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Neural networks have played a crucial role in scientific computing by providing data-

driven solutions to complex mathematical and physical problems. However, traditional

neural network solvers remain fundamentally limited in accuracy and lack interpretability,

as they operate as black-box models with no explicit mathematical structure. To address

these challenges, this thesis explores the Finite Expression Method (FEX), a symbolic

regression approach designed to enhance interpretability and accuracy in scientific com-

puting. FEX leverages deep reinforcement learning to discover interpretable mathematical

expressions, offering a principled approach to solving high-dimensional partial differential

equations (PDEs) and uncovering governing equations from experimental data. Despite

these advantages, both neural network solvers and FEX still require retraining for each

new equation or change in initial and boundary conditions, limiting their scalability and

adaptability.



To overcome these fundamental constraints, scientific computing is now transitioning

to the second stage, characterized by foundation models inspired by large language models.

These models are pretrained on diverse scientific data and employ in-context learning to

generalize across a wide range of problems without requiring instance-specific retraining. In

this thesis, we introduce FMint, a foundation model designed for the fast and accurate sim-

ulation of dynamical systems. FMint builds upon a decoder-only transformer architecture

and functions as an error corrector for coarse simulations, significantly improving accuracy

while maintaining computational efficiency. By learning from a broad set of dynamical

system trajectories, FMint generalizes well to out-of-distribution dynamics, demonstrating

superior performance compared to traditional neural network solvers.

This shift from single-instance solvers to foundation models marks a major trans-

formation in scientific computing. FMint exemplifies how pretrained models can serve as

a foundation for more advanced PDE solvers, demonstrating the potential of leveraging

large-scale pretraining and in-context learning for scientific applications. Its success high-

lights a broader direction for future research, where foundation models trained on diverse

physical systems can enable more generalizable, efficient, and interpretable solutions across

a wide range of computational science and engineering problems.
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Chapter 1: Introduction to the Dissertation

This dissertation focuses on a paradigm shift in solving scienti�c computing problems

using neural networks (NNs). Recent developments in NN-based solvers have transitioned

from single-instance solvers to generalizable solvers, which do not require retraining for each

problem instance and are data-e�cient. In Chapter 2, we introduce the Finite Expression

Method (FEX), a novel neural-symbolic approach leveraging reinforcement learning to solve

scienti�c computing problems with high accuracy and interpretability. In Chapter 3, we

explore the application of FEX in solving high-dimensional committor problems based on

the paper [1], which involves solving a backward Kolmogorov equation. FEX demonstrates

comparable or superior accuracy to traditional NN-based methods and, importantly, cap-

tures the underlying low-dimensional structures within the problem. In Chapter 4, we

demonstrate FEX's capability to identify physical laws on complex networks and highlight

its robustness against noisy data, based on the paper [2]. Despite its strong performance,

FEX currently requires retraining from scratch for each new system. Consequently, in

Chapter 5, we shift our attention toward developing a generalizable solver, namely a foun-

dation model, FMint, designed for the rapid simulation of dynamical systems, based on

the paper [3]. Finally, we conclude the dissertation in Chapter 6, summarizing our �ndings

and discussing potential future directions.
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1.1 Background

Partial Di�erential Equations (PDEs) play a crucial role in describing various natural

and physical phenomena, including heat conduction, 
uid dynamics, electromagnetism,

and quantum mechanics. These equations encapsulate the fundamental laws governing

continuous systems by expressing relationships between multiple variables and their rates

of change. PDEs serve as the backbone of mathematical modeling in scienti�c computing,

enabling researchers to predict system behaviors, analyze stability, and develop numerical

solutions for real-world applications. Their signi�cance extends to engineering, physics,

and biology, where accurate modeling of complex processes is essential for advancements

in technology and scienti�c understanding.

Recent years have witnessed a growing interest in applying NNs to scienti�c com-

puting tasks traditionally addressed by classical numerical methods. These scienti�c tasks

typically involve solving di�erential equations, uncovering underlying physical laws, and

modeling complex dynamical systems. Compared to conventional numerical methods such

as �nite di�erence and �nite element approaches, NN-based solvers provide rapid inference

speeds and exhibit high accuracy once properly trained. Popular NN-based frameworks

include the Deep Galerkin Method (DGM) [4] and Physics-Informed Neural Networks

(PINNs) [5], both of which embed physical knowledge directly into the training process

through specially designed loss functions.

Despite their notable success, NN-based solvers remain limited due to their inherent

\black-box" nature, leading to di�culties in interpreting their solutions and restricting their

applicability in scienti�c contexts. To overcome this challenge, symbolic regression (SR)

2



methods have emerged as attractive alternatives, providing explicit mathematical expres-

sions that o�er greater interpretability. Traditional SR methods seek explicit mathematical

solutions by optimizing mathematical operator sequences and coe�cients simultaneously,

resulting in human-readable mathematical forms. However, conventional SR techniques,

typically based on genetic programming [6], frequently su�er from redundancy in operators

and inaccuracies in the estimated coe�cients, thereby hindering their widespread adoption

for solving complex scienti�c problems.

Recent developments in SR [7{9], particularly those integrating deep learning tech-

niques such as recurrent neural networks (RNNs) [10] and transformers [11], have revitalized

this �eld, demonstrating improved accuracy on various regression benchmarks. Neverthe-

less, these advancements have not su�ciently resolved challenges speci�c to di�erential

equations or inverse problems. To address these limitations, this dissertation introduces

FEX, an innovative SR approach designed speci�cally for instance-speci�c scienti�c com-

puting problems. FEX utilizes reinforcement learning (RL) to perform combinatorial op-

timization over prede�ned symbolic expression trees, enabling accurate identi�cation of

optimal mathematical structures tailored to individual problem instances.

In addition, neural operators have emerged as a powerful framework for learning map-

pings between function spaces, making them particularly suitable for solving PDEs and

complex scienti�c computing problems. Unlike traditional neural networks, which operate

on �nite-dimensional inputs, neural operators generalize over continuous domains, allowing

them to learn solution operators independent of spatial discretization. One of the most

prominent neural operator architectures is the Fourier Neural Operator (FNO) [12], which

utilizes Fourier transforms to e�ciently model global dependencies in function mappings.
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Other notable developments include Deep Operator Networks (DeepONet) [13], which em-

ploy a dual-branch structure to encode function-space inputs, and Graph Neural Operators

(GNO) [14], which extend neural operator learning to irregular domains. More recently,

researchers have integrated attention mechanisms from transformers into neural operators,

enhancing their ability to capture long-range dependencies and multi-scale structures in

physical systems. These advancements have led to signi�cant improvements in solving

high-dimensional PDEs, 
uid dynamics problems, and physics-based inverse problems. By

providing mesh-invariant and e�cient approximations to complex operators, neural oper-

ators are bridging the gap between traditional numerical solvers and modern AI-driven

modeling approaches.

While methods like NN-based solvers and neural operators excel at instance-speci�c

solutions, they require retraining from scratch for each new scenario, limiting their e�-

ciency and scalability. To address this fundamental issue, the research community has

turned toward foundation models based on Generative Pretrained Transformer (GPT) ar-

chitectures, known for their strong generalization capabilities across diverse machine learn-

ing tasks. GPT-based foundation models, pretrained on extensive unlabeled datasets, have

demonstrated robust performance in areas such as natural language processing, computer

vision, and scienti�c domains. Recent e�orts to develop foundation models tailored for dif-

ferential equations have resulted in promising approaches, including Operator Transformer

(OFormer) [15], Denoising Pre-training Operator Transformer (DPOT) [16], Uni�ed PDE

Solvers (UPS) [17], and PROSE-FD [18], which e�ectively leverage transformer architec-

tures and advanced attention mechanisms to generalize across a variety of PDE-driven

tasks.

4



Building upon these advancements, this dissertation discusses FMint, a novel founda-

tion model speci�cally developed to achieve rapid, accurate, and generalizable simulations

of dynamical systems without requiring extensive retraining for each new problem. FMint

exempli�es a shift toward generalizable computational frameworks, bridging the gap be-

tween instance-speci�c methods like FEX and broader, scalable solutions necessary for

addressing complex, real-world scienti�c computing challenges.

In Chapter 2, we introduce the FEX methodology. In Chapter 3, we apply FEX

to solve high-dimensional committor problems, where we �nd that FEX can surpass the

accuracy of NN-based solvers by identifying the low-dimensional structure of the solution

to the Kolmogorov Backward Equation. In Chapter 4, we propose a fast algorithm of

FEX to identify physical laws on complex networks with high accuracy and robustness

against noisy data. In Chapter 5, we present FMint, a foundation model designed for rapid

simulation of dynamical systems. Finally, in Chapter 6, we summarize our �ndings and

discuss potential future directions.
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Chapter 2: The Finite Expression Method

2.1 Introduction of The Finite Expression Method

The �nite expression method (FEX) [19] is a brand-new symbolic approach to ad-

dressing scienti�c computing problems. It seeks the solution in the form of a mathematical

expression with a prede�ned �nite number of operators. The work
ow of FEX is depicted

in Figure 2.1. To implement FEX, the user needs to choose a binary tree of a �nite depth,

usually between 4 and 6. This tree is realized as a computer algebra expression. Each tree

node is associated with one operator, unary or binary. The input variables are propagated

through the tree by passing them through the leaf nodes. Each operator is equipped with a

set of parameters de�ning an a�ne operator acting on its input argument. Lists of possible

unary and binary operators are supplied by the user. Once the operators and parameters

have been assigned to all tree nodes, the binary tree can generate a mathematical expres-

sion. The set of operators and parameters minimizing the loss functional measuring how

well the expression �ts the PDE is sought by solving the mixed combinatorial optimization

problem.

To solve this mixed optimization problem, FEX uses a combinatorial optimization

method to search for the optimal choice of operators and a continuous optimization method

to identify the associated parameters of tree nodes. In combinatorial optimization, a rein-
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forcement learning approach is adopted to further reformulate combinatorial optimization

into continuous optimization over probability distributions. To accomplish this, FEX intro-

duces a controller network that outputs the probabilities of selecting each operator at each

node of the tree. As a result, the problem of selecting the best operators for the tree nodes

is reformulated as the problem of identifying the best controller network that can sample

the best operators. The optimization for the best controller is a continuous optimization

problem. The parameters of the controller network are trained using policy gradient meth-

ods to maximize the expected reward in the reinforcement learning terminology, which is

equivalent to minimizing the loss function. Therefore, the optimal choice of operators can

be determined by sampling from the output probabilities of the best controller network

with high probability.

2.1.1 The Functional Space of Finite Expressions

FEX approximates the solution of a PDE in the space of functions with �nitely many

operators. Therefore, it is important to formally de�ne the functional space in which the

solution is sought.

De�nition 2.1.1 (Mathematical expression [19]). A mathematical expression is a combi-

nation of symbols, which is well-formed by syntax and rules and forms a valid function.

The symbols include operands (variables and numbers), operators (e.g., \+", \sin", integral,

derivative), brackets, and punctuation.

De�nition 2.1.2 (k-�nite expression [19]). A mathematical expression is called ak-�nite

expression if the number of operators in this expression isk.
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Figure 2.1: Representation of the components of our FEX implementation. (a) The search-
ing loop for the symbolic solution encompasses multiple stages, namely expression genera-
tion, score computation, controller update, and candidate optimization. (b) Illustration of
the expression generation with a binary tree and a controller� . The controller produces
probability mass functions for each node of the tree, enabling the sampling of node values.
Furthermore, we incorporate learnable scaling and bias parameters to generate expressions
based on the prede�ned tree structure and the sampled node values.

De�nition 2.1.3 (Finite expression method [19]). The �nite expression method is a

methodology to solve a regression problem numerically by seeking a �nite expression such

that the resulting function solves the problem approximately.

We denoteSk the functional space that consists of functions formed by �nite expres-

sions with the number of operators less than or equal tok.
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2.1.2 The Mixed Combinatorial Optimization Problem in FEX

The loss functional L in FEX is problem-dependent. Reasonable choices include

the least-squares loss as in [4, 20, 21], a variation formulation as in [22, 23], and a weak

formulation as in [24,25]. In FEX, the solution is found by solving the mixed combinatorial

optimization problem

min
u2 S

L (u); (2.1)

where the solution spaceSFEX � Sk will be elaborated in Section 2.1.3.1.

2.1.3 Implementation of FEX

The computational work
ow of FEX starts with the construction of a binary tree.

Each tree node contains either a unary or binary operator. The solution candidateu is

obtained by the evaluation of the function represented by the binary tree. Next, the mixed

combinatorial optimization (4.3) is applied to adaptively select the optimal operators in

all tree nodes. The goal of the mixed combinatorial optimization is to identify operators

that can recover the structure of the true solution.

2.1.3.1 Finite Expressions with Binary Trees

FEX uses a binary treeT structure to represent �nite expressions as illustrated in

Figure 2.2. The sets of unary and binary operator candidates,U and B, usually four of each

kind, are selected for each problem by the user. Examples of unary and binary operators
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Figure 2.2: Computational rule of a binary tree. Each node within the binary tree holds
either a unary or a binary operator. Initially, we outline the computation 
ow of a depth-1
tree comprising a solitary operator. Subsequently, for binary trees extending beyond a
single layer, the computation process is recursively executed.

are, respectively,

sin; exp; log; Id; (�)2;
Z

�dx i ;
@�

@xi
; � � � and +; � ; � ; � ; � � � :

Each unary operator acts element-wise and is equipped with scaling parameters� i , i =

1; : : : ; d, and a bias parameter� that are applied to its output element-wise, for example,

� 1 sin(x1) + : : : + � d sin(xd) + �:

The set of all parameters for all unary operators is denoted by� . Then, the entire

expression is obtained by a preorder traversal of the operator sequencee of the binary tree

T . Therefore, such �nite expression is denoted byu(x ; T ; e; � ) as a function in x . For a

�xed T , the maximal number of operators is bounded from above by a constant denoted
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as kT . In FEX,

SFEX = f u(x ; T ; e; � ) j e 2 U [ Bg (2.2)

is the functional space in which we solve the PDE. Note thatSFEX � SkT . The compu-

tation 
ow of the binary tree T works recursively from the leaf nodes. The unary operators

at leaf nodes are applied on the inputx elementwise, and the scaling� transforms the

dimension fromRd to R. Then, the computation follows a bottom-up manner recursively

until the 
ow reaches the tree root.

2.1.3.2 Implementation of FEX

Thus, the FEX solution u(x ; T ; e; � ) is obtained by solving the mixed combinatorial

optimization problem of the form

min
e;�

L (u(�; T ; e; � )) : (2.3)

To achieve this, FEX proceeds in two stages. It �rst optimizes the selection of operator

sequencee that identi�es the structure of the true solution. Then it optimizes the parameter

set � to minimize the funtional (2.3). The framework of FEX consists of four parts.

1. Score computation.To identify the structure of the solution, FEX uses a mix-order

optimization algorithm to evaluate the score of the operator sequencee.

2. Operator sequence generation.FEX employs a neural network (NN) to model a con-

troller that outputs a probability mass function to sample optimal operator sequences.
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3. Controller update. Based on the reward feedback of generated operator sequences,

the controller is updated to generate good operator sequences.

4. Candidate optimization. Within the search loop, FEX maintains a pool of top-

performing operator sequences. After training, a �ne-tuning step is performed for

each candidate in the pool to obtain the best operator sequence as the approximation

to the solution.

Each of these parts will be elaborated on in the next sections.

2.1.3.3 Score Computation

The score of an operator sequencee is an essential part of training, as it guides the

controller to update parameters to output optimal probability mass functions to sample

good operators. We de�ne the score ofe, S(e), by

S(e) :=
�
1 + L(e)

� � 1
; where L(e) := min fL (u(�; T ; e; � )) j� g: (2.4)

As L(e) approaches zero,S(e) increases up to 1. To e�ciently evaluate the scoreS(e), the

following hybrid mix-order optimization approach is utilized for updating the parameter� .

Let � e
0 be the initial guess for� for given e. First, T1 steps of a �rst-order optimization

algorithm (e.g., the stochastic gradient descent [26] or Adam [27]) are performed resulting

in � e
T1

. Then T2 steps of a second-order optimization algorithm (e.g., Newton's method [28]

or BFGS [29]) are made resulting in� e
T1+ T2

. Finally, the score of the operator sequencee
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is obtained as

S(e) �
�
1 + L(u(�; T ; e; � e

T1+ T2
))

� � 1
: (2.5)

2.1.3.4 Operator Sequence Generation

The goal of the controller is to output operator sequences with high scores during

training. The controller � with parameters � will be denoted by � � . For an operator

sequencee with s nodes, the controller� � outputs probability mass functions p i
� , i =

1; � � � ; s. Then, the operatorej is sampled fromp j
� . In addition, the � -greedy strategy [30]

is used to encourage exploration in the operator set. With probability� < 1, ei is sampled

from a uniform distribution of the operator set and with probability 1 � � , ei is sampled

from p i
� .

2.1.3.5 Controller Update

The goal of the controller� � is to output optimal probability mass functions, from

which the operator sequencee with high scores are highly likely to be sampled. We model

the controller � � as a neural network parameterized by �. The training objective is to

maximize the expected score of a sampled operator sequencee, i.e.

J (�) := Ee� � � S(e): (2.6)
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The derivative of (2.6) with respect to � is

r � J (�) = Ee� � �

(

S(e)
sX

i =1

r � log
�
p i

� (ei )
�

)

; (2.7)

wherep i
� (ei ) is the probability of the sampledei . Let N denote the batch size. The batch

f e(1) ; e(2) ; � � � ; e(N )g is sampled under� � each time. Then the expectation (2.7) can be

approximated by

r � J (�) �
1
N

NX

k=1

(

S(e(k))
sX

i =1

r � log
�
p i

� (e(k)
i )

�
)

: (2.8)

In turn, the model parameter � is updated by gradient ascent, i.e., �  � + � r � J (�).

However, in practice, the goal is to obtain the operator sequencee with the highest score,

instead of optimizing the average scores of all generated operator sequences. Therefore,

following [31], we consider

J (�) = Ee� � � f S(e)jS(e) � S�; � g; (2.9)

where S�; � represents the (1� � ) � 100%-quantile of the score distribution generated by

� � . In a discrete form, the gradient computation becomes

r � J (�) �
1
N

NX

k=1

(

(S(e(k)) � Ŝ�; � )1f S(e( k ) )� Ŝ�; � g

sX

i =1

r � log
�
p i

� (e(k)
i )

�
)

; (2.10)

where1 is an indicator function that takes value 1 if the condition is true and otherwise 0,

and Ŝ�; � is the (1� � )-quantile of the scores inf S(e(i ))gN
i =1 .
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2.1.3.6 Candidate Optimization

As introduced in Section 2.1.3.3, the score ofe is based on the optimization of a

nonconvex function. Therefore, the score obtained by coarse-tuning withT1 + T2 iterations

may not be a good indicator of whethere recovers the underlying structure of the solution.

Therefore, it is important to keep a poolP of �xed size K , which adaptively keeps the

top K candidate operator sequencese. After the search is �nished, for eache 2 P, the

objective function L (u(�; T ; e; � )) is �ne-tuned over � using a �rst-order algorithm with a

small learning rate forT3 iterations.
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Chapter 3: Finite Expression Method for Solving High-Dimensional Com-

mittor Problems

3.1 Introduction

Understanding the transition events of a stochastic system between disjoint metastable

states is of great importance in many branches of applied sciences [32{36]. Examples of

such transition events include conformational changes of biomolecules and dislocation

dynamics in crystalline solids. In this work, we focus on the overdamped Langevin

process as the underlying dynamics:

dx t = �r V (x t ) dt +
q

2� � 1dw t ;

wherex t 2 
 � Rd is the state of the system at timet, V : Rd ! R is a smooth and coercive

potential function, � � 1 = kB T is the absolute temperature times the Boltzmann constant,

and w t is the standardd-dimensional Brownian motion. The invariant probability density

for the overdamped Langevin dynamics (3.1) is given by

� (x) = Z � 1
� exp(� �V (x)); Z � =

Z

Rd
exp(� �V (x))dx: (3.1)

In real-world applications, the dimensiond is typically high, leading to the major numerical
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di�culty of concern in this paper.

Transition path theory (TPT) [37, 38] is a mathematical framework for the quanti-

tative description of statistics of transition events. The committor function is a central

object in TPT. The reaction rate, the reaction current, i.e., the vector �eld delineating the

transition process, and the density of transition paths are expressed in terms of the com-

mittor. For two disjoint regions A and B in 
 chosen by the user, the committor function

q(x) is de�ned as

q(x) = P(� B < � A jx0 = x);

where � A and � B are the hitting times for the setsA and B, respectively. The committor

function is the solution to the boundary-value problem (BVP) for the backward Kolmogorov

equation

� � 1� q � r V � r q = 0; x 2 
 AB := 
 n( �A [ �B ); (3.2)

q(x)j@A= 0; q(x)j@B = 1;

@q
@̂n

= 0; x 2 @
 ;

wheren̂ is the outer unit normal vector.

An analytical solution to equation (3.2) can be found only in special cases. Otherwise,

BVP (3.2) must be solved numerically. However, the curse of dimensionality makes tradi-

tional numerical schemes, such as �nite di�erence and �nite element methods, prohibitively

expensive whend > 3. To address this issue, alternative methods based on ideas borrowed

from data science and machine learning have been emerging.
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3.1.1 Prior Approaches to Solving the Committor Problem in High Dimen-

sions

To the best of our knowledge, the �rst high-dimensional committor solver was intro-

duced by Lai and Lu [39] relying on the assumption that the dynamics were concentrated

near a low-dimensional manifold. The authors constructed a linear system for the commit-

tor problem via introducing local meshes on patches of the point cloud and corrected the

entries of the resulting sti�ness matrix afterward to make it symmetric. While this idea is

elegant, we found that it su�ers from a lack of robustness when the intrinsic dimension of

the system varies throughout the phase space.

Neural network-based committor solvers were introduced in [40{42]. They exploit the

fact that BVP (3.2) admits a variational formulation

arg min
f 2C1 (
 AB )

f (x )j@A=0 ; f (x )j@B=1

Z


 AB

jr f (x)j2� (x)dx; (3.3)

where� is the invariant density (3.1). The committor is approximated by a solution model

involving a neural network which is trained to minimize the objective function (3.3). In [41],

the boundary conditions for the committor are built in the solution model, while in [40] they

are enforced by means of penalty functions. The solution models in these works are also

di�erent. The model [40] involves Green's functions to facilitate accurate approximation

of the committor at high temperatures, while the model in [41] is advantageous for low

temperatures as it allows for training points generated using enhanced sampled algorithms.

The accuracy of both of these solvers is limited by the accuracy of Monte Carlo integration
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as the integral in (3.3) is approximated as a Monte Carlo sum.

Gao et al. [43] presented a data-driven approach to e�ciently compute transition

paths using optimal control theory and discrete Markov processes. Their method excels

in identifying low-dimensional sturctures, enhancing the simulation of rare events. Simi-

larly, [44] introduced a stochastic optimal control formulation to compute transition paths

in Markov jump processes over an in�nite time horizon. It establishes a framework using

the Girsanov transformation to minimize the relative entropy of path measures, e�ectively

identifying the committor function as a critical tool for determining optimal paths. By

using di�usion maps to learn reaction coordinates, the authors of [45] reduced the prob-

lem's dimensionality and proposed an unconditionally stable �nite volume scheme for the

corresponding Fokker-Planck equation on the manifold.

A committor solver based on tensor train representations was introduced in [46]. This

approach is shown to be suitable even for committor problems for discretized stochastic

partial di�erential equations and yields an accurate solution if the natural computational

domain is box-shaped. However, it can su�er from low accuracy when the geometry of

the problem is more complicated so that the involved functions (the committor, the invari-

ant density, etc.) cannot be represented accurately by linear combinations of a few basis

polynomials.

Finally, techniques based on di�usion maps [47{49] are suitable for �nding committors

in high dimensions provided that the intrinsic dimension of the problem is not very high, e.g.

d = 4. These approaches feature approximations to the backward Kolmogorov operator in

(3.2) using di�usion kernels and various renormalizations accounting for enhanced sampling

data and anisotropic and position-dependent di�usion resulting from the use of physically
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motivated dimensional reduction. The committor function is found on the data points.

The accuracy of this approach is limited by Monte Carlo integration and a �nite bandwidth

parameter inherent to the construction.

3.1.2 The Goal and a Brief Summary of Main Results

FEX is capable of �nding solutions to PDEs with machine precision provided that the

exact solutions can be approximated as algebraic expressions involving a relatively small

number of nonlinear functions and binary operations. This was demonstrated on a series of

test problems of dimensions up to 50. In FEX, the problem of solving a PDE numerically is

transformed into a mixed optimization problem involving both combinatorial optimizations

for operator selection and continuous optimization for trainable parameters.

In this chapter, we investigate FEX as a committor solver, understand its strengths

and limitations, and identify routes for further improvements. The committor problem

arising in applications is often high-dimensional. Furthermore, the phase space 
 of the

underlying stochastic process is often unbounded, and hence the computational domain

needs to be chosen by the user wisely. The setsA and B are often chosen to be balls,

ellipsoids or potential energy sublevel sets surrounding two selected local minima of the

potential energy. This choice always makes the computational domain nonconvex and

the functional dependence of the solution on phase variables nontrivial. Therefore, the

committor problem in high dimensions presents a challenge for FEX that is worthy of

exploring. We emphasize, that the test problems in [19] all had exact solutions given by

short formulas { the fact that is not true for the committor problem.
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In this work, we adapt FEX approach to the committor problem, discuss its setup and

implementation, and apply it to a number of test problems. The test problems include the

double-well potential with hyperplane boundaries as in [40, 46], the double-well potential

with sublevel sets boundaries, concentric spheres as in [40], rugged Mueller's potential with

as in [40], and butane. Our �ndings are the following.

1. On the benchmark test problems, FEX performs comparably or better than neural

network-based solvers.

2. Remarkably, FEX is capable of capturing the algebraic structure of the solution, i.e.

identifying variables or combinations of variables on which the solution depends and

does not depend. This allows for dimensional reduction and the use of traditional

highly accurate methods such as Chebyshev spectral methods or �nite element meth-

ods to �nd the solution with the desired precision. This ability is unique to FEX. The

other high-dimensional committor solvers mentioned in Section 3.1.1 do not have it.

3.1.3 The Solution Model for the Committor Problem

In this paper, we parameterize the committor functionq(x) by a FEX binary tree

q� := f q(x ; T ; e; � )je; � g 2 SFEX:

We use the fact that the committor problem (3.2) admits the variational formulation
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(3.3) and choose the variation loss functional as in [40] given by

L (u) =
Z


 AB

kr u(x)k2 � (x)dx + ~c
Z

@A
u(x)2dm@A(x) + ~c

Z

@B
(u(x) � 1)2 dm@B(x): (3.4)

Here � is the invariant density (3.1) and m@A; m@B are the user-chosen measures on the

boundariesA and B, respectively. The advantage of this form is that it requires evaluation

of only the �rst derivatives of solution candidates, unlike the least squares loss. This saves

the runtime. The boundary conditions in (3.2) are enforced by means of penalty terms

which is simple and convenient. As noted in [40], in the high-temperature regime, i.e.,

whenT ! 1 thus � ! 0, the backward Kolmogorov equation (3.2) converges to Laplace's

equation with a Dirichlet boundary condition. Therefore, the solution near boundaries@A

and @Bare dictated asymptotically by the fundamental solution

�( x) :=

8
>>>>><

>>>>>:

� 1
2� logjx j (d = 2) ;

�( d=2)
(2� )d= 2 jx jd� 2 (d � 3);

(3.5)

where �( �) is the gamma function. Considering the singular behavior of the committor

function, we model the committor function as

q(x) = q1SA (x � yA ) + q2SB (x � yB ) + q3; (3.6)

whereyA and yB are the centers ofA and B, SA (x � yA ) and SB (x � yB ) are fundamental

solutions (3.5), andq1; q2 and q3 are three FEX binary trees to be optimized. The com-

putation 
ow is illustrated in Figure 3.1. The FEX algorithm for solving the committor
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problem is presented in Algorithm 1.

Figure 3.1: The representation of the computation 
ow of solving for (3.4). The committor
function q is represented by the summation of three \FEX trees", two of which are weighted
with 1

jx jd� 2 type singularities.

3.2 Numerical Experiments

In this section, the performance of FEX on a collection of benchmark test problems is

examined. All test problems are set up in high-dimensional ambient spaces. All these prob-

lems admit variable changes reducing them to low-dimensional problems. We demonstrate

that FEX is e�ective at identifying this low-dimensional structure automatically. Thus,

our main objective in this section is to illustrate the capabilities of FEX in the following

ways.

1. FEX demonstrates comparable or higher accuracy compared to the neural network

method.

2. FEX excels in identifying the low-dimensional structure inherent in each problem.
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Algorithm 1 Coe�cient �ltering FEX with a �xed tree to solve committor functions
Input: PDE and the associated functionalL ; A tree T ; Searching loop iterationT; Coarse-
tune iteration T1 with Adam; Coarse-tune iterationT2 with BFGS; Fine-tune iteration T3

with Adam; Pool sizeK ; Batch sizeN ; Coe�cient �ltering threshold � .
Output: The solution u(x ; T ; ê; �̂ ).

1: Initialize the agent � for the tree T
2: P  fg
3: for from 1 to T do
4: SampleN sequencesf e(1) ; e(2) ; � � � ; e(N )g from �
5: for n from 1 to N do
6: Optimize L (u(x ; T ; e(n) ; � )) by coarse-tune withT1 + T2 iterations.
7: Compute the rewardR(e(n)) of e(n)

8: if e(n) belongs to the top-K of S then
9: P.append(e(n))

10: P pops somee with the smallest reward when overloading
11: end if
12: end for
13: Update � using (2.10)
14: end for
15: for e in P do
16: Fine-tune L (u(x ; T ; e; � )) with T3 iterations, apply coe�cient �ltering with thresh-

old � .
17: end for
18: return the expression with the smallest �ne-tune error.
Description: This algorithm presents a procedure for solving committor functions using
the Coe�cient Filtering FEX approach. The algorithm utilizes a �xed tree structure and
incorporates coe�cient �ltering to remove trivial coe�cients below the threshold � . By
iteratively optimizing the associated functionalL , the algorithm identi�es and �ne-tunes the
expression with the smallest �ne-tune error, ultimately providing the solutionu(x ; T ; ê; �̂ ).

3. Once FEX successfully identi�es the low-dimensional structure, we can achieve arbi-

trary accuracy by solving the reduced low-dimensional problem (3.2) using spectral

methods or �nite element methods.

The committor problem (3.2) seldom admits an analytical solution. Therefore, in

order to evaluate the accuracy of FEX one needs to �nd a highly accurate solution by

another method. We use the �nite element method (FEM) for this purpose.

Prior to delving into the subsequent benchmark problems, we shall provide a concise
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overview of the convergence analysis associated with the FEM. The signi�cance of dis-

cussing the error estimate for the �nite element method holds a two-fold importance in our

numerical experiments. Firstly, in line with our previously stated primary objective, the

comparison of the relative error between the neural network method and the ground truth

solution, as well as the relative error between FEX and the ground truth solution, requires

the use of a highly accurate �nite element method as the reference solution. Secondly,

as part of our third objective, once the low-dimensional structure of the problem (3.2)

has been identi�ed, we propose to use the spectral method and �nite element method to

solve the low-dimensional ODE (or PDE) (3.2), both of which possess a robust theoretical

foundation for achieving arbitrary accuracy.

As mentioned in Theorem 5.4 of [50], the �nite element method utilizing piecewise

linear basis functions to address elliptic PDEs within a convex two-dimensional domain also

showcases quadratic convergence of the numerical solution towards the exact solution with

respect to step sizeh. It is important to note that Theorem 5.4 presented in [50] provides

preliminary error estimates with certain limitations. Firstly, these theorems were derived

in the context of a simpli�ed elliptic PDE with only the second order term. Therefore, its

applicability to our problem (3.2) needs to be considered carefully. Additionally, Theorem

5.4 [50] assumes a convex domain 
, whereas our benchmark problems involve non-convex

domains. Despite these limitations, these theorems serve as a starting point for determining

an appropriate step sizeh and assessing the overall accuracy of our benchmark results. In

the subsequent benchmark problems, where the �nite element method is employed as the

reference solution, we speci�cally utilize piecewise linear basis functions, but the choice of

the step sizeh is tailored for each individual case.
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As a data-driven solver, FEX requires a set of training points as input. The variational

loss functional (3.4) assumes two kinds of training points:Nbdry boundary points lying on

@A[ @Band N 
 AB interior points lying in 
 AB . In our experiments, we useNbdry = 2000

and keep the ratio

Nbdry

N 
 AB

=: 2�

between 1=10 to 1=100. To evaluate the accuracy, we use the relativeL2 error

E =
kq� � qkL 2 (� )

kqkL 2 (� )
;

whereq� represents the numerical solution obtained through either the neural network (NN)

or FEX methods, whileq denotes the reference solution characterized by its high accuracy.

The loss functional (3.4) can be rewritten as a single expectation

L (q) = E�

�
jr q(x)j2� 
 AB (x) + ~cq(x)2� @A(x) + ~c(q(x) � 1)2� @B(x)

�
; (3.7)

where� is the mixture measure� (x) = � (x) + m@A(x) + m@B(x) with � being the invariant

density given by (3.1) andm@A, m@B are uniform measures on the boundaries@Aand @B,

respectively.

For FEX, we employ a binary tree of depth eitherL = 3 or L = 5. From Figure 2.2,

it can be observed that a depth-3 tree has two leaf nodes, whereas a depth-5 tree has

four leaf nodes. These leaf nodes are labeled in a left-to-right order. For example, in

the case of a depth-5 tree, the leftmost leaf node is labeled as leaf 1, and the rightmost

leaf node is labeled as leaf 4. We select the binary setB = f + ; � ; �g and the unary set
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U = f 0; 1; Id; (�)2; (�)3; (�)4; exp; sin; cos; tanh; sigmoidg to form the mathematical equation.

Notably, we include the tanh and sigmoid functions inU due to the often observed sharp

transitions in committor functions within high-dimensional spaces. Additionally, we include

the (�)2 operator, as the committor function is often related to the spherical radius of the

problem. We present a selection of algebraic formulas identi�ed by FEX in the following

examples.

3.2.1 The Double-Well Potential with Hyperplane Boundary

The �rst example features the committor problem (3.2) with the double-well potential

[40,46]

V(x) =
�
x2

1 � 1
� 2

+ 0:3
dX

i =2

x2
i ; (3.8)

and

A =
n
x 2 Rd j x1 � � 1

o
; B =

n
x 2 Rd j x1 � 1

o
:

We set d = 10. Note that this problem is e�ectively one-dimensional, as the committor

depends only on the �rst component ofx, x1, and is the solution to

d2q(x1)
dx2

1
� 4�x 1

�
x2

1 � 1
� dq(x1)

dx1
= 0; q(� 1) = 0; q(1) = 1 : (3.9)

The solution to (3.9) is given by

q(x1) =
Rx1

� 1 e� (y2 � 1)2
dy

R1
� 1 e� (y2 � 1)2 dy

:
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Now we let FEX �nd out that the solution depends only on x1. We model the

committor function q(x) as a single depth-3 FEX treeJ (x) as there is no singularity. When

the temperature� � 1 is low, sampling from the invariant density gives too few samples near

the transition state at x = 0. So, following [40], we samplex1 uniformly on [� 1; 1], and

(x2; � � � ; xd) from a (d � 1)-dimensional Gaussian distribution. This sampling density is

accounted for in the Monte Carlo integration of the loss functional (3.7) resulting in

L (q) =
1

N 
 AB

N 
 ABX

j =1

jr q(x j )j
2 exp

�

� �
�
(x1)2

j � 1
� 2

�

R1
� 1 exp

�

� �
�
(x1)2

j � 1
� 2

�

dx1

+
~c

Nbdry

Nbdry=2X

j =1

h
q(y j )2 + (1 � q(zj ))2

i
; (3.10)

wherex j 2 
 AB , j = 1; : : : ; N
 AB , and y j 2 @A, zj 2 @B.

We consider� � 1 = 0:2 and � � 1 = 0:05, respectively. At� � 1 = 0:2, the expression of

J (x) found by FEX is

leaf 1: Id ! � 1;1x1 + : : : + � 1;10x10 + � 1

leaf 2: tanh ! � 2;1 tanh(x1) + : : : + � 2;10 tanh(x10) + � 2

J (x) = � 3 tanh(leaf 1 + leaf 2) + � 3;

where � 3 = 0:5; � 3 = 0:5. The rest parameters in leaf 1 and leaf 2 are summarized in

Table 3.1. It is evident that only the coe�cients for x1 and tanh(x1) are nonzero. We plot

the FEX committor function and its error with the true committor function in Figure 3.2.

We also summarize the numerical results in Table 3.2 and Table 3.3.
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node � 1 � 2 � 3 � 4 � 5 � 6 � 7 � 8 � 9 � 10 �
leaf 1: Id 1:6798 0:0 0:0 0:0 0:0 0:0 0:0 0:0 0:0 0:0 0:0
leaf 2: tanh 1:9039 0:0 0:0 0:0 0:0 0:0 0:0 0:0 0:0 0:0 0:0

Table 3.1: Coe�cients of leaves of depth-3 FEX binary treeJ for double-well potential
with hyperplane boundary problem whenT = 0:2. We would like to emphasize that,
in the �ne-tuning stage of the FEX algorithm, we employ coe�cient �ltering mentioned
in Algorithm 1 with a threshold of � = 0:05 to e�ectively eliminate trivial coe�cients.
Therefore, the result clearly shows that FEX identi�es the structure of the committor
function q(x1), enabling post-processing techniques, such as spectral method.

method E ~c
No. of samples in


 AB
� No. of testing samples

NN [40] 5:40� 10� 3 50 2:0 � 104 1/20 1:0 � 105

FEX 3:51� 10� 3 50 2:0 � 104 1/20 1:0 � 105

Table 3.2: Results for the double-well potential with hyperplane boundary when� � 1 = 0:2.

Clearly, FEX successfully identi�es that the committor q(x) depends only on the

�rst coordinate x1. This allows us to reduce the problem to 1D and obtain a machine

precision solution to (3.9) using the Chebyshev spectral method ( [51], programp13.m).

Since equation (3.9) is linear, the boundary conditions are enforced by decomposing the

solution asq(x1) = u(x1)+ ub(x1) whereu(x1) satis�es the same equation with homogeneous

boundary conditions andub(x1) is any smooth user-chosen function that satis�esub(� 1) = 0

and ub(1) = 1, e.g., ub(x1) = 0 :5(x1+1). Then the problem for u(x1) becomesL 1u = �L 1ub

where L 1 is the di�erential operator in the left-hand side of (3.9). About 80 collocation

points are enough to achieve the error of the order of 10� 16. The computed solution in

the form of a Chebyshev sum is evaluated at any pointx i 2 [� 1; 1] using Clenshaw's

method [52] (see Section 3.7.1).
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(a) Committor function and FEX (b) Error of FEX when solving (3.4)

Figure 3.2: The committor function for the double-well potential alongx1 dimension when
� � 1 = 0:2 for an arbitrary (x2; � � � ; xd) with d = 10.

method E ~c
No. of samples in


 AB
� No. of testing samples

NN [40] 1:20� 10� 2 0.5 2:0 � 104 1/20 1:0 � 105

FEX 5:50� 10� 3 0.5 2:0 � 104 1/20 1:0 � 105

Table 3.3: Results for the double-well potential with hyperplane boundary when� � 1 = 0:05.

3.2.2 The Double-Well Potential with Sublevel Set Boundary

In this example, we still consider the double-well potential (3.8), but with a more

challenging boundary condition. Namely, we consider the sublevel sets boundaries,

A =
n
x 2 Rd j V (x) < Va; x1 < 0

o
; B =

n
x 2 Rd j V (x) < Vb; x1 > 0

o
:

In this case, the committor functionq solves the following equation

r � (exp(� �V ) � r q) +
d � 2

r
exp(� �V )

dq
dr

= 0;

q(x)j@A= 0; q(x)j@B = 1;
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where the committor function depends onx1 and r =
q

x2
2 + � � � + x2

d, i.e., q = q(x1; r ).

The values of the parameters are as follows:Va = 0:2; Vb = 0:2; d = 10. Given the non-

convex nature of the problem domain, the �nite element method (FEM) is employed as the

benchmark solution. We choose the mesh sizeh = 0:02. The discrepancy error between

the �nite element solution and the exact solution in thekLk1 -norm is estimated to be

approximately of the order ofO(10� 4) to O(10� 5). When � is small, the committor q is

more heavily dependent on the radiusr , whereas as� increases, it e�ectively depends only

on x1. Therefore, we experiment with di�erent values of� and compare the performance

of FEX and that of a neural network-based solver. We use a depth-5 FEX tree.

� method E ~c
No. of samples in


 AB
� No. of testing samples

3.0 NN 0:372 50 2:0 � 104 1/20 2:0 � 104

3.0 FEX 0:358 50 2:0 � 104 1/20 2:0 � 104

10.0 NN 0:021 50 2:0 � 104 1/20 2:0 � 104

10.0 FEX 0:009 50 2:0 � 104 1/20 2:0 � 104

Table 3.4: Results for the double-well potential with sublevel sets boundaries.

From Table 3.4, we observe that FEX consistently outperforms NN for various tem-

peratures. Furthermore, when� = 3:0, FEX could indeed identify the structure of the

committor function, i.e., q(x1; r ). While when � = 10:0, the problem essentially reduces

to a 1D problem, and FEX is able to identify such change of pattern. In comparison, NN

based methods are unable to retrieve such geometric information. The numerical solutions

by FEM and by FEX are displayed in Fig. 3.3. From Figure. 3.4, we observe that for

� = 3:0, point clouds generated from the invariant density (3.1) are sparse near and be-

tween boundariesA and B. In contrast, for � = 10:0, the data coverage is more su�cient.

This is challenging for any data-driven approaches, which explains the relatively large er-
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(a) � = 3 :0 committor function (FEM) (b) � = 3 :0 committor function (FEX)

(c) � = 10:0 committor function (FEM) (d) � = 10:0 committor function (FEX)

Figure 3.3: Committor function for the double-well potential with sublevel sets boundary.
As � increases, the problem transforms from a 2D problem to a 1D problem, and FEX can
capture such behavior of the committor function.

rors for both FEX and neural network-based methods for� = 3:0. Nevertheless, FEX is

still able to identify the low-dimensional structure of the problem in such a data-scarce

regime, i.e.,q := q(x1; r ).

3.2.3 Concentric Spheres

In this example, we consider the committor function describing the transition process

between a pair of concentric spheres, with the potential

V(x) = 10jx j2; (3.11)
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(a) (b)

Figure 3.4: Point clouds for double-well potential with sublevel set boundaries. Left:
� = 3:0. Right: � = 10:0.

and the regions

A =
n
x 2 Rd j j x j � a

o
; B =

n
x 2 Rd j j x j � b

o
:

Since the equilibrium distribution is proportional to Gaussian distribution, we can

readily obtain samples from the normal distribution. We obtain the data on the boundaries

@A; @Bby sampling from Gaussian distribution and rescale to have norma or b. The values

of parameters are:T = 2; d = 6; a = 1; b = 0:25. The true solution q(x) := q(r ) satis�es

the following ODE:

d2q(r )
dr2

+
d � 1

r
dq(r )

dr
� �

dq
dr

dV
dr

= 0; (3.12)

q(r )jr = a = 0; q(r )jr = b = 1;

where r = jx j is the radius, � = 1=T is the inverse of temperature. Similarly to (3.9),

(3.12) is solvable. In this example, the committor function displays a singular behavior,
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i.e., q � 1=jx jd� 2; d � 3. Therefore, we parameterize the committor functionq(x) as

q(x) = J 1(x) �
1

jx jd� 2
+ J 2(x);

whereJ 1(x) and J 2(x) are two depth-3 FEX binary trees. The formula reduces to

q(x) = q(r ) :=
0:0020
r 0:5d� 1

+ 0:6016� (0:6054� 0:5800r 2) � 0:0340;

Therefore, FEX can successfully identify that the committor functionq(x) only depends on

the spherical radiusr . This allows us to solve (3.12) using the Chebyshev spectral method

once again as described in the previous section and obtain the numerical solution with the

machine precision. The numerical results are provided in Table 3.5. In addition, we plot

the committor function as a function ofjx j in Figure 3.5.

(a) Committor function and FEX (b) Error of FEX when solving (3.4)

Figure 3.5: The committor function for the concentric spheres as a function ofjx j.
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method E ~c
No. of samples in


 AB
� No. of testing samples

NN [40] 5:30� 10� 2 530 3:0 � 104 1/30 1:0 � 105

FEX 3:20� 10� 2 530 3:0 � 104 1/30 1:0 � 105

Table 3.5: Results for the concentric spheres example.

3.2.4 Rugged Mueller's Potential

In this example, we consider the committor function in the rugged Mueller's potential

V(x) = ~V (x1; x2) +
1

2� 2

dX

i =3

x2
i ;

where

~V (x1; x2) =
4X

i =1

D i eai (x1 � X i )
2+ bi (x1 � X i )( x2 � Yi )+ ci (x2 � Yi )

2
+ 
 sin (2k�x 1) sin (2k�x 2) ;

where 
 = 9 and k = 5 determine the ruggedness of the 2-dimensional rugged Mueller's

potential ~V (x1; x2), � = 0:05 controls the extent of the harmonic potential in dimensions

x3; � � � ; xd, and d = 10. All other parameters are listed below, which is consistent with [40].

[a1; a2; a3; a4] = [ � 1; � 1; � 6:5; 0:7]; [b1; b2; b3; b4] = [0; 0; 11; 0:6];

[c1; c2; c3; c4] = [ � 10; � 10; � 6:5; 0:7]; [D1; D2; D3; D4] = [ � 200; � 100; � 170; 15];

[X 1; X 2; X 3; X 4] = [1; 0; � 0:5; � 1]; [Y1; Y2; Y3; Y4] = [0; 0:5; 1:5; 1]:

We focus on the domain 
 = [ � 1:5; 1] � [� 0:5; 2] � Rd� 2 and the regionsA and B are two

cylinders:
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A =
�

x 2 Rd j
q

(x1 + 0:57)2 + ( x2 � 1:43)2 � 0:3
�

B =
�

x 2 Rd j
q

(x1 � 0:56)2 + ( x2 � 0:044)2 � 0:3
�

:

The ground truth solution is obtained by the �nite element method, which is ob-

tained by solving (3.2) on uniform grid in 2 dimensions with the potential~V, the domain

~
 = [ � 1:5; 1] � [� 0:5; 2], and the region ~A, ~B projected by A and B on the x1x2-plane, re-

spectively. The chosen step sizeh for the �nite element method is on the order ofO(10� 3),

resulting in a discretization error on the order ofO(10� 6) to O(10� 7) when compared to the

ground truth solution. Notably, these error magnitudes are considerably smaller than the

numerical errors incurred by the numerical solvers NN and FEX. Hence, we designate it as

a reference solution of notable precision and accuracy. In this case, there are singularities

present in regionsA and B, so we parameterize the committor function as

q(x) = J 1 log((x1 +0:57)2 +( x2 � 1:43)2)+ J 2 log((x1 � 0:56)2 +( x2 � 0:044)2)+ J 0; (3.13)

whereJ 1; J 2; J 0 are three depth-5 FEX binary trees, respectively.

We considerT = 40 and T = 22, and these formulas show that FEX identi�es the

solution only varies with the �rst two coordinatesx1; x2. Therefore, we further simplify the

problem and instead solve (3.2) withV(x) = ~V (x1; x2). We utilize �nite element method to

obtain the committor function q(x) = q(x1; x2). We also summarize the numerical results

in Table 3.6.
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3.2.5 Butane

Butane is a small hydrocarbon molecule with chemical formula C4H10. A chain-like

butane molecule is a popular test problem for quantifying transition times between its three

metastable states shown in Fig. 3.6(a) [47,53,54]. Hydrogen atoms are light compared to

carbons and are typically ignored in any type of coarse-graining. The carbons are connected

by covalent bonds resulting in nearly constant distances between the bonded atoms. The

main mode of the motion of butane is due to the changes in the dihedral angle, i.e. the angle

between the two planes passing through the �rst, second, and third carbons and the second,

third, and fourth carbons along the carbon backbone of butane. The metastable states are

typically de�ned as intervals surrounding the values of the dihedral angle of 60, 180, and

300 degrees lifted into the coordinate space of carbons. The covalent (or interbond) angles

in change in the process of thermal motion but signi�cantly less as the dihedral angle.

Our goal in this example to test if FEX is able to identify that the committor function

depends on the dihedral angle and is independent of the covalent angles.

The input data for the butane were obtained from a molecular dynamics simulation

at the temperature of 300K using OpenMM [55]. The simulation consisted of 107 time

steps. The timestep was set to 2 femtoseconds. The trajectory snapshots data consisted of

N snapshots, with each snapshot having a dimension ofD = 12 (4 atoms � 3 coordinates

for x; y; z.). Subsampling was performed every 100 steps, resulting in data points at 0.2

picoseconds intervals.

The diheral angle and the covalent angles can be expressed via the vectorsCi Ci +1
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de�ned as

Ci Ci +1 = ( x i +1 � x i ; yi +1 � yi ; zi +1 � zi ) for i = 1; 2; 3:

Then the cosine of the dihedral angle � is equal to

cos � =
n1 � n2

kn1k2kn2k2
;

wheren1; n2 are the normal vectors of planes, spanned byC1C2 and C2C3 , and C2C3 and

C3C4 respectively, i.e.,

n1 = C1C2 � C2C3;

n2 = C2C3 � C3C4:

The covalent angles� 1 and � 2 are de�ned as

cos� 1 =
C1C2 � C2C3

kC1C2k2kC2C3k2
;

cos� 2 =
C2C3 � C3C4

kC2C3k2kC3C4k2
:

The reactant stateA is de�ned as 1000 point clouds with dihedral angle � = 180�

0:5730� . The product state B is de�ned as the union of 1000 point clouds with dihedral

angle � = 60 � 0:5730� and � = 300 � 0:5730� . We hypothesize that the committor depends

on the cosines of the diherdal and covalent angles, i.e.,q := q(cos � ; cos� 1; cos� 2).

The con�guration of butane molecule at the reactant and product states are visualized
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in Fig. 3.6a. The expression ofJ (x) found by FEX is

leaf 1: (�) ! 10:2078� cos � + 0 :0000� cos� 1 + 0:0000� cos� 2 + 4:2090

leaf 2: (�) ! 0:0000� cos � + 0 :0000� cos� 1 + 0:0000� cos� 2 + 0:0000

J (x) = sigmoid (leaf 1 + leaf 2);

Therefore, FEX is capable of identifying the low-dimensional structure of the problem that

the committor depends solely on the dihedral angle �. A visualization of committor as a

function of the collective variable � is provided in Fig. 3.6b.

(a) (b)

Figure 3.6: Left: Butane con�guration at di�erent dihedral angles �. Right: Committor
as a function of dihedral angle �.

3.2.6 Summary

In summary, our investigations have demonstrated that the FEX method exhibits

similar or even superior accuracy compared to the neural network method across all bench-

mark problems. Moreover, FEX e�ectively captures the low-dimensional structure in each

case, enabling direct and highly accurate solutions to the backward Kolmogorov equa-
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tion (3.2) without relying on Monte Carlo integration in the variational formulation ap-

proach (3.3). Consequently, we propose employing the spectral method or �nite element

method to solve (3.2) due to their well-established theoretical convergence rates towards

the ground truth solution, enabling the attainment of arbitrary levels of accuracy.

T Method E ~c h
No. of samples in


 AB
� No. of testing samples

40 NN [40] 5:70� 10� 2 3:8 � 102 0.005 7:4 � 104 1 / 74 7:4 � 104

40 FEX 5:01� 10� 2 3:8 � 102 0.005 7:4 � 104 1 / 74 7:4 � 104

22 NN [40] 3:70� 10� 2 1:3 � 102 0.005 1:0 � 105 1 / 150 1:5 � 105

22 FEX 2:90� 10� 2 1:3 � 102 0.005 1:0 � 105 1 / 150 1:5 � 105

Table 3.6: Results for the rugged Mueller's potential. Since FEX identi�es the committor
depends only onx1, x2, we can further use �nite element method to improve the accuracy.
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Chapter 4: Finite Expression Method for Identifying Physical Laws on

Complex Networks

4.1 Introduction

Complex network data are prevalent in various real-world domains, spanning from

transportation [56{59] to biology [60{62] and epidemiology [63{65]. For instance, proteins

frequently interact with one another to execute a wide range of functions. As with many

complex systems, comprehending the underlying dynamics within these networks is crucial

for analyzing and predicting their behaviors. In practice, time-series data for individual

nodes within a network are often accessible. Still, extracting the dynamic interactions

among these nodes to gain insights into the system's behavior proves to be a challenging

endeavor. Additionally, the interaction dynamics among particles in the network signi�-

cantly increase the computational expense of identifying physical laws. Consequently, the

physical laws governing the majority of real-world complex networks remain elusive and

underexplored.

In recent years, machine learning has emerged as a promising avenue for data-driven

discovery of physical laws. Notably, deep learning has demonstrated its potential to identify

governing PDEs from noisy data [66{94]. The success of these methods is attributed to the
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expressive power of deep learning models in capturing relationships among di�erent vari-

ables. However, deep learning methods su�er from the black-box nature of their solutions,

making it di�cult to interpret and explicitly identify the governing equation in mathemat-

ical form. To address this, recent works have explored symbolic regression techniques to

infer governing equations, thereby obtaining an explicit mathematical representation of the

system [7,9,95{97]. Nonetheless, there has been limited focus on the discovery of physical

laws within complex networks. Discovering dynamics on network data involves various

challenges:

ˆ Complexity and scale : Real-world network data can be extremely large and com-

plex, making analysis computationally expensive. In the full interaction model with

N nodes in the network, each node interacts with every other particle, leading to

N (N � 1) interaction terms that need to be computed at each time, resulting a

O(N 2) complexity.

ˆ Data quality and availability : The quality of network data can vary greatly.

Issues like missing data, noise, and topological inaccuracies can signi�cantly impact

the analysis.

In Subsection 4.1.1, we summarize recent work on learning dynamics from network

data and introduce recent progress on fast algorithms. In Subsection 4.1.2, we introduce a

fast algorithm of FEX, and use it to tackle these challenges.
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4.1.1 Related work

In this Subsection, we introduce related work on identifying governing equations on

network data and fast algorithms for scienti�c computing.

4.1.1.1 Discovering physical laws on network

SINDy : The Sparse Identi�cation of Nonlinear Dynamics (SINDy) [98] algorithm

aims to extract underlying governing equations from data in a interpretable and e�cient

way, with theoretical convergence analysis [99]. Taking time-series data as inputs, SINDy

infers the underlying physical laws of the system by using Sequentially Thresholded Least

Squares algorithm to choose a parsimonious model from a large library of candidate func-

tions, usually including polynomials and trignometric functions. SINDy has been used to

identify models in 
uid dynamics [100], control systems [101], and neuroscience [102], etc.

However, it has been shown that the vanilla SINDy performs poorly in identifying dynamics

on network data.

Two-Phase SINDy : In [103], Gao and Yan proposed a two-phase procedure con-

sisting of global regression and local �ne-tuning for graph dynamics inference. This method

works by building two comprehensive function libraries,LF and LG, for self and interaction

dynamics. Then, in the �rst phase, this method performs a sparse regression on the nor-

malized input data and the librariesLF and LG to identify potential terms in the network

dynamics. In the second phase, it performs topological sampling to �ne-tune the coe�cients

of functions from the �rst phase. This method can identify the explicit functional forms of

the system dynamics, given su�ciently large function libraries. However, users often lack a
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priori knowledge of the candidate functions. In addition, this method is sensitive to noisy

and low-resolution data because topological samplings are used in the �ne-tuning stage.

Graph Neural Networks : Graph neural networks (GNNs) are popular models to

learn the dynamics on the networks and make predictions on the systems [104{107]. These

models typically use an encoder neural network to denote node states and create a latent

representation. Following this, Neural Ordinary Di�erential Equations (Neural ODEs) are

applied on the latent space to learn the dynamics. Finally, a decoder is used to project

the latent embedding back to the original high-dimensional state. While this approach is


exible enough to be applied to a wide variety of network data, it essentially functions as

a \black box", making it di�cult to understand the underlying dynamics. Additionally, it

struggles to generalize well to out-of-distribution data.

ARNI : Algorithm for Revealing Network Interactions (ARNI) [108] is a model-free

method originally proposed to identify direct interactions of particles in a network data. It

works by decomposing the dynamics of each node as a linear combination of basis functions

in pairwise and higher-order interactions with other nodes in the system, and recast the

reconstruction problem into a mathematical regression problem with grouped variables.

Authors of [103] modi�ed ARNI appropriately to make it capable of identifying network

dynamics instead of only inferring the graph topology.

4.1.1.2 Fast algorithms for scienti�c computation

In the realm of physical sciences, it is important to develop fast and e�cient algo-

rithms to handle complex systems while keeping a high accuracy. For example, Jin et
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al. [109] proposed the Random Batch Methods (RBM), which splits particles in a physical

system into several batches at each time to reduce the computational cost fromO(N 2)

to O(N ), where N is the number of particles. In machine learning, stochastic gradient

descent (SGD) [110{112] takes a random sample of the entire dataset in each iteration

to compute the gradient and update model parameters. Similar to SGD, stochastic co-

ordinate descent [113, 114] randomly samples some of the coordinates to update at each

time step. In addition, randomized algorithms have been widely applied to fast matrix

factorizations [115{117] and Bayesian inference [118,119], etc. In spirit, our work is similar

to RBM; however, instead of taking a random batch of particles for the evolution of the

dynamics, we use a stochastic approach to select a random batch of particles at each step

for discovering the physical laws, i.e., solving an optimization problem.

4.1.2 Our contributions

To address the limitations of existing approaches, we introduce a fast algorithm for

FEX, a novel framework designed to e�ciently learn network dynamics. The proposed

method o�ers several key advantages. First, unlike the widely used SINDy framework and

its variants, FEX does not require an extensive library of candidate functions. Instead,

its binary tree representation enables the construction of complex functional compositions

using only a small set of fundamental mathematical operators speci�ed by the user. Sec-

ond, FEX leverages reinforcement learning to facilitate operator selection in a data-driven

manner. This adaptive mechanism enhances the expressiveness of the model in identify-

ing governing equations for network dynamics. Third, to mitigate the computational cost
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associated with evaluating pairwise interaction dynamics in network data, we incorporate

a stochastic algorithm that accelerates computations while maintaining a reasonable level

of accuracy. To demonstrate the e�ectiveness of our approach, we apply FEX to multi-

ple synthetic complex network datasets and successfully extract governing equations. An

overview of the FEX framework for inferring physical laws from network data is illustrated

in Fig. 4.1.

Figure 4.1: (A) Based on the input data of the time series and adjacency matrix, FEX
performs combinatorial optimization to infer the mathematical structures of the dynamics
and then implements �ne-tuning on the top-performing candidates in the pool to identify
the optimal dynamics. (B) FEX implements combinatorial optimization by training a
controller � to output probability mass function for each node in the FEX binary tree.
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4.2 Problem setup

4.2.1 Learning dynamics on complex networks

A common model [103,120] that describes the evolution of the states of the network

of sizeN is given by

dx i (t)
dt

= F (x i (t)) +
NX

j =1

A ij G (x i (t); x j (t)) ; (4.1)

where x i (t) � (x i; 1(t); : : : ; xi;d (t))> represents nodei 's d-dimensional feature andi =

1; : : : ; N . The dynamics ofx i (t) are driven by F(x i ) � (F1 (x i ) ; : : : ; Fd (x i ))
> , denoting

the self-dynamics, andG(x i (t); x j (t)) � (G1 (x i ; x j ) ; : : : ; Gd (x i ; x j ))
> , representing the in-

teraction dynamics between any pair of nodesx i and x j . A ij denotes theij -th entry in

the N � N adjacency matrixA , whereA ij = 1 if there is a connection between nodei and

node j , and A ij = 0 otherwise. Therefore, the dynamics are determined by self-dynamics,

interaction dynamics and the topology of the network. However, in many real-world com-

plex network systems, we do not have the information of the explicit forms ofF and G.

Therefore, it is important to distill the functional forms of F and G from node activity

data, which is the focus of our work.

However, inferring underlying dynamics from real-world time series data presents a

formidable challenge, primarily due to the often unclear or only partially known governing

laws. The endeavor to discover dynamics within a complex network system introduces an

additional layer of complexity, attributable to the interactions among entities described
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by the graph topology. Moreover, numerous oscillator systems exhibit varied coupling

behaviors contingent upon the coupling strength between entities and the inherent graph

topology, a prime example being synchronization phenomena. In addition, the data in

real-world are often sparse, noisy, and come from incomplete network topology. Hence, to

demonstrate the capability of FEX to discover dynamics on complex networks, we subject

FEX to a rigorous examination against three classical network dynamics: Hindmarsh-Rose

(HR, d = 3) [121{123], FitzHugh-Nagumo (FHN, d = 2) neuronal systems [124], and

coupled heterogeneous R•ossler oscillators (d = 3) [125], where d denotes the dimension

of feature for each node. Regarding to the graph topology, we demonstrate that FEX is

capable of identifying governing equations on various synthetic networks, including Erd}os-

R�enyi (ER) [126] and scale-free (SF) [127] networks. Through this extensive examination,

we aim to demonstrate the e�ectiveness and robustness of FEX in decoding the intricate

dynamics inherent in complex network systems. Details are elaborated more in Section 4.4.

4.3 Networks

In our work, we consider several synthetic networks to demonstrate the capabilities

of FEX to identify dynamics on various network topologies.

Erd}os-R�enyi (ER) model : ER model [128,129] is one of the foundational models

for random graphs. It is used widely to understand the properties of complex networks

in various �elds, such as sociology, biology, and technology. In a ER model, a graph

is constructed by connecting nodes randomly with a probability ofp. We generate ER

networks by using theerdosrenyi graph(n,p) in networkX [130], wheren = 100; p = 0:05.
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Here, n denotes the number of nodes in the graph andp represents the probability to

connect two arbitrary nodes, respectively. To create a directed graph based on ER model,

we allocate the direction of the link, i.e., fromi to j , from j to i , or a reciprocal connection

between them (bothi to j and j to i directions exist), with an equal likelihood (each of

probability 1
3).

Scale-Free (SF) network : SF networks are ubiquitous in real-world applica-

tions [131]. This type of network demonstrates an interesting phenomenon: nodes with

more early connections tend to attract even more connections, leading to the \rich get

richer" scenario. Therefore, the network's degree follows a power law distribution, im-

plying a few nodes with very high degrees (hubs) and many with low degrees. Networks

structured according to the scale-free model are constructed utilizing the Barab�asi-Albert

(BA) [127, 132, 133] framework. Initially, we build such network by building a complete

graph of a small numberm0 of nodes. Then at each time step, we add a new node with

m � m0 edges. The probability that the new node will connect to nodei is P(i ) = k iP
j

k j
,

whereki is the degree of nodei , and the sum is over all existing nodesj . Therefore, when

the new node is added, it has a higher probability of connecting to nodes with high de-

grees, known as the \preferential attachment". We use thebarabasialbert graph function

(with parameters n = 100, m = 5) in NetworkX to generate SF network, wheren is the

number of nodes in the graph, andm denotes each node connecting tom existing nodes.

Initially, every link is established as bidirectional. Subsequently, a selected portion of these

unidirectional links are randomly removed. An illustration of the ER model and the SF

network is provided in Fig. 4.2.

Despite being synthetic, the ER model and the SF network are classic and essential
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Figure 4.2: Visualization of ER model and SF (BA) network. (a) In ER network, the graph
is essentially random without any structures or patterns. (b) In SF (BA) network, nodes
closer to the boundary have generally low degrees, while there are some interior nodes with
a high number of connections (hubs).

network models within the scienti�c community. Given that numerous real-world networks

exhibit scale-free properties, the ability of FEX to identify physical laws on such networks

accurately holds signi�cant potential for applications in real-world data.

4.3.1 FEX for learning dynamics on networks

The motivation behind FEX is to develop a robust methodology for identifying phys-

ical laws from network data. Our model depicts network dynamics using two �xed-size

binary trees: one representing the self-dynamicsF(x i ) while another one representing the

interaction dynamics G(x i ; x j ). Each tree node denotes a simple mathematical opera-

tor|either unary (sin, cos, and exp ...) or binary (+ ; � ; � ...). The aim of the learning

process is to identify the most suitable mathematical operator for each node of the tree,

ensuring accurate representation of the dynamics. The input to FEX algorithm consists of
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time series datax i for each node in the network, and the adjacency matrixA representing

the network topology, as illustrated by Fig. 4.3.

Figure 4.3: Representation of the components of our implementation with FHN dynamics.
(A) In the o�ine stage, we generate time series data according to the governing law of the
system, potentially with noise or low resolution. (B) In the online phase, based on the time
series data, we use two FEX binary trees to infer the dynamics of the system.

4.3.2 The combinatorial optimization problem in FEX

In FEX, the loss functional L varies based on the problem. For this study, we adopt

the least squares loss functional on each dimension of the dynamics, as presented in [103],

which is described as follows:
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L (� F ; � G) =
1

NT

NX

i =1

TX

t=1














dx i (t)
dt

�

0

@F(x i (t); � F ) +
NX

j =1

A ij G(x i (t); x j (t); � G)

1

A














2

2

; (4.2)

where A is the adjacency matrix of the network,F(x i (t); � F ) denotes the self-dynamics

modeled by a FEX tree parameterized by� F , G(x i (t); x j (t); � G) denotes the interaction

dynamics by another FEX tree parameterized by� G. In FEX, the solution is found by

solving the combinatorial optimization problem

min
F ;G 2 SFEX

L (F; G) (4.3)

We have the following theorem on the convergence of Stochastic-FEX within this

phase. We focus on a single dimension of the state vectorx 2 Rd and assume that

the dimension d = 1, so that the self-dynamicsF(x i (t); � F ) and interaction dynamics

G(x i (t); x j (t); � G) are scalar-valued functions.

Theorem 1. Fix some tolerance level� > 0, and integerq � 2. Let � � = ( � �
F ; � �

G) be a

regular minimizer of L de�ned in (4.2), and suppose that Stochastic-FEX is run with a

step-size schedule of the form
 n = 
= (n + m)p for somep 2 (2=(q+ 2) ; 1] and large enough

m; 
 > 0. Furthermore, assume that the following bounds hold:

1.
�
�
� dx i (t )

dt � F(x i (t); � F )
�
�
� � C1

2. jG(x i (t); x j (t); � G)j � M 1

3. jr � G G(x i (t); x j (t); � G)k j � M 2, where (�)k denotes thek-th component of the vector.
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Then:

1. There exist neighborhoodsU and U1 of � � such that, if � 1 2 U1, the event


 U = f � n 2 U for all n = 1; 2; : : :g

occurs with probability at least 1� � .

2. Conditioned on 
 U, we have

E[k� n � � � k2
2 j 
 U] = O(1=np):

We introduce the following notations.

ai =
dx i (t)

dt
� F(x i (t); � F );

bfull
i =

NX

j =1

A ij G(x i (t); x j (t); � G);

bmini
i =

N
S

X

j 2 B 1

A ij G(x i (t); x j (t); � G);

r � G bfull
i =

NX

j =1

A ij r � G G(x i (t); x j (t); � G);

r � G bmini
i =

N
S

X

j 2 B 2

A ij r � G G(x i (t); x j (t); � G);

whereS denotes the mini-batch size, andr � G G(x i (t); x j (t); � G) is a vector of sizeK .

Proof. The loss function for thei -th particle is given by

` i;t =
�
�
�
�
ai � bfull

i

� �
�
�
2

:
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Computing the gradient with respect to� G, we obtain the gradient for thei -th particle,

r � G ` i;t = 2
�
ai � bfull

i

� �
�r � G bfull

i

�
:

When using mini-batch gradient descent, we approximate the summation overj by subsets

B1; B2 of sizeS chosen uniformly randomly fromN particles with two di�erent random

seeds. The mini-batch gradient for a single term then becomes

r � G `B
i;t = 2

�
ai � bmini

i

� �
�r � G bmini

i

�
: (4.4)

Now, the mini-batch gradient is an unbiased estimator of the full gradient, i.e.,E[r � G `B
i;t ] =

r � G ` i;t by the independence of the two terms on the righ-hand side of Equation (4.4). Then,

the noise term is:

Z i;t (� G) = r � G `B
i;t � r � G ` i;t

= 2
�
ai � bmini

i

� �
�r � G bmini

i

�
� 2

�
ai � bfull

i

� �
�r � G bfull

i

�

= 2
�
ai

�
�r � G bmini

i

�
+ bmini

i r � G bmini
i + ai r � G bfull

i � bfull
i r � G bfull

i

�

= 2
�
ai (�r � G bmini

i + r � G bfull
i ) + bmini

i r � G bmini
i � bfull

i r � G bfull
i

�
:

Using the triangle inequality, we get:






 bfull >

i r � G bfull
i � bmini >

i r � G bmini
i








2
�






 bfull >

i r � G bfull
i � bfull >

i r � G bmini
i








2

+





 bfull >

i r � G bmini
i � bmini >

i r � G bmini
i








2
:

(4.5)
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Therefore, we have

kZ i;t (� G)k2 � 2
�
jai j






 �r � G bmini

i + r � G bfull
i








2

+
�
�
�bfull

i

�
�
�





 r � G bfull

i � r � G bmini
i








2
+

�
�
�bfull

i � bmini
i

�
�
�





 r � G bmini

i








2

�
:

And by Minkowski's inequality, we have

E
�
kZ i;t (� G)kq

2

�
� 2q

�

E
�
jai jq






 �r � G bmini

i + r � G bfull
i








q

2

� 1
q

+ E
� �

�
�bfull

i

�
�
�
q 





 r � G bfull

i � r � G bmini
i








q

2

� 1
q

+ E
� �

�
�bfull

i � bmini
i

�
�
�
q
kr � G bmini

i kq
2

� 1
q
� q

:

We consider bounding the termE
�
�
�bfull

i � bmini
i

�
�
�
q
. By Hoe�ding's theorem, we obtain

P
� �

�
�bfull

i � bmini
i

�
�
� � t

�
� 2 exp

 

�
2St2

N 2M 2
1

!

:

Then,

E
� �

�
�bmini

i � bfull
i

�
�
�
q�

=
Z 1

0
P

� �
�
�bfull

i � bmini
i

�
�
�
q

> t
�

dt

=
Z 1

0
P

� �
�
�bfull

i � bmini
i

�
�
� > u

�
quq� 1du

�
Z 1

0
2 exp

 

�
2Su2

N 2M 2
1

!

quq� 1du

�
q(NM 1)q

(2S)
q
2

�
� q

2

�

;

where �( �) is the gamma function. Then,E





 r � G bfull

i � r � G bmini
i








q

2
can be bounded similarly.

Using the fact that the event of the norm of di�erence of two vectors greater thant is

included in the event that at least one component of the di�erence is greater thantp
K

, we

have
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P
� 





 r � G bfull

i � r � G bmini
i








2
> t

�
�

KX

k=1

P

 �
�
�r � G bfull ;k

i � r � G bmini ;k
i

�
�
� >

t
p

K

!

� 2K exp

 

�
2St2

N 2M 2
2 K

!

:

Then,

E
� 





 r � G bfull

i � r � G bmini
i








q

2

�
=

Z 1

0
P

� 




 r � G bfull

i � r � G bmini
i








q

2
> t

�
dt

=
Z 1

0
P

� 




 r � G bfull

i � r � G bmini
i








2
> u

�
quq� 1du

�
Z 1

0
2K exp

 

�
2Su2

N 2M 2
2 K

!

quq� 1du

�
q(NM 2)q K

q
2 +1

(2S)
q
2

�
� q

2

�

;

Combining all the bounds, we have

E
�
kZ i;t (� G)kq

2

�
�

2
q
2 q�( q

2)
�
NM 2K

1
2

�
K

1
q + NM 1K

1
q + NM 1

�� q

S
q
2

:

Finally, we have

E

2

4












1
NT

NX

i =1

TX

t=1

Z i;t (� G)












q3

5 �
2

q
2 q�( q

2)N
�
M 2K

1
2

�
C1K

1
q + NM 1K

1
q + NM 1

�� q

S
q
2 Tq� 1

:

Then 1
NT

P N
i =1

P T
t=1 Z i;t (� G) satis�es Assumption 4 in [134], and by Theorem 4 in [134], we

conclude our proof.
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4.3.3 Learning dynamics from sparse and noisy data

In real-world scenarios, data are inevitably contaminated by noise or by the incom-

pleteness of network topology. Thus, evaluating the robustness of the proposed method

across diverse scenarios|such as low resolution, observational noises, and spurious or miss-

ing links|is paramount. Moreover, a comparative analysis with baseline models is con-

ducted to ascertain the relative e�cacy of the proposed method.

Low resolution : Practical constraints or technological limitations often result in

the collection of sparse raw data. To emulate such circumstances, we simulate nonlinear

dynamics with a time step size oft = 0:01, followed by a uniform down-sampling of the

time series data. The outcomes reveal that FEX retains a high degree of accuracy, i.e.,

relative errors of coe�cients identi�ed by FEX and the true coe�cients are less than 1%,

even with merely 5% or 10% of the original data.

Spurious and missing links : In real-world applications, the evolving network topol-

ogy makes capturing all node interactions a challenging task. To assess the robustness of

FEX against incomplete topology, we randomly either add or remove a proportion of links

from the authentic network topology. The results indicate that FEX can accommodate

approximately 15% missing or spurious links, showcasing its robustness in handling topo-

logical inaccuracies.

Observational noise : Observational noise is another common issue in data mea-

surement. We replicate such noise by introducing Gaussian noises to the time series data

for every node within the network. The noise intensity is modulated via the signal-to-

noise ratio (SNR). The �ndings underscore that FEX sustains a high accuracy level, even
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amidst a 40-dB observational noise environment. In contrast, other baseline methods such

as Two-Phase SINDy [103] and ARNI [108] identi�ed erroneous and redundant terms with

low-accuracy coe�cients.

Through this thorough evaluation across varied scenarios and a comparative analy-

sis with baseline models, we aim to demonstrate the robustness and stability of FEX in

extracting dynamics from real-world, noisy data with potential topological inaccuracies.

4.4 Dynamics learning results

In this section, we present the results of identi�cation of HR, FHN, and coupled

R•ossler dynamics with FEX on the SF network with clean data. We choose SF network

since it demonstrates more complex phenomena than the ER model, and many real-world

networks have scale-free property. During the o�ine stage, we generate the time series

data with the true dynamics (ODEs). During the inference stage, we use FEX only with

the time series data to identify the governing equations of the system, without accessing

to the genuine ODEs. We emphasize that we only have access to the time series data

and approximate the state time derivatives using numerical derivatives. Throughout all

numerical experiments, we set the batch size in stochastic-FEX as 32. In addition, we

provide the depths of FEX trees used in each of the considered dynamics in the numerical

examples in Table 4.1. Robustness analyses of FEX and other baseline methods, aimed

at extracting dynamics from low-resolution data, networks with spurious or missing links,

and noisy data, are discussed in Section 4.7.
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Dynamics Depth of Tree

HR 4
FHN 3

Coupled R•ossler 3

Table 4.1: Tree depth of FEX tree for each dynamics.

4.4.1 Numerical derivatives and error metric

To approximate the time-varying derivative of each node, we apply the �ve-point

approximation [135]

_x t �
x t � 2�t � 8x t � �t + 8x t+ �t � x t+2 �t

12�t
; (4.6)

where�t is the time step.

To evaluate the accuracy of inferred dynamics, we use the metric of symmetric mean

absolute percentage error (sMAPE) [136]:

sMAPE =
1
m

mX

i =1

jD i � Ri j
(jD i j + jRi j)

; (4.7)

wherem is the total number of terms of both true and inferred functions,D i is the inferred

coe�cient and Ri is the true coe�cient. sMAPE is an appropriate metric in evaluating the

performance of baselines since it not only captures the coe�cient discrepancies but also

penalizes incorrect inferred terms. sMAPE ranges from 0 to 1, and the lower the value the

higher the accuracy, and vice versa.
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4.4.2 Hindmarsh-Rose dynamics

The HR model [121{123] was introduced by Hindmarsh and Rose in the early 1980s

to describe neuronal activity. The HR model is a simpli�ed model of Hodgkin-Huxley

model [137] while still reproducing many of the dynamic behaviors observed in real neurons.

The governing equations of HR model is given as

8
>>>>>>>><

>>>>>>>>:

dx i; 1

dt = x i; 2 � ax3
i; 1 + bx2

i; 1 � x i; 3 + I ext + � (Vsyn � x i; 1)
P N

j =1 A ij � (x j; 1) ;

dx i; 2

dt = c � ux2
i; 1 � x i; 2;

dx i; 3

dt = r [s (x i; 1 � x0) � x i; 3] ;

(4.8)

where the coupling term is

� (x j; 1) =
1

1 + e� x j; 1
:

Here x i; 1 is the membrane potential of neuroni , x i; 2 is the transport rate of ions across

the membrane through the ion channels, andx i; 3 is the adaptation current. Parameters

are set as:a = 1; b = 3; c = 1; u = 5; s = 4; r = 0:004; x0 = � 1:6, � = 0:15; Vsyn = 2, and

I ext = 3:24 is external current. Notice that the dynamic behavior of the HR neuron can

be adjusted by varying these parameters. By doing so, one can observe various neuronal

activities, such as tonic spiking, phasic spiking and chaotic bursting. We generate the time

series data with Equation (4.8), with the adjacency matrix of SF network, terminal time

T = 500 and time step�t = 0:01.

Applying FEX to the neuronal activities data generated by HR dynamics on a directed
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SF network, we obtain the inferred equations as

8
>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>:

dx̂ i; 1

dt
= 0:9961x i; 2 � 1:0014x3

i; 1 + 2:9758x2
i; 1 � 0:9917x i; 3 + 3:2392

+
NX

j =1

A ij (0:2985� (x j; 1) � 0:1477x i; 1� (x j; 1)) ;

dx̂ i; 2

dt
= 1:0004� 5:0001x2

i; 1 � 1:0001x i; 2;

dx̂ i; 3

dt
= 0:0255 + 0:0182x i; 1 � 0:0050x i; 3;

(4.9)

From Eq. (4.9), we observe that FEX not only identi�es all the correct terms in the

dynamics in each dimension of the node, but also learns the coe�cient of each term with

relative errors lower than 1%. The neuronal activities generated by FEX and true governing

equations are shown in Fig. 4.4.

Figure 4.4: True HR dynamics and the dynamics identi�ed by FEX.
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True Dynamics Two-Phase ARNI FEX

F(x i ) x i; 2 0:9631x i; 2 0:6002x i; 2 0:9916x i; 2

� x3
i; 1 � 1:0039x3

i; 1 � 1:3202x3
i; 1 � 1:0023x3

i; 1

3x2
i; 1 2:7820x2

i; 1 2:3557x2
i; 1 2:9659x2

i; 1

� x i; 3 � 0:9663x i; 3 � 0:7982x i; 3 � 0:9871x i; 3

3:24 2:9673 1:9699 3:2453
0:6597 exp(x i; 1)

G(x i ; x j ) 0:3� (x j; 1) 0:1529� (x j; 1) 0:2804� (x j; 1) 0:2963� (x j; 1)
� 0:15x i; 1� (x j; 1) � 0:0995x i; 1� (x j; 1) � 0:0847x i; 1� (x j; 1) � 0:1262x i; 1� (x j; 1)

Table 4.2: Numerical results for Hindmarsh-Rose dynamics (SNR = 45) in self-dynamics
F(x i ) and interaction dynamicsG(x i ; x j ) term by term.

.

4.4.2.1 Observational noises

In this subsection, we demonstrate the robustness of our method against observational

noises. We focus on the HR dynamics on a directed SF network. We generate noisy data

through

X obs
i (t) = x i (t) + a� X (t);

where � X (t) is observational noise, which follows a Gaussian distribution with zero mean

and standard deviation one, so the parametera is used to tune the level of noise.

From Table 4.2, 4.3 and 4.4, FEX demonstrates its capability to accurately identify

all terms within the HR dynamics with their respective coe�cients with SNR = 45 and

40. The Two-Phase method can indeed infer the correct terms in the dynamics in the case

of SNR = 45. However, the accuracy of inferred coe�cients is low, particularly in the

interaction dynamics. In addition, in the case of SNR = 40, Two-Phase method fails to

infer the � 0:15x i; 1� (x j; 1) term in the interaction dynamics. ARNI can infer most of the

terms correctly when SNR = 45, with an extra term 0:6597 exp(x i; 1) in the self-dynamics.
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True Dynamics Two-Phase ARNI FEX

F(x i ) x i; 2 0:9341x i; 2 0:3916x i; 2 0:9633x i; 2

� x3
i; 1 � 0:9948x3

i; 1 � 1:0638x3
i; 1 � 1:0058x3

i; 1

3x2
i; 1 2:6599x2

i; 1 2:5882x2
i; 1 2:8923x2

i; 1

� x i; 3 � 0:9332x i; 3 � 0:3871x i; 3 � 0:9588x i; 3

3:24 3:1341 1:8715 3:2342
0:1318x i; 2x i; 3

0:2246 exp(x i; 2)
G(x i ; x j ) 0:3� (x j; 1) 0:1333� (x j; 1) None 0:2683� (x j; 1)

� 0:15x i; 1� (x j; 1) None None � 0:1118x i; 1� (x j; 1)
� 0:2341� (x j; 1 � x i; 1)

Table 4.3: Numerical results for Hindmarsh-Rose dynamics (SNR = 40) in self-dynamics
F(x i ) and interaction dynamicsG(x i ; x j ) term by term.

.

SNR Two-Phase ARNI FEX

45 0.0924 0.2720 0.0158
40 0.2190 0.6252 0.0376

Table 4.4: sMAPE of HR dynamics with di�erent levels of noise.

Furthermore, the coe�cients in the self-dynamics are poorly estimated, but it is interesting

to notice that the coe�cients of interaction-dynamics are more accurate than those of Two-

Phase, owing again to ARNI's capability to infer the network structure. As for SNR =

40, ARNI infers more redundant terms in self-dynamics, and it fails to identify both true

terms in the original dynamics, and incorrectly identi�es a� 0:2341� (x j; 1 � x i; 1) term. This

shows that ARNI can reasonably well infer most of the dynamics terms in low-noise case,

while it fails to work as noise level increases. Therefore, FEX has demonstrated its superior

performance compared to Two-Phase and ARNI to handle noisy data.
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4.4.3 FitzHugh-Nagumo dynamics

We further test our method to the neuronal activities data generated by FHN dy-

namics [124]. The FHN model is another mathematical representation used to describe the

spiking behavior of neurons. It is de�ned by a system of two ODEs, capturing the main

features of excitability in nerve membrane dynamics. The equations governing the FHN

neuronal network dynamics are

8
>>><

>>>:

dx i; 1

dt = x i; 1 � x3
i; 1 � x i; 2 � �

P N
j =1 A ij

(x j; 1 � x i; 1 )
k in

i
;

dx i; 2

dt = a + bxi; 1 + cxi; 2;
(4.10)

where the �rst component x i; 1 represents the membrane potential containing self and in-

teraction dynamics,kin
i is the in-degree of neuroni (representing the number of incoming

connections to nodei ), and � = 1. The second componentx i; 2 represents a recovery vari-

able wherea = 0:28; b = 0:5 and c = � 0:04. We generate the time series data with

Equation (4.10), with the adjacency matrix of SF network, terminal timeT = 300 and

time step �t = 0:01.

The equations inferred by our approach from the neuronal activities data generated

on a directed SF network are shown below:

8
>>><

>>>:

dx̂ i; 1

dt = 0:9942x i; 1 � 0:9998x3
i; 1 � 0:9999x i; 2 � 1:0022

P N
j =1 A ij

(x j; 1 � x i; 1 )
k in

i

dx̂ i; 2

dt = 0:2801 + 0:5000x i; 1 � 0:0400x i; 2:

The trajectories generated by physical laws inferred by FEX and the true governing

equations are shown in Fig. 4.5. FEX has shown to accurately infer both dimensions of
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FHN system and coincide closely with the true dynamics.

Figure 4.5: True FHN dynamics and the dynamics identi�ed by FEX.

We compare the robustness of FEX against spurious and missing links using FHN

dynamics, and evaluate it alongside Two-Phase and ARNI methods. FEX demonstrates

superior accuracy compared to the baselines, even with random addition or deletion of 15%

of the links.

4.4.4 Coupled R•ossler dynamics

We also consider the coupled R•ossler oscillators [138,139], which is a classical model

often used to study chaotic dynamics and synchronization phenomena in complex networks.

We generate chaotic activities data according to the true equations governing heterogeneous
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R•ossler dynamics [92,125],

8
>>>>>>>><

>>>>>>>>:

dx i; 1

dt = � ! i x i; 2 � x i; 3 + �
P n

j =1 A ij (x j; 1 � x i; 1) ;

dx i; 2

dt = ! i x i; 1 + axi; 2;

dx i; 3

dt = b+ x i; 3 (x i; 1 + c) ;

(4.11)

where coupling strength� = 0:15, a = 0:2; b = 0:2; and c = � 5:7. The natural frequencies

of the oscillators, denoted by! i , follow a normal distribution with a mean value of 1 and

a standard deviation of 0.1. We generate the time series data with Equation (4.11), with

the adjacency matrix of SF network, terminal timeT = 100 and time step�t = 0:01.

The equations inferred by FEX from the data generated on a directed SF network

with � = 0:15 are

8
>>>>>>>><

>>>>>>>>:

dx̂ i; 1

dt = � 1:0093x i; 2 � 1:0027x i; 3 + 0:1491
P n

j =1 A ij (x j; 1 � x i; 1) ;

dx̂ i; 2

dt = 0:9909x i; 1 + 0:2030x i; 2;

dx̂ i; 3

dt = 0:1967 + 0:9987x i; 3x i; 1 � 5:6653x i; 3;

(4.12)

Note that the coe�cient -1.0093 of x i; 2 in the �rst equation of Eq. (4.12) and 0.9909 ofx i; 1 in

the second equation of Eq. (4.12) are estimated average value of nodes' natural frequencies,

otherwise inferring a distinctive frequency for each node would lead to ann� fold increase

in the dimensionality of model space. The trajectories generated by physical laws inferred

by FEX and the true governing equations are shown in Fig. 4.6.

Utilizing Coupled R•ossler dynamics, we further assess the robustness of FEX against

low-resolution observational data. We compare the performance of FEX with Two-Phase
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