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Within the last few decades, the spatial degree of freedom of light has gained sig-
nificant attention in the form of photonic orbital angular momentum (OAM). The use of
OAM for remote sensing has been of significant interest due to its inherent orthogonality
that can be used for spatial frequency filtering, coherence filtering, and as both an active or
passive sensing modality. Beams with OAM also contain interesting propagation proper-
ties that have potential to be more robust than non-OAM counterparts. One application of
remote sensing is using OAM to measure the strength of optical phase distortions through
random media that can contain turbulence or particulate matter. There has been signifi-
cant work done on the subject, but there have been difficulties at creating an applicable
OAM based sensing technique employed for use in an outdoor environment. This work
develops an active OAM sensing modality denoted as Optical Heterodyne Detection of
Orthogonal OAM Modes (OHDOOM) to reduce the optical receiver hardware based on
a beatnote signal for the first time. The beatnote signal is then hypothesized to return in-
formation about the propagation environment by measuring the crosstalk between OAM
modes due to channel perturbations.

OHDOOM results through an emulated turbulent medium show that our method is
highly sensitive to weak and strong turbulence depending on the transmitted OAM mode.
Within a turbid medium, OHDOOM is believed to be sensitive to particles larger than
the wavelength and insensitive to smaller particles. Experimental results agree well with
simulated environmental conditions using wave optic simulations (WOS) implementing
phase screens. A WOS for a turbulent medium is derived from turbulent phase statistics
based on refractive index fluctuations. However, for the first time, a turbid medium’s
phase statistics are derived from a solution to the radiative transfer equation within the
paraxial approximation.
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Chapter 1: Introduction

Over the last few decades, signi�cant effort has been dedicated to understanding

the applications and practicality of structured laser light. "Structured light" refers to the

spatial shape of a laser beam, represented mathematically as a complex �eldU(x;y;z) =

A(x;y;z) exp(ikW(x;y;z)) , whereA(x;y;z) is a real amplitude,k = 2p=l is the optical

wavenumber, andl is the optical wavelength, whose amplitude and phase can be used

to encode information. The optical wavefront,W(x;y;z), is the spatial distribution of the

optical phase shifts across a laser beam that is extremely sensitive to changes in the prop-

agation environment. These "changes" are inhomogeneities of the medium's refractive

index. These refractive index �uctuations can change the direction of the incident radia-

tion, called scattering, that create random amplitude and phase �uctuations. For optical

application such as imaging, communications, or Light Detection and Ranging (LIDAR),

the light of interest is susceptible to these random scattering event. Random scattering

events lead to image blurring, increase in communication error rates or incorrect ranging

estimates for the aforementioned applications.

Being able to quantify the amplitude and phase perturbations present are of utmost

importance to understand how well optical applications will perform. Optical remote

sensing can be used as a method to return an estimate of the environmental parameters
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present to predict system performance. The goal is how to extract information about

the optical phase perturbations by exploiting laser light scattering in a random medium.

Leveraging phase perturbations and scattering the incident beam can lead to a wealth of

knowledge about the state of the propagation environment at any given time. Scatter-

ing can be exploited by laser light that contains various degrees each of which can be

exploited to return information about the environment, such as intensity modulation, po-

larization, optical wavelength, and spatial phase structure. This work will focus on the

spatial degree of freedom due to its high sensitivity to phase perturbations, unique prop-

agation properties, and fruitful research directions. The spatial structure is connected

to the phase perturbations that reduce spatial coherence, therefore, distorting the spatial

information it carries.

The spatial coherence of a laser beam is terminology to describe the relationship

between points along a laser's wavefronts in space and time. Spatially coherent light

maintains a �xed relationship between multiple spatial points at a �xed time, whereas

temporally coherent light maintains a �xed relationship at a single spatial point while

it varies in time [1]. By studying spatially encoded light, coherence theory is implicitly

involved to explain its propagation and interaction as the quality of the structured light de-

pends on the laser beam source spatial coherence [2], [3]. This is because a laser beam's

wavefront, containing high spatial and temporal coherence, can undergo controlled phase

or amplitude modulation that induces deterministic interference. This ability to inter-

fere is reduced if the wavefront contains random phase perturbations or reduced spatial

coherence and temporal coherence.

Using the combination of coherence theory and spatially structured light, the goal of
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this work is to understand how environmental information can be interpreted from quanti-

fying structured laser beams propagation through an inhomogeneous medium or random

medium. As coherence can be easily changed depending on the laser source chosen, the

spatial structure of the light is the free parameter to use for environmental sensing. One

form of structured light with notable interest contains orbital angular momentum (OAM)

described by a helical wavefront with the form exp(il f ), wheref is the cylindrical coor-

dinate [4]. A beam containing OAM is denoted byl , which quanti�es the number of 2p

phase rotations within one wavelength along the azimuthal direction of a wavefront. The

number of phase rotations is denoted as the beam order, mode, topological charge, or sim-

ply charge. The sign ofl denotes the chirality, or vorticity, as either right or left handed.

Beams containing OAM have a signature on-axis intensity null (see Fig. 1.1(a)) due to

destructive inference created by the presence of a phase singularity (see Fig. 1.1(b)). The

term "optical vortex" is often use to describe OAM beams due to the helix shape of the

wavefront as the beam propagates as illustrated in Fig. 1.1(c-d) and on-axis intensity null.

Figure 1.1: (a) Vortex beam containing an intensity null on-axis. (b) Phase of the previous
beam with an optical vortex at the center. (c) Helical wavefront as a function ofx, y, and
z. (d) Side view of the helix showing a sinusoidal dependence in space.
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The OAM of light is not a new phenomenon as Poynting [5], [6] predicted that

circularly polarized light could carry an angular momentum, which was not con�rmed

until much later by Beth [7]. This angular momentum refers to spin angular momentum

(SAM) of light with a value ofsh̄, wheres= � 1. Our current understanding of photonic

OAM was predicted later by Darwin who considered angular momentum transfer with

values greater than simply ¯h [8]. OAM and SAM are two separate phenomena and are

not to be thought of analogs of each other. The connection between a helical wavefront

and OAM was not made until 1992 using cylindrical lenses to reverse the vorticity of

the phase pro�le [4]. OAM relies on the phase pro�le to contain a phase singularity, but

phase singularities do not necessarily infer OAM. This is why many previous studies that

focused on the phase singularity itself did not notice the evidence of OAM as it is the light

around the phase singularity that contains OAM [9], [10].

The phenomenon of OAM itself is an intriguing �eld with many questions that are

left unanswered, but this work focuses on its application for remote sensing in a random

medium. OAM's practical appeal is due to its inherent orthogonality that implies OAM

states are separable and can propagate in free-space without interaction. OAM beams

also, as implied by the terminology, carry a rotational force that can impart torque on

small particles. This force is generally not strong enough to exert the same effect on

macroscopic particles. Light containing OAM has been applied to numerous applications

such as: free-space spatial division multiplexed (SDM) optical communications [11]–

[15], optical trapping [16], [17], polarization state shaping [18]–[20], spatial �ltering

[21]–[24], microscopy [25], and sensing [26]–[33]
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1.1 OAM as a Sensing Modality

The focus of this work will be on the application of OAM for sensing within a ran-

dom environment using a highly directional coherent light source. "Sensing" in this work

refers to obtaining information about the environment using laser beams carrying OAM.

OAM remote sensing methods can be grouped into three general categories: passive OAM

sensing, active OAM sensing, and OAM based �lters. The propagation environment in

question contains optical inhomogeneities, mainly refractive index variations, that mani-

fest themselves as phase distortions along the laser beam's wavefront. These distortions

can either be removed or leveraged depending on the OAM sensing technique imple-

mented. Figure 1.2 summarizes how OAM can be viewed to sense the environmental

distortion. Each measurement method leads to different ways of how OAM is applied to

the remote sensing problem.

Passive OAM sensing refers to detecting changes of OAM created in-situ without

injecting extrinsic OAM [34]–[36]. In contrast, active OAM sensing which refers to in-

jecting OAM into an environment and detecting how the input OAM changes due to the

environment [26], [28], [30]–[32], [37]–[39]. Active OAM sensing has been seen to mea-

sure rotational Doppler shifts [32], [40]–[46], linear object speed and size [30], [31], and

surface roughness [28], [47]. The last OAM based sensing method is called optical signal

processing (OSP) [21]–[23], [26]. OAM based OSP techniques are used to distinguish

between coherent and incoherent light components of a laser to improve light detection

and ranging (LIDAR) ef�cacy [21], [26], [48], [49] or as a spatial frequency �lter for

imaging [22], [23], [25].
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Figure 1.2: Illustration of the various methods to measure and apply OAM properties to
the remote sensing problem.

OAM, as an active sensing modality, has spurred signi�cant interest due to its spa-

tial interaction with random media. A random medium can scatter the incident OAM

mode into higher or lower value OAM modes that can be used to sense the strength of the

random medium variations. The bene�t of an active method is that one has knowledge of

the input OAM state, whose perturbations upon propagation can be quanti�ed to charac-

terize environmental parameters. However, implementing active OAM sensing methods

proves to be quite challenging due to the need for complex optical systems, which can

limit practical implementation.
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1.2 Dissertation Research Goals

The goal of this dissertation is to present work towards developing an active OAM

based sensing modality that can quantify the optical effects of a random environment. To

address practical limitations of active OAM sensing, a method called Optical Heterodyne

Detection of Orthogonal OAM Modes (OHDOOM) is developed to reduce the optical

receiver hardware.

To explore the effects of a random medium on an OAM beam, this work is seg-

mented into a simulation and experimental based approach that studies the propagation

and detection of OAM. The simulations aim to show how various metrics and degrees

of freedom of OAM beams are affected by a random medium, which are then translated

to developing the OHDOOM detection scheme. Properties of the laser beam speci�cally

explored are laser beam size, OAM charge, and source coherence.

Along with the main goal of developing an active OAM sensing modality, the dis-

sertation is written to also address secondary objectives that quantify effects of a ran-

dom medium on OAM beam propagation. The �rst subgoal is to develop a theoretical

foundation that outlines the similarities and differences between refractive index varia-

tions of scales smaller than the optical wavelength and those comparable to the optical

wavelength. This will be done by discussing the radiative transfer equation under the

small-angle approximation and its relationship to traditional treatment of the stochastic

Helmholtz equation. The second subgoal is how to fairly compare OAM beam propaga-

tion to standard laser beams used in today's LIDAR systems.
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1.3 Dissertation Organization

This dissertation is organized such that the reader has the necessary background

to understand remote sensing using OAM. This includes background information on the

necessary mathematical foundation to describe laser beam propagation through a random

medium in Chapters 2 and 3, respectively. The theory places an emphasis on how the

coherence of the main laser beam is affected by the medium within the context of image

formation. This chapter will also address the similarities and differences between optical

turbulence and particulate matter, as experimental results are presented for both cases.

The core of OAM sensing is presented in Chapter 4 using the foundations of Chap-

ters 2 and 3 to predict how OAM changes in a random medium. Chapter 5 will discuss

beam propagation simulations through turbulent and turbid media. The subgoal of com-

paring OAM beam propagation to a standard laser beam will be discussed in this chapter.

Chapter 6 will give an overview of two experiments that were performed to explore OAM

as a sensing modality and the knowledge gained. Chapter 7 introduces OHDOOM as a

new active remote sensing modality using the knowledge gained from the previous chap-

ters. Chapter 8 will summarize the �ndings of this work along with discussion of future

direction of this work. Appendices A - F offer insight to the simulation and theoretical

methods used throughout this thesis.
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1.4 Summary of Forthcoming Contributions

Results of this dissertation research provide a unique perspective on laser scattering

in a turbid and turbulent medium while connecting it to the effects on light's OAM. This

contribution summary is meant to describe the key �ndings of this work that are most

relevant to those studying the following topics: laser light propagation through a random

medium, OAM beam propagation in random media, coherence, OAM based sensing, and

random media effects on optical imaging. Each contribution is discussed in great detail

in the speci�ed chapter.

• Determined properties of random media that affect OAM through a simulated trade-

off study determining most important dimensionless ratios for each medium.

• Turbid media is discussed in the language of turbulent media to provide a clear

comparison of the effects of optical wave propagation.

• Created simulations of a turbid medium that can be easily combined with simula-

tions of a turbulent medium.

• Acquired experiment mode spreading results using a different interferometric tech-

nique and mode projection.

• Developed an original OAM based sensing technique - OHDOOM. Its uniqueness

falls with its inherent low frequency noise rejection, simpli�cation of hardware and

data processing, and inherent phase information.
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• Demonstrated OHDOOM's response to a turbulent and turbid media with simula-

tions and theory. Results are con�rmed through experimentation.
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Chapter 2: Review of Laser Beam Propagation through a Random Medium

2.1 Introduction

To thoroughly appreciate how an active OAM sensing method works, it is of ne-

cessity to introduce quantitative methods of laser beam propagation through a random

medium. The theory of concern describes the evolution of a laser beam's spatial coher-

ence in the presence of random phase perturbations. OAM beam propagation can be

treated similarly to a Gaussian beam, without OAM, if it maintains a low divergence.

The coherence properties of a random medium can be studied independently of the beam

shape and spatial properties. However, when the effects on a �nite beam are considered

the random variations are dependent on the initial beam's coherence properties, wave-

front curvature, spot size, and wave function shape. Effects of a random medium on

a laser beam manifest itself as phase variations on the optical wavefront that lead to a

coupling between phase and amplitude variations due to interference.

Before introducing further consequences of a random medium on beam propagation

(Chapter 3), a short background on notation and functions of a random medium are intro-

duced in Section 2.2 followed by the de�nitions of a random medium's inherent optical

properties in Section 2.3.
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2.2 Mathematical Formalism of a Random Medium

As a laser beam, or more generally an optical wave, propagates through a random

medium the amplitude and phase are subject to random �uctuations. The �uctuations

are mainly due to random changes of the medium's refractive index, but their scale size

compared to the laser wavelength can signi�cantly alter results. Due to these random

changes of the optical �eld, the optical wave must be treated as a random variable.

The optical �eld depends on space and time allowing for the treatment as a "ran-

dom �eld", which is a stochastic process denoted asx(r ;t), wherer = ( x;y;z). Using a

probabilistic point of view, it is most convenient to work with the statistical moments of

the �eld as they are most practical for physical measurements. Within this mathematical

framework, the time dependence of the random variables is suppressed since the time

scales of the considered random media are much slower than the time it takes for light to

travel through them. The discussion of when temporal variations of the medium must be

considered will be discussed brie�y in Section 4.1.3. For more information on the math-

ematics involved in a random medium, the reader is referred to Andrews and Phillips

[50]. As the theory focuses on a statistical treatment it is useful to de�ne the following

functions: spatial autocorrelation, spatial power spectrum, and structure function.
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2.2.1 Spatial Autocorrelation Function

Given a randomly varying spatial �eldx(r ), the second order moment or autocorre-

lation function can be de�ned as

Bx(r1; r2) = hx(r1)x� (r2)i ; (2.1)

whereh:::i denotes an ensemble average and� denotes the complex conjugate. Within

the random medium of interest, the statistics can be assumed homogeneous and isotropic.

This assumption leads to the autocorrelation depending only on the distance between two

points within the �eld rather than their absolute position leavingBx(r), wherer = jr2 � r1j.

2.2.2 Spatial Power Spectrum

In order to compute the autocorrelation in equation 2.1, a useful quantity to derive is

the spatial power spectrum using the Wiener-Khinchin theorem. Assuming that the �eld

x(r ) is statistically homogeneous with zero mean, the �eld can be represented using the

Riemann-Stieltjes integral [50]

x(r ) =
Z ¥

� ¥
eikkk �r dn(kkk ); (2.2)
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wherekkk = ( kx;ky;kz) anddn(kkk ) represents the random amplitude ofx(r ). Using equa-

tion 2.1 and 2.2 the autocorrelation can be written as

Bx(r1; r2) =
ZZZZZZ

ei[kkk 1�r1+ kkk 2�r2]hdn(kkk 1)dn(kkk 2)� i : (2.3)

Upon using statistical homogeneity,hdn(kkk 1)dn(kkk 2)� i = d(kkk 2 � kkk 1)F x;3(kkk )d3k1d3k2,

whereF x;3(kkk ) is the three-dimensional spatial power spectral density (PSD). Equation

2.3 simpli�es to

Bx(r1; r2) =
ZZZ

F x;3(kkk 1)eikkk 1�r d3kkk 1: (2.4)

The inverse Fourier relationship is given as

F x;3(kkk 1) =
1

(2p)3

ZZZ
Bx(r1; r2)e� ikkk 1�r d3r : (2.5)

These relationships can be simpli�ed further, again under isotropic statistics, where the

vectorsr andkkk 1 can be replaced with their scalar quantitiesr andk = ( kx + ky)1=2 re-

spectively.

2.2.3 Structure Function

Another useful function to describe the statistics of a random medium is the struc-

ture function, which is used throughout most literature involving turbulence or rough

surfaces [50]–[52]. Its usefulness appears due to random �elds having a mean value that
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varies over various points in space which breaks the assumption of statistical homogene-

ity. A structure function is invariant to this varying mean value as it depends on the

statistical relationships between the difference of two points rather than their absolute

position and value. As the mean value varies across the random medium, the difference

between two points removes the mean and only the �uctuating part of the random �eld is

said to be statistically homogeneous. The structure function can be related to a random

�eld's autocorrelation and its power spectrum from the following relationships assuming

statistical homogeneity and isotropy

Dx(r) = h[x(r i) � x(r i + r)]2i

= 2[Bx(0) � Bx(r)]

= 2
ZZZ

d3k F x;3(k ) (1� cos(kkk � r )) ;

(2.6)

wherer i is some initial point of origin. In this workr i is typically taken as the origin of

the �eld leavingr = ( x2 + y2)1=2.

2.3 Inherent Optical Properties of a Random Medium

Inherent optical properties (IOPs) of a random medium generally consist of absorp-

tion and scattering coef�cients that degrade optical power transfer. However, in this work,

the refractive index �uctuations properties are also considered as an IOP. Each of these

properties exists in a propagation medium such as the atmosphere, ocean, or biological

tissue, but the values, properties, and length scales of the IOPs can change.

To start the study of laser beam propagation, a medium can be assumed to be a slab
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of randomly distributed particles, with lengthdz illustrated in Fig. 2.1, that can include

particles of any diameter. The change in optical power lost to propagation through the

medium,dP, is proportional to the incident optical powerPin and can be written as

dP= � s Pdz; (2.7)

wheres [m� 1] is a proportionality constant. Integration of equation 2.7 yields

P(z) = Pine�
Rzo
zs sext(z)dz; (2.8)

whereP(z) [W] is the output power,Pin is the input power,sext(z) is the extinction coef-

�cient, zs is the source plane initial position, andzo is the observation plane (position of

power measurement). The extinction coef�cient is the sum of the absorption and scatter-

ing coef�cients that degrade optical power transmission:

sext(z) = ssca(z)+ sabs(z) = Nd(z)(Csca+ Cabs); (2.9)

whereNd [m� 3] is the particle density,Csca [m2] is the scattering cross section, andCabs

[m2] is the absorption cross section. The scattering and absorption cross sections are

related to the particle sizes present within a turbid medium, which can be be analytically

found for spherically shaped particles.

If the propagation medium is isotropic, assuming the density of the medium and

the particulate matter present are the same, the dependence on the propagation distance,

z, can be ignored. Using this slab model, both scattering and absorption contribute to
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Figure 2.1: Geometry of the scattering volume consisting of a slab (of lengthdz) of a
medium containing particles with diameters comparable to the laser wavelength.

an optical power attenuation factor. However, this total attenuation is only true for light

that maintains its forward directionality. Scattering must be quanti�ed by its strength

and how it redirects the incident radiation upon interacting with particles or turbulence.

Scattering phenomena can be generally broken down into three regions: molecular scat-

tering, scattering by large particles, and turbulent scattering [53]. Each form of scattering

phenomena will be discussed in this dissertation.

2.3.1 Absorption by Particles

Absorption is a wavelength dependent process where the laser light transfers elec-

tromagnetic energy to rotational, translational, vibrational, or electronic processes of a

particle and the particle does not re-emit the same incident energy. In an atmospheric

environment, the main aerosols that absorb light are water, carbon-based molecules, and

ozone [50]. Due to the presence of different molecules some wavelengths propagate with

small amounts of attenuation while others are quickly attenuated. This is because of dif-
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ferent molecular absorption processes that are wavelength dependent. In the atmosphere

there are many ranges of wavelengths that are least absorbed such as 785 nm or 1550 nm.

This is not the case in the ocean where mainly blue/green wavelengths are absorbed the

least.

2.3.2 Scattering by Particles

Scattering is the redirection of the incident laser radiation due to an interaction

within the medium such as with particulate matter. In the atmospheric case, the main

scatterer of radiation are aerosol particles of sizes comparable to the incident wavelength.

For an oceanic environment scatterers are of a different nature, but the physics of scatter-

ing remains the same. These processes are highly dependent on the ratio of the particle

radius,a, to the wavelength of light [54], [55]. Depending on the size of the particle vari-

ous treatments can be applied as summarized in Table 2.1. "Particle size" throughout this

paper means particle diameter unless otherwise speci�ed.

Particle Type Diameter [mm] Scattering Processa=l
Molecules 0.00002 Rayleigh � 1
Haze 0.02 - 2 Rayleigh - Mie � 1
Fog 2 - 40 Mie - Geometrical > 1
Rain 200 - 20000 Mie - Geometrical� 1
Snow 2000 - 10000 Geometrical � 1
Hail 10000 - 100000 Geometrical � 1

Table 2.1: Examples of particle sizes and the method to solve for the scattered light
distribution [56].

The scattering of interest in this work is mainly due to particles comparable to the

wavelength, which involves the electromagnetic interaction of the laser light with the

particle. This interaction combines the effects of diffraction, refraction, and re�ections
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inside of the particle to dictate the scattering pattern of the incident light. To illustrate

scattering, consider the illustration in Fig. 2.1 to describe the geometry of the scattering

interaction.

Assume a collimated laser beam is incident on a thin slab of particles with lengthdz.

Laser light scatters into a polar angleq and spherical azimuth anglej . At a distance away

from the slab is a detector, with areaA, viewing solid angledWto measure the scattered

intensity. The angular distribution of power incident on the detector can be written as

P(q; j ) = P0b(q; j )dzdW (2.10)

whereb(q; j ) [m� 1 sr � 1] is the angular distribution of scattered light. The differential

intensity isdI(q; j ) = P(q; j )=dW[W sr � 1]. If the incident intensity falls on a detector

with differential areadA, the incident irradiance isE = P0=dA [W m� 2]. If the beam

illuminates a �nite volume of particlesdV = dzdA, equation 2.10 can then be rewritten as

b(q; j ) =
1
E

dI(q; j )
dV

: (2.11)

Thus,b(q; j ) de�nes the volume scattering function (VSF) describing the scattered in-

tensity per unit input intensity per unit volume. The VSF is also known as the differential

scattering cross section. Upon integration of the VSF over all solid angles, the scattering

coef�cient ssca (from equation 2.9) can be de�ned as

ssca=
Z 2p

0

Z p

0
b(q; j ) sin(q)dqdj = 2p

Z 2p

0
b(q) sin(q)dq: (2.12)
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If the scattering is assumed homogeneous across the scattering volume and the VSF is

symmetric across all azimuth angles, then the integral overj results in 2p. Another

function of interest is the normalized VSF

sV(q; j ) =
b(q; j )

ssca
; (2.13)

known as the phase function. The phase function is also known as the scattering indicatrix

used in some literature cited in this work [57], [58]. The phase function has not to do with

optical phase shifts, but rather an origination from the astronomical �eld to describe solar

�uxes.

The phase function is a quantity that depends strongly on the ratio of the particle

radiusa to the optical wavelengthl . Alluded to in Table 2.1, Mie theory is an analytical

approach used to predict the scattered light distribution for particles witha � l . The

scattering occurs due to the particles containing a different refractive index compared to

the surrounding medium. This change in refractive index exists only within the particle,

which size is on the order of a wavelength. This creates electromagnetic resonances that

can only be predicted by solving Maxwell's equations. Larger particles can be treated in

other manners such as geometrical optics [55].

Mie theory predicts light scattered from a spherical shaped particle, which can be

used to estimate the effects of a random medium by incoherently summing together the

phase functions of many different sized particles [59], [60]. In reality a random medium

does not consist of spherically shaped particles, which limits the exactness of Mie theory.
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2.3.2.1 Scattering by Small Particles

Small particle scattering, also known as molecular scattering, is due to molecu-

lar movement and density changes where the radii of these particles are generally much

smaller than the optical wavelength,a � l known as Rayleigh scattering. Within this

regime the phase function for unpolarized incident light is [61]

sV(q) =
3

16p
(1+ cos2(q)) : (2.14)

This form of phase function is mostly isotropic across all scattering angles leaving no fa-

vorable direction of scattering. Rayleigh scattering is generally considered much weaker

than that of larger particles and assumed negligible over short propagation paths. An at-

mosphere containing no aerosols or turbulence is then limited by molecular scattering,

which is generally not the case. This work will ignore the effects of molecular particle

scattering in later sections as it does not add to signi�cant losses of coherence.

2.3.2.2 Scattering by Large Particles

Large particle scattering occurs whena=l � 1 anda=l � 1, which adds a signi�-

cant amount of structure to the phase function. As the particle size increases more light is

scattered in the forward direction leading to effects similar to diffraction from an increas-

ingly large circular aperture. This treatment is known as anomalous diffraction where the

diffraction from a circular aperture is similar to a particle of the same size, but mainly

holds true for larger particles wherea=l � 1 [54], [55].
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The phase function is proportional to the magnitude of the scattered �eld amplitude

calculated directly from Mie theory. If the incident light is unpolarized, the phase function

can be written as

sV(q; j ;a) =
1

2k2Csca(a)
(jS1(q; j ;a)j2+ jS2(q; j ;a)j2); (2.15)

wherek = 2pn0=l is the optical wavenumber, andn0 is the refractive index of the prop-

agation medium.S1(q; j ;a) andS2(q; j ;a) are the scattering amplitudes for the perpen-

dicular and parallel �eld components respectively. Calculations ofCsca(a), S1(q; j ;a),

andS2(q; j ;a) are provided in detail in Appendix A. Examples of the phase function for

the particle sizes 0.05mm, 0.5mm, 5 mm, 50mm, and 250mm are shown in Fig. 2.2(a)

for near forward scattering angles of 0� � 3� .

As the particle size increases there is more signi�cant structure of the phase function

at near-forward scattering angles. The amplitude of the phase function also strongly peaks

in the forward direction. This change in the amount of scattering at each angle will

become signi�cant in later sections.
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(a) (b)

(c)

Figure 2.2: (a) Examples of single particle phase function for particle diameters 0.05mm,
0.5mm, 5mm, 50mm, and 250mm as a function of polar scattering angle. (b) Examples
of the phase functions for a Gaussian distribution of particle sizes with a standard devia-
tion of 4.5 % of the mean value being 0.05mm, 0.5mm, 5 mm, 50mm, and 250mm. (c)
Experimental phase function results for different polydisperse scattering media [62].

A feature of single particle scattering are the signi�cant ripples that appear in the

phase functions of larger particles as shown in Fig. 2.2(a). For a real medium, the scatter-

ing properties will depend not on a single particle, but on the particle distribution present.

The scattering properties of the medium such as scattering coef�cient, scattering cross

section, and phase function depend on the particle distribution. The calculation of these
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parameters is given in Appendix A to show how the equations change to become weighted

averages over the particle distribution. The particle distributions used as an example are a

Gaussian distribution with a mean value 0.05mm, 0.5mm, 5mm, 50mm, and 250mm and

standard deviation of 4.5 % of the mean value. Figure 2.2(b) shows how the phase func-

tion changes its forward scattering shape where the number of ripples are signi�cantly

reduced. Only at near forward scattering angles do ripples appear.

For a realistic volume of particles, a measurement of the phase function must be

done to explicitly know how light will scatter. Figure 2.2(c) are measurements of the

phase function for different scattering agents of Mg(OH)2, A4-course test dust (ATD),

Equate® (Maalox), and Petzold's oceanic measurements [63]. In comparison to a scat-

tering medium containing a distribution of particles with smaller particle sizes, the phase

function of realistic media are less forward peaked at near-forward scattering angles. The

phase function values for Petzold turbid media decreases two orders of magnitude within

the �rst three degrees whereas distribution seen to affect the beam fall up to three to �ve

orders of magnitude within the �rst degree of scattering angle. This change in the phase

function magnitude can have consequences on how it affects the coherence of laser light.

2.3.2.3 Quanti�cation of Scattering Strength

Given a slab of particles of lengthdz, the phase function in equation 2.15 describes

the scattering of light from the slab only in the "weak scattering" or "single scattering

regime". This regime is dictated by the amount of scattering events that the incident

light accumulates propagating through the medium. The number of scattering events is
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described by the attenuation length or optical depth (OD)sextdz(assuming the extinction

is isotropic along the slab).

The optical depth signi�es the propagation length where the optical power, i.e. the

squared magnitude of the �eld, decreases by a factor of 1=e. If the extinction is mainly

dominated by scattering (sext � ssca), "single scattering" is satis�ed whensscadz� 1.

If the medium contains a large optical depth then multiple scattering occurs where most

forward coherence is lost and light scattering can be modeled using a Gaussian phase

function [64], [65].

The optical depth is also related to the mean free pathls = 1=ssca, which describes

the distance an average number of photons travel before their direction is substantially

altered due to multiple scattering events. Another interpretation of the optical depth is as

a phase variance that dictates the strength of the phase �uctuations of the random medium

[66].

A second form of "weak scattering" condition does not deal with the amount of

scattering, but rather with the refractive index variation that initially causes phase de-

lays resulting in scattered light. These limits are described by the Rayleigh-Gans-Debye

(RGD) approximation [54], [55], [59]. This form of approximation perturbation method

falls under a category that has been denoted as the Rytov method, Born approximation

[50], Kirchhoff approximation [52], or phase screen approximation [67]. Each of them

treat the phase variations, independent of the physical phenomena, as small perturbations

to the incident �eld. This model can then be applied to an extended volume medium as

an accumulation of weak scattering events [59].

The refractive index of a random mediumn(r) = n0 + n1(r) is described as the sum
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of a mean value (hn(r)i = n0) and spatially varying componentn1(r) with zero mean. For

the weak scattering approximation to remain true two conditions must be satis�ed:

�
�
�
�
n1(r)

n0
� 1

�
�
�
� � 1

2ka

�
�
�
�
n1(r)

n0
� 1

�
�
�
� � 1

(2.16)

wherea is the particle radius of interest,n1(r) is the spatially varying portion of the re-

fractive index, andn0 is the background index or mean value. The �rst condition means

the phase delay created by the excess refractive index must be small to create no appre-

ciable re�ected light. The second condition, where most particle interactions break the

weak scattering approximation, states that the incident wave must not undergo apprecia-

ble change in phase or amplitude upon entering the particle. Once the particle reaches

the incident laser's wavelength or becomes larger than it, weak scattering cannot be met

as the phase delay approaches multiple wavelengths [54], [55]. The effects of these two

conditions will be made clear in the discussion of a turbulent medium in comparison to a

turbid medium.

2.3.3 Turbulence Induced Refractive Index Variations

In contrast to the discussion in Section 2.3.2 that dealt with small scale refrac-

tive index variations created by particles, turbulence induced scattering occurs on larger

length scales compared to the optical wavelength. Turbulent scattering is created by

the medium's refractive index changes that is driven by temperature, pressure, humid-

ity, density, or salinity gradients. As these variables are a randomly changing �eld in
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three-dimensions a useful concept to use is that of velocity �uctuations. In a randomly

changing velocity �eld dictated by �ow it is the �uctuations in the velocity �eld not the

mean value that are of concern. When a �ow contains a uniform velocity it is called lami-

nar otherwise, when a �ow develops into a random state deemed "turbulent" due to larger

�uctuations along the mean �ow. A characteristic of turbulent �ow are sub�elds known

as turbulent eddies [50].

Eddies describe the scales of energy dissipation following from the energy cascade

theory of turbulent �ow. As energy randomly dissipates in the medium, a continuum of

eddy sizes exists where kinetic energy is transferred from larger eddies to smaller eddies.

This energy transfer depends on the viscosity of the medium's �uid that will eventually

dissipate the energy as heat. Eddy sizes are limited based on the geometry of the location

of energy dissipation where the largest eddy size is known as the outer scale,L0, and the

smallest size is known as the inner scale,l0. Sizes of eddies between the inner and outer

scale are known as the inertial subrange. Depending on the turbulence present, the inner

scale notes the eddy scale size when energy is �nally dissipated as heat that depends on

the medium's viscosity.

Fluctuations of a medium's properties, mainly temperature gradients, drive the re-

fractive index �uctuations that perturb optical wave propagation through the medium in

question. Mathematically, this spatially varying refractive index is written asn(r ) =

n0 + n1(r ), under the assumption that its time dependence is negligible. The medium's

refractive index has a mean valuen0 = hn(r )i and varying valuen1(r ) with zero mean

statistics:hn1(r )i = 0. This is due to the �uctuation time of the refractive index being

slower than the time it takes the light to travel through the variation [50], [68].
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As the refractive index variationsn(r ) are a random �eld, the formalism in Sections

2.2.1 - 2.2.3 can be employed. The language of turbulence is typically written using struc-

ture functions as turbulence �uctuations are relationships among points in space rather

than a �eld varying past a single point. Assuming the refractive index �uctuations are

statistically homogeneous and isotropic, the refractive index structure function within the

inertial subrange,l0 � r � L0, can be written as

Dn(r) = 2[Bn(0) � Bn(r)] = C2
nr2=3; (2.17)

whereC2
n is known as the refractive-index structure constant.C2

n is connected physically

to the strength of the �uctuations of the refractive index. Following from this structure

function, for an idealized turbulence model, the refractive index power spectrum can be

de�ned as

F n;3(k ) = 0:033C2
nk � 11=3: (2.18)

This result is known as the Kolmogorov spectrum as it was �rst deduced by Andrey

Kolmogorov in the 1940s to model eddy scales sizes in a three-dimensional volume. It

remains valid only within the inertial subrange where 1=L0 � k � 1=l0 [69]. This result is

not always physically accurate as there is sometimes a dissipation region wherek � 1=l0.

To account for these results, a simple analytic model with an outer and inner scale cutoff,
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the modi�ed von Kármán (MVK) spectrum, can be used, which is given by

F n;3(k ) = 0:033C2
n

e� (k=km)2

(k 2 + k 2
0)11=6

; (2.19)

wherek0 = 2p=L0 and km = 5:92=l0. This model yields tractable analytic results for

optical wave propagation, but experimental measurements by Hillet al. [70] showed that

the atmosphere contains a dependence on the inner scale that results in a "bump" of the

refractive index PSD due to a polynomial dependence on the inner scale. This empirical

model is analytically �t by the modi�ed atmospheric turbulence spectrum (MA)

F n;3(k ) = 0:033C2
n

"

1+ 1:902
�

k
kl

�
� 0:254

�
k
kl

� 7=6
#

e� (k=kl )2

(k 2 + k 2
0)11=6

; (2.20)

wherekl = 3:3=l0. This description of the refractive index �uctuations leads to the phase

function of turbulent scattering to be written in terms of the refractive index PSD. Fol-

lowing from the Poynting vector, Tatarskii derived the turbulent phase function, assuming

azimuth symmetry, to be [71]

sV(k ) = 2pk4F n;3(k ): (2.21)

The phase function is written in terms of spatial wavenumber by using the relationship

k = 2n0ksin(q=2) [59], [71]–[73]. Examples of the previously mentioned refractive in-

dex PSDs are shown in Fig. 2.3(a) for an inner scale of 1 cm and outer scale of 10 m. The

inner scale effects are related to the attenuation of large spatial frequencies whereas outer

scale effects are re�ected as the asymptote near small spatial frequencies.
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(a) (b)

Figure 2.3: (a) Various power spectra as a function of spatial wavenumber forl0 = 1 cm,
L0 = 10 m, andC2

n = 3:9 � 10� 16m� 2=3. (b) Analytic structure function using various
power spectra integrated from equation 2.6.

Figure 2.3(b) shows the refractive index structure function for each respective PSD

calculated directly from equation 2.6. For spectra with a bounded outer scale, the effects

are clearly seen for the MVK spectrum and MA spectrum in pink and red in Fig. 2.3(b)

as the structure function reaches an asymptote. This will be used as a comparison point

to a turbid medium in Section 3.6.2.

2.3.3.1 Quanti�cation of Turbulence Strength

Depending on atmospheric conditions, PSD models for the refractive index �uctu-

ations deal with eddy sizes that can vary in scale sizes between 1 mm and 100 m. These

scale sizes, also known as scattering disks, are similar to particle sizes, therefore, the

phase function will be strongly forward peaked similar to extremely large particles. Along

with this analogy, the weak scattering assumptions in the conditions shown in equation

2.16 are both satis�ed for turbulence perturbations. These are satis�ed due to the scatter-
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ing arising from variations in the atmosphere's molecular refractive index, meaning the

size of the scattering particles are extremely small. Thus a small particle with a diame-

ter on sub-micron scales will satisfy condition two in equation 2.16 and small refractive

index �uctuations that induce less than a wavelength of phase delay which automatically

satisfy condition one in equation 2.16.

In a similar manner to the mean free path of scattering through a medium containing

particles, scattering by turbulent eddies has a similar parametersTsca [51], [74], [75] for a

bounded refractive index PSD with units of [m� 1] as

sTsca = 4p2k2
Z ¥

0
F n;3(k )kdk = 1:3k2C2

nL5=3
0 U

 

1;
1
6

;
�

k0

km

� 2
!

; (2.22)

whereU(a;b;c) is a con�uent hypergeometric function of the second kind. The equiv-

alent "optical depth" for turbulence can then be thought of assTscadz. This mean free

path through turbulence is similar to the de�nition in equation 2.13 since equation 2.22

is an integral over the PSD rather than the particle phase function. It results in the same

de�nition that the intensity of the laser drops by 1=e of its initial value upon propagation

through this value. Notice that the PSD contains the turbulence strength depending onC2
n

from the PSDs in the previous section.

This de�nition of the 1=e point of the �eld, is also equivalent to the spatial coher-

ence radius as de�ned by Andrews and Phillips [50]. The dependence on propagation dis-

tance is included with the value ofC2
n that is assumed to be isotropic across the propaga-

tion path. Although this is a useful factor for the comparison to particle scattering, turbu-

lence strength on laser beam propagation typically is concerned with using image quality
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based metrics. This de�nition of the mean free path is also hindered by the convergence of

the PSD integral, which must be bounded using spectral models such as the MVK or MA.

For the MVK spectrum, the mean free path is found to besTsca = 0:39C2
nk2L5=3

0 . As most

of this work used the Kolmogorov PSD for simpli�cation of the turbulent �uctuations, a

turbulence mean free path cannot be de�ned.

More popular de�nitions of turbulence scattering strengths are the spatial coherence

radius (SCR), Fried parameter, and Rytov number. Each of their de�nitions and limita-

tions are summarized in Table 2.2. Each of these parameters including the turbulence

scattering length,sTsca, are related to the 1=e point of the beam's electric �eld. The Fried

parameter has a similar meaning and can be related to the SCR usingr0 = 2:1r 0. In con-

trast to the other two metrics, the Rytov number is rather a measurement of plane wave

intensity �uctuations de�ning a region of weaks 2
R < 0:1, moderate 0:1 < s 2

R < 1, and

strong intensity �uctuationss 2
R > 1. The Rytov number is a non-dimensional parameter

that can be used to quantify general regions rather than scale size. Each metric depends

on the propagation distance of the wave from a source (zs) point to observation point (zo).

Parameter Plane Wave Spherical Wave

SCR (r 0)[m]
�
1:46k2Rzo

zs
C2

n(z)dz
� � 3=5

�
1:46k2Rzo

zs
C2

n(z)
�

z
zs� zo

� 5=3
dz

� � 3=5

Fried (r0) [m]
�
0:423k2Rzo

zs
C2

n(z)dz
� � 3=5

�
0:423k2Rzo

zs
C2

n(z)
�

z
zs� zo

� 5=3
dz

� � 3=5

Rytov (s 2
R) [a.u] 1:23k7=6C2

n(zo � zs)11=6 0:5k7=6C2
n(zo � zs)11=6

Table 2.2: De�nitions of spatial coherence radius, Fried parameter, and Rytov number for
plane wave and spherical wave propagation through a turbulent medium.

The main reason for de�ning these metrics instead of a single scattering length is the
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ability to ef�ciently denote the cumulative effects of turbulence across some propagation

distance. A scattering length quanti�es the length until one scattering event and in the

same process de�nes the length where the �eld reaches its 1=epoint, but does not denote a

strength of how the distortion affects spatial resolution. This is where the Fried parameter

and SCR are useful as they can denote the limitations on the spatial resolution of an

optical system, but not the distance at which this occurs like a mean scattering length.

2.4 Summary: Optical Properties of a Random Medium

In a random medium the scale size, correlation function, and strength of the refrac-

tive index �uctuations are the most important quantities to characterize to describe light

scattering. A turbid medium is typically characterized with refractive index scale sizes

comparable to the wavelength that induces scattering of light in all directions. The phase

function contains the spatial information about the scattering whereas the optical depth

determines the strength. In contrast, a turbulent medium contains scattering only in the

near-forward direction as turbulent eddies are typically much larger than the wavelength.

The refractive index PSD contains the spatial information about the scattering properties

whereas the Rytov number, Fried parameter, orC2
n can quantify scattering strength in spe-

ci�c cases. Each of the scattering conditions and scattering strength metrics will be used

throughout the rest of this work.
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Chapter 3: Formalism of Beam Propagation using Statistical Optics

In most studies a distinction is made in terminology of a medium containing tur-

bulence or particles. A turbulent medium contains only phase �uctuations created by

turbulent refractive index variations, much larger than the wavelength such that light scat-

tering is in the forward direction. However, a turbid medium contains particulate matter

comparable to the wavelength that invokes an electromagnetic resonance that must be de-

scribed using a full �eld treatment. Each random medium is considered "random" since

the phase �uctuations of the optical wave are due to random changes in the refractive

index.

In the turbid medium case, the directionality of light depends on the particles radius

to wavelength ratioa=l . Whena=l is small a turbid medium can strongly diffuse light

into all angles 0� � 180� . Quanti�cation of laser scattering can be done using the radiative

transfer equation (RTE) within the small-angle approximation (SAA) [57], [58], [76]–[79]

also known as the paraxial approximation. In contrast, strong turbulent scattering does

diffuse the incident beam into mostly forward scattering angles [67]. However, turbulent

scattering is typically derived from the stochastic Helmholtz equation within the paraxial

approximation that does not equate to the language of the RTE. Thus, approaching the

scattering problem must be done using one of the two methods. In this work, the RTE
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is chosen as the radiative transfer method has been seen as an equivalent derivation to

the stochastic Helmholtz equation to describe near-forward scattering [80], [81]. The

solution to the RTE is then connected to the solution of the stochastic Helmholtz equation

to leverage traditional turbulent medium simulations for a turbid medium.

The goal is to maintain the greatest amount of generality between the two medi-

ums to understand how both affect the coherence of a laser beam in a similar manner.

This will make it possible to extrapolate the environmental effects directly to OAM car-

rying beams using Fourier optics. A general method to describe the coherence of a laser

beam propagating through both a turbid and turbulent medium is the autocorrelation of

the �eld known as the mutual coherence function (MCF). The MCF will be derived for

both random media and then be connected with its optical transfer function (OTF) and

transmittance function. Speci�cs of the transmittance function are discussed in Section

3.3 followed by the MCF in Section 3.4. Beam propagation through a turbulent and tur-

bid medium will be discussed in Sections 3.5 and 3.6 by mirroring the derivation of the

wave equation and spatial phase perturbations using the formalism of the wave structure

function.
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3.1 Radiative Transfer Equation

The RTE within the SAA that describes spatial dispersion of a monochromatic laser

beam through a scattering layer is written as

�
¶
¶z

+ ~n? � Ñ? + sext(z)
�

I (r? ;z;~n? ) =
ssca(z)

4p

ZZ
d2~n0

? p(j~n? � ~n0
? j;z)I (r? ;z;~n? ):

(3.1)

The notation of the RTE follows from Zegeet al.[58] and is related to that of Tatarskii [71]

for convenience with the sections on turbulence is as follows:~n? ! (x̂; ŷ),~n0
? ! ~km, r? !

(x2+ y2)1=2, p(j~n? � ~n0
? j;z) ! sV(q; j ), Ñ? = ¶=¶x+ ¶=¶y, andI(r? ;z;~n? ) ! I (r; f ;z)

is the laser beam intensity distribution. The notation is used for turbulence in Section 3.2

when discussing the stochastic Helmholtz equation.

The RTE is dif�cult to solve by either numerical or analytical methods. However,

the physical interpretation is more straightforward as the RTE describes how a laser's

input intensity translates to the output intensity. The �rst two terms on the left hand side

of equation 3.1 is the spatial change in intensity over a length. The third term is the total

intensity loss due to attenuation and scattering. The right hand side, proportional to the

phase function, describes the loss of intensity to scattering in all directions through space.

Two approximations of the RTE that lead to analytical solutions are the diffuse ap-

proximation and SAA. In this work the SAA will be the main simplifying assumption

that limits the extent of the intensity to near-forward angles due to a laser's high direc-

tionality. The diffuse approximation is not used in this work as most scattering effects
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of interest occur when coherence is maintained before the diffuse region. Otherwise if

forward coherence is completely lost the use of the diffuse regime is appropriate.

3.1.1 Solution to the RTE within the SAA

The general solution to the integro-differential equation in equation 3.1 can be

found using the spatial correlation functionG(:::) discussed explicitly in Section 3.4. The

general form is [57], [58]

G(r1; r2;zo) = GB(r1; r2;zo)e�
Rzo
zs [sext(z)� ssca(z)sV (jr1� r2j;z)]dz (3.2)

whereGB(:::) is the source correlation function. The spatial correlation function is the 2D

Fourier transform of the optical intensityI (r0;z)

G(r1; r2;zo) =
ZZ

I (r0;k ;zo)e� ik~r0�~k d2k : (3.3)

The point made in this section is that solutions to the RTE can be found for speci�c forms

of intensity distributions. However, this form of solution does not provide a connection

to the spatial phase directly. The connection is made to the spatial correlation function

instead. The relationship of the intensity to the MCF and thus the phase correlations will

be made clear in Section 3.6 [57], [58], [80], [82].
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3.2 Stochastic Helmholtz Method

For a turbulent medium the more common approach to describe laser propagation

is done using the stochastic Helmholtz equation [50]. This method was �rst notably

used by Tatarskii [71], [83] who used the �rst order Rytov approximation and indepen-

dently by Yura [84]–[87] from the extended Huygens-Fresnel principle. These methods

are equivalent to the derivation from transport theory and a method solving the Bethe-

Salpeter equation summarized in Fante and Poirier [82]. The methods by Tatarskii [71]

and Yura [84] are the most prominent and adopted by Andrews and Phillips [50]. The

argument is brie�y repeated here for comparison to transport theory to show how the

stochastic Helmholtz equation does not take into account higher angle scattering from

particle scattering. This method is only valid within the weak scattering limit of the RGD

approximation where the refractive index PSD is proportional to the differential scattering

cross section (or VSF) [59].

First, the stochastic Helmholtz equation is time independent leaving us with the

scalar Helmholtz equation. It is deemed a scalar equation since the electric �eld pro�le

of the beam,E(r ) = U(r )eiwt , can be simpli�ed into its vector components such that it

describes the scalar �eld amplitude,U(r; f ;z). Under the assumption that polarization

effects can be neglected, the wave equation through a turbulent medium is written as [50]

Ñ2U(r; f ;z)+ k2n2(r)U(r; f ;z) = 0; (3.4)

whereÑ2 = ¶2=¶x2 + ¶2=¶y2 + ¶2=¶z2 is the Laplacian in Cartesian coordinates,w =
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2p f = kv, v is speed of light in the medium,f is the optical frequency,v = c=n0, c is the

speed of light in vacuum. With the focus being on propagation of low-divergence coherent

beams, the SAA can be applied to equation 3.4 resulting in the Fresnel approximation or

parabolic wave equation

Ñ2
? U(r; f ;z)+ k2n2(r)U(r; f ;z)+ 2ik

¶U(r; f ;z)
¶z

= 0; (3.5)

whereÑ2
? is the transverse Laplacian operator. The refractive index in equation 3.5 can

be simpli�ed for the atmospheric case usingn2(r) � n0 + 2n1(r) with a mean index of 1

such thatn2(r) � 1+ 2n1(r).

3.2.1 Solution to Parabolic Wave Equation

The method of choice to solve equation 3.5 will be the Huygens-Fresnel integral

due to its simpler analytic and numerical treatment of optical wave propagation. To gen-

eralize this solution to a random medium, the medium perturbations,y (r;s), are included

leading to the extended Huygens-Fresnel principle (EHFP) [50]. It is used to describe the

relationship among the laser �eldUs at the source plane and the �eldUo at an observa-

tion plane located at propagation distanceszs andzo, respectively. An illustration of the

propagation geometry that satis�es the EHFP is shown in Fig. 3.1 with its quantitative

de�nition in equation 3.6.

Uo(r;z0) =
� ikeikL

2pL

ZZ
d2sUs(s;zs)e

ikjs� rj2

2L + y (r;s): (3.6)
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Within the EHFP (equation 3.6) the propagation distance isL = zo � zs with coordinates

for the source plane beings and for the observation planer. A discussion how to solve

this equation numerically will be given in Chapter 5, but the reader is directed to Schmidt

[88] and Flecket al. [89], [90] for further clari�cation of numerical results.

Figure 3.1: Coordinate geometry describing laser beam propagation using the Huygens-
Fresnel principle and its coherence properties among two points in space used for the
mutual coherence function.km is the scattering wave vector direction andk is the spatial
wavenumber in the far-�eld and~k is the wave vector.

3.3 Transmittance Functions

In statistical optics, the transmittance function is a complex quantity that describes

how an optical element, system, or random medium changes the spatial distribution of

a laser beam's amplitude and phase [91]. A general transmittance function is de�ned,

similar to a laser beam wavefront, as

t(x;y) = D(x;y)eikq(x;y); (3.7)
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whereD(x;y) is the amplitude distribution andq(x;y) is the spatial distribution of phase

shifts. A transmittance function can be used to derive the OTF and PSF of an optical

system. It will be used to simulate phase screens for a turbulent and turbid medium dis-

cussed in Sections 3.5.1 and 3.6.1. Their computational generation for a random medium

is discussed in Appendix B. A phase screen is a transmittance function containing a vary-

ing phase distribution with unit amplitude, therefore, there are no amplitude variations.

Amplitude variations occur upon propagation when the random phase shifts create inter-

ference.

Figure 3.2 visualizes the connection of the complex transmittance function to other

optical system quanti�cation metrics such as OTF, modulation transfer function (MTF),

phase transfer function, and incoherent PSF. The main equality of interest is the autocor-

relation of the transmittance function that can be equated to a scaled version of the OTF.

This fact is used to extrapolate the phase screen autocorrelation function to describe how

a random medium affects the frequency response of an optical system and OAM carrying

beams.

3.4 Mutual Coherence Function

An important quantity to de�ne is a laser beam's second order statistical moment,

or autocorrelation function, known as the MCF or cross spectral density (CSD). The MCF

is de�ned as

G2(r1; r2;z) = hU(r1;z)U � (r2;z)i ; (3.8)
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whereh:::i denotes an ensemble average. An ensemble average is used assuming that

the medium's statistics are ergodic, which allows a temporal average to be represented

as the average of independent spatial realizations of the random medium [50]. The MCF

describes the amount of correlation or similarity between spatial points along a beam's

wavefront illustrated in Fig. 3.1. Note that this is directly calculated using a 2D convo-

lution integral that can be done using Fourier transforms. A few important quantities that

describe laser beam propagation can be derived from the MCF such as the OTF, average

intensity, beam spread, degree of coherence, and beam wander [50].

Using the RTE within the SAA, the solution in Section 3.1.1 describes the inten-

sity pro�le through a random medium, but not the optical �eld. Using the stochastic

Helmholtz equation, the laser �eld is seen to satisfy a general wave equation, which the

MCF also satis�es [92]. To relate the solution of a wave equation to the solution of the

RTE, the Wiener-Khinchin theorem is used via equation 3.3. The MCF containing the

relationship between the source and observation plane using the EHFP (equation 3.6)

yields

G(r1; r2;zo) = hU(r1;zo)U � (r2;zo)i

=
k2

4p2L2

ZZZZ
d2s1d2s2hUs(s1;zs)U �

s (s2;zs)e
ik
2L ( js1� r1j2+ js2� r2j2)ey (s1;r1)+ y � (s2;r2) i :

(3.9)

Equation 3.9 describes the full beam's coherence properties where the laser source MCF

is contained in the �rst termGB(s1;s2;zs) = Us(s1;zs)U �
s (s2;zs). This equation is a so-

lution to both the radiative transfer equation with the SAA and the stochastic Helmholtz
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equation. The analytical focus in this chapter is on coherent beam propagation, unless

stated otherwise, that leads the ensemble average in equation 3.9 to only include the

randomly �uctuating random medium complex perturbationsy (r;s) = c (s; r) + iS(s; r),

wherec (s; r) is the log-amplitude andS(s; r) is the phase. If a partially coherent beam is

implemented the laser source MCF will �uctuate. This case is brie�y discussed in Section

3.4.1.

The MCF can be used to study the spatial frequency response of an optical system

to a random medium using the OTF,H (kx;ky). For coherent imaging, the properties of

Fourier optics can be used to relate the MCF to the OTF of an optical system in equation

3.10 [91]. To illustrate these relationships Fig. 3.2 shows a �ow chart illustrating mathe-

matical relationships between functions used for coherent imaging. The spatial frequency

response of the system is called the MTF or the magnitude of the OTF. By knowing the

MTF, which is a function of the phase statistics, the complex transmittance function can

be reconstructed. If the transmittance function of the medium can be created information

about the statistical nature of the medium can be further studied.

H (kx;ky) =
F 2fj h(x;y)j2g

RR
jh(u;v)j2dudv

=
RR

H(p0;q0)H � (p0� kx;q0� ky)dp0dq0
RR

jH(p0;q0)j2dp0dq0

=
RR

t(x;y)H � (x� kx;y� ky)dxdy
RR

jt(x;y)j2dxdy

= t(x1;y1)t � (x2;y2)j
x= fi kx

k ;y=
fi ky
k ;

(3.10)

whereF 2 is the Fourier transform operator,h(x;y) is the amplitude spread function and

H(kx;ky) = F 2f h(x;y)g is the amplitude transfer function. From step 1 to 2 in equation
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3.10 the Wiener-Khinchin theorem is used and from step 3 to 4 the following relationship

between the ATF and transmittance function is applied

H(kx;ky) = F 2

�
k
fi

F 2f t(x;y)gjkx= kx
fi

;ky=
ky
fi

;

�
=

fi
k

t
�

fikx

k
;

fiky

k

�
: (3.11)

The amplitude transfer function shows that the complex beam amplitude, optical system,

and random medium all play a role in determining the bandlimit of the system. The

transmittance function sets the passband to the diffraction limited spot size. In addition

to the diffraction limit, the optical system may introduce lens aberrations that can be

compounded by random medium distortions that limit the system further. The system

MTF can be derived in terms of the separation distancer typically used in theoretical

studies of a random medium. Equation 3.10 states that the OTF of an optical system is a

rescaled form of the MCF, therefore,r can be replaced byfik=k to determine an optical

system's spatial frequency [61]. The effective focal length of the optical system isfi . This

essentially leaves the OTF as a scaled version of the MCF.

Using the formalism of the MCF and OTF, a useful quantity referred to as the image

quality or Strehl Ratio. It is de�ned as the ratio of the true system MTF over the diffraction

limited MTF as given in equation 3.12. Typically it is measured at the on-axis (r = 0)

value of the MTF resulting in the exponential of equation 3.12 to vanish only leaving the

MTF ratio.
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Figure 3.2: Flowchart describing the relationship between the MCF, OTF, PSF, WSF,
and other optical system quantities of interest.

SR(r ;Q) =

�
�
�
�
R¥

0
R2p

0 P(r; f )e� i 2pr r
l f cos(Q� f )rdrdf

�
�
�
�

2

�
�
�
�
R¥

0
R2p

0 P0(r; f )e� i 2pr r
l f cos(Q� f )rdrdf

�
�
�
�

2 : (3.12)

In equation 3.12,P(r; f ) is de�ned as the system pupil function, which is the prod-

uct of the system transmittance function and the beam pro�le,

P(r; f ;z) = t(r; f ;z)U(r; f ;z): (3.13)

The pupil function for an ideal system is found by taking the transmittance function to be
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of the system aperture denoted asP0(r; f ;z). This pupil function is said to be diffraction

limited as it depends only on the beam pro�le and size of the input aperture. The focus

of the system may be limited by the size of the beam or aperture, but no other distortions

play a role unless aberrations are present.

3.4.1 Impact of a Partially Coherent Laser Source

Partially coherent light is created from a source which contains limited spatial cor-

relations meaning that a bandwidth is imposed on the MCF [92]. The normalized MCF,

known as the complex degree of coherence (DOC), is used to quantify the coherence of

the light source de�ned as

m(r1; r2;z) =
jG(r1; r2;z)j

(G(r1; r1;z)G(r2; r2;z))1=2
: (3.14)

Whenm(r1; r2;z) = 1 the light is coherent, ifm(r1; r2;z) = 0 the light is incoherent, and

when 0< m(r1; r2;z) < 1 the light is said to be partially coherent. Partially coherent light

commonly is described by a DOC of a Gaussian form that depends onjr2 � r1j that can

be created by passing a laser beam through a ground glass diffuser.

In general, a notable effect of partially coherent light is that asm(r1; r2;z) decreases,

the laser loses its ability to create a high contrast interference pattern. This leads to

two outcomes of interest: reduced intensity variance upon propagation through a random

medium and the ability to be shaped into an OAM beam. This trade-off will brie�y be

explored in this thesis for an OAM based sensing modality in Section 5.2.4.
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3.5 Wave Propagation through a Turbulent Medium

The full treatment of studying laser beam propagation pieces together the tools

from the following sections. Propagation starts with a coherent laser beam travelling

from a source plane to an observation plane, illustrated in Fig. 3.1, with turbulent phase

perturbationsy (r;s) with an MCF given by equation 3.9. The focus will be on second

order statistics and thus the MCF of the beam that contains the autocorrelation function

of the phase perturbations. Using the discussion in Section 3.4 to relate the MCF to the

OTF, the results can be extrapolated to determine the frequency response of an optical

system. The MCF of a turbulent and turbid medium will be used to show the effects of a

random medium on a laser carrying OAM in the next chapter.

3.5.1 Turbulent Medium MCF

Applying the EHFP to a coherent Gaussian beam propagating through a turbulent

medium starting from the general form of the MCF in equation 3.9, the ensemble average

over the random phase variations can be simpli�ed as

hey (s1;r1)+ y � (s2;r2) i = hec (s1;r1)+ c (s2;r2)+ i(S(s1;r1)� S(s2;r2)) i

= he
1
2 [c (s1;r1)� c (s2;r2)]2� 1

2 [(S(s1;r1)� S(s2;r2))]2
i

= e� 1
2Dc (s1;r1;s2;r2)� 1

2DS(s1;r1;s2;r2))

= e� 1
2Dw(s1;r1;s2;r2);

(3.15)
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whereDw(s1; r1;s2; r2) is the wave structure function (WSF) assuming the perturbation

statistics are Gaussian distributed with zero mean. The moment generating function is

usedhea t i = e� 1
2a 2ht2i from line one to two [93], [94]. This leaves

G(r1; r2;zo) =

k2

4p2L2

ZZZZ
d2s1d2s2hUs(s1;zs)U �

s (s2;zs)e
ik
2L ( js1� r1j2+ js2� r2j2)e� 1

2Dw(s1;r1;s2;r2);

(3.16)

as the general MCF in terms of WSF de�ned asDw = Dc + DS. Dc andDS are the the

log-amplitude and phase structure functions. The WSF is typically assumed to be equal

to the phase structure function when the scales across the wavefront are greater than the

�rst Fresnel zone (
p

L=k) and less than the outer scale [50]. Using this assumption, the

focus turns to only the phase structure function de�ned for the limiting cases of a plane

wave and spherical wave as [51]

DSpw(r) = 8p2k2L
Z ¥

0
kF n;3(k )[1� J0(k r)]dk ;

= 2sTscaL
�

1�
R¥

0 F n;3(k )J0(k r)kdk
R¥

0 F n;3(k )kdk

� (3.17)

DSsw(r) = 8p2k2L
Z 1

0

Z ¥

0
kF n;3(k )[1� J0(k rh )]dkdh

= 2sTscaL

 

1�
R1

0
R¥

0 F n;3(k )J0(k rh )kdkdh
R¥

0 F n;3(k )kdk

!

;
(3.18)

each of which are derived using equations 2.5 and 2.6 whereJ0 is a zeroth order Bessel

function of the �rst kind. For more speci�c analytical treatments of beam propagation the

reader is directed towards [50]. The spherical wave WSF contains an extra integration
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variable that represents the divergence of the spherical wave from the source plane to

observation plane [84]. For a Gaussian beam, the spherical wave structure function can

be used or an explicit form of the Gaussian beam MCF [50]. Each WSF is written in terms

of the turbulence mean scattering length (sTsca) to show the similarity to the optical depth

of a turbid medium in Section 3.6 only for bounded refractive index PSDs. De�ning these

metrics can now be used to predict average second order beam statistics.

3.5.2 Turbulent Medium Phase Power Spectrum

In order to �nd a single phase realization, the turbulent phase must be related to the

refractive index power spectrum. This can be done by de�ning the phase power spectrum

F S;m(k ) that depends on the spatial wave number, which contains the same statistical

properties and assumptions as equations 2.5 and 2.6. Another assumption to reduce the

dimensionality of the phase PSD is using equation 2.2 that says the refractive index �uctu-

ations are uncorrelated along the propagation direction using the Markov approximation

Bn(r ;z) =
1

2p3

ZZZ
F n;3(kkk ;kz)ei(kkk �r+ kzz)d2kkkdkz;

=
1

2p3

Z
eikzzdkz

ZZ
F n;3(kkk ;kz)eikkk �r d2kkk

= 2pBn(r )d(z);

(3.19)

where the phase PSD can be de�ned using the two-dimensional refractive index PSD,

F n;2(k ), as (chapter 6.2 of Tatarskii [71])

F S;2(k ) = 2pk2LF n;2(k ): (3.20)
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The two-dimensional PSD describes the strength of various spatial frequencies present in

the phase perturbations of the optical medium. The spatial frequencies can also be related

to the various lens aberrations by modeling turbulent phase perturbations using a series

of Zernike polynomials [95].

For this work, the phase perturbations are modeled using the phase screen approx-

imation. It assumes the phase shifts are suf�ciently weak such that a three-dimensional

volume can be compressed to a multiplicative transmittance function that models one

statistical realization as exp(iqT(x;y)) . The random phase shifts induced by turbulence

qT(x;y) are assumed to be Fourier transformable such that

qT(x;y)=
¥

å
n= � ¥

¥

å
m= � ¥

c̃nm(kx;ky)ei(xkx+ yky) ; (3.21)

wherekx andky are the spatial frequency variables,n andm are the Fourier com-

ponent indices, and ˜c are the randomly varying Fourier coef�cients proportional to the

phase PSD ,hjcnmj2i � F S(k ). This representation of the phase �uctuations lends itself to

a simple computational implementation using the fast Fourier transform (FFT) discussed

in Appendix B.

Examples of the WSF and MCF for a plane wave following from a Kolmogorov

refractive index power spectrum (equation 2.18) are shown in Fig. 3.3(a-b). The blue

line represents the simulated data using the phase screen generation routine described in

Appendix B and the red line is the theoretical value of the WSF from equation 3.16 and

MCF from equation 3.15. Figure 3.3(a) shows three phase structure functions averaged
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over 500 random realizations for three strengths of turbulence with Rytov numbers 0.1, 1,

and 10. The main difference between these curves is the phase variance that dictates the

magnitude of the WSF. The weakest turbulence strength MCF is represented by diamonds

that can noticeably begin to deviate from theory at larger distances ofr due to limitations

of the low frequency components from a �nite numerical grid. As the turbulence becomes

more moderate (circles), the MCF �ts theory well due to the large frequency distortions

being suppressed due to decorrelation. The same effect occurs for the strongest turbulence

case (squares) that contains the least amount of correlation represented by the small width

of the MCF. The grid parameters contain a 512x512 grid with pixel pitch of 9.8mm and

a physical size of 5 mm.

(a) (b)

Figure 3.3: (a) Examples of the plane wave WSF in a turbulent medium following a
Kolmogorov PSD for the following Fried parameters of: 52 cm (squares), 16 cm (circles),
and 4 cm (diamonds). (b) Plane wave MCF in a turbulent medium for the previous WSF
for the same fried parameters. Analytic results are in blue from equation 3.17 whereas
simulated are in red.

Figure 3.3(b) shows the respective MCF of the previous WSFs for three strengths of

turbulence. The squares represent the weak regime where the simulated and theoretical
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MCF deviate slightly due to the larger scale sizes introduced in the weaker turbulence

leading to numerical errors. For moderate and stronger turbulence scales the MCF values

�t well with theory. If the MCF is to be rescaled to determine a system OTF, the larger

turbulence strength will act as a lowpass �lter blurring any high spatial frequencies.

3.6 Wave Propagation through a Turbid Medium

For a turbid medium, the statistical treatment is similar to a turbulent medium with

the starting point being the study of the MTF using the MCF [61], [79], [86], [96]–

[98]. A new suggested treatment of the turbid medium MTF in this work can be used

to describe the turbid phase PSD for adaptation to phase screen simulations. To the best

of the knowledge of the author, this approach for simulation of a turbid medium has

not been seen without the support of Monte Carlo ray tracing programs, �nite element

methods, or the assumption of a Gaussian phase function.

3.6.1 Turbid Medium MCF

The turbid medium MCF can be de�ned following from transfer theory as

G(r;zo) =
ZZ

d2kU(0;zs)U � (r;zs)eikkk �r e�
Rzo
zs [sext(z)+( BS(0;z)� BS(r;z))]dz; (3.22)

whereBS(r) is the phase correlation function. Compared to a turbulent medium, whose

language is written using structure functions, a turbid medium is typically not studied us-

ing this formalism unless spatial coherence is of concern. The phase correlation function
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in terms of the phase function is given by

BS(r) =
ZZZ

b(q; j ;a)eikr �WWWd2Wda

=
Z ¥

0

Z p

0
n(a)sV(q;a)J0(kr sin(q)) sin(q)dqda:

(3.23)

The MCF in equation 3.22 consists of the source MCF as de�ned in previous sections and

the MCF due to particle scattering. Equation 3.23 describes the same PSD relationship

used in equation 2.4 for the refractive index PSD and correlation function. The difference

in notation follows from simpli�cation using the polar scattering angleq instead of spatial

frequencyk . Usingk = 2kn0sin(q=2) equation 3.23 can be rewritten in terms of spatial

frequency and the same functional form is obtained as equation 3.17. Another main

difference is the inclusion of the particle distributionn(a) that occurs in a polydisperse

turbid medium. Assuming an isotropic turbid medium, the turbid medium MCF can be

rewritten as

Gsca(r;zo) = e� sextL
�

e� sscaL + e� sscaL
�

esscaLBS(r;L) � 1
��

; (3.24)

whereL = zo � zs. The �rst multiplicative term is described in Section 2.3 due to losses

of higher angle scattering that falls outside of the detector �eld of view and particle ab-

sorption. The �rst term in the summation describes how the incident beam is perturbed by

small-angle scattering that undergoes no appreciable phase shift due to the particles. The

second term describes scattered light whose phase is determined by the medium's phase

correlation function [65], [99], [100].

By comparing a turbid medium to a turbulent medium, the turbid medium WSF, for

53



a polarized laser beam, can be represented using a similar form to equations 3.17 and 3.18

as [61], [96]

DSpw(r) = 2
�
sextL + sscaL �

NdL
k2

ZZ
jSp(q; j ;a)j2J0(kr sin(q)) sin(q)dqda

�

= 2sextL + 2sscaL
�
1�

Z ¥

0

Z p

0
n(a)sV(q;a)J0(kr sin(q)) sin(q)dqda

�
;

(3.25)

DSpw(r) = 2
�
sextL + sscaL �

NdL
k2

ZZZ
jSp(q; j ;a)j2J0(krh sin(q)) sin(q)dqdhda

�

= 2sextL + 2sscaL
�
1�

Z ¥

0

Z 1

0

Z p

0
n(a)sV(q;a)J0(krh sin(q)) sin(q)dqdadh

�
;

(3.26)

whereSp(q; j ;a) are the scattering amplitudes andp = 1;2 is the index for horizontal or

vertical polarization. The phase correlation function in equation 3.25 is simpli�ed using

equation 2.12. The difference between equations 3.25 and 3.26 are the extra integral

overh that includes the curvature of the spherical wavefront. Simpli�cation and physical

context of these equations follows from Section 3.1. However, another explanation is

found from DeWolf [96] who derives equation 3.22 from coherence theory for a wave

propagating through a slab of particles. Qualitative and quantitative results for a narrow

and �nite beam's MTF are seen to be in agreement with previous works [79], [101]–[110].

3.6.2 Turbid Medium Phase Power Spectrum

For a turbid layer transmittance function to represent a single realization of phase

perturbations due to particle scattering, the two-dimensional turbid phase PSD must be
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de�ned. The phase PSD is now given in terms of the spatial frequencies determined by

the phase function and not the refractive index �uctuations PSD. Using the WSF relation

for a plane wave in equation 3.25 and the Wiener-Khinchin theorem in equation 2.4 the

phase PSD becomes the phase function. This has been pointed out as well by DeWolf

[96] citing the RTE method by Fante [80].

Instead of the phase PSD representing the �uctuations of the refractive index due

to turbulence, the phase PSD represents the spatial frequencies induced due to the light-

particle interaction. When the weak scattering conditions (equations 2.16) are met, the

excess change in refractive index can be used to predict the phase statistics in the case

of turbulence using the RGD approximation. When the excess refractive index or parti-

cle size increases, the phase statistics rely on the electromagnetic resonance that imparts

multiple wavelengths of phase shifts. These resonances directly impact the spatial fre-

quencies as each particle, or particle distribution, presents results in a speci�c shape of

the phase function. This can seen as thea=l andn1=n0 ratios coupled with the particle

distribution dictate the shapes of the phase function. In other words, for smaller particles

the scattering angles are wide leaving only a few photons to reach the detector compared

to larger particles where more photons reach the receiver leading to more intrusive phase

distortions leading to loss of spatial resolution [101].

Examples of turbid medium plane wave WSFs and MCFs are shown in Fig. 3.4(a-

b). The plane wave WSFs are calculated from equation 3.25 (red) and simulated by

generating 500 random phase screen realizations following the phase PSD for 10mm and

100 mm diameter particles with optical depths of 10 and 5. The corresponding MCF

is calculated and shown in Fig. 3.4(b) for all the WSFs from Fig. 3.4(a). The grid
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parameters contain a 512x512 grid with pixel pitch of 9.8mm and a physical size of 5

mm.

(a) (b)

Figure 3.4: (a) Examples of the plane wave WSF in a turbid medium for both analytic
(red) using equation 3.25 and simulated (blue) for various particle sizes and optical depth.
(b) Plane wave MCF in a turbid medium for the previous WSF for various particle sizes
and optical depth.

The WSFs and MCFs for a turbid medium are signi�cantly different than that of a

turbulent medium mainly because a turbulent medium does not have a signi�cant outer

scale limitation. The theory that predicted each WSF and MCF also �ts well with the sim-

ulated values from the turbid medium phase screen generation discussed in Appendix B.

The MCFs of a turbulent medium also show a prominent cutoff frequency where the outer

scale bound limits the value of the MCF. This effect was seen in MCFs/MTFs calculated

by Bissonnette [101] for the case of fog and experimentally seen through aerosols [111]–

[113]. In general, the form of the WSF and MCF of a turbid medium are quite differ-

ent to those in a turbulent medium due to the presence of a small equivalent outer scale

in a turbid medium. Using the simulation approach in Chapter 5, WOSs can be used to

further understand the impacts of particulate matter on a laser wavefront in combination
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with turbulence.

3.6.3 A scattering equivalent SCR/Fried Parameter

Up until this point wave propagation through both turbulent and turbid media have

been discussed, but no parameter has been de�ned for a turbid medium similar to the

Fried parameter or the SCR in a turbulent medium. The SCR is the distance to the 1=e

point when the argument of the normalized degree of coherence,

m(r;L) = e� 1
2DS(r;L); (3.27)

is DS(r;L) = 2. For a turbulent medium, depending on the refractive index PSD, there

are analytic results for the plane and spherical wave SCRs or equivalently the Fried pa-

rameter usingr0 = 2:1r SCR [50]. Using the de�nition of the WSFs from equations 3.25

and 3.26, the SCR is not clear to �nd due to the complex form of the phase function

without approximation. The traditional approximations use the SAA, a Gaussian phase

function [65], [66], [73], [78], [97], [107], [114]–[119], a Bessel phase function [96], or

Henyey-Greenstein (HG) phase function [114], [120]. For a turbid medium there is no

similar metric to the Fried parameter that is universal to de�ne environmental resolution

limitations. A turbid medium could be approximated with a Gaussian phase function with

a single coherence length. This coherence length is then the equivalent to the SCR of of a

turbulent medium, but this strictly approximates the shape of the phase function.

The Gaussian phase function assumes forward peaked scattering at near-forward

scattering angles that is true for large particles, but does not incorporate the near-forward
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scattering effects carried by more structured phase functions. It also approximates the

effects of scattering within the multiple scattering regime, but is not true of the general

case of scattering. The region before multiple scattering is where the beam retains the

most coherence, which is of interest for OAM based work [64]. Larger particles contain

signi�cant near-forward scattering that is similar in nature to a circular aperture whose

anisotropy can be modeled more accurately using a Bessel phase function or the HG

phase function.

The main difference between a turbid medium and turbulent SCR is that for a turbid

medium it is related to quantized particle sizes rather than a continuum of scale sizes. The

comparison of the two media can be seen using the phase variance. The phase variance

is deemed by the scaling constants, dependent on the medium's scattering strength, of the

WSF. To explicitly show this scaling the plane wave WSF is used. The analytic plane

wave WSF is found for turbulence following a Kolmogorov power-law as

D(r) = 6:88
�

r
r0

� 5=3

: (3.28)

Kolmogorov turbulence ensures there is no inner or outer scale, leaving only the iner-

tial subrange. Within this approximation the WSF becomes equation 3.28 which leaves

the Fried parameter as an effective "phase variance" that dictates distortion strength. If

the exact numerical result is considered, the phase variance depends on the propagation

length, scaling of the refractive index PSD, and magnitude of the Hankel transform of the

refractive index PSD. For more general WSFs the phase variance can be related to other

power-law spectra or anisotropic turbulence [121].
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For a turbid medium plane wave WSF (equation 3.25), the scaling similarly relies

on ssca, propagation distance, and the magnitude of the Hankel transform of the phase

function. If Mie theory is used to predict the phase function analytic results are dif�cult

to reach. Figure 3.5 shows an empirical form of phase variance calculated from equation

3.25 for WSFs with varying particle size for a �xed optical depth of 1. The SCR of a

turbid medium becomes roughly comparable to the particle diameter as the location of

the asymptote of the WSF is located at the particle radius. The phase variance for a

turbid medium couples both particle size and scattering strength, which is not the case

for Kolmogorov turbulence containing no inner and outer scale. If turbulence contains a

small inner and outer scale, then the phase variance is coupled to the scale sizes.

Figure 3.5: Spatial coherence radius (red) and phase variance (blue) for plane wave WSFs
with varying particle diameter. The optical depth is held constant at 4.

Along with the phase variance, the scale sizes of the phase �uctuations also play a

role in shaping the WSF. The turbid medium WSFs in Fig. 3.4 show an asymptote of the

WSF for largerr that indicates an effective outer scale. The asymptote begins at the cusp

of the WSF measured to be the particle radius, therefore, it can be inferred that the particle

59



size dictates the outer scale of a turbid medium. The inner scale of a turbid medium is

assumed to always be zero as the WSF reaches the origin independent of particle size.

If a turbid medium analogy to the inertial subrange is made, not having to do with

energy dissipation, it can be said that; as particle size increases the turbid "inertial sub-

range" expands (larger difference between inner and outer scale) leaving a larger contin-

uum of phase perturbation scale sizes. When the difference between inner and outer scale

is small, the effects of a turbulent medium are reduced. This is the same effect in a turbid

medium when the particle diameter is small leading to molecular scattering. Results of

varying the size of the turbulent inertial subrange are simulated in Chapter 5 with further

discussion.

3.7 Effect of Phase Perturbation Scale Sizes

Both the laser beam shape/size and phase perturbations sizes/scales contribute to

how the laser will propagate. This prompts the use of ratio between the system aperture

diameter to Fried parameter ratioD=r0. Typically this metric is introduced to describe

how the diffraction limited spot size is increased due to atmospheric turbulence affecting

astronomical telescopes. In this work, the beam size will be generally smaller than the

telescope aperture, therefore, the beam size is the limiting aperture. To denote turbulence

strength later on in this work the ratio of the beam waist (w0) to r0 is used: 2w0=r0.

For a turbid medium, the SCR is deemed proportional to the particle diameter (see

Fig. 3.5) leading to the ratio of the beam waist to particle radiusa: w0=a. This is different

than the ratioa=l that dictates the shape and size of the phase function, but also couples
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to the strength of phase distortions.

3.8 Summary: Application to OAM Propagation

Within this chapter the theoretical foundation of optical wave scattering through

a random medium has been discussed for both turbulent and turbid media. The paral-

lels of the two mediums are apparent using the scattering length 1=ssca and turbulence

length 1=sTsca. The main difference between the two mediums is that a turbid medium can

contain refractive index variations sizes comparable to the wavelength that create electro-

magnetic resonances leading to large optical phase shifts. This interaction leads to the

PSD of the phase �uctuations depending on the phase function rather than a refractive

index PSD due to the weak scattering condition (equation 2.16) being broken.

The main take away from this chapter is the form of the WSFs that determine the

MCF for both turbulent and turbid media. The parallels between the two random mediums

becomes quite apparent due to the forms of equation 3.17 and 3.25 being exactly the

same. However, the length scales and phase variance depend on different phase PSDs

and IOPs of the medium. By deriving the phase PSDs of each medium it can be seen

that different phase perturbation scales are introduced by each medium dictated by the

strength of forward scattering. The continuum of length scales present described by the

inertial subrange of each medium also affects how the optical phase will be perturbed. By

understating the signi�cance of the phase variance and length scales present an intuition

can be developed on how the phase of a laser will be perturbed which will be used in

the rest of this work. Using the plane wave MCF for a collimated laser a beam's OAM
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statistics can be derived in Chapter 4.

The second main takeaway is the parameters that describe the effects on the MCF

using the SCR, Fried parameter, extinction coef�cient, scattering coef�cient, optical depth,

and turbulence length. Each parameter determines the strength of a turbulent or turbid

medium. However, some of these metrics may be limited to speci�c approximations of

the scattering strength. The magnitude of these metrics provide insight to the limit that

coherent laser propagation will be practical for an active OAM based sensing modality.
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Chapter 4: The Orbital Angular Momentum of Light

OAM beam propagation through a random medium has the potential for obtaining

information about the environment itself. One of the ways environmental parameters

appear is a beam's OAM spectrum upon propagation through the medium. This chapter

will introduce the OAM spectrum and its use for remote sensing through turbulent and

turbid mediums using the formalism developed in Chapters 2 and 3.

4.1 Creation of OAM

As OAM depends on a helical wavefront, the wavefront shape must be imprinted

onto a laser beam from other means such as laser cavity design [122], optical elements

[123]–[125], or environmental effects [34]–[36], as a few examples. The seminal work

by Allen et al. [4] in 1992 led to the breakthrough that beams with a helical wavefront

carry integer amounts of OAM ofl h̄ per photon along with the implications that OAM

can be imprinted on a beam by simple means. This realization became paramount as

light carrying vortices was not a new topic at the time [9], [124], [126]. It could then be

concluded that phase singularities do not imply OAM, but rather that the light surrounding

the phase singularity carries the OAM [8], [127].
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4.1.1 Static Devices

There are many ingenious ways to impart a helical phasefront on a laser beam, but

two ways have been found to be the most common. The �rst method uses static devices

called spiral phase plates (SPP) that create a single OAM mode [123]. SPPs are a re-

fractive element that relies on a helically shaped refractive index gradient that turns a

non-helically phased beam, shown in Fig. 4.1(a-b), into a helically phased beam. The-

oretically, the resulting beam pro�le is commonly modeled using the Laguerre-Gaussian

(LG) beam, with the intensity and phase shown in Fig. 4.1(c-d). LG modes are typically

Figure 4.1: (a-b) Gaussian beam intensity and phase, (c-d) Laguerre-Gaussian intensity
and phase, (e-f) Hyper-geometric beam intensity and phase, (g-h) Bessel-Gaussian beam
intensity and phase, and (i-j) apertured Bessel beam intensity and phase. Each beam starts
with an initial spot size of 5mm andl = 1 and is propagated 20 meters through air.

desired due to their ease of use in theoretical treatment, but SPPs do not shape the radial

degree of freedom. This leads to a beam with a radial basis of hypergeometric functions

rather than Laguerre polynomials. These forms of beam are called Hypergeometric Gaus-

sian beams (HyGG) [128]. A HyGG beam is seen to behave quite differently compared

to an LG beam as the intensity and phase in Fig. 4.1(e-f) are compared to 4.1(c-d). This

leads to note there are many other forms of OAM beams such as Bessel, Bessel-Gaussian
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(BG), and Mathieu beams to name a few [129]–[131]. The BG and Bessel beam behave

quite different due to the radial basis function that lead to autofocusing effects (see Fig.

4.1(g-h) and 4.1(i-j)). Appendix C explicitly shows the wave function expressions for the

Gaussian, HyGG, BG, and Bessel beam as they will be used in later chapters.

4.1.2 Dynamic Devices

The second method to create OAM uses a dynamic optical element, commonly a

liquid crystal spatial light modulator (LCSLM) or deformable micromirror device (DMD),

to switch between OAM modes [132]–[134]. LCSLMs are light shaping devices that use

a liquid-crystal display to modulate the wavefront of the incident light by mapping optical

phase shifts to the gray scale level, 0 to 255, of an 8 bit image. As this is a phase-only

device, more speci�c techniques can be used to also modulate the laser beam's amplitude

to create high �delity OAM beams [135], [136]. DMDs use a 2D array of micromirrors

that can either be turned on or off to manipulate the wavefront by inducing amplitude

modulation through interference. The DMD also uses an 8 bit image, but instead of dis-

playing the image all at once, each bit-plane is quickly cycled on the micro-mirror array

leading to a minimum exposure time to experimentally see the beam of interest correctly.

Both methods of generation will be used in the experimental portion of this work. For

OAM beam generation using LCSLMs or DMDs, it is then necessary to introduce digital

holography. The digital holograms of interest contain the interference pattern between a

reference beam and some form of OAM carrying beam. The digital hologram contains a

2D phase pro�le of the OAM beam, which is then displayed on the LCSLM/DMD and
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