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Engineered quantum systems can help us learn more about fundamental physics top-

ics and quantum technologies with real-world applications. However, building them could

involve several challenging tasks, such as designing more noise-resistant quantum com-

ponents in confined space, manipulating continuously-measured quantum systems without

destroying coherence, and extracting information about quantum phenomena using ma-

chine learning (ML) tools. In this dissertation, we present three examples from the three

aspects of studying the dynamics and characteristics of various quantum systems. First, we

examine a circuit quantum acoustodynamic system consisting of a superconducting qubit,

an acoustical waveguide, and a transducer that nonlocally couples both. As the sound sig-

nals travel 105 times slower than the light and the coupler dimension extends beyond a few

phonon emission wavelengths, we can model the system as a non-Markovian giant atom.

With an explicit result, we show that a giant atom can exhibit suppressed relaxation within

a free space and an effective vacuum coupling emerges between the qubit excitation and

a confined acoustical wave packet. Second, we study closed-loop controls for open quan-



tum systems using weakly-monitored Bose-Einstein condensates (BECs) as a platform.

We formulate an analytical model to describe the dynamics of backaction-limited weak

measurements and temporal-spatially resolved feedback imprinting. Furthermore, we de-

sign a backaction-heating-prevention feedback protocol that stabilizes the system in quasi-

equilibrium. With these results, we introduce closed-loop control as a powerful instrument

for engineering open quantum systems. At last, we establish an automated framework

consisting of ML and physics-informed models for solitonic feature identification from

experimental BEC image data. We develop classification and object detection algorithms

based on convolutional neural networks. Our framework eliminates human inspections and

enables studying soliton dynamics from numerous images. Moreover, we publish a la-

beled dataset of soliton images and an open-source Python package for implementing our

framework.
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Chapter 1: Introduction

Advancing quantum information science and engineering quantum technologies have

both scienti�c and practical motivations [1–3]. Quantum devices not only help expand

our knowledge horizon by studying quantum many-body phenomena [4–7], astronomical

signals [8, 9], and even biology [10], but they may also provide values for solving clas-

sically challenging combinatorial optimization problems [11], simulating chemical reac-

tions involving large molecules and materials [12], securing communication for con�den-

tial data [13], and sensing microscopic signals with high accuracy [14].

With these motivations, the primary purpose of this dissertation is to broaden our un-

derstanding of varieties of quantum systems dynamics in multiple aspects and accordingly

help in converting science into advancing quantum technology. The scope of this disserta-

tion includes: designing more noise-robust and compact quantum device components [15],

engineering and preparing an innovative, continuously-observed quantum state [16], and

identifying and extracting information about quantum phenomena with machine learning

(ML) approaches [17].

The following chapters in this dissertation cover the topics above in more detail. In Chap-

ter 2, we study an arti�cial superconducting atom coupled with a surface acoustical waveg-

uide via a nonlocal piezoelectric component, such that the coupling region covers a many-

emission-wavelength-long area [18]. We applied analytical tools and a Lorentzian toy

model to simplify the system and compared our results with spectroscopy from numerical

simulations. We observe that this non-Markovian giant atom exhibits suppressed relax-
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ation and an effective vacuum coupling exists between a qubit excitation and a localized

wave packet of sound, even in the absence of spatial emission constraints—thus realizing a

quantum bound-in-continuum system.

Chapter 3 investigates a weakly monitored quasi one-dimensional (1D) Bose-Einstein

condensate (BEC) and designs feedback protocols for cooling the atom cloud to quasi-

equilibrium [19]. Using backaction-limited weak measurements and temporal-spatially

resolved feedback imprinting, we create a theoretical tool for quantum feedback control

of quantum systems, including BECs. We describe the intuitions and protocols of our

feedback cooling that prevents excess heating caused by measurement backaction. Our

�ndings demonstrate that closed-loop quantum control of BECs can offer a potent new tool

for quantum engineering in cold-atom systems.

In Chapters 4 and 5, we start by noticing two dif�culties in studying cold atom data

from explicit images: �rst, we usually rely on human inspections for identifying features

that bottleneck our research scale, and second, our preconceived notions about the existing

patterns may constrain our capacity to analyze them. Therefore, we consider two different

ML architectures for analyzing experimental cold atom data to automatically detect dark

solitons appearing as local density depletions in BECs [20, 21]. Thus we eliminate hu-

man analysis requirements. Furthermore, we integrate ML models with physics-informed

heuristics to distinguish solitonic excitations. Combining these models enables us to �nd

the solitonic excitations, extract physical parameters, and categorize each solitonic excita-

tion. For future ML research, we provide our labeled dataset of dark solitons in a public

data repository [22, 23], and an open-source Python package for detecting solitonic excita-

tion [24], which is pre-trained from our data and adaptable for any user-de�ned cold atom

absorption image dataset.

Even though we developed these new techniques within the scope of speci�ed types of

quantum systems, they can be further generally implemented on other types of quantum
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systems. The giant atom and its suppressed spontaneous emission can be re-engineered

with any quantum non-Markovian system, such as optomechanical systems [25], cold atom

systems [26], and the ones that have collective emissions via multiple coupling points [27].

The feedback cooling strategy may be implemented on any quantum device that allows

partial measurements and rapid �ne-resolution controls by altering its potential or interac-

tion terms of Hamiltonian within the coherent time [28]. Finally, the classical ML can go

beyond the scope of dark solitons and help us extract information from a quantum system

from classical readout raw data either from direct images, a spectroscopy, or a series of

pulse sequences [29–32].

In the remainder of this chapter, �rst we introduce the background and motivations

from both physics and ML perspectives in the next two subsections, then we compare the

bene�ts and limitations of them in the last subsection.

1.1 Physics backgrounds

The works presented in this dissertation contribute to various �eld topics of physics

and quantum information science, including quantum non-Markovian systems [33], bound-

state in the continuum [34], giant atoms [35], superconducting circuits [36], circuit quan-

tum acousto-dynamics (QAD) [37], ultracold atoms and BECs [38], weak quantum mea-

surement [39], real-time quantum feedback [40], nonlinear quantum dynamics [41], and

solitons [42, 43].

The topic in the �rst half of this dissertation focuses on non-Markovian circuit QAD

systems [37, 44, 45]. Within a quantum non-Markovian system, coherence travels via

multiple mechanisms with different speeds and interferes nonlocally through space, and

therefore these systems often show unconventional dynamical properties.

There are at least two exciting physics topics related to quantum non-Markovian sys-
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tems: the bound-state in the continuum (BIC) and the giant atom. A BIC is a discretized

eigenstate of a continuous system, which lives in an in�nitely large Hilbert space [34, 46].

Those states are attractive to quantum scientists as they are fully decoupled from the envi-

ronment in principle, even with no spatial con�nements. A giant atom is another example

of a quantum non-Markovian system [35]. It can be an arti�cial emitter with a spatial size

comparable to or greater than its emission wavelength, an emitter with multiple coupling

points separated for at least a few wavelengths, or a collection of emitters communicating

via other channels than its emitting media. Unlike a typical point-like atom, those fab-

ricated giant atoms show strong frequency-dependent couplings to the emission modes.

Giant atoms are investigated for related physics concepts, including ultrastrong coupling

and superradiance, and may serve as quantum device components due to their intrinsic

robustness to noise and decoherence.

A common choice of mechanism combination to experimentally build a quantum non-

Markovian system is phonons and photons. For example, an optomechanical system can be

modeled in the non-Markovian regime as it couples laser modes with the vibrational modes

of a crystal via radiation pressure [47]. This dissertation focuses on a circuit QAD system,

which consists of a superconducting qubit, a surface acoustic wave waveguide, and an in-

terdigital transducer (IDT) mounted on a piezoelectric substrate. Superconducting qubits

are one of the most popular types of arti�cial atoms. They are often constructed by Joseph-

son junction in experiments. Leveraging their nonlinear energy gaps, they make effective

two-level systems. An IDT interlocks two comb-shaped arrays of electrodes printed on a

piezoelectric substrate that can transduce electric signals to surface acoustic waves into the

waveguide, where the spacing of the `combs' provides spatial selectivity.

We �nd the non-Markovian circuit QAD systems intriguing and promising for a few

reasons. First, since the wavelengths of sounds 105 times shorter than lights, these systems

may deliver much more compact transmon-like qubits and on-chip quantum time-delay
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relays and phononic transmission lines [48]. Second, their non-Markovianity enables cre-

ative engineering for dissipations and interactions beyond the limitations of typical su-

perconducting systems or even natural atoms [49]. Third, circuit QAD converts signals

between two forms, opening opportunities for quantum signal �ltering and transducing.

Lastly, these systems make a great platform to study giant atoms and make long-coherence

quantum memories leveraging their reduced emission rate.

Ultracold atoms and BECs set the foundation for topics discussed in the second half

of this dissertation [38]. An ultracold atom cloud is a group of atoms trapped with lasers

and magnetic �elds and cooled down until its quantum property merges. BEC is a phase of

matter commonly realized with bosonic ultracold atom gas. BECs have become one of the

most well-studied and mature macroscopical quantum systems. The states and dynamics

of BECs could be expressed as wavefunctions evolving under Gross-Pitaevskii equations

(GPE) [41].

BECs establish an ideal platform for our research in quantum physics from at least two

aspects. First, many high-precision observing and controlling methods are achieved for

BECs [50], allowing so-called analog quantum simulation and explorations of condensed

matter physics and open quantum systems [51]. BEC also promises two prerequisites for

studying quantum closed-loop feedback control: stroboscopic weak measurements with

phase-contrast imaging and rapid real-time feedback by imprinting engineered external

�elds. Second, following the interactions among composing atoms shown as the nonlinear

term in GPE, BECs make a great medium to study many-body interacting quantum systems,

including topics like phase transitions [52], non-equilibrium [4], and thermalization [53].

This dissertation is particularly interested in dark solitons [54], the self-fortifying, localized

wave packets as solutions of nonlinear dispersive systems.

Weak measurements refer to a generalized version of quantum measurements that do

not entirely collapse the state and collect less information by associating engineered noises
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to the measured results [55]. In order to conduct a weak measurement, we may couple

the primary system with an ancilla, which gains incomplete information about the system.

By tuning the coupling parameters, we could choose what type of information is needed.

Then we may perform quantum measurement on the ancilla, estimate the information of the

original system and complete a weak measurement. With the acquired measured result, the

post-weakly-measured quantum states update according to descriptions of Kraus operators.

Rapid real-time feedback control for a quantum system is often achieved either by ap-

plying an external �eld or by changing the couplings between its component sub-system

and therefore changing the potential or the interaction terms of its Hamiltonian [56]. For

effectiveness, those feedbacks must be fast enough to beat the coherent time of the system.

Furthermore, these feedbacks could learn from previous measurement results to determine

the form of the external �elds of coupling strengths. Such quantum feedback may help us

extend the coherent time or apply innovative operations and channels.

Measurement and control comprise the two channels for a human agent to exchange

information with a system. We may create quantum closed-loop feedback control by com-

bining weak measurements and real-time feedback, creating a powerful tool to manipulate

open quantum systems [50, 57, 58]. Closed-loop feedback control could allow new oppor-

tunities, including adaptive measurement and tomography [59], arti�cial interactions and

dissipations [19], or open system quantum simulation [60].

A soliton is a singular, localized, and robust excitation emerging from the interactions

among media components. It exists in nature, such as localized waves in a canal. It can also

live as a quantum excitation in BEC [42, 43, 61], where we can bene�t from sophisticated

controls and little environmental noise to understand these many-body phenomena. Soli-

tons are not only robust to local disruptions as topologically protected excitations, but they

are resilient to each other as well. Two solitons both remain their waveforms unchanged

after a collision. Therefore, solitons may serve as media for quantum communication and
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long-living quantum memory.

Beyond the scienti�c values they deliver to many-body physics, solitons are essential

to us for another interdisciplinary reason. Leveraging our well-established experimental

apparatus, collecting the raw absorption imaging data of dark solitons in BECs is not a de-

manding job. These numerous physical data are signi�cantly helpful for studying the inter-

section between ML-based data analysis techniques and quantum mechanical phenomena.

1.2 Machine learning backgrounds

As the �eld of ML algorithms has developed to a more mature stage in recent years,

more applications are being found in scienti�c research, including quantum physics [17].

In the last few chapters of this dissertation, we used ML-based models as our primary

approach to detect dark solitons. ML is an ideology that lets algorithms regulate them-

selves at a certain level through experience without precisely de�ned instructions. This

idea resonates with many historical discoveries in physical science that originated from ex-

perimental observations, from Kepler's laws of planetary motion to the Michelson-Morley

experiment and black-body radiation. As new physics becomes more delicate and requires

more data to re�ne, we might eventually encounter a barrier that humans cannot compre-

hend these concepts. However, research today using ML for science might ultimately help

overcome such barriers in the future.

Recent ML prosperity is partially fueled by the success of arti�cial neural networks

(ANNs) [62]. The scheme of ANN is inspired by biological neural systems, which link the

input and output with multiple layers of neurons, each described as a nonlinear activation

function. Those layers are often referred to as dense layers. By updating the weights

and biases of the linear functions that connect the inter-layer neurons with ground truth

data, ANNs can predict unforeseen data with high accuracy in many use cases, such as in
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computer vision.

Computer vision (CV) is a sub�eld for image processing in ML and computer sci-

ence [63]. The goal of CV is to �nd mappings between image data and descriptions of

these images. Some speci�c tasks of CV include classi�cation, �nding the catalog corre-

sponding to the image; localization, �nding the location of an object within an image; and

object detection, �nding multiple locations and catalogs of all target objects in the image.

Convolutional neural networks (CNNs) are among the most commonly used ML ar-

chitectures for CV problems [64]. A CNN consists of particularly regularized ANN layers

called convolutional layers, which apply �lters to take the weighted average of a local range

of pixels from the previous layer. Leveraging the fact that pixels in an image correlate more

likely with its neighboring pixels than those on the other side of the image, convolution lay-

ers reduce many neuron connections from complete dense layers. Convolution layers often

combine with pooling layers in a CNN. The pooling layers can reduce the size of an image

by merging neighboring pixels into a single pixel. Pooling layers may lose some detailed

information but can allow the following layers to learn about more extensive features in the

original image.

We exploit CNN as our primary approach to analyze soliton data for two main rea-

sons. First, CNN shows excellent performance for classi�cation and object detection on

the image data, to which our soliton data belong. Second, our target features are local and

have speci�c shapes, where the convolution layers are designed for in principle. We trained

CNN classi�ers to classify images into three catalogs. We improved from that result and

customized the objective detector model based on our data and tasks.

Achieving satisfactory ML performance often requires model customization based on

the characteristics of features and problems. For example, we take �ve considerations

into designing the object detection model: (1) As our soliton features mostly have a width

greater than four pixels, we use cells with that width to divide the images into regions for
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locating features. (2) As our target features are vertical, we design our output as arrays that

map to vertical cells across the image. One Array for a binary decision of if a soliton exists

within a cell or not. The other for the relative position of a soliton within the cell is detected.

(3) For some convolutional layers, we used �lters and kernels that have longer horizontal

widths than vertical heights to allow characterizing horizontal pro�les of the features; (4)

We only used convolutional layers and pooling layers but no dense layers for the object

detector because both input image and output array have special meanings associated. (5)

We added a post-process that merges two soliton detections of nearest neighbor cells to

prevent the edge case where a soliton exists at the boundary between two cells.

1.3 Comparing physics and machine learning

In this dissertation, we used analytical and numerical physics tools and data-driven

ML models in the context of quantum mechanical physics. Since we might be standing

at a historical transition point from human-intuition-based towards algorithmic scienti�c

discoveries, it could be helpful to compare the bene�ts, limits, and common usages among

analytical models, numerical simulations, and ML algorithms.

Analytical physics methods help simplify the expression of complex systems and reach

an explicit closed-form solution for the interesting physical quantities. Those methods

include but are not limited to applying well-known approximations, developing toy models,

or designing phenomenological models.

However, these methods inevitably constrain the system within the regime where our

simpli�ed version behaves similar to the original one. Therefore, the achieved simple re-

sults often need additional validations to be generalized to regimes beyond the original

designated ones. In addition, we often have limited choices for regimes and approxima-

tions for an existing experiment. One of the most used cases for the analytical methods is
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in thought experiments. Once meaningful analytical solutions achieved from imagined sce-

narios may help us to seek feasible ways to implement them numerically or experimentally

and produce new physics.

With given system con�guration and initial and boundary conditions, simulating the

time evolution of systems helps us learn numerical results of states, which is especially

valuable when approximate methods are limited by the systems' complexities or the prob-

lems' generalities. Utilizing numerical simulation, we can prove if a speci�c experimental

design would yield the desired outcomes, and we may study phase transitions by scanning

through parameter spaces.

However, since numerical results do not have explicit form, we often need to run simu-

lations extensively to scan through a speci�c set of con�gurations or get results at a long-

time limit. In addition, the capability of simulation is restricted by the capacity of our

digital computers. As most simulations require operations on matrices, we often �nd our

dimension of simulated Hilbert space is limited at about 103 for a laptop. Simulating a

quantum system with greater degrees of freedom could be challenging. Nevertheless, that

might change in the next few decades if we could leverage quantum computers to simulate

them.

ML helps derive the underlying pattern from a dataset or an oracle. Based on its philos-

ophy of self-learning, ML models often neither have many assumptions about the system

nor physics laws. They often have more trainable parameters than needed to describe and

predict features or phenomena. The performance of ML models may heavily rely on their

training dataset attributes such as the quantity of data, quality of labels, and noise from ob-

servations. The current ML techniques could be practically useful when the research goals

focus on predicting the outcomes or enhancing the performance, and the chosen system is

overly complicated such that adequate analytical models are few, yet collecting observa-

tions is relatively easy.
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Meanwhile, there are a few concerns about using current ML techniques in scienti�c

research. First, as its capability relies on the data, the dataset's quality needs to be exam-

ined thoroughly, or it may jeopardize the models' functionality and reliability. Second, it is

hard to guarantee that a trained ML model can process data that may be beyond its training

set distribution without any validations. The reliability of out-distribution data needs to

be tested before use. Last but not least, these models usually work as black boxes with

few physical interpretations, and it is hard to understand how they operate from human

perspectives. However, all these concerns might be resolved with more profound research.

For example, integrating physics-informed steps into ML models may enhance their relia-

bility and interpretability, and implementing physics simulations may help validate dataset

quality.
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Chapter 2: Beyond spontaneous emission: Giant atom bounded in contin-

uum

The quantum coupling of superconducting qubits to microwave photons opens the door

to many exciting experimental possibilities. In this chapter, we consider the phononic sit-

uation, in which the qubit is piezoelectrically coupled to a surface acoustic wave antenna,

allowing the qubit oscillations to propagate supersonically through space. This device can

be treated as a giant atom with several phonon wavelengths long. We investigate an explic-

itly solvable toy model that captures these effects. This non-Markovian giant atom exhibits

suppressed relaxation as long as an effective vacuum coupling exists between a qubit ex-

citation and a localized wave packet of sound, even in the lack of a cavity for the sound

waves, as demonstrated by the results our experiments. We used spectroscopy of numer-

ical simulation in the discretized frequency domain to con�rm our �ndings. Finally, we

examine these ideas implemented in a realistic setting with existing surface acoustic wave

devices.

2.1 Introduction

The coupling of resonant, compact systems to continuous media has a rich history,

underlying phenomena ranging from musical instruments to complex machinery to the

spontaneous emission of light from an atom [65, 66]. The strong coupling regime of such

systems has also led to a plethora of applications in cavity quantum electrodynamics (QED)
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[67], circuit QED [68, 69], and waveguide QED [69–72], all of which work in the regime

where light propagation is fast relative to appropriate coupling time scales such as the

coherence time. However, collective effects, such as Dicke superradiance, have shown

that pre-existing coherence across multiple wavelengths of the medium excitations can

dramatically alter the simple dynamics of such open quantum systems [73, 74].

In this chapter, we examine an example of such long-range coherence in the form of a

superconducting qubit nonlocally coupled to a long, quasi-1D phononic waveguide. This

system can be realized in, for example, surface acoustic wave (SAW) devices [75]. Working

in the lumped element limit, the electrical antennae that couple to the mechanical waveg-

uide have practically simultaneous coupling to distant regions of the system, while the

motional degrees of freedom are constrained to propagate at the speed of sound. This leads

to a variety of supersonic phenomena in the quantum acousto-dynamics (QAD) regime

which has been heretofore largely unexplored.

Pioneering work in this domain have labeled this the “giant atom” regime of SAW de-

vices [44, 48, 49, 76]. This model breaks locality in the lumped element limit and inevitably

becomes non-Markovian, requiring a more detailed theoretical treatment [27, 33, 46, 77–

82]. Furthermore, recent experiments show the robustness of systems that couple mechan-

ical with electromagnetic parts in the quantum regime and open the opportunity to realize

giant atoms in experiments [37, 49, 83–89].

We show that these devices have remarkable properties, particularly that of strong cou-

pling without the presence of a cavity, in which a long-lived atomic excitation dynamic

emerges due to the coupling to the electrical circuit directly, and the formation of long-

lived states of sound in the unbounded continuum. We describe this as the bounded giant

atom phenomenon.

While our simple theoretical model predicts this phenomenon directly, a more compli-

cated numerical approach shows that speci�c additional phase matching condition must be
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Figure 2.1: A sketch of a circuit QAD device viewed from the top. Black lines show electrodes and the blue area shows the surface of
piezoelectric material substrate. The substrate extends deeply in+ z direction.

satis�ed for experimental observation of the strong coupling of this emergent of bounded

effect to the quantum bit. Furthermore, in this regime, boundary-based damping of the

sound exponentially decreases with the atom size, leading to substantial improvements in

coherence times. Our study suggests a pathway to more compact superconducting qubit

designs that can leverage sound, rather than microwave photons. Key aspects of circuit

QED-based architectures, such as using a photon in a resonator as an intermediary between

two transmon qubits, and using dispersive coupling of a transmon to a waveguide have

natural analogues using coupling to phonons instead. However, transducer ef�ciencies and

parametric ampli�cation, two key elements of circuit QED systems, are not at an appropri-

ate level yet for replacement by sound. This suggests substantial research may be necessary

before a sound-based architecture could be realized.

The rest of this chapter is organized as follows: In section II, we review the Weisskopf-

Wigner theory for spontaneous emission [65], which provides the structure for our model

later; throughout the chapter we refer to the superconducting qubit with antennae as a giant

atom. We calculate the coupling between the arti�cial atom and phonons of the circuit

QAD device, and we simplify it to a Lorentzian toy model in section III. In section IV,

we derive our main results from the toy model and compare our results with the numerical
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simulation. We conclude in section V and show future applications of the general method

presented in this chapter.

2.2 Background

2.2.1 The General Theory

We consider a two-level giant atom with ground statei gj and excited statei ej with

a frequency differencen that non-locally couples to an in�nitely-long 1-D bosonic �eld,

governed by the following Hamiltonian in the rotating wave approximation:

Ĥ =
n
2

sz+
Z

dK
h
w(K)â†

KâK + g(K;N)( ŝ+ âK + h.c.)
i

; (2.1)

whereŝ+ (ŝ � ), andâ†
K(âK) are creation (annihilation) operators for atomic excitation and

�eld, respectively. They satisfy(ŝ � )† = ŝ+ = jeihgj, sz = jeihej�j gihgj, and[âK; â†
K0] =

d(K � K0). n is the atomic transition frequency. We assume that the �eld has a linear

dispersionw(K) = csjKj with the speed of soundcs, for momentumK. We set ¯h = 1 for

simplicity.

We consider the couplingg(K;N) to depend on the momentumK. As the Fourier trans-

form of the position-dependent coupling, it is also parameterized by the spatial length of

the atomN. One can expect that the parameterN will change the atom relaxation dynam-

ics via tuning the shape ofg(K;N). We shall discuss two different models forg(K;N) in

section III.

We denote the vacuum state byjg;0i , and limit our system to a single excitation Hilbert

subspace with basis statesje;0i = ŝ+ jg;0i andjg;Ki = â†
K jg;0i , such that any time-dependent

state can be described asjy (t)i = a (t)je;0i +
R+ ¥

� ¥ dKbK(t)jg;Ki , wherea (t), andbK(t)

are time-dependent amplitudes. In a frame rotating with frequencyn, we derive the equa-
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tions of motion

�a (t) = � 2i
Z + ¥

� ¥
dkg(k;N)bk(t); (2.2)

�bk(t) = � id(k)bk(t) � ig(k;N)a (t): (2.3)

Note that as the coupling is real in position space in our case, such thatg(K;N) = g(� K;N),

so the two branches forK > 0 andK < 0 contribute symmetrically and can be merged in

equation 2.2. The momentum in the rotating frame is rede�ned ask = jKj� n=cs, such that

the �eld frequency becomesd(k) = w(K) � n = csk for the near-resonance regime. Then,

by taking the Laplace transform from the time domain into the complex frequency domain

by ã (s) = L [a (t)], andb̃k(s) = L [bk(t)], we get:

sã (s) � a (0) = � 2i
Z + ¥

� ¥
dkg(k;N)b̃k(s) ; (2.4)

sb̃k(s) � bk(0) = � id(k)b̃k(s) � ig(k;N)ã (s) : (2.5)

We seta (0) = 1 and bk(0) = 0 to investigate the relaxation of an atomic excita-

tion. Then we havẽbk(s) = � ig(k;N)ã (s)=(s+ id(k)) and the response functionc (s) �

ã (s)=a (0) becomes

c (s) =
�

s+ 2
Z + ¥

� ¥
dk

jg(k;N)j2

s+ id(k)

� � 1

: (2.6)

From the residue theorem and initial conditions, we can derive thata (t) = L � 1[c (s)]a (0)

= å nRes[c (s);sn]esnt given thatg(k;N) is an analytic function, wheresn is thenth pole of

c (s) that satisfy the equation:[c (sn)]� 1 = 0 for n 2 f 1;2; :::;nmaxg. nmax is the number

of the poles ofc (s). Causality con�nessn to be in the left half complex plane or on the

imaginary axis, i.e., Re(sn) � 0 [90]. Note that the inverse Laplace transform requires that
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the contour path of integration is in the region of convergence ofc (s). This can be satis�ed

by integrating equation 2.6 with the condition Re(s) > 0.

Armed with the solution for the polessn, we describe the atomic relaxation process

as a composition of damped oscillation modes with effective vacuum Rabi oscillation fre-

quencies Im(sn) and decay rates� 2Re(sn). In the long-time limit, only the slowest damped

modes can survive, and we thus de�ne the long-time relaxation rate asg� Minn[� 2Re(sn)].

To understand the giant atom relaxation, we study how the poles of response function

sn change according to the atom sizeN. In the next section, we consider a realistic circuit

QAD model and a simpler Lorentzian toy model to characterizeg(k;N) with N being a

changing parameter, and study the response functionc (s) and its poles.

2.2.2 The Weisskopf-Wigner limit

Before moving into the giant atom case, we �rst review the Weisskopf and Wigner

approach to the point-like atom case[65]. A point-like atom couples to all wavelengths

emission equally, i.e.,g(k;N) = g0, independent ofk. In this situation, one can calculate

the real part of the equation[c (s)]� 1 = 0, which results in

g1 � � 2Re(s1) = 4pjg0j2=cs: (2.7)

This textbook result shows when a point-like atom couples to an 1-D �eld, the atom decays

with its spontaneous emission rateg1. In the giant atom case, we also de�neg1 as the

weak-coupling relaxation rate for a unit cell (e.g.,N = 1) for later discussion. Now we can

proceed and studyg(k;N) for the circuit QAD and the toy models that simplify it.
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2.3 The circuit QAD and toy models

2.3.1 The circuit QAD model

We examine a simpli�ed 1-D model for the circuit QAD device shown in �gure 2.1. A

circuit QAD device comprises a superconducting arti�cial atom (as a Josephson junction

parallelized with IDT as a capacitor) and a surface acoustic wave (SAW) cavity. The qubit

couples to the cavity via an inter-digital transducer (IDT), where two interlocking comb-

shaped arrays of electrodes are fabricated on the surface of a piezoelectric substrate. Such

systems have been used to achieve strong coupling, where the vacuum Rabi coupling ex-

ceeds dephasing and damping [37, 84–86]. We can map the spatial atom size to the length

of the IDTd, and the resonance emission wavelength to the IDT characteristic wavelength

l (the �nger spacing of the IDT). We use the number of �ngers of the IDTN = d=l as the

atom size parameter for this circuit QAD model.

Since the electromagnetic wave travels about 105 faster than sound through the IDT, we

take the lumped element limit for the circuit, and the electronic subsystem can be regarded

as a two-level system that interacts with SAW at different positions simultaneously. Notice

that this system inevitably becomes non-Markovian under this assumption, thus necessi-

tating our use of the Laplace transform solutions in what follows, rather than more typical

quantum optics approximations. We also assume the mass loading of all electrodes to be

zero to remove additional mechanical resonances. And we approximate the uniform electric

�eld between each pair of electrodes, such thatE(x;t) = [ V(t)=l ]sgn[cos(px=2l )], where

V(t) is the voltage applied on the IDT. We also assume the substrate has no loss through

intrinsic material dissipation or via acoustic energy radiated in directions perpendicular to

x̂

We take the atom transition frequency to equal the IDT resonance frequency, i.e.,

18



Figure 2.2: The momentum-dependent couplingg(k;N) for (a) N = 30, (b)N = 75. Red solid lines correspond to circuit QAD model
2.8, blue dashed lines to Lorentzian toy model 2.15. The vertical axes for (a) and (b) share the same scale.

n = 2p=T = 2pcs=l , wherecs is the speed of SAW propagation, andT is the designed

fundamental period of the SAW. We calculate the couplingg(k;N) for circuit QAD device

as [91]

gcQAD(k;N) =

r
g1cs

2p
sin(Nkl =2) cot(kl =4)

2+ kl =p
: (2.8)

We illustrategcQAD(k;N) in �gure 2.2 for N = 30, and 75. This model has a �nite band-

width about 2p=Nl , with the on-resonance coupling proportional toN. Note that the poles

of the response function 2.6 are hard to �nd analytically with this model. Therefore, we

establish a toy model in the next subsection to capture the long-time dynamics and where

we can analytically express its poles. Then, we compare the toy model to numerical results

using the circuit QAD model in section IV. B.
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2.3.2 Derivation of the circuit QAD model

In this subsection, we give both the derivation of equation 2.8 and a discussion of ex-

perimental feasibility of this model. Consider the system described by �gure 2.1, where

the IDT aligns to the [110] direction of a cubic crystal substrate. We assume the electrodes

of the IDT do not change the mass density on the surface, and we model the Josephson

junction as an LC circuit with inductanceLJ and capacitanceCJ. The Lagrangian of the

system is [92]

L =
LJ

2
�Q2 �

1
2CS

Q2 � We14

Z ¥

0
dz

Z d=2

� d=2
dx

�
¶V
¶x

(
¶ux

¶z
+

¶uz

¶x
)
�

+
W
2

�

Z ¥

0
dz

Z ¥

� ¥
dx

�
r ( �ux

2 + �uz
2) � c0

11(
¶ux

¶x
)2 � c11(

¶uz

¶z
)2 � 2c12

¶ux

¶x
¶uz

¶z
� c44(

¶ux

¶z
+

¶uz

¶x
)2

�
;

(2.9)

where variablesQ(t) and~u(x;z;t) = f ux;uzg(x;z;t) are the charge and strain degrees of

freedom, respectively. The total capacitanceCS = CJ + CIDT, where the capacitance of

IDT CIDT can be calculated according to [93].W is the width of the IDT. The material

parametersr , c11, c12, c44, e14 are the density, elements of elastic tensor, and piezoelectric

tensor of the substrate. For the cubic crystal, we havec0
11 = ( c11+ c12+ 2c44)=2 [94]. To

represent SAW modes, we take the ansatz [94]:

ux(x;z;t) =
¥

å
j= � ¥

Cj (t)x j (z)y j (x); (2.10)

uz(x;z;t) =
¥

å
j= � ¥

Cj (t)z j (z)y j (x); (2.11)

wherey j (x) =
p

2=Le� iK jx, x j (z) =
p

2=Le� qKjz� if , andz j (z) =
p

2=Lre� qKjz� if with

periodic boundary conditions inx, and~u = 0 at z ! ¥ . L, andK j = p j=L are the length

of the system, and the momentum of modes, wherej 2 Z. The �tting parametersq; r 2 C,
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andf 2 R can be derived from [94]. The electric �eld oscillates rapidly enough that the

electric potentialV(x) is always quasi-static by the comparison of electron transmission.

Therefore, we make the approximation:

¶V
¶x

=

8
>><

>>:

� 2Q
CSl ; for 2h � N

2 l � x < 2h+ 1� N
2 l

+ 2Q
CSl ; for 2h+ 1� N

2 l � x < 2h+ 2� N
2 l

; (2.12)

whereh = 0;1;2; :::;N � 1. Substituting equation (2.10-2.12) into equation 2.9, we get

L =
LJ

2
�Q2 �

1
2CS

Q2 +
W
2L

¥

å
j= � ¥

2

4 r 0

K j
j �Cj j2� c0K j jCj j2�

e0

CS

sin
�

K j l N
2

�
tan

�
K j l

4

�

K j l
QCj

3

5 :

(2.13)

The new parametersr 0 = r (1 + jrj2)=Re[q]; c0 = f c0
11 + c44jr j2+( c44 + c11jr j2)jqj2

+ i[c12(r � q� � rq) + c44(rq� � r � q)]g=Re[q], ande0= 8e14Re[(i � r=q)e� if ] are effective

density, elastic constant and piezoelectric constant, respectively. Then we de�ne the mo-

mentum conjugates as:V = LJ �Q, Pj = M j �Cj , whereM j = Wr 0=(LK j ). And then we

can calculate the quantized Hamiltonian by mappingCj !
p

h̄=(2M jw j )( â j + â†
j ); Pj !

� i
p

h̄Mjw j=2(â j � â†
j ); Q !

p
h̄=(2LJn)( ŝ � + ŝ+ ); V ! � i

p
h̄LJn=2(ŝ � � ŝ+ ). Then

we have

Ĥ = h̄nŝ+ ŝ � +
¥

å
j= � ¥

h̄w j â
†
j â j +

h̄g0
p

p
p

L

¥

å
j= � ¥

sin
�
K j l N=2

�
tan

�
K j l =4

�

K j l =p
(ŝ � + ŝ+ )( â j + â†

j );

(2.14)

wheren � 1=
p

LJCS, w j � csK j (andcs =
p

c0=r 0), andg0 � e0
q

pWn=(CS
p

c0r 0). Tak-

ing the rotating wave approximation, the limitL ! ¥ then moving in to the rotating frame,

we get the Hamiltonian equation 2.1 with equation 2.8.

In general, an arti�cial qubit (e.g. a DC SQUID as a generalization of Josephson junc-

tion) has tunable frequency from 0:1 � 10 GHz. Taking the speed of sound as 3000� 5000
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ms� 1, the corresponding phonon wavelength range is 0:5 � 30 µm. Engineering IDTs

at this length scale has been achieved by multiple references such as Ref. [37]. Then

we use parameters provided in Ref. [91] to estimateg1 and to validate the experimen-

tal feasibility of our model:c11 = 12:26; c12 = 5:71; c44 = 6:00; c0
11 = 14:99 (� 1010

Nm� 2), q = 0:5+ 0:48i; r = � 0:68+ 1:16i; f = 1:05, r = 5307 kgm� 3, e14 = 0:157

Cm� 2, and assume reasonable parameters asn � 5 GHz,CS = 2:5� 10� 11 F,W = 50 µm.

Then our numerical estimations of parameters are:r 0= 14902 kgm� 3, c0= 28:73� 1010

Nm� 2, e0= � 1:248 Cm� 2, g0 = � 19:34
p

µmMHz,cs = 4391 ms� 1. g1 = 4pg2
0=cs � 1:07

MHz. Asg1 > p � 10� 5n is possible, we conclude that experimental realization can be even

easier than our analysis.

2.3.3 The Lorentzian toy model

To evaluate the integral in equation 2.6, we use a Lorentzian toy modelgLor(k;N) de-

�ned as

gLor(k;N) �

r
g1cs

2p
N

(Nkl =p)2 + 1
; (2.15)

instead of equation 2.8. Such a model satis�es the following criteria: it has a �nite band-

width about 2p=Nl and an on-resonance coupling proportional toN, it is non-local in

position with the scale ofNl , and it decays exponentially in position and quadratically in

momentum. In �gure 2.2, we illustrate that the shape of the Lorentzian toy model matches

the central peak of the circuit QAD model, while it does not capture the oscillation behavior

at largejkj. This toy model greatly simpli�es the calculations and allows us to analytically

describe the poles of the response functionc (s), leading to our main results in section IV.

A. We can then analyze corrections to this model from the QAD picture.
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2.4 Results

2.4.1 Analytic solutions from the Lorentzian model

First, we substitute equation 2.15 into the equation de�ning the poles of the response

function,[c (sn)]� 1 = 0, which yields

sn +
N2g1n(Nsn + n)

(n + 2Nsn)2 = 0: (2.16)

This equation can be reduced to a cubic polynomial ofsn. In �gure 2.3(a-b), we setg1 =

p � 10� 5n and plot the� 2Re(sn) and Im(sn), which indicate the damping rates and the

effective Rabi frequencies. We mark the solutions associated with the slowest damped

modes with solid lines.

The explicit form for the roots of equation 2.16 is:

sn = �
n

3N
+

e� (2ip=3)nn
�
n � 3g1N3

�

6A
+

Ae(2ip=3)n

6N2 ; (2.17)

wheren= 1;2;3, andA= 3

r

� 18g1n2N6 + n3N3 + 3
p

3
q

g1n3N9
�
g2
1N6 + 11g1nN3 � n2

�
.

We can �nd the transition pointNT by take the square root part ofA equals zero, i.e.

g2
1N6

T + 11g1nN3
T � n2 = 0.

In �gure 2.3(a-b), we observe a dramatic change of dynamics at thetransition point

NT . WhenN � NT , increasing the atom size only creates a larger coupling region and

therefore accelerates the relaxation process. And at the transition pointN = NT , we �nd

the imaginary parts of two poles merge, while their real parts split. And whenN � NT ,

the atom decays quickly into the 1-D waveguide, as all the modes have large damping

rates. However, whenN > NT , the effective relaxation rateg drops almost exponentially

with N, while the effective Rabi frequency becomes non-zero and increases. Note that
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Figure 2.3: (a-c) Transition from the point-like atom to the giant atom, with the Lorentzian toy model: (a) The blue lines represent decay
rates� 2Re(sn) versus atom sizeN in the semi-log scale, wheresn are roots for equation 2.16. The solid blue lines are the effective
relaxation rateg � Minn[� 2Re(sn)], and the dashed blue ones represent other roots. The red dotted line shows the transition pointNT .
The inset is plotted in a linear scale. (b) The effective Rabi oscillation frequency Im(sn), corresponding to (a). (c) The effective relaxation
rateg in theN-g1 parameter plane. The red dashed line shows the transition pointNT , which separates two regimes for point-like atom
and giant atom. (d) The power spectrumjF w [a (t;N)]j2 of the simulated time evolution with the circuit QAD model, in the log scale.
We note that the discrete resonances observed arise from the phase matching condition in the circuit QAD model that is absent in the
Lorentzian model. All �gures are in rotating frame with frequencyn, and all log scales are in log10 base.

both phenomena are the results of the atom excitation state overlapping with bound states.

This result shows that a bounded giant atom regime exists atN � NT , where some of

the atomic excitation energy is localized and oscillates between atomic excitation and a

stationary phonon wave packet. We also �nd that in the limitN ! ¥ , equation 2.16 reduces

to sn ! � (i=2)
p

Ng1n. As Re(sn) ! 0, a part of the excitation lives in bound states in this
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limit. We can derive the transition pointNT from the roots of equation 2.16:

NT = 3

s
(5

p
5� 11)n
2g1

� 0:448� 3
p

n=g1: (2.18)

Forg1 = p � 10� 5n, we haveNT � 14:2. In �gure 2.3(c), we show the effective relaxation

rateg in theN-g1 parameter plane. We �nd two slow relaxation regions corresponding to

the point-like atom case and the bounded giant atom case, which are on either side ofNT .

2.4.2 Numerical results from the circuit QAD model

Although it is hard to analytically evaluate the integral in equation 2.6 with the circuit

QAD model, we can discretize the Hamiltonian and simulate the dynamics of the system

via solution of the Schrodinger equation for the case of a single initial excitation, i.e.,

i y (t = 0)j = i e;0j. We choose the cutoff momentumkc = � 0:1p=l and the density of

statesdk = 2p � 10� 4=l , and time stepdt = 0:1T. We keepg1 = p � 10� 5n to compare

with analytic results from the last subsection.

In �gure 2.4(a), we show the time evolution of the atomic excitation,ja (t)j2. As ex-

pected, we �nd that for someN � NT , such asN = 45, and 75, a fraction of the energy

remains in the system after the phonons travel through the atom, i.e.,tb = NT, and this en-

ergy oscillates between mechanical and atomic excitation. Next, we choose a �nal timet f ,

such thatja (t f )j2� 0 for all theN values we chose, and plot the magnitude of the phonon

wavefunctionjY (x;t f )j2 in �gure 2.4(b). Again, we �nd that forN = 45, and 75, a portion

of energy remains con�ned within the range of the IDT after a long time.

We also show the logarithm of the power spectrumjF w[a (t;N)]j2 in �gure 2.3(d),

whereF w[ f (t)] represents the Fourier transform off (t). We observe qualitative agree-

ment between �gure 2.3(b) and 2.3(d) in terms of the locations of peaks when peaks are

observed, but with discrete frequencies rather than continuous as a function ofN. For ex-
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Figure 2.4: (a-b) Simulation for the circuit QAD model for different atom sizesN: (a) The time evolution of atom excitation amplitude
ja (t)j2, for differentN. The dashed lines show the time that the phonons travel through the atom lengthtb = NT. ForN above the onset
of normal mode splitting and phase matched, the system settles into a long-lived state after a short time. (b) The magnitude of phonon
wave functionjY (x;t f )j2 frozen att f = 267T (also indicated by the black dashed line on �gure 2.4(a)), for differentN. We choset f such
that ja (t f )2j� 0 for all N values shown. The inset shows the same plot zoomed in near the atom region identi�ed by the bars of color
below the axis for differentN. (c) The Lorentzian theory prediction and the circuit QAD simulation result of the bounded atom sizeNm.
(d) The ratio betweenNm;cQAD=Nm;Lor.

ample, from �gure 2.4(a-b), we also �nd that for some otherN � NT , such asN = 60, the

atom still decays fast into the continuum and no peak is seen in the power spectrum. This

behavior is caused by a mismatch between the atom lengthNl and the effective “vacuum

Rabi wavelength”l R(N) = 2pcs=Maxn[Im(sn(N))] , as the circuit QAD model introduces

a hard spatial boundary to the atom. Therefore, the circuit QAD model requires the atom

sizeNm to satisfy an additional phase matching conditionNml � ml R(Nm) for the bounded

giant atom phenomenon, wherem2 N. We have discussed the �rst two cases,N1 = 45 and
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