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Autonomous systems are widely used in crucial applications such as surveil-

lance, defense, firefighting, and search & rescue operations. Many of these appli-

cation require systems to satisfy user-defined requirements describing the desired

system behavior. Given high-level requirements, we are interested in the design of

controllers that guarantee the compliance of these requirements by the system. How-

ever, ensuring that these systems satisfy a given set of requirements is challenging

for many reasons, one of which is the large computational cost incurred by having

to account for all possible system behaviors and environment conditions. These

computational difficulties are exacerbated when systems are required to satisfy re-

quirements involving large numbers of tasks emerging from dynamic environments.

In addition to computational difficulties, scalability issues also arise when dealing

with multi-agent applications, in which agents require coordination and communica-

tion to satisfy mission requirements. This dissertation is an effort towards address-

ing the computational and scalability challenges of designing controllers from high-

level requirements by employing reactive synthesis, a formal methods approach, and



combining it with other decision-making processes that handle coordination among

agents to alleviate the load on reactive synthesis. The proposed framework results

in a more scalable solution with lower computational costs while guaranteeing that

high-level requirements are met. The practicality of the proposed framework is

demonstrated through various types of multi-agent applications including firefight-

ing, fire monitoring, rescue, search & rescue and ship protection scenarios.

Our approach incorporates methodology from computer science and control,

including reactive synthesis of discrete systems, metareasoning, reachability analy-

sis and inverse reinforcement learning. This thesis consists of two key parts: reac-

tive synthesis from linear temporal logic specifications and specification inference

from demonstrations of formal behavior. First, we introduce the reactive synthe-

sis problem for which the desired system behavior specifies the method by which

a multi-agent system solves the problem of decentralized task allocation depending

on communication availability conditions. Second, we present the synthesis prob-

lem formulated to obtain a high-level mission planner and controller for managing a

team of agents fighting a wildfire. Third, we present a framework for inferring linear

temporal logic specifications that succinctly convey and explain the observed be-

havior. The gained knowledge is leveraged to improve motion prediction for agents

behaving according to the learned specification. The effectiveness of the inference

process and motion prediction framework are demonstrated through a scenario in

which humans practice social norms commonly seen in pedestrian settings.
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Chapter 1: Introduction

1.1 Motivation

Modern autonomous systems, operating in dynamic environments, are often

required to satisfy a user-provided set of high-level requirements describing the de-

sired system behavior. An expressive and powerful speci�cation language of linear

temporal logic (LTL) is used throughout this dissertation to specify these require-

ments. A bene�t of using a formal language like LTL is the existence of many

methods and tools that provide automatic synthesis and veri�cation of the system

behavior for problems involving a wide range of requirements. Reactive synthesis,

for instance, is a method for generating controllers of complex systems using formal

speci�cations written in LTL. The primary bene�t and motivation for research using

this method is the correct-by-construction attribute: the synthesized controllers take

into account system and environment variables with varying dynamics and initial

conditions, and are guaranteed to meet the speci�cations for a system, assuming the

environment behaves as formally described. Hence, programmers are not required

to \handcraft" individual behaviors of a system under speci�c conditions (of which

are often error prone) and can instead focus on de�ning the system and speci�ca-

tions in relation to an environment. The major di�culty of using reactive synthesis
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is the computational burden in dealing with large numbers of environment and sys-

tem variables, especially observable when considering dynamic environments. This

primarily stems from the state explosion that occurs when analyzing all possible

interactions between the system and environment. In this thesis, we will address

some of the challenges that arise when applying reactive synthesis to design control

protocols for multi-agent systems. Some of these challenges include computational

complexity, scalability, unreliable communication, and presence of obstacles in the

environment.

We are also interested in the inverse problem of reactive synthesis, which is,

given demonstrations of behavior satisfying some unknown formal speci�cation, our

goal is to infer the speci�cation that best conveys the demonstrated behavior. Con-

sider as a motivating example a scenario in which an agent attempts to satisfy a

speci�cation stated as, \reach a yellow tile while avoiding red tiles" (see Fig. 1.1).

By observing multiple demonstrations of the agent's behavior, operating in stochas-

tic settings, our goal is to infer the speci�cation that succinctly conveys and explains

the agent's intent. Often, there is no \correct" answer, and the task speci�cation is

best described as a belief over multiple LTL speci�cations. Learning the most likely

LTL speci�cations from the observed behavior can be leveraged to enable arti�cial

agents to learn to perform the same task as the demonstrator without requiring

the user to explicitly provide speci�cations or objectives in advance, which can be

nontrivial and time intensive [96]. Furthermore, if the inferred behavior is expressed

as an LTL speci�cation, this speci�cation can be used to automatically synthesize

a policy for agents to execute. In addition, inference results can be leveraged to im-
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prove motion prediction for agents performing the learned task. This work primarily

focuses on leveraging inference results for improving motion prediction of humans.

The practicality of the proposed inference framework is demonstrated through a sce-

nario in which humans practice social norms commonly seen in pedestrian settings.

This thesis proposes that by inferring social norms that govern human's motion be-

havior, we can gain a clearer understanding of the intent of the human and account

for the learned knowledge in the computation of the belief over the human's future

states.

Figure 1.1: Example of an agent demonstrating its intent to satisfy the speci�cation
\reach a yellow tile while avoiding red tiles" (adapted from [100]).

1.2 Related Work

Formal methods have been extensively studied in both computer science and

control. These approaches rely on applying mathematically-based techniques in

proving system correctness [65]. A challenge in the formal methods domain lies in

the combinatorial blow up of the state space, commonly known as the state explosion

problem. Recently, the development of a polynomial-time algorithm to construct

�nite state automata from temporal logic speci�cations enables automatic synthesis

of discrete systems that satisfy a large class of properties including safety, guarantee

and response even in the presence of an adversary (typically arising from changes
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in the environments) [82]. Literature refers to this polynomial-time algorithm as

reactive synthesis. Applying reactive synthesis requires obtaining abstractions of

dynamical systems usually done via abstraction-based hierarchical approaches [60],

[61], [64]. For problems considering a large number of system and environment

states, a high-level controller created with just reactive synthesis could quickly

present an impractical solution. Indeed, research has largely avoided using reac-

tive synthesis for problems with a large number of environmental variables. When

the high-level design of a system involves large scale environmental permutations

and state spaces, solutions typically seek to discretize the synthesis problem or ap-

proach the problem from a di�erent perspective. Discretization appears in the use

of receding horizon control in [63] and the use of decentralized controllers for mul-

tiple agents in [15]. Both examples break down the top-level synthesis problem into

smaller, discrete pieces for the computation bene�ts. On the other hand, [16] ap-

proached their synthesis problem with a focus on resolving deadlock under speci�c

environment conditions instead of directly avoiding dynamic obstacles. In each of

the presented cases, the problem description focused on a limited task space (i.e.

the number of progress goals) and how the solution can handle larger sets of actions

from an environment in relationship to safety speci�cations.

Further expanding this concept to a whole team of UAVs, the problem worsens

due to an increase in the number of system variables proportional to or greater than

the number of UAVs, if considering centralized controllers. Even with decentralized

controllers for each UAV, additional system variables might need to be introduced

to describe coordination and behaviors between the decentralized UAV controllers.
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To alleviate the computational complexity on reactive synthesis in this regard, the

coordination of UAVs can be handled by an alternative process. In this thesis, we

have proposed dynamic allocation as the alternative process for a �re�ghting ap-

plication and decentralized task allocation for surveillance and search and rescue

applications. Thus, we tackle di�erent synthesis problem formulations with varying

levels of computational complexity by applying reactive synthesis within a metarea-

soning framework. In this framework, each agent in the team adopts a multi-layer

reasoning model consisting ofmetareasoning, reasoningand doing. At the reasoning

layer, we apply reactive synthesis to generate a task and path planner for each agent.

At the metareasoning layer, we employ reactive synthesis to generate a multi-agent

metareasoning policy.

Metareasoning research encompasses various approaches to reason about one's

own thinking, memory and processing in order to control di�erent aspects of rea-

soning such as strategy selection and allocation of resources. In the context of

cooperative MAS, metareasoning approaches have been applied to coordinating the

agents' behavior, bringing new challenges as a result of agents performing additional

reasoning from which bene�ts gained might depend on the reasoning and behaviors

of other agents [49]. For instance, Raja and Lesser [38] framed multi-agent metarea-

soning as a decentralized coordination problem in which agents maintain a model of

each other's meta-level control and coordinate the use of their reasoning resources.

George et al. [52] investigated an organizational design approach to coordinate both

the agents' behavior and their reasoning by identifying high-performing behavioral

patterns and prohibiting agents from reasoning about behaviors counter to these
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patterns. The e�ectiveness of metareasoning was shown in [39] for coordinating a

team of agents in a tornado tracking application, while [33] applied a centralized

controller to coordinate agents with limited communication among them. In con-

trast to these metareasoning approaches which try to dynamically assess the bene�t

of additional reasoning at the cost of computational complexity, the metareasoning

policy proposed in this thesis is trained completely o�ine and synthesized from LTL

speci�cations, limiting the computational e�ort required for online execution of the

policy.

1.3 Organization of the thesis and Summary of Contributions

The work in this dissertation is focused on synthesizing controllers from user-

de�ned system requirements. The concept of system here refers to autonomous

systems (e.g. UAVs, humans). A simple motivating example is a �re�ghting scenario

in which a team of UAVs is tasked with monitoring and dropping suppressant on

designated �re locations, returning to base for re�lling suppressant, and emergency

landing when a system failure is detected. For such scenario, we are interested

in synthesizing a high-level planner that a team of UAVs can execute to satisfy

the given requirements within a formal methods framework. The key bene�t of

such framework is the formal veri�cation of the system behavior, governed by the

synthesized controller, with respect to the given requirements.

In this thesis, we consider single and multi-agent systems and their application

to modern day operations such as surveillance, �re monitoring, search and rescue
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and ship protection operations. For Part I of this thesis, we explore multi-agent

systems and adopt for each agent a multi-layered model with three di�erent layers

of reasoning. This enables us to formulate the problem of controller synthesis at each

layer of reasoning and demonstrate the bene�ts and challenges of applying a formal

methods approach to solve for a controller with formal guarantees. For Part II of

this thesis, we consider single-agent systems in which the agent is assumed to be a

human. Here, we are interested in analyzing the human's motion behavior satisfying

an LTL speci�cation in pedestrian settings. Our goal is to infer the speci�cation

that best explains the observed pedestrian behavior.

Thus, the research presented here consists of two key componentscontroller

synthesisapplied at each layer of reasoning andspeci�cation inference from demon-

strations of formal behavior. Speci�cation refers to a precise description of both the

system and its desired properties. To simplify the analysis of the system, we apply

hierarchical based abstractions techniques to capture only the relevant aspects of

the system [53].

This thesis has two main parts. The �rst part focuses on the controller syn-

thesis aspect while the second part focuses on the speci�cation inference aspect.

Speci�cation is mentioned in both parts as a key requirement that enables sys-

tematic veri�cation and design. The original contributions of this work cover both

theoretical and application aspects as outlined below.

Chapters 2 summarizes relevant concepts on metareasoning, linear temporal

logic and reactive synthesis. A brief overview of LTL notation is also provided

along with the type of speci�cations that are considered throughout this work. This
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chapter ends with the general formulation of the reactive synthesis problem along

with the system and environment de�nitions.

Part I: From LTL Speci�cations to Formal Behavior

Chapter 3 contains the main contributions of the part of the thesis describing

the controller synthesis problem formulated at the meta-level layer of each agent

in a MAS. Here, the goal of controller synthesis is to generate a metareasoning

policy (meta-level control) from LTL speci�cations encoding the team's prescribed

behavior for task allocation as a function of the observed communication quality

in the environment. By applying reactive synthesis to generate the meta-level con-

trol, we obtain a policy that is correct-by-construction with respect to these LTL

speci�cations. Speci�cally, the contribution of this part of the thesis with respect

to applying reactive synthesis is the appropriate �nite state abstraction for the sys-

tem and environment such that the complexity of the problem is kept low. The

organization of this chapter is as follows. First, it describes the decentralized task

allocation algorithms that each agent can execute to coordinate tasks with other

agents in the system. This description is followed by a discussion of the communi-

cation model used to simulate varying levels of communication as well as a detailed

description of each type of task allocation scenario considered for evaluation of the

policy. Then, we present the metareasoning framework within which the reactive

synthesis problem is formulated and solved. For each scenario, we demonstrate that

the proposed multi-agent metareasoning approach achieves enhanced performance
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(i.e. lower communication and travel costs) when solving the problem of decentral-

ized task allocation compared to running a single task allocation algorithm. The

material presented in this part of the thesis has been submitted and published in

[6] and [32], respectively.

The main contribution of Chapter 4 is in the application of reactive synthesis

at the object-level layer of each agent in a MAS. Here the goal of controller synthesis

is to generate a high-level mission planner and controller for managing unmanned

aerial vehicles (UAVs) �ghting a wild�re through the hierarchical integration of

reactive synthesis, used for assuring desired system design traits, and dynamic allo-

cation, used for making heuristic-based decisions. This hierarchical approach makes

the synthesis problem more tractable and its solution more scalable. Reactive syn-

thesis provides a formal means of guaranteeing the correctness of the UAVs' choice

of object-level actions corresponding to its transitions to areas of �re, re�ll of water,

and land as de�ned by the linear temporal logic speci�cations. Dynamic allocation

coordinates the behavior of multiple UAVs through assignments to regions of �re

based on a cost function that takes into consideration the �re locations relative to

a UAV, distance to the domain edge, wind speed and direction, and the amount of

suppressant already present. The use of receding horizons in the reactive synthesis

formulation helps address the computational complexity challenges. Modi�cations

to these horizon de�nitions guarantee that the scenario still maintains the overall re-

alizability of the formal speci�cations after the inclusion of static obstacles. Through

various scenarios, we demonstrate the e�ectiveness of multiple UAV 
eets in slowing

down the progression of �res from reaching the domain edge. The material presented
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in this part of the thesis has been published in [7].

An additional contribution of Chapter 4 is the implementation of a low-level

controller using Hamilton-Jacobi (HJ) reachability analysis. Hamilton-Jacobi (HJ)

reachability analysis is a veri�cation method for guaranteeing performance and

safety properties of systems [25]. The focus of this dissertation is to to provide

safety guarantees and assurances for the UAV executing the discrete transitions

dictated by its object-level layer assuming continuous dynamics with disturbance

assumptions.

Part II: Speci�cation Inference From Formal Behavior

Chapter 5 shifts focus towards speci�cation inference from demonstrations of

formal behavior. Speci�cally, we evaluate and compare three state of the art infer-

ence approaches within an Inverse Reinforcement Learning framework to identify

the best performing approach. The inference methods are compared in terms of

overall run-time including training time, output type, and main drawbacks. Once

the best performing method is identi�ed, extensions are proposed to automatize

training data generation and improve the inference process in an iterative manner.

The �rst contribution is the systematic construction process of an initial hypothesis

space of speci�cations. The second contribution is a process of re�nement applied

to systematically perturb likely speci�cations to �nd more complete speci�cations

that capture the demonstrated behavior. The third and last contribution is a hu-

man motion prediction framework that uses the inference results to set priors for all
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possible known goals that the human is expected to visit. Through various scenar-

ios that demonstrate behavior satisfying di�erent LTL speci�cations, we show the

e�ectiveness of the inference process in obtaining the correct LTL speci�cation and

enhanced human motion prediction results in terms of a larger posterior probability

for the human's intended goal.
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Chapter 2: Background

This chapter provides background for later chapters. This includes a descrip-

tion of the relevant concepts of metareasoning and an overview of linear temporal

logic and reactive synthesis.

2.1 Metareasoning

Metareasoning research encompasses various approaches to reason about one's

own thinking and decision making process. The goal of metareasoning in monitoring

and controlling an agent's reasoning is to improve system performance while reduc-

ing computational e�ort. Extending this concept to multi-agent systems (MAS) has

led to multi-agent metareasoning, a process whereby a team of agents collectively

reasons about the team's decision making process. In MAS, the goal of metar-

easoning is to improve performance of the MAS instead of the individual agent's

performance.

The general metareasoning framework is outlined in [51], which presents a

multi-layered agent model (see Fig. 2.1). Within this framework, three types of

actions can be considered:meta-levelactions, object-levelactions andground-level

actions, which we will refer to aslow-levelactions (to avoid confusion with the use of
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the term \ground-level" in UAV applications) . These actions are de�ned as follows:

1. Low-level actions: These actions are performed by each agent to change its

state in the environment. Examples of such actions are movement, communi-

cation and sensing.

2. Object-level actions: These actions correspond to computational processes that

output the low-level action to be performed by the agent to achieve its goal.

3. Meta-level actions: These actions are used to analyze and improve the perfor-

mance of object-level actions.

Figure 2.1: Multi-layered agent model [51].

In general, metareasoning approaches for MAS can be categorized by the type

of metareasoning structure, problem, and mode they consider [92]. The metar-

easoning structure describes the way in which metareasoning is implemented to

reason about a problem through a metareasoning mode. The mode describes the

output from the metareasoning process. In this thesis, we consider the problem of

multi-agent coordination. We propose the use of metareasoning to reason about

the appropriate algorithm the agents should use when communication availability

changes. Our metareasoning approach adopts an independent metareasoning struc-

ture, in which each agent in the team has its own meta-level control, which performs
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metareasoning independently from other agents. Fig. 2.2 shows the independent

metareasoning structure with independent meta-levels that do not communicate or

coordinate with each other. Instead, communication and coordination happen at

the object level.

Figure 2.2: Multiagent independent metareasoning structure withn agents that
communicate at the object level [92].

Furthermore, at each layer of reasoning, this thesis designs a correct-by-construction

controller synthesized from high level requirements written in Linear Temporal Logic

(LTL). LTL provides a precise mathematical language for describing the desired re-

quirements.

2.2 Linear Temporal Logic

Linear temporal logic (LTL) is utilized for describing speci�cations within the

formal methods framework. In this thesis, we use speci�cations involving temporal

logic, which is an extension of Boolean logic with temporal semantics. There exist
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multiple variations of temporal logic languages. LTL is one of the most commonly

used languages in the context of robot behavior synthesis. We choose this language

because of its expressiveness and the existence of e�cient synthesis methods that

use LTL.

The building blocks of LTL formulas consist of Boolean variables, logical con-

nectives and temporal modal operators. The logical connectives include: negation

(: ), disjunction ( _ ), conjunction ( ^ ) and material implication (! ). The tempo-

ral modal operators include next (# ), always (� ), eventually (3 ) and until ( U ).

By combining these operators, it is possible to specify a wide range of requirements.

An atomic proposition is a statement on system variablesS that has a unique truth

value for a given valuation of the system variables. Lets 2 dom(S) be a state of the

system andp be an atomic proposition. Thens j= p if p is T rue at state s. Given a

set AP of atomic propositions, LTL formulas are formed according to the following

grammar:

' := T ruejpj: ' j' 1 ^ ' 2j # ' j' 1 U ' 2; (2.1)

wherep 2 AP. Formulas involving eventually and always, can be derived from the

operators shown in Eq. 2.1. LTL formulas over AP are interpreted over in�nite

sequence of states. Such sequence represents a behavior of the system.

Given a set of atomic propositionsAP , we can form the alphabet� a := 2AP .

We refer to w = w(0); w(1); w(2); ::: 2 � N
a as an in�nite word, a string composed

of letters from � a. We denote a �nite word aswf . Let L be a labeling function

L : S ! � a and let the mapped state trajectoriess(k)k� 0 2 S N to the set of in�nite
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words � N
a be de�ned asw = L(f s(k)gk� 0) := f w 2 � N

a jw(k) = L(s(k))g. Then,

given an LTL formula ' , we state the satisfaction relation betweenw and ' as

w j= ' . We say that ' holds at position i � 0 of w, if and only if ' holds for

the remainder of the sequence starting at positioni . Furthermore, wk j= ' 1 ^ ' 2

if wk j= ' 1 and wk j= ' 2. The next operator wk j= # ' holds if the property

holds at the next time instance' k+1 . The until operator wk j= ' 1 U ' 2 holds if

9i 2 N : wk+ i j= ' 2, and 8j 2 N : 0 � j < i; w k+ j j= ' 1.

Given propositional formulasp and q, important and widely used properties

can be de�ned in terms of their corresponding LTL formulas as follows,

1. Safety: A safety formula is of the form� p, which asserts that the property

p remains true throughout an execution. Typically, a safety property ensures

that nothing bad happens. A typical example of safety property frequently

used in the robot motion planning domain is obstacle avoidance.

2. Guarantee: A guarantee formula is of the form3 p, which guarantees that the

property p becomes true at least once in an execution. Reaching a goal state

is an example of this property.

3. Progress: A progress formula is of the form� 3 p, which states that the prop-

erty p holds in�nitely often in an execution. A progress property typically

ensures that the system makes progress throughout an execution.

4. Response: A response formula is of the form� (p ! 3 q), which states that

following any point in an execution where the propertyp is true, there exists

a point where the propertyq is true. For example, a response property can

16



be used to state how the system should react to changes in the operating

conditions.

In many applications, systems need to interact with their environments and

whether they satisfy the desired properties depends on the behavior of the environ-

ments. In the next section, we informally describe the work of Piterman, et al. [82].

We refer the reader to [82] for the detailed discussion of automatic synthesis of a

�nite state automaton from system and environment speci�cations.

2.3 Reactive Synthesis

Reactive systems are systems that maintain an ongoing relation with their en-

vironment by appropriately reacting to it. The controllers that regulate the behavior

of such systems are called reactive controllers. A control system is a composition

of a physical plant, including sensors and actuators, and an embedded controller

that runs a control protocol to restrict the behaviors of the plant so that all the

remaining behaviors satisfy a set of system speci�cations.

The synthesis of reactive controls can be interpreted in assume-guarantee form.

Given the system speci�cations, the goal of control synthesis is to �nd a control

logic that, when implemented, ensures that the system satis�es the speci�cations;

or declares that no such logic exists [83].

Let E and D be sets of environment and controlled variables, respectively.

Let s = ( e; d) 2 dom(E) � dom(D) be a state of the system. Consider an LTL
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speci�cation of assume-guarantee form, shown in Eq. 2.2,

' e ! ' s; (2.2)

where' e characterizes the assumptions on the environment and' s characterizes the

system requirements. The synthesis problem is then concerned with constructing

a control protocol which chooses the move of the controlled variables based on the

state sequence so far and the behavior of the environment so that the system satis�es

' s as long as the environment satis�es' e. Let the control protocol be denoted as a

partial function f : (s0s1:::s1� t ; et ) ! dt . If such a protocol exists, the speci�cation

' is said to berealizable. The synthesis problem can be viewed as a two-player game

between an environment that attempts to falsify the speci�cation and the system

that tries to satisfy it.

For general LTL, the synthesis problem has a doubly exponential complexity

[82]. However, a subset of LTL, namely generalized reactivity (1) (GR(1)), is used

to solve the synthesis problem in polynomial time (i.e. polynomial in the number

of valuations of the variables inE and D) [83]. GR(1) speci�cations restrict ' e and

' s to have the following form,

' e = ' e
i ^ ' e

t ^ ' e
g;

' s = ' s
i ^ ' s

t ^ ' s
g;

(2.3)

where ' e
i , ' s

i are the propositional formulas characterizing the initial values for the

environment and system variables,' e
t , ' s

t represent transition relations character-
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izing safe, allowable moves of the state of the environment and system, and' e
g, ' s

g

are propositional formulas characterizing goal assumptions for the environment and

desired goal speci�cations for the system that should be attained in�nitely often.

Given a GR(1) speci�cation, there are game solvers and digital design synthesis

tools that output a �nite-state automaton that represents the control protocol for

the system [81], [23].

This chapter covered the background knowledge of metareasoning, linear tem-

poral logic and reactive synthesis. The following chapters will now dive into the work

on designing reactive controllers with formal guarantees of satisfying user-de�ned

requirements under changing environment conditions.
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Part I

From LTL Speci�cations to Formal Behavior
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Chapter 3: Meta-Level Layer

In this chapter, we describe the process of formulating reactive synthesis at

the meta-level layer of the agent. Our goal is to obtain a multi-agent metareasoning

policy that the team executes to decide on how to solve the problem of decentralized

task allocation collaboratively. Collaboration in MAS usually requires communica-

tion between agents. However, communication is unreliable in realistic environments

and outside the control of the multi-robot team, making the coordination of tasks

more challenging. Otteet al. [31] and Nayaket al. [32] have shown that di�er-

ent distributed task allocation algorithms perform better, relative to each other, at

di�erent communication quality levels.

To attain robustness to changes in communication, a naive strategy is to have

each robot in the team use the best performing algorithm for the perceived level

of communication. However, this may cause composability problems. For example,

if communication quality varies over the environment, then di�erent team mem-

bers may select incompatible task allocation algorithms. If communication levels

change over time, then switching between di�erent task allocations algorithms may

introduce additional overhead, create ine�ciencies, or require restarting the task

allocation process entirely. This raises questions on whether there are bene�ts to be
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gained from switching and which bene�ts are those.

Figure 3.1: A sample switching prescribed by the metareasoning policy for high and
low communication levels. On the left, agentsa1; a2 and a3 perceive high communi-
cation availability at time t0 and execute ACBBA as their task allocation scheme.
On the right, agents switch to performing PI at timet1 as a result of perceiving low
communication availability.

The main motivation of this chapter is to present a meta-level control within

a metareasoning framework that addresses these challenges and provides answers

to these questions. We propose a multi-agent metareasoning approach that enables

a multi-agent team to select which task allocation algorithm to use as a function

of changing communication quality level. Given a set of multi-agent task alloca-

tion algorithms, we synthesize a policy that prescribes the best algorithm to use

among a prede�ned set of algorithms for a given communication level. We apply

reactive synthesis at the meta-level layer to generate the policy from high-level spec-

i�cations written in Linear Temporal Logic encoding the agents' switching behavior

with respect to the state of the environment. Since each agent in the team runs

the same policy, the team (or a part of the team) will collectively switch between

task allocation algorithms as a function of the observed level of communication.

The proposed distributed multi-agent metareasoning policy (Fig. 3.1) is synthesized
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o�ine a priori , and the resulting policy is executed continually by each agent in

real-time, adapting the team's distributed task assignment scheme in response to

perceived changes in communication availability.

The contribution of this chapter is a meta-level controller that runs in parallel

across a team of agents, to improve system performance under changing communica-

tion conditions, when solving the problem of decentralized task allocation. Although

meta-level control for the purpose of coordinating agents' behavior has appeared in

[38], [39] and [40], here we consider reasoning about a set of existing task allocation

methods in order to make the system more robust to varying communication. This

additional reasoning can lead to improved task allocation assignments even when

communication between the agents deteriorates.

We build the multi-agent metareasoning policy from a set of decentralized task

allocation methods for which performance pro�les under varying levels of commu-

nication were obtained in [32]. This set includes: the Consensus Based Auction

Algorithm ( CBAA ) [41], the Asynchronous Consensus Based Bundle Algorithm

(ACBBA ) [42][43], the Decentralized Hungarian Based Algorithm (DHBA ) [44],

the Hybrid Information and Plan Consensus (HIPC ) algorithm [45][46] and the

Performance Impact (PI ) algorithm [47].

To test the proposed metareasoning policy, we model instantaneous communi-

cation conditions using a Rayleigh Fading model [48]. Changes in signal attenuation

(i.e., communication quality) over time are modeled by varying the path loss expo-

nent parameter. In each scenario, we simulate high or low communication for some

period of time after which, the communication level is switched to low or high,
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respectively. We consider a full-mesh topology in which every agentattempts to

communicate with every other agent and then messages are dropped according to

the communication model. This assumption is made to facilitate the discovery of

performance di�erences due to applying the proposed policy as opposed to having

agents improve communication by changing their network topology as described in

previous works [33], [37], [34]. For communication estimation, we propose a straight-

forward method in which each agent computes an estimate per communication link

over which heartbeat messages are expected to arrive from every other agent in the

environment. This method is well suited to provide link quality estimates for any

underlying communication model. Other sources have explored probabilistic esti-

mation methods of link quality with respect to channel power at di�erent locations,

such as in [33], but such estimation is beyond the scope of this paper.

In the following section, we present an overview of the decentralized task

allocation algorithms considered for this work.

3.1 Decentralized Task Allocation

Research on decentralized task allocation has been motivated by the vulnera-

bilities of centralized approaches to communication disruptions and concerns regard-

ing their scalability. Most of the existing decentralized task allocation approaches

are consensus-based auction methods, in which agents place bids on tasks and each

agent acts as auctioneer and bidder. A comprehensive description of the most com-

monly used consensus-based decentralized task allocation methods can be found
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in [41]. Some of these approaches include CBAA and CBBA as well as its asyn-

chronous version, ACBBA [42][43]. Shown to have outperformed CBBA in various

problem instances, the PI algorithm [47] does consensus in the same way as CBBA

but uses a di�erent valuation function to compute task bids. To improve robust-

ness to dynamic environments and robot failures, Najanathet al. [66] proposed an

auction approach in which each task is treated separately and independently from

other tasks. This method consists of executing parallel repeated auctions in which

every agent is an auctioneer and bidder in parallel to enable agents to recompute

task assignments.

Another class of decentralized task allocation methods consists of optimization-

based approaches, divided into deterministic or stochastic optimization based ap-

proaches. Ghassemiet al. [68] proposed a deterministic optimization based approach

in which the task allocation problem is posed as a maximum-weighted matching of

a bipartite graph. An improved maximum matching algorithm is used to obtain

an optimal sequence of tasks for each agent. This method assumes a deterministic

environment with perfect localization and guarantees con
ict-free optimal task as-

signments. Another deterministic optimization approach is the DHBA [44]. This

method uses the Hungarian algorithm [69] to solve the task allocation problem and

works in a way similar to CBAA. However, it replaces the auction phase with solving

the task assignment problem via the Hungarian method on a cost matrix.

Examples of stochastic optimization-based approaches are the stochastic ant-

colony optimization algorithm proposed in [67] and the decentralized GA presented

in [72]. The decentralized GA was built as an extension of the GA approach pre-
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sented in [73] for decentralized systems. Under full communication availability, Patel

[72] showed that the decentralized GA outperformed CBBA in a number of problem

instances of a rescue scenario. However, it was also shown that the performance of

GA degrades signi�cantly as communication quality decreases.

This is not an exhaustive list of task allocation algorithms available in lit-

erature. Recent works have incorporated modi�cations and extensions from some

of the mentioned algorithms, thus we refer the reader to [74] and [75] for more

comprehensive surveys of task allocation algorithms.

In previous work [32] we performed a large set of statistical tests to learn how

di�erent multi-agent task allocation algorithms perform across di�erent communica-

tion scenarios. We leverage these results to help train our proposed meta-reasoning

approach. We conduct experiments to assess the performance of the selected algo-

rithms for these additional scenarios and identify the best performing algorithm for

each scenario under various levels of communication.

We now describe each algorithm considered for the coordination of task se-

quence assignments in more detail.

3.1.1 CBAA

This task allocation algorithm [41] is an auction-based approach in which each

agent obtains a single-task assignment. The algorithm consists of two phases: the

assignmentphase and theconsensusphase. In theassignmentphase, each agent

computes its local bids for all incomplete tasks and assigns itself the task with the
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lowest bid. The agent updates its winning bids list with the lowest bid task and

sends this list to all other agents. During theconsensusphase, each agent updates

its bids list with the lowest bids received and each task is assigned to the agent with

the lowest bid.

3.1.2 ACBBA

This multi-task assignment algorithm [42] is an auction-based approach built

as an extension of CBBA [77] for agents communicating asynchronously. This

method operates in two phases: theassignmentphase and theconsensusphase.

In the assignment phase, each agent gets assigned a bundle of tasks, formed by

adding tasks sequentially in a greedy fashion up to thebundle size. Once bundles

are built, agents update and share their winning bids lists along with the winning

time stamps with all other agents. In theconsensusphase, agents resolve any con-


icts found on their task assignments and update their internal lists.

3.1.3 PI

The PI approach is presented in [47]. Similar to CBBA, this approach assigns

multiple tasks to agents, however, it uses a di�erent kind of bid evaluation, referred

to as the \signi�cance". This evaluation is used to assess the contribution of a task

to the cost of the current task sequence assignment. There are two phases in this

approach: atask inclusion phase and aconsensus and task removalphase. During

the task inclusion phase, the marginal signi�cance of unassigned tasks is computed
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in order to update the task bundle and signi�cance lists. During theconsensus and

task removalphase, each agent shares its signi�cance list with all other agents and

does consensus on the signi�cance values received by removing tasks for which the

agent has been outbid by another agent. Instead of applying CBBA consensus rules

as in [47], we use ACBBA consensus rules for the consensus phase since we consider

an asynchronous system.

3.1.4 DHBA

This algorithm [44] is a method that assigns a single task to each agent based

on a cost matrix. This matrix is initialized using the current distance traveled and

the cost of doing incomplete tasks. Thus, this matrix keeps track of the cost of

each task for each agent. There are two phases in this algorithm: theassignment

phase and theupdate phase. In theassignmentphase, the Hungarian algorithm

[78] is run on the cost matrix to obtain the optimal task assignment. In theupdate

phase, agents broadcast the cost matrix and update it according to the information

exchanged with other agents.

3.1.5 HIPC

This multi-task assignment algorithm [47] is built as an extension of CBBA,

however, instead of generating task bundles in a greedy fashion, HIPC tries to solve

the task assignment problem for all agents at once. This assignment is then used

to generate bids on the tasks. This algorithm has two phases:task allocationphase
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and consensusphase. Thetask allocation phase consists of each agent running

a full Task Allocation Algorithm (TAA) to generate its task bundle. We run a

variation of the nearest neighbors algorithm [70] using the min-max objective in the

TAA implementation. In the consensusphase, agents resolve any con
icts on task

assignments using ACBBA consensus rules.

For all bundle algorithms, the current task list is reset for each agent whenever

a new target is dynamically added or removed from the workspace.

In the next section, we describe the communication model used in our imple-

mentation.

3.1.6 Rayleigh Fading Model

Environmental clutter, e.g., buildings, trees, etc., tends to scatter radio sig-

nals and degrade communication quality. The propagated signals experience di�er-

ent shifts in amplitude, frequency and phase. The Rayleigh fading model predicts

the attenuation of the received signal by assuming that the signal's amplitude will

vary according to a Rayleigh distribution [48]. The Rayleigh fading model is an

appropriate model to use when considering more realistic environments with many

objects that can scatter the radio signal as it travels to the receiver. To quantify the

fading e�ects, a Rayleigh random variate sequence is obtained e�ciently using the

Inverse Discrete Fourier Transform technique (IDFT)[79]-[80]. We sample from the

generated sequence, convert the sampled power value to decibel and calculate the

attenuation due to fadingPF . In our implementation, in addition to fading e�ects,
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we also account for signal attenuation due to path losses. To compute path losses

PP L , we use Eq. (3.1) as follows,

PP L = PL 0 + 10
 log10

�
d
d0

�
; (3.1)

whered is the current distance between the transmitter and receiver,
 is the path

loss exponent andPL 0 is the path loss at reference distanced0. The total attenuation

is given by PL = PF + PP L . The total received power is given byPR = PT � PL ,

where PT is the transmitted power. We de�ne PS as the user-speci�ed sensitivity

threshold. A message is dropped if the conditionPR < P S is satis�ed as shown in

Fig. 3.2.

Figure 3.2: Received power of a signal attenuated by Rayleigh fading and path loss is
shown for three di�erent values of the path loss exponent 
 . The transmitted power
PT = 30 dB and the sensitivity threshold PS = � 60dB. Asterisks *̀ ' represent dropped
packets. The number of dropped packets increases as the value of the path loss exponent
increases.
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In the next section, we introduce the LTL notation and the formal methods

framework used for synthesizing our policy.

3.2 LTL in MAS

In recent work, the formal methods community has focused on extending hi-

erarchical based abstractions techniques to multi-agent settings. Abstractions of

dynamical systems have been extended to model MAS as �nite transition systems

through the use of of parallel composition [53][54] and reactive games [55]. Fur-

thermore, the use of LTL in MAS has mainly focused on generating cooperative

control strategies from rich, high-level planning objectives. Some of the objectives

considered in previous works include formation and navigation [56], cooperative

transportation and manipulation of objects [57], collision avoidance [58], communi-

cation [59] among others. Modeling the dynamical system of the agents is beyond

the scope of this work, in which we use high-level abstractions of the communica-

tion quality in the environment and the state of the agent to formulate the synthesis

problem.

In our metareasoning framework, a switching protocol between decentralized

task allocation algorithms is synthesized using abstraction-based hierarchical ap-

proaches in formal methods and temporal logic planning [60][61][62][64][71]. Similar

to [60], in which mode sequences are synthesized for continuous-time polynomial

switched systems, we seek to determine the algorithm switching strategy that each

agent must execute as to satisfy the metareasoning policy written in LTL. By ex-
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pressing the policy in LTL, we can automatically generate a correct-by-construction

meta-level controller. This controller can be obtained as the solution to a two-player

game between the environment (communication quality) and the system (task allo-

cation method) as is commonly done within a formal methods framework [65].

We apply reactive synthesis to generate the metareasoning policy from [83].

A bene�t of using formal methods is the formal veri�cation of our policy over an

(in�nite) sequence of communication states. For each action that the environment

takes, a formal guarantee exists that the system will react appropriately to the

environment at all times by switching to the prede�ned algorithm. Although a meta-

reasoning policy could be synthesized using simpler methods, the formal framework

will enable us to easily encode high-level speci�cations describing additional reactive

behaviors of the system, laying groundwork for building extensions to this work. For

example, speci�cations for desired behaviors may include:

1. Conditions: \If target density is perceived as high, perform a bundle-based

task allocation algorithm with bundle of large size";

2. Sequencing: \�rst perform a multi-task assignment algorithm, then perform a

single-task assignment algorithm";

3. Avoidance: \Never perform decentralized task allocation algorithm X under

low communication."

In order to apply reactive synthesis, we ensure the environment is �nite by

discretizing the estimated communication availability into a �nite number of levels.
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For the system, we also obtain a �nite number of states by de�ning the agent's

object level actions as the set of all possible states.

3.3 Problem Formulation

In this section, we present the metareasoning problem solved at the meta-level

layer and the task allocation problem solved at the object-level layer.

3.3.1 Metareasoning Problem

Consider a team ofn agentsA = f a1; : : : ; ang and the multi-agent task alloca-

tion problem, denoted asP, that A needs to solve. Agents can choose from a set ofl

multi-agent task allocation algorithms,A = f A1; : : : ; Alg, to solveP. For instance,

we can setP = rescueand A1 = CBAA. Let E denote the space of environmental

features such as communication level and target density. Environmental features

are allowed to change as functions of time. Thus, a realization of environmental

features is denoted ase(t) 2 E. Though we do not have direct access to the true

value of e(t) at any instant of time t, we can obtain an estimate ofe(t), denoted

as ~e(t). Consider ~ei ;[0:k i ] = f ~ei ;0; ~ei ;1; :::; ~ei ;k i g to be the sequence of the �rstki + 1

estimates computed from agentai . Let En be the space of all possible sequences of

estimates from a team of sizen. Let M be the multi-agent metareasoning approach.

De�nition 4.1 (Instantaneous Multi-Agent Metareasoning Problem):Given

P and a sequence of observations from alln agents,f ~e1;[0:k1 ]; : : : ; ~en;[0:kn ]g 2 En , where

ki + 1 represents the number of observations obtained by thei -th agent, the instan-
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taneous multi-agent metareasoning problem is to calculate the tuples (A i ; Ti ) =

M (f ~e1;[0:k1 ]; : : : ; ~en;[0:kn ]g) composed by the multi-agent algorithmA i 2 A as well

as the subteamTi � A that will use algorithm A i so that the team A = _S L

i =1 Ti ,

where L is the number of tuples generated, communally solvesP. Note that the

subteams are disjoint sets ofA since agents cannot belong to multiple subteams

simultaneously.

De�nition 4.2 (General Multi-Agent Metareasoning Problem): For time

steps 1; : : : ; t, repeatedly solve the Instantaneous Multi-Agent Metareasoning Prob-

lem, and then have agents in each subteamTi use, respectively, multi-agent algo-

rithm A i to solveP.

In the following section, we de�ne the decentralized task allocation problem

P considered for each scenario given a team of agentsA .

3.3.2 Decentralized Task Allocation Problems

The problem of decentralized task allocation can be formulated as a binary

integer programming problem, similar to the multiple Traveling Salesman Problem

(mTSP) [42]. Given a set ofm tasks and a set ofn agents, a solution is obtained

such that each agent is assigned a sequence of tasks and every task in the sequence

is completed by the agent. Consider a set ofm tasks T . Let Si � T be a sequence

of tasks assigned to agentai and pi be the number of tasks inSi . Let q(Si ) be

the cost of sequenceSi . The goal of the decentralized task allocation problem is to

obtain a sequenceSi for each agentai 2 A such that these sequences are disjoint
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Task Allocation
Problem

Task De�nition Objective Function

Rescue
No grid cells

and known stationary
targets

minX (maxai 2A q(Si ))

Search
&

Rescue

Known grid cells
and unknown stationary

targets
minX (maxai 2A q(Si ))

Fire
Monitoring

Known grid cells
and unknown �re targets

spreading
minX (maxai 2A q(Si ))

Ship
Protection

Known grid cells
and unknown moving

targets

maxX (� k0F (X )+
k1h1(X ) + k2h2(X ))

Table 3.1: Task allocation problem, task de�nition and objective function type for
each scenario type. Scenarios are ordered in increasing level of di�culty.

and T =
S n

i =1 Si . See Table 3.1. for a summary description of all the scenarios

considered and Fig. 3.3, Fig. 3.4, Fig. 3.5, Fig. 3.6 for examples of the simulation

runs for each type of scenario.

We de�ne T and q(Si ) for each type of scenario as follows:

3.3.2.1 Rescue Scenario

In the rescue scenario,T is de�ned as a �nite set of a priori known stationary

targets U = f u1; : : : ; umg located in a map,W � R2, of sizeN � N . We de�ne

T , U and Si to be the sequence ofpi targets to be visited by agentai . A target is

considered to be visited when an agent moves within a threshold distance� T of the

target's location. The mission in this scenario is completed when every target has

been visited by at least one agent.

The min-max objective O(X ) considered in this scenario is to �nd a task
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assignmentX � = f S1; : : : ; Sng such that

O(X � ) = min
X

�
max
ai 2A

q(Si )
�

: (3.2)

The cost function q(Si ) is de�ned as

q(Si ) = Ci + ci (u1) +
pi � 1X

k=1

kuk+1 � ukk; (3.3)

whereCi is the cost accrued byai up to its current location and ci (uk) corresponds

to ai 's cost of visiting target uk . The cost ci (uk) is calculated as the Euclidean

distance from agentai to target uk . Thus, the min-max objective is to minimize

the maximum distance traveled over all agents. Assuming a constant speed for the

agents, this is equivalent to minimizing the mission completion time.

Figure 3.3: Possible runs of agents performing decentralized TA for the rescue sce-
nario. Each target has a unique ID, not shown to reduce clutter.
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3.3.2.2 Search & Rescue Scenario

In this scenario, we de�neT , G [ U , where G = f g1; : : : ; gr g � W is a

�nite set of a priori known grid cells andU = f u1; : : : ; umg � W is a �nite set of

unknown stationary targets. The cells inG divide the search space into regions of

equal size. Initially, agents begin searching the map by visiting each cell inG. Each

cell is said to be completely searched when an agent reaches its center because, at

this location, an agent's sensor radiusRd covers the entire cell, and the agent can

detect any targets in that cell. As agents search the space, they are able to detect

new targets located within their sensor radius. Discovered targets are added to the

set of known tasksK, which is equal toG at the start of the mission. Agents share

information about the newly discovered targets with other agents. Thus,Si is the

sequence ofpi tasks (stationary targets and grid cells) inK that are assigned toai .

The mission is completed when every cell is searched by at least one agent and every

target is visited by at least one agent.

The min-max objective O(X ) and cost function q(Si ) in this scenario are

de�ned in the same way as in the rescue scenario.

3.3.2.3 Fire Monitoring

We de�ne T , G [U as in the search & rescue scenario with the di�erence that

stationary targets in this scenario correspond to �re locations which are dynamically

generated and added to the map during the mission. Fire locations are propagated

according to the wavelet di�erential equations and the Rothermel spread equation
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Figure 3.4: Possible runs of agents performing decentralized TA for the search &
rescue scenario.

provided in Farsite [21], a �re simulation engine. At each simulation step, �re grows

continuously for a time interval � t, after which new �re locations are discretized

into �re regions. Each �re region obtained is considered as an stationary target.

Fire locations are propagated until a max number of targets is reached. Discovered

�re targets are added to the set of known tasksK, which is equal to G initially.

Agents share locations of the newly discovered �re targets with other agents. Thus,

Si is the sequence ofpi tasks (�re targets and grid cells) in K that are assigned to

ai . The mission is completed when when every cell has been search by at least one

agent and every �re target has been visited by at least one agent.

The min-max objective O(X ) and cost function q(Si ) in this scenario are

de�ned in the same way as in the rescue scenario.

38



Figure 3.5: Possible runs of agents performing decentralized TA for the �re moni-
toring scenario.

3.3.2.4 Ship Protection

In this scenario, we consider a ship with location (sx ; sy), initially placed at the

boundary of the map. During the mission, the ship moves with a constant speedvs

and constant heading� s to the opposite side of the map. The tasks in this scenario

correspond to the setT , G [ U , where G = f g1; : : : ; gr g � W is a �nite set of a

priori known grid cells andU = f u1; : : : ; ung � W is a �nite set of unknown moving

targets. Unlike all previous scenarios, cells here are searched continuously since

targets can move across di�erent cells and might appear in a cell already searched.

Each agent knows, for each cellgi , the elapsed timetgi since the last time that some

agent searched that cell. A cell is said to be searched when an agent reaches the

center of the cell, at which pointtgi is reset to 0. Agents broadcast the locations of

all newly discovered targets in the cells and the timestamps at which the cells were
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last searched.

As agents search the space, they can detect, classify and track, if necessary,

all moving targets in the map in order to protect the ship. There are two types of

moving targets in the setU: adversarial and non-adversarial. Adversarial targets

move towards the ship using a directed random walk while non-adversarial targets

move randomly in the map. All targets move along piece-wise linear trajectories

and remain within a threshold distance� s from the ship. Let � u i be the heading of

each adversarial targetui 2 U. This heading is changed randomly at �xed intervals

of time, otherwise it is computed using the current location of the ship (sx ; sy) and

the location of the target (ui x ; ui y) as

� u i = tan � 1(
sy � ui y

sx � ui x
): (3.4)

The heading for each target is sampled from [� 90°; 90°] and the target speed can

vary between 0 andvu, which is set to be strictly less than the agents' max speed.

We do this to ensure that the agents succeed in tracking all the targets.

In addition to the sensor radiusRd that each agent uses for detecting targets,

we de�ne a classi�cation radiusRc. When a target moves within an agent's classi�-

cation radius, it can be classi�ed as adversarial or non-adversarial by the agent. We

set Rc < R d in order to move agents closer to targets in their e�ort to classify them.

If the target is found to be adversarial, the agent proceeds to track it by moving
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towards the target using a proportional controller with control law,

w = kp(xu i � xai ) + vu i ; (3.5)

where kp is the controller gain, xu i is the current position of target ui , xai is the

current position of agentai , and vu i is the current velocity of ui . An adversarial

target is considered to be tracked when an agent moves within a threshold distance

� T of the target's location. A tracked adversarial target will move away from the ship

towards the boundary of the map and eventually leave the map for the rest of the

mission. A non-adversarial target successfully classi�ed by an agent is considered

to be tracked immediately after. A tracked non-adversarial target will continue to

move along its trajectory una�ected by the agent's actions.

Newly discovered targets are added to the set of known tasksK, initially set

equal to G. Newly tracked targets are added to the setZ � U , which is empty at

the start of the mission. Thus,Si is the sequence ofpi tasks (grid cells and moving

targets) in K that are assigned toai . The mission is �nished when the ship reaches

the opposite side of the map.

The maxobjectiveO(X ) considered in this scenario is to �nd a task assignment

X � = f S1; : : : ; Sng such that

O(X � ) = max
X

� k0F (X ) + k1h1(X ) + k2h2(X ); (3.6)

whereF (X ) is the max travel cost to be accrued by each agentai 2 A performing

41



its assigned task sequenceSi over all agents. This term is weighted byk0, a user-

speci�ed value. We de�ne this term as

F (X ) = max
ai 2A

q(Si ): (3.7)

The cost function q(Si ) is de�ned as in Eq. (6) whereci (uk) corresponds to agent

ai 's cost of tracking a moving target or visiting a grid cell inK.

The second term in the objective is the expected distance to the ship over all

unassigned cells and is de�ned as

h1(X ) = min
g2Gn

S
a i 2A Si

ptg ds(g); (3.8)

wherep is a value in (0; 1), tg is the time elapsed since cellg was searched andds(g)

is the distance between the center of the cell and the location of the ship. The e�ect

of h1(X ) is to prioritize searching unassigned cells that are closer to the ship and

that have not been visited for a longer time.

The third term in the objective is the minimal distance to the ship over all

untracked targets and is de�ned as

h2(X ) = min
u2KnZ

ds(u); (3.9)

whereds(u) is the distance between the target's location and the ship. The e�ect of

h2(X ) is to prioritize tracking targets that are closer to the ship. The termsh1(X )

and h2(X ) are weighted byk1 and k2, respectively, both of which are user-de�ned
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coe�cients. Thus, the max objective is equivalent to a weighted combination of

minimizing the maximum distance traveled over all agents, maximizing the minimum

expected distance to the ship over all unassigned cells and maximizing the minimum

distance to the ship over all untracked targets.

A second objective that we consider across all scenarios is the min-max number

of transmitted messages, whether received or not. Both performance metrics, max

travel distance (equivalent to mission time) and number of transmitted messages,

are critical in a number of applications in which agents may experience limited

communication such as area coverage [84], environmental monitoring [85], emergency

management [86], and search & rescue missions [87].

Figure 3.6: Possible runs of agents performing decentralized TA for the ship protec-
tion scenario. In this scenario, lighter shades of green re
ect that a longer time has
passed since cells were last searched.
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3.4 Metareasoning Framework

Our metareasoning framework de�nes three control layers (shown in Fig. 3.7)

in every agent:

(i) Meta-level layer: This layer decides on the decentralized task allocation algo-

rithm the agent should perform (meta-level action).

(ii) Task-planning layer: This layer decides on the task sequence assignment (object-

level action).

(iii) Low-level layer: This layer generates the trajectories along which the agent

needs to move to reach each task location.

Each agent's decision cycle consists of:

(a) Estimating the communication level in the environment at the task-planning

layer from heart-beat messages received at the low-level layer.

(b) Executing meta-level control to output the appropriate algorithm for the per-

ceived communication level according to the metareasoning policy.

(c) Performing the chosen algorithm to obtain a task sequence assignment.

The novelty of our approach lies in the policy we place in the meta-level control

layer. This layer consists of a switching protocol as de�ned by a �xed, common

metareasoning policy computed o�ine. This ensures that agents perform the same

algorithm for a given level of communication without the need to communicate or
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Figure 3.7: Control 
ow within the metareasoning framework proposed. Each agent
has a meta-level control layer, a task-planning layer and a low-level layer. Agents
compute a communication estimate from the messages received at the low-level layer.
Using this estimate, the meta-level control layer outputs the algorithm choice for
the agent.

synchronize their decisions during runtime. Since agents compute communication

quality estimates locally and run an independent copy of the policy, di�erent agents

may have di�erent beliefs about the communication quality at any instant of time

and therefore may use di�erent algorithms simultaneously.

We synthesize the metareasoning policy as the solution to the reactive synthe-

sis problem involving the communication level in the environment and the agent's

algorithm choice. In the following sections, we de�ne the assumptions on the envi-

ronment and the system requirements.
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3.4.1 Environment

Each agent sends a �xed number of heartbeat messages periodically for the

purpose of communication estimation. These heartbeat messages do not contain any

meaningful information, but their absence can signal loss of communication between

a sender and a receiver. Each agentai estimates the per link communication with

agent aj by computing the ratio of the number of heartbeat messages received per

link hij and the expected number of heartbeat messagesh. At each time step, agent

ai can determine its communication estimatecei by computing the max ratio over

all its communication links,

cei = max
ai 6= aj ;aj 2A

(
hij

h
): (3.10)

The communication estimatecei is then mapped to a discrete communication

level. Nayak et al. [32] showed that the performance ranking of the task allocation

algorithms tested remains the same at high communication levels for the visit and

search & visit scenarios. It is only when communication drops substantially that

this ranking changes. For this reason, we de�ne only two discrete communication

levels based on the analysis presented in [32]: high (H) forct < cei � 1 and low (L)

for 0 � cei � ct . The threshold valuect is speci�ed experimentally by mapping the

sensitivity threshold values tested in [32] to either high or low communication based

on the sensitivity threshold value at which the change in ranking of the algorithms

was observed. In the synthesis problem, each of these discrete communication levels
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is represented by an environment variable, which is de�ned as a Boolean. Thus, the

environment in our problem can be described by these two variables asE = H � L.

This implies that the state of the environment corresponds to a valuation of these two

Boolean variables. If the communication estimatecei is within the rangect < cei � 1,

then H will be set to T rue and L will be set to False. Otherwise, if 0 � cei � ct ,

H will be set to False and L will be set to T rue. The environment speci�cations

are as follows:

' e
i = L ^ : H; (3.11)

' e
t = � (: (H ^ L) ^ (H _ L)); (3.12)

' e
g = � 3 H ^ � 3 L: (3.13)

Eq. (3.11) states that initially the environment is assumed to have a low com-

munication level. This assumption is valid if we expect it will take a few milliseconds

for all agents to start up the exchange of messages. Though, any initial condition

can be chosen as long as it satis�es all other speci�cations. Eq. (3.12) is required

to verify that exactly one of the two variablesH and L is true at all times. This is

speci�ed to ensure that the environment is in a single level of communication, ignor-

ing cases in which communication is simultaneously high and low or simultaneously

neither. Finally, Eq. (3.13) states that always eventually: the communication level

of the environment will be high and that always eventually: the communication level

of the environment will be low. This speci�cation ensures that the communication

in the environment will change at some future time. Communication changes may
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occur due to weather conditions, clutter in the environment, dynamic obstacles, or

even adversarial agents that seek to interfere communication among agents.

3.4.2 System

Let S = f A j ; Akg � f T rue; Falseg be the set of states for each agent, where

f A j ; Akg � A. An elements 2 S represents the tuple composed by the multi-agent

task allocation algorithm used by the agent and a Boolean variable, denoted as

Reset. This variable will be set to T rue when the agent's current task sequence

assignment and bids need to be reset before executing the task allocation process.

If Reset is set toFalse, then the agent performs the task allocation process using its

current task sequence assignment and winning bids information. The rationale for

this is that as communication improves, agents are likely to obtain better solutions

and may bene�t from discarding solutions of lower quality obtained under poor

communication.

Let F � S � S be the set of all possible transitions between the elements in

the state space. Thus, the agent can transition between any two task allocation

algorithms. When switching happens, agents only need to transfer their current

winning bids, completed tasks and current sequence assignment of tasks into the

execution of an iteration of the new algorithm.

We de�ne the following system speci�cations:

' s
i = Ak ^ Reset; (3.14)
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' s
t;1 = � ((L ^ # H ) ! # (A j ^ Reset)) ; (3.15)

' s
t;2 = � ((H ^ # L) ! # (Ak ^ : Reset)) ; (3.16)

' s
t;3 = � ((L ^ # L) ! # (Ak ^ : Reset)) ; (3.17)

' s
t;4 = � ((H ^ # H ) ! # (A j ^ : Reset)) : (3.18)

Eq. (3.14) states that agents reset their task sequence assignments and perform

Ak initially. Eqs. (3.15)-(3.18) indicate which algorithm the agent should perform

and whether or not the agent should reset its current task sequence assignment next

based on the current and next states of the environment. Eq. (3.15) speci�es that,

when communication improves, agents should reset their task sequence assignments.

Eqs. (3.16)-(3.18) specify that, when communication degrades or remains the same,

agents should perform the task allocation process speci�ed using their current task

sequence and bids information.

All scenarios use the speci�cations as described in Eqs. (3.14)-(3.18). For each

scenario, we identify the best performing algorithms for high and low communication

levels, respectively, via simulation experiments. We assign the best performing

algorithm under high communication toA j and the best performing algorithm under

low communication toAk . For the rescue and search & rescue scenarios, we leverage

the results from [32] and setA j = ACBBA and Ak = CBAA. We perform further

experiments to setA j and Ak for the �re monitoring and ship protection scenarios.
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3.4.3 Alternative Team Up Strategy

When agents switch to performing di�erent algorithms simultaneously because

of having di�erent beliefs about the communication quality in the environment, they

may compute task assignments from outdated information. This information may

have been successfully received at some point in time, but may no longer be valid

once the agents lose communication and change their task allocation schemes. To

address some potential con
icts from changes in communication, we propose ateam

up strategy in which agents fully collaborate only with agents from which they

perceive a high level of communication. Hence, if an agentteams upwith another

agent, it will use all the bids information received from the agent when executing

task allocation. On the contrary, if an agent perceives low communication from

another agent, it will discard all bids information received from this agent except

for information pertaining completed tasks. Fig. 3.8 shows agentsa0, a1 and a2

performing the team up strategy.

The motivation for this strategy is to prevent agents from relying on all the

information received from agents with which they experience poor communication.

Consider an agenta1 that receives messages about tasks that another agenta2

intends to do and plans accordingly. However, ifa2 decides to do di�erent tasks and

broadcasts messages about its updated plan, these messages may not be received

by a1. This could lead to a1 and a2 leaving some tasks incomplete or taking much

longer to complete all tasks. By enabling agents to select which information to

include in their computations based on the perceived communication quality, tasks
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can be completed even when all broadcasted messages are not received. We test this

team up strategy when we perform the metareasoning experiments.

Figure 3.8: Sample execution of the synthesized switching protocol where agents
team up according to the level of communication perceived. Agentsa0 and a1 team
up as they perform ACBBA, whilea2 individually performs CBAA.

3.5 Experimental Setup

The simulation framework is built in the Robot Operating System (ROS) [88]

Kinetic. Two types of modules are implemented: agent and environment. The

task allocation algorithms, written in Python, are executed in the processing unit of

each agent module every 0.1s. Once a task assignment is obtained, the agent starts

moving towards the task location unless it receives a message from another agent

indicating that the task has already been completed. Only when the agent arrives

at its assigned task will it proceed to complete its next assigned task. The agents

communicate their solutions and heartbeat messages over the ROS network through

a communication interface written in C++. Separate processes for all agents are

used in order to simulate a decentralized system. Only one process is used for
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the environment module. The environment module simulates the agents as point

robots as well as the 2D map in which the agents move. We assume a collision free

model for the agents. To move in the map, the agent module sends a request to the

environment simulator, which provides odometry sensor readings for the agent. For

more details about this simulation framework, see [32].

We ran all simulations on an on an AMD Ryzen Threadripper 2990WX. In all

scenarios except for the ship protection scenario, simulations were terminated when

at least one agent came to know all target locations had been visited. In the ship

protection scenario, simulations were terminated when the ship arrives to the other

side of the map.

Regarding the communication topology, we assume afull mesh topology in

which every agent attempts to communicate with every other agent by continuously

broadcasting messages. The Rayleigh Fading model is used to determine whether or

not a message is dropped. Thus, the topology of the network is sparse and changes

as a function of space and time.

3.5.1 Design of Experiments

For all scenarios, we used a randomized design of experiments. The dimension

of the map is N � N with N = 100. We set the agent speedAs = 6 units/s

for all scenarios except the ship protection scenario. In this scenario, we used a

proportional controller and set the maxAs = 12 units/s so that agents can track

targets before they move out of sensor range. The map is divided into 25 grid cells
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of size 20� 20. The detection radiusRd = 14.14 units (half length of diagonal of

grid cell) while the classi�cation radiusRc = 8 units. We set the threshold distance

� T = 0:25 units.

For the rescue, search & rescue and ship protection scenarios, target locations

were sampled from a 2D Gaussian Mixture Model described as follows,

pgmm =
1
K

KX

i =1

N (� i ; � i ); (3.19)

whereK is the number of clusters, each with radiusr i , center at � i and co-variance

� i =

0

B
B
@

r 2
i 0

0 r 2
i

1

C
C
A : (3.20)

For the �re monitoring scenario, initial �re locations were uniformly sampled

from [0; 100]� [0; 100]. We set additional parameters including wind speed and wind

direction.

For the ship protection scenario, we set the initial location of the ship to (50,

0), heading� s = 90°and speedvs = 1.6 units/sec. In addition, we set the ratio of

number of adversarial targets to non-adversarial targets and exclude initial locations

of targets that have a distance< 40 units from the ship. We set the default speed

for all moving targets as 4 units/sec. If adversarial targets are tracked, their speed

is set to 12 units/sec.

For all experiments, we set the Rayleigh fading model parameters asN = 64,

d0=1m, PT = 30 dB, and PL 0 = 40 dB as suggested in [32].
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An instance is de�ned as one random sampling of the parameters from the

ranges mentioned in Table 3.2. for the rescue, search & rescue and ship protection

scenarios. For the �re monitoring scenario, we used the parameters from the ranges

indicated in Table 3.3.

Parameter Range
Number of agents [5,10]
Number of target clusters (K ) [1,4]
Ratio of number of targets to agents [1,4]
Initial locations of agents ([0, 100],[0, 100])
Cluster centers (� i ) ([0, 100],[0, 100])
Cluster radii (r ) [15,50]
Ratio of number of adversarial targets to
non-adversarial targets *

[1,3]

Table 3.2: Parameter ranges for instance generation in the rescue, search & rescue
and ship protection scenarios. The * indicates parameter applies only to the ship
protection scenario.

Parameter Range
Number of agents [5,10]
Number of initial �res [4,10]
Initial locations of �res ([0, 100],[0, 100])
Initial locations of agents ([0, 100],[0, 100])
Wind speed (units/sec) [5,20]
Wind direction (radians) [0,2� )

Table 3.3: Parameter ranges for instance generation in �re monitoring scenario.

3.5.2 Determination of weighting coe�cients for ship protection sce-

nario

Unlike the other scenarios, the ship protection scenario uses a multi-objective

function (3.6) to minimize max distance traveled while driving agents to track targets

closer to the ship and continuously search cells in the workspace. The three terms
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in the objective function are weighted byk0, k1 and k2, respectively. Changing

these weights a�ects the agents' task allocations since task bids are computed using

this multi-objective function for all algorithms. Hence, for each algorithm we ran

experiments to determine the weights that exhibit the best performance on average

with respect to the minimum distance to the ship amongst all targets. We chose

this metric since protecting the ship is the primary goal in this scenario.

Assuming perfect communication, we generated 40 samples for (k0, k1) using

the Latin Hypercube Sampling method [90]. We sampledk0 and k1 from [10; 1000].

This range was determined empirically by analyzing the agents' behavior at extreme

values ofk0 and k1 and verifying that their behavior was di�erent. At k0 = 10 and

k1 = 1000, agents often visited cells closer to the ship even when they were far away

from these cells. Atk0 = 1000 and k1 = 10, agents were often assigned to visiting

cells that were closer to their own locations. We also observed thatk2 = 500 was

an e�ective value to make agents prioritize tracking targets for all values of (k0,

k1) tested. We performed 50 experiments with 5 agents and 20 targets for each

generated sample of (k0, k1) and for each of algorithm. Initial locations of agents

and targets were randomly generated. We set the number of adversarial targets

equal to the number of non-adversarial targets.

We evaluate the results by calculating the average and 95 percent con�dence

intervals of the chosen metric across the 50 experiments. Amongst the 40 samples,

we selected the 3 candidate samples with the highest average minimum distance to

the ship. From the selected samples, we kept the one with the smallest con�dence

interval as this indicated more consistency in performance across scenarios. Table
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3.4. shows the best performing weights on average for all algorithms.

Weights
Algorithm k0 k1 k2

CBAA 621 655 500
DHBA 858 258 500
HIPC 109 478 500

ACBBA 483 320 500
PI 215 248 500

Table 3.4: Best performing weights on average for the ship protection objective
function with respect to minimum distance to the ship.

3.5.3 Determination of optimal algorithm parameters for �re moni-

toring and ship protection scenarios

The parameter space of CBAA, DHBA and HIPC contains the max itera-

tion count I , and for ACBBA and PI, it contains both I and max bundle size

B. Values for the I and B tuning parameters are chosen as follows: for each

I 2 f 1; 2; 3; 4; 5; 10; 15; 20g and B 2 f 2; 3; 4; 5; 10; 20; 30; 40g. The tuning was done

assuming perfect communication. For all the experiments, we used 7 agents, 22

targets for the ship protection scenario and a max of 40 �re targets for the �re

monitoring scenario. We set the number of adversarial targets equal to the number

of non-adversarial targets in the ship protection scenario.

We performed 15 experiments for each point in the parameter space, with each

experiment having randomly determined starting locations of targets and agents.

The performance metrics across all the experiments were averaged for each point in

the parameter space. For each algorithm, we selected the point in the parameter
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space that had the least average max distance traveled. The distribution of this

point was compared with the distributions of all other points in the parameter

space using the Wilcoxon-Signed Rank (WSR) test [91]. If the distributions were

similar with a 95 percent con�dence and the di�erence in the average max distance

traveled was less than 15 percent, we chose the point with the lowest number of

transmitted messages.

The plots for the ship protection scenario and the �re monitoring scenario

results are shown in Fig. 3.9. Table 3.5. shows the best parameters for each of these

scenarios and for each algorithm. For the rescue and search & rescue scenarios, we

used the iteration counts and bundle sizes suggested in [32].

Algorithm
Scenario CBAA DHBA HIPC ACBBA PI

Fire monitoring 2 2 1 (1, 40) (1, 2)
Ship protection 4 1 1 (1, 40) (1, 2)

Table 3.5: Best algorithm parameters for each algorithm:I (iteration count) or ( I
B) (iteration count, bundle size).

3.5.4 Design of Comparison Experiments

To compare the performance of the 5 algorithms for the ship protection and

�re monitoring scenarios, we used a similar design of experiments and analysis as

described in [32]. For each type of scenario, we generated 50 instances with di�erent

parameter values mentioned in Table 3.2. and Table 3.3. respectively. With regards

to communication, we varied the sensitivity thresholdPS in the range [-25, -75]dB

in -10 dB increments. Every instance was run at each sensitivity threshold. We
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used the WSR test and Metrics Trade-o� plots (MTP) to evaluate the performance

of the algorithms in each scenario.

Observing the MTP for the �re monitoring scenario, we note that ACBBA,

HIPC, DHBA and CBAA consistently appear on the plots. From the WSR test,

it can be inferred that ACBBA and HIPC have no statistical di�erence in either

performance metric, thus implying no trade-o�. ACBBA is chosen amongst this pair

as it minimizes the max distance traveled. DHBA and ACBBA exhibit statistical

di�erence in messages transmitted and max distance traveled at the highest level

of communication. Therefore, we again choose ACBBA for high communication

since it minimizes the max distance traveled. ACBBA and CBAA exhibit trade-o�

at most communication levels. As we prioritize minimizing max distance traveled,

we choose ACBBA at high communication levels. At low communication levels,

we note that ACBBA and CBAA have no statistical di�erence in max distance

traveled. This is similar to PI and CBAA, which do not exhibit statistical di�erence

in either metric at the lowest level of communication. We can choose CBAA or PI

over ACBBA as both minimize the number of messages transmitted. Thus, for low

communication, we choose CBAA since it achieves the lowest number of messages

transmitted.

Performing a similar analysis on the ship protection scenario, we note that

PI, ACBBA and DHBA consistently appear on the trade-o� plot. At the highest

communication level, we note that PI and ACBBA have statistical di�erence in max

distance traveled and number of messages transmitted which implies that a trade-o�

exists. Prioritizing the minimum distance to ship metric, we choose PI over ACBBA.
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PI and DHBA do not exhibit statistical di�erence in max distance traveled but PI

obtains a higher mean for minimum distance to ship, thus we choose PI. At the lowest

level of communication, we again choose DHBA over ACBBA despite there being

statistical di�erence in both max distance traveled and number of messages. This

is done to prioritize minimum distance to ship in which DHBA performs better.

Fig. 3.11 shows the trade-o� and Wilcoxon Signed Rank test results for the �re

monitoring and ship protection scenarios.

3.5.5 Determination of communication threshold value

To identify the value of ct , we ran 15 experiments using the rescue scenario

with 25 targets for simplicity and 2 agents for a single communication link. Since

the communication estimate is independent of the type of scenario, we limited the

experiments to the rescue scenario. Agent and target starting locations were ran-

domly generated. We varied the sensitivity threshold values from -25dB to -75 dB

in increments of -10dB. We computed the average over each agent's communica-

tion estimates obtained over all time steps. We calculated the �nal communication

estimate for the experiment by taking the average over the estimates obtained from

all the agents. We then computed the mean estimate from all 15 experiments for

each sensitivity threshold value. Fig. 3.12 shows that sensitivity threshold values

above -35dB corresponded to mean communication estimates below 0:2. Thus, ct

was set to 0:2.

To simulate di�erent levels of communication, we �rst determined the ranges
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of values for
 corresponding to high and low levels of communication, respectively,

based onct . Generally, values of
 range from 2 (less cluttered environments) to

5 (more obstructed areas) [89]. Thus, we ran the same 15 experiments described

above with the di�erence that we setPS to � 65 dB and instead varied
 from 2 to 5

in increments of 0.25. We used these experiments to identify the ranges of values for


 that would likely result in communication estimates above and belowct . Fig. 3.13

shows that values from 2.0 to 3.0 resulted in mean communication estimates above

ct while values from 4.5 to 5.0 resulted in mean communication estimates belowct .

Figure 3.12: Communication estimate values are shown for di�erent sensitivity
threshold values using the Rayleigh Fading model. Segmented line indicates the
communication estimate value above which we de�ne as high communication.
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Figure 3.13: Communication estimate values are shown for di�erent path loss ex-
ponent values using the Rayleigh Fading model. Segmented line indicates the com-
munication estimate threshold value used to de�ne high and low communication.

3.5.6 Design of Metareasoning Experiments

To test the metareasoning policy, we �rst identi�ed the best performing algo-

rithms under high and low communication levels for each type of scenario. For the

rescue and search & rescue scenarios, we selected the best performing algorithms

based on the results from [32]. For the �re monitoring and ship protection scenarios,

we ran experiments to characterize the performance of each of the 5 algorithms con-

sidered under di�erent levels of communication. These experiments were performed

using the optimal algorithm parameters for each scenario and the optimal weighting

coe�cients k0, k1 and k2 in the objective function for the ship protection scenario.

Using the Rayleigh Fading model, results from [32] showed that the perfor-

mance ranking of the task allocation algorithms tested changed at a sensitivity

threshold value of -25dB for the visit scenario and -35dB for the search & visit
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scenario. Thus, we de�ne values below -35dB as high communication levels and

values above -35dB as low communication levels. For each sensitivity threshold

value tested in [32], we ran experiments to compute the corresponding communi-

cation estimate. We then set the value of the communication thresholdct to the

communication estimate at which communication levels change from low to high.

Theoretically, we could vary the sensitivity threshold values to simulate high

and low communication. However, this would not be feasible in a hardware im-

plementation since the sensitivity threshold is inherent to the agent. Instead, we

choose to vary the path loss exponent
 , which is equivalent to generating di�erent

amounts of clutter in the environment [89]. We used the values ofct and the ranges

of 
 values found in previous section.

We selected the algorithms for the metareasoning policy for each type of sce-

nario from the results obtained. See Table 3.6. for a summary of these results. To

demonstrate the performance of our metareasoning approach, we ran experiments

for all the scenario types considered. Our policy as well as each algorithm used in

the policy were tested on multiple instances of each scenario type at two di�erent

switching conditions of communication: low to high and high to low. These condi-

tions represent possible ways in which communication may change during a mission.

We sampled values for
 from [2:0; 3:0] to simulate high communication and from

[4:5; 5:0] to simulate low communication. We set the switching time for communi-

cation t1 as a random value in [5; 15]. The heartbeat rate is set to 5 messages per

second.

A total number of 50 instances was generated for each type of scenario and
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communication switching condition. The total number of experiments came to be

50 � 2 � 4 = 400. We tested the metareasoning policy as well as each algorithm

used in the policy across all these experiments in order to evaluate the performance

of the policy.

Scenario Type High Comm. Alg. Low Comm. Alg.
Rescue ACBBA CBAA
Search & rescue ACBBA CBAA
Fire monitoring ACBBA CBAA
Ship protection PI DHBA

Table 3.6: Algorithm speci�ed by the policy for each level of communication and
type of scenario.

3.6 Results

In Figs. 3.14, 3.15, 3.16 and 3.18, we show our compiled results for the two com-

munication switching conditions tested and each type of scenario. We use trade-o�

analysis to demonstrate the di�erence in performance between the metareasoning

policy and each individual algorithm used in the policy with respect to the met-

rics chosen: max distance traveled, max number of transmitted messages, and min

distance to the ship (applicable only to the ship protection scenario).
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Figure 3.14: Trade-o� analysis for the metareasoning policy and each individual
algorithm used in the policy for therescue scenario . High-low communication is
shown on the left and low-high communication is shown on the right. Best expected
performing methods are displayed as shaded circles. Methods with sub-optimal
solutions are displayed as shaded diamonds.

Figure 3.15: Trade-o� analysis for the metareasoning policy and each individual
algorithm used in the policy for thesearch & rescue scenario . High-low commu-
nication is shown on the left and low-high communication is shown on the right.
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Figure 3.16: Trade-o� analysis for the metareasoning policy and each individual
algorithm used in the policy for the�re monitoring scenario . High-low commu-
nication is shown on the left and low-high communication is shown on the right.

Figure 3.17: Trade-o� analysis with respect to max distance traveled and messages
transmitted for the metareasoning policy and each individual algorithm used in the
policy for the ship protection scenario . High-low communication is shown on
the left and low-high communication is shown on the right.
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Figure 3.18: Trade-o� analysis with respect to min distance to ship and messages
transmitted for the metareasoning policy and each individual algorithm used in the
policy for the ship protection scenario . High-low communication is shown on
the left and low-high communication is shown on the right.

We make a few important observations from these results. First, for the rescue

scenario, the metareasoning policy proposed was the single best expected performing

strategy with respect to both performance metrics. For the search & rescue scenario,

the metareasoning policy was the best expected performing strategy under low to

high communication, however, it only performed better in terms of max number of

transmitted messages under high to low communication. Consequently, we obtained

a trade-o� between ACBBA and the metareasoning policy.

In the �re monitoring scenario, the metareasoning policy provided a trade-o�

with ACBBA under high to low communication. In this communication scenario,

the policy obtained the best expected performance in terms of max distance traveled

while ACBBA resulted in a slightly lower number of transmitted messages. Under

low to high communication, both ACBBA and the policy, are the non-dominated

expected solutions. A possible reason for this is the target distribution, in which
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new �re targets appear near other targets. Agents can get an assignment of multiple

nearby targets at once using ACBBA; thus, switching their allocation to a single-

task assignment like CBAA may have spread out agents towards targets emerging

in di�erent �re clusters, resulting in a larger max distance traveled.

For the ship protection scenario, we observe that with respect to max distance

traveled, the policy performed better on average compared to PI and DHBA. This

occurred under both communication scenarios. With respect to min distance to

ship, the metareasoning policy only performed better on average under low to high

communication. Thus, the policy was more e�ective in terms of minimizing the

max distance to track adversarial targets while DHBA was more e�ective in terms

of maximizing the min distance to ship.

The results obtained demonstrate that on average, the policy outperforms

running a single algorithm more consistently under low to high communication sce-

narios. Moreover, when agents experienced low communication at the start, metar-

easoning proved to be more e�ective when communication improved at a later time.

However, when agents started with high communication, changing their task allo-

cation scheme may not have been as e�ective. A reason for this may be that agents

can reach consensus early on if they are able to communicate successfully at the

beginning and may not bene�t from changing their already computed solutions as

communication degrades. It is important to note that across all communication sce-

narios, agents tend to perceive low communication as they initiate communication,

however this is considered as a transient state of communication and is not explicitly

included as part of the overall communication scenario.
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Another observation we make is that the max number of transmitted messages

for CBAA was consistently larger than the max number of transmitted messages

obtained for the other two strategies. This can be explained by scenarios in which

agents were not able to receive messages about completed tasks. For this reason,

CBAA iterations continued to be executed until at least one agent successfully

received updated information about the completion status of all tasks.

3.7 Conclusions and Future Work

In this chapter, we describe a metareasoning policy that a team of agents can

execute to make e�ective meta-level control decisions based on the communication

availability in the environment. Our policy was tested in various types of scenar-

ios with di�erent types of task allocation problems. We demonstrated that using

the policy can lead to gains in performance or trade-o�s in terms of max distance

traveled and max number of messages transmitted compared to running a single

�xed strategy. Using the LTL framework, this policy can be naturally extended to

take into account additional environment features and desired reactive behaviors

of the agents using LTL speci�cations. This would be an interesting direction for

future work as well as exploring di�erent metareasoning approaches that would not

only execute a prescribed policy, but also modify the policy or generate new policies

online.

In addition, with respect to communication, we would like to investigate the ef-

fects of more complex communication scenarios, for instance, scenarios in which only
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certain regions of the environment experience drops in communication quality. With

respect to the metareasoning policy proposed, one possible extension is to include in

the portfolio of task allocation algorithms considered, those that account for com-

munication constraints and investigate the bene�ts of switching between such. This

can also help us address questions on how to better utilize information exchanged

among the agents and how to improve consensus under low communication.
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Figure 3.9: Tuning results for all 5 algorithms with respect to min distance to ship
(ship protection scenario only), max distance traveled (�re monitoring scenario only)
and max number of transmitted messages (both scenarios). The ship protection
scenario is shown in the 1st and 2nd columns while the �re monitoring scenario is
shown in the 3rd and 4th columns. Algorithms are shown in the following order:
CBAA (1st row), DHBA (2nd row), HIPC (3rd row), ACBBA (4th row), PI (5th
row). 70



Figure 3.10: Metrics trade-o� plot showing the best performing algorithms with
respect to (max distance traveled or min distance to ship) and max number of
transmitted messages for each level of communication tested.

Figure 3.11: For each communication level and pair of algorithms tested, we show
the Wilcoxon Signed Rank test results for the �re monitoring scenario (left) and ship
protection scenario (middle) with respect to the performance metrics evaluated.

71



Chapter 4: Object-Level Layer

In this chapter, we describe the process of formulating reactive synthesis at

the object-level layer of the agent. Our goal is to obtain a task and path planner

for each agent in the team so that the team achieves a coordinated behavior. This

coordinated behavior is accomplished by having each agent execute the synthesized

high-level planner individually and employing dynamic allocation to assign di�erent

goals to each agent. Thus, we address state explosion, one of the main challenges of

reactive synthesis, by employing a hierarchical integration of reactive synthesis, used

to satisfy desired system design traits at the agent level, and dynamic allocation,

used to coordinate the behavior of agents. However, a naive application of reac-

tive synthesis to control a single agent can also lead to state explosion if dynamic

environment settings are considered. We present a receding horizon framework to

solve the synthesis problem e�ciently and demonstrate the successful utilization of

reactive synthesis for managing a team of UAVs in a �re�ghting application. We

�rst begin by describing the receding horizon framework proposed.
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4.1 Receding Horizon Framework

Previous works [3], [4], and [5] have explored reactive synthesis within a reced-

ing horizon (RH) framework. Within this framework, the state space for both the

environment and system are partitioned into separate horizons, enabling the con-

version of the given problem into a set of smaller problems for which to synthesize

a controller. A single controller that satis�es the high-level system requirements

and assumptions about the environment is then obtained by carefully combining

the individually synthesized controllers.

The receding horizon implementation consists in segmenting the total system

space into regionsWj for each progress speci�cation. These regions are placed into

properly constructed ordered setsF i (W i
j ) to ensure that the system variables will

converge to satisfying each progress statement for the system progress goal atW0.

Fig. 4.1 exempli�es the segmentation process of the total state space into an ordered

set of de�ned regionsW i
j , in which i denotes the system progress statementi 2 I g,

and j indexes the ordered regionsWj about i .

Each regionW i
j consists of its own GR(1) speci�cation as shown in Eq. (4.1),

and the goal of the synthesized controller is to drive the system states towards the

next region within the ordered set so that the system eventually arrives atW0. For

example, the controller will move states in regionW i
j towards regionW i

j � 1 in its

attempt to ful�ll progress speci�cation i . Such speci�cation is formalized as a GR(1)
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Figure 4.1: Segmentation process of the state space and example of ordered set

ow-down performed in receding horizon framework [3].

speci�cation as follows:

	 i
j = (( s 2 W i

j ) ^ � ^
^

i 2I r

� ' e
s;i ^

^

i 2I f

� 3 ' e
p;i )

�! (
^

i 2I s

� ' s
s;i ^ � 3 (s 2 F i (W i

j )) ^ � �) :

(4.1)

where s refers to the system state. The formula � represents all limitations on

the system states in order to disallow system transitions to or initializing within

invalid states. Thus, each synthesized controller prevents transitions to states that

are infeasible for other horizons.

Before describing the implementation of the receding horizon framework in

more detail, we �rst provide some motivation for the chosen application to �re�ght-

ing and speci�c problem to be solved using this framework.
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4.2 Application to Fire�ghting

We explore the design of a high-level mission planner and controller for man-

aging unmanned aerial vehicles (UAVs) in a �re �ghting application by having each

agent execute a reactive controller and applying dynamic allocation of the UAVs as

resources for �ghting a growing �re.

The application of �ghting wild�res presents various challenging opportuni-

ties for high-level reactive control design since it can involve an expansive objective

space. Typical �re �ghting scenarios involve numerous ground workers and piloted

vehicles, including aerial vehicles capable of dropping large amounts of suppressant

over regions of �re. Due to the chaotic nature of �res, numerous progress speci�ca-

tions tied to the environment dynamics can be generated to formally describe how

a team of UAVs should slowdown the spread of �res. This serves as an apt example

of the type of problem many reactive synthesis-based research endeavors have not

addressed.

Managing wild�res is a relevant and complex challenge, straining the economy

of the United States. In 2016, an amount exceeding$63.5 billion was incurred due

to damages caused by wild�res, and more than$7.6 billion is spent annually to �ght

said �res [9]. As discussed in [10] and [11], UAVs pose a huge bene�t to traditional

�re�ghting methods, with the primary advantage of supplying additional \eyes in the

sky". Previous work [8] has shown that aerial vehicles with suppression capabilities

have been critical in slowing down the growth of �res due to their far greater range of

maneuverability when compared to ground crews. Often these aircraft can change
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the outcome of a wild�re if used to attack a small �re early enough. Hardware

demonstrations of UAVs extinguishing �res have been presented in [13], on a small,

single-UAV scale, and through Lockheed Martin's use of the K-MAX and Stalker

XE in [12]. Thus, there are many opportunities to leverage the use of mid-sized

autonomous drones for quick response to 
edging small-scale wild�res as well as

limiting the number of required personale to a site.

Next, we present the problem formulation that exempli�es how reactive syn-

thesis is used to construct a high-level controller, to be executed by each agent in a

team of UAVs with the goal of slowing down the spread of multiple �res.

4.2.1 Problem De�nition

We consider a 450-by-450 meter region of 
at grassland, segmented by various

large-scale obstacles. We assume �res spread from starting regions under �xed

environmental conditions (e.g. wind speed and direction) and with any arbitrary

initial conditions. A base of operations exists near the edge of the region and

contains a 
eet of N UAVs of moderately large size for �ghting the �re.

Each UAV holds a varying level of suppressant for dumping on the �re, from

High (100%), Medium (66%), Low (33%), to Empty (0%), associated with a total

water volume ofWv = 125 liters. Each individual UAV contains a radio for commu-

nicating with base, GPS for determining position, and any other sensors required

for lower-level controllers. Each UAV's average 
ight speed,v, is approximately

15 m=s. Design constraints on the UAVs require periodic landing and enforcement
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of in-
ight kinematics resembling �xed-wing behavior. The design goal of the 
eet

is to signi�cantly slow down the �res' spread to the outer edge of the domain as

compared to the �res' natural growth. Fig. 4.2 visualizes the abstracted region for

this problem.

Figure 4.2: 2D grid partition of region with environmental indicators.

The formal de�nition of the abstracted system space is as follows.

De�nition 1: The state set is de�ned asS = Sp � So � W, where the

position set is Sp = f (1; 1); (1; 2); (2; 1);:::; (10; 10)g, the orientation set is So =

f 0; 90; 180; 270g, and the water level set isW = f 0%; 33%; 66%; 100%g. A single

UAV at any given time is represented as an elements� S. For the elements ofs, sx;y

is used to represent the position tuple,so is used to represent the orientation, and

w is used to represent the water level. This implies that each position represents

a cell of 45-by-45 meters. Furthermore, viable transitions for the UAVs between
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elements in the state space are de�ned assuming 3 transition scenarios: a sped up

counterclockwise turn, a sped up clockwise turn, and a straight drive ahead. These

transition scenarios result in the following transition system described in De�nition

2, and visualized in Fig. 4.3.

Figure 4.3: Possible transitions for UAV within grid given starting orientation and
position.

De�nition 2: The transition relation for the state set S is de�ned as T =

f s ! s0 2 R � S � Sg, where allowable transitionss ! s0 2 R are de�ned under

the following conditions.

If so = 0°:

s0 =

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

(sx ; sy); s0
o = 0°

(sx + 1; sy); s0
o = 0°

(sx + 1; sy + 1) ; s0
o = 90°

(sx + 1; sy � 1); s0
o = 270°

(4.2)
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If so = 90°:

s0 =

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

(sx ; sy); s0
o = 90°

(sx ; sy + 1) ; s0
o = 90°

(sx + 1; sy + 1) ; s0
o = 0°

(sx � 1; sy + 1) ; s0
o = 180°

(4.3)

If so = 180°:

s0 =

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

(sx ; sy); s0
o = 180°

(sx � 1; sy); s0
o = 180°

(sx � 1; sy + 1) ; s0
o = 90°

(sx � 1; sy � 1); s0
o = 270°

(4.4)

If so = 270°:

s0 =

8
>>>>>>>>>>>>><

>>>>>>>>>>>>>:

(sx ; sy); s0
o = 270°

(sx ; sy � 1); s0
o = 270°

(sx + 1; sy � 1); s0
o = 0°

(sx � 1; sy � 1); s0
o = 180°

(4.5)

Depending on the location of static obstacles and boundaries, elements within

the described transition relation should be avoided if they violate the reachabil-

ity property of the system, as de�ned through De�nition 3. This implies that the

existence of obstacles requires limitation on allowable statesS in the system spec-

i�cations. A graph search for paths that lead to dead ends is an accessible way of
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determining these states.

De�nition 3: The system S is reachable if there exists a path of states,

composed of a �nite number of consecutive transitions ins ! s0 2 T � S � S, such

that all s 2 S can be eventually reached from any other initial states 2 S.

The formal de�nition of the abstracted environment space is provided in Def-

inition 4. Note that this general environment de�nition is expansive in size (up to

2100+ N combinations, where N is the number of �res). Also note that this environ-

ment de�nition serves as an abstraction to the �re growth model described in more

detail in Section 4.3.2.

De�nition 4: The �re environment is de�ned asFx;y = ( x; y) �f T rue; Falseg

for any valid choice ofx and y in the system domain except for the base and obstacle

locations. The elementf x;y 2 Fx;y corresponds to whether �re is present at (x; y) or

not. The environment domain consists of the combination of allFx;y sets and the

landing signal sets of each UAV, i.e.E = F1;1 � F1;2 � F2;1 � ::: � F10;10 � Sland; 1 �

Sland; 2 � :::� Sland;N , whereSland;i 2 f T rue; Falseg corresponds to the landing signal

of the i -th UAV. Under these formal de�nitions on the system and environment, the

desired design constraints for each UAV are as follows. First, each UAV must 
y to

any region in the state space associated with an active �re (Eq. (4.6)) and dump a

fraction of its water supply if possible (Eq. (4.7)),

� s
1 =

^

(x0;y0)

� (f x0;y0 �! 3 (sx;y $ (x0; y0))) ; (4.6)
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� s
2 =

^

(x0;y0)

� ((w > 0% ^ f x0;y0 ^ (sx;y $ (x0; y0))) $ # w = w � 33%): (4.7)

Next, each UAV must return to base for replenishing water supplies when empty

(Eq. (4.8)) and the water level must re�ll to the max level when the UAV reaches

base (Eq. (4.9)). Outside of any condition that forces the water level to change, the

water level must remain constant (Eq. (4.10)). Base is a proposition that is True

when sp matches the associated (x; y) tuple for the base,

� s
3 = � (w = 0% �! 3 base); (4.8)

� s
4 = � ((w = 0% ^ base) $ # w = 100%); (4.9)

� s
5 = � (( : # w = 100% ^ : # w = 0%) $ # w = w): (4.10)

The UAVs may receive landing signals and must land in the next available region

una�ected by �re (Eq. (4.11)),

� s
6 = � ((sland;n ^ : f x;y ) �! (# sx;y $ sx;y )) : (4.11)

Lastly, the order in which �res are addressed must be determined by their capability

of reaching the domain edge, and UAVs must coordinate suppressing �res in a man-

ner that increases their combined e�ect on the environment, a system speci�cation

represented by� s
priority . This speci�cation is an open area of design, one in which

a formal description of the �re behavior model� e
model and system response� s

priority

would require further environment and system de�nitions, speci�cally in relation to
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predicting and assessing the wild�re dynamics. In the reactive synthesis language,

the problem we seek to solve is de�ned as the following total speci�cation:

� e
model !

^

i 2 [1;6]

� s
i ^ � s

priority : (4.12)

Given the speci�cations� e
model and � s

priority , our goal is to \synthesize" a con-

troller that satis�es Eq. (4.12) through utilizing reactive synthesis e�ciently while

avoiding introducing further variables to the synthesis problem.

4.2.2 Proposed Solution

When the high-level design of a system does involve large scale environmental

permutations and state spaces, solutions typically seek to discretize the synthesis

problem. Discretization appears in the use of receding horizon control in [63] and

the use of decentralized controllers for multiple agents in [15]. Both examples break

down the top-level synthesis problem into smaller, discrete pieces for the computa-

tion bene�ts. On the other hand, [16] approached their synthesis problem with a

focus on resolving deadlock under speci�c environment conditions instead of directly

avoiding dynamic obstacles. In each of the presented cases, the problem description

focused on a limited task space (i.e. the number of progress goals) and how the solu-

tion can handle larger sets of actions from an environment in relationship to safety

speci�cations. The maximum state space sizes of [63]-[16] were up to the order of 100

variables (for [16] speci�cally), but the task space for each scenario explored never

exceeded 4 progress statements. For the purposes of �ghting growing, dynamic �res
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with a single autonomous UAV system represented by a state space abstraction

size of 2 orders in magnitude or greater, a high-level controller created with just

reactive synthesis could quickly present an impractical solution if the design has to

accommodate a fairly granular environment space. Further expanding this concept

to a whole 
eet of UAVs, the problem worsens due to an increase in the number

of system variables proportional to or greater than the number of UAVs, if con-

sidering centralized controllers. Even with decentralized controllers for each UAV,

additional system variables might need to be introduced to describe coordination

and behaviors between the decentralized UAV controllers.

To alleviate the computational complexity on reactive synthesis in this regard,

we propose the coordination of UAVs be handled by a dynamic allocation process.

Dynamic allocation presents an autonomous method for assigning resources in an

ever-changing environment and determining which �res the UAVs should prioritize.

For example, in [17], the resource allocation problem is framed as a multi-objective

optimization problem of minimizing the extinguishing time and resource utilization

cost, solved by the use of evolutionary algorithms. In [18], the �re behaviors and re-

sults due to resource allocation are formulated as a Markov Decision Process (MDP),

from which a Monte Carlo tree search is used to determine the best areas to allocate

resources. We implement a simpli�ed optimization allocation strategy to address

the assignments of UAVs for our �re �ghting scenario. If the 
eet of UAVs are

treated as resources to manage with respect to a changing �re landscape, dynamic

allocation would serve well in assigning the UAVs to speci�c �res. Assignments de-

pend upon factors in the behavior of the �res such as density, ability to spread, wind
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and direction. An allocation algorithm is not necessarily constructed to control the

UAVs within the state space de�ned, nor the algorithm manages other high-level

system aspects associated with the UAVs, such as suppressant control and decisions

on landings. Building these high-level behaviors into an allocation algorithm re-

quires \handcrafting" these behaviors for all scenarios, an approach that synthesis,

on the other hand, is well suited to avoid.

Related to our work, [19] �rst touched upon the idea of manipulating the reced-

ing horizon framework for decomposing the synthesized problem and decentralizing

the planning procedure. For their purposes, this idea resulted in the ability of mul-

tiple agents to satisfy high-level speci�cations through only considering other agents

that entered their local horizon. For our purposes, decentralizing the planning pro-

cedure allows for dynamic allocation to output the order of progress goals speci�ed

in the synthesized controller in real-time. Thus, our proposed solution integrates

reactive synthesis within the receding horizon framework previously described and

dynamic allocation. These two methods form a high-level planner and controller

that ful�lls the design constraints imposed on each UAV and dictates the behavior

of each one as well as their collective maneuvers. Fig. 4.4 depicts a conceptual view

of the process of creating our solution and the tasks that each method performs. Fig.

4.5 depicts the direct relationship between the allocation process and a synthesized

controller.

As shown in Fig. 4.4, a common synthesized controller is created for each of

the UAVs through the receding horizon framework with the duties presented. Given

any arbitrary initial condition, the controller aims to progress to each viable parti-
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Figure 4.4: Diagram of creating the solution method and the responsibilities and
roles for both the synthesized controllers and the allocation process during real-time
implementation.

tioned space. Each one of these progress goals is represented within Fig. 4.4 by the

\nodes" protruding from each rectangle. The order that the controller meets these

progress statements for a single UAV, shown previously through the ordering ofWi

in Fig. 4.1, is not dictated by the synthesized controller as typically performed

within the RH framework. Instead, the allocation process decides which progress

speci�cation any single UAV should pursue, represented within Fig. 4.5 by the

switching of the \nodes"' order for any given moment in time, and the allocation

process is responsible for ensuring that each \node" can and/or will be ful�lled.

Hence, the allocation process prioritizes and assigns which goals a single controller

should meet next in real-time. The combination of these two methods in the de-

scribed manner works to highlight the strengths of each method. The synthesized

controllers manage various system oriented aspects of the design and path planning
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Figure 4.5: Diagram of allocation process rearranging the progress goal ordering (as
depicted in Fig. 4.1) for a single UAV controller instance in real-time.

while allocation governs the 
eet behavior through assignments of goals for each

controller.

Previously mentioned in [13], a physical scenario was constructed that dealt

solely with one UAV gathering water, moving to another location, and dumping said

water on the destination. Reference [13] demonstrates the existence of lower level

controllers that could manage the individual actions necessary to achieve the high-

level planner and controller proposed (at least for a smaller scale UAV). In Section

4.4, we describe an implementation for synthesizing low-level controllers satisfying

reachability speci�cations in order to generate the required inputs to realize the

discrete transitions presented in Fig. 4.3.

Next section describes the construction and operation of the synthesized con-

trollers.

86



4.2.3 Synthesis of Controllers in the Receding Horizon Framework

The goal of the RH framework is to individually synthesize a controller about

each progress goal while satisfying all safety speci�cations as formulated for the

entire system. To reinterpret the speci�cations provided in Eqs. (4.6) and (4.8)

in GR(1) form, we assume that the dynamic allocation process acquires the role of

determining when the UAV should go to base or �re. For example, when the UAV's

water level is empty, the dynamic allocation forces the UAV to prioritize the goal

associated with base. Thus, the translated GR(1) goals involve always eventually

driving the system to �re regions or the base, invoked by the presence of �re or

absence of held water, respectively. As a result, Eqs. (4.6) and (4.8) are simply

reinterpreted as Eqs. (4.13) and (4.14), respectively. Therefore, the speci�cations

used in synthesis include the safety speci�cations shown in Eqs. (4.7), (4.9), and

(4.11) alongside these simpli�ed goal speci�cations,

^

x0;y0

� 3 (sx;y $ (x0; y0)) ; (4.13)

� 3 base: (4.14)

For the common synthesized controller, the formal environmental description

described beforehand is broken down to the relative signals as perceived by a sin-

gle UAV and changed by either the allocation method or the naturally occurring

environment. These Boolean environment variables consist of:sland , representing

whether or not the UAV needs to stop due to a landing signal;f d, representing
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the presence of �re directly beneath the UAV; and drop, representing the allocation

process's signal to a UAV for dropping water on the assigned goal location. Hence,

the relative environmentEr = f sland ; f d; dropg. The environment speci�cations for

a single UAV are listed as follows:

� e
init = fg ; (4.15)

� e
s = fg ; (4.16)

� e
p = � 3 drop ^ � 3 sland ^ � 3 : f d: (4.17)

We assume no guarantees on the environment's initial condition and safety behavior

as stated in Eqs. (4.15) and (4.16). Eq. (4.17) states that always eventually allo-

cation instructs the UAV to drop water, always eventually the UAV will experience

engine failure, and always eventually the UAV will not 
y over �re.

The system consists ofS as described in De�nition 1. Additional APs goal

and base are created to indicate when the UAV enters a speci�ed goal location and

the base location, respectively. These revised de�nitions are used to form updated

speci�cations in GR(1) form for each set of horizons about each goal. The system

speci�cations are formally de�ned about each goal tied to a tuple (x; y) for each

UAV:

� s
init = 	 : (4.18)

Eq. (4.18) re
ects that a UAV will start in a state allowed by 	 (the RH tautology

that governs feasible states). In this scenario, the tautology prevents the system
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from occupying any state that violates the conditions of De�nition 3 before the

horizons are applied. This disallows states in which obstacles are present or any

states that only lead to obstacles.

� s
s;1 = � ((sland ^ : f d) $ (# sx;y $ sx;y )) : (4.19)

Eq. (4.19) is the modi�ed form of Eq. (4.11), already in GR(1) form, replacing the

global f x;y element with the localf d variable.

� s
s;2 = � ((w = 0% ^ goal ^ base) $ (# w = 100%)); (4.20)

� s
s;3 = � ((w > 0% ^ goal ^ : base^ drop) $ (# w = w � 33%)); (4.21)

� s
s;4 = � (( : # w = 100% ^ : # w = w � 33%)$ (# w = w)): (4.22)

Eqs. (4.20), (4.21), and (4.22) are the modi�ed versions of (4.9), (4.7), and (4.10),

respectively. In Eq. (4.20), the system reaching the base location has been replaced

with the local goal ^ baseproposition combination to enforce the notion that UAVs

only �ll up when reaching base if the base was also set as the goal.

� s
p = � 3 goal: (4.23)

Lastly, Eq. (4.23) is the generalized version of Eqs. (4.13) and (4.14). It models

both since the allocation process is responsible for ensuring the conditions that drive

the UAV to either the base location or a particular �re location, which serve as the
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current goal. Eqs. (4.18) - (4.23) along with the environment de�nitions form Eq.

(4.24), the synthesis problem about each progress goal.

	 x0;y0
= � e

init ^ � e
s ^ � e

p

�! � s
init ^

^

i 2f 1;:::;4g

� s
i ^ � s

p ^ � :
(4.24)

This formulation in the RH framework captures the intended behavior of the orig-

inal speci�cations while enabling the allocation method to dictate which goals are

prioritized in which order.

To apply the RH framework, the state space must be segmented into horizons

W x0;y0

j about every possible goal region. A formal de�nition for such is provided by

De�nition 5, and Fig. 4.6 visualizes the horizons for a single goal.

.

Figure 4.6: RH partitions for progress statement centered on position (4,4), i.e.W0

De�nition 5: Horizons about (x0; y0) are de�ned asW x0;y0

j = f s 2 S j 3(j �

1) � j sx � x0j + jsy � y0j � 3j; j = 1; 2; 3; :::g. W x0;y0

0 corresponds to the goal.
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Figure 4.7: Example of an unrealizable state (1) inW2 for the horizon speci�cation
	 2 that does have a valid next move (2) intoW3 and subsequent path back toW1.

These horizons are utilized to form the individual 	x
0;y0

j speci�cations used in

the RH framework. This formal de�nition is intuitive and easy to apply to this prob-

lem since it requires a simple calculation while automating the synthesis process.

Unfortunately, these horizons do not account for static obstacle placements which

create the restrictions represented by �, and blind application of the RH framework

will create unrealizable speci�cations. A possible case of this issue is shown in Fig.

4.7, in which transitions from state (1) inW2 cannot go into W1 because of obsta-

cles. Transitions that are allowed to \move back" toW3, however, can subsequently

provide a path back toW1, as represented by the numbered arrows. However, this

would violate the order along which the controller moves the system. To circumvent

a horizon violation as such, a horizon modi�cation algorithm is applied during syn-

thesis to maintain the realizability of all RH speci�cations for the given environment

with a static obstacle con�guration, shown in Algorithm 1.
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Algorithm 1: W x0;y0

j Modi�cation During Synthesis

1: procedure Synthesis Goal (x0; y0) . Synthesize controllers from all initial
conditions for the x0; y0 goal location

2: for 0 � j � N do
3: for s 2 W x0;y0

j do
4: Synthesize controller givenx0; y0 goal and currents
5: if Controller == None then
6: Removes from W x0;y0

j

7: Add s to W x0;y0

j +1
8: end if
9: end for

10: end for
11: end procedure

4.2.4 Receding Horizon Modi�cation And Proof of Speci�cation Re-

alizability

By applying Algorithm 1 during the synthesis and construction of controllers,

we can verify the viability of all initial conditions. If no controller from a given

initial condition is found that satis�es the speci�cation, Algorithm 1 is used to au-

tomatically generate the needed modi�cations to the horizon template to render the

speci�cation realizable. Doing so during execution allows for keeping valid horizons

initially provided and only changing them as needed for the given environment.

In Theorem 1, we provide a proof of realizability for the speci�cation under the

modi�ed horizon templates.

Theorem 1: Given a modi�ed version of the system in De�nition 1 which has

restricted accessible states and transitions through the addition of static obstacles but

still maintains the reachability property described in De�nition 3, and by using the
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initial horizons W x0;y0

j described in De�nition 5 applied with the horizon modi�cation

algorithm described by Algorithm 1, the speci�cation for each horizon surrounding

each progress goal,	 x0;y0

j , will remain realizable, preserving the RH framework guar-

antees on the overall speci�cation.

Proof: First, we maintain that the overall speci�cation (Eq. (4.24)) is realiz-

able for the modi�ed system description given no horizons and any allowable initial

condition. Because of such, a horizon-based synthesized solution exists that ful�lls

the framework and de�nitions provided in [3].

Given the De�nition 5 description of the receding horizonsW x0;y0

j for any in-

dividual goal (x0; y0), reachability (De�nition 3) implies that for any state sequence

that starts and leads froms 2 W x0;y0

j to a statesf with sf;x;y = ( x0; y0), said sequence

� must contain at least ones 2 W x0;y0

k for all 0 � k � j . Under the modi�ed sys-

tem de�nition, all available sequences for somes 2 W x0;y0

j may also need to include

s 2 W x0;y0

r for somer > j , i.e. the only available path to the goal may require the

state to move into horizons away from the goal before moving back through horizons

towards the goal due to the presence of obstacles. The presence of such a sequence

that includes paths with s 2 W x0;y0

r>j as the only valid path immediately violates

the order conditions for the receding horizon speci�cation 	x
0;y0

j . To address this

violation, modi�cations to the horizons, as shown in Algorithm 1, are made during

synthesis to maintain the condition that a path� leading from s 2 W x0;y0

j does not

contain any s 2 W x0;y0

r>j .

As controllers are synthesized around each goal and for each initial condition

si within each setW x0;y0

j , starting with j = 0 and incrementing, realizability failures
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are direct results of the lack of a system path to the horizonW x0;y0

j � 1 that remains only

in W x0;y0

j . This is a result of the failure to satisfy 	 x0;y0

j since the overall speci�cation

	 x0;y0
is realizable. Because a path starting at the initial conditionsi that ful�lls the

global speci�cation must exist on the global scale and none of the setsW x0;y0

j overlap

per index (x0; y0), the path must enter into W x0;y0

j +1 due to the reachability property

stated before. Through the algorithm, this statesi is removed fromW x0;y0

j and added

to W x0;y0

j +1 . All intermediate states between the initial condition and horizonW x0;y0

j +1

are also moved to the next horizon since each state is tested as an initial condition in

Algorithm 1, and these states cannot serve as viable initial conditions themselves.

Therefore, the revisedW x0;y0

j +1 contains the original setW x0;y0

j +1 plus all states from

W x0;y0

j that could not serve as initial conditions to reach the next horizon ofW x0;y0

j � 1

(or goal if j = 0). This statement serves as a recursive assignment for each horizon

j , shifting states back horizons until a new horizon set for a goal is de�ned such that

eachs 2 W x0;y0

j starts a path contained solely inW x0;y0

j that reachesW x0;y0

j � 1 . Because

of this, the receding horizon modi�cation ensures that 	x
0;y0

is realizable for all

goals, all horizons, and all initial conditions, maintaining the guarantees provided

by the RH framework used from [3].

Next section describes the allocation algorithm used for the high-level con-

troller.

94



4.2.5 Dynamic Allocation

We apply a dynamic allocation process for assigning the UAVs to di�erent

�re perimeter locations that spread with time. This process considers four main

attributes that directly a�ect a �re's progress to the boundary edge and a single

UAV's ability to suppress such. These include: proximity of the UAVs to �re lo-

cations; proximity of �res to the domain boundary; wind direction and magnitude;

and the amount of burn-through time provided by any suppressant acting on the

�re. These attributes were chosen due to their simplicity in calculation and their

ease of observation outside of the simulation environment. We assume that the �re

model (which determines the previous attributes) and its corresponding perimeter

is correctly abstracted into the cells used by the synthesis process (i.e. any cell that

contains the �re perimeter is interpreted as holding �re and is made available for

allocation). Algorithm 2 shows the process for allocating UAVs to the �re perime-

ter locations, performed at each update of the synthesized controllers. The inputs

consist of UAVs, the set of all location tuplessi; (x;y ) for the UAVs (ordered by the

index i ), and Fp, the set of all current �re perimeter location tuplesf p in the envi-

ronment domain. Due to the limited number of abstractions that our synthesized

controller acts over, calculating the cost of each individual �re relative to each UAV

is a feasible option of determining the minimized allocation cost per UAV at each

update of the synthesized controllers. Note that no optimization of UAV assign-

ments is performed across members, i.e. the UAVs are assigned to �re locations in

order and the next UAV cannot be assigned to a �re previously chosen in the main
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Algorithm 2: UAV dynamic allocation process

1: procedure Assign UAVs (UAVs, Fp) . Allocate all UAVs to �res in the �re
perimeter setFp

2: for si; (x;y ) 2 UAVs do
3: min cost  � inf
4: for f p 2 Fp do
5: cost  � g(f p; si; (x;y ))
6: if cost � min cost then
7: f min  � f p

8: min cost  � cost
9: end if

10: end for
11: Allocate i th UAV to f min
12: Removef min from Fp

13: end for
14: end procedure

loop. The cost functiong(f; x ) is calculated as the weighted sum of: the distance

between the �re and the UAV; the �re's distance from the closest boundary edge;

the alignment of the �re's direction alongside the wind and its magnitude; and the

amount of suppressant acting on the �re. This equation is displayed in Eq. ( 4.25),

g(f; x ) = df � k x � f k + ef � min (k edge� f k)

� wf � k f:wind k + bf � suppressanttime left;

(4.25)

where df , ef , wf , and bf are heuristic weights for each relevant attribute. The

coe�cient df behaves as a penalty weight for the distance between a UAV location

x and �re location f . The coe�cient ef represents a penalty weight on �res that are

further from any location along the outer edge of the domain. The coe�cientwf

is an importance weight on �res further along the direction of the wind. A greater

value contributes negatively to the total cost. Finally, coe�cient bf corresponds to
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a penalty on the remaining time for suppressant already present at the �re. This

increases a relative �re's cost proportionally to the remaining burn-through time.

Within all four terms, the variable edge represents any location along the domain

boundary, the vector wind corresponds to a scenario'sx and y components of the

wind vector, and the function suppressanttime left calculates the remaining burn

through time (in seconds) of suppressant at a current �re location, returning zero if

no suppressant is present. These weights represent \knobs" for heuristically tuning

the allocation of UAVs to individual �res. Ideally, we aim to have the UAVs prioritize

�re perimeters that are moving further along the wind direction and approaching the

edges of the domain foremost. The distance from �re and burn-through time terms

act to \spread out" the allocation of UAVs when the wind and edge terms are less

severe. Through initial testing, we achieved the desired behaviors using standard

units by choosing the coe�cients df , ef , wf , and bf as 0:1, 1:0, 0:1, and 0:02,

respectively. For perspective, the four attribute terms in the cost function without

coe�cient multiplication, using standard units when evaluated, were typically on

the order of 100, 100, 10,000, and 1,000, respectively.

Next section describes the �re �ghting scenarios considered and simulation

used for testing our approach.

4.3 Implementation

To examine the e�ectiveness of the approach proposed in a �re �ghting appli-

cation, we �rst present the �re model used to generate test scenarios as follows.
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4.3.1 Fire Simulation

A simpli�ed �re simulation was constructed in Python following the wavelet

di�erential equations and the Rothermel spread equation provided in FARSITE

[21]. FARSITE models the �re fronts as propagating wavelets, with the �re spread

rate calculated by the Rothermel spread equation serving as the main indication of

intensity. Reference [22] provides the valuation of the Rothermel spread equation for

various fuel types and climates, shown in Fig. 4.8. For the simulation, we assumed

the fuel type was SH7, which is shrubbery in a dry climate, and approximated the

spread rates for 3 levels of wind speed. Table 4.1 provides these approximations for

each wind speed.

Figure 4.8: Fire spread rates as a function of wind speed for various fuel models,
pulled directly from [22].

At each update time for the �re, the calculated spread rate of a �re vertex

along the perimeter was also adjusted with a standard deviation to provide further
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Wind Speed (m/s) Rate of Speed (m/min)
1.0 (Low) 3.0
4.0 (Medium) 18.0
8.0 (High) 48.0

Table 4.1: Chosen wind speeds and resulting spread rates of �res for use in simulation
scenarios.

variation in the �re front growth across each simulation. Additionally, the �re front

model's perimeter was abstracted into distinct �re regions for use by the dynamic

allocation process. Fire suppression mechanics are a relatively unknown area of

research, and simulations typically assume that obstacles (both static and dropped

suppressant) simply stop or greatly slow the spread rate at that speci�c location on

a �re front, either inde�nitely for static obstacles or a limited time for suppressant

(referred to as the burn-through time). The placement of temporary obstacles in

our simulation provided the direct mechanisms in which the �re was slowed down at

any point by a UAV. Note that we only modeled slowing the �re down or stopping,

no permanent extinguishing of cells.

The dropping of suppressant was modeled after the line length and burn-

through times for 1500 liters of suppressant, as discussed in [24]. For a 1500 liter

suppressant drop across 45 meters, the burn-through time is approximately 2 hours.

We assumed that a linear relationship exists between the amount of suppressant and

the burn-through time, i.e. 125 liters constitute about 10 minutes of burn-through,

and each fractional drop of 125 liters on an area added the same proportional amount

of 10 minutes to the current burn-through time. Additionally, we assumed a linear

relationship between the rate of growth of a �re vertex within a suppressant area

and the burn-through time left. The endpoints on this linear relationship were 0%
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of normal growth rate for full burn-through time left and 5% of normal growth for

no burn-through time left. This relationship was included to add conservative stress

on the UAVs' ability to suppress the �res. Lastly, the geometry associated with

suppressant drops was ignored, i.e. any suppressant dropped on the �re front was

assumed to align itself so as to correctly block the �re within that region. The UAVs

were modeled to follow simpli�ed kinematics as described in Section 4.4 and a low-

level controller was constructed and executed to maintain the transitions described

in the problem description at each time step. Additionally, the UAVs were assumed

to require 4 minutes anytime they were forced to stop, either by a random stop

signal or stopping at the base to pick up suppressant. Various �re scenarios' initial

conditions and parameter settings were constructed for the purposes of testing the

controllers. These �re scenarios were aimed at testing the capabilities of the UAVs

to slow down all �res from reaching the borders and gauge the e�ectiveness of

di�erent 
eet numbers. These scenarios are provided in Fig. 4.9. The simulation

cycled through multiple iterations on each scenario, testing the e�ectiveness of up

to 4 
eet members. The average time for the �re to reach the outer edge on each

scenario and 
eet number combination was calculated. For all scenarios, the UAVs

started at the base location.

4.3.2 Results

TuLiP [23] was utilized to realize and synthesize the controllers associated

with each regionW x0;y0

j . On an Intel i5-6500 CPU @ 3.20 GHz processor, this total
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Figure 4.9: Initial conditions of all �re scenarios, showing locations of 25 m diameter
starting �res (red dots) and constant wind conditions (blue arrows). Grey boxes
represent static obstacles.

process, approximately 250 regionsW, took on the order of 8 hours. In addition to

the large amount of time to synthesize all of the individual controllers, numerous

memory issues came up throughout the process, even with a system limit of 16 GB

of RAM. The total size of the synthesized controllers was approximately 2 GB. For

each scenario tested, simulations where conducted 100 times to assess the 
eet of

UAVs' ability to slow down the spread of the �re to the domain edges, provided each

UAV experiences a 1% chance of a random stop signal for every transition time (3

seconds in all scenarios).
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Figure 4.10: Box plot distributions of the simulated time for �re to reach any domain
edge given a set number of UAVs �ghting such �res (scenarios 1, 2, and 3).

Figure 4.11: Box plot distributions of the simulated time for �re to reach any domain
edge given a set number of UAVs �ghting such �res (scenarios 4, 5, and 6).

The results were compiled and displayed in box plots shown in Fig. 4.10 and

4.11. The top and bottom of the boxes indicate the 75th and 25th percentiles, respec-

tively, with red plus signs showing outliers. Median duration times of a distribution

are represented by the middle red lines in the boxes, and mean duration times are

shown as the asterisks alongside numerical values.
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Figure 4.12: Box plot distributions of the simulated time for �re to reach any domain
edge given a set number of UAVs �ghting such �res (scenarios 4, 5, and 6).

Figure 4.13: Box plot distributions of the simulated time for �re to reach any domain
edge given a set number of UAVs �ghting such �res (scenarios 4, 5, and 6).
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Figure 4.14: Box plot distributions of the simulated time for �re to reach any domain
edge given a set number of UAVs �ghting such �res (scenarios 4, 5, and 6).

Additionally, example time lapses for Scenarios 1, 4, and 6 are presented in

Figs. 4.12, 4.13 and 4.14, showcasing how the �re grew in response to a varying

number of UAVs. A few outcomes are observable through Figs. 4.10 and 4.11.

First, in all cases, increasing the number of UAVs generally increased the median

and average duration times of the tests, an intuitive result. Additionally though,

especially evident in the Scenario 1 side of Fig. 4.10, the greater the number

of UAVs used resulted in a higher spread between the minimum and maximum

test duration times. The most likely explanation for this behavior is that greater

di�erences between �re conditions in separate simulations accumulate over longer

run-times associated with larger UAV groups, and since the UAVs are suspect to 4

minute periods of stopping while the standard 33% of 125 liters suppressant dropped
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corresponds to 3.33 minutes of burn-through time, these di�erences can greatly

e�ect the UAVs' ability to slow down critical �res in time before re�lling. The

greater stress scenarios in 4 and 6 (greater wind and number of �res) provide notable

results in contrast to one another. In scenario 4, the obstacles provide additional

blockage for the UAVs, and as a result, a greater number of UAVs provides greater

performance since the number of critical �re locations (e.g. �res further in the wind

direction and closer to the edge) are limited and easily accessible in time. This is

evident in Fig. 4.13 in the 285 second time of the 2 UAV case. By only hitting

the edges of the �re about to wrap around the obstacle, the �re was greatly slowed

down. On the other hand, in scenario 6, few obstacles slowed the �res down, and

the UAVs had to \rush" in time to suppress the �res. Multiple UAVs were always

required for the test to have any chance of lasting longer than the 0 UAV case, but

often UAVs could not reach the critical �res in time, evident in both the 2 UAVs

and 4 UAVs cases of Fig. 4.14 and by the minimum duration values in the scenario

6 side of Fig. 4.11.

4.4 Low-Level Controller

Provided the transitions in Fig. 4.3, we now describe an implementation of

a low-level controller that enables the system to execute these transitions subject

to the vehicle dynamics and some disturbance assumptions. We perform Hamilton-

Jacobi (HJ) reachability analysis to compute the reach-avoid set corresponding to

each transition and the optimal control that drives the system to the target set
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from its initial position, thus enabling the system to execute the given transition.

We describe the HJ reachability analysis process in the following section.

4.4.1 HJ Reachability Analysis

HJ reachability analysis is a formal veri�cation method for guaranteeing per-

formance and safety properties of dynamical systems [25, 26, 27, 28]. We choose this

method to synthesize the low-level controller due to its compatibility with general

nonlinear system dynamics, formal treatment of bounded disturbance and control,

and its ability to represent sets of arbitrary shapes [29]. In reachability analysis,

the goal is to compute the reach-avoid set, de�ned as the set of states from which

the system can be driven to a target set while satisfying time-varying state con-

straints at all times (see Fig. 4.15). One drawback of this method, however, is the

cost of computational complexity for highly-dimensional systems (> 6 dimensions)

[29]. For simplicity and e�cient computation, we model the UAV as a 4D system,

described in the next section.

Figure 4.15: Example of target set and backward reachable set. Input signala(:)
is chosen to drive the trajectory away from the target set, while input signalb(:) is
chosen to drive the trajectory toward the target. Figure taken from [30].
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Consider a system statex 2 Rn , which evolves according to the ordinary

di�erential equation (ODE)

_x = f (x(t); a(t); b(t)) ; t 2 [t f ; 0]; a(t) 2 A ; b(t) 2 B ; (4.26)

where a(t) and b(t) denote the input of Player 1 and Player 2 respectively. The

system dynamics,f : Rn � A � B �! Rn is assumed to be uniformly continuous,

bounded, and Lipschitz continuous inx, while a(�) 2 A and b(�) 2 B are assumed to

be measurable functions. For robust control problems, which apply non-anticipative

strategies, one wants to obtain the robust control (Player 1) with respect to the

worst-case disturbance (Player 2), which can then be modeled as an adversary with

the instantaneous informational advantage. This advantage allows Player 2 to factor

in Player 1's choice of input and adapting its own input accordingly for the purposes

of establishing safety and reachability guarantees under the worst-case scenarios.

That is, for a given control, we want to consider the worst disturbance out of all

possible disturbances so that the system chooses its next control action to drive it

back to its desired trajectory.

For our implementation, we can think of Player 1 as trying to steer the UAV

towards the target, and Player 2 as trying to steer the UAV away from the target.

Thus, we need to �nd the set of states such that the trajectories that start from

this set can reach some given target set. Consequently, we compute the backward

107



reachable set (BRS) of the dynamical system de�ned as

G(t) = f x : 9 2 �( t); 8b(�) 2 B; � (0; x; t; 
 [b](�); b(�) 2 G0g; (4.27)

where �( �) in Eq. 4.27 denotes the feasible set of strategies for Player 1. The

computation of the BRS requires solving a di�erential game between Player 1 and

Player 2, which is then transformed into a di�erential game of degree using level set

methods. Formally, the goal is to �nd a Lipschitz function g(x) such that G0 (the

target set) is equal to the zero sublevel set ofg, that is, x 2 G0 , g(x) � 0. Let J

be the cost function de�ned as

Jt (x; a(�); b(�)) = g(x(0)); (4.28)

then the system reaches the target set under controlsa and b if and only if

Jt (x; a(:); b(:)) � 0: (4.29)

Since Player 1 wants to drive the system to the target set, its control input seeks to

minimize J , while Player 2 seeks to maximize it. Thus, the BRS is obtained as

G(t) = f x : G(t; x ) � 0g; (4.30)
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whereG(t; x ) satis�es the following HJI PDE:

D tG(t; x ) + H (t; x; � ) = 0 ;

G(0; x) = g(x):

(4.31)

The Hamiltonian is given by

H (t; x; � ) = min
a2A

max
b2B

� � f (x; a; b): (4.32)

Finally, the optimal control for Player 1 to reach the target set despite the worst-case

disturbance is obtained as

a� (t; x ) = arg min
a2A

max
b2B

� � f (x; a; b): (4.33)

4.4.2 UAV Continuous Dynamics

To simplify computation complexity, we model the UAV as a 4D system with

the following dynamics:

_x = v cos� + dx

_y = v cos� + dy

_� = w

_v = a

(4.34)
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where (x; y; � ) represent the pose (position and heading) of the 4D UAV model, and

v is the speed. The control of the 4D model consists of the linear acceleration,a,

and the angular velocity,w. The disturbances are (dx ; dy). The model parameters

are chosen to bea 2 [� 0:5; 0:5], jdx j, jdy j � 0:5, and jwj � 0:2.

4.4.3 Results

We implement reachability analysis using the level set toolboxtoolboxLS and

the Hamilton-Jacobi optimal control toolbox helperOC available in MATLAB. The

reach and avoid sets are de�ned for each of the three possible transitions generated

by the high-level controller and for each orientation. For illustration, let's assume

the initial orientation for the UAV is 0 ° and the UAV is located in a square region

de�ned by C = f (x; y; � ) : x lb � x � xub; ylb � y � yubg, where x lb and ylb are

the lower bounds in thex and y direction respectively, whilexub and yub are the

upper bounds ofC. Note that since no inequality is de�ned for� , all possible values

for � are contained inC. Let R be a region de�ned asR = f (x; y; � ) : x lb � x �

xub + 2�; y lb � � � y � yub + � g, where � = xub � x lb = yub � ylb. Assuming the

UAV is directed to perform a straight drive ahead transition, we set the target set

as T = f (x; y; � ) : xub � x � xub + �; y lb � y � yubg. We then perform set exclusion

on R to de�ne the avoid set A = R n T . This de�nition of reach and avoid sets

ensures that the UAV moves only within the appropriate discretized regions induced

by the high level controller actions. Fig. 4.16 shows reach and avoid sets for a UAV

with pose (35; 45; 0), and all possible transitions. A similar process is performed to
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de�ne the reach and avoid sets for each combination of transition and orientation.

The discretization step for time is set to 0.5s.

Fig. 4.17 shows the resulting backward reachable set for the straight drive

ahead (forward) transition, which reaches the initial position at timet = 26s. Fig.

4.18 shows the trajectory of the UAV after performing a straight drive ahead tran-

sition followed by a a sped up counterclockwise turn, then followed by a sped up

clockwise turn transition. Figs. 4.19 and 4.20 show the optimal control for ac-

celeration and angular velocity, respectively, obtained by the reachability analysis

method.

Figure 4.16: Reach and avoid sets de�ned for the forward transition (left), the
forward and clockwise turn transition (middle), and forward and counter-clockwise
turn transition (right). Initial pose of UAV is (35 ; 45; 0).
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Figure 4.17: Backward reachable set propagation from target set to initial pose of
UAV at (35; 45; 0).
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Figure 4.18: UAV trajectory obtained by the reachability analysis method after
executing a sequence of transitions: forward, forward counter-clokwise turn, and
forward clockwise turn.
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Figure 4.19: Optimal control for acceleration.
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