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Transport in condensed matter system serve as one of the main properties for characterizing
its phases and topological properties. A cornerstone in the theoretical efforts in transport is the
Boltzmann transport equation (BTE), which describes the low frequency responses of weakly
correlated systems through distribution functions of particle-like carriers. The BTE is extremely
successful in describing transports in classical systems where the collision is largely uncorrelated
and the quasiparticles wave lengths are significantly less than the mean free path. However, such
major assumptions made by the Boltzmann transport does not hold in many aspects of modern
condensed matter systems. Examples of such scenarios include quantum ballistic transport on
the edge of a quantum Hall system, variable-range hopping in an Anderson localized system, and
transport above the Mott-loeffe-Regel limit in bad metals. In this thesis, we discuss three example
systems that exhibit transport properties beyond the conventional Boltzmann framework.

First, we will introduce a new family of systems for Majorana zero mode that does not

require an external magnetic field. Our proposal is based on a planar Josephson junction setup



with a quasi two dimensional spin-orbit coupled electron gas and the usual role of the magnetic
field that breaks the time reversal symmetry is taken by three phase biased superconductors.
This idea is then simulated with HgTe as the two dimensional material together with realistic
parameters. Our result demonstrates a large parameter regime of Majorana zero mode and a
topological gap at the order of the superconducting gap.

In the second part, we will discuss the physics of plasmonic mode in a Josephson junction
chain in its insulating regime. Utilizing the Luther-Emery point of the sine-Gordon model, the
polarizability can then be interpreted by the responses of soliton and anti-soliton pairs. we
consider the system in both the clean limit and with disorder. Our theory suggests the existence
of coherent phase mode in the insulating regime and provides a natural explanation for the
frequency-dependent broadening of such a mode. The results is consistent with the recent experiments
on the reflection spectrum of Josephson junction chains.

Finally, we will look into the problem of Planckian thermal diffusion bound where a
mechanism for sub-Planckian thermal diffusion is introduced. We will study a lattice system
with large degrees of freedom per unit cell but has limited channel for heat conduction. In the
highly-nonlinear regime, the thermal diffusivity can be solved accurately through applications
of fluctuation-dissipation theorem. Through numerical simulations, our proposal demonstrate a
modification of the lower bound to Dp/N, where Dp is the Planckian diffusivity and NV is the

per-unit-cell degrees of freedom.
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Chapter 1: Introduction

Condensed matter physics are concerned with systems composed of interacting macroscopic
degrees of freedom. In its stationary state, the system reach its thermal equilibrium that is
governed by the conservation of energy. The likelihood of the macroscopic system to be at energy
E' is determined by maximizing the number of ways the total energy is distributed among the
system and its environment. Accordingly, the canonical ensemble suggests that the probability of
the macroscopic system to have energy F is given by P(E) o exp{(—FE/kgT)}. For a separable
system, whose dynamics of its constituent degrees of freedom can be addressed individually, the
same form of distribution is generalized to the microscopic scale, a result that is commonly
referred to as the Maxwell-Boltzmann distribution P(i) o exp{(—e¢;/kgT)} where i labels the
microscopic state which has energy ¢;. The microscopic degrees of freedom carries physical
quantities such as energy and charge, which collectively comprise the corresponding density
field in the real space coordinates. In the presence of an external stimulus such as a temperature
gradient or electric field, the system will be taken away from its thermal equilibrium state.
The relaxation process of the density fields from the out-of-equilibrium distribution results in
generation of the corresponding current. Such processes describe most transports in general in
condensed matter physics.

The development of transport theory has seen a cornerstone in the Boltzmann transport



equation (BTE), which describes the dynamics of the distribution function of macroscopic degrees
of freedom in phase space. It breaks down the contribution to the general evolution into three
separated terms which corresponds to diffusion, external drive and the scattering process. In
particular, the scattering rate can be formulated using the cross section obtained by quantum
mechanics, allowing a semi-classical calculation of transport coefficients of a wide range of
systems.

Despite the BTE being a universal transport formalism applicable to any system with
fluctuations that can be broken down into localized excitations, one major assumption is that
the collision process is uncorrelated so that the evolution equation only involves single particle
distributions, which is also known as ”Stosszahlansatz” by Boltzmann. As a result, alternative
transport models are often useful in special scenarios. For example, in certain nano-scale systems,
the mean-free path of carriers, which measures the length scale at which a collision happens,
can exceed the scale of the system size. In this case, the transport process becomes ballistic
and is captured accurately by the Landauer-Buttiker formalism in which the current is simply
determined by the driving field at the two ends of the material and the number of the transport
channels. In this case, the energy relaxation occurs in the leads instead of collisions in the system.

The central assumption made by the Boltzmann equation is that the carrier of the physical
quantities in the system has a particle-like characteristic such that the macroscopic dynamics can
be described classically through a phase space distribution function. Such an assumption can
become invalid in systems whose quantum coherence is preserved in the transport process and
systems whose nonlinearity dominates such that the quasiparticle picture breaks down. In such
cases, other transport theorie are often used for evaluating the transport coefficients. For example,
in the ballistic transport regime, the Landaur-Biittiker formalism captures the quantum transport

2



more accurately and in regimes characterized by incoherent transport, more general theories such

as the Green-Kubo relation, are more applicable.

1.1 Boltzmann Transport Equation

The Boltzmann transport equation (BTE), first introduced by Ludwig Boltzmann in 1872 [2],
provides a fundamental framework for analyzing transport phenomena across a wide range of
systems. This equation describes the evolution of the distribution function for particles or quasi-
particles under the effect of external fields and the scattering process. As mentioned above, the
underlying assumption in the Boltzmann transport is that wave packets retain coherence and are
sufficiently localized to allow for a meaningful definition of spatial distribution. This enables the
characterization of transport phenomena by tracking the evolution of these wave packets within
phase space.

Assuming a distribution function fy(r) that represents the number of carriers in state k
is located at spatial location . The evolution of f; can then be written as the combination of

contribution from diffusion, external field, and collision. That is,

dfe [0 O O
d_t N |:E:| diff - |:E:| field " |:E:| coll . (11)

First, the diffusion term is the direct result of particle’s motion on a spatially non-uniform distribution,

Ph

R = _F V. (1.2)
at :|diff

For a given k, this can be understood as the drift in the spatial distribution function. Next, the



contribution from the external field is

{%
ot

] = —Fie- Vi fi. (1.3)
field

where F), denotes the force acting on k from external field that satisfies F, = dk /dt. In the case
of electron, and £ being its wave vector, ﬁk = —%(E + 1), X é) Finally, the collision term, or
the collision integral, contains all contributions from different scattering processes that changes
the carrier occupation in state k. In the case of metals, such processes include the interactions
such as the electron-electron and electron-phonon scattering and scattering with lattice disorders.

Under the steady state condition, dfy/dt = 0, Eq. 1.1 becomes
L= - = 0
Uk Ve + Fie- Vifi = [ﬁ] ; (1.4)
coll

which is the well-known Boltzmann transport equation (BTE). While the BTE offers a general
and conceptually straightforward framework, applying it in practice is challenging due to the
complexity of obtaining solutions. The collision integral in Eq. 1.4 is governed by the microscopic
scattering process in the system. Accordingly, BTE for a general condensed matter system is an
integro-differential equation that is highly non-trivial to solve which usually involve sophisticated

numerical methods.

1.1.1 Relaxation Time Approximation

To make the Boltzmann transport analytically tractable, simplification to the collision integral

is often needed. In this section we will introduce the relaxation time approximation.



At thermal equilibrium, the principle of detailed balance states that for every possible
microscopic configuration of a system that can change into another configuration with a certain
probability, there is a reverse process with the same probability in equilibrium. Accordingly, the

collision integral should vanish at the equilibrium distribution f°,

ofR]  _
[W} coll - (1>

The relaxation time approximation consider the cumulative effect of the microscopic scattering
act to dissipate deviations from the equilibrium distribution of state k, characterized by a relaxation
time scale 7. That is,

[W%] :_fk_fl(c). (1.6)
coll

ot (k)

The relaxation time approximation can be understood as two main assumptions. First, the distribution
of the particle state after collision does not depend on the current non-equilibrium distribution.
Second, if the particle distribution about position 7 is in a local equilibrium state described by
temperature 7'(r), then the collision process does not change this distribution. Additionally, as
shown in Ref. [3], relaxation time approximation becomes exact under the assumption that the
system is spherically symmetric and the collision is described by an isotropic single particle
scattering. In this case, the relaxation time 7(k) for states whose wave vector has modulus £ is
given by
1

/(1 —cos0)Q(k,0)d2 = =) (1.7)

where Q(k,0) is the transition probability between states whose wave vectors have a relative

angle of 6.



Consider a simple example of a normal metal under a small electric field E. Under the

relaxation time approximation, the Boltzmann equation 1.4 can be written as

(1.8)

where we have used the fact that the group velocity v, = V€ /h and the equilibrium distribution

denoted by f° is the Fermi-Dirac distribution. In the small \E | limit, we the deviation from

equilibrium ¢ f, = f — f_ is small. Keeping the first order term in |E , we obtain the deviation

0 f under a small electric field
ofY -

—e2kp .5
5fk = eaEk E UkT(k). (19)

The current associated with this distribution is given by

j: —26/5fk 17k
k

- 262/kT(k)17k (ﬁk . E) (—%) (1.10)

where we have used the fact that there is no net current in the equilibrium and the factor 2 comes
from the spin degree of freedom. In a typical metal, the Fermi temperature 7% is above the
order of 10*K [4]. Assuming T' < T}, the derivative of the Fermi-Dirac distribution is simply
a delta function at the Fermi energy, or 0fy/0e = —d(e — €p). As a result, the current can be

approximated as a 2d integral over the Fermi surface Sg,

2 RN
J= /T(k)MdSF-E. (1.11)



Accordingly, the electrical conductivity tensor is given by

2

a,,p
(& (N
O = 47T3h/7'(k) kkdSp. (1.12)

|V

Assuming free electron with quadratic dispersion ¢, = h2k?/2m* and that the relaxation is

isotropic, the conductivity tensor becomes

(1.13)

where kp is the fermi wave vector and 7 = 7(kp) is the relaxation time on the Fermi surface. In
conclusion, the electric conductivity from the relaxation time approximation with free electron
Eq. 1.13 formally matches the electric conductivity from the Drude model, but with the mean

free time replaced by the relaxation time on the Fermi surface.

1.2 Limitations of Boltzmann Transport

Boltzmann transport provides a framework semi-classical transport that is based on the
quasiparticle picture. Accordingly, there are certain scenarios where the validity of BTE is
challenged. In this section, we discuss two limiting cases which violates the assumption made

by the Boltzmann transport. The first case is when the system dimension is small enough such



that the transport is dominated by quantum mechanics. In this so-called ballistic transport regime
where Boltzmann equation which neglects quantum coherence become insufficient, the process
is more accurately captured by the Landauer formalism. Another case is the failure of the
quasiparticles picture, which is the main assumption used in Boltzmann transport. This happens
when the mean free paths for the carriers are too short such that the excitations of the system
can not be considered as non-interacting quasiparticles. One the most notable examples are bad
metals which violates the Mott-Ioffe-Regel limit derived from qualitative arguments regarding

the requirement on the mean free path of Landau quasiparticles.

1.2.1 Ballistic Transport

The Boltzmann transport models the transport as diffusions of classical particles. Therefore,
its validity is subjected to three relevant length scales to quantum properties, which are the de
Broglie wavelength, mean free path of the carriers, and the phase relaxation length that arises
from incoherent scatterings. For systems whose dimension is smaller than all of the three, the
transport becomes collisionless and remains quantum coherent throughout the process. A prime
example of ballistic transport is observed in quantum point contacts within a two-dimensional
electron gas (2DEG) created at a GaAs/AlGaAs heterojunction [5]. In this structure, the electron
flow is restricted to an extremely narrow channel to allow electron transition through the QPC
without scattering. The most striking property of the transport is that conductance shows plateaus

at multiples of the conductance quantum Gy = 2¢?/h,

G = vG, (1.14)



where v is a positive integer corresponding to the number of conduction channels in the QPC.
This result can be derived through the Landauer formalism. Assuming the QPC is modeled

by a one-dimensional quantum wire and both the input output is smooth such that there is no

reflection, the net current that flows through is given by the imbalance between occupations on

the two sides. Assuming 7' < T such that the electrons are travelling at the Fermi velocity vp,

I'=1 — Iy

= —evpin (1.15)

where on is the difference between the right movers on the left of the constriction and the left

movers on the right, which is given by

5 = _g”’;v (1.16)

where g1p = 2/mhour is the one-dimensional density of states of electrons at the Fermi level.

Plugging Eq. 1.16 into Eq. 1.15 yields the relation between the current and the potential difference,

2 2
I = %v — G,V (1.17)

Interestingly, the conduction does not depend on any detail of the Fermi surface in one dimension.
Accordingly, for a system with v channels of ballistic transport, the conductivity is simply given
by vGy.

In addition to the nano-scale semiconductor systems, another notable class of one-dimensional



ballistic transport systems are the edge states of a two-dimensional topological material. One of
the simplest example of such a system is the integer quantum Hall effect whose edge states are
immune to back scattering due to its chirality, resulting in the quantized Hall conductance o, =
ve? /h. Note that the Hall conductance quantum e/ h appears as half of the conductance quantum
G of a quantum point contact. This is due to the magnetic field splitting the spin degeneracy,
thereby halving the density of states in an one-dimensional energy band. A more recent example
is the class DIII topological superconductors, whose edge exhibits helical Majorana states, or the
Majorana Kramers pairs. Due to its superconducting nature, the electrical conductance cannot be
directly measured, as the supercurrent carries charge without resistance. Instead, the topological
nature of these systems manifest itself through quantized thermal conductance. This quantization

is a direct consequence of the time-reversal symmetry that protects these helical Majorana modes.

1.2.2 Breakdown of the Quasiparticle Picture

One major assumption made by the Boltzmann transport is the quasiparticle picture, which
assumes that the excitation or energy carrier of the system exhibits particle-like behavior. Specifically,
this requires that the carriers should be localized and has a well-defined trajectory. In a normal
metal, the Debye temperature T, ~ 102K [6] is orders of magnitude below the Fermi temperature
Tr > 10*°K [4]. In the temperature regime where Tp < T < Tp, the lattice vibrations
are classical and but the electron remains degenerate. In this case, the charge transport can be
described in terms of classical scattering of quasiparticles at the Fermi surface. The cross section

A of the ions that arises from thermal fluctuation is described by the equipartition principle

A~ {((02)*) ~ kgT/k, (1.18)

10



where curly bracket denotes averaging over thermal distribution and k; is the characteristic spring
constant from the potential energy experienced by an ion in the lattice. This result suggest that

the mean free path [ of the electron will be inversely proportional to 7'. That is,

I~a®/Aoc T, (1.19)

where a is the lattice constant. From Eq. 1.13 and using the relation 7 = [/vp, we get the
resistance p ~ T'. This linear-T resistance is a universal property of normal metals in the high
temperature regime.

As mentioned above, Boltzmann transport requires that the quasiparticle in the Fermi liquid
has a well-defined trajectory. Equivalently, the Fermi momentum should be greater than the
momentum uncertainty, hkr > dp, and the mean free path should be greater than the uncertainty
in position, [ > dx. Together with the uncertainty principle, the combination of the two inequality
yields the Mott-loffe-Regel limit,

kpl>1 (1.20)

This inequality represents the condition for the minimal mean free path required for the Boltzmann
transport to be valid. Interestingly, it was measured in the experiment that certain high-Tc cuprate
superconductors exhibits linear-in-T resistance at temperatures above the Mott-loffe-Regel limit.
This phase of matter are commonly referred to as bad metals, which is one of the central topic in
condensed matter physics [7].

In addition to Landau quasiparticles, the carriers of the transport process can be bosonic,

which appears as wave packets of some collective excitation of the systems. Examples include
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phonons, magnons, plasmons, and Cooper pairs. Due to scattering, such quasiparticles exhibits a
finite lifetime, denoted by 7, during which they may collide and decay into other quasiparticles.
In the spectral functions, this would cause a broadening in the quasiparticle spectral peak, with
the width given by the effective damping coefficient derived from the lifetime I' = 2/7 .

There are multiple qualitative arguments on the condition for a bosonic quasiparticle to be
considered well-defined for Boltzmann transport. First, it is necessary that the collective mode

associated with the quasiparticles is not overdamped. That is,

I < Wy (1.21)

where w,, represents the oscillation frequency of the quasiparticle. A more strict condition on

the lifetime is that the broadening ' should be much smaller than the level spacing.

[ < Awgy. (1.22)

Qualitatively, violation of this condition will would invalidate the weak coupling assumption
inherent in the quasiparticle picture and challenge the linearity of the system. Finally, it is
important to note that the argument on the breakdown of quasiparticle picture provided in this
section are more of an empirical rule rather than a rigorously derived threshold from first principles.
Therefore, the conditions from Eq. 1.20, 1.21, and 1.22 should not be taken as quantitatively

accurate boundaries for the Boltzmann transport regime.
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1.3 Example Systems for Unconventional Transport

In this thesis, we will discuss three distinct physical systems whose transport is not described

by the conventional Boltzmann transport theory with quasiparticles.

1.3.1 Edge of a 2-d Class DIII Topological Superconductor

In the seminal work by Reed and Green [8], it was predicted that in the absence of time
reversal symmetry, a 2d topological superconductor exhibits chiral Majorana edge states. Due to
the electrical charge neutrality of Majorana fermions and the U(1) symmetry breaking in the bulk,
the electrical transport does not exhibit quantization properties like that in an integer quantum
Hall system. Instead, the quantized conductance can be observed in the Righi-Leduc effect,
which is the thermal analog of the Hall effect. In such a system, the thermal conductance per

chiral edge mode is given by
T2k%

3h

T = cko (1.23)

Kgy = C

where ¢ = 1/2 is the central charge of a single Majorana fermion [8] and % is commonly known
as the thermal conductance quantum, which corresponds to the thermal conductance associated
with a single ballistic phonon channel.

Upon restoring time-reversal symmetry, the superconducting system is categorized as class
DIII within the Altland-Zirnbauer classification [9]. In this case, Kramers’ theorem requires the
appearance of a time-reversal copy of the chiral edge states, which results in helical Majorana
edge states. Therefore, the chirality on the edge is lost and the thermal Hall conductance k.,

will vanish due to the opposite contribution from the Majorana Kramers’ pair. In this case, the
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signature of quantized transport from the symmetry protected edge state can be observed in the
longitudinal thermal conductance ~,,. Due to the parallel propogating Majorana fermions on the

opposite edges, the thermal conductance appears as two times that of a single Majorana fermion,

Kee = 2CKo = Ko, (1.24)

which can be shown directly by a similar derivation from Landauer formalism introduced in
Sec. 1.2.1.

In chapter 3, we will introduce a proposal for Majorana zero mode that is inspired by the Fu
and Kane tri-junction model but with the topological insulator replaced by a 2d electron gas with
spin-orbit interaction. The advantage of our setup is that it does not require an external magnetic
field for lifting the degeneracy, which usually degrades the topological gap. The topological
phase of this system is controlled by the phases of three s-wave superconductors in proximity. At
parameters where the relative proximitized pairing strength from the top and bottom surface is
opposite for the two Fermi surfaces, the system becomes a class DIII topological superconductor
with the interesting non-Boltzmann transport discussed in the previous paragraph, and the helical
Majorana edge states appears when the phase difference between the top and bottom superconductors
is . The appearance of the helical Majorana edge state closes the gap, allowing the topological

phase transition of the one dimensional planar Josephson junction at the center of the tri-junction.

1.3.2 1-d Josephson Junction Array across the SIT

An array of Josephson junction exhibits rich transport properties. In the case of a uniform

JJ chain, the system is characterized by the Josephson energy £; and the charging energy between
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nearest neighbor island F; and that with the ground plane E. Atlarge E';, the phase differences
across each junctions are small so that the cosine potential can be well approximated by its
quadratic component. In this superconducting regime, the quasiparticle are plasmonic modes
corresponding to the fluctuation of the phase in the superconductors. It is important to note
that while the plasmons can form wave packets much like the phonons in crystals, they are
charge neutral so they can only form energy currents. Similar to a homogeneous superconductor,
the charge transport in a Josephson junction chain is dominated by the supercurrent from the
frictionless flow of the Cooper pairs that is a direct result of quantum coherence, a phenomena
that is beyond the Boltzmann transport.

A more interesting property of the Josephson junction array is that as the charging energy
E¢ increases, it will go through a quantum phase transition to a insulator phase. This so-
called superconductor-insulator transition is an example of the Kosterlitz-Thouless transition in
the corresponding classical 2d XY model, which can be derived through the standard quantum to
classical mapping of the partition function [10]. In ordinary insulators, the electrical transport can
be described by a simple thermal activation picture, with carrier density proportional to e=2/#57
where A is the insulating gap. In the presence of disorder, the interference of wave functions
can give rise to localized eigenstates [11]. This so-called Anderson localization has a critical
dimension of two [12], suggesting that at any level of disorder, all states in the 1-d Josephson
junction will have a finite localization length. For finite system size, at weak disorder, this effect
gives rise to in-gap states that are localized, while the high-frequency solitons and antisolitons
remain extended due to their localization lengths exceeding the system size. Therefore, at low
temperature, where the majority of the activated states are localized, the transport is described by

the variable-range-hopping model [13]. Finally, the transport becomes Boltzmann-like again in
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the insulating phase at high temperature, where the localization length of the activated carriers
exceeds the dephasing length from scattering.

In chapter 3, we will discuss the frequency-dependent transport in the Josephson junction
array in the insulator regime. Surprisingly, consistent with experiments [1], the high frequency
conductance is seen to be dominated by coherent plasmon resonances, even in the insulating
regime. This contributes to sharp peaks in the reflection spectrum. We discuss a mechanism
based on the sine-Gordon model, where the low frequency conductance is insulating as a result
of gapped soliton excitations. In contrast, the high frequency plasmons can be viewed as soliton-
antisoliton pairs. We analyze the effects of disorder at the Luther-Emery point. Upon considering
a Luther-Emery point that is deep in the insulating phase in the effective sine-Godon model as
well as the nearly superfluid regime where the perturbative approach from the microscopic model
can be justified, we provide the theory that describes the behavior of the phase mode under
weak disorder. In addition, we show that the Josephson junction array with junction and ground
capacitance can be reasonably described by the Sine-Gordon model. Our results are consistent

with the recent microwave response measurement on the insulating Josephson junction array [1].

1.3.3  Sub-Planckian Heat Transport without Quasiparticles

Charge or energy transport with dissipation time approaching the Planckian time 7p =
h/kgT, a phenomenon generally referred to as the Planckian transport, has been observed in a
wide range of materials [14, 15, 16]. This phenomenon is first observed across various families
of metals (heavy fermion, oxide, pnictide, organic metals and conventional metals) in the high

temperature regime [14]. In particular, in strongly interacting systems such the high-Tc cuprate,
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the Planckian electrical transport apparently persists above the Mott-loffe-Regel limit, where
the system is expected to enter the regime of transport without quasiparticles. The ubiquitous
Planckian transport at temperatures higher than the Debye temperature encourages the conjecture

of an existing underlying diffusivity bound [17] that is called the Planckian bound,

D > vip, (1.25)

where v 1s the Fermi velocity. A simpler system where the Planckian diffusivity is observed are
complex insulators [15, 18, 19], where the characteristic velocity in Eq. 1.25 is replaced by the
longitudinal sound velocity, or Dy, > v27p that correspond to the acoustic phonon which is the
Goldstone mode of the system.

In chapter 4, we will discuss a classical model of a complex insulator that exhibits sub-
Planckian thermal diffusion. It is important to note that the sub-Planckian thermal diffusion is
not allowed in the Boltzmann transport regime, as can be shown by combining the condition
for the quasiparticle picture in Eq. 1.22 with thermal the conductivity formula [20] derived
from the kinetic theory. Our key strategy is to find a system with a large number of incoherent
localized phonon excitations that can be described semiclassically. Through including highly
nonlinear interaction, we can then achieve such a state where only the sound mode remains
coherent with a well-defined sound velocity, while the rest of the motion can not be described
as quasiparticles. The thermal diffusivity of this system is then evaluated through numerical
simulations and applying the Green’s-Kubo formula. Our results shows a thermal diffusivity that
scales inversely with the number of internal degrees of freedom, which allows the breaking of the

Planckian diffusivity bound.
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Chapter 2: Proposal for Majorana Modes without a Magnetic Field in Phase-

biased Josephson Tri-junction

2.1 Introduction

The existence of the Majorana fermion was first proposed by Ettore Majorana in 1937 [21].
The original insight was purely theoretical and was discovered through the decomposition of
the complex Dirac equation into two real wave equations, resulting in a spin-1/2 particle field
that constitutes its own antiparticle. The simple and elegant concept strongly influences multiple
research fields across modern physics. In high energy physics, the Majorana fermion was considered
a candidate model for many phenomena. Most notably, it was proposed in the original paper that
neutrinos are Majorana fermions instead of Dirac fermions. While this idea remains unconfirmed,
it has inspired a plethora of valuable research endeavors [22]. More recently, Majorana fermions
have even been used to model dark matter under the concept of supersymmetry [23].

In solid-state systems, the building blocks are limited to charged particles such as electrons
and ions. Majorana fermions are not expected to be found as elementary particles. Instead, they
can only emerge as quasiparticles, which are excitations from a many-body ground state. In the
early work on p + ip superconductors [8], it was found that the BdG equation for such a system

bears similarity to that of the Majorana fermion from the Dirac equation. Therefore, it exhibits
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excitations that are analogous to Majorana fermions in high-energy physics, which possess finite
energy and mass. In the context of quantum computation, there is another conceptually different
analog concerned with zero-energy collective modes, on which our project will also focus. To
differentiate the two, the latter is commonly dubbed as the Majorana zero mode (MZM). In the
context of MZM, the analog for an antiparticle in condensed matter physics is the annihilation
operator of the corresponding quasi-particle. Accordingly, the operator v of an MZM should

therefore be a Hermitian operator, or

M 2.1)

A direct consequence of this is that MZM does not have the notion of particle number. In fact, a

pair of any two Majorana operators constitutes a fermion operator

1
f= 5(% +iv2), (2.2)

which also implies that MZMs in any Hamiltonian of electrons must appear in pairs. Following
the anti-commutation relation between fermionic operators, {c|, ¢;} = &;; and {c;, ¢;} = {c], ¢!} =

) g

0, the MZM satisfies

=0 =1 (2.3)

An important note is that there is no constraint on the distance between the two MZMs and
having a pair of isolated MZMs is indeed required to unveil the property of MZMs in a real-
world context. As we will see in the Kitaev chain model, pure separation of the MZM is achieved
at the special point A = ¢, i # 0, where the MZMs perfectly isolated at the first and the last site

of the chain.
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Due to the charge neutrality that is the direct consequence of its fundamental property,
superconductivity, which breaks charge conservation, aligns naturally with the search of MZMs
in solid-state systems. This property manifests itself in the form of Bogoliubov quasiparticles,
which are usually superposition of creation and annihilation operators. In an s-wave superconductor,

the Bogoliubov quasiparticles take the form,

Yo = ek, + ViCops (2.4)
Where c are the electron operators and the bar notation denotes opposite spins and ¢(k) = vy /ug
can be interpreted as the Cooper pair wave function. Although this form is already close to what
we need for Majorana at k£ = 0, there is another issue. The requirement of singlet pairing in
s-wave superconductors will always form Cooper pairs of opposite spins, and the quasiparticles
inevitably become spinful. This will clearly violate Eq. 2.1, as the corresponding anti-particle,
or the annihilation operator, must carry the opposite spin. As a result, it is required that the
superconductivity for MZM should be formed by “spinless” electrons, or effectively the Cooper
pairs should be composed by electrons with parallel spins. Accordingly, as we will discuss in
the following subsections, the two seminal models for MZM in 1-d [24] and 2-d [8] are based
upon spinless p-wave superconductors. However, the direct implementation of these models
faces challenges due to the scarcity of p-wave superconductors and the complexities in isolating
one of the spin degrees of freedom. Presently, the most favored approach to induce p-wave
superconductivity involves proximitizing s-wave pairing on spin-orbit coupled electrons. This
technique is adopted by most proposals we will discuss in this section. Meanwhile, the strategy

for isolating the spin degree of freedom typically involves an external Zeeman field, which is
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known to weaken the topological gap. Therefore, alternatives are being proposed in more recent
developments.

In this chapter, we will introduce a new proposal for Majorana zero modes (MZMs) that
does not require an external magnetic field. The structure of this chapter is organized as follows:
In Section 2.1, we will explain the two pioneering models for MZMs in 1-D and 2-D. These
toy models are based on spinless p-wave superconductors. Towards the realization of MZMs
in 1-D, multiple proposals and their corresponding challenges are described in Section 2.1.3.
In Section 2.2, we will investigate the Andreev bound state spectrum in two scenarios that go
beyond the Andreev limit and are relevant to our proposal. Next, we describe the structure of our
setup in Section 2.3. The topological phase boundary of our system is derived and presented in
Section 2.4.3. In Section 2.4.4, the topological phase boundary in the case where Cooper pair
tunneling is stronger on the opposite sides of the two Fermi surfaces is discussed. In Section 2.5,
we demonstrate topological superconductivity by simulating our setup using HgTe as the 2DEG
with realistic parameters. The topological gap, which is the lowest Andreev bound state energy,

is shown in Section 2.5.4.

2.1.1 MZM in 1-d Spinless p-wave Superconductor

In 2001, three separated groups discovered the existence of zero energy modes at the ends
of a one dimensional spinless p-wave superconductor [24, 25, 26], a model that is now known
as the Kitaev chain model. The Kitaev chain is paradigmatic not only because it exhibits MZMs

in the topological regime but also it contains the key ingredients to realize such a scenario. The
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model is presented as a finite N-site chain with nearest neighbor hopping and p-wave superconductivity.

2

-1

:—MZCCJ tZ(ccﬁl—i-hc)—l—A (J]H—i—hC) (2.5)

1

<.
Il

where c} represents the creation operator of electron at site j, i is the chemical potential, ¢ is the
nearest neighbor hopping integral, and A is the p-wave pairing potential. The isolated Majorana
modes in this system are most directly seen by transforming each of the fermion operators into

Majorana modes as mentioned above

1 .
c; = = (72j-1 + 1725)

2
P 1 :
¢ = 2 (Y251 — 1725) (2.6)

where 7251 and ~,; are Majorana operators for site j. Note that index 25 — 1 and 2j does
not represents actual relative positions. It is just a convention used to conveniently demonstrate
the inter-site pairing between Majoranas. In the transformed basis, the Hamiltonian (Eq. 2.5)

becomes,

=

-1

(t + A) v2572541 + (=t + A) Y25_172543- (2.7)
1

?
2

l\DIt

N
Z (14 iy2j-1725) +

<.
I

In general, transforming to the Majorana basis does not simplify the Hamiltonian directly. However,
in this particular case, it reveals the two topologically distinct limits under specific parameter sets

through an extremely elegant way.

ct=A=0,u#0:
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This is the trivial limit even in the {c', ¢} basis, corresponding to uncoupled electron on

separated sites with a uniform chemical potential. The Hamiltonian becomes

N
H = —[L/Q Z (1 + i’YQj_l’)/Qj) (28)

Jj=1

whose eigenstates are indeed the single electron states,

1

¢ = 5 (v — i) (2.9)

where [H, c;r] = —,uc}.

w=0A=1t#0:

In this limit, we are only left with the second term in the Hamiltonian,
N-1
H=it) 9. (2.10)
j=1

In this case, the Majorana modes between adjacent sites are coupled. As mentioned above,
we can choose to combine pairs of coupled Majorana modes into a new sets of fermion

operators c;,

. 1 .
¢ = 5(’72;’ + iY2541) (2.11)

where j = 1 ~ N — 1 and the Hamiltonian becomes

N-1
H=t)_ (5}@ —~ %) . (2.12)
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Therefore, all the excitations in the bulk are gapped with energy t. On the other hand, at
the ends of the chain there are two Majorana modes 7, and 25 completely decoupled from
the Hamiltonian. Therefore, the fermion operator f= %(71 + iv9n) formed by these two

modes is a zero energy excitation of the system.
[H, f] = [H, [ =0. (2.13)

Note that the appearance of zero energy excitation results in ground state degeneracies.
Assuming |0) is a ground state of the system H|0) = Eg|0), then f|0) is also a ground
state of the system. The two-fold degeneracy can be distinguished by the fermion parity

operator.

e,
Pp = (—1)>%¢

= H (1 — 20}@)

i

= H (—i’Yzi—l’Yi) (2.14)

and the presence of any Majorana mode flips the sign of fermion parity { Pr,v;} = 0.

While we demonstrated that the Kitaev chain displays zero modes for a specific set of parameters,
the presence of MZMs is actually a topological characteristic and persists across a broad range
of the parameter space. To understand the role of topology in this system, we first look at the
bulk Hamiltonian. For the sake of simplicity, we will close the chain and impose the periodic

boundary condition ¢y = ¢;. In momentum space, the Hamiltonian can be written in the usual
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Bogoliubov-de Gennes (BdG) form,
1
H= Zk: Cl Hpac (k)Cy (2.15)

where C,I = (cL, c,k> is a two-component operator. The Hpq (k) is given by

€L Ak
Hpac(k) = (2.16)
AZ —€k
where €(k) = —2tcosk — pu is the single particle energy and A, = —2iAsink is the p-wave

pairing potential. Note that H g, satisfies the particle-hole symmetry by construction, which is

defined by the operator P = 7, K. That is,

PHpyoP ' = —Hpyc (2.17)

Therefore, the eigenstates of H g4 always come in pairs with energies differ by a — sign. This
is an artificial result of redundantly including particle and hole operators as separated basis states
in the two-component operators C' and CT.

We will employ a simple way to visualize the topological differences in the Hamiltonian
by examining the evolution of components associated with various Pauli matrices within the
Brillouin Zone.

Hpac(k) = h(k) - & (2.18)
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T - -
Due to the fact that (Ci k) = 0,C}, h(k) and h(—k) must have the following relation,
hey(k) = =hey(=k), hao(k) = hz(—Fk). (2.19)

Next, we will only focus on the direction of the vector H(k) by considering the unit vectors

d(k) = h(k)/|h(k)

, this is possible because the bulk Hamiltonian is completely gapped, or
|h (k)| # 0. In two dimensions, the solid angle swept by d(k) as k goes around the Brillouin zone
corresponds to the Chern number. In one dimension, at the symmetry momentum points £ = 0, 7

where Hpaq(k) = Hpaa(—k), d(k) is constraint to locate on the z-axis, or A, , (k) = 0. Let

d(m) = s,2. (2.20)

where s . = =£1 represents the direction. From the symmetry in Eq. 2.19, we only need to focus
on half of the Brillouin zone. As we move from 0 to 7, there are two possible cases. If sgs, = —1,
d, we will end up on the opposite poles, whereas for sgs,, we will return to the original pole. The

description suggests that the quantity

Q = SoSr (2.21)

is indeed the Z, invariant to distinguish the two topological phases. Note that () will remain
constant unless there is a gap closing at 0 or 7, where h becomes not well-defined. This happens

fork =0atpu = —2t and k = 7 at u = 2¢. Combining these gap closing points, we can conclude
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that Q = 1 for |u| > 2t and Q@ = —1 for || < 2t, assuming the usual case of non-negative t.
More generally, in the mathematical form, the Z, invariant can be represented by the combined

sign of the Pfaffian of the Hamiltonian matrix at the symmetry momenta

Q = sign(Pf[iH(0)|Pf[iH(m)]). (2.22)

The topological invariant () is commonly interpreted as the fermion parity. Its changes only when
an odd number of gap closings occurs in the Hamiltonian. () = 1 is usually referred to as the
trivial phase, in that it can be adiabatically connected to the vacuum state. Conversely, @) = —1
denotes the topologically non-trivial phase.

For the special case of u = 0,¢ = A # (0 where the MZMs appear on the two ends, it clearly
correspond to the topologically non-trivial phase. The emergence of a zero mode at the terminal
sites of the Kitaev chain for the non-trivial phase can actually be anticipated without directly
solving for the eigenstates. Given that the vacuum has () = 1, the topological invariant differs
between the vacuum and the bulk of the Kitaev chain, making it impossible to adiabatically link
the two without closing the gap. As a consequence, the end sites, serving as the boundary between
them, must display zero energy states to bridge these topologically distinct entities. Finally, while
the Pfaffian method can be used to determine the topological phase, it’s less common in practice.
Instead, one often starts from a parameter set known to be trivial and then counts the number of

band inversions that occur while adjusting the parameter to the target value.
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2.1.2  MZM in 2-d Spinless p + ip Superconductor and the Fu-Kane Proposal

Another great milestone in the pursuit of MZM is the discovery of chiral Majorana zero
mode in a 2-d spinless p + ip superconductor by Read and Green in 2000 [8]. The model they
study share similar ingredient as the Kitaev chain. It is composed of spinless electrons under a
p + ip pairing potential. The Hamiltonian is given by

i [t o) (~3 - ) o)+ S0 0+ 0) ) +he] @20

where 1)(r) is the fermion operator at r and A represents the strength of the p+ip superconducting
pairing. To investigate its topological characteristic, we will follow the method introduced in
Sec. 2.1.1 and focus on the bulk Hamiltonian. We first rewrite Eq. 2.23 in its BdG form in the

momentum space,

1 d?k
= / Tt () s () 0 () (2.24)

where UT(k) = (¢'(k), ¢ (k)) and Hpqq is given by
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where e(k) = k?/2m — p and A(k) = iA(k, + ik,). As in Eq. 2.18, we represents Hp,q in

terms of the vector h(k), where

h.(k) = e (2.25)

and d(k) = h(k)/|h(k)|. In two dimensions, the manifold mapped out by the momentum space
has a well-defined topological invariant called the Chern number C. To put it in mathematical

form,

2
C= / Tk a,m 1(k) X Opyd(k) (2.26)

The Chern number offers a topological characterization of certain quantum systems, fundamentally
representing how many times a parameterized map wraps around the unit sphere. Referring to
Eq. 2.25, as |k| approaches infinity, the d converges to the positive z direction. This implies that
the Chern number is solely determined by the behavior of d at the origin, namely 02(0), which in
turn is influenced by the sign of the chemical potential. When 1 < 0, the direction of CZ(O) points
to the north pole, resulting in a Chern number C of 0. This is indicative of a topologically trivial
phase. On the other hand, for p > 0, cZ(O) = —2, yielding C = —1. This scenario corresponds to
a topologically non-trivial phase.

To study the edge state of such this Hamiltonian, we consider an annulus geometry with a
continuous chemical potential ;(r) > 0 for R;, < r < R,y and p(r) > 0 otherwise. Working

in the low energy limit, we can assume that the eigenstate is slowly varying, which allows a
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simplification to the Hamiltonian by dropping the kinetic energy which is quadratic in k. In polar

coordinates, the Hamiltonian in Eq. 2.23 becomes

H = % / d*r¥i(r) U(r). (2.27)
Ae® (0, + L0y) u(r)

and the quasiparticle wave function (u(r), v(r))" must satisfy the eigenvalue problem,

—u(r) Ae ™ (=0, + Ldy) | [ u(r) u(r)
=F (2.28)

Ae (9, + L0y) u(r) v(r) v(r)

Due to the ¢ term in the off-diagonal matrix element, the Hamiltonian couples different angular

momentum sectors. Accordingly, we can formulate an ansatz for the wave function as

£r)
u(r) . s
—gimt | VT (2.29)
@7:0 T
v(r) £ an

where m € Z to satisfy the 27 periodicity in 6 for the wave function. By pluging Eq. 2.29 into

Eq.2.28, we get,

We first consider the limit R;, > A(m + 1/2)/u so that near the inner interface between p < 0
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and p > 0, the term A(m + 1/2)/r is negligible. In this case, the matrix becomes

H = —u(r)o, — Aid,oy,. (2.30)

The given expression aligns closely with the celebrated Jackiw-Rebbi model as presented in
Ref. [27]. In this context, the term p(r) is mapped to the fermion mass. An important feature
of the Jackiw-Rebbi model is its prediction concerning interfaces: specifically, wherever there’s
a transition or interface where this effective fermion mass changes sign, a localized zero-energy
eigenstate emerges. Therefore, we can expect the existence of a zero energy states that circulate
the inner edge of the annulus. The process for getting the outer edge state is formally similar
and the same argument from Jackiw-Rebbi model also applies. The result is a pair of chiral edge

states propagating in the opposite direction. The eigenvectors are given by

Jin (I‘) — e_i fzgm w(r’)dr’ 1
gin(r) 1
fout (I‘) r , , Z
— B JRpy ) (2.31)
gout(r) —1

where we the normalization factor is ignored.
The edge states move away from zero energy if we consider the correction from H' =

—A(m + 1/2)/ro,, which gives the first-order energy correction D = —A(m + 1/2)/Rip

m,in

and eg?out = A(m + 1/2)/Rou. Since m only takes integer values, ¢(*) can not vanish and there

is no zero energy state on the edges. Note that this does not contradict with the above argument

that between systems with distinct topology there exists gapless mode. The reason is that the
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finite sized annulus does not strictly satisfy the condition of bulk. So the gapless property is only
guaranteed in the limit R;,, Ry, — o0.

The reason for the existence of the gap comes from the e** factor in the off-diagonal terms
that is intrinsic to the p + ip superconductivity. Under a gauge transformation ¢ — €%/1 to
explicitly remove this extra phase, the fermion operators become anti-periodic in 6, resulting in
half-integer angular momentum along z. This is precisely the origin of the 1/2 we see in the
first-order energy correction.

The simplest way to remove this gap is to remove this phase factor by adding an extra
phase winding to the superconductor A — e~ A. This corresponds to threading a flux quantum
®y = h/2e through the superconductor. Intuitively, this creates an extra Aharonov-Bohm phase
of 7, restoring the periodic boundary condition on . on the qusiparticle wave function (u,v)7,
thereby removing the half integer part in the angular momentum. As a result, the eigenstate
energy becomes €,,;, = —mA/R;, and €, oy = MA/R,,; and the system becomes gapless
(m = 0) even for a finite size annulus. In fact, the two edge states at m = 0 are MZMs, whose

operator is given by

1
on = & T 0
1
oA e |t
Xout = €2 Rout (2.32)

which satisfy v = W7 . v = ~f. To achieve the 2d p + ip spinless superconductor, the primary

challenges are to suppress one of the spin degrees of freedom and to induce p+ip superconductivity
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in the system.
In the groundbreaking work by Fu and Kane in 2008 [28], a new proposal that utilize the
surface of a strong topological insulator (TI) to realize this model is introduced. The surface of a

strong T1I can be described by a Dirac cone Hamiltonian given by,
Hy =T (—ivd -V — p)o (2.33)

where ¢ = (¢4,%,) and ¢ = (0, 0,). Note that The Hamiltonian is time reversal invariant, or
THoT + = Ho, where H, is the 2 by 2 matrix in Hj and the time reversal operator in spin-1/2
is 7 = io,K. On this surface, Fu and Kane consider the effect of an s-wave superconductivity
on the system. In practice, this can be done through bringing an s-wave superconductor in close
proximity to allow Cooper pairs to diffuse onto the surface of the strong TI. In terms of the Nambu
spinor ¥ (r) = (¢4(r), ¥, (r), ¢1(r), —wi(r))T, the Hamiltonian becomes H = [ Wi (r)H¥(r)/2

and
H = —ivr, 0 - V — ur, A (cos ¢7,; + sin ¢7) (2.34)

where 7, , . are Pauli matrices for the particle-hole space, A is the magnitude of the pairing
potential and ¢ is the phase of the s-wave superconductor. The kinetic part of the Hamiltonian in
momentum space is diagonalized by the operator ¢, = (k) + €1, (k), where the symmetry

of the pairing becomes the p + p.
H = (vlk| = p)cker + Ao (ko + iky)cre_g + hoc] (2.35)
k
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Note that this Hamiltonian becomes formally similar to the spinless p + ¢p model introduced in
Eq. 2.23 at high enough chemical potential ;z > A such that the quadratic dispersion can be
approximated by its linear term. Therefore, most of the knowledge we gain from solving the
spinless p + ip model applies directly. An important difference is that the Fu-Kane Hamiltonian
remains time reversal symmetric, while the spinless model does not. This has the benefit that the
topological gap is robust against non-magnetic disorder.

For the chiral edge mode that exists on the edges in the spinless model, it does not come
naturally in the Fu-Kane model as the surface of the 3d strong TI does not have a boundary.
To create an edge, as suggested by Fu and Kane, one can introduce a mass term Mo, that
suppresses superconductivity by depositing superconducting and insulating magnetic materials
on the TI. In this case, the chiral edge states can appear. In a spin-1/2 system with time reversal
symmetry, the eigenstates must form Kramers pairs, resulting in the Hamiltonian displaying a
two-fold degeneracy. To induce isolated MZM, a mechanism to lift this degeneracy is required.
One way to achieve this would be to introduce a flux quantum &, as mentioned above, and
the MZM can reside on the edge of the vortex. Fu and Kane ingeniously proposed a method
to emulate a 27 phase winding in the superconductor. This is achieved by employing three
superconducting leads with detuned superconducting phases to form a vortex. Such a trijunction
setup can capture an MZM at its core. By developing a network of these structures, more
intricate manipulations of MZMs can be realized. It is later proven that phase winding is a
necessary condition for topological superconductors in multiterminal junction set-ups [29]. The
main experimental challenge towards realizing this proposal lies in achieving strong proximitized
pairing into the surface of the topological insulator. Recent experiments with deposition of Pd on
TIs BiSbTeSe2 [30, 31] and WTe2 [32] have reported progress in the transparency of the SC-TI
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interface.

2.1.3 Realization of Topological Superconductors in 1d

In this section, we will overview the some of the important proposals towards the realization
of topological superconductors predicted in the spinless p-wave superconductors [8, 24, 26]
which are characterized by the occurrence of localized zero-energy MZMs. This has been a
great effort in the field of condensed matter physics for over a decade primarily because of its
potential application to topological quantum computation [24, 33, 34, 35, 36]. This system is
considered ideal for quantum information applications for two main reasons. First, the Majorana
zero modes are robust against the usual phase and charge quantum errors due to their localization
nature. Second, the Majorana modes exhibit non-Abelien braiding statistics, which enables the
realization of logical gates in topological quantum computation [36, 37]. Without time-reversal
symmetry, the system belongs to class D in the Altland—Zirnbauer classification [9], where the
Z topological invariant corresponds to the ground state fermion parity. In the topological regime
or odd fermion parity, two unpaired localized Majorana zero modes appear at the opposite ends
of the chain, which are robust as long as the superconducting gap remains finite.

A large number of designs have been proposed and studied [38, 39, 40, 41, 42, 43, 44, 45,
46] for the realization of MZMs in the 1-d systems. The conceptually simplest way to realize the
Kitaev chain is through proximitizing an s-wave superconductivity to the edge of a 2d TI [47].
The edge of a 2d TI is characterized by helical edge states where opposite spins travels in the
opposite direction. Through applying a Zeeman field h, the counter propagating modes hybridize

and form two separated bands. Due to the momentum dependent spin direction, the spins are
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misaligned on the same band. As a result, in the presence of an s-wave pairing potential A, the
two bands naturally exhibits intraband coupling which exhibits a p-wave symmetry. In the regime
where h > A and the chemical potential being closed to the upper band minimum, an effective
Kitaev Chain model can be achieved. To put this proposal in to practice, the primary challenge is
the requirement of a 2d TI. The discoveries and characterizations of 2D TIs remain active areas
of research, with ongoing advancements. [48].

Towards replacing topological insulators, ideas around combining the spin-orbit effect and
magnetic field were put forth. A particularly simple design for Majorana zero mode is the
superconductor-semiconductor heterostructure [39, 40, 41, 42], also known as the Majorana
nanowires. This set-up consists of a one-dimensional semiconductor (Eg. InAs or InSb) with
Rashba spin-orbit coupling and proximitized s-wave superconductivity. Unlike the tri-junction
set-up, the mechanism for time-reversal symmetry breaking is a strong external magnetic field
parallel to the wire. The Zeeman term opens an energy gap at the degeneracy point (k, = 0)
between the two bands that are split by the spin-orbit coupling, thereby creating a window for an
odd number of Fermi points in the half Brillouin zone [24]. Due to the simplicity of this model,
extensive experiments and theoretical simulation in the real experimental context have been
performed [49]. A major challenge for these proposals is that the topological phase requires a
limited range of chemical potential, which can be difficult to control in systems that are in contact
with a superconductor. Additionally, the topological gap in such systems, which is determined by
the superconductivity, is usually degraded due to the requirement of a strong magnetic field [50].
Therefore, the appearance of Majorana zero modes in this system requires careful control of the
disorder, such as the impurities at the semiconductor-superconductor interface [51].

As mentioned above, to have more robust Majorana zero modes, it is desirable to reduce
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the magnetic field. To this end, designs that rely on phase control in the superconductor to
break time-reversal symmetry were proposed [52]. Extension models of Majorana nanowires
include driving a supercurrent through the s-wave superconductor [53] and using magnetic flux to
induce Majorana zero mode [54]. In the latter case, the geometry of the s-wave superconductor is
changed to a cylindrical shell that wraps around the semiconductor nanowire, where an emergent
Zeeman field can appear in the presence of an odd number of windings in the SC phase, due
to angular momentum conservation. A similar design was also discussed in the context of a
topological insulator nanowire [55].
Another important proposal is the so-called planar Josephson junction introduced in Refs. [56,

57], which is made up of a Rashba spin-orbit coupled 2DEG between two s-wave superconductors
with a phase difference ¢. In the absence of an in-plane magnetic field, the ABS spectra for the
two Fermi surfaces that corresponds to opposite spins are degenerate and cross zero energy at
¢ = m. This degeneracy can be lifted by an in-plane magnetic field, where the zero energy
¢ shifts toward the opposite directions, thereby opening up a topological regime in ¢. The
advantage of this set-up is that it exhibits robust Majorana zero modes in a wide parameter
regime of magnetic field and chemical potential at ¢ ~ 7, where the critical field is determined
by the Thouless energy scale (7/2)vr /W, where vg is the Fermi velocity and W is the junction
width. Therefore, by increasing the width of the Josephson junction, one can decrease the critical
Zeeman energy. Nevertheless, the ABS energy, which is the topological gap of the system, is
inversely proportional to the width in the wide junction limit (~ 1/W?2). As a result, a tradeoff
exists between decreasing the critical Zeeman field and having a large topological gap. Recent
experiments [58, 59, 60, 61] on the planar Josephson junction have observed signatures of the
topological phase transition. On the other hand, attempts were also made to remove the Zeeman
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Figure 2.1: (Top panel) A set-up of the Fu and Kane tri-junction model which is topologically
similar to our set-up in the top panel with the 2DEG replaced by a thick 3d TI. An MBS can appear
at the intersection of the tri-junction when the three phases (0, ¢1, ¢2) form a vortex. (Bottom
panel) Our proposed set-up for MBS. Four s-wave superconductors are in contact with a quasi-2d
spin-orbit coupled semiconductor. An external electric field £ points to the —z direction through
the whole 2DEG. The MBS pair is expected to appear at the two ends of the planar Josephson
junction in the middle as the phases ¢, , are tuned across a topological phase transition.

field from the system completely. Such designs include biasing the phase of the superconductors
in the direction parallel to the Josephson junction [62], where a supercurrent to break time-
reversal symmetry driven along the Josephson junction. Another example system is an SNSNS
junction set-up [63] with the three superconductors biased to phases (—6, ¢, §), which allows a
window for Majorana zero mode in the 6 — ¢ space when there is inequality between the Fermi
velocities of the two Fermi surfaces.

In this project, we propose a family of devices (see Fig. 2.1) for MZM without a Zeeman
field that interpolates between a topological insulator thin film to a spin-orbit coupled semiconductor.
We will find that the device also support a class DIII at a phase boundary of the topological

superconducting phase [64]. Our system is controlled by three s-wave superconductor phases
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(0, &1, P2) [29]. An external electric field in the vertical direction is used to control the strength of
the proximity effect at the top and bottom interface, whose mechanism will be discussed in more
detail in Sec. 2.4.2. Utilizing the inequality in the Cooper pair tunneling amplitude across the
boundary for the two Fermi surfaces, the system can be tuned into a topological superconductor,
where a pair of Majorana zero modes appear at the two ends of the normal region in the middle.
When the phase bias ¢; » on one of the sides is at a time-reversal symmetric point (0 or 7), the side
becomes a two-dimensional class DIII system, whose Z5 topological invariant corresponds to the
parity of the number of Fermi surfaces with a negative pairing potential that encloses a time-
reversal invariant momentum [64, 65, 66, 67, 68]. In the parameter regime where the proximity
effect is stronger on the opposite interfaces for the two Fermi surfaces, the system is topological
at ¢ = m, hosting helical Majorana edge modes at the boundary. Note that the mechanism for
topological superconductivity is similar to the one-dimensional system proposed in Ref. [69], but

here an electric field is required to break the mirror symmetry in the z direction explicitly.

2.2 Andreev Bound State Spectrum Beyond the Andreev Limit

In our system, the MZM originates from the planar Josephson junction, with its topological
properties mainly influenced by the evolution of the Andreev bound state [70] (ABS) spectrum.
In the well-known Andreev limit, where the chemical potential  is much greater than the pairing
strength |A| and the junction’s width w — 0, the ABS energy is given by the simple form
A cos (¢1 — ¢2), where ¢; and ¢- are the phases of the superconductor on the two sides of the
junction. In this section, we derive the ABS energy for two particular scenarios that is relevant to

our proposal. In Sec. 2.2.1, we address a situation where band curvature is significant, typically
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encountered near band minima. Next, in Sec. 2.2.2 we will examine the effect of varied pairing

strengths on the ABS energy.

2.2.1 ABS Spectrum Close to the Band Minimum

We consider a spinless 1d s-n-s Josephson junction described by the Hamiltonian
H(z) = Hy+ [O(x — d/2)e”? + ©(—d/2 — x)e */*] H,, (2.36)

where d is the width of the junction and ¢ is the superconducting phase difference across the

junction. Close to the band minima, we assume quadratic dispersion for H,

Ho= [ W()(~32/2m — ¥ (a)

H, = / /y Az — )V (2)UT(y) + h.c. (2.37)

On the two superconductor sides, the wave function in the spinor representation 7,1 = ukc,Ti +

vC—y, satisfies the Bogoliubov-de Gennes equation given by

% - A(k) U, ("
=F (2.38)
A*(k) —% +p Uk Uk
where we assume the p-wave form A(k) = Age (). This gives the relation between the

momentum k and energy F

k::i\/Qm (Mi,/EZ—Ag). (2.39)
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The ABSs are in-gap states (|E| < Ag) whose wave function decays exponentially within the

superconductors. That is, for x > d/2, k = xk or —x* and for x < —d/2, k = —k or k*, where

K= \/2m (M—F\/EQ—A%) (2.40)

and in the middle (—d/2 < = < d/2), k = %q. or £qy,, where

e = Qm(M+E)

an = V2m(p — E). (2.41)

Consequently, the wave function in the three regions satisfies the general form

e PA(=k) |
[vr) = As e i
E—E*— Al

AR |
+ BL e’LH xX

E+ B —AZ

AMeiqu + BMe—iqex

[Yar) =
A |
E-EE_Al

PP A(=k") -
+ By g~in's (2.42)

E+JE—A
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By imposing the continuity condition at the boundaries © = +d/2, one can solve for the Andreev
spectrum.

In the Andreev limit &, > Ag or equivalently, i > A, the set boundary condition for the
states in Eq. 2.42 is particularly simple, and the ABS energy is given by the usual form [71]

E_ (B ¢
o =oos (wAO T 2), (2.43)

where w = w/(p - n&y) is the effective width measured by the coherence length &y = v /A.

2.2.2  ABS Spectrum between Superconductors of Different Pairing Amplitude

As introduced in Ref. [72, 73], the ABS spectrum in an SNS junction can be obtained
through the scattering theory of the BAG Hamiltonian with the step function pairing potential.

In the Andreev limit iz > |A| and considering the bound state regime £ < |A|, pure Andreev

reflection happens at an ideal NS interface. The reflection coefficients can be obtained by considering

the continuous boundary conditions at the 0/ order in F/x and |A|/u, which are given by

Tee = 0

o =0

The = e HHH)

ro, = e@P) (2.44)

where § = arccos(E/|A|) and ¢ is the order parameter phase of the superconductor. On the

other hand, across the normal metal, the transmission amplitude is simply the phase acquired by
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the plane wave ./, (k, Ay) = exp (£ikAy), and the momentum of the electron and hole branch
can be approximated by the linear relation k./,(E) =~ kr = E/vp. The quantization condition is

that the transmission amplitude of a round trip equals unity. That is,
ts = rity (—k(E), —w)rht, (k(E),w) = 1. (2.45)

Assuming the order parameters on the left/right superconductors to be Ay, Rre'¥L/r, the ABS

energy satisfies

2w£ —arccos (F/Ap) — arccos (E/AR) = 2nm + Ag (2.46)

(%3

where A¢ = ¢r — ¢r. Note that the Eq. 2.46 can be reduced to Eq. 2.43 when taking the
superconducting strength to be equal on both sides A;, = Ar = A,

An important property of Eq. 2.46 is that at ¢ = 7 there is always a zero energy ABS. This
band inversion point ¢ = 7 is independent of the relative superconducting strength of the two
superconductors. As a result, the topological phase boundary of the planar Josephson junction
can be determined solely by the effective phase difference across the Josephson junction for

different Fermi surfaces at the symmetry point k, = 0.
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2.3 Proposal: Tri-junction Setup

2.3.1 Connection to the Fu and Kane Tri-junction

Our proposal to realize Majorana modes without external magnetic fields is topologically
similar to the tri-junction proposal by Fu and Kane in Ref. [28] where superconductors are
deposited to cover all faces of a thick 3d topological insulator (TI) as illustrated in Fig. 2.1.
The uncovered regions on the sides of the TI will become a planar Josephson junction along the
y direction whose tunneling current is carried by the surface state. Together with the Josephson
junction between the top superconductors, a tri-junction structure is formed at the intersection
of the top and side Josephson junctions. In the presence of the proximitized s-wave pairing, the
surface of the strong TI forms an effective p+ip superconductor, which allows the tri-junction to
trap a Majorana bound state (MBS) when the three phases ¢1, ¢» and ¢ = 0 (bottom superconductor)

forms a vortex [28].

2.3.2 Elimination of 3D Bulk TI

The central question we focus on is whether the bulk 3D TI in Fig. 2.1 can be replaced by
a spin-orbit coupled semiconductor. A TI slab is technically a quasi two-dimensional structure
and one expects the vortex Majorana modes to be robust as long as the overlap between surface
states is small enough. In this work, we focus on the opposite limit where we replace the TI
by a spin-orbit coupled semiconductors slab that is thin enough in the z direction so that the
separation of energy levels is much greater than the energy gap of the superconductors . In

this limit, similar to a TI, the semiconductor will have a single spin split Fermi surface before
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including superconductivity.

Our setup is depicted in the bottom panel of Fig. 2.1. We consider a 2DEG with spin-
orbit coupling in proximity to four s-wave superconductors under an external electric field in the
—z direction. The phases of the two bottom superconductors are fixed to be ¢ = 0 while the
top two have phases ¢; 5. The separation between the bottom superconductors does not have
any theoretical relevance other than it allows for the possibility of dual gating where the electric
field and electron density in the junction can be controlled independently. The thickness d of the
2DEG and gap width w between the superconductors on the left and right sides are assumed to be
smaller than the coherent length £ of the superconductors, forming a planar Josephson junction
in the middle. Finally, translational symmetry is assumed in the = direction.

The split bands from the spin-orbit interaction will create multiple fermi surfaces in the
two-dimensional momentum space. These fermi surfaces form the basis states of the ABS in the
planar Josephson junction at the middle that is along the x direction. Similar to the proposal by
Fu and Kane, our system exhibits particle-hole symmetry due to proximitized superconductivity,
while time-reversal symmetry is broken from the phase bias ¢, ». Therefore, it belongs to class
D in the Altland—Zirnbauer classification [9]. The Z, topological invariant in the junction is
described by the fermion parity [24], which will be determined by the Andreev spectrum.

As we will show in Sec. 2.4.1, through the application of an external electric field £ that
breaks the mirror symmetry in the z direction, the band inversion points of the split bands can be
separated in the ¢, ¢, space. The separation of band inversion points at the symmetry momentum
k, = 0 then creates windows for odd fermion parity, where the system becomes topological and
the MBSs appear at the ends of the planar Josephson junction. The resulting topological phase
diagram of our setup will be similar and, in specific parameter regimes, identical to the phase
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diagram of the Fu and Kane tri-junction model.

2.4 Model

2.4.1 Proximitized p-wave Pairing in the 2DEG

We consider a 2DEG described by the Hamiltonian,

H = Hy+ Hp (2.47)

with Hy = (p2 + p; + p2)/2m + V(z) where V(z) is the confinement potential V'(z) = 0 for

0 < z < d and oo otherwise. Hp represents a Dresselhaus spin-orbit interaction

Hp ~ pa(pl — p2)ow + py (02 — p2)oy + p:(ps — 130 (2.48)

Due to the z confinement, we can assume (p?) > (p2), (pi) in the low energy limit. In this case,

the leading order effect is the linear Dresselhaus effect in the © — y plane.

1 B
0 _ 2, .2
HY = o (p; + 1)) + 7 (~pa0a + 2y0y) (2.49)
The eigen-energy is given by
2
p- B
=— 4= 2.50
ex(p) = 5% 7P (2.50)
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where p = | /p3 + p and the corresponding fermion operators are

CL,+ 1™ 1 Cch,T
cLﬁ Ok 1 c};j .
where ), = tan~"' (k,/k,) is the polar angle of momentum & in the k,-k, plane.
Next, we consider a proximitized s-wave superconductivity,
He =AY ol +he (2.52)
k
Plugging in Eq. 2.51 into Eq. 2.52 leads to a pairing potential that takes the p + ¢p form.
o AN i (0 e L )53
e =5 Z e ChtClpy —CpCy_ | T hee (2.53)
k

As aresult, in the presence of a proximitized s-wave pairing, the split bands (£) from Dresselhaus

spin-orbit coupling exhibit spinless p-wave superconductivity separately.

2.4.2 Effective Pairing Potential from the Two Surfaces

Next, we consider one side of the Josephson junction as in Fig. 2.1 with a pair of s-wave
superconductors attached to the top and bottom surfaces of the 2DEG. As described in Sec. 2.4.1,
the p-wave pairing potential acts separately on the two Fermi surfaces. We assume phase bias
¢ for the superconductor at the top surface and phase O for the superconductor at the bottom
surface.

The proximitized pairing potential across an SN interface is determined by the tunneling
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amplitude from the superconductor into the 2DEG [74], which depends on the partial derivative
of the wave function in the z direction at the boundaries [75]. That is, A o |8.¢(z = z)|* where
2o € {0,d}. In the limit d < &, the effective pairing potential is simply the sum of contributions

from the top and bottom superconductors

Aer = ANy + Ay (2.54)

where

Ay o |0.p(z = d)|*

Ay < |0.0(z = 0)? (2.55)

Assuming both superconductors has the same pairing strength, the effective pairing potential can
be expressed as

Aeir = Do (|0:0(2 = 0)* + |0:0(z = d)[* ). (2.56)

2.4.3 Topological Phase Boundaries

The quasi 1-d Josephson junction in the middle exhibits particle-hole symmetry but time-
reversal symmetry is absent. Therefore, it belongs to class D in the AZ classes [9]. As discussed
in Ref. [24] by Kitaev, the Z, topological invariant in this system corresponds to the fermion
parity, which flips whenever an odd number of superconducting gap closing appears in the
band structure. Due to the mirror symmetry in the x direction (z,0,) — (—z, —0,), the ABS

energies for the two Fermi surfaces are doubly degenerate for k, # 0, or Eapst(ky, ky) =
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Eaps+(—kz, ky). Therefore, the topological invariant is determined solely by the fermion parity
at the symmetry point k, = 0.

Focusing on states at k£, = 0, the system becomes one-dimensional. Dropping the subscripts
in k, for simplicity, the Josephson junction formed by the two Fermi surfaces is described by the

Hamiltonian

Hy =Y (ex(k) = p) e yons + Hos (2.57)
k

where the superconducting pairing term is given by Eq. 2.53 with spatial dependence

1

Hsc,:t = 5 g [@(—y — w/2)A17i

+O(y —w/2)As 4] e’ie’“cz’icik’i + h.c. (2.58)
where A, ; is the effective pairing on side i € {1,2} for the £ bands, as shown in Eq. 2.56,
Aix = Do (|0:02(2 = 0)" + 002 (2 = A)[* ') (2.59)

where @ is the z-dependent part of the wave function at k£, = 0 for the two Fermi surfaces.
As derived in Sec. 2.2.2, in the Andreev limit (u > A, ), the ABS gap always closes

when the phase difference across the junction becomes 7. This corresponds to the condition

€4 + €Z¢1 - €4+ + €i¢2 (2 60)
\ei—l—ei‘f’l\ - \6i+ei¢2\' '

where e, is the relative proximitized pairing amplitude between the top and bottom surfaces for

the outer (+) or the inner (—) fermi surfaces, e+ = 9,1 (2 = 0)|>/|0.¢+(z = d)|*. Note that a
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Figure 2.2: Gap-closing curves in the ¢1, ¢2 space for different e. The dashed line corresponds
to the helical Majorana states in the class DIII limit at ¢; » = 7. As an example, assuming that
€+ = 0.9 and e_ = 0.5, the boomerang-shaped regimes between the orange and green curves in
the second and the fourth quadrants are topological, while everything else is trivial.

necessary condition to satisfy Eq. 2.60 is € < 1.

The gap-closing curves in Eq. 2.60 for different ¢ < 1 is shown in Fig. 2.2. Due to the
combined effect of external electric field and the higher order p, term in the Dresselhaus effect
(Eq. 2.48), the values for e, are in general different for the two states . Consequently, as
shown in Fig. 2.2, there will be two regimes in the ¢, ¢» space enclosed by the two curves
that correspond to e, < 1. Across the boundaries, only one band inversion takes place and the

fermion parity flips, resulting in a topological phase transition. Since the system is known to
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be topologically trivial at phases ¢; 2 = 0, the two enclosed regimes correspond to topological
superconductor phases. Finally, following similar arguments presented in Ref. [28], the topological

phase will host a pair of MBSs at the two ends of the planar Josephson junction.

2.4.4 Gapless Majorana Edge Mode in the Class DIII Limit

Now we consider the case where ¢ is greater than 1 for one of the ABSs at k, = 0, or
(e, —1)(e- — 1) < 0. In this case, only one of the two fermi surfaces exhibits band inversion in
the Andreev spectrum according to Eq. 2.60 and it seems that there is no enclosed regime in the
topological phase diagram. In fact, the other topological phase boundaries can appear through
a different mechanism. For (e, — 1)(e- — 1) < 0, the 2DEG on the left or right sides of the
junction becomes a class DIII topological superconductor [64, 65, 66, 67, 68] at the time-reversal
symmetric point, ¢ = 7, with the topological number being the parity of Fermi surfaces that has
negative pairing potential. In this case, helical Majorana edge states appear and the boundaries of
the 2DEG are described by 1d Dirac equations. As a result, there will be gap closing at ¢; = 7
and ¢, = m. This gives rise to the topological phase boundaries for fermi surfaces with ¢ > 1

(See Fig. 2.2).

2.5 Simulation with HgTe

2.5.1 8&-band Model near the [' Point

Near the conduction band edge of HgTe at the I' point, the Bloch wave functions are
eigenstates of total angular momentum j = 1/2 or j = 3/2 due to spin-orbit interaction.

Following Ref. [76], under the k - p frame work, we can assume the eigenstates to take the
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form
U, (7) = Y B (P () (2.61)

where the envelope function F,! () = exp{ (iky - ) } #31(2) can be separated into a plane wave

and a z dependent part and u,, are the eigenstates at [ point where n indexes the basis states of
j = 1/2 and j = 3/2 that are formed by the s and p orbitals. In the presence of an external

electric field £, the wave function in the z direction satisfies

ST HED mn + V()] o' (2) = Efal (2) (2.62)

n

where H (k) is an 8x8 matrix derived in Ref. [76] and V' (2) = e£z is the linear potential from

the electric field.

2.5.2 Effective p-wave Pairing for Different Bands

As mentioned in Sec. 2.4.2, the proximitized pairing potential is proportional to the tunneling
amplitude across the interface. We can therefore assume the superconducting term in the HgTe

to take the form

0,9t (7)

2=20

+ h.c. (2.63)

A / drdyd, V! (7)

]G{S7X7Y7Z}

z=z0

where S, X, Y, Z represent the four atomic orbitals for [ = 0 and [ = 1 at the valence band edge

and zj is the z coordinate of the interface. In the eigenbasis of Eq. 2.62, the field operator can be
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written as

\II;IJ(F) — Z CkH e 'LkH Iz Z f(kll ,m) cn (264)

Mok
where m is the band index and C7, is the Clebsh-Gordon coefficient of state (j, o) in state n.

Plugging-in Eq. 2.64 into Eq. 2.63 gives the Cooper pairing between the eigenstates,

— 1 T
Hie =0 Z s by

k) ,m,m/

TEDY Za £ oo 15 () emen (2.65)

je{S,X,Y,Z}

In the limit where the pairing potential is much smaller than the band splitting, we can neglect the
off-diagonal terms in m, m’. Considering the contributions from the top and bottom superconductors,

the pairing Hamiltonian is given by
Hye = Ap(k)c] ey, + e (2.66)
m,k

where we have dropped the || subscript and will only work in 2D later on. The k-dependent

pairing potential for m band, A,,(k), exhibits p-wave symmetry,

An(k)=A [ekvm(O) + ei‘?ek’m(d)} (2.67)
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where the thickness is assumed to be d and the weight ¢ is given by

Ek,m(Z) =

im| (Zazf,g’w(z)azfg,’“’m)(z)c;;c;i) (2.68)

JG{S7X’Y7Z}

n,n’

The imaginary part is taken as contributions from k£ and —k are combined.

2.5.3 Topological Superconductivity in HgTe

For simulation, we pick parameters d = 10nm and gate voltage £'d = 0.05V and solve for
the eigenstates fék’m)(z) in Eq. 2.62. The other band structure parameters of the 8-band model
are taken directly from Ref. [76].

Without external field, the 8-band Hamiltonian is doubly degenerate throughout the Brillouin
zone due to the combined symmetry of time-reveral and spatial-inversion symmetries P7 . Upon
applying an electric field together with the infinite-well potential in the z-direction, the degeneracy
is lifted. The dispersion relation for the four I's bands along k, = 0 is shown in Fig. 2.3.
We next choose the chemical potential 1 = 0.15 eV to have a pair of inner (—) and outer (+)
Fermi surfaces. By plugging the wave functions into Eq. 2.68, we get the strength ¢, 1. of the
proximity effect from the top and bottom Fermi surfaces. The resulting relative proximitized

pairing amplitude €. is

e_ ~12.70

er ~ 0.01773 (2.69)
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Figure 2.3: Dispersion relation along k£, = 0 of the I's bands of a slab of HgTe under external
electric field. The thickness d is 10nm and the electric field £ is set such that the electric potential
difference across the slab £d = 0.05V.

The e satisfies (e, — 1)(e_ — 1) < 0. As discussed in Sec. 2.4.3, one side of the the topological
regime is enclosed by the band inversion points in Andreev spectrum according to Eq. 2.60 and
the other is from the class DIII mechanism which takes place at precisely ¢; » = 7. The resulting

phase diagram is shown in Fig. 2.4.

2.5.4 ABS Spectrum at Finite £,

For the MBSs to be robust, the planar Josephson junction must be gapped throughout the
Fermi surface. To verify this is true in our system, we simulate the Andreev spectrum at finite %,.
As an approximation, we will consider the dispersion of the two low energy bands in Fig 2.3 to
be quadratic, or (k) ~ (k2 + k2)/2m*. The Andreev spectrum can be obtained by matching the

continuous boundary condition, as described in Sec. 2.2.1, with the effective chemical potential
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Figure 2.4: Topological phase diagram of HgTe with proximitized superconductivity under
external electric field. The parameters are chosen to be d = 10nm and £'d = 0.05V. The solid line
represents the phase boundary arising from Pientka’s mechanism, and the dashed line represents
that of the class DIII topological superconductor mechanism.

shifted to ¢/ = p — k2/2m*. In Fig. 2.5, we show an example of the ABS energy gap along
the Fermi surface. With chemical potential fixed to ;x = 0.15eV, we choose the pairing potential
Ay = 1K, Josephson junction width w = 100nm. The phase differences for the two Fermi
surfaces are set to be ¢ (—) = 0.01(37/2) and the effective masses m’ _, = 0.0534(0.0469)m.
are obtained through fitting the curvatures at band minima in the dispersion shown in Fig. 2.3.
Note that although there are visible discrepancies between the dispersion in Fig. 2.3 and the
quadratic fit at &, closer to kr, the ABS gap in Fig. 2.5 at large £, is expected to be accurate since
we are effectively looking at the band minimum. On the other hand, at small %, the system is well
approximated by the Andreev limit, where the gap does not depend on details of the dispersion

of the energy band. This qualitatively justifies our approximation of the quadratic dispersion for

the ABS gap calculation.
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Figure 2.5: Energy gap of the Andreev spectrum as a function of k,. The parameters are Ay =
1K, m? ) = 0.0534(0.0469)me, ¢4 (—) = 0.01(37/2) and Josephson junction width d = 10nm

2.6 Conclusion

In this work, we introduce a new type of planar Josephson junction that can host Majorana
bound states. Our system is analogous to the Fu-Kane tri-junction model with the topological
insulator replaced by a spin-orbit coupled 2DEG. The usual effect of magnetic field that splits the
Andreev spectrum of the spin-orbit coupled bands is achieved by the three superconductor leads
that controls the phase of the proximitized pairing potential.

The requirement for differentiating the effective pairing phase between the two Fermi
surfaces is the coupling between k. and k|, as presented explicitly in the higher order terms
of the Dresselhaus interaction. This allows the electric field in the z-direction to change the wave
function differently, resulting in distinct tunneling amplitude of Cooper pairs from the top and

bottom surfaces.
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In the more realistic model with HgTe, the electric field plays a slightly different role.
Due to the combination of time-reversal and spatial inversion symmetry, the system exhibits
two-fold degeneracy for all the I bands. Therefore, the breaking of the z-inversion symmetry
by the electric field lifts this degeneracy. The fact that the two Fermi surfaces originate from a
degenerate space allows the state to have highly imbalanced proximity effect from the top and
bottom superconductors, as presented in Eq. 2.69. Otherwise, the unperturbed states are expected
to by symmetric in the z-direction and a much stronger electric field will be needed. To realize
the Majorana zero mode experimentally, the phase differences between the three superconductors
can be controlled by external currents in the z direction across the two-dimensional Josephson
junction on the two sides. The width w of the planar Josephson junction is required to be less
than the coherent length of the superconductors to enable effective tunneling. Finally, in the
topological regime, the existence of the Majorana zero mode can be verified through the zero-

bias peak in the tunneling conductance.
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Chapter 3: Coherent Phase Mode in the Insulating Josephson Junction Chain

3.1 Introduction

The quantum dynamics of many-body systems has been at the crux of recent conceptual
developments such as the phenomena of many-body localization [77] and AdS-CFT correspondence [78].
This recent interest represents an attempt to extend our knowledge beyond the understanding of
static quantum phenomena in terms of quantum field theory using the renormalization group [79].

It is becoming clearer that such traditional approaches, such as analytic continuation of imaginary
time correlators [79], are insufficient to discuss quantum dynamical phenomena, which are becoming
more accessible in experiments. One test-bed for understanding such dynamical quantum phenomena
is the study of conductance at the superconductor-insulator critical point. Despite the static
appearance of dc conductance, it is technically defined as a limit of vanishingly small frequency.
The theory in two dimensions leads to a prediction of interesting consequences of the particle-
vortex duality such as universal conductance [80] that are borne out by experiments [81, 82, 83].
Microwave measurements of the ac conductivity have revealed intriguing signatures of residual
superfluid stiffness even in the insulating phase [84]. The superfluid-insulator transition in the
Bose-Hubbard model [79, 85] also turned out to be quite interesting in the context of ultra-cold
atoms where an under-damped Higgs mode [86] was observed [87].

A conceptually simpler context where the superfluid-insulator transition (SIT) was predicted
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to occur [88] is that of one dimensional chains of Josephson junctions (JJ’s). As we will derive
in Sec. 3.2.1, in the vicinity of the SIT quantum critical point, such a system is described by the

sine-Gordon Hamiltonian [89] (rescaled to fit the convention for SIT [90]) of the form
Ue 2 —19 921, 9
H = /dl’E[Kﬂj + (Km)~ 0,07 + 5 cos 20, 3.1

where 0,0  p(x), which is the density of Cooper pairs in the system and j is the current density
operator that is canonically conjugate to # and v, is the speed of the superfluid phase oscillations
(also equivalently the charge velocity). Since the microscopic origin of the charging energy K is
from a combination of junction and ground capacitance, as detailed in Sec. 3.2.1, the microscopic
Hamiltonian of the JJ chain can be quantitatively mapped to the sine-Gordon Hamiltonian Eq. 3.1
over a large parameter range. Note that at g = 0, the superconducting phase variable (defined as
¢ o [ dxj(z)) is algebraically ordered allowing us to define superfluid phase oscillations. Such
oscillations may also be thought of as plasma oscillations of the charge density p(x) accompanied
by coherent oscillation of the current density j(z). The parameter g in Eq. 3.1 is related to the
amplitude of phase slips in the chain that would manifest as decay of supercurrent [91, 92] and
K is the Luttinger parameter, which manifests as the inverse of impedance of the chain and
determines the transport of the chain at weak values of g. Specifically, the Hamiltonian H would
describe a near-critical insulating phase for the clean JJ chain at long wave-lengths for X' < 2 (or
3/2 in the disordered case) [89, 90]. This transition was observed in SQUID arrays, where the
effective Josephson coupling, which controls K and g, are tuned across the transition [93].
While the dc transport properties of the superconductor-insulator transition in JJ chains had

been studied previously [93], the dynamical properties have only recently begun to be explored [1,
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Figure 3.1: Absorption of a weakly coupled transmission probe on the left measures the
dynamical conductivity or(w) = wy(w) at the end of a JJ chain. The JJ chain is composed
of an array of islands with ground capacitance C, coupled by JJ’s. The JJ’s have a capacitance
C in addition to a Josephson coupling with strength E;.

94]. One such study, which considered the microwave response (schematic shown in Fig. 3.1) of
such JJ chains [1], have revealed coherent oscillations associated with superfluid phasecoherence
deep in the insulating phase of such JJ chains, where the superfluid phase has been predicted
to be disordered analogous to the two-dimensional XY model [88]. In contrast to microwave
measurements of two dimensional films [84], these measurements [1] suggest phase coherence
across the entire length of the JJ chain as opposed to puddles. The coherent oscillations in the
JJ chain [1] are measured by a reflection probe in Fig. 3.1 that applies an ac electric field with
frequency w to the end island. The measured absorption can be related to the imaginary part
of the ac polarizability of the system x(w) at the end of the JJ chain. Here we are ignoring
possible power law prefactors of w that arise from coupling efficiency of y to the transmission
line. Sharp peaks in y(w) represent resonant excitation of a collective mode in the wire. The
recent measurement of the ac conductivity [1] observes a discrete frequency comb of such peaks
that suggests excitation of a collective mode associated with phase coherence across the insulating
chain. However, the peaks in the comb appear to broaden out and disappear as one goes to lower

frequencies consistent with there being no dc conductance in the insulator.
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In this work we calculate the ac polarizability y(w) of an ideal sine-Gordon insulator
described by Eq. 3.1 near the Luther-Emery point (i.e. K =~ 1) [95] at vanishingly small
temperatures. We find that in this limit, the ac polarizability shows sharp oscillations associated
with the creation of soliton-antisoliton pairs. Additionally, we use numerical calculations for
K = 1, where the model can be mapped to free-fermions, to include disorder to show that
our conclusions apply qualitatively to the disordered case. Finally, we compare the results
obtained with the perturbative decay rate of high frequency phase modes in the microscopic
charge disordered JJ chain model. The decay of the single-plasmon state is studied by an application
of Fermi’s golden rule to quantum phase slips. This study allows us to put the theoretical results
in the context of expectations from experimentally realistic superconducting JJ chain that has

substantial charge disorder as well as a non-linear plasmon dispersion.

3.1.1 Superconductor-Insulator Transition in Josephson Junction Chains

One of the most important properties of a Josephson junction chain is the quantum phase
transition between superconducting and insulating phase. The property of a Josephson junction
chain is governed by three energy scales, which are the Josephson energy £;, the charge coupling
energy between the superconductor islands £, = 2¢%/C;, and that between an island and the
ground plane E, = 2¢?/C,. In the simplified regime where the ground capacitance C, dominates
over the island-island capacitance C;, F/; becomes irrelevant and the quantum transport property
is determined by the ratio E;/FEy,. At E;/E, > 1, the Josephson junction chain is in the
superconducting regime, where the chain remains phase coherent and is able to carry supercurrent.

On the other hand, at F;/Fy < 1, the chain enters an insulating regime or the Coulomb blockade
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regime, which is exhibits the opposite behavior of superconductivity: zero current in the presence
of a finite voltage difference. This superconductor-insulator transition was observed [96, 97,
98, 99, 100] in arrays of SQUIDs, which act as tunable Josephson junctions with the effective
Josephson energy E; = EY| cos m®/®g|, where ® is the magnetic flux through the SQUID loop.
This phenomenon was first predicted by Bradley and Doniach [88], who show the connection
of the quantum phase transition to to the renowned Kosterlitz-Thouless (KT) transition in a
classical 2D XY model [101]. In the self-charging limit, C; > C/;, the chain is described by

the Hamiltonian

H =Y (Eop} —2E;cos(¢is1 — ) (3.2)

where ¢; represents the phase of the " island and p; = —id/d¢; is the conjugate momentum
representing the number of Cooper pairs on the i island. The quantum partition function of the

system Z = Tr e ?# can be expanded in the ¢ basis.

2= [TLd60r,wwom] " [61,r0m) (3:3)

In the regime where T' < FEy, F; < A, with A being the superconducting gap, the partition
function integral can be decomposed into imaginary time evolution of interval A~!. That is,
e P — (e‘Ale ) NT where N, = AB > 1. Following the standard procedure of the path
integral formalism, we can insert complete basis of ¢’s at each divisions. This turns the partition

function (Eq. 3.3) into an integral over the two dimensional grid of ¢’s.
7 = / [T dois(@ile™> (g (dale™ 7 [Gs)..(dn, e |dn) (3.4)
2%
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where |<;§j> = |1, P25, ---» On, ;). Using the Baker-Campbell-Hausdorff identity and discarding

the second order terms in Ey /A, the matrix element is given by

i

1 ) Glesof (52 3t i o]

QTEJ Z cos(Pit1,j — ¢z‘,j)] }

(3.5)

The momentum term can be expanded through inserting the complete basis of momentum eigenstates,

o] (-5 55t ) 60 = 61 (S ) xnf (22 5002) i

- Zexp{ {Zm < ¢g+1> - %mﬂ } (3.6)

where |71) represents the basis states with fixed Cooper pair numbers. Using the Villain approximation,

which states that e%¢*? ~ ¢ 5> ~380-27) in the limit [ > 1, the summation in Eq. 3.6

'I’L——OO

can be approximated as

(@il exp{ (—— Zn) }|¢]+1 A exp

As a result, the partition function Z can be approximated as

/Hdgb”exp{

This is precisely the partition function of an anisotropic 2d XY model where the coupling in the 7

A
2E, S5 2 O8(Bige1 — ¢z‘,j)] : (3.7)

%

2F; A
Z A COS(¢1+1 g ®ij) + Eo cos(¢ijr1 — Qbu)] } (3.8)

direction is much stronger than that of the x direction. Through rescaling the lattice size in the 7

direction (dT — d7+/E;Ey), it can be shown that the critical behavior of this model is equivalent
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to the isotropic XY model with 3J = —\/E;/Ej

|E
Ixy = /H dorexp F‘; Z cos(pr — o) (3.9)
7 (7

where 7 labels the two-dimensional position. Due to the Mermin-Wagner theorem [102], the
two dimensional XY model is prohibited to spontaneously develop a long-range order. That
is, (¢) = 0. However, the system is known to undergo a Kosterlitz-Thouless type transition
from the regular disorder phase at high temperature, where the order-parameter-order-parameter
correlation function decays exponentially with distance, to the quasi-long-range ordered phase
at low temperature, where the correlation function becomes algebraically decaying [101, 103].
Accordingly, at low \/m > K¢ ~ 0.81, it can be shown [88] that the quasi-long-range
ordered phase exhibits a delta-function peak at dc-conductivity o(w) ~ d(w) representing a
superconducting phase. On the other hand, in the disorder phase \/E;/Ey < 1, the conductivity
has a characteristic frequency corresponding to the charging energy o(w) ~ 6(w — 2Ey) [104]
and there is no dc-conductivity. Consequently, the Kosterlitz-Thouless transition manifests as a
superconductor-insulator transition within the clean Josephson junction chain, which is controlled

by the parameter £/ Ej.

3.1.2  Pinning of Charge Density Wave under Disorder

For a fermionic system in one dimension, the low energy physics is captured by the Luttinger
model. In the non-interacting limit, the density-density correlation has a characteristic wavelength
determined by the Fermi momentum, 2k that exhibits a power-law decay given by (pa,. () p—2k,(0)) ~

272, Due to the fact that the Fermi surface in one-dimension is at two discrete momenta (+kp),
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the effect of interaction is determined by the two scattering processes for spinless fermions. The
g4 process couples fermions on the same side of the Fermi surface and the g, process represents
the forward scattering of fermions on the opposite sides of the fermi surface, with the Hamiltonian

density

Hint(2) = g1 (PR(2) + pL(7)) + 202pr(2)pr(2) (3.10)

where L and R labels the left and right moving branch, respectively. With interaction, the

correlation becomes a non-universal power-law function

(pokp () -2k (0)) ~ 272K, (3.11)

where K is the Luttinger parameter given by,

1 2 — 1y /2
K:( + 4/ yz/)

(3.12)
1+ ys/2+ /2

where y = g/(mvr). The correlation function obeys the Mermin-Wagner theorem, which states
that local interactions can not create a long range order in one dimensional systems. However, the
power-law behavior suggests that the system is on the verge of instability towards developing a
charge density wave (CDW), which is a state with periodic modulation of charges, with momentum
2kp. This instability appears as singularities in the CDW susceptibility xcpw (k,w), which can
be obtained from the fluctuation-dissipation theorem in imaginary time, whose real time version

will be discussed in Sec. 4.2.3.

B8
veow(ky iwn) = / dr / dx{p(, 7)p(0, 0))e ke Hnt (3.13)
0
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and the dynamical susceptibility xcpw (k, w) can be obtained through analytic continuation iw,, —
w + 19. Utilizing the Lorentz invariance of the action, and the power-law correlation function at
2kr Eq. 3.10, it can be argued through scaling analysis that at 5 — oo, the susceptibility scales
as

Xcpw (k,w) ~ mazx [|k — 2kp| ,w]QK*Z (3.14)

Therefore, at the repulsive regime K < 1 (or g > 0), the one-dimensional system has a divergent
fluctuation for charge density wave at k = 2kp.

Next, we consider a disorder potential in the Hamiltonian

Hais = V(z)p(x) (3.15)

where the disorder potential V(z) = >, f(x — R;) is the sum of contribution from different
impurity sites. For high impurity density n; with weak individual contribution f, V' (x) can be

assumed to be a smooth potential described by the Gaussian distribution with correlation function

EV(x)V(2') = D(x — z'). (3.16)

Assuming the impurity potentials f are short in range compared to k., the correlation function
can be approximated with the delta function form D(z — 2’) ~ D§(x — 2’). In the low energy

physics, the effect of V' can be decomposed into two components, the forward scattering n and
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the backward scattering &,

Hais(x) = () (wa)wR(x) + z/&(:c)w(x)) + (@) PR ()L () + € ()L (@) Yr(2)

(3.17)

where 7) is associated with a momentum transfer of ¢ ~ 0 and ¢ is associated with ¢ ~ +2kp.

Therefore, the two potentials are uncorrelated, that s,

En(x)n(z’) = Dyd(x — ')
E§(x)¢"(2") = Dpd(x — 2')

En(z)é(2') =0 (3.18)

where Dy = D, = D according to our approximation. Next, we will use the bosonization

representation whose recipe for spinless fermion is given by [89],

U, .
wr(x) — — ezrkpe—z(rqﬁ(m)—@(z))’ (319)

where « is a regularization parameter that represents a finite band width of the system, U, is a so-
called Klein factor that annihilates a fermion of species » = + which corresponds to the right (+)
and the left (—) moving electrons, respectively. ¢ and 6 are fields that satisfies the commutation

relation [¢(x1), 0(x2)] = i5Sign(zy — 1) and are related to the density operators of different
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species by

0v¢ = —7lpr(z) + pr()]

0.0 = mlpr(x) — pr(x)] (3.20)

Using Eq. 3.19 and Eq. 3.20, we can rewrite Eq. 3.17 as

Has(x) = —%n(w)am + %K(:v)e”’”*”“” + h.cl]. (3.21)

In terms of the field operators, the clean Hamiltonian density is given by
1
Ho(w) = 5 |TK (@) + —=(0:0(2))° |, (3.22)

where II = 0,0 /7. Combining the two, first, we can see that the forward scattering (1) term that

is linear in 0,.¢ can be absorbed into # by transforming

i) = dla) — = ' da'n(z’) (3.23)

—0oQ
which results in

& ()eibe—5 7t

2@ 4 p e (3.24)
2T

2ikp—£ [T da'n(z’

due to the random nature of £(x), adding the phase factor e ) does not change

its distribution. That is, let £(z) = &(z)e*r—%u J"dn(@) | the correlation function is given by
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E&(x)é* (') = Dyd(x — 2'). Accordingly, the ground state property of the system is determined

by the effective Hamiltonian

H(z) = = |7K(II(x))* + %(&Cgb(m))?] + {%e%w + h.c.] , (3.25)

where we have dropped the scalar term and the tilde notations. Under electron-electron interaction
K # 1, Eq. 3.25 describes a competition between the quantum fluctuation given by the conjugate
field, and a tendency towards pinned charge density wave by the disorder potential. In the
classical limit (K, i — 0 and K /h = const.) and neglecting the kinetic term that is proportional
to (0,0 (x))?, it is energetically desirable for the field ¢ to follow the disorder potential & such
that exp{2i¢ + iarg({)} = —1. Note that the classical limit corresponds to an extremely strong
repulsive interaction between electrons. This scenario can be understood as the charge density
wave being pinged by the disorder potential to the impurity sites. Putting back the kinetic term,
the sharp variation in ¢ will now be suppressed. The localization length A, can be estimated by
the length scale at which the ¢ field is roughly constant. This would create an energy cost from
the disorder potential of Eg, ~ /Dy, Where the square-root scaling with A, comes from the
uncorrelated assumption in Eq. 3.18 between ¢ at different locations. On the other hand, the cost
in kinetic energy is inversely proportional to the localization length Fy ~ 1/A,, as it represents
the frequency of changes in the ¢ field. Through minimizing Fy + FEg;, we can estimate that the

localization has a simple power-law relation with the strength of the back-scattering potential

L\ /3
Ajoe (—) (3.26)
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This argument and results is analogous of the Larkin length [105]of vortex pinning in superconductors
and it is called the Fukuyama-Lee length [106] in the context of the CDW.

Away from the classical limit, the precise treatment of quantum fluctuations in the II and ¢
fields are done by Giamarchi and Shultz [107] through the renormalization group (RG) technique.
The RG equation was derived by considering the disorder as a perturbation on top of the Luttinger

liquid. For the spinless fermion, the RG flow in the weak disorder limit D, — 0 is given by

dDy

— = B=2K)Dy (3.27)

This suggests a critical Luttinger parameter K* = 3/2 in the weak disorder limit. For K > K*,
which is deep in the attractive regime, the disorder strength flows to 0 as length scale increases,
corresponding to a delocalized state. On the other hand, for K < K*, it flows to a localized state
where the disorder dominates and the charge density wave are pinned by its potential.

While the above theories are originally formulated for one-dimensional spinless fermions,
their implications extend broadly to one-dimensional bosonic systems. This is usually due to the
formal equivalence between the field representation in Eq. 3.22 and the Hamiltonian of bosonic
systems. The connection from the Josephson junction chain with weak charge disorder and
the charge density wave pinning physics was discussed by Houzet and Glazman. [108]. The

microscopic Hamiltonian of a Josephson junction chain is given by

1 _
H=g ; QuCrmQm — E; zn: cos(¢n — bni1) (3.28)
where the charge and the phase satisfies the commutation relation [¢,,, Q] = 2i€d,, ,,, and Cyyy,
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is the capacitance between islands n and m. Considering up to the nearest neighbor couplings,
C is parametrized by the capacitance between the Josephson junctions C'; and that to the ground
plane C,. In the large ; limit, the Hamiltonian in Eq. 3.28 can be approximated by its expansion

to the quadratic term in ¢,, — ¢,,11, yielding the dispersion relation

w(g) = ——24 (3.29)

V14 (vg/Q)?

where the plasmon velocity is given by v = av/EoE;/h and = /EE;/h is the plasma
frequency across a single Josephson junction. The long-wavelength plasma modes that has a
linear dispersion w =~ v|q| can be modeled by the Hamiltonian that takes the exact same form as

Eq. 3.22,

Hy = /% |:7TK(H(37))2 + WLK(axgp(m))Q dz, (3.30)

where the field IT = —0,¢/7 is the gradient of the coarse-grained phase field and ¢ is the
canonical conjugate of II, satisfying [p(x), [I(z")] = ihd(x — 2’). Accordingly, ¢ is related to
the Cooper pair density by p = —0J,¢ /7. The Luttinger parameter X' = W\/m has a
simple relation with the low-frequency impedance of the Josephson junction chain Z by K =
mh/(4€e*Z). The most important correction to this linearized Hamiltonian is the phase slip effect,
where the phase difference ¢;, 1 — ¢; across a junction jumps by 27. This process is generated by
the operator ¢*#(*) that generates a 27 kink in the phase field ¢ at position 2. The main source
of disorder is the random stray charges p, in the chain that couples to the Cooper pairs through

Coulomb interaction. It appears in the Hamiltonian as an Aharaonov-Casher phase y(z) in the
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phase slip process, That is,

A
Hops = —E/dx cos(2¢(x) + x(x)), (3.31)

where x(z) = 27 [ d2'py(2’) and in the limit E; > F), the phase slip amplitude ) is given
by [108, 109]

A= (2E3 )Y 4eV32E: /1, (3.32)

™

The phase slip Hamiltonian with random Aharaonov-Casher phases acts as a pinning potential
for the ¢ field, which is analogous to the random potential pinning the charge density wave for
the fermionic systems mentioned above. The RG flow for the full Hamiltonian = Hy + Hgpg

in the perturbative regime follows the same scaling as Eq. 3.27,

~ (3—2K)D(A) (3.33)

where D(A) represents the phase slip probability at the momentum cutoff A. Therefore, under
the charge disorder, the Josephson junction chain exhibits a similar transition from the Bose glass

to the superfluid phase from K < 3/2to K > 3/2.
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3.2 Model

3.2.1 Formal sine-Gordon Representation of Phase Slips

We start with the microscopic Hamiltonian of the JJ, which is given by

H=> (N;— Q)Uyj(N; — Q) + E; Y (1 — cos Agy) (3.34)

1,J

where N; is number of Cooper pairs on site i, with strayed charge (); that represents disorder, F;
is the Josephson energy of the junctions, and A¢; = ¢; — ¢;_1 is phase difference between site ¢
and i — 1. Uj; is the charging energy between i and j. Starting with the canonical commutation

relations for charge and phase
(Oms Nu| = 10pm, (3.35)
one can define a new variable

Qn:ZK(n—m)Nm

m

K(n) = mtanh a(n — 1/2). (3.36)
The new variable 0 satisfies the commutation relation

[, 0] = 1K (n —m). (3.37)
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Figure 3.2: (a) Phase profile ¢, for the microscopic JJ chain model. The phase-slip phase
profile is discontinuous but local in the sense that it vanishes away from the phase slip. (b) The
discontinuity can be removed at the expense of introducing non-locality to produce an unwound
phase-slip.
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Using the Campbell-Baker-Hausdorf relation,
e 20 p, €20 = ¢ — 2K (n —m), (3.38)

one can show that e~ creates a phase-slip with the profile shown in Fig. 3.2. Thus, the phase

slip 1s generated by the sine term of the sine-Gordon model

Hype =g » _ cos 20;. (3.39)

In order to properly include the variable 6, we need to transform to dual variables, which

are defined by the momentum

Hm = (¢m+1 - ¢m)/7r> (340)

which is canonicallly conjugate to 6,, as
[0n,11,] =i{K(n+1—m)—K(n—m)} = idymn. (3.41)

at length scale much larger than the width of the profile. In such limit, the JJ chain Hamiltonian,

in terms of II and 0, becomes

H = Z (% - Qi) Ui; (M — Qj) + E; Z(l — cos 7ll;) (3.42)
] A

™

In the regime that /; dominates the charging energies U;;, the Hamiltonian can be approximated
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by expanding the Josephson energy to the quadratic term and include Hg;,. that represents the

phase slip process. This changes the Hamiltonian to

(2

0; — 0i- 0; —0;_ E
H= Z <—7T - Qi) Uij (jT“ - Qj) + 5 D () + gZCOS 20;. (3.43)
2,7 7

In the case that the ground capacitance is much greater than the junction capacitance, we can

assume U;; = 4Fy0;;. Finally, we make a transformation 6, — 6, + >_._. @), and take the

j<i

continuum limit. This yields the Hamiltonian that takes the sine-Gordan form

H = /dx W?J () + % (8,0(z))? + g cos (20(x) + £(z)) (3.44)

where £ = fx, s dx’'Q(x") and we substituted the notation j = II to match that in Eq. 3.1.

3.2.2 Phase Slips from the Microscopic Model

In this section, we would like to make mathematical correspondence between a microscopic
JJ chain model and sine-Gordon model through comparing the partition function of the two,
which will be done by explicit derivation. The imaginary time action of the Hamiltonian in

Eq. 3.42 is given by

Slg] = / 411 Z éici,j(z‘bj + Ey Z(l — cos Ag; )dr, (3.45)
0j ;
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where C' = U~! is the capacitance matrix. The partition function Z in path integral form is

Zijc = 7{ D[¢p]e ! (3.46)

where the integration limit of S is from 0 to 5. Due to the 27 periodicity in ¢, the configurations
can have B.C’s with 27n jumps in ¢y — ¢ and [ d70,¢;. This is equivalent to including
particular kinds of branch cuts into the configurations and restoring periodic boundary conditions
on both time and position.

The branch cuts transforms (0,, A) — (0, —aop, A—ay) with a vector potential a = (ag, a;),

Zyc=) / Digle %l (3.47)

and the a dependent action S, are

Sal¢] = /dT[Z(ﬁbz - aio)%@j — ajo)

1,

+E; ) (1= cos(Ad; — an))] (3.48)

7

where a labels the sets of branch cuts. Since the path integral is invariant under a change of
variable ¢ — ¢ + A, (ag,a1) — (ap + ;A\, a; + AA) is a gauge symmetry. Therefore, we can

choose the non gauge equivalent branch cuts to be composed of vertical cuts,

a;(17) = (0, £279; ,,0(7, — 7)) (3.49)
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where z, and 7, are the coordinates of the end point of the branch cuts (vortices/antivortices),

which are determined by the (+) sign; and horizontal branch cuts,

a;(7) = (£278(7)O (4, < i < Ty,),0). (3.50)

Finally, there are also full branch cuts that does not have vortices. These are defined as a;(7) =
(0, :i:271'5¢,0> or ai(T) = (:}:27'(5(7_)7 O)

Next, we split the field into smooth and fast part.

¢ = ¢s + 05 (3.51)

where ¢, is defined by \/ (0-¢s — ap)? + (A¢ps — ap)? being small. The configurations that
contribute more are ones with ¢y ~ 0 everywhere except near the vortices ((z,7) ~ (x,, 7)),

where Ea(éf, br) > La(¢s, ¢5). Therefore,

Zyjc = Z/D[¢S]D[¢f]esa[¢s+¢f]
~ Z/D[¢S]65a[¢s} /’D[¢f]eSa[¢f]
~) / Dig,Je =" T / Dlgs]e=Sv107)

vea

=3 / D(]e el (3.52)

where v labels vortices in the set of branch cuts a, S,[¢¢] = >, [ . drL(¢;, ¢7) and

«v is the contribution from integrating ¢, near a single vortex/antivortex, n. is the number of
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vortices. Finally, since ¢, is smooth, we can approximate S,[¢;] by the free action Sy a[¢s] =
de[Z”(gbZ — aio)%(q.ﬁj — ajo) + & 3°,(A¢; — a;1)?), this gives the following form of the

partition function.

Ziso =Y 7™ [ DlouJe e (35

To solve for Z; ¢, it is more convenient to work in the Fourier space,

an (1) = —= Y ayetmen), (3.54)

where M is the system size and k € {%t|n € {~M/2..M/2}}, w € {#7|n € Z}. This gives

So,alts)/B =
- (E;/2)(1 — e®)ay 4 i(wCy/4)ag
Z Akz,w‘qsk,w - A |
k.w

(k,w)#(0,0) ’

Co._ E; .
+ IO|CLO;(0,0)|2 + 7ﬁl|a1;(l),0)|2

EJCO |(1 — Giik)do + iwd1|2
3.55
+( ) Y ™ (3.55)
(k,w)#(0,0) ’
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where Cy = 3, Croe®®™, Ay, = w?Cy /4 + 2E; sin®(k/2). Next, using D[¢,] = J[],,., A oon

Zij0 = JZ{»y”aefﬁ[(éo/‘l)\%;(o,o)|2+(EJ/2)\51;(0,0)|2]

_BE Gy

|(1—e~ ™) ag+iwa |2
X H e Sk
(k,w)#(0,0)

X / dq;hwe*BAk,wM;k,w‘z]}

x Z{,ynae—ﬁ[(éo/@\do;(o,o)|2+(EJ/2)\@1;<0,0)|2]
a

_BE; Gy

—e~ ") ag+iwag|?
xo J e e e ey (3.56)
(k,w)#(0,0)

Note that the set of broken branch cuts a and the vortex configuration has a 1-to-1 correspondence.
Therefore, we can relabel a by (n., n,, v) which denotes the number of 27 jumps at the x and 7
boundary and the vortex configuration.

For the second term, by Eq. 3.49 and Eq. 3.50, a(y o) are related to the polarization of v up

to full branch cuts,

(Mn, 4+ P,y) (3.57)

81



N 1
a1;(0,0) = 5—\/M Z/Ch,m(T)dT
+) 78y

vev

6\/_

%

(an + P.y) (3.58)

where s, = %1 for vortices/antivortices. The polarization is defined as Py = (3, <., ToSvs 2 _pey ToSo)-
Next, for the third term, the exponent contains a discrete version of curl a which can also be

rewritten as the vortex density,

472

(1= e™™®)ag + iwan|? = 52—M|Bv;k,w|2

(3.59)

where By, = Y spe~"kzv—wr) Therefore, the partition function representing in terms of

vEV

the vortex configuration is

ks C 272 Ejy
ZJJC NZ{fYnV Z e [ [3]\4 M”T+Px v) + B (an"!‘PTv) ]
Nz ,Nr
o EJC’,c |Bv;k,w|
x I e 7 Ty (3.60)

(k,w)#(0,0)

Finally, to make connection to the s-G model that is going to be introduced later, we

perform a Poisson resummation on the discrete Gaussians. This gives

27w Pr v

B 2, .21Py v M 2, -
Zyjc ~ E {ym E e MG A" E e 2E; T
v n n

. 2
72 E;Cy ,|Byik,wl

B | (3.61)
(k) £(0.0)
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Next, we derive the partition function Z,_ for sine-Gordon model defined as

E
Heg =) N;Ui;N;+ TJ > (65— 1) +g ) _cos(t)). (3.62)
j

1,J J

It is convenient to perform a charge-vortex transformation (¢, N) — (6, II), with the relation

Ni = (91 — 91'71)/271'

IL; = (¢z‘+1 - ¢z‘)/277- (3.63)

One can easily check that the commutation relation [0;, I1;] = id; ; is preserved. In terms of # and

11,

Ui
Hy ¢ ZZ(QZ‘ - 9i—1)4 J

— 2
Z?]

+2mE; Y I3+ cos(0;). (3.64)
J J

(05 —0-1)

Using the path integral formalism, the partition function can be written as,

Zog=) / D[f)e~Snamr (3.65)

where n,, n, labels the boundary condition defined by

Or1(7) = 01(7) + 27,
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and the imaginary time action can be written as

— M M
z’]
2mg 2T
+g E cos(0; + VL + 5 n.)). (3.67)

Working perturbatively in small g,

1
Zst:ZZﬁ( Z /1_[1de{}

Ng,Nr N l1,l2,..ln

27T

/D —So R D) 5][9l (m5)+ ”T+ ﬁjnT] (368)

where {s} sums over the signs (£1) and the free action Sy is given by

B 1 . 2mn
Soimy .. :/ dr 0; + T)?
e = || gy 200+ 55

271'7133 Uif 271'7195
+ Z(ez — 01+ i )4_7T;(0] — 01+ 7)]
M 2_|_ﬁ[~] 2
28E, T M ®
Bsm (k/2) 5 2
+ 0> szJ = U0k (3.69)
(k,w)#(0,0)
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where U, = > U,e™ and the Fourier transformation of the 6 fields are defined as

Zé we i(kl—wT)

k,w

Z / dr,(7)e =) (3.70)
l

ﬁ\ ﬁ\

where M, k, and w has the same definition as above. Let D[f] = J ka dék,w,

Zic = J;(—gf
X Ze 2BEJ n2 i’ Z ﬁUO n2+i 2WPIVTL37

XH/ko e Q,rzE Akl Or.0l +17kaw0kw (371)

where >, = > & S titgn ) [} dr;>° (s} is an analog of the sum over vortex configurations
n

and n, represents the number of vortices. We will use this notation and index the vortices

by v. Again, Ay, = w?/AUy + 2E;5in(k/2), Bygw = dopey S0€ 52 ~™) and P, is the

polarization of the charges with the same definition, (Prv, Prv) = (D ,cv To50s D pey ToSo)-

First, the integral over 0's are Gaussian integrals

H dekwe QWQEJAkw‘ekw‘ 'H vkwekw

k,w

mE - 2By (lBV;k,w‘Q)
— J e 28MU}, Ak.w

kw BﬁkAk,w

2By (|By; WF)

Ak (3.72)

Using the fact that the only configurations that are going to contribute are the charge neutral ones
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with >~ cv Sv = 0 and ny is thereby an even number,

Zig~y (D™
) 27 Pr v

M2 BU2 | .2xPyy
« Ze 2pE; " T ”26—7 Raaes vansll
n

n

2B (\Bv;k,wﬁ)

x [Je 2o e (3.73)
k,w
One can see that this form exactly matches Z; ;¢ in (3.61) with g chosen as
g=2y=2 / D)™ Toma frour, 00505 (3.74)

3.2.3 Numerically Extracting g from Microscopic Calculation of the Decay

Rate

In this section we introduce a method to obtain g from the microscopic model in the
perturbative regime of the phase slip. We consider the decay rate of the original microscopic
Hamiltonian H in Eq. 3.42 due to phase slip at a particular site corresponding to €', whose

profile is given in Eq. 3.36. This decay can be evaluated by Fermi’s golden rule,

1
To(g) = o > My g0 (wg — €n) (3.75)

where M, , = (nle=* (H—(H),)|q), |n) being eigenstates of H. The expectation value (H), =
(q|H |q) is presented to account for the fact that states |¢) and ¢! |n) are not exactly orthogonal

to each other.
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Figure 3.3: QPS strength g evaluated by (3.76) under (a) different momentum with fixed system

size M = 40 and (b) different system size with ¢ = 0.27. System parameters are chosen to be
Ey/E; =2, E;/E; = 0.5, and the energy broadening is set to be w,,_,, .

The quantum phase slip strength (g) can then be obtained by taking the ratio between decay

rate from (3.75) and that given by the sine-Gordon term

9 To(g)

1 Isa(q)

(3.76)

where sc(q) = 5= >, [(nle™'|q)|*6(w, — €,). An example of the numerical simulation is
shown in Fig. 3.3. As expected, g shows small ¢ and system size M dependence at large M.

Therefore, g can be evaluated by taking averages over all momentum ¢’s.

3.2.4 Soliton-antisoliton Pair Excitation Rates

The elementary excitations of the sine-Gordon model described by Eq. 3.1 are solitons
(antisolitons) where the phase 6 jumps by +7 between different minima of the cosine potential
in Eq. 3.1. Since the phase 0 is related to the charge density p(x) o 0,0, so that such solitons

(antisolitons) are associated with charge +2e. A more exact treatment of these apparently static
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domain walls in the sine-Gordon Hamiltonian reveals that such solitons can be viewed as essentially
non-interacting relativistic quantum particles with a dispersion (energy versus momentum relation)

that is written as

ws/a(q) = £/ m? + ¢*v? (3.77)

and is plotted in Fig. 3.4(a). The index s/a stand for solitons and antisolitons respectively. The
energy of the anti-soliton is shown with a negative sign for convenience of later discussion. The

mass parameter is given by [110]

(3.78)

_ 1/(2-K)
- {gwm K/Q)] 20'(¢/2)

NT(K/2) VAL(L+6)/2)°
where { = K/(2 — K) and T is a momentum cut-off scale.

Let us now discuss qualitatively the origin of the oscillations in the ac polarizability y (w)
in terms of the solitons and anti-solitons discussed above. The polarizability y(w) is measured
by the absorption of photons from the probe at the end of the JJ chain (see Fig. 3.1), so that x(w)

must be associated with the cross-section for generating neutral excitations. More formally

1) = (plaw)iplr:w)) = 3 {0lp()ln) PA(E, —w), (3.79)

where p(z) is the charge density operator at the end of the chain. The state |0) represents the
ground state of the system and |n) is an excited state with energy £, above the ground state.
Such neutral excitations can be constructed by pairing the elementary solitons and antisolitons,

which are charged, into soliton-antisoliton pairs (SAPs). One such pair with center of mass
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Figure 3.4: (a) Dispersion (¢ versus k) of excitations of the sine-Gordon model with anti-
solitons at negative energy. The bold arrow shows charge neutral soliton-antisolition pairs with
momentum ¢ and energy w. Large ¢ pairs have a large near-degeneracy with w ~ ¢ constituting
a coherent excitation peak. (b) Local dynamical polarizability y of a sine-Gordon model as a
function of w. The parameter set is chosen to be L = 3000, v. = 1, m = 0.1. The polarizability
shows coherent peaks (see inset) spaced by finite size 1/L dominating over the incoherent
background as frequency increases. Near w — 0, a mass gap of 2m appears, in consistent
with the insulating phase of the chain.
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momentum ¢ is shown in Fig. 3.4(a). In this figure, we have flipped the sign of the anti-soliton
energy (as mentioned in the previous paragraph) so that we can extract the energy of the SAP
from the separation along the axis wsap(q) = w (see Fig. 3.4(a) ). However, the pair shown in
Fig. 3.4(a) represents one of a continuum of such pairs at momentum ¢, that are parametrized
by the relative momentum £ so that |n) would be the state |n) = ‘SHq /2, Ak—q /2> where S}, is
the soliton with momentum k and A;, is an anti-soliton with momentum k. Therefore the more

general energy of such a pair is given by

wsapk(q) = ws(k + q/2) — wa(k —q/2). (3.80)

Clearly the energy of of SAPs wgapx(q) acquires a natural broadening from the dependence on

k while ¢ is held fixed. In fact, the energy of the SAPs at momentum ¢ can take any value

w > \/q?> + 4m? by choosing

w |w?— g% —4m?
k:§\/ e (3.81)

The density of states (DOS) for the SAPs in the vicinity of a given energy w, is proportional to

dk /dw, which diverges as

;l—k ~ (¢ +4m*)* (w — /@ + 4m?)~ V2, (3.82)
w

This leads to a broadened peak in optical absorption near w ~ /g% + 4m?. This is reminescent
of the broadening of the magnon mode in the transverse field Ising model where a magnon

fractionalizes into domain walls [79]. The prefactor (¢ +4m?)*/# in Eq. 3.82 also shows that this
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peak increases in height as ¢ approaches the ultra-relativistic limit ¢ > 2m. The experimental
set-up shown in Fig. 3.1 does not conserve total momentum ¢. In contrast, one can excite an
array of momenta ¢ = 27n /L, where L is the length of the chain. Considering all possible ¢
can expect 0,.(w) to contain an array of peaks corresponding to the divergent DOS of SAPs in
Eq. 3.82 from each of the allowed values of g. In principle, one should also consider discrete k so
that the absorption spectrum should have a discrete set of peaks with no broadening. However, the
spacing of the frequency arising from discreteness of k is expected to vanish as one approaches
the peak of the DOS.

The above qualitative argument ignores the matrix elements that would determine the
absorption cross-sections of the allowed SAPs. To obtain a more quantitative understanding
of the dynamical charge susceptibility we compute o0,.(w) directly. Unfortunately, for general
values of /K, the charge operator can couple to multiple SAPs simultaneously (even though we
expect this to be rare). To avoid this complication we restrict our attention to K ~ 1, which is
deep in the insulating phase. The sine-Gordon model is known to be dual to the massive Thirring
model [89, 95, 111], which describes massive Dirac fermions with current-current interaction
Hipi = grj*j, whose strength is given by gy = m(1 — 1/K). Therefore, at ' = 1, the solitons
and antisolitons are mapped to free Dirac fermions and the charge density operator couples to
exactly one soliton-antisoliton pair. This is not necessarily a huge restriction because even at
K significantly different from 1, at small values of g, the low frequency properties are still
dominated by K = 1, which is one of the Luther-Emery fixed points [89, 95]. For the rest of

this and the next section we set the charge velocity v. = 1. In the limit K = 1, the sine-Gordon
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model Eq. 3.1 is equivalent [111] to the massive 1D Dirac model with Hamiltonian

H =Y 4l[ko. + mo,]i, (3.83)
k

where w,i are spinors of creation operators for solitons and anti-solitons in Eq. 3.1. The imaginary

part of the local dynamical (i.e. w dependent) polarizability y is given by [112]

X(w) ~ Z 2mq’ O(w? — ¢* — 4m?) (3.84)
(w2 _ q2)3/2 \/w2 _ q2 — 4m2

q

The sum over momentum states ¢ takes a discrete set of multiples of 27/ L, where L is the length
of the chain. This result suggests that the susceptibility y diverges at an array of frequencies near
w? ~ (2nm/L)* 4 4m?, where y diverges as (w — /% + 4m?)~'/2. In contrast, x decays as
X ~ 2m?q? /w? for w > q. Thus, we expect the susceptibility y to be a broadened set of peaks
qualitatively similar to that seen experiment [1].

This expectation is confirmed from the direct numerical evaluation of Eq. 3.79 for a finite
system as is plotted in Fig. 3.4(b). As shown in the inset of Fig. 3.4(b), the shaded areas in
Fig. 3.4(b) are really a closely spaced set of peaks on an incoherent background. The shape of
the peaks is consistent with the analytic expectations. Considering the shaded areas in Fig. 3.4(b),
which elucidates the height of the coherent peaks, we see that the height of the oscillations
increases with frequency relative to the height of the incoherent background, which is consistent
with the experiments [1]. For the numerical evaluation, we have broadened the delta functions
in Eq. 3.79 by 0.1(27/L) (where L is the chain length), which is much smaller than the plasmon

level spacing. The value of the broadening does not appear to affect the result as long as it
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Figure 3.5: Luttinger parameter K dependence of resistance oscillations. Change in Luttinger

parameter decreases the mass gap m and enhances the oscillation for K = 1.4 (red dashed line).
The solid blue curve shows suppressed oscillations at X' = 1 since the frequency is of order mass.

is smaller than the peak spacing since o(L) SAPs contribute to each peak that are spaced by
o(1/L). Thus we do not expect the broadening to affect the shape of the peaks as long as it is
larger than o(1/L?).

The discussion above for K = 1 also applies for K 2 1. In this case the excitation
process in the non-interacting massive Dirac model is replaced by the form factor for creating
an unbound SAPs [113]. For the general interacting case, contributions from multiple pairs must
be considered. However, such contributions are likely to be small at low energies because of
phase space constraints as well as weak interactions near K ~ 1. The dominant interaction of
changing the Luttinger paramter K is to renormalize the mass downwards with increasing K
following Eq. 3.78. Reducing the mass m, effectively increases the dimensionless frequency
w/m, which determines the height of peaks in the dynamical polarizability x. This suggests,

following the results in Fig. 3.4(b), that increasing the Luttinger parameter K enhances the
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strength of oscillations in x for a fixed frequency.
An additional contribution to the K dependence of the dynamical charge polarizability x
is the matrix element for the charge density operator p. Specifically, Bethe ansatz methods have

been used to show that this matrix element is modified by a factor [114]

cogh ==
f-(0) = 2

~ 9cosh w

* dt sinh %[1 — cosht(1 + 2]
exp ot sinh(t) sinh (5% ) cosh (%)
2K 2

(3.85)

and v; are the rapidities of the solitons that are defined by the equation k; = msinh ;. For
weakly attractive fermions, K 2 1, the interaction part of the form factor f ~ ¢ for small ¢} and
f ~ e for ¥ > 1, where « is a K dependent constant. For ¢ > m, ¥ ~ log ¢ so f o ¢**. This
leads to a K dependent power law for the increasing of the absorption peaks as one goes to more
strongly attractive fermions i.e. towards the superfluid phase. A stronger K dependence of the
peaks arises from the soliton mass in Eq. 3.78.

The dynamical polarizability xy at K 2 1, computed using Eq. 3.79 within the one SAP
approximation described above, is plotted in Fig. 3.5. Consistent with the theoretical expectation,
Fig. 3.5 shows the suppression of oscillations as one increases the Luttinger parameter K towards
the the superfludi phase. The results for deep in the insulating phase (i.e. K ~ 1), which are
shown in the solid blue curve, shows suppressed oscillations consistent with recent experiments [1].
In comparison the red dashed curve 3.5, which is less insulating (i.e. K ~ 1.4), shows much
stronger oscillations. As discussed earlier, the one SAP approximation cannot be used to consider

Luttinger parameter / far from the non-interacting point X = 1.
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3.2.5 Disordered Massive Dirac Model

Let us now consider the effect of weak potential disorder, which is an intrinsic part of the
JJ chain set-up. As will be elaborated in the next section, the long range nature of the Coulomb
interaction converts the uncorrelated random background charge into a smooth potential disorder.
This allows the disorder potential to be consistent with the low-energy and long-wavelength limit
required for the applicability of the sine-Gordon model. In this section, we restrict our analysis
to K ~ 1 where we can map the sine-Gordon model with disorder potential to the massive Dirac

model [111]:

H= /dazzﬁ(m)[(iv@xaz + mo, — p(z))|(x), (3.86)

where 1'(z) are the Fourier transform of the spinors in Eq. 3.83. The disorder potential is
included in p(z), which is an uncorrelated potential that is assumed to be smooth on the scale of
the spacing of the JJ chain. The fluctuations in the local potential ;.(z) leads to back-scattering
of fermions at energy E.

In this fermion picture, we can solve for the mean free path which corresponds to the
localization length of the soliton/antisolitons Under the transformation v — i0,%, the Dirac

equation for v = 1 is written as

Outh + [moy, — ip(z)o.)ih = 0. (3.87)
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Transforming ) — €*¢(*)7:4), where ¢(z) = f;l dx'ju(x"), the equation becomes

Oyt = —m/cos ¢(x)o, — sin @(z)o,]. (3.88)

Considering the evolution of ¢)(x) from x = x; to x = x5

Y(xq) = e7@o=] _ / da'{cos ¢p(z")o, — sin ¢p(2") o, Hip (1) (3.89)

= efiqﬁ(:cz)oz(l 4 mA)'QD(-’IH), (390)

where

A=— /d:v’{cos o(a')o, —sinp(a')o, }

= So, + Co,. (3.91)

The localization length A\ can be found by extracting the decay of the wave function correlation

with distance,

To — T

)

72( T2—T]

)~ =2 ((1+mA)?)

e

=1+2m(SX + CY) +m?*(C* + S?) (3.92)

where X = (0,) and Y = (0,). At m = 0, the uniform (Haar measure) distribution on the

unit sphere is a stationary distribution. Therefore, this can be solved in the small m limit. For a
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stationary distribution, expectation value of a local operator O should satisty

(1+ mA)e"‘z’(“)"ZOAe*i‘b(“)"z(1 +mA))
(1 +mA)?)

= (0). (3.93)

By choosing 0= 044, We obtain the following equations,

(1 4+ mA)[cos ¢(xa)o, — sin @p(z2)o,](1 + mA))

X = (1+mA)?)
(1 4+mA)[sin ¢(x2)0, + cos ¢(x2)0,](1 + mA))
Y = AT . (3.94)
To lowest order in m,
X B m
1 — cos p(wy)

cosp(xg) —1  —sind(xs) S
X . (3.95)

sing(za)  cosp(za) — 1 C

Plugging X and Y into Eq. 3.92, we find that

To — X1

2()\

) =m?(C* + 5?) (3.96)

Next, we solve for the C? + S2. This involves averaging over disorder potential p(x) = E+£&(x).

At length scale where £ becomes uncorrelated, we can assumed ((£(z)E(y))) = VEAI(z — y)
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where VZA characterizes the strength of the fluctuations in z(z). Therefore,

C?+ 8% = /m((cos o(x — a')))dxdx'

1
v @ v,
= 2/ dx/ dr’ cos(E(z — a'))e” "5 (@72 (3.97)

In the large x5 — x; limit, this gives

AV2A

2 2
G+ 8~

(xg — x1). (3.98)

Accordingly, we can conclude that the localization length, or the fermion mean-free path, is given

by

_AEP + VA2

Al PV (3.99)

The mean-free path increases from VZA/2m? to 2E%/m?VZA as the energy E of the excited
soliton/antisoliton increases from 0. Such a chain appears insulating for lengths that are longer
than L >> V;ZA/2m?. Note that the localization length diverges if the mass m drops to zero as is
expected to occur near the superfluid phase from Eq. 3.78. Furthermore, we expect SAPs to be
localized at low-frequency and not contribute to resonant excitations. In contrast, the dynamical
polarizability x at frequencies above w > mVj \/m, is dominated by high energy delocalized
(see Eq. 3.99) SAPs and should show sharp resonances similar to the clean result in Fig. 3.4.
These expectations can be verified from x, which is calculated by a numerical evaluation of

Eq. 3.79 for the Hamiltonian Eq. 3.86 and is plotted in Fig. 3.6. The result shows a disorder gap at
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Figure 3.6: Local dynamical polarizability x of the disordered massive Dirac model as a function
of w shows coherent peaks at high frequencies and smaller random absorption peaks at low
frequencies. The low-frequency peaks are distinct between different sites, suggesting that
the solitons and antisolitons are Anderson-localized. Inset shows that the peak shape in the
disordered system, which is more symmetric compared to that in the clean system shown in the

inset in Fig. 3.5.
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low frequency and plasma oscillations at high frequency. Consistent with the intuitive argument
at the beginning of this section, high frequency SAPs that contribute to x with frequencies w >
m are not scattered by the disorder and therefore lead to coherent oscillations in x(w) seen in
Fig. 3.6. On the other hand, the low energy SAPs are pinned by the disorder domain walls. The
low energy excitation constitutes bound resonances from exciting vibration modes of such bound
solitons. Such solitons being localized and random appear as a sequence of random peaks in
Fig. 3.6 that are qualitatively different from Fig. 3.4(b).

Despite the fact that such disorder breaks integrability, we can generalize these arguments
to K = 1. For a general sine-Gordon model (Eq. 3.1), weak potential disorder works as
introducing a pinning potential for the massive solitons. For K < 3/2 and weak disorder, such
potentials lead to pinning of all low energy solitons leading to an insulating phase [107]. Higher
energy solitons, which can be obtained by applying a Lorentz boost, have shorter length scales
and are therefore not scattered by smooth charge disorder. The coherent high energy SAPs can

generate large coherent oscillations in the dynamical polarizability y at high frequencies.

3.2.6 Nearly Superfluid Limit of the JJ Chain

We now consider the case where the array is closer to the superfluid phase. In this limit, the
Luther-Emery model (Eq. 3.83) is no longer valid. Furthermore, the sine-Gordon model Eq. 3.1
ignores curvature effects in the energy. However, the effect of phase slips (i.e. g in Eq. 3.1 ) is
perturbatively weak in this limit so that one can compute the decay directly from the microscopic
model for a JJ chain that includes both island capacitance C,, JJ capacitance C; as well as charge

disorder. In this section, we consider a more microscopically justified Hamiltonian for the system
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that is written as:

H = Z Ui,j(Ni — Qz’)(Nj - QJ)
.

+E; ) [L—cos(¢; — ¢i1)] (3.100)

where N; and ¢; are number of Cooper pairs and phase at site i, £ is the Josephson energy of

junctions and
1 )
Uiy = 5; > U ettt i) (3.101)
q

where M is the system size and U, = 4EyE; /[E) + 4E,sin®(q/2)] charging energies F;; are
defined as Fy = €*/2C, and E; = ¢*/2C;. {Q's} are normally distributed random stray charges
which satisfy ((Q;Q;)) = Dd; ;. The corresponding random potential p; = >, U;;Q;, has a

Fourier transform
1 6E§ FE f

(ol ~ D

which is strongly peaked at ¢ ~ 0 for £y > FE;. Thus the potential in this case can be assumed
to be smooth as assumed in Eq. 3.86.

For energy of states below the Josephson energy E;, we expect (¢;—¢;_1) < 27. However,
at low energies rare events called phase-slips locally shift one of the phase differences (¢; — 6;_1)
by 2. Such a phase slip is local i.e. it doesn’t affect the phase ¢; for |j — ¢| > 1. This implies

that the remaining of the phase differences add up to 27 immediately following the phase slip.
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The phase-slip operator is simpler to represent in dual variables defined as

Tj = Qjr1 — @; (3.102)
0;=>Y M. (3.103)
I<j

The commutation relation of these operators

(60, 75) =D [Non, b1 — 6] (3.104)
m<l
=i (Ojmm — Gjome1) = 0. (3.105)
m<l

A quantum phase slip at site j is created by an operator e~ where

0; =Y w_;b), (3.106)
l

where w; > 0 are normalized weights peaks at [ = 0 such that ), w; = 2m. The width of w,
represents the length-scale of the phase slip. Thus, phase-slips can be considered to be nucleated
by aterm —g ) ; Cos éj, We can write the the low-energy effective Hamiltonian where the phase

difference variables 7; < 2, including the phase-slip term as

H=> U0 — iy — Qi) (0; — ;-1 — Q;)

EJ 2 Y
+727ri —i—chos@i. (3.107)

The disorder from (), can be eliminated by a unitary transformation e~ 23 Q3% which shifts §j to
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H_j -+ Aj, where A]' = Zl Wi—; Zin:l Qm
Ignoring g for the moment, diagonalizing  under open boundary condition 71 = w1 =

0 gives rise to sound-like plasmonic excitation (h = 1),

Ey )
Hy = Z 77% + 4sin®(q/2)U,b;

q
1
=> Qala, + 5 (3.108)
q

where ¢ takes integer multiples of 7w /M, and

30EEE,
Q - 2 3.109
“ \/E1+4E0 sin®(¢/2) sin(q/2) (3.109)

is the dispersion of the plasmonic mode that becomes linear (~ v.q) with speed v, = \/SEyE;
as q goes to 0 and reaches a maximum at the plasma frequency w, = \/8FE, E.

At finite ¢ # 0, phase-slips couple single-plasmon state |q) = a2]0> to multi-plasmon
states. To get the plasmon lifetime, we calculate self-energy >.. For the lowest order in ., we

consider specifically the cubic term in the normal-ordered interaction
! inA;: 62 : 3.110
QQZfz'SHl iU (3.110)

where &; is the factor arises from normal-ordering defined by cosf; = & : cosf; :. Combining
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Figure 3.7: Decay rate from single-plasmon states into two-plasmon states on a chain of length
M = 1600 with system parameters D = 0.02, E;/E; = 0.5 under different Fy. The decay
rate increase at lower wave vectors ( i.e. ¢ — 0) is consistent with weaker peaks at smaller
frequencies obtained from the sine-Gordon model. Moreover, the suppresion of decay rate as Ej
decreases is again consistent with the experiment [1].
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with the free part, followed by a rescaling 6 — +/FE ;0, the full action is

516 = 3 S (67 — )

q,w
g
-5 Z 278 (w1 + wa + W3) Ty 4o .45 Oar con O o O cos (3.111)
{g,w}
where the matrix element is
Lorgas = (B2 ) &sin A AL AL A7 (3.112)

with Afl =/2/M >, w_;singl.

The plasmon self-energy obtained by second order perturbation theory on Eq. 3.111 is

quq Q2
Dlk,w) = —ig” ) E 140,00,

q1,92

1 1
_ , 3.113
—w + Qg +Qy, — i w—i—Qq1+Qq2—i77] ( )

x|

which gives the damping of plasmon with momentum £ as

1 Sk, )
— =1 —_~

—Q, — Q)
= (T = & 3.114
=Tg Z k,qq, qg 8QkQ 1Qq2 ( )

q1,92
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Next, we perform disorder average on the inverse lifetime,

(2 =7 S (a2 i) a.115)

q1,92

Using the fact that the correlation function of the Aharonov-Casher phase shift, ((e}i=4)) =

e~ D Xi(wiimwi)?/2

3 b ,
(o)) = S e

X (A;;A;A;?)(A;;Agl/lg?) (3.116)

The inverse lifetime for single-plasmon states evaluated using Eq. 3.115 is shown in Fig. 3.7.
The phase slip profile is chosen such that w;_; = tanh[(l — j 4+ 1/2)/5] — tanh[(l — j — 1/2)/5],
which expands through a length scale of 5 sites. System parameters are chosen to be M = 1600,
D = 0.02 and E,/E; = 0.1 while Ey/E; is tuned. Next, we set the factor &;’s, which are
expected to be a constant of ¢ in the M — oo limit, to be 1. This would avoid some finite size
effects. Finally, to obtain a finite result from Eq. 3.115, we introduce a Gaussian broadening
n = 0.5w,,,,, in the energy conservation delta function. Such a broadening is essential to obtain
a result from the zero temperature approach for a finite system with curvature in the dispersion
relation. This issue may be circumvented at finite temperature, where the broadening is created

using the decay rate.

106



3.3 Discussion and Conclusions

In this work we have calculated the imaginary part of the local dynamical polarizability
x in the limit where the Luttinger parameter K ~ 1 (corresponding to impedance of order of a
conductance quantum) where  is dominated by the cross-section of generation of SAPs. We find
that the resulting , for K = 1, shows an array of peaks (see Eq. 3.84) whose height increases
with increasing frequency in a way that is qualitatively consistent with recent experimental
measurements [1]. Increasing K towards the superfluid limit reduces the effective mass (see
Eq. 3.78) of the solitons leading to larger oscillations. Such oscillations in x are surprising at
first glance because a JJ chain in the insulating phase, which does not have superconducting
phase coherence. We show that the observed oscillations are essentially a consequence of the
Lorentz-invariance of the sine-Gordon model description of the chain (Eq. 3.1). The coherent
phase oscillations in this model are gapped by a Lorentz-invariant phase-slip (cosine) term, for
weak Josephson coupling F;, resulting in an insulating JJ chain. Such a sine-Gordon model
turns out to be a good approximation for long JJ chains in the limit of large JJ capacitance [115].
This is because the Luttinger parameter K (inverse impedance) and the phase-slip amplitude g
are independently controlled by the long and short ranged part of the effective screened Coulomb
interaction in the micoscopic model (see Sec. 3.2.6). Such clean sine-Gordon models have been
proposed to be realized in strongly interacting ultra-cold Bose gases [116]. We expect similar
broadened above gap oscillations in x to apply to a superfluid-insulator transition in the context
of ultra-cold atoms [116].

The coherent phase peaks in y are also found to be robust to charge disorder that is

present in JJ chains [1]. The long-range nature of the Coulomb interactions that are encoded
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in the capacitances in the JJ chain model ensures that the uncorrelated charge disorder appears
smooth on the lattice scale, ensuring the validity of the sine-Gordon model treatment. We
have shown analytically that the mean-free path for solitons increases for with frequency for
SAPs. However as the frequency of the perturbation is lowered the mean-free path of the
SAPs become short leading to localized excitations. This leads to increased broadening of
the resonances at lower frequency consistent with recent experiments [1]. We also find that
the resonances rest on an incoherent background also seen in the experimental data for high
impedance wires [1]. Additionally, the models considered here all have a gap leading to insulating
transport in dc, which is also consistent with the recent experiments [1]. The insulating behavior
maybe understood as charge disorder pinning of the charged solitons [107].

In the last section of this work, we consider the perturbative decay of plasmons due to
quantum phase slips, similar to recent work [117]. However, in contrast to previous work [117],
we avoid analytic continuation and directly use Fermi’s Golden rule with the quantum phase slip
term in Eq. 3.1 being treated as a perturbation. The analytic continuation is particularly difficult
for finite size and disordered system. Furthermore, we explicitly exclude disorder broadening of
single-plasmon states. Such broadening is included in the disorder averaged self-energy [117].
However, as shown in recent work [108], disorder-induced fluctuations can also lead to extrinsic
broadening of the resonances. We also find that strictly speaking such a perturbative decay may be
limited or artificially enhanced by energy conservation in a finite chain. We formally circumvent
this problem by introducing an intrinsic broadening of the states. We find that the calculated
decay rates that increase as one reduces wave-vector ¢ consistent with both experiment [1] and
recent theory [117]. However, it is not clear that the intrinsic source of broadening is justified at

the low temperatures required to have an insulator.
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Finally, we note that our work relies on the integrability of the sine-Gordon model in the
clean limit. We have also assumed that this integrability extends to the disordered sine-Gordon
model near the Luther-Emery point [89, 95] (K ~ 1) to describe finite real frequency dynamics.
On the other hand, the general disordered sine-Gordon model is not integrable and likely exhibits
interesting dynamical behavior related to many-body localization [77]. This likely leads to
avenues for interesting work on this system in the future regarding low frequency equilibration at

this system.
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Chapter 4: Classical Model for sub-Planckian Thermal Diffusivity in Complex

Crystals

4.1 The Plackian Diffusivity

Despite the diversity of strongly interacting quantum materials, the low energy response
of such systems is mostly found to be described by weakly interacting excitations. Paradigmatic
examples of these are the quasiparticles in Fermi liquid theory or Goldstone bosons such as
phonons or magnons [118]. Notable exceptions to this, in the form of so-called incoherent
metals [14, 119], have been proposed in the form of non-Fermi liquids [120, 121, 122, 123] and
Bose metals [124], though definitive experimental evidence for such phases is lacking. Signatures
of incoherent metals were discovered experimentally in high-Tc superconductors [125, 126, 127,
128, 129], where linear-7' resistance appears and persists beyond the Mott-loffe-Regel limit [130]
where the mean free path becomes smaller than the Fermi wavelength. Surprisingly, the linear-
T resistance is also observed at apparently low temperatures [14]. Such a scaling is in direct
contradiction to the 7" behavior expected from the low temperature limit of Boltzmann scattering
transport of Fermi liquid quasiparticles [3] from electron-electron interaction. On the other hand,
if the electrons are assumed to scatter from other low-energy excitations with a scattering rate

7, !, then the conductivity of a material in the semiclassical approximation is expected to follow
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the Drude formula o wﬁTs [119, 131], where w, is the plasma frequency. The existence of
well-defined quasiparticles, which are the crucial ingredients for Boltzmann theory, are expected
to be meaningful when their lifetime induced energy broadening /7! is smaller than the energy
of the quasiparticles. Since the typical energy of quasiparticles are of order kg7, this leads to
the suggestion of a minimal conductivity o > wﬁTp where 7p = kgT'/h is the Planck scattering
time [119]. Interestingly, a significant number of systems presents conductivity near the minimal
limit [14, 132, 133, 134]. The description of transport in such systems requires a fully quantum
mechanical treatment, which has inspired significant theoretical effort [17, 135, 136, 137, 138].

These ideas have been extended [17] beyond the semiclassical regime to relate more general
transport coefficients such as momentum, charge and heat diffusion to viscosity bounds that had
been proposed based on holographic methods [139]. A similar instance of universal diffusion
bound described by fundamental physical constants is also discovered in liquid systems [140, 141,
142]. In fact, the heat or thermal diffusion coefficient in incoherent metals, where quasiparticles
are absent, was studied extensively [143, 144, 145, 146, 147, 148] and was shown to be related
to the scrambling time [149] that is bounded by the inverse of the Lyapunov exponent, A\;* >
27kpT /h whose form is close to the Planckian time 7p. A complication of measuring thermal
diffusion, as was done in cuprate superconductors in the bad metal regime [150, 151] is that it
contains contributions from both phonons and electrons. The thermal diffusivity contributions
from electrons and phonons in materials approaching the Planckian bound are expected to be
described by the form

Dp = v’1p 4.1)

s
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where v, is the sound velocity or the Fermi velocity depending on the relevant carrier [151].
Accordingly, we restrict our discussion to crystalline systems with a well-defined sound velocity
in this work. Correlating the thermal diffusion and charge diffusion measurements leads to
the conclusion that that the electron and phonon behaves like a soup where both contribute to
the thermal transport in an incoherent way [151]. A simpler testing ground for these ideas
are provided by the thermal diffusion in insulators where the thermal diffusion is contributed
exclusively by phonons. In this case it has been proposed [15, 18] that Eq. 4.1 provides a lower
bound for thermal diffusivity for temperatures at or above the order of Debye temperature 7.
Interestingly, this bound appears to be reached for insulators with complex unit cell [15, 18].
Such slow thermal diffusivity has been attributed to be a signature of quantum chaos [19].
Recently, Mousatov et al. [152] have pointed out that the diffusivity bound (Eq. 4.1) can be
understood to be a consequence of the fact that the sound velocity v, is bounded by the melting
velocity vy,. This suggests that the thermal diffusivity in complex oxides where v, approaches
vy could approach the bound in Eq. 4.1. It is also possible that this thermal diffusivity bound
motivated by the connection [17] to the viscosity bound is modified for complex insulators. This
is because the viscosity bound has been shown to be lowered in multi-component fluids [139].
In this paper, we study the thermal diffusion in a model of a strongly anharmonic crystal
and show that in certain parameter regimes the thermal diffusivity can drop below the Planckian
bound given in Eq. 4.1. To simplify the problem, we will assume that the temperature 7" of
the system is high enough that the dynamics of the atoms in the crystal can be approximated as
classical. However, Planck’s constant / enters through the requirement that all phonon frequencies
must be below k57'/h. The model we consider has a unit cell with a large number of atoms with
very anharmonic interactions that lead to incoherent intracell atomic dynamics. We will show
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that these modes contribute negligibly to heat transport, while contributing to heat capacity in a
way similar to Einstein phonons [153]. This reduces the thermal diffusivity of the system. In Sec.
4.3, we will first discuss the complex phonon system in the context of Boltzmann transport theory
and show that thermal diffusivity must obey the Planckian bound (Eq. 4.1) as long as all phonons
are well-defined in the system. In Sec. 4.4.1, we derive an expression for thermal diffusivity of
lattice systems with strongly anharmonic intra-cell dynamics connected by weakly anharmonic
springs. In Secs. 4.4.2 and 4.4.2, we construct and simulate an example of the model discussed

in Sec. 4.4.1 and demonstrate the breaking of the Planckian thermal diffusivity.

4.2 Relevant Aspects in Non-equilibrium Statistical Mechanics

4.2.1 Langevin Equation

In 1828, botanist Robert Brown noticed the irregular movement of Clarkia pulchella pollen
in water. This phenomenon, later termed “Brownian motion,” results from the random motion of
the much lighter particles of the medium that was caused by thermal fluctuations. In general, the

motion of a particle in a Brownian system can be described by the equation,

m— = F(t), (4.2)

where ¥ is the particle velocity and ﬁ(r) represents the force acting on the particle by the
environment. Langevin [154, 155] suggested that this random force Fis composed of a viscous

force —\v that represents the drag at longer time scale, and a rapid fluctuating term 7j. This gives
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the Langevin equation,

v .
m— + \(t) = 17j(t) (4.3)

where the fluctuating term 77 does not correlate with the state of the particle and averages to zero

() = 0. Eq. 4.3 is a stochastic differential equation and due to its linearity, (¢) can be solved

At/m

analytically, which is done by multiplying both sides by e and integrate over time.

t
v(t) = e T {77(0) + % / et'/Tﬁ(t’)dt’] (4.4)
0

where 7 = m/\ is the system’s relaxation time, indicating the time scale over which the average

velocity relaxes to zero. This is illustrated by
(W(t)) = (9(0))e™""" (4.5)
Next, we consider the time evolution of (v?) = (v - ¥),

t t
(V) = e 27 {02(0) + /0 eIty - j(ts))dtydt (4.6)

S—

1
m?
where the cross term vanishes due to (7j(¢)) = 0. To evaluate the integral

t t
- / / I (G(ty) - (tz) dtadts, (4.7
0 Jo

we have to model the noise 77 from the environment. First, the environment is assumed to

be stationary, meaning that the noise correlation should be independent of the absolute time ¢.
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Equivalently, the correlation function must take the form K, (to — t1) = (7(¢1) - 7j(t2)). Next, the
environment should be memory-less beyond some characteristic time scale 7*. As a result, the
correlation should vanish as ¢ becomes much greater than 7*, or K,,(¢ > 7*) — 0. Finally, if we
further assume that the characteristic time is much less than the relaxation time, the integral 4.7

can be well-approximated by

t
Izo/}%ﬁﬁf:oaém—1) (4.8)
0

where C'is the zero-frequency component of the noise auto-correlation function.

C:/wmﬁm (4.9)

Plugging Eq. 4.8 back to Eq. 4.6, we get

Ct
2000\ — 2 2(Me—2t/7 o T (1 _ -2/r
(ve(t)) = v*(0)e + 52 (1—e ). (4.10)
The functional form indicates that the initial squared velocity decays over the time scale 7 and
(v%(t)) approaches a constant value of C'7/2m? as t — oo. We can then make connections
between C' and the temperature 7' through the equipartition principle (v?) = 3kgT /m. That is,

. GkBTm
B T

C

= 6kgT A (4.11)
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Accordingly, we can rewrite Eq. 4.10 as

. 3kgT

(12(1)) = PP (0)e 2+ =22

(1—e2m). (4.12)
which has a stationary solution at the equipartition point (v*(t)) = 3kgT/m.

4.2.2 Mori-Zwanzig Theory

The original Langevin equation presented in Sec. 4.2.1, is formulated as a Markovian
process. This means the future evolution of the system is determined solely by its current state,
not by its past history. In a broader context, considering the relaxation process of the background
medium, the system’s evolution should reflect memory effects. Such systems are better described

by the generalized Langevin equation.
dv _ ! Y A =
me = Kt —t)u(t")dt' + 1 (4.13)
0

with the viscous term —\¢'in Eq. 4.3 is replaced by a non-Markovian drag defined by the memory
kernel K (t —t').

Mori-Zwanzig formalism is a projection-based method to separate the relevant and irrelevant
degrees of freedom of a statistical system to produce the macroscopic equation of motion of the
relevant variable. It demonstrates that the evolution of the relevant variable A(I") defined in the
phase space I' = (p, ¢) takes the common form of the generalize Langevin equation, where the
contribution of the irrelevant degrees of freedom takes the form of a noise term F'(¢) that is

uncorrelated with A. It is important to note that the Mori-Zwanzig formalism does not specify
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the relevant variables which are typically found as the slow degrees of freedom from empirical
observations.
The idea of the formalism is based upon projecting the system variables onto the slow

variables. We define the inner product (X, Y") between two variables X (p, ¢) and Y (7, ),
(6Y) = [ drpnX Oy ) @.14)

where py represents the equilibrium distribution for the system and dI' = d" pd” ¢. For simplicity,
assuming that there is only one relevant variable A(I"), we define a projection operator P to

project a variable onto A,

—~

A B
A, A)

~—

PB A (4.15)

—~

which is the usual form of a one dimensional projection operator for a given inner product.
The projection onto the orthogonal subspace of A is then given by () = I — P, which has the
interpretation of projection to the fast variables. As standard projection operators, P and () are
idempotent and self-adjoint. That is, P* = P,Q* = Q, (PX,Y) = (X, PY), and (QX,Y) =

(X, QY). Following Hamiltonian mechanics, time evolution of the variable A(p, ¢, 1) is given by

dA g
. (E n m) A (4.16)

where 7L is called the Liouvillian that can be represented in terms of Poisson bracket with the

Hamiltonian i = {-, H }. The Poisson bracket is defined as { X, Y} = Zf\il <g—;§ g; - g;i g—;).

Assuming that the relevant variable A(p, ) has no explicit time dependence, the equation of
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motion becomes

dA
i 1LA. (4.17)

As a result, the variable A at time ¢ is related to A at time 0 through the evolution operator ¢,

A(t) = e A, (4.18)

By replacing the A(t) and inserting (P + (), which is equivalent to /, into the right hand side of

Eq. 4.17, the equation of motion becomes,

dA

_ it
i i(P+Q)LA

= PLA + ¢HQLA. (4.19)

The first term corresponds to the drive that is in parallel with A in the phase space. Therefore, it

represents an oscillation in A,

eiPLA = ieiLtM

— iQA(t) (4.20)

where the frequency €2 is given by (A, A)~'(A, LA). Next, to decompose the e'“'iQLA term
into a pair of dissipation term and a random force, we will employ a mathematical identity on

exponential of operators called the Dyson identity. It states that, for a pair of operators X and Y,
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the operator exp{[(X + Y')t]} can be decomposed as
t
e(X+Y)t — €Xt +/ dT GXT Y e(XJrY)(th). (421)
0

Plugging in X = —iQQL and Y = —iPL to Eq. 4.21 and taking the adjoint on both sides of the
equation yields

t
eiLt _ eiQLt +/ dr eiL(t—T) iPL eiQLT (422)
0

where we have used the fact that operators L, P, () are self-adjoint. Plugging Eq. 4.20 and

Eq. 4.22 back into Eq. 4.19, we get

A b ‘ ,
dd—f) = iQA(t) + / dr =T G PL QM QLA 4 @M QLA (4.23)
0

The last term F(t) = e'®™ iQLA = QF(t) is in the orthogonal space of A. Accordingly, it can

be shown that the equilibrium average of F'(¢) A vanishes

= (QF(t),A)

=(F(t),QA) =0 (4.24)

where we have use the self-adjoint property of ) and the fact that QA = 0. As a result, F'(t)

can be identified as a random force. Finally, we will focus on the second term in Eq. 4.23, whose
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integrand involves the term

iPL @M QLA = iPLF(1) = iPLQF (1)

_ (LQF(1),4) , _ (F(7), —iQLA)
(4, 4) (A, A)
(£(7), £(0))

- A A=—-K(1)A. (4.25)

A

Plugging Eq. 4.25 back into Eq. 4.23 and using the fact that A(t) = €'/t A, the equation of motion

for A becomes takes the form of a generalized Langevin equation [156, 157]

%ﬁﬂ = i04() - /Ot dr K(r)A(t = 7) + F(t). (4.26)

and the memory kernel K'(7) is related to the autocorrelation function of the random force in
equilibrium (A, A)~!(F(7), F(0)). Finally, taking the inner product with A on both side, we get

the evolution of the correlation function C'(t) = (A(t), A)

%t) = i0C(t) - /Ot dr K (r)C(t =) 427

It is important to note that (A F'(¢)) = 0 holds only for the equilibrium ensemble py. Therefore,
the two main results of the Mori-Zwanzig theory, given by Eq. 4.26 and 4.27, are limited to

describing fluctuations in proximity to the equilibrium.
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4.2.3 Fluctuation-Dissipation Theorem

From Eq. 4.11, we can see that there is a linear relation between the viscosity coefficient
A and the zero-frequency fluctuation of the random force C'. This result was first discovered by
Kirkwood in 1964 [158] and it is an example of the so-called fluctuation-dissipation theorem,
which states that for every process that dissipates energy into heat, there is a corresponding
fluctuation of a physical quantity of the system at its thermal equilibrium. In this section, we
will derive the fluctuation dissipation theorem through the standard procedure of using the linear-
response theorem [159]. Our derivation here aligns with the steps described in the textbook by
Pathria [160].

To derive the fluctuation-dissipation theorem, it is useful to consider the response of a
physical quantity under weak external drive. We will derive fluctuation-dissipation theorem in
quantum statistics through the linear response theory by Kubo [161], and the classical version
can be obtained by simply sending 7 — 0. We consider a system described by an unperturbed
Hamiltonian H,, with a small time-dependent perturbation from an external field i(t) that couples
with an observable B,

H(t) = Hy — h(t)B. (4.28)

In the absence of the perturbation and at finite temperature, the equilibrium density matrix is

given by

. exp(=fHo)
* ™ Tr (exp (—5Hy))

(4.29)
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and we will use (-) to denote the expectation value in the equilibrium
(A) = Tr (Apo) (4.30)

At presence of the perturbation, the density matrix is driven away from the equilibrium. In the

regime of linear response, we can assume the density matrix to fluctuate weakly around py,
p(t) = po + 0p(1). (4.31)

In the linear response regime, the equation of motion can be written as

op ap 1. 1 . )
L= L [H,p(0) ~ = ([Ho, 60] — h() [B. ) (4.32)

where the higher-order terms in h(¢) and 0p are neglected. In the interaction picture A =

eiHot Je—iHot Eq. 4.32 can be simplified to be

D0pr(t ] R
%() = Sh(®)[Bi(t). ol (4.33)

where the commutation between the equilibrium density matrix and unperturbed Hamiltonian is

used [pg, Hy] = 0. The resulting fluctuation of the density matrix is given by,

-
pult) = [ b) (Bilt) ol (4.34)

where we have assumed the perturbation is turned on in the distant past, or lim, , . h(t) = 0.
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The change in the density matrix can then affect the expectation value of an observable A

(0A(1)) = (A1) — (A)

= Tr (A;(t)5p1(t)) (4.35)

where (A) = Tr(Apo) denotes taking expectation value over the equilibrium density matrix. By

plugging in Eq. 4.34, we get the famous result known as the Kubo formula,

(5A(1) = 7 / Bt ([ Ay (t), B(t')]) dt (4.36)

where the circular property of matrix trace is Used. Kubo formula connects the linear-order
change of an observable A to a perturbative time-dependent drive coupled to the observable B.
In the frequency space, defining the Fourier components 0 A(w) = [ (0 A(t))e™tdt, Eq. 4.36

becomes

/ e / dt'h(t') ([Ar(t), Bi(t)])

—0o0 — 00

o0

= /Ooo drei”<[A1(7),B1(O)])/ dt'e™! h(t)

—0o0

bﬂs.

= Yap(w)h(w) (4.37)

where we have used the stationary property of the equilibrium distribution, ([A;(t), B;(t')]) =

([A;(t —t'), B;(0)]), and h(w) = [.7° h(t)e™!dt is the Fourier component of h(t) at frequency
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w. The generalized susceptibility x 45(w) is then given by

Cap(w) = % /O " dre ™ ([A(r), Br(0)]) (4.38)

Since the correlation function ([A;(7), B;(0)]) is real, the imaginary part of y 45 is given by

Im[{ap(w)] = % /_ h dre™ ([A;(7), Br(0)]) (4.39)

The generalized susceptibility function Y ap(w) of a real physical system has to satisfy two
mathematical properties. First, due to causality, the Y 45(w) should not have any pole in the
upper half plane. Moreover, the magnitude of the susceptibility vanishes above the shortest
characteristic timescale of the system. As a result, Y ap(w) will decay faster than 1/|w| as
w — oo. The combination of the two properties guarantees that the real and imaginary part

are related through the Kramers-Kronig relation [162, 163],

Relane)] = P [

—00

> Im[xap(w')] Ao’ (4.40)

w —w

where P denotes the Cauchy principle value. Eq. 4.40 is a direct result of performing a contour
integral of x ap(w’)/(w — w) over the infinite semi-circle of the upper half plane.

The fluctuation-dissipation theorem connects the power spectrum of the fluctuation of
observables A and B, S4p(w) to the imaginary part of the generalized susceptibility X 45(w). The

power spectrum S4p(w) is defined as the Fourier transform of the correlation function between
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A and B in equilibrium,

Sap(w) = /_ h (§A;(t)6B1(0)) e dt (4.41)

o0

where 00 = O — (O) represents the fluctuation of O about its mean. Next, we consider the

integral on the left hand side of Eq. 4.39,

| e ). o)) = [ e (44(0)B1(0) - Bi0)Ar)

o0 [e.o]

= /_OO dreT (5A;(1)0B1(0)) — (6B(0)6As(T))

[e.e]

(1= e ) /_ T dre T (5A;(7)0 By (0))

o0

= (1 —e"™) Sap(w), (4.42)

Plugin the results back in Eq. 4.39, we get the quantum version of the fluctuation-dissipation

theorem,

Im [Yap(w)] = % (1—e"™) Sap(w) (4.43)

By taking the limit i — 0, we obtain the fluctuation-dissipation theorem in the classical regime,

B w
© 2kpT

Im [XAB(("})] SAB((U). (444)

4.2.4 Green-Kubo Formula for Thermal Conductivity

The thermal conductivity « is a material property denoting its efficiency in conducting heat.

It is defined in the Fourier’s law as the ratio between the generated energy flux, fq, to the gradient
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in temperature 7',

J, = —kVT. (4.45)

Due to energy conservation, the heat flux and energy density u should satisfy the continuity
equation %—7; +V- fq = 0. Together with the fact that dT" = du/C, where C'is the specific heat

per unit volume, Eq. 4.45 can be rewritten as a diffusion equation of the energy density

ou

Fr = D, Viu (4.46)

where Dy, = k/C' is the thermal diffusivity. It is important to note that this diffusion equation,
which is based on Fourier law, applies on large time and length scales. More generally, if we

consider the memory effect and fluctuations in fluid density, the diffusion is described by

t
= / dr’ / dt'D(r — ', t —t') V2u(r',t). (4.47)
0

Considering the fluctuation around the equilibrium du = u — (u), it can be shown that the auto-
correlation function of the of the energy density fluctuation Cs,,(r,t) = (du(r, t)éu(0,0)) follows

similar evolution,
t
80‘5“ (r / / d'D(r — 1t —t') V2Cs(r', 1) (4.48)

Performing a Fourier transform on the spatial coordinate and a Laplace transform on the time

coordinate yields

Csu(k,0)
iw + k2D (k,w)

Cru(k,w) = (4.49)
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where tilde denotes the components of Fourier-Laplace transform over both r and ¢ while the
hat indicates Fourier-transformed components solely in . The thermal diffusivity is related to
D(k,w) by

Dy, = lim lim D(k, w). (4.50)

w—0 k—0

To solve for D we consider the double time derivative on C’au(k, t),

aﬁ <§5u(k, ) Si(—k, 0)>
)

o7 (iL0(k. ) 62(~k, 0))
— (iLou(k,t) — iLéu(—k,0))

~ J0dulk,t) 98u(—k,0)
N ot ot

= k2 ()] a5, 0)) (4.51)

where we have applied the continuity equation in the last equality and assumed 7 /2 rotational
symmetry about each of the x,y, z axis. To make connection with Eq. 4.49, we next take a

Laplace transform of f;(t), which yields,

= / 02Cs, (., t)e s dt
0

= 0,Csu(k,t)e

Oo+s/ e~ 0,Cs, (k, t)dt

0 0

_ se*stégu(k,())‘oo s / =i (ke, 1)t
0 0

= —5Cs,(k, 0) + 5*Cs, (K, 5) (4.52)
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Combining the results of Eq. 4.51 and 4.52 with Eq. 4.49, D(k,w) can be rewritten as

Dk, w) = — IR/ (4.53)

 Culk, 0) + frliw) fiw

By taking the limits in the order specified in Eq. 4.50, the thermal diffusivity can be written as

A

D, — fooo< 42(0, 1) j—q$(070)>dt
= 540, 0) 6a(0, 0))

(4.54)

Finally, by applying the energy fluctuation formula in canonical ensembles (51(0,0) 64(0,0)) =

kgT*C/V, we get the Green-Kubo formula for thermal conductivity [164],

Vv

I{:Dthozm

/ 00<qu(0, t) J_g2(0,0)) dt (4.55)
0

4.3 Thermal Diffusion in the Boltzmann Regime

The thermal transport of a complex phonon system in the classical regime is qualitatively
captured by the Boltzmann transport theory in many cases. Under the relaxation time approximation,
the thermal conductivity «, as derived by Peierls [20], takes a form similar to that from kinetic

theory,
C(7, V(T \)T(q, N) (4.56)

where d is the dimension, ¢ and A\ are the wave vector and mode index, respectively. C' is

the specific heat per unit volume, v is the mode velocity, and 7 is the relaxation time. In the
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classical regime, all normal modes satisfy equipartition principle. That is, T" > hw,., Where
Wmaz Tepresents the highest phonon frequency in the system, and C(, «) can be approximated

by kp/V. In this case, the thermal diffusivity Dy, = 1/ >, C(g, A) is given by

1 0 .
Dip = 5~ ZA @M A), (4.57)

where N represents the number of modes.
The central assumption behind the Boltzmann formalism requires the phonons to be well-
defined. Therefore, the scattering rate 7' should not exceed the frequency spacing between

different modes. Assuming equal level spacing, this further imposes a lower bound on 7(g, A),

N

T(q, \) > (@

> N7p, (4.58)

where the second inequality comes from the classical requirement with w,,,..(¢) being the highest
optical phonon frequency with momentum ¢. That is, the distribution is classical equipartition
rather than Bose-Einstein distribution. 7p = h/kgT is the Planckian time. Plugging in Eq. 4.58
to Eq. 4.56 and taking the fastest phonon velocity to be the longitudinal sound velocity v,, we

can deduce a lower bound for thermal diffusivity within the Boltzmann regime,

Dy, > =v?1p ~ Dp. (4.59)

Therefore, the energy diffusion obtained from Boltzmann transport of phonon will be

bounded by the Planckian diffusivity [15, 17, 150].
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4.4 Model

4.4.1 Thermal transport with Incoherent Intra-cell Dynamics

To go beyond Boltzmann regime, we consider a lattice model with highly non-linear intra-
cell dynamics as illustrated in Fig. 4.1(a). The unit cells are coupled to each other through weakly
anharmonic springs acting on an external degrees of freedom 7 = (r,, 7, 7,) to form a 3d lattice.
Such a model can be considered as a more tractable version of atomic motion in insulators with
complex unit cell where thermal diffusivity close to the Planckian limit has been reported [19],
which will be elaborated in Sec. 4.5.

The spring force acting on the " unit cell (circles in Fig. 4.1(a)) is written as

Fi)= Y fl,0)—f(i—a,a) (4.60)

—

where f(i, ) represents the force from the spring to the « direction of site i

fli,a) = —k(F = Fiua) + A Y (Fui = Tuia) il (4.61)

ue{z,y,z}

with spring constant £ and a weak cubic anharmonicity A. Next, at finite temperature 7', we

assume the intra-cell dynamics to be described by the response function . That is,
i) = [ i - i) .62
where ﬁ represents a force acting on 7; and x(¢) = 0 for all ¢ < 0. Note that since the center
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of mass motion of the unit cell is decoupled from any intra-cell motion, the acoustic phonons at
long wavelength will not be damped efficiently by the intra-cell dynamics. This is the reason for
having to introduce A in Eq. 4.61, which in turn leads to damping of the acoustic modes. In
principle, Egs. 4.60, 4.61, and 4.62 constitute the equations of motion for the unit cells and one
can determine the trajectories 7(¢) by solving them self-consistently.

As mentioned in Sec. 4.3, the Boltzmann formalism does not apply in regimes with ill-
defined phonons such as the case of strongly anharmonic intra-cell interactions. In this case, one

can instead use the discrete version of the Green-Kubo formula in Eq. 4.55, which is given by

1
 kpT?

K

| ar S et + 7). (463

n

where ¢; , represents the heat flux in the o direction at site ¢ which can be written as the rate of
energy transfer across the spring connecting sites ¢ and 7 + «,

f(i, @) - (7_’; + rf?i—l—a)

5 (4.64)

Qi = —

A crucial assumption for the consistency of Eq. 4.64 is that the average power absorbed by the

spring
Gio = —fli ) - (F - ma) (4.65)

vanishes. This is clearly satisfied by the conservative force in Eq. 4.61.
Ultimately, the combination of Eqgs. 4.60, 4.61, and 4.62 is a complex non-linear system

of equations that requires numerical molecular dynamics to solve [165, 166]. However, in the
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limit of weak anharmonicity, the anharmonic part of the force on a spring i.e. fA(z’, a) =
A (rui — Tuita) G can be approximated as being random and uncorrelated FAG, ) =~ i, q).
The mean value of 7j(i, v, t) contributes to thermal expansion [4] and can be set to zero by
shifting the lattice constants. The variance of 77 will be determined self-consistently by solving the
combination of Eqgs. 4.60, 4.61, and 4.62 at finite 7" (see Sec. 4.4.4). A random stochastic driving
force in a spring would violate the vanishing of the average power ¢ absorbed by the spring.
This is remedied by adding a damping term with a coefficient \ determined by the fluctuation-

dissipation theorem as

(nu(i, 0, )y (4, B, 1)) = 2MkpT6,,00,50a,50(t — 1'). (4.66)

where u,v € {x,y, z} represents the different components of the 77. The anharmonic part of the

force approximated as the combination of random and damping terms is written as:

—

A @) = =M = Trya) + 1700, o, 1), (4.67)

The above equation together with Eqs. 4.61 and 4.62 are now linear so that the correlation
functions of the position are Gaussian. The distribution is then completely determined by the
2-point correlation function (r,, ;(0)r, ;(£)), which can be found by solving Eq. 4.60, 4.61, 4.62,
4.66, and 4.67 in a self-consistent way.

Next, we plug the linearized force f(i, &) = —k(7 — Fira) — A(F; — Fiya) + 704, @) back

into the Green-Kubo formula (Eq. 4.55). Due to the isotropy, we simply pick a = x without loss

of generality. Furthermore, the contributions to x from motions in the x, y, z directions are equal.
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This enables us to rewrite x as

3 o0 . N
K = T / dTZ <Qi,z(t)qi+n7x(t + 7')> (4.68)

0 n

where

X

d; » = [_k(rw,i - rw,Hx) - )‘(Uﬂc,i - U:v,iJr:v) + 0" (i, )]

X (vx,i + U:v,i+z) (469)

with v = 7. Approximating the intracell motion to be Gaussian, we can apply the Wick’s theorem,

which allows decomposing the averages of quartic terms as products of two-point correlation
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functions. Considering time-reversal symmetry, the non-vanishing terms are

(00 (D) o (E+ 7)) =
K {[2C0(n, 7) = Cou(n — 2,7) = Coa(n + 2, 7)]
X [2C,0(1n, 7) + Copp(n — 2, 7) + Cop(n + 2, 7)]
H[Cro(n — 2,7) = Con(n+z,7)]
X [Coz(n — 2,7) = Cou(n + x,7)]}
+XH{[2C0 (0, 7) = Cop(n — 2,7) = Co(n + 2, 7)]
X [2Cy(n,7) + Cypo(n — 2,7) + Cyy(n + 2, 7)]
+[Cou(n — 2,7) = Cop(n + 2, 7)]
X [Cop(n — 2,7) = Cop(n + 2, 7)]}

+2Xk5T'6,,06(7)[2C,(0,0) 4+ Cypp(—2,0) + Cyy(x, 0)]. (4.70)

where Cap(n, 7) = (A;(t) Bisn(t + 7)) and the last term corresponds to the contribution from 7).
Substituting Eq. 4.70 into Eq. 4.68 and performing a Fourier transform, the thermal conductivity

can be represented completely in terms of the position-position power spectrum S,.(q,w) =

—

Zj f dre TN Oy, (734, 7)

12
K= (oo /@w w?(k? + WA sin? ¢, [See (G, W)]z
6)\ 2 2 7
_|_? w (1 4+ cos qx)Sxm(Q7 w) (471)
qyw
where [ = [ (373333—“; and the relations Sy = w?Spp, Sov = 1WSae, and Sy = —iwS,, are
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applied.
According to fluctuation-dissipation theorem [159], S,.(q,w) is related to the imaginary

part of the response function by

Im [D(q, w)] (4.72)

7(q,w) = D(§,w)F(T,w). (4.73)

As shown in Sec. 4.4.4, the response function D can be approximated by that of a damped

phonon system which is written as:

1

D(q,w) = , : .
(@) X Hw) + 4k —iwA) D ey sin? ¢, /2

4.74)

The damping coefficient A , which scales linearly in 7" (as derived in the appendix), is related to

the anharmonic force through fluctuation-dissipation theorem [159].

4.4.2 Shell-ball Model for Unit Cell

The response function x in Eq. 4.62 in the last section is determined by the structure of
the complex unit cell in Fig. 4.1. In this section, we consider a specific model for the complex
unit cell consisting of N identical balls with mass m contained in a spherical shell of radius R

with mass M as illustrated in Fig. 4.1. Within each shell, the balls act as point masses that do
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(a) (b)

Figure 4.1: (a)Schematics of our cubic lattice. The orange lines represent non-linear springs.
Each unit cell is composed of free balls (green circles) of mass m moving within a finite mass M
spherical shell of radius R, as illustrated in (b).

not interact with each other and move freely until colliding to the shell, which we assumed to be
elastic.

The shell-ball unit cell is studied by direct simulation. /N point masses with a total kinetic
energy of 3NkpT' /2 are placed randomly inside a spherical shell of radius R. The shell velocity
is inferred by U, = 0. Next, we allow the balls to collide with the shell following energy and
momentum conservation between the two. After each collision, the updated shell velocity as
well as the time of collision are recorded. These data can then be used to calculate the velocity
probability distribution and velocity auto-correlation function. The total number of collisions is
up to 5 x 10° to reach statistical equilibrium after a warmup of 10° collisions. In this work, we
will choose units so that kg7’ = 1 and m = 1. The radius R is chosen to be 10 which is much
larger than the thermal de Broglie wavelength A\, = \/W and the shell mass M is chosen
to be M = m = 1. Fig. 4.3 is the simulation result for N = 40 balls. During our simulation, the
shell motions between collisions are free. Therefore, within the time interval ¢;,; — t; between

the i*" and (i + 1) collisions, the shell velocity ¥; = (v, vy, v,;) is a constant. In this case, it
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Figure 4.2: Velocity probability distribution of the shell coordinate in different directions for
N = 40 obtained from simulation with 5 x 10° collisions. The distribution functions match with
each other and exhibit Gaussian shapes.
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Figure 4.3: (a) The velocity auto-correlation function for N = 40 from simulation with 5 x 10°

collisions (red open circle). Blue dashed line is the inverse Fourier transform of the fit in the

momentum space, as shown in (b). (b) Velocity-velocity power spectrum (red open circle) and
rational fit to the data (blue dashed line).

is straightforward to define the velocity distribution as

Pa(v) =) %5 (Vaji —v) (4.75)

i

where o € {z,y, 2z} labels the components of the velocity and 7" = t; — t, is the total time.
To get a smooth probability distribution, we broaden the ¢ functions by Lorentzians with width
I' = 0.5. The result for N = 40, number of collisions = 5 x 10° is shown in Fig. 4.2. As can
be seen, the velocity distributions in the x,y and z directions match with each other, indicating
that our simulation has reached statistical equilibrium. More importantly, the Gaussian nature
of P,(v) validates the application of linear response theorem on the shell coordinate 7;. The
red open circles in Fig. 4.3(a) show the average over the velocity auto-correlation functions of

the shell along z, y, and 2 relative to the center of mass. By taking the Fourier transform, we
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obtain the velocity-velocity power spectrum as shown in Fig. 4.3(b). As expected, there is only
one broad peak which locates at around the collision frequency of a single ball with the shell.
This suggests that the intra-cell motion is mostly incoherent. To get a functional form for the
power spectrum, we perform a rational-function fit on the data in Fig. 4.3(b). The resulting fit
and its inverse Fourier transform are plotted as blue dashed line in Fig. 4.3(b) and Fig. 4.3(a),
respectively.

As shown in Fig. 4.2, the velocity distribution of the shell is Gaussian. Therefore, we
expect the response of the shell coordinate 7 to external forces to be linear, consistent with Eq.
4.62. Using fluctuation-dissipation theorem on SV (w) = SY (w)/w? and the Kramer-Kronig
relation, we can obtain the imaginary and real parts of the response function y,.(w) of the relative

coordinate Tspe; — Teoms

I [xr ()] = 550 (@)
Re [y (w)] = % / ) dw’w. (4.76)

Taking the center of mass motion into account, the response function of the shell coordinate to

external force is given by

1 n N
N+1w? N+1

X(w) = 1 xr(w). 4.77)

The real and imaginary parts for y with N = 40 balls are shown in Fig. 4.4 where the divergence

at w — 0 comes from the contribution of the center of mass motion.
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Figure 4.4: Real and imaginary parts of the response function x(w) of the shell coordinate to an
external force for N = 40 balls.

4.4.3 Acoustic Phonons in the Shell-ball Model

In the limit of the highly overdamped complex shell-ball model discussed in Sec. 4.4.2, the
heat transport turns out to be dominated by acoustic phonons. From the Boltzmann transport
equation Eq. 4.56, the transport properties of the acoustic phonons are determined by their
dispersion w(g) and damping rate 7-'(§). In the limit of weak damping, the acoustic mode is

described by a phonon dispersion relation

4k in?q, /2
w(q) = \/ Ej@sflq / (4.78)
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with a broadening or inverse lifetime

_2A 3, sin? g, /2

—1
T () N +1

4.79)

Note that the damping is quadratic in the long-wavelength limit, which is consistent with
the Akhiezer’s damping [167]. However, microscopically, we considered the acoustic phonon to
be underdamped, or wr > 1. This contrasts the regime for Akhiezer’s mechanism (wr << 1),
which is needed for the viewpoint of static lattice distortion at the timescale of relaxation. The
choice of k and A is restricted by the assumptions of our framework. That is, the acoustic phonon
cannot be overdamped by A, or 771(§) < w(q), and the acoustic phonon frequency cannot exceed
kT = 1. By substituting Eqs. 4.78 and 4.79 to the constraints above, we get the following

conditions for the spring constant £ and damping constant A:

6 12k

<1, (4.80)

where the extreme case of ¢ = (7, 7, 7) is taken.

For our numerical computation, we choose a set of parameters consistent with the constraint
ie. K = 2and A\ = 2 for N = 40 balls used in the calculation of chi in Fig. 4.4. In Fig.
4.5(a), we plot the imaginary part of the phonon Green’s function D(q,w) along ¢ || (1,1,1) in
frequency-momentum space. As can be observed in bright color, the phonon Green’s function
exhibits a single coherent mode, while all the other degrees of freedom are incoherent. A
vertical cut along ¢ = 0.8, as indicated by the red dashed line, is shown in 4.5(b). Besides

the coherent Lorentzian peak, we can observe a broad background contributed by the incoherent
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modes around frequencies close to the peak in Fig. 4.3(b). Next, the real and imaginary part of
the corresponding poles, denoted by wy, is shown in 4.5(c) and 4.5(d). First, we confirm that the
frequency and lifetime is in the desired regime by satisfying [Im|w;|| < Re[ws] < 1. Next, they
fit to the analytic form in Eqgs. 4.78 and 4.79 (orange dashed line) at long wavelength, where the
motion is mostly in-phase. This further confirms that this mode possesses the properties of the
sound mode. In fact, the coherence of sound mode at long wavelength is expected due to the

translational symmetry in our system.

4.44 Effective Damping from Cubic Anharmonicity

To work in the regime where the internal force described by Yy is linear, we consider the
spring force from thermal fluctuation to be weaker than the force ¢ from intra-cell dynamics, that
is, k - kgT < (¢?). In the harmonic limit (A — 0), the response function in momentum space

defined by is given by

1

— 4.81
@) 1 k@ (81

where x(w) is the Fourier transform of x (), k(q) = 4k >~ e, sin? q, /2 is the spring force in
momentum space. Since the center of mass coordinate of each unit cell is free from the intra-cell
force, there will be well-defined acoustic phonon peaks in Dy at long wavelength.

From a perturbative picture, the appearance of anharmonicity gives rise to broadening in
these coherent peaks through an effective damping force, =\ . {w’z}(Qﬁ - ﬁ-m — ﬁ_a) on ;.
At finite temperature, the anharmonic force can be thought of as a driving force on the harmonic

oscillator. At a timescale larger than the correlation time of the anharmonic force f A(i, ), one
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can approximate the anharmonic force by a stochastic random force 7j(¢) with correlation function

given by

<77u(t)77v(t/>> = ggu,v(s(t - t,) (482)

where g is the fluctuation strength that is given by the correlation function of f A3, ),

9= /Z dr <f114(2’ a,t+7) fa (4, 047t)>0 - <qu(i,oz,t)>(2), (4.83)

where (-), denotes expectation values taken in the harmonic limit. Due to the isotropy, v can be
taken as either the x, y, or z component of the non-linear force in Eq. 4.61. By applying Wick’s

theorem, g can be written in terms of the power spectrum in the following integral form.

g = 32A? / Z—:I(w)z(—w),

d? u ,
I(w) = / ﬁ 3 sinQ% So.0e (@, W) (4.84)

The effective damping A is then given by the following form according to fluctuation-dissipation

theorem [159]:

9
)\ =
2kpT

(4.85)

Note that since g is quartic in displacements (Eq. 4.83), according to the Wick’s theorem and
the equipartition principle, we expect g to scale as T2. Together with Eq. 4.85, the scaling of

damping is A ~ 7. In the linear response regime, including the effect of \ into the Dy(q, w)

143



gives the full response function,

1
Dy ' (q,w) — 4iwA Y, sin® ¢, /2
1

N X Hw) +4(k —iwX) ), sin® Qu/2 (4.86)

where u sums over x, ¥, z.

4.4.5 Sub-Planckian Thermal Diffusivity

We are now ready to compute the thermal diffusivity of the shell-ball model. By plugging in
the position-position power spectrum S, (¢, w) = (2kgT /w)Im|[D({,w)] into Eqs. 4.63 and 4.64,
we can obtain the thermal conductivity x. Next, according to equipartition principle, the specific
heat per unit cell is 3Nkp /2. This gives the thermal diffusivity of our system Dy, = 2k/3Nkp.
On the other hand, since a coherent sound mode exists, the Planckian thermal diffusivity Dp =

v27p is well-defined.

Dp = ——. (4.87)

For the parameter set considered here (N = 40, k = \ = 2), the resulting D), ~ 8.13 x 1073,
which is below the Planckian bound Dp ~ 4.88 x 1072. As a result, we have demonstrated a
system with sub-Planckian thermal diffusion.

The mechanism for breaking the Planckian bound here is quite simple. Thermal diffusivity
is defined as Dy;, = k/c,. For an N-degree-of-freedom unit cell, the specific heat per unit volume

scales with V. However, since the phonon Green’s function shows only one coherent peak (See
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Fig. 4.5(b)) corresponding to the acoustic mode, the optical phonons are incoherent. This is
a direct consequence of the highly non-linear intracell dynamics. Due to the small relaxation
time, these optical modes does not contribute significantly to the thermal conductivity and we
expect the majority of the heat current to be carried by acoustic phonons. In this case, the thermal
conductivity « is only related to N implicitly through the sound velocity x ~ vs(N)% As a
result, the scaling of thermal diffusivity with N is roughly Dy, ~ v,(N)?/N. Therefore, we
expect such scenario could attain D,;,/ Dp that scales with inverse the number of balls and sub-

Planckian thermal diffusion will appear in the large-/NV regime.

4.5 Discussion and Conclusions

The shell-ball model discussed here may be instructive for understanding the experimental
results on Planckian thermal diffusion in materials with complex unit cells with a large number of
atoms. In Ref. [19], it has been pointed out that the insulators which presents thermal diffusivity
close to Dp, such as the perovskites, usually exhibit complex unit cells. On the other hand, the
insulators with simple unit cell usually have much larger value for Dy, /Dp. This observation is
consistent with our model, where the heat diffusivity is suppressed by the large c, from the large
degrees of freedom N within each unit cell, while the heat conductivity « does not scale linearly
with N. Our model, unlike most holographic models, presents a low energy spectrum described
by the coherent acoustic phonons. At low temperature, the thermal energy is carried by these
excitations, leading to efficient heat diffusivity well above the Planckian bound. However, as we
show, higher temperatures spread out the energy to higher frequency incoherent modes that are

not efficiently transmitted, which results in suppressed heat diffusion below the Planckian bound.
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Figure 4.5: (a) Logarithm of the imaginary part (color) of the phonon Green’s function in the
frequency-momentum space for ¢ || (1,1, 1), where a coherent mode is visible. (b) The vertical
cut of (a) along ¢ = 0.8. (c) and (d) Blue solid lines: Real and imaginary part of the poles
ws(q,q,q) along g || (1,1,1) that corresponds to the peaks in (a). Orange dashed lines: The
corresponding analytic form from Egs. 4.78 and 4.79.

146



At intermediate temperature where some of the optical phonons are not thermally activated, we
expect quantum behaviors to appear. Similar mechanism has been suggested in Ref. [19] to
account for the appearance of / in the thermal diffusivity above Debye temperature. In addition,
the intra-cell dynamics in our model is chaotic by nature due to strong non-linearity. This can
also be connected to the proposal raised in Ref. [19] that the optical phonons in the Planckian
materials likely exhibit chaotic dynamics. Finally, the scenario presented above suggests a
smaller bound for thermal diffusivity that is roughly Dp/N. This behavior is consistent with
the suppression of the viscosity bound in multi-component fluids [139]. Given the degrees of
freedom in the unit cell of the Planckian materials, this is only within one order of magnitude
to the measured Dy,. Therefore, we expect our discussion in Sec. 4.3 to be a useful aspect to
explain the Planckian diffusion in experiments.

Recently, Ref. [152] has suggested a diffusion bound based on the melting temperature.
Specifically, the melting temperature 7, would give rise to a velocity upper bound v,; which
then forces a lower bound to the phonon lifetime by using [/v,,, where [ is the phonon mean
free path. If we introduce a melting temperature 73, to our shell-ball lattice, a bound on the
characteristic frequency wy = \/m < Ty will appear so that the energy scale from
quantum fluctuation on the springs does not cause the lattice to melt. The appearance of this
bound can affect the Planckian diffusion bound (Eq. 4.1) in two possible ways. First, there
will be a bound on the sound velocity which is given by aw,. However, considering the ratio
Dy, / Dp, since the sound velocity affects both Dy, and Dp in the same way, it does not influence
the breaking of Planckian diffusivity. Secondly, the bound on w, will also set an upper bound for
the phonon frequency w(q). To stay in the regime where the acoustic phonons are well-defined,
the momentum-dependent relaxation time 7(¢) will be bounded from below. Nevertheless, since
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the melting temperature should be a property of the intercell bond, such bound on lifetime should
not depend on the internal property of the unit cell. As a result, the thermal diffusivity should
still scale as 1/V as the number of intra-cell degrees of freedom increases.

The mechanism for sub-Planckian heat diffusivity here constitutes of large number of
uncorrelated phonons that contributes to entropy but not heat transport. It is interesting to
note that these ingredients can also show up in amorphous solids or glasses. Nevertheless, the
disorder in these systems does not guarantee fast thermalization. Specifically, one can imagine the
appearance of many harmonic modes in a disorder system that does not relax energy. In contrast,
due to the strong nonlinearity of our system, the energy in a phonon excitation would relax rapidly
to equilibrium. In the regime above the loffe-Regel limit, we believe the breaking of Planckian
bound to be also possible in amorphous solids or glasses following the mechanism presented
in our system. In fact, the possibility of reaching the Planckian bound has been discussed in
Ref. [15]. However, thermal conductivity simulations of such systems require sophisticated
method [168]. The model we present here utilizes the timescale separation between intercell
and intracell motion, enabling the perturbative approach. Therefore, it can be simulated in a
straightforward way.

Even though the mechanism for sub-Planckian heat diffusivity here is rather simple in
the sense that it arises from an extra contribution to heat capacity from optical phonons, this
mechanism involves transport of heat without the presence of well-defined waves. The anharmonic
nature of interactions of the balls in the shell can be viewed as a strongly interacting (although
classical) phonon system which is very inefficient in carrying the stored entropy. Understanding
the temperature dependence of our results would require us to go to lower temperatures where

some of the higher frequency dynamics would “freeze” out as the Bose-Einstein distribution

148



replaces the equipartition theorem. However, this regime is beyond the validity of our formalism
and provides an opportunity for studying quantum chaotic dynamics. In this case, it becomes a

difficult quantum many-body problem where the present approach is invalid.

149



Chapter 5: Conclusion

Transport properties of a condensed matter system is one of the most important experimental
probes for its microscopic physics. While the BTE accurately describes conventional transports,
it falls short in modern condensed matter physics, particularly in topological phases, extreme
parameter regimes, and lower dimensions. In this thesis, we discussed three systems showing
responses beyond the Boltzmann framework.

In chapter 2, we introduce a new family of systems that hosts Majorana zero mode without
the need of an external magnetic field or topological insulator [169]. Interestingly, when the
wave functions of the two Fermi surfaces are localized to the opposite ends in the z direction, as
is the case with HgTe, the 2DEG on one side of the Josephson junction can become a class DIII
topological superconductor when ¢, or ¢, becomes 7. In this case, helical Majorana edge states
can carry ballistic heat flow with central charge 1/2 around its edge, which is a direct result of
quantum coherence of Majorana modes.

In chapter 3, we provide a theoretical description of the coherent phase mode of a Josephson
junction chain that is in the insulating side of the SIT [170]. Through focusing on the exactly
solvable point at Luttinger parameter X = 1, we show that the soliton-antisoliton pair in the sine-
Gordon model presents a series of peaks in the polarizability that has a natural broadening due

to the finite soliton mass arising from quantum phase slip. The soliton-antisoliton peaks exhibit
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asymmetric shapes that is distinct from that of normal photonic excitations. Upon including
disorder to the system, the low-frequency soliton and antisoliton becomes Anderson-localized,
which manifest themselves as random peaks in the polarizability, while the high frequency responses
remain coherent. At low temperature, the transport in this system is dominated by localized
states, which is often described by the variable range hopping models. On the other hand, at
high temperature, the contribution from the coherent modes dominates and the transport property
becomes Boltzmann-like again.

In chapter 4, we introduce a purely classical system with a mechanism to break the Planckian
thermal diffusion bound [171]. The Planckian diffusion is characterized by the Planckian relaxation
time 7p = h/kpT. Pairing with the requirement for classical phonon, w < kgT), it is clear that
phonon in these systems are overdamped, thereby invalidating the Boltzmann transport theory.
We studied a lattice system made up of unit cells consist of a shell containing N balls. The
unit cells are are then connected by weakly anharmonic springs into a three dimensional lattice.
The mechanism for breaking the Planckian diffusion is based on the highly incoherent intracell
dynamics while the sound mode remains coherent. In this case, the thermal energy that scales
with N within a unit cell has only a single channel to transport heat. This idea is conceptually
similar to the suppression of the viscosity bound in multi-component fluids by Kovtun, Son, and
Starinets [139]. At large N, our proposal reduces the diffusivity bound to Dp/N, where Dp is

the Planckian diffusivity.
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