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Learning to reason is an essential step to achieving general intelligence. My research has

been focusing on empowering deep learning models with the abilities to generalize efficiently,

extrapolate to out-of-distribution data, learn under noisy labels, and make better sequential deci-

sions — all of these require the models to have varying levels of reasoning capabilities. As the

reasoning process can be described as a step-by-step algorithmic procedure, understanding and

enriching the algorithmic reasoning capabilities has drawn increasing attention in deep learning

communities. To bridge algorithms and neural networks, we propose a framework, algorithmic

alignment, which connects neural networks with algorithms in a novel manner and advances

our understanding of how these two fields can work together to solve complex reasoning tasks.

Intuitively, the algorithmic alignment framework evaluates how well a neural network’s compu-

tation structure aligns with the algorithmic structure in a reasoning process. Utilizing algorithmic

alignment, we are able to understand the limitations of machine learning models in the context of



reasoning (e.g., generalization, extrapolation, and robustness) and know where to make improve-

ments. Beyond this framework, we also investigate how to make better sequential decisions,

during which we introduce a class of efficient approaches, hindsight learning, which allows us

to leverage the knowledge inside existing human-designed algorithms to make better sequential

decisions under uncertainty.

First, why and when does a network structure generalize better than others, despite having

equal expressive power? In studying this, we unify seemingly different reasoning tasks, such

as intuitive physics, visual question answering, and shortest paths, via the lens of a powerful

algorithmic paradigm, dynamic programming (DP). We then show that Graph Neural Network

(GNNs)—a popular reasoning model—algorithmically align well with DP, which explains their

empirical success on many reasoning tasks. At the same time, using this framework, we also

suggest the limitations of GNNs and demonstrate how we can use algorithmic alignment to design

a structured network given a particular task.

Second, what does a neural network learn outside the support of the training distribution?

To answer this, we identify conditions under which MLPs and GNNs extrapolate well. We first

quantify the observation that ReLU MLPs quickly converge to linear functions along any direc-

tion from the origin, implying that ReLU MLPs do not extrapolate most nonlinear functions. Yet,

we prove that MLPs can successfully extrapolate a linear target function given sufficient train-

ing support. These results suggest a hypothesis on GNNs for which we provide theoretical and

empirical evidence: the success of GNNs in extrapolating algorithmic tasks to new data (e.g.,

larger graphs or edge weights) relies on encoding task-specific non-linearities in the architecture

or features.

Third, how does a neural network’s architecture impact its robustness to noisy labels? To



figure this out, we use the proposed framework connecting a network’s robustness to its architec-

tural alignments with the target/noise functions. We hypothesize that a network is more robust

to noisy labels if its architecture is more aligned with the target function than the noise, and we

provide both theoretical and empirical evidence across various neural network architectures and

different domains.

Last but not least, how can we design sample-efficient approaches for sequential decision-

making problems? Many decision-making problems especially the ones in resource management

have a bunch of human-designed heuristics that work well in practice. These heuristics could

provide more guidance to RL agents than just the environmental reward. At the same time,

we observe that in many resource management problems requiring sequential decision-making

under uncertainty, the only uncertainty affecting the decision outcomes are exogenous variables

outside the control of the decision-maker in the system, and we can use machine learning to learn

from historical patterns of compute demands to help deal with these uncertainties. Therefore,

we design a class of data-efficient algorithms termed Hindsight Learning (HL), where we utilize

existing human-designed algorithms with historical data to better guide the RL agents.
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Chapter 1: Introduction

Parts of the introduction were adapted from work described in other chapters, so coauthors

credited there also deserve some credit.

Having the ability to reason is an important milestone on the road to general intelligence.

There are a few important criteria to mark different levels of reasoning capabilities: (a) being able

to generalize sample ef�ciently; (b) being able to extrapolate to examples far from the training

distribution; (c) being robust to incorrect information; and (d) being able to make more complex

sequential decisions. For example, when learning arithmetics, humans do not learn by memoriz-

ing thousands of examples. Instead, we learn the rules of arithmetics, and once we learned, we

can apply them to arbitrarily large numbers and correct calculation mistakes. Moreover, we can

utilize all of these abilities to help us make better sequential decisions and solve more complex

arithmetic tasks such as sudoku.

Recently, there have been many advances in building neural networks that can learn to

reason. Reasoning spans a variety of tasks, for instance, visual and text-based question answer-

ing Johnson et al. (2017a); Weston et al. (2015); Hu et al. (2017a); Fleuret et al. (2011); Antol

et al. (2015); Guo et al. (2022), intuitive physics, i.e., predicting the time evolution of physical ob-

jects Battaglia et al. (2016); Watters et al. (2017); Fragkiadaki et al. (2016); Chang et al. (2017a);

Sanchez-Gonzalez et al. (2020), mathematical reasoning Saxton et al. (2019); Chang et al. (2019);
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Lu et al. (2022a); Imani et al. (2023) and visual IQ tests Huang et al. (2023); Santoro et al. (2018);

Zhang et al. (2019a). Behind these reasoning tasks, the underlying solutions can all be described

as a step-by-step algorithmic procedure. Therefore, this dissertation starts from the algorithmic

perspective to understand the essence of reasoning, building upon both theoretical and empirical

evidence.

To bridge algorithms and neural networks, we propose a framework, algorithmic alignment,

which connects neural networks with algorithms in a novel manner and advances our understand-

ing of how these two �elds can work together to solve complex reasoning tasks. Intuitively, the

algorithmic alignment framework evaluates how well a neural network's computation structure

aligns with the algorithmic structure in a reasoning process. For example, if a neural network's

computation graph aligns well with a target algorithm, each component of the network only needs

to learnsimplesteps to simulate the whole reasoning algorithm, which leads to better sample ef-

�ciency at learning. Utilizing algorithmic alignment, we are able to understand the limitations

of machine learning models in the context of reasoning (e.g., generalization, extrapolation, and

robustness) and know where to make improvements.

We �rst show important connections betweendynamic programming(DP) Bellman (1966),

a backbone algorithm that can solve a broad range of reasoning tasks, and a popular frame-

work where many successful models in reasoning tasks follow — Graph Neural Network (GNN)

framework Battaglia et al. (2016, 2018); Palm et al. (2018); Mrowca et al. (2018); Sanchez-

Gonzalez et al. (2018); Janner et al. (2019) via algorithmic alignment. We prove that GNNs

algorithmically align with DP, which also explains their empirical success in many reasoning

tasks. Algorithmic alignment also provides a formalized way to analyze the structures in various

deep learning models. It quanti�es the relation between network and task structure and formally
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derives the implications for learning. These theoretical ideas are the basis for characterizing what

reasoning tasks a network can learn well.

To provide some background information, we include the de�nitions of algorithmic align-

ment and GNNs in section 1.1 and section 1.2, and they will be introduced again with a greater

context in later chapters. The connections between algorithmic alignment and GNNs are also

described formally in chapter 2.

1.1 Theoretical Framework: Algorithmic Alignment

We introduce algorithmic alignment under a PAC learning framework Valiant (1984). PAC

learnability formalizessimplicity as sample complexity, i.e., the number of samples needed to

ensure low test error with high probability. It refers to a learning algorithmA that, given training

samplesf x i ; yi g
M
i =1 , outputs a functionf = A(f x i ; yi g

M
i =1 ). The learning algorithm here is the

neural network and its training method, e.g., gradient descent. A function is simple if it has low

sample complexity.

De�nition 1.1.1. (PAC learning and sample complexity).Fix an error parameter� > 0 and

failure probability � 2 (0; 1). Supposef x i ; yi g
M
i =1 are i.i.d. samples from some distributionD,

and the data satis�esyi = g(x i ) for some underlying functiong. Let f = A(f x i ; yi g
M
i =1 ) be the

function generated by a learning algorithmA. Theng is (M; �; � )-learnablewith A if

Px�D [kf (x) � g(x)k � � ] � 1 � �: (1)

Thesample complexityCA (g; �; � ) is the minimumM so thatg is (M; �; � )-learnable withA .
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With the PAC learning framework, we de�ne a numeric measure of algorithmic alignment

(De�nition 2.3.4). Formally, a neural network aligns with an algorithm if it can simulate the

algorithm via a limited number of modules, and each module is simple, i.e., has low sample

complexity.

De�nition 1.1.2. (Algorithmic alignment). Let g be a reasoning function andN a neural

network withn modulesN i . The module functionsf 1; :::; f n generateg for N if, by replac-

ing N i with f i , the networkN simulatesg. ThenN (M; �; � )-algorithmically aligns withg

if (1) f 1; :::; f n generateg and (2) there are learning algorithmsA i for the N i 's such that

n � maxi CA i (f i ; �; � ) � M .

Good algorithmic alignment, i.e., smallM , implies that all algorithm stepsf i to simulate

the algorithmg areeasy to learn. Therefore, the algorithm steps should not simulate complex

programming constructs such as for-loops, whose sample complexity is large.

1.2 Graph Neural Networks (GNN)

GNNs are structured networks operating on graphs Battaglia et al. (2018); Scarselli et al.

(2009a); Xu et al. (2019, 2018). Given a graphG = ( V; E; X ), whereX collectsnode attributes

xv 2 Rd for all v 2 V and possibly edge attributesxu;v 2 Rd0
for all (u; v) 2 E, GNNs

compute node representations via iterative message passing operations Xu et al. (2018); Gilmer

et al. (2017). Initial node representationsh(0)
v = xv, for all v 2 V, are updated in iterationk

by aggregating and processing the representations of the setN (v) of neighbors ofv via learned

multi-layer perceptrons (MLP):
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h(k)
v =

X

u2N (v)
MLP(k)

�
[h(k� 1)

v ; h(k� 1)
u ; x(u;v ) ]

�
; 8v 2 V: (2)

Here, we use[�; �] for vector concatenation. We can optionally compute agraph representation

hG by aggregating the �nal representations of all nodes after a total ofK iterations:

hG = MLP(K +1)
� X

v2 V
h (K )

v

�
: (3)

Depending on the task, the �nal output is either the graph representationhG or �nal node rep-

resentationsh (K )
u . We refer to the sum in Eqn. 2 asaggregationand the sum in Eqn. 3 as

readout. The above equations assume sum-aggregation and sum-readout, which are popular

choices Battaglia et al. (2018). They can be replaced with other pooling operations such as max

and min. We will discuss how aggregation and readout affect generalization and extrapolation in

Chapter 2 and 3.

1.3 Overview of Research

In this dissertation, we present our analysis of how algorithmic alignment is useful for

generalization, extrapolation, and robustness from three perspectives, and we propose a class

of ef�cient approaches to make sequential decisions using knowledge from existing algorithms

on MDPs where the only uncertainty affecting the decision outcomes are exogenous variables

outside the control of the decision-maker (e.g., resource management problems like bin packing,

virtual machine allocations, and so on).
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In Chapter 2, we prove that better algorithmic alignment leads to lower sample complexity

(a.k.a., easier to generalize) under simpli�ed assumptions, and reveal how GNN is well aligned

with DP. We also provide concrete examples to show how to compute the algorithmic alignment

value given a task.

In Chapter 3, we show that linear algorithmic alignment (a.k.a., each component of the

network only needs to learn a linear function) is needed for successful extrapolation, where we

provide both theoretical and empirical support on MLPs and GNNs.

In Chapter 4, we extend algorithmic alignment to work with random process, and we

demonstrate that better algorithmic alignment also leads to more robust representations learned

under noisy labels. We prove theoretical support on a simpli�ed noisy setting and provide empiri-

cal evidence across different models on various domains (including both synthetic and real-world

label noise).

In Chapter 5, we observe that in many decision-making problems especially the ones in

resource management, the system is often partially known and the only uncertainty is due to

exogenous variables like resource requests — that is (to a �rst-order approximation) independent

of an agent's decisions. We model these problems as Exo-MDPs (Markov Decision Processes

with Exogenous Inputs) and design a class of data-ef�cient algorithms for them termed Hindsight

Learning (HL), where we utilize existing human-designed algorithms with historical data to better

guide the solver.
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Chapter 2: Generalization: What Can Neural Networks Reason About?

Joint work with Keyulu Xu, Mozhi Zhang, Simon S. Du, Ken-ichi Kawarabayashi, Stefanie

Jegelka

2.1 Introduction

Recently, there have been many advances in building neural networks that can learn to

reason. Reasoning spans a variety of tasks, for instance, visual and text-based question answer-

ing Johnson et al. (2017a); Weston et al. (2015); Hu et al. (2017a); Fleuret et al. (2011); Antol

et al. (2015), intuitive physics, i.e., predicting the time evolution of physical objects Battaglia

et al. (2016); Watters et al. (2017); Fragkiadaki et al. (2016); Chang et al. (2017a), mathemati-

cal reasoning Saxton et al. (2019); Chang et al. (2019) and visual IQ tests Santoro et al. (2018);

Zhang et al. (2019a).

Curiously, neural networks that perform well in reasoning tasks usually possess speci�c

structuresSantoro et al. (2017). Many successful models follow the Graph Neural Network

(GNN) framework Battaglia et al. (2016, 2018); Palm et al. (2018); Mrowca et al. (2018); Sanchez-

Gonzalez et al. (2018); Janner et al. (2019). These networks explicitly model pairwise relations

and recursively update each object's representation by aggregating its relations with other ob-

jects. Other computational structures, e.g., neural symbolic programs Yi et al. (2018); Mao et al.
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(2019a); Johnson et al. (2017b) and Deep Sets Zaheer et al. (2017), are effective on speci�c tasks.

However, there is limited understanding of the relation between the generalization ability

and network structure for reasoning.What tasks can a neural network (sample ef�ciently) learn

to reason about?Answering this question is crucial for understanding the empirical success and

limitations of existing models, and for designing better models for new reasoning tasks.

This chapter is an initial work towards answering this fundamental question, by developing

a theoretical framework to characterize what tasks a neural network can reason about. We build

on a simple observation that reasoning processes resemble algorithms. Hence, we study how well

a reasoning algorithmalignswith the computation graph of the network. Intuitively, if they align

well, the network only needs to learnsimplealgorithm steps to simulate the reasoning process,

which leads to better sample ef�ciency. We formalize this intuition with a numeric measure of

algorithmic alignment, and show initial support for our hypothesis that algorithmic alignment

facilitates learning: Under simplifying assumptions, we show a sample complexity bound that

decreases with better alignment.

Our framework explains the empirical success of popular reasoning models and suggests

their limitations. As concrete examples, we study four categories of increasingly complex rea-

soning tasks: summary statistics, relational argmax (asking about properties of the result of com-

paring multiple relations), dynamic programming, and NP-hard problems (Fig. 2.1). Using align-

ment, we characterize which architectures are expected to learn each task well: Networks induc-

ing permutation invariance, such as Deep Sets Zaheer et al. (2017), can learn summary statistics,

and one-iteration GNNs can learn relational argmax. Many other more complex tasks, such as

intuitive physics, visual question answering, and shortest paths – despite seeming different – can

all be solved via a powerful algorithmic paradigm: dynamic programming (DP) Bellman (1966).
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Multi-iteration GNNs algorithmically align with DP and hence are expected to sample-ef�ciently

learn these tasks. Indeed, they do. Our results offer an explanation for the popularity of GNNs in

the relational reasoning literature, and also suggest limitations for tasks with even more complex

structure. As an example of such a task, we consider subset sum, an NP-hard problem where

GNNs indeed fail. Overall, empirical results (Fig. 2.3) agree with our theoretical analysis based

on algorithmic alignment (Fig. 2.1). These �ndings also suggest how to take into account task

structure when designing new architectures.

The perspective that structure in networks helps is not new. For example, in a well-known

position paper, Battaglia et al. argue that GNNs are suitable for relational reasoning because

they have relational inductive biases, but without formalizations Battaglia et al. (2018). Here, we

take such ideas one step further, by introducing aformal de�nition (algorithmic alignment) for

quantifying the relation between network and task structure, and by formally deriving implica-

tions for learning. These theoretical ideas are the basis for characterizing what reasoning tasks a

network can learn well. Our algorithmic structural condition also differs from structural assump-

tions common in learning theory Vapnik (2013); Bartlett and Mendelson (2002); Bartlett et al.

(2017); Neyshabur et al. (2015); Golowich et al. (2018) and speci�cally aligns with reasoning.

In summary, we introduce algorithmic alignment to analyze learning for reasoning. Our

initial theoretical results suggest that algorithmic alignment is desirable for generalization. On

four categories of reasoning tasks with increasingly complex structure, we apply our framework

to analyze which tasks some popular networks can learn well. GNNs algorithmically align with

dynamic programming, which solves a broad range of reasoning tasks. Finally, our framework

implies guidelines for designing networks for new reasoning tasks. Experimental results con�rm

our theory.
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Figure 2.1:Overview of reasoning tasks with increasingly complex structure.Eachtask cat-
egory shows an example task on which we perform experiments in Section 2.4. Algorithmic
alignment suggests that (a) Deep Sets and GNNs, but not MLP, cansample ef�cientlylearn sum-
mary statistics, (b) GNNs, but not Deep Sets, can learn relational argmax, (c) GNNs can learn
dynamic programming, an algorithmic paradigm that we show to unify many reasoning tasks, (d)
GNNs cannot learn subset sum (NP-hard), but NES, a network we design based on exhaustive
search, can generalize. Our theory agrees with empirical results (Fig. 2.3).

2.2 Preliminaries

We begin by introducing notations and summarizing common neural networks for reason-

ing tasks. LetS denote the universe,i.e., a con�guration/set of objects to reason about. Each

objects 2 S is represented by a vectorX . This vector could be state descriptions Battaglia et al.

(2016); Santoro et al. (2017) or features learned from data such as images Santoro et al. (2017).

Information about the speci�c question can also be included in the object representations. Given

a set of universesf S1; :::; SM g and answer labelsf y1; :::; yM g � Y , we aim to learn a functiong

that can answer questions about unseen universes,y = g(S).

Multi-layer perceptron (MLP). For a single-object universe, applying an MLP on the

object representation usually works well. But when there are multiple objects, simply applying

an MLP to the concatenated object representations often does not generalize Santoro et al. (2017).

Deep Sets.As the input to the reasoning function is an unordered set, the function should

be permutation-invariant, i.e., the output is the same for all input orderings. To induce permuta-

10



tion invariance in a neural network, Zaheer et al. proposeDeep SetsZaheer et al. (2017), of the

form

y = MLP2

� X

s2 S

MLP1(X s)
�

: (1)

Graph Neural Networks (GNNs). GNNs are originally proposed for learning on graphs Scarselli

et al. (2009a). Their structures follow a message passing scheme Xu et al. (2019, 2018); Gilmer

et al. (2017), where the representationh(k)
s of each nodes (in iterationk) is recursively updated

by aggregating the representation of neighboring nodes. GNNs can be adopted for reasoning

by considering objects as nodes and assuming all objects pairs are connected,i.e., a complete

graph Battaglia et al. (2018):

h(k)
s =

X

t2 S
MLP(k)

1

�
h(k� 1)

s ; h(k� 1)
t

�
; hS = MLP2

� X

s2 S
h(K )

s

�
; (2)

wherehS is the answer/output andK is the number of GNN layers. Each object's representation

is initialized ash(0)
s = X s. Although other aggregation functions are proposed, we use sum in

our experiments. Similar to Deep Sets, GNNs are also permutation invariant. While Deep Sets

focus on individual objects, GNNs can also focus on pairwise relations.

The GNN framework includes many reasoning models. Relation Networks Santoro et al.

(2017) and Interaction Networks Battaglia et al. (2016) resemble one-layer GNNs. Recurrent

Relational Networks Palm et al. (2018) apply LSTMs Hochreiter and Schmidhuber (1997) after

aggregation. Transformer Vaswani et al. (2017) also resembles a GNN operating on a fully-

connected graph with multiple parallel message passing functions.
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Figure 2.2:Our framework suggests that better algorithmic alignment improves general-
ization. As an example, our framework explains why GNN generalizes when learning to answer
shortest paths. A correct reasoning process for the shortest paths task is the Bellman-Ford al-
gorithm. The computation structure of a GNN (left)alignswell with Bellman-Ford (right): the
GNN can simulate Bellman-Ford by merely learning asimple reasoning step, i.e., the relaxation
step in the last line (a sum, and a min over neighboring nodesv) via its aggregation operation.
In contrast, a giant MLP or Deep Set must learn the structure of theentire for-loop. Thus, the
GNN is expected to generalize better when learning shortest paths, as is con�rmed in experiments
(Section 2.4.3).

2.3 Theoretical Framework: Algorithmic Alignment

Next, we study how the network structure and task may interact, and possible implications

for generalization. Empirically, different network structures have different degrees of success in

learning reasoning tasks, e.g., GNNs can learn relations well, but Deep Sets often fail (Fig. 2.3).

However, all these networks are universal approximators (Propositions 2.3.1 and 2.3.2). Thus,

their differences in test accuracy must come from generalization.

We observe that the answer to many reasoning tasks may be computed via a reasoning algo-

rithm; we further illustrate the algorithms for some reasoning tasks in Section 2.4. Many neural

networks canrepresentalgorithms Ṕerez et al. (2019). For example, Deep Sets can universally

represent permutation-invariant set functions Zaheer et al. (2017); Wagstaff et al. (2019). This

also holds for GNNs and MLPs, as we show in Propositions 2.3.1 and 2.3.2 (our setting differs

from Scarselli et al. Scarselli et al. (2009b) and Xu et al. Xu et al. (2019), who study functions
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on graphs):

Proposition 2.3.1. Let f : Rd� N ! R be any continuous function over setsS of bounded

cardinality jSj � N . If f is permutation-invariant to the elements inS, and the elements are in

a compact set inRd, thenf can be approximated arbitrarily closely by a GNN (of any depth).

Proposition 2.3.2. For any GNNN , there is an MLP that can represent all functionsN can

represent.

But, empirically, not all network structures work well whenlearning these algorithms,

i.e., they generalize differently. Intuitively, a network may generalize better if it can represent

a function “more easily”. We formalize this idea byalgorithmic alignment, formally de�ned in

De�nition 2.3.4. Indeed, not only the reasoning process has an algorithmic structure: the neu-

ral network's architecture induces a computational structure on the function it computes. This

corresponds to an algorithm that prescribes how the network combines computations from mod-

ules. Fig. 2.2 illustrates this idea for a GNN, where the modules are its MLPs applied to pairs

of objects. In the shortest paths problem, the GNN matches the structure of the Bellman-Ford

algorithm: to simulate the Bellman-Ford with a GNN, the GNN's MLP modules only need to

learn asimpleupdate equation (Fig. 2.2). In contrast, if we want to represent the Bellman-Ford

algorithm with a single MLP, it needs to simulate anentire for-loop, which is much more com-

plex than one update step. Therefore, we expect the GNN to have better sample complexity than

MLP when learning to solve shortest path problems.

This perspective suggests that a neural network which better aligns with a correct reason-

ing process (algorithmic solution) can more easily learn a reasoning task than a neural network

that does not align well. If we look more broadly at reasoning, there may also exist solutions
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which only solve a task approximately, or whose structure is obtuse. In this chapter, we focus on

reasoning tasks whose underlying reasoning process is exact and has clear algorithmic structure.

We leave the study of approximation algorithms and unknown structures for future work.

2.3.1 Formalization of Algorithmic Alignment

We formalize the above intuition in a PAC learning framework Valiant (1984). PAC learn-

ability formalizessimplicityas sample complexity, i.e., the number of samples needed to ensure

low test error with high probability. It refers to a learning algorithmA that, given training sam-

plesf x i ; yi g
M
i =1 , outputs a functionf = A(f x i ; yi g

M
i =1 ). The learning algorithm here is the neural

network and its training method, e.g., gradient descent. A function is simple if it has low sample

complexity.

De�nition 2.3.3. (PAC learning and sample complexity).Fix an error parameter� > 0 and

failure probability � 2 (0; 1). Supposef x i ; yi g
M
i =1 are i.i.d. samples from some distributionD,

and the data satis�esyi = g(x i ) for some underlying functiong. Let f = A(f x i ; yi g
M
i =1 ) be the

function generated by a learning algorithmA. Theng is (M; �; � )-learnablewith A if

Px�D [kf (x) � g(x)k � � ] � 1 � �: (3)

Thesample complexityCA (g; �; � ) is the minimumM so thatg is (M; �; � )-learnable withA .

With the PAC learning framework, we de�ne a numeric measure of algorithmic alignment

(De�nition 2.3.4), and under simplifying assumptions, we show that the sample complexity de-

creases with better algorithmic alignment (Theorem 2.3.6).
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Formally, a neural network aligns with an algorithm if it can simulate the algorithm via a

limited number of modules, and each module is simple, i.e., has low sample complexity.

De�nition 2.3.4. (Algorithmic alignment). Let g be a reasoning function andN a neural

network withn modulesN i . The module functionsf 1; :::; f n generateg for N if, by replac-

ing N i with f i , the networkN simulatesg. ThenN (M; �; � )-algorithmically aligns withg

if (1) f 1; :::; f n generateg and (2) there are learning algorithmsA i for the N i 's such that

n � maxi CA i (f i ; �; � ) � M .

Good algorithmic alignment, i.e., smallM , implies that all algorithm stepsf i to simulate

the algorithmg areeasy to learn. Therefore, the algorithm steps should not simulate complex

programming constructs such as for-loops, whose sample complexity is large (Theorem 2.3.5).

Next, we show how to compute the algorithmic alignment valueM . Algorithmic alignment

resembles Kolmogorov complexity Kolmogorov (1998) for neural networks. Thus, it is generally

non-trivial to obtain the optimal alignment between a neural network and an algorithm. However,

one important difference to Kolmogorov complexity is that any algorithmic alignment that yields

decent sample complexity is good enough (unless we want the tightest bound). In Section 2.4, we

will see several examples where �nding a good alignment is not hard. Then, we can compute the

value of an alignment by summing the sample complexity of the algorithm steps with respect to

the modules, e.g. MLPs. For ilustration, we show an example of how one may compute sample

complexity of MLP modules.

A line of works show one can analyze the optimization and generalization behavior of over-

parameterized neural networks via neural tangent kernel (NTK) Allen-Zhu et al. (2019a); Arora

et al. (2019a,b, 2020); Du et al. (2019a,b); Jacot et al. (2018); Li and Liang (2018). Building
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upon Arora et al. Arora et al. (2019a), Du et al. Du et al. (2019c) show that in�nitely-wide GNNs

trained with gradient descent can provably learn certain smooth functions. This chapter studies

a broader class of functions, e.g., algorithms, compared to those studied in Du et al. Du et al.

(2019c), but with more simplifying assumptions.

Here, Theorem 2.3.5, proved in the Appendix, summarizes and extends Theorem6:1 of

Arora et al. Arora et al. (2019a) for over-parameterized MLP modules to vector-valued functions.

Our framework can be used with other sample complexity bounds for other types of modules,

too.

Theorem 2.3.5.(Sample complexity for overparameterized MLP modules).Let A be an over-

parameterized and randomly initialized two-layer MLP trained with gradient descent for a suf�-

cient number of iterations. Supposeg : Rd ! Rm with componentsg(x)(i ) =
P

j � (i )
j

�
� (i )>

j x
� p( i )

j ,

where� (i )
j 2 Rd, � 2 R, andp(i )

j = 1 or p(i )
j = 2l(l 2 N+ ). The sample complexityCA (g; �; � ) is

CA (g; �; � ) = O
� maxi

P K
j =1 p(i )

j j� (i )
j j � k� (i )

j k
p( i )

j
2 + log( m=� )

(�=m)2

�
: (4)

Theorem 2.3.5 suggests that functions that are “simple” when expressed as a polynomial,

e.g., via a Taylor expansion, are sample ef�ciently learnable by an MLP module. Thus, algorithm

steps that perform computation over many objects may require many samples for an MLP module

to learn, since the numberK of polynomials ork� (i )
j k can increase in Eqn. (4). “For loop” is one

example of such complex algorithm steps.
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2.3.2 Better Algorithmic Alignment Implies Better Generalization

We show an initial result demonstrating that algorithmic alignment is desirable for general-

ization. Theorem 2.3.6 states that, in a simplifying setting where we sequentially train modules of

a network with auxiliary labels, the sample complexity bound increases with algorithmic align-

ment valueM .

While we do not have auxiliary labels in practice, we observe the same pattern for end-to-

end learning in experiments (Section 2.4). We leave sample complexity analysis for end-to-end-

learning to future work. We prove Theorem 2.3.6 in Section 6.1.4.

Theorem 2.3.6.(Algorithmic alignment improves sample complexity).Fix � and � . Suppose

f Si ; yi g
M
i =1 � D , wherejSi j < N , andyi = g(Si ) for someg. SupposeN1; :::;Nn are network

N 's MLP modules in sequential order. SupposeN and g (M; �; � )-algorithmically align via

functionsf 1; :::; f n . Under the following assumptions,g is (M; O(� ); O(� ))-learnable byN .

a) Algorithm stability.LetA be the learning algorithm for theN i 's. Supposef = A(f x i ; yi g
M
i =1 ),

andf̂ = A(f x̂ i ; yi g
M
i =1 ). For anyx, kf (x) � f̂ (x)k � L0 � maxi kx i � x̂ i k, for someL0.

b) Sequential learning.We trainN i 's sequentially:N1 has input samplesf x̂(1)
i ; f 1(x̂(1)

i )gN
i =1 ,

with x̂(1)
i obtained fromSi . For j > 1, the inputx̂(j )

i for N j are the outputs from the previous

modules, but labels are generated by the correct functionsf j � 1; :::; f 1 on x̂(1)
i .

c) Lipschitzness.The learned functionŝf j satisfykf̂ j (x) � f̂ j (x̂)k � L1kx � x̂k, for someL1.

In our analysis, the Lipschitz constants and the universe size are constants going intoO(� )

andO(� ). As an illustrative example, we use Theorem 2.3.6 and 2.3.5 to show that GNN has

a polynomial improvement in sample complexity over MLP when learning simple relations.

Indeed, GNN aligns better with summary statistics of pairwise relations than MLP does (Sec-
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(a) Maximum value difference. (b) Furthest pair.

(c) Monster trainer. (d) Subset sum. Random guessing yields50%.

Figure 2.3:Test accuracies on reasoning tasks with increasingly complex structure.Fig. 2.1
shows an overview of the tasks. GNNk is GNN with k iterations. (a) Summary statistics. All
models except MLP generalize. (b) Relational argmax. Deep Sets fail. (c) Dynamic program-
ming. Only GNNs with suf�cient iterations generalize. (d) An NP-hard problem. Even GNNs
fail, but NES generalizes.

tion 2.4.1).

Corollary 2.3.7. Suppose universeS has` objectsX 1; :::; X ` , andg(S) =
P

i;j (X i � X j )2. In

the setting of Theorem 2.3.6, the sample complexity bound for MLP isO(`2) times larger than

for GNN.

2.4 Predicting What Neural Networks Can Reason About

Next, we apply our framework to analyze the neural networks for reasoning from Sec-

tion 2.2: MLP, Deep Sets, and GNNs. Using algorithmic alignment, we predict whether each

model can generalize on four categories of increasingly complex reasoning tasks: summary statis-

tics, relational argmax, dynamic programming, and an NP-hard problem (Fig. 2.3). Our theoret-

ical analysis is con�rmed with experiments (Dataset and training details are in Section 6.2). To

empirically compare sample complexity of different models, we make sure all models perfectly
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�t training sets through extensive hyperparameter tuning. Therefore, the test accuracy re�ects

how well a model generalizes.

The examples in this section, together with our framework, suggest an explanation why

GNNs are widely successful across reasoning tasks: Popular reasoning tasks such as visual ques-

tion answering and intuitive physics can be solved by DP. GNNs align well with DP, and hence

are expected to learn sample ef�ciently.

2.4.1 Summary Statistics

As discussed in Section 2.2, we assume each objectX has a state representationX =

[h1; h2; :::; hk ], where eachhi 2 Rdi is a feature vector. An MLP can learn simple polynomial

functions of the state representation (Theorem 2.3.5). In this section, we show how Deep Sets

use MLP as building blocks to learn summary statistics.

Questions about summary statistics are common in reasoning tasks. One example from

CLEVR Johnson et al. (2017a) is “How many objects are either small cylinders or red things?”

Deep Sets (Eqn. 1) align well with algorithms that compute summary statistics over individ-

ual objects. Suppose we want to compute the sum of a feature over all objects. To simu-

late the reasoning algorithm, we can use the �rst MLP in Deep Sets to extract the desired

feature and aggregate them using the pooling layer. Under this alignment, each MLP only

needs to learn simple steps, which leads to good sample complexity. Similarly, Deep Sets can

learn to computemax or minof a feature by using smooth approximations like the softmax

maxs2 S X s � log(
P

s2 X s
exp(X s)) . In contrast, if we train an MLP to perform sum or max, the

MLP must learn a complex for-loop and therefore needs more samples. Therefore, our frame-
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work predicts that Deep Sets have better sample complexity than MLP when learning summary

statistics.

Maximum value difference. We con�rm our predictions by training models to compute

themaximum value differencetask. Each object in this task is a treasureX = [ h1; h2; h3] with

locationh1, valueh2, and colorh3. We train models to predict the difference in value between

the most and the least valuable treasure,y(S) = max s2 S h2(X s) � mins2 S h2(X s).

The test accuracy follows our prediction (Fig. 2.3a). MLP does not generalize and only

has 9% test accuracy, while Deep Sets has 96%. Interestingly, if we sort the treasures by value

(Sorted MLP in Fig. 2.3a), MLP achieves perfect test accuracy. This observation can be explained

with our theory—when the treasures are sorted, the reasoning algorithm is reduced to a simple

subtraction:y(S) = h2(X jSj) � h2(X 1), which has a low sample complexity for even MLPs

(Theorem 2.3.5). GNNs also have high test accuracies. This is because summary statistics are a

special case of relational argmax, which GNNs can learn as shown next.

2.4.2 Relational Argmax

Next, we studyrelational argmax: tasks where we need to compare pairwise relations and

answer a question about that result. For example, a question from Sort-of-CLEVR Santoro et al.

(2017) asks “What is the shape of the object that is farthest from the gray object?”, which requires

comparing the distance between object pairs.

One-iteration GNN aligns well with relational argmax, as it sums over all pairs of objects,

and thus can compare, e.g. via softmax, pairwise information without learning the “for loops”.

In contrast, Deep Sets require many samples to learn this, because most pairwise relations cannot
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Figure 2.4:Test accuracy vs. training set sizefor models trained on sub-sampled training sets
and evaluated on the same test set of monster trainer (DP task). Test accuracies increase faster
when a neural network aligns well with an algorithmic solution of the task. For example, the
test accuracy of GNN4 increases by23%when the number of training samples increases from
40; 000to 80; 000, which is much higher than that of Deep Sets (0:2%).

be encoded as a sum of individual objects:

Claim 2.4.1. Supposeg(x; y) = 0 if and only if x = y. There is nof such thatg(x; y) =

f (x) + f (y).

Therefore, if we train a Deep Set to compare pairwise relations, one of the MLP modules

has to learn a complex “for loop”, which leads to poor sample complexity. Our experiment

con�rms that GNNs generalize better than Deep Sets when learning relational argmax.

Furthest pair. As an example of relational argmax, we train models to identify the furthest

pair among a set of objects. We use the same object settings as the maximum value difference

task. We train models to �nd the colors of the two treasures with the largest distance. The answer

is a pair of colors, encoded as an integer category:

y(S) = ( h3(X s1 ); h3(X s2 )) s.t. f X s1 ; X s2 g = arg maxs1 ;s22 Skh1(X s1 ) � h1(X s2 )k`1

Distance as a pairwise function satis�es the condition in Claim 2.4.1. As predicted by our frame-

21



work, Deep Sets has only 21% test accuracy, while GNNs have more than 90% accuracy.

2.4.3 Dynamic Programming

We observe that a broad class of relational reasoning tasks can be uni�ed by the powerful

algorithmic paradigmdynamic programming (DP)Bellman (1966). DP recursively breaks down

a problem into simpler sub-problems. It has the following general form:

Answer[k][i ] = DP-Update(f Answer[k � 1][j ]g; j = 1:::n); (5)

where Answer[k][i ] is the solution to the sub-problem indexed by iterationk and statei , and DP-

Update is an task-speci�c update function that computes Answer[k][i ] from Answer[k � 1][j ]'s.

GNNs algorithmically align with a class of DP algorithms. We can interpret GNN as a DP

algorithm, where node representationsh(k)
i are Answer[k][i ], and the GNN aggregation step is the

DP-Update. Therefore, Theorem 2.3.6 suggests that a GNN with enough iterations can sample

ef�ciently learn any DP algorithm with a simple DP-update function, e.g. sum/min/max.

Shortest paths. As an example, we experiment with GNN on Shortest paths, a standard

DP problem. Shortest paths can be solved by the Bellman-Ford algorithm Bellman (1958), which

recursively updates the minimum distance between each objectu and the sources:

distance[1][u] = cost(s; u); distance[k][u] = min v
�

distance[k � 1][v] + cost(v; u)
	

; (6)

As discussed above, GNN aligns well with this DP algorithm. Therefore, our framework

predicts that GNN has good sample complexity when learning to �nd shortest paths. To verify
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this, we test different models on amonster trainer game, which is a shortest path variant with

unkown cost functions that need to be learned by the models. Section 6.2.3 describes the task in

details.

In Fig. 2.3c, only GNNs with at least four iterations generalize well. The empirical result

con�rms our theory: a neural network can sample ef�ciently learn a task if it aligns with a

correct algorithm. Interestingly, GNN does not need as many iterations as Bellman-Ford. While

Bellman-Ford needsN = 7 iterations, GNNs with four iterations have almost identical test

accuracy as GNNs with seven iterations (94% vs 95%). This can also be explained through

algorithmic alignment, as GNN aligns with an optimized version of Bellman-Ford, which we

explain in Section 6.2.3.

Fig. 2.4 shows how the test accuracies of different models vary with the number of sub-

sampled training points. Indeed, the test accuracy increases more slowly for models that align

worse with the task, which implies they need more training samples to achieve similar general-

ization performance. Again, this con�rms our theory.

After verifying that GNNs can sample-ef�ciently learn DP, we show that two popular fami-

lies of reasoning tasks, visual question answering and intuitive physics, can be formulated as DP.

Therefore, our framework explains why GNNs are effective in these tasks.

Visual question answering. The Pretty-CLEVR dataset Palm et al. (2018) is an extension

of Sort-of-CLEVR Santoro et al. (2017) and CLEVR Johnson et al. (2017a). GNNs work well

on these datasets. Each question in Pretty-CLEVR has state representations and asks “Starting

at objectX , if each time we jump to the closest object, which object isK jumps away?”. This

problem can be solved by DP, which computes the answers fork jumps from the answers for
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(k � 1) jumps.

closest[1][i ] = arg min j d(i; j ); closest[k][i ] = closest[k � 1]
h
closest[1][i ]

i
for k > 1; (7)

where closest[k][i ] is the answer for jumpingk times from objecti , andd(i; j ) is the distance

between thei -th and thej -th object.

Intuitive physics. Battaglia et al. Battaglia et al. (2016) and Watters et al. Watters et al.

(2017) train neural networks to predict object dynamics in rigid body scenes and n-body sys-

tems. Chang et al. Chang et al. (2017a) and Janner et al. Janner et al. (2019) study other rigid

body scenes. If the force acting on a physical object stays constant, we can compute the object's

trajectory with simple functions (physics laws) based on its initial position and force. Physical

interactions, however, make the force change, which means the function to compute the object's

dynamics has to change too. Thus, a DP algorithm wouldrecursivelycompute the next force

changes in the system and update DP states (velocity, momentum, position etc of objects) ac-

cording to the (learned) forces and physics laws Thijssen (2007).

for k = 1::K : time = min i;j Force-change-time(state[k � 1; i ]; state[k � 1; j ]); (8)

for i = 1::N : state[k][i ] = Update-by-forces(state[k � 1][j ]; time); j = 1::N; (9)

Force-change-time computes the time at which the force between objecti and j will change.

Update-by-forces updates the state of each object at the next force change time. In rigid body

systems, force changes only at collision. In datasets where no object collides more than once

between time frames, one-iteration algorithm/GNN can work Battaglia et al. (2016). More itera-
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tions are needed if multiple collisions occur between two consecutive frames Li and Liang (2018).

In n-body systems, forces change continuously but smoothly. Thus, �nite-iteration DP/GNN can

be viewed as a form of Runge-Kutta method DeVries and Hamill (1995).

2.4.4 Designing Neural Networks with Algorithmic Alignment

While DP solves many reasoning tasks, it has limitations. For example, NP-hard problems

cannot be solved by DP. It follows that GNN also cannot sample-ef�ciently learn these hard

problems. Our framework, however, goes beyond GNNs. If we know the structure of a suitable

underlying reasoning algorithm, we can design a network with a similar structure to learn it. If

we have no prior knowledge about the structure, then neural architecture search over algorithmic

structures will be needed.

Subset Sum. As an example, we design a new architecture that can learn to solve the

subset sum problem: Given a set of numbers, does there exist a subset that sums to0? Subset

sum is NP-hard Karp (1972) and cannot be solved by DP. Therefore, our framework predicts

that GNN cannot generalize on this task. One subset sum algorithm is exhaustive search, where

we enumerate all2jSj possible subsets� and check whether� has zero-sum. Following this

algorithm, we design a similarly structured neural network which we callNeural Exhaustive

Search (NES). Given a universe, NES enumerates all subsets of objects and passes each subset

through an LSTM followed by a MLP. The results are aggregated with a max-pooling layer and

MLP:

MLP2(max� � S MLP1 � LSTM(X 1; :::; X j � j : X 1; :::; X j � j 2 � )) : (10)
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This architecture aligns well with subset-sum, since the �rst MLP and LSTM only need to learn

a simple step, checking whether a subset has zero sum. Therefore, we expect NES to generalize

well in this task. Indeed, NES has 98% test accuracy, while other models perform much worse

(Fig. 2.3d).

2.5 Chapter Summary

This chapter is an initial step towards formally understanding how neural networks can

learn to reason. In particular, we answer what tasks a neural network can learn to reason about

well, by studying the generalization ability of learning the underlying reasoning processes for

a task. To this end, we introduce an algorithmic alignment framework to formalize the interac-

tion between the structure of a neural network and a reasoning process, and provide preliminary

results on sample complexity. Our results explain the success and suggest the limits of current

neural architectures: Graph Neural Networks generalize in many popular reasoning tasks because

the underlying reasoning processes for those tasks resemble dynamic programming.

Our algorithmic alignment perspective may inspire neural network design and opens up

theoretical avenues. An interesting direction for future work is to design, e.g. via algorithmic

alignment, neural networks that can learn other reasoning paradigms beyond dynamic program-

ming, and to explore the neural architecture search space of algorithmic structures.

From a broader standpoint, reasoning assumes a good representation of the concepts and

objects in the world. To complete the picture, it would also be interesting to understand how to

better disentangle and eventually integrate “representation” and “reasoning”.

My main contributions to this chapter include the initial exploration experiments, sec-
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tion 2.3.1, section 2.4, and additional experiments in (Appendix) Chapter 6. The research �nd-

ings from this chapter have been published and have since inspired numerous follow-up works.

Subsequent studies have leveraged the insights that GNNs can ef�ciently learn DP algorithms to

investigate the generalization and representation capabilities of GNNs Garg et al. (2020), and to

apply GNNs for combinatorial optimization and reasoning tasks Cappart et al. (2023). Moreover,

algorithmic alignment has been applied for implicit planning in RL Deac et al. (2021), and the

alignments between GNNs and DP have been quanti�ed in Dudzik and Veli�cković (2022).
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Chapter 3: Extrapolation: How does Neural Networks Extrapolate?

Joint work with Keyulu Xu, Mozhi Zhang, Simon S. Du, Ken-ichi Kawarabayashi, Stefanie

Jegelka

3.1 Introduction

Humans extrapolate well in many tasks. For example, we can apply arithmetics to arbitrar-

ily large numbers. One may wonder whether a neural network can do the same and generalize

to examples arbitrarily far from the training data Lake et al. (2017). Curiously, previous works

report mixed extrapolation results with neural networks. Early works demonstrate feedforward

neural networks, a.k.a. multilayer perceptrons (MLPs), fail to extrapolate well when learning

simple polynomial functions Barnard and Wessels (1992); Haley and Soloway (1992). However,

recent works show Graph Neural Networks (GNNs) Scarselli et al. (2009a), a class of structured

networks with MLP building blocks, can generalize to graphs much larger than training graphs in

challenging algorithmic tasks, such as predicting the time evolution of physical systems Battaglia

et al. (2016), learning graph algorithms Velickovic et al. (2020), and solving mathematical equa-

tions Lample and Charton (2020).

To explain this puzzle, we formally study how neural networks trained by gradient descent

(GD) extrapolate, i.e., what they learn outside the support of training distribution. We say a neural
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network extrapolates well if it learns a task outside the training distribution. At �rst glance, it may

seem that neural networks can behave arbitrarily outside the training distribution since they have

high capacity Zhang et al. (2017a) and are universal approximators Cybenko (1989); Funahashi

(1989); Hornik et al. (1989); K	urková (1992). However, neural networks are constrained by

gradient descent training Hardt et al. (2016); Soudry et al. (2018). In our analysis, we explicitly

consider such implicit bias through the analogy of the training dynamics of over-parameterized

neural networks and kernel regression via theneural tangent kernel (NTK)Jacot et al. (2018).

Starting with feedforward networks, the simplest neural networks and building blocks of

more complex architectures such as GNNs, we establish that the predictions of over-parameterized

MLPs with ReLU activation trained by GD converge to linear functions along any direction from

the origin. We prove a convergence rate for two-layer networks and empirically observe that con-

vergence often occursclose tothe training data (Figure 3.1), which suggests ReLU MLPs cannot

extrapolate well for most nonlinear tasks. We emphasize that our results do not follow from the

fact that ReLU networks have �nitely many linear regions Arora et al. (2018); Hanin and Rolnick

(2019); Hein et al. (2019). While having �nitely many linear regions implies ReLU MLPseven-

tually become linear, it does not say whether MLPs will learn the correct target function close

to the training distribution. In contrast, our results are non-asymptotic and quantify what kind

of functions MLPs will learn close to the training distribution. Second, we identify a condition

when MLPs extrapolate well: the task is linear and the geometry of the training distribution is

suf�ciently “diverse”. To our knowledge, our results are the �rst extrapolation results of this kind

for feedforward neural networks.

We then relate our insights into feedforward neural networks to GNNs, to explain why

GNNs extrapolate well in some algorithmic tasks. In chapter 2, we see successful extrapolation
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Figure 3.1:How ReLU MLPs extrapolate. We train MLPs to learn nonlinear functions (grey)
and plot their predictions both within (blue) and outside (black) the training distribution. MLPs
converge quickly to linear functions outside the training data range along directions from the
origin (Theorem 3.3.2). Hence, MLPs do not extrapolate well in most nonlinear tasks. But, with
appropriate training data, MLPs can provably extrapolate linear target functions (Theorem 3.3.4).

(a) Network architecture (b) Input representation

Figure 3.2: How GNNs extrapolate. Since MLPs can extrapolate well when learning linear
functions, we hypothesize that GNNs can extrapolate well in dynamic programming (DP) tasks
if we encode appropriate non-linearities in the architecture (left) and input representation (right;
through domain knowledge or representation learning). The encoded non-linearities may not be
necessary for interpolation, as they can be approximated by MLP modules, but they help extrap-
olation. We support the hypothesis theoretically (Theorem 3.4.4) and empirically (Figure 3.6).

for tasks that can be solved by dynamic programming (DP) Bellman (1966), which has a com-

putation structure aligned with GNNs. DP updates can often be decomposed into nonlinear and

linear steps. Hence, we hypothesize that GNNs trained by GD can extrapolate well in a DP task,

if we encode appropriate non-linearities in thearchitectureandinput representation(Figure 3.2).

Importantly, encoding non-linearities may be unnecessary for GNNs tointerpolate, because the

MLP modules can easily learn many nonlinear functions inside the training distribution Cybenko

(1989); Hornik et al. (1989), but it is crucial for GNNs toextrapolatecorrectly. We prove this

hypothesis for a simpli�ed case usingGraph NTKDu et al. (2019c). Empirically, we validate the

hypothesis on three DP tasks: max degree, shortest paths, andn-body problem. We show GNNs
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with appropriate architecture, input representation, and training distribution can predict well on

graphs with unseen sizes, structures, edge weights, and node features. Our theory explains the

empirical success in previous works and suggests their limitations: successful extrapolation relies

on encoding task-speci�c non-linearities, which requires domain knowledge or extensive model

search. From a broader standpoint, our insights go beyond GNNs and apply broadly to other

neural networks.

To summarize, we study how neural networks extrapolate. First, ReLU MLPs trained by

GD converge to linear functions along directions from the origin with a rate ofO(1=t). Second,

to explain why GNNs extrapolate well in some algorithmic tasks, we prove that ReLU MLPs can

extrapolate well in linear tasks, leading to a hypothesis: a neural network can extrapolate well

when appropriate non-linearities are encoded into the architecture and features. We prove this

hypothesis for a simpli�ed case and provide empirical support for more general settings.

3.1.1 Background

Early works show example tasks where MLPs do not extrapolate well, e.g. learning sim-

ple polynomials Barnard and Wessels (1992); Haley and Soloway (1992). We instead show a

generalpattern of how ReLU MLPs extrapolate and identify conditions for MLPs to extrapolate

well. More recent works study the implicit biases induced on MLPs by gradient descent, for

both the NTK and mean �eld regimes Bietti and Mairal (2019); Chizat and Bach (2018); Song

et al. (2018a). Related to our results, some works show MLP predictions converge to “simple”

piecewise linear functions, e.g., with few linear regions Hanin and Rolnick (2019); Maennel et al.

(2018); Savarese et al. (2019); Williams et al. (2019). This chapter differs in that none of these
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works explicitly studies extrapolation, and some focus only on one-dimensional inputs. Recent

works also show that in high-dimensional settings of the NTK regime, MLP is asymptotically at

most a linear predictor in certain scaling limits Ba et al. (2020); Ghorbani et al. (2019). We study

a different setting (extrapolation), and our analysis is non-asymptotic in nature and does not rely

on random matrix theory.

Prior works explore GNN extrapolation by testing on larger graphs Saxton et al. (2019);

Santoro et al. (2018); Battaglia et al. (2018); Velickovic et al. (2020). We are the �rst to theoret-

ically study GNN extrapolation, and we complete the notion of extrapolation to include unseen

features and structures.

3.2 Preliminaries

We begin by introducing our setting. LetX be the domain of interest, e.g., vectors or

graphs. The task is to learn an underlying functiong : X ! R with a training setf (x i ; yi )gn
i =1 �

D, whereyi = g(x i ) and D is the support of training distribution. Previous works have ex-

tensively studied in-distribution generalization where the training and the test distributions are

identical Valiant (1984); Vapnik (2013); i.e.,D = X . In contrast, extrapolation addresses predic-

tions on a domainX that is larger than the support of the training distributionD. We will say a

modelextrapolates wellif it has a smallextrapolation error.

De�nition 3.2.1. (Extrapolation error). Letf : X ! R be a model trained onf (x i ; yi )gn
i =1 � D

with underlying functiong : X ! R. LetP be a distribution overX n D and let` : R � R ! R

be a loss function. We de�ne the extrapolation error off asEx �P [`(f (x ); g(x ))].

We focus on neural networks trained bygradient descent(GD) or its variants withsquared
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loss. We study two network architectures: feedforward and graph neural networks.

Graph Neural Networks. GNNs are structured networks operating on graphs with MLP

modules Battaglia et al. (2018); Xu et al. (2019). LetG = ( V; E) be a graph. Each nodeu 2 V

has a feature vectorx u, and each edge(u; v) 2 E has a feature vectorw (u;v ) . GNNs recursively

compute node representationsh (k)
u at iterationk Xu et al. (2018); Gilmer et al. (2017). Initially,

h (0)
u = x u. For k = 1::K , GNNs updateh (k)

u by aggregating the neighbor representations. We

can optionally compute a graph representationhG by aggregating the �nal node representations.

That is,

h (k)
u =

X

v2N (u)

MLP(k)
�

h (k� 1)
u ; h (k� 1)

v ; w (v;u)

�
; hG = MLP(K +1)

� X

u2 G

h (K )
u

�
: (1)

The �nal output is the graph representationhG or �nal node representationsh (K )
u depending on

the task. We refer to the neighbor aggregation step forh (k)
u asaggregationand the pooling step

in hG asreadout. Previous works typically use sum-aggregation and sum-readout Battaglia et al.

(2018). Our results indicate why replacing them may help extrapolation (Section 3.4).

3.3 How Feedforward Neural Networks Extrapolate

Feedforward networks are the simplest neural networks and building blocks of more com-

plex architectures such as GNNs, so we �rst study how they extrapolate when trained by GD.

Throughout the chapter, we assume ReLU activation. Section 3.3.3 contains preliminary results

for other activations.
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3.3.1 Linear Extrapolation Behavior of ReLU MLPs

By architecture, ReLU networks learn piecewise linear functions, but what do these regions

precisely look like outside the support of the training data? Figure 3.1 illustrates examples of how

ReLU MLPs extrapolate when trained by GD on various nonlinear functions. These examples

suggest that outside the training support, the predictions quickly become linear along directions

from the origin. We systematically verify this pattern by linear regression on MLPs' predictions:

the coef�cient of determination (R2) is always greater than 0.99 (Section 7.1.2). That is, ReLU

MLPs “linearize” almost immediately outside the training data range.

We formalize this observation using the implicit biases of neural networks trained by GD

via theneural tangent kernel (NTK): optimization trajectories of over-parameterized networks

trained by GD are equivalent to those of kernel regression with a speci�c neural tangent kernel,

under a set of assumptions called the “NTK regime” Jacot et al. (2018). We provide an informal

de�nition here; for further details, we refer the readers to Jacot et al. Jacot et al. (2018) and

Section 7.3.

De�nition 3.3.1. (Informal) A neural network trained in the NTK regime is in�nitely wide, ran-

domly initialized with certain scaling, and trained by GD with in�nitesimal steps.

Prior works analyze optimization and in-distribution generalization of over-parameterized

neural networks via NTK Allen-Zhu et al. (2019a); Arora et al. (2019a,b); Du et al. (2019a,b); Li

and Liang (2018); Allen-Zhu et al. (2019b); Cao and Gu (2019); Nitanda and Suzuki (2021). We

instead analyze extrapolation.

Theorem 3.3.2 formalizes our observation from Figure 3.1: outside the training data range,

along any directiontv from the origin, the prediction of a two-layer ReLU MLP quickly con-
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Figure 3.3:Conditions for ReLU MLPs to extrapolate well. We train MLPs to learn linear
functions (grey) with different training distributions (blue) and plot out-of-distribution predictions
(black). Following Theorem 3.3.4, MLPs extrapolate well when the training distribution (blue)
has support in all directions (�rst panel), but not otherwise: in the two middle panels, some
dimensions of the training data are constrained to be positive (red arrows); in the last panel, one
dimension is a �xed constant.

(a) Different target functions
(b) Different training distributions for linear tar-
get

Figure 3.4:Extrapolation performance of ReLU MLPs. We plot the distributions of MAPE
(mean absolute percentage error) of MLPs trained with various hyperparameters (depth, width,
learning rate, batch size). (a) Learning different target functions; (b) Different training distribu-
tions for learning linear target functions: “all” covers all directions, “�x1” has one dimension
�xed to a constant, and “negd” has d dimensions constrained to negative values. ReLU MLPs
generally do not extrapolate well unless the target function is linear along each direction (Fig-
ure 3.4a), and extrapolate linear target functions if the training distribution covers suf�ciently
many directions (Figure 3.4b).

verges to a linear function with rateO( 1
t ). The linear coef�cients� v and the constant terms in

the convergence rate depend on the training data and directionv. The proof is in Section 7.4.

Theorem 3.3.2.(Linear extrapolation). Suppose we train a two-layer ReLU MLPf : Rd ! R

with squared loss in the NTK regime. For any directionv 2 Rd, let x 0 = tv. As t ! 1 ,

f (x 0 + hv) � f (x 0) ! � v � h for anyh > 0, where� v is a constant linear coef�cient. Moreover,

given� > 0, for t = O( 1
� ), we havej f (x 0+ hv )� f (x 0 )

h � � v j < � .

ReLU networks have �nitely many linear regions Arora et al. (2018); Hanin and Rolnick
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(2019), hence their predictionseventuallybecome linear. In contrast, Theorem 3.3.2 is a more

�ne-grained analysis ofhow MLPs extrapolate and provides a convergence rate. While Theo-

rem 3.3.2 assumes two-layer networks in the NTK regime, experiments con�rm that the linear

extrapolation behavior happens across networks with different depths, widths, learning rates, and

batch sizes (Section 7.1.1 and 7.1.2). Our proof technique potentially also extends to deeper

networks.

Theorem 3.3.2 implies which target functions a ReLU MLP may be able to match outside

the training data: only functions that are almost-linear along the directions away from the ori-

gin. Indeed, Figure 3.4a shows ReLU MLPs do not extrapolate target functions such asx > Ax

(quadratic),
P d

i =1 cos(2� � x (i )) (cos), and
P d

i =1

p
x (i ) (sqrt), wherex (i ) is thei -th dimension of

x . With suitable hyperparameters, MLPs extrapolate the L1 norm correctly, which satis�es the

directional linearity condition.

Figure 3.4a provides one more positive result: MLPs extrapolate linear target functions

well, across many different hyperparameters. While learning linear functions may seem very

limited at �rst, in Section 3.4 this insight will help explain extrapolation properties of GNNs

in non-linear practical tasks. Before that, we �rst theoretically analyze when MLPs extrapolate

well.

3.3.2 When ReLU MLPs Provably Extrapolate Well

Figure 3.4a shows that MLPs can extrapolate well when the target function is linear. How-

ever, this is not always true. In this section, we show that successful extrapolation depends on

thegeometryof training data. Intuitively, the training distribution must be “diverse” enough for
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correct extrapolation.

We provide two conditions that relate the geometry of the training data to extrapolation.

Lemma 3.3.3 states that over-parameterized MLPs can learn a linear target function with only2d

examples.

Lemma 3.3.3.Letg(x ) = � > x be the target function for� 2 Rd. Supposef x i gn
i =1 contains an

orthogonal basisf x̂ i gd
i =1 and f� x̂ i gd

i =1 . If we train a two-layer ReLU MLPf on f (x i ; yi )gn
i =1

with squared loss in the NTK regime, thenf (x ) = � > x for all x 2 Rd.

Lemma 3.3.3 is mainly of theoretical interest, as the2d examples need to be carefully

chosen. Theorem 3.3.4 builds on Lemma 3.3.3 and identi�es a more practical condition for

successful extrapolation: if the support of the training distribution covers all directions (e.g., a

hypercube that covers the origin), the MLP converges to a linear target function with suf�cient

training data.

Theorem 3.3.4. (Conditions for extrapolation). Letg(x ) = � > x be the target function for

� 2 Rd. Supposef x i gn
i =1 is sampled from a distribution whose supportD contains a connected

subsetS, where for any non-zerow 2 Rd, there existsk > 0 so thatkw 2 S. If we train

a two-layer ReLU MLPf : Rd ! R on f (x i ; yi )gn
i =1 with squared loss in the NTK regime,

f (x )
p

�! � > x asn ! 1 .

Experiments: geometry of training data affects extrapolation.The condition in Theo-

rem 3.3.4 formalizes the intuition that the training distribution must be “diverse” for successful

extrapolation, e.g.,D includes all directions. Empirically, the extrapolation error is indeed small

when the condition of Theorem 3.3.4 is satis�ed (“all” in Figure 3.4b). In contrast, the extrap-

olation error is much larger when the training examples are restricted to only some directions
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(Figure 3.4b and Figure 3.3).

Relating to previous works, Theorem 3.3.4 suggests why spurious correlations may hurt ex-

trapolation, complementing the causality arguments Arjovsky et al. (2019); Peters et al. (2016);

Rojas-Carulla et al. (2018). When the training data has spurious correlations, some combinations

of features are missing; e.g., camels might only appear in deserts in an image collection. There-

fore, the condition for Theorem 3.3.4 no longer holds, and the model may extrapolate incorrectly.

Theorem 3.3.4 is also analogous to an identi�ability condition for linear models, but stricter. We

can uniquely identify a linear function if the training data has full (feature) rank. MLPs are more

expressive, so identifying the linear target function requires additional constraints.

To summarize, we analyze how ReLU MLPs extrapolate and provide two insights: (1)

MLPs cannot extrapolate most nonlinear tasks due to their linear extrapolation (Theorem 3.3.2);

and (2) MLPs extrapolate well when the target function is linear, if the training distribution is “di-

verse” (Theorem 3.3.4). In the next section, these results help us understand how more complex

networks extrapolate.

3.3.3 MLPs with Other Activation Functions

Before moving on to GNNs, we complete the picture of MLPs with experiments on other

activation functions: tanh� (x) = tanh( x), cosine� (x) = cos(x) Lapedes and Farber (1987);

McCaughan (1997); Sopena and Alquezar (1994), and quadratic� (x) = x2 Du and Lee (2018);

Livni et al. (2014). Details are in Appendix 7.1.4. MLPs extrapolate well when the activation

and target function are similar; e.g., tanh activation extrapolates well when learning tanh, but

not other functions (Figure 3.5). Moreover, each activation function has different limitations. To
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(a) tanh activation (b) cosine activation (c) quadratic activation

Figure 3.5:Extrapolation performance of MLPs with other activation . MLPs can extrapo-
late well when the activation is “similar” to the target function. When learning quadratic with
quadratic activation, 2-layer networks (quad-2) extrapolate well, but 4-layer networks (quad-4)
do not.

extrapolate the tanh function with tanh activation, the training data range has to be suf�ciently

wide. When learning a quadratic function with quadratic activation, only two-layer networks

extrapolate well as more layers lead to higher-order polynomials. Cosine activations are hard

to optimize for high-dimensional data, so we only consider one/two dimensional cosine target

functions.

3.4 How Graph Neural Networks Extrapolate

Above, we saw that extrapolation in nonlinear tasks is hard for MLPs. Despite this limi-

tation, GNNs have been shown to extrapolate well in some nonlinear algorithmic tasks, such as

intuitive physics Battaglia et al. (2016); Janner et al. (2019), graph algorithms Battaglia et al.

(2018); Velickovic et al. (2020), and symbolic mathematics Lample and Charton (2020). To

address this discrepancy, we build on our MLP results and study how GNNs trained by GD ex-

trapolate.
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3.4.1 Hypothesis: Linear Algorithmic Alignment Helps Extrapolation

We start with an example: training GNNs to solve the shortest path problem. For this task,

prior works observe that a modi�ed GNN architecture with min-aggregation can generalize to

graphs larger than those in the training set Battaglia et al. (2018); Velickovic et al. (2020):

h (k)
u = min

v2N (u)
MLP(k)

�
h (k� 1)

u ; h (k� 1)
v ; w (v;u)

�
: (2)

We �rst provide an intuitive explanation (Figure 3.2a). Shortest path can be solved by the

Bellman-Ford (BF) algorithm Bellman (1958) with the following update:

d[k][u] = min
v2N (u)

d[k � 1][v] + w(v; u); (3)

wherew(v; u) is the weight of edge(v; u), andd[k][u] is the shortest distance to nodeu within

k steps. The two equations can be easily aligned: GNNs simulate the BF algorithm if its MLP

modules learn a linear functiond[k � 1][v] + w(v; u). Since MLPs can extrapolate linear tasks,

this “alignment” may explain why min-aggregation GNNs can extrapolate well in this task.

For comparison, we can reason why we would not expect GNNs with the more commonly

used sum-aggregation (Eqn. 1) to extrapolate well in this task. With sum-aggregation, the MLP

modules need to learn a nonlinear function to simulate the BF algorithm, but Theorem 3.3.2

suggests that they will not extrapolate most nonlinear functions outside the training support.

We can generalize the above intuition to other algorithmic tasks. Many tasks where GNNs

extrapolate well can be solved by dynamic programming (DP) Bellman (1966), an algorithmic
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paradigm with a recursive structure similar to GNNs' (Eqn. 1 in chapter 2).

De�nition 3.4.1. Dynamic programming(DP) is a recursive procedure with updates

Answer[k][s] = DP-Update(f Answer[k � 1][s0]g; s0 = 1:::n); (4)

where Answer[k][s] is the solution to a sub-problem indexed by iterationk and states, and

DP-Update is a task-speci�c update function that solves the sub-problem based on the previous

iteration.

From a broader standpoint, we hypothesize that: if we encode appropriate non-linearities

into the model architecture and input representations so that the MLP modules only need to learn

nearly linear steps, then the resulting neural network can extrapolate well.

Hypothesis 3.4.2.(Linear algorithmic alignment). Letf : X ! R be the underlying function

andN a neural network withm MLP modules. Suppose there existm linear functionsf gi gm
i =1

so that by replacingN 's MLP modules withgi 's, N simulatesf . Given� > 0, there exists

f (x i ; f (x i ))gn
i =1 � D ( X so thatN trained onf (x i ; f (x i ))gn

i =1 by GD with squared loss learns

f̂ with kf̂ � f k < � .

Our hypothesis builds on the algorithmic alignment framework stated in chapter 2, which

states that a neural networkinterpolateswell if the modules are “aligned” to easy-to-learn (pos-

sibly nonlinear) functions. Successful extrapolation is harder: the modules need to align with

linear functions.

Applications of linear algorithmic alignment. In general, linear algorithmic alignment is

not restricted to GNNs and applies broadly to neural networks. To satisfy the condition, we can
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encode appropriate nonlinear operations in thearchitectureor input representation(Figure 2.1).

Learning DP algorithms with GNNs is one example of encoding non-linearity in the architec-

ture Battaglia et al. (2018); Corso et al. (2020). Another example is to encode log-and-exp trans-

forms in the architecture to help extrapolate multiplication in arithmetic tasks Trask et al. (2018);

Madsen and Johansen (2020). Neural symbolic programs take a step further and encode a library

of symbolic operations to help extrapolation Yi et al. (2018); Mao et al. (2019a); Johnson et al.

(2017b).

For some tasks, it may be easier to change the input representation (Figure 3.2b). Some-

times, we can decompose the target functionf asf = g � h into a feature embeddingh and a

“simpler” target functiong that our model can extrapolate well. We can obtainh via special-

ized features or feature transforms usingdomain knowledgeLample and Charton (2020); Webb

et al. (2020), or viarepresentation learning(e.g., BERT) with unlabeled out-of-distribution data

in X n D Chen et al. (2020); Devlin et al. (2019); Hu et al. (2020a); Mikolov et al. (2013a);

Peters et al. (2018). This brings a new perspective of how representations help extrapolation in

various application areas. For example, in natural language processing, pretrained representa-

tions Mikolov et al. (2013b); Wu and Dredze (2019) and feature transformation using domain

knowledge Yuan et al. (2020); Zhang et al. (2019b) help models generalize across languages, a

special type of extrapolation. In quantitative �nance, identifying the right “factors” or features

is crucial for deep learning models as the �nancial markets may frequently be in extrapolation

regimes Banz (1981); Fama and French (1993); Ross (1976).

Linear algorithmic alignment explains successful extrapolation in the literature and sug-

gests that extrapolation is harder in general: encoding appropriate non-linearity often requires

domain expertise or model search. Next, we provide theoretical and empirical support for our
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(a) Importance of architecture (b) Importance of representation

Figure 3.6: Extrapolation for algorithmic tasks. Each column indicates the task and mean
average percentage error (MAPE). Encoding appropriate non-linearity in the architecture or rep-
resentation is less helpful forinterpolation, but signi�cantly improvesextrapolation. Left: In
max degree and shortest path, GNNs that appropriately encode max/min extrapolate well, but
GNNs with sum-pooling do not. Right: With improved input representation, GNNs extrapolate
better for then-body problem.

(a) Max degree with GNNs that encode max (b) Shortest path with GNNs that encode min

Figure 3.7: Importance of the training graph structure. Rows indicate the graph structure
covered by the training set and the extrapolation error (MAPE). In max degree, GNNs with
max readout extrapolate well if the max/min degrees of the training graphs are not restricted
(Theorem 3.4.4). In shortest path, the extrapolation errors of min GNNs follow a U-shape in the
sparsity of the training graphs. More results may be found in Appendix 7.2.2.

hypothesis.

3.4.2 Theoretical and Empirical Support

We validate our hypothesis on three DP tasks: max degree, shortest path, andn-body

problem, and prove the hypothesis for max degree. We highlight the role of graph structures in

extrapolation.

Theoretical analysis. We start with a simple yet fundamental task: learning the max

degree of a graph, a special case of DP with one iteration. As a corollary of Theorem 3.3.2,
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the commonly used sum-based GNN (Eqn. 1) cannot extrapolate well (proof in Appendix 7.4.6).

Corollary 3.4.3. GNNs with sum-aggregation and sum-readout do not extrapolate well in Max

Degree.

To achieve linear algorithmic alignment, we can encode the only non-linearity, the max

function, in the readout. Theorem 3.4.4 con�rms that a GNN with max-readout can extrapolate

well in this task.

Theorem 3.4.4. (Extrapolation with GNNs). Assume all nodes have the same feature. Letg

and g0 be the max/min degree function, respectively. Letf (Gi ; g(Gi )gn
i =1 be the training set.

If f (g(Gi ); g0(Gi ); g(Gi ) � N max
i ; g0(Gi ) � N min

i )gn
i =1 spansR4, whereN max

i and N min
i are the

number of nodes that have max/min degree onGi , then one-layer max-readout GNNs trained on

f (Gi ; g(Gi ))gn
i =1 with squared loss in the NTK regime learng.

Theorem 3.4.4 does not follow immediately from Theorem 3.3.4, because MLP modules

in GNNs only receive indirect supervision. We analyze theGraph NTK Du et al. (2019c) to

prove Theorem 3.4.4 in Appendix 7.4.7. While Theorem 3.4.4 assumes identical node features,

we empirically observe similar results for both identical and non-identical features (Figure 7.9 in

Appendix).

Interpretation of conditions. The condition in Theorem 3.4.4 is analogous to that in

Theorem 3.3.4. Both theorems require diverse training data, measured bygraph structurein

Theorem 3.4.4 ordirectionsin Theorem 3.3.4. In Theorem 3.4.4, the condition is violated if all

training graphs have the same max or min node degrees, e.g., when training data are from one of

the following families: path,C-regular graphs (regular graphs with degreeC), cycle, and ladder.
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Experiments: architectures that help extrapolation. We validate our theoretical analy-

sis with two DP tasks: max degree and shortest path (details in Appendix 7.1.5 and 7.1.6). While

previous works only test on graphs with different sizes Battaglia et al. (2018); Velickovic et al.

(2020), we also test on graphs with unseen structure, edge weights and node features. The results

support our theory. For max degree, GNNs with max-readout are better than GNNs with sum-

readout (Figure 3.6a), con�rming Corollary 3.4.3 and Theorem 3.4.4. For shortest path, GNNs

with min-readout and min-aggregation are better than GNNs with sum-readout (Figure 3.6a).

Experiments con�rm the importance of training graphs structure (Figure 3.7). Interestingly,

the two tasks favor different graph structure. For max degree, as Theorem 3.4.4 predicts, GNNs

extrapolate well when trained on trees, complete graphs, expanders, and general graphs, and

extrapolation errors are higher when trained on 4-regular, cycles, or ladder graphs. For shortest

path, extrapolation errors follow a U-shaped curve as we change thesparsityof training graphs

(Figure 3.7b and Figure 7.11 in Appendix). Intuitively, models trained on sparse or dense graphs

likely learn degenerative solutions.

Experiments: representations that help extrapolation.Finally, we show a good input

representation helps extrapolation. We study then-body problem Battaglia et al. (2016); Watters

et al. (2017) (Appendix 7.1.7), that is, predicting the time evolution ofn objects in a gravita-

tional system. Following previous work, the input is a complete graph where the nodes are the

objects Battaglia et al. (2016). The node feature foru is the concatenation of the object's mass

mu, positionx (t )
u , and velocityv (t )

u at timet. The edge features are set to zero. We train GNNs

to predict the velocity of each objectu at timet + 1. The true velocityf (G; u) for objectu is
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approximately

f (G; u) � v t
u + a t

u � dt; a t
u = C �

X

v6= u

mv

kx t
u � x t

vk3
2

�
�

x t
v � x t

u

�
; (5)

whereC is a constant. To learnf , the MLP modules need to learn a nonlinear function. There-

fore, GNNs do not extrapolate well to unseen masses or distances (“original features” in Fig-

ure 3.6b). We instead use an improved representationh(G) to encode non-linearity. At timet,

we transform the edge features of(u; v) from zero tow (t )
(u;v ) = mv �

�
x (t )

v � x (t )
u

�
=kx (t )

u � x (t )
v k3

2.

The new edge features do not add information, but the MLP modules now only need to learn

linear functions, which helps extrapolation (“improved features” in Figure 3.6b).

3.5 Connections to Other Out-of-Distribution Settings

We discuss several related settings. Intuitively, from the viewpoint of our results above,

methods in related settings may improve extrapolation by 1) learning useful non-linearities be-

yond the training data range and 2) mapping relevant test data to the training data range.

Domain adaptation studies generalization to a speci�c target domain Ben-David et al.

(2010); Blitzer et al. (2008); Mansour et al. (2009). Typical strategies adjust the training process:

for instance, use unlabeled samples from the target domain to align the target and source distribu-

tions Ganin et al. (2016); Zhao et al. (2018). Using target domain data during training may induce

useful non-linearities and may mitigate extrapolation by matching the target and source distribu-

tions, though the correctness of the learned mapping depends on the label distribution Zhao et al.

(2019).

Self-supervised learningon a large amount of unlabeled data can learn useful non-linearities
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beyond the labeled training data range Chen et al. (2020); Devlin et al. (2019); Peters et al.

(2018); He et al. (2020). Hence, our results suggest an explanation why pre-trained representa-

tions such as BERT improve out-of-distribution robustness Hendrycks et al. (2020). In addition,

self-supervised learning could map semantically similar data to similar representations, so some

out-of-domain examples might fall inside the training distribution after the mapping.

Invariant models aim to learn features that respect speci�c invariances across multiple

training distributions Arjovsky et al. (2019); Rojas-Carulla et al. (2018); Zhou et al. (2021). If

the model indeed learns these invariances, which can happen in the linear case and when there

are confounders or anti-causal variables Ahuja et al. (2021); Rosenfeld et al. (2021), this may es-

sentially increase the training data range, since variations in the invariant features may be ignored

by the model.

Distributional robustness considers small adversarial perturbations of the data distribu-

tion, and ensures that the model performs well under these Goh and Sim (2010); Sagawa et al.

(2020); Sinha et al. (2018); Staib and Jegelka (2019). We instead look at more global perturba-

tions. Still, one would expect that modi�cations that help extrapolation in general also improve

robustness to local perturbations.

3.6 Chapter Summary

This chapter is an initial step towards formally understanding how neural networks trained

by gradient descent extrapolate. We identify conditions under which MLPs and GNNs extrapolate

as desired. We also suggest an explanation how GNNs have been able to extrapolate well in

complex algorithmic tasks: encoding appropriate non-linearity in architecture and features can
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help extrapolation. Our results and hypothesis agree with empirical results, in this chapter and in

the literature.

My main contribution to this chapter includes initial exploration experiments which discov-

ered our main �nding (a.k.a., linear alignment), experiments (design and execution) in section 3.3

and section 3.4, interpretation of Theorem 3.4.4, and additional experiments in (Appendix) Chap-

ter 7. Since the publication of this chapter, numerous follow-up studies have emerged, employing

the key insight of encoding non-linearities in the data representations Ibarz et al. (2022); Na and

Park (2022); Li et al. (2023) or neural network architectures Ko et al. (2021) for better out-of-

distribution generalization.
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Chapter 4: Robustness: How does the Architecture Impact a Neural Network's

Robustness?

Joint work with Keyulu Xu, Mozhi Zhang, John P Dickerson, Jimmy Ba

4.1 Introduction

Supervised learning starts with collecting labeled data. Yet, high-quality labels are often

expensive. To reduce annotation cost, we collect labels from non-experts Snow et al. (2008);

Welinder et al. (2010); Yan et al. (2014); Yu et al. (2018) or online queries Blum et al. (2003);

Jiang et al. (2020a); Liu et al. (2011), which are inevitably noisy. To learn from these noisy labels,

previous works propose many techniques, including modeling the label noise Natarajan et al.

(2013); Liu and Tao (2015); Yao et al. (2020), designing robust losses Ghosh et al. (2017); Lyu

and Tsang (2019); Wang et al. (2019); Zhang and Sabuncu (2018), adjusting loss before gradient

updates Arazo et al. (2019); Chang et al. (2017b); Han et al. (2020); Hendrycks et al. (2018);

Ma et al. (2018); Patrini et al. (2017); Reed et al. (2014); Song et al. (2019); Wang et al. (2017),

selecting trust-worthy samples Lyu and Tsang (2019); Song et al. (2019); Chen et al. (2019); Han

et al. (2018a); Jiang et al. (2018); Malach and Shalev-Shwartz (2017); Nguyen et al. (2019); Shen

and Sanghavi (2019); Wang et al. (2018); Yu et al. (2019), designing robust architectures Bekker

and Goldberger (2016); Chen and Gupta (2015); Goldberger and Ben-Reuven (2017); Han et al.
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(2018b); Jindal et al. (2016); Li et al. (2020a); Sukhbaatar et al. (2014); Yao et al. (2018), applying

robust regularization in training Goodfellow et al. (2015); Hendrycks et al. (2019); Jenni and

Favaro (2018); Pereyra et al. (2017); Tanno et al. (2019); Zhang et al. (2017b), using meta-

learning to avoid over-�tting Garcia et al. (2016); Li et al. (2019), and applying semi-supervised

learning Nguyen et al. (2019); Ding et al. (2018); Li et al. (2020b); Liu et al. (2020a); Yan et al.

(2016) to learn better representations.

While these methods improve some networks' robustness to noisy labels, we observe that

their effectiveness depends on how well the network's architecture aligns with the target/noise

functions, and they are less effective when encountering more realistic label noise that is class-

dependent or instance-dependent. This motivates us to investigate an understudied topic: how

the network's architecture impacts its robustness to noisy labels.

We formally answer this question by analyzing how a network's architecture aligns with

the target function and the noise. To start, we measure the robustness of a network via the pre-

dictive power in its learned representations (De�nition 4.2.1), as models with large test errors

may still learn useful predictive hidden representations Arpit et al. (2017); Maennel et al. (2020).

Intuitively, the predictive power measures how well the representations can predict the target

function. In practice, we measure it by training a linear model on top of the learned representa-

tions using a small set of clean labels and evaluate the linear model's test performance Alain and

Bengio (2016).

We �nd that a network having a more aligned architecture with the target function is more

robust to noisy labels due to its more predictive representations, whereas a network having an

architecture more aligned with the noise function is less robust. Intuitively, agood alignment

between a network's architecture and a function exists if the architecture can be decomposed into
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several modules such that each module can simulate one part of the function with asmallsample

complexity. The formal de�nition of alignment is in Section 4.2.3, adapted from chapter 2.

Our proposed framework provides initial theoretical support for our �ndings on a simpli�ed

noisy setting (Theorem 4.2.6). Empirically, we validate our �ndings on synthetic graph algorith-

mic tasks by designing several variants of Graph Neural Networks (GNNs), whose theoretical

properties and alignment with algorithmic functions have been well-studied in Du et al. (2019c)

and both chapters 2 and 3. Many noisy label training methods are applied to image classi�cation

datasets, so we also validate our �ndings on image domains using different architectures.

Most of our analysis and experiments use standard neural network training. Interestingly,

we �nd similar results when using DivideMix Li et al. (2020b), a SOTA method for learning with

noisy labels: for networks less aligned with the target function, the SOTA method barely helps

and sometimes even hurts test accuracy; whereas for more aligned networks, it helps greatly.

For well-aligned networks, the predictive power of their learned representation could fur-

ther improve the test performance of SOTA methods, especially on class-dependent or instance-

dependent label noise where current methods on noisy label training are less effective. Moreover,

on Clothing1M Xiao et al. (2015), a large-scale dataset with real-world label noise, the predictive

power of a well-aligned network's learned representations could even outperform some sophisti-

cated methods that use clean labels.

In summary, we investigate how an architecture's alignments with different (target and

noise) functions affect the network's robustness to noisy labels, in which we discover that despite

having large test errors, networks well-aligned with the target function can still be robust to

noisy labels when evaluating their predictive power in learned representations. To formalize

our �nding, we provide a theoretical framework to illustrate the above connections. At the same
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time, we conduct empirical experiments on various datasets with various network architectures to

validate this �nding. Besides, this �nding further leads to improvements over SOTA noisy-label-

training methods on various datasets and under various kinds of noisy labels (Tables 8.3-8.8 in

Appendix 8.1).

Related Work A commonly studied type of noisy label is the random label noise, where the

noisy labels are drawn i.i.d. from a uniform distribution. While neural networks trained with

random labels easily over�t Zhang et al. (2017a), it has been observed that networks learn simple

patterns �rst Arpit et al. (2017), converge faster on downstream tasks Maennel et al. (2020), and

bene�t from memorizing atypical training samples Feldman and Zhang (2020).

Accordingly, many recent works on noisy label training are based on the assumption that

when trained with noisy labels, neural networks would �rst �t to clean labels Lyu and Tsang

(2019); Han et al. (2018a); Jiang et al. (2018); Li et al. (2020b); Liu et al. (2020a) and learn

useful feature patterns Hendrycks et al. (2018); Lee et al. (2019); Bahri et al. (2020); Wu et al.

(2020). Yet, these methods are often more effective on random label noise than on more realistic

label noise (i.e., class-dependent and instance-dependent label noise).

Many works on representation learning have investigated the features preferred by a net-

work during training Arpit et al. (2017); Hermann and Lampinen (2020); Shah et al. (2020);

Sanyal et al. (2020), and how to interpret or control the learned representations on clean data Yuan

et al. (2020); Alain and Bengio (2016); Hermann and Lampinen (2020); Hermann et al. (2019);

Montavon et al. (2018). This chapter focuses more on the predictive power rather than the ex-

planatory power in the learned representations. We adapt the method in Alain and Bengio (2016)

to measure the predictive power in representations, and we study learning from noisy labels rather

52



than from a clean distribution.

On noiseless settings, prior works show that neural networks have the inductive bias to

learn simple patterns Arpit et al. (2017); Hermann and Lampinen (2020); Shah et al. (2020);

Sanyal et al. (2020). This chapter formalizes what a simple pattern is to a given network via

architectural alignments, and we extend the de�nition of alignment in chapter 2 to noisy settings.

4.2 Theoretical Framework

In this section, we introduce our problem settings, give formal de�nitions for “predictive

power” and “alignment,” and present our main hypothesis as well as our main theorem.

4.2.1 Problem Settings

LetX denote the input domain, which can be vectors, images, or graphs. The task is to learn

an underlying target functionf : X ! Y on a noisy training datasetS := f (x i ; yi )gi 2I
S

f (x i ; ŷi )gi 2I 0,

wherey := f (x ) denotes the true label for an inputx , andŷ denotes the noisy label. Here, the

setI contains indices with clean labels, andI 0contains indices with noisy labels. We denotejI 0j
jSj

as thenoise ratioin the datasetS. We consider both regression and classi�cation problems.

Regression settings.We consider a label spaceY � R and two types of label noise: a)

additive label noiseHu et al. (2020b):ŷ := y + � , where� is a random variable independent

from x ; b) instance-dependent label noise: ŷ := g(x ) whereg : X ! Y is a noise function

dependent on the input.

Classi�cation settings.We consider a discrete label space withC classes:Y = f 1; 2; � � � ; Cg,

and three types of label noise: a)uniform label noise: ŷ � Unif(1; C), where the noisy label is
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drawn from a discrete uniform distribution with values between1 andC, and thus is independent

of the true label; b)�ipped label noise: ŷ is generated based on the value of the true labely and

does not consider other input structures; c)instance-dependent label noise: ŷ := g(x ) where

g : X ! Y is a function dependent on the inputx 's internal structures. Previous works on noisy

label learning commonly study uniform and �ipped label noise. A few recent works Cheng et al.

(2020); Wang et al. (2020) explore the instance-dependent label noise as it is more realistic.

4.2.2 Predictive Power in Representations

A network's robustness is often measured by its test performance after being trained with

noisy labels. Yet, since models with large test errors may still learn useful representations, we

measure the robustness of a network by how good the learned representations are at predicting

the target function — the predictive power in representations. To formalize this de�nition, we

decompose a neural networkN into different modulesN1; N2; � � � , where each module can be a

single layer (e.g., a convolutional layer) or a block of layers (e.g., a residual block).

De�nition 4.2.1 (Predictive power). Let f : X ! Y denote the underlying target function where

the inputx 2 X is drawn from a distributionD. Let C := f (x i ; yi )gm
i =1 denote a small set of

clean data (i.e.,yi = f (x i )). Given a networkN with n modulesN j , let h(j )(x ) denote the

representation from moduleN j on the inputx (i.e., the output ofN j ). Let L denote the linear

model trained with the clean setC where we useh(j )(x ) as the input, andyi as the target value

during training. Then the predictive power of representations from the moduleN i is de�ned as

Pj (f; N ; C) := E
x �D

�
l
�
f (x ); L(h(j )(x ))

��
; (1)

54



wherel is a loss function used to evaluate the test performance on the learning task.

Remark. Notice that smallerPj (f; N ; C) indicates better predictive power; i.e., the representa-

tions are better at predicting the target function. We empirically evaluate the predictive power

using linear regression to obtain a trained linear modelL, which avoids the issue of local minima

as we are solving a convex problem; then we evaluateL on the test set.

4.2.3 Formalization of Alignment

Our analysis stems from the intuition that a network would be more robust to noisy labels

if it could learn the target function more easily than the noise function. Thus, we use architectural

alignment to formalize what is easy to learn by a given network. Chapter 2 de�nes the alignment

between a network and a deterministic function via a sample complexity measure in a PAC learn-

ing framework. Intuitively, a network aligns well with a function if each network module can

easily learn one part of the function with a small sample complexity.

De�nition 4.2.2 (Alignment, simpli�ed according on chapter 2). LetN denote a neural network

with n modulesN j . Given a functionf : X ! Y which can be decomposed inton functionsf j

(e.g.,f (x ) = f 1(f 2(:::f n (x ))) ), the alignment between the networkN andf is de�ned via

Alignment(N ; f; �; � ) := max
j

M A j (f j ; N j ; �; � ); (2)

whereM A j (f j ; N j ; �; � ) denotes the sample complexity measure forN j to learnf j with � preci-

sion at a failure probability� under a learning algorithmA j .

Remark.Notice that smaller Alignment(N ; f; �; � ) indicates better alignment between net-

work N and functionf . If f is obtuse or does not have a structural decomposition, we can
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choosen = 1, and the de�nition of alignment degenerates into the sample complexity measure

for N to learnf . Although it is sometimes non-trivial to compute the exact alignment for a task

without clear algorithmic structures, we could break this complicated task into sub-tasks, and it

would be easier to measure the sample complexity of learning each sub-task.

Chapter 2 further proves that better alignment implies better sample complexity and vice

versa.

Theorem 4.2.3(Informal; Chapter 2). Fix � and � . Given a target functionf : X ! Y and a

networkN , supposef x i g
M
i =1 are i.i.d. samples drawn from a distributionD, and letyi := f (x i ).

Then Alignment(N ; f; �; � ) � M if and only if there exists a learning algorithmA such that

Px�D [kf N ;A (x) � f (x)k � � ] � 1 � �; (3)

wheref N ;A is the function generated byA on the training dataf x i ; yi g
M
i =1 .

Remark. Intuitively, a functionf (with a decompositionf f j gj ) can be ef�ciently learned by a

networkN (with modulesfN j gj ) iff eachf j can be ef�ciently learned byN j .

We further extend De�nition 4.2.2 to work with a random processF (i.e., a set of all

possible sample functions that describes the noisy label distribution).

De�nition 4.2.4 (Alignment, extended to various noise functions). Given a neural networkN

and a random processF , for eachf 2 F , the alignment betweenN and f is measured via

maxj M A j (f j ; N j ; �; � ) based on De�nition 4.2.2. Then the alignment betweenN and F is

de�ned as

Alignment� (N ; F ; �; � ) := sup
f 2F

max
j

M A j (f j ; N j ; �; � );
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whereN can be decomposed differently for variousf .

4.2.4 Better Alignment Implies Better Robustness (Better Predictive Power)

Building on the de�nitions ofpredictive powerandalignment, we hypothesize that a net-

work better-aligned with the target function (smallerAlignment(N ; f; �; � )) would learn more

predictive representations (smallerPj (f; N ; C)) when trained on a given noisy dataset.

Hypothesis 4.2.5(Better alignment leads to more robustness). Let f : X ! Y denote the target

function. Fix� , � , a learning algorithmA, a noise ratio, and a noise functiong : X ! Y (which

may be a drawn from a random process). Let S denote a noisy training dataset andC denote a

small set of clean data. Then for a networkN trained onS with the learning algorithmA,

Alignment(N ; f; �; � ) # =) Pj (f; N ; C) #; (4)

wherej is selected based on the network's architectural alignment with the target function (for

simplicity, we considerj = n � 1 in this chapter).

We prove this hypothesis for a simpli�ed case where the target function shares some com-

mon structures with the noise function (e.g., class-dependent label noise). We refer the readers to

Appendix 8.2 for a full statement of our main theorem with detailed assumptions.

Theorem 4.2.6(Better alignment leads to more robustness, speci�c case). For a target function

f : X ! Y and a noise functiong : X ! Y , consider a neural networkN well-aligned

with f such thatPj (f; N ; C) is small when trainingN on clean data (i.e.,Pj (f; N ; C) < c for

some small constantc). If there exists a functionh on the input domainX such thatf and g
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can be decomposed as follows:8x 2 X , f (x ) = f r (h(x )) with f r being a linear function,

andg(x ) = gr (h(x )) for some functiongr , then the representations learned byN on the noisy

dataset still have a good predictive power withPj (f; N ; C) < c.

We further provide empirical support for our hypothesis via systematic experiments on

various architectures, target and noise functions on both regression and classi�cation settings.

4.3 Experiments on Graph Neural Networks

We �rst validate our hypothesis on synthetic graph algorithmic tasks by designing GNNs

with different levels of alignments to the underlying target/noise functions. We consider regres-

sion tasks. The theoretical properties of GNNs and their alignment with algorithmic regression

tasks are well-studied in Du et al. (2019c); Sato et al. (2019) and in both chapters 2 and 3. To start,

we conduct experiments on different types of additive label noise and extend our experiments to

instance-dependent label noise, which is closer to real-life noisy labels.

Common Experimental Settings.The training and validation sets always have the same

noise ratio, the percentage of data with noisy labels. We choose mean squared error (MSE) and

Mean Absolute Error (MAE) as our loss functions. Due to space limitations, the results using

MAE are in Appendix 8.1.3. All training details are in Appendix??. The test error is measured

by mean absolute percentage error (MAPE), a relative error metric.

4.3.1 Background: Graph Neural Networks

GNNs are structured networks operating on graphs with MLP modules Battaglia et al.

(2018); Scarselli et al. (2009a); Xu et al. (2019, 2018). The input is a graphG = ( V; E) where
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each nodeu 2 V has a feature vectorx u, and we useN (u) to denote the set of neighbors

of u. GNNs iteratively compute the node representations via message passing: (1) the node

representationh u is initialized as the node feature:h (0)
u = x u; (2) in iterationk = 1::K , the

node representationsh (k)
u are updated by aggregating the neighboring nodes' representations with

MLP modules Gilmer et al. (2017). We can optionally compute a graph representationhG by

aggregating the �nal node representations with another MLP module. Formally,

h (k)
u :=

X

v2N (u)

MLP(k)
�

h (k� 1)
u ; h (k� 1)

v

�
; (5)

hG := MLP(K +1)
� X

u2G

h (K )
u

�
: (6)

Depending on the task, the output is either the graph representationhG or the �nal node represen-

tationsh (K )
u . We refer to the neighbor aggregation step forh (k)

u asaggregationand the pooling

step forhG asreadout. Different tasks require different aggregation and readout functions.

4.3.2 Additive Label Noise

Hu et al. (2020b) prove that MLPs are robust to zero-mean additive label noise if the labels

are drawn i.i.d. from a Sub-Gaussian distribution. Wu and Xu (2020) also show that linear models

are robust to zero-mean additive label noise even in the absence of explicit regularization. In this

section, we show that a GNNwell-alignedto the target function not only achieves low test errors

on additive label noise with zero-mean, but also learnspredictiverepresentations on noisy labels

that are drawn from non-zero-mean distributions despite having large test error.
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Figure 4.1:Max-sum GNN aligns well with the task maximum degree.Max-sum GNNhG

can be decomposed into two modules: Module(1) and Module(2) , and the target functionf (G)
can be similarly divided asf (G) = f 2(f 1(G)). As the nonlinearities of the target function have
been encoded in the GNN's architecture,f (G) can be easily learned byhG: f 1(�) can be easily
learned by Module(1) , andf 2(�) is the same as Module(2) .

Figure 4.2:PCA visualization of hidden representationsfrom a max-sum GNN trained with
additive label noise drawn fromN (10; 15)at 100% noise ratio. Each dot denotes a single training
example and is colored with its true label. The x-axis and y-axis denote the projected values at
the �rst and second principal components. As the colors change gradually from left to right, the
largest principal component of the representations has a clear linear relationship with the true
labels.
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Task and Architecture. The task is to compute the maximum node degree:

f (G) := maxu2G

X

v2N (u)

1: (7)

We choose this task as we know which GNN architecture aligns well with this target function—a

2-layer GNN with max-aggregation and sum-readout (max-sum GNN):

hG := MLP(2)
�

maxu2G

X

v2N (u)

MLP(1)
�

h u; h v

��
; (8)

h u :=
X

v2N (u)

MLP(0)
�

x u; x v

�
: (9)

Figure 4.1 demonstrates how exactly the max-sum GNN aligns withf (G). Intuitively, they are

well-aligned as the MLP modules of max-sum GNN only need to learn simple constant func-

tions to simulatef (G). Based on Figure 4.1, we take the output of Module(2) as the learned

representations for max-sum GNNs when evaluating the predictive power.

Label Noise. We corrupt labels by adding independent noise� drawn from three distri-

butions: Gaussian distributions with zero meanN (0; 40) and non-zero meanN (10; 15), and a

long-tailed Gamma distribution with zero-mean�(2 ; 1=15) � 30. We also consider more distri-

butions with non-zero mean in Appendix 8.1.2.

Findings. In Figure 4.3, while the max-sum GNN is robust tozero-meanadditive label

noise (dotted yellow and purple lines), its test error is much higher under non-zero-mean noise

N (10; 15) (dotted red line) as the learned signal may be “shifted” by the non-centered label

noise. Yet, max-sum GNNs' learned representations under these three types of label noise all

predict the target function well when evaluating their predictive powers with 10% clean labels
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Figure 4.3:Representations are very predictive for a GNN well-aligned with the target func-
tion under additive label noise. On the maximum degree task, the representations' predictive
power (solid lines) achieves low test MAPE (< 5%) across all three types of noise for the max-
sum GNN, despite that the model's test MAPE (dotted lines) may be quite large (for non-zero-
mean noise). We average the statistics over 3 runs using different random seeds.

(solid lines in Figure 4.3).

Moreover, when we plot the representations (using PCA) from a max-sum GNN trained

under 100% noise ratio with� � N (10; 15), the representations indeed correlate well with true

labels (Figure 4.2). This explains why the representation learned under noisy labels can recover

surprisingly good test performance despite that the original model has large test errors.

The predictive power of randomly-initialized max-sum GNNs is in Table 8.1 (Appendix 8.1.1).

4.3.3 Instance-Dependent Label Noise

Realistic label noise is often instance-dependent. For example, an option is often incor-

rectly priced in the market, but its incorrect price (i.e., the noisy label) should depend on the

properties of the underlying stock. Such instance-dependent label noise is more challenging, as

it may containspurious signalsthat are easy to learn by certain architectures. In this section,
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Figure 4.4: Representations are more predictive for GNNs more aligned with the target
function, and less predictive for GNNs more aligned with the noise function. On the maxi-
mum node feature task, while all three GNNs have large test errors under high noise ratios (dotted
lines), the predictive power (solid lines) in representations from Deepset (yellow) and max-max
GNN (red) greatly reduces the test MAPE. In contrast, the representation's predictive power for
max-sum GNN barely reduces the model's test MAPE (tiny gaps between dotted and solid purple
lines).

we evaluate the representation' predictive power for three different GNNs trained with instance-

dependent label noise.

Task and Label Noise.We experiment with a new task—computing the maximum node

feature:

f (G) := maxu2G jj x u jj 1 : (10)

To create an instance-dependent noise, we randomly replace the label with the maximum degree:

g(G) := maxu2G

X

v2N (u)

1: (11)

Architecture. We consider three GNNs: DeepSet Zaheer et al. (2017), max-max GNN,

and max-sum GNN. DeepSet can be interpreted as a special GNN that does not use neighborhood
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information:

hG = MLP(1)
�

maxu2GMLP(0)
�

x u

��
: (12)

Max-max GNN is a 2-layer GNN with max-aggregation and max-readout. Max-sum GNN is the

same as the one in the previous section.

DeepSet and max-max GNN are well-aligned with the target functionf (G), as their MLP

modules only need to learn simple linear functions. In contrast, max-sum GNN is more aligned

with g(G) thanf (G) since neither its MLP modules or sum-aggregation module can ef�ciently

learn the max-operation inf (G), which is shown in both chapter 2 and chapter 3.

Moreover, DeepSet cannot learng(G) as the model ignoresedge information. We take

the hidden representations before the last MLP modules in all three GNNs and compare their

predictive power.

Findings. While all three GNNs have large test errors under high noise ratios (dotted

lines in Figure 4.4), the predictive power in representations from GNNs more aligned with the

target function — DeepSet (solid yellow line) and max-max GNN (solid red line) — signi�cantly

reduces the original models' test errors by 10 and 1000 times respectively. Yet, for the max-

sum GNN, which is more aligned with the noise function, training with noisy labels indeed

destroy the internal representations such that they are no longer to predict the target function

— its representations' predictive power (solid purple line) barely decreases test error. We also

evaluate the predictive power of these three types of randomly-initialized GNNs, and the results

are in Table 8.2 (Appendix 8.1.1).
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4.4 Experiments on Vision Datasets

Many noisy label training methods are benchmarked on image classi�cation; thus, we also

validate our hypothesis on image domains. We compare the representations' predictive power

between MLPs and CNN-based networks using 10% clean labels (all models are trained until

they could perfectly �t the noisy labels, a.k.a., achieving close to 100% training accuracy). We

further evaluate the predictive power in representations learned with SOTA methods. Predictive

power on networks that aligned well with the target function could further improve the SOTA

method's test performance (Section 4.4.2). The �nal model also outperforms some sophisticated

methods on noisy label training which also use clean labels (Appendix 8.1.4). All our experiment

details are in Appendix??.

4.4.1 MLPs vs. CNN-based networks

To validate our hypothesis, we consider several target functions with different levels of

alignment to MLPs and CNN-based networks. All models in this section are trained with standard

procedures without any robust training methods or robust losses.

Datasets and Label Noise. We consider two types of target functions: one aligns better with

CNN-based models than MLPs, and the other aligns better with MLPs than CNN-based networks.

1). CIFAR-10 andCIFAR-100 Krizhevsky (2009) come with clean labels. Therefore, we

generate two types of noisy labels following existing works: (1)uniform label noise randomly

replaces the true labels with all possible labels, and (2)�ipped label noise swaps the labels

between similar classes (e.g., deer$ horse, dog$ cat) on CIFAR-10 Li et al. (2020b), or �ips the
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Figure 4.5: Synthetic Labels on CIFAR-Easy. For each image, we mask a pixel at the top
left corner with pink color. Then the synthetic label for this image is the location of the pink
pixel/mask (i.e., the cat image in the above example has label 4).

Figure 4.6:Sample complexity of MLPs and CNNs on CIFAR-Easy.Both MLPs and CNNs
can achieve 100% test accuracy given suf�cient training examples, but MLPs need far fewer
examples than CNNs and thus are more sample-ef�cient on CIFAR-Easy.

labels to the next class on CIFAR-100 Natarajan et al. (2013).

2). CIFAR-Easy is a dataset modi�ed on CIFAR-10 with labels generated by procedures in

Figure 4.5 — the class/label of each image depends on the location of a special pixel. We consider

three types of noisy labels on CIFAR-Easy: (1)uniform label noise and (2)�ipped label noise

(described as above); and (3)instance-dependent label noisewhich takes the original image

classi�cation label as the noisy label.

66



Figure 4.7:CIFAR-10/100 with uniform and �ipped label noise. Each line indicates the raw
test accuracy (dotted) and the predictive power in representations (solid) learned by a model
trained across various noise ratios. As CNN-based networks align better with image classi�cation
tasks than MLPs, their representations' predictive power (solid yellow and red lines) are higher
than that of MLPs (solid purple lines) on most noise ratios.

Figure 4.8:CIFAR-Easy with uniform, �ipped, and instance-dependent label noise. Each
line indicates the raw test accuracy (dotted) and the predictive power in representations (solid)
learned by a model trained across various noise ratios. As MLPs align better with the target
function than CNN-based networks on CIFAR-Easy, their representations' predictive power on
MLPs (solid purple lines) are consistently better than that of CNNs (solid yellow lines) across
various noise ratios and noise types.

Architectures. On CIFAR-10/100, we evaluate the predictive power in representations for

three architectures: 4-layer MLPs, 9-layer CNNs, and 18-layer PreAct ResNets He et al. (2016).

On CIFAR-Easy, we compare between MLPs and CNNs. We take the representations before the

penultimate layer when evaluating the predictive power for these networks.

As the designs of CNN-based networks (e.g., CNNs and ResNets) are similar to human

perception system because of the receptive �elds in convolutional layers and a hierarchical ex-

traction of more and more abstracted features LeCun et al. (1995); Kheradpisheh et al. (2016),

CNN-based networks are expected toalign betterwith the target functions than MLPs on image

classi�cation datasets (e.g., CIFAR-10/100).

67



Table 4.1: Comparison of different networks' test accuracies (%) on CIFAR-10/100. We
color a test accuracy in red if it is lower than the test accuracy from vanilla training, and we color
it in green if it is higher.

Model Setting

CIFAR10 CIFAR100

Uniform noise Flipped noise Uniform noise Flipped noise

20% 50% 80% 90% 20% 40% 80% 20% 50% 80% 90% 20% 40% 80%

4-layer
FC

(MLP)

Vanilla training 51.8 41.0 32.5 25.6 56.4 52.5 43.0 20.1 12.7 7.0 4.9 20.8 15.1 4.5
DivideMix Li et al. (2020b) 62.2 55.2 34.4 28.1 60.2 56.8 44.0 32.8 28.0 13.9 7.2 31.5 22.3 1.3

DivideMix's Predictive Power 38.6 38.6 38.8 38.2 38.5 39.0 38.8 11.1 11.8 12.4 11.6 11.1 12.0 11.9

PreAct
ResNet18

Vanilla training 84.4 58.5 27.3 17.2 86.1 76.9 54.7 63.2 40.2 11.5 3.9 63.6 45.2 7.4
DivideMix Li et al. (2020b) 95.7 94.4 92.9 75.4 94.0 92.1 56.2 76.9 74.2 59.6 31.0 77.0 55.2 0.2

DivideMix's Predictive Power 96.0 94.8 93.5 83.8 94.9 94.0 93.6 76.6 73.9 60.9 39.3 76.8 74.8 76.1

9-layer
CNN

Vanilla training 80.9 55.7 27.5 17.1 85.5 74.9 54.4 55.8 33.1 8.8 3.7 59.0 42.8 8.3
DivideMix Li et al. (2020b) 94.5 93.4 91.2 78.2 92.9 89.8 55.3 71.4 69.0 51.8 22.9 71.3 53.0 0.3

DivideMix's Predictive Power 94.5 93.6 91.4 81.8 93.6 92.1 90.1 69.9 67.1 50.4 26.3 70.2 69.0 68.8

Table 4.2:Comparison of different networks' test accuracies (%) on CIFAR-Easy. We color
a test accuracy in red if it is lower than the test accuracy from vanilla training, and we color it in
green if it is higher.

Model Setting Uniform noise Flipped noise Spurious noise

0% 50% 80% 90% 40% 50% 80% 25% 50% 75% 90% 100%

4-layer
FC

(MLP)

Vanilla training 100.00 99.88 97.57 86.29 87.52 75.01 51.94 98.55 90.46 60.16 31.08 10.25
DivideMix Li et al. (2020b) 98.35 10 : 00 � 99.99 16.22 100.00 88.36 50.04 100.00 100.00 45.59 14.16 10.10

DivideMix's Predictive Power 100.00 100.00 100.00 99.94 100.00 100.00 100.00 100.00 100.00 100.00 98.66 99.65

9-layer
CNN

Vanilla training 100.00 81.08 10.15 10.36 84.80 74.50 52.24 96.84 68.07 26.97 13.24 10.07
DivideMix Li et al. (2020b) 100.00 100.00 100.00 10.00 92.75 86.33 50.60 99.96 99.82 10.45 10.09 10.14

DivideMix's Predictive Power 100.00 100.00 100.00 10.09 99.33 98.42 96.76 100.00 99.99 14.99 10.70 10.15

� The phenomenon that DivideMix fails under 50% uniform noise but succeeds under 80% uniform noise is due
to the unstable behaviors of DivideMix's division process, indicating that the predictive power in representations
could be a more stable measure of a model's robustness, as the model can fail miserably (a.k.a., performance close
to random guessing), but its learned representation can still predict the target function well.

On the other hand, on CIFAR-Easy, while both CNNs and MLPs can generalize perfectly

given suf�cient training examples, MLPs have a much smaller sample complexity than CNNs

(Figure 4.6). Thus, both MLP and CNN arewell-alignedwith the target function on CIFAR-

Easy, but MLP isbetter-alignedthan CNN according to Theorem 4.2.6. Moreover, since the

instance-dependent label on CIFAR-Easy is the original image classi�cation label, CNN is also

alignedwith this instance-dependent noise function on CIFAR-Easy.

Experimental Results. First, we empirically verify our hypothesis thatnetworks bet-

ter aligned with the target function have more predictive representations. As expected, across

most noise ratios on CIFAR-10/100, the representations in CNN-based networks (i.e., CNN and

68



ResNet) are more predictive than those in MLPs (Figure 4.7) under both types of label noise.

Moreover, the predictive power in representations learned by less aligned networks (i.e., MLPs)

sometimes is even worse than the vanilla-trained models' test performance, suggesting that the

noisy representations on less aligned networks may be more corrupted and less linearly separa-

ble. On the other hand, across all three types of label noise on CIFAR-Easy, MLPs, which align

better with the target function, have more predictive representations than CNNs (Figure 4.8).

We also observe thatmodels with similar test performance could have various levels of

predictive powers in their learned representations. For example, in Figure 4.8, while the test

accuracies of MLPs and CNNs are very similar on CIFAR-Easy under �ipped label noise (i.e.,

dotted purple and yellow lines overlap), the predictive power in representations from MLPs is

much stronger than the one from CNNs (i.e., solid purple lines are much higher than yellow lines).

This also suggests that when trained with noisy labels, if we do not know which architecture is

more aligned with the underlying target function, we can evaluate the predictive power in their

representations to test alignment.

We further discover thatfor networks well-aligned with the target function, its learned rep-

resentations are more predictive when the noise function shares more mutual information with

the target function. We compute the empirical mutual information between the noisy training la-

bels and the original clean labels across different noise ratios on various types of label noise. The

predictive power in representations improves as the mutual information increases (Figure 8.3 in

Appendix 8.1). This explains why the predictive power for a network is often higher under �ipped

noise than uniform noise: at the same noise ratio, �ipped noise has higher mutual information

than uniform noise. Moreover, comparing the three datasets in Figure 8.3, we observe the growth

rate of a network's predictive power w.r.t. the mutual information depends on both the intrinsic

69



dif�culties of the learning task and the alignment between the network and the target function.

4.4.2 Predictive Power in Models Trained with SOTA Methods

As previous experiments are on standard training procedures, we also validate our hypoth-

esis on models learned with SOTA methods on noisy label training. We evaluate the representa-

tions' predictive power for models trained with the SOTA method, DivideMix Li et al. (2020b),

which leverages techniques from semi-supervised learning to treat examples with unreliable la-

bels as unlabeled data.

We compare (1) the test performance for models trained with standard procedures on noisy

labels (denoted asVanilla training ), (2) the SOTA method's test performance (denoted asDi-

videMix), and (3) the predictive power in representations from models trained with DivideMix

in (2) (denoted asDivideMix's Predictive Power).

We discover thatthe effectiveness of DivideMix also depends on the alignment between

the network and the target/noise functions. DivideMix only slightly improves the test accuracy

of MLPs on CIFAR-10/100 (Table 4.1), and DivideMix's predictive power does not improve

the test performance of MLPs, either. In Table 4.2, DivideMix also barely helps CNNs as they

are well-aligned with the instance-dependent noise, where the noisy label is the original image

classi�cation label.

Moreover, we observe thateven for networks well-aligned with the target function, Di-

videMix may only slightly improve or do not improve its test performance at all(e.g., red entries

of DivideMix on MLPs in Table 4.2). Yet, the representations learned with DivideMix can still

be very predictive: the predictive power can achieve over 50% improvements over DivideMix for
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CNN-based models on CIFAR-10/100 (e.g., 80% �ipped noise), and the improvements can be

over 80% for MLPs on CIFAR-Easy (e.g., 90% uniform noise).

Tables 4.1 and 4.2 show that the representations' predictive power on networks well aligned

with the target function could further improve SOTA test performance. Appendix 8.1.4 further

demonstrates that on large-scale datasets with real-world noisy labels, the predictive power in

well-aligned networks could outperform sophisticated methods that also use clean labels (Ta-

ble 8.7 and Table 8.8).

4.5 Chapter Summary

This chapter is an initial step towards formally understanding how a network's architecture

impacts its robustness to noisy labels. We formalize our intuitions and hypothesize that a network

better aligned with the target function would learn more predictive representations under noisy

label training. We prove our hypothesis in a simpli�ed noisy setting and conduct systematic

experiments across various noisy settings to further validate our hypothesis.

Our empirical results along with Theorem 4.2.6 suggest that knowing more structures of

the target function can help design more robust architectures. In practice, although an exact

mathematical formula for a decomposition of a given target function is often hard to obtain,

a high-level decomposition of the target function often exists for real-world tasks and will be

helpful in designing robust architectures — a direction undervalued by existing works on learning

with noisy labels.

My main contribution to this chapter includes the main idea, initial exploration experi-

ments, the method that helps with noisy label learning, the theoretical results, all experimental
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results, and additional experiments in (Appendix) Chapter 8. Since the publication of this chapter,

many follow-up studies have been inspired by our key observation: the learned representations

of aligned models under noisy label training can still be useful to predict the clean labels. These

subsequent works have proposed improved methods to mitigate the effects of noisy labels Miao

et al. (2023); Chen et al. (2022); Forouzesh et al. (2022), and used our insights to better explain

the success of their approaches Bai et al. (2021); Zhu et al. (2022).
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Chapter 5: Decision Making: Hindsight Learning for MDPs with Exogenous

Inputs

Joint work with Sean R. Sinclair, Felipe Frujeri, Ching-An Cheng, Luke Marshall, Hugo

Barbalho, Jennifer Neville, Ishai Menache, and Adith Swaminathan

5.1 Introduction

Many aspects of our physical and digital infrastructure — like data centers, power grids,

and supply chains — can become more adaptive and ef�cient through data-driven decision-

making. For instance, in a world-wide cloud service, even 1% lower resource fragmentation

can reduce energy use and save approximately $100M per year (Hadary et al., 2020). This type

of improvement could be achieved by examining historical patterns of compute demands and

using machine learning (ML) to allocate future demands more ef�ciently.

In this work, we make the key observation that in resource management applications the

system is often partially known and the only uncertainty is due toexogenousvariables like re-

source requests — that are (to a �rst-order approximation)independentof an agent's decisions

(Powell, 2022). For example, a cloud operator deciding to place a virtual machine (VM) on a

speci�c server rack does not directly affect future VM requests, but future demands can strongly

affect the eventual quality of their allocation decisions (Hadary et al., 2020). We de�ne these
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problems asExo-MDPs(Markov Decision Processes with Exogenous Inputs), which are a sub-

class ofInput-Driven MDPs(Mao et al., 2019b). In Input-Driven MDPs the minimal state de-

scribing the system dynamics decompose into (i)exogenousinputs, which evolve independently

of the agent's actions, and (ii)endogenousfactors that are impacted by the agent's actions and

the exogenous inputs. Exo-MDPs make the additional assumption that the only unknowns are

the distribution of future exogenous inputs (see 5.3).

ML has been applied in several resource management applications, which we will show

are Exo-MDPs, and found to outperform domain-speci�c heuristics (Lykouris and Vassilvitskii,

2021; Kumar et al., 2018; Gollapudi and Panigrahi, 2019). The ML approaches often follow the

Predict-Then-Optimize (PTO) paradigm (Elmachtoub and Grigas, 2022), using ML to forecast

the future exogenous inputs (e.g., demands). However, when the future is highly stochastic,

forecasting is challenging. For example, VM requests from real-world data centers (Hadary

et al., 2020) show long-term regularity of diurnal and weekly patterns but extreme short-term

�uctuations (see Figure 9.2).

Reinforcement Learning (RL) is an alternative to PTO. RL directly optimizes decision

quality (Chen et al., 2021; Fang et al., 2019; Mao et al., 2016) by replaying historical samples of

the exogenous inputs through the known dynamics of endogenous factors to learn good policies

(Madeka et al., 2022). RL methods applied to Exo-MDPs must, however, learn by trial-and-error

that their actions can never affect the exogenous inputs. RL is thus sensitive to variance in the

outcomes introduced by the exogenous inputs and requires more data to learn an optimal policy

when the variance is high (Foster et al., 2021) (see 5.4).

Recent works have proposed to usehindsightcontrol variates to reduce the variance of RL

for input-driven MDPs (which include Exo-MDPs) (Mao et al., 2019b; Mesnard et al., 2021).
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They derive unbiased policy gradients by subtracting from the observed outcomes a function

that depends additionally on hindsight information. However, we �nd that for many resource

management scenarios, the variance reduction from hindsight control variates is not enough for

data-ef�cient learning in practical regimes (see Table 5.2).

Figure 5.1: Conceptual view of different ML approaches to solving exo-MDPs ((a) and (b) are
detailed in 9.5). Arrows in the �gure indicate the �ow of information from one component to
the other. In (a)Predict-Then-Optimize (PTO) uses the dataset to train an ML forecasting
model, uses the model to predict future exogenous inputs, and uses the forecasted inputs online
for planning optimal actions. In (b)RL replays the dataset through the simulator to evaluate an
ML policy's performance, and tunes policy parameters using the collected rewards as the training
signal. In (c) ourHindsight Learning (HL) approach uses the dataset directly with the planner
(top arrow) to identify hindsight-optimal values, and trains the ML policy using state trajectories
from the simulator annotated with the hindsight optimal values.

We argue that hindsight information can be more effectively used to improve learning, as it

can largely reduce the variance of exogenous inputs at the cost of a small amount of asymptotic

bias in many cases. Based on this insight, we develop a family of algorithms called Hindsight

Learning (HL), which uses hindsight planners during learning to lessen the variance from exoge-

nous inputs.

A hindsight planner (Chong et al., 2000; Gopalan et al., 2010; Conforti et al., 2014) is

an optimization algorithm that provides computationally tractable approximations to hindsight-

optimal decisions, which is the optimal action specialized to a �xed sequence of future demands

and thus is not affected by the exogenous variability. Therefore, by using hindsight planners
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during learning, HL can more ef�ciently identify decisions critical to future performance under

high-variance exogenous inputs. Figure 5.1 contrasts the HL algorithm schematic with PTO and

RL.

This chapter theoretically characterizes when HL succeeds using a novel quantity called

hindsight bias(which arises due to the mismatch between truly optimal and hindsight-optimal

decisions). Remarkably, we �nd that hindsight bias is small for many resource management

problems, so HL can learn with extremely limited data for them. To prove this, we use recent

advances in prophet inequalities (Dutting et al., 2020; Vera and Banerjee, 2021) with novel adap-

tations for the Exo-MDP setting. We empirically test HL in several domains: Multi-Secretary

problems, Airline Revenue Management (ARM) benchmarks, and Virtual Machine (VM) alloca-

tion. We �nd that HL is signi�cantly better than both domain heuristics and RL (with and without

hindsight control variates), illustrating that HL indeed strikes a better bias-variance trade-off. No-

tably, our VM allocation experiments use real historical traces from a large public cloud provider,

where HL is the only approach that consistently beats the currently used heuristics (0:1%� 5%

better). Recall that even a1%better allocator can yield massive savings in practice (Hadary et al.,

2020).

5.2 Related Work

Here we include a brief discussion of salient related work. Please see 9.2 for more details.

Recent studies have exploited causal structure in MDPs for better decision-making (Latti-

more et al., 2016; Lu et al., 2022b). Their causal graphs however do not capture Exo-MDPs (e.g.,

Figure 5.2). When the exogenous process is only partially observed, HL may additionally need
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causal RL techniques (Zhang et al., 2020a); this is left for future work.

Input-Driven MDPs have been specialized before with additional assumptions that either

the rewards or the transitions factorize so that the exogenous process can be �ltered out (Diet-

terich et al., 2018; Efroni et al., 2022). However, they are not suited for Exo-MDPs because �l-

tering out the exogenous process yields demand-agnostic policies, which are highly sub-optimal

for resource management problems.

Hindsight optimization has been previously attempted Chong et al. (2000); Feng et al.

(2021), and it is well known that these values are over-optimistic. Mercier and Van Henten-

ryck (2007) show that despite the over-optimism, the regret for hindsight optimization policies

in several network scheduling and caching problems is a constant. The Progressive Hedging

(PH) algorithm in Rockafellar and Wets (1991) attempts to eliminate the over-optimism by itera-

tively re�ning the hindsight optimization solution by adding non-anticipative constraints. PH has

weak guarantees for convergence in non-convex problems (like our settings) and is intractable

for the large problem sizes that we consider. Information relaxation (Brown and Smith, 2022)

extends PH to non-convex rewards and arbitrary action spaces and allows for imperfect penaliza-

tion of the non-anticipative constraint violations. These schemes require hand-crafted penalties

as well as tractable hindsight planning with those penalized objectives. Instead, Mercier and

Van Hentenryck (2007) foregoes solving for the optimal policy of the MDP and instead pro-

duces a potentially sub-optimal non-anticipatory policy. We provide a tighter regret analysis for

their surrogate policy (9.6.6) and additionally describe an imitation learning algorithm to avoid

unnecessary computation in large-scale problems.
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5.3 Problem Setting and De�nitions

5.3.1 MDPs with Exogenous Inputs (Exo-MDPs)

We consider a subclass of �nite horizon1Markov Decision Processes (MDPs). An MDP is

de�ned by(S; A ; T; P; R; s1) with horizonT, state spaceS, action spaceA, reward distribution

R, state transition distributionP, and starting states1 (Puterman, 2014). An Exo-MDP further

specializes an MDP by separating the process intoendogenousandendogenousparts: a states 2

S factorizes into endogenous/system statex 2 X and exogenous inputs� := ( � 1; : : : ; � T ) 2 � T

(namely,S := X � � T ). The state transition distributionP also factors into an endogenous partf

and exogenous partP� as follows. At timet, the agent selects actionat 2 A based on the current

statest := ( x t ; � <t ) where� <t := ( � 1; : : : ; � t � 1) is the observed exogenous inputs thus far,and

then� t is sampled from an unknown distributionP� (� j � <t ), independently of the agent's action

at . With � t , the endogenous state evolves according tox t+1 = f (st ; at ; � t ) and the reward earned

is r (st ; at ; � t ) 2 [0; 1]. Note� t is only observed when the agent makes the decision at timet + 1,

not at timet. We restrict our attention to policies� t : X � � t � 1 ! �( A ) and let� denote the

policy class of the agent. The endogenous dynamicsf and reward functionr are assumed to be

known to the agent2; the only unknown in the Exo-MDP isP� . For notational convenience, we

also assume thatf andr are deterministic; all of our insights carry over to stochastic rewards

and transitions. These assumptions of Exo-MDPs are well-motivated for resource management

problems, and we list the state decomposition along withf andr for several examples in 9.3.

1All the algorithms and analysis also apply analogously to in�nite horizon problems with a discount factor.
2Thus, Exo-MDPs are a subclass of Input-Driven MDPs (Mao et al., 2019b) which more generally have unknown

f; r . 9.3 shows that even thoughf andr are known in Exo-MDPs, they can be as dif�cult as arbitrary MDPs with
state spaceX .
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5.3.2 Value Decomposition in Exo-MDPs

Since the only unknown in an Exo-MDP isP� , a policy's performance can be written as

expectations overP� . This motivates the use of historical samples� � P � to evaluate any policy

and �nd optimal policies for the Exo-MDP.

For � 2 � , thevaluesandaction-valuesare de�ned as:

V �
t (s) := E� � t ;� [

P

� � t
r (s� ; a� ; � � ) j st = s];

Q�
t (s; a) := E� � t ;� [

P

� � t
r (s� ; a� ; � � ) j st = s; at = a];

where the expectation is taken over the randomness in� and the exogenous inputs� . We de-

note � ? as the optimal policy, i.e. the policy that maximizesV �
t (s) in each states, and de-

noteQ?; V ? for Q� ?
; V � ?

respectively. Our goal is to �nd a policy with near-optimal returns,

arg max� 2 � f V �
1 := V �

1 (s1)g. Or equivalently, minimize REGRET(� ) where REGRET(� ) :=

V ?
1 � V �

1 : For convenience we assume3that � ? 2 � . We introduce value functions for �xed

� = f � 1; : : : ; � T g as

Q�
t (s; a;� � t ) := E� [

P

� � t
r (s� ; a� ; � � )jst = s; at = a]; (1)

V �
t (s; � � t ) :=

X

a

� (ajs)Q�
t (s; a;� � t ): (2)

Note that the expectation is not overP� because� is �xed. The � -speci�c values are related to

policy values as follows.

3If not, our theoretical results need an additional term for the difference in returns between the best policy in�
and� ?.
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Lemma 5.3.1.For everyt 2 [T]; (s; a) 2 S � A ; policy � 2 � we have that

Q�
t (s; a) = E� � t [Q

�
t (s; a;� � t )]; (3)

V �
t (s) = E� � t [V

�
t (s; � � t )]: (4)

In particular V �
1 = E� [V �

1 (s1; � )].

We relegate complete proofs to 9.6. Since the transition dynamicsf and reward function

r are known and the unknownP� does not depend on the agent's actions, an immediate conse-

quence is thataction exploration is not needed. Given any policy� and exogenous trace� we

can simulate withf andr to calculate its return in Equation 1.

Suppose we collected tracesD = f � 1; : : : ; � N g where each trace� n = f � n
1 : : : ; � n

T g is

sampled independently fromP� . Finding a near-optimal policy using this historical dataset is

known as theof�ine RL problem (Fujimoto et al., 2019; Liu et al., 2020b; Rashidinejad et al.,

2021; Cheng et al., 2022), but this is much simpler in Exo-MDPs. We do not facesupport

mismatchwherein trajectories from a data-collection policy may not cover the scenarios that the

learner policy would encounter. HereD (collected by a behavior policy) can be safely replayed

to evaluate any learner policy. This fact also implies that model selection and hyper-parameter

tuning can be safely done using a held-outD akin to supervised learning. Our goal �nally is to

learn policies that generalize fromD to the unknownP� , which can be challenging because the

exogenous inputs� introduce variance in a policy's return estimation.
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5.3.3 Hindsight Planner

Exo-MDPs not only allow easy policy evaluation using a dataset of traces, but they also

allow computing valuable hindsight information like the hindsight-optimal decisions for a trace

� . This hindsight information can be stable even whenP� is highly stochastic. We now make a

computational assumption for calculating hindsight-optimal decisions that will enable tractable

algorithms for Exo-MDPs.

Assumption 5.3.2.Given any trace� � t = ( � t ; : : : ; � T ) and states = ( x t ; � <t ) we can tractably

solve:

max
at ;:::;aT

P T
� = t r (s� ; a� ; � � ) (5)

s.t. x � +1 = f (s� ; a� ; � � ); for � = t; : : : ; T

s� = ( x � ; � <� ); for � = t; : : : ; T:

We denote the optimal objective value to this problem asHINDSIGHT(t; � � t ; s).

The optimization community has developed computationally ef�cient implementations for

the HINDSIGHT(t; � � t ; s) oracle; with tight bounds on the optimal value even when 5 is in-

tractable. For example, online knapsack for a �xed input sequence can be solved in pseudo-

polynomial time (Gopalan et al., 2010). In many instances, Equation 5 can be represented as

an integer program and solved via heuristics (Conforti et al., 2014). Recently RLCO (RL for

Combinatorial Optimization) has proved to be an effective heuristic for hindsight planning (An-

thony et al., 2017; Fang et al., 2021). Note that 5.3.2 or RLCO cannot be used directly as a

non-anticipatory policy for the Exo-MDP, since the whole sequence� � P � is not observed
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upfront when making decisions. We discuss several examples of hindsight planners in 9.4 and

assess the impact of approximate planning empirically in 5.7.3.2.

5.4 Using Hindsight In Exo-MDPs: An Example

In an Exo-MDP, the only uncertainty is due to unknownP� . WhenP� introduces substan-

tial variability in outcomes, the natural question is whether generic MDP algorithms can learn

effectively? WhenT = 1, Exo-MDPs are isomorphic to a multi-armed bandit and so general

bandit algorithms are optimal for the Exo-MDP. However, we will see in the next example with

T > 1 that the answer is in general no.

Consider the sailing example in Figure 5.2 which is an Exo-MDP where the decision is

to pick between one of two routesprior to observing windwith hopes of minimizing the trip

duration. By direct calculation,Q?(route2) � Q?(route1) = � 48. Hence, the optimal non-

anticipative policy will always pick route2.

Duration

Route Wind Wind (Pr(� )) route1 route2

East (0:49) 100 1
West (0:51) 50 51

Q�
1 (�; a) 74:5 26:5

Figure 5.2: An Exo-MDP for sailing in uncertain winds:� = f Windg; A = f Routeg; r =
f Durationg andX = ; . First, the agent picks aRoute. ThenWindconditions are observed during
the trip and the agent receives a cost with respect toDuration. Values in the table denote average
trip durationr (a) (accounting for random �uctuations in wind).

RL: If a classic RL approach was applied to this problem, it would estimate the average duration

for each route using observed samples, include exploration bonuses to account for uncertainty,

and compare the averages to pick future routes. This requires many� samples because wind
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introduces large variance in theQ-estimates, and requires suf�cient data to be collected across

both the routes.

Hindsight Learning: In hindsight, we can instead useall observed samples (leveraging known

f andr ), with no exploration bonuses, and use paired comparisons to identify the optimal route.

Variability due to wind means the routes' durations are typically positively correlated and thus a

paired sample between routes will be more statistically ef�cient.

5.5 Hindsight Learning

We introduce Hindsight Learning (HL) to incorporate hindsight information in a principled

manner, so as to reduce the exogenous variability and thereby speed-up learning. HL �rst uses a

hindsight planner (5.3.2) to derive a surrogate policy� †:

� †
t (s) := arg max

a2A
Q†

t (s; a); (6)

Q†
t (s; a) := E� � t [r (s; a; � t )+

HINDSIGHT(t + 1; � >t ; f (s; a; � t ))] ; (7)

V †
t (s) := E� � t [HINDSIGHT(t; � � t ; s)]: (8)

We de�ne Q†
t (s; a;� � t ) andV †

t (s; � � t ) as the terms inside of the respective expectations.

Note that� † is a non-anticipatory policy, which considers expectation over future exogenous� � t

rather than being de�ned for a �xed trace.� † is called “Bayes Selector” in the literature (Vera and

Banerjee, 2021; Mercier and Van Hentenryck, 2007) and has been used for applications like bin

packing and refugee resettlement (Bansak and Paulson, 2022; Ahani et al., 2021; Banerjee and
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Freund, 2020). Intuitively� † uses the returns accumulated by hindsight-optimal actions to score

and rank good decisions, instead of mimicking the hindsight-optimal actions directly. However,

it is always the case thatV †
t (s) � V ?(s) andQ†

t (s; a) � Q?(s; a) (Chong et al., 2000), and so� †

can be a sub-optimal surrogate for� ?. In 5.6 we will bound its gap to� ? with a novel quantity

calledhindsight biasand discuss the implications for learning.

5.5.1 Imitating the “Bayes Selector”

Executing� † requires frequent calls to the hindsight planner online to evaluateQy
t (St ; a)

on every observed state. Therefore running thistabular policy (i.e., considering every state sep-

arately) can be prohibitively costly when policy execution must also satisfy latency constraints

(e.g., in VM allocation). Additionally, in resource allocation domains it is infeasible to enumerate

all possible states. We describe a family of algorithms in 1 that of�oads the hindsight planner

invocations to an of�ine training phase and distills� † into a computationally feasible policy of

neural networks that can extrapolate to unseen states.

Algorithm 1 Hindsight Learning
1: Input: An empty bufferB, simulator forf and r , initial policy � , datasetD, number of

epochsK .
2: for k = 1; 2; : : : ; K do
3: Sample a trace� from D
4: Sample trajectoryf s1 : : : sT g from � using thef; r; �
5: Label sampled states from the trajectory withf Q†

t (st ; a; � � t ) : a 2 A ; t 2 [T]g
6: Aggregate the labeled data into the bufferB
7: Optimize � on B either with Hindsight MAC (Equation 9) or Hindsight Q-Distillation

(Equation 10)
8: end for

We use online imitation learning (IL) with� † as the expert policy, speci�cally, the Ag-

greVaTE algorithm (Ross and Bagnell, 2014) with expertQ†(s; a) values from the hindsight
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planner. By interleaving the trajectory sampling and policy updates we avoid queryingQ†(s; a)

(and hence solving hindsight planning problems) in uninformative states. We note that all of this

interactive querying of the expert occurs duringof�ine training, and hence the planning is not

needed online during test time. Since we allow� to be arbitrarily correlated acrosst, in 1 we

sample an entire trace� i from D. However, if� is iid across time-stepst we can enhance step 3

by resampling a single� t at eacht.

Many popular RL algorithms (Konda and Tsitsiklis, 2000; Van Hasselt et al., 2016; Schul-

man et al., 2017) computeQ-values or advantages via Monte Carlo estimation. HL can be easily

incorporated in them by replacing the Monte Carlo estimates (e.g.,Q� (s; a)) with Step 5 of 1

(i.e., Q†(s; a)). We outline two such modi�cations below, one using a policy network and the

other using a critic network. Since we can simulateQ†
t (s; a;� � t ) for any action, we use thecom-

mon random numbersinsight (Ng and Jordan, 2000) for variance reduction and sum across all

actions in both instantiations. This additional sum over actions trick is not critical, and is used in

our experiments only because the action spaces are relatively small.

Hindsight MAC: We modify Mean Actor Critic (Allen et al., 2017) by incorporatingQ† into

differentiable imitation learning (Sun et al., 2017). For the policy represented with a neural

network� � , consider the loss function:

`(� � ) = E� [
TX

t=1

ESt � Pr �
t

X

a2A

� � (a j St )Q†
t (St ; a; � � t )]: (9)

Hindsight Q-Distillation: We can representQ† values directly using a neural network criticQ� .

The policy is de�ned implicitly w.r.t.Q� as� � = arg maxa2A Q� (s; a). The loss functioǹ(� � )

to �t Q� is:

`(� � ) = E� [
TX

t=1

ESt � Pr �
t
[
X

a2A

(Q�
t (St ; a) � Q†

t (St ; a; � � t ))2]]: (10)
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We optimize a sample approximation of Equation 9 or 10 using the datasetD. The current

policy de�nes the state sampling distribution, whileQ† gives the long-term reward signal for

each action.

5.6 Theoretical Guarantees

Compared with RL, HL uses the known dynamicsf and rewardsr of an Exo-MDP, the

hindsight planner of 5.3.2, and the datasetD to trade-off a small asymptotic bias (which we

de�ne in 11) for a large reduction in the variance from exogenous inputs. To prove this, we �rst

characterize the regret of� † in terms of a novel quantity, called thehindsight bias, and show

that it is negligible in many resource management problems. Next we show that HL is sample

ef�cient, and can imitate the� † policy with faster optimization than RL. Finally, even if hindsight

bias is large in an application, there are techniques to reduce it, including combinations of HL

and RL in the future.

De�nition 5.6.1. The hindsight bias of� ? versus� † at timet in states is de�ned as

� †
t (s) := Q†

t (s; � †
t (s)) � Q?

t (s; � †
t (s))+

Q?
t (s; � ?

t (s)) � Q†
t (s; � ?

t (s)) : (11)

Consider the over-estimation error of the hindsight planner
 t (s; a) := Q†
t (s; a) � Q?

t (s; a)

(referred to aslocal lossin Mercier and Van Hentenryck (2007)). 11 subtracts the over-estimation

of � ?(s) from the over-estimation of� †(s) and so the hindsight bias can be small even if the

over-estimation is large; as an extreme example consider the case when the argmax ofQ† andQ?

86



coincide (see 9.6.5). We show that� †
t (s) bounds the regret of� †.

Theorem 5.6.2.REGRET(� †) �
P T

t=1 ESt � Pr � †
t

[� †
t (St )]; wherePr� †

t denotes the state distri-

bution of� † at stept induced by the exogenous process. In particular, if� †
t (s) � � for some

constant� then we have:REGRET(� †) � �
P T

t=1 ESt � Pr � †
t

[Pr(� †
t (St ) 6= � ?(St ))] :

Regret bounds of this form appear in the prophet inequality literature (Dutting et al., 2020;

Vera et al., 2021) however against a much stronger benchmark of the hindsight planner, where the

regret is de�ned asV †(s1) � V �
1 (s1). Mercier and Van Hentenryck (2007) (Theorem 1) show that

regret is bounded by the worst-case hindsight bias on the states visited byany decision policy.

However, there are examples (see 9.6.6) where their bound is large and one could incorrectly

conclude that hindsight optimization should not be applied. In contrast, 5.6.2 is tighter, requiring

that the hindsight bias be small only on states visited by� †.

As corollaries of 5.6.2, the regret of� † is constantfor many resource management Exo-

MDPs, such as stochastic online bin packing with i.i.d. arrivals. See 9.7.1 (9.7.1) for a formal

statement of the result, and a discussion of related results from the literature.

Finally, we show that the performance of the best policy produced by 1 will converge to

that of� † under standard assumptions for online imitation learning (Sun et al., 2017; Ross et al.,

2011; Yan et al., 2021). We use the overline notation to denote quantities for an empirical MDP

whose exogenous distributionP� is replaced with the empirical oneP� � D .

Theorem 5.6.3.Let � y denote the hindsight planning surrogate policy for the empirical Exo-

MDP w.r.t. D. Assume� y 2 � and 1 achieves no-regret in the optimization problem of Equa-
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tion 9. Let� be the best policy from 1. Then, for any� 2 (0; 1), with probability1 � � ,

REGRET(� ) � 2T

r
2 log(2j� j=� )

N
+

TX

t=1

E
St � Pr� y

t
[ �� y

t (St )] + o(1);

for �� y
t the sample average of Eqn. 11, andPr

� y

t is the state probability of� y in the empirical

MDP.

In 9.5 we also derive sample complexity results for PTO and RL when applied to Exo-

MDPs. In PTO (see 9.5.1) the guarantees scale quadratically inT and depend on the complexity

of P� (which in the worst case can scale byj� jT if the � t are strongly correlated acrosst). In

contrast, 5.6.3 scales linearly inT and is only affected by the randomness over the inducedQ†

values and not directly by the complexity ofP� . Unlike guarantees for RL (see 9.5.2), 5.6.3 is

not asymptotically consistent due to the hindsight bias. However, RL methods have asymptotic

consistencyonly if they converge to the optimal policy in the empirical MDP. This convergence

is an idealized computation assumption that hides optimization issues when studying statistical

guarantees and is incomparable to 5.3.2 for the hindsight planner (for which we show several

examples in 9.4).

Although hindsight bias is small for many practical Exo-MDPs, this is not universally true

as we now show. Since hindsight bias bounds the regret of� † (5.6.2), Exo-MDPs with large

regret must also have large hindsight bias.

Theorem 5.6.4.There exists a set of Exo-MDPs such thatREGRET(� †) � 
( T).

Hence, for an arbitrary Exo-MDP the hindsight bias needs to be properly controlled to suc-
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Table 5.1: Performance of heuristics,� †, RL and HL algorithms on multi-secretary and ARM
problems benchmarked against the optimal policy. Values areV � , the performance of the com-
pared policy evaluated using the Bellman equations, and error bars computed via a standard
normal approximation averaging over the randomly sampled dataset. Since these are tabular
problems, HINDSIGHT MAC and HINDSIGHT Q-DISTILLATION are identical, so we report the
performance of both as HINDSIGHT MAC. Relative performance compared againstV � ?

is shown
in parenthesis.

Multi-Secretary T = 5 T = 10 T = 100

� ? 2:22 5:09 49:9
� † 2:21 (� 0:5%) 4:95 (� 2:7%) 49:85 (� 0:2%)

Greedy 1:67 (� 24:8%) 3:81 (� 25:1%) 38:76 (� 22:4%)
Tabular Q-learning 1:67� 0:0032 (� 24:8%) 3:81� 0:0037 (� 25:1%) 48:10� 0:027 (� 3:7%)
Hindsight MAC 2:17 � 0:0040 (� 2:4%) 4:98 � 0:0035 (� 2:1%) 48:65 � 0:022 (� 2:6%)
ARM T = 5 T = 10 T = 100

� ? 1:89 3:72 39:03
� † 1:88 (� 0:3%) 3:61 (� 2:9%) 37:27 (� 4:5%)

Greedy 1:39 (� 26:5%) 2:50 (� 32:9%) 31:54 (� 19:2%)
Tabular Q-learning 1:28� 0:015 (� 32:2%) 2:75� 0:064 (� 26:0%) 32:59� 0:25 (� 16:5%)
Hindsight MAC 1:81 � 0:032 (� 4:0%) 3:30 � 0:095 (� 11:4%) 33:84 � 0:37 (� 13:3%)

cessfully leverage hindsight planning (Chong et al., 2000). The information relaxation literature

(Brown and Smith, 2014; El Shar and Jiang, 2020) subtracts a carefully chosen baselineb(s; a;� )

in special cases of 7; viewed through our results, this procedure essentially reduces the hindsight

bias of the eventual� †. Building on this technique, we anticipate future works to design HL

variants that are more robust to hindsight bias.

5.7 Experiments

We evaluate Hindsight Learning on three resource management domains with different

characteristics (our code is available at https://github.com/seanrsinclair/hindsight-learning). First,

Multi-Secretary, where the exogenous inputs are the arriving candidates' qualities and the hind-

sight bias is negligible (see Theorem 4.2 of Banerjee et al. (2020)). Next we considerAirline
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Revenue Managementwhere the exogenous inputs are the current request's (resource demands,

revenue) and the hindsight bias is small (see 9.7.1). Lastly, we considerVM Allocation where

the exogenous inputs are VM requests and the hindsight bias is unknown. In section 9.3.2 and

section 9.4, we show explicit constructions of the Exo-MDP and hindsight planner for each do-

main. For the �rst two domains, we use traces drawn from benchmark distributions and evaluate

� † using Monte-Carlo rollouts. For the VM allocation domain we use real-world historical traces

extracted from a large public cloud provider.

5.7.1 Multi-Secretary Problems

Multi-secretary is the generalization of the classic secretary problem (Buchbinder et al.,

2009), whereT candidates arrive sequentially but onlyB can be selected. An arriving candidate

at timet has abilityr t 2 (0; 1] drawn i.i.d. from a �nite set ofK levels of expertise. At each

round, if the decision-maker has remaining budget (i.e., has chosen less thanB candidates thus

far), they canaccepta candidate and collect the rewardr t , or reject the candidate. The goal is to

maximize the expected cumulative reward.

WhenT is large relative toN , we can expect historical traces to provide suf�cient informa-

tion aboutP� . Recent results in Banerjee et al. (2020) use the “Bayes Selector” with a single ex-

ogenous trace to derive a policy with constant regret for a suf�ciently largeT. This suggests that

the hindsight bias is negligible in this regime. Our experiment setup is identical to Banerjee et al.

(2020) and is included in the supplementary material. We useT = f 5; 10; 100g; B = 3
5T; K = 4

andN = 1. The Greedy heuristic accepts the �rstB candidates regardless of their quality. ML

methods use a single trace sampled from the non-stationary candidate arrival process, and use a

90



policy that maps a3-dim state (the rounds and budget remaining, and the current candidate abil-

ity) to anacceptprobability. For the hindsight planner, we use Equation2 from Banerjee et al.

(2020) which implements a linear program with2K variables. The Bayes Selector� † solves the

LP with the historical trace in every possible state, and is only feasible for problems with small

LPs and state spaces. We evaluate each policy using dynamic programming with the true arrivals

distribution.

In 5.1 (Top) we see that the HL algorithm (Hindsight MAC) is competitive with the optimal

policy (which depends on the unknownP� distribution) using just asingle exogenous trace. RL

(implemented via Tabular Q-learning) however is very sample inef�cient; for smallT � 10 it

performs no better than the sub-optimal Greedy heuristic.

5.7.2 Airline Revenue Management

Airline Revenue Management (Littlewood, 1972) is a special case of the multi-dimensional

Online Bin Packing (OBP) problem (OBP exhibits vanishing hindsight bias via 9.7.1). The agent

has capacityBk for K different resources. At each round, the decision-maker observes a request

A t 2 RK
+ (the consumed capacity in each resource dimension), alongside a revenuef t . The

algorithm can eitheracceptthe request (obtaining revenuef t and updating remaining capacity

according toA t ), or rejectit (note that partial acceptance is not allowed). The goal of the decision-

maker is to maximize the expected revenue.

We useORSuite (Archer et al., 2022) as an ARM simulator with �xed capacity, i.i.d. re-

quest types and job distribution, using a setting from Vera and Banerjee (2021) which shows

large regret for existing heuristics. We varyT from 5 to 100, and compute� ? through dynamic
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programming. Both RL (Tabular Q-learning) and HL (Hindsight MAC) were trained on the same

dataset ofN = 100 traces.

In 5.1 (Bottom) we see that HL outperforms RL but is not as good as the Bayes Selector

� †. Since the state space is much larger in ARM, HL has not sampled all the relevant states

for imitating � † and so its performance suffers. Moreover, asT increases the performance of

RL again approaches HL, highlighting that HL strikes a better bias-variance trade-off to perform

better with limited data.

5.7.3 VM Allocation

Arguably, our experiments thus far have been advantageous to HL because the hindsight

bias is known to be small. We next examine HL on a large-scale allocation problem: allocating

virtual machines (VMs) to physical servers. In contrast to previous experiments, in this problem,

the bias can be arbitrary, and enumerating all states or solving the Bellman equations is infeasible.

From an algorithmic perspective, the allocation problem is a multi-dimensional variant of OBP

with stochastic (not i.i.d.) arrivals and departures (hence, the bound on hindsight bias does not

apply). Due to problem scale we cannot compute� ? exactly with dynamic programming, so we

instead benchmark a policy's performance with respect to aBestFit heuristic.

In the VM allocation problem we haveK physical machines (PM), each with a �xed ca-

pacity limit for both CPU and memory. VM requests arrive over time, each with an associated

CPU, memory requirement, and a lifetime (or duration); the lifetime is in principle unknown to

the provider, but it can be predicted (Cortez et al., 2017). Accordingly, we study below two vari-

ants where lifetime information is either available (5.7.3.1) or not (5.7.3.2). The decision-maker
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must assign a feasible PM for the VM or reject the request (incurring a large penalty). A PM is

considered active when one or more VMs are assigned to it. The objective is to minimize the total

time that the machines remain active, normalized by the time horizonT (i.e., the average number

of active PMs per unit time). This objective is critical for cloud ef�ciency; see Buchbinder et al.

(2021) for a longer discussion.

5.7.3.1 Stylized environment

To gain insights into the problem domain, we consider �rst a stylized setting where the

VMs arrive at discrete time steps (in practice, time is continuous, and VMs may arrive at any

point in time); furthermore, the VM lifetime is perfectly predicted upon arrival. To carry out the

experiments, we use the MARO simulator (Jiang et al., 2020b) withK = 80 PMs andT = 288

(re�ecting one day period discretized into time steps, each of which represents5 minutes of

actual time). MARO replays the VM requests in the Azure Public Dataset (Cortez et al., 2017)4

as follows: all VM requests arriving within a time step (i.e.,5 minutes of actual time) are buffered

and instead arrive simultaneously at the next discrete time step. The �rst half of the resulting trace

is used for training and the remaining trace for testing. To evaluate any policy, we sampled50

different one-day traces from the held-out portion and report the average value of the objective

function. For the hindsight planner, we implemented the integer program of 9.4.5 in Gurobi

and solved its linear relaxation. We used a modi�ed objective function (inverse packing density)

which is linear in the decision variables for computational feasibility (see discussion in 9.7).

We compare four allocation approaches. (1)Heuristics: We consider several heuristics

4This dataset contains a uniform sample of VM requests received in a real data center over a one month period
in 2019.
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Table 5.2: Performance of heuristics, RL, and HL algorithms on VM allocation benchmarked
against the Best Fit baseline.? indicate signi�cant improvement and� indicate signi�cant de-
crease, over BestFit by Welch'st-test.

Algorithm PMs Saved

Performance Upper Bound (Oracle) 4:96?

Best Fit 0:0
Bin Packing � 1:05�

DQN � 0:64
MAC � 0:51�

PPO � 0:50

PG with Hindsight Baseline (Mao et al., 2019b) � 0:057
H INDSIGHT MAC 4:33?

HINDSIGHT Q-DISTILLATION 3:71?

that have been widely used for different bin packing problems (round robin, �rst �t, load balance,

etc.). We report here the results for the best performing heuristicBestFit, which has been widely

applied in practice (Panigrahy et al., 2011), in particular for VM allocation (Hadary et al., 2020);

in a nutshell BestFit chooses the machine which leaves less amount of unused resources (see

(Panigrahy et al., 2011) for details). (2)RL: We benchmark several popular RL algorithms

including Double-DQN (Van Hasselt et al., 2016), MAC (Allen et al., 2017) and PPO (Schulman

et al., 2017). (3)Hindsight approaches: We test Hindsight MAC (Equation 9) and Hindsight

Q-Distillation (Equation 10). In addition, we test Mao et al. (2019b) which uses hindsight-aware

control variates to reduce the variance of policy gradient (PG) methods. (4)Oracle: We report

the HINDSIGHT(1; � ; s1) (objective of the relaxed IP) evaluated on the test traces, and use the

experiment outcome as a performance upper bound.

All the ML methods use a4-layer neural net to map features describing a PM and the VM

request to a score. In 9.7, we detail the network design, state features and the hyper-parameter

ranges we used. 5.2 reports thePMs Savedwhich is the regret for the objective function relative
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to BestFit, averaged across the evaluation traces. We created realistic starting state distributions

by executing theBestFitheuristic for a random duration (greater than one day). Error bars are

computed by(i ) training each algorithm over 20 random seeds (neural network parameters and

the of�ine dataset) and(ii ) evaluating each algorithm on 50 one-day traces sampled from the

hold-out set. We then compared its performance to Best Fit on each evaluation trace with a paired

t-test of valuep = 0:05. We observe that HL outperforms all the heuristics and RL methods,

requiring4 fewer PMs on average (or a5%improvement in relative terms, sinceK = 80).

5.7.3.2 Real-World Resource Allocation

We now consider a more realistic setting where VM arrivals are in continuous time and

the allocation agent has no information about VM lifetimes. In real-world settings, the scale of

clusters can be much larger than the one considered in 5.7.3.1, see Hadary et al. (2020); scaling

ML algorithms to larger inventory sizes is an ongoing research direction. Furthermore, each VM

arrival or departure is modeled as a step in the Exo-MDP, resulting in much larger time horizon

T (order of 100k). Our total trace period was88days, and we used the exact methodology as in

5.7.3.1 to obtain the training and test datasets. Due to the large scale, even the linear relaxation of

the integer program was not tractable. Consequently, we carefully designed ahindsight heuristic

(3) to derive HINDSIGHT(t; � ; s). The heuristic prioritizes VMs according to both their size and

lifetime (see 9.7.6.3).

We adapt HINDSIGHT MAC (HL) and compare it with MAC Allen et al. (2017) (RL),

where both used the same network architecture, which embeds VM-speci�c and PM-speci�c

features using a6-layer GNN. The resulting architecture is rich enough to represent theBestFit
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Table 5.3: Average number of PMs saved by RL and HL policies across5 clusters, calculated
over 44 days and benchmarked against the productionBestFit heuristic. ? indicate signi�cant
improvement and� indicate a signi�cant decrease, over BestFit by Welch'st-test.

Cluster A B C D E

RL � 0:14 � 0:35 � 0:27� 1:34? � 0:37
HL 3:20? 1:35 1:13? 2:27? 0:02

heuristic, but can also express more �exible policies. The Bayes Selector� † is infeasible to run

within the latency requirements for VM allocation, and so is not compared.

5.3 summarizes the results over �ve different clusters. Unlike 5.7.3.1 where we sampled

many 1-day periods from the test trace, the demands on the real clusters were non-stationary

throughout the test period. Hence we report results on the entire44-day test trace. We trained

each algorithm over3 random seeds and evaluated5 rollouts to capture the variation in the cluster

state at the start of the evaluation trace. Unlike the other experiments, we cannot account for the

randomness in exogenous samples because we only have one evaluation trace for each cluster.

Error metrics are computed with a pairedt-test of valuep = 0:05.

We observe that RL exhibits unreliable performance: in fact, it is sometimes worse than

BestFit, intuitively this can happen because it over�ts to the request patterns seen during training.

In contrast, HL always improved overBestFit, with relative improvements of0:1%� 1:6%over

RL and0:1%� 0:7%over BestFit (note cluster sizes are much larger here than 5.7.3.1). As noted

earlier, any percent-point (or even fractions of a percent) improvement implies millions of dollars

in savings. The relative gains obtained here are more modest than in the stylized setting due to

a combination of reasons. First, intuitively, every packing “mistake” is more costly in a smaller

cluster, meaning that algorithms have more room to shine in smaller-scale problems. Second,

using a heuristic for hindsight learning is inherently sub-optimal. Lastly, we have not usedany

96



information about VM lifetime; an interesting direction for future work is incorporating lifetime

predictions to HL.

5.8 Chapter Summary

In this chapter, we introduced Hindsight Learning (HL) as a family of algorithms that

solve a subclass of MDPs with exogenous inputs, termed Exo-MDPs. Exo-MDPs capture a

variety of important resource management problems, such as VM allocation. We show that the

HL algorithms outperform both heuristics and RL methods. One direction for future work is

to blend RL with HL using reward shaping Cheng et al. (2021) for solving Exo-MDPs with

large hindsight bias. Intuitively, combining pessimistic value estimates from RL with optimistic

estimates from HL can provide �ner-grained control for trading-off hindsight bias and variance

from exogenous inputs. Another direction is designing hindsight learning algorithms in “nearly

Exo-MDP” environments where the action can have a limited impact on the exogenous variables,

such as using recent results from Liu et al. (2021).

My main contribution to this chapter includes designing and implementing a method for

stabilizing the performance of Hindsight Learning algorithms in practice, and part of the empiri-

cal experiments for real-world resource allocation problems. The publication of this chapter has

drawn people's attention to investigating problems inExo-MDPsMadeka et al. (2022); Lee et al.

(2023), and inspired follow-up works utilizing the hindsight information for resource manage-

ment problems Alvo et al. (2023).
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Appendix 6: Appendix: What Can Neural Networks Reason About?

6.1 Proofs and Additional Experimental Details

6.1.1 Proof of Proposition 2.3.1

We will prove the universal approximation of GNNs by showing that GNNs have at least

the same expressive power as Deep Sets, and then apply the universal approximation of Deep

Sets for permutation invariant continuous functions.

Zaheer et al. Zaheer et al. (2017) prove the universal approximation of Deep Sets under the

restriction that the set size is �xed and the hidden dimension is equal to the set size plus one.

Wagstaff et al. Wagstaff et al. (2019) extend the universal approximation result for Deep Sets by

showing that the set size does not have to be �xed and the hidden dimension is only required to

be at least as large as the set size. The results for our purposes can be summarized as follows.

Universal approximation of Deep Sets. Assume the elements are from a compact set

in Rd. Any continuous function on a setS of size bounded byN , i.e., f : Rd� N ! R, that is

permutation invariant to the elements inS can be approximated arbitrarily close by some Deep

Sets model with suf�ciently large width and output dimension for its MLPs.

Next we show any Deep Sets can be expressed by some GNN with one message passing
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iteration. The computation structure of one-layer GNNs is shown below.

hs =
X

t2 S

� (X s; X t ); hS = g

 
X

s2 S

hs

!

; (1)

where� andg are parameterized by MLPs. If� is a function that ignoresX t so that� (X s; X t ) =

� (X s) for some� , e.g., by letting part of the weight matricies in� be0, then we essentially get a

Deep Sets in the following form.

hs = � (X s); hS = g

 
X

s2 S

hs

!

: (2)

For any such� , we can get the corresponding� via the construction above. Hence for any Deep

Sets, we can express it with an one-layer GNN. The same result applies to GNNs with multiple

layers (message passing iterations), because we can express a function� (X s) by the composition

of multiple � (k) 's, which we can express with a GNN layer via our construction above. It then

follows that GNNs are universal approximators for permutation invariant continuous functions.

6.1.2 Proof of Proposition 2.3.2

For any GNNN , we construct an MLP that is able to do the exact same computation as

N . It will then follow that the MLP can represent any functionN can represent. Suppose the

computation structure ofN is the following.

h(k)
s =

X

t2 S

f (k)
�

h(k� 1)
s ; h(k� 1)

t

�
; hS = g

 
X

s2 S

h(K )
s

!

; (3)
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wheref andg are parameterized by MLPs. Suppose the set size is bounded byM (the

expressive power of GNNs also depend onM Wagstaff et al. (2019)). We �rst show the result for

a �xed size input,i.e., MLPs can simulate GNNs if the input set has a �xed size, and then apply

an ensemble approach to deal with variable sized input.

Let the input to the MLP be a vector concatenated byh(0)
s 's, in some arbitrary ordering.

For each message passing iteration ofN , any f (k) can be represented by an MLP. Thus, for

each pair of(h(k� 1)
t ; h(k� 1)

s ), we can set weights in the MLP so that the the concatenation of

all f (h(k� 1)
t ; h(k� 1)

s ) become the hidden vector after some layers of the MLP. With the vector of

f (h(k� 1)
t ; h(k� 1)

s ) as input, in the next few layers of the MLP we can construct weights so that we

have the concatenation ofh(k)
s =

P
t2 S f (k)

�
h(k� 1)

s ; h(k� 1)
t

�
as the result of the hidden dimension,

because we can encode summation with weights in MLPs. So far, we can simulate an iteration

of GNN N with layers of MLP. We can repeat the process forK times by stacking the similar

layers. Finally, with a concatenation ofh(K )
s as our hidden dimension in the MLP, similarly, we

can simulatehS = g
� P

s2 S h(K )
s

�
with layers of MLP. Stacking all layers together, we have

obtained an MLP that can simulateN .

To deal with variable sized inputs, we constructM MLPs that can simulate the GNN for

each input set size1; :::; M . Then we construct a meta-layer, whose weights represent (universally

approximate) the summation of the output ofM MLPs multiplied by an indicator function of

whether each MLPs has the same size as the set input (these need to be input information). The

meta layer weights on top can then essentially select the output from of MLP that has the same

size as the set input and then exactly simulate the GNN. Note that the MLP we construct here has

the requirement for how we input the data and the information of set sizes etc. In practice, we

can haveM MLPs and decide which MLP to use depending on the input set size.
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6.1.3 Proof of Theorem 2.3.5

Theorem 2.3.5 is a generalization of Theorem6:1 in Arora et al. (2019a), which addresses

the scalar case. See Arora et al. (2019a) for a complete list of assumptions.

Theorem 6.1.1.Arora et al. (2019a) Suppose we haveg : Rd ! R, g(x) =
P

j � j
�
� >

j x
� pj ,

where� j 2 Rd, � 2 R, andpj = 1 or pj = 2l(l 2 N+ ). Let A be an overparameterized two-

layer MLP that is randomly initialized and trained with gradient descent for a suf�cient number

of iterations. The sample complexityCA (g; �; � ) is O
� P

j pj j � j j�k � j k
pj
2 +log(1 =� )

� 2

�
.

To extend the sample complexity bound to vector-valued functions, we view each en-

try/component of the output vector as an independent scalar-valued output. We can then apply a

union bound to bound the error rate and failure probability for the output vector, and thus, bound

the overall sample complexity.

Let � and� be the given error rate and failure probability. Moreover, suppose we choose

some error rate� 0 and failure probability� 0 for the output/function of each entry. Applying

Theorem 6.1.1 to each component

g(x)(i ) =
X

j

� (i )
j

�
� (i )>

j x
� p( i )

j
=: gi (x) (4)

yields a sample complexity bound of

CA (gi ; � 0; � 0) = O

0

@
P

j p(i )
j j� (i )

j j � k� (i )
j k

p( i )
j

2 + log(1=�0)

� 2
0

1

A (5)

for eachgi (x). Now let us bound the overall error rate and failure probability given� 0 and� 0 for
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each entry. The probability that we fail to learn each of thegi is at most� 0. Hence, by a union

bound, the probability that we fail to learn any of thegi is at mostm � � 0. Thus, with probability at

least1� m� 0, we successfully learn allgi for i = 1; :::; m, so the error for every entry is bounded

by � 0. The error for the vector output is then at most
P m

i =1 � 0 = m� 0.

Settingm� 0 = � andm� 0 = � gives us� 0 = �
m and� 0 = �

m . Thus, if we can successfully

learn the function for each output entry independently with error�=m and failure rate�=m, we can

successfully learn the entire vector-valued function with rate� and� . This yields the following

overall sample complexity bound:

CA (g; �; � ) = O

0

@
maxi

P
j p(i )

j j� (i )
j j � k� (i )

j k
p( i )

j
2 + log( m=� )

(�=m)2

1

A (6)

Regardingm as a constant, we can further simplify the sample complexity to

CA (g; �; � ) = O

0

@
maxi

P
j p(i )

j j� (i )
j j � k� (i )

j k
p( i )

j
2 + log(1=� )

� 2

1

A : (7)

6.1.4 Proof of Theorem 2.3.6

We will show the learnability result by an inductive argument. Speci�cally, we will show

that under our setting and assumptions, the error between the learned function and correct func-

tion on the test set will not blow up after the transform of another learned functionf̂ j , assuming

learnability on previouŝf 1; :::; f̂ j � 1 by induction. Thus, we can essentially provably learn at all

layers/iterations and eventually learng.

Suppose we have performed the sequential learning. Let us consider what happens at the

102



test time. Letf j be thecorrect functionsas de�ned in the algorithmic alignment. Let̂f j be the

functions learned by algorithmA j and MLP N j . We have inputS � D , and our goal is to

boundkg(S) � ĝ(S)k with high probability. To show this, we bound the error of the intermediate

representation vectors,i.e., the output off̂ j andf j , and thus, the input tôf j +1 andf j +1 .

Let us �rst consider what happens for the �rst moduleN1. f 1 andf̂ 1 have the same input

distributionx � D , wherex are obtained fromS, e.g., the pairwise object representations as in

Eqn. 2. Hence, by the learnability assumption onA 1, kf 1(x) � f̂ 1(x)k < � with probability at

least1� � . The error for the input ofN2 is thenO(� ) with failure probabilityO(� ), because there

are a constant number of terms of aggregation off 1's output, and we can apply union bound to

upper bound the failure probability.

Next, we proceed by induction. Let us �x ak. Let z denote the input forf k , which are

generated by the previousf j 's, and letẑ denote the input for̂f k , which are generated by the

previousf̂ j 's. Assumekz � ẑk � O(� ) with failure probability at mostO(� ). We aim to show

that this holds fork + 1. For the simplicity of notation, letf denote the correct functionf k and

let f̂ denote the learned function̂f k . Since there are a constant number of terms for aggregation,

our goal is then to boundkf̂ (ẑ) � f (z)k. By triangle inequality, we have

kf̂ (ẑ) � f (z)k = kf̂ (ẑ) � f̂ (z) + f̂ (z) � f (z)k (8)

� k f̂ (ẑ) � f̂ (z)k + kf̂ (z) � f (z)k (9)

We can bound the �rst term with the Lipschitzness assumption off̂ as the following.

kf̂ (ẑ) � f̂ (z)k � L1kẑ � zk (10)
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To bound the second term, our key insight is thatf is a learnale correct function, so by the

learnability coef�cients in algorithmic alignment, it is close to the function~f learned by the

learning algorithmA on thecorrect samples, i.e., f is close to ~f = A(f zi ; yi g). Moreover,f̂

is generated by the learning algorithmA on the perturbed samples,i.e., f̂ = A (f ẑi ; yi g). By

the algorithm stability assumption,̂f and ~f should be close if the input samples are only slightly

perturbed. It then follows that

kf̂ (z) � f (z)k = kf̂ (z) � ~f (z) + ~f (z) � f (z)k (11)

� k f̂ (z) � ~f (z)k + k ~f (z) � f (z)k (12)

� L0 max
i

kzi � ẑi k + � w.p. � 1 � � (13)

wherezi andẑi are the training samples at the same layerk. Here, we apply the same induction

condition as what we had forz andẑ: kzi � ẑi k � O(� ) with failure probability at mostO(� ).

We can then apply union bound to bound the probability of any bad event happening. Here, we

have 3 bad events each happening with probability at mostO(� ). Thus, with probability at least

1 � O(� ), we have

kf̂ (ẑ) � f (z)k � L1O(� ) + L0O(� ) + � = O(� ) (14)

This completes the proof.
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6.1.5 Proof of Corollary 2.3.7

Our main insight is that a giant MLP learns the same function(X i � X j )2 for `2 times

and encode them in the weights. This leads to theO(`2) extra sample complexity through Theo-

rem 2.3.5, because the number of polynomial terms(X i � X j )2 is of order`2.

First of all, the functionf (x; y) = ( x � y)2 can be expressed as the following polynomial.

(x � y)2 =
�

[1 � 1]> [x y]
� 2

(15)

We have� = [1 � 1], sop � k� kp = 4. Hence, by Theorem 2.3.5, it takesO( log(1=� )
� 2 ) samples

for an MLP to learnf (x; y) = ( x � y)2. Under the sequential training setting, an one-layer

GNN applies an MLP to learnf , and then sums up the outcome off (X i ; X j ) for all pairsX i ; X j .

Here, we essentially get the aggregation errorO(`2 � � ) from `2 pairs. However, we will see that

applying an MLP to learng will also incur the same aggregation error. Hence, we do not need to

consider the aggregation error effect when we compare the sample complexities.

Now we consider using MLP to learn the functiong. No matter in what order the objects

X i are concatenated, we can expressg with the sum of polynomials as the following.

g(S) =
X

ij

(� >
ij [X 1; :::; X n ])2; (16)

where� ij has1 at thei -th entry,� 1 at thej -th entry and0 elsewhere. Hencek� ij kp � p = 4. It

then follows from Theorem 2.3.5 and union bound that it takesO((`2 + log(1=�̂ ))=�̂ 2) to learn

g, where�̂ = `2� and�̂ = `2� . Here, as we have discussed above, the same aggregation error�̂
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occurs in the aggregation process off , so we can simply consider̂� for both. Thus, comparing

O(log(1=�̂ )=�̂ 2) andO((`2 + log(1=�̂ ))=�̂ 2) gives us theO(`2) difference.

6.1.6 Proof of Claim 2.4.1

We prove the claim by contradiction. Suppose there existsf such thatf (x) + f (y) =

g(x; y) for any x andy. This implies that for anyx, we havef (x) + f (x) = g(x; x) = 0 . It

follows that f (x) = 0 for any x. Now consider somex andy so thatx 6= y. We must have

f (x) + f (y) = 0 + 0 = 0 . However,g(x; y) 6= 0 becausex 6= y. Hence, there existsx andy so

thatf (x) + f (y) 6= g(x; y). We have reached a contradiction.

6.2 Additional Experimental Details

6.2.1 Fantastic Treasure: Maximum Value Difference

Dataset generation. In the dataset, we sample50; 000 training data,5; 000 validation

data, and5; 000test data. For each model, we report the test accuracy with the hyperparameter

setting that achieves the best validation accuracy. In each training sample, the input universe

consists of 25 treasuresX 1; :::; X 25. For each treasureX i , we haveX i = [ h1; h2; h3], where the

locationh1 is sampled uniformly from[0::20]8, the valueh2 is sample uniformly form[0::100],

and the colorh3 is sampled uniformly from[1::6]. The task is to answer what the difference is in

value between the most and least valuable treasure. We generate the answer labely for a universe

S as follows: we �nd the the maximum difference in value among all treasures and set it toy.

Then we make the labely into one-hot encoding with100 + 1 = 101 classes.

Hyperparameter setting. We train all models with the Adam optimizer, with learning
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rate from1e � 3; 5e � 4, and1e � 4, and we decay the learning rate by0:5 every50 steps. We

use cross-entropy loss. We train all models for150epochs. We tune batch size of128and64.

For GNNs and HRN, we choose the hidden dimension of MLP modules from128and256.

For DeepSet and MLP, we choose the hidden dimension of MLP modules from128, 256, 2500,

5000. For the MLP and DeepSet model, we choose the number of of hidden layers for MLP

moduels from4 and8, 16. For GNN and HRN, we set the number of hidden layers of the MLP

modules to3, 4. Moreover, dropout with rate0:5 is applied before the last two hidden layers of

MLP1, i.e., the last MLP module in all models.

6.2.2 Fantastic Treasure: Furthest Pair

Dataset generation. In the dataset, we sample60; 000 training data,6; 000 validation

data, and6; 000test data. For each model, we report the test accuracy with the hyperparameter

setting that achieves the best validation accuracy. In each training sample, the input universe

consists of 25 treasuresX 1; :::; X 25. For each treasureX i , we haveX i = [ h1; h2; h3], where the

locationh1 is sampled uniformly from[0::20]8, the valueh2 is sample uniformly form[0::100],

and the colorh3 is sampled uniformly from[1::6]. The task is to answer what are the colors of

the two treasure that are the most distant from each other. We generate the answer labely for a

universeS as follows: we �nd the pair of treasures that are the most distant from each other, say

(X i ; X j ). Then we order the pair(h3(X i ); h3(X j )) to obtain an ordered pair(a; b) with a � b

(aka. a = min f h3(X i ); h3(X j )g and (b = maxf h3(X i ); h3(X j )g), whereh3(X i ) denotes the

color ofX i . Then we compute the labely from (a; b) by counting how many valid pairs of colors

are smaller than(a; b) (a pair(k; l ) is smaller than(a; b) iff i). k < a or ii). k = a andl < b).
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The labely is one-hot encoding of the minimum cost with6 � (6 � 1)=2 + 6 = 21 classes.

Hyperparameter setting. We train all models with the Adam optimizer, with learning

rate from1e � 3; 5e � 4, and1e � 4, and we decay the learning rate by0:5 every50 steps. We

use cross-entropy loss. We train all models for150epochs. We tune batch size of128and64.

For the MLP and DeepSet model, we choose the number of of hidden layers of MLP

modules from4 and8, 16. For GNN and HRN models, we set the number of hidden layers of the

MLP modules from3 and4. For DeepSet and MLP models, we choose the hidden dimension of

MLP modules from128, 256, 2500, 5000. For GNNs and HRN, we choose the hidden dimension

of MLP modules from128and256. Moreover, dropout with rate0:5 is applied before the last

two hidden layers of MLP1, i.e., the last MLP module in all models.

6.2.3 Monster Trainer

Task description. We are a monster trainer who lives in a worldS with 10monsters. Each

monsterX = [ h1; h2] has a locationh1 2 [0::10]2 and a unique combat levelh2 2 [1::10]. In

each game, the trainer starts at a random location with level zero,X trainer = [ p0; 0], and receives

a quest to defeat the level-k monster. At each time step, the trainer can challenge anymore

powerfulmonsterX , with a cost equal to the product of the travel distance and the level difference

c(X trainer; X ) = kh1(X trainer) � h1(X )k`1 � (h2(X ) � h2(X trainer)) . After defeating monsterX ,

the trainer's level upgrades toh2(X ), and the trainer moves toh1(X ). We ask the minimum cost

of completing the quest,i.e., defeating the level-k monster. The range of cost (number of classes

for prediction) is200. To make games even more challenging, we sample games whose optimal

solution involves defeating three to seven non-quest monsters.
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A DP algorithm for shortest paths that needs half of the iterations of Bellman-Ford.

We provide a DP algorithm as the following. To compute a shortest-path from a source objects

to a target objectt with at most seven stops, we run the following updates for four iterations:

distances[1][u] = cost(s; u); distances[k][u] = min v
�

distances[k � 1][v] + cost(v; u)
	

;

(17)

distancet [1][u] = cost(u; t); distancet [k][u] = min v
�

distancet [k � 1][v] + cost(u; v)
	

:

(18)

Update Eqn. 17 is identical to the Bellman-Ford algorithm Eqn. 6, and distances[k][u] is the

shortest distance froms to u with at mostk stops. Update Eqn. 18 is areverseBellman-Ford

algorithm, and distancet [k][u] is the shortest distance fromu to t with at mostk stops. After

running Eqn. 17 and Eqn. 18 fork iterations, we can compute a shortest path with at most2k stops

by enumerating a mid-point and aggregating the results of the two Bellman-Ford algorithms:

minu
�

distances[k][u] + distancet [k][u]
	

: (19)

Thus, this algorithm needshalf of the iterations of Bellman-Ford.

Dataset generation. In the dataset, we sample200; 000training data,6; 000validation

data, and6; 000test data. For each model, we report the test accuracy with the hyperparameter

setting that achieves the best validation accuracy. In each training sample, the input universe

consists of the trainer and10 monstersX 0; :::; X 10, and the request levelk, i.e., we need to

challenge monsterk. We haveX i = [ h1; h2], whereh1 = i indicates the combat level, and the
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locationh2 2 [0::10]2 is sampled uniformly from[0::10]2. We generate the answer labely for

a universeS as follows. We implement a shortest path algorithm to compute the minimum cost

from the trainer to monsterk, where the cost is de�ned in task description. Then the labely is

a one-hot encoding of minimum cost with200classes. Moreover, when we sample the data, we

apply rejection sampling to ensure that the minimum cost's shortest path is of length3; 4; 5; 6; 7

with equal probability. That is, we eliminate the trivial questions.

Hyperparameter setting. We train all models with the Adam optimizer, with learning

rate from2e � 4 and 5e � 4, and we decay the learning rate by0:5 every 50 steps. We use

cross-entropy loss. We train all models for300epochs. We tune batch size of128and64.

For the MLP model, we choose the number of layers from4 and8, 16. For other models,

we choose the number of hidden layers of MLP modules from3 and4. For GNN models, we

choose the hidden dimension of MLP modules from128and256. For DeepSet and MLP models,

we choose the hidden dimension of MLP modules from128, 256, 2500. Moreover, dropout with

rate0:5 is applied before the last two hidden layers of MLP1, i.e., the last MLP module in all

models.

6.2.4 Subset Sum

Dataset generation. In the dataset, we sample40; 000 training data,4; 000 validation

data, and4; 000test data. For each model, we report the test accuracy with the hyperparameter

setting that achieves the best validation accuracy. In each training sample, the input universeS

consists of 6 numbersX 1; :::; X 6, where eachX i is uniformly sampled from [-200..200]. The

goal is to decide if there exists a subset that sums up to0. In the data generation, we carefully
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decrease the number of questions that have trivial answers: 1)we control the number of samples

where0 2 f X 1; :::; X 6g to be around 1% of the total training data; 2) we further control the

number of samples whereX 1 + ::: + X 6 = 0 or 9i; j 2 [1::6] so thatX i = � X j to be around

1.5% of the total training data. In addition, we apply rejection sampling to make sure that the

questions with answer yes (aka. such subset exists) and answer no (aka. no such subset exists)

are balanced (i.e., 20,000 samples for each class in the training data).

Hyperparameter setting. We train all models with the Adam optimizer, with learning

rate from1e � 3; 5e � 4, and1e � 4, and we decay the learning rate by0:5 every50 steps. We

use cross-entropy loss. We train all models for300epochs. The batch size we use for all models

is 64.

For DeepSets and MLP models, we choose the number of of hidden layers of the MLP

modules from4, 8, 16. For GNN and HRN models, we set the number of hidden layers of the last

MLP modules to4. For DeepSets and MLP, we choose the hidden dimension of MLP modules

from 128, 256, 2500, 5000. For GNN and HRN models, we choose the hidden dimension of MLP

modules from128and256. Moreover, dropout with rate0:5 is applied before the last two hidden

layers of MLP1, i.e., the last MLP module in all models.

The model Neural Exhaustive Search (NES) enumerates all possible non-empty subsets�

of S, and passes the numbers of� to an MLP, in a random order, to obtain the hidden feature.

The hidden feature is then passed to a single-direction one-layer LSTM of hidden dimension128.

Afterwards, NES applies an aggregation function to these26 � 1 hidden states obtained by the

LSTM to obtain the �nal output. For NES, we set the number of hidden layers of the last MLP,

i.e., MLP2, to 4, the number of hidden layers of the MLPs prior to the last MLP,i.e., MLP1, to 3,

and we choose the hidden dimension of all MLP modules from128and256.
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Appendix 7: Appendix: How does Neural Networks Extrapolate?

7.1 Additional Experimental Details

In this section, we describe the model, data and training details for reproducing our exper-

iments. Our experiments support all of our theoretical claims and insights.

Overview. We classify our experiments into the following major categories, each of which in-

cludes several ablation studies:

1) Learning tasks where the target functions aresimple nonlinear functions in various di-

mensions and training/test distributions: quadratic, cosine, square root, and l1 norm func-

tions, with MLPs with a wide range of hyper-parameters.

This validates our implications on MLPs generally cannot extrapolate in tasks with nonlin-

ear target functions, unless the nonlinear function is directionally linear out-of-distribution.

In the latter case, the extrapolation error is more sensitive to the hyper-parameters.

2) Computation of theR-Squaredof MLP's learned functions along (thousands of) randomly

sampled directions in out-of-distribution domain.

This validates Theorem 3.3.2 and shows the convergence rate is very high in practice, and

often happens immediately out of training range.
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3) Learning tasks where the target functions arelinear functions with MLPs. These validate

Theorem 3.3.4 and Lemma 3.3.3, i.e., MLPs can extrapolate if the underlying function is

linear under conditions on training distribution. This section includes four ablation studies:

a) Training distribution satisfy the conditions in Theorem 3.3.4 and cover all directions,

and hence, MLPs extrapolate.

b) Training data distribution isrestricted in somedirections, e.g., restricted to be pos-

itive/negative/constant in some feature dimensions. This shows when training distri-

bution is restrictive in directions, MLPs may fail to extrapolate.

c) Exact extrapolation within�nitely-wide neural networks , i.e., exact computation

with neural tangent kernel (NTK) on the data regime in Lemma 3.3.3. This is

mainly for theoretical understanding.

4) MLPs with cosine, quadratic, and tanh activation functions.

5) Learningmaximum degree of graphswith Graph Neural Networks. Extrapolation on

graph structure, number of nodes, and node features. To show the role of architecture for

extrapolation, we study the following GNN architecture regimes.

a) GNN with graph-level max-pooling and neighbor-level sum-pooling. By Theorem 3.4.4,

this GNN architecture extrapolates in max degree with appropriate training data.

b) GNN with graph-level and neighbor-level sum-pooling. By Corollary 3.4.3, this de-

fault GNN architecture cannot extrapolate in max degree.

To show the importance of training distribution, i.e., graph structure in training set, we

study the following training data regimes.
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a) Node features areidentical, e.g.,1. In such regimes, our learning tasks only consider

graph structure. We consider training sets sampled from various graph structure, and

�nd only those satisfy conditions in Theorem 3.4.4 enables GNNs with graph-level

max-pooling to extrapolate.

b) Node features arespuriousand continuous. This also requires extrapolation on OOD

node features. GNNs with graph-level max-pooling with appropriate training sets

also extrapolate to OOD spurious node features.

6) Learning the length of theshortest pathbetween given source and target nodes, with Graph

Neural Networks. Extrapolation on graph structure, number of nodes, and edge weights.

We study the following regimes.

a) Continuous features. Edge and node features are real values. This regime requires

extrapolating to graphs with edge weights out of training range.

Test graphs are all sampled from the “general graphs” family with a diverse range of struc-

ture. Regarding the type of training graph structure, we consider two schemes. Both

schemes show a U-shape curve of extrapolation error with respect to the sparsity of training

graphs.

a) Speci�c graph structure: path, cycle, tree, expander, ladder, complete graphs, general

graphs, 4-regular graphs.

b) Random graphs with a range of probabilityp of an edge between any two nodes.

Smallerp samples sparse graphs and largep samples dense graphs.

7) Physical reasoningof the n-Body problem in the orbit setting with Graph Neural Net-
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works. We show that GNNs on the original features from previous works fail to extrapolate

to unseen masses and distances. On the other hand, we show extrapolation can be achieved

via an improved representation of the input edge features. We consider the following ex-

trapolation regimes.

a) Extrapolation on the masses of the objects.

b) Extrapolation on the distances between objects.

We consider the following twoinput representationschemes to compare the effects of how

representation helps extrapolation.

a) Original features. Following previous works on solvingn-body problem with GNNs,

the edge features are simply set to0.

b) Improved features. We show although our edge features do not bring in new informa-

tion, it helps extrapolation.

7.1.1 Learning Simple Non-Linear Functions

Dataset details. We consider four tasks where the underlying functions are simple non-

linear functionsg : Rd ! R. Given an inputx 2 Rd, the label is computed byy = g(x ) for all

x . We consider the following four families of simple functionsg.

a) Quadratic functionsg(x ) = x > Ax . In each dataset, we randomly sampleA. In the sim-

plest case whereA = I , g(x ) =
P d

i =1 x2
i .

a) Cosine functionsg(x ) =
P d

i =1 cos(2� � x i ).
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c) Square root functionsg(x ) =
P d

i =1
p

x i . Here, the domainX of x is restricted to the

space inRd with non-negative value in each dimension.

d) L1 norm functionsg(x ) = jx j1 =
P d

i =1 jx i j.

We sample each dataset of a task by considering the following parameters

a) The shape and support of training, validation, and test data distributions.

i) Training, validation, and test data are uniformly sampled from a hyper-cube. Train-

ing and validation data are sampled from[� a; a]d with a 2 f 0:5; 1:0g, i.e., each

dimension ofx 2 Rd is uniformly sampled from[� a; a]. Test data are sampled from

[� a; a]d with a 2 f 2:0; 5:0; 10:0g.

ii) Training and validation data are uniformly sampled from a sphere, where every point

hasL2 distancer from the origin. We sampler from r 2 f 0:5; 1:0g. Then, we

sample a random Gaussian vectorq in Rd. We obtain the training or validation data

x = q=kqk2 � r . This corresponds to uniform sampling from the sphere.

Test data are sampled (non-uniformly) from a hyper-ball. We �rst sampler uniformly

from [0:0; 2:0]; [0:0; 5:0]; and[0:0; 10:0]. Then, we sample a random Gaussian vector

q in Rd. We obtain the test datax = q=kqk2 � r . This corresponds to (non-uniform)

sampling from a hyper-ball inRd.

b) We sample20; 000training data,1; 000validation data, and20; 000test data.

c) We sample input dimensiond from f 1; 2; 8g.

d) For quadratic functions, we sample the entries ofA uniformly from[� 1; 1].

116



Model and hyperparameter settings. We consider the multi-layer perceptron (MLP) architec-

ture.

MLP(x ) = W (d) � �
�
W (d� 1) �

�
:::�

�
W (1) x

���

We search the following hyper-parameters for MLPs

a) Number of layersd from f 2; 4g.

b) Width of eachW (k) from f 64; 128; 512g.

c) Initialization schemes.

i) The default initialization in PyTorch.

ii) The initialization scheme in neural tangent kernel theory, i.e., we sample entries of

W k from N (0; 1) and scale the output after eachW (k) by
q

2
dk

, wheredk is the

output dimension ofW (k) .

d) Activation function� is set to ReLU.

We train the MLP with the mean squared error (MSE) loss, and Adam and SGD optimizer.

We consider the following hyper-parameters for training

a) Initial learning rate fromf 5e � 2; 1e � 2; 5e � 3; 1e � 3g. Learning rate decays0:5 for

every50epochs

b) Batch size fromf 32; 64; 128g.

c) Weight decay is set to1e � 5.
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d) Number of epochs is set to250.

Test error and model selection. For each dataset and architecture, training hyper-parameter set-

ting, we perform model selection via validation set, i.e., we report the test error by selecting the

epoch where the model achieves the best validation error. Note that our validation sets always

have the same distribution as the training sets.

We train our models with the MSE loss. Because we sample test data from different ranges,

the mean absolute percentage error (MAPE) loss, which scales the error by the actual value, better

measures the extrapolation performance

MAPE =
1
n

�
�
�
�
A i � Fi

A i

�
�
�
� ;

whereA i is the actual value andFi is the predicted value. Hence, in our experiments, we also

report the MAPE.

7.1.2 R-squared for Out-of-distribution Directions

We perform linear regression to �t the predictions of MLPs along randomly sampled direc-

tions in out-of-distribution regions, and compute the R-squared (orR2) for these directions. This

experiment is to validate Theorem 3.3.2 and show that the convergence rate (to a linear function)

is very high in practice.

De�nition. R-squared, also known as coef�cient of determination, assesses how strong the lin-

ear relationship is between input and output variables. The closer R-squared is to1, the stronger

the linear relationship is, with1 being perfectly linear.
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Datasets and models. We perform the R-squared computation on over2; 000combinations of

datasets, test/train distributions, and hyper-parameters, e.g., learning rate, batch size, MLP layer,

width, initialization. These are described in Appendix 7.1.1.

Computation. For each combination of dataset and model hyper-parameters as described in

Section 7.1.1, we save the trained MLP modelf : Rd ! R. For each dataset and model com-

bination, we then randomly sample5; 000directions via Gaussian vectorsN (0; I ). For each of

these directionsw , we compute the intersection pointx w of directionw and the training data

distribution support (speci�ed by a hyper-sphere or hyper-cube; see Section 7.1.1 for details).

We then collect100 predictions of the trained MLPf along directionw (assumew is

normalized) with

n�
x w + k �

r
10

� w
�

; f
�

x w + k �
r
10

� w
�o 100

k=0
; (1)

wherer is the range of training data distribution support (see Section 7.1.1). We perform linear

regression on these predictions in Eqn. 1, and obtain the R-squared.

Results. We obtain the R-squared for each combination of dataset, model and training setting,

and randomly sampled direction. For the tasks of learning the simple non-linear functions, we

con�rm that more than96%of the R-squared results are above0:99. This empirically con�rms

Theorem 3.3.2 and shows that the convergence rate is in fact fast in practice. Along most direc-

tions, MLP's learned function becomes linear immediately out of the training data support.
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7.1.3 Learning Linear Functions

Dataset details.We consider the tasks where the underlying functions are linearg : Rd !

R. Given an inputx 2 Rd, the label is computed byy = g(x ) = Ax for all x . For each dataset,

we sample the following parameters

a) We sample10; 000training data,1; 000validation data, and2; 000test data.

b) We sample input dimensiond from f 1; 2; 32g.

c) We sample entries ofA uniformly from[� a; a], where we samplea 2 f 5:0; 10:0g.

d) The shape and support of training, validation, and test data distributions.

i) Training, validation, and test data are uniformly sampled from a hyper-cube. Train-

ing and validation data are sampled from[� a; a]d with a 2 f 5:0; 10:0g, i.e., each

dimension ofx 2 Rd is uniformly sampled from[� a; a]. Test data are sampled from

[� a; a]d with a 2 f 20:0; 50:0g.

ii) Training and validation data are uniformly sampled from a sphere, where every point

hasL2 distancer from the origin. We sampler from r 2 f 5:0; 10:0g. Then, we

sample a random Gaussian vectorq in Rd. We obtain the training or validation data

x = q=kqk2 � r . This corresponds to uniform sampling from the sphere.

Test data are sampled (non-uniformly) from a hyper-ball. We �rst sampler uniformly

from [0:0; 20:0] and[0:0; 50:0];. Then, we sample a random Gaussian vectorq in Rd.

We obtain the test datax = q=kqk2 � r . This corresponds to (non-uniform) sampling
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from a hyper-ball inRd.

e) We perform ablation study on how the training distribution support misses directions. The

test distributions remain the same as in d).

i) We restrict the �rst dimension of any training datax i to a �xed number0:1, and

randomly sample the remaining dimensions according to d).

ii) We restrict the �rst k dimensions of any training datax i to be positive. For input

dimension32, we only consider the hyper-cube training distribution, where we sample

the �rst k dimensions from[0; a] and sample the remaining dimensions from[� a; a].

For input dimensions1 and2, we consider both hyper-cube and hyper-sphere training

distribution by performing rejection sampling. For input dimension2, we considerk

from f 1; 2g. For input dimension32, we considerk from f 1; 16; 32g.

iii) We restrict the �rst k dimensions of any training datax i to be negative. For input

dimension32, we only consider the hyper-cube training distribution, where we sam-

ple the �rst k dimensions from[� a;0] and sample the remaining dimensions from

[� a; a]. For input dimensions1 and2, we consider both hyper-cube and hyper-sphere

training distribution by performing rejection sampling. For input dimension2, we

considerk from f 1; 2g. For input dimension32, we considerk from f 1; 16; 32g.

Model and hyperparameter settings. For the regression task, we search the same set of hyper-

parameters as those in simple non-linear functions (Section 7.1.1).We report the test error with

the same validation procedure as in Section 7.1.1.
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Exact computation with neural tangent kernel Our experiments with MLPs validate Theorem 3.3.4

asymptotic extrapolation for neural networks trained in regular regimes. Here, we also validate

Lemma 3.3.3, exact extrapolation with �nite data regime, by training an in�nitely-wide neural

network. That is, we directly perform the kernel regression with the neural tangent kernel (NTK).

This experiment is mainly of theoretical interest.

We sample the same test set as in our experiments with MLPs. For training set, we sample

2d training examples according to the conditions in Lemma 3.3.3. Speci�cally, we �rst sample

an orthogonal basis and their opposite vectorsX = f ei ; � ei gd
i =1 . We then randomly sample100

orthogonal transform matricesQ via the QR decomposition. Our training samples areQX , i.e.,

multiply each point inX by Q. This gives100training sets with2d data points satisfying the

condition in Lemma 3.3.3.

We perform kernel regression on these training sets using a two-layer neural tangent kernel

(NTK). Our code for exact computation of NTK is adapted from Arora et al. (2020); Novak et al.

(2020). We verify that the test losses are all precisely0, up to machine precision. This empirically

con�rms Lemma 3.3.3.

Note that due to the difference of hyper-parameter settings in different implementations

of NTK, to reproduce our experiments and achieve zero test error, the implementation by Arora

et al. (2020) is assumed.

7.1.4 MLPs with cosine, quadratic, and tanh Activation

This section describes the experimental settings for extrapolation experiments for MLPs

with cosine, quadratic, and tanh activation functions. We train MLPs to learn the following

122



functions:

a) Quadratic functiong(x ) = x > Ax , whereA is a randomly sampled matrix.

b) Cosine functiong(x ) =
P d

i =1 cos(2� � x i ).

c) Hyperbolic tangent functiong(x ) =
P d

i =1 tanh(x i ).

d) Linear functiong(x ) = Wx + b.

Dataset details. We use 20,000 training, 1,000 validation, and 20,000 test data. For quadratic,

we sample input dimensiond from f 1; 8g, training and validation data from[� 1; 1]d, and test

data from[� 5; 5]d. For cosine, we sample input dimensiond from f 1; 2g, training and validation

data from[� 100; 100]d, and test data from[� 200; 200]d. For tanh, we sample input dimension

d from f 1; 8g, training and validation data from[� 100; 100]d, and test data from[� 200; 200]d.

For linear, we use a subset of datasets from Appendix 7.1.3: 1 and 8 input dimensions with

hyper-cube training distributions.

Model and hyperparameter settings. We use the same hyperparameters from Appendix 7.1.1,

except we �x the batch size to 128, as the batch size has minimal impact on models. MLPs with

cos activation is hard to optimize, so we only report models with training MAPE less than 1.

7.1.5 Max Degree

Dataset details.We consider the task of �nding the maximum degree on a graph. Given

any input graphG = ( V; E), the label is computed by the underlying functiony = g(G) =
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max
u2 G

P
v2N (u) 1. For each dataset, we sample the graphs and node features with the following

parameters

a) Graph structure for training and validation sets. For each dataset, we consider one of the

following graph structure: path graphs, cycles, ladder graphs, 4-regular random graphs,

complete graphs, random trees, expanders (here we use random graphs withp = 0:8 as

they are expanders with high probability), and general graphs (random graphs withp = 0:1

to 0:9 with equal probability for a broad range of graph structure). We use the networkx

library for sampling graphs.

b) Graph structure for test set. We consider the general graphs (random graphs withp = 0:1

to 0:9 with equal probability).

c) The number of vertices of graphsjV j for training and validation sets are sampled uniformly

from [20:::30]. The number of vertices of graphsjV j for test set is sampled uniformly from

[50::100].

d) We consider two schemes for node features.

i) Identical features. All nodes in training, validation and set sets have uniform feature

1.

ii) Spurious (continuous) features. Node features in training and validation sets are sam-

pled uniformly from[� 5:0; 5:0]3, i.e., a three-dimensional vector where each dimen-

sion is sampled from[� 5:0; 5:0]. There are two schemes for test sets, in the �rst

case we do not extrapolate node features, so we sample node features uniformly from
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[� 5:0; 5:0]3. In the second case we extrapolate node features, we sample node fea-

tures uniformly from[� 10:0; 10:0]3.

e) We sample5; 000graphs for training,1; 000graphs for validation, and2; 500graphs for

testing.

Model and hyperparameter settings. We consider the following Graph Neural Network (GNN)

architecture. Given an input graphG, GNN learns the outputhG by �rst iteratively aggregating

and transforming the neighbors of all node vectorsh(k)
u (vector for nodeu in layerk), and perform

a max or sum-pooling over all node featureshu to obtainhG. Formally, we have

h(k)
u =

X

v2N (u)

MLP(k)
�
h(k� 1)

v ; h(k� 1)
u

�
; hG = MLP(K +1)

�
graph-poolingf h(K )

u : u 2 Gg
�
: (2)

Here,N (u) denotes the neighbors ofu, K is the number of GNN iterations, and graph-pooling

is a hyper-parameter with choices as max or sum.h(0)
u is the input node feature of nodeu. We

search the following hyper-parameters for GNNs

a) Number of GNN iterationsK is 1.

b) Graph pooling is from max or sum.

c) Width of all MLPs are set to256.

d) The number of layers for MLP(k) with k = 1::K are set to2. The number of layers for

MLP(K +1) is set to1.

We train the GNNs with the mean squared error (MSE) loss, and Adam and SGD optimizer.

We search the following hyper-parameters for training
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a) Initial learning rate is set to0:01.

b) Batch size is set to64.

c) Weight decay is set to1e � 5.

d) Number of epochs is set to300 for graphs with continuous node features, and100 for

graphs with uniform node features.

Test error and model selection. For each dataset and architecture, training hyper-parameter set-

ting, we perform model selection via validation set, i.e., we report the test error by selecting the

epoch where the model achieves the best validation error. Note that our validation sets always

have the same distribution as the training sets. Again, we report the MAPE for test error as in

MLPs.

7.1.6 Shortest Path

Dataset details.We consider the task of �nding the length of the shortest path on a graph,

from a given source to target nodes. Given any graphG = ( V; E), the node features, besides

regular node features, encode whether a node is sources, and whether a node is targett. The

edge features are a scalar representing the edge weight. For unweighted graphs, all edge weights

are1. Then the labely = g(G) is the length of the shortest path froms to t onG.

For each dataset, we sample the graphs and node, edge features with the following param-

eters

a) Graph structure for training and validation sets. For each dataset, we consider one of the

following graph structure: path graphs, cycles, ladder graphs, 4-regular random graphs,
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complete graphs, random trees, expanders (here we use random graphs withp = 0:6 which

are expanders with high probability), and general graphs (random graphs withp = 0:1

to 0:9 with equal probability for a broad range of graph structure). We use the networkx

library for sampling graphs.

b) Graph structure for test set. We consider the general graphs (random graphs withp = 0:1

to 0:9 with equal probability).

c) The number of vertices of graphsjV j for training and validation sets are sampled uniformly

from [20:::40]. The number of vertices of graphsjV j for test set is sampled uniformly from

[50::70].

d) We consider the following scheme for node and edge features. All edges have continu-

ous weights. Edge weights for training and validation graphs are sampled from[1:0; 5:0].

There are two schemes for test sets, in the �rst case we do not extrapolate edge weights,

so we sample edge weights uniformly from[1:0; 5:0]. In the second case we extrapolate

edge weights, we sample edge weights uniformly from[1:0; 10:0]. All node features are

[h; I (v = s); I (v = t)] with h sampled from[� 5:0; 5:0].

e) After sampling a graph and edge weights, we sample sources andt by randomly sampling

s, t and selecting the �rst pairs, s whose shortest path involves at most3hops. This enables

us to solve the task using GNNs with3 iterations.

f) We sample10; 000graphs for training,1; 000graphs for validation, and2; 500graphs for

testing.

We also consider the ablation study of training on random graphs with differentp. We
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considerp = 0:05::1:0 and report the test error curve. The other parameters are the same as

described above.

Model and hyperparameter settings. We consider the following Graph Neural Network (GNN)

architecture. Given an input graphG, GNN learns the outputhG by �rst iteratively aggregating

and transforming the neighbors of all node vectorsh(k)
u (vector for nodeu in layerk), and perform

a max or sum-pooling over all node featureshu to obtainhG. Formally, we have

h(k)
u = min

v2N (u)
MLP(k)

�
h(k� 1)

v ; h(k� 1)
u ; w(u;v )

�
; hG = MLP(K +1)

�
min
u2 G

hu

�
: (3)

Here,N (u) denotes the neighbors ofu, K is the number of GNN iterations, and for neighbor

aggregation we run both min and sum.h(0)
u is the input node feature of nodeu. w(u;v ) is the input

edge feature of edge(u; v). We search the following hyper-parameters for GNNs

a) Number of GNN iterationsK is set to3.

b) Graph pooling is set to min.

c) Neighobr aggregation is selected from min and sum.

d) Width of all MLPs are set to256.

e) The number of layers for MLP(k) with k = 1::K are set to2. The number of layers for

MLP(K +1) is set to1.

We train the GNNs with the mean squared error (MSE) loss, and Adam and SGD optimizer.

We consider the following hyper-parameters for training
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a) Initial learning rate is set to0:01.

b) Batch size is set to64.

c) Weight decay is set to1e � 5.

d) Number of epochs is set to250.

We perform the same model selection and validation as in Section 7.1.5.

7.1.7 N-Body Problem

Task description. The n-body problem asks a neural network to predict how n stars in a

physical system evolves according to physics laws. That is, we train neural networks to predict

properties of future states of each star in terms of next frames, e.g.,0:001seconds.

Mathematically, in an n-body systemS = f X i gn
i =1 , such as solar systems, all n stars

f X i gn
i =1 exert distance and mass-dependent gravitational forces on each other, so there were

n(n � 1) relations or forces in the system. SupposeX i at timet is at positionx t
i and has velocity

v t
i . The overall forces a starX i receives from other stars is determined by physics laws as the

following

F t
i = G �

X

j 6= i

mi � mj

kx t
i � x t

j k
3
2

�
�
x t

j � x t
i

�
; (4)

whereG is the gravitational constant, andmi is the mass of starX i . Then acceralationa t
i is

determined by the net forceF t
i and the mass of starmi

a t
i = F t

i =mi (5)
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Suppose the velocity of starX i at timet is v t
i . Then assuming the time stepsdt, i.e., difference

between time frames, are suf�ciently small, the velocity at the next time framet + 1 can be

approximated by

v t+1
i = v t

i + a t
i � dt: (6)

Givenmi , x t
i , andv t

i , our task asks the neural network to predictv t+1
i for all starsX i . In our task,

we consider two extrapolation schemes

a) The distances between starskx t
i � x t

j k2 are out-of-distribution for test set, i.e., different

sampling ranges from the training set.

b) The masses of starsmi are out-of-distribution for test set, i.e., different sampling ranges

from the training set.

Here, we use a physics engine that we code in Python to simulate and sample the inputs

and labels. We describe the dataset details next.

Dataset details. We �rst describe the simulation and sampling of our training set. We sample

100videos of n-body system evolution, each with500rollout, i.e., time steps. We consider the

orbit situation: there exists a huge center star and several other stars. We sample the initial states,

i.e., position, velocity, masses, acceleration etc according to the following parameters.

a) The mass of the center star is100kg.

b) The masses of other stars are sampled from[0:02; 9:0]kg.

c) The number of stars is3.
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d) The initial position of the center star is(0:0; 0:0).

d) The initial positionsx t
i of other objects are randomly sampled from all angles, with a

distance in[10:0; 100:0]m.

e) The velocity of the center star is0.

f) The velocities of other stars are perpendicular to the gravitational force between the center

star and itself. The scale is precisely determined by physics laws to ensure the initial state

is an orbit system.

For each video, after we get the initial states, we continue to rollout the next frames accord-

ing the physics engine described above. We perform rejection sampling of the frames to ensure

that all pairwise distances of stars in a frame are at least30m. We guarantee that there are10; 000

data points in the training set.

The validation set has the same sampling and simultation parameters as the training set.

We have2; 500data points in the validation set.

For test set, we consider two datasets, where we respectively have OOD distances and

masses. We have5; 000data points for each dataset.

a) We sample the distance OOD test set to ensure all pairwise distances of stars in a frame are

from [1::20]m, but have in-distribution masses.

b) We sample the mass OOD test set as follows

i) The mass of the center star is200kg, i.e., twice of that in the training set.

ii) The masses of other stars are sampled from[0:04; 18:0]kg, compared to[0:02; 9:0]kg

in the training set.
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iii) The distances are in-distribution, i.e., same sampling process as training set.

Model and hyperparameter settings. We consider the following one-iteration Graph Neural Net-

work (GNN) architecture, a.k.a. Interaction Networks. Given a collection of starsS = f X i gn
i =1 ,

our GNN runs on a complete graph with nodes being the starsX i . GNN learns the star (node)

representations by aggregating and transforming the interactions (forces) of all other node vectors

ou = MLP(2)

0

@
X

v2 Snf ug

MLP(1)
�
hv; hu; w(u;v )

�
1

A : (7)

Here,hv is the input feature of nodev, including mass, position and velocity

hv = ( mv; x v; vv)

w(u;v ) is the input edge feature of edge(u; v). The loss is computed and backpropagated via the

MSE loss of

k[o1; :::; on ] � [ans1; ::; ansn ]k2;

whereoi denotes the output of GNN for nodei , andansi denotes the true label for nodei in the

next frame.

We search the following hyper-parameters for GNNs

a) Number of GNN iterations is set to1.

b) Width of all MLPs are set to128.
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c) The number of layers for MLP(1) is set to4. The number of layers for MLP(2) is set to2.

d) We considertwo representationsof edge/relationsw(i;j ) .

i) The �rst one is simply0.

ii) The better representation, which makes the underlying target function more linear, is

w(i;j ) =
mj

kx t
i � x t

j k
3
2

�
�
x t

j � x t
i

�

We train the GNN with the mean squared error (MSE) loss, and Adam optimizer. We

search the following hyper-parameters for training

a) Initial learning rate is set to0:005. learning rate decays0:5 for every50epochs

b) Batch size is set to32.

c) Weight decay is set to1e � 5.

d) Number of epochs is set to2; 000.

7.2 Visualization and Additional Experimental Results

7.2.1 Visualization Results

In this section, we show additional visualization results of the MLP's learned function out

of training distribution (inblack color) v.s. the underlying true function (ingrey color). We

color the predictions in training distribution inblue color.
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In general, MLP's learned functions agree with the underlying true functions in training

range (blue). This is explained by in-distribution generalization arguments. When out of distri-

bution, the MLP's learned functions become linear along directions from the origin. We explain

this OOD directional linearity behavior in Theorem 3.3.2.

Finally, we show additional experimental results for graph-based reasoning tasks.

Figure 7.1: (Quadratic function). Both panels show the learned v.s. truey = x2
1 + x2

2. In
each �gure, we color OOD predictions by MLPs in black, underlying function in grey, and in-
distribution predictions in blue. The support of training distribution is a square (cube) for the top
panel, and is a circle (sphere) for the bottom panel.

Figure 7.2:(Cos function). Both panels show the learned v.s. truey = cos(2� �x1)+cos(2� �x2).
In each �gure, we color OOD predictions by MLPs in black, underlying function in grey, and in-
distribution predictions in blue. The support of training distribution is a square (cube) for both
top and bottom panels, but with different ranges.
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Figure 7.3:(Cos function). Top panel shows the learned v.s. truey = cos(2� � x1) + cos(2� � x2)
where the support of training distribution is a circle (sphere). Bottom panel shows results for
cosine in 1D, i.e.y = cos(2� � x). In each �gure, we color OOD predictions by MLPs in black,
underlying function in grey, and in-distribution predictions in blue.

Figure 7.4:(Sqrt function). Top panel shows the learned v.s. truey =
p

x1 +
p

x2 where the
support of training distribution is a square (cube). Bottom panel shows the results for the square
root function in 1D, i.e.y =

p
x. In each �gure, we color OOD predictions by MLPs in black,

underlying function in grey, and in-distribution predictions in blue.
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Figure 7.5:(L1 function). Both panels show the learned v.s. truey = jxj. In the top panel,
the MLP successfully learns to extrapolate the absolute function. In the bottom panel, an MLP
with different hyper-parameters fails to extrapolate. In each �gure, we color OOD predictions by
MLPs in black, underlying function in grey, and in-distribution predictions in blue.

Figure 7.6: (L1 function). Both panels show the learned v.s. truey = jx1j + jx2j. In the
top panel, the MLP successfully learns to extrapolate the l1 norm function. In the bottom panel,
an MLP with different hyper-parameters fails to extrapolate. In each �gure, we color OOD
predictions by MLPs in black, underlying function in grey, and in-distribution predictions in
blue.
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7.2.2 Extra Experimental Results

In this section, we show additional experimental results.
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Figure 7.7:(Linear function). Both panels show the learned v.s. truey = x1 + x2, with the
support of training distributions being square (cube) for top panel, and circle (sphere) for bottom
panel. MLPs successfully extrapolate the linear function with both training distributions. This
is explained by Theorem 3.3.4: both sphere and cube intersect all directions. In each �gure,
we color OOD predictions by MLPs in black, underlying function in grey, and in-distribution
predictions in blue.

Figure 7.8:Density plot of the test errors in MAPE. The underlying functions are linear, but
we train MLPs on different distributions, whose support potentially miss some directions. The
training support for “all” are hyper-cubes that intersect all directions. In “�x1”, we set the �rst
dimension of training data to a �xed number. In “posX”, we restrict the �rst X dimensions of
training data to be positive. We can see that MLPs trained on “all” extrapolate the underlying
linear functions, but MLPs trained on datasets with missing directions, i.e., “�x1” and “posX”,
often cannot extrapolate well.
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Figure 7.9:Maximum degree: continuous and “spurious” node features.Here, each node
has a node feature inR3 that shall not contribute to the answer of maximum degree. GNNs
with graph-level max-pooling extrapolate to graphs with OOD node features and graph structure,
graph sizes, if trained on graphs that satisfy the condition in Theorem 3.4.4.

Figure 7.10:Maximum degree: max-pooling v.s. sum-pooling.In each sub-�gure, left column
shows test errors for GNNs with graph-level max-pooling; right column shows test errors for
GNNs with graph-level sum-pooling. x-axis shows the graph structure covered in the training set.
GNNs with sum-pooling fail to extrapolate, validating Corollary 3.4.3. GNNs with max-pooling
encode appropriate non-linear operations, and thus extrapolates under appropriate training sets
(Theorem 3.4.4).

Figure 7.11:Shortest path: random graphs. We train GNNs with neighbor and graph-level
min on random graphs with probabilityp of an edge between any two vertices. x-axis denotes the
p for the training set, and y-axis denotes the test/extrapolation error on unseen graphs. The test
errors follow a U-shape: errors are high if the training graphs are very sparse (smallp) or dense
(largep). The same pattern is obtained if we train on speci�c graph structure.
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7.3 Supplementary Theoretical Background

In this section, we introduce the theoretical background on neural tangent kernel (NTK),

which draws an equivalence between the training dynamics of in�nitely wide (or ultra-wide)

neural networks and that of kernel regression with respect to the neural tangent kernel.

Consider a general neural networkf (� ; x ) : X ! R where� 2 Rm is the parameters in the

network andx 2 X is the input. Suppose we train the neural network by minimizing the squared

loss over training data,`(� ) = 1
2

P n
i =1 (f (� ; x i ) � yi )2, by gradient descent with in�nitesimally

small learning rate, i.e.,d� (t )
dt = �r `(� (t)) . Let u (t) = ( f (� (t); x i ))n

i =1 be the network outputs.

u (t) follows the dynamics

du(t)
dt

= � H (t)(u (t) � y); (8)

whereH (t) is ann � n matrix whose(i; j )-th entry is

H (t) ij =
�

@f(� (t); x i )
@�

;
@f(� (t); x j )

@�

�
: (9)

A line of works shows that for suf�ciently wide networks,H (t) stays almost constant during

training, i.e.,H (t) = H (0) in the limit Allen-Zhu et al. (2019a); Arora et al. (2019a,b); Du et al.

(2019a,b); Jacot et al. (2018); Li and Liang (2018). Suppose network parameters are randomly

initialized with certain scaling, as network width goes to in�nity,H (0) converges to a �xed
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matrix, the neural tangent kernel (NTK) Jacot et al. (2018):

NTK(x ; x 0) = E
� �W

�
@f(� (t); x )

@�
;
@f(� (t); x 0)

@�

�
; (10)

whereW is Gaussian.

Therefore, the learning dynamics of suf�ciently wide neural networks in this regime is

equivalent to that of kernel gradient descent with respect to the NTK. This implies the function

learned by a neural network at convergence on any speci�c training set, denoted byf NTK(x ), can

be precisely characterized, and is equivalent to the following kernel regression solution

f NTK(x ) = ( NTK(x ; x 1); :::;NTK(x ; x n )) � NTK � 1
trainY ; (11)

where NTKtrain is then � n kernel for training data, NTK(x ; x i ) is the kernel value between test

datax and training datax i , andY is the training labels.

We can in fact exactly calculate the neural tangent kernel matrix for certain architectures

and activation functions. The exact formula of NTK with ReLU activation has been derived

for feedforward neural networks Jacot et al. (2018), convolutional neural networks Arora et al.

(2019b), and Graph Neural Networks Du et al. (2019c).

Our theory builds upon this equivalence of network learning and kernel regression to more

precisely characterize the function learned by a suf�ciently-wide neural network given any spe-

ci�c training set. In particular, the difference between the learned function and true function over

the domain ofX determines the extrapolation error.

However, in general it is non-trivial to compute or analyze thefunctional formof what a
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neural network learns using Eqn. 11, because the kernel regression solution using neural tangent

kernel only gives point-wise evaluation. Thus, we instead analyze the function learned by a

network in the NTK's inducedfeature space, because representations in the feature space would

give a functional form.

Lemma 7.3.1 makes this connection more precise: the solution to the kernel regression

using neural tangent kernel, which also equals over-parameterized network learning, is equivalent

to a min-norm solution among functions in the NTK's induced feature space that �ts all training

data. Here the min-norm refers to the RKHS norm.

Lemma 7.3.1.Let � (x ) be a feature map induced by a neural tangent kernel, for anyx 2 Rd.

The solution to kernel regression Eqn. 11 is equivalent tof NTK(x ) = � (x )> � NTK, where� NTK is

min
�

k� k2

s.t. � (x i )> � = yi ; for i = 1; :::; n:

We prove Lemma 7.3.1 in Appendix 7.4.8. To analyze the learned functions as the min-

norm solution in feature space, we also need the explicit formula of an induced feature map of the

corresponding neural tangent kernel. The following lemma gives a NTK feature space for two-

layer MLPs with ReLU activation. It follows easily from the kernel formula described in Arora

et al. (2019b); Jacot et al. (2018); Bietti and Mairal (2019).

Lemma 7.3.2.An in�nite-dimensional feature map� (x ) induced by the neural tangent kernel of
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a two-layer multi-layer perceptron with ReLU activation function is

� (x ) = c
�

x � I
�

w (k)>
x � 0

�
; w (k)>

x � I
�

w (k)>
x � 0

�
; :::

�
; (12)

wherew (k) � N (0; I ), with k going to in�nity. c is a constant, andI is the indicator function.

We prove Lemma 7.3.2 in Appendix 7.4.9. The feature maps for other architectures, e.g.,

Graph Neural Networks (GNNs) can be derived similarly. We analyze the Graph Neural Tangent

Kernel (GNTK) for a simple GNN architecture in Theorem 3.4.4.

We then use Lemma 7.3.1 and 7.3.2 to characterize the properties of functions learned by

an over-parameterized neural network. We precisely characterize the neural networks' learned

functions in the NTK regime via solving the constrained optimization problem corresponding to

the min-norm function in NTK feature space with the constraint of �tting the training data.

However, there still remains many technical challenges. For example, provable extrapola-

tion (exact or asymptotic) is oftennot achieved with most training data distribution. Understand-

ing the desirable condition requires signi�cant insights into the geometry properties of training

data distribution, and how they interact with the solution learned by neural networks. Our in-

sights and re�ned analysis shows inRd space, we need to consider the directions of training data.

In graphs, we need to consider, in addition, the graph structure of training data. We refer readers

to detailed proofs for the intuition of data conditions. Moreover, since NTK corresponds to in-

�nitely wide neural networks, the feature space is of in�nite dimension. The analysis of in�nite

dimensional spaces poses non-trivial technical challenges too.

Since different theorems have their respective challenges and insights/techniques, we refer

the interested readers to the respective proofs for details. In Lemma 3.3.3 (proof in Appendix 7.4),
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Theorem 3.3.4 (proof in Appendix 7.4.3), and Theorem 3.3.2 (proof in Appendix 7.4) we analyze

over-parameterized MLPs. The proof of Corollary 3.4.3 is in Appendix 7.4.6. In Theorem 3.4.4

we analyze Graph Neural Networks (proof in Appendix 7.4.7).

7.4 Proofs

Proof of Theorem 3.3.2 To show neural network outputsf (x ) converge to a linear function

along all directionsv, we will analyze the function learned by a neural network on the training

setf (x i ; yi )gn
i =1 , by studying the functional representation in the network's neural tangent kernel

RKHS space.

Recall from Section 7.3 that in the NTK regime, i.e., networks are in�nitely wide, randomly

initialized, and trained by gradient descent with in�nitesimally small learning rate, the learning

dynamics of the neural network is equivalent to that of a kernel regression with respect to its

neural tangent kernel.

For anyx 2 Rd, the network output is given by

f (x ) =
�


� (x ); � (x 1)
�
; :::;



� (x ); � (x n )

��
� NTK � 1

trainY ;

where NTKtrain is then � n kernel for training data,


� (x ); � (x i )

�
is the kernel value between

test datax and training datax i , andY is training labels. By Lemma 7.3.1, the kernel regression

solution is also equivalent to the min-norm solution in the NTK RKHS space that �ts all training

data

f (x ) = � (x )> � NTK; (13)
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where the representation coef�cient� NTK is

min
�

k� k2

s.t. � (x i )> � = yi ; for i = 1; :::; n:

The feature map� (x ) for a two-layer MLP with ReLU activation is given by Lemma 7.3.2

� (x ) = c0
�

x � I
�

w (k)>
x � 0

�
; w (k)>

x � I
�

w (k)>
x � 0

�
; :::

�
; (14)

wherew (k) � N (0; I ), with k going to in�nity. c0 is a constant, andI is the indicator function.

Without loss of generality, we assume the bias term to be1. For simplicity of notations, we denote

each datax plus bias term by, i.e.,̂x = [ x j1] Bietti and Mairal (2019), and assume constant term

is 1.

Given any directionv on the unit sphere, the network outputs for out-of-distribution data

x 0 = tv and x = x 0 + hv = (1 + � )x 0, where we introduce the notation ofx and � for

convenience, are given by Eqn. 13 and Eqn. 14

f (x̂ 0) = � >
NTK

�
x̂ 0 � I

�
w (k)>

x̂ 0 � 0
�

; w (k)>
x̂ 0 � I

�
w (k)>

x̂ 0 � 0
�

; :::
�

;

f (x̂ ) = � >
NTK

�
x̂ � I

�
w (k)>

x̂ � 0
�

; w (k)>
x̂ � I

�
w (k)>

x̂ � 0
�

; :::
�

;

where we havêx 0 = [ x 0j1] andx̂ = [(1 + � )x 0j1]. It follows that

f (x̂ ) � f (x̂ 0) = � >
NTK

�
x̂ � I

�
w (k)>

x̂ � 0
�

� x̂ 0 � I
�

w (k)>
x̂ 0 � 0

�
; (15)
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w (k)>
x̂ � I

�
w (k)>

x̂ � 0
�

� w (k)>
x̂ 0 � I

�
w (k)>

x̂ 0 � 0
�

; :::
�

(16)

By re-arranging the terms, we get the following equivalent form of the entries:

x̂ � I
�
w > x̂ � 0

�
� x̂ 0 � I

�
w > x̂ 0 � 0

�
(17)

= x̂ �
�
I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

�
+ I

�
w > x̂ 0 � 0

��
� x̂ 0 � I

�
w > x̂ 0 � 0

�
(18)

= x̂ �
�
I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

��
+ ( x̂ � x̂ 0) � I

�
w > x̂ 0 � 0

�
(19)

= [ x j1] �
�
I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

��
+ [ hvj0] � I

�
w > x̂ 0 � 0

�
(20)

Similarly, we have

w > x̂ � I
�
w > x̂ � 0

�
� w > x̂ 0 � I

�
w > x̂ 0 � 0

�
(21)

= w > x̂ �
�
I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

�
+ I

�
w > x̂ 0 � 0

��
� w > x̂ 0 � I

�
w > x̂ 0 � 0

�
(22)

= w > x̂ �
�
I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

��
+ w > (x̂ � x̂ 0) � I

�
w > x̂ 0 � 0

�
(23)

= w > [x j1] �
�
I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

��
+ w > [hv j0] � I

�
w > x̂ 0 � 0

�
(24)

Again, let us denote the part of� NTK corresponding to eachw by � w . Moreover, let us denote

the part corresponding to Eqn. 20 by� 1
w and the part corresponding to Eqn. 24 by� 2

w . Then we

have

f (x̂ ) � f (x̂ 0)
h

(25)

=
Z

� 1>

w [x =hj1=h] �
�
I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

��
dP(w ) (26)
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+
Z

� 1>

w [v j0] � I
�
w > x̂ 0 � 0

�
dP(w) (27)

+
Z

� 2
w � w > [x =hj1=h] �

�
I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

��
dP(w ) (28)

+
Z

� 2
w � w > [v j0] � I

�
w > x̂ 0 � 0

�
dP(w) (29)

Note that all� w are �nite constants that depend on the training data. Next, we show that as

t ! 1 , each of the terms above converges inO(1=�) to some constant coef�cient� v that depend

on the training data and the directionv. Let us �rst consider Eqn. 27. We have

Z
I
�
w > x̂ 0 � 0

�
dP(w) =

Z
I
�
w > [x 0j1] � 0

�
dP(w) (30)

=
Z

I
�
w > [x 0=tj1=t] � 0

�
dP(w) (31)

�!
Z

I
�
w > [v j0] � 0

�
dP(w) ast ! 1 (32)

Because� 1
w are �nite constants, it follows that

Z
� 1>

w [v j0] � I
�
w > x̂ 0 � 0

�
dP(w) !

Z
� 1>

w [v j0] � I
�
w > [v j0] � 0

�
dP(w); (33)

where the right hand side is a constant that depends on training data and directionv. Next, we

show the convergence rate for Eqn. 33. Given error� > 0, because� 1>

w [v j0] are �nite constants,

we need to bound the following byC � � for some constantC,

j
Z

I
�
w > x̂ 0 � 0

�
� I

�
w > [v j0] � 0

�
dP(w)j (34)

= j
Z

I
�
w > [x 0j1] � 0

�
� I

�
w > [x 0j0] � 0

�
dP(w)j (35)
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Observe that the two terms in Eqn. 35 represent the volume of half-(balls) that are orthogonal

to vectors[x 0j1] and[x 0j0]. Hence, Eqn. 35 is the volume of the non-overlapping part of the

two (half)balls, which is created by rotating an angle� along the last coordinate. By symmetry,

Eqn. 35 is linear in� . Moreover, the angle� = arctan( C=t) for some constantC. Hence, it

follows that

j
Z

I
�
w > [x 0j1] � 0

�
� I

�
w > [x 0j0] � 0

�
dP(w)j = C1 � arctan(C2=t) (36)

� C1 � C2=t (37)

= O(1=t) (38)

In the last inequality, we used the fact thatarctanx < x for x > 0. Hence,O(1=t) < � implies

t = O(1=�) as desired. Next, we consider Eqn. 26.

Z
� 1>

w [x =hj1=h] �
�
I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

��
dP(w ) (39)

Let us �rst analyze the convergence of the following:

j
Z

I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

�
dP(w)j (40)

= j
Z

I
�
w > [(1 + � )x 0j1] � 0

�
� I

�
w > [x 0j1] � 0

�
dP(w)dP(w)j (41)

= j
Z

I
�

w > [x 0j
1

1 + �
] � 0

�
� I

�
w > [x 0j1] � 0

�
dP(w)dP(w)j ! 0 (42)

The convergence to0 follows from Eqn. 36. Now we consider the convergence rate. The angle�
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is at most1 � 1
1+ � times of that in Eqn. 36. Hence, the rate is as follows

�
1 �

1
1 + �

�
� O

�
1
t

�
=

�
1 + �

� O
�

1
t

�
=

h=t
1 + h=t

� O
�

1
t

�
= O

�
h

(h + t)t

�
(43)

Now we get back to Eqn. 26, which simpli�es as the following.

Z
� 1>

w

�
v +

tv
h

j
1
h

�
�
�
I
�
w > x̂ � 0

�
� I

�
w > x̂ 0 � 0

��
dP(w ) (44)

We compare the rate of growth of left hand side and the rate of decrease of right hand side

(indicators).

t
h

�
h

(h + t)t
=

1
h + t

! 0 ast ! 1 (45)

1
h

�
h

(h + t)t
=

1
(h + t)t

! 0 ast ! 1 (46)

Hence, the indicators decrease faster, and it follows that Eqn. 26 converges to0 with rateO( 1
� ).

Moreover, we can boundw with standard concentration techniques. Then the proofs for Eqn. 28

and Eqn. 29 follow similarly. This completes the proof.

Proof of Lemma 3.3.3 Overview of proof. To prove exact extrapolation given the conditions

on training data, we analyze the function learned by the neural network in a functional form. The

network's learned function can be precisely characterized by a solution in the network's neural

tangent kernel feature space which has a minimum RKHS norm among functions that can �t

all training data, i.e., it corresponds to the optimum of a constrained optimization problem. We

show that the global optimum of this constrained optimization problem, given the conditions on
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training data, is precisely the same function as the underlying true function.

Setup and preparation. LetX = f x 1; :::; x ng andY = f y1; :::; yng denote the training set input

features and their labels. Let� g 2 Rd denote the true parameters/weights for the underlying

linear functiong, i.e.,

g(x ) = � >
g x for all x 2 Rd

Recall from Section 7.3 that in the NTK regime, where networks are in�nitely wide, ran-

domly initialized, and trained by gradient descent with in�nitesimally small learning rate, the

learning dynamics of a neural network is equivalent to that of a kernel regression with respect

to its neural tangent kernel. Moreover, Lemma 7.3.1 tells us that this kernel regression solution

can be expressed in the functional form in the neural tangent kernel's feature space. That is, the

function learned by the neural network (in the ntk regime) can be precisely characterized as

f (x ) = � (x )> � NTK;

where the representation coef�cient� NTK is

min
�

k� k2 (47)

s.t. � (x i )> � = yi ; for i = 1; :::; n: (48)

An in�nite-dimensional feature map� (x ) for a two-layer ReLU network is described in Lemma 7.3.2

� (x ) = c0
�

x � I
�

w (k)>
x � 0

�
; w (k)>

x � I
�

w (k)>
x � 0

�
; :::

�
;
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wherew (k) � N (0; I ), with k going to in�nity. c0 is a constant, andI is the indicator function.

That is, there are in�nitely many directionsw with Gaussian density, and each direction comes

with two features. Without loss of generality, we can assume the scaling constant to be1.

7.4.1 Constrained optimization in NTK feature space.

The representation or weight of the neural network's learned function in the neural tangent

kernel feature space,� NTK, consists of weight vectors for eachx � I
�

w (k)>
x � 0

�
2 Rd and

w (k)>
x � I

�
w (k)>

x � 0
�

2 R. For simplicity of notation, we will usew to refer to a particular

w , without considering the index(k), which does not matter for our purposes. For anyw 2 Rd,

we denote bŷ� w = ( �̂ (1)
w ; :::; �̂ (d)

w ) 2 Rd the weight vectors corresponding tox � I
�
w > x � 0

�
,

and denote bŷ� 0
w 2 Rd the weight forw > x � I

�
w > x � 0

�
.

Observe that for anyw � N (0; I ) 2 Rd, any other vectors in the same direction will

activate the same set ofx i 2 Rd. That is, ifw > x i � 0 for anyw 2 Rd, then(k � w )> x i � 0

for anyk > 0. Hence, we can reload our notation to combine the effect of weights forw 's in the

same direction. This enables simpler notations and allows us to change the distribution ofw in

NTK features from Gaussian distribution to uniform distribution on the unit sphere.

More precisely, we reload our notation by using� w and� 0
w to denote the combined effect

of all weights(�̂ (1)
kw ; :::; �̂ (d)

kw ) 2 Rd and�̂ 0
kw 2 R for all kw with k > 0 in the same direction of

w . That is, for eachw � Uni(unit sphere)2 Rd, we de�ne� (j )
w as the total effect of weights in

the same direction

� (j )
w =

Z
�̂ (j )

u I
�

w > u
kwk � kuk

= 1
�

dP(u); for j = [ d] (49)
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whereu � N (0; I ). Note that to ensure the� w is a well-de�ned number, here we can work

with the polar representation and integrate with respect to an angle. Then� w is well-de�ned.

But for simplicity of exposition, we use the plain notation of integral. Similarly, we de�ne� 0
w as

reloading the notation of

� 0
w =

Z
�̂ u I

�
w > u

kwk � kuk
= 1

�
�

kuk
kwk

dP(u) (50)

Here, in Eqn. 50 we have an extra term ofku k
kw k compared to Eqn. 49 because the NTK features

that Eqn. 50 corresponds to,w > x � I
�
w > x � 0

�
, has an extraw > term. So we need to take into

account the scaling. This abstraction enables us to make claims on the high-level parameters� w

and� 0
w only, which we will show to be suf�cient to determine the learned function.

Then we can formulate the constrained optimization problem whose solution gives a func-

tional form of the neural network's learned function. We rewrite the min-norm solution in Eqn. 47

as

min
�

Z �
� (1)

w

� 2
+

�
� (2)

w

� 2
+ ::: +

�
� (d)

w

� 2
+ ( � 0

w )2dP(w) (51)

s.t.
Z

w > x i � 0

� >
w x i + � 0

w � w > x i dP(w) = � >
g x i 8i 2 [n]; (52)

where the density ofw is now uniform on the unit sphere ofRd. Observe that sincew is from

a uniform distribution, the probability density functionP(w) is a constant. This means everyx i

is activated by half of thew on the unit sphere, which implies we can now write the right hand

side of Eqn. 52 in the form of left hand side, i.e., integral form. This allows us to further simplify
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Eqn. 52 as

Z

w > x i � 0

�
� >

w + � 0
w � w > � 2 � � >

g

�
x i dP(w) = 0 8i 2 [n]; (53)

where Eqn. 53 follows from the following steps of simpli�cation

Z

w > x i � 0

� (1)
w x (1)

i + ::� (d)
w x (d)

i + � 0
w � w > x i dP(w) = � (1)

g x (1)
i + :::� (d)

g x (d)
i 8i 2 [n];

()
Z

w > x i � 0

� (1)
w x (1)

i + ::: + � (d)
w x (d)

i + � 0
w � w > x i dP(w)

=
1R

w > x i � 0

dP(w)
�

Z

w > x i � 0

dP(w) �
�

� (1)
g x (1)

i + ::: + � (d)
g x (d)

i

�
8i 2 [n];

()
Z

w > x i � 0

� (1)
w x (1)

i + ::: + � (d)
w x (d)

i + � 0
w � w > x i dP(w)

= 2 �
Z

w > x i � 0

� (1)
g x (1)

i + ::: + � (d)
g x (d)

i dP(w) 8i 2 [n];

()
Z

w > x i � 0

�
� >

w + � 0
w � w > � 2 � � >

g

�
x i dP(w) = 0 8i 2 [n]:

Claim 7.4.1. Without loss of generality, assume the scaling factorc in NTK feature map� (x ) is

1. Then the global optimum to the constraint optimization problem Eqn. 51 subject to Eqn. 53,

i.e.,

min
�

Z �
� (1)

w

� 2
+

�
� (2)

w

� 2
+ ::: +

�
� (d)

w

� 2
+ ( � 0

w )2dP(w) (54)

s.t.
Z

w > x i � 0

�
� >

w + � 0
w � w > � 2 � � >

g

�
x i dP(w) = 0 8i 2 [n]: (55)
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satis�es� w + � 0
w � w = 2� g for all w .

This claim implies the exact extrapolation we want to prove, i.e.,f NTK(x ) = g(x ). This is

because, if our claim holds, then for anyx 2 Rd

f NTK(x ) =
Z

w > x � 0
� >

w x + � 0
w � w > x dP(w)

=
Z

w > x � 0
2 � � >

g x dP(w)

=
Z

w > x � 0
dP(w) � 2� >

g x

=
1
2

� 2� >
g x = g(x )

Thus, it remains to prove Claim 7.4.1. To compute the optimum to the constrained opti-

mization problem Eqn. 54, we consider the Lagrange multipliers. It is clear that the objective

Eqn. 54 is convex. Moreover, the constraint Eqn. 55 is af�ne. Hence, by KKT, solution that sat-

is�es the Lagrange condition will be the global optimum. We compute the Lagrange multiplier

as

L (� ; � ) =
Z �

� (1)
w

� 2
+

�
� (2)

w

� 2
+ ::: +

�
� (d)

w

� 2
+ ( � 0

w )2dP(w) (56)

�
nX

i =1

� i �

0

B
@

Z

w > x i � 0

�
� >

w + � 0
w � w > � 2 � � >

g

�
x i dP(w)

1

C
A (57)

Setting the partial derivative ofL (� ; � ) with respect to each variable to zero gives

@L

@� (k)
w

= 2� (k)
w P(w) +

nX

i =1

� i � x (k)
i � I

�
w > x i � 0

�
= 0 (58)
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@L
� 0

w
= 2� 0

w P(w) +
nX

i =1

� i � w > x i � I
�
w > x i � 0

�
= 0 (59)

@L
@�i

=
Z

w > x i � 0

�
� >

w + � 0
w � w > � 2 � � >

g

�
x i dP(w) = 0 (60)

It is clear that the solution in Claim 7.4.1 immediately satis�es Eqn. 60. Hence, it remains to

show there exist a set of� i for i 2 [n] that satis�es Eqn. 58 and Eqn. 59. We can simplify Eqn. 58

as

� (k)
w = c �

nX

i =1

� i � x (k)
i � I

�
w > x i � 0

�
; (61)

wherec is a constant. Similarly, we can simplify Eqn. 59 as

� 0
w = c �

nX

i =1

� i � w > x i � I
�
w > x i � 0

�
(62)

Observe that combining Eqn. 61 and Eqn. 62 implies that the constraint Eqn. 62 can be further

simpli�ed as

� 0
w = w > � w (63)

It remains to show that given the condition on training data, there exists a set of� i so that

Eqn. 61 and Eqn. 63 are satis�ed.
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7.4.2 Global optimum via the geometry of training data.

Recall that we assume our training dataf (x i ; yi )gn
i =1 satis�es for anyw 2 Rd, there exist

d linearly independentf x w
i gd

i =1 � X , whereX = f x i gn
i =1 , so thatw > x w

i � 0 and� x w
i 2 X

for i = 1::d, e.g., an orthogonal basis ofRd and their opposite vectors. We will show that under

this data regime, we have

(a) for any particularw , there indeed exist a set of� i that can satisfy the constraints Eqn. 61

and Eqn. 63 for this particularw .

(b) For anyw1 andw2 that activate the exact same set off x i g, the same set of� i can

satisfy the constraints Eqn. 61 and Eqn. 63 of bothw1 andw2.

(c) Whenever we rotate aw1 to aw2 so that the set ofx i being activated changed, we can

still �nd � i that satisfy constraint of bothw1 andw2.

Combining (a), (b) and (c) implies there exists a set of� that satisfy the constraints for all

w. Hence, it remains to show these three claims.

We �rst prove Claim (a). For eachw , we must �nd a set of� i so that the following hold.

� (k)
w = c �

nX

i =1

� i � x (k)
i � I

�
w > x i � 0

�
;

� 0
w = w > � w

� w + � 0
w � w = 2� g

Here,� g andw are �xed, andw is a vector on the unit sphere. It is easy to see that� w is then

determined by� g andw, and there indeed exists a solution (solving a consistent linear system).
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Hence we are left with a linear system withd linear equations

� (k)
w = c �

nX

i =1

� i � x (k)
i � I

�
w > x i � 0

�
8k 2 [d]

to solve with free variables being� i so thatw activatesx i , i.e.,w > x i � 0. Because the training

dataf (x i ; yi )gn
i =1 satis�es for anyw , there exist at leastd linearly independentx i that activate

w . This guarantees for anyw we must have at leastd free variables. It follows that there must

exist solutions� i to the linear system. This proves Claim (a).

Next, we show that (b) for anyw1 andw2 that activate the exact same set off x i g, the same

set of� i can satisfy the constraints Eqn. 61 and Eqn. 63 of bothw1 andw2. Becausew1 andw2

are activated by the same set ofx i , this implies

� w 1 = c �
nX

i =1

� i � x i � I
�
w >

1 x i � 0
�

= c �
nX

i =1

� i � x i � I
�
w >

2 x i � 0
�

= � w 2

Since� i already satisfy constraint Eqn. 61 forw1, they also satisfy that forw2. Thus, it remains

to show that� w 1 + � 0
w 1

� w1 = � w 2 + � 0
w 2

� w1 assuming� w 1 = � w 2 , � 0
w 1

= w >
1 � w 1 , and

� 0
w 2

= w >
2 � w 2 . This indeed holds because

� w 1 + � 0
w 1

� w1 = � w 2 + � 0
w 2

� w2

() � 0
w 1

� w >
1 = � 0

w 2
� w >

2

() w >
1 � w 1 w >

1 = w >
2 � w 2 w >

2

() w >
1 w1� >

w 1
= w >

2 w2� >
w 2

() 1 � � >
w 1

= 1 � � >
w 2
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() � w 1 = � w 1

Here, we used the fact thatw1 andw2 are vectors on the unit sphere. This proves Claim (b).

Finally, we show (c) that Whenever we rotate aw1 to aw2 so that the set ofx i being acti-

vated changed, we can still �nd� i that satisfy constraint of bothw1 andw2. Suppose we rotate

w1 to w2 so thatw2 lost activation withx 1; x 2; :::; x p which in the set of linearly independent

x i 's being activated byw1 and their opposite vectors� x i are also in the training set (without

loss of generality). Thenw2 must now also get activated by� x 1; � x 2; :::; � x p. This is because

if w >
2 x i < 0, we must havew >

2 (� x i ) > 0.

Recall that in the proof of Claim (a), we only needed the� i from linearly independentx i

that we used to solve the linear systems, and their opposite as the free variables to solve the linear

system ofd equations. Hence, we can set� to 0 for the otherx i while still satisfying the linear

system. Then, suppose there exists� i that satisfy

� (k)
w 1

= c �
dX

i =1

� i � x (k)
i

where thex i are the linearly independent vectors that activatew1 with opposite vectors in the

training set, which we have proved in (a). Then we can satisfy the constraint for� w 2 below

� (k)
w 2

= c �
pX

i =1

�̂ i � (� x i )(k) +
dX

i = p+1

� i � x (k)
i
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by setting�̂ i = � � i for i = 1:::p. Indeed, this gives

� (k)
w 2

= c �
pX

i =1

(� � i ) � (� x i )(k) +
dX

i = p+1

� i � x (k)
i

= c �
dX

i =1

� i � x (k)
i

Thus, we can also �nd� i that satisfy the constraint for� w 2 . Here, we do not consider the

case wherew2 is parallel with anx i because suchw2 has measure zero. Note that we can

apply this argument iteratively because the �ipping the sign always works and will not create any

inconsistency.

Moreover, we can show that the constraint for� 0
w 2 is satis�ed by a similar argument as in

proof of Claim (b). This follows from the fact that our construction makes� w 1 = � w 2 . Then we

can follow the same argument as in (b) to show that� w 1 + � 0
w 1

� w1 = � w 2 + � 0
w 2

� w1. This

completes the proof of Claim (c).

In summary, combining Claim (a), (b) and (c) gives that Claim 7.4.1 holds. That is, given

our training data, the global optimum to the constrained optimization problem of �nding the min-

norm solution among functions that �t the training data satis�es� w + � 0
w � w = 2� g. We also

showed that this claim implies exact extrapolation, i.e., the network's learned functionf (x ) is

equal to the true underlying functiong(x ) for all x 2 Rd. This completes the proof.

7.4.3 Proof of Theorem 3.3.4

Proof of the asymptotic convergence to extrapolation builds upon our proof of exact extrap-

olation, i.e., Lemma 3.3.3. The proof idea is that if the training data distribution has support at all
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directions, when the number of samplesn ! 1 , asymptotically the training set will converge to

some imaginary training set that satis�es the condition for exact extrapolation. Since if training

data are close the neural tangent kernels are also close, the predictions or learned function will

converge to a function that achieves perfect extrapolation, that is, the true underlying function.

7.4.4 Asymptotic convergence of data sets.

We �rst show the training data converge to a data set that satis�es the exact extrapolation

condition in Lemma 3.3.3. Suppose training dataf x i gn
i =1 are sampled from a distribution whose

support contains a connected setS that intersects all directions, i.e., for any non-zerow 2 Rd,

there existsk > 0 so thatkw 2 S.

Let us denote byS the set of datasets that satisfy the condition in Lemma 3.3.3. In fact, we

will use a relaxed condition in the proof of Lemma 3.3.3 (Lemma 3.3.3 in the main text uses a

stricter condition for simplicity of exposition). Given a general datasetX and a datasetS 2 S

of the same sizen, let � (X ; S) denote a matching of their data points, i.e.,� outputs a sequence

of pairs

� (X ; S) i = ( x i ; si ) for i 2 [n]

s:t: X = f x i gn
i =1

S = f si gn
i =1

Let ` : Rd � Rd ! R be thel2 distance that takes in a pair of points. We then de�ne the

distance between the datasetsd(X ; S) as the minimum sum ofl2 distances of their data points
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over all possible matching.

d(X ; S) =

8
>>>><

>>>>:

min
�

nP

i =1
`(� (X ; S) i ) jX j = jSj = n

1 j X j 6= jSj

We can then de�ne a “closest distance to perfect dataset” functionD � : X ! R which

maps a datasetX to the minimum distance ofX to any dataset inS

D � (X ) = min
S2S

d(X ; S)

It is easy to see that for any datasetX = f x i gn
i =1 , D � (X ) can be bounded by the minimum

of the closest distance to perfect datasetD � of sub-datasets ofX of size2d.

D � (f x i gn
i =1 ) �

bn=2dc
min
k=1

D �
�
f x j gk� 2d

j =( k� 1)� 2d+1

�
(64)

This is because for anyS 2 S, and anyS � S0, we must haveS0 2 S because a dataset satis�es

exact extrapolation condition as long as it contains some key points. Thus, adding more data will

not hurt, i.e., for anyX 1 � X 2, we always have

D � (X 1) � D � (X 2)

Now let us denote byX n a random dataset of sizen where eachx i 2 X n is sampled from

the training distribution. Recall that our training dataf x i gn
i =1 are sampled from a distribution

whose support contains a connected setS� that intersects all directions, i.e., for any non-zero
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w 2 Rd, there existsk > 0 so thatkw 2 S � . It follows that for a random datasetX 2d of size2d,

the probability thatD � (X 2d) > � happens is less than1 for any� > 0.

First there must existS0 = f si g2d
i =1 2 S of size2d, e.g., orthogonal basis and their opposite

vectors. Observe that if we scale anysi byk > 0, the resulting dataset is still inS by the de�nition

of S. We denote the set of datasets where we are allowed to scale elements ofS0 by S0. It follows

that

P(D � (X 2d) > � ) = P
�

min
S2S

d(X 2d; S) > �
�

� P
�

min
S2S 0

d(X 2d; S) > �
�

= P

 

min
S2S 0

min
�

nX

i =1

`(� (X 2d; S) i ) > �

!

= 1 � P

 

min
S2S 0

min
�

nX

i =1

`(� (X 2d; S) i ) � �

!

� 1 � P
�

min
S2S 0

min
�

n
max
i =1

`(� (X 2d; S) i ) � �
�

� � < 1

where we denote the bound ofP(D � (X 2d) > � ) by � < 1, and the last step follows from

P
�

min
S2S 0

min
�

n
max
i =1

`(� (X 2d; S) i ) � �
�

> 0

which further follows from the fact that for anysi 2 S0, by the assumption on training distri-

bution, we can always �ndk > 0 so thatksi 2 S � , a connected set in the support of training

distribution. By the connectivity of supportS� , ksi cannot be an isolated point inS� , so for any
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� > 0, we must have

Z

kx � ks i k� �; x 2S �

f X (x )dx > 0

Hence, we can now apply Eqn. 64 to boundD � (X n ). Given any� > 0, we have

P(D � (X n ) > � ) = 1 � P(D � (X n ) � � )

� 1 � P
�

bn=2dc
min
k=1

D �
�
f x j gk� 2d

j =( k� 1)� 2d+1

�
� �

�

� 1 �

0

@1 �
bn=2dcY

k=1

P
�
D �

�
f x j gk� 2d

j =( k� 1)� 2d+1

�
> �

�
1

A

=
bn=2dcY

k=1

P
�
D �

�
f x j gk� 2d

j =( k� 1)� 2d+1

�
> �

�

� � bn=2dc

Here� < 1. This impliesD � (X n )
p

�! 0, i.e.,

lim
n!1

P(D � (X n ) > � ) = 0 8� > 0 (65)

Eqn. 65 says as the number of training samplesn ! 1 , our training set will converge in proba-

bility to a dataset that satis�es the requirement for exact extrapolation.

7.4.5 Asymptotic convergence of predictions.

Let NTK(x ; x 0) : Rd � Rd ! R denote the neural tangent kernel for a two-layer ReLU

MLP. It is easy to see that ifx ! x � , then NTK(x ; �) ! NTK(x � ; �) Arora et al. (2019b). Let
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NTKtrain denote then � n kernel matrix for training data.

We have shown that our training set converges to a perfect data set that satis�es conditions

of exact extrapolation. Moreover, note that our training set will only have a �nite number of (not

increase withn) x i that are not precisely the same as those in a perfect dataset. This is because a

perfect data only contains a �nite number of key points and the other points can be replaced by

any other points while still being a perfect data set. Thus, we have NTKtrain ! N � , whereN � is

then � n NTK matrix for some perfect data set.

Because neural tangent kernel is positive de�nite, we have NTK� 1
train ! N � � 1

. Recall that

for anyx 2 Rd, the prediction of NTK is

f NTK(x ) = ( NTK(x ; x 1); :::;NTK(x ; x n )) � NTK � 1
trainY ;

where NTKtrain is then � n kernel for training data, NTK(x ; x i ) is the kernel value between test

datax and training datax i , andY is training labels.

Similarly, we have(NTK(x ; x 1); :::;NTK(x ; x n )) ! (NTK(x ; x �
1); :::;NTK(x ; x �

n )) , where

x �
i is a perfect data set that our training set converges to. Combining this with NTK� 1

train ! N � � 1

gives

f NTK
p

�! f �
NTK = g;

wheref NTK is the function learned using our training set, andf �
NTK is that learned using a perfect

data set, which is equal to the true underlying functiong. This completes the proof.
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7.4.6 Proof of Corollary 3.4.3

In order for GNN with linear aggregations

h(k)
u =

X

v2N (u)

MLP(k)
�

h(k)
u ; h(k)

v ; x (u;v )

�
;

hG = MLP(K +1)
� X

u2 G

h(K )
u

�
;

to extrapolate in the maximum degree task, it must be able to simulate the underlying function

hG = max
u2 G

X

v2N (u)

1

Because the max function cannot be decomposed as the composition of piece-wise linear func-

tions, the MLP(K +1) module in GNN must learn a function that is not piece-wise linear over

domains outside the training data range. Since Theorem 3.3.2 proves for two-layer overparame-

terized MLPs, here we also assume MLP(K +1) is a two-layer overparameterized MLP, although

the result can be extended to more layers. It then follows from Theorem 3.3.2 that for any in-

put and label (and thus gradient), MLP(K +1) will converge to linear functions along directions

from the origin. Hence, there are always domains where the GNN cannot learn a correct target

function.

7.4.7 Proof of Theorem 3.4.4

Our proof applies the similar proof techniques for Lemma 3.3.3 and 3.3.4 to Graph Neural

Networks (GNNs). This is essentially an analysis of Graph Neural Tangent Kernel (GNTK), i.e.,
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neural tangent kernel of GNNs.

We �rst de�ne the simple GNN architecture we will be analyzing, and then present the

GNTK for this architecture. SupposeG = ( V; E) is an input graph without edge feature, and

x u 2 Rd is the node feature of any nodeu 2 V. Let us consider the simple one-layer GNN

whose input isG and output ishG

hG = W (2) max
u2 G

X

v2N (u)

W (1) x v (66)

Note that our analysis can be extended to other variants of GNNs, e.g., with non-empty edge

features, ReLU activation, different neighbor aggregation and graph-level pooling architectures.

We analyze this GNN for simplicity of exposition.

Next, let us calculate the feature map of the neural tangent kernel for this GNN. Recall

from Section 7.3 that consider a graph neural networkf (� ; G) : G ! R where� 2 Rm is the

parameters in the network andG 2 G is the input graph. Then the neural tangent kernel is

H ij =
�

@f(� ; Gi )
@�

;
@f(� ; Gj )

@�

�
;

where� are the in�nite-dimensional parameters. Hence, the gradients with respect to all param-

eters give a natural feature map. Let us denote, for any nodeu, the degree ofu by

h u =
X

v2N (u)

x v (67)

It then follows from simple computation of derivative that the following is a feature map of the

166



GNTK for Eqn. 66

� (G) = c �

 

max
u2 G

�
w (k)>

h u

�
;
X

u2 G

I
�

u = arg max
v2 G

w (k)>
h v

�
� h u; :::

!

; (68)

wherew (k) � N (0; I ), with k going to in�nity. c is a constant, andI is the indicator function.

Next, given training dataf (Gi ; yi gn
i =1 , let us analyze the function learned by GNN through

the min-norm solution in the GNTK feature space. The same proof technique is also used in

Lemma 3.3.3 and 3.3.4.

Recall the assumption that all graphs have uniform node feature, i.e., the learning task only

considers graph structure, but not node feature. We assumex v = 1 without loss of generality.

Observe that in this case, there are two directions, positive or negative, for one-dimensional

Gaussian distribution. Hence, we can simplify our analysis by combining the effect of linear

coef�cients forw in the same direction as in Lemma 3.3.3 and 3.3.4.

Similarly, for any w , let us de�ne �̂ w 2 R as the linear coef�cient corresponding to

P

u2 G
I
�

u = arg max
v2 G

w > h v

�
�h u in RKHS space, and denote bŷ� 0

w 2 R the weight formax
u2 G

�
w > h u

�
.

Similarly, we can combine the effect of all̂� in the same direction as in Lemma 3.3.3 and 3.3.4.

We de�ne the combined effect with� w and � 0
w . This allows us to reason aboutw with two

directions,+ and� .

Recall that the underlying reasoning function, maximum degree, is

g(G) = max
u2 G

h u:

We formulate the constrained optimization problem, i.e., min-norm solution in GNTK fea-
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ture space that �ts all training data, as

min
�̂ ;�̂ 0

Z
�̂ 2

w + �̂ 02
w dP(w)

s:t:
Z X

u2 G i

I
�

u = arg max
v2 G

w � h v

�
� �̂ w � h u + max

u2 G i

(w � h u) � �̂ 0
w dP(w) = max

u2 Gi

h u 8i 2 [n];

whereGi is the i-th training graph andw � N (0; 1). By combining the effect of̂� , and taking

the derivative of the Lagrange for the constrained optimization problem and setting to zero, we

get the global optimum solution satisfy the following constraints.

� + = c �
nX

i =1

� i �
X

u2 G i

h u � I
�

u = arg max
v2 Gi

h v

�
(69)

� � = c �
nX

i =1

� i �
X

u2 G i

h u � I
�

u = arg min
v2 G i

h v

�
(70)

� 0
+ = c �

nX

i =1

� i � max
u2 Gi

h u (71)

� 0
� = c �

nX

i =1

� i � min
u2 G i

h u (72)

max
u2 G i

h u = � + �
X

u2 Gi

I
�

u = arg max
v2 G i

h v

�
� h u + � 0

+ � max
u2 Gi

h u (73)

+ � � �
X

u2 Gi

I
�

u = arg min
v2 G i

h v

�
� h u + � 0

� � min
u2 G i

h u 8i 2 [n] (74)

wherec is some constant,� i are the Lagrange parameters. Note that here we used the fact that

there are two directions+1 and� 1. This enables the simpli�cation of Lagrange derivative. For

a similar step-by-step derivation of Lagrange, refer to the proof of Lemma 3.3.3.

Let us consider the solution� 0
+ = 1 and� + = � � = � 0

� = 0. It is clear that this solution

can �t the training data, and thus satis�es Eqn. 73. Moreover, this solution is equivalent to the
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underlying reasoning function, maximum degree,g(G) = max u2 G h u.

Hence, it remains to show that, given our training data, there exist� i so that the remaining

four constraints are satis�es for this solution. Let us rewrite these constraints as a linear systems

where the variables are� i

0

B
B
B
B
B
B
B
B
B
B
@

� +

� �

� 0
+

� 0
�

1

C
C
C
C
C
C
C
C
C
C
A

= c �
nX

i =1

� i �

0

B
B
B
B
B
B
B
B
B
B
B
@

P
u2 G i

h u � I
�

u = arg max
v2 Gi

h v

�

P
u2 G i

h u � I
�

u = arg min
v2 Gi

h v

�

max
u2 G i

h u

min
u2 G i

h u

1

C
C
C
C
C
C
C
C
C
C
C
A

(75)

By standard theory of linear systems, there exist� i to solve Eqn. 75 if there are at least four

training dataGi whose following vectors linear independent

0

B
B
B
B
B
B
B
B
B
B
B
@

P
u2 Gi

h u � I
�

u = arg max
v2 G i

h v

�

P
u2 G i

h u � I
�

u = arg min
v2 G i

h v

�

max
u2 Gi

h u

min
u2 Gi

h u

1

C
C
C
C
C
C
C
C
C
C
C
A

=

0

B
B
B
B
B
B
B
B
B
B
B
@

max
u2 Gi

h u � N max
i

min
u2 G i

h u � N min
i

max
u2 G i

h u

min
u2 G i

h u

1

C
C
C
C
C
C
C
C
C
C
C
A

(76)

Here,N max
i denotes the number of nodes that achieve the maximum degree in the graph

Gi , andN min
i denotes the number of nodes that achieve the min degree in the graphGi . By the

assumption of our training data that there are at least fourGi � G with linearly independent

Eqn. 76. Hence, our simple GNN learns the underlying function as desired.

This completes the proof.
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7.4.8 Proof of Lemma 7.3.1

Let W denote the span of the feature maps of training datax i , i.e.

W = span(� (x 1); � (x 2); :::; � (x n )) :

Then we can decompose the coordinates off NTK in the RKHS space,� NTK, into a vector� 0 for

the component off NTK in the span of training data featuresW, and a vector� 1 for the component

in the orthogonal complementW > , i.e.,

� NTK = � 0 + � 1:

First, note that sincef NTK must be able to �t the training data (NTK is a universal kernel as we

will discuss next), i.e.,

� (x i )> � NTK = yi :

Thus, we have� (x i )> � 0 = yi . Then,� 0 is uniquely determined by the kernel regression solution

with respect to the neural tangent kernel

f NTK(x ) =
�


� (x ); � (x 1)
�
; :::;



� (x ); � (x n )

��
� NTK � 1

trainY ;

where NTKtrain is then � n kernel for training data,


� (x ); � (x i )

�
is the kernel between test data

x and training datax i , andY is training labels.

The kernel regression solutionf NTK is uniquely determined because the neural tangent ker-
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nel NTKtrain is positive de�nite assuming no two training data are parallel, which can be enforced

with a bias term Du et al. (2019a). In any case, the solution is a min-norm by pseudo-inverse.

Moreover, a unique kernel regression solutionf NTK that spans the training data features

corresponds to a unique representation in the RKHS space� 0.

Since� 0 and� 1 are orthogonal, we also have the following

k� NTKk2
2 = k� 0 + � 1k2

2 = k� 0k2
2 + k� 1k2

2:

This implies the norm of� NTK is at least as large as the norm of any� such that� (x i )> � NTK = yi .

Moreover, observe that the solution to kernel regression Eqn. 11 is in the feature span of training

data, given the kernel matrix for training data is full rank.

f NTK(x ) =
�


� (x ); � (x 1)
�
; :::;



� (x ); � (x n )

��
� NTK � 1

trainY :

Since� 1 is for the component off NTK in the orthogonal complement of training data feature

span, we must have� 1 = 0. It follows that� NTK is equivalent to

min
�

k� k2

s.t. � (x i )> � = yi ; for i = 1; :::; n:

as desired.
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7.4.9 Proof of Lemma 7.3.2

We �rst compute the neural tangent kernel NTK(x ; x 0) for a two-layer multi-layer percep-

tron (MLP) with ReLU activation function, and then show that it can be induced by the feature

space� (x ) speci�ed in the lemma so that NTK(x ; x 0) =


� (x ); � (x 0)

�
.

Recall that Jacot et al. Jacot et al. (2018) have derived the general framework for computing

the neural tangent kernel of a neural network with general architecture and activation function.

This framework is also described in Arora et al. (2019b); Du et al. (2019c), which, in addition,

compute the exact kernel formula for convolutional networks and Graph Neural Networks, re-

spectively. Following the framework in Jacot et al. (2018) and substituting the general activation

function� with ReLU gives the kernel formula for a two-layer MLP with ReLU activation. This

has also been described in several previous works Du et al. (2019a); Bietti and Mairal (2019);

Chizat et al. (2019).

Below we describe the general framework in Jacot et al. (2018) and Arora et al. (2019b).

Let � denote the activation function. The neural tangent kernel for anh-layer multi-layer percep-

tron can be recursively de�ned via a dynamic programming process. Here,� (i ) : Rd � Rd ! R

for i = 0:::h is the covariance for thei -th layer.

� (0) (x ; x 0) = x > x 0;

^ (i ) (x ; x 0) =

0

B
B
@

� (i � 1)(x ; x ) � (i � 1)(x ; x 0)

� (i � 1)(x 0; x ) � (i � 1)(x 0; x 0)

1

C
C
A ;

� (i )(x ; x 0) = c � E
u;v �N (0;^ ( i ) )

[� (u)� (v)]:
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The derivative covariance is de�ned similarly:

_� (i )(x ; x 0) = c � E
u;v �N (0;^ ( i ) )

[ _� (u) _� (v)]:

Then the neural tangent kernel for anh-layer network is de�ned as

NTK(h� 1)(x ; x 0) =
hX

i =1

 

� (i � 1)(x ; x 0) �
hY

k= i

_� (k)(x ; x 0)

!

;

where we let_� (h)(x ; x 0) = 1 for the convenience of notations.

We compute the explict NTK formula for a two-layer MLP with ReLU activation function

by following this framework and substituting the general activation function with ReLU, i.e.

� (a) = max(0 ; a) = a � I (a � 0) and _� (a) = I (a � 0).

NTK(1) (x ; x 0) =
2X

i =1

 

� (i � 1)(x ; x 0) �
hY

k= i

_� (k)(x ; x 0)

!

= � (0) (x ; x 0) � _� (1) (x ; x 0) + � (1) (x ; x 0)

So we can get the NTK via� (1) (x ; x 0) and _� (1) (x ; x 0), � (0) (x ; x 0). Precisely,

� (0) (x ; x 0) = x > x 0;

^ (1) (x ; x 0) =

0

B
B
@

x > x x > x 0

x 0> x x 0> x 0

1

C
C
A =

0

B
B
@

x

x 0

1

C
C
A �

�

x x 0

�
;

� (1) (x ; x 0) = c � E
u;v �N (0;^ (1) )

[u � I (u � 0) � v � I (v � 0)]:
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To sample fromN (0; ^ (1) ), we letL be a decomposition of̂ (1) , such that̂ (1) = LL > . Here,

we can see thatL = ( x ; x 0)> . Thus, sampling fromN (0; ^ (1) ) is equivalent to �rst sampling

w � N (0; I ), and output

Lw = w > (x ; x 0):

Then we have the equivalent sampling(u; v) = ( w > x ; w > x 0). It follows that

� (1) (x ; x 0) = c � E
w �N (0;I )

�
w > x � I

�
w > x � 0

�
� w > x 0 � I

�
w > x 0 � 0

��

It follows from the same reasoning that

_� (1) (x ; x 0) = c � E
w �N (0;I )

�
I
�
w > x � 0

�
� I

�
w > x 0 � 0

��
:

The neural tangent kernel for a two-layer MLP with ReLU activation is then

NTK(1) (x ; x 0) = � (0) (x ; x 0) � _� (1) (x ; x 0) + � (1) (x ; x 0)

= c � E
w �N (0;I )

�
x > x 0 � I

�
w > x � 0

�
� I

�
w > x 0 � 0

��

+ c � E
w �N (0;I )

�
w > x � I

�
w > x � 0

�
� w > x 0 � I

�
w > x 0 � 0

��
:

Next, we use the kernel formula to compute a feature map for a two-layer MLP with ReLU acti-

vation function. Recall that by de�nition a valid feature map must satisfy the following condition

NTK(1) (x ; x 0) =


� (x ); � (x 0)

�
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It is easy to see that the way we represent our NTK formula makes it easy to �nd such a decom-

position. The following in�nite-dimensional feature map would satisfy the requirement because

the inner product of� (x ) and� (x 0) for anyx , x 0 would be equivalent to the expected value in

NTK, after we integrate with respect to the density function ofw .

� (x ) = c0
�

x � I
�

w (k)>
x � 0

�
; w (k)>

x � I
�

w (k)>
x � 0

�
; :::

�
;

wherew (k) � N (0; I ), with k going to in�nity. c0 is a constant, andI is the indicator function.

Note that here the density of features of� (x ) is determined by the density ofw , i.e. Gaussian.
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Appendix 8: Appendix: How does the Architecture Impact a Neural Network's

Robustness?

8.1 Additional Experimental Results

In this section, we include additional experimental results for the predictive power in (a)

representations from randomly initialized models (Appendix 8.1.1), (b) representations learned

under different types off additive label noise (Appendix 8.1.2) and (c) representations learned

with a robust loss function (Appendix 8.1.3). We further demonstrates that the predictive power

in well-aligned networks could even outperform sophisticated methods that also utilize clean

labels (Appendix 8.1.4).

8.1.1 Predictive Power of Randomly Initialized Models

We �rst evaluate the predictive power of randomly initialized models (a.k.a., untrained

models), and we compare their results with GNNs trained on clean data (a.k.a., 0% noise ratio).

Table 8.1: Predictive power in representations from random and trained max-sum GNNs on the
maximum degree task (Section 4.3.2). Notice that lower test MAPE denotes better test perfor-
mance.

Model
Test MAPE

Random Trained

Max-sum GNN 12.74� 0.57 0.37� 0.08
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Table 8.2: Predictive power in representations from various types of random and trained GNNs
on the maximum node feature task (Section 4.3.3). Notice that lower test MAPE denotes better
test performance.

Model
Test MAPE Test MAPE (log scale)

Random Trained Random Trained

DeepSet 5.14e-05 1.06e-05 -4.29 -4.97
Max-max GNN 0.794 0.0099 -0.10 -2.00
Max-sum GNN 54.28 3.08 1.73 0.488

8.1.2 Additive Label Noise on Graph Algorithmic Datasets

We conduct additional experiments on additive label noise drawn from distributions with

larger mean and larger variance. We consider four such distributions: Gaussian distributions

N (10; 30) andN (20; 15), a long-tailed Gamma distribution with mean equal to10: �(2 ;
1
15

) �

20, and another long-tailed t-distribution with mean equal to10: T (� = 1) + 10 . Figure 8.1

demonstrates that for a GNN well aligned to the target function, its representations are still very

predictive even under non-zero mean distributions with larger mean and large variance.

Figure 8.1:Additional experiments on simple noise drawn from non-zero mean distribu-
tions. On the maximum degree task, max-sum GNNs have large test errors (dotted lines) under
additive label noise drawn from non-zero-mean distributions. Yet, the predictive power in repre-
sentations (solid lines) greatly reduces the test errors with 10% clean labels.
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8.1.3 Training with a Robust Loss Function

We also train the models with a robust loss function–Mean Absolute Error (MAE), and we

observe similar trends in the representations' predictive power as training the models using MSE

(Figure 8.2).

loss=
nX

i =1

jytrue � ypredj: (1)

(a) Test errors of max-sum GNNs on the
maximum degree task with additive label
noise

(b) Test errors of three different GNNs on
the maximum node feature task with instance-
dependent label noise

Figure 8.2:Predictive power in representations trained with MAE. For GNNs trained with
MAE, the predictive power in representations exhibits similar trends as models trained with MSE.
The robust loss function, MAE, is more helpful in learning more predictive representations under
smaller noise ratios.
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Figure 8.3:The predictive power in the representations grows as the mutual information
between the noisy labels and original clean labels increasesfor models well-aligned with the
target function. The x-axis of each point in the plots denotes the mutual information between a
given noisy dataset and the original clean labels. The corresponding y-axis denotes the represen-
tations' predictive power for a model trained on this noisy dataset with standard procedures (i.e.,
vanilla training).

8.1.4 Comparing with Sophisticated Methods Using Clean Labels

Table 8.3: Test accuracy (%) onCIFAR-10 with uniform label noise.

Method
# clean

per class

Noise ratio

0% 20% 40% 50% 80% 90%

Cross-Entropy - 95.0� 0.1 84.4� 0.4 67.9� 1.1 58.5� 1.5 27.3� 0.4 17.2� 0.5
IEG Zhang et al. (2020b) 10 94.4 92.9� 0.2 92.5� 0.5 - 85.6� 1.1 -
L2R Ren et al. (2018) 100 96.1 90.0� 0.4 86.9� 0.2 - 73.0� 0.8 -
MentorNet Jiang et al. (2018) 500 96.0 92.0 89.0 - 49.0 -
DivideMix Li et al. (2020b) - 95.0� 0.1 95.7 94.4� 0.1 94.4 92.9 75.4
DivideMix w/ Clean Labels (DwC) 500 95.0� 0.1 95.9� 0.1 94.3� 0.1 94.8� 0.1 92.9� 0.2 81.5� 0.4

DivideMix's Predictive Power 10 95.0� 0.1 96.0� 0.1 94.5� 0.1 94.7� 0.0 93.2� 0.1 74.6� 0.4
DivideMix's Predictive Power 100 95.0� 0.1 96.1� 0.1 94.5� 0.1 94.8� 0.1 93.4� 0.1 76.7� 0.4
DivideMix's Predictive Power 500 95.0� 0.1 96.1� 0.1 94.6� 0.1 94.9� 0.1 93.6� 0.1 80.4� 0.4
DwC's Predictive Power 500 95.0� 0.1 95.9� 0.1 94.7� 0.1 95.0� 0.1 93.5� 0.1 87.4� 0.2

In previous experiments (section 4.4.2), we have shown that the predictive power in well-

aligned models could further improve the test performance of SOTA methods on noisy label

training. As we use a small set of clean labels to measure the predictive power, we also wonder

how the improvements obtained by the predictive power compare with the sophisticated methods

that also use clean labels.
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Table 8.4: Test accuracy (%) onCIFAR-10 with �ipped label noise .

Method
# clean

per class

Noise ratio

20% 40% 80%

Cross-Entropy - 86.1� 0.5 76.9� 1.0 54.7� 0.7
IEG Zhang et al. (2020b) 10 92.7� 0.2 90.2� 0.5 78.9� 3.5
SELF Nguyen et al. (2019) 100 92.8 89.1 -
GLC Hendrycks et al. (2018) 100 89.7� 0.3 88.9� 0.2 -
Meta-Weight-Net Shu et al. (2019) 100 90.3� 0.6 87.5� 0.2 -
DivideMix Li et al. (2020b) - 94.0� 0.3 92.1 56.2� 0.1
DivideMix w/ Clean Labels (DwC) 500 94.2� 0.2 91.7� 0.3 56.9� 0.4

DivideMix's Predictive Power 10 93.68� 0.34 92.14� 0.50 88.71� 0.46
DivideMix's Predictive Power 100 94.63� 0.09 93.59� 0.12 92.68� 0.11
DivideMix's Predictive Power 500 95.00� 0.10 94.25� 0.11 93.87� 0.09
DwC's Predictive Power 500 94.89� 0.11 93.53� 0.12 92.84� 0.12

Table 8.5: Test accuracy (%) onCIFAR-100 with uniform label noise.

Method
# clean

per class

Noise ratio

0% 20% 40% 50% 80% 90%

Cross-Entropy - 77.1� 0.1 63.2� 0.2 49.8� 0.3 40.2� 0.2 11.5� 0.1 3.9� 0.1
IEG Zhang et al. (2020b) 10 72.1 69.3� 0.5 67.0� 0.8 - 60.7� 1.0 -
L2R Ren et al. (2018) 10 81.2 67.1� 0.1 61.3� 2.0 - 35.1� 1.2 -
MentorNet Jiang et al. (2018) 50 79.0 73.0 68.0 - 35.0 -
DivideMix Li et al. (2020b) - 77.1� 0.1 76.9 74.8� 0.2 74.2 59.6 31.0
DivideMix w/ Clean Labels (DwC) 50 77.1� 0.1 76.8� 0.2 75.0� 0.2 74.0� 0.2 60.4� 0.2 39.8� 0.1

DivideMix's Predictive Power 10 77.1� 0.1 76.3� 0.2 74.0� 0.1 73.6� 0.2 58.5� 0.2 32.6� 0.4
DivideMix's Predictive Power 50 77.1� 0.1 77.2� 0.2 75.1� 0.1 74.7� 0.2 61.1� 0.1 37.6� 0.3
DwC's Predictive Power 50 77.1� 0.1 76.4� 0.2 74.6� 0.1 73.7� 0.2 61.5� 0.1 45.1� 0.2

Sophisticated Methods Using Clean Labels In our experiments, we consider the following

methods which use clean labels: L2R Ren et al. (2018), MentorNet Jiang et al. (2018), SELF Nguyen

et al. (2019), GLC Hendrycks et al. (2018), Meta-Weight-Net Shu et al. (2019), and IEG Zhang

et al. (2020b). Besides, as the SOTA method, DivideMix, keeps dividing the training data into

labeled and unlabeled sets during training, we also compare with directly using clean labels in

DivideMix: we mark the small set of clean data as labeled data during the semi-supervised learn-

ing step in DivideMix. We denote this method asDivideMix w/ Clean Labels (DwC)and further
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Table 8.6: Test accuracy (%) onCIFAR-100 with �ipped label noise.

Method
# clean

per class

Noise ratio

20% 40% 80%

Cross-Entropy - 63.6� 0.5 45.2� 0.3 7.4� 0.2
GLC Hendrycks et al. (2018) 10 63.1� 0.5 62.2� 0.6 -
Meta-Weight-Net Shu et al. (2019) 10 64.2� 0.3 58.6� 0.5 -
DivideMix Li et al. (2020b) - 77.0� 0.2 55.2� 0.7 0.2� 0.0
DivideMix w/ Clean Labels (DwC) 50 76.9� 0.2 55.4� 0.8 0.2� 0.0

DivideMix's Predictive Power 10 74.31� 0.16 72.09� 0.24 73.75� 0.31
DivideMix's Predictive Power 50 76.74� 0.18 74.91� 0.22 76.13� 0.21
DwC's Predictive Power 50 76.35� 0.18 74.46� 0.23 75.55� 0.22

Table 8.7: Comparison with state-of-the-art methods in test accuracy (%) on Clothing1M.

Method # clean Test Accuracy

Cross-Entropy - 69.21
DivideMix Li et al. (2020b) - 74.76
IEG Zhang et al. (2020b) 50k 77.21
CleanNet Lee et al. (2018) 50k 79.9
F-correction Patrini et al. (2017) 50k 80.38
Self-learning Han et al. (2019) 50k 81.16

DivideMix+Ours 50k 80.47

measure the predictive power in representations learned by DwC.

Datasets We conduct experiments on CIFAR-10/100 with synthetic noisy labels and on two

large-scale datasets with real-world noisy labels: Clothing1M and Webvision.

Clothing1M Xiao et al. (2015) has real-world noisy labels with an estimated 38.5% noise

ratio. The dataset has a small human-veri�ed training data, which we use as clean data. Following

recent method Li et al. (2020b), we use 1000 mini-batches in each epoch to train models on

Clothing1M.

WebVision Li et al. (2017) also has real-world noisy labels with an estimated 20% noise
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Table 8.8: Comparison with state-of-the-art methods trained on (mini) WebVision dataset. Num-
bers denote top-1 (top-5) accuracy (%) on the WebVision and the ImageNet validation sets.

Method
WebVision ILSVRC12

top1 top5 top1 top5

MentorNet Jiang et al. (2018) 63.00 81.40 57.80 79.92
IEG Zhang et al. (2020b) - - 80.0 94.9
DivideMix Li et al. (2020b) 77.32 91.64 75.20 90.84

DivideMix+Ours 77.70� 0.23 90.68 75.99� 0.09 91.30

ratio. It shares the same 1000 classes as ImageNet Deng et al. (2009). For a fair comparison,

we follow Jiang et al. (2018) to create a mini WebVision dataset with the top 50 classes from

the Google image subset of WebVision. We train all models on mini WebVision dataset and

evaluate on both the WebVision and ImageNet validation sets. We select 100 images per class

from ImageNet training data as clean data.

Experimental Settings We use the same architectures and hyperparameters as DivideMix: an

18-layer PreAct Resnet He et al. (2016) for CIFAR-10/100, a ResNet-50 pre-trained on ImageNet

for Clothing1M, and Inception-ResNet-V2 Szegedy et al. (2016) for WebVision. We use the test

accuracy reported in the original papers whenever possible, and the accuracy for L2R Ren et al.

(2018) are from Zhang et al. (2020b). For IEG, we use the reported test accuracy obtained by

ResNet-29 rather than WRN28-10, because ResNet-29 has a comparable number of parameters

as the PreAct ResNet-18 we use.

As CIFAR-10/100 do not have a validation set, we follow previous works to report the av-

eraged test accuracy over the last 10 epochs: we measure the predictive power in representations

for models from these epochs and report the averaged test accuracy. For Clothing1M and Web-

vision, we use the associated validation set to select the best model and measure the predictive
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power in its representations.

Results Tables 8.3-8.6 show the results on CIFAR-10 and CIFAR-100 with uniform and �ipped

label noise, whereboldfaced numbersdenote test accuracies better than all methods we com-

pared with. We see that across different noise ratios on CIFAR-10/100 with �ipped label noise,

the predictive power in representations remains roughly the same as the test performance of the

model trained on clean data for a network well-aligned with the target function, which matches

with Lemma 8.2.2. For CIFAR-10 with uniform label noise, the predictive power in representa-

tions achieves better test performance using only 10 clean labels per class on most noise ratios;

for CIFAR-100 with uniform label noise, the predictive power in representations could achieve

better test performance using only 50 labels per class.

Moreover, we observe that adding clean data to the labeled set in DivideMix (DwC) may

barely improve the model's test performance when the noise ratio is small and under �ipped label

noise. At 90% uniform label noise, DwC can greatly improve the model's test performance, and

the predictive power in representations can achieve a even higher test accuracy with the same set

of clean data used to train DwC.

On Clothing1M, we compare the predictive power in representations learned by DivideMix

with existing methods that use the small set of human-veri�ed data: CleanNet Lee et al. (2018),

F-correction Patrini et al. (2017) and Self-learning Han et al. (2019). As these methods also

use the clean subset to �ne-tune the whole model, we follow similar procedures to �ne-tune the

model (trained by DivideMix) for 10 epochs and then select the best model based on the vali-

dation accuracy to measure the predictive power in its representations. The predictive power in

representations could further improve the test accuracy of DivideMix by around 6% and outper-
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form IEG, CleanNet, and F-correction (Table 8.7). The improved test accuracy is also competitive

to Han et al. (2019), which uses a much more complicated learning framework.

On Webvision, the predictive power also improves the model's test performance (Table 8.8).

The improvement is less signi�cant than on Clothing1M as the estimated noise ratio on Webvi-

sion (20%) is smaller than Clothing1M (38.5%).

8.2 Theoretical Results

We �rst provide a formal version of Theorem 4.2.3 based on Xu et al. (2020). Theo-

rem 4.2.3 connects a network's architectural alignment with the target function to its learned

representations' predictive powerwhen trained on clean data.

Theorem 8.2.1. (Better alignment implies better predictive power on clean training data; Xu

et al. (2020)). Fix� and � . Given a target functionf : X ! Y that can be decom-

posed into functionsf 1; :::; f n and given a networkN , whereN1; :::;Nn are N 's modules in

sequential order, suppose the training datasetS := f x j ; yj g
M
j =1 containsM i.i.d. samples

drawn from a distribution with clean labelsyj := f (x j ). Then under the following assump-

tions, Alignment(N ; f; �; � ) � M if and only if there exists a learning algorithmA such that the

network's last moduleNn 's representations learned byA on the training dataS have predictive

powerPn (f; N ; S) � � with probability1 � � .

Assumptions:

(a)We train each moduleN i 's sequentially: for eachN i , the input samples aref h(i � 1)(x j ); f i (h(i � 1)(x j ))gM
j =1

with h(0) (x ) = x . Notice that each inputh(i � 1)(x j ) is the output from the previous modules, but

its label is generated by the functionf i onh(i � 1)(x j ).
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(b) For the clean training setS, let S0 := f x̂ j ; yj g
M
j =1 denote the perturbed training data (x̂ j and

x j share the same labelyj ). Let f N ;A and f 0
N ;A denote the functions obtained by the learning

algorithmA operating onS andS0 respectively. Then for anyx 2 X , kf N ;A (x ) � f 0
N ;A (x )k �

L0 � maxx j 2S kx j � x̂ j k, for some constantL0.

(c) For each moduleN i , let f̂ i denotes its corresponding function learned by the algorithmA.

Then for anyx ; x̂ 2 X , kf̂ j (x ) � f̂ j (x̂ )k � L1kx � x̂ k, for some constantL1.

We have empirically shown that Theorem 8.2.1 also hold when we train the models on

noisy data. Meanwhile, we prove Theorem 8.2.1 for a simpli�ed noisy setting where the target

function and noise function share a common feature space, but have different prediction rules. For

example, the target function and noise function share the same feature space under �ipped label

noise (in classi�cation setting). Yet, their mappings from the learned features to the associated

labels are different.

Theorem 8.2.2.(Better alignment implies better predictive power on noisy training data). Fix

� and � . Let f x j g
M
j =1 be i.i.d. samples drawn from a distribution. Given a target function

f : X ! Y and a noise functiong : X ! Y , let y := f (x ) denote the true label for an

input x , andŷ := g(x ) denote the noisy label ofx . Let Ŝ := f (x j ; yj )gN
j =1

S
f (x j ; ŷj )gM

j = N +1

denote a noisy training set withM � N noisy samples for someN 2 f 1; 2; � � � ; M g. Given

a networkN with modulesN i , supposeN is well-aligned with the target functionf (i.e., the

alignment betweenN and f is less thanM — Alignment(N ; f; �; � ) � M ). Then under the

same assumptions in Theorem 8.2.1 and the additional assumptions below, there exists a learning

algorithmA and a moduleN i such that when training the networkN on the noisy datâS with

algorithm A, the representations from itsi -th module have predictive powerPi (f; N ; C) � �

185



with probability1� � , whereCis a small set of clean data with a size greater than the number of

dimensions in the output of moduleN i .

Additional assumptions (a simpli�ed noisy setting):

(a) There exists a functionh on the input domainX such that the target functionf : X ! Y and

the noise functiong : X ! Y can be decomposed as:f (x ) = f r (h(x )) with f r being a linear

function andg(x ) = gr (h(x )) for some functiongr .

(b) f r is a linear map from a high-dimensional space to a low-dimensional space.

(c) The loss function used in measuring the predictive power is mean squared error (denoted as

k � k) .

Remark. Theorem 8.2.2 suggests that the representations' predictive power for models well

aligned with the target function should remain roughly similar across different noise ratios un-

der �ipped label noise. Empirically, we observe similar phenomenons in Figures 4.7-4.8, and

in Tables 8.4 and 8.6. Some discrepancy between the experimental and theoretical results could

exist under vanilla training as Theorem 8.2.2 assumes sequential training, which is different from

standard training procedures.

Proof of Theorem 8.2.2. According to the de�nition of alignment in De�nition 4.2.2, since

Alignment(N ; f; �; � ) � M andf (x ) = f r (h(x )), we can �nd a sub-structure (denoted asNsub)

in the networkN with sequential modulesfN 1; � � � ; N i g such thatNsub can ef�ciently learn the

function h (i.e., the sample complexity forNsub to learnh is no larger thanM ). According to

Theorem 8.2.1, applying sequential learning to trainNsub with labelsh(x ), the representations

of Nsub will have predictive powerPi (h; Nsub; C) � � with probability1 � � .

Since for each inputx in the noisy training datâS, its label can be written asf r (h(x ))
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(if it is clean) orgr (h(x )) (if it is noisy), when the networkN is trained onŜ using sequential

learning, its sub-structureNsub can still learnh ef�ciently (i.e., M A (h; Nsub; �; � ) � M for some

learning algorithmA). Thus, the representations learned from the noisy training dataŜ can still

be very predictive (i.e.,Pi (h; Nsub; C) � � with probability1 � � ).

Sincef r is a linear map from a high-dimensional space to a low-dimensional space, and the

clean dataChas enough samples to learnf r (jCj is larger than the input dimension off r ), the linear

modelL learned by linear regression can also generalizef r (since linear regression has a closed

form solution in this case as the problem is over-complete). Therefore, asPi (h; Nsub; C) � � ,

Pi (f; Nsub; C) � � also holds. Notice thatPi (f; Nsub; C) = Pi (f; N ; C) asN i is also thei -th

module inN . Hence, we have shown that there exist some moduleN i such thatPi (f; N ; C) � �

with probability1 � � .
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Appendix 9: Appendix: Hindsight Learning for MDPs with Exogenous Inputs

9.1 Table of Notation

9.2 Detailed Related Work

There is extensive literature on reinforcement learning and its connection to tasks in opera-

tions management; below, we highlight the work which is closest to ours, but for more extensive

references, see Powell (2022); Sutton and Barto (2018); Agarwal et al. (2019) for RL, and Bubeck

and Cesa-Bianchi (2012); Slivkins (2019) for background on multi-armed bandits.

Information Relaxation for MDP Control : Information relaxation as an approach for calcu-

lating performance bounds on the optimalQ? function has been developed recently using rich

connections to convex duality (Vera and Banerjee, 2021; Mercier and Van Hentenryck, 2007;

Brown and Smith, 2022; Balseiro and Brown, 2019; Brown and Haugh, 2017; Kallus and Zhou,

2022). As discussed in the main paper, for general problems, using hindsight planning oracles as

in 5.3.2 creates estimates for theQ? value which are overly optimistic of their true value. These

differences can be recti�ed by introducing a control variate, coinedinformation penalties, to pe-

nalize the planner's access to future information that a truly non-anticipatory policy would not

have. The goal is to construct penalties which ensure that the estimates ofQ? are truly consis-

tent for the underlying value. This work has been developed explicitly in the context of in�nite
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Table 9.1: List of common notation for MDP and HL

Symbol De�nition
Problem Setting Speci�cation

S; A ; T; s1; R; P MDP primitives: state and action space, time horizon, starting state,
reward function and transition probabilities

X Endogenous space for the system
� Exogenous input space
P� Distribution over exogenous inputs
f (s; a; � ); r (s; a; � ) Underlying deterministic transition and reward as function of exoge-

nous input
st MDP state space primitive,(x t ; � <t ) for shorthand
st ; at ; � t State, action, and exogenous input for time stept
� An exogenous input trace(� 1; : : : ; � T )
� � t Component of an exogenous input trace(� t ; : : : ; � T )
� Set of all admissible policies
Q�

t (s; a); V �
t (s) Q-Function and value function for policy� at time stept

� ?; Q?
t (s; a); V ?

t (s) Optimal policy and theQ and value function for the optimal policy
Pr�

t State-visitation distribution for policy� at time stept
D Dataset containingN traces of exogenous inputsf � 1; : : : ; � N g
HINDSIGHT(t; s; � � t ; f ) Hindsight optimal cumulative rewardr starting in states at timet

with exogenous inputs dictated by� � t and dynamicsf (see 5)
Q�

t (s; a;� � t ); V �
t (s; a;� � t )Q andV functions for policy� starting froms

where exogenous inputs are given by� � t (see 5.3.1)
E[�] Empirical expectation taken where� is sampled uniformly fromD
� ? Policy obtained by ERM, i.e. solvingarg max� 2 � E[V �

1 (s1; � )].
P� ; Qt ; V t , � Estimated exogenous distribution usingD, Q?

t , V ?
t estimates

using the estimated distribution, and the resulting policy
Hindsight Planner

Q†
t (s; a;� � t ) r (s; a; � t ) + HINDSIGHT(t + 1; � >t ; f (s; a; � t ))

V †
t (s; � � t ) HINDSIGHT(t; � � t ; s)

Q†
t (s; a); V †

t (s; a) Expectations ofQ†
t (s; a;� � t ) andV †

t (s; � � t ) over� � t

� † Greedy policy with respect toQ†

� †
t (s) Hindsight bias for states at time stept (see 11)

� Absolute bound on� †
t (s)

P� Empirical distribution over� from D
� † Greedy policy with respect toQ† where true expectation

overP� replaced withP�
�� y

t (s) Value of� †
t (s) where expectation overP� replaced withP�

Pr
�
t State visitation distribution of� at time stept with exogenous dynam-

icsP�
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horizon MDPs (Brown and Haugh, 2017) where constructions are given for penalty functions

as a function of the future randomness of the� process. Moreover, concrete algorithmic imple-

mentations using hindsight planners and information penalties has been developed in the tabular

setting with no �nite sample guarantees (El Shar and Jiang, 2020). Constructing these penalties

in practice using suitable functions for arbitrary� is unknown. Our work differs by foregoing

consistency of the estimates to instead focus on showing that in problem domains of interest, the

policy which is greedy with respect to the hindsight planner is indeed consistent.

Behaviour Cloning: One approach for using hindsight information is behavior cloning. This

will compute the hindsight-optimal actions for every� � D , and learn to imitate these actions

using a feasible non-anticipatory policy (Fang et al., 2021). This is an instance of theprobability

matchingprinciple which is widely used in Thompson sampling (Russo et al., 2018; Hart et al.,

2000). Unfortunately, thisvalue-agnosticapproach is uncontrollably biased. Consider the exam-

ple in 5.4. Since the winds inD will be west51%of the time, the hindsight-optimal distribution

(marginalizing over wind) isPr(route1) = 0 :51; Pr(route2) = 0 :49. A non-anticipatory learner

policy trained via behavior cloning will converge either to this distribution (if learning a stochas-

tic policy) or its mode (using a deterministic policy). Both these policies are very sub-optimal

compared to the optimal policy.

Policy Based Methods with Control Variates: Recent work has developed black box tools

to modify policy gradient algorithms with control variates that depend on the exogenous trace.

Recall that a typical policy-based algorithm uses either on-policy data (or off-policy with re-

weighted importance sampling strategies), and estimates the gradient in the return via

r V � � = ES� Pr
� �
t ;A � � �

[r log� � (A j S)Q̂� � (S; A)]:
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From here, most methods subtract an appropriate baseline (commonly taken to be an estimate

of the value function) as a form of Rao-Blackwellization to reduce the variance of the estimator

while incurring no additional bias. In particular, for any functionb : S ! R we can instead take

r V � � = ES� Pr
� �
t ;A � � �

[r log� � (A j S)(Q� � (S; A) � b(S))]

while remaining unbiased. However, due to the exogenous input structure on the MDP any

function b : X � � T ! R also results in an unbiased gradient. Through this, the existing

literature has taken different approaches for constructing theseinput driven baselines. In Mao

et al. (2019b) they consider directly using a baseline of the formb(x; � ). As an architecture to

learn a network representation of this baseline the authors propose either using a multi-value

network or meta learning. In Mesnard et al. (2021) they consider using future conditional value

estimates for the policy gradient baseline. In particular, they use	 t as a new statistic to calculate

new information from the rest of the trajectory and learn value functions which are conditioned

on the additional hindsight information contained in	 t . They provide a family of estimators, but

do not specify which form of	 t to use in generating an algorithm.

Recurrent Neural Network Policy Design: A related line of work modi�es black box policy

gradient methods by using a recurrent neural network (RNN) explicitly in policy design. In

Venuto et al. (2022) they augment the state space to include� while simultaneously limiting

information �ow in the neural network to ensure that the algorithm is not overly relying on this

privileged information. This approach, namedpolicy gradients incorporating the future, is easy

to implement as it just augments the network using an LSTM and adds a new loss term to account

for the information bottleneck.
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Learning to Search: The Exo-MDP model is closely related to the learning-to-search model.

Expert iteration (Anthony et al., 2017) separates planning and generalization when learning to

search, and provides an alternative approach to implement the HINDSIGHT oracle. Retrospective

imitation (Song et al., 2018b) faces a similar challenge as us: a given� de�nes a �xed search

space and we seek search policies that generalize acrossP� (� ). However, retrospective imitation

reduces to realizable imitation problems because the learner witnesses� beforehand whereas in

Exo-MDPs,� � t is privileged information and imitating HINDSIGHT is typically unrealizable.

Asymmetric Imitation Learning (Warrington et al., 2021) studies problems when imitating an

expert with privileged information but essentially use RNN policies to ameliorate unrealizability.

RL for OR : In our work we primarily consider simulations on dynamic Virtual Machine (VM)

scheduling. On the theoretical side, variants of greedy algorithms have been usually proposed to

solve the dynamic VM scheduling problems with competitive ratio analysis. In Stolyar (2013)

they assume the VM creation requests can be modeled as a Poisson process with lifetimes as an

exponential distribution and show that the greedy algorithm achieves the asymptotically optimal

policy. In Li et al. (2015) they develop a hybrid FIRSTFIT algorithm with an improvement on

the competitive ratio. On the more practical side using deep reinforcement learning techniques,

in Mao et al. (2016) they develop a DeepRM system which can pack tasks with multiple re-

source demands via a policy gradient method. They also built a job scheduler named DECIMA

by modifying actor critic algorithms with input driven baselines (Mao et al., 2019c). In Zhang

et al. (2020c) they solved the heterogeneous scheduling problem with deepQ learning. Lastly,

in Sheng et al. (2022) they developed SchedRL, a modi�cation of Deep Q Learning with reward

shaping to develop a VM scheduling policy. All of these algorithms modify existing RL algo-

rithms and show empirical gains on variations of the VM scheduling problem. Our work differs
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from two perspectives: 1) we consider using hindsight planning explicitly during training time,

2) our algorithms can be applied to any Exo-MDP problems.

We also note that existing deep reinforcement learning has also been applied in other sys-

tems applications (without exploiting their exo-MDP structure) including ride-sharing systems

(Feng et al., 2021), stochastic queueing networks (Dai and Gluzman, 2021), power grid sys-

tems (Chen et al., 2021), jitter buffers (Fang et al., 2019), and inventory control (Harsha et al.,

2021).

RL for Combinatorial Optimization : A crucial assumption underpinning our algorithmic frame-

work is the implementation of hindsight planners as in 5.3.2. Our framework is well motivated

for problems where hindsight planning is ef�cient, building on the existing optimization literature

on solving planning problems (Conforti et al., 2014; Bertsimas and Tsitsiklis, 1997). However,

in general these problems as a function of a �xed exogenous input trace can be written as com-

binatorial optimization problems. While we consider using hindsight planners for RL problems,

a dual lens is using machine learning techniques for combinatorial optimization, as has been ex-

plored in recent years (Vinyals et al., 2015; Bello et al., 2017; Chitnis and Lozano-Pérez, 2020).

In particular, in Vinyals et al. (2015) they designed a new network architecture and trained using

supervised learning for traveling salesman problems. Similarly in Hu et al. (2017b) they solve

variants of online bin packing problems using policy gradient algorithms. In Tang et al. (2020)

they design novel heuristic branch and bound algorithms using machine learning for integer pro-

gramming optimization.

Exo-MDPs: Exo-MDPs, as highlighted in 5.3 were described in Powell (2022). They charac-

terize sequential decision making problems as an evolution ofinformation, decision, information

sequence represented mathematically as the sequence(s1; a1; � 1; s2; a2; � 2; : : : ; sT ). Here, the
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� t� 1

at r t xt+1
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Figure 9.1: Causal diagram for an Exo-MDP wherek = 1. Here the dotted line indicates the
in�uence of (x t ; at ; � t ) on the immediate rewardr t via r (x t ; at ; � t ) and the dashed line on the
transition evolution asx t+1 = f (st ; at ; � t ). The key facet to notice is the lack of in�uence on the
� process from the current endogenous statex t and actionat .

state variablest is written explicitly to capture the information available to the decision maker

to make a decisionat , followed by the information we learn after making a decision, i.e. the

exogenous information� t . Similar models have been outlined in (Mao et al., 2019b; Dietterich

et al., 2018; Efroni et al., 2022).

9.3 MDPs with Exogenous Inputs

In this section we further discuss the de�nition of Exo-MDPs and its relations to contextual

bandits and MDPs and highlight some examples in the operations management literature.

9.3.1 Generality of MDPs with Exogenous Inputs

As highlighted in 5.3 we consider the �nite horizon reinforcement learning setting where

an agent is interacting with a Markov Decision Process (MDP) (Puterman, 2014). The underlying

MDP is given by a �ve-tuple(S; A ; T; p; R; s1) whereT is the horizon,(S; A ) denotes the set of

states and actions,R is the reward distribution,p the distribution governing the transitions of the

system, ands1 is the given starting state.
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De�nition 9.3.1. In an MDP with Exogenous Inputs(Exo-MDP) we let� = ( � 1; : : : ; � T ) be

a trace of exogenous inputs with each� t supported on the set� . We assume that� is sampled

according to an unknown distributionP� . The agent has access to an endogenous or system state

x 2 X . With this, the dynamics and rewards of the Markov decision process evolve where at time

t, the agent selects their actionat 2 A based solely onst = ( x t ; � <t ). After, the endogenous

state evolves according tox t+1 = f (st ; at ; � t ), and the reward earned isr (st ; at ; � t ), and � t is

observed. We assume thatf andr are known by the principal in advance.

Note that this imposes that the state space for the underlying MDP can be written asS =

X � � T where the �rst component corresponds to the endogenous state and the second to the

exogenous input trace observed so far. We use the shorthandst to refer to(x t ; � <t ).

As written, the distributionP� can be arbitrarily correlated across time. We can relax this

setting to assume that� evolves according to ak-Markov chain. More formally, that at each step

t, � t j (� t � k ; � t � k+1 ; : : : ; � t � 1) is conditionally independent of(� 1; : : : ; � t � k� 1). This allows the

state space to be represented asS = X � � k . Lastly, the datasetD contains a series ofN traces

sampled independently according toP� asD = f � 1; : : : ; � N g where each� i = f � i
1; : : : ; � i

T g.

For more intuition, consider the model under various values ofk:

• Casek = T: Here we assume that� is an arbitrarily correlated process andS = X � � T

so thatst = ( x t ; � <t ). An example of this is VM allocation, where exogenous VM requests

are highly correlated across time (Hadary et al., 2020).

• Casek = 1: Here we assume that� process evolves according to a1-Markov chain. The

state space factorizes asX � � whereX is the endogenous space and� is the exogenous

space. The current state isst = ( x t ; � t � 1), and the state updates to(f (st ; at ; � t ); � t ) where
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� t is drawn from the conditional distribution given� t � 1. A representation of the causal

diagram under this setting is in 9.1. An example of this is bin-packing, where it is typically

assumed that jobs arrive according to a Markov chain.

• Casek = 0: Here we have thatS = X . After taking an actionat based solely onx t we

transition tox t+1 = f (x t ; at ; � t ) with � t sampled independently from an unknown distri-

butionPT
� . The previous variable� t can be either observed or unobserved. An example of

this is inventory control or newsvendor models, where the demand is typically assumed to

be i.i.d. across periods.

Relation between Contextual Bandits, MDPs, and Exo-MDPs We �rst notice that Exo-MDPs

are a bridge Between Contextual Bandit and MDPs. WhenX is empty or a singleton, an Exo-

MDP describes several variants of thecontextual banditintroduced in Langford and Zhang

(2007). They can be solved ef�ciently independent of the horizon (Foster et al., 2021), unlike

MDPs. If j� j � 1, an Exo-MDP is simply an MDP whose complexity scales withjX j . When

both jX j > 1 andj� j > 1 the complexity of learning an Exo-MDP is not known in general, to

the best of our knowledge. When the exogenous inputs are iid, an Exo-MDP is equivalent to an

MDP with state spaceX much smaller thanS.

Difference in Dataset Assumptions We next focus brie�y on the case whenk = 0, showing that

the key difference between Exo-MDPs and the typical MDP models is the assumptions on the

historical dataset provided. The typical assumptions in an MDP involve thatst+1 � P(� j st ; at )

where the underlying distributionP is unknown. This can be written equivalently asst+1 =

f (st ; at ; � t ) where� t is sampled uniformly in[0; 1] and the underlying functionf is unknown. As
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such, typically in an MDP we consider:

• Unknown structure of the dynamics and rewards (i.e. unknownf andr )

• Known distribution on the underlying exogenous inputs where each� t is uniform over[0; 1]

• Access to a logged dataset of(st ; at ; r t ; st+1 ) pairs

In Exo-MDPs we instead assume:

• Known structure of the dynamics and rewards (i.e. knownf andr )

• Unknown distribution on the exogenous inputsP�

• Access to a dataset of exogenous traces� 1; : : : ; � T

These types of assumptions (where theform of the randomness is known but the true underlying

distribution is unknown) is common in the graphon literature (Borgs et al., 2008; Lovász and

Szegedy, 2006). In the following lemma we show that these two models are equivalent, in that

any MDP can be written as an MDP with exogenous inputs andk = 0 using the uniform random

number trick. However, theassumptions are not equivalentsince in Exo-MDPs we assume access

to a dataset of historical exogenous traces rather than trajectories under a �xed behavior policy.

Lemma 9.3.2. Any MDP of the form(S; A ; T; p; R; s1) where the distribution onp and R are

unknown has an equivalent Exo-MDP form withk = 0, and vice-versa.

Proof. Without loss of generality we will assume that both� andS are either discrete or one

dimensional (where higher dimensions follow via the same chain of reasoning).

Exo-MDP ! MDP: Suppose thatst+1 = f (st ; at ; � t ) where� t is sampled fromP� and f is

known.
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We can write this of the form wheref is unknown andP� is known by settinge� t � U[0; 1]

and ef (st ; at ; e� t ) = f (st ; at ; P � 1
� (e� t )) : Here the form ofef is unknown as we cannot evaluateP � 1

� ,

but the distribution on the underlying randomnesse� is known.

MDP ! Exo-MDP: Suppose thatst+1 � P(� j st ; at ) where the distribution is unknown. We

can write this asst+1 = f (st ; at ; � t ) with a knownf and unknown distributionP� as follows.

First set� = �( S)S�A � [0; 1]. Given any� 2 � we de�ne the transition kernelf (st ; at ; � )

as follows:

• Set~p 2 �( S) to be the component of� indexed viast ; at

• Lettingz be the last component of� , setst+1 = ~p� 1(z).

The distribution over� is then de�ned as an indicator variable over the �rstS � A com-

ponents indicating the true unknown distributionp, and the last component over[0; 1] being

Uniform[0; 1].

9.3.2 Examples of Exo-MDPs

We now give several examples of Exo-MDPs alongside with their exogenous decomposi-

tion of the transition distribution. We also highlight the underlying Markovian assumption on the

exogenous inputs� .

9.3.2.1 Inventory Control with Lead Times and Lost Sales(k = 0)

This models a single product stochastic inventory control problem with lost sales and lead

times (Agrawal and Jia, 2022; Goldberg et al., 2021; Xin and Goldberg, 2022; Feinberg, 2016).

In the beginning of every time stept, the inventory manager observes the current inventory level
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Invt andL previous unful�lled orders in the pipeline, denotedoL ; : : : ; o1 for a product.L denotes

the lead time or delay in the number of time steps between placing an order and receiving it.

The next inventory is obtained as follows. First,o1 arrives and the on-hand inventory rises to

I t = Invt + o1. Then, an exogenous demand� is drawn independently from the unknown demand

distributionP� . The cost to the inventory manager is

h(I t � � )+ + p(� � I t )+

whereh is the holding cost for remaining inventory andp is the lost sales penalty. The on-hand

inventory then �nishes at level(I t � � )+ .

This can be formulated as an Exo-MDP by lettingX = [ n]L +1 denote the current inventory

level and previous orders,� = [ n] as the exogenous demand, andA = [ n] for the amount to

order wheren is some maximum order amount. The reward function is highlighted above, and

the state transition updates asx0 = f (x t ; at ; � ) where Invt+1 = ( Invt + o1 � � )+ , ok = ok� 1 for

all 1 < k < L andoL = a. This model can also be expanded to include multiple suppliers with

different lead times.

9.3.2.2 Online Stochastic Bin Packing(k = 1)

Here we consider a typical online stochastic bin packing model (Gupta and Radovanovic,

2012; Ghaderi et al., 2014; Perboli et al., 2012) where a principal has access to an in�nite supply

of bins with maximum bin sizeB. Itemsut arrive over a sequence of roundst = 1; : : : ; T where

eachut 2 [B ] denotes the item size. At every time step, the principal decides on a bin to allocate

the item to, either allocating it to a previously opened bin or creating a new bin. The goal is to

199



allocate all of the items using the smallest number of bins.

This can be modeled in the framework as follows. Here we letX = RB , � = [ B ] and

A = [ B ]. Each vectorx 2 X has componentsx1; : : : ; xB as the current number of bins opened

with current utilization of one up toB, with � corresponding to the current item arrival's size.

Hence the state space isS = X � � wherest = ( x t ; � t � 1) corresponds to the current bin capacity

and current item arrival. Actionsa 2 A correspond to either0, for opening up a new bin, or

1; : : : ; B to be adding the current item to an existing bin with current utilization one up toB. The

reward is:

r (x t ; � t � 1; a; � t ) =

8
>>>>>>>><

>>>>>>>>:

� 1 a = 0

0 a > 0; sa > 0; anda + � t � 1 � B

� 100 otherwise

where� 1 corresponds to the cost for opening a new bin, and the condition on zero reward veri�es

whether or not there is currently an open bin at levela and the action is feasible (i.e. allocating

the current item to the bin at sizea is smaller than the maximum bin capacity).

The transition distribution is updated similarly. Let� t be drawn from the conditional distri-

bution given� t � 1. If a = 0 thenx0 = x exceptx0
� t � 1

is incremented by one (for opening up a new

bin at the level of the size of the current item). Ifa > 0 and the action is feasible (i.e.sa > 0 and

a + � t � 1 � B ) thenx0 = x with x0
a+ � t � 1

incremented by one andx0
a decreased by one.

We note again that this model can be extended to include different reward functions, multi-

ple dimensions of item arrivals, and departures, similar to the Virtual Machine allocation scenario.
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9.3.2.3 Online Secretary(k = 1)

Multi-secretary is the generalization of the classic secretary problem (Buchbinder et al.,

2009), whereT candidates arrive sequentially but onlyB can be selected. Over time periods, a

candidate arrives with abilityr t 2 (0; 1] drawn i.i.d. from a �nite set ofK levels of expertise. At

each round, if the decision-maker has remaining budget (i.e., has chosen less thanB candidates

thus far), they canaccepta candidate and collect the rewardr t , or reject the candidate. The goal

is to maximize the expected cumulative reward.

This can be modeled as an Exo-MDP as follows. Here we letX = [ B ], � = [ K ], and

A = f 0; 1g. The endogenous spaceX corresponds to the number of remaining candidates that

can be accepted. The exogenous space� corresponds to the ability level of the next time period's

candidate. Lastly, actionsa 2 A correspond to either accepting or rejecting the current candidate.

Hence the state space isS = X � � wherest = ( x t ; � t � 1) corresponds to the number of accepted

candidates thus far and the skill of the current candidate. The reward is:

r (x t ; � t � 1; a; � t ) =

8
>>><

>>>:

� t � 1 a = 1 andx t > 0

0 otherwise

The transition distribution is updated similarly by accounting for whether a candidate was

accepted. Indeed we have:

f (x t ; � t � 1; a; � t ) =

8
>>><

>>>:

x t � 1 a = 1 andx t > 0

0 otherwise
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9.3.2.4 Airline Revenue Management(k = 0)

Airline Revenue Management (Littlewood, 1972) is a special case of the multi-dimensional

Online Bin Packing (OBP) problem, but we reiterate its model here for completeness. There are

a set ofK 2 N resources, and each resourcei has a maximum capacityB i . Customers are

segmented intoM 2 N types. Customers of typej 2 [M ] requestA j 2 RK
+ resources and yield

a revenue off j . Over time, the algorithm will decide whether or not to accept customers of type

j . Afterwards, a customer typej t is drawn from an independent distribution. If the algorithm

decided to accept customers of typej t , the relevant resources are consumed and revenue earned.

The goal of the decision-maker is to maximize the expected revenue.

This is modeled as an Exo-MDP whereX = [0; B1] � : : : � [0; BK ]; � = [ M ], andA =

f 0; 1gM . The system spaceX corresponds to the remaining capacity of theK different resources,

exogenous space� to the sampled customer type, andA to the accept / reject decisions for each

of the customer types. The reward is then de�ned via:

r (x t ; a; � t ) =

8
>>><

>>>:

f � t a� t = 1 andx t � A � t � 0

0 otherwise

The transition distribution is updated by accounting for consumed resources if a request is

accepted:

f (x t ; a; � t ) =

8
>>><

>>>:

x t � A � t a� t = 1 andx t � A � t � 0

x t otherwise
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9.3.2.5 Virtual Machine Allocation(k = T)

The Cloud has modi�ed the way that users are able access computing resources (Hadary

et al., 2020; Cortez et al., 2017; Jiang et al., 2020b; Sheng et al., 2021; Hubbs et al., 2020).

Cloud service providers allow customers easy access to resources while simultaneously apply-

ing ef�cient management techniques in order to optimize their return. One of the most critical

components is the Virtual Machine (VM) allocator, which assigns VM request to the physical

hardware (henceforth referred to as PMs). The important issue is how to allocate physical re-

sources to service each VM ef�ciently by eliminating fragmentation, performance impact and

delays, and allocation failures.

These VM allocation models can be thought of as a multi-dimensional variant of bin-

packing with an additional component of arrival and departures. The typical VM scheduling

scenarios models users requesting resources over time, where each request contains the required

CPU and memory uses, and its lifetime. The allocator then decides which available physical

machine to allocate the virtual machine to. To limit notational overload, we provide a high level

view of the Virtual Machine allocation scenario here, and defer concrete discussion and notation

when discussing the planning oracle required for solving.

In this set-up the current system state of the model is measured by the physical resources

available for each PM, including the physical cores and memory available. Over time,

• Coming VM requests ask for a certain amount of resources (CPU and memory require-

ments) and their lifetime. Resource requirements are varied based on the different VM

requests.
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• Based on the action selected by the algorithm, the VM will be allocated to and be created

in a speci�ed PM as long as that PM's remaining resources are enough.

• After a period of execution, the VM completes its tasks. The simulator will then release

the resources allocated to this VM and deallocate this VM from the PM.

At a high level, these problems can be modeled as an MDP with exogenous inputs where

the exogenous space� contains the space of possible VM requests (along with their lifetime,

memory, and CPU requirements). The endogenous spaceX measures the current capacity of

each physical machine on the server, and action spaceA for allocation decisions for the current

VM request to a given PM. More details on the concrete experimental set-up will be in 9.7. We

also note that the VM arrival process in practice is highly correlated so this �ts under the model

wherek = T (Hadary et al., 2020).

9.4 Hindsight Planners

Here we outline the feasibility of 5.3.2 in many operations tasks. Planning problems in-

duced by online knapsack problems as a function of a deterministic input sequence� can be

solved via their induced linear relaxation in pseudo-polynomial time (as the constraint polytope

is a polymatroid). Other problems, such as inventory control with lead times have planning prob-

lems where a simple greedy control policy is optimal. More generally, 5.3.2 requires us to solve

large-scale combinatorial optimization problems. However, we note that all of these computa-

tions are doneof�ine and so the computational burden is not required at run-time. Moreover, it

is easy to incorporate existing heuristics from the optimization literature for ef�cient solutions to

these problems, including linear programming or �uid relaxations (Conforti et al., 2014). This
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appeals to our Hindsight Learning algorithms only relying on the objective value of the planner,

instead of the actual sequence of actions.

9.4.1 Inventory Control with Lead Times and Lost Sales

In inventory control, given knowledge of the exact sequence of demands� = ( d1; : : : ; dT ),

the optimal open loop control policy is trivial to write down. Indeed, setting:

at =

8
>>><

>>>:

dt+ L t � T � L

0 otherwise

is clearly the optimal policy. This is as, for anyt � T � L we ensure the current on-hand

inventory is exactly equal to that period's demands. For the lastL periods we order nothing in

order to minimize the accumulated purchase costs for inventory which will be ordered and cannot

be sold.

9.4.2 Online Stochastic Bin Packing

We give the integer programming representation of the optimal open loop control for Bin

Packing as follows. Consider a statex with componentsx1; : : : ; xB as the current number of

bins opened with a utilization of1 up toB and a sequence of items with sizes� = ( u1; : : : ; uT ).

Given (x1; : : : ; xB ) we pre-process this list to a vector of length
P

i x i where each component

corresponds to the current utilization of any bin. For example, ifB = 3 andx = (1 ; 0; 2) then we

make a list containing� = (1 ; 3; 3) for two bins with a utilization of three and one bin with a total

utilization of one. Since the total number of bins required will be
P

i x i + T we use the variables
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yb for b 2 [
P

i x i + T] to denote an indicator of whether or not binyb is currently utilized. We

also use variableszv;b to denote whether itemv 2 [T] is assigned to binb. Similarly, denote� b

as the current utilization of a binb. The optimization program can then be written as follows:

max
z;y

�
X

b

yb

s.t.
X

b

zv;b = 1 for all v 2 [T]

X

v

zv;b + � b � Byb for all b

yb = 1 for anybwith � b > 0

The objective corresponds to minimizing the number of utilized bins. The �rst constraint

ensures that each item is assigned to a bin. The second constraint enforces capacity constraints

for each bin, and the last constraint ensures that bins are marked as used if they have current

utilization on them (i.e.� b > 0).

9.4.3 Online Secretary

In online secretary, given knowledge of the exact sequence of future candidate qualities

the open loop control policy is trivial to write down. Indeed, for any� � t we denote� as the

ranking function over it such that� � (1) > � � (2) > : : : > � � (T � t), with ties broken arbitrarily.

Then given a remaining number of candidates to acceptx, HINDSIGHT(t; � � t ; x) will simply be

P x
i =1 � � ( i ) . This corresponds to taking the bestx-candidates from the future trace� � t .

206



9.4.4 Airline Revenue Management

The planning oracle for the airline revenue management problem can be formulated as

a so-called “knapsack” problem. Indeed, suppose thatx t is the remaining capacity for theK

resources. We use variableszy for the number of customers of typey 2 [M ] to accept. Then, we

solve the following optimization problem:

max
z

X

y

f yzy

s.t. 0 � zy � Ny(� ) for all y 2 [M ]

Az � x t

whereNy(� ) =
P

t 1[� t = y] is the number of typey customers in the exogenous dataset� .

9.4.5 Virtual Machine Allocation

The planning oracle for the VM allocation problem can be formulated as a large-scale

mixed integer linear program. In this section we discuss approaches which utilize this fact in

developing an oracle for the hindsight planning problem.

Use� = V to denote the set of VM requests andP as the set of physical machines. We use

the following constants which depend on the current inventory of virtual and physical machines

contained in the current statest , including:

• � t;p for the remaining CPU cores for physical machinep at eventt

• � t;p for the remaining memory for physical machinep at eventt
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• CPU-CAPp andMEM-CAPp the CPU and memory capacity of physical machinep 2 P

• LIFETIME v; COREv; MEMv as the lifetime, cores, and memory utilization of VMv 2 V

• � v;t an indicator that the VMv is active at timet (i.e. � v;t is equal to one for any time

starting from the time the VMv arrives until the end of its lifetime)

With this we introduce variablesxv;p for each virtual machinev and physical machinep to

indicate the assignments. We also use variablesyt;p which encode whether physical machinep

has a VM assigned to it at time stept.

We start by considering the various constraints in the problem:

• Assignment Constraint(2): For everyv we need
P

p xv;p = 1 indicating that each virtual

machine is assigned to a physical machine.

• CPU Capacity Constraint (3): For everyp andt we need� p;t +
P

v COREv � v;t xv;p �

CPU-CAPp to ensure CPU usage capacity constraints are satis�ed.

• Memory Capacity Constraint (4): For everyp andt we need� p;t +
P

v MEMv � v;t xv;p �

MEM-CAPp to ensure memory capacity constraints are satis�ed.

We also need additional constraints which encode theyt;p variable as follows:

• PM Historical Utilization (5): yt;p � 1 for all p andt if � t;p > 0

• PM VM Utilization (6): xv;p� v;t � yt;p for all v andp

• PM OR Constraint (7):
P

v xv;p� v;t + 1[� t;p > 0] � yt;p for all t andp.

These constraints essentially encode thatyt;p is an indicator for whethery has a VM assigned to

it from � (in the second bullet), or has historical allocations on it (for when� t;p > 0).
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We note that there always exists a feasible solution since we are in an over provisioned

regime where we have capacity to service every VM request.

Lastly, the objective function (1) for the packing density can be formulated via:

�
X

t

P
p yt;pCPU-CAPp

P
p � t;p +

P
v COREv

The numerator corresponds to the total CPU capacity of all physical machines which are in

use. The denominator corresponds to the total utilization (both from the VMs currently in service

and the VMs arriving over the time horizon). This then encodes the inverse of the core packing

density, as described earlier.

The full integer program is now summarized below:

max
x;y

�
X

t2 [T ]

P
p2 P yt;pCPU-CAPp

P
p2 P � t;p +

P
v2 V COREv

(1)

s.t.
X

p2 P

xv;p = 1 8v 2 V (2)

� p;t +
X

v2 V

COREv � v;t xv;p � CPU-CAPp 8t 2 [T]; p 2 P (3)

� p;t +
X

v2 V

MEMv � v;t xv;p � MEM-CAPp 8t 2 [T]; p 2 P (4)

yt;p � 1[� t;p > 0] 8t 2 [T]; p 2 P (5)

xv;p� v;t � yt;p 8v 2 V; t 2 [T]; p 2 P (6)

X

v2 V

xv;p� v;t + 1[� t;p > 0] � yt;p 8t 2 [T]; p 2 P (7)
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9.5 Existing Approaches to MDPs in Exo-MDPs

Here we brie�y discuss existing approaches to MDPs applied in the context of Exo-MDPs

to highlight the advantages and disadvantages of our Hindsight Learning approach.

9.5.1 Predict Then Optimize

Given the historical trace datasetD = f � 1; : : : ; � N g, a popular plug-in approach learns

a generative modelP� (� t j � <t ) to approximate the true distributionP� (� t j � <t ), since the

exogenous process is the only unknown. Given this modelP� , estimates for theQ?
t value for the

optimal policy can be obtained by solving the Bellman equation with the learned predictorP� in

place of the true distributionP� . More concretely, we denoteQt as the model-based estimate of

Q?
t , which follows

Qt (s; a) := E� j � <t [r (x; a; � ) + V t+1 (f (x; a; � ) j P� ]

V t (s) := max
a2A

Qt (s; a)

� t (s) := arg max
a2A

Qt (s; a):

While intuitive, this ML forecast approach requires high-�delity modeling of the exogenous

process to guarantee good downstream decision-making, due to the quadratic horizon multiplica-

tive factor in regret we show below. This quadratic factor in the horizon is due to the compound-

ing errors of distribution shift, similar to those shown in the imitation learning literature (Ross

et al., 2011).

Theorem 9.5.1.Suppose thatsupt2 [T ];� <t 2 � [t � 1] kP� (�j � <t ) � P � (�j � <t )kT V � � wherek�kT V is
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the total variation distance. Then we have thatREGRET(� ) � 2T2� . In addition, if � � P � has

each� t independent from� <t , P� is the empirical distribution, then8� 2 (0; 1), with probability

at least1 � � , REGRET(� ) � 2T2
q

log(2j� j=� )
N :

The T2 dependence here is tight (see Domingues et al. (2021)), in contrast to theO(T)

dependence in 5.6.3. Moreover, the ML forecast approach can be impractical when the exogenous

process is complex since� in the worst case can scale asj� jT if the � t are strongly correlated

acrosst. An example of this is VM allocation where researchers observed that the VM lifetime

varies substantially across time, the demand has spikes and a diurnal pattern, and that subsequent

requests are highly correlated (Hadary et al., 2020).

This discrepancy highlights an advantage of our Hindsight Learning approach. Consider

a VM allocation example with two physical machines each large enough to satisfy the entire

demand. Under chaotic and unpredictable arrivals, a planner using erroneous forecasts might

spread the requests over the two machines. In contrast, the hindsight learning policy will correctly

learn that one machine is suf�cient and achieve low regret, even if the total variation distance on

the underlying distribution over exogenous inputs is large.

9.5.2 Reinforcement Learning

Recall that our objective is to solvearg max� 2 � V �
1 (s1). This can be written asarg max� 2 � E� [V �

1 (s1; � )]

by 5.3.1. Therefore, an alternative way to �nd approximately optimal policies for an Exo-MDP

is to maximize the empirical return directly, similar to the empirical risk minimization strategy

of supervised learning:� ? = arg max� 2 � E[V �
1 (s1; � )] whereE[V �

1 (s1; � )] = 1
N

P
n V �

1 (s1; � n ):

First observe that the number of samples required to learn a near optimal policy scales linearly
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with T in this approach. If an additive control variate� (� ) (as in Mao et al. (2019b)) is used, the

T term is replaced withT � E� [� (� )].

Theorem 9.5.2.8� 2 (0; 1), with probability at least1 � � , REGRET(� ?) � T
q

2 log(2j� j=� )
N :

9.5.2 highlights that model-free RL methods are atheoretically viableapproach for Exo-

MDPs (especially compared to Predict-Then-Optimize in 9.5.1). Indeed, 9.5.2 shows that RL

methods have asymptotic consistency guaranteesif they converge to the optimal policy in the

empirical MDP. This convergence is an idealized computation assumption that hides optimization

issues when studying statistical guarantees, and is incomparable to 5.3.2 for the hindsight planner

(for which we showed several examples in 9.4.

Moreover, 5.1 suggests that HL and RL are trading bias and variance differently. When

variance is the dominating factor, we expect an algorithm's performance to improve with addi-

tional data. When bias is the dominating factor, however, we expect no marginal bene�t from

additional data. In Table 1 we see that asT (and accordingly,N , the number of data points)

increases, the Tabular RL algorithm performance improves. However, hindsight learning has a

stable non-zero regret even as we increaseT.

9.6 Proofs of Main Results

Lemma 9.6.1(5.3.1 of 5.3). For everyt 2 [T]; (s; a) 2 S �A ; and� 2 � , we have the following:

Q�
t (s; a) = E� � t [Q

�
t (s; a;� � t )]

V �
t (s) = E� � t [V

�
t (s; � � t )]:

212



In particular V �
1 (s1) = V �

1 = E� [V �
1 (s1; � )].

Proof. First note that ifQ�
t (s; a) is as de�ned then we have that:

V �
t (s) =

X

a

� (a j s)Q�
t (s; a) (by Bellman equations)

=
X

a

� (a j s)E� � t [Q
�
t (s; a;� � t )]

= E� � t

"
X

a

� (a j s)Q�
t (s; a;� � t )

#

(by � being non-anticipatory)

= E� � t [V
�

t (s; � � t )]:

Now we focus on showing the result forQ�
t (s; a) by backwards induction ont. The base

case whent = T is trivial asQ�
T (s; a) = E� [r (s; a; � )] = E� � T [Q�

T (s; a;� � T )].

Step Case:(t + 1 ! t) For the step-case a simple derivation shows that

Q�
t (s; a) = E�

�
r (s; a; � ) + V �

t+1 (f (s; a; � ))
�

= E�
�
r (s; a; � ) + E� � t +1

�
V �

t+1 (f (s; a; � ); � � t+1 )
��

= E� � t

�
r (s; a; � t ) + V �

t+1 (f (s; a; � t ); � � t+1 )
�

= E� � t [Q�
t (s; a; � � t )]:

Theorem 9.6.2(5.6.2 of 5.6). REGRET(� †) �
P T

t=1 ESt � Pr � †
t

[� †
t (St )] wherePr� †

t denotes the

state distribution of� † at stept induced by the exogenous randomness. In particular, if� †
t (s) �

� for some constant� then we have:REGRET(� †) � �
P T

t=1 ESt � Pr � †
t

[Pr(� †
t (St ) 6= � ?(St ))] :
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Proof. First we note that via the performance difference lemma we have that for any two non-

anticipatory policies� and~� that

V �
1 (s1) � V ~�

1 (s1) =
X

t

Est � Pr �
t

"
X

a

� (a j st )(Q~�
h (s; a) � V ~�

h (s))

#

and so

V ~�
1 (s1) � V �

1 (s1) =
X

t

Est � Pr �
t

"
X

a

� (a j st )(V ~�
h (s) � Q~�

h (s; a))

#

Moreover, for any states we also haveQ?
t (s; � ?(s)) � Q?

t (s; � †(s)) � � †
t (s) since:

Q?
t (s; � ?(s)) � Q?

t (s; � †(s)) � � †
t (s)

= Q?
t (s; � ?(s)) � Q?

t (s; � †(s)) � Q†
t (s; � †(s)) + Q?

t (s; � †(s)) � Q?
t (s; � ?(s)) + Q†

t (s; � ?(s))

= Q†
t (s; � ?(s)) � Q†

t (s; � †(s)) � 0

as� † is greedy with respect toQ†.

Finally, recall the de�nition of the regret of REGRET(� †) via V ?
1 (s1) � V � †

1 (s1). However,

using the previous performance difference lemma with~� = � ? and� = � † we have that

V ?
1 (s1) � V � †

1 (s1) =
X

t

ESt � Pr � †
t

[Q?
t (St ; � ?(St )) � Q?

t (St ; � †(St ))]

�
X

t

ESt � Pr � †
t

[� †
t (St )]:

The second statement follows immediately from the absolute bound on� †
t (s).

Theorem 9.6.3(5.6.3 of 5.6). Let � y denote the hindsight planning surrogate policy for the

empirical MDP w.r.t.D. Assume� y 2 � and 1 achieves no-regret in the optimization problem.
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Let � be the best policy generated by 1. Then, for any� 2 (0; 1), with probability1 � � , it holds

REGRET(� ) � T

r
2 log(2j� j=� )

N
+

TX

t=1

E
st � Pr� y

t
[ �� y

t (st )] + o(1)

where �� y
t is the SAA approximation of Eqn. 11 andPr

� y

t is the state probability of� y in the

empirical MDP.

Proof. The proof follows the standard proof technique of online IL (cf. (Yan et al., 2021)).

REGRET(� ) = E[V �
1 (s1; � )] � E[V �

1 (s1; � )]

�
�
jE[V �

1 (s1; � )] � E[V �
1 (s1; � )]j + jE

�
V � �

1 (s1; � )
�

� E
�
V � �

1 (s1; � )
�
j
�

+
�

E
�
V � �

1 (s1; � )
�

� E
h
V �� y

1 (s1; � )
i

+ E
h
V �� y

1 (s1; � )
i

� E[V �
1 (s1; � )]

�

� 2T

r
2 log(2j� j=� )

N
+ E

�
V � �

1 (s1; � )
�

� E
h
V �� y

1 (s1; � )
i

+ o(1)

� 2T

r
2 log(2j� j=� )

N
+

TX

t=1

E
st � �Pr��

y
t

[ �� y
t (st )] + o(1)

We use the results of 9.6.8 to bound the �rst terms in the second line; we invoke the no-regret

optimization assumption and the realizability assumption� y 2 � for the last term of the second

line. Finally, we apply 5.6.2 in the empirical MDP w.r.t.D and recognize that the middle term is

the empirical regret to derive the last step.

Lemma 9.6.4(5.6.4 of 5.6). There exists a set of Exo-MDPs such thatREGRET(� †) � 
( T).

Proof. We �rst construct a three-step MDP such that REGRET(� †) � 
(1) . The main re-

sult then follows by replicating the MDP acrossT periods to construct a3T step MDP with

REGRET(� †) � 
( T).
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We consider a modi�cation of the prototypical Pandora's Box problem (Weitzman, 1979).

The endogenous state spaceX = f 0; 1g where state0 corresponds to “not yet accepted an item”

and1 corresponds to “accepted an item”. The action spaceA = f 0; 1g wherea = 0 corresponds

to “reject next item” anda = 1 corresponds to “accept next item”. We consider a modi�cation of

the typical Pandora box model where at time stept, the next item arrivals� t value is unobserved

before deciding whether or not to accept.

The trace distribution has� 1 � U[0; 1] and � 2; � 3 � U[0; :9]. Important to note is that

E[� 1] = :5; E[� 2] = 0:45; E[� 3] = 0:45; and a straightforward calculation shows thatE[max(� 2; � 3)] =

0:6.

The rewards and dynamics are:

r (0; 0; � ) = 0 f (0; 0; � ) = 0

r (0; 1; � ) = � f (0; 1; � ) = 1

r (1; a; � ) = 0 f (1; a; � ) = 1 for a 2 f 0; 1g:

Lastly, the starting states1 = 0. This properly encodes the exogenous dynamics and rewards.

At stept in statex = 0 (i.e. not yet accepted an item) taking action0 (do not accept) yields no

return and transitions to the next state. However, accepting the next item returns reward� and

transitions to statex = 1.

A straightforward calculation following the Bellman equations shows the following forQ?
t

andV ?
t :

Q?
3(0; 0) = 0 Q?

2(0; 0) = E[� 3] Q?
1(0; 0) = max( E[� 2]; E[� 3]):
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Q?
3(0; 1) = E[� 3] Q?

2(0; 1) = E[� 2] Q?
1(0; 1) = E[� 1]

Q?
3(1; �) = 0 Q?

2(1; �) = 0 Q?
1(1; �) = 0

V ?
3 (0) = E[� 3] V ?

2 (0) = max( E[� 3]; E[� 2]) V ?
1 (0) = max( E[� 1]; E[� 2]; E[� 3])

V ?
3 (1) = 0 V ?

2 (1) = 0 V ?
1 (1) = 0 :

Using the choice of the distributions for� 1; � 2; � 3 we have that� ?
1(0) = 1 , as in, we will accept the

�rst item since on average it has larger expected return. This results inV � ?

1 (s1) = E[� 1] = 0:5.

We can similarly computeQ†
t andV †

t as follows:

Q†
3(0; 0) = 0 Q†

2(0; 0) = E[� 3] Q†
1(0; 0) = E[max(� 2; � 3)]:

Q†
3(0; 1) = E[� 3] Q†

2(0; 1) = E[� 2] Q†
1(0; 1) = E[� 1]

Q†
3(1; �) = 0 Q†

2(1; �) = 0 Q†
1(1; �) = 0 :

In this scenario, we see �rst hand the bias introduced when consideredQ†. In particular,Q†
1(0; 0) =

E[max(� 2; � 3)] � Q?
1(0; 0) = max( E[� 2; � 3]). Using the choice of distributions for� 1; � 2; � 3 we

see that the hindsight planning policy� † is fooled and has� †
1 (0) = 0 , so the policy rejects the

�rst item thinking it will get the maximum value of the next two items. As a result we see that

V � †

1 (0) = 0 :45.

Hence, we have that REGRET� † = 0:5 � 0:45 = 0:05 = 
(1) as needed.

Lemma 9.6.5(Statement in 5.6). Suppose that for everyt and states thatmax� 2 � E� � t [V
�

t (s; � � t )] =

E� >t [HINDSIGHT(t; s; � � t )]. Then we have thatQ?
t (s; a) = Q†

t (s; a) for everyt, s, anda.
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Proof. First notice thatmax� 2 � E� � t [V
�

t (s; � � t )] = E� � t [V
?

t (s; � � t )] by de�nition. Thus using

the Bellman equations and de�nition ofQ†
t (s; a) we trivially have that:

Q?
t (s; a) = E� t [r (s; a; � t ) + V ?

t+1 (f (s; a; � t ))]

= E� t [r (s; a; � t ) + E� >t [V ?
t+1 (f (s; a; � t ); � >t )]]

= E� t [r (s; a; � t ) + E� >t [HINDSIGHT(t + 1; f (s; a; � t ); � >t )]]

= Q†
t (s; a):

Lemma 9.6.6(Statement in 5.6). De�ne ]GAG = E
h
max�

P T
t=1 � †

t (St ) j St � Pr�
t

i
. Then there

exists an Exo-MDP such that]GAG = 
( T) and yet the upper bound in 5.6.2 is zero.

The “MakeDecision” function in Mercier and Van Hentenryck (2007) implements the em-

pirical Bayes Selector policy using the of�ine dataset (see 6). There are several key differences

between our regret analysis and theirs. First, Mercier and Van Hentenryck (2007) de�ne regret

with respect to the hindsight optimal policyV †(s1), whereas our regret is with respect to the best

non-anticipatory policyV ?(s1). Their main result (Theorem 1) shows that the hindsight optimal

regret is bounded by the “Global Anticipatory Gap”GAG = E
h
max�

P T
t=1 
 t (St ; A t ) j (St ; A t ) � Pr�

t

i
.

However, there are situations where the GAG can be large, and one could incorrectly conclude

that hindsight optimization should not be applied when trying to learn the true optimal non-

anticipative policy� ?. In the Sailing example of 5.4, the GAG will be positive since knowing the

direction of the wind one can ex-post identify the optimal route compared to any non-anticipatory

algorithm. However,Q?(route) = Q†(route) and so there is no hindsight bias. Hence, our results
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which adjust for the difference in benchmark to� ? is more appropriate.

Moreover, their regret bound measures a worst-case overestimation bias on the states visited

by any decision policy. In contrast, 5.6.2 requires that the hindsight bias be small only on states

visited by� †. Even if we set aside the difference between our benchmarks for regret (adjusting

the de�nition byV ?(s1)� V †(s1) resulting in]GAG de�ned in the statement of 9.6.6), our analysis

is much tighter which we illustrate with an example below.

Proof. We construct an Exo-MDPM as follows. Consider a starting states0 with two actions

A andB that deterministically transition to two different “sub-MDPs” (which we denote asM A

andM B respectively).

The �rst action,A, transitions to sub-MDPM A which contains an absorbing statesA (i.e.

transitions are deterministic to the same statesA regardless of the action) with large rewards.

Note that since this sub-MDP is deterministic it has no hindsight bias (so� †
t (sA ) = 0) .

The second actionB, transitions to an MDPM B which witnesses 5.6.4, and hence has


( T) hindsight bias. We adjust the rewards alongM B such that the value of the optimal policy

in this sub-MDP is much smaller than the deterministic reward accrued inM A .

In this example,� † will always select actionA in the initial state and collect higher rewards

(since the optimal policy knowing the exogenous inputs in MDPM B will still collect smaller

rewards than the deterministic value accrued inM A ). Hence, our regret bound in 5.6.2 will be

zero (since� †(sA ) = 0 and� † will never visit sB ). However, ]GAG will conservatively account

for the sub-optimalB decision which transitions to a state with a large anticipatory gap (
( T)),

thereby concluding a large regret bound.

Theorem 9.6.7(9.5.1 of 9.5). Suppose thatsupt2 [T ];� <t 2 � [t � 1] kP� (�j � <t ) � P � (�j � <t )kT V � �
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wherek�kT V is the total variation distance. Then we have thatREGRET(� ) � 2T2� . In addition,

if � � P � has each� t independent from� <t , P� is the empirical distribution, then8� 2 (0; 1),

with probability at least1 � � , REGRET(� ) � 2T2
q

log(2j� j=� )
N :

Proof. First note thatQt andV t refer to theQ andV values for the optimal policy in a modi�ed

MDP M where the true exogenous input distributionP� (� j � <t ) is replaced by its estimate

P� (� j � <t ). As such, denote byV
�
t as the value function for the policy� in the MDPM . Note

here thatV
�
t = V t by construction. With this we have that:

REGRET(� ) = V ?
1 (s1) � V �

1 (s1)

= V ?
1 (s1) � V

� ?

1 (s1) + V
� ?

1 (s1) � V 1(s1) + V 1(s1) � V �
1 (s1)

� 2 sup
�

jV �
1 (s1) � V

�
1 (s1)j:

However, using the �nite horizon simulation lemma (see Lemma 1 in Abbeel and Ng (2005))

we have that this is bounded from above by2T2kP(� j s; a) � P)( � j s; a)kT V wherekP(� j

s; a) � P)( � j s; a)kT V is the total variation distance in the induced state-transition distributions

betweenM andM . However, by de�nition we have that:

kP(� j s; a) � P(� j s; a)kT V =
1
2

Z

S
jP(s0 j s; a) � P(s0 j s; a)jds

=
1
2

Z

S
j
Z

�
1[s0= f (s;a;� )]dP� (� j � � t ) � 1[s0= f (s;a;� )]dP� (� j � � t )jds

=
1
2

Z

S

Z

�
1[s0= f (s;a;� )] jdP� (� j � � t ) � dP� (� j � � t )j

� kP � (� j � � t ) � P� (� j � � t )kT V � �:
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Thus we get that REGRET(� ) � 2T2� as required.

Now suppose that� � P � has each� t independent from� <t and letP� be the empiri-

cal distribution, i.e.P� (� ) = 1
N

P
i 2 [N ] 1[� i

t = � ]. A straightforward application of Hoeffding's

inequality shows that the event:

E =

(

8t; � <t : jP� (�) � P � (� )j �

r
log(2j� j=� )

2N

)

occurs with probability at least1 � � . UnderE we then have that:

sup
t2 [T ];� <t 2 � [t � 1]

kP� (�j � <t ) � P � (�j � <t )kT V � sup
t2 [T ];� <t 2 � [t � 1]

kP� (�j � <t ) � P � (�j � <t )k1 �

r
log(2j� j=� )

2N
:

Taking this in the previous result shows the claim.

Theorem 9.6.8(9.5.2 of 9.5). Given any� 2 (0; 1) then with probability at least1 � � we have

that if � ? = arg max� E[V � (� )] that

REGRET(� ?) �

r
2T2 log(2j� j=� )

N
:

Proof. A quick calculation using Hoeffding's inequality and a union bound shows that the event

E =

(

8� 2 � : jV �
1 (s1) � E[V �

1 (s1)]j �

r
T2 log(2j� j=� )

2N 2

)

occurs with probability at least1 � � . UnderE we then have that:

REGRET(� ?) = V � ?

1 (s1) � V � ?

1 (s1)
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= V � ?

1 (s1) � E
�
V � ?

1 (s1; � )
�

+ E
�
V � ?

1 (s1; � )
�

� E
�
V � ?

1 (s1; � )
�

+ E
�
V � ?

1 (s1; � )
�

� V � ?

1 (s1)

� 2

r
V 2

max log(2j� j=� )
2N 2

:

Theorem 9.6.9(9.7.1 of 9.7.1). In stochastic online bin packing with i.i.d. arrivals we have that

supt;s � †
t (s) � O(1), independent of the time horizon and any problem primitives. As a result,

REGRET(� †) � O(1).

We show the result by starting with the lemma, highlighting that the value functions for

the planning policy and the optimal non-anticipatory policy are “Lipschitz” with respect to the

capacity of the current bins. Recall that the state space representations 2 S corresponds to

s = ( x; � t � 1) wherex 2 RB is the current number of bins at that size, and the last component

to the current arrival. We write this explicitly as containings 2 RB for the bin utilization and

� t � 1 2 R for the current arrival.

Lemma 9.6.10.For anyt 2 [T], current bin capacityx 2 RjB j , current arrival� t � 1, � � t 2 � T � t ,

and� 2 RB � 0 we have that:

• V †
t (x; � t � 1; � � t ) � V †

t (x � � ; � t � 1; � � t ) � V †
t (x; � t � 1; � � t ) � k � k1

• V ?
t (x; � t � 1) � V ?

t (x � � ; � t � 1) � V ?
t (x; � t � 1) � k � k1

As a result for anyx andx0 in RB and current arrival� t � 1 we have that:

• V †
t (x; � t � 1; � � t ) � V †

t (x0; � t � 1; � � t ) � k (x � x0)+ k1

• V ?
t (x; � t � 1) � V ?

t (x0; � t � 1) � k (x � x0)+ k1
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Proof. First consider the top statement in terms of the optimal planning policy starting from a

�xed states = ( x; � t � 1) and sequence of future exogenous variables� � t .

We have thatV †
t (x; � t � 1; � � t ) � V †

t (x � � ; � t � 1; � � t ) since the sequence of actions gen-

erated by the planning oracle starting from state(x � � ; � t � 1) is feasible for the same problem

starting from(x; � t � 1). Hence, asV †
t (x; � t � 1; � � t ) denotes the optimal such policy, the inequality

follows.

For the other direction consider the sequence of actions starting from(x; � t � 1). Using

at mostk� k1 bins the policy is feasible for the same problem starting at(x � � ; � t � 1). Indeed,

suppose the sequence of actions starting from the problem at(x; � t � 1) attempts to use a bin which

is not available in the problem starting from(x � � ; � t � 1). Then by opening a new bin instead

and shifting all future references of the old bin to the newly created bin, the sequence of actions is

feasible. As there are at mostk� k1 bins different in the(x; � t � 1) problem versus the(x � � ; � t � 1)

problem, the bound follows.

Now consider the second statement in terms of the optimal non-anticipatory policy starting

from a �xed state(x; � t � 1). First note thatV ?
t (x; � t � 1) = E� � t [V

?
t (x; � t � 1; � � t )] and similarly for

V ?
t (x � � ; � t � 1). We have thatV ?

t (x; � t � 1) � V ?
t (x � � ; � t � 1) as the optimal policy starting from

(x � � ; � t � 1) is feasible on all sample paths generated by� � t to the same problem starting at

(x; � t � 1). Hence by optimality of� ? the inequality must follow.

For the other direction, on any sample path consider the sequence of actions generated by

the optimal policy starting from(x; � t � 1). By a similar argument, again using at mostk� k1 extra

bins the policy is feasible for the problem starting at(x � � ; � t � 1). Hence by optimality, the

inequality follows.

The second result follows via straightforward algebraic manipulations. Indeed, the previous
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statement can be thought of as showing that forx 2 RB and� 2 RB
+ that f (x) � f (x � �) �

f (x) � k � k1. However,

f (x)� f (x0) = f (x)� f (x0+( x� x0)+ )+ f (x0+( x� x0)+ )� f (x0) � f (x0+( x� x0)+ )� f (x0) � k (x� x0)+ k1

where the �rst inequality uses thatx0+ ( x � x0)+ � x and the second the previous result.

We are now ready to show the bound that� †
t (s) � O(1).

Proof. For a �xed timet and states consider� †
t (s) = Q†

t (s; � †(s)) � Q?
t (s; � †(s))+ Q?

t (s; � ?(s)) �

Q†
t (s; � ?(s))

However considerQ†
t (s; � †(s)) � Q†

t (s; � ?(s)) (with the other term dealt with similarly).

On any sample path, the difference in these terms is bounded by the immediate reward plus the

difference of the value at the next states. By problem de�nition, the difference in immediate

rewards is bounded by one. However, consider the difference in value functions at the next state.

Their state representation has a value ofk(x � x0)+ k1 of at most 2 (for the two bins that were

potentially modi�ed). Hence, this difference is bounded by3 in total. A similar argument forQ?

completes the proof.

9.7 Simulation Details

In this section we provide full details on the simulations conducted, including a formal de-

scription of virtual machine allocation scenarios along with its �delity to the real-world cloud sce-

narios, training implementations, hyperparameter tuning results, and a description of the heuristic

algorithms compared.
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9.7.1 Online Bin-Packing

In aStochastic Online Bin Packing (OBP)problem the agent has an in�nite supply of bins

of sizeB. Each round, itemsut 2 f 0; : : : Bg arrive sampled iid from an unknown distribution.

The agent eitherpacksthe item into an opened feasible bin oropensa new bin, with the goal to

minimize the expected number of opened bins afterT rounds.

9.3 describes how OBP are Exo-MDPs withut as the exogenous inputs. Lemma 3.1 from

Freund and Banerjee (2019) shows that in stochastic OBP,Pr(� †
t (St ) 6= � ?

t (St )) � O( 1
t2 ). Intu-

itively, ast ! T there is little contribution from HINDSIGHT(t; � >t ) to theQ† of Equation 6 and

so� † is more likely to coincide with� ?. Using a novel absolute bound on� and 5.6.2, we have:

Lemma 9.7.1. In stochastic online bin packing with i.i.d. arrivals,supt;s � †
t (s) � O(1), inde-

pendent of any problem primitives. Hence,REGRET(� †) � O(1).

To numerically validate this claim, we useORSuite (Archer et al., 2022) as an OBP

simulator withB = 5 and varyT from 5 to 100. For these small problem sizes, we can compute

� ? by solving Bellman equations exactly. The exogenous processP� is uniform: ut � Unif[B ]

and we generatejDj = 1000 traces, and benchmark the resulting learned policy against� ?.

The hindsight planner is represented with the integer program in 9.4.2 (solved ef�ciently by

linear relaxation). Any learned policy maps aB + 2-dim state (a vector denoting number of

bins open with utilization from1 to B, the current item and the remaining rounds) to a decision

A 2 f 0; : : : ; B � utg to select a feasible bin (0 opens a new bin).

For each OBP problem withT 2 f 5; 10; 100g we report in Table 9.2 the maximum hind-

sight bias MaxBias= E[maxs;t � †
t (s)], where the expectation averages over1000sampled prob-

lem instances. We also report the percentage of problem instances where at least a single state
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Table 9.2: Hindsight bias in OBP decreases asT increases. Thus,� † becomes a better surrogate
for � ?.

T MaxBias %f9 s : � �
t (s) 6= � †

t (s)g

5 1:240 6:8%
10 0:646 3:4%

100 0:066 0:3%

witnesses� �
t (s) 6= � †

t (s). We see that asT increases,� † becomes a good surrogate for� ? which

bodes well for HL.

9.7.2 Multi-Secretary

Multi-secretary is the generalization of the classic secretary problem (Buchbinder et al.,

2009), whereT candidates arrive sequentially but onlyB can be selected. An arriving candidate

at timet has abilityr t 2 (0; 1] drawn i.i.d. from a �nite set ofK levels of expertise. At each

round, if the decision-maker has remaining budget (i.e., has chosen less thanB candidates thus

far), they canaccepta candidate and collect the rewardr t , or reject the candidate. The goal is to

maximize the expected cumulative reward. 9.3.2.3 shows how the multi-secretary problem can

be formulated as an Exo-MDP.

We useT = f 5; 10; 100g; B = 3
5T; K = 4 for our experiments. With four expertise

levels the corresponding abilities for the expertise levels was chosen to bef 1=4; 1=2; 3=4; 1g.

The arrival process for the ability types is non-stationary and sinusoidal with a type-dependent

shift and frequency. Denotingpt
j as the arrival probability of a typej customer at timestept,

the distribution is as follows. First,p1
j is chosen to be uniformly at random from[0; 2� ]. Next,

the frequency for eachj is chosen to be uniformly from[0; �= 4]. The �nal arrival probabilities

pt
j are then chosen to be sinusoidal with that shift and frequency value. These values are then
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normalized appropriately to be a valid distribution.

In 5.2 we report the performance by evaluating each policy using dynamic programming

with the true arrivals distribution. The Greedy heuristic accepts the �rstB candidates regardless

of their quality. ML methods uses a single trace sampled from the non-stationary candidate arrival

process, and use a policy that maps a3-dim state (the rounds and budget remaining, and the

current candidate ability) to anacceptprobability. For the hindsight planner, we use Equation2

from Banerjee et al. (2020) which implements a linear program with2N variables.

9.7.3 Airline Revenue Management

Airline Revenue Management (Littlewood, 1972) is a special case of the multi-dimensional

Online Bin Packing (OBP) problem (recall that OBP exhibits vanishing hindsight bias via 9.7.1).

The agent has capacityBk for K different resources. At each round, the decision-maker observes

a requestA t 2 RK
+ (the consumed capacity in each resource dimension), alongside a revenue

f t . The algorithm can eitheracceptthe request (obtaining revenuef t and updating remaining

capacity according toA t ), or reject it (note that partial acceptance is not allowed). The goal of

the decision-maker is to maximize the expected revenue.

We useORSuite (Archer et al., 2022) as an ARM simulator with �xed capacity, iid. re-

quest types and job distribution. We useT = f 5; 10; 100g; K = 3, and2 request types. The start-

ing capacity for the three resources set to be[8; 4; 4]. The iid arrival distribution is(1=3; 1=3; 1=3)

(where the last category corresponds to no arrival). Job one arrivals have resource requests[2; 3; 2]

with revenue1, and job two arrivals have resource requests[3; 0; 1] with revenue2. This setting

satis�es a dual-degeneracy condition of the hindsight planner from Vera and Banerjee (2021)
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Figure 9.2: Sample of a thirty-day roll-out from the Azure Public Dataset. In?? we show a his-
togram of the various VM types and their corresponding cores and memory resources requested.
In ?? we plot the used cores over time on the observed trace, along with the capacity of the80-
node cluster simulated using MARO.

which shows large regret for existing heuristics on these problems.

The optimal policy is computed through dynamic programming. Both RL (Tabular Q-

learning) and HL (Hindsight MAC) were trained on the same dataset, which contained100traces.

In 5.2 we report the performance of the policies through Monte Carlo simulations averaged over

500 iterations.

9.7.4 Virtual Machine Allocation

Cloud computing has revolutionized the way that computing resources are consumed.

These providers give end-users easy access to state-of-the-art resources. One of the most crucial

components to cloud computing providers is the Virtual Machine (VM) allocator, which assigns

speci�c VM requests to physical hardware. Improper placement of VM requests to physical ma-

chines (henceforth referred to as PMs) can cause performance impact, service delays, and create

allocation failures. The VMs serve as the primary units of resource allocation in these models.

We focus on designing allocation policies at thecluster level, which are a homogeneous set of

physical machines with the same memory and CPU cores capacity.
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The cluster-speci�c allocator is tasked with the following:

• Coming VM requests ask for a certain amount of resources (CPU and memory requirements)

along with their lifetime. Resource requirements are varied based on the different VM requests.

• Based on the action selected by the allocator policy, the VM will be allocated to and be created

in a speci�ed PM as long as that PM's remaining resources are enough.

• After a period of execution, the VM completes its tasks. The simulator will then release the

resources allocated to this VM and de-allocate this VM from the PM.

9.7.5 Stylized Environment

We useMARO, an open source package for multi-agent reinforcement learning in operations

research tasks as a simulator for the VM allocator (Jiang et al., 2020b). In this scenario the VM

requests are uniformly sampled from the 2019 snapshot of the Azure Public Dataset (Cortez

et al., 2017). The cluster is a �ctitious one consisting of80 PMs that we found were similarly

over-provisioned as in real-world clusters. See?? to highlight the demand workload against the

cluster capacity for our experiment setup.

By default,MAROprovides reward metrics that can be used when specifying the objective

of the algorithm. The metrics provided include income, energy consumption, pro�t, number of

successful and failed allocations, latency, and total number of overloaded physical machines.

However, typical cloud computing systems run in anover-provisionedregime where the capacity

of the physical machines is larger than the demand in order to ensure quality of service to its

customers. As a result, any reasonable algorithm has no failed allocations. Hence, any reasonable

algorithm also has identical values for income, energy consumption, pro�t, etc.

229



Figure 9.3: Packing density for the Best Fit policy at one time-step. Each square corresponds to a
speci�c PM and the colour corresponds to what portion of that PMs capacity is currently utilized.
Red corresponds to fully used, green is completely empty. The packing density ignores the empty
(or green) PMs on the bottom and counts the cumulative utilization ratio for the remaining PMs.

For the reward function we instead considerr (s; a; � ) = � 100� Failed-Allocation �

1=Packing Density : The �rst component, one hundred times the number of failed alloca-

tions, helps to penalize the algorithms in training to ensure valid assignments for all of the VM

requests. The second component corresponds to thePacking-Density , computed via:

Packing-Density =

P
v2 V M Cores Usage vP

p2 P M 1[p is utilized]Capacity p

The numerator here is the total cumulative cores used for all of the VMs currently assigned

on the system. The denominator is the total capacity of all physical machines which are currently

utilized (i.e. have a VM assigned and currently running). The reason for picking this reward (and

the inverse of it) is that:

• It allows for an easily expressible linear programming formulation (see 9.4.5).

• For any two policies which allocate all virtual machines, packing density serves as a criteria to

differentiate the policies. An algorithm which has large packing density equivalently uses the
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physical machines ef�ciently so that unused PMs can be re-purposed, reassigned, or potentially

turned off.

• It serves as a proxy to ensure that the virtual machines are packed in as minimal number of

physical machines possible. This allows the allocator to be robust to hardware failures, where

entire physical machines are potentially rendered unusable.

See 9.3 for an illustration.

9.7.5.1 Simulator Fidelity

Our training procedure requires a faithful simulator of Virtual Machine allocation focused

at a cluster level to validate our experimental results. We found that theMAROsimulator captures

all �rst-order effects of cloud computing environments speci�cally at the cluster level. However,

there are several effects not included in the simulations:

• When a virtual machine arrives to the system, they request amaximumamount of CPU and

memory capacity that they can use. However, over time, any given VM request might only

use a fraction of their requested resources. Current cloud computing systems use anover-

subscriptionmodel where the requested memory and CPU cores for the VMs assigned to a PM

can surpass its capacity. However, when the total realized demand surpasses the PMs capacity,

all of the VMs assigned to that system are failed and migrated to a different PM. In contrast,

MAROassumes that each VM uses exactly its requested cores and memory over time, hence

eliminating the need to model over-subscription on the cluster level.

• Typical systems involve live migration where virtual machines can be moved between physical

machines without disrupting the VM request. This is used in order to eliminate stranding which
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Algorithm 2 Training Procedure inMARO

1: Input: number of roll-outs, number of actors, number of training iterations.
2: for each roll-outdo
3: For each actor, sample a random duration uniformly at random, and execute theBest Fit

heuristic on a historical dataset of that length starting from an empty cluster
4: For each actor, sample a one-hour trace of VM requests� i

5: for each actordo
6: Collect dataset of(st ; at ; � t ; r t ; st+1 ) pairs under the current policy� �

7: end for
8: Add collected dataset to current experience buffer
9: for each training iterationdo

10: Sub-sample batch from current collected dataset
11: Update policy by gradient descent along the sampled batch
12: end for
13: end for

occurs when a physical machine has only a few long-running virtual machines allocated to it.

However, such an operation is costly and requires a large amount of system overhead.

• Our neural networks explicitly use the VM's lifetime as a feature in the state. However, in true

cloud computing systems the lifetime is unknown. Only when a user decides to cancel a VM

does the system have access to that information. As such, it is typically observed in the trace

dataset but cannot be used in policy network design. We forgo this when modelling the policy

as unlike the dynamics of VM request types, lifetimes for a VM are typically easy to model

and these forecasts can be used as a replacement in the network representation (Hadary et al.,

2020).

We believe thatMAROserves as a high �delity simulator of the VM allocation problem at the clus-

ter level while providing open source implementation for additional research experimentation.

However, we complement these results in 5.7.3.2 with a real-world model of cloud computing

platforms.
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9.7.5.2 Training Implementation Details

2 presents the pseudocode for our training procedure usingMARO. We repeat the following

process for �ve hundred roll-outs. First, we created realistic starting state distributions by execut-

ing theBestFitheuristic for a random duration (greater than one day). Line 4 samples one-hour

traces of VM requests from the 2019 historical Microsoft Azure dataset. Then, in line �ve and

six, with �fteen actors in parallel we evaluate the current policy� � on the sampled VM request

trace, adding the dataset of experience to the experience buffer. Lines 9-11 samples batches of

size256where we update the policy and algorithmic parameters� by gradient descent on the loss

function evaluated on the sampled batch. This process repeats for �ve thousand gradient steps.

We implemented the training framework using PyTorch (Paszke et al., 2019) along with

MARO(Jiang et al., 2020b), and all experiments were conducted using the Microsoft Azure ML

training platform. For hyperparameters and neural network architectures for the Sim2Real RL

and Hindsight Learning algorithms, see 9.7.5.4. All experiments were run on the same compute

hardware and took similar runtimes to �nish. Runtime was dominated by theMAROsimulator

executing the roll-outs under the curent policy versus the HINDSIGHT calls or the ML model

updates. As such, each algorithm was essentially given the same computational budget.

To evaluate the trained policies we subdivided the Azure Public Dataset into a temporally

contiguous and non-overlapping training (�rst15 days) and test (last15 days) portions. For

evaluation we sampled �fty different one-day traces of VM requests from the held-out portion.

For each of the different traces, we executed the policy in parallel to a greedyBest Fit algorithm.

Each deep learning algorithm was evaluated over �ve different random seed initializations and

we tuned hyperparameters using grid search. All metrics are reported with respect to cumulative
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differences against the baselineBest Fit policy, alongside statistical signi�cance tests. In 5.2

we evaluate the number of machines required to pack the jobs. Negative numbers correspond to

fewer required PMs on average. Asterisks correspond to statistical signi�cance computed with

Welch's t-test with p = 0:05. In 9.4 we provide the performance metrics on the underlying

rewards as well.

9.7.5.3 Heuristic Algorithms

• Random: Picks a physical machine uniformly at random from the list of physical machines

which have capacity to service the current VM request.

• Round Robin: Allocates to physical machines in a round-robin strategy by selecting a physical

machine from the list of physical machines which have capacity to service the current VM

request that was least recently used.

• Best Fit: This algorithm picks a physical machine based on a variety of metric types.

– Remaining Cores: Picks a valid physical machine with minimum remaining cores

– Remaining Memory: Picks a valid physical machine with minimum remaining memory

– Energy Consumption: Picks the valid physical machine with maximum energy con-

sumption

– Remaining Cores and Energy Consumption: Picks a valid physical machine with min-

imum remaining cores, breaking ties via energy consumption

Similar heuristics to this are currently used in most large-scale cloud computing systems (Hadary

et al., 2020).
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• Bin Packing: Selects a valid physical machine which minimizes the resulting variance on the

number of virtual machines on each physical machine.

9.7.5.4 Sim2Real RL Algorithms

We also compared our Hindsight Learning approaches to existing Sim2Real RL algorithms

in the literature with custom implementation built on top of theMAROpackage. These include:

• Deep Q Network (DQN): DoubleQ-Learning algorithm from Van Hasselt et al. (2016).

• Actor Critic (AC) : Actor Critic algorithm implementation from Konda and Tsitsiklis (2000).

• Mean Actor Critic (MAC) : A modi�cation of the actor critic algorithm where the actor loss

is calculated along all actions instead of just the selected actions (Allen et al., 2017).

• Policy Gradient (VPG): A modi�cation of the vanilla policy gradient with a exogenous input

dependent baseline from Mao et al. (2019b). Instead of training a baseline explicitly, we use

QBest Fit
t (s; a;� � t ).

9.7.5.5 State Features, Network Architecture, and Hyperparameters

The state space of the VM allocation scenario is combinatorial as we need to include the

CPU and memory utilization of each physical machine across time to account for the lifetimes

of the VMs currently assigned to the PM. To rectify this, for each of the deep RL algorithms we

use action-dependent features when representing the state space. In particular, once a VM request

arrives, we consider the set of physical machines that are available to service this particular virtual

machine. Each (PM, VM) pair has associated state features, including:
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• The VM's CPU cores requirement, memory requirement, and lifetime

• The PM's CPU cores capacity, memory capacity, and type

• The historical CPU cores allocated, utilization, energy consumption, and memory allocated

over last three VM requests

The last component is serving as a proxy for the historical utilization of the PM across all time

to account for all VMs currently assigned to the PM. The �nal action dependent features cor-

responds to the concatenation of these state features for each valid PM to service the current

request.

We note that to use action-dependent features some of the algorithms required slight tweak-

ing to their implementations. In particular, when considering algorithms using a policy network

representation (i.e. policy gradient, actor critic, or mean actor critic) when executing the policy

we take� � = Softmax(� (s; a1); : : : ; � (s; aN )) wherea1; : : : ; aN is the set of physical machines

that can service the current request and(s; ai ) is the corresponding state-features for the physical

machineai .

For the actor and critic network representations in all algorithms we use a four layer

neural network with(32; 16; 8) hidden dimensions, an output dimension of one (due to the

action-dependent features), and LeakyReLU activation functions. For each of the algorithms

we use theRMSpropoptimization algorithm. We implemented the training framework using Py-

Torch (Paszke et al., 2019) andMARO. All experiments were run on the same compute hardware

and took similar runtimes to �nish. Runtime was dominated by theMAROsimulator executing

the roll-outs, and the ML model updates and HINDSIGHT oracle calls were quicker.

Lastly we provide a list of the hyperparameters used and which algorithm they apply to

236



when tuning algorithm performance.

Table 9.3: List of hyperparameters tuned over for the Sim2Real RL and Hindsight Learning al-
gorithms.

Hyperparameter Algorithm Values

Discount Factor DQN, AC, MAC, PG 0.9, 0.95, 0.99, 0.999
Learning Rate All Algorithms 0.05, 0.005, 0.0005, 0.00005, 0.000005
Entropy Regularization PG, AC, MAC 0, 0.1, 1, 10
Actor Loss Coef�cient AC, MAC 0.1, 1, 10, 100
Target Update Smoothing ParameterDQN 0.0001, 0.001, 0.01, 0.1

For concrete parameters evaluated and experiment results, see the attached code-base.

9.7.5.6 Training Performance

In 9.4 we include a plot of the loss curves for the various algorithms.

9.7.5.7 Testing Performance

In 9.4 we plot the performance of the algorithms on the true reward function. Here we

include the true reward considered:

r (s; a; � ) = � 100� Failed-Allocation � 1=Packing Density (s)

as well as simplyPacking Density (s). All measures are reported with a95%con�dence

interval, and computed as differences against theBest Fit allocation policy.
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Table 9.4: Performance of heuristics, Sim2Real RL, and Hindsight Learning algorithms on VM
allocation. Here we include the true reward metric the algorithms were trained on (negative
inverse of the packing density) and the packing density improvements on average.

Algorithm Performancer = � 1=Packing Density Packing Density

Performance Upper Bound 0:66� 0:29 :09%� 0:03%

Best Fit 0.0 0.0
Bin Packing � 64:44� 2:49 � 5:34%� 0:2%
Round Robin � 56:36� 2:65 � 4:67%� 0:22%
Random � 48:94� 2:33 � 4:08%� 0:19%

DQN � 1:00� 0:41 � 0:05%� 0:04%
MAC � 0:38� 0:033 � 0:03%� 0:00%
AC � 2:94� 0:61 � 0:21%� 0:06%
Policy Gradient � 1:03� 0:39 � 0:06%� 0:04%

H INDSIGHT MAC 0:18 � 0:093 0:05% � 0:00%
HINDSIGHT Q-DISTILLATION 0:08� 0:32 0:04%� 0:029%

9.7.6 Real-World VM Allocation

In this simulation we consider the more realistic setting of VM arrivals in continuous time

and where the allocation agent has no information about VM lifetimes. We avoid giving a con-

crete description of the reward function trained, cluster sizes, etc. to preserve the con�dentiality

of the cloud operator. However, we brie�y describe the training implementation details, heuristic

algorithms, as well as the hindsight heuristic used.

9.7.6.1 Heuristic Algorithms

5.3 summarizes the results of performance for three different algorithms: a). BestFit:

its performance is shown relative to aBestFit strategy used in production. This strategy fol-

lows a proprietary implementation that prioritizes between CPU and memory depending on their

scarcity; b). Hindsight Learning and Sim2Real RL: we adapt HINDSIGHT MAC (HL) and com-
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pare it with MAC Allen et al. (2017) (RL), where both used the same network architecture, which

embeds VM-speci�c and PM-speci�c features using a6-layer GNN. The resulting architecture is

rich enough to represent theBestFit heuristic, but can also express more �exible policies.

9.7.6.2 Training Implementation Details

We trained each algorithm over3 random seeds and evaluated5 rollouts to capture the

variation in the cluster state at the start of the evaluation trace. Unlike the other experiments, we

cannot account for the randomness in exogenous samples because we only have one evaluation

trace for each cluster. Error metrics are computed with a pairedt-test of valuep = 0:05.

9.7.6.3 Hindsight Heuristic

Due to the large scale of the real-world scenarios, even the linear relaxation of the integer

program was not tractable. Consequently, we resort here to using a carefully designedhindsight

heuristic(3) to derive HINDSIGHT(t; � ; s). The heuristic is based on prioritizing VMs according

to both their size and duration. See 3 for pseudocode.

In 9.5 we separately tested the accuracy of our heuristic for the hindsight planner (both by

comparing to the optimal in small instances, as well as by comparing to a lower bound given

in Buchbinder et al. (2021)), and concluded that the heuristic obtains a value that is within few

percentages of the optimum. We found that the dual gap of 3 was typically within4% of the

optimum.
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