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The standard model for particle physics has been extremely successful as a description
of nature. Despite this success, there remain many unsolved puzzles both observationally and
theoretically. In this thesis we explore a few ideas in search of beyond the standard model physics,
especially we focus on the Higgs mass, magnetic monopole and vector dark matter.

In the first part of the thesis, we show that the Goldstone bosons of discrete symmetry can
be parametrically lighter than otherwise expected. While non-linear realizations of continuous
symmetries feature derivative interactions and have no potential, non-linear realizations of discrete
symmetries feature non-derivative interactions and have a highly suppressed potential. These
Goldstone bosons of discrete symmetries have a non-zero potential, but the potential generated
from quantum corrections is inherently very highly suppressed. We explore various discrete
symmetries and to what extent the potential is suppressed for each of them.

In the second part, we showed that in the early universe, evaporating black holes heat

up the surrounding plasma and create a temperature profile around the black hole that can be



more important than the black hole itself. As an example, we demonstrate how the hot plasma
surrounding evaporating black holes can efficiently produce monopoles via the Kibble-Zurek
mechanism. In the case where black holes reheat the universe, reheat temperatures above ~ 500
GeV can already lead to monopoles overclosing the universe.

In the last part of the thesis, we showed that vector Dark Matter (VDM) that couples to
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a signal at Super-Kamiokande to rule out the existence of VDM in a region of parameter space
several orders of magnitude beyond other constraints and show the projected reach of future

experiments such as DUNE.
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Chapter 1: Introduction

1.1 Success of the Standard Model

The Standard Model (SM) has been extremely successful as a fundamental theory of nature.

The predictions of SM has been verified to incredible accuracy over many orders of energy scale.

SM is a Gauge theory with SU(3)¢ x SU(2), x U(1)y gauge symmetry. The SU(3)¢x
describes the symmetry of the strong interaction. On the other hand, SU(2);, x U (1)y corresponds
to the electroweak interaction. At low energies, the electroweak symmetry is broken spontaneously
by the vacuum expectation value of the Higgs field. Higgs is a scalar SU(2) doublet. After
spontaneous symmetry breaking (SSB), among the four degrees of freedom of the Higgs field,
three provides mass to the Weak gauge fields, W= and Z boson and the remaining one becomes
the physical Higgs field. Only the subgroup U(1) g survives the SSB and manifests itself in the

form of electromagnetic interaction mediated by the massless photon.

If we assume neutrinos to be massless, the Standard Model can be described by nineteen
free parameters. The mass of the nine fermions (3 leptons and six quarks), four parameters
in the CKM matrix (three mixing angles and CP violating phase), three coupling constants
corresponding to the three gauge groups, Higgs vev, Higgs mass and QCD vacuum angle. Once

1



we consider these parameters as input, we can predict all other physical quantities to great
accuracy. The poster child of this success has been the gyromagnetic ratio of an isolated electron,

which has been calculated up to twelve [16, 17, 18] significant figures.

In spite of this great success, there are both experimental observations and theoretical
arguments that suggest that SM may not be a complete theory of nature. For example, the neutrino
was assumed to be massless in the original formulation of SM. The observation of neutrino
oscillations conclusively proves that neutrinos have small, albeit non-zero, mass. Moreover,
from cosmological and astrophysical observations spanning over a multitude of lengthscales,
we know that the dominant gravitating matter in the universe is the Dark Matter (DM), a cold
and collisionless matter that interacts extremely weakly with SM. Since SM doesn’t have any
suitable candidate for DM (with the exception of primordial black holes), DM is guaranteed to
be some species beyond Standard Model (BSM). There exist other reasons to believe that the
standard model is not an absolute theory of nature and we need to search for its modifications
both theoretically and experimentally. We will discuss a few of them next, including the ’Little

Hierarchy Problem’ and magnetic monopoles.

1.2 The little Hierarchy problem

Apart from the various observations like neutrino oscillations and the existence DM, there
are other hints within the theoretical framework of SM that indicate it is perhaps incomplete. One
of the strongest such indications comes from the Higgs mass. The Higgs boson is a scalar in the

SM. The mass of a scalar field is not protected by any symmetry and receives quantum corrections



from all other fields it interacts with. For example, the top loop provides a quantum correction to
the Higgs mass squared [1] ~ (—) 8%)\?/\2, where )\; is the Higgs and the top quark coupling and
A is the scale parametrically at which new physics should appear. Since Higgs couples to all the
quarks and leptons in the Standard Model, the Higgs mass is sensitive to all those couplings. If
we assume that new physics appears at the Grand Unified Theory (GUT) scale, roughly around
10'* GeV, then the Higgs mass squared should naturally be expected around |m?| ~ 10**GeV2.
But the observed m?, is smaller by a rough factor of 10?4, This extreme precise cancellation,
roughly 1 part in 10** is dubbed the ’Little Hierarchy Problem’. Sometimes the same problem is

stated as the smallness of the Electroweak scale relative to Planck scale or GUT scale.

t‘(;h / higgs

Figure 1.1: Most significant quadratic contributions to the Higgs potential in the standard model

[1].

The various proposed resolutions of the ’Little Hierarchy Problem’ can be divided into two
main categories. One of them is the extra dimensional solution, in which either of the scales
(the Weak scale or the Planck scale) is assumed to be the fundamental one and some additional
dynamics in the extra dimension(s) produces the other one. Some of the most well known

examples of this paradigm are the RS model [19, 20] and Large extra dimensions [21, 22, 23].

The other main category for the resolution of the ’Little Hierarchy Problem’ is to invoke

additional symmetry under which the Higgs is a pseudo-Goldstone. The Higgs is protected from



the quadratic corrections due to enhanced symmetry. If the new symmetry was exact, the Higgs
would be completely massless. The mass of the Higgs then arises from the small breaking of the
enhanced symmetry and is thus naturally much smaller than expected from the naive quadratic
quantum corrections. The examples of this principle is manifested in the Little Higgs [1, 24, 25]

and twin Higgs [26] theories, among many.

1.3 Magnetic monopoles

Magnetic monopoles are generic predictions of modifications of the Standard Model (like
GUT theories). Although we haven’t experimentally observed their existence yet, they are nonetheless

extremely interesting.

The source free Maxwell equations are symmetric in electric and magnetic field. However,
that symmetry is broken by the fact that we haven’t observed a magnetic monopole unlike
electrically charged particles. That fact is reflected in the definition of vector potential A, As
the magnetic field is given by B =V xA, the magnetic field is source free, V - B = 0. However,

it is possible to define a vector potential that describes an effective magnetic monopole [27].

— (1.1)

The magnetic field created by the above vector potential is well defined everywhere apart

from along .

By =-2" P40 (1.2)



This can be thought of as an infinitely long thin solenoid along 7 which emanates a magnetic

charge from its end as shown in Fig. 1.2.

A
)

Figure 1.2: Schematic diagram of a Dirac magnetic monopole.

Although classically it will be impossible to observe such a string, quantum mechanics
will not be insensitive to its existence. In an Aharonov-Bohm experiment, a charged particle will
acquire a phase when moving around the string. However, the existence of the string will not
affect the interference pattern if the phase accumulated by the charged particles’ wavefunction is

a multiple of 27r. That would mean that the electric charge can only take values e such that

% €7 (1.3)

which will imply that electric charge is quantized. Thus, Dirac showed that quantum mechanics
is compatible with magnetic monopoles and its existence will provide an explanation for electric

charge quantization.



Later t’Hooft [28] and Polyakov [29] showed that under certain general assumption about
symmetries of quantum electrodynamics, magnetic monopoles are essential (please refer to [27,
30] for excellent reviews). Consider a model with an SU(2) gauge group and a Higgs field ® in

the triplet representation

1 a ra 1 a a
L=~ Fj,F" + 2D,®" D'd" —U(®) (1.4)

where the potential U(®) = £(®*®* — v?)? has a classical minimum at |®| = v and D,®* and
F}, are the non abelian gauge covariant derivative and gauge field strength respectively. The
classical vacuum of the theory is a zero energy solution in which the potential energy is zero and

all the gradient energies also vanish. In the unitary gauge, such a solution can be written as
®=(0,0,b0+H), H=0, Wi;=0 (1.5)

The perturbative spectrum of the theory consists of massive gauge bosons W, and Higgs field H
with My, = ev and My = v/ v respectively. The gauge field Wj’ remains massless and acts as
the mediator for electromagnetism. However, apart from the vacuum solution, there exists other

time independent classical solutions. For example the "hedgehog’ solution
¢“(r) = vf(Mwr)r (1.6)

For continuity, the function f has to vanish at the origin f(0) = 0 and for the scalar ® to approach

the vacuum, ®*®* = v? at a distance, we need f(o0) = 1. It s clear that the field wraps around

6



the origin, as shown in the Fig 1.3. Therefore it is impossible to deform it in a continuous way to

match with the vacuum solution since continuous deformations preserve the *winding number’.

Figure 1.3: The Hedgehog configuration of the magnetic monopole. The scalar field always
points away from the origin. It is impossible to continuously deform it to the vacuum solution.
Image from [2].

The total energy of the configuration will be finite only if far away from the origin, the

gauge fields cancel the gradient of the scalar. Hence for large r, D), ~ 0 — W ~ Cuar’

er

Hence we can write

a eﬂakTAk
Wi = 7( — g(Mwr)) (1.7)

where the function g follows the asymptotic behavior g(0) = 1 and g(co) = 0. In general, the
exact solution for the functions f and g need to be found numerically. However, we can simply
observe that since g asymptotes to a fixed value, the gauge fields excitations are limited within

some radius r.. The radius r. has to be selected so that the total energy of the configuration, the



gradient of the scalar inside and magnetic field energy outside, is minimum. From that we get

1

Te

which is understood to be classical radius of the magnetic monopole. On the other hand, the
classical mass of the monopole is simply the energy stored within the configuration of radius 7.,
which is

4
m = — My (1.9)
e

This means that the size of the monopole is 47 /e = 1/a times its Compton wavelength. So the
GUT monopole can be thought of as a classical object or a coherent superposition of quantum

states.

Since black holes radiate only thermal radiation, the production rate of magnetic monopoles
from Hawking radiation will be extremely small, perhaps exponentially suppressed due to their
coherent nature. We can quantify this suppression by means of calculating grey body factor of an

extended object in Hawking radiation. The following discussion roughly follows [31]

w3 1

“) )5 oxp (@ kT — 1

(1.10)

where P is the power radiated per unit solid angle per unit frequency, w denotes the frequency and
o denotes grey body factor. The grey body factor for an extended object like a GUT monopole can
be numerically estimated starting from the tunneling action responsible for Hawking radiation.

Under semiclassical approximation, the effective action for a pure radial motion in Schwarzschild



metric can be written as

W DM 5 i ’
S = —/dT (m—l—cW ((1 - M—I%r> # — 2 —2tm/2M/M]%r) ) (1.11)

where M 1is the effective mass of the Schwarzschild BH, m is the mass of the species under
consideration and & denotes derivative of « w.r.t. proper time 7. The second term with coefficient
c can be interpreted as tidal effects. For a point object, ¢ = 0. For a non-gravitational extended
object, like magnetic monopole, it is expected that ¢ ~ d® where d is the physical size of the
object. Thus the resulting grey body factor is numerically found to be exponentially suppressed

for large ratios of size

o ~ ex <—d3M§) (1.12)
P a3 '

where o &~ 3.3 is found numerically for low mass emission, m\ / M]? < L

This can also be seen as an exponential in the ratio of the size of the object to the size of the
black hole (BH). It is then clear that for any extended object, for example a proton, emission via
Hawking radiation is extremely small. When the mass (size) of the BH is large, its temperature
is small and the emission is Boltzmann suppressed. On the other hand, when the mass(size) of
the BH is small enough that the emission is not Boltzmann suppressed, % ~ (2m)3/a, the
emission is size suppressed. For a GUT monopole where the size is larger than the Compton

wavelength, this effect is even more pronounced.



In chapter 3, we will discuss a novel way in which a BH can produce extended objects like

a magnetic monopole.

1.4 Neutrinos

Neutrinos only interact with the rest of the Standard Model via the Weak interaction (and
gravity). Since neutrinos are so weakly interacting in the standard model, they are an extremely
interesting source of exotic physics. Neutrinos were first proposed by Pauli to explain the missing
energy and momentum from nuclear 3-decay. The first neutrinos to be detected were electron
neutrinos, in 1956. Since then we have detected muon and tau neutrinos, the other two weak

flavor neutrino eigenstates.

Neutrinos are copiously produced in the extreme astrophysical environments, like in the
core of the sun and supernovae. But since neutrinos rarely interact on their way out to us, they can
reveal important information about interesting astrophysics. By the same token, since neutrinos
rarely interact with matter from their source of creation to the point of detection, any change in

their spectrum can reveal new BSM physics.

In the SM, the neutrino was assumed to be massless. But neutrino oscillation implies that
neutrinos have different masses. So all the neutrino masses can’t be zero. Neutrino oscillation

can be described by the time evolution of the flavor eigenstates

Va) = > Uailts) (1.13)

10



where v, and v; denote the neutrino flavor and mass eigenstates respectively and U denotes
the Unitary transformation between two bases. The wavefunction evolves according to the
Schrodinger equation. If the mass eigenstates have different masses, then the different mass

eigenstates acquire different phases which interfere with each other.

va(t)) = ZUM\V@-@» (1.14)

After the free evolution, the neutrino state can then undergo a charged current interaction with a

lepton, and the corresponding probability is given by

Pag = [(wslva()* = | Y Uaillg; (v |wa(1))? (1.15)

Z'7j

If we assume the neutrino wavefront can be approximated as a plane wave, then

(1)) = e Bt (0)) = e VI (0)) (1.16)

m=

m2
For a highly relativistic neutrino, to leading order, ,/p7 +m7 ~ p + 5 N E A+

|k:l\3

. A simple

&

example is to consider the two neutrino case (which is a very good approximation in some cases
due to the fact that two of the masses are very close and 6.3 is extremely small), the transition

probability reads

(1.17)

Am2L
Plzzsin22c9$in2< m )

4F

where 6 is the rotation angle in the 2 x 2 unitary matrix, Am? = m32 — m? is the neutrino mass

squared difference and L is the neutrino path length.
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Figure 1.4: Normal and inverted neutrino mass Hierarchy, courtesy to JUNO collaboration

From the neutrino oscillation in vacuum, we can only infer the squared differences in the
neutrino masses. From measurement of neutrino oscillations, we know that two of the neutrino
masses are relatively close, m2 — m? = 7.39 x 10~°eV?, whereas the third neutrino mass is well
separated from the other two m2 — m2 = 42.5 x 1073eV?2. That allows neutrino masses to be
arranged in two different orders. One is termed the "Normal mass hierarchy” in which ms is
the largest, whereas in the “Inverted mass Hierarchy” , mg is the smallest, as shown in Fig. 1.4.
On the other hand, cosmological probes, which are sensitive to only the gravitational effects
of neutrinos, can probe the sum of neutrino masses [32, 33]. However, in various Earth based
experiments, it is possible to observe the effects of different mass hierarchies. Since neutrinos
travel through the earth, which acts as a chemical potential for electron neutrinos [34, 35] (
and oppositely for anti-neutrinos), and electron neutrinos overlap unequally with different mass
eigenstates (Fig 1.4) , the chemical potential pushes the effective mass splitting into opposite
directions. Existing [36, 37, 38] and upcoming [39] neutrino experiments can distinguish between

the different hierarchies.
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Since neutrino oscillations are so precisely measured, and the oscillation is predominantly

set by the vacuum oscillation parameter, A‘l—”; ~ 10713V (%), neutrino oscillations can be a
probe of BSM physics. The new physics is very often discussed in terms of model independent
probes like neutrino non standard interactions (NSI) [40, 41] or Lorentz Violation (LV) [42, 43].
However, it is also imperative to consider dark matter that can be imprinted on the neutrino

oscillation [44, 45, 46, 47, 48]. A particularly simple example [49] is that of a scalar DM that

interacts with neutrino via

Lint = Yapd(v*) 1P (1.18)

where y,4 1s the yukawa coupling, ¢ is the scalar DM and v denotes SM neutrino flavor states.
For a light DM particle, ¢ can be treated as a classical background, which alters the effective
neutrino mass

= g + ¢ (1.19)

where  is the neutrino mass matrix and y denotes the yukawa matrix. The oscillating scalar

background

¢ = ¢g cos(myt) + O(vpur) (1.20)

creates an oscillation in both neutrino mass squared difference and neutrino mixing angle. The
resulting change in the neutrino oscillation can be probed using neutrino experiments. Although
the mass induced by DM can potentially make neutrinos non relativistic early in the cosmic
history for large couplings, since the galactic DM density in the solar neighbourhood is roughly

10° times larger than the homogeneous density, there is a large DM parameter space that can
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be probed in neutrino experiments without making neutrinos non relativistic during Big Bang

Nucleosynthesis (BBN) or last scattering.

1.5 Outline of Thesis

In Chap. 2, we present a new way of producing a scalar that is lighter than expected from the
dimensional analysis arguments. We will see that for Goldstone bosons of discrete symmetries,
the quadratic divergence necessarily cancels and the contribution to the potential only originates
at higher order. We show that this construction can be generalized from the abelian case [50] to
the non abelian scenario.

In Chap. 3, we show that although Hawking radiation can not directly produce magnetic
monopoles, evaporation of a BH in the early universe can. BH can heat up the surrounding plasma
to an extremely high temperature so that a broken symmetry can be restored in that region. After
the evaporation of the BH is complete, the plasma cools down and the restored symmetry gets
broken again. If this symmetry breaking proceeds through a second order phase transition, the
Kibble-Zurec mechanism can produce significant number of magnetic monopoles, or any other
topological defects. We further show that if the reheating of the universe was dominated by
primordial BHs, the number of magnetic monopoles produced in this way could be significant
and can potentially overclose the universe.

In Chap. 4, we show that neutrino experiments can probe into yet unexplored part of vector
dark matter parameter space. We show that vector DM that gauges either of the lepton number
differences creates an effective chemical potential for the neutrinos that alter neutrino oscillation

pattern compared to standard oscillations. Although this chemical potential is oscillating in time,
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the time averaged effect of the oscillation does not vanish. We use the non observation of such
effects in existing neutrino experiments to put new bounds on viable DM parameter space. We
also project sensitivity of future neutrino experiments to these effects.

Chapter 5 provides the conclusion to the thesis.

15



Chapter 2: Non-linearly realized discrete symmetries

This work was done in collaboration with Anson Hook and is published in J. High Energy.

Phys. 2020, 71 (2020).

2.1 Overview

Non-linear realizations of continuous symmetries, Nambu Goldstone bosons (NGBs), often
appear in particle physics models. Perhaps the most famous example of a pseudo-Nambu Goldstone
boson (pNGB) appears in the Standard Model and is the pion. Exact Goldstone bosons are
highly constrained by their continuous shift symmetry so that they are derivatively coupled and
do not have a potential. Goldstone bosons are interesting objects and there exists a vast literature
studying them [51, 52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63].

While interesting in their own right, the symmetries of a Goldstone boson are often too
restrictive to be useful and they are often made into pNGBs by explicitly breaking their exact shift
symmetry. The breaking of the exact shift symmetry can reintroduce unwanted features such as
a large mass term, typically referred to as the Hierarchy Problem. Unsurprisingly, many of the
features discussed below will have analogues with various solutions to the Hierarchy problem
that we will only briefly touch upon, as there exists a whole class of models where the Higgs is a

pNGB [64, 65, 66, 67, 68].
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In addition to solutions to Hierarchy problems, discrete symmetries are also ubiquitous in
models of flavor, see e.g. Refs. [3, 69, 70] and references therein. These flavor models use group
theoretic properties to explain various observed properties of the quark and lepton mass matrices.
These models typically involve spontaneous breaking of the discrete symmetries, leading to their
non-linear realizations. The results discussed in this paper will help explain features such as
anomalously light scalars that appear in these models.

In this article, we initiate a study of the non-linear realizations of discrete symmetries,
objects we dub “discrete” NGBs. We find that discrete NGBs combine the best features of both
exact Goldstone bosons and ordinary NGBs. On one hand, discrete NGBs can have large O(1)
Yukawa couplings. On the other hand, the potential radiatively generated from these Yukawa
couplings is typically very highly suppressed. These features can all be understood in the simplest
example of a non-linear realization of the abelian discrete symmetry Zy, which we now briefly
review [50].

A non-linearly realized Z, features a periodic scalar 7w, with a period 27 f so that 7y =

o + 2m f. Under the Z symmetry, 7, transforms as

o . o n 27'(‘

fr N
Like Goldstone bosons and pNGBs, it is useful to exponentiate the scalar to obtain a field that
transforms linearly under the Z, symmetry. In this case, we introduce the field ¢ = fe'™// that
transforms as ¢ — €™/ under the Z, symmetry. To see that 7, should have a suppressed
potential, we simply need write down the leading order term in its potential. Most of the first

terms one can write preserve an accidental U(1) symmetry and do not give my a mass. The
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leading order analytic piece that can give a mass to 7 can easily be seen to be
Vo~ N

To generate a potential, one must first generate the operator ¢*¥. If the Yukawa coupling appears
as yo, then each ¢ is accompanied by a Yukawa coupling so that the mass term generated must
scale as 4. Thus, as long as y < 1, the potential is exponentially suppressed in large N limit.
To see this explicitly, we couple a set of N fermions to 7 in a Zy symmetric manner. We
introduce N fermions ), - - - ¢y that are exchanged cyclically under the Zy symmetry, ¢»; —

Py — 3 - - -1y — 1. The leading order yukawa coupling that can be written is

N

N
S (o B % B0 D040 ) 05 = 3 (ot ursin (24 20) )y

Jj=1 j=1

where we have taken the Yukawa coupling y to be real. From this, one can calculate the one-loop

Coleman Weinberg potential of 7y and find that the leading order contribution scales as

N
V(mo) ~ m, (i—i) Ccos (%) :

As expected from the general arguments given before, we see that the potential is suppressed by
y™. The proper expansion parameter is (y f/m,;) as opposed to y as one is simply doing a Taylor

series of the fermion mass
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Thus we see that if the expansion parameter is small, then as N increases, Zy becomes an
exponentially good approximation to a U(1) and the corresponding discrete NGB mass goes to
zero exponentially quickly '. From this simple example, it can be seen that non-linear realizations
of discrete symmetries can feature amazing cancellations that result in highly suppressed potentials.

In this article, we will study non-linear realizations of non-abelian discrete symmetries and
to what extent their discrete NGBs have their potentials suppressed. Discrete NGBs of non-
abelian discrete symmetries have many of the same features of as their abelian cousins. As with
the abelian case, the crucial point in determining how suppressed the potential is, is to determine
the dimension of the operator which gives the discrete NGBs a mass.

When considering continuous non-abelian Lie groups, one must specify the breaking pattern
in order to determine the number of Goldstone bosons or equivalently one must specify the
representation doing the symmetry breaking. Analogously, when dealing with non-abelian discrete
NGBs, one must also specify the representation doing the breaking. A surprising feature of non-
abelian discrete groups is that they can approximate many different groups and cosets to varying
degrees of accuracy. To see this feature in action, assume that you have a scalar ¢ in an M
dimensional real representation of a non-abelian discrete symmetry G and take the potential for
¢ to include a negative mass squared term. The largest accidental continuous symmetry that can
act on this M dimensional representation is an SO(M ) symmetry and we take the leading order
operator that breaks this accidental SO(M) symmetry to be ¢ . Thus there are M — 1 discrete
NGBs which non-linearly realize G and approximate the continuous coset SO(M)/SO(M —1).
This situation is in complete analogy to Zy where we took a 2 dimensional real representation

that had a SO(2) accidental symmetry. The leading order operator that breaks this accidental

'Depending on the details of the theory, the ¢V can also be understood as collective symmetry breaking [64, 66].
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SO(2) symmetry was ¢*.

If the discrete NGBs obtain an SO(M) breaking but G preserving Yukawa coupling via
the interaction y¢U W, then by the same arguments used before in the Z, example, the potential
giving a mass term to the M — 1 discrete NGBs scales as y"™ "™ The larger N, is, the
better the discrete NGBs approximates the real Goldstone bosons of SO(M)/SO(M — 1). If
Ny > 2, it is a good enough approximation to remove the quadratic divergence. Because
there are many different representations with many different dimensions that all approximate
different continuous groups, we see that non-abelian discrete groups can approximate as many
continuous cosets as they have representations 2. This scenario is in complete analogy to Twin
Higgs models [26] or Twin Higgs-like models [71] where a Z5; symmetry plus gauge invariance
forces the Higgs mass term to be accidentally SO(4) symmetric and a mass for the pPNGB Higgs
is only generated by a SO(4) breaking quartic term.

In Sec. 2.2, we give a simple A4 example and work out in detail how the cancellations
occur. In Sec. 2.3, we describe how the results of invariant theory can be used to obtain how
suppressed a potential is for a generic non-abelian discrete symmetry. In Sec. 2.4, we explore
how exchange representations of discrete symmetry groups can be used. Finally, we conclude in

Sec. 2.5

2.2 Explicit example

As a simple example, we will first consider the case of an A, non-abelian discrete symmetry.

Consider a scalar ¢ which transforms as a triplet under A, [3]. Ay is the group of all even

%Interestingly by exactly the same reasoning, large dimensional representations of continuous symmetries can
also be used to approximate various cosets.
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permutations of four objects and is isomorphic to proper rotations of a regular tetrahedron. From
this, one can geometrically see that it is a finite subgroup of SO(3). The scalar ¢ is coupled to
a Dirac fermion W via a Yukawa coupling. For simplicity, W is also taken to be a triplet. As we
are focusing on the quantum generated potential, we will take the tree level potential to be SO(3)

symmetric except for the Yukawa interaction .

Liee = Liin + Ly (p) + Lint
1 _
Liin = §3H¢T(9Hq5 + W(iy"0, )W (2.1)

2 A
Ly = %¢T¢ — Z(¢T¢)2

. . T o m2 _ p2 .
The tachyonic mass generates a tree level set of degenerate vacua with (¢ ¢) = - = f* that is
spanned by the usual Goldstone bosons. After spontaneous symmetry breaking, the scalar triplet

around the vacuum (0, 0, f) is parameterized by

1
¢=eXp? 0 0 m 0l (2.2)

where 7 are the familiar Goldstone bosons of the breaking SO(3)/S0O(2) and will later become
discrete NGBs of A,. Under the tree level SO(3) symmetry, the pions have a shift symmetry
which forbids non-derivative couplings. The approximate SO(3) symmetry is broken explicitly

by the Yukawa coupling so that the radiative corrections only respect the global A4 symmetry

3If this assumption bothers the reader, one can start with a more complicated example where the renormalizable
potential automatically preserves an accidental global symmetry, e.g. the doublet representation of 7”. Alternatively,
one can simply assume that the UV theory gives an approximate SO(3) symmetry at tree level in analogy with chiral
perturbation theory.
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instead of the larger SO(3) symmetry and generate a mass for the pions.
The pions 7; and 7y provide a non-linear realization of the A, symmetry. A, has two
generators, s and ¢, with s> = 3 = (st)® = e. Explicitly, the s and ¢ generators in the triplet

representation are

(2.3)

e}
e}
—_

To leading order in the pions, the s generator is realized by sending m — 7 £ 7 f. Again to
leading order in the pions, the ¢ generator is realized by sending m; — 71 + 7 f/2 followed by
T — mo — W[ /2.

The most general A, invariant Yukawa interaction can be written as

{05} (W, ]
Line = |Ys | {0} | +¥a | [T30] | |- ¢ 24)
{,0,} (W, 0y]
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where

(2.5)

The anti-symmetric coupling, y,, is the usual SO(3) invariant piece, does not give a mass to the
pions and will thus be neglected for the rest of the section. The novel symmetric coupling, ys,
gives the pions a non-zero yukawa coupling to the fermions but at the same time protects it from
the standard quadratic divergences. To see that explicitly, let us Taylor expand the scalar in terms

of the pions.

1 2 2
G1 =T Py =T ¢3:f( —§7T1;_272) (2.6)

At this order, the interaction term becomes

Line = ym (62‘1’3 + U 0y) + ymy (53\1’1 + U, 05)
2.7
wuf(1 172 + 73 @7)
y E

yﬁ%+@%>

where we have abbreviated the Yukawa coupling y; = y. One can calculate the one loop quadratic
divergence from the two diagrams shown in Fig. 2.1, which neatly cancel each other in a manner

very reminisent of Little Higgs models [1, 66, 72, 73].
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Figure 2.1: The two quadratically divergent one loop diagrams for pion mass that cancel each
other exactly.

The surprising cancellation found in the previous example follows from symmetry. Let us

write the interaction as

Lint = M"YV

0 ¢3 ¢

M=yl¢; 0 o

(2.8)

¢2 91 0

where the position of the indices on the ‘fermion mass matrix’ has no special meaning, M;; =
M?"7. The quadraticly divergent part of the one loop Coleman-Weinberg potential for the scalar
is

1

Vitoop D ———5A* Tr[M - M|
472

(2.9)

1
= —H?JQAQ 2(¢T¢)

which protects the shift symmetry of the pions. This form is required as the only quadratic

invariant of the A4 group is also an SO(3) invariant. As this conclusion is simply group theoretic,
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it is not surprising that adding a vector like mass for the fermions does not change anything. In

presence of a vector like mass m,, the quadratic part of the one loop potential is

1 2 T
‘/Iloop D) _RA TI'[M . M ]

= LA [ 267¢) + 3m2)

472
0 @3 ¢

M=y |lgs 0 ¢ |+ mulsxs

(2.10)

¢ ¢1 0

which also doesn’t introduce a potential for the pions. Since the Dirac mass term trivially respects
the SO(3) symmetry, the reader may have anticipated this behavior.

However, the discrete A, symmetry does not entirely prevent the pions from acquiring a
potential. The one loop Coleman Weinberg potential (in MS) [74, 75] for the pions generated by

the fermions is given by

1 M-MT 3
‘/Iloop, fermions — 167T2Tr ((M . MT)2 |:111 < Iu2 ) — §:|> (211)

where p is the renormalization scale. The logarithmic piece breaks the SO(3) symmetry and
generates an effective potential for the pions. This potential is plotted in Fig. 2.2.

The one loop potential is flat along the lines m; = 0 or o = 0 (this is a one-loop accident as
the yukawa coupling is proportional to m;75) and has 8 degenerate minima that obey m; = =+m».
The effective potential gives a vev to the pions so that the vev of the scalar ¢ is stabilized around

any of the eight vacua \/ig (il +1 il) (only four of the eight solutions are shown in Fig. 2.2).
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Figure 2.2: One loop potential for the pions in arbitrary units with m, = 0, y = 0.5, f = 1 and
A=1pu=1.

The mass of the pions in these new vacua are parametrically smaller than the mass of the radial
mode.

In Fig. 2.3, we plot the ratio of the numerical values of m? to the mass squared of the radial
mode. The pions’ mass is suppressed by different powers of Yukawa depending on the presence
of or absence of a vector-like fermion mass. Depending on if there is a vector-like mass, m?
scales as either 4> or y*.

In the presence of a large vector-like mass for the fermions, the effective potential becomes
analytic and can be expanded in terms of the expansion parameter (i—’;) . Schematically, the

potential is of the form

Vas(¢) = miZ@(ﬁ)n (2.12)

As the quadratic part of the scalar potential preserves SO(3), the first non-constant contribution

occurs at the third order in the power series expansion. Since the Yukawa generated potential is
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Figure 2.3: The ratio of the square of the heavier discrete NGBs’ mass to the square of the radial
mode’s mass. For simplicity we take f2 = %, A =1, = 1. In the left panel, we have assumed
my, = 0. Under this condition, ¢ — —¢ is a valid symmetry which prohibits odd functions of

¢ in the effective potential. The mass of the pions comes from a term that scales as ¢*, hence

m?r o y*. In the right panel, the fermion has a non-zero vector-like mass, m,, = 1. The Z,

symmetry is no longer present and pions get a mass from the ¢® term, and hence m?2 o y3.

of the form f(y¢), the leading order term in the potential is suppressed by y> and the the pion
mass squared is suppressed by at least the same power of Yukawa coupling. In the case under
consideration, Eq. 2.11 can be expanded into the form

Yimy 1203 <321n (%> * 1) + O((y9)")

2% (3 In ( - ) +2 ) o
3v/3712 cos—1 (L>

‘/l loop, fermions — Cl + C2¢T¢ -

y® fmy (3 In (%) + 1)

V32

7

:C+ (7T1+7TQ)2+

(2.13)

for some constants C, C; and C,. Additionally, in the second line we have expanded the potential
around its minimum. In the next section we will see that in other discrete groups the effective
potential is even more suppressed. On the other hand, in the absence of a fermion mass, ¢ has
a ¢ — —¢ symmetry and the leading order term which breaks A, is of the form ¢* leading to

the scaling m? ~ y*. However, there is a more dangerous fact hiding in this limit, the effective
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potential is non-analytic. The non-analytic part of the potential is of the form

V(o) ~ Sl n (L) ~ 30 n(eh) 2.1

The mass generated by this logarithmic part of the potential will only ever be suppressed by
y* regardless of how high in k one must go to obtain a non-zero potential for the pions. Thus
the mass is only guaranteed to be quadratically suppressed in the Yukawa coupling. This is in
complete analogy with collective symmetry breaking models where naive counting will lead one

to expect mass terms proportional to m2 ~ [, y; but the 1-loop result can be instead proportional

to m? ~ ([T;4:)""™ [641.

2.3 Analysis using Invariant Theory

Our example of the tetrahedral group illustrates that discrete symmetries partially protect
the Goldstones’ mass from radiative corrections. In this section, we show how, given a representation
of a non-abelian discrete symmetry, one can use the results of invariant theory to calculate how
suppressed the mass term should be.

A simple example is useful in obtaining an intuitive picture of the general discussion.
As before, our example will consist of an A, discrete symmetry with a scalar in the triplet

representation. The starting point involves the invariant polynomials of the triplet representation

Ty(¢) = ¢"0 Ts(0) = s Tu(0) = Y o} (2.15)

The invariant polynomials Z are polynomial functions of ¢ that are invariant under A4. Surprisingly,
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all A, invariant functions of ¢ can be expressed as a function of just these three invariant polynomials.

For example

¢" = a1 (Za(0))*Ts(9) + Z3()Zu(9) (2.16)

for some real numbers «; that depend on how one contracts the unspecified A, indices. *
Since the potential of ¢ respects the underlying symmetry, the effective potential is necessarily

of the form

V(9) = [(Z2(9), I3(¢), Zu(9)). 2.17)

Note that Z,(¢) is SO(3) invariant and that the first SO(3) non-invariant operator appears at the
¢* level. Thus, we can compute how suppressed the potential for the discrete NGBs of the triplet
representation of A, must be by simply finding the first invariant polynomial that does not respect
an accidental continuous symmetry. In this case, the mass term appears at order ¢>.

We now generalize the previous discussions to all representations of any discrete symmetry
group. Again, the starting point of our analysis are the invariant polynomials of a symmetry
group. As before, given a M dimensional representation ¢y, - - - , ¢y, the invariant polynomials
are sums of products of the ¢s which are invariant under the discrete symmetry. We will use the
convention Z,, to denote an invariant polynomial of degree n. The set of invariant polynomials
is called the invariant ring. The elements of the invariant ring of any discrete group can be
expressed as a polynomial of finite number of algebraically independent functions, therefore,
the invariant ring of a discrete group is ‘finitely generated’ [76]. This situation is analogous to

the fundamental representation of the Orthogonal group, for which all invariant functions can be

4 A4 also has a secondary invariant polynomial of degree 6 which is algebraically dependent on the basic invariants
but can not be written as a polynomial of basic invariants.
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expressed as polynomials of ¢7 ¢.

There is thus a simple recipe for determining when the potential for a discrete NGB is
non-zero. Given an M dimensional representation, its maximal symmetry group is SO(M) or
SU(M). Invariant polynomial of lowest degree typically respect these accidental symmetries.
Simply look up the invariant polynomials of the representation and group of interest, and find
the polynomial of lowest degree that breaks the accidental global symmetry. The degree of this
polynomial gives the degree of suppression of the discrete NGB potential.

The “ideal” situation is if the invariant polynomial that breaks the accidental global symmetry
is of very high degree. The easiest way to enforce this condition is if there are not many low
dimensional invariant polynomials. There are several mathematical proofs that are useful when
searching for such a representation. Combined, these theorems will tell us that when looking
for highly suppressed potentials, it is best to look for small representations of groups that have a
large number of elements. The most extreme example is Zy which has N elements but only has
a one-dimensional representation.

The first mathematical proof is a remarkable theorem [77, 78, 79, 80] that guarantees
that the number of algebraically independent invariant functions equals the dimension of the
representation. The second theorem is the following [81, 82]: If H is a finite subgroup generated

by reflections > of a unitary group of n variables, then H posses n algebraically independent

invariant forms Z,,,,, Z,.,, - . . , Z,,,,, With degrees my, mao, ..., m,, such that
n
[[mi=9 (2.18)
=1

3A reflection is a diagonalizable non-identity linear isomorphism of finite order that keeps all the points on a
hyperplane fixed. The matrix representation of a reflection has all of its eigenvalues equal to 1 except for a single
eigenvalue whose value is the mth root of unity where m is the order of the reflection.
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where ¢ is the number of elements in the group. We can readily check the way the theorems
apply to Zy, since Zy is a reflection generated subgroup of U(1). Zy has a dimension one
representation that then only has one invariant polynomial. As the number of elements in Zy
is N, the degree of the polynomial is forced to be N, hence the only allowed function is ¢* .
As an example of a non-Abelian group, we can check A5 X Z,. Aj is isomorphic to the proper
rotations of an Icosahedron. Being a subgroup of rotation, As; doesn’t include reflections, but
As X Zs does. It has a total 120 elements. Its three dimensional representation has three basic
invariants. Other than the familiar degree 2 invariant ¢ ¢, two other invariants have degrees 6
and 10, making []>_, m; = 2- 6 - 10 = 120,

The combination of the theorems forces the following conclusion. If one holds the dimension
of the representation fixed, i.e. the number of m;’s, but have very large m;’s, the only way to
achieve this is to increase ¢g. Finally we conclude by listing the degrees of the basic polynomial
invariants for a few familiar groups. 7" illustrates an important subtlety. The two dimensional
representation is complex, however the familiar second degree invariant ¢*¢ is not a polynomial

in ¢ in strict mathematical sense and thus is not constrained by these considerations.

Group n Parent Lie Group Number of Elements Degree of Invariants
Ay 3 SO(3) 12 2,34
Sy 3 0(3) 24 2,34
T 2 SU(2) 24 6,8
Sy 3 SO(3) 24 24,6
Sy X Zy 3 0@3) 48 24,6
As X Zy 3 0(3) 120 2,6,10

Table 2.1: Degree of Polynomial invariants for a few groups. n is the dimension of the
representation under consideration. For subgroups of SO(3) or SU(2), the theorem doesn’t apply.
First three groups are isomorphic to tetrahedron, next two to Cube or Ocathedron. A5 x Z, is
isomorphic to Icosahedron.
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2.4 Exchange representation

Linear representations require all of the particles in the representation to have the same
gauge quantum numbers. The reason for this is that gauge groups are usually uncharged under
the transforming symmetries. A simple example of this in the Standard Model is that all three
colors of the left handed up quark have the exact same gauge quantum numbers. Aside from linear
representations, discrete symmetries are useful because they have exchange representations. This
new representation allows for the new possibility that the gauge groups are in the exchange
representation of the discrete symmetry, where copies of the gauge group transform into each
other under the action of the discrete symmetry ®. For the example of the Tetrahedral group, we
can imagine four fields with their own different gauge groups representing the vertices. The fields
along with their gauge sectors interchange among themselves under the group action. A pictorial

representation of this scenario is shown in Fig. 2.4.

¥y

—_——
—_
—_
—

Uy

U3

Figure 2.4: The group of proper rotations of a tetrahedron is isomorphic to the group of even
permutations of four elements, A4. A4 can be succinctly parameterized by two rotations, s and ¢,
which satisfy s> = 3 = (st) = e. The span of these two rotations covers A4. The four fermions
occupying the vertices exchange under A, as shown in Eq. 2.20.

®This situation can be useful in theories such as Twin Higgs, where making partners charged under different
gauge symmetries drastically changes the phenomenology.
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To elaborate on the example of the Tetrahedron, let us consider four fermions W¥; with 1 <
J < 4 representing the four vertices of a tetrahedron in Figure 2.4 charged under SU(N); 1<j<4

gauge symmetries .

»Ckin = E »Ckin,j
J

(2.19)
»Ckin,j == ﬁji’y“ (GM — Z.gAZJTa) \I/j
Under the action of A4, the fermions and the gauge fields get exchanged.
S 3(\1117142,1) Ad (\IIQ,AZ,Q), (\D3>AZ,3) A (\D47AZ,4)
(2.20)

t :(\1127142,2) = (11137"42,3) = (W47AZ,4) = (\IJQ’AZQ)a (\IjlvAZ,l) = (\IjlaAZJ)

Since the sectors are related by exchange symmetry, the fermions are all charged under different
gauge groups despite being in the same representation of A,.

There are several ways to couple a scalar to fermions in an exchange representation. If the
scalar is also in the exchange representation, then it is trivial to add a new scalar per site. Instead,
we will focus on the case where the scalar is in a linear representation and thus has the feature
mentioned in the previous sections of having a suppressed potential. The key to coupling a linear
and an exchange representation is to realize that the exchange representation can be decomposed

into linear representations. The A, reducible exchange representation of four fermions can be
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decomposed into a singlet and a triplet [3].

exchange
U,
L U0+ WUy — Ul — U, 0y
AP
- (‘I’_l\l’l + Wy + UaWs + ‘11_4‘1’4) DT 0, — WUy + U303 — Uy 0,y
W,y !
U0y — Wy — U0y + U, 0y
YA 3
4

(2.21)
A triplet scalar couples to the irriducible triplet of the exchange representation by the yukawa

interaction

U Wy + Uy — Uyl — U, 0y $1
Line =Y [ 00 — Wy + Tyl — Tyl | | b (2.22)
U0y — W0y — WUy + W0y P3
The form of the interaction carries the signature of the underlying symmetry, in this case the A4
asymmetry. Thus, despite the rather strange appearance of the interaction, the pion masses will
again be highly suppressed, in this case by either 3°(y*) if there is (is not) a vector-like mass.
We can readily apply all the tools mentioned above once we identify all discrete groups
which allow for an exchange representation. The amazing feature of discrete groups is that all of
them do. The easiest way to construct one is to observe that the group elements exchange among
themselves under the action of the group. So every discrete group has an exchange representation
with dimensions equal to the number of elements in the group itself. This is a consequence of
Cayley’s Theorem [83, 84], which states that every group G is isomorphic to a subgroup of a
symmetric group acting on G.

The case can be best illustrated with a cyclic group like Zy. Zx has a single generator
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N=1). These N elements can be

a and the N elements of the group are simply (e,a',a?, ..., a
converted into an N dimensional exchange representation using N scalar fields (¢1, ¢o, ..., ¢n)

that are permuted under the action of the group as

le ¢k+1
05 Grt2
a® : = : (2.23)
¢N—k ¢N
dn O,

However, the /N dimensional exchange representation is reducible since Zy, being Abelian, only
allows for one dimensional irreducible representations (irreps). The singlet can be identified as
the linear combination (¢; + ¢2 + - - - + ¢) and a general irreducible representation is furnished
by

i2km

GTI(¢1+€%¢2+'”+€

i(N—1)2km
N

on), 0<k<(N-1) (2.24)

The procedure can be generalized to non-Abelian discrete groups which allows for higher dimensional
irreps.

The exchange representations generated from Cayley’s theorem can be too large to be
convenient. For example, the now familiar A, group has a 12 dimensional exchange representation.
However, in many cases, there exist smaller exchange representations which also have a simple

geometrical interpretation. For example, A, has four and six dimensional exchange representations
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which exchange vertices 7 and edges respectively of a regular tetrahedron. For As, the group is
isomorphic to proper rotations of an Icosahedron, representations with dimensions of twelve,

twenty and thirty that exchange its vertices, faces and edges respectively.

2.5 Conclusions

In this paper we initiated a study of the pseudo-Nambu Goldstone bosons of discrete
symmetries. NGBs of discrete symmetries feature many interesting properties. On one hand,
discrete NGBs can have large shift symmetry breaking Yukawa interactions. On the other hand,
discrete NGBs have suppressed potentials, e.g. the quadratically divergent contribution to their
potential is not present.

In order to determine how suppressed the potential of a discrete NGB is, first rewrite the
non-linear realization in terms of a linear realization. Then find the lowest dimensional operator
that breaks the accidental continuous symmetry and gives mass to the discrete NGB. In many
cases, there is not a renormalizable operator that can be written down that gives mass to the
NGB. We illustrated this procedure in a toy model example where we gave an A, theory with
a triplet where one could explicitly demonstrate that the potential for the discrete pNGB was
suppressed.

Many of these considerations have already been expressed in some form or another mathematically.
One example is the idea of invariant polynomials. All products of fields can be rewritten in
terms of the invariant polynomials (in much the same way that in an SO theory all gauge

invariant operators involving the vector ¢ are just functions of ¢ ¢). By examining the invariant

"The representations exchanging four vertices and four faces are equivalent.
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polynomials, one can find at what order the accidental continuous symmetries are broken.
Non-abelian discrete symmetries are exciting and it is somewhat surprising that their Nambu
Goldstone bosons have not been considered in detail before. We have only scratched the surface
of their properties. Perhaps one of the most exciting future directions would be if it were possible
to gauge various sub-groups of the accidental symmetries so that one could actually charge
discrete NGBs under a gauge symmetry. Many of the examples of pNGBs that are found ex-
perimentally and considered theoretically have gauge quantum numbers. It would be exciting if
the NGBs of discrete symmetries could also have this property. The suppression of the discrete
NGB potential is strongest in vector-like theories that generate analytic potentials. It would be
exciting if the cancellations that occur in chiral theories could be made equally strong. pNGBs
have guided our thinking for a long time and it would be interesting if discrete NGBs change how

we approach model building.

2.6  More details on the A4 invariant potential

In Sec. 2.2, we presented the A, invariant one loop potential with massless fermions in
Fig. 2.2, which was flat at the origin. Here we emphasise that this behavior occurs only at the
1-loop level and is specific to the case of massless fermions only. At 2-loops, the flat directions
disappear.

For massive fermions, the broken Z; symmetry allows odd functions in the effective potential.
The total one loop potential now has minima located on the straight lines 7 = 7 whereas the

maxima are on m; = —7y.
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Figure 2.5: The A, symmetric one loop potential for my = 1,y = 0.5, f2 =1, A =1, up = 1.

The potential is no longer flat at the origin. The mode Lﬁm has a regular mass where as mﬂ”

has a tachyonic mass at (0, 0).

2.7 Platonic Solids

The regular convex polyhedrons, which are also known as Platonic solids, are useful examples
of discrete symmetries. In three dimensions, there are only five of such objects. In table 2.2, we

present the invariant analysis of the Platonic solids.

Solid R S S| Degree of Invariants
Tetrahedron Ay Sy 24 2,34
Cube Sy Sy X Zy 48 2,4,6
Octahedron Sy Sy X Zy 48 2,4,6
Icosahedron As As X Zy 120 2,6,10
Dodecahedron As As X Zy 120 2,6,10

Table 2.2: The symmetries of five Platonic solids. R and S denote Rotation Group and Symmetry
Group respectively. More colloquially, R is the discrete group representing the symmetries of the
Platonic solid while S is the double cover. |S| denotes the number of elements in the symmetry

group.
The rotation groups of Platonic solids are subgroups of rotation group in three dimensions,
SO(3). But they have irreducible representation with dimensions other than 3. Here we present

the invariant analysis summary of those representations.
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Group n Parent Lie Group Order Degree of Invariants
Sy 2 SU(2) 24 23
As 4 SO(4) 60 2,345
As 5 SO(5) 60 23,345

Table 2.3: Degree of Polynomial invariants for a few other irreps of the familiar groups.

Finally, all of the Platonic Solids furnish exchange representations of various discrete
groups. We conclude by demonstrating how these different exchange representations can be

decomposed into the standard linear representations.

2.7.1 Tetrahedron

—_—
—_
—_
—

T4
€3

Figure 2.6: Proper rotations of a regular tetrahedon are isomorphic to A;. A, can be
parameterized be s> = t* = (st)*> = e. The four vertices exchange under A, as s : z;
Lo, T3 <> Ty, T 1 Tog > T3 —> Ty > To, T1 — Tq.

The 4 dimensional exchange representation can be decomposed as

exchange
L1
X1+ Ty — T3z — T4
L2
= (m1+x2—|—x3+x4) Olaoy—wota3—a4 | - (2.25)
T3 1
X1 — X9 — T3+ T4
Ty 3
4

39



2.7.2 Cube

T 1
L] pz
I 1 T4 ,/’
T3 ; .
| %
| v
| Ve
|
’ 1
.7
A |
AL — - — Ts5
s
e T
€

Figure 2.7: The group of proper rotations of a cube are isomorphic to Sy, the group of all possible
permutations of four objects. S, can be parameterized by [3] b® = d* = e, db*d = b and
dbd = bd*b. The eight vertices exchange under Sy as b : x) — Ty, T7 > Ty, Ty = Ty > Ty —
To, Ty > Ty > Tg > T3, d @ Ty — Ty > Ty > Tg > T1, T > Tg — Ty — Tg — Ts.
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The 8 dimensional exchange representation can be decomposed as

|

X2

x3

Xyg

Ts

Ze

X7

Tg

exchange

8=101¢3c¢3

:<ZL‘1+$2+ZL‘3+$4+1‘5+I6+ZB7+$8>
1

D (:El—x2+x3—x4—x5+x6—x7+x8)

X1 — To+ T3 — Ty + Ty — Tg+ Ty — Xy
D a1+ 29— 25 — 24 — T5 — 6 + T7 + T3

Tl — Ty — T3+ Ty — X5+ Xg+ Ty — Ty

T1+To+ X3+ 2y —T5 —Tg — T7 — T

@ T1— X2 — X3+ Ty +2T5 — T — X7+ 23

X1+ Ty — X3 — Ty + Ty +Tg— Ty — Tg
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2.7.3 Octahedron

Figure 2.8: Octahedron and Cube are dual to each other. We parameterize Octahedron similar to
the cube, b3 = d* = e, db*d = b and dbd = bd?b. The six vertices exchange under S, as b : 7
.TQ|—>$3'—>$1,I4|—>$5'—>$6'—>$4,d1$1 = T1,T¢ —> Tg, T3 > To > T5 > Tyq4 > T3.
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The six dimensional exchange representation can be decomposed as

6=10203
exchange

Iy

T2

T3

= (ZL’1+$2+ZE3+Z‘4+I’5+I6)
1

Xy

Ts

(2.27)

Te

(x1 + 26) + w(Te + 14) + W (73 + 5)

(331 -+ ZE6) + UJQ(ZUQ + 334) + (JJ(Qfg -+ 1’5)
2

V3(z1 — x6)
D \/g(xz - 134)
\/§(9€3 - 5135)

3/

where w = exp(%F).

2.7.4 Icosahedron

Icosehedron [3] and Dodecahedron are dual to each other. Icosehedron has 12 vertices

where as Dodecahedron has 20. For simplicity, we will only consider the Icosehedron.
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Figure 2.9: Proper rotations of an Icosehedron is isomorphic to A;. Aj can be parameterized
by [3] a> = b0° = (ab)> = e, where a corresponds to rotation by 7 about the
edge joining vertices 1 and 2 and b corresponds to clockwise rotation by axis passing
through the centre of the face 10-11-12. The 12 vertices exchange under As as a
($1,$2,$3,$4,$5,$6,I7,$8,$9,$10,$11,$12) = ($2,ZE1,I4,$3,$8,!E9,$12,I5,$6,$11,$10,$7),
b: (w1, T2, T3, T4, Ts, Tg, T7, Ty, Tg, T10, T11, T12) = (T2, T3, T1, Ts, Te, Ta, Ts, Tg, T7, T11, T12, T10)-
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X1

)

x3

Xy

Ts

Ze

X7

Ts

Tg

Z10

x11

Z12

This 12 dimensional exchange representation can be decomposed as

exchange

12

12=14303 @5

:(5151+£702+$3+5E4+$5+9€6+$7+9€8+$9+$10+$11+$12)

$2+I5—$8—$11+é($3+$9—1’6—$12)
S¥) — e — 1 o
T1+ X4 T7 10 -+ ¢($2 + T Ts %11)

1
953+$6—$9—I12+5($1+$7—I4—$10)

T+ T4 — X7 — T19 + A(X5 + 211 — T2 — Tg)

D $8+l’11—$2—$5+¢(£L’3+.’B9—I‘6—$12)

T3+ Tg — Tg — T12 + G(x4 + 219 — 11 — T7) o

131+ZL’4—|—JI7+ZL’10—é($2+$5+$8+$11)+(%

(g + 211 — x5 — 2g)

<=

45
(21 + 210 — T4 — T7)

o=

(x3 4+ 12 — T — Tg)

<=

1

- 1)($3 + Tg + T9 + l’m)




14+2¢
¢4

and a3 =
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Chapter 3: Black Hole Production of Monopoles in the Early Universe

This work was done in collaboration with Anson Hook and is published in J. High Energ.

Phys. 2021, 145 (2021).

3.1 Overview

One of the most fascinating objects in physics are black holes. Black holes have been
observed at the center of many galaxies and play a central role in astrophysics [85, 86]. Aside
from astrophysical black holes, black holes are often also a consequence of early universe dynamics
such as hybrid inflation [87, 88, 89, 90, 91, 92, 93, 94], phase transitions [95, 96, 97, 98, 99, 100,
101, 102, 103, 104] or topological defects [105, 106]. In fact, in many of these scenarios there
are so many black holes produced that they become the dominant energy density of the entire
universe [107, 108, 109, 110, 111, 112, 113].

While a black hole dominated era may seem like a phenomenological disaster, it turns out
that due to Hawking radiation [114, 115, 116], black holes evaporate and the universe eventually
transitions into the standard early universe radiation dominated regime [117, 118, 119, 120, 121,
122, 123]. As compared to more standard reheating mechanisms, reheating the universe through
black hole evaporation is a rather unique process. The reason for this is two-fold.

Firstly, as a black hole evaporates, its temperature rises until the black hole becomes a
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Planck mass and Planck temperature object. As such, black hole evaporation depends in part on
ultraviolet physics. Secondly, a black hole is extremely massive and thus serves as a heat source.
It heats up the surrounding plasma to large temperatures creating a temperature profile around
the black hole that can also reach temperatures close to the Planck scale . Due to the large radius
of this profile, the effects of the surrounding plasma may be more significant than the black hole
itself.

In this article, we present one example, monopole production, where the the hot plasma
surrounding a black hole is more important than the black hole itself. Monopoles are another
object of great interest to particle physicists [30, 124, 125]. They are especially relevant given
that they are a generic prediction of quantum field theories and feature in many well motivated
models such as Grand Unified Theories [28, 29, 126, 127]. Aside from their magnetic charge,
the other property of monopoles is that as composite objects [30], their physical radius is larger
than their Compton wavelength. This mismatch means that monopole production coming from
Hawking radiation is always exponentially suppressed [31]. By the time that black holes are hot
enough to produce monopoles without a Boltzmann suppression, the black hole is smaller than
the monopole meaning that the emission of monopoles is still exponentially suppressed.

However, monopole production by the plasma surrounding the black hole is not exponentially
suppressed. Because the plasma surrounding the black hole has a radius much larger than the
black hole, it can easily produce many monopoles via the Kibble-Zurek mechanism [128, 129,
130]. Close to the black hole, the plasma is hot enough that symmetry is restored. After the black

hole evaporates, this hot region slowly cools down. At some point, it undergoes a symmetry

"Even if there was originally no radiation around the black hole, once O(1) of the black holes have started to
evaporate, the universe is effectively reheated and there is a large bath of particles for the rest of the black holes to
heat up.
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breaking phase transition. Regions of space separated by more than a correlation length all choose
their vacua independently and monopoles are created depending on those random values.
Monopole production from evaporating black holes can be extremely efficient. As an
example, we show that if the universe was reheated by black holes and monopoles were produced
by a second order phase transition, the monopole over-production limits the reheat temperature

to be

1015 GeV) 9/35

Trr < 500GeV (
PT

3.1)

Despite the very low reheat temperature of the universe and the very large scale associated with
the phase transition, 7’pp, producing the monopole, monopoles can still very easily over-close the
universe. The re-introduction of the monopole problem in this context occurs because even if the
average temperature is low, the temperature around the black holes themselves is still very large.

There are reasons to believe [131] that as the black holes reach Planck scale masses that
Hawking radiation is modified and possibly even stops completely. As long as the temperature
of the phase transition producing the monopoles is lower than the temperature at which Hawking
radiation ceases, then monopole production by the plasma would be completely unaffected. There
may however be other constraints that one needs to take into account such as over-closing the
universe with remnants.

Depending on the model dependent properties of the monopoles, bounds even stronger
than Eq. 3.1 can also be obtained. The Parker bound [132] on monopoles destroying galactic

>12/35

magnetic fields gives the constraint Tpy < 500 GeV (10?5%

. The stronger and slightly

more uncertain improvements on the Parker bound [133, 134] imply even stronger bounds on
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Try. If the monopoles catalyze baryon number decay with geometric cross sections, there are
extremely strong bounds on their abundance [135, 136, 137]. In this case, the bounds on the
reheating temperature are so strong as to be excluded by BBN. Thus baryon number violating
monopoles and reheating via black hole decay are mutually exclusive.

A reheat temperature this low is very impactful as it strongly favors reheat temperatures
lower than the scale at which electroweak sphalerons are active. This limits the available baryogenesis
mechanisms and pushes one to consider black hole assisted baryogenesis mechanisms [114, 121,
138, 139, 140, 141, 142, 143, 144, 145, 146, 147]. Additionally, many models of black hole
production in the early universe produce only a sub-population of black holes, e.g. a popular
scenario is when primordial black holes are dark matter [111, 148, 149]. Evaporation of a
sub-population of primordial black holes provides a mechanism for producing a sub-dominant
populations of monopoles.

In Sec. 3.2, we derive the temperature profile of the plasma surrounding a black hole in the
early universe. In Sec. 3.3, we calculate how many monopoles are produced per black hole. In
Sec. 3.4, we place a bound on the reheat temperature coming from monopole over production
if the universe was reheated by black holes. In Sec. 3.5, we discuss the approximations under

which our calculations are valid. Finally, we conclude in Sec. 3.6.

3.2 Temperature Profile Around a Black Hole

In this section, we derive the temperature profile around a black hole evaporating in the
early universe. We will describe how a black hole heats up the plasma surrounding it and how

this hot region of space cools after the black hole evaporates.
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3.2.1 Radiation Transfer

To set the stage, we first present the derivation of the equations governing the transfer of
energy in a relativistic thermal system. The discussion in this section will be a terse summary of
the material presented in Ref. [150].

The starting point is a quantity called the specific intensity, I, (7, $, t), which is the energy
emitted per area per solid angle per time per frequency. For simplicity, we will work in the plane
approximation where quantities vary in z but not in x and y. The specific intensity is related to
the more familiar quantities such as a systems total energy density (p), radiation pressure (P),

and energy flux (J,) by
p= /deu 1, J, = /dey cosf 1, P= /deu cos?O1,.

The energy emitted in a direction s has its power modulated by

d, 1

LA S 3.2
s 3 +7 (3.2)

where j, is the power being emitted in the § direction and A = 1/no is the scattering length.
The first term gives the absorption of radiation passing through the thermal bath while the second
gives the power emitted by the bath itself. Often, Eq. 3.2 is written in terms of the optical depth
parameter by d7 = —dz/\A = —cosfds/A. Written in terms of the optical depth, Eq. 3.2

becomes

dl, ‘
cos— =1, — \j,. (3.3)
dr
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This equation can be further simplified by multiplying by cos # and integrating over solid angle
and frequency. A thermal system emits radiation isotropically so that [ dQcos 6 j, = 0, leaving

_dP Xdp

Jo=— ==, (3.4)

where in the second equality we used the fact that in thermal equilibrium P = p/3. Eq. 3.4 shows
how the energy flux is related to temperature gradients. The final equation we will consider is

simply the conservation of energy

% = —ZJ; Y (5%) : (3.5)
where we use Eq. 3.4 in the second equality.

This conservation equation governs how a system heats and cools. In what follows we will
be solving this conservation equation with various initial conditions and boundary conditions
corresponding to a black hole evaporating and the subsequent cooling phase. In a relativistic
thermal system X oc 1/7 and p o< T, so Eq. 3.5 is a differential equation that one can solve for

the temperature profile, T'(7, ).

3.2.2 Heating

In this subsection, we will solve Eq. 3.5 subject to the condition that there is a black hole
providing a heat source at 7 = 0. In the cases we will be interested in, we are dealing with
regions close enough to the black hole that we can safely assume that the asymptotic temperature

is negligible.
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Intuition for the problem can be built up by first starting with the case of a boundary
condition 7" = Tj at a radius 7. In this case, the equilibrium solution of Eq. 3.5 can be easily

seen to be

T(r) = (Q)I/S Tp. (3.6)

Thus we see that when in equilibrium, the temperature falls off rather slowly when far from the
heat source. The above scaling can also be obtained by using the fact that in equilibrium, the total
energy leaving any radius must be the same. Using Eq. 3.4 we have 47r%J, ~ rT3, which should
be radius independent, giving another way of finding Eq. 3.6.

We now discuss the situation of interest. A black hole of mass Mpy initially starts off
emitting Hawking radiation at a temperature Tz from a radius rpy,

M 1

- ST Mgy "'BH = 47TTBH,

Ty (3.7)

where M, is Planck’s constant. The Hawking radiation receives grey body correction factors so
that the total energy emitted by the black hole is

dMpu . gfg*Mﬁz _ M;l

b 30720mML, | MZ,

(3.8)

where Gy is the temperature and spin dependent grey body factor and g¢.(7") is the total number
of entropic degrees of freedom. For the Standard Model, we average over all particles and find

that Gy ~ 4. As aresult of this emission, the black hole slowly evaporates and its temperature as
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a function of time is

Ton(t) = o !
BH 8 3 4
(M3, 301Mplt)

- (3.9)

In the rest of this sub-section, we will derive the temperature profile that results from a time and

space dependent boundary condition of this sort.

Analytical Estimate We first describe how to obtain an (1) analytical estimate of the profile
before moving on to numerical solutions. There are two critical observations that render black
hole heating easy to estimate. The first fact is that in any thermal system, energy diffuses out as a
random walk. If there is a change at » = 0 at a time ¢ = 0, then at a later time ¢ only radii smaller
than 2 < At have noticed the change while all physics outside of this radius have not noticed
the change. The second observation is the simple fact that when the black hole evaporates, it
spends more time at lower temperatures than it does at higher temperatures. Combined, these
two observations allow one to treat the heating process like an onion. At any given time, the
black hole is in diffusion limited thermal contact with a region of space around it. As the black
hole evaporates, this region of space shrinks. The final temperature profile at any given radius is
set by when that radius “freezes-out” and leaves equilibrium with the black hole.

To turn this intuition into a set of equations, we start with a black hole of temperature 77z;.
This black hole evaporates in a finite time tgy ~ Mgl /T3 ;. In this time, the energy can only

diffuse out to a distance

2

P2 Mgt~ (3.10)
T(ra) Ty
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We will make the approximation that everything inside of 7, is in equilibrium with the black hole
while everything outside of 74 is not in equilibrium and has been frozen in place and is no longer
changing. When we later consider cooling, it will become clear that the cooling time is much
longer than the heating time and that treating the temperature profile outside of the radius 7, as
constant is a reasonable approximation.

A consequence of this freezing-out assumption is that for radii » < r,4, the temperature
profile should scale as 7' ~ 1/r'/3 as found in Eq. 3.6. While for radii » > 4, the temperature
profile is a fossilized memory of when the black hole was just leaving equilibrium with that
radius. Eventually the black hole has evaporated completely and the temperature profile consists
entirely of the frozen out part of the profile.

To determine the final temperature profile after the evaporation of the black hole, at every
radius, we find what its temperature was when it was just leaving equilibrium with the black hole
and set the final temperature to be that value. In equilibrium, the flux of energy leaving the black

hole is equal to the flux leaving the thermal bath. Applying this to the radius r;, we have

dMpn

ey Thy ~ dmrad, ~ rqdT(ry)?. (3.11)

Combining Eq. 3.10 and Eq. 3.11 we arrive at the scaling

M;;l/n
T(r) ~ 2/ (3.12)

for all radii which have decoupled from the black hole.

There is a second derivation of this scaling where instead of requiring Eq. 3.11, we instead
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impose that the black hole’s mass is larger than the total energy stored in the region r,. If the
black hole mass is smaller, then that temperature is necessarily frozen out by conservation of

energy. This different argument also gives the scaling found in Eq. 3.12.

Numerical calculation To put O(1) numbers to Eq. 3.12, we will solve Eq. 3.5 numerically.
Unfortunately, the exact problem of interest has two aspects which makes it difficult to solve
numerically. The first is that the black hole shrinks as it evolves and a boundary condition whose
location 7y is changing as a function of time is difficult to solve. The second one is that the
region right near the black hole is not in thermal equilibrium with the radiation emitted by the

black hole and thus would require other methods to deal with.

To eliminate these problems, we consider a fixed radius, 7y which is in thermal contact with
the black hole and use it as our boundary. Any surface which is in thermal contact with the black

hole has the same energy passing through it as what was emitted by the black hole. This means

WMt T2 ~ Amrd Ty, ~ 10T (10)? (3.13)
2/3
= T(ro) ~ “BH. (3.14)

To

We can then solve Eq. 3.5 with the boundary condition

N

T(ro,t) = To(t) = Tom (T - t) , (3.15)

which was obtained from Eq. 3.13 using Eq. 3.9. 7 is the characteristic lifetime of the black hole

and Ty is the initial temperature of the surface at ry. To match our numerical solution to the
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analytical approach, we repeat the analysis done in the analytic section including a proportionality
coefficient that will be determined numerically.

Energy passing through the surface at ry can only reach a finite distance during the lifetime

of the black hole. The lifetime of the black hole as a function of the temperature at r is

t. = — . A
c T(R) (3.16)

Within its lifetime, the energy can only diffuse up to a distance r,

c T 9/2
ﬁIQM%:%ﬂ%f(é%) , (3.17)

where we have introduced a proportionality constant ¢, that will be determined numerically.
We have also defined ¢, as A\(T') = 1/(no) = ¢,/T, which is a parameter that depends on the
microscopics of the theory and can be scaled out of the problem.

As before, we require that the flux emitted at r, is the same as the flux passing through 4,
roTe = rqT(rq)®. (3.18)

Combining Eq. 3.17 and Eq. 3.18, we find the scaling

3 \3/11 _2/11
r7/11

T(r) = (cocy)™ ( (3.19)
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Figure 3.1: The temperature profile during the heating phase of a black hole like object. We
start from an equilibrium profile at ¢ = 0 of T'(r) ~ r~'/3. The temperature profile below the
diffusion radius remains in equilibrium with the black hole. As the diffusion radius gradually
shrinks, temperatures outside of it freezes out giving a profile of 7'(r) ~ r~7/11 as expected from
analytical arguments of this example.

We have solved Eq. 3.5 numerically subject to the boundary condition shown in Eq. 3.15.

Perhaps unsurprisingly, the numerical solution exhibits the scaling found in Eq. 3.19 with

co = 0.59. (3.20)

The numerical solution is shown in Fig. 3.1 for various times. For simplicity, an initial

1/3 is assumed. Many of the features anticipated by the analytical analysis

condition of 7" ~ 1/r
are found here. First, all radii beyond » ~ 7007, are frozen to their initial values. The black
hole evaporates too quickly for the heat it deposits to diffuse past that radius. The second feature
that is present at all times and most visible for ¢ = 0.97, (7 is the characteristic lifetime of the

BH, as defined before) is that near the black hole there is a region of space which is still in

equilibrium with the black hole and scaling as T ~ 1/7'/3. The last visible feature, most easily
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seen for ¢ = 0.997, is the freeze-out regime. The regions beyond r = 50 ry have frozen out and
subsequent evolution is not changing its temperature profile.

The constant ¢, allows us to calculate Eq. 3.12 for the problem of interest with O(1)
numbers, namely the heating profile of an evaporating black hole. To facilitate our description of

the calculation, we define new constants ¢y and c5 as

2

_ 4

tBH = Cy

We can now re-derive Eq. 3.12 in all of its full numerical glory

667T3c%c%c§ 1/11 M;z/ll Cin 1/11 M;l/n
T(r)= ., = 0.183 0.1 T (322)

Where as before G is the Grey body factor of a black hole, ¢.(7") is the total number of
entropic degrees of freedom and ¢, characterizes the scattering cross section, o (T) = ¢A(T)/T>.
The expectation is that ¢, will be of order o = g2 /4, but due to the large number of possible
final states, c, can be a bit larger than «. The main assumption we have made so far is that is
thermal equilibrium is maintained. Eventually the black hole’s Hawking radiation will not be
instantly absorbed by the thermal bath so that Eq. 3.22 is only valid for distances larger than

some critical radius.

3.2.3 Cooling

Right after the black hole has evaporated, the temperature profile around it is of the form

T(ry=cM ;z/ H /r7/11_In this subsection, we describe how this temperature profile cools.
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Analytical Estimate The temperature profile left after a black hole evaporates is IR dominated
so that it cools through an inverse of how it heated. Namely, the inner regions cool faster than the

outer regions. To see this explicitly, we can use Eq. 3.5 to see that

E 374
o p15/11

~ 2 (3.23)
dE/dt VT4

Lehar ~

From this characteristic cooling time we see that the smaller r cool faster and the larger  cool
slower. As a result, the center of the profile cools first and reaches a constant temperature. As
the outer regions start to cool, this region of constant temperature slowly expands in space while
cooling off. As such, we will make the following approximation for the form of the cooling

profile.

T="T,, r<re (3.24)

T =2

Rk FAT/
- =T, (-) r> 7, (3.25)
.

We take there to be a cooling radius r.(¢) inside of which there is a uniform sphere of constant
temperature 7;,(t). Outside of the cooling radius, the temperature is the same as it was pre-

cooling. Matching at the boundary relates
Ty ~ MM 1M, (3.26)

We can find the functions r.(t) and T;,(t) using conservation of energy. The region of
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space inside of r.(t) is cooling at a rate

dE A dE E 1374
— ~ATr?SVp ~ T3 ith NS~ 3.27
g ~Amreg Ve~ Wi a1 ¢ (3.27)

Combining Eq. 3.26 with Eq. 3.27, we find the time dependencies

F11/15 ]\4;/15

pl

Numerical Calculation How the profile cools is easy to solve numerically. We numerically

solve the conservation of energy equation, Eq. 3.5, with the initial condition

T(T, to) = T() r S To (329)

7/11
T(r,ty) =Ty (@) r > 0. (3.30)

r

We add a small region of constant 7{ in the center of the initial profile to help deal with r = 0.
Our numerical results are insensitive to how one treats the  ~ 0 region.

The results of the numerical simulation are shown in Fig. 3.2. As is evident, the numerical
solution satisfies our intuition about how cooling occurs. Namely, there is a region of constant
temperature that slowly expands as it cools off. Meanwhile the temperature outside this expanding
sphere maintains its pre-cooling temperature. The result of a numerical simulation is that the

temperature of the plautau region falls as

)7/15 T022/15ré4/15

Ty = T(ro,t) = 0.87 (g.(T)c2 s

«

(3.31)
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Figure 3.2: Temperature profile at different times where we have defined .o = r.(to). The initial
profile follows Eq. 3.29. As time progresses, the constant temperature region slowly expands
without affecting the outside temperature significantly.

Using the results of Eq. 3.31 and Eq. 3.22, we find that the late-time cooling profile is

A

T (t) = 0.072 <cg/5g*(T)1/3G3/ 15) 2 (3.32)

This equation tells us how fast the plasma surrounding the black hole cools through the
phase transition, which in turns determines the number of monopoles produced per black hole.
The longer the system remains in the symmetry restored phase, the fewer topological defects

produced.

3.3 Monopoles From Black Holes

In this section, we apply our knowledge of the temperature profile around a black hole to

calculate the number of monopoles produced per black hole.
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3.3.1 The Kibble-Zurek Mechanism

The basic mechanism by which monopoles are produced is the Kibble-Zurek mechanism.
In this sub-section, we provide a brief review of the Kibble-Zurek mechanism as applied to
thermal systems that are slowly cooling down [130].

In many thermal systems, the high temperature limit involves a symmetry unbroken phase
while the low temperature limit involves a symmetry broken phase. Consider a hot plasma in
the symmetry unbroken phase. As a hot plasma cools, spontaneous symmetry breaking occurs
through the condensation of a scalar order parameter ®. When this happens, ® randomly chooses
an expectation value somewhere along its vacuum manifold. Regions of space separated by
distances longer than the correlation length ¢ will obtain different values of ®. By random chance,
these regions of space can accidentally form topologically non-trivial objects such as monopoles.
As aresult, in a region of size R

R3

NN[N§_3

(3.33)

monopoles are created. It is not obvious what the value of the proportionality constant in front of
Eq. 3.33 is, so for simplicity we will take it to be 1.

If the phase transition is first order, then over most of the parameter space a single bubble
will nucleate and devour the entire space I? before a second bubble has a chance to form.
Depending on how this bubble interacts with the outside low temperature region, there will be at
best O(1) number of monopoles created. It is plausible that no monopoles will be created. In

some corners of parameter space, either because the bubble nucleation rate is highly sensitive to
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temperature or because the bubbles expand extremely slowly, it is possible that ¢ < R, however
this is not generically the case and thus we will instead consider second order phase transitions.

If the phase transition is second order, then we can have the situation where £ < R and a
much larger number of monopoles can be created. We can characterize how close a second order
phase transition is to the critical temperature 7'’p; with a parameter e

T —Tpr

€
Tpr

(3.34)

It is sometimes also convenient to express this parameter in terms of the time to the phase

transition ¢ and the characteristic cooling time of the phase transition 7.y,

(3.35)

Tchar

The correlation length and time are

§~lpe™ T ~ Toe (3.36)

where [y and 7 are typical time and length scales in the problem. The system freezes in place

when the time to the phase transition ¢ is of order the relaxation time

t~T Tehar€ S To€ H, (3.37)

where we have used Eq. 3.35 and Eq. 3.36. Solving for € and plugging it back into Eq. 3.36, we
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find

£~y (TCh”> " (3.38)

In the case of a plasma slowly cooling in time, the correlation length and time are governed
by the mass of the radial mode. Expanding the mass squared in a Taylor series around Tp, we

find

1 1
577' ~ ~ ~ .
m(T) \/ @) (p .y TrVe

dT

(3.39)

Thus we are interested in the scenario where [y, 79 ~ 1/7 and v = p = 1/2 so that Eq. 3.38
gives

£ = ?(Tnhar)” ’ (3.40)

where (3 is a proportionality constant and without considering a specific model, it is impossible
to specify the value of 5. In the case of a weakly coupled scalar whose thermal mass comes from
a quartic coupling ()\), we have 3 ~ 1/A/3 and so 3 can potentially be parametrically larger than
O(1) in the small X limit. When estimating monopole production later on, we will take 5 = 1

with the understanding that there is some model dependence in the estimate.
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3.3.2 Kibble-Zurek Around Black Holes

We are now in a position to estimate how many monopoles are produced per black hole.
The mechanism of monopole production is that each black hole heats up the surrounding plasma
to a temperature profile shown in Eq. 3.12. After the black hole has evaporated, it cools down
with a characteristic time scale shown in Eq. 3.28. As the plasma cools past the phase transition
temperature, the Kibble-Zurek mechanism generates some number of monopoles. As mentioned
before, if the phase transition was first order, then there are generically at most O(1) and possibly
no monopoles produced per black hole.

The more interesting case is if the phase transition was second order. Let us take the phase
transition to occur at a scale Tpp. Using Eq. 3.12, the radius of the region with T" > Tpp is
M7

11/7°
PT

Rpp ~ (3.41)

Meanwhile, the characteristic timescale associated with cooling can be read off of Eq. 3.28

8/7
Mp/
Tehar ~ —577- (3.42)
Tpr

Using Eq. 3.40, we find that the number of monopoles produced per black hole is

R3 Ml 47
N, ~ —LT o =2 . 4
m~ g (TPT) (3.43)

Thus a significant number of monopoles can be potentially produced per black hole.
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3.4 Bounds on Reheating from Black Holes

In this section, we place reheating bounds on the scenario where the decay of a population
of black holes with the same mass reheats the universe. Because each black hole can produce
many monopoles, monopoles have the possibility of overclosing the universe.

We estimate the bounds on the reheating temperature in two steps. We first omit all O(1)
numbers in order to emphasize the scaling behavior. Afterwards, we redo the estimate using all
of the O(1) numbers.

If black holes are responsible for reheating the universe, the black holes decay when

3
T}%{H N 1 ~ Mpl
My thy My

H? ~ (3.44)

Using this, the number density of black holes over the number density of photons is given by

T 5/3
Yy = “BH ( RH) . (3.45)

Bounds on overclosing the universe can be obtained by requiring that the energy density in
monopoles, M N,,Ypy 1s smaller than roughly five times the energy density in baryons [151],
mpYp. Taking the mass of the monopole M to be 100 T’»y and using Eq. 3.43 for N,,, we find

the bound on the reheat temperature to be

1015 GeV) 9/35

PT

O(1) Estimate. (3.46)

This shows that we can expect a very strong bound on the reheat temperature in these scenarios.
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Now we produce a more refined estimate by keeping all O(1) numbers. Using the results

of Sec. 3.2, Eq. 3.41 and Eq. 3.42 with O(1) numbers become

2 (7 1/7 M4/7
Rpy = 0.07 (Ca ! ) o
9 Tpr

18 5.2\ 1/7 l
Tenar = 0.008 (¢;*9.G?) (Tl{g /7> :

PT

(3.47)

Using these equations, we can calculate the numerical coefficient in Eq. 3.43 and find

er 1/7 M, 47
N, = 0.044 (ngg) ) (3.48)

For the last step, we assume that black holes decay instantaneously when H = 1/tgy.
Using the fiducial values Gy = 3.8, g.(Tpr) = 108, ¢, = 1/10 and M = 25Tpr at the

unification scale, we arrive at

(3.49)

105 Gev \ /%
PT ) '

Try < 672GeV (
Thus we see that having a large reheat temperature runs the risk of over-producing monopoles.

3.5 Realm of validity

In this section, we discuss the various approximations that go into our result and the

limitations placed on our result by these approximations.
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3.5.1 Model dependent factors

Many of our results depend to some degree on the model dependent factors ¢, 3, ¢.(T)
and Gy. Of these, it is expected that g, and Gy change by at most O(1) and thus do not change
the final results by much. On the other hand, it is possible for ¢, and 3 to change by more than
an order of magnitude and can thus change the final result more significantly.

As mentioned before, a major source of uncertainty comes from the the correlation length
at criticality, £. [ appears as a proportionality constant in Eq. 3.40 and its value depends on the
Grand Unified Theory under consideration. The expectation is that 5 = O(1). While the exact
value of [ is unknown, the parametric dependence of our final reheat temperature on [ is easily
calculated. A larger correlation length decreases the abundance of magnetic monopoles which
makes the bound on Tz weaker. It is easy to verify that the monopole abundance decreases by

an amount 1/3% which weakens the bound on the reheat temperature by 3°/° in Eq. 3.49.

1 15 vV 9/35
: (&) , (3.50)

TRH S 672 GeV BE
Tpr
The other important model dependent quantity is c,, which characterizes the typical size
of the scattering cross sections. ¢, is important because scattering is responsible for the diffusion

of energy, which affects the profile. We have defined the typical interaction cross section o as

)
oN

(3.51)

Q
Il
|

3

in the high energy limit. Larger ¢, give shorter diffusion lengths and so that energy diffuses out
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more slowly. As a result, in equilibrium the temperature distribution changes more gradually
and there is a larger volume at higher temperature. But larger ¢, (slower diffusion) also hinders
cooling which makes the correlation length at freeze out at larger values. Between these two
effects, the effect on the correlation length is stronger as can be seen in Eq. 3.48. As a result of

this, the final bound on the reheat temperature scales as

Tpr) /14 /v N 4/35 105 Gev \ /%
Ton < 672Gev 3°/5 [ 9:\TPT) =1 10¢,)%0/% ( 221 (352
RH 5 evp 108 38 (10ca) Tor (3.52)

As will be shown later, a critical assumption of our derivation is that the thermal bath is in
equilibrium with the evaporating black hole. The validity of this assumption is ¢, dependent and

may be where the uncertainty in c, is most important.

3.5.2 Hierarchy of length scales

In our previous derivation, it was tacitly assumed that Rpp > £ and £ > r,,,, where r,,, is the
size of the monopole. In this subsection, we discuss the validity of these assumptions. Our work
is based on the premise that an evaporating BH will heat up a large volume of the surrounding
plasma, where the phase transition can take place and produce topological defects. This assumes
that the size of the region that attains temperatures above Tpy is larger than the correlation length,
namely Rpr > £. In the limit that Rpr < &, then like first order phase transitions, either O(1) or
zero monopoles will be produced and our estimate would need to be modified.

The second inequality comes from the fact that the monopole is an extended object with a

characteristic length scale r,,. We assumed that one monopole was produced per volume &2, an
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assumption only valid if £ > r,,. In the limit £ < 7, there is one monopole produced per 73,
instead of £3, and the estimate must be modified.
The temperature dependence of Rpp and £ can be seen in Eq. 3.40 and Eq. 3.41, namely
—11/7 —29/21 . . o
Rpp ~Tpp ' and § ~ T '™ . Meanwhile, the radius of the monopole scales with its mass as

T ~ Tpp. Putting in the relevant pre-factors, we find

e 1/7 M4/7 M8/21

Rpr = 0.07 | 221 £ £=020(cBPG2) M =2 ). (353

9s T T2/
PT PT

From this, we see that Rpp falls off fastest with increasing phase transition temperature
while ¢ and 7, decrease more slowly. Depending on the value of g.(7") and c¢,, one of either

Rpp > £ or & > 1, is more important. Combining the two, we find that as long as

137 % 101 Gev (22 )* (G2} (20ms)® i o (1) (T) > 0.63
. X € g*(TPT) 9 1 g*( )COL< )— :

TPT < (354)

5/8 1/4
137 101 Gev (2400 ) (61) 7 () otherwise

our assumptions (Rpy > £ > r,,) are valid. For our fiducial parameters, g.(T')c% = 1.08,

the conditions are safely satisfied for Tpy < 6.1 x 105 GeV.

3.5.3 Thermal equilibrium

Throughout our work, we have assumed thermal equilibrium. There are several areas where

the approximation of thermal equilibrium break down. For example if the temperature is changing
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on length scales shorter than the scattering length, then it is clear that thermal equilibrium is
breaking down. In the context of monopole production, the most important and constraining
assumption that was made was the assumption that that the energy emitted by the black hole is in
thermal equilibrium with the surrounding plasma.

The Hawking radiation emitted by the black hole only reaches thermal equilibrium when
it has lost all of its energy. All of the Hawking radiation eventually scatters and loses its energy,
so for a large enough radius, we expect the thermal equilibrium condition to hold. We will thus
assume the equilibrium configuration to hold until some critical radius 7, inside of which the
system is not in thermal equilibrium. The equilibrium temperature distribution can be found by
requiring that the power passing through the temperature distribution match the power emitted
by the black hole, rT'(r)® ~ T%,.

As the radiation emitted by the black hole with energy E passes through the plasma, it loses

energy through its interaction as described in Eq. 3.2
O.FE=—-noE ~T> (3.55)

While the number density of the thermal bath scales as n ~ T3, the cross section of a high energy
particle scales as 0 ~ 1/s ~ 1/TE resulting in a constant energy loss of order 72 when moving

through the plasma. Hawking radiation loses all of its energy after traveling a distance

TBH 1

T'th W T'th ™~ E (356)

Since 9, F ~ —T%, high energy particles travel longer before they they thermalize. Averaging
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over the energies in the relativistic limit, we get the following O(1) factors

1.3 x 10° _
e (9.(T)2) S T(ry) ~ 0.004 Tsp gu(T)c. (3.57)
BH

Tip ~

From this, we can see that unless one is interested in temperatures close to Ty, the
assumption of thermal equilibrium is good.

We can finally use Eq. 3.57 to find a maximum for 7’»y. Given that we assumed that the
system was in equilibrium when T’py froze out, we can require that Rpy > 1, when the Tpp
froze out. Imposing this requirement gives

(T)c?
Tpr < 1.94 x 107 (%) GeV. (3.58)

which is satisfied for our choice of Tpr.

3.5.4 Evaporation of Black Holes

If thermal equilibrium was maintained all the way to the surface of the black hole, then the
evaporation of the black hole would be greatly affected. In thermal equilibrium, radiation into
and out of the black hole would roughly balance and only temperature gradients give rise to an
outflow of energy. As was demonstrated in the previous subsection, the area right outside of the
black hole is not in thermal equilibrium with the black hole itself. As a result, its temperature is
lower than the black hole temperature, see e.g. Eq. 3.57. Thus the energy falling into the black

hole, 1%, T(r4)?, is subdominant to the energy being emitted by the black hole, 7%, T ;. As
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such, we can treat the black hole as evaporating the same as it would in vacuum.

3.5.5 Reaching thermal equilibrium

When the black holes first start evaporating, they are not in equilibrium with the external
radiation. In this subsection, we estimate the time it takes for the plasma surrounding the black
hole to reach an equilibrium state.

When the thermal profile is close to the equilibrium profile, the black hole’s ability to heat

the surrounding plasma is limited by diffusion. Following the argument in Sec. 3.2.2, we find

£11/15

(3.59)

Tﬁwx\t rdN—M4/15.
P

As long as the black hole is depositing energy in a radius smaller than r4, then in a time ¢, the
region of space with r < r; will be in equilibrium with the black hole.
Initially, the plasma surrounding the black hole has an initial temperature 7’z . The Hawking

radiation emitted by the black hole loses all of its energy after a distance, see Eq. 3.2,

TeH
o~ _ .60
T T2 (3.60)

This is the radius at which the black hole first starts to deposit its energy. As the temperature
rises, it deposits energy closer and closer to the black hole. As long as r; < 7,4(t), the black hole

will have reached equilibrium with the plasma immediately around it. Equilbrium is first reached
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when r; ~ r4(t;) giving

T15/11M4/11

BH P
RH

When black holes are reheating the universe, ¢; and Try are set by the lifetime of the black

holes and Hubble. Comparing the two timescales, we find

3/11

showing that the plasma around the black hole does indeed have time to reach equilibrium with
the black hole. For our choice of parameters, the O(1) number in Eq. 3.62 is 0.9, which validates

our assumption that the black hole reaches thermal equilibrium with its surrounding.

3.6 Conclusion

In this article, we explored the evaporation of black holes in the early universe and showed
how they heat up the surrounding plasma. This plasma can reach temperatures much larger than
the ambient temperature and can have effects more significant than that of the black hole itself.
As an example, while monopole production by black hole evaporation is negligible, monopole
production by the surrounding plasma can be very significant. This efficient mechanism of
monopole production can be significant enough that it can easily overclose the universe if the
reheat temperature is larger than Try = 500 GeV. Such a low reheat temperature motivates black
hole centric mechanisms of baryogenesis.

The evaporation of black holes in the early universe is an intriguing possibility. We have
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only listed a single scenario where the plasma surrounding the black hole has a significant effect.

It would be interesting if there are other situations where this plasma is important.
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Chapter 4: Constraining Vector Dark Matter with Neutrino experiments

This work was done in collaboration with Dawid Brzeminski, Anson Hook, Clayton Ristow

and has been submitted for publication.

4.1 Overview

Determining the microscopic properties of dark matter is among the greatest puzzles in
modern physics. There is overwhelming evidence [152, 153, 154] for the existence of dark matter
(DM) but many of its basic properties, such as its mass, spin and interactions remain completely
unknown.

In this article, we will focus on Ultralight Dark Matter (ULDM). ULDM are well-motivated
DM candidates [155, 156] with rich experimental signatures. Due to their very low mass, the

3

Compton > 1, which allows us to treat

number of particles per Compton volume is large, npy A
them as a classical field rather than as a set of particles. As the local DM field has an average
velocity of v ~ 1073, the field’s energy dispersion is very small, AE ~ mv? = 107%m and the
field changes over very long length scales [ ~ 1/p ~ 1073 /m. As a result, we can approximate
the field as coherently oscillating with the frequency w = m until timescales of order t ., ~

(mwv?)~1 = 1075m~! before the frequency spread becomes important. The long coherence length

and time of dark matter lead to unique signatures. When the dark matter mass is so small that the
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long coherence length wipes out structure on observably small length scales, “fuzzy dark matter”
phenomenology kicks in [157, 158, 159, 160]. Additionally, the oscillation in time of the dark
matter field can lead to observable time-dependent effects if DM couples to the Standard Model
(SM) [161, 162,163, 164, 165, 166, 167]. For instance, ULDM QCD axions [50, 168, 169] result
in the electric dipole moment of the neutron varying with the frequency of the axion mass [170,
171].

In this work, we focus on a spin one ULDM (/fd), for related work see Refs. [172, 173,
174, 175, 176]. The main difference between scalars and vectors is polarization. Much like
the amplitude of the field, the polarization changes direction on timescales of order ... For
sufficiently long DM coherence times, earth-based experiments sensitive to the direction of the
polarization would see the polarization of dark matter rotating as the Earth spins around its
axis. This would introduce a daily modulated feature on top of the standard oscillation with
the frequency of the dark matter mass, which is a signature that can be used to distinguish scalar
from vector DM. Additionally, experiments with angular resolution would see strong directional
dependence.

Neutrino oscillations are uniquely suited for exploring dark matter interactions. As long as
the interactions are flavor non-universal, neutrino oscillations are sensitive to energy differences
of the order Am?2/E ~ 107'2 eV, over 15 orders of magnitude more sensitive than traditional
dark matter detectors. The requirement that the interaction is flavor non-universal combined with
our focus on VDM immediately leads us to consider U(1)r,_r, and U(1)r,_p,,.

New vectors interacting with the SM are extremely common. Kinetic mixing with the SM
photon, gauging U(1)p_y, or U(1),— ., are among the most commonly considered scenarios [15,

177,178, 179]. The U(1)r,—r, and U(1)r,—_1, gauge bosons that we consider have a plethora
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of interesting implications for neutrino physics [44, 45, 46, 47, 48, 49, 180, 181, 182, 183, 184,
185, 186, 187, 188, 189].

A background of U(1)r,—r, (U(1)r,._r,) gauge bosons acts as a time-dependent potential
that is flavor non-universal. As neutrinos and antineutrinos have opposite charges under a vector
background, the potential is opposite for matter and antimatter. Additionally, the effect is proportional
to the dot product of the neutrino velocity with the polarization of dark matter resulting in a
directionally dependent chemical potential. If the dark matter oscillations are slow compared
to the neutrino propagation timescale, the effect on neutrino oscillations is similar to the MSW
matter effect [34, 35, 190]. Therefore, the main signature of these models are time-dependent
neutrino oscillation parameters, e.g. Am3,(t) and sin 0;3(¢). Measurement of these signatures
might be challenging due to a low neutrino event rate. However, we show that even after
averaging over the duration of the experiment, the effect is strong enough to place bounds several
orders of magnitude better than the leading bounds on U(1)z,_z, and U(1)y,_r, dark matter. A
similar bound on U(1), 1. from neutrino oscillation experiments was estimated in [191] for the
scenario where the vector field is a relic field used to facilitate the production of sterile neutrino
dark matter in the early universe.

If the dark matter oscillations are fast compared to the neutrino propagation timescale, the
neutrinos experience a rapidly oscillating effective chemical potential. Because this potential
oscillates rapidly, to the lowest order the effective potential averages to zero over the neutrino
propagation time. Thus, the leading effects are suppressed by an additional factor of m ™1,
where m is the oscillation rate of the background dark matter field. The fact that our bounds on
U(1)r,—r, and U(1).,_r, scale by an additional factor of m ™" in the high mass regime reflects
this chemical potential washout effect.

79



The goal of this paper is to explore the sensitivity of various neutrino oscillation experiments
toU(1)r,-z, (U(1)r.—r,) DM. In section 4.2, we review the phenomenology of neutrino oscillations
and introduce the effect of vector DM on neutrino oscillations. In section 4.3, we constrain
the model using existing and planned neutrino experiments. We conclude with section 4.4 and

propose further avenues of research.

4.2 Model

We start with a brief description of gauging lepton flavor and its effect on neutrinos.
The three individual lepton flavor numbers L., o = e, u, 7, can be equivalently described in
a different basis comprising of the total lepton number > L, = L and two lepton number
differences, which we choose to be L. — L, and L, — L, without any loss of generality. The total
lepton number charge L is the identity in the flavor space and gives an equal phase to neutrinos of
all flavors and hence is unobservable in neutrino oscillations. Therefore we restrict our discussion
toL.—L,and L, — L.

To the Standard Model, we add a single gauge boson A;, which gauges either of the two

flavor lepton number differences.

1 L1
LC _4_1 d;U/FléL - §m,24AduAg + ﬁint,efu + ‘cint,yf‘r
/Cimze—u = _gAda (Evgle - E’yalu) (41)

Lintp-r = —9 Aao (L7l = 1:7°1)

where m 4 is the mass of the gauge field, g and ¢’ denote coupling to the L. — L, and
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L, — L. charges respectively and /., . denotes leptons with e, 1, 7 charges. For example, [.
denotes electrons, electron neutrinos and their anti-particles.

We now consider the consequences of the vector boson A, being dark matter. The three
polarizations of a massive gauge field satisfy p, " = 0. If the gauge bosons were at rest, the three
polarizations would simply be unit vectors in the X, y, and z directions. Including a non-zero
velocity along the z-axis and considering the longitudinal polarization ¢;, = WLA(p, 0,0, E) we
see that the temporal component of the vector field A, is subdominant to the spatial components
Ag; by a factor of DM velocity vpy; ~ 1073, To leading order the galactic DM field can be

written as an oscillating three vector with frequency w ~ m4 + O(v3,,)

Ay = Ay cos (mal(t + Tpy - T) + &) + O@wd,,), 4.2)

where |Ay| = \/2ppa/m? and m.4 is the mass of the DM. Since the neutrinos are relativistic,

the interactions in Eq. 4.1 can be written for neutrinos as

g 0 0
Hyw=A443-5,10 ¢—¢g 0 |+Owpn) (4.3)
0 0 —q

where v, is the neutrino velocity. The dark matter shifts the relative energies of different neutrino
flavor eigenstates. For example, in the case where the dark matter is the gauge boson of L, —
L,, the dark matter creates an energy difference between the electron neutrino v, and muon
neutrino v,. The vector nature of the interaction means it has opposite signs for neutrinos and

anti-neutrinos. The dark matter thus acts as a chemical potential for the neutrinos. This can
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be contrasted with the effect of a scalar field which does not distinguish between particles and
antiparticles.

It is important to note the directional dependence of the interaction. The interaction picks
the polarization of the DM along the neutrino velocity. In neutrino beam experiments, where
the neutrino velocity has a fixed orientation with respect to the Earth’s frame, the direction of
the neutrino velocity rotates with the Earth over the course of a day. This produces a daily
modulation of the DM effect. This is in contrast with the effect produced by a scalar field where
no such directional dependence exists and can be used to distinguish between the two. We explore

this effect in more detail in Sec. 4.2.3

4.2.1 Neutrino Oscillations

Within the Standard Model, neutrino oscillations are controlled by two contributions, the
vacuum Hamiltonian H,,. and the MSW effect [34, 35]. In absence of any matter, the neutrino
oscillation is set by the neutrino energy, the mass squared difference and the rotation matrix
between the mass and the flavor eigenstates, Upyns. In the relativistic limit, we can expand the
Hamiltonian in powers of m,,/E, where m, denotes the mass of a generic mass eigenstate and

L), is the neutrino energy. The non-identity piece of the vacuum Hamiltonian can be written as

Hype = Upnins 0 Am2, 0 ||Ubuws (4.4)

2F,
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where Am7; = m7 — m} are the neutrino mass differences and we have removed the pieces
proportional to the identity that do not contribute to oscillations.

On the other hand, in the presence of matter, for example while propagating through the
Earth, the interaction of the neutrinos with matter creates a chemical potential for the neutrinos.

In the presence of protons, neutrons and electrons, the only non-identity interaction in flavor

space is a chemical potential for the electron neutrinos.

HMsw::I:\/ﬁGFne(x) 00 0 4.5)

where G is the Fermi constant, n.(x) is the number density of electrons and the + (—) sign
is for neutrinos (anti-neutrinos). The neutrino oscillations we observe in neutrino experiments
are an interplay between the vacuum oscillation and the effect of matter. Experiments that are
sensitive to this effect work in the regime LAm3,/E, < 1, despite the long distance traveled by
neutrinos L ~ 10% — 10* km. As a result, the relevant mixing parameters are reduced to Am%l,
613 and 653. When there is a non-zero number density of electrons, Am%l and 60,3 are replaced by

their effective counterparts [190]

Am%LM = Amj, \/(COS 2013 — I')2 + sin? 20,3 (4.6)

sin® 26,5
(COS 2913 — F)2 + Sin2 2813

4.7)

sin2 29137]\4 =

where I' = /2@ meE,/ Am%l. When I = cos 26;3, magnitudes of H,,. and Hysw are comparable,
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which significantly changes mass eigenstates. This leads to enhanced oscillations into electron

Ev

Aoz
Amzy

neutrinos at distances of order , which we call resonance.

The effect has important phenomenological consequences. The sign of I' changes between
neutrinos and antineutrinos, and also depends on mass ordering. In the normal ordering, the
resonance can only happen for neutrinos, while in the inverted ordering it can only occur for
antineutrinos. Therefore, the resonance can be used to solve the mass ordering problem [190].

In the presence of vector dark matter, neutrino oscillations are modified in a similar way.

The dark matter contribution (Eq. 4.1) to the neutrino oscillation can be written as'

g 0 0
V2
Hipn = ﬂ:m—Ap cos(mat + ¢) cosa(t) | o Jd—qg 0 (4.8)
0 O —q

where ¢ and ¢’ denote coupling to the L. — L, and L, — L, charges respectively, p is the DM
energy density, m 4 is the mass of the vector DM and «(t) is the angle between DM polarization
and the neutrino velocity. The total Hamiltonian governing neutrino oscillations is the sum of the

parts

H = Hye + Husw + Hint. (4.9)

In order to see the effect of the VDM is similar to the matter effect, let us set ¢ = 2¢’. Then,

the non-identity piece of H;, has the same matrix structure as Eq. (4.5). In the LAm%1 /E, < 1

! Although the DM phase changes both in space and time, as in Eq. 4.2, the neutrino baseline is much smaller
than the coherence length so that the change in phase is suppressed by the small DM velocity. Hence we only keep
the leading time-dependent piece.
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limit this leads to a time-dependence of the effective Am?Z, and 6,3

Am%LDM = Amgl \/(COS 2613 —I - FDM(t))Q + sin2 2613 (410)

.2
. 9 Sin 2613
sin” 20 = 4.11
18,DM (cos2013 — T — Tpas(t))? + sin® 20,3 “.11)

where I'py/(t) = \;’»Q‘QEZ cos(mt + ¢) cos a(t). Therefore, we can see that experiments which
are sensitive to the matter effect should also be able to measure the effect caused by DM. The only
qualitative difference is that in this scenario the time-averaged effect is the same for neutrinos and
anti-neutrinos, which is a feature that could be used to differentiate the DM-induced effect from

the matter effect.

4.2.2  Simplified model with two flavors

To gain some insight into the effect of vector dark matter on neutrino oscillation, we
consider a toy model of two neutrino flavors. For clarity, we ignore the matter effect as it does not
affect our conclusions. The model is characterized by a single neutrino mass squared difference,
which we denote by Am?, the neutrino energy £, and the dark matter mass and coupling, m 4
and g.

gt IV

4E ma

H

0. cos(ma(t —to) + ¢(to)) + O(vpm)

=UA, 0, U" + gAyo. cos(ma(t —to) + ¢(to)) , (4.12)

where o, is the third Pauli Matrix, U is the PMNS matrix for two flavors, A ® controls

V_4E

the neutrino vacuum Hamiltonian, Ay = mﬁf is the vector amplitude, ¢(tg) = mato + ¢o is the
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DM phase at the point of neutrino production and ¢, denotes the time of neutrino production. We
have also neglected the dot product of the polarization and the neutrino velocity which changes
due to Earth’s rotation. We discuss this effect in detail in Sec. 4.2.3.

Let us first consider the time dependence of the DM effect. Due to stringent constraints, the
DM effect is subdominant to the vacuum oscillation and can be treated using perturbation theory.

The transition probability between the flavor states can be written as

Py, = PO 4 p) 4 p@ 4 ... (4.13)

where we have labeled the two flavor states as v, and v, PM and P@ are the first and second
order correction to the oscillation probability due to dark matter, P oc ¢g". The first order
correction, P, only contains contributions as sin(m 4L + ¢(to)), where L denotes the baseline
of the experiment. This term oscillates as the initial phase ¢(t() changes as a function of neutrino
production time . If an experiment has sufficient statistics, they can look for the oscillating first-
order correction. On the other hand, if the experiment only observes time-averaged quantities,
we will instead be sensitive to the second order correction, P?), which includes terms like
sin?(maL + ¢(to)). These do not average to zero in contrast with the first-order correction.

Then,

(Pyy,) = PO + (PP ... | (4.14)

where () denotes averaging over the lifetime of the experiment. We compute (P®)) using time-

dependent perturbation theory.
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g* A2 sin®(20)
(m3, — 4m 4 A2)

f(ma, Ay, L) = 8A% cos?(20) (cos (L (ma + 2A,)) + cos (L (ma — 2A,)) — 2cos (2LA,))

(PP) = — 5 f(ma, Ay, L)

+m’ (LA, sin?(26) sin (2LA,)) + 2 cos?(26) sin® (LA,)) + 16maA} cos?(26) sin (Lm ) sin (2LA,)
+m% A2 (cos(46) (cos (L (ma + 2A,)) + cos (L (ma — 24A,)) — 2cos (Lmy) + 6cos (2LA,) — 6))
+m% A2 (cos (L (ma +2A,)) + cos (L (ma — 2A,)) + 2cos (Lmy))

+m3 AL (—4LA, sin*(26) sin (2LA,) + 2 cos (2LA,) — 6) (4.15)

where 6 characterizes the two flavor PNMS matrix U.

This very complicated expression can be greatly simplified in the large or small 7 4 limits.
In the small mass limit, where m4 < 1/L ~ A,, the effect of dark matter is roughly constant as
the neutrinos fly from the point of production to the point of detection. In this limit, the leading
correction to the vacuum oscillation is given by

, AZsin? 20
8A2

(4cos40 + 2 cos(2A, L) (cos 40(AZL* — 2) + AZL* — 1) — A, L(5cos(40) + 3) sin(2A, L) + 2) .

(PP =g (4.16)

On the other hand in the large mass limit, where m4 > 1/L ~ A, the dark matter is oscillating
rapidly over the flight of the neutrinos and much of its effect is averaged away. In this limit, the

same second-order correction reads
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Figure 4.1: We show how the bound on the dark matter gauge coupling as a function of mass
(units arbitrary) is expected to behave for hypothetical neutrino oscillation experiments. The two
different scaling of the bound for the regimes m4L < 1 and m4L > 1 is clearly visible. For
maL < 1, for a fixed experimental uncertainty, the coupling scales linearly with m 4 whereas
for m4 L > 1, the same scaling is quadratic.

, A2 sin* 20

P2y — _
(Po) == =5

(A, Lsin®(20) sin(2A, L) + 2 cos?(26) sin*(A, L)) (4.17)

From Eq. 4.16 and 4.17, it is easy to see how the bound on the dark matter coupling
constant g scales with the mass of dark matter. In the low mass regime, VP ~ gAg ~ mLA,
so we expect the constraint to scale as g « m4. On the other hand, in the high mass regime,

P2 ~ % ~ m%A. Hence the constraint is expected to scale as g oc m?%. This scaling behavior
can be seen in Fig. 4.1 where we have plotted the bound obtained from a hypothetical neutrino
experiment using two neutrino flavors in the perturbative regime. In making this plot, we have
assumed A, € [1.,2.], a fixed experimental uncertainty and considered 10 bins with equal energy

spacing (motivated by the DUNE experiment [6, 192, 193]). The difference in the scaling of the

bound on the coupling constant is clearly different in the small and large mass ranges. In the low
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mass regime, m4L < 1, the bound increases slowly g « m 4. On the other hand, in the high
mass regime m 4L > 1 it weakens faster, g oc m? and smoothly transitions between the two at
mal ~ 1.

In Section 4.3.3, we will use these perturbative results to scale numerically obtained
bounds at one mass to other masses. To do this, we will need to be sure that we are in the
perturbative regime. We will look at experiments with neutrino energies £, ~ O(1 — 10 GeV) at
which scale Am?, dominates the oscillation dynamics. By demanding P® < 1, Eq. 4.16 gives

a bound on the coupling below which we are working in the perturbative regime:

g<25-10 (10*2%\7) ( E, > (4.18)

4.2.3 Daily Modulation

In this section, we discuss the effects of the Earth’s rotation on our DM signal. As the DM-
induced potential is the dot product between the DM polarization and neutrino velocity, the DM-
induced potential undergoes an oscillation due to the Earth’s rotation. The equatorial component
oscillates whereas the polar components remain unchanged due to the Earth’s rotation. This
directional dependence is a crucial difference between vector and scalar DM.

For a neutrino beam type experiment, the neutrino beam has a fixed direction in the lab

frame. Figure 4.2 shows this in the lab frame. In general, the neutrino beam has a direction
f),, = (UH, UL) (419)

where v and v are the equatorial and polar components of the neutrino velocity respectively.
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Figure 4.2: The equatorial component of the vector polarization n rotates in the lab frame due
to the Earth’s rotation whereas the polar component n;, remains unchanged. For experiments
like DUNE, the neutrino velocity has a fixed direction. Hence the angle between the vector
polarization and the neutrino velocity oscillates with the frequency of a day.

We can similarly write the dark matter polarization unit vector in the lab frame as

At) = (n)| cos(wat), ni), (4.20)

where n| and n are the equatorial and polar components of the vector polarization and wy is the

daily frequency. We can write the vector DM potential, Eq. 4.8,

g 0 0
2
Hipe = V2 cos(mat + ¢)cosa(t) |0 ¢ —¢g 0 4.21)
A
0 0 —q
cos a(t) = A(t) - . (4.22)

In an experiment with high statistics, we can make out the daily modulation of the signal. On the

other hand, without any temporal information about the data or in case of small statistics , we can
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observe the time averaged effect of the daily modulation.

The daily average removes the first order correction (P(!)) = 0 and only the higher order
effects remain observable. In the case of sufficiently light DM, m,4 < w,, averaging over a
day does not average over a full oscillation of DM. In that case, the oscillation of the DM effect
is observable even after taking the daily average. On the other hand, if one averages over the
lifetime of the experiment, as is typically done, the dark matter oscillations are also averaged
Over.

After averaging over the lifetime of the experiment, the oscillation probability is given by

1
(Proosv,) = PO 4 (§n|2|v|2| - nivi) (PP 4 ... (4.23)

where P(®), P(?) is same as in Eq. 4.13. Here we have assumed that the DM is light enough
so that the coherence time of the DM is longer than the experiment lifetime, hence the vector
polarization (n), n1) can be treated as constant. We see that the effect of the daily average is a
correction of the DM effect which is dependent on the DM polarization and the beam direction.
Given a global network of neutrino beam experiments, we can not only observe but also map out
the DM polarization in the solar neighborhood.

If the DM coherence time is longer than a day but much smaller than the lifetime of the

experiment, we have to average over all possible DM polarizations.
1
(Prosw,) = PO+ (5@2 + vi) (PP) + - (4.24)
For a neutrino beam experiment like DUNE, we can compare Eq. 4.14 to Eq. 4.24 to
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Figure 4.3: Schematic diagram showing the two different averages over atmospheric neutrino
velocity. For atmospheric neutrinos, the neutrino velocity doesn’t have a fixed direction. On
the left, we have shown the averaging of the neutrino velocity over the same zenith angle 6 (it
is conventional to assign # = 0 to down-going neutrinos). Paths with the same zenith angle
have equal lengths which form a cone. This is standard for atmospheric neutrino experiments, as
discussed in 4.3.1. We also have to average over the daily modulation, which we have shown on
the right.

perceive the effect of the Earth’s rotation. The difference depends upon the latitude and longitude
of both the points of neutrino production and detection. On the other hand, for atmospheric
neutrino experiments, shown in Fig. 4.3, there are a whole host of neutrino velocities distributed
on a two sphere. It is customary to bin events by zenith angle ¢, as shown in Fig. 4.3. Then each
bin corresponds to atmospheric neutrinos with the same path length from production to detection.
For an experiment located near the Earth’s rotation axis, like IceCube [194, 195], this corresponds
to averaging over v. However, for an experiment located elsewhere, like Super-Kamiokande
[4, 5, 190], the constant zenith angle averaging will correspond to different averages over the
neutrino velocity depending on the particular location. To get an estimate of the impact of the

velocity average on the vector DM effect, we can look at average over both neutrino velocity and
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DM polarization,
(Preosv) = P(“)+§<P<2)>+~-- (4.25)

The effect of daily average and the angular average is clear once we compare Eq. 4.14 to

Eq. 4.25.

On the other hand, since the revolution of the Earth around the sun only modulates the
velocity of the vector field, neutrino experiments are not sensitive to such effects.
4.3 Experiments

In order to get a qualitative understanding of which experiments are the most efficient at

detecting Vector DM, we can compare the relative strengths of various terms in the Hamiltonian

Am? 7
mn Hy ~ gQ. (4.26)

Here, we can make a simplifying assumption that a given experiment is sensitive to DM when

both terms in the Hamiltonian are comparable

ma Am? B ma 10 GeV
Hiy < Hye = < MAZ 430 ( ) . 427
L I~ V2 10-2 eV E, (“4.27)
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As the vacuum term gets smaller with higher neutrino energies, we can see that experiments that
operate at higher energies have greater discovery potential.

Naively, one could use the most energetic neutrinos to set the most stringent constraints.
However, as the energy of neutrinos increases so does the oscillation length. Since the longest
baseline we can probe is of the size of the Earth, this limits the most efficient energies to £/ ~ 10
GeV. Experiments that operate or will operate at these energies are Super-Kamiokande [4, 5,
190], IceCube [194, 195], DUNE [6, 192, 193] and Hyper-Kamiokande [196]. We can divide
these experiments into two categories: atmospheric neutrino experiments (Super-Kamiokande,
IceCube, DUNE and Hyper-Kamiokande) and beam experiments (DUNE). Below, we consider
one experiment of each type, with Super-Kamiokande as an example of an atmospheric neutrino

experiment and DUNE as an example of a neutrino beam experiment.

4.3.1 Super-Kamiokande

Super-Kamiokande is a water-Cherenkov detector that is designed to measure neutrinos
of astrophysical, atmospheric and accelerator origins. In this work, we focus on atmospheric
neutrinos detected by Super-Kamiokande. In this type of experiment we can reconstruct neutrino
direction and their energy. As neutrinos are produced in the atmosphere, the distance they travel
before reaching the detector is related to the zenith angle 6 shown in Fig. 4.3. When cos § = 1, the
distance covered by neutrinos is of order O(10 km), while cos # = —1 corresponds to distances of
order O(10* km). In our analysis, we focus on neutrinos coming from underground (cos f < 0) as
the longer effective baseline allows the effect of DM to accumulate, leading to stronger sensitivity.

Super-Kamiokande divides neutrino events into three main categories, fully contained (FC),
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partially contained (PC) and up-going muons (Up-x). Both FC and PC categories include neutrinos
that convert into electrons/muons inside the detector. However, leptons produced during FC
neutrino events deposit all energy inside the inner detector whereas leptons produced during PC
events stop at the outer detector or deposit only a fraction of their energy before leaving the
detector. The final type of event, Up-1, includes muons that were produced outside the detector
but stopped inside it or passed through it leaving a trace.

As we are interested in the neutrinos that have energies of order 10 GeV and whose angular
direction can be resolved, there are two event sub-categories that meet this criterion, PC through-
going and Up-u stopping. Both samples have similar energy distributions that peak around 10
GeV [4]. The first sub-category includes mostly muons and antimuons that were produced inside
the detector but managed to escape it. These events are binned over zenith angle cos6 € [—1, 1]
with a bin size of A cosf = 0.2. The second sub-category contains the muons and antimuons
that were produced outside the detector but stopped inside. Here, events are binned over a shorter
range of zenith angle cos @ € [—1, 0], with a smaller bin size of A cos@ = 0.1.

In the analysis, we use two data sets for each sub-category. The first one contains the
number of observed events [5] as a function of the zenith angle cos 6, as shown in the Fig. 4.3.
The second data set has the ratio of observed neutrino events to the expectation in the case of
standard neutrino oscillations as a function of zenith angle cos 6 [4]. For the Up-u stopping sub-
category, both data sets are binned over cos f € [—1, 0] into 10 bins of size A cos = 0.1. For PC
through-going sub-category we use the first 5 bins which correspond to cos € [—1,0] as they

are the most sensitive to the effect of VDM. We use these data sets as an experimental input to
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the \? test

bins O bins N NO
YA(N;, 0;) _QZ(N O; —|—Olnﬁ> _220 ((NO x; >—1—|—1an]\;> (4.28)

=1 7

where O; is the number of observed events, NV, is the number of expected events, Ni0 1s the number
of expected events assuming standard neutrino oscillations [4] and z; = O;/N?. The subscript
refers to the bin.

The input from our model is contained in the ratio 2

NO

assumption that the energy of neutrinos is 10 GeV. We also assume that the detector response is

identical for all neutrinos collected in a single bin. As a result, we can write the ratio %0 as
Z <P(l—>,u> a,t + z < a—),u> a,t
i a=e,[L a=ée,[i
Vi (4.29)
N T (L) 3 (P

where @, ; is the atmospheric neutrino flux from [197]. (P,_, u> is the probability averaged over
bin 7, where we average over azimuthal and zenith angles as well as DM oscillation and rotation
of the Earth. The probability is calculated in the low mass limit where we assume that the DM
phase is approximately constant as the neutrino passes through the Earth. Following [4, 5] we
include the effect of changing electron density by employing the PREM model [198]. Taking
the same 3-flavor neutrino oscillation parameters as in [4] we get the following bounds at the 20
level

~31 mA ~31 mA
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These bounds are only valid in the low mass limit. The treatment of the high mass limit is
explained in Sec. 4.3.3. The projected bounds are shown in Fig. 4.4 and 4.5.

In order to validate the above result we performed cross-checks by reproducing the results
of Ref. [4]. Ref. [4] examined the bounds coming from Lorentz symmetry violation in the form
of chemical potentials and thus resembles our signal up to the time and direction dependence.
The reproduced results differed by up to a factor of two, which we can use as an estimate of the

accuracy of our method.

4.3.2 DUNE

As mentioned before, sensitivity is best for an experiment with a long baseline and high
energy. As an example of a neutrino beam experiment with these properties, we consider the
Deep Underground Neutrino Experiment (DUNE). DUNE produces a beam of primarily muon
neutrinos at Fermilab at energies between 0.5 and 10 GeV. These neutrinos are then sent along a
1285 km path to a detector in Lead, SD. There, they measure the number of muon neutrinos that
have disappeared (V%) and the number of electron neutrinos that have appeared (N 7). Figures
10 and 11 in Ref. [193] present a prediction for N %P using standard neutrino oscillations with
the number of disappearance/appearance events. This data is presented in energy bins of width
0.25 GeV from 0.5 — 8 GeV.

We can use these measurements to place bounds on our vector dark matter interaction. An
exact treatment would involve a full simulation of the detector using the GLoBES framework [199,
200] as was done in Ref. [193] for standard oscillations and for a variety of BSM extensions to

standard oscillations in Ref. [6]. However, we take a simplified approach by assuming that the
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detector response is the same for all neutrinos in a single energy bin. In this approximation,
we can write N;"P(N%), the number of electron-neutrino appearance events (muon-neutrino

disappearance events) in the i*" energy bin, as

Ndzs Ndls 0 1 - <P/J—>H> Napp Napp, <PM—>€>Z'

i i 4.31)
1 - < —>u> <PB—>6>

Here the superscript 0 represents quantities taken without dark matter interactions and (), represents
averaging over the 7' energy bin. We numerically compute the oscillation probabilities using
three flavor oscillations in the low mass limit. We vary the dark matter coupling, g or ¢’, while
three-flavor oscillation parameters are kept fixed at the central values of the global fit [201] used
by the DUNE collaboration in their simulated data for appearance/disappearance events [6].
Placing projected bounds from DUNE is complicated by the fact that we only have predicted
data for N/ and N@** and not any actual data. If we did have an observed number of events
in each bin O; we could simply compute the x? for our theory using Eq 4.28. If we wanted to
compare our vector dark matter theory to standard oscillations, we would look at the difference

in x? between the two theories

NO
2 : 0 N\ — 2 ] . 0 — 0
AX2(N;, N2, 0;) = X*(Ni, 0;) — x3(N?, O 2§ N; — N? + O;1In (N

(2

) (4.32)

Here the sum over bins sums over the bins for both muon-neutrino disappearance and electron-
neutrino appearance to give the total y2. However, since we do not have any real data to compare
to, we imagine drawing O; from the distribution for appearance/disappearance events for standard

oscillations given by N?. Since Ax? is linear in O; this amounts to replacing O; with N in Eq
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4.32.

(AX?(N;, N?, Oi)>0.’ = X*(N;, NY) (4.33)

If Ax? > 4 we would then be able to distinguish standard oscillations from standard
oscillations with our vector dark matter interaction at the 20 level. We can then place a predicted
bound on our coupling, assuming that DUNE will not find disagreement with standard oscillations,

by demanding

Ax*(g) < 4 (4.34)

where ¢ is the coupling of interest. As a cross-check, we were able to use this method to reproduce
the bounds on the flavor-diagonal piece of the non-standard neutrino interactions from Ref. [6] to
within 20%. These flavor-diagonal non-standard neutrino interactions are very similar to our dark
matter interaction. In fact, they are equivalent if we send cos(mt + ¢) cos(a) — 1 in Eq. 4.8. Tt
is likely that our bounds have similar error bars.

As seen from Eq. 4.8, the strength of our interaction depends not only on the strength of
the coupling ¢ and ¢’ but also on the relative direction of the neutrino velocity to the dark matter
polarization and the phase of the dark matter. All of these quantities vary on different timescales.
The phase of the dark matter, m 4t + ¢ in Eq. 4.8, changes on the time scale m;l. The direction
of the neutrinos’ velocity changes on a daily time scale due to the Earth’s rotation. Finally, the

direction and amplitude of the dark matter background and changes on the scale of the coherence
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time of the dark matter background which scales with t.,, ~ 10° m;l.

For time scales that
are shorter than the total data collection time of DUNE, around 3-7 years, we should average
the probabilities P,_,, and P, _,. over these time scales before placing the bound from Eq. 4.34.
This is true for all three of our relevant time scales except for the coherence time for masses
ma < 3-10718 eV. For masses below this limit, the dark photon field is coherent during the 3-7
year duration of the experiment so we must first compute bounds for each direction of the dark
photon polarization. Then, in order to capture the fact we do not know in which direction the
dark matter points, we should average these bounds over all dark photon polarizations. However,
we find that whether or not we average over dark matter polarizations before or after computing
the bounds leads to an O(10%) change in the resulting average bound in the end. We, therefore,
ignore this subtlety and average over all time scales before computing the bound. We find the
bounds on g(¢’) to be

-30 ma -31 ma
<10 (agy) 9 <T 10 (). (4.35)

These bounds are shown plotted below in Fig. 4.4 and 4.5.

As mentioned before, we are using DUNE as an example of the sensitivity of a neutrino
beam experiment. DUNE expects to detect oscillations from the background atmospheric neutrinos
as described in Ref. [192] where they argue DUNE will have a sensitivity similar to Hyper-
Kamiokande. If one were to use this aspect of DUNE, then the bounds in Eq. 4.35 and Eq. 4.30

would be improved upon significantly.
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Figure 4.4: Constraints on the L. — L, coupling from atmospheric and beam neutrino
experiments. The curves show upper limits on the coupling g. The atmospheric neutrino bound is
represented by the cyan line, which is derived using Super-Kamiokande data [4, 5]. The dashed
magenta line gives the projected sensitivity of neutrino beam experiments, which is obtained
assuming DUNE operating in the beam mode [6]. Our constraints are several orders of magnitude
stronger than the cosmological v-decay bound (light blue and black dashed lines) [7] and five
orders of magnitude stronger than other terrestrial bounds at the lower end of the allowed mass
range. It is expected that time dependent analysis will improve these bounds. Other constraints
are from BH superradiance (gray band) [8], neutrino oscillations modified by a fifth force (orange
and yellow lines) [9, 10], A N through vv — AzA, (green line) [11, 12], EP violating forces
(dark blue line) [9, 13] and a model dependent bound coming from a mono-lepton plus missing
energy search at LHC (brown line) [14].

4.3.3 Results

We numerically find the DUNE and Super-Kamiokande bound for a DM mass in the small
mass limit using the methods described before. To obtain a bound for an arbitrary mass, we

rescale the bound using the full second-order correction to the oscillation probability, <P(2)>,

given in Eq. 4.15. In Eq. 4.15, L is the neutrino baseline, A, = %33, Ay is the field strength
Ay = ¥2pM apd g is the coupling we are interested in (either g or ¢’). For each of the

mA

experiments, we insert different values of L and F,. For DUNE [193], we use the baseline

101



L =~ 1300 km and E, = 2 GeV, roughly the energy at which detection events peak. For Super-
Kamiokande we use £, = 10 GeV. The length for Super-Kamiokande is complicated since, for
atmospheric neutrinos, L varies depending on the zenith angle 6. In principle, we should use
an effective length, weighted over the bins. For simplicity, we use L ~ 12000 km, roughly the
diameter of the Earth. A different choice of L does not alter our constraint in the low mass regime
or its qualitative feature over the whole of the parameter space.

In order to use Eq. 4.15 to rescale our bounds, perturbation theory in g (¢') must be valid.
Using Eq. 4.18 with £, = 10 GeV for Super-Kamiokande and £, = 2 GeV for DUNE to obtain
the perturbative limit for both experiments and comparing these limits to the bounds placed in
Eq. 4.30 and 4.35, we find that our bounds are soundly in the perturbative limit.

As an additional cross-check of this extrapolation, we solved for the transition probabilities
numerically for a few values of m 4 in the high mass regime for both DUNE and Super-Kamiokande.
While doing this for all points in our parameters space is too computationally expensive, we find
good agreement between our perturbation extrapolation to high masses and the exact numerical

results.

4.4 Conclusions

In this work, we studied the effects of ultra-light vector dark matter consisting of a dark
photon. We consider our dark photon to be the gauge boson of gauged lepton flavor number with
different couplings for each flavor. We showed the effect of such a coupling in the context of
neutrino oscillations is to give each neutrino flavor an effective chemical potential proportional to

the background dark matter field and the coupling. Because the couplings are flavor asymmetric,
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Figure 4.5: Constraints on the L, — L, coupling from atmospheric and beam neutrino
experiments. The curves show upper limits on the coupling ¢’. The atmospheric neutrino
bound is derived using Super-Kamiokande data [4, 5]. The projected sensitivity of beam neutrino
experiments is obtained assuming DUNE operating in the beam mode [6]. Our constraints are
several orders of magnitude stronger than the cosmological v-decay bound (light blue and black
dashed lines) [7] and eight orders of magnitude stronger than other existing constraints at the
lower end of the allowed mass range. It is expected that time-dependent analysis will improve
these bounds. Previous constraints are from BH superradiance (gray band) [8], ANy through
vv — AgAy (green line) [11, 12], NS binaries (red line) [15] and a model-dependent bound
coming from a mono-lepton plus missing energy search at LHC (brown line) [14].

these chemical potentials are different for each neutrino flavor and thus will have some effect on
neutrino oscillations. Because this interaction is diagonal in flavor space, we saw that the net
effect of these couplings is to dampen the mixing, and thus dampen oscillations between neutrino
flavor eigenstates.

Using this effect, we are able to place bounds on the flavor asymmetric couplings g (U(1)z,-1,)
and g’ (U(1)r,—r,) by comparing to neutrino oscillation experiments. Using Super-Kamiokande
(DUNE) as an example, we found the (projected) bounds coming from an atmospheric (beam)
neutrino experiment. These bounds are shown in Fig. 4.4 and Fig. 4.5. For both, we found our

bounds beat previously leading bounds for low dark matter masses and give bounds comparable
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to leading bounds at high masses.

We also considered time-dependent effects unique to our vector dark matter background. In
particular, due to the Earth’s rotation, neutrinos in the earth’s frame see a vector background that
rotates on a daily basis. Since the coupling between neutrinos and the dark matter background
is proportional to Ay - ¥, this rotation effect would manifest as daily modulations in neutrino
oscillations. In our bounds, we averaged over these daily modulations. However, one could
look for these daily modulations directly. These daily modulation would be seen as a daily
time dependence in the appearance/disappearance events. One would need to have the time-
stamped data to see this effect. This would involve working directly with the data from neutrino
oscillation experiments and so we leave it for future works. In addition to this time-dependent
analysis, bounds could be made more precise with future atmospheric neutrino experiments such

as Hyper-Kamiokande, DUNE and by working more directly with experiments like IceCube.
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Chapter 5: Conclusion

The search for new physics must be pursued in all possible directions. In this thesis I have
divided my efforts in search of UV completion as well as search for DM.

In chapter 2, we showed that Non-abelian discrete symmetries are interesting and started
the study of their Nambu Goldstone bosons. Perhaps the most exciting future directions would
be if it were possible to gauge various sub-groups of the accidental symmetries so that one could

actually charge discrete NGBs under a gauge symmetry.

In chapter 3, we explored the evaporation of black holes in the early universe and showed
how they heat up the surrounding plasma. This plasma can reach temperatures much larger than
the ambient temperature and can have effects more significant than that of the black hole itself.
As an example, while monopole production by black hole evaporation is negligible, monopole
production by the surrounding plasma can be very significant. However, we have only listed a
single scenario where the plasma surrounding the black hole has a significant effect. It would be

interesting if there are other situations where this plasma is important.

In chapter 4, we studied the effects of ultra-light vector dark matter consisting of a dark

photon. We consider our dark photon to be the gauge boson of gauged lepton flavor number with
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different couplings for each flavor. We showed the effect of such a coupling in the context of
neutrino oscillations is to give each neutrino flavor an effective chemical potential proportional to
the background dark matter field and the coupling. Because the couplings are flavor asymmetric,
these chemical potentials are different for each neutrino flavor and thus will have some effect on

neutrino oscillations.
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