ iA(y;) W@ IS ) : (2.34)

Here we have introduced the partially rotated and rescaled 2l¢y; ), (c.f. (2.12)) which
coincides with the original gauge eld at= 0, A (y;0) = A (x) and the nalone at =1,

A (y;1) = A (y). Asimilar de nition is true forS (y; ). This partially rotated action coincides
with the initial action,S, and nal actionS3 also at = 0;1 respectively. The anomalous
contribution is found by considering an in nitesimal rotation suchtfg{ ) ' S p( + d ),
calculating the Jacobian due to the transformation on the elds and then integrating this from

=0to =1.Theresultis[33]

Z,Z q 0

Sy=2i d d' (x;)Tra+i (x; T & ; (2.35)
0

which is the sum of standard Weyl and chiral anomaly terms. Here the Tr[ ] denotes a trace over
the Hilbert space as well as over spinor indices. The Hilbert space sum is naively divergent but

can be regularized in the standard heat Kernel way,

Z d4k ) h 2 2| )
Tr[O] = lim e X tr g BOM gk x . (2.36)
2)*

M1
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with O = 1; g and tr[ ] denoting a trace over spinor indices only. We note that in contrast
to normal circumstances the generators of the chiral and Weyl transformafeons), ( x; )
themselves depend upon

To calculate (2.36) it is suf cient to expand the exponential up to at most fourth order as

all other terms will be suppressed by thle! 1 . After straightforward but tedious calculation

we nd

#
M*, D@ s @@
42 22 24 *
2
8 ? 3

Tr[s]=13(1 ) @S

@S @S +€F F  ; (2.37)

whereF = @A (y; ) @A (y; )andS? = S (y; )S (y; ). The last term above is the
standard chiral anomaly term. A similar term also appears in the second line but is constructed
purely from the spins. Amongst the remaining terms we note the divergenikéim )2"—27@3

which we shall discuss further below. For the Weyl contribution we have

M4 J2(1 )2

T = 5 a7 1M ’s’+2@S @s 95

2
+45S @@S @S +222P o (2.38)

Again we see the presence of the usual Weyl anomaly contribution in the rst and last terms. The
divergent term is typically discarded when considering the Weyl anomaly as it does not depend

uponS or A but when calculating (2.35) it should be retained.
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2.6 Effective spin action

Combining (2.35) with (2.37) and (2.38) we have the exact anomalous action. To fully
determine this requires us to perform the rather daunting seemimggral in (2.35) which we
do not attempt here. To get some understanding of what form this takes however we consider the

case where the spin eld takes the form

S(X)= S+ S(x); (2.39)

whereS is constant andS describe the uctuations about this and then proceed by computing

the anomalous action using only the linearized solution (2.22),

Ux) = ¢ oxs+e ¢l (2.40)

The rst term in the exponent is the standard chiral transformation used for Weyl semimetals
which was discussed earlier and the second arises due to the uctuations. We now make the
assumption that (2.40) provides a reasonable approximation to the transformation for the purpose

of computing the low energy effective anomalous action. Using (2.37) we then nd

z (,
Sy = d4xz—328+%1@tre S A @A
+ J—3 S + }@tr G S S@S
18 ? 4
) z )
+ ol S +  dySx)VIi(x ySy) ; (2.41)
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whereVj (z) = J @@G(z). Adding this toS,, we arrive at the approximate effective action for
the spin system. The rst term here is the typical chiral anomaly term now modi ed to include
the effect of the uctuations, it represents a fermion mediated coupling of the spins to the gauge
eld. The second has the same form as the rst, arising from a standard chiral anomaly term but
built using spins. Such a 3 spin term suggests a connection with the Wess-Zumino term occurring
in the low energy action of fermions coupled to local moments [104,105,119,120]. The third is a
kinetic term for the spins generated from the coupling to the itinerant fermions. Lastly, we have
a long range RKKY interaction between the spins. The coupling constant depends explicitly on
the cutoff introduced earliel = %"rz !, The appearance of this divergence is natural in models
such as ours and is akin to the well known divergence of the vacuum polarization in QED which
is governed by the same set of diagrams. In a condensed matter context, deviations from a linear
dispersion will cure this divergence giving a nite but non-universal coupling constant. From
this we can determine the leading order renormalization group (RG) ow of this RKKY coupling
ddil =2J with | =log M indicating it is relevant in an RG sense.

If we were to include terms beyond the linear approximation in our transformation then
this would result in 4 spin terms as well as terms involving higher derivative terms, which are
typically dropped when computing an effective action. For these reasons we content ourselves

with the linearized approximation but note that the presence of the Weyl transformation at higher

orders provides a means to determine the RG ow of the terms present in (2.41).

Yn (2.37)aterm S S @S is present. Since we are dealing with a spin system how®v& is a scalar of
order one. This term contributesdobut it is negligible in comparison td°M ?=2 2.
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2.7 Transport

We turn our attention now to calculating the anomalous transport in the system which
we will be able to do without resorting to approximations as done in the previous section. In
principle, this requires evaluating the integral (2.35) fortunately however, this turns out to be not
necessary. To see this we note that the anomalous current is found by @ ywith respect to

A (X)= A (x; =0). Thus

@rf slj -o .

= 2 W s

U @ (x,0)

where the second equality follows from the fact that the variation is carried outad along
with (x;0)= P(x)and ( x;0)= P(x)=0. From this we nd the density response to be

2 . .
()= 5r @(x) B orin Fourier space,

Z
e’J ki k : i
ki JKj !

where we have used the shortha%_d = Rde’k d'=(2 )*andB'(k;!) is the applied magnetic
eld in Fourier space. The expectation value on the right is taken with respect to the effective
spin action (2.41) or alternatively could represent some imposed, mean eld spin con guration.
This generalizes the result for a Weyl semimetal to the case of non coB8¢xantt describes the

response of the system to a density perturbation in the presence of an arbitrary magnetic eld.
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Similarly the current is
2 2
. € €
i =" ® E > 7@ “B; (2.43)
or in Fourier space,

Z i h i
17 k Skl M, '
27 W1 S BKE(q k; Y+ 1B'(q k; 1) @ (2.44)

i'(a; )=

In the rst line we can recognize the generalization of the standard Hall current expression to
the case of non consta®(x). In addition to this we note the presence of the magnetic eld
which gives rise to a chiral magnetic effect. This is in contrast to the simple Weyl case discussed
above wherein the CME requires tiag 6 0 which can be the case in the absence of inversion
symmetry. This in turn results in a time dependent chiral rotatice? ' and a corresponding

term in the anomalous action. In the current circumstances, alth8ygh0 and the symmetry

is not broken a CME is still generated via the time dependent nature of the transformation.

2.8 Discussion & Conclusion

In this chapter we have presented an alternative approach to interacting semimetals based
on the technique of functional bosonization frdm 1 dimensions, generalized &+ 1 dimen-
sions. We have focused here on the case of a Kondo-semimetal wherein the semimetal is coupled
to an array of spins, although our method can be applied to strained semimetals also. Our method
relies on the existence of a non-Abelian transformation of the fermions which decouples them

from the spin system. This transformation is anomalous, due to the presence of the chiral and
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Weyl anomalies, and by calculating its non-trivial Jacobian the low energy effective action for
the spin system can be determined in addition to the anomalous transport.
This approach can also be used for the evaluation of correlation functions. For instance the

fermionic Green's function is given by

D, ., E
) (0 = U (U (0 Goux);

where once agaihig denotes the expectation value with respect to the spin system only and we
have restored spinor indices. The factorization of the correlation functions into a free fermionic
part,G(x), and a bosonic part is a hallmark of the bosonization method and in (1+1)-d provides

a simple route to nding non-Fermi liquid behaviour [37,38,111,112]. Upon adopting the linear

approximationU(x) € 57¢ 5% this expression simpli es and the exponential form of the
spin factor can facilitate evaluation of the expectation value and, potentially non-Fermi liquid

correlations.
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Chapter 3: Generic Criterion for Flat Bands

We show that the continuum limit of m@mgraphene is described byz+ 1) -dimensional
eld theory of Dirac fermions coupled to two classical vector elds: a periodic gauge and spin
eld. We further show that the existence of a at band implies an effective dimensional reduction,
where the time dimension is “removed.” The resulting two-dimensional Euclidean theory con-
tains the chiral anomaly. The associated Atiyah-Singer index theorem provides a self-consistency
condition for at bands. In the Abelian limit, where the spin eld is disregarded, we reproduce a
periodic series of quantized magic angles known to exist in twisted bilayer graphene in the chiral
limit. However, the results are not exact. If the Abelian eld has zero total ux, perfectly at
bands can not exist, because of the leakage of edge states into neighboring triangular patches with
opposite eld orientations. We demonstrate that the non-Abelian spin component can correct this
and completely atten the bands via an effective renormalization of the Abelian component into
a con guration with a non-zero total ux. We present tiAdelianizationof the theory where
the Abelianized at band can be mapped to that of the lowest Landau level. We show that the
Abelianization corrects the values of the magic angles consistent with numerical results. We also
use this criterion to prove that an external magnetic eld splits the series into pairs of magnetic
eld-dependent magic angles associated with at neeirandau bands. The topological criterion

and the Abelianization procedure provide a generic practical method for nding at bands in a
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variety of material systems including but not limited to nédailayers.

Moiré phenomena in twisted bilayer graphene [121-131] and other systems [7, 8] have
been an active topic of research in recent years. Of particular interest for the former are at
bands, where localized electrons exhibit a variety of strongly-correlated phases. In this chapter
we draw a universal picture for the occurrence of the at bands through emergent gauge elds
and the anomaly.

Consider a bilayer graphene system with a small twist and/or strain applied to the layers.
As emphasized in Ref. [7], both can be described in terms of a diffeomorphism: ! (r)r
for strain and (r)2 r for a twist (parameterized by  1). With , and being
orthogonal to each other and thus forming a basis, all possible ows in two dimensions can be
described as a linear combination of these two elds. Therefore, a bilayer system with a general
in nitesimal deformation can be achieved by applying the diffeomorphism r + . =2to
one layerand ! r .. =2 to the other, as in Fig. 3.1. A nite deformation is reached by
successively applying such diffeomorphisms. The time dependengénetdis ! (t;r) and (t;r)
can be further looked at as bosonic phonon-like degrees of freedom for the bilayer system.

Focusing on only one valle¥ , in the Brillouin zone, an electron that hops from tke
point of one layer to that of the other, can do so along three different momentum vectors that will
form the moigé reciprocal lattice vectors of the bilayer system. This is because the deformation
has separated the equivalétpoints in three different ways (alongy.,.; for twist andqll;z;3
for strain as depicted in Fig. 3.1) that are related to each other Dy & rotation. For the
general deformation these vectors are givegby 2K (sinh %R sin5¥) with g,.5 derived by
successive = 3 rotations ofqg,, while K is the distance betwedf-points of the undeformed

Brillouin zone and its center.
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Figure 3.1: Each blue hexagon designates the Brillouin zone of a single layer of graphene that
has gone under either a straip, or atwist, . In (a) the Brillouin zones are expanded/shrunken
with respect to the undeformed Brillouin zone (green dotted hexagon), whereas in (b) they are
rotated with respect to each other. Each pair gives rise to itsermeaiprocal lattice (shown by

red hexagonals). Alsk points are designated by black dots.

The moig lattice constantl., can be read off of the magnitude of the néoneciprocal

lattice vectorsjgj = 2Kp(sinh® 5 + sin® 5

1=2
2 )

, Which is equal to the distance between the
correspondind -points (denoted bk andk®in Fig. 3.1): L = 4 =3jgj. If the electron hops

from one layer to the other without changing its position, it acquires a phase determined only
by the moié reciprocal lattice vectors. The dynamics of this electron is given by the following
Hamiltonian density [128],

2 3 2 3

i V U
-§ '€ VL o §VV0WIDE 3.1)
Tr) i@ uu(r)  vv(r)

where i @is the Hamiltonian density for a single layer of graphene \@h '@, andT(r)
is the interlayer tunneling matrix and encodes the periodic pro le of theémttern, Fig. 3.4.

P
V(r)= ;e "%’ takes the electron from one sublattice (eitAeor B) to the same sublattice
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Figure 3.2: Graphene has two sitésandB, per unit cell. Where sites of the layers exactly
coincide we hav&A stacking designated by red dots, while similaBlg stacking is designated

by blue dots. Half red/blue dots show where th% centers of the hexagons coincide in the bilayer.
The distance between neighboriAd stackingsis 3L.

on the other layer, whil&J(r) = P je ' dl D273 takes it to the opposing sublattice, with
andu being the corresponding tunneling amplitudes pred1; 2; 3. Note thatl is the distance
between neighborindA andBB stackings in the mo& bilayer graphene, while the distance
between two neighboringA stackings isp 3L which therefore is also the periodicity of the the
hamiltonian above; see Fig. 3.2.

Using the algebra of gamma matricés, ; g =2 , with as the metric, and the

unitary transformation,

3

2
11
h(r)!  h(r) ¥ with = pl—zg Z; (3.2)

z z

we can write the Hamiltonian density (3.1) in terms of Dirac fermions coupled to non- uctuating
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gauge elds as follows

Z h [
H= d i 2(@+iA, 5+iSi 3) °Aq s °Si 5 5 (3.3)
with Y 0 Orin the even tidier action formulation,
z
S= dxiBF; B @+iA +iSi 5 ; (3.4)
wherea=1;2, =0;1;2andthe eld components are,
V .
Ao= —ReV(r)];
Vv
So = —Im[V(r)];
u u
A= 2—Re[U(r)+ ui nl; A,= 2—Im[U(r)+ u( ri;
u u
Sy = o-ImU( 1) U] S = -ReU(r)  U( )] (3.5)
The total eld strength associated wif¥ is given byF = F” + i sF° +2i ¢ AL S,

with F**° being the eld strengths generated By andS respectively.

Looking at the action (3.4), we see that the bilayer problem has transformed into that of
Dirac fermions moving in 42 + 1) dimensional spacetime and acted upon by two axial-vector
elds: A chiral gauge eld,A , and a spin eld,S . Note that ; measures the spin along the
direction normal to the material plane. The gauge elds, (3.5), are periodic with periogiélly
hence their corresponding eld strengths are proportionaHoand also periodic with the same

period, while the distance between each minimum and its neighboring maximurtsee Fig.
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