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In recent years, smart composites have been introduced in the market
that open up new possibilities for controlling or sensing flexible structures.
Internal properties of these composite materials which are either embedded
into the structure or bonded to the surface of the structure can be manipu-
lated through application of magnetic field (in magneto-strictive material),
voltage (in piezoelectric material), or heat (in Shape Memory Alloys).

This dissertation is primarily concerned with those composites with vari-
able stiffness or modulus of elasticity. The objective is to control the stiff-
ness of the structure to achieve stability. A lumped parameter model of a
non-shearable and inextensible beam is derived as an approximation to the
continuum model (see [64]) with attached composites. Due to the ability to
manipulate the modulus of elasticity of the composite, the spring constants

of the finite dimensional model of the beam are identified as the control

variables. We design nonlinear feedback control laws to damp vibrations in
the resultant simple Hamiltonian control system while satisfying the input
constraints. Then, the analysis is specialized to a class of bilinear system
which is the state linearized version of the original system. Optimality of the
proposed controller is studied and under special conditions a discontinuous
control law is proposed which achieves a faster dissipation of the energy than

the continuous one for some simulated cases.
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Chapter 1

Introduction

Active vibration suppression has been a subject of study in many disciplines.
The common factor in all of them is to improve the performance of the
system. In particular, in the structural design, active control allows the use
of lighter material without compromising performance. For instance, in space
applications, a structure is designed by minimizing its weight which results
in a very flexible body with very little internal damping. This requires the
use of active vibration suppression in order to keep the system stable. The
application of active vibration control is not limited to structures. It is used
in automobile suspension control [40], noise suppression [29], and many other
applications [36].

There are many different kinds of actuation available for use in active
vibration damping. For flexible structure control, the use of smart material
introduces an effective means of damping vibrations [9, 89, 55, 65]. Depend-
ing on how the composites are utilized in the structure, they may produce
localized bending moments in bonded piezo-electric plates [25, 23], point force
[28, 39], or change in stiffness [22]. In some civil engineering applications,
the composite material is used as passive damping element [54]. In structural
control, it is desirable to have a distributed actuation and sensing to avoid

problems such as spillover. Composites offer a solution to distributed sensing



and actuation. Because of their compact size, light weight and simplicity, one
can use a large number of them in the structure without significantly modi-
fying the passive mechanical and dynamic properties of the original system.
Thus, using the bonded or embedded composite material in the structures as
sensors or actuators allows the designer to control the behavior of the struc-
ture and as a result introduce intelligence in the structure. This intelligence
or distributed actuation and sensing is used for active vibration damping.

Various design methods are used in the literature to suppress vibrations
in flexible structures. A distributed approach is taken by Pourki [65] in
which the shape of the actuator is designed to act as a distributor controller.
De Santis and Lanari [71] propose a semigroup theory approach and pas-
sivity arguments to design a stabilizing control law. Balas [10] proposes a
direct velocity feedback control for the finite dimensional model of a large
space structure. Abdel-Rohman [1] uses optimal control, pole assignment,
the independent modal space control, and direct velocity feedback to design
a stabilizing control law.

In this thesis, we look at parametric control of simple mechanical systems.
By parametric control, we refer to variation of the internal parameters of
the physical system to achieve the control objective. In particular, we look
at stabilizing a simple mechanical system with no damping by changing its
potential energy function through manipulation of stiffness parameters. This
ability can be built into the mechanism by designing a variable axial stiffness
member [59] to manipulate the Young’s modulus of elasticity or it could be
a property of the embedded magnetostrictive actuators [22, 21]. This class
of mechanical systems is sufficient to analyze the worst case situation for
vibration suppression in a flexible structure.

A feedback control law is proposed for a class of simple Hamiltonian



systems which drives the system to a stable equilibrium point from all initial
conditions but a set of measure zero. It is shown that for the lumped model
of a flexible cantilever beam, this control law depends only on the joint
angle and angular velocity. This greatly simplifies the implementation of the

control law.

A simple sufficient condition for existence of stabilizing feedback law for
a class of bilinear systems with multiple inputs is proved which requires an
eigenvalue check for stabilizability. The state linearized model of the nonlin-
ear Hamiltonian control systems can be put in the form of the class of bilinear
systems that is studied in this thesis. Therefore, using associated stability
analysis introduced by Bacciotti [7], one can prove local stability results for
the nonlinear model which removes the need to compute certain distribu-
tions to prove stability. For two dimensional Hamiltonian control systems,
it is shown that a discontinuous control law achieves faster damping than
the continuous control law by simulation and cost comparison, and the exis-
tence and uniqueness of solutions for the proposed discontinuous controller
are proved.

In Chapter 2, we briefly review some related results in stabilization of
nonlinear control systems. In addition, a brief review of differential equations
with discontinuous right hand sides is given for possible use of discontinuous
control laws in certain limiting situations to improve the convergence rate.

In Chapter 3, we derive the lumped parameter model for a cantilever
beam as proposed by Posbergh [64]. This model is useful for composite
actuation since one can use large number of sensor/actuator pairs to make
the lumped model closely approximate the continuum one. Posbergh [64]
showed that by increasing the lumped elements, the finite model converges

to the continuum one. Therefore, by choosing a large number of actuators,



one can approximate a distributed actuation.

In Chapter 4, a continuous control law is proposed for a simple Hamilto-
nian control system with bounded inputs. The control variables are assumed
to manipulate the potential function. It is shown that any vibration in the
system can be damped as long as there is no nontrivial invariant set where
all the controls are zero. Then, in Chapter 5, this result is specialized to
a class of bilinear systems. A simple sufficient condition is found for global
asymptotic stability of the origin. In addition, it is shown that the proposed
control law is optimal in Jacobson’s sense [45].

In Chapter 6, we consider a case study to illustrate how a discontinuous
control law can perform in comparison to the continuous law. This is done for
a two dimensional system. In Chapter 7, we carry out some simulation and
experimentation with a cantilever beam and show how the control laws per-
form with a piezoelectric actuation. In Chapter 8, we give some concluding

remarks and directions for the future research.



Chapter 2

Mathematical Review

In this chapter, we review the mathematical tools that are used to develop
the theory in this dissertation. Since the main objective of this work is sta-
bilizability of mechanical systems, we review the idea behind the dissipative
systems and how it could be used to design a stabilizing control law. We
discuss why a Hamiltonian model for real physical systems is sufficient to
design a stabilizing control law. Due to the fact that using the full power of
the control input may result in a faster damping, we review the mathematics
of discontinuous differential equations for the use of discontinuous control

laws as means of stabilizability.

2.1 Dissipative Systems

This section is about the systems with dissipation. A system can be viewed
in a split manner: terms that cause dissipation and those that do not. The
nondissipative dynamics can be described by a Hamiltonian system and the
the dissipative dynamics is described by a metric. Dissipative forces are
velocity dependent and they work against the kinetic energy of the system.
For any dissipative mechanical system, the associated vector field can be

represented by a dissipative force plus a conservative (Hamiltonian) system,

see [75, 60]. To state it more precisely, let us define a dissipative vector field,



Xp.

Definition 2.1.1 A vector field Xp is a dissipative field with respect to the

Hamiltonian system Xg in T*Q if

1. Lx H(z) <0 forallz € T*Q.
2. Forz € T*Q, Lx H(z) =0 if and only if Xp(z) = 0.

So, a dissipative system is a system whose vector field X on T*@Q is of the

form

X=Xg+Xp (2.1)

where H(z) = K(z) + V(q) is the sum of the kinetic and potential ener-
gies. The first condition says that the energy decays along trajectories of the
system Xp. This implies that for a dissipative system, Xy + Xp, the en-
ergy decays along the trajectories of the system. The second condition says
that the decay stops only when the dissipative vector field is zero. Another
definition of a dissipative vector field is given in Appendix A.

Consider a Hamiltonian control system for a simple mechanical system,

m

i o= Xuy(z) =Y Xn,(z)u;
Y, = Hi i=1,...,m (2.2)

for Ho(z) = :p"M~'p + Vo(q) and Hj(z) = Vi(g). Then, to stabilize the
above system, one has to make the vector field — Y-, X g, (z)u; dissipative.
It should be noted that not all dissipative vector fields are stabilizing, see
Bloch, Krishnaprasad, Marsden, and Ratiu [11]. However, in the context of
this work where the Hamiltonian function Hp is analytic and nondegenerate,

and the set
Qo = {2 € T*Q : Ho(z) < Ho(z0)}
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is compact for all zp € T*Q, a dissipative vector field with respect to the
Hamiltonian system Xp, cannot cause instability. Therefore, in the sequel,
whenever we refer to a dissipative vector field that causes stability, we are
referring to a dissipative vector field with respect to the system Xg,. In
Chapter 4, we design a feedback control law for the above system to achieve
the dissipative effect when the inputs are bounded.

In this thesis, we use a Hamiltonian control system to describe a mechan-
ical system and ignore all inherent physical damping terms such as friction.
Since the objective of this study is active vibration damping, stabilizing a
Hamiltonian or conservative model represents the worst case analysis and
any internal damping would facilitate the vibration suppression. This can be
seen from the definition of a dissipative field and the fact that any stabilizing
feedback law has to force the system to a minimum energy level. Let the

resultant dissipative control vector field be denoted by X,,, then
Lx Ho(z) <0 (2.3)

and

Lx Ho(z) <0 (2.4)

for all z € T*() which preserves the stability.

2.2 Stabilization of Nonlinear Systems

In this section, we briefly review the literature on designing a stabilizing
control law for nonlinear systems. First, we look at bilinear systems and

then discuss the affine nonlinear control system.



2.2.1 Bilinear Systems

Let us consider the following bilinear system

= Az + in: u;B;z. (2.5)
i=1

Luesink and Nijmeijer [58] proposed a sufficient condition for stabilization of
a single input bilinear system by a constant feedback. For the system with
no drift term, Brockett [17] gave necessary and sufficient condition for stabi-
lizability. A necessary and sufficient condition for stabilizability of a planar
bilinear system is given in Chabour and Sallet [20]. Gutman [37] considered
a bilinear system with additive controls (i.e. ¢ = Az + Y7, (B;z + bio)u;).
Tonescu and Monopoli {42] design a stabilizing control law for the above
bilinear system with additive control using hyperstability type technique.
Jurdjevic and Quinn [47] propose a sufficient condition for stabilizability of a
single input systems. Quinn [66] gives the stabilizing control law for a single
input bilinear control system with an estimate of the rate of convergence.
Slemrod [81] and Ryan [69] propose various refinements to the stabilizability
of a bilinear system with single bounded input. As an illustration, we give
the original theorem by Jurdjevic and Quinn [47] that is for a system with
linear drift field. The theorem gives conditions on the control vector field so

that the origin can be globally asymptotically stabilized.

Theorem 2.2.1 ([47]) Let M = R" and let X(z) = Az where A isn xn
matriz whose spectrum consists of n distinct eigenvalues. If Y is any vector
field on M such that (X,Y) satisfies the ad-condition (see Appendiz A) for

all x # 0 then the system

t = X(z)+uY(z)



is globally stabilizable at x = 0.

The above theorem in its more general form where X is a Hamiltonian vector
field on a compact manifold is the basis for our analysis in this thesis.

In the Chapter 5, we expand on the above and derive a simple sufficient
condition for stabilizability of multi-input bilinear systems with bounded

inputs.

2.2.2 Affine Nonlinear Systems

Let us consider affine nonlinear control system

3.
Il

@)+ L@
z(0) = ¢ (2.6)

with f(z.) = 0 for some z. € R". The problem is to design a feedback
control law u;(z), u(z.) = 0 such that the closed loop system is locally
(globally) asymptotically stabilized. This problem is solved locally by means
of linearization, Lyapunov’s direct method [7], or center manifold theory
(18, 4].

Here, we review the work done by van der Schaft [92, 61] since it is closely
related to the approach taken in this thesis. Let us consider a Hamiltonian
control system as given in equation (2.2), where Ho(z) = 1p” M~ (¢q)p+Vo(q)
and H;(z) = H;(q) for i = 1,2,...,m. Then, for qo satisfying dV(go) = 0,
the point (go,0) is an equilibrium point.

Definition 2.2.1 Let the codistribution P(z) be defined as

P(z) = span{dHo(z), d(ady, H;)(z),2 = 1,...,m, k > 0} (2.7)

where adlquH,- = H; and ad’ﬁoHi = {Ho,ad’;folﬂi}.

9



Theorem 2.2.2 ([61]) Consider the simple Hamiltonian control system (2.2)
on T*Q. Let qo satisfy dV(qo) =0, and let V(q) — V(qo) be positive definite
on a neighborhood Uy of qo such that dV(q) # 0, q # qo, ¢ € Uy. Then, there
exists some neighborhood Wy of (qo,0) such that L(x) = Ho(z) — V(qo) is
positive definite on Wy and dL(z) # 0 for all x € Wy — {(0,0)}. Assume
there exist subsets Wy and Wy of Wy with Wy N Wy =0 and Wy U W, = W,

such that
1. (q0,0) € Wz,
2. dimP(z) = 2n, Yz € Wy,

3. there exists a neighborhood Wy C Wy of (qo,0) such that {(go,0)} is
the largest invariant subset of the dynamics ¢ = Xpg,(z) in the set
WinWon{z e Wy:y; = {Ho, H;}(z) =0, i =1,...,m}.

Then, the feedback u;(z) = Lx. Ho(z) = —{Ho, H;}(z) = —y; locally asymp-
totically stabilizes the point (qo,0).

Theorem (2.2.2) states that adding some damping to the conservative system
results in local asymptotic stability of (go,0) if there exists no nontrivial

invariant set where the damping term vanishes for all time. The damping or

dissipative term is given by the control vector field. Let

XD = — i(LXH' Ho(:l)))XH,(:L').

=1

Then, the vector field Xp is dissipative according to the Definition (2.1.1).

It satisfies the first condition since
LXH0+XDH0 = LXDHO <0.

10



It satisfies the second condition since X p vanishes if and only if LXD Hy = 0.

Therefore, by definition, Xp is dissipative. The condition dimP(z) = 2n for
Vz € W; forces the dynamics of the system out of the zero section until the
system is at the equilibrium point. In Chapter 4, we modify van der Schaft’s
result by applying similar conditions as in Jurdjevic and Quinn [47] to drive
the trajectories of the system to a minimum energy point and as a result

damp vibrations. This is done for the systems with bounds on the controls.

2.3 Discontinuous Systems

In this section, we look at discontinuous control laws for Hamiltonian con-
trol systems. The theory of discontinuous dynamic systems was studied by
Utkin [90], Itkis [44], and many other researchers to explore the new pos-
sibilities and advantages that such controllers would offer. The theory of
Variable Structure Systems was developed as a result of such studies. By
deliberately introducing a certain discontinuity in the vector field, one can
create sliding motion which has some attractive properties. First, the tra-
jectories of the state vector belong to manifolds of lower dimensions which
result in lower dimensional systems for analysis. Second, the sliding motion
is independent of the control input and it usually depends on the plant and
discontinuity surfaces. Finally, under certain conditions, the sliding mode
may become invariant to variations of dynamic characteristics such as dis-
turbances, modeling uncertainties, and control variable uncertainty. There
are many studies in the sliding mode control such as [77, 80, 79, 76, 78, 83].
There are also studies for bang-bang control laws such as [50, 27, 86]. In
what follows, we define a solution of discontinuous differential equation as

given by Filippov [34, 31, 30] and give conditions under which the solution is

11



unique and continuously dependent on the initial conditions. Then, we give
a sufficient condition for stabilizing a particular class of Hamiltonian systems

by discontinuous control law.

2.3.1 Definition of Solution

In this section, we briefly review the definition of solutions to the system
given by

= f(t,z,us(t,z),...,un(t,z)) (2.8)

as defined by Filippov [34]. Let f be a continuous vector valued func-
tion and u;(t,z) be a scalar function discontinuous only on a smooth sur-
face S; which is given by hi(z) = 0 for ¢ = 1,2,...,m. We allow in-
tersection and even coincidence of these surfaces. Let us assume that at

any point belonging to one or more surfaces (Sy,...,5, for r < m) for
which the solutions of equation cannot immediately leave the intersection of
such surfaces, there exist equivalent controls ui?,...,u? such that the vec-
tor f{t,z,ui’(t, ), .., us?lt,z), urp1lt,2), . . ., unt,x)) is tangent to the surface

S1,...,8, and the value u{? is contained in the closed interval fu; {¢,z), uf ¢,z ).

Then, the solution is given by the system
&= f(t,z,ui?(t,2),...,ul(t,z), urg1(t,2), . . ., um(t, 2)) (2.9)

The limit points u; (,z) and u} (¢, z) are the values of the function u; as one
approaches the point x from either side of the surface S; fori =1,...,r. The

functions u;*(¢,z), 1 =1,...,r are determined from the system of equations
Vhi(e) - (205 2), o w9t )y trsa(t, ),y tn(5,2)) =0 (2.10)

fori=1,...,r.

12



Definition 2.3.1 ([34]) A solution is an absolutely continuous vector-valued
function which outside the surface S; satisfies equation (2.8), and on these
surfaces and on their intersection satisfies cquation of the form (2.9) for

almost all t.

Let us consider the Hamiltonian control system (2.2) with discontinuous

control variables. Let u; = —sign(§;(z)) for &(z) = %(q)M‘l(q)p and

. 1 if J(z) >0
stgn(&i(z)) = { 1o igw; <0 (2.11)
Then, the function Xpg, (z) — 7%, ui(2)Xg,(z) is defined almost everywhere

in Q¢ C T*Q, is measurable and bounded, i.e., for some > 0
X,(2) = Y wi(@)Xm () <n (2.12)
1=1

for all z € §)y. We claim that under the above conditions, the solutions
to the system (2.2) exist. This can be proven by using Filippov’s theorems
on existence of solutions. We show it for the case that there is only one
discontinuous surface in the next section and leave the general case as an

exercise.

2.3.2 Uniqueness of Solutions

In this section, we discuss the uniqueness of solutions and their continuous
dependence on the initial conditions. For simplicity, we discuss the case with
a single surface of discontinuity which divides the domain into two parts.
The definitions and theorems can be found in {34, 30]. Let us consider a

single input nonlinear control system,

z = f(z) + ug(z). (2.13)

13



Let the functions f, a%f: 24 (; = 1,...,n), and g be continuous and the

 Ba;
function u(z) be discontinuous on the surface S (h(z) = 0), which separates
the domain §)y into domains Q5 (h(z) < 0),and Qf (h(z) > 0). The
functions u(z) and g—; (4 = 1,...,n) are continuous on QF and Q7. Let
u*(z) and u~(z) denote the limiting values of u(x) on its approach to S
from Qf and Qg respectively. Let (f + ug)n, (f +u"g)n, and (f +utg)n
be the projections of the vectors f + ug, f + u~g, and f + u*g onto the

normal to the surface S; that is,

Vh(z) - (f + ug)(z)
[Vh(z)]

(f +ug)n = (2.14)

Let u(z) be in the interval with the ends at u(z) and u*(z). If z € S and
(f +ug)n(f + utg)n(z) <0, there exists a solution u®¥(z) € U(z) of the
equation

(f +u“g)n(z) =0 (2.15)

or

V() - (f(2) + u(2)g(2)) = 0. (2.16)
Then, f*4(z) = f(z) + u®(z)g(z) is tangent to S at « and at those points
& = f(z) + u*(z)g(2)- (2.17)

Next, we give some lemmas where the surface of discontinuity is assumed to

be at least twice continuously differentiable.

Lemma 2.3.1 ([34]) If S € C?, and at the point z € S

(f+utgn(f+ug)n(z) < 0 (2.18)

gn(z) # 0 (2.19)

14



for all w € U(z), then on the interval U(z) equation (2.16) has a unique
solution u®(z); the function u*(z) and 2= (: =1,...,n) are continuous in

Z.

Theorem 2.3.1 ([34]) Let the above conditions hold; moreover, S € C?;

frg9 € C
u(z), ut(z) € C!

gn(z) # 0 Vuel(z)

If for t € (t1,t2) at least one of the inequalities (f + u=g)n > 0 or (f +
utg)ny < 0 (possibly, different inequalities for different x) is valid at each
z € S then for t; < t < ty in the domain g, a solution with initial data
z(to) = o € Qo exists, right-sided uniqueness holds, and the solutions depend

continuously on the initial conditions for equation (2.13).

Example 2.3.1 Let us consider the Hamiltonian control system (2.2) where
Volg) = T, kiVi(q), Hi(z) = Vi(g), and w; € [25%, b= for b; > ¢; > 0

andz=1,...,m. Let u; = k‘;—’“v where v € [—1,1], then

{ q = M~ (q)p

. —a. V. T 2.20
p o= —Uh(g) 4y, bzatil(g) (2.20)

Now, the system (2.20) is in the form of the equation (2.13). Accord-
ing to the above theorem, we only need to check whether or not (ut —

u”)gn(z) is negative. Let us assume a discontinuity surface with A(z) =

—-¥r, b5285(q)M~(¢)p, then

Z(?V by —a; 0V,
“EZ M (g —QLa—]T <0

i=1

(2.21)

(u* - =20 "
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The above is zero if 31, 9‘;—%%—‘? = 0 which occurs when (f + utg)y =

(f + u~g)n and there is no sliding on S. Therefore, the system (2.20) with
w = sign(h(z)) has a unique solution and its solutions depend continuously

on the initial conditions.

There is a similar result for multi-input systems or systems with multiple
surfaces of discontinuity. Those results can be found in [32, 31, 14, 34]. In

the next section, we review stability results for discontinuous systems.

2.3.3 Stability of Discontinuous Systems

The subject of stability of general control systems is studied in the paper
by Roxin [68] where he gives conditions for strong and weak stability of the
so-called general control systems. A generalized control system is defined by
an attainability function which describes the evolution of the system from
an initial state with some control action. It is generalized because it covers
wide range of systems including systems with discontinuous right hand sides.
In [33, 34| stability results for differential inclusions are obtained and some
sufficient conditions for stability are derived. In this section, we mainly
review the Lyapunov like results as given in [34].

Let us consider a control variable u € U(t,z) and a differential inclusion
F(t,z) = f(t,z,U(t,z)) where f(t,2,U(t,z)) is a set function which includes

all possible vector fields, f(¢,z,u).

Definition 2.3.2 A solution © = ¢(t) (to <t < 00) of a differential inclu-
sion

&€ f(t,z,U(t,2)) (2.22)
is called stable (weakly stable) if for each € > 0 there exists a 6§ > 0 such

that for |2(to) — #(to)| < 8 the solution Z(t) of (2.22) satisfies |E(t) — ¢(t)| <

16



e (to <t < o00) for all admissible control u(t) (some admissible control
u(t)). It is asymptotically stable (weakly asymptoticallys stable) if in addition,
() —¢(t) =0 ast — 0.

Therefore, from the above definition, weak asymptotic stability of the solu-
tion ¢(t) implies that the system can be stabilized around ¢(t). Let us define

the upper and lower derivatives of a function H(t,z) € C! with respect to

differential inclusion (2.22).

. dH

H = ()= suwp (H:+VH-y)
dt yeF (t,z,U(t,x))
dH

H, = (H, + VH -y).

— )y = ] f
( dt ) yEF(tl,xI'l,U(t,x))

Theorem 2.3.2 ([34]) Let, in a closed domain D (to <t < o0, |z| < &),
the function F(t,z,U(t,z)) be nonempty, bounded and closed, convez, and
the function F is upper semicontinuous in t,z. Let, 0 € F(t,z,U(t,z)) and
there exist a function H(t,z) € C*, Ho(z) € C for which

H(t,0) = 0

H(t,z) > Ho(z) > 0 (0 < |z| < €p).
Then,

1. If H* <0 in D, the solution z(t) = 0 of the inclusion (2.22) is stable.

2. If, moreover, there exist functions Hi(z) € C, W(z) € C (|z| < €o)

and
0 < Ho(z) < H(t,z) < Hi(x)
H* < —W(z)<0



then, the solution z(t) = 0 is asymptotically stable.

If the control u is piecewise continuous, one needs to verify that % = H;+
VH-f<0or Hi+VH- f <-W(z) <0 only in the domains of continuity

of the function f(t,z,u(t,z)).

Example 2.3.2 Consider the system (2.2) with m = n and V;(¢)’s indepen-

dent for ¢ = 1,...,n and all nonzero ¢q. Let u;(z) = —sign(%‘g‘(q)M_l(q)p).

Then, the origin is asymptotically stable. To see that we apply Theorem
(2.3.2). Consider the Lyapunov function Ho(z) = T M (9)p+ i, lAciVi(q);

then

Ho(z) = — En: Iaa‘f(cJ)M‘l(q)pl <0

=1

This implies that the trajectories of the system (2.2) converge to the largest

invariant subset of

However, the set £ only includes p = 0 or ¢ = 0. For ¢ = 0 and p # 0, we
get ¢ = 0 which implies that p = 0. For p = 0 and ¢ # 0, we get p = 0
which implies that u; = k:; which is impossible. Therefore, ¢ must be zero.

In conclusion, the origin is asymptotically stabilized by the proposed control

law.

In Chapter 6, we compare a continuous control law with a discontinuous
one and show that the discontinuous control law achieves faster damping for
a two dimensional Hamiltonian control system. In Chapter 8, we refer to
possibilities of extending the two dimensional result to a higher order system

with multipleinputs. It is also suggested that further study of a discontinuous

18



control laws and sliding motions on the set F could yield a stabilizing control
law for nonlinear Hamiltonian control system where the dependence on the

control variables is nonlinear.
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Chapter 3

Flexible Beam

In this chapter, we describe a parametric control system. To achieve this
goal, we consider a cantilever beam with bonded or embedded smart material.
Depending on the composites used or the implemented feedback law, one can
identify the manipulated variable as the stiffness of the overall structure. In
the sequel, we approximate the continuum model of a cantilever beam by a
lumped parameter model and show how one can control the stiffness of the

beam by manipulating the attached composite material.

3.1 Finite Dimensional Model

In this section, we model a cantilever beam by an N-bar chain. The joints are
modeled by revolute joints and each joint is attached to a torsional spring.
The spring constants are computed by static analysis of the beam; that is, by
equating the stored energy in the beam under bending to the stored energy

of the chain model. The details are discussed in a later section. Let us denote

Young’s Modulus of elasticity for aluminum by E, the area moment of inertia
of the beam by I, the total length of the beam by L, and the length of each
link by ¢;. Let m; and I; denote the mass of each link and inertia about the

center of mass of 1** link, (z;,¥;). Let €:¢; be the distance from the (i — 1)

joint to the center of mass of the :** link as shown in Figure (3.1).
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Figure 3.1: N-bar approximation of cantilever beam.

Choosing the reference coordinate system at the fixed end, one can write
the equations of motion by parametrizing the displacement angles as shown

in Figure (3.1). From the geometry of the beam, we have,

r; = Z[Ej[j COS(qj) + éj_l(l - 6]'_1) COS(qj_l)] 1= 1, ey N (3.1)

i=1
yi = D lejlisin(g;) +4i-1(1 = €j-1)sin(gj—)] i=1,...,N. (3.2)
i=1
Let us assume that the springs are at zero potential energy when there is

no bending in the chain or the beam. For any bending in the beam, we can

write the stored energy as:

1 N-1
Us = ) Z kiy1(giv1 — %‘)2- (3.3)

1=0
where k; is the torsional spring constant and go = 0. Since the cantilever
beam moves horizontally in the z, y plane, there is no work done against the

gravitational forces. Consequently, the total potential energy is the stored

energy,
U=U,. (3.4)
The kinetic energy is given by
P LA
T=§Zmi(wi +yi)+§ZIiQi- (3.5)
=1 1=1
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From the constraint equations (3.1) and (3.2), we can derive the equations

for (2;,y;) by taking the time derivative of the above equations.

;'ci = B—ejfj sin(qj)(jj—fj_l(l — 6]'_1) sin(qj_l)cjj_l] 1= 1, PN ,N(36)
j=1

'!Ji = Z[Ejéj COS(qj)q.j +£j_1(1 - 6]'_1) COS(qj_l)q.j_l] Z = 1, [P ,N(37)

j=1
Substituting the equations (3.6) and (3.7) into the equation (3.5), we get the
kinetic energy as a function of the angular positions and velocities. There are
N configuration parameters ¢ = (qq,...,qn) in Q and N angular velocities ¢

in T,Q. To write the equations of motion, we use the Lagrangian formulation.

The Lagrangian is given by:
L=T-U, (3.8)

and the equations of motion are given by Euler Lagrange equation
—— - =F, (3.9)

form =1,...,N.The F,,’s are the generalized forces and F,, is defined as the
infinitesimal change in virtual work at the i** joint. The generalized forces
depend on the characteristic of the smart material that we use for actuation.
That is, they could act as homogeneous modal forces or non-homogeneous
ones. The nature of the generalized forces will be discussed in the sequel. Let

us compute the left hand side of the Euler Lagrange equation by computing

4 9c .,
i Dgm
LOL S (323 eyt sin(g; — ax) (6 — d)dy 2
dt 8qm =1 =1 k=1 7 ’ ¢ ! Jaqm
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. 0q . d Ogr

+ eilierty cos(gj — qk)(qjﬁ + Q@ﬁ)

+ €ilk—1(1 — ep—1) sin(q, — qr—1)(dk-1 — §5)4; 4

. Ogr—
+ ejfjﬂk_1(1 — €x—1) cos(g; — qk—l)qf_gg—l

.« 3 ; ] a i
+ 4a(1- €j-1)exli sin(gj_1 — qr)(dx — qj"l)qj_laqﬁ

. 04 d 9q
+ £i_1(1 — €j-1)erbi cos(gj-1 — qk)(§j—1 ' Odm i dt%)

| L O
+ b (1— 1) (1= €ho)sin(gjm1— Ge—1) (dh-1 — dj-1) g1 5; 1

. Og-
+ Li—1le—1(1 — €j—1)(1 — €x—1) cos(gj-1 — qr—1)Gj—1 (;1(1; 1}
04q; d 0q;
L(§ i :
+; (8 +tha ) (3.10)
where
3%_ 1 m=k, m’k=17""N
%‘Z - { 0 elsewhere, (3.11)
d aqk _
Y T 0 for all m and k. (3.12)
Next, we compute ;}—fn :
oL gy, .
oL _ Zmz{z S eitsents sin(a; — a6) 2 45
aqm j=1k=1 8
_ Ogk-1. .
+  €ilili—1(1 — ex—1)sin(g; — Qk—l)—a;—%‘%—l
gy, .
+ €l;erly cos(q; — Qk)%%'

23



: oqr . .
+ £i—1(l = €j1)erdy sin(gj-1 — Qk)aqﬁ%—l%

+ 4;q(1— 6]'—1)&-1(1 — €k-1) Sin(%‘-l - Qk—l)%]'—dj—lq'kq

o4 .
Ll = e)enty cos(gi = a8) 5 i)

Ogn N 0giy1  Og;
Ingn7— — E , ki1 (g —
+ N‘INaqm > kiv1(givr — @) (= 90m qu)
where

Oqr _ Ogx

S = B (3.13)
Odr
'az =0, (314)

and go = 0. Therefore, using equations (3.13) and (3.14), the left hand side

of the Euler Lagrange equation for N-body chain is given by:

d oc oL N, 04
Rt e — ; £2 ) ..-
dt 9,  Ogm ;m D
N i—1 a
+ Yomiy ediby cos(gi — ‘Ik)a_(:lk".]-i
i=1 k=1 m
N

— Zm,ZE eily sin(q —qk)gﬂqf

=1

N
+ Zm,Z( €il;[cos(g; — ¢:)§; —sin(q; — ¢;)§ ]a
qm

-1 4—

N i-14-1 3qk
+ Z m; Z Z Cili[cos(q; — qr)d; — sin(g; — qr)q ]
- =

=1k=1
N 8 N-1 a . 8 .
. 0q; i1 4qi
Ligim—— kiv1(qiv1 — ¢ - 1
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for m = 1,2,...,N. To further simplify the equations of motion, one can
use the relations (3.11) and (3.12), to get:
d oL oL N

EE@ - 90, i=%:+1 mili€ilm[cos(g; — gm )i — sin(gi — qm)qz]

N i—1
+ > mid> Liln[cos(q; — gm)d; — sin(g; — qm)d;]

t=m+1 7=1
m—1

+ Mupbmem Y 4ilcos(q; — gm)d; — sin(g; — gm )g5]  (3.16)

i=1

+ mmpe qum + Imq'm +km(qm_ qm—l) _km+1(Qm+1 hy (_Zm)

for m = 1,2,...,N. Let us define the angular velocities, ¢ by w. Then we

can write the Euler Lagrange equation in the state space form as follows,

qg = w
{a) = —M(q)D(q,w)w + g(q) — F] (3.17)

y=[C10)(¢" ")

where M(.) is the N x N positive definite inertia matrix, D(g,w) is an N X N
matrix, g(q) is an N-vector, F is the N-vector generalized force, and C' is
N x N matrix. Here, we have assumed that there are N piezoelectric sensors
and actuators which are attached to the beam facing each other. In the next
section, we estimate the value of the spring constants as a function of the

known parameters.

3.2 Estimation of k;

To estimate the stiffness parameters for the finite dimensional model of the

beam, we compute the spring constants in such a way that the stored energy
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in the true beam is equal to the one in the approximate model. The stored
energy or strain energy in a beam is due to bending and shear. For a beam
with much larger length than height, the stored energy due to shear is neg-
ligible in comparison to the strain energy due to bending. Therefore, using
the strain energy formula due to bending for a cantilever beam (see Popov
[63]), we have

L M3z
o 2KI

_ /L (Pz)%dz
~ Jo 2EI

P33

SET (3.18)

where we have assumed that a force of magnitude P is applied at the end of
the beam which produces a bending moment M = Pz at position z measured
from the end point. In the finite model, each elastic joint is modeled by a
torsional spring. Therefore, the stored energy in the approximate model with
N joints is given by

1N

Ue = 53 kil = ica)’ (319)

=1

where go = 0. From equations (3.18) and (3.19), we get
N P33
. PRp— . 2 =
Z kz(% Qz—l) 3EI . (320)

=1

The bending moment at the i** joint is equal to the applied force times the

moment arm. That is,

N
ki(gi — gi-1) = P }_4; cos(g;). (3.21)

i=i
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For a small deflection, we have

k’,’((]i — (]i—l) =P Zf] (322)

2 (o6 = 5 (3.29

To solve for k;, we assume that the compliance, &, of the torsional spring is

proportional to its length, i.e.

kil; = k. (3.24)
Therefore,
5= ?f—f g@(gw (3.25)
and’
ki = éf (3.26)

In the next section, we derive expressions for the generalized forces by com-

puting the change in virtual work.

3.3 Generalized Forces

A generalized force Fy, is a quantity of such nature that the product Fy,é¢; is
the work done by the driving forces (not including “inertial” forces or forces
of constraint) where ¢; alone is changed to the extent of +8¢;. A generalized
force is not always a force in the usual sense of the word. For instance, if g;
is an angle, I',, must be a torque in order that F, 6¢; be work. In the sequel,

we derive the generalized forces for both piezoelectric and magnetostrictive

actuators.
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3.3.1 Piezoelectric Actuators

In this section, we assume that N piezoelectric ceramic elements (PZT5H)
are bonded to a cantilever beam. Crawley and Luis [23, 24, 25] derived the
mathematical model for piezoelectric actuators bonded to an elastic sub-

structure. They derived the modal force for the bonded case to be
M; = —kpicso(qi — gic1) + Mg, (V) (3.27)

where (¢; — gi—1) is the ' relative angle between the adjacent links, kp;cz, is
the added stiffness due’ to the piezoelectric plate, and My, (V) is the non-
homogeneous bending moment which is proportional to the applied voltage,
V. The homogeneous part enters in the equations of motion by changing
the stiffness parameter of the aluminum beam by kp.,. The nonhomoge-
neous part is the driving force which contributes to the virtual work. Let
g — q+&,..., gv = gn + En and the bending moment at each joint be

given by Myg,, then the virtual work is given by

Wo(€) = (Mya, — Mnm,) + ...+ (Mnay — My, )éN (3.28)

where Mgy, = 0. Therefore, the generalized forces are given by

ow,
E = 85 (O) = MNH; - MNH.+1 (3'29)
for s =1,..., N, and the equations of motion are given by
N
Myo,—Mnp,,, = Y, milieln]cos(g — gn)di — sin(gi — ¢m)g?]
i=m+1
N i-1
+ D mi) Lily[cos(g; — gm)d; — sin(g; — gm)d]]
i=m+1 i=1
m—1
+ Mukngm Y 4ilcos(q; — gm)di—sin(gj—gm)d]  (3.30)
j=1
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+ mmezé2 Gm~+ Indim +km ( Qm—1) _km+1(qm+1_Qm)

where k,,’s are the adjusted values.

3.3.2 Magnetostrictive Actuators

Ferromagnetic material allows for the creation of an elastic strain when sub-
jected to an external magnetic field. This effect is called magnetostriction.
Terfenol-D and Metglas are the two most commonly-known magnetostrictive
material with maximum strain of up to .2% for Terfenol-D and to some ex-
tent less for Metglas. However, Metglas can be manufactured as a foil for
easy embedding.

Variation of the elastic response with magnetic field or AFE effect is stud-
ied extensively for Metglas material by Clarke , Savage, and Antman [74].
In magnetostrictive material, the modulus of elasticity or Young’s modulus
changes as a function of the external magnetic field. This change affects the
stiffness of the structure or the bending moment. In this case, the virtual

work is given by
Wy(€) = [wiqs —ua(ge —q))a + ...
+ [wilgi — ¢i-1) — wir1(giy1 — ))& + ... —ungny  (3.31)

for uy41 = 0. From equation (3.31), the ¢** generalized force is given by

F; = ui(qi — gi-1) — wis1(@iv1 — Gi) (3.32)

and the equations of motion are as follows

um(q’m - Qm—l) — Um+1 (Qm+l - qm)
N
= Z mieieizm [cos(q,- - qm)q Sll’l( - q’m)qz]

i=m+1
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+ Z m,ZKﬁ [cos(g; — gm)d; — sin(g; — qm)q;]

i=m+1 j=1
m—1

+ MmO £ilcos(g; — gm)d; — sin(g; — qm)q] (3.33)
j=1

+ Tnm6 ngm + I’QO +km(Qm_ qm—l) —km+1(Qm+1 - qm)
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Chapter 4

Active Vibration Damping

As we saw in the previous chapters, a magnetostrictive beam can be modeled
by a finite dimensional system using Hamiltonian formulation. In this chap-
ter, we will study a class of Hamiltonian control systems which has a similar
structure to the equations derived for the magnetostrictive chain; that is,
a class of simple Hamiltonian systems where the control variable appears in
the potential energy function as a physical parameter. A continuous feedback
law is designed to damp vibrations in the system from all initial conditions

but a set of measure zero.

4.1 Problem Statement

Let us consider a mechanical system with n-degrees of freedom whose equa-
tions of motion are expressed by a simple Hamiltonian system on 7*Q where
Q is the configuration space. Let ¢ = (q1,...,¢,) be the local coordinates

on the configuration space Q and p = (p1,...,ps.) be the conjugate mo-

menta on the cotangent space 7,Q. Assume that the parameter depen-
dence is linear with parameters k;, ¢ = 1,2,...,m bounded in the intervals

I; = [a;, b, a; > 0. Let ke = %—;Lbl be a fixed parameter; then

Ho(g,p) = 56" M~ (@)p + Vola) + 30 hi¥i(0) (4.1)
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describes the internal energy of the mechanical system for the fixed parame-
ters. The first term is the kinetic energy with M(.) being a positive definite
matrix and the last two terms define the potential energy. We assume that

the Hamiltonian function Hy satisfies the following conditions:
A-1 Hy(.) is analytic on T™Q.
A-2 Hy(.) is nondegenerate on T*Q.

A-3 The set
Qo ={z € T*Q: Ho(z) < Ho(zo)} (4.2)

is compact for any fixed point zo € T*Q.

Let Xz, be the Hamiltonian vector field corresponding to the Hamiltonian
function Hy. Then,
X, (z) = JVHy(z) (4.3)

where

j:[(if H (4.4)

Compactness of the set Qg for all zo € T*Q implies that the trajectories of the
Hamiltonian system & = Xp, () are confined to a compact manifold defined
by the energy level set. This is a common property for most mechanisms
and linkages because their configuration space is compact. Let us define the

control vector fields by

XH’(.’IZ) = JVHZ(:E) (45)

where H;(z) = Vi(q) for i = 1,2,...,m. Therefore, the Hamiltonian control

system is given by

= Xp,(z) + iXHi(m)ui (4.6)
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where u; € [E‘g—bh,h;—“h] for ¢+ = 1,2,...,m. It should be noted that the

fixed value for k; is chosen for simplicity. It can be any fixed number in
(a;,b;). For notational simplification, let the drift vector field, Xy, (z), be

denoted by f(z) and the control vector field, Xy, (z), be denoted by g;(z)

for : = 1,2,...,m. Then, the Hamiltonian control system is given by
& = fz) + ) uigi(z). (4.7)
1=1

The unforced system is a Hamiltonian system with Hamiltonian function
Hy(z) which is the internal energy of the mechanical system. Since the level
sets of Hy are compact, the trajectories of this system are confined to the
compact manifold Hg'(Ho(zo)) for all time. Any motion starting from an
initial point other than an equilibrium point will evolve on the above manifold
forever. To damp such oscillatory motions, we propose a feedback control law
which achieves asymptotic stability from almost all initial conditions while
satisfying the bounds on the input. The following definition states what we

mean by asymptotically stabilizing a system in a vibration damping problem.

Definition 4.1.1 The system (4.6) is said to be asymptotically stabilized
from all initial conditions but a set of measure zero if there exist feedback
control laws u;(z) € [ﬂ;—b’*, 9';—‘“], b; > a; >0 andi =1,...,m which drive
the trajectories of the system (4.6) from all initial conditions but a set of

measure zero to a stable equilibrium point of the drift system.

In another words, the stabilizing control law actively damps any vibrations

in the system and the system converges to a local minimum energy point.
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4.2 Continuous Feedback Control Law

In this section, we propose a continuous feedback control law which satis-
fies the input bounds and stabilizes the system (4.6) from almost all initial
conditions. Let us define the set of equilibria of the drift or unforced system
by

'={zeT"Q: Xg,(z) =0}. (4.8)

Theorem 4.2.1 Let u; = 2%y (§(z)) for &i(z) = %(q)M‘l(q)p and v(.)

be a continuous function such that &(z)v(é(z)) > 0 for &(z) # 0, and
lv(&i(z))| < 1 for all z € T*Q. Then, all trajectories of the system (4.6)
converges to the largest invariant subset of

av;
dq

E={zcT*Q: ()M (q)p=0 foral i=1,...,m} (4.9)

with respect to the Hamiltonian vector field X, (z).

Proof: Let 2o € T*Q be any initial point, then by assumption the set Qg
is compact. Choose the function Hp : 7*Q — R as a Lyapunov function and

compute its time derivative along the trajectories of the system (4.6).

%Ho(x) = —iui(%_‘g(Q)M_l(Q)p)

< 0

Since the time derivative is nonpositive for all z € 4 and £}y is compact and
invariant, by LaSalle’s Invariance Principle, every solution of (4.6) converges

to the largest invariant subset of E. [ |
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The largest invariant subset of £ with respect to the drift vector field
f(z) is a set T such that for all z € Z, the trajectories of the drift system,
le.,

&= f(z) (4.10)
stay in 7 for all time. Since the drift vector field, f(z), and the function

£i(z) are analytic for all: =1,...,m and z € E, we can define T by
I={z€E:L}(x)=0 foralli=1,...,mand k=1,2,...}. (4.11)
Lemma 4.2.1 The following identity holds for £;(x) =< dHp, g; > (z),

LkEi(z) =< dHo,ad}g; > (). (4.12)

Proof: We prove it by induction,
P(1):
Lgki(z) = Ly <dHo,g: > (2)
= < Ly(dHo),9: > (z)+ < dHo, [f, 9] > ()

= < dLyHy,¢; > (z)+ < dHp,adsg; > (z)

7

=0

= < dHyp,adsg; > ()
Assume true for P(k), then
P(k+1):
LiH&(e) = LiLjéi(a)
= Ly < dHo,ad}g; > ()
= < Lf(dHo),ad]}gi > (z)+ < dHoy, [f, adbg] > (z)
= < dHp,adi'g; > (z)
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Definition 4.2.1 Let the distribution AD(z) be defined as
AD(z) = span{ad'}gi(w), foralli=1,..., mand k=10,1,2,...} (4.13)
for all x € T*Q.
Proposition 4.2.1 If dim AD(z) =2n forallz € E—T, then T =T.
Proof: From definition of Z, it is obvious that
TciI. (4.14)

We have to show that under the above hypothesis, the reverse inclusion also
holds. Since AD(z) has full dimension, there exist 2n independent vector
fields of the form ad’}gi for some £ and ¢, and any given ¢ € £ —T'. However,

by Lemma (4.2.1), we can write

I={zeT'Q:< dHo,ad’}g,- >(z)=0Y:=1,....,m&k=0,1,2,...}.
(4.15)
Since there are 2n independent vector fields ad’}gi for some k and i, dHy(z)

must be zero at the limit set which implies
Icr (4.16)

From (4.14) and (4.16), we get T =T. ]

Theorem 4.2.2 Let the Hamiltonian function Hy satisfy the conditions A-1
through A-8 and dim AD(z) = 2n for allz € E—T. Then, for any contin-
wous function v(.) such that v(&i(z))é.(z) > 0 for &(z) # 0 and |v(&i(2))| <1
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for all x € T*Q, the control u;(z) = 9‘;—“10(&(55)) fori=1,...,m, drives the

trajectories of the system (4.6) to a stable equilibrium point from all initial

conditions but a set of measure zero.

Proof: By Theorem (4.2.1), all trajectories of the system (4.6) converge
to the largest invariant subset of E. However, by Proposition (4.2.1), T = T.
Therefore, all trajectories of the system converge to the set of equilibria of
the drift system. Since the drift system is a simple Hamiltonian system,
the equilibria are minimum and saddle points of the Hamiltonian function,
H,. If the trajectories converge to a minimum point, the theorem is proven.
However, if there is some set of of initial conditions with nonzero measure
in 7*Q whose positive limit set is a saddle point, we conclude that this
saddle point has a local stable manifold of dimension 2n which is impossible.
Therefore, the trajectories of the system (4.6) converge to a stable equilibrium

point from all initial points but a set of measure zero. ]

Corollary 4.2.1 Let ¢1(2),...,9m(z) be independent for all z € E —T and
let m = n. Then, the trajectories of the system (4.6) can be driven to a

stable equilibrium point of the drift system from all initial points but a set of

measure zero.

Proof: Let u; = 23%v(¢(z)) as in Theorem (4.2.1). Therefore, by

LaSalle’s Invariance Principle, all trajectories of the system converge to Z.

However, since g¢;’s are independent, %‘—2’-, ceey Qg—;ﬂ are independent on £ —T.

Therefore, from

&i(z) = <dHo,g1 > (2)=0

fn(.'I?) = < dHOagn > (CE) =0
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we get
)
b | M (gp=0 (4.17)
&2 (q)
which implies that all points z = (¢, p) € Z have a zero conjugate momentum

coordinate for all time. That is, p is also zero at the limit which implies that

T =T. The rest of the proof is identical to theorem (4.2.2). |

4.3 Lagrangian Equivalent

In this section, we restate the results from the above section for the case where
the equations of motion are given by the Lagrangian formulation. There will
be no change in the results stated in the previous section. The only change

is in the definition of the local coordinates which results in a new form for

the feedback control law. First, let us define the Lagrangian function as

L= %MTM(q Yo — Volg) = 3 k:Vi(q) (4.18)
=1

where w = ¢ is angular velocity on the tangent space T,Q, ¢ = (¢1,.--,4x)

are the local coordinates on the configuration space Q, and k; = i"'?'—bL is the

nominal value of the variable parameter. Using Euler Lagrange equation,

doL orC

where F is the generalized force which is defined as the infinitesimal change in
virtual work. Assuming a change in potential energy parameters, the virtual

work is given by

= S wVilg). (4.20)

=1
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Therefore,
=279 _ Vi
8(] Zul aq (q) (4'21)

and

qg = w
{w = M(q)[=D(gywlw — 2 (q) — £y k2 (g) + F] (4.22)

where
1. 1 &, 0M;  0M;,
Dii(q,w) = =M;i(q)+ = J 4.23
0.0 = M@)ot = G (4.23)
for 7, y = 1,2,...,n. The unforced system is conservative and any initial

oscillation persists forever. To damp vibrations in the above system, a feed-
back control law must be designed so that the control vector field dissipates
energy out of the system. Now, to find the feedback control law, we use the

following Lyapunov function candidate,

H(q,w) = w M(q)w + Vo(q Z s Vi(q (4.24)

Let us compute the time derivative of H along trajectories of the system

(4.22).
T T Ve
Hlgw) = "M@+ 5" Mg + 5 0w
+ ikz%‘;(qw




where the last equality follows from the fact that the matrix M(q)—2D(q,w)

is skew-symmetric. Therefore, for u;(z) = —sat(%—‘;l(q)w), H is negative semi-

definite and by LaSalle’s invariance principle, all trajectories of the system

(4.22) converge to the largest invariant subset of

88‘; (w=0forall:=1,...,m}. (4.25)

E={zeTQ:

To achieve stability, we have to show that the largest invariant set, Z, is the

same as the set of equilibrium points of the unforced system. That is,

ovE . VT

B0+ Lk @ =0 (1)

Let
d (‘”)z( ()[-Dlg.0)e - 2 (q) - T, kf:f@)])’ (421)
_ 0 4.28
=\ w0 ) 2

and
6ilz) = G (0w =< d,g: > (2). (4.29)

Then, with the new form of f, ¢;, and £, the Lemma (4.2.1) and Proposition
(4.2.1) can be proven in an identical fashion. Using proposition (4.2.1), the

following theorem follows:

Theorem 4.3.1 Let the energy function Hy satisfy the conditions A-1 through
A-3 and dim AD(z) = 2n for all z € E —TI'. Then, the control u;(z) =

—sat(%—‘;*(q)w) fori=1,...,m, drives the trajectories of the system (4.22)
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to a stable equilibrium point from all initial conditions but a set of measure

ZETO0.

Proof: The proof is similar to the one given for Theorem (4.2.2).

4.4 Cantilever Beam

In this section, we analyze the equations of motion for the lumped parameter
model of the cantilever beam with distributed actuators. The equations are
as given in (3.17) with generalized force F'. The equations in the state space

form are given in (3.17). As one can observe, the conservative forces are

given by
by 4+ ke —ky 0 0 0
—ky  ka+ks —ks3 0 0 il
—ks kst ke —k 0 : (].2
0 : - : :
. - A N A gN-1
0 : 0 —kn_1 kn-1+ kN —kn qn
0 0 : 0 —kn kn
=Q
(4.30)

where the matrix @ is a nonsingular matrix with determinant Hf\ilfq. There-

fore, the potential function for the chain model has a critical point at the

origin. Since k;’s are positive numbers, it can be shown that the matrix @ is

positive definite and the origin is the global minimum point of the potential

energy.
Lemma 4.4.1 The potential function V(q) = %Ei;()l ici.l_l (¢is1 — ¢)* has a
global minimum point at the origin.

Proof: The gradient of V is given by

VV(q) = Qq (4.31)
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and the Hessian is given by (). However, the matrix () is positive definite

because the determinant of each of its principal minors are positive. Let

denote the :** principal minor by @; for ¢ < N. Then,

i+l .
det(Q,) = Z kl, k2] cee ki] (432)
j=1
where the indices 1;,2;,---,4; are the j** permutation of ; numbers out of
numbers 1,2,---,72 + 1. There are ¢ + 1 such combinations. For 7 = N,

A

det(Qn) = det(Q) = H?;ll;:j. In both cases, since k;’s are positive, the
determinants are positive and the matrix @) is positive definite. Therefore,

the origin is a global minimum point. ]

From the above lemma, we conclude that the unforced equations of mo-
tion for the elastic chain has a unique equilibrium point at (0,0) which is
stable. To asymptotically stabilize the origin, a feedback control can be con-
structed depending on the structure of the generalized force. For illustrative

purpose, let us assume that the generalized force F; is given by

Fi = Ui(‘li - Qi—l) - Ui+1(‘1i+1 - Qi)- (4-33)
That is, the actuators are magnetostrictive. Then, we have

Theorem 4.4.1 Consider the system (3.17) with the generalized forces given
by equation (4.33). Then, for ui(z) = sat[(gi-1 — ¢:)(wi — wi—1)] for ¢ =

1,...,N and qo = wo = 0, the origin is locally asymptotically stable.

Proof: The proof follows by checking the ad-condition on the zero section.

That is, to check that the distribution AD(z) has full rank on the set
E={z€TQ:(¢-1—¢)wi—wi—1)=0Vi=1,...,N}. (4.34)
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Once the ad-condition is confirmed, the stability follows from Theorem (4.3.1).
At this point, we do not carry out the computation for the ad-condition be-
cause it is not necessary for the local result. To prove the above, we can
use Theorem (5.2.1) for the state linearized model of the beam and use local

argument to prove the theorem. [ |

In the above, we proved a weaker result because one does not need a
global result in practice. Normally, the assumption is a small amplitude of
vibration or deflection. However, it should be conjectured that the global
result also holds. One can check that by computing the ad-condition. Now,

let us consider piezoelectric actuators. That is,

F; = Mnu, — Myg,

41°

(4.35)

Then, the following stability result can be obtained.

Theorem 4.4.2 Consider the system (3.17) with the generalized forces given
by equation (4.85). Then, the feedback control law Mnyg,(z) = —sat(w;—w;—1)

asymptotically stabilizes the origin.

Proof: Let us consider the Lyapunov function candidate H(q,w) which is

the sum of kinetic and potential energies. Then,

H(q,w) = w'F

N
= > Myg,(wi — wi1)

=1

N
= — z:(wZ — wi—1)sat(w; — w;—1)
=1

IN
o
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where wp = 0. Therefore, by LaSalle’s invariance principle, all trajectories of

the system (3.17) converge to the largest invariant subset of

E = {te€TQ: (wi—wi—1)=0foralli=1,...,N}

= {€TQ:w=0} (4.36)

However, for w identically zero at the limit, w = 0 which implies that Qg
is zero. Since @) is positive definite, we conclude that ¢ = 0 and the largest
invariant subset of E is the origin. Therefore, the origin is asymptotically

stabilized by the given control law. |

In the next section, we will show that both proposed control laws are

optimal in Jacobson’s sense [45].

4.4.1 Optimality

The proposed control laws for both magnetostrictive actuation and piezoelec-
tric actuation are optimal in Jacobson’s sense [45]. That is, the above control

functions globally asymptotically stabilize the system (3.17) and minimize

W= Z[hi(w)—l—%uf]dt (4.37)

in the class of control functions which causes z(t) — 0 as t — oo, where

ho(z) = 2&3( if —1<-&(z)<1 (4.38)

{ &) )—g it —ti(2) < —1
—Ez(.'L‘) — % if —&(:C) >1

and &(z) is the argument of the saturation function in the 7** controller.

Here, we assumed that the input functions are bounded and —1 < u; < 1.
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Under these conditions, any optimal controller must satisfy the Hamilton-

Jacobi-Bellman equation, that is,

N
min{V H(z) ) + Z wigi(z)) + ) _[hi(z) + uz]} =0 (4.39)
“ =1

for H as before. It can be checked that the proposed controllers satisfy the
Bellman’s equation. To check for optimality, we start from the following

identity
H(wo) — H(z(co)) + /0 T H(z(t)dt = 0

o N
H(o) + /0 Sleuddt = 0.

Adding the above to the expression for J(u), we get

1

2ul]d (4.40)

J(u) wo+/°°2[5z Yui + hi(z) +

=1

Since the integrand is nonnegative for all v € U and zero for the proposed
controller, J(u) achieves its minimum value, H(zo), for the given controller.
In addition, z(t) — 0 as t — oo as required.

It should be noted that although the proposed controller optimizes the
given cost function, it may not be the best control law for the specific appli-
cation. One can come up with lots of cost functions which are optimal for
some control law or visa versa. Even in this class of cost functions, using
a different weighting on the function h;(z) may result in a control law with

higher or lower gain than the one proposed as optimal in the unity weight

case.
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Chapter 5

Bilinear System

In this chapter, we specialize the stability results obtained in the Chapter 4
to a class of bilinear systems. This class results from state linearization of
the system (4.6) or (4.22). In this chapter, we mainly analyze a Hamiltonian
bilinear control system. This class of systems covers the linearized chain

model and will be used for simulation and experimentation.

5.1 Problem Statement

Let us consider a simple Hamiltonian system on 7*Q where Q is the con-

figuration space with local coordinates ¢ = (¢1,...,¢,) and T,Q is the

space of conjugate momentum, p = (p1,...,p,) . Let the smooth functions
Hy, Hy,..., H, be quadratic functions given by
| 1 g
Ho(z) = op" M™7p+ 54" Qq (5.1)
1 7
Hi(z) = 59 Quq (5.2)
where () = Y-, ¢;Q; for some positive ¢; € [a;,b;), a; > 0,and i =1,...,m.

Then, the Hamiltonian control system is given by

& = XHo(w)+§:XHJ($)uj

=1
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y; = Hi(z) j=1,...,.m and ze€T*Q. (5.3)

or equivalently,
. 0o M — 0 0
z = (—Q 0)x+§:uj(Qj0)w
1=1
1 T
Yi = 314 Qiq (5.4)
in the local coordinates. Xy, (z) denotes a Hamiltonian vector field with

Hamiltonian function H;(z). That is,

Xy (c) = TV Hi(z) (5.5)
for
j:[o_ln gn] (5.6)

In this model, it is assumed that the control variable enters as a parameter
of the system. We assume that the nominal value of these parameters are c;,
for 2 = 1,...,m. In addition, the change in the parameters of the system,
k;, is restricted to the interval I; = [a;,b] for a@; > 0 and ¢ = 1,...,m.
Therefore, the j** control variable must be constrained to the interval [¢; —
b;,c; — a;] so that the system parameter k; = ¢; — u; be bounded in [a;, b;].
For instance, in a magnetostrictive chain, the k;’s are the spring constants of
the flexible joints which could be manipulated by application of an external
magnetic field. Assuming that u; = 0 for all j, the system (5.4) describes a
linear Hamiltonian system. In the next section, we give a sufficient condition
for asymptotic stabilizability of the system (5.4) and propose a continuous

control law which attains stability.
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5.2 Continuous feedback control law

Global asymptotic stabilizability of bilinear systems is studied extensively
in the literature. Jurdjevic and Quinn [47], introduced the so called ad-
condition which provides a systematic way to check whether or not the largest
invariant set as defined by LaSalle’s Invariance Principle is the origin. Using
the ad-condition and an assumption on the drift vector field, Quinn [66]
proposed a continuous control law to stabilize a single input bilinear system
and gave an estimate of the rate of convergence. Slemrod [81] using a more
refined version of the ad-condition and considering the input constrained,
proposed a saturated control law which asymptotically stabilizes a single
input bilinear system. Ryan [69] gives a necessary and sufficient condition
for asymptotic stabilization of a class of single input bilinear systems by a
continuous feedback law. In this paper, we use the fact that the matrix () is
positive definite and find a very simple sufficient condition for stabilizability
of a multi-input bilinear system which does not require the ad-condition-like
verification. Before stating the main theorem, we prove a series of lemmas

to build the tools for the proof of the main theorem.

Lemma 5.2.1 Letr;, 1 =1,...,n be a set of orthonormal eigenvectors of the

matriz BBT for B = Q%M“% where Q) and M are positive definite matrices.

Then, the set of vectors l; = %BTri, i=1,...,n is an orthonormal set of

eigenvectors of BT B where ~y; is the positive square root of the i'" eigenvalue

of BBT .
Proof: From the hypothesis, we have
Bfr; = ~l;
BBTr, = ~Bj;
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’71-27‘2' = %’Bli
viri = Bl;
%'BTT,' = BTBlz'

’)’2211 = BTBZZ'

which proves that [; is an eigenvector of BT B with eigenvalue v?. To prove

orthonormality, we compute

rl-TB BTrj

l;rrl L=
! Yi Yi

Vi1
= _.T’L' 7']'
2

= 6

where the last equality follow by orthonormality of r;’s. u

Lemma 5.2.2 For M and () positive definite, the linear system

¢=(0_Q M_(l)):c (5.7)

can be transformed by a similarity transformation to

: 0 -T
(1 75 (5:5)
where I' = diag{v1,72,---,7n} and ¥;’s are the positive square roots of the

eigenvalues of the matriz BT B for B = Q%M‘%.

Proof: Let x = T7T5¢ where



and
T—i P1 eee Tp T1 ... T, 5.10
T Ve\h L =L .. =L, (5.10)
The column vectors r;’s and [;’s are orthonormal set of eigenvectors of BBT

and BT B, respectively. From the Lemma (5.2.1), /; is given by

1
li = ——BTT,'.
Vi

Now, we can substitute T175¢ for z in equation (5.7) to get

: 1[0 M1
{ = TETH(_Q 0)T1T2£
_ qr(0 QM7 \ .
T2\ —MEQ o )T
0 -T
|
Lemma 5.2.8 For distinct set of nonzero v2, 1 = 1,...,n, the following
n X n matrices are nonsingular.
! Yoo A AP
gt 7 . M %N o e
(S AP QAR K
Proof: The proof follows from Vandermonde determinant. [

Theorem 5.2.1 For M and @) positive definite, the system (5.4) is globally
stabilizable by the control u;(z) = —sat(p? M~'Q.q), 1 = 1,...,m if the

matriz M‘%QM_% has distinct eigenvalues.
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Proof: Let us consider the Lyapunov function L(z) = 1p" M~'p+ 147 Qq.

The time derivative of L along the trajectories of (5.4) is given by
L(a:) = — Z sat(pTM_lQiq)(pTM_lQiq)
=1

where the saturation function is defined by

ci —b; if pPPM™Qiq <ci—bi
sat(pTM_lQiq) = pTM_lQ,'q if C; — b, < pTM_lQ,'q <c¢—a; .
c, — a; if pTM‘lQiq > ¢ — a;

(5.11)

Therefore L(z) < 0 for all z € T*Q and the trajectories of the system (5.4)

are confined to the compact set
0 = {o: L(z) < L{zo)} (5.12)

for any given initial point g € T*Q. Then, by LaSalle’s Invariance Principle,

the trajectories of the system (5.4) converge to the largest invariant subset

of
E={z=(gp) :p"M'Qq=0forall j=1,...,m}.

We show that under the hypothesis of the theorem, the largest invariant
subset of F with respect to the drift vector field is the origin. To show the
above, we have to verify that for all nonzero initial conditions in E, the
trajectory of the drift system leaves E. That is, not all Lie derivatives of
p? M~1Q;q along the drift vector field vanish for all: = 1,...,m and all 2 €
E—{0}. Assume the contrary, that is, there is some nonzero z € E such that
all Lie derivatives vanish for all :. By linearity of Lie derivatives, this implies
that all Lie derivatives must vanish for the function 37, ¢;(pT M~ Q.q) which

is equal to pT M~1Qq. Let the drift vector field, (p? M, —¢TQ)7, be denoted
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by f(z) and let h(z) denote the function p? M~'Qq. Then,
L¥ 7 h(z) = (1" T QMT'Q) g~ p" (MT'Q)* M p]
L¥h(z) = (-1)"2*p"(M7'Q)"q

for k = 1,2,3,.... Now, we introduce a coordinate transformation so that
we can simplify the above equations. Let z = T1T5¢ where T; and 1) are as
given in Lemma (5.2.2). Then, the drift system is given by (5.8) in the new

coordinates. The function A in the new coordinates is given by

MITE) = €7 (g o ) =Sl - Ga3)

i=1

From equation (5.13), the Lie derivatives in the new coordinates are given

by
. 2k
L}k—1h(€) — (—1)koR%T ( (1)1% r . )5
= (—1)’°22’“‘1Zn:7?k&&+n (5.14)
t=1

X 2k+1
L?kh(f) = (—1)k22k—lfT ( g —I‘2k+(1) )5

(1)t Y R g ] (5.15)
=1
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for k =1,2,3,.... Since by assumption all of the above derivatives and the

function h are zero, we can group 2n functions as follows

512 - €%+n
T Y2 Yn 0 0 N 0 5%—63_*_71
7? oo fyf; 0 0 ... 0 5
: - 2' : : E : : : 52—1 - égn—l
’Yln ’an— ’Yﬁn Lo 0 ... 0 & - &, — 0.
0 0 ... 0 ¥ ¥ ... 7 €1€14n
0 o ... 0 A m o E2éain
0 0 e 0 ’)’1277' ’)/2271' v ,7721'71, §n—1€2n—1

€ndon

(5.16)
The above 2n x 2n matrix is nonsingular by Lemma (5.2.3). Therefore, the
solution to equation (5.16) is £ = 0 or equivalently, z = 0 in the original
coordinate system. That is, the largest invariant subset of F under the drift

vector field is {0}, and the origin is asymptotically stabilized. [

In the next section, we will show that the proposed controller optimizes

the cost functional
/ {Z[h u?}dt (5.17)

over the class of control functions which causes z(t) — 0 as t — oo.

5.2.1 Optimal Control

In this section, we apply the result obtained by Jacobson [45] to bilinear
Hamiltonian control system with bounded inputs. Jacobson showed the fol-

lowing result for the non-homogeneous system

= f(z)+ Z:Bz(:v)uz i z(to) = zo. (5.18)



Theorem 5.2.2 (Jacobson [45]) Suppose that there exists a radially un-
bounded, positive-definite function V(z), V : R* — R, which is once contin-
uously differentiable, such that %%(:v)f(m) is negative semidefinite. Suppose
further that 3% (z) f(z) and () B;(z), i = 1,...,m are not all zero for each

nonzero x € ™. Then,

ui(z) = ?;;( )Bi(z), ¢=1,...,m, (5.19)

globally asymptotically stabilizes (5.18) and minimizes

7= [Tt + %éu?}dt (5.20)

in the class of control functions which causes z(t) — 0 ast — oo, where

h(z), positive-definite, is given by

o) = =G )f(e) + 5 25 (o) (5.21)

In the above result, it is required that the time derivative of the Lyapunov
function be negative definite which is not necessary. Any Lyapunov function
candidate which proves global asymptotic stability of the origin will suffice.
Previously, we showed that the function Hy(z) is a candidate. Let us define
the positive semidefinite functions h;(z) as

hi(z) = %53(:0) if ¢—b<~&(z)<e—a

{ —(& = b)) — 3(ei = b:)* i —&i(z) < —b;
—(Ci — a,)&(m) — %(c, — ai)2 if —fl(:l:) > ¢ — a;.

(5.22)
where &;(z) = p" M~ Quq.
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Theorem 5.2.3 For system (5.4), the control u;(z) = —sat(&i(z)) mini-

mizes the cost functional C(u) over all control functions which cause z(t) — 0

ast — o0,

Proof: Any optimal controller must satisfy the Hamilton-Jacobi-Bellman

equation, that is,
e 1
mip(3-[hi(x) + 30 + wsts(@)]} = 0. (5.23)
=1

It can be checked that the proposed controller satisfies the Bellman’s equa-

tion. Now, to check for optimality, we start from the following identity
Ho(zo) — Ho(2(c0)) + /0 Ho(z(t))dt = 0

Ho(o) + /Oooi[&(x)ui]dt -0

=1

Adding the above to the expression for C'(u), we get

Clw) = Hofao)+ [~ i[gi(w)ui+hi(x)+%u?]dt.

=1

Since the integrand is nonnegative for all u € ¢ and is zero for the proposed
controller, C(u) achieves its minimum value, Ho(zo), for the given controller.
|

It should be noted that there are a large class of cost functions that result
in a different optimal control law. The cost function C'(u) with unity weight
on the function h;(z) results in the above optimal control but with a gain
different than one, the optimal control may have a larger or smaller gain.
Therefore, the designer has to choose the appropriate cost function for his/her

problem.
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5.3 Partial Damping

In the previous section, we used all available inputs to stabilize a class of
bilinear systems. Assuming that some of the inputs are deactivated, we would
like to give the sufficient condition for stabilizability by partial forcing. Let
the set d be a subset of {1,2,...,m}; then the new control system is given
by
¢ = Xpg,(z)-— ZXHJ(ZU)’LLJ‘
jed

y; = Hij(z) j=1,...,m and zeT*Q. (5.24)

or equivalently,
: 0 M- T 0 0
v ("Q O)x—l_jeguj(Qj O)w

1
Y, = EqTQiq 1=1,2,...,m (5.25)

where @ = "7, ¢;Q); as defined in the previous section. Note that the set d
has less than m elements. Now, if there exists a set of coefficients, é; € [a;, b;],

such that
Z éij = Q)

jed
the system is stabilizable by control inputs in the set d.

Lemma 5.3.1 Let size(d) = < m and Y ;c7¢;,Q; = @ for a set of con-
stant coefficients ¢; € [a;,b;]. Then, if the matriz M‘%QM‘% has distinct
eigenvalues, the feedback control law uj(z) = —sat(p? M™'Q;q), j € d

asymptotically stabilizes the system (5.25) from all initial conditions.
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Proof: It follows from Theorem (5.2.1). ]

If as required by the above lemma, there exists no constants ¢; such that

YjeaCi®; is equal to @, the system may still be stabilizable. Let g;(z) =

(0,¢7Q;)T for i € d and
AD(z) = span{adig;(z) for all i€ d and k=0,1,...}. (5.26)
Theorem 5.3.1 Let dimAD(z) = 2n for all z in the set
E={c:p"M'Qiq=0 forall ied}—{0}.

Then, the control ui(z) = —sat(p? M~'Q;q), i € d globally stabilizes the

system (5.25) from all initial conditions.

Proof: It follows from Theorem (4.2.2).
From the above theorem, we conclude that as long as there exists no
oscillatory state where u;(z(t)) = 0 for all time and all 5 € d, the system can

be stabilized.
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Chapter 6

Case Study

In this chapter, we study a simple two-dimensional Hamiltonian system. A
continuous feedback law is proposed for two-dimensional systems and it is
shown that a discontinuous controller also stabilizes the system and it con-

sumes less power than its continuous counterpart.

6.1 Continuous Control Law

Let us consider a mechanical system on T*® with the potential function
kV (q) and the kinetic energy 1M~(g)p*. The function M(q) is positive for
all g € R. Let k be bounded in the interval I € [a,b], @ > 0 with a nominal
value %& Then, the control u is confined to the interval [“—;—b, b_T“] and the

control system is given by

(6.1)

where the Hamiltonian function, Ho(z), is the sum of the potential and
kinetic energies. Let V(.) be such that limyy—,., V(¢) = oo and be nondegen-

erate, then the set
Qo ={z€T*R: Ho(z) < Ho(zo)} (6.2)
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is compact for all z¢ in T*R.

Theorem 6.1.1 Consider the control system (6.1). Let

ov -
u(e) = —sat(5 ()M (9)p) (6.3)
Then, the above control law drives the trajectories of the system (6.1) to a

stable equilibrium point of the drift system from almost all initial points but

a set of measure zero.

Proof: Consider the Lyapunov function Hy. Then,

which is nonpositive for the given control law. Therefore, by LaSalle’s In-
variance Principle, all trajectories of the system (6.1) converge to the largest

invariant subset of

E={zeT"R:p=0 or aa—‘q/(q) = 0}. (6.4)

However, if p = 0 for all time, p will be zero which implies that %(q) = 0.

That is, the invariant set is the set of equilibria. Since a Hamiltonian system
has only stable and saddle equilibria, the trajectories must converge to either
a saddle point or stable point. If they converge to a stable equilibrium point,
we are done. Otherwise, since a saddle point has a local stable manifold of
dimension less than 2, only trajectories which start from a set of measure

zero can converge to a saddle point and the theorem is proven. ]

If V(.) has a unique global minimum point,q., the above control law

globally asymptotically stabilizes the equilibrium point (g.,0) and minimizes
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the function
T = [T+ %u2]dt (6.5)

for the class of control functions which causes z(t) — 0 as ¢ — oco. The

function h(.) is defined by

_a;é(x)_lﬁa_—bﬁ if —¢(

8
pa—

Me)=1 1@ i sh< f(i)s’%“ (6.6)
—552E(e) - 3R i (o) >

where £(z) = a5‘(}£((1)M‘1(q)p. The proof is as in Theorem (5.2.3). In the

next section, we show that by increasing the control gain, the above control

law converges to u(z) = —% szgn(av(q)M‘l(q)p) which is discontinuous.

In addition, it minimizes the cost function

i) = [ 15 @M @l (6.7

for the same class of control functions.

6.2 Discontinuous Control Law
Let u(z) = —"‘T“sign(%(q)M‘l(q)p) in the system (6.1). Then,

oa) = =51 5 @M (@)

which is nonpositive for all z € R2. Since u(z) is discontinuous at &(z) =

av

5¢ ()M~ (¢)p = 0, the system (6.1) is discontinuous. Therefore, regular

definitions of solution does not apply and the previous proof does not follow

without some technical clarification. First, we define a Filippov solution
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Definition 6.2.1 A Filippov solution is an absolutely continuous vector-
valued function which outside the surface s = {z € R? : {(z) = 0} satisfies

the equation (6.1) and on the intersection satisfies equation
& = JVH(z) — uee TVV(q) (6.8)
where ueq 15 the solution of

< VEé(z), TV Hp(z) > — < V&z),TVV(g) > u=0. (6.9)

The solution of (6.1) satisfies (6.8) when it cannot leave the surface s. Since

Hy(z) is nonpositive, the trajectories of the system (6.1) are confined in the

set p and therefore, are bounded. Consequently, there exists a positive

number M, such that

—Zsign(£())TVV(q)|| < My (6.10)

1) = 1TV Ho(#) + 25

for all z € Qo. Let QF = {z € Qo : &(z) > 0} and 5 = {z € Qo : &(z) < 0}.
Then, f(z) is continuous on F and €, and there exist limiting values of
f under approach to s from the above two sets. Let the limiting values

be denoted by ft and f~ under approach from QF and €0, respectively.

By smoothness of V and Hy, there exists a positive number, K, such that

) < K forall € Q —s.

Proposition 6.2.1 The trajectories of the system (6.1) with feedback control

law u(z) = —%—“sz’gn({(w)) are right-sided unique and they depend continu-

ously on their initial conditions.

To prove the above proposition, we use a lemma by Filippov [34].
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Lemma 6.2.1 If at all points of the surface s, the vector w = f* — f~ is di-
rected along the normal to the surface (or is zero), and wy =< w, H%ET >< 0,

then for the system (6.1) in Qo we have right-sided uniqueness and continuous

dependence of the solution on the initial condition.

Proof of Proposition (6.2.1): Let us compute w, the normal to the surface s,

and wy.
w(z) = (b—a)JVV(g)

VE(=) = (3, -ag(q)M"l(q))T

wy(z) = —<b—a)M-1<q>[%%(q>]2/||v«x>n

To check the hypothesis of Filippov’s lemma for all x € s, we write s as

s={zeR*:p=0 or %‘qi(q) =0}. (6.11)

Therefore, we can identify three different cases where z € s. First, p = 0 and
%(q) # 0. In this case, w(z) = (a — b)M(q)VE(z) which implies that w is
along the normal to the surface s. Since M(g) is positive for all ¢, wy(z) < 0.
Therefore, the hypothesis is satisfied in the first case. Second, %(q) =0 and
p # 0. In this case, w(x) = 0 which satisfies the hypothesis. Finally, p = 0
and %(q) = 0 which is a stationary point of the system and satisfies the

hypothesis. Therefore, by Filippov’s lemma, the system (6.1) with the given
controller has right-sided uniqueness of solutions and continuous dependence

of solutions on the initial conditions. ]

Lemma 6.2.2 There are no sliding modes for the system (6.1) with the feed-

back control law u(z) = —I’_T“sign(ﬁ(w)) except at finitely many stationary
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points.

Proof:  Let us compute the time derivative of ¢ from both sides of the

surface s.

d —bM(q)[GE(g)]* for p=0 &%L(q) #
Zlu=szpé(@) = ¢ 0 for p=0&2(q) =
%(Q)[M—IPP for p#0 &%(q) =

p —aM~(g)[5E(q))* for p=0&Z(q) #
Eg|u=b_;g§(x) = 0 for p=0 &%—q(q) =
Ge(@MTpP for p#£0&5E(g) =

Since b > a > 0, we have

g0 2z (0)) = sign( T ma(2)) (6.12)

which implies that the trajectories of the system do not move along the

surface s except at stationary points. [}

Theorem 6.2.1 The feedback law u(z) = —b‘T“sign(f(m)) asymptotically

stabilizes the system (6.1) from all initial conditions but a set of measure

ZETO0.

Proof: Let us consider the Lyapunov function Hp(z), then

Since Ho(z) is bounded below and H, is nonpositive, the limit of Ho(F;zo)
as t — oo exists and is finite. In addition, Fyzg € Qg for all ¢ > 0 which
implies that the trajectories of (6.1) are bounded. From boundedness of

the trajectories, we conclude that the right hand side of (6.1) is uniformly
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bounded by a positive number, say M;. Therefore, we can show that Fizg is
uniformly continuous in ¢. For all € > 0, there exists a § > 0 such that for

all t and t”, t"” > t/, such that t” — ¢’ < é implies
||Ftll.’l70 - Ftllv()” S €.

Let 6 = TR then

T b_ )
|Forwo = Fozoll < [ TV HoFewo) + “5sign(€(Fewo)) T VV (Fizo)d

S Ml(t” — t’) <e€

Now, since Hp(.) is continuous and F;z¢ is uniformly continuous in ¢, we

have Ho(Ftwo) uniformly continuous in ¢. Then, by Barbalat’s Lemma,

Ho(F;zo) — 0 as t — oo. This implies that the trajectories of the sys-
tem (6.1) converge to a subset of the surface s. However, by the the previous
lemma, this subset is the set of stationary points of the system (6.1). The
stationary points are either saddle points or minima of the function Hy. How-
ever, saddle points can be reached from a set of measure zero. That is, the

proposed controller stabilizes the system from all initial points but a set of

measure Zero. ]

6.2.1 Optimality

In this section, we assume that V(g) has a unique minimum point at g.

Then, the control u(z) = 252sign(£(z)) is optimal in Jacobson’s sense. That

is, u(z) minimizes the cost function

A b—a [

J)=—— | (=(t))ldt (6.13)

64



over all control functions which cause z(t) — 0 as ¢ — oo. To prove optimal-

ity, first, we show that u(z) satisfies Bellman’s equation, i.e.,

b—

—[¢(e)]) =0

I%ig[VHg (2)TV Ho(z) —uVHE (2)TVV(q) +

or

b—a
2

[€(2)]] = 0.

minfué(e) +
It can be seen that the given control law satisfies the necessary condition for
optimality. To show that it minimizes J(u), compute
Ho(20) — Ho(z(00)) + /0 Ho(z(t))dt = 0
Ho(zo) + /0 uf(e(t))dt = 0 (6.14)

Add the expression for J(u) to (6.14), we get

b—

@) (6.5)

Hu) = Ho(wo) + [ ué(a(t)) +

Since the integrand is nonnegative for u € [252, 2=2] and in the given class of

controllers, J (u) achieves its minimum when the integrand is zero. That is,
u(z) = —%2sign(é(x)) is optimal. [
The optimal control law minimizes the deviation from the origin with

respect to the function |£(z)|. That is, it produces the fastest descent with

respect to the cost function J(u).

6.3 Example

Let us consider a Hamiltonian control system with

1 1,
Ho(z) = 5(2 = cos(a))p* + 5ke"
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and

1

Then, the control system is given by

{ ¢ = (2—-cos(q))p (6.16)

p = —sin(q)p? — (k—u)g

for k = 10 and v € [—1,1]. According to the previous section, the function
&(z) is given by

{(z) = (2 — cos(q))pg.

Now, we simulate the above system with control laws

u(z) = —sign({(z)) (6.17)

v(z) = —sat(gain &(z)) (6.18)
where gain is a constant in (0, 00). It should be noted that

lim o(z) = u(z).

gain—oo

In what follows, we used a gain of 5. In Figure (6.1), the Hamiltonian function
is plotted for both control laws. As one can observe, the HDIS decays faster
than HCON. Similarly, in Figures (6.2) and (6.3), one observes faster decay

for states with discontinuous control law than the ones with continuous one.
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Chapter 7

Application

In the previous chapters, we derived feedback control laws for a class of sim-
ple Hamiltonian systems. In this chapter, we apply the proposed control laws
to a cantilever beam with bonded piezoelectric actuators and sensors. Due
to the nature of piezoelectric material, the control action does not change the
stiffness parameter directly as it would in magnetostrictive material. There-
fore, to illustrate a direct parametric control, we simulate the effect by an
extra feedback. This control law is not optimal in Jacobson’s sense [45]. The
optimal control law will be derived and compared to the nonoptimal one. In
addition, a proportional plus differential control law will be tested. Finally,

we discuss the experimental implementation.

7.1 Piezoelectric Sensor/Actuator

In the Chapter 3, we derived the equations of motion for the finite dimen-

sional approximation of a cantilever beam. The state space model is given

by

§ = w
{“" = —M~Yg)[D(q,w)w + g(q) — F} (7.1)

l

y =[C10l(¢",w")T
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where the inertia matrix M(q) is given by

N
Mij(q) = Lili[mje; + D my]cos(q; — ¢;) + L:6;; (7.2)
f=5+1

forall:, y=1,2,...,N,

[k, —ky 0 0 0]
—kz k2 + k3 —k‘3 0 s 0 qQ1
0 —ks kst kg —k 0 72
g(g) = | . 0 : . : S I
. A A A gN-1
0 0 —kn-1 kvt +hv —kn qN
|0 0 0 —kn ky |
Q
(7.3)
and
1 N . .
Dij(q,w0) = Zlibslmge; + Y melsin(g; — ¢;)(d5 — ¢i)
2
=741
1 N . .
+ Stitilmie; + Y me]sin(g — g;)4;
f=j+1
1 N . .
- E&Ej[m,-ei + > mylsin(g; — ¢:)di- (7.4)
=1+1

The first term in the right hand side of the equation (7.4) is %M,(q) It can

easily be verified that the matrix M(q) — 2D(q,w) is skew-symmetric. The

generalized forces, F, in equation (7.1), are derived in the Chapter 3,
F, = MNH, — MNH,+1 (75)

for i = 1,2,...,N and Mypg,,, = 0. The nonhomogeneous bending mo-

ments, Myg,, depend on the applied voltage. The relationship for the surface
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Figure 7.1: N-bar approximation of cantilever beam.

bonded piezoelectric plate is given by Crawley and de Luis [25] as

GWLtb[ I ]d31V,'
2t,I' “coshT'" ¢,

Myg, = (7.6)

where

Q
I

Shear modulus of the bending layer.

W = Width of the beam.

L = Length of the piezoelectric.

ty = Thickness of the beam.

ts = Thickness of the bonding layer.

t. = Thickness of the piezoelectric.

[' = Non-dimensional shear transfer parameter.

I, = XKnown non-dimensional definite integral.
ds1 = Piezoelectric constant.

Vi = Applied voltage across the piezoelectric.

We can relate the applied or sensed voltage across the piezo electric plate
to the relative angle between the adjacent links, i.e., ¢; — ¢;—1. To derive the
relationship, first, we use the static displacement formula that relates the

change in the length of piezoelectric plate to the applied voltage

_ dnLV;

AL;
te

(7.7)
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Figure 7.2: Deformation of a beam segment in bending.

Now, we have to compute the change in the length, AL;, as a function of
the joint angles. This can be accomplished by integrating the strain, which
is elongation per unit of length. If the distance y from the neutral surface
to the strained surface is measured in the usual manner as being positive

upwards, the deformation Au of any fiber can be expressed as
Au = —yAd. (7.8)

For negative y’s, this yields elongation. The fibers lying in the curved neutral
surface of the deformed beam are not strained at all. Therefore, the arc

length, As, corresponds to the initial length of all fibers between sections

A'B' and D'C’. That is,

Au . A8
dmas = VAL A, (7.9)
du dé

where 2 is the linear strain in a beam fiber at a distance y from the neutral

axis and % is the curvature. Therefore,

du 1
E.; = €= —y; (711)
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where p is the radius. The curvature % is given by

y.’l?.’L‘

mm Yy, (7.12)
P+ (3)2
which implies
l

for y = —%. Then, the total change of length in a patch with its ends at

z;—1 and z; is obtained by integrating

AL, = /j e(o)do

t—1
Z, tc
_ / " ues(0)do

= %(yx(wi) — Yo(Ti-1)) (7.14)

The slope y, can be approximated by
Yo(Tis1) & gz
yz(®:) = g
From equations (7.7) and (7.14), we have

t _dnLV;

§(Qi—qi_1)— L (7.15)

From equations (7.6) and (7.15), we get

GWidy. I,
MNH; - 4t31‘\ [COSh F](‘]z - Qz—l) (716)

Let us assume that for each bonded actuator there is a sensor located on the

opposite side of the beam. To show how one can directly manipulate the

73



spring constants, the signal from the sensor is amplified and fed back to the

actuator. That is,

Vit = Ai(gw)V?

ts
- QdBILA'L(q’w)(qZ - qi-l) (717)

where V* and V;° are actuator input voltage and sensor output voltage, re-

spectively. From equations (7.6) and (7.17), we get

GWit ity I
MNH, - 4tsF [COSh F]Al(q7w)(q2 - ql—l)
= kAi(q,w)(q — ¢i-1) (7.18)
where
GWi.ty, I,
"= 4¢,T [cosh F]' (7.19)
Let u;(z) = kAi(g,w), then
q = w
. A 7.20
{ o = —M(@D(gw)w + Bla)(k - w) (7-20)
where
[ @1 1 — 2 0 0 0 0 T
0 @—q1 ¢2— @ 0 0 0
0 0 g—q gs—qs O 0
Bg=|+ 0 o -
: : 0 0
: : : ' gN-1 —4gN-2 4gN-1 — 4N
L 0 0 0 e 0 0 gN — 4gN-1 |
(7.21)
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Therefore, it is apparent that any choice for u changes k. From the above

equations, one can observe that for V;(q) = 2(g: — gi-1)?,

N 6‘/;
=1 q

According to Theorem (4.3.1), for u;(z) = —sat(%—‘;l(q)w), the system (7.20)

can be stabilized if the largest invariant subset of E with respect to the drift
field is the origin. One way to verify the above is to check the dimension
of the distribution AD(z) for all € F — {0}. This approach is very hard.
However, since we are concerned with small transversal vibrations, one can
consider the state linearized version of the above system which is a bilinear
system. In addition, it can be easily checked that the conditions of the
Theorem (5.2.1) are satisfied and the origin can be asymptotically stabilized
by the above feedback control law. Therefore, the nonlinear system (7.20) is

locally stabilizable by the given control.

Proposition 7.1.1 The origin is locally asymptotically stabilizable for the

system (7.20) with the control input

u,(:c) = —sat[V,-s(wi—w,-_l)] (7.23)
V= e a) (7.24)

fori=1,...,N and wp = ¢o = 0.

Proof: Consider the Lyapunov function candidate,

2

H(g,w) = —[w M(q)w + > kilg; — i-1)?].

=1
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2

N
tC
= -> Sat[nglL (¢i — gi-1)(wi — wi—1)](@i — giz1)(wi — w;i1)
=1

<0

which implies that all trajectories of the system (7.20) converge to the largest

invariant subset of
E={2eTQ:(¢— ¢i-1)(wi—wi—1) =0foralli=1,2,...,N}.

To show that the above system is asymptotically stabilizable around the
origin, we linearize the system around the origin and show that the resultant

system is globally asymptotically stabilizable. The linearized system is given

by
g = w
{ o = —M70)Qq— T, F(g)ul (7.25)
or for w = M~1(0)p
g = M~(0)p
{1’7 = —Qq¢+ XY, T g (7.26)

Now, since both M~1(0) and @ are positive definite and by appropriate

selection of the lAci’s, the matrix M ‘IEQM ~% has distinct eigenvalues, by the
Theorem (5.2.1), origin is globally asymptotically stabilizable. Consequently,

the nonlinear system is locally asymptotically stabilizable. [

A similar result can be obtained for the original model, (7.1), which is

the preferred control law in Jacobson’s sense.
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Proposition 7.1.2 The origin is locally asymptotically stabilizable for the

system (7.1) with the control input

Fi(z) = Myn(z) — Mya,,,(z) (7.27)

GW Ldsity . I
M - a .
v, (2) 2t.t,I [cosh I‘]V’ (7.28)

V¥ = —sat(w; —wi_1) (7.29)

Proof: The proof follow as before. [

Comparing the Propositions (7.1.1) and (7.1.2), one can see that the
effective action of the control is to oppose the direction of the joint velocity.
Since we only sense the angular position, we have to build an observer for both
bilinear and linear systems. For the linear model, we can use the standard
methods to build an observer. However, for the bilinear system, we include

an observer proposed by Funahashi [35].

7.2 Bilinear Observer

In this section, we build a stable state observer for the state linearized model
of the cantilever beam. The observer is based on the Funahashi [35] esti-
mator for bilinear systems. This particular observer is exponentially stable
irrespective of the input. First, we derive the state linearized model of the

cantilever beam around the origin.

i = w
@ = —M0)[Qq— ¥, uiBug] (7.30)
Y = Ve for 2=1,...,N
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or for ¢ = (¢, p), we have

N
z = Aoz + Z u; Az

i=1
y = Cx
where
T 0 In
w0 = | e 0
0 0
Az = _
M 10)B; 0}
[0 O 0 0 07
0 0 0 0 :
0O 0 0 ... O 0
B = 0 1 -1 o0 :
0 ... . 0 0 0 0
: : : : 0 :
[0 0 O 0 |
[ 1 0 0 0 | 1
-1 1 0 |
t2 .
¢ 2d31 L O |0
0 0 |
| 0 -1 1 | Jyon
= [Cu | O]

for: =1,...,N. Let us consider the following system,

z = [f‘io +2iL wiAile + [Bo+ TN, w:Bily
w = (Cz+ Dy

where z is the N-state vector and w is an N-vector.
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Definition 7.2.1 ([35]) If limy_o ||w(t) — Kz(t)|| = 0 holds irrespectively
of z(0), 2(0), and u(.), the system (7.86) is said to be an N-dimensional

state Kx-observer for the bilinear system (7.32).

To design a minimal order stable observer, we transform the system (7.32)

to its normal form by

ﬂ:(g) (7.37)

where D = [0 | Iy]. Then, for z = Ty 'z, we have

Az = Tl AjTl—l

_ Ay Ans
A A

C = CIy' =iy |0

A = [ 0 Cu
© | -MT(0)QCE 0
i - | 0 0

P M 0)BicR o |

Let us assume that there exists a matrix U such that CU + DC = K. Then,
for K = Ion,let U =[S | Iy] for an N x N matrix S. The following theorem

guarantees the existence of a minimal observer.

Theorem 7.2.1 (Funahashi [35]) Assume, for some positive definite ma-
trices P and P’, the matriz S exists which satisfies the following conditions.

Then, the minimal order stable state observer for (7.32) exists.

P(SAo12 + Aozz) + (SAoiz + Aoe)TP = —P (7.38)

P(SAjs + Ai) + (SAinz + Aig2)™P = 0 i=1,...,N (1.39)

79



In our case, the equation (7.39) satisfies identically for all 7 and from equation
(7.38), we have

PSC]I + SCMP = —P,.
Therefore, for $ = ~Cjj', P = %I N, and P’ = Iy, we satisfy the hypothesis

of the theorem (7.2.1), and the observer is given by

Ay = —Iy (7.40)
By = —MY0)QCL! — Cft (7.41)
A =0 (7.42)
B; = M™(0)B;C (7.43)
or
i o= —z—[MT0)Q+ Iy — Zu, Bi|CRly (7.44)
_ Y

Now, we can verify the stability of the observer by showing that the error,
e = z — Uz, converges to zero exponentially. From the definition (7.2.1), we

have

w— Kz = ( v~ Que )

The error dynamics is given by
e = z4+¢—w
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Figure 7.3: 4-bar approximation of cantilever beam.

— e [MTY0)Q + In— Eu, (0)Bilg +w + M~*(0)[Qq — Zuqu]

= w—2—¢q

= —e (7.46)

It is obvious that the error dynamics is exponentially stable and the observer
is well defined. To get the angular velocity from the observer, we add the

angular measurement to the observed value. That is,
w=2z+4q.

In the next section, we simulate a four bar approximation of a cantilever
beam with piezoelectric actuation. The simulation is performed for both the

linear approximation and the illustrative bilinear form.

7.3 Simulation

In this section, we approximate a 40cm aluminum beam by four links exclud-
ing the base link, see Figure (7.3). Let the height of the beam be 2.54cm,
its thickness be .05¢m, and its length be 40cm. The spring constants are
approximately equal to k; = 19.28, ky = 42.8, ks = 42.8, and k4 = 28.96
N -cm. The modulus of elasticity of aluminum is 7.1 X 10 N/cm? and that of
piezoelectric PZT5H is 6.1 x 108 N/em?. The size of the piezoelectric plate is
5 x 2.5 x .03 cm. Mass of each link is (5.4,2.4,2.4,3.6) grams. We simulate

the 4-bar chain approximation of a cantilever beam with both control laws.
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The feedback law, F; = —sat(w;), minimizes the cost function

oo m 1
Clu) = [T{XILi(e) + 3F7} (7.47)
=1
for
mghiy — @l f < agh
L=y gt i ﬂ%éw;s%“* (7.48)
Bt — b if > g

where b; > a; > 0 and F; € [9*;—1", é‘;—“‘] The cost function C(u) is a measure
of trade-off between damping and input power. The proposed control law,
F; = —sat(w;), minimizes (7.47) but may not damp vibrations fast enough.
To increase damping, one has to increase the control gain. At the limit where
F; = —sign(w;), the controller optimizes [;° iz, Li(x(t))dt which results in
the best damping. Since existence of solutions and the convergence results
may not hold for discontinuous control law, we use F; = —sat(gain *w;) with
large gain. The results are shown in the Figures (7.4), (7.5), and (7.6).

For the bilinear model with variable gain, the same arguments will hold
but for a new cost function given by (4.37). However, in reality, for the
piezoelectric actuation, we added an extra feedback to make the system look
like a bilinear one. Therefore, the performance measured by the cost func-
tion (7.47) will be poor in comparison to the linear control law. However,
the performance measured by [5° >, L;(z(t))dt is equivalent since the con-
troller depends on the sign of the angular velocity at the joint in both cases.
The difference is in the faster damping of energy away from the origin for
the nonlinear control law and the faster damping close to the origin for the
linear control law. This can be seen in the Figure (7.10). The responses for

the nonlinear control law with high gain are shown in the Ifigures (7.7), (7.8),

and (7.9).
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Figure 7.4: ¢ vs time for the linear model.

From equation (7.20), one can observe the effect of constant gain propor-

tional control. If we let u be constant in the equation (7.20), we can change

the spring constant value from k to k — u. Therefore, applying a negative
proportional feedback makes the system to appear more stiff and applying a
positive feedback makes it to appear less stiff. No matter what we do, with
constant proportional feedback law, we cannot damp the system. We only

change the position of the system eigenvalues on the imaginary axis.

7.4 Experimentation

In this section, we present an experimental result for a cantilever beam with
one bonded piezoelectric actuator/sensor pair. The beam configuration is
as in the Figure (7.2). For this experiment, we assume a perfectly bonded

piezoelectric plate so that we can simplify the relationship between the bend-
ing moment and the system parameters. In this case, the stain between the

piezoelectric and the beam occurs over an infinitesimal distance near the ends
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Figure 7.6: Internal energy Ho(z(t)) vs time for the linear model
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»y
Figure 7.11: Bonded piezoelectric plate on a beam.
of actuator. The bending moment is given by

+ - + -
M; 1 ¢ +e¢ € — €

Ebtb:¢+a[ 2 2 i]_('(,/)—i-a)tc

1% (7.49)

for o = 6, ¥ = 14, Ey = T0GPa, and t, = .02,

In this experiment, we implemented a proportional plus velocity feedback
law. The actuator/sensor pair are located at the peak of the second mode.
Each piezoelectric plate is bonded to the beam so that their polarization
direction is pointing out of the beam. That is, the negative terminals of the
piezoelectric plates are bonded to the beam.

When a piezoelectric plate is used as a sensor, the sign of the measured
voltage determines the bending direction. If the voltage has the same sign as
the poling direction, the piezoelectric plate is elongating. On the other hand,
if the voltage has the opposite sign to the poling direction, the piezoelectric

is in contraction.

In the case that a piezoelectric plate is used as an actuator, the effect
reverses. If the applied voltage has the same sign as the polarization direction,
the piezoelectric contracts. On the other hand, if the applied voltage has the
opposite sign to the poling direction, the piezoelectric elongates.

Using the above sign convention, we implemented a proportional plus

derivative control law. The setup is shown in the Figure (7.12). The piezo-

electric drive is a high voltage amplifier as shown in the Figure (7.13). Fig-
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Figure 7.13: Piezoelectric drive.

ures (7.14), (7.15), and (7.16) illustrate the step responses for both controller
on and off. The step response of the beam with no control has the following
characteristics. The highest peak or the overshoot occurs at V* = 3.786V
and the settling time is t; = 4.3828sec. The mean square error for this case
is MSE = .4347. The step response of the beam with the control on has the
following characteristics. The overshoot is at V* = 1.4586V and the settling
time is ¢, = 2.6562. The mean square error is given by MSE = .0782. From

the above numbers, one can see around 50 percent improvement.

838



7.5 Suggestions for Implementation

To better implement the control law, we believe that using an actuator pair
results not only in a stronger bending moment but a symmetric one with
respect to the middle of the beam. In this way, we may avoid actuator
saturation in a premature way. To use an actuator pair would occupy the
space that we used for the sensor. To be able to have a collocated sensor,
we suggest using a sensor pair in parallel with the actuator pair. Off course,
this would be possible only if the beam is wide enough or the piezoelectric
plate is narrow enough.

If one finds a way to accurately measure the current in the piezoelectric
plate, it could be used as a measure of angular velocity and avoid differenti-

ating the angular position or use of a state observer.
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Figure 7.15: Step response with PD control.

90



Vs in Volts

PD on and off plots

L
_4I

-5

)
A
|
l

! {
o y‘l 1y
wioyt b 1

4’.&’il

!

! , s

oot W

) |I"\,\'\\|‘,I

N, [ Al I

WiV l‘ i!\.
LM L i SR ‘., J

Y SS
! -
A

i

1 1.5
Time in sec

Figure 7.16: Step response; overlapping plots with control on and off.

91




Chapter 8

Conclusions

A simple mechanical system with variable stiffness parameters is considered
as a viable model to describe a flexible structure with bonded or embedded
composite actuators/sensors. A flexible cantilever beam is modeled by an
N-body chain and the spring constants are varied for control action. The
finite chain model of a flexible structure is described by a simple Hamiltonian
control system whose control variables manipulate the potential energy of the
system.

It is shown that for control parameters entering in the equations linearly,
there exists a feedback control law that drives the trajectories of the system
to a minimum energy point from all initial conditions but a set of measure
zero. The given feedback control law satisfies the bounds on the inputs and
transforms the system to a dissipative mechanical system.

Next, we showed that the state linearized model of a simple mechanical
control system is given by a bilinear control system. It is shown that there
exists a nonlinear feedback control law that globally asymptotically stabi-
lizes the system and satisfies the input bounds. This controller is shown to
be optimal in Jacobson’s sense [45]. The above control laws are tested on a
cantilever beam with piezoelectric actuators/sensors. The true effect of the

parametric control had to be illustrated by a simulated test since the piezo-
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electric actuators generate localized bending moments rather than changing
the stiffness of the beam.

A case study was carried out to illustrate the use of discontinuous control
law instead of the continuous one in order to take advantage of the full power
of the control action. It is shown that the convergence rate can be improved
by using a discontinuous control law. In Chapter 2, we showed that in a very
special case, one can prove stabilizability of the Hamiltonian control system

with discontinuous control law.

8.1 Future Research

Stabilizability of Hamiltonian control systems with discontinuous control law
is not resolved in this research work. Although the system can be stabilized
by a continuous control with saturation, it is not immediately obvious that a
bang-bang like control law could achieve stability without assuming the in-

dependence of the control vector fields. The following conjecture is proposed.

Conjecture 8.1.1 Consider the simple Hamiltonian control system (4.6)
and let AD(z) have full dimension on E—T. Then, the control ui(z) =

sign(%—‘gl(q)M‘l(q)p) drives all the trajectories of the system to a local min-

imum point from all initial conditions but a set of measure zero.

In Chapter 2, a special case of the above conjecture is proven. It is

shown that if there are n control variables and the control vector fields are

independent everywhere but on the equilibrium set, the above discontinuous
control law stabilizes the system.

Although it is easy to prove that a simple Hamiltonian control system
with multiple discontinuous controls has a Filippov solution, it is not easy

to show that the solutions are unique and depend continuously on the initial
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conditions. In Chapter 2 and 6, we proved the above for a single input case.
It is useful to prove or disprove the uniqueness of the solutions when there

are more than one switching surface.

The Hamiltonian function Hj is defined in the Chapter 4 as

where 7;:z € (a3, b;), a; > 0. Let us define two other fixed values for lAci, say v;

and w; in (@, b;). Then, the corresponding Hamiltonian functions are given

by
(o) = p" M@+ L uia) (5.1
Hu(@) = "M (@p+ Y uiVig) 82)

Let us consider the Hamiltonian systems corresponding to the above func-

tions as follows
& = JVH,(z) (8.3)

& = JVH, () (8.4)

Let us denote the time derivative of H, with respect to (8.4) by Hv]w and

the reverse by leu. Then, the following equality holds
Hypo(z) = —Hypo(2) = (VHETV H,)(2). (8.5)

If we let the control variables of the Hamiltonian control system take values

v — k or w — k, we can define the following control law

o (8.6)

v—Fk if Hyp(z) <0
w—k if Hy,(z)>0
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Then, the time derivative of the Lyapunov function

Lz) = 50" M~ (@)p+ 5 3 (vi + wi)Vi(o)

i=1

is negative semidefinite. That is, the trajectories of the system (4.6) converge
to the set

E = {z: Hy(z) = 0}.
It would Dbe interesting to find conditions under which the trajectories con-
verge to the minimum of the function L(z). In addition, we need to in-

vestigate possible sliding motions on the surface Hw|v(:c) = 0 and study the
stability of the reduced dynamics. This could lead to a stabilizing control law
for Hamiltonian control systems whose dependence on the control variables

is nonlinear.
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Appendix A

Referenced Terminologies

This appendix is provided to facilitate the access of the readers to the ref-
erenced terminologies. The mathematical terminologies that are used from
various sources are defined in this appendix to make the thesis as self con-

tained as possible.

A.1 Dissipative Systems

In this section, we define the mathematical terminology necessary to define
a dissipative vector field as given by Shahshahani [75]. Let us consider an
n-dimensional compact manifold Q with tangent and cotangent bundles, T7Q
and T*Q, respectively. Let 7 : TQ — Q be the canonical projection and
Tr : TTQ — TQ be the induced map. A smooth Riemannian metric o
on Q defines a kinetic energy K : TQ — R by K(vy) = o(vy,v,) for v, €
T,(T*Q). If E: TQ — R is a smooth energy function, then the vector field
X g corresponding to dE defines a conservative (or Hamiltonian) mechanical
system. Let us consider the case that £ = K 4+ V where V is a potential

energy, i.e., V : TQ — R is constant on the fibers of TQ. The following

properties of X g will be used.
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1. X is a second-order ordinary differential equation; that is, (T'7)o(Xg)

is the identity on 7'Q.

2. FE is a first integral for X, i.e., E is constant on the trajectories of Xg

(conservation of energy) but not constant on any open subset of 7'Q.

3. Zeros of X lie on the zero-section and the characteristic exponents at

each zero occur in pairs +A, A € C.

A vertical vector field £ on T'Q is one that satisfies Tw(£) = 0. Let p be a
Riemannian metric on T'Q, then a horizontal vector field relative to p is a
vector field orthogonal (relative to p) to every vertical vector field. For every
potential energy V and every p, VV is a horizontal vector field. Let z € TQ
and ¢ be a vertical vector field, then p((VV)z,€;) = & 0oV = 0 where the
last equality is due to the fact that ¢, is tangent to the fiber through = while

V is constant on the fiber.

Definition A.1.1 A metric ¢ on TQ is o-compatible if it induces an inner
product on each (TTQ),, ¢ € Q as follows. Let H, and V, be the natural
splitting of (TTQ), into horizontal and vertical subspaces, respectively, so
that each is canonically isomorphic with (T'Q),. Choose the inner products
on H, and V, induced from ¢ and define < hq,v, >= 0 for h, € H, and
vy € V. In addition, if w € TQ and w ¢ Q, the tangent space to the fiber
through w, denoted by V,,, is again canonically isomorphic to (T'Q)r, so that

o induces an inner product on V.

Lemma A.1.1 ([75]) If(Q,0) is a Riemannian manifold with K : TQ —

R the kinelic energy associated to o, then there is a o-compatible Riemannian

metric on T'Q relative to which VK is vertical.
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Therefore, assume that the Riemannian manifold is equipped with a fix o-
compatible metric relative to which VV and VK are respectively horizontal

and vertical.

Definition A.1.2 A vector field Xp on TQ is a dissipative force if
1. Xp s vertical.

2. p((X)z, (VK);) < 0 unless x € TQ lies on the zero section; that is, for

z on the zero section Xp(z) =0 and VK(z) = 0.

A.2 Ad-condition

In this section, we define the ad-condition as it was introduced by Jurdjevic

and Quinn [47]. If X and Y are given vector fields on Q, then a vector field
ad%(Y) is defined by
wBy(Y) = ¥,

adi'(Y) = [X,adx(Y)]

for k =0,1,2,.... We say that the pair of vector fields (X,Y") satisfies the
ad-condition if the linear span of all vectors of the form ad% (Y)(z) is equal

to T,Q at each = € Q.
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