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Nowadays, the statistical analysis of data from diverse sources has become more prevalent.
The Density Ratio Model (DRM) is one of the methods for fusing and analyzing such data. The
population distributions of different samples can be estimated based on fused data, which leads to
more precise estimates of the probability distributions. These probability distributions are related
by assuming the ratios of their probability density functions (PDFs) follow a parametric form.
In the previous works, this parametric form is assumed to be uniform for all ratios. In Chapter
1, an extension is made to allow this parametric form to vary for different ratios. Two methods
of determining the parametric form for each ratio are developed based on asymptotic test and
Akaike Information Criterion (AIC). This extended DRM is applied to Radon concentration and
Pertussis rates to demonstrate the use of this extension in univariate case and multivariate case,

respectively.



The above analysis is made possible when data in each sample are independent and iden-
tically distributed (IID). However, in many cases, statistical analysis is entailed for time series in
which data appear to be sequentially dependent. In Chapter 2, an extension is made for DRM to
account for weakly dependent data, which allows us to investigate the structure of multiple time
series on the strength of each other. It is shown that the IID assumption can be replaced by proper
stationarity, mixing and moment conditions. This extended DRM is applied to the analysis of air
quality data which are recorded in chronological order.

As mentioned above, DRM is suitable for the situation where we investigate a single
time series based on multiple alternative ones. These time series are assumed to be mutually
independent. However, in time series analysis, it is often of interest to detect linear and nonlinear
dependence between different time series. In such dependent scenario, coherence is a common
tool to measure the linear dependence between two time series, and residual coherence is used to
detect a possible quadratic relationship. In Chapter 3, we extend the notion of residual coherence
and develop statistical tests for detecting linear and nonlinear associations between time series.

These tests are applied to the analysis of brain functional connectivity data.
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Chapter 1: Density Ratio Model with Variable Tilts

1.1 Introduction

The ideal of DRM is to combine independent random samples based on the ratios of their
densities and make inferences based on the combined sample.

An early DRM work can be traced back to [59] in the context of biased sampling. Two
independent random samples, X© = (X9 ... X)) ~ Gand X® = (xW ... X ~

G4, satisfy

T

(@) = 7= e

dG (),

and (G, (G, are estimated by maximizing the nonparametric likelihood

H]%H Zz i

with constraint > p; = 1 where t = (X @, XW), n = ng + ny and p; = dG ().
[60] extended this model to m + 1 samples with known nonnegative weight functions wy(-),

k=1,---,m,such that




and the corresponding nonparametric likelihood is

m Nk

&) =TI T2

i=1  k=1j=1

with the constraint with constraint y )" , p; = 1. The consistency and the asymptotic results are
established in [23].
A semiparametric estimator of g, = dG, based on the density ratio structure is proposed

by [14] such that

Gr(w) = G(w) exp (B + B T(x)),

where g and g,’s are the densities from an exponential family, g is the kernel density estimator of
g, Bo and Bl are the maximum likelihood estimators and T'(x) is the sufficient statistic. Therefore,
g, consists of both parametric estimators and nonparametric estimators. This result shows a vital
point that exponential family satisfies the density ratio structure automatically.

[54] developed the two-sample DRM in the case-control study starting from the standard
logistic regression model

exp (a* + B'x)

P =1jz) = l+exp(a*+BTx)

Based on this logistic regression model,

Fzly =1) Py =0) ., -
Flaly =0) Py =1) P 82

=exp(a+B'x)



for « = a* +log P(Y = 0) — log P(Y = 1). If we consider the observations of the covariates
can be categorized based on the value of Y, then we have two independent random samples

X0~ G(x) = Flz|Y =1)and XY ~ Gy (x) = F(x|Y = 0) satisfying
dGy(x) = exp (a + B x)dG(x),

and G, @ = (a, 3)" can be estimated by maximizing the empirical likelihood

n ni

L®,G) =[] p: [Jw(x";0),

i=1  j=1

where w(z; 0) = exp (o + 3" x) satisfies

Zpi =1, Zpi[w(ti;g) -1} =0,
i—1 i—1

and the estimation procedure follows [53]. The asymptotic results of the estimators 6 and G, and
a goodness-of-fit test for the DRM are discussed in [54]. An alternative goodness-of-fit test based
on the asymptotic normality of G is proposed by [72] and [76].

The model is extended with w(x; 0) = exp (o + BT h(z)) in [74]. A more general form of
w(z; @) is discussed in [22] and [73] and it is shown that the empirical likelihood estimator may
not be attainable in a more general setting with w(x;0) = exp (a + s(x; 3)) while w(x;0) =

exp (a + Bh(x)) is satisfactory.



An extension is made for the multi-sample case with the likelihood

m  ng

L(0,G) = ﬁpi [TT]we(x;";0)

i=1  k=1j=1

subject to

Zpi =1, Zpi[wk(ti§0) —1=0k=1...m,
i=1 =1

where wy(7;0) = exp (ar, + B h(z)) and h(z) is referred as the tilt function is made in [21]
with the asymptotic results of 6. A more detailed dicussion of the asymptotic results of 6 and G

can be found in [47] and [32]. If @ is not constrained by

Zpi[wk(ti§9) —1]=0k=1,...,m,
=1

then the likelihood can be considered as

L(07 G) = sz' H H fwk(y; G)dG(y)

i=1  k=1j=1

subject to Z?Zl p; = 1 only, which resembles (2.2) in [22]. The extension to the multivariate
case and a graphical goodness-of-fit checking method are established in [62] and [63]. In such
case, h(x) is considered as a multivariate function.

Additionally, various related research works have been done, and are briefly summarized
here. A kernel density estimator g based on the G is examined in [18], and a goodness-of-fit test
was developed by [68] based on the Hellinger distance between kernel density estimators g and

g, where g is the kernel density estimator obtained based on the empirical distribution G. The



effect of misspecification of tilt functions is discussed in [19] and the selection of tilt functions
from the Box-Cox family based on information criterions is dicussed in [20]. The analysis of
the quantile process \/ﬁ(é‘l — G71) can be found in [75] and [7]. A more recent examination
of quantile tests and efficiency can be found in [71] and [69]. Also, a data-adaptive method of
determining the tilt functions using functional principal component analysis is proposed by [70]
and [69]. [11] applied the DRM to the spectral distribution to measure extremal denpendence. A
Bayesian extension of the DRM can be found in [12] and [32]. In [66] and [41], the DRM is used
as a clustering method to detect homogeneous distributions.

It is worth emphasizing that a series of research works related to DRM has been conducted
for the estimation of small tail probability. When the reference sample does not contain any
observation that exceeds a certain threshold 7" but the interval estimation of 1 — G(T') is of
interest, [81] proposed to combine the reference sample with an artificial sample that contains
observations that exceed 7', and use DRM to produce a confidence interval (CI) for 1 — G(T').
This method is referred as Out of Sample Fusion (OSF). [30] applied this method to the mortality
surveillance. [37] considered a Monte Carlo (MC) method that performs OSF iteratively. Such
method is referred as Repeated Out of Sample Fusion (ROSF). [51] and [38] constructed a CI for
1 — G(T) based on the maximal upper bounds of CIs obtained by ROSF. An algorithm based on
all upper bounds of ROSF Cls is proposed in [65] and further examined by [36], [39] and [40].

The extension made in this chapter is that wy(x; 8) = exp (ay + B) hy(x)) is defined with
different hy(x)’s instead of just one uniformly fixed tilt h(x). hy(x)’s are referred as variable
tilts. In Section 1.2, a DRM with variable tilts is constructed with estimation procedure and
asymptotic result provided. In Section 1.3, a simulation is performed to compare the estimators

of the reference CDF obtained by DRM with variable tilts, DRM with a uniform tilt and empirical

5



distribution, respectively. In Section 1.4, two methods of selecting variable tilts are introduced
of which one is based on asymptotic test and the other is based on AIC. In Section 1.5, the
DRM with variable tilts is applied to estimating residential radon concentration in Pennsylvania
counties. In these two sections, two tilt selection methods are demonstrated. In Section 1.6, the
regional pertussis rates in Washington State are estimated by this extended DRM, which shows

the application of this model to a multivariate case.

1.2 A Density Ratio Model with Variable Tilts

Let
k
X® =(x,... . XP), k=0,...,m,
be m + 1 independent random samples with size ny, . . ., n,,, respectively. Each observation is a

d-dimensional random vector such that

(k) (k) (k\NT
Xj :<Xj,17"‘7Xj,d)
forj=1,...,n4 k=0,...,m. Let X denotes the reference sample. Combine the data and

denote the combined sample as

t=(XO . xm)

with sizen = ;" ny. Suppose X (¥) comes from a population with a PDF g, fork = 0,...,m,

and they have the density ratio structure as

= exp (oy, + B hi(x)), k=1,...,m. (1.1)




Denote o = (Oél, e ,am)T, ,Bk = <5k1; . ,ﬁkpk)—r, /B = (,8;—, . ,/6;;)T, 0 = (aT’ﬁT)T
and hy(-) = (hg1(+), - . -, hugp, (1)) T Denote the reference cumulative distribution function (CDF)
as G and let wy(+;0) = 1, wy(;0) = exp (o, + B hi(+)) for k = 1,...,m. We make the

following assumptions for the model and tilt functions.
Assumption 1.1. |7, (X J(k))] satisfies

3
E ‘h,p(xj(’“’)( < 00

fork=0,...mIl=1... mandp=1,...,p.

Assumption 1.2. The DRM (1.1) is non-degenerate, that is, all parameters are non-zero and tilt

functions are not linearly dependent.

1.2.1 Estimation

Denote all observations in the combined sample as t = (&1, ...,t,). Let p; = dG(t;) for

i =1,...,n. We obtain the estimators c, 5 and p;’s by maximizing
n m Nk X
L®,6) = [ o [ TTwe(Xx:0) (1.2)
i=1  k=1j=1
subject to
dopi=1 ) plw(ti;0) =1 =0, k=1, m (1.3)
i=1 i=1



Then the objective function with Lagrange multipliers Ao, . . ., A\, becomes

log L(6, G) — Ao(1 — sz) - )\mZpi[wm(ti; 6) —1].
i=1 i=1
Differentiate the objective function with respect to p; forz = 1, ..., n, and obtain
L+ Aopi — Aipi[wi (856) — 1] — -+ — Appi[wn (85 0) — 1] = 0. (1.4)
Sum over ¢, then \j = —n. Replace \y with —n in (1.4),
- ! (1.5)
b= n+ Mfwi(t;0) — 1] 4 -+ A [win (¢, 0) — 1] '
fori =1,...,n. Substitute (1.5) into log L(0, G),
log L(6,G) = — Zlog (n+ M[wi(t;0) — 1] + - - + A win (5 0) — 1))
— . (1.6)
+ Z(nkak + Zﬁ;hk(X](‘k))>~
k=1 j=1

Differentiate log L(6, G) with respectto oy for k =1,...,m,

dlog L(0,G) i Arwi(ti; 0)
Oay, -4 : n4 Mwi(t; 0) — 1) + - - + A [wn (85 0) — 1]

1=

+ ng

== Mpiw(ti; 0) + ny

=1

= _)\k —+ Ng.



Therefore, A\, = n;, is obtained by equating %Lif’(}) =0fork =1,...,m. Substitute \;’s into

(1.5) and denote p;, = Z—’g for £ = 0,...,m, p; has the expression

1
no Y peo PEWE(E:; 0)

pbi =

Substitute p;’s into (1.6), log L(6, G) reduces to a function of @ only.

1(0) =log L(6,G) Zlog nOZpkwk t;;0))

m

+3 (npay + Z B b (X)),

k=1 j=1

Then the estimators = (a’ BT) are obtained via solving the system of equations

prwy(t; 0)
=0

j= jo Pjw; (ti; 9)

Pkwk (ti;0)hy(t
86k Z tl,0 Zh’“ B

] oprJ

Subsequently, the estimators p; is obtained for ¢ = 1, ..., n such that

1
no Y peo PEWE (L 5) ‘

Di =

Thus, the estimator of the reference CDF G is

G(@:0) =Y Pilpp (—ocny(t) (1.7)
=1



where

ti= (ti, .. tig)"

when t; has dimension d, and

[a

j=1

t;) =1t < a1,...,tiqg < x4).

(700733(1] (

1.2.2  Asymptotic Behavior of 7]

In this section, we establish the consistency and asymptotic normality of 6. First, the strong
consistency of score and hessian is established. Next, we obtain the asymptotic normality of the
score, and we use it together with the negative definiteness of the hessian to obtain the strong

consistency and asymptotic normality of 6.

1.2.2.1 Strong Consistency of Score and Hessian

Consider that p;,’s are fixed as n — co. Let 8 be the true parameter vector. The expectations

of the first order derivatives for £ = 1, ..., m, are obtained by

_ ZE pkwk (ti;60) by
0=0,

E(M

Oay, o piw;(ti; 0)
= i"h/ pndy ) wn(Y; 80)dG(y) + 1y
h=0 Z =0 PiW;j yyeo)

=0,

10



\E

e (azw)

_ E pk%k( 0)hu(t:) 1 ZEhk<XJ(k)>
60=6 i=1 Zj:o p]w.j (t“ 00) j=1

0By
- Pkwk(y; Oo)hk(y)
— _E :09)dG
h:onh E}lopjwj(y;eo)wh(y’ )G (y)

g / w5 00)hu()dC(y)
=0.

By Strong Law of Large Number (SLLN) and Assumption 1.1, fork =1,...,m

1 01(0 - -0
1 01(0) Z Z prwi(X, h)o) LD
n Oay |g_g, il Opjw]( 100)  2j—oPi
a.s. pkwk Y; 90) Pk
e / wh(y; 00)AC(y) +
ZJ —0Pi W= > im0 Piw;i(y; 6o) im0 Pi
:07
1 01(0 w )1 00)hi (X ne 1 e
L @( ) __ Mo p Zpk (X 0) (:( )+—k—zhk(X](~k))
n ﬂk 6=0 ] Op]w](X 700) v, 7j=1

wi(y; 6o)h
[ B (5 60)G )
]OJhO ]Opjwjyv 0)

N Zﬁ . / wi(y: 00)hi(y)dG (y)

=0.

By SLLN and Assumption 1.1, for k, k' = 1,...,m, k # k', asn — oo,
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1 04(0)

n aozk

1yl

6=0¢

j#k,j=0 PiWj (t;; 90)} prwi(ti; 6o)
2
[Z;-n:o pjw;(ts; 90)}

m h h
h [Zj;ék,j:[) ijj(Xl( )390)] Pkwk(Xl( )390)

2
h=0 =1 [Zm:o pjwj(Xl(h); 00)}
a.s. Pk / wk Y, 00
— =m dG(y),
ijo pj g opj Zy 0 Pjw;(y: 6o)
1 2Ue)
n do0ayy |o_ 0%

Z prwi(t;; 00) prrwis (t;;0p)
5]
i=1 [Zj Opjw](tzveo):|

m

-y prwn(X("): 00)pewie (X["); 60)
o 2
" [Z] opjwj( z(h)é 90)]

PkPk wy(y; 6o)wir (y; 0)

g- - m ™m dG Y),
Do pi Do piwi(y;6) w)
108
n 90r08] |,

1 i [ k=0 ijj(ti;ﬁ’o)} prwi(ti; 00)hy (t:)
e 2
[ [Z;nzo piw;(ts; 90)}

m h h)
e (12 [k i (XL 00)| prae( X[; 00T (X(")

n n_ m h
h=0 = [Zj:o pjwj(Xl( ; 00)]

a.s. Pk / T P% wi<y7 HO)h;— (y)
- <=m wi(y; 00)hy (¥)dG(Y) — =m i
Z]’:o Py : O Zj:o Pj ijo PjW; (y§ 00)

dG(y),
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1 2N(8)

1 zn: prwi (ti; 00) prrwi (ti; 6o) b, (L)
= P
n i=1 [ZT:O pjwj (tz, 00):|

0=0¢

T iipkwk<xfh>;eo>pkfwkf<xfh%eo>h;<xf’”>
n | m . g ]
| ps (X" 80)

h=0

pupi / w(y; %)wkl (y; 9?)";’(?’) dG(y),
2 j=0 P D=0 Piw;(y; 6o)

)
n 08,08y |g_g,

1 <& [Z;r;k,j:o pjw;(ti; 90)] prw(ts; 00)hi(t; ) by (E;)
> . 2
=1 [ijo pjw;(t:; 00)}
" [Z;’;k,j:o ijj(Xl(h); 90)} pkwk(Xl(h)§ BO)hk(Xl(h))hZ(th))
m (h) 2
h=0 =1 [Zj:O piwi (X, 90)}
wi(y; 0o)hi(y) by (y)

a.s.
_> —

2
a.s. pk; T pk
e wi(y; 0p)hi(y)h, (Y)dG(Y) — = — dG(y),
Zjopj/ (w5 B0)hu()h (4)dG () > it Pi >0 Piw;(y; 6o) W)
_l 0°1(0)
n 0BkOBY g—s,

n

1 prwy (ts; 00) prrwps (5 00 by ()R, (L))
E : 3
> im0 piw;(ti; 90)]

n <
=1

Ll

ot Z prwn(X1"; 80w (X7 60 (X[ R (X[ ™)
- I 2

=0 o\ M [Z}n:o ijj(Xl(h)§90)
oy _PPr /wk(y§90)@:1k’(y§ OO)hk(y)h;(y)dG(y).

>0 P > j—0 Pjw;(y; 6o)

Define the following quantities for k, &' = 1,...,m,

13



[ wi(y; O)wi (y; 0)hy (y)
Bu0) = [ ey W

[ wi(y; O)wi (y; 0)hi(y) ) (y)
Cuv (6) ‘/ Soru0) O

(y;0)hi(y)dG(y),

o) [
E _/ Y)AG(y).

P1 0 plIrl 0
p= p=
0 Pm 0 Py,
E/(6) -~ 0 E0) -
E(6) = E(6) =
0 E,.(0) 0
V(0) =
0 Vi (0)

14
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where 7y, 1s the dimension of h, and r = Z;”Zl r,. Therefore,

S11(60) S12(0
= S8(60) = ! nlfo) Salfo) : (1.8)

= s
2ie=o P4 S15(60) S22(6o)

1 2°0)
n 00007 |,_,

where

S11(60) = p — pA(0o)p,
S12(60) = pE' (6) — pB(6,)p,

S5:(60) = PE(6o) — pC(60)p.

1.2.2.2  Asymptotic Normality of Score

Now, we obtain the expression of Var (\%% oo ) Fork, k' =1,...,mand k # F/,
=vo

oo [ L 0UO) 1 0U6)
Vi Doy Jg_g, " v/ Oy |g_g,
Zz?r’;_p:;j <Akk'(90) - ZPjAkj(Oo)Ak'j(eo) - (1 - ijAkj(eo)) (1 - ZPjAk'j(90)>> :

15



1.91(6)
60=0 \/_816k 6=0

( 1(00) Ey(60) — Zp]Ak] 60)B;;.(6o)

Con ( 1 01(6)

n Oy

] OpJ

_ (1 — Z ijkj(00)> (Ek(eo) — Z ijka(eo)» ,

1
Cov ouo)
=6,
PEPE

% 80%
sz Py (Akk (60)Ew (60) — ZPJAk] 60)B fi% (90)
j=0F7J

7j=1

— (1 - ZPjAkj(00)> (Ek”(OO) - ijBka,(Oo))> ;

J=1 J=1
0= eo>

o (5
:Z£k00j< Ciui(05) — ;p] 2(00)B;i(80) — (Ek (60) — Zp] " 00>
(Ek (6y) — Zp] i1(60) ) +QB,;;(00)E;(00)> +Zm—w(90),
1 91(6)

j=0Pj
1 a1(0)
Cov | — , ——
(\/ﬁalgk 0=0, \/_8/319 990>
- L j( Cuu00) S B0 B0 - ( -Sum eo)
J= 7j=1

X (Ek 6o) — ij iw (0o ) + By (60) Ej (60) +Bl;rk’(00)El;|:(00)> :

1.01(6)
=0, ’ \/ﬁ OB

All(OO) A12(00)

Let A(6)) = Var (%—) , then

_ 1
‘9 90) and A(6y) = ST

AJy(60) Az (6)

16



A11(60) =p(A(6) — A(60)pA(6o) — (I — A(60)p)Jm(Im — pA(60)))p
=511(60) — $11(60)(Jn + P~ 1) S11(60),
A12(80) =p(A(60)E" (60) — A(60)pB(60) — (In — A(60)p)Jn(E' (60) — pB(60)))p
=S12(60) — S11(00) (T + ™) S12(60),
Az (80) =p(—C(80) — B (80)pB(80) — (E(60) — B (60)p)Ju(E" (60) — pB(60))
+B'(60)E" (80) + E(60)B(80)p + p(E(6y) — E(60)E (6,))

=552(60) — §15(80) (I + p ") S12(60).

By Central Limit Theorem (CLT),

1 oale)|
% —80 oo — N(O, A(eo)) (19)

1.2.2.3 Strong Consistency of 7]

Denote

[1(0) = Z log Z prwi(t;;0),
i=1 k=0

m ng

1(0) = (npaw + > BIRK(XM)),

and they satisfy [(0) = —nlogng — [1(0) + 12(0). Moreover, [, (0) satisfies that

0’L(6)  0%(6)
00007 0000 (110

17



According to [52] and [47], the strong consistency of 6 can be established based on the

9211(0)

o507 When the density ratios have the form wy,(; 6) = exp (ay, + 3] x)

positive definiteness of

and wy,(z; 0) = exp (ay + B, h(x)), respectively. Both [52] and [47] claim the positive definite-

ness of 2 56 aéT) can be guaranteed by the non-degeneracy of the DRM. Here, we propose a way to

9211(0)

S096 T - Slnce

verify the positive definiteness of

Z log Z prwi(t;; 0),
=1

llz()

it is sufficient to show that —zz5+

is positive definite where

l1,(0) =log Z prwi(t;;0).

k=0

Also, since this is for arbitrary 7, we may simplify the problem as

[*(x;0) = log Z prwi(x; ),

k=0

and the notations as

fork=1,...,m,andp=1,..., ps.

Let M = (M, ..., M,,)" be Multinomial(1, (Py, ..., P,)") where

PrWi

Pi==——.
ijo PjW;j

18



Then denote M_; = (M, ..., M,,)". Let H}, be a vector of independent variables such that
Hy, = (Hp,...,Hy,)", EHy= (hp1,. .. hip) ",

fork =1,..., m. Also, assume that M and H}’s are independent. Then

b (s
0l _ j£k,j=0 PiWj _ Pl P

a2 . 2
b <Z j=0PiW;j >
aQZ* / /
___ PRWkpr W P.Py

OaOay (Z;nzo ijj> 2
oAl B (E;Zék,j:o ijj) prwihy
a0 By, <ZT:0 pjwj> 2
(ijo ijj)

O*l (Z;Zék,jzo ijj) prwphgh)

= P,(1 - P,)EH,

= P,(1 - P)EH,.EH]

9B:IBY m ’
B0, (Zj:opjwj)
2 7% I
aﬂ@# ey hkh;« — PP EH,EH],
k 1% (Z;n:() pjwj>

fork, k' =1,...,m, k # k’. Therefore,

M,
o21* M_, © H;
——— = Var
00007
M,1 O] Hm



is positive definite based on Assumption 1.2.

VO0<e<i, VO e dB(8y,ne"2), expand 1(6*) at 6,

21(0) 1 021(0)
1(67) = 1(8y) + (6" — 60) " — 2= o +5( ) Sp00T s ( 0):
where 6** € B(6,,||6, — 0°||). By (1.9),
al(0)
* T 2\ ~ €
(0 00) 80 9=, Op(n )
By (1.8) and (1.10),
5(0 - 90) 00007 9 (H - 90) ~ Op(n )7

and it is negative. For large n, almost surely,

1(67) < 1(60).

By the continuity of [ in 6, [ is maximized within B(6y, nE*%), and subsequently, the strong

consistency of the estimator 6 is established.

1.2.2.4  Asymptotic Normality of 7]

Denote

20



X(6y) = S~ (80)A(60)S " (60) = S~ (60) — Y _p; . (1.11)

Expand % at @, and plug in 0,

01(0) 01(8) 0%1(0) . .
0| .= 32| T (6 — 6o) + 0,110 — 6o]]),
00 |o_g 00 |o_p, 00007 |,_, P
1 9%1(0) /1 01e)
—6)=—( - — = 1). 1.12
000 =~ Saoa |, ) (G590 ) T 0
And since — %g;g% oo, %% S(6,), by Slutsky’s theorem,
V(0 — 6y) 5 N(0,2(6y)). (1.13)

Hence, the asymptotic normality of 6 is established.

1.2.3  Asymptotic Behavior of G

In this section, it is aimed to show that \/ﬁ(é — @) converges weakly to a zero-mean
Gaussian process in D(—o0, 00)?. To prove the weak convergence of \/n(G — G), it is sufficient
to show the weak convergence of /n (é ~G ) since the weak convergence of the empirical process
\/ﬁ(@ — (7) is ensured by the classical result. The following definitions are taken from [58],

which will be used for establishing the weak convergence of \/n (CNJ - G).

Definition 1.1. A collection F of measurable functions f : X — R is called a Glivenko-Cantelli

21



class if

sup [P, f — Pf| =0,
feF

where P, is the empirical measure of a random sample X1, . .., X,, on a measurable space (X', .A)

and P, f = L 3°" | f(X;)in outer probability or outer almost surely.

Definition 1.2. A collection F of measurable functions f : X — R satisfying

sup|f(z) — Pfl < o0, Va,
feF

is called a Donsker class if
VP, — P) 5 W,  inl®(F),

where W is a tight borel measurable element in [ (F).

Definition 1.3. A class of measurable functions satisfies uniform entropy condition if

/ Sgp \/IOgN(EHFHLQ(Q),}_, LQ(Q))dE < 00,
0

where () is a probability measure, F' is the envelope function of F ie. |f| < FVf € F and
N (5HF | 2o(@), F, LQ(Q)) represents the number of covers with radius € under L,(()) norm

required for F.
Then we prove the following theorem using the above definitions.

Theorem 1.1. Let Xy, -+, X,, ~ G be a random sample and f be a square integrable function

with respect to G. Then {Ipja_ (1)} - f is a Donsker class.

1(_Oovmd]
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Proof. By Example 2.5.41in [58], the class of indicator functions satisfy uniform entropy condition.
f 1s a single function so that it also satisfies the uniform entropy condition. Let /' = 1 be the
envelope function for {I ?:1(700’%](-)}. Since [ f?dG < oo, then {I ;_1:1(7007”](-)} -fisa

Donsker class by Example 2.10.23 in [58]. [

1.2.3.1 An Approximation of G
Let

wk‘(y’ O)IH?:I(foqxd] (y)
> im0 Piw;(y; 6)
wi(Y; 0)hie(y) e (oo, 1 (Y)
By(z;0 =/ U= (oo

Z;ﬂzo pjw;(y; 0)

A(x;0) = (Ai(x;0),- -+, An(0)) T,

dG(y),

dG(y),

B(x;0) = (B] (z;0),--- , B/ (x;0)),

Hiwo) = LS It ooy (E1)
1 ) No P ZT:O pjwj(ti; 0)7

Hi(w:0) = ~(A (@:0)p. B (2:0)p)5~ ()

Differentiate H,(x; ) with respect to 8 at 6y,

23



00 0=6,
Then,
E OH, (x; 0) _ s
00 =60, No

p1wi1(t:;00)Iqa (t:)
J

:1(7oo,zd]
m 2
[S7 pjw;(ti:60)]

2im1

PmWm (ti§00)ll—[?:1(7m@d] (tl)

1 Zz’zl [T, ijj(ti500)]2

p1w1(ti;90)h1(ti)ll—[;z:l(,oo,zd](ti)

(S pjw; (ti§90)]2

=1

pmwm(ti;oo)hm(ti)[n?:1(7oo,a:d] (tl)

2ic1

! [ pjws (£i:80)]

(k). (k)
plwl(Xl :OO)Ingizl(_oo,xd](X[ )

2kt 2 B

[Z;m:o PjWj5 (Xl(k) 300)] ’

(k). (k)
lel(Xl 700)11—[1}:1(_00,1(1](){[ )

m Nk E
Ek:l =1 [Z?L:O pjw; (Xl(k);eo)]Q

k). k k)
prun(X(:00)h1 (X ))Inﬁzl(—oo,m(xl( )
2
[ o (XM 360)]

Y 2ah E

PmWm (Xl(k) ?90)hm (Xl(k) )Ind

(k)
j:I(—oo,xd](Xl )

D 2 B

L 2
[Z}":o piw; (X} );00)]
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plwl(y;eo)w’“(y;eo)lﬂle(—w@d](y) G (y)

[y pjws (u:00)]”

D et P f

pmwm(yieO)wk(y§90)IH ](y)

m d: (—o0,z
k=1 Pk f [, pjwj(y';o)l]2 : 4G y)
]: K

" prw1(y;00)wr (y:00)h1 (y) I 7a
> ket Pk f e

1(7oo,wd] (y

[0 psw; (4360)]

dG(y)

pmwm (Y;00)w (y:00) hm (W) g, , 1(¥)
M7y (—o0,2] 4G (y)

[y pjws (u:60)] i

_Z?:l Pk f

p1A1 (CU; 00)

pmAm<a:7 00)

p1 B (CU; 90)

— —(A'(x;60)p, B (z;60)p)",

and by SLLN and Assumption 1.1,

ZZL:1 Pk (i 2?21

k). (k)
Pl'UJl(Xl( ,90)11—[;1:1(,007%]()51 )
2
[Z;":o pyw; (XY ;90)]

*. *)
Pror(X00)Id_ (oo 0 (Xi)

PRARTTS e Py
k=1 =1 2
Mt [Z;"ZO pjwi (XM ;90)]
(k) (k) (k)
X090V hy (X1 x
WO oo, (A e i T I )>
- o -

[Z;n:o ﬂjwj(Xl(k);9o)]2

(k). (k) (k)
Zm pk; L Tk pmwm(xl 700)hm(Xl )IH?:ﬂ*OOde](Xl )
k=1 =1 m 2
"tk [Zj:o P;W; (X;k)ﬂo)]
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Pl“’1(y?OO)wk(y;OO)Injzl(—oo,xd] ()

et Pr f [S70 pjw; (y;Oo)]2

dG(y)

m mem(yﬂo)wk(y;eo)ll—[;i:l(_Oo,zd] (v)
=1 Pk [ pyw;(y:60)]”
m p1w1(y;00)wy (y390)h1(y)1n3¢:1<7oo,zd](y)
Dk pe ) [0 oy (w:80)]

dG(y)

S|
vl

L
|

dG(y)

me)m(y;OO)wk (yEGO)hm(y)Ingzl(_wﬂmd] (y)

m
| 2k P / [0 oy (yi00)]”

6=0¢

00
Note that — 2:@eWi0) | Thep by Assumption 1.1 and Theorem 1.1,
[T pjw; (y360)]

I and —2ewewifo)hi(y are Donsker classes V k& and hence
{ —0,%d] ( >} [Z;ﬂ 0 Piw; (Y 90)] { H (—o0.2d] (y)}

dG(y)

Prwk(y;60) 5
[0 pyws(y:00)]

Glivenko classes by [58] (p. 82).

Thus,
00

sup 2 0. (1.14)

- E( OH(x;0)
0—0, 00

6=0¢ )

1

Observe that G(x:; 8) = H,(x; 0) and expand G at 6,

OH, (z; 0)

é(w,g) =H(x; 6y) + ( % » _E (aﬂl(m;e)

>> (6 — 6)

OH, (2 0)

OH, (2 0)
e

By (1.12), 0,(|10 — 84|]) ~ o, (%ﬁ)

.
By (1.12)(1.14), (%‘0 -F (8H18(;;0>‘9 ) )) (6 — o) ~ o, (%)
=0g =6
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Notice that £/ ( aHg(g” 9) ‘ ) =— (ZT (x;0)p, B' (;0)p)" is uniformly bounded in x,
0=6o

then by (1.12),

Therefore,

Gi(w: 6) = H, (; 80) — Hy(; 60) + 0, (%) |

so that \/n(G — G) can be approximated by /n(H, — Hy — G) uniformly in .

1.2.3.2 Convergence of the Finite Dimension Distribution of \/n(H; — Hy — G )

By the similar derivation in the proof of the Lemma 3.5 in [47],

Wk yaeo)—lnd (—o0 xd](y)
E (Hi(x;6,) s
( 1( O ) Zpk ijo PjW;j (y§ 90)

dG(y) — G(z) =0,

= 07
0=0¢

B (Hy(a; 00)) = ~ (A (2:00)p, B (w:00p)S ™ (00)F (M

00

Cov (Va(H(@;60) — G(@)), va(H (y; 60) — G(y)))
= (Z Pk) (Z prAR(T A y; 60) — Z prAr(T; 00) Ak (y; 00)

k=1

(ZpkAk x; 6,) ) (ZpkAk y; 0o )) 5
Cov (\/_(Hl(w 00) ( )) \/_HQ(ya 00))

—(A" (x:60)p, B (x;00)p)S " (80)(A (y;60)p. B (y:60)p)"

- <i ) (Z prAR(x; 00) Ar(y; 60) + (Z prAw(z; 60) ) (iPkAk(y§00>>> :

k=0
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Cov (v/nHy(; 0y), Vi Ha(y; 6o))

—T

—(A (2;00)p, B (x:60)5)S " (8,)(A (:60)p. B (y:60)p)"

- (i ) <Z prAr(; 00) Ak(y; 0o) + (Z prAr(a; 60) ) (i pkAk(y§90)>) ,

k=0 k=1

where

a:/\y:(xl/\yl,...,xd/\yd)T.

By CLT,V k and @4, . . ., ok,
Vi(H(1;00) — Hy(@1300) — Gl), ..., Hi(ay; 00) — Ha(ay; 00) — G(zr,) T > N(0, A),

where A is the covariance matrix depending on the covariance function

Cov(v/n(H,(x;0y) — Ha(a; 00) — G()), vVn(H, (y; 0y) — Ha(y; 0y) — G(y)))
- (Z pj> (z piAi(T Ay 00)) (1.15)

— (A (:00)p. B (x;00)p)S " (80)(A' (y:00)p. B (y;00)p) .

1.2.3.3 Weak Convergence of \/n(H; — é)

Follow the proof of Lemma 3.6 in [47], it can be shown that
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Hi(x;6,) — G(x)

_L g $s I cmnd K0 S50 X0
=0 = jOp] ](X( 90 s ’
k

k)
o Z] Op]wJ(X( ;60)
k 0
1 & (Zj:() ijj(Xl( )5 6o) — 1) [H;.lzl(foo,xd](Xz( ))
- m k
=1 Zj:O ijj(Xl( )590>
n k
m 1 k ka ?:1(—oo,md](Xl( )>
3] £ pre: SE=TE R
m \ I Do piwi (X5 60)
m k 0
1o (7 s (X5600)) I (aeag(X) 2
m k
=1 Zj:O ijj(Xz( )2 6o) k=1

and

k
PRI (oo (X))

E — = prAk(x; 60),
ijo /)jwj<Xz(k)3 00)
m k
p x;
> o ijj(Xz(k)seo) Al &)

D— P 221 Piw;(y360)
By Theorem 1.1, {/ 4 oomd]( )} Z;'n:opj;jij(y;eo) and {/ ;;:1(_007%}(3/)} —Zin:oﬂjwj(%eo)

are Donsker classes. Therefore, /n(H; — G) converges weakly to a zero-mean Guassian process.

1.2.3.4 Tightness of \/nH,

To establish the weak convergence of \/ﬁ(é — @), it is left to show the tightness of \/nH,.

We first prove the following theorem.
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Theorem 1.2. Let X = (X1,..., Xy)" be a d-dimensional random vector that has a density, and

f(®) = Eg(X) I (—oo,;zj](X>

Jj=1

for some g such that Eg*(X ) < oco. LetY,, be a sequence of random variables such that Y,, Ly

asn — oo and EY? < co. Then the process f(x)Y,, is asymptotically tight.

Proof. Define a metric p(x,y) = Z;.lzl |z; — y;l.

E (0Ol g oK)~ Iy ey (X))

d
<E <|9(X)| Z I(Svj/\yj@ijj}(Xj)>
j=1

d
<> (BgA(X))? (P(X; € (zj Ayjoz; Vyy)))

j=1

=
)
|
=
s
A

A

N

Since X has a density, then the marginal CDFs are uniformly continuous and thus V K > 0,

36 > 0 such that

[NIES

sup [f(@) — fy)l <3 (EAX))? sup (P(X; € (2, Ay V y)))

1 p(,y)<é

N

<> (BP(X))® sup (P(X; € (1 Ayja; Vi)

|z —y;]<o
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ThenVe,n > 0, take K < E’fa?', 36 > 0 such that

limsup P < sup | f(2)Y, — f(y)Yal| > 8)
p(

n—00 x,y) <6

=P < Sup [f (@) = F)l[Y]> 6)

z,Y)<6

B suDp@ <6 | f () — f ()]
- €

<.

Elg(X)|E]Y]

Additionally, V n > 0, take ¢ > p

b

limsup P (|f (2)Y,] > £) = P (|f(z)Y] > o) < ZIXIEN]

n—o0 £

n.

Hence, f(x)Y,, is asymptotically tight by Theorem 1.5.7 in [58]. O

Note that A, (x; 6y) and the elements of By (x; 8,) satisfy the conditions of f(x) in Theorem

1.2. By (1.9), \/iﬁ % oo converges weakly to a Guassian random variable. Thus, based on the
=vo
expression of \/nHs,
—T =T _ 1 0l(0)
Vnis(x;600) = (A (x;00)p, B (;00)p)S™(60) | —= —~ :
Vo 08 o g,

by Theorem 1.2, \/nH, is asymptotically tight.

1.2.3.5 Weak Convergence of \/n(G — G)

Based on the results in Section 1.2.3.2, 1.2.3.3, and 1.2.3.4, by Theorem 1.5.4 in [58],

-~

vn(Hy — Hy — G) converges weakly to a zero-mean Guassian process with convariance function
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(1.15), which implies the weak convergence of \/ﬁ(é — @) By classical result, the empirical
process \/n (CAJ — (@) converges weakly to a zero-mean Guassian process so that the weak conver-
gence of \/ﬁ(é — () is established. It is left to show the covariance function of the limit Guassian

process. By the same derivation as the proof of Theorem 3.9 in [47],

Cov (\/ﬁ(Hl(a:; 0,) — @(w)), \/ﬁ@(y))
= <Z pj) (Z pj CC 90 ) G(?J) ( ) (ij € /\y790)> )
Cov (x/ﬁHQ(iv; 0,), ﬂ@(y))
— (Z p]) (Z p;A;(x; 90)) G(y)
— (A" (2;60)p, B (2;600)p)S " (80)(AT (y;60)p, B (;60)p)",
Cov (V@) viliy))
(Z m) (x Ay) — G(x)G(y)).

Together with (1.15), we obtain

Cov(vn(G(x:0) — G(z)), Vn(G(y; 8) — G(y)))

m

(ZP])( (xAy) - ZPJAJw/\yaOO))
+ (A (:00)p. B (x:00)5)S(80)(A (y;60)p. B (y;60)p) .

Subsequently,

Vn(G(z;0) — G(x)) % N(0,0(; 6)),
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as n — oo, where

o= (§5) 0o Sonien)

+ (A (2:00)p, B

(1.16)

—T

(2:60)P)S ' (60) (A (;60)p. B (x;60)p) "

Remark: Since G canbe approximated by /1, — [, then one may show the weak convergence
of \/n(G — G) by establishing the weak convergence of /n(H; — Hy — G) directly. However,
the limiting distribution of \/ﬁ(CNJ — CA}) is of interest for other research purposes, for example,

checking goodness-of-fit. Hence, we follow the steps in [47].

1.2.4 Consistent Estimators of Asymptotic Variances

In this section, the consistency of the plug-in estimators of asymptotic variances of 6 and

G(x; 9) are established.

1.2.4.1 Consistency of Plug-in Estimator f](g)

Based on the expression of 3(6,) (1.11), to show the consistency of 3(6), it is sufficient
to show that S (5) is consistent. We will use one entry of S(6) as an example to show the
consistency. The rest of the entries can be proved in the same manner. We first prove the

following theorem.

Theorem 1.3. Suppose 0 is a consistent estimator of 0y, and [ satisfies that v x, 6,

|25 < st
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and
_Zg Xl) 0,

as n — oo for a sequence of identically distributed random variables X1, ..., X,. Then
1 " g P
- > )f(Xi;a) — [(Xi;60)| = 0,
i=1

as n — oQ.

Proof. By Mean Value Theorem, 3 8 € B(0,, |6, — 6| fori=1,...,n,

n

%i‘f(xi;é) —f(X@-;Ho)‘ = %Z

i=1

Zg )16 — 6o

8f(Xz»; 9)

~_ T
(6007 L

50,

as n — oQ.

Consider the entry of S(6y) corresponding to [, and Si/,

1 0Bkp0 By

5 1 0%1(0)
Z;‘nzo Pj ZT:O piw;(y; Oo)

) ___ PrPR /wk(y§ 6o)wi (y; OO)h’“p(y)hk/p/(y)dG(y).
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The corresponding estimator is

() Zﬂkwk (ti; 0) piwio (35 0) by (8:) oy (£1)
naﬂkpaﬁkfp’ 0=0 i=1 [Z] Opjwj(tl,ﬂ)]
_ oyl Zpkwk ' 0) o (X5 0) by (X" Yoy (X"
~ 72
ho " [Z;'n:o ijj(Xz(h);a)]

Thus, it is sufficient to show

1 2 prwi (X ~)Pl~c’wk/( l(h); 5)hkp(Xl(h))hk’p’(Xl(h))
nh 4 m (h). g 2
[Zj:o pyw; (X, 0)]

oewn(X)";00) prowi (X1 00)hup (X[ e (X)) 20
2 )
m h
| oy (X[ 00)|

as np — oQ.

Recall that wy,(x; 0) = exp (o, + B) hy(x)), and hence V k

0log wy(x; 0) o 2
stz [,

IA

Pk
L+ |hyp()
p=1
m Pk

STHY D ()
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Then, by the Triangle Inequality,

wy (2;0)wy (:'3;0)2
[ pjw; (:0)]
00

wn(@; 0wy (2 0) | 2Egm) o Dozt (a0)|

[Z;n:o piw; (@ 9)} 2
2 (; 0)wn (@:0) | 7 oy, (w:0) 255 |
[Z;’no/)jwj(m'e)r
wy(@; 0)wy (x; 0) [HWL
S s (a; 0)]
i a0 (52 mim[252 |
S s 0)]
A 0)wi(;0) [1+ 7, S0 g ()

(S0 oy :0)]

8logwk/ x;0) H]

_|_

Note that
prwi(@; 0) prywy (x; 6)

[Z}n:o pjw;(@; 9)] 2

<1

— Y

and therefore

Li prwe(X"; 0) prrogs (X5 ) hyep (X ) gy (X1
2
" [Z}io piui(X(";0)]

pkwk:(X GO)pk’wk’(Xl(h);eo)hkp(Xl(h))hk’p’(Xl(h))
2
|:Zj:0 :ijj<Xl(h)§ 00)}

m Pk

1+ZZ

=1 p=1

<n—h24

(X 1] (XL Yy (L) 18— 66| 25 0,
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as ny — 0o, by Assumption 1.1 and Theorem 1.3. Therefore,

L) | g e [y 0y (e ) i,

BBy log | S0 b ST i (y; 6o)

as n — oo. Similarly, the convergence of the rest of entries can be established, and hence

as n — oQ.

1.2.4.2 Consistency of Plug-in Estimator &(x; 6)

Based on the expression of o(x; 8,) (1.16), since the consistency of S (5) has been estab-
lished, it is sufficient to show the consistency of the plug-in estimators of A (x; 6y) and By (x; 6,),
which are A, (x; 0) and By (x; 0), respectively. We prove the consistency of By (x; 8), and that
of Ay (a; 8) can be proved in the same manner.

First, we show the convergence of Ek(m, 6y). By SLLN and Assumption 1.1,

ZB pz
o) ] opjwy(tua())

1 & wi (X l ;30>hk( l(h))[H?:l(—OO,ﬂfd](Xl(h)>
- Z P 2 m . gy]°
h=0 =1 [ijo piw;(X; §90)]
s wi(y; 00)hi(y) I ¢_ (oo ](y)
53 [ oty
h=0 [ijo pjw;(y; 90)}
/ wk(ya OO)hk(y)]H?:I(foo,zd](y)

>0 piw;(y; 6o)

dG(y) = By(x; 6o).
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Next, By,(x; 0) is given by

n tz, 0 hk( )I oo (tz)
Bk (; 0 Zpl HJ,1(~ ]
h
- 1o o X ) (X e g (X1
= - — ’
n m h
e (X" 6)]
and by Triangle Inequality,
e Olosur(@0)  2uy(;0) [zm w;(: e)—abgwﬂ'(““")}
g pwi o) || || wk(®; 0) =55 k5 j=0 PiWi L5 56
06 -~ 2 m 5
| o (@:0)| | pyes (@ 0)|
w(x; 0) ’ %‘WH 2wy (x; 0) [Z;”:O pjw;(x; 0) Habgw](w e)m

IA

+

(S0 oy :0)] (X0 oy :0)]
Bui(@; 0) |1+ X4 X0t [ (@)
<

) (S0 pyuya:6)]
1303 (@) l

k=1 p=1

<3—

Then, by Assumption 1.1 and Theorem 1.3, as n — oo,

By (x;0) — By(x;60,) 2 0,

so that

By (x:0) 2 By(x:6,),

and the consistency of A (x; 5) can be shown by the same way. Therefore, the consistency of

(x; ) is established.
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1.3 Simulation

In this section, based on the simulation result, it is illustrated that the estimate of the
reference CDF obtained by a DRM with variable tilts is more precise than the estimate obtained
by a DRM with a uniform tilt and empirical estimate in terms of mean integrated absolute error

(MIAE) and mean integrated squared error (MISE),

MIAE = E/ )f(x) - f(x)‘dx,

MISE = E/ (f(x) - f(x))2dx.

Here, J?represents the three different estimates éu, év and G where éu is the estimate obtained
with the uniform tilt and év is that obtained with the variable tilts, while G is the empirical
estimate. f represents the true reference CDF G.

Consider three random samples X ~ Eap(2), XV ~ Gamma(2,2) and X? ~
Lognormal(1,1) with size ng, n; and ns, respectively. They follow the true density ratio

structure

:Z;g; = exp(log 2 + log(z)),
B8] —exp(— — o 2V27 + 20 — 3(10g(a)?),

In this case, the uniform tilt is considered to be h(z) = hy(z) = (x,log(x), (log(z))?)T,
which is used to obtain the estimate G,. The variable tilts are h(z) = log(z) and hy(z) =
(x, (log(x))2)T, which are used to obtain the estimate G,.

The simulation is performed by following the steps:
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1. Generate random samples

X0 < Bxp(2), XY ~ Gamma(2,2), X® ~ Lognormal(1,1),

with size ng, n; and ns.
2. Obtain the estimates CN;’v, CNJU and G.
3. Repeat steps 1 and 2 for I times.

4. Approximate MIAE and MISE by

FOM; + j8) — fFO(My + 56)

Y

- 1 I J
MIAE = — Z 5 Z
=1 j=1

1 J 2
MISE = %Z > (f“)(Ml +8) — fO (M +j5)) :

i=1  j=1

where (M, M) is the region we integrate over that satisfies [~ f(2)dz =~ fﬂj\f f(x)dz

and § = =20

Set I = 1000, ng = ny = ng = 200, (M, M3) = (0,10) and J = 1000. The results shown
in Table 1.1 indicate that the DRM with variable tilts gives a better estimate of the reference CDF

judging by both measures MIAE and MISE.

Table 1.1: MIAE and MISE for G, G, and G.

~ ~ ~

Estimate G, G, G

MIAE 3.273 x 1072 3.791 x 1072 4.358 x 1072
MISE  9.137 x 107* 1.066 x 10™® 1.275 x 1073

Another comparison is made via the 95% ClIs for threshold probability 1 — G(7") with
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T =0.1,0.5,1,2,3. Here we simulate the 95% CI for the threshold probability 1 — G(7") based

on (NJU, CNJU and CAJ, respectively. The simulation is performed by the following steps:

1. Generate random samples

XO ~Bxp2), XY ~ Gamma(2,2), X® ~ Lognormal(1,1),

with size ng, n; and ns.

2. Obtain point estimates and 95% ClIs for threshold probability 1 — G(7") based on the three

methods.
3. Repeat step 1 and 2 for [ times.

4. Calculate the average of estimates, confidence limits, lengths of CIs. Also obtain the

coverage rates of Cls.

Take I = 1000 and ny = ny; = ny = 200. The results are shown by Table 1.2. Based on the
lengths of the CIs, év is more precise than éu and G since the corresponding CIs are the shortest
for each T'. Also, the results reveal an advantage of combining multiple samples that it allows
us to estimate outside of the range of the reference sample. The empirical CDF cannot provide
an estimate for 7" = 2, 3 while this is available using DRM. Additionally, both DRM estimates
are more precise than the empirical estimate in terms of the lengths of CIs, which accords with
the conclusion in [81]. Furthermore, the coverage rates of DRM with variable tilts are closed to
0.95 and have a slower decay than the coverage rates of the other two models when the threshold

becomes larger.
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Table 1.2: Average of threshold probability estimates, 95% Cls, lengths of Cls, coverage rates of Cls
for thresholds 7" = 0.1, 0.5, 1, 2, 3. ““-” indicates that some of the CIs generated can not be constructed
since the estimates are 0.

T 1—Gy(T) 95% CI CI length Coverage rate
0.1 0.8189 (0.7677,0.8700) 0.1023 0.951
0.5 0.3654 (0.3049, 0.4259) 0.1210 0.947
1.0 0.1336 (0.0974,0.1698) 0.0724 0.936
2.0 0.0182 (0.0091,0.0272) 0.0181 0.930
3.0 0.0025 (0.0004, 0.0046) 0.0042 0.900
T 1—Gy(T) 95% CI Cllength Coverage rate
0.1 0.8176 (0.7653,0.8699) 0.1046 0.953
0.5 0.3677 (0.3051,0.4302) 0.1251 0.946
1.0 0.1355 (0.0941,0.1770) 0.0828 0.937
2.0 0.0177 (0.0039,0.0314) 0.0275 0.870
3.0 0.0024 (—0.0013,0.0061)  0.0074 0.771
T 1-G(T) 95% CI CI length Coverage rate
0.1 0.8183 (0.7651,0.8715) 0.1064 0.965
0.5 0.3664 (0.2998, 0.4330) 0.1332 0.946
1.0 0.1347 (0.0877,0.1818) 0.0941 0.940
2.0 - - - 0.878
3.0 - - - 0.386

1.4 Tilt Selection

Since model (1.1) accommodates different tilts, the selection of the tilts between every pair

(X ©, X®) should be addressed.

One way is to employ significance tests based on the asymptotic normality of the estimators

(1.13), and then construct the DRM for all samples using the selected tilts. Construct a two-sample

DRM for the pair (X (), X)) based on a possibly redundant tilt A with dimension p, and obtain

the estimated parameters Ej(.’“)

forj =1,---,pbya Z-test with the test statistic
3(k)
7=
55(k)
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If 65“ is insignificant, the corresponding term is eliminated from the tilt function and then a
reduced tilt function h; can be obtained. Finally, use all reduced tilts h;’s to construct a DRM
for all samples by (1.1).

Another way of tilt selection is to use a model selection criterion as suggested in [20].
Instead of combining pairs, we construct DRMs with different combinations of tilt functions for
all samples. The possible choices of tilt functions are the redundant tilt h and all of its reduced

forms. Then, the optimal DRM is selected from 27" possible models using the AIC

—2log L(6, G) + 2q, (1.18)

where ¢ is the number of free parameters in the model. Here, the likelihood used for the AIC is

the empirical likelihood.

1.5 Estimation of Residential Radon Concentration in Pennsylvania Counties

In this section, we demonstrate the use of DRM in the estimation of Radon concentration,
which is largely based on [78] and [79]. According to [1], Radon-222, or just radon, is a colorless,
odorless, radioactive noble gas that stems from the decay series of radium-226. It is widely
distributed in and naturally released from soils and rocks. The indoor radon has been determined
to be the second leading cause of lung cancer by National Academy of Sciences. Environmental
Protection Agency (EPA) estimated that 13.4% lung cancer deaths nationally in 1995 are radon
related, and anticipated that indoor radon would be a significant contributor of lung cancer deaths
annually. In United States, radon concentration in air is measured in picocuries per liter (pCi/L).

EPA recommended to control the indoor radon concentration between 2 pCi/L and 4 pCi/L.
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According to Pennsylvania (PA) Department of Environmental Protection [2], residential
radon problem is serious in PA, and approximately 40% of the homes have radon concentration
above 4 pCi/L. Zip code level residential radon concentration data are collected from PA counties
in six time periods. We examine two counties, Beaver and Forest, to demonstrate the two tilt

selection methods in Section 1.4.

1.5.1 Beaver County

The six periods are 1989-1993, 1994-1998, 1999-2003, 2004-2008, 2009-2013, 2014-
2017. We consider the sample of 2014-2017 as the reference sample X©. XM X©®) are
the samples of 1989-1993, 1994-1998, 1999-2003, 2004-2008, 2009-2013, respectively. The

histograms of the six samples are plotted in Figure 1.1.
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Figure 1.1: Histograms of Beaver residential radon concentration in six periods.

In order to depict the pattern of radon concentration closed to 0, we also plot the histograms

truncated at 40 pCi/L in Figure 1.2
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Figure 1.2: Histograms of Beaver residential radon concentration in six periods truncated at 40 pCi/L.

From Figure 1.1 and 1.2, we observe that data are positive and the distributions are right
skewed. Gamma and Lognormal are two distributions frequently used to describe such data.
Thus, we shall start with the uniform tilt h(x) = (z,log(x), (log(x))?)", a tilt that represents the
density ratio of Gamma and Lognormal densities.

Construct a two-sample DRM for each of the five pairs, (X @, X M) . (X© X©®)) using
the uniform tilt A (x). Then test the parameters as introduced in Section 1.4 at significance level

of 0.05. Remove the insignificant terms in the tilt, we obtain the reduced tilts such that

hi(z) = (2,log(), (log(x))*) ", ha(z) = log(),

hs(z) = (z, (log())*) ", ha(x) = hs(x) = 0.

Finally, construct a DRM with the variable tilts h(x),. .., hs(x), and obtain 95% CI for
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threshold probability 1 — G(7T') with T = 5, 10, 50, 100, 200. The DRM estimator of (7 is denoted
as CNJU. For comparison, we computed 95% Cls for these threshold probabilities using a DRM

with the uniform tilt, that is,

hi(z) = hyo(x) = hg(x) = hy(z) = hs(z) = h).

The corresponding estimator of GG is denoted as G,. We also obtain the empirical estimator G
based on the reference sample, and computed the Cls for the threshold probabilities. From Table
1.3, it is observed that for each 7', the shortest CI corresponds to the DRM with variable tilts.
The CIs corresponds to the two DRMs are both shorter than that corresponds to the empirical
distribution. Also, since no observation exceeds 200 in the reference sample, then the empirical
distribution cannot provide an interval estimation for 1 — G(200). However, the DRMs can give
such interval estimation in that there are observations that exceed 200 in the rest of samples.
Indeed, these conclusions matches the ones obtained by the simulation in Section 1.3.

The above analysis is to estimate the distribution of residential radon concentration in
Beaver county in one period based on the fused sample from all periods. One can also fix the time
period, and estimate the radon concentration in Beaver county based on its neighboring counties.
The four neighboring counties of Beaver are Lawrence, Butler, Allegheny and Washington. Let
XO .., X®, be the samples from Beaver, Lawrence, Butler, Allegheny and Washington,
respectively, during 2014-2017. Based the histograms in Figure 1.3 and the truncated ones in
Figure 1.4, the samples from the five counties exhibit the same right skewed characteristic as the

samples obtained during different periods in Beaver. Therefore, we still start with the uniform tilt
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Table 1.3: A Comparison between Gy, G, and G based on samples of six periods in Beaver
county. Threshold probability estimates, 95% Cls and lengths of ClIs are computed for thresholds
T = 5,10, 50,100, 200. “-” indicates that some of the CIs generated can not be constructed since the
estimates are 0.

T 1-G,(T) 95% CI CI length

5 0.3956  (0.3827,0.4085)  0.0258
10 02132 (0.2024,0.2239)  0.0214
)
)

50 0.0208 (0.0173,0.0244 0.0071
100 0.0027 (0.0015,0.0040 0.0026
200 0.0003 (—0.0001,0.0006)  0.0008

T 1-G,(T) 95% CI CI length
5 0.3764  (0.3554,0.3974)  0.0420
10 02019  (0.1846,0.2192)  0.0347
50  0.0211  (0.0152,0.0270)  0.0119
100 0.0030  (0.0009,0.0051)  0.0042
200 0.0003  (—0.0002,0.0008)  0.0010
T 1-G(T) 95% CI CI length
5 0.3764  (0.3528,0.3999)  0.0471

)
10 0.2054 (0.1858,0.2250) 0.0393
50 0.0197 (0.0129,0.0264) 0.0135
100 0.0025 (0.0001, 0.0049) 0.0048
200 - - -

h(z) = (x,log(z), (log(x))?)" and obtain the reduced ones by the significance tests such that

hi(z) = (log(z), (log(2))*) ", ha(z) = (z, (log(x))*)",

hs(z) = (z, (log())*)", ha(z) = (z,log(), (log(x))*) "

Again, obtain the point and interval estimates for the threshold probability 1 — G(7") with
T = 5,10,50, 100, 200 as the case of fusing samples from six periods in Beaver. As shown in
Table 1.4, the DRM with variable tilts produces a shorter CI for 7" = 5, 10, 50 while the DRM
with a uniform tilt has a shorter CI for 7" = 100, 200. Also, the lengths of CIs obtained from the

two DRMs are closed to each other for all thresholds. This is because the tilts are only reduced to
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Figure 1.3: Histograms of residential radon concentration in Beaver, Lawrence, Butler, Allegheny
and Washington.

a moderate extent. Only one term has been removed from h(z), ho(x), and hs(z), respectively.
In the previous case, both h4(x) and h;(z) are reduced to 0, which makes a clear distinction
between the two DRMs. Comparing to the empirical distribution, we can still draw the conclusion
that the DRMs are better regrading the lengths of CIs and the ability to provide interval estimation

for a relatively high threshold.

1.5.2  Forest County

For Forest county, there are only 47 observations over the six periods. Thus, in this case,
we use the observations obtained from all time periods. Two neighboring counties of Forest,
Warren and EIlk, are selected, and they have 837 and 1191 observations over the six periods. Let

X©, X® and X @, be the samples from Forest, Warren and EIk, respectively.
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Figure 1.4: Histograms of residential radon concentration in Beaver, Lawrence, Butler, Allegheny
and Washington truncated at 40 pCi/L.

Based on the histograms and the truncated ones in Figure 1.5, we still let

h(z) = (x,log(), (log(x))*) "

to be the uniform tilt. Initially, we set hy(x) = ho(z) = h(z), and then obtain AIC values
for DRMs with h;(z) and hs(z) taking their all possible reduced forms. The result in Table
1.5 indicates that smallest AIC value of 31677.07 is achieved by the DRM with tilts h;(z) =

(z,log*(z))" and hy(z) = =.

Then use these tilts as variable tilts, compare CNJU, CNJU and CAJ as we did in the Beaver case.
As given by Table 1.6, the DRM with variable tilts gives the best interval estimates regarding to

lengths of Cls.
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Table 1.4: A Comparison between év, éu and G based on samples from Beaver, Lawrence, Butler,
Allegheny and Washington. Threshold probability estimates, 95% Cls and lengths of CIs are computed
for thresholds 7' = 5,10, 50,100,200. “-” indicates that some of the Cls generated can not be
constructed since the estimates are 0.

T 1—Gy(T) 95% CI CI length
5 0.3810  (0.3607,0.4013)  0.0406
10 02056  (0.1883,0.2228)  0.0345
50  0.0205  (0.0150,0.0260)  0.0110
100 0.0028  (0.0010,0.0047)  0.0037
200 0.0001  (—0.0001,0.0003)  0.0004
T 1—Gu(T) 95% CI CI length
5 0.3802  (0.3593,0.4011)  0.0418

20 0.0201 (0.0145,0.0258 0.0113
100 0.0024 (0.0007,0.0042 0.0035
200 0.0001 (—0.0001,0.0002)  0.0003

~

)

10 02079 (0.1903,0.2255)  0.0352
)
)

T 1-G(T) 95% CI CI length
5 03764 (0.3528,0.3999)  0.0471
10 02054  (0.1858,0.2250)  0.0393
50 0.0197  (0.0129,0.0264)  0.0135
100 0.0025  (0.0001,0.0049)  0.0048
200 - - -

1.6 Estimation of Regional Pertussis Rates in Washington State

In this section, we construct a multivariate DRM with variable tilts for regional pertussis
rates. Pertussis, also known as whooping cough, is a highly contagious respiratory disease caused
by bacterium Bordetella pertussis. Pertussis data from 1997 to 2018 are collected from annual
communicable disease reports provided by Washington State Department of Heath. The reports
contain county-level annual pertussis cases and rates (per 100,000 population). In [80], a DRM
is applied to the analysis of regional pertussis cases. Since the number of cases varies drastically
between the counties, then a DRM can provide interval estimation for a wider range of threshold.
However, in such case, the number of cases are considered as a continuous random variable. To

avoid this issue, we consider examining the regional pertussis rates instead of cases.
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Figure 1.5: Histograms and truncated histograms (truncated at 40 pCi/L) of residential radon concen-
tration in Forest, Warren and Elk.

Table 1.5: AIC values of models based on different choices of h; and hs in the Forest case. A hyphen
“-” indicates that hy(x) = 0 and therefore gg and gy, are identical for k = 1, 2.

A bl v log() o) (xlog(e) (rlog(x)) (os(x)log’(x)) (z,log(x) log(x)
2

- 31696.52 31697.86 31694.68 31697.54 31686.85 31682.73 31694.35 31684.24

T 31698.24 31691.11 31695.63 31699.20  31680.96 31677.07 31696.32 31678.58
log(x) 31693.46 31685.55 31695.07 31692.86 31687.35 31683.05 31694.81 31684.70
1()g2(.r) 31695.67 31680.36 31696.67 31694.28  31680.14 31680.10 31691.31 31681.62
(z,log(x)) 31693.43 31684.21 31695.04 31694.63 31682.37 31679.01 31696.63 31680.02
(z,logz(l)) 31693.13 31682.36 31695.03 31691.36 31681.38 31678.75 31690.98 31680.26
(log(x),logg(m)) 31695.11 31681.91 31696.71 31693.58  31680.03 31682.06 31691.40 31681.93
(z,log(x), 10g2(1:)) 31694.44 31683.83 31696.05 31692.66 31680.67 31680.48 31690.13 31682.01

First, we need to insert the missing values of pertussis rates. The annual pertussis rates are
not calculated when the number of cases are less than 5. Since the population does not vary in
short time, the number of cases and rates in the year before and after are used to calculate the
missing rates. Let ¢; and r; be the number of cases and rates in year ¢. If r; is missing, then it is

calculate by

Cy

2

Ti—1 i1

Ty =

Ci—1 Ct+1

Let X©, X®) and X @, be three bivariate samples from three regions: 0-(Clark, Cowlitz)
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Table 1.6: Comparison between Gy, Gy and G based on samples from Forest, Warren and Elk.
Threshold probability estimates, 95% CIs and lengths of Cls are computed for thresholds T' =
9,10, 50, 100, 200.

T 1-G,(T) 95% CI CI length
5 0.4447  (0.3773,0.5121)  0.1349
10 02790  (0.2004,0.3577)  0.1573
50 0.0915  (0.0201,0.1629)  0.1429
100 0.0548  (—0.0041,0.1138)  0.1178
200 0.0264  (—0.0135,0.0662)  0.0798
T 1—Gy(T) 95% CI CI length
5 04082  (0.2831,0.5284)  0.2403
10 02565  (0.1452,0.3679)  0.2227
50 0.0914  (0.0179,0.1649)  0.1471
100 0.0580  (—0.0038,0.1198)  0.1235
200 0.0296  (—0.0155,0.0746)  0.0901
T 1-G(T) 95% CI CI length
5 0.3191  (0.1859,0.4524)  0.2665
10 02553 (0.1307,0.3800)  0.2493
50 0.0851  (0.0053,0.1649)  0.1595
100 0.0851  (0.0053,0.1649)  0.1595
200 0.0213  (—0.0200,0.0625)  0.0825

(reference), 1-(Pierce, King) and 2-(Skagit, Whatcom). Thus, for example, X ;0) is a bivariate
vector of which the first entry is the pertussis rates in Clark, and the second entry is that in Cowlitz.
j goes from 1 to 22, representing the rates from 1997 to 2018. We consider that the neighboring
counties are dependent while the three separate regions are independent. The summary statistics

of the pertussis rates in the six counties are shown in Table 1.7.

Table 1.7: Summary statistics of pertussis rates in Clark, Cowlitz, Pierce, King, Skagit and Whatcom.

County | Clark Cowlitz | Pierce King | Skagit Whatcom
Min. 0.9 0.0 2.9 2.0 1.0 5.0
Q1 5.5 32 7.1 5.6 4.1 13.0
Median | 8.5 7.8 10.1 7.2 8.1 25.4
Mean 16.2 18.9 145 103 | 343 36.4
Q3 19.7 22.2 141 11.0 | 148 33.1
Max. 75.6  100.6 96.9 40.1 | 473.9 170.9
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As shown in Figure 1.6, the histograms of the pertussis rates in the six counties appear to be
right skewed so that the uniform tilt is chosen as h(x) = (21, 72, log(w1), log(ws + 0.1)) . Note

that one observation in Cowlitz is 0 so that we need to use log(xs + 0.1) instead of log(z5).
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Figure 1.6: Histograms of pertussis rates in Clark, Cowlitz, Pierce, King, Skagit and Whatcom.

Based on the significance tests, the selected tilts are

hi(x) =(x2,log(zy 4+ 0.1)) ",

hy(x) =(x1, 22, log(z,),log(zs +0.1)) .

Based on the summary statistics in Table 1.7, bivariate threshold probabilities are selected
to compare the point and interval estimates of bivariate threshold probabilities obtained by the
DRM with variable tilts (P,), the DRM with the uniform tilts (P,), and the empirical distribution
(16). From Table 1.8, it is observed that the DRM with variable tilts yields the shortest CI for each
selected threshold probability. When the reference sample does not contain any observation that

can be used for constructing a CI for a threshold probability, the DRMs can still provide a CI as
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long as there are such observations in the fused sample.

Table 1.8: Comparison between ]51}, ]5u and P based on samples from (Clark, Cowlitz), (Pierce, King)
and (Skagit, Whatcom). ¢; and ¢ represent Clark and Cowlitz, respectively. Point estimates, 95% Cls
and lengths of CIs are computed for the selected threshold probabilities.
CIs generated can not be constructed since the estimates are 0.

73R 2]

indicates that some of the

Threshold probability ]31) 95% CI CI length
P(t; <5.5,ty < 3.2) 0.1450  (0.0147,0.2754) 0.2607
P(t; < 5.5,ty > 22.2) 0.0119 (—0.0083,0.0321)  0.0405
P(t; < 85,ty > 7.8) 0.1152  (0.0263,0.2040) 0.1777
P(t; > 16.2,t < 18.9)  0.0752  (0.0071,0.1433) 0.1362
P(t; > 75.6,ty > 100.6) 0.0024 (—0.0168,0.0217)  0.0385
Threshold probability P, 95% CI CI length
P(t; < 5.5ty < 3.2) 0.1486  (0.0157,0.2815) 0.2658
P(t; < 5.5ty > 22.2) 0.0136 (—0.0105,0.0377)  0.0482
P(t; <8.5,ty > 7.8) 0.1240  (0.0215,0.2265) 0.2050
P(t; > 16.2,t, < 18.9)  0.0686 (—0.0028,0.1399)  0.1427
P(t; > 75.6,t3 > 100.6) 0.0026 (—0.0176,0.0228)  0.0404
Threshold probability p 95% CI CI length
P(t; <5.5,ty < 3.2) 0.1364 (—0.0070,0.2798)  0.2868
P(t; < 5.5,ty > 22.2) - - -
P(t; <85,ty > 7.8) 0.1364 (—0.0070,0.2798)  0.2868
P(t; > 16.2,t < 18.9)  0.0455 (—0.0416,0.1325)  0.1741
P(t; > 75.6,t3 > 100.6) - - -
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Chapter 2: A Density Ratio Model with Weakly Dependent Data

2.1 Introduction

In Chapter 1, we have thoroughly reviewed the history and relevant research works of DRM,
and examined the proposed extension, a DRM with variable tilts. A basic assumption of DRM
is that observations in each sample are IID. This is a natural assumption for empirical likelihood
based methods. It is also fundamental for establishing asymptotic properties of DRM estimators
6 and G. The former relies on SLLN and CLT for which IID assumption is a sufficient condition,
and the latter depends on the empirical process defined by IID observations.

However, in application, it is often of interest to apply a DRM to data that have more
complicated structures. It should be noted that a series of research works including [25], [47], [35]
and [34], has been focusing on fusing residuals from a system of time series models by a DRM
to provide predictions for the corresponding time series. As noted by [34], the residuals are
dependent in general so that such method should be carried out with further means of alleviating
the dependence. One of the ways to mitigate the dependence proposed in [34] is to sample from
the residuals. In [65], a similar sampling idea has been implemented directly on time series instead
of residuals from fitted time series models. The samples are used to test the homogeneity of their
sources based on a DRM, and the result is shown to be satisfactory with a properly selected tilt

function. Nevertheless, two issues still entail a further investigation. One is that a considerable
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amount of information is not utilized when we only work on the sampled data. The other is that
the sampling scheme may not be effective to attenuate the dependence for certain types of time
series. For example, it is less likely to reduce the dependence by sampling for periodical time
series.

To resolve the issues mentioned above, it is tempting to relax the IID assumption to accom-
modate DRM to time series while maintaining asymptotic properties for the estimators. To avoid
making the problem too broad, we focus on a particular yet widely used type of stationary time
series, following the strong mixing condition. The strong mixing, or c-mixing condition was first
introduced by [57]. The strong mixing coefficient is used to measure the dependence based on

o-algebras. Throughout this chapter, the definition of the strong mixing coefficient follows [55].

Definition 2.1. For two o-algebras, A and B, the strong mixing coefficient o(A, B) is defined by

a(A,B) = 23113 |P(AN B) — P(A)P(B)|.
BeB

Definition 2.2. The strong mixing condition is satisfied by a strictly stationary time series X, if

the strong mixing coefficient
ax(n) =2 sup |P(ANB) — P(A)P(B)| — 0,

A€o (X;,i<j),
Beo(X;,i>j+n)

as n — oQ.

Other mixing conditions such as S-mixing introduced by [61] and p-mixing introduced
by [46], are proposed as alternative ways to characterize weak dependence based on o-algebras. An
extensive survey of various mixing conditions can be found in [4]. Alternative weak dependence

56



conditions based on covariance can be found in [13].

Mixing conditions are commonly accompanied by strictly stationary condition since the
mixing coeflicient is defined based on o-algebras. Observed from Definition 2.2, strictly stationary
condition ensures that cvx (n) is invariant with respect to j. Moreover, strictly stationary condition
is also imperative to DRM since density ratio structures are assumed to be invariant over time.
Strictly stationary and mixing conditions are also adopted in various empirical methods for time
series. To name a few, [45] developed a blockwise empirical likelihood for strictly stationary
and strong mixing time series. [8] introduced a goodness-of-fit test of parametric regression
model against nonparametric alternatives based on empirical likelihood in the case where both
responses and covariates are strictly stationary and strong mixing processes. [ 16] applied empirical
likelihood to strictly stationary processes satisfying -mixing condition. A broader review of
empirical methods for time series can be referred to [50].

Thus, under that data are strictly stationary and strong mixing time series, we reexamine
the DRM (1.1) in Chapter 1 with additional conditions to ensure the asymptotic properties of
DRM estimators 6 and G. In Section 2.2, we construct the DRM with observations assumed to
be strictly stationary and strong mixing sequences. We shall refer this model as a DRM with
weakly dependent data (DRMWD). Asymptotic properties of the estimators 6 and G are derived
under our assumptions on the data and the model. In Section 2.3, we use simulation to verify the
asymptotic properties of the estimators, and show the improvement made with dependence taken
into consideration. In Section 2.4, the DRMWD is applied to air monitoring data to detect the
structural changes over different time periods, and estimate the joint distribution of consecutive

observations.
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2.2 A Density Ratio Model with Weakly Dependent Data

The DRMWD resembles model (1.1) in Section 1.2 but additional assumptions are entailed.
Thus, we shall reconstruct the model and supplement the assumptions as we proceed.

Consider {X](k)}j =1,...,nk k=0,...,m,are m+1 d-dimensional processes. Denote
the processes as

X® = (x® X® k=0, m,

Nk

where

x® = (x™

k .
j ],17"'7Xj(,d))-r7 ]:1,...7nk.

. k) - . . : : o SR
Assumption 2.1. {X ; } is a d-dimensional strictly stationary strong mixing process with mixing

coefficient ax iy (n) < cx(n + 1)~% for some ¢, > land a, > 1, k =0,...,m. {X;k)}’s are
mutually independent processes. The CDF of X J(»k) is absolutely continuous, k = 0,...,m,
j = 1, ey N,

Let X (©) be the reference process, and G, be the CDF for Xj(k),j =1,...,n,k=0,....,m.
Also, denote Gy, ; as the ¢th marginal CDF of G, fori =1,...,d, k=0,...,m.

Based on Assumption 2.1, each process is strictly stationary and strong mixing with the
strong mixing coefficient approaching O algebraically as n — oo. a; > 1 guarantees that
the mixing coefficients are summable. The absolute continuity of the CDF is an underlying
assumptions in the IID case since all observations are assumed to have a density. The independence

between the processes follows the independence between random samples in the IID case.
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Combine the m + 1 processes and denote it as

withsizen = > )" ng. Let go, . . ., gm, be the PDFs that correspond to Gy, . . ., G, respectively.

Assume that the PDFs follow the density ratio structure with variable tilts

— exp (ag + B hi(x)), k=1,...,m. (2.1)

DenOte x = (O-/la s 7O~/m)T’ IBk = (ﬂkla s 7kak)T7 /3 = <181T7 R aﬁ;)Ta 0 - (aTaBT)T
and hy(-) = (hg1(+), ..., hip, (1)) ". Denote the reference CDF Gy = G, and let wy(+;0) = 1,

wk<’§ 0) = exp (Oék + ﬁ;hk()) for k = 1,....,m.

Assumption 2.2. |A;,(X ](k))] satisfies

Elhy(X )™ < 0o

day

for some m;, > ar

nk=0,....omj=1...nl=1....mp=1...p.

Assumption 2.3. The DRM (2.1) is non-degenerate, that is, all parameters are non-zero and tilt

functions are not linearly dependent.

Assumption 2.2 is a modification of Assumption 1.1 to account for the weak dependence in
the processes. The relationship between a; and my, reveals the trade off between dependence and
moments, the existence of higher moments is entailed for a more dependent process. Moreover,

summation and product of | A, (X ](k))| for different [, p can also be ensured to have continuous
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CDFs by Theorem 3 (p.134) in [56]. Assumption 2.3 is identical to Assumption 1.2.

2.2.1 Estimation

The empirical likelihood and the estimation procedure follows Section 1.2.1. First, denote
all observations in the combined sample as t = (¢1,...,t,). Let p;, = dG(¢;) fori = 1,... n.

Write the empirical likelihood as

m Nk

szHHwk ; )

=1 k=1j=1

and the constraints as

=1, > pilw(ti;0)=1]=0, k=1, m
i=1 =1

Use profiling to obtain

1
N0 Y peo PrW(t; 0)

bi =

forizl,...,n,inwhichpk:Z—’gfork:O,...,m. Thenobtaingby

8[(0) “ pkwk(tz, 0)
—_— = = O’
day, 221: > it Piw;(ti; 9)

prwg(t; O)h(t) = ()
+ hy(X;") =0,
; 2 im0 piw;(ti; 0) zz:; l

3Bk
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where

Finally, obtain

bi = - =
N0 Y o PrWi(ti; )

fori=1,...,n,and

G(x;0) = Z@[H?ﬁ(foo,xd] ().
i=1

2.2.2 Asymptotic Behavior of 0

Following Section 1.2.2, we first establish the strong consistency of %% and
6=6,
_% g;la(gT) oo, in Section 2.2.2.1. Then, obtain the asymptotic normality of \%% o, in

Section 2.2.2.2. Finally, we show the strong consistency and asymptotic normality of 6 in Section

2.2.2.3, following Section 1.2.2.3 and 1.2.2.4.

2.2.2.1 Weak Consistency of Score and Hessian

In Section 1.2.2.1, the strong consistency of %% and —
6=0,

1 021(0)

2L 18 established
n 98967 |o_g

based on SLLN for IID observations. Though the independence assumption no longer holds in
this case, SLLN can still be established based on strictly stationary condition and ergodicity. The
following lemma and theorem are stated here to simplify citing while we establish the strong
1 9%1(8)

and —= + .
9—6, n 9000 |g_g

£ 19U0)

consistency o 7 00
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Lemma 2.1. If {X,} is a d-dimensional strictly stationary and strong mixing process and
f : RY — R is a Borel function, then {f(X;)} is also a strictly stationary and strong mixing

process with apox (n) < ax(n).

Proof. Since f is a Borel function, then
{f7Y(A): Ae B(R)} C B(RY).

Subsequently,

o(f(Xy) =c({X; "o f7H(A): A€ BR)})

Co({X,(B): B € BR")}) = o(Xy),

andthenVT C Z,

o(f(X,),teT) =0 (U a(f(Xt))> Co (U J(Xt)> —o(X,,teT).

teT teT

Therefore,
sip  |[P(ANB)— P(AP(B) <  sup  |P(ANB)— P(A)P(B)
A€o (f(X¢),t<3), Aeo (X1 t<j),
Beo(f(X¢),t>j+n) Beo(Xt,t>j+n)

and the mixing condition is proved. The strictly stationary condition can be proved by V k& €
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25 Nt €L, NsEL N A, ..., Ay € BR),

P(f(Xt1) S Al?"'vf(th) € Ak) :P(Xt1 € f_l(Al)a"'vth € f_l(Ak’))
:P(Xt1+s € f_l(A1>7 st 7th+s € f_1<Ak‘))

:P<f(Xt1+s) € A17 s 7f(th+S) € Ak)
[

Theorem 2.1. If {X,} is a d-dimensional strictly stationary and strong mixing process and
f : R? — R satisfies
E|f(Xt)| < 00,

then

LS HX) " B,

Proof. By Lemma 2.1, {f(X;)} is strictly stationary and strong mixing. As noted by [28] (pp.

488-489), for strictly stationary processes, the strong mixing condition implies ergodicity. Thus,

the almost sure convergence is proved by Theorem 5.5 in [28]. [
Recall the expression of }L %0 from Section 1.2.2.1,
1016 prwr(X"; 9) Pk
+ < )

" aak Z ZZI §=0 prJ(X(h) 0) Zj:O Pi
101(6 prwg(X;0)h (X)) my 1 & (k)

—— hp(X;").
" aﬁk Z Z J Opjw](Xl(h);e) ! T ; M)
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By Theorem 2.1 and Assumption 2.2,

101(0) a.s.
22\ 2.2
w00 |, O 2.2)

as n — oo, following the same derivation in Section 1.2.2.1. Similarly, the almost sure conver-

gence (1.8) can be established once again

1 0%1(0) as.
~na6067|, , S(6), (2.3)

=0p

as n — oo where S(0) is given by Section 1.2.2.1.

2.2.2.2 Asymptotic Normality of Score

f 1 0l(8)

Jnoe can be

Denote ¢y (+;0) = % for k = 1,...,m, then the expression o

written as

LouO) s (LSS o X 0)
Vn day ~\ n nh 4= >0 P > im0 pjwj(Xl(h);B)

= Ph 1 & Pk (h)

= o e —ee( X775 0) | ]

hzzo > im0 P (\/n_h; <Zj:0 Pj :
1o fm [ 1 iZ?;k,Fopjwj(Xf“;H) o (X
V1 9B n AV 5 ZTopjwj<X(k)'9) e

m h)
PrW 0
- \V ( Z ol (h)) hkp(Xz(h))>
hetk,h=0 ] Op]wJ(Xl ;0)

- Zpkopj (\/1”7C Tik (1_¢k ( 9>> hkp(Xl(k)))

+ Ph

ey ). ()
7&2 s ( m—z< on(X"; 0) (X >)>,
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fork=1,...,m,andp=1,..., ps.
Assumption 2.1 and 2.2 satisfy the condition of Theorem 18.5.3 in [26] and hence Theorem
1 0l(8)

18.5.3 can be applied to 77 Bon | and \}%:) . The Theorem 18.5.3 in [26] is stated

as a univariate result and the multivariate case is given by the following theorem which is an

immediate result of Theorem 18.5.3 in [26].

Theorem 2.2. {X,} is a d-dimensional strictly stationary and strong mixing process. Let

g=1(91,.--.,9,)" : RY — RP be a nondegenerate function, that is,
p
YV, Zcigi(ac) =0=Vi=1,...,p, ¢ =0.
Suppose the strong mixing coefficient ax(n) < c¢(n + 1)~ for some ¢ > 1 and a > 1, and

for some m > 2% Vi=1,...,p, then

a— 1’
( Zg (X,) — Eg X1)> 4 N(0,V),

asn — oo, where V' is a p X p matrix with

Vij = 2mfi;(0)

fori,j=1,...,p and f;;(0) is the cross spectral density of {g;(X,)} and {g;(X,)} evaluated

at 0.
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Proof. Y1 = (ly,...,l,)" such that ||I]| # 0,

%Var (Z ng(Xt>> _% D) Cov(tTg(Xy),1"g(X.))

t=1 t=1 s=1

1 n n p p

:E Z Z Z lileOV(gi(Xt>7gj(XS>>

t=1 s=1 i=1 j=1

PP 1

= Z lel] (g Z COV(gl(Xt)ag](Xé’»)
i=1 j=1 t=1 s=1
p p

= > Uil (2 fy(0)) =17V,
i=1 j=1

as n — oco. By Lemma 2.1 and Theorem 18.5.3 in [26],

( Zﬂ ) —1 Eg(X1)> N(0,1"V1),

as n — oo. Since [ is arbitrary, then

( Zg Xt Eg Xl)) i N<07 V)7

asn — o0. O]

By Theorem 2.2 and Assumption 2.1-2.3,

_> 4 N(0,V(6))), 24)

—=

as n — oo for some V(6y). It remains to show the entries of V(6).
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COV( 1 9l(6) Laz(e))

\/_ 80ék \/_ aOék/
ny  nNp
Pk (h)
= Cov — o(X\";0), <— — on (X" 0)
ZZJ 0Pj <nh ;; ( 0 Pi : im0 Pi :
- cov( ", g), gak/(X(,h);B))
St (B |
_)277— Zh:O phfak,ak/,h(o; 0)
ijo Pj
asn — oo for k,k" = 1,...,m and f,, o, » is the cross spectral density of {gok(Xl(h); 0)} and
{ew (X" 0)}.
1 ol
Cov( ol1(0) L@l(@))
Vvn 30% V1 OB
Nptr Nyt
2 (LS Cov (XL 0), (o0 (XE56) — Dy (X))
Zj: Pi \" 1= 1=
nnp N
Ly 5T ( S5 Cov (ou(XL7:0), o (X7 0) e (X] h>>>>
h#£k' ,h=0 JOPJ I=1 I'=1
N 2m Zznzo phfakﬁk/p,h(o; 9)
Z;'nzo Pj ’
asn — oo for kK =1,....m,p=1,...,pw. fakﬂk,p’k/ is the cross spectral density of
{op(X;"7;0)} and {(pw (X (k/); 0)— 1)hk,p(Xl(,kl))} while fo, 5, n is the cross spectral density

of {gpk(Xl(h); 0)} and {pp (X l, ,H)hk/ ( l(,h))} forh # k', h =0, ..., m. Note that

fak,ﬁk/p,h(o; 0) = fﬁk/p,ak,h<0; 0)
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fork,k'=1,....m,p=1,...,pp, h=0,...,m

1 016) 1 0le)
Cov <ﬁ By \F@ﬁkpf)

_Zm - (nkzzc‘”< on(X[" 0>—1>hkp<X,““>>,<sok<X§f“>;0>—1>hkp/<X§/“>>>>
j=0P3 =1 '=1
Ly

o (555 o ) o )

hetk,h=0 I=1 I'=1
273 o P By 1 (03 6)
—> m Y
ijo Pj
asn — oo fork = 1,....m, pp) = 1,...,p. fgkpygkp“k is the cross spectral density

of {(on(X™;0) — 1)hkp(Xl(k))} and {(pe(X":0) — Dhyy (X57)} while fs,, 5, 4 is the

cross spectral density of {py(X O)hkp( )} and {apk(Xl(,h); H)hkp/(Xl(,h))} for h # k,h =

0,...,m.

1 o10) 1 0I(6)
Cov (% aﬁkp '/ 9By )

Nk ng
=P (5 Cov ((0e(X[:0) — Dy (X(9), o (XL 0oy (X))
2o fi \™ 1S i
nk/ TLk/
Pk () (k') (k')
+ Cov (¢ Bh X! o (X775 0) — D) hpy (X,
Zp<n22 (o0 (X 0y (X, (pur(X[: 0) = iy (X >)>
m ny  Mp
+ > Eﬁh ( > Cov (en(X\": 0) g (XM), o1 (XL 0) sy /<X“”>)>
hk, k' ,h=0 “J 0Pi =1 I'=1
27 3 i Pr By 80,0 (05 0)
—> m Y
Zj:opj

asn —oofork # K, k,k'=1,... m,p=1,...,pp,andpp = 1,... pp. 81p,8,, 1 1 the crOsS

spectral density of {(@k(Xl(k); 0) — 1)hkp(Xl(k))} and {gpk/(Xl(,k); H)hk/p/(Xl(,k))}. S8 By b 18
: (k). (k) (). gy _ (K.
the cross spectral density of {¢x(X,"’;0)hi,(X; ')} and {(pp (X, 0) — Dhey (X))}
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S8,y 18 the cross spectral density of {gpk(Xl(h); O)hk,p(Xl(h))} and {pp (Xl(,h); 0)hyy (Xl(,h))}
forh £k, k',h=0,...,m.

Then V(6,) is given by

where

Vi1,1(600) Vi2n(00)
vh(e(]) - )

Vsz,h(OO) Vo1 (60)

and

foq,oq,h(o; 90) e fal,am,h(o; 00)

Viin(6o) = : : )

fam,al,h(o; 00) e fam,am,h(o; 00)

Vi2.1(60)

fa17,3117h(0; 00) T fOélﬁml,h(O; 00) T falaﬁmlvh(o; 90) T fOélﬁmpm,h(O; 00)

fam7ﬂ111h<0; 00) e f@"uﬂlpl 7h(0’ 00) e famvﬁmlvh(o; 00) e fa'maﬁmpmyh(o; 00)
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Vo1 (60)

- fo1080.0(0:600) -+ f80,,0(0500) o fa800(0500) o fa1 Brpn (05 60) -
S61.80.0(0:00) o fa, 8, 0(0:600) o [ 800,0(05600) fa1 B (05 60)
Jomp0n(0:600) -+ [, 0(0:00) o f8,0,8,0(0500) r fa1 800 (03 60)

| S 6100(0:00) -+ Fop 1y 0 (0:600) o f 6 0(0500)++ Finnp g (03 €0) |

2.2.2.3 Strong Consistency and Asymptotic Normality of 7]

2
The formula of geg(g% is the same as that in the IID case so that it is still negative
6=6,
definite according to Section 1.2.2.3. Also, the strong consistency of %% is established
6=0,

once again by (2.2). Thus, the strong consistency of 6 is established following Section 1.2.2.3.

Then we can obtain (1.12) again

~ (1Y) /1 010)
Vi -0 =~ gag" 990) (77 % “0)+0p<1>’
and subsequently obtain
V(8 — 60) < N (0,U(6)), 2.5)

as n — oo, where U(6y) = S~1(00)V(00)S~(6y).
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2.2.3 Asymptotic Behavior of G

In this section, we show the weak convergence of \/ﬁ(CNJ — () under Assumption 2.1-2.3.
The weak convergence of \/n (@ — (3) is established by Theorem 7.3 in [55]. Thus, it is sufficient
to show the weak convergence of \/n (é — CA?), which resembles the IID case in Chapter 1. In the
IID case, we first approximate G by H; — Hs,. Next, the weak convergence of finite dimension
distribution of \/n(H; — Hy — G) is established. Then, the weak convergence of \/n(H; — G)
and the tightness of \/nH, are proved. Finally, based on these results, the weak convergence
of \/ﬁ(é — @) is verified. Also, as stated by the remark in Section 1.2.3.5, an alternative way
is to examine /n(H; — Hy — G) directly to show the weak convergence of v/n(G — G). But

since it is also mentioned in the remark that the limiting distribution of \/n (CNJ — CAJ) may be of

interest, then we shall follow the above procedure to show the weak convergence of \/n ((~}' — @)

and /n(G — Q).
In this case, the weak convergence of finite dimension distribution of \/n(H; — Hy — G ) can
be shown based on Theorem 2.2 and the tightness of y/n Hy can be verified based on Theorem 1.2.

Both the approximation of G and the weak convergence of v/n(H; — CAJ) are based on Theorem

1.1 so that we shall first prove this theorem in the weakly dependent setting.

Theorem 2.3. Let { X} be a d-dimensional strictly stationary and strong mixing process with
the strong mixing coefficient ax(n) < c¢(n + 1)~® for some ¢ > 1 and a > 1. Assume that X,

has an absolutely continuous CDF. Let g : RY — R be a function satisfying

Elg(Xy)|[™ < o0
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for some m > =% Then the process

e ( o0~ B30

converges weakly to a zero-mean Gaussian process.

Proof. This proof largely follows the proofs of Theorem 7.2 and Theorem 7.3 in [55]. Through
out the proof, we use P* and £* for outer measure and outer expectation, respectively. The weak
convergence of finite dimension distribution of Z,,(x) can be proved directly by Theorem 2.2.
If we can show the tightness of Z,(x), then the weak convergence is proved by Theorem 1.5.4

n [58]. Moreover, by Theorem 2.2,

( Zg X,) - Eg Xg) 4 Z, ~ N(0,27(0)).

where f(0) is the spectral density of g(X;) evaluated at 0. Then, ¥V n > 0, take ¢ > %, by

Theorem 2.2,

1
limsup P(|Z,(x)| > ¢) <limsup P ( — E (X:) — Eg(X1)> 5)
n—00 n—00 n “—
E\Z
=P(|Z,| > ¢) < L 1 <.

Thus, according to Theorem 1.5.7 in [58], it is left to show Ve, > 0, 3 > 0,

lim sup P* ( sup |Zn(x) — Z,(y)| > 6) <

n—00 d(@,y) <6
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lim lim sup E* ( sup | Zn(x) — Zn(y)]> = 0. (2.6)

6—0 n—oo d(z,y)<d

By the continuity of the CDF of X,

1 n
Zn(x) =v/n (H Zg(Xt)I[Xt,l <1, Xy < 24

- Eg();)I[XLl <zp,..., X714 < xd]>

= (% S oXDA(Xi) < File) - FiXe) < Fils)
— Eg(X)I[F1(X11) < Fi(z1),..., Fy(X14) < Fd(xd)]>

~ Vi (% tilgw;(m,l), o Fy U)o € Fi(a) .. Ui < Fala)
—Eg([Fy (U1a), ..., Fy (U a)D)I[Urg < Fi(x1),...,U1a < Fd(a:d)]> ,

where F1,. .., Fy are marginal CDFs of X, and U; = (Uyg, ..., Utvd)T has uniform marginals.

Following [55], it is sufficient to show (2.6) when X; has uniform marginals and the metric
d(z,y) = SUPj—1,..d |xj - yj|'

Let z be approximated by the base 2 such that z = fo:l b(2)2 %+ (z) withb(x) = 0, 1,

and 0 < rg(x) < 27K, Let By j(z) = Y20, by;(2)27" be the approximation of jth marginal
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Zj, and BK(CU) = (BKJ(.CUl), ey BK7d(.§L’d))T. Then

0—0 n—oo d(q:,y)<6

lim lim sup E* ( sup | Zy(x) — Zn(y)|>

K—o0o n—oo xc[0,1]¢

= lim limsup £~ ( sup |Z,(x) — Zn(BK(a:))]> .

Let Z, be the empirical measure of { X;} so thatV A € B(R?),

mwmb¢d22mxwmmfwmmmxg.

Let L = (Ly,...,Ly)", and Dy, be the class of dyadic boxes H?Zl((k:j —1)27 8 ;27 1],
k; =1,...,2% (Notation 7.1 in [55]).

Let {es}sep, be IID random variables such that P(eg = 1) = P(eg = —1) = 5 and
they are independent of {X,}. Without the loss of generality, assume that L; = max(L). Let

MeZn[1, L], h € ZN[1,2Y], and

D} = {H((k:j — 1278 k2] sk € {(h—1)2 ML ,h2L1—M}} :

j=1

Denote K, as the set of indices of dyadic boxes satisfying |Z,(|g|/s)| > « such that
Kh = {k NZalgH e oy 1yt g )| 2 @ b1 € {(R— 1207 thl_M}} |

and hence

P(wp%AMhMZx)=PM$#m.

Seph
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Note thatsupgepn [Zn(|g|1s)| is a supreme over finite dyadic boxes so that {supgepn |Z,(|g|1s)| =
x} is measurable. Let S" represent the dyadic box with smallest indices (in each dimension) in

K", then

P Z esln(lglls)| > x

SeDh

>p > esZalglls) + esnZn(lglIsn)| = 2N K} # 0
SeD} ,SASh

—=P(esn = —1)P(K} #0)P > esZa(lgls) + esnZallgllsn)| > x| KL # 0, e50 = 1
SeDh S£Sh

+ P(esn = 1)P(K! # 0)P > esZa(lglls) + esnZn(lgIsn)| > x| KL # 05 = 1
SeDh S£Sh

1
=5 PK;#0) | P Y. esZallglls) = Zullgllsy)| = x| K2 # 0,650 = 1
SeDh SASh

+P Y esZallglls) + Zu(lgllse)| > | K} # 0,9y = 1
SeDh S48k

1
:§P(K;} £0) | P Z esZn(|glls) = Zn(lgllsr)| > x| K} # 0
SeDh S#Sh

SeDh S#Sh

Notice that K # () <= |Zy(|g|Zsn)| > « so that at least one of

> esZallglls) — Zu(lglIsh)| >,
SeDh S#Sh

Z esZn(|g|1s) + Zn(|g|Isn)| >z,
SeDh SASh
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holds. Hence,

1
SPUEA0) [P D esZallglls) + Zallgllsy)| = o|K2 £ 0
SeDh S#£S,

(| esZallgls) — Zullglsy)| = o|KE # 0
SeDh S£Sh

>3 PKE £0)

and therefore

P (sup Z (19 1)| > x> <2P (| D esZallglls)| =«

h
SePL Seph

Thus,

oM

P (Ssug) Zo(lglls)| > ) P [ s [Za(glls)] = @
€D

h=1S€D}

h=1 SE'D}LI

<M P ( sup |Zn(|glZs)| > as)

2M
<2Y P esZullglls)| =«
h=1

Seph

Let

Y= ) eslg(X)lI[X; € 5],

Seph

and Y;T be the centered Y; such that

V=" es(lg(X)|I[X, € 8] — Elg(X)|I[X, € 5]).

Seph
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Then,

1
%YJ = Y esZa(lglls),

SeDh

and

2 =303 Cov¥. Y le)

t=1 s=1

— Z Z |Cov(Y;, Ysle)|

t=1 s=1

<4 [ 05w A @} (),

by Corollary 1.1 in [55], where Q)y (u) is the quantile function defined as
Qy (u) = inf{s : P(|Y1]| > s) < u},

and

oy () = Y Ifu < ay (i)

Since the marginals of X, are assumed to be U0, 1], then

P(|v;] > Ole) =P(lg(X4)| # 0N Xy € ((ky — 127, ki27Y))

<P(Xoy € ((k — 127, ky27M))

—o—M
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and hence Qy (u) = 0 for u > 27M,

D> / (o (w) A 1)Q2 (u)du

§4n/ oy (u) Q3 (u)du
0
k

:4n/0 <lim Iu < ay(i)]> Q% (u)du

k—o0
i=0
S|
atou’s Lemma <4n u < ay(? u)du
(Fatow's L) <in Y~ [ Tu < av(0)Q} (u)d
i=0 70
o0 271\1
:4n2/ Tu < ay (1)]Q% (u)du
i=0 70
00 9—M mT_Q 2—M %
(Holder’s Inequality) <dn Z ( / Iu < &y(i)]dlb) ( ?}(u)du)
i= 0 0
ooO o 1 %
:4nz (min (27", ay (i) ™ (/ Q?(u)du)
=0 0
(Lemma2.1)  <dn(E[Vi[™)% 3 (min (27, ax(i)) ™
i=0
LQTIJ?l M >
m—2 a(m—2
(c=1)  <dn(Blg(Xy)|")e D IR

=0 M
[27a ]

a(m—2)

Since m > 2%, then

T > 1 and hence

Therefore, 3 Cy > 1,
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Also, by Lemma 2.1,

Moreover,

Qy (u) =inf{s : P(|Ys| > s) <u}
<inf{s: s "E|Y;|™ <u}
=(B[Y[™)mu

Then
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Thus, the quantity A~* fo % Qy (u)du in (6.5) of [55] satisfies that V A > 0, r > 1,

) atm

H2) cahm (E|vi )T (%
xl/ Oy (u)du gA—l/ (E[V;|™) 50 du
0 0
1 m T aaW;n mT_l
B (i () )
a+1 m m—1 r %
—(E|Y;|™)atm 1ca+m7~71 <X
r (a+1)m
_ a+m
<c (3)
for some C; > 1.
Then, by Theorem 6.2 in [55],
P esZn(lglls)| > 4X|e
Seph
Vn t=1 a
SAIEEYCY
t=1
_r (a+1)m
(Avn)*\ 2 -1 r atm
<411 4nC' —
> < + 7’8721 +4nChr )\\/ﬁ
2n\ 2 r ot lm
<4 anCyr—t [ —=
() e (3)

a(m—1) m(a+1) 2a+m—am

<4>\ 7"20 2M(7_T)% +4C’1r a+m )\ a+m 1 2(atm) |
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Hence,

P esZullglls)| = 4X
Seph

=3P (|3 esZallglis)| = 4\ e | ple)

Seph

1_m—2\r a(m—=1) = m(a+l) 2at+m—am

§4)\—TT%C’O%2M(E_T)§ +401T atm N\~ atm p 2(atm) ,

and subsequently,

P (sup Zo(lglIs)] > 4A)

SeDy,

m—2 a(m—1) = m(a+l) 2at+m—am

§2.2M (4)\*7'7/.%0(?2]\4(%_ m )% +4Cly" a+m >\ atm 2(a+m) )

m(a+1) 2a+m—am

<CpATr2M G BV oM\ TR

. _ 1_m=2\r _m(a+1) 2a4+m—am
Smln (1,02)\ T2M(ﬂ m )2+M+C32M>\ atm 1, 2(atm) >

m(a+1) 2a+m—am>

< min (1, 02/\_T2M(%7m772)%+M> + min <1, C2M N\~ "atm n 2@ rm)

m—2 m(a+1l) 2at+m—am )

<Cymin (1,A72MGT5)E) 4 Cymin (1, 2205 5

where Cy = 87“500% > 1and C5 = 8017"“5:1;1) > 1. Since this holds for all » > 1, take

1 m—2\r
371, then 2M<E_T)§+M < 27M Therefore,

m—z
m

r>

P (sup Z(lg/1s)] = 4A) < Cymin (1,A7"27M) + O3 min (1, 2Mxmiiﬁ’n2“zm?n‘3m>
SeDL
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By Fubini’s Theorem,

B (sup 12 (1l

SeDy,

= [ Etlsw (Z.(lol1s)| > i
0

SeDy,

:4/ P(sup 1Zo(lg]Ts)] > 4\)dA
0

SeDy,

<4 (02 / min (1, A7"27M)d\ + Cy / min (1,2MA—m¢fiTn”n2?m?n'3m>dA> .
0 0

Calculate the two integrals,

M

00 27T o)
/ min (1, \7"27M)d\ = / d\ + / A2 M
0 0 2

_M
r _M
— 277,
r—1
and
o0
. _m(a+1) 2a+m—am
/ min (1,2M)\ atm p 2atm) )d/\
0
M((aer)) 2a+'Enfa';n
m(a+1 2m(a+1
2 “ n “ o0 M __m(a41) 2at+m—am
= d)\+ M(at+m) 2atm—am 2V Tatm o 20etm) d)\
0 2 m(a+1) p 2m(a+l)
m(a+ 1) M@a+m) 2atm—am
:¥2 m(a+1) p 2m(a+1) |
(m—1)a
Hence,

M (a+m) 2 —
dmfa+1) Mt tsimeem

4r M
E Zn(|9|1, < Co27 7 + ——
(s Zalalro)l) < 2 pca¥ 4 PR

L

M (a+m) L
Take M = [L] so that £ < M < Lt 4 1, then 2°% < 2% and 2t < 2(5+1)

r
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. 2a+m—am _ 2a+m—am
Also, for sufficiently large n such that n > 21171 n2m(at) < 91 =%mG+1) | Hence,

. (SUp \Znugus)\) < eyt g 2Ot U g phan (i )
SeDy, r—1 (m—1)a
Take
4 —(a4+m) —/(a+m)? —2m(a+1)(2a + m — am)
romalme T 2a+m —am ’
then

(2a +m — am)r® +2(a +m)r +2m(a+1) <0

1 a+m +2a+m—am<_1
rm(a+1) 2m(a+1) 72

Ly _a+t 2a+m— L
27 'rr7,a(cl,:;»nl)—’_L1 gm?;«lfi;n < 27T21

Let Cy = 550y + {HE0 0425, then

max L

E (sup |Zn(|g|]5)|) < 042_% =C,27 7.

SeDy,

Take N such that 2V 1 < n < 2V,

sup [Zn(x) — Zn(Bk(z))| < sup [Zy(x) — Zn(By(z))]

xz€(0,1]¢ xz€[0,1]¢

+ sup |Z,(By(x)) — Z.(Bk(x))|.

xz€(0,1]¢
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n

1
sup | Z,(@) — Zu(Br(@)| <~ sup |3 g(X) (e 0y (X0) — 1 ;_1<O,BN,j(mj)]<Xt>>‘

xe€[0,1)4 T xef0,)d |

+/n sup

z€(0,1]¢

(X0 0y (XD = Tge_ 0.3y, oK)

Note that By j(z;) < z; < By j(z;) + 27" for j = 1,...,d, by definition.

Vi o Eg(X1)(Iqa_, 0,00(X1) = Irpe_ 0,y (X1))
d
<vn sup Y Elg(Xi)|I[By,;(z;) < X1 < ;]
x€(0,1]4 =1
d 1 m—1
<vn Egg]dz (Elg(X1)|™)™ (P(Bn,j(x;) < X1 < 35)) ™
wel0, 14 5

N(m—1)

(X1, ~U0,1))  <y/nd(Elg(X))™)= 2%

—1

<Vnd (E|g(X)[™) " n~ "

(m > 2) ~o(1).

— sup

\/_me[Ol]d
<% sup Z!g (X)) (;Isi(xt)>

T zel0,1)d —1

Zg (X0 (I 0. (X0) - IH?_I(&BNJ(%_H(XQ)|

d

1 n
< sup —= o( X)) Is, (X
;xie[o,1]\/ﬁz| (X)) Is,(Xy)
d
<> gt vn _Z|g (X0)Is,(Xe) — Elg(X1)|Is,(X1) +fz s%p]mg(st (X)),
1= lxze()l > 1x€01
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where
d

Si = H (Oa BN,j(‘rj) + 2_N] X (BN,i(:L‘i)a BN,i(xi) —+ 2_N]'
J#4,j=1

S; can be considered as a union of dyadic boxes where L, = N and L; < N for j # ¢. Note that

the dyadic boxes have distinct L, so that the number of all dyadic boxes that satisfying L; = N

)

and L; < N for j # iis (N + 1)?"!. Thus, max L = N and

LS (X5, (X)) — Elg(X0)| 15, (X))

n

E* ( sup vn

z;€[0,1]

<(v+ 115 (sup 2191
SeEDy,

<Cy(N +1)+127

~o(1).
Moreover,
d
VY sup Elg(Xy)|1s,(X)
i1 x;€[0,1]
d
:\/ﬁz SU[.p ] E|g(X1)|I[BNﬂ(l’Z) < Xl,i S BN,Z'(Z’@') + 2_N]
i—1 Ti€ 0,1
may L o N(m=1)
<V (Elg(X)") 7 2
~o(1).
Thus,

E” < sup |Zn(x) — Zn(BN<w))|> ~ o(1).

z€[0,1]¢
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Then, following [55] (p.124),

E( sup rzn<BN<w>>—Zn<BK<w>>|) < ¥ E(sup \ans)r)

x€[0,1]4 L:max L=K+1,..., SeDL
N
<Cy Z (T + 1) = 9277
J=K+1

Note that -7 [(J + 1)* — Jd]Tr% < oo and hence Y7 .. [(J 4+ 1) — Jd]Q’r% — 0 as

K — oo. Thus,
lim limsup £* | sup |Z,(Bn(x)) — Z,(Bk(x))| | =0.
K—oo n—oo xz€[0,1]¢
Subsequently,
lim limsup E* [ sup |Z,(x)— Z,(Bk(x))| | =0,
K—oo n—oo x€[0,1]4
which completes the proof. U

2.2.3.1 An Approximation of G

Following Section 1.2.3.1, let
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wi(Y; 0)[1—[?:1(_007%] (y)
> o Piw;(y;6)
wi(Y; )i (Y) e (oo 2y (V)
Bk(m; = / m =
D im0 Piw;(y; 0)

A(x;0) = (Ar(2:0),- -, An(:0)) T,

dG(y),

dG(y),

B(x;0) = (B] (z;0),--- , B/ (x;0))",

n

1 Iqa ooy (ti)
Hi(x;0) = — = (oo

no = 3711y pjw;(ti; 6)’

Hy(:0) = (4" (2:0)0. B (2:0)p)57 (6) 212

Replace Assumption 1.1 by Assumption 2.1 and 2.2, and Theorem 1.1 by Theorem 2.3.

The approximation

Gi(a:0) = H(w: 0y) — Ha(: 6) + 0, (%) @.7)

is obtained once again using the same derivation in Section 1.2.3.1.

2.2.3.2 Weak Convergence of \/n(G — G)

~

Based on (2.7), it is sufficient to show the weak convergence of \/n(H; — Hy — G). We

first show the convergence of the finite dimension distribution of \/n(H; — Hy — CAJ) Vz € RY,
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10) 51 2y (O ga_ (o)) Then

I—a
. _ H‘:l(_oow-xj * (. o
denote 12.(; 0) = < o ey and 15(+6) = S0 £y (0)

~

(0)

m 0
no |:Zj:1 ijj(Xz( ), 00)] ]H?:I(—Oo,ivj](Xl )

m n (h)
33 et S
m h m 0
10D 2=0 pjwj(Xz( ; 6) o3 2 =0 ijj(Xz( );90)
m n 1 no
=2 PN (XM 00) = — S 5(x17s6).
nh Mo

Cov(v/n(H,(x; 0y) — @(IIJ)), Vn(Hi(y;6y) — é(y)))

Np Mh

= (Z pj) > pn nih >3 Cov (%(Xl(h);Oo),vy(Xﬁh); 00)))

h=1 =1 I'=1

+(ij ni ZCOV(7;(Xz(°);00),7§(Xl(f°);00))

<Z Oh a1 (03 00) + frs 7 0(0; 90)) ;

h=1

asn — oo where f. . o is the cross spectral density of {7 (X 1(0); 6o)} and {~; (X l(/o); 6,)}, and
frw.vg.h 18 the cross spectral density of {%(Xl(h); 0,)} and {yy(Xl(,h); 0y)}forh =1,...,m.

Denote K (x;0) = (ZT(m; H)p,ET(m;O)ﬁ)S*I(G). Then,

Hy(a:0) = K (@:0) 10,
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so that

Cov(v/nHsy(x; 00), vV/nHs(y; 6p))

:K(az;Oo)Var< L ol6) )KT(Z/; 6)
0=0o

Jn 00
K

—K(x;00)V(60)K ' (y;60),

as n — 0o. Moreover,

Cov (V(Hy(w;60) — G()), VaH:(y; 60) )

990)

=K (y; 6p)Cov (Hl(w;ﬁ’o) - @), %

Additionally,

Cov (Hl(w; 6,) — G(x), %lfi)

9:90>

Zm: (nh i i Cov (%” V160, o X" 00)>>

h=1 =1 U=

ng no

o 23 Cov (13000, (X, 00)

=1 U=

h=1

—2m (Z Ph fraann (05 60) — fv;,ak,0(0;90)> ,

as n — oo for k = ,M. fyr a0 is the cross spectral density of {7;(Xl(0);90)} and

{—gpk(Xl, :60o)},and f.,_ o, 5 isthe cross spectral density of{%(Xl(h); 0y) } and { —pr (X l, : 00)}
forh=1,....m
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Cov (Hl(g;; 0,) — C(x) 8l(00)>

, aﬁkp
1 nE Nk
o <n_ 33" Cov (3u(X{:00). (1~ (X, 90))hkp(Xz(fk)>>>
=1 0=1
m 1 np  Np
+ Y (n—h > Cov (1 (X" 60), —r( X" 00>hkp<Xﬁh>>)>
h#k,h=1 =1 I'=1

no no

1 *
" ng Z Z Cov ('Ym(Xz(O); 6o), —SOk(Xl(IO); OO)hkp(Xl(/O))>

=1 U

—2m (Z phf/ym75kp7h(0; 90) - fﬁiﬁkp,o(o; 00)) )

h=1

asn — oofork =1,...,m,p=1,...,pk. fyx s,,.01sthe cross spectral density of{V;(Xl(O); 0,)}
and {—gok(Xl(,O);Oo)hkp(Xl(,O))}, Jrw,Bipk 18 the cross spectral density of {'ym(Xl(k);Oo)} and
{(1 - gpk(Xl(/k); 00))hkp(Xl(,k))} and f., s, n is the cross spectral density of {%(Xl(h); 0,)} and
{—on(X M 00) by (X))} for h # kand h =1,... m.

Let W*(x; 8,) be the limit of Cov (Hl(w; 6,) — G(x), M‘e . >, then
=vo

Cov (ﬁ(Hl(az; 8y) — Ha(x; 8) — G()), vVi(Hy(y; 00) — Ha(y; 0) — @(y)))

2 (Z PJ’) <Z Ph vy h (03 00) £ frz p,0(0; 90)) — K(y; 00)W*(x; 6) (2.8)
7=0

h=1

— K (z;00)W*(y; ) + K (x;00)V(60) K ' (y; 6),

as n — oQ.

V kand x4, ..., xy, by Theorem 2.2,

\/E(H1<331, 90) - HQ(Q’Jl; 90) - @(wl), ce ,Hl(a:k; 00) - H2(33k, 00) - @(Qﬁk))—r i) N(O, A),



where A is the covariance matrix depending on the limit of the covariance function in (2.8).
Moreover, following Section 1.2.3.3, by Theorem 2.3, the weak convergence of \/n(H; — @) is
established. By Theorem 1.2, the tightness of \/nHs is proved, following Section 1.2.3.4. Thus,
Theorem 1.5.4 in [58], \/ﬁ(é - é) converges weakly to a zero-mean Gaussian process with the

covariance function as the limit in (2.8).

2.2.3.3 Weak Convergence of \/n(G — G)

The weak convergence \/ﬁ(CN} — () is an immediate result of the weak convergence of

V(G — G) and /n(G — G). It remains to show the limiting covariance function.

Cov(v/nH,(z; 6y),vnH,(y;60))

m m np
(o) oo (3 e (i 00
=0 h=0 T v
—27 (Z p]> thf% o (05 60),
=0 h=0
as n — oo.
Cov (Hl(w, 00), al(e) )
dar |-,
m np  MNp
Z ( > > Cov (% (X" 80), —on(X}"; 90)))
=1 I'=1
_>27szhf'ym,ak,h(0; 60o),
h=0
asn —oofork=1,...,m.
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01(6)
aﬁkp 0=06,

—o (—iiw (12(X:00), (1 = (X 00) (X >>)>

Cov (Hl (CC, 00),

=1 l'=1
nn, N
.S ph< ) S CHE R e s hh))
hek,h=0 =1 U=

—2m Z Ph S 10 (05 60),

h=0

asn —oofork=1,... m,p=1,... pg.

Let W(x; ;) be the limit of Cov (Hl(a: 0,), % ae ’ ) then
60=0,

Cov (vn(Hy(x; 60) — Ha(x; 00)), v/n(Hi(y; 80) — Ha(y; 60)))

—2m (Z Pj) (Z thvm,Wy,h(0%90)> — K (y;00)W(x; 00) — K (z;600)W(y;600) (2.9)

h=0

+ K(2;60)V(00) K ' (y; 6y),

asn — oo. Thus, v/n(G —G) converges weakly to a zero-mean Gaussian process with covariance

function being the limit in (2.9). For a given x,

Vn(G(a;0) — G(z)) 5 N(0,v(z; 6y)),
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as n — oo, where

v(xz; 0y) =27 <Z pj> (Z P frm vt (0; 00)> — 2K (z;00)W(x; 6))

+ K(x;0,)V(00)K " (x:6y).

(2.10)

2.2.4 Consistent Estimators of Asymptotic Variances

In this section, we establish the consistency of the asymptotic variances of 0 and G (x, 5)
Conclusions made in Section 1.2.4 can be applied directly for S(8), Ay, (x; ) and By, (x; 6). Thus,
our main goal is to show the consistency of the plug-in estimators of the cross spectral densities.

The following theorem is introduced to help establishing consistency of these estimators.

Theorem 2.4. Let { X} be a d-dimensional strictly stationary and strong mixing process with
mixing coefficient ax(n) < c¢(n + 1)7° for some ¢ > 1l and a > 1. ¥V 0, g1(-;0) and g(+; 0)

satisfy that 9 g and D such that

091(X,: 0
191(X;0)] < g(X,), gl—t

H < D(Xy),

< D(Xy),

0go( Xy;
0(X1:0)] < g(X)). HQ—H

almost surely for all t, and

Elg(Xy)]"™ < 0o, E[D(X)]™ < o0,

2a
form > =%
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The cross spectral density of g1(Xy; 0) and g2(Xy; 0) evaluated at 0 is given by

where R(u;0) = Cov (91(X4; 0), g2(Xi1u; 0)). The corresponding spectral density estimator is

given by
1 U ~
£n(0;0) o Z< w (E) R(u: ),
where
R(u; )

S 01( X 0)92( X 0) — (2301, 1(X0)) (22001 92(X4:0)) , u >0,

n+M Z?:W\-i-l 91(X1;0)g2( X445 0) — (% 2?21 91(X; 9)) (% Z?:l 92( X3 9)) , u <0,

M, ~ o(n®) for some 0 < b < % and the rectangular window function

1’ ‘.Z" S 17
w(z) =

0, |z|>1.

Suppose 0, is a consistent estimator of 0 such that

16, — 6]l = 0, (M),
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then

£2(0:6,) & £(0;0),
asn — oo

Proof. Decompose f;(O 6, ) — f(0; @) into two parts

£n(0;8,) —

1(0:0) = (Fu(0:0,) = 1.(0:0)) + ((0:6) - £(0:0))

We first show that f,(0; 6)
function w(x)

f(0;08) = 0 as n — oco. Based on the expression of window

7.(0:6) — Z ( (u;<9>)+2i 3 R(u;6).
<My |u|>My,
By (2.2) in [10]
Cov(g1(Xi;8), 5(Xrsu: 0))] <12 277 (Elg(X1)[™) Fay” (Jul)
<1227 (Elg(X)|™)me ™ (Ju] + 1)~
Since m > 2% then Y 7 (|u| + 1)~

is convergent. Thus

Z \Cov(g1(Xt;0)792(Xt+u7 ))l <0

and

1
|u|> M,

(2.11)
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as n — oQ.

3 (fz(u; 9) — R(u; 9))

[u| <M

[ M) ne—u
1
- Z ( Zgl(Xt; 6>92(Xt+u; 0) - E91<X1; H)QQ(XH-U; 0)> +
t=1

u=0 n—u
-1 n
> ! > 91(X450)92(Xi1; 0) — Egi( X143 0)92(X 13 0) | —
n — |u| ) Y ul Y
u=—| My t=|ul+1
1 1
Z [(ﬁZgﬂXﬁa)) (ﬁ 292(Xt;9)> —Egl(Xl;O)EQQ(X1;9)] .
Ju|< M t=1 t=1
By Theorem 2.2,

N|=

)
).

1 n
=" 01(X1:0) = Bgi(X:;0) ~ O, (n”
t=1

N

1 n
=3~ 0:(X1:0) = Ega(X:;0) ~ O, (n”
t=1

Hence,

Z [(%Z%(Xt;e)) (%Z%(Xt;e)) _EQI(X150)E92(X1;9)]

|u|<Mp

(2.12)

1

~Oy(Mun~2) ~ 0,(n"s).

Denote Y; , = (XtT , thu) , then {Y;,} is strictly stationary and strong mixing with mixing

coefficient
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Define h(Y;,;0) = g1(Xt;0)g2(X 14 0), then by (2.2) in [10], V s, u,

(Cov(h(Yi; 0), h(Yissui 0))] <1227 (E|A(Yi; 0)™) 7 (EI(Yissi 0)")maryr (s])

m—2

_m=2 m 2 T
<12-27 7 (Elg(X)[™)mayr (|s]).

For 0 <u < M,,

1 n—u
Var (n — ; WY ; 9))

1 n—u—1
RCEIE (n—u)Var(h(¥;.,;0)) +2 Y (n—u— 5)Cov(h(Yiu; 0), h(Yissu; 0))
L s=1
i n—u—1
1
<G |2 =W D 1Cov(h(¥iii 0), h(¥isei 6))]
L s=0
C n—u—1 m—2
Sn — ay (s)
s=0
C e m=2 o m—2
Sn — M, v, () + Z ad (5)>
" s=0 s=u-+1
C - > m=2
n s=0 s=1
< ¢ M, +1+§:am’”2(s)>~O(Mn—1)
>~ n X n ’
n — M, —

where C' = 24.2- " (E|g(X)|>™) . Take ¢(n) such that ¢(n) — oo asn — oo, by Chebyshev’s

Inequality, V € > 0,

P (c(n)

1 n—u

Z h(n,u; 0) - Eh(ifl,uv 0)

t=1

n—u g2

> g> LCmVar (5 E (Y 0))

~o(1),
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if ¢(n) ~ o(Mp

M\H

nz). Hence,

n—u

1

n—u

t=1

Similarly, for —M,, < u <0,

t Ju|+1

Therefore,
[Mp] | P
z( S (Y0 -
n—u
u=0 t=1
-1 n
>t 3 v
u=—|Mp | t Jul+1

Then by (2.11), (2.12) and (2.13), f,,(0; 8) —

It remains to show fAn(O; §n) -

Fn(0:6,) = £ (0; 6)

n—u

Z h(Yzz/,u; 0) -

En(Y1,4;0)

~ 0, (M n ).
~ EW(Yi,;0)| ~ O, (Min"}).
Eh(Y:,; 0>) ~0, (Min™4) ~o,(1),

£(0;0) B 0asn — cc.

fAn(O;H) as n — 0o.

ZQL %; ( — Z ( (Xt,H )gz <Xt+u7 en) — 91(X4; 0) g2 (X4 9)))

t=1

—_

u=—| My t=|u|+1

Lx () (e

1 n
. (— S (X
n
t=1

0)) (%ngxt;a))] .
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(2.13)

+ o i <n1|u Zn: <9 (Xt,H >92 <Xt+mon) gl(Xt;9)92(Xt+u§9>>)



By Mean Value Theorem, Cauchy-Schwartz Inequality and Triangle Inequality, V ¢, u, 3 o\ e

B(6,]16 - 6,|),

~

gl(Xt; 9n)92(Xt+u; én) - gl(Xt; 9)92(Xt+u; 9)

:
) @-0)
6=0'""

091 (X4 0) g2 (X140 0)

00
X;; 0 Xitu; 0 7
< 991 (X4;0) g2 (Xi+4; 6) i 16, — 6|
00 0297(5’“)
g1 (X, 0 ~ 092 (X1 0 Atu a9
< (|| 2 Xs) 92(Xor; 80| + || 2221 K102 0) (X0 ) 16, - 6
00 |g_giw 00 o=01"

<(D(X1)9(Xira) + D(Xita)9(X0))] 0, — 6]

=B(Y;.)[6. — 6],

where B(Y;,,) = D(X;)9(X4.) + D(X;1,)g(X,). By Lemma 2.1 and Theorem 2.1,

1 n—u

> B(Y;.) “¥ EB(Y1.),

t=1

n—u

as n — oo. Therefore,

LMij (n - u )3 (9 (X682) 92 (Xii8) = 00(X1s8)g2( X 0)>>

u=0 t=1

| M| n—u
. 1 2.14
SRS (n_uZBm,u)) 19
u=0 t=1

~0,(1).
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Similarly, for M,, < u < 0,

-1 n

1
Z n— [l Z (9 <Xt;9 )92 (Xt+u,9n) - 91(Xt;9)92(Xt+u;0)) ~ op(1).
u=—| My | t=|ul+1
(2.15)
By the similar derivation of (2.14),
—2 (90 (X0360) = 92(X30)) <= 3" D(X)[8, = 0] ~ 0, (M),
t=1
1< 1< )
o (02 (%00,) — (X:0)) <3 D(X)[8, 0] ~ 0, (1)
t=1 t=1
Hence,
1 < ~ 1 < ~
Z [(; g1 (Xt;9n>> (; g2 <Xt79n)>
u| <M, t=1 t=1 (2.16)
1< 1<
- <— Zgl(XtQ 9)) (— 292<Xt;9)>] ~ 0p(M; ).
e Lt
By (2.14), (2.15) and (2.16), fn(O; §n) — fn (0;8) as n — oo, which completes the proof.
]

2.2.4.1 Consistency of Plug-in Estimator 2/ (8)

Based on the expression of the asymptotic variance U (60y) = S~1(6,)V(600)S~*(6y), the
consistency of 51(0) can be guaranteed by the consistency of S (6 ) and V( ) The consistency of
S(8) can be established based on the derivation in Section 1.2.4.1. Thus, it remains to who the

consistency of \7(5) We demonstrate the proof for one entry of \7(5) and the rest can be proved

in the same way. Consider the entry corresponding to S, and [,y where k # k’. The plug-in
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estimator is given by

27T ZZL:O phfﬁkp,ﬁk/p/,h((); 0)
Z;‘nzo Pj 7

where fis the estimator of the cross spectral density following the expression in Theorem 2.4.

Here we show the consistency

FB1ps0,0,1(0; 0) 5 f81p.80,,0 (03 00),

asn — oo for h # k, k’. The case of h = k, k' can be proved in the same way.
By the definition of f3, 5, ,1(0; @), itis the cross spectral density of { ¢y, (Xl(h); O)hkp(Xl(h) )}

and {gok'(Xl(h)v e)hk’p’(Xl(h))}. Since

(XM 0) <1, op(XM:0) <1,

then

h h h h
o (X3 0) i (X)) <[ (X)) + By (X)),

h h h h
o (X, 0) hao (X)) < (X)) + [ (X)),

with E]hkp(Xl(h))]mh < oo and E|hk/p/(Xl(h))]mh < oo for my, > =% by Assumption 2.2. By

ahp
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Triangle Inequality,

Do (X" 0) by (X))

00
ogw, ( )
o [P Xis0) |
<[hip(X;)] - R
S oy (X[ )
h m h Olog w; X(h);e
Pkwk(Xl( );9) {ijopjwj(Xz( )§9) = a(el ) }
+ 3 2
[Z;‘n:o piw;(X; §9>}
m Pk
<|hkp (1+ Z‘hkp ) ’
k=1 p=1
and
m pk 77Lh
E [hyp (X ™) <1+ZZ hyep (X)) ‘) < o0

k=1 p=1

Assumption 2.2. Similarly, this also holds for £’ and p’. Thus, by Assumption

2.1, 2.2 and Theorem 2.4,

SB1ps80,0,1(0; 0) 5 F81p.80,,0 (03 80),

as n — 0o. As mentioned above, the case of h = k, k&’ and the other entries can be proved by the

same derivation. Thus, the consistency of V(8) is established and hence (8) is consistent.
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2.2.42 Consistency of Plug-in Estimator v(x; )

By (2.10), the expression of (x; @) can be written as

U(w; 0) =2 (Z pj> <Z phﬁm%,h(o; 5)) — 2K (z;6)W(x: )

h=0

+ K(z;0)V(0)K ' (x:6).

The consistency of \7(5) is established in Section 2.2.4.1. The consistency of W(é) f%%h(o; 0)
for h = 0,...,m, can be proved by the same derivation in Section 2.2.4.1. K (x; 5) consists of
§(§), Avk(:m 5) and Ek(m, 5) for kK = 1,...,m. The consistency of §(§) can be proved using
the derivation in Section 1.2.4.1 while the consistency of Ay(x; ) and By (x; 8) can be shown

by the derivation in Section 1.2.4.2. Thus, v(x; ) is a consistent estimator of v(x; 6).

2.3  Simulation

In the section, simulation results are presented to verify the asymptotic properties of 6 and
G. Moreover, comparison is also made between DRM and DRMWD to show the improvement
when dependence is taken into consideration. The processes we use are Autoregressive Moving
Average (ARMA) sequences since their strong mixing coeflicients have a exponential decay

by [49], which satisfies Assumption 2.1. Additionally, through out this section, all cross spectral

densities are estimated based on the rectangular window with bandwidth M, = Ln%j
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2.3.1 Confidence Interval for @

We generate 95% ClIs for each parameter of 8 based on DRM and DRMWD, and compare
these two models by the coverage rates of the CIs. Note that we only examine the parameters of 3
since the constant o depends on 3 based on (1.3) and it does not provide information regarding
the significance of tilt functions. All sequences generated have length 5000, and the coverage

rates are calculated by 1000 iterations.

2.3.1.1 Normal vs. Normal

Suppose go and g, are densities such that gy ~ N (0, 02) and g; ~ N(p,0%), then

91 () =exp(a+ Bz + 52302)
go()

b :Z_% o 5_;2)

B2 2313 B 237?

Case 1. Let

X9 =0.5x9 + ¢

XV =03+07xY + W

where £\”’s are 11D N(0,0.75) noise, and e’ are IID N(0, 1) noise. Then X9 ~ N(0,1) and

X ~ N(1,12) Thus, 8, = 2L and §, = 2.
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Case 2. Let

X0 =05x2 + &

XM =03+07xY + M — 0.1

where £\"s are IID N(0, 2) noise, and s are IID N(0,1) noise. Then xO < N(0,1) and
Xt(l) ~ N(1, %) Thus, 5 = % and (3, = %.

From Table 2.1, it is observed that the coverage rates of Cls generated by DRMWD are

higher and closer to 0.95.

Table 2.1: Coverage rates of CIs for 81 and S5 in Case 1 and 2.

Case Model Coverage rate 3; Coverage rate [,

1 DRM 0.712 0.846
DRMWD 0.924 0.945

2 DRM 0.729 0.835
DRMWD 0.908 0.942

2.3.1.2 Gamma vs. Gamma

Suppose go and g; are densities such that go ~ Gamma(ao, by) and g; ~ Gamma(ay, b)

where b, and b are rate parameters, then

. b'T'(ao)
a =log T (ay)
Br=bo — by



Case 3-6. Let

X =05x0 + &Y

xM =055 eV

where 5%0)’5 and 5§1)’s are generated based on [64] and [67] to ensure that

Case3: X" ~ Gamma(2,1) and X ~ Gamma(2,2). fy = —1and S = 0.
Case 4: Xt(o) ~ Gamma(2,1) and xM ~ Gamma(3,2). 1 = —1land By = 1.
Case 5: Xt(o) ~ Gamma(7,1) and Xt(l) ~ Gamma(8,2). /1 = —1 and By = 1.

Case 6: X" ~ Gammal(2, 1) and XY ~ Gammal(3, ). fi=—Fand B = 1.

From Table 2.2, we see that the coverage rates in Case 3 where the tile function is h(x) = z,
resemble the coverage rates in Case 1 and 2. However, in Case 4, the coverage rates of DRMWD
are closed to 1 indicating that the CIs are too conservative. We postulate that this is caused by
including log(x) in the tilt function. For Gamma(a, b), more data are closer to 0 when a is small
and b is large. Then the values of log(X') are large, which makes the spectral density estimates in
\7(5) overestimate the variances. Recall that \7(5) depends on the estimators of spectral densities
at 0 frequency, these estimators are less stable as mentioned by [48]. Thus, further investigation

shall be done for finding alternative spectral density estimators. From Case 5 and Case 6, we

observe that the overestimation issue is alleviated when a becomes larger and b becomes smaller.
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Table 2.2: Coverage rates of Cls for §; and f5 in Case 3-6. A hyphen “-” indicates that the
corresponding parameter is not in the model.

Case Model Coverage rate 5; Coverage rate 3,

3 DRM 0.747 -
DRMWD 0.930 -

4 DRM 0.844 0.865
DRMWD 0.995 0.997

5 DRM 0.892 0.878
DRMWD 0.937 0.939

6 DRM 0.865 0.844
DRMWD 0.977 0.982

2.3.1.3 Gamma vs. Lognormal

Suppose go and g; are densities such that gy ~ Gamma(a,b) and g; ~ LN (u, 0%) where b

is the rate parameter, then

;};Ei; =exp(a + fiz + falog(x) + F3(log(2))?)
B '(a) Iz
a =log bao/om 202
B =b
B2 :% —a
1
B3 = — ﬁ'

Case 7-8. Let

X =05x0 + &

log(X;") =0.8log(X)) + "

where 5§0)’s are generated by the method in Section 2.3.1.2 to ensure that Xt(o) ~ Gamma(3,1)

in Case 7, and X% ~ Gamma(3, 1) in Case 8. In both cases, s are 11D N(0,0.36) noise so
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that X" ~ LN(0,1). 8, = 1in Case 7 while #; = 1 in Case 8. 8, = —3 and 3 = —1 in both
cases.

As shown in Table 2.3, the overestimation is severer in Case 7 since the tilt function contains

(log(x))? but it is mitigated in Case 8 when b becomes smaller.

Table 2.3: Coverage rates of CIs for 31 2 and (33 in Case 7 and 8.

Case Model Coverage rate §; Coverage rate 3, Coverage rate (3

7 DRM 0.876 0.830 0.867
DRMWD 1.000 1.000 1.000

8 DRM 0.869 0.794 0.863
DRMWD 0.988 0.966 0.975

2.3.1.4 Halfnormal vs. Exponential

Suppose g and ¢g; are densities such that go ~ HN (o) and g; ~ Exp()\) where A is the

rate parameter, then

izgg =exp(a + S1z + fr?)
a =log ()\a\/g>
Br=—A
1
b=
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Case 9-10. Let

20 =052 + ¢

Xt(O) _ ’Zt(O)‘

xMV =05x" eV

where £{”s are IID N (0,2) in both cases so that x99 ~ HN (1). s are generated by the
method in Section 2.3.1.2 to ensure that Xt(l) ~ Exp(1l) in Case 9 and Xt(l) ~ Exp(2) in Case
10. #; = —1in Case 9 while #; = —2 in Case 10. §; = % in both cases.

Based on Table 2.4, the coverage rates of DRMWD are also closer to 0.95 than that of

DRM.

Table 2.4: Coverage rates of CIs for 51 and 35 in Case 9 and 10.

Case Model Coverage rate ; Coverage rate 3,

9 DRM 0.877 0.903
DRMWD 0.985 0.984

10 DRM 0.892 0.925
DRMWD 0.952 0.967

2.3.2 Confidence Interval for G

In this section, 95% ClIs for univariate and bivariate threshold probabilities of the reference
distribution are generated based on DRM and DRMWD, and a comparison is made based on their

coverage rates. All sequences generated have length 5000, and the coverage rates are calculated

by 1000 iterations.
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2.3.2.1 Univariate Cases

Case 1. Let

X0 =24+ 055" + 0

XM =0.6+08x"Y + W

where £\”s are IID N(0,0.75) noise, and e are TID N(0,0.72) noise. Then X0 ~ N(4,1)
(1)
and X, ~ N(3,2).

Case 2. Let

X0 =05X% + €

X0 =05x0) + el

where 5§0)’s and 551)’5 are generated by the method in Section 2.3.1.2 to ensure that Xt(o) ~
Gamma(8,2) and Xt(l) ~ Gamma(6,1).

Case 3. Let

log(Xt(O)) =0.2+0.8 log(Xt(g)l) +e0

XM =05x0 + &l

where £*°s are 11D N(0,0.36) noise so that X9 ~ LN(1,1), and s are generated by the

method in Section 2.3.1.2 to ensure Xt(l) ~ Gamma(5,1).
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Case 4. Let

29 =082, + ¢
Xt(O) _ ’ Zt(O)‘

xMV =05x" eV

where EEO)’S are IID N (0, 9) noise so that Xt(o) ~ HN(5). 5§1)’s are generated by the method in
Section 2.3.1.2 to ensure that Xt(l) ~ Exp(2).

The coverage rates of CIs for reference threshold probability G(7") with T' = 3,4, 5,6, 7,
are given in Table 2.5. In most cases, the coverage rates are improved by DRMWD but there are
few cases where the coverage rates of DRMWD is less than that of DRM. Moreover, the coverage
rates of DRMWD are more sensitive to the thresholds compared to that of DRM. This is because
both W(m, 5) and )7(5) are estimated based on cross spectral density estimators, which are less

stable as discussed in Section 2.3.1.2.

Table 2.5: Coverage rates of CIs for threshold probability G(T") with T' = 3,4,5,6, 7.

Case Model T=3 T=4 T=5 T=6 T=7
1 DRM 0.798 0.774 0.806 0.860 0.885
DRMWD | 0.999 0.825 0.911 0.911 0.975
2 DRM 0.789 0.791 0.811 0.849 0.860
DRMWD | 0.952 0.953 0.956 0.957 0.950
3 DRM 0.508 0.539 0.543 0.555 0.567
DRMWD | 0.958 0.969 0.968 0.963 0.964
4 DRM 0.765 0.730 0.732 0.730 0.720
DRMWD | 0.694 0.763 0.839 0.897 0.944
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2.3.2.2 Bivariate Cases

In time series analysis, it is of interest to obtain the joint distribution of neighboring

observations that reveals the association between past and future. Here we present a comparison

of the coverage rates of 95% CIs for the bivariate reference threshold probability P (Xt(g)1 S

A, xY e B).

Case 5. Let

X =05x7 + &

XM =08x" 4!

where £\*)s are IID N(0,0.75) noise and e are TID N(0,0.36) noise. Thus,

and the tilt function used is h(x) = (2%, 2122, 73).

Case 6. Let

X0 =08x" + @ — 0.2,

XV =0.8xY) + eV
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where 5%0)’5 are IID N(0, 0.5) noise and egl)’s are IID N(0, 0.36) noise. Thus,

and the tilt function used is h(x) = (2%, 112, 73).
From Table 2.6, in most cases, the coverage rates of DRMWD are closer to 0.95 and more
stable compared to that of DRM.
Table 2.6: Coverage rates of CIs for the reference threshold probabilities P; = P(X t(ﬂ)l <1,X t(o) >

1),P=Px" <0,x” <1),Ps=PX% >1,x% <-1), P, = Px% >2 x> 1)
and P = P(X”, > 0,x” <0).

Case Model P1 PQ P3 P4 P5

5 DRM 0.963 0.709 0.938 0.831 0.994
DRMWD | 0.944 0.947 0.940 0.870 0.985

6 DRM 0.936 0.576 0.898 0.716 0.965
DRMWD | 0.941 0.947 0.897 0.815 0.984

2.3.3 Testing for Equality of Distributions

DRM can be used to test the equality of distributions based on the asymptotic normality of

g(see [21], [32]). Thus, if we rewrite (1.13) as

a o 0 311(6p) X12(6y)
Jn - 4N : :
B Bo 0 |2/5(60) X22(60)

then
~r 1, d
n,@TEml(H)ﬂ — X%Z;lpk
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as n — oo under By = 0. Similarly, for DRMWD, we have
nB Uy, ()8 % X2
as n — oo under B, = 0 based on (2.5). Hence, the equivalence of densities
Hy: go==gn < Hy:Bo=0

is rejected if

nB 5 0)8 > Xisr

for DRM, and

~ ]~ o~
nﬁTLl22 (9):8 > Xi,zz;lpk

for DRMWD, at the significance level of «.

We use four cases to check the rejection rates of the two tests in both univariate case and

bivariate case. Additionally, for univariate case, we also compare the two tests with Kolmogorov-

Smirnov (K-S) test, a commonly used nonparametric test for equality of distributions. We use

“ks.test()” in R package “stats” to perform K-S test. All tests are done at the significance level

of 0.05, and all rejection rates are calculated by 1000 iterations. The sizes of samples are

chosen to be N = 100, 200, 500, 1000, 2000, 5000. The tilt function used for univariate cases is

h(x) = (x,22)", and for bivariate cases is h(x) = (11, To, 22, 2120, 73) .
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Case 1. Let

X =05x0 + &Y

xM =055 eV

where ggo)’s and egl)’s are IID N(0,0.75) noise. Thus, the distributions are identical for X t(o) and

©) O (1) XN

XY in the univariate case, and for (X7, X, )" and (X, ), X, in the bivariate case.

Case 2. Let

X0 =08x"Y + @ —0.2:9,

X =08xY, + &M —0.2e,

where ggo)’s and 5251)’5 are IID N(0,0.5) noise. This is a more complicated model compared to

Case 1, while the distributions are still identical for Xt(o) and X t(l) in the univariate case, and for
(X2, X7 and (XY, X{")T in the bivariate case.

Case 3. Let

X0 =05xY + £

xM =08x &V

where £\”s are IID N (0,0.75) noise and e°s are IID N (0,0.36) noise. The univariate distribu-
tions are still identical for Xt(o) and Xt(l) while distributions of in (Xt(g)l, Xt(o) )" and (Xt(i)l, Xt(l) )"

are different.
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Case 4. Let

X0 =05x9 + &

XM =02+08x"Y + &V

where £\”s are IID N (0,0.75) noise and e’s are IID N (0,0.72) noise. The univariate distribu-
tions are different since X\” ~ N (0,1) while xM~N (1,2). The distributions of (Xﬁ’l, x© )"
and (XY, X" are also different.

Based on Table 2.7, the rejection rates of DRMWD are closer to 0.05 when H is true
compared to that of DRM and K-S test. Moreover, the rejection rates of DRMWD under H,
get closer to 0.05 as /V increases though the approaching speed is rather slow. Additionally, all
rejection rates approach 1 as NV increases when H is false. Thus, a substantial improvement has

been made by DRMWD for the test for equality of distributions when data are weakly dependent.

2.4 Analysis of Air Monitoring Data

Nitrogen dioxide (NO-) is an air pollutant stemming from the burning of fuel. Research
works have been shown that the exposure to NO- is related to respiratory and cardiovascular
diseases (e.g. [3], [6]). The outdoor NO, concentration data can be found on EPA website (https:
//aqs.epa.gov/aqsweb/airdata/download_files.html), and we will demonstrate the use
of DRMWD by the analysis of daily NOs concentration data. The description of sites and
monitors can be foundonhttps://ags.epa.gov/agsweb/airdata/download_files.html.

We select eight sites to perform the test for equality of distribution for two time periods, 2010-2012
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Table 2.7: Rejection rates of tests for equality of distributions based on DRM, DRMWD and K-S test.
For Case 1, Case 2 and the univariate case in Case 3, the rejection rate represents the estimated Type-1
error. For the bivariate case in Case 3 and Case 4, the rejection rate represents the estimated power.

Case Dimension Test N=100 N =200 N =500 N =1000 N =2000 N = 5000
1 Univariate DRM 0.250 0.260 0.251 0.258 0.267 0.284
DRMWD 0.113 0.097 0.063 0.054 0.058 0.039
K-S test 0.189 0.207 0.235 0.220 0.241 0.226
Bivariate =~ DRM 0.458 0.468 0.471 0.471 0.461 0.490
DRMWD 0.268 0.198 0.176 0.139 0.148 0.132
2 Univariate DRM 0.535 0.587 0.542 0.575 0.584 0.582
DRMWD 0.232 0.153 0.100 0.083 0.078 0.071
K-S test 0.449 0.492 0.480 0.493 0.499 0.492
Bivariate ~ DRM 0.675 0.718 0.671 0.706 0.713 0.678
DRMWD 0.369 0.269 0.202 0.170 0.163 0.136
3 Univariate DRM 0.470 0.489 0.498 0.497 0.514 0.507
DRMWD 0.168 0.119 0.099 0.073 0.078 0.076
K-S test 0.376 0.380 0.433 0.417 0.435 0.430
Bivariate ~ DRM 0.998 1.000 1.000 1.000 1.000 1.000
DRMWD 0.935 0.968 0.994 0.997 1.000 1.000
4 Univariate DRM 0.973 1.000 1.000 1.000 1.000 1.000
DRMWD 0.886 0.994 1.000 1.000 1.000 1.000
K-S test 0.947 0.998 1.000 1.000 1.000 1.000
Bivariate ~ DRM 0.994 1.000 1.000 1.000 1.000 1.000
DRMWD 0.902 0.965 0.988 0.993 0.998 1.000

and 2020-2022. The Information of selected sites are given in Table 2.8.

Table 2.8: The information of selected sites.

Site  State name (number) County name (number) Site name (number)
1 Arizona (4) Maricopa (13) Central Phoenix (3002)
2 California (6) Contra Costa (13) Bethel Island (1002)
3 Georgia (13) DeKalb (89) South DeKalb (2)
4 Maryland (24) Baltimore (5) Essex (3001)
5 Missouri (29) Jackson (95) Troost (34)
6 North Carolina (37) Mecklenburg (119) Garinger High School (41)
7 Texas (48) Bexar (29) Calaveras Lake (59)
8 Wyoming (56) Sweetwater (37) Wamsutter (200)

For each site, we use daily records from 2020 to 2022 as the reference Zt(o) and that from

2010 to 2012 as the alternative Zt(l). Then we take log differences to obtain Xt(o) and Xt(l) such
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that

X" =log(,”) —log(Z"),

XM =log(Z") —og(Z).

Then we employ the test the equality of univariate distributions of X t(o) and X t(l) based on the test

in Section 2.3.3. Furthermore, we also test the equality of bivariate distribution for

Y =(x%, x0T,

Y,V =(x, X)),

which detects the structural differences between the two time series regrading current time and

time lag 1. All tests are at the significance level of 0.05, and cross spectral densities are estimated

based on the rectangular window with bandwidth M, = [n 3?5J. The result is shown in Table

2.9. For Site 1, 3 and 7, the null hypothesis is rejected in both tests so that the time series of
the two periods are significantly different in term of univariate and bivariate distributions. For
Site 2, the null hypotheses are not rejected indicating that the time series of the two periods do
not have a significant difference regarding univariate and bivariate distributions. For Site 3, 6
and 8, the difference of the two time series are not observed in univariate distribution while it
is detected in bivariate distribution. For Site 4, the result seems to be a bit problematic since
there is a significant difference in the univariate case while the difference is insignificant in the
bivariate case. We postulate that this is due to the fact that the correlation is taken into account

and a different tilt function is used in the bivariate case.
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Table 2.9: The result of the test for equality of distributions of the two time periods. Each entry
indicates whether the corresponding null hypothesis is rejected or not at the significance level of 0.05.

Site 1 2 3 4 5 6 7 8
Univariate Rejected Notrejected Notrejected  Rejected  Rejected Notrejected Rejected Not rejected
Bivariate  Rejected Notrejected  Rejected  Notrejected Rejected  Rejected  Rejected  Rejected

In addition to testing the structural differences of the time series, we can also fuse them
to obtain CIs for threshold probabilities. We demonstrate this with the bivariate case of Site 1.
Again, we consider the bivariate sequence from 2020 to 2022 as the reference and estimate the
bivariate CDF by fusing it with the bivariate sequence from 2010 to 2012. In Table 2.10, we can

see the estimated reference threshold probabilities and the corresponding 95% Cls.

Table 2.10: Estimates of selected reference threshold probabilities and the corresponding 95% Cls.

Threshold probability P 95% CI

PXx® <1,x”>1) 00249 (0.0168,0.0329)
(X9 <0,x” <1) 04755 (0.4608,0.4902)

Px% >1,x” <2 00237 (0.0162,0.0311)
( ( )
( ( )

X9 > -1,x”>1) 00164 (0.0102,0.0225
X9 >0,x%<0) 02525 (0.2426,0.2624

Remark: The missing values are removed when we perform the analysis so that the strictly
stationary condition does not hold. However, the univariate observations and bivariate pairs
are still identically distributed so that the density ratio structure still holds. Moreover, the strong
mixing coeflicient of the sequence with missing values removed is bounded by that of the sequence
without missing values. Another issue is that the cross spectral density estimates are also affected
by the missing values. But since the proportion of missing values is small in this case, the issue
is omitted here. Further investigation can be made to formulate a cross spectral density estimator

that is resistant to such issue.
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Chapter 3: Extension to Residual Coherence

3.1 Introduction

A multiple regression model with m covariates can be written as

Y; =06+ Zﬁng’i + i

Jj=1

The parameters 3 = (S, ..., )" are estimated by the Ordinary Least Squares (OLS) method.

When the response and covariates are time series, the regression model can be considered as
m
Y(t) =B+ Y B X;(t) +&(t),
j=1

which resembles the model (11.3.1) in [27]. This model is also a special case of the Generalized
Linear Model (GLM) for time series introduced by [33], and the parameters are estimated based

on partial likelihood instead of OLS. A more complicated model is proposed by [27] such that

Y (t) = Lo+§:Lj(Xj(t)) +£(t) (3.1)
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where L is a constant and L, ..., L,, are linear filters. In this case, the parameters have infinite
dimension so that it is less viable to analyze the model in time domain. A frequency domain
analysis of the model is provided by [27], in which multiple coherency spectrum and residual
spectrum are introduced to measure the proportion of output predicted by the inputs and the noise,
respectively.

A similar model is proposed by [44] to analyze a nonlinear system based on orthogonal
projections of the output process. If {Y'(¢)} is a quadratic system of {X(¢)} in general with

EY(t) = EX(t) = 0, then for sufficiently large m, it can be approximated by

V() = LX) + Y (A(X(®) + Bi(K;(0) (3:2)
j=1
where A;, B; for j = 1,...,m, are also linear filters, and {)? ;(t)} is alag process with lag j such
that
X;(t) = X ()X (¢ + ) = Rxx(j).

Moreover, {A;(X(t)) + B;(X;(t))} is orthogonal to {L(X (¢))} for all 5. (3.2) is indeed (3.1)
with noise removed, first input being { X (¢)} and the rest inputs being lag processes. A follow up

work [42] simplifies (3.2) to the case of one lag process with noise added to the system such that

The concept lagged coherence is proposed based on this model to measure the effect of the lag
process in the model. This concept is closely related to the squared partial coherency spectrum

introduced by [27]. In [43] and [31], another criterion, maximum residual coherence, is proposed
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to measure the lag effect. Based on the orthogonal projection ideal in [44], [77] considered an

orthogonal projection of Y'(¢) in (3.1) with Ly = 0 such that

Y(t) =G(t) + - + G (t) + (1),
G1(t) =L (X1(2)),

Ga(t) =La1(Xu(t)) + L2a(X2(1)), (3-3)

Gm(t) :Lml(Xl(t)) +ot me(Xm(t))7

where {G;(t)}’s are mutually orthogonal. This orthogonal decomposition has been extensively
examined by [24]. Based on this orthogonal decomposition and [15], [24] developed statistical
tests for the significance of input effects and applied them to the detection of the structural
differences of brain functional connectivity.

In this chapter, we extend the notion of residual coherence based on the orthogonal processes
in (3.3) to measure and test the effect of input processes following [77] and [24]. In Section 3.2,
the discrete time version of (3.1) is analyzed based on the orthogonal decomposition in (3.3).
Statistical tests for input effect are formulated based on the spectral representation of these
orthogonal processes. In Section 3.3, we extend the notion of residual coherence in [43] and [31]
to measure the input effect, and illustrate that nonlinear association between time series can be
detected based on the tests developed in Section 3.2. In Section 3.4, we use simulation to show that
the tests developed in Section 3.2 are satisfactory regarding the simulated Type-I error rates and
powers. In Section 3.5, these tests are applied to blood oxygen level dependent (BOLD) sequences

recorded from brain subregions to analyze the associations between different subregions.
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3.2 A Multi-Input Single-Output Model

Without the loss of generality, we consider Ly = 0 and all processes are zero-mean processes

in (3.1). Then the model can be written as

V()= > bilky)X;(t — kj) +e(t), (3.4)
and we shall examine this model based on the orthogonal decomposition in (3.3).

3.2.1 Orthogonal Projection

The projection idea in (3.3) is indeed an analogy of the projection in regression. Consider

a regression model without intercept
Y =) 8X;+e (3.5)
j=1

The OLS estimator Y is a summation of mutually orthogonal projections of Y such that
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where P\Y , (P,— P,)Y,...,(P,,— P,,_1)Y are mutually orthogonal processes. P; projects Y’
onto Span(X), and P; — P;_; projects Y onto Span(X7, ..., X;) N (Span(Xy,..., X, 1))*
forj=2,...,m.

Analogically, in (3.3), G (t) can be considered as the projection of Y (¢) onto Span({ X, (¢)}),
and G;(t) can be considered as the projection of Y (¢) onto Span({X;(t)},...,{X;(t)}) N
(Span({X1(t)}, ..., {X;_1(t)}))* for j = 2,..., m. Throughout this chapter, the norm used for
the closure of span is L, norm. More assumptions are entailed to estimate and make statistical
inferences on the orthogonal processes {G(t)}’s, and we will discuss these technical issues in the
next section. For now, we shall discuss the tests formulated based on these orthogonal projections.

In the regression problem, one may test the effect of X; based on the nested models

Jj—1

Ho:Y =) 5X +e,
=1
j—1

HliY:Zﬁle—l-ﬁij—i-E.

=1

If the variance of Y is known, a x*-test can be formulated based on the projection (P; — P;_;)Y .
Moreover, if the goal is to examine the effect of X, ..., X,,, then we can consider the nested

models
7—1

Hy:Y =) BX +e,

=1

7j—1 m
Hy 'Y = ZﬁzXl+ZﬁhXh+€-
=1 h=j

Again, a y?-test can be formulated based on the projection (P,, — P;_;)Y.
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Analogically, the effect of {X(¢)} can be tested based on

HO . Y(t) = S i bl(kl)Xl(t — kl) + E(t),
Hy :Y(t) = N f: (k)X (t — k) + Z b — k) 4 e(t).
I=1 kj=—oc0 kj=—00

The test should be formulated based on the estimated G;(¢). Similarly, in order to test the effect

{X;0)H{X; @)}, ..., {Xn(t)}, based on

j—1 0o
Hy:Y(t) = Z (k) Xo(t — k) + (t),
I=1 k=
7—1 o)
Hy :Y(t) = > bik) Xt — ki) + Z Z bn (k) Xn(t — ky) + (1),
=1 kl:—oo ]’L:] kh:—oo
we can formulate a test based on the estimated G(t), G41(t), ..., G (2).

3.2.2 Spectral Representation of Orthogonal Processes

In this section, we rigorously examine the orthogonal processes {G;(t)}’s. Let F,(\) =
[fi,j(A)]i,j=1,....,m be the spectral matrix of the input processes { X1 (t)}, ..., { X, (¢)}, and Fy,;y (\)

be the spectral matrix of {X;(¢)}, ..., {Xn(t)},{Y (¢)}, such that

En(A) - fmpy ()

iy (N fry(A)

Foy(A) =

and frny(N) = (fiy(A)s ooy fay (V)T

Assumption 3.1. In (3.4),
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(1) {X1(t)},...,{X\n(t)} are zero-mean jointly second order stationary processes with abso-

lutely summable covariance functions.

(2) Dpeoo (k)| < oo forj=1,....m.
(3) {e(t)} is a sequence of zero-mean IID noise that is independent of {X1(t)}, ..., {Xmn(t)}.

Ele(t)]? < oc.

(4) The spectral matrix F,,y(\) is non-singular and all elements are twice continuously
|

differentiable \-a.e.

Under Assumption 3.1, {X(¢)},...,{Xn(¢)},{Y ()} are joint second order stationary

and Y'(t) admits the spectral representation

™

Y (t) :Zm: /_ ’ e"*B;(\)dZx,(\) + / e dZ.(N),

—Tr

where B;j(\) = 3°°_ e "2, (k;) for j = 1,..., m. Define

J

60 => [

e A (N)dZx,(N)
=177
forj=1,...,m, where A;;()\) = Z;L“;l:_oo e~ hiira; (hy).
Theorem 3.1. Let
FiN) == (fri(N), - o () T

AN =(451(0), ..., A (M),

for j = 2,....m. Let F;(\) be the matrix F;(\) with lth column replaced by f;.1()\) for
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l=1,...,7, and F;;1(\) = Fj()\). Suppose it holds for X\-a.e. that

A=

S det (Fy_iy(N) fra(\)
A3 (V) == det (F; (X)) ’

forj =2,...,m, then under Assumption 3.1, G1(t) is the projection of Y (t) onto Span({ X1 (t)}),

and G;(t) is that onto Span({X,(t)},..., {X;(®)}) N (Span({X1(t)},. .., {X;-1()})* for

7=2,...,m.

Proof. Under Assumption 3.1, for j = 1,...,mand [ = 1,...,7, A;;(\) is twice continu-

ously differentiable M-a.e. so that Z;L“;l:ﬂo laji(hji)] < oo by Theorem 4.4 in [29]. Thus,
ZZ‘;J:_OO laji(hji)]? < oo and hence G(t) € Span({X1(t)},...,{X;(t)}).

Forj>2andk=1,...,5,Vh,
EG;(t + h) X (t) / mAZA]l ) fie(A

fra(N) Jra(N) fia(A)

iAN(A) : = Au\) : + A;5(N)

_fl,jfl()\>_ _fj—l,l()\)_ _fjvjﬂ()\)_

Therefore, V h, EG;(t + h)Xy(t) = 0 for k = 1,...,j — 1, which indicates that G,(t) €
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(Span({X1(t)}, ... {Xj-a()})*

It remains to show By(A) = > 777, Aji(A), A-ae. forl=1,..., m. Since

then V h,
EY (t + h)G,,(t) =E ( / : HMAR (N dZx,, (/\)) Gm(t)
| WZAM i = [, NS A S
- =1
so that

S AU
74 Ami ) g ()

>

Since A;(\) = F (N £;(\)A;;()\), A\-ae., by Cramer’s rule,

det (£ —1(V))

det (F;_1(N\)) Aji(A),  A-ae

Aji(A) =

and hence

>y det (Frqi(N) fra(A)
M) fma(N)
M) fya(A)

B\ ==
( ) Zl:ldet( m—1|l

(
S det (B
det (Fy,(N))

=Anm(A), A—ae.
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Note that the second equality is obtained by the fact that

Fi 1 (0) —f;(\)
—fI) fia()

det (Fj(X)) =det (Fj_1(A)) det (fi,;(A) — £ (N FZ (V) £(N)

tu
A’SZ
S~—

—Zdet So1i(A)) fia(A),

Based on the similar derivation, use

E(Y(t+ 1) — Gt + 1) Goa () = E ( /

—T

to obtain

Repeat this procedure by taking the expectation

j
< (t+h)— ZGmkt+h>ijl(t)
k=0

forj=1,...,m —2, weobtain Bi(\) = 37", Aji(N), A-ae. forl =1,...,m. O

Remark: The existence and uniqueness of these projections are guaranteed by Theorem 2.3.1

in [5] because Span({X;(¢)}) and Span({ X, ()}, ..., {X; () HN(Span({ X1 (1)}, ..., {X;_1 (O }))*
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for j = 2,...,m, are closed subspaces of the Ly space generated by {X;(¢)},..., {X(t)}. It
seems to be more natural to first assume the projection G (t) = S°7_, S°%° =00 @1 (R ) Xa(t —
h;;) and then find their spectral representation. However, here we prove this backwards, that
is, we start with a spectral representation and then prove that it is a projection. That is because
the closure of the span is taken under L, norm so that it only ensures the square summability
Zz’lzfoo la;i(hj)|* < oo, which is not sufficient for G;(¢) to admit a spectral representation.
By Theorem 3.1, the spectral representations of the orthogonal projections G,(¢)’s are

obtained. Subsequently,

|fY,1(/\)|2

foo V=5 00

and the spectral density of G(t) for j = 2, ..., m, can be obtained by

EG;(t + h)G,(t) =EG,(t + h) ( / ' e—itAAj,j(A)de.(A))

7 i 2
/ eih)\ijGj (/\)d)\ _ / eihAAj,j()\) Z Aj7l(>\)fl,j()\)d>\

—Tr —Tr

[ e = [0 R R s

/7T eih)\ijG’j (/\)d)\ :/7r 6ih>\|Aj,j(>‘)|2d(ift(( (())))

),

2

S0 det (Fyou(0) fya(M)

fa,a,(N) = det (Fj_1(\)) det (F;()\))

A—a.e.

Let Z,, ;1 = [Zivj]ijzl ma1» Zjlir1 = Zj, and Zj); be the matrix Z; with [th column replaced

.....

by _(Zl,j+17 .. .,Zj7j+1)—r forl = 1, c. ,j,j = 1, .o, . Denote

\I]1|m<Zm+1) = Zm+1,1» j|m m+1 E det j— 1|l ZmA41,15
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for j = 2,...,m. Thus,

|0 (Frgy V)|
det (Fy_1(\)) det (F; (V)"

W 1) (Epy (M) 2
det (F1(V)

A—a.e. (3.6)

fGlGl (A) - ijGj (A) =

for j = 2,..., m. Note that

\Ijm|m m|Y Zdet m— 1|l le( )

—(det (Fy_1 () (fy,n Zitt ol ))>)le( ))

=(det (F},,_1(N))) (fY’m(M T fg_IY(/\)ffm:((i)\)>

(3.7

=det (Fiu-1(A) (frm(N) + Fooay NV F L (A) fu (X))

3.2.3 Testing for Input Effect

Recall from Section 3.2.1 that we may investigate the input effect of {X;(¢)} (j < m) by

testing

7j—1 o]
Hy:Y(t) = > bilk)X(t — k) +e(1),
=1 kj=—o00
Jj—1 oo
Hy :Y(t) = > bilk)X(t — k) + Z b;( ki) +e(t).
=1 kj=—00 kj=—o00

By Theorem 3.1, this is equivalent to testing whether G;(¢) = 0. Thus, based on (3.6), we can

formulate the hypotheses as

™

Hy : / 0, (Fyy (\)[2dA =0, H : |\Ifm( Fiy(\))%d\ > 0. (3.8)
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In order to construct a test statistic, stronger assumptions are made for (3.4) based on [15] and [24].
Assumption 3.2. In (3.4),

(1) {X1(t)},...,{X\n(t)} are zero-mean jointly stationary processes for all orders. Moreover,

VjeZ Yug,...,u; €{1,...,m}

o0

> <1+Zt§> |cum (X, (0), X, (t1), - .., X, () | < 0.

(2) szzfoo kf\b](kj)] <ocoforj=1,...,m.

(3) {e(t)} is a sequence of zero-mean IID noise that is independent of { X1 (t)}, ..., {Xn(t)}.

All moments of £(t) are finite.
(4) The spectral matrix F,;y (\) is non-singular \-a.e.

A sufficient condition for Assumption 3.2 (1) can be referred to Lemma 2.1 in [24].
The assumption of the cumulants can be replaced by strong mixing condition. If X (¢) =
(X1(t),..., X,n(t))7" is strong mixing and the mixing coefficient has a exponential decay, then

VjeZt,Yug,...,uje{l,...,m},

> (1 +th) |cum (X, (0), X, (t1), . .., Xu, ()| < o0

for all d € N. By [49], ARMA series satisfy this mixing condition so that our analysis can be
applied to a wide range of time series. According to [24], Assumption 3.2 (1) and (2) imply that
(1) holds for w, ...,u; € {0,1,...,m} with Y () = X,(¢). Additionally, Assumption 3.2 (1)
ensures that the elements of F,,y (\) are twice continuously differentiable \-a.e.

132



Next, we define the estimator of cross spectral density, which largely follows [24]. The

cross spectral density estimator of {U(¢)} and {V'(¢)} is given by

va()\) _% Z w (Min) EUV(h)e*ih/\’

|h|<n
R (h) =2 S U+ )~ D)V (1) V),
7= S u)

The assumptions on the window function w and bandwidth M,, refer to Assumption 3.1 in [24].
Assumption 3.3. The window function w and bandwidth M, satisfies
_9
(1) nM,?* — 0and nM;3 — oo as n — oc.
(2) Cyo = [7 w(z)dx < 00, Cpu = 7 w(z)dz < 0o and 3, ., w (ML) ~ O(M,).

(3) W) = 5= D h<n W (Min> e~ is bounded, symmetric, nonnegative and Lipschitz con-

tinuous satisfying [*°_W(A)dXA =1, [Z2 AW (A)dA < oo and limsup,_, . A2 W (X) = 0.

According to [24], under Assumption 3.2 and 3.3, the statistic

Titi — t i1
Zygyy = = Fril 4 (o, 1),

On.jlj
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as n — oo under H; in (3.8), where

_1 [T ~
Tl ZnMnQ/ W15 (Fyy (M) 2dA,

oty =M Cua [t (D3, (B () By () D (B O Eye ()

—T

~ A~

s =17Cou [ ([tr (D%, By OBy ) D, B () By ()|

2
) ),

+

tr (D, (B () By (DY, (B () Eyy (V)

~ O\ (Z;11)
D‘I’jlj <FJ'\Y(/\)) = éJZ—:lH
J

)

Z;1=Fj)y(\)
and we reject Hy if Z,, j,, > z, at the significance level of a.

Theorem 3.2. Under Hy in (3.8),

tr (Di,, (Fiy () Fuy (A Dy, (Fry (V) Fiy (V) =fra(0) fror (V).

tr (D3, , (Fuiy () By () Dy, (Fyy (V) Fiy (A) ) =0,

and
tr (DF, (Fyy(\)Eyy (\) D, (B (V) Fyr (V)
= det (Fy_1 (V) det (F;(\)(fry N = £y OV F S (V) Froyy (V),
tr (D (Eyy () Eyy (A D, (B () Eyy (V)
=0,
forj > 2.
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Proof. When j =1,

N 0 1| | fir(N) fiy(N) Sra(A) fry(A)
Dy, , (Fuy () Fyy (A) = = :
0 0| [fra(A) fry(N) 0 0
0 0| [fii(N) fiv(N) 0 0
Dy, (Fiy(A)Fiy(A) = = ;
L O] [fra(N) fry(N) fii(N) fiy(D)

so that

tr (Di, (Fiy () iy (A Dy, By V) Fiy V) ) =fra(0) fror (V).

tr (D, , (Fuyy () Fiy W) Dy, (Fiy (V) Fiy () =L fra V) = [ (Fyy (V) 2 = 0,

under Hy. When j > 2,

D_,(N) 0 (det (Fj—1 (M) EZL (A f5(N)
Dy, (Fjiy (V) = | —(det (F;_y (M) £y (VEL(Y) 0 det (Fj-1(}))
0 0 0
D; (M) —(det (Fj—1(\)) F;ZL(A) fi-1y (V) O
Dy, (Fjy (X)) = 0 0 0
(det (Fj—1 (M) FT (N FZL () det (Fj_1(A)) 0
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where

— (det (Fy-1(\) EZ (N £ £y (N EZL (N,

D;1(A) =(det (F;-1(N)) (fyi(N) + £ NVF (N F(N))FZ (V)

— (det (Fj—1 (M) F; i () £y N FT OV FZL ().

Then,

Ai(N) Ax(N)
Dy, (Fyy(\)Fjy(A) =

Az(A)  Ag(N)

where

fJH<A>]

Ai(N) =D (N Fj. () + [0 (det (Fj_1(N))F 4 (M) f]-()\)} [
£y (V)

=(det Fj—1(A) (fri(N) + F Ly NV FL N F () L

=W (Fjy (A) L1,
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Dy, (Fjiy (\) Fjy (A) =

where

=V (Fjy (A) -1,
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0 0
det (Fj(\)) W35 (Fyy (V)

Thus, under Hg,

tr (D, (B (V) E;y () D, (B (V) Fyr (V)
—tr( A1 (N Bi(V) + tr(As (V) Ba (1)
=(j — D)W (Fyy (V)2 + det (F_y (V) det (F()(Fry () = £ ) EL ) £y (V)
= det (Fy_1(\)) det (F; () (fyy (V) = £y VES () Froy (V).
tr (D, (Fyy () By (WD, (B () Eyy (V)
=tr( A (V) A1 (V) + tr(As (V) As())
=02, (Fyy (V)

=0.

138



By Theorem 3.2, 11, jj; and o, - can be simplified to

1 ™ —~
Pon,jlg =M Cw,z/ V15 (Fjiy (A)dA,

Tr il :47T0w74/ |91 (Fyy (X)) [dA,

where

Vit (Fjy (V) = det (Fj_1 (V) det (F; (V) (froy (V) = £71y VEZL () Fi-yy (V).

Now, if we want to test the effect of multiple inputs {X;(¢)}, {X;11(8)}, ..., {Xn(t)},

according to Section 3.2.1, we consider the nested models

HO . Y(t) = N i bl(k’l)Xl(t — k?l) + €<t),
=1 kj=—00
Hl . Y(t) = Y Z bl(k‘l)Xl(t — k‘l) + Z Z bh(l{h)Xh(t — kh) + €(t).

l

1 kj=—o0 h=j kp=—00

This is equivalent to testing

™

Hoi/ [ jnfon (Frpy (W) d = 0, H1:/ 1 ot (Frapy W) [|*dA > 0, (3.9)

—T —T

where U (Frpy (V) = (U (Fpy (A))s - - s Uy (v (A))) . However, the formula of
Wi (Frjy (X)) becomes more complicated as j increases. Thus, we design the test in an
alternative way.

Let us first reexamine (3.8). This test is designed to test whether the process { X;(¢) } should

be included in the model given { X (¢)},...,{X;_1(¢)}, are in the model. Since we have m input
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processes in total, { X; ()}, {X;11(¢)}, ..., { X (t)} are all possible candidates for jth input. Let
v =m — j+ 1and denote {X;(¢)},...,{Xmn(t)} as {X(t;u1)},..., {X(¢; u,)}, respectively.

Then the test (3.8) can be rewritten as

where u indicates the process we want to test when there are more than one candidate. If we want

to test { X;(¢)}, then v = u;. The corresponding test statistic can be rewritten as

T j(u) — pin j(u)
On,j(U)

Znj(u) =

Y

where

T, ;(u) =n M * / 0By (A )P,
by (0) =M / G (B (3 ) ),

7t (0) =47Cus [ [y (B i) Par

Thus, if we want to test whether {X,;(¢)},...,{X,,(¢)} should be included in the model,

we can formulate the hypotheses as

HU:/ 1@ (Fpy (N )| dA = 0, Hl:/ 1@ (Fpy (N u))|[*dh >0, (3.11)
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where

®;(Fy (A ) =(¢j1(Fy (X)), -, b0 (Fryy (M) T

qu,w(leY()\Q u)) :\I’j\j(FﬂyO\; Uy)), w=1,... 0.

According to [15] and [24], under Assumption 3.2 and 3.3,

o) = ) 4

n,j(w)

as n — oo where

™

.. _1 ~ 2
Trs(w) =M ® [ || (B (i) ax,

—T

fin,j () :MT%Cw,Q/

™

o Pa, () (Bay(hw) @ By (hw))] da,
52 () =47C,y 4 /_ : tr [ﬁpj () (ﬁm\y(x; w) ® By (\; u)) (ﬁpj (Aw) + T (A u))

X (ﬁm‘y(/\; w) ® Fy (X u))] A,

PN - 00j0(Zm+1) 06jw(Zmi1)\ '
Le,(\u) = Z vec ( 07, vec 07

Zm+1 :ﬁm\Y ()\,u)

Based on the new notation { X (t;uq)}, ..., {X (¢ uy) }or {X;(1)}, ..., {Xn(£) }, Wimpm (Fomy ()

in (3.9) can be rewritten as

‘I’j:m|m(Fm\Y()\§ Uty ... ,UU)) == (\I’j‘m(me()\; Uy - .. ,uv)), ceey \I/m|m(Fm‘y()\; Uty ... ,uv)))T,
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and by the definition of W ,,, (F,,y ())), we have

Ui (Fnjy (N u, oy uy)) =505 (Fyy (A ur)),

Uit (Fnpy (A uns - uy) =500 (Fj oy (A ug, u2)),

\Ijm\m(Fm|Y(>\a Uy - .- 7“1})) :\Ijm|m(Fm|Y()\7 Uty 7uv))-

Then we use the following theorem to show that (3.9) and (3.11) are indeed equivalent.

Theorem 3.3. Forv=m — j + 1,

‘Iljm\m(Fm|Y<)\a Uty .- ,U,v)> =0 & q)](Fm‘y</\, ULy ,Uv)) =0, A—a.e.

Proof. 1t is sufficient to show that

\I]j+w—1|j+w—1<F}+w—1|Y()\; U,y ... ,uw)) = O, w = 17 N0
(3.12)
S Vi(Fjy(Auw) =0, w=1,...,v, \-a.e.
We first prove this with w = 2, that is,
W15 (Fyry (A ua)) = 0, Wy (Fyayy (A ug, ug)) =0 .

& U (Fyy (Au)) =0, W5(Fyy (A ug)) =0, A-a.e.

Notice that the fj+1,j+1(>\;U2), fy7j+1()\;'u,2>, fj+1()\§U2) n _F}+1‘y(>\;ul,lb2) are identical to

fjJ()\; Ug), fij()\; Ug), f]()\, UQ) in F}‘y(/\, Ug), I‘CSpCCtiVCly.
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Thus, for j = 1, fy2(A;u2) = fy.1(A; ug) so that it is straightforward that

fY,l()\;Ul) =0, f1,1(>\;U1)fY,2()\;U2) - fY,l()\§u1>f1,2()\§u17u2) =0

& fya(hur) =0, fri(Aug) =0, A—ae.

For j > 2, the expression of Fjy (\;u1) and Fjy (\; uy) are given by

F;

and

F;

so that F 1y (\; uy, u2) can be expressed by

Fiy(Nur,up) =

Fi (A —fi(Aw)
yu) =1 — () f(Nw)
Lay(N) - fri(hum)
Fii(A) = fi(Au)
y(Aug) = — T (Nug)  fi(Nug)
Ly fri(Au)
Fi1(\) —Fi(Aw)
_f]H()‘;ul) fj,j()\Sul)

£y (V)

—fJH(/\;UQ) fj—i—l,j()\;UhUQ)

fY,j()\S U1)
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Ficuy (M)
Jiv (A5 uq)

fry(A)

Ficuy (M)
fiv (A5 ug)

fry(N)

—fj(/\;u2)

fii (N ug)

fri(A\ ug)

Fimy (A)

figri(Nur,ug)  fiy (A un)

Ly (A ug)

fry(N)




By (3.7),

U515 (Fyy (A1)

= det (F;1(\) (fy,; (% w) + £y QO F LA F(0 w)),
5 (Fjy (A ug))

= det (Fj_1(\) (fyy (N u2) + FL 1y VEZL ) £ u2)),
U1 (Fpny (A u, ug))

| TV A fra(Nuz)

—fJH(/\;Ul) fii (A un)

-1

Fii(A)  —fi(Aw) Fi(Aiu2)

jhll‘yo\) fY,j()‘Q Ul)
— I Nur)  fi(N ) —fi g1 (A, ug)

Since the spectral matrix is nonsingular by Assumption 3.2 (4) A-a.e., then

Vi (Fyy (A w)) =0 < fyi(sun) + F 1y D F (N £ (N un) =
U (Fyy (Au2)) =0 < frj(Auz) + £y (W F L (A F(Auz) =0,

Vi (Fipy (A un, u2)) = 0 & fy (A ug)
1
Fi_(\) —fi(Auw) T ug)
AL ) i) -0
= Nw)  fis(Au) —fig+1(Aug, up)
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for \-a.e.

— -1

Fio(A)  =filhw)

—fI(Nur)  fis(Aw)

F L OVFGu) £ u) B4 () FZ () F5 ()

1

| B+ det (F, (vun)) det (F, (vun))
FA Q) FL () ) ’
i det (Fj(Asu1)) det (Fj(\u1))
so that
~1
Fii(A)  —fi(Au) Fi(As uz)
FraQiue) + 1 f1 () fry(Aiu) ;
—fi D) fip(A ) — [ (A un, ua)
1

=fy;(\ uQ)-i-fj 1y A E 2 (N (A5 uz) + det (F;(A\;uq))

X (fyj(Aun) + 7 1y N E (V) Fi (A1) (FI N u) Fmr () (A u) — fiiea (A ug, up))

Thus, given fy;(Asur) + 2, (VE, () f; (i) =

S u)+ £y N EF (V) Fi(Au2) = 0 < fr(A; us)

-1

ij1()‘) _fj()‘§u1) fj()\§u2)
T fiuy()‘) fri(Aur) =0,
— T Nur)  fi(N ) — fi+1 (A5, ug)

and thus (3.13) is proved.
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Since 7, u; and us are arbitrary, then by (3.13),

W5 (Eyy (A ua)) = 0,
Va1 (Fjapy (A ua, u2)) = 0,
Wiaja(Fpoy (A ur, ug, uz)) = 0
< Wy (Fjy (A u1)) = 0,
‘I/j+1|j+1(1*—}+1|y()\; uy, uz)) = 0,
Uit (Fjray (A ua, ug)) = 0
& U (Fjy (A u1)) = 0,
W55 (Ey (A uz)) = 0,

1 (Fyy (A ug)) =0, A—ae.
Repeat the above argument, (3.12) is proved, which completes the proof. ]

The equivalence of (3.9) and (3.11) immediately follows Theorem 3.3.

3.3 Nonlinearity and Residual Coherence

When the input processes in (3.4) are zero-mean polynomial processes of a single process
{X(t)}, the tests (3.10) and (3.11) can be used to test the nonlinearity between {X(¢)} and
{Y(t)}. A typical example is the lagged process model proposed by [42]. The model can be

considered as

Y(t) = i by (k) X0 (t — ) + i bo (s ) X (t — ks ) + £ (1),

k1=—00 ko=—00
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where X, (t) = X (t) and Xs(t; u) = X, (t) = X ()X (t+u) — Ryx (u). X,(t)in [42] is referred
as the lagged process with lag u. Thus, (3.10) and (3.11) can be used to test whether a single
lagged process or a set of lagged processes should be included in the model given that the linear
process { X (¢)} is included as an input. A related concept, lagged coherence, is introduced by [42]

to measure the effect of the lagged process. The lagged coherence corresponding to X5 (¢; u) is

given by
Sy(hiw) = fclcl(A}:Y{;;;GQ(A; u)’
and it is noted by [42] that

is indeed the squared linear coherence between { X (¢)} and {Y'(¢)}. This is closely related to the
squared partial coherency spectrum in [27], which also measures the effect of { X (¢;u)} given
{X;(t)} is included in the model. The squared partial coherency spectrum of { X (¢)} and {Y'(¢) }

and {Y'(¢)} given {X;(¢)} has a connection with the lagged coherence such that

_ fii(N) fry(N)
fiiN) fry(N) = [ fiy (V)2

"fgyu()‘)

(S2(A;u) = 51(A))-

Since S1(\) does not depend on u so that Sa(A; u) — S1(A) can also be used to measure the effect
of {Xs(t;u)}, and 3y, can be regarded as a weighted version of Sy(A;u) — Si()). However,
these measures are functions of A, so that they could be maximized by different u’s for different

frequencies. In order to compare the effect of different lagged processes, [43] and [31] introduced
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the residual coherence

RS(w) = sup(S:(u) — $:(3) = sup fC}T%)“)

Moreover, { X»(t;u)} is not necessarily a lagged process and it can be considered as a candidate
for the second input in general as discussed in Section 3.2.3. Thus, the residual coherence can be
used to measure the effect of the second input in general. Based on its formula, it is effortless to
extend it to a measure of jth input. But let us first examine another criterion, integrated spectrum,

proposed by [77]. The integrated spectrum measuring the effect of jth input is defined as

IS;(u) = /7r fa,a; (A u)dA.

The integration is used to make the criterion independent of A. Thus, we define the Generalized

Residual Coherence (GRC) for jth input as

GRC;(uip, 4, k() = [[KN) fe, (s w5
where k(-) is a positive and bounded function, p = 1,2, ..., and ¢ > 0. For example,

GRCy(u; 00,1, fyy(-)) =RS(u),

GRCj(u;1,1,1) =15;(u).
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To simplify the notation, we denote GRCj(u) = GRC}(u; 1,1, 1), thatis, we let GRC)(u;1,1,1)

be the default criterion. Thus, (3.10) and (3.11) can also be expressed as

Hy GROJ(U) =0, H: GROJ(U) > 0, (3.14)

and

Hy: GRCj(uy,) =0, w=1,...,v,
(3.15)

H, : At least one GRCj(uy) >0, w=1,...,v,

respectively.

3.4 Simulation

In this section, we use 11 simulated cases to verify that the tests (3.10) and (3.11) have
satisfactory Type-I error rate and power. All tests are performed at the significance level of 0.05,
and all simulated Type-I error rates and powers are calculated based on 1000 iterations. All cross

spectral densities are estimated by the Parzen window

;

1—6lx]>+6lz] |z<?
w(@) =9 201 - [a])?,

0, otherwise,
\
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with bandwidth M, = |n35 |, which satisfies Assumption 3.3. First, we generate an AR(1)

process Z(t) such that

Z(t)=0.5Z(t—1)+e(t),
where e(t)’s are IID N (0, 0.75) noise. Next, denote the candidate processes that we use to test as
X(t;0) =2 (1),

X(t1) =Z()Z(t — 1) — 0.5,

X(t;2) =Z(t)Z(t —2) — 0.25.
Then, the following three models are constructed for the simulation.
Model 1: Y (t) = ().
Model 2: Y (t) = X (t;0) + &(t) .
Model 3: Y'(t) = X (t;0) + 0.8X (t;1) + &(t).

{e(t)} is a sequence of IID N (0, 1) noise. The description of simulated cases is given in Table

3.1.

Finally, we obtain the rejection rate of each case (Type-I error rate when Hj is true and
power when H, is false) with length of time series N = 100, 200, 500, 1000, 2000. As shown in
Table 3.2, the simulated Type-error rates are closed to 0.05, and simulated powers are closed to 1

so that the tests we developed are valid.
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Table 3.1: The models and tests used for the 11 simulated cases.

Case Model Hy (True or False) Description of the test

1 Model 1 ~ GRC1(0) =0 (True) Test {X(¢;0)} as the first input.

2 GRC(0) = GRCy(1) =0 (True) Test whether the first input can be one of
{X(t;0)} and {X(;1)}.

3 Model2  GRC1(0) =0 (False) Test X(t;0) as the first input.

4 GRC1(0) = GRC1(1) =0 (False) Test whether the first input can be one of
{X(#;0)} and {X(;1)}.

5 GRCy(1) =0 (True) Test {X(¢;1)} as the second input given that
{X(¢;0)} is the first input.

6 GRC5(1) = GRC5(2) =0 (True) Test whether the second input can be one of

{X(t;1)} and { X (¢;2)} given that { X (¢;0)} is
the first input.

7 Model3 ~ GRC1(0) =0 (False) Test {X(¢;0)} as the first input.

8 GRC,(0) = GRC1(1) =0 (False) Test whether the first input can be one of
{X(t;0)} and {X(¢;1)}.

9 GRCy(1) =0 (False) Test {X(t;1)} as the second input given that
{X(t;0)} is the first input.

10 GRCy(1) = GRCy(2) =0 (False) Test whether the second input can be one of

{X(¢t;1)} and { X (¢;2)} given that { X (¢;0)} is
the first input.

11 GRC5(2) =0 (True) Test {X(¢;2)} as the third input given { X (¢;0) }
and X (¢; 1) are the first two inputs.

3.5 Analysis of Brain Functional Connectivity Data

In this section, we apply tests (3.10) and (3.11) to detecting associations between BOLD
sequences extracted from 246 brain subregions. These subregions are defined based on the
brainnetome atlas introduced by [17]. The data are obtained from 110 people including 61
healthy individuals and 49 schizophrenia patients. For each individual, 246 BOLD sequences that
correspond to the 246 subregions are recorded with length 150. Further description of the data
can be referred to [9].

For each individual, we can use (3.10) and (3.11) to test whether the BOLD sequences of
two subregions have a significant association. Such association can be linear, quadratic or higher

degree polynomials. One may use the test result from all individuals for further analysis. To
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Table 3.2: Rejection rates of 11 simulated cases. For Case 1, 2, 5, 6, 11, the rejection rate represents
the estimated Type-I error. For Case 3, 4,7, 8, 9, 10, the rejection rate represents the estimated power.

Case | N =100 N =200 N =500 N =1000 N =2000 N = 5000
1 0.070 0.077 0.081 0.079 0.080 0.068
2 0.034 0.037 0.039 0.035 0.036 0.026
3 1.000 1.000 1.000 1.000 1.000 1.000
4 1.000 1.000 1.000 1.000 1.000 1.000
5 0.072 0.080 0.064 0.089 0.084 0.068
6 0.033 0.038 0.029 0.049 0.046 0.035
7 0.995 1.000 1.000 1.000 1.000 1.000
8 1.000 1.000 1.000 1.000 1.000 1.000
9 1.000 1.000 1.000 1.000 1.000 1.000
10 0.999 1.000 1.000 1.000 1.000 1.000
11 0.057 0.042 0.043 0.061 0.051 0.054

avoid digression, we shall focus on demonstrating the use of the tests. Thus, we apply the tests to
the BOLD sequences averaged over individuals instead of using them for each individual. But we
should bear in mind that more information can be obtained if these tests are used for analyzing

the BOLD sequences from each individual.

3.5.1 Data Processing

First, for each subregion, we average BOLD sequences in healthy control group and

schizophrenia patient group such that

where {Z;, ;(t)} represents the BOLD sequence of subregion ¢ obtained from jth healthy indi-
vidual, while {Zp; ;(t)} represents that obtained from jth patient. Thus, for each subregion, we

have one BOLD sequence for the healthy control group and one for schizophrenia patient group.
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Moreover, to make the sequences sufficiently stationary, we take the first order difference and
remove the first two observations for all {Z;(t)} and {Zp;(¢)}. Furthermore, all sequences are

centered so that the processed sequences have mean 0. The processed sequences are denoted as

(X))} and {Xpi(H)}, i =1,...,246.

3.5.2 Testing for Quadratic Association

For healthy control group, we have { Xy ;(t)} for i = 1,...,246, representing the 246

subregions. For any two subregions 7 and j, the linear association can be tested based on

Hy: Y (t) =(2),
oo (3.16)
Hy: Y(t)= Y bi(k)Xi(t— k) +e(t),

k1=—o00

where Y'(t) = Xp;(t) and X (t) = Xp ;(t) when {Xp;(t)} is considered as the output. We can
exchange { Xy ;(¢)} and { Xy ;(t)} and perform the test with { X ;(¢)} being the output. This
test corresponds to (3.10).

To detect possible quadratic association, we apply our tests to lagged processes. If the linear

association is significant, we consider testing

Ho: Y(t) = i by (k) X1 (t — k) + £ (L),

fi=—eo (3.17)
Hy: Y(t)= Y bilk)Xi(t—k)+ Y balka;u) Xo(t — kaju) +£(t),
ki=—o0 ko=—c0

where Y(t) = XHJ‘(t), Xl(t) = XH,j(t) and Xg(t;u) = XHJ(t)XH,j(t + U) — RXH,]'XH,]'(U)

when { Xy ;(t)} is considered as the output. If the linear association is insignificant, we consider
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testing

Hy: Y (t) =e(t),
o (3.18)
Hy: Y(t)= Y balka;u) Xo(t — kasu) + £(t).

ko=—00

Again, we can exchange { X ;(t)} and {Xy ;(¢)} to obtain test result with { X ;(f)} being the
output. The tests (3.17) and (3.18) correspond to (3.10) when we test for a single u and (3.11)
when we test for multiple u’s. Note that (3.17) can also be considered as testing GRC5(u) = 0
given { X (¢)} is the first input, and (3.18) can be considered as testing GRC, (u) = 0.
Similarly, the above analysis can be repeated for schizophrenia patient group. Thus, we
can use colored blocks to show the test result from the two groups. In Figure 3.1, the blue
blocks indicate that the association is significant when { X 2(¢)} is the output of { X 1(¢)}, and
{Xus(t)} is the output of { X »(¢)}. In Figure 3.2, the red blocks indicate that the association is
significant when { X p(t)} is the output of {Xp;(t)}, and {Xp;(t)} is the output of {Xp3(t)}.
Thus, Figure 3.3 is obtained by merging Figure 3.1 and 3.2. The four colors, white (W), blue (B),

red (R), and purple (P), represent the four different test results of the two subregions such that
W: the association is insignificant in both groups.

B: the association is significant in healthy control group but insignificant in schizophrenia

patient group.

R: the association is significant in schizophrenia patient group but insignificant in healthy

control group.

P: the association is significant in both groups.
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Figure 3.1: Test result of  Figure 3.2: Test result of  Figure 3.3: Colored blocks
{Xw,t)}, ¢« = 1,2,3.  {Xpi(t)},i=1,2,3. Red  obtained by adding up the
Blue indicates significance. indicates significance. result of Figure 3.1 and 3.2.

Then, we apply the above tests discussed to the subregions of subcortical nuclei. These
subregions are labeled by 211-246 in [17]. An odd number indicates that the corresponding
subregion is in left hemisphere while an even number indicates otherwise. We relabel these
subregions, letting 1-18 be the subregions in left hemisphere (211, 213,...,245) and 19-36 be the
subregions in right hemisphere (212, 214,..., 246). All tests are performed at the significance
level of 0.05 and all cross spectral densities are estimated by the Parzen window with bandwidth
M, = |n35]|.

Figure 3.4 is obtained by testing the linear association between the subregions, and Figure
3.5 is obtained by testing the lagged processes with lags u = 0, ..., 4. In Figure 3.4 and 3.5, the

four blocks represent the test results from left and right hemisphere such that

Upper left: both input and output are from left hemisphere.

Upper right: output is from left hemisphere and input is from right hemisphere.

Lower left: input is from left hemisphere and output is from right hemisphere.

Lower right: both input and output are from right hemisphere.
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From Figure 3.4, we can readily observe the discrepancy between the healthy control group
and schizophrenia patient group in terms of the linear associations between the subregions. It
seems that more subregions are linearly connected in the healthy control group since the blue area
is larger than the red area. Comparing Figure 3.4 and 3.5, the test for lagged processes renders
us more information about the differences between the two groups. In Figure 3.4, the blocks of
row 27-36 and column 11-14 are mostly purple, indicating that we cannot observe any differences
between the two groups regarding the linear association. Nonetheless, there are several red blocks
in this area observed from Figure 3.5, which signifies the differences between the two groups in

terms of the quadratic association.

3.5.3 A Forward Selection Method

A forward selection of input processes is developed based on test (3.10), or equivalently
(3.14). Suppose we have candidate input processes { X (¢;u)} foru = 1,...,v. Then we can start

with the null model

and test

HO . GRCl(U) = 0,

foreach u € {1,...,v}. Compute GRC'(u) for u such that Hy is rejected, and find u = wu; that
maximizes GRCy(u). Then, test

HO . GROQ(U) = 0,
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foreachu € {1,...,v}\{us} given the first input is { X (¢; u;)}. Repeat this procedure until

HO . GRC}(U) = O,

is not rejected for every u € {1,...,v}\{uy,...,u;_1}. Alternatively, one may test multiple u’s
all at once. But here we prefer to test each one of them without affected by the rest of inputs. Also,
the multiplicity issue can be neglected since this is a selection method and we do not compute
CIs or make statements about confidence levels.

We demonstrate this forward selection method based on the BOLD sequences (1-18) in left
hemisphere. Take the BOLD sequence in subregion 1 as the output, and the rest (2-18) as inputs.
For the healthy control group, Figure 3.6, 3.7 and 3.8 shows that the three inputs are subregion
3,2 and 5 in the order of entering the model. For the schizophrenia patient group, the selection
stopped at j = 3 with the first input being subregion 2 and the second input being subregion 3 as

shown in Figure 3.9 and 3.10.

U L -

2 3 4 5 6 7 8 9 1011 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

Figure 3.6: GRC} of subre- Figure 3.7: GRC5 of subre- Figure 3.8: GRCj5 of subre-
gion 2-18. The vacancy indi- gion 2-18. The vacancy indi- gion 2-18. The vacancy indi-

cates the corresponding subre- cates the corresponding subre- cates the corresponding subre-
gion is insignificant or has al- gion is insignificant or has al- gion is insignificant or has al-
ready been included as an in- ready been included as an in- ready been included as an in-
put. put. put.
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Figure 3.9: GRCY of subre- Figure 3.10: GRC> of subre-
gion 2-18. The vacancy indi- gion 2-18. The vacancy indi-

cates the corresponding subre- cates the corresponding subre-
gion is insignificant or has al- gion is insignificant or has al-
ready been included as an in- ready been included as an in-
put. put.
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H: not significant P: not significant
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Figure 3.4: Colored blocks based on testing for linear association.
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Figure 3.5: Colored blocks based on testing for lagged processes with lags u =0, ..., 4.
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