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Nowadays, the statistical analysis of data from diverse sources has become more prevalent.

The Density Ratio Model (DRM) is one of the methods for fusing and analyzing such data. The

population distributions of different samples can be estimated based on fused data, which leads to

more precise estimates of the probability distributions. These probability distributions are related

by assuming the ratios of their probability density functions (PDFs) follow a parametric form.

In the previous works, this parametric form is assumed to be uniform for all ratios. In Chapter

1, an extension is made to allow this parametric form to vary for different ratios. Two methods

of determining the parametric form for each ratio are developed based on asymptotic test and

Akaike Information Criterion (AIC). This extended DRM is applied to Radon concentration and

Pertussis rates to demonstrate the use of this extension in univariate case and multivariate case,

respectively.



The above analysis is made possible when data in each sample are independent and iden-

tically distributed (IID). However, in many cases, statistical analysis is entailed for time series in

which data appear to be sequentially dependent. In Chapter 2, an extension is made for DRM to

account for weakly dependent data, which allows us to investigate the structure of multiple time

series on the strength of each other. It is shown that the IID assumption can be replaced by proper

stationarity, mixing and moment conditions. This extended DRM is applied to the analysis of air

quality data which are recorded in chronological order.

As mentioned above, DRM is suitable for the situation where we investigate a single

time series based on multiple alternative ones. These time series are assumed to be mutually

independent. However, in time series analysis, it is often of interest to detect linear and nonlinear

dependence between different time series. In such dependent scenario, coherence is a common

tool to measure the linear dependence between two time series, and residual coherence is used to

detect a possible quadratic relationship. In Chapter 3, we extend the notion of residual coherence

and develop statistical tests for detecting linear and nonlinear associations between time series.

These tests are applied to the analysis of brain functional connectivity data.
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Chapter 1: Density Ratio Model with Variable Tilts

1.1 Introduction

The ideal of DRM is to combine independent random samples based on the ratios of their

densities and make inferences based on the combined sample.

An early DRM work can be traced back to [59] in the context of biased sampling. Two

independent random samples, X(0) = (X
(0)
1 , · · · , X(0)

n0 ) ∼ G and X(1) = (X
(1)
1 , · · · , X(1)

n1 ) ∼

G1, satisfy

dG1(x) =
x∫∞

−∞ ydG(y)
dG(x),

and G, G1 are estimated by maximizing the nonparametric likelihood

L(G) =
n∏

i=1

pi

n1∏
j=1

X
(1)
j∑n

i=1 tipi

with constraint
∑n

i=1 pi = 1 where t = (X(0),X(1)), n = n0 + n1 and pi = dG(ti).

[60] extended this model tom+1 samples with known nonnegative weight functionswk(·),

k = 1, · · · ,m, such that

dGk(x) =
wk(x)∫∞

−∞wk(y)dG(y)
dG(x),

1



and the corresponding nonparametric likelihood is

L(G) =
n∏

i=1

pi

m∏
k=1

nk∏
j=1

wk(X
(k)
j )∑n

i=1wk(ti)pi

with the constraint with constraint
∑n

i=1 pi = 1. The consistency and the asymptotic results are

established in [23].

A semiparametric estimator of gk = dGk based on the density ratio structure is proposed

by [14] such that

g̃k(x) = g̃(x) exp (β̂0 + β̂⊤
1 T (x)),

where g and gk’s are the densities from an exponential family, g̃ is the kernel density estimator of

g, β̂0 and β̂1 are the maximum likelihood estimators and T (x) is the sufficient statistic. Therefore,

g̃k consists of both parametric estimators and nonparametric estimators. This result shows a vital

point that exponential family satisfies the density ratio structure automatically.

[54] developed the two-sample DRM in the case-control study starting from the standard

logistic regression model

P (Y = 1|x) = exp (α∗ + β⊤x)

1 + exp (α∗ + β⊤x)
.

Based on this logistic regression model,

dF (x|Y = 1)

dF (x|Y = 0)
=
P (Y = 0)

P (Y = 1)
exp (α∗ + β⊤x)

= exp (α + β⊤x)

2



for α = α∗ + logP (Y = 0) − logP (Y = 1). If we consider the observations of the covariates

can be categorized based on the value of Y , then we have two independent random samples

X(0) ∼ G(x) = F (x|Y = 1) and X(1) ∼ G1(x) = F (x|Y = 0) satisfying

dG1(x) = exp (α + β⊤x)dG(x),

and G, θ = (α,β)⊤ can be estimated by maximizing the empirical likelihood

L(θ, G) =
n∏

i=1

pi

n1∏
j=1

w(X
(1)
j ;θ),

where w(x;θ) = exp (α + β⊤x) satisfies

n∑
i=1

pi = 1,
n∑

i=1

pi[w(ti;θ)− 1] = 0,

and the estimation procedure follows [53]. The asymptotic results of the estimators θ̃ and G̃, and

a goodness-of-fit test for the DRM are discussed in [54]. An alternative goodness-of-fit test based

on the asymptotic normality of G̃ is proposed by [72] and [76].

The model is extended with w(x;θ) = exp (α + β⊤h(x)) in [74]. A more general form of

w(x;θ) is discussed in [22] and [73] and it is shown that the empirical likelihood estimator may

not be attainable in a more general setting with w(x;θ) = exp (α + s(x;β)) while w(x;θ) =

exp (α + βh(x)) is satisfactory.

3



An extension is made for the multi-sample case with the likelihood

L(θ, G) =
n∏

i=1

pi

m∏
k=1

nk∏
j=1

wk(X
(k)
j ;θ)

subject to
n∑

i=1

pi = 1,
n∑

i=1

pi[wk(ti;θ)− 1] = 0, k = 1, . . . ,m,

where wk(x;θ) = exp (αk + β⊤
k h(x)) and h(x) is referred as the tilt function is made in [21]

with the asymptotic results of θ̃. A more detailed dicussion of the asymptotic results of θ̃ and G̃

can be found in [47] and [32]. If θ is not constrained by

n∑
i=1

pi[wk(ti;θ)− 1] = 0 k = 1, . . . ,m,

then the likelihood can be considered as

L(θ, G) =
n∏

i=1

pi

m∏
k=1

nk∏
j=1

wk(X
(k)
j ;θ)∫

wk(y;θ)dG(y)

subject to
∑n

i=1 pi = 1 only, which resembles (2.2) in [22]. The extension to the multivariate

case and a graphical goodness-of-fit checking method are established in [62] and [63]. In such

case, h(x) is considered as a multivariate function.

Additionally, various related research works have been done, and are briefly summarized

here. A kernel density estimator g̃ based on the G̃ is examined in [18], and a goodness-of-fit test

was developed by [68] based on the Hellinger distance between kernel density estimators g̃ and

ĝ, where ĝ is the kernel density estimator obtained based on the empirical distribution Ĝ. The

4



effect of misspecification of tilt functions is discussed in [19] and the selection of tilt functions

from the Box-Cox family based on information criterions is dicussed in [20]. The analysis of

the quantile process
√
n(G̃−1 − G−1) can be found in [75] and [7]. A more recent examination

of quantile tests and efficiency can be found in [71] and [69]. Also, a data-adaptive method of

determining the tilt functions using functional principal component analysis is proposed by [70]

and [69]. [11] applied the DRM to the spectral distribution to measure extremal denpendence. A

Bayesian extension of the DRM can be found in [12] and [32]. In [66] and [41], the DRM is used

as a clustering method to detect homogeneous distributions.

It is worth emphasizing that a series of research works related to DRM has been conducted

for the estimation of small tail probability. When the reference sample does not contain any

observation that exceeds a certain threshold T but the interval estimation of 1 − G(T ) is of

interest, [81] proposed to combine the reference sample with an artificial sample that contains

observations that exceed T , and use DRM to produce a confidence interval (CI) for 1 − G(T ).

This method is referred as Out of Sample Fusion (OSF). [30] applied this method to the mortality

surveillance. [37] considered a Monte Carlo (MC) method that performs OSF iteratively. Such

method is referred as Repeated Out of Sample Fusion (ROSF). [51] and [38] constructed a CI for

1−G(T ) based on the maximal upper bounds of CIs obtained by ROSF. An algorithm based on

all upper bounds of ROSF CIs is proposed in [65] and further examined by [36], [39] and [40].

The extension made in this chapter is that wk(x;θ) = exp (αk + β⊤
k hk(x)) is defined with

different hk(x)’s instead of just one uniformly fixed tilt h(x). hk(x)’s are referred as variable

tilts. In Section 1.2, a DRM with variable tilts is constructed with estimation procedure and

asymptotic result provided. In Section 1.3, a simulation is performed to compare the estimators

of the reference CDF obtained by DRM with variable tilts, DRM with a uniform tilt and empirical

5



distribution, respectively. In Section 1.4, two methods of selecting variable tilts are introduced

of which one is based on asymptotic test and the other is based on AIC. In Section 1.5, the

DRM with variable tilts is applied to estimating residential radon concentration in Pennsylvania

counties. In these two sections, two tilt selection methods are demonstrated. In Section 1.6, the

regional pertussis rates in Washington State are estimated by this extended DRM, which shows

the application of this model to a multivariate case.

1.2 A Density Ratio Model with Variable Tilts

Let

X(k) = (X
(k)
1 , . . . ,X(k)

nk
), k = 0, . . . ,m,

be m+ 1 independent random samples with size n0, . . . , nm, respectively. Each observation is a

d-dimensional random vector such that

X
(k)
j = (X

(k)
j,1 , . . . , X

(k)
j,d )

⊤

for j = 1, . . . , nk, k = 0, . . . ,m. Let X(0) denotes the reference sample. Combine the data and

denote the combined sample as

t = (X(0), . . . ,X(m))

with size n =
∑m

k=0 nk. Suppose X(k) comes from a population with a PDF gk for k = 0, . . . ,m,

and they have the density ratio structure as

gk(x)

g0(x)
= exp (αk + β⊤

k hk(x)), k = 1, . . . ,m. (1.1)

6



Denote α = (α1, . . . , αm)
⊤, βk = (βk1, . . . , βkpk)

⊤, β = (β⊤
1 , . . . ,β

⊤
m)

⊤, θ = (α⊤,β⊤)⊤

and hk(·) = (hk1(·), . . . , hkpk(·))⊤. Denote the reference cumulative distribution function (CDF)

as G and let w0(·;θ) = 1, wk(·;θ) = exp (αk + β⊤
k hk(·)) for k = 1, . . . ,m. We make the

following assumptions for the model and tilt functions.

Assumption 1.1. |hlp(X(k)
j )| satisfies

E
∣∣∣hlp(X(k)

j )
∣∣∣3 <∞

for k = 0, . . . ,m, l = 1, . . . ,m and p = 1, . . . , pl.

Assumption 1.2. The DRM (1.1) is non-degenerate, that is, all parameters are non-zero and tilt

functions are not linearly dependent.

1.2.1 Estimation

Denote all observations in the combined sample as t = (t1, ..., tn). Let pi = dG(ti) for

i = 1, . . . , n. We obtain the estimators α̃, β̃ and p̃i’s by maximizing

L(θ, G) =
n∏

i=1

pi

m∏
k=1

nk∏
j=1

wk(X
(k)
j ;θ) (1.2)

subject to
n∑

i=1

pi = 1,
n∑

i=1

pi[wk(ti;θ)− 1] = 0, k = 1, . . . ,m. (1.3)
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Then the objective function with Lagrange multipliers λ0, . . . , λm becomes

logL(θ, G)− λ0(1−
n∑

i=1

pi)− · · · − λm

n∑
i=1

pi[wm(ti;θ)− 1].

Differentiate the objective function with respect to pi for i = 1, . . . , n, and obtain

1 + λ0pi − λ1pi[w1(ti;θ)− 1]− · · · − λmpi[wm(ti;θ)− 1] = 0. (1.4)

Sum over i, then λ0 = −n. Replace λ0 with −n in (1.4),

pi =
1

n+ λ1[w1(ti;θ)− 1] + · · ·+ λm[wm(ti;θ)− 1]
(1.5)

for i = 1, . . . , n. Substitute (1.5) into logL(θ, G),

logL(θ, G) =−
n∑

i=1

log (n+ λ1[w1(ti;θ)− 1] + · · ·+ λm[wm(ti;θ)− 1])

+
m∑
k=1

(nkαk +

nk∑
j=1

β⊤
k hk(X

(k)
j )).

(1.6)

Differentiate logL(θ, G) with respect to αk for k = 1, . . . ,m,

∂ logL(θ, G)

∂αk

= −
n∑

i=1

λkwk(ti;θ)

n+ λ1[w1(ti;θ)− 1] + · · ·+ λm[wm(ti;θ)− 1]
+ nk

= −
n∑

i=1

λkpiwk(ti;θ) + nk

= −λk + nk.
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Therefore, λk = nk is obtained by equating ∂ logL(θ,G)
∂αk

= 0 for k = 1, . . . ,m. Substitute λk’s into

(1.5) and denote ρk = nk

n0
for k = 0, . . . ,m, pi has the expression

pi =
1

n0

∑m
k=0 ρkwk(ti;θ)

Substitute pi’s into (1.6), logL(θ, G) reduces to a function of θ only.

l(θ) = logL(θ, G) =−
n∑

i=1

log (n0

m∑
k=0

ρkwk(ti;θ))

+
m∑
k=1

(nkαk +

nk∑
j=1

β⊤
k hk(X

(k)
j )).

Then the estimators θ̃ = (α̃⊤, β̃⊤)⊤ are obtained via solving the system of equations

∂l(θ)

∂αk

= −
n∑

i=1

ρkwk(ti;θ)∑m
j=0 ρjwj(ti;θ)

+ nk = 0,

∂l(θ)

∂βk

= −
n∑

i=1

ρkwk(ti;θ)hk(ti)∑m
j=0 ρjwj(ti;θ)

+

nk∑
j=1

hk(X
(k)
j ) = 0.

Subsequently, the estimators p̃i is obtained for i = 1, . . . , n such that

p̃i =
1

n0

∑m
k=0 ρkwk(ti; θ̃)

.

Thus, the estimator of the reference CDF G is

G̃(x; θ̃) =
n∑

i=1

p̃iI∏d
j=1(−∞,xd]

(ti) (1.7)
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where

ti = (ti1, . . . , tid)
⊤

when ti has dimension d, and

I∏d
j=1(−∞,xd]

(ti) = I[ti1 ≤ x1, . . . , tid ≤ xd].

1.2.2 Asymptotic Behavior of θ̃

In this section, we establish the consistency and asymptotic normality of θ̃. First, the strong

consistency of score and hessian is established. Next, we obtain the asymptotic normality of the

score, and we use it together with the negative definiteness of the hessian to obtain the strong

consistency and asymptotic normality of θ̃.

1.2.2.1 Strong Consistency of Score and Hessian

Consider that ρk’s are fixed asn→ ∞. Letθ0 be the true parameter vector. The expectations

of the first order derivatives for k = 1, . . . ,m, are obtained by

E

(
∂l(θ)

∂αk

∣∣∣∣
θ=θ0

)
= −

n∑
i=1

E

(
ρkwk(ti;θ0)∑m
j=0 ρjwj(ti;θ0)

)
+ nk

= −
m∑

h=0

nh

∫
ρkwk(y;θ0)∑m
j=0 ρjwj(y;θ0)

wh(y;θ0)dG(y) + nk

= 0,
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E

(
∂l(θ)

∂βk

∣∣∣∣
θ=θ0

)
= −

n∑
i=1

E

(
ρkwk(ti;θ0)hk(ti)∑m

j=0 ρjwj(ti;θ0)

)
+

nk∑
j=1

Ehk(X
(k)
j )

= −
m∑

h=0

nh

∫
ρkwk(y;θ0)hk(y)∑m

j=0 ρjwj(y;θ0)
wh(y;θ0)dG(y)

+ nk

∫
wk(y;θ0)hk(y)dG(y)

= 0.

By Strong Law of Large Number (SLLN) and Assumption 1.1, for k = 1, . . . ,m,

1

n

∂l(θ)

∂αk

∣∣∣∣
θ=θ0

=− n0

n

m∑
h=0

ρh
1

nh

nh∑
l=1

ρkwk(X
(h)
l ;θ0)∑m

j=0 ρjwj(X
(h)
l ;θ0)

+
ρk∑m
j=0 ρj

a.s.→ − 1∑m
j=0 ρj

m∑
h=0

ρh

∫
ρkwk(y;θ0)∑m
j=0 ρjwj(y;θ0)

wh(y;θ0)dG(y) +
ρk∑m
j=0 ρj

=0,

1

n

∂l(θ)

∂βk

∣∣∣∣
θ=θ0

=− n0

n

m∑
h=0

ρh
1

nh

nh∑
l=1

ρkwk(X
(h)
l ;θ0)hk(X

(h)
l )∑m

j=0 ρjwj(X
(h)
l ;θ0)

+
nk

n

1

nk

nk∑
j=1

hk(X
(k)
j )

a.s.→ − 1∑m
j=0 ρj

m∑
h=0

ρh

∫
ρkwk(y;θ0)hk(y)∑m

j=0 ρjwj(y;θ0)
wh(y;θ0)dG(y)

+
ρk∑m
j=0 ρj

∫
wk(y;θ0)hk(y)dG(y)

=0.

By SLLN and Assumption 1.1, for k, k′ = 1, . . . ,m, k ̸= k′, as n→ ∞,
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− 1

n

∂2l(θ)

∂α2
k

∣∣∣∣
θ=θ0

=
1

n

n∑
i=1

[∑m
j ̸=k,j=0 ρjwj(ti;θ0)

]
ρkwk(ti;θ0)[∑m

j=0 ρjwj(ti;θ0)
]2

=
m∑

h=0

nh

n

 1

nh

nh∑
l=1

[∑m
j ̸=k,j=0 ρjwj(X

(h)
l ;θ0)

]
ρkwk(X

(h)
l ;θ0)[∑m

j=0 ρjwj(X
(h)
l ;θ0)

]2


a.s.→ ρk∑m
j=0 ρj

− ρ2k∑m
j=0 ρj

∫
w2

k(y;θ0)∑m
j=0 ρjwj(y;θ0)

dG(y),

− 1

n

∂2l(θ)

∂αk∂αk′

∣∣∣∣
θ=θ0

=− 1

n

n∑
i=1

ρkwk(ti;θ0)ρk′wk′(ti;θ0)[∑m
j=0 ρjwj(ti;θ0)

]2
=−

m∑
h=0

nh

n

 1

nh

nh∑
l=1

ρkwk(X
(h)
l ;θ0)ρk′wk′(X

(h)
l ;θ0)[∑m

j=0 ρjwj(X
(h)
l ;θ0)

]2


a.s.→ − ρkρk′∑m
j=0 ρj

∫
wk(y;θ0)wk′(y;θ0)∑m

j=0 ρjwj(y;θ0)
dG(y),

− 1

n

∂2l(θ)

∂αk∂β⊤
k

∣∣∣∣
θ=θ0

=
1

n

n∑
i=1

[∑m
j ̸=k,j=0 ρjwj(ti;θ0)

]
ρkwk(ti;θ0)h

⊤
k (ti)[∑m

j=0 ρjwj(ti;θ0)
]2

=
m∑

h=0

nh

n

 1

nh

nh∑
l=1

[∑m
j ̸=k,j=0 ρjwj(X

(h)
l ;θ0)

]
ρkwk(X

(h)
l ;θ0)h

⊤
k (X

(h)
l )[∑m

j=0 ρjwj(X
(h)
l ;θ0)

]2


a.s.→ ρk∑m
j=0 ρj

∫
wk(y;θ0)h

⊤
k (y)dG(y)−

ρ2k∑m
j=0 ρj

∫
w2

k(y;θ0)h
⊤
k (y)∑m

j=0 ρjwj(y;θ0)
dG(y),
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− 1

n

∂2l(θ)

∂αk∂β⊤
k′

∣∣∣∣
θ=θ0

=− 1

n

n∑
i=1

ρkwk(ti;θ0)ρk′wk′(ti;θ0)h
⊤
k′(ti)[∑m

j=0 ρjwj(ti;θ0)
]2

=−
m∑

h=0

nh

n

 1

nh

nh∑
l=1

ρkwk(X
(h)
l ;θ0)ρk′wk′(X

(h)
l ;θ0)h

⊤
k′(X

(h)
l )[∑m

j=0 ρjwj(X
(h)
l ;θ0)

]2


a.s.→ − ρkρk′∑m
j=0 ρj

∫
wk(y;θ0)wk′(y;θ0)h

⊤
k′(y)∑m

j=0 ρjwj(y;θ0)
dG(y),

− 1

n

∂2l(θ)

∂βk∂β⊤
k

∣∣∣∣
θ=θ0

=
1

n

n∑
i=1

[∑m
j ̸=k,j=0 ρjwj(ti;θ0)

]
ρkwk(ti;θ0)hk(ti)h

⊤
k (ti)[∑m

j=0 ρjwj(ti;θ0)
]2

=
m∑

h=0

nh

n

 1

nh

nh∑
l=1

[∑m
j ̸=k,j=0 ρjwj(X

(h)
l ;θ0)

]
ρkwk(X

(h)
l ;θ0)hk(X

(h)
l )h⊤

k (X
(h)
l )[∑m

j=0 ρjwj(X
(h)
l ;θ0)

]2


a.s.→ ρk∑m
j=0 ρj

∫
wk(y;θ0)hk(y)h

⊤
k (y)dG(y)−

ρ2k∑m
j=0 ρj

∫
w2

k(y;θ0)hk(y)h
⊤
k (y)∑m

j=0 ρjwj(y;θ0)
dG(y),

− 1

n

∂2l(θ)

∂βk∂β⊤
k′

∣∣∣∣
θ=θ0

=− 1

n

n∑
i=1

ρkwk(ti;θ0)ρk′wk′(ti;θ0)hk(ti)h
⊤
k′(ti)[∑m

j=0 ρjwj(ti;θ0)
]2

=−
m∑

h=0

nh

n

 1

nh

nh∑
l=1

ρkwk(X
(h)
l ;θ0)ρk′wk′(X

(h)
l ;θ0)hk(X

(h)
l )h⊤

k′(X
(h)
l )[∑m

j=0 ρjwj(X
(h)
l ;θ0)

]2


a.s.→ − ρkρk′∑m
j=0 ρj

∫
wk(y;θ0)wk′(y;θ0)hk(y)h

⊤
k′(y)∑m

j=0 ρjwj(y;θ0)
dG(y).

Define the following quantities for k, k′ = 1, . . . ,m,
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Akk′(θ) =

∫
wk(y;θ)wk′(y;θ)∑m

j=0 ρjwj(y;θ)
dG(y),

Bkk′(θ) =

∫
wk(y;θ)wk′(y;θ)h

⊤
k′(y)∑m

j=0 ρjwj(y;θ)
dG(y),

Ckk′(θ) =

∫
wk(y;θ)wk′(y;θ)hk(y)h

⊤
k′(y)∑m

j=0 ρjwj(y;θ)
dG(y),

Ek(θ) =

∫
wk(y;θ)hk(y)dG(y),

Ek(θ) =

∫
wk(y;θ)hk(y)h

⊤
k (y)dG(y),

Vk(θ) = Ek(θ)−Ek(θ)E
⊤
k (θ),

A(θ) = (Aij(θ))m×m, B(θ) = (Bij(θ))m×r, C(θ) = (Cij(θ))r×r,

ρ =


ρ1 · · · 0

... . . . ...

0 · · · ρm


m×m

, ρ =


ρ1Ir1 · · · 0

... . . . ...

0 · · · ρmIrm


r×r

,

E(θ) =


E1(θ) · · · 0

... . . . ...

0 · · · Em(θ)


r×m

, E(θ) =


E1(θ) · · · 0

... . . . ...

0 · · · Em(θ),


r×r

V (θ) =


V1(θ) · · · 0

... . . . ...

0 · · · Vm(θ)


r×r

,
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where rk is the dimension of hk, and r =
∑m

k=1 rk. Therefore,

− 1

n

∂2l(θ)

∂θ∂θ⊤

∣∣∣∣
θ=θ0

a.s.→ S(θ0) =
1∑m

k=0 ρk

S11(θ0) S12(θ0)

S⊤
12(θ0) S22(θ0)

 , (1.8)

where

S11(θ0) = ρ− ρA(θ0)ρ,

S12(θ0) = ρE⊤(θ0)− ρB(θ0)ρ,

S22(θ0) = ρE(θ0)− ρC(θ0)ρ.

1.2.2.2 Asymptotic Normality of Score

Now, we obtain the expression of Var
(

1√
n
∂l(θ)
∂θ

∣∣∣
θ=θ0

)
. For k, k′ = 1, . . . ,m and k ̸= k′,

Var

(
1√
n

∂l(θ)

∂αk

∣∣∣∣
θ=θ0

)

=
ρ2k∑m
j=0 ρj

Akk(θ0)−
m∑
j=1

ρjA
2
kj(θ0)−

(
1−

m∑
j=1

ρjAkj(θ0)

)2
 ,

Cov

(
1√
n

∂l(θ)

∂αk

∣∣∣∣
θ=θ0

,
1√
n

∂l(θ)

∂αk′

∣∣∣∣
θ=θ0

)

=
ρkρk′∑m
j=0 ρj

(
Akk′(θ0)−

m∑
j=1

ρjAkj(θ0)Ak′j(θ0)−

(
1−

m∑
j=1

ρjAkj(θ0)

)(
1−

m∑
j=1

ρjAk′j(θ0)

))
,
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Cov

(
1√
n

∂l(θ)

∂αk

∣∣∣∣
θ=θ0

,
1√
n

∂l(θ)

∂βk

∣∣∣∣
θ=θ0

)

=
ρ2k∑m
j=0 ρj

(
Akk(θ0)Ek(θ0)−

m∑
j=1

ρjAkj(θ0)B
⊤
jk(θ0)

−

(
1−

m∑
j=1

ρjAkj(θ0)

)(
Ek(θ0)−

m∑
j=1

ρjB
⊤
jk(θ0)

))
,

Cov

(
1√
n

∂l(θ)

∂αk

∣∣∣∣
θ=θ0

,
1√
n

∂l(θ)

∂βk′

∣∣∣∣
θ=θ0

)

=
ρkρk′∑m
j=0 ρj

(
Akk′(θ0)Ek′(θ0)−

m∑
j=1

ρjAkj(θ0)B
⊤
jk′(θ0)

−

(
1−

m∑
j=1

ρjAkj(θ0)

)(
Ek′(θ0)−

m∑
j=1

ρjB
⊤
jk′(θ0)

))
,

Var

(
1√
n

∂l(θ)

∂βk

∣∣∣∣
θ=θ0

)

=
ρ2k∑m
j=0 ρj

(
−Ckk(θ0)−

m∑
j=1

ρjB
⊤
jk(θ0)Bjk(θ0)−

(
Ek(θ0)−

m∑
j=1

ρjB
⊤
jk(θ0)

)

×

(
E⊤

k (θ0)−
m∑
j=1

ρjBjk(θ0)

)
+ 2B⊤

kk(θ0)E
⊤
k (θ0)

)
+

ρk∑m
j=0 ρj

Vk(θ0),

Cov

(
1√
n

∂l(θ)

∂βk

∣∣∣∣
θ=θ0

,
1√
n

∂l(θ)

∂βk′

∣∣∣∣
θ=θ0

)

=
ρkρk′∑m
j=0 ρj

(
−Ckk′(θ0)−

m∑
j=1

ρjB
⊤
jk(θ0)Bjk′(θ0)−

(
Ek(θ0)−

m∑
j=1

ρjB
⊤
jk(θ0)

)

×

(
E⊤

k′(θ0)−
m∑
j=1

ρjBjk′(θ0)

)
+B⊤

kk′(θ0)E
⊤
k (θ0) +B⊤

kk′(θ0)E
⊤
k′(θ0)

)
.

Let Λ(θ0) = Var

(
1√
n
∂l(θ)
∂θ

∣∣∣
θ=θ0

)
and Λ(θ0) =

1∑m
k=0 ρk

Λ11(θ0) Λ12(θ0)

Λ⊤
12(θ0) Λ22(θ0)

, then
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Λ11(θ0) =ρ(A(θ0)−A(θ0)ρA(θ0)− (Im −A(θ0)ρ)Jm(Im − ρA(θ0)))ρ

=S11(θ0)− S11(θ0)(Jm + ρ−1)S11(θ0),

Λ12(θ0) =ρ(A(θ0)E
⊤(θ0)−A(θ0)ρB(θ0)− (Im −A(θ0)ρ)Jm(E

⊤(θ0)− ρB(θ0)))ρ

=S12(θ0)− S11(θ0)(Jm + ρ−1)S12(θ0),

Λ22(θ0) =ρ(−C(θ0)−B⊤(θ0)ρB(θ0)− (E(θ0)−B⊤(θ0)ρ)Jm(E
⊤(θ0)− ρB(θ0))

+B⊤(θ0)E
⊤(θ0) +E(θ0)B(θ0)ρ+ ρ(E(θ0)−E(θ0)E

⊤(θ0))

=S22(θ0)− S⊤
12(θ0)(Jm + ρ−1)S12(θ0).

By Central Limit Theorem (CLT),

1√
n

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

d→ N(0,Λ(θ0)). (1.9)

1.2.2.3 Strong Consistency of θ̃

Denote

l1(θ) =
n∑

i=1

log
m∑
k=0

ρkwk(ti;θ),

l2(θ) =
m∑
k=1

(nkαk +

nk∑
j=1

β⊤
k hk(X

(k)
j )),

and they satisfy l(θ) = −n log n0 − l1(θ) + l2(θ). Moreover, l1(θ) satisfies that

∂2l1(θ)

∂θ∂θ⊤ = − ∂2l(θ)

∂θ∂θ⊤ . (1.10)
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According to [52] and [47], the strong consistency of θ̃ can be established based on the

positive definiteness of ∂2l1(θ)
∂θ∂θ⊤ when the density ratios have the form wk(x;θ) = exp (αk + β⊤

k x)

and wk(x;θ) = exp (αk + β⊤
k h(x)), respectively. Both [52] and [47] claim the positive definite-

ness of ∂2l1(θ)
∂θ∂θ⊤ can be guaranteed by the non-degeneracy of the DRM. Here, we propose a way to

verify the positive definiteness of ∂2l1(θ)
∂θ∂θ⊤ . Since

l1(θ) =
n∑

i=1

log
m∑
k=0

ρkwk(ti;θ),

it is sufficient to show that ∂2l1,i(θ)

∂θ∂θ⊤ is positive definite where

l1,i(θ) = log
m∑
k=0

ρkwk(ti;θ).

Also, since this is for arbitrary i, we may simplify the problem as

l∗(x;θ) = log
m∑
k=0

ρkwk(x;θ),

and the notations as

l∗(x;θ) = l∗, wk(x;θ) = wk, hkp(x) = hkp,

for k = 1, . . . ,m, and p = 1, . . . , pk.

Let M = (M0, . . . ,Mm)
⊤ be Multinomial(1, (P0, . . . , Pm)

⊤) where

Pk =
ρkwk∑m
j=0 ρjwj

.
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Then denote M−1 = (M1, . . . ,Mm)
⊤. Let Hk be a vector of independent variables such that

Hk = (Hk1, . . . , Hkpk)
⊤, EHk = (hk1, . . . , hkpk)

⊤,

for k = 1, . . . ,m. Also, assume that M and Hk’s are independent. Then

∂2l∗

∂α2
k

=

(∑m
j ̸=k,j=0 ρjwj

)
ρkwk(∑m

j=0 ρjwj

)2 = Pk(1− Pk)

∂2l∗

∂αk∂αk′
= − ρkwkρk′wk′(∑m

j=0 ρjwj

)2 = −PkPk′

∂2l∗

∂αk∂βk

=

(∑m
j ̸=k,j=0 ρjwj

)
ρkwkhk(∑m

j=0 ρjwj

)2 = Pk(1− Pk)EHk

∂2l∗

∂αk∂βk′
= − ρkwkρk′wk′hk′(∑m

j=0 ρjwj

)2 = −PkPk′EHk′

∂2l∗

∂βk∂β⊤
k

=

(∑m
j ̸=k,j=0 ρjwj

)
ρkwkhkh

⊤
k(∑m

j=0 ρjwj

)2 = Pk(1− Pk)EHkEH
⊤
k

∂2l∗

∂βk∂β⊤
k′

= −ρkwkρk′wk′hkh
⊤
k′(∑m

j=0 ρjwj

)2 = −PkPk′EHkEH
⊤
k′

for k, k′ = 1, . . . ,m, k ̸= k′. Therefore,

∂2l∗

∂θ∂θ⊤ = Var



M−1

M−1 ⊙H1

...

M−1 ⊙Hm


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is positive definite based on Assumption 1.2.

∀ 0 < ε < 1
2
, ∀θ∗ ∈ ∂B(θ0, n

ε− 1
2 ), expand l(θ∗) at θ0,

l(θ∗) = l(θ0) + (θ∗ − θ0)
⊤ ∂l(θ)

∂θ

∣∣∣∣
θ=θ0

+
1

2
(θ∗ − θ0)

⊤ ∂2l(θ)

∂θ∂θ⊤

∣∣∣∣
θ=θ∗∗

(θ∗ − θ0),

where θ∗∗ ∈ B(θ0, ||θ0 − θ∗||). By (1.9),

(θ∗ − θ0)
⊤ ∂l(θ)

∂θ

∣∣∣∣
θ=θ0

∼ Op(n
ε).

By (1.8) and (1.10),

1

2
(θ∗ − θ0)

⊤ ∂2l(θ)

∂θ∂θ⊤

∣∣∣∣
θ=θ∗∗

(θ∗ − θ0) ∼ Op(n
2ε),

and it is negative. For large n, almost surely,

l(θ∗) < l(θ0).

By the continuity of l in θ, l is maximized within B(θ0, n
ε− 1

2 ), and subsequently, the strong

consistency of the estimator θ̃ is established.

1.2.2.4 Asymptotic Normality of θ̃

Denote
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Σ(θ0) = S−1(θ0)Λ(θ0)S
−1(θ0) = S−1(θ0)−

m∑
j=0

ρj

Jm + ρ−1 0

0 0

 . (1.11)

Expand ∂l(θ)
∂θ

at θ0 and plug in θ̃,

∂l(θ)

∂θ

∣∣∣∣
θ=θ̃

=
∂l(θ)

∂θ

∣∣∣∣
θ=θ0

+
∂2l(θ)

∂θ∂θ⊤

∣∣∣∣
θ=θ0

(θ̃ − θ0) + op(||θ̃ − θ0||),

√
n(θ̃ − θ0) = −

(
1

n

∂2l(θ)

∂θ∂θ⊤

∣∣∣∣
θ=θ0

)−1(
1√
n

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

)
+ op(1). (1.12)

And since − 1
n

∂2l(θ)
∂θ∂θ⊤

∣∣∣
θ=θ0

a.s.→ S(θ0), by Slutsky’s theorem,

√
n(θ̃ − θ0)

d→ N(0,Σ(θ0)). (1.13)

Hence, the asymptotic normality of θ̃ is established.

1.2.3 Asymptotic Behavior of G̃

In this section, it is aimed to show that
√
n(G̃ − G) converges weakly to a zero-mean

Gaussian process in D(−∞,∞)d. To prove the weak convergence of
√
n(G̃−G), it is sufficient

to show the weak convergence of
√
n(G̃−Ĝ) since the weak convergence of the empirical process

√
n(Ĝ − G) is ensured by the classical result. The following definitions are taken from [58],

which will be used for establishing the weak convergence of
√
n(G̃−G).

Definition 1.1. A collection F of measurable functions f : X → R is called a Glivenko-Cantelli
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class if

sup
f∈F

|Pnf − Pf | → 0,

where Pn is the empirical measure of a random sampleX1, . . . , Xn on a measurable space (X ,A)

and Pnf = 1
n

∑n
i=1 f(Xi)in outer probability or outer almost surely.

Definition 1.2. A collection F of measurable functions f : X → R satisfying

sup
f∈F

|f(x)− Pf | <∞, ∀ x,

is called a Donsker class if

√
n(Pn − P )

d→ W, in l∞(F),

where W is a tight borel measurable element in l∞(F).

Definition 1.3. A class of measurable functions satisfies uniform entropy condition if

∫ ∞

0

sup
Q

√
logN

(
ε||F ||L2(Q),F , L2(Q)

)
dε <∞,

where Q is a probability measure, F is the envelope function of F i.e. |f | ≤ F ∀f ∈ F and

N

(
ε||F ||L2(Q),F , L2(Q)

)
represents the number of covers with radius ε under L2(Q) norm

required for F .

Then we prove the following theorem using the above definitions.

Theorem 1.1. Let X1, · · · , Xn ∼ G be a random sample and f be a square integrable function

with respect to G. Then {I∏d
j=1(−∞,xd]

(·)} · f is a Donsker class.
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Proof. By Example 2.5.4 in [58], the class of indicator functions satisfy uniform entropy condition.

f is a single function so that it also satisfies the uniform entropy condition. Let F = 1 be the

envelope function for {I∏d
j=1(−∞,xd]

(·)}. Since
∫
f 2dG < ∞, then {I∏d

j=1(−∞,xd]
(·)} · f is a

Donsker class by Example 2.10.23 in [58].

1.2.3.1 An Approximation of G̃

Let

Ak(x;θ) =

∫ wk(y;θ)I∏d
j=1(−∞,xd]

(y)∑m
j=0 ρjwj(y;θ)

dG(y),

Bk(x;θ) =

∫ wk(y;θ)hk(y)I∏d
j=1(−∞,xd]

(y)∑m
j=0 ρjwj(y;θ)

dG(y),

A(x;θ) = (A1(x;θ), · · · , Am(x;θ))
⊤,

B(x;θ) = (B⊤
1 (x;θ), · · · ,B⊤

m(x;θ))
⊤,

H1(x;θ) =
1

n0

n∑
i=1

I∏d
j=1(−∞,xd]

(ti)∑m
j=0 ρjwj(ti;θ)

,

H2(x;θ) =
1

n
(A

⊤
(x;θ)ρ,B

⊤
(x;θ)ρ)S−1(θ)

∂l(θ)

∂θ
.

Differentiate H1(x;θ) with respect to θ at θ0,
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∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

= − 1

n0



∑n
i=1

ρ1w1(ti;θ0)I∏d
j=1

(−∞,xd]
(ti)

[
∑m

j=0 ρjwj(ti;θ0)]
2

...∑n
i=1

ρmwm(ti;θ0)I∏d
j=1

(−∞,xd]
(ti)

[
∑m

j=0 ρjwj(ti;θ0)]
2∑n

i=1

ρ1w1(ti;θ0)h1(ti)I∏d
j=1

(−∞,xd]
(ti)

[
∑m

j=0 ρjwj(ti;θ0)]
2

...∑n
i=1

ρmwm(ti;θ0)hm(ti)I∏d
j=1

(−∞,xd]
(ti)

[
∑m

j=0 ρjwj(ti;θ0)]
2



.

Then,

E

(
∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

)
= − 1

n0



∑m
k=1

∑nk

l=1E

(
ρ1w1(X

(k)
l ;θ0)I∏d

j=1
(−∞,xd]

(X
(k)
l )[∑m

j=0 ρjwj(X
(k)
l ;θ0)

]2
)

...∑m
k=1

∑nk

l=1E

(
ρ1w1(X

(k)
l ;θ0)I∏d

j=1
(−∞,xd]

(X
(k)
l )[∑m

j=0 ρjwj(X
(k)
l ;θ0)

]2
)

∑m
k=1

∑nk

l=1E

(
ρ1w1(X

(k)
l ;θ0)h1(X

(k)
l )I∏d

j=1
(−∞,xd]

(X
(k)
l )[∑m

j=0 ρjwj(X
(k)
l ;θ0)

]2
)

...∑m
k=1

∑nk

l=1E

(
ρmwm(X

(k)
l ;θ0)hm(X

(k)
l )I∏d

j=1
(−∞,xd]

(X
(k)
l )[∑m

j=0 ρjwj(X
(k)
l ;θ0)

]2
)


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= −



∑m
k=1 ρk

∫ ρ1w1(y;θ0)wk(y;θ0)I∏d
j=1

(−∞,xd]
(y)

[
∑m

j=0 ρjwj(y;θ0)]
2 dG(y)

...∑m
k=1 ρk

∫ ρmwm(y;θ0)wk(y;θ0)I∏d
j=1

(−∞,xd]
(y)

[
∑m

j=0 ρjwj(y;θ0)]
2 dG(y)

∑m
k=1 ρk

∫ ρ1w1(y;θ0)wk(y;θ0)h1(y)I∏d
j=1

(−∞,xd]
(y)

[
∑m

j=0 ρjwj(y;θ0)]
2 dG(y)

...∑m
k=1 ρk

∫ ρmwm(y;θ0)wk(y;θ0)hm(y)I∏d
j=1

(−∞,xd]
(y)

[
∑m

j=0 ρjwj(y;θ0)]
2 dG(y)



= −



ρ1A1(x;θ0)

...

ρmAm(x;θ0)

ρ1B1(x;θ0)

...

ρmBm(x;θ0)


= −(A

⊤
(x;θ0)ρ,B

⊤
(x;θ0)ρ)

⊤,

and by SLLN and Assumption 1.1,

∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

= −



∑m
k=1 ρk

(
1
nk

∑nk

l=1

ρ1w1(X
(k)
l ;θ0)I∏d

j=1
(−∞,xd]

(X
(k)
l )[∑m

j=0 ρjwj(X
(k)
l ;θ0)

]2
)

...∑m
k=1 ρk

(
1
nk

∑nk

l=1

ρ1w1(X
(k)
l ;θ0)I∏d

j=1
(−∞,xd]

(X
(k)
l )[∑m

j=0 ρjwj(X
(k)
l ;θ0)

]2
)

∑m
k=1 ρk

(
1
nk

∑nk

l=1

ρ1w1(X
(k)
l ;θ0)h1(X

(k)
l )I∏d

j=1
(−∞,xd]

(X
(k)
l )[∑m

j=0 ρjwj(X
(k)
l ;θ0)

]2
)

...∑m
k=1 ρk

(
1
nk

∑nk

l=1

ρmwm(X
(k)
l ;θ0)hm(X

(k)
l )I∏d

j=1
(−∞,xd]

(X
(k)
l )[∑m

j=0 ρjwj(X
(k)
l ;θ0)

]2
)


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a.s.→ −



∑m
k=1 ρk

∫ ρ1w1(y;θ0)wk(y;θ0)I∏d
j=1

(−∞,xd]
(y)

[
∑m

j=0 ρjwj(y;θ0)]
2 dG(y)

...∑m
k=1 ρk

∫ ρmwm(y;θ0)wk(y;θ0)I∏d
j=1

(−∞,xd]
(y)

[
∑m

j=0 ρjwj(y;θ0)]
2 dG(y)

∑m
k=1 ρk

∫ ρ1w1(y;θ0)wk(y;θ0)h1(y)I∏d
j=1

(−∞,xd]
(y)

[
∑m

j=0 ρjwj(y;θ0)]
2 dG(y)

...∑m
k=1 ρk

∫ ρmwm(y;θ0)wk(y;θ0)hm(y)I∏d
j=1

(−∞,xd]
(y)

[
∑m

j=0 ρjwj(y;θ0)]
2 dG(y)


= E

(
∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

)
.

Note that ρkwk(y;θ0)

[
∑m

j=0 ρjwj(y;θ0)]
2 ≤ 1. Then by Assumption 1.1 and Theorem 1.1, ρkwk(y;θ0)

[
∑m

j=0 ρjwj(y;θ0)]
2 ·

{I∏d
j=1(−∞,xd]

(y)} and ρkwk(y;θ0)hk(y)

[
∑m

j=0 ρjwj(y;θ0)]
2 · {I∏d

j=1(−∞,xd]
(y)} are Donsker classes ∀ k and hence

Glivenko classes by [58] (p. 82).

Thus,

sup
x

∣∣∣∣∣∣∣∣ ∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

− E

(
∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

)∣∣∣∣∣∣∣∣ a.s.→ 0. (1.14)

Observe that G̃(x; θ̃) = H1(x; θ̃) and expand G̃ at θ0,

G̃(x; θ̃) =H1(x;θ0) +

(
∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

− E

(
∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

))⊤

(θ̃ − θ0)

+ E

(
∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

)⊤(
θ̃ − θ0 −

1

n
S−1(θ0)

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

)

+ E

(
∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

)⊤(
1

n
S−1(θ0)

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

)
+ op(||θ̃ − θ0||).

By (1.12), op(||θ̃ − θ0||) ∼ op

(
1√
n

)
.

By (1.12)(1.14),
(

∂H1(x;θ)
∂θ

∣∣∣
θ=θ0

− E

(
∂H1(x;θ)

∂θ

∣∣∣
θ=θ0

))⊤

(θ̃ − θ0) ∼ op

(
1√
n

)
.
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Notice thatE
(

∂H1(x;θ)
∂θ

∣∣∣
θ=θ0

)
= −(A

⊤
(x;θ)ρ,B

⊤
(x;θ)ρ)⊤ is uniformly bounded in x,

then by (1.12),

E

(
∂H1(x;θ)

∂θ

∣∣∣∣
θ=θ0

)⊤(
θ̃ − θ0 −

1

n
S−1(θ0)

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

)
∼ op

(
1√
n

)
.

Therefore,

G̃(x; θ̃) = H1(x;θ0)−H2(x;θ0) + op

(
1√
n

)
,

so that
√
n(G̃− Ĝ) can be approximated by

√
n(H1 −H2 − Ĝ) uniformly in x.

1.2.3.2 Convergence of the Finite Dimension Distribution of
√
n(H1−H2−Ĝ)

By the similar derivation in the proof of the Lemma 3.5 in [47],

E
(
H1(x;θ0)− Ĝ(x)

)
=

m∑
k=0

ρk

∫ wk(y;θ0)I∏d
j=1(−∞,xd]

(y)∑m
j=0 ρjwj(y;θ0)

dG(y)−G(x) = 0,

E (H2(x;θ0)) =
1

n
(A

⊤
(x;θ0)ρ,B

⊤
(x;θ0)ρ)S

−1(θ0)E

(
∂l(θ)

∂θ

∣∣∣∣
θ=θ0

)
= 0,

Cov
(√

n(H1(x;θ0)− Ĝ(x)),
√
n(H1(y;θ0)− Ĝ(y))

)
=

(
m∑
k=0

ρk

)(
m∑
k=1

ρkAk(x ∧ y;θ0) −
m∑
k=1

ρkAk(x;θ0)Ak(y;θ0)

−

(
m∑
k=1

ρkAk(x;θ0)

)(
m∑
k=1

ρkAk(y;θ0)

))
,

Cov
(√

n(H1(x;θ0)− Ĝ(x)),
√
nH2(y;θ0)

)
=(A

⊤
(x;θ0)ρ,B

⊤
(x;θ0)ρ)S

−1(θ0)(A
⊤
(y;θ0)ρ,B

⊤
(y;θ0)ρ)

⊤

−

(
m∑
k=0

ρk

)(
m∑
k=1

ρkAk(x;θ0)Ak(y;θ0) +

(
m∑
k=1

ρkAk(x;θ0)

)(
m∑
k=1

ρkAk(y;θ0)

))
,
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Cov
(√

nH2(x;θ0),
√
nH2(y;θ0)

)
=(A

⊤
(x;θ0)ρ,B

⊤
(x;θ0)ρ)S

−1(θ0)(A
⊤
(y;θ0)ρ,B

⊤
(y;θ0)ρ)

⊤

−

(
m∑
k=0

ρk

)(
m∑
k=1

ρkAk(x;θ0)Ak(y;θ0) +

(
m∑
k=1

ρkAk(x;θ0)

)(
m∑
k=1

ρkAk(y;θ0)

))
,

where

x ∧ y = (x1 ∧ y1, . . . , xd ∧ yd)⊤.

By CLT, ∀ k and x1, . . . ,xk,

√
n(H1(x1;θ0)−H2(x1;θ0)− Ĝ(x1), . . . , H1(xk;θ0)−H2(xk;θ0)− Ĝ(xk))

⊤ d→ N(0,∆),

where ∆ is the covariance matrix depending on the covariance function

Cov(
√
n(H1(x;θ0)−H2(x;θ0)− Ĝ(x)),

√
n(H1(y;θ0)−H2(y;θ0)− Ĝ(y)))

=

(
m∑
j=0

ρj

)(
m∑
j=1

ρjAj(x ∧ y;θ0)

)

− (A
⊤
(x;θ0)ρ,B

⊤
(x;θ0)ρ)S

−1(θ0)(A
⊤
(y;θ0)ρ,B

⊤
(y;θ0)ρ)

⊤.

(1.15)

1.2.3.3 Weak Convergence of
√
n(H1 − Ĝ)

Follow the proof of Lemma 3.6 in [47], it can be shown that
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H1(x;θ0)− Ĝ(x)

=
1

n0

m∑
k=0

nk∑
l=1

I∏d
j=1(−∞,xd]

(X
(k)
l )∑m

j=0 ρjwj(X
(k)
l ;θ0)

− 1

n0

n0∑
l=1

I∏d
j=1(−∞,xd]

(X
(0)
l )

=
1

n0

m∑
k=1

nk∑
l=1

I∏d
j=1(−∞,xd]

(X
(k)
l )∑m

j=0 ρjwj(X
(k)
l ;θ0)

−

 1

n0

n0∑
l=1

(∑m
j=0 ρjwj(X

(k)
l ;θ0)− 1

)
I∏d

j=1(−∞,xd]
(X

(0)
l )∑m

j=0 ρjwj(X
(k)
l ;θ0)


=

m∑
k=1

 1

nk

nk∑
l=1

ρkI∏d
j=1(−∞,xd]

(X
(k)
l )∑m

j=0 ρjwj(X
(k)
l ;θ0)

− ρkAk(x;θ0)


−

 1

n0

n0∑
l=1

(∑m
j=1 ρjwj(X

(k)
l ;θ0)

)
I∏d

j=1(−∞,xd]
(X

(0)
l )∑m

j=0 ρjwj(X
(k)
l ;θ0)

−
m∑
k=1

ρkAk(x;θ0)

 ,

and

E

ρkI∏d
j=1(−∞,xd]

(X
(k)
l )∑m

j=0 ρjwj(X
(k)
l ;θ0)

 = ρkAk(x;θ0),

E


(∑m

j=1 ρjwj(X
(k)
l ;θ0)

)
I∏d

j=1(−∞,xd]
(X

(0)
l )∑m

j=0 ρjwj(X
(k)
l ;θ0)

 =
m∑
k=1

ρkAk(x;θ0).

By Theorem 1.1, {I∏d
j=1(−∞,xd]

(y)} · ρk∑m
j=0 ρjwj(y;θ0)

and {I∏d
j=1(−∞,xd]

(y)} ·
∑m

j=1 ρjwj(y;θ0)∑m
j=0 ρjwj(y;θ0)

are Donsker classes. Therefore,
√
n(H1− Ĝ) converges weakly to a zero-mean Guassian process.

1.2.3.4 Tightness of
√
nH2

To establish the weak convergence of
√
n(G̃− Ĝ), it is left to show the tightness of

√
nH2.

We first prove the following theorem.
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Theorem 1.2. Let X = (X1, . . . , Xd)
⊤ be a d-dimensional random vector that has a density, and

f(x) = Eg(X)I∏d
j=1(−∞,xj ]

(X)

for some g such that Eg2(X) <∞. Let Yn be a sequence of random variables such that Yn
d→ Y

as n→ ∞ and EY 2 <∞. Then the process f(x)Yn is asymptotically tight.

Proof. Define a metric ρ(x,y) =
∑d

j=1 |xj − yj|.

|f(x)− f(y)| ≤E
(
|g(X)||I∏d

j=1(−∞,xj ]
(X)− I∏d

j=1(−∞,yj ]
(X)|

)
≤E

(
|g(X)|

d∑
j=1

I(xj∧yj ,xj∨yj ](Xj)

)

≤
d∑

j=1

(
Eg2(X)

) 1
2 (P (Xj ∈ (xj ∧ yj, xj ∨ yj]))

1
2 .

Since X has a density, then the marginal CDFs are uniformly continuous and thus ∀ K > 0,

∃ δ > 0 such that

sup
ρ(x,y)<δ

|f(x)− f(y)| ≤
d∑

j=1

(
Eg2(X)

) 1
2 sup
ρ(x,y)<δ

(P (Xj ∈ (xj ∧ yj, xj ∨ yj]))
1
2

≤
d∑

j=1

(
Eg2(X)

) 1
2 sup
|xj−yj |<δ

(P (Xj ∈ (xj ∧ yj, xj ∨ yj]))
1
2

<K.
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Then ∀ ε, η > 0, take K < ηε
E|Y | , ∃ δ > 0 such that

lim sup
n→∞

P

(
sup

ρ(x,y)<δ

|f(x)Yn − f(y)Yn| > ε

)

=P

(
sup

ρ(x,y)<δ

|f(x)− f(y)||Y | > ε

)

≤
E|Y | supρ(x,y)<δ |f(x)− f(y)|

ε

<η.

Additionally, ∀ η > 0, take ε > E|g(X)|E|Y |
η

,

lim sup
n→∞

P (|f(x)Yn| > ε) = P (|f(x)Y | > ε) ≤ E|g(X)|E|Y |
ε

< η.

Hence, f(x)Yn is asymptotically tight by Theorem 1.5.7 in [58].

Note thatAk(x;θ0) and the elements ofBk(x;θ0) satisfy the conditions of f(x) in Theorem

1.2. By (1.9), 1√
n

∂l(θ)
∂θ

∣∣∣
θ=θ0

converges weakly to a Guassian random variable. Thus, based on the

expression of
√
nH2,

√
nH2(x;θ0) = (A

⊤
(x;θ0)ρ,B

⊤
(x;θ0)ρ)S

−1(θ0)

(
1√
n

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

)
,

by Theorem 1.2,
√
nH2 is asymptotically tight.

1.2.3.5 Weak Convergence of
√
n(G̃−G)

Based on the results in Section 1.2.3.2, 1.2.3.3, and 1.2.3.4, by Theorem 1.5.4 in [58],

√
n(H1−H2− Ĝ) converges weakly to a zero-mean Guassian process with convariance function
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(1.15), which implies the weak convergence of
√
n(G̃ − Ĝ). By classical result, the empirical

process
√
n(Ĝ−G) converges weakly to a zero-mean Guassian process so that the weak conver-

gence of
√
n(G̃−G) is established. It is left to show the covariance function of the limit Guassian

process. By the same derivation as the proof of Theorem 3.9 in [47],

Cov
(√

n(H1(x;θ0)− Ĝ(x)),
√
nĜ(y)

)
=

(
m∑
j=0

ρj

)(
m∑
j=1

ρjAj(x;θ0)

)
G(y)−

(
m∑
j=0

ρj

)(
m∑
j=1

ρjAj(x ∧ y;θ0)

)
,

Cov
(√

nH2(x;θ0),
√
nĜ(y)

)
=

(
m∑
j=0

ρj

)(
m∑
j=1

ρjAj(x;θ0)

)
G(y)

− (A
⊤
(x;θ0)ρ,B

⊤
(x;θ0)ρ)S

−1(θ0)(Ā
⊤(y;θ0)ρ,B

⊤
(y;θ0)ρ)

⊤,

Cov
(√

nĜ(x),
√
nĜ(y)

)
=

(
m∑
j=0

ρj

)
(G(x ∧ y)−G(x)G(y)).

Together with (1.15), we obtain

Cov(
√
n(G̃(x; θ̃)−G(x)),

√
n(G̃(y; θ̃)−G(y)))

=

( m∑
j=0

ρj

)(
G(x ∧ y)−G(x)G(y)−

m∑
j=1

ρjAj(x ∧ y;θ0)

)

+ (A
⊤
(x;θ0)ρ,B

⊤
(x;θ0)ρ)S

−1(θ0)(A
⊤
(y;θ0)ρ,B

⊤
(y;θ0)ρ)

⊤.

Subsequently,
√
n(G̃(x; θ̃)−G(x))

d→ N(0, σ(x;θ0)),
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as n→ ∞, where

σ(x;θ0) =

( m∑
j=0

ρj

)(
G(x)−G2(x)−

m∑
j=1

ρjAj(x;θ0)

)

+ (A
⊤
(x;θ0)ρ,B

⊤
(x;θ0)ρ)S

−1(θ0)(A
⊤
(x;θ0)ρ,B

⊤
(x;θ0)ρ)

⊤.

(1.16)

Remark: Since G̃ can be approximated byH1−H2, then one may show the weak convergence

of
√
n(G̃ − G) by establishing the weak convergence of

√
n(H1 −H2 − G) directly. However,

the limiting distribution of
√
n(G̃ − Ĝ) is of interest for other research purposes, for example,

checking goodness-of-fit. Hence, we follow the steps in [47].

1.2.4 Consistent Estimators of Asymptotic Variances

In this section, the consistency of the plug-in estimators of asymptotic variances of θ̃ and

G̃(x; θ̃) are established.

1.2.4.1 Consistency of Plug-in Estimator Σ̃(θ̃)

Based on the expression of Σ(θ0) (1.11), to show the consistency of Σ̃(θ̃), it is sufficient

to show that S̃(θ̃) is consistent. We will use one entry of S(θ0) as an example to show the

consistency. The rest of the entries can be proved in the same manner. We first prove the

following theorem.

Theorem 1.3. Suppose θ̃ is a consistent estimator of θ0, and f satisfies that ∀ x, θ,

∥∥∥∥∂f(x;θ)∂θ

∥∥∥∥ ≤ g(x),
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and

1

n

n∑
i=1

g(Xi)
p→ Eg(X1) <∞,

as n→ ∞ for a sequence of identically distributed random variables X1, . . . ,Xn. Then

1

n

n∑
i=1

∣∣∣f(Xi; θ̃)− f(Xi;θ0)
∣∣∣ p→ 0,

as n→ ∞.

Proof. By Mean Value Theorem, ∃ θ∗
i ∈ B(θ0, ∥θ0 − θ̃∥) for i = 1, . . . , n,

1

n

n∑
i=1

∣∣∣f(Xi; θ̃)− f(Xi;θ0)
∣∣∣ = 1

n

n∑
i=1

∣∣∣∣∣(θ̃ − θ0)
⊤ ∂f(Xi;θ)

∂θ

∣∣∣∣
θ=θ∗

i

∣∣∣∣∣
≤ 1

n

n∑
i=1

g(Xi)∥θ̃ − θ0∥

p→ 0,

as n→ ∞.

Consider the entry of S(θ0) corresponding to βkp and βk′p′ ,

E

(
− 1

n

∂2l(θ)

∂βkp∂βk′p′

∣∣∣∣
θ=θ0

)
= − ρkρk′∑m

j=0 ρj

∫
wk(y;θ0)wk′(y;θ0)hkp(y)hk′p′(y)∑m

j=0 ρjwj(y;θ0)
dG(y).
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The corresponding estimator is

− 1

n

∂2l(θ)

∂βkp∂βk′p′

∣∣∣∣
θ=θ̃

= − 1

n

n∑
i=1

ρkwk(ti; θ̃)ρk′wk′(ti; θ̃)hkp(ti)hk′p′(ti)[∑m
j=0 ρjwj(ti; θ̃)

]2
= −

m∑
h=0

nh

n

 1

nh

nh∑
l=1

ρkwk(X
(h)
l ; θ̃)ρk′wk′(X

(h)
l ; θ̃)hkp(X

(h)
l )hk′p′(X

(h)
l )[∑m

j=0 ρjwj(X
(h)
l ; θ̃)

]2
 .

Thus, it is sufficient to show

1

nh

nh∑
l=1

∣∣∣∣∣∣∣
ρkwk(X

(h)
l ; θ̃)ρk′wk′(X

(h)
l ; θ̃)hkp(X

(h)
l )hk′p′(X

(h)
l )[∑m

j=0 ρjwj(X
(h)
l ; θ̃)

]2
− ρkwk(X

(h)
l ;θ0)ρk′wk′(X

(h)
l ;θ0)hkp(X

(h)
l )hk′p′(X

(h)
l )[∑m

j=0 ρjwj(X
(h)
l ;θ0)

]2
∣∣∣∣∣∣∣ p→ 0,

as nh → ∞.

Recall that wk(x;θ) = exp (αk + β⊤
k hk(x)), and hence ∀ k

∥∥∥∥∂ logwk(x;θ)

∂θ

∥∥∥∥ =

√√√√1 +

pk∑
p=1

|hkp(x)|2

≤ 1 +

pk∑
p=1

|hkp(x)|

≤ 1 +
m∑
k=1

pk∑
p=1

|hkp(x)| .
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Then, by the Triangle Inequality,

∥∥∥∥∥∥∥
∂

wk(x;θ)wk′ (x;θ)

[
∑m

j=0 ρjwj(x;θ)]
2

∂θ

∥∥∥∥∥∥∥
=

∥∥∥∥∥∥∥
wk(x;θ)wk′(x;θ)

[
∂ logwk(x;θ)

∂θ
+

∂ logwk′ (x;θ)
∂θ

]
[∑m

j=0 ρjwj(x;θ)
]2

−
2wk(x;θ)wk′(x;θ)

[∑m
j=0 ρjwj(x;θ)

∂ logwj(x;θ)

∂θ

]
[∑m

j=0 ρjwj(x;θ)
]3

∥∥∥∥∥∥∥
≤
wk(x;θ)wk′(x;θ)

[∥∥∥∂ logwk(x;θ)
∂θ

∥∥∥+ ∥∥∥∂ logwk′ (x;θ)
∂θ

∥∥∥][∑m
j=0 ρjwj(x;θ)

]2
+

2wk(x;θ)wk′(x;θ)
[∑m

j=0wj(x;θ)
∥∥∥∂ logwj(x;θ)

∂θ

∥∥∥][∑m
j=0 ρjwj(x;θ)

]3
≤
4wk(x;θ)wk′(x;θ)

[
1 +

∑m
k=1

∑pk
p=1 |hkp(x)|

]
[∑m

j=0 ρjwj(x;θ)
]2 .

Note that

ρkwk(x;θ)ρk′wk′(x;θ)[∑m
j=0 ρjwj(x;θ)

]2 ≤ 1,

and therefore

1

nh

nh∑
l=1

∣∣∣∣∣∣∣
ρkwk(X

(h)
l ; θ̃)ρk′wk′(X

(h)
l ; θ̃)hkp(X

(h)
l )hk′p′(X

(h)
l )[∑m

j=0 ρjwj(X
(h)
l ; θ̃)

]2
− ρkwk(X

(h)
l ;θ0)ρk′wk′(X

(h)
l ;θ0)hkp(X

(h)
l )hk′p′(X

(h)
l )[∑m

j=0 ρjwj(X
(h)
l ;θ0)

]2
∣∣∣∣∣∣∣

≤ 1

nh

nh∑
l=1

4

[
1 +

m∑
k=1

pk∑
p=1

∣∣∣hkp(X(h)
l )
∣∣∣] ∣∣∣hkp(X(h)

l )hk′p′(X
(h)
l )
∣∣∣ ∥θ̃ − θ0∥

p→ 0,
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as nh → ∞, by Assumption 1.1 and Theorem 1.3. Therefore,

− 1

n

∂2l(θ)

∂βkp∂βk′p′

∣∣∣∣
θ=θ̃

p→ − ρkρk′∑m
j=0 ρj

∫
wk(y;θ0)wk′(y;θ0)hkp(y)hk′p′(y)∑m

j=0 ρjwj(y;θ0)
dG(y),

as n→ ∞. Similarly, the convergence of the rest of entries can be established, and hence

S̃(θ̃)
p→ S(θ0),

as n→ ∞.

1.2.4.2 Consistency of Plug-in Estimator σ̃(x; θ̃)

Based on the expression of σ(x;θ0) (1.16), since the consistency of S̃(θ̃) has been estab-

lished, it is sufficient to show the consistency of the plug-in estimators ofAk(x;θ0) andBk(x;θ0),

which are Ãk(x; θ̃) and B̃k(x; θ̃), respectively. We prove the consistency of B̃k(x; θ̃), and that

of Ãk(x; θ̃) can be proved in the same manner.

First, we show the convergence of B̃k(x;θ0). By SLLN and Assumption 1.1,

B̃k(x;θ0) =
n∑

i=1

pi
wk(ti;θ0)hk(ti)I∏d

j=1(−∞,xd]
(ti)∑m

j=0 ρjwj(ti;θ0)

=
m∑

h=0

ρh
1

nh

nh∑
l=1

wk(X
(h)
l ;θ0)hk(X

(h)
l )I∏d

j=1(−∞,xd]
(X

(h)
l )[∑m

j=0 ρjwj(X
(h)
l ;θ0)

]2
a.s.→

m∑
h=0

ρh

∫ wk(y;θ0)hk(y)I∏d
j=1(−∞,xd]

(y)[∑m
j=0 ρjwj(y;θ0)

]2 wh(y;θ0)dG(y)

=

∫ wk(y;θ0)hk(y)I∏d
j=1(−∞,xd]

(y)∑m
j=0 ρjwj(y;θ0)

dG(y) = Bk(x;θ0).
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Next, B̃k(x; θ̃) is given by

B̃k(x; θ̃) =
n∑

i=1

p̃i
wk(ti; θ̃)hk(ti)I∏d

j=1(−∞,xd]
(ti)∑m

j=0 ρjwj(ti; θ̃)

=
m∑

h=0

ρh
1

nh

nh∑
l=1

wk(X
(h)
l ; θ̃)hk(X

(h)
l )I∏d

j=1(−∞,xd]
(X

(h)
l )[∑m

j=0 ρjwj(X
(h)
l ; θ̃)

]2 ,

and by Triangle Inequality,

∥∥∥∥∥∥∥
∂ wk(x;θ)

[
∑m

j=0 ρjwj(x;θ)]
2

∂θ

∥∥∥∥∥∥∥ =

∥∥∥∥∥∥∥
wk(x;θ)

∂ logwk(x;θ)
∂θ[∑m

j=0 ρjwj(x;θ)
]2 −

2wk(x;θ)
[∑m

j=0 ρjwj(x;θ)
∂ logwj(x;θ)

∂θ

]
[∑m

j=0 ρjwj(x;θ)
]3

∥∥∥∥∥∥∥
≤
wk(x;θ)

∥∥∥∂ logwk(x;θ)
∂θ

∥∥∥[∑m
j=0 ρjwj(x;θ)

]2 +
2wk(x;θ)

[∑m
j=0 ρjwj(x;θ)

∥∥∥∂ logwj(x;θ)

∂θ

∥∥∥][∑m
j=0 ρjwj(x;θ)

]3
≤

3wk(x;θ)
[
1 +

∑m
k=1

∑pk
p=1 |hkp(x)|

]
[∑m

j=0 ρjwj(x;θ)
]2

≤ 3
1

ρk

[
1 +

m∑
k=1

pk∑
p=1

|hkp(x)|

]
.

Then, by Assumption 1.1 and Theorem 1.3, as n→ ∞,

B̃k(x; θ̃)− B̃k(x;θ0)
p→ 0,

so that

B̃k(x; θ̃)
p→ Bk(x;θ0),

and the consistency of Ãk(x; θ̃) can be shown by the same way. Therefore, the consistency of

σ̃(x; θ̃) is established.
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1.3 Simulation

In this section, based on the simulation result, it is illustrated that the estimate of the

reference CDF obtained by a DRM with variable tilts is more precise than the estimate obtained

by a DRM with a uniform tilt and empirical estimate in terms of mean integrated absolute error

(MIAE) and mean integrated squared error (MISE),

MIAE = E

∫ ∣∣∣f̂(x)− f(x)
∣∣∣ dx,

MISE = E

∫ (
f̂(x)− f(x)

)2
dx.

Here, f̂ represents the three different estimates G̃u, G̃v and Ĝ where G̃u is the estimate obtained

with the uniform tilt and G̃v is that obtained with the variable tilts, while Ĝ is the empirical

estimate. f represents the true reference CDF G.

Consider three random samples X(0) ∼ Exp(2), X(1) ∼ Gamma(2, 2) and X(2) ∼

Lognormal(1, 1) with size n0, n1 and n2, respectively. They follow the true density ratio

structure

g1(x)

g0(x)
= exp(log 2 + log(x)),

g2(x)

g0(x)
= exp(−1

2
− log 2

√
2π + 2x− 1

2
(log(x))2).

In this case, the uniform tilt is considered to be h1(x) = h2(x) = (x, log(x), (log(x))2)⊤,

which is used to obtain the estimate G̃u. The variable tilts are h1(x) = log(x) and h2(x) =

(x, (log(x))2)⊤, which are used to obtain the estimate G̃v.

The simulation is performed by following the steps:
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1. Generate random samples

X(0) ∼ Exp(2), X(1) ∼ Gamma(2, 2), X(2) ∼ Lognormal(1, 1),

with size n0, n1 and n2.

2. Obtain the estimates G̃v, G̃u and Ĝ.

3. Repeat steps 1 and 2 for I times.

4. Approximate MIAE and MISE by

M̂IAE =
1

I

I∑
i=1

δ
J∑

j=1

∣∣∣∣f̂ (i)(M1 + jδ)− f (i)(M1 + jδ)

∣∣∣∣,
M̂ISE =

1

I

I∑
i=1

δ
J∑

j=1

(
f̂ (i)(M1 + jδ)− f (i)(M1 + jδ)

)2

,

where (M1,M2) is the region we integrate over that satisfies
∫∞
−∞ f(x)dx ≈

∫M2

M1
f(x)dx

and δ = M2−M1

J
.

Set I = 1000, n0 = n1 = n2 = 200, (M1,M2) = (0, 10) and J = 1000. The results shown

in Table 1.1 indicate that the DRM with variable tilts gives a better estimate of the reference CDF

judging by both measures MIAE and MISE.

Table 1.1: MIAE and MISE for G̃v, G̃u and Ĝ.

Estimate G̃v G̃u Ĝ

MIAE 3.273× 10−2 3.791× 10−2 4.358× 10−2

MISE 9.137× 10−4 1.066× 10−3 1.275× 10−3

Another comparison is made via the 95% CIs for threshold probability 1 − G(T ) with
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T = 0.1, 0.5, 1, 2, 3. Here we simulate the 95% CI for the threshold probability 1−G(T ) based

on G̃v, G̃u and Ĝ, respectively. The simulation is performed by the following steps:

1. Generate random samples

X(0) ∼Exp(2), X(1) ∼ Gamma(2, 2), X(2) ∼ Lognormal(1, 1),

with size n0, n1 and n2.

2. Obtain point estimates and 95% CIs for threshold probability 1−G(T ) based on the three

methods.

3. Repeat step 1 and 2 for I times.

4. Calculate the average of estimates, confidence limits, lengths of CIs. Also obtain the

coverage rates of CIs.

Take I = 1000 and n0 = n1 = n2 = 200. The results are shown by Table 1.2. Based on the

lengths of the CIs, G̃v is more precise than G̃u and Ĝ since the corresponding CIs are the shortest

for each T . Also, the results reveal an advantage of combining multiple samples that it allows

us to estimate outside of the range of the reference sample. The empirical CDF cannot provide

an estimate for T = 2, 3 while this is available using DRM. Additionally, both DRM estimates

are more precise than the empirical estimate in terms of the lengths of CIs, which accords with

the conclusion in [81]. Furthermore, the coverage rates of DRM with variable tilts are closed to

0.95 and have a slower decay than the coverage rates of the other two models when the threshold

becomes larger.
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Table 1.2: Average of threshold probability estimates, 95% CIs, lengths of CIs, coverage rates of CIs
for thresholds T = 0.1, 0.5, 1, 2, 3. “-” indicates that some of the CIs generated can not be constructed
since the estimates are 0.

T 1− G̃v(T ) 95% CI CI length Coverage rate
0.1 0.8189 (0.7677, 0.8700) 0.1023 0.951
0.5 0.3654 (0.3049, 0.4259) 0.1210 0.947
1.0 0.1336 (0.0974, 0.1698) 0.0724 0.936
2.0 0.0182 (0.0091, 0.0272) 0.0181 0.930
3.0 0.0025 (0.0004, 0.0046) 0.0042 0.900

T 1− G̃u(T ) 95% CI CI length Coverage rate
0.1 0.8176 (0.7653, 0.8699) 0.1046 0.953
0.5 0.3677 (0.3051, 0.4302) 0.1251 0.946
1.0 0.1355 (0.0941, 0.1770) 0.0828 0.937
2.0 0.0177 (0.0039, 0.0314) 0.0275 0.870
3.0 0.0024 (−0.0013, 0.0061) 0.0074 0.771

T 1− Ĝ(T ) 95% CI CI length Coverage rate
0.1 0.8183 (0.7651, 0.8715) 0.1064 0.965
0.5 0.3664 (0.2998, 0.4330) 0.1332 0.946
1.0 0.1347 (0.0877, 0.1818) 0.0941 0.940
2.0 - - - 0.878
3.0 - - - 0.386

1.4 Tilt Selection

Since model (1.1) accommodates different tilts, the selection of the tilts between every pair

(X(0),X(k)) should be addressed.

One way is to employ significance tests based on the asymptotic normality of the estimators

(1.13), and then construct the DRM for all samples using the selected tilts. Construct a two-sample

DRM for the pair (X(0),X(k)) based on a possibly redundant tilt h with dimension p, and obtain

the estimated parameters β̃(k)
j ’s and their estimated standard deviations σ̃

β̃
(k)
j

. Test H0 : β
(k)
j = 0

for j = 1, · · · , p by a Z-test with the test statistic

Z =
β̃
(k)
j

σ̃
β̃
(k)
j

. (1.17)
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If β(k)
j is insignificant, the corresponding term is eliminated from the tilt function and then a

reduced tilt function hk can be obtained. Finally, use all reduced tilts hk’s to construct a DRM

for all samples by (1.1).

Another way of tilt selection is to use a model selection criterion as suggested in [20].

Instead of combining pairs, we construct DRMs with different combinations of tilt functions for

all samples. The possible choices of tilt functions are the redundant tilt h and all of its reduced

forms. Then, the optimal DRM is selected from 2pm possible models using the AIC

−2 logL(θ̃, G̃) + 2q, (1.18)

where q is the number of free parameters in the model. Here, the likelihood used for the AIC is

the empirical likelihood.

1.5 Estimation of Residential Radon Concentration in Pennsylvania Counties

In this section, we demonstrate the use of DRM in the estimation of Radon concentration,

which is largely based on [78] and [79]. According to [1], Radon-222, or just radon, is a colorless,

odorless, radioactive noble gas that stems from the decay series of radium-226. It is widely

distributed in and naturally released from soils and rocks. The indoor radon has been determined

to be the second leading cause of lung cancer by National Academy of Sciences. Environmental

Protection Agency (EPA) estimated that 13.4% lung cancer deaths nationally in 1995 are radon

related, and anticipated that indoor radon would be a significant contributor of lung cancer deaths

annually. In United States, radon concentration in air is measured in picocuries per liter (pCi/L).

EPA recommended to control the indoor radon concentration between 2 pCi/L and 4 pCi/L.
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According to Pennsylvania (PA) Department of Environmental Protection [2], residential

radon problem is serious in PA, and approximately 40% of the homes have radon concentration

above 4 pCi/L. Zip code level residential radon concentration data are collected from PA counties

in six time periods. We examine two counties, Beaver and Forest, to demonstrate the two tilt

selection methods in Section 1.4.

1.5.1 Beaver County

The six periods are 1989-1993, 1994-1998, 1999-2003, 2004-2008, 2009-2013, 2014-

2017. We consider the sample of 2014-2017 as the reference sample X(0). X(1), . . . ,X(5), are

the samples of 1989-1993, 1994-1998, 1999-2003, 2004-2008, 2009-2013, respectively. The

histograms of the six samples are plotted in Figure 1.1.
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Figure 1.1: Histograms of Beaver residential radon concentration in six periods.

In order to depict the pattern of radon concentration closed to 0, we also plot the histograms

truncated at 40 pCi/L in Figure 1.2
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Figure 1.2: Histograms of Beaver residential radon concentration in six periods truncated at 40 pCi/L.

From Figure 1.1 and 1.2, we observe that data are positive and the distributions are right

skewed. Gamma and Lognormal are two distributions frequently used to describe such data.

Thus, we shall start with the uniform tilt h(x) = (x, log(x), (log(x))2)⊤, a tilt that represents the

density ratio of Gamma and Lognormal densities.

Construct a two-sample DRM for each of the five pairs, (X(0),X(1)),..., (X(0),X(5)), using

the uniform tilt h(x). Then test the parameters as introduced in Section 1.4 at significance level

of 0.05. Remove the insignificant terms in the tilt, we obtain the reduced tilts such that

h1(x) = (x, log(x), (log(x))2)⊤, h2(x) = log(x),

h3(x) = (x, (log(x))2)⊤, h4(x) = h5(x) = 0.

Finally, construct a DRM with the variable tilts h1(x), . . . ,h5(x), and obtain 95% CI for
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threshold probability 1−G(T ) with T = 5, 10, 50, 100, 200. The DRM estimator ofG is denoted

as G̃v. For comparison, we computed 95% CIs for these threshold probabilities using a DRM

with the uniform tilt, that is,

h1(x) = h2(x) = h3(x) = h4(x) = h5(x) = h(x).

The corresponding estimator of G is denoted as G̃u. We also obtain the empirical estimator Ĝ

based on the reference sample, and computed the CIs for the threshold probabilities. From Table

1.3, it is observed that for each T , the shortest CI corresponds to the DRM with variable tilts.

The CIs corresponds to the two DRMs are both shorter than that corresponds to the empirical

distribution. Also, since no observation exceeds 200 in the reference sample, then the empirical

distribution cannot provide an interval estimation for 1−G(200). However, the DRMs can give

such interval estimation in that there are observations that exceed 200 in the rest of samples.

Indeed, these conclusions matches the ones obtained by the simulation in Section 1.3.

The above analysis is to estimate the distribution of residential radon concentration in

Beaver county in one period based on the fused sample from all periods. One can also fix the time

period, and estimate the radon concentration in Beaver county based on its neighboring counties.

The four neighboring counties of Beaver are Lawrence, Butler, Allegheny and Washington. Let

X(0), . . . ,X(4), be the samples from Beaver, Lawrence, Butler, Allegheny and Washington,

respectively, during 2014-2017. Based the histograms in Figure 1.3 and the truncated ones in

Figure 1.4, the samples from the five counties exhibit the same right skewed characteristic as the

samples obtained during different periods in Beaver. Therefore, we still start with the uniform tilt
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Table 1.3: A Comparison between G̃v, G̃u and Ĝ based on samples of six periods in Beaver
county. Threshold probability estimates, 95% CIs and lengths of CIs are computed for thresholds
T = 5, 10, 50, 100, 200. “-” indicates that some of the CIs generated can not be constructed since the
estimates are 0.

T 1− G̃v(T ) 95% CI CI length
5 0.3956 (0.3827, 0.4085) 0.0258
10 0.2132 (0.2024, 0.2239) 0.0214
50 0.0208 (0.0173, 0.0244) 0.0071
100 0.0027 (0.0015, 0.0040) 0.0026
200 0.0003 (−0.0001, 0.0006) 0.0008

T 1− G̃u(T ) 95% CI CI length
5 0.3764 (0.3554, 0.3974) 0.0420
10 0.2019 (0.1846, 0.2192) 0.0347
50 0.0211 (0.0152, 0.0270) 0.0119
100 0.0030 (0.0009, 0.0051) 0.0042
200 0.0003 (−0.0002, 0.0008) 0.0010

T 1− Ĝ(T ) 95% CI CI length
5 0.3764 (0.3528, 0.3999) 0.0471
10 0.2054 (0.1858, 0.2250) 0.0393
50 0.0197 (0.0129, 0.0264) 0.0135
100 0.0025 (0.0001, 0.0049) 0.0048
200 - - -

h(x) = (x, log(x), (log(x))2)⊤ and obtain the reduced ones by the significance tests such that

h1(x) = (log(x), (log(x))2)⊤, h2(x) = (x, (log(x))2)⊤,

h3(x) = (x, (log(x))2)⊤, h4(x) = (x, log(x), (log(x))2)⊤.

Again, obtain the point and interval estimates for the threshold probability 1 − G(T ) with

T = 5, 10, 50, 100, 200 as the case of fusing samples from six periods in Beaver. As shown in

Table 1.4, the DRM with variable tilts produces a shorter CI for T = 5, 10, 50 while the DRM

with a uniform tilt has a shorter CI for T = 100, 200. Also, the lengths of CIs obtained from the

two DRMs are closed to each other for all thresholds. This is because the tilts are only reduced to
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Figure 1.3: Histograms of residential radon concentration in Beaver, Lawrence, Butler, Allegheny
and Washington.

a moderate extent. Only one term has been removed from h1(x), h2(x), and h3(x), respectively.

In the previous case, both h4(x) and h5(x) are reduced to 0, which makes a clear distinction

between the two DRMs. Comparing to the empirical distribution, we can still draw the conclusion

that the DRMs are better regrading the lengths of CIs and the ability to provide interval estimation

for a relatively high threshold.

1.5.2 Forest County

For Forest county, there are only 47 observations over the six periods. Thus, in this case,

we use the observations obtained from all time periods. Two neighboring counties of Forest,

Warren and Elk, are selected, and they have 837 and 1191 observations over the six periods. Let

X(0),X(1) and X(2), be the samples from Forest, Warren and Elk, respectively.
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Figure 1.4: Histograms of residential radon concentration in Beaver, Lawrence, Butler, Allegheny
and Washington truncated at 40 pCi/L.

Based on the histograms and the truncated ones in Figure 1.5, we still let

h(x) = (x, log(x), (log(x))2)⊤

to be the uniform tilt. Initially, we set h1(x) = h2(x) = h(x), and then obtain AIC values

for DRMs with h1(x) and h2(x) taking their all possible reduced forms. The result in Table

1.5 indicates that smallest AIC value of 31677.07 is achieved by the DRM with tilts h1(x) =

(x, log2(x))⊤ and h2(x) = x.

Then use these tilts as variable tilts, compare G̃v, G̃u and Ĝ as we did in the Beaver case.

As given by Table 1.6, the DRM with variable tilts gives the best interval estimates regarding to

lengths of CIs.
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Table 1.4: A Comparison between G̃v, G̃u and Ĝ based on samples from Beaver, Lawrence, Butler,
Allegheny and Washington. Threshold probability estimates, 95% CIs and lengths of CIs are computed
for thresholds T = 5, 10, 50, 100, 200. “-” indicates that some of the CIs generated can not be
constructed since the estimates are 0.

T 1− G̃v(T ) 95% CI CI length
5 0.3810 (0.3607, 0.4013) 0.0406
10 0.2056 (0.1883, 0.2228) 0.0345
50 0.0205 (0.0150, 0.0260) 0.0110
100 0.0028 (0.0010, 0.0047) 0.0037
200 0.0001 (−0.0001, 0.0003) 0.0004

T 1− G̃u(T ) 95% CI CI length
5 0.3802 (0.3593, 0.4011) 0.0418
10 0.2079 (0.1903, 0.2255) 0.0352
50 0.0201 (0.0145, 0.0258) 0.0113
100 0.0024 (0.0007, 0.0042) 0.0035
200 0.0001 (−0.0001, 0.0002) 0.0003

T 1− Ĝ(T ) 95% CI CI length
5 0.3764 (0.3528, 0.3999) 0.0471
10 0.2054 (0.1858, 0.2250) 0.0393
50 0.0197 (0.0129, 0.0264) 0.0135
100 0.0025 (0.0001, 0.0049) 0.0048
200 - - -

1.6 Estimation of Regional Pertussis Rates in Washington State

In this section, we construct a multivariate DRM with variable tilts for regional pertussis

rates. Pertussis, also known as whooping cough, is a highly contagious respiratory disease caused

by bacterium Bordetella pertussis. Pertussis data from 1997 to 2018 are collected from annual

communicable disease reports provided by Washington State Department of Heath. The reports

contain county-level annual pertussis cases and rates (per 100,000 population). In [80], a DRM

is applied to the analysis of regional pertussis cases. Since the number of cases varies drastically

between the counties, then a DRM can provide interval estimation for a wider range of threshold.

However, in such case, the number of cases are considered as a continuous random variable. To

avoid this issue, we consider examining the regional pertussis rates instead of cases.
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Figure 1.5: Histograms and truncated histograms (truncated at 40 pCi/L) of residential radon concen-
tration in Forest, Warren and Elk.

Table 1.5: AIC values of models based on different choices of h1 and h2 in the Forest case. A hyphen
“-” indicates that hk(x) = 0 and therefore g0 and gk are identical for k = 1, 2.

h2

AIC h1 - x log(x) log2(x) (x, log(x)) (x, log2(x)) (log(x), log2(x)) (x, log(x), log2(x))

- 31696.52 31697.86 31694.68 31697.54 31686.85 31682.73 31694.35 31684.24
x 31698.24 31691.11 31695.63 31699.20 31680.96 31677.07 31696.32 31678.58
log(x) 31693.46 31685.55 31695.07 31692.86 31687.35 31683.05 31694.81 31684.70
log2(x) 31695.67 31680.36 31696.67 31694.28 31680.14 31680.10 31691.31 31681.62
(x, log(x)) 31693.43 31684.21 31695.04 31694.63 31682.37 31679.01 31696.63 31680.02
(x, log2(x)) 31693.13 31682.36 31695.03 31691.36 31681.38 31678.75 31690.98 31680.26
(log(x), log2(x)) 31695.11 31681.91 31696.71 31693.58 31680.03 31682.06 31691.40 31681.93
(x, log(x), log2(x)) 31694.44 31683.83 31696.05 31692.66 31680.67 31680.48 31690.13 31682.01

First, we need to insert the missing values of pertussis rates. The annual pertussis rates are

not calculated when the number of cases are less than 5. Since the population does not vary in

short time, the number of cases and rates in the year before and after are used to calculate the

missing rates. Let ct and rt be the number of cases and rates in year t. If rt is missing, then it is

calculate by

rt =
ct
2

(
rt−1

ct−1

+
rt+1

ct+1

)
.

Let X(0), X(1) and X(2), be three bivariate samples from three regions: 0-(Clark, Cowlitz)
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Table 1.6: Comparison between G̃v, G̃u and Ĝ based on samples from Forest, Warren and Elk.
Threshold probability estimates, 95% CIs and lengths of CIs are computed for thresholds T =
5, 10, 50, 100, 200.

T 1− G̃v(T ) 95% CI CI length
5 0.4447 (0.3773, 0.5121) 0.1349
10 0.2790 (0.2004, 0.3577) 0.1573
50 0.0915 (0.0201, 0.1629) 0.1429
100 0.0548 (−0.0041, 0.1138) 0.1178
200 0.0264 (−0.0135, 0.0662) 0.0798

T 1− G̃u(T ) 95% CI CI length
5 0.4082 (0.2881, 0.5284) 0.2403
10 0.2565 (0.1452, 0.3679) 0.2227
50 0.0914 (0.0179, 0.1649) 0.1471
100 0.0580 (−0.0038, 0.1198) 0.1235
200 0.0296 (−0.0155, 0.0746) 0.0901

T 1− Ĝ(T ) 95% CI CI length
5 0.3191 (0.1859, 0.4524) 0.2665
10 0.2553 (0.1307, 0.3800) 0.2493
50 0.0851 (0.0053, 0.1649) 0.1595
100 0.0851 (0.0053, 0.1649) 0.1595
200 0.0213 (−0.0200, 0.0625) 0.0825

(reference), 1-(Pierce, King) and 2-(Skagit, Whatcom). Thus, for example, X(0)
j is a bivariate

vector of which the first entry is the pertussis rates in Clark, and the second entry is that in Cowlitz.

j goes from 1 to 22, representing the rates from 1997 to 2018. We consider that the neighboring

counties are dependent while the three separate regions are independent. The summary statistics

of the pertussis rates in the six counties are shown in Table 1.7.

Table 1.7: Summary statistics of pertussis rates in Clark, Cowlitz, Pierce, King, Skagit and Whatcom.

County Clark Cowlitz Pierce King Skagit Whatcom
Min. 0.9 0.0 2.9 2.0 1.0 5.0
Q1 5.5 3.2 7.1 5.6 4.1 13.0
Median 8.5 7.8 10.1 7.2 8.1 25.4
Mean 16.2 18.9 14.5 10.3 34.3 36.4
Q3 19.7 22.2 14.1 11.0 14.8 33.1
Max. 75.6 100.6 96.9 40.1 473.9 170.9
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As shown in Figure 1.6, the histograms of the pertussis rates in the six counties appear to be

right skewed so that the uniform tilt is chosen as h(x) = (x1, x2, log(x1), log(x2 + 0.1))⊤. Note

that one observation in Cowlitz is 0 so that we need to use log(x2 + 0.1) instead of log(x2).

Clark

Pertussis rate

D
en

si
ty

0 20 40 60 80

0.
00

0.
01

0.
02

0.
03

0.
04

0.
05

Cowlitz

Pertussis rate

D
en

si
ty

0 20 40 60 80 100

0.
00

0.
02

0.
04

0.
06

0.
08

Pierce

Pertussis rate

D
en

si
ty

0 20 40 60 80 100

0.
00

0.
01

0.
02

0.
03

0.
04

0.
05

0.
06

King

Pertussis rate

D
en

si
ty

10 20 30 40

0.
00

0.
02

0.
04

0.
06

0.
08

0.
10

0.
12

0.
14

Skagit

Pertussis rate

D
en

si
ty

0 100 200 300 400 500

0.
00

0
0.

00
5

0.
01

0
0.

01
5

Whatcom

Pertussis rate

D
en

si
ty

0 50 100 150

0.
00

0
0.

00
5

0.
01

0
0.

01
5

0.
02

0
0.

02
5

Figure 1.6: Histograms of pertussis rates in Clark, Cowlitz, Pierce, King, Skagit and Whatcom.

Based on the significance tests, the selected tilts are

h1(x) =(x2, log(x2 + 0.1))⊤,

h2(x) =(x1, x2, log(x1), log(x2 + 0.1))⊤.

Based on the summary statistics in Table 1.7, bivariate threshold probabilities are selected

to compare the point and interval estimates of bivariate threshold probabilities obtained by the

DRM with variable tilts (P̃v), the DRM with the uniform tilts (P̃u), and the empirical distribution

(P̂ ). From Table 1.8, it is observed that the DRM with variable tilts yields the shortest CI for each

selected threshold probability. When the reference sample does not contain any observation that

can be used for constructing a CI for a threshold probability, the DRMs can still provide a CI as
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long as there are such observations in the fused sample.

Table 1.8: Comparison between P̃v, P̃u and P̂ based on samples from (Clark, Cowlitz), (Pierce, King)
and (Skagit, Whatcom). t1 and t2 represent Clark and Cowlitz, respectively. Point estimates, 95% CIs
and lengths of CIs are computed for the selected threshold probabilities. “-” indicates that some of the
CIs generated can not be constructed since the estimates are 0.

Threshold probability P̃v 95% CI CI length
P (t1 ≤ 5.5, t2 ≤ 3.2) 0.1450 (0.0147, 0.2754) 0.2607
P (t1 ≤ 5.5, t2 > 22.2) 0.0119 (−0.0083, 0.0321) 0.0405
P (t1 ≤ 8.5, t2 > 7.8) 0.1152 (0.0263, 0.2040) 0.1777
P (t1 > 16.2, t2 ≤ 18.9) 0.0752 (0.0071, 0.1433) 0.1362
P (t1 > 75.6, t2 > 100.6) 0.0024 (−0.0168, 0.0217) 0.0385

Threshold probability P̃u 95% CI CI length
P (t1 ≤ 5.5, t2 ≤ 3.2) 0.1486 (0.0157, 0.2815) 0.2658
P (t1 ≤ 5.5, t2 > 22.2) 0.0136 (−0.0105, 0.0377) 0.0482
P (t1 ≤ 8.5, t2 > 7.8) 0.1240 (0.0215, 0.2265) 0.2050
P (t1 > 16.2, t2 ≤ 18.9) 0.0686 (−0.0028, 0.1399) 0.1427
P (t1 > 75.6, t2 > 100.6) 0.0026 (−0.0176, 0.0228) 0.0404

Threshold probability P̂ 95% CI CI length
P (t1 ≤ 5.5, t2 ≤ 3.2) 0.1364 (−0.0070, 0.2798) 0.2868
P (t1 ≤ 5.5, t2 > 22.2) - - -
P (t1 ≤ 8.5, t2 > 7.8) 0.1364 (−0.0070, 0.2798) 0.2868
P (t1 > 16.2, t2 ≤ 18.9) 0.0455 (−0.0416, 0.1325) 0.1741
P (t1 > 75.6, t2 > 100.6) - - -
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Chapter 2: A Density Ratio Model with Weakly Dependent Data

2.1 Introduction

In Chapter 1, we have thoroughly reviewed the history and relevant research works of DRM,

and examined the proposed extension, a DRM with variable tilts. A basic assumption of DRM

is that observations in each sample are IID. This is a natural assumption for empirical likelihood

based methods. It is also fundamental for establishing asymptotic properties of DRM estimators

θ̃ and G̃. The former relies on SLLN and CLT for which IID assumption is a sufficient condition,

and the latter depends on the empirical process defined by IID observations.

However, in application, it is often of interest to apply a DRM to data that have more

complicated structures. It should be noted that a series of research works including [25], [47], [35]

and [34], has been focusing on fusing residuals from a system of time series models by a DRM

to provide predictions for the corresponding time series. As noted by [34], the residuals are

dependent in general so that such method should be carried out with further means of alleviating

the dependence. One of the ways to mitigate the dependence proposed in [34] is to sample from

the residuals. In [65], a similar sampling idea has been implemented directly on time series instead

of residuals from fitted time series models. The samples are used to test the homogeneity of their

sources based on a DRM, and the result is shown to be satisfactory with a properly selected tilt

function. Nevertheless, two issues still entail a further investigation. One is that a considerable
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amount of information is not utilized when we only work on the sampled data. The other is that

the sampling scheme may not be effective to attenuate the dependence for certain types of time

series. For example, it is less likely to reduce the dependence by sampling for periodical time

series.

To resolve the issues mentioned above, it is tempting to relax the IID assumption to accom-

modate DRM to time series while maintaining asymptotic properties for the estimators. To avoid

making the problem too broad, we focus on a particular yet widely used type of stationary time

series, following the strong mixing condition. The strong mixing, or α-mixing condition was first

introduced by [57]. The strong mixing coefficient is used to measure the dependence based on

σ-algebras. Throughout this chapter, the definition of the strong mixing coefficient follows [55].

Definition 2.1. For two σ-algebras, A and B, the strong mixing coefficient α(A,B) is defined by

α(A,B) = 2 sup
A∈A,
B∈B

|P (A ∩B)− P (A)P (B)|.

Definition 2.2. The strong mixing condition is satisfied by a strictly stationary time series Xt if

the strong mixing coefficient

αX(n) = 2 sup
A∈σ(Xi,i≤j),
B∈σ(Xi,i≥j+n)

|P (A ∩B)− P (A)P (B)| → 0,

as n→ ∞.

Other mixing conditions such as β-mixing introduced by [61] and ρ-mixing introduced

by [46], are proposed as alternative ways to characterize weak dependence based onσ-algebras. An

extensive survey of various mixing conditions can be found in [4]. Alternative weak dependence
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conditions based on covariance can be found in [13].

Mixing conditions are commonly accompanied by strictly stationary condition since the

mixing coefficient is defined based onσ-algebras. Observed from Definition 2.2, strictly stationary

condition ensures that αX(n) is invariant with respect to j. Moreover, strictly stationary condition

is also imperative to DRM since density ratio structures are assumed to be invariant over time.

Strictly stationary and mixing conditions are also adopted in various empirical methods for time

series. To name a few, [45] developed a blockwise empirical likelihood for strictly stationary

and strong mixing time series. [8] introduced a goodness-of-fit test of parametric regression

model against nonparametric alternatives based on empirical likelihood in the case where both

responses and covariates are strictly stationary and strong mixing processes. [16] applied empirical

likelihood to strictly stationary processes satisfying β-mixing condition. A broader review of

empirical methods for time series can be referred to [50].

Thus, under that data are strictly stationary and strong mixing time series, we reexamine

the DRM (1.1) in Chapter 1 with additional conditions to ensure the asymptotic properties of

DRM estimators θ̃ and G̃. In Section 2.2, we construct the DRM with observations assumed to

be strictly stationary and strong mixing sequences. We shall refer this model as a DRM with

weakly dependent data (DRMWD). Asymptotic properties of the estimators θ̃ and G̃ are derived

under our assumptions on the data and the model. In Section 2.3, we use simulation to verify the

asymptotic properties of the estimators, and show the improvement made with dependence taken

into consideration. In Section 2.4, the DRMWD is applied to air monitoring data to detect the

structural changes over different time periods, and estimate the joint distribution of consecutive

observations.
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2.2 A Density Ratio Model with Weakly Dependent Data

The DRMWD resembles model (1.1) in Section 1.2 but additional assumptions are entailed.

Thus, we shall reconstruct the model and supplement the assumptions as we proceed.

Consider {X(k)
j }, j = 1, . . . , nk, k = 0, . . . ,m, arem+1 d-dimensional processes. Denote

the processes as

X(k) = (X
(k)
1 , . . . ,X(k)

nk
), k = 0, . . . ,m,

where

X
(k)
j = (X

(k)
j,1 , . . . , X

(k)
j,d )

⊤, j = 1, . . . , nk.

Assumption 2.1. {X(k)
j } is a d-dimensional strictly stationary strong mixing process with mixing

coefficient αX(k)(n) ≤ ck(n + 1)−ak for some ck ≥ 1 and ak > 1, k = 0, . . . ,m. {X(k)
j }’s are

mutually independent processes. The CDF of X(k)
j is absolutely continuous, k = 0, . . . ,m,

j = 1, . . . , nk.

LetX(0) be the reference process, andGk be the CDF forX(k)
j , j = 1, . . . , nk, k = 0, . . . ,m.

Also, denote Gk,i as the ith marginal CDF of Gk for i = 1, . . . , d, k = 0, . . . ,m.

Based on Assumption 2.1, each process is strictly stationary and strong mixing with the

strong mixing coefficient approaching 0 algebraically as n → ∞. ak > 1 guarantees that

the mixing coefficients are summable. The absolute continuity of the CDF is an underlying

assumptions in the IID case since all observations are assumed to have a density. The independence

between the processes follows the independence between random samples in the IID case.
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Combine the m+ 1 processes and denote it as

t = (X(0), . . . ,X(m))

with size n =
∑m

k=0 nk. Let g0, . . . , gm, be the PDFs that correspond toG0, . . . , Gm, respectively.

Assume that the PDFs follow the density ratio structure with variable tilts

gk(x)

g0(x)
= exp (αk + β⊤

k hk(x)), k = 1, . . . ,m. (2.1)

Denote α = (α1, . . . , αm)
⊤, βk = (βk1, . . . , βkpk)

⊤, β = (β⊤
1 , . . . ,β

⊤
m)

⊤, θ = (α⊤,β⊤)⊤

and hk(·) = (hk1(·), . . . , hkpk(·))⊤. Denote the reference CDF G0 = G, and let w0(·;θ) = 1,

wk(·;θ) = exp (αk + β⊤
k hk(·)) for k = 1, . . . ,m.

Assumption 2.2. |hlp(X(k)
j )| satisfies

E|hlp(X(k)
j )|mk <∞

for some mk >
4ak
ak−1

, k = 0, . . . ,m, j = 1, . . . , nk, l = 1, . . . ,m, p = 1, . . . , pl.

Assumption 2.3. The DRM (2.1) is non-degenerate, that is, all parameters are non-zero and tilt

functions are not linearly dependent.

Assumption 2.2 is a modification of Assumption 1.1 to account for the weak dependence in

the processes. The relationship between ak and mk reveals the trade off between dependence and

moments, the existence of higher moments is entailed for a more dependent process. Moreover,

summation and product of |hlp(X(k)
j )| for different l, p can also be ensured to have continuous
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CDFs by Theorem 3 (p.134) in [56]. Assumption 2.3 is identical to Assumption 1.2.

2.2.1 Estimation

The empirical likelihood and the estimation procedure follows Section 1.2.1. First, denote

all observations in the combined sample as t = (t1, ..., tn). Let pi = dG(ti) for i = 1, . . . , n.

Write the empirical likelihood as

L(θ, G) =
n∏

i=1

pi

m∏
k=1

nk∏
j=1

wk(X
(k)
j ;θ),

and the constraints as

n∑
i=1

pi = 1,
n∑

i=1

pi[wk(ti;θ)− 1] = 0, k = 1, . . . ,m.

Use profiling to obtain

pi =
1

n0

∑m
k=0 ρkwk(ti;θ)

for i = 1, . . . , n, in which ρk = nk

n0
for k = 0, . . . ,m. Then obtain θ̃ by

∂l(θ)

∂αk

= −
n∑

i=1

ρkwk(ti;θ)∑m
j=0 ρjwj(ti;θ)

+ nk = 0,

∂l(θ)

∂βk

= −
n∑

i=1

ρkwk(ti;θ)hk(ti)∑m
j=0 ρjwj(ti;θ)

+

nk∑
l=1

hk(X
(k)
l ) = 0,
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where

l(θ) = logL(θ, G) =−
n∑

i=1

log (n0

m∑
k=0

ρkwk(ti;θ))

+
m∑
k=1

(nkαk +

nk∑
j=1

β⊤
k hk(X

(k)
j )).

Finally, obtain

p̃i =
1

n0

∑m
k=0 ρkwk(ti; θ̃)

for i = 1, . . . , n, and

G̃(x; θ̃) =
n∑

i=1

p̃iI∏d
j=1(−∞,xd]

(ti).

2.2.2 Asymptotic Behavior of θ̃

Following Section 1.2.2, we first establish the strong consistency of 1
n
∂l(θ)
∂θ

∣∣∣
θ=θ0

and

− 1
n

∂2l(θ)
∂θ∂θ⊤

∣∣∣
θ=θ0

in Section 2.2.2.1. Then, obtain the asymptotic normality of 1√
n
∂l(θ)
∂θ

∣∣∣
θ=θ0

in

Section 2.2.2.2. Finally, we show the strong consistency and asymptotic normality of θ̃ in Section

2.2.2.3, following Section 1.2.2.3 and 1.2.2.4.

2.2.2.1 Weak Consistency of Score and Hessian

In Section 1.2.2.1, the strong consistency of 1
n
∂l(θ)
∂θ

∣∣∣
θ=θ0

and − 1
n

∂2l(θ)
∂θ∂θ⊤

∣∣∣
θ=θ0

is established

based on SLLN for IID observations. Though the independence assumption no longer holds in

this case, SLLN can still be established based on strictly stationary condition and ergodicity. The

following lemma and theorem are stated here to simplify citing while we establish the strong

consistency of 1
n
∂l(θ)
∂θ

∣∣∣
θ=θ0

and − 1
n

∂2l(θ)
∂θ∂θ⊤

∣∣∣
θ=θ0

.
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Lemma 2.1. If {Xt} is a d-dimensional strictly stationary and strong mixing process and

f : Rd → R is a Borel function, then {f(Xt)} is also a strictly stationary and strong mixing

process with αf◦X(n) ≤ αX(n).

Proof. Since f is a Borel function, then

{f−1(A) : A ∈ B(R)} ⊆ B(Rd).

Subsequently,

σ(f(Xt)) =σ({X−1
t ◦ f−1(A) : A ∈ B(R)})

⊆σ({X−1
t (B) : B ∈ B(Rd)}) = σ(Xt),

and then ∀ T ⊆ Z,

σ(f(Xt), t ∈ T ) =σ

(⋃
t∈T

σ(f(Xt))

)
⊆ σ

(⋃
t∈T

σ(Xt)

)
= σ(Xt, t ∈ T ).

Therefore,

sup
A∈σ(f(Xt),t≤j),
B∈σ(f(Xt),t≥j+n)

|P (A ∩B)− P (A)P (B)| ≤ sup
A∈σ(Xt,t≤j),
B∈σ(Xt,t≥j+n)

|P (A ∩B)− P (A)P (B)|,

and the mixing condition is proved. The strictly stationary condition can be proved by ∀ k ∈
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Z+, ∀ t1, . . . , tk ∈ Z, ∀ s ∈ Z, ∀ A1, . . . , Ak ∈ B(R),

P (f(Xt1) ∈ A1, . . . , f(Xtk) ∈ Ak) =P (Xt1 ∈ f−1(A1), . . . ,Xtk ∈ f−1(Ak))

=P (Xt1+s ∈ f−1(A1), . . . ,Xtk+s ∈ f−1(Ak))

=P (f(Xt1+s) ∈ A1, . . . , f(Xtk+s) ∈ Ak).

Theorem 2.1. If {Xt} is a d-dimensional strictly stationary and strong mixing process and

f : Rd → R satisfies

E|f(Xt)| <∞,

then

1

n

n∑
t=1

f(Xt)
a.s.→ Ef(X1).

Proof. By Lemma 2.1, {f(Xt)} is strictly stationary and strong mixing. As noted by [28] (pp.

488-489), for strictly stationary processes, the strong mixing condition implies ergodicity. Thus,

the almost sure convergence is proved by Theorem 5.5 in [28].

Recall the expression of 1
n
∂l(θ)
∂θ

from Section 1.2.2.1,

1

n

∂l(θ)

∂αk

=− n0

n

m∑
h=0

ρh
1

nh

nh∑
l=1

ρkwk(X
(h)
l ;θ)∑m

j=0 ρjwj(X
(h)
l ;θ)

+
ρk∑m
j=0 ρj

,

1

n

∂l(θ)

∂βk

=− n0

n

m∑
h=0

ρh
1

nh

nh∑
l=1

ρkwk(X
(h)
l ;θ)hk(X

(h)
l )∑m

j=0 ρjwj(X
(h)
l ;θ)

+
nk

n

1

nk

nk∑
l=1

hk(X
(k)
l ).
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By Theorem 2.1 and Assumption 2.2,

1

n

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

a.s.→ 0, (2.2)

as n → ∞, following the same derivation in Section 1.2.2.1. Similarly, the almost sure conver-

gence (1.8) can be established once again

− 1

n

∂2l(θ)

∂θ∂θ⊤

∣∣∣∣
θ=θ0

a.s.→ S(θ), (2.3)

as n→ ∞ where S(θ) is given by Section 1.2.2.1.

2.2.2.2 Asymptotic Normality of Score

Denote φk(·;θ) = ρkwk(·;θ)∑m
j=0 ρjwj(·;θ) for k = 1, . . . ,m, then the expression of 1√

n
∂l(θ)
∂θ

can be

written as

1√
n

∂l(θ)

∂αk

=
m∑

h=0

√
nh

n

(
1

√
nh

nh∑
l=1

(
ρk∑m
j=0 ρj

− ρkwk(X
(h)
l ;θ)∑m

j=0 ρjwj(X
(h)
l ;θ)

))

=
m∑

h=0

√
ρh∑m
j=0 ρj

(
1

√
nh

nh∑
l=1

(
ρk∑m
j=0 ρj

− φk(X
(h)
l ;θ)

))
,

1√
n

∂l(θ)

∂βkp
=

√
nk

n

(
1

√
nk

nk∑
l=1

∑m
j ̸=k,j=0 ρjwj(X

(k)
l ;θ)∑m

j=0 ρjwj(X
(k)
l ;θ)

hkp(X
(k)
l )

)

−
m∑

h̸=k,h=0

√
nh

n

(
1

√
nh

nh∑
l=1

ρkwk(X
(h)
l ;θ)∑m

j=0 ρjwj(X
(h)
l ;θ)

hkp(X
(h)
l )

)

=

√
ρk∑m
j=0 ρj

(
1

√
nk

nk∑
l=1

(
1− φk(X

(k)
l ;θ)

)
hkp(X

(k)
l )

)

+
m∑

h̸=k,h=0

√
ρh∑m
j=0 ρj

(
1

√
nh

nh∑
l=1

(
−φk(X

(h)
l ;θ)hkp(X

(h)
l )
))

,
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for k = 1, . . . ,m, and p = 1, . . . , pk.

Assumption 2.1 and 2.2 satisfy the condition of Theorem 18.5.3 in [26] and hence Theorem

18.5.3 can be applied to 1√
n
∂l(θ)
∂αk

∣∣∣
θ=θ0

and 1√
n
∂l(θ)
∂βkp

∣∣∣
θ=θ0

. The Theorem 18.5.3 in [26] is stated

as a univariate result and the multivariate case is given by the following theorem which is an

immediate result of Theorem 18.5.3 in [26].

Theorem 2.2. {Xt} is a d-dimensional strictly stationary and strong mixing process. Let

g = (g1, . . . , gp)
⊤ : Rd → Rp be a nondegenerate function, that is,

∀ x,

p∑
i=1

cigi(x) = 0 ⇒ ∀ i = 1, . . . , p, ci = 0.

Suppose the strong mixing coefficient αX(n) ≤ c(n+ 1)−a for some c ≥ 1 and a > 1, and

E|gi(Xt)|m <∞

for some m > 2a
a−1

, ∀ i = 1, . . . , p, then

√
n

(
1

n

n∑
t=1

g(Xt)− Eg(X1)

)
d→ N(0,V ),

as n→ ∞, where V is a p× p matrix with

Vij = 2πfij(0)

for i, j = 1, . . . , p, and fij(0) is the cross spectral density of {gi(Xt)} and {gj(Xt)} evaluated

at 0.
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Proof. ∀ l = (l1, . . . , lp)
⊤ such that ∥l∥ ≠ 0,

1

n
Var

(
n∑

t=1

l⊤g(Xt)

)
=
1

n

n∑
t=1

n∑
s=1

Cov(l⊤g(Xt), l
⊤g(Xs))

=
1

n

n∑
t=1

n∑
s=1

p∑
i=1

p∑
j=1

liljCov(gi(Xt), gj(Xs))

=

p∑
i=1

p∑
j=1

lilj

(
1

n

n∑
t=1

n∑
s=1

Cov(gi(Xt), gj(Xs))

)

→
p∑

i=1

p∑
j=1

lilj (2πfij(0)) = l⊤V l,

as n→ ∞. By Lemma 2.1 and Theorem 18.5.3 in [26],

√
n

(
1

n

n∑
t=1

l⊤g(Xt)− l⊤Eg(X1)

)
d→ N(0, l⊤V l),

as n→ ∞. Since l is arbitrary, then

√
n

(
1

n

n∑
t=1

g(Xt)− Eg(X1)

)
d→ N(0,V ),

as n→ ∞.

By Theorem 2.2 and Assumption 2.1-2.3,

1√
n

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

d→ N(0,V(θ0)), (2.4)

as n→ ∞ for some V(θ0). It remains to show the entries of V(θ0).
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Cov

(
1√
n

∂l(θ)

∂αk

,
1√
n

∂l(θ)

∂αk′

)
=

m∑
h=0

ρh∑m
j=0 ρj

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov

(
ρk∑m
j=0 ρj

− φk(X
(h)
l ;θ),

ρk′∑m
j=0 ρj

− φk′(X
(h)
l′ ;θ)

))

=
m∑

h=0

ρh∑m
j=0 ρj

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov
(
φk(X

(h)
l ;θ), φk′(X

(h)
l′ ;θ)

))

→
2π
∑m

h=0 ρhfαk,αk′ ,h
(0;θ)∑m

j=0 ρj
,

as n → ∞ for k, k′ = 1, . . . ,m and fαk,αk′ ,h
is the cross spectral density of {φk(X

(h)
l ;θ)} and

{φk′(X
(h)
l′ ;θ)}.

Cov

(
1√
n

∂l(θ)

∂αk

,
1√
n

∂l(θ)

∂βk′p

)
=

ρk′∑m
j=0 ρj

(
1

nk′

nk′∑
l=1

nk′∑
l′=1

Cov
(
φk(X

(k′)
l ;θ), (φk′(X

(k′)
l′ ;θ)− 1)hk′p(X

(k′)
l′ )

))

+
m∑

h̸=k′,h=0

ρh∑m
j=0 ρj

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov
(
φk(X

(h)
l ;θ), φk′(X

(h)
l′ ;θ)hk′p(X

(h)
l′ )
))

→
2π
∑m

h=0 ρhfαk,βk′p,h
(0;θ)∑m

j=0 ρj
,

as n → ∞ for k, k′ = 1, . . . ,m, p = 1, . . . , pk′ . fαk,βk′p,k
′ is the cross spectral density of

{φk(X
(k′)
l ;θ)} and {(φk′(X

(k′)
l′ ;θ)− 1)hk′p(X

(k′)
l′ )} while fαk,βk′p,h

is the cross spectral density

of {φk(X
(h)
l ;θ)} and {φk′(X

(h)
l′ ;θ)hk′p(X

(h)
l′ )} for h ̸= k′, h = 0, . . . ,m. Note that

fαk,βk′p,h
(0;θ) = fβk′p,αk,h(0;θ)
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for k, k′ = 1, . . . ,m, p = 1, . . . , pk′ , h = 0, . . . ,m.

Cov

(
1√
n

∂l(θ)

∂βkp
,

1√
n

∂l(θ)

∂βkp′

)
=

ρk∑m
j=0 ρj

(
1

nk

nk∑
l=1

nk∑
l′=1

Cov
(
(φk(X

(k)
l ;θ)− 1)hkp(X

(k)
l ), (φk(X

(k)
l′ ;θ)− 1)hkp′(X

(k)
l′ )
))

+
m∑

h̸=k,h=0

ρh∑m
j=0 ρj

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov
(
φk(X

(h)
l ;θ)hkp(X

(h)
l ), φk(X

(h)
l′ ;θ)hkp′(X

(h)
l′ )
))

→
2π
∑m

h=0 ρhfβkp,βkp′ ,h
(0;θ)∑m

j=0 ρj
,

as n → ∞ for k = 1, . . . ,m, p, p′ = 1, . . . , pk. fβkp,βkp′ ,k
is the cross spectral density

of {(φk(X
(k)
l ;θ) − 1)hkp(X

(k)
l )} and {(φk(X

(k)
l′ ;θ) − 1)hkp′(X

(k)
l′ )} while fβkp,βkp′ ,h

is the

cross spectral density of {φk(X
(h)
l ;θ)hkp(X

(h)
l )} and {φk(X

(h)
l′ ;θ)hkp′(X

(h)
l′ )} for h ̸= k, h =

0, . . . ,m.

Cov

(
1√
n

∂l(θ)

∂βkp
,

1√
n

∂l(θ)

∂βk′p′

)
=

ρk∑m
j=0 ρj

(
1

nk

nk∑
l=1

nk∑
l′=1

Cov
(
(φk(X

(k)
l ;θ)− 1)hkp(X

(k)
l ), φk′(X

(k)
l′ ;θ)hk′p′(X

(k)
l′ )
))

+
ρk′∑m
j=0 ρj

(
1

nk′

nk′∑
l=1

nk′∑
l′=1

Cov
(
φk(X

(k′)
l ;θ)hkp(X

(k′)
l ), (φk′(X

(k′)
l′ ;θ)− 1)hk′p′(X

(k′)
l′ )

))

+
m∑

h̸=k,k′,h=0

ρh∑m
j=0 ρj

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov
(
φk(X

(h)
l ;θ)hkp(X

(h)
l ), φk′(X

(h)
l′ ;θ)hk′p′(X

(h)
l′ )
))

→
2π
∑m

h=0 ρhfβkp,βk′p′ ,h
(0;θ)∑m

j=0 ρj
,

as n→ ∞ for k ̸= k′, k, k′ = 1, . . . ,m, p = 1, . . . , pk, and pk′ = 1, . . . , pk′ . fβkp,βk′p′ ,k
is the cross

spectral density of {(φk(X
(k)
l ;θ)− 1)hkp(X

(k)
l )} and {φk′(X

(k)
l′ ;θ)hk′p′(X

(k)
l′ )}. fβkp,βk′p′ ,k

′ is

the cross spectral density of {φk(X
(k′)
l ;θ)hkp(X

(k′)
l )} and {(φk′(X

(k′)
l′ ;θ) − 1)hk′p′(X

(k′)
l′ )};
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fβkp,βk′p′ ,h
is the cross spectral density of {φk(X

(h)
l ;θ)hkp(X

(h)
l )} and {φk′(X

(h)
l′ ;θ)hk′p′(X

(h)
l′ )}

for h ̸= k, k′, h = 0, . . . ,m.

Then V(θ0) is given by

V(θ0) =
2π∑m
j=0 ρj

m∑
h=0

ρhVh(θ0),

where

Vh(θ0) =

V11,h(θ0) V12,h(θ0)

V⊤
12,h(θ0) V22,h(θ0)

 ,
and

V11,h(θ0) =


fα1,α1,h(0;θ0) · · · fα1,αm,h(0;θ0)

... . . . ...

fαm,α1,h(0;θ0) · · · fαm,αm,h(0;θ0)

 ,

V12,h(θ0)

=


fα1,β11,h(0;θ0) · · · fα1,β1p1 ,h

(0;θ0) · · · fα1,βm1,h(0;θ0) · · · fα1,βmpm ,h(0;θ0)

... . . . ...
... . . . ...

fαm,β11,h(0;θ0) · · · fαm,β1p1 ,h
(0;θ0) · · · fαm,βm1,h(0;θ0) · · · fαm,βmpm ,h(0;θ0)

 ,
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V22,h(θ0)

=



fβ11,β11,h(0;θ0) · · · fβ11,β1p1 ,h
(0;θ0) · · · fβ11,βm1,h(0;θ0) · · · fβ11,βmpm ,h(0;θ0)

... . . . ...
... . . . ...

fβ1p1 ,β11,h(0;θ0) · · · fβ1p1 ,β1p1 ,h
(0;θ0) · · · fβ1p1 ,βm1,h(0;θ0) · · · fβ1p1 ,βmpm ,h(0;θ0)

... . . . ... . . . ... . . . ...

fβm1,β11,h(0;θ0) · · · fβm1,β1p1 ,h
(0;θ0) · · · fβm1,βm1,h(0;θ0) · · · fβm1,βmpm ,h(0;θ0)

... . . . ...
... . . . ...

fβmpm ,β11,h(0;θ0) · · · fβmpm ,β1p1 ,h
(0;θ0) · · · fβmpm ,βm1,h(0;θ0) · · · fβmpm ,βmpm ,h(0;θ0)



.

2.2.2.3 Strong Consistency and Asymptotic Normality of θ̃

The formula of ∂2l(θ)
∂θ∂θ⊤

∣∣∣
θ=θ0

is the same as that in the IID case so that it is still negative

definite according to Section 1.2.2.3. Also, the strong consistency of 1
n
∂l(θ)
∂θ

∣∣∣
θ=θ0

is established

once again by (2.2). Thus, the strong consistency of θ̃ is established following Section 1.2.2.3.

Then we can obtain (1.12) again

√
n(θ̃ − θ0) = −

(
1

n

∂2l(θ)

∂θ∂θ⊤

∣∣∣∣
θ=θ0

)−1(
1√
n

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

)
+ op(1),

and subsequently obtain
√
n(θ̃ − θ0)

d→ N(0,U(θ0)), (2.5)

as n→ ∞, where U(θ0) = S−1(θ0)V(θ0)S
−1(θ0).
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2.2.3 Asymptotic Behavior of G̃

In this section, we show the weak convergence of
√
n(G̃ − G) under Assumption 2.1-2.3.

The weak convergence of
√
n(Ĝ−G) is established by Theorem 7.3 in [55]. Thus, it is sufficient

to show the weak convergence of
√
n(G̃− Ĝ), which resembles the IID case in Chapter 1. In the

IID case, we first approximate G̃ by H1 − H2. Next, the weak convergence of finite dimension

distribution of
√
n(H1 −H2 − Ĝ) is established. Then, the weak convergence of

√
n(H1 − Ĝ)

and the tightness of
√
nH2 are proved. Finally, based on these results, the weak convergence

of
√
n(G̃ − Ĝ) is verified. Also, as stated by the remark in Section 1.2.3.5, an alternative way

is to examine
√
n(H1 − H2 − G) directly to show the weak convergence of

√
n(G̃ − G). But

since it is also mentioned in the remark that the limiting distribution of
√
n(G̃ − Ĝ) may be of

interest, then we shall follow the above procedure to show the weak convergence of
√
n(G̃− Ĝ)

and
√
n(G̃−G).

In this case, the weak convergence of finite dimension distribution of
√
n(H1−H2−Ĝ) can

be shown based on Theorem 2.2 and the tightness of
√
nH2 can be verified based on Theorem 1.2.

Both the approximation of G̃ and the weak convergence of
√
n(H1 − Ĝ) are based on Theorem

1.1 so that we shall first prove this theorem in the weakly dependent setting.

Theorem 2.3. Let {Xt} be a d-dimensional strictly stationary and strong mixing process with

the strong mixing coefficient αX(n) ≤ c(n + 1)−a for some c ≥ 1 and a > 1. Assume that Xt

has an absolutely continuous CDF. Let g : Rd → R be a function satisfying

E|g(Xt)|m <∞
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for some m > 2a
a−1

. Then the process

Zn(x) =
√
n

(
1

n

n∑
t=1

g(Xt)I∏d
j=1[−∞,xj ]

(Xt)− Eg(X1)I∏d
j=1[−∞,xj ]

(X1)

)

converges weakly to a zero-mean Gaussian process.

Proof. This proof largely follows the proofs of Theorem 7.2 and Theorem 7.3 in [55]. Through

out the proof, we use P ∗ and E∗ for outer measure and outer expectation, respectively. The weak

convergence of finite dimension distribution of Zn(x) can be proved directly by Theorem 2.2.

If we can show the tightness of Zn(x), then the weak convergence is proved by Theorem 1.5.4

in [58]. Moreover, by Theorem 2.2,

√
n

(
1

n

n∑
t=1

g(Xt)− Eg(X1)

)
d→ Zg ∼ N(0, 2πf(0)),

where f(0) is the spectral density of g(Xt) evaluated at 0. Then, ∀ η > 0, take ε > E|Zg |
η

, by

Theorem 2.2,

lim sup
n→∞

P (|Zn(x)| > ε) ≤ lim sup
n→∞

P

(∣∣∣∣∣√n
(
1

n

n∑
t=1

g(Xt)− Eg(X1)

)∣∣∣∣∣ > ε

)

=P (|Zg| > ε) ≤ E|Zg|
ε

< η.

Thus, according to Theorem 1.5.7 in [58], it is left to show ∀ ε, η > 0, ∃ δ > 0,

lim sup
n→∞

P ∗

(
sup

d(x,y)<δ

|Zn(x)− Zn(y)| > ε

)
< η
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with d(x,y) = supj=1,...,d |Fj(xj)− Fj(yj)| to complete the proof. Then it is sufficient to show

lim
δ→0

lim sup
n→∞

E∗

(
sup

d(x,y)<δ

|Zn(x)− Zn(y)|

)
= 0. (2.6)

By the continuity of the CDF of Xt,

Zn(x) =
√
n

(
1

n

n∑
t=1

g(Xt)I[Xt,1 ≤ x1, . . . , Xt,d ≤ xd]

− Eg(X1)I[X1,1 ≤ x1, . . . , X1,d ≤ xd]

)

=
√
n

(
1

n

n∑
t=1

g(Xt)I[F1(Xt,1) ≤ F1(x1), . . . , Fd(Xt,d) ≤ Fd(xd)]

− Eg(X1)I[F1(X1,1) ≤ F1(x1), . . . , Fd(X1,d) ≤ Fd(xd)]

)

=
√
n

(
1

n

n∑
t=1

g([F−
1 (Ut,1), . . . , F

−
d (Ut,d)])I[Ut,1 ≤ F1(x1), . . . , Ut,d ≤ Fd(xd)]

− Eg([F−
1 (U1,1), . . . , F

−
d (U1,d)])I[U1,1 ≤ F1(x1), . . . , U1,d ≤ Fd(xd)]

)
,

where F1, . . . , Fd are marginal CDFs of Xt, and Ut = (Ut,1, . . . , Ut,d)
⊤ has uniform marginals.

Following [55], it is sufficient to show (2.6) when Xt has uniform marginals and the metric

d(x,y) = supj=1,...,d |xj − yj|.

Letx be approximated by the base 2 such thatx =
∑K

k=1 bk(x)2
−k+rK(x)with bk(x) = 0, 1,

and 0 ≤ rK(x) ≤ 2−K . Let BK,j(x) =
∑K

k=1 bk,j(x)2
−k be the approximation of jth marginal
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xj , and BK(x) = (BK,1(x1), . . . , BK,d(xd))
⊤. Then

lim
δ→0

lim sup
n→∞

E∗

(
sup

d(x,y)<δ

|Zn(x)− Zn(y)|

)

= lim
K→∞

lim sup
n→∞

E∗

(
sup

x∈[0,1]d
|Zn(x)− Zn(BK(x))|

)
.

Let Zn be the empirical measure of {Xt} so that ∀ A ∈ B(Rd),

Zn(|g|IA) =
√
n

(
1

n

n∑
t=1

|g(Xt)|IA(Xt)− E|g(X1)|IA(X1)

)
.

Let L = (L1, . . . , Ld)
⊤, and DL be the class of dyadic boxes

∏d
j=1((kj − 1)2−Lj , kj2

−Lj ],

kj = 1, . . . , 2Lj (Notation 7.1 in [55]).

Let {εS}S∈DL
be IID random variables such that P (εS = 1) = P (εS = −1) = 1

2
and

they are independent of {Xt}. Without the loss of generality, assume that L1 = max(L). Let

M ∈ Z ∩ [1, L1], h ∈ Z ∩ [1, 2M ], and

Dh
L =

{
d∏

j=1

((kj − 1)2−Lj , kj2
−Lj ] : k1 ∈ {(h− 1)2L1−M , . . . , h2L1−M}

}
.

Denote Kx as the set of indices of dyadic boxes satisfying |Zn(|g|IS)| ≥ x such that

Kh
x =

{
k : |Zn(|g|I∏d

j=1((kj−1)2−Lj ,kj2
−Lj ])| ≥ x, k1 ∈ {(h− 1)2L1−M , . . . , h2L1−M}

}
,

and hence

P

(
sup
S∈Dh

L

|Zn(|g|IS)| ≥ x

)
= P (Kh

x ̸= ∅).
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Note that supS∈Dh
L
|Zn(|g|IS)| is a supreme over finite dyadic boxes so that{supS∈Dh

L
|Zn(|g|IS)| ≥

x} is measurable. Let Sh
x represent the dyadic box with smallest indices (in each dimension) in

Kh
x , then

P

∣∣∣∣∣∣
∑
S∈Dh

L

εSZn(|g|IS)

∣∣∣∣∣∣ ≥ x


≥P

∣∣∣∣∣∣
∑

S∈Dh
L,S ̸=Sh

x

εSZn(|g|IS) + εSh
x
Zn(|g|ISh

x
)

∣∣∣∣∣∣ ≥ x ∩Kh
x ̸= ∅


=P (εSh

x
= −1)P (Kh

x ̸= ∅)P

∣∣∣∣∣∣
∑

S∈Dh
L,S ̸=Sh

x

εSZn(|g|IS) + εSh
x
Zn(|g|ISh

x
)

∣∣∣∣∣∣ ≥ x

∣∣∣∣∣∣Kh
x ̸= ∅, εSh

x
= −1


+ P (εSh

x
= 1)P (Kh

x ̸= ∅)P

∣∣∣∣∣∣
∑

S∈Dh
L,S ̸=Sh

x

εSZn(|g|IS) + εSh
x
Zn(|g|ISh

x
)

∣∣∣∣∣∣ ≥ x

∣∣∣∣∣∣Kh
x ̸= ∅, εSh

x
= 1


=
1

2
P (Kh

x ̸= ∅)

P
∣∣∣∣∣∣

∑
S∈Dh

L,S ̸=Sh
x

εSZn(|g|IS)− Zn(|g|ISh
x
)

∣∣∣∣∣∣ ≥ x

∣∣∣∣∣∣Kh
x ̸= ∅, εSh

x
= −1


+P

∣∣∣∣∣∣
∑

S∈Dh
L,S ̸=Sh

x

εSZn(|g|IS) + Zn(|g|ISh
x
)

∣∣∣∣∣∣ ≥ x

∣∣∣∣∣∣Kh
x ̸= ∅, εSh

x
= 1


=
1

2
P (Kh

x ̸= ∅)

P
∣∣∣∣∣∣

∑
S∈Dh

L,S ̸=Sh
x

εSZn(|g|IS)− Zn(|g|ISh
x
)

∣∣∣∣∣∣ ≥ x

∣∣∣∣∣∣Kh
x ̸= ∅


+P

∣∣∣∣∣∣
∑

S∈Dh
L,S ̸=Sh

x

εSZn(|g|IS) + Zn(|g|ISh
x
)

∣∣∣∣∣∣ ≥ x

∣∣∣∣∣∣Kh
x ̸= ∅

 .
Notice that Kh

x ̸= ∅ ⇐⇒ |Zn(|g|ISh
x
)| ≥ x so that at least one of

∣∣∣∣∣∣
∑

S∈Dh
L,S ̸=Sh

x

εSZn(|g|IS)− Zn(|g|ISh
x
)

∣∣∣∣∣∣ ≥x,∣∣∣∣∣∣
∑

S∈Dh
L,S ̸=Sh

x

εSZn(|g|IS) + Zn(|g|ISh
x
)

∣∣∣∣∣∣ ≥x,
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holds. Hence,

1

2
P (Kh

x ̸= ∅)

P
∣∣∣∣∣∣

∑
S∈Dh

L,S ̸=Sx

εSZn(|g|IS) + Zn(|g|ISh
x
)

∣∣∣∣∣∣ ≥ x

∣∣∣∣∣∣Kh
x ̸= ∅


+P

∣∣∣∣∣∣
∑

S∈Dh
L,S ̸=Sh

x

εSZn(|g|IS)− Zn(|g|ISh
x
)

∣∣∣∣∣∣ ≥ x

∣∣∣∣∣∣Kh
x ̸= ∅


≥1

2
P (Kh

x ̸= ∅),

and therefore

P

(
sup
S∈Dh

L

|Zn(|g|IS)| ≥ x

)
≤ 2P

∣∣∣∣∣∣
∑
S∈Dh

L

εSZn(|g|IS)

∣∣∣∣∣∣ ≥ x

 .

Thus,

P

(
sup
S∈DL

|Zn(|g|IS)| ≥ x

)
=P

 2M⋃
h=1

sup
S∈Dh

L

|Zn(|g|IS)| ≥ x


≤

2M∑
h=1

P

(
sup
S∈Dh

L

|Zn(|g|IS)| ≥ x

)

≤2
2M∑
h=1

P

∣∣∣∣∣∣
∑
S∈Dh

L

εSZn(|g|IS)

∣∣∣∣∣∣ ≥ x

 .

Let

Yt =
∑
S∈Dh

L

εS|g(Xt)|I[Xt ∈ S],

and Y †
t be the centered Yt such that

Y †
t =

∑
S∈Dh

L

εS(|g(Xt)|I[Xt ∈ S]− E|g(Xt)|I[Xt ∈ S]).
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Then,

1√
n
Y †
t =

∑
S∈Dh

L

εSZn(|g|IS),

and

s2n =
n∑

t=1

n∑
s=1

|Cov(Y †
t , Y

†
s |ε)|

=
n∑

t=1

n∑
s=1

|Cov(Yt, Ys|ε)|

≤4
n∑

l=1

∫ 1

0

(α−1
Y (u) ∧ n)Q2

Y (u)du,

by Corollary 1.1 in [55], where QY (u) is the quantile function defined as

QY (u) = inf{s : P (|Y1| > s) ≤ u},

and

α−1
Y (u) =

∞∑
i=0

I[u ≤ αY (i)].

Since the marginals of Xt are assumed to be U [0, 1], then

P (|Yt| > 0|ε) =P (|g(Xt)| ≠ 0 ∩Xt,1 ∈ ((k1 − 1)2−M , k12
−M ])

≤P (Xt,1 ∈ ((k1 − 1)2−M , k12
−M ])

=2−M ,
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and hence QY (u) = 0 for u ≥ 2−M .

4
n∑

t=1

∫ 1

0

(α−1
Y (u) ∧ n)Q2

Y (u)du

≤4n

∫ 1

0

α−1
Y (u)Q2

Y (u)du

=4n

∫ 1

0

(
lim
k→∞

k∑
i=0

I[u ≤ αY (i)]

)
Q2

Y (u)du

(Fatou’s Lemma) ≤4n
∞∑
i=0

∫ 1

0

I[u ≤ αY (i)]Q
2
Y (u)du

=4n
∞∑
i=0

∫ 2−M

0

I[u ≤ αY (i)]Q
2
Y (u)du

(Hölder’s Inequality) ≤4n
∞∑
i=0

(∫ 2−M

0

I[u ≤ αY (i)]du

)m−2
m
(∫ 2−M

0

Qm
Y (u)du

) 2
m

=4n
∞∑
i=0

(
min

(
2−M , αY (i)

))m−2
m

(∫ 1

0

Qm
Y (u)du

) 2
m

(Lemma 2.1) ≤4n(E|Y1|m)
2
m

∞∑
i=0

(
min

(
2−M , αX(i)

))m−2
m

(c ≥ 1) ≤4n(E|g(X1)|m)
2
m c

⌊2
M
a ⌋−1∑
i=0

2−
M(m−2)

m +
∞∑

⌊2
M
a ⌋

(i+ 1)−
a(m−2)

m

 .

Since m > 2a
a−1

, then a(m−2)
m

> 1 and hence

∞∑
⌊2

M
a ⌋+1

i−
a(m−2)

m <∞.

Therefore, ∃ C0 ≥ 1,

s2n ≤ C0n2
M( 1

a
−m−2

m ).
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Also, by Lemma 2.1,

α−1
Y (u) =

∞∑
i=0

I[u ≤ α−1
Y (i)]

≤
∞∑
i=0

I[u ≤ c(i+ 1)−a]

=
∞∑
i=1

I[c
1
au−

1
a ≥ i]

≤c
1
au−

1
a .

Moreover,

QY (u) = inf{s : P (|Yt| > s) ≤ u}

≤ inf{s : s−mE|Yt|m ≤ u}

=(E|Y1|m)
1
mu−

1
m .

Then

R(u) = α−1
Y (u)Q(u) ≤ c

1
a (E|Y1|m)

1
mu−

a+m
am = b(u).

R(u) is decreasing so that

H(u) = R−1(u) ≤ b−1(u) = c
m

a+m (E|Y1|m)
a

a+mu−
am
a+m .
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Thus, the quantity λ−1
∫ H(λ

r
)

0
QY (u)du in (6.5) of [55] satisfies that ∀ λ > 0, r ≥ 1,

λ−1

∫ H(λ
r
)

0

QY (u)du ≤λ−1

∫ c
m

a+m (E|Y1|m)
a

a+m ( r
λ)

am
a+m

0

(E|Y1|m)
1
mu−

1
mdu

=λ−1(E|Y1|m)
1
m

m

m− 1

(
c

m
a+m (E|Y1|m)

a
a+m

( r
λ

) am
a+m

)m−1
m

=(E|Y1|m)
a+1
a+m

m

m− 1
c

m−1
a+m r−1

( r
λ

) (a+1)m
a+m

≤C1r
−1
( r
λ

) (a+1)m
a+m

for some C1 ≥ 1.

Then, by Theorem 6.2 in [55],

P

∣∣∣∣∣∣
∑
S∈Dh

L

εSZn(|g|IS)

∣∣∣∣∣∣ ≥ 4λ

∣∣∣∣ε


=P

(
1√
n

∣∣∣∣∣
n∑

t=1

Y †
t

∣∣∣∣∣ ≥ 4λ

∣∣∣∣ε
)

=P

(∣∣∣∣∣
n∑

t=1

Y †
t

∣∣∣∣∣ ≥ 4λ
√
n

∣∣∣∣ε
)

≤4

(
1 +

(λ
√
n)2

rs2n

)− r
2

+ 4nC1r
−1

(
r

λ
√
n

) (a+1)m
a+m

≤4

(
λ2n

rs2n

)− r
2

+ 4nC1r
−1

(
r

λ
√
n

) (a+1)m
a+m

≤4λ−rr
r
2C

r
2
0 2

M( 1
a
−m−2

m ) r
2 + 4C1r

a(m−1)
a+m λ−

m(a+1)
a+m n

2a+m−am
2(a+m) .
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Hence,

P

∣∣∣∣∣∣
∑
S∈Dh

L

εSZn(|g|IS)

∣∣∣∣∣∣ ≥ 4λ


=
∑
ε

P

∣∣∣∣∣∣
∑
S∈Dh

L

εSZn(|g|IS)

∣∣∣∣∣∣ ≥ 4λ

∣∣∣∣ε
 p(ε)

≤4λ−rr
r
2C

r
2
0 2

M( 1
a
−m−2

m ) r
2 + 4C1r

a(m−1)
a+m λ−

m(a+1)
a+m n

2a+m−am
2(a+m) ,

and subsequently,

P

(
sup
S∈DL

|Zn(|g|IS)| ≥ 4λ

)
≤2 · 2M

(
4λ−rr

r
2C

r
2
0 2

M( 1
a
−m−2

m ) r
2 + 4C1r

a(m−1)
a+m λ−

m(a+1)
a+m n

2a+m−am
2(a+m)

)
≤C2λ

−r2M( 1
a
−m−2

m ) r
2
+M + C32

Mλ−
m(a+1)
a+m n

2a+m−am
2(a+m)

≤min
(
1, C2λ

−r2M( 1
a
−m−2

m ) r
2
+M + C32

Mλ−
m(a+1)
a+m n

2a+m−am
2(a+m)

)
≤min

(
1, C2λ

−r2M( 1
a
−m−2

m ) r
2
+M
)
+min

(
1, C32

Mλ−
m(a+1)
a+m n

2a+m−am
2(a+m)

)
≤C2min

(
1, λ−r2M( 1

a
−m−2

m ) r
2
+M
)
+ C3min

(
1, 2Mλ−

m(a+1)
a+m n

2a+m−am
2(a+m)

)
,

where C2 = 8r
r
2C

r
2
0 ≥ 1 and C3 = 8C1r

a(m−1)
a+m ≥ 1. Since this holds for all r ≥ 1, take

r > 4
m−2
m

− 1
a

, then 2M( 1
a
−m−2

m ) r
2
+M ≤ 2−M .Therefore,

P

(
sup
S∈DL

|Zn(|g|IS)| ≥ 4λ

)
≤ C2min

(
1, λ−r2−M

)
+ C3min

(
1, 2Mλ−

m(a+1)
a+m n

2a+m−am
2(a+m)

)
.
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By Fubini’s Theorem,

E

(
sup
S∈DL

|Zn(|g|IS)|
)

=

∫ ∞

0

EI[ sup
S∈DL

|Zn(|g|IS)| ≥ t]dt

=4

∫ ∞

0

P ( sup
S∈DL

|Zn(|g|IS)| ≥ 4λ)dλ

≤4

(
C2

∫ ∞

0

min (1, λ−r2−M)dλ+ C3

∫ ∞

0

min
(
1, 2Mλ−

m(a+1)
a+m n

2a+m−am
2(a+m)

)
dλ

)
.

Calculate the two integrals,

∫ ∞

0

min (1, λ−r2−M)dλ =

∫ 2−
M
r

0

dλ+

∫ ∞

2−
M
r

λ−r2−Mdλ

=
r

r − 1
2−

M
r ,

and

∫ ∞

0

min
(
1, 2Mλ−

m(a+1)
a+m n

2a+m−am
2(a+m)

)
dλ

=

∫ 2
M(a+m)
m(a+1) n

2a+m−am
2m(a+1)

0

dλ+

∫ ∞

2
M(a+m)
m(a+1) n

2a+m−am
2m(a+1)

2Mλ−
m(a+1)
a+m n

2a+m−am
2(a+m) dλ

=
m(a+ 1)

(m− 1)a
2

M(a+m)
m(a+1) n

2a+m−am
2m(a+1) .

Hence,

E

(
sup
S∈DL

|Zn(|g|IS)|
)

≤ 4r

r − 1
C22

−M
r +

4m(a+ 1)

(m− 1)a
C32

M(a+m)
m(a+1) n

2a+m−am
2m(a+1) .

Take M = ⌈L1

r
⌉ so that L1

r
≤ M < L1

r
+ 1, then 2−

M
r ≤ 2−

L1
r2 and 2

M(a+m)
m(a+1) ≤ 2(

L1
r
+1) a+m

m(a+1) .
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Also, for sufficiently large n such that n > 2L1−1, n
2a+m−am
2m(a+1) < 2(L1−1) 2a+m−am

2m(a+1) . Hence,

E

(
sup
S∈DL

|Zn(|g|IS)|
)

≤ 4r

r − 1
C22

−L1
r2 +

4m(a+ 1)

(m− 1)a
C32

1
22L1( 1

r
a+m

m(a+1)
+ 2a+m−am

2m(a+1) ).

Take

r > max

(
4

m−2
m

− 1
a

,
−(a+m)−

√
(a+m)2 − 2m(a+ 1)(2a+m− am)

2a+m− am

)
,

then

(2a+m− am)r2 + 2(a+m)r + 2m(a+ 1) < 0

1

r

a+m

m(a+ 1)
+

2a+m− am

2m(a+ 1)
< − 1

r2

2
L1
r

a+m
m(a+1)

+L1
2a+m−am
2m(a+1) < 2−

L1
r2 .

Let C4 =
4r
r−1

C2 +
4m(a+1)
(m−1)a

C32
1
2 , then

E

(
sup
S∈DL

|Zn(|g|IS)|
)
< C42

−L1
r2 = C42

−maxL
r2 .

Take N such that 2N−1 < n ≤ 2N ,

sup
x∈[0,1]d

|Zn(x)− Zn(BK(x))| ≤ sup
x∈[0,1]d

|Zn(x)− Zn(BN(x))|

+ sup
x∈[0,1]d

|Zn(BN(x))− Zn(BK(x))|.
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sup
x∈[0,1]d

|Zn(x)− Zn(BN(x))| ≤
1√
n

sup
x∈[0,1]d

∣∣∣∣∣
n∑

t=1

g(Xt)(I∏d
j=1(0,xj ]

(Xt)− I∏d
j=1(0,BN,j(xj)]

(Xt))

∣∣∣∣∣
+
√
n sup

x∈[0,1]d

∣∣∣Eg(X1)(I∏d
j=1(0,xj ]

(X1)− I∏d
j=1(0,BN,j(xj)]

(X1))
∣∣∣ .

Note that BN,j(xj) ≤ xj ≤ BN,j(xj) + 2−N for j = 1, . . . , d, by definition.

√
n sup

x∈[0,1]d

∣∣∣Eg(X1)(I∏d
j=1(0,xj ]

(X1)− I∏d
j=1(0,BN,j(xj)]

(X1))
∣∣∣

≤
√
n sup

x∈[0,1]d

d∑
j=1

E|g(X1)|I[BN,j(xj) < X1,j ≤ xj]

≤
√
n sup

x∈[0,1]d

d∑
j=1

(E|g(X1)|m)
1
m (P (BN,j(xj) < X1,j ≤ xj))

m−1
m

(X1,j ∼ U [0, 1]) ≤
√
nd (E|g(X1)|m)

1
m 2−

N(m−1)
m

≤
√
nd (E|g(X1)|m)

1
m n−m−1

m

≤d (E|g(X1)|m)
1
m n

2−m
2m

(m > 2) ∼o(1).

1√
n

sup
x∈[0,1]d

∣∣∣∣∣
n∑

t=1

g(Xt)(I∏d
j=1(0,xj ]

(Xt)− I∏d
j=1(0,BN,j(xj)]

(Xt))

∣∣∣∣∣
≤ 1√

n
sup

x∈[0,1]d

n∑
t=1

|g(Xt)|

(
d∑

i=1

ISi
(Xt)

)

≤
d∑

i=1

sup
xi∈[0,1]

1√
n

n∑
t=1

|g(Xt)|ISi
(Xt)

≤
d∑

i=1

sup
xi∈[0,1]

√
n

∣∣∣∣∣ 1n
n∑

t=1

|g(Xt)|ISi
(Xt)− E|g(X1)|ISi

(X1)

∣∣∣∣∣+√
n

d∑
i=1

sup
xi∈[0,1]

E|g(X1)|ISi
(X1),
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where

Si =
d∏

j ̸=i,j=1

(0, BN,j(xj) + 2−N ]× (BN,i(xi), BN,i(xi) + 2−N ].

Si can be considered as a union of dyadic boxes where Li = N and Lj ≤ N for j ̸= i. Note that

the dyadic boxes have distinct L, so that the number of all dyadic boxes that satisfying Li = N

and Lj ≤ N for j ̸= i is (N + 1)d−1. Thus, maxL = N and

E∗

(
sup

xi∈[0,1]

√
n

∣∣∣∣∣ 1n
n∑

t=1

|g(Xt)|ISi
(Xt)− E|g(X1)|ISi

(X1)

∣∣∣∣∣
)

≤(N + 1)d−1E

(
sup
S∈DL

|Zn(|g|IS)|
)

<C4(N + 1)d−12−
N
r2

∼o(1).

Moreover,

√
n

d∑
i=1

sup
xi∈[0,1]

E|g(X1)|ISi
(X1)

=
√
n

d∑
i=1

sup
xi∈[0,1]

E|g(X1)|I[BN,i(xi) < X1,i ≤ BN,i(xi) + 2−N ]

≤
√
nd (E|g(X1)|m)

1
m 2−

N(m−1)
m

∼o(1).

Thus,

E∗

(
sup

x∈[0,1]d
|Zn(x)− Zn(BN(x))|

)
∼ o(1).
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Then, following [55] (p.124),

E∗

(
sup

x∈[0,1]d
|Zn(BN(x))− Zn(BK(x))|

)
≤

∑
L:maxL=K+1,...,N

E

(
sup
S∈DL

|Zn(fIS)|
)

≤C4

N∑
J=K+1

[(J + 1)d − Jd]2−
J
r2 .

Note that
∑∞

J=1[(J + 1)d − Jd]2−
J
r2 < ∞ and hence

∑∞
J=K+1[(J + 1)d − Jd]2−

J
r2 → 0 as

K → ∞. Thus,

lim
K→∞

lim sup
n→∞

E∗

(
sup

x∈[0,1]d
|Zn(BN(x))− Zn(BK(x))|

)
= 0.

Subsequently,

lim
K→∞

lim sup
n→∞

E∗

(
sup

x∈[0,1]d
|Zn(x)− Zn(BK(x))|

)
= 0,

which completes the proof.

2.2.3.1 An Approximation of G̃

Following Section 1.2.3.1, let
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Ak(x;θ) =

∫ wk(y;θ)I∏d
j=1(−∞,xd]

(y)∑m
j=0 ρjwj(y;θ)

dG(y),

Bk(x;θ) =

∫ wk(y;θ)hk(y)I∏d
j=1(−∞,xd]

(y)∑m
j=0 ρjwj(y;θ)

dG(y),

A(x;θ) = (A1(x;θ), · · · , Am(x;θ))
⊤,

B(x;θ) = (B⊤
1 (x;θ), · · · ,B⊤

m(x;θ))
⊤,

H1(x;θ) =
1

n0

n∑
i=1

I∏d
j=1(−∞,xd]

(ti)∑m
j=0 ρjwj(ti;θ)

,

H2(x;θ) =
1

n
(A

⊤
(x;θ)ρ,B

⊤
(x;θ)ρ)S−1(θ)

∂l(θ)

∂θ
.

Replace Assumption 1.1 by Assumption 2.1 and 2.2, and Theorem 1.1 by Theorem 2.3.

The approximation

G̃(x; θ̃) = H1(x;θ0)−H2(x;θ0) + op

(
1√
n

)
(2.7)

is obtained once again using the same derivation in Section 1.2.3.1.

2.2.3.2 Weak Convergence of
√
n(G̃− Ĝ)

Based on (2.7), it is sufficient to show the weak convergence of
√
n(H1 − H2 − Ĝ). We

first show the convergence of the finite dimension distribution of
√
n(H1 −H2 − Ĝ). ∀x ∈ Rd,
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denote γx(·;θ) =
I∏d

j=1
(−∞,xj ]

(·)∑m
j=0 ρjwj(·;θ) and γ∗x(·;θ) =

[
∑m

j=1 ρjwj(·;θ)]I∏d
j=1

(−∞,xj ]
(·)∑m

j=0 ρjwj(·;θ) . Then,

H1(x;θ0)− Ĝ(x)

=
1

n0

m∑
h=1

nh∑
l=1

I∏d
j=1(−∞,xj ]

(X
(h)
l )∑m

j=0 ρjwj(X
(h)
l ;θ0)

− 1

n0

n0∑
l=1

[∑m
j=1 ρjwj(X

(0)
l ;θ0)

]
I∏d

j=1(−∞,xj ]
(X

(0)
l )∑m

j=0 ρjwj(X
(0)
l ;θ0)

=
m∑

h=1

ρh
nh

nh∑
l=1

γx(X
(h)
l ;θ0)−

1

n0

n0∑
l=1

γ∗x(X
(0)
l ;θ).

Cov(
√
n(H1(x;θ0)− Ĝ(x)),

√
n(H1(y;θ0)− Ĝ(y)))

=

(
m∑
j=0

ρj

)
m∑

h=1

ρh

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov
(
γx(X

(h)
l ;θ0), γy(X

(h)
l′ ;θ0)

))

+

(
m∑
j=0

ρj

)
1

n0

nh∑
l=1

nh∑
l′=1

Cov
(
γ∗x(X

(0)
l ;θ0), γ

∗
y(X

(0)
l′ ;θ0)

)
→2π

(
m∑
j=0

ρj

)(
m∑

h=1

ρhfγx,γy ,h(0;θ0) + fγ∗
x,γ

∗
y ,0(0;θ0)

)
,

as n→ ∞ where fγ∗
x,γ

∗
y ,0 is the cross spectral density of {γ∗x(X

(0)
l ;θ0)} and {γ∗y(X

(0)
l′ ;θ0)}, and

fγx,γy ,h is the cross spectral density of {γx(X(h)
l ;θ0)} and {γy(X(h)

l′ ;θ0)} for h = 1, . . . ,m.

Denote K(x;θ) = (A
⊤
(x;θ)ρ,B

⊤
(x;θ)ρ)S−1(θ). Then,

H2(x;θ) =
1

n
K(x;θ)

∂l(θ)

∂θ
,
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so that

Cov(
√
nH2(x;θ0),

√
nH2(y;θ0))

=K(x;θ0)Var

(
1√
n

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

)
K⊤(y;θ0)

→K(x;θ0)V(θ0)K
⊤(y;θ0),

as n→ ∞. Moreover,

Cov
(√

n(H1(x;θ0)− Ĝ(x)),
√
nH2(y;θ0)

)
=K(y;θ0)Cov

(
H1(x;θ0)− Ĝ(x),

∂l(θ)

∂θ

∣∣∣∣
θ=θ0

)
.

Additionally,

Cov

(
H1(x;θ0)− Ĝ(x),

∂l(θ)

∂αk

∣∣∣∣
θ=θ0

)

=
m∑

h=1

ρh

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov
(
γx(X

(h)
l ;θ0),−φk(X

(h)
l′ ;θ0)

))

− 1

n0

n0∑
l=1

n0∑
l′=1

Cov
(
γ∗x(X

(0)
l ;θ0),−φk(X

(0)
l′ ;θ0)

)
→2π

(
m∑

h=1

ρhfγx,αk,h(0;θ0)− fγ∗
x,αk,0(0;θ0)

)
,

as n → ∞ for k = 1, . . . ,m. fγ∗
x,αk,0 is the cross spectral density of {γ∗x(X

(0)
l ;θ0)} and

{−φk(X
(0)
l′ ;θ0)}, and fγx,αk,h is the cross spectral density of{γx(X(h)

l ;θ0)} and {−φk(X
(h)
l′ ;θ0)}

for h = 1, . . . ,m.
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Cov

(
H1(x;θ0)− Ĝ(x),

∂l(θ0)

∂βkp

)
=ρk

(
1

nk

nk∑
l=1

nk∑
l′=1

Cov
(
γx(X

(k)
l ;θ0), (1− φk(X

(k)
l′ ;θ0))hkp(X

(k)
l′ )
))

+
m∑

h̸=k,h=1

ρh

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov
(
γx(X

(h)
l ;θ0),−φk(X

(h)
l′ ;θ0)hkp(X

(h)
l′ )
))

− 1

n0

n0∑
l=1

n0∑
l′

Cov
(
γ∗x(X

(0)
l ;θ0),−φk(X

(0)
l′ ;θ0)hkp(X

(0)
l′ )
)

→2π

(
m∑

h=1

ρhfγx,βkp,h(0;θ0)− fγ∗
x,βkp,0(0;θ0)

)
,

asn→ ∞ for k = 1, . . . ,m, p = 1, . . . , pk. fγ∗
x,βkp,0 is the cross spectral density of {γ∗x(X

(0)
l ;θ0)}

and {−φk(X
(0)
l′ ;θ0)hkp(X

(0)
l′ )}, fγx,βkp,k is the cross spectral density of {γx(X(k)

l ;θ0)} and

{(1− φk(X
(k)
l′ ;θ0))hkp(X

(k)
l′ )} and fγx,βkp,h is the cross spectral density of {γx(X(h)

l ;θ0)} and

{−φk(X
(h)
l′ ;θ0)hkp(X

(h)
l′ )} for h ̸= k and h = 1, . . . ,m.

Let W∗(x;θ0) be the limit of Cov
(
H1(x;θ0)− Ĝ(x), ∂l(θ)

∂θ

∣∣∣
θ=θ0

)
, then

Cov
(√

n(H1(x;θ0)−H2(x;θ0)− Ĝ(x)),
√
n(H1(y;θ0)−H2(y;θ0)− Ĝ(y))

)
→2π

(
m∑
j=0

ρj

)(
m∑

h=1

ρhfγx,γy ,h(0;θ0) + fγ∗
x,γ

∗
y ,0(0;θ0)

)
−K(y;θ0)W∗(x;θ0)

−K(x;θ0)W∗(y;θ0) +K(x;θ0)V(θ0)K
⊤(y;θ0),

(2.8)

as n→ ∞.

∀ k and x1, . . . ,xk, by Theorem 2.2,

√
n(H1(x1;θ0)−H2(x1;θ0)− Ĝ(x1), . . . , H1(xk;θ0)−H2(xk;θ0)− Ĝ(xk))

⊤ d→ N(0,∆),
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where ∆ is the covariance matrix depending on the limit of the covariance function in (2.8).

Moreover, following Section 1.2.3.3, by Theorem 2.3, the weak convergence of
√
n(H1 − Ĝ) is

established. By Theorem 1.2, the tightness of
√
nH2 is proved, following Section 1.2.3.4. Thus,

Theorem 1.5.4 in [58],
√
n(G̃− Ĝ) converges weakly to a zero-mean Gaussian process with the

covariance function as the limit in (2.8).

2.2.3.3 Weak Convergence of
√
n(G̃−G)

The weak convergence
√
n(G̃ − G) is an immediate result of the weak convergence of

√
n(G̃− Ĝ) and

√
n(Ĝ−G). It remains to show the limiting covariance function.

Cov(
√
nH1(x;θ0),

√
nH1(y;θ0))

=

(
m∑
j=0

ρj

)
m∑

h=0

ρh

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov
(
γx(X

(h)
l ;θ0), γy(X

(h)
l′ ;θ0)

))

→2π

(
m∑
j=0

ρj

)
m∑

h=0

ρhfγx,γy ,h(0;θ0),

as n→ ∞.

Cov

(
H1(x;θ0),

∂l(θ)

∂αk

∣∣∣∣
θ=θ0

)

=
m∑

h=0

ρh

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov
(
γx(X

(h)
l ;θ0),−φk(X

(h)
l′ ;θ0)

))

→2π
m∑

h=0

ρhfγx,αk,h(0;θ0),

as n→ ∞ for k = 1, . . . ,m.
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Cov

(
H1(x;θ0),

∂l(θ)

∂βkp

∣∣∣∣
θ=θ0

)

=ρk

(
1

nk

nk∑
l=1

nk∑
l′=1

Cov
(
γx(X

(k)
l ;θ0), (1− φk(X

(k)
l′ ;θ0))hkp(X

(k)
l′ )
))

+
m∑

h̸=k,h=0

ρh

(
1

nh

nh∑
l=1

nh∑
l′=1

Cov
(
γx(X

(h)
l ;θ0),−φk(X

(h)
l′ ;θ0)hkp(X

(h)
l′ )
))

→2π
m∑

h=0

ρhfγx,βkp,h(0;θ0),

as n→ ∞ for k = 1, . . . ,m, p = 1, . . . , pk.

Let W(x;θ0) be the limit of Cov
(
H1(x;θ0),

∂l(θ)
∂θ

∣∣∣
θ=θ0

)
, then

Cov
(√

n(H1(x;θ0)−H2(x;θ0)),
√
n(H1(y;θ0)−H2(y;θ0))

)
→2π

(
m∑
j=0

ρj

)(
m∑

h=0

ρhfγx,γy ,h(0;θ0)

)
−K(y;θ0)W(x;θ0)−K(x;θ0)W(y;θ0)

+K(x;θ0)V(θ0)K
⊤(y;θ0),

(2.9)

as n→ ∞. Thus,
√
n(G̃−G) converges weakly to a zero-mean Gaussian process with covariance

function being the limit in (2.9). For a given x,

√
n(G̃(x; θ̃)−G(x))

d→ N(0, ν(x;θ0)),
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as n→ ∞, where

ν(x;θ0) =2π

(
m∑
j=0

ρj

)(
m∑

h=0

ρhfγx,γx,h(0;θ0)

)
− 2K(x;θ0)W(x;θ0)

+K(x;θ0)V(θ0)K
⊤(x;θ0).

(2.10)

2.2.4 Consistent Estimators of Asymptotic Variances

In this section, we establish the consistency of the asymptotic variances of θ̃ and G̃(x, θ̃).

Conclusions made in Section 1.2.4 can be applied directly for S̃(θ̃), Ãk(x; θ̃) and B̃k(x; θ̃). Thus,

our main goal is to show the consistency of the plug-in estimators of the cross spectral densities.

The following theorem is introduced to help establishing consistency of these estimators.

Theorem 2.4. Let {Xt} be a d-dimensional strictly stationary and strong mixing process with

mixing coefficient αX(n) ≤ c(n + 1)−a for some c ≥ 1 and a > 1. ∀ θ, g1(·;θ) and g2(·;θ)

satisfy that ∃ g and D such that

|g1(Xt;θ)| ≤ g(Xt),

∥∥∥∥∂g1(Xt;θ)

∂θ

∥∥∥∥ ≤ D(Xt),

|g2(Xt;θ)| ≤ g(Xt),

∥∥∥∥∂g2(Xt;θ)

∂θ

∥∥∥∥ ≤ D(Xt),

almost surely for all t, and

E[g(X1)]
2m <∞, E[D(X1)]

m <∞,

for m > 2a
a−1

.
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The cross spectral density of g1(Xt;θ) and g2(Xt;θ) evaluated at 0 is given by

f(0;θ) =
1

2π

∞∑
u=−∞

R(u;θ),

where R(u;θ) = Cov (g1(Xt;θ), g2(Xt+u;θ)). The corresponding spectral density estimator is

given by

f̂n(0;θ) =
1

2π

∑
|u|<n

w

(
u

Mn

)
R̂(u;θ),

where

R̂(u;θ)

=


1

n−u

∑n−u
t=1 g1(Xt;θ)g2(Xt+u;θ)−

(
1
n

∑n
t=1 g1(Xt;θ)

) (
1
n

∑n
t=1 g2(Xt;θ)

)
, u ≥ 0,

1
n−|u|

∑n
t=|u|+1 g1(Xt;θ)g2(Xt+u;θ)−

(
1
n

∑n
t=1 g1(Xt;θ)

) (
1
n

∑n
t=1 g2(Xt;θ)

)
, u < 0,

Mn ∼ o(nb) for some 0 < b ≤ 1
3

and the rectangular window function

w(x) =


1, |x| ≤ 1,

0, |x| > 1.

Suppose θ̂n is a consistent estimator of θ such that

∥θ̂n − θ∥ = op
(
M−1

n

)
,
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then

f̂n(0; θ̂n)
p→ f(0;θ),

as n→ ∞.

Proof. Decompose f̂n(0; θ̂n)− f(0;θ) into two parts,

f̂n(0; θ̂n)− f(0;θ) =
(
f̂n(0; θ̂n)− f̂n(0;θ)

)
+
(
f̂n(0;θ)− f(0;θ)

)
.

We first show that f̂n(0;θ)− f(0;θ)
p→ 0 as n→ ∞. Based on the expression of window

function w(x),

f̂n(0;θ)− f(0;θ) =
1

2π

∑
|u|≤Mn

(
R̂(u;θ)−R(u;θ)

)
+

1

2π

∑
|u|>Mn

R(u;θ).

By (2.2) in [10],

|Cov(g1(Xt;θ), g2(Xt+u;θ))| ≤12 · 2−
m−2
m (E|g(X1)|m)

2
mα

m−2
m

X (|u|)

≤12 · 2−
m−2
m (E|g(X1)|m)

2
m c

m−2
m (|u|+ 1)−

a(m−2)
m .

Since m > 2a
a−1

, then
∑∞

u=−∞(|u|+ 1)−
a(m−2)

m is convergent. Thus,

∞∑
u=−∞

|Cov(g1(Xt;θ), g2(Xt+u;θ))| <∞,

and

1

2π

∑
|u|>Mn

R(u;θ) → 0, (2.11)
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as n→ ∞.

∑
|u|≤Mn

(
R̂(u;θ)−R(u;θ)

)

=

⌊Mn⌋∑
u=0

(
1

n− u

n−u∑
t=1

g1(Xt;θ)g2(Xt+u;θ)− Eg1(X1;θ)g2(X1+u;θ)

)
+

−1∑
u=−⌊Mn⌋

 1

n− |u|

n∑
t=|u|+1

g1(Xt;θ)g2(Xt+u;θ)− Eg1(X1+|u|;θ)g2(X1;θ)

−

∑
|u|≤Mn

[(
1

n

n∑
t=1

g1(Xt;θ)

)(
1

n

n∑
t=1

g2(Xt;θ)

)
− Eg1(X1;θ)Eg2(X1;θ)

]
.

By Theorem 2.2,

1

n

n∑
t=1

g1(Xt;θ)− Eg1(X1;θ) ∼ Op

(
n− 1

2

)
,

1

n

n∑
t=1

g2(Xt;θ)− Eg2(X1;θ) ∼ Op

(
n− 1

2

)
.

Hence,

∑
|u|≤Mn

[(
1

n

n∑
t=1

g1(Xt;θ)

)(
1

n

n∑
t=1

g2(Xt;θ)

)
− Eg1(X1;θ)Eg2(X1;θ)

]

∼Op(Mnn
− 1

2 ) ∼ op(n
− 1

6 ).

(2.12)

Denote Yt,u =
(
X⊤

t ,X
⊤
t+u

)⊤, then {Yt,u} is strictly stationary and strong mixing with mixing

coefficient

αYu(s) =


1
2
, 0 ≤ s ≤ |u|,

αX(s− |u|), s > |u|.

96



Define h(Yt,u;θ) = g1(Xt;θ)g2(Xt+u;θ), then by (2.2) in [10], ∀ s, u,

|Cov(h(Yt,u;θ), h(Yt+s,u;θ))| ≤12 · 2−
m−2
m (E|h(Yt,u;θ)|m)

1
m (E|h(Yt+s,u;θ)|m)

1
mα

m−2
m

Yu
(|s|)

≤12 · 2−
m−2
m (E|g(X1)|2m)

2
mα

m−2
m

Yu
(|s|).

For 0 ≤ u ≤Mn,

Var

(
1

n− u

n−u∑
t=1

h(Yt,u;θ)

)

=
1

(n− u)2

[
(n− u)Var(h(Yt,u;θ)) + 2

n−u−1∑
s=1

(n− u− s)Cov(h(Yt,u;θ), h(Yt+s,u;θ))

]

≤ 1

(n− u)2

[
2(n− u)

n−u−1∑
s=0

|Cov(h(Yt,u;θ), h(Yt+s,u;θ))|

]

≤ C

n− u

n−u−1∑
s=0

α
m−2
m

Yu
(s)

≤ C

n−Mn

(
u∑

s=0

α
m−2
m

Yu
(s) +

∞∑
s=u+1

α
m−2
m

Yu
(s)

)

≤ C

n−Mn

(
u∑

s=0

1 +
∞∑
s=1

α
m−2
m

X (s)

)

≤ C

n−Mn

(
Mn + 1 +

∞∑
s=1

α
m−2
m

X (s)

)
∼ Op(Mnn

−1),

whereC = 24·2−m−2
m (E|g(X1)|2m)

2
m . Take c(n) such that c(n) → ∞ asn→ ∞, by Chebyshev’s

Inequality, ∀ ε > 0,

P

(
c(n)

∣∣∣∣∣ 1

n− u

n−u∑
t=1

h(Yt,u;θ)− Eh(Y1,u;θ)

∣∣∣∣∣ > ε

)
≤
c2(n)Var

(
1

n−u

∑n−u
t=1 h(Yt,u;θ)

)
ε2

∼o(1),
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if c(n) ∼ o(M
− 1

2
n n

1
2 ). Hence,

∣∣∣∣∣ 1

n− u

n−u∑
t=1

h(Yt,u;θ)− Eh(Y1,u;θ)

∣∣∣∣∣ ∼ Op

(
M

1
2
n n

− 1
2

)
.

Similarly, for −Mn ≤ u < 0,

∣∣∣∣∣∣ 1

n− |u|

n∑
t=|u|+1

h(Yt,u;θ)− Eh(Y1,u;θ)

∣∣∣∣∣∣ ∼ Op

(
M

1
2
n n

− 1
2

)
.

Therefore,

⌊Mn⌋∑
u=0

(
1

n− u

n−u∑
t=1

h(Yt,u;θ)− Eh(Y1,u;θ)

)
∼Op

(
M

3
2
n n

− 1
2

)
∼ op(1),

−1∑
u=−⌊Mn⌋

 1

n− |u|

n∑
t=|u|+1

h(Yt,u;θ)− Eg(Y1,u;θ)

 ∼Op

(
M

3
2
n n

− 1
2

)
∼ op(1).

(2.13)

Then by (2.11), (2.12) and (2.13), f̂n(0;θ)− f(0;θ)
p→ 0 as n→ ∞.

It remains to show f̂n(0; θ̂n)− f̂n (0;θ) as n→ ∞.

f̂n(0; θ̂n)− f̂n (0;θ)

=
1

2π

⌊Mn⌋∑
u=0

(
1

n− u

n−u∑
t=1

(
g1

(
Xt; θ̂n

)
g2

(
Xt+u; θ̂n

)
− g1(Xt;θ)g2(Xt+u;θ)

))

+
1

2π

−1∑
u=−⌊Mn⌋

 1

n− |u|

n∑
t=|u|+1

(
g1

(
Xt; θ̂n

)
g2

(
Xt+u; θ̂n

)
− g1(Xt;θ)g2(Xt+u;θ)

)
− 1

2π

∑
|u|≤Mn

[(
1

n

n∑
t=1

g1

(
Xt; θ̂n

))( 1

n

n∑
t=1

g2

(
Xt; θ̂n

))

−

(
1

n

n∑
t=1

g1(Xt;θ)

)(
1

n

n∑
t=1

g2(Xt;θ)

)]
.
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By Mean Value Theorem, Cauchy-Schwartz Inequality and Triangle Inequality, ∀ t, u, ∃ θ̂
(t,u)
n ∈

B(θ, ∥θ − θ̂n∥),

g1(Xt; θ̂n)g2(Xt+u; θ̂n)− g1(Xt;θ)g2(Xt+u;θ)

=

(
∂g1 (Xt;θ) g2 (Xt+u;θ)

∂θ

∣∣∣∣
θ=θ̂

(t,u)
n

)⊤ (
θ̂n − θ

)
≤

∥∥∥∥∥ ∂g1 (Xt;θ) g2 (Xt+u;θ)

∂θ

∣∣∣∣
θ=θ̂

(t,u)
n

∥∥∥∥∥ ∥θ̂n − θ∥

≤

(∥∥∥∥∥ ∂g1 (Xt;θ)

∂θ

∣∣∣∣
θ=θ̂

(t,u)
n

g2(Xt+u; θ̂
(t,u)
n )

∥∥∥∥∥+
∥∥∥∥∥ ∂g2 (Xt+u;θ)

∂θ

∣∣∣∣
θ=θ̂

(t,u)
n

g1(Xt; θ̂
(t,u)
n )

∥∥∥∥∥
)
∥θ̂n − θ∥

≤(D(Xt)g(Xt+u) +D(Xt+u)g(Xt))∥θ̂n − θ∥

=B(Yt,u)∥θ̂n − θ∥,

where B(Yt,u) = D(Xt)g(Xt+u) +D(Xt+u)g(Xt). By Lemma 2.1 and Theorem 2.1,

1

n− u

n−u∑
t=1

B(Yt,u)
a.s.→ EB(Y1,u),

as n→ ∞. Therefore,

⌊Mn⌋∑
u=0

(
1

n− u

n−u∑
t=1

(
g1

(
Xt; θ̂n

)
g2

(
Xt+u; θ̂n

)
− g1(Xt;θ)g2(Xt+u;θ)

))

≤∥θ̂n − θ∥
⌊Mn⌋∑
u=0

(
1

n− u

n−u∑
t=1

B(Yt,u)

)

∼op(1).

(2.14)
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Similarly, for Mn ≤ u < 0,

−1∑
u=−⌊Mn⌋

 1

n− |u|

n∑
t=|u|+1

(
g1

(
Xt; θ̂n

)
g2

(
Xt+u; θ̂n

)
− g1(Xt;θ)g2(Xt+u;θ)

) ∼ op(1).

(2.15)

By the similar derivation of (2.14),

1

n

n∑
t=1

(
g1

(
Xt; θ̂n

)
− g1(Xt;θ)

)
≤ 1

n

n∑
t=1

D(Xt)∥θ̂n − θ∥ ∼ op
(
M−1

n

)
,

1

n

n∑
t=1

(
g2

(
Xt; θ̂n

)
− g2(Xt;θ)

)
≤ 1

n

n∑
t=1

D(Xt)∥θ̂n − θ∥ ∼ op
(
M−1

n

)
.

Hence,

∑
|u|≤Mn

[(
1

n

n∑
t=1

g1

(
Xt; θ̂n

))( 1

n

n∑
t=1

g2

(
Xt; θ̂n

))

−

(
1

n

n∑
t=1

g1(Xt;θ)

)(
1

n

n∑
t=1

g2(Xt;θ)

)]
∼ op(M

−1
n ).

(2.16)

By (2.14), (2.15) and (2.16), f̂n(0; θ̂n)− f̂n (0;θ) as n→ ∞, which completes the proof.

2.2.4.1 Consistency of Plug-in Estimator Ũ(θ̃)

Based on the expression of the asymptotic variance U(θ0) = S−1(θ0)V(θ0)S
−1(θ0), the

consistency of Ũ(θ̃) can be guaranteed by the consistency of S̃(θ̃) and Ṽ(θ̃). The consistency of

S̃(θ̃) can be established based on the derivation in Section 1.2.4.1. Thus, it remains to who the

consistency of Ṽ(θ̃). We demonstrate the proof for one entry of Ṽ(θ̃) and the rest can be proved

in the same way. Consider the entry corresponding to βkp and βk′p′ where k ̸= k′. The plug-in
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estimator is given by
2π
∑m

h=0 ρhf̃βkp,βk′p′ ,h
(0; θ̃)∑m

j=0 ρj
,

where f̃ is the estimator of the cross spectral density following the expression in Theorem 2.4.

Here we show the consistency

f̃βkp,βk′p′ ,h
(0; θ̃)

p→ fβkp,βk′p′ ,h
(0;θ0),

as n→ ∞ for h ̸= k, k′. The case of h = k, k′ can be proved in the same way.

By the definition of fβkp,βk′p′ ,h
(0;θ), it is the cross spectral density of{φk(X

(h)
l ;θ)hkp(X

(h)
l )}

and {φk′(X
(h)
l ;θ)hk′p′(X

(h)
l )}. Since

φk(X
(h)
l ;θ) ≤ 1, φk′(X

(h)
l ;θ) ≤ 1,

then

|φk(X
(h)
l ;θ)hkp(X

(h)
l )| ≤|hkp(X(h)

l )|+ |hk′p′(X(h)
l )|,

|φk′(X
(h)
l ;θ)hk′p′(X

(h)
l )| ≤|hkp(X(h)

l )|+ |hk′p′(X(h)
l )|,

with E|hkp(X(h)
l )|mh < ∞ and E|hk′p′(X(h)

l )|mh < ∞ for mh >
4ah
ah−1

by Assumption 2.2. By
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Triangle Inequality,

∥∥∥∥∥∂φk(X
(h)
l ;θ)hkp(X

(h)
l )

∂θ

∥∥∥∥∥
≤|hkp(X(h)

l )|

ρkwk(X
(h)
l ;θ)

∥∥∥∥∂ logwk(X
(h)
l ;θ)

∂θ

∥∥∥∥∑m
j=0 ρjwj(X

(h)
l ;θ)

+

ρkwk(X
(h)
l ;θ)

[∑m
j=0 ρjwj(X

(h)
l ;θ)

∥∥∥∥∂ logwj(X
(h)
l ;θ)

∂θ

∥∥∥∥][∑m
j=0 ρjwj(X

(h)
l ;θ)

]2


≤|hkp(X(h)
l )|

(
1 +

m∑
k=1

pk∑
p=1

|hkp(X(h)
l )|

)
,

and

E

∣∣∣∣∣hkp(X(h)
l )

(
1 +

m∑
k=1

pk∑
p=1

∣∣∣hk,p(X(h)
l )
∣∣∣)∣∣∣∣∣

mh
2

<∞

for mh >
4ah
ah−1

, by Assumption 2.2. Similarly, this also holds for k′ and p′. Thus, by Assumption

2.1, 2.2 and Theorem 2.4,

f̃βkp,βk′p′ ,h
(0; θ̃)

p→ fβkp,βk′p′ ,h
(0;θ0),

as n→ ∞. As mentioned above, the case of h = k, k′ and the other entries can be proved by the

same derivation. Thus, the consistency of Ṽ(θ̃) is established and hence Ũ(θ̃) is consistent.
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2.2.4.2 Consistency of Plug-in Estimator ν̃(x; θ̃)

By (2.10), the expression of ν̃(x; θ̃) can be written as

ν̃(x; θ̃) =2π

(
m∑
j=0

ρj

)(
m∑

h=0

ρhf̃γx,γx,h(0; θ̃)

)
− 2K̃(x; θ̃)W̃(x; θ̃)

+ K̃(x; θ̃)Ṽ(θ̃)K̃⊤(x; θ̃).

The consistency of Ṽ(θ̃) is established in Section 2.2.4.1. The consistency of W̃(θ̃) f̃γx,γx,h(0; θ̃)

for h = 0, . . . ,m, can be proved by the same derivation in Section 2.2.4.1. K̃(x; θ̃) consists of

S̃(θ̃), Ãk(x; θ̃) and B̃k(x; θ̃) for k = 1, . . . ,m. The consistency of S̃(θ̃) can be proved using

the derivation in Section 1.2.4.1 while the consistency of Ãk(x; θ̃) and B̃k(x; θ̃) can be shown

by the derivation in Section 1.2.4.2. Thus, ν̃(x; θ̃) is a consistent estimator of ν(x;θ0).

2.3 Simulation

In the section, simulation results are presented to verify the asymptotic properties of θ̃ and

G̃. Moreover, comparison is also made between DRM and DRMWD to show the improvement

when dependence is taken into consideration. The processes we use are Autoregressive Moving

Average (ARMA) sequences since their strong mixing coefficients have a exponential decay

by [49], which satisfies Assumption 2.1. Additionally, through out this section, all cross spectral

densities are estimated based on the rectangular window with bandwidth Mn = ⌊n 1
3.5 ⌋.
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2.3.1 Confidence Interval for θ

We generate 95% CIs for each parameter of θ based on DRM and DRMWD, and compare

these two models by the coverage rates of the CIs. Note that we only examine the parameters of β

since the constant α depends on β based on (1.3) and it does not provide information regarding

the significance of tilt functions. All sequences generated have length 5000, and the coverage

rates are calculated by 1000 iterations.

2.3.1.1 Normal vs. Normal

Suppose g0 and g1 are densities such that g0 ∼ N(µ0, σ
2
0) and g1 ∼ N(µ1, σ

2
1), then

g1(x)

g0(x)
= exp(α + β1x+ β2x

2)

α = log
σ0
σ1

+
µ2
0

2σ2
0

− µ2
1

2σ2
1

β1 =
µ1

σ2
1

− µ0

σ2
0

β2 =
1

2σ2
0

− 1

2σ2
1

.

Case 1. Let

X
(0)
t =0.5X

(0)
t−1 + ε

(0)
t

X
(1)
t =0.3 + 0.7X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s are IID N(0, 0.75) noise, and ε(1)t ’s are IID N(0, 1) noise. Then X(0)
t ∼ N(0, 1) and

X
(1)
t ∼ N(1, 100

51
). Thus, β1 = 51

100
and β2 = 49

200
.

104



Case 2. Let

X
(0)
t =0.5X

(0)
t−1 + ε

(0)
t

X
(1)
t =0.3 + 0.7X

(1)
t−1 + ε

(1)
t − 0.1ε

(1)
t−1

where ε(0)t ’s are IID N(0, 3
4
) noise, and ε(1)t ’s are IID N(0, 1) noise. Then X(0)

t ∼ N(0, 1) and

X
(1)
t ∼ N(1, 87

51
). Thus, β1 = 51

87
and β2 = 18

87
.

From Table 2.1, it is observed that the coverage rates of CIs generated by DRMWD are

higher and closer to 0.95.

Table 2.1: Coverage rates of CIs for β1 and β2 in Case 1 and 2.

Case Model Coverage rate β1 Coverage rate β2
1 DRM 0.712 0.846

DRMWD 0.924 0.945
2 DRM 0.729 0.835

DRMWD 0.908 0.942

2.3.1.2 Gamma vs. Gamma

Suppose g0 and g1 are densities such that g0 ∼ Gamma(a0, b0) and g1 ∼ Gamma(a1, b1)

where b0 and b1 are rate parameters, then

g1(x)

g0(x)
= exp(α + β1x+ β2 log(x))

α = log
ba11 Γ(a0)

ba00 Γ(a1)

β1 =b0 − b1

β2 =a1 − a0.
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Case 3-6. Let

X
(0)
t =0.5X

(0)
t−1 + ε

(0)
t

X
(1)
t =0.5X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s and ε(1)t ’s are generated based on [64] and [67] to ensure that

Case 3: X(0)
t ∼ Gamma(2, 1) and X(1)

t ∼ Gamma(2, 2). β1 = −1 and β2 = 0.

Case 4: X(0)
t ∼ Gamma(2, 1) and X(1)

t ∼ Gamma(3, 2). β1 = −1 and β2 = 1.

Case 5: X(0)
t ∼ Gamma(7, 1) and X(1)

t ∼ Gamma(8, 2). β1 = −1 and β2 = 1.

Case 6: X(0)
t ∼ Gamma(2, 1

4
) and X(1)

t ∼ Gamma(3, 1
2
). β1 = −1

4
and β2 = 1.

From Table 2.2, we see that the coverage rates in Case 3 where the tile function is h(x) = x,

resemble the coverage rates in Case 1 and 2. However, in Case 4, the coverage rates of DRMWD

are closed to 1 indicating that the CIs are too conservative. We postulate that this is caused by

including log(x) in the tilt function. For Gamma(a, b), more data are closer to 0 when a is small

and b is large. Then the values of log(X) are large, which makes the spectral density estimates in

Ṽ(θ̃) overestimate the variances. Recall that Ṽ(θ̃) depends on the estimators of spectral densities

at 0 frequency, these estimators are less stable as mentioned by [48]. Thus, further investigation

shall be done for finding alternative spectral density estimators. From Case 5 and Case 6, we

observe that the overestimation issue is alleviated when a becomes larger and b becomes smaller.
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Table 2.2: Coverage rates of CIs for β1 and β2 in Case 3-6. A hyphen “-” indicates that the
corresponding parameter is not in the model.

Case Model Coverage rate β1 Coverage rate β2
3 DRM 0.747 -

DRMWD 0.930 -
4 DRM 0.844 0.865

DRMWD 0.995 0.997
5 DRM 0.892 0.878

DRMWD 0.937 0.939
6 DRM 0.865 0.844

DRMWD 0.977 0.982

2.3.1.3 Gamma vs. Lognormal

Suppose g0 and g1 are densities such that g0 ∼ Gamma(a, b) and g1 ∼ LN(µ, σ2) where b

is the rate parameter, then

g1(x)

g0(x)
= exp(α + β1x+ β2 log(x) + β3(log(x))

2)

α = log
Γ(a)

baσ
√
2π

− µ

2σ2

β1 =b

β2 =
µ

σ2
− a

β3 =− 1

2σ2
.

Case 7-8. Let

X
(0)
t =0.5X

(0)
t−1 + ε

(0)
t

log(X
(1)
t ) =0.8 log(X

(1)
t−1) + ε

(1)
t

where ε(0)t ’s are generated by the method in Section 2.3.1.2 to ensure that X(0)
t ∼ Gamma(3, 1)

in Case 7, and X(0)
t ∼ Gamma(3, 1

2
) in Case 8. In both cases, ε(1)t ’s are IID N(0, 0.36) noise so
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that X(1)
t ∼ LN(0, 1). β1 = 1 in Case 7 while β1 = 1

2
in Case 8. β2 = −3 and β3 = −1

2
in both

cases.

As shown in Table 2.3, the overestimation is severer in Case 7 since the tilt function contains

(log(x))2 but it is mitigated in Case 8 when b becomes smaller.

Table 2.3: Coverage rates of CIs for β1 β2 and β3 in Case 7 and 8.

Case Model Coverage rate β1 Coverage rate β2 Coverage rate β3
7 DRM 0.876 0.830 0.867

DRMWD 1.000 1.000 1.000
8 DRM 0.869 0.794 0.863

DRMWD 0.988 0.966 0.975

2.3.1.4 Halfnormal vs. Exponential

Suppose g0 and g1 are densities such that g0 ∼ HN(σ) and g1 ∼ Exp(λ) where λ is the

rate parameter, then

g1(x)

g0(x)
= exp(α + β1x+ β2x

2)

α = log

(
λσ

√
π

2

)
β1 =− λ

β2 =
1

2σ2
.
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Case 9-10. Let

Z
(0)
t =0.5Z

(0)
t−1 + ε

(0)
t

X
(0)
t =

∣∣∣Z(0)
t

∣∣∣
X

(1)
t =0.5X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s are IID N(0, 3
4
) in both cases so that X(0)

t ∼ HN(1). ε(1)t ’s are generated by the

method in Section 2.3.1.2 to ensure that X(1)
t ∼ Exp(1) in Case 9 and X(1)

t ∼ Exp(2) in Case

10. β1 = −1 in Case 9 while β1 = −2 in Case 10. β2 = 1
2

in both cases.

Based on Table 2.4, the coverage rates of DRMWD are also closer to 0.95 than that of

DRM.

Table 2.4: Coverage rates of CIs for β1 and β2 in Case 9 and 10.

Case Model Coverage rate β1 Coverage rate β2
9 DRM 0.877 0.903

DRMWD 0.985 0.984
10 DRM 0.892 0.925

DRMWD 0.952 0.967

2.3.2 Confidence Interval for G

In this section, 95% CIs for univariate and bivariate threshold probabilities of the reference

distribution are generated based on DRM and DRMWD, and a comparison is made based on their

coverage rates. All sequences generated have length 5000, and the coverage rates are calculated

by 1000 iterations.
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2.3.2.1 Univariate Cases

Case 1. Let

X
(0)
t =2 + 0.5X

(0)
t−1 + ε

(0)
t

X
(1)
t =0.6 + 0.8X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s are IID N(0, 0.75) noise, and ε(1)t ’s are IID N(0, 0.72) noise. Then X(0)
t ∼ N(4, 1)

and X(1)
t ∼ N(3, 2).

Case 2. Let

X
(0)
t =0.5X

(0)
t−1 + ε

(0)
t

X
(1)
t =0.5X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s and ε
(1)
t ’s are generated by the method in Section 2.3.1.2 to ensure that X(0)

t ∼

Gamma(8, 2) and X(1)
t ∼ Gamma(6, 1).

Case 3. Let

log(X
(0)
t ) =0.2 + 0.8 log(X

(0)
t−1) + ε

(0)
t

X
(1)
t =0.5X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s are IID N(0, 0.36) noise so that X(0)
t ∼ LN(1, 1), and ε(1)t ’s are generated by the

method in Section 2.3.1.2 to ensure X(1)
t ∼ Gamma(5, 1).
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Case 4. Let

Z
(0)
t =0.8Z

(0)
t−1 + ε

(0)
t

X
(0)
t =

∣∣∣Z(0)
t

∣∣∣
X

(1)
t =0.5X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s are IID N(0, 9) noise so that X(0)
t ∼ HN(5). ε(1)t ’s are generated by the method in

Section 2.3.1.2 to ensure that X(1)
t ∼ Exp(2).

The coverage rates of CIs for reference threshold probability G(T ) with T = 3, 4, 5, 6, 7,

are given in Table 2.5. In most cases, the coverage rates are improved by DRMWD but there are

few cases where the coverage rates of DRMWD is less than that of DRM. Moreover, the coverage

rates of DRMWD are more sensitive to the thresholds compared to that of DRM. This is because

both W̃(x; θ̃) and Ṽ(θ̃) are estimated based on cross spectral density estimators, which are less

stable as discussed in Section 2.3.1.2.

Table 2.5: Coverage rates of CIs for threshold probability G(T ) with T = 3, 4, 5, 6, 7.

Case Model T = 3 T = 4 T = 5 T = 6 T = 7
1 DRM 0.798 0.774 0.806 0.860 0.885

DRMWD 0.999 0.825 0.911 0.911 0.975
2 DRM 0.789 0.791 0.811 0.849 0.860

DRMWD 0.952 0.953 0.956 0.957 0.950
3 DRM 0.508 0.539 0.543 0.555 0.567

DRMWD 0.958 0.969 0.968 0.963 0.964
4 DRM 0.765 0.730 0.732 0.730 0.720

DRMWD 0.694 0.763 0.839 0.897 0.944
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2.3.2.2 Bivariate Cases

In time series analysis, it is of interest to obtain the joint distribution of neighboring

observations that reveals the association between past and future. Here we present a comparison

of the coverage rates of 95% CIs for the bivariate reference threshold probability P (X
(0)
t−1 ∈

A,X
(0)
t ∈ B).

Case 5. Let

X
(0)
t =0.5X

(0)
t−1 + ε

(0)
t

X
(1)
t =0.8X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s are IID N(0, 0.75) noise and ε(1)t ’s are IID N(0, 0.36) noise. Thus,

X
(0)
t−1

X
(0)
t

 ∼ N


0
0

 ,
 1 0.5

0.5 1


 ,

X
(1)
t−1

X
(1)
t

 ∼ N


0
0

 ,
 1 0.8

0.8 1


 ,

and the tilt function used is h(x) = (x21, x1x2, x
2
2).

Case 6. Let

X
(0)
t =0.8X

(0)
t−1 + ε

(0)
t − 0.2ε

(0)
t−1

X
(1)
t =0.8X

(1)
t−1 + ε

(1)
t
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where ε(0)t ’s are IID N(0, 0.5) noise and ε(1)t ’s are IID N(0, 0.36) noise. Thus,

X
(0)
t−1

X
(0)
t

 ∼ N


0
0

 ,
 1 0.7

0.7 1


 ,

X
(1)
t−1

X
(1)
t

 ∼ N


0
0

 ,
 1 0.8

0.8 1


 ,

and the tilt function used is h(x) = (x21, x1x2, x
2
2).

From Table 2.6, in most cases, the coverage rates of DRMWD are closer to 0.95 and more

stable compared to that of DRM.

Table 2.6: Coverage rates of CIs for the reference threshold probabilities P1 = P (X
(0)
t−1 ≤ 1, X

(0)
t >

1), P2 = P (X
(0)
t−1 ≤ 0, X

(0)
t ≤ 1), P3 = P (X

(0)
t−1 > 1, X

(0)
t ≤ −1), P4 = P (X

(0)
t−1 > 2, X

(0)
t > 1)

and P5 = P (X
(0)
t−1 > 0, X

(0)
t ≤ 0).

Case Model P1 P2 P3 P4 P5

5 DRM 0.963 0.709 0.938 0.831 0.994
DRMWD 0.944 0.947 0.940 0.870 0.985

6 DRM 0.936 0.576 0.898 0.716 0.965
DRMWD 0.941 0.947 0.897 0.815 0.984

2.3.3 Testing for Equality of Distributions

DRM can be used to test the equality of distributions based on the asymptotic normality of

θ̃ (see [21], [32]). Thus, if we rewrite (1.13) as

√
n


α̃
β̃

−

α0

β0


 d→ N


0
0

 ,
Σ11(θ0) Σ12(θ0)

Σ⊤
12(θ0) Σ22(θ0)


 ,

then

nβ̃⊤Σ̃−1
22 (θ̃)β̃

d→ χ2∑m
k=1 pk
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as n→ ∞ under β0 = 0. Similarly, for DRMWD, we have

nβ̃⊤Ũ
−1

22 (θ̃)β̃
d→ χ2∑m

k=1 pk

as n→ ∞ under β0 = 0 based on (2.5). Hence, the equivalence of densities

H0 : g0 = · · · = gm ⇔ H0 : β0 = 0

is rejected if

nβ̃⊤Σ̃−1
22 (θ̃)β̃ > χ2

α,
∑m

k=1 pk

for DRM, and

nβ̃⊤Ũ
−1

22 (θ̃)β̃ > χ2
α,
∑m

k=1 pk

for DRMWD, at the significance level of α.

We use four cases to check the rejection rates of the two tests in both univariate case and

bivariate case. Additionally, for univariate case, we also compare the two tests with Kolmogorov-

Smirnov (K-S) test, a commonly used nonparametric test for equality of distributions. We use

“ks.test()” in R package “stats” to perform K-S test. All tests are done at the significance level

of 0.05, and all rejection rates are calculated by 1000 iterations. The sizes of samples are

chosen to be N = 100, 200, 500, 1000, 2000, 5000. The tilt function used for univariate cases is

h(x) = (x, x2)⊤, and for bivariate cases is h(x) = (x1, x2, x
2
1, x1x2, x

2
2)

⊤.
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Case 1. Let

X
(0)
t =0.5X

(0)
t−1 + ε

(0)
t

X
(1)
t =0.5X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s and ε(1)t ’s are IID N(0, 0.75) noise. Thus, the distributions are identical for X(0)
t and

X
(1)
t in the univariate case, and for (X(0)

t−1, X
(0)
t )⊤ and (X

(1)
t−1, X

(1)
t )⊤ in the bivariate case.

Case 2. Let

X
(0)
t =0.8X

(0)
t−1 + ε

(0)
t − 0.2ε

(0)
t−1

X
(1)
t =0.8X

(1)
t−1 + ε

(1)
t − 0.2ε

(1)
t−1

where ε(0)t ’s and ε(1)t ’s are IID N(0, 0.5) noise. This is a more complicated model compared to

Case 1, while the distributions are still identical for X(0)
t and X(1)

t in the univariate case, and for

(X
(0)
t−1, X

(0)
t )⊤ and (X

(1)
t−1, X

(1)
t )⊤ in the bivariate case.

Case 3. Let

X
(0)
t =0.5X

(0)
t−1 + ε

(0)
t

X
(1)
t =0.8X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s are IIDN(0, 0.75) noise and ε(1)t ’s are IIDN(0, 0.36) noise. The univariate distribu-

tions are still identical forX(0)
t andX(1)

t while distributions of in (X(0)
t−1, X

(0)
t )⊤ and (X

(1)
t−1, X

(1)
t )⊤

are different.
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Case 4. Let

X
(0)
t =0.5X

(0)
t−1 + ε

(0)
t

X
(1)
t =0.2 + 0.8X

(1)
t−1 + ε

(1)
t

where ε(0)t ’s are IIDN(0, 0.75) noise and ε(1)t ’s are IIDN(0, 0.72) noise. The univariate distribu-

tions are different sinceX(0)
t ∼ N(0, 1)whileX(1)

t ∼ N(1, 2). The distributions of (X(0)
t−1, X

(0)
t )⊤

and (X
(1)
t−1, X

(1)
t )⊤ are also different.

Based on Table 2.7, the rejection rates of DRMWD are closer to 0.05 when H0 is true

compared to that of DRM and K-S test. Moreover, the rejection rates of DRMWD under H0

get closer to 0.05 as N increases though the approaching speed is rather slow. Additionally, all

rejection rates approach 1 as N increases when H0 is false. Thus, a substantial improvement has

been made by DRMWD for the test for equality of distributions when data are weakly dependent.

2.4 Analysis of Air Monitoring Data

Nitrogen dioxide (NO2) is an air pollutant stemming from the burning of fuel. Research

works have been shown that the exposure to NO2 is related to respiratory and cardiovascular

diseases (e.g. [3], [6]). The outdoor NO2 concentration data can be found on EPA website (https:

//aqs.epa.gov/aqsweb/airdata/download_files.html), and we will demonstrate the use

of DRMWD by the analysis of daily NO2 concentration data. The description of sites and

monitors can be found onhttps://aqs.epa.gov/aqsweb/airdata/download_files.html.

We select eight sites to perform the test for equality of distribution for two time periods, 2010-2012
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Table 2.7: Rejection rates of tests for equality of distributions based on DRM, DRMWD and K-S test.
For Case 1, Case 2 and the univariate case in Case 3, the rejection rate represents the estimated Type-I
error. For the bivariate case in Case 3 and Case 4, the rejection rate represents the estimated power.

Case Dimension Test N = 100 N = 200 N = 500 N = 1000 N = 2000 N = 5000
1 Univariate DRM 0.250 0.260 0.251 0.258 0.267 0.284

DRMWD 0.113 0.097 0.063 0.054 0.058 0.039
K-S test 0.189 0.207 0.235 0.220 0.241 0.226

Bivariate DRM 0.458 0.468 0.471 0.471 0.461 0.490
DRMWD 0.268 0.198 0.176 0.139 0.148 0.132

2 Univariate DRM 0.535 0.587 0.542 0.575 0.584 0.582
DRMWD 0.232 0.153 0.100 0.083 0.078 0.071
K-S test 0.449 0.492 0.480 0.493 0.499 0.492

Bivariate DRM 0.675 0.718 0.671 0.706 0.713 0.678
DRMWD 0.369 0.269 0.202 0.170 0.163 0.136

3 Univariate DRM 0.470 0.489 0.498 0.497 0.514 0.507
DRMWD 0.168 0.119 0.099 0.073 0.078 0.076
K-S test 0.376 0.380 0.433 0.417 0.435 0.430

Bivariate DRM 0.998 1.000 1.000 1.000 1.000 1.000
DRMWD 0.935 0.968 0.994 0.997 1.000 1.000

4 Univariate DRM 0.973 1.000 1.000 1.000 1.000 1.000
DRMWD 0.886 0.994 1.000 1.000 1.000 1.000
K-S test 0.947 0.998 1.000 1.000 1.000 1.000

Bivariate DRM 0.994 1.000 1.000 1.000 1.000 1.000
DRMWD 0.902 0.965 0.988 0.993 0.998 1.000

and 2020-2022. The Information of selected sites are given in Table 2.8.

Table 2.8: The information of selected sites.

Site State name (number) County name (number) Site name (number)
1 Arizona (4) Maricopa (13) Central Phoenix (3002)
2 California (6) Contra Costa (13) Bethel Island (1002)
3 Georgia (13) DeKalb (89) South DeKalb (2)
4 Maryland (24) Baltimore (5) Essex (3001)
5 Missouri (29) Jackson (95) Troost (34)
6 North Carolina (37) Mecklenburg (119) Garinger High School (41)
7 Texas (48) Bexar (29) Calaveras Lake (59)
8 Wyoming (56) Sweetwater (37) Wamsutter (200)

For each site, we use daily records from 2020 to 2022 as the reference Z(0)
t and that from

2010 to 2012 as the alternative Z(1)
t . Then we take log differences to obtain X(0)

t and X(1)
t such
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that

X
(0)
t = log(Z

(0)
t )− log(Z

(0)
t−1),

X
(1)
t = log(Z

(1
t )− log(Z

(1)
t−1).

Then we employ the test the equality of univariate distributions ofX(0)
t andX(1)

t based on the test

in Section 2.3.3. Furthermore, we also test the equality of bivariate distribution for

Y
(0)
t =(X

(0)
t−1, X

(0)
t )⊤,

Y
(1)
t =(X

(1)
t−1, X

(1)
t )⊤,

which detects the structural differences between the two time series regrading current time and

time lag 1. All tests are at the significance level of 0.05, and cross spectral densities are estimated

based on the rectangular window with bandwidth Mn = ⌊n 1
3.5 ⌋. The result is shown in Table

2.9. For Site 1, 3 and 7, the null hypothesis is rejected in both tests so that the time series of

the two periods are significantly different in term of univariate and bivariate distributions. For

Site 2, the null hypotheses are not rejected indicating that the time series of the two periods do

not have a significant difference regarding univariate and bivariate distributions. For Site 3, 6

and 8, the difference of the two time series are not observed in univariate distribution while it

is detected in bivariate distribution. For Site 4, the result seems to be a bit problematic since

there is a significant difference in the univariate case while the difference is insignificant in the

bivariate case. We postulate that this is due to the fact that the correlation is taken into account

and a different tilt function is used in the bivariate case.
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Table 2.9: The result of the test for equality of distributions of the two time periods. Each entry
indicates whether the corresponding null hypothesis is rejected or not at the significance level of 0.05.

Site 1 2 3 4 5 6 7 8
Univariate Rejected Not rejected Not rejected Rejected Rejected Not rejected Rejected Not rejected
Bivariate Rejected Not rejected Rejected Not rejected Rejected Rejected Rejected Rejected

In addition to testing the structural differences of the time series, we can also fuse them

to obtain CIs for threshold probabilities. We demonstrate this with the bivariate case of Site 1.

Again, we consider the bivariate sequence from 2020 to 2022 as the reference and estimate the

bivariate CDF by fusing it with the bivariate sequence from 2010 to 2012. In Table 2.10, we can

see the estimated reference threshold probabilities and the corresponding 95% CIs.

Table 2.10: Estimates of selected reference threshold probabilities and the corresponding 95% CIs.

Threshold probability P̃ 95% CI

P (X
(0)
t−1 ≤ 1, X

(0)
t > 1) 0.0249 (0.0168, 0.0329)

P (X
(0)
t−1 ≤ 0, X

(0)
t ≤ 1) 0.4755 (0.4608, 0.4902)

P (X
(0)
t−1 > 1, X

(0)
t ≤ 2) 0.0237 (0.0162, 0.0311)

P (X
(0)
t−1 > −1, X

(0)
t > 1) 0.0164 (0.0102, 0.0225)

P (X
(0)
t−1 > 0, X

(0)
t ≤ 0) 0.2525 (0.2426, 0.2624)

Remark: The missing values are removed when we perform the analysis so that the strictly

stationary condition does not hold. However, the univariate observations and bivariate pairs

are still identically distributed so that the density ratio structure still holds. Moreover, the strong

mixing coefficient of the sequence with missing values removed is bounded by that of the sequence

without missing values. Another issue is that the cross spectral density estimates are also affected

by the missing values. But since the proportion of missing values is small in this case, the issue

is omitted here. Further investigation can be made to formulate a cross spectral density estimator

that is resistant to such issue.
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Chapter 3: Extension to Residual Coherence

3.1 Introduction

A multiple regression model with m covariates can be written as

Yi = β0 +
m∑
j=1

βjXji + εi.

The parameters β = (β0, . . . , βm)
⊤ are estimated by the Ordinary Least Squares (OLS) method.

When the response and covariates are time series, the regression model can be considered as

Y (t) = β0 +
m∑
j=1

βjXj(t) + ε(t),

which resembles the model (11.3.1) in [27]. This model is also a special case of the Generalized

Linear Model (GLM) for time series introduced by [33], and the parameters are estimated based

on partial likelihood instead of OLS. A more complicated model is proposed by [27] such that

Y (t) = L0 +
m∑
j=1

Lj(Xj(t)) + ε(t) (3.1)
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where L0 is a constant and L1, . . . , Lm are linear filters. In this case, the parameters have infinite

dimension so that it is less viable to analyze the model in time domain. A frequency domain

analysis of the model is provided by [27], in which multiple coherency spectrum and residual

spectrum are introduced to measure the proportion of output predicted by the inputs and the noise,

respectively.

A similar model is proposed by [44] to analyze a nonlinear system based on orthogonal

projections of the output process. If {Y (t)} is a quadratic system of {X(t)} in general with

EY (t) = EX(t) = 0, then for sufficiently large m, it can be approximated by

Y (t) = L(X(t)) +
m∑
j=1

(
Aj(X(t)) +Bj(X̃j(t))

)
, (3.2)

where Aj, Bj for j = 1, . . . ,m, are also linear filters, and {X̃j(t)} is a lag process with lag j such

that

X̃j(t) = X(t)X(t+ j)−RXX(j).

Moreover, {Aj(X(t)) + Bj(X̃j(t))} is orthogonal to {L(X(t))} for all j. (3.2) is indeed (3.1)

with noise removed, first input being {X(t)} and the rest inputs being lag processes. A follow up

work [42] simplifies (3.2) to the case of one lag process with noise added to the system such that

Y (t) = L(X(t)) +
(
A(X(t)) +B(X̃j(t))

)
+ ε(t).

The concept lagged coherence is proposed based on this model to measure the effect of the lag

process in the model. This concept is closely related to the squared partial coherency spectrum

introduced by [27]. In [43] and [31], another criterion, maximum residual coherence, is proposed
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to measure the lag effect. Based on the orthogonal projection ideal in [44], [77] considered an

orthogonal projection of Y (t) in (3.1) with L0 = 0 such that

Y (t) =G1(t) + · · ·+Gm(t) + ε(t),

G1(t) =L11(X1(t)),

G2(t) =L21(X1(t)) + L22(X2(t)),

...

Gm(t) =Lm1(X1(t)) + · · ·+ Lmm(Xm(t)),

(3.3)

where {Gj(t)}’s are mutually orthogonal. This orthogonal decomposition has been extensively

examined by [24]. Based on this orthogonal decomposition and [15], [24] developed statistical

tests for the significance of input effects and applied them to the detection of the structural

differences of brain functional connectivity.

In this chapter, we extend the notion of residual coherence based on the orthogonal processes

in (3.3) to measure and test the effect of input processes following [77] and [24]. In Section 3.2,

the discrete time version of (3.1) is analyzed based on the orthogonal decomposition in (3.3).

Statistical tests for input effect are formulated based on the spectral representation of these

orthogonal processes. In Section 3.3, we extend the notion of residual coherence in [43] and [31]

to measure the input effect, and illustrate that nonlinear association between time series can be

detected based on the tests developed in Section 3.2. In Section 3.4, we use simulation to show that

the tests developed in Section 3.2 are satisfactory regarding the simulated Type-I error rates and

powers. In Section 3.5, these tests are applied to blood oxygen level dependent (BOLD) sequences

recorded from brain subregions to analyze the associations between different subregions.
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3.2 A Multi-Input Single-Output Model

Without the loss of generality, we considerL0 = 0 and all processes are zero-mean processes

in (3.1). Then the model can be written as

Y (t) =
m∑
j=1

Lj(Xj(t)) + ε(t).

The discrete time version of this model can be expressed as

Y (t) =
m∑
j=1

∞∑
kj=−∞

bj(kj)Xj(t− kj) + ε(t), (3.4)

and we shall examine this model based on the orthogonal decomposition in (3.3).

3.2.1 Orthogonal Projection

The projection idea in (3.3) is indeed an analogy of the projection in regression. Consider

a regression model without intercept

Y =
m∑
j=1

βjXj + ε. (3.5)

The OLS estimator Ŷ is a summation of mutually orthogonal projections of Y such that

Ŷ = P1Y +
m−1∑
j=1

(Pj+1 − Pj)Y ,
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where P1Y , (P2−P1)Y , . . . , (Pm−Pm−1)Y are mutually orthogonal processes. P1 projects Y

onto Span(X1), and Pj − Pj−1 projects Y onto Span(X1, . . . ,Xj) ∩ (Span(X1, . . . ,Xj−1))
⊥

for j = 2, . . . ,m.

Analogically, in (3.3),G1(t) can be considered as the projection ofY (t) ontoSpan({X1(t)}),

and Gj(t) can be considered as the projection of Y (t) onto Span({X1(t)}, . . . , {Xj(t)}) ∩

(Span({X1(t)}, . . . , {Xj−1(t)}))⊥ for j = 2, . . . ,m. Throughout this chapter, the norm used for

the closure of span is L2 norm. More assumptions are entailed to estimate and make statistical

inferences on the orthogonal processes {Gj(t)}’s, and we will discuss these technical issues in the

next section. For now, we shall discuss the tests formulated based on these orthogonal projections.

In the regression problem, one may test the effect of Xj based on the nested models

H0 : Y =

j−1∑
l=1

βlXl + ε,

H1 : Y =

j−1∑
l=1

βlXl + βjXj + ε.

If the variance of Y is known, a χ2-test can be formulated based on the projection (Pj −Pj−1)Y .

Moreover, if the goal is to examine the effect of Xj, . . . ,Xm, then we can consider the nested

models

H0 : Y =

j−1∑
l=1

βlXl + ε,

H1 : Y =

j−1∑
l=1

βlXl +
m∑
h=j

βhXh + ε.

Again, a χ2-test can be formulated based on the projection (Pm − Pj−1)Y .
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Analogically, the effect of {Xj(t)} can be tested based on

H0 : Y (t) =

j−1∑
l=1

∞∑
kl=−∞

bl(kl)Xl(t− kl) + ε(t),

H1 : Y (t) =

j−1∑
l=1

∞∑
kl=−∞

bl(kl)Xl(t− kl) +
∞∑

kj=−∞

bj(kj)Xj(t− kj) + ε(t).

The test should be formulated based on the estimated Gj(t). Similarly, in order to test the effect

{Xj(t)}, {Xj+1(t)}, . . . , {Xm(t)}, based on

H0 : Y (t) =

j−1∑
l=1

∞∑
kl=−∞

bl(kl)Xl(t− kl) + ε(t),

H1 : Y (t) =

j−1∑
l=1

∞∑
kl=−∞

bl(kl)Xl(t− kl) +
m∑
h=j

∞∑
kh=−∞

bh(kh)Xh(t− kh) + ε(t),

we can formulate a test based on the estimated Gj(t), Gj+1(t), . . . , Gm(t).

3.2.2 Spectral Representation of Orthogonal Processes

In this section, we rigorously examine the orthogonal processes {Gj(t)}’s. Let Fm(λ) =

[fi,j(λ)]i,j=1,...,m be the spectral matrix of the input processes {X1(t)}, . . . , {Xm(t)}, andFm|Y (λ)

be the spectral matrix of {X1(t)}, . . . , {Xm(t)}, {Y (t)}, such that

Fm|Y (λ) =

 Fm(λ) fm|Y (λ)

fH
m|Y (λ) fY,Y (λ)

 ,

and fm|Y (λ) = (f1,Y (λ), . . . , fm,Y (λ))
⊤.

Assumption 3.1. In (3.4),
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(1) {X1(t)}, . . . , {Xm(t)} are zero-mean jointly second order stationary processes with abso-

lutely summable covariance functions.

(2)
∑∞

kj=−∞ |bj(kj)| <∞ for j = 1, . . . ,m.

(3) {ε(t)} is a sequence of zero-mean IID noise that is independent of {X1(t)}, . . . , {Xm(t)}.

E|ε(t)|2 <∞.

(4) The spectral matrix Fm|Y (λ) is non-singular and all elements are twice continuously

differentiable λ-a.e.

Under Assumption 3.1, {X1(t)}, . . . , {Xm(t)}, {Y (t)} are joint second order stationary

and Y (t) admits the spectral representation

Y (t) =
m∑
j=1

∫ π

−π

eitλBj(λ)dZXj
(λ) +

∫ π

−π

eitλdZε(λ),

where Bj(λ) =
∑∞

kj=−∞ e−ikjλbj(kj) for j = 1, . . . ,m. Define

Gj(t) =

j∑
l=1

∫ π

−π

eitλAj,l(λ)dZXl
(λ)

for j = 1, . . . ,m, where Aj,l(λ) =
∑∞

hj,l=−∞ e−ihj,lλaj,l(hj,l).

Theorem 3.1. Let

fj(λ) =− (f1,j(λ), . . . , fj−1,j(λ))
⊤,

Aj(λ) =(Aj,1(λ), . . . , Aj,j−1(λ))
⊤,

for j = 2, . . . ,m. Let Fj|l(λ) be the matrix Fj(λ) with lth column replaced by fj+1(λ) for
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l = 1, . . . , j, and Fj|j+1(λ) = Fj(λ). Suppose it holds for λ-a.e. that

A1,1(λ) =
fY,1(λ)

f1,1(λ)
,

Aj,j(λ) =

∑j
l=1 det (Fj−1|l(λ))fY,l(λ)

det (Fj(λ))
,

Aj(λ) =F−1
j−1(λ)fj(λ)Aj,j(λ),

for j = 2, . . . ,m, then under Assumption 3.1,G1(t) is the projection of Y (t) onto Span({X1(t)}),

and Gj(t) is that onto Span({X1(t)}, . . . , {Xj(t)}) ∩ (Span({X1(t)}, . . . , {Xj−1(t)}))⊥ for

j = 2, . . . ,m.

Proof. Under Assumption 3.1, for j = 1, . . . ,m and l = 1, . . . , j, Aj,l(λ) is twice continu-

ously differentiable λ-a.e. so that
∑∞

hj,l=−∞ |aj,l(hj,l)| < ∞ by Theorem 4.4 in [29]. Thus,∑∞
hj,l=−∞ |aj,l(hj,l)|2 <∞ and hence Gj(t) ∈ Span({X1(t)}, . . . , {Xj(t)}).

For j ≥ 2 and k = 1, . . . , j, ∀ h,

EGj(t+ h)Xk(t) =

∫ π

−π

eihλ
j∑

l=1

Aj,l(λ)fl,k(λ)dλ.

j∑
l=1

Aj,l(λ)


fl,1(λ)

...

fl,j−1(λ)

 =

j−1∑
l=1

Aj,l(λ)


f1,l(λ)

...

fj−1,l(λ)

+ Aj,j(λ)


fj,1(λ)

...

fj,j−1(λ)


=Fj−1(λ)Aj(λ)− Aj,j(λ)fj(λ)

=0.

Therefore, ∀ h, EGj(t + h)Xk(t) = 0 for k = 1, . . . , j − 1, which indicates that Gj(t) ∈
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(Span({X1(t)}, . . . , {Xj−1(t)}))⊥.

It remains to show Bl(λ) =
∑m

j=lAj,l(λ), λ-a.e. for l = 1, . . . ,m. Since

Gm(t) ∈ (Span({X1(t)}, . . . , {Xm−1(t)}))⊥,

then ∀ h,

EY (t+ h)Gm(t) =E

(∫ π

−π

ei(t+h)λBm(λ)dZXm(λ)

)
Gm(t)∫ π

−π

eihλ
m∑
l=1

Am,l(λ)fY,l(λ)dλ =

∫ π

−π

eihλBm(λ)
m∑
l=1

Am,l(λ)fm,l(λ)dλ,

so that

Bm(λ) =

∑m
l=1Am,l(λ)fY,l(λ)∑m
l=1Am,l(λ)fm,l(λ)

, λ−a.e.

Since Aj(λ) = F−1
j−1(λ)fj(λ)Aj,j(λ), λ-a.e., by Cramer’s rule,

Aj,l(λ) =
det (Fj−1|l(λ))

det (Fj−1(λ))
Aj,j(λ), λ−a.e.

and hence

Bm(λ) =

∑m
l=1 det (Fm−1|l(λ))fY,l(λ)∑m
l=1 det (Fm−1|l(λ))fm,l(λ)

=

∑m
l=1 det (Fm−1|l(λ))fY,l(λ)

det (Fm(λ))

=Am,m(λ), λ−a.e.
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Note that the second equality is obtained by the fact that

Fj(λ) =

Fj−1(λ) −fj(λ)

−fH
j (λ) fj,j(λ)

 ,
det (Fj(λ)) =det (Fj−1(λ)) det (fj,j(λ)− fH

j (λ)F−1
j−1(λ)fj(λ))

=det (Fj−1(λ))

(
fj,j(λ)− fH

j (λ)
Aj(λ)

Aj,j(λ)

)

=det (Fj−1(λ))

∑j
l=1 det (Fj−1|l(λ))fj,l(λ)

det (Fj−1(λ))

=

j∑
l=1

det (Fj−1|l(λ))fj,l(λ),

Based on the similar derivation, use

E(Y (t+ h)−Gm(t+ h))Gm−1(t) = E

(∫ π

−π

ei(t+h)λ(Bm−1(λ)− Am,m−1(λ))

)
Gm−1(t)

to obtain

Bm−1(λ)− Am,m−1(λ) = Am−1,m−1(λ), λ−a.e.

Repeat this procedure by taking the expectation

E

(
Y (t+ h)−

j∑
k=0

Gm−k(t+ h)

)
Gm−j−1(t)

for j = 1, . . . ,m− 2, we obtain Bl(λ) =
∑m

j=lAj,l(λ), λ-a.e. for l = 1, . . . ,m.

Remark: The existence and uniqueness of these projections are guaranteed by Theorem 2.3.1

in [5] becauseSpan({X1(t)}) andSpan({X1(t)}, . . . , {Xj(t)})∩(Span({X1(t)}, . . . , {Xj−1(t)}))⊥
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for j = 2, . . . ,m, are closed subspaces of the L2 space generated by {X1(t)}, . . . , {Xm(t)}. It

seems to be more natural to first assume the projection Gj(t) =
∑j

l=1

∑∞
hj,l=−∞ aj,l(hj,l)Xl(t−

hj,l) and then find their spectral representation. However, here we prove this backwards, that

is, we start with a spectral representation and then prove that it is a projection. That is because

the closure of the span is taken under L2 norm so that it only ensures the square summability∑∞
hj,l=−∞ |aj,l(hj,l)|2 <∞, which is not sufficient for Gj(t) to admit a spectral representation.

By Theorem 3.1, the spectral representations of the orthogonal projections Gj(t)’s are

obtained. Subsequently,

fG1G1(λ) =
|fY,1(λ)|2

f1,1(λ)
,

and the spectral density of Gj(t) for j = 2, . . . ,m, can be obtained by

EGj(t+ h)Gj(t) =EGj(t+ h)

(∫ π

−π

e−itλAj,j(λ)dZXj
(λ)

)
∫ π

−π

eihλfGjGj
(λ)dλ =

∫ π

−π

eihλAj,j(λ)

j∑
l=1

Aj,l(λ)fl,j(λ)dλ∫ π

−π

eihλfGjGj
(λ)dλ =

∫ π

−π

eihλ|Aj,j(λ)|2
∑j

l=1 det (Fj−1|l(λ))fj,l(λ)

det (Fj−1(λ))
dλ∫ π

−π

eihλfGjGj
(λ)dλ =

∫ π

−π

eihλ|Aj,j(λ)|2
det (Fj(λ))

det (Fj−1(λ))
dλ,

fGjGj
(λ) =

∣∣∣∑j
l=1 det (Fj−1|l(λ))fY,l(λ)

∣∣∣2
det (Fj−1(λ)) det (Fj(λ))

λ−a.e.

Let Zm+1 = [zi,j]i,j=1,...,m+1, Zj|j+1 = Zj , and Zj|l be the matrix Zj with lth column replaced

by −(z1,j+1, . . . , zj,j+1)
⊤ for l = 1, . . . , j, j = 1, . . . ,m. Denote

Ψ1|m(Zm+1) = zm+1,1, Ψj|m(Zm+1) =

j∑
l=1

det (Zj−1|l)zm+1,l,
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for j = 2, . . . ,m. Thus,

fG1G1(λ) =
|Ψ1|m(Fm|Y (λ))|2

det (F1(λ))
, fGjGj

(λ) =

∣∣Ψj|m(Fm|Y (λ))
∣∣2

det (Fj−1(λ)) det (Fj(λ))
, λ−a.e. (3.6)

for j = 2, . . . ,m. Note that

Ψm|m(Fm|Y (λ)) =
m∑
l=1

det (Fm−1|l(λ))fY,l(λ)

=(det (Fm−1(λ)))

(
fY,m(λ) +

m−1∑
l=1

det (Fm−1|l(λ))

det (Fm−1(λ))
fY,l(λ)

)

=(det (Fm−1(λ)))

(
fY,m(λ) + fH

m−1|Y (λ)
Am(λ)

Am,m(λ)

)

=det (Fm−1(λ))(fY,m(λ) + fH
m−1|Y (λ)F

−1
m−1(λ)fm(λ)).

(3.7)

3.2.3 Testing for Input Effect

Recall from Section 3.2.1 that we may investigate the input effect of {Xj(t)} (j ≤ m) by

testing

H0 : Y (t) =

j−1∑
l=1

∞∑
kl=−∞

bl(kl)Xl(t− kl) + ε(t),

H1 : Y (t) =

j−1∑
l=1

∞∑
kl=−∞

bl(kl)Xl(t− kl) +
∞∑

kj=−∞

bj(kj)Xj(t− kj) + ε(t).

By Theorem 3.1, this is equivalent to testing whether Gj(t) = 0. Thus, based on (3.6), we can

formulate the hypotheses as

H0 :

∫ π

−π

|Ψj|j(Fj|Y (λ))|2dλ = 0, H1 :

∫ π

−π

|Ψj|j(Fj|Y (λ))|2dλ > 0. (3.8)
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In order to construct a test statistic, stronger assumptions are made for (3.4) based on [15] and [24].

Assumption 3.2. In (3.4),

(1) {X1(t)}, . . . , {Xm(t)} are zero-mean jointly stationary processes for all orders. Moreover,

∀ j ∈ Z+, ∀ u0, . . . , uj ∈ {1, . . . ,m}

∞∑
t1,...,tj=−∞

(
1 +

j∑
i=1

t2i

)∣∣cum (Xu0(0), Xu1(t1), . . . , Xuj
(tj)
)∣∣ <∞.

(2)
∑∞

kj=−∞ k2j |bj(kj)| <∞ for j = 1, . . . ,m.

(3) {ε(t)} is a sequence of zero-mean IID noise that is independent of {X1(t)}, . . . , {Xm(t)}.

All moments of ε(t) are finite.

(4) The spectral matrix Fm|Y (λ) is non-singular λ-a.e.

A sufficient condition for Assumption 3.2 (1) can be referred to Lemma 2.1 in [24].

The assumption of the cumulants can be replaced by strong mixing condition. If X(t) =

(X1(t), . . . , Xm(t))
⊤ is strong mixing and the mixing coefficient has a exponential decay, then

∀ j ∈ Z+, ∀ u0, . . . , uj ∈ {1, . . . ,m},

∞∑
t1,...,tj=−∞

(
1 +

j∑
i=1

tdi

)∣∣cum (Xu0(0), Xu1(t1), . . . , Xuj
(tj)
)∣∣ <∞

for all d ∈ N. By [49], ARMA series satisfy this mixing condition so that our analysis can be

applied to a wide range of time series. According to [24], Assumption 3.2 (1) and (2) imply that

(1) holds for u0, . . . , uj ∈ {0, 1, . . . ,m} with Y (t) = X0(t). Additionally, Assumption 3.2 (1)

ensures that the elements of Fm|Y (λ) are twice continuously differentiable λ-a.e.
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Next, we define the estimator of cross spectral density, which largely follows [24]. The

cross spectral density estimator of {U(t)} and {V (t)} is given by

f̂UV (λ) =
1

2π

∑
|h|<n

w

(
h

Mn

)
R̂UV (h)e

−ihλ,

R̂UV (h) =
1

n− h

n−h∑
t=1

(U(t+ h)− U)(V (t)− V ),

U =
1

n

n∑
t=1

U(t),

V =
1

n

n∑
t=1

V (t).

The assumptions on the window function w and bandwidth Mn refer to Assumption 3.1 in [24].

Assumption 3.3. The window function w and bandwidth Mn satisfies

(1) nM− 9
2

n → 0 and nM−3
n → ∞ as n→ ∞.

(2) Cw,2 =
∫∞
−∞w2(x)dx <∞, Cw,4 =

∫∞
−∞w4(x)dx <∞ and

∑
|h|<nw

(
h

Mn

)
∼ O(Mn).

(3) W (λ) = 1
2π

∑
|h|<nw

(
h

Mn

)
e−ihλ is bounded, symmetric, nonnegative and Lipschitz con-

tinuous satisfying
∫∞
−∞W (λ)dλ = 1,

∫∞
−∞ λ2W (λ)dλ <∞ and lim supλ→∞ λ2W (λ) = 0.

According to [24], under Assumption 3.2 and 3.3, the statistic

Zn,j|j =
Tn,j|j − µn,j|j

σn,j|j

d→ N(0, 1),
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as n→ ∞ under H0 in (3.8), where

Tn,j|j =nM
− 1

2
n

∫ π

−π

|Ψj|j(F̂j|Y (λ))|2dλ,

µn,j|j =M
1
2
n Cw,2

∫ π

−π

tr
(
D⊤

Ψj|j
(F̂j|Y (λ))F̂j|Y (λ)DΨj|j(F̂j|Y (λ))F̂j|Y (λ)

)
dλ,

σ2
n,j|j =4πCw,4

∫ π

−π

(∣∣∣tr(D⊤
Ψj|j

(F̂j|Y (λ))F̂j|Y (λ)DΨj|j(F̂j|Y (λ))F̂j|Y (λ)
)∣∣∣2

+
∣∣∣tr(D⊤

Ψj|j
(F̂j|Y (λ))F̂j|Y (λ)D

⊤
Ψj|j

(F̂j|Y (λ))F̂j|Y (λ)
)∣∣∣2) dλ,

DΨj|j(F̂j|Y (λ)) =
∂Ψj|j(Zj+1)

∂Zj+1

∣∣∣∣
Zj+1=F̂j|Y (λ)

,

and we reject H0 if Zn,j|m > zα at the significance level of α.

Theorem 3.2. Under H0 in (3.8),

tr
(
D⊤

Ψ1|1
(F1|Y (λ))F1|Y (λ)DΨ1|1(F1|Y (λ))F1|Y (λ)

)
=f1,1(λ)fY,Y (λ),

tr
(
D⊤

Ψ1|1
(F1|Y (λ))F1|Y (λ)D

⊤
Ψ1|1

(F1|Y (λ))F1|Y (λ)
)
=0,

and

tr
(
D⊤

Ψj|j
(Fj|Y (λ))Fj|Y (λ)DΨj|j(Fj|Y (λ))Fj|Y (λ)

)
=det (Fj−1(λ)) det (Fj(λ))(fY,Y (λ)− fH

j−1|Y (λ)F
−1
j−1(λ)fj−1|Y (λ)),

tr
(
D⊤

Ψj|j
(Fj|Y (λ))Fj|Y (λ)D

⊤
Ψj|j

(Fj|Y (λ))Fj|Y (λ)
)

=0,

for j ≥ 2.
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Proof. When j = 1,

D⊤
Ψ1|1

(F1|Y (λ))F1|Y (λ) =

0 1

0 0


f1,1(λ) f1,Y (λ)

fY,1(λ) fY,Y (λ)

 =

fY,1(λ) fY,Y (λ)

0 0

 ,

DΨ1|1(F1|Y (λ))F1|Y (λ) =

0 0

1 0


f1,1(λ) f1,Y (λ)

fY,1(λ) fY,Y (λ)

 =

 0 0

f1,1(λ) f1,Y (λ)

 ,

so that

tr
(
D⊤

Ψ1|1
(F1|Y (λ))F1|Y (λ)DΨ1|1(F1|Y (λ))F1|Y (λ)

)
=f1,1(λ)fY,Y (λ),

tr
(
D⊤

Ψ1|1
(F1|Y (λ))F1|Y (λ)D

⊤
Ψ1|1

(F1|Y (λ))F1|Y (λ)
)
=|fY,1(λ)|2 = |Ψ1|1(F1|Y (λ))|2 = 0,

under H0. When j ≥ 2,

Fj|Y (λ) =


Fj−1(λ) −fj(λ) fj−1|Y (λ)

−fH
j (λ) fj,j(λ) fj,Y (λ)

fH
j−1|Y (λ) fY,j(λ) fY,Y (λ)

 ,

D⊤
Ψj|j

(Fj|Y (λ)) =


D⊤

j−1(λ) 0 (det (Fj−1(λ)))F
−1
j−1(λ)fj(λ)

−(det (Fj−1(λ)))f
H
j−1|Y (λ)F

−1
j−1(λ) 0 det (Fj−1(λ))

0 0 0

 ,

DΨj|j(Fj|Y (λ)) =


Dj−1(λ) −(det (Fj−1(λ)))F

−1
j−1(λ)fj−1|Y (λ) 0

0 0 0

(det (Fj−1(λ)))f
H
j (λ)F−1

j−1(λ) det (Fj−1(λ)) 0

 ,
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where

D⊤
j−1(λ) =(det (Fj−1(λ)))(fY,j(λ) + fH

j−1|Y (λ)F
−1
j−1(λ)fj(λ))F

−1
j−1(λ)

− (det (Fj−1(λ)))F
−1
j−1(λ)fj(λ)f

H
j−1|Y (λ)F

−1
j−1(λ),

Dj−1(λ) =(det (Fj−1(λ)))(fY,j(λ) + fH
j−1|Y (λ)F

−1
j−1(λ)fj(λ))F

−1
j−1(λ)

− (det (Fj−1(λ)))F
−1
j−1(λ)fj−1|Y (λ)f

H
j (λ)F−1

j−1(λ).

Then,

D⊤
Ψj|j

(Fj|Y (λ))Fj|Y (λ) =

 A1(λ) A2(λ)

A3(λ) A4(λ)

 ,

where

A1(λ) =D⊤
j−1(λ)Fj−1(λ) +

[
0 (det (Fj−1(λ)))F

−1
j−1(λ)fj(λ)

] −fH
j (λ)

fH
j−1|Y (λ)


=(detFj−1(λ))(fY,j(λ) + fH

j−1|Y (λ)F
−1
j−1(λ)fj(λ))Ij−1

=Ψj|j(Fj|Y (λ))Ij−1,

A2(λ) =D⊤
j−1(λ)

[
−fj(λ) fj−1|Y (λ)

]

+

[
0 (det (Fj−1(λ)))F

−1
j−1(λ)fj(λ)

]fj,j(λ) fj,Y (λ)

fY,j(λ) fY,Y (λ)

 ,
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A3(λ) =

−(det (Fj−1(λ)))f
H
j−1|Y (λ)F

−1
j−1(λ)

0

Fj−1(λ) +

0 det (Fj−1(λ))

0 0


 −fH

j

fH
j−1|Y


=0,

A4(λ) =

−(det (Fj−1(λ)))f
H
j−1|Y (λ)F

−1
j−1(λ)

0

[−fj(λ) fj−1|Y (λ)

]

+

0 det (Fj−1(λ))

0 0


fj,j(λ) fj,Y (λ)

fY,j(λ) fY,Y (λ)



=

Ψj|j(Fj|Y (λ)) (det (Fj−1(λ)))(fY,Y (λ)− fH
j−1|Y (λ)F

−1
j−1(λ)fj−1|Y (λ))

0 0

 .

DΨj|j(Fj|Y (λ))Fj|Y (λ) =

 B1(λ) B2(λ)

B3(λ) B4(λ)

 ,

where

B1(λ) =Dj−1(λ)Fj−1(λ) +

[
−(det (Fj−1(λ)))F

−1
j−1(λ)fj−1|Y (λ) 0

] −fH
j (λ)

fH
j−1|Y (λ)


=Ψj|j(Fj|Y (λ))Ij−1,

B2(λ) =Dj−1(λ)

[
−fj(λ) fj−1|Y (λ)

]

+

[
−(det (Fj−1(λ)))F

−1
j−1(λ)fj−1|Y (λ) 0

]fj,j(λ) fj,Y (λ)

fY,j(λ) fY,Y (λ)

 ,
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B3(λ) =

 0

(det (Fj−1(λ)))f
H
j (λ)F−1

j−1(λ)

Fj−1(λ) +

 0 0

det (Fj−1(λ)) 0


 −fH

j (λ)

fH
j−1|Y (λ)


=0,

B4(λ) =

 0

(det (Fj−1(λ)))f
H
j (λ)F−1

j−1(λ)

[−fj(λ) fj−1|Y (λ)

]

+

 0 0

det (Fj−1(λ)) 0


fj,j(λ) fj,Y (λ)

fY,j(λ) fY,Y (λ)



=

 0 0

det (Fj(λ)) Ψj|j(Fj|Y (λ))

 .
Thus, under H0,

tr
(
D⊤

Ψj|j
(Fj|Y (λ))Fj|Y (λ)DΨj|j(Fj|Y (λ))Fj|Y (λ)

)
=tr(A1(λ)B1(λ)) + tr(A4(λ)B4(λ))

=(j − 1)|Ψj|j(Fj|Y (λ))|2 + det (Fj−1(λ)) det (Fj(λ))(fY,Y (λ)− fH
j−1|Y (λ)F

−1
j−1(λ)fj−1|Y (λ))

=det (Fj−1(λ)) det (Fj(λ))(fY,Y (λ)− fH
j−1|Y (λ)F

−1
j−1(λ)fj−1|Y (λ)),

tr
(
D⊤

Ψj|j
(Fj|Y (λ))Fj|Y (λ)D

⊤
Ψj|j

(Fj|Y (λ))Fj|Y (λ)
)

=tr(A1(λ)A1(λ)) + tr(A4(λ)A4(λ))

=jΨ2
j|j(Fj|Y (λ))

=0.
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By Theorem 3.2, µn,j|j and σ2
n,j|j can be simplified to

µn,j|j =M
1
2
n Cw,2

∫ π

−π

ψj|j(F̂j|Y (λ))dλ,

σ2
n,j|j =4πCw,4

∫ π

−π

|ψj|j(F̂j|Y (λ))|2dλ,

where

ψj|j(Fj|Y (λ)) = det (Fj−1(λ)) det (Fj(λ))(fY,Y (λ)− fH
j−1|Y (λ)F

−1
j−1(λ)fj−1|Y (λ)).

Now, if we want to test the effect of multiple inputs {Xj(t)}, {Xj+1(t)}, . . . , {Xm(t)},

according to Section 3.2.1, we consider the nested models

H0 : Y (t) =

j−1∑
l=1

∞∑
kl=−∞

bl(kl)Xl(t− kl) + ε(t),

H1 : Y (t) =

j−1∑
l=1

∞∑
kl=−∞

bl(kl)Xl(t− kl) +
m∑
h=j

∞∑
kh=−∞

bh(kh)Xh(t− kh) + ε(t).

This is equivalent to testing

H0 :

∫ π

−π

∥∥Ψj:m|m(Fm|Y (λ))
∥∥2 dλ = 0, H1 :

∫ π

−π

∥∥Ψj:m|m(Fm|Y (λ))
∥∥2 dλ > 0, (3.9)

where Ψj:m|m(Fm|Y (λ)) = (Ψj|m(Fm|Y (λ)), . . . ,Ψm|m(Fm|Y (λ)))
⊤. However, the formula of

Ψj|m(Fm|Y (λ)) becomes more complicated as j increases. Thus, we design the test in an

alternative way.

Let us first reexamine (3.8). This test is designed to test whether the process {Xj(t)} should

be included in the model given {X1(t)}, . . . , {Xj−1(t)}, are in the model. Since we havem input
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processes in total, {Xj(t)}, {Xj+1(t)}, . . . , {Xm(t)} are all possible candidates for jth input. Let

v = m − j + 1 and denote {Xj(t)}, . . . , {Xm(t)} as {X(t;u1)}, . . . , {X(t;uv)}, respectively.

Then the test (3.8) can be rewritten as

H0 :

∫ π

−π

|Ψj|j(Fj|Y (λ;u))|2dλ = 0, H1 :

∫ π

−π

|Ψj|j(Fj|Y (λ;u))|2dλ > 0, (3.10)

where u indicates the process we want to test when there are more than one candidate. If we want

to test {Xj(t)}, then u = u1. The corresponding test statistic can be rewritten as

Zn,j(u) =
Tn,j(u)− µn,j(u)

σn,j(u)
,

where

Tn,j(u) =nM
− 1

2
n

∫ π

−π

|Ψj|j(F̂j|Y (λ;u))|2dλ,

µn,j(u) =M
1
2
n Cw,2

∫ π

−π

ψj|j(F̂j|Y (λ;u))dλ,

σ2
n,j(u) =4πCw,4

∫ π

−π

|ψj|j(F̂j|Y (λ;u))|2dλ.

Thus, if we want to test whether {Xj(t)}, . . . , {Xm(t)} should be included in the model,

we can formulate the hypotheses as

H0 :

∫ π

−π

∥∥Φj(Fm|Y (λ;u))
∥∥2 dλ = 0, H1 :

∫ π

−π

∥∥Φj(Fm|Y (λ;u))
∥∥2 dλ > 0, (3.11)
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where

Φj(Fm|Y (λ;u)) =(ϕj,1(Fm|Y (λ;u)), . . . , ϕj,v(Fm|Y (λ;u)))
⊤,

ϕj,w(Fm|Y (λ;u)) =Ψj|j(Fj|Y (λ;uw)), w = 1, . . . , v.

According to [15] and [24], under Assumption 3.2 and 3.3,

Z̈n,j(u) =
T̈n,j(u)− µ̈n,j(u)

σ̈n,j(u)

d→ N(0, 1),

as n→ ∞ where

T̈n,j(u) =nM
− 1

2
n

∫ π

−π

∥∥∥Φj(F̂m|Y (λ;u))
∥∥∥2 dλ,

µ̈n,j(u) =M
1
2
n Cw,2

∫ π

−π

tr
[
Γ̂Φj

(λ;u)
(
F̂m|Y (λ;u)⊗ F̂m|Y (λ;u)

)]
dλ,

σ̈2
n,j(u) =4πCw,4

∫ π

−π

tr
[
Γ̂Φj

(λ;u)
(
F̂m|Y (λ;u)⊗ F̂m|Y (λ;u)

)(
Γ̂Φj

(λ;u) + Γ̂H
Φj
(λ;u)

)
×
(
F̂m|Y (λ;u)⊗ F̂m|Y (λ;u)

)]
dλ,

Γ̂Φj
(λ;u) =

v∑
w=1

vec

(
∂ϕj,w(Zm+1)

∂Zm+1

)
vec

(
∂ϕj,w(Zm+1)

∂Zm+1

)⊤
∣∣∣∣∣
Zm+1=F̂m|Y (λ;u)

.

Based on the new notation{X(t;u1)}, . . . , {X(t;uv)} for{Xj(t)}, . . . , {Xm(t)},Ψj:m|m(Fm|Y (λ))

in (3.9) can be rewritten as

Ψj:m|m(Fm|Y (λ;u1, . . . , uv)) = (Ψj|m(Fm|Y (λ;u1, . . . , uv)), . . . ,Ψm|m(Fm|Y (λ;u1, . . . , uv)))
⊤,
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and by the definition of Ψj|m(Fm|Y (λ)), we have

Ψj|m(Fm|Y (λ;u1, . . . , uv)) =Ψj|j(Fj|Y (λ;u1)),

Ψj+1|m(Fm|Y (λ;u1, . . . , uv)) =Ψj+1|j+1(Fj+1|Y (λ;u1, u2)),

...

Ψm|m(Fm|Y (λ;u1, . . . , uv)) =Ψm|m(Fm|Y (λ;u1, . . . , uv)).

Then we use the following theorem to show that (3.9) and (3.11) are indeed equivalent.

Theorem 3.3. For v = m− j + 1,

Ψj:m|m(Fm|Y (λ;u1, . . . , uv)) = 0 ⇔ Φj(Fm|Y (λ;u1, . . . , uv)) = 0, λ−a.e.

Proof. It is sufficient to show that

Ψj+w−1|j+w−1(Fj+w−1|Y (λ;u1, . . . , uw)) = 0, w = 1, . . . , v

⇔ Ψj|j(Fj|Y (λ;uw)) = 0, w = 1, . . . , v, λ−a.e.

(3.12)

We first prove this with w = 2, that is,

Ψj|j(Fj|Y (λ;u1)) = 0, Ψj+1|j+1(Fj+1|Y (λ;u1, u2)) = 0

⇔ Ψj|j(Fj|Y (λ;u1)) = 0, Ψj|j(Fj|Y (λ;u2)) = 0, λ−a.e.

(3.13)

Notice that the fj+1,j+1(λ;u2), fY,j+1(λ;u2), fj+1(λ;u2) in Fj+1|Y (λ;u1, u2) are identical to

fj,j(λ;u2), fY,j(λ;u2), fj(λ;u2) in Fj|Y (λ;u2), respectively.
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Thus, for j = 1, fY,2(λ;u2) = fY,1(λ;u2) so that it is straightforward that

fY,1(λ;u1) = 0, f1,1(λ;u1)fY,2(λ;u2)− fY,1(λ;u1)f1,2(λ;u1, u2) = 0

⇔ fY,1(λ;u1) = 0, fY,1(λ;u2) = 0, λ−a.e.

For j ≥ 2, the expression of Fj|Y (λ;u1) and Fj|Y (λ;u2) are given by

Fj|Y (λ;u1) =


Fj−1(λ) −fj(λ;u1) fj−1|Y (λ)

−fH
j (λ;u1) fj,j(λ;u1) fj,Y (λ;u1)

fH
j−1|Y (λ) fY,j(λ;u1) fY,Y (λ)

 ,

and

Fj|Y (λ;u2) =


Fj−1(λ) −fj(λ;u2) fj−1|Y (λ)

−fH
j (λ;u2) fj,j(λ;u2) fj,Y (λ;u2)

fH
j−1|Y (λ) fY,j(λ;u2) fY,Y (λ)

 ,

so that Fj+1|Y (λ;u1, u2) can be expressed by

Fj+1|Y (λ;u1, u2) =



Fj−1(λ) −fj(λ;u1) −fj(λ;u2) fj−1|Y (λ)

−fH
j (λ;u1) fj,j(λ;u1) fj,j+1(λ;u1, u2) fj,Y (λ;u1)

−fH
j (λ;u2) fj+1,j(λ;u1, u2) fj,j(λ;u2) fj,Y (λ;u2)

fH
j−1|Y (λ) fY,j(λ;u1) fY,j(λ;u2) fY,Y (λ)


.

143



By (3.7),

Ψj|j(Fj|Y (λ;u1))

=det (Fj−1(λ))(fY,j(λ;u1) + fH
j−1|Y (λ)F

−1
j−1(λ)fj(λ;u1)),

Ψj|j(Fj|Y (λ;u2))

=det (Fj−1(λ))(fY,j(λ;u2) + fH
j−1|Y (λ)F

−1
j−1(λ)fj(λ;u2)),

Ψj+1|j+1(Fj+1|Y (λ;u1, u2))

=det

 Fj−1(λ) −fj(λ;u1)

−fH
j (λ;u1) fj,j(λ;u1)

×

fY,j(λ;u2)

+

[
fH
j−1|Y (λ) fY,j(λ;u1)

] Fj−1(λ) −fj(λ;u1)

−fH
j (λ;u1) fj,j(λ;u1)


−1  fj(λ;u2)

−fj,j+1(λ;u1, u2)


 .

Since the spectral matrix is nonsingular by Assumption 3.2 (4) λ-a.e., then

Ψj|j(Fj|Y (λ;u1)) = 0 ⇔ fY,j(λ;u1) + fH
j−1|Y (λ)F

−1
j−1(λ)fj(λ;u1) = 0,

Ψj|j(Fj|Y (λ;u2)) = 0 ⇔ fY,j(λ;u2) + fH
j−1|Y (λ)F

−1
j−1(λ)fj(λ;u2) = 0,

Ψj+1|j+1(Fj+1|Y (λ;u1, u2)) = 0 ⇔fY,j(λ;u2)

+

[
fH
j−1|Y (λ) fY,j(λ;u1)

] Fj−1(λ) −fj(λ;u1)

−fH
j (λ;u1) fj,j(λ;u1)


−1  fj(λ;u2)

−fj,j+1(λ;u1, u2)

 = 0,
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for λ-a.e.

 Fj−1(λ) −fj(λ;u1)

−fH
j (λ;u1) fj,j(λ;u1)


−1

=

 F−1
j−1(λ) +

F−1
j−1(λ)fj(λ;u1)fH

j (λ;u1)F
−1
j−1(λ)

det (Fj(λ;u1))

F−1
j−1(λ)fj(λ;u1)

det (Fj(λ;u1))

fH
j (λ;u1)F

−1
j−1(λ)

det (Fj(λ;u1))
1

det (Fj(λ;u1))

 ,

so that

fY,j(λ;u2) +

[
fH
j−1|Y (λ) fY,j(λ;u1)

] Fj−1(λ) −fj(λ;u1)

−fH
j (λ;u1) fj,j(λ;u1)


−1  fj(λ;u2)

−fj,j+1(λ;u1, u2)


=fY,j(λ;u2) + fH

j−1|Y (λ)Fj−1(λ)fj(λ;u2) +
1

det (Fj(λ;u1))

×
(
fY,j(λ;u1) + fH

j−1|Y (λ)Fj−1(λ)fj(λ;u1)
) (

fH
j (λ;u1)Fj−1(λ)fj(λ;u2)− fj,j+1(λ;u1, u2)

)
.

Thus, given fY,j(λ;u1) + fH
j−1|Y (λ)Fj−1(λ)fj(λ;u1) = 0,

fY,j(λ;u2)+fH
j−1|Y (λ)Fj−1(λ)fj(λ;u2) = 0 ⇔ fY,j(λ;u2)

+

[
fH
j−1|Y (λ) fY,j(λ;u1)

] Fj−1(λ) −fj(λ;u1)

−fH
j (λ;u1) fj,j(λ;u1)


−1  fj(λ;u2)

−fj,j+1(λ;u1, u2)

 = 0,

and thus (3.13) is proved.
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Since j, u1 and u2 are arbitrary, then by (3.13),

Ψj|j(Fj|Y (λ;u1)) = 0,

Ψj+1|j+1(Fj+1|Y (λ;u1, u2)) = 0,

Ψj+2|j+2(Fj+2|Y (λ;u1, u2, u3)) = 0

⇔ Ψj|j(Fj|Y (λ;u1)) = 0,

Ψj+1|j+1(Fj+1|Y (λ;u1, u2)) = 0,

Ψj+1|j+1(Fj+1|Y (λ;u1, u3)) = 0

⇔ Ψj|j(Fj|Y (λ;u1)) = 0,

Ψj|j(Fj|Y (λ;u2)) = 0,

Ψj|j(Fj|Y (λ;u3)) = 0, λ−a.e.

Repeat the above argument, (3.12) is proved, which completes the proof.

The equivalence of (3.9) and (3.11) immediately follows Theorem 3.3.

3.3 Nonlinearity and Residual Coherence

When the input processes in (3.4) are zero-mean polynomial processes of a single process

{X(t)}, the tests (3.10) and (3.11) can be used to test the nonlinearity between {X(t)} and

{Y (t)}. A typical example is the lagged process model proposed by [42]. The model can be

considered as

Y (t) =
∞∑

k1=−∞

b1(k1)X1(t− k1) +
∞∑

k2=−∞

b2(k2;u)X2(t− k2;u) + ε(t),
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whereX1(t) = X(t) andX2(t;u) = X̃u(t) = X(t)X(t+u)−RXX(u). X̃u(t) in [42] is referred

as the lagged process with lag u. Thus, (3.10) and (3.11) can be used to test whether a single

lagged process or a set of lagged processes should be included in the model given that the linear

process {X(t)} is included as an input. A related concept, lagged coherence, is introduced by [42]

to measure the effect of the lagged process. The lagged coherence corresponding to X2(t;u) is

given by

S2(λ;u) =
fG1G1(λ) + fG2G2(λ;u)

fY,Y (λ)
,

and it is noted by [42] that

S1(λ) =
fG1G1(λ)

fY,Y (λ)

is indeed the squared linear coherence between {X(t)} and {Y (t)}. This is closely related to the

squared partial coherency spectrum in [27], which also measures the effect of {X2(t;u)} given

{X1(t)} is included in the model. The squared partial coherency spectrum of {X(t)} and {Y (t)}

and {Y (t)} given {X1(t)} has a connection with the lagged coherence such that

κ22Y |1(λ) =
f1,1(λ)fY,Y (λ)

f1,1(λ)fY,Y (λ)− |f1,Y (λ)|2
(S2(λ;u)− S1(λ)).

Since S1(λ) does not depend on u so that S2(λ;u)−S1(λ) can also be used to measure the effect

of {X2(t;u)}, and κ22Y |1 can be regarded as a weighted version of S2(λ;u) − S1(λ). However,

these measures are functions of λ, so that they could be maximized by different u’s for different

frequencies. In order to compare the effect of different lagged processes, [43] and [31] introduced
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the residual coherence

RS(u) = sup
λ
(S2(λ;u)− S1(λ)) = sup

λ

fG2G2(λ;u)

fY,Y (λ)
.

Moreover, {X2(t;u)} is not necessarily a lagged process and it can be considered as a candidate

for the second input in general as discussed in Section 3.2.3. Thus, the residual coherence can be

used to measure the effect of the second input in general. Based on its formula, it is effortless to

extend it to a measure of jth input. But let us first examine another criterion, integrated spectrum,

proposed by [77]. The integrated spectrum measuring the effect of jth input is defined as

ISj(u) =

∫ π

−π

fGjGj
(λ;u)dλ.

The integration is used to make the criterion independent of λ. Thus, we define the Generalized

Residual Coherence (GRC) for jth input as

GRCj(u; p, q, k(·)) =
∥∥k(λ)fGjGj

(λ;u)
∥∥q
p
,

where k(·) is a positive and bounded function, p = 1, 2, . . . , and q > 0. For example,

GRC2(u;∞, 1, f−1
Y,Y (·)) =RS(u),

GRCj(u; 1, 1, 1) =ISj(u).

148



To simplify the notation, we denoteGRCj(u) = GRCj(u; 1, 1, 1), that is, we letGRCj(u; 1, 1, 1)

be the default criterion. Thus, (3.10) and (3.11) can also be expressed as

H0 : GRCj(u) = 0, H1 : GRCj(u) > 0, (3.14)

and

H0 : GRCj(uw) = 0, w = 1, . . . , v,

H1 : At least one GRCj(uw) > 0, w = 1, . . . , v,

(3.15)

respectively.

3.4 Simulation

In this section, we use 11 simulated cases to verify that the tests (3.10) and (3.11) have

satisfactory Type-I error rate and power. All tests are performed at the significance level of 0.05,

and all simulated Type-I error rates and powers are calculated based on 1000 iterations. All cross

spectral densities are estimated by the Parzen window

w(x) =



1− 6|x|2 + 6|x|3, |x| < 1
2
,

2(1− |x|)3, 1
2
≤ |x| ≤ 1,

0, otherwise,
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with bandwidth Mn = ⌊n 1
3.5 ⌋, which satisfies Assumption 3.3. First, we generate an AR(1)

process Z(t) such that

Z(t) = 0.5Z(t− 1) + e(t),

where e(t)’s are IID N(0, 0.75) noise. Next, denote the candidate processes that we use to test as

X(t; 0) =Z(t),

X(t; 1) =Z(t)Z(t− 1)− 0.5,

X(t; 2) =Z(t)Z(t− 2)− 0.25.

Then, the following three models are constructed for the simulation.

Model 1: Y (t) = ε(t).

Model 2: Y (t) = X(t; 0) + ε(t) .

Model 3: Y (t) = X(t; 0) + 0.8X(t; 1) + ε(t).

{ε(t)} is a sequence of IID N(0, 1) noise. The description of simulated cases is given in Table

3.1.

Finally, we obtain the rejection rate of each case (Type-I error rate when H0 is true and

power when H0 is false) with length of time series N = 100, 200, 500, 1000, 2000. As shown in

Table 3.2, the simulated Type-error rates are closed to 0.05, and simulated powers are closed to 1

so that the tests we developed are valid.
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Table 3.1: The models and tests used for the 11 simulated cases.

Case Model H0 (True or False) Description of the test
1 Model 1 GRC1(0) = 0 (True) Test {X(t; 0)} as the first input.
2 GRC1(0) = GRC1(1) = 0 (True) Test whether the first input can be one of

{X(t; 0)} and {X(t; 1)}.
3 Model 2 GRC1(0) = 0 (False) Test X(t; 0) as the first input.
4 GRC1(0) = GRC1(1) = 0 (False) Test whether the first input can be one of

{X(t; 0)} and {X(t; 1)}.
5 GRC2(1) = 0 (True) Test {X(t; 1)} as the second input given that

{X(t; 0)} is the first input.
6 GRC2(1) = GRC2(2) = 0 (True) Test whether the second input can be one of

{X(t; 1)} and {X(t; 2)} given that {X(t; 0)} is
the first input.

7 Model 3 GRC1(0) = 0 (False) Test {X(t; 0)} as the first input.
8 GRC1(0) = GRC1(1) = 0 (False) Test whether the first input can be one of

{X(t; 0)} and {X(t; 1)}.
9 GRC2(1) = 0 (False) Test {X(t; 1)} as the second input given that

{X(t; 0)} is the first input.
10 GRC2(1) = GRC2(2) = 0 (False) Test whether the second input can be one of

{X(t; 1)} and {X(t; 2)} given that {X(t; 0)} is
the first input.

11 GRC3(2) = 0 (True) Test {X(t; 2)} as the third input given {X(t; 0)}
and X(t; 1) are the first two inputs.

3.5 Analysis of Brain Functional Connectivity Data

In this section, we apply tests (3.10) and (3.11) to detecting associations between BOLD

sequences extracted from 246 brain subregions. These subregions are defined based on the

brainnetome atlas introduced by [17]. The data are obtained from 110 people including 61

healthy individuals and 49 schizophrenia patients. For each individual, 246 BOLD sequences that

correspond to the 246 subregions are recorded with length 150. Further description of the data

can be referred to [9].

For each individual, we can use (3.10) and (3.11) to test whether the BOLD sequences of

two subregions have a significant association. Such association can be linear, quadratic or higher

degree polynomials. One may use the test result from all individuals for further analysis. To
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Table 3.2: Rejection rates of 11 simulated cases. For Case 1, 2, 5, 6, 11, the rejection rate represents
the estimated Type-I error. For Case 3, 4, 7, 8, 9, 10, the rejection rate represents the estimated power.

Case N = 100 N = 200 N = 500 N = 1000 N = 2000 N = 5000
1 0.070 0.077 0.081 0.079 0.080 0.068
2 0.034 0.037 0.039 0.035 0.036 0.026
3 1.000 1.000 1.000 1.000 1.000 1.000
4 1.000 1.000 1.000 1.000 1.000 1.000
5 0.072 0.080 0.064 0.089 0.084 0.068
6 0.033 0.038 0.029 0.049 0.046 0.035
7 0.995 1.000 1.000 1.000 1.000 1.000
8 1.000 1.000 1.000 1.000 1.000 1.000
9 1.000 1.000 1.000 1.000 1.000 1.000
10 0.999 1.000 1.000 1.000 1.000 1.000
11 0.057 0.042 0.043 0.061 0.051 0.054

avoid digression, we shall focus on demonstrating the use of the tests. Thus, we apply the tests to

the BOLD sequences averaged over individuals instead of using them for each individual. But we

should bear in mind that more information can be obtained if these tests are used for analyzing

the BOLD sequences from each individual.

3.5.1 Data Processing

First, for each subregion, we average BOLD sequences in healthy control group and

schizophrenia patient group such that

ZH,i(t) =
1

61

61∑
j=1

ZH,i,j(t),

ZP,i(t) =
1

49

49∑
j=1

ZP,i,j(t),

where {ZH,i,j(t)} represents the BOLD sequence of subregion i obtained from jth healthy indi-

vidual, while {ZP,i,j(t)} represents that obtained from jth patient. Thus, for each subregion, we

have one BOLD sequence for the healthy control group and one for schizophrenia patient group.
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Moreover, to make the sequences sufficiently stationary, we take the first order difference and

remove the first two observations for all {ZH,i(t)} and {ZP,i(t)}. Furthermore, all sequences are

centered so that the processed sequences have mean 0. The processed sequences are denoted as

{XH,i(t)} and {XP,i(t)}, i = 1, . . . , 246.

3.5.2 Testing for Quadratic Association

For healthy control group, we have {XH,i(t)} for i = 1, . . . , 246, representing the 246

subregions. For any two subregions i and j, the linear association can be tested based on

H0 : Y (t) =ε(t),

H1 : Y (t) =
∞∑

k1=−∞

b1(k1)X1(t− k1) + ε(t),
(3.16)

where Y (t) = XH,i(t) and X1(t) = XH,j(t) when {XH,i(t)} is considered as the output. We can

exchange {XH,i(t)} and {XH,j(t)} and perform the test with {XH,j(t)} being the output. This

test corresponds to (3.10).

To detect possible quadratic association, we apply our tests to lagged processes. If the linear

association is significant, we consider testing

H0 : Y (t) =
∞∑

k1=−∞

b1(k1)X1(t− k1) + ε(t),

H1 : Y (t) =
∞∑

k1=−∞

b1(k1)X1(t− k1) +
∞∑

k2=−∞

b2(k2;u)X2(t− k2;u) + ε(t),

(3.17)

where Y (t) = XH,i(t), X1(t) = XH,j(t) and X2(t;u) = XH,j(t)XH,j(t + u) − RXH,jXH,j
(u)

when {XH,i(t)} is considered as the output. If the linear association is insignificant, we consider
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testing

H0 : Y (t) =ε(t),

H1 : Y (t) =
∞∑

k2=−∞

b2(k2;u)X2(t− k2;u) + ε(t).
(3.18)

Again, we can exchange {XH,i(t)} and {XH,j(t)} to obtain test result with {XH,j(t)} being the

output. The tests (3.17) and (3.18) correspond to (3.10) when we test for a single u and (3.11)

when we test for multiple u’s. Note that (3.17) can also be considered as testing GRC2(u) = 0

given {X1(t)} is the first input, and (3.18) can be considered as testing GRC1(u) = 0.

Similarly, the above analysis can be repeated for schizophrenia patient group. Thus, we

can use colored blocks to show the test result from the two groups. In Figure 3.1, the blue

blocks indicate that the association is significant when {XH,2(t)} is the output of {XH,1(t)}, and

{XH,3(t)} is the output of {XH,2(t)}. In Figure 3.2, the red blocks indicate that the association is

significant when {XP,2(t)} is the output of {XP,1(t)}, and {XP,1(t)} is the output of {XP,3(t)}.

Thus, Figure 3.3 is obtained by merging Figure 3.1 and 3.2. The four colors, white (W), blue (B),

red (R), and purple (P), represent the four different test results of the two subregions such that

W: the association is insignificant in both groups.

B: the association is significant in healthy control group but insignificant in schizophrenia

patient group.

R: the association is significant in schizophrenia patient group but insignificant in healthy

control group.

P: the association is significant in both groups.
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Figure 3.1: Test result of
{XH,i(t)}, i = 1, 2, 3.
Blue indicates significance.

1 2 3
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1

Figure 3.2: Test result of
{XP,i(t)}, i = 1, 2, 3. Red
indicates significance.
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Figure 3.3: Colored blocks
obtained by adding up the
result of Figure 3.1 and 3.2.

Then, we apply the above tests discussed to the subregions of subcortical nuclei. These

subregions are labeled by 211-246 in [17]. An odd number indicates that the corresponding

subregion is in left hemisphere while an even number indicates otherwise. We relabel these

subregions, letting 1-18 be the subregions in left hemisphere (211, 213,...,245) and 19-36 be the

subregions in right hemisphere (212, 214,..., 246). All tests are performed at the significance

level of 0.05 and all cross spectral densities are estimated by the Parzen window with bandwidth

Mn = ⌊n 1
3.5 ⌋.

Figure 3.4 is obtained by testing the linear association between the subregions, and Figure

3.5 is obtained by testing the lagged processes with lags u = 0, . . . , 4. In Figure 3.4 and 3.5, the

four blocks represent the test results from left and right hemisphere such that

Upper left: both input and output are from left hemisphere.

Upper right: output is from left hemisphere and input is from right hemisphere.

Lower left: input is from left hemisphere and output is from right hemisphere.

Lower right: both input and output are from right hemisphere.
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From Figure 3.4, we can readily observe the discrepancy between the healthy control group

and schizophrenia patient group in terms of the linear associations between the subregions. It

seems that more subregions are linearly connected in the healthy control group since the blue area

is larger than the red area. Comparing Figure 3.4 and 3.5, the test for lagged processes renders

us more information about the differences between the two groups. In Figure 3.4, the blocks of

row 27-36 and column 11-14 are mostly purple, indicating that we cannot observe any differences

between the two groups regarding the linear association. Nonetheless, there are several red blocks

in this area observed from Figure 3.5, which signifies the differences between the two groups in

terms of the quadratic association.

3.5.3 A Forward Selection Method

A forward selection of input processes is developed based on test (3.10), or equivalently

(3.14). Suppose we have candidate input processes {X(t;u)} for u = 1, . . . , v. Then we can start

with the null model

Y (t) = ε(t),

and test

H0 : GRC1(u) = 0,

for each u ∈ {1, . . . , v}. Compute GRC1(u) for u such that H0 is rejected, and find u = u1 that

maximizes GRC1(u). Then, test

H0 : GRC2(u) = 0,
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for each u ∈ {1, . . . , v}\{u1} given the first input is {X(t;u1)}. Repeat this procedure until

H0 : GRCj(u) = 0,

is not rejected for every u ∈ {1, . . . , v}\{u1, . . . , uj−1}. Alternatively, one may test multiple u’s

all at once. But here we prefer to test each one of them without affected by the rest of inputs. Also,

the multiplicity issue can be neglected since this is a selection method and we do not compute

CIs or make statements about confidence levels.

We demonstrate this forward selection method based on the BOLD sequences (1-18) in left

hemisphere. Take the BOLD sequence in subregion 1 as the output, and the rest (2-18) as inputs.

For the healthy control group, Figure 3.6, 3.7 and 3.8 shows that the three inputs are subregion

3, 2 and 5 in the order of entering the model. For the schizophrenia patient group, the selection

stopped at j = 3 with the first input being subregion 2 and the second input being subregion 3 as

shown in Figure 3.9 and 3.10.

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18
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Figure 3.6: GRC1 of subre-
gion 2-18. The vacancy indi-
cates the corresponding subre-
gion is insignificant or has al-
ready been included as an in-
put.
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Figure 3.7: GRC2 of subre-
gion 2-18. The vacancy indi-
cates the corresponding subre-
gion is insignificant or has al-
ready been included as an in-
put.
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Figure 3.8: GRC3 of subre-
gion 2-18. The vacancy indi-
cates the corresponding subre-
gion is insignificant or has al-
ready been included as an in-
put.
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Figure 3.9: GRC1 of subre-
gion 2-18. The vacancy indi-
cates the corresponding subre-
gion is insignificant or has al-
ready been included as an in-
put.
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Figure 3.10: GRC2 of subre-
gion 2-18. The vacancy indi-
cates the corresponding subre-
gion is insignificant or has al-
ready been included as an in-
put.
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Figure 3.4: Colored blocks based on testing for linear association.
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Figure 3.5: Colored blocks based on testing for lagged processes with lags u = 0, . . . , 4.
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