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The LIGO-VIRGO-KAGRA (LVK) collaboration has detected 90 confirmed gravitational-

wave (GW) events and nearly 200 confident triggers across four observational runs. Coalesc-

ing black-hole (BH) and neutron-star (NS) binaries are primary GW sources, offering the unique

possibility to probe the nature of compact objects and gravitational dynamics. This dissertation

investigates how the intrinsic properties of compact objects affect their dynamics and GW emis-

sion, using worldline effective field theories (WEFTs) and BH perturbation theory (BHPT), with

emphasis on selected scattering processes in General Relativity (GR).

Scattering of two BHs in the post-Minkowskian (PM) regime has proven valuable for ex-

tracting binary dynamics from gauge-invariant scattering observables. As a simpler analog, we

study electromagnetic (EM) scattering of two charged particles in the post-Lorentzian (PL) ex-

pansion. We compute scattering observables to 3PL order and map them to their bound-orbit

counterparts, deriving new boundary-to-bound (B2B) relations. We verified these mappings for

gravity at first post-Newtonian (PN) order.



Another key setup involves GWs scattering off compact objects i.e., gravitational Comp-

ton/Raman scattering. We compute the classical Compton amplitude at linear order in the mass

of the scattering body, and to third order in spin, for generic parity-invariant compact objects,

using a WEFT with spin-induced multipole couplings, finding agreement with expectations from

amplitude-based methods in the Kerr BH case, while presenting new results for generic objects.

We extract the low-frequency tidal response of Kerr BHs by matching the tidal contribution

to the Raman amplitude computed in BHPT to its WEFT counterpart, thereby constraining key

tidal coefficients such as Love numbers and dissipation numbers. We then use the dissipation

numbers to compute horizon-flux-inducedmass and angular-momentum loss in Kerr-BH binaries,

resolving longstanding discrepancies with the test-body limit and obtaining waveform corrections

up to 4PN order. Additionally, we recover the vanishing of BH Love numbers and identify a

nonlinear mixing of tidal and non-tidal effects, resulting in a scale-dependent tidal response via

classical renormalization group flow.

We also extend this approach to NSs, and extract electric, quadrupolar, Love and dissipa-

tion numbers from the Raman amplitude as a function of the boundary conditions for the metric

perturbations at the stellar surface, that are determined by numerically solving the metric- and

matter-perturbation equations inside the NS. This allows us to roughly quantify the impact of

tidal heating on the GW phase during the inspiral across different equations of state.

Finally, we study the interplay between quasinormal modes (QNMs) and reflectivity for

generic compact objects modeled in the membrane paradigm—a phenomenological framework

that encodes interior structure via a fictitious surface fluid. We extend the phenomenological

framework to linear order in spin, we analyze how membrane parameters influence the QNM

spectrum and reflectivity.
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Chapter 1: Introduction and Overview

1.1 GWs as probes of compact objects

The universe teems with a variety of gravitationally bound configurations, including stars,

planets, solar systems, and galaxies. Of particular interest among these are highly compact ob-

jects, such as black-holes (BHs) [7, 8] and neutron-stars (NSs) [9], which exist at the very ex-

tremes of relativistic gravity and matter. The study of these objects serves as a powerful probe

into both gravitational physics and the properties of dense matter. Furthermore, as modern the-

oretical physics seeks to understand the quantum nature of gravity, investigating these compact

configurations provides a unique window into potential quantum-gravitational effects [10, 11] and

the fundamental nature of gravity itself.

Until recently, these objects were studied entirely through electromagnetic observations.

NSs were primarily detected as pulsars [12], while supermassive BHs were inferred from the

energetic emissions of accretion disks [13] at galactic centers [14]. However, since September 14,

2015 [15], a new observational window into these objects — specifically, the binaries they inhabit

— has emerged: gravitational waves (GWs).

GWs are the gravitational analog of electromagneticwaves, generated by acceleratingmasses

such as those in compact binaries [16–18]. They can be detected by terrestrial observatories —

Laser Interferometer Gravitational-Wave Observatory (LIGO), VIRGO and KAmioka GRAvita-
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tional detector (KAGRA) [19–22] — carry crucial information about binary dynamics and the

nature of their compact components [15, 23–25]. As a result, GW observations offer a novel

and direct means of studying these objects. The overarching goal of the work in this dissertation

is the identification and investigation of compact objects via GWs. To this end, we begin with a

brief discussion of GWs, their detection, and the analytical tools required to interpret the observed

signals.

1.1.1 GWs

Over a century ago, Albert Einstein introduced the theory of general relativity (GR), fun-

damentally transforming our understanding of gravitation [16]. In this framework, gravitation

is described as the curvature of spacetime, mathematically represented by a pseudo-Riemannian

manifold. The metric tensor 6`a serves as the dynamical field, determining the distances between

nearby points on this manifold.

The Einstein equation articulates the relationship between spacetime curvature, which is

encoded in the Riemann curvature tensor 'UVWX, and the energy-momentum content:

'`a −
1
2
6`a' + Λ6`a = ^)`a, (1.1)

where '`a = 6
UV'U`Va, '= 6

`a'`a, ^ =
8c�
24 . (1.2)

The energy-momentum tensor )`a satisfies the local covariant conservation law ∇`) `a = 0.

GR has yielded several profound predictions, such as perihelion precession, gravitational

time dilation, gravitational lensing, cosmic expansion, etc [26]. Among these, the existence of

GWs stands out as a remarkable consequence. These are wave-like solutions to Einstein equation,
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representing propagating disturbances in the curvature of spacetime. Typically, GWs are treated

as a linear metric perturbation over a fixed background metric [27]. In this approximation, GWs

behave analogously to massless particles in the limit of geometric optics, propagating at the speed

of light.

When perturbing over flat spacetime, the metric tensor can be expressed as:

6`a = [`a + ℎ`a, ℎ = [`aℎ`a, ℎ̄`a = ℎ`a −
1
2
[`aℎ. (1.3)

where [`a is the Minkowski metric, and ℎ`a represents a linear perturbation. We define ℎ̄`a for

later convenience.

Since the dynamical field is the metric of the spacetime manifold, GR enjoys a natural

gauge invariance under coordinate transformations. A convenient gauge for the purpose of this

discussion is the Lorenz gauge defined as ma ℎ̄`a = 0. In this gauge, the Einstein equation for the

perturbation is given by

2ℎ̄`a = −16c)`a + O(ℎ2), (1.4)

where 2 = [`a∇`∇a is the D’Alembertian operator in flat spacetime. Going forward, we adopt

natural units with � = 2 = 1 and use the mostly positive metric signature (−, +, +, +) in this

chapter. Note, however, that the individual chapters that follow are based on research papers

published at different times and in collaboration with different coauthors, and may therefore adopt

different conventions suited to their respective contexts.

1.1.1.1 GWs in vacuum

Note that when)`a = 0, ℎ̄`a satisfies the usual wave equation as is typical of massless waves.

We can easily study polarizations of propagating GWs in this case. To that end, it is convenient
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to further specialize to the traceless transverse (TT) gauge.

The TT gauge is characterized by a timelike vector E`, and the metric perturbation obeys

ℎ̄`aEa = 0, ℎ`` = 0. (1.5)

Aligning the timelike basis vector of our coordinate system with E`, the constraints, along with

the Lorenz gauge condition are simply

ℎ0` = 0, ℎ88 = 0, m 9ℎ8 9 = 0. (1.6)

In the Fourier domain ℎ8 9 (G) =
∫
34G exp(8: · G)H8 9 (:), the constraints are algebraic and we have

just two independent components (10−4−1−3 = 2) per mode corresponding to two polarizations.

1.1.1.2 Plane GWs and effect on test masses

Restricting to a single harmonic, we can write a plane-wave solution to Eq. (1.4) in TT

gauge as

ℎTT
8 9 (C, I) = H+

©­­­­­­­«
1 0 0

0 −1 0

0 0 0

ª®®®®®®®¬
cos(l(C − I)) + H×

©­­­­­­­«
0 1 0

1 0 0

0 0 0

ª®®®®®®®¬
cos(l(C − I)), (1.7)

where we choose the wave to be traveling along the spatial z axis for convenience.

Now, consider a pair of test masses at G`
�=1,2 on the x-y plane, subject to this plane GW

radiation. They will follow geodesic motion in the spacetime defined by the metric 6`a = [`a +

ℎ))`a (C, I).

32G
`

�

3g2 + Γ
`
ad (G)

3Ga
�

3g

3G
d

�

3g
= 0. (1.8)

4



Letting 3G`/3g = {1, 0, 0, 0} at C = 0, the spatial coordinates at C = 0, obey the equation

32G8
�
/3g2 = −Γ800 at g = 0, and since Γ800 = 0 to linear order in metric perturbation in the

TT gauge, the particles remain at rest throughout, i.e., G8
�
= 0 for all g ≥ 0.

However, this motion is peculiar to the given coordinate system and not easily related to an

observable. Instead, we can consider the variation of proper length between the two worldlines

at a given time C. Let G81(C = 0) = {0, 0, 0} and G82(C = 0) = {!, 0, 0}. Then, since we know

the coordinates remain unchanged in this gauge, the proper length between them is given by ;2? =

6GG!
2, meaning ;? = ! [1 + 2H+ cos(l(C − I))]. Thus, the proper distance oscillates as the GW

passes through.

Alternatively, we can consider the motion of one test mass in the frame of another. This can

be accomplished using the geodesic deviation equation. Defining the displacement vector relating

two closely separated1 worldlines as G`2 = G
`

1 + b`, b` obeys the covariant equation

�2b`

�g2 = −'`adfbd
3Ga

3g

3Gf

3g
. (1.9)

This can be understood as the tidal force due to the GWs pulling (or pushing) the two objects apart

(or towards each other). In a locally inertial, comoving frame for one particle, the coordinates can

be locally chosen to correspond to proper lengths, and the proper time as coordinate time. We can

then write

32b 8̂

3C2
= −'8̂ 0̂ 9̂ 0̂b

9̂ . (1.10)

where the hatted indices refer to the new coordinates. In these coordinates, the curvature tensor
1The separation should be small compared to the curvature length scale, which is set by the wavelength of the

GW.
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can be written as '8̂ 0̂ 9̂ 0̂ = −¥ℎTT
8 9
/2, yielding

¥b8̂ = l2ℎTT
8 9 b

9̂

C=0, (1.11)

where we have replaced the deviation vector with its constant initial value to restrict the analysis

to leading order. This again shows that the deviation vector, in the locally inertial rest frame,

oscillates at the same frequency as the GW.

While we have demonstrated the influence of linearized GWs in a simple manner, the ex-

istence of GWs and their ability to carry energy was a subject of some confusion in the early

development of GR. This was primarily due to confusion arising from coordinate ambiguities

concerning the physical reality of GWs, as well as the absence of a gauge-invariant definition

of GW energy density. The skepticism was further reinforced by Einstein’s own uncertainty re-

garding their physical existence [28, 29]. F. A. E. Pirani addressed the gauge-invariance issue

by formulating the effect of GWs in terms of the curvature tensor, demonstrating that the proper

separation of neighbouring geodesics changes according to Eq.(1.9) [30, 31]. Richard P. Feynman

extended this argument at the Chapel Hill conference, famously proposing a thought experiment

involving two beads constrained to slide along a rigid stick with friction. The oscillations in

proper separation induced by the GW would result in the beads rubbing against the stick, leading

to dissipation and providing a clear physical demonstration that GWs transport energy [32]. Some

residual skepticism remained regarding the use of the linearized approximation in deriving these

results. However, such concerns were largely dismissed by physicists like Feynman, who argued

that linear perturbation theory had been thoroughly validated in other field theories, including in

EM. Ultimately, any remaining skepticism was irrelevant after the discovery of the Hulse–Taylor

binary pulsar system, whose observed orbital decay precisely matched the predictions from GW
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energy loss in GR [33–35]. Today, we have come much farther since, directly detecting GWs from

coalescences of compact binaries.

1.1.1.3 GW detection

The current state-of-the-art GWdetector is the (advanced) Laser Interferometer Gravitational-

wave Observatory (LIGO/aLiGO) [19, 36]. It consists of two perpendicular 4 km arms. Mirrors

at the ends of the arms serve as test masses, with laser beams passing through a beam splitter into

Fabry-Perot optical cavities. Multiple reflections between the mirrors effectively extend the arm

length. GWs induce tiny changes in arm length, detected via optical interference. Signal recy-

cling mirrors enhance laser power for sharper interference patterns. A detailed understanding of

interferometric GW detectors can be found in Ref. [37], and LIGO in particular in Ref. [38].

LIGO (LIGO-Hanford and LIGO-Livingston) in the USA, together with Virgo in Italy [39]

and KAGRA in Japan [40, 41], forms the current global network of ground-based GW detectors.

Advanced LIGO operates in the 10 Hz–1 kHz range, with peak strain sensitivity around 10−22 near

100 Hz. The first GW event, GW150914 [15], was observed in the frequency range of 35–250 Hz,

producing a peak strain amplitude of about 10−21 near 150 Hz. This corresponds to differential

arm length changes of order 4 × 10−18 m for LIGO’s 4km arms. However, not all GW events

induce strain amplitudes comparable to the strain sensitivity, which is limited by various sources

of noise [42]. This necessitates the use of advanced data-analysis techniques.

The primary method for detecting GWs is matched filtering, where the detector output

3 (C) = =(C) + ℎ(C) — a combination of noise and a possible signal — is correlated with a set

of theoretical waveform templates (a template bank). This technique maximizes the signal-to-
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noise ratio by optimally extracting weak signals buried in noise, typically assuming that the noise

is approximately stationary and Gaussian [42]. Since the parameters of a GW signal are un-

known in advance, the data must be compared against a template bank [43], a dense collection

of representative waveforms spanning the expected parameter space. More accurate templates

improve detection confidence, reduce the risk of missing weak signals, enable precise parameter

estimation, and allow tests of GR [44]. Building such waveforms relies on detailed analytical and

numerical modeling of the dynamics of compact binaries, such as BHs and NSs.

This dissertation primarily aims to investigate how the intrinsic properties of compact ob-

jects — such as tidal response and reflectivity — influence their dynamics in binaries and imprint

characteristic signatures on the GW signal. To set the stage for this study, we briefly review the

various stages of binary coalescence.

1.1.2 Inspiral, merger and ringdown — binary coalescence

The primary sources of detectable GW radiation are coalescences of compact binaries. A

binary coalescence can be roughly divided into three parts — inspiral, merger and ringdown, as

shown in Fig. 1.1.

1.1.2.1 Inspiral

The inspiral phase of binary coalescence is particularly amenable to analytical investigation

and serves as the primary focus of this dissertation. During this stage, the binary components

are initially well separated and may be approximated as point masses. As they emit gravitational

radiation and draw closer, finite-size effects become significant. These effects, arising from prop-
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m1

m2

r

Early inspiral

m1

m2

r

Late inspiral Merger Ringdown

Figure 1.1: A merger-event can be roughly divided into three phases. The first phase
is the inspiral, when the compact objects are far apart and are spiralling inwards due
to the loss of orbital energy in the form of gravitational radiation. Early inspiral
can be approximated as due to a binary of point particles. As inspiral progresses, the
finite-size of the objects and associated physics becomes relevant, such as due to spin,
spin-induced and tidal deformation. Eventually, they plunge and merge in a highly
non-linear process, the details of which can vary significantly based on the nature
of compact objects involved. Finally, the remnant settles to a stable configuration
through the emission of GWs at characteristic quasinormal mode (QNM) frequencies.

erties such as spin, spin-induced deformation, and tidal deformation, are crucial can help identify

the nature of the compact objects involved [45] during the inspiral.

The analysis of binary dynamics during the inspiral phase is effectively carried out in the

post-Newtonian (PN) expansion [46–49]. This method systematically incorporates general rel-

ativistic corrections to the motion of compact objects by exploiting the non-relativistic speeds

(E � 1) and the large separation (∼ A) between the objects compared to their sizes (∼ R), i.e.,

we have A � R. The virial theorem2 relates these conditions through E2 ∼ "/A, where " is the

typical mass of a compact object in the binary, establishing E or "/A as the expansion parameter

in the PN series.

Finite-size effects, such as spin, and spin-induced and tidal deformations, are relevant at
2The virial theorem relates the kinetic energy ( ∼ E2) and the potential energy (+ ∼ −"/A) to the dynamics

of the moment of inertia (�) of the binary as 4 + 2+ = (32/3C2)� in Newtonian gravity, where the right hand side
vanishes for circular orbit binaries, leading to 2 = −+ or E2 ∼ "/A . This does not hold for eccentric inspirals except
in the long-time average. However, eccentricity is rapidly lost during inspiral and orbits are generally approximately
circular when they enter the detection band.
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higher PN orders [45, 50, 51] due to their dependence on the ratio R/A � 1. Spin becomes

relevant starting from 1.5PN order, with spin-induced quadrupolar deformation influencing dy-

namics from the 2PN order [50, 52–54]. Tidal deformations, resulting from mutual gravitational

interactions, are characterized by tidal-response coefficients and enter the dynamics formally at

the 5PN order [55–57]. However, dissipative tidal effects enter at 2.5PN (4PN) into the waveform

for spinning (nonspinning) bodies [58–65]. Finite-size effects depend on the rich internal physics

of compact objects, and characterize the deviation of the system from that of a binary of point

particles. Their effects on the dynamics of compact objects in binaries during the inspiral are

best captured using worldline effective field theories (WEFTs) [47, 48, 51] in which the compact

object is systematically treated as a worldline-entity (point-like particle). We discuss this in some

depth later in Sec. 1.3.

The PN approximation method has a rich history, originating with Einstein’s application at

the first PN (1PN) order to account forMercury’s perihelion precession [66]. This approach gained

significant attention following the observation of GW-induced orbital decay in the Hulse–Taylor

binary pulsar [33–35]. Subsequent decades have witnessed substantial advancements in deriv-

ing higher-order PN corrections, enhancing our understanding of gravitational dynamics. Some

detailed reviews of PN efforts and state-of-the-art can be found in Ref. [46–49].

In addition to the PN scheme, another analytical approach is the gravitational self-force

(GSF) formalism suitable for analyzing the inspiral phase of extreme mass-ratio systems, such

as a stellar-mass BH orbiting a supermassive BH [67? –70]. In these scenarios, the smaller ob-

ject (of mass<) induces perturbations in the spacetime geometry of the larger BH (with mass "),

and the GSF formalism systematically accounts for the back-reaction of these perturbations on the

smaller body’s motion [71, 72]. The expansion parameter is then the mass ratio @ = </" � 1,
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while the relativistic effects are included non-perturbatively. This method is particularly advanta-

geous for describing the long inspiral of the smaller body deep into the strong-field regime above

the innermost stable circular orbit (ISCO) of the supermassive BH. The GSF approach has been

instrumental in modeling such extreme mass-ratio inspirals (EMRIs), which are anticipated to be

significant sources of GWs detectable by observatories such as the Laser Interferometer Space

Antenna (LISA) [73, 74]. Some detailed reviews are Refs. [70, 73].

In recent times, the study of scattering processes in GR has also proven very useful in devel-

oping analytical tools to describe binary dynamics during the inspiral. This includes, for instance,

the study of two-body scattering, where two BHs (say) scatter off each other due to mutual grav-

itational interaction. This setup is typically studied in the post-Minkowskian (PM) expansion.

Another important scattering setup is that of GWs scattering off an isolated compact object, a

process referred to as gravitational Compton/Raman scattering. This is typically studied in a low-

frequency (of the GW) expansion. The study of such scattering processes is central to this disser-

tation, and we describe them in greater detail in Sec. 1.2, and also in Chapters 2, 3, 4, 5, 6 [1–5].

1.1.2.2 The end of inspiral, plunge and merger

Following the inspiral, the binary transitions towards a plunge phase. For EMRI systems,

this is marked by a sharp boundary located at A = 6" for a test particle around a Schwarzschild

BH. However, for comparable-mass binaries, the system appears to smoothly transition from the

inspiral to the plunge. During the plunge, the two bodies accelerate toward each other along dy-

namical trajectories, culminating in a highly nonlinear merger. This phase necessitates numerical-

relativity (NR) simulations [75] for full resolution, though extreme mass-ratio systems [76] and
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effective frameworks [77, 78] provide alternative avenues for its study.

NR simulations offer the most accurate waveforms across all stages of coalescence, where

available. In it, spacetime is discretized into a sequence of spacelike hypersurfaces, each repre-

senting a snapshot in time. These hypersurfaces are evolved numerically using the Einstein equa-

tion, typically formulated in a 3+1 decomposition such as the Arnowitt-Deser-Misner (ADM)

formalism [79]. In practice, modern NR approaches employ more stable formulations, such

as the Baumgarte–Shapiro–Shibata–Nakamura formalism [80, 81] or the generalized harmonic

gauge [82], as implemented, for example, in the SpEC code [83]. While NR provides the most

exact treatment of binary evolution, its high computational cost and runtime impose practical lim-

itations. Given the vast parameter space of binary systems, NR simulations alone cannot densely

sample all configurations, necessitating complementary analytical approaches. Moreover, analyt-

ical methods offer deeper physical insight into various dynamical features of binary coalescence.

However, purely analytical methods struggle to accurately model the late inspiral, plunge,

and merger due to the increasingly nonlinear nature of the dynamics. A highly successful strategy

to bridge this gap is the effective-one-body (EOB) formalism [77], which synthesizes multiple

analytical approximations while incorporating calibration from NR [84, 85].

In the EOB framework, the two-body Hamiltonian and radiation-reaction effects — derived

from the PN and, more recently, PM expansions — are mapped onto an equivalent description of

a single test mass moving in a deformed Schwarzschild or Kerr background, with the deformation

parameter being the symmetric mass ratio. This mapping is advantageous because it captures

non-perturbative features absent in the standard PN expansion. Notably, the EOB formalism nat-

urally encodes the exact strong-field solution in the test-mass/spin limit. The deformation of the

background metric accounts for deviations from the exact test-body limit, effectively incorporat-
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ing strong-field effects. Furthermore, NR simulations refine the EOBHamiltonian and waveforms

through calibration beyond the currently available PN/PM order, resulting in a framework capable

of describing both the inspiral and plunge up to the merger, and the ringdown.

1.1.2.3 Ringdown

Following the merger, the system then settles into a stable remnant through the emission of

GWs [86]. This phase also starts out highly nonlinear, but after a suitable amount of time, can be

represented using BH perturbation theory (BHPT).

In this linear regime, the system emits GWs at characteristic QNM frequencies [87, 88],

which are unique to a compact object and thus aid in identifying the merger remnant. The wave-

form is a superposition of damped sinusoids at these characteristic frequencies.

The QNM frequencies are obtained by imposing certain boundary conditions upon the met-

ric perturbations, namely outgoing boundary conditions at infinity and suitable boundary con-

ditions at the surface of the compact object. For a BH, this corresponds to ingoing boundary

conditions at the horizon, whereas reflective boundary conditions are relevant for horizonless ob-

jects such as NSs [89].

The boundary condition at the surface is thus closely related to the properties of the system,

such as the presence/absence of a horizon or other modes of dissipation. This is of great interest

when it comes to probing deviations from the BH paradigm [89, 90]. While the BH paradigm has

been highly successful, it comes with certain conceptual hurdles such as violation of unitarity due

to Hawking radiation, which has led to proposals of several exotic compact objects (ECOs) [89,

91–93]. We can seek such objects during inspiral from their modified finite-size effects such as
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spin or tidal effects. Alternatively, during ringdown, we can seek their presence by studying their

QNM frequencies and comparing against observations and the BH scenario. The subfield which

studies the QNMs of various models of compact objects and seeks to quantify them from available

data is known as BH spectroscopy [87, 94].

In Chapter 7 [6], we study the fundamental QNM of slowly spinning compact objects with

arbitrary reflectivity using the membrane paradigm [90, 95–97].

1.2 Gravitational scattering setups

Although the primary scenario of astrophysical interest during the inspiral is a binary of

compact objects, it is conceptually intriguing and practically relevant to explore alternative sce-

narios involving compact objects and GWs. Notably, scattering processes offer insightful perspec-

tives. Two important scenarios are:

1. Two-body scattering: This involves the deflection of two compact objects as they pass

near each other, influenced by their mutual gravitational attraction. These systems can be analyt-

ically studied without compromising on special-relativistic aspects when the deflection is weak.

2. Gravitational Raman/Compton scattering: The process of weak GWs scattering off a

compact object can be referred to as gravitational Compton or Raman scattering, with the latter

term used when the object has excitable internal degrees of freedom. The associated amplitude

encodes the coupling of the compact object with an external gravitational field. The Compton/Ra-

man amplitude can be analytically computed, for instance, in BHPT for small frequencies.

Scattering scenarios are not only theoretically compelling but also of practical relevance.

They often admit more tractable analytical treatments than bound systems and, through various
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means, can inform our understanding of bound dynamics. The study of scattering setups, es-

pecially Raman scattering, is central to this dissertation, and thus we briefly digress upon them

here.

1.2.1 Two-body scattering

The study of gravitational deflection of two particles is analytically tractable within the

PM expansion. Here, at leading order (0PM), we just have two unperturbed, straight, worldlines

(representing uniform motion) in flat spacetime. At next-to-leading order (NLO), i.e., at 1PM,

we consider the leading deflection to the trajectories, due to the leading perturbation to the flat

Minkowskian metric. The expansion parameters are<�/|1 | for � = 1, 2, where<1 and<2 are the

two masses, and |1 | =
√
1`1`, is the impact parameter marking the minimum separation between

the unperturbed zeroth order worldlines. Since the particles are free in the distant past and future,

observables pertaining to the objects in the asymptotic past and future are sufficient to describe

the process, for example, the initial and final momenta of particles.

Typically, the change in observables due to the scattering process — for example, the im-

pulse of one of the masses as Δ?`
�
= ?

`

f,� − ?
`

i,� — is presented perturbatively as a PM expansion.

Unlike the PN expansion, the speeds of the bodies are not assumed to be small compared to the

speed of light, making the PM framework well suited for capturing special-relativistic effects in

two-body encounters.

The study of two-body scattering in the weak-field, arbitrary-speed regime has a long his-

tory, dating back to the 1950s [98, 99]. Major early developments included work by K. Westp-

fahl and collaborators, who extended the analysis to 2PM order [100–105], alongside important
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contributions from L. Bel, T. Damour, N. Deruelle, and G. Schäfer [106–108]. More recently,

its relevance to bound binaries was recognized [109, 110], sparking renewed interest in the PM

framework. Over the past decade, high-energy theorists have contributed significantly [111–125],

leveraging quantum field theory (QFT) techniques to tackle the classical two-body problem, par-

ticularly in the context of BH scattering. Significant progress has also been made in incorporat-

ing spin [126–141] and dissipative effects [1, 142–155]. The current state of the art extends to

4PM [119, 120, 141, 155, 156], with partial results at 5PM [157]. Moreover, substantial effort has

been devoted to mapping scattering results onto bound dynamics, particularly via PM-informed

effective-one-body (EOB) models [109, 158, 159].

We briefly demonstrate the PM scheme at the first nontrivial order (1PM) below.

1.2.1.1 1PM scattering

In the distant past, we have two spherically symmetric objects withmomenta ? (0),`
�

= <�D
`

�
.

The worldlines of the particles at 0PM are straight and non-intersecting, and are separated by a

spacelike vector — 1` — the impact parameter. It satisfies 1`D`� = 1 · D = 0, and |1 | =
√
1`1` is

the minimum distance between the 0PM worldlines. The two worldlines at 0PM can be written as

I
(0),`
1 = D

`

1g1, I
(0),`
2 = D

`

2g2 + 1
`, (1.12)

where g� are the proper times of the particles. We want to compute the leading-order interaction

between them, which perturbs their motion. The setup is demonstrated in Fig. 1.2 below. At

0PM, the spacetime is also flat and so 6`a = [`a. To compute the 1PM deflection, we need to

compute the leading metric perturbation. Writing 6`a (G) = [`a + ℎ(1)`a (G), we can use Eq. (1.4) to
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pµ(0)

pµ(1) = pµ(0) +∆pµ(1)

m2m1

χ

Figure 1.2: Two bodies weakly scatter off each other due to their mutual gravitational
interaction. At 0PM, their worldlines represent uniform motion. Gravitational inter-
action causes them to deflect, gaining an impulse Δ? (`) , and with a scattering angle
j. At 1PM, no radiation is emitted, and thus the impulse is equal and opposite for
each particle. The scattering angle is proportional to the component of the impulse
Δ?

`

(1) along the impact parameter 1`. The arrows show the spatial direction of the
4-vectors in the center-of-momentum frame.

write

2ℎ̄
(1)
`a = −16c

∑
�=1,2

)
(0),�
`a . (1.13)

Since the PMexpansion is validwhen theworldlines arewell separated compared to their Schwarzschild

radii, we can treat the compact objects as point particles3 . The stress energy tensor for spherically

symmetric, point-like particles is given by

)
(0),�
`a (G) =

∫
dg� <�D

�
`D

�
`

X4(G − I(0)
�
)

√−6 . (1.14)

Plugging this into Eq. (1.13) and solving for the retarded metric perturbation yields

ℎ̄
(1)
`a (G) = 4

∑
�=1,2

<�D
�
`D

�
a

1
A�
, (1.15)

3The notion of treating compact objects as point particles can be refined in WEFT, see Sec. 1.3.

17



where A� = {(G− I�)2 + [D� · (G− I�)]2}1/2 is the spatial distance of the coordinate point G` from

I
(0),`
�

(g) in each particle’s rest frame. Here g is the proper time at which G lies on the future light

cone of I` (g).

We can now substitute Eq. (1.15) into the geodesic equation written in the form

d?A`

dgA
= −1

2
m`6

UV (GA)?AU?AV, (1.16)

and then integrate from −∞ to +∞ to obtain the impulse. This yields

Δ?
(1)
�`

= −1
2

∫ +∞

−∞
dgA m`6UV (GA)? (0)�U?

(0)
�V
, (1.17)

which evaluates to

Δ?
(1),`
1 = −Δ? (1),`2 = − 2<1<2√

W2 − 1
(2W2 − 1) 1

`

|1 |2
, (1.18)

where W = −D1 · D2. We can subsequently use the impulse to evaluate observables such as the

scattering angle in the center-of-momentum (COM) frame (frame of reference in which the spatial

components of total momentum is zero). In particular, the key quantity needed is the norm of the

spatial components of the initial momentum, i.e., |?1 |3 in the COM frame, which can be evaluated

at zeroth order. Using relativistic kinematics, it can be shown that [1]

|?1 |3 =
<1<2WE

�
, (1.19)

where � =

√
<2

1 + <
2
2 + 2<1<2W is the total energy in the COM frame, and E =

√
1 − W−2 is the

relative velocity.

The scattering angle j can then be obtained by noting that it is related to the component

of the impulse Δ? (1)1 along the impact parameter 1`, while the initial momentum has a vanishing

component along 1` (see Fig. 1.2). For j � 1, sin(j) ≈ j, and we have

j =
Δ?

(1)
1 · 1

|?1 |3 |1 |
. (1.20)
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Substituting the expressions for the impulse and the spatial momentum, we obtain

j =
�Δ?

(1)
1 · 1

<1<2WE |1 |
= −2� (2W2 − 1)

W2E2 |1 |
. (1.21)

Thus, we conclude the scattering problem at 1PM. Note that there is no radiation emitted at this

order, and thus the final state consists only of two bodies asymptotically far away.

In Chapter 2, we perform a similar computation as above to third order for EM, where the

post-Lorentzian (PL) expansion is employed to iteratively solve the problem in the weak-deflection

regime. The PL expansion is analogous to the PM expansion used in GR, except that electromag-

netic interaction between the two bodies is perturbatively included in the regime of weak deflec-

tion. We also derive relations mapping scattering observables, such as the radiated energy and

angular momentum to those in the bound inspiral scenario and demonstrate their validity for both

EM and GR.

1.2.2 Gravitational Raman/Compton scattering

The use of scattering events to probe molecular structures and particle interactions has been

fundamental in shaping our understanding of the universe. Raman scattering [160] involves the

inelastic scattering of light off molecules with vibrational or rotational modes, providing insights

into the molecular structure. Compton scattering [161], on the other hand, refers to the interaction

of high-energy photons with electrons, whether free or bound, to study relativistic kinematics and

their surrounding environment.

In this dissertation, the terms gravitational Compton scattering and gravitational Raman

scattering are used to refer to the scattering of (linearized) GWs off compact objects such as BHs

and NSs. Raman scattering is used in contexts where internal excitations of the compact object,
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such as the induction of tidal multipoles, also become relevant. Thus, Raman scattering is treated

as the more general term, encompassing also Compton scattering. The aim is to gain insight

into how these objects couple to external gravitational fields by analyzing their response to GW

perturbations in a scattering framework. For brevity, the prefix gravitational may be omitted in

what follows when no confusion arises.

The simplicity of the setup in gravitational Raman scattering, consisting of a single compact

object perturbed by weak radiation, makes it analytically tractable through various approaches in

a low-frequency expansion, where the wavelength of the radiation is much larger than the size of

the body (_GW � R). The fact that this regime is amenable to a wide range of analytical and

numerical methods makes it an excellent tool for calibrating different techniques used to model

compact objects, as well as for gaining deeper insights into the physical interactions involved.

A natural classical approach to solving this scattering problem is via BHPT, which is in-

troduced in Sec. 1.4. The study of GWs scattering off compact objects has a long history, be-

ginning around 1970 with C. V. Vishveshwara’s numerical investigation [162] of axial GW per-

turbations scattering off Schwarzschild BHs. This was followed by analytical calculations by

P. C. Peters [163] and by M. P. Ryan and R. A. Matzner [164], in the low-frequency limit for

Schwarzschild BHs, and later extended to higher orders in frequency and to linear order in spin

by Sam Dolan [165, 166]. More recently, this problem has gained renewed attention, as it has

been shown that the Compton/Raman amplitude can also provide valuable insights into the dy-

namics of binary systems [3–5, 111, 115, 167–173]. This has led to further extensions of the

computation to higher orders in spin [174], higher orders in frequency [4], and even to non-BH

compact objects [5, 175]. Additionally, scattering processes involving scalar or electromagnetic

fields off compact objects with strong gravitational fields have been studied as simpler toy mod-
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els [135, 176].

Another way of approaching this problem in a classical framework is throughWEFTs, which

are discussed in Sec. 1.3. In this approach, compact objects are treated as point-particle world-

lines, similar to the 1PM computation shown earlier in Sec. 1.2.1.1. This method is particularly

useful when the wavelength of the perturbation is much larger than the object’s size, allowing for

an effective point-particle description. In WEFT, the compact object is replaced by a skeletonized

stress-energy tensor in a weakly perturbed spacetime. However, unlike in BHPT, the worldline

description of compact objects is not uniquely fixed a priori. As a result, the scattering amplitudes

computed in this framework may contain free coefficients that must be determined by matching

with full-theory results, often obtained via BHPT [3–5, 176]. In some cases, when these coeffi-

cients have already been constrained through simpler methods, WEFT can serve as a simpler and

more efficient way to study the scattering process [2].

Here, as a pedagogical demonstration, we study the scattering of plane GWs at linear order

in their frequency (more precisely, at O("l)). In this limit, the spin of the BH, or other intrinsic

properties, are irrelevant, and the computation is straightforward.

1.2.2.1 Low-frequency gravitational Compton scattering

Let us consider a plane GW in vacuum on flat Minkowskian background, moving along the

I-axis in the rest-frame of the scattering body. We can write it nicely as ℎ̄`a = −a Y`±Ya± exp[8l(I−

C)]. Here a is the amplitude of the incident wave and we restrict to linear order in it. Let us

further choose for it to be in the TT gauge. The vectors Y`± are the helicity vectors, with Y`± ≡

(1/
√

2){0, 1,±8, 0} corresponding to ±2 helicities respectively. Note that this satisfies the Lorenz
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R
M

hµνstatic = − 4M
r uµuν

hµνwave = a εµ+ε
ν
−e

iω(z−t)
ẑ

hµνscatter ∝ eiω(r−t)

ωr

θ

Figure 1.3: An incoming linearized planeGWscatters off a spinless body and its grav-
itational field, as viewed in the rest frame of the body. Here h`a = √−66`a − [`a ≈
−ℎ̄`a + O(ℎ2), characterizes the metric perturbation over Minkowskian spacetime.
We use harmonic coordinates (DeDonder gauge), and describe the waves in the TT
gauge. The incoming plane wave is moving along the z-axis and has positive helicity,
as characterized by the polarization vector Y` ≡ {0, 1, 8, 0}. It is monoharmonic with
frequency l ∼ _−1

GW, where Rl � 1, with R being the size of the scattering body.
In this limit (and in this gauge), scattering is dominated by the nonlinear interaction
between the static gravitational field of the body and the incoming plane wave. The
resultant scattered wave takes the form of an outgoing, spherical, wave far away from
the body. The accompanying tensor encodes the scattering amplitudes.

gauge condition. We assume the positive helicity for brevity in what follows.

We want to study how the plane wave interacts with a spinless object and its gravitational

field at leading order in frequency. We then want to extract out the radiative outgoing part of the

scattered wave that is generated from this interaction. The process is demonstrated in Fig. 1.3

below.

To that end, it is useful to rewrite the Einstein equation suggestively in the Landau-Lifshitz

22



form as [46]

[dfmdmfh
UV = 16cgUV, (1.22a)

gUV = |6 |)UV + 1
16c

ΛUV, (1.22b)

ΛUV = −h`am2
`ah

UV + m`hUamahV`

+ 1
2
6UV6`am_h

`gmgh
a_ − 6U`6agm_hVgm`ha_

− 6V`6agm_hUgm`ha_ + 6`a6_gm_hU`mghVa

+ 1
8
(26U`6Va − 6UV6`a) (26_g6nc − 6gn6_c)

× m`h_cmahgn , (1.22c)

h`a =
√−66`a − [`a, m`h

`a = 0 (1.22d)

Here, ) `a is the matter energy-momentum tensor. Note that for linear perturbations about

flat spacetime, we can drop ΛUV, and substitute |6 | = 1 in RHS. Additionally, we have h`a = −ℎ̄`a

at leading order, and the equation is then identical to Eq. (1.4). However, we are interested here

in the case where the metric perturbation of the wave is subject to the background metric sourced

by the body.

We now substitute into Eq. (1.22):

h`a = −ℎ̄`astatic + a Y`Ya exp[8l(I − C)] + ah
`a
scatter, (1.23)

where4 ℎ̄`astatic = D
`D` (4"/A) ≡ X`0 X

a
0 (4"/A) is the static metric perturbation of a spinless body in

harmonic gauge at linear order in " (see Eq. (1.15)), and h`ascatter is the waveform for the scattered

wave to be solved for. Since we only want to work out the leading-order scattering computation,

we collect terms of the order O("a) in Eq. (1.23).
4 ℎ̄`a was defined in Eq. (1.3).
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We can infer from Eq. (1.22), that terms with the scaling "a can arise on the RHS from

products of ℎ̄`astatic (and derivatives) with a Y`Ya exp[8l(I − C)] (and derivatives). Additionally,

they could arise from perturbations to )UV of the body due to the plane wave. However, for a

spinless body that can be approximated as a point particle — i.e., when the GW wavelength is

much larger than the size of the object — the perturbations to its energy-momentum tensor )UV

can be neglected. As shown in Sec. 1.1.1.2, a GW in TT gauge does not displace a freely falling

particle initially at rest. Since the expression for )UV in Eq. (1.14) depends on the particle’s

position and velocity, which remain unchanged, it is not affected by the wave. Additionally, while

)UV also depends on the determinant 6 of the metric, this too remains unaltered at leading order,

as the metric perturbation due to the incident wave is traceless and does not contribute to 6 at

linear order in a. Consequently, in this limit, the scattering is governed solely by the nonlinear

interaction between the incoming wave and the static gravitational field. Finally, we are only

interested in the radiative (or on-shell) part of h`ascatter, and thus focus only on solving for its TT

projection. The transversality w.r.t outgoing momentum will be imposed later, for now we just

ignore the 0` components of both sides in Eq. (1.22a) .

We then get the equation for the relevant part of the scattered wave as

(−m2
C + ∇2)h8 9rad,scatter = −l2"

A
Y8Y 9 exp(8l(I − C)), (1.24)

which can be solved for retarded boundary conditions as

h
8 9

rad,scatter(C, x) =
l2"Y8Y 9

4c

∫
48l(I

′−C+|x−x′ |)

|x − x′| |x′| 33x′, (1.25)

which in the far-field limit, | ®G | = A → ∞, becomes

h
8 9

rad,scatter(C, x) →
"lY8Y 9

8c sin2(\/2)
exp(8l(C − A))

lA
, (1.26)
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where \ is the angle between the direction of ®G and the incoming wave ®: . This has the expected

form of an outgoing spherical wave. Sufficiently far from the scattering body, the position vector

®G defines the direction of propagation, with the outgoing wavevector given by ®; = lĜ, where

Ĝ = ®G/A. Thus, we want to project out the scattered wave orthogonal to it (so that it is transverse

to the outgoing wave vector). We then get

h
8 9 ,asymp
TT,scatter(G

`) = exp(8l(C − A))
lA

"l

8c sin2(\/2)
[cos4(\/2)Z+(Ĝ)8Z+(Ĝ) 9 + sin4(\/2)Z−(Ĝ)8Z−(Ĝ) 9 ] .

(1.27)

Here Z±(Ĝ) ≡ (0, cos \,±8,− sin \) are the polarization vectors for outgoing radiation, satisfying

the transversality condition Z (Ĝ) · ®; = 0, and they are null vectors (thus the metric perturba-

tion is traceless). The prefactors before them are proportional to the scattering amplitudes, with

M++ ∼ cos4(\/2)/sin2(\/2) and M+− ∼ sin2(\/2), being the amplitudes for same-helicity vs

opposite-helicity scattering. This can be seen more precisely in momentum space, as shown in

Chapter 3 [2]. Note that time-reversal and parity invariance together fix the M−± amplitudes as

well, and thus we do not lose any generality by assuming a positive helicity incoming wave.

This concludes the solution to the scattering problem at leading order. The total differential

scattering cross section (summing the modulus square of the amplitudes over final states) can then

be computed to be ����3f3Ω ���� = "2 sin8(\/2) + cos8(\/2)
sin4(\/2)

. (1.28)

which is consistent with earlier results [135, 164].

Going beyond the low-frequency/large-wavelength limit requires methods to perturbatively

incorporate the features of the compact object and higher-order corrections to its static field. Ad-

ditionally, the dynamics of the compact object, in response to the incident wave, also need to
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be taken into account. This can be done systematically in either BHPT or WEFT frameworks.

In Chapter 3 [2], we compute the gravitational Compton amplitude for parity-invariant spinning

bodies up to third order in spin and at leading order in the mass " , incorporating spin-induced

quadrupole and octupole moments in aWEFT framework. In Chapters 4, 5, 6, [3–5] we match so-

lutions to the Raman scattering problem obtained through BHPT andWEFT, in order to constrain

tidal effects in BHs and NSs.

Given the central role of Compton/Raman scattering process in this dissertation and the

focus on solving it using both WEFT and BHPT, it is important to discuss these two approaches

in greater detail, which we do in the following sections.

1.3 EFT approach to modeling compact objects

Avariety of compact objectsmay inhabit gravitating binaries. While BHs [177] andNSs [178,

179] are the most likely and astrophysically justified candidates, a variety of other compact object

models have been proposed to resolve conceptual issues associated with BHs, or GR, and also

to probe the possibility of new fields in the universe or modified theories of gravity [89, 180].

Even within GR, BHs and NSs can exhibit significant variation due to properties like spin and,

in the case of NSs, the underlying EOS [181]. Modeling this richness in full microscopic detail

is very challenging, owing to the rich and incompletely understood microscopic physics and/or

due to the calculational complexity arising from the nonlinearity of GR. However, within the in-

spiral regime, it is possible to treat the compact objects in an approximate manner in a WEFT

framework [47, 48, 51, 182]. We briefly outline this below, partially following the discussions in

Ref. [182] and other comprehensive reviews [47, 48].
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In the WEFT approach, we exploit the separation of scales present in the binary-inspiral

problem. The relevant scales for the same are a) the size of the compact object(s) ∼ R, b) the sep-

aration between the objects ∼ A, c) the wavelength of emitted radiation ∼ _GW ∼ l−1
GW ∼

√
A3/"T.

During the inspiral, we can write R � A � _GW. Accordingly, the dynamics of compact objects

can be treated using worldlines when we are interested in studying orbital dynamics, and the bi-

nary itself may be treated as a worldline when we are interested in studying GW radiation by the

system as a whole. This is illustrated in Fig. 1.3. In this dissertation however, we will mostly be

interested in the former, i.e., the treatment of compact objects as worldlines when modeling the

binary dynamics.

AWEFT description for a single body can be constructed by identifying the relevant infrared

(IR) degrees of freedom required to describe its dynamics. While the object itself may carry

essentially infinite degrees of freedom, it should still appear point-like when viewed from ‘afar’

and primarily described by a worldline I` (B). The precise notion of ‘afar’ can be understood if

we think of perturbing the particle via say a gravitational field with a characteristic wavelength

_ ∼ l−1. As long as _ � R, or alternatively Rl � 1, the interaction of the field and object can

be viewed as that between a field and a worldline. This also brings with it an additional relevant

IR degree of freedom 6`a (G), the metric field.

We briefly demonstrate the construction of WEFTs, and the inclusion of finite-size effects

in the following subsections.
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Figure 1.4: During the inspiral, the characteristic size of compact objects is much
smaller than their separation, R � A. This separation of scales enables an EFT ap-
proach, where the system is described in terms of the infrared degrees of freedom
— namely, the worldlines of the objects and the gravitational field mediating their
interaction. The complex ultraviolet dynamics of the compact objects can be sys-
tematically incorporated through operators in a worldline action, each accompanied
by Wilson coefficients (<�,Λ

E
�
. . . ) that encode the object’s specific properties. To

maintain locality, while capturing effects such as spin and tidal dissipation, additional
degrees of freedommay be introduced (see Sec. 1.3.2 and Sec. 1.3.3.2). Similarly, the
binary as a whole can be described as an EFT when we are interested in the radiation
emitted by the system, in which case the binary may be described by several radiative
multipoles (�! , �!), which evolve due to the dynamics of the binary components and
radiation reaction due to emitted GWs.
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1.3.1 The point-particle limit

It is reasonable to assume that in the limit Rl → 0, the dynamics are entirely described by

an action with the worldline I` (B), and the metric 6`a as the degrees of freedom. We need to write

down the most general action in terms of them. We should also demand general covariance, and

reparametrization invariance (i.e., invariance under B → B′) from the action. We can then write :

( = (pp [6`a, G` (B)] + (EH [6`a], (1.29)

where (EH [6`a] is the Einstein-Hilbert action governing the metric field.

We can further expand (pp as a series based on number of spacetime derivatives acting on

the metric field. This is correct since the WEFT description is valid when the field varies slowly

over the size of the body. We can then write (pp = (
(0)
pp + ((1)pp + . . . . The leading term, ((0)pp is

then uniquely fixed by reparametrization invariance and general covariance as

(
(0)
pp = −<

∫ √
−6`a

3I`

3B

3Ia

3B
3B = −<

∫
3g, (1.30)

which is simply the action for a test particle. Here g is the proper time. For the compact object,

we can interpret g as the time measured by an observer sufficiently far away but comoving with

the object. Varying this w.r.t the worldline simply yields the geodesic equation.

Note however that the free parameter < cannot be constrained based on symmetries or in-

variances. Such free parameters in an EFT are called Wilson coefficients. They can be fixed by

matching with a known result. To that end, we can instead vary the action (EH [6`a] + ((0)pp w.r.t

the metric field to get the Einstein equation:

�`a = 8c) `a |pp = 8c <
∫
3g
X(4) (GU − IU (g))

√−6
3I`

3g

3Ia

3g
. (1.31)
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Now, treating themetric perturbatively over flat spacetime, we can evaluate this integral inMinkowskian

coordinates in the rest frame where 3I`

3g
= {1, 0, 0, 0}, yielding

) `a |pp,flat = <X
(3) (®G)X`0 X

a
0 . (1.32)

Similarly, we can evaluate the Einstein tensor to linear order in the metric perturbation ℎ`a. In the

harmonic gauge where maℎ`a = 1
2X

`ℎ with ℎ = ℎ``. we get:

2ℎ̄`a = −16c<X(3) (®G)X`0 X
a
0, (1.33)

with the solution ℎ̄`a = (4</A)D`Da, and ℎ`a = (2</A) (2D`Da + [`a). In the rest frame of the

body, D` ≡ (1, 0, 0, 0), we can then write

3B2 = −
(
1 − 2<

A

)
3C2 +

(
1 + 2<

A

)
X8 93G

83G 9 . (1.34)

Now, we can compare this with the Schwarzschild metric after transforming to identical

coordinates at large distances from the origin, where it may be viewed as a weak perturbation

over flat spacetime (equivalently, at linear order in mass of the body). The metric of a spherically

symmetric object in the deDonder gauge at large distances from the object is

3B2 = −
(
1 − 2"ADM

A

)
3C2 +

(
1 + 2"ADM

A

)
X8 93G

83G 9 + O
(

1
A2

)
, (1.35)

Matching Eqs. (1.34) and (1.35), we find that "ADM can be identified with the parameter < in the

WEFT. This is a simple, pedagogical example of a matching computation.

1.3.2 Incorporating spin effects

As Rl increases — equivalently, as the binary contracts during the inspiral and R/A grows

— finite-size effects become increasingly significant, and the point-particle approximation no
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longer suffices. The principles for inclusion of additional effects are quite straightforward in a

WEFT, merely requiring additional degrees of freedom and coupling terms to be incorporated

into the action [51]. An important such finite-size effect is the spin of a compact object, which

can be incorporated by including an orthonormal tetrad of vectors 4�` (B), satisfying 4�`4�` =

[��, 4�`4�a = 6`a [183], as additional degrees of freedom. The tetrad can be imagined as rigidly

fixed to the body, and corotating with it. The angular velocity of the body in the local frame can

be identified with Ω�� = 4�
`�4�`/�B = −Ω��. Here �/�B is used to denote the covariant

derivative along the worldline.

Now, we can once again construct a general worldline action, except that we now additionally

demand the action to be invariant under boosts and rotations of the local frame indices �, �, . . . .

This means that the new degrees of freedom, the tetrad vectors, can only appear through the

combination Ω`a = Ω��4
�
`4
�
a in the action. We provide here a brief and particularly simple

treatment of a spinning particle following the implicit action approach in [184].

As an illustration, let us consider a simple action of the form

( =

∫
3B! ( ¤I` = 3I`

3B
,Ω`a, 6`a) (1.36)

It is convenient to leave it implicit for now. We can define the linear momentum and spin as

?` =
m!

m ¤I` , (`a = 2
m!

mΩ`a
. (1.37)

Now, the equation for the spin can be obtained by varying the action w.r.t 4`
�
under the

constraints restricting an orthonormal tetrad. A simple way to implement that is by writing the

variation X4`
�
= \��4

�`, where \�� = −\��. This trivially satisfies the orthonormality con-

straints, and variation yields the relation

�(`a

�g
= 2Ω[`

d(
a]d, (1.38)
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where [...] is the antisymmetrized sum over the contained indices. Now, consider an infinitesimal,

local Lorentz transformation of the form X+ ` = Λ`
a+

a, where Λ`a = −Λa`. The metric tensor

6`a (I) is unaffected, whereas X ¤I` = Λ`
a ¤Ia, and XΩ`a = Λ`

UΩ
Ua + ΛaUΩ

`U. The invariance of

the Lagrangian under an arbitrary transformation then yields ? [` ¤Ia] + ( [`dΩa]d = 0. Thus, we

have

�(`a

�g
= 2? [`Da] , Da =

¤Ia√
−6UV ¤IU ¤IV

, D2 = −1. (1.39)

We can similarly get the momentum equation by varying the action w.r.t worldline, yielding

�?`

�g
= −1

2
'`adfD

a(df . (1.40)

Eqs. (1.39) and (1.40) are known as theMathison-Papapetrou-Dixon (MPD) equations [185–188].

Specifically, they are the MPD equations to linear order in spin, where spin-induced deformation

can be neglected. Note however that we still do not know the relationship between ?` and D`.

An implicit Lagrangian is insufficient for that. Without that knowledge, the MPD equations are

insufficient for time evolution. To eliminate D`, we need three extra conditions. This is done by

imposing a spin supplementarity condition (SSC) [189], which accounts for the fact that there

is ambiguity in choosing a particular worldline as representing a given compact object due to

its finite-size [190]. The SSC also reduces the antisymmetric spin tensor (`a from six to three

physical degrees of freedom, as expected for spin in a spacetime with three spatial dimensions.

Various SSCs appear in the literature, all of which correspond to choosing a time-like vector E` and

imposing (`aEa = 0. While E` may be a dynamical vector that evolves along the worldline, not all

choices lead to consistent dynamics. In particular, the Pirani condition E` = D` [30] is known to

produce pathological motion and is inconsistent at higher orders in spin [191]. A well-motivated

and widely used choice is to take E` = ?`, known as the Tulczyjew–Dixon condition [187, 189,
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191], which selects a unique representative worldline and yields a consistent relation between ?`

and D`. In the Newtonian limit, this corresponds to identifying the worldline with the center of

mass.

Then, we can obtain the relationship between D` and ?` by writing � ((`a?a)/�B = 0 and

using Eqs. (1.39), (1.40) along with the constraint ?2 = −<2 to obtain

?` = <D` + O((2), (1.41)

completing the system of equations.

An explicit action consistent with the linear-in-spin MPD equations and relationship (1.41)

is given by

( =

∫
3f

[
−

(
< − �2

4I

)
h + I

4h
Ω`aΩ`a

]
, h =

√
−¤I` ¤Ia6`a (1.42)

where � =
√
(`a(

`a is the conserved intrinsic angular momentum (magnitude of spin) and I is

the moment of inertia. From this action, we can obtain

(`a = IΩ`a, ?` = <D` . (1.43)

Since the explicit action has the same form as the implicit one used earlier, it reproduces the MPD

equations at linear order in spin as well. Note that we use the constraint on the spin magnitude

only at the level of the equations of motion in order to set ?2 = −<2, and this is justified as it is a

conserved quantity.

1.3.2.1 Spin-induced deformation

An important effect of spin in compact objects is to deform them, causing them to develop

multipole moments, which in turn affects their motion in curved spacetime [192]. Spin-induced
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deformation can be systematically incorporated by including terms containing the curvature tensor

'`adf in the action [183]. For instance, the spin-induced quadrupolemomentmay be incorporated

by including a term linear in '`adf into the Lagrangian and defining

�
`adf

Q = −6
m!

m'`adf
, alternatively, we add, Δ(quad =

∫
3g

−1
6
�
`adf

Q '`adf . (1.44)

where �`adfQ is built out of (`a and D`. We can then write the MPD equations to second order as

[192]

�(`a

�g
= 2? [`Da] + 4

3
' [`

_df�
a]_df
Q , (1.45)

�?`

�g
= −1

2
'`adfD

a(df − 1
6
�
_adf

Q ∇`'_adf . (1.46)

Then, we can obtain the relationship between D` and ?` in covariant SSC to be

?` = <D` − 1
2<

(`a'`_dfD
_(df + 4

3
' [`

_df�
a]_df
Q Da, (1.47)

completing the system of equations.

In Chapter 3 [2], we use this approach with covariant SSC to third order in spin, including

spin-induced quadrupole and octupole moments for generic parity-preserving spinning compact

objects to study the process of gravitational Compton scattering and compute the relevant scatter-

ing amplitudes.

1.3.3 Incorporating tidal deformation

In addition to spin and spin-induced deformation, an important class of finite-size effects

are tidal effects, which arise due to the deformation of a body in response to an external tidal

field. Similar to spin-induced multipole moments, tidal deformation leads to the development
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of quadrupole and higher-order multipole moments. An everyday example of this is the Earth’s

oceanic bulge due to the Moon’s tidal field [193, 194].

In theNewtonian limit, tidal deformation can be understood as the fluid displacement (bulge)

in an appropriate coordinate system. For an initially spherically symmetric body, the induced tidal

quadrupole moment can be written as proportional to the external tidal field due to a mass <ext in

a binary system:

&8 9 ∝ E8 9 ∼ m8m9* ∼ <ext

A5 A8A 9 . (1.48)

The tidally deformed body, having lost its spherical symmetry, also modifies the gravitational po-

tential it sources. The Newtonian potential of a body with a quadrupole moment is given by [195]:

* = −
<body

A
− 1

2
&8 9

G8G 9

A5 . (1.49)

The companion mass <ext experiences this deformed potential, altering the dynamics of the bi-

nary. In GR, tidal interactions are more complex due to the additional degrees of freedom in

the gravitational field encoded in the metric tensor 6`a. Moreover, coordinate invariance makes

the definition of tidal deformation more subtle. Nevertheless, the WEFT formalism provides a

systematic approach to incorporating tidal effects into the binary dynamics [51].

In fact, tidal deformation can be conveniently incorporated in a manner similar to spin-

induced deformation, except that the multipole tensors �`adfQ , . . . now also depend on the external

field in the object’s environment.

1.3.3.1 Conservative tides

Conservative tides can be included in WEFT by including terms which are quadratic in the

Riemann curvature tensor into the action. In vacuum, the Riemann tensor reduces to the Weyl
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tensor �`adf. The 10 independent components of the Weyl tensor can be decomposed into two

symmetric trace-free rank-2 tensors using a normalized timelike vector E` — typically chosen as

the normalized four-momentum ?`/<, of the body being tidally deformed:

E`a = �`dafEdEf, B`a = �̃`dafE
dEf, (1.50)

where �̃`adf = 1
2n`aUV�

UV
df. The electric and magnetic parts of the Weyl tensor, E`a and B`a,

are symmetric, trace-free, and orthogonal to E`. In the frame defined by E`, it can be shown that

E`a reduces, in the Newtonian limit, to the familiar quadrupolar tidal field, scaling as ∼ m8m9*.

In this work, we refer to E`a, B`a, and their covariant derivatives — after symmetrization, and

trace removal — as the tidal fields.

Leading, static, conservative tidal effects in a spherically symmetric compact body can then

be captured through terms in the worldline action at fourth order in derivatives as

(
(4)
pp = (finite-size = 2E<R4

∫
3g E`aE`a + 2B<R4

∫
3g B`aB`a

+ 2̃EB<R4
∫
3g B`aE`a, (1.51)

where the third term violates parity invariance and is generally disregarded. The coupling coeffi-

cients 2E and 2B correspond to the electric andmagnetic Love numbers, respectively [56, 57, 193].

For spinning bodies, additional terms arise where indices contract with tensors built from

the spin tensor, increasing the number of Wilson coefficients. Spin can also couple tidal tensors

of different ranks. In Chapter 4 [3], we write the most general expression for the relevant coupling

terms in the action for parity-preserving spinning bodies.
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1.3.3.2 Dynamical and dissipative tides

More generally, tidal effects can be dynamical, meaning that a changing tidal environment

alters the response of a body, modifying its dynamics. Leading, dynamical, conservative tidal

effects can be captured by adding terms quadratic in the proper-time derivative of the tidal fields,

for instance:

Δ(dyn.tides ∼
∫
3g ¤EUV ¤EUV, (1.52)

where ¤EUV = �EUV/�g. However, dynamical tides can sometimes be associated with tidal res-

onances [196] which cannot be perturbatively captured using a finite number of terms with time

derivatives. This necessitates introducing nonlocal terms in the action [51], such as:

Δ(dyn.tides ∼ −
∫
3g3g′E(g′)_(g′ − g)E(g). (1.53)

To avoid the complications of nonlocal actions, an alternative approach is preferred.

Additionally, tidal effects can be dissipative, leading to energy exchange between the orbit

and the compact objects [3, 5, 60, 64, 197–199]. For instance, in the Earth-moon system, the

Earth loses rotational energy and angular momentum to the orbital motion due to oceanic -fluid

viscosity. In BHs, the event horizon, and in NSs, fluid viscosity, can lead to similar effects. Such

dissipative effects violate time-reversal invariance and therefore cannot be included directly via

quadratic-in-curvature terms in the usual worldline action. For example, adding a term of the form∫
3g ¤E`aE`a (1.54)

would be fruitless, as it is a total time derivative.

Instead, dynamical tides— including dissipative effects— can be incorporated analogously

to spin-induced multipoles. For instance, quadrupolar tidal effects can be captured by adding a
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term to the action of the form �
`adf

Q '`adf. However, unlike in the spin case where �`adfQ is

constructed purely from intrinsic quantities such as the spin tensor and four-velocity, here it is

treated as a time dependent dynamical multipole moment. It is convenient to express �`adfQ as [3]

�
`adf

Q = 3E [`&a] [d
E Ef] − 3

2
&
U〈d
B nVU

`aE |V |Ef〉R , (1.55)

where [..] represents anti-symmetrization of indices, and 〈...〉R means symmetrization of the con-

tained indices (except |V |) according to the symmetries of the Riemann tensor '`adf. This allows

us to rewrite the term in the action as

Δ!quad = −1
6
�
`adf

Q '`adf = −1
2
&
`a

E E`a −
1
2
&
`a

B B`a . (1.56)

This brings the action into a more intuitive form, where the tidal deformation is described by an

electric and a magnetic quadrupole moment tensor, both of which are symmetric, trace-free, and

orthogonal to E` (typically the normalized four-momentum ?`/<), and couple to the tidal fields

E`a and B`a. It can be shown that the quadrupole moment defined in this manner corresponds to

the physical quadrupole in the Newtonian limit.

We then promote&E and&B to dynamical degrees of freedom living on the worldline [197],

and accordingly modify the action to include terms describing their time evolution:

( = (pp −
∫
3g

1
2
&
`a

E E`a −
∫
3g

1
2
&
`a

B B`a + ([&E , &B , -, . . . ], (1.57)

where - accounts for additional degrees of freedom that the object may possess. These addi-

tional degrees of freedom can couple to the multipole moments, enabling a wide range of tidal

interactions. In particular, if - contains a sufficiently large number of internal degrees of free-

dom coupled to &E and &B , it can give rise to tidal dissipation, as the tidal energy stored in the

multipole moments may be irreversibly transferred to these internal modes [61, 197]. Restricting
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to conservative tides, the action for the tidal quadrupole can be written in analogy with that of a

harmonic oscillator, which is a good approximation for compact objects such as NSs. [200].

More generally, inclusion of dissipative effects explicitly in the action is a challenge in the

WEFT formalism as presented here. This is relevant not only for including the dissipative tidal

response of a compact object, but also for the radiation-reaction forces experienced by a binary due

to GW radiation. This ultimately follows from the fact that the action formalism presented here

is the ‘‘in-out” formalism, which corresponds to assuming vacuum boundary conditions in the

distant past and future [201]. This necessitates the inclusion of dissipation at the level of equations

of motion (see below Sec. 1.3.3.3). An alternative approach involves using the ‘‘in-in’’ formalism,

where dissipation is manifestly taken into account with the help of doubled degrees of freedom,

and the boundary conditions correspond to the physical boundary conditions corresponding to a

vacuum state in the distant past, but no constraints are enforced on the distant future. We do not

employ this formalism in this work, but the ‘‘in-in’’ formalism is very useful to work consistently

within an action formalism [69, 202, 203]

1.3.3.3 Tidal response

Writing an explicit action describing the dynamics of the tidal multipoles along with any

additional degrees of freedom - , is in general very difficult, especially for BHs. It is far more

convenient instead to take inspiration from linear-response theory. Linear-response theory is valid

when both tidal field amplitudes and the induced response remain small. This holds during the

early and mid-inspiral phases of a binary, but breaks down near resonances, tidal disruptions,

or strong-field regimes. Nonetheless, linear theory is commonly applied throughout the inspiral,
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even in resonance-involving scenarios such as for systems containing NSs [200]. Rigorous studies

are needed to quantify its regime of validity and to incorporate nonlinear tidal effects. While

some progress has been made on static nonlinear tides within the WEFT framework [204], a

complete dynamical nonlinear treatment remains open. In this work, we assume the validity of

linear response theory throughout the inspiral.

The multipole moments should be induced by the tidal fields. For spherically symmetric,

parity-invariant bodies, &`a

E (&`a

B ) can only be induced by E`a (B`a). Further, for weak external

tidal fields, we can restrict to a linear response and write

&
`a

E = −1
2

∫ g

−∞
3g′6(g − g′)E`a (g′), (1.58)

and similarly for E ↔ B. The induction is nonlocal but in the limit of slowly changing fields

(such as during early inspiral), we can rewrite this as a local expression of the form

&
`a

E (g) = −"5 [ΛE − "�E
l

�

�g
+ . . . ]E`a, (1.59)

and similarly for themagnetic sector. Note that this further restricts our analysis to quasi-stationary

scenarios, where the external tidal field varies slowly. It can be shown that contributions from

terms containing more time derivatives enter at higher PN orders. Nevertheless, regardless of

PN order, the terms containing more time derivatives are important when nonperturbative effects,

such as tidal resonances, become relevant. In this work, we do not consider tidal resonances, and

restrict to the regime where tidal effects are slowly varying. The unknown coefficients entering

it — ΛE , �E
l , are the Love and dissipation numbers, respectively. More generally, we refer to

the coefficients relating the tidal fields to the tidal multipoles as tidal-response coefficients in this

dissertation.
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Equipped with the action and the linear tidal response, both conservative and dissipative

tidal effects can be studied systematically in the worldline framework. As mentioned earlier, it

is also possible to work only with a worldline action, without accepting the tidal response as a

separate input, within the ‘‘in-in’’ formalism.

Once again, spin introduces several complexities regarding which tidal multipoles can be

induced by which tidal fields, and also in the form of the response. In Chapter 4 [3] and 5 [4], we

show the most general expression for the tidal response of a parity-invariant spinning body. We

also classify the coefficients as conservative and dissipative based on the time-reversibility of the

terms they accompany.

However, the picture remains incomplete without a method to fix the coefficients entering

the tidal response. Without this final step, the WEFT can represent a wide class of compact

objects. In contrast to the mass parameter <, which can be identified with "ADM by examining

the static metric sourced by the object, the tidal-response coefficients do not appear in the metric

of an unperturbed body. Instead, one must appeal to observables involving perturbations. In

this dissertation, we generally rely on the gravitational Raman amplitude — corresponding to the

scattering of GWs off a compact object (e.g., a BH) — to fix the tidal-response coefficients in

WEFT. This approach is particularly convenient because the Raman scattering problem can be

solved relatively easily for isolated objects within BHPT. We therefore briefly review aspects of

BHPT relevant to this approach in the next section.
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1.4 Black hole perturbation theory

A stationary BH is described by a metric that depends only on its mass, charge and an-

gular momentum [205, 206]. In astrophysical scenarios, charged BHs are unlikely and the most

important BH solution is thus described by the well known Kerr metric, first obtained by Roy

Kerr [207]. The Kerr metric encodes all the spin-induced multipoles (�`adfQ , . . . ), aside from

the mass " (monopole moment) and angular momentum � (dipole moment), of an unperturbed

spinning BH [208].

In the Boyer-Lindquist (BL) coordinates, it is given by

3B2 = −
(
1 − 2"A

Σ

)
3C2 − 4"0A sin2 \

Σ
3C3q + Σ

Δ
3A2 + Σ3\2

+
(
A2 + 02 + 2"02A sin2 \

Σ

)
sin2 \3q2, (1.60)

where Σ = A2 + 02 cos2 \, and Δ = A2 − 2"A + 02, and 0 = �/" . The roots of Δ are the radial

coordinates of the outer and inner horizon (A+ and A−). In the spinless limit, A+ → 2" and A− → 0.

However, in a binary, a BH is perturbed by the companion, and it thus becomes relevant to

also study the dynamics of the perturbed Kerr solution. During the inspiral, as the two BHs are

separated by a large distance compared to their sizes A � R ∼ " , we can treat the perturbation as

small, and restrict to linear perturbation theory. This significantly simplifies the problem, making

it analytically tractable. This is also true when a BH is perturbed by a weak GW, such as in the

Raman-scattering scenario.

Intuitively, one might approach this problem by perturbing the metric in Eq. (1.60), and

then deriving the Einstein equation to linear order in the perturbations. This program has been

successful in the Schwarzschild case, where the metric perturbation equations can be reduced to
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a single scalar equation — the Regge Wheeler (RW) [209] equation or the Zerilli equation [210].

This is not so in the case of Kerr BHs.

However, another approach based on the Newmann-Penrose null-tetrad formalism [211],

where one studies the equations governing the components of the Weyl tensor, projected onto

the null tetrad, has been much more successful. In this case, a single master equation — the

Teukolsky equation — can be obtained, which captures the dynamics of the linearly perturbed

Kerr spacetime, and is separable [212, 213].

1.4.1 Teukolsky equation

Let us define four null vectors =`, ;`, <`, <̄` satisfying ; · = = 1, < · <̄ = −1, ; ·< = ; · <̄ =

= · < = = · <̄ = 0 (where <̄` is the complex conjugate of <`) as

=` = (A2 + 02,−Δ, 0, 0)/(2Σ), (1.61)

;` =

(
A2 + 02

Δ
, 1, 0,

0

Δ

)
, (1.62)

<` = (80 sin \, 0, 1, 8/sin \)/(
√

2(A + 80 cos \)). (1.63)

The Weyl scalar [211] is defined as k4 = −�UVWX=U<̄V=W<X. For the purpose of this dissertation,

we restrict to source-free perturbations, i.e., vacuum perturbations. In this case, the rescaled

quantity, q = d−4k4, where d = (A − 80 cos \)−1, obeys the following equation.

B=−2Oq = 0, (1.64)

where B=−2O is a second order differential operator. Importantly, the equation admits separabil-

ity [214] in ‘-2’ spin-weighted spheroidal harmonic basis, and we can substitute

q =
∑
ℓ<

∫
3l4−8lC+8<q−2(ℓ< (\, 0l)'ℓ<l (A). (1.65)
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Here, the spin-weighted (with spin weight B = −2) spheroidal harmonic −2(ℓ< (\, 0l) satisfies

the angular Teukolsky equation [215]:

[ 1
sin \

3

3\

{
sin \

3

3\

}
− 02l2 sin2 \ − (< + B cos \)2

sin2 \
+

20Bl cos \ + B + 2<0l + _]B(ℓ< = 0, B = −2. (1.66)

The radial Teukolsky equation governing 'ℓ<l (A) is then simply

Δ−B 3

3A

(
ΔB+1 'ℓ<l

A

)
−+ (A)'ℓ<l = 0, (1.67)

where+ (A) = − 2−28B(A−") 
Δ

−4B8lA+_,  = (A2+02)l−<0, B = −2 and _ = ℓ(ℓ+1)−2+O(0l)

is the eigenvalue of −2(ℓ< (\, 0l).

The solution to the radial Teukolsky equation can be understood as a combination of incom-

ing/outgoing waves close to the horizon and at infinity. The asymptotic solutions outside a Kerr

BH are

'in
ℓ<l →


�trans
ℓ<l

Δ24−8:A
∗
, for A → A+,

A3�ref
ℓ<l

48lA
∗ + A−1�inc

ℓ<l
4−8lA

∗
, for A → ∞,

(1.68)

where we assume vanishing data on the past horizon. Viewing this as a time-independent scat-

tering setup, the scattering phase is encoded in the ratio of amplitudes of outgoing and incoming

waves at A → ∞, i.e., �ref
ℓ<l

/�inc
ℓ<l

. The task is to relate �trans
ℓ<l

with the reflection and incidence

coefficients at infinity. For this, we need to know the solution more generally, and not just in the

asymptotic limits.

There are various methods in the literature to solve the radial Teukolsky equation. The most

important method for the purposes of this dissertation is the Mano-Suzuki-Takasugi (MST) [216]
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formalism named after the authors who developed it. In this, one expands the scalar into infinte

sums of hypergeometric functions in different regions of the spacetime, and then constrains them

according to appropriate boundary conditions. We briefly review the MST approach below focus-

ing on solving the Raman scattering problem in BHPT, while a detailed review of BHPT, including

the MST formalism and applications to the binary problem can be found in Ref. [217].

1.4.2 Analytical solutions using the MST approach

In the MST approach, the Teukolsky equation is solved using series expansions with n =

2"l as the expansion parameter. The equation is first analyzed in two asymptotic regions: (a)

the near zone, defined by A − A+ � _ ∼ l−1, and (b) the far zone, where A � A+. Here A+ is the

outer horizon of the Kerr BH. We consider l > 0 without loss of generality. The near and far

zones overlap for _ � A � A+. From each zone, a series solution is developed whose radius of

convergence extends well beyond the strict asymptotic regime, overlapping with the solution from

the other zone.

The near-zone series solution is regular at the horizon and convergent everywhere except at

infinity. More precisely, for any ∞ > A ≥ A+, the frequency may be adjusted so that the series is

convergent [216, 217]. In the limit A � A+, the convergence is limited by lA < 1/2. In practice,

since we truncate the series solution at a finite order, the solution works best in asymptotic near

zone, defined by A−A+ � _. Conversely, the far-zone solution is regular at infinity and convergent

for all A except at the outer horizon, i.e., ∞ ≥ A > A+, regardless of frequency [216, 217]. Once

again, due to truncation, the solution works best in the asymptotic far-zone regime, where A � A+.

Both solutions are valid for the common region of convergence,∞ > A > A+, where they can
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be analytically matched from their respective series solutions. Crucially, the near-zone solutions,

which are constrained by the boundary conditions at the horizon, inform and constrain the far-

zone solutions through the matching procedure. For BHs in GR, a near-zone solution is obtained

by enforcing ingoing boundary conditions at the horizon. When computing oscillation modes, or

QNMs, outgoing conditions at infinity and ingoing conditions at the horizon are imposed. The

requirement of consistency between these boundary conditions leads to a discrete set of complex

frequencies: the QNM spectrum.

In this dissertation, we primarily employ the MST approach to study the Raman scattering

problem. For Kerr BHs, we impose ingoing boundary conditions at the horizon and match the

resulting near-zone solution to the far-zone solution at real frequencies. Taking the asymptotic

limit A � _ � A+ ∼ " of the exact far-zone solution allows us to extract the wave-like behavior

of the scattered radiation. From this, we obtain the scattering phase and other relevant observables.

This is relevant for Chapters 4 [3], and 5 [4].

We also address Raman scattering for NSs in Chapter 6 [5], using MST solutions to the

Regge–Wheeler (RW) equation [218, 219]. In this case, boundary conditions at the stellar sur-

face are determined by numerically solving the metric- and matter-perturbation equations in the

interior. The near-zone solution is then fixed to be consistent with these boundary conditions and

matched to the far-zone solution.

The MST treatments of the Teukolsky and RW equations closely parallel one another [219].

Additionally, the RW equation can be mapped to the spinless limit of the Teukolsky equation:

the Bardeen-Press equation [220, 221]. Therefore, we focus our current discussion on the MST

approach for the Teukolsky equation.
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1.4.2.1 Near-zone solution

The near-zone solution satisfying ingoing boundary conditions can be written as

'in = 48n ^G (−G)−B−8(n+g)/2(1 − G)8(n−g)/2?in(G), (1.69)

where we have suppressed the ℓ, < labels for brevity, and n = 2"l, G = (I+ − I)/(n^), I = lA,

^ =
√

1 − j2, j = 0/" , g = (n − <j)/^, n± = (n ± g)/2. Here, ?8= (G) is finite for G = 0,

where A = A+ (i.e., at the horizon). The prefactor ensures ingoing behaviour at the horizon. More

generally, the function ?in(G) is expanded as a sum of hypergeometric functions as

?8= (G) =
==∞∑
==−∞

0=?=+a (G), (1.70)

?=+a (G) = � (= + a + 1 − 8g,−= − a − 8g; 1 − B − 8n − 8g, G) (1.71)

Here, the coefficients 0= obey a three-term recurrence relation of the form

Ua=0=+1 + Va=0= + Wa=0=−1 = 0, (1.72)

where the coefficients are given by

Ua= =
8n ^(= + a + 1 + B + 8n) (= + a + 1 + B − 8n) (= + a + 1 + 8g)

(= + a + 1) (2= + 2a + 3) , (1.73)

Va= = −_ − B(B + 1) + (= + a) (= + a + 1) + n2 + n (n − <@)

+ n (n − <@) (B
2 + n2)

(= + a) (= + a + 1) , (1.74)

Wa= = −8n ^(= + a − B + 8n) (= + a − B − 8n) (= + a − 8g)(= + a) (2= + 2a − 1) , (1.75)

where the parameter a = ℓ + $ (n) + . . . , known as the renormalized angular momentum, can

be chosen such that the solution to the recurrence relation is finite and convergent for = → ±∞.

47



Physically, the renormalized angular momentum captures the impact of tail effects in the Raman

scattering process, i.e., the modification of scattering amplitudes due to nonlinear interactions

between an external perturbation and the body’s gravitational field [222].

For later convenience when matching the near- and far-zone solutions, it is convenient to

split the ingoing solution as

'in = '
a
0 + '

−a−1
0 , (1.76)

'a0 = 48n ^G (−G)−B− 8
2 (n+g) (1 − G) 8

2 (n+g)+a
∞∑

==−∞
0=

Γ(1 − B − 8n − 8g)Γ(2= + 2a + 1)
Γ(= + a + 1 − 8g)Γ(= + a + 1 − B − 8n)

× (1 − G)=� (−= − a − 8g,−= − a − B − 8n ;−2= − 2a; 1/(1 − G)). (1.77)

Note that the near-zone solution in Eq. (1.69) is convergent everywhere for 0 ≤ |G | < ∞,

i.e., for all A+ < A < ∞.

1.4.2.2 Far-zone solutions

Unlike in the near zone, where the purely ingoing nature of the horizon specified a unique

solution, the far zone a priori has two independent solutions (i.e., solution space is spanned by two

basis solutions) which can be chosen to be analogous to the two pieces in Eq. (1.76). Their precise

combination needs to be fixed by matching with the near-zone solution in the overlap region.

We can write two independent solutions as 'a
�
and '−a−1

�
, where

'a� = Î−1−B
(
1 − n^

Î

)−B−8(n+g)/2
5 ( Î), (1.78)
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where5 Î = l(A − A−) = n^(1 − G).

5a =
=∑

==−∞
(−8)= (a + 1 + B − 8n)=

(a + 1 − B + 8n)=
0=�=+a (−8B − n, Î), (1.79)

where �! ([, Î) = 4−8Î2! Î!+1 Γ(!+1−8[)
Γ(2!+2) 1�1(! + 1 − 8[, 2! + 2; 28I). Note that the same parameter

a, and the same coefficients 0= also appear here.

The far-zone solutions converge everywhere but at A = A+, the horizon.

1.4.2.3 Matching

'a
�
and '−a−1

�
, and similarly 'a and '−a−1, exhibit the same leading nonanalytic prefactor

when expressed in identical coordinates. Thus, they can be consistently matched in the overlap

region at any point.

Expanding both solutions in powers of Î within the region n^ < Î < ∞, we find

'a0 =  a'a� , (1.80)

 a = 48n ^ (2n^)B−a−A2−a8AΓ(1 − B − 28n+)
Γ(A + 2a + 2)

Γ(A + a + 1 − B + 8n)Γ(A + a + 1 + 8g)Γ(A + a + 1 + B + 8n)

×
∞∑
==A

(−1)=Γ(= + A + 2a + 1)
(= − A)!

Γ(= + a + 1 + B + 8n)
Γ(= + a + 1 − B − 8n)

Γ(= + a + 1 + 8g)
Γ(= + a + 1 − 8g) 0=

×
[

A∑
==−∞

(−1)=
(A − =)!(A + 2a + 2)=

(a + 1 + B − 8n)=
(a + 1 − B + 8n)=

0=

]−1

, (1.81)

where A can be chosen freely and it does not affect the result upon evaluating the expression, and

is conveniently set to 0. A crucial point to note here is that while the matching procedure is exact

for any frequency and radial coordinate, we are limited by the order in n to which we evaluate the
5A− < A+ is the radial coordinate of the inner horizon.
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various coefficients 0=, and a, in a perturbative analysis. Thus, the validity of our results is also

constrained by the requirement n � 1, or " � _.

Thus, the linear combination of far-zone solutions can nowbe uniquely fixed using Eq. (1.76),

as

'in =  a'
a
� +  −a−1'

−a−1
� . (1.82)

We can now extract on-shell properties of the solution, (i.e., the wave-like behaviour at A � _),

from which useful observables such as the scattering phase can be extracted.

Note that more generally, the solution at the surface of the body may not be purely ingoing.

This can happen for non BH compact objects, or BH endowed with reflectivity. In such cases,

the coefficients  a and  −a−1 can be modified. These coefficients thus encode the boundary

conditions at the surface of the body, which in turn depends on its properties. For instance, this

is shown in the case of a nonspinning NS in Chapter 6 [5].

1.4.3 Scattering phase

To study the scattering behavior of the wave-like solutions in the asymptotic regime, it is

convenient to switch to another basis of solutions in the far zone, which correspond to incoming

and outgoing radiation at the asymptotic infinity.

To that end, the solutions '� can be expanded as

'a� = 'a+ + 'a−, (1.83)

'−a−1
� = −8 exp(−8ca) sin(c(a − B + 8n))

sin(c(a − B − 8n)) '
a
+ + 8 exp(8ca)'a−
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'a+ = 2a4−cn48c(a+1−B) Γ(a + 1 − B + 8n)
Γ(a + 1 + B − 8n) 4

−8Î Îa+8n+ ( Î − n^)−B−8n+

×
∞∑

==−∞
8=0= (2Î)=Ψ(= + a + 1 − B + 8n , 2= + 2a + 2; 28Î), (1.84)

'a− = 2a4−cn4−8c(a+1+B)48Î Îa+8n+ ( Î − n^)−B−8n+

×
∞∑

==−∞
8=
(a + 1 + B − 8n)=
(a + 1 − B + 8n)=

0= (2Î)=Ψ(= + a + 1 + B − 8n , 2= + 2a + 2;−28Î), (1.85)

where k(0, 1, I) is the irregular confluent hypergeometric function.

The new basis of solutions, 'a± can be interpreted as outgoing/ingoing solutions at the

asymptotic infinity. This can be seen by considering their asymptotic behavior in the limit Î → ∞

by using k(0, 1, Î) → I−0 as I → ∞. We find

'+ ∼ �+I
−14−8(I+n ln I) , (1.86)

'− ∼ �−I
−1−2B48(I+n ln I) , (1.87)

�+ = 4−
c
2 n4

c
2 8(a+1−B)2−1+B−8n Γ(a + 1 − B + 8n)

Γ(a + 1 + B − 8n)
∞∑

==−∞
0=, (1.88)

�− = 2−1−B+8n4−
c
2 8(a+1+B)4−

c
2 n

∞∑
==−∞

(−1)= (a + 1 + B − 8n)=
(a + 1 − B + 8n)=

0=. (1.89)

The outgoing and incoming wave-like nature of '− and '+, respectively, is evident from their

form. The time dependence of the perturbations, factored out as 4−8lC , when combined with the

asymptotic behavior I ∼ lA and I � ln I, reveals that the solutions scale as 48l(C∓A) at large A,

characteristic of outgoing and incoming waves.

The precise combination of incoming and outgoing solution consistent with the ingoing
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nature of the horizon can be obtained by substituting Eqs. (1.83) into Eqs. (1.82), yielding

'8= =

[
 a − 8 exp(−8ca) sin(c(a − B + 8n))

sin(c(a − B − 8n)) −a−1

]
'a+ +

[
 a + 8 exp(8ca) −a−1

]
'a−. (1.90)

From this, it can be shown that the ratio of reflection and incidence amplitudes, as defined

in Eq. (1.68), is given by

�ref
ℓ<l

�inc
ℓ<l

= l−2B428n [log n−(1−^)] �−
�+

×

[
 a + 8 exp(8ca) −a−1

][
 a − 8 exp(−8ca) sin(c(a−B+8n))

sin(c(a−B−8n)) −a−1

] . (1.91)

The ratio of reflection and incidence amplitudes is further related to the scattering phase and

degree of absorption for each parity mode P = ±1 for a given choice of ℓ, < as [166]

[P
ℓ<4

28XP
ℓ< = (−1)ℓ+1Re(�) + 128"l P

16l4 ×
�
(refl)
ℓ<l

�
(inc)
ℓ<l

, (1.92)

where

[Re(�)]2 =

(
(_ + 2)2 + 40<l − 402l2

) [
_2 + 360<l − 3602l2] (1.93)

+ (2_ + 3) (9602l2 − 480l<) − 144l202.

Here, XP
ℓ<

is real, and [P
ℓ<

is the degree of absorption/amplification that the scattered waves expe-

rience relative to the incident wave. Absorption, indicated by [P
;<
< 1, is physically understood

as a portion of the incident radiation energy falling into the horizon. Amplification, indicated by

[P
;<
> 1, is understood as superradiant scattering and is only permitted when the spin is nonzero.

The scattering phase can be further related to the scattering amplitude as well, which can be com-

puted, for instance, in WEFT.

In Chapter 4 [3], we evaluate the expression for [P
ℓ<

in a Taylor series of frequency to NLO

in BHPT (using Eq. (1.92)) and in WEFT (by solving the equations of motion for worldline and
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multipole moments in a GW background). We then compare them to fix the dissipative tidal-

response coefficients for a Kerr BH to NLO, and to compute horizon fluxes in a quasicircular

Kerr binary to next-to-next-to-leading order (NNLO) in a PN expansion (4PN).

In Chapter 5 [4], we relate the complete scattering phase (i.e., not just degree of absorp-

tion) with its EFT counter part. In this way, we constrain static conservative Love numbers, and

show that dynamical Love numbers at NLO, and dissipation numbers at NNLO exhibit classical

renormalization group flow in the EFT w.r.t frequency.

In Chapter 6 [5], we study a perturbed spinless NS. There, in addition to the metric pertur-

bations, the matter perturbations for the stellar fluid is also important. We numerically solve the

metric and matter perturbations inside the star to inform the boundary conditions for the solution

to the metric perturbations in the vacuum outside. The latter is described using the RW equation

solved via the MST method.

Aside from the Raman scattering problem, BHPT finds extensive applications across several

subfields central to GW astronomy. Notably, BHPT forms the backbone of the GSF approach for

modeling EMRIs [72, 223]. It is also instrumental in the computation of QNMs of BHs and

other compact objects, which encode the characteristic ringdown signal in GW observations [88].

In Chapter 7 [6], we investigate the behaviour of metric perturbations outside a generic, slowly

spinning compact object to examine how the fundamental QNM frequency depends sensitively

on the object’s properties.

53



1.5 Research Overview

This section summarizes the research presented in the rest of the dissertation, and it is struc-

tured as follows:

• § 1.5.1 summarizes Chapter 2, which was published as Ref. [1].

We first study the problem of classical electromagnetic scattering of two charged particles

to third order in the PL expansion (weak coupling, large impact parameter). We include

both conservative and dissipative effects to calculate the impulse (change in momentum of

each particle), the scattering angle, and radiated energy and angular momentum. We use

the Abraham-Lorentz-Dirac (ALD) force to include the radiation-reaction force on each

particle. We then study some techniques used to compute quantities relevant to bound

two-body systems from solutions to the corresponding scattering problem. In particular,

we derive two maps based on analytical continuation, relating radiated energy and angular

momentum of the scattering problem with the bound problem. We verify their validity for

the EM case, and also in the gravitational case to first PN order. We also comment on the

practical utility of these maps to obtain new results for the physically relevant system of a

compact binary of BHs/ NSs.

• § 1.5.2 summarizes Chapter 3, which was published as Ref. [2]. We study the process of

GWs scattering off a spinning body with arbitrary spin-induced quadrupole and octupole

moments. We model the body in WEFT, where the dynamics is described by a worldline

with a vectorial degree of freedom to capture spin. We solve the classical equations of

motion at linear order in the mass of the scattering body, but to third order in its spin, and
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derive the scattering amplitude (gravitational Compton amplitude). When the spin-induced

multipole moments are chosen to be that of a Kerr BH, the resultant amplitude is consistent

with the results obtained via BHPT in the appropriate limit.

• § 1.5.3 summarizes Chapters 4, which was published as Ref. [3]. We study horizon fluxes in

Kerr BHs in binaries which change their mass and angular momentum during the inspiral.

We model the dynamics of Kerr BHs in WEFT, where horizon fluxes can be modeled as

tidal heating (dissipation associated with tidal deformation). Tides are incorporated in the

worldline action by including multipolar degrees of freedom attached to the worldline, cou-

pled to gravitational tidal fields. The induction is assumed to be linear, and we write down

an ansatz for it in a low-frequency (slowly varying tidal fields) expansion. This ansatz can

be constrained to an extent using symmetries, but not entirely. The remaining freedom, pa-

rameterized as free coefficients is fixed by matching with results that we compute in BHPT.

Thus, we study the process of gravitational Raman scattering for aKerr BH, and compute the

degree of absorption analytically in BHPT using MST solutions. The same problem is also

solved inWEFT theory to obtain the degree of absorption as a function of the unknown tidal-

response coefficients. Comparing the two results then fixes the dissipative tidal-response

coefficients in the worldline theory.

Once the coefficients are fixed in this (relatively) simpler one-body problem, we can study

the dynamics of Kerr BHs in various systems. Specifically, we then consider a binary of

Kerr BHs, and compute the consequences of tidal heating i.e., horizon fluxes and their effect

on the mass and angular momentum of the BHs. We also compute the associated effect on
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the gravitational waveform to 4PN (NNLO) 6 . The resultant formulae are consistent with

known results from the test-body limit, solving an inconsistency that lasted for a decade

from results obtained earlier via a different approach [60].

• § 1.5.4 summarizes Chapter 5, which was published as Ref. [4]. We study conservative and

dissipative tidal response in Kerr BHs to NNLO in frequency.

In the previous Chapter 4 [3], we restricted to dissipative tidal coefficients up to NLO in

frequency. We also do not rigorously include tail effects and their effect on the gravitational

Raman amplitude.

In Chapter 5 [4], we rigorously compute the tidal part of the gravitational Raman amplitude

using the machinery of Feynman diagrams in a WEFT. The tidal-response coefficients are

defined as before, as parameters entering the ansatz of the inducible multipole moments.

We match the WEFT amplitudes with the complete scattering phase in Eq. (1.92), obtained

in BHPT using the analytical MST solutions.

Through the matching, we recover the vanishing of the static Love number, as well as re-

cover the dissipative tidal-response coefficients at leading order and NLO. Additionally, we

show that the dynamical Love numbers at NLO and NNLO, and the dynamical dissipation

numbers at NNLO, exhibit classical renormalization flow. This arises from two types of

divergences in the EFT, both due to the nonlinear nature of GR. One class stems from the

distortion of the GW by the background Kerr metric in addition to the induction of tidal

multipole moments. The other class originates purely from nonlinear interaction between

the GW and the Kerr background and is insensitive to the tidal response.
6horizon fluxes enter the waveform at 2.5PN for spinning bodies. NLO is 3.5PN and NNLO is at 4PN. For

nonspinning bodies, horizon fluxes (and more generally tidal dissipation) enter at 4PN.
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• § 1.5.5 summarizes Chapter 6, which was published as Ref. [5]. We study leading order

(4PN) tidal dissipation in spherical NSs for various EOSs. We obtain metric and matter

perturbation equations in a spherical relativistic star including fluid viscosity at linear order

in frequency, and solve them numerically up to the stellar surface. At the stellar surface, we

match this with analytical MST solutions of the RW equation which governs the behaviour

of metric perturbations outside the NS.We then choose steady-state, single-frequency, scat-

tering solutions corresponding to GWs scattering off the NS, and extract the scattering phase

as a function of the boundary conditions at the stellar surface.

From the scattering phase, using and extending methods developed in previous works, we

extract expressions for the static Love number, and leading dissipation number. The former,

which characterizes leading conservative tidal deformability, is seen to be consistent with

previous results [55], and the latter, which characterizes tidal heating is obtained for the

first time. We show that the leading dissipation number is independent of bulk viscosity in

the regime where the low-frequency expansion is well-defined. Thus, the shear-viscosity,

which is primarily due to electron-electron scattering, controls tidal heating. We compute

its effect on the number of GW cycles, and find that it is comparable to other conservative

4PN contributions for very cold and less compact stars.

• § 1.5.6 summarizes Chapter 7, which was published as Ref. [6]. We study the QNMs of a

slowly spinning compact object in the membrane paradigm. The membrane paradigm is a

way to phenomenologically study generic compact objects, by replacing them with a fluid

membrane [95–97, 224]. We impose Israel-Damour junction conditions at the membrane

surface, yielding the boundary conditions for the outside metric. This has been used before
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in Ref. [90] to study nonspinning compact objects. We extend this work to linear order

in spin, where the metric outside the membrane is the linearized Kerr metric when unper-

turbed. We derive boundary conditions for linearized metric perturbations to first order in

spin, and then study the system under suitable boundary conditions. Specifically, we impose

purely outgoing solutions at infinity, and the derived boundary conditions at the membrane

surface. Such solutions are valid only at specific frequencies—QNM frequencies—which

serve as a fingerprint for a given model of compact object. We study how the fundamental

mode varies as a function of the fluid membrane parameters, including spin. We show that

the fundamental mode becomes longer lived as spin is increased when the fluid parameters

are chosen such that the body is highly reflective, tending towards instability.

1.5.1 Classical relativistic scattering and the relation to bound systems

In Chapter 2, we study the scattering of two charged particles in EM in the PL expansion

(the electromagnetic analog of PM expansion discussed in Sec. 1.2.1).

We solve the scattering problem to 3PL order, consistently including all conservative and

dissipative effects in Ref. [1], while treating the objects as spinless, charged, particles in a world-

line framework. We also derive newmaps based on analytical continuation of radiated energy and

angular momentum between unbound and bound systems of classical particles.

We briefly summarize results for select scattering observables up to 3PL and then present

the new boundary-to-bound (B2B) maps for radiative observables. Although the work focuses on

electromagnetic scattering, it is instructive to compare with analogous results in GR from other

studies where available. We therefore also include the corresponding GR expressions below.
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Figure 1.5: Classical scattering of two charged particles in the COM frame. We
denote with 4@1 and 4@2 the electric charges, where we introduce the factor 4 to keep
track of the order of calculation since we solve the scattering problem in a weak-
field/coupling expansion. We denote with <1, <2 the masses, ?` is the initial spatial
momentum in the COM frame, and

√
12 = |1 | is the impact parameter. Finally, j is

the scattering angle and  ` is the radiated momentum.

1.5.1.1 Electromagnetic scattering to 3PL

For both the EM and GR cases, the net results of a two-body scattering encounter can be

expressed as functions of the asymptotic incoming state at past infinity, where interactions are

perturbatively negligible, with the two bodies moving uniformly on straight-line trajectories in

(asymptotically) Minkowski spacetime. We identify the initial state as the zeroth-order state in

our perturbative expansion. It is specified by the initial momenta ?`1 = <1D
`

1 and ?`2 = <2D
`

2 ,

where <� are the rest masses and D`
�
are the 4-velocities with D2

�
= −1, and by the initial im-

pact parameter vector 1` (pointing 2→1) orthogonally separating the two initial uniform-motion

worldlines. The initial relative velocity E, the corresponding Lorentz factor W, and the initial total
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energy � in the COM frame are defined by

W =
1

√
1 − E2

= − ?1 · ?2
<1<2

,

�2 = −(?1 + ?2)2 = <2
1 + <

2
2 + 2<1<2W.

(1.94)

The COM frame has velocity (?`1 + ?`2 )/� . The ‘‘relative momentum’’ ?` = ?
`

1 − ?`2 , is equal

to the spatial momentum of body 1 (which is equal and opposite to that of body 2) in the COM

frame, and its magnitude |? | are given by

?` =
<1<2

�2 [(<2 + <1W)D`1 − (<1 + <2W)D`2 ],

|? | = <1<2WE

�
.

(1.95)

The magnitude of the initial COM-frame total angular momentum is � = |? | |1 |.

The perturbations of the worldlines due to EM or GR interactions can be computed by iter-

atively solving the relevant field equations and equations of motion, while working perturbatively

in the masses7 <� (� = 1, 2), in GR, or in 42 in EM, where 4 is an order-counting parameter such

that the two charges are 4@1 and 4@2. We work in Gaussian units in the EM case. While we use

<� and 42 as formal expansion parameters, the true dimensionless quantities, which we assume to

be small, are essentially the leading terms in the scattering angles in Eqs. (1.97) and (1.98) below;

our fundamental assumption is that the scattering particles’ trajectories are small perturbations

of straight-line inertial motion. All quantities of interest (impulse, radiated energy, and angular

momentum) are obtained from the perturbed worldlines computed to the relevant order. This fol-

lows the same scheme outlined earlier in Sec. 1.2.1.1, now iterated three times to reach the desired

order. A further subtlety at higher orders is the radiation of energy and angular momentum.

The impulses up to second order for both the EM and GR cases were first computed by
7It is more convenient to use � for tracking the order of expansion, but we use the masses to be consistent with

the conventions in the rest of this chapter.
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Westpfahl in Ref. [104]. Through this order, no net 4-momentum is radiated away, so the impulses

on the two bodies are equal and opposite, Δ?`2 = −Δ?`1 . They are given in terms of the COM-

frame scattering angle j by8

Δ?
`

1 = |? | sin j 1
`

|1 | + (cos j − 1)?` + O(46, <4
�), (1.96)

The second-order scattering angles for EM and GR respectively are

jEM =
242@1@2�

<1<2WE2 |1 |
−

c44@2
1@

2
2"T�

2<2
1<

2
2W

2E2 |1 |2
+ O(46), (1.97)

jGR = −2� (2W2 − 1)
W2E2 |1 |

− 3c"T� (5W2 − 1)
4W2E2 |1 |2

+ O(<3
�). (1.98)

Here, "T = <1 + <2 is the sum of the rest masses.

While there is no radiation of linear momentum up to the second order, the dynamics is not

purely conservative at these orders, as there is a loss of angular momentumwhich is encoded in the

second-order trajectories. We compute this directly from the trajectories for the EM case, finding

the radiated angular momentum (which is equal and opposite to the change in the particles’ orbital

angular momentum) in the COM frame to be

�rad,EM = 2
44@2

1@
2
2

� |1 | �EM(E) + O(46), (1.99)

�EM(E) = −2
3
W

(
@1/<1
@2/<2

+ @2/<2
@1/<1

)
+ 2
E2 − 2 arctanh E

W2E3 , (1.100)

The analogous result for GR,

�rad,GR = 2
<2

1<
2
2(2W

2 − 1)
� |1 | �GR(E) + O(<4

�), (1.101)

�GR(E) = −16
3

+ 2
E2 + 2(3E2 − 1)

E3 arctanh E, (1.102)

8We use the notation O(<=
�
) to denote all terms with mass order =.
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was derived in Ref. [142] by directly computing the total angular momentum radiated away in the

gravitational field. Note that both results feature a factor of the rapidity, arctanh E = arccosh W =

2 arcsinh
√
(W − 1)/2. Also note that �rad,GR is always positive, so that the orbital angular momen-

tum always decreases in magnitude, while �rad,EM is positive for opposite-sign charges (attraction)

but can be negative for same-sign charges (repulsion), so that the orbital angular momentum can

increase in magnitude in the latter case.

At the 3rd order, in both the EM and GR cases, linear momentum is radiated away as well.

The impulse on body 1 (with results for body 2 obtained by exchanging identities, 1 ↔ 2, and

flipping the signs of 1` and ?`) can be written in both cases as follows,

Δ?
`

1 = Δ?
`

1,cons + Δ?
`

1,rad, (1.103)

Δ?
`

1,cons = |? | sin jcons
1`

|1 | + (cos jcons − 1)?`, (1.104)

Δ?
`

1,rad = − · D2

(WE)2 (D
`

2 − WD`1 ) + |? |jrad
1`

|1 | , (1.105)

where jcons is the conservative part of the scattering angle, jrad is the radiative part of the scat-

tering angle, and  ` is the radiated momentum. We argue for this structure based on general

grounds, and also confirm it explicitly by directly computing the full impulse from the 3rd order

force in the EM case.

For the conservative scattering angles, we have jcons = j(1) + j(2) + j(3)cons + O(<4
�
, 48),

where the first- and second-order parts are given in Eq. (1.97). At the 3rd order in the EM case,

we obtain

j
(3)
cons,EM =

46@3
1@

3
2� [(<

2
1 + <

2
2) (4W

2 − 6) − 4<1<2W(W2 − 3E2)]
3<3

1<
3
2W

5E6 |1 |3
. (1.106)

This matches the result later derived from potential-region integration of the two-loop amplitude
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in Ref. [225]. The analogous result for GR,

j
(3)
cons,GR = − �3

|1 |3

[
2

64W6 − 120W4 + 60W2 − 5
3(WE)6

− 8<1<2

�2

(
14W2 + 25

3WE2 + 4W4 − 12W2 − 3
(WE)3 arctanh E

)]
, (1.107)

was first derived in Ref. [116], also from potential-region integration of the two-loop amplitude.

The GR result has a logarithmic divergence in the high-energy limit due to the arctanh E term, a

feature which is not present in the EM result (1.106). This divergence is removed by adding the

radiative contribution to the scattering angle jrad, which was first computed in Ref. [142] by using

the relation derived in Ref. [226],

jrad = −1
2
mjcons
m�

�rad + O(<4
�, 4

8), (1.108)

where �rad is the radiated angular momentum given in Eqs. (1.99), and Eqs. (1.101), (and with

m/m� = (1/|? |) (m/m |1 |)). Using the expressions for radiated angular momentum, we obtain

jrad,EM =
246@3

1@
3
2�

<2
1<

2
2W

2E3 |1 |3
�EM(E) + O(48), (1.109)

jrad,GR = −2<1<2�

|1 |3
(2W2 − 1)2

W3E3 �GR(E) + O(<4
�), (1.110)

where the � functions are given in Eqs. (1.99) and (1.101). We confirm that this result for jrad,EM,

that is derived from the relation (1.108) using �rad,EM (computed from the second-order trajecto-

ries), matches the result we obtain directly from the 3PL impulse. The result of Ref. [142] for

jrad,GR from �rad,GR via (1.108) has also been independently confirmed by the direct calculation

of the third-order impulse in Ref. [150].

The final ingredients in the expression for radiative impulse in Eq. (1.105) is the radiated

momentum  `. We compute  `EM in Chapter 2 [1] from the full third-order impulses, using
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 ` = −Δ?`1 − Δ?
`

2 , obtaining

 
`

EM =
c46@2

1@
2
2

4|1 |3

{ (
@2

1

<2
1
D
`

1 +
@2

2

<2
2
D
`

2

)
3W2 + 1

3WE
− @1@2
<1<2

D
`

1 + D`2
W + 1

F (E)
}
+ O(48), (1.111)

F (E) = 1
(WE)3

{
(3W2 + 1)

(
W − arctanh E

WE

)
− 4(W − 1)2

}
. (1.112)

By performing the momentum-space integral given in Eq. (6.32) of Ref. [113], we also find that

Eq. (1.111) precisely matches the direct calculation of the momentum radiated to infinity by the

EM field. The radiated momentum for the GR case was first computed in Ref. [149] using the

Kosower-Maybee-O’Connell (KMOC) formalism [113], with the result

 
`

GR =
<2

1<
2
2

|1 |3
D
`

1 + D`2
W + 1

E(E) + O(<5
�), (1.113)

E(E)
c

= 51 + 52 log
W + 1

2
+ 53

arctanh E
2E

, (1.114)

where the 5= are polynomials in W divided by powers of WE given in Eq. (9) of Ref. [149]. This,

along with the full (third-order) impulse structure in Eqs. (1.104) (1.105) and all of the GR results

above, has also been confirmed by the calculation in Ref. [150] of the complete Δ?`1,GR using the

KMOC formalism [113] applied to the two-loop amplitude.

1.5.1.2 Unbound-to-bound mapping

An important reason for analyzing scattering problems is to learn more about bound sys-

tems. One way to achieve this is by mapping corresponding observables from unbound to bound

orbits, as shown in Refs. [131, 227], by relating the scattering angle j for unbound orbits to the

periastron advance Δq for bound orbits,

Δq(�, �) = j(�, �) + j(�,−�). (1.115)
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Such maps are referred to as B2B maps in the literature. Note that the above relation arises from

analytic continuation, not a physical transformation. In particular, j(�,−�) on the right-hand side

does not represent the scattering angle for a system with physically reversed angular momentum.

Rather, it denotes the analytic continuation of the function j(�, �) under � → −�. This continu-

ation requires a careful choice of contour, as discussed in Refs. [131, 227]. Similarly, recall that

bound systems satisfy � < "T, while scattering systems have � > "T. Hence, the relation also

involves analytic continuation in energy.

We obtain similar B2B maps relating energy and angular momentum losses between un-

bound and bound orbits. The relation for the energy loss reads

�bound
rad (�, �) = �unbound

rad (�, �) − �unbound
rad (�,−�),

(1.116)

as also noted previously in Refs. [228]. Here we additionally find an analogous relation for the

angular momentum loss,

�bound
rad (�, �) = �unbound

rad (�, �) + �unbound
rad (�,−�). (1.117)

We verify these maps for the EM case and the GR case at 1PN, and using the maps, discover

an error in the 1PN expression for angular momentum radiated away by a binary in a radial period

as given in Ref. [229].

In principle, these maps can be used to recover resummed (in E) relativistic expressions for

radiative losses in bound orbits. However, since the PM/weak field expansion is also an expansion

in 1/� (see expressions of scattering angles in Eq. (1.110) for relevant dimensionless quantities, the

initial angularmomentum is related to impact parameter as � = |? | |1 |), we only recover the leading
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order 1/�3 (1/�) part of the energy (angular momentum) losses, respectively, from the leading

order radiative losses. For gravity, the 0PN energy loss for generic bound orbits also contains

terms that scale as 1/�5 and 1/�7, and the coefficient of these terms cannot be recovered directly

through the map. The situation is worse for angular-momentum loss where the 0PN angular-

momentum loss only contains even powers of 1/� (as would be expected from Eq. (1.117)) and

thus leading 2PM angular momentum loss does not provide any contribution.

Naively, this would lead to the discouraging conclusion that one needs to solve till 7PM

for gravity to recover even the 0PN energy loss. However, we can circumvent this by using an

alternate method of fixing radiative losses for generic orbits in the PN expansion. We do it by

constructing an ansätz for radiative losses in generic orbits, parametrized by a finite number of

unknown coefficients which are then fixed by evaluating the energy losses in the weak field ex-

pansion where it should match with the PM results. Further constraints on the coefficients can be

obtained by using the relation between energy and angular-momentum losses for circular orbits

and some coefficients can be discarded by adding Schott/total time derivative terms [230] to the

radiative losses. We reason that this method allows us to fix the 0PN energy losses from just 4PM

results.

1.5.2 Tree-level scattering of GWs off spinning objects

We discussed the importance of studying the scattering of GWs off compact objects in

Sec. 1.2.2. The associated scattering amplitude encodes the coupling of an object to the grav-

itational field. Several methods have been developed to relate the gravitational Compton/Raman

amplitude of a single body to the dynamics of two gravitationally interacting bodies [4, 5, 111, 115,
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167–173]. Suchmethods require computing the Compton/Raman amplitude for various models of

compact objects as input. An ansatz for the Compton amplitude of a Kerr BH at linear order in "

(tree level) but up to fifth order in spin (5, was provided earlier [231]. However, it was not estab-

lished by a corresponding classical calculation, and instead inferred by demanding a well-behaved

high energy/frequency limit on a more general ansatz.

To rectify this, in Chapter 3, which was published as Ref. [2], we compute the tree-level

gravitational Compton amplitude to third order in spin, for a generic parity-invariant spinning

compact object with spin-induced quadrupole and octupole moments in a WEFT framework. In

the special case where the spinning multipole moments are chosen to be that of a Kerr BH, it

reduces to the earlier proposal in Ref. [231].

1.5.2.1 Setup

We discussed the worldline action describing the dynamics of a spinning body with spin-

induced quadrupole moment in Eq. (1.44) of Sec. 1.3.2. The octupolar multipole moment can

be similarly included via a term linear in the covariant derivative of the curvature tensor, i.e.,

−(1/12)�_`adfO ∇_'`adf. The multipole moment tensors �`adfQ and �_`adfO depend on the spin

tensor and the four-velocity. Imposing parity invariance constrains the forms of these tensors,

leaving a single degree of freedom for each, proportional to two constants, which are labeled

as �2 and �3, respectively [184]. Consequently, the action describes a parity-invariant spinning

object with arbitrary spin-induced quadrupole (∝ �2) and octupole (∝ �3) moments9.

Let this body initially be at rest in flat spacetime. It is characterized by its mass " , spin
9�1 would tune the spin-induced dipole moment, which is the spin itself. Thus, we can redefine the spin parameter

to set �1 = 1.
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(, and two coefficients �2, �3. The direction and magnitude of the spin can be described by

the spin tensor (`a, with (`a?a = 0 and (2 = (1/2)(`a(`a, or the Pauli-Lubanski spin vector

B` = −(1/(2"))n `adf?a(df, where ?` is the momentum of the particle. �2 and �3 control the

magnitude of its spin-induced quadrupole and octupole moments. In flat spacetime, the particle

sources a stationary metric perturbation −ℎ̄`a ≈ h`a =
√−66`a − [`a, given at linear order in "

as [128]

ℎ̄`a = −D`Da [1 − �2
2
(0 · m)2]"

A

− D(`n a) dUVDd0UmV [1 − �3
3!

(0 · m)2] 4"
A
, (1.118)

where D` = (1/")?` is the 4-velocity of the particle in flat-spacetime and 0` = (1/")B`, with

0 · D = 0. The actual non-linear metric sourced by the body approaches this form asymptotically.

In the rest frame of the particle, this can be rewritten as

ℎ̄00 = [1 − �2
2
( ®0 · ®m)2]

(
− 4"

A

)
, ℎ8 9 = 0,

ℎ̄08 = n 8 9 :0
9m: [1 − �3

3!
( ®0 · ®m)2] 2"

A
, (1.119)

where ®0 can be identified as the spin vector. Comparison of the above expression with the most

general asymptotic past-stationary spacetime given in Eq.(36) of Ref. [46] shows that the metric

perturbation in Eq. (3.2) can be recovered by imposing stationarity (all multipole moments being

constant in time) and identifying the mass-type multipole moments as � = ", �8 = 0, �8 9 =

−�2"0〈80 9〉, �8 9 : = 0 and current-type multipole moments as �8 = "08, �8 9 = 0, �8 9 : =

−(2/3)�3"0〈80 90:〉 and require that all other multipole moments either vanish or are higher

orders in spin.

If the particle respects parity and only has spin-induced multipole moments, the vanishing
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or irrelevance of all other multipole moments follows trivially from parity invariance. Thus, " ,

(, �2 and �3 parametrize the most general axisymmetric, parity-preserving, stationary linearized

metric perturbation. Also note, that adding trace terms to the multipole moments (e.g., X8 9 |0 |2 to

�8 9 ) only modifies it by terms proportional to m2(1/A) ∝ X(3) (G) thus modifying the field only at

the location of the particle. Such corrections are expected to be irrelevant since the field at the

location of the particle is ill-defined.

We now subject this parity-preserving, stationary, axisymmetric body to an external lin-

earized GW incident upon it, which is characterized as 10

h
`a
wave = a Y

`
±Y

a
± exp[8: · G],

:` ≡ l(1, 0, 0, 1), Y`± ≡ 1
√

2
(0, 1,±8, 0), (1.120)

where a is the amplitude of the incoming wave, :` is the wave-vector, fixing the direction of prop-

agation, l its frequency and Y` is a complex null vector which that the helicity of the incoming

wave. The metric perturbation due to the incident wave affects the momentum, spin and sub-

sequently the spin-induced multipole moments, according to the MPD equations. We presented

the MPD equations for a spinning particle with spin-induced quadrupole moment in Eq. (1.45).

Including octupolar coupling, the MPD equations are modified as

�(`a

�g
− 2? [`Da] = #`a =

4
3
'
[`
_df

�
a]_df
Q (1.121a)

+ 2
3
∇_' [`

gdf�
a]gdf

$_
+ 1

6
∇[`'_gdf�

a]_gdf
O ,

�?`

�g
+ 1

2
'`adfD

a(df = �` = −1
6
�
_adf

Q ∇`'_adf

− 1
12
�
g_adf

O ∇`∇g'_adf . (1.121b)

10Here, we use the notation 0` ≡ {00̂, 01̂, 02̂, 03̂} to mean the components in the rest frame of the body. Thus
:` ≡ l(1, 0, 0, 1) means the 4-vector : is pointing along the z-axis and has frequency l in the rest frame.
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We also impose the covariant SSC condition (`a?a = 0. The MPD equations along with the SSC

constraint can be used to solve for perturbations to spin and momentum due to the external GW.

These three perturbed quantities — momentum, spin, spin-induced multipole moments —

in turn perturb the stress energy tensor of the object, leading to a radiated scattered wave through

the Einstein equation. Additionally owing to the nonlinear nature of GR, the incident wave also

scatters off the static metric perturbation sourced by the particle. Together, these two contribu-

tions lead to a scattered wave. As previously explained in Sec. 1.2.2.1, the form of the scattered

wave, encodes the scattering amplitude. In the particle’s rest frame, the scattered wave takes the

asymptotic form (i.e., at large distances from the particle) [2]

h
`a
scatter(A, =̂) ≡ [M±+(=̂)Z `+2(=̂)Z

a
+2(=̂) (1.122)

+M±−(=̂) (=̂)Z `−2(=̂)Z
a
−2(=̂)]

exp[8l(A − C)]
lA

,

whereM±±(=̂) are the scattering amplitudes for a given pair of incoming and outgoing helicities.

=̂ is the spatial unit vector in a given direction in the rest frame of the particle, Z `± (=̂) are the

complex null polarization vectors for a wave vector given by ;` ≡ l(1, =̂). Thus, M±±(=̂) is the

amplitude for an incident wave with wave vector :` ≡ l(1, 0, 0, 1), helicity ±2, scattering into

another wave vector ;` ≡ l(1, =̂) ≡ l(1, sin \, cos \, 0) with helicity ±2.

1.5.2.2 Gravitational Compton amplitude

At zeroth order in spin (or for spinless case), we obtain the amplitudes [2]

M01 =
4"l3(Y0 · Z1)2

(; − :)2 , (1.123)

M++ = M−− = "l
cos4 (

\
2
)

sin2 (
\
2
) , (1.124)
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M+− = M−+ = "l sin2
(
\

2

)
, (1.125)

where \ is the angle between the incoming and outgoingwave vectors (:` and ;` with 2l2 sin2 (
\
2
)
=

−: · ;). Note that there is mixing of helicities (nonzero M+− and M−+) even at zeroth order in

spin. This is not true for electromagnetic waves scattering off BHs. The above amplitudes are

consistent with those obtained in Ref. [232] for spinless BHs, and our discussion in Sec. 1.2.2.1.

Next, to first order in spin (or for a spinning rigid particle with no spin-induced deformation). We

obtain the amplitudes [2]

M++ ="l
cos4 (

\
2
)

sin2 (
\
2
) [

1 − tan2
(
\

2

)
B`

"
(:` + ;`)

− 8
(`a:

`;a

"l cos2 (
\
2 )

]
, (1.126)

M+− ="l sin2
(
\

2

) [
1 +

B` (:` − ;`)
"

]
, (1.127)

M−− =M̄++((`a → −(`a, B` → −B`), (1.128)

M−+ =M̄+−((`a → −(`a, B` → −B`), (1.129)

where the spin tensor (`a, (`a?a = 0, and the Pauli-Lubanski spin vector B`, appear for the

first time. A bar denotes complex conjugation. Note that the spin tensor/vector appearing in

the amplitude is that of the initial unperturbed particle, prior to the wave like perturbation. We

find that the amplitudes are related to their helicity-flipped versions, via a spin-flip and complex

conjugation. This is because the helicities of the incoming and outgoing GW can be flipped via

a combination of parity-flip and time-reversal operation on the whole system, which flips the

spin (B`, (`a), complex conjugates the amplitudes (M → M̄) but leaves the momenta (:`, ;`)

unchanged. The differential cross-section resulting from these amplitudes agrees with Eq. (3) of

[166], where it was derived using BHPT.
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The coefficients�2 and�3 associated with the spin-induced quadrupole (∝ (2) and octupole

(∝ (3) moments finally show themselves at second and third order in spin respectively. For the

case of a BH, �2 = �3 = 1, the scattering amplitudes to third order are found to be simply

the exponentiated versions of the first order in spin amplitudes in Eqs. (1.126), (1.127), (1.128),

(1.129). We get (to third order in spin)

M++ = "l
cos4 (

\
2
)

sin2 (
\
2
) exp

[
− B

`

"
(:` + ;`) tan2 ( \

2
)

− 8

"l cos2( \2 )
(`a:`;a

]
, (1.130)

M+− = "l sin2
(
\

2

)
exp

[
B`

"
(:` − ;`)

]
, (1.131)

M−− = M̄++((`a → −(`a, B` → −B`), (1.132)

M−+ = M̄+−((`a → −(`a, B` → −B`), (1.133)

which matches the amplitude given in spinor helicity formalism in Ref. [233], obtained from

Ref. [111] using QFT-based methods. It is also consistent with the amplitudes obtained via BHPT

in Ref. [174].

The amplitudes do not exponentiate when �2 and �3 are generic. Thus, they correct the

amplitudes in Eqs. (1.130), (1.131), (1.132), (1.133) by adding terms proportional to (�2/3 −

1)=. The general expressions for the amplitudes with generic �2 and �3 for generic polarization

vectors are given in the Appendix B of Chapter 3 [2]. The expressions for the helicity-conserving

amplitudes (M++ and M−−) for generic �2 and �3 after substitution of polarization vectors can

be simplified considerably by introducing the vector

F
`

S =
1

2l cos2 (
\
2
) [l(:` + ;`) − 8n `UVW:U;VDW],

(1.134)
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which coincides with half the complex conjugate of the vector F` from Ref. [233]. We also define

0` = B`/<. Then, in terms of F`S , :
`, ;`, and 0`, the helicity-conserving amplitudes for the BH

case �2 = �3 = 1 can be rewritten as

M++ = "
cos4 (

\
2
)

sin2 (
\
2
) exp[0 · (: + ; − 2FS)], (1.135)

M−− = M̄++(0` → −0`). (1.136)

The helicity-conserving scattering amplitudes for a spinning particle, with spin-induced

quadrupole moments with generic �2 and �3 to third order in spin, is given by

M++ = "l
cos4(\/2)
sin2(\/2)

(
exp[0 · (: + ; − 2FS)]

+ �2 − 1
2

{[(: − FS) · 0]2 + [(; − FS) · 0]2}

+ �2 − 1
2

[(: − FS) · 0] [(; − FS) · 0] [(: + ; − 2FS) · 0]

− (�2 − 1)2 [(: − FS) · 0] [(; − FS) · 0] (FS · 0)

+ �3 − 1
6

{[(: − FS) · 0]3 + [(; − FS) · 0]3}
)
.

(1.137)

M−− = M̄++(0` → −0`). (1.138)

The expressions and the corresponding basis for simplification of helicity-reversing amplitudes

are complicated and are given in the relevant Chapter 3 [2].

1.5.3 Horizon fluxes for Kerr BHs

The defining feature of a BH is the presence of an event horizon, a one-way membrane that

permits only infalling matter and radiation to cross it in finite proper time. For perturbations,
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including linearized metric fluctuations, ingoing boundary conditions must be imposed at the

horizon [213]. Crucially, the horizon enables dissipation and irreversible behavior [234].

In the context of binaries, the horizon permits an irreversible transfer of energy and angular

momentum between the orbit and the BH(s). This transfer is captured by horizon fluxes [235],

which measure the rate at which energy and angular momentum cross into the BH. For Kerr

BHs, horizon fluxes can also tap into the hole’s rotational energy, leading to a decrease in both

mass and spin, in a process akin to the Penrose mechanism [236, 237] driven by scattering in the

ergoregion. The accumulated transfer of energy and angular momentum ultimately affects the

gravitational waveform, modifying the rate of inspiral much like the fluxes radiated to infinity.

Compared to the energy and angular-momentum fluxes of GWs radiated to infinity, the hori-

zon fluxes enter at 2.5PN order for Kerr BHs and 4PN for Schwarzschild BHs [58–65]. They

begin affecting the waveform at the same respective orders. The lower-order onset for spinning

BHs arises from the fact that horizon fluxes are sourced by time-dependent perturbations, and a

spinning BH perceives even a static external field as time-dependent in its corotating frame [61].

In the test-body limit, the horizon fluxes can be computed via BHPT by solving the Teukol-

sky equation [58], but generalizing to arbitrary mass ratios is challenging. This was achieved at

leading 2.5PN order for aligned-spin circular orbits [59] and later extended to 4PN (NNLO) via

BHPT and near-zone matching [60, 198]. However, the 4PN result for spinning BHs contradicted

the test-body limit findings [58], leaving an unresolved discrepancy.

Another approach to the computation of horizon fluxes is through WEFT. As explained in

Sec. 1.3.3, in a WEFT, finite-size effects are captured through intrinsic and induced multipole

moments. Since horizon fluxes arise only in a perturbed BH, they fall into the latter category

and may be incorporated as dissipative tidal effects. However, a WEFT must be calibrated to
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the specific compact object of interest through a matching computation. In Ref. [61] (see also

[197, 238–241]), a WEFT was formulated to capture the leading-order (2.5PN) horizon fluxes,

with the Wilson coefficients entering the tidal-response ansatz fixed by comparing to perturbative

calculations of the absorption cross section of plane GWs by BHs [242]. A key advantage of

this approach is that a gauge-invariant quantity (the absorption cross section) is used to fix the

freedom in the WEFT in an unambiguous way, and subsequently to compute the change in mass

and angular momentum in a quasicircular binary at leading order. However, the NLO (3.5PN)

and NNLO (4PN) order results are unavailable in the WEFT approach, and thus the discrepancy

regarding horizon fluxes at 4PN remains unaddressed.

In Chapter 4, which was originally published as Ref. [3], we resolve this long-standing dis-

crepancy by correctly computing horizon fluxes to 4PN order using a WEFT approach to model

dissipative tidal effects, addressing both conceptual and computational challenges along the way.

Additionally, to enable calibrating our WEFT beyond leading order, i.e., fixing the tidal-response

coefficients at higher orders, we use the MST method to analytically compute the degree of ab-

sorption in BHPT for GWs scattering off a Kerr BH, to NLO in their frequency. We then match the

degree of absorption in this scattering setup between WEFT and BHPT to fix the tidal response

to the desired order (NLO), enabling the computation of horizon fluxes up to NNLO for spinning

bodies. We find that our results are consistent with the test-body limit.

In the following subsections, we briefly describe the methodology and results for computing

the rate of change of mass and angular momentum due to horizon fluxes using WEFT and BHPT.
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1.5.3.1 Equations of motion for a spinning body with tidal moments

Following the discussion in Sec. 1.3.3.2, the action for a spinning particle with inducible

quadrupolar and octupolar tidal moments can be written in an implicit form as

( =

∫
3g! (D`,Ω`a, 6`a, &

`a

E ,
¤&`a

E , &
`a

B ,
¤&`a

B , $
`ad

E , ¤$`ad

E , $
`ad

B , ¤$`ad

B , '`adf,∇_'`adf).

(1.139)

This leads to equations of motion identical to the MPD equations presented in Eq. (1.121), except

that the multipole tensors are given by

�
`adf

Q = −6
m!

m'`adf
= −3D [`&a] [d

E Df] + 3
2
&
U〈d
B nVU

`aD |V |Df〉' (1.140)

�
_`adf

O = −12
m!

m∇_'`adf
= −6D〈`$ad_

E Df〉∇' + 3$U〈d_
B nVU

`aD |V |Df〉∇' , (1.141)

where 〈...〉∇' implies imposing the symmetries of the derivative of the Riemann curvature tensor

(∇_'`adf) on the contained indices except V. Additionally, the spin tensor (`a here is the sum of

intrinsic and tidal spin , i.e.,

(`a = (
`a
rot + (

`a

tidal, (
`a
rot =

m!

mΩ`a

, (1.142)

(
`a

tidal = −2[%[`
E a&

a]`
E + (E ↔ B)] − 3[%[`

E ad$
a]`d
E + (E ↔ B)],

%
E(B)
`a =

m!

m ¤&`a

E(B)
, %

E(B)
`ad =

m!

m ¤$`ad

E(B)
.

These equations follow naturally from our discussion in Sec. 1.3.3, and the derivation is out-

lined in Chapter 4 [3]. We showed in Sec. 1.3.3.2 that substituting Eq. (1.55) (or Eq. (1.140)), splits

the interaction term ∼ �
`adf

Q '`adf as ∼ −&`a

E E`a − &`a

B B`a. Similarly, substituting Eq. (1.141)

splits the octupolar interaction term ∼ �_`adfO ∇_'`adf as ∼ −$`ad

B B`ad −$`ad

E E`ad. This shows
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the octupolar tidal multipoles, coupled to the octupolar tidal fields given by

E`ad = ∇〈dE`a〉, B`ad = ∇〈dB`a〉, (1.143)

where 〈...〉 means symmetrization and trace removal of contained indices. The parity of the elec-

tric and magnetic tidal fields is given by (−1)ℓ and (−1)ℓ+1 respectively, where ℓ is the number

of indices (rank of the corresponding field tensor). So, for quadrupolar (octupolar) fields, E`a

(B`ad) is even whereas B`a (E`ad) is odd under parity flip. This has implications for the tidal

response as shown in the next subsubsection.

The rate of change of mass, and angular momentum due to horizon fluxes/tidal heating is

then obtained by defining mass/spin as the magnitude of ?`, (`a respectively as "2 = −?`?`,

�2 = (1/2)(`a(`a, and differentiating w.r.t time. We then use the MPD equations in Eq. (1.121),

along with Eqs. (1.140), (1.141), to obtain the formulae

3"

3g
=

1
2
&
df

E
¤Edf + 1

2
$
df_

E
¤Edf_ + (E ↔ B), (1.144)

3�

3g
=

1
�
&
`a

E E`d(da +
3
2�
$
`a_

E E`_d(da + (E ↔ B), (1.145)

as a function of the induced tidal moments. The remaining task is to compute the time evolution

of these moments.

1.5.3.2 Tidal response

We assume a linear tidal response as explained in Sec. 1.3.3.3. For Kerr BHs (and spinning

bodies in general), the same logic applies, but now the relationship need not be directly propor-

tional, but through a tidal-response tensor that could depend on the spin tensor. Additionally,

quadrupolar moments may be induced by octupolar fields and vice-versa in a manner consistent
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with parity invariance. This is due to breaking of spherical symmetry in the presence of spin. For

our purposes, it is sufficient to write the tidal response to NLO in time derivatives (more precisely,

sixth order in ") as

&
`a

E = "5_
`a

E,0dfE
df + "6_

`a

E,1df
�

�g
Edf (1.146)
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and similarly for (E ↔ B). Here
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+ 64
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+ ℎ4
E,0 B̂

〈` B̂〈d B̂
a〉 B̂f〉

and similarly for (E ↔ B).

Here, (̂`a and B̂` are the normalized versions of the spin-tensor ((̂`a (̂`a = 2) and spin-

vector (B` ≈ −(1/2)n `adfDa (̂df, B̂` B̂` = 1), and so they are dimensionless and independent of

any parameter. P`
a = X

`
a +D`Da, is a projection tensor used to project the tensors orthogonal to the

four-velocity D`. 〈...〉 denotes symmetrization and trace removal for the contained indices. Using

the identities governing the spin-tensor and spin-vector, we show that this is the most general form

for the tidal-response tensor of a parity-preserving, spinning, compact object [3, 4] to NLO. Note

that the electric, quadrupole moment may be induced by the magnetic, octupolar tidal field, and
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vice-versa, consistent with parity invariance.

The forty coefficients (40 = (5×2+5+5)×2) appearing in Eq. (1.147) are the tidal-response

coefficients. They encode both conservative and dissipative tidal effects. Among the coefficients

entering _`aE,0df, 5
8
E,0 for 8 = 0, 2, 4 are conservative, whereas 5 9E,0 for 9 = 1, 3 are dissipative. This

classification follows directly from the time-reversal properties of the accompanying tensors. The

electric tidal field E`a is even under time reversal, while the spin tensor and spin vector are odd.

Consequently, terms involving an even (odd) number of spin tensors or vectors are time-reversal

even (odd) respectively, and hence correspond to conservative (dissipative) tidal induction. The

same is true for the magnetic sector.

However, the covariant derivative operator �/�g is odd under time reversal, which reverses

this assignment at NLO: 5 8E/B,1 with 8 = 0, 2, 4 are dissipative, whereas 5 9E/B,1 with 9 = 1, 3 are

conservative.

Similar reasoning classifies the tidal-response coefficients associated with cross-induction

between the quadrupolar and octupolar sectors, namely 68B(E),0 and ℎ8E(B),0 for 8 = 0, 1, 2, 3, 4,

though care must be taken since the magnetic tidal field and the octupole moment are odd under

time reversal. They exhibit a similar splitting as 5 8E(B),0.

Overall, there are a total of 18 dissipative tidal-response coefficients. Note that for nonspin-

ning bodies, only four coefficients — 5 0
E/B,0 and 5 1

E/B,0 — are present, and we can identify the

former two with the Love numbers and the latter two as dissipation numbers. Also, we can recover

Eq. (1.59) by identifying 5 0
E,0 = −ΛE , and 5 1

E,0 = �E
l .

The six conservative coefficients 5 8E/B,0 for 8 = 0, 2, 4, which characterize the leading-order,

quadrupolar, static tidal response of the body, are known as the Love numbers [193]. These vanish

for Kerr BHs [243]. The four dissipative coefficients 5 8E/B,0 for 8 = 1, 3 are known to be nonzero
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for Kerr BHs and once caused confusion regarding the vanishing of Love numbers [244]. A

crucial point is that such dissipative coefficients are not allowed in the static tidal response of

Schwarzschild BHs, since there is no spin tensor or vector to break time-reversal invariance in the

absence of time-derivative operators. From the EFT perspective, this is precisely why dissipative

effects such as horizon fluxes are expected to appear at a lower PN order in the presence of spin.

1.5.3.3 Raman scattering amplitudes in BHPT and matching with WEFT am-

plitudes

We fix the 18 dissipative tidal-response coefficients by studying the absorption of GWs

scattering off a Kerr BH in BHPT, and in the WEFT, where it depends on the tidal-response

coefficients. We explained previously in Sec. 1.4.3 that the degree of absorption [P
ℓ<

, for a given

spheroidal mode can be obtained from the MST solution to the Teukolsky equation via Eq. (1.92).

For our purposes, it is sufficient to compute up to sixth power in n , where n = 2"l, and restrict

to11 ℓ = 2, 3 and we obtain

1 − |[P=±
2< | = −

(
n

2

)5
<

[2A1
0

5
− (<2 − 4) 2

15
A3

0

]
(1 + nc) (1.148)

+
(
n

2

)6{4A0
1

5
− (<2 − 4)

[2A2
1

15
+

2A4
1

15
(<2 − 1)

]}
+ O(n7),

1 − |[P=±
3< | =O(n7), (1.149)

where

A1
0 =

16j
45

(1 + 3j2), A3
0 = −4j3

3
, (1.150a)

11Quadrupolar (octupolar) tidal deformation primarily affects [%
ℓ<

, at ℓ = 2 (ℓ = 3). For Schwarzschild BH, this
identification is exact. For Kerr BHs, recall that ℓ< are labels of spheroidal harmonics and not spherical harmonics.
Thus, ℓ does not neatly map to the rank of the tidal multipole tensor.
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A0
1 =

16
405

(9 + 9^ + 97j2 + 117^j2 − 6j4 + 54fj4 + 36j�2 + 108j3�2), (1.150b)

A2
1 = − 8

135
(115j2 + 135^j2 + 5j4 + 90^j4 − 24j�1 + 18j3�1 + 48j�2 + 144j3�2),

(1.150c)

A4
1 =

8
135

(20j4 + 45^j4 − 24j�1 + 18j3�1 + 12j�2 + 36j3�2), (1.150d)

where �< = Im[PolyGamma(0, 3 + 8<j/^)], and ^ =
√

1 − j2 and j = �/"2.

We also compute this in WEFT, where the scattering problem can be studied using the

MPD equations, Einstein equation and the tidal response to solve for the degree of absorption as

a function of the unknown, dissipative, tidal-response coefficients. A crucial point to remember

is that we solve the WEFT problem entirely in flat spacetime, considering only the contribution

of the tidal multipoles to the scattering problem, We carry out this computation in the spherical

basis, which can be related perturbatively in "l to the spheroidal basis. We then match with the

BHPT results in Eqs.(1.148) and (1.150) to fix the dissipative coefficients in Eqs. (1.147), as well

as demand that WEFT respect spheroidal invariance, i.e., different spheroidal modes should not

mix with each other. This yields the following constraints:

5 1
E/B,0 =

16j
45

(1 + 3j2), 5 3
E/B,0 = −4j3

3
, (1.151)

5 0
E/B,1 =

16
405

(9 + 9^ + 97j2 + 117^j2 − 6j4 + 54^j4 + 36j�2 + 108j3�2),

5 2
E/B,1 = − 8

135
(115j2 + 135^j2 + 5j4 + 90^j4 − 24j�1 + 18j3�1 + 48j�2 + 144j3�2),

(1.152)

5 4
E/B,1 =

8
135

(20j4 + 45^j4 − 24j�1 + 18j3�1 + 12j�2 + 36j3�2), (1.153)

68B,0 = ℎ8E,0 =
2
3
j 5 8E,0, (8 = 1, 3), (1.154)
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68E,0 = ℎ8B,0 = −2
3
j 5 8B,0, (8 = 1, 3). (1.155)

The remaining 22 unfixed coefficients in Eqs. (1.147), as explained earlier, characterize the

conservative tidal response and do not contribute to the degree of absorption or other dissipative

effects such as horizon fluxes.

1.5.3.4 Horizon fluxes in quasicircular binary BH systems

With the dissipative tidal-response coefficients fixed, we can now use Eqs. (1.144) and

(1.145) to obtain the effect of horizon fluxes upon the mass and angular momentum. We ap-

ply them for the physically interesting case of a binary of Kerr BHs, albeit restricted to the case

of circular orbits.

(m1, J1)

(m2, J2)

∆φ = ω0t

Figure 1.6: Two Kerr BHs with masses <� and angular momenta �� = <2
�
j�

(with A = 1, 2) are in a quasi-circular binary. Their mutual gravitational interaction
induces tidal deformations, enabling dissipative transfer of energy between the orbit
and the individual BHs. The orbital angular velocity in the COM frame isl0. Energy
transfer can occur in both directions: the horizon allows the BHs to accrete mass by
acting as a one-way membrane, while rotational energy may be extracted, leading
to a decrease in mass and angular momentum. In either case, the area of each BH
increases in accordance with the second law of BH thermodynamics.
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In this case the horizon fluxes are independent of time, and can be trivially averaged over

an orbit. To 4PN (relative to the GW energy flux carried away to infinity), we obtain

〈3<1
3C

〉
= Ω(ΩH −Ω)�G , (1.156)〈3�1

3C

〉
= (ΩH −Ω)�G , (1.157)〈3�

3C

〉
=

(3<1 −ΩH3�1)
3C

8c
^

=
−8c
^

(Ω� −Ω)2�G , (1.158)

where

�G = − 16
5
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[
3(2 + j2

1) + 2-1(1 + 3j2
1) (2 + 3-1)

]
G2

+ G3

{
1
2
(−4 + 3j2

1)j2 − 2-1(1 + 3j2
1)

[
-1(j1 + j2) + 4�2(j1)

]
+ -1

[
− 2

3
(23 + 30^1)j1 + (7 − 12^1)j3

1 + 4j2 +
9j2

1 j2

2

]})
. (1.159)

Here, "T = <1+<2 is the total mass, G = ("Tl0)1/3 ∼ E, wherel0 is the orbital angular velocity

in the center-of-mass frame. Ω is the orbital angular velocity in the frame of body 1. j� = ��/<2
�

is the spin parameter of body A. Ω� is the horizon angular velocity of body 1, with Ω� ∝ j1 in

the small-spin limit. -� = <�/"T are the mass fractions. [ = -1-2 is the symmetric mass ratio.

Finally ^� =

√
1 − j2

�
with � = 1, 2.

Eq. (1.159) has the correct test-body limit [58] unlike previous work [60]. We also use it to

compute the correction to the waveform up to 4PN due to horizon fluxes for quasi-circular Kerr

BHs. The estimates of their effect on the number of GW cycles for different choices of mass ratios

within the LIGO band can be found in Chapter 4 [3].
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1.5.4 Dynamical tidal response of Kerr BHs

As shown in Chapter 4 [3] and summarized in Sec.1.5.3, the dissipative tidal-response co-

efficients up to NLO in "l are extracted by comparing the degree of absorption in the Raman

scattering problem between BHPT and WEFT. However, this approach leaves the conservative

coefficients entering the tidal response undetermined. These encode conservative tidal effects,

such as the static deformation of the object characterized by the Love numbers, and influence the

binary dynamics and waveform beginning at 5PN 12. It is thus natural to ask whether matching

the full scattering phase, given in Eq. (1.92), rather than just its absorptive part, can also constrain

these coefficients. This is the main question we address in the next chapter.

Another issue that arises in this context — relevant to both conservative and dissipative

coefficients — is the omission of tail effects in the WEFT formulation of Raman scattering in

Chapter 4 [3]. In this setup, GWs propagate in flat spacetime and interact with a worldline carrying

inducible multipoles. This neglects the distortion of the incoming and outgoing waves due to the

Kerr background, whichmodifies the degree of absorption at NLO and complicates matching with

BHPT, where such effects are naturally included. In Chapter 4 [3], this discrepancy is handled by

introducing a frequency-dependent correction into theWEFT amplitude by hand, without rigorous

justification — except in the scalar case, as detailed in the Appendix C of the same chapter [3]. In

Chapter 5 [4], we systematically incorporate NLO and NNLO tail effects consistently within our

amplitude-based framework.
12Static conservative tidal effects scale as (R/A)4 × ("/A) = �−4 ("/A)5, where � = "/R. Since "/A is the

PN-expansion parameter, this makes tidal effects formally start at 5PN. However, note that this is linear in " , and is
really a Newtonian effect.
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1.5.4.1 Systematic computation of the Raman amplitude in WEFT

In WEFT, the scattering problem can be systematically organized as a series of Feynman

diagrams. Focusing first on the tidal contributions to the amplitude, we obtain diagrams that

represent the physical process wherein an external GW induces a multipole moment — such as a

quadrupole — which subsequently radiates a scattered wave. In the rest frame of the BH, and at

leading order in "l, this process is captured by the tree-level diagram13

&E
8 9

&E
:;

, (1.160)

and similarly for (E ↔ B). Going forward, we restrict our discussion to the electric sector in

this subsubsection for brevity. Analogous results hold for the magnetic sector as well. Here, the

vertices arise from the interaction term 1
2&

E
8 9
E8 9 in the worldline action. The propagator is related

to the retarded Green’s function of the quadrupole as

&E
8 9 &E

:;
,≡ 8〈[&E

8 9 (g)&
E
:;
(0)]〉\ (g) , (1.161)

and it encodes the time evolution of the quadrupole moment and thus contains the ansatz for the

tidal response, including all of the coefficients in Eq. (1.147). In classical language, this corre-

sponds to a GW in flat spacetime interacting with a compact object that possesses an inducible

electric quadrupole moment. In the above diagram, the worldline is treated as static apart from the

induced multipole moment. This is justified because tidal effects enter at linear order in the per-

turbing wave’s amplitude; incorporating worldline dynamics (e.g., changes in spin, momentum,

or velocity) would yield corrections at second and higher orders. Such contributions are relevant
13Latin indices suffice for the multipole moments as we carry out the computation in the initial rest frame of the

body. Since the tidal multipoles are induced linearly in the strength of external GW perturbation, any correction due
to the body gaining an impulse can be safely neglected as a nonlinear (in perturbation) effect.
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for nonlinear tidal effects, which lie beyond the scope of this dissertation. This diagram begins at

("l)5, as is also evident from the expressions for the degree of absorption in Eq. (1.148). More

generally, the leading order diagram, also known as the tree-level diagram, for the multipole mo-

ment with order ℓ (i.e., the corresponding tensor has rank ℓ, for instance &8 9 has rank 2) has its

leading frequency dependence as ("l)2ℓ+1 [245].

Through the optical theorem, the imaginary part of this diagram is proportional to the ab-

sorption cross section, which is related to the degree of absorption, in Eq. (1.92), which is essen-

tially the quantity of interest in the previous chapter.

However, going beyond the leading order, new contributions arise such as

"&E
8 9

&E
:;

+ . . . . (1.162)

These diagrams capture the modification of the incoming and outgoing GWs due to nonlinear

interactions with the background metric, in addition to scattering off the induced quadrupole.

Such contributions are known as tail effects. In the diagram shown, beyond the vertex involving

the quadrupole moment, one must also include nonlinear interactions from the Einstein-Hilbert

action, as well as the vertex associatedwith the leading 1/A potential, i.e.,−
∫
3g " ≈ −

∫
3C" (1+

1
2600) +O(E2). Diagrams such as this contain integrals over the momenta of intermediate graviton

states and thus also known as loop diagrams.

Collectively, all these diagrams that depend on inducible multipole moments are classified

as near-zone diagrams. They are sensitive to the tidal response of the body, and hence to the

microscopic physics characterizing the compact object.

Additionally, there are diagrams that are not directly sensitive to the microscopic physics,

and arise solely from the nonlinear interaction between the GW and the background metric of the
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unperturbed body. The simplest such diagram is

"

(1.163)

This is precisely the diagram whose contribution we derived (albeit without using the dia-

grammatic language) in Sec. 1.2.2 while introducing the setup of gravitational Raman scattering.

These diagrams arise already at linear order in "l, as evident from Eq. (1.2.2). Beyond lin-

ear order, we encounter more complicated loop diagrams, as with the near-zone diagrams. This

includes diagrams such as

" "

+ . . . (1.164)

These diagrams, which are insensitive to tidal multipole moments, are referred to as the far-zone

diagrams. They should be identical for different bodies with the same metric outside, such as for

all spherically symmetric bodies in GR. In addition to diagrams describing scattering off the back-

ground metric, the far-zone diagrammatic expansion also includes diagrams where the incident

GWs perturb the worldline dynamics. In Chapter 3 [2], the Compton amplitude for GW scattering

off a spinning compact object incorporates such worldline effects, though not in diagrammatic

form. These contributions are known to be captured by far zone diagrams [174].

Since the far-zone diagrams begin at O("l), whereas the near-zone diagrams begin at

O("l2ℓ+1), one has to compute the far-zone diagrams to several higher loop orders than the near-

zone diagrams in order to achieve a consistentmatchingwith BHPT. This significantly complicates

the extraction of tidal-response coefficients from the full BHPT amplitude. In Chapter 4 [3], this

difficulty is avoided by focusing exclusively on dissipative effects, which do not receive any contri-

butions from the far zone. However, far-zone diagrams do contribute to the scattering phase, and
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therefore must be carefully accounted for when attempting to isolate conservative tidal effects.

Additionally, even among the near-zone diagrams, there are loop-level contributions — arising

from tail effects — that must also be incorporated in a consistent treatment of the scattering am-

plitude.

1.5.4.2 BHPT phase shift and near-zone — far-zone separation

In BHPT, the scattering phase automatically includes all relevant contributions to the prob-

lem, as it provides a complete description of linear perturbations in a Kerr background. This com-

plicates comparison with WEFT, where computing higher-order, multi-loop, far-zone diagrams is

currently infeasible using state-of-the-art EFT methods. As a result, it is desirable to identify a

procedure that isolates the tidal contribution to the scattering phase directly within BHPT.

A scheme for isolating the tidal contribution was proposed in Ref. [246], which we now

restate. It is based on recognizing specific structural features of the scattering phase derived via

the MST formalism in BHPT. As shown in Eq. (1.92), the scattering phase is directly related to

the ratio of amplitudes of outgoing and incoming wave-like solutions to the Teukolsky equation.

This ratio, given in Eq. (1.91), and reproduced below, naturally factorizes into two components.

In Ref. [246], it was proposed that each of these can be identified with contributions from the

near-zone or the far-zone diagrams, respectively, as indicated:

�ref
ℓ<l

�inc
ℓ<l

∝

[
 a + 8 exp(8ca) −a−1

][
 a − 8 exp(−8ca) sin(c(a−B+8n))

sin(c(a−B−8n)) −a−1

]
︸                                             ︷︷                                             ︸

Near zone

× 428n [log n−(1−^)] �−
�+︸                ︷︷                ︸

Far zone

, (1.165)

In principle, this identification implies that all near-zone diagrams in WEFT are encoded in the

first factor of Eq. (1.165), and all far-zone diagrams in the second14. In practice, however, it is not
14Note that this is different from the near-zone— far-zone terminology used to classify regions and MST solutions
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currently feasible to systematically exploit this factorization beyond the first few orders.

Before proceeding, it is important to emphasize that this near-far separation remains a work-

ing hypothesis motivated by several observations, but not yet rigorously established. The main

supporting evidence comes from the scaling behavior with respect to "l, and from the matching

of specific features of the BHPT phase to expectations fromWEFT. We summarize some of these

motivations below:

• When evaluating the near-zone and far-zone factors in the MST formalism for generic (non-

integer) values of ℓ, i.e., under analytic continuation in ℓ, one finds that the far-zone con-

tribution scales as "l, with corrections at integer powers: "l(1 + U1"l + . . . ). The

near-zone contribution, on the other hand, scales as ("l)2a+1(1 + V1"l + . . . ), where a

is the renormalized angular momentum introduced earlier, and approximates ℓ in the low-

frequency limit. This behavior is consistent with the scaling of the corresponding diagrams

in WEFT, where near-zone diagrams involving induced multipoles scale as ("l)2ℓ+1, and

far-zone diagrams begin at O("l) [245].

• Perturbatively, the contribution of the far-zone factor at low orders matches the scatter-

ing of GWs off the background field of the compact object, captured by the far-zone dia-

grams [174].

• It can be shown that the far-zone factor in Eq. (1.165) has unit modulus, while the near-zone

part controls the absorption coefficient [P
ℓ<

, in Eq. (1.92). This aligns with the expectation

that only tidal degrees of freedom can induce absorption or superradiance in the EFT. This is

in Sec. 1.4. However, there is a relation. The far-zone factor arises purely from the far-zone series solutions, whereas
the near-zone factor contains terms that arise frommatching the near-zone and far-zone solutions, and is thus sensitive
to the boundary conditions at the horizon.
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also consistent with our findings in Ref. [3], presented in Chapter 4, on the topic of horizon

fluxes in BH, and in Ref, [5], presented in Chapter 6, on the topic of tidal dissipation in

NSs.

• Modifying the boundary conditions of the radial Teukolsky equation at the horizon (or at

the surface of a compact object) affects only the near-zone factor [175], as shown for NSs in

Chapter 6 [5], further consistent with the expectation that the near-zone diagrams capture

the tidal response while the far-zone diagrams remain universal.

Finally, we note that there are ongoing efforts to either rigorously establish the near-far

separation or to bypass the need for it by directly extending loop computations to higher orders.

Promising progress has been made in the scalar case [247, 248].

In Chapter 5 [4], assuming the validity of the proposal in Ref. [245], we were able to match

the near-zone factor in BHPT to the near-zone diagrams derived in WEFT, thereby fixing the free

coefficients in the tidal response to an extent. In doing so, we recovered the vanishing of the static

Love numbers for BHs, as well as the leading order and NLO dissipation numbers also obtained

earlier in Chapter 4 [3].

Furthermore, by analyzing divergences in WEFT diagrams for both near and far-zone pro-

cesses, we identified a classical RG running in the NLO Love numbers and NNLO dissipation

numbers. This reflects the requirement that observables in BHPT — a UV-complete theory —

must remain finite. We briefly discuss these aspects in Sec. 1.5.4.3.

While the direct matching of Love numbers and dissipation coefficients by comparing the

scattering problem in WEFT and BHPT is novel, the vanishing of the static Love numbers of

Kerr BHs has been established in earlier works [243, 246], and the dissipation coefficients are
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matched in Chapter 4 [3], and previously presented in Section 1.5.3. Therefore, we focus here on

briefly presenting the results on the divergences in WEFT diagrams, and RG flow observed in the

tidal response of Kerr BHs — both in the conservative and dissipative sectors — as developed in

Chapter 5 [4].

1.5.4.3 Divergent diagrams and RG flow in the tidal response

Loop diagrams introduce an additional layer of complexity in the inclusion of tidal effects

within WEFT. They give rise to divergences that must be carefully interpreted and, in some cases,

regulated. This is not unexpected in an EFT, and is related to the fact that it is an incomplete

description of the underlying UV physics. Such divergences signal sensitivity to short-distance

(high-frequency) behavior that is not resolved within the EFT itself. As is standard in EFTs, some

of these divergences can be absorbed into a redefinition of the coefficients multiplying allowed

operators in the action and the tidal response, leading to a renormalization-group flow that captures

how the effective description evolves with scale.

One divergent diagram is, in fact, the very first diagram in Eq. (1.162). This diagram is

known to produce a divergence upon integrating over the momentum of the intermediate gravi-

ton. In dimensional regularization — where the number of spacetime dimensions is analytically

continued to regulate divergences — the result takes the form [249]

"&E
8 9

&E
:;

=
&E
8 9

&E
:;

×
[
nc + 8n

(
2

(3 − 4)IR
+ log

l2

c`2 + W� − 11
6

)]
, (1.166)

Here, ` is the arbitrary frequency scale introduced to maintain dimensional consistency as 3, the

total number of spacetime dimensions, is analytically continued away from 4. In the physical
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limit 3 → 4, the diagram develops a divergence. However, this divergence is unphysical in the

sense that it does not affect any observable such as the cross-section. This follows from the fact

that it exponentiates and thus drops out of the squared amplitude as shown in Ref. [249]. Such

divergences are classified as IR divergences [250], and they do not require any renormalization of

the tidal response.

That said, the diagram is not without consequence, as the accompanying factor also contains

a finite real piece that modifies physical observables and does not exponentiate as a phase, such as

the degree of absorption, starting at NLO. In fact, this diagram accounts for the factor of (1 + nc)

that appears in Eq. (1.148). This contribution is absent in the WEFT expression for the degree of

absorption in Chapter 4 [3], as the computation is carried out in flat spacetime. As a result, the

(1 + nc) factor is inserted manually in order to match with the BHPT result, albeit justified for

the scalar case in the Appendix C of the chapter. In Chapter 5 [4], we show that including this

diagram explicitly allows for a direct and consistent matching with BHPT, thereby eliminating the

need for such an ad-hoc correction.

There are however, other diagrams, whose divergences do contribute to physical observables

such as the scattering cross section. Such divergences, known as UV divergences, cannot be

disregarded. Among the near-zone diagrams, they enter at 2-loops or NNLO through diagrams

such as

&�
:;
&�
8 9

""

+

&�
:;
&�
8 9

""

+ . . . . (1.167)

The explicit expressions for the relevant divergences are presented in Chapter 5 [4]. These diver-

gences take a form analogous to that of Eq. (1.166), i.e., they are proportional to the tree-level

diagram in Eq. (1.160), multiplied by a divergent prefactor. Unlike the IR divergence discussed
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earlier, these do not cancel in physical observables and must be removed through renormaliza-

tion. This necessitates the introduction of counter terms in the WEFT. Since the divergence is

proportional to the tree-level structure, the required counter term has the same operator form and

corresponds to the contribution of the NNLO tidal-response coefficients.

To make this explicit, let us recall the ansatz for the quadrupole moment from Eq. (1.146),

now extended to include the NNLO term. For simplicity, we ignore coupling to other multipolar

sectors:

&
`a

E = "5_
`a

E,0dfE
df + "6_

`a

E,1df
�

�g
Edf + "7_

`a

E,2df
�2

�g2E
df . (1.168)

The leading divergence arising from two-loop diagrams, such as those in Eq. (1.167), is

proportional to the static tidal-response tensor _`aE,0df. Each loop contributes a factor of "l, so

the overall amplitude scales as ("l)2 relative to the tree-level result. Thus, its tensorial structure

matches that of the NNLO term involving _`aE,2df, as each time derivative produces a factor of−8l.

This suggests that the divergence can be absorbed by letting the NNLO tidal-response coefficient

act as a counterterm. Specifically, in Chapter 5 [4], we show that imposing

_
`a,bare
E,2df = −214

105
×

[
1

(3 − 4)UV
+ WE − log(4c)

]
_
`a

E,0df + finite part, (1.169)

regulates the 2-loop divergences. We can then define a renormalized, NNLO, tidal-response ten-

sor, _`aE,2df (`), as

_
`a,bare
E,2df = `2(3−4)

(
_
`a

E,2df (`) −
214
105

[
1

(3 − 4)UV
+ WE − log(4c)

]
_
`a

E,0df

)
. (1.170)

Then, using the fact that the LHS is independent of `, we obtain the RG flow equation as

`
3_

`a

E,2df
3`

=
428
105

_
`a

E,0df . (1.171)
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This can be solved to yield:

_
`a

E,2df (`) = _
`a,fixed
E,2df + 428

105
_
`a

E,0df log(�"`). (1.172)

This running behavior has since been confirmed in other works as well [156, 251]. Physically, this

running leads to contributions in the equations ofmotion that resemble tidal forces and torques, but

with coefficients that depend logarithmically on the dynamical scale of the system, as in (1.172),

with ` replaced by the relevant frequency scale, such as the orbital frequency in a binary inspiral.

This scale dependence arises from the cancellation of the `-dependence in the renormalized tidal

response coefficients with that from the loop integrals. For example, as shown in Ref. [251],

computing the two-body Hamiltonian for a binary with dynamical tides by integrating out the

gravitational field reveals tidal terms that exhibit such running. This running behaviour enters at

relative 3PN order to leading-order tidal effects (conservative or dissipative), which could become

important when tidal deformation is strong, such as in the event of a tidal resonance for binaries

containing NSs.

Finally, UV-divergent diagrams also arise from high-loop far-zone processes that are inde-

pendent of the lower-order tidal response or any internal structure beyond the static background

metric. These divergences, while unrelated to tidal dynamics, still require regularization and are

absorbed by introducing higher-order tidal-response counterterms, as in the near-zone case. Al-

though difficult to compute directly due to their complex loop structure, their presence is inferred

from BHPT via log("l) terms in the scattering cross-section that lack corresponding divergent

near-zone contributions. Their far-zone origin is confirmed by the fact that the associated running

is independent of horizon boundary conditions. Some examples have been computed analytically

in the scalar case [247]. In Chapter 5 [4], we identify such terms in the BHPT scattering phase
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and extract the resulting RG flow for various dynamical tidal-response tensors in Kerr BHs. It is

important to note that the RG flow in the tidal response can, in principle, be derived entirely within

the WEFT, without input from BHPT. Renormalization is a structural feature of the EFT, while

BHPT provides a complete, UV-finite description. For instance, the two-loop divergence and the

running of the NNLO tidal response can be obtained directly withinWEFT, as shown in Ref. [249],

which derives the running of the quadrupole moment in generic GW emission. However, it re-

mains crucial to verify that BHPT exhibits the expected signatures — such as ∼ log("l) terms

— consistent with the renormalization in the EFT. This agreement ensures that the tidal model is

physically correct, and that the observed running is not an artifact of using a bad EFT. Addition-

ally, since some far-zone diagrams are difficult to compute directly, BHPT results provide indirect

evidence for the existence of divergent diagrams requiring renormalization.

Overall, the emergence of renormalization in the tidal response is a distinctive feature of GR,

arising from its inherent nonlinearity. It means that the effective tidal-response coefficients evolve

with frequency during the inspiral, as determined by their RG flow. This running challenges the

notion of fixed, intrinsic tidal parameters and highlights that tidal and non-tidal contributions to

scattering become intertwined beyond leading order. Consequently, while EFT provides a pow-

erful organizing framework, it also makes clear that a clean separation between near-zone and

far-zone physics — and thus between tidal and background contributions — is currently unten-

able at higher orders.
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1.5.5 Tidal Heating in NSs

Tidal effects depend on the internal structure and compactness of an object. For BHs in GR,

the size is set by the Schwarzschild radius " , and their static tidal response vanishes [4, 56, 243].

In contrast, NSs have lower compactness � = "/R, typically around 0.1–0.2, and support a rich

spectrum of tidal deformations governed by their EOS. This leads to a nonzero Love number, and

generally stronger tidal effects.

While the static Love number for NSs has been treated in full generality [55, 57, 252],

dynamical tides and viscous dissipation are often analyzed only within the Newtonian approxi-

mation [196, 253]. In Chapter 6 [5], we address this gap by rigorously modeling leading-order

tidal heating driven by fluid viscosity in NSs by extending the framework we developed previ-

ously for BHs. To that end, we study Raman scattering in nonspinning NSs using both WEFT

and stellar perturbation theory (SPT) [254–256], working to NLO in frequency. This allows us to

derive general expressions for the static Love number and leading dissipation numbers in terms

of boundary conditions for metric perturbations at the stellar surface. We then solve for these

boundary conditions for various EOSs across a range of compactnesses, compute the correspond-

ing tidal coefficients, and estimate their effect on the number of GW cycles accumulated in the

LIGO band.

1.5.5.1 WEFT treatment

TheWEFT treatment of nonspinningNSs for near-adiabatic tides parallels that of Schwarzschild

BHs, involving a similar number of free coefficients in the tidal response. The discussion in

Sec. 1.3.3.3 suffices, and we aim to determine the coefficients entering the linear response for the
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electric quadrupole moment, whose ansatz to NLO in time derivative was presented in Eq. (1.59).

We restate it here as

&
`a

E (g) = −"5 [ΛE − "�E
l

�

�g
+ . . . ]E`a, (1.173)

or in Fourier domain as

&̃
`a

E = −1
2
� (l)Ẽ`a, � (l) = 2"5 [ΛE + 8("l)�E

l + . . . ] (1.174)

A similar relationship can be written for the magnetic quadrupole; however, the dominant tidal

contribution for NSs (and more generally for all stars) is the electric part, and we restrict our

attention to this sector. We also neglect octupole and higher multipole moments, which may also

be tidally induced, as they are relevant at higher PN orders.

As before, we compare the solution to the scattering problem between effective and com-

plete descriptions, aiming to fix the coefficients ΛE and �E
l . The coefficient ΛE is known as the

static Love number, and its computation is well known and studied for NSs [55]. However, the dis-

sipation number �E
l has not been rigorously computed in a relativistic framework. We constrain

both of these quantities by studying the Raman scattering process.

In the WEFT, the tree-level scattering due to the electric quadrupole is captured by the

diagram given earlier in Eq. (1.160). We rewrite it below as

&E
8 9

&E
:;

= 48 ("l)5�ret
8 9 ,:; (l)Y

8 9

ℎ

(
®: in

)
Y∗:;ℎ′

(
®:out

)
, (1.175)

where�ret
8 9 ,:;

= � (l) X8:X 9 ; , and Y8 9
ℎ
( ®: in) and Y′:;ℎ ( ®:out) are the graviton polarization tensors for the

incoming and outgoing plane GWs, respectively. Physically, an incoming monochromatic plane
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wave induces a quadrupole moment via the tidal-response ansatz, which then radiates according

to the Einstein equation, resulting in a scattered wave.

Since we are interested in working to NLO in frequency, we also need to include the first

diagram in Eq. (1.162). However, as explained in Sec. 1.5.4.3, its only physical contribution of

this diagram is to multiply the tree-level result by a factor (1 + nc), as also seen in Eq. (1.148),

and it is therefore trivially taken into account.

The scattering problem in SPT is more naturally formulated in a spherical basis with fixed

parities due to the spherical symmetry and parity invariance of the background. Accordingly, we

transform from the plane-wave basis with fixed helicities to spherical basis with fixed parities,

as also done in Chapter 5 [4]. The relevant methods and expressions for this transformation are

detailed in Appendix D of Chapter 5 [4]. We now briefly describe the scattering problem in the

context of SPT.

1.5.5.2 Raman scattering in SPT

We describe the NS as comprised of a stellar fluid with the following energy-momentum

tensor:

)`a = dD`Da + (? − Z∇UDU)%`a − 2[%U`%
V
afUV (1.176)

where Z and [ are the bulk and shear viscosity, d is the energy density and ? is the pressure.

When the star is unperturbed, it is spherically symmetric and the metric everywhere in

spacetime can be decribed using the ansatz

3B2(0) = 6
(0)
`a 3G

`3Ga = −4a(A)3C2 + 4_(A)3A2 + A23Ω2, (1.177)

where the functions a(A) and _(A), along with the pressure and density profiles (?(A), d(A)) obey
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the Tolman–Oppenheimer–Volkoff [9, 257] equations, which can be solved for a given EOS. The

unperturbed star is assumed to be in chemical equilibrium.

When the star is perturbed, both the metric tensor and the stress energy tensor change. The

metric perturbations for the electric (polar) sector can be written as [254]15

X6`a3G
`3Ga = −4−8lC Āℓ.ℓ< [�0(A)4a3C2 (1.178)

− 28l�1(A)3C3A + 4_�2(A)3A2 +  (A)A23Ω2],

where Ā = A/R inside the star (A < R), R being the radial coordinate of the unperturbed stellar

surface and Ā = 1 outside, and 3Ω2 = 3\2 + sin2 \3q2.

The matter perturbations include a) the perturbation to pressure Δ?, b) the perturbation to

density Δd, and c) the fluid displacement vector b` (i.e., the displacement of a fluid packet at G`

to G` + b`).

The displacement vector can be parametrized in terms of the functions

b C = 0, bA = 4−8lC
Āℓ

A
4−

_
2, .ℓ<, (1.179)

{b\ , bq} = −4−8lC Ā
ℓ

A2+{m\.ℓ<,
mq.ℓ<

sin2 \
} .

Here,, characterizes the radial displacement of fluid elements, whereas + characterizes the az-

imuthal and polar displacement.

Δd follows trivially from the first-law of thermodynamics. Assuming isentropic perturba-

tions about a background in chemical equilibrium, we have

Δd = −(? + d) (ΔE/E),

15There are some conventional differences here w.r.t. Ref. [254].
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where ΔE/E is the fractional change in volume given by

ΔE

E
= − .ℓ<

Āℓ4−8lC

2

(
�2 + 2 − 2ℓ(ℓ + 1)+

A2 − 24− _
2 [(ℓ + 1), + A,′]

A2

)
.

It is convenient to define an additional function - at this stage as

- (A).ℓ<4−8lC ≡
ΔE

E
Ā−ℓ (4a/2?W − 8lZ) . (1.180)

Unlike Δd, Δ? depends sensitively on whether the chemical reactions in the NS are able to

maintain equilibrium when perturbed. We show that the low-frequency expansion, in the manner

performed in Chapter 6, is well defined only when the reaction rates are too slow to maintain

equilibrium. In that case, we can assume the particle fractions G8 are fixed and write

Δ? =
W?

? + dΔd, (1.181)

where W =
m?

md

���
G8
× (? + d)/?.

With the expressions for the perturbations of various quantities in hand, and working to

linear order in perturbations of the Einstein equation, we show that, to first order in frequency

(i.e., Rl), the full system reduces to two coupled first-order equations for the metric perturbation

variables �0 and  . These are given in Eqs. (1.182), and (1.183). At linear order in frequency,

only shear viscosity [ contributes to these equations. This arises from a form of adiabatic incom-

pressibility seen in Newtonian limits [258, 259], where perturbed fluid elements preserve volume.

Also note that while the equations do contain additional functions + , , , and - along with their

derivatives, they can be perturbatively eliminated in terms of �0 and  and their first derivatives

using relations valid in the static limit (i.e., for l = 0).

− 2 
A

+ �′
0 +

�0
(
^A2?4_ + 4_ + 1

)
A

−  ′ −
28^l[4− a

2

(
^A2?4_+ + A+ ′ + 4_+ ++ − 4 _

2,

)
A
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= O(l2) (1.182)
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4

_
2, − A+ ′
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= O(l2) .

(1.183)

It is important to emphasize that this analysis and the resultant master equations are valid

only when the orbital frequency l is much smaller than the characteristic frequency of convective

oscillations in the star, known as the Brunt–Väisälä frequency #ch (typically in the range 150–700

Hz, depending on mass and EOS). This condition is also derived by analyzing the perturbation

equations of a Newtonian star in Appendix E of Chapter 6 [5]. It is expected to hold during the

early to mid inspiral. In contrast, the results of Ref. [260] likely probe the opposite regime (l �

#ch), highlighting the need for further work to understand the transition between these regimes.

Physically, #ch sets the scale for gravity-modes — a set of normal modes of a convectively stable

NS [256]. Since oscillation modes of a body correspond to poles in the tidal response (at least in

the Newtonian approximation), a Taylor expansion inl is expected to break down asl approaches

#ch, rendering the low-frequency expansion invalid in that regime.

The master equations can be numerically solved up to the stellar surface. Outside the NS,

matter perturbations vanish and the system of metric perturbation equations reduces to a single

RW equation,

32q(A)
3A2

∗
+

[
l2 − 5 (A)+ (A)

]
q(A) = 0, (1.184)

+ (A) =
(
ℓ(ℓ + 1)
A2 − 6"

A3

)
, A∗ = A + 2" log(A − 2").
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The scattering problem can be conveniently solved from the RWequation. Using the interior

master equations, we first numerically obtain the RW variable q and its radial derivative at the

stellar surface. The stellar interior information is fully encoded in

) ≡ A

q

3q

3A∗

�����
A=R

= )0 − 8Rl)1 + O(l2), (1.185)

where)0 and)1 capture conservative and dissipative tidal responses at leading order, respectively,

and A∗ is the tortoise coordinate for a Schwarzschild BH. Sufficiently far from the NS, the RW

equation admits simple wave-like solutions as

q(A) |A→∞ = �in
ℓ,l4

−8lA∗ + �out
ℓ,l4

+8lA∗ , (1.186)

We use the MST method for the RW equation [219]16, to analytically compute the ratio �out
ℓ,l

/�in
ℓ,l

to the relevant order as function of )0 and )1. This ratio is the scattering phase, and should be

matched with the scattering amplitude obtained in WEFT in Eq. (1.175).

1.5.5.3 Love number and dissipation number for arbitrary compactness

Similar to our discussion in Sec.1.5.4.1 for Kerr BHs, matching the scattering phase com-

puted from SPT with the WEFT amplitudes is complicated by the fact that Eq. (1.175) contains

only the near-zone diagram. This does not affect the extraction of the dissipation number �E
l , for

the same reasons as in Chapter 4 [3] where we study horizon fluxes in BHs: far-zone diagrams

do not contribute to dissipation. However, the absence of far-zone contributions does complicate

matching the Love number.

Although the Love number of a NS is well established in the literature, it is nevertheless

interesting to ask whether it can be extracted directly from the Raman scattering problem. In
16TheMSTmethod for RW equation closely parallels that for the Teukolsky equation described earlier in Sec. 1.4.2.
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Chapter 6 [5], we explore multiple approaches to isolating the Love number from the scattering

phase.

One method is to use the near-zone — far-zone factorization proposed in Ref. [246] and

discussed in Sec. 1.5.4.2. A technical subtlety arises because the proposed factorization appears

to hold only when the angular momentum number ℓ is analytically continued, rather than fixed

at ℓ = 2 as appropriate for quadrupolar perturbations. However, in contrast to the BH case, the

NS perturbation equations must be solved numerically in the interior. Nevertheless, we find that

the factorization remains valid at leading order if ℓ is analytically continued in the solution of the

RW equation outside, while ℓ = 2 is held fixed in the numerical integration of the perturbation

equations inside the NS. With this approach, we recover the known expression for the static Love

number from Ref. [55].

Anothermethod relies on the universality of the far-zone diagrams. As discussed in Sec.1.5.4.1,

these diagrams depend only on the external background metric of the undisturbed object. Since

a nonspinning NS shares the same exterior geometry as a Schwarzschild BH, the far-zone contri-

butions to the scattering phase are identical. Therefore, by subtracting the scattering amplitude

for the BH from that of the NS, we isolate the tidal contribution. Because the BH has zero Love

number, the leading-order difference must encode the NS Love number. This difference should

match the WEFT amplitude in Eq. (1.175), and hence corresponds to the difference in the expo-

nential of the scattering phases: 428XP,NS
ℓ=2 − 428XP,BH

ℓ=2 . We show that this procedure works as well, and

again recover the correct expression for the NS Love number [55].

Having established both approaches, we obtain explicit expressions for the Love number and

dissipation number in terms of the boundary conditions at the stellar surface for the RW equation.
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Defining the rescaled Love number and dissipation number as

:E2 =
3
2
ΛE�5 , aE2 =

3
2
�E
l�

6 , (1.187)

where � = "/R is the compactness, we find:

:E2 = −8�5 (6� − 3 + )0)
D , aE2 =

3840�10)1

D2 ,

D = 5(−2�
(
�

(
6�2 + 4� + 3

)
+ 3

)
)0 + 6(� − 1)�

(
4�3 + 2�2 − 3

)
− 3 (6� − 3 + )0) log(1 − 2�).

(1.188)

The expressions above are consistent with the BH limit, where )0 = 0, )1 = 1 and R → 2" ,

� → 1/2. The expression for the Love number is consistent with Ref. [55].

For a quantitative study, we use Eq. (1.188) to compute :E2 and aE2 for various EOS and

compactness values (Table 1.1). As bulk viscosity does not contribute, dissipation is entirely

due to shear viscosity, dominated by 4-4 scattering [196, 261]. Since this viscosity scales as

)−2, we multiply by () /105)2 to factor out this dependence, providing the dissipation number at

) = 105 . Notably, �E
l falls steeply with compactness (∼ �−6) and temperature (∼ )−2).

1.5.5.4 Effect on number of GW cycles

We estimate the effect of tidal heating on the gravitational waveform at leading 4PN order

using the stationary phase approximation [3, 262–264]. The change in the number of GW cycles

for a binary NS system, assuming the GW frequency is twice the orbital frequency, is given by:

XNGW =
Xq[("Tcl 5 )1/3] − Xq[("Tl8c)1/3]

c
,

=
∑
�=1,2

25R6
�
a
�,�

2

512<3
�
("T − <�)"2

T
× "T(l8 − l 5 ). (1.189)
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Here, <� are the NS masses, "T = <1+<2, R� are their radii, and a�2 are the rescaled dissipation

numbers, � = 1, 2. We take the initial frequency (where the signal enters the LVK band) as

l8 = 30 Hz, and the final frequency (marking the transition to plunge or the upper limit of the

LVK band) as l 5 = min
(
1000 Hz, lISCO = 1/(63/2"T) Hz

)
. Note that for binaries with generic

mass ratio, there is no sharp ISCO, and we use the ISCO frequency of a test body in circular orbit

around a mass "T as an approximation for the plunge-onset frequency.

Since bulk viscosity does not contribute at this order, the dominant effect comes from shear

viscosity due to electron-electron scattering, which scales as )−2. To remove this dependence, we

multiply by () /105)2, setting the dissipation number at ) = 105 K.

We evaluate Eq. (1.189) for symmetric NS binaries across different EOS and compactness

values within the LIGO band and compare with other 4PN conservative contributions [265]. Re-

sults in Table 1.2 show that cold, low-compactness NSs have the strongest tidal heating imprint.

Notably, for sufficiently cold and less-compact NSs, viscous dissipation can be comparable to

other conservative 4PN effects.

1.5.6 QNMs of slowly spinning horizonless compact objects

The previous chapters have focused on building and constraining effective worldline the-

ories for generic compact objects. Constraining was accomplished through comparisons with

known models of compact objects such as BHs and NSs. However, there remains the remote pos-

sibility of the existence of compact objects in binaries relevant for GWs that are not BHs or NSs.

Several such models of exotic compact objects (ECOs) have been proposed, and it is desirable to

have an effective scheme that can incorporate them in a single, parameterized, phenomenological
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EOS M (in "�) R (in km) "/' :2 �E
l × ()K/105)2 (�E

l)NS/(�E
l)BH × ()K/105)2 a�2 × ()K/105)2

FSU2 [266]

1.01 14.00 0.107 0.133 22037.9 30990.9 0.0486

1.34 13.95 0.141 0.121 3456.3 4860.4 0.0412

1.71 13.95 0.180 0.099 617.0 867.7 0.0318

2.34 13.8 0.25 0.056 47.8 67.3 0.0175

GM1 [267]

1.01 12.85 0.115 0.140 17966.3 25265.2 0.0640

1.34 12.85 0.154 0.118 2462.4 3462.8 0.0502

1.71 12.7 0.199 0.089 395.1 555.6 0.0367

2.3 11.55 0.294 0.027 13.9 19.6 0.0135

HZTCS [268]

1.01 12.45 0.120 0.140 15916.7 22382.6 0.0701

1.34 12.65 0.156 0.122 2511.6 3531.9 0.0547

1.71 12.66 0.200 0.100 440.3 619.2 0.0417

2.34 12.60 0.274 0.044 28.4 39.9 0.0180

Table 1.1: Tidal-response characteristics for various EOS and compactness for non-
spinning NSs at ) = 105 .
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EOS M (in "�) R (in km) "/' ��
l × ()K/105)2 a�2 × ()K/105)2 XNGW × ()K/105)2 N0PN

GW N4PN
GW

FSU2

1.01 14.00 0.107 22037.9 0.0486 -7.775 4428.93 -0.099

1.34 13.95 0.141 3456.3 0.0412 -1.618 2764.77 -0.106

1.71 13.95 0.180 617.0 0.0318 -0.369 1841.51 -0.108

2.34 13.8 0.25 47.8 0.0175 -0.037 1091.46 -0.101

GM1

1.01 12.86 0.115 17966.3 0.0640 -6.339 4428.93 -0.099

1.34 12.85 0.154 2462.4 0.0502 -1.153 2764.77 -0.106

1.71 12.70 0.199 395.1 0.0367 -0.237 1823.70 -0.108

2.30 11.55 0.294 13.9 0.0135 -0.011 1123.38 -0.102

HZTCS

1.01 12.45 0.120 15916.7 0.0701 -5.620 4428.93 -0.099

1.34 12.65 0.156 2511.6 0.0547 -1.176 2764.77 -0.106

1.71 12.65 0.200 440.3 0.0417 -0.265 1841.51 -0.108

2.34 12.60 0.274 28.4 0.0180 -0.022 1091.46 -0.101

Table 1.2: Correction toGWcycles due to tidal heating (XNGW) in symmetric spinless
NS-NS binaries at ) = 105 K.
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framework.

In Chapter 7, which was originally published as Ref. [6], we model generic slowly spinning

compact objects in GR using the membrane paradigm. The membrane paradigm was originally

envisioned to describe horizons of BHs in a more intuitive way, as a stretched membrane just

above the horizon, with physical properties such as viscosity, conductivity, etc., chosen such that

the behaviour of the membrane is identical to that of physical BHs with horizons [95–97, 224].

In Ref. [90], this method was applied to generic nonspinning compact objects, to study how the

behaviour of the object changes as the membrane parameters are moved away from the BH values.

In a sense, this is similar to letting the free parameters entering the worldline action (or equations

of motion) to be different than that of (say) a BH or NS, but unlike in WEFTs, the membrane

paradigm allows us to fully explore the strong gravitational fields close to the surface of the body,

and to understand how features close to the surface affect its behaviour when seen from far far

away. In Ref. [6], we develop this idea further by incorporating spin effects at linear order. This

helps us understand how the reflectivity characteristics and QNM frequencies are modified for

slowly spinning reflective ECOs.

1.5.6.1 Boundary conditions at membrane surface

In the membrane paradigm, we replace the compact object with a fluid membrane. We im-

pose the Israel-Damour junction condition [269, 270] at the membrane, while setting the extrinsic

curvature inside the membrane to zero (i.e., using 0, 1 = 0, 1, 2 indices to denote coordinates

spanning the 3-dimensional membrane surface),

( 01 −  ℎ01)+ − ( 01 −  ℎ01)− = −8c)01 , ℎ+01 − ℎ
−
01 = 0 ,  −

01 = 0, (1.190)
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Where ℎ01 is the induced metric,  01 the extrinsic curvature,  =  01ℎ
01, and )01 the mem-

brane’s fluid stress-energy tensor, given by

)01 = dD0D1 + (? − ZΘ)W01 − 2[f01 . (1.191)

Here, d is the surface density, ? is the surface pressure, Z is the bulk viscosity, [ is the shear

viscosity, and Θ = ∇0D0 is the divergence of the fluid velocity. W01 = ℎ01 + D0D1 is the projector

tensor, f01 = 1
2

(
D0;2W

2
1
+ D1;2W

2
0 − ΘW01

)
is the shear tensor, and the semicolon is a covariant

derivative with the induced metric.

We assume the validity of GR everywhere outside the membrane. Then, to linear order

in spin, the metric for an uncharged membrane, which is axially symmetric, is uniquely fixed to

be [271]

3B2 = − 5 (A)3C2 + 1
5 (A) 3A

2 + A23Σ2 − 4
�

A
sin2 \3C3q + O(�2) , (1.192)

where 3Σ2 = 3\2 + sin2 \ 3q2, 5 (A) = 1− 2"/A, " is the mass, and � is the angular momentum.

Any deviation from the linear-in-spin Kerr form would require the presence of additional spin-

inducedmultipole moments, which only appear at second order in spin. Nevertheless, if a compact

object possesses large spin-induced multipole moments, the linear-in-spin approximation would

have a limited regime of validity. Furthermore, compact objects in alternative theories of gravity

may have a different metric even at linear order in spin. We neglect these subtleties in this work,

and instead assume that the metric coincides with the linearized-in-spin Kerr metric everywhere

outside the membrane.

Using the junction conditions in Eq. (1.190), the unperturbed values for the membrane pa-

rameters are found to be:

d0 = −
√
5 (A0)

4cA0
, ?0 =

1 + 5 (A0)
16cA0

√
5 (A0)

, D00 =

(
1√
5 (A0)

, 0,
2�

A3
0 (1 − 3 5 (A0))

√
5 (A0)

)
,
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where A0 is the radius of the membrane surface. The subscript 0 is to denote that these are the

parameters of the unperturbed membrane. Note that the shear and bulk viscosity are not fixed by

simply imposing the junction condition for the background metric. They instead determine the

response of the membrane to external perturbations.

When the metric is linearly perturbed, the junction conditions are satisfied only when the

membrane parameters are also appropriately perturbed. The metric perturbations outside the star

can be decomposed into several spherical modes (ℓ, <), and within each, into two parity modes

— axial and polar. The different (ℓ, <) modes couple with each other due to the spin angular

momentum, but this coupling may be neglected to linear order in frequency of perturbation l as

far as the computation of QNMs is concerned [85].

Outside the membrane, the Einstein equation governing the metric perturbations can be re-

duced to two Schrödinger-like equations, namely the RW-like and Zerilli-like equations describing

axial and polar perturbations to linear order in spin respectively [209, 210]. They are of the form:

32k(A)
3A2

∗
+

[
l2 − 4<�l

A3 −+ (A)
]
k(A) = 0 , (1.193)

where the RW effective potential at linear order in the spin is [272, 273]

+RW = 5 (A)
[
ℓ(ℓ + 1)
A2 − 6"

A3 + 24�<(3A − 7")
ℓ(ℓ + 1)lA6

]
, (1.194)

The Zerilli potential is more complicated and thus we do not explicitly write it here. The tortoise

coordinate A∗ is defined as 3A∗/3A = 1/ 5 (A).

We find the boundary condition at the membrane-surface for axial perturbations to be

1
kRW(A)

3kRW(A)
3A∗

���
A=A0

= −8l
a

+ "H
2+RW(A0)

2F(3F − H) +

<j

2ℓ(ℓ + 1)"H5(H − 3F)2a

{
F3

[
36F2H

(
8

(
ℓ2 + ℓ + 9

)
H+
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16a + aH2
)
+6FH2

((
ℓ2 + ℓ − 7

)
aH2 − 28H

(
2ℓ2 + 2ℓ + 13

)
− 42a

)
+H3

(
−3

(
ℓ2 + ℓ − 4

)
aH2 + 48

(
ℓ2 + ℓ + 6

)
H+

36a
)
−2168F3 (H − 28a)

]
− 3F3(2F − H) (6F − ℓ(ℓ + 1)H)[(

4F − 2H + H3
)
a − 28H(3F − H)

]}
, (1.195)

where a = 16c[, H = lA0, and F = "l. The polar boundary condition turns out to be

1
kZ(A)

3kZ(A)
3A∗

���
A=A0

= −16c[8l + � (A0, l, [, Z)

+ <j� (A0, l, [, Z) , (1.196)

where � (A0, l, [, Z) is given in Ref. [90], and the supplemental Mathematica notebook in [274]

contains the complete expression for the polar boundary condition including �.

Defining a parameter for tuning compactness as17 n = (A0 − 2")/2" , the BH boundary

condition is recovered in the n → 0 limit, for which + (A0) = 0 and H = 2F, and by setting the

membrane shear and bulk viscosity to BH values as as −Z = [ = 1/(16c). In this limit, the axial

and polar boundary conditions in Eqs. (1.195) and (1.196) reduce to

3kRW(A)/3A∗
kRW(A)

���
A=A+

=
3kZ(A)/3A∗
kZ(A)

���
A=A+

= −8l̃ , (1.197)

where l̃ = l − <Ω� and Ω� = �/(4"3) is the horizon angular velocity. This is consistent with

the expected BH boundary condition of a purely ingoing perturbation near the horizon, i.e.,

kRW(A) ∼ kZ(A) ∼ 4−8l̃A∗ , as A∗ → −∞ . (1.198)
17The n here should not be confused with n = 2"l defined in Sec. 1.4.
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1.5.6.2 The fundamental QNM for spinning horizonless ECOs

Weanalyze the shift in the fundamental mode frequency of an ultracompact object by impos-

ing outgoing boundary conditions at the asymptotic infinity and impose the boundary conditions

in Eqs. (1.195) and (1.196) at the membrane surface, as we vary the parameters away from that

of a BH. The reflectivity is governed by the shear viscosity parameter [ in the limit A0 → 2" ,

where [ = (16c)−1 corresponds to pure absorption (BH case), while [ → 0 and [ → ∞ lead to

total reflection.

Fig. 1.7 shows the variation of the real and imaginary parts of the fundamental ℓ = < = 2,

QNM with [ for different spin values. As reflectivity increases, the fundamental mode deviates

sharply from the BH case, with the imaginary part increasing for higher spin values, indicating

faster decay. For [ → 0,∞, the object becomes perfectly reflective. Interestingly, in the fully

reflective limit, the < = −2 (counter-rotating) mode’s imaginary part crosses zero above a critical

spin, signaling an instability. Fig. 1.8 confirms that for [ → 0,∞, this instability emerges at

j ∼ 0.11, 0.15, aligning with earlier ergoregion instability results [275].However, since there is

no ergoregion at linear order in spin, it is unclear whether anything more can be inferred beyond

the observation that the counter-rotating modes tend to become longer lived. The existence of an

actual instability may only be confirmed by extending the analysis to higher orders in spin. The

behavior of polar QNMs under viscosity variations follows a similar trend to the axial case.

We also examineQNMvariationswith compactness by varying the parameter n = A0/(2")−

1 at fixed shear viscosity ([ = [BH). Fig. 1.9 illustrates that for n → 0, we recover the Kerr BH

fundamental QNM, while increasing n leads to deviations from the BH spectrum. Axial and polar

modes lose isospectrality, with the latter also depending on the bulk viscosity Z , of the membrane.
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Figure 1.7: Real (top panel) and imaginary (bottom panel) part of the fundamental
ℓ = < = 2 QNM of an ultracompact object as a function of the viscosity parameter
[ for different values of the spin. For [ = 1/(16c), the compact object is totally
absorbing; whereas for [ → 0 and [ → ∞, the compact object is perfectly reflecting.

By comparing Fig. 1.9 with the analogous plots in Ref. [90], we find that the variation of

the real part of the fundamental mode as a function of n is suppressed by the spin. However, the

variation of the imaginary part of the fundamental mode is enhanced by the spin and it crosses
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Figure 1.8: Imaginary part of the ℓ = 2,< = ±2 QNMs of an ultracompact object as a
function of the spin for a perfectly reflecting compact object with viscosity [ � [BH
and [ � [BH. Note that the imaginary part for < = −2 changes sign above a critical
value of the spin rendering the mode unstable.

the shaded band for smaller values of n than in the nonspinning case. Fig. 1.9 shows that spinning

(j = 0.2) horizonless compact objects with n . 0.05 are compatible with measurement accuracy

of the fundamental QNM in GW150914. This suggests that spinning horizonless compact objects

may be more easily differentiated than nonspinning ones in the prompt ringdown. Moreover,

the breaking of isospectrality between axial and polar modes may be more readily seen when

increasing the values of the compactness in the presence of spin.
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Figure 1.9: Real (top panel) and imaginary (bottom panel) part of the fundamental
ℓ = < = 2 QNM of a compact object with effective shear viscosity [ = [BH, with
respect to their corresponding value for the BH case. The QNMs are functions of
the parameter n , which is related to the compactness of the object. For n → 0, we
recover the fundamental BH QNM and axial and polar modes are isospectral. The
shaded band correspond to the error bars (10% and 15%, respectively) for the real and
the imaginary part of the fundamental QNM for the merger event GW150914 [276].
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Chapter 2: Conservative and radiative dynamics in

classical relativistic scattering and bound systems

Authors1: M. V. S. Saketh, Justin Vines, Jan Steinhoff, Alessandra Buonanno

Abstract: As recent work continues to demonstrate, the study of relativistic scattering pro-

cesses leads to valuable insights and computational tools applicable to the relativistic bound-

orbit two-body problem. This is particularly relevant in the post-Minkowskian approach to the

gravitational two-body problem, where the field has only recently reached a full description of

certain physical observables for scattering orbits, including radiative effects, at the third post-

Minkowskian (3PM) order. As an historically instructive simpler example, we consider here

the analogous problem in electromagnetism in flat spacetime. We compute for the first time the

changes in linear momentum of each particle and the total radiated linear momentum, in the rela-

tivistic classical scattering of two point-charges, at sixth order in the charges (analogous to 3PM

order in gravity). We accomplish this here via direct iteration of the classical equations of motion,

while making comparisons where possible to results from quantum scattering amplitudes, with

the aim of contributing to the elucidation of conceptual issues and scalability on both sides. We

also discuss further extensions to radiative quantities of recently established relations which an-

alytically continue certain observables from the scattering regime to the regime of bound orbits,
1Originally published as Phys. Rev. Res. 4, no.1, 013127 (2022)
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applicable for both the electromagnetic and gravitational cases.

2.1 Introduction

The dawn of gravitational-wave astronomy [23, 177, 277–279] and the promise of more

sensitive future detectors [280–282] have renewed interest in varied approaches to solving the two-

body problem in general relativity (GR). In particular, much recent work has focused on importing

advanced tools from quantumfield theory to treat classical scattering ofmassive bodies in the post-

Minkowskian (PM) regime, with large impact parameters, but unconstrained speeds. Knowledge

gained in this regime may also be used to develop a better understanding of inspiraling bound

systems, with the aim of constructing more precise waveform models for detection and analysis

of gravitational waves from compact binaries.

Alongside gravitational scattering, there is significant interest in (and overlap with) analo-

gous but simpler problems in Yang-Mills theories, including the Abelian case, electromagnetism,

in flat spacetime. In spite of the lesser nonlinearity, making calculations more easily tractable,

scattering problems in gauge theories still share many of the same technical difficulties encoun-

tered in gravity, and thus can serve as instructive toy models. A further reason for this interest

stems from the study of double-copy relations between gauge and gravity theories [283–286] and

their uses in accomplishing gravity calculations with simpler gauge-theory building blocks.

A significant milestone in the gravitational case has been the recent completion of the cal-

culation of the relativistic impulse (net change in momentum) of each body, in the scattering

of two spinless massive bodies, at the third post-Minkowskian (3PM) order. Following important

works such as Refs. [110, 112, 114], which established connections between scattering amplitudes
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and classical dynamics at the 2PM level, the study of the 3PM level began in Refs. [116, 287],

which determined the conservative sector of the 3PM dynamics by matching to amplitudes com-

puted via modern on-shell techniques, such as generalized unitarity [288–290] and the double

copy [284–286], employing the effective-field-theory matching procedure set up in Ref. [114].

These results have been confirmed using various complementary methods [145, 146, 291, 292],

including calculations based on classical worldlines instead of quantum fields [292]. The resul-

tant 3PM conservative contribution to the scattering angle function presented a puzzle [293] in

that it did not have a well-behaved high-energy limit, and did not smoothly connect to previous

results for scattering of massless particles first derived in Ref. [294] and more recently confirmed

in Refs. [295–297].

The resolution of this tension was first suggested in Ref. [297], which demonstrated, in the

case of N = 8 supergravity at two-loop order, the importance of including radiative effects in

order to obtain a well-behaved ultrarelativistic limit. Subsequently, in the case of GR, Ref. [142]

showed that a smooth high-energy limit (and a match to the massless results from Ref. [294] in

that limit) is restored by including the radiative contribution to the scattering angle in addition to

the conservative one, with the former being determined (via a relation derived in [226]) by the

total radiated angular momentum at 2PM order. As we will detail below, the complete (conser-

vative plus radiative) 3PM impulses are determined by the complete 3PM scattering angle along

with the total linear (energy-)momentum radiated away in gravitational waves, first appearing at

3PM order. This last missing piece, the radiated momentum, was calculated in Ref. [149], by em-

ploying the formalism of Ref. [113] (KMOC) for computing classical observables from on-shell

amplitudes. Finally, Ref. [150] also used the KMOC formalism to directly compute the impulses

through 3PM order, thereby confirming and combining all the results mentioned above. In further
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confirmation, the radiative contributions to the 3PM impulse have been reproduced by a classical

variation of constants method in Ref. [143], and the full 3PM scattering angle has been reproduced

by a complementary quantum double-copy method in Ref. [147]. Meanwhile, the analysis of the

4PM level has been initiated in Refs. [119, 298].

Another strategy to solve the scattering problem in a way that includes both conservative

and radiative dynamics is direct iteration of the classical equations of motion, in the situation

where one lets two particles (representing compact bodies) perform a fly-by with a large impact

parameter. One then constructs the particles’ worldlines as expansions in the coupling strength, in

the weak field (large impact parameter, small deflection) regime, with the zeroth-order worldlines

given by uniform (straight-line) motion. The field equations and the equations of motion are then

solved iteratively, informing each other to the required order. Any radiative/dissipative effects

are included at each order by employing retarded boundary conditions (for fields) and using a

regularization technique to evaluate the effect of each particle’s field on itself. Historically, this

route was followed in Ref. [104] where the impulse was calculated for both electromagnetism

(EM) and GR up to 2nd order.

Here we push this method to the 3rd order in the EM case. In addition to including radia-

tive effects, another advantage of the classical method is that it is relatively simple to automate

the iteration to go to higher orders with the only potential challenge being computation of one-

dimensional integrals. This may be useful for efficiently computing scattering observables, which

can then be used for subsequently understanding bound orbits. It would also be highly interesting

to connect this efficient classical iteration to perturbative scattering-amplitude calculations, for

instance by expressing amplitudes using the so-called worldline quantum field theory [124, 125].

Furthermore, the classical method is also perhaps the simplest to justify, beingmost closely related
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to the actual situation of classical scattering of compact objects, and it gives detailed information

about the time-dependent worldlines at each order as another benefit.

Having in hand results for the scattering problem, we investigate the possibility of mapping

observables from unbound to bound orbits via analytic continuation, following Refs. [131, 227],

where the basis of the mapping procedure was explained and used to relate the scattering an-

gle for unbound orbits to the periastron advance angle for bound orbits. An analogous map be-

tween energy losses was presented in Ref. [228], and was subsequently verified from the results

of Ref. [149] for the radiated linear momentum in the GR case. Here we provide a general rela-

tion between observables (satisfying certain criteria) for bound and unbound orbits following the

method given in Ref. [227], and we explicitly relate angular momentum losses between bound

and unbound orbits. We verify the map between energy losses using the expression for leading

order radiated momentum in EM derived earlier, and we use the map between angular momentum

losses to uncover an error in the expression for angular momentum losses for 1 post-Newtonian

(PN) unbound orbits in GR given in Ref. [229]. We also comment on the scope of using these

relations in computing resummed expressions for observables in the bound case.

2.1.1 Outline

The chapter is organized as follows. In Sec. 2.2, we explain in detail the process of solving

for theworldline corrections iteratively via the classical method to 3rd order. In Sec. 2.3.1, wewrite

down the impulse up to 3rd order and express it in terms of the conservative and radiative parts of

the scattering angle and radiated momentum. In Sec. 2.3.2, we derive the leading order angular

momentum loss and show that it is correctly related to the leading order radiative correction to

120



the scattering angle. We then investigate the high-energy and nonrelativistic limit of relevant

observables in Sec. 2.3.3 and Sec. 2.3.4, respectively. In Sec. 2.4, we show how the method of

analytic continuation shown in Refs. [131, 227] can be extended to other observables if certain

conditions are satisfied, and explicitly show how these mappings can be used to extract partial

results for bound orbits, and their scope. We then conclude in Sec. 2.5 with a short summary.

In Appendix. A.1, we explain in detail how we compute the 2nd order correction worldlines and

explicitly write down the 2nd order worldline correction for particle 1. In Appendix A.2, we

translate the 3rd order force correction diagrams to expressions and give brief comments regarding

the source of each diagram.

2.2 Relativistic scattering of two point charges

We consider here the motion of two charged point particles in classical relativistic electro-

magnetism in flat spacetime. The particles have charges 4@1 and 4@2, masses <1 and <2, and

proper-time–parametrized worldlines G` = I`1 (g1) and G
` = I

`

2 (g2). The Lorenz-gauge field equa-

tion for the gauge field 4�` (G), with m`�` = 0, is

m2(4�`) = 4c�` . (2.1)

We take out a factor of the order-counting parameter 4 from the gauge field (and the field strength

below) for later convenience. The current density is

�` (G) = 4
∑
0

@0

∫
3g0 ¤I`0X4(G − I0), (2.2)

with 0 = 1, 2. The equation of motion for each worldline can be taken as the Lorentz-Dirac

equation,

<0 ¥I`0 = 42@0�
`
a (I0) ¤Ia0 +

242@2
0

3
( Ï `0 + ¤I`0 ¥I20), (2.3)
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where 4�`a = 24m[`�a] is the external field strength (due to the field of the other particle), while

the second term accounts for the action of the self field [299]. Our task is to construct an iterative

solution to these equations working perturbatively in the coupling strength, measured by 42.

At zeroth order in 42, the particles follow inertial trajectories, and their worldlines can be

written as

I
(0)`
1 = 1` + D`1g1, I

(0)`
2 = D

`

2g2, (2.4)

where D`1 and D`2 are the zeroth-order 4-velocities, with D1 ·D2 ≡ W, and 1` is the impact parameter

vector with 1 ·D1 = 0 = 1 ·D2, so that the minimum separation between the zeroth-order trajectories

is given by |1 |.

The field sourced by particle 0, on a general trajectory G` = I`0 (g0), obeys

m2(�`0 ) = 4c@0
∫
3g0 ¤I`0 X4(G − I0 (g0)), (2.5)

which has multiple solutions, corresponding to different boundary conditions. Choosing the re-

tarded (no-incoming radiation) boundary conditions, the solution is

�
`
0 (G) =

@0 ¤I`0,ret

¤I0,ret · (G − I0,ret)
, (2.6)

where we use the shorthand 5ret = 5 (gret). The retarded proper time g0,ret is the proper time at

which the trajectory of the source particle 0 intersects the past light cone of the field point G.

It is obtained by solving |G − I0 (g0) |2 = 0, and choosing the solution that makes G − I0 (g0) a

future-directed null vector. Then, the field strength sourced by particle 0 is given by

�
`a
0 (G) = 2m [`�a]0 (2.7)

=
2@
A3
0

d
[`
0

(
A ¥Ia]0,ret − ¤Ia]0,ret( ¥I0,ret · d0 − 1)

)
,
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where we have defined d`0 = (G − I0,ret)`, A0 = ¤I0,ret · d0 and used m`g0,ret = d
`
0/A0.

Taking the field-sourcing particle above to be particle 0 = 2, the equation of motion for the

other particle, 1, reads

<1 ¥I`1 = 42@1�
`a

2 (I1) ¤I1,a +
242@2

1
3

(
Ï
`

1 + ¥I21 ¤I
`

1

)
. (2.8)

The first term in the RHS of Eq. (2.8) is the well known Lorentz force, giving the influence of

the field sourced by particle 2 on particle 1. The second term is the Abraham-Lorentz-Dirac

(ALD) self-force which accounts for the particle’s influence on itself, which can be derived from

the traditional Lorentz force law in various ways. The simplest method for our purposes is to

use a regularization procedure to deal with the divergence when evaluating particle’s field on its

own worldline, as was done in Ref. [104]. In the case of EM, this can be done once, and the

divergence-free expression in Eq. (2.8) can be used at all orders in the perturbative expansion

in 42 (see however the following paragraph). In contrast, in the GR case, one must repeat the

regularization procedure at each order to compute the self-influence due to non-linearities in the

theory.

Dissipative effects are included in the time-asymmetric part of the force which come from

the choice of retarded propagator as well as from the ALD term (which is odd in g1 → −g1). The

validity of the self-force expression in EM is a nontrivial issue, associated with runaway solutions

and pre-acceleration. In general, one expects the ALD force to be valid as long as the particle

is not too large or too small. In Ref. [299], this was defined more precisely by requiring that the

particle be small enough to enable fast communication between portions of its body (; � C2,

where ; is the size of the particle and C2 is the time scale of changes in any external force field)

but not so compact that the electromagnetic self-energy is larger than the mass (i.e., the positive
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bare mass condition 0 ≤ <0 ≡ < − 42@2/;, or 42@2/; ≤ <). The latter of these constraints in

particular turns out to be important for making sense of divergences in the high-energy limit for

some radiative quantities, as will be shown later in Sec. 2.3.3.

To iteratively solve Eq. (2.8), we expand the worldlines in powers of 42, with the zeroth

orders given by Eq. (2.4),

I
`

1 (g1) = 1
` + D`1g1 + 4

2I
(1),`
1 (g1) + 44I

(2),`
1 (g1) + . . . ,

(2.9)

I
`

2 (g2) = D
`

2g2 + 4
2I

(1),`
2 (g2) + 44I

(2),`
2 (g2) + . . . .

(2.10)

We use |I1(g1) − I2(g2,ret) |2 = 0 to solve for the retarded time g2,ret in terms of the worldline

corrections (I(=),`).

g2,ret = g
(0)
2,ret + 4

2g
(1)
2,ret + 4

4g
(2)
2,ret + . . . , (2.11)

which we then substitute into Eq. (2.8) to get a similar expansion for the force,

42<1 ¥I(1)1 + 44<1 ¥I(2)1 + 46<1 ¥I(3)1 + . . .

= 42 5 (1) + 44 5 (2) + 46 5 (3) + . . . . (2.12)

Now collecting terms by powers of 42, we get the correction to the force (42= 5 (=)) at each order

as a function of lower-order worldline corrections. These 2nd order differential equations can be

then iteratively solved starting from the lowest order to acquire the worldline corrections at each

order.

It is sufficient to solve for the worldline corrections of particle 1 since the analogous quan-

tities for the second particle can be then obtained by simply swapping 1 ↔ 2 and 1` → −1`.
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2.2.0.1 Diagrams and rules

The correction to the force at each order 5 (=) [see the RHS of Eq. (2.12)] depends on the

corrections to worldlines and retarded time at lower orders (along with zeroth-order quantities).

For instance, 5 (1) only depends on the zeroth-order quantities (I(0)1 , I(0)2 , g(0)2,ret), whereas 5 (2)

depends on I(1)
0=1,2 and g(1)2,ret, as well. Put simply, 5 (=) is the =th term in the Taylor expansion of

the Lorentz and ALD forces w.r.t. the variables I1, I2, and g2,ret. Thus, it is a linear combination

of derivatives of the Lorentz (and ALD) force multipled by the corrections to these quantities.

At higher orders, we find it convenient to split the force correction 5 (=) into various diagrams,

as a way to illustrate the method of calculation and its increasing complexity with each order. It

is important to note that these will not be Feynman or Feynman-like diagrams. We illustrate the

rules for understanding the diagrams with an example below.

Diagrams with two worldlines represent terms in the Taylor expansion of the Lorentz force

term i.e., 42@1 ¤I1,a�`a2 [I1, I2(g2,ret), ¤I2(g2,ret), ¥I2(g2,ret)], via corrections from I1, I2 (and deriva-

tives), and g2,ret, for example:

2

1

g
(1)
2,ret (2.13)

The directed photon (wavy) line conveys that the field is sourced by 2 to affect 1’s worldline.

1. The part of the diagram to the right of the photon line tells the order at which this diagram

contributes, according to the conventions:
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1st order correction

2ndorder corrections

and so on.

2. The part of the diagram to the left of the photon line tells us which derivatives to act on

4@1�
`a

2 ¤I1,a and which corrections to multiply. The derivatives are to be evaluated at zeroth

order.

a. Dashed lines represent contributions solely from unperturbed zeroth-order worldlines. They

merely contribute a factor of 1 to the diagram.

no derivative (zeroth order)

b. Linear corrections (of any order) are represented using single/closely-spaced lines,

42 ∑3
==0 3

=
g8
I
(1)
8

m
m3=g8 I8

(1st order)

44 ∑3
==0 3

=
g8
I
(2)
8

m
m3=g8 I8

(2nd order)

and so on. Here we are using the shorthand notation 3=g8 I8 = (3/3g8)=I8 (g8)

c. Quadratic corrections are represented using wedges as follows,

44

2
∑<,==3
<,==0(3

<
g1I

(1)
8

) (3=g1I
(1)
8

) m2

m3<g1 I8m3
=
g1 I8

46

2
∑<,==3
<,==0(3

<
g8
I
(1)
8

) (3=g8 I
(2)
8

) m2

m3<g8 I8m3
=
g8
I8
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and so on. All the derivatives are to be evaluated at zeroth-order retarded time (g2 = g
(0)
2,ret).

4. The label at the intersection of particle 2’s worldline with the photon (wavy line) (g(<)2,ret)
= con-

tributes

42=< (g(<)2,ret)
= × (1/=!) (3/3g2,ret)=,

where g(<)2,ret is the <
th order correction to retarded time. Once again, the derivatives are evalu-

ated at zeroth-order retarded time g(0)2,ret. Note that we are separating the dependence on retarded

time purely for convenience, since g(=)2,ret can be written in terms of worldline corrections I(<)0

via the relation |I1(g1) − I2(g2,ret) |2 = 0.

Thus, based on these rules, the above diagram (2.13) gives a 3rd order contribution and is equal to

46
3∑
==0

(3=g1I
(1)
1 ) m

m (3=g1I1)
(g(1)2,ret) (3/3g2,ret) (@1�

`a

2 ¤I1,a) | (0) .

Contributions from the ALD (self-)force are constructed using the same rules, but only have

one particle’s worldline. Also, the derivatives act on the ALD force term i.e., 42(2@2
1/3) ( Ï1 +

¥I21 ¤I
`

1 ), and there is no contribution to ALD force from I
(<)
2 (particle 2’s worldline corrections) or

retarded time corrections g(=)2,ret. For instance,

(2.14)

is a 2nd self force (ALD) contribution which gives

42
3∑
==0

(3=g1I
(1)
1 )

242@2
1m

3m (3=g1I1)
( Ï1 + ¥I21 ¤I

`

1 ) = 4
4(2@2

1/3) ( Ï
(1)
1 ).
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Note that there are no photon lines in diagram (2.14) since ALD force is not due to the interaction

between two particles. We thus simply have a second order worldline correction (the double line

on the right) produced by first order worldline correction (single line on the left) through the ALD

force term.

2.2.1 1st order

At leading order, we can substitute the zeroth-order worldlines (2.4) into the formula for

retarded field tensor (2.7), the self-force can be neglected. The only relevant diagram is given

here.

2

1

(2.15)

The corresponding equations are

42<1
32I

(1)`
1

3g2 = 42@1D1,a�
`a

2 (I(0)1 ) [I(0)2 (g(0)2,ret)], (2.16)

�
(0)`a
2 =

2@2d
(0) [`
2 D

a]
2

(A (0)2 )3
, A

(0)
2 = D2 · d(0)2 , (2.17)

d
(0)`
2 = [I(0)1 (g1) − I(0)2 (g(0)2,ret)]

` . (2.18)

The retarded proper-time at zeroth order g(0)2,ret is obtained by solving

|d(0) |2 = ( |1 |2 + g2
1 + g(0),22,ret − 2g1g(0)2,retW) = 0,

⇒ g
(0)
2,ret = Wg1 −

√
|1 |2 + (WE)2g2

1 . (2.19)

Defining

A21 = A
(0)
2 =

√
|1 |2 + (WE)2g2

1 , (2.20)

128



we can now write the field tensor explicitly as

�
`a

2 =
2@2

A3
21

(1 [`Da]2 + g1D [`1 D
a]
2 ), (2.21)

which we substitute into Eq. (2.17) to get the 4-acceleration 0`0 = ¥I` (g0) for particle 1,

0
(1)`
1 =

@1@2 [W1` + g1(WD1 − D2)`]
<1A

3
21

. (2.22)

This can be integrated twice w.r.t. g1 to get

E
(1)`
1 =

@1@2 [W2EB11
` + |1 |2(−WD`1 + D`2 )]

WE2<1 |1 |2A21
, (2.23)

I
(1)`
1 =

@1@2 [WEB11` + |1 |2 log(WEB1) (−WD`1 + D`2 )]
<1 |1 |2(WE)3 ,

(2.24)

as the 1st order velocity [E`0 = ¤I`0 (g0)] and worldline corrections, where

B1 = WEg1 + A21(g1) = WEg1 +
√
|1 |2 + (WE)2g2

1 . (2.25)

The constants of integration have been chosen such that initial velocity and impact parameter

remain unchanged, i.e. E (1)`1 → 0 and I(1)1 · 1 = 0 for g1 → −∞. The corrections for particle 2

can be obtained by sending (1 ↔ 2) and 1` → −1` to get

I
(1),`
2 =

@1@2 [−WEB21` + |1 |2 log(WEB2) (−WD`2 + D`1 )]
4<2 |1 |2c(WE)3 ,

B2 = WEg2 + A12, A12(g2) =
√
|1 |2 + (WEg2)2. (2.26)

We will find that the complexity of expressions (for force correction) greatly increases at 2nd

order and beyond. These expressions can be rather simplified by the use of certain substitutions

and variables. Thus, at 2nd and 3rd order, we use the variables B1 = WEg1 + A21 as the worldline

variable (in place of g1) to express all integrands. This helps get rid of all square roots involving ex-

pressions of g1 while also making the integrals analytically tractable. In some places, we also use
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the rapidity parameter cosh(q) = W which simplifies terms involving arcsinh(WE) = arcosh(W),

etc.

2.2.2 2nd order

We can now use the 1st order worldline corrections (I(1)1 and I(1)2 ) to compute the worldlines

at 2nd order. We need to evaluate the 2nd order force correction, 5 (2) = <1 ¥I(2)1 , that is

<1 ¥I(2),`1 = [44]
[
42@1�

`a

2 ¤I1,a +
242@2

1
3

(
Ï
`

1 + ¥I21 ¤I
`

1

)]
,

(2.27)

I1 → I
(0)
1 (g1) + 42I

(1)
1 (g1), I2,ret → I

(0)
2,ret + 4

2I
(1)
2,ret,

g2,ret = Wg1 − A21 + 42g
(1)
2,ret. (2.28)

Here [G=] 5 (G) is the coefficient of G= in 5 (G). To evaluate this, we split the contributions from

corrections to I1, I2, and g2,ret as mentioned before. The 1st order worldline corrections I(1)1 and

I
(1)
2 , were derived in the last subsection (see Eq. (2.24) and Eq.(2.26)), the 1st order retarded time

correction g(1)2,ret, in terms of I(1)0 is given in Eq. (A.16). The relevant diagrams are shown and

labeled here,

44 5 (2) =

I II

+
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III IV

+

g
(1)
2,ret(I

(1)
0 )

+

(2.29)

The diagrams in Fig. (2.29) can be used to compute the second-order correction to the force

( 5 (2) = <1 ¥I(2)1 ) using the rules given in Sec. (2.2.0.1). This has been done explicitly in Ap-

pendix. A.1. One needs to then integrate each term twice w.r.t g1 to get the 2nd order worldline

corrections, I(2)1 (g1). We impose the same boundary conditions as in first order worldline correc-

tions (see the paragraph below Eq. (2.23)). We briefly discuss the integration process below.

Diagrams I, II, and III are due to corrections to the Lorentz force term (4@1�
`a

2 ¤I1,a) from

1st order worldline corrections. Their contribution to second-order force correction consists of

various terms such as

B1

A4
21
,
B31

A3
21A

3
12
,
B21

A4
21
,
log(B1)
A3

21
,
B1 log(B1)
A4

21
. . . (2.30)

where g2 and all quantities that depend on it

A12 =

√
|1 |2 + W2E2g2

2 , B2 = WEg2 + A12, (2.31)

are to be evaluated at zeroth order retarded time

g
(0)
2,ret = Wg1 −

√
|1 |2 + W2E2g2

1 . (2.32)

Thus, there are many square roots and nested square roots in the expression, which makes analyt-

ical integration complicated. The square roots can be eliminated by rewriting them as functions

of B1 = WEg1 + A21 along with the relations given in Eq. (A.21). With these simplifications, we get
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expressions in terms of B1 that only contain rational functions and logarithms as the ingredients,

i.e. terms of the form

B31Poly(B1) log(B1)
(<1 or <2) (1 + B21)5

,
B31Poly(B1)

(<1 or <2) (1 + B21)5
,

B31Poly(B1)
<2(1 + B21)4(42q + B21)3

, (2.33)

where Poly(B1) stands for polynomial function of B1. Such terms can be easily integrated twice

w.r.t. g1 via the relation 3g1 = (3g1/3B1)3B1 = {A21/(B1 sinh(q))}3B1 to obtain their contribution

to the 2nd order worldline correction (I(2)1 ). The reader is reffered to Appendix. A.1 for a detailed

discussion of the contributions from various diagrams and the process of integration.

Diagram IV comes from the ALD force term [(242@2
1/3)

(
Ï1 + ¥I21 ¤I

`

1

)
] and only its first term

contributes at 2nd order, which is proportional to the 1st order jerk Ï(1)1 . Thus, its contribution to

2nd order worldline correction is simply

I
(2)
1 |IV =

244@2
1

3<1
¤I(1),`1

=
244@3

1@2 [W2EB11
` + |1 |2(−WD`1 + D`2 )]

3WE2<2
1 |1 |2A21

.

(2.34)

After integration, collecting the contribution of all diagrams gives us the the complete 2nd order

worldline correction I(2)1 (g1). The explicit expression for I(2)1 (g1) is given in Eq. (A.25). We

can now use this to evaluate the force correction and subsequently impulse at 3rd order where

dissipative effects appear for the first time.
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2.2.3 3rd order

At 3rd the force correction given by <1 ¥I(3)1 = 5 (3) , gains contributions from both 1st and

2nd order worldline corrections. The 1st order corrections contribute quadratically as 44(I(1)0 )2,

whereas the 2nd order corrections contribute linearly via 44I
(2)
0 . Further, their contributions are

independent, in the sense that there are no cross terms since 42I
(1)
0 × 44I

(2)
1

∼ 46. It is thus

possible to separate their contributions. As before, there are also corrections to retarded time

g2,ret to take into account. Since the retarded time is obtained by solving a quadratic relation

|I1 − I2 |2 = 0, the 2nd order retarded time correction g(2)2,ret gains contribution from both 1st and

2nd order worldline corrections, once again quadratic in 42I
(1)
0 and linear in 44I

(2)
0 . Since there

are no cross contributions (I(1)0 × I(2)
1

), we can also separate the 2nd order retarded time correction

g2,ret = g
(1)
2,ret(I

(1)
0 ) + g(1)2,ret(I

(2)
0 ).

Thus, we can divide the contributions into quadratic (in I(1)) and linear (in I(2)) types. The

various diagrams corresponding to these contributions are given in Fig. (2.35) and Fig. (2.36) re-

spectively, where we have accordingly separated the force correction, 5 (3) = 5 (3) (I(1)0 )+ 5 (3) (I(2)
1
)

.
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46 5 (3) (I(1)0 ) =

I II III IV

V VI VII VIII

+

+

+

+

+

+

+

g
(1)
2,ret(I

(1)
0 )

g
(1)
2,ret(I

(1)
0 ) (g(1)2,ret(I

(1)
0 ))2 g

(2)
2,ret(I

(1)
0 )

(2.35)

46 5 (3) (I(2)0 ) =

IX X XI

+ +

g
(2)
2,ret(I

(2)
0 )

(2.36)

Quadratic contributions from I
(1)
0 and derivatives: Diagrams in Fig. (2.35) are contributions to

3rd force corrections ( 5 (3)) that are quadratic in 1st order worldline corrections (and derivatives).

Among these, diagrams I through VII are corrections to the Lorentz force term (42@�
`a

2 ¤I1,a)

term and give expressions composed of similar terms. Explicit calculation gives a linear combina-

tion with terms having log(1B1), log(1B1)2, and polynomial functions of (B1) (written as Poly(B1)

from now on) as numerators, and (1 + B21)
= × (42q + B21)

< as denominators. This is in accordance

with what we expect from the form of 1st order worldline corrections, see Eqs. (2.23) and (2.26),

and the expression for the field tensor Eq. (2.7), after writing everything in terms of B1 and us-

ing the relations in Eq. (A.21). To evaluate their contribution to the impulse, we multiply by the

134



Jacobian factor and integrate over the entire worldline g1 ∈ (−∞,∞), or B1 ∈ (0,∞) using the

relation 3g1 = (3g1/3B1) ×3B1 = {A21/[B1 sinh(q)]}3B1. The integrals to be evaluated are a linear

combination of the following types of terms,

Poly(B1)
(1 + B21)4(42q + B21)3

,
log(B1)Poly(B1)

(1 + B21)4(42q + B21)3
,

log(B1)2

(1 + B21)4
. (2.37)

Mathematica is once again able to evaluate them in a relatively short time once they have been

separated into these types. Although we only require the definite integral, it is convenient for some

terms to evaluate the indefinite integrals and then take the limits.

Diagram VIII comes from the second term in the ALD force [(242@2
1/3)

(
Ï1+¥I21 ¤I

`

1

)
] (the first

term does not contribute to the impulse). It’s contribution at 3rd order is given by (2/3) 46@2
1( ¥I

(1)
1 )2D

`

1

and it contributes to the radiative part of the impulse. It is worth noting here that this term is

proportional to the initial momentum ?1 = <1D1 and thus it cannot be the sole contribution to

the radiative part of the impulse, even in the test-body limit, since that would change the rest

mass. Additional contributions to the radiative part of the impulse come from corrections to the

Lorentz-force term (42@1�
`a

2 ¤I1a) (included in other diagrams). Together, they lead to a radiative

contribution to the impulse that conserves the rest mass. Specifically in the test-body limit, the

only other contribution to radiative impulse comes from the contribution of I(2) |IV, see Eq. (2.34)

to the Lorentz force term (42@1�
`a

2 ¤I1a). This additional contribution was ignored in Ref. [113]

in their calculation of net impulse in the test-body limit, leading to an incorrect result for the net

radiative impulse in the test-body case that was proportional to ?1 .
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Linear contributions from I(2): Diagrams in Fig. (2.36) are contributions to 3rd force corrections

( 5 (3)) that are linear in 2nd order worldline corrections (and derivatives).

All three diagrams are due to corrections to the Lorentz-force term (42@1�
`a

2 ¤I1,a). Only

the first term in the ALD force [(242@2
1/3)

(
Ï1 + ¥I21 ¤I

`

1

)
] contributes linearly in 2nd order world-

line corrections (I(2)) at 3rd order and we have not included it’s contribution since it is a total

time derivative of a quantity that vanishes at infinite past/future (acceleration), and we are only

interested in the net impulse.

Thus, all three diagrams give expressions composed of similar terms. We get a linear com-

bination of terms with arctan(WEB1/|1 |), arctan(B1), log( |1 |WEB1), arctan(A21/|1 |), and Poly(B1)

in numerators, and (1+ B21)
< × (42q + B21)

= in denominators. This is in accordance with the expres-

sion for 2nd order worldline correction given in Eq. (A.25) and the expression for the field tensor

Eq. (2.7), after expressing everything in terms of B1 using the relations in Eq. (A.21).

Once again, to get the impulse, we multiply with the Jacobian factor and integrate over the

whole worldline B1 ∈ (0,∞), where Mathematica has no trouble evaluating the integrals. Indef-

inite integrals sometimes give non-elementary polylogarithms, but they do not pose a challenge

as far as computing the impulse is concerned. This however indicates that one might have to deal

with non-elementary functions starting from 4th order (i.e. 48).

Finally, performing the integration and adding the quadratic and linear contributions to the

impulse, we obtain the complete expression for the 3rd correction to the impulse Δ?1 (Δ? (3)1 ). The

explicit expression for the same is given below in Eq. (2.40).

Now, we will use the key results of this section (i.e. 1st and 2nd order worldline corrections),

and the 3rd order correction to the impulse Δ?
(3)
1 , to compute observables associated with the

scattering process (e.g., the impulses).
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2.3 Observables in the scattering process

2.3.1 Net impulses

The net impulse (defined as change in momentum) of particle 1 to 3rd order can be written

as

Δ?1 = 42Δ?
(1)
1 + 44Δ?

(2)
1 + 46Δ?

(3)
1 . (2.38)

We can deriveΔ? (1)1 andΔ? (2)1 from the time-dependent worldlines upto 2nd order given in Eq. (2.24)

and Eq. (A.25). With I1(g1) = I(0)1 + 42I
(1)
1 + 44I

(2)
1 , we have

42Δ?
(1)
1 + 44Δ?

(2)
2 = lim

g1→∞
<1 ¤I1(g1) − lim

g1→−∞
<1 ¤I1(g1),

=
242@1@2

E |1 |2
1` −

44@2
1@

2
2� (E

2 |? |"c1` + 4� |1 |?`)
2<2

1<
2
2W

2E4 |1 |3
.

(2.39)

We can now add to Eq. (2.39) the 3rd order correction to the impulse. We described the process

of computing Δ?
(3)
1 in Sec. 2.2.3, and the result is

Δ?
(3)
1 = −

2@3
1@

3
2 [W<

2
1 + W<

2
2 + 2<1<2(1 + W4E2)]

<2
1<

2
2 |1 |4W5E5

1` +
c"�2@3

1@
3
2

<3
1<

3
2 |1 |3W3E4

?`

+
4@2

1@
2
2

3<2
1<

2
2 |1 |4W2E4

1`
[
(<2

2@
2
1 + <

2
1@

2
2)W

2E2 − 3<1<2@1@2

(
W − arctanh E

WE

)]
+

c@2
1@

2
2

4W2E2 |1 |3

[( @2
1

<2
1
W +

@2
2

<2
2

) 3W2 + 1
3WE

− @1@2
<1<2

F (W)
]
(D`2 − WD`1 ), (2.40)

where

F (W) = 1
(WE)3

[
(3W2 + 1)

(
W − arctanh E

WE

)
− 4(W − 1)2

]
. (2.41)
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We can simplify this somewhat bulky expression by splitting the result into conservative and

radiative parts andwriting these in terms of the scattering angles and the total radiatedmomentum.

To do so, we first evaluate the total scattering angle as

sin j =
−Δ?1 · 1
|? | |1 | +$ (48), (2.42)

which yields

j = jcons + jrad, (2.43)

jcons =
242�@1@2

<1<2W |1 |E2 −
c44"�@2

1@
2
2

2<2
1<

2
2W

2 |1 |2E2

+
46@3

1@
3
2� [(<

2
1 + <

2
2) (4W

2 − 6) − 4<1<2W(W2 − 3E2)]
3<3

1<
3
2 |1 |3W5E6

,

(2.44)

jrad = −
446@2

1@
2
2�

3<3
1<

3
2 |1 |3W3E5

[
(WE)2(<2

2@
2
1 + <

2
1@

2
2)

− 3<1<2@1@2

(
W − arctanh E

WE

)]
. (2.45)

where the conservative (radiative) scattering angle has been defined to be the part that is even

(odd) under E → −E. We can now define the conservative part of the impulse as the result of

a simple rotation in the scattering plane by the angle jcons, and define the radiative part of the

impulse to be the remainder,

Δ?
`

1,cons = |? | sin jcons
1`

|1 | + (cos jcons − 1)?`, (2.46)

Δ?1,rad = Δ?1 − Δ?1,cons (2.47)

As we will see below, Δ?1,rad is fully determined by the radiative contribution to the scattering

angle jrad together with the total radiated momentum  `. The latter is found from summing the
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impulse (2.40) on particle 1 and its (1 ↔ 2) version, yielding

 ` = −Δ?`1 − Δ?
`

2 = −Δ?`1,rad − Δ?
`

2,rad

=
c46@2

1@
2
2

4|1 |3

[( @2
1

<2
1
D
`

1 +
@2

2

<2
2
D
`

2

) 3W2 + 1
3WE

− @1@2
<1<2

D
`

1 + D`2
W + 1

F (W)
]
, (2.48)

where F (W) was defined in Eq. (2.41). Now, the conservative part of the impulse of each particle

separately conserves the particle’s rest mass ( i.e. (?1,8+Δ?1,cons)2 = <2
1). Thus, the leading-order

radiative effect must satisfy Δ?1,rad · D1 = 0, so that the total impulse conserves the rest mass to

3rd order. Furthermore, Δ?1,rad is solely responsible for both radiated momentum and radiative

part of the scattering angle. Thus, we obtain the following expression for Δ?1,rad

Δ?
`

1,rad =
 · D2

(WE)2 (D
`

2 − WD`1 ) + |? |jrad
1`

|1 | , (2.49)

as anticipated in Eq. (1.105).

2.3.2 Radiation of angular momentum

The emitted radiation also carries away angular momentum. Unlike radiated momentum,

angular momentum loss can be seen already at 2nd order. Radiated angular momentum can be

evaluated using the relations

�
`

rad = −�`f + �`i , (2.50)

�
`

f/i = lim
g1,g2→±∞

−n `adf
?a1?

f
2

�
(I1 − I2)f, (2.51)

?
`
0 = <0 ¤I`0 . (2.52)
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Note that the evaluation of this quantity requires the complete time-dependent worldlines and thus

we cannot evaluate it to 3rd order. However, we can evaluate the radiated angular momentum at

2nd order by substituting I`0 = I
(0)`
0 + 42I

(1)`
0 + 44I

(2)`
0 to get

�
`

rad = −2
44@2

1@
2
2

� |1 |2WE
� (E)n `adf1aDd1D

f
2 + O(46), (2.53)

� (E) = −2
3
W( @1/<1
@2/<2

+ @2/<2
@1/<1

) + 2
E2 − 2 arctanh E

W2E3 . (2.54)

This leading (2nd) order change in angular momentum determines the leading (3rd) order radiative

contribution to the scattering angle (2.45), via the relation (1.108) above, as derived in Ref. [226].

2.3.3 High-energy limits of observables

We define the high-energy (HE) limit by requiring that the system of particles have energies

much higher than their total rest mass in the COM reference frame. The energy of the system in

this frame is given by � =

√
<2

1 + <
2
2 + 2<1<2W and we choose it to be much larger than <1 +<2

by setting W � 1, which is the high-energy limit. Note that we are not sending <1, <2 to 0, which

is the massless limit. The high-energy/ultra-relativistic limit is not equivalent to the massless limit

in EM.Wewill see the need for this distinction soon. We further require that @1 ∼ @2 and<1 ∼ <2

and they will be treated as fixed when taking the high-energy limit.

The conservative scattering angle to 3rd order for EM in the HE limit is given by

jcons,EM |HE → 442@1@2
|1 |� −

1646@3
1@

3
2

3|1 |3�3 . (2.55)

It is finite and well behaved unlike GR where the conservative part of the scattering angle exhibits

a logarithmic divergence∝ log(W) at 3rd order that cancels against contributions from the radiative
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part. The radiative part of the scattering angle in the HE limit is given by

jrad |HE → −846@1@2
3� |1 |

(
@3

1@2

<2
1 |1 |2

+
@3

2@1

<2
2 |1 |2

−

finite︷  ︸︸  ︷
6@2

1@
2
2

�2 |1 |2

)
.

(2.56)

Here, we see the importance of distinguishing between the HE limit and the massless limit. The

above expression is linearly divergent in W in the massless limit (<1, <2 → 0, W → ∞while fixing

� , the overbrace highlights the part that is finite in this limit). We encounter a similar situation

for the radiated angular momentum, as well, which is given by

|�rad,EM |
�

|HE → −444

3

(
@3

1@2

<2
1 |1 |2

+
@3

2@1

<2
2 |1 |2

−

finite︷  ︸︸  ︷
6@2

1@
2
2

�2 |1 |2

)
.

(2.57)

This kind of divergent behaviour for radiative scattering angle and radiated angular momentum

is absent for gravity. This can be understood by noting that the divergence in these quantities

comes from the ALD force, which is asymmetric in charges ∼ @3
1@2, ∼ @1@

3
2. The expression for

classical ALD (self-)force should be regarded as valid only when 42@2
0/; ≤ <0 (i.e. the bare mass

is positive, < ∼ <0 + 42@2
0/;) as argued in Ref. [299], where ; is the size of the charged particle.

In our setup, the size of the charged particles must be much smaller than the impact parameter

|1 |, and thus we must have 42@2
0/<0 � |1 |. It is easy to see that the above expressions diverge

precisely when this condition is violated.

However, the fraction of energy radiated in the COM frame per mass-energy,  · Dcom/� ,

seems to diverge in the HE limit regardless of masses. In the HE limit, it is given by

 · Dcom
�

|HE → W
c46@1@2

2|1 |3

[(
@3

1@2

<3
1

+
@3

2@1

<3
2

)
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−
3@2

1@
2
2

�3

]
. (2.58)

This diverges for � � " (W � 1), once again due to the self-force (asymmetric in charges) terms.

It is important to note however that the divergence in fraction of energy radiated is also present in

gravity for which the analogous result was recently obtained in Ref. [149]. Either way, this signals

that the 42- or �-expansion is not uniformly valid at arbitrarily high energies.

2.3.4 Nonrelativistic limit

We now consider both particles be moving at nonrelativistic (NR) speeds in the COM frame.

This is achieved by simply sending W → 1, and we recover (to leading order) the Newtonian result

� = <1 + <2 (where � is the total energy in the COM frame). The radiated energy (in the

COM frame) is then given by

 EM · Dcom |NR →
c46@2

1@
2
2

3|1 |3E

(
@1
<1

− @2
<2

)2

. (2.59)

The dependence on (@1/<1 − @2/<2)2 is consistent with the expectation that the dipole approxi-

mation should suffice for computing the radiated energy in the NR limit via the term 2 ¥?2/3. We

can see this explicitly by considering a hyperbolic orbit (an exact trajectory in the NR limit) and

evaluating the dipolar energy loss along it. We work in the centre-of-mass frame (equivalent to

the centre-of-momentum frame in the NR limit) where the expression for the dipolar energy loss

is given by

% = −3�
3C

|NR =
2| ¥p |2

3
, p =

(
@1
<1

− @2
<2

)
`r. (2.60)
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We denote the NR energy per reduced mass and angular momentum with the symbols E = (� −

")/` and � respectively. The orbit is then given in the NR limit as

` ¥r = 42@1@2r

A3 , A =
'

1 + 4 cos q
, ' =

�2

42@1@2`

42 = 1 + 2E�2

44@2
1@

2
2
> 1, � = `A2 3q

3C
. (2.61)

We can now integrate % over the entire trajectory, q ∈ (− arccos(−1/4), arccos(−1/4)) and obtain

the total radiated energy

−`ΔE =

∫
3q

244@2
1@

2
2

3'4

(
@1
<1

− @2
<2

)2

(1 + 4 cos q)4. (2.62)

To make contact with Eq. (2.59), we take the limit of high angular momentum (low 42@2/�, weak-

field limit) where a perturbative analysis of the orbit is valid and get

−`ΔE |��
=

2c46@2
1@

2
2`

3E
3�3

( @1
<1

− @2
<2

)2
. (2.63)

This is equal to Eq. (2.59) in the NR limit once we identify E = E2/2 + O(E4) and � = `E |1 | (1 +

O(E2)) thus confirming our expectations.

2.4 From scattering to bound orbits

We now consider the case of generic classical scattering of point-charges to study general

relations between bound and unbound motion [131, 227]. This is of particular interest for gravita-

tional interactions and gravitational-wave physics. Indeed, mergers of bound compact binaries are

much more likely to be observed than scattering encounters through gravitational-wave radiation.

We are then motivated to investigate the methods by which knowledge of bound orbits can be

obtained by looking at scattering events. One such method is via the maps for certain observables
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between bound and unbound orbits based on analytic continuation, as shown in Ref. [131], which

related the unbound scattering angle to the bound periastron-advance angle. These maps can be

extended or motivated for some other observables as well, as shown below.

Let us briefly explain the basis of the mapping procedure given in Refs. [131, 227] before

extending it to other observables. Consider a system of two nonspinning relativistic compact

bodies whose interaction can be effectively described by conservative local dynamics. We can

write down an effective Hamiltonian for the system in the COM frame (in an isotropic gauge

[114, 116, 129, 131, 227, 287]) as

� ( p, A) =
√
p2 + <2

1 +
√
p2 + <2

2 ++ (A, p
2), (2.64)

where p2(�, �, A) = ?2
A (�, �, A) + �2/A2. The position coordinates are @ = (A, q), in polar coordi-

nates in the plane of the motion. The Hamiltonian has no explicit dependence on C, q, and thus we

have conserved quantities � = � ( p, A) (energy) and � = ?q (angular momentum). We interpret

± p to be the physical spatial momentum of either particle when they are far apart (which happens

when A → ∞, + (A, p2) → 0).

When the system is bound (� < " = <1 + <2), there are two turning points Amin and Amax

where ¤A = 0. Since ¤A = m?A� ∝ ?A , the turning points occur at ?A (�, �, A) = 0. When the system

is unbound (� > "), one of the turning points Amax becomes negative, and thus non-physical.

However, the roots can be generally related to each other via the relation Amin(E,−�) = Amax(E, �)

(where E = (�−")/`) for both bound and unbound orbits. Since Amax tends to ±∞ as −E → ±0,

we work instead with the variable D = 1/A. We define D+ = 1/Amin and D− = 1/Amax which are

continuous if we vary E for fixed � with Dmax → 0 if E → 0. The relation between the roots is

the same as before, D−(E, �) = D+(E,−�).
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This relation between the roots was used to relate the scattering angle for unbound orbits to

periastron advance for bound orbits in Ref. [131] as follows. The scattering angle for an unbound

system is given by

j(E, �) = −c + Δtotq = −c +
∫

tot

3q/3C
3D/3C 3D, (2.65)

= −c − 2
∫ 0

D+ (E,�)

�

?A (D, E, �)
3D, (2.66)

where we use ¤q/¤A = �/(A2?A) and the fact that the contribution to Δtotq from A = ∞ to Amin (or

D = 0 to D+) is the same as that from the subsequent journey from Amin to A = ∞, hence the factor

of 2.

Now, consider the quantity

j(E, �) + j(E,−�) = −2c − 2
∫ 0

D+

�

?A
3D − 2

∫ 0

D−

−�
?A
3D,

= −2c + 2
∫ D+ (E,�)

D− (E,�)

�

?A (E, �)
3D, (2.67)

where we use D+(E, �) = D−(E,−�). It is not difficult to recognize the second term in Eq. (2.67)

as the expression for the total angle subtended by a bound binary in one radial orbit (analytically

continued to E > 0). Thus, we have for Eq. (2.67)

−2c + 2c( + 1) = 2c (E > 0, �), (2.68)

where 2c is the angle of periastron advance. This gives us the relation

j(E, �) + j(E,−�) = 2c (E, �), (2.69)

as obtained in Ref [131]. Note that the LHS of the relation is only valid for E > 0 and vice-versa

for the RHS; this relation is thus based on analytical continuation of the expressions for scattering

angle and periastron advance.
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2.4.1 Analytic continuation of general observables

Assume that an observable Obound(E, �) associated with a nonspinning bound system can

be expressed as an integral over one radial period (of the conservative dynamics) as

2
∫ D+

D−

5 (D, E, �)3D = Obound(E, �), (2.70)

Here, we are assuming that the function 5 only depends on D, not on q (reflecting rotational in-

variance). Now, the corresponding observable for an unbound orbit Ounbound(E, �) can be written

as

2
∫ D−

0
5 (D, E, �)3D = Ounbound(E, �). (2.71)

Again, with this integral evaluated along the conservative dynamics, we have the mapping given

in Ref. [227], D−(E,−�) = D+(E, �).

Further assuming that 5 (D, E, �) is either odd or even in � (reflecting a certain behavior

under time reversal), we have

Obound(E, �) = Ounbound(E, �) + \ ( 5 )Ounbound(E,−�),

(2.72)

with \ ( 5 ) = ±1 if 5 is odd/even, respectively. Note that the LHS is not really an observable for

bound orbits unless E < 0. This is a formal relation between the functions based on analytical

continuation of the expressions.

2.4.2 Radiated energy

It is reasonable to assume that the rate of energy loss (power) for generic orbits can be ex-

pressed as 3�/3C = %(D = 1/A, E, �2) (i.e. as an even function of �) — for example see Sec. 2.4.4
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for a motivation of this property in the PN context. Thus, we can write the energy radiated per

radial orbit in the bound case as

�bound
rad =

∮
%(D, E, �2)3C = 2

∫ D+

D−

%(D, E, �2) −1
D2?A

3D,

(2.73)

and for the unbound case

� rad
unbound = 2

∫ D−

0
%(D, E, �2) −1

D2?A
3D, (2.74)

where we have defined � rad
bound as the energy loss per orbit for bound systems and � rad

unbound as the

total energy loss for an unbound trajectory. Then, using the general relation derived in Eq. (2.72),

we get the relation between unbound and bound energy losses as

�bound
rad (E, �) = �unbound

rad (E, �) − �unbound
rad (E,−�), (2.75)

which was given earlier in Ref. [228]. We now use this relation to compute partial results for

bound orbits in EM and verify it with explicit calculations in the NR limit.

To compute the RHS of Eq. (2.75), we use the expression for the energy radiated in the

COM frame in a scattering event in the NR limit given in Eq. (2.59). We write it in terms of E

and � using the relations E = E2/2, and � = `E |1 |, obtaining

�unbound
rad (E, �) =

2c46@2
1@

2
2`

3E
3�3

( @1
<1

− @2
<2

)2
, (2.76)

which is odd in �. Thus, in this case the RHS in Eq. (2.75) is

RHS of (2.75) =
4c46@2

1@
2
2E`

3

3�3

( @1
<1

− @2
<2

)2
. (2.77)

We should acquire the same result to the highest power in 1/� if we compute the radiated energy

per orbit for bound orbits in the NR limit. We use the fact that, in this limit, the orbits are conic
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sections and the power can be obtained from the dipole approximations. We computed the dipole-

power loss for unbound orbits in Eq. (2.62), we now do the same for bound orbits.

Thus, once again using the dipole formula for the power % = 2 ¥p2/3, with p =

(
@1/<1 −

@2/<2

)
`r, where r is the separation vector from particle 2 to particle 1, |r | = A = '/(1+4 cos q),

`A23q/3C = �, with ' = �2/(42@1@2`), 42 = 1 + 2E�2/(44@2
1@

2
2), we integrate over one period

and obtain

�bound
rad =

2c`346@2
1@

2
2(34

4@2
1@

2
2 + 2E�2)

3�5

( @1
<1

− @2
<2

)2
.

(2.78)

We then take the limit � → ∞ and get

�bound
rad →

4c46@2
1@

2
2E`

3

�3

( @1
<1

− @2
<2

)2
, (2.79)

which is identical to Eq. (2.77) as expected.

2.4.3 Radiated angular momentum

The angularmomentum is a vector, and symmetry requires that the rate of angular-momentum

loss be in the same direction as the angular momentum. Thus, we expect a relation of the form

3P

3C
= P %� (D, E, �2), (2.80)

which gives the following rate of change for the magnitude of the angular-momentum loss

3�

3C
= � %� (D, E, �2), (2.81)

which is odd in �. Now, defining �rad
unbound as the total angular-momentum loss for an unbound

trajectory and �rad
bound as the angular-momentum loss per orbit for bound systems, we derive the
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relation

�bound
rad (E, �) = �unbound

rad (E, �) + �unbound
rad (E,−�), (2.82)

which has the opposite sign in the RHS compared to Eq. (2.75).

The above relation, unfortunately, cannot be used to obtain partial result for the angular-

momentum loss for bound orbits using only the leading-order result we have derived in this chap-

ter, since the angular-momentum loss at leading order is odd in �, as seen in Eqs. (1.99) and

(1.101). We need to evaluate it to at least 3rd order in the weak-field expansion. Nevertheless,

as an illustration, we verify this relation at 1PN order in gravity. We compute the 1PN angular

momentum loss for unbound orbits following the method in Ref. [229] to obtain

Δ�unbound
rad =

−8�<1<2a

525ℎ4

{
arccos

(
−1

ℎ
√

1/ℎ2 + 2E

)
(15 + 14Eℎ2) +

√
2Eℎ(15 + 4Eℎ2)

+ 1
1008ℎ222

[
arccos

(
−1

ℎ
√

1/ℎ2 + 2E

) (
105(1077 − 940a)

+ 252(535 − 748a)Eℎ2 + 12(4283 − 3976a)E2ℎ4)
+

√
2Eℎ2

1 + 2Eℎ2
(
105(1077 − 940a) + 224(1275 − 1429a)Eℎ2

+ 4(42711 − 61600a)E2ℎ4 + 288(109 − 35a)E2ℎ6) ]}. (2.83)

Substituting this into the RHS of Eq. (2.82) and using arccos(−G) = c − arccos(G), we

obtain:

Δ�bound
rad =

−8c�<1<2a

525ℎ4

[
(15 + 14Eℎ2) + 105(1077 − 940a) + 252(535 − 748a)Eℎ2

1008ℎ222

+ 12(4283 − 3976a)E2ℎ4

1008ℎ222

]
. (2.84)

where ℎ = �/(�"`) and thus we recover the correct expression for the angular-momentum
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radiated per bound orbit at 1PN order, obtained by multiplying Eq. (30) in Ref. [229] for the aver-

age angular momentum flux by the orbital period % = 2c/=, with = given in Eq. (26) of Ref. [229].

We also verified this expression by doing the explicit calculation for angular momentum loss in

case of bound orbits (at 1PN). Note that the expression for angular momentum losses in unbound

orbit in Eq. (1.99) does not completely match that given in Ref. [229], there is a minor computa-

tional error in their result.

2.4.4 Total radiative losses from instantaneous fluxes

Given the maps provided in the last two subsections, one can find resummed relativistic

expressions for the energy and angular momentum losses for bound orbits via the following simple

algorithm: (i) solve the scattering problem in the weak-field expansion to compute energy- and

angular-momentum losses, and (ii) use the maps provided earlier to find partial expressions for

the energy- and angular-momentum losses of bound orbits.

However, this method is limited by the order to which the scattering problem can be solved

in the weak-field regime. Since this is an expansion in large impact parameters |1 |, the observ-

ables are obtained in powers of 1/|1 | — for example see Eq. (1.101) and Eq. (1.113). Using the

relation between |1 | and initial angular momentum, � = (`"/�)WE |1 |, we see that this is also an

expansion in 1/�.

In particular, the leading-order energy loss in the scattering case goes as 1/�3 [see Eq. (1.113)].

Thus, the map only gives us the 1/�3 part of the energy loss for bound orbits. However, the ex-

pression for 0PN energy loss per orbit for bound systems is given (from Einstein’s quadrupole
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formula) by

Δ�GR =

2c`2

"25

(
148
15

E2�
3"3

�3 + 244
5

E�
5"5

�5 + 85
3
�7"7

�7

)
(2.85)

+O(1/27), and we do not recover the 1/�5 and 1/�7 terms. Each higher order in the PM expansion

adds a power of 1/�, and thus naively, one needs to solve to 7th order (7PM, �7) to recover the

complete expressions for even the 0PN energy loss via the maps. This leads to a discouraging

conclusion regarding the possibility of recovering expressions for bound-orbit radiative losses via

results for the scattering encounter.

However, an alternative way of recovering bound-orbit observables is to fix the form of

(gauge-dependent) instantaneous fluxes of energy and angular momentum that are directly appli-

cable to both bound and unbound orbits (at least for local-in-time contributions). Following the

known forms of PN expansions of these fluxes, one can write down general ansätze parametrized

by unknown coefficients, which can then be fixed by computing the energy and angular momen-

tum losses along near-straight-line (small-deflection-regime) trajectories, which should equal the

results obtained from the weak-field expansion.

For example, in the gravitational case, the expressions for energy and angular momentum

fluxes through 1PN order [229, 300] suggest that suitable ansätze can be written as

Φ� =
�3"2`2

25A4

(
3∑
8=1

U8X8 +
1
22

3∑
8, 9=1

U8 9X8X9 + . . .
)
,

(2.86)

Φ� =
�2"`�

A325

(
3∑
8=1

V8X8 +
1
22

3∑
8, 9=1

V8 9X8X9 + . . .
)
,
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(2.87)

X8 =
{
v2,

( v · r
A

)2
,
�"

A

}
, ` =

<1<2
<1 + <2

, (2.88)

where v is the velocity and r is the relative position, in the PN context. For the purpose of demon-

stration, consider the leading-PN-order (0PN) fluxes,

Φ� =
�3"2`2

25A4

[
U1v

2 + U2

( v · r
A

)2
+ U3

�"

A

]
, (2.89)

Φ� =
�2"`�

A325

[
V1v

2 + V2

( v · r
A

)2
+ V3

�"

A

]
. (2.90)

The above expressions are subject to a gauge freedom in that we can add terms that are total time

derivatives, the so-called Schott terms ¤�Schott and ¤�Schott, which are functions of r and v (under

the Newtonian equations of motion ¤r = v and ¤v = −�" r/A3) and vanish at infinity. This does

not change the total energy and angular momentum losses, obtained by integrating over one radial

period for the bound case or the entire orbit for the unbound case. The relevant Schott terms at

0PN order are

�Schott = 0
�3"2`2

25A4 (v · r), (2.91)

�Schott = 1
�2"`�

25A3 (v · r). (2.92)

We find that we can choose 0 = U2/4 and 1 = V2/3 and set the coefficients of the (v · r)2 terms

in Eqs. (2.89) and (2.90) to zero. This leaves us with an isotropic gauge for the fluxes, in which

they depend only on v2 and A; we can then also express the fluxes as functions only of A and

E = v2/2 − �"/A + O(1/22). With Φ̃� = Φ� + ¤�Schott and similarly for �, we are left with

Φ̃� =
�3"2`2

25A4

(
Ũ1E + Ũ2

�"

A

)
+ O

(
1
27

)
, (2.93)
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Φ̃� =
�2"`�

A325

(
Ṽ1E + Ṽ2

�"

A

)
+ O

(
1
27

)
, (2.94)

with Ũ1 = 2U1 + U2/2, Ũ2 = 2U1 + U2/4 + U3, Ṽ1 = 2V1 + 2V2/3 and Ṽ2 = 2V1 + V2/3 + V3.

There is now a direct correspondence (via integration over the Newtonian orbit) between these

coefficients Ũ1,2 and Ṽ1,2 and the coefficients in the PN-PM expansion of the total radiative losses

for a scattering orbit; the former can be determined from the latter. We see that the orders in the

weak-field-scattering expansion needed to recover the Newtonian fluxes (and thus also the bound-

orbit losses) are considerably less than those needed in the direct use of the analytic-continuation

maps. For example, to determine the (effective) 0PN energy flux Φ̃� , instead of 7PM, we need

Δ�unbound
rad only to 4PM order, to O(�4). Still we cannot recover the complete 0PN fluxes from

the leading orders in the weak-field expansions of Δ�unbound
rad (leading �3) and Δ�unbound

rad (leading

�2). 2

2.5 Summary

We have considered the relativistic scattering of two charged point particles in classical

electrodynamics and have calculated, via direct iteration of the classical equations of motion, the

impulse on each particle through 3rd order in the weak-field expansion (through 6th order in the

charges). This is the order at which radiative effects first appear in the impulse, and we have

consistently included them by using retarded boundary conditions and by accounting for each

particle’s influence on itself by using the ALD force (see Sec. 2.2). We have related the impulse
2Note however that at least one further constraint on the four coefficients in Eq. (2.93) is provided by the condition

Φ̃� −lΦ̃� = 0 for circular orbits, where l = ¤q is the orbital frequency; this ensures that adiabatic radiation reaction
takes circular orbits to circular orbits (adiabatically).

It is interesting to note in this context that Ref. [298] has derived a relativistic expression for the instantaneous flux
at 3PM order for the gravity case, noting its relation to the coefficient of the dimensional-regularization pole in the
effective action at 4PM order.
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up to 3rd order to the conservative scattering angle, the radiated momentum and the radiative cor-

rection to the scattering angle (see Sec. 2.3.1). We have completely or partially verified the latter

quantities by comparisons with other results and consistency tests in the literature. In particular,

we have verified the general relationship derived in Ref. [226] between the radiated angular mo-

mentum (see Eq. (2.53)) at 2nd order and the radiative contribution to the scattering angle (see

Eq. (2.45)) at 3rd order, by separately computing these quantities within our setup. We have also

verified that the conservative scattering angle matches the result of Ref. [116], and that the total

radiated momentum matches the result of an integral given in Ref. [113]. We have considered

both the nonrelativistic (E � 2) and high-energy (E → 2) limits of observables such as the scat-

tering angle and the radiated energy (see Sec. 2.3.3 and Sec. 2.3.4). We found consistency with

known (well-behaved) results in the nonrelativistic limit, but encountered certain divergences in

the high-energy limit (See Eq. (2.56), Eq. (2.57) and Eq. (2.58)). Whilst some of these diver-

gences seem to arise from limitations of the validity of ALD self-force (or more generally of the

zero-size point-particle idealization), the divergence in the fraction of energy radiated signals a

breakdown of weak-field perturbation theory for arbitrarily high energies, a feature in common

with the gravitational case, as discussed in Ref. [149]. It would be highly instructive to see if

our results for the complete 3rd order impulse match those which would be produced by applying

the KMOC formalism [113] to the relevant amplitudes up to 2-loop order in (scalar) quantum

electrodynamics, and to explore how the methodologies compare.

We have also investigated the scope of relating observables via analytic continuation be-

tween unbound and bound orbits, following Ref. [227] (see Sec. 2.4). We have derived a general

map between generic unbound and bound observables that satisfy certain reasonable requirements

(see Sec. 2.4.1). We have shown that the different maps known so far are special cases of this gen-
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eral map (see Eq. (2.72)), and we have also derived a newmap between loss of angular momentum

(see Eq. (2.82)). We have explicitly verified this new map for the gravitational case through the

next-to-leading order in the PN expansion, and we have uncovered an error in the expression for

the loss of angular momentum in hyperbolic encounters obtained in Ref. [300] (See Eq. (1.99)

for corrected expression). The previously known map between energy losses was further verified

for the electromagnetic case by comparing to the leading order in the nonrelativistic limit (see

Sec. 2.4.2). We have found that directly using the analytic-continuation maps, to obtain com-

plete expressions for bound-orbit radiative observables in the nonrelativistic limit, requires going

to quite high orders in the weak-field expansion in the scattering regime. Conversely, we saw

that lower orders for scattering are required to fix the coefficients in general ansätze for (gauge-

dependent) instantaneous fluxes (see Eq. (2.89) and Eq. (2.90)), from which one can derive the

total radiated energy and angular momentum for both unbound and bound orbits (for local-in-time

contributions) (see Sec. 2.4.4). These investigations are valuable for understanding and modeling

the relativistic binary problem in EM and GR (its dynamics and radiation) over the full range of

eccentricities.
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Chapter 3: Scattering of gravitational waves off spinning compact objects

with an effective worldline theory

Authors1: M. V. S. Saketh and Justin Vines

Abstract: We study the process, within classical general relativity, in which an incident

gravitational plane wave, of weak amplitude and long wavelength, scatters off a massive spinning

compact object, such as a black hole or neutron star. The amplitude of the asymptotic scattered

wave, considered here at linear order in Newton’s constant � while at higher orders in the ob-

ject’s multipole expansion, is a valuable characterization of the response of the object to external

gravitational fields. This amplitude coincides with a classical (~ → 0) limit of a quantum 4-point

(object and graviton in, object and graviton out) gravitational Compton amplitude, at the tree

(linear-in-�) level. Such tree-level Compton amplitudes are key building blocks in generalized-

unitary-based approaches to the post-Minkowskian dynamics of binaries of spinning compact

objects. In this chapter, we compute the classical amplitude using an effective worldline theory to

describe the compact object, determined by an action functional for translational and rotational

degrees of freedom, including couplings of spin-induced higher multipole moments to space-

time curvature. We work here up to the levels of quadratic-in-spin quadrupole and cubic-in-spin

octupole couplings, respectively involving Wilson coefficients �2 and �3. For the special case
1Originally published as Phys. Rev. Lett. 106, no.12, 124026 (2022)
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�2 = �3 = 1 corresponding to a black hole, we find agreement through cubic-in-spin order be-

tween our classical amplitude and previous conjectures arising from considerations of quantum

scattering amplitudes. We also present new results for general �2 and �3, anticipating instructive

comparisons with results from effective quantum theories.

3.1 Introduction

Since Einstein’s proposal of general relativity as the correct description of gravity in 1915

[16, 301], a significant body of research has been developed in understanding and testing its con-

sequences. Even today, more than a century later, there is still work to be done in this regard.

In the age of gravitational-wave (GW) astronomy [177, 277? –279], progress depends on deep-

ening our understanding of the general relativistic two-body problem, as the primary sources of

GWs are binary systems of compact objects such as black holes and neutron stars. Identifying

and characterizing such GW signals requires efficiently generated and highly accurate waveform

templates, constructed both from interpolations of large-scale numerical simulations of binary

spacetimes and from semi-analytic approximations to binary dynamics. The demand in accuracy

has been further enhanced in recent years, with the promise of upcoming more sensitive detectors

[280–282], with the exciting possibility of identifying finite size effects such as spin, spin-induced

deformations and tidal effects in the future. In this work, we will primarily focus on the inclusion

of spin and spin-induced multipole moments into the dynamics of compact bodies in the context

of the two-body problem.

Black holes and compact bodies are extended objects, and their surfaces probe very strong

gravitational fields. Nevertheless, it can be convenient to treat them as point particles moving
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along worldlines when describing their dynamics. As long as one is viewing them from afar,

a representative worldline can be chosen describing the bulk motion, and the strong gravitation

and (possibly complicated) internal structure can be taken into account by letting the ‘‘particle’’

couple non-minimally to the external gravitational field. Frameworks which treat the dynamics of

extended bodies in this waymay be collectively referred to as ‘‘effective worldline theories.’’ This

framework is especially useful for dealing with spinning bodies, which are necessarily extended.

Rotation also tends to deform the body, endowing it with a tower of multipole moments, with the

2;-pole moment scaling as <0; , where ( = <0 is the spin (intrinsic) angular momentum and <

is the mass of the body (with 2 = 1). The problem of including spin and spin-induced multipole

moments into the gravitational dynamics of the body has been tackled in various ways historically.

Focussing on effective worldline approaches, some of the earliest works are Refs. [185, 186], in

which the equations of motion for a spinning particle were established at linear order in spin.

Beyond linear order in spin, one also needs to include the effects of spin-induced multipole

moments on the dynamics, starting with a quadrupole moment scaling as<02. One approach is to

construct an ansatz for an effective worldline stress-energy tensor for the particle, including spin

and higher multipoles, and then appropriate equations of motion follow from the conservation law

∇`) `a = 0; see e.g. Ref. [302–305]. Alternatively, one can construct an ansatz for a worldline

action with rotational degrees of freedom and higher multipole couplings. This was approached

for a spinning point particle in flat spacetime in Ref. [306], and generalized for curved space and

arbitrary multipolar structure in Ref. [307].

In the context of the post-Newtonian (PN) approximation of the two-body problem, the ac-

tion approach was developed in an effective field theory (EFT) treatment in Ref. [183], which

computed the leading order (LO) spin-orbit contributions (at 1.5PN order) and the LO spin2-
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quadrupole contributions (at 2PN order) to the effective Hamiltonian. The effect of the spin-

induced quadrupole moment was included in this work by adding a quadratic-in-spin coupling

term, linear in the Riemann curvature tensor, to the action, along with an undetermined coefficient

to be fixed by a further matching calculation. The leading contribution of a generic spin-induced

quadrupole moment to binary dynamics and gravitational wave form was also computed earlier in

Ref. [308]. A significant amount of work has been since done in the inclusion of spin into binary

dynamics, as reviewed e.g. in Refs. [46–48], pushing the state-of-the-art for spinning particles to

theN3LO spin-orbit [309, 310], N3LOquadratic-in-spin [311–313], NLO cubic-in-spin [314], and

NLO quartic-in-spin [315]. Spinning binary dynamics may also be treated in a post-Minkowskian

expansion, where one works to all orders in speeds but perturbatively in the strength of the

fields, regulated by powers of the gravitational constant �, as in the post-Minkowskian world-

line approaches in Refs. [124, 125, 138, 139, 292, 316–320]. Although the post-Minkowskian

expansion is more suitable for dealing with scattering encounters, one can extract the dynam-

ics of bound binaries as well from the observables associated with scattering encounters. This

can be done either via boundary-to-bound maps between scattering and bound observables (see

Refs. [1, 131, 153, 227]) or by constructing a Hamiltonian (see Refs. [109, 110, 129]).

Apart from worldline based approaches, a significant body of recent research has been ded-

icated to quantum field theory (QFT) based or amplitude-based methods. In these approaches,

the key quantity of interest is usually the 2-to-2 scattering amplitude: two particles (representing

massive compact objects) in, and two particles out. Given this amplitude, the relevant scattering

observables (see e.g. Ref. [112, 113]) or a classical Hamiltonian (see e.g. Ref. [114]) can be de-

rived from its classical limit. Similar to the worldline approaches, there are multiple sub-classes

among the QFT-based methods for tackling the classical two-body problem as well.
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One line of approaches employ an explicit quantum field, with an action that couples it

to gravitation. The quanta of this field, in a classical limit, are used as avatars for black holes

or other compact bodies. The 2-to-2 scattering amplitude (for two such quanta in, exchanging

gravitons, and two quanta out) can be used to derive binary conservative dynamics. For spinless

black holes, an effective conservative Hamiltonian describing binary dynamics was derived at

2PM order ($ (�2)) in Ref. [114], at 3PM in Ref. [116] and at 4PM in Refs. [119, 120], where

a massive scalar field minimally coupled to gravity was employed. An important early work in

the inclusion of spin in these approaches was done in Ref. [321], where the scattering amplitude

for the scattering of a scalar quantum (q) and a quantum of a spinning field (k), qk → qk, was

computed and subsequently used to derive a classical Hamiltonain describing their interaction at

the leading PN orders. It was seen that the Hamiltonian matched that of a two-body system with

one spinning and one spinless black hole up to fourth order in spin when the spinning member was

a quantum of a spin-2 field minimally coupled to gravity. The scattering amplitude for the case

where both particles were spinning, and subsequently a Hamiltonian describing their dynamics

was derived in Ref. [132] at linear order in the spin of each particle at 2PM order (or at order�2(),

and to all orders in spin at 1PM order (at�(∞). This was extended in Ref. [136] to�2(2, and then

to �2(5 in [322]. These works used an arbitrary-spin-B quantum field, coupled to gravity via all

symmetry-permitted non-mimimal coupling terms, parametrized by unknown coefficients. These

unknown coefficients were fixed for the case of a black hole in Ref. [322] by requiring a best-

behaved high-energy limit and a certain ‘‘shift symmetry’’ conjecture (in addition to matching

with known tree-level results).

An important point regarding these approaches (and others discussed below), which is rele-

vant here, is that the 2-to-2 scattering amplitude is constructed from simpler building block ampli-
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tudes, namely the (gravitational) Compton amplitude and the 3-point amplitude, via generalized

unitarity. The Compton amplitude (here) is the scattering amplitude for a graviton scattering off

a massive spinning quantum, and the 3-point amplitude is the vertex for two massive spinning

particles joining a graviton and is related directly to the classical particle’s linearized gravita-

tional field. These serve as building blocks for the 2-to-2 scattering amplitude, which brings us

to another class of amplitude-based methods.

Another series of works has sought to directly fix or constrain the two-body scattering am-

plitudes or their building blocks (Compton and 3-point), without going through an explicit QFT

action functional, primarily focusing on the black hole case. In Ref. [111], a particular 3-point

amplitude (dubbed ‘‘minimal coupling’’) for an arbitrary-spin-B particle was singled out by its

uniquely well-behaved high-energy limit; a certain (remarkably simple) Compton amplitude con-

sistent with this 3-point was also singled out, though exhibiting spurious poles for spins B > 2

(eventually corresponding to beyond fourth order in classical spin). These 3-point and Compton

amplitudes were conjectured to correspond to black holes and used to compute the 2-to-2 scat-

tering amplitudes to �1(∞ and �2(4 orders in Ref. [167]. The 2-to-2 amplitudes were later used

to compute a classical aligned-spin scattering angle function in Ref. [168], and contributions to

binary effective potentials in Ref. [169], and finally a complete binary Hamiltonian for generic

spin orientations in Ref. [170], all through the same �1(∞ and �2(4 orders. The same Compton

amplitude for spins B ≤ 2 from Ref. [111] was re-derived from BCFW recursion applied to the

3-point in Ref. [233] employing a heavy-particle EFT formalism; its double-copy properties and

its further applications were studied in Refs. [115, 323], and in Ref. [324] which first produced

the Compton for both helicity configurations from a double copy prescription.

Pushing beyond fourth order in spin, Ref. [325] gave a parametrization of a spurious-pole-

161



free Compton amplitude, using the heavy-particle EFT formalism, while enforcing consistency

with general principles and with the ‘‘minimal-coupling’’ (black-hole) 3-point ampitudes, and

while conjecturally imposing a certain ‘‘black-hole spin structure’’ observed at lower orders (which

for 2-to-2 amplitudes is equivalent to the ‘‘shift symmetry’’ posited in Ref. [322]). Construct-

ing the 2-to-2 amplitude from their parametrized Compton, they found that all freedom therein

was fixed by additionally requiring a best-behaved high-energy limit (also just as in Ref. [322]),

producing results at fifth order in spin in complete agreement with those from the simultaneous

Ref. [322], as well as results at higher orders in spin. 2 It was argued that these considerations in

fact fix the 2-to-2 amplitude at $ (�2) to all orders in spin (while leaving freedom in the Comp-

ton to which the 2-to-2 is insensitive), at least for the case of the 2-to-2 amplitude for a spinless

particle meeting a spinning black hole, at order �2(∞, as explicitly constructed in Ref. [140].

These works represent impressive progress in constraining effective black-hole–graviton

amplitudes at higher orders in spin, but it is important to stress their conjectural nature. While

the 3-point amplitudes have been very concretely matched (in many of the above references) with

the linearized Kerr metric and the corresponding linearized effective worldline action [54, 128,

328, 329], constraints on the black-hole Compton amplitude at higher orders in spin (beyond

consistency with the 3-point) have thus far been based on good-amplitude considerations without

a direct connection to black hole physics. 3 As suggested in Ref. [135], a promising approach is
2The quintic-in-spin Compton as constrained by requiring the best-behaved high-energy limit in Ref. [325] was

shown there to be at odds with a Compton derived in Ref. [326] from a Lagrangian for a massive spin-5/2 particle
which is uniquely determined by its 3-point satisfying ‘‘the current constraint’’ (known from higher-spin theory and
necessary for the existence of an underlying unitary theory) and requiring a minimal number of derivatives in the
coupling. An interesting question is whether such tension may be alleviated with the generalization of such higher-
spin Lagrangians to the large-spin limit.

It is also of note that the extrapolated ‘‘shift symmetry’’ [322] used (at the level of the 2-to-2 amplitude) to constrain
higher-spin tree-level Compton amplitudes has been observed not to hold in general (directly) in the 1-loop-order
Compton amplitude as computed recently in Ref. [327].

3A first confrontation of the black-hole Compton amplitude conjectures with actual black hole physics was carried
out in Ref. [330], which compared the (2-to-2) aligned-spin scattering angle through�2(4 order from Ref. [168] with
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to identify the classical limit of the quantum Compton amplitude with the amplitude for classical

scattering of a gravitational plane wave off a Kerr background, determined by solutions of the

Teukolsky equation describing linear gravitational perturbations of a spinning black hole. Such

calculations have a long history [164, 165], but have so far produced explicitly results of the

necessary kind only through linear order in spin [166]. (The toy model of a massless scalar field

scattering off Kerr was studied at higher orders in spin in Ref. [135], leaving the gravitational-

wave case for future work.) In the present work, we show that the same (tree-level) ‘‘classical

Compton amplitude’’ can be usefully computed from an effective worldline action description,

not only for black holes, but also for bodies with general spin-induced mutlipole moments.

The universally accessible nature of Compton amplitudes (specifically its classical limit)

suggests that it can be a valuable tool in comparison and calibration of different effective ap-

proaches (worldline or QFT) and also with the real system of a (say) a Kerr black hole. For

instance, both the worldline and the QFT-based methods are essentially effective approaches to

model the dynamics of spinning compact bodies, and both approaches have free coefficients that

need to be fixed through matching to produce the dynamics of the desired compact body. As de-

scribed earlier, in the worldline based approaches, this freedom shows up as unspecified multipole

moments, or in the worldline stress energy tensor, or as undetermined couplings in the action. In

the amplitude-(or QFT-)based methods, this shows up in the freedom to choose the quantum-field

and/or in its coupling to gravitation, or in the parametrization of the building block Compton or

3-point amplitudes. However, the relation between the freedom in these two (worldline vs. am-

plitude) classes of approaches is not easy to relate. It is known (since Ref. [322]) for example

‘‘self-force’’ calculations of the linearized perturbations of a Kerr black hole produced by a small orbiting body. This
provided partial verification of the conjectures but left open freedom which may be best fixed by direct comparison
of (classical) Compton amplitudes.
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that there seem to be more free parameters in the action in QFT based approaches compared to

worldline-based approaches to the same order in spin. It is thus of great interest to compare com-

mon quantities in these two approaches with each other for understanding the effect and physical

meaning of these parameters. This is typically done by computation of the scattering angle, or the

Hamiltonain, or other quantities relevant to the two-body system. These are however complicated

quantities associated with the interaction between two bodies, when the undetermined coefficients

themselves parametrize the interaction of just one body with the external gravitational field. Thus,

a convenient quantity requiring just one body, and well-defined for both effective approaches and

also easily calculable from the full theory of general relativity is desired. The Compton amplitude

satisfies all of these requirements.

Finally, the universal accessibility of the Compton amplitude also means that it may be

computed via non QFT-based methods and then employed in a QFT-based framework for the

computation of (the classical limit of) the two particle scattering amplitude and subsequently

dynamics thus enabling the different ways of studying compact bodies to complement and support

each other. This is particularly useful if it is sometimes simpler to compute the Compton amplitude

in certain approaches over others. Additionally, it serves as a crucial point of comparison to verify

the conjectures that are employed in QFT/amplitude-based methods in constructing the Compton

amplitude, which is necessary to trust that the resultant dynamics indeed describe the desired

compact body.

In this work, with these motivations in mind, we derive the Compton amplitude for gravi-

tational waves scattering off a stationary-axisymmetric, parity-preserving spinning compact body

to (3 for generic values for the undetermined coefficients (�2, �3 up to (3, see Sec. 3.1.1) in an

effective worldline approach. We do this with a multitude of objectives in mind. Primarily, hav-
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ing the Compton amplitude for generic spinning bodies may be subsequently used for deriving the

dynamics of generic bodies in the future. Furthermore, this can be quite useful for comparison

with the Compton amplitude derived from effective quantum approaches and understanding the

relation between the free coefficients in either approach such as understanding the reason behind

having more free parameters in the QFT-based approach in Ref. [322]. Additionally, when the

coefficients �2 and �3 are fixed for the case of a black hole, we obtain a Compton amplitude con-

sistent with that derived in Refs. [111, 233] thus corroborating (up to (3) the conjecture relied

upon in Refs. [167–170] that this Compton amplitude properly describes a black hole (in the clas-

sical limit). Finally, we aim to propose the Compton amplitude as a valuable tool for comparison

and calibration of the diverse approaches currently being used for studying the motion of compact

bodies under gravitational interaction.

Worldline EFT approach to Compton amplitude: For the purpose of deriving the classical Comp-

ton amplitudes in this work, we treat the compact body as a point particle equipped with spin-

induced quadrupole (∝ (2) and octupole (∝ (3) moments in a worldline formalism as laid out in

Ref. [184]. We subject this particle to an external linearized gravitational plane wave perturba-

tion with a large wavelength i.e., _ � ACB, where ACB is of the order of the size of the compact

body. The incident plane wave perturbs the particle’s momentum, spin and subsequently the spin-

induced multipole moments which in turn perturb the stress-energy tensor of the particle. When

the perturbed stress energy tensor is plugged into the Einstein equation, one finds that it generates

an additional wave like perturbation in the metric, which forms a part of the scattering of the inci-

dent wave. Additionally, owing to the non-linear nature of gravity, the incident wave also scatters

of the static gravitational field of the particle which adds another contribution to the scattered
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wave also through the Einstein equation. Comparing the total scattered wave to the incident wave

gives us the scattering amplitude at linear order in � and up to third order in spin. We find that

this is consistent with the Compton amplitude derived in Ref. [111] for the case of black holes.

The following section 3.1.1 succinctly summarizes the our results.

3.1.1 Summary of framework and results

Figure 3.1: The spinning body is characterized by its mass" , spin ( and spin-induced quadrupole
and octupole moments whose magnitudes are controlled by two dimensionless coefficients �2
and �3. An incident wave moving along the +I-direction, with wave vector :` and complex
polarization vector n `, scatters off the particle producing a scattered wave. Far away from the
particle, the scattered wave is a superposition of plane waves with wave vector ;` and polarization
vector Z `. We fix the outgoing wave vector to be in the G-I-plane for convenience. \ is the angle
between the outgoing and incident wave vectors in the rest frame of the particle.

A spinning classical particle with spin-induced quadrupole and octupole moments rests in

flat spacetime. It is characterized by its mass" , spin (, and two coefficients�2,�3. The direction

and magnitude of the spin is usually written together in the spin tensor (`a, with (`a?a = 0 and

(2 = (1/2)(`a(`a, or the Pauli-Lubanski spin vector B` = −(1/2<)n `adf?a(df, where ?` is
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the momentum of the particle. �2 and �3 control the magnitude of its spin induced quadrupole

and octupole moments. In flat space-time, the particle sources a stationary metric perturbation

ℎ`a =
√−66`a − [`a, given in the linearized limit by

ℎ`a = −D`Da [1 − �2
2
(0 · m)2] 4�"

A

− D(`n a) dUVDd0UmV [1 − �3
3!

(0 · m)2] 4�"
A

, (3.1)

where D` = (1/<)?` is the 4-velocity of the particle in flat-space-time and 0` = (1/<)B`, with

0 · D = 0. The actual non-linear metric sourced by the body approaches this form asymptotically.

In the rest frame of the particle, this can be rewritten as

ℎ00 = [1 − �2
2
( ®0 · ®m)2]

(
− 4�"

A

)
, ℎ8 9 = 0,

ℎ08 = n 8 9 :0
9m: [1 − �3

3!
( ®0 · ®m)2] 2�"

A
, (3.2)

where ®0 can be identified as the spin vector. Comparison of the above expression with the most

general asymptotic past-stationary spacetime given in Eq.(36) of Ref. [46] shows that the metric

perturbation in Eq. (3.2) can be recovered by imposing stationarity (all multipole moments being

constant in time) and identifying the mass-type multipole moments as � = ", �8 = 0, �8 9 =

−�2"0〈80 9〉, �8 9 : = 0 and current-type multipole moments as �8 = "08, �8 9 = 0, �8 9 : =

−(2/3)�3"0〈80 90:〉 and require that all other multipole moments either vanish or are higher

orders in spin.

If the particle respects parity and only has spin induced multipole moments, the vanishing

or irrelevance of all other multipole moments follows trivially from parity invariance. Thus, " ,

(, �2 and �3 parametrize the most general axisymmetric parity-preserving stationary linearized

metric perturbation. Also note, that adding trace-terms to the multipole moments (e.g., X8 9 |0 |2 to
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�8 9 ) only modifies it by terms proportional to m2(1/A) ∝ X(3) (G) thus modifying the field only at

the location of the particle. Such corrections are expected to be irrelevant since the field at the

location of the particle is ill-defined anyway.

We now subject this parity-preserving stationary axisymmetric body to an external lin-

earized gravitational wave perturbation is incident upon it, which is characterized as4

ℎ
`a
wave =

√−66`a − [`a = n Y`Ya exp[8: · G],

:` ≡ l(1, 0, 0, 1), Y` ≡ 1
√

2
(0, 1,±8, 0), (3.3)

where n is the amplitude of the incoming wave, :` is the wave-vector, fixing the direction of prop-

agation, l its frequency and Y` is a complex null vector which fixes the helicity of the incoming

wave. The metric perturbation due to the incident wave affects the momentum, spin and sub-

sequently the spin-induced multipole moments. These three quantities in turn perturb the stress

energy tensor of the particle, leading to a radiated scattered wave through the Einstein equation.

Additionally owing to the non-linear nature of gravity, the incident wave also scatters off the static

metric perturbation sourced by the particle. Together, these two contributions lead to a scattered

wave. The form of the scattered wave, encodes the scattering amplitude. In the particle’s rest

frame, the scattered wave takes the form (at large distances from the particle)

� n ℎ
`a
scatter(A, =̂) ≡ n [M±+(=̂)Z `+2(=̂)Z

a
+2(=̂) (3.4)

+M±−(=̂) (=̂)Z `−2(=̂)Z
a
−2(=̂)]

exp[8l(A − C)]
lA

,

whereM±±(=̂) are the scattering amplitudes for a given pair of incoming and outgoing helicities.

=̂ is the spatial unit vector in a given direction in the rest frame of the particle, Z `± (=̂) are the
4Starting below, we use the notation ≡ to mean the form of the tensor object in the zero-momentum frame in the

coordinate system shown in Fig. 3.1.1. Thus :` ≡ l(1, 0, 0, 1) means the 4-vector : is pointing along the positive
’z’ direction in this coordinate system.
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complex null polarization vectors for a wave vector given by ;` ≡ l(1, =̂). Thus. M±±(=̂) is the

amplitude for an incident wave with wave vector :` ≡ l(1, 0, 0, 1), helicity ±2, scattering into

another wave vector ;` ≡ l(1, =̂) ≡ l(1, sin(\), cos(\), 0) with helicity ±2.

At zeroth order in spin (or for spinless case), We obtain the amplitudes

M01 =
4�"l3(Y0 · Z1)2

(; − :)2 , (3.5)

M++ = M−− = �"l
cos4 (

\
2
)

sin2 (
\
2
) , (3.6)

M+− = M−+ = �"l sin2
(
\

2

)
, (3.7)

where \ is the angle between the incoming and outgoingwave vectors (:` and ;` with 2l2 sin2 (
\
2
)
=

−: · ;). Note that there is mixing of helicities (non zero M+− and M−+) even at zeroth order in

spin. This is not true for electromagnetic waves scattering off black holes. The above amplitudes

are consistent with those obtained in Ref. [232] for spinless black holes. Next, to first order in spin

(or for a spinning rigid particle with no spin-induced deformation). We obtain the amplitudes

M++ =�"l
cos4 (

\
2
)

sin2 (
\
2
) [

1 − tan2
(
\

2

)
B`

"
(:` + ;`)

− 8
(`a:

`;a

"l cos2 (
\
2 )

]
, (3.8)

M+− =�"l sin2
(
\

2

) [
1 +

B` (:` − ;`)
"

]
, (3.9)

M−− =M̄++((`a → −(`a, B` → −B`), (3.10)

M−+ =M̄+−((`a → −(`a, B` → −B`), (3.11)

where the spin tensor (`a, (`a?a = 0, and the Pauli-Lubanski spin vector B`, appear for the

first time. A bar denotes complex conjugation. Note that the spin tensor/vector appearing in

the amplitude is that of the initial undisturbed particle, prior to the wave like perturbation. We
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find that the amplitudes are related to their helicity-flipped versions, via a spin-flip and complex

conjugation. This is because the helicities of the incoming and outgoing gravitational wave can

be flipped via a combination of parity and time-reversal operation on the whole system, which

flips the spin (B`, (`a), complex conjugates the amplitudes (M → M̄) but leaves the momenta

(:`, ;`) unchanged. The differential cross section resulting from these amplitudes agrees with

Eq. (3) of [166], derived there from black hole perturbation theory.

The coefficients�2 and�3 associated with the spin-induced quadrupole (∝ (2) and octupole

(∝ (3) moments finally show themselves at second and third order in spin respectively. For the

case of a black hole, �2 = �3 = 1, the scattering amplitudes to third order are found to be simply

the exponentiated version of the first order in spin amplitudes (in Eqs. (3.8-3.11)). We get (to third

order in spin)

M++ = �"l
cos4 (

\
2
)

sin2 (
\
2
) exp

[
− B

`

"
(:` + ;`) tan2 ( \

2
)

− 8

"l cos2( \2 )
(`a:`;a

]
, (3.12)

M+− = �"l sin2
(
\

2

)
exp

[
B`

"
(:` − ;`)

]
, (3.13)

M−− = M̄++((`a → −(`a, B` → −B`), (3.14)

M−+ = M̄+−((`a → −(`a, B` → −B`), (3.15)

which matches the amplitude given in spinor helicity formalism in Ref. [233], obtained from

Ref. [111] using QFT-based methods.

The amplitudes do not exponentiate when �2 and �3 are generic. Thus, they correct the

amplitudes in Eqs. (3.12), (3.13), (3.14), (3.15) by adding terms proportional to (�2,3 − 1)=. The

general expressions for the amplitudes with generic �2 and �3 for generic polarization vectors are
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given in the Appendix. The expressions for the helicity-conserving amplitudes (M++ and M−−)

for generic�2 and�3 after substitution of polarization vectors can be simplified considerably with

help of the vector

F
`

S =
1

2l cos2 (
\
2
) [l(:` + ;`) − 8n `UVW:U;VDW],

(3.16)

which coincides with half the complex conjugate the vector F` from Ref. [233]. We also define

0` = B`/<. Then, in terms of F`S , :
`, ;`, and 0`, the helicity-conserving amplitudes for the BH

case �2 = �3 = 1 can be rewritten as

M++ = �"
cos4 (

\
2
)

sin2 (
\
2
) exp[0 · (: + ; − 2FS)], (3.17)

M−− = M̄++(0` → −0`). (3.18)

The helicity-conserving scattering amplitudes for a spinning particle, with spin-induced

quadrupole moments with generic �2 and �3 to third order in spin, is given by

M++ = �"l
cos4(\/2)
sin2(\/2)

(
exp[0 · (: + ; − 2FS)]

+ �2 − 1
2

{[(: − FS) · 0]2 + [(; − FS) · 0]2}

+ �2 − 1
2

[(: − FS) · 0] [(; − FS) · 0] [(: + ; − 2FS) · 0]

− (�2 − 1)2 [(: − FS) · 0] [(; − FS) · 0] (FS · 0)

+ �3 − 1
6

{[(: − FS) · 0]3 + [(; − FS) · 0]3}
)
.

(3.19)

M−− = M̄++(0` → −0`). (3.20)
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The expressions and the corresponding basis for simplification of helicity-reversing amplitudes

is given later in Sec. 3.5 in Eq. (3.99). Having compactly summarized the key results, we now

proceed to the main part of the text.

In Sec. 3.2.1, the framework describing the dynamics of spinning black holes in a world-

line EFT framework is presented, along with the Mathison-Papapetrou-Dixon (MPD) equations

of motion at cubic order in spin and the expressions for the spin-induced quadrupole and octupole

moments. In Sec. 3.2.2, The expression for the skeletonized stress energy tensor of the black hole

is presented and the static metric sourced by the unperturbed spinning black hole is derived. Fur-

ther, it is explained how the comparison of static metric with the linearized Kerr metric (up to a

gauge transformation) can be used to fix the unknown coefficients in the spin-induced multipole

moments. In Sec. 3.2.3, the properties and representation of the incident plane wave and its ampli-

tude, polarization and frequency are presented. In Sec. 3.3, The computation of the perturbation

to black hole’s spin, velocity, momentum, spin-induced multipole moments and stress-energy ten-

sor due to the incident plane wave is explained. In Sec. 3.4, the methodology for solving for the

scattered wave is presented, as well as the relation between the scattered wave and the scattering

amplitudes. In Sec. 3.5, the expressions for the scattering amplitudes are presented. Finally, we

conclude in Sec. 3.6.

3.2 Setup

3.2.1 The worldline action for the particle

Let I` (g) denote theworldline of the particle, and 3I` (g)/3g = D` denote the the 4-velocity.

Here g is the parameter used to characterize the worldline and not constrained to be the proper
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time in the action. At the level of equations of motion (eom), one can fix g to be the proper time

by imposing D`D` = −1. To describe the rotation and subsequently the spin of the particle, we

attach to the particle a body-fixed tetrad n�` satisfying

n �` (g)n�` (g) = [��, n �` (g)n�a (g) = 6`a (I(g)),

(3.21)

i.e. orthonormality and completeness respectively. The body fixed tetrad spins along with the

particle and thus the variation of the tetrad n�` with g encodes the particle’s rotational motion.

To see this more clearly, one can also define a global background tetrad 40` (G) also satisfying

orthonormality (40`41` = [01) and completeness [40` (G)40a (G) = 6`a (G)] and relate it to the

body-fixed tetrad via a Lorentz transformation,

n�
` = Λ�

040
`, (3.22)

Λ�0Λ�
0 = [��, Λ�0Λ

�
1 = [01 .

The Lorentz matrices Λ0 � contain six degrees of freedom, corresponding to 3 boost and 3 rota-

tional degrees of freedom. However, since we want to use the body fixed tetrad to deal with the

rotation of the body, we want to eliminate the boost degrees of freedom. In the non relativistic

case, this is trivially accomplished by choosing the boost degrees of freedom such thatΛmaps the

background time vector 40
` to the 4-velocity of the centre-of-mass of the body. However, there is

no unique notion of centre of mass in relativistic case and thus there is an ambiguity in choosing

a worldline I` (g) to represent the motion of the compact body. This can only be resolved by im-

posing a spin-supplementary condition (SSC), which removes three degrees of freedom. We will

do that later, at the level of equations of motion.
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For now, we proceed with describing the degrees of freedom that can enter our action. We

define the covariant angular velocity as

Ω`a = n�
`�n

�a

�g
. (3.23)

In the non relativistic case, in the rest frame of the centre-of-mass of the body, this is equal to

the 3-D dual of the angular velocity. (Ω8 9 ∼ n 8 9 :F: , 8, 9 = 1, 2, 3). The dynamics of the particle

should be independent of the choice of orientation of the body fixed frame tetrad vectors (n�`),

thus the body fixed tetrad enters the worldline action only through the angular velocity Ω`a. For

a structureless spinning particle (i.e., one without spin-induced multipole moments), the position

I` (g) only enters the action through the metric 6`a. We implement the presence of finite-size

effects in the action by allowing further dependence on the curvature tensor and its covariant

derivativies. Thus, our ansatz for the action is

([I` (g), n�` (g)] =
∫
3g! [D`,Ω`a, 6`a, '`adf,∇_'`adf] .

(3.24)

This ansatz is sufficient to derive the equations of motion (see Ref. [184]). Here, we simply write

them down. We first define the quantities

?` =
m!

mD`
, (`a = 2

m!

mΩ`a
, �

`adf

Q = −6
m!

m'`adf
,

�
_`adf

O = −12
m!

m∇_'`adf
. (3.25)

where ?` and (`a are identified with the physical 4-momentum and spin tensor of the black hole

respectively, related to the black hole’s angular momentum as (`a(`a = 2�2, where � is the

magnitude of the intrinsic angular momentum of the spinning black hole. �
`adf

Q and �_`adfO
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are the quadrupole and octupole 5 moments respectively. In this manner, as mentioned before,

allowing the action to depend on '`a_d and its covariant derivatives implement finite size effects.

We will neglect all higher multipole moments in this work. The equations of motion are then

given by

�(`a

�g
− 2? [`Da] = #`a =

4
3
'
[`
_df

�
a]_df
Q (3.26)

+ 2
3
∇_' [`

gdf�
a]gdf

$_
+ 1

6
∇[`'_gdf�

a]_gdf
O ,

�?`

�g
+ 1

2
'`adfD

a(df = �` = −1
6
�
_adf

Q ∇`'_adf

− 1
12
�
g_adf

O ∇`∇g'_adf . (3.27)

Solving these equations in the presence of an incident wave will reveal the perturbation to the spin

and motion of the black hole. However note that these equations are not sufficient to solve for ?`

(`a and D`. We have 10 equations of motion, but 14 quantities. Thus we need four constraints.

One constraint is obtained from the normalization condition D`D` = −1. Three more constraints

are obtained from the spin-supplementary condition (SSC), which eliminates the boost degrees of

freedom in the Lorentz matrices as mentioned before. In this work, we choose the covariant SSC

defined by (`a?a = 0. This is equivalent to the requirement that the mass-dipole moment of the

body vanish in the zero-momentum frame of the body. The SSC helps fix the relation between ?`

and D` thus completing the set of equations. More generally, one can work with an action that has

an additional Gauge invariance associated with changing the SSC and a corresponding shift in the

choice of the worldline (see Ref. [190]). However, it is much more convenient to work directly

with Covariant SSC at the level of equations of motion (equivalently via a Lagrange multiplier in
5Strictly speaking, the quadrupole moment can also couple with the covariant derivative of the Riemann curvature

tensor, and thus the octupole moment �_`adfO as defined in Eq. (3.25) may not be a pure octupole moment. We will
however continue to refer to �`adfQ and �_`adfO as quadrupolar and octupolar moments respectively.
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the action). The two approaches are physically equivalent (see Ref. [331]).

In this work, we only work with spin-induced moments as opposed to tidally-induced mo-

ments. Thus, the multipole moments cannot depend on the external curvature or it’s derivatives,

but only upon the spin of the black hole and the momentum (or 4-velocity). Since we are only

interested to third order in spin in this chapter, since the multipole moments start at (2, we can

conveniently switch ?` with <D` in the expression for multipole moments since the ? is aligned

with D until (2. The indices of the multipole moments obey the same symmetries as that of

the Riemann tensor and its derivatives by definition (see Eq. (3.25)). Finally, the traces of the

quadrupole moment are irrelevant, since all dependence in the action on '`a, ' (traces of the Rie-

mann tensor) can be removed as their dependence can be absorbed into a redefinition of variables

(see Refs. [51, 332]). The same reasoning (along with the Bianchi identity) implies that the traces

of octupole moment should be irrelevant as well. Thus, we can modify both �`adf and �_`adf

upto trace terms to make them simpler.

These considerations along with the covariant SSC constraint ((`a?a ≈ <(`aDa +$ ((3) =

0) were used to fix their form in Ref. [184] as given below,

�
`adf

Q =
3�2
<
D [`(a]_( [d

_
Df] , (3.28)

�
_`adf

O =
�3

4<2 [Θ
_[`Da](df + Θ_[dDf](`a − Θ_[`(a]dDf

− Θ_[d(f] [`Da] − (_[`Θa] [dDf] − (_[dΘf] [`Da]], (3.29)

where Θ`a = (`_(a
_
, < =

√
−?2 and the prefactors have been chosen such that �2 = �3 = 1 for

Kerr black holes (see subsection. 3.2.2).

As an explicit check that any additions to the above expressions for multipole moment ten-

sors that are either trace terms or terms that violate the SSC are irrelevant for the final result, we
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added some additional terms to the multipole tensors with arbitrary coefficients and ensured that

the results were in line with expectations. For example, we used the followingmodified expression

for the quadrupole moment tensor,

�
`adf

&
=

3�2
<
D [`(a]_( [d

_
Df] + U(UV(UV6`dDaDf

+ V(`U(dU6af + f(UV(UV6`d6af + 3�2
4<

(`d(af,

(3.30)

where U, V, W are coefficients next to various non-vanishing traces of the original �2 term. �2

is next to a term that is identical to the original �2 term up to trace-terms and terms violating the

covariant SSC constraint. Thus, the final Compton amplitude should be independent of U, V, f

and should only depend on the combination �2 + �2. This is indeed what we found. We added

similarly parametrized corrections to the octupolar moment tensor and observed that the final

Compton amplitude was appropriately in line with the expectation that we can neglect trace terms

and consistently work with the covariant SSC constraint.

3.2.2 Stress energy tensor and the static gravitational field

The particle has a stress energy tensor arising from its mass, spin and the spin-induced

multipole moments. The expression for the stress energy tensor can obtained from the action. We

first rewrite the action as

([I` (g), n�` (g)] =
∫
34G

∫
3g ! X(4) (G − I(g)),

(3.31)
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and then the stress energy tensor is given simply by

) `a =
1

√−6
X(

X6`a
, (3.32)

where all dependency (implicit and explicit) of the action on 6`a needs to be taken into account

during the variation. This variation was performed in Ref. [184] to obtain Eqs. (3.33).

) `a = )
`a

pole−dipole + )
`a

quadrupole + )
`a

octupole, (3.33a)

)
`a

pole−dipole =

∫
3g? (`Da)

X(4) (G − I)
√−6 − ∇d

∫
3g(d(`Da)

X(4) (G − I)
√−6 , (3.33b)

)
`a

quadrupole =

∫
3g

1
3
'(`

_df�
a)_df
Q

X(4) (G − I)
√−6 − ∇d∇f

∫
3g

2
3
�
d(`a)f
Q

X(4) (G − I)
√−6 , (3.33c)

)
`a

octupole =

∫
3g

[
1
6
∇_'(`

bdf�O_
a)bdf + 1

12
∇(`'bgdf�

a)bgdf
O

]
X(4) (G − I)

√−6 (3.33d)

+ ∇d
∫
3g

[
− 1

6
'(`

b_f�
|d |a)b_f
O − 1

3
'(`

b_f�
a)db_f
O + 1

3
'db_f�

(`a)b_f
O

]
X(4) (G − I)

√−6

+ ∇_∇d∇f
∫
3g

1
3
�
fd(`a)_
O

X(4) (G − I)
√−6 .

Eqs. (3.33) contains the stress energy tensor for a spinning particle with spin-induced quadrupole

and octupole moments at all times. We want to compute the static metric in harmonic Gauge

(m`ℎ`a = 0) sourced by the black hole in flat background space-time. Thus, we disregard the

curvature dependent terms in the stress energy tensor and substitute it in the Einstein equation.

�`a = −8c�
24 ) `a |in flat space-time, (3.34)

) `a =

∫
3g[<D`Da − md(d(`Da) (3.35)

− mdmf
2
3
�
d(`a)f
Q + m_mdmf

1
3
�
fd(`a)_
O ]X(4) (G − Dg),

where we have used I` = D`g which holds as the motion is uniform and ?` = <D`, which holds

true in flat space even for spinning particles in the covariant SSC. We will only work at linear
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order in � and thus linearize the Einstein equation by substituting �ℎUV =
√−66UV − [UV and

discarding all $ (�2) terms. This yields the linearized Einstein equation

2ℎ
UV

static =
16c
22 )

UV, (3.36)

where 2 = [`am`ma. It is easiest to solve in the rest frame of the unperturbed (by external curva-

ture) black hole since the metric is then static i.e. it does not vary with background time. In this

frame, we have ¤I` = D` ≡ (1, 0, 0, 0), (0a ≡ 0 6 and the equation takes the form

X8 9m8m9ℎ
`a

static =
16c
22 [<D`Da − ( 9 (`Da)m9 (3.37)

− 2
3
�
: (`a);
Q m:m; +

1
3
�
: 9 (`a)8
O m8m9m: ]X(3) (G),

where the indices 8, 9 run over 1, 2, 3 whereas `, a run over 0, 1, 2, 3. In 3-D Fourier space, the

solution to this is simply

ℎ̃
`a

static =
−16c
22 ®@2 [<D`Da + 8@ 9( 9 (`Da)

+ @:@;
2
3
�
: (`a);
Q + 8@8@ 9@:

1
3
�
: 9 (`a)8
O ], (3.38)

where, ℎ̃`astatic ≡
∫
33®G exp[−8 ®@ · ®G]ℎ`a (®G) and 8 =

√
−1. We can Fourier invert Eq. (3.38) to find

the expression in position space which gives

ℎ
`a

static = − 4
22 [<D

`Da
(1
A

)
− ( 9 (`Da)m9

(1
A

)
(3.39)

− 2
3
�
: (`a);
Q m:m;

(1
A

)
+ 1

3
�
: 9 (`a)8
O m8m9m:

(1
A

)
] .

Substituting the expressions for the multipole moments, and switching to the use of the

mass-normalized Pauli-Lubanski spin vector 0` = −(1/2<)n `adfDa(df we get

ℎ
`a
st. = −D`Da [1 − �2

2
(0 · m)2] 4�"

A

6We are using ≡ symbol to denote the expressions in the black hole’s rest frame, as defined by its 4-velocity prior
to any external disturbance.
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− D(`n a) dUVDd0UmV [1 − �3
3!

(0 · m)2] 4�"
A

+ terms containing (m2(1/A) = X(3) (G)), (3.40)

where we can neglect the delta function corrections since they only affect the metric at the location

of the particle, where the field is anyway ill-defined. These terms essentially come from the non-

zero traces of the quadrupole and octupole tensors in Eqs. (3.28, 3.29). As mentioned below

Eqs. (3.28, 3.29), they do not contribute to the final result.

Comparing the above metric perturbation (after dropping the delta function terms) to the

linearized Kerr metric (see Ref. [128]), we can fix the coefficients to �2 = �3 = 1 for the case

of a black hole. However, we will continue to work with generic �2 and �3 for the rest of this

work as it may be useful to have Compton amplitudes for generic compact bodies (satisfying

parity-symmetry, stationarity and axisymmetry).

3.2.3 Incident wave

To compute the gravitational Compton amplitude, corresponding to the process of gravita-

tional waves scattering off a black hole, we subject the black hole to an incoming gravitational

wave. Although a realistic setup would involve a localized wave packet that eventually reaches

the black hole and scatters off (and partially absorbed), we treat this situation in the manner of

time-independent perturbation theory, and instead consider a monochromatic plane wave that

had always been present. The monochromatic plane wave adds an additional metric perturba-

tion (ℎ`a = √−66`a − [`a) which we characterize as7

ℎ
`a
w = n Y`Ya exp[8: · G], Y`Y` = 0,

7Note that the metric perturbation should be real, and not a complex function but it is fine to work with exp[−8: ·G]
as long as we truncate at linear order in n .

180



Y`D
(0)
` = 0, Y`:` = 0, :`D` = −l (3.41)

where n is the field strength and Y` is a complex null vector. The conditions ensure that ℎ`awave

is spatial, transverse and traceless, in the rest frame of the unperturbed particle and propagates

at the speed of light. In this way, only the relevant radiative degrees of freedom are included.

There are only two linearly independent vectors we can choose for Y`, which fixes the helicity/po-

larization of the incoming gravitational wave. In the initial rest frame of the particle, choosing

Y
`

+2 ≡ (1/
√

2) (0, 1,±8, 0) fixes the wave in ±2 helicity respectively. In the rest frame of the parti-

cle, we also choose the wave to be propagating along the +ve ’z’ direction, :` ≡ l(1, 0, 0, 1).

Subject to this incident plane linearized gravitational wave, the black hole experiences the

following metric tensor.

6`a = [`a + ℎ`aw , 6`a = [`a − ℎw,`a,

√−6 = 1 + O(n2). (3.42)

The leading order Christoffel connection and the curvature due to the wave are given by

Γ
d
`a =

−8n
2

(YdYa:` + YdY`:a − : dYaY`) exp[8: · G]

= n exp[8: · G] ΔΓd`a, (3.43)

'
`

aUV
= mUΓ

`

aV
− mVΓ`aU = n exp[8: · G] Δ'`

aUV
,

(3.44)

where we have defined ΔΓ
d
`a and Δ'

`

aUV
as the leading order in n corrections to Christoffel con-

nection after removing the factor n exp[8: · G] for later convenience. The particle’s dynamics

(momentum, spin, etc.) are affected by the incident wave, subsequently perturbing stress energy
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tensor given in Eq. (3.33) in an oscillatory fashion. We study the dynamics of the particle subject

to this weak perturbation in the next section.

3.3 Gravitational wave perturbation to the black hole’s motion, spin and stress

energy tensor

3.3.1 Solving for momentum, spin and 4-velocity

As mentioned earlier in Sec. 3.2.1, the equations of motion in Eqs. (3.26, 3.27) are in-

complete. They are completed by the spin supplementary condition (SSC) (`a?a = 0 and the

normalization condition D`D` = −1. Further, the 4-velocity D` appears in the spin equation of

motion (see Eq. (3.26)), and thus they cannot be solved independently. We need to identify the

relation between ?` and D` to solve for the spin. For that, we act upon the SSC with a (�/�g)

and get

�(`a

�g
?a + (`a

�?a

�g
= 0 = 2? [`Da] ?a + #`a?a

+ (`a�a −
1
2
'aUdfD

U(df(`a, (3.45)

= ?` (D · ?) + <2D` + #`a?a + (`a�a

− 1
2
'aUdfD

U(df(`a, (3.46)

−D` = ?` D · ?
<2 + 1

<2 (#
`a?a + (`a�a)

− 1
2<2 'aUdfD

U(df(`a, (3.47)

where �` and #`a were defined earlier in Eqs. (3.26, 3.27). Now, contracting with D` on both

sides and using ?` = <D` + $ (') (i.e., momentum and 4-velocity are parallel in absence of
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external curvature) and D`D` = −1, we get

1 =
(D.?)2

<2 +$ ('2). (3.48)

Note that the < that appears here is not a fixed parameter, but a time-dependent mass function

defined as ?2 = −<2. We can compute the mass function as follows,

− 2? · �?
3g

= −�?
2

3g
=
3<2

3g
(3.49)

≈ < �

�g

(
1
3
�
_adf

Q '_adf + 1
6
�
g_adf

O ∇g'_adf
)
,

=⇒ < = " + 1
6
�
_adf

Q '_adf + 1
12
�
g_adf

O ∇g'_adf,

where " is the constant of integration to be interpreted as the constant mass in absence of spin-

induced multipole moments and curvature. We also note that < can be treated as a constant up to

(2. In the absence of curvature, or upto second order in spin, we can also write ?` = "D`.

Now, substituting the expression for force �`, and torque #`a, from Eqs. (3.26, 3.27), in

Eq. (3.47) and simplifying, we get

D` =
?`

<
+ 1
<2 (#

`a?a + (`a�a) (3.50)

− 1
2<2 'aUdfD

U(df(`a . (3.51)

The commutator ? [`D`] that enters the expression for �(`a/�g (see Eq. (3.26)) can now be com-

puted. Thus, we have now assembled all the expressions needed to solve for the perturbations to

the 4-velocity, momentum and spin of the particle due to the incident gravitational wave pertur-

bation.
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3.3.2 Correction to momentum, spin and spin-induced multipole moments

The gravitational perturbation is an incident planewave, that goes as exp[8: ·G] ≈ exp[−8lg]

at the particle’s location. Thus, we anticipate that at linear order in wave strength n , the dynamical

variables are going to be affected in an oscillatory fashion, and expand them as

?` = ? (0)` + n exp[−8lg] Δ?`, (3.52)

D` = D(0)` + n exp[−8lg] ΔD`, (3.53)

(`a = ((0)`a + n exp[−8lg] Δ(`a, (3.54)

where n is the strength of the wave, and D(0)` ≡ (1, 0, 0, 0), ? (0)` = <D(0)`, and ((0)`a are the

undisturbed original constant values in the absence of the external perturbation. The correction

to the momentum can be easily solved by substituting the expansions in Eqs. (3.52, 3.43, 3.44)

into Eq. (3.27) which gives

− 8lΔ?` = +"ΔΓa`WD
(0)WD(0)a − 1

2
Da(dfΔ'`adf

− 8

6
�
(0)_adf
Q :`Δ'_adf + 1

12
�
(0)g_adf
O :`:gΔ'_adf,

(3.55)

whereΔ'_adf is proportional to the curvature perturbation due to the incident wave defined earlier

in Eq. (3.44). The connection term arises from expanding the covariant derivative. The correction

to the 4-velocity can be easily obtained by taking the variation of either Eq. (3.47) or Eq. (3.50)

(here we use the former expression), which gives

ΔD` = Δ(?`/<) − 1
8l"2 ("#

`a?
(0)
a + ((0)`a�a)

− 1
2"2Δ'aUdfD

(0)U((0)df((0)`a . (3.56)
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Finally, we can solve for the spin by taking the variation on both sides of Eq. (3.26) to get

−8lΔ(`a = −2D(0)_((0)X[aΔΓ`]
_X

− 28lΔ(? [`Da])

+ 4
3
Δ' [`

_df�
(0)a]_df
&

+ 2
3
8:_Δ' [`

gdf�
(0)a]gdf
O_

+ 8:
[`

6
Δ'_gdf�

(0)a]_gdf
O , (3.57)

where ∇Γ`
aX

is proportional to the Christoffel connection defined in Eq. (3.43). The correction to

the worldline can be obtained from the correction to the 4-velocity as

I` (g) =
∫
3gD` (g) =

∫
3g[D(0) + n exp[−8lg]ΔD`] (3.58)

= D(0)g − 1
8l
n exp[−8lg]ΔD` . (3.59)

The correction to the spin-induced multipole moments can be obtained by substituting into

their expressions into Eqs. (3.28, 3.29), the expansions in Eqs. (3.52, 3.53, 3.54) (for ?, D, and ()

and Eq. (3.42) (as the metric enters the expressions for multipole moments through contractions).

The explicit expressions are not very illuminating but it is useful to separate the two ways in which

the multipole moments are perturbed. We first rewrite the expressions for the multipole moments

in Eqs. (3.28, 3.29) as

�
`adf

Q =
3�2
<
D [`(a]_6_U(

U[dDf] , (3.60)

�
_`adf

O =
�3

4<2 [Θ
_[`Da](df + Θ_[dDf](`a − Θ_[`(a]dDf

− Θ_[d(f] [`Da] − (_[`Θa] [dDf] − (_[dΘf] [`Da]],

Θ`a = (`_(aU6_U, (3.61)

and define

Δ�
`adf

&,contact = −
m�

`adf

&

m6UV
YUYV, (3.62)
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Δ�
`adf

&,matter =
m�

`adf

&

m(UV
Δ(UV +

m�
`adf

&

mDU
ΔDU, (3.63)

Δ�
_`adf

$,contact = −
m�

_`adf

$

m6UV
YUYV, (3.64)

Δ�
_`adf

$,matter =
m�

_`adf

$

m(UV
Δ(UV +

m�
_`adf

$

mDU
ΔDU .

(3.65)

The quantities with subscript ‘‘contact’’ are corrections to the multipole moments through the ex-

plicit dependence on metric tensor (after removing the factor n exp[−8lg]). The quantities with

subscript ‘‘matter’’ are corrections acquired through the corrections to 4-velocity and spin tensor

(variables describing the dynamics of matter). This separation is gauge dependent and purely for

our convenience. With these conventions, the expressions for the perturbed spin-induced multi-

pole moments are given by

�
`adf

&
= �

(0)`adf
&

(3.66)

+ n exp[−8lg] (Δ�`adf
&,contact + Δ�

`adf

&,matter)

�
`adf

$
= �

(0)`adf
$

(3.67)

+ n exp[−8lg] (Δ�`adf
$,contact + Δ�

`adf

$,matter)

3.3.3 Correction to the stress energy tensor

Finally, equipped with the perturbations to momentum, spin, 4-velocity and the worldline

(Eqs. (3.55, 3.56, 3.57, 3.58)), and the spin-induced multipole moments (Eqs. (3.62, 3.65)), we

can compute the perturbation to the stress energy tensor of the particle. This is accomplished

by simply substituting the expansions in Eqs. (3.53, 3.52, 3.54, 3.66, 3.67) and expressions for
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curvature tensor and connection coefficients given in Eqs. (3.44, 3.43) into the expression for the

stress energy tensor given in Eq. (3.33) and then truncating at leading order in n . We also discard

any $ ((4) contributions.

The explicit expressions for the corrections to the stress energy tensor are quite complicated

and thus will not be written here, but we find it convenient to separate them into pieces in a man-

ner similar to how we separated the corrections to the multipole moments (see Eqs. (3.62, 3.65)).

The stress energy tensor too gains corrections from two sources: (i) from the correction to the

dynamical variables describing the particle (matter content, ?, D, (, I) and (ii) from the explicit

dependence on the curvature tensor (and derivatives), Christoffel connection terms (from the co-

variant derivatives), and on the metric tensor (that enters the multipole moments) in Eq. (3.33).

The latter contributes even if the particle’s motion and dynamics are unaffected. Thus, after ex-

panding out the covariant derivatives in the stress energy tensor in Eq. (3.33), we define

Δ)
`a
contact(G) =

m) `a

m'UVWX
Δ'UVWX exp[8: · G] + m) `a

m (m_'UVWX)
Δ'UVWX8:_ exp[8: · G] (3.68)

− m) `a

m (m_md'UVWX)
Δ'UVWX:_:d exp[8: · G] + m)

`a

mΓU
VW

ΔΓUVW exp[8: · G]

+ m) `a

m�
UVWX

&,contact

Δ�
UVWX

&,contact exp[−8lg] + m) `a

m�
gUVWX

$,contact

Δ�
gUVWX

$,contact exp[−8lg]

Δ)
`a
matter(G) =

m) `a

m?U
Δ?U exp[−8lg] + m)

`a

m(UV
Δ(UV exp[−8lg] + m)

`a

mDU
ΔDU exp[−8lg] (3.69)

+ m)
`a

mIU
ΔIU exp[−8lg] + m) `a

m�
UVWX

&,matter

Δ�
UVWX

&,matter exp[−8lg] (3.70)

+ m) `a

m�
gUVWX

$,matter

Δ�
gUVWX

$,matter exp[−8lg]
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Once again, the idea is to separate the perturbation due to matter/dynamical variables (?, (,

D, I) and that due to explicit corrections to metric, connection and Christoffel coefficients. Note

that there is no difference between n exp[8: · G] and n exp[−8lg] as all terms in the stress energy

tensor contain X(4) (G − I(g)) or its derivatives. Thus, as I` (g) = D`g + $ (n), n exp[8: · G] =

n exp[−8lg] +$ (n2).

With these conventions, the perturbed stress energy tensor is thus given by

) `a (G) = ) (0)`a + nΔ) `a (3.71)

= ) (0)`a (G) + nΔ) `amatter(G) + nΔ)
`a
contact(G),

where ) (0)`a (G) is the unperturbed stress energy tensor of the free particle given in Eq. (3.35).

The correction terms to the stress energy tensor consist of terms of the form

Δ)
`a

</2 =
∑∫

3g�
`a !

</2 [4U, ((0)UV, D(0)U, <]

× m [exp[8: · G]m!X(4) (G − D(0)`g)], (3.72)

where we are using the multi-index notation ! = `1`2...`; , to denote a chain of indices. The ∑
shows that the net result is a linear combination of such terms (with different ;, : and �`a). </2

refers to ‘‘matter/contact’’, both types of corrections have the same form. We now proceed to

compute the scattering amplitude by solving the Einstein equation for the scattered wave.
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3.4 Computation of the scattering amplitude

3.4.1 Differential equation for the scattered wave

To derive a differential equation governing the scattered wave, we first rewrite the Einstein

equation in Landau-Lifshitz form (see Ref. [46]), i.e.,

[dfmdmfℎ
UV = 16c�gUV, (3.73a)

gUV = |6 |)UV + 1
16c�

ΛUV, (3.73b)

ΛUV = −ℎ`am2
`aℎ

UV + m`ℎUamaℎV`

+ 1
2
6UV6`am_ℎ

`gmgℎ
a_ − 6U`6agm_ℎVgm`ℎa_

− 6V`6agm_ℎUgm`ℎa_ + 6`a6_gm_ℎU`mgℎVa

+ 1
8
(26U`6Va − 6UV6`a) (26_g6nc − 6gn6_c)

× m`ℎ_cmaℎgn , (3.73c)

ℎ`a =
√−66`a − [`a . (3.73d)

We then substitute

√−66`a − [`a = ℎ`a = �ℎ`astatic + n Y
`Ya exp[8: · G]

+ �nℎ`ascatter, (3.74)

anticipating the scaling of the various metric perturbations. Here, ℎ`astatic is the static metric correc-

tion given in Eq. (3.39), sourced by the compact body and ∝ �. The second term is the incident

wave given earlier in Eq. (3.41) and ∝ n . Finally, the last term is the scattered wave which starts

at leading order in �n . To isolate the leading order (in �) scattered wave, we take the coefficient
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of �n in both sides of Eq. (3.73) after substitution. This gives us

[dfmdmfℎ
`a
scatter(G) = 16cΔ) `amatter(G) + 16cΔ) `acontact(G)

+ Λ(1,1),`a (G), (3.75)

where Δ)
`a
matter,contact are the leading order (in n) perturbations to the stress energy tensor of the

particle due to the incident plane wave defined in Eqs. (3.68, 3.69). Λ(1,1),`a is the term propor-

tional to �n when we substitute √−66`a − [`a = �ℎ`astatic + n Y
`Ya exp(8: · G) in Λ`a 8 . This is

the contribution from non linear interactions in gravity, between the incident wave and the static

curvature. Thus the scattered wave obeys a wave equation with a source term derived from three

contributions,a ‘‘matter’’ part from Δ)
`a
matter which comes from the perturbing the dynamics (?`,

(`a) and kinematics (D`, I`) of the particle, a ‘‘contact’’ part from Δ)
`a
contact which is due to the

explicit dependence of the stress energy tensor on the metric and its derivatives. This also in-

cludes the corrections to stress energy tensor arising from the explicit metric dependence in the

expression for multipole moments. The last part comes from Λ(1,1)`a is due to the non linear in-

teractions in gravity, wherein the incident wave scatters off the static linearized gravitational field

sourced by the particle. We refer to the last contribution as the ‘‘graviton’’ part. This separation is

primarily for convenience and is gauge dependent, i.e., they mix with each other under coordinate

transformations.

3.4.2 Solving for the scattered wave

It is more convenient to solve the differential equation. (3.75) for the scattered wave in

Fourier space. Furthermore, we are only interested in the radiative on-shell modes whose mode-
8Thus, we are not interested in the non linear interactions proportional to �2 or n2 in this work. They do not

contribute to the leading order scattered wave which goes as �n .
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vectors ;` satisfy the null condition (;2 = 0). In Fourier space, Eq. (3.75) becomes

−;2 ℎ̃`ascatter(;) = F [16cΔ) `amatter(G) + 16cΔ) `acontact(G)

+ Λ(1,1),`a (G)] (;), (3.76)

where F is the Fourier transform operator defined as F ( 5 (G)) =
∫
34G exp[−8; · G] 5 (G).

The form of Fourier transform of Δ) `amatter/contact(G) can be evaluated using the fact that both

of these corrections consist of terms of the form given in Eq. (3.72) as shown below.

F (Δ) `am/c) (;) =
∫
3g34G exp[−8; · G]Δ) `am/c(G)

=
∑

�
`a !

</2

∫
exp[−8; · G]

:∏
8=1

m`8 exp[8: · G]

×
;∏
9=1

m` 9
X(4) (G − D(0)`g), (3.77a)

=
∑

�
`a !

</2 (8);
∫
3g34G

:∏
8=1

;`8 exp[−8(; − :) · G]

×
;∏
9=1

m` 9
X(4) (G − D(0)`g), (3.77b)

=
∑

(8)=�`a !
</2

∫
3g34G

:∏
8=1

;`8

;∏
9=1

(; − :)` 9
(3.77c)

× exp[8(; − :) · G]X(4) (G − D(0)`g),

=
∑

(8)=2c�`a !
</2 ; (; − :)!X(; · D(0) − : · D(0))

=
∑

(8)=2c�`a !
</2 ; (; − :)!X(; · D(0) + l), (3.77d)

where we see that the frequency preserving delta function X(; · D(0) +l) ensures that the outgoing

wave has the same frequency as the incoming wave. We have included the ∑ operator to indicate

that the net result is a sum of multiple such terms.

The form of the Fourier transform of the ‘‘graviton’’ part fromΛ(1,1) can be evaluated using

the fact that it consists of sum of products of the static metric perturbation sourced by the particle
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given in Eq. (3.38) and the incident wave described in Eq. (3.41). Thus, Λ(1,1) is a sum of terms

of the form �
`a 

_
exp[8: · G] × m 

( 1
A

)
, in the rest frame of the particle, and we have once again

used the multi-index notation  = `1`2...`: . We have

F (Λ(1,1) (G)) ∼
∑∫

34G�
`a 

_
exp[−8; · G] [exp[8: · G]

×
:∏
8=1

m`8

(
1
A

)
] (3.78a)

=
∑∫

�
`a 

_
34G exp[−8(; − :) · G]

:∏
8=1

m`8

(
1
A

)
,

=
∑

(8)=
∫
34G�

`a 

_
[(; − :)!] exp[8(; − :) · G]

(
1
A

)
=

∑
�
`a 

_
(−1)= (; − :) 

4cX(;0 − :0)
(®; − ®:)2

, (3.78b)

in the rest frame of the particle, we can make this covariant by writing ;0 = ; · D(0)` (similarly for

:) and using (®; − ®:)2 = (; − :)2 +$ (�, n). Thus, we get

F (Λ(1,1) (G)) =
∑

�
`a 

_
(; − :) 

4cX(; · D(0) + l)
(; − :)2 ,

(3.79)

where once again we find the frequency preserving delta function.

Substituting the Fourier transforms of the matter, contact and graviton parts from Eqs. (3.77,

3.79) into Eq. (3.76), we get the scattered wave in the Fourier domain with the form

ℎ̃
`a
scatter(;

`) = −1
4c

∑ {
[�`a !< + �`a !2 ] (8)=; (; − :)!

− 2�`a 
_

(; − :) 
(; − :)2

}
8c2X(l + ; · D(0))

l;2
(3.80)

= �`a ((; − :)U, :U, YU, ((0)UV, D(0)U, <)

× 8c2X(l + ; · D(0))
l;2

, (3.81)
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where the amplitude tensor �`a contains the scattering amplitudes for on-shell modes (;2 → 0).

Finally, we define the amplitudes as

M±+ = ��`aZ−2aZ−2a,M±− = ��`aZ+2aZ+2a,

(3.82)

where the first sign is fixed by the polarization of the incoming wave. The form of the wave in

Fourier domain in Eq. (3.81) may seem a bit odd. It is much simpler to understand the form of

the scattered wave in position space, where it is just a spherical wave with an angle dependent

amplitude (in the rest frame of the particle). To see that, we will evaluate the Fourier transform of

the scattered wave. We follow the procedure given in Ref. [113]. We first rewrite the differential

equation in position space given in Eq. (3.75) as

2ℎ
`a
scatter(G) = �

`a (G), (3.83)

and write the solution as

ℎ`a (G) =
∫
34G′ � (G − G′)�`a (G′), (3.84)

� (G) = 1
2c
\ (G (0))X(G2), (3.85)

We now fourier transform only w.r.t. time in rest frame of BH (defined by D`) to get,

ℎ`a (l, ®G) =
∫
3C exp[8lC]ℎ`a (C, ®G) (3.86)

=

∫
3C′33®G′exp[8l(C′ + |®G − ®G′|)]

4c | ®G − ®G′| �`a (C′, ®G′), (3.87)

=
1

4c

∫
33G′

exp(8l| ®G − ®G′|)
|®G − ®G′| �`a (l, ®G′), (3.88)

Far away from the black hole, we can approximate | ®G′| � |®G |, and thus write | ®G−®G′| ≈ |®G | − 8lĜ · ®G′
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and ignore the correction to | ®G − ®G′| in the denominator to get

ℎ`a (l, ®G) ≈ exp[8l| ®G |]
4c | ®G |

∫
33®G′ exp[−8lĜ · ®G′]�`a (l, ®G′)

=
exp[8l| ®G |]

4c | ®G | �̃`a ( :̄), (3.89)

where �̃`a ( :̄) is the 4-D Fourier transform of �`a (G) evaluated at :̄ = (l, lĜ). Now, substituting

the expression for �̃`a ( :̄) from Eq. (3.81), we get

ℎ`a (l, ®G) = 2c exp[8l| ®G |]
l®®G

X(l + ; · D(0))�`a, (3.90)

and finally inverting the fourier transform along time, we get the result

ℎ`a (C, ®G) = exp[8l(A − C)]
lA

�`a, A = | ®G |. (3.91)

We find that the �`a defined in Eq. (3.81) is simply the amplitude of a spherical wave (exp[8l(A −

C)]/(lA)) in position space, centred at the particle. Further, using the definition of the scattering

amplitudes as given in Eq. (3.82), we can rewrite the relevant part of the scattered wave (the part

that contributes to the amplitudes, M±±, as)

ℎ`a (C, ®G) |relevant =
exp[8l(A − C)]

�lA
(M±+Z

`

+2Z
a
+2

+M±−Z
`

−2Z
a
−2), (3.92)

where the first sign of the amplitudes is fixed by the polarization of the incoming wave.

3.5 Compton amplitudes

Finally, in this section, we project out the amplitude function �`a onto an appropriate set of

polarization vectors and write down the scattering amplitudes to third order in spin, for generic�2,
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�3. To do that, we first fix the incident wave at a given helicity (±2), by choosing the polarization

vectors appropriately (Y` ≡ (1/
√

2) (0, 1,±8, 0)). Then, the scattering amplitude for measuring

an outgoing wave with wave vector ;`, with +2 (−2) helicity is given by M±+ = ��`aZ−2,`Z−2,a

[M±− = ��`aZ+2,`Z+2,a] respectively, where we are using the notation M±± for the scattering

amplitudes from a given incoming helicity to a given outgoing helicity. Here, Z `±2 are the complex

null polarization vectors orthogonal to the outgoing wavevector ;` (just as Y` are the complex null

polarization vectors for the incomingwavewith wavevector :`), and they satisfy Z0 ·Z1 = (1−X01),

Z0 · ; = 0.

With this formula, we obtain the following expressions for the amplitudes for the BH case,

i.e., �2 = �3 = 1.

M++ = �"l
cos4 (

\
2
)

sin2 (
\
2
) exp

[
− B

`

"
(:` + ;`) tan2 ( \

2
)

− 8

"l cos2( \2 )
(`a:`;a

]
+$ ((4), (3.93)

M+− = �"l sin2
(
\

2

)
exp

[
B`

"
(:` − ;`)

]
+$ ((4),

(3.94)

M−− = M̄++((`a → −(`a, B` → −B`), (3.95)

M−+ = M̄+−((`a → −(`a, B` → −B`), (3.96)

where :` ≡ l(1, 0, 0, 1) is the incoming wave vector and ;` ≡ l(1, =̂) is the outgoing wave

vector, with =̂ showing the spatial direction and we are using the notation 5̄ to denote the complex

conjugate of 5 . \ is the angle between incident wave-vector and outgoing wave-vector and related

to the wave-vectors via −: · ; = l2 − l2 cos(\) = 2l2 sin2( \2 ). B
` = −(1/2)n `adfDa(df is the

Pauli-Lubanksi spin vector. The spin (`a = ((0)`a and 4-velocity D` = D(0)a appearing here are the
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unperturbed zeroth order spin and 4-velocity of the black hole. The above amplitudes, although

written as an exponential are only verified by this method to third order in spin, as shown by the

+$ ((4) in the above expressions.

It is worth noting that there is mixing of polarization (i.e., non zero M+− and M−+) even

in absence of spin ((`a → 0). This is a known result and does not happen for electromagnetic

wave scattering off black holes (see Ref. [333]). The above amplitudes are also consistent with

the scattering cross sections in the spinless case given in Ref. [232]. They are also consistent

with Eq. (22) in Ref. [334], valid at first order in spin. Most importantly, these amplitudes are

identical to the exponentials in Eqs. (5.14) and and (5.17) in Ref. [233] in which the amplitudes

of Ref. [111] were rewritten as an expansion in spin multipoles in spinor-helicity formalism9 .

The expressions for amplitudes prior to substituting the incoming and outgoing polariza-

tion vectors and for generic �2, �3 are given in the appendix. However, after substitution of the

polarization vectors, the expressions for the helicity-conserving (-reversing) amplitudes, M++,

M−− (M+−, M−+) for generic �2 and �3 upto (3 can be separately simplified by choosing the

appropriate basis of vectors for writing them. For helicity-conserving amplitudes (M++, M−−),

we choose the vectors

:`, ;`, F
`

S =
1

2l cos2 (
\
2
) [l(:` + ;`) − 8n `UVW:U;VDW],

0` = B`/". (3.97)

9Note that the conventions regarding helicity states are slightly different in Refs. [111, 233]. They have chosen
the momenta of both gravitons to be incoming. In our case, this means ;` → −;` and the helicity of the outgoing
wave/graviton is flipped. As a result, their ‘‘same-helicity’’ (++) amplitude is our helicity-reversing (+−) amplitude,
and their ‘‘opposite helicity’’ (+−) amplitude is our helicity-conserving (++) amplitude. Also, they have written the
results in a spinor helicity formalism.
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For helicity-reversing amplitudes (M+−, M−+), we choose the vectors

:`, ;`, F
`

O =
−1

2l sin2 (
\
2
) [l(:` − ;`) + 8n `UVW:U;VDW],

0` = B`/". (3.98)

In terms of these vector bases, the amplitudes for generic axisymmetric, parity-preserving, sta-

tionary compact bodies to third order in spin can be written as

M++ = �"l
cos4(\/2)
sin2(\/2)

(
exp[0 · (: + ; − 2FS)] +

�2 − 1
2

[
(: − FS) · 0

]2 +
[
(; − FS) · 0

]2

+ �2 − 1
2

[
(: − FS) · 0

] [
(; − FS) · 0

] [
(: + ; − 2FS) · 0

]
− (�2 − 1)2 [(: − FS) · 0

] [
(; − FS) · 0

]
(FS · 0)

+ �3 − 1
6

{[
(: − FS) · 0

]3 +
[
(; − FS) · 0

]3
})
, (3.99)

M−− = M̄++(0` → −0`). (3.100)

M+− = �"l sin2
(
\

2

) (
exp[0 · (: − ;)] + (�2 − 1)

2 cos2(\/2)

{
[(: − ;) · 0]2

− sin2(\/2)
(
[(: − FO) · 0]2 + [(; + FO) · 0]2 − 4(FO · 0)2

)}
+ (�2 − 1)

2
tan2(\/2)

[
(: − ; − 6FO) · 0

] [
(; − FO) · 0

] [
(: + FO) · 0

]
+ (�2 − 1)2 tan2(\/2)

[
(FO + :) · 0

] [
(FO − ;) · 0

]
(FO · 0)

+ (�3 − 1)
6 cos2(\/2)

(
[(: − ;) · 0]3 − sin2(\/2)

{
[(: − FO) · 0]3

− [(; + FO) · 0]3 + 8(FO · 0)3
}))

, (3.101)

M−+ = M̄+−(0` → −0`). (3.102)
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This remarkable simplification of the Compton amplitudes in the appropriate vector basis

can be helpful in the subsequent derivation of two-body dynamics. Unfortunately, the simplifi-

cation for helicity-reversing amplitudes is not as nice as that of helicity-conserving amplitudes,

but thus far we have not been able to find a better basis for simplification of helicity-reversing

amplitudes.

Finally, it is also worth noting that the helicity flip (+ ↔ −) at the level of amplitudes

can be carried out by reversing the direction of spin and a complex conjugation even in the most

general case (�2, �3 ≠ 1). This can be understood as a combination of time-reversal and parity

transformation, which flips the helicities and the spin but leaves the (incoming and outgoing)

momenta invariant. Thus, we have

M(n+, Z+, :`, ;`, 0`)
Parity flip

−−−−−−−−−→
Time reversal

M̄(n−, Z−, :`, ;`,−0`),

(3.103)

M(n+, Z−, :`, ;`, 0`)
Parity flip

−−−−−−−−−→
Time reversal

M̄(n−, Z+, :`, ;`,−0`),

(3.104)

yielding the previously seen relations M−− = M̄++(0` → −0`) and M+− = M̄−+(0` → −0`).

3.6 Conclusion

In this work, we solved for the dynamics of a spinning compact body with spin-induced

multipole moments subject to an external linearized gravitational plane wave, and solved for the

scattered wave produced in response, to third order in spin of the body, at linear order in �. The

compact body was described with an effective worldline formalism, where it was treated as a

spinning point particle with non-minimal couplings of higher multipole moments to spacetime
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curvature. The spin-induced (electric) quadrupole and (magnetic) octupole moments of the par-

ticle could be controlled by varying two parameters �2 and �3, respectively, normalized so that

�2 = �3 = 1 corresponds to the black hole case. We extracted the scattering amplitude for the

scattering of gravitational waves off compact spinning bodies for generic �2 and �3, again up to

order �(3.

For the special case �2 = �3 = 1 corresponding to a black hole, we verified that our

classical scattering amplitude matches the classical limit of the Compton amplitude originating

from Ref. [111], in particular using its form in terms of the heavy-particle EFT variables from

Ref. [233]. Assuming that the effective worldline theory is sufficiently general, and given that

its only free parameters (contributing through order �(3), �2 and �3, are fixed by matching to

the linearized Kerr solution, this provides further evidence that the Compton amplitude from

Refs. [111, 233] is indeed suitable for describing the dynamics of a black hole, at least to third

order in spin. We note that a BCFW construction of Compton amplitudes for generic �2 and �3

(and so forth) has been given in Appendix B of Ref. [170]; the result for the helicity conserving

(‘‘opposite helicity’’) amplitude notably differs from our result (3.99) by the absence of terms

quadratic in �2 (‘‘�S2’’) at third order in spin. We have verified that our Compton amplitudes for

generic �2 and �3 (for both helicity configurations) are in agreement with the classical limits of

the Compton amplitudes derived by the authors of Ref. [322] for use in their computation of the

2-to-2 scattering amplitudes, for a certain choice of their extra free parameter (specifically when

their parameter �2 equals 1).

An important direction for future work is to extend our results to fourth and fifth orders in

spin, where the worldline theory will encounter additional Wilson coefficients multiplying cou-

plings quadratic in the curvature. Input from the worldline theory may help to clarify issues such
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as the counting and interpretation of additional free parameters at higher orders in spin, in the

comparison with effective quantum theories, and may facilitate the comparison of both of those

approaches with results from black hole perturbation theory. Beyond the (fundamentally conser-

vative) spin-induced multipole couplings of the type considered here, it will also be necessary, at

sufficiently high orders in the long-wavelength scattering expansion, to include absorptive effects

(e.g., absorption of mass-energy and angular momentum down a black hole horizon), as have been

treated in an effective worldline theory (e.g.) in Ref. [61] and using black hole perturbation theory

(e.g.) in Ref. [60].
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Chapter 4: Modeling horizon absorption in spinning binary black holes

using effective worldline theory

Authors1: M. V. S. Saketh, Jan Steinhoff, Justin Vines, Alessandra Buonanno

Abstract: The study of scattering encounters continues to provide new insights into the gen-

eral relativistic two-body problem. The local-in-time conservative dynamics of an aligned-spin

binary, for both unbound and bound orbits, is fully encoded in the gauge-invariant scattering-angle

function, which is most naturally expressed in a post-Minkowskian (PM) expansion, and which

exhibits a remarkably simple dependence on the masses of the two bodies (in terms of appropriate

geometric variables). This dependence links the PM and small-mass-ratio approximations, allow-

ing gravitational self-force results to determine new post-Newtonian (PN) information to all orders

in the mass ratio. In this chapter, we exploit this interplay between relativistic scattering and self-

force theory to obtain the third-subleading (4.5PN) spin-orbit dynamics for generic spins, and the

third-subleading (5PN) spin1-spin2 dynamics for aligned spins. We further implement these novel

PN results in an effective-one-body framework, and demonstrate the improvement in accuracy by

comparing against numerical-relativity simulations.
1Originally published as Phys. Rev. D 109, 064058 (2024)
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4.1 Introduction and summary

With ninety gravitational-wave (GW) events [335] from compact-binary coalescences ob-

served by the LIGO-Virgo detectors [19, 39], GW astronomy has become an important instrument

to explore our universe. While the worldwide network of detectors has recently included the KA-

GRA detector [21], and will continue to improve in sensitivity in the future [282, 336–339], the

accuracy of waveform models needs to keep in step with the increasing sensitivity in order to

avoid systematic errors in parameter estimation [340]. Predictions for GWs from the late stage of

a binary inspiral and merger require full numerical solutions of the strong-field dynamics. Here

we focus instead on the early inspiral, applying the post-Newtonian (PN, weak-field and slow mo-

tion) approximation, and calculate horizon-absorption effects on the GW phase from black hole

(BH) binaries up to 4PN order.

The presence of the horizon leads to some interesting effects in BH binaries. In particular,

GW energy can fall into (or out of, in the case of superradiance) the horizon, leading to a change

in mass and magnitude of spin angular momentum2 of the BHs in a binary. The change in these

parameters is consistent with the second law of BH dynamics and always leads to an increase

(or no change) in the area of the horizon [341]. A change in mass and spin can also happen for

other compact bodies like neutron stars through tidal heating (see, e.g., Refs. [196, 342]). Future

GW detectors may be sensitive to these dissipative effects, which can then provide a probe for

the nature of BHs (e.g., the presence of a horizon) [343–346]. Horizon-absorption effects have

been included in some effective-one-body (EOB) waveform models [347–349], but not yet in the

state-of-the-art models used for LIGO-Virgo-KAGRA (LVK) data analysis.
2We will refer to the magnitude of spin angular momentum simply as ‘‘spin” in the rest of this work.
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For spinning BHs, the leading-order flux into the horizon starts at 2.5PN with respect to the

leading quadrupolar flux (of the binary) to infinity [58, 60–65]. Through the flux-phase relation,

this means that the GW phase is also affected at 2.5PN order (see, e.g., Ref. [350, 351]). For

nonspinning BHs, the same effect starts at 4PN [58, 62]. In the test-body limit, when there is

a tiny BH orbiting a much larger spinning BH, one can solve for the horizon energy flux of the

large BH via BH perturbation-theory (BHPT), which consists in this case of solving the Teukolsky

equation with incoming boundary conditions at the horizon, and outgoing boundary conditions

at infinity, as was done, e.g., in Ref. [58]. However, it is nontrivial to extend this calculation to

generic mass ratios. This was accomplished at leading 2.5PN order in Ref. [59], for the case of

aligned-spin circular orbits via arguments relating the spin-aligned–quasi-circular inspiral to the

case when two spinning BHs are held at rest with respect to each other. The result was extended

further to 1.5PN orders (to absolute 4PN order) in Refs. [60, 198] where BHPT was used along

with a matching between the near zone and the orbital zone for BHs in a binary to derive the

energy and angular-momentum fluxes across their horizons for generic mass ratios. However, for

spinning BHs, the result was inconsistent with that obtained in the test-body limit in Ref. [58].

This discrepancy is yet to be settled in the literature and thus the correct expression for mass and

angular-momentum evolution for generic mass ratios at 4PN is yet to be clarified. Settling this

discrepancy is crucial to derive the correct horizon-flux contribution to the waveform phase at

4PN order, and it is one of the goals of this chapter.

The problem of computing the horizon fluxes for spinning BHs was tackled recently in an

effective field theory (EFT) framework in Ref. [61] (see also, e.g., Refs. [197, 238–241, 352] for

previous work in that direction and Refs. [51, 54, 183, 249, 353, 354] for the EFT formalism in-

cluding spin and tidal effects), where the BH was treated as a point particle with tidally induced
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quadrupole moments. Then in an ‘‘in-in” formalism, a parametrized expression for the absorp-

tion cross section for a graviton being absorbed by the effective particle was computed, whose

parameters were fixed by a matching calculation against the classical absorption cross section for

gravitational plane waves by a spinning BH(from Ref. [242]). This in turn fixes the correlation

function for the quadrupole moment, which was subsequently used to derive the dissipative part

of the Green’s function relating the tidal fields to the quadrupole moments. Once the tidal re-

sponse was fixed in this way, the EFT was applied to compute the evolution equation for mass

and spin by suitably defining them in the worldline theory from the effective action. This calcu-

lation was carried out at leading (2.5PN) order and the result was consistent with earlier works in

Refs. [62–65].

In this work, we similarly develop an effective worldline framework to model the dissipative

dynamics of spinning BHs, but extend it by 1.5PN orders. We follow Ref. [61] in treating the

spinning BH as a point particle with tidally induced moments, but work in a purely classical

framework. We identify and fix the dissipative part of the tidal response by comparing results from

the scattering of GWs off the particle/BH between the effective and real theories (see also, e.g.,

Refs. [2, 135, 176, 245] for other works involving comparison of such a scattering process between

real and effective theories). We then derive expressions for the evolution of mass and spin up to

1.5PN order (relative to the leading order). We find that the resulting expressions are consistent

with earlier results obtained in the test-body limit in Ref. [58], thus weighing in on one side of the

discrepancy discussed above. We then derive the 4PN contribution to the waveform phase due to

the horizon fluxes, while consistently including the effects due to the changing parameters (mass

and spin) of the members of the binary (extending an earlier 3.5PN result [351]).

To accomplish this, we write down in Sec. 4.2 an effective worldline action for a spinning
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particle with (gravito-electric and -magnetic) quadrupole and octupole moments, coupled accord-

ingly to quadrupolar and octupolar (gravito-electric and -magnetic) tidal fields in the action. We

then motivate ansätze relating the tidal fields linearly to the multipole moments. In the absence

of spin, spherical symmetry and parity symmetry imply that a given tidal field only induces the

corresponding multipole moment (e.g., the electric-type quadrupole &`a

E is induced only by the

electric-type tidal field E`a). However, in the presence of spin, it is possible for octupolar tidal

fields to induce quadrupolar tidal fields and vice-versa, while still preserving parity. This is an im-

portant property of the ansätze and turns out to be crucial for correctly modelling the dissipative

dynamics of spinning BHs. In particular, the Teukolsky equation which governs the curvature

perturbations in a Kerr background is separable in spheroidal harmonics with spin weight -2.

This feature can be modelled in the effective theory only by including the interaction between

quadrupole (octupole) fields and octupole (quadrupole) moments.

Once we motivate general ansätze for the multipole moments, we further specialize them by

using the fact that the response tensors (relating the tidal fields to the multipole moments) can only

have a nontrivial tensor structure due to the spin of the particle, which allows us to decompose

them into a set of basis tensors with undetermined coefficients to be fixed. For this purpose, in

Sec. 4.3, we place the effective particle at the origin and scatter GWs off of it, and then use the

Einstein equation and the ansätze to solve for the scattered wave and then subsequently to compute

the degree of absorption for the spheroidal ; = 2, 3 modes of the wave to O(n7), where n = �"l

with" being the BHmass andl the GW angular frequency. Comparing the degree of absorption

obtained by solving the scattering problem in the effective theory with that obtained by solving the

same problem in the actual setup of GWs scattering off a spinning BH, using BHPT as governed by

the Teukolsky equation [212], finally fixes the response coefficients that contribute to dissipation.
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The response coefficients are notably nonpolynomial in the BH spin.

Once the (dissipative part of the) tidal response is fixed, we proceed to compute expressions

for the evolution of mass and spin in the effective theory in Sec. 4.4. We first derive general

evolution equations for mass <, and spin �, in terms of the tidal fields and multipole moments

from the equations of motion obtained from the action, and then derive the explicit expressions

for the special case parallel-spin–quasi-circular 3 binaries to relative 1.5PN order. We show its

consistency (or lack thereof) with earlier results and then proceed to compute the effect on the

waveform phase up to 4PN with respect to the leading-order quadrupolar flux of the system to

infinity in Sec. 4.5. With that, we conclude our work in this chapter in Sec. 4.6.

We work with the (-,+,+,+) metric signature convention. We use greek symbols `, a, ...,

for space-time indices ranging over {0, 1, 2, 3} with 0 being used for the time-component, and

latin symbols 8, 9 , ..., for spatial indices ranging over {1, 2, 3}. We use n0123 = n123 = 1 as the

convention for Levi-Civita tensor(s). We also use the multi-index notation where `! = `1`2 . . . `;

for conveniently representing a string of indices where useful and use the notation 〈`1`2...〉 to

represent symmetrization and trace removal of a tensor over the contained indices. We set the

speed of light 2 = 1 in the work. However, we keep the dependence on the Newton constant

� explicit for most of the work, and mention explicitly when setting � = 1 as well to facilitate

comparison with earlier works.
3In this work, by parallel-spin–quasi-circular binaries, we always mean BHs in a binary with their spin vectors

parallel to each other and to the orbital angular momentum.
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4.2 Setup in effective worldline theory

In this section, we discuss the effective worldline theory for the point particle used to model

the spinning compact object. We first briefly outline the particle’s multipole structure and how

it can be used to model absorption. We then proceed to set up an effective action for the par-

ticle including the multipole moments, and then write down general ansätze with undetermined

coefficients for the multipole moments as a linear function of the tidal fields consistent with ax-

isymmetry and parity symmetry.

We model the horizon flux of the spinning BH in effective worldline theory as tidal heating

of a composite paricle with several tidally induced multipole moments, whose degrees of freedom

are contained in symmetric trace-free (STF) tensors&`!
E,=,&

`!
B,=, ; ≥ 2, = ≥ 0, satisfying&`!D`8 =

0, 1 ≤ 8 ≤ ;. In the effective action, we choose the multipole moments to couple with the tidal

fields

E`! = ∇〈`!−2'`;−1 |U |`;〉VD
UDV, (4.1)

B`! =
1
2
∇〈`!−2n |W |`;−1

UV'|UV |`;〉XD
WDX, ; ≥ 2,

where D` is the four-velocity and we are using the notation 〈`!〉 to denote symmetrization and

trace-removal. In the effective action, we choose the electric ‘E’ (magnetic ‘B’) multipole mo-

ments to couple with electric (magnetic) tidal fields in accordance with the number of indices

and parity as (tidal = (1/2)∑∞
;=2

∑
= [&`!

E,=E`! + (E ↔ B)]]. We will only need to consider their

coupling and induction by quadrupolar (; = 2) and octupolar (; = 3) tidal fields to the PN order

relevant in this work. In addition, the various multipole moments are dynamical and are coupled

to each other via an internal action (int such that the energy tidally pumped into these modes may
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progressively escape into higher order/smaller length-scale multipoles effectively leading to dissi-

pation. If there is a sufficiently large number of degrees of freedom, and if they are appropriately

coupled, the recurrence time becomes essentially infinite and the system becomes effectively ir-

reversible. We will not however explicitly model the process of dissipation and only use that as

a justification to write down ansätze for the multipole moments in terms of the tidal fields that

allows for dissipation. Note that at the end of the day, we only intend to mimic the BH’s horizon

absorption (as tidal heating) and acquire an effective model that may be used to study the associ-

ated dynamics. Whether there is any physical relation to the real microscopic degrees of freedom

of a BH and this model is unknown and not directly relevant to this work. Our approach of incor-

porating tidal moments in the action is slightly different at a superficial level from the prescription

used in Ref. [61] where instead a single quadrupole moment was used but allowed to be a function

of several unknown microscopic degrees of freedom denoted by - . Practically however, there is

not much of a difference.

In the absence of spin, an unperturbed BH is spherically symmetric, and the linear tides can

only be induced by the fields to which they directly couple to in the action, e.g., as4 ,

∞∑
==0

&
`!
E,= = "

∞∑
<=0

_;E,< (�")2+;+< �<

�g<
E`! ,

and similarly for (E ↔ B) (4.2)

where parity symmetry5 prevents themagnetic (electric) tidal field for the same ; from inducing the

electric (magnetic) multipole moment, and spherical symmetry means there is no special tensor
4Wewill only ever need an ansatz for the sum of all multipole moments for a given ; and parity (E/B) for comput-

ing the evolution equations for physical quantities such as total spin angular momentum or total linear momentum. We
however allow for the presence of multiple multipole moments with the same ; and parity labels E/B for generality.

5In general, E`!
(or B`!

) transforms under parity as (−1); or [(−1) (;+1) ]. The multipole moments with which
they explicitly couple in the action cannot be induced by tidal fields with a different transformation under parity if
the particle is to be parity-preserving.
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with which to contract the higher multipolar order tidal fields (or multiply the lower multipolar

order ones) to contribute to the ansatz for∑=&
`!
E(B),=. Spherical symmetry is also the reason there

is no mixing of indices in the response tensor. We can also identify from Eq. (4.2) which response

coefficients are conservative and which are dissipative simply by looking at the transformation

under time-reversal. The coefficients next to odd powers of time derivatives are dissipative and

the ones next to even powers are conservative. This is less trivial for a spinning particle which

allows for mixing of multipolar orders with the help of the spin tensor and Pauli-Lubanski spin

vector.

However, a spinning BH can have induction between different multipolar orders, since the

spin-tensor (`a defined in Eq. (4.6), or Pauli-Lubanski spin vector B` = −[1/(2<)]n `adf?a(df,

can appear in above relations (4.2). We still need to keep parity considerations in mind as spinning

BHs obey parity symmetry. Crucially, for our purposes, we need to include the induction of

octupole moments by quadrupolar fields and vice-versa to capture the tidal heating of the spinning

BHs at relative 1.5PN order. We will write down a general ansatz for multipole moments in the

spinning case in Subsec. 4.2.2. But first, we will write down in Subsec. 4.2.1 an effective action for

a particle with spin and aforementioned multipole moments and derive the equations of motion for

spin and four-momentum, and the effective stress-energy tensor, following closely the prescription

in Ref. [184] but with suitable modifications to allow for the presence of tidally induced moments.

We will then write down general parametrized ansätze for the multipole moments in terms of the

tidal fields constrained by the symmetries of the particle (axisymmetry and parity invariance),

which is somewhat similar to the approach used in Ref. [61] to fix the form of the correlation

function of the quadrupole moments.
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4.2.1 Action and equations of motion for momentum and spin angular momen-

tum

To get the equations of motion, we will follow a direct extension of the simple procedure

given in Ref. [184] for deriving the equations of motion from an implicit action, while including

the aforementioned tidal moments. We include the spinning degrees of freedom by attaching

to the particle a body-fixed tetrad n�` satisfying orthonormality and completeness. The angular

velocity of the particle is then measured with the quantity Ω`a = n�
` �n �a

�g
. It is sufficient in this

work just to include the spin at leading order and ignore spin-induced multipole moments. The

worldline of the particle is denoted by I` (g), where g is the proper time. We can then write down

the action implicitly as

( =

∫
3g! (D`,Ω`a, 6`a, &

`!
E,=, &

`!
B,=,

¤&`!
E,=,

¤&`!
B,=,

'`adf,∇_'`adf), (4.3)

where D` = 3I`/3g and we are using the notation ¤0 = �0/�g. Additionally, we have assumed

that only the first time derivative of each individual multipole moment needs to be included in the

action. We have also restricted ourselves to including just the quadrupolar (; = 2) and octupolar

(; = 3) tidal fields in the action explicitly as mentioned before. The coupling of tidal fields with

higher order multipole moments is irrelevant to the PN order of interest in this work as we will see

later. We do however keep all the higher multipolar order moments since tidal heating requires

the presence of several additional degrees of freedom into which the system may pump energy.

Additionally, as mentioned before, we choose the multipole moments to couple directly with the
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corresponding tidal fields (in accordance with number of indices and parity label) by imposing

m!

mE`!
=

1
2

∑
=

&
`!
E,=,

m!

mB`!

=
1
2

∑
=

&
`!
B,=, ; = 2, 3 (4.4)

which is equivalent to having in the action a linear combination of the form

(tidal =
3∑
;=2

∑
=

∫
3g

1
2
E`!&

`!
E,= + (E ↔ B),

in the total action. We can derive the equations of motion for momentum and spin angular mo-

mentum directly from this implicit action. First, we consider a general variation

X! =?`XD
` + 1

2
(rot
`aXΩ

`a + m!

m6`a
X6`a −

1
6
�`adfX'`adf − 1

12
�_`adfX∇_'`adf

+
∞∑
;=2

∞∑
==0

(
m!

m&
`!
E,=
X&

`!
E,= +

m!

m ¤&`!
E,=
X ¤&`!

E,= +
m!

m&
`!
B,=
X&

`!
B,= +

m!

m ¤&`!
B,=
X ¤&`!

B,=

)
, (4.5)

where we have defined

?` = (m!/mD`) |Ω`a , (rot
`a =

1
2
(m!/mΩ`a), (4.6)

�`adf = −6
m!

m'`adf
= −3

∞∑
==0

D [`&a] [d
E,= D

f] + 3
2

∞∑
==0

&
U〈d
B,=nVU

`aD |V |Df〉' , (4.7)

�_`adf = −12
m!

m∇_'`adf
= −6

∞∑
==0

D〈`&ad_

E,= D
f〉∇' + 3

∞∑
==0

&
U〈d_
B,= nVU

`aD |V |Df〉∇' , (4.8)

where the expressions for the �’s follow trivially fromEq. (4.4) andwe are using 〈0123〉' (〈0123〉∇')

to represent the symmetrization of indices according to the symmetries of the Riemann tensor (co-

variant derivative of the Riemann tensor) respectively. Now, if we consider a variation of the form

G` → G` + b` corresponding to an infinitesimal change of coordinates, we obtain the constraint

2
m!

m6`a
= ?`Da + (`drotΩ

a
d +

2
3
'`_df�

a_df + 1
3
�_agdf∇_'`gdf + 1

12
�a_gdf∇`'_gdf

+
∞∑
;=2

;

2

∞∑
==0

[M` `!−1
E,= &E,=

`!−1
a + %` `!−1

E,=
¤&E,=
`!−1

a + (E ↔ B)], (4.9)
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where we have defined M`!
E(B),= = (m!/m&E(B),=

`! ), and %`!E(B),= = (m!/m ¤&E(B),=
`! ). Note that the

equations of motion for the multipole moments obtained upon variation of the action with respect

to them (m!/m&`!
E(B),=) − (�/�g) (m!/m ¤&`!

E(B),=) = 0, imply that M`!
E(B),= = ¤%`!E(B),= on the

actual worldline. Eq. (4.9) is a useful identity to eliminate the partial derivative with respect to

the metric later in the equations of motion for momentum and spin angular momentum. First, we

obtain the equation for spin angular momentum easily by variation of the action with respect to

the tetrad variables n�`. We get the simple equation

X( =

∫
3g

m!

mΩ`a
XΩ`a = 0 =⇒

�(
`a
rot

�g
= 2Ω[`

d(
a]d
rot ,

(4.10)

and we can eliminate the RHS using Eq. (4.9) by taking its antisymmetric part [which leads to

(m!/m6`a) vanishing] and we get

�(
`a
rot

�g
= 2? [`Da] + 4

3
' [`

_df�_
a]gdf + 2

3
∇_' [`

gdf�_
a]gdf + 1

6
∇[`'_gdf�

a]_gdf

+
∞∑
;=2

∞∑
==0

;
�

�g
[%[`

E,=`!−1&
a]`!−1
E,= + (E ↔ B)], (4.11)

where we have used M`!
E(B),= = ¤%`!E(B),=, valid on the worldline. We can now redefine the spin

angular momentum as (`a = (`arot −
∑∞
;=2

∑∞
==0 ; [%

[`
E,=`!−1&

a]`!−1
E,= + (E ↔ B)], to get

�(`a

�g
= 2? [`Da] + 4

3
' [`

_df�_
a]gdf (4.12)

+ 2
3
∇_' [`

gdf�_
a]gdf + 1

6
∇[`'_gdf�

a]_gdf .

This is the appropriate definition of total spin angular momentum of the body as reinforced by the

fact that this also shows up in the stress energy tensor (see Eq. 4.14) in the expected manner. To

solve the equations of motion, we also need to impose a ‘‘spin supplementary condition’’ (SSC)
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to ensure that it is a spatial tensor with the right number of degrees of freedom. Here, we impose

the ‘‘covariant’’ or Tulczyjew-Dixon SSC at the level of the equations of motion upon the total

physical spin angular momentum as (`a?` = 0.

The equation of motion for momentum can be obtained by variation of the action with

respect to the worldline I` (g), which can be done following the covariant approach as shown in

Ref. [184] to get

�?`

�g
= −1

2
'`adfD

a(df − 1
6
�_adf∇`'_adf (4.13)

− 1
12
�g_adf∇`∇g'_adf .

Note that only the sum of multipole moments ∑
=&

`;
E,=, appear in the expressions for the time

derivatives of momentum and spin angular momentum.

Finally, the stress energy tensor of the particle can be derived by varying the effective action

with respect to the metric 6`a as ) `a = 1√−6
X(
X6`a

, where all dependency of the action on 6`a needs

to be taken into account during the variation. This variation was performed in Ref. [184] to obtain

) `a = )
`a

pole−dipole + )
`a

quadrupole + )
`a

octupole, (4.14)

)
`a

?>;4−38?>;4 =

∫
3g? (`Da)

X(4) (G − I)
√−6 − ∇d

∫
3g(d(`Da)

X(4) (G − I)
√−6 , (4.15)

)
`a

quadrupole =

∫
3g

1
3
'
(`
_df

�a)_df
X(4) (G − I)

√−6 − ∇d∇f
∫
3g

2
3
�d(`a)f

X(4) (G − I)
√−6 , (4.16)

)
`a

octupole =

∫
3g

[
1
6
∇_'(`

bdf
�

a)bdf
_

+ 1
12

∇(`'bgdf�
a)bgdf

]
X(4) (G − I)

√−6 (4.17)

+ ∇d
∫
3g

[
− 1

6
'
(`
b_f

� |d |a)b_f − 1
3
'
(`
b_f

�a)db_f + 1
3
'
d

b_f
� (`a)b_f

]
X(4) (G − I)

√−6

+ ∇_∇d∇f
∫
3g

1
3
�fd(`a)_

X(4) (G − I)
√−6 ,
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which holds true even in the presence of inducible multipole moments when the contribu-

tion of the multipole moments is included in the definitions of the momentum and spin angular

momentum. Since we are only interested in linear tides, we can drop all nonlinear (in curvature

or metric perturbation) contributions in the quadrupolar and octupolar stress energy tensor to get

a simpler truncated stress energy tensor as

) `a =

∫
3g? (`Da)X(4) (G − I) − ∇d

∫
3g(d(`Da)X(4) (G − I) − ∇d∇f

∫
3g

2
3
�d(`a)fX(4) (G − I)

+ ∇_∇d∇f
∫
3g

1
3
�fd(`a)_X(4) (G − I). (4.18)

This truncated stress energy tensor will be important later to solve the problem of GWs

scattering off the effective particle.

To proceed further, we need to relate the tidal fields to the multipole moments. We will now

motivate and write down general ansätze for the multipole moments.

4.2.2 Ansätze for multipole moments

Going forward, we define the sum of all multipole moments for a given ; and parity (elec-

tric or magnetic) as individual moments for convenience as &`!
E =

∑
=&

`!
E,=. Now, as mentioned

earlier, when the particle obeys spherical symmetry, only the tidal fields to which the multipole

moment explicitly couples to in the action can affect it and we have Eq. (4.2). However, in the

presence of spin, it is possible to have more fields in the formula for multipole moments. Since

we intend to model the spinning BH, which breaks spherical symmetry but still respects parity,

we can only have tidal fields with the same transformation under parity as the moment in the

right hand side. The transformation under reflection is (−1); for E fields and (−1);+1 for B fields.
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Furthermore, we restrict our attention to quadrupolar and octupolar tidal fields as the higher mul-

tipolar order tidal fields are not relevant to the order of interest in this work. Thus, we can write

a general ansatz as

&
`a

E = "
∞∑
<

(�")4+<_`aE,< df
�<

�g<
Edf + "

∞∑
<

(�")5+<Z `aB,< dfW
�<

�g<
BdfW, (E ↔ B),

&
`ad

B = "
∞∑
<

(�")5+<[`adE,<fW
�<

�g<
EfW + "

∞∑
<

(�")6+<Λ`ad

B,<UfX
�<

�g<
BUfX, (E ↔ B),

(4.19)

where we have rendered the response tensors dimensionless by removing factors of �" .

The response tensors can only have a nontrivial structure due to the spin of the particle. Addition-

ally, they must be orthogonal to D` and be traceless in the upper and lower set of indices separately.

One can thus generally decompose the response tensors as linear combination of building-block

tensors made up of the spin tensor (`a, Pauli-Lubanski spin vector B` ≈ −(1/2)n `adfDa(df,6 and

the orthogonal (to four-velocity D`) projection operator P`
a = X

`
a + D`Da. While infinitely many

such combinations may be written, only a handful of them are linearly independent and we can

generally decompose the response tensors _, Z , [, as (see, e.g., Ref. [61] where the correlation

function for the quadrupole moment was fixed)

_
`a

E,=df = 5 0
E,=P

〈`
〈dP

a〉
f〉 + 5 1

E,=(̂
〈`

〈dPa〉
f〉 + 5 2

E,= B̂
〈` B̂〈dX

a〉
f〉 + 5 3

E,= B̂
〈` B̂〈d (̂

a〉
f〉

+ 5 4
E,= B̂

〈` B̂〈d B̂
a〉 B̂f〉, (E ↔ B)

Z
`a

B,=dfW = _
`a

E,= 〈df B̂W〉 ( 5E,= → 6B,=), [`adE,= df = B̂〈d_`a〉E,= df ( 5E,= → ℎE,=), (E ↔ B) (4.20)

6The Pauli Lubanski spin vector is actually defined as B` = −[1/(2<)]n `adf ?a(df . However, as ?` = <D` +
O('), we can neglect the curvature-dependent corrections when substituting in the linear tidal-response.
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where the sets of coefficients 5 , 6, ℎ can now only depend on the spin parameter j =

�/(�"2), where � =
√
(1/2)(`a(`a is the magnitude of spin angular momentum. Also, we have

defined (̂`a and B̂` as the normalized versions of the spin-tensor ((̂`a (̂`a = 2) and spin-vector

(B̂` B̂` = 1) so they are dimensionless and independent of any parameter. Adding any other tensor

made up of the same ingredients will be linearly dependent on the remaining pieces, which follows

simply from the relations (̂`a B̂a = 0, and (̂`d (̂af = −P`
fPa

d +P`aPdf −Pdf B̂` B̂a +P`
f B̂

a B̂d +

Pa
d B̂
` B̂f − P`a B̂d B̂f, and thus no more free coefficients can be introduced. We have transferred

all freedom in choosing the response to the associated sets of j-dependent parameters 5 , 6, and

ℎ. We can similarly decompose the tensor Λ`ad

UfX
but it turns out to be irrelevant to the order of

interest in this work, so we just drop its contribution from now on. We can drop most of the time-

derivatives of the tidal fields in the ansätze for the same reason and work with simplified truncated

ansätze by including terms only up to (�")5,

&
`a

E = (�")4_
`a

E,0dfE
df + (�")5_

`a

E,1df
�

�g
Edf

+ (�")5a
`a

B,0〈df B̂W〉B
dfW , (E ↔ B),

&
`ad

B = (�")5 B̂〈db`a〉E,0 UVE
UV, (E ↔ B), (4.21)

where we have defined a`aB,0df = _
`a

B(E),0df ( 5E(B),0 → 6B(E),0), and b`aE,0df = _
`a

E,0df ( 5E(B),0 →

ℎE,0). The 40 coefficients, 5 8E(B),0, 5
8
E(B),1, 6

8
B(E),0, ℎE(B),0 characterize the tidal response of the

particle. Some contribute to dissipative effects whereas others contribute only to conservative

effects. Unlike for the spinless case, it is not obvious here which ones contribute to dissipation

and which ones do not, due to coupling between different multipolar orders. At leading order,

focussing only on the quadrupolar tidal field inducing the quadrupolar multipole moment, it can

be shown (see Ref. [61]) that the part of the tensor _`adfE,0 that is antisymmetric under `a ↔
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df contributes to dissipation. This criteria is flipped for _`aE,1df as it is next to an odd power

of a time-derivative. This includes the coefficients 5 1
E(B),0, 5

3
E(B),0, 5

0
E(B),1, 5

2
E(B),1, 5

4
E(B),1. It

is less trivial for the coefficients entering tensors that mix the different multipolar orders. We

will see in Sec. 4.3.4 which coefficients are conservative and which are dissipative among these.

We accomplish this by scattering GWs off the effective particle and computing the degree of

absorption for the ; = 2 spheroidal modes and comparing with the analogous result obtained

by solving the Teukolsky equation. This comparison, along with demanding that the different

spheroidal modes of the Newman-Penrose scalar k4 scatter independently in the effective theory

will help identify which coefficients lead to dissipation and which only to conservative effects.

Additionally, wewill also be able to fix the coefficients that contribute to dissipative effects through

comparison with results from BHPT.

4.3 Fixing the unknown parameters in ansätze for the multipole moments

To fix the dissipative part of the response, we now scatter GWs off the effective particle with

mass " and compute a suitable quantity indicating the degree of absorption. We can then fix the

free parameters by comparison with the analogous quantity for actual spinning BHs, obtained

by solving the Teukolsky equation. We will only consider the effect of the linearly induced tidal

moments in the scattering of the wave in what follows, since the other contributions to the scattered

wave are expected to be purely conservative or irrelevant (up to the order of interest). However,

in this way we also neglect the leading-order effect of nonlinearities due to the wave scattering

off the stationary gravitational background, leading to certain subtleties when matching with the

result from the Teukolsky equation which we will have to address.
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4.3.1 The GW environment

Let the unperturbed particle be at the origin at rest, D` = (1, 0, 0, 0) and I` = (g = C, 0, 0, 0),

where g is the proper time of the particle which is identical to the background time C when undis-

turbed. We add to the particle’s background a general GW perturbation ℎ`a =
√−66`a − [`a.

We choose the perturbation to be in the harmonic and transverse-traceless (TT) gauge, satisfying

m`ℎ
`a = 0, ℎ`aDa = 0, ℎ`a[`a = 0. At zeroth order (in �), when the interactions of the metric

perturbation with the stationary gravitational field of the particle are neglected, it just satisfies the

flat space-time wave equation [`am`maℎUV = 0 (except at origin where the particle is present).

Then, we can write the general tensor wave solution in the rest frame of the particle (defined by

D`) at leading order as

ℎ8 9 =
∞∑
;=2

1
l;−2

(
�
 ;

E,inΠ
:;−1:;
8 9

m̂ ;−2 +
1
l
�
 ;

B,inΠ
:;<

8 9
n:;−1<=m̂ ;−2=

)
kin + (in → out), (4.22)

wherel is the frequency of thewave in the rest frame of the particle andΠ8 9

:;
= (1/2) (%8 :% 9 ;+

% 9 :%
8
; − %8 9%:;), with %8 9 = X8 9 + m8m 9/l2, is a differential projection operator which en-

sures that the harmonic and TT gauge conditions are satisfied. kin = exp[−8l(C + A)]/(lA)

and kout = exp[−8l(C − A)]/(lA) are the incoming and outgoing wave solutions for the ; = 0

mode of a scalar wave respectively. � ;

E/B,in/out are dimensionless symmetric trace-free (STF) ten-

sors characterizing the amplitudes of each ; mode. E, B label the coefficients tuning the electric

and magnetic polarizations respectively. 7 The different ; modes and polarizations (E, B) do not
7In general, there are two distinct solutions for each l, ;, and < for a massless tensor wave (except for scalars).

We split them according to parity in this work, with E modes transforming as (−1); and B modes transforming as
(−1);+1 under reflection. The labels are also related to the manner in which different coefficients contribute to the
tidal fields (see Eq. (4.26)).
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mix under rotations. However, that does not mean we can tune them separately in the presence

of the particle, as the particle’s inducible multipole moments combined with its spin can couple

different modes with each other. The general solution in Eq. (4.22) can be understood by noting

that a basis of solutions to the homogeneous wave equation in flat space-time (albeit allowing for

irregular behaviour at the origin) can be obtained by acting arbitrary number of spatial derivatives

upon the spherically symmetric solutions, i.e., kin, kout and any linear combination of them. We

can then generally write the solution for ℎ8 9 as a linear combination of the basis solutions with

undetermined tensors contracting them to get the appropriate tensor structure. One can then de-

compose them into rotationally independent pieces by splitting the undetermined tensors into STF

tensors and then separating them according to parity (E and B). Finally, one uses the projection

operator Π8 9

:;
to ensure ℎ8 9 is traceless and satisfies the harmonic gauge condition.

Now, we want to split the total general solution in Eq. (4.22) into two parts, one that can

be regarded as the ‘‘input’’ part of the wave which corresponds to the part that induces the tidal

moments and an ‘‘output’’ part which is sourced from the induced tidal moments. Naively, one

might think that the input part can be obtained by simply setting the outgoing mode coefficients

�
 ;

E/B,out = 0, but that is incorrect as there will be an outgoing wave in general even in the absence

of a particle due to the the fact that an incoming wave packet in the distant past becomes an

outgoing wave packet in the distant future (after crossing the origin). Also, the incoming part of

the wave by itself is irregular at the origin and thus cannot be sustained without the presence of a

particle. In fact, the correct splitting is given by the regular (input) and irregular (output) parts of

the wave respectively, as follows
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ℎ8 9 =
∞∑
;=2

1
l;−2

(
�
 ;

E,regΠ
:;−1:;
8 9

m̂ ;−2 +
1
l
�
 ;

B,regΠ
:;<

8 9
n:;−1<=m̂ ;−2=

)
kreg (4.23)

+ (reg → irr),

kreg =
1
28
(kout − kin) =

exp(−8lC) sin(lA)
lA

, kirr = (kout + kin) =
exp(−8lC) cos(lA)

lA
,

�reg = (�out − �in)8, �irr = �out + �in, (4.24)

where kreg is regular at the origin and obeys the wave equation everywhere whereas kirr is

irregular at the origin and requires support from a source, such as the stress energy tensor of the ef-

fective particle. More specifically, [`am`makreg = 0, and [`am`makirr = (4c/l)X(3) (®A) exp(−8lC).

Thus, we will use the regular part of ℎ8 9 , which has finite values at the origin to compute the tidal

fields that will induce the multipole moments and the irregular part of the fields will be related to

the stress energy tensor of the particle’s induced tidal moments through the relation

[`am`maℎ
irr
8 9 =

∞∑
;=2

exp(−8lC)
l;−1

(
�
 ;

E,irrΠ
:;−1:;
8 9

m̂ ;−2

+ 1
l
�
 ;

B,irrΠ
:;<

8 9
n:;−1<=m̂ ;−2=

)
4cX(3) (®A)

= 16c� |6 |Π:;
8 9 ):; (®A), (4.25)

where we have projected out the stress energy tensor appropriately since we are focusing on the

radiative part of the field and using ℎirr
8 9

to label the irregular part of the metric perturbation (i.e.,

the part generated from acting spatial derivatives on kirr) . We will have to solve this relation

with the stress energy tensor corresponding to that due to the induced quadrupolar and octupolar

multipole moments given to leading order in the curvature tensor in Eq. (4.18).
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4.3.2 Induced multipole moments

As mentioned earlier, the regular part of the wave, which can exist without support and

satisfies the homogeneous wave equation, should be seen as the input part of the wave. We will

use this part of the metric perturbation to compute the tidal fields which will induce the multipole

moments. With the definitions given earlier in Eqs. (4.1), and the formula for the regular part of

the wave given in Eq. (4.23), we find that the value of the tidal fields at the origin is given by

E8 9origin = −1
5
l2�

8 9

E,reg, (4.26a)

B8 9

origin =
8

5
l2�

8 9

B,reg, (4.26b)

E8 9 :origin =
1
21
l3�

8 9 :

E,reg, (4.26c)

B8 9 :

origin =
−8
21
l3�

8 9 :

B,reg. (4.26d)

The multipole moments can now be computed by substituting these fields in Eqs. (4.21).

However, we see that the nontrivial (due to spin) response tensors mix the various components

together. While this is inconvenient, a simple way to rewrite these expressions in a basis that

does not mix components is to orient the coordinate system so that the Pauli-Lubanski spin vector

is along the z-axis and expand in spin-weighted spherical harmonics. For later convenience, we

choose spherical harmonics with spin weight ‘-2’. The simplest way to transform to this basis

from the Cartesian basis is to define

®< =
1
√

2
(\̂ + 8q̂),

\̂ = cos(\) cos(q)Ĝ + cos(\) sin(q) Ĥ − sin(\) Î,

q̂ = − sin(q)Ĝ + cos(q) Ĥ,
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Â = sin(\) cos(q)Ĝ + sin(\) sin(q) Ĥ + cos(\) Î, (4.27)

and then expand &8 9 <̄8<̄ 9 and $8 9 :<̄8<̄ 9 Â: in spin weight -2, spherical harmonics by projection

as

&
;=2,<
E/B =

∫
3Ω &

8 9

E/B<̄8<̄ 9.̄
;=2,<
−2 (\, q),

$
;=3,<
E/B =

∫
3Ω &

8 9 :

E/B<̄8<̄ 9 Â:.̄
;=3,<
−2 (\, q), (4.28)

where we are using . ;<
B=−2(\, q) to denote spherical harmonics with spin weight -2. They are nor-

malized to 1 [i.e.,
∫
3Ω . ;<−2 (\, q).̄

;<
−2 (\, q) = 1]. We similarly define the incoming and outgoing

mode coefficients in this basis as

�
;=2,<
E/B =

∫
3Ω �

8 9

E/B<̄8<̄ 9.̄
2<
−2 (\, q)

�
;=3,<
E/B =

∫
3Ω �

8 9 :

E/B<̄8<̄ 9 Â:.̄
3<
−2 (\, q), (4.29)

where we have suppressed the ‘in’ (‘out’) subscript for brevity. The definitions are identical for

both incoming and outgoing mode coefficients. Note that we are using the symbol $ for octupole

tensor in spherical harmonic (with spin weight -2) basis. Then, we can write down the expressions

for the multipole moments obtained by substituting Eq. (4.26) into the ansätze in Eq. (4.21) simply

as

&2<
E = −4−8lC"l2 (�")4

30

{
6F 0,reg

E + 38F 1,reg
E <

+ (<2 − 4)
[
− F 2,reg

E − 8F 3,reg
E < + F 4,reg

E (<2 − 1)
]}
,

$3<
B = −4−8lC"l2

√
9 − <2(�")5

90
√

7

{
6ℎ0

E + 38ℎ1
E <

+ (<2 − 4)
[
− ℎ2

E − 8ℎ3
E < + ℎ4

E (<2 − 1)
]}
�2<
E,reg,
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&2<
B = 84−8lC"l2 (�")4

30

{
6F 0,reg

B + 38F 1,reg
B <

+ (<2 − 4)
[
− F 2,reg

B − 8F 3,reg
B < + F 4,reg

B (<2 − 1)
]}
,

$3<
E = 84−8lC"l2

√
9 − <2(�")5

90
√

7

{
6ℎ0

B + 38ℎ1
B <

+ (<2 − 4)
[
− ℎ2

B − 8ℎ3
B < + ℎ4

B (<2 − 1)
]}
�2<
B,reg, (4.30)

whereF 8,reg
E(B) = ( 5 8E(B),0−8�"l 5

8
E(B),1)�

2<
E(B),reg+[(8

√
9 − <2)/(3

√
7)]�"l68B(E),0�

3<
B(E),reg,

and we see that there is no longer any mixing of different < modes. This is simply because we

oriented the coordinate system so that the z-axis is along the spin, and thus it has 0 azimuthal

quantum number to add or remove from that of the STF tensors characterizing the field. However,

there is still mixing between different ; modes due to the tidal response mixing the quadrupolar

and octupolar sectors. This complicates the process of defining a degree of absorption or a scat-

tering phase, and we will tackle this problem later in Sec. 4.3.4, by switching to a basis where

there is no mixing of modes.

4.3.3 Solving for the outgoing wave

Now, we can use the wave equation with the appropriate source in Eq. (4.25) to relate the

multipole moments to the irregular part of the wave. The relevant (projected) part of the stress

energy tensor in the chosen coordinate system is given by

) :;Π
8 9

:;
= Π

8 9

:;

(1
2
¥&:;
E + 1

2
n 〈:<= ¤&;〉=B m< − 1

2
¥&:;
E <m

<

− 1
2
n 〈:<= ¤&;〉=>B m<m>

)
X(3) (®G), (4.31)

which is obtained by substituting the expressions for �`adf and �_`adf in terms of the multi-

pole moments given in Eqs. (4.7), (4.8) into the stress energy tensor Eq. (4.18) and discarding
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terms with components along D` (as they will be eliminated upon projection). Now, substituting

Eq. (4.31) into the RHS of Eq. (4.25) and comparing, we get the relations

4−8lC�8 9E,8AA = 2�l3&
8 9

E , 4
−8lC�8 9B,8AA = 28�l3&

8 9

B ,

4−8lC�8 9 :E,8AA = −2�l4&
8 9 :

E , 4−8lC�8 9 :B,8AA = −28�l4&
8 9 :

B ,

(4.32)

which are simple proportionality relations and thus can be trivially transformed to the ;, < basis.

Substiting Eq. (4.32) in Eq. (4.30), we get the relations

�2<
E/B,irr = − n

5

15
{6F 0,reg

E/B + 38F 1,reg
E/B < + (<2 − 4) [−F 2,reg

E/B − 8F 3,reg
E/B < + F 4,reg

E/B (<2 − 1)]},

�3<
B,irr = 8

√
9 − <2n6

45
√

7
{6ℎ0

E + 38ℎ1
E < + (<2 − 4) [−ℎ2

E − 8ℎ3
E < + ℎ4

E (<2 − 1)]}�2<
E,reg,

�3<
E,irr = −8

√
9 − <2n6

45
√

7
{6ℎ0

B + 38ℎ1
B < + (<2 − 4) [−ℎ2

B − 8ℎ3
B < + ℎ4

B (<2 − 1)]}�2<
B,reg,

(4.33)

where we have defined n = �"l. Now, we can use the relations in Eqs. (4.24) to solve

the the outgoing coefficients. Since we are only interested in linear tides, and the leading-order

tidal effects already start at a very high order in n , we can approximate in the RHS as � ;<E/B,reg ≈

−28� ;<E/B,in + O(n5). Then we get the expressions for � ;<E/B,out as

�2<
E(B),out = −�2<

E(B),in +
28n5

15

{
6F 0,in

E(B) + 38F 1,in
E(B) <

+ (<2 − 4)
[
− F 2,in

E(B) − 8F
3,in
E(B) < + F 4,in

E(B) (<
2 − 1)

]}
, (4.34)

�3<
B,out = −�3<

B,in +
2
√

9 − <2n6

45
√

7

{
6ℎ0

E + 38ℎ1
E <
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+ (<2 − 4)
[
− ℎ2

E − 8ℎ3
E < + ℎ4

E (<2 − 1)
]}
�2<
B,in,

�3<
E,out = −�3<

E,in −
2
√

9 − <2n6

45
√

7

{
6ℎ0

B + 38ℎ1
B <

+ (<2 − 4)
[
− ℎ2

B − 8ℎ3
B < + ℎ4

B (<2 − 1)
]}
�2<
B,in. (4.35)

4.3.4 Degree of absorption

Nowwe need to compute a suitable quantity that measures the degree of absorption. If there

were no spin, there would be nomixing of different ; modes, andwe could simply define the degree

of absorption (or emission) for each ;, < mode as 1− |� ;<E/B,out/�
;<
E/B,in |. We can still do the same

if we instead use a different basis, formed by a linear combination of the mode coefficients in the

spherical basis. To guess the appropriate combination (basis) in which the modes should scatter

independently, we now turn to hints from BHPT. In BHPT, the Teukolsky equation [212] governs

the behaviour of curvature perturbations in an exact Kerr background. Specifically, it governs the

behaviour of the spin weight (-2) Teukolsky scalar −2k(C, A, \q) related to the standard Newman-

Penrose curvature scalar k4 by −2k = (A − 80 cos(\))4k4, where 0 = �"j. A crucial property of

the Teukolsky equation for −2k is that it is separable in spheroidal harmonic basis with spin weight

-2 with fixed frequency eigen solutions with the form −2k ∝ exp(−8lC)(;<−2(\, q, 0l)−2';<l (A)

wherewe are using (;<
B=−2 to denote normalized (to 1) spheroidal harmonics with spinweight -2 and

−2';<l (A) is an eigen solution to the radial Teukolsky equation (see Sec. 4.3.5). Asymptotically

far away from the BH, i.e., as A → ∞, the standard Newman-Penrose curvature scalar k4 takes

the form (see Eq. (2.6) in Ref. [355])

k4 → l2 ∑
;,<,%=±1

{
 out
;<%

exp[−8l(C − A∗)]
lA
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+ 1
16

[
Re(�) + 128n%

] 1
l4A4 

in
;<%

exp[−8l(C + A∗)]
lA

}
(;−2,< (\, q)

+ O
(

1
A6

)
, (4.36)

where A∗ is the tortoise coordinate and % = ±1 is the index denoting the transformation

under parity for each mode with % = 1 (% = −1) for modes that are symmetric (anti-symmetric)

under reflection. The expression for Re(�) can be found in Eq. (31) of Ref. [166]. The outgoing

and incoming mode coefficients for each spheroidal mode ;, < and parity % = ±1 are related

simply as

 out
;<% = −(−1);+<[%;< exp(28X;<% ) in

;<%, (4.37)

where X;<
%

∈ R is the conservative scattering phase for each mode and [;< is the degree of absorp-

tion/emission (i.e., the mode coefficients do not mix under scattering). Although these scattering

phases and degree of absorption are defined for these abstract mode coefficients  out/in
;<%

, they are

directly related to the scattering of a GW off a Kerr BH and often employed for that purpose (see

for e.g., Refs. [165, 166]). In particular, [%
;<

characterizes the dissipation due to energy flux into

the horizon with the transmission factor for each mode defined as

);< = 1 − |[±;< |
2. (4.38)

Absorption or emission of energy at the horizon is only nonzero when |[%
;<
| differs from 1, and

thus this is a suitable quantity to be labelled as ”degree of absorption” in the real theory.

In the effective worldline theory, we can continue to use the same quantity as the degree of

absorption provided we relate the outgoing (incoming) mode coefficients � ;<E/B,out(in) of the wave-

like metric perturbation to the outgoing (incoming) mode coefficients of k4 i.e.,  out(in)
;<%

. In other
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words, relating � ;<E/B,out(in) to  
out(in)
;<%

will reveal the basis in which the modes of the wave will

scatter without mixing. We accomplish this by writing down the asymptotic behaviour of k4 in

the effective theory using its definition k4 = −'`aWX<̄`<̄W=a=X, where <`, <̄, =`, ;` form a null

tetrad field satisfying ;2 = <2 = =2 = 0 = ; · < = = · <, ; · = = −1, < · <̄ = 1, where ;` and

=` are real vectors whereas <` is a complex null vector with <̄` as its complex conjugate. In flat

space, or at leading order when the background curvature may be treated as a small perturbation

such as far away from the particle, we can write them in term of spherical polar coordinates as

<̂ = (\̂ + 8q̂)/
√

2, =` = (C` − A`)/
√

2, ;` = (C` + Â`)/
√

2. In the effective worldline picture, we

can thus evaluate k4 at large distances by using the flat space-time null tetrad, using the linearized

curvature due to the wave-like metric perturbation in Eq. (4.22), yielding

k4 = l2 exp[−8l(C − A)]
lA

(4.39)

×
∑
0=E,B

∞∑
;=2
8;−2�

 ;−28 9
0,>DC Â ;−2<̂8<̂ 9 + O

( 1
A2

)
,

which we can rewrite as an expansion in spherical harmonics of spin weight -2 using the conven-

tions in Eq. (4.29) as

k4 = l2 exp[−8l(C − A)]
lA

∑
0=E,B

[
2∑

<=−2
.2<
−2 (\, q)� ;<0,out

+ 8
3∑

<=−3
.3<
−2 (\, q)� ;<0,out] + O

( 1
A2

)
, (4.40)

where we have dropped modes above ; = 3 (hexadecapolar and above) as they are not relevant to

the order of interest here. Also note that that our effective theory does not couple ; ≥ 4 modes

with any of the lower modes (up to the order of interest in this work) and thus we can safely set

the associated STF tensors to zero.

We can then switch to spheroidal harmonics of spin weight -2 via the relations.2<
−2 = (2<

−2 −
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n j(2
√

9 − <2)/(9
√

7)(3<
−2 , .

3<
−2 = (3<

−2 + n j(2
√

9 − <2)/(9
√

7)(2
−2,<, valid at leading order in

spheroidicity = n j, which is sufficient for our purposes. Also note that we have dropped the

contribution to .3<
−2 from (

;=4,<
−2 . This gives us

k4 = l2 exp[−8l(C − A)]
lA

3∑
;,<,%

C;<%,out(
;<
−2(\, q)

+ O
(

1
A2

)
, (4.41)

where we have defined the coefficients characterizing spheroidal modes as

C2<
%=1,out =

(
�2<
E,out + 8

2n j
√

9 − <2

9
√

7
�3<
B,out

)
, C2<

%=−1,out =
(
�2<
B,out + 8

2n j
√

9 − <2

9
√

7
�3<
E,out

)
, (4.42)

C3<
%=1,out =

(
8�3<

B,out −
2n j

√
9 − <2

9
√

7
�2<
E,out

)
, C3<

%=−1,out =
(
8�3<

E,out −
2n j

√
9 − <2

9
√

7
�2<
B,out

)
, (4.43)

and % is used to split them according to parity, with % = 1 for parity symmetric modes and

% = −1 for parity antisymmetric modes. We can now compare with the known asymptotic form

of k4 from Eq. (4.36) to leading order in 1/A. This gives us the simple identification between the

coefficients of the outgoing modes of k4 and that of the GW in effective theory as

 out
;<% = C;<%,out, (4.44)

where we used the fact that the tortoise coordinate A∗ asymptotes to A in the limit A → ∞. Now,

we know the appropriate combination of coefficients of outgoing modes in the effective theory

to use. To get a similar relation between  in
;<%

and the coefficients of incoming modes in the

effective theory, the simplest way is to just guess the form by considering the limit where there is

no scattering. In the real theory, this is the limit where [%
;<

= 1 and X;<
%

= 0, and we have  up
;<%

=
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−(−1);+< in
;<%

. In the effective theory, this is simply when the irregular part of the wave should

vanish or � ;<E/B,irr = 0 =⇒ � ;<E/B,in = −� ;<E/B,in, which in turn implies C2<
%=±1,out = −C2<

%=±1,in,

where C2<
%=±1,in is defined exactly as C2,<

%=±1,out in Eqs. (4.42),(4.43) except after transforming out →

in. Thus, we can simply identify  in
;<%

= (−1);+<C2,<
%=±1,in. Then, the scattering phase relation in

Eq. (4.37) can now be written in the effective theory simply as

C;<%,out = −[%;< exp(28X;<% )C;<
%,in, (4.45)

and the degree of absorption can be defined in the effective worldline theory as

1 − [%;< = 1 −
����C;<%,out

C;<
%,in

����. (4.46)

Note that in this way, we have defined a common quantity as the degree of absorption valid for

both real and effective setups. Thus, this quantity will also serve for matching between the real

and effective theories to fix the unknown tidal coefficients in the next subsection.

Essentially, comparing the form of k4 in the full and effective theories at large distances

has revealed to us the combination of incoming and outgoing coefficients in the spherical basis

that scatter without mixing. However, unsurprisingly, for general choices of tidal coefficients, the

relation between the outgoing and incoming spheroidal coefficients is not going to nicely factorize

as given in Eq. (4.45). In fact, the tidal coefficients that mix the spherical ; = 2, and ; = 3 modes

68E/B and ℎ8E/B have to be chosen on the effective theory side such that the combinations given in

Eqs. (4.42), (4.43) scatter without mixing. In this work, we impose this on the effective theory

by plugging in the expressions for the spherical outgoing modes from Eq. (4.35) into the LHS

of Eq. (4.45) and demanding that it be proportional to the RHS, i.e., C;<
%,in. We refer to this as

imposing spheroidal separability on the effective theory and doing so yields the constraints
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68B,0 = ℎ8E,0 =
2
3
j 5E,0,

68E,0 = ℎ8B,0 = −2
3
j 5 8B,0, (4.47)

which greatly reduces our list of unknown variables entering the tidal response, and fixes the

ratio of the coefficients connecting the octupole(quadrupole) fields to the quadrupole(octupole)

moments, i.e., the coefficients 68E/B,0(ℎ
8
E/B,0), to the coefficients connecting the quadrupole fields

to quadrupole moments, i.e., the coefficients 5 8E/B,0.

Provided these relations are true, The different spheroidal modes will be scattered without

mixing by the tidal moments in the effective worldline theory and we can compute the degree of

absorption for the various modes using Eq. (4.46) with constraints in Eq. (4.47) to be8

1 −
����C2<
%=1,out

C2<
%=1,in

���� = −n5<

[2 5 1
E,0
5

− (<2 − 4) 2
15
5 3
E,0

]
+ n6

{4 5 0
E,1
5

− (<2 − 4)
[2 5 2

E,1
15

+
2 5 4

E,1
15

(<2 − 1)
]}

+ O(n7),

1 −
����C2<
%=−1,out

C2<
%=−1,in

���� = −n5<

[2 5 1
B,0
5

− (<2 − 4) 2
15
5 3
B,0

]
+ n6

{4 5 0
B,1
5

− (<2 − 4)
[2 5 2

B,1
15

+
2 5 4

B,1
15

(<2 − 1)
]}

+ O(n7),

1 −
����C3<
%=1,out

C3<
%=1,in

���� = 1 −
����C3<
%=−1,out

C3<
%=−1,in

���� = O(n7), (4.48)

8We only focus on the degree of absorption and not on the conservative phase as the conservative phase also gains
contributions from effects other than tidally induced multipole moments in the effective theory, for e.g., spin-induced
multipole moments. A matching of the conservative phase can only be performed when all such effects are included
in the solution of the scattering problem in the effective theory, which we do not.
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where we find that the degree of absorption for the spheroidal ; = 3 modes vanishes up

to O(n7) in the effective theory. Also note that the coefficients 5 0
E/B,0, 5

2
E/B,0, 5

4
E/B,0, 5

1
E/B,1,

5 3
E/B,3 do not appear anywhere in the degree of absorption. These coefficients thus only add to

the conservative phase, and we will see later in Eqs. (4.63), (4.64) that they behave similarly

with mass/spin evolution equations as well contributing only total time derivatives to 3</3C and

3�/3C. We can now compare Eq. (4.48) with the degree of absorption derived in the real theory

by solving the Teukolsky equation for [%
;<

and fix the coefficients that contribute to dissipation.

However, because we solved the scattering problem in effective theory in flat space-time thus

ignoring the nonlinear interactions between the wave and the stationary gravitatonal field of the

particle, there are some subtleties in this matching process which we will have to tackle. We will

very briefly outline the computation of [%
;<

in the real theory by solving the Teukolsky equation

and then match with the result from the effective theory while keeping the subtleties in mind.

4.3.5 Matching with Teukolsky solution

In the full theory, the degree of absorption defined from the O(1/A6) expansion of k4 in

Eq. (4.36) as 1 − | >DC
;<%

/ 8=
;<%

| can be computed from analytical solutions [217] to the Teukol-

sky equation [212] as follows. Following the review [217], the Teukolsky equation for −2k [=

(A − 80 cos(\))4k4 in Boyer-Lindquist coordinates] is separable with fixed-frequency solutions

given by −2k ∝ 4−8lC (;<B (\, q, 0l) −2';<l (A), where (;<B (\, q, 0l) are spin-weighted spheroidal

harmonics, and B';<l (A) is a solution to the (homogeneous) radial Teukolsky equation, with

B = −2, [
Δ−B 3

3A

(
ΔB+1 3

3A

)
+  

2 − 28B(A − �") 
Δ
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+ 48BlA − B_;<

]
B'ℓ<l (A) = 0, (4.49)

where Δ = A2 + 02 − 2�"A,  = (A2 + 02)l − 0<, and B_;< is the spheroidal eigenvalue. The

relevant physical solutions, labelled −2'
in
ℓ<l

(A), satisfy the boundary condition demanding that

they consist of purely ingoing radiation at the event horizon A = A+ := �" +
√
(�")2 − 02,

−2'
in
ℓ<l = �trans

ℓ<lΔ
24−8l̃A∗ as A → A+, (4.50)

where A∗ is the tortoise coordinate and l̃ = l−<0/(2�"A+). This fixes the asymptotic behavior

at radial infinity to be of the form

−2'
in
ℓ<l = �inc

ℓ<lA
−14−8lA∗ + �ref

ℓ<lA
348lA∗ (4.51)

as A → ∞,

where �inc
ℓ<l

and �ref
ℓ<l

9 are the coefficients of the incident and reflectedwaves. The ratio �ref
ℓ<l

/�inc
ℓ<l

is completely determined by demanding that −2'
in
ℓ<l

(A) solve the radial Teukolsky equation (4.49)

with the boundary condition (4.50). We refer the reader to Ref. [217] for details of a procedure to

produce the expansion of this ratio in powers of�"l. Finally, the relevant scattering phase shifts

and transmission factor [%
;<
428X%

;<l (equivalent to C;<
%,out/C

;<
%,in from the effective theory above) for

waves of parity % = ±1 are given, e.g. as in Eq. (30) of Ref. [166], by

[%;< exp(28X%;<l) = (−1);+1
(
Re(�) + 128�"l%

16l4

)
×
�ref
ℓ<l

�inc
ℓ<l

, (4.52)

with [Re(�)]2 as given in Eq. (31) of Ref. [166].
9Note that the above form is identical to the one used earlier in Eq. (4.36) except that the parity dependent factors

have been absorbed into �inc
;<l

. As a result, the expression for the scattering phase now contains a parity-dependent
factor [see Eq. (4.52)]. This maybe a more convenient convention for BHPT but the former is more transparent for
matching with the effective theory.
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This yields the complete expression for the degree of absorption for ; = 2 and ; = 3

spheroidal modes up to O(n7) to be

1 − |[%=±2< | = − n5<

[2A1
0

5
− (<2 − 4) 2

15
A3

0

]
(1 + 2nc) (4.53)

+ n6
{4A0

1
5

− (<2 − 4)
[2A2

1
15

+
2A4

1
15

(<2 − 1)
]}

+ O(n7),

1 − |[%=±3< | =O(n7), (4.54)

where

A1
0 =

16j
45

(1 + 3j2), A3
0 = −4j3

3
, (4.55)

A0
1 =

16
405

(9 + 9^ + 97j2 + 117^j2 − 6j4 + 54fj4 + 36j�2 + 108j3�2),

A2
1 = − 8

135
(115j2 + 135^j2 + 5j4 + 90^j4 − 24j�1 + 18j3�1 + 48j�2 + 144j3�2),

A4
1 =

8
135

(20j4 + 45^j4 − 24j�1 + 18j3�1 + 12j�2 + 36j3�2),

and we are using the notation �< = Im[PolyGamma(0, 3+ 8<j/^)], which is odd in j, and

^ =
√

1 − j2. Note that the degree of absorption obtained from solving the Teukolsky equation

in Eqs. (4.53), (4.54) has almost exactly the same form as that obtained from the effective theory

given in Eq. (4.48), with the only difference being the factor of (1 + 2nc) next to the leading-

order n5 result for ; = 2 mode. This factor is missing in the degree of absorption derived in

the effective theory in Eq. (4.48) due to us neglecting the leading-order nonlinear interaction

between the GW and the gravitational field of the particle. In principle, this can be also obtained

from the effective worldline theory by including the nonlinearities and regulating any resulting

divergences. However, including the leading-order nonlinearities in this classical setup which we

are using is a complicated task, and not very illuminating. It is easier instead to just replace the
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factor with 1 on the Teukolsky side by tracing its origins to the nonlinearities neglected in the

scattering problem in the effective picture. We establish this explicitly for the simpler case of a

scalar field scattering of a Schwarzschild BH by including the leading-order nonlinearities on the

effective theory side in Appendix. C.1. There are essentially two physical processes involved in

the effective theory picture, both arising from the interaction of the external wave (gravitational

or otherwise) with the stationary gravitational field sourced by the particle. The first is that the

value of the tidal field of the wave at the origin (location of the particle) is modified, as shown

for a scalar wave in Eq. (C.19) by a factor of (1 + cn). This in turn modifies the strength of the

tidally induced multipole moment subsequently affecting the irregular (output) part of the wave

and the degree of absorption. Additionally, the wave is modified in its journey away (to) the

particle to (from) infinity again due to scattering off the particle’s gravitational field. This factor

modifies the form of the wave asymptotically far away from the particle, as shown again for a

scalar wave in Eq. (C.15) in such a way that the degree of absorption is further multiplied by a

factor of (1 + cn). This result has also been derived for the case of GW amplitudes sourced by

arbitrary multipole moments in Refs. [47, 249] and is seen to modify the radiated power by the

square of that factor. Together, these two effects modify the leading-order degree of absorption

by a factor (1 + nc)2 ≈ (1 + 2nc) + O(n2) which is seen in Eq. (4.53). We have in fact verified

the presence of this factor multiplying the leading-order degree of absorption for all different ;

modes (for which we had the solution) for scalar, and tensor (gravitational) fields, specifically

; = 0, 1, 2, 3 modes for the scalar field and ; = 2, 3 for gravitational field. Thus, to match the

part of the true degree of absorption which corresponds to the flat space-time scattering in the

effective picture, it is sufficient to simply replace the (1 + 2cn) factor for 1 from Eq. (4.53).

Thus, dropping the (1+ 2nc) factor from Eq. (4.53), and then comparing it with Eq. (4.48),
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we fix the unknown coefficients to be

ff

5 1
E/B,0 =

16j
45

(1 + 3j2), 5 3
E/B,0 = −4j3

3
, (4.56)

5 0
E/B,1 =

16
405

(9 + 9^ + 97j2 + 117^j2 − 6j4 + 54^j4 + 36j�2 + 108j3�2),

5 2
E/B,1 = − 8

135
(115j2 + 135^j2 + 5j4 + 90^j4 − 24j�1 + 18j3�1 + 48j�2 + 144j3�2),

5 4
E/B,1 =

8
135

(20j4 + 45^j4 − 24j�1 + 18j3�1 + 12j�2 + 36j3�2),

68B,0 = ℎ8E,0 =
2
3
j 5E,0,

68E,0 = ℎ8B,0 = −2
3
j 5B,0, (4.57)

where we have also restated the constraints obtained by imposing spheroidal separability

from Eq. (4.47). Having fixed the (dissipative) response coefficients, we can now compute the

(dissipative part of the) induced multipole moments in any setup. In particular, we can now con-

sider the effect of induced tides in a binary system with two spinning BHs in the inspiral phase.

Our focus is on computing the change in mass and angular momentum due to tidal effects in

the worldline effective theory (and horizon fluxes in the real setup). In the next section, we de-

rive general formulae for evolution equations of mass and spin and then specialize to the case of

parallel-spin–quasi-circular orbits, which can then be compared with earlier results available in

literature.

4.4 General expressions for evolution equations of mass and spin

In this section, we derive general formulae for computing the evolution of of mass and

spin from the equations of motion. Then, we proceed to compute them explicitly using the now
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fixed response coefficients for the special case of parallel-spin–quasi-circular inspiral to relative

1.5PN order. We conclude this section by comparing these results with those obtained earlier in

Refs. [58–60].

We can derive the formula for mass and spin evolution from the equations of motion for

momentum and spin angular momentum respectively. For mass, we start with the equation of

motion for momentum, i.e.,

�?`

�g
= −1

2
'`adfD

a(df − 1
6
�_adf∇`'_adf

− �g_adf 1
12

∇`∇g'_adf, (4.58)

where we substitute the expressions for �`adf and �_`adf given in Eqs. (4.7), (4.8), yielding

�?`

�g
= −1

2
'`adfD

a(df − 1
2
&df∇`Edf − 1

2
&
df

B ∇`Bdf

− 1
2
&
df_

E ∇`Edf_ −
1
2
&
df_

B ∇`Bdf_. (4.59)

Now, we define in the effective worldline theory the mass < simply as
√
−?2. Then we have

?`
�?`

�g
= −<3<

3g

=⇒ 3<

3g
=

1
2<

?`Da'`adf(
df + 1

2<
&
df

E (? · ∇)Edf

+ 1
2<

&
df

B (? · ∇)Bdf + 1
2<

&
df_

E (? · ∇)Edf_

+ 1
2<

&
df_

B (? · ∇)Bdf_, (4.60)

and the first term can be shown to vanish using the relation between ?` and D` if we neglect terms

cubic or higher powers in curvature. They are not relevant to the relative 1.5PN order (in horizon

fluxes) we are interested in this work. Similarly, we can substitute ?` = <D` in the terms with

multipole moments to the order of interest to get

3<

3g
=

1
2
&
df

E
¤Edf + 1

2
&
df_

E
¤Edf_ + (E ↔ B) (4.61)
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which gives us the general formula for mass evolution valid to relative 1.5PN order. We expect this

to match with the horizon energy flux up to any total time derivatives of functions of tidal fields,

which should vanish for scattering events or for quasi periodic processes (like parallel-spin–quasi-

circular inspiral which we shall consider shortly). The quadrupolar contribution to mass-change

matches with that given in Ref. [61] if we identify our quadrupole tensors as twice of theirs. This

is because they choose a different normalization in the tidal coupling terms. 10

We can similarly derive the equation for spin evolution from the equation of motion for spin

angular momentum, i.e.,

�(`a

�g
= 2? [`Da] + 4

3
' [`

gdf�
agdf + 2

3
∇_' [`

gdf�_
agdf + 1

6
∇[`'_gdf�

a]_gdf

�
��

3g
=

1
2
(`a

�(`a

�g
=

2
3
'`gdf�

agdf(`a +
1
3
∇_'`gdf�_agdf(`a +

1
12

∇`'_gdf�a_gdf(`a

��

3g
=

1
�
&
`a

E E`d(da +
3
2�
$
`a_

E E`_d(da + (E ↔ B), (4.62)

where we have defined �2 = (1/2)(`a(`a as the magnitude of spin angular momentum of

the BH. Again, the quadrupolar contribution to evolution of spin(3�/3C) is identical to that in

Ref. [61] once the multipole moments are properly identified (see footnote. 10).

Now, substituting the ansätze for the multipole moments from Eqs. (4.27) into the expres-

sions for the evolution of mass and spin in Eqs. (4.61), (4.62). We get

3<∗

3g
=
<

2
(�<)4{ 5 1

E,0( ¤E
`aE`d (̂ad) + 5 3

E,0( ¤E`
dEaf B̂` B̂a (̂df)

+ (�<) [ 5 0
E,1( ¤E

`a ¤E`a) + 5 2
E,1( ¤E`

d ¤Ead B̂` B̂a) + 5 4
E,1( ¤E`a ¤Edf B̂

` B̂a B̂d B̂f)

10In Ref. [61], the quadrupole tidal coupling terms in the action are &`a

E E`a + (E ↔ B). Thus, before comparing
the expressions in this work with that in Ref. [61]. One must first transform as &`a

E(B) → 2&`a

E(B)
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+ b 2
3
j 5 1

E,0(B`df
¤Ead − ¤B`dfEad) B̂` (̂af + b 2

3
j 5 3

E,0(Bad_ ¤E`
f − ¤Bad_E`f) B̂` B̂a B̂d (̂f_]}

+ (E ↔ B, b → −b), (4.63)

3�∗

3g
=
"

2
(�<)4{−2 5 1

E,0(E8 9E
8 9 ) + (3 5 1

E,0 − 5 3
E,0) (E8

:E 9 : B̂
8 B̂ 9 ) + 5 3

E,0(E8 9 B̂
8 B̂ 9 )2

− (�<) [ 5 0
E,1( ¤E

`aE`d (̂ad) + 5 2
E,1( ¤E`

dEaf B̂` B̂a (̂df)

+ b 2
3
j 5 1

E,0(B`f_Ead B̂` (̂af (̂d_) + b
2
3
j 5 1

E,0(B`d_Ead B̂` (̂af (̂f_)

+ b 2
3
j 5 3

E,0(BadgE`
f B̂` B̂a B̂d (̂f

_ (̂_
g)]} + (E ↔ B, b → −b), (4.64)

where dots represent covariant derivatives w.r.t proper time, b = 1, and we have imposed the

constraints obtained by demanding spheroidal separability from Eq. (4.47). Additionally, we have

<∗ = < − <

4
(�<)4{ 5 0

E,0(E
`aE`a) + 5 2

E,0(E`
dEfad B̂` B̂a) + 5 4

E,0(E`aEdf B̂
` B̂a B̂d B̂f)

+ (�<) [b 2
3
j 5 0

E,0(B`adEad B̂`) + b
2
3
j 5 2

E,0(BadfE`
f B̂` B̂a B̂d) + b 2

3
j 5 4

E,0(Bdf_E`a B̂` B̂a B̂d B̂f B̂_)]}

+ (E ↔ B, b → −b), (4.65)

�∗ = � − "

4
(�")5{ 5 1

E,1 [(E
`aEdf (̂`d (̂af) − (E`aE`d (̂af (̂df)] − 5 3

E,1(E`
dEaf B̂` B̂a (̂d_ (̂f_)},

(4.66)

and we see that all the tidal coefficients that do not enter the degree of absorption in the RHS

of Eq. (4.48) only shift the definition of mass and angular-momentum by quadratic functions

of fields (i.e., they only contribute terms that are total-time derivatives to 3</3C and 3�/3C).

Whereas the ones that do show up in degree of absorption contribute terms that cannot be absorbed

as such in total time-derivatives. Thus, for any quasi periodic setup (like for parallel-spin–quasi-

circular orbits) or in a scattering set up where the two particles are infinitely far in the distant

past or future, the average or total change in mass/spin respectively is determined entirely by

the coefficients that contribute to dissipation, which we have already fixed through comparison
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with the degree of absorption obtained in the real theory by solving the Teukolsky equation in

Sec. 4.3.5. This is since the total-time derivative terms either vanish (when the particles are far

away) or cancel (in a periodic setup). In deriving the above result, we have also used the fact that

the covariant time-derivative of spin tensor and vector (which enter the ansätze) vanishes up to the

relative order to which we have expanded the expressions for 3</3C and 3�/3C (i.e., up to relative

1.5PN).

The expressions for mass and spin evolution in Eqs. (4.63), (4.64) can be compared with

those in Refs. [60, 61] by substituting the response coefficients from Eq. (4.56), and we indeed

find that our expressions are identical at leading order in �" (i.e., the (�")4 part), but differs

from Ref. [60] at next order in �" . A crucial difference in our expressions when compared

with those in Ref. [60] is that octupolar tidal fields do not enter their expressions at all. Another

interesting difference is that there are c2-containing coefficients in their next-to-leading order

expression for 3�/3C (and subsequently in 3</3C), whereas c2 does not enter any of our tidal-

response coefficients. However, we will see later in Sec. 4.4.2 that our expression for mass and

spin evolution is consistent with Ref. [58] for the special case of a test-body in a circular orbit

around a Kerr BH to relative 1.5PN order, unlike Ref. [60].

In the next section, we specialize to the parallel-spin–quasi-circular setting to compute the

expression mass and spin evolution during inspiral up to 1.5PN relative to the same at leading

order (4PN w.r.t leading-order flux to infinity), and compare with earlier works that produced

expressions for the same.
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4.4.1 Results for the special case of binaries with parallel spins in and circular

orbits

Figure 4.1: A graphic illustrating a parallel-spin–quasi-circular binary with two BHs
with masses <1 and <2, and spins �1 and �2. The spin vectors are orthogonal to the
orbital plane. The image is drawn in the comoving frame of BH with mass <1, with
=̂ being the unit-vector pointing towards the other BH (<2, �2) and Ê being the unit-
vector along the other BH’s velocity. Ω is the angular velocity of the other BH and
hence of the tidal fields in this frame. g is the proper time of mass <1.

Now, we consider a system of two BHs with initial masses <1 and <2 and spin parameters

j1 and j2. Their spins are parallel and orthogonal to the orbital plane and they are in a quasi-

circular orbit. We can compute the rate of change of (initial) mass <1 and spin �1 = �<2
1j1

averaged over one orbit using the equations Eqs. (4.61),(4.62). In this section, we will refer to the

BH with initial mass <1 and �1 as the primary BH, and the other BH as secondary here onwards.
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The tidal fields are sourced by the other BH of mass <2 with spin parameter j2, although they

are affected by nonlinear interaction with the fields due to the primary BH (<1, �1). This is most

conveniently done when the tidal fields are computed in a locally flat rest frame of the primary

BH (see Fig. 4.1), since then the covariant derivatives of the field w.r.t proper time can be treated

simply as ordinary time derivatives . This has already been done for the quadrupolar fields E`a

andB`a in Ref. [60], and we simply borrow the expressions from there. Rewriting the expressions

here here, we have

1
2
(E11 + E22) = −<2

2A3

[
1 + -1

2
+2 − 6-2j2+

3 + O(+4)
]
,

1
2
(E11 − E22) = −3<2

2A3

[
1 + -1 − 4

2
+2 − 2-2j2+

3 + O(+4)
]

cos(2Ωg),

E12 = −3<2

2A3

[
1 + -1 − 4

2
+2 − 2-2j2+

3 + O(+4)
]

sin(2Ωg), (4.67)

B13 =
−3<2

A3 + (1 − -2j2+) cos(Ωg) + O(+3),

B23 =
−3<2

A3 + (1 − -2j2+) sin(Ωg) + O(+3), (4.68)

where Ω is the angular velocity of the tidal field in the primary BH frame (<1) given by

Ω =

√
"

A3

[
1 − 1

2
(3 + [)+2 − 1

2
j̄+3 + O(+4)

]
, (4.69)

j̄ = -1(1 + -1)j + 3[j2, (4.70)

and we are using the notation : " = <1 + <2 and -1 = <1/" , -2 = <2/" are the mass-

fractions. [ = -1-2 is the symmetricmass ratio, A is the orbital separation in harmonic coordinates

and + =

√
"
A
. Here, we are working in units with � = 2 = 1, as was done in Ref. [60] so that we

can easily compare our results although we have changed the notation quite a bit. Additionally,

in Ref. [60], a sign factor n = ±1 was used in front of the expression for Ω, to denote whether the
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secondary BH was spin aligned or antialigned w.r.t the orbital angular momentum. However, we

simply let the spin parameter(s) j1,2 range over [-1,1] (instead of [0,1]) and always fix the orbital

angular momentum to be aligned along the positive z-axis without loss of generality.

The octupolar fields were not derived in Ref. [60] since they were not relevant in their ex-

pression for themass or spin evolution. For us, the octupolar fields do contribute to the expressions

for mass and spin evolution as seen from Eqs. (4.63), (4.64). Fortunately, they (octupolar fields)

are only relevant at leading order and thus can be easily computed from the test-body limit at

leading post Newtonian order where the secondary BH (as test mass) is orbiting the primary BH

in the limit <2 � <1. The formula for leading-order fields does not change from this for generic

mass-ratio. We get the expressions

E8 9 : = −15
<2

A4 =̂〈8=̂ 9 =̂:〉, (4.71)

B8 9 : = 30
<2

A4 +n〈8
<==̂ 9 =̂:〉 =̂< Ê=, (4.72)

=̂ = (=̂1, =̂2, =̂3) = (cos(Ωg), sin(Ωg), 0),

Ê = (Ê1, Ê2, Ê3) = (− sin(Ωg), cos(Ωg), 0)

where =8 is the normal vector directed from the primary BH to the secondary BH in harmonic

coordinates, and Ê = ¤̂= is the relative velocity vector of the secondary BH w.r.t primary BH.

Now, substituting these tidal fields from Eqs. (4.67), (4.68), (4.71), and (4.72) into the

formulas for mass and spin evolution in Eqs. (4.63), (4.64), with the fixed coefficients listed in

Eqs. (4.56), (4.57), we get the orbit-averaged results

〈3<1
3g

〉
= Ω(ΩH −Ω)�+ , (4.73)
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〈3�1
3g

〉
= (ΩH −Ω)�+ , (4.74)〈3�1

3g

〉
=

(3<1 −ΩH3�1)
3g

8c
^

=
−8c
^

(Ω� −Ω)2�+ , (4.75)

where ΩH = j1/[2<1(1 + ^1)], is the horizon angular velocity of the primary BH and �1 =

8c<2
1(1 + ^), is the horizon-surface area and

�+ = − 16
5
<2

1-
2
1[

2(1 + ^1)+12
{
1 + 3j2

1 ++2 ( − 3 + -1 −
51
4
j2

1 + 3-1j
2
1
)

(4.76)

++3
[−-1j1

3
(64 + 60^1 + 33j2

1 + 36^1j
2
1) −

3
2
-2(4 + 7j2

1)j2 − 8-1(1 + j2
1)�2(j1)

]}
.

The contributions to the definition of mass and angular momentum due to the conservative

tidal coefficients as seen in Eqs. (4.65), (4.66) were removed upon averaging over an orbit. They

will also not contribute in a scattering scenario provided we can set the tidal fields to zero along

the worldlines of the particle asymptotically (in the distant past and future).

However, the results in Eqs. (4.73), (4.74), and (4.75) arewritten in terms of gauge-dependent

quantities, namely A (which enters through+) and is the separation between the two bodies in har-

monic coordinates. Further more, it is written in the frame of the primary BH as opposed to

the more convenient PN barycentric frame (which coincides with the primary BH frame in the

test-body limit for the secondary BH). Thus, before comparison, we convert the results to the PN

barycentric frame using the relations

+ = G

[
1 + 1

6
(3 − [)G2 + 1

6
j̃G3 + O(G4)

]
, (4.77)

C = g

[
1 + 1

2
(2-1 + 3-2)-2G

2 + O(G4)
]
, (4.78)

where G = ("lorb)1/3 with lorb is the orbital angular velocity, which is gauge invariant PN

expansion parameter and j̃ = (2-2
1 + 3[)j1 + (3[ + 2-2

2 )j2. C is the PN barycentric time and

its relation to the proper time of the primary BH g, is given in Eq. (4.78). These expressions

243



have been taken from Eqs.(39) and (40) in Ref. [60]. Then, the expressions in Eqs. (4.73), (4.74),

and (4.75) can be rewritten in the PN barycentric frame as an expansion in the gauge invariant

parameter G as

〈3<1
3C

〉
= Ω(ΩH −Ω)�G , (4.79)〈3�1

3C

〉
= (ΩH −Ω)�G , (4.80)〈3�

3C

〉
=

(3<1 −ΩH3�1)
3C

8c
^

=
−8c
^

(Ω� −Ω)2�G , (4.81)

where

�G = − 16
5
<2

1-
2
1[

2(1 + ^1)G12

(
1 + 3j2

1 + 1
4
[
3(2 + j2

1) + 2-1(1 + 3j2
1) (2 + 3-1)

]
G2

+ G3

{
1
2
(−4 + 3j2

1)j2 − 2-1(1 + 3j2
1)

[
-1(j1 + j2) + 4�2(j1)

]
+ -1

[
− 2

3
(23 + 30^1)j1 + (7 − 12^1)j3

1 + 4j2 +
9j2

1 j2

2

]})
. (4.82)

which can now be conveniently compared with the expressions for the same quantities given

in Eq. (45) of Ref. [60]. We find that our expression for �G for generic-mass ratios is consistent

with the result [60] to NLO (to G14) but not at NNLO (at G15). An important visible difference is

that we have no c2-containing terms at NNLO. However, as we will see in the next subsection, it

is consistent in the test body limit with earlier results computed by solving the Teukolsky equation

for the curvature perturbation sourced by a test-body moving in a circular orbit around a spinning

BH up to relative 1.5PN order (G15).
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4.4.2 The test body limit for circular orbits with parallel spins

In the special case where the other BH with mass <2 becomes a test particle, we only

evaluate the quantities to leading order in -2, mass ratio of other particle. This is equivalent

to simply setting -1 = 1, -2 → 0 and thus " = <1 → ∞ such that "-2 = <2 remains constant.

Then the result simplifies to

3<1
3C

=F∞

{
− G

5

4
(j1 + 3j3

1) − G
7
(
j1 +

33
16
j3

1

)
+ G

8

12

[
6 + 70j2

1 − 3j4
1 + 6^1(1 + 13j2

1 + 6j4
1) + 24(j1 + 3j3

1)�2(j1)
]}
,

where F∞ =
32
5

(
<2
"

)2
G10 and Ω

3�1
3C

=
3<1
3C

. (4.83)

which is consistent with the results obtained via BH perturbation theory for the case of a

tiny test particle orbiting a spinning BH in Refs. [58]. This result has been produced by solving

the Teukolsky equation for a perturbation sourced by a tiny nonspinning BH ("ext) around a

large spinning BH " and computing the energy flux down the horizon. This result has also

been reproduced in Ref. [356] and the method has been employed to push the results for flux to

infinity and horizon fluxes to a very high PN order in the test-body limit (see Refs. [356–358]).

It is thus reassuring that our expression for mass-loss matches with this in the appropriate limits,

suggesting that our effective worldline picture is suitable for the purpose of modelling horizon-

related dissipation in spinning BHs.
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4.5 Effect of horizon fluxes on the waveform for circular orbits

A simple way to derive the contribution to the waveform phase from horizon fluxes for

parallel-spin–quasi-circular inspiral in the adiabatic limit is via the stationary-phase approxima-

tion (SPA) [262, 263, 359]. This was used to incorporate the effect of leading-order rate of change

of mass (at 2.5PN) in the waveform in the appendix of Ref. [350] and to 4 PN in Ref. [264], al-

beit the horizon fluxes used in Ref. [264] (which were taken from Ref. [59]) are only accurate to

leading order and the contribution due to the changing mass in the expression for binding energy

was not taken into account [see Eq. (4.87)]. Here, we use the same method (i.e., SPA) and extend

the computation completely to 4PN order, while including all relevant effects due to the changing

mass and spin and compute the phase contribution to the waveform due to horizon fluxes. We use

G as the gauge-invariant–PN-counting parameter to relative 1.5PN (and absolute 4PN) order. We

start from the relation

G = ("lorb)
1
3 =

(
"
3q

3C

) 1
3

, (4.84)

where q is the orbital phase and " = <1 +<2 is the total mass of the system. The binding energy

� of the system is given to 1.5PN order11 (see, e.g., Ref. [350]) as

� = −"[G
2

2

{
1 + G2

(
−3
4

− [

12

)
+ G3

[
8Xj0

3
+

(
8
3
− 4[

3

)
jB

]}
, (4.85)

11It is sufficient for us to include the expression for the binding energy to 1.5PN order as we are only interested in
computing the waveform phase contribution due to horizon fluxes which were derived in this work to relative 1.5PN
order.
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where X = (<1 − <2)/" , [ = <1<2/"2, j0 = (j1 − j2)/2, jB = (j1 + j2)/2. Now, we use the

energy balance law valid for circular orbits given by

¤� = −F∞ − ¤", (4.86)

where F∞ is the energy flux to infinity and over-dot represents derivative with respect to time.

For noncircular orbits, one may have to include additional Schott terms [226]. Now, we see from

Eq. (4.85) that � is a function of G, the masses <1, <2 and the spins j1, j2, and thus we can write

¤� =
m�

mG
¤G + m�

m<1
¤<1 +

m�

m<2
¤<2

+ m�

mj1
¤j1 +

m�

mj2
¤j2, (4.87)

which, along with the balance relation, yields

¤G = −
(
m�

mG

)−1
(F∞ + ¤" + ¤<1m<1� + ¤<2m<2�

+ ¤j1mj1� + ¤j2mj2� ), (4.88)

where we can drop the terms arising from the spin-dependence as they do not contribute until

relative 2.5PN order in horizon fluxes. Similarly, we can substitute the leading-order formula for

� in partial derivatives with respect to <1 and <2 and only substitute the flux to infinity up to

1.5PN relative order to get

¤G = −
(
m�

mG

)−1
[F 1.5PN

∞ + ¤" − G2

2"2 (<
2
2 ¤<1 + <2

1 ¤<2)] .

(4.89)

The flux to infinity up to 1.5PN order can be found in Ref. [350]. We can then invert this expression

and integrate to compute the time function C (G) and orbital phase q(G) as

XC (G) =
∫

1
¤G 3G,

∫
3q

3C
3C =

∫
G3

"

3C

3G
3G = q(G). (4.90)
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Then, the orbital phase function q(G) and the time function C (G), can be related to the waveform

phase k, in Fourier domain for any spherical mode <, via the relation [263]

k;< ( 5 ) = 2c 5 C 5 − <q(C 5 ) −
c

4
, (4.91)

where 5 is the Fourier variable (frequency) and C 5 corresponds to the time when the instantaneous

GW frequency coincides with 5 , i.e.,

3<q

3C
(C 5 ) = 2c 5 =⇒ G(C 5 ) = E =

(
2c" 5

<

) 1
3

. (4.92)

k;< ( 5 ) is a useful quantity directly relevant for detectors and we provide its correction due to the

horizon fluxes explicitly as

Xk;< ( 5 ) =
3

128[E5
<

2

[ 8∑
==5

Xk
(PN)
= E=

+
8∑
==5

Xk
(PN)
=(;) E

=;>6(E)
]
, (4.93)

E =

(
2c" 5

<

) 1
3

, (4.94)

where Xk;< ( 5 ) is the correction to k;< ( 5 ) due to horizon fluxes with coefficients Xk (%#)
= and

Xk
(%#)
=(;) starting from 2.5PN (= = 5) and up to 4PN (= = 8) given by

Xk
(PN)
5 = −10

9

[
(1 − 3[)jB (1 + 9j2

0 + 3j2
B ) + X(1 − [)j0 (1 + 3j2

0 + 9j2
B )

]
, (4.95)

Xk
(PN)
5(;) = 3Xk (PN)

5 , (4.96)

Xk
(PN)
7 =

5
168

{
Xj0

[
− 1667 − 4371j2

0 − 13113j2
B + 616[2(1 + 3j2

0 + 9j2
B )

+ 5[(311 + 807j2
0 + 2421j2

B )
]
+ jB

[
840[2(9j2

0 + 3j2
B + 1)

+ [(38331j2
0 + 12777j2

B + 4889) − 13113j2
0 − 4371j2

B − 1667
]}
, (4.97)
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Xk
(PN)
7(;) = 0, (4.98)

and

Xk
(PN)
8 = Xk

(PN),0
8 + Xk (PN),1

8 + Xk (PN),2
8 , (4.99)

Xk
(PN)
8(;) = −3Xk (PN)

8 , (4.100)

with

Xk
(PN),0
8 = − 5

27

{
144cX([ − 1)j3

0 + 48cX([ − 1)j0 + 3(278[2 − 370[ + 75)j4
0

+ (−36[2 + 213[ − 67)j2
0 + jB

[
− 12X([2 + 190[ − 75)j3

0

+ 2X(10[2 + 124[ − 67)j0 + 432c(3[ − 1)j2
0 + 48c(3[ − 1)

]
+ j2

B

[
432cX([ − 1)j0 + 90(36[2 − 62[ + 15)j2

0

− 172[2 + 303[ − 67
]
+ 3(82[2 − 250[ + 75)j4

B

+ j3
B

[
12X(21[2 − 130[ + 75)j0 + 144c(3[ − 1)

]
− 12(2[2 − 4[ + 1)

}
, (4.101)

Xk
(PN),1
8 = −20

9

{[
X(2[ − 1)^0 + (−1 − 2[2 + 4[)^B

]
×

[
1 + 6j4

0 + 13j2
B + 6j4

B + j2
0 (13 + 36j2

B )
]

− 2
[
^0 (1 − 4[ + 2[2) + X(1 − 2[)^B

]
j0jB

[
13 + 12(j2

0 + j2
B )

]}
, (4.102)

Xk
(PN),2
8 =

80
9

{
�2,B

[ (
2[2 − 4[ + 1

)
jB

(
9j2

0 + 3j2
B + 1

)
− X(2[ − 1)j0

(
3j2

0 + 9j2
B + 1

) ]
+ �2,0

[
3
(
2[2 − 4[ + 1

)
j3
0 + 9X(1 − 2[)j2

0jB
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+
(
2[2 − 4[ + 1

)
j0

(
9j2

B + 1
)
− X(2[ − 1)jB

(
3j2

B + 1
) ] }
. (4.103)

where we have defined ^B = (^1 + ^2)/2, ^0 = (^1− ^2)/2, and �2,B = [�2(j1) +�2(j2)]/2,

�2,0 = [�2(j1) − �2(j2)]/2 for convenience. Note that the 2.5PN and 3.5PN corrections vanish

for spinless case which is consistent with the fact that horizon fluxes only start at 4PN for nonspin-

ning BHs (and 2.5PN for spinning case). We also find that the 4PN correction to the waveform

phase contains functions that are nonpolynomial in the spin parameters through ^ =
√

1 − j2 and

�2 = Im[PolyGamma(0, 3 + 82j/^)], as expected from the expression for the horizon energy

fluxes (or rate of change of masses) in Eq. (4.79) at relative 1.5PN order. The Fourier phase solely

due to the flux to infinity (i.e., neglecting horizon fluxes) to 3.5PN can be found in Eq. (7) and

Appendix A in Ref. [360]. The correction to the Fourier phase Xk;< ( 5 ), can now be conveniently

incorporated in waveformmodels to include the effect of horizon fluxes to next-to-next-to-leading

order (up to 1.5PN relative, or 4PN absolute) during inspiral for quasi-circular aligned-spin bina-

ries.

To get a qualitative idea of the relevance of horizon fluxes to the waveform, we can look at

the correction to the orbital phase q(G) and compute howmany additional (or fewer) orbital cycles

occur, as a result of the inclusion of those effects, for some specific choices of the initial masses

of the BHs. We consider first the case of two initially equal-mass <1 = <2 = 10"� and equal-

aligned-spin j1 = j2 = j BHs, and second the case for a binary consisting of a non spinning

1.4 "� neutron star and a 10 "� BH with spin parameter j. In the latter case, only the BH’s

horizon-flux contribution is considered and the neutron star is treated as a structureless particle.

We then compute the additional (or fewer) number of cycles due to horizon flux(es) starting from
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(10 + 10)"�, equal aligned spins j1 = j2 = j

0PN 603.6

1PN 59.4

1.5PN −51.4 + 32j

2PN 4.1 − 4.4j2

2.5PN −7.1 + 11.3j + 10−312.8(1 + 3j2)j

3PN 2.2 − 6.5j − 0.64j2

3.5PN −0.8 + 3.6j + 1.3j2 − 0.4j3 + 10−3(8.4 + 22j2)j

4PN 10−3 [−0.3(1 + ^) − (6.7 + 1.1�2)j(1 + 3j2) − (0.4 + 3.5^)j2 + (9.5 − 1.6^)j4]

Table 4.1: Number of orbital cycles as the frequency ( 5 ) of the gravitational wave in-
creases from 5 = 10Hz to the frequency at the innermost stable circular orbit (ISCO)
5ISCO = 1/(63/2"c)Hz for equal masses (10 "�) and equal aligned (to orbital an-
gular momentum) spins. Recall that ^ =

√
1 − j2. Here, �2 = PolyGamma(0, 3 +

28j/^) lies between 0 (at j = 0) and c/2 (at j = 1). The terms in boxes are contri-
butions from horizon fluxes, and the remaining terms come from the flux to infinity,
written here for comparison.
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(10+1.4) "�, (BH-NS), j1 = j, j2 = 0

0PN 3587.6

1PN 213.5

1.5PN −181.5 + 126.2j

2PN 9.8 − 13.5j2

2.5PN −20.0 + 36.8j + 10−29.4(1 + 3j2)j

3PN 2.3 − 18.6j − 0.5j2

3.5PN −1.8 + 10.5j + 3.1j2 − j3 + 10−2(5.9 + 15.4j2)j

4PN 10−2 [−0.3(1 + ^) − (4.3 + 1.2�2)j(1 + 3j2) − (1.7 + 3.9^)j2 + (5.6 − 1.8^)j4]

Table 4.2: Number of orbital cycles as the frequency increases from 5 = 10Hz to
the frequency at the innermost stable circular orbit (ISCO) 5ISCO = 1/(63/2"c)Hz
for a binary composed of a non-spinning 1.4 "� neutron star (NS) and a 10 "� BH
with spin parameter j. Any contributions due to the internal structure of the NS have
not been included.
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the minimum lower frequency of the bandwidth of LVK detectors, l = c × 10Hz12 to that of

the innermost-stable circular orbit (ISCO) l = lISCO = 1/(6 3
2")Hz (in Schwarzschild), which

generally is a good approximation of the binary’s merger frequency. We use the formula

NGW =
Xq[G = ("lISCO)

1
3 ] − Xq[G = ("c × 10Hz) 1

3 ]
c

,

(4.104)

where the correction to the orbital phase function due to horizon fluxes is obtained as shown in

Eq. (4.90). We list the results obtained for the aforementioned special cases in Tables 4.1 and

4.2. In Table 4.1, we also list the contribution to the number of cycles due to the flux to infinity

up to 3.5PN (but with only nonspinning contributions to flux to infinity at 3PN and 3.5PN) using

the expressions for fluxes and binding energy from Ref. [350]. This is to facilitate comparison

and get a qualitative understanding of the relevance of the horizon flux to the waveforms. Similar

tables with flux-to-infinity contributions can be found for example in Refs. [50, 361]. There are

slight numerical differences between Table 4.1 here and the tables in these works, because the

final result is very sensitive to the precision used for the mass of the Sun and the gravitational

constant. As clearly evident from the table, the contribution to the number of cycles from horizon

fluxes (boxed terms in the table) is quite small when compared to the usual contributions from the

flux to infinity even at the same PN order, although it is better for larger mass ratios. This is due

to the (relatively) small numerical value of the coefficients in the horizon fluxes when compared

with analogous terms in the fluxes to infinity when the masses are equal. This feature of small

contribution due to the horizon fluxes has already been pointed out in Ref. [59] but it was obtained

using an expression for the horizon fluxes that is only correct at leading order. This fact (relative
12Note that we are working in units where �=2=1.
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smallness of horizon flux contributions) does not change much for other configurations of spins

and masses either, at least for the frequency band of LVK detectors. Although the effect of the

horizon flux on the waveform phase is small, they would need to be included when building highly

accurate waveform models for next generation detectors on the ground and in space.

4.6 Conclusion

In this work, we set out to tackle the problem of including horizon-related dissipation effects

in spinning BHs in an effective worldline theory, which is an important physical effect to include

in precision GW predictions for future detectors. For that purpose, we wrote down an effective

action with additional multipolar moment degrees of freedom which couple directly with tidal

fields in the action, and are tidally induced by them in accordance with the symmetries of a Kerr

BH, namely axissymmetry and parity invariance. We fixed the remaining freedom in the ansatz

relating the tidal fields to the multipole moments by considering a scattering scenario wherein

GWs were scattered off the effective particle and the degree of absorption was compared with that

obtained from the full theory by solving the Teukolsky equation. A crucial ingredient in being

able to fix the complete dissipative part of the ansatz through this method was to impose upon the

effective theory the requirement that the scattering be independent for different spheroidal modes

of the Weyl scalar k4, which follows from the separability of the Teukolsky equation in the full

theory in spheroidal harmonics with spin weight -2. Having fixed the relevant part (for horizon-

related dissipation) of the ansatz in this way, we used the model to compute the orbit averaged

variation in mass and spin due to horizon fluxes to relative 1.5PN order for a binary in circular

orbit with parallel spins. The mass and spin rate of change derived using our effective model is
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consistent with the results obtained in the test-body limit in Ref. [58] to relative 1.5PN order, and

with Ref. [60] for generic mass ratios up to relative 1PN order and at leading order with the generic

mass ratio results in Refs. [59, 61–65]. Importantly, we have weighed in one side (specifically on

the side of Ref. [58]) in the previous discrepancy in the expression for evolution of mass in a

binary in the literature between Refs. [58] and [60]. While the source of the earlier discrepancy

is still unclear and remains to be settled, our approach suggests that it may have something to do

with including the effect of octupolar tidal fields in the evolution of mass and spin.

Having consistently modelled the horizon-related dissipation and the associated changes in

mass, spin and area of the horizon in this manner, we then proceeded to compute the contribution

to the phasing of the waveform due to the relative 1.5PN horizon fluxes, which is relevant to

the waveform at 4PN with respect to that of the leading-order quadrupolar flux to infinity. This

was done using the SPA valid in the adiabatic quasi-circular regime of interest during inspiral.

We found that a qualitative measure of the contribution of the horizon fluxes, i.e., the number of

cycles in the waveform as the frequency evolves from 10Hz to 5ISCO is very small ( 2 to 3 orders of

magnitude) compared to other contributions arising from GW energy flux to infinity at the same

PN orders for typical masses observed by LIGO-Virgo-KAGRA detectors.

An interesting future direction will be to use the model to derive the contribution to the

waveform phasing without relying on the stationary-phase approximation to get a result valid out-

side of the adiabatic regime. This can be done for example by deriving the radiation-reaction

forces due to the tidally-induced moments obtained from first-principles instead of relying on bal-

ance arguments. It is also of interest to consider how these results, namely the variation in mass

and spin and the contribution to waveform phasing are affected in the presence of eccentricity

or nonparallel spins. It may also be of interest to study possible resummations for the evolu-
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tion equations of mass and spin and their contribution to the waveform phase along the lines of

Refs. [347–349], now aided by an expression valid at higher (relative 1.5) PN orders for generic

mass ratios. Finally, the approach used for modelling the particle in this work may be extended

to generic compact bodies wherein the changes in mass and spin may occur due to tidal heating,

e.g., in a viscous fluid. Parametrizing the changes in mass, spin and the subsequent contribution

to waveform phasing for generic bodies could be very useful for testing the predictions of general

relativity, and more specifically in the search for exotic compact bodies using next-generation GW

detectors.
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Chapter 5: Dynamical tidal response of Kerr black holes from scattering ampli-

tudes

Author1: M. V. S. Saketh, Zihan Zhou, Mikhail Ivanov

Abstract: Wematch scattering amplitudes in point particle effective field theory (EFT) and

general relativity to extract low frequency dynamical tidal responses of rotating (Kerr) black holes

to all orders in spin. In the conservative sector, we study local worldline couplings that correspond

to the time-derivative expansion of the black hole tidal response function. These are dynamical

(frequency-dependent) generalizations of the static Love numbers. We identify and extract cou-

plings of three types of subleading local worldline operators: the curvature time derivative terms,

the spin - curvature time derivative couplings, and quadrupole - octupole mixing operators that

arise due to the violation of spherical symmetry. The first two subleading couplings are non-

zero and exhibit a classical renormalization group running; we explicitly present their scheme-

independent beta functions. The conservative mixing terms, however, vanish as a consequence of

vanishing static Love numbers. In the non-conservative sector, we match the dissipation numbers

at next-to-leading and next-to-next-to leading orders in frequency. In passing, we identify terms in

the general relativity absorption probabilities that originate from tails and short-scale logarithmic

corrections to the lowest order dissipation contributions.
1Originally published as Phys. Rev. D 109, no.06, 064058 (2024)
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5.1 Introduction

The growing list of gravitational wave (GW) events observed by the LIGO-Virgo-KAGRA

collaboration has sparked a new era in the study of strongly gravitating compact objects [15, 19, 21,

23–25, 39, 335]. Parameter inference from this data requires accurate waveform templates, which

must include, in particular, tidal effects [362, 363]. These effects are most prominent for neu-

tron stars, whose static tidal deformations allow one to test their equation of state [362, 364, 365].

These practical applications motivated further theoretical studies of tidal deformations of compact

bodies, especially black holes (BHs). In Newtonian theory, leading order tidal deformations of

celestial bodies are captured by static Love numbers [366, 367], which depend only on the internal

structure of the body. The post-Newtonian generalization of Love numbers in the case of static

metric was done in [56, 57, 368]. Further generalizations to the case of spin and dynamical per-

turbations were made in [243, 244, 369–375] where certain conceptual issues were encountered,

such as difficulties in the source-response split of the tidal moments, the presence of frame drag-

ging, concerns about the coordinate dependence of the results, and the presence of logarithmic

non-localities.

A conceptually clean definition of static Love numbers and more general tidal deformations

can be given within the point particle worldline effective field theory (EFT), also known as non-

relativistic perturbative general relativity (GR) [47, 48, 51, 61, 182, 197, 249, 376, 377]. In this

approach, in the first approximation, a compact object is described as a point particle on a world-

line. The true finite-size effects related to the internal structure are captured by local worldline

couplings that start at quadratic order in curvature, e.g. for a spherically-symmetric background
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we have

(finite−size = 2�"'
4
∫
3g �`a�

`a + 2�"'4
∫
3g �`a�

`a , (5.1)

where ' and " are the radius and the mass of a compact body, g is proper time, while �`a and

�`a are electric and magnetic parts of the Weyl tensor. Performing linear static response cal-

culations [378–380] one can see that the Wilson coefficients 2�,� in (5.1) reproduce the classic

definition of static Love numbers in the Newtonian limit, whereby defining the Love numbers in

full GR. This definition of conservative tidal responses as worldline couplings is free of difficul-

ties related to the non-linear structure of GR, the presence of spin2, and gauge invariance issues.

In particular, in order to include spin, one has to promote the Love numbers to spin-dependent

tensors in order to account for the breaking of the spherical symmetry by the underlying gravita-

tional background [61, 244, 374, 380]. Importantly, the non-analytic (logarithmic) corrections to

the static Love numbers can readily be interpreted within the definition (5.1) as a familiar renor-

malization group running of Wilson coefficients. 3Within the EFT framework, it has been shown

that the static Love numbers of Scwarzschild and Kerr black holes vanish identically in four di-

mensional general relativity [243, 245, 246, 378–380]4, which implies a fine-tuning from the EFT

perspective [400]5.

The time-dependent tides can also be consistently defined in the EFT. One can also introduce

time-dependent (dynamical) Love numbers as EFT couplings in front of operators like [47, 182]

2 ¤�"'
6
∫
3g Df∇f�`aDd∇d� `a = 2 ¤�"'

6
∫
3g ¤� 8 9 ¤�8 9 , (5.2)

2Note that the spin effects were included in the EFT in [2, 54, 137, 183, 184, 190, 302, 309, 311, 314, 315, 328,
330, 331, 381–399].

3The Love numbers of BHs in four dimensional GR do not run as a result of the fine-tuning hidden symmetry [246,
378, 400, 401]. They run, however, in higher dimensions [378].

4Love numbers have also been studied in the context of BHs in higher dimensions [245, 378, 402–405], super-
gravity solutions [406], and black string systems [405]. Non-linear static tidal Love numbers were studied in [407].

5Proposals for a hidden symmetry resolution of this paradox have been made in [401, 402, 408, 409].
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where in the last equality we have switched to the local comoving frame. In analogy to static Love

numbers, the Wilson coefficient 2 ¤� captures the leading order frequency-dependent conservative

response to external perturbations. If the compact body carries spin, 2 ¤� should be promoted to a

tensor. In addition, the breaking of spherical symmetry generates new local worldline couplings,

e.g. [61, 175, 365, 380]

"'5
∫
3g _8 9 ,:;�

8 9 ¤�:; , "'5
∫
3g (a)8 9 ,:;,<�8 9∇〈:� ;<〉 (5.3)

where _8 9 ,:; and a8 9 ,:;,< are spin-dependent tensors. 6The first term in Eq. (5.3) describes the

leading order interaction between the spin and the curvature time derivative, while the last one

captures the spin-induced quadrupole-octupole mixing.

As far as the non-conservative effects are concerned, the worldline EFT elegantly takes them

into account by means of introducing internal worldline degrees of freedom that couple to ‘‘bulk’’

gravitational fields. The leading order effects of these couplings, such as the horizon absorption,

superradiance, tidal torquing, heating, etc. have been extensively studied in the literature [3, 61,

197, 243, 244, 374, 380, 410–412]. In terms of the BH tidal response function, these effects

may be parametrized by the so-called dissipation numbers, introduced by analogy with the Love

numbers, but capturing the non-conservative part of the response. In this chapter, we will focus

on their generalizations beyond the leading order.

The conservative effects associated with operators (5.2) and (5.3) are formally suppressed in

the PN regime compared to the leading order (LO) static deformations, and therefore have not yet

been extensively studied in the literature. 7The non-conservative tidal effects also remain largely
6The symbol 〈...〉 in Eq. (5.3) denotes symmetrization over relevant indices and consequent subtraction of traces.
7It is worth mentioning that Ref. [175] was the first one to show that the operators (5.2) are not zero for

Schwarzschild black holes. Ref. [380] showed, for the first time, that the first operator in (5.3) (the dynamical Love
number) is not zero for Kerr black holes. See also [200, 354, 371, 373, 413–415].
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unexplored beyond the LO. There are strong reasons to consider these next-to-leading order (NLO)

and next-to-next-to leading order (NNLO) tidal effects both in the conservative and dissipative

sectors. In general, calculations of subleading effects put the LO results on firm ground. This is

especially relevant for BHs, for which LO conservative tidal effects are absent for all multipoles,

and hence the genuine finite-size tidal effects appear for the first time at NLO (for Kerr) and

NNLO (for Schwarzschild) in the low frequency expansion. Since the vanishing of static (LO)

Love numbers has recently attracted some attention in the context of hidden symmetries, it is

worth noticing that the non-vanishing of NLO tidal couplings may provide important information

about breakingmechanisms for these hidden symmetries. The higher order dynamical tidal effects

could also shed light on the dispersive representation of BH tidal response function and its relation

with the vanishing static Love numbers for 4D BHs [47, 182, 376, 416]. 8

With thesemotivations inmind, in this work, we systematically study the frequency-dependent

corrections to the tidal response function of rotating (Kerr) black holes perturbatively in �"l

(withl being the frequency of the external source9, and� is the Newton’s constant), analogous to

the post-Minkowskian (PM) expansion, up to next-to-next-to leading order (NNLO). We accom-

plish this by matching various EFT observables produced by tidal operators to known analytic GR

results. Specifically, we match the phase shifts due to scattering of gravitational waves off Kerr

black holes in the EFT and full general relativity. This on-shell matching method allows us to

avoid gauge and coordinate dependence issues as the amplitudes are manifestly gauge invariant

objects. For analytical expressions of the scattering phase shifts in GR, we use the black hole per-
8In addition to this, there is significant motivation to study dynamical responses even in the context of Newtonian

fluid bodies. For example, it can provide us with a microscopic understanding of Love numbers in terms of the fluid’s
fundamental 5 -mode [367, 417]. In astrophysics, dynamical tides govern the evolution of an oscillating star which
then backreact to the orbital motion [175, 418], even with resonances [419–421].

9In a particular case of an inspiraling binary, this would be the orbital frequency of the satellite body.
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turbation theory (BHPT) methods of Mano, Suzuki, and Takasugi (MST) for the analytic solution

of the Teukolsky master equation [58, 216–218, 422]10. One important result of our calculations

is that the NLO and NNLO tidal worldline couplings of Kerr BHs do not vanish and also exhibit a

renormalization group running behavior, which is expected on the basis of Wilsonian naturalness

and power counting [246, 378, 401]. Thus, the fine tuning of the worldline EFT for Kerr BHs

takes place for static couplings only. As far as the quadrupole-octupole mixing local couplings

are concerned, we will show that they vanish identically as a consequence of the vanishing of

static Love numbers.

There are important technical and conceptual challenges what we have resolved in our study.

First of all, we take into account the BH spin formally to all orders in its value. To that end, we use

the most general expansion of the BH response function that is consistent with axial symmetry

and parity, and decompose the unknown response tensors over a finite basis of master tensors. We

then separate the conservative and dissipative parts by studying the behavior of the response under

time reversal symmetry that includes spin flip [3, 61, 380]. The second important problem is the

isolation of tidal contribution in the BHPT scattering expressions. This difficulty is overcome

with the application of the near-far factorization arguments presented in [245], which we extend

here to NLO and NNLO. The third important aspect is the tail effect [235, 249, 423] due to the

wave scattering off the Newtonian potential before or after scattering off the tidal moments. If

unaccounted for, the tail effect would obscure the matching of the dissipative numbers beyond

LO. Using the EFT, we explicitly calculate tail corrections to BH absorption and identify them

in the BHPT result. Finally, we systematically study the mentioned above quadrupole-octupole
10Note that similar in spirit matching calculations were recently performed by [3] in worldline theory and [135,

171, 174] in an on-shell-amplitudes approach.
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mixing effect on the conservative and dissipative parts of the tidal response.

This chapter is structured as follows. In Sec. 5.2, we first explicitly construct the most gen-

eral building blocks for the investigation of the tidal response of compact rotating objects. We then

define all tidal response coefficients and discuss the wave scattering framework that will be used

in this work. In Sec. 5.3, we provide a brief overview of the MST method. We also briefly present

the near-far factorization arguments that allow for the extraction of the phase shift from dynam-

ical tidal effects in BHPT. In Sec. 5.4, we match the EFT amplitude calculations with the BHPT

phase shifts. This includes explicit matching of the static tidal Love numbers and the LO+NLO

dissipation numbers in Sec. 5.4.1 and Sec. 5.4.2, respectively. In Sec. 5.4.3 we focus on the tail

effects on the tidal response. Sec. 5.4.4 and Sec. 5.4.5 focus on the RG running of dynamical

Love numbers and dissipation numbers. We present the explicit scheme-independent beta func-

tions for relevant local couplings there. In Sec. 5.5, we match the quadrupole-octupole mixing

terms in the tidal response for rotating black holes. Sec. 5.6 presents a discussion of the finite,

scheme-dependent parts of the conservative couplings. Finally, in Sec. 5.7, we summarize the

main results and discuss the future directions. Supplementary material is collected in two appen-

dices. App. D.1 contains details of our tetrad choice and its relationship to that of Ref. [61]. In

Appendix D.2 we set up conventions for the plane waves, spherical states, and the transformations

between them.

5.2 Tidal effects in worldline effective field theory

When the relevant length scales are much larger than the size of a BH (more generally,

any compact body), its dynamics can be described by a worldline EFT, which can be thought of
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as an expansion around the point particle approximation. In this approach, one typically writes

down a universal point particle action and then perturbatively adds non-minimal coupling terms,

consisting of higher powers or higher derivatives of the relevant fields to include finite size effects,

e.g. spin-induced multipole moments and tidal effects. In this work, we will restrict ourselves to

the tidal effects induced by linear external perturbations, which may subsequently be compared

with results obtained via BHPT. These correspond to the quadratic curvature terms in the effective

worldline action. In the worldline EFT finite size effects are taken into account by approximating

the matter distribution inside the compact object via multipolar expansion. In the following, we

will briefly go over this approach, starting with the simple case of a Schwarzschild BHs.

5.2.1 Spherically symmetric compact objects

In the case of spherical compact objects, the starting point for the action is simply that of

a structure-less point particle, moving along a path that maximizes proper time given by [47, 48,

51, 61, 182, 197, 249, 376, 377]

(p.p = −"
∫
3g = −"

∫
3f

√
−3I

`

3f

3Ia

3f
6`a, (5.4)

where " is the mass of the body, and g is proper time. I` (f) is the worldline with f as a

suitable parameter. p.p stands for point particle. Going forward, we will not explicitly write the

dependence of the worldline coordinates I` on f, and use an overdot to denote derivatives w.r.t

proper-time, so that the 4-velocity D` = ¤I`.

As mentioned earlier, finite size effects may be included perturbatively via effective opera-

tors that consist of appropriate derivatives and powers of of the metric tensor 6`a. Due to general

covariance, we cannot add terms with arbitrary dependence on derivatives of the metric, but only
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those consisting of the curvature tensors and their covariant derivatives. Furthermore, there is

no need to add terms made up of Ricci tensors as they can be eliminated via a field redefinition.

Thus, at leading order in finite size effects, we can write [307, 332]

( = (p.p +
∫
3g �

`adf

&
�`adf, (5.5)

where�`adf is theWeyl tensor and �`adf
&

is an arbitrary tensor representing a generic quadrupole

moment. The intuition for this effective action comes from studying finite size effects in Newto-

nian gravity, where the leading order term arises from the quadrupolar deformation of a body

[367]. Extending the intuition further, we may write �`adf
&

in different forms, built of different

tensors to include various finite size effects. For example, in the spinning case, we can build the

tensor �`adf
&

out of the spin tensor (`a, and the 4-velocity D`, to include the effect of spin-induced

quadrupolar deformation. More generally, tidal deformation due to external gravitational fields

can also be included by writing �`adf
&

in terms of the curvature tensors in the equations of motion.

To make the parity transformation property manifest, it is convenient to first split up the finite size

effective action into electric and magnetic parts as [184, 424]

( = (p.p +
∫
3g

(
&
`a

�
�`a +&`a

�
�`a

)
, (5.6)

where � `a = �`dafDdDf and �`a = (1/2)nW〈`UV�UV |a〉XDWDX are the electric and magnetic parts

of theWeyl tensor, also referred to as the quadrupolar electric and magnetic tidal fields. By taking

spatial derivatives on the quadrupolar electric and magnetic tidal fields, one can straightforwardly

generalize the definition to higher order multipole moments [184].

The influence of finite size effects on the dynamics can then be easily obtained by varying

the above action and substituting suitable ansatz for the quadrupole moments. In this work, we

will focus on the case where the ansatz for the multipole moments is linear in the tidal fields, thus
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neglecting spin induced multipole moments or any non-linear effects. We can more generally

extend the above action to include other multipole moments as

( = (p.p +
∞∑
ℓ=2

∫
3g(&`!

�
�`! +&

`!
�
�`! ), (5.7)

where we are using the notation `! = `1`2...`ℓ with multipole index ℓ. Noting that under parity

transformation

�`! → (−1)ℓ�`! , �`! → (−1)ℓ+1�`! , (5.8)

thus the linear perturbations of different parities will not mix in this context. According to the

linear response theory, we can write a general ansatz as

&
`!
�

= −" (�")4
∞∑
==0

(−1)= (�")=_�l=

3=� `!

3g=
, (� ↔ �) (5.9)

which is an expansion about the adiabatic limit of static tides. By explicitly looking at the time-

reversal symmetry, one immediately see that time-reversal even terms capture the conservative

effects, e.g. tidal Love numbers, while time-reversal odd terms contribute to dissipation, e.g.

horizon absorption. Transforming into the frequency domain, the above parametrization makes

manifest that �"l � 1 is dimensionless power counting parameter. Since the multipole mo-

ments and the tidal fields are orthogonal to the 4-velocity, It is convenient to express them in an

orthogonal tetrad 4`
�=0,1,2,3, and identify 4`0 = D`. In this way, we can replace the covariant indices

`! with purely spatial indices 8! .

From response function to Love numbers and dissipation numbers

The time-reversal even part of the response function Eq. (5.9) can also be written as the

higher dimensional operator in the worldline EFT. For example, in the case of static tides, one can
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get the effective action

( = (p.p −
1
2

∫
3g" (�")4_��8!�

8! + (� ↔ �) , (5.10)

so the conservative tidal response is fully captured by local contact terms on the worldline EFT.

_�/� can then be identified with the Schwarzschild static tidal Love numbers that are known to be

zero [56, 57, 368, 370, 378, 379]. Furthermore, the next-to-next-to-leading order (NNLO) term in

Eq. (5.9), i.e. (�"l)2 order term, is also invariant under time reversal symmetry, and therefore

can be absorbed into the action via the local contact terms of the form

( = (p.p +
1
2

∫
3g" (�")6_�

l2
¤�8! ¤� 8! + (� ↔ �). (5.11)

_
�/�
l2 will be referred to as dynamical tidal Love numbers for Schwarzschild BH.

The time-reversal odd terms, e.g. the next-to-leading order (NLO) term in Eq. (5.9)

&
8!
�

���
NLO

= " (�")5_�l ¤� 8! . (� ↔ �). (5.12)

cannot be absorbed into the local contact term on the worldline. We can re-write it in a non-local

way as (see Ref. [246] for details)

( = (p.p − 8
1
2
" (�")5_�l

∫
3l

2c
|l|�8! (l)�∗8! (l), (5.13)

which reflects that the imaginary part of the effective action gives rise to non-conservative ef-

fects such as absorption. The coefficient _�l will be called a LO tidal dissipation number for

Schwarzschild BH in what follows.

5.2.2 Rotating compact objects

The worldline EFT construction is conceptually similar in the spinning case, except for two

critical distinctions. First, the EFT cannot be built solely upon a structure-less point particle.
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Instead, it is necessary to incorporate spin-dependent interactions, which lead to the pole-dipole

Mathisson-Papapetrou-Dixon (MPD) equations of motion [186–188, 425, 426]. These equations

form the universal segment of the action for a body with spin. Second, the presence of spin

not only modifies tidal effects but also introduces another kind of finite size effects: spin-induced

multipole moments. As noted in previous studies [54, 330, 394], these two effects can be explicitly

distinguished, as spin-induced multipole moments are linear in curvature, while tidal finite-size

effects are quadratic in curvature. In this chapter, our focus will be strictly on the tidal effects.

Building blocks and SO(3) representation

In the spinning case, instead of simple proportionality relations as &8 9
�
∼ _�l� 8 9 , we expect

tensor relations of the form &
8 9

�
∼ (_�l)8 9 :;� :; , where the unknown tensors in the tidal response

(say _�l) can only have a non-trivial structure owing to the spin of the particle.

To parametrize the kind of tensors entering the tidal response in the spinning case, let us

briefly revisit the algebraic structure of spins. In the rest frame of the central compact object, we

find it beneficial to use the spin tensor (8 9 , the Pauli-Lubanski spin vector B8 = (1/2)n 8 9 :( 9 : , and

the identity tensor X8 9 as our building blocks. The spin magnitude is defined as � ≡ j�"2 ≡√
(1/2)(8 9(8 9 , where j is the dimensionless spin parameter. For sub-extremal Kerr BHs, we must

require j ≤ 1. In principle, one can now build up the effective action by combining these tensorial

building blocks into scalar quantities. For convenience, we further introduce the unit spin tensor

(̂8 9 ≡ (8 9/�, (̂8 9 (̂8 9 = 2 and the unit spin vector B̂8 ≡ B8/�, B̂8 B̂8 = 1.

Naively, one could make infinitely many combinations of building blocks {(̂8 9 , B̂8, X8 9 }, to

get tensors of the form (_�l)8 9 :; . However, it turns out that only a finite number of them are linearly
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independent because of the identities

(̂8 9 B̂ 9 = 0 ,

(̂8 : (̂
9
; = −X8 ;X 9 : + X8 9X:; − X:; B̂8 B̂ 9 + X8 ; B̂ 9 B̂: + X 9 : B̂8 B̂; − X8 9 B̂: B̂; .

(5.14)

Since the spin breaks the SO(3) symmetry into a smaller SO(2) subgroup consisting of rotations

about the spin-axis, it is convenient to organize our basis set of tensors based on the number of

spin vectors and tensors used to construct them. We start from the Kronecker delta tensors with

no spins and therefore respecting SO(3) invariance. Then we gradually break the SO(3) symmetry

by adding additional spin vectors and tensors such that they still have axial invariance. Finally,

we symmetrize and remove the traces as required for the response tensors. Specifically, in the

quadrupolar case with ℓ = 2, we are able to define the following five linearly independent basis

tensors: {
X
〈8
〈:X

9〉
;〉 , (̂

〈8
〈:X

9〉
;〉 , B̂

〈8 B̂〈:X
9〉
;〉 , (̂

〈8
〈: B̂

9〉 B̂;〉, B̂
〈8 B̂〈: B̂

9〉 B̂;〉
}
, (5.15)

where 〈8, 9〉 denotes the symmetrization and trace-removal of contained indices. Intuitively, the

above base tensors can be distinguished by how many spin tensors (vectors) they have. Further-

more, according to the SO(3) representation theory, we explicitly show in App. D.2 that the above

tensors can be re-rewritten into the operator form

X
〈8
〈:X

9〉
;〉 ≡ I, (̂〈8 〈:X

9〉
;〉 ≡ 8

2
JI, B̂〈8 B̂〈:X

9〉
;〉 ≡ −1

6
(J2
I − 4 I),

(̂〈8 〈: B̂
9〉 B̂;〉 ≡ − 8

6
(J3
I − 4JI), B̂〈8 B̂〈: B̂ 9〉 B̂;〉 ≡

1
6
(J2
I − 4 I) (J2

I − I). (5.16)

where JI and I are respectively the (I-component) angular momentum operator and identity oper-

ator in rank-2 STF tensor space. The above equation not only makes the spin structure manifest,

but also makes it easy to transform between tensor basis and spherical basis. This also makes it

convenient later to switch scattering amplitudes from plane-wave basis to spherical basis.
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Tensorial response function

In this chapter, our focus is on the dynamical tidal response of Kerr BHs. As a first step, we

write down the following leading interactions in the quadrupolar and octupolar sectors,

( = ((0) +
∫
3g

[
&�
8 9�

8 9 +&�
8 9�

8 9 +&�
8 9 :�

8 9 : +&�
8 9 :�

8 9 :
]
, (5.17)

where we use ((0) for the spinning point particle effective action. Note again that we write the

above action for a choice of tetrads that corresponds to a locally-flat comoving inertial frame. This

basis is different from the one used in Ref. [61], and we discuss the technical differences w.r.t. this

references in App. D.1. As a next step, we parametrize the electric and magnetic tidally induced

multipole moments in the most general way as [3]

&�
8 9 = −"

[
(�")4(_� )8 9 :;� :; − (�")5(_�l)8 9 :;

�

�g
� :; + (�")6(_�

l2)8 9 :;
�2

�g2�
:;

+ (�")5(a� )8 9 〈:; B̂<〉�:;< + · · ·
]
,

&�
8 9 = −"

[
(�")4(_�)8 9 :;�:; − (�")5(_�l)8 9 :;

�

�g
�:; + (�")6(_�

l2)8 9 :;
�2

�g2�
:;

+ (�")5(a�)8 9 〈:; B̂<〉� :;< + · · ·
]
,

&�
8 9 : = −"

[
(�")5 B̂〈: (b�)8 9〉;<� ;< + · · ·

]
,

&�
8 9 : = −"

[
(�")5 B̂〈: (b� )8 9〉;<�;< + · · ·

]
,

(5.18)

where we have promoted all the coefficients in Eq. (5.9) into tensors. Expanding these tensors

over the master tensors from Eq. (5.16), we get

(_�/�)8 9 :; = Λ
�/�
B̂0

X
〈8
〈:X

9〉
;〉 + �

�/�
B̂1

(̂〈8 〈:X
9〉
;〉 + Λ

�/�
B̂2

B̂〈8 B̂〈:X
9〉
;〉 + �

�/�
B̂3

B̂〈8 B̂〈: (̂
9〉
;〉 + Λ

�/�
B̂4

B̂〈8 B̂〈: B̂
9〉 B̂;〉 ,

(5.19)
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(_�/�l )8 9 :; = ��/�
B̂0,l

X
〈8
〈:X

9〉
;〉 + Λ

�/�
B̂1,l

(̂〈8 〈:X
9〉
;〉 + �

�/�
B̂2,l

B̂〈8 B̂〈:X
9〉
;〉 + Λ

�/�
B̂3,l

B̂〈8 B̂〈: (̂
9〉
;〉 + ��/�

B̂4,l
B̂〈8 B̂〈: B̂

9〉 B̂;〉 ,

(5.20)

(_�/�
l2 )8 9 :; = Λ

�/�
B̂0,l2X

〈8
〈:X

9〉
;〉 + �

�/�
B̂1,l2 (̂

〈8
〈:X

9〉
;〉 + Λ

�/�
B̂2,l2 B̂

〈8 B̂〈:X
9〉
;〉 + �

�/�
B̂3,l2 B̂

〈8 B̂〈: (̂
9〉
;〉 + Λ

�/�
B̂4,l2 B̂

〈8 B̂〈: B̂
9〉 B̂;〉 .

(5.21)

In this expression, all the Λ�/� terms correspond to the conservative tidal deformations, whereas

all the ��/� terms account for the tidal dissipation. This follows from their behavior under time

reversal transformations. Additionally, the above ansatz for the tidal response obeys parity invari-

ance, which explains the absence of some other possible combinations one can add to the response

:

• Time-reversal transformation property: In our parametrization of the response function,

operators �/�g, (̂8 9 and B̂8 are odd under time-reversal transformations. Thus, all terms

with pre-coefficients ��/� break the time-reversal symmetry and thus correspond to tidal

dissipation 11. Similar to the discussion in the Schwarzschild case, these coefficients cannot

be absorbed into local contact terms on the worldline. However, terms proportional toΛ�/�

are time-reversal even and hence contribute to the conservative tidal deformations. Further-

more, for the external perturbations, the electric tidal field �8! is even under time-reversal

transformation while the magnetic tidal field �8! is odd. Note that it is the behavior under

time-reversal of the combination &�
8!
� 8! (&�

8!
�8! ) that dictates whether a given term in the

response is conservative or dissipative.

• Parity transformation property: The linear tidal response of Kerr BHs is parity invari-

ant 12. Therefore, to maintain parity invariance, the induced electric quadrupole moment
11In astrophysical context, this is sometimes known as tidal heating.
12In the case of Kerr BHs, both the background metric and the boundary conditions at the event horizon, which we
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&�
8 9

should contain contributions from �:;<, but not from �8 9 , and vice versa. As a result,

we incorporate the free tensors (a�/�)8 9 :; and (b�/�)8 9 :; to encapsulate these mixing ef-

fects. We can further decompose these tensors into our spin building blocks, enabling us to

consistently track time-reversal properties

(a�/�)8 9 :; = Λ̃
�/�
B̂0

X
〈8
〈:X

9〉
;〉 + �̃

�/�
B̂1

(̂〈8 〈:X
9〉
;〉 + Λ̃

�/�
B̂2

B̂〈8 B̂〈:X
9〉
;〉

+ �̃�/�
B̂3

(̂〈8 〈: B̂
9〉 B̂;〉 + Λ̃�

B4
B̂〈8 B̂〈: B̂

9〉 B̂;〉 ,

(5.22)

(b�/�)8 9 :; = Λ′�/�
B̂0

X
〈8
〈:X

9〉
;〉 + �

′�/�
B̂1

(̂〈8 〈:X
9〉
;〉 + Λ′�/�

B̂2
B̂〈8 B̂〈:X

9〉
;〉

+ �′�/�
B̂3

(̂〈8 〈: B̂
9〉 B̂;〉 + Λ′�

B4 B̂
〈8 B̂〈: B̂

9〉 B̂;〉 .

(5.23)

Similar to the previous analysis, Λ̃�/�,Λ′�/�s capture the conservative tidal response while

all �̃�/�, �′�/�s describe the dissipative tidal response.

5.2.3 Dynamical tidal Love numbers, dissipation numbers and Mixing Coeffi-

cients

Having established the symmetry properties of the tensorial tidal response function, let us

now clarify some of the terminologies used.

Static tidal Love numbers and dynamical tidal Love numbers

Following previous literature, e.g. [380], we refer to the following coefficients as static tidal

Love numbers (TLNs)

will consider during our scattering studies, respect parity invariance. Therefore, we anticipate that tidal response will
also respect parity invariance. However, from the perspective of EFT, there is no fundamental principle mandating
parity invariance, see discussions in [427] about the finite size effects from parity violating constituents.
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Static tidal Love numbers : Λ
�/�
B̂0

, Λ
�/�
B̂2

, Λ
�/�
B̂4

. (5.24)

As shown in [243, 245, 380], all static Love numbers of Kerr BHs vanish to all orders in the value

of the BH spin. In this chapter, we generalize the conservative tidal response to the dynamical

region where we have introduced 5 more parameters. We will refer to them as the dynamical tidal

Love numbers (DTLNs),

Dynamical tidal Love numbers : Λ
�/�
B̂1,l

, Λ
�/�
B̂3,l

, Λ
�/�
B̂0,l2 , Λ

�/�
B̂2,l2 , Λ

�/�
B̂4,l2 . (5.25)

We show in Sec. 5.4 that all the dynamical tidal Love numbers exhibit the RG running behav-

ior, similar to Love numbers in higher dimensions, e.g. [378, 379]. Furthermore, similar to the

Schwarzschild case, all the static tidal Love numbers and DTLNs can be absorbed into the world-

line effective action via local contact terms as

( = ((0) −
1
2

∫
3g" (�")4

[
Λ�
B̂0
� 8 9�8 9 + Λ�

B̂2
� 8 9�: 9 B̂8 B̂

: + Λ�
B4
� 8 9�:; B̂8 B̂ 9 B̂

: B̂;
]

+ 1
2

∫
3g" (�")5

[
Λ�
B̂1,l

(̂8: ¤� : 9� 8 9 + Λ�
B̂3,l

(̂8: B̂ 9 B̂; ¤� :;� 8 9
]

+ 1
2

∫
3g" (�")6

[
Λ�
B̂0,l2

¤� 8 9 ¤�8 9 + Λ�
B̂2,l2

¤� 8 9 ¤�: 9 B̂8 B̂: + Λ�
B4,l2

¤� 8 9 ¤�:;B8B 9 B: B;
]

+ (� ↔ �) .

(5.26)

Note that this expression is missing the quadrupole-octupole mixing terms. Theywill be discussed

shortly.

Tidal dissipation numbers

Similar to the Schwarzschild case, we call the following coefficients as leading order Kerr

tidal dissipation numbers (TDNs)
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LO tidal dissipation numbers : �
�/�
B̂1

, �
�/�
B̂3

. (5.27)

These two numbers have been computed before with various methods [3, 61, 242, 243, 410, 411,

428–430]. In this work, we have extended the tidal response to (�"l)2 order, so we need to

introduce 5 more parameters to capture the tidal dissipations. Here, we call the following three

next-to-leading order (NLO) tidal dissipation numbers

NLO tidal dissipation numbers : �
�/�
B̂0,l

, �
�/�
B̂2,l

, �
�/�
B̂4,l

. (5.28)

These numbers were first matched in [3] that helped resolve the mismatch of horizon flux between

Refs. [60] and [58] in the extremal-mass-ratio limit. In Sec. 5.4, we will show that these three

NLO tidal dissipation numbers exhibit divergent behavior near the extremal limit, which gives

large spin corrections that modify the superradiance condition. Furthermore, we also need the

following next-to-next-to-leading order (NNLO) tidal dissipation numbers

NNLO tidal dissipation numbers : �
�/�
B̂1,l2 , �

�/�
B̂3,l2 . (5.29)

In Sec. 5.4, we will show that all the NNLO tidal dissipation numbers also exhibit the RG running

behavior that comes from the ultraviolet (UV) divergence in the EFT 2-loop corrections with two

mass insertions. Note that the origin of the RG running here is different from that of the dynamical

Love numbers.

Mixing coefficients

Consistent with the parity transformation property discussed previously, we introduced the

free tensors (a�/�)8 9 :; and (b�/�)8 9 :; to capture the mixing effects. Here, we denote that the
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following 6 coefficients as conservative tidal mixing numbers (CTMNs)

conservative tidal mixing numbers : Λ̃�/�
B̂0

, Λ̃
�/�
B̂2

, Λ̃
�/�
B̂4

, Λ′�/�
B̂0

, Λ′�/�
B̂2

, Λ′�/�
B̂4

.

(5.30)

These effect of the corresponding operators can be reproduced with the following effective action,

(mixing = − 1
2

[
" (�")5

∫
3g�8 9 B̂

<�:;< (#�)8 9 ,:; − " (�")5
∫
3g�8 9 B̂

<�:;< (#�)8 9 ,:;
]
,

(5.31)

with

(#� )8 9 ,:; = (a� ) (8 9 ,:;) + (b�) (:;,8 9) ,

(#�) (8 9 ,:;) = (a�) (8 9 ,:;) + (b� ) (:;,8 9) ,
(5.32)

where time-reversal invariance dictates that only the symmetric (under 8 9 ↔ :;) parts of the

tensors (a� )8 9 ,:; , (b� )8 9 ,:; should contribute.

The other 4 coefficients will be referred to as dissipative tidal mixing numbers (DTMNs)

dissipative tidal mixing numbers : �̃�/�
B̂1

, �̃
�/�
B̂3

, �′�/�
B̂1

, �′�/�
B̂3

. (5.33)

The first matching of these dissipative tidal mixing numbers was performed in [3]. They originate

from the perturbative expansion of spheroidal harmonics in terms of spherical harmonics. Here in

Sec. 5.5, we present a more straightforward way to match these coefficients in both conservative

and dissipative sectors in terms of amplitudes.
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5.2.4 Wave scattering off compact objects

We have completed the discussion of the various free coefficients in the dynamical tidal

response for rotating (axi-symmetric, parity-preserving) compact objects. In the remaining part

of the chapter, we explicitly fix these coefficients by matching the scattering amplitudes obtained

in the EFT with the scattering phases obtained from BHPT. Before we go into the detailed dis-

cussion of the matching procedure, let us first set up the formalism to study the wave scatterings

off compact objects. In the worldline EFT language, this corresponds to the following scattering

process

worldline + particle A → worldline + particle A, (5.34)

where we use the double solid line to denote the worldline and the yellow wavy lines for gravitons

(5.35)

We choose the worldline to be static, which is motivated by the assumption that the BH mass

" is much larger than the energy of the incoming massless particle l. This also naturally leads

to the power counter parameter �"l � 1 which we have been using in the parametrization of

dynamical tidal response and will be later used as an expansion parameter in the BHPT solution.

The scattering matrix now is defined as

out〈k′, ℎ′|k, ℎ〉in ≡ 〈k′, ℎ′|( |k, ℎ〉 , (5.36)

where ℎ is the helicity of the particle, and the normalization of the bulk particle state is 〈k, ℎ |k′, ℎ′〉 =

2|k | × (2c)3X3(k − k′)Xℎℎ′ in four dimensional spacetime. The on-shell constraint for massless
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fields is l2 = k2. In what follows we will formally decompose (-matrix as ( = 1 + 8) . In the

worldline theory, the time translation invariance dictates that scattering processes are constrained

by energy conservation. Therefore, it is convenient to define the dimensionful scattering ampli-

tude M as

〈k′, ℎ′|8) |k, ℎ〉 ≡ (2c)X(l′ − l) × 8M(l, k → k′, ℎ → ℎ′) . (5.37)

The dimensionality of M(l, k → k′, ℎ → ℎ′) is [energy]−1. In this chapter, we find it more

convenient to calculate the scattering amplitude directly in the spherical basis. We define the

spherical wave state |l, ℓ, <, ℎ〉 which describes the spherical wave with frequency l, angular

quantum number ℓ, magnetic quantum number < and helicity ℎ. The normalization of such state

is 〈l, ℓ, <, ℎ|l′, ℓ′, <′, ℎ′〉 = (2c)X(l − l′)Xℓℓ′X<<′Xℎℎ′ . Now, we can compute the scattering

amplitude in this basis

〈l′, ℓ′, <′, ℎ′|8) |l, ℓ, <, ℎ〉 = (2c)X(l′ − l) × 8A(l, ℓ, <, ℎ → l, ℓ′, <′, ℎ′) , (5.38)

where the scattering matrix A is dimensionless. The relation between A and M is given by

A(l, ℓ, <, ℎ → l, ℓ′, <′, ℎ′)

=

∫
33k13

3k2

(2c)6 × 4|k1 | |k2 |
∑
ℎ1,ℎ2

〈l, ℓ′, <′, ℎ′|k2, ℎ2〉M(l, k1 → k2, ℎ1 → ℎ2)〈k1, ℎ1 |l, ℓ, <, ℎ〉 ,

(5.39)

where the transformation matrix [61] is given by

〈l, ℓ, <, ℎ|k, ℎ〉 = (2c)2
√

2ℓ + 1
2cl

X(l − |k |)Xℎℎ′�ℓ
<ℎ (q, \, 0) , (5.40)

with �ℓ
<ℎ

(q, \, 0) the Wigner-D matrix. Here (\, q) denotes the orientation of k. In a diagonal

basis, one can easily relate the amplitude with the scattering phase shift as

8A = 1 − [ℓ< exp(28Xℓ<) , (5.41)
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where Xℓ< is the elastic scattering phase shift and 1 − [2
ℓ<

is the absorption probability. For

gravitational perturbations, one can further write the polarization tensor into the spherical basis

as

n ℎ=±2
8 9 (k) =

2∑
<=−2

〈8, 9 |ℓ = 2, <〉�ℓ=2
<ℎ=±2(q, \, 0) . (5.42)

More detailed discussions are included in App. D.2.1.

Now, we are equipped with all the tools for studying the dynamical response on Kerr BHs.

In the following three sections, we shall first present the wave scattering phase shifts of Kerr BHs

from the analytic solution to the Teukolsky equation in Sec 5.3. Then, we will explicitly match

the various tidal response coefficients mentioned before in Sec. 5.4 and Sec. 5.5.

5.3 Kerr perturbations and near-far factorization

As discussed in Sec. 5.2, various Love numbers and dissipation numbers are the unknown

parameters in the ansatz for the tidal response, relating tidal fields to induced multipole moments.

Love numbers may be further viewed as the Wilson coefficients in front of the quadratic-in-

curvature terms in the worldline EFT. Determining these coefficients requires the computation

of physical observables such as scattering amplitudes, which we then match with the correspond-

ing results from the ultraviolet (UV) theory. In this context, as far as linear tidal effects are con-

cerned, the UV theory is essentially linear BHPT. An important observation in this context is the

so-called near-far factorization in black hole scattering amplitudes [245] that can be used to extract

Love numbers, dissipation numbers, and their RG running without the interference from the post-

Minkowskian correction from non-linearities of GR. In Sec. 5.3.1, we briefly review the Mano,

Suzuki, and Takasugi (MST) method and discuss its factorization properties. This approach is
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particularly useful since it yields an explicit Taylor expansion in �"l, just as the perturbative

EFT calculation. Subsequently, in Sec. 5.3.2, we present results for Kerr BHs for the quadrupolar

sector ℓ = 2.

5.3.1 Scattering of test fields by black holes and the near-far factorization

The study of wave scattering off Kerr Black Holes (BHs) is a longstanding field of research

with foundational works by R. A.Matzner and others [164, 431–434]. Recently, this area of re-

search has been revived thanks to novel insights from the S-Matrix theory, see e.g. [135, 174].

In this section, we will outline some key components of this theory relevant for the matching of

dynamical Love numbers and dissipation numbers. A comprehensive discussion will be presented

elsewhere [403].

We begin our analysis by considering a test field of a positive integer spin B propagating

on a Kerr BH background, and choose the Î direction to align with the BH spin. If the incoming

wave of the test spin-B field has an incident angle of (W, q0) with respect to the Î direction, we can

express the scattering differential cross section as follows

3f

3Ω
= | 5B (\, q) |2 + |6B (\, q) |2 , (5.43)

with the helicity conserving amplitude [166, 174, 403, 435, 436]

5B (\, q) =
c

8l

∞∑
ℓ=B

ℓ∑
<=−ℓ

−B(
<
ℓ (cos W, 0l)−B(<ℓ (cos \, 0l)48<(q−q0) (B[ℓ<428BXℓ< − 1) × 2 . (5.44)

Here, −B(<ℓ (cos \, 0l) is the spin-weighted spheroidal harmonics with orbital quantum number ℓ

and magnetic quantum number <. The tortoise coordinate of Kerr BH is defined as

3A∗
3A

≡ (A2 + 02)
Δ

, Δ ≡ (A − A+) (A − A−) (5.45)
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where A+ and A− are outer and inner horizon respectively. By analyzing the Teukolsky master

variable [217, 422, 437]

k [−B] = 4−8lC
∑
ℓ<

48<q−B(
<
ℓ (\; 0l) −B'ℓ< (A) , (5.46)

with the following asymptotic behavior in the tortoise coordinate

−B'ℓ< (A) → �
(inc)
−Bℓ<A

−14−8lA∗ + �(refl)
−Bℓ<A

−1+2B48lA∗ , A∗ → +∞ , (5.47)

we can get the scattering phase shift

B[ℓ<4
28BXℓ< = (−1)ℓ+1 Re(B�<ℓ (0l))

(2l)2B ×
�
(refl)
−Bℓ<

�
(inc)
−Bℓ<

, (5.48)

where B�<ℓ (0l) is the Teukolsky-Starobinsky constant, BXℓ< the elastic scattering phase shift and

1 − (B[ℓ<)2 the absorption probability. The helicity-reversing amplitude 6B (\, q) vanishes for

spin-0, 1 field [135, 403], but it is non-vanishing for spin-2 field due to the imaginary part of

spin-2 Teukolsky-Starobinsky constant [166, 174, 403, 435, 436]

62(\) =
c

8l

∞∑
ℓ=2

(−1)ℓ−2(
<
ℓ (cos W, 0l)−2(

<
ℓ (− cos \, 0l) ×

(
(−1)ℓ+1+< 128"l

16l4

�
(refl)
−2ℓ<

�
(inc)
−2ℓ<

)
× 2 .

(5.49)

As the EFT is a low-frequency and long-wavelength expansion, its results have to bematched

to the relevant low-frequency observables in BHPT. A solution to the Teukolsky equation in this

context has been systematically developed through the matching of asymptotic expansions using

the MST method [216–218, 422]. The key idea in this method is that one can construct the near

zone solution based on the double-sided infinite series of hypergeometric function which con-

verges within A+ ≤ A < ∞ and the far zone solution based on the double-sided infinite series of

Coulomb wave function which converges within A+ < A ≤ ∞. The two solutions can be matched
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in the overlapping region. In order to ensure the convergence of solutions and the successful

execution of the matching procedure, an auxiliary non-integer parameter, a, is introduced. This

parameter, often referred to as the ‘‘renormalized angular momentum,” is a fundamental neces-

sity in the matched asymptotic expansion method, as mentioned in previous mathematical studies

[438]. Ultimately, this process yields the wave amplitude ratio as follows

�
(refl)
−Bℓ<

�
(inc)
−Bℓ<

= l2B
1 + 848ca  −a−1;−B

 a;−B

1 − 84−8ca sin(c(a+B+8n))
sin(c(a−B−8n))

 −a−1;−B
 a;−B︸                                 ︷︷                                 ︸

Near zone

×
�a−;−B
�a+;−B

48n (2 log n−(1−^))︸                      ︷︷                      ︸
Far zone

, (5.50)

which manifestly factorizes into two parts, which is a property introduced in [245] as the near-far

factorization. Here, n = 2�"l, ^ =
√

1 − j2. The explicit expression for the functions entering

this ratio can be found in [217]. By closely examining the low-frequency behavior, we find that

the near zone part scales as, schematically,

Near Zone ∼ (�"l)2a+1(1 + �"l + (�"l)2 + · · · ) , (5.51)

which features a non-integer power of � for general a, which we will shortly relate to the ana-

lytically continued angular momentum ℓ, while the far zone parts always feature only the integer

power of � except for the tail effect that appears as the logarithmic function n log n in the phase

shift [235, 423],

Far Zone ∼ (�"l) log(�"l) + (�"l) + (�"l)2 + (�"l)3 + · · · (5.52)

With this formula, one can naturally separate the relativistic post-Minkowskian corrections, i.e.

loop diagrams in the EFT and the BH finite size effects simply by the power counting � without

ambiguity. Furthermore, we find it useful to parametrize the scattering phase shift as

B[ℓ<4
28BXℓ< = B[ℓ<4

28BXNZ
ℓ< × 428BXFZ

ℓ< . (5.53)
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where NZ stands for near zone and FZ stands for far zone. Based on the near-far factorization, the

near zone elastic phase shift can be written as

BX
NZ
ℓ< =

1
2

Arg


1 + 848ca  −a−1;−B
 a;−B

1 − 84−8ca sin(c(a+B+8n))
sin(c(a−B−8n))

 −a−1;−B
 a;−B

 , (5.54)

with far zone phase elastic shift

BX
FZ
ℓ< =

1
2

Arg
[
�a−;−B
�a+;−B

48n (2 ln n−(1− ˜̂))
]
+ ℓ + 1

2
c , (5.55)

and the absorption probability

1 − B[
2
ℓ< = 1 −

����� 1 + 848ca  −a−1;−B
 a;−B

1 − 84−8ca sin(c(a+B+8n))
sin(c(a−B−8n))

 −a−1;−B
 a;−B

�����2 , (5.56)

where we have used the non-trivial identity [216]

|�a−;−B/�a+;−B |
22B |B�<ℓ (0l) |−1 = 1 when a ∈ R (5.57)

This identity has been numerically tested in the Schwarzschild gravitational scatterings in [403].

For theKerr BH, this identity has been perturbatively tested order by order in (�"l) in [3]. Using

the low-frequency expansion of the ‘‘renormalized angular momentum’’ a = ℓ + O((�"l)2)

around a generic angular momentum ℓ, Ref. [245], presented an on-shell proof of the vanishing of

tidal Love numbers of Kerr BHs. Furthermore, that work also pointed out that the near zone elastic

and inelastic absorption probabilities receive logarithmic corrections due to the low-frequency

expansion of a, i.e., schematically we have

(�"l)2a+1
���
a=ℓ+O((�"l)2)+...

= (�"l)2ℓ+1(1 + (�"l)2 log(�"l) + · · · ) . (5.58)

Power counting in �, we notice that the near-far factorization presented in Eq. (5.50) holds for

the analytically continued ℓ ∈ C. As discussed in [403] and [245], the near-far factorization will
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break down if one starts from the physical ℓ ∈ N because the near zone and far zone terms now

both scale as integer powers of � in the low frequency expansion. But this will not affect the

study the logarithmic pieces because they always come from the near zone piece. The apparent

factorization breakdown will affect the constant, scheme-dependent parts of the local worldline

couplings, which we discuss separately in Sec. 5.6. Note that the factorization breakdown does

not affect the matching of dissipation numbers. From Eq. (5.56), we see that the low-frequency

absorption terms originate entirely from the near zone piece.

5.3.2 BHPT phase shifts

With the factorization mentioned above, we can successfully get the phase shift from tidal

effects (near zone) for gravitational perturbations ℓ = 2, < = 2 as (AB = 2�")

2[22 = 1 + 2
225

(j + 3j3) (ABl)5

+ 1
2025

{
18c

(
3j3 + j

)
− 36

(
3j3 + j

)
=

(
�

(
28j√
1 − j2

− 3

))
+

[
6
(
9
√

1 − j2 + 1
)
j2 + 117

√
1 − j2 − 97

]
j2 + 9

(√
1 − j2 − 1

) }
(ABl)6

+
{
− 214

23625
(j + 3j3) log

(
2
√

1 − j2ABl
)

+ c

2025

[
− 36

(
3j3 + j

)
=

(
�

(
28j√
1 − j2

− 3

))
+

(
6
(
9
√

1 − j2 + 1
)
j2 + 117

√
1 − j2 − 97

)
j2 + 9

(√
1 − j2 − 1

) ]
+ A22(j)

}
(ABl)7 .

(5.59)
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and

2X22 =

[
2j

(
3j2 + 1

)
225

log
(
2
√

1 − j2ABl
)
+ B22(j)

]
(ABl)6

+
{

1
2025

[(
− 9 − 97j2 + 6j4

)
log(2

√
1 − j2ABl) + 18c(j + 3j3) log(2

√
1 − j2ABl)

]
+ B22(j)c + C22(j)

}
(ABl)7 .

(5.60)

In the two expressions provided, 1 − (2[22)2 calculates the absorption probability for the ℓ =

2, < = 2 mode, while 2X22 represents the elastic phase shift. We illustrate in Sec. 5.4 that the

orange terms in Eq. (5.59) are related to the tail effect brought about by the gravitational wave

scattering off the long-range Newtonian potential. Translating this into field theory terms, this

effect is equivalent to a 1-loop IR divergence of the leading order tidal scattering. The purple

logarithmic terms originate from the 2-loop UV divergences in the EFT loop diagrams during

the computation of BH absorption, leading to the RG running of dissipation numbers. As for

the green segment, the logarithmic pieces also correspond to UV divergences in the EFT loop

diagrams, but they contribute to the elastic scattering pieces. For the Schwarzschild case, simple

power counting in � reveals that the first logarithm will appear at �7, i.e., at the 6-loop order.

Kerr cases will be much more complicated and will be discussed in the next section.

Finally, there are also constant pieces A22(j), B22(j), and C22(j) alongside the logarith-

mic terms in the above equations. These constant pieces can be extracted analytically, but their

expressions are quite cumbersome and does not provide any insights into the structure of BH

scattering amplitudes. Therefore, we only present in this work their numerical estimates, given in

Sec. 5.6, along with fitting formulas that may be used for all practical applications.
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We also provide here the phase shift for the gravitational perturbations ℓ = 2, < = 1 case

2[21 = 1 + 1
900

(4j − 3j3) (ABl)5

+ 1
8100

{
9c

(
4 − 3j2

)
j + 18

(
3j2 − 4

)
j=

(
�

(
8j√

1 − j2
− 3

))
+

[(
39 − 54

√
1 − j2

)
j2 + 63

√
1 − j2 − 43

]
j2 + 36

(√
1 − j2 − 1

) }
(ABl)6

+
{

107(−4j + 3j3)
94500

log
(
2
√

1 − j2ABl
)

+ c

8100

[
18

(
3j2 − 4

)
j=

(
�

(
8j√

1 − j2
− 3

))
+

((
39 − 54

√
1 − j2

)
j2 + 63

√
1 − j2 − 43

)
j2 + 36

(√
1 − j2 − 1

) ]
+ A21(j)

}
(ABl)7 .

(5.61)

and

2X21 =


j

(
4 − 3j2) log

(
2
√

1 − j2ABl
)

900
+ B21(j)

 (ABl)
6

+
[
39j4 − 43j2 − 36

8100
log(2

√
1 − j2ABl) +

c

900

(
4 − 3j2

)
j log(2

√
1 − j2ABl)

+ B21(j)c + C21(j)
]
(ABl)7 .

(5.62)

For ℓ = 2, < = 0 case, we have

2[20 = 1 − 1
225

(
1 − j2

)2 (√
1 − j2 + 1

)
(ABl)6 − 1

225
c(1 − j2)2(

√
1 − j2 + 1) (ABl)7 , (5.63)

and

2X20 =

[
−
(1 − j2)2 log(2

√
1 − j2ABl)

225
+ C20(j)

]
(ABl)7 . (5.64)

Now, with the above BHPT result, we are prepared for the matching to the EFT amplitude

calculations to get the tidal response coefficients that we introduced in Sec. 5.2.3. One important
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aspect to remember is that BHPT phase shift values are not in the spherical harmonic basis, but

rather in the spheroidal harmonic basis. This distinction becomes important when we consider

non-zero spin and frequencies. In Sec. 5.5, we shall explore the impact of the mixing of spher-

ical and spheroidal harmonics on conservative and dissipative tidal mixing numbers, crucial to

accurately determinate the horizon flux at the 4PN order [3]. We also show in Sec. 5.5 that our

findings in Sec. 5.4 are not affected by these mixing effects, therefore we can rely on spherical

harmonics for these calculations.

5.4 Matching EFT with BHPT

The advantage of the near-far factorization is that separates scattering contributions from the

near zone (tidal effect) and the far zone (background metric). We now use the worldline EFT out-

lined previously in Sec. 5.2 to better understand each term in the near zone scattering amplitudes

of the full theory. In Sec. 5.4.1, we briefly outline the procedure of calculating scattering ampli-

tudes in the worldline EFT and use it to match the static tidal Love numbers and LO dissipation

numbers, which appear in the ansatz in Eq. (5.18) and further explicitly defined in Eqs. (5.24) and

(5.27). In Sec. 5.4.2, we explicitly match the NLO dissipation numbers mentioned in Eq. (5.28)

and discuss their contribution in the case of near-extremal BHs and their effect on superradiance.

Then, in Sec. 5.4.3, we compute the one-loop correction to the leading order tidal scattering in the

worldline EFT, corresponding to the tail effect arising from the scattering of gravitational waves

off the background metric before or after scattering off the quadrupole moment. This yields an

un-physical IR divergence in the EFT which, obviously, does not appear in the full theory or in

any observables. This IR singularity, however, also generates a finite observable contribution

286



associated with Sommerfield enhancement which modifies the scattering amplitude at the next

order in �"l [197]. We also find that these contributions correspond to the orange terms in

BHPT, which disentangles them from genuine NLO dissipation numbers. In Sec. 5.4.4, we push

similar calculation in the EFT to 2-loops for dissipation which has a physical UV divergence and

leads to the RG running of the NNLO dissipation numbers corresponding to the logarithm in the

purple terms in BHPT. Finally in Sec. 5.4.5, we give an interpretation to the logarithms of the

green terms in BHPT. We argue that these logarithms arise from the RG flow of dynamical Love

numbers introduced in Eq. (5.25). A power counting analysis shows that the EFT diagram which

yields the corresponding UV divergence arises from non-linearities in GR via higher order loop

corrections (6-loop order in the Scwarzschild case) to the scattering off the background metric.

5.4.1 Static Love and LO dissipation numbers

As explained in Sec. 5.2, the leading order tidal effects are included in the tidal tensor

(_�/�)8 9 :; , in which the conservative effects are encoded in static tidal Love numbersΛB̂0 ,ΛB̂2 and

ΛB̂4 while dissipative effects are included in the LO dissipation numbers �B̂1 and �B̂3 . Equipped

with the BHPT scattering phase shift given in Sec. 5.3.2, we can get the explicit expressions

for these two sets of coefficients through comparison of the scattering phases between the EFT

and BHPT. Such a matching has been previously done in [380] in the off-shell way, and in [3,

61, 245] using on-shell observables. Some of these known results will be reproduced below for

completeness.

We consider now the scattering of gravitational waves off a Kerr black hole in the worldline

EFT and focus on the scattering phase due to the induced quadrupole moment&8 9
�/� (g). It couples
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to the graviton through in the interaction term
∫
3g&

8 9

�
�8 9 , (� ↔ �) in the action. Classically,

this process needs to be understood in a causal way: 1) external incoming waves with four mo-

menta (l, k in) generate the induced quadrupole in accordance with the ansatz in Eq. (5.18); 2) the

quadrupole moment will radiate waves with four momenta (l, kout). In the field theory language,

this process can be nicely described by using the retarded Green function

&�/� &�/� ≡ 8〈[&�/�
8 9

(g)&�/�
:;

(0)]〉\ (g) , (5.65)

which makes causality manifest. In the frequency domain, the retarded Green function is given by

the Fourier transform of Eq. (5.18). Then, from the effective action in Eq. (5.17), the LO scattering

amplitude reads

8M(k in → kout, ℎ → ℎ) = _�/� = −8 l
4

4"2
pl
(_� )8 9 ,:;n :;ℎ (k in)n∗8 9ℎ (kout)" (�")4+magnetic,

(5.66)

where the yellowwavy lines represent gravitons. With the formulas in App. D.2, we can transform

the amplitude in the plane wave basis into the spherical wave basis with definite helicities as

8A(l, ℓ = 2, <, ℎ → ℓ = 2, <, ℎ) = −8 l5

40"2
plc

" (�")4

×
[
Λ�
B̂0
+ 1

2
8<��

B̂1
+ 1

6
(<2 − 4)

(
− Λ�

B̂2
− 8<��

B̂3
+ Λ�

B̂4
(<2 − 1)

)]
+ magnetic .

(5.67)

where we have used the operator form of the tidal response tensor _8 9
:;
= 〈8, 9 |�|:, ;〉 with

� = ΛB̂0 + 8
1
2
�B̂1JI +

1
6
(J2
I − 4) [−ΛB̂2 − 8JI�B̂3 + ΛB̂4 (J2

I − 1)] , (5.68)

given in App. D.2. By matching this expression to the BHPT phase shift in Sec. 5.3.2

8A(l, ℓ = 2, <, ℎ → ℓ = 2, <, ℎ) = 1 − 2[2< exp(282X2<) (5.69)
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we can get thex vanishing of Kerr Love numbers

Λ
�/�
B̂0

= Λ
�/�
B̂2

= Λ
�/�
B̂4

= 0 , (5.70)

while the dissipation numbers are given by

�
�/�
B̂1

= − 8
45

(j + 3j3) , �
�/�
B̂3

=
2
3
j3 . (5.71)

It is important here also to mention that one can also get the above results from the near zone

approximation established by A.A.Starobinksy and D.N.Page in [242, 410, 411, 428].

5.4.2 NLO dissipation numbers: Large spin contribution and shrinking super-

radiance parameter space

In this section, we go beyond leading order Love and dissipation numbers and compute the

NLO dissipation numbers that appear in the scattering phase at O
(
(ABl)6

)
. We first reproduce

the results of [3]. Then we discuss its relationship to the so-called superradiance factor recently

discussed in [243, 380] in the context of tidal responses. Very similar to the calculation in the

previous section, we immediately get the scattering amplitude from Eq. (5.17) and (5.18)

8M(k in → kout, ℎ → ℎ) = _
�/�
l

=
l5

4"2
pl
(_�l)8 9 ,:;n :;ℎ (k in)n∗8 9ℎ (kout)" (�")5+magnetic .

(5.72)

Transforming this expression into the spherical basis states with definite helicity and using the

tidal response tensor (_l)8 9:; = 〈8, 9 |�l |:, ;〉 with

�l = �B̂0,l + 81
2
ΛB̂1,lJI +

1
6
(J2
I − 4) [−�B̂2,l − 8JIΛB̂3,l + �B̂4,l (J2

I − 1)] , (5.73)
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we get

8A(l, ℓ = 2, <, ℎ → ℓ = 2, <, ℎ) = l6

40"2
plc

" (�")5

×
[
��

B̂0
+ 1

2
8<Λ�

B̂1
+ 1

6
(<2 − 4)

(
−��

B̂2
− 8<Λ�

B̂3
+ ��

B̂4
(<2 − 1)

)]
+ magnetic .

(5.74)

As we expected, the conservative response coefficient and the dissipation coefficient switches their

spin dependence due to the additional time derivatives which produces an additional factor of l.

We will discuss the conservative part in detail in in Sec. 5.4.5. Now let us focus on the dissipative

part. After matching the EFT expression above to the BHPT phase shift, we get

�
�/�
B̂0,l

=
8

405

(
9 + 9^ + 97j2 + 117^j2 − 6j4 + 54^j4 + 36j�2 + 108j3�2

)
,

�
�/�
B̂2,l

= − 4
135

(
115j2 + 135^j2 + 5j4 + 90^j4 − 24j�1 + 18j3�1 + 48j�2 + 144j3�2

)
,

�
�/�
B̂4,l

=
4

135

(
20j4 + 45^j4 − 24j�1 + 18j3�1 + 12j�2 + 36j3�2

)
,

(5.75)

where ^ =
√

1 − j2 and �< = Im[k (0) (3+8<j/^)] (for< = 1, 2), k (0) is the polygamma function.

This expression agrees with [2]. In the Schwarzschild case, we have

�
�/�
B̂0,l

(j = 0) = 16
45

. (5.76)

Interestingly, the polygamma function k (0) (3+8<j/^) goes to infinity as spin j goes to extremal-

ity (j → 1), indicating a large spin contribution to the dissipation.

The superradiance effect [439] dictates the functional form of dissipation for Kerr BH in the

static limit. Specifically, the non-vanishing of ��/�
B̂1

, �
�/�
B̂3

directly follows from frame-dragging

[61, 243, 380]. As shown in [61, 216, 242, 243, 380, 410, 411, 428, 429] using the near zone
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calculations, the low-frequency absorption probability can be written as

BΓℓ< = 2(−%+)
(
(ℓ + B)!(ℓ − B)!
(2ℓ)!(2ℓ + 1)!

)2 (
2l(A+ − A−)

)2ℓ+1 ℓ∏
9=1

( 92 + 4%2
+) , (5.77)

with the superradiance factor %+

%+ =
0< − 2"A+l
A+ − A−

=
<ΩH − l

4c)H
. (5.78)
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Figure 5.1: Comparison of LO and NLO supperadiance conditions, see Eq. (5.75). In
this figure, we show the example with ℓ = 2, < = 2. The colored region corresponds
to the superradiance parameter space, with solid lines showing the critical values, i.e.
<Ω� = l at LO.

The appearance of the overall factor<Ω�−l dictates a constraint on tidal response at lead-

ing and next-to-leading order in the small spin limit. This is seen by relating the above expression

for absorption probability with the tidal response in the EFT to NLO as

2Γ22 = 1 − 2[
2
22 = 2Re[8A(l, ℓ = < = 2, ℎ → ℓ = < = 2, ℎ)], (5.79)

= " (�")4 l5

20"2
?;
c

[
��

B̂1
+ (�"l)��

B̂0

]
+ magnetic + O(l7), (5.80)

291



where we have used Eqs. (5.67), (5.69) and (5.74). Now, taking the limit j → 0 in Eq. (5.77),

where we have Ω� → j/(4�"), and expand until O(l6) order we have

−128
225

(�"l)5
(
j − 2(�"l)

)
+ O(l7) = " (�")4 l5

20"2
plc

[
��

B̂1
+ (�"l)��

B̂0

]
+ magnetic + O(l7) . (5.81)

After using E/B duality, we arrive at the constraint

�
�/�
B̂0,l

= −2j��/�
B̂1

, for j → 0 , (5.82)

as desired. This is consistent with the small spin limit of expressionswe obtained in Eqs. (5.71), (5.76).

When <ΩH > l, BHs lose energy to external perturbations, i.e. superradiance takes place. The

parameter space in the j − ("l) plane that corresponds to this regime of superradiance is pre-

sented by the blue shaded region in Fig. 5.1. This superradiance condition is based on the near

zone calculations. Consequently, it requires modification if one includes corrections from the

far zone iteratively [60, 198]. The NLO Kerr dissipation number �B̂0,l in Eq. (5.75) includes

these corrections and captures the modified superradiance condition by accounting for the large

spin correction. The modified superradiance parameter space is plotted as the orange region in

Fig. 5.1. We see that the parameter space for superradiance shrinks due to the large spin correc-

tions coming from the polygamma functions k (0) (3 + 8<j/^) in Eq. (5.75). This is a particularly

intriguing observation as the polygamma function indicates a non-analytic behavior in the spin

magnitude j and even exhibits a singular point for the extremal spin value (j = 1). A similar pat-

tern has been noted in [174]. As discussed in Sec. 5.3, these non-analytic functions are derived

from what we refer to as the near zone part. Its derivation was formally carried out only for the

sub-extremal cases (0 ≤ j < 1). In contrast, the far zone pieces that are comprised of power laws
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in j and ^ =
√

1 − j2, exhibit only a branch point at j = 1, except for the logarithmic tail effect.

This structure is suitable for an analytic continuation in j to the super-extremal region j � 1. To

summarize, the near zone terms only make sense in the physical sub-extremal region while the

far zone terms can be formally extended into the extremal and super extremal region.

5.4.3 Tail effects

In this section, we focus on the orange terms in Sec. 5.3.2. We show that these terms corre-

spond to the leading tail effect due to the scattering off the long-range Newtonian potential. Let’s

consider the following diagram (the 1-loop integration can be found in [249] and [390])

8M =

<

_�/� +

<

_�/�

= _�/� ×2(16c�<l2)
∫

33−1q

(2c)3−1
1
q2

1
(l + 80)2 − (q + k)2

= _�/� × 2(8�#<l)
[
− (l + 80)2

c`2 4W�

] (3−4)/2
×

[
2

(3 − 4)IR
− 11

6
+ · · ·

]

= _�/� × 2�"l
[
sign(l)c + 8

(
2

(3 − 4)IR
+ log

l2

c`2 + W� − 11
6

)]
,

(5.83)

where k2 = l2 and in the last expression we have performed an expansion around 133 = 4. We

now clearly see the IR divergences. As pointed out in [249, 390], the imaginary part of the above

1-loop integral will exponentiate into a universal pure phase out and can be dropped out in the
13In this expression, we have used the retarded propagator to make causality manifest. The 80-prescription here

tells the relative position between the physical sheet and the branch cut. When l > 0, we choose the prescription
(−1) (3−4)/2 = 4−8 c (3−4)/2. When l < 0, we choose another prescription (−1) (3−4)/2 = 48 c (3−4)/2. To compare
with BHPT, we only need l > 0 as the BHPT results we presented in Section 5.3.2 always assumes l > 0.
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physical observable such as the cross sections f ∼ |M|2. Indeed, we do not find the associated

logarithms in the BHPT phase shift 14since they are unphysical, but we do find the finite terms

obtained by multiplying the lower order amplitudes by the factor 2�"lc, as the orange terms

in the BHPT phase shift. The leading tail effect thus nicely explains all the orange terms appear

in the BHPT reuslts in Sec. 5.3.2. Most importantly, this effect explains the presence of certain

odd-looking spin dependencies in the BHPT phase shift. For instance, the orange piece appearing

at NLO at (ABl)6 is odd in spin, as opposed to all the other terms which are even in spin. Thus,

naively, it seems to transform differently from other terms at the same order under time-reversal

(j → −j, l → −l). But recognizing the orange term as due to the leading order tail effect, we

realize that that the actual dependence on frequency is (ABl)5 × AB |l | which makes the overall

result even under time-reversal.

5.4.4 RG running of dissipation numbers at NNLO

In the next two sections, we explain all the logarithmic dependencies observed in the BHPT

results from Sec. 5.3.2. First, we will examine the logarithmic terms that appear in the absorption

probability 1 − (2[ℓ<)2, highlighted in purple. Subsequently, in Sec. 5.4.5, we will discuss the

logarithmic terms in the elastic phase shift 2Xℓ<, marked in green.

We will start with the RG running of dissipation numbers. For simplicity, we will be using

the optical theorem and the fluctuation-dissipation theorem [197, 238, 246] to calculate absorption

probabilities. We have
14It is important to not confuse the logarithms in the green terms with the tail effect logarithm discussed here.

Although they seem to coincide at leading order in for spinning BHs, the logarithms in the green part do not expo-
nentiate.
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With this method, we can now compute the 2-loop corrections to the absorption as 15

����� _� + _�

<

+ _�

<
<

+ _�

<
<

+ _�

<
<

�����2 + |magnetic|2

(5.84)

Asmentioned previously in [249], we notice that the third and fourth diagram in the above equation

_�

<
<

+ _�

<
<

∼ _� ×
∫

33−1q

(2c)3−1
1

(l + 80)2 − (k + q)2

×
∫

33−1 p

(2c)3−1
1
p2

1
( p + q)2

(5.85)

only has a UV divergence, while the last diagram contains both UV and IR divergences,

_�

<
<

∼ _� ×
∫

33−1q

(2c)3−1
1
q2

1
(l + 80)2 − (k + q)2

×
∫

33−1 p

(2c)3−1
1
p2

1
(l + 80)2 − (k + p + q)2 .

(5.86)

Adding all these terms together, we get the final expression (the detailed calculation can be found

in [249])

Eq. (5.84) =

����� _�
�����2 ×

(
1 + 2c�"lsign(l) − 428(�"l)2

210

[
1

(3 − 4)UV
+ W�

+ log

(
l2

c`2

)]
+ (�"l)2

[
4c2

3
+ 634913

44100

])
+ |magnetic|2 .

(5.87)

Interestingly, we observe that the IR divergences cancel in the above equation. However, we

do encounter UV divergences, indicating that a renormalization is necessary. By the power count-

ing in (ABl), we can estimate that the UV divergence appears (ABl)2 (2-loop) orders higher than

the leading dissipation effect. This suggests that the divergence can be absorbed into (_�/�
l2 )8 9 :; ,

a term we introduced in Eq. (5.18). As discussed in Sec. 5.2, (_�/�)8 9 :; and (_�/�
l2 )8 9 :; share the

15Here, _� is a short notation for the dissipation degrees of freedom ��

B̂1 , �
�

B̂3 in Eq. (5.27).
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same symmetry properties, i.e. the spin-even part corresponds to conservative effects while the

spin-odd part corresponds to dissipation. Thus, if we further consider the following process����� _�l2

�����2 +
����� _�l2

�����2 = −" (�")6 l7

20c"2
pl

[
1
2
<��

B̂1,l2 −
1
6
<(<2 − 4)��

B̂3,l2

]
+ |magnetic|2 ,

(5.88)

after renormalizing the diverging piece, we can extract the RG running of NNLO dissipation

numbers �B̂1,l2 and �B̂3,l2 introduced in Eq. (5.29)

m�
�/�
B̂1,l2

m log `
=

428
105

�B̂1 = −3424
4725

(j + 3j3) ,
m�

�/�
B̂3,l2

m log `
=

428
105

�
�/�
B̂3,l2 =

856
315

j3 . (5.89)

Such RG running effects can also be extracted from BHPT (purple term at (ABl)7) from Eq. (5.59)

and (5.61)

?(1 + BH → 0 + BH′) | (ABl)7 log(ABl)

= " (�")6 l7

20c"2
pl

[
1
2
<

(
3424
4725

(j + 3j3)
)
+ 1

6

(
856
315

j3
)
<(<2 − 4)

]
log(2

√
1 − j2ABl) × 2 .

(5.90)

Introducing the renormalization scale `, we can split the logarithm into two pieces,

log(2
√

1 − j2ABl) = log
(
2
√

1 − j2AB`
)

︸                  ︷︷                  ︸
NNLO dissipation counter term

+ log
(
l

`

)
︸   ︷︷   ︸

loop divergence

. (5.91)

The first term is the counter term that produces the RG running of the dissipation numbers at

NNLO. The second term can be interpreted as a genuine logarithmic divergence from the loops.

Including the constant piece from BHPT Eqs. (5.59) and (5.61), we get

�B̂1,l2 (`) = −3424
4725

(j + 3j3) log
(
4�"

√
1 − j2`

)
+ 80A22(j) ,

�B̂3,l2 (`) = 856
315

j3 log
(
4�"

√
1 − j2`

)
+ 80(2A21(j) − A22(j)) ,

(5.92)
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The constant terms A22(j) and A21(j) are discussed Sec. 5.6. We show that their interpretation

is somewhat intricate due to the spherical-spheroidal mixing discussed in Sec. 5.5.2.

TheRG equation is useful because it can sum large logarithms. In theworldline EFT context,

similar ideas were discussed in the gravitational radiation context in [249]. Here, we apply them to

the horizon absorption. Let us first choose a specific matching scale `0. Intuitively, at the 2-loop

level, all the logarithmic divergences will come from the following diagrams (we only estimate

the diverging piece)����� _� + _�

<

+ _�

<
<

+ _�

<
<

+ _�

<
<

�����2

∼
����� _�

�����2 × [
−428

105
(�"l)2 log

(
l

`0

)] (5.93)

1
2!

����� _�l2 + _�
l2

<

+ _�
l2
<
<

+ _�
l2
<
<

+ _�
l2
<
<

�����2

∼ 1
2!

����� _�l2

�����2 × [
−428

105
(�"l)2 log

(
l

`0

)]

∼ 1
2!

����� _�
�����2 × [

−428
105

(�"l)2 log
(
l

`0

)]2

· · · · · ·
(5.94)

In the above equation, 1/(2!) is the symmetry factor. One can iterate the above corrections further
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to get

1
=!

����� _�l2= + _�
l2=

<

+ _�
l2=
<
<

+ _�
l2=
<
<

+ _�
l2=
<
<

�����2

∼ 1
=!

����� _�
�����2 × [

−428
105

(�"l)2 log
(
l

`0

)]2=

(5.95)

Summing all these diagrams together, we get the leading logarithmic RG running behavior (log

from 2-loops) in the absorption probability

∼
����� _�

�����2 × (
l

`0

)− 428
105 (�"l)

2

. (5.96)

The above explicit resummation can also be written in a more general form of renormalized non-

local (NL) retarded Green’s function [249, 440] that accounts for the dissipations. We parametrize

the bare retarded Green function in terms of the renormalized (physical) Green function as

〈&8 9&:;〉NL
ret,Bare(l) = / (l, `)

2〈&8 9&:;〉NL
ret (l, `) . (5.97)

where we have introduced the matching scale `. By calculating the same diagram in Eq. (5.84)

with _� replaced by &� , we can get the renormalization constant in MS scheme as

/MS = 1 + 107
105

(�"l)2 ×
[

1
(3 − 4)UV

+ W� − log(4c)
]
, (5.98)

which absorbs the UV divergence in dimensional regularization. By requiring the physical ab-

sorption probability to be independent on the sliding scale `, we get the V function

32Γℓ<
3 log `

= 0 ⇒ 3

3 log `
〈&8 9&:;〉NL

ret (l, `) = −428
105

(�"l)2〈&8 9&:;〉NL
ret (l, `) . (5.99)
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The solution to this RG equation perfectly agrees the leading log (2-loop) resummation we see in

Eq. (5.96). For general compact objects, the same set of diagrams should generate RG running in

the conservative sector, which will be proportional to the tree-level Love number Wilson coeffi-

cients, see Ref. [251] for an explicit calculation. However, for black holes they vanish due to the

vanishing of static Love numbers, and hence the RG running of their Love numbers will appear

only at the 6-loop order.

To summarize, the purple logarithmic terms in the BHPT phase shifts Eq. (5.59) and Eq. (5.61)

correspond to the RG running of the non-local retarded Green function at the 2-loop order.

5.4.5 RG running of dynamical Love numbers

The BHPT results in Sec. 5.3.2 contain another type of logarithmic dependence in the elastic

phase shifts given in Eqs. (5.60), (5.62) and (5.64). In what follows, we will first match the RG

running of the appropriate beta function coefficients by comparing the logarithms and then discuss

the origin of the associated divergences.

As we have discussed in Sec. 5.3.1, the near-far factorization guarantees that the logarithmic

terms will only appear in the near zone part, except for those arising from the loop corrections to

the scattering off long-range Newtonian potential (tails). Thus, the matching of the logarithmic

piece for the conservative effect is similar to what we have done for the static tidal Love numbers

in Sec. 5.4.1. Consider now the same diagram as in Eq. (5.72), but focus on the conservative

sector. Matching to the BHPT elastic phase shift in Eq. (5.60), (5.62) and Eq. (5.64). We get the

following V functions
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mΛ
�/�
B̂1,l

m log(`) = −32
45

(j + 3j3),
mΛ

�/�
B̂3,l

m log(`) =
8
3
j3 . (5.100)

Similarly, we can also consider the scattering phase shift contribution at (ABl)7 order from the

diagram

_
�/�
l2 . (5.101)

With similar methods we developed in Sec. 5.4.1 and 5.4.2, we can get the RG running for

ΛB̂0,l2 ,ΛB̂2,l2 and ΛB̂4,l2

mΛ
�/�
B̂0,l2

m log `
=

32
405

(
9 + 97j2 − 6j4

)
,

mΛ
�/�
B̂2,l2

m log `
= −16

27

(
j2 + 23

)
j2 ,

Λ
�/�
B̂4

m log `
=

64
27
j4 .

(5.102)

As an important check of our results, we can now take the Schwarzschild limit j = 0, and get

mΛ
�/�
B̂0,l2

m log `
=

32
45

, (5.103)

which perfectly agrees with the off-shell graviton one-point function calculations of [175] upon

taking into account the difference in our conventions.

It is worth noting that the numerical value of the Wilson coefficient of the
∫
3g ¤�2 operator

in Eq. (5.102) depends on the black hole spin. It is important to distinguish such implicit depen-

dencies of magnitudes of Wilson coefficients on spin from spin-dependent expressions generated

directly by relevant tensors, c.f. (5.15). One should keep this subtlety in mind when interpreting

the MST solution as a function of spin in the context of effective field theory.
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The logarithmic running of dynamical Love numbers is generated by UV divergences of

the GR loops. For the sake of simplicity, let us focus on the Schwarzschild case. As explained

in Sec. 5.2, Eq. (5.26), the conservative effect can be represented as a local contact term on the

worldline. When expressed in the language of diagrams, this suggests that the RG running of

Λ
�/�
l2 can be interpreted as the logarithmic dependence of the following diagram

Λ
�/�
l2 . (5.104)

Unlike the logarithms discussed in the RG flow of the dissipation numbers, this logarithms cannot

be understood as loop corrections to the lower order tidal scatterings, since they vanish identically.

In the context of BHPT, we have rigorously verified that varying the boundary conditions at the

event horizon does not alter the RG running described by Eq. (5.100). Therefore, this logarithms

is insensitive to the lower order tidal coefficients. But we find that this can act as a counter term

for UV divergences in the scattering amplitude due to the gravitational non-linearities, e.g.

8M(k in → kout, ℎ → ℎ) =

<
<
<
<
<
<
<

+ other diagrams at 6-loop order , (5.105)

According to the RG running computed in Eq. (5.103), the coefficient in from the log from the

combination of all of such diagrams should be

8MEFT
6−loop |log(k in → kout, ℎ → ℎ) = 8c512

45
(�")7l6 log

(
l

`

)
cos4

(
\

2

)
, (5.106)

where ` is the matching scale. We leave the explicit calculation of these 6-loop diagrams for

future work.
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We would like to finish with an interesting observation that the RG running observed here

is universal in the sense that it comes from the non-linearity of GR. Thus, it should produce the

same RG running of dynamical Love numbers for all spherically symmetric compact object at the

�7 order. In [175], the authors also tried to calculate the dynamical response of a non-rotating

Neutron star, see their Eq. (15), but miss this universal relation. It would be interesting to explore

this generality further.

5.5 Quadrupole-octupole mixing

In this section, we shall study the quadrupole-octupole mixing effects in the tidal reponse

function that originate from the breaking of the spherical symmetry by Kerr BHs. This is a par-

ticular examples of the general phenomena of the spherical-spheroidal mixing.

5.5.1 Imposing spheroidal separability and matching

As mentioned at the end of Sec. 5.3.2, the scattering phase shifts in BHPT are given in

spheroidal harmonic basis because the presence of spin breaks spherical symmetry. Thus, there

will be mixing terms in the scattering amplitude that transform the ℓ = 2 states to ℓ = 3 states and

vice-versa as we have discussed in Sec. 5.2.3. However, since the Teukolsky equation is separable

in the spheroidal basis, we need to impose the same spheroidal separability in the EFT. To do that,

we can construct a new basis using the relation between the spherical and spheroidal harmonics

at order 0l = �"lj = ABlj/2 given by

−2(
<
ℓ (cos \, 0l) = −2.

<
ℓ (cos \) + (0l)

[
2
√
(ℓ + 1)2 − 4

√
(ℓ + 1)2 − <2

(ℓ + 1)2
√

2(ℓ + 1) − 1
√

2(ℓ + 1) + 1
−2.

<
ℓ+1(cos \)
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− 2
√
ℓ2 − 4

√
ℓ2 − <2

ℓ2
√

2ℓ − 1
√

2ℓ + 1
−2.

<
ℓ−1(cos \)

]
+ O

(
(0l)2

)
. (5.107)

Recall that the state |l, ℓ, <, ℎ〉 has the angular wavefunction ∼ −ℎ.<ℓ (cos \), therefore we can

define a new orthogonal spheroidal basis as

|l, ℓ, <, ℎ〉sp = |l, ℓ, <, ℎ〉 + ℎ
2
(0l)

[
2
√
(ℓ + 1)2 − 4

√
(ℓ + 1)2 − <2

(ℓ + 1)2
√

2(ℓ + 1) − 1
√

2(ℓ + 1) + 1
|l, ℓ + 1, <, ℎ〉

− 2
√
ℓ2 − 4

√
ℓ2 − <2

ℓ2
√

2ℓ − 1
√

2ℓ + 1
|l, ℓ − 1, <, ℎ〉

]
+ O

(
(0l)2

)
,

(5.108)

where we are using the subscript ‘sp’ to denote the new spheroidal basis states with definite he-

licity. It turns out more convenient to work in the basis with definite parities. We can transform

the above equation into the parity basis using Eq. (D.32) in App. D.2.1 and get

|l, ℓ, <, %〉sp = |l, ℓ, <, %〉 + (0l)
[

2
√
(ℓ + 1)2 − 4

√
(ℓ + 1)2 − <2

(ℓ + 1)2
√

2(ℓ + 1) − 1
√

2(ℓ + 1) + 1
|l, ℓ + 1, <, %〉

− 2
√
ℓ2 − 4

√
ℓ2 − <2

ℓ2
√

2ℓ − 1
√

2ℓ + 1
|l, ℓ − 1, <, %〉

]
+ O

(
(0l)2

)
.

(5.109)

In the worldline EFT, spheroidal separability can be imposed simply be demanding that the S-

matrix be diagonal in the spheroidal basis. Restricting to leading order mixing between quadrupo-

lar (ℓ = 2) and octupolar (ℓ = 3) sectors, this means that

sp〈l, 2, <, % |) |l, 3, <′, %′〉sp = sp〈l, 3, <, % |) |l, 2, <′, %′〉sp = 0, (5.110)

which implies

〈l, 2, <, % |) |l, 3, <′, %′〉 = 〈l, 3, <, % |) |l, 2, <′, %′〉 = (0l) 2
√

9 − <2

9
√

7
〈l, 2, <, % |) |l, 2, <′, %′〉 .

(5.111)
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In the following, we will show that these relations can be used to fix the tidal mixing coeffi-

cients in a�/� and b�/� we introduced in Sec. 5.2.3. The tidal tensor (a� )8 9 :; relates the scattering

process from octupolar sector (ℓ = 3) to the quadrupolar sector (ℓ = 2). and thus responsible for

A(l, ℓ = 3, <, % → ℓ = 2, <′, %′). Similar to the discussions in Sec. 5.4.1, we introduce the

retarded Green function

&�
8 9 &�

:;<
≡ 8〈[&�

8 9 (g)&�
:;< (0)]〉\ (g) . (5.112)

According to Eq. (5.18), in the frequency domain, the above retarded Green function is just

−" (�")5(a� )8 9 〈:; B̂<〉. Then we can evaluate the following Feynman diagram

8M(k in → kout, ℎ → ℎ′) =
&�
:;<

&�
8 9

= −8" (�")5 l4

4"2
pl

[
ℎ

2
(a� )8 9 :; B̂<n ℎ(:; (k in):<)n∗ℎ

′
8 9 (kout)

]
.

(5.113)

We now switch to spherical basis states with definite parities

A(l, ℓ = 3, <, % = +1 → ℓ = 2, <, % = +1) = −
√

9 − <2(�"l)6

4�
√

7c"2
pl

{
Λ̃�
B0
+ 81

2
�̃�

B1
< (5.114)

+ 1
6
(<2 − 4)

[
− Λ̃�

B2
− 8�̃�

B3
+ Λ̃�

B4
(<2 − 1)

]}
.

(5.115)

Imposing the constraints in Eq. (5.111) and comparing withA(l, ℓ = 2, <, % = + → ℓ = 2, <, %)

derived from Eq. (5.67)

A(l, ℓ = 2, <, % = +1 → ℓ = 2, <, % = +1) = − l5

40"2
plc

" (�")4 ×
[
Λ�
B̂0
+ 1

2
8<��

B̂1

+ 1
6
(<2 − 4)

(
−Λ�

B̂2
− 8<��

B̂3
+ Λ�

B̂4
(<2 − 1)

) ]
,

(5.116)

we immediately get the following relation
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�̃�

B1/3
=

2
3
j��

B1/3
, Λ̃�

B0/2/4
=

2
3
jΛ�

B0/2/4
=⇒ (a� )8 9 :; =

2
3
j(_� )8 9 :; . (5.117)

By comparing the above with the % = −1 scatterings, we can straightforwardly get

�̃�

B1/3
= −2

3
j��

B1/3
, Λ̃�

B0/2/4
= −2

3
jΛ�

B0/2/4
=⇒ (a�)8 9 :; = −2

3
j(_�)8 9 :; . (5.118)

Similarly, we can also get the relation for (b�/�)8 9 :; tensors

Λ′�/�
B8

= Λ̃
�/�
B8

, �′�/�
B8

= �̃
�/�
B8

=⇒ (b�/� )8 9 :; = (a�/�)8 9 :; . (5.119)

The same results have been previously obtained in a more classical manner in [3].

A comment is in order. We have found that the LO quadrupole-octupole mixing terms

are proportional to the static Love numbers. This can be thought of as a consistency condition

in the EFT. Since the static Love numbers of Kerr BHs vanish, the leading order conservative

quadrupole-octupole coupling vanishes as well.

5.5.2 Comments on higher order mixings

At the end of Sec. 5.3, we have briefly mentioned that all the results in Sec. 5.4 can be

derived within spherical harmonics. This is because

sp〈l, 2, <, % |) |l, 2, <′, %′〉sp = 〈l, 2, <, % |) |l, 2, <′, %′〉
[
1 + 4(9 − <2)

567

(
j

2
ABl

)2]
(5.120)

+ O[(ABl)8],
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where we have used the expansion for −2(
<
2 (cos \, 0l) to (0l)2 along with the relations in

Eq. (5.111). Thus, we see that the ℓ = 2 → 2 amplitude remains unchanged to NLO at (ABl)6

regardless of whether we use the spherical or spheroidal basis. However, at (ABl)7 order, the

constant pieces will be affected by the above corrections from spheroidal harmonics, but not the

logarithms. Thus, all the RG running discussions in Sec. 5.4 will not be affected.

5.6 Constant parts of RG running couplings

In this section, we discuss the constant pieces Aℓ< (j),Bℓ< (j) and Cℓ< (j) for ℓ = 2, < =

0, 1, 2 mentioned in Sec. 5.3 Eqs. (5.59)-(5.64). Unlike the logarithmic terms which can be nicely

interpreted as the RG runnings of dissipation numbers and dynamical Love numbers in Sec. 5.4.4

and Sec. 5.4.5, the physical meaning of these constant, scheme-dependent pieces is more uncer-

tain. To match these terms, we need to carry out the appropriate EFT multi-loop calculations and

match to the BHPT results in a given scheme. This goes beyond the scope of this chapter. An

alternative would be to absorb the entire constant scattering contributions at a given order into

the constant part of wordline couplings. This would simply be a particular scheme choice. In

this section we try to follow this path, but find certain obstacles, mainly due to the mixing effects.

With these caveats in mind, we proceed to the discussion of our results. We stress that main goal

of this section is to estimate the constant, scheme-dependent parts of dynamical Love numbers

and NNLO dissipation numbers, and outline challenges that one should encounter in a rigorous

matching of these quantities.
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We first list the analytic expression for Bℓ< (G) extracted from the analytic BHPT results,

B22(j) =
2

225

(
3j2 + 1

)
j<

(
k (0)

(
28j√
1 − j2

− 2

))
+

(
4W�
75

− 313543499
2939328000

)
j3

+
(
4W�
225

− 70741499
653184000

)
j − 107jZ (3)

630
,

(5.121)

B21(j) =
7j

(
4 − 3j2) < (

k (0)
(

8j√
1−j2

− 2
))

6300
+

(
28979207
734832000

− W�

150

)
j3

+
(
2W�
225

− 70741499
1306368000

)
j − 107

1260
jZ (3) ,

(5.122)

where the tail contribution has been removed by considering the time-reversal symmetry proper-

ties and the Sommerfeld enhancement factor [249]. We are yet to interpret the Z (3) factor in the

above expressions. Moreover, we stress that the RG running of dynamical Love numbers implies

the breakdown of the near-far factorization for the constant pieces, which means the near zone

and far zone pieces for ℓ = 2 shall mix, and therefore the far zone pieces at high PM order should

be carefully taken into account. Thus, in general one needs to consider the full expansion of the

spheroidal harmonics in (0l) to (0l)6 order in the far zone part. We defer this task to future

work.
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Figure 5.2: Numerical estimation ofA22 andA21 as functions of j. Dotted lines are
the numerical value with blue curves showing the fitting result.
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Figure 5.3: Numerical estimation of C22, C21 and C20 as functions of j. Dotted lines
are the numerical value with blue curves showing the fitting result.

For the constant piece of Aℓ< (j) the analytic expression can be easily obtained [441],

but it appears cumbersome and will not be presented here. Instead, we will present a numerical

estimation in Fig. 5.2, which can be fit with a simple function

A22(j) = 0.236j + 0.331j3 , A21(j) = 0.104j − 0.068j3 . (5.123)

This expression involves linear and cubic in spin terms which are consistent with the time-reversal

symmetry discussed in Sec. 5.2. Indeed, at (ABl)7 order, the linear and cubic in spin terms corre-

spond to dissipation. Finally, we also obtain the numerical results for Cℓ< (j) in Fig. 5.3, which
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can be fit as

C22(j) = 1.389j + 0.309 , C21(j) = 0.739j + 0.184(1 − j2) + 0.114 ,

C20(j) = 0.183(1 − j2) + 0.116 .
(5.124)

Interestingly, we observe that for in the Schwarzschild limit j = 0, C22, C21 and C20 basically give

the same number around 0.30, which is consistent with the emergence of the spherical symmetry

so that results for different < modes become degenerate. However, we find it particular confus-

ing to have the linear in spin term appear in C22(j) and C21(j). This term does not satisfy the

time-reversal symmetry expected from the conservative tidal effects at (ABl)7 as we discussed in

Sec. 5.2. One possible origin of such term will be the higher order tail effects contaminating the

constant terms at this order. We leave a detailed study of this behavior for future work.

5.7 Conclusions and outlook

In this study, for the first time, we have taken a deep look at how Kerr BHs respond to

changes in their gravitational environment at NLO and NNLO in frequency. We examined the

dynamical tidal response in the framework of the worldline EFT. By comparing the scattering

amplitudes in the EFT with phase shifts in BHPT, we have determined some key features of the

black holes tidal response at higher orders in frequency, and to all order in the value of the BH

spin. First of all, we reproduced the known results for the static tidal Love numbers, as well as LO

and NLO tidal dissipation numbers. We also identified the leading order tail effects in the tidal

response, using the explicit 1-loop calculation in the EFT. More interestingly, we scrutinized the

RG running pattern of NNLO tidal dissipation numbers and dynamical tidal Love numbers. For

dissipation numbers, we showed that the RG running can be understood as the UV divergence in
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the 2-loop corrections to the leading order absorptive tidal scattering diagrams in the EFT. For

dynamical tidal Love numbers, we argue that the running should come from the UV divergence

of higher order loop diagrams in the EFT due to non-linearities of GR. We explicitly identified

the scheme-invariant beta functions of the NLO and NNLO local EFT couplings. Finally, we

discussed the quadrupole-octupole mixing effects in the context of the Kerr tidal response.

Theworldline EFT is generic, and the tidal response coefficients, once fixed, may be used for

computing the dynamics of arbitrary compact objects. From a practical perspective, the most rel-

evant system is an inspiraling binary, whose dynamics are typically studied in the post-Newtonian

(PN) expansion. In the following, we summarize all the relevant coefficients for Kerr BHs and

show the related PN order relevant for GW waveform modeling. Then we discuss possible future

directions.

5.7.1 Summary of all tidal coefficients

In table ??, we show all the coefficients that are responsible for conservative tidal interac-

tions and the related PN order in the equation of motion (EoM). The RG running in the conserva-

tive sectors start from the 6.5PN order.

In table 5.1, we list all the coefficients that contribute to the dissipative tidal interactions

and the related PN order in the energy flux as well as in the EoM through radiation reaction. The

RG running in the dissipative sectors starts to contribute at 5.5 PN order in the energy flux.
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Names Notation Explicit expression PN order in Flux (EoM)

LO TDNs
��

B̂1
, ��

B̂3

Eq. (5.71)
2.5 (5)

��

B̂1
, ��

B̂3
3.5 (6)

NLO TDNs
��

B̂0,l
, ��

B̂2,l
, ��

B̂4,l
Eq. (5.75)

4 (6.5)

��

B̂0,l
, ��

B̂2,l
, ��

B̂4,l
5 (7.5)

NNLO TDNs
��

B̂1,l2 , �
�

B̂3,l2

Eq. (5.89)
5.5 (8)

��

B̂1,l2 , �
�

B̂3,l2 6.5 (9)

DTMNs
�̃
�/�
B̂0

, �̃
�/�
B̂2

, �̃
�/�
B̂4

Eq. (5.117), Eq. (5.118)
4 (6.5)

�′�/�
B̂0

, �′�/�
B̂2

, �′�/�
B̂4

Eq. (5.119)

Table 5.1: Summary of all dissipative tidal response coefficients including
LO/NLO/NNLO tidal dissipation numbers (TDNs) and dissipative tidal mixing num-
bers (DTMNs). We estimated the relative PN order where these coefficients will first
appear in the energy flux with general spin orientation. We also show the PN order
in which they enter the EoM through radiation-reaction in brackets.

5.7.2 Future directions

The dynamical tidal response is of particular importance in studying the structure of scatter-

ings on Kerr BHs and the GW astrophysics. Our work can be extended in the following directions:

• Constraining tidal dissipation numbers from data: To better understand the nature of

compact objects, one needs to consistently include all finite size effects such as spin-induced

multipole moments, conservative tidal deformations and tidal dissipations [335]. Even

though the literature studying the extraction of spin-induced multipoles and the tidal Love
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numbers from the current Gravitational-wave Transient Catalog (GWTC) catalog [23–25,

335] is vast, studies for constraining dissipation numbers are missing. Moreover, recently

pointed out in Refs. [442–444], within the scenario of large bulk viscosity of the Neutron

stars, the tidal dissipations could give non-negligible contributions.

• Loop calculations and the analytic structure of scattering amplitudes inGR: In Sec. 5.4.5,

we pointed out that the RG running of dynamical Love numbers for Schwarzschild black

holes should originate from the 6-loop UV divergences in the bulk diagrams. It would be

interesting to carry out an explicit calculation of these diagrams. These calculations can

also help us better understand the near-far factorization and its apparent breakdown dis-

cussed in Sec. 5.3, as well as the analytic structure of scattering amplitudes from the MST

solution to the Teukolsky equation.

• Extensions to the non-linear perturbations: With the recently growing interest of the non-

linearities in the Kerr BH perturbations [407, 445–447], it would be interesting to explore

the non-linear tidal response function of Kerr BHs.

• Extensions to arbitrary compact objects : While the worldline EFT framework presented

here applies to most of compact objects of interest, the analytic GR results are currently

available only for black holes. Motivated by the current interest in searches for exotic com-

pact objects, it would be very interesting to extend the methods in the chapter to generic

compact objects, along the lines in [90].
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Chapter 6: Investigating tidal heating in neutron stars via gravitational Raman

scattering

Authors1: M. V. S. Saketh, Zihan Zhou, Suprovo Ghosh, Jan Steinhoff, Debarati Chatterjee

Abstract: We present a scattering amplitude formalism to study the tidal heating effects of

nonspinning neutron stars incorporating both worldline effective field theory and relativistic stel-

lar perturbation theory. In neutron stars, tidal heating arises from fluid viscosity due to various

scattering processes in the interior. It also serves as a channel for the exchange of energy and an-

gular momentum between the neutron star and its environment. In the interior of the neutron star,

we first derive two master perturbation equations that capture fluid perturbations accurate to linear

order in frequency. Remarkably, these equations receive no contribution from bulk viscosity due

to a peculiar adiabatic incompressibility which arises in stellar fluid for non-barotropic perturba-

tions. In the exterior, the metric perturbations reduce to the Regge-Wheeler (RW) equation which

we solve using the analytical Mano-Suzuki-Takasugi (MST) method. We compute the amplitude

for gravitational waves scattering off a neutron star, also known as gravitational Raman scattering.

From the amplitude, we obtain expressions for the electric quadrupolar static Love number and

the leading dissipation number to all orders in compactness. We then compute the leading dissi-

pation number for various realistic equation-of-state(s) and estimate the change in the number of
1Originally published as Phys. Rev. D 110, no.10, 103001 (2024).
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gravitational wave cycles due to tidal heating during inspiral in the LIGO-Virgo-KAGRA (LVK)

band.

6.1 Introduction

With the increasing number of events observed by the LIGO-Virgo-KAGRA (LVK) col-

laboration [23–25, 335], gravitational-wave (GW) astrophysics has entered an era of precision

physics. As a result, the need for highly accurate waveforms has become increasingly apparent in

order to accurately model the nature of self-gravitating compact objects, in particular their tidal

effects [362, 363]. When the components of the binary are far apart, it is sufficient to model them

as orbiting point particles, with their intrinsic parameters characterized by the component masses

and spins. However, as they inspiral toward each other, finite-size effects such as tidal effects

become important. For neutron stars, the detection of tidal effects would be very useful to dis-

tinguish between different equations of state (EoS) [178, 362, 363, 448–450], and thus to probe

dense matter physics under extreme conditions [451–456].

Tidal effects describe the deformation of a body under external gravitational perturbations.

In Newtonian gravity, they have been greatly explored in the literature (see [26, 195, 258, 259,

366] and their references). In general relativity (GR), tidal effects are much more complicated

due to gravitational nonlinearities. However, when the external tidal field is weak, we can study

tidal deformation from linear perturbation upon the compact objects. Moreover, with the modern

quantum field theory (QFT)-inspired techniques, tidal effects can also be studied in the context of

worldline effective field theory (EFT) by incorporating multipole moments within the worldline

action as additional dynamical degrees of freedom [3, 4, 47, 48, 51, 61, 197, 249]. For e.g., the
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leading post-Newtonian (PN) tidal effects for a spherically symmetric object can be included by

a worldline action of the form

( =

∫
3g

[
−< + Lint(&8 9 , ¤&8 9 ) −

1
2
&8 9�

:;

]
(6.1)

where dynamical quadrupolar degrees of freedom &8 9 have been included in addition to the point

mass< in the action. The quadrupole is coupled to the external tidal field �8 9 = 'd`faDdDf48 `4 9 a,

in the frame of the particle. The dynamics of the quadrupole moment is also encoded in the action,

via the ‘‘internal” Lagrangian Lint, although in practice it is easier to make an ansatz for it. That

is, the dynamics of the quadrupole moment can be expressed according to linear response theory

as [4, 61]

〈&8 9 (g)〉 = −1
2

∫ g

−∞
3g′�ret

8 9 ,:; (g − g
′)� :; (g′) (6.2)

where �ret
8 9 ,:;

(g − g′) is the retarded tidal response function. For slowly varying external tidal

fields, Eq. (6.2) can be systematically expanded in terms of time derivatives (corresponding to an

expansion in orbital frequency of a binary l, in Fourier domain)

&8 9 = −" (�")4

[
Λ� − (�")��

l

3

3g
+ · · ·

]
�8 9 . (6.3)

Here the coefficients Λ� , ��
l , . . . characterize the low-frequency tidal response of the particle.

Specifically, Λ� is the famous quadrupolar Love number [366], which characterizes the leading

conservative tidal response, and ��
l is often referred to as the dissipation number [3, 4, 51], char-

acterizing the leading dissipative part of the tidal response.

Love numbers are known to vanish for black holes [56, 57, 243, 245, 378–380]. For neutron

stars, however, they are nonzero and have been studied extensively in the literature [55–57]. At
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the level of GW observables, Love numbers first formally appear at the 5PN order in the phase of

the GW strain.

The dissipation number, on the other hand, is responsible for the phenomenon of tidal heat-

ing. It is nonzero if there exists non-conservative effects, such as viscosity for stars or the event

horizon for black holes [3, 4, 61, 176]. Physically, dissipative tidal effects irreversibly transfer

energy and angular momentum from the surrounding tidal environment into the body 2. In the

gravitational waveform, the tidal dissipation number first appears at 4PN order for a binary of

spherically symmetric compact objects [3, 58, 60–62, 457].

Viscous sources in the interior of neutron stars are known to play an important role in the

different evolutionary stages of neutron stars. They have been extensively studied in the context of

damping the unstable oscillations of A-modes and 5 -modes of rapidly rotating newborn neutron

stars [458–462]. More recently, several studies have suggested that viscous dissipation may affect

the post-merger oscillations of binary neutron star merger remnants and their stability [463–467].

In the context of binary neutron star inspirals, previous studies had suggested that tidal heating

could potentially cause mass ejection in a pre-merger radiation-driven outflow [468] or spin the

stars up to corotation before the merger [469, 470], but these scenarios are not feasible for canon-

ical neutron star viscosities (shear viscosity from =− = or 4− 4 scattering and bulk viscosity from

modified Urca reactions). Previous studies by Lai [196] and more recently by Arras et al. [471]

estimated that neutron stars can be heated to a maximum of ∼ 108K during the inspiral due to tidal

heating. However, recent studies by Ghosh et al. [456] suggest that the viscosity from nonleptonic

weak processes involving hyperons is much higher and could heat the star to 109 −1010K, leaving
2Famously illustrated by the Earth-Moon system, the tidal lag time caused by the viscosity of the Moon ultimately

results in tidal locking, whereby theMoon’s rotational frequency synchronizes with its orbital frequency around Earth,
which is why we always see the same side of the Moon.
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a detectable imprint on the inspiral waveforms. In Ref. [442], it was shown that internal dissipa-

tive processes entering at 4PN can be constrained to the same extend as the static Love numbers.

Later, in Ref. [472], the authors constrained the dissipation numbers for the event GW170817, and

predictions were made regarding the improvement of constraints with upcoming next-generation

detectors. The analysis was extended to include relative 1PN effects in tidal dissipation recently

in Ref. [473].

However, most of the literature on the tidal response of neutron stars beyond the static limit

has been Newtonian or treated in the mode-sum approximation. A relativistic analysis in the low-

frequency regime, without a priori assuming the validity of the mode-sum approximation, was

presented in Ref. [474] for polytropic stellar models without viscosity. Recently, Ref. [260] tack-

led the daunting problem of the relativistic dynamical tidal response by obtaining a resummed

all-orders-in-frequency tidal response at linear order in viscosity. This was used to study both

conservative and dissipative effects, including resonances for polytropic stellar models and per-

turbations. The relativistic dynamical tidal response of nonrotating objects has also been studied

in Ref. [175] (and applied to conservative neutron-star and dissipative black-hole tides), based

on a gauge-dependent matching of the worldine EFT. But starting from quadratic order in a low-

frequency expansion, an ambiguity parameter enters the result; while in the scalar-field case it

has been shown how the ambiguity could be removed [176], an implementation in the gravita-

tional case is still missing, and a manifestly gauge-independent matching procedure [247] would

be desirable.

In this chapter, we perform a comprehensive first-principle study of the behavior of realistic

neutron stars with bulk and shear viscosity under tidal perturbations in the small frequency regime.

We accomplish this by combining relativistic stellar perturbation theory (SPT), andworldline EFT,
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for realistic neutron star EoS(s). We compute the amplitude of GWs scattering off the neutron star

(gravitational Raman scattering) in SPT and EFT. In SPT, the amplitude depends on the EoS, the

compactness, and other internal physics of the neutron star. In the EFT it depends on the tidal

response, parametrized by Love and dissipation numbers. By matching the amplitudes obtained

in SPT and EFT, we can relate the properties of the neutron star to the tidal response. This method

of fixing the world-line action bymatching the Raman amplitudes in real and effective theories has

already been used for black holes in several previous works [2–4, 135, 172, 174, 245, 247, 247,

475]. Here, we apply it to neutron stars. We give an overview of this work and briefly summarize

the main results in the following subsection.

6.1.1 Summary of methodology and results

6.1.1.1 Master equations for SPT & adiabatic imcompressibility

To study the relativistic fluid dynamics, we start from the following energy-momentum ten-

sor for viscous fluids

)`a = dD`Da + (? − Z∇UDU)%`a − 2[%U`%
V
afUV (6.4)

where D` is the 4-velocity, %`a is the spatial projector

%`a ≡ 6`a + D`Da , (6.5)

and f`a is the shear tensor

f`a ≡
1
2

(
∇`Da + ∇aD` −

2
3
6`a∇UDU

)
. (6.6)

The bulk Z and shear [ viscosity capture the damping associatedwith volume and layer frictions re-

spectively. After simplifying the Einstein field equation, we get twomaster equations in Eqs. (6.55,
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6.56) which govern the metric perturbations inside the star at linear order in frequency. A crucial

feature of these equations is that, at linear order in frequency, they only receive contributions from

shear viscosity [ without any bulk viscosity contributions. We explicitly demonstrate that this is

due to a peculiar fluid incompressibility in the static limit a.k.a adiabatic incompressibility, for

non-barotropic perturbations, seen earlier in the Newtonian limit in Ref. [258, 259]. Physically,

it indicates that the perturbed fluid packets preserve volume. This result is valid when the ‘low’-

frequency expansion as done in this work is well-defined. Specifically, we argue in Sec. 6.4.3

that the low-frequency expansion in this chapter is well-defined when the orbital frequency 3l,

is sufficiently smaller than the characteristic Brunt-Väisälä frequency #ch, (the frequency of con-

vective oscillations and characteristic frequency of the gravity (6-)modes) but much larger than

the equilibrium-rate of m-Urca processes. The latter requirement is almost always true, but the

former is valid only during early-mid inspiral as #ch ∼ (150−700)Hz depending on the mass and

equation of state [196, 476–478]. The results in Subsec. V.C in Ref. [260] probe the complemen-

tary regime where the frequency l is much larger than the Brunt-Väisälä frequency as they work

with barotropic perturbations where it is identically zero throughout the star. A more detailed

study is required to understand the transition between the regimes during inspiral.

6.1.1.2 Love number and dissipation number for arbitrary compactness

To get the Love number and dissipation numbers for neutron stars, we also need to solve

the stellar exterior, where the metric perturbations may be reduced to the Regge-Wheeler (RW)

equation. With the master equations for the interior of the star, we first numerically obtain the RW

variable q and its radial derivative at the stellar surface. The information of the stellar interior is
3More generally, the frequency of the tidal field. In a binary, it is roughly the orbital frequency.
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fully captured by the quantity

) ≡ A

q

3q

3A∗

�����
A='

= )0 − 8'l)1 + O(l2). (6.7)

)0 and)1 encode the conservative and dissipative tidal response respectively. A∗ here is the tortoise

coordinate. The on-shell information, i.e. the scattering phase shift can be extracted from the ratio

of asymptotic expansion at infinity

q(A) |A→∞ = �in
ℓ,l4

−8lA∗ + �out
ℓ,l4

+8lA∗ . (6.8)

with fixed) boundary condition. We compute the ratio �out
ℓ,l

/�in
ℓ,l

analytically to the desired order

using the Mano-Suzuki-Takasugi (MST) method following Ref. [219]. Subsequently, matching

the SPT amplitude to EFT yields their relation to the static Love number and dissipation number.

As a result, we provide in Eq. (6.84), expressions for the rescaled Love number :�2 , and rescaled

dissipation number a�2 , in terms of RW variable ) in Eq. (6.7) for arbitrarily compact objects in

GR. Our expression for :�2 is consistent with the expression in Ref. [55] while the expression for

a�2 has been obtained for the first time.

As a more quantitative study, we use Eq. (6.7) to compute the Love and dissipation number

for various EoS(s) and compactness(s) in Table 6.1. The rescaled (w.r.t compactness) Love number

:�2 and dissipation number a�2 are defined in Eq. (6.18).

As bulk viscosity does not contribute to dissipation number at 4PN, the dissipation numbers

here are entirely due to shear-viscosity, the dominant source of which is 4−4 scattering [196, 261].

The viscosity scales inversely with the square of the temperature, see Eq. (6.33) and subsequently

also the (rescaled) dissipation number(s) in the table. We thus multiply them with the factor

() /105)2 to cancel this dependence leaving behind the (rescaled) dissipation number at ) =
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105 . Here ) simply means temperature in Kelvin. Note that the dissipation number ��
l falls

sharply with compactness (roughly as ∼ �−6), and temperature ∼ )−2.

6.1.1.3 Effect on waveform due to tidal heating

We then proceed to roughly quantify the effect on the waveform during inspiral due to tidal

heating at leading 4PN order in the stationary phase approximation [3, 262–264]. Specifically,

we compute the change in the number of GW cycles, assuming the GW frequency to be twice the

orbital frequency for a system of two neutron stars as

XNGW =
Xq[(�"cl 5 )1/3] − Xq[(�"l8c)1/3]

c
,

=
∑
0=1,2

25'6
0a
�,0

2

512<3
0 (" − <0)"2

× �" (l8 − l 5 ). (6.9)

Here <0=1,2 are the masses of the neutron stars, and " = <1 +<2. '0=1,2 are the radii, and a0=1,2
2

are the rescaled dissipation numbers defined in Eq. (6.18).

As mentioned earlier, the bulk viscosity does not contribute at this order. The dominant

contribution to the shear viscosity is from electron-electron scattering, which scales inversely with

the square of the temperature of the neutron star. We thus evaluate Eq. (6.9) considering shear

viscosity for identical neutron star binaries with various EoS(s) and compactness within the LIGO

band. We also compare this with the contributions to the same quantity from other conservative

4PN contributions recently obtained in Ref. [265]. This is given in Table 6.2 for various EoS(s)

and compactness. We thus find that cold viscous neutron stars with relatively low compactness

have the strongest imprint. We find that the contribution of viscous dissipation can exceed other

conservative contributions at 4PN for sufficiently cold and less-compact neutron stars.
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EoS M (in "�) R (in km) "/' :2 ��
l × ()K/105)2 (��

l )NS/(��
l )BH × ()K/105)2 a�2 × ()K/105)2

FSU2 [266]

1.01 14.00 0.107 0.133 22037.9 30990.9 0.0486
1.34 13.95 0.141 0.121 3456.3 4860.4 0.0412
1.71 13.95 0.180 0.099 617.0 867.7 0.0318
2.34 13.8 0.25 0.056 47.8 67.3 0.0175

GM1 [267]

1.01 12.85 0.115 0.140 17966.3 25265.2 0.0640
1.34 12.85 0.154 0.118 2462.4 3462.8 0.0502
1.71 12.7 0.199 0.089 395.1 555.6 0.0367
2.3 11.55 0.294 0.027 13.9 19.6 0.0135

HZTCS [268]

1.01 12.45 0.120 0.140 15916.7 22382.6 0.0701
1.34 12.65 0.156 0.122 2511.6 3531.9 0.0547
1.71 12.66 0.200 0.100 440.3 619.2 0.0417
2.34 12.60 0.274 0.044 28.4 39.9 0.0180

Table 6.1: Tidal response characteristics for various EoS(s) and compactness for non-spinning
neutron stars at ) = 105 . Dissipation numbers are computed using shear-viscosity due to
electron-electron scattering, which scales inversely with square of temperature. ) is the tem-
perature of neutron star in Kelvin. Note that the rescaled dissipation number a� sharply falls
with increasing compactness for each EoS. The rescaled dissipation number a2 does not change
as much. The Love numbers obtained are consistent with known results.

EoS M (in "�) R (in km) "/' ��
l × ()K/105)2 a�2 × ()K/105)2 XNGW × ()K/105)2 N0PN

GW N4PN
GW

FSU2

1.01 14.00 0.107 22037.9 0.0486 -7.775 4428.93 -0.099
1.34 13.95 0.141 3456.3 0.0412 -1.618 2764.77 -0.106
1.71 13.95 0.180 617.0 0.0318 -0.369 1841.51 -0.108
2.34 13.8 0.25 47.8 0.0175 -0.037 1091.46 -0.101

GM1

1.01 12.86 0.115 17966.3 0.0640 -6.339 4428.93 -0.099
1.34 12.85 0.154 2462.4 0.0502 -1.153 2764.77 -0.106
1.72 12.70 0.199 395.1 0.0367 -0.237 1823.70 -0.108
2.30 11.55 0.294 13.9 0.0135 -0.011 1123.38 -0.102

HZTCS

1.01 12.45 0.120 15916.7 0.0701 -5.620 4428.93 -0.099
1.34 12.65 0.156 2511.6 0.0547 -1.176 2764.77 -0.106
1.71 12.65 0.200 440.3 0.0417 -0.265 1841.51 -0.108
2.34 12.60 0.274 28.4 0.0180 -0.022 1091.46 -0.101

Table 6.2: Table showing correction to number of GW cycles due to tidal heating (XNGW) in
a symmetric spinless NS-NS binary at fixed temperature ) = 105 . N0PN

GW is the number of
gravitational cycles due to leading order quadrupolar flux, at 0PN. N4%#

GW is the contribution at
4PN due to other conservative post-Newtonian contributions [479]. The orbital frequency evolves
from 30hz to min(lISCO,1000hz), consistent with the LVK band.
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6.1.2 Outline

The rest of this chapter is organized as follows. In Section 6.2, we provide a short review

discussing the wave scattering formalism in EFT and SPT and the challenges involved isolating

the tidal contribution to the amplitude in the latter. In Section 6.3, we review the neutron star

background Tolman–Oppenheimer–Volkoff (TOV) equations and the realistic EoS(s) and viscos-

ity profile(s) we use. In Section 6.4, we derive the linear perturbation equations for fluid and

metric, and reduce them to two master equations for the metric perturbations to linear-order in

frequency. We show the absence of bulk viscosity in the resultant equations, and its link to the

fluid being incompressible in the static limit. In Section 6.5, we discuss the matching procedure

between the neutron star interior and exterior along with the numerical techniques we use. We

switch to the RW equation in the exterior of the star, and show how the interior perturbation equa-

tions can be integrated to obtain the boundary condition for the RW function at stellar surface. In

Section 6.6, we compute the Raman scattering amplitude in terms of MST solutions to the RW

equation outside the neutron star, and match with the EFT amplitude to provide expressions for

the rescaled quadrupole tidal Love number and dissipation number to all order in compactness.

In Section. 6.7.1 We use this to compute the electric quadrupolar Love number and dissipation

numbers for various EoS(s) and compactness. In Section. 6.7.2, we compute the change in num-

ber of GW cycles within the LIGO band due to tidal heating by shear viscosity, for various EoS(s)

and compactness. We compare this with other conservative post-Newtonian contributions at var-

ious orders up to 4PN. We finally conclude in Section. 6.8 with a discussion of the caveats in the

current work, and potential future extensions and refinements.
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6.2 Wave Scattering Formalism for tides : short review

In this section, we review the tidal dissipation in the worldline EFT formalism. Most of the

material here is well-known in the literature and we refer the reader to [3, 4, 47, 51, 61, 182, 197,

238, 377, 457] for comprehensive reviews and detailed discussions.

A convenient starting point modeling a compact object including tidal effects in worldline

EFT is by writing down a worldline action. The world-line is characterized by the position I` (g),

g being the proper-time. We also attach an orthonormal tetrad comprising of the 4-velocity D` =

3I`/3g, and three space-like vectors 4`
8
. In addition, tidal effects are incorporated by including

multipolar moment degrees of freedom &8 9 (g), . . . . We can write

( =

∫
3g

[
− " + Lint(&�/�

8 9
, . . . )

− 1
2
&�
8 9�

8 9 − 1
2
&�
8 9�

8 9 + · · ·
]
, (6.10)

where the electric and magnetic tidal fields are defined as

�8 9 = D
`4a8 D

d4f9 �`adf �8 9 = D
`4a8 D

d4f9
∗�`adf , (6.11)

and where �`adf is the Weyl tensor and ∗�`adf stands for its dual. The generalization to higher

order multipoles can be done by acting more derivatives on the tidal fields

�! = m〈8!−2�8 9〉 , �! = m〈8!−2�8 9〉 , (6.12)

with 8! = 81 · · · 8ℓ the multipolar index. 〈· · · 〉 here represents that the contained indices should

be symmetrized and any traces removed. In this chapter, we will just focus on the quadrupolar

electric part of the dynamicswhich corresponds to the ℓ = 2, polar perturbations upon the star. The

complete treatment including magnetic field for black holes can be found in [3, 4, 457]. However,
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tidal response to polar perturbations is typically much more important for stellar bodies. For the

purpose of getting the evolution of the quadupole moments &�
8 9

of the compact objects, one can

use the linear response theory

〈&�
8 9 (g)〉 = −1

2

∫
3g′�ret

8 9 ,:; (g − g
′)� :; (g′) , (6.13)

where the retarded Green’s function is given by

�ret
8 9 ,:; (g − g

′) = 8
〈[
&8 9 (g), &:; (g′)

]〉
Θ (g − g′) . (6.14)

In frequency domain, the retarded Green’s function admits a well-defined low-frequency expan-

sion

�ret
8 9 ,:; (l) = �2(l)X〈8 9〉,〈:;〉 , (6.15)

where

�2(l) = 2(�")4
(
Λ� + (8�"l)��

l + · · ·
)
. (6.16)

Λ� is known as the static Love number because it is time-reversal even and therefore corresponds

to the conservative tidal deformations. Conversely, ��
l is time-reversal odd and therefore corre-

sponds to nonconservative tidal effects. The tensorial structure of the response function is gov-

erned by the delta function

X〈8 9〉,〈:;〉 =
1
2

(
X8:X 9 ; + X8;X 9 : −

2
3
X8 9X:;

)
. (6.17)

From dimensional analysis, we can figure out that Λ� ∼ ('/�")5 while ��
l ∼ ('/�")6.

Therefore, we find it convenient to parametrize the Love number and the dissipation number as

Λ� =
2
3
:�2

( '

�"

)5
, ��

l =
2
3
a�2

( '

�"

)6
, (6.18)
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where :�2 is the well-known rescaled dimensionless Love number in the literature [55, 367]. Sim-

ilarly, a�2 is the rescaled dimensionless dissipation number. We refer to :�2 (a�2 ) as the ‘rescaled’

Love (dissipation) number when distinguishing them from Λ� (��
l ). At the microscopic level,

the tidal dissipation is related to the tidal lag time g3 caused by the fluid kinematic viscosity avis

��
l ∼ Λ� × g3

�<
, g3 ∼

avis

aBH
vis
' , (6.19)

where for black holes with the same mass aBH
vis = 2�" .

In the framework of EFT, from the response function provided in Eq. (6.15), we can further

calculate the change in mass-energy of the body due to tidal-heating (horizon energy flux for black

holes) as
3�body

3C
=

1
2
" (�")5��

l
¤� 8 9 ¤�8 9 . (6.20)

In the stationary phase approximation, we can use the above formulae to compute the effect on

the phase of the gravitational waveform. In the nonspinning case, ��
l affects the waveform-phase

starting from 4PN [3, 457, 473].

The above EFT description can be universally applied to study any compact objects. How-

ever, the specfic value of Λ� and ��
l will depend on the internal structure of the objects. In this

chapter, we are going to fix these coefficients for nonspinning neutron stars by matching the GW

scattering amplitude obtained in the EFT, known as gravitational Raman scattering or gravita-

tional Compton amplitude with the one obtained from stellar perturbation theory [3, 4]. In the

worldline theory or EFT, the gravitational Compton amplitude due to induced quadrupolar tides
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is given by the diagram

= 8
l4

16"2
pl
�ret
8 9 ,:; (l)n

8 9

ℎ
(k in) n∗:;ℎ′ (kout) (6.21)

Here, n 8 9 , n :; are graviton polarization tensors. The scattering amplitude in Eq. (6.21) can be

related to the scattering phase shift and the degree of absorption after transforming to partial

wave basis [4] with ℓ = 2 and even parity % = +1, corresponding to polar modes

1 − [EFT
2,+ 4

28XEFT
2,+ =8AEFT(ℓ = 2, l, + → 2, l, +)

= − 8 l5

80"2
plc
�2(l) (1 + �"lc)

+ O(l7) (6.22)

In the stellar perturbation theory, the scattering phase and degree of absorption may be computed

as follows: in the non-spinning case, the metric perturbation equations in the vacuum outside the

star may be reduced to a single source-free Schrodinger-like equation, the RW equation, for both

axial and polar perturbations4. The RW equation is given by

32q(A)
3A2

∗
+

[
l2 − 5 (A)+ (A)

]
q(A) = 0, (6.23)

+ (A) =
(
ℓ(ℓ + 1)
A2 − 6"

A3

)
, A∗ = A + 2" log(A − 2").

4We restrict to studying polar perturbations in this work. Axial perturbations couple weakly to neutron stars [56].
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Wecan solve the RWequation in the vacuum outside a star if the boundary conditions at the surface

of the star are provided. The boundary conditions can be obtained by numerical integration of the

perturbation equations inside the star, as we show in Sec. 6.5. Once the RW equation is solved

corresponding to the boundary conditions, we take the limit A → ∞, where it becomes a simple

wave equation and is solved by a linear combination of incoming and outgoing waves. Restricting

to monochromatic perturbations, we can write

q(A) |A→∞ = �in
ℓ,l4

−8lA∗ + �out
ℓ,l4

8lA∗ . (6.24)

The scattering phase, and the degree of absorption are then given by

[ℓ4
28Xℓ = (−1)ℓ+1

�out
ℓ,l

�in
ℓ,l

. (6.25)

The scattering amplitude in SPT can then be obtained using Eq. (6.22), as

1 − (−1)ℓ+1
�out
ℓ,l

�in
ℓ,l

= 8ASPT(ℓ, l, + → 2, l, +) (6.26)

At this stage, one might be tempted to directly compare the amplitude obtained above with

that in Eq. (6.21). However, this is complicated by the fact that the scattering amplitude in the

stellar perturbation theory does not just involve the contribution of tidal effects. The GWs also

scatter off static background metric (Schwarzschild metric) due to the star. This is not an issue

when it comes to extracting the dissipative tidal response, as shown in Ref. [3], because non-tidal

effects do not contribute to dissipation. However, it complicates computing the conservative tidal

response5. This is shown diagrammatically in Eq. (6.27). In this, the nontidal (tidal) contributions

to the amplitude, are colored in blue (red) and referred to as far (near) zone-contributions following

the notation in Ref. [245].
5Although the focus of this work is dissipative effects, It is a useful test of principle to see whether the conservative

tidal response can be extracted, such as Love number using the approach.
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In this work, to also extract the leading conservative tidal response, we isolate the tidal ef-

fects from the amplitude computed in stellar perturbation theory in twoways: 1)By subtracting the

full amplitude obtained using Eq. (6.26) for a neutron star, with that of a Schwarzschild black hole

of the same mass, thus effectively removing all the common contributions (due to GWs scattering

off the background gravitational field) leaving behind only6the difference in their tidal contribu-

tions. 2) By making use of the near-far factorization valid for general ℓ, as shown in Ref. [245],

to isolate the tidal contribution to scattering amplitudes in the stellar perturbation theory.

Once the tidal contribution to the scattering amplitude is isolated, we can compare it with the

EFT amplitude in Eq. (6.22) and derive the Love number and dissipation number. Both approaches

yield the same formulae for the Love number and the leading dissipation number as presented in

Sec. 6.6.

(6.27)

6.3 Stellar interior and viscosity

In this work, we consider a nonspinning spherically-symmetric neutron star, characterized

by a particular density and pressure profile inside. The bounding surface of the star is where the

pressure/density drops to zero. Being spherically symmetric, we can set up a polar-like coordinate

system (C, A, \, q) where the bounding surface is at a fixed radial coordinate ‘A’ and density and
6The vanishing Love number of the Schwarzschild black hole aids us here.
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pressure are independent of angular coordinates (\, q). We can then write down the most general

spherically symmetric metric in these coordinates as [272]

6
(0)
`a =

©­­­­­­­­­­­«

−4a(A) 0 0 0

0 4_(A) 0 0

0 0 A2 0

0 0 0 A2 sin2(\)

ª®®®®®®®®®®®¬
, (6.28)

in the (−, +, +, +) metric signature. Outside, Birkhoff’s theorem ensures that the metric becomes

Schwarzschild, and we have _(A) = −a(A) and 4−_(A) = (1 − 2"/A) for A > ', where ' is the

radial coordinate of the stellar surface. " is the Schwarzschild mass of the neutron star.

The unknown functions a(A) and _(A) may be related to the stellar density and pressure pro-

files through the Einstein equation if the energy-momentum tensor of the stellar matter is known.

When the star is static and unperturbed, the stellar matter may be treated as an ideal fluid and we

can write

)
(0)
`a = dD`Da + ?%`a, (6.29)

where %`a = 6`a + D`Da. Here D` is the four velocity of the fluid elements comprising the star.

When the (unperturbed and nonspinning) star is static, the four velocity is only along the time-

like killing vector, and we can write D` = (1/√−6CC , 0, 0, 0) = (4−a/2, 0, 0, 0). The four velocity

satisfies D2 = −1. Now, we can compute the Einstein tensor�`a using the metric in Eq (6.28) and

plug it into the Einstein equation �`a = ^)`a, where ^ = 8c.

This yields the well known Tolman–Oppenheimer–Volkoff (TOV) equations, governing the

equilibrium configurations of nonrotating relativistic neutron stars in hydrostatic equilibrium [9,
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257],

3" (A)
3A

= 4cd(A)A2 ,

3?(A)
3A

= − [?(A) + d(A)] [" (A) + 4cA3?(A)]
A (A − 2<(A)) ,

(6.30)

in units of 2 = � = 1. Here, we have defined " (A) = (1 − 4−_(A)) (A/2), which may be regarded

as the mass (energy) bounded by radius A in the non-relativistic limit. It can be regarded as a

parameter which reduces to the Schwarzschild mass (i.e., mass inferred from the Schwarzschild

metric outside) at the surface of the star. As it is, Eq. (6.30) is not enough to solve for the density

and pressure profile. One more relation relating the density and pressure is required, also known

as the equation of state (EoS). This crucial quantity depends on the constituents of the neutron

star interior and their interactions. Given an EoS, one can integrate the TOV equations from the

center of the star to the surface with the boundary conditions of vanishing mass, < |A=0 = 0, at the

center of the star, and a vanishing pressure, ? |A=' = 0, at the surface. By changing the value of

the central pressure, one obtains the mass-radius relation of neutron stars.

As we go from surface towards the core of neutron stars, the density increases rapidly, and

the constituents of the neutron star matter as well as the strong interaction between them are un-

known at such high density. So, one must resort to theoretical models to describe the behavior of

dense matter at such high density and compare the predictions of neutron star observable proper-

ties with multi-messenger astrophysical data to put constraints on the models and their parameter

space. Different theoretical schemes, ab-initio and phenomenological, have been applied to de-

scribe dense neutron star matter, including both non-relativistic and relativistic approaches [480].
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While ab-initio models, such as Chiral Effective Field Theory (Chiral EFT) [481], provide a re-

liable microscopic description at sub-saturation densities, the calculations cannot be extended to

supra-saturation densities, given our lack of understanding of baryonic three-body forces as well

as the possible degrees of freedom (e.g. appearance of strange baryons or ‘‘hyperons”, conden-

sates of mesons or deconfined quarks). Phenomenological models, on the other hand, describe

baryon-baryon interactions via meson exchange, whose couplings can be fitted to reproduce nu-

clear saturation properties. In this work, we consider the broad class of the phenomenological

Relativistic Mean Field (RMF) model for our core EoS. The uncertainty in the behavior of nu-

clear empirical quantities at higher densities is reflected in the uncertainty in the determination of

the RMF model parameters. Recent studies [455, 482, 483] have used a Bayesian scheme within

the RMF model to constrain the parameter space by imposing information from Chiral EFT at

low densities and recent multi-messenger astrophysical observations of neutron stars at high den-

sities, still leaving room for a large uncertainty in determining the behaviour of dense matter at

high densities. To see the dependence and variance of our results with EoS and neutron star com-

pactness, we have considered a few standard parameterizations within the RMF model; namely -

‘FSU2’ [266], ‘GM1’ [267] and ‘HZTCS’ [268]. For the crust of the neutron star which is mainly

composed of aggregates of nuclei, we use density-dependent relativistic mean-field model para-

metrization ‘DD2’ [484] in beta equilibrium as taken from the Compose online database [485].

These EoS satisfy the currentmulti-messenger observation data of the neutron stars and also, spans

the uncertainty range in the EoS. The astrophysical properties (mass and radius) corresponding to

these EoSs are given in first three columns of Tables 6.1, 6.2.

The various EoSs used to solve the TOV equations in Eq. (6.30), for obtaining the back-
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ground stellar profile assume that the various constituents of stellar matter are in chemical equi-

librium. However, when the star is perturbed by (say) an external tidal field, the equilibrium

condition may be violated depending on the rates of various reactions and the timescale of exter-

nal perturbations. This can cause the stress energy tensor to deviate slightly from the form of the

ideal fluid-stress-energy tensor in Eq. (6.29). In particular, we need to include shear-viscous and

bulk-viscous terms in the stress energy tensor, and write

)`a = dD`Da + (? − Z∇UDU)%`a − 2[%U`%
V
afUV (6.31)

where f`a is the shear tensor

f`a ≡
1
2

(
∇`Da + ∇aD` −

2
3
6`a∇UDU

)
. (6.32)

Here, Z and [ are the bulk and shear viscosity respectively. Note that Z appears next to the fluid

divergence ∇UDU. The fluid-divergence may be related to the rate of volumetric change of the

fluid packets comprising the neutron stars, and thus the bulk viscosity may be seen as a friction-

force resisting such volumetric changes. Shear-viscosity [ on the other hand enters alongside the

shear tensor, which quantifies the shear-deformation of the fluid in the neutron star, and thus is the

friction-force resisting shear deformation. There are several out-of-equilibrium viscous processes

inside neutron stars that can lead to bulk and shear viscous contributions in the stress energy

tensor. The main source of shear viscosity inside the neutron is the momentum transport due to

the scattering of the constituents particles like electron, proton, muons and neutron. The shear

viscosity generated by these microscopic processes in neutron stars depends on the local density

(d) and the temperature (T) profile. Although neutron stars are born very hot ∼ 1011K, they cool

down rapidly due to neutrino emission [486]. For neutron stars in a binary about to merge, that

are very old, we expect the core temperature to be 105 − 106K [196, 487]. In these temperature
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regions, the dominant source of shear viscosity comes from the 4−4 scattering and an approximate

fitting formula for the strength is given as [261, 488]

[44 = 6 × 106d2)−2 gm cm−1s−1 (6.33)

where d is the density and ) is the temperature. There might be other sources of shear viscosity

such as neutron-neutron scattering, neutron-muon scattering but they are very sub-dominant at

these low temperatures [489]. Bulk viscosity may also originate from leptonic weak interactions

such as direct-Urca and modified-Urca (m-Urca) reactions at the neutron star interior. The bulk

viscosity originating from m-Urca reactions is given by [490]

Zm−Urca = 6 × 10−61d2)6/l2 gm cm−1s−1, (6.34)

where l is the perturbation frequency 7. From the relative strength, we can see that the m-Urca

bulk viscosity for l = 1 khz only dominate over the shear viscosity at very high temperature

109 − 1010K. As also mentioned earlier, nonleptonic weak interactions involving hyperons may

also produce stronger bulk viscosity than other sources at low temperatures [456]. Given the

EoS, the bulk viscosity coefficient (Z) can be calculated in terms of the relaxation time (g) of the

nonleptonic weak process [459]

ZℎH? = =�
m%

m==

3==

3=�

g

1 + (lg)2 , (6.35)

where % is the pressure, =� the total baryon number density, == the neutron density. For this

particular reaction, g is proportional to)−2 and for frequency∼ 100Hz, ZℎH? reaches its maximum

value around 108K [456, 491]. Although we expect the binary neutron star core temperature to
7The factor 1/l2 seems to make the low-frequency expansion ill-defined. However, the expression in Eq. (6.34)

is obtained in the limit where the equilibrium time scale for Urca processes is taken to be much larger than the orbital
time-period ∼ l. Thus, one cannot naively take the limit l → 0.
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be low (∼ 105K) at the early stages of inspiral, the viscous dissipation will cause heating and

increase in the temperature. Lai (1994) [196] has shown that due to the shear viscous dissipation

of the dominant 5 -mode energy during binary inspiral, the temperature can reach up to ∼ 107K.

All viscous sources considered in this work are confined to the core of the neutron stars. For the

crust, the composition and the state of matter are different requiring separate physics for viscosity

sources [492–494]. In this work, we fix the viscosity at the crust to be identically zero.

6.4 Stellar perturbation theory including viscosity

We now subject the stellar fluid to polar metric perturbations, and derive the relevant per-

turbation equations to linear order in frequency. In this work, we restrict to weak external pertur-

bations and thus restrict to linear order in them.

6.4.1 Metric and matter perturbations

The metric given earlier in Eq. (6.28) is now linearly perturbed in a manner that depends on

all coordinates. The time-dependence may be simplified by considering monochromatic perturba-

tions, i.e., we thus consider all perturbations to have a separable time-dependence as exp(−8lC).

This is equivalent to Fourier transforming a generic linear perturbation with respect to time, and

then restricting to a single frequency in the Fourier domain. Similarly, dependence on the angular

coordinates (\, q) may be simplified using a spherical harmonic decomposition, and then restrict-

ing to a given ℓ, < mode. The metric perturbations may be further decomposed into polar and

axial modes. However, in this work, we restrict our attention to polar modes at ℓ = 2, which have

even parity, and induce the electric quadrupolar tidal response.
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Then, the total metric is given by 6`a = 6
(0)
`a + X6`a, where 6(0)`a is the unperturbed metric

given in Eq. (6.28), and X6`a, the perturbation at a given frequency and ℓ, < mode. It is given by

[254]8

X6`a3G
`3Ga = −4−8lC Āℓ.ℓ< [�0(A)4a3C2 (6.36)

− 28l�1(A)3C3A + 4_�2(A)3A2 +  (A)A23Ω2],

where Ā = A/' inside the star (A < '), ' being the radial coordinate of the unperturbed stellar

surface and Ā = 1 outside, and 3Ω2 = 3\2 + sin2(\)3q2.

In addition to metric perturbations, we have matter perturbations within the star. This in-

volves density and pressure perturbations, as well as the shift in fluid elements leading to its

deformation. We first parametrize the latter as follows. We can describe the fluid displacements

with a vector field b`, so that the perturbed worldline of the fluid element at G` is described by

G` + b` in the perturbed configuration. We set b`D` = 0. The spatial components may then be

parametrized as follows for polar perturbations. [254]

b C = 0, bA = 4−8lC
Āℓ

A
4−

_
2, .ℓ<, (6.37)

{b\ , bq} = −4−8lC Ā
ℓ

A2+{m\.ℓ<, sin
−2 \mq.ℓ<} .

The fluid displacement is related to the perturbation of the four-velocity of the fluid through the

relation

XD` =
�b`

�g
= (XD0,−8lbA ,−8lb\ ,−8lbq), (6.38)

with the gravitational redshift factor

XD0 = −4−8lC 4
−a/2Āℓ

2
�0.ℓ< . (6.39)

8There are some conventional differences here w.r.t. Ref. [254].
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Wementioned in Sec. 6.3 that the form of the stress energy tensor is deformed due to pertur-

bations, leading to shear and bulk viscous terms. Similarly, the perturbations also shift the values

of pressure and density. They can be obtained from the laws of thermodynamics, and the equation

of state. Notice that for relativistic neutron stars, for each fluid element with a fixed number of

baryons (#� = #= + #?) obeying local charge neutrality (#? + #4) 9, we have the first law of

thermodynamics

Δ4 = )ΔB − ?ΔE +
∑
8

`8ΔG8, (6.40)

where 4, B, E is the average energy, entropy, and volume per baryon. )ΔB = Δ@ is the heat ab-

sorbed/lost by the fluid packet. G8 = =8/=� here is the fractional number of each particle species.

As we assume that the unperturbed star is in chemical equilibrium, the last term vanishes under the

constraints. Furthermore, the predominant contribution toΔ@, is due to neutrino cooling and black

body radiation, both of which have timescales much longer than the inspiral timescale [456, 468].

Thus, we can just focus on the isentropic perturbations, i.e. ΔB = 0 and write, Δ4 = −?ΔE. Now,

the Lagrangian variation of energy density for a given fluid element can be obtained as

Δd = Δ(4/E) = Δ4/E − d(ΔE/E) (6.41)

= −(? + d) (ΔE/E),

Since we are tracking a fluid packet with fixed baryon number, we can relate the fractional change

of volume to the fractional change of baryon number density, and subsequently to the fluid-
9More generally, we can have processes that change Baryon number and introduce additional charged species

in the mix (for e.g., Hyperons [495]). In that case, if the additional particles are also in chemical equilibrium we
can simply define new quantities that are conserved to replace =�. The charge neutrality condition can be simply
redefined to include all charged particle species.
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displacement vector b` via

ΔE

E
= − Δ=�

=�
= �`b

` + 1
2
X

[
(3)6

] /
(3)6 , (6.42)

= − .ℓ<
Āℓ4−8lC

2

(
�2 + 2 − 2ℓ(ℓ + 1)+

A2

− 24− _
2 [(ℓ + 1), + A,′]

A2

)
where �` is the spatial covariant derivative and (3)6 is the determinant of the spatial metric.

Alternatively, one can also write ΔE/E = 4a/2(−8l)−1∇`D`.

6.4.1.1 Pressure perturbation

Computing the change in pressure is more subtle, and depends on equilibrium equation of

state as well as the rates of various chemical reactions in the star, and how they compare with the

orbital-time scale10. Generally, pressure can be viewed as a function of temperature, density and

particle fraction ?(), d, G8). Simply by changing of variables, we can also write the above function

as ?(), d, `8). This relation between pressure and other intrinsic thermodynamic quantities is

referred to as the equation of state relation. In neutron stars, the effect of temperature in this

relation is only relevant when they are very hot ) ≥ 1010 [496, 497]. Thus, the pressure is

generally assumed to be a two parameter function as ? ≡ ?(d, G?) or ?(d, `) [498, 499]. The

Lagrangian variation in a fluid packet with fixed baryon number =� may then be written as

Δ?(d, G8) =
(m?
md

)���
G8
Δd +

∑
8

( m?
mG8

)���
d
ΔG8 ,

Δ?(d, `8) =
(m?
md

)���
`8
Δd +

∑
8

( m?
m`8

)���
d
Δ`8 . (6.43)

10The orbital time scale is the inverse of the orbital frequency in a binary. Here, it is 1/l, where l is the frequency
of the tidal perturbation.
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In the general case, one needs to consider the various chemical reactions in the star and their rates

to solve for the change in particle fraction or chemical potential [498]. However, the problem

is simplified in the following two extreme regimes. The first extreme is the fast reaction regime

where the reaction-time scale for the relevant nuclear reactions are much smaller than the inspiral

timescale, in which case the reactions are able to maintain equilibrium even in the perturbed

fluid packets. The fractions of various particle species continuously shift to maintain equilibrium.

In this case, we can simply set Δ`8 = 0, and therefore the change in pressure w.r.t change in

density has the same relation as in the background profile because the unperturbed star was also

in chemical equilibrium as well . Thus, we have

fast reactions : Δ? =

(m?
md

)���
`8
Δd. (6.44)

The other regime is the slow reaction regime where the reaction timescales are too large compared

to the orbital time-period, and the chemical composition is essentially frozen in the perturbed fluid

packet. We can then neglect the change in particle number fraction, i.e. ΔG8 = 0 and write

slow reactions : Δ? =

(m?
md

)���
G8
Δd. (6.45)

We can generally define an index W to be

W ≡ Δ?/?
Δd/(? + d) = −Δ?/?

ΔE/E . (6.46)

In the fast reaction regime, this index is fully determined by the background since it is also at

chemical equilibrium. i.e., (3?/3A)/(3d/3A) = (m?/md) |`8 , and so

Weq =
d + ?
?

?′

d′
= 22

eq
? + d
?

, (6.47)

where ′ corresponds to the radial derivative. For slow reactions instead, W is given by

Wins =
d + ?
?

(m?
md

)���
G8
= 22

ins
? + d
?

. (6.48)
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We have defined the two sound speeds 2ins and 2eq for later use. We will see further below in

Sec. 6.4.3, that the value of W plays a crucial role in determining the validity of the low-frequency

expansion in this work. It also affects the frequency of the 6-modes as shown in the Newtonian

limit in Appendix. E.1, also see Refs. [498]. This is due to its relation with convective stability as

discussed in Ref. [260].

We show in Sec. 6.4.3 that when Eq. (6.47) holds, the low-frequency expansion of the per-

turbation equations in the manner performed in this work is ill defined. This is also the limit

in which all the 6-mode frequencies collapse to l = 0 [500]. The star is marginally unstable

under convective perturbations in this case [260]. This turns out to be crucial in the following

discussions regarding the contribution of bulk viscosity to tidal heating in Sec. 6.4.3.

Realistically, the various nuclear reactions have vastly different timescales, and W lies in

between the two extremes. A detailed discussion of the rate of nuclear reactions and its ef-

fect on the Lagrangian change in pressure, and on the 6-mode frequencies may be found in

Ref. [498]. However in our work, we find that the linear-in-frequency perturbation equations

are actually insensitive to the value of W provided the low-frequency expansion is valid, which is

true when Eq. (6.47) does not hold. This is true during the inspiral within the LIGO band, as the

equilibrium-timescale for the dominant m-Urca processes is very large compared to the inspiral

time scale(s) [490]. Instead, Eq. (6.48) corresponding to the frozen-composition is a good ap-

proximation in this case [254]. Thus, it is important to keep in mind going forward that the ‘static

limit’ l → 0 in this work corresponds to neglecting l in the perturbation equations but keeping

it much higher than the rate of the dominant m-Urca reaction-rates so that Eq. (6.48) holds.
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6.4.1.2 Eulerian perturbation to pressure and density

Finally, once we obtain the Lagrangian changes in pressure and density, we need the corre-

sponding Eulerian quantities to get the perturbation in pressure and density at a given coordinate

point. Thus we have,

Xd = Δd − b`∇`?,

X? = Δ? − b`∇`?. (6.49)

For spherically symmetric configurations, this reduces to

Xd = Δd − bAd′,

X? = Δ? − bA ?′. (6.50)

These may be directly plugged into the Einstein equation as perturbations to the pressure and

density.

Once we have all the above quantities, we are able to derive the linearized Einstein field

equation X�`a = ^X)`a along with the associated conservation laws X(∇`) `a) = 0 with the stress

energy tensor including the contributions from fluid viscosity given in Eq. (6.4).

6.4.2 Equations governing the perturbations to linear order in frequency

We will restrict ourselves to the ℓ = 2 mode. Before proceeding further, we introduce

another function - (A) defined as [254]

- (A).ℓ<4−8lC ≡ −Δ=�
=�

Ā−ℓ (4a/2?W − 8lZ) , (6.51)

which captures the variation of baryon number density, along with some convenient factors.
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We first consider the combination�\q = ^)\q, which yields the relation to eliminate �2(A),

�2 = �0 − 48l^4−a/2+[. (6.52)

We then consider �12 = ^)12 = 0, yielding

�1 =
A

6

[
− 2�2 + 2A ′ −  (−7 + 4_ + 4_A2^?)

+ 2^4
_
2, (? + d)

]
, (6.53)

Eqs. (6.52) and (6.53) are useful for eliminating �2(A) and �1(A) in all other equations.

We then consider the conservation law ∇`) `\ = 0, to get the relation

l2+ (A) = −1
2
4a�0 −

4a−
_
2 (−1 + 4_ + 4_A2^?)

2A2 , + 4
a
2

? + d - − 8l
[
4−_+

a
2 (4 _

2, − A+ ′)[′
A (? + d)

+ [4
−_+ a

2 (4_A2�0 + 84_+ + 44 _
2, − 7A+ ′ − 4_A+ ′ + 4_A3^d+ ′ − 2A2+ ′′)
2A2(? + d)

+ 4
a
2 -[

3(4 a
2 ?W + 8lZ) (? + d)

]
. (6.54)

The above relation will be used to simplify other equations containing+ (A). We can now proceed

to derive the equations governing the metric perturbations �0 and  to linear order-in-frequency.

To that end, we start with �23 − ^)23 = 0, and eliminate �1(A) and �2(A) using Eqs. (6.52, 6.53)

and truncate to O(l2) to get

− 2 
A

+ �′
0 +

�0
(
^A2?4_ + 4_ + 1

)
A

−  ′−
28^l[4− a

2

(
^A2?4_+ + A+ ′ + 4_+ ++ − 4 _

2,

)
A

= O(l2) (6.55)

Then, we consider the combination A (�22 − ^)22) − 2(�23 − ^)23) = 0, and use Eqs. (6.52,
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6.53, 6.54) to eliminate �2, �1 and + , and then truncate to O(l2) get

�′
0 +

�04
_
(
^A2(? − d) + 8

)
2A

+ 1
2
 ′

(
4_(A)

(
^A2? + 1

)
− 3

)
+
 

(
4_

(
^A2? − 1

)
− 3

)
A

−8^l[4
− a

2

2A
[8

(
44_ + 1

)
+ ++ ′

(
^A34_d − A4_ + A

)
− 2A2+ ′′ + 44

_
2, + A24_ (�0 − 4 )]

−8^Al[4
_−a

3?W
- − 84− a

2 ^l[′(A)
(
4

_
2, − A+ ′

)
= O(l2) .

(6.56)

Eqs. (6.55) and (6.56) are still coupled to the fluid perturbations, and+ , but those coupling

terms only arise in terms relevant when there is viscosity which are all at linear order in frequency

(colored in orange). Thus, when solving perturbatively in frequency, one can replace the fluid

perturbations in the terms containing viscosity with the static solutions (when l = 0). We derive

the expressions for fluid perturbations in the static limit below in Sec. 6.4.3.

However, another curious observation from Eqs. (6.55), (6.56) is the absence of the bulk

viscosity Z . The source terms (in orange) contain only shear viscosity and its derivative ([, [′).

We show in the next Sec. 6.6 that the linear-in-frequency corrections to the perturbation equations

contribute to the leading dissipation number which is relevant at 4PN in the flux (subsequently

waveform). Thus, the absence of bulk viscosity tells us that it plays no role in dissipation at leading

order. This is due to the vanishing of the fluid divergence ∝ - in the static-limit as we also show

below in Sec. 6.4.3.

6.4.3 Static limit, incompressibility and validity of the small frequency expan-

sion

We can solve for the fluid perturbations , and + in terms of the metric perturbations �

and  in the static limit as follows. We first again consider the conservation laws ∇`) `a = 0, but

without plugging in the explicit formula for pressure and density perturbations from Eq. (6.50).
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We also set l = 0 and work strictly in the static limit. The conservation law ∇`) `\ = 0 yields the

formula

X? = −
aℓ�l

0

0
2

(? + d).ℓ<4−8lC , (6.57)

where we are using the superscript l0 to denote that the quantity has been evaluated in the static

limit, i.e., l = 0. Inserting this into ∇`) `A = 0, we can get an expression for the density perturba-

tion in the static limit as

Xd = −
aℓ�l

0

0
2

(d + ?) d
′

?′
.ℓ<4

−8lC . (6.58)

Note that the often assumed statement in the literature, that X? = Xd × 22
eq, where 24@ is the

equilibrium sound speed in Eq. (6.47), arises automatically in the static limit, without requiring

additional assumptions. Now, we demand consistency between the expressions for density and

pressure perturbations obtained in Eqs. (6.57), (6.58), with those obtained earlier in terms of the

fluid perturbations in Eq. (6.50). To that end, we rewrite Eq. (6.50) by substituting in Eqs. (6.57),

(6.58) as

�l
0

0
2

(? + d) = 4− a
2 -l

0 + 4− _
2,l0 ?′

A
, (6.59)

�l
0

0 d′

2?′
(d + ?) = 4− a

2 -l
0 ? + d
?W

+ 4− _
2,l0 d′

A
.

The above equation can only be satisfied either for

-l
0
= 0, ,l0

=
�l

0

0 (d + ?)4 _
2 A

?′
, (6.60)

or

W =
?′

d′
? + d
?

. (6.61)
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For the first case, the definition of - (A) in Eq. (6.51) reveals that the fractional volume change

3E/E = −3=/= vanishes in the static limit. In other words, the fluid becomes incompressible

when l → 0. As the bulk viscosity only contributes when the fluid is compressible, this explains

the curious disappearance of bulk viscosity at leading order in frequency in Eqs. (6.55), (6.56).

Additionally, we now also have an expression for ,l0 (A). This was shown analogously in the

Newtonian limit in Ref. [258].

For the second case, Eq. (6.61) along with the discussion in Sec. 6.4.1.1 implies that the fluid

perturbation is strictly barotropic, meaning the pressure is effectively the same function ?(d) of the

density in both unperturbed and perturbed configurations [501, 502]. Additionally, we are unable

to obtain unique solutions for,l0 , -l0 implying a degeneracy in the static limit. This is explained

by noting that, from the eigen-mode analysis, this is the limit in which all 6-mode frequencies

condense to 0. This leads to infinite dimensional null space of the linear fluid perturbations. As a

result, the static fluid configuration can be any linear combination of the 6-mode eigen-functions.

As famously argued by Cowling in [500], the star is in neutral equilibrium under indefinitely slow

perturbations. In other words, we are unable to find a unique-static limit configuration to perform

a Taylor expansion about it. It may be possible to use a different expansion scheme to obtain an

analytical approximation to the perturbation equations in this case as well, but we do not tackle

that here.

However, as discussed in Sec. 6.4.1.1, the perturbations are barotropic only when all chem-

ical reactions are fast enough to always maintain equilibrium. The dominant m-Urca processes

however are not rapid enough to do so [490]. Thus, for realistic neutron stars, W is instead given by

Eq. (6.48) and we can accept the solution in Eq. (6.60). Nevertheless, it is reasonable to assume

that the difference between this W and its value in the barotropic case in Eq. (6.61) likely sets the
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limits on the validity of the low frequency expansion in this work. More concretly, the perturbing

frequencyl, should be smaller than a characteristic frequency scale associated with the difference

between W in Eq. (6.48) from its barotropic value in Eqs. (6.61, 6.47).

Such a characteristic frequency scale may be obtained from is the Brunt-Väisälä frequency

# , which in the Newtonian limit is given by [503]

# = 6

(
1
22

eq
− 1
22

ins

)1/2

, (6.62)

where 6 = �" (A)/A2 is the local acceleration due to gravity inside the star. 2eq and 2ins were

defined in Eqs. (6.48, 6.47). # is the oscillation frequency for local convective oscillations inside

the star11, and proportional to the difference between W (from Eq. (6.48) from its barotropic value.

# varies with stellar radius, but a characteristic value, #ch may be computed inside the neutron

star. This can be done by substituting typical values of the parameters entering Eq. (6.62), yielding

#ch ∼ 500Hz [503]. Alternatively, the 6-mode with the largest resonant frequency may be used

as an estimate for #ch, typically yielding #ch ∼ 300Hz [196, 476]. Strictly speaking, the linear-

in-frequency expansion in this work may be taken as valid when l � #ch. 12). Tidal dissipation

in the complementary regime where l � #ch was probed numerically in Ref. [260], where the

barotropic case # = 0 everywhere inside the star, was considered. Realistically, a binary would

start in the former regime l � #ch, and its orbital frequency would eventually cross and exceed

the characteristic Brunt-Väisälä frequency in the middle and late inspiral respectively. A more

refined study is needed to understand the transition and its implications. In this work, we accept

the solution in Eq. (6.60) as the static limit and work to linear order in frequency about this, and

use the Brunt-Väisälä frequency to estimate its limits of validity.
11Assuming the star is stable under convective oscillations, otherwise # is imaginary. We do not consider that case

in this work.
12This is more clearly seen in the Newtonian limit, (see Appendix. E.1 or Ref. [259]
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Yet another subtlety to consider when taking the static limit is that the presence of viscosity

adds another frequency scale to the system, as shown in Ref. [260], given by

Ωvis =
?'

[|/ |
, or

?'

Z |/ |
(6.63)

where |/ | ≤ ' is the magnitude of typical displacement vector of the fluid due to perturbations.

The results obtained via the small-frequency expansion in the presence of viscosity should then

be a suitable approximation when

l

Ωvis
=
l[ |/ |
?'

or
lZ |b |
?'

� 1 (6.64)

We have checked that this condition is comfortably valid for inspiral frequencies (10-1000Hz) for

all (most) sources of shear (bulk) viscosity throughout the star13. The important exception to this

is the bulk viscosity due to non-leptonic weak interactions involving hyperons which were shown

in Refs. [456, 459, 491] to exhibit a ‘resonance’ at certain temperatures and frequencies, at which

point Z (A) can get so large inside the star that this approximation no longer holds for select ranges

of temperatures during inspiral. The static limit itself is likely to be significantly modified due to

viscosity in this case. However, in this case, the whole scheme of incorporating viscosity by just

adding terms linear in the gradient of 4-velocity may be insufficient [504]. Thus, in this work, we

do not consider this regime and work with the assumption that the viscosity is small enough to

only perturbatively affect the small-frequency tidal response of the neutron star.

Thus, having concluded that the fluid in realistic neutron stars for any EoS is incompressible

in the static limit, we can use the vanishing of -l0 (A) to get the expression for +l0 (A) from
13In the crust, this condition can bemore difficult to satisfy as ? → 0. In this work, we set viscosity to be identically

0 in the crust.
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Eqs. (6.51, 6.42) to get

+l
0 (A) = 4−

_
2

12
[4 _

2 A2�l
0

0 + 24
_
2 A2 l

0

− 2(3,l0 + A,l0′)] (6.65)

This completes the discussion of the static limit of the perturbations inside a neutron star.

We can now substitute the expressions for + , , and - in the viscous terms at linear order in

frequency (coloured in orange) in Eqs. (6.55), (6.56), in terms of �0 and  in the static limit, and

numerically integrate the two first order differential equations to solve for �0 and  in the stellar

interior.

6.5 Numerical integration and matching

In the master equations in Eqs. (6.55), (6.56), we first substitute the linear-in-frequency

expansions as

�0(A) = �l
0

0 − 8l�l1

0 + O(l2),

 (A) =  l0 − 8l l1 + O(l2), (6.66)

, (A) = ,l0 + O(l), + (A) = +l0 + O(l).

Then, collecting terms at the same order in l, the master equations split into sub-equations for

the static part and the linear-in-frequency part respectively. The static equations need to be first

solved, to obtain the source terms (in orange) in the master Eqs. (6.55), (6.56). Then, the linear-

in-frequency pieces may be obtained subsequently. We discuss them separately below.
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6.5.1 Static part

The metric perturbations in the static limit obey the equations

�l
0

0

(
1 + 4_
A

+ 4_A^?
)
− 2
A
 l

0 + �l0′ −  l0′ = 0, (6.67)

− 3 + 4_ (1 − A2^?)
A

 l
0 − 3

2
 l

0′ + �l0

0
′

+ 4
_ [8 + A2^(? + d)]

2A
�l

0

0 + 4
_

2
(1 + A2^?) l0′

= 0. (6.68)

The above equations may be further reduced to a single second-order differential equation for

�l
0

0 . We have verified that doing so yields the same equation (up to difference in conventions) as

in Ref. [55].

6.5.1.1 Initial conditions

Eqs. (6.67), (6.68) comprise two first order differential equations for the functions �l0

0 (A)

and  l0 (A). To integrate them in the stellar interior, we also need to know the initial value(s),

i.e., two parameters characterizing the boundary condition. We can obtain this near A = 0, by

solving the perturbation equations around the origin. We can choose without loss of generality

that �l0

0 (0) = 1. Then, plugging in the Taylor expansions for �l0

0 (A) and  l0 (A) around A = 0,

we obtain the expressions

�l
0

0 (A) ≈ 1 + A
2

84

[
− ^(33?2 + d2) +

18d′′2
3?2 + d2

]
,

 l
0 (A) ≈ 1 + A

2

14

[
− ^(2?2 − d2) +

3d′′2
3?2 + d2

]
, (6.69)
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valid to O(A3). Here d2 = d(0) (?2 = ?(0)) are the unperturbed central density (pressure).

Similarly d′′2 = d′′(0) is its second radial derivative at A = 0. Note that d′(0) = ?′(0) = 0.

Equipped with the initial conditions in Eq. (6.69), we can integrate from a point close to A = 0 to

the surface. Thus, solving for �l0 ,  l0 throughout the interior of the star.

6.5.2 Linear-in-frequency part

The linear-in-frequency part of the metric variables obeys the same master equations as

in Eqs. (6.55), (6.56), but with the source terms computed using the static quantities. We just

outlined the process of solving for the �l0

0 and  l0 in Sec. 6.5.1. The fluid perturbations in the

static case, i.e.,,l0 and +l0 , can be obtained using Eqs. (6.60), (6.65). We have already shown

that - (A) vanishes in the static limit. Thus, the source terms, colored in orange, in the master

equations are fully specified.

6.5.2.1 Initial conditions

To perform the integration from a point near A = 0, we once again need the near-origin

solutions for �l1

0 and  l1 . Similar to the static case, this can be done substituting the Taylor

expansions near A = 0 for the metric and fluid perturbations. Alongside, we also make use of the

relations in Eqs. (6.60), (6.65). This yields the Taylor series expansions to O(A3). We provide the

expressions in Eq. (6.70).

�l
1

0 (A) = 4−
a2
2 A2

350^(3?2 + d2)4

{
2[2 [50^2(3?2 + d2)4 + 15^(18?2

2 + 9?2d2 + d2
2)d′′2 − 351(d′′2 )2

+ 75(3?2 + d2)d(4)2 ] − 75(3?2 + d2) [^(21?2
2 + 22?2d2 + 5?2

2) + 6d′′2 ][′′2
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+ 150(3?2 + d2)2[
(4)
2

}
,

 l
1 (A) ≈ 64−

a2
2 [2

3?2 + d2
+ 4−

a2
2 A2

350^(3?2 + d2)4

{
150(3?2 + d2)2[

(4)
2 + 150(3?2 + d2)[′′2 [^(21?2

2 + 10?2d2

+ d2
2) − 3d′′2 ] − [2 [50^2(2?2 − 3d2) (3?2 + d2)3 + 45^(51?2

2 + 32?2d2 + 5?2
2)d′′2

− 702(d′′2 )2 + 150(3?2 + d2)d(4)2 ]
}
, (6.70)

where we have set �l1

0 (0) = 0, without loss of generality. Here [2 = [(0) is the shear viscosity

at the origin. Note that [′(0) = 0, due to Eq. (6.33).

Note that, due to the expansions in Eq. (6.66), the linear-in-frequency parts are responsible

for making the initial conditions for the metric perturbation functions complex. The equations

governing the static fields in Eqs. (6.67), (6.68) also do not have any complex terms in them.

Thus, in the absence of shear viscosity, it is possible to choose the overall normalization such that

�0 and  are purely real. The presence of shear viscosity necessarily renders them complex.

6.5.3 Matching at surface with the RW function

Equipped with the initial conditions for the metric perturbations to linear order in frequency

given in Eqs. (6.69), (6.70), we can integrate the master equations perturbatively to solve for the

functions �0 and  to linear order in frequency up to the stellar surface. It is trivial to establish

their continuity at the stellar surface, and thus we obtain their values just outside the star.

Outside the star, as mentioned before, the vacuum perturbation equations governing �0 and

 may be reduced to a single Schrödinger-like equation, the RW equation, Eq. (6.23). This is

accomplished using the relations in Eqs. (59), (60) in Ref. [272], rewritten here to O(l2) :

q =
−1

(= + 1)" [{−=(= + 1)A (A − 3")} 
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+ (= + 1)A (=A + 3")4−_�0] , (6.71)

q′ =
1

−(= + 1)" [{=(= + 1)}{(= + 1)A − 3"} .

. + {−=(= + 1)2A − 3(= + 1)"4−_}�0] ,

where = = (ℓ − 1) (ℓ + 2)/2. The above two equations can be combined into a dimensionless one

via logarithmic derivative of the RW variable w.r.t the radial coordinate

) ≡ A

q

3q

3A∗

�����
A='

=
A

A∗

3 log q
3 log A∗

�����
A='

. (6.72)

This quantity will serve as the boundary condition for solving the RW equation outside the star.

To determine the leading-order dissipative response, it is sufficient for us to restrict our discussion

to linear order in frequency

) ≡ )0 − 8'l)1 + O(l2) . (6.73)

In Sec. 6.6, we will see that the leading Love number and dissipation number are fully determined

by )0 and )1 respectively.

6.6 RW scattering problem using MST

In this section, we relate this boundary condition of the RW scalar in Eq. (6.72) to the

static Love number and the leading dissipation number of the star. As outlined in Sec. 6.2, we

accomplish this by considering the problem of monochromatic GWs scattering off the neutron

star. In this case, sufficiently far from the star, i.e, in the limit A → ∞, the RW equation takes the

form

32q(A)
3A2

∗
+ l2q(A) = 0, (6.74)
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which is solved by a linear combination of incoming and outgoing free-wave solutions, i.e, q(A) =

�in
ℓ,l

exp(−8lA∗) + �out
ℓ,l

exp(8lA∗). The quantity �out
ℓ,l

/�in
ℓ,l

can be related to the static Love and

leading dissipation numbers, as outlined in Sec. 6.2.

To accomplish this, we employ the analytical MST scheme for the RW equation, which was

first presented in Ref. [218]. In this work, we follow the conventions and notations employed in

Ref. [219]. In the MST scheme, we can write down analytical solutions for the RW equation as a

sum of infinite hypergeometric functions, convergent in different domains.

In the near-zone, we can write a general solution to the RW equation as

q(A) = �ā- ā0 (A) + �−ā−1-
−ā−1
0 (A), (6.75)

where - ā0 and -−ā−1
0 are near-zone Coulomb-type solutions with convergence radius AB = 2�" ≤

A < ∞. ā stands for the renormalized angular momentum. Moreover, these functions have asymp-

totic behavior - ā0 ∼ A ā, -−ā−1
0 ∼ A−ā−1 when A → ∞. Their explicit expansions is given in

Ref. [219]. We can fix the ratio of �ā and �−ā−1 at the surface of the neutron star using Eq. (6.72).

Solving the scattering problem requires connecting the near-zone solution to the far-zone,

i.e., ∞ ≥ A > AB. Here, the solution may be written as a combination of incoming and outgoing

waves. To connect this to the far-zone, we first switch to the far zone Coulomb-type solutions

denoted by - ā
�
, -−ā−1

�
in [219] with convergence radius AB < A ≤ ∞. In the overlap region, where

AB < A < ∞, we can match these two solutions and get

- ā0 =  ā-
ā
� , -

−ā−1
0 =  −ā−1-

−ā−1
� , (6.76)

where the coefficient  ā is given by Eq.(3.32) in Ref. [219]. Now, we switch to the basis of

incoming and outgoingwaves using Eqs.(3.29, 3.34, 3.35) in Ref. [219]. Then, in the limit A → ∞,
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Eq. (6.75) takes the form

q(A) |A→∞ = �out
ℓ,l4

8lA∗ + �in
ℓ,l4

−8lA∗ , (6.77)

where

�out
ℓ,l

�in
ℓ,l

=
(1 + 848cāKNS)

(1 − 84−8cā sin[c(ā+8n)]
sin[c(ā−8n)]KNS

�ā−
�ā+
428n log(n) (6.78)

where n = 2�"l, KNS = (�−ā−1 −ā−1/�ā ā) and expressions for �ā−(+) given in Eqs. (3.19,

3.38) in Ref. [219].

As mentioned in Sec. 6.2, we cannot immediately relate the ratio in Eq. (6.78) to the am-

plitude computed in EFT in Eq. (6.21). This is because we have not yet isolated the contributions

of tidal effects to the scattering process. As it is, the ratio in Eq. (6.78) contains the combined

effect of both tidal effects, and non-tidal effects (such as scattering of GWs off the gravitational

background). Dissipative tidal effects may be easily extracted from the phase following Ref. [3],

since non-tidal effects do not contribute to dissipation.

The leading conservative tidal response as well may be distilled in two ways. One way is

to subtract the total-scattering amplitude of a neutron star with that of a Schwarzschild black hole

with same mass, both computed in the perturbation theory framework. This cancels out all com-

mon contributions14, leaving behind only the difference in their tidal contributions. Then, using

the known amplitude due to the black hole’s tidal response, we can compute the corresponding

result for neutron star15. This has been schematically shown in Eq. (6.81). Alternatively, we can

make use of the near-far factorization first presented in Ref. [245]. This was used to show the
14Due to scattering of GWs off the background metric
15In fact, as far as the dissipation number computation is concerned, since only tidal effects contribute to dissipa-

tion, and thus no such subtraction is required and we can just take the absolute values on both sides of Eq. (6.26), and
write the expression for [2, as was done in Ref. [3].
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vanishing of black hole Love numbers, as well as computation of the renormalization-group flows

of the dynamical tidal response in Refs. [3, 245]. However, this is justified only for the generic-ℓ

solution to the Teukolsky equation [475]. The essential idea is that the far-zone scattering phase

shift corresponds to the wave scattering against the background metric, while the near-zone phase

shift is the scattering against the star surface which contains the tidal response:

�out
ℓ,l

�in
ℓ,l

=
�ā−
�ā+
428n log(n)︸         ︷︷         ︸
far zone

× 1 + 848cāKNS

1 − 84−8cā sin(c(ā+8n))
sin(c(ā−8n))KNS︸                          ︷︷                          ︸

near zone

. (6.79)

From Eq. (6.79), we can straightforwardly get the near-zone phase shift as

[NZ
ℓ 428XNZ

ℓ =
1 + 848cāKNS

1 − 84−8cā sin(c(ā+8n))
sin(c(ā−8n))KNS

. (6.80)

Regardless of method used, we can write down the tidal contribution to the phase shift and

absorption as shown in Eqs. (6.82), (6.83):

− =



 tidal

−



 tidal

(6.81)
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XNZ
ℓ = (2'l)2ℓ+1 × (−1)ℓ+1 Γ(−2ℓ)Γ(ℓ + 2)

Γ(1 − ℓ)Γ(2ℓ + 2)

×
[
ℓ

(
− )0

1 − 2�
+ ℓ + 1

)
2�1(−ℓ − 2, 2 − ℓ,−2ℓ, 2�)

+ �
(
ℓ2 − 4

)
2�1(−ℓ − 1, 3 − ℓ, 1 − 2ℓ, 2�)

]
×

[
(ℓ + 1)

( )0
1 − 2�

+ ℓ
)

2�1(ℓ − 1, ℓ + 3, 2(ℓ + 1), 2�)

+ � (ℓ − 1) (ℓ + 3) 2�1(ℓ, ℓ + 4, 2ℓ + 3, 2�)
]−1

,

(6.82)

[NZ
ℓ = 1 + (2'l)2ℓ+2 × (−1)ℓ )1

1 − 2�
Γ(−2ℓ)Γ(ℓ + 2)
Γ(1 − ℓ)Γ(2ℓ + 2)

×
[
� (ℓ − 2) (ℓ + 1) (ℓ + 2)

× 2�1(−ℓ − 1, 3 − ℓ; 1 − 2ℓ; 2�) 2�1(ℓ − 1, ℓ + 3, 2(ℓ + 1), 2�)

+ ℓ(ℓ + 1) (2ℓ + 1) 2�1(−ℓ − 2, 2 − ℓ,−2ℓ, 2�)

× 2�1(ℓ − 1, ℓ + 3, 2(ℓ + 1), 2�)

+ �ℓ(ℓ − 1) (ℓ + 3) 2�1(−ℓ − 2, 2 − ℓ,−2ℓ, 2�)

× 2�1(ℓ, ℓ + 4, 2ℓ + 3, 2�)
]

×
[
(ℓ + 1)

( )0
1 − 2�

+ ℓ
)

× 2�1(ℓ − 1, ℓ + 3, 2(ℓ + 1), 2�)

+ � (ℓ − 1) (ℓ + 3) 2�1(ℓ, ℓ + 4, 2ℓ + 3, 2�)
]−2

.

(6.83)
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6.6.1 Matching with EFT

Finally, we can get the Love number and dissipation number by matching the EFT phase

shifts in Eq. (6.22) with the ones from stellar perturbation theory given in Eqs. (6.82), (6.83). The

expressions for the rescaled Love and dissipation number are as follows:

:�2 = −8�5 (6� − 3 + )0)
D , a�2 =

3840�10)1

D2 ,

D = 5(−2�
(
�

(
6�2 + 4� + 3

)
+ 3

)
)0 + 6(� − 1)�

(
4�3 + 2�2 − 3

)
− 3 (6� − 3 + )0) log(1 − 2�)

(6.84)

From the above two expressions, we see that the dissipation number vanishes when the

boundary condition at the star surface has no linear-in-frequency dependence, i.e. )1 = 0. This is

consistent with the time-reversal property of the retarded Green’s function in Eq. (6.16). Secondly,

there is a relation between the rescaled Love number and dissipation number

a�2 =
60)1

(6� − 3 + )0)2 (:
�
2 )

2 . (6.85)

Eq. (6.84) is also consistent with the BH limit, where we have

� → 1
2
, ) → −8lAB , (6.86)

corresponding to purely ingoing boundary at the horizon. Thus, )0 → 0, )1 → 1 and Eq. (6.84)

correctly reduces to

:�2 = 0, a�2 =
1
60

(6.87)

Finally, we have also verified that our formula for the rescaled Love number :�2 is consistent with

the one given by T. Hinderer in Ref. [55] apart from convention-related differences after rewriting
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the boundary condition )0 of the RW variable in terms of the logarithmic derivative of the metric

perturbation function �0(A), i.e., H ≡ '�′
0(')/�0('), as

)0 =

(
− 3(1 + 2(−2 + �)�) + 3(−1 + �) (−1 + 2�)H

)
(
(3 − 8� + 6�2) + (−1 + (5 − 6�)�)H

)−1
(1 − 2�).

(6.88)

6.7 Observables

In the previous sections, we have developed the formalism for computing Love and dissipa-

tion numbers of viscous neutron stars in the small-frequency limit for nonbarotropic perturbations.

We now use it to numerically compute some of the relevant quantities and relate the dissipation

number to the waveform contribution at 4PN.

6.7.1 Love and dissipation numbers for various EoS(s) and compactness

To compute the Love and dissipation number(s), we first integrate the master Eqs. (6.55),

(6.56) and then switch to the RW function using Eq. (6.71), and compute the quantities )0 and )1

in Eq. (6.73). We can then use Eqs. (6.84) to compute the Love and dissipation number(s). The

compactness � = "/' is obtained from the stellar profiles generated for various EoS(s).

We present the Love and dissipation numbers thus obtained for various EoS(s) and com-

pactness in Table. 6.1. Here, the first column labeled EoS lists the equation(s) of state for which

the relevant quantities in each row have been computed. The details regarding the various EoS(s)

have been discussed before in Sec. 6.3. The remaining columns sequentially show the rescaled

Love number :2, the dissipation number ��
l , and the rescaled dissipation number a�2 , and fi-

nally the ratio of the dissipation number ��
l with that for a black hole with the same mass, where
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(��
l )BH = 32/45. This is to get a relative measure of the ‘absorptivity’ of a neutron star compared

to a black hole.

As we showed in Sec. 6.4.2, the bulk viscosity does not affect the (leading) dissipation

number. Thus, the dissipation numbers obtained in the table are entirely due to shear viscosity.

Here, we consider the most dominant contribution to the shear viscosity which is due to 4 −

4 scattering in the temperature range relevant during inspiral [196, 456]. The shear-viscosity

due to this process scales inversely with the square of temperature (i.e., ∼ 1/)2) as seen from

Eq. (6.33). Thus, colder neutron stars have a greater contribution to shear viscosity. Since the

viscosity linearly affects )1, and subsequently the (rescaled) dissipation number a� , i.e., they too

scale as 1/)2. Although neutron stars are born very hot (∼ 1011K), they cool rapidly to lower

temperatures (∼ 109 ) due to neutrino emission within ∼ 105 years [486]. The temperature

of cold neutron stars about to merge during inspiral is expected to be within 105 − 1010 , with

the likely range being within 107 − 109 [196, 456, 471]. We show the results at the coldest

possible temperature ) = 105 when the shear viscosity due to 4 − 4 scattering is strongest. The

temperature dependence is captured in the first row of the table through the factor () /105 )2

next to the relevant quantities, where ) is the actual temperature of the neutron star in Kelvin.

Since ��
l and a�2 scale as ∼ )−2, multiplying the factor () /105 )2 renders them constant and

gives their value at ) = 105 .

Within each EoS, we have considered stars with different compactness in increasing order.

It is clear from the table that within any EoS, the dissipation number decreases with increasing

compactness. For instance, for the case of ‘FSU2’, as we go from 1M� to 2.34M�, where the

radius barely changes (14.0 km to 13.8 km), the dissipation number ��
l falls sharply with com-

pactness by almost 3 orders of magnitude. This is actually expected from Eq. (6.84) if we assume
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that the )0 and )1 do not change a lot with changing compactness. Then, the rest of the expression

explains the sharp decrease with increasing compactness. This is seen easily in the Newtonian

limit � � 1, where we have

��
l =

10)1

36(2 + )0)2�6 , (6.89)

which shows that the dissipation number falls sharply with the inverse of the compactness at the

sixth power.

In reality, )0,1 do not actually stay constant with changing compactness as they depend on

the density and pressure profile(s) which in turn also affects the shear viscosity. However, we

find that the change in them is quite small (relatively) and not adequate to compensate for the

sharp-dependence on compactness. This can be seen clearly from the last column in Table. 6.1,

where the rescaled dissipation number is seen to be in the same order of magnitude regardless of

compactness (and even EoS(s)).

The importance of compactness in tuning the dissipation number is also seen in the variation

of EoS(s). For example, consider the three stars in the table with a mass " ≈ 1.01"�. They all

correspond to different equations of state. Despite having the samemass, the ‘HZTCS’ star is more

compact than ‘GM1’ which in turn is more compact than ‘FSU2’. Despite the differences in their

EoS(s), and consequently the shear-viscosity profile, we find that the dissipation numbers fall with

increasing compactness as expected. The compactness does not however capture the complete

variation in the dissipation numbers. For the three stars with " = 1.34"� (" = 1.71"�), the

compactness still increases as one goes from ‘FSU2’ to ‘GM1’ to ‘HZTCS’. However, while the

��
l for ‘GM1’ and ‘HZTCS’ is smaller than that of ‘FSU2’ as expected, the relative ordering of��

l

between ‘GM1’ and ‘HZTCS’ is not consistent with the ordering of the compactness. However
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this is not surprising as the compactness for both of them are very similar (with in ∼ 1%).

6.7.2 Correction to number of GW cycles due to dissipation

Dissipation in a binary leads to transfer of orbital energy into the mass (thermal energy)

of the compact objects, here the neutron stars. This modifies the energy conservation law for

quasi-circular inspiral as

¤� = −F∞ − ¤<1 − ¤<2. (6.90)

Here ¤� is the rate of change of orbital energy, F∞ is the gravitational energy flux leaving the

system and ¤<1,2 is the rate of heating (due to tidal dissipation). We can use this modified energy

conservation law to compute the leading (4PN) correction to the phase of the inspiral waveform

due to tidal heating in the stationary-phase approximation [3, 262–264]. We do that below as a

way to roughly quantify the relevance of shear viscosity.

Since we are only interested in the leading order correction, it is sufficient to compute the

correction to the orbital phase due to one star and then linearly sum their contributions. So we

first compute the correction to the orbital phase when only one star gets tidally heated.

The rate of heating (or equally rate of increase in mass) for a neutron star of mass <1 in a

quasi-circular binary (with another mass <2) is given by [3]

¤<1 =
1
2
<1(�<1)5��,1

l
¤�df ¤� df

= ��,1
l

9<6
1<

2
2

�"8

(
�"

A

)9

= ��,1
l

9<6
1<

2
2

�"8 G
18, (6.91)

where " = <1 + <2, A the radius of the orbit, Ω = (�"/A)1/3 is the orbital velocity, + = G =

362



(�"Ω)1/3 = (�"/A)1/2. The leading quadrupolar flux of the binary to infinity is given by

F∞ =
32<2

1<
2
2

5�"4 G
10. (6.92)

The relative contribution of the tidal heating to the waveform may then be characterized by the

ratio

¤<1/F∞ = (45��
l/32) (<1/")4G8

= (15a�,12 /16) ('/<1)2('/A)4. (6.93)

Note that the net effect is enhanced by lower compactness (<1/A), and closeness ('/A) of the

binary.

Now, the energy conservation law for the system reads

¤� = −F∞ − ¤<1 − ¤<2, (6.94)

=⇒ ¤G = 1
"[G

(F∞ + ¤<1 + ¤<2) (6.95)

where � = "[E2/2, with [ = (<1<2)/"2 being the orbital binding energy, sapped away to

infinity and into the heat of the bodies. We can now determine the orbital phase of the binary

during inspiral as

q(G) =
∫
G3

"

3C

3G
3G (6.96)

≈
∫

5"2

32<1<2G6

[
1 −

15a�,12
16

'6

<2
1"

4
G8 − (1 ↔ 2)

]
3G

= − "2

32<1<2G5 − 25"2

<1<2

a
�,1
2

512
'6

<2
1"

4
G3 − (1 ↔ 2)

= q0PN + Xq(G).

Eq. (6.96) contains Xq, which is the correction to the orbital phase due to one neutron stars getting

tidally heated. Then, using the fact that the GW frequency in the most dominant mode is twice
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the orbital frequency, we can compute the change in number of GW cycles due to tidal dissipation

within a frequency range as

XNGW =
Xq[(�"cl 5 )1/3] − Xq[(�"l8c)1/3]

c
,

=
∑
0=1,2

25'6
0a
�,0

2

512<3
0 (" − <0)"2

× �" (l8 − l 5 ). (6.97)

Here <0=1,2 are the masses of the neutron stars, and " = <1 + <2. '0=1,2 are the radii, and

a
�,0=1,2
2 are the rescaled dissipation numbers defined in Eq. (6.18). The inspiral enters the detec-

tor frequency band at orbital frequency l8 to l 5 . Eq. (6.97) could be evaluated using the dissi-

pation numbers in Table. 6.1, for inspiral within the LVK band for which l8 ≈ 30Hz and l 5 ≈

min(1000Hz, lISCO). However, it is important to remember here the discussion in Sec. 6.4.3,

where we noted that the small-frequency expansion of the perturbation equations as done in this

work is valid when the inspiral frequency is small compared to the characteristic Brunt-Väisälä

frequency #ch. The latter may be estimated by some averaging scheme [503] or by the highest

frequency among the g-modes [196, 476] yielding #ch ∈ (150, 700)Hz depending on the mass

and EoS of the star, and so the dissipation numbers provided in Table. 6.1 may not suffice through-

out the inspiral. Nevertheless, at least for conservative effects, the contribution of the oscillation

modes associated with convection, i.e., 6-modes is often negligible due to their weak coupling

with external tidal fields [476]. We proceed with the expectation that the same may be true for

shear-viscous dissipation as well. Bulk-viscosity on the other hand was shown to be vanishing in

the regime l � #ch in this work. Thus, the correction to it could be a lot more significant and

non-negligible in middle and late inspiral. However, such effects are likely to only enhance the

contribution to tidal heating and thus the results in this work may be used to obtain a lower limit

for the contribution of tidal heating during inspiral.
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We compute Eq. (6.97) and present the results for various EoS(s) and compactness in Ta-

ble 6.2. Once again the first column lists out the various EoS(s) similar to Table 6.1. The subse-

quent four columns show neutron star mass, radius, ��
l and a�2 .

Then, the fifth column shows XNGW, change in the number of cycles. The sixth column

shows the Newtonian (leading) contribution to the total number of cycles within the detector band,

which we take to be from 30Hz to min(lISCO,1000Hz). Finally, the seventh column shows the

correction to the number of cycles at 4PN due to other conservative contributions in the spin-less

case [265, 479, 505].

As mentioned previously, the dissipation considered here is entirely due to 4 − 4 scattering,

with a known dependence on temperature given in Eq. (6.33). This temperature dependence is

canceled by the factor () /105)2 next to ��
l , a�2 and XNGW, so that the results in the table corre-

spond to neutron stars ) = 105 . Here ) is the temperature in Kelvin of the neutron star at the

start of the inspiral which we have kept fixed while evaluating XNGW.

In the symmetric NS case, Eq. (6.97) reduces to

XNGW =
75��

l

2048
�" (l8 − l 5 ). (6.98)

Thus, for a given initial and final frequency, the product of the dissipation number and the mass

decides the magnitude of XNGW. We can see from the table that within an EoS, the compactness

generally increases with mass (except for the EoS ‘HZTCS’). Thus, there is a competition between

the falling dissipation number (with compactness) and the increasing mass. However, we know

that the dissipation number decreases sharply with compactness, (∼ �−6 in the Newtonian limit),

and thus XNGW decreases in any EoS, as visible in Table. 6.2.

Also note that barring the most compact configuration in each EoS (" ∼ 2.3"�), the
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correction to the number of cycles due to tidal heating at ) = 105 exceeds that due to conser-

vative contributions at 4PN in the eighth column. Additionally, recent studies [506] suggest that

a mismodeling at 4PN order could lead to significant systematic errors in the data analysis even

of current GW detector networks (and future detectors may even require improvements in the

accuracy of the gravitational waveforms of at least three orders of magnitude [340, 507]). Thus,

shear-viscosity could be relevant during inspiral for sufficiently cold and not-too-compact neutron

stars. However, note that this will fall sharply with the square of temperature. Thus, for larger

temperatures such as at 107 − 109 , the effect of shear-viscosity on the waveform could be all but

negligible. Thus, colder and less compact stars have a stronger tidal imprint when considering the

shear viscosity due to 4 − 4 scattering.

6.8 Conclusion and future Work

In this work, we have studied in detail the tidal response of nonspinning neutron stars in the

low-frequency limit, with the goal of determining the leading dissipation numbers due to shear

and bulk viscosity, which correspond to the next-to-leading order (in frequency) tidal effects. We

found that the bulk viscosity has no contribution to the dissipation number, and demonstrated that

this is physically due to the vanishing divergence of the fluid velocity at linear order in frequency,

and this is related to a peculiar incompressibility in the static limit. We showed that this conclusion

holds only for non-barotropic perturbations, when the perturbing frequency (inspiral frequency in

a binary) l, is small compared to characteristic Brunt-Väisälä frequency #ch in the star, but much

larger than the rate of m-Urca processes.

On the other hand, the leading shear viscous contribution to the dissipation number was seen
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to be nonzero in this regime. We derived two master equations governing metric perturbations to

linear order in the frequency inside the neutron star, including viscous contributions.

We then considered the problem of scattering GWs off a neutron star i.e., gravitational Ra-

man scattering, and related the scattering phase and degrees of absorption to the static Love and

leading dissipation numbers.

To achieve this, we first integrated the master equations for the metric perturbations from

the center to the surface of the star. Outside the star, the metric perturbation equations could

be reduced to the RW equation, and the boundary conditions for the RW function at the stellar

surface were obtained earlier by integrating the master equations. We then used the analytical

MST approach to compute the scattering amplitude as a function of the RW boundary conditions

at the stellar surface. We isolated the tidal contribution to this amplitude and extracted expressions

for the rescaled static Love and dissipation numbers. The formula for the rescaled Love number

was shown to be consistent with previous formulas by Hinderer [55].

We then used the formulae to calculate the Love and dissipation numbers for various EoS(s)

and compactness. We found that compactness was the most important parameter tuning the

strength of the tidal dissipation number for a given EoS.

Finally, we computed the correction to the number of GW cycles due to shear viscosity

from 4 − 4 scattering at 4PN in the waveform for a binary system of two identical neutron stars

within the LIGO band. We found that this effect can be comparable to or even exceed the usual

nontidal contributions at 4PN if the neutron stars are sufficiently cold, ) ∼ 105−106 , and not too

compact. Thus, we show that cold and less compact neutron stars are likely to have the strongest

tidal heating at the leading 4PN order during inspiral, neglecting any resonant or spin-related

effects.
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The work can be extended in several directions in the future. An obvious next step would

be to extend the validity of this work to arbitrary frequencies. The low-frequency expansion

of the perturbation equations inside the star is sufficient in a binary system when the inspiral

frequency is smaller than any resonant frequencies. While the often considered 5 -mode frequency

ismuch higher than the orbital frequency during inspiral, but the class of 6-modes havemuch lower

resonant frequencies and can be excited during inspiral. This is also related to the discussions

surrounding the Brunt-Väisälä frequency as it is the characteristic frequency of the 6-modes. The

effect of resonances during inspiral on the conservative tidal response in polytropic systems was

recently been studied in Ref. [260]. It may be interesting to extend this to realistic EoS(s) and

dissipation. This is particularly important in light of the vanishing contribution of bulk viscosity

at 4PN order that we have shown in this chapter, as resonant dissipation due to 6-modes may be

its leading nonzero contribution to tidal heating.

Second, in this work we restricted ourselves to spherically symmetric systems for simplicity.

In addition, we have neglected axial modes [354, 372, 419, 420], since the polar modes dominantly

couple to neutron stars. The presence of spin would lead to a violation of spherical symmetry,

and thus also couple axial and polar sectors, leading to a more complicated system of equations,

and a potentially interesting and perhaps stronger tidal response. It has recently been shown in

the Newtonian limit in Ref. [199] that moderately spinning neutron stars in binaries can reach

5 -mode resonances during the inspiral (see also Ref. [508] for earlier work and Ref. [413] for a

relativistic treatment). They also showed that such a resonance could make the orbit eccentric.

Thus, a general-relativistic study of the tidal response of spinning compact objects could lead to

the discovery of interesting potentially observable effects.

Other interesting directions could be the extension to other (possibly exotic) compact objects
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or to alternative theories of gravity, or simply add more details relevant for a realistic neutron

star, such as an in-depth consideration of the various microscopic processes, their rates, and their

impact on the observed macro-physics.

For now, we leave such considerations to future works. With the advent of future detec-

tors [340, 507]), and with improved sensitivities, the rich internal physics of neutron stars may

be better understood and constrained. Along with the EoS of the neutron star which relates the

equilibrium pressure with the density, a knowledge of the out-of-equilibrium transport properties

such as viscosity inferred through tidal heating in binary inspiral will be influential in understand-

ing the dense matter behavior as well as the neutron star interior composition. It is thus important

that theoretical investigations now rigorously take into account the various possible micro-physics

relevant to the neutron star and their observational imprints.
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Chapter 7: Quasinormal modes of slowly-spinning horizonless compact objects

Authors1: M. V. S. Saketh, Elisa Maggio

Abstract: One of the main predictions of general relativity is the existence of black holes

featuring a horizon beyond which nothing can escape. Gravitational waves from the remnants

of compact binary coalescences have the potential to probe new physics close to the black hole

horizons. This prospect is of particular interest given several quantum-gravity models that predict

the presence of horizonless and singularity-free compact objects. The membrane paradigm is a

generic framework that allows one to parametrise the interior of compact objects in terms of the

properties of a fictitious fluid located at the object’s radius. It has been used to derive the quasi-

normal mode spectrum of static horizonless compact objects. Extending the membrane paradigm

to rotating objects is crucial to constrain the properties of the spinning merger remnants. In this

work, we extend the membrane paradigm to linear order in spin and use it to analyse the relation-

ships between the quasi-normal modes, the object’s reflectivity, and the membrane parameters.

We find a breaking of isospectrality between axial and polar modes when the object is partially

reflecting or the compactness differs from the black hole case. We also find that in reflective ul-

tracompact objects some of the modes tend towards instability as the spin increases. Finally, we

show that the spin enhances the deviations from the black-hole quasinormal mode spectrum as
1Originally published as Phys. Rev. D 110, no.8, 084038 (2024).
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the compactness decreases. This implies that spinning horizonless compact objects may be more

easily differentiated than nonspinning ones in the prompt ringdown.

7.1 Introduction

Gravitational waves (GWs) provide a unique opportunity to test gravity and investigate the

nature of compact objects. The ground-based detectors LIGO and Virgo have detected ninety

GW candidates from the coalescence of compact binaries up to the end of their third observing

run [23–25, 335]. Some important discoveries include the first observation of a black-hole (BH)

coalescence [15], the multi-messenger observation of a binary-neutron-star merger [178], and

an intermediate-mass BH [509]. Parametrised tests of general relativity (GR) can constrain the

degree to which the data agree with GR by introducing fractional deviations to the inspiral and

postmerger stages of the gravitational waveform [360, 495, 510–518]. No evidence in support of

physics beyond GR has been found by the LIGO-Virgo-KAGRA collaboration, and increasingly

stringent limits have been set on GW data [44, 276, 519, 520].

GWs offer the promising prospect of testing one of the main predictions of GR, namely the

presence of horizons in BHs. On the theoretical side, BHs feature horizons beyond which noth-

ing – not even light – can escape. Moreover, BHs contain a curvature singularity with infinite

tidal forces where Einstein equations break down. In the semiclassical approximation, when a

massless field is quantized in the Schwarzschild background, BHs are thermodynamically unsta-

ble and radiate a thermal spectrum at the Hawking temperature [521]. They are characterised

by the information-loss paradox [522] and their entropy is far over the one of a typical stellar

progenitor [523, 524].
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Several models of horizonless and singularity-free compact objects have been proposed to

address the BH paradoxes [89, 525–527]. New physics can prevent the formation of horizons

in quantum-gravity extensions of GR (e.g., fuzzballs [91, 528, 529], gravastars [530], nonlo-

cal stars [531, 532]) and in GR with the presence of dark matter and exotic fields (e.g., boson

stars [533–537], wormholes [538–540]). Horizonless compact objects can mimic the observa-

tional features of BHs – since they can be as compact as BHs – and quantify the existence of

horizons in astrophysical sources. Horizonless compact objects can deviate from BHs for their

compactness, i.e., the inverse of the effective radius in units of the total mass, and reflectivity,

which is generically complex and frequency-dependent and differs from the totally absorbing BH

case.

The absence of horizons in compact objects affects the gravitational waveform in the inspi-

ral and postinspiral stages. In the inspiral, the energy flux at the radius of horizonless compact

objects differs from the energy flux at the horizon of BHs [3, 344, 346]. Furthermore, resonances

are excited when the orbital frequency matches the characteristic oscillation frequencies of the in-

spiralling compact objects [541–543]. Also, the tidal Love numbers, which measure the deforma-

bility of a compact object when immersed in an external tidal field, are nonzero for horizonless

compact objects [544–550]. During the ringdown, the quasinormal mode (QNM) frequencies of

the perturbed remnant deviate from the BH QNM spectrum in the absence of horizons. If the

remnant is an ultracompact horizonless object, the prompt ringdown signal would be nearly the

same as the one emitted by a BH since it is excited at the light ring [92, 180]. Additional signal

would be emitted in the form of GW echoes at late times due to the absence of horizons in the

remnant [551–559]. The QNM spectrum would also deviate from the BH one as a function of

the compactness of the object [90]. Future observatories, such as the Einstein Telescope, Cosmic
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Explorer and LISA, will allow us to detect or rule out the imprints of horizonless compact objects

in the gravitational waveform with unprecedented accuracy [343, 546, 560–563].

Here, we study the behaviour of generic horizonless compact objects to external gravita-

tional perturbations to distinguish them from BHs. It is useful and convenient to incorporate the

study of various compact objects into a single framework. This can also lead to an understanding

of the relations between the parameters describing compact objects – such as compactness and

reflectivity – and their GW observables – such as QNMs and tidal Love numbers. One way to ef-

fectively parametrise a generic compact object is by using the membrane paradigm [95, 96, 564].

The membrane paradigm is a theoretical framework originally developed to describe BHs, ac-

cording to which the BH interior can be replaced by a three-dimensional membrane located at the

event horizon. The membrane is made of a viscous fluid whose density, pressure and viscosity

are fixed by the Israel-Darmois junction conditions [269, 565, 566].

The membrane paradigm was recently applied to compact objects other than BHs by locat-

ing the membrane at the object’s radius [90, 550, 567]. The fluid parameters may be freely varied

to parametrise different models of compact objects, and only a specific choice of these parameters

describes BHs.

The membrane paradigmwas first used to derive the QNM spectrum of generic nonspinning

compact objects in Ref. [90], along with a comparison with the measurement accuracy of the

fundamental QNM of GW150914 [276]. However, due to the initial orbital angular momentum

of the binary, the final merged remnant is expected to be spinning [23–25, 335]. This necessitates

the importance of incorporating the spin into themembrane paradigm for generic compact objects.

In this work, we present an extension of themembrane paradigm for generic compact objects

to the linear order in spin. In Sec. 7.2, we present the theoretical details involved in constructing
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the membrane paradigm to linear order in spin. Particularly, we discuss the background metric,

the linear perturbations, and outline the derivation of the boundary conditions that the metric per-

turbations must obey at the membrane surface from the Israel-Damour junction conditions. In

Sec. 7.3, we analyse the reflectivity of compact objects as a function of the fluid viscous parame-

ters. We also show the resolution to an apparent paradox that arises in the linear-in-spin approxi-

mation associated with the superradiant scattering. Furthermore, we derive the QNM frequencies

in the BH limit, and compare them with known Kerr QNM spectrum to quantify the upper limit

(in spin) to which the linear-in-spin approximation may be trusted. Finally, we compute the QNM

frequencies of generic horizonless compact objects as a function of the compactness and the fluid

viscous parameters. We discuss the breaking of isospectrality between axial and polar modes, and

potential constraints that can be put on the object’s compactness based on the current measure-

ment accuracies of the fundamental QNM. In Sec. 7.4, we summarise the results and conclude

with a brief discussion of the related future extensions. We assume � = 2 = 1 units throughout.

7.2 The membrane paradigm

The membrane paradigm allows one to derive the QNM spectrum of compact objects with

a given exterior geometry and different interior solutions. In its standard formulation, a static

observer can replace the interior of a compact object with a fictitious membrane located at the

boundary of the object. The Israel-Darmois junction conditions set the properties of themembrane

as [269, 565]

[[ 01 −  ℎ01]] = −8c)01 , [[ℎ01]] = 0 , (7.1)
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where ℎ01 is the induced metric on the membrane,  01 is the extrinsic curvature,  =  01ℎ
01, and

)01 is the stress-energy tensor of the fluid on the membrane. The notation [[...]] = (...)+ − (...)−

denotes the jump of a quantity across the membrane, where M+ and M− are the exterior and

interior spacetimes to the membrane, and 0, 1 are the indices of a 3-D coordinate system laid on

the membrane.

The fictitious membrane is such that the extrinsic curvature of the interior spacetime van-

ishes, i.e.,  −
01

= 0. This constraint allows one to map different geometries for the interior space-

time into the properties of the fictitious membrane. The Israel-Darmois junction conditions im-

pose that the membrane is a viscous fluid with stress-energy tensor [95]

)01 = dD0D1 + (? − ZΘ)W01 − 2[f01 , (7.2)

where d is the surface energy density, ? is the surface pressure, Z and [ are the bulk and shear

viscosities, D0 is the 3-velocity of the fluid, Θ = D0;0 is the expansion, W01 = ℎ01 + D0D1 is the

projector tensor, f01 = 1
2

(
D0;2W

2
1
+ D1;2W

2
0 − ΘW01

)
is the shear tensor, and the semicolon is a

covariant derivative with the induced metric.

The membrane paradigm was originally developed to describe perturbed BHs [95, 96, 564,

567] in terms of the shear and bulk viscosities of a fictitious viscous fluid located at the horizon,

where

[BH =
1

16c
, ZBH = − 1

16c
. (7.3)

The membrane paradigm was then extended to perturbed horizonless compact objects with a

Schwarzschild exterior [90], where the fictitious fluid is located at the object’s radius, and the

shear and bulk viscosity are generically complex and frequency-dependent. For each model of

horizonless compact object, the shear and bulk viscosity are uniquely determined and are related
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to the reflective properties of the object.

7.2.1 Background metric

Motivated by the fact that the remnants of compact binary coalescences have large values of

the spin [23–25, 335], here we extend the membrane paradigm to spinning horizonless compact

objects which are generally described by the Kerr metric at the first order in the spin. Our approach

should be considered as a first step towards the inclusion of spin effects into compact bodies, as

performed in literature for compact objects beyond Kerr and in modified theories of gravity [568–

572]. The linear-in-spin approximation is also useful for understanding the new features and

conceptual challenges that arise with the inclusion of spin. The extension to higher orders in the

spin is left for future work following Refs. [573–575] It is worthmentioning that the Kerr geometry

does not necessarily describe the vacuum region outside a spinning object due to the absence of

Birkhoff’s theorem beyond spherical symmetry. Here, we assume that GR works sufficiently well

on the exterior of the compact object, and no specific model is considered for the object’s interior.

This assumption is valid in modified theories of gravity where the corrections to the metric are

suppressed by powers of ℓ%/A0 � 1, being A0 the object’s radius and ℓ% the Planck length or the

scale of new physics [576].

The background is the Kerr metric at the linear order in spin, which in Boyer-Lindquist

coordinates is given by [272]

3B2 − 5 (A)3C2 + 1
5 (A) 3A

2 + A23Σ2 − 4
�

A
sin2 \3C3q , (7.4)

where 5 (A) = 1 − 2"/A, 3Σ2 = 3\2 + sin2 \3q2, � = 0" is the angular momentum, and "

is the total mass of the compact object. For future convenience, we also define j = 0/" as
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the dimensionless spin. Note that for BHs, the magnitude of the spin parameter is |j | ≤ 1 to

prevent naked singularities, but no such constraint exists for generic compact objects. A generic

spinning body is also characterized by the spin-induced multipole moments, which are relevant

from the second order in spin [2, 328]. For the Kerr metric, all the multipole moments are known

as unique functions of " and �. In this work, we truncate to linear order in spin and thus remove

contribution of spin-induced multipole moments to the metric. Moreover, the exterior spacetime

has no ergoregion, i.e., the region outside the horizon where a static observer cannot exist and is

forced to corotate with the compact object.

From the linear-in-spin metric given above, the BH horizon is located at A+ = 2" . We

analyse horizonless compact objects whose radius is located at

A0 = A+(1 + n) , (7.5)

where n > 0, particularly n = O(10−40) for compact objects with Planckian corrections at the

horizon scale, and n = O(1) for objects whose compactness is comparable to that of a neutron

star.

In the unperturbed case, the fictitious membrane is located at the object’s radius, and the

normal vector to the membrane has components

=C = 0, =A = 1/
√
5 (A), =\ = 0, =q = 0 . (7.6)

The Israel-Darmois junction conditions in Eq. (7.1) determine the density, pressure, and 3-velocity

of the viscous fluid as

d0 = −
√
5 (A0)

4cA0
, ?0 =

1 + 5 (A0)
16cA0

√
5 (A0)

,

D00 =

(
1√
5 (A0)

, 0,
2�

A3
0 (1 − 3 5 (A0))

√
5 (A0)

)
. (7.7)
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The detailed derivation of the membrane parameters is given in Appendix E.1. As expected, the

presence of the angular momentum induces a non-zero azimuthal velocity to the fluid.

7.2.2 Linear perturbations

Let us now perturb the background metric as

6`a = 6
0
`a + n?X6`a , (7.8)

where 60
`a is the metric in Eq. (7.4) and n? is a small parameter controlling the strength of pertur-

bation. The metric perturbation X6`a can be split into two parity sectors as [209, 210]

X6`a = X6
axial
`a + X6polar

`a . (7.9)

In the absence of spin, the two sectors evolve independently without mixing. However, in the

presence of spin, they mix in the field equations and the boundary conditions. In the slow-rotation

limit, it can be shown that the coupling terms between the axial and polar sectors can be dropped

for the computation of th QNM frequencies to linear order in spin [273]. After decomposing the

perturbation into spherical harmonic basis, the axial and polar perturbations in the Regge-Wheeler

gauge to linear order in spin are given by [272, 273]

X6axial`a 3G`3Ga =
∑
ℓ< 2

{
ℎℓ<0 (A, C)

[
(ℓ<
\
(\, q)3\ + (ℓ<

q
(\, q)

3q

]
3C + ℎℓ<1 (A, C)

[
(ℓ<
\
(\, q)3\ + (ℓ<

q
(\, q)3q

]
3A

}
, (7.10)

X6
polar
`a 3G`3Ga =

∑
ℓ<

[
�ℓ<0 (A, C)3C2 + �ℓ<2 (A, C)3A2

+A2 ℓ< (A, C)3Σ2 + 2�ℓ<1 (A, C)3C3A
]
. ℓ< (\, q) , (7.11)

where (ℓ<
\
(\, q) = −mq.ℓ< (\, q)/sin \, (ℓ<q (\, q) = sin \m\.ℓ< (\, q), .ℓ< (\, q) are the tensor

spherical harmonics, and ℓ and < are the angular and azimuthal numbers of the perturbation. In
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the following, we will omit the dependence of the radial and angular functions on the angular and

azimuthal numbers for brevity of notation. The time dependence can be factorised out as

ℎ0(A, C) = ℎ0(A)4−8lC , (7.12)

where the same holds for ℎ1(A, C), �0(A, C), �1(A, C), �2(A, C),  (A, C).

In response to the metric perturbation, the density, pressure and 3-velocity of the membrane

stress-energy tensor are perturbed as

d = d0 + n?Xd(\, q)4−8lC ,

? = ?0 + n?X?(\, q)4−8lC , (7.13)

D0 = D00 + n?XD
0 (\, q)4−8lC ,

where d0, ?0 and D00 are given in Eq. (7.7), and their perturbations can be decomposed in the spher-

ical harmonic basis. In the spinless case (� = 0) the axial perturbations couple with the azimuthal

component of the velocity perturbation of the fluid, whereas the polar perturbations couple with

the density perturbation, the pressure perturbation, and the radial and polar deformations of the

membrane location defined in Eq. (E.29). At the first order in spin, the perturbations with a given

parity and angular number ℓ are coupled to those with opposite parity and angular number ℓ ± 1.

However, it can be shown that the couplings to the ℓ ± 1 terms do not contribute to the QNM

spectrum to the linear order in spin [273]. Thus, we neglect these terms in the following, and

work with axial and polar modes separately. See Appendix E.3 for the derivation of the equations

relating the metric perturbations to the fluid perturbations of the membrane.

Outside the membrane, the Einstein equations governing the metric perturbations can be

reduced to two Schrödinger-like equations, namely the Regge-Wheeler and Zerilli equations de-
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scribing axial and polar perturbations, respectively [209, 210]. They are of the form:

32k(A)
3A2

∗
+

[
l2 − 4<�l

A3 −+ (A)
]
k(A) = 0 , (7.14)

where the Regge-Wheeler effective potential at linear order in the spin is [272, 273]

+RW = 5 (A)
[
ℓ(ℓ + 1)
A2 − 6"

A3 + 24�<(3A − 7")
ℓ(ℓ + 1)lA6

]
, (7.15)

and the Zerilli effective potential is given in Eq. (E.19), where the tortoise coordinate is defined

as 3A∗/3A = 1/ 5 (A). The Regge-Wheeler function kRW(A) is related to the metric perturbation

function ℎ1(A) as

kRW(A) =
(
1 − 2<�

A3l

)−1
5 (A)
A
ℎ1(A) , (7.16)

and ℎ0(A) is related to ℎ1(A) via Eq. (E.16). Similarly, the Zerilli function kZ(A) can be written

as a linear combination of �0(A), �1(A), �2(A) and  (A) as in Eqs. (E.20)-(E.24) at linear order

in spin.

7.2.3 Boundary conditions

By imposing boundary conditions at infinity and the radius of the compact object, Eq. (7.14)

defines an eigenvalue problem. From the junction condition in Eq. (7.1), one finds a constraint

on the metric perturbation at the membrane surface, i.e., a boundary condition at the radius of

the compact object. Different models of horizonless compact objects are described by different

boundary conditions, which depend on the membrane parameters such as the shear and bulk vis-

cosities of the fluid. The boundary condition at membrane surface for axial perturbations turns

out to be

1
kRW(A)

3kRW(A)
3A∗

���
A=A0

= −8l
a

+ "H
2+RW(A0)

2F(3F − H) +

380



<j

2ℓ(ℓ + 1)"H5(H − 3F)2a

{
F3

[
36F2H

(
8

(
ℓ2 + ℓ + 9

)
H+

16a + aH2
)
+6FH2

((
ℓ2 + ℓ − 7

)
aH2 − 28H

(
2ℓ2 + 2ℓ + 13

)
− 42a

)
+H3

(
−3

(
ℓ2 + ℓ − 4

)
aH2 + 48

(
ℓ2 + ℓ + 6

)
H+

36a
)
−2168F3 (H − 28a)

]
− 3F3(2F − H) (6F − ℓ(ℓ + 1)H)[(

4F − 2H + H3
)
a − 28H(3F − H)

]}
, (7.17)

where a = 16c[, H = lA0, and F = "l. The polar boundary condition turns out to be

1
kZ(A)

3kZ(A)
3A∗

���
A=A0

= −16c[8l + � (A0, l, [, Z)

+ <j� (A0, l, [, Z) , (7.18)

where � (A0, l, [, Z) is given in Ref. [90], and the supplemental Mathematica notebook in [274]

contains the complete expression for the polar boundary condition including � (A0, l, [, Z). The

detailed derivation of the above boundary conditions starting from the junction conditions in

Eq. (7.1) is provided in Appendix E.3.

Note that the above boundary conditions are invariant under the transformation (< →

−<, j → −j). It is also worth noting that the axial boundary condition does not depend on

the bulk viscosity Z of the fluid membrane.

The BH boundary condition is recovered in the n → 0 limit, for which + (A0) = 0 and

H = 2F, and by setting the membrane shear and bulk viscosities to BH values as in Eq. (7.3). In

this limit, the axial and polar boundary conditions in Eqs. (7.17) and (7.18) reduce to

3kRW(A)/3A∗
kRW(A)

���
A=A+

=
3kZ(A)/3A∗
kZ(A)

���
A=A+

= −8l̃ , (7.19)

where l̃ = l − <Ω� and Ω� = �/(4"3) is the horizon angular velocity. This is consistent with
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Figure 7.1: Time-independent scattering of gravitational perturbations off a compact
object, which is described by a membrane located at the object’s radius. At infinity,
the Regge-Wheeler and Zerilli wave functions asymptote towards free-wave solu-
tions. At the membrane surface, the boundary conditions in Eqs. (7.17) and (7.18) are
obeyed. The reflectivity of the compact object at infinity is defined as R = �out/�in.

the expected BH boundary condition of a purely ingoing perturbation near the horizon, i.e.,

kRW(A) ∼ kZ(A) ∼ 4−8l̃A∗ , as A∗ → −∞ . (7.20)

Finally, we check that in the spinless limit, j → 0, the boundary conditions in Eqs. (7.17)

and (7.18) reduce to those obtained in Ref. [90] for a horizonless compact object with a Schwarzschild

exterior.

7.3 Reflectivity and quasinormal mode spectrum

7.3.1 Reflectivity of compact objects

One way to differentiate between compact objects is based on their reflectivity as measured

from infinity. Given an ingoing wave packet sent from infinity in the distant past, the reflectivity

is defined as the resultant scattered waveform at infinity in the distant future. It is convenient to

study a time-independent scattering, where both ingoing and outgoing spherical waves are simul-

taneously present. This is schematically represented in Fig. 7.1, where the ratio of the amplitudes
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of the outgoing and ingoing waves at infinity defines the reflectivity as

k(A) ∼ 4−8lA∗ + R48lA∗ , as A∗ → ∞ , (7.21)

after the wave interacts with the compact object and is subjected to the boundary conditions in

Eqs. (7.17) and (7.18) for axial and polar perturbations, respectively.

For non-spinning BHs, with a horizon but no ergoregion, the absolute value of reflectivity,

|R |, is bounded from above by 1. For small frequencies, or equivalently large wavelengths, the

wave packets larger than the BH size are only negligibly absorbed, yielding |R | ≈ 1. As the

wavelength becomes comparable with the BH size, absorption is more relevant and |R | < 1.

For Kerr BHs possessing an ergoregion, the reflectivity can exceed 1 when the frequency

of the perturbation is smaller than the BH horizon angular velocity, i.e., l < <Ω� . This is due

to the phenomenon of superradiance, in which the energy associated with the object’s rotation

may be transmitted to the waves/particles scattered by it. In this case, the BH loses its rotational

energy, leading to an amplification of the outgoing radiation. The analytical expression for the

reflectivity of Kerr BHs at low frequencies to the next-to-leading order in "l was derived in

Refs. [3, 4, 166, 410, 577, 578].

For generic compact objects, the reflectivity |R | is related to the membrane parameters (i.e.,

shear and bulk viscosity of the fluid) through the boundary conditions in Eqs. (7.17) and (7.18)

for axial and polar perturbations, respectively. The computation of the reflectivity for arbitrary

frequencies is done via numerical integration of the perturbation equations in Eq. (7.14) and dis-

cussed in Sec. 7.3.1.2. Some features of the reflectivity may be extracted analytically and are

discussed in the next few paragraphs. We will also discuss the limitations of the linear-in-spin ap-

proximation in the form of spurious effects, specifically superradiance, leading to |R | > 1 when
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the spin parameter j becomes large enough. This is physically not allowed as superradiance re-

quires the presence of an ergoregion, which is absent at the linear order in spin. Nevertheless, this

spuriousness is understood in terms of the limits of validity of the linear-in-spin approximation.

For an ultracompact object (n � 1), in the limits A → 2" and A → ∞, the Regge-Wheeler

and Zerilli equations at the linear order in spin reduce to free-wave equations

32k(A)
3A2

∗
+

[
l2 − <jl

2"

]
k(A) = 0, A → 2" , (7.22)

32k(A)
3A2

∗
+ l2k(A) = 0, A → ∞, (7.23)

In both these limits, the asymptotic solutions can be written as

k(A) ∼ �trans 4
−8l′A∗ + �ref 4

8l′A∗ , A → 2" , (7.24)

k(A) ∼ �in 4
−8lA∗ + �out 4

8lA∗ , A → ∞ , (7.25)

where l′ = l
√

1 − <j/(2"l) and l ∈ Reals. For BHs, the purely ingoing boundary condition

at the horizon fixes �ref = 0. In order to provide an analytical description of the reflectivity, we

use the following conservation law valid for the solution of a Schrödinger-like equation k′′+ (l2−

+) k = 0 with real potential and frequency:

3

3A∗

(
k′k̄ − k̄′k

)
= k′′k̄ − k̄′′k = −+̃kk̄ + +̃ k̄k = 0

=⇒
(
k′k̄ − k̄′k

) ���
A=2"

=
(
k′k̄ − k̄′k

) ���
A→∞

, (7.26)

where the prime denotes a derivative with respect to the tortoise coordinate, k̄ is the complex

conjugate of k, and +̃ = −l2 + 4<�l/A3 + + (A). Eq. (7.26) together with Eqs. (7.22),(7.23)

implies in turn the relation

Re(l′)
l

|�trans |242Im(l′)A∗ = |�in |2 − |�out |2 , (7.27)
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where we note that l′ ∈ Reals, provided l > <j/2" , and furthermore l′ > 0. Thus, for

sufficiently large frequencies, i.e., l > <j/2" , we have |�in |2 > |�out |2 or |R |2 < 1 as expected

from BHs. When the frequency is small, i.e., l < <j/2" , l′ becomes purely imaginary and the

right hand side of Eq. (7.27) vanishes, yielding |R |2 = 1. This is different from the behaviour of

Kerr BHs where one observes a superradiant amplification, i.e., |R |2 > 1, when l < <Ω� [236,

579–581]. This can be explained by the fact that we are using a linear-in-spin approximation

of the Kerr metric, which does not possess an ergoregion and cannot reproduce a superradiant

scattering.

Something interesting happens, however, when we expand l′ to linear order in spin, i.e.,

l′ = l − <j/(4") + O(j2), which modifies Eq. (7.27) to

l̃

l
|�trans |2 = |�in |2 − |�out |2, (7.28)

where l̃ is defined below Eq. (7.19) and l̃ ∈ Reals. Now, we find a superradiant behaviour

when l < <Ω� , which is analogous to the Kerr BH case. Nevertheless, since we do not expect

superradiance at linear order in spin due to the absence of an ergoregion, we interpret this as

a spurious result. Indeed, a consistent study of the slow rotation approximation requires going

to at least second order in spin [273, 568]. This argument requires extra care when dealing with

membranes as their boundary condition is valid up to leading order in spin (unlike the expression in

Eqs. (7.24)). We thus interpret any observation of effects related to the presence of an ergoregion

as a spurious result. This will become relevant for the analysis of the stability of QNMs as shown

in Sec. 7.3.2.

For the compact objects analysed here, the asymptotic behaviour of the perturbations at

infinity in Eq. (7.25) is still valid, however the asymptotic solution near the object’s radius does
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not have a simple analytical form. The following conservation law holds

(
k′k̄ − k̄′k

) ���
A=A0

= (k′k̄ − k̄′k)
���
A=∞

, (7.29)

where A0 is the location of the membrane. We now use the boundary conditions in Eqs. (7.17)

and (7.18) for axial and polar perturbations to rewrite the conservation law as

−|k |2 Im[BC(l, A0, [, Z)]
8l

= |�in |2 − |�out |2 (7.30)

where BC(l, A0, [, Z) = k′/k |A=A0 is the boundary condition to be satisfied by the relevant pertur-

bation functions (Regge-Wheeler or Zerilli). In the BH limit, i.e., n → 0, [ → [BH and Z → ZBH,

Eq. (7.30) reduces to Eq. (7.28) as expected. Since the exterior spacetime is the Kerr metric at

the linear order in spin, which does not have an ergoregion, we cannot trust the regime in which

|R |2 > 1. It is also worth noting that a vanishing of the imaginary part of the boundary condition

on the membrane leads to a perfect reflection where |�out |2 = |�in |2. This can also be achieved

by setting k = 0 on the membrane, corresponding to a Dirichlet boundary condition.

7.3.1.1 Numerical computation of the reflectivity : Methods

The reflectivity can be computed numerically by integrating the perturbation equations in

Eq. (7.14) with the boundary conditions represented in Fig. 7.1. The second-order Regge-Wheeler

and Zerilli equations are integrated outwards starting from the membrane radius A0, where the

wave function and its first derivative need to be specified at the membrane surface. Among the

two unknown functions, one is simply a scale, therefore we can set k(A0) = 1. Then, k′(A0) is

specified by the boundary conditions in Eqs. (7.17) and (7.18) for axial and polar perturbations,

respectively.
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The equations are numerically integrated outwards up to a point sufficiently far away (say

A∞ = 50"), which may be regarded as ‘‘infinity’’. We check that the result of the integration is

numerically stable by changing the numerical value for the infinity. The asymptotic solutions at

infinity are given in Eq. (7.25). Then, given the (numerically obtained) wavefunction and its first

derivative, we compute the reflectivity as

|R | =
������out
�in

����� =
����� 8lk(A∞) + k′(A∞)
8lk(A∞) − k′(A∞)

�����. (7.31)

The accuracy of the integration can be improved by making use of series solutions at infinity

or close to the horizon in the BH case. This modifies the relation in Eq. (7.31) between the

wavefunction and the reflectivity at infinity accordingly. However, concerning the computation of

the reflectivity, series solutions at infinity do not affect significantly the result. For instance, for a

compact object with n = 10−10 and [ = [BH, the absolute value of the reflectivity obtained without

asymptotic series solutions at infinity and using a nineteenth-order asymptotic series solution in

powers of 1/A differ by less than 0.1% at the frequency "l = 0.37. For this reason, we use

Eq. (7.31) for the computation of the reflectivity, where k(A∞) and k′(A∞) are obtained from a

direct integration.

7.3.1.2 Numerical computation of the reflectivity : Results

Let us discuss the variation of reflectivity of the compact object with respect to the fluid

parameters. The shear viscosity [, appearing in both the axial and polar boundary conditions,

controls the reflectivity of the object in the ultracompact limit. This can be seen from the n → 0

limit of Eqs. (7.17) and (7.18), which is
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Figure 7.2: Reflectivity of a compact object for axial perturbations in terms of the
shear viscosity, [, of a fictitious fluid located at the object’s radius, A0 = 2" (1 + n),
with n = 10−10, j = 0.1 and ℓ = < = 2. The shear viscosity varies as [ ∈ (0, [BH)
in the top panel and [ ∈ ([BH,∞) in the bottom panel. Note that the limits [ → 0
and [ → ∞ lead to a perfectly reflecting compact object, described by Dirichlet and
Neumann boundary conditions, respectively. When [ ≠ [BH, the reflectivity has an
oscillatory structure, which is related to the QNMs of the object.

1
kRW(A)

3kRW(A)
3A∗

���
A=A0

= − 8

16c[

(
l − < j

4"

)
, (7.32)

1
kZ(A)

3kZ(A)
3A∗

���
A=A0

= −16c8[
(
l − < j

4"

)
+ (7.33)(

ℓ2 + ℓ − 1
)
<

[
(16c[)2 − 1

]
jl

2; (ℓ + 1)
(
ℓ2 + ℓ + 1

) .

In the BH limit, [ → [BH, the above equations reduces to the purely ingoing boundary condition

as expected from BHs. In the spinless limit (j = 0), the limit [ → 0 corresponds to a Dirichlet

(kRW = 0) and a Neumann (k′
Z = 0) boundary condition on axial and polar perturbations, respec-

tively. Whereas the limit [ → ∞ corresponds to a Dirichlet (kZ = 0) and a Neumann (k′
RW = 0)

boundary condition on polar and axial perturbations, respectively. In both of these limits, the

compact object is purely reflecting at any frequency, i.e., |R | = 1. Note that when the spin is

turned on (j ≠ 0), the limit [ → 0 no longer corresponds to a Neumann boundary condition
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for polar perturbations. However, this limit still describes a purely reflective compact object with

|R | = 1. This can be seen from Eq. (7.30), where the imaginary part of the boundary condition

(i.e., the right hand side of Eq. (7.33)) vanishes in the limit [ → 0 while kZ(A0) remains finite.

Fig. 7.2 shows the absolute value of the reflectivity of a compact object with n � 1 and

different values of the shear viscosity, particularly [ ∈ (0, [BH) in the top panel and [ ∈ ([BH, +∞)

in the bottom panel. We have set j = 0.1 for simplicity. The plots are for axial perturbations,

but they look qualitatively similar in the polar case, yielding to the same results. The reflectivity

profile coincides with the BH one when [ = [BH, and describes a perfectly reflecting object in

the [ → 0 and [ → +∞ limits. The approximate symmetry in the two panels of Fig. 7.2 can be

understood analytically in the large-frequency limit, where the absolute value of the reflectivity is

invariant under the transformation [/[BH → [BH/[, as shown in Eq. (16) of Ref. [90]. An example

of this apparent symmetry is provided by the wormhole, which is a purely reflecting object that

can be described by either Dirichlet or Neumann boundary conditions, corresponding to [ → 0

and [ → ∞ [92, 275, 582]. While the absolute value of the reflectivity may be similar in the

large-frequency limit, the quasinormalmode spectrum is generally different as seen in the differing

oscillatory pattern at smaller values of frequency. Note that the oscillatory structure in reflectivity

becomes sharply peaked when [ → 0 and [ → +∞. This behaviour is due to the QNMs of the

compact object, where the frequencies at which the dips (or resonances) occur coincide with the

real part of the QNMs of the object. Using the analytical formulae for the QNMs of ultracompact

objects in the small-frequency regime [275, 543], we check that the distance between subsequent

dips (or resonances) is given by

Δl =
c

|A0
∗ |

∼ c

2" | log n | . (7.34)
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Figure 7.3: Reflectivity of a compact object for axial (top panel) and polar (bottom
panel) perturbations in terms of the shear ([ = [BH) viscosity of a fictitious fluid
located at the object’s radius, A0 = 2" (1 + n), for j = 0.1 and ℓ = < = 2. The
object’s compactness varies as n ∈ (10−10, 0.5). Note that the reflectivity approaches
1 as n → 0.5, which corresponds to the object’s radius approaching the light ring.

The resonancewidth is proportional to the imaginary part of theQNMs [275, 543], which becomes

smaller in the perfectly reflecting cases compared to the partially absorbing ones. This explains

the sharpness of the resonances in the [ → 0 and [ → ∞ limits.

Let us now analyse the variation of the reflectivity with the object’s compactness for a fixed

viscosity. For this purpose, we fix the viscosity in the axial boundary condition in Eq. (7.17) to the

BH value. The purely ingoing boundary condition is recovered for n → 0, as seen from Eq. (7.32).

However, in the limit n → 1/2, corresponding to the membrane radius located at the light ring,

A0 → 3" , the reflectivity becomes unity as the axial boundary condition tends to the Dirichlet

boundary condition, i.e., kRW(A0) = 0. This happens regardless of the spin as the second and

third terms in the right hand side of Eq. (7.32) are divergent. The top panel of Fig. 7.3 shows the

variation of the reflectivity with the object’s compactness for axial modes in the slowly spinning

case where j = 0.1. The reflectivity coincides with the BH one when [ = [BH and n is small

enough, and describes a perfectly reflecting object in the n → 1/2 limit.
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In the polar case, interestingly, the boundary condition in the spinless case (j = 0) does not

reach the perfectly reflecting limit as n → 1/2. Moreover, the reflectivity depends on the choice

of the bulk viscosity of the membrane fluid. However, the linear-in-spin term � (A0, l, [, Z) in

Eq. (7.18) is divergent in the limit n → 1/2, thus changing the behaviour even for a small value

of spin. The bottom panel of Fig. 7.3 shows the variation of the reflectivity with the object’s

compactness for polar modes in the slowly spinning case where j = 0.1. Note that the small-spin

approximation breaks down for axial and polar modes in the limit n → 1/2. This is because the

linear-in-spin term of the boundary condition scales as (n − 1/2)−2, whereas the spinless term of

the boundary condition scales as (n − 1/2)−1, as shown in Eq. (7.17). Nevertheless, due to the

boundary condition diverging in the limit n → 1/2 both in the nonspinning and spinning cases,

for n = 1/2 the compact object is purely reflecting. It is important to mention that for a given

model of compact object, the viscosities ([, Z) are uniquely determined and will depend on the

compactness parameter n . For simplicity, here we keep the viscosities fixed while varying the

compactness (and vice versa). Model-specific studies are left for future work.

7.3.2 Quasinormal mode spectrum

Another important observable, which is useful for differentiating between compact objects,

is the QNM spectrum. By imposing boundary conditions at infinity and the radius of the compact

object, the complex eigenvalues of Eq. (7.14) are the QNM frequencies of the system, l = l' +

8l� . In our convention, a stable mode has l� < 0 and corresponds to an exponentially damped

sinusoidal signal with frequency 5 = l'/(2c) and damping time gdamp = −1/l� . Conversely, an

unstable mode has l� > 0 with instability timescale ginst = 1/l� . At infinity, we impose that the
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perturbation is a purely outgoing wave, i.e.,

k(A) ∼ 48lA∗ , as A∗ → ∞ . (7.35)

At the object’s radius, we impose the boundary conditions in Eqs. (7.17) and (7.18) for axial and

polar perturbations, respectively. In the following, we discuss the differences from the BH QNM

spectrum for different values of the membrane parameters and the object’s compactness.

7.3.2.1 Numerical methods for the QNMs

In this work, we employ the direct integration and continued fractions methods for the nu-

merical computation of the QNMs [273, 583, 584]. In the direct integration method, the per-

turbation equations are integrated numerically starting from the membrane location, where the

boundary conditions in Eqs. (7.17) and (7.18) are imposed, to a sufficiently large value of A. Then

at infinity, the purely outgoing boundary condition in Eq. (7.35) is imposed. The latter condition

is satisfied for certain values of the frequency, which are the QNM frequencies. The equations are

solved numerically using root-finding algorithms, along with an initial guess for the frequency.

This approach needs to use high-order asymptotic solutions sufficiently far from the compact ob-

ject (at A → ∞) and at the horizon of BHs (A → 2") to guarantee numerical accuracy. A

limitation of the direct integration method is that is does not give accurate results for overtones,

and is mainly useful for computing fundamental mode frequencies.

The continued fractions method was originally developed in Ref. [583] to compute the

QNMs as roots of implicit equations. The eigenfunction is written as a series expansion whose

coefficients satisfy a finite-term recurrence relation. This method was generalized to work with

boundary conditions at the radius of compact objects in Refs. [90, 584].
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7.3.2.2 Validity of the linear-in-spin approximation

Let us compute the fundamental QNM of a Kerr BH at linear order in spin, and compare it

with the fundamental QNM of a Kerr BH as a function of the spin. This comparison allows one

to set the maximum spin to which the linear-in-spin approximatiom can be trusted. Since axial

and polar modes are isospectral in BHs regardless of the spin, we restrict our analysis to the axial

QNMs.

To compute the QNM frequencies for a BH to linear order in spin, we impose either a purely

ingoing boundary condition at the horizon as in Eq. (7.19) or the membrane boundary condition

in Eq. (7.17) in the BH limit, i.e., n → 0, [ → [BH and Z → ZBH. From the numerical integration,

n = 0 leads to a coordinate singularity, however it is sufficient to choose a sufficiently small value

of n , for example n = 10−10, for which the integration is well defined. We checked that the BH

QNM does not depend on the choice of the numerical value for n .

Since our analysis is valid in the slow-spin approximation, we expand the numerically com-

puted QNM frequencies as [273, 574]

l(j) = l(0) + <jl(1) + O(j2), (7.36)

and we discard the second-order-in-spin terms. The numerically solved QNMs even using the

linearised boundary conditions have a general dependence on j. Thus, we Taylor-expand the

numerically computed QNMs and truncate them to linear order in spin. The quantity l(0) is com-

puted when j = 0, and the quantity l(1) is computed as the slope of the linear-in-spin expansion

by simply using the finite difference formula

l(1) =
l(j2) − l(j1)
<(j2 − j1)

, (7.37)
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where j1 = 0 and we choose j2 = 10−4. Alternatively, we can construct a polynomial fit for l(j)

and truncate the fitted polynomial to the linear order in spin. Both methods yield the same result

for l(1) within 10−3%.
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Figure 7.4: Real (top panel) and imaginary (bottom panel) part of the fundamental
ℓ = < = 2 QNM of a slowly-spinning BH with respect to a Kerr BH as a function
of the spin. The shaded band shows the 1% range beyond which the linear-in-spin
approximation is not valid.

To estimate the maximum value of the spin for which the linear-in-spin approximation is
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valid, we plot the ratio l/lKerr as a function of the spin in Fig. 7.4. The plot shows that the linear-

in-spin BH QNMs are consistent with the Kerr QNMs within 1% (shaded region) up to j ∼ 0.2

for the real part of the frequency and j ∼ 0.35 for the imaginary part of the frequency. Based on

this argument, we restrict to j ≤ 0.2 as the region in which the linear-in-spin approximation is

valid in the rest of this work.

An additional constraint applies if clear unphysical features appear in the results. For in-

stance, as discussed in Sec. 7.3.1, the linear-in-spin approximation can lead to spurious superra-

diant effects for sufficiently small frequencies, i.e., <j/(4"l) > 1. In the next section, we show

that certain modes become unstable in purely reflecting ultracompact objects with large values of

the spin. This is explained as an ergoregion instability, which is a spurious effect at linear order

in spin [273, 275].

7.3.2.3 QNMs with the membrane paradigm

Let us now investigate the QNM frequencies of slowly spinning horizonless compact ob-

jects, and their variation with the membrane parameters.

First, we analyse a horizonless compact object with n � 1, whose reflectivity is related to

the shear viscosity of the membrane as in Fig. 7.2. In this limit, the axial boundary condition

approaches the expression in Eq. (7.32). We derive numerically the variation of the QNM fre-

quencies with the shear viscosity [. This corresponds to the study of how the fundamental mode

evolves by varying the reflectivity of the compact object away from the BH case. Fig. 7.5 shows

the real (top panel) and imaginary (bottom panel) part of the axial QNMs of an ultracompact ob-

ject as a function of the shear viscosity for different values of the spin. The nonspinning case was
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Figure 7.5: Real (top panel) and imaginary (bottom panel) part of the fundamental
ℓ = < = 2 QNM of an ultracompact object as a function of the viscosity parameter
[ for different values of the spin. For [ = 1/(16c), the compact object is totally
absorbing; whereas for [ → 0 and [ → ∞, the compact object is perfectly reflecting.

derived earlier in Ref. [90].

When [ = 1/(16c), the compact object is totally absorbing and we recover the BH fun-

damental QNM. Then, the variation of the viscosity affects drastically the mode, with a sharp
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behaviour around the the BH limit. For [ → 0 and [ → ∞, the compact object is perfectly

reflecting, as shown in Fig. 7.2.

It is interesting to note the increase in the imaginary part of the QNMs when the spin in-

creases in the limits [ → 0, ∞. This shows that the ℓ = < = 2 mode decays faster with the spin.

Moreover, according to Eq. (7.36), the < = −2 modes should become longer lived. In particular,

the imaginary part of these modes can cross 0 indicating an instability (this phenomenon was al-

ready observed in Refs. [275, 585] for totally reflecting boundary conditions). Fig. 7.6 shows the

imaginary part of the fundamental (ℓ, <) = (2,±2) QNMs as a function of the spin for the limits

of [ → 0 and [ → ∞, corresponding to total reflection.
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Figure 7.6: Imaginary part of the ℓ = 2,< = ±2 QNMs of an ultracompact object as a
function of the spin for a perfectly reflecting compact object with viscosity [ � [BH
and [ � [BH. Note that the imaginary part for < = −2 changes sign above a critical
value of the spin rendering the mode unstable.

We note that the imaginary part of the < = −2 QNMs indeed changes sign, signalling

an instability in the totally reflecting limits. The critical value of the spin where this happens
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(j ∼ 0.11, 0.15 for [ → 0,∞, respectively) is compatible to Ref. [275], where the instability is

associated with the ergoregion instability for spinning and totally reflective ultracompact objects.

However, from the earlier discussion in Sec. 7.3.1, we know that the presence of ergoregion-related

behaviour is an artefact of the expansion at the linear order in spin. Thus, it is merely a coincidence

that the linear-in-spin expansion makes the result more consistent with the behaviour for arbitrary

values of the spin. Nevertheless, it is clear from Fig. 7.6 that the modes become longer lived as

the spin increases in the purely reflecting limit.

The variation of the polar fundamental QNM mode as a function of the shear viscosity is

qualitatively similar to the axial case. Thus, we do not show it here. However, due to the differing

boundary conditions in the n → 0 limit in Eqs. (7.32) and (7.33), the isospectrality between axial

and polar QNMs is broken when [ differs from the BH value in both spinning and nonspinning

cases. We also note that, for n → 0, the polar boundary condition does not depend on the bulk

viscosity of the membrane. Fig. 7.7 shows the breaking of isospectrality between axial and polar

modes for j = 0, 0.1 as a function of the shear viscosity of the fluid. Let us now analyse the

variation of the QNMs with the compactness of the object for a fixed shear viscosity. Fig. 7.8

shows the real (top panel) and imaginary (bottom panel) part of the axial and polar QNMs of a

spinning horizonless compact object as a function of n , where j = 0.2 and [ = [BH. For n → 0 we

recover fundamental ℓ = < = 2 QNM of a Kerr BH at the first order in spin. For larger values of

n , the compactness of the object decreases and the QNMs depart from the BH picture. The axial

and polar QNMs are not isospectral; moreover, the polar QNMs depend on the bulk viscosity of

the membrane fluid.

The variation of the fundamental QNM in the spinless case for axial and polar modes was

derived in Ref. [90]. It was estimated that horizonless compact objects with n . 0.1 are com-
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Figure 7.7: Real (top panel) and imaginary (bottom panel) part of the ℓ = < = 2
QNM of an ultracompact object as a function of the viscosity parameter [ for axial
and polar perturbations, and different values of the spin. Note that the isospectrality
between axial and polar modes is broken in both the spinless and spinning cases.

patible with the measurement accuracy of the fundamental QNM in GW150914 [276], which is

approximately 10% and 15% for the real and imaginary part of the frequency, respectively (cor-

responding to the shaded area in Fig. 7.8). Here, we reconsider this argument by including the

399



spin at the linear order. By comparing Fig. 7.8 with Ref. [90], we find that the variation of the
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Figure 7.8: Real (top panel) and imaginary (bottom panel) part of the fundamental
ℓ = < = 2 QNM of a compact object with effective shear viscosity [ = [BH, with
respect to their corresponding value for the BH case. The QNMs are functions of
the parameter n , which is related to the compactness of the object. For n → 0, we
recover the fundamental BH QNM and axial and polar modes are isospectral. The
shaded band correspond to the error bars (10% and 15%, respectively) for the real and
the imaginary part of the fundamental QNM for the merger event GW150914 [276].

real part of the fundamental mode as a function of n is suppressed by the spin. However, the
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variation of the imaginary part of the fundamental mode is enhanced by the spin and it crosses

the shaded band for smaller values of n than in the nonspinning case. Fig. 7.8 shows that spinning

(j = 0.2) horizonless compact objects with n . 0.05 are compatible with measurement accuracy

of the fundamental QNM in GW150914. This suggests that spinning horizonless compact objects

may be more easily differentiated than nonspinning ones in the prompt ringdown. Moreover, the

breaking of isospectrality between axial and polar modes may be more readily seen for increasing

the values of the compactness.

7.4 Summary and conclusions

In this work, we have extended the membrane paradigm to linear order in spin, to inves-

tigate slowly spinning horizonless compact objects. We have derived the boundary conditions

describing axial and polar perturbations of generic compact objects to linear order in spin, and

presented their expressions in the Appendix and the supplemental Mathematica document [274].

We have discussed the effect of spin in observables such as the object’s reflectivity at infinity and

the fundamental QNM frequencies in the ringdown. In particular, we numerically computed the

reflectivity as a function of the shear [ and bulk Z viscosities of the membrane and the object’s

compactness. We discussed the relation between the viscosity and the reflectivity in the limit of

the BH compactness (n → 0), where the limits [ → 0, ∞ lead to the cases of purely reflecting

compact objects. In the spinning case, the reflectivity changes discontinuously when the object’s

radius approaches the light ring (n → 1/2) even for small values of the spin, both for axial and

polar perturbations.

We analysed the variation of the fundamental QNM frequency with the membrane param-
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eters in the presence of spin. We computed the fundamental ℓ = < = 2 mode for the membrane

parameters of a Kerr BH at linear order in spin (n → 0, [ = 1/16c, Z = −1/16c) as a function

of the spin, and compared it with the fundamental QNM of a Kerr BH. We found that the linear-

in-spin QNM frequency is within 1% of the Kerr value up to j ∼ 0.2. We thus restricted the

upper limit on the spin in this work at j = 0.2. However, considering the presence of spurious

superradiance at linear order in spin, we cautioned that one must keep a look out for such unphys-

ical effects, and setting j < 0.2 as the regime of validity for generic compact objects can lead to

incorrect conclusions.

We analysed the shift in the fundamental QNM frequency starting from the BH case ([ =

1/16c) and going towards the purely reflecting cases ([ → 0, ∞). We noticed that for < = −2,

the fundamental mode frequencies become longer lived (i.e., the imaginary part tends to 0) as

the spin increases in the purely reflecting limits ([ → 0, ∞). In particular, for j ∼ 0.1 − 0.15,

the imaginary part of the fundamental mode switches sign signalling an instability. While this

is consistent with previous literature on QNMs of purely reflecting spinning objects, we argued

that the linear-in-spin approximation cannot exhibit such effects lacking an ergosphere. Thus,

we cannot claim the presence of an instability from the linear-in-spin approach, but the trend of

longer lived fundamental mode as the spin is increased for purely reflecting bodies can be taken as

a result. We then considered the variation of the fundamental mode frequency as the compactness

approaches the BH value, for both axial and polar modes. The polar modes have an additional

dependence on the bulk viscosity Z when n ≠ 0. Similarly to the nonspinning case analysed

earlier, we found that the axial and polar modes are not isospectral when n ≠ 0. Moreover, the

spin enhances the variation of the imaginary part of the fundamental mode with respect to the BH

value. Therefore, spinning horizonless compact objects may be more easily differentiated than
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nonspinning ones in the prompt ringdown.

Overall, the inclusion of spin causes the QNM spectrum of a horizonless compact object

to deviate more strongly from the one of a BH with the same spin parameter, even at linear order

when the spin-induced multipole moments are neglected. However, the remnants of compact bi-

nary coalescences have large values of the spins, j & 0.6. Therefore, it is important to extend this

framework to higher orders in spin as a future work. Finally, the development of a Bayesian frame-

work to map current constraints from parametrised tests of GR into constraints on the properties

of compact objects is left for future work.
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Chapter 8: Conclusions and future work

The primary focus of the dissertation was to advance our understanding of the gravita-

tional dynamics of compact objects (such as black holes (BHs) and neutron stars (NSs)) and

their applications in gravitational-wave (GW) astronomy. A key aspect of this work involved the

study of gravitational Raman and Compton scattering of GWs off compact objects. This problem

was chosen for its tractability within both worldline effective field theory (WEFT) frameworks

and BH/stellar perturbation theory (BHPT/SPT), making it particularly well-suited for analyzing

finite-size effects, such as tidal interactions, and for probing how the internal structure of com-

pact objects influences their interaction with the surrounding gravitational field. Additionally, the

dissertation explored the two-body scattering problem and the translation of scattering observ-

ables to bound binary systems—a crucial step for applying scattering results to GW astrophysics.

Lastly, the work investigated the shift in the fundamental QNM frequencies for spinning, reflective

compact objects.

8.1 Gravitational Raman scattering and tidal effects

The scattering of gravitational waves off a compact object provides a clean and insightful

playground to study its coupling to external gravitational fields. The resulting amplitude can also

be employed to constrain the two-body dynamics. Moreover, this setup is particularly well-suited
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for matching computations to fix parameters in WEFTs, especially the Wilson coefficients asso-

ciated with tidal interactions, as it remains analytically and numerically tractable both in the full

theory and within relativistic perturbation theory (BHPT/SPT). More broadly, it offers an ideal

framework to understand how compact objects respond to external perturbations—a question of

universal relevance across gravitating systems. Additionally, the gravitational Compton ampli-

tude connects naturally to quantum field theory (QFT)-inspired approaches that aim to bootstrap

scattering amplitudes based on general principles.

In Chapter 3, we computed the gravitational Compton amplitude for a spinning-parity in-

variant body with spin-induced quadrupole and octupole moments to third order in spin at linear

order in the mass of the scattering body. We showed that the resultant amplitude was consis-

tent with some previous conjectures based on a best-behaved high-energy limit considerations

when the spin-induced multipole moments were that of a Kerr BH. Additionally, we obtained ex-

pressions for the deviation from the BH case as a function of the strength of induced multipole

moments.

In Chapters 4, 5, and 6, we investigated the problem of gravitational Raman scatteringwithin

both BHPT andWEFT frameworks, using the comparison to constrain the tidal responses of Kerr

BHs and non-spinning NSs. In Chapter 4, we constrained the dissipative response of Kerr BHs

and computed the associated changes in mass and angular momentum for quasi-circular, aligned-

spin binaries during inspiral, evaluating their contribution to the waveform at NNLO. Chapter 5

extended this analysis to conservative coefficients, recovering the vanishing of static Love numbers

and establishing the classical renormalization group flow in the dynamical Love and dissipation

numbers. We also analyzed tail effects in the scattering process and their role in shaping the tidal

response. In Chapter 6, we applied these methods to neutron stars, accounting for the coupling
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between matter and gravitational perturbations in the fluid interior. We computed the static Love

number and leading dissipation number for various equations of state (EOS), and studied the

influence of tidal dissipation, within a fully relativistic framework, during the inspiral phase.

These works collectively illustrate how gravitational Raman scattering serves as a powerful

probe of compact-object binary dynamics, particularly in modeling tidal effects during the inspi-

ral. It is timely and important to refine these results further and explore their potential applications

in the broader context of gravitational scattering.

Some related future directions that are currently actively being pursued with collaborators

are

• A direct practical application of Raman scattering lies in the context of GW lensing. GW

lensing is typically analyzed in the geometric optics limit, where BHPT is not well suited.

However, this approximation breaks down when the GW wavelength becomes comparable

to the characteristic scale of the lens, which can occur in certain events. In such cases,

the wave-like nature of GWs must be accounted for, requiring a full scattering analysis via

BHPT. This has recently been carried out for non-spinning lenses in Ref. [586]. Building

on our previous work, we possess the tools to extend this analysis to Kerr BHs and are

currently pursuing this direction.

• It is also worthwhile to investigate how tidal interactions are modified in spinning NSs

without relying on the Newtonian approximation, extending the analysis presented in Chap-

ter 6 [5]. Such a study will refine our understanding of relativistic tidal effects in spinning

NSs and provide an independent verification of recent results concerning tides in binaries

with spinning components [199].
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• A related avenue involves extending our framework beyond the adiabatic tide regime, which

assumes static or slowly-varying external fields. This extension is particularly relevant for

NSs, where dynamical tides and tidal resonances can play a crucial role during the inspiral.

Addressing this requires semi-analytical or numerical generalizations of our formalism. For

NS binaries, it will lead to improved waveform modeling, while for BHs, it will enhance

our understanding of the link between tidal responses and QNM spectra.

8.2 Two-body scattering and its relationship to the bound dynamics

For highly eccentric binaries or during the late stages of inspiral, the PN expansion becomes

inadequate due to its reliance on small velocities and weak-field assumptions. A significant ap-

proach to circumvent these limitations involves analyzing two-body scattering encounters within

the post-Minkowskian (PM) framework. The PM scheme, being an expansion in powers of the

gravitational constant rather than velocity, does not assume non-relativistic motion. This allows

for the resummation of results to all orders in E/2, where E denotes the typical velocities in the

system. Crucially, scattering observables computed in this framework can also be repurposed to

extract information about bound binaries [131, 153, 227].

In Chapter 2, we investigated the scattering of two charged particles in electromagnetism

up to third order in the coupling (third post-Lorentzian order, corresponding to sixth order in

the charges), incorporating radiation reaction effects. We computed key observables such as the

scattering angle, impulse, radiated energy, and angular momentum. Furthermore, we derived new

analytical continuation maps connecting the radiated energy and angular momentum in scattering

encounters to their counterparts per radial period in bound orbits. We demonstrated the validity of
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these mappings in both the electromagnetic case and in the gravitational case at 1PN. The chapter

concluded with a critical discussion on the applicability and limitations of such mappings.

• A promising direction for future research is the incorporation of dynamical tides into scatter-

ing encounters. In particular, it would be interesting to investigate how oscillationmodes—such

as QNMs in BHs—can be excited in these scenarios. Numerical simulations have al-

ready demonstrated that QNMs can be triggered in highly eccentric systems, especially

in extreme-mass-ratio binaries. In contrast, during quasi-circular inspirals, the typical or-

bital frequencies remain too low to efficiently excite QNMs. However, in scattering events,

the absence of a single characteristic time scale opens up the possibility of mode excitation

under different conditions. Understanding the mechanisms behind such excitations, and as-

sessing their observational significance, could yield novel insights for gravitational-wave

astronomy.

8.3 Modeling ringdown for generic compact objects

The characteristic frequencies emitted by compact objects during the ringdown phase—when

the object relaxes to a stationary state—serve as crucial probes of their nature. They depend sen-

sitively on intrinsic properties such as reflectivity, spin, and compactness.

In Chapter 7, we analyzed how the fundamental QNM frequency varies for spinning com-

pact objects with differing reflectivity and radius. To this end, we employed the membrane

paradigm as a phenomenological tool to parametrize generic compact objects. Specifically, we

incorporated linearized spin into the framework and derived boundary conditions for the metric

perturbations in terms of membrane parameters. We then examined how varying these parameters
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affects reflectivity characteristics and the fundamental mode, providing physical interpretations of

the results.

Potential directions for future research include:

• A key avenue is to explore how spin-induced deformations influence QNM frequencies.

This is of both conceptual and observational relevance, particularly for constraining de-

viations from Kerr based on ringdown signals. From a practical standpoint, this requires

parameterizing boundary conditions at the surface of spinning, deformed compact objects.

Extending the membrane paradigm to higher orders in spin offers a viable approach to

achieve this.

• Another important objective is to elucidate the relationship between QNM frequencies and

the tidal response. In the Newtonian limit, QNMs correspond to the poles of the tidal-

response function, interpreted as oscillation modes. However, in the relativistic regime,

this connection is obscured by the inherent nonlinearities of GR. A detailed investigation

into this link is warranted. In earlier chapters, we demonstrated how the tidal response is

encoded in the boundary conditions at the stellar surface. Comparing these findings with

semi-analytical or numerical studies that relate QNMs to boundary conditions could help

relate QNMs to the tidal response in a relativistic context.
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Appendix A: Conservative and radiative dynamics in

classical relativistic scattering and bound systems

A.1 The 2nd order worldline corrections

A.1.1 Evaluating the force

Here, we show the steps leading to the explicit computation of the 2nd order worldline cor-

rections. We first need to find the partial derivatives of the field tensor (�`a) w.r.t. the coordinates

of the particles’ worldlines, velocities and accelerations. We list them below and then use them

to compute the 2nd order force in terms of 1st order worldline corrections I(1) . We have

�`a (I1(g1)) [I2(g2,ret) = I2,ret] =
2@2d

[`
2 [A2 ¥Ia]2,ret − ¤Ia]2,ret( ¥I2,ret · d2 − 1)]

A3
2

,

d
`

2 = I
`

1 − I`2,ret, A2 = ¤I2,ret · d2. (A.1)

This is the field sourced by particle 2 at particle 1’s position (G = I(g1)). It depends on the

worldlines directly via the expression shown above and indirectly through the retarded time g2,ret.

It is convenient to separately deal with the dependence on retarded time. The required partial

derivaties are

m�`a (I1) [I2,ret]
mI1,U

=
2@2

A4
2

[
(A2X

U
[` − 3 ¤IU2,retd2,[`)

(
A2 ¥I2,ret,a] − ¤I2,ret,a] ( ¥I2,ret · d2 − 1)

)
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+ A2d2,[`
(
¤IU2,ret ¥I2,ret,a] − ¤I2,ret,a] ¥IU2,ret

) ]
, (A.2)

m�`a (I1) [I2,ret]
mI2,ret,U

= −
m�`a (I1) [I2,ret]

mI1,U
, (A.3)

m�`a (I1) [I2,ret]
m ¤I2,ret,U

=
−2@2d2,[`

A4
2

[
2dU2 ¥I2,ret,a] −

(
3dU2 ¤I2,ret,a] − XUa]

)
( ¥I2,ret · d2 − 1)

]
, (A.4)

m�`a (I1) [I2,ret]
m ¥I2,ret,U

=
2@2d2,[`

A3
2

(
A2X

U
a] − ¤I2,ret,a]d

U
2
)
, (A.5)

where we have kept the retarded time fixed while varying the coordinates. We now quantify the

dependence on retarded time by the total derivative:

3�`a (I1) [I2(g2,ret)]
3g2,ret

=
m�`a (I1) [I2(g2,ret)]

mI2,ret,U
¤I2,ret,U +

m�`a (I1) [I2(g2,ret)]
m ¤I2,ret,U

¥I2,ret,U

+
m�`a (I1) [I2(g2,ret)]

m ¥I2,ret,U
Ï2,ret,U . (A.6)

We can now compute the 2nd order corrections to the force. The 2nd order correction to the

force is obtained by substituting 1st order worldlines (and retarded time) in the force and taking

the coefficient of 44, i.e.,

<1 ¥I(2)`1 =

[
44

] [
42@1�

`a ¤I1,a + 42 2@2

3

(
Ï
`

1 + ¥I21 ¤I
`

1

)]
= 5 (2)`

where [G2] 5 (G) = Coefficient of G2 in 5 (G), and in RHS, we have

I
`

1 → I
(0)`
1 + 42I

(1)`
1 , I

`

2 → I
(0)`
2 + 42I

(1)`
2 , g2,ret = g

(0)
2,ret + 4

2g
(1)
2,ret, (A.7)

where 5 (2)` is the total force correction at 2nd order. We expand the RHS of Eq. (2.27) into four

parts using Taylor series, as was shown in the diagrams in figure 2.29 in main text. Here, we write

those contributions explicitly in terms of 1st order worldline corrections using the partial deriva-

tives of the field tensor derived above.
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I a) Correction to 42@1�
`a ¤I1,a due to 42I

(1)
1 .

Diagram I is the force correction due to the 1st order worldline corrections to

particle 1 in the zeroth order field of particle 2, via the explicit dependence of

I1(g1), ¤I1(g1) in the Lorentz force (first term in RHS of Eq. (A.7)). It thus scales

as 1/<1. It is given by

44 5
(2)`
I = 44 m (@1�

`a ¤I1,a)
mIU1

| (0)I(1),U1 + 44 m (@1�
`a ¤I1,a)

m ¤IU1
| (0) ¤I(1),U1 . (A.8)

At zeroth order, we have ¥I(0) = 0, ¤I8 = D8, d(0),`2 = 1` + D`1g1 − D
`

2g
(0)
2,ret, A2 = −g(0)2,ret + Wg1. We

define A2(g1, g (0)2,ret) = A21 =

√
|1 |2 + (WE)2g2

1 and B1 = WEg1 + A21. Thus, the contribution to force

is given by

5
(2)`
I =

@1@2 [W(A21I
(1).`
1 − 3d(0),`2 D2 · I(1)1 ) − D`2 (A21D1 · I(1)1 − 3D1 · d(0)2 D2 · I(1)1 )]

A4
21

+
@1@2 [d(0),`2 (D2 · ¤I(1)1 ) − D`2 (d

(0)
2 · ¤I(1)1 )]

A3
21

, (A.9)

where the 1/<1 dependence comes from 1st order worldline corrections I(1)1 . Using this expres-

sion and the 1st order corrections (Eq. (2.23)), it is easy to see that this is composed of a linear

combination of terms such as

1
<1

{
(A21 or B1 or g1) × log(B1)

A4
21

,
(A21 or B1 or g1) × B1

A4
21

,
(g1 or B1)
A4

21

}
(A.10)

II
b) Correction to 42@1�

`a ¤I1,a due to 42I
(1)
2 .

Diagram II is the force correction due to 1st order worldline correction of particle

2 via explicit dependence of the Lorentz force term on [I2]. It thus scales as 1/<2.
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It is given by,

44 5
(2)`
II =44 m (@1�

`aD1,a)
mIU2

| (0)I(1),U2 + 44 m (@1�
`aD1,a)

m ¤IU2
| (0) ¤I(1),U2

+ 44 m (@1�
`aD1,a)

m ¥IU2
| (0) ¥I(1),U2 (A.11)

Evaluating the partial derivatives with zeroth order worldlines gives us

5
(2)`
II =

−@1@2 [W(A21I
(1).`
2 − 3d(0),`2 D2 · I(1)2 ) − D`2 (A21D1 · I(1)2 − 3D1 · d(0)2 D2 · I(1)2 )]

A4
21

−
@1@2 [d(0),`2 (3d(0)2 · ¤I(1)2 W − D1 · ¤I(1)2 ) − (d(0)2 · D1) (3D`2 d

(0)
2 · ¤I(1)2 − ¤I(1),`2 )]

A4
21

+
@1@2 [d(0),`2 (A21(D1 · ¥I(1)2 ) − Wd(0)2 · ¥I(1)2 ) − (D1 · d(0)2 ) ( ¥I(1),`2 − D`2 (d

(0)
2 · ¥I(1)2 ))]

A3
21

, (A.12)

where the 1/<2 dependence comes from the first order worldline corrections I(1)2 , and we can use

this expression and the 1st order corrections (Eq. (2.26)) to see that it is a linear combination of

terms like

1
<2

{
(A21 or g1 or B1) × B2

A4
21

,
(A21 or g1 or B1) × log(B2)

A4
21

,
(B1g1 or g2

1 or B21 or B1 or g1) × (1 or B2)
A4

21A12
,

A21 or B1 or g1 or B21 or g1B1 or g2
1 or B31 or B21g1 or g3

1

A3
21A

3
12

}
,

A12 =

√
|1 |2 + (WE)2g2

2 , B2 = WEg2 + A12. (A.13)

In the above expressions, all functions of g2 should be evaluated at g(0)2,ret.

III

g
(1)
2,ret(I

(1)
0 )

g1

c) Correction to 42@1�
`a ¤I1,a due to 42g

(1)
2,ret.

Diagram III is the force correction due to first order corrections to retarded time

which in turn comes from 1st order correction to both particles’ worldlines. It

gains contributions linear in both I(1)1 and I(1)2 (and their derivatives) and thus has
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terms with both kinds of scaling (1/<1, 1/<2). It is given by,

42@1
3�`aD1,a

3g2,ret
g
(1)
2,ret = 4

4 m (@1�`a (I1, I2,ret)D1,a)
mIU2,ret

DU2 g
(1)
2,ret. (A.14)

The 1st order correction to retarded time is obtained by solving |d |2 = 0 with first order corrected

worldlines to order 42. Thus, we have

|I1− I2(g2,ret) |2 ≈ (12+g2
1 +g

2
2,ret−2g1g2,retW) +242(1+D1g1−D2g2,ret) · (I(1)1 − I(1)2 ) = 0. (A.15)

To solve iteratively, we substitute g2,ret = g
(0)
2,ret + 4

2g
(1)
2,ret, g

(0)
2,ret = Wg1 − A21. We get

42g
(1)
2,ret(g

(0)
2,ret − Wg1) = 4

2g
(1)
2,retA21 = −42(1 + D1g1 − D2g

(0)
2,ret) · (I

(1)
1 − I(2)2 ),

42g
(1)
2,ret =

42d
(0)
2 · (I(1)1 − I(1)2 )

A21
. (A.16)

As expected, the retarded time is linear in both I(1)1 and I(1)2 and thus has terms with both types of

mass dependencies <−1
1 , <

−1
2 . We can now evaluate its contribution to force to be

5
(2)`
III =

−@1@2(d(0)2 · (I(1)1 − I(1)2 )) [(A21D
`

2 − 3d`2W)W − (WA21 − 3(d(0)2 · D1))D`2 ]
A5

21
. (A.17)

It contains new types of terms such as

(B1 or g1 or B21 or g1B1 or g2
1 ) × (B1 or log(B1) or B2 or log(B2))

A5
21

. (A.18)

We omit discussion of Diagram IV in the appendix since it is much simpler and was explicitly

treated in the main text. The total force is the sum of all four contributions,

44<1I
(2)`
1 = 44( 5 (2)`I + 5

(2)`
II + 5

(2)`
III + 5

(2)`
IV ). (A.19)

A.1.2 Performing the integrals

All three sets of terms in Eq. (A.10), Eq. (A.13), and Eq. (A.18) contain many square roots

coming from A21 =

√
|1 |2 + (WE)2g2

1 , A12(g(0)2,ret) =
√
|1 |2 + (WE)2(Wg1 − A21)2. The latter even
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appears to contribute nested square roots. This however can be resolved by using the relation

A12
2 (g(0)2,ret) = |1 |2 + (WE)2(Wg1 − A21)2 = |1 |2 + (W2 − 1)W2g2

1 + (W2 − 1)A2
21 − 2(W2 − 1)Wg1A21

= W2( |1 |2 + (W2 − 1)g2
1 ) + (W2 − 1)2g2

1 + 2(W2 − 1)Wg1A21

= (WA21 + (WE)g1)2, (A.20)

which removes the nested square roots but the square roots still complicate analytical integration.

We can remove all the square roots by using the very convenient variable B1 = WEg1 + A21 along

with the relations

g1 =
|1 | (B21 − 1)
2B1 sinh(q) , g2 |g2=g (0)2,ret

=
|1 | (B21 − 4

2q)
2B14q

, A21 =
|1 | (1 + B21)

2B1
,

A12 |g2=g (0)2,ret
=

|1 | (42q + B21)
24qB1

, B2 |g2=g (0)2,ret
= 4−qB1, (A.21)

where q = arccosh(W). This reduces the many terms in the acceleration to these simpler classes

of terms

B31Poly(B1) log(B1)
(<1 or <2) (1 + B21)5

,
B31Poly(B1)

(<1 or <2) (1 + B21)5
,

B31Poly(B1)
<2(1 + B21)4(42q + B21)3

. (A.22)

We continue to use B1 as our main variable during integration, we multiply the acceleration

(force/<1) with the Jacobian (3g1/3B1) = A21/(B1 sinh(q))) = (1 + B21)/(2B
2
1 sinh(q)). We can

now integrate w.r.t. B1 to get the correction to the velocity ( ¤I(2)1 ) up to a constant. The integrals

are of the type(s)∫
3B1

B1 × Poly(B1) log(B1)
(1 + B21)4

,

∫
3B1

B1 × Poly(B1)
(1 + B21)4

,

∫
3B1

B1 × Poly(B1)
(1 + B21)3(42q + B21)3

. (A.23)

Mathematica has no trouble evaluating these integrals in this form, no futher simplification is

required from a practical point of view. It may be tempting to divide them further into basis

415



integrals (say of the form
∫
3B1B

=
1 log(B1)/(1 + B21)

3) but this does not provide any insight or lead

to further simplification. In fact, dividing in such a way can lead to non-elementary functions

(PolyLogs) upon integration which cancel out in the overall expression. A better way to divide

them further (if one wishes to) is to divide the terms in the force in the forms given in Eq. (A.10),

Eq. (A.13), and Eq. (A.18) except expressed as functions of B1. Then each individual integral

is made only of elementary functions. Regardless, performing all the integrals and putting them

together gives an expression for 2nd order velocity ( ¤I(2)1 ) made of a linear combination of terms of

the form

Poly(B1)
(<1<2 or <2

1) (1 + B21)3
,

1
(<1<2 or <2

1)
arctan(B1),

Poly(B1) log( |1 |B1 sinh(q))
(<1<2 or <2

1) (1 + B21)3
, ,

1
<1<2

arctan(4−qB1),
Poly(B1)

<1<2(1 + B21)3(42q + B21)2
. (A.24)

We get the worldline correction (I(2)1 ) by repeating the integration process one more time. Thus,

we once again multiply the Jacobian (3g1/3B1) = A21/(B1 sinh(q))) = (1 + B21)/(2B
2
1 sinh(q))

integrate w.r.t. B1. Mathematica can do these integrals with relative ease and we get the 2nd order

corrections to the worldlines. Explicit calculation gives the following expression after imposing

the boundary conditions limg1→−∞ I
(2)
1 · 1 = 0 and limg1→−∞ ¤I(2)1 = 0:

I
(2)`
1 =

@2
1@

2
2

<2
1

{
arctan

(
g1WE

|1 |

) − cosh(2q)g11̂` + |1 | (D`1 − WD`2 )
2|1 |2(WE)3

+ g1 arctan(B1/|1 |)1̂`
|1 |2WE3 −

log(B1WE) (B1W3E1̂` + W |1 | (D`2 − WD`1 ))
|1 |A21(WE)5

+
−2(3|1 |2 + B21)WD

`

1 + [5|1 |2 + B21 + (|1 |2 + B21) cosh(2q)]D`2
4|1 |2A21W4E5

+
2|1 | ( |1 |2B1 + 5B31) + [c( |1 |4 − B41) − 2B1 |1 |3 + 6B31 |1 |] cosh(2q)

16|1 |3B21A21(WE)4
1`

}
+
@2

1@
2
2

<1<2

{
g1 [2 arctan(B1/|1 |) − arctan(g1WE/|1 |)] 1̂`

2|1 |2W2E3
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−
log(4−qB1WE) (B1W2E1̂` − (WD`1 − D`2 ))

A21(WE)5

+
[arctan(A21/(|1 |WE)) + arctan(Eg1/|1 |)] (−g1WE21̂` + |1 | (WD`1 − D`2 ))

2|1 |2W2E3

+
4−3q (D`2 − WD`1 )

32A12A21B1 |1 |2(WE)5

[
|1 |4 + 11B21 |1 |

2 + 2B41

+ 44q (15|1 |4 + 9B21 |1 |
2 + 2B41) + 4

2q (7|1 |4 + 11B21 |1 |
2 + 4B41)

+ 246qA21B1 |1 |2
]
+ 1̂

` (1 − E)B1
|1 |A21W3E4 − cg11̂

`

4|1 |2W2E3

+
1̂` (B21 − 4

2qW2E2g2
1 )

242qW2E2A21A12 |1 |

}
+

244@3
1@2 [W2EB11

` + |1 |2(−WD`1 + D`2 )]
3WE2<2

1 |1 |2A21
. (A.25)

A.2 Contributions to the 3rd order impulse

The force correction at 3rd order is obtained similarly by expanding the expression for force

using 1st and 2nd order trajectories. We also need to find the retarded time corrections at next

order, i.e., we need to compute,

<1 ¥I(3)`1 =

[
46

] [
42@1�

`a ¤I1,a + 42 @
2

6c

(
Ï1 + ¥I21 ¤I

`

1

)]
= 5 (3)`, (A.26)

(I1 → 1 + D1g1 + 42I
(1)
1 + 44I

(2)
1 , I2 → D2g2 + 42I

(1)
2 + 44I

(2)
2 , g2,ret = g

(0)
2,ret + 4

2g
(1)
2,ret + 4

4g
(2)
2,ret).

In the main text, the various contributions to force correction at 3rd order were given in dia-

grammatic form in figures (2.36) and (2.35). Here, we write them down in terms of the partial

derivatives of the field tensor explicitly and lower order worldline corrections. We also provide

the formulae for retarded time corrections, and elaborate on the kind of terms that appear at this

order. As mentioned in the main text, contributions at this order come from quadratic in 1st order

worldline corrections (∼ 44(I(1))2) and linear in 2nd order worldline corrections (∼ 44I(2)). It is
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convenient to deal with them separately.

A.2.1 Quadratic Contributions

I
I) Correction to 42@1�

`a ¤I1,a from 44(I(1)1 )2.

Diagram I comes from quadratic contribution of 1st order worldlines for particle

1 (i.e., 44(I(1)1 )2), thus it scales as <−2
1 . We can write this down either by using

the rules for diagrams or Taylor series as

5
(3)`
I =

46

2
m2(@1�

`a ¤I1,a)
mIU1 mI

V

1

I
(1),U
1 I

(1),V
1 + 46 m

2(@1�
`a ¤I1,a)

m ¤IU1 mI
V

1

¤I(1),`1 I
(1),V
1

+ 46 1
2
m2(@1�

`a ¤I1,a)
m ¤IU1m ¤I

V

1

¤I(1),U1 ¤I(1),V1 , (A.27)

and since the field tensor does not depend on particle 1’s velocity, we can simplify this to

46 5
(3)`
I =

1
2
m2(@1�

`a ¤I1,a)
mIU1 mI

V

1

I
(1),U
1 I

(1),V
1 + m (@1�

`U)
mI

V

1

¤I(1),U1 I
(1),V
1 . (A.28)

II) Correction to 42@1�
`a ¤I1,a from 44(I(2)2 )2.

Diagram II comes from quadratic contribution of 1st order worldlines for particle 2 (i.e., 44(I(2)1 )2),

thus it scales as<−2
1 . This is more complicated since the field tensor depends on position, velocity

and acceleration of particle 2,

46 5
(3)`
II =

46

2
m2(@1�

`a ¤I1,a)
mIU1 mI

V

1

I
(1),U
1 I

(1),V
1 + 4

6

2
m2(@1�

`a ¤I1,a)
m ¤IU1m ¤I

V

1

¤I(1),U1 ¤I(1),V1

+ 4
6

2
m2(@1�

`a ¤I1,a)
m ¥IU1 m ¥I

V

1

¥I(1),U1 ¥I(1),V1 + 46 m
2(@1�

`a ¤I1,a)
m ¤IU1 mI

V

1

¤I(1),`2 I
(1),V
2 + 46 m

2(@1�
`a ¤I1,a)

m ¤IU1 m ¥I
V

1

¤I(1),`2 ¥I(1),V2

+ 46 m
2(@1�

`a ¤I1,a)
m ¥IU1 mI

V

1

¥I(1),`2 I
(1),V
2 . (A.29)
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II

III
III) Correction to 42@1�

`a ¤I1,a from cross terms 44(I(1)1 × I(1)2 ).

Diagram III ise due to quadratic contribution of cross terms from the 1st order

worldline corrections of both particles, thus it scales as (<1<2)−1,

46 5
(3)`
III = 46 m

2(@1�
`a ¤I1,a)

mIU1 mI
V

2

I
(1),U
1 I

(1),V
2 + 46 m

2(@1�
`a ¤I1,a)

m ¤IU1 mI
V

2

¤I(1),U2 I
(1),V
2

+ 46 m
2(@1�

`a ¤I1,a)
mIU1 m ¤I

V

2

I
(1),U
1 ¤I(1),V2 (A.30)

+ 46 m
2(@1�

`a ¤I1,a)
m ¤IU1 m ¤I

V

2

¤I(1),U1 ¤I(1),V2 + 46 m
2(@1�

`a ¤I1,a)
mIU1m ¥I

V

2

I
(1),U
1 ¥I(1),V2 + 46 m

2(@1�
`a ¤I1,a)

m ¤IU1 m ¥I
V

2

¤I(1),U1 ¥I(1),V2 .

IV) Correction to 42@1�
`a ¤I1,a linear in 42I

(1)
1 and 1st order retarded time correction (42g

(1)
2,ret).

Diagram IV is due to the combined contribution of first order worldline correction of particle 1

(42I
(1)
1 ) and 1st order retarded time correction (42g

(1)
2,ret). This has terms that scale as (<1<2)−1 or

<−2
1 (see expression of g(1)2,ret in Eq. (A.16)),

46 5
(3)`
IV = 46 3

3g2,ret

[
m (@1�

`a ¤I1,a)
mIU1

| (0)I(1),U1 + 46 m (@1�
`a ¤I1,a)

m ¤IU1
| (0) ¤I(1),U1

]
g
(1)
2,ret. (A.31)

IV

g
(1)
2,ret(I

(1)
0 )

419



V

g
(1)
2,ret(I

(1)
0 )

V) Correction to 42@1�
`a ¤I1,a linear in I(1)2 and 1st order retarded time

correction (42g
(1)
2,ret).

This is the counterpart of IV. This has terms that scale as (<1<2)−1 or <−2
2 ,

46 5
(3)`
V =46 3

3g2,ret

[
m (@1�

`aD1,a)
mIU2

| (0)I(1),U2 + m (@1�
`aD1,a)

m ¤IU2
| (0) ¤I(1),U2

+ m (@1�
`aD1,a)

m ¥IU2
| (0) ¥I(1),U2

]
g
(1)
2,ret. (A.32)

VI) Correction to 42@1�
`a ¤I1,a quadratic in 1st order retarded time correction (44(g(1)2,ret)

2).

Diagram VI should be self explanatory. This scales as (<1<2)−1, <−2
1 or <−2

2 ,

46 5
(3)`
VI = 46

(g(1)2,ret)
2

2
32

3g2
2,ret

(42@1�
`a ¤I1,a). (A.33)

VI

(g(1)2,ret(I
(1)
0 ))2

VII

g
(2)
2,ret(I

(1))

VII) Correction to 42@1�
`a ¤I1,a linear in 2nd order retarded time cor-

rection (44g
(2)
2,ret) (due to 1st order worldline corrections , 4

2I
(1)
1 and 42I

(1)
2 ).

1st order worldline corrections also produce a 2nd order correction to retarded

time since the relation |I1 − I2 |2 = 0 is quadratic. To find the 2nd order retarded

time correction (due to 1st order worldline corrections) 44g
(2)
2,ret(I

(1)), we need to

solve the relation |I1 − I2 |2 = 0 to NNLO (44). Substituting worldlines with 1st order corrections,

we have

|I1 − I2 |2 = 12 + g2
1 + g2

2,ret − 2g1g2,retW

+ 242(1 + D1g1 − D2g2,ret) · (I(1)1 − I(1)2 ) + 44(I(1)1 − I(1)2 )2 = 0, (A.34)
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where we substitute g2,ret = g
(0)
2,ret + 4

2g
(1)
2,ret + 4

4g
(2)
2,ret, and then solve for g(2)2,ret. We get

(g(1)2,ret)
2 + 2A1g

(2)
2,ret − 2D2 · (I(1)1 − I(1)2 (g(0)2,ret))g

(1)
2,ret

− 2d(0) ¤I(1)2 (g(0)2,ret)g
(1)
2,ret + (I(1)1 − I(1)2 (g(0)2,ret))

2 = 0,

g
(2)
2,ret =

−(I(1)1 − I(1)2 (g(0)2,ret))
2 + 2d(0) ¤I(1)2 (g(0)2,ret)g

(1)
2,ret

2A1

+
2D2 · (I(1)1 − I(1)2 (g(0)2,ret))g

(1)
2,ret − (g(1)2,ret)

2

2A1
. (A.35)

Once we have g(2)2,ret, we can substitute it into subsequent equations.

46 5
(3)`
VII = 46@1

3�`aD1,a

3g2,ret
g
(2)
2,ret = 4

6 m (@1�`a (I1, I2,ret)D1,a)
mIU2,ret

DU2 g
(2)
2,ret. (A.36)

These are all the quadratic corrections to Lorentz force at 3rd order (46).

IX) Self-force contribution - In addition, there is a quadratic contribution to the ALD force

(242@2
1/3) ( Ï

`

1 + ¥I21 ¤I
`

1 ). We only need to include the second term at this order since we are in-

terested in the impulse, and the first term is a total derivative of acceleration (which vanishes at

boundaries). Thus, it gains no relevant contribution from 2nd order worldline corrections at 3rd

order. We omit the diagram here. Thus, the relevant contribution is

46 5
(3)`
IX = (246@2

1/3) × ( ¥I(1)1 )2D
`

1 =
246@4

1@
2
2 [W

212 + g2
1 (W − 1)2]

3<2
1c

3A6
1

D
`

1 . (A.37)

A.2.2 Linear contributions

The next set of contributions are corrections to the Lorentz force term that are linear in 2nd

order worldline corrections. These are similar in form to the diagrams at 2nd order. We thus have

three diagrams again,
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IX IX) Correction to 42@1�
`a ¤I1,a linear in 44I

(2)
1 .

Diagram IX is due to the 2nd order world line correction to particle 1 to the

Lorentz force, while fixing retarded time and particle 2’s worldline at zeroth or-

der. It is linear in 44I
(2)
1 , thus scales as 1/<1<2 or 1/<2

1. It is given by

46 5
(3)`
IX = 46 m (@1�

`a ¤I1,a)
mIU1

| (0)I(2),U1 + 46 m (@1�
`a ¤I1,a)

m ¤IU1
| (0) ¤I(2),U1 . (A.38)

X) Correction to 42@1�
`a ¤I1,a linear in 44I

(2)
2 .

Diagram X is due to 2nd order worldline correction to particle 2 while fixing retarded time and

particle 1’s worldline at zeroth order. It is linear in 44I
(2)
2 , thus scales as 1/<1<2 or 1/<2

2. It is

given by

46 5
(3)`
X =46 m (@1�

`aD1,a)
mIU2

| (0)I(2),U2 + 46 m (@1�
`aD1,a)

m ¤IU2
| (0) ¤I(2),U2

+ 46 m (@1�
`aD1,a)

m ¥IU2
| (0) ¥I(2),U2 . (A.39)

X

XI

g
(2)
2,ret(I

(2))

XI) Correction to 42@1�
`a ¤I1,a from 2nd order retarded time correction

due to 2nd order worldline corrections (44g
(2)
2,ret(I

(2)
0 )).

The second order correction to retarded time also gets contribution from I(2) as

one would expect. We can find it in the same manner we found the first order

retarded time correction (see derivation in Eq. A.16), to get g(2)2,ret =
d (0) ·(I (2)1 −I (2)2 )

A1
.

Thus, we have

46 5
(3)`
XI = 46 3 (@1�

`a ¤I1,a)
3g2,ret

| (0)g(2)2,ret = 4
6 m (@1�`a (I1, I2,ret)D1,a)

mIU2,ret
DU2 g

(2)
2,ret. (A.40)
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These are all the contributions to the acceleration and subsequently impulse at 3rd order.
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Appendix B: Scattering of gravitational waves off spinning compact objects

with an effective worldline theory

B.1 Compton amplitudes for generic polarization vectors and generic �2, �3

In this appendix, wewrite down the Compton amplitudes for generic incoming and outgoing

polarization vectors. However, as with the rest of the paper, we continue to work in the traceless-

transverse gauge, where ℎ`a:a = 0 and ℎ`` = 0. Thus, our incoming polarization vector, denoted

by Y` and the outgoing polarization vector, denoted by Z `
1
with 0, 1 = ±2 satisfy Y2 = 0, Z2 = 0.

For spinless bodies, the Compton amplitude to linear order in � prior to substitution of polariza-

tion vectors is given by

M01 =
4�"l3(Y0 · Z1)2

(; − :)2 , (B.1)

where :` and ;` are the incoming and outgoing momenta/wave-vectors and Y`0 and Z `
1
are the

polarization vectors for the incoming and outgoing waves, respectively. " is the mass of the

compact body and l is the frequency of the incident wave in the initial rest frame of the particle

(l = −: · D(0)).

At linear order in spin and�, the addition to the Compton amplitude for generic polarization

vectors is given by

ΔM01 |( =
84�l2(@`(`aY`0 ) (@ · Z1) (Y0 · Z1)

@2 −
84�l2(:`@a(`a) (Y0 · Z1)2

@2 (B.2)
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−
84�l2(@ · Y0) (Y0 · Z1) (@`(`aZ a1 )

@2 + 28�l2(Y0 · Z1) ((`aY`0 Z a1 ),

which is also independent of �2, �3. The amplitude is thus universal to linear order in spin.

At second order in spin, the coefficient controlling the strength of spin-induced quadrupole

moment,�2 enters the amplitude. The addition to the Compton amplitude for generic polarization

vectors at (2 is given by

ΔM01 |(2 = −�2
2�l3(@`@a( d

` (ad) (Y0 · Z1)2

<@2 −
2�l(:`(`aYa0) (Y0 · Z1) (;`(`aZ a1 )

<

+ �2
2�l3(Y0 · Z1) ((`W( W

a Y
`
0 Z

a
1
)

<
(B.3)

Finally, at third order in spin, the amplitude depends on both �2 and �3. The addition to the

amplitude at (3 has terms proportional to �2, �2
2 and �3. Interestingly, there are no terms that are

independent of �2 and �3 at this order in spin. It is useful to separate the various contributions,

since the overall expression is very long. Thus, the addition to the Compton amplitude for generic

polarization vectors that is linear in �2 is given by

ΔM01 |(3,�2 = �2
8�l2

<2 [(( W
` (aWY

`
0Y

a
0) (: · Z1) (;`(`aZ a1 ) − 2(:`( W

` (aWY
a
0) (Y0 · Z1) (;`(`aZ a1 )

− (:` ↔ ;`, Y
`
0 ↔ Z

`

1
)] . (B.4)

Then, the addition to the Compton amplitude ∝ �2
2 is given by

ΔM01 |(3,�2
2
= −�2

2
28�l4

<2 [((`aY`0 Z a1 ) ((
W
` (aWY

`
0 Z

a
1 ) − (Y0 · Z1) (( W

` (
X
a (WXY

`
0 Z

a
1 )] . (B.5)

Finally, the addition to the Compton amplitude at third order in spin, ∝ �3 is given by

ΔM01 |(3,�3 = �3
8�l2

3<2@2

[
− 2(@`@a( W

` (aW) (@`(`aYa) (@ · Z) (Y · Z)

+ (:`@a(`a) (@`@a( W
` (aW) (Y · Z)2 − @2(( U

` (aUY
`Ya) (: · Z) (;U(UVZ V)
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+ 2@2(:`( W
` (aWY

a) (Y · Z) (;U(UVZ V) − 2@2(;`( W
` (aWY

a) (Y · Z) (;U(UVZ V)

− @2(:`:a( W
` (aW) (Y · Z) ((UVYUZ V) + @2(:`;a( W

` (aW) (Y · Z) ((UVYUZ V)

− 2@2(;`(`aYa) (: · Z) (( W
` (aWY

`Z a) − @2(:`;a(`a) (Y · Z) (( W
` (aWY

`Z a)

− @2(: · ;) ((`aY`Z a) (( W
` (aWY

`Z a) − (:` ↔ ;`, Y
`
0 ↔ Z

`

1
)
]
. (B.6)

where we have written simply Y = Y0 and Z = Z1 for brevity. With this, we have written

down the complete expression for the Compton amplitude for generic polarization vectors for

generic �2, �3 to third order in spin.
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Appendix C: Modeling horizon absorption in spinning binary black holes

using effective worldline theory

C.1 Scalar field scattering in effective worldline theory including leading-order

tail effects

In the main text, we mentioned that the leading-order tail effect, due to the scattering of

GWs off the particle’s gravitational field leads to a factor of (1 + 2nc) multiplying the leading-

order degree of absorption. This is seen clearly in the Teukolsky solution given in Eq. (4.53),

but not in the one derived using effective worldline theory in Eq. (4.48) since we only solved the

scattering problem in flat space. We motivated that this can be reproduced in the effective theory

as well by including the effect of leading-order nonlinearities due to the gravitational field of the

particle while solving the wave equation but did not prove it. Here, we show this explicitly in the

case of a scalar field scattering off a spinless BH. In particular, we consider the scattering of the

monopole mode ; = < = 0 to O(n4) and show that an identical factor of (1 + 2nc) multiplies the

leading-order degree of absorption for this mode when the leading-order tail effects are included.

In the effective theory, wemodel the spinless BH as a particle with mass< with an inducible

monopole moment <q (g) in the presence of an external scalar field. We write an effective world-
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line action including a tidal scalar monopole moment as

( = −
∫
3g(< −  Q<q (g)q) −

 q

2

∫
3C33®G√−66UV∇Uq∇Vq + 1

16c�

∫
34G

√−6', (C.1)

which is identical to the action used in Ref. [176] except we have restricted to just including a

monopole moment for simplicity.

Spherical symmetry ensures that the scalar monopole moment can only be induced by a

scalar monopole mode. Since we are only interested in dissipative effects, we can write a general

ansatz for the moment simply as

<q (g) = �" q
∞∑
==0

(�")=a=
32=+1q

3g2=+1 , (C.2)

The particle sources a static gravitational field given at linear order in � in the rest frame as

ℎ00 = −4
�"

A
, ℎ08 = ℎ8 9 = 0, (C.3)

ℎ`a =
√−66`a − [`a, (C.4)

which will affect the behaviour of the scalar field through the Klein Gordon equation. The scalar

field obeys the Klein Gordon equation in curved space-time, which to linear order in � with the

above metric perturbation is given by

2q = − ¥q + ∇2q =
4�"
A

¥q +
 &

 q
<q (g)X(3) (®A), (C.5)

=⇒ l2q + ∇2q = −4nl
A
q +

 &

 q
<q (g)X(3) (®A), (C.6)

in the rest frame of the particle. Here we have dropped divergent terms arising from the expansion

of (√−6 − 1) × X(3) (®G) in the Klein-Gordon equation. Such terms can also be shown to cancel

amongst themselves perturbatively but it is not relevant to our purpose. We have also restricted
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our attention to a single frequency mode of the wave, i.e., we set q ∼ exp(−8lC)k(®A). Now, we

can expand the scalar field as

q = q(0) + nq(1) , (C.7)

q(0) = �out
exp[−8l(C − A)]

lA
+ �in

exp[−8l(C + A)]
lA

= �reg
sin(lA)
lA

+ �irr
cos(lA)
lA

, (C.8)

2q(0) = <q (g)X(3) (®A) (C.9)

where q(0) is the leading-order flat space-time solution and q(1) is the leading-order correction

due to gravitational interaction. We have split q(0) into incoming (�in) and outgoingmodes (�out),

and into regular (�reg) and irregular (�irr) modes. The regular mode is the homogeneous part of

the flat space-time wave equation and the irregular part is the particular solution obtained from

the source with the time-symmetric propagator. We can perturbatively write down an equation

for q(1) as

2q(1) = −4l
A
q(0) + O(n2). (C.10)

Solving this in general is difficult, but we only need to understand the asymptotic behaviour far

away of q(1) and its behaviour at origin (location of the particle). This is because the asymptotic

behaviour dictates the form of the wave as measured by a distant observer who can then measure

the degree of absorption from that, and the value at origin perturbs the strength of the induced

monopole moment through the ansatz.

The general solution can be written as

q(1) =
l

2c

∫
33®A′

[
q(0) (C − |®A′ − ®A |, ®A′)

A′|®A − ®A′| + q
(0) (C + |®A′ − ®A |, ®A′)

A′|®A − ®A′|

]
, (C.11)

where we are using the time-symmetric propagator for consistency (as the irregular part of the

leading-order solution contains both incoming and outgoing modes) and convenience. We can
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now derive its asymptotic behaviour as

lim
A→∞

nq(1) =
nl

2cA

∫
33®A′

[
q(0) (C − A + Â · ®A′)

A′
+ q

(0) (C + A − Â · ®A′)
A′

]
, (C.12)

= 4n exp(−8lC) cos(lA)
lA

[
�irr

∫ ∞

0
3d
2>B(d) sin(d)

d
+ 8�reg

∫ ∞

0
3d

sin2(d)
d

]
, (C.13)

= exp(−8lC) cos(lA)
lA

(
cn�irr + 4n8�reg

∫ ∞

0
3d
B8=2(d)
d

)
, (C.14)

where the second integral next to�reg which comes from the scattering of the homogenous solution

off the static gravitational field of the particle is divergent but also does not contribute to absorption

due to the 8 in front of it. Thus, we can ignore it. The remaining part has the familiar cn factor in

front of it. Thus dropping the irrelevant part, we can write the total field asymptotically as

lim
A→∞

q = lim
A→∞

[q(0) + nq(1)] = �reg
sin(lA)
lA

+ �irr(1 + nc) cos(lA)
lA

. (C.15)

Now, before deriving the degree of absorption, we need to find the relation between �reg and �irr

through the induced monopole moment. The strength of induced monopole moment depends on

the value of the field at origin, and thus we also need to understand how the value of the field at

origin is affected due to gravitational interaction. We will only use the regular part of the wave for

computing the value of the field at origin since it is the input which induces the moment. Also,

we are only interested in linear tidal effects in this work.

At origin, we have

lim
A→0

nq(1) =
nl

2c

∫
33®A′

[
q
(0)
reg (C − A′, ®A′)

(A′)2 +
q
(0)
reg (C + A′, ®A′)

(A′)2

]
(C.16)

= 4n exp(−8lC)
[
�reg

∫ ∞

0
3d

cos(d) sin(d)
d

]
(C.17)

= exp(−8lC)cn�reg. (C.18)
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Thus, we have for the total regular part of the field

lim
A→0

q
(0)
reg = (1 + nc)�reg exp(−8lC), (C.19)

which as claimed in the main text brings in another factor of nc. We can now compute the induced

monopole moment as

<q (C) = − q�" exp(−8lC) (1 + nc)8�reg

∞∑
==0

a= (−1)=n2=+1. (C.20)

Finally, we can now use the leading-order wave equation to solve for the relation between the

regular and irregular coefficients as

2q(0) =
4c
l
X(3) (®A)�irr =

 &

 q
<q (C)X(3) (®A), (C.21)

=⇒ �irr =
 &

 q
<q (C)

l

4c
= −(1 + nc)

 &

4c
8�regn

2
∞∑
==0

a= (−1)=n2=, (C.22)

which we can now substitute in Eq. (C.15) to get

lim
A→∞

q =
sin(lA)
lA

�reg −
cos(lA)
lA

(1 + nc)2 &

4c
8�regn

2
∞∑
==0

a= (−1)=n2=, (C.23)

=
sin(lA)
lA

�reg +
cos(lA)
lA

�eff
irr . (C.24)

Note the factor of (1 + nc)2 = [1 + 2nc + O(n2)] modifying the effective values of the irregular

part (�eff
irr ) of the wave far away from the source. This in turn modifies the coefficients next to

the incoming and outgoing parts of the wave as well, changing the degree of absorption and the

scattering phase. The the degree of absorption can now be obtained as

1 −
�����eff

out

�eff
in

���� = 1 −
�����reg + 8�eff

irr

�reg − 8�eff
irr

���� = 1 −
���� 1 + (1 + 2nc) ̂&n2 ∑∞

==0 a= (8n)
2=

1 − (1 − 2nc) ̂&n2 ∑∞
==0 a= (8n)2=

����, (C.25)

where �eff
in/out are the coefficients next to the incoming/outgoing parts of the complete solution

at asymptotic infinity. We have also defined  ̂& =  &/(4c). Note that in the absence of tail
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corrections, there are no odd powers of n in the degree of absorption for a spinless BH. Now,

expanding this in n , we get

1 −
�����eff

out

�eff
in

���� = −2 ̂&n2(1 + 2nc) + O(n4), (C.26)

where we have truncated our expression to next-to-leading order since we only included leading-

order tail effects in this analysis. Here, we see explicitly that the leading-order tail effect, arising

from the scattering of the wave off the static gravitational field of the particle modifies the leading-

order degree of absorption by a factor of (1 + 2nc). Crucially, this introduces odd powers of n as

well which the effective theory cannot otherwise reproduce. We have checked it against the same

result obtained in the real theory by solving the Klein Gordon equation in the vicinity of a real

BH with incoming boundary conditions at the horizon and obtained

8n2(1 + 2cn) + O(n4), (C.27)

as the degree of absorption for the monopole mode of a scalar wave. Note that this has a form

identical to that obtained from the effective theory when leading-order tail effects are included,

thus proving our claim in the main text for the special case of monopolar scalar-field scattering.
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Appendix D: Dynamical Tidal Response of Kerr Black Holes from Scattering

Amplitudes

D.1 Worldline Action For Spinning Particles With Tidal Moments

In the main text, we briefly explained the inclusion of (tidally induced) multipole moments

and their respective couplings with the tidal fields. Here, we provide some additional details

regarding the worldline action for a spinning particle including tidal effects and our choice of

tetrad for describing the tidal response. We follow the presentation given in [3] for the inclusion

of tidally induced multipole moments.

A general worldline action for a spinning particle with tidally induced1 quadrupole and

octupole degrees of freedom in worldline theory may be written in the implicit form

( =

∫
3gL(D` = ¤I`,Ω`a = n�

`�n
�a

�g
,&

`!
�,�
,
�&

`!
�,�

�g
, '`adf,∇_'`adf), (ℓ = 2, 3) (D.1)

=

∫
3g! (D`,Ω`a, &

`!
�,�
,
�&

`!
�,�

�g
) +

∫
3g&

`a

�
�`a +

∫
3g&

`ad

�
�`ad + (� ↔ �),

where n�` is a co-rotating orthonormal tetrad satisfying n�`n�a = 6`a, n�
`n�` = [��, which

move and spins along with the particle. Varying the action with respect to the tetrad n�` (g), and

the worldline I` (g), while respecting all constraints yields the well known pole-dipoleMPD equa-

tions of motion for momentum and spin, along with the contribution of tidal forces and torques
1In principle, this action may also be used for including spin-induced multipole moments.
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given by

�(`a

�g
= 2? [`Da] + 4

3
' [`

_df�_
a]gdf + 2

3
∇_' [`

gdf�_
a]gdf + 1

6
∇[`'_gdf�

a]_gdf . (D.2)

�?`

�g
= −1

2
'`adfD

a(df − 1
6
�_adf∇`'_adf − 1

12
�g_adf∇`∇g'_adf . (D.3)

where ?` = (mL/mD`) |Ω`a , (`a = 1
2 (mL/mΩ`a) − ∑3

ℓ=2 ℓ[%
[`
� `!−1&

a]`!−1
�

+ (� ↔ �)], with

%
`!
�/� = (mL/m ¤&�/�

`! ), and2

�`adf = −6
mL

m'`adf
= −3D [`&a] [d

�
Df] + 3

2
&
U〈d
�
nVU

`aD |V |Df〉' , (D.4)

�_`adf = −12
mL

m∇_'`adf
= −6D〈`&ad_

�
Df〉∇' + 3&U〈d_

�
nVU

`aD |V |Df〉∇' . (D.5)

To solve the equations of motion, we also need to impose a ‘‘spin supplementary condition’’

(SSC) to ensure that (`a it is a spatial tensor with the right number of degrees of freedom. Here,

we impose the ‘‘covariant’’ or Tulczyjew-Dixon SSC at the level of the equations of motion upon

the total physical spin angular momentum as (`a?` = 0. This enforces that the spin tensor is a

spatial antisymmetric tensor in the frame defined by ?`, with 3 degrees of freedom, as expected.

Similarly, we also need to place constraints on the quadrupole (octupole) moments, to render

them orthogonal to D` , symmetric and trace-free as expected from the tidal fields with which

they couple. It is convenient to impose this by appropriately choosing the tidal response such that

&
`a

�
Da or &`a

�
?a = 03.

2We are using 〈0123〉' (〈0123〉∇') to represent the symmetrization of indices according to the symmetries of

the Riemann tensor (covariant derivative of the Riemann tensor).
3Note that the difference between ?` and D` becomes relevant only in the presence of external curvature. However,

in this work, since we restrict ourselves to linearly induced tides and comparisons with linear perturbation theory, we

can neglect the difference in the tidal response. For the same reason, we can treat the black hole as a stationary object

with fixed spin following a geodesic in the tidal response.
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For instance, consider a generic tidal response for the electric quadrupole moment &`a

�
to

next-to-leading order ignoring quadrupole-octupole mixing. Consistent with parity, we can write

&
`a

�
= −" (�")5

[
(_� )`a,df�df − (�") (_�,l)`a,df

��df

�g

]
. (D.6)

Here, we require _`a,df
�

to be symmetric and trace-free in `a and df respectively, and also or-

thogonal to D`, thus curtailing undesired degrees of freedom. Given the space-like nature of the

multipole moments, it is convenient to rewrite the above response equation in a suitably chosen

orthonormal tetrad 4� `, with 4�=0
` = D`. Then, we can express both the multipole moments

and tidal fields as spatial STF tensors in the tetrad as &8 9
�
= &

`a

�
48 `4

9
`, �8 9 = �`a4

8
`4

9
` where

8, 9 = 1, 2, 3. We can then rewrite Eq. (D.6) by contracting with 48 `4 9 a as

&
8 9

�
= −" (�")5

[
(_� )8 9 ,:;�:; − (�") (_�,l)8 9 ,<=4<d4=f

� (�:;4: d4;f)
�g

]
,

= −" (�")5

[
(_� )8 9 ,:;�:; − (�") (_�,l)8 9 ,:;

3 (�:;)
3g

−

− (�") (_�,l)8 9 ,<;Ω̂<
:�:; − (�") (_�,l)8 9 ,:=Ω̂=

;�:;

]
, (D.7)

where Ω̂8 9 ≡ 48` (�4 9 `/�g) is the angular velocity of the space-like vectors in the tetrad, measur-

ing their evolution along the worldline. The simplest choice is to let them be parallel transported

along the worldline so that Ω̂8 9 = 0, which is consistent with the orthonormality conditions on

the tetrad provided the black hole follows a geodesic. We can regard this choice of tetrad as a

comoving tetrad, corresponding to an inertial observer co-translating (but not corotating) along

the worldline. Then, we simply have

&
8 9

�
= −" (�")5

[
(_� )8 9 ,:;�:; − (�") (_�,l)8 9 ,:;

m (�:;)
mC

]
, (D.8)

where the ordinary proper-time derivative reduces to a simple partial time-derivative w.r.t coordi-

nate time measured by the observer at infinity. In BHPT, this coordinate time corresponds to time
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measured at asymptotic infinity by an inertial stationary (w.r.t black hole) observer (e.g., the C coor-

dinate in the Kerr metric in Boyer-Lindquist coordinates). In this work, we consistently describe

the tidal response and associated couplings in this comoving tetrad. In [61], the spatial tetrad

vectors are not parallel transported along the worldline, but instead identified with the corotating

tetrad. Thus, the covariant-time derivative does not reduce to a simple partial derivative in the

response. The two choices are related by a spatial rotation about the rotation axis n8 ` = '8 9 (g)4`9 ,

n0
` ≈ 40

` = D`. This does not affect any physical results or conclusions.

D.2 Plane Wave, Sperical Wave and Operator Form of Response Tensors

D.2.1 Basis for single particle states

Plane wave basis - The physical graviton plane wave states |k, ℎ〉, with fixed momentum

: = (l, k) and helicity ℎ = ±2 are chosen to have the normalization and wavefunction

〈k′, ℎ′|k, ℎ〉 = 2|k | (2c)3X(3) (k′ − k)Xℎℎ′ , 〈0|ℎ8 9 (x) |k, ℎ〉 =
1
"pl

exp(−8: · G)n ℎ8 9 (k), (D.9)

where n ℎ
8 9
(k) is the purely spatial symmetric polarization tensor satisfying n 88 = 0 and n 8 9 : 9 = 0.

Finally, the completeness relation is given by

∑
ℎ

∫
33k

(2c)3
|k, ℎ〉〈k, ℎ |

2|k | = I (D.10)

Spherical basis - We also define a different basis for single particle states, with fixed energy

l, total angular momentum ℓ, and angular momentum along z-axis <, i.e., labeled as |l, ℓ, <, ℎ〉

with normalization

〈l, ℓ, <, ℎ|l′, ℓ′, <′, ℎ′〉 = 2cX(l − l′)Xℓℓ′X<<′Xℎℎ′ . (D.11)
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Note that although it is meaningless to define the helicity in the spherical basis, we still use the

label ℎ = ±2 to indicate that they are a superposition of plane waves with definite helicity. The

completeness relation is then given by∫
3l

2c
∑
ℓ,<,ℎ

|l, ℓ, <, ℎ〉〈l, ℓ, <, ℎ| = I . (D.12)

Transformation between plane wave states and spherical states - For simplicity, we first con-

sider a plane wave state with momentum along the Î-direction. i.e., |l ẑ, ℎ〉. Its wave function is

given by exp(−8lC + :A cos(\))n ℎ
8 9
(k). First of all, it is important to notice the plane wave state

|l ẑ, ℎ〉 only has overlap with spherical state |l, ℓ, <, ℎ〉 when < = ℎ. This is because they are

both the eigenstate of Î-direction angular momentum JI. Thus, we can expand it in spherical basis

simply as

|l ẑ, ℎ = ±2〉 =
∞∑
ℓ=2

�ℓℎ (l) |l, ℓ, < = ℎ, ℎ = ±2〉, (D.13)

where the coefficients �ℓ
ℎ
(l) will be fixed later by the normalization of the plane wave states.

Now, to obtain the expansion for momentum along arbitrary direction, we can simply multiply

with the following rotation operator with definition of Euler angle follow [587]

R(q, \, k) = exp(−8qJI) exp(−8\JH) exp(−8kJI) . (D.14)

which rotates the vector ẑ into the direction k̂ = (\, q) in spherical-polar coordinates. Note that

the parameter k is of no consequence when acting on a vector that is already along Î-axis, or more

generally an eigenvector of JI. Also, from now on, we use the short hand notation

R( k̂, 0) ≡ R(q, \, 0) (D.15)

for rotational matrix. Acting this operator upon the expansion in Eq. (D.13), we get

|k, ℎ = ±2〉 = R( k̂, 0) |l ẑ, ℎ = ±2〉 =
∞∑
ℓ=2

�ℓℎ (l)R( k̂, 0) |l, ℓ, < = ℎ, ℎ = ±2〉. (D.16)
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We find it useful to introduce the Wigner D-matrix as

〈ℓ, <′|R( k̂, 0) |ℓ, <〉 ≡ �ℓ
<′< ( k̂, 0) . (D.17)

with

�ℓ
<ℎ ( k̂, 0) = (−1)<

√
4c

2ℓ + 1 ℎ
.ℓ,−< ( k̂), (D.18)

where ℎ.ℓ< are the spin-weighted spherical harmonics. After using the completeness relation for

the spherical basis in Eq. (D.12), we can rewrite this as

|k, ℎ〉 =
∞∑
ℓ=2

ℓ∑
<=−ℓ

�ℓℎ (l)�
ℓ
<ℎ ( k̂, 0) |l, ℓ, <, ℎ〉, (D.19)

where we have used 〈l′, ℓ′, <′, ℎ′|R( :̂ , 0) |l = | ®k |, ℓ, <, ℎ〉 = 2cX(l − l′)Xℎℎ′Xℓℓ′�ℓ
<′< ( k̂, 0)

which follows from the invariance of the helicity label ℎ and energy (or frequency l) under rota-

tions.

We can now fix the coefficients �ℓ
ℎ
(l) by considering the normalization of plane waves in

Eq. (D.9) and get

�ℓℎ ( |k |) = 2c

√
(2ℓ + 1)
2c |k | , (D.20)

which is consistent with [61]. Now, we can write down the final expression that relates plane wave

states and spherical wave states

|k, ℎ〉 =
∞∑
ℓ=2

ℓ∑
<=−ℓ

2c

√
(2ℓ + 1)
2c |k | �

ℓ
<ℎ ( k̂, 0) | |k |, ;, <, ℎ〉. (D.21)

In principle, we are now set for writing amplitudes calculated for plane waves in spherical

basis. However, to simplify them further, we want to write the polarization tensors n ℎ
8 9
(k) in terms

of the Wigner D-matrix as well. So, let us establish the conventions used for the polarization

tensors, and their relation to Wigner D-matrix.
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Relating polarization tensors to Wigner-D matrix - Let’s now discussing the relation

between polarization tensors and the Wigner-D matrix. Before going to details, let’s first make

clear the following concept:

• Rank-ℓ STF tensors: symmetric trace-free (STF) tensor with L indices. For example, the

electric tidal field �8 9 is a rank-2 STF tensor. Furthermore, all the rank-L STF tensors form

a vector space with dimention 2ℓ+1, and thus can be used as a vector space for ($ (3) repre-

sentation. The transformation law between the spherical harmonics and tensorial spherical

harmoncis is given by

.ℓ< = Yℓ<
81···8ℓ=

81 · · · =8ℓ , (D.22)

in which . ℓ<
81···8ℓ can be viewed as the base vector in rank-ℓ STF space.

Going back to the graviton polarization tensor, since it encodes the spin of gravitons, we

can define it as the eigenstate of Î-direction angular momentum operator as

�I |rank−2nℎ=±2( ẑ) = ℎnℎ ( ẑ) , (D.23)

where

�I |rank−2 = � ⊗ �I + �I ⊗ � . (D.24)

The right hand needs to be evaluated in the fundamental representation. In component form, we

can write it as

�I |rank−2
8 9
:; = X

8
:�I

9
; + �I8 :X 9ℓ . (D.25)

We can get a nicer formula by further symmetrizing (8, 9) and (:, ;) to get

�I |rank−2
8 9
:; =

1
2
(X8:�I

9
; + X8;�I

9
: + X 9:�I

8
; + X 9; �I

8
: ) . (D.26)
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Since we know that in the spherical basis JI |ℓ = 2, < = ℎ = ±2〉 = ±2|ℓ = 2, < = ℎ = ±2〉, then

we naturally have

n ℎ8 9 (z) = 〈8, 9 |ℓ = 2, < = ℎ = ±2〉, (D.27)

where we have chosen the normalization such that

n+2
8 9 (z) =

©­­­­­­­«

1
2

8
2 0

8
2 −1

2 0

0 0 0

ª®®®®®®®¬
∝ Y22

8 9 , n−2
8 9 (z) =

©­­­­­­­«

1
2 − 8

2 0

− 8
2 −1

2 0

0 0 0

ª®®®®®®®¬
∝ Y2−2

8 9 (D.28)

and n∗8 9 ( k̂)n8 9 ( k̂) = 1.

Now, given the polarization tensor for when the momentum is along ẑ, we can derive the

polarization tensor for arbitrary direction k̂

n ℎ8 9 (k) = 〈8, 9 |R(q, \, 0) |ℓ = 2, < = ℎ = ±2〉

=
2∑

<=−2
�ℓ=2
<ℎ ( k̂, 0)〈8, 9 |ℓ = 2, <〉.

(D.29)

States with definite Parity - Sometimes, it is convenient instead to switch to spherical basis

states with definite parity. To that end, we define a parity operator P, which flips momentum and

helicity. It acts on plane wave states as

P| ®:, ℎ〉 = | − ®:,−ℎ〉, P2 = I. (D.30)

We can use Eq. (D.19) to identify its action on spherical basis states, which is

P|l, ℓ, <, ℎ〉 = (−1)ℓ |l, ℓ, <,−ℎ〉. (D.31)

Using this, we can easily define the parity even and odd states in the spherical basis as

|l, ℓ, <, % = ±〉 = 1
√

2

(
|l, ℓ, <, ℎ = +2〉 ± (−1)ℓ |l, ℓ, <,−ℎ = −2〉

)
. (D.32)
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D.2.2 Operator Form of Tidal Response Tensors

In Section 5.2, we have shown that the tidal response tensor can be nicely written as the

operator form. In this appendix, we are going to show part of the derivation.

• zero spin: The simplest case would be the zeroth order in spin where

〈8, 9 |�B̂0 |:, ;〉 = ΛB̂0X
〈8
〈:X

9〉
;〉 . (D.33)

In the abstract notation, this means that

�B̂0 = ΛB̂0I . (D.34)

• linear in spin: Now, we are moving to the linear in spin case

〈8, 9 |�B̂1 |:, ;〉 = �B̂1 (̂〈8 〈:X
9〉
;〉 . (D.35)

Recall that (̂8 9 ≡ n 8 9 : B̂: , where B̂ is normal vector pointing along the spin of the particle in

the rest frame. Since we have oriented the spin to be along the Î-axis, we have B̂8 = X83. By

noting the following relation

�I
8
9 = −8n 8 9 : B̂: = −8(̂8 9 , (D.36)

we immediately see that

〈8, 9 |�B̂1 |:, ;〉 =
1
2
8�B̂1�I |rank−2 (D.37)

In the abstract notation, we can write this as

�B̂1 =
1
2
8�B̂1JI (D.38)
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• quadratic in spin: The quadratic in spin part of the response tensor is given as

〈8, 9 |�B̂2 |:, ;〉 = ΛB̂2 B̂
〈8 B̂〈:X

9〉
;〉 =

ΛB̂2

2

(
( B̂2)〈8 〈: ⊗ � 9〉 ;〉 + � 〈8 〈: ⊗ ( B̂2) 9〉 ;〉

)
, (D.39)

where we have defining B̂2 ≡ B̂ ⊗ B̂. First of all, we notice the following relation

B̂8 B̂: = X8: − �I8 9 �I
9

:
, (D.40)

which implies

�2
I |rank−2 = 2(� ⊗ � + �I ⊗ �I) − B̂2 ⊗ � − � ⊗ B̂2. (D.41)

To proceed further, we symmetrize and remove the traces over 8, 9 and :, ; to get

〈8, 9 |�2
I |rank−2 |:, ;〉 = 2〈8, 9 |� |rank−2 |:, ;〉 + 2� 〈8

I〈:�
9〉
I;〉 − 2B̂〈8 B̂〈:X

9〉
;〉 , (D.42)

and use the following relation

2� 〈8
I〈:�

9〉
I;〉 = 2〈8, 9 |� |rank−2 |:, ;〉 − 4B̂〈8 B̂〈:X

9〉
;〉 , (D.43)

which can be derived using the Eq. (D.36). Eventually, we arrive at

�B̂2 = −1
6
ΛB̂2 (J2

I − 4 I). (D.44)

• cubic in spin: Consider now the cubic in spin interactions

〈8, 9 |�B̂3 |:, ;〉 = �B̂3 (̂〈8 〈: B̂ 9〉 B̂;〉 . (D.45)

To simplify this expression, we first notice that

(̂ ⊗ B̂ ⊗ B̂ + B̂ ⊗ B̂ ⊗ (̂

= 8�I |rank−2 − 8(�I ⊗ (�I)2 + (�I)2 ⊗ �I)
(D.46)
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The last term can be simplified using the following relation:

�3
I |rank−2 = (�I ⊗ � + � ⊗ �I)3 = �3

I ⊗ � + 3�2
I ⊗ �I + 3�I ⊗ �2

I + � ⊗ �3
I . (D.47)

We further notice that �3
I = �I following from � · ( B̂ ⊗ B̂) = 0, we get

(̂ ⊗ B̂ ⊗ B̂ + B̂ ⊗ B̂ ⊗ (̂ = − 8
3
(�I |3rank−2 − 4�I |rank−2). (D.48)

SinceΛB̂3 is STF in 8, 9 and :, ;, and thus we can simply symmetrize the indices and remove

the trace to get

�B̂3 = − 8
6
�B̂3 (J3

I − 4JI). (D.49)

• quartic in spin : Finally, the quartic-in-spin part of the response tensor is given by

〈8, 9 |�B̂4 |:, ;〉 = ΛB̂4 B̂
〈8 B̂〈: B̂

9〉 B̂;〉 . (D.50)

To rewrite this, we once again start with the expression for the appropriate power of JI |rank−2,

as

�4
I |rank−2 = 8� ⊗ � − 7 ( B̂2 ⊗ � + � ⊗ B̂2) + 6 B̂2 ⊗ B̂2 + 8�I ⊗ �I . (D.51)

where we have used �3
I = �I and J2

I = I − ŝ2. Now, using Eq. (D.43) and Eq. (D.44), we

finally arrive at

�B4 =
1
6
ΛB̂4 (J2

I − 4I) (J2
I − I) . (D.52)
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Appendix E: Investigating tidal heating in neutron stars via gravitational Raman

scattering

E.1 Newtonian stellar fluid

In this appendix, we briefly review the non-viscous linear stellar perturbation theory for

neutron stars in Newtonian gravity following [588, 589]. The Newtonian limit makes it easier to

understand the approach towards static limit l → 0 and the low-frequency expansion presented

in the main text starting from complete all-orders-in-l perturbation equations.

With the fluid displacement vector /, we can write the continuity equation to solve for the

density perturbation as

Xd = −∇ · (d/) , Δd = −d∇ · / . (E.1)

The perturbed Euler equation (Newton’s second law) is given by

d ¥/ = −∇X? + Xd∇* + d∇X* , (E.2)

where * is the background Newtonian potential and X* is its perturbation. We also have the

perturbed Poisson equation

∇2X* = −4c�Xd . (E.3)

The above equations are not complete, and one needs to solve for the perturbation to pressure as

well. As mentioned in the main-text in Sec. 6.4.1.1, we can generally define the adiabatic index
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W and sound speed 2B as

Δ?

Δd
= W

?

d
= 22

B .

Then, in the two extremes of very fast reactions and very slow reactions, we have

fast reactions :
Δ?

Δd
=

(m?
md

)���
`8
= 22

eq . (E.4)

slow reactions :
Δ?

Δd
=

(m?
md

)���
G8
= 22

ins . (E.5)

On the other hand, the unperturbed background profile is in chemical equilibrium and thus

3?/3A
3d/3A =

(
m?

md

)
`8

= 22
eq, (E.6)

Generally for neutron stars, the dominant m-Urca reactions have a very large characteristic time-

scale for equilibrium compared to the orbital time period in binaries during inspiral, and thus

2eq ≠ 2B ≈ 2inst.

Now, decomposing the fluid displacement as

/ =

[
bA (A) r̂ +

bH(A)
A

(
)̂
m

m\
+ 5̂

sin \
m

mq

)]
.ℓ< , (E.7)

and defining the following variables for convenience

F1 = AbA , F2 = bH , F3 = X* , F4 =
3X*

3 log A
. (E.8)

The perturbation equation can be rewritten as [589]

3F1
3A

=

(
6

22
B

− 1
A

)
F1 +

[
ℓ(ℓ + 1)
A2 − l

2

22
B

]
AF2

+ A

22
B

F3,

3F2
3A

=

(
1 − #2

l2

)
1
A
F1 +

#2

6
F2 −

1
l2

#2

6
F3,
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3F3
3A

=
1
A
F4, (E.9)

3F4
3A

=4c�d
#2

6
F1 + l2 4c�d

22
B

AF2

+
[
ℓ(ℓ + 1)
A2 − 4c�d

22
B

]
AF3 −

1
A
F4 ,

where the function 6(A) here is the local acceleration due to gravity inside the star

6 ≡ *′(A) = �<(A)
A2 (E.10)

and # is the Brunt-Väisälä frequency

#2 = −6
A

(
1
W

3 log ?
3 log A

− 3 log d
3 log A

)
. (E.11)

= 62

(
1
22

eq
− 1
22
B

)
≈ 62

(
1
22

eq
− 1
22

ins

)
,

which is non-zero. Physically, the Brunt-Väisälä frequency captures the derivation of the per-

turbations from chemical equilibrium. 1 We will see shortly that this yields the characteristic

frequencies of gravity (6-)modes in the stellar oscillations.

Starting from the pioneer work by Cowling [500] and Chandrasekhar [590], it has been

shown that the fluid displacement vector / governed by the system of Eqs. (E.9) admits a decom-

position into an Eigenbasis /8, which have real eigenvalues l2
8
, and form a complete basis of the

system. The index 8 is discrete when d has compact support. A great effort has then been de-

voted into the analysis of these fluid oscillation modes (see [500] for a review). Basically, one can

classify the stellar oscillations via their dispersion relations and the corresponding restoring force.

For acoustic waves, pressure serves as the restoring force and leads to the dispersion relation

l2 ∼ 22
B |k |2 (E.12)

1Note that for main sequence stars, perturbations beyond thermal equilibrium can also lead to non-zero # [589].
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where we denote the wavenumber as k ≡ :A Â + kH. These modes are also known as ?−modes.

The second type of waves are the gravity waves known as 6−modes where buoyancy force serves

as the restoring force. The corresponding dispersion relation can be written as

l2 ∼ #2 |kH |2
|k |2

. (E.13)

The detailed analysis in Ref. [500] also shows that all the ?− and 6−modes have infinite number

of overtones = = 1, 2, · · · . With the increasing of =, the eigen-frequency of ?−modes will in-

crease while it will decrease for 6−modes. Moreover, depending on the sign of the Brunt-Väisälä

frequency # , the eigen-frequency of 6−modes can be either positive or negative. In this work, we

restrict to the case #2 > 0. Note that the frequency of the g-modes is bounded from above by #2.

Now, let us consider the approach towards the small frequency limit in the system of Eqs. (E.9).

Examining the second equation in them, we find that there exists a formal mathematical ambiguity

in the small frequency limit depending on the relative ordering of the Brunt-Väisälä frequency #

and perturbation l. When l � #ch, assuming that all variables have a well-defined static limit

(l = 0), the second equation shrinks to a constraint equation between the fluid radial displacement

and the perturbations of Newtonian potential

F1 = − A
6
F3 . (E.14)

Combined with the first equation, this yields in the static limit

(AF1)′ − ℓ(ℓ + 1)F2 = 0 , (E.15)

which is equivalent to the condition ∇ · / = 0. Thus, in the static limit, the fluid is incompressible

as shown in the relativistic case in Sec. 6.4.3.
2Since # varies throughout the star, its value in Eq. (E.13) should be taken as its characteristic/typical value #ch

inside the star.

447



However, if the regime of interest has l ≥ # , which is true for instance in the fast re-

action case, where the Brunt-Väisälä frequency # ≈ 0 and thus l � #ch. In this regime, the

orbital-frequency also exceeds all the 6-mode resonant frequencies. We cannot then take l → 0

disregarding all other parameters in Eq. (E.9) as before. In this case, the arguments leading to

Eq. (E.14), (E.15) and thus adiabatic-incompressibility is no longer true. While the specific de-

tails may differ in the relativistic case, the general feature that the scheme presented in this work

is valid for l � #ch is not likely to change. Thus, the low-frequency expansion presented in the

main-text is likely valid in the regime l � #ch, where #ch is the characteristic value of # in the

stellar interior.

The results for tidal heating in the barotropic regime (# = 0 ≡ #ch � l) were shown for

relativistic polytropic neutron stars in Ref. [260], where a small but non-zero contribution to the

dissipation number due to bulk-viscosity (which is relevant only when ∇ · b ≠ 0) was obtained.

In an actual inspiral, the binary usually transitions from l � # to l ≥ # . A more refined study

including the transition could help better understand the tidal characteristics and their influence

on the waveform, especially the contribution due to bulk-viscosity.
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Appendix E: Quasinormal modes of slowly-spinning horizonless compact ob-

jects

E.1 Membrane paradigm at the linear order in spin: unperturbed background

The unperturbed metric outside the membrane to linear order in spin is given by :

3B2
���
(0)

= 6
(0)
`a 3G

`3Ga = − 5 (A)3C2 + 1
5 (A) 3A

2 + A23Σ2 − 4
�

A
sin2 \3C3q, (E.1)

where 5 (A) = 1 − 2"/A, 3Σ2 = 3\2 + sin2 \3q2, and � = "0 = "2j is the angular momentum

of the compact object (being modelled by the membrane). The unperturbed membrane is located

at the radius A = A0. We will use G` = {C, A, \, q} to refer to the global coordinates and H0 = {) =

C,Θ = \,Φ = q} for the membrane coordinates. The basis vectors for the membrane coordinates

are defined as 4`0 = mG`/mH0, where

4
`

)
= {1, 0, 0, 0}, 4`

Θ
= {0, 0, 1, 0}, 4`

Φ
= {0, 0, 0, 1}. (E.2)

The normal vector to the membrane, =`, is fixed by the requirements =`4`0 = 0 and 6`a=`=a = 1

to be =` = {0, 1/
√
5 (A), 0, 0}. The induced metric on the membrane ℎ01 is then given by

3B2
���
membrane

= ℎ013H
03H1 = 6`a4

`
04

a
13H

03H1 = − 5 (A0)3)2 + A2
03Θ

2 + A2
0 sin2 Θ3Φ2 (E.3)

− 4
�

A0
sin2 Θ3)3Φ .
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The extrinsic curvature is defined as  01 = 4`04a1∇(`=a) and is given by

 01 =
√
5 (A0)



−"

A2
0

0 � sin2 Θ
A2

0

0 A0 0

� sin2 Θ
A2

0
0 A0 sin2 Θ


, (E.4)

where the trace is  =  01ℎ
01 =

2A0−3"√
5 (A0)A2

0
. Thus the left hand side of the junction condition in

Eq. (7.1) is given by

 01 −  ℎ01 =



2 5 (A0)3/2
A0

0 � (5A0−8") sin2 Θ√
5 (A0)A3

0

0 "−A0√
5 (A0)

0

� (5A0−8") sin2 Θ√
5 (A0)A3

0
0 "−A0√

5 (A0)
sin2 Θ


. (E.5)

To relate the extrinsic curvature to the membrane fluid parameters, we also need to compute the

energy-momentum tensor in Eq. (7.2). This depends on the fluid velocity D0 in membrane co-

ordinates. Intuitively, we expect the fluid to be rotating in the global coordinates, while remain-

ing static on the membrane surface. Thus, we expect the radial and polar components to vanish

D` = {DC , 0, 0, �Eq}, where we factor out � from the azimuthal component of the fluid veloc-

ity. Using the metric in Eq. (E.1), we can see this is also true for the contravariant components

D` = {DC , 0, 0, �Eq}. We also expect the components to be independent of C and q due to station-

arity and axial symmetry. In the membrane coordinates, we can write

D0 = D`4
`
0 = {D) = DC (Θ), 0, DΦ = �Eq (Θ)} . (E.6)

Now, demanding normalization D`D` = −1, we obtain DC = 1/
√
5 (A) and for the contravariant

components,

D) = 6C`D
` = 6CCD

C + O(�2) ≈ −
√
5 (A0) , (E.7)
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DΦ = 6q`D
` = −2� sin2 \/(A0

√
5 (A0)) + A2

0E
q) + O(�2) . (E.8)

Plugging this into Eq. (7.2), we obtain the stress energy tensor to be

−8c)01 = −8c



d 5 (A0) 0 � sin2 Θ
A0

[
2d − 5 (A0)A3

0 (d + ?)E
q
]

0 ?A2
0 −A2

0� sin2 Θ[mΘE
q

� sin2 Θ
A0

[
2d − 5 (A0)A3

0 (d + ?)E
q
]

−A2
0� sin2 Θ[mΘE

q ?A2
0 sin2 Θ


.

(E.9)

Now, comparing Eq. (E.9) with Eq (E.5), and imposing the junction condition in Eq. (7.1), we get

d = −
√
5 (A0)

4cA0
, ? =

1 + 5 (A0)
16cA0

√
5 (A0)

, �EΦ =
2�

A3
0 (1 − 3 5 (A0))

√
5 (A0)

. (E.10)

The membrane fluid parameters with � → 0 are consistent with the ones obtained in the spinless

case in Ref. [90] .

E.2 Perturbation equations

The perturbations can be expanded in the spherical harmonic basis as

6`a = 6
0
`a + n?X6`a, (E.11)

X6`a =
∑
ℓ,<

{ [
�ℓ<0 (A, C)3C2 + �ℓ<2 (A, C)3A2 + A2 ℓ< (A, C)3Σ2 + 2�ℓ<1 (A, C)3A3C

]
.ℓ< (\, q)+

2ℎℓ<0 (A, C)
[
(ℓ<\ (\, q)3\ + (ℓ<q (\, q)3q

]
3C + 2ℎℓ<1 (A, C)

[
(ℓ<\ (\, q)3\ + (ℓ<q (\, q)3q

]
3A

}
,

(E.12)

where (ℓ<
\
(\, q) = −mq.ℓ< (\, q)/sin \, (ℓ<q (\, q) = sin \m\.ℓ< (\, q), n? is a small parameter con-

trolling the strength of perturbation, and we restrict to linear order in n?. The metric perturbation

can be split into the axial and polar sectors considering their transformation under parity. In the

absence of spin, perturbations with different parity do not mix, and satisfy the Regge-Wheeler and
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Zerilli equations for axial and polar perturbations, respectively. To the linear order in spin, the

coupling between axial and polar modes can be neglected as far as the computation of the QNM

frequencies is concerned.

E.2.1 Axial sector

The axial sector is the part of the metric perturbation that transforms as (−1)ℓ+1 under parity

transformation, i.e., (\ → c − \, q → q + c). This is given by

X6axial`a = 2
∑
ℓ,<

{ℎℓ<0 (A, C)
[
(ℓ<\ (\, q)3\ + (ℓ<q (\, q)3q

]
3C + ℎ1(A, C) [(ℓ<\ (\, q)3\

+ (ℓ<q (\, q)3q]3A}. (E.13)

The Einstein equations in vacuum, �`a = 0, for axial perturbations to the linear order in spin and

in the perturbation, can be reduced to a modified Regge-Wheeler equation to first order in spin

given by [273]

32kRW(A)
3A2

∗
+

[
l2 − 4<�l

A3 − 5 (A)
(
ℓ(ℓ + 1)
A2 − 6"

A3 + 24�<(−7" + 3A)
ℓ(ℓ + 1)A6l

)]
kRW(A) = 0, (E.14)

where

kRW(A) = ℎ1(A)
5 (A)
A

(
1 + 2<�

A3l

)
, (E.15)

and we have suppressed the ℓ, < indices for simplicity of notation. The other function in the axial

sector, ℎ0(A), is related to ℎ1(A) through the relation

ℎ0(A) =
8 5 (A)

[
ℓ(ℓ + 1)A4lℎ1(A) 5 ′(A) + 5 (A) (−12�@<ℎ1(A) + @̃A4lℎ′1(A)

]
@̃lA (−2�< + A3l)

, (E.16)

where @ = (ℓ − 1) (ℓ + 2)/2, @̃ = ℓ(ℓ + 1), and the prime stands for radial derivative (3/3A). Note

that in the above equations, we have factorized the time-dependence as ℎ1(A, C) = ℎ1(A)4−8lC and

similarly for ℎ0(A, C).
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E.2.2 Polar sector

The polar sector transforms as (−1)ℓ under parity transformations, and is given by

X6
polar
`a =

∑
ℓ,<

[
�ℓ<0 (A, C)3C2 + �ℓ<2 (A, C)3A2 + A2 (A, C)3Σ2 + 2�ℓ<1 (A, C)3A3C

]
.ℓ< (\, q). (E.17)

The Einstein equations for the polar perturbations can be reduced to a modified Zerilli equation

to the first order in spin given by [273]

32kZ(A)
3A2

∗
+

[
l2 − 4<�l

A3 − 5 (A)+Z(A)
]
kZ(A) = 0, (E.18)

where

+Z(A) =
2"
A3 + (ℓ − 1) (ℓ + 2)

3

[
2(ℓ − 1) (ℓ + 2) (ℓ2 + ℓ + 1)
(6" + A (ℓ2 + ℓ − 2))2 + 1

A2

]
+ 4<�
A7lℓ(ℓ + 1) (6" + A (ℓ2 + ℓ − 2))4

{
27648"6 + 2592"5A (6ℓ(ℓ + 1) − 19)

+ 144"4A2
[
6A2l2 + ℓ(ℓ + 1) (21ℓ(ℓ + 1) − 148) + 230

]
+ 12"3A3(ℓ2 + ℓ − 2)

[
72A2l2 + ℓ(ℓ + 1) (29ℓ(ℓ + 1) − 200) + 374

]
+ 12"2A4(ℓ2 + ℓ − 2)2

[
28A2l2 + ℓ(ℓ + 1) (5ℓ(ℓ + 1) − 12) − 4

]
+ "A5(ℓ2 + ℓ − 2)2

[
24A2l2(2ℓ(ℓ + 1) − 5)

+ (ℓ − 1) (ℓ + 2) (ℓ2 + ℓ + 2) (7ℓ(ℓ + 1) − 38)
]

+ A6(ℓ2 + ℓ − 2)3
[
2A2l2(ℓ2 + ℓ − 4) − 3(ℓ2 + ℓ − 2) (ℓ2 + ℓ + 2)

]}
. (E.19)

The Zerilli function kZ(A) is related to the radial functions in the polar sector via the rela-

tions 
 (A)

�1(A)

 =


�11 �12

�21 �22

 .

k̃Z(A)

k̃′
Z(A)

 , (E.20)
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where

A =


12"2+6"@A+ℓ(ℓ+1)@A2

2A2 (3"+@A) 1

−8l
[
1 + "

(
1

2"−A −
6

2"+2@A

)]
8lA2

2"−A

 , (E.21)

and

k̃Z(A) = kZ(A)
[
1 + 2<� (12"3 − 6"2A + @A3(@ + A2l2) + " (−2@2A2 + 3A4l2)

ℓ(ℓ + 1)A4(3" + @A)2l

]
. (E.22)

The other functions describing polar metric perturbrations, �0 and �2, can be written in terms of

�1 and  via the relations

�2(A) =
A2

(A − 2")2�0(A) + 4<�lA
 (A)

ℓ(ℓ + 1) (A − 2")2 , (E.23)

�0(A) =
8(2" − A) (@̃" − 2A3l2)

2A2(3" + @A)l
�1(A) −

3"2 + " (−1 + 2@)A − @A2 + A4l2

A (3" + @A)  (A)

+ <�

2@̃A5(3" + @A)2l2

{
8(2" − A)

[
@̃2" (3" + @A) − 2(@̃" − 2A3l2) (@̃" + A3l2)

]
�1(A)

+ Al
[
4(@̃" + A3l2) (3"2 + " (−1 + 2@)A − @A2 + A4l2)

+ (6" + 2@A) (2(3" − 2A)A3l2 + @̃(−3"2 + "A + 2A4l2))
]
 (A)

}
. (E.24)

Although the Zerilli equation appears different than the Regge-Wheeler equation, they both yield

the same spectrum of QNMs when the boundary condition is that of BHs. This can be shown in

the non-spinning case via the Chandrashekar transformation, and at the linear order in spin with a

more general transformation. For a generic compact object described by the membrane paradigm,

the boundary condition at the membrane surface can break the isospectrality.

454



E.3 Membrane paradigm at the linear order in spin: gravitational perturbations

In accordance with the junction conditions, the extrinsic curvature and the induced metric

from either side of the membrane surface must satisfy

( +
01 − ℎ

+
01 

+) − ( −
01 − ℎ

−
01 

−) = −8c)01, ℎ+01 = ℎ
−
01, (E.25)

where )01 is the surface stress-energy tensor of the membrane. Normally, to proceed further, one

needs to fix the spacetime in the interior region to the membrane. However, in this work, the

membrane is intended to be an effective way to parametrise an arbitrary compact object. This

choice does not break any symmetries and lets the stress-energy tensor do all the heavy lifting.

A simple way to implement this choice is to demand  −
01

= 0, which is also the standard choice

when the membrane is used to describe BHs. Then, the junction condition reduces to

 01 − ℎ01 = −8c)01, (E.26)

where we have removed the + signs denoting that quantities are evaluated outside the membrane

for convenience. The surface stress energy tensor is given by [90]

)01 = dD0D1 + (? − ZΘ)W01 − 2[f01, (E.27)

where Θ = ℎ01∇1D0, is the expansion rate, f01 = ∇(0D1) − 1
2ΘW01 is the shear tensor, and W01 =

ℎ01 + D0D1 is the projection tensor orthogonal to the fluid velocity. The derivation of the density,

pressure and fluid velocity when the membrane is unperturbed is given in Appendix E.1. Here,

we derive the boundary conditions for the metric perturbations at the surface of the membrane to

the linear order in spin.
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When the perturbation is added to the background, its contribution appears both on the

membrane parameters and the metric perturbations in Eq. (E.26). Thus, the outside metric is

given by Eq. (E.11), and the membrane surface is parametrised as

G` (H0) =
(
C = ), A = A0 + n?XA (Θ,Φ)4−8l) , \ = Θ, q = Φ

)
, (E.28)

XA (Θ,Φ) =
∑
ℓ,<

bℓ<A .ℓ< (Θ,Φ), (E.29)

where (),Θ,Φ) are intrinsic coordinates to parametrise the (perturbed) membrane, and XA (Θ,Φ)

is the radial deformation of the membrane surface. We can derive the perturbed tangent vectors

as 4`0 = 3G`/3H0 = (4`0 )0 + n?X4`0 where

X4
`
0 ≡



X4
`
C

X4
`

Θ

X4
`

q


=

∑
ℓ<



0 −8lbℓ<A .ℓ< (Θ,Φ) 0 0

0 bℓ<A mΘ.ℓ< (Θ,Φ) 0 0

0 bℓ<A mΦ.ℓ< (Θ,Φ) 0 0


4−8l) , (E.30)

and the basis vectors in the unperturbed case, (4`0 )0, is given in Eq. (E.2). We can now derive

the perturbations in the induced metric ℎ01 = 6`a4
`
04

a
1
= ℎ0

01
+ n?Xℎ014−8l) , with ℎ0

01
given in

Eq. (E.3) and

Xℎ01 =
∑
ℓ<



A2
0�

ℓ<
0 (A0)−2"bℓ<A

A2
0

− cscΘℎℓ<0 (A0)mΦ ℎℓ<0 (A0) sinΘmΘ + 2� sin2 Θ
A2

0
bℓ<A

− cscΘℎℓ<0 (A0)mΦ A0
(
A0 

ℓ< (A0) + 2bℓ<A
)

0

ℎℓ<0 (A0) sinΘmΘ + 2� sin2 Θ
A2

0
bℓ<A 0 A0

(
A0 

ℓ< (A0) + 2bℓ<A
)
sin2 Θ


× .ℓ< (Θ,Φ). (E.31)

The normal vector =` = =0
` + n?X=`4−8l) , defined through the relations =`4`0 = 0, and
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=`=a6
`a = 1, is perturbed as

X=` =
∑
ℓ<



8l
bℓ<A√
5 (A0)

�ℓ<
2 (A0)

2
√
5 (A0)

− bℓ<A√
5 (A0)

mΘ

− bℓ<A√
5 (A0)

mΦ


.ℓ< (Θ,Φ). , (E.32)

where =0
` = {0, 1/

√
5 (A0), 0, 0}. Subsequently, we can compute the perturbation to the extrinsic

curvature  01 =  0
01

+ n?X 014−8l) , using  01 = 4`04a1∇(`=a) .  0
01

is defined in Eq. (E.4), and

X )) =
∑
ℓ<

(
−5 5 2 + 6 5 + 4A2

0l
2 − 1

)
bℓ<A

4A2
0

√
5

+
A0 5

(
− 5 2�ℓ<2 + 5 �ℓ<2 + 48lA0�

ℓ<
1 + 2A0(�ℓ<0 )′

)
4A2

0

√
5

× .ℓ< (Θ,Φ) ,

X ΘΘ =
∑
ℓ<

5

(
2mΦℎℓ<1 cscΘ (cotΘ − mΘ) + A2

0 ( 
ℓ<)′ + 2A0 

ℓ< + bℓ<A
)

2
√
5

−
A0 5

2�ℓ<2 −
(
1 − 2m2

Θ

)
bℓ<A

2
√
5

.ℓ< (Θ,Φ) ,

X )Θ =
∑
ℓ<

[ 5 [
mΘ�

ℓ<
1 + 8mΦ cscΘ

(
lℎℓ<1 + 8(ℎℓ<0 )′

)]
2
√
5

+ 28lmΘbℓ<A
2
√
5

+
2� cotΘ

(
5 ℎℓ<1 sinΘmΘ − mΦbℓ<A

)
A3

0

√
5

]
× .ℓ< (Θ,Φ) , (E.33)

X )Φ =
∑
ℓ<

{ 5 (
8lℎℓ<1 sinΘmΘ + sinΘmΘ(ℎℓ<0 )′ − mΦ�ℓ<1

)
2
√
5

+ 28lmΦbℓ<A
2
√
5

+
�

[
− 5

(
4mΦℎℓ<1 cosΘ + 5 sin2 Θbℓ<A

)
2A3

0

√
5

+
A0 5

2�ℓ<2 sin2 Θ + sinΘbℓ<A (4 cosΘmΘ + sinΘ)
]

2A3
0

√
5

}
× .ℓ< (Θ,Φ) , (E.34)

457



X ΘΦ =
∑
ℓ<

2mΦ (cotΘ − mΘ) bℓ<A − 5 ℎℓ<1 sinΘ
(
m2
Φ

csc2 Θ − m2
Θ
+ cotΘmΘ

)
2
√
5

× .ℓ< (Θ,Φ) ,

X ΦΦ = X ΘΘ sin2 Θ +
∑
ℓ<

2mΦ 5 ℎℓ<1 (sinΘmΘ − cosΘ)√
5

−
bℓ<A

(
− sin2 Θm2

Θ
+ sinΘ cosΘmΘ + m2

Φ

)
√
5

.ℓ< (Θ,Φ) . (E.35)

where we have suppressed the radial argument in the perturbation variables for simplicity

of notation. All the radial functions and their derivatives are to be evaluated at A = A0. Also

note that mΘ (mΦ) denote a differentiation with respect to Θ (Φ), acting on the spherical harmonic

.ℓ< (Θ,Φ), and the prime denotes a radial derivative.

The fluid membrane parameters are also perturbed so that Eq. (E.26) continues to hold. We

parametrise the fluid perturbations as

d = d0 + n?Xd(Θ,Φ)4−8l) , (E.36)

? = ?0 + n?X?(Θ,Φ)4−8l) , (E.37)

D0 = (D0)0 + n?XD0 (Θ,Φ)4−8l) . (E.38)

Furthermore, we expand the membrane perturbations in spherical harmonics (analogous to stellar

perturbation theory in Ref. [272]) as

XDΘ =
∑
ℓ<

[
+ℓ<

(ℓ<
q
(Θ,Φ)

sinΘ
+*ℓ<(ℓ<\ (Θ,Φ)

]
, (E.39)

XDΦ =
∑
ℓ<

[
−+ℓ<

(ℓ<
\
(Θ,Φ)

sinΘ
+*ℓ<(ℓ<q (Θ,Φ)

]
, (E.40)

Xd(Θ,Φ) =
∑
ℓ<

Xdℓ<.ℓ< (Θ,Φ), (E.41)

X?(Θ,Φ) =
∑
ℓ<

X?ℓ<.ℓ< (Θ,Φ). (E.42)
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This makes the process of deriving the boundary conditions more convenient, and splits the per-

turbations based on their transformation under parity. The perturbed stress energy tensor is then

given by

X))) =
∑
ℓ<


√
5

(
( 5 − 1)bℓ<A + A0�

ℓ<
0

)
4cA2

0
+ 5 Xdℓ< − � (sinΘ*ℓ<mΘ + mΦ*ℓ<)

4cA2
0

 .ℓ< (Θ,Φ) ,

X)ΘΘ =
∑
ℓ<

{
A2

0

[
X?ℓ< − 2[mΦ cotΘ cscΘ*ℓ< +

(
2[mΦ cscΘ*ℓ< − (Z − [) cotΘ+ℓ<

)
mΘ

−+ℓ<
(
m2
Φ(Z − [) csc2 Θ + m2

Θ(Z + [)
)]

+

(
A0 

ℓ< + 2bℓ<A
) (
−" + 88cZA2

0l + A0

)
8cA0

√
5

+
�

[
−mΦ

(
2ZA0 

ℓ< + (3Z + [)bℓ<A
)
− 68A0l(Z − [)ℎℓ<0 sinΘmΘ

]
2A0

√
5 (A0 − 3")

+ � (Z − [)
5 3/2(3 5 − 1)A2

0

[
48A0lℎ

ℓ<
0 sinΘmΘ − mΦ

(
bℓ<A − A0�

ℓ<
0

)
−68A3

0l 5
3/2

(
sinΘ*ℓ<mΘ + mΦ+ℓ<

)
+ 48A3

0l
√
5

(
sinΘ*ℓ<mΘ + mΦ+ℓ<

) ]}
.ℓ< (Θ,Φ) ,

X))Θ =
∑
ℓ<

{A2
0mΘ (3 5 − 1)+ℓ< − mΦ cscΘ

(
4
√
5 ℎℓ<0 + 3A2

0 5*
ℓ< − A2

0*
ℓ<

)
16cA0

−
2[� sinΘ

[
−*ℓ<m2

Θ
+ mΦ csc2 Θ

(
mΦ*

ℓ< + 2 cosΘ+ℓ<
) ]

A0(3 5 − 1) ,

−
2[� sinΘ

[
cscΘ

(
cosΘ*ℓ<mΘ − 2mΦ+ℓ<

) ]
A0(3 5 − 1)

}
.ℓ< (Θ,Φ) ,

X))Φ =
∑
ℓ<

{A2
0mΦ (3 5 − 1)+ℓ< − sinΘmΘ

(
4
√
5 ℎℓ<0 + 3A2

0 5*
ℓ< − A2

0*
ℓ<

)
16cA0

− �

A0 (A0 − 3")

[
6" sin2 ΘXdℓ< + A0

(
sin2 Θ

(
X?ℓ< − Xdℓ<

)
+ 2[mΦ cosΘ*ℓ<

+ sinΘ
(
2[mΦ*ℓ< + (Z + [) cosΘ+ℓ<

)
mΘ − (Z − [) sin2 Θ+ℓ<m2

Θ − m2
Φ(Z + [)+ℓ<

)]
+ � sin2 Θ

16cA3
0 5

3/2 (3 5 − 1)

[
− 8A0 5

(
−38�ℓ<0 + 32cZA0l 

ℓ< − 28 ℓ< + 64cZlbℓ<A
)

+ 5 2
(
6A0 

ℓ< + bℓ<A
)
+ 24 5 3bℓ<A + A0�

ℓ<
0 − bℓ<A

]}
.ℓ< (Θ,Φ) ,

X)ΘΦ =
∑
ℓ<

{
[A2

0 cscΘ
[
−*ℓ< sin2 Θm2

Θ + mΦ
(
mΦ*

ℓ< + 2 cosΘ+ℓ<
)
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+ sinΘ
(
cosΘ*ℓ< − 2mΦ+ℓ<

)
mΘ

]
+ � sinΘ

8cA2
0 5

3/2 (3 5 − 1)

[
5

(
8c[ sinΘmΘbℓ<A + 3mΦℎℓ<0 (3 + 168c[A0l)

)
−9mΦ 5 2ℎℓ<0 − 38A2

0 5
3/2 (16c[A0l − 38)

(
sinΘ+ℓ<mΘ − mΦ*ℓ<

)
+2A2

0
√
5 (1 + 168c[A0l)

(
sinΘ+ℓ<mΘ − mΦ*ℓ<

)
+9A2

0 5
5/2

(
sinΘ+ℓ<mΘ − mΦ*ℓ<

)
− 2mΦℎℓ<0 (1 + 168c[A0l)

+8c[A0�
ℓ<
0 sinΘmΘ − 8c[ sinΘbℓ<A mΘ

]}
.ℓ< (Θ,Φ) , (E.43)

X)ΦΦ = X)ΘΘ sin2 Θ −
∑
ℓ<

{
2[A2

0

[
mΦ

(
mΦ+

ℓ< − 2 cosΘ*ℓ<
)

+ sinΘ
(
2mΦ*ℓ< + cosΘ+ℓ<

)
mΘ − sin2 Θ+ℓ<m2

Θ

]
+ � sin2 Θ

4cA2
0 5

3/2 (3 5 − 1)

[
5

(
8c[mΦbℓ<A − 38ℎℓ<0 sinΘmΘ (16c[A0l − 38)

)
+9 5 2ℎℓ<0 sinΘmΘ − 38A2

0 5
3/2 (16c[A0l − 38)

(
sinΘ*ℓ<mΘ + mΦ+ℓ<

)
+2A2

0
√
5 (1 + 168c[A0l)

(
sinΘ*ℓ<mΘ + mΦ+ℓ<

)
+9A2

0 5
5/2

(
sinΘ*ℓ<mΘ + mΦ+ℓ<

)
+2ℎℓ<0 sinΘmΘ (1 + 168c[A0l) − 8c[mΦ

(
bℓ<A − A0�

ℓ<
0

) ]}
.ℓ< (Θ,Φ) . (E.44)

Now, using Eq. (E.26), we can write the constraints on the perturbations to these quantities

as

X 01 − ℎ01X −  Xℎ01 = −8cX)01, (E.45)

which is a total of six equations that fix the perturbations to the membrane as well as the bound-

ary condition. We project the equations onto the spherical harmonics .ℓ< (Θ,Φ) and extract the

relations for a given (ℓ, <) mode (and its interaction with the neighbouring modes) [272, 273]
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yielding to

(01) = ()Φ) → ℓ(ℓ + 1)Vℓ<0 + 8<�
[
(ℓ − 1) (ℓ + 2)jℓ<0 + Ũℓ<0 + [ℓ<0

]
− �&ℓ< (ℓ + 1)

[
(ℓ − 2) (ℓ − 1)bℓ−1,<

0 − (ℓ − 1) Ṽℓ−1,<
0 + Z ℓ−1,<

0
]

+ �&ℓ+1,<ℓ
[
(ℓ + 2) (ℓ + 3)bℓ+1,<

0 + (ℓ + 2) Ṽℓ+1,<
0 + Z ℓ+1,<

0
]
= 0, (E.46)

(ΘΘ) − (ΦΦ) → ℓ(ℓ + 1) ℓ<00 + 8<� ℓ<66 − �&ℓ< (ℓ + 1) ℓ−1,<
5 5

+ �&ℓ+1,<ℓ ℓ+1,<
5 5

= 0. (E.47)

for the predominantly axial sector, and similarly

(01) = ())) → �ℓ<00 + 8<��ℓ<0 + �&ℓ<�ℓ−1,<
0 − �&ℓ+1,<�ℓ+1,<

0 = 0, (E.48)

(ΘΘ) + (ΦΦ) → �ℓ<33 + 8<��ℓ<3 + �&ℓ<�ℓ−1,<
3 − �&ℓ+1,<�ℓ+1,<

3 = 0, (E.49)

()Θ) → ℓ(ℓ + 1)Uℓ<0 + 8<�
[
(ℓ − 1) (ℓ + 2)bℓ<0 − Ṽℓ<0 − Z ℓ<0

]
− �&ℓ< (ℓ + 1)

[
(ℓ − 2) (ℓ − 1)jℓ−1,<

0 + (ℓ − 1)Ũℓ−1,<
0 − [ℓ−1,<

0
]

− �&ℓ+1,<ℓ
[
(ℓ + 2) (ℓ + 3)jℓ+1,<

0 − (ℓ + 2)Ũℓ+1,<
0 − [ℓ+1,<

0
]
= 0, (E.50)

(ΘΦ) → ℓ(ℓ + 1) ℓ<B + 8<� ℓ<5 − �&ℓ< (ℓ + 1) ℓ−1,<
6 + �&ℓ+1,<ℓ ℓ+1,<

6 = 0. (E.51)

for predominantly polar sector. Here, &ℓ< =
√
(ℓ2 − <2)/(4;2 − 1) and the other variables are

functions of the individual modes of axial and polar perturbations which help us to organize the

equations in a similar manner as in Ref. [272, 273]. Note that among the terms proportional to �,

each equation contains functions that are proportional to ℓ and the neighbouring modes ℓ−1, ℓ+1.

Among these, the latter ones lead to a mixing of axial and polar modes, as parity conservation

prevents any coupling between axial and polar modes with the same angular number. For exam-

ple in Eq. (E.46), Vℓ<0 , jℓ<0 , Ũℓ<0 and [ℓ<0 depend only on the axial perturbation functions, i.e.,

ℎℓ<0/1/2(A0) and*ℓ<; whereas bℓ<0 , Ṽℓ<0 and Z ℓ<0 , which contribute as neighbouring modes, depend

only on the polar perturbation functions, i.e., bℓ<A , +ℓ<0 , X?ℓ<, Xdℓ<, �ℓ<0/1/2(A0) and  ℓ< (A0).
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To leading order in spin, we can drop the mixing between axial and polar modes without

affecting the derived QNM frequencies. This is true both in the equations of motions and in the

junction conditions. To see this, we first note that the equations are invariant under

0ℓ< → (−1)ℓ+10ℓ,−<, ?ℓ< → (−1)ℓ?ℓ,−<, � → −�, < → −<, (E.52)

where 0ℓ< collectively refers to all the linear functions of axial perturbations in the above equations

(e.g., Vℓ<0 ) and ?ℓ< collectively refers to all the linear functions of polar perturbations in the

above equations (e.g., �ℓ<00 ). At the first order in spin, the QNM frequencies can be expanded

as l = l0 + <jl1 + O(j2), where � = "2j. This implies that the linear-in-spin terms in the

equations of motion that do not have an extra factor of< cannot affectl1, and may be dropped for

their computation. This is also true for the perturbation equations, as shown in Ref. [273]. Thus,

we can decouple the axial and polar sectors and simplify the junction conditions to

(01) = ()Φ) → ℓ(ℓ + 1)Vℓ<0 + 8<� [(ℓ − 1) (ℓ + 2)jℓ<0 + Ũℓ<0 + [ℓ<0 ] = 0, (E.53)

(ΘΘ) − (ΦΦ) → ℓ(ℓ + 1) ℓ<00 + 8<� ℓ<66 = 0, (E.54)

for axial modes and

(01) = ())) → �ℓ<00 + 8<��ℓ<0 = 0, (E.55)

(ΘΘ) + (ΦΦ) → �ℓ<33 + 8<��ℓ<3 = 0, (E.56)

()Θ) → ℓ(ℓ + 1)Uℓ<0 + 8<� [(ℓ − 1) (ℓ + 2)bℓ<0 − Ṽℓ<0 − Z ℓ<0 ] = 0, (E.57)

(ΘΦ) → ℓ(ℓ + 1) ℓ<B + 8<� ℓ<5 = 0, (E.58)

for polar modes to the first order in spin.

462



E.3.1 Axial boundary condition

Using Eqs. (E.53) and (E.54), we can eliminate the axial matter perturbation (+ℓ<) between

these two equations to get the boundary condition for the Regge-Wheeler functionkRW(A) to linear

order in spin to be

1
kRW(A)

3kRW(A)
3A∗

���
A=A0

=
3"2H2a+RW(A0) − 68F3 + 28F2H

6"Fa(3F − H)

+ <j

6ℓ(ℓ + 1)"H5(H − 3F)2a

[
F3 (36F2H

(
8(ℓ2 + ℓ + 9)H + 16a + aH2)

+ 6FH2 ((ℓ2 + ℓ − 7)aH2 − 28(2ℓ2 + 2ℓ + 13)H − 42a
)

+ H3 ( − 3(ℓ2 + ℓ − 4)aH2 + 48(ℓ2 + ℓ + 6)H + 36a
)

− 2168F3(H − 28a)
)

− 3"2FH4+RW(A0)
(
4aF − 68FH + aH3 + 28H2 − 2aH

) ]
, (E.59)

where F = "l, H = lA0, a = 16c[ and

+RW(A0) = 5 (A)
(ℓ(ℓ + 1)

A2 − 6"
A3 + 24<� (−7" + 3A0)

ℓ(ℓ + 1)A6
0l

)
. (E.60)

The above boundary condition is consistent with the earlier results in Ref. [90] in the non spinning

case for j = 0. In the BH limit, i.e., [ → (16c)−1 and A0 → 2" , we have

1
kRW(A)

3kRW(A)
3A∗

���
A=A0

= −8
(
l − <j

4"

)
= −8(l − <Ω�), (E.61)

as expected.

E.3.2 Polar boundary condition

The polar boundary condition requires an extra ingredient, which is the equation of state of

the membrane fluid. Since there are four equations in the polar sector and four matter perturba-
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tions, i.e., Xdℓ<, X?ℓ<, +ℓ< and bℓ<A , we do not have any remaining constraint upon eliminating

the matter variables to serve as the boundary condition. Thus, we additionally impose that the per-

turbations to the pressure and the density are related via the equilibrium sound-speed [90, 272]

22
B =

X?ℓ<

Xdℓ<
=
3?0/3A
3d0/3A

= −
3"2 − 3"A0 + A2

0

2(6"2 − 5"A0 + A2
0)
. (E.62)

With this extra constraint, we obtain the boundary condition to the linear order in spin for the

Zerilli function kZ(A), using the relations in Appendix. E.2. We write it implicitly here as

1
kZ(A)

3kZ(A)
3A∗

���
A=A0

= −16c[8l + � (A0, l, [, Z) + <j� (A0, l, [, Z). , (E.63)

where � (A0, l, [, Z) is given explicitly in Ref. [90]. We provide the polar boundary condition

in the supplemental Mathematica document in [274]. Note that unlike the axial sector, there is

dependence on the bulk viscosity both in spinless case and at the linear order in spin for the polar

sector. In the BH limit, i.e., [ → (16c)−1, Z → −(16c)−1 and A0 → 2" , we have

1
kZ(A)

3kZ(A)
3A∗

���
A=A0

= −8
(
l − <j

4"

)
= −8(l − <Ω�), (E.64)

as expected.
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