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Abstract— In this paper, we consider the transport capacity itself but at a limited levél and an infrastructure network
of ad hoc networks with a random flat topology under the with relatively abundant resources can help improving the
present support of an infinite capacity infrastructure network. newyorking performance of the ad hoc tier. This latter scenario
Such a network architecture allows ad hoc nodes to reach each _ . . o .
other by purely using ad hoc nodes as relays. In addition, will be the subject of our paper. 'More spemﬂcglly, we will
ad hoc nodes can also utilize the existing infrastructure fully Search for the theoretical gains of introducing an infrastructure
or partially by reaching any access point (or gateway) of the overlay on top of an ad hoc network in terms of its transport
infrastructure network in a single or multi-hop fashion. Using  capacity per source node, i.e. the maximum end-to-end data

the same tools as in [1], we show that the per source node capacity ; ; ;
of ©(W/log(N)) can be achieved in a random network scenario Lags rt]f;ztegan be uniformly obtained between pairs of the ad

with the assumptions that the number of ad hoc nodes per access ; i _ _ o
points is bounded above and thatV ad hoc nodes excluding the ~ We will define our problem on a disk domain as it is

access points, each capable of transmitting atV’ bits/sec using widely accepted in the literature [1], [7], [8]. Both the ad
a fixed transmission range, constitute a connected graph. This hoc nodes and the access points of the infrastructure network

is a significant improvement over the capacity of random ad o 555umed to be randomly distributed on this disk domain
hoc networks with no infrastructure support which is found as ’

O(W/+/Nlog(IN)) in [1]. Although better capacity figures are The ch0|_ce_ of rquom location for ad hoc _nqdes isa natural
obtained by complex network coding or exploiting mobility in the  0ne, but it is legitimate to ask how proper it is to impose the
network, infrastructure approach provides a simpler mechanism same assumption on the access points. The answer depends
that has more practical aspects. We also show that even whenon the specific scenario as usual. As a counter example, if we

less stringent requirements are imposed on topology connectivity, )6 the cellular networks as the infrastructure where access
a per source node capacity figure that is arbitrarily close t09(1)

can not be obtained. Nevertheless under these weak conditions,PCiNts are simply the base stations located at the center of
we can further improve per node throughput significantly. hexagonal cells and they are connected to each other by a
wireline network, then the locations of the access points are
deterministic. On the other hand, if we have wireless local area
networks (WLANS) as the infrastructure, then the shape of the
serving area and hence the location of each access point is
not well-determined [9]. Furthermore, when we consider the
access points to be mobile/wireless routers with broadband
connection to the infrastructure network, then our assumption
becomes more sound. Although we do not have a control over

Future network applications for commercial, scientific, othe location of the access points, we will have control over
military use will necessitate utilization of different wirelessheir population: We require the number of ad hoc nodes per
technologies together for addressing the requirements of thecess point to be bounded from above.
specific scenarios [2]. Multi-hop wireless ad hoc networks with The paper can be divided into two parts. In the first part, we
their paramount importance in establishing easily deployablghtain the throughput capacity under a notionswbng con-
self-configurable, and highly flexible communication environnectivity condition which mandates that the ad hoc nodes using
ment will probably be an indispensable component in thesge same fixed transmission range form a connected topology
multiple technology and multiple layer network architectureggraph with high probability. In other words, we want to have
In a typical scenario, ad hoc networks can be visualizegl stand-alone ad hoc network which can provide connection
as an extension to the existing infrastructure networks sugtween any pair of ad hoc nodes with probability close to
as cellular and wireless local area networks for further im-
provement in performance (e.g. higher system throughput/usefad hoc nodes would probably have limited energy supplies while wireless
capacity, reduced power consumption, etc.) [3], [4], [5], [6]channel impairments, multi-hop operations, and/or mobility would effectively
In another very likely and counter scenario, we can have tfgluce the available bandwidth significantly.

. . . As it will be clear in our network model, we assume that each source node

ad hoc network, which is fully capable of carrying out thg

e ] b ) generate an equal amount of data for a random destination in a given
communication tasks confined within the ad hoc domain kime duration, hence we use the termiformly here.

Index Terms— Transport capacity, random ad hoc networks,
hybrid wireless networks.
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one and without the support of any existing infrastructureertain signal to interference and noise (SINR) ratio threshold
This certainly is a very cautious constraint and does not takar successful transmission in the multiple access channel.
advantage of the existing infrastructure in its full extent. Fofhe upper bounds that are derived for both transmission
instance, there can be partitions in the ad hoc tier, but whemodels in arbitrary network and for protocol model in random
the overall topology construct is visualized, any pair of adetworks are found to be in the same order of the constructed
hoc nodes can still be connected. Therefore, at the expensdavier bounds, hence capacity of ad hoc networks as modeled
partitions, ad hoc nodes can reduce their transmission rartgecomesd(1/v/N) and©(1/+/Nlog N) correspondingly.
below the value enforced by the strong connectivity. This elim- Although Gupta and Kumar consider stationary nodes with
inates excessive interference of ad hoc nodes on each other Hral rationale that mobility can only deteriorate the capac-
increases the number of simultaneous transmissions in theigg Grossglauer and Tse [10] demonstrate that mobility can
hoc tier improving the upper bound of the transport capacitgchieve higher rates asymptotically as the number of nodes
Hence, in the second part of the paper, we introduce the secancrease. They assume a stationary and ergodic distribution
notion of connectivity, i.eweak connectivity, that requires the where the location of a node is uniformly distributed on a disk
overall network topology graph to be connected. We derive ttnd SINR based physical model is assumed for determining
necessary and sufficient conditions on the transmission rargecessful transmissions. The key point in their analysis is
to satisfy the weak connectivity condition and show that anphat when each source or relay node transmits to the closest
upper bound resulting from the weak connectivity conditiomeceiver, asymptotically, SINR requirement for each transmis-
can indeed be achieved. As a corollary, our results indicate tigdn pair is satisfied with a positive probability value. Hence,
the transport capacity per node eventually converges to 0 gigsend N nodes are randomly selected as transmitters (where
the ad hoc network size increases indefinitely. This is contrafy< 6 < 1), transmitters always choose the closest receiver
to the recent studies that claim to achieve constant throughpaitsend. Since all transmitter-receiver pairs are equally likely
rate per node under different networking constraints [10], [111p be scheduled, each link is activated with the probability at
[8]. the order of©(1/N). Authors define a two phase scheduling

The rest of the paper is organized as follows. In section-Ipolicy as follows. In the first phase source nodes transmit their
we give a comprehensive overview of the most recent works packets to the closest receiver (which can be a relay or the
the literature. Section-IIl outlines the network model that wildestination node) and in the second phase transmitters (which
be considered in the rest of the paper. Section-IV presemdn be source or relay node) forward the packets with the
the capacity result under the strong connectivity conditiomlestination same as the closest receiver. Thus for any source-
Section-V derives the necessary and sufficient conditiodestination pair(N — 2) relay nodes receive and transmit
on the transmission power to satisfy the weak connectivifyackets at rated(1/N) while source nodes also transmits
condition and shows tha®(1) bits/sec can not be achieveddirectly to destination witt®(1/N). Summing over all paths,
even under looser constraints. Section-VI shows that any upgerch flow identified by the source-destination pair acquires a
bound based on the weak connectivity condition can indedided rate, i.e.©(1) which is a significant improvement over
be achieved. Finally, in Section-VII, we conclude the paperthe results of Gupta and Kumar. But this result is achieved at
the expense of possibly excessive delays.

Gupta and Kumar extend their work on capacity of large
wireless networks and follow an information theoretical per-

Transport capacity of wireless ad hoc networks have bespective to find the sufficient conditions for achieving a rate
a major research interest since the landmark paper of Gupégion by allowing arbitrarily complex network coding [11].
and Kumar [1]. In that paper, authors prove that per nod&uthors group relay nodes in disjoint sets for each source-
throughput values of2(1/+v/N) and2(1/y/Nlog N) bits/sec destination pair and order them such that lower order sets
are attainable for arbitrary and random networks respectivatgan only forward data to higher order sets, hence defining
both on a planar disk domain and on the surface of aforwarding graph. All possible forwarding graphs are con-
sphere. Achieving the throughput figure for arbitrary networksidered to determine the achievable rates. Although it is not
involves the freedom of placing the nodes and choosing tlsdown that their approach eventually yields a capacity result,
traffic patterns. On the other hand, random network scenarinsvertheless they demonstrate that a specific wireless network
encompass a uniform distribution of the nodes on the topolog§ N nodes located in a region of unit area can indeed achieve
area as well as a random destination for each ad hoc nodenetwork throughput o® (V) bit-meters/sec 0®(1) bits/sec
Therefore, authors show the achievability results for randodata rate per node which is a remarkable gain over their
networks in the asymptotic sense by designing proper routigiginal capacity results that is limited by inherently assumed
and transmission scheduling mechanisms. In [1], two differepbint-to-point communication.
models are considered for determining the successful trans-Gastpar and Vetterli also consider the information theoreti-
missions in the same channel: protocol and physical modetsl capacity for a simple relay case [7]. The main difference in
Protocol model ensures that given a transmitter-receiver pdhgir problem setting as compared to the previous works is that
no other node in a disk centered at the intended receiviey consider only one source-destination pair and remaining
transmits. The radius of the disk depends both on the distan@ — 2) nodes act as pure relays helping the source node
between the transmitter and the receiver as well as a prototmlconvey as much information as possible to the destination
dependent constant. Whereas the physical model demandsyarepeating the received signal. To make things analytically
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tractable, authors introduce a slotted scheme, where source
node transmits in the even slots and relays repeat the received
signal with proper amplification in the odd slots. Unlike [11],
the total transmit power in the relays are constrained to be
in the same order of the number of ad hoc nodes and no | AP1 AP2
individual relay is allowed to transmit at an unbounded power
level as N goes to infinity. Thus, the transmit powers of the % &\
relay nodes must be coordinated. The slotted scheme allows to 1) 55) ~Oea
use the separation principle for the source and channel coding X M
although for multi-user communication this is not the case Q
in general. It is proved that channel capacity behaves at best s2
aslog(N) imposing an additional constraint of an arbitrarily
small but positive separation between the ad hoc nodes.

In a recent technical report, Duarte-Melo and Liu address
a many-to-one communication paradigm in multi hop sensor

networks [12]. They first consider a flat network architecture ignow that the number of access points should grow faster than
which sensor nodes are assumed to be uniformly distributedy to have a noticeable gain. Their results also reveal that if
on a planar disk domain with a single base station locatgg| the bandwidth resources are allocated to the communication
at the center of the disk. All sensors generate data traffic @tough the infrastructure network and number of access points
the same rate towards this single base station. They adgpt in the same order of ad hoc network size, tREN )
the protocol model for packet transmissions and find out thgs/sec can be achieved as the total transport capacity. Note
conditions where the trivial upper bour@(W/N) can not that such an allocation does not support all the source nodes
be achieved for a given channel bandwidth16F bits/sec. ang this capacity is mainly shared among the nodes which are
Under the same conditions, they demonstrate @@¥’/2N)  oyted through the infrastructure as determined by the routing
is asymptotically feasible. Then authors introduce clusteringyer.
where this time base stations are placed on equally separateg|though there is a significant overlap between our network
grid points. Each sensor directs its traffic towards the closggbdel and that of [8], there are also major differences as
base station. Base stations forward the sensory data again {g@d below that underlines the contribution of our work: (1)
central node using a wireless channel non-interfering with theyst of all, the type of the infrastructure network may not
transmissions within the clusters. Also assuming that theregfoy a hexagonal cell structure as we have already mentioned
no interference between the clusters, authors show that trivigl the introduction. Assuming random locations for access
upper bound can be achieved asymptotically. points can give us a better capacity budget estimate of the
As it is clear from our overview, network capacity can b&cenarios where the access point locations are not on regular
drastically improved when mobility, network coding, redunyyig points. In fact, we will demonstrate in the latter sections
dant relay nodes and/or clustering are effectively exploiteamt the network capacity @& (NW) bits/sec is not attainable
We instead work on a new perspective which searches for the oyr random network model. (2) We specify the upper
achievable wireless network capacity when an infrastructufgung of throughput capacity over all routing and transmission
network support is available at random ingress and egre§gategies, then we design a specific routing and transmission
points to the ad hoc users. Such provisioning reduces t§heme to achieve this upper bound. (3) Our constraints in
burden on the ad hoc tier in terms of coordination overheggims of the connectivity requirements on the ad hoc network
when the alternatives such as complex network coding, addipgses a different problem. (4) We show that the network
redundant ad hoc nodes, and clustering are considered.  throughput capacity can be achieved by a fair allocation of
In a very recent work [8], which we discovered after thg,angwidth among all users regardless of their destinations.
bulk of our work has been completed, authors investigate pyaying finished the overview of the related works and
the throughput capacity of a similar network architectur@qenified the distinguishing features of our problem, we are

In that architecture, infrastructure network is depicted as rBady to proceed with the details of our network model in the
cellular network where the access points are located at thgyt section.

center of hexagonal cells and inter-connected via a broadband
wireline network. Authors are mainly interested in how the

number of access points (hence the hexagonal cells) should
scale with the number of ad hoc nodes to gain substantialWe consider a two-tier architecture where an ad hoc network
network capacity improvement over the pure ad hoc opers overlaid with an infrastructure network. Ad hoc nodes can

tions. They impose different routing strategies that segmerdsmmunicate with each other along the paths that may reside
the randomly distributed ad hoc nodes into two groups dentirely in the ad hoc tier, i.e. they cross only the ad hoc nodes.
pending on whether they use the cellular network to readut, ad hoc nodes are also allowed to utilize the infrastructure
the destination or not. The decision criteria in forming th@etwork such that the flow paths can be partially overlapped
groups rely on heuristic arguments and are not necessarily thith the infrastructure nodes and links. The infrastructure

optimum routing strategies. Under such circumstances, thegtwork is assumed to have relatively abundant bandwidth

R1

Fig. 1. Overlaid network architecture.
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and the transmissions within each tier do not interfere withf node (. (i) There are no other transmitters aroupdat

the other tier. The access between the two tiers is achievedlistance ofr; = (1 + A) x r on the same channel and
through special nodes which will be referred as access poititsie slot, whereA > 0. These two conditions along with the
or gateway nodes. Without loss of generality and for clarityriangle inequality imply that disks of radiusr, /2 centered
access points are assumed only to relay the packets betwatthe receivers must be disjoint to be able to schedule them
each tier and they do not generate any data traffic themselveisultaneously in the same channel and time slot [1].

A typical scenario is depicted in Fig.1 which includes four The throughput capacity is computed over all possible
ad hoc nodes (S1-S4), two access points (AP1-AP2), andime-space scheduling of transmissions and flow paths. A
infrastructure router (R1). The infrastructure network can byer node throughput oh(N, K) is called feasible if there
a wireline network with exclusive links from R1 to AP1 andexist satisfying time-space scheduling and routing paths with
AP2, and vice versa. Suppose that we identify the amoumblimited buffering capabilities in the intermediate nodes. We
of bandwidth resources used in the ad hoc network with tlgall the per node throughput capacity of the random network
number of wireless hops involved for transmitting each packes described to be in the order®f f (N, K)) bits/sec if there
from source to destination. Thus, when S2 has a packet for @4e deterministic constants< ¢ < ¢’ < oo, such that;
it can be sent through S3 which use® hop resources in the _ . .
ad hoc network. The same packet could be sent through the im_ Prob(A(N, K) = cf(N, K) is feasible) =1,
path S2-S1-AP1-R1-AP2-S4 where three hop resources would y;,,, i f Prob(\(N,K) = ¢ f(N,K) is feasible) < 1 .
be used instead, hence wasting an extra hop resources in theN—

ad hoc tier compared to the previous path selection. Clearly,| the next section, we provide some asymptotic results that

using the infrastructure did not really improve the efficienfyill capture the benefits of using an infrastructure network
use of the ad hoc bandwidth resources. However, when gllen in random scenarios.

possible source-destination pairs are considered, we can save
bandwidth resources of the ad hoc tier. Consider the case
where S1 have packets to transmit for S4. Then choosing thdV: CAPACITY IMPROVEMENT WITH INFRASTRUCTURE
path S1-AP1-R1-AP2-S4 spends two-hop resources whereas LAYER
the alternative path S1-S2-S3-S4 wastes one extra hop offhe tools to derive the capacity result for our network
wireless bandwidth resources. model will not be very different from the ones used in [1].
We limit our attention on a random network scenario whergsing the interference-free transmission model, we can bound
ad hoc nodes and access points are randomly distributed othé number of simultaneous successful transmissions by the
disk of areadr = 7R? whereR is the disk radius Each ad number of disks with radiusAr,/2 that can be packed
hoc node generates data traffic of ralgV, K) bits/sec for a inside the disk of areal z. But the boundary effects require
random destination in the ad hoc tier. Hef¢,and K are the modification in our argument. If a receiver is located close
number of ad hoc nodes and access points respectively. Wethe boundary of the disk domain such that the interference
assume that the number of ad hoc nodes per access poindlisk around the receiver is not completely inside the domain,
bounded andim y ... (N/K) = a wherea € (0,00). The then the region occupied by the transmissions to that receiver
transmission radius of ad hoc nodes is assumed to be fix@dsmaller than the interference disk area. When the receiver
but it can be arbitrarily small as N goes to infinity as long ag exactly on the boundary, then the occupied region has
the connectivity of the ad hoc network is guaranteed. At th@te smallest area. The occupied region is minimized as a
point we can directly use the result from [13] which states thaétio of interference disk area when the interference radius
on a unit area disk the transmission radiys must at least pbecome<R -i.e. diameter of the domain- and quarter of the
satisfy the following bound for having a connected graph witthterference disk area effectively occupies the domain. Hence,

probability one. number of simultaneous transmissions must be smaller than
log(NV) 16Ar/(mA%r2). As a result, given the average number of
2 N @) hopsh (N, K) within the ad hoc tier, total bandwidti’, and
per node throughput(N, K), following inequality holds.

We assume a total available bandwidth Wf bits/sec
which can be carried over multiple orthogonal channels (i.e.
frequency band and/or code). The contention over the same
channel is resolved in time and space. As a simple interference ~
scheme, we adopt thprotocol model. Due to this model, The dependence ok on N is a natural consequence of
transmission from nodéto nodej in a specific combination letting transmission range to be smaller as N gets larger, while
of ad hoc channel and time slot is callénterference-free its dependence on K is the result of routing decisions which
if the following two conditions are satisfied: (i) Euclideanmay be based on the location and number of the gateway
distance between and j is smaller than or equal tor, i.e. hodes. Using the inequality (1) and the fact thafv, K) > 1,
|X; — X;| < rr, where X; represents the position vectorwith probability of one (asV goes tox), the following upper

bound holds under any routing and scheduling decision.

SAlthough access points are also physically part of the ad hoc tier, we 16A -V
functionally treat them different. Unless otherwise is explicitly specified, when )\(N K) < _SOARW (3)
we call ad hoc nodes, we exclude the access points. T~ A?log(N)

16 AW

- _ 164V
NAN,K)h(N,K) < A%

)



Next, we will show that®[W/log(N)] is the actual per
node throughput capacity by finding appropriate time-space
scheduling and routing schemes which asymptotically achieve
the upper bound in (3) with probability one. The following
steps are involved in the construction of ttoptimal joint
scheduling and routing scheme: (1) We create a Voronoi tes-
sellatiorf on a disk with the areal  where each Voronoi cell
completely covers an area t§0A g log(N+K)/(N+K). We
also set the transmission range such that any node can reach
to other nodes in the same Voronoi cell. (2) We show that the
number of Voronoi cells that interfere with the transmissions of
a specific cell is bounded above by a constan{3) We prove
that the number of ad hoc nodes including gateway nodes in
each Voronoi cell is indeed less théi{log(N + K)). (4) We
demonstrate that each Voronoi cell includes at least one access f

; i i i ig. 2. Formation \oronoi llation on the disk domain with radi
EZ:’n;C(CSe)SIZ n[:)acl)ll)rllzlvv(\alltshr:ﬁv;t?/g[’grlzIn(l:J;:b(gE 10)f destination r]Odélzg.gEach Vgronactiocelcl) czn %g sgnto‘lev?/isci:ci cl):)et\?vectanedcijsis c(i)? rezljim;d ge ads

Before explaining each of these steps in detail, let's jump
ahead and first examine their implications in our construction. . . o .
Suppose that time is divided into slots with fine granularitf®Nts» on the region. Each Voronoi cell is identified by a

and each node use the whole bandwitithin the time slot it PCINt pi & p and consists of the set of all nodes that are

is transmitting. When steps 2 and 3 are considered togeth@PSer top: than any other point ip. Here on, the distance is
asured simply in Euclidean distance. We provide a modified

we can schedule each node in a Voronoi cell including tHEe&! e )

access points without any conflict by assignifig/[(C' + version qf th;—z lemma from [1] to make it directly applicable

1) log(N + K)] amount of bandwidth to that node. On the© disks InR*.

other hand, steps 1 and 4 provide us the routing algorithmLemma 1: For every R > € > 0, there is a Voronoi

we are searching for: (i) If both the source and destinatidgssellation of a disk of radiug in R? with the property that

nodes are in the same Voronoi cell, then source node transnfigeh Voronoi cell contains a disk of radiagnd is contained

to the destination node in single hop using its own share Bf & disk of radius3e.

bandwidth. (ii) Otherwise the source node can use its share Proof: Let D(z,¢) denotes the disk centered at point

of bandwidth to reach any access point in its own cell. Oncwijth radiuse. We form the tessellation in two rounds. We start

the data packets reach to the selected access point, they ttenfirst round with a construction poipt which is exactly

be relayed up to one of the access points which share thiea distance oé from the disk domain boundary (see fig.2).

same Voronoi cell as the destination node without any pack@iven the first(i — 1) points, the next construction poipt is

loss. Step 5 ensures that we can assign bounded numbes@kcted such that the distance betwegand the disk domain

destination nodes to each access point. Hence each acdessdary is exactlye while the distances betweem; and

point divides its bandwidth share further by a constant valupreviously selected points are at led@st Since these points

Although access points before the destination nodes becolieon the finite perimeter of a circle which is concentric with

the throughput bottleneck, nevertheless an end-to-end ratedoimain disk and has a radi(iB—¢), the first round terminates

W/[C1(log(N)+log(1+K/N))] per source node is supportedeventually. In the second round, we add a new construction

Since this result is asymptotic adthy_... K/N = 1/«, pointp, only on the inner disk of radiugR — ¢) and only if

we constructed the following lower bound which impliesD(p;, ) does not intersecD(p;, €) for already selecteg;’s.

that per node throughput capacity for random network witBince we have a bounded area and each addition of a point

infrastructure become®(WW/ log(N)). removes a finite portion of the available area to select a point
from, second round eventually halts. The Voronoi tessellation

AN, K) > w (4) 9enerated by pointg; satisfy the properties of the lemma. To
Ci [log(N) +log(1 + +)] be precise, suppose pointis closer to construction point;
Now, we are ready to proceed with the individual steps t§'@n to any other construction point.aflies on the inner disk
under-fill the result as found in (4). of radius(R — ¢), it is at most2e away fromp; otherwise it
STEP 1: would be at a distance larger th&a from all construction

We will repeat many procedures already established RPints and the d_isl_D(x,e) would not intersect with the disks
[1] for the sake of completeness. Recall that the Vorond?(P;;€) contradicting to our construction. On the other hand

tessellation of a closed region dd? is defined by a set of If @ lies outside the disk of radiugk — ¢), using triangular
inequality it must be at moste away fromp;. It is also clear

“4Voronoi tessellation on a region is formed by a set of construction poifft®m our construction that each Voronoi cell covers a disk of

on this region. Each construction point identifies a unique Voronoi cell al"ﬂdiUSG otherwise at least two diSkB(p' e) and D(p~ 6)
all the remaining points on the region are partitioned into disjoint Voron ' ¥ 77

cells by assigning each point to the Voronoi cell represented by the beg{tz #J would intersect by again VIOIatlng our construction.
construction point to that point [14]. |



Thus, when we choose and the transmission ranger Then, by letting the sequend&;} be the random positions
such thatre? = 100Ag log(N + K)/(N + K) andrr = 6¢, of ad hoc nodes and access poidtgqual toN + K, and.F be
lemma-1 guarantees us that we have a tessellation of whitte set of disks ifR? with area900A g log(N + K)/(N + K)
each Voronoi cell covers at least an areal0fA r log(N +  so that the disk area entirely covers a Voronoi cell, we obtain:

K)/(N + K) while each node can reach to other nodes in the Number of nodes in D
same cell in single hop. The following steps will provide theProb <sup | N K - P(D)| < e>
basis of designing a joint routing and scheduling scheme built Der T
upon this particular tessellation. >1=4, (5
STEP 2: whenever
Any Voronoi cell V' interferes with another Voronoi cell 94 16e 4 9
V if V' andV include points that are at moétr + ry) = N + K > max (— log —, — log 5) . (6)
€ € €

(2 + A)rp apart. Assuming the worst case condition, these
points could be just on the boundaries of each cell and since
the Voronoi cells have a diameter less than or equékt@ny Equation (5) implies that;
interfering cell forlV must be located in a region with a radius (

of 9¢ + (2 + A)ry. Since each cell area is lower bounded byProb
mwe? and we already have sef = 6¢, there can be at most,

o {W(Qe +(2+ A)ry)?

Number of nodes in D
< P(D
Pl < P + )
>1-6. (7)

me2

J—l:L(21+6A)2J—1,

. . . . . _ But, suppc£[P(D)] = 900log(N + K)]/(N + K) and
interfering cells in the neighborhood &f. Notice thatC' is a settinge = 6 = 100log(N + K)/(N + K) satisfies (6) at
constant which depends only on the medium access proto?éaést for largeN + K. Hence, we have

specific parameteh. Now, it is a straight-forward application
of the graph theory to demonstrate th@t-1) slots are enough ~ Prob {Number of nodes in any Voronoi cell
to schedule one transmission for each cell in a conflict-free <1000log(N + K)} >1—8(N + K) .
manner. When each Voronoi cell is represented by a vertex and
we draw an edge between any two vertices if the corresponding/Ve basically proved that with probability one, total number
cells are interfering with each other, we have a graph colorirj access points and ad hoc nodes within each Voronoi cell
problem in our hands where colors correspond to differeit the constructed tessellation @(log(N + K)) as (N +
time slots. Since this graph has a maximum degre€ofve /&) — oo. Now, what remains to prove is that there are enough
can color it using at mostC + 1) colors. The corollary of number of access points in each Voronoi cell to be able to
this result is that we have a scheduling of lengfh+ 1) slots  route the packets from source nodes to infrastructara from
to allocate for each Voronoi cell in a round robin fashion. Iraccess points to the destination nodes without effecting the
each slot, the corresponding cell utilizes the entire bandwid@rder of bandwidth allocated to each transmitter.
We can then further introduce sub-slots within each slot to STEP 4 & 5:
allocate equal amount of bandwidth among the ad hoc nodesSteps 4 and 5 are again straightforward applications of the
and the access points over the ad hoc channels in the savagnik-Chervonenkis Theorem and lemma 2. But, this time,
cell. The order of the number of these sub-slots will be sanvee let the sequencgX;} be the random positions @lccess
as the order of the number of users in the same cell whichpeints, F be the set of disks ifR* with areal00A g log(N +
obtained in the next step. K)/(N + K), and we set = § = 50log(N + K)/(N + K)
STEP 3: to obtain the following result ad" — oc.
We use theVapnik-Chervonenkis Theorem and a lemma
from [1] to prove that each Voronoi cell include less tharPrOb{N umber of access points in any Voronoi cell
O(log(N + K)) nodes.

Theorem 1 (The Vapnik-Chervonenkis Theorem): If F is a > w} >1-94.
set of finite VC-dimension VC-dt), and{ X} is a sequence (1+a)
of i.i.d. random variables with common probability distribution Asymptotic lower bound given in equation 8 is also valid
P, then for every, 6 > 0, for number of ad hoc nodes if we substitutevith 1 /«. These
I lower bounds and step 2 together imply that both number of
Prob | sup |l ZI(qu €EF)—P(F)<e|>1-94, ad hoc nodes aqd access points belong.ing to same Voronoi
rer L = cell are asymptotically in the same order, ilog(N + K)),
h hence number of distinct destination points per access point
whenever is bounded by©(1) for large (N+K). But, since the source-
8VC —d(F) 16e 4 2 destination pairs are selected randomly, different source nodes
L>max| ——Flog—,-log - | . . ) o
€ € € 1) can generate packets for the same destination with a finite

) o ) probability. In fact, this turns out to be a small technicality in
Lemma 2: The Vapnik-Chervonenkis dimension (VC-d) of

the set of disks irfR? is 3. SActually one access point per cell is enough for this purpose



the asymptotic results. Suppo¥g denote the position vector i.e. at least quarter of a disk centered at the ad hoc node with
of the destination node corresponding to the source riodeadius equal to transmission range must be totally covered by
in our disk domain. Then{Y;} is a sequence of uniformly the capture area. Integrating both sides of (8) over the disk
distributed i.i.d. random variables. This allows us to use thdomain and taking the limit, we find the asymptotic lower
sameF ande = § = 100log(N + K)/(N + K) as in bound as:
step 3, except for now we have upper-bounded the number
of destination points wittO(log(N + K)).
. . K

Hence, we completed all the steps required for deriving >1— lim <1 A > ©)
the lower bound as given in inequality (4). Upper and lower - K—o0 4AR '
bounds in (3) and (4) states that the throughput capacity forWe can also obtain an upper bound similar to the right hand

each ad hoc node iB(1V/log(N)). This also becomes the Fde of the expression in (9) for the probability of connectivity.

Prob[Node i connected to any access point]

first main result of our paper. In the next section, we wil et N denote the number of ad hoc nodes. The event that node
1 is not connected to an access point includes the eveni that
8 isolated. Hence, the upper bound can be derived as follows.

modify our connectivity assumption to search for the ful
benefits of having the infrastructure network in terms of th
throughput capacity.

Prob[Node i disconnected from access points | X; = x]

V. LOOSERCONNECTIVITY CONSTRAINTS AND > Prob[Node i is isolated | X; = x]
i N+K-1
ACHIEVABILITY OF ©(1) @ (,_ Al (z)
So far, we have assumed a strong connectivity condition in o Agp

the ad hoc nodes excluding the access points is required to be (20)
connected. The underlying logic is simple; it is often desirable
to have an ad hoc network which can function without any Step (a) again is a result of having no other nodes including
infrastructure. However, this constraint does not fully capturgccess points within the capture area uniquely defined by
the benefits of exploiting the infrastructure either. Accordinglthe position of nodeé on the disk domain and transmission
we should relax our connectivity condition as follows: eackadius. And step (b) comes from the observation that4 <
ad hoc node should be connected to at least one access pdifitz) < A in addition to the initial assumptioA’ = ©(N).
with high probability and this probability must be approachind\gain integrating both sides of inequality (10) over the disk
to one as number of nodes increases. This is equivalentdemain, we get rid of the conditional probability;
considering the ad hoc network and the infrastructure as a
single topology graph and define the connectivity according to K
this broaden topology. We will refer to this specific definition < <1 A >Cz (1)
of connectivity asconnectivity in the weak sense or weak - Agr '
connectivity. This section_ i.S dedicatt_aq towards obtaining _firs_t By simple manipulations and taking the limit, we obtain an
the necessary and sufficient cond_|t_|ons on the transmlssggymptotic upper bound for weak connectivity.
range to achieve the weak connectivity, then to show that even
under weaker connectivity condition, we can not have a per Prob[Node i connected to any access point]
node transport capacity 6§(1) as it can be widely seen under ( A, >cQK
1—

different network scenarios [11], [10], [8]. <1l- Klim 2
. .. . —00 R

In the simplest form of weak connectivity, there exists at _ _
least one access point within the transmission range of the ad\ext, we introduce a lemma that will help us to compute
hoc node. Hence given that there are K gateway nodles, the limits in the lower and upper bound expressions given in
denote the location of node i uniformly distributed on disk9) and (12) respectively. _ _ _
domain, each nodé has a capture ared’(X;) where its ~ Lemma3: Let a(z) and b(x) be differentiable functions
neighbors can be located, ant. denote the disk area with such that following properties are satisfied: (i) There exists

radiuse = r, the following relations hold: such thatl /b(z) # 0 for all z € (1, 00), (i) lim; o0 a(z) =
+oo andlimg_oob(x) = +oo. Then

our network model, i.e. the network graph consisting of only (b) A\ 2K
(-5

Ar

Prob[Node i disconnected from access points]

(12)

Prob[Node i connected to any access point | X; = x] o) ,
> Prob[Node i has an adjacent access point | X; = ] lim (1 + 1 > — exp { im <b($) a(x))] 7
i K T—00 a(z) a(z)? b(x)
@, (1 B Ac(fc))

Agp provided that the limit on the right hand side existsin =
®) A N\K RU{o0, —o0}. Above,a(x) andb(x) represent the derivatives
>1- (1 - 4A€ > (8) of a(z) andb(z) with respect to x.

R Proof: See appendix. []

Here, step (a) follows directly considering the case where To apply lemma-3, we need to overcome an obvious techni-
no access point is located in the capture area of rioaled cality. Our upper and lower bound expressions are sequences
step (b) follows from the boundary effect of the disk domainwith non-negative integer indices, but the lemma considers



continuous functions. For that reason, we will consider thiategral (henced.(x)) diverges to eo. This contradicts to the

sequenced (K) as a sampling from a continuous functiordefinition of A.(z). [ |
that will capture the desired features of transmission range  Theorem 2: Given thatA, (x) is continuous, the network is
as a function of number of nodes in the network. asymptotically connected in the weak sense with probability
Definition 1: A (K) = [;° Ac(2)d(x— K)dxz where§(z—  approaching one if and only if
K) is the Dirac- Delta functlon,A (z) is a non-increasing ) 5
differentiable function ofr and has a lower bound 0. Hence Jim (x Af(x)) =%
lim, 00 Ac = 0.
From the definition, it is clear tha/ﬁe(K) and TT(K) are Proof: If we show thatlim,_ . ((EQAé(iL’)) exists in

assumed to be monotonically non-increasing sequences Wit — R U {co0, —cc}, then using relation (13) and lemma-
limits 0. The underlying rationa_k_a is simple: we are_looking fou, we prove the existence of limits for upper and lower
necessary and sufficient conditions fég(K') that will make pounds. Clearly these limits are equal to 1 if and only if
the asymptotic probability of connectivity arbitrarily small yeqimmém(ﬁfie(x)) = —o0. Thus for completing the proof
we want to minimizeA.(K) so that we can pack as manyof the lemma, we are bound to demonstrate existence of
transmission as we can in the same channel maximizing thg,, . _(22A.(z)) in set of extended real numbers. We will
upper bound. Putting more access points while keeping tige the way of contradiction to do it.

rr same would increase the probability of connectivity as Suppose there is no limit, then for every real numbér

seen from (9). Then, we can reduce at a smaller pace there existsry > X, andeo > 0 for all X, such that,
than the increase in number of access points, and yet improve

the probability of connectivity. Next lemma will introduce the |75 Ac(z0) — 27| > €0 -

sufficiency condition for the existence of limits in upper an‘btherwse the limit would exist and be equalito. Using our

lower bounds. freedom of choosing any*, let's setz* = 0. Then,
Lemma 4 Let T = [1 — a1 A(K)]*2F and I'(z) =

[1—a1Ac(2)]%2%. If lim, . ['(z) exists, thedimg .o, [k = |78 Ac(z0)| > €0 == |Ac(z0)| > €0/2F |
lim, 0 I'(2).

Proof: From the definition of limit,Ve, 3K, such that
if © > Ky then|I'(x) — T'*| < e. SubstitutingKy with | K|
andz with K completes the proof. [ |

Since we have established a relation betwgnandI'(z),

for somexy, > Xq, ¢¢ > 0 and anyX,. But we know by
property-2Jimg o A. (z) is 0, then for alle; > 0 there exists
X, suchthatA.(z)| < e; whenz > X;. If we sete; = ep/x3
and Xy = X; , we have our contradiction. [ |
Corollary 1: Given thatA.(z) is continuous, the network is

we are ready to apply lemma-3 to compute the limit6f). gy mptotically disconnected in the weak sense with probability
To do this, we seti(x) = —1/a1Ac(x) andb(z) = aqx. Since approaching one if and only if
conditions of lemma-3 are satisfied, we have the following

relations given that the limit on right hand side of the equation lim (mQAE(x)) =0.
exists in set of extended real numbers. e

lim [[(z) = (1 — a1 Ac(x))**) Corollary 2: The network isnot asymptotically connected
Too . in the weak sense with probability approaching one if
B i a3x®  (=1/a1)Ac () A(K) < ¢3/K for any positive finite numbet.
I P /a3 A2(z) asd ’ Proof: First, observe that if the network is disconnected

) 5 in the weak sense for the disk arda(K), it is also discon-
= exp thgo (alazﬂ? Ae(ﬂ?))} : (13) nected for any other disk ared. (K) < A.(K). Suppose
A(K) = c3/K, then clearlyA.(x) = c3/x satisfies the
Equation (13) provides us valuable insights about the negefinition-1 as well as the hypothesis of theorem-2. Since
essary and sufficient conditions for connectivity in the weak2 4_ (z) = —c3 > —o0, theorem-2 states that we do not have
sense as stated below in theorem-2. But, first we provide SOfygak connectivity with arbitrarily high probability. Thus, it is
useful properties ofd(z). also true for allA. (K) < ¢3/K. n
Property 1: A(z) < 0 for all x. We can actually prove a more stringent requirement by
Proof: Follows from non-increasing property of.(z).  conditioning connectivity on all nodes, i.e. instead of any node
. B 4, all the ad hoc nodes in the network must be asymptotically
Property 2: If there exists aX, such thatA. is continuous connected to the infrastructure access points with probability
for all z > X, thenlim, o, A(z) = 0. one.

Proof: Suppose limit does not exist or it is not zero. Then Theorem 3: Let ) denote the number of nodes that are con-
there exists; > 0 for all X; > X, such that\AE(x)| > ¢; In nected to at least one access point. Then expected vallie of
a non-zero length intervdle;, x;11) wherez; ;1 > z; > X;. i.e. E[)], become®(N) for large N if limzﬂoo(xQAE(x)) <
Here, non-zero length interval is a consequence of continuity. In addition, if any node is connected to at least one access
Since this statement is true for ak; = =z;,;, there are point with arbitrarily high probability as increasing N (or K),
infinitely many finite intervals wherel () < —min; ¢; and it is also true that all nodes are asymptotically connected to
in other intervaIsAE(x) is at most 0 (using property-1), theat least one access point with arbitrarily high probability.



Proper of
T T

function is differentiable. Moreover, the derivative is equal to

awnb - | zero at integer points and behaves as a sine function in between
AN preserving continuity.
a2 ] The necessary and sufficient conditions as stated in theorem-

2 provide us the mechanisms to check the order of transmis-
sion radius and consequently the upper bound above which per
s | node transport capacity can not be achieved with probability
sar ] one. The question of whether one can find a minimal function

] on the order of transmission radius (equivalently the maximum
\ upper bound) that conforms with these conditions is not
ool \\ | addressgd in t_his paper. Rather, we shOV\_/ t_hat any upper bound
e conforming with the necessary and sufficient conditions can
indeed be achieved with probability one Asgoes toco.

Function a(x) (or Sequence a(k))

a(+5)|

I I I I I I I
| +1 +2 1+3 I+4 I+5 1+6 +7 1+8
x (or k)

VI. ACHIEVABILITY OF THE UPPERBOUNDS FOR
CONNECTIVITY IN THE WEAK SENSE

The design steps to show the achievability of any upper
) bound derived from a transmission arda(N) satisfying the
Proof: See appendix. _ _ W requirements of weak sense connectivity with probability one
We are ready to state the main result of this section bye exactly same as the steps in section-IV. Though, there are
revisiting the upper bound expression as given in (2). Thg, nuances; first the disk areas covered by Voronoi cells in the
corollary-2 necessitates thag > c4/v/7N, therefore; new tessellation are different and secondly we can not apply
16ArW Vapnik-Chervonenkis Theorem for any disk area of interest.
CAN2 (14) Without loss of generality, let us defing. (N) asg(N)/N

for any positive finite numbee,. In other words, per node and supposed(N) satisfies the hypothesis of theorem-2.

Thus, using equation (2) and assuming > /A(N)/x ,
throughput Ca”_"O‘ reach 108(1) as N — oo. Hence, we the upper bound for per node throughput capacity becomes
have the following theorem.

Theorem 4: Even under weak connectivity condition, per AN, K) < 16ApW (15)
node transport capacity ab(1) can not be achieved with ’ -

A%g(N)
probability one. To show that the upper bound given above is achievable

Now, there remains one subtle point to make the argumenign probability one, we form the tessellation such that =
that we made so far rigorous. We started from non-increasing. ;N /N andry = 6e (see step one in section-IV). As
sequences as an index of number of nodes, then we haiga| each Voronoi cell is confined between two disks of
found necessary and sufficient conditions in terms of anygij ¢ and2e respectively. Hence, we need to prove that each
non-increasing differentiable functiod .(z) with following  \/oronoi includes®(g(IV)) ad hoc nodes, access points, and
conditions: A(z) (i) has samples at non-negative integ€fjastination points with arbitrarily high probability 4 — oc.
points equal to the sequence of interest, (i) has a limit 0, Ag syal letX; denote the position of nodein the disk
and (iii) has a continuous derivative functiénLet's define domain. Note that. we do not differentiate between néde

the set of all such functions & = {Ac(x)}. Our results are peing a source node, an access point, or a destination node,
general in the sense that we can pick any function flanand - since clearly{X;} are i.i.d. random variables with uniform

yet use the result given in theorem-2, corollary-1, corollary-g; u vion across the disk domain in all cases. Detine2
and theorem-3. The question is if we can find at least oRer, I(X; € V), where is a particular Voronoi cell. Since
3 ’ .

such function for every sequence of interest. We pictoriallg==1 . . —
demonstrate below that it is indeed the case. Thus, the 'EM" be either N or ', we havelim y .o (L/N) = O(1).

of {S.} represents all possible sequences in which we a{/eus’ we haveY = E[Y] = LP(X; € V) andoy =
interested. arlY] = LP(X; € V)(1 — P(X; € V)). SinceP(X; €

In fig.3, we interpolate any two different valued consecutivg) - @.(g(N)/N)’ we ca.n use the well-known Chebyshev's
. ) . . . : o Mequality [15] as follows:
sequence points with a cosine function with period 2 in interval

: L . . . N
[0,pi] where it is a monotonically decreasing function. The p [|Y _ L@(g( ))| <~

Fig. 3. Representing non-increasing sequences by differentiable functions
with continuous first order derivatives.

AN, K) <

amplitude of cosine is shifted in time and amplitude such that it N
exactly fits into the corresponding interval. If two consecutive LO(g(N)/N)(1 —06(g(N)/N))

points are same, then we interpolate between these points =1 42
can assume any positive value and setting-

with a straight horizontal line. Clearly this piecewise defineg
ut, here~
SNote that, since we are mainly interested in the asymptotic behavior, ®ég(ZN)) simplifies the inequality above further as;
can modify the statements of definitions, lemmas, and theorems in this section 1 1
by requiring continuity and monotonicity features only for largé or z P [Y _ @( i
=0(@g(N))] =1+ :
O(N)  ©(g(N))

values.
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The results from the previous section require §(@d) can not We started with a strict connectivity constraint under which
be bounded above with a finite value af(dV)/N must be de- ad hoc tier must preserve the connectivity with arbitrarily high
fined for all positive integersV. Thereforelim y_.., g(N) = probability for stand-alone functionality. Asymptotic capacity
0. In other words, number of regular ad hoc nodes, acceigures are derived under this regimen. Results reveal that
points, and destination nodes in any Voronoi cell is asymptoB(,/N/log(N)) folds better performance than the pure ad
ically in the order of©(g(N)) with probability one. Hence, hoc operations can be obtained despite of the randomness
we can actually achieve any upper bound that conforms to thmposed on the locations of the access points. The gain in
condition given in theorem-2. performance is mainly due to the fact that the mean number of
This section completes our results on per node througheps from source to destination in the ad hoc tier is effectively
put capacity of random ad hoc networks with infrastructureeduced to a constant factor as opposed to the case of pure ad
support. lllustrative examples that signify the strength of theoc network where the mean number of hops increases as a
results presented in last two section are given below befdrnction of V.
we conclude our paper. In the second part of the paper, we relaxed the connectivity
Example 1. Let g(N) be N'/? wherep > 1 is a constant constraint to fully utilize the infrastructure network. Under
number. ThenA.(N) becomesV'/?/N = N'/P=1 Trivially this weaker connectivity constraint, the combined network
choosingA.(z) = z'/P~! provides us a continuously differ- topology graph is required to be connected. We devised an
entiable and monotonically decreasing function for> 0. analytical tool to find the necessary and sufficient conditions

Since on the radio transmission range which effectively determines
) 1 the upper bound on the per node throughput capacity. The

1Lm w?Ac(x) = lgn <— - 1> at/P = —o0, consequence of the necessary condition indicates that even
e AP under weaker connectivity assumptions, per node throughput
A(z) = z'/P~1 satisfies weak connectivity conditionasymptotically goes to zero in contrast to the constant rates

with probability one. Thus, the corresponding upper boun@btained under different problem constructions as reported in
6(1/N1/P) by selectingA.(N) = O(N'/P=1) is achievable. the literature. But the rate of convergence to zero can be made
m remarkably small at the expense of increased confidence inter-
Example 2: Let g(V) behave as a recursive logarithm funcval for weak connectivity. Although, we could not provide a
tion [16] for large N, i.e. g(N) = In(™(N) for N > N, minimal function on the transmission radius which leads us to
wherem, N, are positive finite numbers and(™ () denotes the maximum upper bound on capacity without compromising
taking natural logarithm of the argumemt times. Then, the weak Connectivity condition, we proved that this maximum
A.(N) becomesln™ (N)/N. Simply substituting discrete Upper bound can in fact be achieved with probability one.
variable N with continuous variable gives us a continuously
differentiable functionA.(x) which is monotonically decreas-

ing for sufficiently largez. Since APPENDIX
) 1 Proof of Lemma-3 - The proof follows from the L'Hospital
lim 22 A (z) = lim | — ™ (z)| = —00, Rule and properties of théog function. We can express
[[iZy ™ (x) lim, oo (1 4 1/a(x))*™) as
A(N) = In'™(N)/N satisfies weak connectivity constraint (1 +1/a(z))
with probability one. Moreovetim y_... In™ (N) = oo, exp (Thj;o W) :
thus per node throughpud[1/In™ (N)] is feasible with
probability one for any constamt. > 0. B We have an indeterminate form &fand conditions (j)-(ii) in
the lemma allow us to apply L'Hospital Rule which states that
VIl. CONCLUSION the above limit exists in set of extended real numbers if

In this paper, we addressed the benefits of using a hybrid . d(ln(1 +1/a(x)))/dx

network architecture over pure ad hoc wireless networks with — ““P \ ;XI5 ™ 4(1/b(z)) /dx
—a(r)/a(x)?

lim

no infrastructure support in terms of per node throughput

capacity. We showed that adding an infrastructure which pro- (—b(x)Q/b(ﬂ?))>

vides access to the ad hoc users at random locations improve 5 .

the per node throughput significantly over the infrastructure- = exp ( lim b() M) ) (16)
less operation. Such a hybrid network model is adequate =00 a(z)? b(x)

especially when the access points of the infrastructure network. i L
are not placed on regular grid points. Supporting exampl %usts and it is equal to the limit in (16). Hence, we proved
can be given from a wide span of scenarios, e.g. senso lemma, u
networks formed by scattering the sensors, some of which have 00f Of Theorem-3 - We can expresy as,

long-range radio trancievers, over a terrain, cellular/WLAN N

networks with wireless/mobile relays, ad hoc networks with ) _ Zl(i is connected to an access point) ,  (17)
airborne communication node (ACN) support, etc.

i=1



where[ is the indicator function. Clearlyy < N, hence;

N > E[Y]

I(i is connected to an access point)|

[12]

(23]

[14]
[15]

[16]

= N X Probli is connected to an access point| [17]

®) A(K)\

>Nx|[1—-(1-=F 18) [18]
|- (-5 (18)

[19]

Here, step (a) follows from the fact that each node has the same
marginal distribution of being connected to an access point
although they are not independent. And step (b) is a direct
application of the lower bound as given by relation (8). Define

B(K)=[1-(1- A(K)/4Ar)X] and suppos@(K) has a

limit g* > 0. Then for alle > 0, there exists a real number

Ky such that|g(K) — g*| < ¢ for all N > K > K. Choose
e = 1/N?, thus we haveV3 > N(3* —¢) = N3* —1/N. Or
equivalently

where~ is arbitrarily small. Corollary-1 implies the existence

of 5* > 0 completing the first part of the theorem.

Proving the second statement of the theorem is again a
brute-force application of theorem-2. Weak connectivity of

node i with arbitrarily high probability forces* to be 1 and
E[Y] becomes arbitrarily close t&/. Considering this result
along with the observatio®’[)] = N if and only if Prob[all

nodes are connected to an access point] = 1 suffices to prove

the second part of the theorem.

(1]

(2]

(3]

(4]
(5]

(6]

(7]
(8]
El

(20]

[11]
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