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Multi-objective design optimization problems can be computationally expensive, such is

the case with many engineering optimization problems, due to the original objective and/or

constraint functions of the problem being costly to evaluate. A method established in current

scientific literature to reduce the computational cost for such optimization problems involves the

implementation of a surrogate or a lower-cost model to be used in the optimization process in

place of the computationally expensive objective/constraint functions. The approach developed

in this thesis uses an online surrogate-based optimization method in which the surrogate is

developed and iteratively updated as the optimizer converges to a solution.

The primary contribution of this work is the proposal of a new approach for online surrogate-

based multi-objective design optimization using generative adversarial networks. A constraint



boundary-informed support vector machine facilitates the approach to predict whether the generated

solutions are feasible or infeasible. The performance of the proposed approach is evaluated

and compared to two other methods from the literature. The comparison of these methods is

carried out using several quality metrics and using numerical and engineering test problems. The

engineering test problem is based on the optimization of the operating conditions of an unmanned

surface vessel. The results from these test problems indicate that the proposed approach is able

to outperform the other approaches for most of the quality metrics and test problems.
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Foreword

Two publications are used throughout this thesis and the content discussed was made by

Arko Chatterjee.

Reference [1] documents the proposed approach discussed in this thesis. I am the main

author on that paper.

References [1] and [2] documents aspects of the case study in Chapter 4.
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Chapter 1: Introduction

This thesis is aimed at detailing the proposed online surrogate-based multi-objective design

optimizer using a generative adversarial network (GAN) with constraint assistance, with contributions

to current literature and providing an understanding of its effectiveness with respect to existing

online surrogate-based multi-objective design optimizers. This is done by providing an understanding

of all relevant information needed to understand the thesis in Chapter 1. Then, the proposed

approach is presented and analyzed in terms of its time complexity in Chapter 2. Chapter 3

demonstrates the effectiveness of the proposed approach on various multi-objective optimization

test problems from the literature. The performance of the proposed approach is also compared

to other online surrogate-based multi-objective design optimizers using various quality metrics,

analyzing how the optimizer performs concerning both closeness to the ideal solution and diversity

of the obtained non-inferior solution set. This analysis is continued in Chapter 4, where the

proposed approach and other optimizers are applied to an engineering case study for determining

the throttle operation control profile for the operation of a USV. Finally, the concluding remarks

and future directions of this work will be discussed in Chapter 5.

This chapter aims to provide the introductory material needed to understand the function

and purpose of the proposed approach presented in this thesis. This is done by presenting the

motivation and objective of this work so that the reader can understand the purpose of this work
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and have a general understanding of where this work could be applied. The necessary background

information is presented to discuss terminology, methods, and analysis metrics that are brought

up throughout the thesis. The primary contributions to the literature are presented to illustrate the

explicit goals of this work to the scientific community.

The chapter is organized as follows: Section 1.1 presents the motivation and objective

of the study. Section 1.2 details available studies based on a literature review on surrogate-

based multi-objective design optimization using generative adversarial network (GAN). Section

1.3 presents information on GAN, support vector machine (SVM), two surrogate-based multi-

objective design optimization algorithms (GMOEA and Forrester method), and quality metrics

used for comparison of the performance of the optimizers. Section 1.4 explains the differences

between the proposed approach and approaches found in the literature. Finally, this chapter ends

by describing the organization of the rest of this thesis in Section 1.5.

1.1 Motivation and Objective

Multi-objective design optimization refers to a class of optimization methods that have the

goal of finding a set of non-inferior solutions to a multi-objective optimization problem. Non-

inferior solutions are the set of solutions where no other point in the set can dominate (perform

better in at least one objective without worsening another objective) the given point. This is in

regard to a discrete set of values that one would obtain through sampling via a multi-objective

design optimizer. Under ideal conditions, this set of non-inferior solutions would have points

located within the Pareto front, which would be solutions where no other feasible solutions

perform better in at least one objective without worsening at least one other objective for the
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problem. However, non-inferior points may not be the same as the Pareto front since the Pareto

front is the theoretical best performance that could be achieved for the optimization problem,

and in practice, the optimizer may not find these points during the sampling process. Real-world

applications of this include developing optimal designs for a variety of engineering challenges.

However, many engineering problems require computationally expensive simulations/calculations.

This could come in the form of tuning design parameters for a model that will be run through

a computational fluid dynamic (CFD) simulation [3] or performing Finite Element Analysis

(FEA) for understanding the physical load on various structures [4]. These are both known

to be computationally expensive models as they require a large amount of hardware resources

and have a long runtime. So, optimizing the decision variables that govern these problems is

impractical using non-surrogate-based design optimizers. This impracticality is caused by non-

surrogate-based design optimizers having a high function call requirement [5] (the number of

times the optimization problem needs to be evaluated on different sets of decision variables),

which results in a high computational load placed on the system. This computational cost in

practice would result in long wait times to find the optimal set of decision variables or high

computational hardware requirements that can be costly.

This introduces the following research questions:

• What methods are there to solve computationally expensive engineering optimization problems

with a limited number of samples?

• Do any of these methods prioritize sampling feasible points in a method outside of just the

fitness function?

• Are there any techniques to incorporate a feasibility prediction as part of the optimization
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process when there is a limited amount of data that can be sampled?

• How can the performance of the method developed in this study be verified and compared

against some well-known techniques from the literature?

These research questions will be answered throughout this thesis. This will be done through

the discussion of what methods are currently available in the literature (Section 1.2). The discussion

of the limitations of each of the approaches that are currently seen in the literature. The considerations

were made in the development of the approaches from the literature. Followed up with a discussion

of how the proposed approach can expand upon what is currently seen in the literature (Section

1.4). This expansion is detailed in Chapter 2, with its effectiveness showcased in Chapters 3 and

4.

Upon examining the problem of solving computationally expensive multi-objective design

optimization problems, two possible approaches start to emerge for solving such engineering

optimization problems. One approach involves reducing the computational load of the optimization

process. This could be done by generating an offline surrogate model for the computationally

expensive component of the optimization problem, as shown in [6]. This approach approximates

the engineering optimization problem by utilizing previously collected data. The other way

of solving these computationally expensive engineering optimization problems is to reduce the

number of function calls the optimizer needs to use to find optimal solutions. This can be done

using an online surrogate-based design optimizer as shown in [7]. The number of function calls

is reduced by creating and updating a surrogate model for the optimization problem and sampling

where the non-inferior/Pareto solutions are likely located.

In addition to this, there are different methods for determining the interaction with the
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underlying surrogate model. This can be done by having the surrogate model approximate the

overall optimization problem [8]. Another method is to have multiple surrogate models, where

each surrogate approximates a function (each computationally expensive objective function/each

constraint function) from the optimization problem [9]. Various model types could be used for

both offline surrogate models and online surrogate models. This would include models such as

Radial Basis Function [10], Kriging model [11], Support Vector Regression (SVM) [12], Neural

Networks [13], Variational Autoencoders [14], and others [15].

Since offline surrogate-based design optimizers require all the data to be collected before

the optimization process can start, this requires a diverse and comprehensive representation

of the entire design space. In contrast, online surrogate-based design optimizers gather data

dynamically during the optimization process, allowing subsequent iterations to focus computational

resources on regions of the design space where non-inferior or Pareto solutions are predicted to

exist.

The goal of this study is to present a new multi-input, multi-output surrogate multi-objective

design optimization method that leverages GANs [16] and SVM constraint models in the optimization

process. The proposed approach will be evaluated based on its proximity to a reference set of

non-inferior or Pareto solutions, as well as the diversity of the obtained non-inferior solutions.

To develop a detailed understanding of the approaches that currently exist to solve this

problem, a comprehensive literature review was conducted. The next section will discuss the

structure, findings, limitations, and noticeable gaps in the literature.

5



1.2 Literature Review

The goal of this literature review is to provide an overall understanding of the work that has

been done regarding online surrogate-based multi-objective design optimization using generative

adversarial networks. The goal is to focus in specific regards into methods that use a form

of constraint assistance to influence the generator’s component of the GAN to create feasible

solutions outside of the fitness function evaluation for the sampled point. This is associated with

the idea of adding additional knowledge to the GAN in a specific regard to the feasibility of the

decision variable values generated.

A study of the current literature was conducted through Google Scholar as the primary

source to identify relevant literature related to online surrogate-based multi-objective design

optimization using generative adversarial networks. In addition to this, many offline surrogate-

based multi-objective design optimization algorithms were analyzed to expand the breadth of

work reviewed. The guiding keywords that were used for conducting this study include: online

surrogate-based optimizers, online approximation-assisted optimizers, multi-objective optimizers

using generative adversarial networks, and surrogate-based optimizers using generative adversarial

networks with constraint assistance.

Based on the current literature, in recent years, generative models such as GANs have been

used for the development of online surrogate-based design optimizers, such as in [15] and [17].

The reason why GANs have been used for these applications is due to the GAN’s ability to mimic

a distribution of points and their underlying characteristics with a limited amount of data. These

points are created through the generator component of the GAN. The background information

for how a traditional GAN works is needed to understand the structure of the proposed approach
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being discussed in this thesis. More information about traditional GANs is described in Section

1.3.2.

The usefulness of using a GAN for optimization problems is shown in [18]. The authors

present a method that is based on a traditional GAN structure but uses the discriminator component

from the GAN to assess the fitness function value for a given set of sample points. The generator

component of the GAN is used for data augmentation to synthetically increase the amount of

data that is used for training. Zhang et al. [18] then uses this as a surrogate model that has

been trained on offline data (a pre-collected dataset outside of the optimization process) in an

evolutionary optimizer to find the Pareto front solutions, making this approach an example of

an offline surrogate-based optimizer that uses a GAN. The limitations of this work are that

this method relies heavily on the quality of data found from the initial, offline sampling. This

limitation is evident in all offline surrogate-based design optimizers since the surrogate model

does not get updated if a decision variable that was not in the original dataset is sampled by the

optimizer.

Another example of GANs being used for offline surrogate-based design optimization is

in [19]. This paper uses a GAN with polynomial chaos expansion embedded into the generator

to create a surrogate that reproduces realistic data from the simulation model. In the paper [19],

it states that once the surrogate has been trained, it is then used in a metaheuristic optimizer, such

as Particle Swarm Optimization, to find the optimal set of decision variables. The limitations

of this work are that the data needs to be generated before the optimization process begins.

This means that the solution discovered would need to be validated with additional samples to

compare the predicted values provided by the approach and the actual values from the engineering

problem. The approach shown in [19] involves having the GAN surrogate model be trained for
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each objective and constraint function for the optimization problem. This could prove to be

computationally expensive for larger optimization problems (optimization problems with many

objective and constraint functions).

An example of GANs being used for online surrogate-based design optimization is in the

GMOEA [17]. This method uses a traditional GAN for offspring generation. The decision

variable values and the fitness values of the sampled points were used to train the GAN. The

generator component of the GAN is used to generate non-inferior offsprings that aim to have a

better-performing fitness value than the points that have been sampled so far. The discriminator

component of the GAN is used to influence the generator to generate points with characteristics

of the non-inferior solutions. The limitations of this work are the repetitive training process for

the GAN as it updates with the new information. The implementation of the GAN is susceptible

to mode collapse due to the underlying standard GAN model used, which results in a lack of

diversity in generated solutions after long training durations/many optimization iterations. The

knowledge the GAN uses for training is limited to what is provided solely through the fitness

function and contains no explicit constraint handling method outside of the fitness function.

Another example of how GANs are used for online surrogate-based design optimizers

is shown in [20]. This was used to solve large-scale multi-objective optimization problems

involving hundreds to thousands of decision variables. This is solved using the GAN to map

a low-dimensional latent space to the high-dimensional decision variables in the optimization

problem. Then, an evolutionary multi-objective optimizer can solve the optimization problem

in the lower-dimensional latent space. The limitations of this work concern the amount of

information that can be derived from the fitness values of the set of sampled solutions. This

means that the surrogate model is only able to make considerations in regards to the predicted
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overall fitness of a given set of decision variables but is unable to evaluate any characteristics

for how it performs on any specific objective/constraint function. This implementation presents a

traditional GAN model and is susceptible to mode collapse in a way that is similar to the approach

shown in [17]. This paper does not present any application to any optimization problems that

have a real-world parallel and is only tested on test problems from the literature. As a result, the

application of this method to complex real-world engineering problems is not known from the

information provided.

Due to the GAN’s usefulness, different variations of GANs have been incorporated into

online surrogate-based design optimizers. This would include methods such as Wasserstein

Generative Adversarial Networks (WGANs) [21]. This has been proven to be useful for representing

3D material structures along with their properties [22]. The advantage of using a WGAN instead

of a traditional GAN is improvements to the training stability, making it less likely to have issues

such as mode collapse. The limitations of this work are the lack of an explicit constraint handling

method, and it relies on using gradient descent for the optimization process without any additional

features/functions to promote exploration. This would make the algorithm susceptible to only

being able to find the local optimum for a non-convex optimization problem and could miss the

global optimal solution.

Another variation of GANs is a Wasserstein Generative Adversarial Networks with Gradient

Penalty (WGAN-GP), which has been used in protein-peptide docking [23] since it makes stability

improvements to the standard GAN model. The limitations of this work are that the knowledge

used for training the WGAN-GP model is limited to the fitness information of the sampled points

without incorporating any other domain knowledge into the training process.

In addition to the implementation of various types of GAN models, GANs have been used
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to improve the accuracy of other surrogate models. This was shown in [13], where a GAN

was used to improve the accuracy of a recurrent neural network/multilayer perceptron that was

tasked to create accurate depictions of airfoil designs. The limitations of this work are that the

implementation shown in this paper performs the optimization offline after all the data has been

collected. This limits the accuracy of the resulting solution and requires the initial sampling to be

diverse and at a high enough resolution for the surrogate model to be accurate across the entire

design space, since there is no knowledge of where the optimal solution is located.

An online surrogate-based multi-objective design optimizer is shown in the Generative

Multiform Bayesian Optimizer [24] paper. This method involves using a GAN to transform a

large-scale, high-dimensional space into multiple smaller latent spaces and performing optimization

in all of these latent spaces simultaneously using a Bayesian optimizer. By performing the

optimization in this way, it is easier for the optimizer to converge to a solution in a lower-

dimensional space and convert that to a higher-dimensional representation of the decision variables

than it is to converge to a solution in a higher-dimensional space. The limitations of this work are

that there is no well-constructed rule for the number of lower-dimensional spaces to generate for

any multi-objective optimization problem. Since this approach converts the higher-dimensional

space to a lower-dimensional representation, errors/inaccuracies could arise in the conversion

process due to the GAN model not achieving complete accuracy across the design space. This

error could occur in cases where the lower-dimensional representation overlooks the global optimal

solutions. This would be the case where the low-dimensional space does not align well with the

high-dimensional space.

In terms of online surrogate-based multi-objective design optimization using generative

adversarial networks with constraint assistance, the only similar work that was found, to the
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author’s knowledge, is [25]. In this paper [25], the GAN is not only used to generate offspring,

but the discriminator component of the GAN is used to predict if the input data would result

in a feasible solution. By embedding this prediction into the discriminator aspect of the neural

network, this would have the GAN simultaneously learn to generate points that are feasible and

non-inferior. The limitations of this work are that the discriminator is predicting the feasibility of

a set of decision variables as part of a neural network. If there is a limited number of data points,

there could theoretically be an infinite number of lines/curves that divide the region between being

predicted to be feasible or infeasible. Due to this possibility, finding the boundary line would be

done through incremental improvements, assuming the discriminator has complete accuracy in

separating the two regions.

1.2.1 Gaps/Limitations in Existing Literature

The main gaps/limitations that were observed throughout the current literature that this

work fills in is: taking into consideration additional domain knowledge for a general constrained

multi-objective optimization problem. Most of these methods did not consider modeling the

predicted feasibility of the constraints. These papers showed a tendency to model each objective/constraint

problem in the multi-objective optimization problem and run the optimization algorithm on the

values predicted for each of the surrogate models, or the surrogate was used to model/predict the

fitness of a given set of decision variables and generate points that would have a high performing

fitness value. Depending on the fitness function used, this could result in cases where some

infeasible points could have a better fitness value compared to a feasible solution due to there not

being a strong enough penalty component. By generating points within the feasible domain,
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this allows for a more focused exploration in the region where the non-inferior solution set

must be located. In the case where the predicted feasibility was considered, it was treated as

an aspect of the discriminator. This discriminator component would not produce the boundary

line in the location where the maximum separation between the feasible and infeasible solutions

is located. By creating a predicted boundary line at the location where maximum separation

between the two regions occurs, this could provide a more efficient search strategy for finding the

true feasible/infeasible boundary for a general constrained multi-objective optimization problem.

1.3 Background

This section provides the background information for information relevant to the structure

of the proposed method, other online surrogate-based design optimizers used to compare performance,

and quality metrics to provide quantitative evaluations of the optimization approaches. This will

be covering the following topics: GANs, Evolutionary Multi-Objective Optimization Driven by

Generative Adversarial Networks (GMOEA), the Forrester method, and quality metrics such as

generational distance (GD), Hypervolume (HV), Overall Spread (OS), and Deb’s Spread metric

(spread).

1.3.1 Constrained Multi-Objective Optimization Problem

The general structure for a constrained multi-objective optimization problem used throughout

this thesis is shown in Equation 1.1.
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minf1(x), ..., fi(x), ..., fn(x)

s.t.

gj(x) ≤ 0 j = 1, ..., J

(1.1)

The different objectives that make up the multi-objective formulation are shown through

f1(x), f2(x), fn(x). Where the optimization problem would have n different objectives. The

optimization problem has m constraints, which are represented by the g1(x), g2(x), gm(x). Each

of these constraints is modeled in a way where the constraint function evaluation must be zero

or negative to be feasible, and a positive value would make the given constraint infeasible. x

represents the set of decision variables that the optimization problem is evaluating. This set of

decision variables (x) is a vector of n (number of decision variables needed to perform a single

evaluation of the problem) components.

Equality statements were not considered due to the limited number of available multi-

objective optimization problems with equality constraints, and the equality constraint could not

simply be inserted as a component of the objective function. In addition to this, any equality

constraint could be separated into two inequality constraints, as shown below (Equation 1.2).

g(x) = 0→ g(x) ≤ 0,−g(x) ≤ 0 (1.2)

For both g(x) ≤ 0 and −g(x) ≤ 0 to be satisfied, g(x) must be zero. For all other values of g(x),

at least one of those two constraints would be infeasible.
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1.3.2 Generative Adversarial Networks

A detailed description for understanding how GANs work was shown in [16]. It [16]

describes that traditional GANs are comprised of two competing neural network models: the

generator and the discriminator. The purpose of the generator is to create data that the discriminator

would predict to be real. The purpose of the discriminator is to differentiate between real data

(from a source outside of the neural network model/not created by the generator) and data

generated by the generator. The input to the discriminator consists of either real data or synthetic

data produced by the generator. This is done by inputting the generator with white noise data in a

latent z space. The generator would transform this into values that would make the discriminator

think that the data received belonged to the real dataset. When the random white noise data

is provided to the generator, the generator transforms this input data into a distribution that

encompasses the real data that has been collected and used for the training process. As the

GAN is trained, these models will compete with each other, with the desirable end goal being

that the generator can create data that is indistinguishable from potentially real data. The training

process of this traditional GAN with two competing neural networks is shown in Equation 1.3.

max
D

min
G

V (G,D) (1.3)

where V (G,D) is a value function dependent on the generator, G, and the discriminator, D. This

value function is defined in Equation 1.4.

V (G,D) = Epdatalog(D(x)) + Epgxlog(1−D(x)) (1.4)
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where, Epdatalog(D(x)) represents the discriminator’s ability to categorize the real data correctly

and Epgxlog(1−D(x)) represents the discriminator’s ability to categorize the data generated by

the generator as fake. When implementing this in a software implementation, the binary cross-

entropy loss (BCEloss) function (Equation 1.5) is used.

BCELoss(xn, yn) = yn × log(xn) + (1− yn)× log(1− xn) (1.5)

where yn is the label (real or fake) associated with the given input sample (xn). yn is assigned a

value of one if the true label for the given input (xn) is real and a value of zero if it is fake. Ideally,

the discriminator would be trained on a fixed generator (a generator model using fixed values for

the weights defining the neural network model, the generator’s values are not being updated while

the discriminator’s weight values are) until it can perfectly categorize the real and fake data. Then

the generator would be trained until it reaches its ideal state when the optimal discriminator for

a generator has an accuracy of 0.5. This indicates that the generator reaches optimality when the

optimal discriminator is not able to distinguish between the real data and the fake data created

by the generator. Once the generator has finished training, this process repeats itself with the

discriminator training using the new generator. This process would continue until both neural

network models converge to a fixed set of weight values for both the generator and discriminator

models. This is indicated by the performance of both the discriminator and generator not showing

significant improvement between transitions.

In practice, training both the generator and the discriminator until they converge to ideal

states (as described above) is computationally expensive and time-consuming. Instead, they

are each trained for a limited number of iterations, and the repetition of the transition between
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training the discriminator model and training the generator model is also limited. The limitations

put in place for this training process are determined by the user depending on the complexity of

the dataset, the computational resources available, and the desired quality of the generated data

from the GAN.

1.3.3 Support Vector Machine

Another relevant technique that is essential for understanding the underlying mechanics of

the proposed approach shown in this thesis is the Support Vector Machine (SVM). This surrogate

modeling method, as defined in [26], shows that SVMs are used to create a hyperplane that

would divide two different categories of points. These two different regions could be divided by

an infinite number of lines. An SVM model finds the hyperplane that results in the maximum

distance of separation between the two regions. The properties of the characteristics of an SVM

are shown in Equation 1.6.

wxi + b ≥ 1→ yi = 1

wxi + b ≤ 1→ yi = −1

yi(wxi + b) ≥ 1∀i

(1.6)

where, w represents the weights of the SVM, xi represents the input vector provided to the SVM

to make a prediction, yi represents the predicted label (which is given a value of positive or

negative one) for a given input vector, b represents the bias given to the prediction equation. The

third line of this equation (Equation 1.6) is used to show that all the points have been correctly

characterized. If the true value for a given input vector is one (yi = 1), then the predicted value

16



(wxi + b) would be a positive one to maintain this constraint. Likewise, if the true value for a

given input vector is negative (yi = −1), then the predicted value (wxi + b) would be a negative

one. Multiplying the true value and predicted value (−1×−1) results in a value of positive one

for the constraint. This accuracy constraint must hold for all values of input vectors and their

true value outputs. A hyperplane that would result in these properties being true would correctly

characterize all the input data. To ensure that this hyperplane functions as an SVM by maximizing

the distance between two regions, an additional step is required to maximize the margin between

the points. This maximization of the margin between the two regions is shown in Equation 1.7.

min
x∈D

|x× w + b|√∑d
i=1w

2
i

(1.7)

Equation 1.7 follows the same variable representation as equation 1.6. Once the weights

(w) and bias (b) terms have been solved per Equations 1.6 and 1.7, the SVM model would

be trained. The trained SVM model can then make predictions for any given input vector (x)

provided to the model using Equation 1.8.

f(x) = sgn(wxi + b) (1.8)

Additional modifications can be made to the SVM structure by including kernel functions.

Kernel functions can be used to convert the input space into a latent space where it would be

easier to handle nonlinearities that make the regions non-linearly separable in the input space.

This would be used in place of the xi term in the above equations (Equations 1.6, 1.7, and 1.8).

An example of a kernel function is the Gaussian radial basis function shown in Equation 1.9.
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K(x, x′) = exp(−||x− x′||2

2σ2
) (1.9)

where x represents the given input vector, x′ represents the center values for the radial basis

function (these centers usually correspond to the trained data), σ controls the spread/width of the

Gaussian function, with a larger value corresponding to a wider influence of a given trained point.

1.3.4 GMOEA

GMOEA is a gradient-free (where no explicit knowledge about the underlying functions is

required as input) surrogate-based multi-objective design optimization algorithm [17] and is used

for comparison with the proposed approach. GMOEA modified the use of a GAN not just by

using it to create data points similar to the real (sampled) data but by using it to generate points

that would result in a high-performing fitness value based on its fitness function for evaluating

the quality of a given point The loss function that is used to train this GAN model followed

a traditional structure (described in Section 1.3.2) of using a binary cross-entropy loss [27]

(Equation 1.5).

In GMOEA, the real/sampled data was compared to a value of zero or one, based on the

fitness value for the given point. The fitness function implemented in the GMOEA algorithm

is from the improved Strength Pareto Evolutionary Algorithm (SPEA2) [28]. This is a non-

surrogate-based design optimization algorithm with a fitness function that values the number

of other points a given point dominates (strength) and uses the pairwise Euclidean distance

calculation for a given point to all other points to estimate density. This fitness function incorporates

aspects of closeness to an ideal point (through the strength component) and diversity (through the
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density estimation).

A penalty-based approach was applied since GMOEA does not have an explicitly stated

constraint-handling method incorporated into the approach. The penalty is calculated by the total

of constraint violations (CV) across all constraints that occurred for the given sample. The CV is

calculated using the value of the constraint with a lower bound set at 0. This is shown in Equation

(1.10), where G(x) is the value of the constraint equation. This penalty was added to each of the

objectives.

CV = max(0, G(x)) (1.10)

1.3.5 Forrester Method

Another online surrogate-based design optimization algorithm that was used for comparison

is the Forrester algorithm [11], which uses a Gaussian Regression Model as a surrogate to

estimate the value of the objective functions. The model also provides an estimate for the

standard deviation around the predicted value, where the true value could be. This is a measure

of uncertainty that changes based on the amount of sampled information close to a given point

and the variation of the data at that point. These two metrics (the predicted value and the

standard deviation around the predicted value) can be combined to provide an estimate for the

maximum expected improvement for a given set of decision variables. The maximum expected

improvement is found using an evolutionary optimizer. This is done since evolutionary optimizers

do not require gradient information for the underlying optimization problem.

Once the surrogate has been trained using all available data, an optimization algorithm
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can be applied to the surrogate model to find the set of decision variables that result in the

highest expected improvement value. The set of decision variables where the highest expected

improvement value is found becomes a part of the offspring to be sampled in the next generation,

improving the accuracy of the model in the area where the optimal value is likely to be found.

The surrogate model is then retrained with the new information. No explicit constraint handling

method was stated to be used for this method. As a result, the same penalty-based approach used

for the GMOEA implementation, of adding the constraint violation as a penalty to the objective

evaluation, was applied here.

Since no fitness function for combining the objectives was explicitly stated to be used for

this method in [11], the objectives were combined using various weights. This combinatorial

approach is shown in Equation 1.11.

F (x) = α1 × f1(x) + α2 × f2(x) + ...+ αn × fn(x) (1.11)

where αi represents the weight given to a specific objective (fi(x)) from the original optimization

problem. The total of the weight values is constructed to equal one (
∑n

i=1 αi = 1). By creating

a variety of weight values (αi) for a given objective, this allows for the possibility of finding

different Pareto front solutions. Equation 1.12 represents the overall fitness function implementation

for the Forrester method, with a variety of weights (αi) for each of the objectives.

F (x) =
N∑
i=1

αi × fi(x) +
M∑
j=1

max(0, Gj(x)) (1.12)

In the above equation, M is the total number of constraints in the optimization problem, N is

the total number of objectives in the optimization problem, fi(x) is the value of ith objective
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function, and Gj(x) is the value of the jth constraint function.

1.3.6 Quality Metrics

Four quality metrics are used in this study [29]: Generational Distance (GD) (Equation

1.13), Hypervolume (HV) (Equation 1.14), Overall Spread (OS) (Equation 1.15), and Deb’s

Spread Metric (Spread) (Equation 1.16). The GD is the distance between the obtained solutions

and the reference non-inferior solutions/Pareto front for a given multi-objective optimization

problem. The GD (Equation 1.13) [30] was used as a metric to compare the accuracy of the

obtained solution to the true solution. The di in Equation 1.13 represents the minimum distance

between the objective values of the obtained non-inferior solutions and the reference non-inferior

front of the problem, and |Q| represents the number of points used.

The obtained non-inferior solutions are the set of points for a given run of a multi-objective

design optimizer that cannot be dominated by any other sampled point. The reference non-

inferior front is used as a guide to compare the obtained non-inferior solutions using the various

quality metrics presented in this section. Since many of the problems presented in this thesis

do not have a well-defined Pareto front solution, a reference non-inferior front is used in its

place. The reference non-inferior front is a set of non-inferior solutions obtained from running a

multi-objective design optimizer until the provided results converged to a solution. In this thesis,

NSGA2 [29] was used as the multi-objective design optimizer to create the reference non-inferior

solution front. This multi-objective design optimizer was run multiple times, and the non-inferior

solution of all points sampled across all runs was used to form the reference non-inferior solution

front.
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GD =

√∑|Q|
i=1 d

2
i

|Q|
(1.13)

The lower the GD, the closer the population is to the true Pareto front solutions or the reference

non-inferior solutions.

The HV is the total area/volume that the obtained non-inferior solutions can dominate. The

HV (Equation 1.14) is used to calculate the total volume that is created from a reference point.

This calculation is done by calculating the overall volume filled by all of the individual volumes

(vi) between each point and the reference point, which is the nadir point for the problem.

HV = volume(∪|Q|
i=1vi) (1.14)

A larger HV indicates that the non-inferior solutions are farther from the reference point. The

largest possible HV for a given reference point is created when the non-inferior points are the

same as the true Pareto Front. So, having a larger HV indicates that the non-inferior solutions are

likely closer to the true Pareto front for the optimization problem.

The OS (Equation 1.15) is used to evaluate how the spread of the non-inferior solution

set compares to the reference non-inferior front. This is calculated based on the volume of the

space explored by the extreme points of the non-inferior solution set within the global boundary

(HRex(P )) and the global boundary for the problem (HRgb), which is derived from the true

solution of the problem.

OS =
HRex(P )

HRgb

(1.15)
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A larger OS indicates that the extreme points of the obtained non-inferior solution encapsulate

more area/volume of the actual area/volume created by the reference non-inferior solutions/Pareto

front. This shows how any point that could fall within the area/volume of the obtained non-

inferior set of solutions lines up with the area/volume of any point of the reference non-inferior

solutions/Pareto front for a given multi-objective optimization problem.

The spread (Equation 1.16) was used to measure the diversity of the non-inferior solutions.

Spread is calculated by comparing the distance between adjacent points (di) to the average

distance between points (d̄), as well as the distance between extreme points (dem) (best and worst

points in terms of the different objectives) to the extreme points of the true Pareto front. A lower

spread metric indicates more diversity among the non-inferior solution set. This can be thought

of as a measure of how uniformly distributed the obtained non-inferior solutions are for a given

multi-objective optimization problem.

∆ =

∑M
m=1 d

e
m +

∑|Q|
i=1 |di − d̄|∑M

m=1 d
e
m + |Q|d̄

(1.16)

1.4 Differences between Proposed Approach and Existing Methods

This section will explain the differences between the proposed approach and approaches

found in the current literature in terms of online surrogate-based multi-objective design optimizers.

To reiterate, the proposed approach is for a new online surrogate-based multi-objective design

optimizer using GANs with constraint assistance. The proposed approach uses the GAN to create

offspring sample points for the optimization process. The GAN model is influenced by both the

fitness evaluation of the previously sampled decision variables and information obtained from the
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SVM constraint surrogate models. Both the fitness evaluation and the SVM constraint surrogate

models are used to augment the loss function in the GAN’s generator model in an attempt to have

the GAN generate points that have a high likelihood of being feasible and within the desirable

region of the non-inferior solutions.

The differences between the proposed approach and typical online surrogate-based multi-

objective design optimizers, such as that shown in the Forrester method [11], are that the surrogate

is used (in the Forrester method) to model either the individual objective/constraint functions or

the overall fitness of the design space based on the sampled points. These methods require the

optimizer to find possible sets of decision variables that would be within the reference non-

inferior solution set (ideally on the Pareto front) for the problem. In the case of approaches

similar to the Forrester method, the possible sets of decision variables are discovered through

the use of an additional optimizer (commonly an evolutionary optimizer). Since the proposed

approach uses a generative model to find the optimal solutions, the result of the GAN is to

model a distribution/entire region of the design space where the reference non-inferior solution

set (ideally, the Pareto front) could be located. The underlying optimizer used for approaches

similar to the Forrester method could focus too much on a specific area too quickly. By using a

generative modeling-based approach, the proposed approach can avoid the pitfalls of requiring a

high level of accuracy for a large initial sampling set to train the surrogate model.

Other differences between the proposed approach and other online surrogate-based multi-

objective design optimizers that use generative models (such as GANs), is shown in [17], are

that the surrogate GAN model is used to generate a distribution of points where the non-inferior

set of solutions are likely found through the use of the calculated fitness values of the sampled

points. While the proposed approach involves the GAN modeling, the overall fitness of the design

24



space, additional considerations are made to sample points within the predicted feasible region,

in addition to the desirable region created based on the fitness values of the sampled points. The

advantage this creates for the proposed approach over the approach shown in [17] is that the

exploration and exploitation performed by the optimization process through the GAN is focused

within the region that has the highest predicted likelihood of producing a feasible solution. So,

for practical implementations, an infeasible result might be completely unacceptable. Using

this method would ensure that more of the samples come from the region that is predicted to

be feasible. This could allow for a temporary implementation that is not optimal but produces

sufficiently good enough performance while more evaluations can be conducted.

There have been cases presented in the literature where the online surrogate-based multi-

objective design optimizer was able to model the distribution of possible Pareto front points

through generative modeling and made considerations for the constraint feasibility predictions,

such as shown in [25]. The advantages stated in this approach from the literature [25] are in

terms of the convergence to the obtained non-inferior set of solutions and improvements with

diversity. This is done by separating the sampled points from the original optimization problem

into feasible and infeasible sets. The discriminator is trained to predict which set a given set

of decision variables belongs to. This discriminator model is then used for the training of the

generator. The generator in [25] is used to generate the offspring solutions, which are expected to

be feasible and would perform well based on a fitness function incorporated into the optimization

algorithm.

There are limitations in the method used to model the constraint feasibility, as described

in Section 1.2. The proposed approach models the constraint through a separate SVM model

for each constraint. This allows for the focus of the constraint assistance model to be only on
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the feasibility of an individual constraint. This also allows the constraint surrogate model to be

simpler and more generalizable than a model that must model the feasibility of a given set of

decision variables and its likelihood of being within the desirable region of the design space.

1.5 Contributions to the Literature

The contributions stated in this section were also presented in [1], which has been submitted

to the Journal of Mechanical Design (JMD). The primary contributions to the literature are as

follows:

1. Developed the structure for a new online surrogate-based multi-objective design optimization

algorithm that uses a GAN-based framework aided by a support vector machine (SVM) to

find feasible points for black-box computationally expensive multi-objective optimization

problems. The SVM surrogate model estimates the probability of a constraint violation

occurring at a given point. The trained SVM is used to influence the GAN to generate

offspring within the regions that have a higher likelihood of being feasible for all the

constraints in the optimization problem. Existing surrogate-assisted multi-objective design

optimization methods use GANs in various ways. Some methods from the current literature

use the GAN to approximate individual objective/constraint functions [25], while others

approximate the fitness values for various points [17], [31]. Some approaches incorporate

the constraint handling as an aspect of the discriminator [25]; however, this does not

provide the maximum separation between the feasible and infeasible regions of the design

space where the true boundary can be assumed to be. The proposed structure uses an

SVM to define the constraint boundaries to create the separation between the feasible and
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infeasible regions, as this is a built-in feature to the training process for an SVM [26]. By

incorporating this into the loss function of the GAN, the GAN can generate solutions that

have a higher likelihood of being feasible.

2. Evaluated the performance of the proposed constraint-assisted generative online surrogate-

based multi-objective design optimization approach using quality metrics such as generational

distance (GD) (Equation 1.13), hypervolume (HV) (Equation 1.14), overall spread (OS)

(Equation 1.15), and Deb’s spread metric (spread) (Equation 1.16). These metrics were

used to compare the proposed approach to two existing online surrogate-based design

optimization algorithms from the literature. This provides a broader understanding of how

the different algorithms perform in terms of accuracy and diversity, whereas many other

papers that have compared their algorithms to online surrogate-based design optimization

algorithms, e.g., [17] [32], focus solely on the accuracy of the results using metrics such as

GD and HV.

3. Applied the proposed constraint-assisted generative online surrogate design optimization

approach to a wide variety of numerical test problems from current literature and an engineering

case study for the operation of an unmanned surface vessel (USV). This demonstrated the

scalable performance of the proposed approach. Throughout these optimization problems,

the proposed approach was compared to other methods, constraining all approaches to the

same number of allowable function calls. Finally, an estimate for the time complexity of

the proposed approach was determined and used for comparison to the time complexity

obtained for the other methods tested.
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1.6 Organization of Thesis

The rest of this thesis is organized using the following structure. Chapter 2 discusses the

structure of the proposed approach for a new multi-input multi-output online surrogate-based

multi-objective design optimizer. Chapter 3 demonstrates the effectiveness of this proposed

approach on a set of test problems from the current literature. Then, Chapter 4 shows the

effectiveness of this proposed approach on a case study problem for determining the throttle

control profile for an unmanned surface vessel. Finally, the conclusion to this thesis includes the

summary of the work done, contributions to the literature, limitations of this work, and possible

future work that is based on this research and is presented in Chapter 5.
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Chapter 2: Proposed Approach

As discussed in chapter 1, the use of surrogate models has greatly improved multi-objective

design optimization for computationally expensive optimization problems. Such methods have

expanded to include GANs in their surrogate modeling techniques for optimization [17] and

[3]. This chapter presents a new multi-input multi-output online surrogate-based multi-objective

design optimizer that uses GANs with constraint assistance that are modeled using SVMs. This

chapter provides a detailed explanation of the flow of the algorithm through the different steps

performed in the optimization process. These steps would include the initial point sampling,

constraint model generation, training the GAN model, generating offspring, and the resulting

output of the optimizer once the optimization process has finished. The goal of this chapter is to

provide a comprehensive understanding of each stage of the proposed approach and their roles in

the optimization process. This approach was influenced by the work done in [17] and [28].

This chapter starts with a high-level explanation of the structure of the proposed approach

in Section 2.1. Section 2.2 discusses the methodology used for generating the initial population

of points. Section 2.3 explains how the SVM constraint models are trained and how they can

predict a boundary between the feasible and infeasible regions in the design space. Section

2.4 presents the process for training the GAN using the information from the SVM constraint

models and already sampled points with their fitness evaluations. Section 2.5 describes how
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the new offspring points are generated from the GAN and selected using the existing sampled

points and the surrogate models that have been trained so far for guiding the exploration and

exploitation of the design space. Section 2.6 discusses the final output from the optimizer once

the optimizer has finished running. Finally, Section 2.7 analyzes and compares the theoretical

time complexity of the proposed approach to the theoretical time complexity of two other online

surrogate-based multi-objective design optimizers from existing literature (GMOEA [17] and

Forrester method [11]).

2.1 Structure of Proposed Approach

A positive integer number of allowable function calls (fcnlimit) must be specified before

the optimization process can begin. A single function call is a single evaluation of the entire

optimization problem. This would require getting all the values for all the objectives and constraints

within the optimization problem.

The proposed approach, shown in Algorithm 1 and illustrated in Figure 2.1, starts with

sampling an initial set of points (line 1 of Algorithm 1). This evaluation would provide the

objective and constraint values for the sampled decision variables. The decision variable values

and the constraint values train the constraint surrogate model(s) that are represented as different

SVMs (line 3 of Algorithm 1). Each constraint in the optimization problem has an associated

SVM model, which is used as the surrogate model to predict if a given set of decision variables

will be feasible for a given constraint. This would create a boundary between a predicted feasible

and infeasible region. Once all the constraint models have been trained, the algorithm trains the

GAN (line 4 of Algorithm 1). A part of the training process of the GAN is to calculate the fitness
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Figure 2.1: Proposed Approach Framework Flowchart

value for each sampled point. The SPEA2 fitness function [28] was used to calculate these fitness

values. Then for the training portion of the GAN, the constraint surrogate SVM model(s) and the

fitness values of the sampled points are used to train the GAN. The GAN would learn to generate

decision variables that would be expected to have a well-performing fitness value and are likely

to be feasible.

The generator model from the trained GAN is used to generate decision variable values as

offspring for the next generation of points to sample (line 5 of Algorithm 1). The determination

of the offspring points to the sample is also informed using the fitness of the sampled points and

the constraint surrogate model(s). The process is repeated until the algorithm has used all the

allowable function calls. Once completed, the algorithm returns the set of non-inferior feasible

solutions in terms of their decision variable, objective, and constraint values (Output Solution).

2.2 Step 1: Initial Point Selection

The initial point selection aims to obtain a diverse understanding of the design space for

the optimization problem. This serves as the first step in the algorithm as shown in line 1 of
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Algorithm 1 Proposed Approach Framework
Require: fcnlimit ≥ 0

1: pop,obj,con← Initial Point Selection
2: while eval < fcnlimit do
3: svmcon=TrainConstraintModels(pop,con)
4: Train GAN(svmcon,pop,obj,con)
5: pop,obj,con=OffspringGeneration(GAN)
6: end while

return pop, obj, con

Algorithm 1. The algorithm performs best when it samples both feasible and infeasible points.

To achieve this, Latin Hypercube Sampling [22] was used. However, other sampling methods,

such as sampling from a uniform random distribution [33], could also be employed.

Since there is a desire to find both infeasible and feasible points during the initial sampling

for this algorithm, this can be aided by sampling points along the boundary of the decision

variables (the upper/lower bounds for the decision variables). For many problems, such as the

TNK problem [34], the boundary values for the decision variables are infeasible (x1 = π, x2 =

0 → g1(X) = 8.7696 ≥ 0, g2(X) = 13.956 ≤ 0.5). x1 and x2 are the decision variables,

while g1(x) and g2(x) are the two constraint function values for the TNK problem for a given

set of x values (x1 and x2). When x1 is set to the upper boundary value of π and x2 is set to

the lower boundary value of 0, this produces a result that is feasible for the first constraint(g1)

but infeasible for the second constraint (g2). Both feasible and infeasible points for the different

constraints present in the initial sample set are used to create the boundary line between feasible

and infeasible solutions by the SVM during the training of the constraint model(s). The feature

can be enabled as a hyperparameter for the algorithm. This hyperparameter would be influenced

by knowledge of the optimization problem, such as the importance of boundary points, and the

number of decision variables.
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The goal of this step is to obtain a diverse set of decision variables and their associated

objective and constraint values. This should provide the algorithm with a general understanding

of the design space for the optimization problem.

2.3 Step 2: Train Constraint Model(s)

Using the sampled decision variables and their associated constraint values, the constraint

surrogate SVM model(s) can be trained (line 3 of Algorithm 1, Algorithm 2). This is needed to

influence the GAN to generate decision variables that are likely to be feasible. The constraint

surrogate model(s) use all the available data that has been sampled from the original optimization

problem so far for training (line 2 of Algorithm 2).

Algorithm 2 Training Constraint Models
Require: pop, con, ncon

1: while i ≤ ncon do
2: svmconi

= TrainSVM(pop, coni)
3: end while

return svmcon

An SVM using a radial basis function as the kernel (K(xi, x)) is chosen as the constraint

surrogate model. The SVM model was used as the constraint model because once an SVM has

been trained on a set of values it can calculate the line/curve that would provide the maximum

separation distance between the two different categories of points [12]. This line/curve generated

by the SVM can be used as an approximation of the boundary line between feasible and infeasible

solutions.

This information is provided to the GAN to create offspring decision variable values that

have a higher likelihood of being feasible. The specific type of SVM used in this algorithm is
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an SVM with a radial basis kernel that would allow it to capture the non-linearity present in

differentiating the feasible region from the infeasible region. Once the SVM has been trained,

a decision function (Equation 2.1) can be derived from the model. In this decision function

(the underlying function for SVM prediction [12]), α represents the Lagrange multipliers, yi is

a binary value indicating if the constraint has been violated, xi are the support vectors, x are the

decision variables to be tested/input values, and b is a bias term added to the function.

f(X) =
N∑
i=1

αiyiK(xi, x) + b (2.1)

This decision function (Equation 2.1) is passed onto the GAN to predict where the feasible

points are located. This process for training the constraint surrogate model is repeated for each

constraint present in the original optimization problem (lines 1 and 3 of Algorithm 2). This

shows that the primary impact of the number of constraints in the original optimization problem

is that a constraint model must be developed and updated for each iteration of the optimization

process for each constraint present in the optimization problem. The output of Step 2 is a trained

set of SVMs acting as the constraint surrogate models to approximate the boundary between the

predicted feasible and infeasible regions.

2.4 Step 3: Train GAN

A GAN model is used as the optimizer component of the proposed approach, this is the

component responsible for generating the offspring decision variables. The reason that a GAN

model is used is because of the inspiration from GMOEA [17]. It showed that GAN models were

able to perform well for representing a distribution of points that mimic the properties of a region
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of a design space. When this is implemented in a multi-objective optimizer, it can perform well

with a limited number of sample points. As the optimization process continues, this distribution

morphs into the region of the design space that contains the decision variable values that result in

the Pareto front.

The process for training the GAN (line 4 of Algorithm 1) uses the constraint surrogate

model(s), the sampled decision variables, along with their objective and constraint values. The

first step to train the GAN (line 1 of Algorithm 3) is to calculate the fitness value for all the points

sampled. This fitness calculation was performed using the fitness calculation from the SPEA2

algorithm [28]. This fitness function consists of two components that calculate the strength and

estimate the density for a given point. The strength component is calculated by determining the

number of points a given point dominates. The density estimation is calculated using the pairwise

distance between the given point and all other points. By including both of these attributes in the

fitness function, the fitness calculation takes into account the quality and diversity of the points.

This fitness function has been augmented by applying a weight factor to adjust the influence of

the density estimation on the calculated fitness value. Once the fitness values for all the sampled

points have been collected, the points are sorted based on their fitness value. A subset of the

points is selected to represent the desirable region of the design space that the GAN should try

to generate points in. This subset of points is retrieved from the points with the best-performing

fitness function values and is given labels that the GAN can use for training (line 2 of Algorithm

3).

The GAN is trained for nepoch iterations (line 3 of Algorithm 3). The way that the GAN

is able to generate points that fall within the desirable region of the design space is through the

use of BCELoss component (Equation 2.2) in the loss functions for the discriminator (Equation
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Algorithm 3 Training GAN
Require: fcnlimit ≥ 0

1: fit← CalcF itness(pop, obj, con)
2: y ← AssignLabels(fit)
3: while i ≤ nepoch do
4: Calculate Discriminator Loss (Eqn. 2.3)
5: Update Discriminator Weights
6: Calculate Generator Loss (Eqn. 2.4)
7: Update Generator Weights
8: end while

return GAN

2.3) and generator (Equation 2.4). The process for training the GAN follows a structure similar

to the training process for a traditional GAN [16]. The BCELoss equation shown in Equation 2.2

is based on Pytorch’s BCELoss function [27] and follows a similar methodology for training that

was shown in [17]. As stated in Section 1.3.2, yn represents the label given to the sampled point

(xn) (1, if the value is from the sampled points and 0, if the value is not from the sampled points

or is not within the desirable region of the design space).

BCELoss(xn, yn) = yn × log(xn) + (1− yn)× log(1− xn) (2.2)

The loss function for the discriminator component (Equation 2.3) (line 4 and 5 of Algorithm

3) of the GAN used in the proposed approach is the same loss function that was used in GMOEA’s

implementation [17] of the discriminator component of the GAN. Additionally, the model structure

for the discriminator used in the proposed approach followed a similar structure to the structure

of the discriminator used in GMOEA’s implementation.

LD = BCELoss(D(x), y) +BCELoss(D(G(xnoise)), 0) (2.3)
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The D(x) represents the predicted value calculated from the discriminator that indicates if

the given set of decision variables falls within the desirable design space region when the values of

the decision variables that have already been sampled are provided as input. The xnoise represents

a random noise input that is fed into the generator. These random noise points are generated from

a multivariate normal distribution centered on the subset of points that make up the desirable

region. The G(xnoise) represents the predicted values from the generator that are used to estimate

possible points that will fall within the desirable region of the design space. The loss function for

the generator (Equation 2.4) (lines 6 and 7 of Algorithm 3) contains additional components that

are not seen in the training process of a traditional GAN’s generator or the training process of the

generator in GMOEA’s GAN implementation.

LG = α×BCELoss(D(G(xnoise)), 1) + β × 1

k

∑∑
SVMk(G(xnoise)) (2.4)

The α and β terms present in the generator’s loss function are hyperparameters used to

balance the weight given to the constraint violation prediction loss component and the standard

GAN’s generator loss component. The SVMk(G(xnoise)) is the constraint violation prediction

loss component. This is derived from the trained SVMs, discussed in section 2.3, to predict

if a given set of decision variables will violate a given constraint. As the generator’s training

process is performed, this will influence the generator to generate points that are likely in the

feasible region of the design space. The BCELoss(D(G(xnoise)), 1) component is the standard

GAN’s generator loss component. As the GAN’s training process occurs, this component will

influence the generator to generate decision variable points that make the discriminator think that
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the provided set of decision variables is within the desirable region. Once trained, the GAN will

ideally generate decision variable points that have a low fitness value and are feasible. The result

of Step 3 is a trained GAN that can be used to generate decision variables that are likely feasible

and would be expected to fall within the desirable region of the design space.

2.5 Step 4: Generate Offspring

After the GAN training process has been completed, the algorithm enters the offspring

generation stage (line 5 of Algorithm 1). The process of generating the offspring point(s), which

would then be evaluated using the original (computationally expensive) optimization problem, is

shown in Algorithm 4. The first step (line 1 of Algorithm 4) of the offspring generation stage is for

the generator from the trained GAN to generate a large set of possible decision variables to sample

(popoff ). Then the feasibility prediction (feasoff ) for each set of decision variables is calculated

using the trained SVM constraint model(s) (lines 2 to 5 of Algorithm 4). With higher values of

the feasoff , it is more likely that the constraints in the given set of decision variables will violate

at least one constraint in the original (computationally expensive) optimization problem. This

calculation is performed as a running total for all the constraints in the optimization problem.

The offspring population will only retain a subset of the most feasible offspring decision variable

values generated by the GAN (lines 6 of Algorithm 4).

The GAN’s trained discriminator is used to evaluate the likelihood of the remaining offspring

decision variable points being within the desirable region (line 7 of Algorithm 4). This proves to

be an effective way for calculating the predicted quality of the possible sets of decision variables

since that was the purpose during the GAN’s training process. Using this calculation, a subset of
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Algorithm 4 Offspring Generation
Require: GAN

1: popoff ← GAN
2: while i ≤ ncon do
3: feasoff = feasoff + SVMconi

(popoff )
4: i = i+ 1
5: end while
6: popoff ← Topx({x ⊆ popoff}, feasoff )
7: goodoff ← GANDis(popoff )
8: popoff ← Topx({x ⊆ popoff}, goodoff )
9: distoff ← DistanceComp(popoff )

10: popoff ← Topx({x ⊆ popoff}, distoff )
11: popoff ←Mutation(popoff )
12: objoff , conoff ← Evaluate(popoff )

return popoff , objoff , conoff

the best performing points based on the GAN’s discriminator score are kept (line 8 of Algorithm

4).

The next step in the offspring generation process is to calculate the pairwise Euclidean

distance between the remaining possible offspring decision variables and the decision variable

values that have already been sampled (line 9 of Algorithm 4). The best set of points to choose

from this set would be the points that have the farthest minimum distance between themselves

and the points already sampled so that the algorithm can further explore the design space. So the

points with the farthest minimum distance are kept within the set of possible offspring decision

variables (line 10 of Algorithm 4). To further incentivize exploration of the design space, a

polynomial mutation is used on popoff , before it is evaluated using the actual optimization

problem (line 11 of Algorithm 4). Finally, the decision variable values, the objective values,

and the constraint values of the offspring sampled points are returned (line 12 of Algorithm 4)

and the process continues from step 2 (section 2.3) until all of the allowable function calls have

been used.
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The resulting output of Step 4 is the new sample point/set of sample points used to update

the models (GAN and Constraint Surrogates) with new information including the new decision

variable values, objective values, and constraint values.

2.6 Step 5: Output Solution

Once the algorithm has used up all the allowable function calls, it outputs the final set of

solutions found. The output information would include the decision variable values, the objective

values, and the constraint values for this set of points. The non-inferior set of points from the final

set of solutions can be used as the observed (obtained) non-inferior solutions for the optimization

problem that is being solved.

2.7 Time Complexity Analysis

Two other online-surrogate multi-objective design optimization approaches were chosen

in comparison to the proposed approach. These two approaches are GMOEA and Forrester

method. The reason that GMOEA [17] was chosen is that it was the initial inspiration for

the proposed approach for using GANs to create offspring sample points to be used in the

optimization approach. Forrester method [11] is chosen because it is a well-established online-

surrogate optimizer that is in the current literature.

The theoretical time complexity of the tested approaches (proposed approach, GMOEA,

and Forrester method) was determined using Big O notation. This analysis evaluates the worst-

case scenario for how the algorithm’s runtime grows based on various factors for a fixed number

of function calls that is kept uniform across the different approaches. Since each of these approaches
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is provided with the number of allowable function calls as an input set by the user to the optimizer,

this would preset the minimum computational time of the approach to be the number of allowable

function calls times the duration it takes to acquire a single sample (n×Teval). For the comparison

of the time complexities of the different approaches, this computational cost is excluded from the

evaluation so that a comparison on the performance of the approach alone can be evaluated.

The time complexity calculations are calculated in terms of the number of function calls

(n), the number of constraints in the optimization problem (ncon), the number of weight combinations

for the objectives (nw), the number of training epoches (nepoch) for the GAN, and the number of

decision variables (d).

2.7.1 Time Complexity of Proposed Approach

The theoretical time complexity of the proposed approach was determined to be O(n2(d×

ncon + log(n)) + nepoch × n(ncon × d + 1)). This calculation was determined using the main

scalable components of the algorithm, which are the process of training the SVM constraint

model (Algorithm 2), the GAN training process (Algorithm 3) and the calculation of the fitness

values for each of the points sampled in the data set using the SPEA2 fitness function [28]

(included in Algorithm 3). An SVM has a known time complexity of O(n2×d) [35]. The known

time complexity of making a prediction using a trained SVM constraint model is O(nSV × d),

where nSV represents the number of calculated support vectors obtained from training. The

number of support vectors varies as the SVM is solved from generation to generation of the

optimization algorithm. However, the maximum number of support vectors an SVM can have

is the number of sample points present, so nSV can be set to the upper bound of n (nsv ≤ n).
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The SVM constraint model(s) contributes O(n2× d×ncon) to the overall time complexity of the

algorithm since a constraint SVM needs to be trained for each constraint in the problem (ncon).

The GAN contributes a time complexity of O(nepoch×n(ncon×d+1)). This arises because

the trained SVM constraint model(s) perform predictions with a time complexity of O(n× d) for

each constraint (ncon) during each training epoch of the GAN (nepoch). Additionally, the GAN

also has a training cost proportional to nepoch×n based on the available data. Also, the theoretical

time complexity of the SPEA2 fitness function must be considered, and this was shown to be

O(n2 × log(n)) in [28].

2.7.2 Time Complexity of GMOEA

The theoretical time complexity of GMOEA was calculated based on the code provided for

the algorithm. The major scalable computational expense of this algorithm is from the training

of the GAN and the SPEA2 fitness function [28]. Since the training process for the GAN in

GMOEA is similar to that of the proposed approach, both would have similar computational

expense of O(nepoch × n) from the GAN. Additionally, the SPEA2 fitness function adds a time

complexity of O(n2 × log(n)). The overall theoretical time complexity of GMOEA becomes

O(nepoch × n+ n2 × log(n)).

2.7.3 Time Complexity of Forrester Method

The theoretical time complexity of the Forrester method was calculated based on the implementation

of the algorithm inspired by [11]. The Guassian process regression model is the underlying

surrogate model that is used in the Forrester method. This algorithm’s major scalable computational
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expense is in the training of the Gaussian process regression model. Since the implementation

was based on a weighted combination of the different objectives, a different Gaussian model was

trained for each weight combination. The computational complexity of training the Guassian

process regression model is represented as O(n3) as shown in [36]. This would make the overall

time complexity of the Forrester method O(n3 × nw).

2.7.4 Time Complexity Comparison

From this it is shown that in terms of theoretical time complexity GMOEA performs the

best. Both GMOEA and the proposed approach can outperform the Forrester method since the

highest degree variable in GMOEA and the proposed approach is n2×log(n) whereas the highest

degree of the Forrester method is n3. GMOEA is able to outperform the proposed approach since

GMOEA does not take on the computational cost that is generated by the inclusion of the SVMs.

2.8 Summary

This chapter presented a step-by-step explanation of the proposed approach for online

surrogate-based multi-objective design optimization. It demonstrated the methodology for integrating

GANs and SVMs to learn different aspects of the optimization problem to reduce the computational

cost of the optimization problem while making improvements in terms of exploring the feasible

region of the design space. The time complexity analysis provides a theoretical understanding of

how the proposed approach compares to two established online surrogate-based multi-objective

design optimizers. The theoretical time complexity comparison shows that the inclusion of

constraint models increases the computational cost slightly compared to GMOEA. However, the
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proposed approach still maintains a computational advantage over other optimization methods

such as the Forrester method.

The next chapter will evaluate the performance of the proposed approach using various test

problems from existing literature. This will include an illustrative example of the optimization

process shown in this chapter as it runs through a test problem. The proposed approach will be

compared to GMOEA and the Forrester method to show how the proposed approach compares in

terms of different quality metrics measuring the closeness and diversity of the obtained feasible

non-inferior solutions for each of the methods.
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Chapter 3: Test Problems

Evaluating the performance of the proposed approach requires a diverse set of test problems

to evaluate how it performs in different conditions. In the case of multi-objective design optimizers,

both the diversity of solutions and closeness to non-inferior/Pareto solutions are valuable. So

various quality metrics are used to measure the diversity and closeness of the final results generated

by the online surrogate-based design optimizers tested. This chapter presents a comparative

analysis of the proposed approach against two existing online surrogate-based design optimizers

(GMOEA [17] and the Forrester method [11]). This chapter will focus on constrained non-

convex multi-objective optimization problems. These are treated as black-box functions where

no information about the gradients of the optimization can be calculated. It can be assumed

that there are cases where calculating the gradient would be computationally expensive if the

evaluation of the optimization problem is computationally expensive. The reason for focusing

the evaluation on constrained non-convex multi-objective optimization problems is to evaluate

each of the tested approach’s ability to generate high-quality, diverse, and feasible non-inferior

solutions for their allowable number of function calls in cases where the Pareto front could be

non-linear, discontinuous and complex. The goal of this chapter is to assess the performance of

the proposed approach in a variety of test problems with varying number of decision variables,

objective functions, and constraint functions. This performance is evaluated using multiple
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quality metrics to evaluate how close the obtained non-inferior solutions are to the reference

non-inferior/Pareto solutions, and the diversity of the obtained non-inferior solutions.

This chapter begins by describing the experimental setup for the different test problems,

along with brief descriptions for each of the quality metrics in Section 3.1. Section 3.2 demonstrates

an illustrative example with a visual for how the proposed approach functions through the various

steps of the optimization procedure shown in Chapter 2. Section 3.3 shows the mathematical

formulation and descriptions for each of the test problems. Section 3.4 provides the results and

visual comparisons of the best and worst case scenarios for each of the tested approaches for

the different test problems. Section 3.4 also contains the quantitative metrics that can be used to

compare the performance of the approaches in terms of their closeness and diversity.

3.1 Experimental Setup and Performance Metrics

GMOEA [17], Forrester method [11], and the proposed approach was used to solve various

constrained multi-objective problems. The problems tested were TNK [34] (Equation 3.1), OSY

[37] (Equation 3.2), CTP [29] (Equation 3.3), and ZDT9 [38] (Equation 3.4). The TNK (Equation

3.1), OSY (Equation 3.2), and CTP (Equation 3.3) test problems were chosen because they

are well-established constrained multi-objective optimization problems in the current literature.

These test problems have non-convex Pareto Fronts which make it difficult to solve for the global

optimum set of solutions (Pareto Front) strictly using methods like gradient descent. The ZDT9

test problem (Equation 3.4) serves as a scalable benchmark for assessing the performance of

different algorithms across various decision variables, objectives, and constraints. Ten runs were

performed for each test problem to calculate the mean and standard deviation for each quality
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metric.

The quality metrics (shown in detail in Chapter 1) used were generational distance (GD)

[39] (Equation 1.13), hypervolume (HV) [40] (Equation 1.14), overall spread (OS) [41] (Equation

1.15), and Deb’s spread metric [29] (Equation 1.16). The GD and HV were used to measure the

closeness/quality of the non-inferior solutions provided by the different approaches. The OS and

the spread were used to measure the diversity present in the non-inferior solutions provided by

the different approaches. A lower value for the GD (Equation 1.13) and Deb’s spread metric

(Equation 1.16) would indicate a better performance value. The GD (Equation 1.13) represents

the distance between the obtained non-inferior solutions and the reference solutions, so having

a lower value for the GD (Equation 1.13) would indicate that the obtained solutions line up

with the reference solutions for the problem. Deb’s spread metric (Equation 1.16) compares the

distance between adjacent points in the non-inferior solution to the average distance between all

adjacent points. So when this metric (Equation 1.16) has a lower value, it signifies that the points

along the non-inferior solutions are evenly spread out. A higher value for HV (Equation 1.14)

and OS (Equation 1.15) indicates a better performance value. HV (Equation 1.14) is calculated

in reference to the nadir point for the problem, so the largest possible hypervolume that could

be obtained for the problem is when the obtained solution lines up with the Pareto front for

the problem. The OS (Equation 1.15) shows how much of the volume/area is occupied by the

obtained non-inferior solutions in reference to the space occupied by the reference solutions (the

largest possible OS (Equation 1.15) value that could be calculated for this is 1, which indicates

that the obtained solutions occupy the same space that the reference solutions do).

To provide a fair comparison between the different algorithms, the same number of function

calls was allocated for each of the test problems. The number of allowable function calls for
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different test problems was determined based on the number of decision variables present in the

optimization problem. This calculation was 50 times the number of decision variables, so if

there are 10 decision variables, 500 function calls would be allowed for the different algorithms.

The summary of the characteristics of the different optimization problems is shown in Table 3.1.

The reference non-inferior solutions for each of these test problems were calculated using the

non-inferior set of running NSGA2 [29] 10 times on the given test problem until the optimizer

was able to converge to a set of solutions. The reason for running NSGA2 [29] multiple times is

because it is a stochastic optimizer that has uncertainty present in it’s calculations so by taking the

non-inferior solution of multiple runs, this would provide a better representation for the Pareto

front for the given test problem.

Table 3.1: Test Problem Description Summary

Problem Name No. Objectives No. Constraints No. Decision Variables
No. Allowed

Function Calls

TNK 2 2 2 100
OSY 2 6 6 300
CTP 2 1 10 500
ZDT9 2 1 20 1000
ZDT9 2 1 40 2000
ZDT9 2 1 100 5000
ZDT9 3 2 30 1500
ZDT9 3 2 60 3000
ZDT9 3 2 150 7500

3.2 Illustrative Example

The TNK test problem [34] (Equation 3.1) was used to show the process and functionality

of the proposed approach. The process for the proposed approach is visually depicted in Figures

3.1, 3.2, and 3.3.
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Figure 3.1: Initial Sampling of TNK Test Problem Showing True Representation of Feasible and
Infeasible Regions

minimizef1(x) = x1

minimizef2(x) = x2

s.t.

G1(x) = x2
1 + x2

2 − 1− 0.1 cos(16 arctan(
x1

x2

)) ≥ 0

G2(x) = (x1 − 0.5)2 + (x2 − 0.5)2 ≤ 0.5

(3.1)

The first step of the proposed approach (Algorithm 1, shown in Chapter 2) was performing

an initial sampling. The Latin Hypercube [22] was used as the sampling method in this example.

A visual of the initial sampling is shown in Figure 3.1. The greyed-out region of Figure 3.1

represents the true infeasible region for the problem, while the white space represents the region

where the feasible points are located. The black points are the locations of the points that were

sampled using the Latin Hypercube [22].

The SVM constraint surrogate models were trained on the available sample points. These
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sampled points are depicted as the black points in Figure 3.2. The trained SVM constraint

surrogate models were used to create a boundary between the feasible and infeasible points for

each of the constraints. Figure 3.2 illustrates the aggregated predicted feasible and infeasible

regions. The white space represents the predicted feasible region, where all the constraints

are satisfied, while the gray space indicates the predicted infeasible region, where at least one

constraint is violated. After the SVM constraint surrogate models have been trained, they are used

to inform the GAN model. The GAN is then used to generate a large sample of possible offspring

points that are shown by the hollow gray points in Figure 3.2. From the set of possible offspring

points, various characteristics of the points (predicted feasibility, predicted fitness quality, and

distance within the design space from previously sampled points) were considered to select the

most suitable point (shown by the gray star in Figure 3.2) for evaluation in the TNK problem and

update the algorithm with the new information. This process is repeated until the algorithm has

used all the available function calls allocated by the user. Figure 3.3 presents the non-inferior

feasible solutions obtained from a single run using 100 function calls and another run using

1,000 function calls, illustrating the impact of increasing the number of function calls in terms

of diversity of the non-inferior solutions and the closeness of these non-inferior solutions to the

Pareto front.

Comparing the two cases (100 function calls and 1000 function calls) in Figure 3.3 demonstrates

that increasing the number of allowable function calls enhances the diversity and accuracy of

the non-inferior feasible solutions. With more function calls, the proposed approach generates

solutions that are more widely distributed and closer to the true Pareto front, improving the overall

quality of the optimization results. The increased diversity is shown by the non-inferior solution

set for the 1000 function call trial having more points in the upper-left region of Figure 3.3
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Figure 3.2: Point Generation and Point Selection for the Next Generation based on the Initial
Population for the TNK Test Problem

Figure 3.3: TNK Test Problem Non-Inferior Feasible Solutions after Final Generation for a Single
100 and 1000 Function Call Trial
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compared to the non-inferior solution set for the 100 function call trial. The increased accuracy

of the non-inferior solution set in the 1000 function call trial compared to the 100 function call

trial is shown by the number of points that fall on the true Pareto Front for the TNK test problem

(Equation 3.1). There is only one point that is directly touching the true Pareto Front for the TNK

test problem (Equation 3.1) for the 100 function call trial, whereas there are significantly more

points touching the true Pareto Front for the 1000 function call trial.

3.3 Test Problem Formulations

In addition to the TNK test problem (Equation 3.1), shown in section 3.2, the other test

problems used to evaluate the different approaches are shown in this section. The formulation for

the OSY test problem [37] is shown in Equation 3.2.
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minimizef1(x) = −(25(x1 − 2)2 + (x2 − 2)2

+ (x3 − 1)2 + (x4 − 4)2 + (x5 − 1)2)

minimizef2(x) =
6∑

i=1

x2
i

s.t. G1(x) = x1 + x2 − 2 ≥ 0

G2(x) = 6− x1 − x2 ≥ 0

G3(x) = 2− x2 + x1 ≥ 0

G4(x) = 2− x1 + 3x2 ≥ 0

G5(x) = 4− (x3 − 3)2 − x4 ≥ 0

G6(x) = (x5 − 3)2 + x6 − 4 ≥ 0

0 ≤ x1, x2, x6 ≤ 10, 1 ≤ x3, x5 ≤ 5, 0 ≤ x4 ≤ 6

(3.2)

The formulation for the CTP test problem [29] is shown in Equation 3.3.

53



minimizef1(x) = x1

minimizef2(x) = g(x)(1−

√
f1(x)

g(x)
)

s.t. g(x) = |1 + (
10∑
i=2

xi)
0.25|

G(x) = cos(θ)(f2(x)− e)− sin(θ)f1(x) ≥ a| sin(bπ(sin(θ)(f2(x)− e) + cos(θ)f1(x))
c)|d

θ = −0.2π, a = 0.2, b = 10, c = 1, d = 6, e = 10

0 ≤ x1 ≤ 1

−5 ≤ xi ≤ 5, i = 2, ..., 10

(3.3)

The formulation for the ZDT9 test problem [38] is shown in Equation 3.4. The number of

decision variables (xi) was recommended to be a multiple of 10 times the number of objectives

(M ). The number of constraints is set to be one less than the number of objectives. For this

reason, the ZDT9 test problem was configured with 20, 40, and 100 decision variables in the

two-objective formulation to evaluate the algorithm’s scalability and performance across different

levels of complexity. The ZDT9 had a 30, 60, and 150 decision variable configuration for the

three-objective formulation.
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minimizefj(x) =

j n
M∑

i=
(j−1)n

M

x0.1
j , j = 1, 2, ...,M

s.t. gj(x) = f 2
M(x) + f 2

j (x)− 1 ≥ 0,

forj = 1, 2, ..., (M − 1)

0 ≤ xi ≤ 1, for i = 1, 2, ..., n

(3.4)

3.4 Test Problem Results and Discussion

The results for the TNK test problem (Equation 3.1) shown in Figure 3.4 shows that the

proposed approach is able to outperform GMOEA and Forrester method. This is done by showing

that the majority of the points in the worst case can dominate the majority of the points from the

best case of GMOEA, and the Forrester method. The best case of the proposed approach can

cover almost the entire reference non-inferior solutions for the TNK test problem (Equation 3.1),

with many points touching the reference non-inferior solutions.

For the OSY test problem (Equation 3.2) shown in Figure 3.5, it can be seen that none of the

approaches (proposed approach, GMOEA, or Forrester method) were able to capture the leftmost

region of the objective space. The likely cause for this issue is that none of the approaches

performed sufficient exploration of the design space and narrowed in on the decision variable

values that resulted in points on the right side of Figure 3.5. This could be solved if more function

calls were used, and a more diverse initial sampling could occur during the initial generation.

The optimizer would then have more function calls available for sampling points from a more

diverse region of the design space. Despite this shortcoming, Figure 3.5 shows that the proposed

approach is able to outperform GMOEA and the Forrester method for the OSY test problem
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Figure 3.4: Best/Worst Case Representation for Proposed Approach, GMOEA, and Forrester
method on TNK Test Problem

(Equation 3.2). This is evident by the worst case of the proposed approach being closer to the

reference non-inferior solutions compared to the best case of GMOEA or the best case of the

Forrester method.

Figure 3.6 shows that visually the proposed approach, GMOEA, and Forrester method are

able to generate points that fall within a similar region in the objective space for the CTP test

problem (Equation 3.3). However, it is shown that the proposed approach can generate points

that are close to the reference non-inferior solutions for the full range of values present in Figure

3.6.

Figure 3.7 shows that the approach that is able to generate solutions closest to the reference

non-inferior solutions is the proposed approach for the ZDT9 test problem with 20 decision

variables and two objectives (Equation 3.4). These points also contain a diverse range of values
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Figure 3.5: Best/Worst Case Representation for Proposed Approach, GMOEA, and Forrester
method on OSY Test Problem

Figure 3.6: Best/Worst Case Representation for Proposed Approach, GMOEA, and Forrester
method on CTP Test Problem

57



Figure 3.7: Best/Worst Case Representation for Proposed Approach, GMOEA, and Forrester
method on ZDT9 Test Problem using 20 Decision Variables

in both objectives. The proposed approach can significantly outperform the Forrester method

since the worst case of the proposed approach is able to dominate all the points in the best case

of the Forrester method. All the points in the best case of the proposed approach are closer to the

reference non-inferior solutions compared to the points generated by GMOEA. It is also shown

visually that the proposed approach has more diverse points compared to GMOEA, as GMOEA

seems to only generate a single point for the best/worst case.

Figure 3.8 shows that the proposed approach is able to significantly outperform GMOEA

and Forrester method for the ZDT9 test problem (Equation 3.4) with 40 decision variables and

two objectives. The proposed approach can significantly outperform GMOEA and Forrester

method, as the proposed approach is significantly closer to the reference non-inferior solutions

compared to GMOEA or Forrester method.
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Figure 3.8: Best/Worst Case Representation for Proposed Approach, GMOEA, and Forrester
method on ZDT9 Test Problem using 40 Decision Variables

Figure 3.9 shows that the proposed approach is able to outperform GMOEA for the ZDT9

test problem (Equation 3.4) with 100 decision variables and 2 objectives. GMOEA is shown to

have little diversity as it seems to only have a single point for the best case and a single point for

the worst case solutions, whereas the proposed approach can generate multiple non-inferior points

in both the best case and worst case conditions. The proposed approach can produce non-inferior

solutions closer to the reference non-inferior solutions compared to GMOEA. Forrester method

could not be tested for the ZDT9 test problem (Equation 3.4) with 100 decision variables and 2

objectives because the computational time to evaluate each test problem for a single run exceeded

4 hours. Due to this computational expense, the Forrester method could not be evaluated for any

of the test problems that had 60 or more decision variables.
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Figure 3.9: Best/Worst Case Representation for Proposed Approach, GMOEA, and Forrester
method on ZDT9 Test Problem using 100 Decision Variables

3.4.1 Closeness Evaluation

The quality metrics that evaluate the closeness of the non-inferior solutions for a given

approach are shown in Table 3.2 (GD) and Table 3.3 (HV). Based on the GD (Table 3.2, Equation

1.13), the smaller the GD value, the better the performance. The smaller the GD value, the closer

the Euclidean distance between the obtained non-inferior solutions and the reference non-inferior

solutions for the problem. The proposed approach performed the best with statistical significance

for 8 of the 9 test problems. The differences in performance between the approaches were shown

to have statistical significance based on the ANOVA test [42]. This was proven by the calculated

p-value being less than 0.05.
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Table 3.2: Generational Distance Quality Metrics for Test Problems (values are reported as mean
(standard deviation), with the best performing values in bold, smaller values indicates better
performance)

Test Problem GMOEA Forrester Proposed Approach

TNK
0.31

(0.046)
0.29

(0.025)
0.079
(0.048)

OSY
76

(4.7)
103
(24)

18
(14)

CTP
0.42
(0.21)

0.73
(0.12)

1.0
(0.23)

ZDT9 20-Var
5.6

(0.18)
11

(0.037)
2.5

(0.68)

ZDT9 40-Var
5.7

(0.75)
24

(0.033)
0.36
(0.19)

ZDT9 100-Var
6.8

(0.64)
–

2.6
(0.93)

ZDT9 30-Var
11

(0.19)
8.0

(0.15)
1.1
(1.0)

ZDT9 60-Var
19.7
(0.62)

–
5.6

(0.50)

ZDT9 150-Var
43

(1.6)
–

21
(0.65)

Based on the HV (Table 3.3, Equation 1.14), the larger HV value indicates a better performance.

This is a measure of closeness because the optimizer is set up to minimize all objectives. Therefore,

the ideal point for the multi-objective optimization problem would be as close as possible to

negative infinity, as allowed by the problem, for all objectives. Since the calculation is in terms

of the nadir point of the problem, the larger the HV, the more space is occupied between the nadir

point and the obtained non-inferior set of solutions, indicating that the obtained non-inferior set

of solutions is closer to the ideal point.

The proposed approach outperformed the other methods with statistical significance on 7

out of the 9 test problems. These seven test problems showed significant improvement, with

p-values less than 0.05 as determined by the ANOVA test [42] indicating that the observed
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performance differences were not due to random chance. The ZDT9 20-variable configuration

and the ZDT9 100-variable configuration did not have a statistical difference for the HV calculation.

This is because the statistical significance in the difference between the HV quality metric for

these two problems is that the final solution set provided by all three approaches yielded values

that were inferior in comparison to the reference point used for the calculation of HV, which

resulted in a score of zero for these test problems.

Table 3.3: Hypervolume Quality Metrics for Test Problems (values are reported as mean
(standard deviation), with the best performing values in bold, larger value indicates better
performance)

Test Problem GMOEA Forrester Proposed Approach

TNK
0.054
(0.029)

0.062
(0.016)

0.33
(0.051)

OSY
0.69
(2.1)

0.0
(0.0)

7400
(17)

CTP
0.25

(0.091)
0.38

(0.030)
0.47

(0.057)

ZDT9 20-Var
0.0
(0.0)

0.0
(0.0)

0.0
(0.0)

ZDT9 40-Var
0.0
(0.0)

0.0
(0.0)

0.032
(0.022)

ZDT9 100-Var
0.0
(0.0)

–
0.0
(0.0)

ZDT9 30-Var
0.0
(0.0)

0.0
(0.0)

8.9
(10.0)

ZDT9 60-Var
0.0
(0.0)

–
2200

(101.0)

ZDT9 150-Var
0.0
(0.0)

–
30100
(1200)

3.4.2 Diversity Evaluation

The quality metrics that measured the diversity of the non-inferior solutions for a given

approach are shown in Table 3.4 (OS) and Table 3.5 (Spread). Based on the OS (Table 3.4,
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Equation 1.15), the proposed approach was able to perform the best for 6 of the 9 test problems.

The larger OS value indicates a better performance. The reason for this OS is a measure of how

much of the overall rectangular or cubic space occupied by the reference non-inferior solution

set overlaps with the overall rectangular or cubic space occupied by the obtained non-inferior

solutions.

All the test problems had statistical significance (p-value less than 0.05) based on the

ANOVA test [42] except for the ZDT9 20-variable, ZDT9 100-variable, and the ZDT9 150-

variable test problem configurations. The lack of statistical significance for these problems in

the ANOVA test [42] can be attributed to the fact that the non-inferior solutions generated by the

different approaches produced values that were worse than the reference point used to calculate

the overall spread. As a result, the calculated values for the OS for the different approaches for

the ZDT9 20-variable, ZDT9 100-variable, and ZDT9 150-variable test problems were zero/near

zero.
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Table 3.4: Overall Spread Quality Metrics for Test Problems (values are reported as mean
(standard deviation), with the best performing values in bold, larger value indicates better
performance)

Test Problem GMOEA Forrester Proposed Approach

TNK
0.0024
(0.0074)

0.014
(0.043)

0.20
(0.20)

OSY
0.0
(0.0)

5.4e− 6
(1.1e− 5)

0.23
(0.11)

CTP
0.044
(0.091)

0.62
(0.054)

0.76
(0.17)

ZDT9 20-Var
0.0
(0.0)

0.0
(0.0)

0.0
(0.0)

ZDT9 40-Var
0.0
(0.0)

0.0
(0.0)

0.29
(0.25)

ZDT9 100-Var
0.0
(0.0)

–
0.0
(0.0)

ZDT9 30-Var
0.0
(0.0)

0.0
(0.0)

0.0077
(0.0094)

ZDT9 60-Var
0.0
(0.0)

–
0.0016
(0.0021)

ZDT9 150-Var
0.0
(0.0)

–
8.9e− 7
(2.2e− 6)

Based on the spread metric (Table 3.5, Equation 1.16), the proposed approach was able

to outperform the others in 4 of the 9 test problems. The spread metric is a measure of how

uniformly distributed the obtained non-inferior solution set is. The smaller the value, the closer

the distance between adjacent points on the non-inferior solution set is to the average distance

between adjacent points. So the smaller the spread metric value, the more uniformly distributed

the points in the obtained non-inferior solution set are, and thus are better performing.

All the test problems had statistical significance (p-value less than 0.05) based on the

ANOVA test [42] in terms of the spread metric (Equation 1.16). A possible reason for the

relatively lower performance of the proposed approach is due to the GAN. The GAN tended

to generate offspring points concentrated in a specific region of the design space, limiting its
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ability to explore the entire search space. This behavior led to insufficient exploration during the

later iterations of the optimization process, causing the algorithm to get stuck in local optima and

hindering its overall performance in finding diverse solutions.

Table 3.5: Spread Quality Metrics for Test Problems (values are reported as mean (standard
deviation), with the best performing values in bold, smaller value indicates better performance)

Test Problem GMOEA Forrester Proposed Approach

TNK
1.0

(0.042)
1.1

(0.11)
0.93

(0.071)

OSY
1.0
(0.0)

1.0
(0.095)

0.81
(0.11)

CTP
0.89

(0.068)
1.5

(0.011)
1.3

(0.28)

ZDT9 20-Var
1.1

(0.041)
0.65

(0.014)
0.97

(0.035)

ZDT9 40-Var
1.3

(0.070)
0.63

(0.013)
0.86
(0.16)

ZDT9 100-Var
1.2

(0.082)
–

0.97
(0.022)

ZDT9 30-Var
1.0

(0.18)
0.51

(0.024)
0.80
(0.23)

ZDT9 60-Var
0.96
(0.18)

–
0.94

(0.062)

ZDT9 150-Var
0.85
(0.15)

–
1.0

(0.012)

Based on these results, the proposed approach is shown to have a statistically significant

advantage in performance on these quality metrics in comparison to GMOEA and Forrester

method, as explained in the analysis of each of the test problems earlier. Looking at the trend

shown throughout all the results for the ZDT9 test problems (Equation 3.4) shows that the

proposed approach is able to maintain the increased performance as the number of decision

variables/number of objectives and constraints scale over GMOEA and Forrester method. The

proposed approach was able to outperform GMOEA and Forrester method in regards to GD
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(Equation 1.13) and HV (Equation 1.14) for more test problems compared to OS (Equation 1.15)

and spread (Equation 1.16). However, for the OS (Equation 1.15) and spread (Equation 1.16),

the proposed approach was able to perform the best out of the three approaches tested for more

test problems than either GMOEA or Forrester method.

3.5 Summary

This chapter provided a comprehensive performance evaluation of the proposed approach

against GMOEA and the Forrester method. Visual and quantitative comparisons through nine

test problems from established literature were used to compare the performance of the different

approaches. From these test problems, it was shown that the proposed approach was able to

outperform GMOEA and the Forrester method consistently in terms of GD (Equation 1.13) and

HV (Equation 1.14). This showed that the proposed approach has an advantage over GMOEA

and the Forrester method in terms of closeness. In addition to this, the proposed approach was

able to outperform GMOEA and the Forrester method for many of the test problems in terms

of diversity. This was shown by OS (Equation 1.15) and spread (Equation 1.16) but did not

have the same level of advantage that was seen in the GD (Equation 1.13) and HV (Equation

1.14). Despite the limitations in regards to the diversity for a few of the test problems, which was

likely attributed to the behavior of the GAN, the proposed approach demonstrated a scalable and

competitive performance in the different tested scenarios. These results validate the effectiveness

of the proposed approach.

In the next chapter, the proposed approach is applied to a complex engineering optimization

problem. This problem is for the optimization of the throttle control profile for a USV. This
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shows the application of the proposed approach for a complex black-box optimization problem

that could be seen in the real world taking it a step further than what was demonstrated in these

test problems.

67



Chapter 4: Unmanned Surface Vessel Case Study

As the development of unmanned systems continues, such as autonomous marine vessels,

the optimization of the control for these vessels through uncertain conditions becomes increasingly

important. This chapter presents a case study that applies the proposed approach (described in

Chapter 2) to a real-world engineering problem, where the engine’s throttle profile of a USV was

determined when it undertakes a 200-hour mission from San Diego to Hawaii. The objectives for

this problem are to maximize the expected system reliability and the expected speed of the USV.

Realistic operating conditions are added so that the optimizer would need to make considerations

for additional factors that could occur during the mission. These realistic operating conditions

would include ambient air temperature, ambient air pressure, seawater temperature, and seawater

current speed. These are all factors from the environment that would be expected to affect the

performance of a USV. More information about the specifics of these factors will be discussed in

Section 4.1.

This chapter demonstrates how a complex, physics-based model of a USV’s engine cooling

and control system can be integrated into an optimization framework. It shows the computational

limitations of traditional optimization methods due to the computational expense of the physics-

based simulation and how that motivates the use of online surrogate-based multi-objective design

optimizers, such as the proposed approach.
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This chapter starts in Section 4.1 by introducing the structure and function of the USV’s

engine cooling and control system (ECCS), and the environmental uncertainties that affect the

synthetic sensor data provided by the physics-based simulation model. Section 4.2 describes the

structure for the physics-based simulation model, how synthetic sensor data was generated, and

how degradation/damage and reliability were incorporated into the simulation model. Section 4.3

discusses the development of an offline surrogate model that could be used in place of running the

physics-based simulation model along with an unconstrained bi-objective optimization problem

this was applied to. Section 4.4 presents a constrained bi-objective optimization problem that

expands on the previous work done with the unconstrained optimization problem. This constrained

bi-objective optimization problem was solved using the different online surrogate-based multi-

objective design optimizers that were shown in Chapter 3 (GMOEA [17], the Forrester method

[11], and the proposed approach). Section 4.5 provides and compares the results for how the three

approaches performed on this close-to real-world application through the use of the closeness and

diversity quality metrics used in Chapter 3.

4.1 Engine Cooling and Control System Description

This case study aimed to identify the optimal throttle values required to establish the

operating profile for effectively controlling an unmanned surface vessel (USV). The operating

profile consists of five throttle values, each marking the percentage of total engine load the USV

is exerting for a set duration (for the 200-hour mission, each throttle value would be held for

40-hour increments). The USV is assumed to undertake a trip between San Diego and Hawaii

with a given mission time of 200 hours. This case study considers uncertainty present in the

69



environment, such as the ambient temperature, ambient pressure, seawater temperature, and sea

current speed.

A simulation model was used to collect synthetic sensor data that a person would expect

to be present on the USV. Due to the complexity of creating a digital twin for a complete USV,

specific subsystems were chosen to simulate instead of simulating all aspects of a complete USV.

The subsystems chosen include the control of the USV via the engine, and the expected cooling

requirements that this engine would need. Together these subsystems create the engine cooling

and control system. The engine is responsible for generating the propulsion the USV needs to

operate, and the cooling ensures that the engine can perform its duties without significant damage.

Data was collected on the USV under various environmental load and throttle profiles.

The environmental load involved generating a random temperature and pressure profile for the

environment based on realistic conditions of the environment between San Diego and Hawaii.

The upper and lower bounds for these environmental loads were assumed to change linearly with

time. The environmental load was created by sampling a uniform random distribution between

these bounds. The environmental conditions, shown in Table 4.1, were based on published data

found in [43] and [44]. Each of the throttle stages that make up the overall throttle profile for

the mission is represented with values between 0 (idle operation of the engine) and 1 (maximum

engine load).

The engine is designed to generate more heat at higher loads. The heat generation needs to

be siphoned off to the environment so that it does not damage the system. This is done through

four cooling subsystems (air, freshwater, seawater, and lube oil). The air, lube oil, and freshwater

subsystems pull heat directly from the engine. The lube oil transfers heat to the freshwater

subsystem. The air and freshwater subsystem transfers heat to the seawater subsystem, where
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Table 4.1: Environment profile uncertainties.

Environment
Lower bound Upper bound
Start Finish Start Finish

Air Temperature (°C) 10 20 22 34
Seawater Temperature (°C) 19 22 25 28
Air pressure (MPa) 0.1006 0.1006 0.102 0.102
Sea current (m/s) 0.5 0.5 1 1

Figure 4.1: Engine Cooling and Control System

the heat is then released into the environment. This process is shown in figure 4.1.

Simulating the cooling system to siphon off heat provides a measurable indicator for the

health of the system and subsystems. This means that if the system and subsystems are in a

healthy operational state, then the temperatures should be relatively lower compared to when they

are in an unhealthy operational state. When the system and its subsystems are in an unhealthy

operational state, the rate at which heat is siphoned off the USV and dissipated into the environment

decreases. This reduction leads to heat buildup in certain subsystems and components, which can

be detected through elevated temperature readings.
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4.2 Model Description and Data Generation

The physics-based simulation model was developed using MATLAB’s Simulink and Simscape

library [45]. This software was used due to its extensive physics-based simulation components.

This allowed the simulation to take into account the loads placed onto the system and subsystems

due to the environment and loads caused by the operation of the USV. This was controlled using

a Python script to generate, control, and organize the data that is fed into and received from the

simulation. The Python script also handled the integration of other components of the model

such as interactions with a DBN to calculate the system’s reliability. Temperature and pressure

sensors were placed throughout the ECCS system to represent the possible sensors that could be

collected from the USV.

The engine was based on a six-cylinder marine engine design. The heat generated by the

engine was calculated based on the amount of mechanical power the engine was outputting at

any given moment during the simulation. This method was used to calculate the heat because

if the system requires more mechanical power, the engine must generate more power, which

consequently results in the production of more heat as a by-product. The amount of heat generated

by the engine considers environmental impacts and the efficiency of the engine. This engine was

set to have a nominal heat-to-mechanical power ratio of 51.5%:48.5%; this ratio was based on

work done in [46]. This was modified using the adjustment factor of β which would account for

how much environmental and internal reliability of the engine would impact the heat generation

(Equation 4.1).
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k = (
P0

Pref

)m(
Tref

T0

)n(
Ts1,ref

Tsw

)s

α = k − 0.7(1− k)(
1

ηeng
− 1)

β =
k

α

(4.1)

For equation 4.1, k represents the adjustment factor of the engine from environmental

conditions, α represents the mechanical power adjustment factor, and β represents the adjustment

factor for the specific fuel consumption. β can be used as an adjustment factor for the amount

of heat the engine generates since more heat is generated as more fuel is consumed. P0 is the

ambient air pressure, Pref is the reference air pressure, T0 is the air temperature, Tref is the

reference air temperature, Tsw is the seawater temperature, Tsw,ref is the reference seawater

temperature, m, n, and s are curve fitting importance parameters used to tune the readings

for a specific diesel engine, and ηeng is the mechanical efficiency of the engine. The reference

temperatures and pressures were obtained from [47], and [48]. For the reliability of a subsystem

to create a physical response in the synthetic sensor data, the subsystem degradation needed to be

incorporated into the physics-based simulation model. Changing the efficiency of the subsystem

based on the healthy state, and how much degradation the subsystem has experienced, would

create a measurable change in the synthetic sensor data generated by the physics-based simulation

model. The efficiency was modeled using equation 4.2.

η =
pin − pleak

pin
(4.2)

where pin represents the input power into the component, pleak represents the amount of power

lost by the component, and η represents the efficiency of the component. As the component
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degrades the amount of leakage present increases. The ECCS is assumed to follow an exponential

growth model (Equation 4.3), that is offset to represent the damage that would be present from

previous use/manufacturing defects. In equation 4.3, u represents the uncertain parameters created

by the environment and manufacturing defects, x represents the given throttle control profile, t

represents the time since the start of the mission, λ represents the calculated failure rate at a

given moment given the throttle control profile and the uncertain parameters, and R represents

the reliability of the subsystem/component.

R(u, x, t) = e−λ(u,x)t (4.3)

The failure rate calculation for each subsystem was based on information from reliability

handbooks ( [49], [50]). The effect of decreased reliability within the simulation is shown by

increasing the loss component (pleak) in the efficiency equation (Equation 4.2). The growth of the

loss component followed an exponential growth model (Equation 4.4) that matches the assumed

reliability calculation (Equation 4.3), with an additional component of poffset representing the

offset factor so that there is an initial non-zero loss value. This offset amount is used to simulate

different manufacturing defects that could appear in the components.

pleak = (pin − poffset)(1− e−λ(T,Q,N)t) + poffset (4.4)

The loss calculation (Equation 4.4) is introduced into the efficiency equation (Equation 4.2), and

this results in an equation for calculating the efficiency of the component, as shown in equation

4.5. This was used to model the efficiency of the different subsystems.
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η = (1− poffset)e
−λpump(T,Q,N)t (4.5)

As the engine is more complex than a pump, the engine’s efficiency was augmented using

k from equation 4.1 as this would also consider the negative impacts that the environment would

have on the engine’s efficiency. This results in equation 4.6 as shown below.

ηeng = (1− poffset)e
−λengt

k (4.6)

Once the synthetic sensor data was generated, a CNN was used to predict the reliability of the

subsystems. The predicted reliability of the subsystems was then fed into a DBN to calculate the

overall system reliability.

4.3 Offline Surrogate Model Development

Due to the complexity of the simulation, an offline surrogate model was developed. Without

an offline surrogate model, a single iteration of an optimizer would take 45 minutes to run on a

desktop computer with an Intel Core i9-12900KF processor. This computational time proves

that the model has a significant computational expense that would be impractical to use for

optimization. Instead, a Monte Carlo simulation method was used to generate random input

samples for the simulation to evaluate the construction of an offline surrogate model. The

input samples included randomly generated environmental profiles, initial health states for the

subsystems, and throttle control profiles for the engine.

The surrogate mode was developed using a Kriging model [11]. This was done using
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Python’s Scikit-Learn API [51]. The input data for the offline surrogate model included the time-

series data containing the throttle profile, initial health states of the subsystems, and environmental

loads. This allowed the surrogate model to have access to the same input information that the

physics-based simulation model had. To reduce the dimensionality of the input data, principal

component analysis (PCA) was performed. The reduced dimensionality was able to account for

99% of the explained variance. This reduced dataset was used to train the Kriging model [11].

This model has an accuracy of over 99% for predicting the speed and the system reliability of the

USV. The details for the training and accuracy results of this offline surrogate model are shown

in [2].

This offline surrogate model was used to solve the bi-objective optimization problem shown

in Equation 4.7.

maximizef1(x) = Espeed(x)

maximizef2(x) = ERsys(x)

s.t. 0 ≤ xi ≤ 1 for i = 1, ..., 5

(4.7)

This bi-objective optimization problem (Equation 4.7) contained the objectives of maximizing

the expected speed and expected system reliability for the USV during the 200-hour mission [2].

The result of this is shown in Figure 4.2. This bi-objective optimization problem (Equation

4.7) was solved using NSGA2 [29] and a Bayesian Optimizer [52]. Since there is uncertainty

in the environment, this was handled by generating 100 different environmental conditions and

using the expected speed and expected system reliability across all 100 different environmental

conditions for the objective calculations.

Multiple multi-objective optimizers were used to validate the non-inferior solution set for
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Figure 4.2: Bi-Objective Optimization Non-Inferior Solution Set for Offline Surrogate Model
Case Study

the bi-objective optimization problem found by the optimizers to make sure they agreed with each

other. This shows two distinct relatively linear regions that comprise the non-inferior solutions

for this optimization formulation (Equation 4.7). These two regions in the non-inferior solution

set show that when the expected speed of the USV is set to less than 7 m/s the expected

system reliability does not change as much compared to when the expected speed of the USV

is greater than 7 m/s. When looking at the change that occurs at this point in terms of the

decision variables, it is seen that the decision variables associated with an expected speed value

greater than 7 m/s in the non-inferior solution set only vary the throttle value at the end of the

mission (x5). All other decision variable values (x1, x2, x3, x4) had throttle values set to 1 (100%,

maximum engine load). However, decision variables associated with an expected speed value less

than 7 m/s in the non-inferior solution set vary multiple decision variable values (x1, x2, x3, x4)

while having the throttle value at the end of the mission (x5) set to the minimum possible engine
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load (with a value of 0). As the expected speed reduces from 7 m/s, the throttle values decrease

in reverse order (x4 is set to minimum engine load before decreasing the throttle value of x3) and

this pattern seems to continue.

The above results suggest that the throttle/decision variable values closer to the end of

the mission have a more critical impact on the expected system reliability compared to the

throttle/decision variable values at the beginning of the mission. Logically this could be explained

by the USV having its largest system reliability value at the beginning of the mission, which then

decreases as the mission progresses. So there is a large amount of slack available between the

expected system reliability at that time and the expected system reliability bound. This decreases

as you get to the end of the mission, making the throttle/decision variable value more important.

The reliability is assumed to follow an exponential model. Therefore, when the reliability is

lower (such as at the end of the mission) the rate at which the damage occurs is significantly

higher leading to a more significant impact on the system.

4.4 Online Surrogate Optimization Implementation

Since the building of an offline surrogate model then performing a multi-objective optimization

proved to be computationally expensive because it required diverse sampling of the full design

space for the problem. This inspired the need to create an online surrogate multi-objective design

optimizer. This would sample the regions of the design space where there is a high likelihood

of finding non-inferior points and not need to have a diverse sampling of the entire design space.

This reduces the computational expense since it is assumed that sampling in the locations where

non-inferior points will be will require fewer function calls than performing a diverse sampling
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of the entire design space to build an accurate offline surrogate model. In addition to this, other

considerations were made to the case study problem (Equation 4.7) to make it more complex by

adding constraints. The proposed online surrogate multi-objective design optimizer was used to

solve a modified optimization problem shown in Equation 4.8. The reason that the optimization

problem from Section 4.3 was modified to create the one shown here (Equation 4.8) is to put

in constraints that would be expected to be in place during the actual mission. This would also

make it so that the solution to the optimization problem becomes less trivial since there are now

solutions that would be infeasible.

maximizef1(x) = Espeed(x)

maximizef2(x) = ERsys(x)

s.t.G1(x) = x1 ≤ 0.75

G2(x) = x5 ≤ 0.75

G3(x) = −f1(x) ≤ −6.75

0 ≤ xi ≤ 1 for i = 1, ..., 5

(4.8)

In this problem formulation (Equation 4.8), the objectives are to maximize the expected

speed of the USV (shown in f1(x)) and maximize the expected system reliability (shown in

f2(x) of the USV. Since there is uncertainty in the environmental conditions, this was handled by

generating 100 different uncertain environmental profiles for the USV to travel through, and the

expected values of speed and system reliability were used for the calculation of f1(x) and f2(x).

The constraint G1(x) is used to limit the maximum engine load percentage during the first stage

of the mission. The second constraint G2(x) is used to limit the maximum engine load percentage
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during the last stage of the mission. Both these constraints (G1(x) and G2(x)) are used to enforce

realistic real-world constraints onto the optimization problem. At the beginning and the end of

the mission, the USV is likely near/approaching a port where there would be other ships present.

In these areas, it would not be safe for the ship to travel full throttle. An additional constraint of

having the USV travel faster than 6.75 m/s is used to ensure that the USV travels to the target

destination quickly.

The three approaches that were used for the test problems in Chapter 3 (GMOEA, Forrester

method, and proposed approach) were used to evaluate this case study (Equation 4.8). This

would show how these approaches perform on a practical engineering problem. GMOEA, the

Forrester method, and the proposed approach were allowed a total of 250 function calls. All

three approaches were given the same number of function calls so that the results for the quality

metrics on the non-inferior solution set are comparable.

4.5 Results and Discussion

The quality metrics that were described in Chapter 1 and used to evaluate the test problems

in Chapter 3 were used to evaluate the different approaches. Table 4.2 shows the performance

of GMOEA, the Forrester method, and the proposed approach for the different quality metrics

in the case study. The non-inferior solutions for the best and worst case results of each of the

different approaches are shown in Figure 4.3 when they are used to optimize the case study

problem (Equation 4.8).

Figure 4.3 shows that all three approaches can find results close to the reference non-

inferior set of solutions. The reference non-inferior set of solutions for this problem was obtained
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Figure 4.3: Best and Worst Case Representations of Proposed Approach, GMOEA, and Forrester
for USV Case Study

using the same process applied to the test problems (Chapter 3). This involved generating

the non-inferior set of solutions by running the NSGA2 [29] algorithm 10 times on the case

study problem (Equation 4.8) until the NSGA2 [29] optimizer converged. The reference set of

solutions is represented as the solid line in figure 4.3. Out of the three approaches tested, the

proposed approach was able to find results closest to the reference non-inferior solutions. Figure

4.3 also shows that the Forrester method was able to generate points closer to the reference

non-inferior solutions compared to GMOEA. These comparisons between all three approaches

are best shown by comparing the best-case results for all three approaches. The qualitative

verification of these visual results is shown in the quality metrics in Table 4.2. As established in

Chapters 1 and 3: a lower value for generational distance indicates better performance, a higher

value for hypervolume indicates better performance, a higher value for overall spread indicates

better performance, and a lower spread metric value indicates better performance.

The proposed approach can perform the best for GD (Equation 1.13) (by having the smallest
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Table 4.2: USV Case Study Quality Metric Results
(lower GD is better, higher HV is better, higher OS is better, lower spread is better)

Algorithm
Generational Distance

(×10−3)
Hypervolume

(×10−4)
Overall Spread Spread

GMOEA 2.24 (0.503) 0.318 (0.436) 0.0202 (0.0244) 0.981 (0.0321)
Forrester 1.93 (0.472) 0.887 (0.772) 0.160 (0.0894) 0.779 (0.126)
Proposed Approach 1.15 (0.395) 2.57 (0.526) 0.269 (0.111) 1.09 (0.142)

value), HV (Equation 1.14) (by having the largest value), and OS (Equation 1.15) (by having the

largest value) but gets outperformed by GMOEA and Forrester method for the spread metric

(Equation 1.16). The reason why the proposed approach performed worse than GMOEA and

Forrester method in terms of Deb’s spread metric (Equation 1.16) is due to the proposed approach

generating clusters of points. This is shown in the best case of the proposed approach where the

expected system reliability is 0.735 and 0.736 in figure 4.3. The existence of these clusters

shows that the proposed approach did not generate points uniformly along the non-inferior set of

solutions that the approach was able to evaluate. Since GMOEA and Forrester methods did not

have dense clusters of points, they were able to outperform the proposed approach in terms of

deb’s spread metric (Equation 1.16).

None of the tested approaches (GMOEA, Forrester method, and proposed approach) were

able to obtain points that have an expected system reliability above 0.73675. This is the region

where the reference non-inferior front transitions to a much steeper relationship between the

expected system reliability and the expected speed. There is a linear trade-off between the

expected system reliability and the expected USV speed in the reference non-inferior values with

system reliability under 0.73675. This point shows a change in the system, where the system

becomes much more sensitive to the expected speed of the USV after this point.

None of the three approaches (GMOEA, Forrester, and proposed approach) were able
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to find points that were within the reference non-inferior solutions for the case study problem

(Equation 4.8) after 250 function calls. This suggests that to identify better-performing solutions

that approach the reference non-inferior solutions, a greater number of function calls would need

to be permitted.

4.6 Summary

This chapter demonstrated the practical application of the proposed online surrogate-based

multi-objective design optimizer on a realistic, computationally expensive engineering problem

involving the control of a USV. Through this application, the objectives of maximizing the

expected speed and expected system reliability of the USV were considered. Compared to

GMOEA and the Forrester method, the proposed approach was able to outperform both in terms

of closeness (with GD (Equation 1.13) and HV (Equation 1.14)) and diversity in regards to OS.

However, the proposed approach showed its limitations in regards to its performance on the

Deb’s spread metric. This limitation was shown by the proposed approach being unable to evenly

distribute solutions along the non-inferior front for the case study problem (Equation 4.8).

The results provided in this chapter demonstrate the proposed approach’s ability to handle

multi-objective computationally expensive complex engineering optimization problems. While

the proposed approach has shown promising results with a limited number of function calls,

further improvements could be made. These improvements could include allowing for more

function evaluations to improve the quality of the results shown, as well as changing the structure

of the proposed approach to include an adaptive exploration strategy to mitigate the clustering

effect that was shown.
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The next and final chapter will discuss the concluding remarks for this thesis. It will provide

a summarization of the key findings, discuss the limitations of the work done so far, and outline

possible directions for future work in the area of online surrogate-based multi-objective design

optimization.
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Chapter 5: Conclusion

This chapter presents the concluding remarks of this thesis, highlighting its primary contributions

to the literature along with the proposed approach. It summarizes the findings from both the

numerical test problems and engineering test problems while acknowledging the approach’s

limitations. Additionally, it explores potential directions for future research.

5.1 Summary

The motivation for this work stemmed from the computational expense associated with

performing multi-objective design optimization for complex engineering problems. These engineering

optimization problems are known to require time-consuming simulations as well as computational

power in terms of hardware specifications. Based on an extensive literature review, it was

discovered that there is an apparent gap in the limited knowledge regarding online surrogate-

based multi-objective design optimizers that use generative models with implicit constraint knowledge

influencing the training of the generative model. Most of the currently existing optimizers

use surrogate models in place of each of the objective and constraint functions in the problem

and then perform an optimization process/iteration using these surrogates. The other method

that was common in the literature was to use a surrogate to generate possible sets of decision

variables that are expected to perform well based on their fitness evaluation from the optimizer’s
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fitness function. Neither of these approaches embeds the knowledge gained from the individual

constraints in the optimization problem to influence the GAN’s generator to generate predicted

feasible offspring samples as part of the GAN’s generator training process.

From the limited literature, the gap that was shown served as the inspiration for the approach

presented in this thesis. This proposed approach, presented in this thesis, works by embedding

the feasibility prediction from the SVM constraint surrogate models with the discriminator model

to influence the training of the GAN’s generator model. By influencing the training of the GAN’s

generator model, the generated offspring from the GAN’s generator would have the properties

learned through the training process. Thus, the offspring generation would be influenced by the

discriminator’s ability to predict if a given set of decision variables is within a desirable region

of the design space as well as having a higher likelihood of being feasible due to the influence

from the SVM constraint surrogate models. While it was seen in the literature that there has

been a similar approach, this approach (from the literature) used the discriminator to predict the

feasibility of the given set of decision variables. The proposed approach uses an SVM surrogate

model to predict the feasibility of a given set of decision variables. This is done because the SVM

model would find a boundary line that maximizes the distance between the infeasible and feasible

regions. Maximizing this boundary distance between the two regions balances the area/volume

between the infeasible and feasible regions. This, in turn, provides a more consistent method for

finding the actual feasible/infeasible boundary for the constraint.

The result of this analysis of the literature and theorized improvement created a proposed

online surrogate-based multi-objective design optimizer that leverages GANs and SVM constraint

models. The structure for this proposed approach is shown in Chapter 2. This chapter demonstrates

the methodology for integrating the GAN and SVMs to learn different properties of the optimization
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problem. A step-by-step procedure for how the optimizer functions for each iteration of the

optimization process was discussed. Once the full optimization process for the proposed approach

was discussed, a time complexity analysis was performed. A time complexity analysis was

also performed on two other online surrogate-based multi-objective design optimizers, which

are GMOEA and the Forrester method. From the time complexity analysis, it was shown that

the proposed approach was able to have a computational advantage over the Forrester method.

However, GMOEA had a slight computational advantage over the proposed approach. The slight

computational advantage that GMOEA has over the proposed approach is caused by the presence

of the SVM constraint surrogate models, which are not present in GMOEA.

Once the structure for the proposed approach has been established, Chapter 3 demonstrates

how the proposed approach performs on a set of various optimization test problems. The performance

of the proposed approach is compared to GMOEA and the Forrester method for these optimization

test problems. A visual and quantitative comparison of these approaches was used to show the

effectiveness of each of the different approaches. It was shown that the proposed approach was

able to outperform GMOEA and the Forrester method consistently in terms of GD and HV.

This proved that the proposed approach has a statistically significant advantage over GMOEA

and the Forrester method in terms of closeness. In terms of diversity, the proposed approach

was able to outperform GMOEA and the Forrester method for many of the optimization test

problems. The diversity was evaluated using OS and Deb’s spread metric. While the proposed

approach was able to outperform GMOEA and the Forrester method, the proposed approach did

not have the same level of advantage that was demonstrated with the closeness metrics. This

difference in performance between closeness and diversity was likely caused by the structure

of the traditional GAN used in the approach. It was proved that the proposed approach has a
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scalable and competitive performance based on the various numerical optimization test problems

used. This validates how effective the implementation of the SVM constraint surrogate models

with a GAN-based online surrogate multi-objective design optimizer is.

To extend the evaluation, the proposed approach was tested on a realistic engineering

multi-objective case study for determining the throttle control profile for a USV in Chapter 4.

The objectives in this case study were to determine a throttle profile that would maximize the

expected speed and expected system reliability for the USV during its mission. The performance

of the proposed approach was compared to the obtained non-inferior set of solutions generated

by GMOEA and the Forrester method. The approaches were compared using the same closeness

and diversity metrics used in Chapter 3. It was shown that the proposed approach was able

to outperform both GMOEA and the Forrester method in terms of closeness (shown through

the GD and HV metrics). The proposed approach was able to outperform GMOEA and the

Forrester method for one of the diversity metrics (which was OS). The proposed approach was

not able to perform the best in terms of Deb’s spread metric. This shortcoming was able to

demonstrate the limitations of the proposed approach, since the proposed approach was not able

to uniformly distribute the points along the obtained non-inferior set of solutions for the case

study optimization problem.

5.2 Contributions

The primary contribution of this study has been the development of an online surrogate-

based multi-objective design optimization algorithm structure. The proposed approach uses

GANs and constraint-boundary-informed SVMs to solve computationally expensive black-box
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constrained multi-objective optimization problems. A trained SVM constraint surrogate model

is used to influence the GAN to generate offspring that are predicted to be feasible. This is done

while maintaining the ability to generate possible solutions that are expected to perform well,

based on the fitness evaluation of the previously sampled sets of decision variables.

The performance of the proposed approach was compared against two other algorithms

from the literature (GMOEA [17] and Forrester method [11]). This comparison was carried out

using four quality metrics on a set of numerical optimization test problems from the literature.

Many papers in the current literature compare their approaches based on the accuracy of the

results. They do this using metrics such as GD and HV. This overlooks the diversity aspect for

evaluating the non-inferior solution set generated by the online surrogate-based multi-objective

design optimizer.

Finally, all the algorithms were applied to a wide variety of numerical multi-objective

optimization test problems from the literature, as well as a realistic case study focused on the

optimization of the throttle control profile of a USV. The scalable performance of the proposed

approach was shown through the numerical multi-objective optimization test problems, through

the variations in the complexity of the test problems, the number of decision variables present,

the number of objectives in the problem, and the number of constraints in the problem. This was

also able to show how the proposed approach can be applied to realistic, complex engineering

optimization problems. All the tested online surrogate-based multi-objective design optimizers

were constrained to have the same number of function calls (the number of times the entire

optimization problem was evaluated). This was done so that the quality metric values obtained

from evaluating the approaches are comparable. Along with these tests, a time complexity

analysis was performed on all the tested algorithms that were used as a comparison against
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the proposed approach. This demonstrated how the proposed approach effectively scaled in

computational complexity as the number of allowable function calls increased.

5.3 Limitations

The limitations of this work include the use of a traditional GAN as the surrogate model

for generating offspring sample points. This is a limitation because traditional GAN structures

are susceptible to mode collapse. The description of mode collapse is as follows: mode collapse

occurs when the GAN’s generator produces a limited variety of output results. These results lack

diversity in the values contained. This was shown in the test problems in the results in Chapter

3, through the proposed approach scoring poorly for Deb’s spread metric. A possible method for

fixing this issue moving forward would be to implement a more advanced GAN model, such as

WGAN-GP, which has a more complex modified training structure to mitigate problems of mode

collapse.

A limitation of the current GAN implementation is the absence of transfer learning [53],

which could have leveraged prior knowledge from related problems to accelerate the optimization

process. However, this decision was intentional to maintain flexibility in the proposed approach.

If a transfer learning strategy were implemented, this would require the assumption that the new

optimization problem shares characteristics with previously encountered ones. By designing the

GAN to learn entirely from scratch for each specific optimization problem, without relying on

external priors, the method avoids introducing biases and removes the need to assume similarity

with past problems.

Another limitation is the current structure of the proposed approach, where each constraint
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requires an independent SVM constraint surrogate model. As the number of constraints in the

problem grows, the cost of training the constraint SVMs grows with it. This could be mitigated

by creating an adaptive constraint policy to train only the SVM constraint surrogate models that

are likely to be active for the points along the Pareto front. This would save the computational

expense since the constraints that are not active are likely to have a significant amount of slack, so

the accuracy of the surrogate model for these constraints does not need to be as high as the active

ones. By incorporating this type of system into the approach, the number of SVM constraint

surrogate models that need to be trained significantly reduces.

5.4 Future Work

Future work that could be done based on the information presented in this thesis is the

implementation of a more advanced GAN model, such as WGAN-GP, to be used to solve the

issues encountered with mode collapse as discussed in Section 5.3. In addition to this, also

discussed in Section 5.3, an adaptive constraint training selection scheme could be implemented

to reduce the computational expense created by the training and updating of each SVM constraint

surrogate model for each iteration of the optimizer.

Other changes that could be investigated in future work would be to change the function of

the different components of the GAN and SVM constraint surrogate models. This could be done

by using the discriminator to compare the predicted ranks of different points to find a set of points

with a high-quality fitness value based on work shown in this thesis and [31]. The discriminator

would be trained to determine if one set of decision variables can dominate another set of decision

variables. By making this comparison, both the generator and discriminator components of the
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GAN learn to generate and identify the characteristics of points that allow one set of decision

variables to dominate another set of decision variables. This could be combined in the form in

which the discriminator focuses on whether one set of decision variables can dominate another

set of decision variables, looking at only the objective function performance. Then the SVM

constraint surrogate models would be able to provide information on whether a given set of

decision variables is likely to violate at least one constraint and be infeasible. This would reduce

the required complexity of the discriminator component of the GAN. Both the discriminator’s

ability to predict if one set of points dominates another set and the SVM constraint surrogate

model’s ability to predict if at least one constraint violation has occurred would be combined in

the GAN’s generator training process.

Another possible route for future work is to explore how this approach could be applied to

solve an inverse formulation for the optimization problem. The goal of this would be to analyze

how changes in the objective and constraint function values affect the decision variables’ values.

This would provide an understanding of how sensitive the trade-offs are in the optimization

problem, as well as reveal the extent to which specific constraints restrict the design space. For

this to be implemented, techniques from explainable artificial intelligence [54] can be employed;

however, further research is required to understand the complete details.

Since this thesis focused on applying the proposed approach to the engineering multi-

objective optimization problem for determining the throttle control profile for a USV, other

engineering multi-objective optimization case study problems could be investigated. This would

provide information on how this type of approach performs in the context of a wider variety of

multi-disciplinary optimization problems.
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5.5 Potential Impact

The potential impact of this work is the ability to solve computationally expensive multi-

objective optimization problems faster. This speed increase is based on the assumption that the

computational cost of a single evaluation of the optimization problem outweighs the additional

computational cost created by the optimization process. The proposed approach would provide

more feasible solutions with a high likelihood of success. With this ability to solve computationally

expensive multi-objective optimization problems with fewer function calls, these problems have

a more practical implementation for engineering work.

Since the proposed approach is designed for a general constrained multi-objective optimization

problem, there is a wide range of applications where this approach can be used. This would

include (as stated in Chapter 1), optimizing the design of CFD models [3], optimizing the design

of FEA models [4], and many more. In addition to this, the high computational cost directly

correlates with the required hardware for solving the engineering optimization problem. By

reducing the computational cost of solving the engineering optimization problem, the required

specification of the hardware can be relaxed. This, in turn, would mean that cheaper hardware

could be used to solve the same problem, reducing the financial costs associated with purchasing

and operating the necessary hardware. This would also mean that in terms of potential users, this

approach would be valuable to anyone interested in finding sets of design parameters for a product

that should meet specific requirements while remaining competitive in the market, particularly in

cases where the evaluation of the design parameters is computationally expensive.
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