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Complex scattering exists in many diverse physical and real-life scenarios. Examples

include reactions of atomic nuclei, transport through quantum dots, and the propagation

of electromagnetic (EM) waves in over-moded resonant systems. These systems are

Wave Chaotic, meaning that minute perturbations will lead to a drastic change in the

wave properties of the system. The underlying chaotic property in the short wavelength

limit makes deterministic modeling of wave properties vulnerable to small perturbations.

Because of this, statistical methods play a central role in wave chaotic system studies. The

Random Coupling Model (RCM) has been successfully applied to predict the statistics of

single chaotic EM enclosures. We here expand RCM to systems consisting of multiple

volumes that are coupled together, and do so with highly reduced computational complexity.

Going beyond knowledge-based modeling, we employ machine-learning techniques to

identify hidden information embedded in the scattering properties of wave chaotic systems.



Reservoir computing (RC) is a genre of neural networks employed in machine

learning studies. Its training is radically simplified (compared to a full back-propagation

process in neural networks) because the input and reservoir layers remain unchanged

during the process. Recent work shows that RC can reasonably predict the future evolution

of spatio-temporal chaotic systems. We aim to reverse the thinking: to emulate a software

RC using the spatio-temporal chaotic wave fields in physical EM enclosures. A proof-

of-principle hardware RC is demonstrated experimentally, and tested through a series of

complex tasks carried out at ns-time scales.

The concept of photonic topological insulator (PTI) is translated from the study of

topological insulators (TIs) in condensed matter physics. For a TI material, the charge

will only flow in topologically-protected states on the boundary surrounding the material,

rather than in the bulk. We experimentally demonstrated a novel composite PTI system

with quantum Hall (QH) and quantum spin Hall (QSH) topological phases. The TI

effect also introduces a synthetic spin-1
2

degree-of-freedom to the guided waves. The

Fermionic two-state property, absent in the bosonic photon world, is now accessible using

the PTI system. Using this PTI system, I realize a chaotic graph system that falls in the

Gaussian Symplectic Ensemble (GSE) universality class, which in principle only exists

in the Fermionic world. We use simulations to show that GSE statistics will emerge in an

appropriately designed PTI graph obeying anti-unitary symmetry.
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Chapter 1: Introduction

1.1 Introduction to the Phenomenon of Chaos

“Chaos” is a common concept in life. A good hint for “chaoticity” is to examine

the complex behavior of the system and see if it is sensitive to the initial conditions [4].

One may consider two states of the system with very similar initial conditions. In a

chaotic system, these two states can evolve quickly into starkly different states under

time evolution. Such a characteristic of chaotic systems makes the precise analysis of

any long-term behaviors challenging, for example, the weather prediction for an extended

period of time. A great example of the phenomenon of chaos is the famous butter�y

effect proposed by Lorenz in 1972 [5]. The butter�y effect presents a poetic picture of

the sensitivity of the outcome to minute changes, expressed as the exact formation time

of a tornado in Texas and a butter�y �apping its wings in the Amazonian forest. Such

an effect is very different from the linear system where the superposition principle will

hold. However, linear systems are usually the idealized simpli�cations of many real-

life phenomena. Many real-life systems can be considered nonlinear, meaning that the

outcome of two closely-spaced initial conditions is not proportional to the initial condition

difference. Examples include the swinging of a double pendulum, the trajectory of billiard

balls in a chaotic billiard, and the mechanism underlying self-oscillating circuits.
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Suppose we go back to the butter�y effect as an introduction to chaotic phenomena.

In that case, one may argue that the above example is more attributed to the lack of precise

modeling of the weather system, and/or the unforeseeable events that may perturb the

weather condition, rather than the “chaotic” nature of the system. Even though weather

forecasting is challenging to model, we mean to say that even with the precise knowledge

of a particular system, for example, knowing all equations of a dynamical system, the

initial condition would need to be precisely known to produce a future state prediction of

good accuracy. Here we use the double pendulum system to illustrate the idea better. The

governing equations can be written out explicitly, and the computation of the pendulum

motion can be quickly conducted on a personal computer with reasonably small numerical

error. However, the system is still chaotic as a slight initial condition difference in the

pendulum angle will lead to very different future evolution. This is a good example of

a deterministic system with chaotic dynamics. One may produce a good approximation

of the system's future evolution within a speci�c error tolerance range. However, this

prediction is only sound in the near-term future.

Besides the qualitative description of chaos, here we introduce a more mathematical

way of characterizing the chaoticity of a system. For a dynamical system, a Lyapunov

exponent can be calculated for each degree of freedom of the system. The Lyapunov

exponent is de�ned as the separation rate, with respect to time, between two close trajectories.

A chaotic system must have at least one positive Lyapunov exponent. For example, the

Rossler and Lorenz system will each have 3 Lyapunov exponents corresponding to the
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x; y; z variables [6, 7]. The chaotic Rossler system is governed by

dx=dt = � y � z;

dy=dt = x + ay;

dz=dt= b+ z(x � c);

(1.1)

where typical parameter values area = 0:5; b = 2:1; c = 3:5. The Lorenz attractor is a

set of equations that models �uid motion. The chaotic Lorenz system is expressed as

dx=dt = � ax + ay;

dy=dt = bx � y � xz;

dz=dt= cz + xy;

(1.2)

where typical parameter values area = 10; b = 28; c = 8=3. The Lyapunov exponent

of the dynamical variablez for the two above systems will be positive. Depending on

the choice of system parameters, the system can either fall into the chaotic regime or

not. The speci�c value of the Lyapunov exponent is linked to the divergence rate of

system states. One may evaluate the Lyapunov exponent values of a particular system

through numerical calculation, and the process of ensemble averaging over different initial

conditions is usually applied. Note that we will re-encounter these equations in Chapter

6 in the context of reservoir computing with wave chaotic systems.

To sum up the section, chaotic phenomena are commonly found in real-life scenarios

and also scienti�c studies. The detailed, deterministic study of chaotic systems are usually

computationally intensive. Moreover, the computed results are tightly linked to the initial
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conditions. Any uncertainty in the initial conditions will eventually invalidate the computed

deterministic solutions. I will introduce a better way to characterize chaotic systems,

which is to look at the statistical descriptions of the quantity of interest. In the next two

sections, I will introduce the Random Matrix Theory (RMT) and the Random Coupling

Model (RCM). Random Matrix Theory is a well-studied method of characterizing the

spectral properties of wave chaotic systems. Here at Maryland, our Wave Chaos group

has invented the Random Coupling Model for wave chaotic systems. It will be clear later

that RMT is an important part in the RCM.

1.2 Introduction to Random Matrix Theory

The Random Matrix Theory (RMT) is proposed by Wigner and later developed

by Dyson and Mehta [8, 9, 10]. RMT is originally developed to study the energy level

spacing statistics in nuclear physics. The study of spectral properties investigates the

correlation between system energy levels, such as the level spacing between nearest-

neighbor levels and the total number of levels within a given frequency range. Differing

from the level-repulsion phenomenon in chaotic systems (i.e., sinai billiard in Fig. 1.1

(b)), the nearest-neighbor level spacing of systems with integrable dynamics (e.g., square

billiard in Fig. 1.1 (a), and circular billiard) shows Poissonian statistical behavior. Note

that one usually studies these statistical properties of a large number of quantum systems

rather than a particular realization. Besides studying the eigenvalue spacing statistics,

there is also studies for the eigenfunction pro�les for chaotic system states. The eigenfunction

study is related to the distribution of the probability density of system eigenstates.
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Figure 1.1: Figures (a) and (b) show the trajectories of two billiard balls inside a non-
chaotic square billiard, and a chaotic sinai billiard (square billiard with a center circular
block), respectively. Figure (c) shows the quarter bowtie billiard (open plate view). Figure
(d) shows the eigenfunction pro�le of one system eigenmode at 12.57 GHz. Figures (a)
and (b) are from the internet. Figure (d) is based on Ref. [2].
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Depending on the system's symmetry, the spectral properties of a certain chaotic

system can be categorized into one of 3 groups. The �rst two groups are the Gaussian

Orthogonal Ensemble (GOE) and Gaussian Unitary Ensemble (GUE) of random matrices

for a system with and without time-reversal symmetry, respectively. The third group

is the so-called Gaussian Symplectic Ensemble (GSE) of random matrices for a system

with half-integer spins and time-reversal symmetry. It is often the case that the spectral

statistical properties of systems from the same group show a universal behavior. It was

later conjectured by Bohigas-Giannoni-Schmit (BGS conjecture) that the spectral statistical

properties of systems that show chaos in the classical limit are well described by the

statistics of random matrices [11]. Based on the BGS conjecture, RMT has found a

wider range of application in many other chaotic physical systems (atoms, quantum dots,

quantum wires, microwave enclosures, and others) [12, 13].

The �eld of microwave wave chaos aims to study the EM �eld propagation in

electrically large, chaotic shaped enclosures/resonators. In the regime where the microwave

wavelength is much smaller than the dimension of the system, the propagation of waves

can be thought of as particles traveling in straight trajectories and having specular re�ection

at the system boundaries. Because the systems have a chaotic shape, the future propagation

of the ray trajectories are extremely sensitive to the boundary condition details. Fig. 1.1

illustrates the behavior of wave chaotic enclosures. Fig. 1.1 (a) shows the ray orbits inside

a non-chaotic square billiard. After several bounces, the two billiard balls still keep the

same displacements as the initial value. However, in a chaotic billiard shown in Fig.

1.1 (b), the displacement between the two billiard balls will increase exponentially with

time. Thus chaotic billiard systems are sometimes said to be ray-chaotic. Many numerical
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and experimental studies have shown that the properties of chaotic microwave billiards

and graphs agreed nicely with the RMT predictions [14, 15]. In microwave experiments,

the chaotic dynamics of the system can be nicely manifested in measurable quantum

quantities (i.e., scattering parameters). Because of this, many experimental studies of

quantum chaos are conducted in microwave wave chaotic systems. In our lab, we studied

different types of microwave wave chaotic systems, ranging from 1D graphs, 2D billiard,

and 3D enclosures. Fig. 1.1 (c) shows the bowtie-billiard used in our lab. Because of

its chaotic shape, the eigenfunction for a system eigenmode at 12.57GHz shows highly

complicated patterns (Fig. 1.1 (d)).

1.3 Introduction to the Random Coupling Model

It is of interest to study the scattering properties of complex ray-chaotic systems in

the semi-classical limit [16]. Examples include reactions of atomic nuclei [12], quantum

dot transport [13], and the �ow of electromagnetic (EM) waves through electrically-large

resonant systems (de�ned as those for which� � V 1=3, where� is the wavelength of light

andV is the system volume) [17, 18, 19, 20, 21]. These settings are typically found to be

ray-chaotic and highly over-moded (i.e., many resonant modes at and below the frequency

of interest), posing challenges to both numerical and experimental analysis means. A

ray-chaotic enclosure has the property that two rays launched with slightly different

initial conditions will separate exponentially with time as they continue bouncing from

boundary walls and obstructions inside the structure [4, 22]. On the other hand, a minute

change of the structure boundary condition can drastically affect the pre-established �eld
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pro�le inside the system [23, 24, 25]. Though deterministic approaches are available

[26], the chaotic properties make the numerical solutions vulnerable to small changes and

uncertainties of interior structure details.

As introduced above, the statistical and/or approximate approaches in these wave

systems can be more bene�cial than deterministic methods (e.g., detailed numerical computations

for a speci�c con�guration). The Random Coupling Model (RCM) determines the statistical

properties of the impedance (Z) and scattering (S) parameters for complex enclosures

[3, 8, 27, 28, 29, 30, 31]. In contrast to the other methods mentioned above, the RCM

generates both deterministic and statistical predictions, treats interference, and utilizes

a minimum of information, namely, the system coupling details, and the enclosure loss

parameter [32, 33, 34, 35, 36]. The scattering parameters describe the steady-state electrical

transmission and re�ection properties of a system. For an N-port system, the N-by-N S-

matrix connects the incoming and outgoing voltage waves by[V o] = [ S][V i ]. Here the N-

by-1 vector[V o;i ] represents the outgoing/incoming complex voltage waves at all N ports.

The impedance parameters connects the total voltages and currents at the terminals of the

port transmission lines in an electrical system by[V] = [ Z ][I ]. The Z-parameters and

S-parameters can be computed by knowing the other one. Both parameters are of great

importance in terms of characterizing the re�ection and transmission properties of an

electrical system. The S-matrix can be written asjSj =

2

6
6
4

0 1

1 0

3

7
7
5 for a 2-port re�ectionless

and lossless transmission line. The S-matrix and Z-matrix are linked by the bi-linear

transformationS = Z 1=2
0

(Z + Z
0
)� 1(Z � Z

0
)Z � 1=2

0
, whereZ

0
is a diagonal matrix

whose elements are the transmission line characteristic impedance (usually 50 Ohm).
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The RCM cavity impedance matrix of an individual cavity is created via a normalized

impedance matrix�
RCM

derived from a random matrix ensemble [27, 28, 37, 38]. The

distribution function of the complex �uctuating�
RCM

is governed by a single parameter,

called the loss parameter� . In terms of the normalized impedance matrix, the �uctuating

cavity impedance matrix is written as

Z
cav

= iIm [Z
avg

] + Re[Z
avg

]1=2 � �
RCM

� Re[Z
avg

]1=2;

where the quantityZ
avg

is the ensemble averaged system impedance (discussed more in

the next two chapters). Here,�
RCM

is de�ned as

�
RCM

= �
i
�

NX

n

wn wT
n

(k2
0 � k2

n )=� k2
n + i�

;

where the sum overn represents a sum over the modes inside the closed cavity(n =

1; 2; : : : ; N ). The vectorwn , whose number of elements equals the number of ports,

consists of independent, zero mean, unit variance random Gaussian variables, which

represent the coupling between each port and thenth cavity mode. This random choice

of mode-port coupling originates from the so-called Berry hypothesis, where the cavity

modes can be modeled as a superposition of plane waves with random direction and

random phase [39]. The quantitiesk0 and kn are wave-numbers corresponding to the

operating frequency! 0 = k0 c and the resonant frequencies of the cavity modes,! n =

kn c. Rather than use the accurate resonant frequencies of the cavity, a representative set

of frequencies is generated from a set of eigenvalues of a random matrix selected from the
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relevant Random Matrix Theory ensemble [18, 37, 40, 41]. These RMT eigenvalues are

appropriately normalized to give the correct spectral density via the parameter� k2
n , the

density of states near the operating wave-number. The loss parameter� = k2=(Q � k2
n )

wherek is the wave vector of interest andQ is the quality factor [31]. The loss parameter

varies from 0 (no loss) to1 (high loss). The RCM loss parameter is also related to the

�nesse parameterF that is widely used in the optical cavities. We have� = F � 1 = k
2Q� k

where the� k2 = 2k� k approximation is used [42].

1.4 Outline of the Thesis

The next chapter will introduce our effort to extend the Random Coupling Model

(RCM) from a single chaotic enclosure to more complex systems with multiple coupled

chaotic sub-systems. Although the full RCM description of multiple enclosure systems

coupled with electrically-large apertures is successful, it is computationally intensive

when the coupling channel (aperture size) grows. In chapter 3, I further discuss a hybrid

multi-enclosure method formulated with both RCM and the power balance model. This

new method is much simpler and faster than the full RCM treatment. To better utilize

the large ensemble of measured data collected for the multi-enclosure projects, we have

applied machine learning techniques to distinguish subtle details in the experiment that

are not visible to the eye (chapter 4). I further study the time-domain modeling of wave

chaotic systems in chapter 5. In chapter 6, I employed the rich dynamics of the chaotic

EM waves to execute several different machine learning tasks. Unlike the 3D cavity wave

chaos studies in chapters 2 to 5, in chapter 7, I studied the properties of quantum graphs
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based on defect photonic crystal waveguides. The theme of chapter 8 is not centered

around wave chaos. Here we discuss our experimental realization of a composite photonic

topological insulator (PTI) system with QH and QSH domains. Chapter 9 turns back to

the chaos-related study, where I utilize the spin-1/2 property of PTI system modes to

realize GSE statistics using PTI graphs. I will summarize the thesis and discuss future

directions in chapter 10.
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Chapter 2: Random Coupling Model for Multi-Enclosure Wave Chaotic

Systems

This work was a collaborative effort with the Naval Research Laboratory group and

is published as Ref. [16]. In the previous chapter, we introduced the study of single wave

chaotic systems using the Random Coupling Model. We think that concatenating two or

more such systems is also of great interest, but not as extensively studied. Such coupled

cavity systems can be realized in a wide range of physical platforms from inter-connected

photonic crystal cavities [43], to Cooper pair boxes in superconducting resonators [44], to

microwave (MW) billiards [45], and the complex acoustic and electromagnetic environment

in ships and aircraft containing multiple connected compartments [46]. It has proven

possible to perform experiments for such inter-connected systems and to measure transmission

as a function of coupling. Examples include measurements of conductance of quantum

dots systems with coupled electron billiards [47, 48, 49], resistance of disordered nanowires

modeled by a cascade of quantum dots [50, 51, 52, 53], and simulating resonance strength

of coupled quantum mechanical systems with superconducting MW billiards [54], etc.

Likewise, the EM wave properties of inter-connected electrically large enclosures, like

the power �ow and the impedance or scattering parameters, are also widely studied in

engineering [55, 56] and realistic situations ranging from computer enclosures to rooms
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or buildings [46, 57, 58, 59]. It was recently demonstrated that two single enclosures with

a speci�c scaling relationship concerning size, frequency, and the RCM loss parameter

� share the same normalized impedance statistics [60]. In this work, the authors study

a scaled cavity (75-110 GHz, cavity longest dimension= 6:375 cm) and its� 20 full

scale version (3.7-5.5 GHz, cavity longest dimension= 127:5 cm). The degrees of

lossyness for the two systems are matched by increasing the scaled cavity Q-factor in

a low-temperature environment. The loss parameter� describes the degree of lossyness

of the system. With� known, one is able to generate the statistical ensemble of system

impedance by generating new system modes and mode-port coupling coef�cients using

RCM. In the experiment, an ensemble of system impedance can be created by rotating

a mode-stirrer inside the cavity. The impedance statistics of the full scale and scaled

cavities were found to be the same, and in agreement with RCM predicted statistics for

the same� . This work paves the way for experimentally testing the wave properties of

large, coupled complex systems in a typical lab environment by studying their scaled-

down-in-size counterparts [61, 62].

2.1 Overview of the Multi-enclosure RCM

The statistics of the scattering of waves inside single ray-chaotic enclosures have

been successfully described by the Random Coupling Model (RCM). We expand the

RCM to systems consisting of multiple complex ray-chaotic enclosures with various

coupling scenarios. The statistical properties of the model-generated quantities are tested

against measured data of electrically large multi-cavity systems of various designs. The
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Figure 2.1: Schematic of the cavity cascade experimental set-up.N identical cavities
are connected in a linear chain with aperture connections. Single-mode ports are installed
at the �rst and last cavities in the chain. The scattering properties are measured with
a VNA and frequency extenders. Independently controlled mode stirrers are located in
each cavity.a andbrefer to the two sides of a cavity in the cascade. More details on the
experimental setup can be found in Section 2.3.
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statistics of model-generated trans-impedance and induced voltages on a load impedance

agree well with the experimental results. The RCM coupled chaotic enclosure model is

general and can be applied to other physical systems including coupled quantum dots,

disordered nanowires, and short-wavelength electromagnetic and acoustic propagation

through rooms in buildings, aircraft and ships.

Here, we apply an RCM-based model which can be used to make statistical predictions

of impedance values in inter-connected systems of chaotic cavities. The multi-enclosure

RCM method builds on an earlier work for single-mode connection between cavities

[33]. As shown schematically in Fig. 2.1, our approach �rst adopts RCM to describe

each individual chaotic enclosure [31, 60]. The system-speci�c details are identi�ed in

orange in Fig. 2.1. These consist of the single-mode waveguide ports and the multi-

mode apertures between cavities, and are described by the radiation impedanceZport ,

and the radiation admittance matrixYaper , respectively. With known geometry, these

frequency dependent complex coupling quantities can be determined through either full-

wave numerical simulations or direct radiation measurements. For an N-mode aperture

we utilize the aperture admittance matrixYaper (anN � N matrix) to describe its deterministic

properties as a function of frequency. We useZport to represent the deterministic properties

of the single-mode ports in a manner identical to previous treatments of the port radiation

impedance [30, 37, 60, 63].

An important consideration is the number of aperture modes (both propagating and

evanescent) to include inYaper . The single cavity radiation admittance matrix can be
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written as a block-diagonal complex and frequency-dependent matrix

Yrad =

2

6
6
4

Yrad;a 0

0 Yrad;b

3

7
7
5 (2.1)

As shown in Fig. 2.1, theYrad subscripts “a” and “b” refer to the connection on the left

and right sides of the cavity in the linear chain. The choice ofYrad solely depends on

the speci�c cavity connection (i.e., a port or aperture that allowsNa modes in “a” and

Nb modes in “b”). The off-diagonal zeros re�ect the assumption that the apertures and

ports are suf�ciently separated such that no direct connection exists between them. This

assumption can be lifted if direct illumination exists between apertures and ports [42].

The RCM single cavity admittance matrixYcav is then constructed as shown in Eqn. 2.2

from Yrad and the(Na + Nb) � (Na + Nb) dimensionless universal �uctuation matrix

� RCM whose statistics are determined solely by the loss parameter� of the cavity,

Ycav = i � Im
�

Yrad

�
+ Re

�
Yrad

� 0:5
� � RCM � Re

�
Yrad

� 0:5
(2.2)

The matrix� RCM can be calculated using a Monte-Carlo technique [27, 28, 58, 60]. The

single cavity admittance matrixYcav re�ects the chaotic universal �uctuations from� RCM

[31], “dressed” by the system-speci�c properties of the ports and apertures described by

Yrad .
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2.2 Multi-enclosure RCM Formalism

For a description of the statistical properties of the entire cavity cascade, cavities

can be connected together by enforcing continuity of voltages and currents at the cavity

coupling planes. 8
>>>>>><

>>>>>>:

2

6
6
4

I a

I b

3

7
7
5 = Ycav

(i ) �

2

6
6
4

Ua

Ub

3

7
7
5

� I b = YL
(i +1) � Ub

(2.3)

In Eqn. 2.3, the superscripti refers to the index of the cavity running from 1 to N as

shown in Fig. 2.1.YL
(i +1) is the overall load admittance including the(i + 1) st cavity and

everything beyond it. By solving Eqn. 2.3 in matrix form, we have:

Ub = �
�

Ybb
(i ) + YL

(i +1)
� � 1

Yba
(i ) Ua (2.4)

YL
(i ) = Yaa

(i ) � Yab
(i )

�
Ybb

(i ) + YL
(i +1)

� � 1
Yba

(i ) (2.5)

Eqn. 2.4 connects the voltages on two sides of a cascade unit, and Eqn. 2.5 gives the

YL recursion relationship which calculates the load admittanceYL
(i ) of thei th cavity given

the knowledge ofYL
(i +1) . With this recipe, the complete RCM cavity cascade model is

created as follows. Starting by computing the load admittanceYL
(i ) presented by the load

impedance at theN th cavity (Y (N )
L ) and working back to the �rst cavity using Eqn. 2.5.

Combined with the single cavity admittance matrices and the input voltage at the �rst

cavity, we use Eqn. 2.4 to calculate the voltages at each cavity connection, and �nally at

the output port of theN th cavity. (Detailed information of theYab matrices can be found
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Figure 2.2: (a) The scaled 3 cavity cascade case (where the second one is hidden
behind the vertical copper supporting plate) connected to single-mode WR10 waveguides.
The inset shows how the second cavity is arranged and the location of the two circular
apertures. (b) Picture of the full scale cavity cascade set-up with one wall of cavity 2
removed. The cavities are connected through circular apertures. Individual perturbers
and RF absorber cones are employed inside the enclosures (not shown).

in Appendix A.) One can then make predictions for the statistics ofZ in andZ t of the

entire system (see Eqns. A.8, A.9 in Appendix A) based on the minimal information of

cavity loss and system coupling.

2.3 Scaled-structure Experimental Setup

The details of the cascade cavity experimental set-up are shown in Fig. 2.2. The

scaled and full scale 3-cavity cascade structures are shown in Fig. 2.2 (a) and (b),

respectively. The scaled experiments are conducted at the University of Maryland, and

the full scale version at the Naval Research Laboratory. My predecessor Bo Xiao acquired

the equipment and set up many parts of the scaled structure facility. I took over in June

of 2017. In our experiments, we use the Vector Network Analyzer (VNA) to conduct

S-parameter measurements. The S-parameter (S-matrix) is introduced in the previous

chapter. The VNA can produce faithful measurement of the full S-matrix for an electrical
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system. Here we will brie�y describe the experimental method. Before the measurement,

we will �rst calibrate the VNA so that the calibration plane is right at the end of the

VNA cable. A good quality calibration will essentially render the VNA as a matched

load throughout the entire bandwidth. During the measurement, the VNA will �rst inject

a signal into the system from one of its ports, and measure the re�ection/transmission

signals at the other ports. In our cascade cavity setup, energy will be injected into the �rst

cavity through the waveguide port, then transmitted into the rest of the cavities through

the apertures, and �nally leak out through both the transmitting port and the receiving

ports. The full S-matrix is measured by computing the ratio between the measured

re�ected/transmitted signals to the injected signal. The resulting S-parameters are complex

functions of frequency. In all our experiments, we measure the S-matrix with the VNA

and then store the data on a workstation. Other quantities (Z-matrix, induced voltages

values at the ports, etc.) can be computed from the S-matrix. For our setup, the characteristic

length of a single cavity is about 9 cm. We conduct measurements from 75 to 110 GHz

with the help of frequency extenders made by Virginia Diodes (Tx/Rx WR10 module).

At room temperature and mmWave frequencies, the single cavity Q-factor is in the range

of 5000 to 6000 (which results in RCM loss parameter values� 2 (7:5; 9:5)). Note that

we connected the frequency extenders to the VNA to boost the bandwidth from 26GHz to

mmWave frequencies. More details of the experimental setup are included in Appendix

B.

19



Figure 2.3: Comparison of distributions of the imaginary part of trans-impedance
(Im (Z t )) between the experimental curves and the theoretical predictions for 2 and
3 cavity cascade system. The red curves are for two-cavities and blue are for three-
cavities. Figure (a) and (b) are from scaled measurements with rectangular and circular
shaped apertures, respectively. Figure (c) is from the full-scale system. The inset shows
schematically the shape of the aperture that is applied in the experiment.

2.4 Experimental and RCM Results

To kick-off the build-up of multi-cavity RCM, the loss parameter of each single

cavity is required. The loss parameters, obtained from single cavity measurements, are

� = 9:1 for the scaled cavity and� = 9:7 for the full scale cavity with 6 absorber cones

present in the cavity [16]. With the single cavity losses made equal and the physical

dimensions carefully scaled, nominally identical electromagnetic conditions are achieved

between the two set-ups [60]. We have put the scaled cavity system into the dilution

refrigerator to decrease the loss of the system. Since all the cavities inside the linear array

are electrically identical (nominally), the same cavity loss parameter� will be assigned to

each cavity in the cascade. The port and the aperture radiation admittances are obtained

by direct measurements and numerical simulations in Computer Simulation Technology

(CST), respectively (see Appendix B. (a)). Combining this information, we generate an

ensemble of 2 and 3-cavity cascade system impedances, and compare its statistics with
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those of the measured data. Note that the multi-enclosure RCM model is a numerical

method rather than an analytical method. We conduct Monte-Carlo simulations of random

matrices so that a statistical ensemble of data can be generated by the RCM program. In

Fig. 2.3, we compare the statistics ofIm (Z t ) for cavity cascade systems with various

cavity numbers, coupling strengths and physical dimensions. Fig. 2.3 (a) show PDF's

of Im (Z t ) for 2 and 3 cavity systems when the cavities are connected by rectangular

shaped apertures having 5 propagating modes (10� 4 coupling strength). The statistics

of the 2 and 3 cavity cascade theory generatedIm (Z t ) (solid lines) match well with the

measured data (dashed lines). A minor mismatch between the 2-cavityIm (Z t ) statistical

comparison is observed. Compared to the measurements, the theory generatedIm (Z t )

PDFs have higher peak values near zero, which indicates that the theory predictions tend

to have smaller magnitude values. The inter-cavity coupling strength is increased to10� 2

by employing the circular shaped aperture, and as shown in Fig. 2.3 (b), this increases

the magnitude of �uctuations of the trans-impedance for both the 2 and 3 cavity systems.

Results for the full-scale measurements with circular aperture connections are shown in

Fig. 2.3 (c). Good agreement between model and measurements are obtained in all cases.

Additional cavity cascade experimental results are shown in Appendix B (c).

Aside from validating the prediction performance of the RCM cavity cascade model,

another key aspect of our experiment is to study the miniature cavity technique for the

multi-cavity systems. As introduced in section I, the full scale cavity is built with linear

dimensions 20 times larger compared with its scaled counterpart. With the operating

frequency properly scaled and loss parameter made equal by adjusting the wall conductivity,

the statistical wave properties of the two set-ups are expected to be identical [60]. The
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direct comparison of system trans-impedance statistics can be examined by comparing

the Im (Z t ) PDFs shown in Fig. 2.3 (b) and (c). The peak values and spreads of the

scaled and full scale 2 and 3 cavityIm (Z t ) PDFs are in similar ranges. For the scaled

2 and 3 cavityIm (Z t ) PDFs, the peak values are 0.17 and 0.28 and the FWHMs are

5.1 and 3
 , respectively. For the full scale 2 and 3 cavityIm (Z t ) PDFs, the peak

values are 0.15 and 0.21 and the FWHMs are 5.8 and 4
 , respectively. We believe

that this imperfect agreement between scaled and full scaleIm (Z t ) PDFs is caused by a

difference in the aperture thickness. The circular aperture thickness is about1� op in the

scaled cavities, but only0:04� op in the full scale set-up (� op represents the characteristic

operating wavelength). Note that the �nite thickness of the apertures are included in the

full-waveYrad simulations, resulting in good agreement between model and measurements.

By scaling the thickness of the full scale aperture to� 1� op, we calculate the frequency

dependentYrad with CST. The corresponding full scaleYrad is identical to that of the

scaled aperture. If one conducts full scale multi-cavity RCM calculations using this `thick

aperture'Yrad , the obtained impedance statistics match well with the scaled cases (solid

lines in Fig. 2.3 (b)).

We are also able to calculate the statistics of the magnitude of the induced voltage

delivered to a 50
 load impedance attached to the last cavity in the 1D chain due to a

given input to the port on the �rst cavity. On the experimental side, the load induced

voltageVL is calculated from the measured impedance based on the analysis presented

in Refs. [58, 62]. More speci�cally, the induced voltage signal at the load can be

expressed asjVL j = j
q

2Pin jZp j2 jZ11 j2

Re(Z11 ) j, whereZp = Z12 ZL =Zeq

Z22 + ZL
andZeq = Z11 � Z 2

12
Z22 + ZL

.

The quantitiesPin is the source power,ZL is the load impedance, andZ11; Z12; Z22 are
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the measured system impedance matrix elements. On the RCM theory side, the model-

generated induced voltage is calculated using Eqns. A.8 and A.9 in appendix A. The

input powers used in the experimental and model-generatedVL are set to be1W, and the

statistical analysis ofVL are conducted throughout the entire frequency range. Thus, with

the input power known, one is able to compute the �uctuating induced voltage signal at

the RX port through the �uctuating quantitiesZ in andZ t (Eqns. A.8 and A.9). Despite

the differences in aperture thickness, good agreement between these two set-ups is found

for the induced voltage statistics shown in Fig. 2.4. The experimental results of the load

induced voltage PDFs for scaled and full scale cavity systems are represented by dotted

and dashed lines, respectively. The results show that such a scaling technique can be

very conveniently extended from single to multi-cavity systems, allowing investigation of

systems with a large number of cavities and more sophisticated connection topology. The

experimental results in Fig. 2.4 are also in good agreement with the model predictions

(solid lines).

The proposed theoretical formulation is not expected to work at the extreme high-

loss limits (� ! 1 ) due to the failure of the random plane wave hypothesis, which is

a prerequisite of the RCM. This breakdown can be expected when the estimated 3dB

width of a mode becomes comparable to the operating frequency (Q � 1). However,

the model is valid for moderately large loss (� � 1), and the impedance statistics

simplify to Gaussian distributions in this limit [27, 28]. The RCM theoretical formulation

can be applied to lower loss systems (� � 1), but the stronger impedance �uctuations

of very low-loss systems poses great challenges for the acquisition of good statistical

ensemble data by either numerical or experimental methods [64, 65]. The formulation
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will also require modi�cations of the cavity total admittance matrix when the inter-cavity

coupling strength is increased substantially. Non-zero off-diagonal components of the

Yrad matrix (Eqn. 2.1) must be determined when direct coupling between the input

and output channels of the cavity is prominent. Failure to include these off-diagonal

terms may contribute to the lack of detailed agreement between the model-generated and

experimental results in Fig. 2.3.

To sum-up, we have established the multi-enclosure RCM model to treat interconnected

single chaotic systems. The proposed model is able to cover different coupling details

between each sub-enclosure. We have conducted experimental tests and found good

agreement between the measured data and RCM simulation. Limitations of the RCM

formalism is also discussed.
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Figure 2.4: The PDFs of induced voltage on a 50 Ohm load attached to the last cavity
(cav) of the full scale cavity cascade systems (3.95-5.85GHz) and its scaled counterparts
(75-110GHz), assuming1W input on the single-mode port of the �rst cavity. The curves
corresponding to the 1, 2 and 3 cavity system are color-coded in blue, yellow and green,
respectively. The full scale system experimental (theoretical) data are shown at dashed
(solid) lines, and the scaled experiment data are shown as dotted lines.
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Chapter 3: Hybrid Power Balance-RCM Method for Multi-enclosure Wave

Chaotic Systems

This work was a collaborative effort with the University of Nottingham group and

the Naval Research Laboratory group, and is published as Ref. [66]. The Random

Coupling Model (RCM) has been successfully applied to predicting the statistics of currents

and voltages at ports in complex electromagnetic (EM) enclosures operating in the short

wavelength limit [27, 28, 37, 58]. Recent studies have extended the RCM to systems of

multi-mode aperture-coupled enclosures. However, as the size (as measured in wavelengths)

of a coupling aperture grows, the coupling matrix used in the RCM increases as well, and

the computation becomes more complex and time consuming. A simple Power Balance

Model (PWB) can provide fast predictions for theaveragedpower density of waves inside

electrically-large systems for a wide range of cavity and coupling scenarios. However,

the important interference induced �uctuations of the wave �eld retained in the RCM

are absent in PWB. Here we aim to combine the best aspects of each model to create

a hybrid treatment and study the EM �elds in coupled enclosure systems [66]. The

proposed hybrid approach provides both mean and �uctuation information of the EM

�elds without the full computational complexity of coupled-cavity RCM. We compare

the hybrid model predictions with experiments on linear cascades of over-moded cavities.
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Figure 3.1: Schematic illustration of the hybrid model applied to a 3-cavity cascade. In
the hybrid model, we use the PWB method to characterize the power �ow from the �rst
cavity to the next to last cavity. The �uctuations in the �nal cavity are described using the
RCM method using the mean power �ow values obtained from PWB as an input.

We �nd good agreement over a set of different loss parameters and for different coupling

strengths between cavities. The range of validity and applicability of the hybrid method

are tested and discussed.

3.1 Power Balance Method

The PWB method can be used to determine mean values of EM power �ow and

energy in systems of coupled cavities [56, 57, 67, 68]. For a multi-enclosure problem,

the PWB method assumes uniform energy density in each enclosure, and solves for

the mean power densitySi (i is the cavity index) by balancing the powers entering

and leaving each cavity. These power transfer rates are characterized in terms of area

cross-sections (� ), such that the power transferred is�S i . Various loss channels, such

as aperture/port leakage, cavity wall absorption and lossy objects inside the enclosure

are characterised through the corresponding cross sections� o, � w and� obj , respectively
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[57]. Constant power is injected into the coupled systems through sources in some or all

of the enclosures. The PWB method solves for a steady state solution when the time-

independent inputs and losses are made equal for each individual cavity in the system.

This requires reaching the so-called power balanced condition. The PWB method does

not contain phase information of the EM �elds and thus does not describe �uctuations

due to interference. This can lead to an inaccurate prediction of enclosure power �ow in

the case of small apertures.

3.2 Hybrid Method Overview

As stated in previous sections, RCM is able to produce accurate prediction of multi-

enclosure systems. The computational complexity of the RCM grows, however, with

the addition of large apertures connecting together multiple enclosures. In the RCM

an aperture is treated as a set ofM correlated ports, the number of which scales with

the area of the aperture as measured in wavelengths squared. For example, a circular

shaped aperture whose diameter corresponds to four operating wavelengths allows� 100

propagating modes, leading toM � 100 ports in the RCM modelling of the inter-

connected cavities. A cavity withM ports is described by an(M � M ) matrix [16, 28,

37, 42]. When large apertures are present, connecting multiple cavities, the RCM model

can become cumbersome. First there is the need to calculate the matrix elements for each

aperture that describe the passage of waves through an aperture radiating into free space.

Second these matrices mush be combined with random matrices that give the statistical

�uctuations. Third, the RCM is a Monte-Carlo method in which the matrices simulating
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the cavities are constructed for each realization, and many realizations may be required

to get accurate statistical results. Finally, the matrices must be connected together which

involves inverting the sub-matrices representing the sub-volumes inside a complex system

for each realization [16]. There is thus a need to develop a simple statistical method that

applies in cases where the apertures are larger than a wavelength, but small enough so that

the two enclosures connected by the aperture can be considered as two separate volumes.

Here, we introduce a hybrid approach that combines the PWB and RCM to generate

statistical predictions of the EM �eld for multi-cavity systems without the computational

complexity of a full RCM treatment. The hybrid approach is valid in cases where the

coupling between adjacent cavities is carried by many channels due to, for example, large

apertures as described above. Using the hybrid method, we apply the PWB method for

computing the average EM �eld intensities in each cavity and use RCM to predict the

�uctuations in the cavity of interest only. The modeling of multiple channels between

adjacent cavities is thus reduced to computing a scalar coupling coef�cient in the PWB

model, often given through simple expressions involving the area of the aperture.

A coupled RCM model still needs to be applied where the number of connecting

channels between enclosures is small. Such small apertures act as “bottlenecks” for the

wave dynamics and a full RCM treatment is necessary to characterize the �uctuations

correctly, see Appendix C and D. One may further reduce the computational cost of the

hybrid model using a simpli�ed treatment as proposed in Appendix E. This simpli�ed

version of the hybrid model does not require additional knowledge of the frequency-

dependent aperture admittance, which is usually obtained through full-wave simulations.
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3.3 Hybrid Method Details Part I: RCM Treatment

Random Coupling Model provides an alternative method to describe the statistics

of the EM �elds in a wide variety of complex systems. In contrast with PWB, the RCM

deals with both the mean and �uctuations of the cavity �elds.

For coupled-cavity systems, the RCM multi-cavity treatment begins with the modeling

of the �uctuating impedance matrix of each individual cavity [16]. These matrices relate

the voltages and currents at the ports of a cavity. When cavities are connected the voltages

at the connecting ports are made equal and the connecting currents sum to zero. The input

port on the �rst cavity is excited with the known signal. This leads to a linear system of

equations that can be solved for all the voltages and currents. This system is resolved for

each realization of the cavity impedance matrices.

As introduced earlier, the RCM normalized impedance matrix can be written as

Z
cav

= iIm [Z
avg

] + Re[Z
avg

]1=2 � �
RCM

� Re[Z
avg

]1=2:

System-speci�c informationZavg can be calculated by assuming the walls of the cavity

have been moved far from each port, and each port responds as if there were only outgoing

waves from the port. In the case of apertures as ports, the transverse electric and magnetic

�elds in the aperture opening are expanded in a set of basis modes with amplitudes that

are treated as port voltages in the case of electric �eld, and port currents in the case of

magnetic �eld. The linear relation between these amplitudes is calculated for the case of

radiation into free space, and this becomes the average aperture admittance/impedance
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matrix. Each mode in the aperture �eld representation is treated as a separate port in the

cavity matrix. Thus, the dimensions of the matrix grows rapidly with the addition of a

large aperture [42].

In the cavity cascade system, the above mentioned apertures (withM propagating

modes) are adopted as the connecting channel between neighbouring cavities. With

M connecting channels between cavities, the dimension of the above de�ned cavity

impedance matrix becomesM � M . The matrix multiplications and inversions in the

calculation of RCM multi-cavity formulations [16] thus have complexity which grows as

O(M 2:4) using common algorithms [69]. Thus for largeM , the computational cost of

the RCM scales roughly asN � M 2:4, where N represents the number of cavities in the

system.

Here we propose a hybrid method for multi-cavity problems that combines both

PWB and RCM as shown schematically in Fig. 3.1. In anN � cavity cascade system

with multiple channel connections between adjacent cavities, we utilize the PWB to

characterize the mean �ow of EM waves from the input port of the �rst cavity to the input

aperture of the last (N th ) cavity. The RCM method is now applied to the last cavity and

the connected load at the single-mode output port of that cavity. Thus the hybrid method

combines the strengths of both methods: the �uctuations of the EM �eld will be captured

with RCM, and the computational cost is greatly reduced using the PWB method.

In the following, we discuss the hybrid model formulation in detail based on the

3-cavity system example shown in Fig. 3.1. We will �rst introduce the PWB treatment

to the �rst two cavities in the chain, followed by the modeling of the last cavity using

RCM. We will then discuss how to connect the PWB and RCM models at the aperture
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plane between the last two cavities. With the model formulation introduced, we will look

into the validity of the hybrid model in section. A step-by-step protocol to apply the

PWB-RCM fusion to generic cavity systems is detailed in Appendix D.

3.4 Hybrid Method Details Part II: Detailed Single Cavity Treatments

PWB characterizes the �ow of high-frequency EM waves inside a complex inter-

connected system based on the physical dimensions of the cavities, the cavity quality

factorsQ, and the coupling cross sections� o as well as the incident powerPin driving

the system [57, 67]. PWB then calculates the power densities of each individual cavity in

steady state. For the 3-cavity cascade system in Fig. 3.1, the PWB equations are
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where the� wi 's refer to the wall loss cross section andSi is the power density of thei th

cavity, � o1 and� o4 are the cross section of the input and output ports, while� o2 and� o3

represent the aperture cross sections, see Fig. 3.1. The cross sections can be expressed

explicitly from known physical dimensions and cavity wall properties [57].Pin is the

(assumed steady) incident power �ow into the �rst cavity. In this example, we assume

that only the �rst cavity receives EM power from external sources. The balance between

the input and loss is achieved by solving Eq. (3.1) for the steady state power densitiesSi .

For example, the power balance condition of the �rst enclosure is expressed as(� w1 +
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� o1 + � o2) � S1 = Pin + � o2 � S2. The LHS of this equation represent the loss channels

of the cavity, including the cavity wall loss and the leakage through the input port and

the aperture. The RHS describes the power fed into the cavity, consisting of the external

incident power and the power �ow from the second cavity. The net power that �ows into

the last cavity in the cascade is expressed asP2! 3 = � o3(S2 � S3).

The last cavity is characterized by the RCM method. With the knowledge of the

cavity loss parameter� and the port coupling details, the full cavity admittance matrix of

the last cavity can be expressed as [42]

Y
cav

= i � Im
�

Y
rad

�
+ Re

�
Y

rad

� 0:5
� � � Re

�
Y

rad

� 0:5
:

The quantityY
rad

is a frequency-dependent block-diagonal matrix whose components are

the radiation admittance matrices of all the ports and apertures of that cavity. We assume

no direct couplings between apertures because the direct line-of-sight effect is small in

the experimental set-up. Consider a cavity with twoM � mode aperture connections,

the dimension of the corresponding matrixY
rad

is 2M � 2M . The matrix elements

are complex functions of frequency in general and can be calculated using numerical

simulation tools. We use here the software packageCST Studioto calculate the aperture

radiation admittance. The RCM normalized impedance� is a detail-independent �uctuating

“kernel” of the total cavity admittanceY
cav

. The loss parameter� describes the degree

of lossyness of the system. With known� , an ensemble of the normalized admittance�

can be generated through random matrix Monte Carlo approaches [58]. Combining the

�uctuating � andY
rad

, an ensemble of “dressed” single cavity admittance matrices for the
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�nal cavity can be generated. It is later shown in Appendix E that a substantial reduction

of the hybrid model computational cost is made possible using an aperture-admittance-

free treatment, at the price of reduced accuracy for longer cascade chains.

3.5 Hybrid Method Details Part III: Finalizing the Hybrid Model

We next connect the PWB and RCM treatments at the interface between the second

and the third cavity. As discussed in the previous section, the power �ow into the third

cavity, P2! 3, is calculated from the 3-cavity PWB calculation. Identical system set-ups

are utilized in the PWB and RCM treatments, including the operating frequency range,

the dimensions of the cavities, ports and apertures, and the loss of the cavity (achieved by

a simple analytical relationship between the RCM� parameter and� w). To transfer the

scalar power valuesP2! 3 generated by PWB into an aperture voltage vector required for

RCM, we assign random voltagesUo3 drawn from a zero mean, unit variance Gaussian

distribution for theM -mode aperture and calculate the random aperture power using

Po3 =
1
2

Re(U�
o3 � Y

rad
� Uo3):

These randomly assigned aperture voltagesUo3 are then normalized by the ratioP2! 3=Po3

to match with the value calculated from PWB. Combined with the RCM generated cavity

admittance matrixY
cav

, an ensemble of induced voltage valuesUL at the load on the last

cavity is computed utilizing Eq. (A.9) in Ref. [16]. The power delivered to the load is

obtained using

PL =
1
2

Re(UL
� � YL � UL );
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whereYL is the load admittance, taken to be1=(50
) here.

With the formulation of the hybrid model now explained, here we discuss the

improvement in computational time and memory usage by replacing the full RCM multi-

cavity method with the hybrid model. For anN � cavity system connected throughM � mode

apertures, the hybrid model requires only a fraction of1=[(N � 1)M 2] of the memory

consumption as compared to the full RCM method, enabled by the reduced cavity impedance

matrix storage for the �rstN � 1 cavities. Moreover, the computation time is also reduced

by eliminating the RCM modeling of the prior cavities. For example, the computation/CPU

time for the two-cavity cascade system with circular aperture connections reduces from

about 120s to 40s with application of the hybrid method (tests run on a typical workstation).

In addition, the computation time of the full RCM method scales with the total number of

cavities in the system N, while the hybrid method is insensitive to the further addition of

cavities. Aside from the difference in the CPU time, there is a �nite loading time to move

the data (e.g. random matrices to model single cavities) from the hard drive to RAM.

Compared to the full RCM method, the hybrid model reduces the number of cavities

that need RCM modeling fromN to 1, and thus decreases the data loading time. The

advantage of the method becomes more prominent for larger lengths of the cavity chain

N and larger apertures (having M modes).

3.6 Experimental Results and Discussion

We now conduct the PWB-RCM hybrid analysis for the multi-cavity experiment

and compare with measurements. The experiment setup is shown in Fig. 2.1, and photos
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Figure 3.2: The PDFs of load induced voltagejUL j of 2- and 3-cavity experiments
(solid) and hybrid model calculations (dashed). The single cavity loss parameter is varied
from 9.7, 7.5, 5.7 and 1.7 from (a-d), respectively. The inset in (b) shows the 2- and
3-cavity experiment averaged induced voltage valueshjUL ji with respect to different loss
parameters� . Multi-mode (� 100modes) circular apertures are employed between the
cavities.
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of the actual measurement setup can be found in Fig. 2.2. We consider 2- and 3-cavity

cascades with large (on the scale of the wavelength) apertures between the cavities and

single-mode connections to the load in the last cavity. The induced voltages at the load

jUL j are calculated from data using the methods reported in Refs. [58, 62], and these

experimental results are shown as solid lines in Fig. 3.2. An ensemble of induced load

voltages for the multi-cavity system is created by moving the mode stirrers in all cavities

between each measurement. The losses in the single cavities is altered by inserting equal

amounts of RF absorbers in each cavity. In addition, the hybrid PWB-RCM method is

used to calculatejUL j and the resulting distributions are shown as dotted lines in Fig. 3.2.

Good agreement between the measured and model generated results are observed over a

range of different total cavity numbers and single cavity loss values. Under varying cavity

loss conditions, the probability density function (PDF) of the induced load voltagejUL j

of the 3-cavity system has a lower mean value and smaller �uctuations compared to the

2-cavity system results. Going from two to three cavities will decrease the energy density

in the last cavity and thus the power delivered to the load. This difference between the

2- and 3-cavityjUL j becomes smaller when the single cavity loss decrease as can be seen

following Fig. 3.2 (a) to Fig. 3.2 (d), see also the inset in Fig. 3.2 (b).

For comparison purposes, we computed the induced load voltageUL value of the 3-

cavity system using just PWB for the entire 3-cavity system (Fig. 3.3). The computation

covers the entire operating bandwidth (3.75 to 5.50 GHz). The ensemble averaged values

of UL obtained from the PWB-RCM hybrid model computations (Fig. 3.2) are 0.19, 0.24,

0.32, 0.82 V for cases (a-d), respectively. With window averaging, the corresponding

averagedUL values from the PWB-only method are 0.17, 0.22, 0.30, 0.85 V. Thus, we
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Figure 3.3: The 3-cavity case load induced voltagejUL j values computed with the PWB-
only model. The single cavity loss parameter is varied from 9.7, 7.5, 5.7 and 1.7 from
(a-d), respectively. Multi-mode (� 100modes) circular apertures are employed between
the cavities.
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�nd relatively good agreement between the mean induced voltage from the hybrid model

and the PWB-only model result.

The induced load voltage PDFs of the multi-cavity system can be generated solely

with the RCM formulation [16]. A comparison between thejUL j PDFs generated with

full RCM method, the hybrid method, and the experiments are shown in Fig. 3.4. Both

theoretical approaches are able to generate statistical ensembles which agree well with

the experimental results. We �nd that the RCM results (dashed lines) slightly outperform

the hybrid method (dotted lines) for the two-cavity case. However, the computation time

and storage cost of the full RCM method isN times larger than the hybrid method, where

N refers to the total number of connected cavities in the cascade.

3.7 Hybrid Model Limitations

The hybrid model is based on the assumption that the �uctuations in a given cavity

are independent of the �uctuations in adjacent cavities and thus of the �uctuations in the

power �owing between cavities (as a function of frequency, for example). We assess

the validity of these assumptions by analysing a multi-channel cascaded cavity system

in Appendix C. We study in particular the effect of the total number of effective cavity-

cavity coupling channelsM n between thenth and(n + 1) st cavity on the �uctuation

levels of the load-induced powerPL connected to the �nal cavity. SincePL / j UL j2,

the conclusions drawn from the power �ow studies can also be applied to voltage-related

results as presented below in Section IV. De�ning the load power �uctuation levels as the

ratio � = hPL i 2 =hP2
L i , whereh� � � i represents averaging over an ensemble, we treat� as
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Figure 3.4: Comparison of induced load voltage statistics for the hybrid model (dotted),
RCM predictions (dashed) and experimental results (solid) for the case of 2 and 3 cavity
cascades with single-cavity loss parameter� = 9:7, and circular multi-mode apertures
between the cavities. The frequency range is from 3.95 to 5.85 GHz.

40



a measure characterising the level of �uctuations of the power. Here,� � 1 and� � 1

refer to low and high �uctuations of the power values, respectively. In Appendix C, it is

shown that

� /
NY

n=1

(1 + M � 1
n ); (3.2)

where the product is over all the cavities in the cascade. If cavitiesn = 1 to n = N � 1

have strong multi-channel connections due to, for example, large apertures withM n � 1

propagating modes at the operating frequency, thenM � 1
n ! 0 and the contributions to

(3.2) not including the coupling to the load, that is,
Q N � 1

n=1 (1 + M � 1
n ) ! 1; this holds for

the experiments described in Section IV withM n � 100at the frequencies considered.

The quantityM n is small when a single-mode waveguide connects the last cavity (N )

to the load. At the last cavity (N ) there is a single mode output port,M n = 1 and

the 1 + M � 1
n = 2 which induces higher �uctuations at the load compared to the case

where all apertures are large. Similar smallM n situations appear when a “bottleneck” is

introduces between cavities. It is therefore sensible to adopt RCM for just the last cavity

to capture the power �uctuations at the load, while it is suf�cient to include the in�uence

of the intervening cavities with PWB only giving the required information about the mean

power �ow.
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Chapter 4: Application of Machine Learning to Wave Chaotic Systems

This work was a collaborative effort with the Naval Research Laboratory group and

is published as Ref. [70]. The wave properties of complex scattering systems that are

large compared to the wavelength, and show chaos in the classical limit, are extremely

sensitive to system details. A solution to the wave equation for a speci�c con�guration

can change substantially under small perturbations. Due to this extreme sensitivity, it is

dif�cult to discern basic information about a complex system simply from scattering data

as a function of energy or frequency, at least by eye. In this work, we employ supervised

machine learning algorithms to reveal and classify hidden information about the complex

scattering system presented in the data [70]. As an example we are able to distinguish the

total number of connected cavities in a linear chain of weakly coupled lossy enclosures

from measured re�ection data. A predictive machine learning algorithm for the future

states of a perturbed complex scattering system is also trained with a recurrent neural

network. Given a �nite training data series, the re�ection/transmission properties can be

forecast by the proposed algorithm.
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4.1 Machine Learning Applications, Overview

Machine learning (ML) techniques have enjoyed intense research interest in recent

years [71, 72]. A ML algorithm treats any given task as a mathematical problem and

does not utilize knowledge of the speci�c physics underlying the data. Bene�ting from

this `model-free' nature, the ML algorithms �nd broad application in various sub-�elds

of physics, such as the identi�cation of phase transitions in condensed matter studies

[73, 74], the classi�cation of multi-qubit states of trapped-ion experiments [75], the auto-

tuning of gate voltages in quantum dots system [76, 77], and the future state predictions

of spatio-temporal chaotic systems [78, 79, 80]. Although successfully applied in various

studies, one crucial drawback of the ML techniques is the trade-off between a successfully

trained program and the amount of data required during its training phase. However, the

problem of training data acquisition does not pose a great challenge to the analysis of

wave chaotic systems. In order to compare experimental data to theoretical predictions

based on the statistical methods mentioned in the previous paragraph, a large statistical

ensemble of measured data is required. This feature of wave chaotic system analysis is

suitable for building a successfully trained machine learning algorithm.

4.2 Multi-enclosure Experimental Setup

We study the transmission and re�ection of electro-magnetic (EM) waves in wave

chaotic enclosures. Short-wavelength EM waves from 3.95-5.85 GHz are injected into

cavities of dimension0:762� 0:762� 1:778m3 through WR178 single-mode waveguides.
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Figure 4.1: Schematic of the experimental set-up. We measure the S-parameter of
a 3-cavity cascade system with a VNA. The cavities are connected through circular
apertures. Rotatable mode stirrers are employed in each cavity to generate different
system con�gurations. The scale of the operating wavelength� op is shown as the bar.

The cavities are electrically large (� 104 modes at the operating frequency range) in order

to simulate real-life examples of wave chaotic settings such as rooms in buildings and

cabins in a ship. A series of individual cavities can be connected into a linear cascade

chain through apertures as shown in Fig. 4.1. The total number of connected cavities is

varied from 1 to 3. Independent mode stirrers are employed inside each cavity to create a

large ensemble of statistically distinct realizations of the system [38, 81, 82, 83]. Single-

mode ports are mounted on the �rst and last cavity in the cascade, shown as T(R)X in Fig.

4.1. The2� 2 Scattering(S)-parameters of the entire cavity cascade system are measured

with a Vector Network Analyzer (VNA), and the2 � 2 impedance(Z)-parameters are

calculated. The S and Z parameters are connected through the bilinear transformation,

S = Z0
0:5(Z + Z0)(Z � Z0)� 1Z0

� 0:5, whereZ0 is a diagonal matrix whose elements are
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the characteristic impedance of the waveguide channels leading to the ports. All mode

stirrers are rotated simultaneously to ensure a low correlation between each transmission

measurement, and the S-parameter measurements are carried out when the mode stirrers

are stationary. A total number of 200 distinct realizations of the cavity cascade are created.

The degree of loss in each cavity is altered by placing RF absorber cones in each cavity.

The single cavity “lossyness” is described by the RCM loss parameter� which is de�ned

as the ratio of the 3-dB bandwidth of a resonance mode to the mean spacing between the

modes [31, 60], and is basically the number of overlapping modes at a given frequency.

The loss parameter can have values ranging from 0 (no loss) to in�nity (extremely lossy).

With � known, one is able to generate the statistical ensemble of system impedance using

RCM.

The real and imaginary parts of diagonal impedanceZ11 measurements for a single

realization is shown in Fig. 4.2. The curves correspond to systems with a different number

of connected cavities, varying from 1 to 3. The cavities are nominally identical, in that

all cavities share the same physical dimension and a uniform single cavity loss parameter

value: � = 9:7. It has been demonstrated both theoretically and experimentally that the

statistical properties of the diagonal impedanceZ11 of a high-loss (� � 1) cavity cascade

system remain virtually unchanged regardless of the total number of connected cavities

in the chain [33]. The real and imaginary parts of measuredZ11 values of multi-cavity

systems are shown in Fig. 4.2 (a) and (d). Direct observation of the frequency dependent

Z11 results cannot provide useful information to classify the number of connected cavities,

since the curves are essentially on top of each other and effectively indistinguishable vs.

frequency. The detailedRe(Z11) andIm (Z11) from 5.605-5.62GHz are shown in Fig.
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Figure 4.2: Multi-cavity diagonal impedancesZ11 from 2-port measurements on either
1-cavity (blue), 2-cavity (red) or 3-cavity (green) cascade. The inset in (c) is the schematic
diagram of the Z-parameter measurement of 1-, 2- and 3-cavity cascade structures. (a) and
(d): the real and imaginary parts ofZ11 from 3.95-5.85GHz for a single realization of the
system, whose detailed views are shown in (b) and (e), and the corresponding statistical
analysis over a large ensemble ofRe(Z11) andIm (Z11) are plotted in (c) and (f). The
single cavity loss parameter is� = 9:7.
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Figure 4.3: Generalized (recurrent) neural network architecture with two hidden layers.
The NN consists of the one input layer, hidden layers and one output layer. The RNN is
built upon the NN structure with the addition of “memory effects” at each hidden layer
(shown as the dashed arrows).

4.2 (b) and (e). Even with the detailed view, it is still hard to differentiate theZ11 curves

from either the mode density, the level of �uctuation, or the averagedZ11 value levels.

Statistical analysis of theRe(Z11) andIm (Z11) measurements are shown in 4.2 (c) and

(f). TheZ11 PDFs of 1-, 2- and 3-cavity cascade are very similar to each other and dif�cult

to systematically distinguish. The Fourier transforms of the multi-cavityZ11 data show

similar time-domain responses. We �rst wish to see if an ML algorithm can be trained to

correctly distinguish the number of cavities in the cascade simply from raw data such as

that shown in Fig. 4.2. The second objective is to see if an ML algorithm can predict the

evolution of the S- (or Z-) parameters as the cavity cascade is systematically perturbed.

47



4.3 ML Model I: Neural Network

The neural network (NN) and its modi�cations, inspired by the electric signal

propagation mechanism of brain neuron cells, are widely applied in various �elds, such as

speech identi�cation, pattern recognition and picture captioning [84]. A neural network

is one of the supervised learning algorithms whose goal is to utilize the given training

set information and establish a generic method to assign labels to the testing sets. As

a typical example of classifying cat and dog pictures, a supervised learning algorithm

re�nes its classi�cation rule using thousands of images of correctly labeled cat and dog

images. More speci�cally, the algorithm identi�es the label of a given picture through

the images pixel values. A typical structure of a NN is shown in Fig. 4.3. We will

next brie�y introduce the operating principle of the NN with the example of anm� class

picture classi�cation task (m = 2 for the cat and dog classi�cation example).

In each iteration, the information of one picture from the training set is prepared into

a column vector and used as the input of the NN algorithm. For example, a picture ofL � L

pixels is reshaped into a(L2; 1) vectorx by simply concatenating theL � 1 linesL times.

The input vector is further modi�ed as~x = x� <x>
� x

in order to improve the performance of

the algorithm, where< x > and� x are the mean and standard derivation ofx. After the

input preparation, thei th input ~x(i ) is passed on to the �rst (represented in the subscripts)

hidden layerh(i )
1 (with n1 units) throughh(i )

1 = � (W (i )
1 � ~x(i ) + b(i )

1 ), whereW (i )
1 andb(i )

1 are

a(n1; L2) coupling matrix and a(n1; 1) bias vector, respectively. The non-linear function

� (�) adds to the complexity of the NN and further expands the network's functionality.

The �rst hidden layer vectorh(i )
1 is transferred to the second hidden layer throughh(i )

2 =
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� (W (i )
2 � h(i )

1 + b(i )
2 ), whereW (i )

2 andb(i )
2 are the coupling matrix and the bias of the second

hidden layer, and the same nonlinear function� (�) is used. The algorithm labels the input

picture usingy(i )
NN = f [� (W (i )

n+1 � h(i )
n + b(i )

n+1 )]. Similarly,W (i )
n+1 andb(i )

n+1 are the coupling

matrix and bias at the output coupling layer, andf is a normalization function which

transforms the value of� (W (i )
n+1 � h(i )

n + b(i )
n+1 ) into a `one-hot' label vector. The `one-

hot' label is a one-column vector withm elements representing them possible output

classes. For a given training data input, the normalization functionf sets only one vector

element ofy(i )
NN to 1, which represents the label of the class for that particular data set,

and the other elements to zero. In the meantime, a cost functionf cost = jjy(i )
NN � y(i ) jj is

calculated to describe the distance between the algorithm labely(i )
NN and the known label

y(i ) for that given inputx(i ) . The goal of the training process is to minimize the value

of f cost through the so-called back propagation process, where the algorithm re�nes the

values of all coupling matricesW and biasesb, utilizing the derivative valuesdf cost
dW and

df cost
db . The back propagation process is repeated for all pictures in the training set. The

values of all network parameters are �xed after the training. In the testing phase, unseen

pictures are fed into the trained network with their machine predicted labels calculated,

while the back propagation process is not used. If the predicted labels agree well with the

correct labels, the classi�cation NN algorithm is successfully trained.

The recurrent neural network (RNN) structure is based on the neural network with

the addition of a memory effect. As shown in Fig. 4.3, extra loops are employed in every

hidden layer. The RNN hidden layerh(i ) has an additional in�uence from its previous

stateh(i � 1) through theh ! h coupling matrixW (i )
h! h. This feature grants a RNN the

ability to store information from previous iterations, and the potential to predict future
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states. Differing from the NN algorithm, which is insensitive to the speci�c order of the

input information, a RNN algorithm requires that the inputs are fed into the algorithm

following a strict time-ordering or systematic evolution.

4.4 Task I: Multi-cavity System Classi�cation Task

We utilize the neural network algorithm to classify different wave chaotic systems

based on raw scattering data. The goal is to train the machine to classify the total

number of cavities in the linear cascade chain by using the raw impedance (Z) matrix

measurements. As discussed in section I, the diagonal elementZ11 of 1-, 2- and 3-cavity

systems is very dif�cult to distinguish by eye, and also shares nearly identical statistical

properties as shown in Fig. 4.2. In the 1-, 2- and 3-cavity cascade measurements, we

rotate the mode stirrer to 200 unique and distinct angles in order to generate a large

ensemble of measured data. The impedance measurement sweep is from 3.95-5.85 GHz

with 16001 frequency points. One-hot vectors of size(3; 1) are created as the correct

labels for all con�gurations.80%of the total measurements (3 � 200 = 600realizations

from 1-, 2- and 3-cavity cascade cases) are used to train the algorithm, and20%of the data

is reserved as a testing data set. The NN employs 4 hidden layers which have 25, 26, 33

and 18 units, respectively. The speci�c choice of the total number of layers and units per

layer can be varied. We use the Tensor�ow package in the back propagation process. The

training and testing results are shown in Fig. 4.4. To speed up the algorithm, we select

subsets of size 2000 (Fig. 4.4 (a)) and 5000 (Fig. 4.4 (b)) uniformly chosen frequency

points out of the total 16001Re(Z11) measurements as input vectors (theIm (Z11) input
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algorithm also works just as well but the results are not shown). In both cases, the cost

function decreases sharply and the testing set accuracy reaches above95% within 500

cost-function minimization iterations. We observe that training the algorithm with 5000

data points in the input vectors (Fig. 4.4 (b)) reaches a higher testing accuracy (98.3%) as

compared to the fewer data point case (95%). The testing accuracy reaches to 100% (Fig.

4.4 (c)) when all measured data points are fed into the NN algorithm. One can understand

the improvement of test performance from the fact that more information are delivered to

the algorithm with the increase of input vector size. The algorithm successfully identi�es

the total number of connected cavities in the cascade utilizing only the knowledge of

the system diagonal impedance as a function of frequency. The result indicates that

the algorithm is able to detect and utilize “hidden orders” embedded in the measured

data, completing a task that is hard to achieve with either visual inspection or by more

sophisticated analysis and statistical means [74].

We further explore the limitations and robustness of the developed multi-cavity

classi�cation algorithm. We �rst test the algorithm's ability to identify unseen measured

data. An algorithm is trained to successfully classify theRe(Z11) measured data from the

1- and 3-cavity cascade systems. The NN output has three classes: the 1- and 3-cavity

systems whose data are seen by the algorithm in the training phase, and an untrained

2-cavity system class. In the testing phase, we mix in theRe(Z11) data from 2-cavity

cascade measurements. We �nd that the algorithm classi�es the 2-cavity data into the

all three categories with equal probabilities. This result indicates that the classi�cation

algorithm applies strictly to the data drawn from the training ensemble. We next test the

algorithm's tolerance level to noise. The algorithm is successfully trained to classify the
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Figure 4.4: The NN classi�cation algorithm performance for 1-, 2-, and 3-cavityRe(Z11)
data. (a-c): The cost functionf cost (blue, left logarithmic axis) and test accuracy (red,
right linear axis) results are evaluated to 500 iterations of the algorithm. The dimension
of the input vector is 2000, 5000 and 16001 in (a), (b) and (c), respectively. (d): The test
accuracy results with and without additional Gaussian noise. The dimension of the input
vector is 5000. The signal to noise ratio values are -5, 5, 15 dB and the original data.
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Re(Z11) data from 1-, 2-, and 3-cavity cascade measurements with minimal experimental

noise. In the testing phase, Gaussian noise are added to theRe(Z11) measurements to

achieve signal to noise ratios (SNR) of -5, 5 and 15 dB. The power level of the noise

Pn is calculated fromSNR = 10 log10(Ps=Pn ) based on the signal power levelPs. As

shown in Fig. 4.4 (d), the �nal test accuracy changed from 0.9 to 0.66 (saturating after

the 1000 iterations) with the decrease of SNR from +15 to -5 dB. The result shows that

the classi�cation algorithm retains its ability to distinguish the cavity number when the

noise level is not too high.

The use of the frequency and realization-averagedZ11 values was investigated as a

possible alternative to the machine learning algorithm. The 1-, 2- and 3-cavity cascade

hRe(Z11)i are nearly identical (varying by 0.7% of the average value). The ML algorithm

fully retains the classi�cation performance for the multi-cavityRe(Z11) data even after it

has been normalized by the average values. This demonstrates that the algorithm utilizes

details that are not easily summarized when making a high resolution distinction between

the three scattering scenarios based on statistics. With statistical methods, repetitive

independent measurements of the multi-cavity system can produce stable mean values

of hRe(Z11)i to further distinguish the different cases. To obtain a good estimation

of hRe(Z11)i and decrease the uncertainty, this approach involves a large number of

measurements of each different system in the data-gathering phase. In the prediction

phase, given an unknown system, a large amount of additional data is required to acquire

a good measurement ofhRe(Z11)i to perform classi�cation. By contrast, a trained ML

algorithm can distinguish an unknown system with only one round of measurement.

Compared to the statistical method, the ML algorithm requires considerably less data
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to produce a con�dent classi�cation of the system.

4.5 Task II: Chaotic Cavity S-parameter Series Prediction

Inspired by the recent progress of predicting the future evolution of classically

chaotic systems with machine learning techniques [78, 79, 80], we utilize the RNN algorithm

to predict the evolution of a wave chaotic system under systematic perturbation. We

record the2� 2 S-parameter matrix of a single wave chaotic enclosure under a sequential

and systematic perturbation from a rotating mode stirrer. The dimension of the single

cavity is0:038� 0:038� 0:089m3. EM waves from 75-110GHz are fed into the cavity

(� 104 modes at the operating frequency range) through single-mode WR10 waveguides

from Virginia Diodes VNA Extenders and the S-parameters are measured by a VNA.

The mode stirrer is rotated to 1000 unique angles with uniform step angle size. A full

rotation of the mode stirrer takes� 120steps. There exists some correlations between

the measurements. The task is to use a portion of the measuredS11 and S21 data to

train the RNN algorithm, and then generate predictions ofS21 by supplying additional

measuredS11 data obtained later in the sequence. It is dif�cult to predict the future state

of a wave chaotic system based solely on its history information, since minute changes of

the system's boundary condition can drastically affect the EM wave properties [58].

The RNN algorithm is implemented with the layer recurrent neural network function

from the Matlab Deep Learning Toolbox. Similar to the neural network training, we

�rst prepare the input vectors~x = x� <x>
� x

to improve the performance of the algorithm.

In contrast with the input labeling process in the NN, one must prepare the input and
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output vectors in the correct evolutionary order. We next de�ne the desired network

parameters, such as the sizes of the hidden layer units and the method of back-propagation

optimization. In the chaotic cavity S-parameter prediction task, the input vectors are

assembled from measuredjS11j at 50 frequency points with 175MHz spacing from 75-

110 GHz. The output vectors are from measuredjS21j at 5 frequency points with 2.5GHz

spacing (� 1000modes exist in this frequency interval). It is not shown here, but the

algorithm also works for the real/imaginary parts of the S-parameters as input and output.

The adopted RNN structure has 38 units in 1 hidden layer. The testing results from all

frequency points are shown in Fig. 4.5. The �rst 900 realization of the measured data are

used as the training set, and the testing begins with the901st realization. Only measured

re�ection information (jS11j) is fed to the algorithm, serving as the observer of the system

[78, 80], and we record the machine predicted transmission information (jS21j). As shown

in Fig. 4.5, we observe good agreement between the algorithm-generated and measured

transmissionjS21j at least for the �rst 40 or so realizations for all 5 frequency points. The

prediction degrades beyond this point.

4.6 Discussion and Summary

The ML techniques are shown to successfully classify different wave chaotic systems

and to give predictions of future system states. Bene�ting from its model-free property,

ML can be versatile for various tasks. However, the training process of ML methods

requires large amounts of measured or simulated data, and the tuning of algorithm hyper-

parameters, including the number of layers, the number of units per layer, etc. These
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