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Toroidal propellers have demonstrated promise for increased efficiency and reduced
cavitation in an aerial environment, particularly in small-scale applications such as
unmanned aerial vehicles. However, there is limited research on their performance in
a marine environment. To address this gap, we developed a methodology to design
marine toroidal propellers with an expanded area ratio (EAR) equivalent to that of a
traditional screw propeller. The toroidal propeller geometry is parametrically varied
by blade reference line and blade angle modifications to attempt to achieve an effi-
ciency identical to the screw propeller. Using computational fluid dynamics (CFD),
the baseline screw propeller and toroidal propeller geometries were simulated in iden-
tical marine environments, which were validated against experimental data. Thrust,
torque, and efficiency were compared to assess effective parametric variation. This
provides a process for evaluating toroidal propeller applications and contributes to a
better understanding of how toroidal propellers behave in marine environments. CFD
results revealed that toroidal propellers require a higher torque and produce a higher
thrust than traditional screw propellers. A careful variation of propeller parameters
is needed to balance torque and thrust for a noticeable increase in efficiency.
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1 Introduction

The United Nations Conference on Trade and Development reports that maritime
shipping carries 80% of internationally traded goods, more than any other mode of
transportation [1]. The abundance of maritime shipping makes it the dominant mode
of transportation not only in the United States but worldwide. Given this central role
in global trade, maritime shipping plays an important role in economic development,
job creation, and industrialization.

Despite the economic importance of maritime shipping, its environmental impacts
are severe. In 2022, the global maritime shipping sector was responsible for roughly
2% of total greenhouse gas emissions. Despite ongoing legislative and research initia-
tives, this share is expected to continue rising in the coming years [2]. Improving the
propulsion e�ciency of freighters can reduce fuel consumption and emissions.

The primary element of a ship's propulsion system is the propeller, whose e�ciency
is dependent on its geometry. The blades of a propeller act as hydrofoils, producing a
di�erence in pressure on either side. This pressure di�erential generates a force that
propels the ship. However, this can be problematic if the local pressure near the blade
becomes low enough, small vapor bubbles form and implode violently in a process
known as cavitation [3]. This results in damage to the propeller and loss of e�ciency.
In order to prevent this, the pressure di�erential|and therefore the propulsive force|
must be distributed over a large area to decrease low pressure areas. [4].

The risk for cavitation can be reduced by adjusting a propeller's geometric pa-
rameters. A propeller is characterized by a series of cross-sectional airfoils arranged
at speci�c radial positions centered around the hub. This method of propeller gen-
eration allows the propeller to be de�ned by physical characteristics such as pitch,
skew, and rake. By modifying these characteristics, the amount of thrust produced,
torque needed, and overall e�ciency can be changed and optimized.

Ships are predominantly equipped with screw propellers as a means of propul-
sion, a typical example of which is shown in Figure1. An alternative is the toroidal
propeller, which features blades that loop back into the hub, forming a continuous
toroidal shape. The �rst toroidal propeller dates back to the late 1800s, designed
by Charles Myers, working with Fawcett, Preston and Company [5] Myers aimed to
increase thrust by reducing the vacuum at the blade tips [6].
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Figure 1: Marine Screw Propeller Patent [7]
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Figure 2: 1888 Toroidal Propeller Patent [6]

An experimental comparison was conducted between two large twin-screw ferry
boats, the Mersey and the Wiral, which were identical except that one vessel was
�tted with a Myers-type propeller. The results indicated a noticeable reduction in
vibration when using the toroidal propeller [8]. Although engineering practices in the
late nineteenth century lacked the advanced measurement and analysis tools available
today, historical observations still provide useful insight. For example, reports for the
Arrow claim that its towing capacity increased from approximately eight barges to
eleven, suggesting a meaningful performance improvement [5].

Over the years, toroidal propeller development has seen limited adoption, peri-
odically reemerging in di�erent forms. One notable resurgence occurred in the late
1960s, when David B. Sugden patented annular, closed-loop rotor concepts for marine
propulsion [9] While these designs di�er from modern implementations, they re
ect
continued interest in reducing losses associated with conventional propeller tips. More
recently, in 2018, Sharrow Engineering LLC �led a patent (Figure 3) for a toroidal
propeller design aimed at high-speed boats. According to Sharrow, this geometry can
improve fuel e�ciency and overall performance in high-performance marine vessels
[10].
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Figure 3: Sharrow Engineering LLC Toroidal Propeller Patent [10]

In 2022, MIT Lincoln Laboratory patented a similar toroidal propeller concept for
use in unmanned aerial systems. Their accompanying research demonstrated reduc-
tions in the radiated acoustic noise, suggesting that the geometry mitigates tip-vortex
formation and thus possibly cavitation when used in liquids [11]. These mechanisms
may also explain the increased fuel e�ciency observed in marine applications of the
Sharrow propeller.

This thesis aims to develop a methodology for comparing conventional screw pro-
pellers with unconventional toroidal designs. Using computational 
uid dynamics
(CFD) and parametric optimization, the proposed framework evaluates a traditional
screw propeller and a toroidal propeller with matched expanded area ratio (EAR).
Using the screw propeller as a baseline, the toroidal propeller blade reference line and
blade angle is parametrically varied to determine if its e�ciency can match or exceed
that of its parent screw propeller.
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2 Propeller Geometries

This work considers both traditional screw propellers and toroidal propellers. The
geometries of both rely heavily on the NACA series of airfoil cross sections. The
toroidal propellers developed in this project were compared to a speci�c screw pro-
peller, the Carderock 4119, with toroidal propellers having the same expanded aspect
ratio.

2.1 NACA Series Airfoils

4-Series
The NACA 4-series airfoil is de�ned in [12]. The mean camber line yc(t) is de�ned

piecewise:

yc(t) =

8
><

>:

m
p2

(2pt � t 2); 0 � t � p;
m

(1 � p) 2
[(1 � 2p) + 2pt � t 2] ; p < t � 1:

(1)

The thickness distribution yt (t) is given by:

yt (t) = 5 thickness
h
0:2969

p
t � 0:1260t � 0:3516t 2 + 0:2843t3 � 0:1036t 4

i
: (2)

where:

ˆ t is the normalized chord length parameter (0 � t � 1),

ˆ m is the maximum camber,

ˆ p is the location of maximum camber,

ˆ thickness is the maximum thickness as a fraction of the chord.

As all NACA airfoils, the upper and lower surfaces are generated by o�setting
the thickness perpendicular to the camber line. These equations are also shown in
Figure 4.

Figure 4: Geometry of NACA airfoils. Reproduced from Abbott, Von Doenho�, and
Stivers (1945) [12].
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xu(t) = x � y t (t) sin(� c(t)); (3)

yu(t) = y c(t) + y t (t) cos(� c(t)); (4)

x l (t) = x + y t (t) sin(� c(t)); (5)

yl (t) = y c(t) � y t (t) cos(� c(t)) (6)

where �c(t) is the angle of the camber line slope:

� c(t) = arctan
�

dyc

dt

�
: (7)

6-Series
The NACA 6-series airfoil is also de�ned in [12], however mean camber lines are

generated numerically for the percent of the chord where laminar 
ow is maintained.
The NACA66 a=0.8 TMB Mod presented in [13] and Table 1 is highly favored in
marine applications due to a larger favorable operating range. This airfoil alters the
leading edge to improve manufacturability, and both the leading and trailing edge to
increase the pressure range before cavitation.
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Table 1: NACA66 a=0.8 TMB Mod Data (Yt/t, Yc/f, and (dY c=dx)=f). Adapted
from [13]

Station Yt=t Yc=f (dYc=dx)=f

1.0000 0.0333 0.0000 -3.003
0.9750 0.0748 0.0823 -3.441
0.9500 0.1143 0.1713 -3.668
0.9000 0.1877 0.3586 -3.768
0.8500 0.2532 0.5425 -3.523
0.8000 0.3110 0.7027 -2.712
0.7500 0.3612 0.8121 -1.813
0.7000 0.4035 0.8892 -1.295
0.6500 0.4383 0.9434 -0.885
0.6000 0.4653 0.9786 -0.532
0.5500 0.4846 0.9971 -0.211
0.5000 0.4962 1.0000 0.091
0.4500 0.5000 0.9881 0.385
0.4000 0.4952 0.9615 0.678
0.3500 0.4832 0.9202 0.933
0.3000 0.4637 0.8635 1.292
0.2500 0.4363 0.7905 1.635
0.2000 0.4000 0.6993 2.023
0.1500 0.3521 0.5869 2.488
0.1000 0.2907 0.4482 3.100
0.0750 0.2525 0.3657 3.515
0.0500 0.2066 0.2712 4.083
0.0250 0.1466 0.1586 5.023
0.0125 0.1044 0.0907 5.944
0.0075 0.0812 0.0595 6.617
0.0050 0.0665 0.0423 7.149
0.0000 0.0000 0.0000 0.000

2.2 Screw Propellers

Screw Propeller Equations
Propeller geometry is commonly characterized by the following parameters: blade

number, propeller diameter, hub diameter, pitch, skew, and rake [14]. A visualization
of these parameters can be seen in Figure 5.
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Figure 5: Screw Propeller Geometry [14]

Screw propellers have the blade parameters skew, rake, and pitch, de�ned on a
radial basis. These three parameters, along with radius, form 3D positioning and
one of the three orienting rotations for the placement of each airfoil. Pitch is the
theoretical distance the propeller advances in one full rotation. It is analogous to
angle of attack. It is de�ned in Equation 8 although can also be found with the
nondimensionalized Equation 9. Traditionally angle of attack is de�ned as �, although
for consistency with [15], � is used.

tan(�) =
P

2�r
(8)

tan(�) =
(P=D)
�(r=R)

(9)

Skew is the angular displacement around the hub from the blade reference line.
Rake is the linear displacement along the hub from the blade reference line [14][16].
Rake can also be induced by applying a skew before the pitch rotation (�s). The screw
propeller reference line de�ned in Equation 10 is a line perpendicular to the hub. The
screw generator line de�ned in Equation 11 is the sum of the propeller reference line
and all sources of rake and skew. The blade surface is expressed in Equation 12 where
s is the station of the airfoil and y is the calculated upper and lower surfaces. It is
understood that while there are varying de�nitions about skew and rake, this work
follows the de�nition in [15] to keep consistent with the toroidal propeller de�nitions.

8
><

>:

x = 0

r = r

� = 0

(10)

8
><

>:

x = k + r� s tan �

r = r

� = � s

(11)
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8
><

>:

x = k + r� s tan � + (s � c
2) sin � � y cos �

r = r

� = � s + 1
r [(s � c

2) cos � + y sin � ]

(12)

Di�erent sections of a screw propeller blade travel at di�erent linear velocities,
which changes the optimal angle of attack along the radius. To maintain e�cient
thrust generation, propeller blades are therefore twisted, with the pitch angle de-
creasing from root to tip to compensate for these variations in speed. In general, the
blades of a propeller lie approximately on a helicoidal surface around the hub, which
provides a convenient reference for de�ning the pitch and twist distribution along the
blade [17].

A propeller can also be categorized by the blade area ratio (BAR). While there
are di�erent types of BAR [16], this work will focus on the expanded blade area ratio
(EAR), which is de�ned as the 
attened, unpitched, area of the blade divided by the
total disk area. Past studies use EAR as a baseline of creating new propellers [18]
and is commonly analyzed for cavitation reasons [19].

Point Cloud
Using the de�ning equations of the propellers, we are able to generate a list of

points that can then be connected into a propeller. First, a table of blade parameters
is generated. Second, a base airfoil is chosen. Third, the de�ning equations are solved
with the relevant parameters in MATLAB. This program then writes the constituent
points of each airfoil, in order, along with guide curve information to explicitly de�ne
the contours of each propeller. These guide rails connect each corresponding airfoil
point across all of the airfoils. Propeller information, such as number of blades and
hub radius, are also de�ned in this output �le. Fourth, the output �le is read through
a custom Fusion 360 add-in and a propeller is generated. Fusion 360 reads each
airfoil and guide curve as a cubic �t spline. It takes each airfoil and guide curve as
an input to a surface loft function, which attempts to solve the geometry. In the
special case where a screw propeller has a zero chord length tip, a tangency feature
is called to re�t the guide curves. If successful, the ends of the surface are closed, the
hub is formed, the singular blade is patterned around the hub, and the geometry is
combined. This �le can then be exported as a .STEP �le. If unsuccessful, the loft
function throws an error (likely a self-intersection or a zero-thickness geometry) and
the geometry cannot be built. Self-intersections occur when lofts attempt to bend at
too sharp of a bend radius or when the guide curves pass through each other, causing
the surfaces to self-intersect. If the latter case were allowed to solve, this would create
a zero-thickness region at the intersection.

2.3 Toroidal Propellers

Toroidal propellers, as the name suggests, are propellers whose blades are con-
structed into a torus shape. Rather than coming to a sharp edge, like screw pro-
pellers, the toroidal propeller loops back to reconnect with the central hub, leaving
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a hole in the middle of the blade. The idea of a propeller with a hole in the center
of each of its blades dates back to 1888, when Charles Myers �led a patent for the
improvement of the screw propeller [6].

Similar to our current goal, Myers aimed to increase thrust by reducing the vac-
uum at the blade tips [6]. Since then, numerous patents have been granted for related
designs, but until recently there has been little empirical data demonstrating improve-
ments in e�ciency. Modern toroidal propeller designs with documented performance
bene�ts include Gregory Sharrow's design, �rst patented in 2013 [10], and the toroidal
drone propellers patented by Thomas Sebastian and Christopher Strem in 2017 [20].

Sebastian and Strem of MIT's Lincoln Laboratory introduced toroidal propellers
for drones as a solution to the noise pollution caused by conventional rotors. Their
looped geometry signi�cantly reduced acoustic emissions by minimizing tip vortices
relative to traditional blades [11]. These tip vortices are analogous to those produced
by cavitation in water. Therefore, if a toroidal propeller can suppress vortex formation
in air, it is reasonable to expect a similar e�ect underwater, potentially reducing drag
and improving fuel e�ciency.

Experimental data also show that toroidal drone propellers can generate greater
thrust than conventional propellers of comparable size across 1,000{20,000 rpm for
small multirotor platforms [21]. Because toroidal propellers for drones are a very
recent development, current research on their performance and optimization remains
limited. Nonetheless, other drone optimization studies acknowledge that toroidal
geometries could be adapted to a range of operating conditions with further shape re-
�nement [22]. CFD has already been used in the design of low-noise drone propellers,
but the introduction of toroidal propellers suggests that substantial research is still
needed to fully understand their aerodynamic capabilities [23].

Two avenues of toroidal propeller generation were explored and are outlined in the
following sections. The Frenet-Serret method de�nes a baseline airfoil and extrudes
it along a closed three-dimensional curve. The Ye et al. method modi�es the con-
ventional screw propeller equations by introducing additional orientation rotations
and reference line parameters to generate a toroidal propeller. Both methods allow
for parametric control of the propeller geometry. As the goal is a direct comparison
to a traditional screw propeller, the Ye et al. method proved more applicable, as it
allowed for direct modi�cation of standard propeller parameters.

2.3.1 Frenet-Serret Method

An initial approach to build a toroidal propeller can be a geometric one, or a naive
approach. Building the propeller geometrically o�ers an easily parameterizable set
of symbolic equations which are constructed through 3D extrusions and transforms
done through coordinate transforms. This approach builds a toroidal propeller by
extruding a NACA-pro�le airfoil along a closed 3D curve, which will serve as the
centerline for that toroidal blade. The steps are:

1. De�ne the 2D airfoil cross section.

2. Create a smooth centerline via NURBS.
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Figure 6: Example centerline with the ribs being airfoils placed perpendicularly, with
no local transforms, along the centerline, showing how the Frenet-Serret method works
to generate a blade. Only 10 airfoils along the blade are shown for visualization.

3. At each point on that curve, rotate and scale the cross section.

4. Assemble multiple blades around a cylindrical hub and perform a Boolean union.

Airfoil Pro�le
First, the 2D airfoil which will be extruded along the spline which represents

the centerline of the blade needs to be constructed. For the airfoil cross-sections,
the standard NACA 4-digit formulas are used. However, for the sake of simplicity
and computational e�ciency (particularly for the normalization of mesh sizes), �c(t)
can be set to zero, assuming negligible camber line slope or that the model already
represents a su�cient portion of the airfoil's geometry space without needing this
consideration. When �c(t) = 0, the thickness is just applied in the y-direction.

The parameter t is divided into two intervals, as seen in Figure 7.

ˆ [0; 1) for the upper surface,

ˆ (1; 2] for the lower surface (shifted to maintain continuity).

The complete airfoil coordinates are de�ned using Heaviside functions:

xairfoil (t) = x u(t) � H(1 � t) + x l (2 � t) � H(t � 1); (13)

yairfoil (t) = y u(t) � H(1 � t) + y l (2 � t) � H(t � 1); (14)
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Figure 7: Visualization of the parameter t as it goes along the parameterized airfoil.

where H is the Heaviside step function. This ensures that the airfoil function, f (t) =
(x(t); y(t)), is an injective function with respect to parameter t.

To account for changes in blade orientation and cross-sectional size along the cen-
terline, rotation and scaling transformations are applied as functions of the parameter
s, which parametrizes the centerline curve. This way, as the airfoil is applied along
the centerline of the blade, it can be made to change its angle of attack or scale in
its local x or y coordinate directions. Since by the nature of this approach is to use
the Frenet-Serret frame, which ensures that each airfoil cross section is placed to be
perpendicular to the centerline, seen in Figure 6, these transformations allow for the
mocking of e�ects like pitching or skewing the airfoil as it goes along the blade from
hub to tip and back to the hub. These local e�ects can be seen in Figure 8.

The rotation matrix R(s) for an angle of attack �(s) is:

R(s) =
�
cos �(s) � sin �(s)
sin �(s) cos �(s)

�
(15)

The angle of attack �(s) can be de�ned as a polynomial function of s:

�(s) = a � s4 + b� s3 + c � s2 + d � s + e� (16)

Scaling factors Sx (s) and Sy(s) modify the airfoil dimensions:

Sx (s) = a sxs4 + bsxs3 + csxs2 + d sxs + esx ; (17)

Sy(s) = a sys4 + bsys3 + csys2 + d sys + esy (18)

These functions allow for parametric scaling along the blade's path, as they are
parameterized by s, the parameter for the centerline of the toroidal blade. The two
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(a) Varying airfoil rotations
(angle of attack).

(b) Varying x-direction scale
factors.

(c) Varying y-direction scale
factors.

Figure 8: E�ect of di�erent local airfoil transforms on the cross-section created.

scaling functions scale the airfoil's x and y dimensions. Traditional propellers and
other de�nitions of toroidal propellers may represent the airfoil transformations along
the blade by performing rotations in all three axis. Instead, for the sake of simplicity,
as well as being able to place every 2D airfoil perfectly perpendicular to the centerline,
the rotation about z (the yaw) is represented with the angle of attack function, and
for roll and pitch rotations, the scaling functions are used as a proxy. This is because
for any roll or pitch, you can represent it by its projection on the plane perpendicular
to the centerline by simply scaling either the x or y dimension, respectively, by cos(�),
where � is the angle to have been rotated by in that axis.

The transformed airfoil coordinates are:
�
X rotated (s; t)
Yrotated (s; t)

�
= R(s) �

�
xairfoil (t)
yairfoil (t)

�
(19)

Scaling is applied as:

X scaled(s; t) = S x (s) � X rotated (s; t); (20)

Yscaled(s; t) = S y(s) � Yrotated (s; t) (21)

In designing the transformations for angle of attack, x-scale, and y-scale along the
blade centerline, it is essential to select function forms that can model a wide variety
of possible transformation behaviors while minimizing the number of parameters re-
quired. Considering the trade-o� between model complexity and �tting accuracy, the
4th-degree polynomial was somewhat holistically selected for modeling the transfor-
mation functions.

A Non-Uniform Rational B-Spline (NURBS) curve is used to de�ne the blade's
centerline due to its 
exibility and precision in modeling complex natural shapes.

The generation of the blade centerline begins by dividing the lateral face of the
cylindrical hub into Z equal sections. For a section, a local 2D coordinate system is
established, which can be seen in Figure 10.

ˆ The positive x-axis (+x) extends horizontally across the section.
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(a) Example transform polynomials for a
blade. (b) Blade generated as a result.

Figure 9: An example blade generated from given local airfoil transform functions
parameterized by s.

ˆ The positive y-axis (+y) extends vertically downward towards the bottom of
the cylinder.

This coordinate system facilitates the placement and manipulation of control points
within each blade's sector. The origin, (0; 0) is placed 1 unit down from the top left
of the section. This leaves some padding so that the blade isn't intersecting the top
of the cylindrical hub. This 2D coordinate system can be extended to 3D by adding
a z-axis, creating a coordinate system denoted L.

ˆ The positive z-axis (+z) extends radially out from the cylinder. For any point
(x; y), the scaled z-vector will always normal to the lateral cylinder face.

While extending the z-axis radially creates a non-Euclidean coordinate frame, it cre-
ates a natural relation between the z-coordinate and the radial distance of control
points, which can help with optimization.

To facilitate the boolean union operation between the blade and the hub, the
centerline is inset slightly into the hub's volume. This is achieved through Equation
22 where d is a factor used for the ratio of inset.

r inset = r hub �
rhub

d
(22)

This inset ensures that the generated blade intersects with the hub, allowing for a
seamless geometric union that results in a single, manifold mesh suitable for simula-
tion and analysis.

A cubic NURBS spline requires control points that de�ne the curve's shape. For
each blade, four control points are de�ned:
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Figure 10: Representation of the coordinate system that is used to de�ne centerline
control points.

ˆ P 1: (0; 0; 0)L

ˆ P 2: (x2; y2; z2)L

ˆ P 3: (x3; y3; z3)L

ˆ P 4: (x4; y4; 0)L

1. First Control Point P 1: The coordinates of P1 in the global coordinate system
are:

P1 =
�

Rinset ; 0;
Lhub

2
� 1

�

This is taken such that the local origin for a blade's lateral face section lies
on the global x-axis. Thus the coordinate for P1 in the global cylindrical and
Cartesian frame are the same numerically.

2. Local to Global Coordinate Transformation: Let C be the global cylindri-
cal frame, represented by coordinates (r; �; z)C . Coordinate frame L is simply a
remapping of this cylindrical frame, where change in xL is the same as a change
in � C , a change in yL is the same as a change in �zC , and a change in zL is the
same as a change in rC . Thus, the change of basis matrix becomes:
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M =
�
exL eyL ezL

�
=

2

4
0 0 1
1 0 0
0 �1 0

3

5 (23)

Therefore, for local control point Pi , its relative global cylindrical coordinate is
found with:

P i C 0 = M � P i L ; (24)

P i C = P i C 0 + P 1C (25)

To get the global coordinates for control point Pi , the o�set of origins needs
to be considered, so adding the origin vector, which is just P1, will give the
absolute coordinates.

P i C = P i C 0 + P 1C (26)

With the control points de�ned, the cubic NURBS spline C(s) is constructed as:

C(s) =
P 3

i=0 N i;3 (s)wi Pi
P 3

i=0 N i;3 (s)wi
(27)

where:

ˆ N i;3 (s) are the cubic B-spline basis functions,

ˆ w i are the weights associated with each control point. For this case, so as
to reduce the parameters needed for optimization, the weights are �xed with
wi = 1

ˆ s is the normalized parameter along the spline (0 � s � 1).

The knot vector fu i g for a cubic NURBS with clamped ends is:

fu i g = f0; 0; 0; 0; 1; 1; 1; 1g (28)

The cubic NURBS spline provides the necessary 
exibility to de�ne smooth and
continuous centerline curves for each blade while maintaining rotational symmetry
across the hub. By de�ning control points in a non-Euclidean coordinate space,
where the z-axis is radial with respect to the hub, the resulting centerline ensures
that each airfoil section remains perpendicular to the centerline.

The spline �tting process involves adjusting the control points P1 and P2 to achieve
the desired curvature and alignment of the blade. By manipulating these control
points, complex blade geometries can be accurately modeled with a minimal number
of parameters.

The Frenet-Serret frame provides an orthonormal basis at each point along the
curve, using the tangent vector T (s), the normal vector N(s), and the binormal vector
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B(s). The �nal 3D coordinates of the airfoil are:

X �nal (s; t) = X c(s) + X scaled(s; t)N x (s) + Y scaled(s; t)B x (s) (29)

Y�nal (s; t) = Y c(s) + X scaled(s; t)N y(s) + Y scaled(s; t)B y(s) (30)

Z �nal (s; t) = Z c(s) + X scaled(s; t)N z(s) + Y scaled(s; t)B z(s) (31)

where (Xc; Yc; Zc) are the coordinates of the centerline C(s), and (Nx ; Ny; Nz), (B x ; By; Bz)
are components of N(s) and B(s). The control points and how airfoils are placed
along them for a blade can be seen in Figure 6 and Figure 9.

Cell Normalization
Using a linear spacing for the airfoil parameter, t, yields a mesh with uneven cell

sizes, which emerges if these equations are used to directly generate a mesh with the
parameters t and s. Since

d2f
dt2

6= 0 where f(t) = (x(t); y(t))

and f is the vector airfoil function, the derivative of f changes along the airfoil's
surface. This means that an even linearly sampled set for the input will have the
output's spacing be inconsistent. This would cause the outputted mesh to have
di�erential cell sizes, with the leading edge, or regions where jdf

dt j is the largest, having
larger cells compared to the trailing edge. This can be corrected with an optional cell
normalization step.

Uniformly distributed mesh points along the airfoil perimeter ensure consistent
cell sizes in the �nal mesh, improving CFD and meshing accuracy. The goal is to
�nd some set or vector of parameter values, t, that when plugged into the symbolic
equations will create even cell sizes in the mesh. Even sizes of meshes are determined
by covering the same arc distance along the airfoil.

The arc length s(t) along the airfoil is:

s(t) =
Z t

t0

s �
dx
dt

� 2

+
�

dy
dt

� 2

dt (32)

Due to the complexity of the NACA equations, numerical integration is typically
employed.

1. Total Arc Length Stotal :

Stotal = s(t end) (33)

2. Arc Length Increment �s:

�s =
Stotal

n
(34)

where n is the desired number of intervals (mesh resolution).
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3. Iterative Calculation of t Values:

Starting from t0, solve for ti such that:

s(t i ) � s(t i�1 ) = �s

This is not analytically solvable, so numerical methods are used to approximate
the solution.

4. Generate Mapping Function t(s):

A linear interpolation between the integrated data points yields a function t(s),
which when inputted the current cumulative arc distance, outputs the t value
that would produce the current coordinate point. Evaluating Equation 35 yields
the vector t, whose elements are t-values that will produce even mesh spacing.

t(s) = t; s = fs i = i � �s j i 2 [0; n]g (35)

The blade geometry is duplicated Z times, rotated evenly around the hub's axis:

� i = � 0 +
2�i
Z

(36)

2.3.2 Ye et al. Method

Ye et al. Equations
The equations of toroidal propellers are similar to the equations of screw propellers

with the addition of the last two orienting rotations (� and  ) and propeller reference
line variables (l and �) [15]. The toroidal propeller reference line (Equation 37) and
the toroidal propeller generator line (Equation 38) are similar to their screw propeller
counterparts with the addition of l and �. Equation 39 de�nes the blade surface, with
the inclusion of the rotations � and  , which allow for better connectivity between
airfoils in the tip region. Because there are two airfoils at each radial location except
r=R = 1, a new reference line should be chosen. A standardized reference line has
not been de�ned.

8
><

>:

x = l

r = r

� = �

(37)

8
><

>:

x = l + k + r� s tan �

r = r

� = � + � s

(38)

8
><

>:

x = l + k + r� s tan � + (s � c
2) cos � sin � � y cos  cos �

r = r � (s � c
2) sin � � y sin  

� = � + � s + 1
r [(s � c

2) cos � cos � + y cos  sin �]

(39)
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Point Cloud
The same point cloud approach as the screw propellers is used. Due to the nature

of the tip of the toroidal propeller, self-intersections are more common.

Ye et al. Validation
The blade and propeller parameters shown in [15] were attempted �rst. The paper

speci�ed a NACA66-Mod as the airfoil and as no de�ned geometry was given for this
airfoil, the NACA66 a=0.8 TMB Mod developed in [13] was used. A copy of this
geometry is shown in Table 1. The point cloud is shown in Figure 11. Attempts to
build this propeller were unsuccessful due to self-intersections seen in Figure 12.

Figure 11: Point cloud with airfoil pro�les and guide curves of propeller de�ned in
[15].
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Figure 12: Intersection locations during loft operation of propeller de�ned in [15].

Multiple attempts at validating these results were unsuccessful. The following
modi�cations were made to �x the self-intersections at the tip and improve the tip
shape: 1) Invert the airfoils in the self intersecting region. 2) Modify roll angle to
�ne tune the shape. From Figure 12 we can determine the radial positions where
self-intersections occur (r=R : [0:950 ! 1 ! 0:995]). Inverting the airfoils involves
negating both the thickness and camber. The roll over most of the propeller was
also changed. The resulting propeller can be seen in Figure 13 and Figure 14. A
reproduction of the complete propeller parameters is seen in Table 3 and Table 4.
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Table 2: Select Blade Parameters of [15] and Modi�cations

r=R t=c Ye et al. t=c f=c Ye et al. f=c  � Ye et al.  �

0.200 0.3007 0.3007 0.0140 0.0140 0.00 0.00
0.300 0.2433 0.2433 0.0304 0.0304 2.44 2.44
0.400 0.1967 0.1967 0.0440 0.0440 3.38 3.38
0.500 0.1576 0.1576 0.0550 0.0550 4.26 4.26
0.600 0.1253 0.1253 0.0634 0.0634 5.44 5.44
0.700 0.0986 0.0986 0.0689 0.0689 8.31 8.31
0.800 0.0774 0.0774 0.0698 0.0698 14.67 14.67
0.900 0.0608 0.0608 0.0619 0.0619 28.78 15.00
0.950 0.0548 -0.0548 0.0518 -0.0518 42.83 80.00
0.975 0.0526 -0.0526 0.0431 -0.0431 55.45 83.00
0.995 0.0524 -0.0524 0.0298 -0.0298 75.91 86.00
1.000 0.0538 -0.0538 0.0216 -0.0216 90.00 90.00
0.995 0.0583 -0.0583 0.0083 -0.0083 118.06 110.00
0.975 0.0653 0.0653 -0.0035 -0.0035 139.40 205.00
0.950 0.0727 0.0727 -0.0113 -0.0113 151.75 210.00
0.900 0.0867 0.0867 -0.0203 -0.0203 164.02 195.00
0.800 0.1138 0.1138 -0.0268 -0.0268 173.49 192.00
0.700 0.1410 0.1410 -0.0276 -0.0276 176.68 189.00
0.600 0.1686 0.1686 -0.0260 -0.0260 177.66 187.00
0.500 0.1966 0.1966 -0.0230 -0.0230 178.50 185.00
0.400 0.2246 0.2246 -0.0190 -0.0190 179.13 183.00
0.300 0.2526 0.2526 -0.0147 -0.0147 179.62 181.00
0.200 0.2807 0.2807 -0.0100 -0.0100 180.00 180.00
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Table 3: Blade Parameters of [15] with Modi�cations

l=L r=R c=D P=D t=c f=c � �
S k=D � �  � � �

0.0000 0.200 0.1210 1.3120 0.3007 0.0140 0.00 -0.0620 -27.56 0.00 0.00
0.0624 0.300 0.1431 1.3311 0.2433 0.0304 -0.89 -0.0822 -25.52 2.44 0.12
0.1203 0.400 0.1600 1.3365 0.1967 0.0440 -1.10 -0.0933 -23.44 3.38 0.62
0.1773 0.500 0.1723 1.3206 0.1576 0.0550 -0.90 -0.0968 -21.26 4.26 1.44
0.2343 0.600 0.1797 1.2807 0.1253 0.0634 -0.36 -0.0928 -18.93 5.44 2.61
0.2937 0.700 0.1806 1.1980 0.0986 0.0689 0.43 -0.0807 -16.33 8.31 4.37
0.3590 0.800 0.1683 1.0784 0.0774 0.0698 1.46 -0.0587 -13.26 14.67 6.89
0.4377 0.900 0.1423 0.9317 0.0608 0.0619 2.83 -0.0255 -9.33 15.00 9.39
0.4889 0.950 0.1228 0.8631 -0.0548 -0.0518 3.78 -0.0022 -6.55 80.00 10.45
0.5250 0.975 0.1120 0.8300 -0.0526 -0.0431 4.45 0.0140 -4.56 83.00 10.98
0.5729 0.995 0.1027 0.8065 -0.0524 -0.0298 5.34 0.0347 -1.86 86.00 11.41
0.6000 1.000 0.1010 0.8060 -0.0538 -0.0216 5.87 0.0458 -0.24 90.00 11.51
0.6438 0.995 0.1065 0.8528 -0.0583 -0.0083 6.69 0.0615 2.45 110.00 11.28
0.6842 0.975 0.1190 0.9512 0.0653 -0.0035 7.44 0.0732 4.99 205.00 10.52
0.7146 0.950 0.1311 1.0400 0.0727 -0.0113 7.99 0.0789 6.95 210.00 8.97
0.7574 0.900 0.1514 1.1829 0.0867 -0.0203 8.75 0.0819 9.78 195.00 5.54
0.8150 0.800 0.1763 1.3959 0.1138 -0.0268 9.72 0.0723 13.77 192.00 2.33
0.8582 0.700 0.1869 1.5433 0.1410 -0.0276 10.40 0.0537 16.83 189.00 1.44
0.8941 0.600 0.1862 1.6367 0.1686 -0.0260 10.94 0.0298 19.44 187.00 0.98
0.9249 0.500 0.1770 1.6686 0.1966 -0.0230 11.39 0.0024 21.74 185.00 0.63
0.9523 0.400 0.1626 1.6636 0.2246 -0.0190 11.77 -0.0272 23.82 183.00 0.38
0.9771 0.300 0.1447 1.6524 0.2526 -0.0147 12.11 -0.0584 25.74 181.00 0.17
1.0000 0.200 0.1240 1.6310 0.2807 -0.0100 12.41 -0.0910 27.56 180.00 0.00

Table 4: Blade Parameters of [15]

Parameter Value
Diameter (D) [m] 0.3048
Hub Radius (rh=R) 0.20
Wheelbase (L=D) 0.30
Number of Blades (Z) 3
Airfoil NACA66 a = 0:8 TMB Mod
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