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With the rapid improvement in perception and planning technology, robots are being in-

creasingly used as smart, adaptive sensors to gather information in applications such as environ-

ment monitoring, infrastructure inspection, and security and surveillance. To fully exploit the

potential offered by robotic sensing, we need efficient and reliable decision-making techniques

to decide when, where, and how to gather information. Such decision-making techniques need to

account for the uncertainty and partial knowledge inherent in the working environment. The goal

of this dissertation is to design algorithms to enable a multi-robot team to collectively and effi-

ciently gather information on spatiotemporal fields without full knowledge of the environment.

Our contributions span the full spectrum of the knowledge of the environmental conditions: from

one extreme where the environmental model is fully known to the other extreme where the envi-

ronmental model is unknown but can be learned from empirical data. We present several efficient

(i.e., polynomial time) and effective (i.e., optimal or bounded approximation guarantees) algo-

rithms for multi-robot information gathering.



In the first part of the dissertation, we study coordination algorithms when the environmen-

tal model is fully or partially known. Specifically, for the case where the environmental model

is fully known, we consider the challenge imposed by the connectivity requirement of the team.

We present an algorithm for connectivity-constrained submodular maximization for information

gathering that requires intermittent communication among the robotic team. For the case where

the environment is partially known, and uncertainty exists, we seek to make the multi-robot team

robust to the possible failures caused by the uncertainty. When the uncertainty is upper-bounded,

we present a constant-factor approximation algorithm for robust multiple path submodular ori-

enteering. When the uncertainty is stochastic, and the distribution is known, we introduce two

risk-sensitive coordination problems for aerial-ground long-term information gathering.

In the second part of the dissertation, we study the case where the environmental model

is initially unknown and needs to be learned from the data. Classically, such a learning process

is independently conducted without considering the downstream task. By contrast, we present

a framework that incorporates the downstream decision-making problem into the learning pro-

cess. Such integration will help reduce the misalignment between the prediction model and the

downstream task. The misalignment refers to a predictor that despite achieving high predictive

accuracy in the learning phase may not necessarily result in good decisions in the downstream

task. The general methodology to achieve such integration is to make the combinatorial optimiza-

tion differentiable, which then can be treated as a differentiable module in the learning process.

In addition to algorithm design, we present empirical results for applications such as active target

tracking, ocean monitoring, and persistent monitoring.
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Chapter 1: Introduction

1.1 Motivation

Research in science and engineering is experiencing a paradigm shift from physics-based

modelling to data-driven learning. The �rst step in data-driven learning is to collect the data or

gather information. Access to high-quality data can be a major enabler to high-quality learning.

For example, in the computer vision community, the large-scale dataset ImageNet [5] released in

2009 was critical to the success and popularity of deep neural networks. There are other scien-

ti�c and engineering disciplines where access to data can be a signi�cant enabler for data-driven

learning. In this dissertation, our focus is on developing algorithms for a robotic system that

can autonomously collect data and gather information for scienti�c and engineering studies that

involve monitoring spatio-temporal process. Typically, data collection in the physical world has

been limited to manual data collection or passive sensors deployed in the �eld [6–10]. However,

this can be limiting for data-driven learning. Instead, using actively controlled robots, we can col-

lect high-resolution data on-demand and adaptively making data-driven learning more ef�cient.

Recently, there has been work on using robots for information gathering in various high-impact

applications such as

• Environmental monitoring: autonomous robots are used to measure physical quantities
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such as the temperature, pollution concentration, and water quality. (Fig. 1.1a)

• Agriculture and terrain mapping: autonomous robots are used to detect weeds and pests,

count the number of fruits, and spread chemicals. (Fig. 1.1b)

• Search, rescue, and surveillance: autonomous robots are used to search and/or track targets

in hazardous environment. (Fig. 1.1c)

• Space exploration: autonomous robots are used to collect samples of rocks and soils to

seek preserved signs of biosignatures in on the planet. (Fig. 1.1d)

(a) (b)

(c) (d)

Figure 1.1: Multi-robot information gathering tasks. (a) Autonomous underwater vehicles collect
ocean data (courtesy of Hollinger et al. [1]). (b) Autonomous aerial vehicles detect crops and
weeds. (courtesy of Popović et al. [2]) (c) Aerial and ground robots for disaster relief (courtesy
of Harbers et al. [3] and Endeavor Robotics). (d) A Mars rover and an multi-rotor vehicle for
space exploration(courtesy of NASA).

Due to the advance in mobility and sensing capabilities over the past decades, the cost

effective robotic platforms are widely available for information gathering research (e.g., Boston

Dynamics [11], DJI [12], Clearpath [13], Unitree [14]). It is becoming increasingly popular to

use a team of robots for information gathering tasks. Within a team, the robots may differ in
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their mobility (e.g., aerial, ground, or surface robots), or in sensing capabilities (e.g., LIDAR or

cameras). Compared to a single robot, such a team can extend the range of executable tasks,

enhance task performance, and naturally provide redundancy for the system. To fully exploit

the potential of such multi-robot teams, we need to consider how to coordinate robots to gather

information effectively given the available knowledge about the environment and the capability

constraints in robots.

Multi-robot information gathering problems are challenging to solve mainly for the follow-

ing two reasons. First, we have only limited knowledge about the environment in the planning

phase. For example, in some applications, we have a parametric model of the environment based

on the domain knowledge, but the exact value of the parameters of the model are not known in

advance. The parameters may be set-valued, stochastic, or context-dependent.1 We have to make

decisions with incomplete knowledge. Second, the underlying combinatorial optimization may

be NP-hard and we cannot �nd the optimal solution in polynomial time. On the one hand, the

lack of knowledge of the environment will increase the size of the solution space. On the other

hand, the constraints imposed by the capabilities of the robots, e.g., communication radius and

battery capacity, will increase the complexity of the problem.

Therefore, the focus of this dissertation is to design algorithms to enable multi-robot teams

to gather spatiotemporal information for diverse environments and tasks. Our research spans the

whole spectrum of the knowledge of the environmental model: from one extreme where the envi-

ronmental model is fully known to another extreme where the environmental model is unknown

but can be learned from empirical data. When we have full or partial knowledge of the environ-

1Context refers to the side information of the environment obtained through either extra sensing modality or
expert annotations.
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mental model, given task requirements, we formulate coordination problems using tools such as

submodular maximization and sequential decision-making to optimize the task performance with

capability constraints of robots and aim at �nding ef�cient (e.g., polynomial in time) and effec-

tive (e.g., optimal or bounded with guarantee) algorithms to solve the identi�ed problems. When

only empirical data is available for the environment, we study novel learning-decision-integrated

algorithms to learn environmental models that lead to good downstream task decisions.

1.2 Overview of the Dissertation

(a) (b) (c)

Figure 1.2: (a) Multi-robot active target tracking with communication constraints. (b) Case study
of monitoring a marine environment with aquatic robots when some of the robots may fail. (c)
When the UAV and UGV are executing tasks, they need to decide when and where to rendezvous
to replenish the battery of the UAV.

We start our research by considering the cases where the environmental model is fully

known, and the robotic teams need to handle the constraints imposed by the connectivity when

they gather information. Then, we consider the cases where the environmental model is par-

tially known and uncertainty exists. When the uncertainty is upper-bounded, we introduce two

novel robust combinatorial optimization-based formulations of information gathering problems

(RMOP of�ine and RMOP online) and propose a constant-factor approximation algorithm for

RMOP of�ine. These two cases are all rooted in the submodular maximization framework. For-
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mally, for a setV, a functionf : 2V 7! R is submodular if and only if for any setsA � V and

A 0 � V , we havef (A ) + f (A 0) � f (A [ A 0) + f (A \ A 0) [15]. Such a submodular objective

is ubiquitous in multi-robot information gathering. For example, the setV may refer to the set of

motion primitives andf (A ) refers to the targets covered by the camera of robots.

When the uncertainty is stochastic with a known distribution, we utilize risk-aware se-

quential decision-making paradigms to coordinate a heterogeneous team. Moreover, when the

environmental model is unknown, and only empirical data is available, we study the problem of

how to learn an environmental model and propose a learning-decision-integrated framework. In

addition to algorithm design, we present empirical results for applications such as active target

tracking, ocean monitoring, and persistent monitoring as shown in Fig. 1.2. Details of the main

contributions of this dissertation are given below.

In Chapter 2, we introduce a problem named Communication-aware Submodular Maxi-

mization (CSM) for a class of multi-robot information gathering problems that have submodular

objectives and requireintermittent connectivitybetween robots. Such a formulation is suitable

for scenarios in which we have the full knowledge of the environment. In the proposed formu-

lation, each robot needs to �nd one trajectory to be executed within the current planning epoch

to maximize the submodular team objective. We also impose the constraint that the robots need

to form a connected communication network at the end of the planning epoch. That is, the end

positions of all the selected trajectories must form a connected network. We allow the robots to

disconnect during the epoch temporarily. However, by ensuring connectivity at the end of the

epoch, the robots will be able to exchange information gathered during the epoch and jointly plan

for the next epoch. We propose a heuristic algorithm consisting of two stages,topology genera-

tion anddeviation minimization, to solve CSM. Chapter 2 is based on our work [16] published in
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2021 IEEE International Conference on Robotics and Automation (ICRA) and its journal version,

which is in preparation for Autonomous Robots (AURO).

In Chapter 3, we consider the multi-robot information gathering problem in uncertain en-

vironments where some of the robots may fail during execution, and we have onlypartial knowl-

edge about the failures: there are at most� failures. Once a robot fails, all the information

collected as well as the robot will be lost. We focus on how to make the robot team robust to

failures when they operate in such environments. We introduce the Robust Multiple-path Ori-

enteering Problem (RMOP) where we seek worst-case guarantees against an adversary that is

capable of attacking at most� robots. We consider two versions of this problem: RMOP of�ine

and RMOP online. In the of�ine version, there is no communication or replanning when robots

execute their plans, and our main contribution is a general approximation scheme with a bounded

approximation guarantee that depends on� and the approximation factor for single robot orien-

teering. In particular, we show that the algorithm yields a (i) constant-factor approximation when

the cost function is modular, (ii)log factor approximation when the cost function is submodu-

lar, and (iii) constant-factor approximation when the cost function is submodular but the robots

are allowed to exceed their path budgets by a bounded amount. In the online version, RMOP

is modeled as a two-player sequential game and solved adaptively in a receding horizon fashion

based on Monte Carlo Tree Search (MCTS). Chapter 3 is based on our work published in 2020

Robotics: Science and Systems (RSS) [17] and its journal version published in IEEE Transaction

on Robotics (TRO) [18].

In Chapter 4, we consider the multi-robot long-term information gathering problems in

uncertain environments in which the Unmanned Aerial Vehicle (UAV) may be out of charge

stochastically due to the disturbances in the environment, and we have onlypartial knowledge
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about the disturbances: the probability distribution. If we consider only the worst-case distur-

bance, it will result in very conservative decisions. If we consider the average of the disturbance,

the empirical failure (UAV is out of charge) rate may be high. Therefore, we need to make a

tradeoff between the task performance and the failure rate. Speci�cally, the UAVs and Unmanned

Ground Vehicle (UGV) need to �nish the task cooperatively, and the UGVs need to recharge the

UAVs as mobile rechargers periodically. Due to the disturbances (e.g., wind) in the environment,

the energy consumption of a UAV is stochastic, and we need to take such disturbances into ac-

count in the planning phase. Generally, we are interested in such problems:given the distribution

of the stochastic disturbances in the environment, how to coordinate UAVs and UGVs to achieve

high task performance and low failure rate (UAVs being out of charge)?We study this type of

problem for a team consisting of one UAV and one UGV in Section 4.2 and introduce a Chance

Constrained Markov Decision Process (CCMDP) based formulation for risk-aware aerial-ground

cooperative routing. We extend the formulation to multiple UAVs and UGVs in Section 4.3 based

on a graph-matching model. Chapter 4 is based on our work published at the 2022 IEEE Confer-

ence on Decision and Control (CDC) [19] and the work published at the 2023 IEEE International

Conference on Robotics and Automation (ICRA) [20].

In Chapter 5, we consider the multi-robot information gathering problem for the case where

the environmentmodel is unknown and context-dependent. Given empirical data, our focus is to

learn context-aware environmental models for decision-making problems. Classically, such a

learning process is independently conducted without considering the downstream problems. In

contrast, we propose a decision-oriented framework that incorporates the downstream decision-

making problem into the learning process. We show that such integration will help reduce the

misalignment between the prediction model and the downstream task. The misalignment refers to
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a predictor that despite achieving high predictive accuracy in the learning phase may not necessar-

ily result in good decisions in the downstream task. The challenge to achieving such integration

is to make the combinatorial optimization differentiable, which can then be treated as a differen-

tiable module in the learning process. To make the combinatorial optimization differentiable, the

general idea is to �nd continuous relaxations of the discrete problem. We study how to make two

types of decision-making problems for the multi-robot gathering differentiable: monotone sub-

modular maximization (Section 5.2), and non-monotone submodular maximization(Section 5.3).

Chapter 5 is based on our work published at the 2023 IEEE/RSJ International Conference on

Intelligent Robots and Systems (IROS 2023) [21] and the work submitted to the 2024 American

Control Conference (ACC) [22].
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Chapter 2: Multi-Robot Information Gathering with Full Knowledge of the en-

vironmental model

2.1 Overview

In this chapter, we consider the multi-robot information gathering problem when the envi-

ronment is fully known. In such cases, the problem can be formulated as one classic combina-

torial optimization problem with some application-speci�c constraints. Speci�cally, we consider

the case where the objective to be maximized is a submodular function, and the robot team has

to satisfy the intermittent connectivity constraint, which forces the team to form a connected

network periodically. Such an intermittent connection is bene�cial because it allows robots to

exchange collected information and plan for the next epoch.

Many multi-robot cooperative tasks such as exploration and target tracking can be formu-

lated as submodular maximization problems [23–27]. The objectives in such problems (e.g.,

mutual information, area explored, number of targets tracked) have diminishing returns prop-

erty which is shown to be submodular. Intuitively, submodularity formalizes the notion that

adding more robots to a larger multi-robot team cannot yield a larger marginal gain in the ob-

jective than adding the same robot to a smaller team. Despite the submodular maximization

problem being NP-hard, a simple greedy approximation algorithm can achieve nearly optimal
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Figure 2.1: One motivating example of this paper: multi-robot active target tracking with commu-
nication constraints. The team should maximize the number of targets observed at each planning
step and keep connected. Colored squares represent targets. Grey dots and lines represent an
induced communication network.

performance [15,28].

Communication plays a key role in successfully executing the greedy algorithm for a team

of robots to choose actions. In the centralized case, robots may need to transmit their acquired

information to either a leader of the team or a remote server; in the distributed case, robots may

need to exchange local information with their neighbors to reach some global consensus [29,30].

In either case, a team of robots needs to form a connected communication network to ensure

information �ow. However, it is possible that actions that maximize the objective may lead the

network to become disconnected. In fact, we expect that to happen quite often given that many of

these objectives relate to coverage where the robots may want to move away from each other to

reduce overlaps. Therefore, there is a need to introduce a connectivity constraint during decision-

making. However, in the existing literature related to submodular maximization, communication

is usually neglected, which motivates us to think about whether we can jointly consider com-

munication maintenance and submodular maximization in the decision-making process for the

team.

To this end, we introduce a problem named Communication-aware Submodular Maximiza-
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tion (CSM) for a class of multi-robot task planning. In the proposed formulation, each robot

needs to �nd one trajectory to be executed within the current planning epoch to maximize the

submodular team objective. We also impose the constraint that the robots form a connected com-

munication network at the end of the planning epoch. That is the end positions of each of the

trajectories that must form a connected network. We allow the robots to disconnect during the

epoch temporarily. However, by ensuring connectivity at the end of the epoch, the robots will be

able to exchange information gained during the epoch and jointly plan for the next epoch.

One motivating example is given in Fig. 2.1, in which a team of aerial robots with downward-

facing cameras tracks targets on the ground. The objective is to maximize the number the targets

observed within each epoch. On the one hand, robots need to move away from each other to

reduce the overlap of the sensor footprints. On the other hand, they cannot move too far from

each other while still ensuring a connected network at the end. A good solution for CSM is able

to balance these two con�icting goals. In this paper, we propose a heuristic algorithm consisting

of two stages,topology generationanddeviation minimization, to solve CSM. The key idea of

the proposed algorithm is that �rst, for each robot we discretize the problem by generating a set

of candidate trajectories whose endpoints are within the reachable set of the robot and let robots

choose trajectories greedily without considering communication constraints; then we make them

minimally deviate from the endpoints corresponding to greedy selections to build connectivity.

Speci�cally, in thetopology generationstage, an edge-weighted graph is generated using robots'

greedy selections, whose edge weights are de�ned over the distance between pairs of robots.

Then a Minimum Spanning Tree (MST) of the edge-weighted graph is extracted as the commu-

nication graph for the next epoch. In thedeviation minimizationstage, a Quadratic Programming

(QP) is formulated to �nd new positions within the reachable set that minimally deviate from
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the greedy selections for robots to realize the MST in the workspace. We carry out extensive

simulations to evaluate the performance of the proposed algorithm.

Submodular maximization and its variants have been widely used in multi-robot decision-

making problems including coverage [31–33], target tracking [23, 34–36], exploration [24], and

information gathering [17, 26, 28, 37, 38]. These studies all based on the fact that greedy algo-

rithm and its variants can solve submodular maximization problem its variants ef�ciently with

provable performance guarantee. However, communication is seldom considered in the existing

works of robotic researchers, and most of them assume that a connected network is always there.

Krause [38] uses the same assumption but associates some cost to edges of the network and

jointly optimizes coverage and network costs. But their work is static in nature, and the decision

is made only once instead of at each planning epoch without partition matroid constraint [37].

By contrast, we consider the scenario where robots are moving, and decisions need to be made at

each planning epoch to maximize objective and guarantee a connected network. Gharesifard [39]

considers the submodular maximization case where one decision-maker represented as one ver-

tex in the graph can access only the decisions of its neighbor and analyzes the in�uence of graph

topology. [40] considers a similar problem but mainly from the perspective of a system designer.

However, the graph discussed in [39, 40] is more like a relational graph instead of a communi-

cation graph, and authors all assume that the actions or decisions of vertices will not change the

graph properties, i.e., connectivity. Grimsman [25] considers submodular maximization under

topology constraints for multi-robot task allocation problems. If the topology constraints can

be described as matroid constraints, a greedy algorithm can have a constant approximation fac-

tor. However, connectivity constraint is in general not a matroid constraint for robot teams with

the same communication radius, and authors in [25] make extra assumptions on task allocation
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structures to make spanning tree constraint a matroid constraint, which makes it unsuitable for

our problem.

Another line of related work is on connectivity maintenance based on algebraic graph the-

ory [41–44]. In these studies, connectivity maintenance and tasks are usually separately con-

sidered. Even though connectivity can be formally guaranteed when the task is not considered,

complex task behaviors of robots in practice can break the connectivity. Our work is different

from these works in two aspects: �rst, our formulation is rooted in combinatorial optimization,

i.e., submodular maximization rather than continuous optimization, and aims at solving discrete

decision-making problems. Even though submodular set functions can be extended to continuous

functions [45], the evaluation of the extended function involves exponentially many subsets of

the ground set, which makes it unsuitable for robotic application. Second, we jointly consider

team task and communication connectivity; therefore, task behaviors will not break connectivity.

This work is also closely related to submodular maximization over graphs [46–48]. [48]

considers the problem of �nding a rooted arborescence in a directed graph with a budget to

maximize a submodular function while by contrast graph considered in this paper is undirected,

and the budget is not a constraint. In [46], authors consider the problem of �nding a connected

subgraph to maximize the covered area, which is a special submodular set function, in the Eu-

clidean plane and give one2-approximation the algorithm. But their algorithm cannot be used

to maximize general submodular functions that are interesting to multi-robot applications, for

example, mutual information [24, 27] and the number of targets [23] because the performance

of their algorithm relies on some additive properties of covered areas. [47] considers a similar

problem as with [46] for general submodular functions. However, none of the algorithms pro-

posed in [46–48] can deal with partition matroid constraints [24], which is one inherent nature in
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multi-robot application since each robot has its unique set of choices. As a result, corresponding

algorithms are not applicable to multi-robot applications.

2.2 Preliminaries

We �rst introduce some notations we will use in this section. Given a setA , 2A denotes

the power set ofA . Given another setB, the setA n B denotes the set of elements inA but not

in B. Given a setV, a set functionf : 2V 7! R, and an elementv 2 V , f (v) is a shorthand that

denotesf (f vg). We use� f (r j A ) = f (A [ f r g) � f (r ) to denote the marginal gain of adding

r in A . Wheneverf is clear from the context, we will use shorthand�( r j A ) for � f (r j A ).

[N ] denotes the setf 1; 2; : : : ; Ng.

De�nition 1 (Minimum Spanning Tree). A minimum spanning tree (MST) is a subset of the

edges of a connected, edge-weighted undirected graph that connects all the vertices together,

without any cycles and with the minimum possible total edge weight.

De�nition 2 (Minimum Bottleneck Spanning Tree). A minimum bottleneck spanning tree (MBST)

in an undirected graph is a spanning tree with the most expensive edge as cheap as possible.

Suppose we haveN � 2 robots in the environment, whose joint states at the start of the

current epoch are denoted asx = f x1; x2; : : : ; xN g 2 RdN , whered is the dimensionality and can

be 2 or 3. Communication graph at the start of the current epochG = ( V; E) is speci�ed using

proximity graph, i.e., a robot corresponds to a vertexi 2 V and(i; j ) 2 E if kx i � x j k � r c,

wherer c is the communication radius.

Each robot is equipped with a sensor that gathers information based on the sensor footprint.

For example, an aerial robot equipped with a downward-facing camera can sense the targets on
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the ground as shown in Fig. 2.1. In this paper, speci�cally, our goal is to �nd a set of trajectories,

one per robot, to ensure that we maximize the submodular team objective within each epoch and

ensure a connected network at the end of each epoch.

Let R i be the reachable set of roboti of the current epoch, i.e., a set of locations that

robot i can reach at the end of the current epoch from the start position of the current epoch.

In general, there is no closed-form expression for the reachable set. In this paper, we assume

that the reachable set can be approximately represented as obstacle-free convex polyhedrons or

ellipsoid using an iterative optimization method such as the one presented in [49]. LetTi be the

set of trajectories of roboti each of which is within the reachable setR i . It should be noted that

there are in�nitely many elements inTi . Let P be the operator that can extract the endpoints of

trajectories.

2.3 Problem Formulation

With the above notations, the problem can be formulated as follows.

Problem 1(Communication-aware Submodular Maximization). At current planning epoch, robots'

positions induce a connected communication graphGe, we want to preserve the connectivity in

the next epoch, i.e., induced graphGe+1 after moving to new positions is connected, meanwhile

maximizing a submodular objective function. Mathematically,

max
si 2T i ;i 2 [N ]

f (S)

s:t: Ge+1 (P(S)) is connected,

(2.1)

whereS = f s1; : : : ; sN g andTi is the set of trajectories for roboti .
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Figure 2.2: One counter example to show that the sequential graph greedy strategy can be ar-
bitrarily bad. If robot 1 is attracted to some local information rich area and �rstly chooses an
action to go downwards (dotted blue arrow), it may bias the whole team away from the global
information rich area, which is on the top (other robots are forced to choose the blue arrows for
connectivity).

One way to solve Problem 1 is by �rst discretizing the reachable setR i into a set of dis-

crete locations and by using lower-level motion primitives such that each point in the discretized

reachability set is associated with one dynamically feasible trajectory [50].

Even after discretization, Problem 1 is still hard because the graph topology can be quite

diverse and there can be exponentially many candidates. However, it should be noted that with

proper discretization there is always a solution to Problem 1: since communication graphGe is

connected and all robots have non-empty reachable sets, one apparently feasible solution is that

all robots do the same movement, e.g., the team as a whole shifts to a new position andGe+1 has

the same graph topology as that ofGe.

One naive way to solve Problem 1 is to use a sequential greedy strategy and consider

connectivity during the construction process as shown in Algorithm 1, in which at each iteration

one robot that can connect to the existing connected graph will make decisions and the connected

graph will then be correspondingly expanded. However, such a strategy can be arbitrarily bad

as shown in Fig. 2.2. In the Sequential Graph Greedy (SGG) strategy, robot 1 may choose the

action to go down �rst since it has the largest marginal gain w.r.t. empty graph, but his action will

bias the team from more valuable area on the top. Another problem with such a strategy is that if
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robots have different reachable sets, SGG may end up with a disconnected graph. For example,

in Fig. 2.2, if robot 1 has a large reachable set and move downwards to its best, other robots with

a smaller reachable set may not be able to follow its pace to maintain the connectivity.

Algorithm 1: Sequential Graph Greedy

1 function SGG(f; fT i gN
i =1 ; P)

Input :
• A monotone submodular functionf

• Partitioned ground setfT i gN
i =1

• OperatorP that can extract the end points of trajectories.

Output: A subsetSol of the ground set
2 Sol  ; , T  

S N
i =1 Ti , G  (V = ; ; E = ; )

3 while jSolj < N do
4 �nd the trajectory setT 0 � T s.t. each element inT 0can establish connections to

the existing graphG at its endpoint
5 # �nd the element with largest marginal gain and its group ID
6 a; i = argmaxs2T 0 � f (s j Sol)
7 T  T n T i , Sol  Sol [ f sg
8 G.addnode(P(s)), G.addedge(P(s))
9 end

10 returnSol

2.4 Heuristic Algorithm

We propose a two-stage heuristic algorithm to solve Problem 1. The key idea is to �rst let

robots greedily select trajectories, which of course may break the connectivity, and then make the

robots minimally deviate from greedy selections to establish connectivity.

Topology Generation: In this stage, robots will greedily select trajectories based on marginal

gains without considering the communication constraint. It is equivalent to solving a submodular

maximization problem with partition matroid using a greedy strategy as shown in Algorithm 2.

These greedy selections will virtually drive them to positionsxg
1; : : : ; xg

N . Then we generate a
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Algorithm 2: Submodular Maximization with Partition Matroid

1 function Greedy(f; fT i gN
i =1 ; P)

Input :
• A monotone submodular functionf

• Partitioned ground setfT i gK
i =1

• OperatorP that can extract the end points of trajectories

Output: A subsetSol of the ground set
2 Sol  ; , T  

S N
i =1 Ti

3 while jSolj < N do
4 # �nd the element with largest marginal gain and its ID
5 s; i = argmaxs2T �( s j Sol)
6 T  T n T i

7 Sol  Sol [ f sg
8 end
9 returnSol

complete graphK N corresponding to theseN robots. The edge weight between robotsi andj

is de�ned asC(i; j ) = max( 1
2(kx i � x j k � r c); 0). If the distance between two robots is already

within the communication radius, then the cost of that edge will be zero. If the distance is greater

thanr c, then at least one of the two robots needs to move at least1
2(kx i � x j k � r c) to realize the

edge.

After de�ning the K N , we use MST algorithm [51] to extract a connected graph for the

next epoch. The intuition for using MST to generate graph topology is: �rst, the costs of edges

are de�ned over distances to be traveled to realize edges. Therefore, the graph returned by MST

algorithm to some extent re�ects the total deviation to achieve connectivity; second, as shown

in [51], MST is also a MBST, which suggests that the graph returned by MST algorithm to some

extent also re�ects the minimum distance to be deviated to achieve connectivity.

Deviation Minimization : After generating the graph topology, in this stage we consider

the problem of how to make robots minimally deviate from the greedy selections to establish
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Figure 2.3: One illustrative example of the proposed algorithm. (a) There areN = 6 robots in
the team and each robot has �ve trajectories: go left, go right, stay, go up, and go down which
corresponds to �ve dotted line in the work space. Current position of robots are denoted as
black dots and the corresponding communication links are black lines. (b) The team greedily
maximizes the submodular objective function which results in a disconnected graph i.e. robots
2, 3, 4, 6 are connected but robot 1 and 5 are disconnected from other robots. (c) Generate a
complete weighted graph using greedy selections and then extract a MST from weighted graph
K 6. Two blue edges are added. (d) Solve the deviation minimization problem to �nd the �nal
positions for robots. The shaded circles centered at current positions are reachable sets for robots
and the red graph is the network to be realized at next epoch.

connectivity. The problem is described below.

Problem 2 (Deviation Minimization). Given current positionsx1; : : : ; xN of robots, positions

xg
1; : : : ; xg

N corresponding to greedy selection, reachable setsR 1; : : : ;R N , communication radius

r c, and a connected graphGe+1 to be realized, the goal is �nd new locationsx �
1; : : : ; x�

N such that

• x �
1; : : : ; x�

N can realize all edges in graphGT , which is returned by MST algorithm;

• The deviations of robots from greedily selected positionsxg
1; : : : ; xg

N are minimized.

• x �
1; : : : ; x�

n are within reachable set w.r.t their current positions.

• Robots will not collide in the new positions.

19



Mathematically,

min
NX

i =1

wi kx �
i � xg

i k

s:t:



 x �

i � x �
j




 � r c; (i; j ) 2 GT :edges

x �
i 2 R i ; i 2 [N ]




 x �

i � x �
j




 > r s; 8i 6= j;

(2.2)

wherewi � 0 is parameter used to describe roboti 's willingness to deviate fromxg
i and more

details on choosingwi are given in Sec. 2.5 andr s is the safe radius for each robot.

It should be noted that the safety constraints are not convex but they can be well handled

by available solves like Gurobi 9.0 [52].

One illustrative example is shown in Fig. 2.3 to demonstrate how our proposed algorithm

works. In the formulation given above, the reachable setR i can be an arbitrary set. We also have

not de�nedwi which can be chosen based on the application. In the following, we will describe

one speci�c example on active target tracking in which we assume that the reachable set can be

represented as a circle and present three ways to selectwi based on the number of targets that a

robot can track during one epoch.

2.5 Case Study: Active Target Tracking

In this section, we present one case study on multi-robot active target tracking with com-

munication constraints, in which each robot has a downward-facing camera and the team aims to

maximize the number of targets that will be observed in each planning epoch. This case study is

presented to demonstrate:
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• Correctness: The proposed algorithm will return a solution that preserves connectivity.

This will be validated by checking the network generated by the team after taking action.

• Performance: The proposed algorithm outperforms SGG strategy and has a competitive

performance compared with a simple greedy strategy, which can be viewed as the empirical

performance upper bound for the team at each planning epoch. We compare our algorithm

with these two algorithms with respect to the number of targets tracked.

Target Model: We assume each target has single integrator motion model,

pj (t + 1) = pj (t) + vj (t);

wherepj (t) andvj (t) denote the position and the velocity of targetj = 1; : : : ; 50. The robot

obtains noisy measurements of the targets' positions and use a Kalman �lter for estimation. The

noise is set to Gaussian noise with zero mean and 0.5 standard deviation. Each target's velocity is

initialized to be zero and is updated by using two consecutive measurements and the time interval

of these two measures:

vj (t0) =
~pj (t0) � ~pj (t)

t0 � t
;

where~pj (t0) and~pj (t) are two measures at time stept0andt with t0 > t .

Robot Model: We assume that all aerial robots �y at �xed heights and the reachable set

of each robot can be described as a circle centered at its current position with a radius4 meters.

Then the reachable set is discretized w.r.t. both the radius and the angle as shown in Fig. 2.4

to generate trajectory set. Each robot is equipped with a downward-facing camera and is able to

observe ground targets inside the sensor footprints. We conduct 10 rounds of simulation and in
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Figure 2.4: One illustrative example to demonstrate the discretization of the reachable set. End-
points are uniformly sampled w.r.t radius (step sizer

3) and angles (step size30� )
.

each simulation there are 10 epochs. Communication radius is set to be 10 meters.

Weight Selection: in this paper we test two ways to set parameterwi , which is about robot

i 's willingness to deviate from its endpoints, for Problem 2.

1. wi is set to be the individual gain of each robot, i.e.,

wi = f (si );

wheresi is the trajectory for roboti selected using greedy algorithm. We will refer this

approach asWeight1in the fololwing. The intuition here is that if a robot itself alone can

observe many targets, it is less willing to deviate from its selection.

2. wi is set to be marginal gain of roboti 's selected trajectorysi 2 Ti , i.e.,

wi = f (S) � f (S nsi );

whereS is a set of trajectories selected using greedy strategy. We will refer this approach
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asWeight2in the following. The intuition here is that the willingness of a robot to deviate

from the greedy selection is re�ected in its contribution to the whole team. The more it

contributes to the team, i.e., large marginal gain, the less willing it is to deviate from its

selection.

3. Another way to setwi is to consider the variation of objective values around the point

xg
i . Speci�cally, given the positionxg

i of robot i corresponding to its greedy selection,

we uniformly sample a setf x i
1; : : : ; xi

W j



 x i

j � xg
i




 � 1; j = 1; : : : ; Wg and de�ne the

weight for roboti as

wi = f (xg
i ) � min

x2f x i
1 ;:::;x i

W g
f (x):

We will refer this approach asWeight3in the following. The intuition here is that a robot

will check the drop of the number of targets observed if he deviates from its selection. If

the drop is large, then it is less willing to deviate from its selection.

It should be noted that after settingwi to be some non-negative constant, Problem 2 becomes a

standard QP problem and can be solved using commercial solvers such as Gurobi.

2.5.0.1 Simulation Results

All experiments were performed on a Windows 64-bit laptop with 16 GB RAM and an

8-core Intel i5-8250U 1.6GHz CPU using MATLAB with Gurobi 9.0 [52], which can deal with

both convex and non-convex quadratic constraints. We test three algorithms in this section: the

proposed algorithm, the greedy algorithm without considering communication constraints, and

SGG. Here the greedy algorithm corresponds to the greedy selection at the beginning of each
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