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Transport behavior widely takes place in biological phenomena. In this thesis,
I study the delicate interactions between transportation and other forces in biology,
diffusion, alignment, cooperation included. The thesis focuses on three topics: (i)
chemotaxis in moving fluid; (ii) flocking of birds and fish; (iii) multi-species chemo-
taxis and multi-species flocking dynamics.

We use the Patlak-Keller-Segel equations with additional advection to model
the chemotaxis phenomena in the moving fluid. It is well-known that if there is no
underlying fluid transport, the total number of cells in the environment determines
the long-time behavior of the dynamics. If the number is large enough, cells will
concentrate to form clusters and cause break-downs of the model. We discover that
external strong fluid flow has the potential to suppress the possible blow-up in the
system.

We use the Cucker-Smale model and the Motsch-Tadmor model to describe the

flocking behavior of fish or birds. While the well-posedness theory of the PDE in



one dimension is well-understood, little is known in dimension two. We give explicit
sufficient condition to guarantee the existence of unique global strong solutions and
clarify the role played by the stretching and vorticity.

In the last part of the thesis we introduce multi-species concepts into the chemo-
taxis models and flocking models. We discover new conditions to guarantee the
well-posedness of the multi-species Patlak-Keller-Segel systems and the multi-species

Cucker-Smale models.
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Chapter 1: Introduction: Transport Phenomena in Biology

The main focus of my research is the Partial Differential Equations (PDE)
modeling collective behavior in biology. My goal is to give faithful descriptions of
these models.

When studying the collective behavior of a large group of agents, say, bacteria,
fish or birds, five types of effects play important roles: aggregation, diffusion, advec-
tion, alignment and social cooperation. Aggregation describes the tendency for agents
to concentrate. Diffusion characterizes the random aspect of the agents’ movement.
Advection indicates the fluid transport effect in the dynamics. Alignment represents
the averaging effect among agents. Social cooperation, on the other hand, reflects
interaction between species. Different combinations of these five effects give rise to
different models in biology. My work covers three important scenarios: Chemotaxis in
moving fluid reflects a balance among aggregation, diffusion, and advection; Flocking
emerges from competition between advection and alignment; Multi-species dynamics

arises as an interaction of all five effects.



1.1 Chemotaxis in moving fluid

1.1.1 Overview

Bacteria emit chemical signals to attract others. This phenomenon is called the
Chemotaxis. It can be viewed as a delicate balance between aggregation and diffu-
sion. Individual agent directs its movement according to the chemical concentration
gradient in the environment. This represents the aggregation. On the other hand, the
tendency of agents to do random motions always exists. This reflects the diffusion.

The parabolic-elliptic Patlak-Keller-Segel equation with advection (PKS) is de-

signed to model Chemotaxis in moving fluid:

diffusion aggregation advection

on = ZF —m—m,
(1.1.1)
—Ac=n; V-u=0.
The equation governs the evolution of the bacteria density n and the chemical con-
centration ¢ subject to initial density n(t = 0, z) = no(z),z € R The divergence free
vector field Au represents the underlying fluid velocity. When Au = 0, the system
is the classical parabolic-elliptic Patlak-Keller-Segel equation modeling chemotaxis
in a static environment; see e.g. [102], [77]. In this case, the first part of (1.1.1)
describes the time evolution of the micro-organism density n subject to diffusion
and chemo-attractant-triggered aggregation. The second part of (1.1.1) models the

time evolution of the chemo-attractant secreted by the micro-organism. The case

A # 0 models the microorganisms suspended in a fluid flow: the elliptic equation



—Ac =n — n arises as the formal limit as € — 0 of the advection-diffusion equation

Oic 4+ Adye = € (Ac+n),

under the assumption that €A < 1. In particular, (??) requires that the time-scale
of equilibriation of ¢ is faster than the transport due to the fluid flow. It is worth
mentioning that the model (1.1.1) is one among many attempts to take into account
the underlying fluid advection effect, see, e.g. [93], [94], [91], [50], [60].

The static Patlak-Keller-Segel equation (Au = 0) and its variations have re-
ceived considerable mathematical attention over the years, for example, see the re-
view [73] or some of the representative works [22,24-28,39,71,75,99] and the references
therein. It is well-known that if the total number of bacteria is small in the sense that
the L' norm of the initial density is less than 87 (||ng||; < 87), the equation (1.1.1)
admits global smooth solutions. On the other hand, if the total number of bacteria
is large enough, i.e., the L' norm of the initial density cross the critical threshold of
8w, aggregation dominates diffusion. As a result, a large number of bacteria concen-
trate in one point, leading to the blow-up of the solution at a finite time [28]. When
M = 8m, aggregation and diffusion exactly balance each other and solutions with
finite second moments form Dirac mass as time approach infinity [27].

I address the problem whether there exist simple fluid flows that suppress the
possible blow-up of the equation with supercritical mass. The basic idea is that
special fluid flows have either enhanced dissipation or fast splitting effect. These fluid
effects restore the balance between aggregation and diffusion and lead to suppression

of blow-up.



I mention another result of non-static PKS equation with strong fluid advection
preventing the chemotactic blow-up. In [80], A. Kiselev ans X. Xu exploited relaxation
enhancing of a vector field u with a large enough amplitude in order to enforce global

smooth solution. Here regularity follows due to a mizing property of u over T? and

T3.

1.1.2 Blow-up and well-posedness theory of the static parabolic-elliptic
PKS equation

In this subsection, I review the existence and blow-up theory of the static

parabolic-elliptic Patlak-Keller-Segel equation

om =An—V - (Ven), —Ac=n, n(z,0)=mne(z). (1.1.2)

Since the chemical density solves the Poisson equation on R2, we could solve it ex-
plicitly:
1

c=(=8)"n=—5 oIz — yln(y)dy. (1.1.3)

If we plug the expression (1.1.3) into the original equation (1.1.2), we end up with

one single equation with non-local aggregation nonlinearity:
om = An—V - (V(=A)"'nn), n(0,z) = ne(z). (1.1.4)

Since convolution with the fundamental solution of Laplacian is a nonlocal operation,
the equation (1.1.1) is a nonlocal nonlinear parabolic PDE.

There are three basic quantities intimately related to the behavior of the equa-
tion (1.1.1) - mass, second moment and free energy. First we define the mass as the

4



L' norm of the bacteria density, i.e., M := [|n||;. By the divergence structure of the
equation and maximum principle, we have that the density n is positive and the mass
is preserved, i.e.,

[InC Ol = [lno( Dl = M. (1.1.5)

Next we introduce the second moment V:

Vin] = /Rzn]x|2dx. (1.1.6)

Through a Virial identity type argument, we can use the second moment to show
that all physical solutions with mass greater than 87 blow up in finite time. Finally,

the equation (1.1.2) has a naturally dissipative free energy F,

1

Eln(t)] = / (1) logn(t) — 5 / c(Bn(t) < Elno|, ¥t > 0. (1.1.7)

It is used to derive the optimal existence results for the system.
With these basic quantities introduced, we present the blow-up result for the

equation (1.1.2).

Lemma 1.1.1. Consider the equation (1.1.2) with C* initial data and finite second
moment V[ng] < oco. Suppose M = ||ng||p1 > 8x, then the solution must blow-up in

finite time.

Proof. We prove the Lemma using contradiction. Assume that the solution is smooth

for all time. Applying the expression (1.1.3) we can formally calculate the time



evolution of the second moment:

nlx|*dw 4/ndx— —// 1z _y|2x n(y)dxdy
jz —yf?
=4M — — | |2d xdy
r—y

—4M—— :4M(1——)
21 81

The detailed justification can be made by using smooth compactly supported function
to approximate the weight function |z|?. Since M > 8w, we see that the time deriva-
tive of the second moment is a strictly negative constant. As a result, there exists a
first time 7, < oo such that V[n(7,)] = 0. On the other hand, ||n(t)||,: = M > 0.
The only possible density with positive mass and zero second moment is the Dirac
mass, which is not a smooth function. As a result, we reach a contradiction. This

completes the proof of the lemma. O

Next, we present the global existence theory of free energy solutions of the PKS
equation (1.1.2) subject to subcritical mass M < 8w. The free energy solutions are
special weak solutions to the PKS equation. To properly define them, we first need

the weak formulation of the PKS equation.

Definition 1 (Weak formulation). The function n : RT x R? — R is said to be the

weak solution to (1.1.2) if for Y € C°(R?), the following equation hold:

1 (Vo(z) = Vo(y)) - (z —y)

d
— pndr = / Apndr — —
dt Jge R2 AT Jg2 gz |z —y]?

n(x,t)n(y, t)dzdy.

(1.1.8)

Second we need to introduce the free energy dissipation relation. The following

lemma is essential.



Lemma 1.1.2. Consider the PKS equation (1.1.2). If the solution is smooth enough,

the free energy E[n(t)] is decreasing. Moreover, the following relation is satisfied
t
E[ng] > En(t)] +/ n(z,s)|Vlogn(z,s) — Ve(x, s)|*dzds, WVt €[0,T]. (1.1.9)
0

Proof. The time evolution of the free energy (1.1.7) can be computed,

d
EEM(t) =— /n(Vlogn —Ve) - (Vlegn — Ve)dr = —/n|Vlogn — Vel*dz < 0.

Time integration yields the lemma. O

Free energy solutions is weak solutions with free energy dissipation constraint

(1.1.9).

Definition 2 (Free energy solutions). For any weak solutions n to the equation (1.1.2)
subject to initial data ng, they are the free energy solutions to (1.1.2) if the following

free energy dissipation inequality holds on the time interval [0, T})
t
E[n(t)] +/ / n|Vlogn — Ve’ drds < E[ng), Vt €[0,Ty). (1.1.10)
0 Jr2
Now we sketch the proof for the following classical theorem:

Theorem 1. ([28]) Assume that ng € L (R?, (1+|z|?)dz) and nglogny € L' (R?, dx).
If M < 8r, then the PKS system (1.1.2) has a global non-negative free energy solution

n with initial data ng such that
(1+ [zf* + [logn|)n € L5 (RT, L'(R?)),
t
/ / n|Vlogn — Ve’ drdt < oo,
0 Jr2

M
lz|*n(z, t)dx = / |z|?no(x)dx + 4M (1 — —) t
R2 R2 &

for ¥t > 0. Moreover n € L2 ([6,00), LP(R?)) for any p € (1,00) and any § > 0.

loc
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We break the proof of Theorem 1 into steps. First we introduce the regularized
solutions to the equation and the local existence theorem. Secondly, we present the
blow up criterion for the Keller-Segel system (1.1.2). Finally, we show that the blow-
up criteria will not be satisfied if the mass is less than 87. This concludes the proof
of the theorem.

The regularized PKS system is defined as follows:

on¢
ot

+ V- (nVe) =Anf, =K *n, v €R*t >0, (1.1.11)

with the regularized kernel K¢ given by

1 .
1 —5-loglz], if |z] >4,
K(2) = K" (f) - 2—log<—:, K'(2) := ? (1.1.12)
€ T
0, if |z] <1.
Since ||[VK¢|| < C. < 00, it follows from standard convection-diffusion equation
theory that the solutions to the equation (1.1.11) exist for all time. We refer the

interested reader to the paper [28] for more details.

Now the local existence theorem is expressed as follows:

Proposition 1 (Local existence theorem, [27,28]). Suppose {n}e>o are the solu-
tions of the reqularized equation (1.1.11) on [0, T*). If the entropy of the reqularized
solutions {S[n°](t) := [ nlogn‘dz}. are bounded from above uniformly in € and in
t € (0,T7), then the cluster points of {n}eso, in the L7L2 strong topology, are non-

negative free energy solutions of the PKS system (1.1.2) on [0,T™).

We skip the proof of the proposition. This finishes the first step of the proof.

In the second step, we present the blow-up criterion for free energy solutions.



Proposition 2 (Blow-up criterion for free-energy solutions, [27,28]). Consider the
PKS equation (1.1.2) subject to the initial condition (1+|x*)ng € L1 (R?), nglogng €
LY(R?). Then there exists a mazimal existence time T* > 0 of a free energy solution

to the PKS system (1.1.2). Moreover, if T* < oo then

lim nlogndxr = oo.
t—T* R2

We observe that if the entropy S[n](t) = [ n(t)logn(t) is finite for all ¢ < oo,
the free energy solution exists for all finite time.
Finally, we use the logarithmic Hardy-Littlewood-Sobolev inequality to get an

a priori bound on the entropy S|[n|.

Theorem 2 (Logarithmic Hardy-Littlewood-Sobolev Inequality, [32]). Let f be a
nonnegative function in L'(R?) such that flog f and flog(1+|z|?) belong to L'(R?).
If [go fdx = M, then
/ flog fdx + —// y)log |z — y|dxdy > —C (M) (1.1.13)
R2xR2
with C(M) := M (1 + logm — log M).
One can combine the decay of the free energy E (1.1.9) and the logarithmic
Hardy-Littlewood-Sobolev inequality to get the A priori bound on the entropy for all

finite time. The arguement is as follows. By the free energy dissipation (1.1.9), we

obtain that

Elng) > E[n(t)] —(1 - 8%) /nlognd:v + g(/nlogndx
2 //n log|x—y|dxdy)

(1 - 8%)5[7@(75)} - S—WO(M).



As a result, we have that

Sn(t)] < = [”0]1+_8M7TMC<M ) c 0.

In conclusion, we obtain the uniform in time bound on the entropy for any (regular-
ized) solutions with total mass less than 8. This concludes the proof of Theorem

1.

1.1.3 Hypocoercivity and the enhanced dissipation of shear flows

In chapter 2 and chapter 4 we will use shear flows to suppress the blow-up of
PKS equations. Since shear flows have enhanced dissipation effect, it can be used
to restore the balance between diffusion and aggregation. To exploit the enhanced
dissipation effect, we need to construct specific functional to capture it. We use
the Hypocoercivity technique of [8], which builds on the earlier work of [6,61]. The
concept of Hypocoercivity comes from the study of the kinetic equations. As outlined
in [115], hypocoercivity techinques are based on finding an energy which extracts the
fact that the quadratic quantity A= ||V f||7, + ||u/, f|| %> is much ‘more coercive’ than

the standard H' norm. In this subsection, we focus on the passive scalar equation:
1
Of +u(y)o.f = ZAf’ (z,y) € T x R, T2 (1.1.14)

subject to initial data f(0,-) = fo(-). Here f is the bacteria density, % is the viscosity.
We focus on the vanishing viscosity scenario when % < 1.

Since the solution f is periodic in the x variable, it is reasonable to consider the

10



Fourier transform of the equation (1.1.14) only in the x variable:

Dissipative part

Conservative part e

N et~ TP TN

If we define P := 0,, Q) := —iu(y)k, we can rewrite (1.1.15) as

&ﬁzPWﬁ—%;l—Qﬂ (1.1.16)
Standard hypocoercivity functional has the form:
Ok (f] = [1Full3 + al[PFil13 + BRe([P, Q1 v, PFie) + I[P, Q) fel I3, (1.1.17)
where [P, Q)] is the commutator
[P,Q] = PQ — QP = iu'(y)k. (1.1.18)

Now following [8], we define the Hypocoercivity functional ® k-by-k,

il O] =TI + Va0, Ji @I + 2kRe(ifu’ Ji0), 8,/x (1)) + k|7 ()] 15
(1.1.19)
Here «, 3, and v are k-dependent constants depending on the property of the shear
flow profile u(y). For general shear flows, «, § and 7 are k-dependent functions of
y. We only focus on two different cases, i.e., nondegenerate shear flows and strictly

1

monotone shear flows'. For nondegenerate shear flows, the choices of «, # and ~

satisfy

Oé(A7 kf) :EaA_1/2|k;|*1/2’ /8(147 k’) :€ﬁ|]€|71, 'Y(A, k’) :€7A1/2|k,|73/2;

(1.1.20a)

!Nondegenerate shear flows are shear flows without degenerate critical points for the function

u(y). Strictly Monotone shear flows are shear flows with strictly monotone u(y).

11



for strictly monotone shear flows, the choices of a, # and v are as follows:
A k) = e AP 72P B(A ) = g ATV R (A R) = & [k, (1.1.21a)

where €,, €3, and €, are small constants depending only on w chosen in [8]. The

parameters €,, €3, and €, are tuned such that,

Cxln] & |[Axl]3 + [[Vadymkl[5 + [K[*]|v/Au'ng] 3, (1.1.22)

and hence

7ll3 + A7 R T2 0,715 S Pln] S IRl + [+ AV (|7l + A7 K[ 10,70

(1.1.23)

As a result, @ (t) is equivalent to the H' norm of n; but with constants that depend

on A and k. Define the following orthogonal projections:

fO(t7y>:%/ f(t,Ly)dx, f#(t,l’,y) :f<t,l‘,y>—f0(t,y),

for “zero frequency” and “non-zero frequency”. We can define a functional ® acting

on f, as follows:

Of£(0)] =D Bulf (O] = If£ ()15 + IVad, f2()I[5 + 2086/ D0 f(t), 0y f(1))

k0

+ VA 0:f£ (D)5 (1.1.24)

The primary result of [8] is described as follows. Consider the passive scalar
equation (1.1.15) subject to nondegenerate or strict monotonic u(y), the norms ®x[f(t)]

of the solutions f satisfy the following estimates for some small constants € indepen-

12
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dent of k, A (but depending on u):

d k 1/2
Nondegenerate shear flow: aq)k[f(t)] < —€’A’1/2 OLIf(D)]; (1.1.25)
d ’k’2/3
Strictly Monotone shear flow: E@k[f(t)] < —€ e O [f(1)]. (1.1.26)
‘ ‘k|1/2 ‘k|2/3 S
As a result, ®; decays with a rate ~ 1 (or YYE ), which is much faster than the

2
heat decay rate ~ |7 if A islarge. Since the ®[n.] dominates the L? norm, we have

that ||n.||3 is decaying faster than the heat decay. This is the enhanced dissipation

effect of the shear flow.

1.1.4 Fast-splitting scenario and the escape from second moment col-
lapse

In the paper [67], we exploit the fast splitting property of the hyperbolic flow

to suppress the blow-up of the equation (1.1.1):
u(z) := A(—x1, x2). (1.1.27)

Recall that if there is no ambient fluid flow, the second moment of any solutions with
supercritical mass M > 87 and finite initial second moment will decrease to zero in
finite time, which in turn yields that the solutions must blow up in finite time. In
this section, we will show that if the amplitude A of the hyperbolic flow is chosen

sufficiently large, the second moment of the solution (1.1.6) will not collapse to zero.

Lemma 1.1.3. Let n(x,t) be the solution of (3.1.1) with vector u(z) = A(—x1,x2),

subject to initial data ng such that Wy = /no(x)(xg — 22)dz is strictly positive.
R2

13



Then, if A is chosen large enough, the second moment of the (classical) solution

V(t) = / n(x,t)|x|*dz increases in time.
R2

Proof. First, the time evolution of V(¢) can be calculated as follows:

d M
EV—ZLM (1_8_7T> +2/:v-un(a:,t)dx

=AM (1 - g) +2AW,  W(t) = /RZ(—xf + z3)n(x, t)dw. o

™

Next, we compute the time evolution of W (t)
d 2, 2
_tW = [ (=27 +25)V - (Vn —Ven —un)de

// (x,t)( 2x1,2$2)’ 5| n(y, t)dzdy + 2AV

+ (79 — 3o)?
// (1 —y1)2 + (22 n(x,t)n(y, t)dedy + 2AV,

_ y2)2

where the last step follows by symmetrization. Since the first term on the right is

bounded from below by —=M?, we have

d

1
—W > ——M?+2AV. 1.1.29
dt o2 + ( )

Finally, notice that since W, (and hence Vj) are assumed strictly positive, we can

choose A large such that

1 M
AVy — —M? > A 2M(1—-=—) >0. 1.1.
Vo— —MP20, AW+ ( SW)_O (1.1.30)
Combining (1.1.30), (1.1.28) and (1.1.29) yields that W (¢) > 0, V(t) > 0. O
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1.1.5 Blow-up and well-posedness theory of the parabolic-parabolic
PKS equation

In this subsection, we consider the two-dimensional static parabolic-parabolic

Patlak-Keller-Segel equations, which model the chemotaxis phenomena:

o+ V- (nVe) = An, (1.1.31a)
Oc=Ac+n —c, (1.1.31b)
n(x,0) = no(x), c(x,0)=co(z), x€R%. (1.1.31c)

It is well known that the Patlak-Keller-Segel equation (1.1.31) is L' critical
and the L' norm of the solution M := ||n||; is preserved. The existing results for
the parabolic-parabolic case can be summarized as follows. In the sub-critical case
M < 8, the global well-posedness of the free energy solution to (4.1.1) is known [30],
[33]. On the other hand, if M > 8, it is shown in [106] that there exists finite time
blow-up solution on R2. In higher-dimension, there exist solutions with arbitrary
mass which blow up in finite time, [118].

Similar to the parabolic-elliptic PKS equation, the parabolic-parabolic PKS

equation has a natural decaying free energy:

1 1
Eln] =/ nlogndr —/ nede + = [ |Velde + —/ dw. (1.1.32)
R2 R2 2 R2 2 R2
The proof of the global existence of free energy solution with subcritical mass

is done in the paper [30]. The theorem is as follows:

Theorem 3 ( [30]). Let (ng,co) be nonnegative initial conditions for the parabolic-
parabolic PKS system (1.1.31) such that
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(H1) ng € L*(R?*) N LY(R?,1og(1 + |x|?)dx) and nglogng € L'(R?);

(H2) ¢y € H'(R?);

(H3) noco € L'(R?). Assume in addition that the mass is sub-critical, i.e.,
M < 8m. Then there exists a global weak nonnegative solution (n,c) of (1.1.31) such

that the free energy dissipation relation holds

t t
E[n(t)] +/ / n|V(logn — c¢)|*dxds +/ |0sc|Pdzds < Eng), a.e. t € [0,00).
0 Jr2 0 Jr2
(1.1.33)

Moreover, n € L2 ((0,00); LP(R?)) for any 1 < p < oo (regularizing effect).

loc

1.2 Flocking

1.2.1 Overview

Flocking behavior takes place when a large number of agents (fish or birds) move
as a group. Alignment effects become apparent here because individual agent tends
to adjust its velocity u to a weighted average of its neighbors (@) in order to avoid
running into others. The hydrodynamic flocking equation describes the evolution of

the population density p and the agent velocity wu:
advection alignment
/—/F ,{—_/H}
U+ u-Vu =ou—uy,
t (1.2.1a)

pe+ V- (pu) =0,  (p,u)(0) = (po, uo)-
The weighted average velocity w is dynamically determined through the influence

function ¢:

¢ * (pu)
e (1.2.1b)



The Flocking hydrodynamics (1.2.1) reveals the competition between advection
and alignment: advection creates overcrowding effect, whereas alignment drives the
agents to move in a uniform manner and stabilizes the system.

I study the global well-posedness theory of the equation (1.2.1) in dimension

two.

1.2.2  Hydrodynamic flocking model

The classical single-species hydrodynamic flocking model is an Eulerian dy-
namics of agent density p and velocity u subject to nonlocal alignment forcing on

RY, d=1,2:

pt+ V- (pu) =0, (1.2.2a)
u +u - Vu = oz, t)(u — u), (1.2.2b)

¢ x p, Cucker-Smale Model,
alx,t) = (1.2.2c)

1, Motsch-Tadmor Model.

Here the initial condition (p, u)‘ o = (po,uo) is satisfied. Recall the dynamically
weighted average velocity @ from (1.2.1b). The first equation (1.2.2a) describes the
transport of the mass density p along the velocity u. The second equation (1.2.2b)
governing velocity evolution is a pressure-less compressible Eulerian equation subject
to alignment forcing. The model (1.2.2) arises as the hydrodynamic realization of the

following agent based dynamics which describes the collective motion of agents each
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of which adjusts its velocity to a weighted average velocity of its neighbors:

it =2 1zt eRY v e RY (1.2.3a)
1 N
o= em ;qﬁ(:pﬂ' — 2 =), i€{l,2,.., N}, (1.2.3b)

N, Cucker-Smale Model,

Deg; = (1.2.3c)

N
Z ¢(]z* — 27]),  Motsch-Tadmor Model.
j=1

Here 2%, v* denote the position and velocity of the ith agent subject to initial data
(2", 0")|,_, = (xb, vj), respectively. The total number of agents is denoted by N. The
explicit derivation is carried out in section 1.2.3.

The forces in the equation (1.2.2b) involves nonnegative radially decreasing

influence function ¢(+) = ¢(| - |), ¢(|-]) € CYR?) and drives the velocity u(z,t) to
¢ * (pu)
G *p

equation (1.2.2b). The @ is called the dynamical mean velocity. Since the agents tend

the meso-stationary state u(x,t) = (x,t), which neutralize the forcing in the
to align their velocity to their neighbors, the velocity u is expected to approach a
uniform constant velocity u., as time tends to infinity. This is the flocking behavior.

We give the explicit definition as follows:

Definition 3. Consider the solution to the equation (1.2.2). We say the solution
converges to a flock if the position variation D[p] stays bounded and velocity variation

V{u] converges to zero as time approaches infinity, i.e.,

sup Dip(t)] := sup sup |z —y| < Do < 00, (1.2.4a)
te[0,00) te[0,00) z,yEsuppp(t)
tliglo Viu(t)] ::tliglo sup  Ju(z) —u(y)| — 0. (1.2.4b)

x,y€suppp(t)
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1.2.3 Derivation of the mesoscopic and hydrodynamic models

In this section, we formally derive the equation (1.2.2) from the microscopic scale
agent-based dynamics (1.2.3). We first derive a mesoscopic Vlasov type equation from
the particle dynamics (1.2.3), and then pass to the hydrodynamic limit to obtain the
macroscopic equation (1.2.2).

To define the mesoscopic equation, we first define the following empirical prob-
ability measure, which represents the probability of finding an agent at position x

with velocity v:

N
1
flt,zv) =+ 2 8. (1B (1) (1.2.5)
Here N denotes the number of agents. Next we derive the evolution for the probability

density f. To do this, we test 0,f against an arbitrary smooth function 1 and apply

equation (1.2.2) to obtain

// O f(t,z,v)n(x,v)dedv :% Zf)m(xi(t), v'(t))

[+ Van(a'(1), 0'(1) + 0" - Vi (n(a’,0"))]

Il
==
=1

=1

[v' - Von(z' o) + F' - Vn(a',v')], (1.2.6)

I
==

=1

where the F' is defined as follows:

Fl= %Zlaﬁ(!xj — )7 — o) = / / olly — 2D~ ) whdyde . (12

=L(f)(=*0")
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Now applying formal integration by part on (1.2.6) yields

/ O f(t,x,v)n(x,v)dxdv = //[U -Vaen(xz,v) + L(f)(z,v) - Vyn(z,v)] f(z,v)dzdv
— [[ 0 9uta0) + 90 (L)1) e

Since the test function 7 is arbitrary, the above integral equation yields the following

mesoscopic scale equation
O f(x,v) +v-Vof(z,v)+V, - (L(f)f) =0. (1.2.8)

This completes the derivation from the microscopic agent-based dynamics to the
mesoscopic scale dynamics.

From the mesoscopic equation (1.2.8), we could take the hydrodynamic limit. It
is formally achieved by calculating the time evolution of the hydrodynamic quantities,

e.g., the mass density and the momentum density:

p(t,z) = » f(t, z,v)dv; (1.2.9)

pu(t,x) := /Rd vf(t,z,v)dv. (1.2.10)

By integrating the mesoscopic equation (1.2.8) in the velocity variable v and applying
integration by parts, we derive the hydrodynamic scale continuity equation (1.2.2a)

for p:
(p)e +Vau-(pu) =0, Vael (1.2.11)

To obtain the evolution equation for u, we multiply the equation (1.2.8) by v and

integrate in the v variable and get the following:

0= / Bu(vf) + (v Vof) + vV, - (L(f)f)] dv =: T + 1T + III.  (1.2.12)
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The first term [ in (1.2.12) can be interpreted using the definition of momentum

density pu (1.2.10)

I = 0(pu). (1.2.13)

For the second term I7 in (1.2.12), it can be rewritten as

IT =V, - (pu@u)+V, - d(u —0)® (u—v)f(z,v)dv (1.2.14)

J/

-~

For the third term I17 in (1.2.12), we use integration by parts to rewrite it as follows

111 =~ [ [ olly = o)) £ )dvdo + [ [ 1y~ ) f(9.10) () )y

= — p¢ * (pu) + pu( * p). (1.2.15)
Now combining (1.2.13), (1.2.14), (1.2.15) and (1.2.2a) we obtain the hydrodynamic
momentum equation

O(pu) + V- (pu@u)+V, - P= Zp{gzﬁ x (pu) — (p*p)u}t, «a,B€Z. (1.2.16)

BEL

Similar to the paper [64] and [76], we choose the mono-kinetic ansatz f(z,v) =
p(2)dy(z)(v) to impose the pressure closure P = 0 and end up with the pressureless
Eulerian hydrodynamic equation (1.2.2). If we are in the support of the density p(t, -),
we can divide p on both side of the equation (1.2.16) and end up with the macroscopic

scale equation (1.2.2b). This completes the derivation of (1.2.2).

1.2.4 Strong solutions must flock

In the paper [112], the authors proved the following theorem:
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Theorem 4. [Strong Solutions must flock] Consider classical solutions (p(t),u(t)) €
L>®NL' x Whe to the Hydrodynamic flocking dynamics (1.2.2) subject to a compactly
supported initial density po = p(0,-) > 0 and bounded initial velocity uy = u(0,-) €
Whee Assume that the monotonically decreasing influence function ¢ < ¢(0) =1 is

global in the sense that:

Vo < mg o(r)dr,  mg :=||pol|Lt, (1.2.17)
Dy

where Dy and Vy are the initial diameters of non-vacuum density and velocity, see,
e.g., (1.2.4). Then (p(t),u(t)) converges to a flock at an exponential rate, namely
- the support of p(-,t) remains within a finite diameter Do, whose ezistence follows

from assumption (1.2.17)

D

sup D(t) < Do, where my o(s)ds = Vy,
>0 Do

and

mod(Ds),  Cucker-Smale Model,
V(t) <Voe ™ =0, k=
#(Ds), Motsch-Tadmor Model.
Proof. We only prove the result for the Cucker-Smale model. First we pick an ar-

bitrary unit vector w € R%. We project the equation (1.2.2) to the vector w and

get:

(O +u-V){u(z, 1), w) = /cb(lx —yD((uly, 1), w) = (u(z, 1), w))p(y, t)dy.

Now define the quantity u(t) := maxgcoupp(p(-1)} (u(z, 1), w), and it satisfies the esti-

22



mate:

G = [ o = oD (Culy. ) w) — ulast),w)ply. Oy

< min ) ¢(|[E - y|) /(<u(yvt)>w> - (u(w+,t),w>)p(y,t)dy. (1'2'18)

— a,yesupp{p(-t

Similarly, for the evolution of the quantity u_(t) := mingecauppipr3(u(z, t), w), we

have the estimate:

Suz i ooy /<<u<y,t>,w>—<u<x_,t>7w>>p<y,t>dy. (1.2.19)

z,y€supp{p(-,t

The time evolution of the difference between u, and u_ can be estimated using the

last two inequalities (1.2.18), (1.2.19) as follows:

d :
—lug(t) —u_ ()] < =d(Doc)moluy(t) —u-(t)], ¢(Do) = ~ min — o(|lz —yl).
dt z,y€supp{p(t,)}
(1.2.20)
Noting that V(t) = supj,—; [u+(t) — u_(t)], we have that the V(¢) decays exponen-

tially. The conclusion follows. O]

1.2.5 Critical Threshold for one dimension

Given the fact that strong solutions subject to global influence function (1.2.17)
must flock, the next problem is when there is a global strong solution. This is related
to the critical threshold phenomenon, see, e.g., [54], [90], [88].

In this section, we provide the well-posedness theory in 1D. Recall from [35] that
the quantity e := 0,u + ¢ x p characterizes the the critical threshold of the equation

(1.2.2) in one dimension.
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Theorem 5. [One-dimensional critical threshold, [35]] Consider the Cucker-Smale
flocking dynamics (1.2.2) on R subject to intial data (po,uo) € (LL(R), WH°(R;R)).
If the initial condition satisfies the threshold

Opup(x) + p* Po(x) >0, VreR, (1.2.21)
then the flocking dynamics (1.2.2) admits a classical solution for all time. Otherwise

there is finite time blow-up.
Proof. Taking the spatial derivative in the second equation (1.2.2b) yields
(O + u0:)(Oou + p* @) = —0pu (¢ * p+ Opu). (1.2.22)
One can see that d,u + p* ¢ > 0 is an invariant zone. If d,uy + ¢ * pg > 0, then
Qu+pxep >0, Vt>0. (1.2.23)
Since ¢ has upper bound ||¢|| < 00, we get lower bound for 0,u
Oyu(z,t) > —M||d||e, VreT,teR,. (1.2.24)

On the other hand we can see directly from the equation (1.2.22) that d,u has an upper
bound for all time. Combining this with the lower bound, we have that ||0,u||s <
C < o for all time. As a result, we have that the strong solutions exist for all time.

We omit the proof of the blow-up for the sake of brevity. O]

1.3 Multi-species dynamics

In all the models above, the agents involved are homogeneous, namely, there is
no difference between individuals. In reality, biological agents are more than just iden-
tical particles. For example, in a biofilm, i.e., a bacteria colony, bacteria with different
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functions cooperate with others to generate hard-to-eradicate infections. Chemicals
are secreted to enhance communication within the colony. This phenomenon has at-
tracted more and more interest in the theoretical biology and biophysics community.
The dynamics of the biofilm cannot be described by single species model. 1 studied

the following multi-species Keller-Segel model:

(na)e + V- (Veana) = An,, a€Z

—Ac, = Z bagn, na(0) = (n4)o-

BeL

(1.3.1)

Here n,, c, denote the bacteria and the chemo-attractant densities respectively. The
parameters «, € Z indicate the species of the bacteria and chemo-attractant. The
total number of species, which is denoted |Z| throughout the thesis, is assumed to
be finite. The first equation in the system (1.3.1) describes the time evolution of
the bacteria density n, subject to chemical density distribution ¢, and diffusion. The
second equation governs the evolution of the chemical density c,, which is determined
by the collective effect of different species of bacteria ng. The chemical generation
coefficients b, represent the relative impact of the bacteria density ng on the chemical
distribution (c,).

I applied the techniques in the well-posedness theory of the Patlak-Keller-Segel
model to study global well-posedness of (1.3.1) and derive simple subcritical mass
conditions.

The other related project studies the multi-species hydrodynamic flocking model:
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atpa +V. (uapoc) =0

Ou(patia) + V- (patla @ Ue) = 3 bagpa {d* (pu) — (¢ * pJus}, a,BETL
BeT
(1.3.2)
Here p,, u, denote the density and velocity of the agents in the group « respectively.
The parameter «, 8 which indicate the species of the agents takes value in a finite set
T

I studied the well-posedness of the equation and gave explicit conditions to
guarantee the global existence and characterize the long-time behavior of the strong
solutions.

The thesis is organized as follows: in chapter 2, 3 and 4, I discuss three results
concerning suppression of blow-up in Patlak-Keller-Segel equations through fluid flow;
in chapter 5, I discuss the two dimensional well-posedness theory of the hydrodynamic
flocking model; in chapter 6, I discuss the multi-species hydrodynamic flocking model;

in chapter 7, I discuss the multi-species Patlak-Keller-Segel model; in chapter 8§,

conclusion is made.
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Chapter 2: Suppression of blow-up in Patlak-Keller-Segel via shear

flows

2.1 Overview

In this section, we consider the parabolic-elliptic Patlak-Keller-Segel model in

T with the additional effect of a large shear flow

(

o + Au(y)0,n + V- (nVe) = An
—Ac=n-—n (2.1.1)

n(t = O,I, y) = nin('rvy)7

\

where 1 denotes the average of n.

In [80] it was shown that if, instead of a shear flow, one has Au - Vn where u
is relazation-enhancing — a generalization of weakly mixing introduced in [41] — then
for each smooth initial datum, one can choose A large enough so that the solution to
(2.1.1) does not blow-up in finite time. Such velocity fields are very good mixers, and
this ensures that any non-constant density configuration undergoes a large growth
of gradients, and hence a large dissipation. The effect at work is then an enhanced
dissipation. This effect has been studied previously in a variety of contexts, such

as [6,8,9,41,116,120], in the physics literature [19, 51,84, 95,104], and in control
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theory [4,5]; a closely related effect was also studied in [61].

Mixing due to a shear flow is quite different from that due to a relaxation-
enhancing or weakly mixing flow. In particular, data which is independent of z does
not mix at all, and so one must separate the evolution of the zero (or low if 2 € R)
frequencies in x from the non-zero frequencies, which is the decomposition into the
nullspace of the transport operator and its orthogonal complement. Enhanced dissi-
pation due to shear flow was shown in [10-12,16,18] to be important for understanding
the stability of the Couette flow in the 2D and 3D Navier-Stokes equations at high
Reynolds number. For example, [10-12] show that the enhanced dissipation can sup-
press 3D effects and simplify the dynamics to be essentially 2D. It is intuitive then
to expect that a large shear flow can also in some sense suppress one dimension in
(2.1.1) and hence make 2D L' subcritical and 3D L' critical. This is essentially what
we prove for u € C? with finitely many non-degenerate critical points (the relevance

of these hypotheses are discussed after the statements).

Theorem 1. Let u € C3(T) have finitely many, non-degenerate critical points and let
nin € HY(T?) N L>(T?) be arbitrary. There exists an Ay = Ao(u, |ninll g1, |7inll o)

such that if A > Ay then the solution to (2.1.1) is global in time.

Remark 2.1.1. Theorem 1 extends to the cylindrical domain T x R provided u' is

bounded uniformly away from zero near y — 4o0.

It is clear that Theorem 1 cannot hold in 3D. Indeed, consider any solution
to the 3D problem which is constant in the z direction: n(t,x,y1,y2) = n(t, y1,ys)-
This solution will solve (2.1.1) on T? with A = 0 and hence the 87 critical mass will
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still apply. Our next result shows that for A large the third dimension is suppressed
and 87 is indeed the critical mass for (2.1.1) in T x R? and T®. As this setting is
effectively critical, Theorem 2 is harder to prove than Theorem 1 (which is effectively

subcritical, as [80]).

Theorem 2. (a) Let u € C3(T) have finitely many, non-degenerate critical points
and let ny, € HY(T?)NL>(T?) be arbitrary such that |[ng,|| . < 87 and for some

q > 0, there holds ng,(x) > q > 0 for all x € T2. Then there exists an

Ao = Ao(u, [[ninll g1 1m0l oo Ininl 115 @)
such that if A > Ag then the solution to (2.1.1) is global in time.

(b) Suppose u € C3(R) have finitely many, non-degenerate critical points and u' is
bounded uniformly away from zero near infinity. Let n;, € H' (T xR?*)NL>®(T x
R?) be arbitrary such that |ng, |, < 87 and I[ng] = [ nm(z,y) [yl dedy < oo.

Consider the problem

(

o + Au(y;)0,n + V- (Ven) = An,
“Ac=n, (2.1.2)

n(-,0) = ng,.

\

Then, there exists an Ay = Ao(u, [|[in | poo s |Panll g1 s [|inl| 1 5 L[0in]), such that

if A > Ag then the solution is global in time.

Remark 2.1.2. [t is not clear whether or not one could expect Theorem 2 to hold

also in the case ||ni|| ;1 = 8 as in R* [27].
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Let us now briefly discuss the proofs of Theorems 1 and 2. By re-scaling time

t — A7, the system (2.1.1) is equivalent to
( 1
on + udyn + 1 (V- (nVe)—An) =0

—Ac=n—n (2.1.3)

n(t = O,ZU, y) = nin(x7y)7
\
For our purposes, it is convenient to use the form (2.1.3). In [8], enhanced dissipation

was studied for the passive scalar equation
1

Among other things, it was shown in [8] that for w satisfying the hypotheses of
Theorems 1 and 2, there exists some € > 0 such that

cA—1/2

S e A | FO)]] e

Hf(t) — o [ S

12
The technique employed in [8] is an energy method known as hypocoercivity, see e.g.
the text [115] for an overview or [47,49,61,69,70] and the references therein. In the
proof of Theorem 1 we will couple such hypocoercivity energy estimates to H' energy
estimates for the zero-in-x frequency as well as to LP estimates on (2.1.1), similar
to the estimates in [28, 29, 75], which do not see the advection term. In the proof
of Theorem 2, the z-independent system is now formally L! critical, and hence in
order to get results for mass up to 87, we need to employ the free energy in a manner
similar to [28]. However, the two-dimensional free energy is not a monotonically
dissipated quantity for (2.1.1), and hence we need to also couple an estimate on the

2D free energy to the other energy estimates we make and control the errors using the
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enhanced dissipation. This is particularly tricky if one is interested in the result on
T x R2. Enhanced dissipation (or something similar) was studied via hypocoercivity
also in [6,8,61], however, to the authors’ knowledge, this is the first work that uses
hypocoercivity to obtain enhanced dissipation estimates for nonlinear problems. We
remark that the Fourier analysis methods used in [10, 18] also apply to (2.1.1) in
the specific case u(y) = y and y € R. This approach is much simpler than the
hypocoercivity methods we employ, however, the hypocoercivity methods allow us to

study a much wider variety of shear flows.

2.1.1 Notations

Miscellaneous

The constants B below are universal constants which have no dependence on any
quantities, except perhaps u and M. On the contrary, the dependence of the constants
C . on various quantities involving n;, is more important and will be made a little
more explicit. Given quantities X, Y, if there exists a constant B such that X < BY,

we often write X <Y. We will moreover use the notation (z) := (1 + |z|?)'/2.

Fourier Analysis

Most of the time, we consider the Fourier transform only in the x variable, and

denoting it and its inverse as

T o0

ﬁ(y) = i/ e—ikxf(xjy)dl’, g(x7y> — Z gk(y)e““.

- k=—o00
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Define the following orthogonal projections:

fO(tay) = %/_ f(t7$ay)dx7

f2(tx,y) = f(t,z,y) — folt,y),

for “zero frequency” and “non-zero frequency”. For any measurable function m(§),

we define the Fourier multiplier m(V)f := (m(&) f(£))V.

Functional spaces

The norm for the L? space is denoted as || - ||, or || - ||ze():

11l = 11 llew = ( / ),

with natural adjustment when p is co. If we need to emphasize the ambient space,
we use the second notation, i.e., ||[n.||zr(rxr2). Otherwise, we use the first notation

for the sake of simplicity. The Sobolev norm || - ||y is defined as follow:

[1£]

e = (V)" fll 2.

For a function of space and time f = f(t,x), we use the following space-time norms:

A zpeg =gl 2y,

A ez =111

HsllLr-

32



2.2 Proof of Theorem 1

2.2.1 Outline of the proof

In this section, we prove Theorem 1. The enhanced dissipation does not act
in the nullspace of the advection term, and hence it is reasonable to decompose the

solution as follows

1 1 1
0o + Zay(aycon()) + Z(v (Vegny))o = ZayynOv
(2.2.1)

—Aco = ng — m;

and,
1 _ 1 1 1
Oz + u(y)Opny — Z(no —T)ng — o+ ZVCO -Vng + ZVC;A - Vng
1 1 (2.2.2)
== (V- (Vegng))z + S Any, o
—AC¢ = N.

As in [8], it is convenient to consider (2.2.2) after applying the Fourier transform only

in x. Applying to both sides of (2.2.2) we have,

A~ . A~ 1 —~
Oy + N Lg + Ly + u(y)ikny, :Z(ayy — |k\2)nk,
(2.2.3)

_(ayy - |k‘2)/c\k :ﬁka k 7’£ 0,

where L;, NL; are defined as follows:

1 - - 1 N - 1 ~ o
NLi:=—~ > fe(y)ie(y) + 1 > OGOy — i > (k= O)Ck_ilny,
0£0.k 040,k 0£0.k
(2.2.4a)
1 2 N 1 ~ 1, ..
Ly :=— T Z(no —T)ng + Z(?yco@ynk + Zﬁyckﬁyno. (2.2.4b)
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Here, the L refers to “linear with respect to the nonzero frequencies” and N L refers
to “nonlinear with respect to the nonzero frequencies”.

For constants Cgp, Cr2, Cpi, and Cy determined by the proof, define 7T} to be
the end-point of the largest interval [0, 7] such that the following hypotheses hold
forall T < T,:

(1) Nonzero mode L?H , estimate:
e 2 2
T [ [IVnzlladt <8f|nall3; (2.2.52)
A Jo

(2) Nonzero mode enhanced dissipation estimate:

|Inz(8)]13 <ACEp|[ni|[pe 47054, (2.2.5b)

where c is a small constant depending only on wu.

(3) Uniform in time estimates on the zero mode:

|lno — 7| L5e(0,1;02) <4CT2,

(2.2.5¢)
1Oynol|Lee (0.1 12) <4Cp;
(4) L estimate of the whole solution:
1] Lo 0.1:220,) <4Ce (2.2.5d)

Moreover, in order to simplify the exposition, we introduce the following constant:
Cooe i= 1+ M + Cyl2 | Ininl| i + Cr2 + Ce. (2.2.6)

Remark 2.2.1. In the above, Cgp is first chosen depending only on w. Then, Cp2
is chosen depending only on the initial data n;, (and Cgp). Then Cy is chosen
depending only on ni,, Cr2, and Cgp. Finally, Cp depends on nyy,, Cgp, Cr2, and
Cs. Then, A is chosen large depending on all of these parameters.
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Remark 2.2.2. Note the small subtlety regarding the inclusion of both the L* (2.2.5¢)
and L>® norms (2.2.5d). We need to make a separate estimate on the L* norm in
(2.2.5¢) in a manner which depends directly only on the initial data and Cgp, and
then we later choose Cy, (possibly much larger) depending on Cr2. Hence, with the
dependencies of the estimates accounted for, in fact (2.2.5d) does not imply (2.2.5¢)

i a manner which is self-consistent.

We will refer to the hypotheses (2.2.5a), (2.2.5b), (2.2.5¢), and (2.2.5d) together
as the bootstrap hypotheses, denoted as (H). Notice that by local well-posedness of
solutions, see, e.g., [22], [28], the quantities on the left-hand sides of (2.2.5a), (2.2.5b),
(2.2.5¢), and (2.2.5d) take values continuously in time. Moreover, the inequalities
are all satisfied with the 4’s replaced by 2’s for ¢ sufficiently small. By the standard
continuation criteria for (2.1.1), the solution exists and remains smooth on an interval
(0,20], with to > T, such that ¢, — T}, can be taken to depend only on ||n(7})||;.. By
continuity, the following proposition shows that the solution is global and satisfies

the a priori estimates (H) for all time.

Proposition 3. For all n;, and u, there exists an Ao(u, ||[nin| g1 5 [|Minl o) Such that

if A > Ag then the following conclusions hold on the interval [0,T,]):

(1)
1 [
3 [ Vel <t (2.2.72)
0

(2) For allt < T,,

et
Ine(t)]|2 <2Cmp||nin||3re A28 4, (2.2.7b)
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(3)

1m0 — 7l L 0,,:22) <2C712,
y
(2.2.7¢)
1Oynol|Lee (0.1:02) <2C s

(4)

|1l L 0.1:22,) <2Cc- (2.2.7d)

The remainder of the section is dedicated to proving Proposition 3.

We first point out that there is a uniform upper bound on ||n(t)||,. over the
initial time layer ¢ < 0 A for a sufficiently small § depending only on ||, ;- (as such
we can always choose A > §!). This is an immediate consequence of the standard
local existence theory of (2.1.1) via the time-rescaling used in (2.1.3), however, we
include a brief sketch of the a priori estimate for completeness. Proposition 4 and
standard higher regularity theory for (2.1.1) (see e.g. [75]) imply that (2.2.7d) holds

over the time interval 0 < ¢ < §A.

Proposition 4. For all n;, € L*(T?), there exists 6 = 0(||numl|;2) sufficiently small

such that for t < dA, the following estimate holds,
2 —12 _ _ 2
I ()ll72 + lIn0(t) = 7llz2 = [In(t) = 7ll3 < 2l — 772 < 20l (2.2.8)

Proof. The time derivative of the L? norm of n — 7 is estimated as follows, using a
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Gagliardo-Nirenberg-Sobolev inequality,

1d. 1 -
§E||n—n||§ =— Z||Vn||g — /V - (Ven)(n —m)dx
1 1 _ 1_ .
= — ZlIVnllz + 5lln = 7lls + Znlln —7ll;

1 B 1
< — < I9nIE+ S 9nlalln — 73 + 5 M|l — 73

1 1
< =14 il 2'
Slln =7l + 5 M
The desired estimate follows (note that M < |7l 2)- O

2.2.2 A priori estimates

Enhanced dissipation estimate, (2.2.7b)

Proposition 4 implies that (2.2.7b) holds trivially on a time-scale like ¢t <
AY?log A. In order to deduce the enhanced dissipation effect for longer times, we
use the hypocoercivity technique of [8], which builds on the earlier work of [6,61].
As outlined in [115], hypocoercivity techinques are based on finding an energy which
extracts the fact that the quadratic quantity A=" ||V f||%, + ||w/@.f||3» is much ‘more
coercive’ than A~' ||V f||7,. In [8] and here this is done via the following energies,

defined k-by-k,

Ox[n(t)] =7k (0] + [[Vad, ik (t)][3 + 2kRe(ifu'Ry(t), 0,in(1))

+ kA ()] [3; (2.2.9)

On(t)] = u[n(t)] = lIns(t)|3 + [[Vad,n.(t)|[3 + 2(8u'0un4(t), Oyn4(t))
k#£0

+[lvAu s s (0] 2. (2.2.10)
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Here o, 3, and 7 are k-dependent constants (and hence should be interpreted as

Fourier multipliers) satisfying

a(A k) = e A2 k|72 (2.2.11a)
B(A k) =es k| (2.2.11b)
V(A k) = e, AV k|73 (2.2.11c)

where €,, €g, and €, are small constants depending only on u chosen in [8]. Among
other things, these are chosen such that 83% < a7y. Notice that in [8] for treating
general situations one must also take «, 3, and v to be y-dependent, however, as
suggested by [6], this is not necessary to treat shear flows with non-degenerate critical

points with y € T or y € R. The parameters ¢,, €g, and ¢, are tuned such that,
Oy [n] ~ |73 + |[Vadyfigl |5 + [k || vAun 5, (2.2.12)
and hence
[7ell3 + A (R 0,713
SOuln] S Ielly + (K[> AV Rl + AT R 0l (2:213)

As a result, @ (t) is equivalent to the H' norm of n; but with constants that depend
on A and k. The primary step in the results of [8] is that for u(y) satisfying the

hypotheses in Theorem 1, then for the passive scalar equation on T2,

1

Ouf +uly)d.f = 7 AF.

the norm @[ f(t)] satisfies the following differential inequality for some small constant

¢ independent of k, A (but depending on u):



The primary step in the proof of (2.2.7b) is the analogous statement (though summed

over all k due to the nonlinearity).

Proposition 5. There exists a small constant ¢ > 0 depending only on u such that,

under the bootstrap hypotheses and for A sufficiently large, there holds

G o) <~ 0ln(r)]. (2214

By (2.2.13), it follows that
s (@)]172 < DO0)e S AV iy |70 €4, (2.2.15)

Remark 1. Propositions j and 5 together imply (2.2.7b). Indeed, for A sufficiently

large:

——C ¢
[In2 @115 < rinlF Lic g 12105 4 + Lis 2 417210 a4 [0l [ 6™ 5172

< |‘nm|ﬁﬂe*Tl/§mg,&f

We first compute the time derivative of ®x[n(t)].

Proposition 6. Let u € C*(T) have finitely many, non-degenerate critical points.
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For € sufficiently small depending only on u, there holds,

d R E LR L :
Soufn(t)] <§ - SEH B - SolIVad,ali — DA

— 10l = SIRPIN Bl — o KPR — 1A,

- VAR = L lbPIAo,

+ { — 2Re(Lg,ny) + 2Re{adynk, L) — 2k Re[{ifu Ly, Oyny)

+ (iBu'Ny, 0, Li)] — 2|k|* Re(y(u')* 7y, Lk)}

+ { — 2Re(N Ly, ng) + 2Re{adyyng, N Ly) — 2kRe[(ifu'N Ly, 0,ny,)

B, 0N L)) = 2K Ry (e, VL)

—Ne+{Lh+ L8 + LV + L)Y+ {NL, + NLY + NL! + NL]}, (2.2.16)

where N, refers to the negative terms. Recall that Ly, N Ly, are defined in (2.2.4b,2.2.4a).

Proof. The estimates from the linear terms (that is, the terms arising from the passive
scalar equation (2.1.4)) are made in [8] and are omitted for the sake of brevity. The

extra terms from the Keller-Segel nonlinearity in (2.1.3) are immediate. O]

The remainder of the section is devoted to controlling L and N L by the negative

terms in (2.2.16).

Estimate on the L terms in (2.2.16)

These terms are linear in the k-th mode, and it accordingly makes sense to

estimate these terms k-by-k. In this section we prove that for A sufficiently large,

1
LL+LE+ L)+ L) < — N (2.2.17)
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We begin by estimating the L; term in (2.2.16). Integrating by parts and using
Lemma 2.4.1, Lemma 2.4.2, and the bootstrap hypotheses, we have, for any fixed

constant B > 1,

9 B o 1 B N
| L] <= 2lno =7l +7) |7 ]]3 + 1510 |3 + leayColliollnkH%
| Re2 (0 + 0,80, m0 — )| € 22z + - 1oyl
GA yycknk CrOyN, Ny — ~ A N 2 AB y Tk ||2-

Therefore, we can choose B sufficiently large, and then A sufficiently large, such that

the following holds:

1 ~ 2
i) S == I7elly + 575 10,715 < — =G,

and hence by the definition of N, this is consistent with (2.2.17).
Turn next to L in (2.2.16), which we divide into the following four contribu-

tions:

2

R R 1 N I, .
nny + Z(”o — M) — Zaycoaynk — 7 9CkIym0)

1
L = —2Re(ady,ny, — " 2.218)

A

= Lg,o + Lg,l + LZ,Q + Lg,g
For the Lj; term, we have the following by the bootstrap hypotheses, for any fixed

B >1:

|NAB||faynk\|2 2 |va(no — myil

75 1Vadymkl; + A3/2Hno—n|! 17113

BCZ
H\/_ayynkHQ A3/2 H

S AB
ST #ll2-
Recalling the definition N, from (2.2.16), it follows that by choosing B, then A,
sufficiently large, we can control this term consistent with (2.2.17). The Lg , term is

treated in the same manner; we omit the details for brevity.
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Next, we estimate the second term Lf, in (2.2.18). Using Lemma 2.4.2, we

have the following for any B > 1:

2

1] S 57 IVaB A + o l0ycol 210,713 S IVl + gl 0,3

Hence, by the bootstrap hypotheses and the definition of N}, it follows we can choose
B large and then A large to control this term consistent with (2.2.17).

Similarly, for L 5 in (2.2.18), by Lemma 2.4.1

115) S5 V0 + o7 19,2 10yl

<o V0l + o el Bl0,moll3

As above, it follows we can choose B large and then A large to control this term

consistent with (2.2.17).

Next, turn to the L term in (2.2.16), which we divide into two contributions:

o i~ 1_ . 2 N 1 - 1. ..
Lf =2k Re(ifu'ny, ay(znnk + Z(no — )N — Zﬁycoaynk — Zﬁyckayno»
N BN 2 N 1 - 1. . -
+ 2kRe(ifu (Znnk + Z<n0 —)ng — Zﬁycoﬁynk — Zﬁyckﬁyno), OyTige)
=L}, + L}, (2.2.19)

By analogy with the a terms, the first term in (2.2.19) is further decomposed via

1 2 1 1
Ly, =2kRe(iBu/fix, 0y(—= Ty + —(ng — M)y, — —0ycodyiir — —0,Tk0ym0))
’ A A A A (2.2.20)
::Lf,lo + Lg,n + L k12 T Lk 13
For the Lf,ll term in (2.2.20), we have the following, (for any fixed B > 1),
. 17~ . / ~ 2 —\~ . / ~ 2 —\~
‘Lk 1| = [2kRe(ifu"ny, + ifu'Oyny, Z(no —n)ng) | = |2kRe(ifu' 0yny, Z(no — )Nk
1 B .
S0l l3 + 5 [k llno — 2|l v/Bu' I3
~AB
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By the bootstrap hypotheses and by choosing B, then A, large enough, this term is
controlled consistent with (2.2.17). The Li,lo term is treated in the same manner; we
omit the details for the sake of brevity.

For the Lf}u term in (2.2.20), using Lemma 2.4.2, we have that for some fixed

B > 1, the following holds,

| R
|L£,12’ <|2kRe(ifu'ny, Z(no —n)0,n)

1
+ ‘2kRe(zﬂu’ﬁk, Zaycoayyﬁk>

Blk|? _ N 1 ~
<103 + o llmo — IR B AR + =1 V/a0,

| BlePar R
A1/2 H\/_ ' kHQ

As above, by the bootstrap hypotheses, for B and A sufficiently large, this term is
controlled consistent with (2.2.17).
Consider next LfJg in (2.2.20), which we integrate by parts and further sub-

divide as:

~ ) 1
Lf,lS :2kR€<Zﬂuﬂnk + Zﬂu’aynk, Zakaayn0> = Lf,lSl + L£7132_ (2221)

For L£,131a by Lemma 2.4.1 and the definition of 8, we have the following,

L. N 1 R
12 a| <P 18 A Bl10ymolls + 19,25 e lI9ymoll> S 18y mol o[l 3

Therefore, by the bootstrap hypotheses, for A large, this term is controlled consistent
with (2.2.17). Using Lemma 2.4.1 and the definition of /3, the L£’132 term in (2.2.21)

is handled as follows for a large constant B > 1:

B .
‘Lk 132‘ NABHa |3 + anHgHaynng (2.2.22)

Therefore, by the bootstrap hypotheses (in particular, (2.2.5¢)), for B and A suffi-

ciently large, this is consistent with (2.2.17).
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Turn next to Lf’z, which we sub-divide as follows:
B . / 1 — ~ . / 2 N~ e
Ly, =2k Re(ipu G Oyny) + 2kRe(ifu Z(no — )7k, Oy
— QkRe(zﬁu 8 yCoOy Ty, OyTg) — QkRe(zﬁu 8 L, Ck0yno, Oy (2.2.23)

::L/ISQO + Lg,m + L k22 T Lk 23°

Observing that (u'd,co\/B0,0yn, /BO,n) = 0, by anti-symmetry, we have L£,22 = 0.

For the Lfm term, we use the following straightforward estimate for a constant B > 1:

o Blino =2
<13 + 2 2 B 3

’Lk 21
This is consistent with (2.2.17) by the bootstrap hypotheses and B,A large. The Lfgo
is treated similarly, we skip the detail for brevity. The Lf’% term can be estimated
in the same manner as L£,132 above in (2.2.22) and hence is omitted for brevity. This
completes the treatment of the LY term in (2.2.16).

Finally, we estimate L] in (2.2.16). We first sub-divide into four parts:

1 2 R 1 ~
L) = 2|k|*Re{y(«')* g, —nny, + Z(no — )Ny — Z(’?ycoaynk —

L,
A —5?yck(9yn0)

A (2.2.24)

The second term in (2.2.24) is estimated as follows for a fixed constant B > 1,

4
|3, |~A5||\/_U”k”§||no—m|io A IV

5 o K
<oV B Blin — 7% + Loyl

As above, this is consistent with (2.2.17) by the bootstrap hypotheses and B, A large.
The term L',;O is treated similarly, hence, we omit the details for the sake of brevity.
The term Lj, in (2.2.24) is similar. Indeed, by Lemma 2.4.2, we have for B > 1

large,

2, 1R ~
1] S KPI/Bulul Bllmo — R + [0,
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As usual, this is consistent with (2.2.17) by the bootstrap hypotheses and B,A large.
The Lz’g term in (2.2.24), is estimated slightly differently; using Lemma 2.4.1, we

have for B > 1 large,

123,0] Sgormg 2N + o 210,250 el 10,mol

S WPV + S 11ROl
This is consistent with (2.2.17) by the bootstrap hypotheses and B,A large. This
completes the proof of (2.2.17), and hence, under the bootstrap hypotheses, the
contributions of the L terms in (2.2.16) is absorbed by the N, terms for A chosen

sufficiently large.

Estimate on N L terms

As these terms are nonlinear in non-zero frequencies, it is more natural to con-

sider all of the frequencies at once. For the NL} term in (2.2.16), writing,

2
(nxVey, Vng) < 2 [IVerll o IVRzll, lInzll, -

| o

— Z 2R€<NLk, ﬁk> =
k#0

By (2.4.3), for some constant B > 0,
o~ 1 2 2
~ S ORUN L ) £ 5 VnglE 4 5 G sl
k#0
By first choosing B large relative to the implicit constant, and then choosing A large
(relative to constants and B), these terms are absorbed by the negative terms in
(2.2.16).

For the NL{ term in (2.2.16), we use (2.4.3) and the bootstrap hypotheses to
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deduce (using the definition of a; recall that « is a Fourier multiplier in z),

(@(02)0yynz, V - (n£Vex))

mw

QRGZ (tk)Oyynik, NLy) =
k+£0

1
S o Vaynzl, (IVn4ll, [Vesll o + lInzlly In2l)

1 2 5 o C2
'S A5/4 H\/aayyn#HQ A5/4 Hv 75“2 A5/4 H 7’5H27

and choosing A large, these terms are absorbed by the negative terms in (2.2.16).
There are two terms in N Lg in (2.2.16); we estimate the first as follows via
integrating by parts in z and distributing the V (using also that S(k) < |k|™"

defines a self-adjoint operator, Lemma 2.4.3, and that u does not depend on x):

—2) " Re(ikB(ik)u'N Ly, 0,
k#£0
1 1,
7 Inlls lnzllo 10ymll, + 2 160 0adynsll, [ Vex]l o [Vl

2

2, 1 3.
S g 213 + 2z 19n2 5 + <277 A 0c0yn ;. (2.2.25)

Choosing A large, these terms are absorbed by the negative terms in (2.2.16). For

the second term in N L'g we use

2Rez B(ik)u'ikng, O,NLy) = %(ﬁ(@x)u’ﬁxn;,é, O,V - (nxVey))
k40
2 " 2 /
= 2 B0V - (1)~ 2 {FOIOOn . - (1:Te)

= NLg,l + NL£,2
Using Lemma 2.4.3, 5(0,) = €3 |81|_1, and that u does not depend on x, we have,

INLZ| < 2 186 0ensll, (194l Vel + gl gl
1 BC2
S 55 IVnelly + == lnl
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yielding terms which are absorbed by the negative terms in (2.2.16) for A sufficiently
large. The treatment of N L£,2 is similar to (2.2.25), hence it is omitted for the sake
of brevity.
Turn finally to term NL] in (2.2.16) associated with
2 [P / 2 / /
—2Re > (|k[* y(k)u'fig, u' N Ly,) = — 5 (1(0:)u Oene W0V - (02 V)
k#0
2 / !/ 4 1N
= Z(’y(ax)u 0, V., w0y (nsVey)) + Z(”y(ax)u u" 0z, 0y (np0ycs))

= NL], + NL],. (2.2.26)

Then we use 7(9,) = e, AY? 10,|7*%, interpolation, and Lemma 2.4.3 to deduce the

following bound for N L] ;:

NLZ}1

1 1
S—IIﬁu@wilIzllﬁﬁz(U'naéV%ﬂb S 7 V7w os

L[ (u’n;,ch?g)‘L

4 4
S A3/4 IV 0Ty ' Ve [ 02 (u'ns Ves)

BC2,
S VA0 Tl e 3 (N Oum sl + )

Hence, for B chosen large, then A chosen large, we may absorb these contributions
in the negative terms in (2.2.16).

Next we estimate the NL; , term in (2.2.26),
02
NI} S VAW 10 lallngVeslly S g llv/me 0.1l + 222 sl
Hence, for A chosen large, we may absorb these contributions in the negative terms

n (2.2.16). This finishes the estimate of the N L terms.
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Nonzero mode L%H%7y estimate (2.2.7a)

The nonzero mode L?H!  estimate (2.2.7a) comes from an estimate on the

7y
2|[n£||3 and the knowledge that |[7iz[|3 is bounded by 4Cgp||ni||%: from Hypoth-
esis (2.2.5b). Indeed, from (2.2.2) and Lemma 2.4.2, there holds for some universal

constant B,

1d 3 1 _ 2
5 il < = oIl + sl (o = llo + ol + 1¥eoll2)

1 1 .
+ g l10yexllallOynollz Inzlly + 57 lInlls

1 B(C3o + Cpn)
< — olIVnsll; | ] (2.2.27)
By (2.2.5b), the time integral of %||n|[3 is estimated as
T,
1 9 log A
Tlinsto)lzar < 280 (2229

0

Hence, by applying (2.2.5a), integrating (2.2.27), and choosing A large, there holds

I 1
3 19l < i+ 2 < Al

As a result, we have proved (2.2.7a).

Zero mode estimate (2.2.7¢)

First, by non-negativity, note that ||no|;. = ||n||;1 = M is constant in time.

We begin by estimating ||ng — 7|[3, then go on to estimate ||d,no||3. From (2.2.1) we
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have, by Minkowski’s inequality and (2.4.2),

1
+ —(9yno, (Oycns)o)

1
+ —<8yn0, 3y00ﬁ> A

Ha nolf5 + ((9 1o, yco(no = M)) + —
_ M? 1
- EH@ynoH% + ZH@yCoHioHno =I5+ = l10ycollz + Z11(Dyesns)ol 12

BM?

1
= 1 l1%molls + ——

_ 1
[Ino = 7ll5 + Zll9ycnsllZaira.

Recall the following Nash inequality on T, under the assumption that fT pdr = O:
ollz2ry S 1ol 100l oty (2.2.29)

Hence,

lno =73 o llno =713
=l ™ M1

Therefore, for a possibly larger universal constant B > 0, there holds

d 1 Hno—ﬁH6 BM2 _ 2/3 10/3
Llimo — 7l < = = T L B0 g 3 2V gl 3

1 |lno —7lf5 _ B
<-95 A 2(|lno — |3 — BM®) + EHV”;&H%ﬂLZHn#Hg :

Define the following quantity G to be the time integral of the terms in the {-}:
t1 2, B 5
G(t) = i EHVH;&HQ + Z||n¢||2d7', t>0. (2.2.30)
By the bootstrap hypotheses, there holds 0 < G < ||ninl[3 + [|nin]|3: A7/ log A.

Applying this definition,

[Ino — 7[5

d _ 1 _
o = 7ll3 - G(t)) < —— = ng — 7l — BM)

[In0 — 7[5

<—— 5 ap U —all3 = G(t) = VBMP)(||no — 7[5 + VBM®).
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Choosing A large relative to [|n;,||%: and universal constants, we have

Ino = 7ll3 ST + G(t) + M° + |Ininll3 S M? +[|ninll3 + M* =: CLa([[ninl[2. M).
(2.2.31)

This completes the estimate on ||ng||2, which implies the first estimate in conclusion
(2.2.7¢).

Next, we use (2.2.31) to estimate ||9,no|[3. From (2.2.1) and Minkowski’s inte-
gral inequality, we have for some B > 0,

1d 1 B B B
5%\@”0“3 < - ﬂ”ayy%’@ + ZH%%O”OH% + ZHayCanHO\@ + ZH(ayyC#”#)OH%?(T)
B
+ ZH(ayC;éay”#)OH%?(T)

1 B B
< — g 18mmoll3 + 5 l10yconall3 + —£l18yeodymoll

B B
+ Z||”¢||%2(T2)||n¢||%oo(1r2) + Z||@y0¢||ioo(1r2)||ayn¢||%2(1r2)- (2.2.32)

Using (2.4.3) in the above estimate (2.2.32), we have for some B (possibly adjusted
from above),

1d 1 B B
S l10ymoll3 < = S l19umoll3 + = 1Bumcumol: + S 10,000l 3

B 2 o
sl Bageo llnal Boerny + 22 0By (2:2.39)

Analogously to (2.2.30), we define

2

‘B BC3
G(t) :—/O ZHTL#H%Z(TQ)HTLH%OOC]PQ) + TlHﬁyn?gH%z(Tz)dT, vVt € [O,T*]. (2234)

By the bootstrap hypothesis (2.2.5a),(2.2.5b) and (2.2.5d) and choosing A large, there

holds:

~Y

T 02400 1 2 4
G(1) </ A e Aloga 4 ZozooHay”#Hm(qr?)dt N
0
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Therefore, from (2.2.33), we have for some B > 0 (using also [|9yno||, S [|10lls’ " ||Oyynol|

d P i g
Z(18,mol[3 = 26(1) < - [19ymally | B

B _
<~ ica. *+ lnolBdymol -+ Zlino — Aol

1
<~ e 1ol Bl ~ 26() - OL.B?).

Integrating and applying (2.2.34) implies the following:
18ym0][3 < 2G(t) + CLa B + [|10yninl; S Coo + 10yminll5

Y

Hence, by choosing C%, > Cj  + ||8ynm|]§, we complete the proof of (2.2.7¢).

L uniform control (2.2.7d)

By the bootstrap hypothesis (2.2.5b) and (2.2.5¢), it follows that ||n||3 <
ninll2n + C2:(||nin|2, M) < oo for ¢ € [0,Ty). As the L? norm is subcritical for
2D Patlak-Keller-Segel, it is standard (see e.g. [29,75,81] and the references therein)

that this implies a uniform-in-time L> bound which depends only on ||n]| o (g 7,.12)-

Therefore, by choosing C., appropriately, we have (2.2.7d):

||n||L°°(0,T*;L°°) < 205 = 2Cs(||min | )

This completes the proof of Proposition 3 and hence Theorem 1.

2.3 Proof of Theorem 2 in the case T3

Next we turn to the 3D case. Heuristically, we expect the problem to be effec-

tively L' critical with critical mass 87. As in e.g. [28], we will need to use the free

energy to obtain such a precise control.
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2.3.1 Basic setting and bootstrap

Consider the Patlak-Keller-Segel equation with advection on T3:

On 4 u(y1)0zn + %V -(Ven) = %An, —Ac=n-mn, n(,0)=n4, (2.3.1)

where (z,y1,y2) € T3. We use the notation
(@, y1,92) €T X R?, dy = dyrdys, V= (0y,0,), Dy = Oy + Oy

As above, the bootstrap argument is applied to prove Theorem 2. For constants
Cgp, Cr2,Cpp1, Cx determined by the proof, define T, to be the end-point of the
largest interval [0, T,] such that the following hypotheses hold for all T' < T:

(1) Nonzero mode LfH;’y estimates:

1 [
3| Vet < Slinal 2:3:20)
0
(2) Nonzero mode enhanced dissipation estimate:
_ ct
In2lZ2s) < 4CED||nin|[jpe 477 10ea, (2.3.2b)

where ¢ is a small number independent of A;

(3) Zero mode time independent estimate:

||n0||L§°(O,T*;L§) < 4C., (2.3.2¢)

1Oynol| L= omie2) < 4CHn; (2.3.2d)
(4) L°Lys, estimate of the whole solution:

(2.3.2¢)

||”||L§°(07T*;Lg<jy) <4C.
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As in the two-dimensional case, we introduce the following constant:
Choo i= 1+ M + Cy2 1 ninl| i1 + Cr2 + Ce. (2.3.3)

Here Cgp just depends on the properties of the shear flow u. Cr2 just depends on
the initial data n;,, Cs depends on n;, and Cj2, and Cy: depends on n;,, Cr2 and
Cs- Recall that we assume that the data is initially bounded strictly away from zero

from below:

min _ ng,(x,y1,y2) > ¢ > 0. (2.3.4)
(2y1,y2) €T3

As in §2.2, by local well-posedness of mild solutions, the quantities on the left-
hand sides of (2.3.2a), (2.3.2b), (2.3.2c), and (2.3.2e) take values continuously in
time. Moreover, the inequalities are all satisfied with the 4’s replaced by 2’s for
t sufficiently small. By the standard continuation criteria for (2.1.1), the solution
exists and remains smooth on an interval (0, to], with to > T} such that to — T, can be
taken to depend only on ||n(T})| ;.. By continuity, the following proposition shows

that the solution is global and satisfies the a priori estimates (H) for all time.

Proposition 7. For all ng, and u, if the conditions ||ny, || sy < 87, (2.5.4) and the
above bootstrap hypothesis (H) are satisfied, there exists an Ao(||nin|| poo » |Rinll g1 » M, q)

such that if A > Ay then the following conclusions, referred to as (C), hold on the
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interval [0, Ty]:

1 [
W) 5 [ IVl < o (2350)
0
(2) [Inpll3 < 2Cgplinin|Ze 77 wsa (2.3.5b)

No|[Lee(0,T;L2) = L2,

[[70][ s 2y < 20

(3) (2.3.5¢)
10ynol|zze01u:12) < 2C;

(4)  Inllzeomnie,) < 2Cs. (2.3.5d)

The main new difficulty in the 3D case arises in the proof of (2.3.5¢): even if
the non-zero modes could be neglected entirely, the evolution of ng would be given by
the L! critical parabolic-elliptic Patlak-Keller-Segel. In [28], the free energy, together
with the logarithmic Hardy-Littlewood-Sobolev inequality (see e.g. [32]), was applied
to prove global existence up to the critical mass. Similarly, here we will estimate the
2D free energy of ny (no longer a conserved quantity) and apply the 2D logarithmic
Hardy-Littlewood-Sobolev inequality on nyg. We are met with a small difficulty in
estimating the effect of non-zero frequencies on the free energy in regions of low
density; to help deal with this, we utilize a pointwise lower bound on the solution

(See Lemma 2.3.1 below).

2.3.2 A priori estimates

Estimate on the zero mode (2.3.5¢)

The idea of the proof is to exploit the fact that the shear flow strongly damps

the nonzero frequencies. Hence, even though the equation (2.3.1) is posed on T3,
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we can approximate the evolution as the classical Keller-Segel equation in T? with a
rapidly decaying perturbation (V - (Vexny))o coming from the nonzero modes.

First we derive an exponentially decreasing lower bound for n.

Lemma 2.3.1. Under the bootstrap hypotheses (H) and (2.3.4), there holds the fol-
lowing pointwise lower bound on the solution for all t € [0, T™]

nol(t)Hoo %Hm < gleht (2.3.6)

Proof. The equation (2.3.1) implies that at the point (Zmin (%), Ymin(t)) where the min-

IN

imum in space of the solution is achieved, the following inequality is satisfied:

1 1
:Z(An) (xmina ymin) + Z(n(xmina ymin> - ﬁ)”(mmina ymin>

1

> _ ) )
> -~ N(Zmin,s Ymin) s

(81577/) (xmin ) ymin>

which implies that

d

1
. > an (1),
dtnm1n<t)_ Annmm(t)

Combining this differential inequality with (2.3.4), this yields
Nomin () > ge A', (2.3.7)

which completes the lemma. O

Next, we study the classical 2D free energy of ny on T?:

1
Flng| = /T2 no log ng — §(n0 — ) cody.

Lemma 2.3.2. Under the bootstrap hypotheses (H) and (2.3.4), for A sufficiently

large, there holds the following uniform bound on t € [0,T*],

Flno(t)] < 2F[(nin)o]- (2.3.8)
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Proof. By applying the hypothesis (2.3.2b,2.3.2¢), Minkowski’s integral inequality,

and (2.3.6), the time derivative of F[ng| can be estimated as follows

d 1 1
E}'[no] = Z/n0|vy logng — Vycol*dy — 1 (Vycrng)o - (Vylogng — Vyco)dy
1 L[ [(Vyeznz)ol
<—57 n0|Vylogn0—Vyco\2dy+ﬁ/ £ o d
1 2 1 1 2 2
< — Y no|Vylogng — Vyco|“dy + 24 || g N Vel z2 ey lIne | Lo (s
1 CVgloo - 72, t
< - oA no|V, log ng — V,col*dy + 2—Aqe(“‘ A /2logA) . (2.3.9)

Note that for A sufficiently large yields:

08y Tyt 08 et Cy
—20 AT A Riog At < X 2 Pgadt < — 22 AY2og A, (2.3.10
/0 2Aqe ’ _/0 2Aqe ’ ~ 2Aq o8 ( )

Combining (2.3.9) and (2.3.10) yields the uniform time (2.3.8). O

Next, we use (2.3.8) to get a bound on the entropy:

Lemma 2.3.3. If ||n;,||z1 < 87 and (2.5.8) hold and A is chosen large enough, there
exists a constant Cpiog 1.(Niy) Such that

/no log™ nody < Criog .(Nin)- (2.3.11)
Proof. The following logarithmic Hardy-Littlewood-Sobolev inequality on a compact

manifold is needed:

Theorem 6. [107] Let M be a two-dimensional, Riemannian, compact manifold.

For all M > 0, there exists a constant C (M) such that for all non-negative functions

f € LY (M) such that flog f € L', if [,, fdx = M, then

2
| srogsase o [ p@)s@)osd ey = ~cn), (2312)
M M J J mxm
where d(x,y) is the distance on the Riemannian manifold.
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Let y € T? be fixed. Define the cut-off function p,(z) € C* such that
Supp((py) :B(y7 1/4)>
wy(2) =1,Vz € B(y, 1/8),

By extending ng(z) and ¢y(z) periodically to R?, we can rewrite the equation —Acy =

no — n on T? such that it is posed on R?:
—Ax(py(2)n(2)) = (no(2) —M)py(2) = 2V.py(2) - Vaco(z) — Ay (2)co(2).
Using the fundamental solution of the Laplacian on R?:

co(y) =co(y)ey(y)

== o= [ toely =21 (n02) ~ M) ~ 29.,02) - Vacale) - Auylodan(z) )t

2w R2
1 _
— [ oaly - #l(n(2) — Wy ()
T Jly—z<2

1
- —/ | V. - (logly — 2| V.o, (2))co(2)dz
y—z|<

T

N

— log |y — 2| AL, (2)co(2)dz.
27 Jiy—z<t !
Due to the support of ¢,, we can identify the above with an analogous integral on

T? with |y — 2| replaced by d(y, z). Therefore, we have the following estimate on the
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interaction energy,

—%/bm@>—ﬁw@My

:—//logd Y, 2)no(y)no(z dzdy—— // log d(y, z)no(y)no(z)dzdy

T2 x T2 yz >—
——n // log d(y, z)no( )dzdy+—n // log d(y, z)dzdy
d(y,2)<% )<3
//1%d%M%@%WWM@—m%@@@
1<d(yz <1

2 [ (0w =WV (opd(y, Vo, (22 dzdy
1<d(yz i

v ] e - o)A, ().
1<d(yz %

The 2nd, 3rd, 4th, 5th terms in the last line are bounded below by —BM? for some

constant B > 0. The 6th and 7th terms are bounded below by —BM ||co||1 for some

constant B > 0, using the fact that V, - (log|y — 2|V.p,(2)) and log |y — 2|A,p,(2)

are bounded in the region ¢ < |y — z| < 7. Denoting K(2) to be the fundamental

solution of the Laplacian on T2, by Young’s inequality, we have

ol (r2) = || K * (no — )| p1(r2y < ||K|p1er2y||no — 7l | oy S M.

The calculation above hence implies the following for some constant B > 0,

—% / (no — ) (=AY (ng — )dy > % / /T oz g)ma(:Jno(y)dzdy — B

Combining this estimate with (2.3.8) yields

M M
2F [nin] > (1 — 8—> / ng log nody + 8_(/1r2 ng log nody

//E2x1r2 z)log d(z, y)no(y )dzdy) _ BMZ.
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Applying (2.3.12) in the above estimate, we obtain

2F [Nin) > <1 - 8%) / nglogngdy — C(M) — BM?,
m T2

which results in
2F [ni,) + C(M) + BM?

/ ng log nody < i
T2 1 - g

As xlog x is bounded below, this implies the following for a suitable constant Cp e 1.

depending only on the initial data due to y € T?:

/ nolog® nody < Criogr(nin) < oo.
’]1‘2
]

This completes the proof of the lemma.

Lemma 2.3.4. The bound on the entropy (2.5.11) yields a uniform in time L* bound

of ng, that is,
(2.3.13)

l1n0]|r2 < Cra(nm).

Proof. The proof is a small variation of classical Patlak-Keller-Segel techniques (see

e.g. [28,75]).
The following Gagliardo-Nirenberg-Sobolev inequality on T? is needed in the

proof:

Theorem 3. (Lemma 9.2 in [80]) Suppose v € C*°(T%),d > 2, and the set where v
L—1+1>0. Then

d 2

vanishes is nonempty. Assume that q,r > 0,00 > q > r, and

=3 =

a= (2.3.14)

Ul
N

+ e 1=
3=

[0]lze < C(d, @) [Vl[: o]l

For a fizxed d, the constant C(d, q) is bounded uniformly when q varies in any compact

set in (0, 00).
29



Let K > max{1,7} be a constant, to be chosen later. Observe that (2.3.11)

implies the following:

1 ClLiogL
- K < < log™ < £~ (2.3.1
J o “dy—/no%”()dx log(%) /K” 08" (no)dy < 12 ey (2315)

Next, via (2.2.1), there holds

%% (ng — K)idy
/ V((no — K) )Py + o [ o~ Ky + 22T [ g — KLy
TS / (n—K)ydy + — / (no — K)y - (Vycxny)ody
/ V(o — K Py + 5 [0 = K0y + 20 [ o = K2y
n %)M n §||<vyc¢n¢>o||%m. (2316)

We start with the second term in (2.3.16). As long as K > 7, the function
(n — K), must vanish somewhere on T?, and hence the Gagliardo-Nirenberg-Sobolev

inequality (2.3.14) is applied to deduce:
[0 =K).Pay s [ (900 - )Py [0 = K)udy. (237
From (2.3.15), we choose K depending only on Cf,1os 1, such that

1
1 [ V(= K) )Py + o [0 — K0y <~ [ 1900 = K0Py

(2.3.18)

Next, we apply Minkowski’s inequality, the elliptic estimate (2.4.5), and the hypothe-

sis (2.3.2e) to control the non-zero mode contribution ||(V,c.n.2)o| |72z in (2.3.16):

1 1 1
T uein ol Bagesy S G IVsewnal Bacesy S G IVueslBellnglld S 7 Chclingll3

(2.3.19)
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Plugging (2.3.18) and (2.3.19) into (2.3.16) yields the following for some universal
B >0,

1d 1 KB
5%/(710 _K)idy S - ﬂ/’v«no _K)+)|2dy+7/<no —K)idy

BK?*M  BC3 )
Il (2:3.20)

Recalling the Gagliardo-Nirenberg-Sobolev inequality (2.3.14), for a function v which
vanishes in a nonempty set of T2, the following Nash inequality holds
101[22(z2) S IVl p2en) [0l 22y

Applying the Nash inequality in the estimate (2.3.20) yields

Ld

L fltno— K)LIl | 3KB BN B,
S_QAB M2 + 24 ||(n0_K>+||2+T+202700”7175”2'

(2.3.21)

Applying an argument similar to the one used in Section 2.2.2 to deduce (2.2.31),
choosing A sufficiently large implies [(n — K)3dy < C(ng,). Recall the following

classical inequality (see e.g. [29,75])
Inoll 2 S l(no — K)ol 2 + K/2MY2, (2.3.22)

where the implicit constant is independent of K and M. The inequality (2.3.13) hence

follows. L

Next, we prove the higher regularity estimate (2.3.2¢) using (2.3.13).

Lemma 2.3.5. For A sufficiently large, provided (2.5.13) holds, the following im-

provement to (2.3.2¢) holds on [0,T}] for a suitable choice of Cy:
||Vyn0HL2(T2) < QCH1 (2323)
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Proof. We employ the following standard multi-index notation:

a=(a,a0) €N’ 00 =000, ||05noll3 = [105mol 3.

Y1 Ty27
la|=s

Let a be such that |o| = 1. Computing the time derivative of ||95no||5 and applying

e-Young’s inequality:

1d
2 dt

1
- Z/|3§“Vn0|2dy—|— Z/(?;Vno . (8;‘Vcono)dy

110y nol[3

1 1
— / 9, Vng - Vegdynody + — / 9, Vng - 8;‘(Vc¢n¢)0dy

7 B
T / |05V no|*dy + —HaaVCOHOHQ HVCoa{f?’LO\B + ZH%W%”#)OH%
=, — 8_A / |8§‘Vn0|2dy + T1 + T2 + NZ (2324)

We first estimate the term 7} in (2.3.24). Combining the bound (2.3.13), the Gagliardo-
Nirenberg-Sobolev inequality (2.3.14), and the L* boundedness of the Riesz transform

on T¢ yields

o .. BM*
<7 Ha Vool lImoll3 < A|Ino!|ii S Z|Ino — 73+ 1
B _ BM* BM*
S5 lio - 71| 2]V, nol|3 + S c2g||v nol |3 + T (2.3.25)

Next for the second term 73 in (2.3.24), combining the elliptic estimate (2.4.5) and

the hypothesis (2326) ylelds
2 = A y“0lloo y 10112 ~S 4 2,00 y'0l]2- c

Similar to the two dimensional case, the NZ term in (2.3.24) is estimated using the
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elliptic estimate (2.4.5), (2.3.2b) and (2.3.2¢) as follows:

B B BC3 BC3
NZ < =gl Bl + S IVaeal Bl Tynalf S =22 Inal § + =229 m

(2.3.27)

Combining the the above estimates (2.3.24),(2.3.25),(2.3.26),(2.3.27) and summing

over a = 1,2 yield

1d B
2dt

BM*
SOl Vynolls + = + (1), (23:28)

1
IV,m0ll3 < —5102noll3 + -

where G(t) is defined as

t BC? . BC2
Glt) = | —E=linsl+ = Vnlfir. Vi€ DT

Applying an argument similar to the one used in Section 2.2.2 to prove (2.2.31),

choosing A sufficiently large implies that
1Vyn0ll3 S Caoe (2.3.29)

which is independent of A and Cj:. Note that we still have the freedom to pick
our C1, and we choose it such that 6’12-{1 is much bigger than the right hand side of

(2.3.29). This finishes the proof of Lemma 2.3.5 and the conclusion (2.3.5¢) follows.

O

Enhanced dissipation estimate, (2.3.5b)

The estimates in this section is similar to §2.2.2. For the sake of brevity, we

skip the proofs and refer the interested readers to [13] for further details.
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Nonzero mode L%H%7y estimate (2.3.5a)

Computing 4||n|[3 and applying (2.4.5),

1 d 1 _ 1 1

1
- ZV%& Vg — u(y)0;ny — Z(V - (Vegny)) )

1 B B
— 51Vl + Zlns BV el 5 + 1 Vesloo Ingll, [[Vymoll2

Y

1 _ 1 1
+ ZlInzll3lIno =Pl + 2 llnxlz + 21V 2| VexllalIng |

C(2200 C(QOOC('l
<= o lIVnglls + 22y B,

+ Zan;«éHzHVC;éHz;Hn;éHzx- (2.3.30)

Note that, due to the bootstrap hypothesis (2.3.2b), there holds

T (12 C
2,00 2,00 H1
/0 A A 2]l dt
logA
S A2 — 17 Cop(L+ llnnll7n) (CF o + Co0cCin) (2.3.31)

which can be made arbitrarily small by choosing A large. The latter term is treated

via the Gagliardo-Nirenberg-Sobolev inequality, s
1/4 3/4 1/4 3/4
IVl Vel lallnglls S 192l Vsl 12l e 1519

B
NAB||V”¢||2 ||”7é||50 (2.3.32)
8
2,oo
SVl + == Il

Hence, by choosing B then A sufficiently large, we have following LfH g,y estimate:

1™ 1
3] IVl < o+ 2l < 4o

As a result, we have proven (2.3.5a).
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Remainder of the proof of Theorem 2 in the case T3

The remaining steps in the proof of Proposition 7 is the proof of (2.3.5d). Since
L? is subcritical in 3D, the proof of (2.3.5d) follows as in §2.2.2 by standard methods.

This completes the proof of Proposition 7 and hence also Theorem 2 in the T? case.

2.4 Appendix

2.4.1 Chemical gradient V¢ estimates

We have applied various estimates on V¢, Vcy; while all are standard, we list
them here for the readers’ convenience. The proofs are omitted for the sake of brevity,

we refer the interested readers to the paper [13] for further details.

Lemma 2.4.1. In the two-dimensional case, the following estimate holds for uni-

formly for all k € Z\ {0} and (k* — d,,) ¢k = Nig.:
Y2110yl | ooy S (17l |2(r)- (2.4.1)
Lemma 2.4.2. In the two-dimensional case, the following estimate on Vcg holds:
10ycol|zeo(my S [lno — 7l|Ly(r).- (2.4.2)
Lemma 2.4.3. In the two-dimensional case, the following elliptic estimate holds:
IV (e ey < el gogesy (2.43)

In the 3-dimensional case, we need the following lemmas.
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Lemma 2.4.4. In the 3-dimensional case, the following mode by mode estimates are

true:

1 1
||vyck||L°°(R2) §||”k||z2(R2)||Vynk||z2(]g2)
(2.4.4)
1 1
IV yCil| oo (72) 5””/’9“22@1‘2)||vy”k||]2;2(qrz)-

Other than the lemma above, we need the following 3D elliptic estimates.

Lemma 2.4.5. In the three-dimensional case, the following elliptic estimates are

true:
HVC#HL‘X’(’JTXRQ) SHTL#HL‘*(TXRQ)a

[[Vexl| oo sy Slinllparre),
(2.4.5)

1/4 3/4
190l 22y SlImoll e 170l 3a(z2)-

IVycol L2y Slino — All pagpey -

2.5 Conclusions

In this paper we consider the parabolic-elliptic Patlak-Keller-Segel models in T¢
with d = 2, 3 with the additional effect of advection by a large shear flow. Without the
shear flow, the model is L' critical in two dimensions with critical mass 87; solutions
with mass less than 87 are global and solutions with mass larger than 87 with finite
second moment, all blow up in finite time. In three dimensions, the model is L?/?
critical and L! supercritical; there exist solutions with arbitrarily small mass which
blow up in finite time arbitrarily fast. We show that the additional shear flow, if it
is chosen sufficiently large, suppresses one dimension of the dynamics and hence can
suppress blow-up. In two dimensions, the problem becomes effectively L' subcritical
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and so all solutions are global in time (if the shear flow is chosen large). In three
dimensions, the problem is effectively L' critical, and solutions with mass less than
8 are global in time (and for all mass larger than 8, there exists solutions which

blow up in finite time).
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Chapter 3: Suppressing chemotactic blow-up through a fast splitting

scenario on the plane

3.1 Overview

Consider the PKS equation on R?

0
a—?+V-(nVc)+b~Vn:An, r = (71,72) € R? (3.1.1)
subject to prescribed initial conditions n(z,0) = ng(z). Here the divergence free

vector field b(-) represents the environment of an background fluid transported with
velocity b(z,t) := VH(z,1).

We find that already the simplest case of linear stationary vector field, b =
A(—a1, z2), corresponding to H(x) = 5 A(x3 — «7), prevents chemotactic blow-up for
M < 16m. As we shall see, the presence of such an ambient fluid transport creates
what we call a ’fast splitting scenario’ which competes with the focusing effect of
aggregation so that ’enough mass’ is able to escape a finite time blow-up, at least for
M < 167. This scenario is likely to be enhanced even further when larger amount of

mass can be transported by a more pronounced ambient field b(z,t) = VH(-,t) >

|z]? at |z| > 1.
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3.1.1 A fast splitting scenario

Here, we exploit a mechanism that suppress the possible chemotactic blow up of
the equation (3.1.1), where the underlying fluid flow splits the population of bacteria
with density n exponentially fast, resulting in several isolated subgroups with mass
smaller than the critical 87. In this manner, an initial total mass greater than 87 is
able to escape the finite-time concentration of Dirac mass. This provides a first no
blow-up scenario over R2, at least for M up to 16mx.

We now fix the vector field driving a hyperbolic flow as the strain flow in [78]):
b(x) := A(—x1, x3). (3.1.2)

Our aim is to show that a large enough amplitude, A > 1, guarantees the global
existence of solution of PKS (3.1.1) subject to initial mass M < 16m. Observe that
an initial center of mass at the origin is an invariant of the flow. Intuitively, the large
enough amplitude A > 1 is required so that the ambient field A(—x1,z5) ‘pushes
away’ highly concentrated mass near the x;—axis, namely, / no(x)dz > 1. With

|za|<e

this we can state the main theorem of the paper.

Theorem 7. Consider the PKS equation (3.1.1),(3.1.2) subject to initial data, ng €
Hé(s > 2) with total mass, M = |ng|; < 167, such that (1 + |z|*)ny € L'(R?)
and nglogng € L'(R?). Assume ng is symmetric about the xi-axis, and that the

“y-component” of its center of mass in the upper half plane

1

yo(t) = M/ n(x, t)xedr, M, = / n(z,t)dr =
+ Ja2>0 9>0
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18 not too close to the x1-axis in the sense that

2

y2(0) > EVJF(O), Vi(t) := /xgzo n(x,t)|zy — yi|*de. (3.1.3)

Then there exists a large enough amplitude, A = A(M,y,(0),V,(0)), such that the

weak solution of (3.1.1),(3.1.2) exists for all time and the free energy
1 A, 9
En)(t) == [ (nlogn — Sen = H(z)n(z,t))dz, H(z) = E(xQ —z7), (3.1.4)
satisfies the dissipation relation
t
E[n](t) —i—/ / n|Vlogn — Ve — bl*dzds < Elng). (3.1.5)
0o Jre
We conclude the introduction with three remarks.

Remark 2 (Why large enough stationary field prevents blow-up). Our main theorem
extends the amount of critical mass, so that global reqularity of (3.1.1),(3.1.3) prevails
for M < 16w, provided A is large enough. To realize how large the amplitude A should
be and thus clarifying the reason behind this doubling the initial mass threshold for

global reqularity, we express (3.1.3) as

y3(0)

R? .=
T2V, (0)

> 1.

Then we can choose A = M52 with small enough § so that § < (R — 1),/ 2V.(0)

M.

Remark 3 (On the free energy). We note that when'b = 0, E[n] becomes the classical

dissipative free energy

1
.7::/ nlogndx——/ nedz. (3.1.6)
R2 2 R2
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Due to the importance of the property (3.1.5), a weak solution of (3.1.1) satisfying
(3.1.5) will be called a free energy solution. One of the important properties of the
PKS equation (3.1.1) with background flow velocity (3.1.2) is the dissipation of its free
energy En]. The formal computation, indicating the energy dissipation in non-static

smooth solutions, is the content of our last lemma in this section.

Lemma 3.1.1. Consider the PKS equation (3.1.1) with background fluid velocity

(3.1.2). If the solution is smooth enough, the free energy E[n](t) is decreasing.

Proof. The time evolution of the free energy (3.1.4) can be computed in terms of the
potential H = $A(x3 — 2?),

d

%E[n](t) —/nt(logn —c— H)dx

:—/n(Vlogn—Vc—b)-(Vlogn—Vc—VH)d:z:
:—/n|V10gn—VC—b|2dx§O.

This completes the proof of the lemma. n

Remark 4. Arguing along the lines [52], one should be able to prove that the free
energy solution is smooth for all positive time, n € C((0,T]; C) for all T < oo

and thus our global weak solution is in fact a global strong solution.

Our paper is organized as follows. In section 2, we introduce the regularized
problem to (3.1.1) which leads to the local existence results. In section 3, we prove
the main theorem, and in the appendix, we give detailed proofs of the results stated

in section 2.
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3.2 Local existence

3.2.1 Weak formulation

It is standard to understand the Keller-Segel equation (3.1.1) with background

fluid velocity (3.1.2) in the following weak formulation.

Definition 4 (weak formulation). n is said to be the weak solution to (3.1.1) if for
Vi € C*(R2), the following equation hold:

[ e = [ snar— L (Vo(z) ~ Vely)) - (¢~ y)

dt Jge T JR2xR2 |$_?J|2

n(z, t)n(y,t)dxdy
(3.2.1)

+/ Vo - bndz.
R2

Taking advantage of the assumed symmetry across the xj-axis, one can further

simplify the notation of a weak formulation adapted to the upper half plane, R2 =

{(21,22) 22 > 0}

Theorem 8. If n is a weak solution to the equation (5.1.1), then for Vo € C*(R2),

the following holds:

d
7 onydx
1 — r —
— [ apngar-+ [ WD VeW) @o9), oy pdedy
R2 4m R2 xR2 |z =yl
—l—/ Ve_ - Vgon+dx+/ Vo -bn,dzx. (3.2.2)
R? R?
= +
ny = TL]_IQEO x—y
Here , and Ve_(x) == —/ ——n_(y)dy, .
yer2 27|z —y|?
n_:= nlz<o -
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Proof. Rewrite (3.2.1) as follows:

d
dt R?F

(Vo(z) = Vo(y)) - (. —y)

N <$7 t)nJr (ya t)dili'dy

RZ 4m R2 xR% |z —y|?
1 \V4 A —
— —/ pla) (= —y) ny(z, t)n_(y, t)dzdy + / Ve -bn,dx.
21 Jr2 xr2 |z —y]? RZ

The third term can be rewritten as / Ve -Veong(x)dr, and we get (3.2.2). O

2
R+

3.2.2 Regularized equation and local existence theorems

In this section we introduce the local existence theorem and the blow up criterion
for the Keller-Segel equation with advection. The theorems are standard, so the
proofs are postponed to the appendix. The interested reader are referred to the
papers [27], [28] for further details.

In order to prove the local existence theorem and the blow up criterion for the

Keller-Segel system with advection (3.1.1), we regularize the system as follows:

on¢

5 + V- -(nVe)+b-Vn=An", ¢ := K xn, reR:t>0, (3.2.3)

with the regularized kernel, K¢, given by

1 .
1 —s;loglz], if |z] = 4,
K(2) =K' (E) ~ 5 loge, K'(z) = ? (3.2.4)
€ s
0, if |z] <1.
Noting that [VK<(z)| < C. for all z € R?| it follows that the solutions to the equation
(3.2.3) exist for all time. The proof is similar to the corresponding proof in the classical

case. We refer the interested reader to the paper [28] for more details.
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Before stating the local existence theorems, we introduce the entropy of the

solution

Sln| == /Rznlognda:. (3.2.5)

Now the local existence theorems are expressed as follows:

Proposition 8. (Local Ezistence Criterion). Assume that |bl(z) < Clz|,Vz € R%
Suppose {n}eso are the solutions of the regularized equation (3.2.3) on [0,T*). If
{S[nc]|(t)}e is bounded from above uniformly in € and in t € [0,T*), then the cluster
points of {n}. 0, in a suitable topology, are non-negative weak solutions of the PKS

system with advection (3.1.1) on [0,T*) and satisfies the relation (3.1.5).

Proposition 9. (Mazimal Free-energy Solutions). Assume the boundedness of the

vector field |b|(z) < |x| and the integrability of initial data
(1+ |z|*)ng € LY (R?), nglogng € L'(R?).

Then there exists a mazimal existence time T* > 0 of a free energy solution to the

PKS system with advection (3.1.1),(3.1.5). Moreover, if T* < oo then

lim nlogndxr = oo.
t—T* R2

For the sake of brevity, we skip the proofs of these two propositions and refer
the interested readers to the paper [67] for further details.

We conclude that if the entropy S[n|(t) = [nlogn is bounded, then the free
energy solution of (3.1.1) exists locally. Moreover, if S[n|(t) < oo for all ¢t < oo, the
solution exists for all time.
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3.3 Proof of the main results

3.3.1 The three-step ‘battle-plan’

We proceed in three steps. The first step carried in section 3.3.2 below, is
to control cell density distribution. From the last section, we see that an entropy
bound is essential for derivation of local existence theorems for the PKS equation
(3.1.1),(3.1.2). To this end, information about the distribution of cell density is
crucial. The following lemma is the key to the proof of the main results. It shows
that mass cannot concentrate along the the x;-axis, since we can find a thin enough

strip along the x;-axis with controlled amount of mass.

Lemma 3.3.1. Suppose a sufficiently smooth ng is symmetric about the x1 azis and

assume that

2 0)
2. =M y+(
=My o)

> 1. (3.3.1)
Fiz a small enough 0 < n < 1. Then there exists 6 = 0(y+(0), V;.(0), M,n) such

that if we choose A > %, the smooth solutions to the regularized (3.2.3) satisfy,

uniformly for small enough e,

€ Hder < ——2 M. 3.2
/lanu,m_ 2R2 (3.3.2)

Condition (3.3.2) implies, at least for M < 167, that the mass inside that §-strip
is less than 87. On the other hand, it indicates the reason for the limitation R > 1:
for if R < 1, then the bound (3.3.2) would allow a concentration of mass 5z > 8

inside the strip |z2| < 2§, which in turn could lead to a finite-time blow-up.
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The proof of lemma 3.3.1 is based on the following simple observation. Given
f with R?-center of mass at (-,y) and variation V;y = [ |2s — yg|>f(z)dz, we find

that its total mass outside the strip Slyy, 7] := {(z1,22)||z2 — ys| < r} with radius

r = R+\/2Vy/M;, does not exceed

|$2_yf|2 Mf 5 Mf
fxdx:/ fo)—=dr < F(@) |2y — ypPde = —L
/I:myf|>r ( ) |z2—yg|>r ( )|x2—yf|2 2R2Vf ( )| 2 f| 2 R2

If we can find the 0 such that our target strip S; := {|z2| < 26} is lying below and

outside the strip S[ys, 7], then the total mass in the strip S5 would be smaller than
555 My. When n(z,t) takes the role of f(z) with (ys, Vi) — (y4(t), Vi (t)), the aim is
to bound the strip S[y. (t), r(t)] with radius r(t) = R\/2V(t)/M, away from a fixed
strip Ss. To this end we collect the necessary estimates on y, (t), V. (¢) and complete
the proof of the lemma in section 3.3.2.

The second step, carried in section 3.3.3, is to prove the main theorem with
moderate mass constraint. Equipped with lemma 3.3.1 we can control the entropy

and prove a weaker form of our main theorem for moderate size mass M (which is

still larger than the 87 barrier):

Theorem 9. Consider the PKS equation (3.1.1) with background fluid velocity (3.1.2)
subject to H*(s > 2) initial data with mass M = |ng|y, such that (1 + |z|*)ng €
LY(R?), nglogng € L'(R?). Furthermore, assume ng is symmetric about the ;-axis,

that (3.1.3) holds. If the total mass does not exceed

1
M < 1
1+ (14 n)?/R?

6, (3.3.3)

then there exists an A = A(M,y,(0),V,(0),n) large such that the free energy solution
to PKS (3.1.1),(3.1.2) exists for all time.
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Thus, as the ratio increases over the range 1 < R < oo, (9) yields global
existence with an increasing amount of mass 87 < M < 167. Although theorem 9 is
not as sharp as the main theorem, its proof is more illuminating and can be extended
easily to prove the main theorem for the ‘limiting case’ of any M < 16w. We therefore
include its proof in section 3.3.3.

Finally, the third step carried in section 3.3.4 presents the proof of the main theorem
7.

We turn to a detailed discussion of the three steps.

3.3.2 Step 1— control of the cell density distribution

As pointed out before, the proof involves the calculation of y.(t) and V. (t),
summarized in the following two lemmas. Here and below, we let A < B denote the

relation A < C'B with a constant C' which is independent of 9.

Lemma 3.3.2. Consider the reqularized PKS equation (3.2.3) with background fluid
velocity (3.1.2). Assume that the initial center of mass y(0) is separated from the
x1-azes in the sense that (3.3.1) holds. Then , there exists a constant such that the

time evolution of y(t) remains bounded from below
Yo (t) > [y (0) — Col e, . (3.3.4)

Lemma 3.3.3. Consider the reqularized PKS equation (3.2.3) with background fluid
velocity (3.1.2). Assume that the initial variation around the center of mass V,(0)

is not too large in the sense that (3.3.1) holds. Then , there exists a constant C =

7



C(V(0)) such that the variation Vo (t) remains bounded from above,
Vi(t) < [CM6+ Vi (0)] e, . (3.3.5)

We note that all the calculations made below should be carried out at the level
of the regularized equation (3.2.3), but for the sake of simplicity, we proceed at the
formal level using the weak formulation (3.2.2). We explicitly point when there is a
technical subtlety in the derivation due to a difference between the regularized and
weak formations.

We begin with the proof of Lemma 3.3.2. First of all, as zo ¢ C°(R3), we

introduce an approximate test function ¢ to xs:

(
To x9 € (26, 00),

=90 xg € (—00,0),

smooth — x € (9,26).

\
Note that there exists a constant C,,, independent of §, such that |p| <25, Vzy, <20
and |Vo|+6|V2¢p| < C,. Here and below, we use C,, to denote p-dependent constants
. Here note that ¢ is still not in C2°(R2), but we can truncate ¢ at sufficiently large

scale to overcome this technical deficiency. For the sake of simplicity, we still use ¢

in the argument.

By replacing /

rondx with / pndx, we lose information on the strip
R

2 2
T R

{(z1, w2)[|zo] < 26}

However, the contribution of this part is small in the sense that:

/ pnydr — / Ton,dx
0<w2<25 0<w2<25
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Next, one can use ¢ and the weak formulation (3.2.2) to extract information

about y,:
d
a7 y pnydz
1 — (o —
— [ apnan- L [ TEDZVOW) @oy), 0y tdedy
R2 4 R2 xR2 |z =yl

+ / nyVe_ - Vodr + V- -bniydx
R

2
Ry

—[+ [+ I +1V. (3.3.7)

Now we estimate the right hand side of (3.3.7) term by term. The first and second

terms are relatively easy to control from above as follows:

C,M,

= 5

Apnidr| < (3.3.8)

2
R+

1C
II< _|v2¢|oo// ng (y)dedy < 4—7%\% (3.3.9)
R2 ><]R2

In order to estimate the third term in (3.3.7), we need a pointwise estimate on the

Op,C_:
1 (z —y)2
O, C =— _(y)d
orie- @ =5, | [, -
1 1 1 M_ 1 M
< — 2l g < LM LM g
21 |wo| Jrz |w2| + [y2] 2m |wa| 27 |1

Now we can use the above estimate to control the third term in (3.3.7):

111 =

/2 OpyC-ny Opypdr| <
R

€0, a2
— " < £ T 3.11
<5 /+n+da: (3.3.11)

Here we have used the fact that supp(yp) is 6 away from the z; axis. As a result,

L <
|2

OqIH
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Remark 5. The only difference in estimating the reqularized solutions (3.2.3) vs. the
formal calculation we have done above is in terms II and III. In the calculation for
the (3.2.3), we will need the estimate

1

Vz € R%
orlz]”

[VE(2)] <

Here we show how to get a similar estimate for term 11 in (3.3.7) for the reqularized

equation (3.2.3):

/4uw V[ K(|x = yD)n(y)n*(x)dudy

(Vo) = VW) (& = V) G gee( — ylyne(w)n (y)dady

R2 xR2 |37_3J|

IVo(x) — Ve(y) 1 s 1C, . ,
€ (y)daxdy| < — |Vl <——M
< //2X2 ‘ ‘ n(z)n(y)dedy| < —|V | M 5

The treatment of term I11 is similar to the one we gave above.

Finally, we need to address additional transport term IV in (3.3.7) to compete
with the focusing effect. Recall that b = A(—xz1,22) with A = %. First we write

1V down explicitly,

M,
1V = /b nyVdr = 5 g 290z, pn 4 dx.

+

Next we replace the right hand side by [ ¢n.dz. Due to the fact that 220, = z2 = ¢

for zo > 20, the error introduced in this process originates from the thin 24-strip:

/ (2205, — )nyda| < / 2200, — plnyde < Cod My,
d<ra<28 d<ra<28

and we conclude that

M M. C,M?
v > 5—; (/ ondx — C¢5M+> > 5—;/ onydr — @5 x. (3.3.12)
R2 R3
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Combining the equation (3.3.7) and estimates (3.3.8), (3.3.9), (3.3.11) and

(3.3.12) yields the following

d M?
7 on, dr > —CQPTJF + A/ endx,
R2 R

2
+

which implies that
pnodxr — C¢M+5> e, (3.3.13)

JRCICE (/R

Finally, we calculate the center of mass of the upper half plane using the lower

2 2
+ +

bound (3.3.13) and the error control (?7):

1
yo(t) =— / Ton,dx —/ gon+dx—|—/ on.dx
M 0<z2<26 0<z2<26 R?2

+
1
rondr — pnydx
0<22<26 0<22<25

4 1/ d
="M, My oz 7
1
2—45+—/
M+(R

> (4, (0) — C0) ™.

pnodxr — C¢M+5> et

2
+

This completes the proof of lemma 3.3.2.0
Next we address the proof of Lemma 3.3.3. The main goal is to calculate time
evolution of the variation

Vi(t) = / s — (1) P, )

+

We again use C' to denote constants which may change from line to line but are
independent of §.
The first obstacle is that we cannot choose |z — y4|? as a test function due to

the fact that y, (¢) depends on the solution. However, by the definition of y, we can
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expand the V., -integrand, ending up with the usual

Vi(t) = /R2 |wa|*ny (z, t)de — Myyi(t). (3.3.14)

+

Since we already know y,, it is enough to calculate the fRi |zo|*n(z, t)dx. For
simplicity, we plug |x5|? inside the weak formulation (3.2.2) and (3.3.14) to get the
time evolution of V.. Of course, what one really does is to use a test function to
approximate the |zy|?. Furthermore, when we use the weak formulation, we formally
integrated by part twice, but since the value and the first derivative of the function

|z3|* are zero on the boundary, we will not create extra dangerous boundary term.

First combining (3.2.2) and (3.3.14) yields

d d d
awzaégm%@wm—maﬁw
1 _ A —
:/ Apn dr — — (Vo) Vgo(y)z) (z y)n+(m, tny(y, t)dzdy
RZ Am R2 xR% |z =yl
d
+ Ve _n, Vdr + V- -bn,de—— (M+(y+)2)
RZ R dt
d
=I+ 11+ 11T +1V — M+%yi(t) (3.3.15)

Next we estimate every term on the right hand side of (3.3.15). The first two terms

are estimated as follows:

11| = / A(z3)n,dr| = 2M,, (3.3.16)
7
and
1 2\ _ AN _
L B e o)
4m R2 xR2 [z =yl
1 1,
<— 2n (z)ng (y)dedy < — M. (3.3.17)
47 R?FXR?F 21
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Now for the third term 777 in (3.3.15), applying (3.3.10) yields

1 M 1
< —/ 2|ao| — -y de < —M2. (3.3.18)
27 Jr2 | o] T

Note that for the term I1 and I11, we only estimate them formally above, one can

111 = / Oy C_ny 2wodx
=

prove the estimates explicitly using the same techniques as the one in Remark 5. For

the IV term in (3.3.15), we use the (3.3.14) again to obtain

/ rangdr
R

2
+

1IV] = =2A =2A(Vy + Myyd)  (3.3.19)

/ Va3 - bn dx
&

Collecting equation (3.3.15) and all the estimates (3.3.16), (3.3.17), (3.3.18) and

(3.3.19) above, we have the following differential inequality,

= (M%m(z) n yi(t>> <O+ M,)+24 (M%ww + yi(t)> ,

which yields

1
— V., (H)e** + 42 (0)e**.  (3.3.20)

1 , 1
_ < _—
Vo(t)+2(t) < C (1 + 7 7R

6262At +
M +)

Combining (3.3.4) with (3.3.20) yields

T VO + [0 = o) ] <

By collecting similar terms, we finally have

1 1 1
< 2 2At‘ 3.

which completes the proof of Lemma 3.3.3. O

Equipped with the estimate on V, (t), we can now conclude the proof of Lemma

3.3.1.
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Proof. (Lemma 3.3.1) Once 0 < n < 1 was fixed, we can clearly choose a small

enough § such that by (3.3.5)s, there holds
Vi (t) < (14 n)Ve(0)e*, (3.3.22)

Now recalling that R = y#O)M% > 1, then we can use (3.3.4), (3.3.22) and

further choose ¢ small enough to get:

R |2V () R 2V (0)| 4
_ > _ _
w® -3\ 3 2 [y+(0) Co= A\ T, | €
o B At
a [(1 W)MO) 05} ‘
>25ett > 26.

Thus, the ‘thin’ §-strip along the zi-axis, S5 1= {(1,22)]|0 < x5 < 24}, lies outside
the strip centered around y, (¢), uniformly in time,

R 2V,(1)
S 1l+g\ M,

S5 C {(wr, wa)|fwe =y ()] > Ry(D)},  Ry(t) :

It follows that thanks to our choice of §, the mass inside the d-strip S5 does not exceed

a2
/ ny(x,t)dx §/ ny(x,t)dx < / n#x,t)%dx
Ss RZN{|z2—y+|>Ry} R3 N{|z2—y+|>Ry} |JJ2 - y+‘

(14 n)? / 2 (1+n)?
—_ t)|zy — de = ————V
_R22V+/M+ %2 n+(:1:, )|x2 y+| xr R22V+/M+ +
(1+n)*
<o M
By symmetry, the mass inside the symmetric d-strip, {(z1, z2)||z2| < 26} is smaller
1 2 1 2
than %QJ\LL = %M , uniformly in time, which completes the proof of
Lemma 3.3.1. ]

Remark 6. One can do a similar computation to get the evolution for the higher

moment estimates / n(z,t)|x[*dx, and derive similar results to Lemma 3.3.1.

2
R+
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3.3.3 Step 2 — proof of the main theorem with moderate mass con-
straint

With the Lemma 3.3.1 at our disposal, we can now turn to the proof of theorem
9 along the lines of [27]. Note that the actual calculation are to be carried out with
the regularized solutions n¢ of (3.2.3), though for the sake of simplicity, we only do
the formal calculation on n(x) = n(-,t).

The key is to use the logarithmic Hardy-Littlewood-Sobolev inequality (1.1.13)

to get a bound on the entropy Sn].

Remark 7. It is pointed out in [27] that by multiplying f by indicator functions, one
can prove that the inequality (1.1.13) remains true with R? replaced by any bounded

domains D C R2.

The idea of the proof goes as follows. By observing that the mass in the up-
per half plane and lower half plane are subcritical (||ny||; < 87), we plan to use
the logarithmic Hardy-Littlewood-Sobolev inequality on these sub-domains to get
uniform bound on the entropy. However, without extra information concerning the
cell density distribution, naive application of logarithmic Hardy-Littlewood-Sobolev
inequality fails. For this approach to work, the density distribution constraint re-
quired is that the cells in the upper and lower half plane are well-separated by a
‘cell clear strip’ in which the total number of cells is sufficiently small. The strip
is constructed through applying Lemma 3.3.1. Combining the logarithmic Hardy-

Littlewood-Sobolev inequality and the cell seperation constraint, we can use a 'total
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entropy reconstruction’ trick introduced in [27] to obtain the entropy bound.

Now let’s start the whole proof.

Proof. First we contruct the ’cell clear strip’. Define the following three regions:
Iy = {IQ | To > 2(5}, I'y = {J]Q | To < —2(5}, I's = R2\(F1 U PQ) (3323)

Here region I'y contains points in the upper half plane which are 20 away from the z;
axis, whereas region I's contains points in the lower half plane with the same property.
Region I's is a closed neighborhood of the x; axis. The § neighborhood of the 'y, T’

region is denoted as follows:
T = {ay | 20> 6}, TV = {ay]2y < =6} (3.3.24)
We further decompose I's into subdomains:

S1={x3]0 <y <26}, Sy ={xs| — 6 > 129 > -2}, S3={xs | |x2| < I}
(3.3.25)

Applying Lemma 3.3.1 yields that the total mass inside I'3 is small, i.e.

1 2
/ ndx :/ ndx < ( +727) M. (3.3.26)
I {@s]|za|<26} 2R

Therefore, the I's strip is the ’cell clear strip’.

Next, we estimate the entropy. First recall that the free energy E[n](t) (3.1.4)

is decreasing, i.e,

K 1
Elng| > En|=(1—- — /nlogndw+— K/nlognda:
8m 8m

+ 2// n(z)n(y)log |x — y[da:dy) - /Gnd:c
R2xR2

_ (1 _ gr) Sl +Th — Ty, (3.3.27)
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Figure 3.1: Regions I',I'5,I'3

To obtain the entropy bound, we need to estimate 7} from below for some K < 87
and estimate Ty from above. We start by estimating 73. Similar to [27], we apply the
Logarithmic Hardy-Littlewood-Sobolev inequality in the three regions Féd),Fg‘S),Fg

and obtain:

/r<15> n(x

/rg*) n(x

/ n(x
I's

dx nlogndzx + 2 // n(z)n(y)log |x — y|dzdy > C,
r{® 1 xr{®
(

)
)dm/ nlog ndr + 2// n(z)n(y)log |z — y|dxdy > C,
i) i) i)
)

dx/ nlogndx + 2 // n(z)n(y)log |x — y|dzdy > C.
I's T'3xTI'3
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Combining the above inequalities yields

—~C <K | nlog*ndxr+2 // n(x)n(y)log |x — y|dxdy
R? R2 xR2

_ 4// n(z)n(y)log |z — y|dzdy
((pg‘;))cxrl)u(l“gx(S1US3))

+2 // n(z)n(y)log |x — y|dzdy
(Sl XSl)U(SQXSQ)

:le + ]2 - ]3 + ]4. (3328)

Here the number K is defined as

K = max{/ ndx—l—/ ndx,/ ndx—l—/ nda:}. (3.3.29)
r{® s r{» I3

Combining the definition (3.3.29) and (3.3.26) yields

1 (1+n)?
< | = - .
K_<2+ o | M

By the moderate mass constraint (3.3.3), we have K < 87. Next applying the fact
that |z — y| > § for all (z,y) in the integral domain of I3, we estimate the I3 and I,

terms in (3.3.28) as follows

I3 >4M? log ,

I, <2 // n(x)n(y)log® |z — y|dzdy
(SlXSl)U(SQXSQ)
SC// n(z)n(y)(1 + |z|* + |y|*)dzdy < C(M?* + QM/ |\z)*n(z)dx).
(Sl ><5'1)U(52><5'2)
(3.3.30)

Combining (3.3.30) with (3.3.28) yields

K [ nlog* ndx +2 // n(z)n(y)log |x — y|dzdy
R R2xR (3.3.31)

> 4M?*logd — C(1 + M?* + M/n|x]2dx)

Recall the well-known upper bound on the negative part of the entropy:
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Lemma 3.3.4. ( [27]) For f positive function, the following estimate holds

1 1
flog™ fdxr < 5/ |\z|? fdx +log(27) | fdx + - <COA+M+ / |z|*ndB)3.32)
R2 R2 R?

Proof. For the proof of this lemma, we refer the interested readers to the papers [28],

[27]. O
Combining (3.3.32) and (3.3.31) yields the lower bound of 7} in (3.3.27)
T >—-C(M+1) (1 + M + /n|x|2dm> +4M?log § (3.3.33)

for 0 < K < 8.
For the T, term in (3.3.27), it is bounded above by ‘/Hndx < A/ |z|*ndz.

Therefore it is enough to show that the second moment is bounded for any finite time.

The time evolution of the second moment can be estimated as follows:

A2
% n|z|*de < 4AM +4A/Hn(z)dm < 4AM + 7/|x|2nda7

Gronwall inequality yields that the second moment is bounded for all finite time:

/n|x|2d:v < C(AT) <00, VT < oo. (3.3.34)

Therefore Ty, < C(A,T). Combining this with (3.3.27) and (3.3.33), and recalling

that K < 87 yield

Sn(T) <

1
(E[no] +C(M,A,T) — §M2 log 5), VT < oco.  (3.3.35)

As a result, we see from (3.3.35) that the entropy S[n¢] is uniformly bounded indepen-
dent of € for any finite time interval [0,7], T < co. Now by the Proposition 8, 9, we

have that the free energy solution exists on any time interval [0,7], VT < oco. [
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3.3.4 Step 3 — proof of the main theorem

In the proof of Theorem 9, we see that the cell population is separated by a
‘cell clear zone” near the x; axis. Since total mass in the "cell clear zone” is small,
we can heuristically treat the total cell population as a union of two subgroups with
subcritical mass (< 87). However, since we lack sufficiently good control over the total
number of cells near the x; axis, we cannot use this idea to prove the optimal result
as stated in Theorem 7. The idea of proving Theorem 7 is that instead of considering
the total cell population as the union of two subgroups separated by one fixed ’cell
clear zone’, we treat it as the union of three subgroups with subcritical mass, namely,
the cells in the upper half plane, the lower half plane and the neighborhood of the
x1 axis, respectively. These three subgroups of cells are separated by two ’cell clear
zones’ varying in time.

The main difficulty in the proof is setting up the three new regions such that:

1. mass inside each region is smaller than 8;

2. the total mass of cells near their boundaries is well-controlled.

Once the construction is completed, the remaining steps will be similar to step

Proof of Theorem 7. We start by constructing the three regions. First we note that
the Lemma 3.3.1 implies that there exists 6 > 0 such that the following estimate is

satisfied for a fixed R > 1 and n chosen small enough:

1 +1)? 1
/ PRCE %/}R ndv < SM, V>0, (3.3.36)

90



Now the region L = {(z1,22)||z2| < 26} have total mass less than $M = M, < 87
for all time.
Secondly, we subdivide the region L into J pieces:

L=u] L,

20

L= {22 200) > |l > 2 - 1))

7
Here J = J(M) > 10, to be determined later, depends on M. By the pigeon hole

principle, there is at least three strips L? such that

2
/ n(x)dr < =M.
Li J

Suppose there are only two strips with mass smaller than %]\/[Jr, then total mass in
L will be bigger than (J —2)2M, > M, a contradiction. Now we pick from these
three strips the one which is neither L' nor L7. As a result, this strip L’ does not
touch the z; axis nor the boundary of L. We denote this i by i*. The L’ is the ’cell
clear zone’. Notice that here i* = i*(n,t) depends on time.

Finally, we use this ¢* to define the regions. First we define the three regions,

each of which has total mass smaller than &7:

29 . 20 , 2,
Fl = {ZEQ Z 72 }7 F2 = {fL’Q S —72 }7 Fg = {|ZE2| S 7(2 - 1)} (3337)

Next we set

20

= 3.3.38
P=37 ( )
and define the p neighborhood of the above three regions:
20,., 1 20,, 1 20,, 2
tf) = > J0-g0 19 ={a<-Fa-pbo 10 =t < -0,
(3.3.39)
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Figure 3.2: Regions I'1, "5, '3 in the proof of the main theorem

Now we define the complement I'y of the above three regions I' Z(-p ),i =1,2,3:

2% (. 2 20 (., 1
F4 :{7 (Z — g) S ’$2| S 7 (Z — g) } = F4+ UF477 (3340)

Iy =Ty NRL. (3.3.41)

Now we define the complement Fip ! of U?_,T; and decompose it into subdomains:

MY (U ) = () U ), (1) —rf R, 3342
I =I', US; US,US;, (3.3.43)
Sy =T'N\Ty, S, =T¥\Dy, S5 =TY\Ts. (3.3.44)

Remark 8. [t is important to notice that the regions we are constructing are changing

with respect to the given time t. Therefore, by doing the argument below, we can only
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show that the entropy is bounded at time t, but since t is an arbitrary finite time, we

have the bound on entropy for ¥Vt € [0,T],VT < occ.

We start estimating the entropy. By the free energy dissipation, we obtain

K 1
E[ng] > (1 - —) /nlogndx + — (K/nlogndx
8w 8w
+ 2// n(x)n(y)log |x — y|d:pdy) - /Hndx
R2xR2

— (1 — g) Sn(T)] + Ty — To. (3.3.45)

To derive entropy bound, we need the estimate T; form below for K < 87 and
estimate Th from above. We start by estimating 7;. Combining the definition of L

and (3.3.36) yields

1
/ nde <M, = =M < 8, (3.3.46)
Fiﬂ) 2
1
/ ndx <M, = -M < 8, (3.3.47)
ng) 2
1
/ nde <M, = =M < 8, (3.3.48)
T 2
2
/ ndx S/ ndx < —(M,). (3.3.49)
() i J

Now by the log-Hardy-Littlewood-Sobolev inequality (1.1.13), we have that

/ n(:r)dx/ n(x)logn(x)dx + 2 // n(x)n(y)log |x — y|dxdy > —C,
F’Ep) FEP) FEP) XFEP)
i=1,2,3, (3.3.50)
/( : n(zx)dz /( : n(x)logn(x)dx + 2// n(z)n(y)log |x — yldedy > — C.
ry’ s r

a+ a4+ 511) XFE@

(3.3.51)
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Same as in subsection 3.3, we use these estimates to reconstruct the entropy and the

potential on the whole R? as follows:

—C SK ( Ylog® n(z dm+2// y) log |z — y|dxzdy
R2xR2

—2// y)log |z — y|dxdy

w2 ff n(x)n(y) log | — yldudy
(S1%51)U(S2xS2)U(S5 xSTHU(S5 xS3)

:le + [2 - I‘g, + [4. (3352)

The region R' and the integral domain of I is indicated in Figure 3. The K in

(3.3.52) can be estimated using (3.3.49) as follows

2
K:=M, + /( )ndx < <1 + j) M,. (3.3.53)
ry

By the assumption M, < 87, we can make J big such that K < 8x. This is where
we choose the J = J(M). Applying the fact that |z —y| > 2, V(z,y) € R, the I3

370

and I, terms in (3.3.52) can be estimated as follows:

20
3J’

13 <2 // n(z)n(y)log™ [z — y|dzdy
S1x51)U(S2x S2)U(SF x S5 )U(S3 xS3)

= (w)n(y) (1 + [of + ly)dedy
(S1%81)U(S2x S2)U(ST xS )HU(S; xS5)

<C(M? +M/ |z|*ndz). (3.3.54)

I3 >CM?log

! Region R is the union of the following nine regions:
DT (D7), )81 x (DU (D)), 3)0F = (0F))e, - )85 < (0 U y))", 5) x (I,

6)5; x (T U@ )e, 1y x (CY)7)e, 8)Sy x (MY U @) )e, 9y x (T)e.
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Figure 3.3: Region R in R? x R?
Combining (3.3.52), (3.3.53) and (3.3.54) yields
K/ (z) log™ n(z)dz+2 // y) log |z — y|dxzdy
]R2><]R2
2100 20 2 2
>CM logﬁ—C(quM + M | |z|*ndx).

Moreover, applying (3.3.32) yields

20
Ty >-C(M+1)(1+M+ / |z|*ndx) + CM?log —

. 3.3.55
37 (3.3.55)

Combining (3.3.55), (3.3.34), (3.3.45) yields

1 (E[no] L O(M,AT) — CM?log 2

3]) < 00, VT < 0.

Once the entropy is bounded for any finite time, the existence is guaranteed by

Proposition 8 and Proposition 9. O]

95



3.4 Conclusion

We revisit the question of global regularity for the Patlak-Keller-Segel (PKS)
chemotaxis model. The classical 2D hyperbolic-elliptic model blows up for initial mass
M > 8m. We consider more realistic scenario which takes into account the flow of the
ambient environment induced by harmonic potentials, and thus retain the identical
elliptic structure as in the original PKS. Surprisingly, we find that already the simplest
case of linear stationary vector field, Az, with large enough amplitude A, prevents
chemotactic blow-up. Specifically, the presence of such an ambient fluid transport
creates what we call a ’fast splitting scenario’, which competes with the focusing
effect of aggregation so that ’enough mass’ is pushed away from concentration along
the xq-axis, thus avoiding a finite time blow-up, at least for M < 167. Thus, the
enhanced ambient flow doubles the amount of allowable mass which evolve to global

smooth solutions.
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Chapter 4: Suppression of blow up in parabolic-parabolic Patlak-Keller-

Segel systems via strictly monotone shear flows

4.1 Overview

In this paper, we consider the two-dimensional parabolic-parabolic Patlak-Keller-
Segel equations with additional effect of advection by a shear flow, which model the

chemotaxis phenomena in a moving fluid:

O+ V - (nVe) + Au(y)0.n = An, (4.1.1a)
O + Au(y)0zc = Ac+n — ¢, (4.1.1b)
n(2,y,0) = nin(z,y),  c(r,9,0) = cin(z,y), (2,y) €T xR (4.1.1c)

In contrast to the parabolic-elliptic PKS equation with external large shear
flow (Chapter 2), the mixing of the shear flow has both stabilizing and destabilizing
effect on the system (4.1.1). On the one hand, same as in the parabolic-elliptic case,
mixing enhances the dissipation in the micro-organism evolution equation (4.1.1a)
and hence stabilizes the dynamics. On the other hand, the extra shear flow advection
term Au(y)0.c in the chemo-attractant evolution (4.1.1b) creates large gradient in

the chemical density c. To better understand this destabilizing effect, we take a look
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at the passive scalar equation on a Torus T?:

Op + Au(y)Oup = Ap,  p(t =0,-) = po(-),

where p have average zero. We calculate the time evolution of ||V p||3 as follows

Dissipation Shear flow contribution

d 2 2 7 / ~
VAl = = [[Volly +Allw'(y)0:pll2][Vpll2 -

One observe that the dissipation start to take effect on the time scale O(1) but the
shear flow effect takes effect on the time scale O(1/A). Therefore in the time scale
between O(1/A) and O(1), shear flow effect dominates the dissipation and creates
large growth in the gradient. This is called the destabilization effect of the shear
flow. The large growth in the chemical gradient destabilizes the dynamics through
the aggregation nonlinearity V - (Ven) in the micro-organism evolution (4.1.1a). It is
worth noting that this destabilizing effect of shear flow does not exist in the parabolic-
elliptic regime due to the fast relaxation of chemical density to equilibrium. As
a result, it is reasonable to expect that an extra smallness assumption is needed
to control the mixing destabilizing effect. In this paper, it is assumed that the z-
dependent part of the initial chemical gradient is small. Since only the x-dependent
part of 9y, c is strongly forced by the shear flow, this smallness restriction is sufficient
to control the growth of the chemo-attractant gradient and hence keep the aggregation
nonlinearity in (4.1.1a) bounded independent of A. Now the situation is similar to
the parabolic-elliptic case, hence one can show suppression of chemotactic blow-up

through shear flow.
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Denote the following projections for function g(zx,y):

90(y) = % /7r g(x,y)dr, g+(x,y) = g(z,y) — go(y).

The main theorem of this paper is as follows.

Theorem 4. Let the shear flow profile u € C3(R) be a strictly monotone function
whose derivative approaches nonzero numbers at £oo and ||u'|| 2~ < co. Consider
the equation (4.1.1) subject to initial condition ny, € H' N WH®(T x R), ¢, €
H?> N W?2(T x R). Then the solution to (4.1.1) is global in time if the amplitude
A takes values in the interval (Ao, ||V (cin) 2|51 e, where g € (=2,0) and Ay =

Ao(u, |1 || grapriee » |V el 1w ) is independent of ||V (¢in) 2| rrowre.
We make several remarks concerning the main theorems.

Remark 9. For the interval (Ao, ||V (cin)£||minwie] to be nonempty, we implicitly
assume that ||V (cin) 2|l m1awt.~ is small compared to A(l)/q*, ¢ € (—2,0). As explained
before, this smallness is applied to control the destabilizing effect of the strong shear
flow. Note that if ¢, = 0, then the interval is always nonempty. This corresponds to
the situation that at the initial time of the chemotazis experiment, no chemo-attractant

exists in the environment.

Remark 10. The difficulty is twofold. First we need to construct a hypocercivity
functional adapted to the parabolic-parabolic PKS equation, which is significantly more
subtle than the one in the parabolic-elliptic case [13]. Secondly, one needs to control
||Vl uniformly independent of A for all time. This is delicate due to destabilizing

effect of the strong shear flow.
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4.1.1 Notations

Miscellaneous

Given quantities X, Y, if there exists a constant B such that X < BY', we often

write X <Y. We will moreover use the notation () := (1 + |z|?)'/2.

Fourier Analysis

~

For f(z,y) we define the Fourier transform f(k,y) only in terms of variable z,

and the inverse Fourier transform as follows:

Fli) = 3= [ e, g = 3 ok

k=—o00

Define the following orthogonal projections:

fltn) =5 [ fitpis

f#(t?xay) = f(thay) - fO(tay)

Here ’0’ and '#’ stand for “zero frequency” and “non-zero frequencies”. For any

measurable function m(k), we define the Fourier multiplier m(8,) f := (m(k)f(k,y))".

Functional spaces

The norm for the LP space is denoted as || - ||, or || - ||ze(:

1/p
wmﬂwm4]mm),
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with natural adjustment when p is co. If we need to emphasize the ambient space,
we use the second notation, i.e., ||n.||rr(rxr). Otherwise, we use the first notation

for the sake of simplicity. The Sobolev norm || - ||g is defined as follow:

in

e = [[(V)* fll L2

For a function of space and time f = f(t,x), we use the following space-time norms:

A zpeg = el ey,

A ez =] ]

HsllLr-

The paper is organized as follows: in section 2, we set up the bootstrap argu-
ment; in section 3, we prove the enhanced dissipation of the z-depending part of the
solution; in section 4, we prove the L?H iy estimate of x-dependent part the micro-

organism density; in section 5, we estimate the x independent part of the solution; in

section 6, we prove the uniform in time L estimate of the solution.

4.2 Preliminaries and Bootstrap

4.2.1 Reformulation of Theorem 4

In this paper, we will prove the following theorem, which implies the Theorem

Theorem 5. Let the shear flow profile u satisfy the conditions in Theorem 4. Con-
sider the equation (4.1.1) subject to initial conditions n;, € H' N Wh> ¢, €

H2NW2* and ||V (cin) £ mowie < Cin A7, q > 1/2 for any constant C;, indepen-
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dent of A. Then there exists an Ay = Ao(w, ||Ninll 1o » |V Cin| iAW) such that

if A > Ao, the solution to (4.1.1) is global in time.

Proof of Theorem 4. Choosing C;, = 1 in Theorem 5, we have the following relation
-1
1V (Cin) £l [ e > A, (4.2.1)

Combining it with the relation A > Ay, we end up with A € (A, |]V(cm)¢||;éqwl,oo),
q € (1/2,00). Define ¢, = —%, we end up with the condition specified in Theorem

4. [l

4.2.2 Bootstrap argument

Same as in the paper [13], we rescale in time and decompose the solution into

z-independent part ng, ¢y and z-dependent part ny, c

1 1 1

atno—i—Aay(@ycono) + Z(V . (VC#’Q;A))O = Zﬁyyno, (422&)
1 1 1
8tco :ZACO + Zno — ZCO; (422b)
and,
1 1 1 1
Onstuy)Oenz + 5V - (Vegno) + =0y, Oy conz) + 5 (V- (Vegny))x = TAny,
(4.2.3a)
1 1 1
Orcx+u(y)Opcy = ZAC# il (4.2.3b)
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To apply the machinery of the paper [8], we apply the Fourier transform only in the

x variable to both sides of (4.2.3a,4.2.3b) to obtain

~ o 1 A

8tnk+NLk + Lk + u(y)zk:nk = Z(ayy — ]k|2)nk, (424&)
~ PO | UG IS

Orcx+u(y)ike, = Z(@y — k|7 + Tk s k #0, (4.2.4Db)

where L, N L are defined as follows:

1 PN 1 —_ o~
NLk ::Z Z By(ﬁyck_gng) - Zk? Z (k? - E)ck_mg, (425)
140,k 140,k
1 1 ~ 1 1, 1.
Ly, :zzay(ayconk) + ZV -(Vegng) = Zﬁy(ayconk) — Zk Crno + Zﬁy(ﬁyckng).
(4.2.6)

Here, the L refers to “linear with respect to the nonzero frequencies” and N L refers
to “nonlinear with respect to the nonzero frequencies”.

As is standard in the study of nonlinear mixing, we use a bootstrap argument
to prove the main theorem. For constants Cgp, Cy, 12, Cno,Hl’ Ch,0y OV 00 and Ag
determined by the proof, define T, to be the end-point of the largest interval [0, T}]

such that the following hypotheses hold for all ¢t < T:

(1) Nonzero mode L?H]  estimate:

1 [
3 [ Vel <Slina (4.2.72)
0

(2) Nonzero mode enhanced dissipation estimate:

()13 + Ve (t)]3 <AChp([Ininllfn + De 37, e < T, (4.2.7b)

where 7) is a small constant depending only on wu.
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(3) Uniform in time estimates on the zero mode:

||ay00||L°°(O,T*;L§°) + ||n0||L§°(O,T*;L§) <4C, 12,

(4.2.7¢)
10yn0l|Lge(0,1,:12) <4C,, g
(4) L estimate of the solution n:
7l L5e 0,10 15,) S4Ch 008 (4.2.7d)
(5) L estimate of the z-dependent part of the chemical gradient Ve:
IVexllngeo11e,) S40Ves 00 (4.2.7¢)

Furthermore, we define the following constant to simplify the notation:
02,00 =1+ M+ C’;g||nm| |H1 + OnO,LZ +On,oo + CVC¢7OO + | |V(Cin>0| |Hlmwl,oo. (427f)

Note that C,, g is not included in C .

The goal is to prove the following improvement to the above hypotheses:

Proposition 10. For all n,, c; and w satisfying the assumption of Theorem 5,
there exists an Ay = Ao(u, [inll giqzee » | Veinll giawrs) sSuch that if A > Ag then the

following conclusions hold on the interval [0,T,]):

1 [
3 | IVt <l (4.2.8)
0

Ins (O3 + | Ver ()3 <2Cmp(|lninl 3 + e 37, vt < T (4.2.8b)

||ay100||L,?°(o,T*;L5°) + ||n0||L;>°(o,T*;L§) <2012,
(4.2.8¢)

|10y 70l |L§°(0,T*;L§) <20, i1
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7] oo 0,725152,) <2C00; (4.2.8d)

1Vesllizor.nz,) <2070 (4.28¢)

Proposition 10 together with the local wellposedness of the equation (4.1.1)
implies that the time interval [0, 7}] on which the estimates (4.2.7) hold is both open
and closed on R,. Since the estimates are trivially satisfied at the initial time, we

obtain that [0, 7] is nonempty and hence T, must be infinity, which in term implies

Theorem 5.

Remark 11. For the sake of completeness, we prove the blow-up criterion for the
system (4.1.1) in the appendiz. The criteria implies that as long as ||n||w is bounded
uniformly in time, all initial bounds on higher H® norms of the solution can be prop-

agated.
Remark 12. The constants in the proof are determined in the following order
Cgp = Cno,L2 = Cn,ooa Cvc;ﬁ’oo = Cn07H1 = AO. (429)

The magnitude of the flow Ag will be chosen large depending on the constants in the

hypotheses and the intermediate constants in the proof.

Remark 13. We need to control the destabilizing effect of the shear flow in the proof

of (4.2.8b), (4.2.8d) and (4.2.8¢).

4.2.3 Chemical gradient 0,cy estimate

The following estimate of the chemical gradient d,cy is applied in the latter

sections.
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Lemma 4.2.1. Consider the solution to (4.2.2a) subject to initial data (cin)o. For
Vs € N and any (p, q) pair such that either2 <p <oo,1 <g<porp=o00,1<q<p

is satisfied, the following estimates hold for the solution cq

10y, co(D)llp Sp.g Sup. [720(7)[lg + 119y cin)ollp;
=T (4.2.10)

||a;j100(t)||p Sp,q Oiugt ||a§1n0(7)||q + ||(8‘;jlcm)0||p, 2<p< oo

Proof. For the sake of brevity, we skip the proof. O

4.3 Enhanced dissipation estimate (4.2.8b)

Enhanced dissipation functional F

In this subsection, we construct the functional F to exploit the enhanced dissi-
pation in the equation (4.1.1).
We start by introducing the basic ideas of Hypocoercivity ( [8], [115]). Consider

the following passive scalar equation on T x R,

Of +u)os = TAf,  F(t=0,)= ful). (131)

By applying Fourier transform in the x variable, we obtain the following equation:

~ ’k|2 -~

O+ uly)ibfi = 5@ Fs — ST

The term u(y)zkﬁ is called the conservative part of the equation (4.3) because it
generates a unitary semigroup which preserves the L? norm. The terms —%(811)2]/”; -
%fk are the dissipative part of the dynamics because they cause decay in the L2
norm ||f4||2. The idea of Hypocoercivity is to construct a functional ®, which is
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more “coercive” than the H! norm, to exploit the commutator structure between the
conservative part and the dissipative part of the dynamics. The functional is defined

as:

Oilf] = || Fellz + |0y full3 + BRe((Dy, u(y)ik] fr. Oy fi) 2 + 71|y, u(w)ik] ful 3,
where [+, -] denotes the commutator of operators and «, § and 7 are constants chosen
properly. By noting that

0y u(w)ik] fi = B, (u(w)ik i) — u(y)ikd, fi = ' (y)ik i,

the functional can be represented as follows

B[ f ()] <[ F I3 + |1Vad, fi()|[5 + 2k ReiBu’ fi(t), 0, i(t))

+ [k e Fu(0)]15; (4.3.2)

O[f()] = ulf (1)) = [I£2(B)3 + [Vad, f2(1)][3 + 2(Bu'0 f4(1), 0, f£(t))
k0

+ V10 f2 ()] 2. (4.3.3)

Here «, 8, and v are A, k-dependent constants

a(A k) = eq A3 || 723 (4.3.4a)
B(A k) = eg A3 k|74 (4.3.4D)
Y(AK) = e [K]7, (4.3.4c)

where €,, €3, and €, are small constants depending only on u'. Since we are concerned

with strictly monotone shear flows instead of nondegenerate shear flows, we employ

'The constants e, eg and e, are chosen so that all the potentially positive terms in the time
d
derivative of ®; are absorbed by the negative terms in the @q)k' Since the explicit form is too

complicated, we refer the interested to the paper [8].
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slightly different multipliers «, 3, from the ones in the paper [13]. Notice that in [§]
for treating general situations one must also take a, 3, and v to be y-dependent,
however, as suggested by [6], this is not necessary to treat strictly monotone shear

flows with y € R. The parameters €,, €3, and €, are tuned such that,

—~ |12 —~ 12 12
= [l il w il s

and hence

O, f] ~ kaHer k|23 A2/ ) 0,F z (4.3.6)

As a result, ®,[f(t)] is equivalent to the H! norm of f; but with constants that
depend on A and k. The primary step in the results of [8] is that for u(y) satisfy-
ing the hypotheses in Theorem 5, then for the passive scalar equation (4.3.1), the
norm P, [f(t)] satisfies the following differential inequality for some small constant €

independent of k, A (but depending on u):

d ~|k,|2/3

S Plf ()] = —emm Pulf(2)]-

Note that the decay rate of the functional ®4[f] ( = gfllif) is much larger than the

classical heat decay rate ( = %) for the passive scalar equation (4.3.1) when A is
chosen big. This is the enhanced dissipation effect of the shear flow.

Recall the estimate of the time evolution of ®[f(¢)] in [8].

Proposition 11. ( [8]) Consider the solution to the passive scalar equation (4.3.1).
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For € sufficiently small depending only on u, there holds,

¢ |]€‘2/3

12
||fk||2 - 5 A1/3

d ¢ |k[#/3

dt
1 2 1712 1 20117 112 1 12
—§|k| ||\/Bufk||2_ﬂ|k| ||fk||2_ﬂ||\/aayyfk||2

~ ¢ k|8/3
Ivad,filz — S

1 ~ 1 ~
— o R Tl = kPl il

~ 1 ~
/ 2 2
5 aus |V Silla = 5110y fill3

=N [f]. (4.3.7)
Remark 14. The notation "N stands for "negative terms”.
Remark 15. In Theorem 2.1 of the paper [8], it is proved that
d ~
Ecbk[f(t)] < —eAa-1x D[ (1)), (4.3.8)
where F)V\Aq’k = |k[¥3AY3 for strictly monotone shear flows. By the equivalence

relation (4.3.6), we obtain the first three negative terms in the time evolution estimate

(4.3.7). The other negative terms are the remnant of the negative terms in the time

derivative of ®x[f]. We refer the interested reader to the Lemma 2.2 in the paper [8]

for further calculation details.

The functional we construct to exploit the enhanced dissipation effect in the

equation (4.1.1) is the following:

Definition 5. Define the functional F as

T =0y [ng] + Bp[0,c) + Bl0scs] + Alk|Dy[cnl;

(4.3.9)

Fo=Y Oung]+ Y Buldyes] + > PulOncs] + > Alk|@ple] =Y Fi (4.3.10)

k40 k0 k0 k40 k40

The goal in this subsection is to show that
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Theorem 6. Assume the hypothesis of Proposition 10. There exists a constant n > 0
depending only on u such that the following time decay estimate holds if A is chosen

large enough

d n
Ef < —mf. (4.3.11)

The theorem implies the conclusion (4.2.8b).

Proof of the conclusion (4.2.8b). Combining Theorem 6 and the equivalence (4.3.6)
yields the conclusion (4.2.8b). First by solving the differential inequality (4.3.11), we
have that

nt

F(t) < F(0)e a3, (4.3.12)

Thanks to the assumption on the initial chemical gradient
IV (cin)£llm < CinA™Y, g >1/2,
the initial value F'(0) is bounded
FI0) < Clear 5.0 Con) ()l + (T ol (14 )
< Cl€as €p, €451, Cin) (|1 (i) [ + 1),

Here we can choose the Cgp in (4.2.7b) to be much larger than the constant appeared

in the estimate and obtain
F(0) < 2CEp(€a, €, €45 1, Cin) (|| (nin)£| 31 + 1). (4.3.13)
The equivalence relation (4.3.6) yields
IO + [ Ve (DIl < F(t).

Combining this with the estimates (4.3.12) and (4.3.13), we obtain (4.2.8b). O
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In order to show the idea behind the construction of the functional F, we first

list all the related equations here:

1 k|?
&ﬁk :Zayyﬁk — %ﬁk — ’U,(y)lkﬁk — Lk — NLk, (4314)
PO N | e v~ L1
0,0, Ck, :Z(?yyé?yck — Tﬁyck — u(y)ikoy,c, — u'(y)ikey, + Z(?ynk — Zalek; (4.3.15)
S SRR 1 1 % UG Y 1.
04Cr; zzﬁyyck — Gk u(y)ikey + 27— s (4.3.16)

where Ly, N L, are defined as in (4.2.6) and (4.2.5). Our primary goal is to obtain the
L? enhanced dissipation estimate of n.. However, we are not able to close the estimate
on d®y[n,]/dt without further information about the chemical gradient d,, c. Specif-
ically speaking, the terms in Ly, N Lj involving 0,(0,C.ny ) cannot be absorbed by
the negative terms in d®y[n.]/dt. Therefore, in the first step, we add ®4[Vec,] in the
functional F to make use of the extra negative terms in d®[Vc.]/dt. The drawback
is that it introduces destabilizing effect of the strong shear flow into the functional
since problematic terms involving —u/(y)ikcy, are created. These terms will typically
involve large powers of A and |k|. In the second step, we add the term A|k|®y[c.]
in F to compensate for this destabilizing effect of shear flow. Finally, we show that
the negative terms in d®;[n.]/dt absorb all terms involving n. in A|k|®y[c.]. By
completing this loop, we have shown that all the terms are absorbed by the negative

terms in the time derivative of F and the exponential decay (4.3.11) follows.
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Proposition 12. For € sufficiently small depending only on u, there holds,

d ~ ~ o ~
%@k[ﬂ#(t)] <Ni[ng] + {QRe(—Lk,nk> — 2Re(a0yyng, —Li) — 2k Re[(ifu' Ly, Oyny)

+ (iBue, 0, L)) + 2K Re (. —Lk>}
+ { — 2R€<NLk, ﬁk> + 2Re<a8yyﬁk, NLk> — 2kRe[<zﬁu’NLk, Gyﬁk>
+@&M@@N@ﬂ—mw%dww%mN@%

=Nk +{Li+ LY+ L)+ L)Y+ {NLi + NLY + NL} + NL}.
(4.3.17)

Recall that Ny, is defined in (4.3.7) and L, NLy are defined in (4.2.5,4.2.6). The

time derivative of ®p[0,c.], Pi0zcx] are bounded,

S00,04(0)

0, 0,

<Ni|0ycz] + {QRe < i ,6y5k> —2Re <a8yy8y5k, T> + 2kRe [ <i5u'%, 8y8y5k>
+ <iﬁu’8y5k, %> } + 2|k|*Re <7(u’)28y5k, %> }

+ { — 2Re (u'ik¢y, 0,¢;) + 2Re (ady,0,Ck, u'ikcy) — 2kRe [ (iB(u')?ikey, 0,0,C )

. . o 0y .
+ (ifu' 9, ¢y, ay(u/ikck)ﬁ — 2|k]*Re(vy(u)?0,ck, u/zkck>} — 4kRe <Zﬁu/chk, (9yyck>
::Nayc,k + {Tgyc,l;k + Tgyc,l;k + Taﬁyc,l;k + Tgyc,l;k}

+ {Talyc,Z;k: + Tg;c,Q;k + Tgyc,Q;k + T%,C,Z;k} + T@ilc,&k’ (4318)
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d

S 0ulo.c4(1)]

<Ni[0zcx] + {2Re <Zk:k,ik/c\k> — 2Re <a8yyzk;ck, ka > + 2kRe [< Bu’ k A ,0 zk:ck>

k0,7 kR k
n <z’5u'z‘kz5k, ! Z”’“” + 2k|2Re <7(u’)2ik5k, %> } — 4kRe <iﬁu'%,ik8yl/c\k>

::Nazc,k + {Talzc,l;k + Tgézc,l;k + T{)/Bmc,l;k + Tgwc,l;k} + Taﬁxcﬁ;k' (4319)

The time derivative of A|k|®y[c.] is bounded,

© Alkleles (1)

<Ak NiJes] + A|k:|{2Re <7Z G > — 2Re <aayyck, S > + 2kRe[< 3 '%,ay6k>

<26u Crs 0A >} + 2|k|*Re <v( "2C, Zf> } — A|k|4kRe <iﬁu'%€, 3y15k>

= AN + AWRT o+ T+ T + T} + AlRIT (4.3.20)

Proof. Applying the equations (4.3.7), (4.3.14), (4.3.15), (4.3.16) and integration by

parts, the estimates follow. O

Sketch of the proof of Theorem 6. The main idea of the proof of Theorem 6 is to
estimate all the terms L{), NL{, TS T3  and A[k|T) in (4.3.17), (4.3.18),
(4.3.19) and (4.3.20), and show that the sum of all these terms are smaller than

— 2 (Nak + No, e + No,eo + AlkIN.x). Once we show this estimate, we end up with

d 3 €

F < kzﬂ (Nok + Noyese + Noer + AlkIN.x) < — T (4.3.21)
This is the same as (4.3.11). 0
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The remaining part of this section is organized as follows: in section 3.2, we
estimate all the terms in (4.3.20); in section 3.3, we estimate (4.3.18) and (4.3.19); in

section 3.4, we estimate (4.3.17).

Time evolution estimates: A|k|4®[c]

In this subsection, we estimate terms in (4.3.20). First the A[k[T} , term in
(4.3.20) can be estimated using Holder inequality and Young’s inequality:

L

ng B/é | . R
> 17|13 + meuck“g. (4.3.22)

1
Tc,l;k = 2R€<Z,Ck S W

We show that A|k|T}}, is consistent with (4.3.11) given that B, then A, are chosen
large. For the second term in (4.3.22), it can be absorbed by the negative term

A|k|Ni[cz] in (4.3.20) given B chosen large enough. For the first term, we can use

: ‘k‘2/3

the negative term —§ 57 |7k |[3 in (4.3.17) to absorb it given A chosen large enough

compared to B and 1/¢, i.e.

B/e
AB/3|k[2/3

1~’k|2/3

7 ~‘k“2/3
2 AL

A|k| —EE—Al/g

1713 — 175 < 172k 13-

The second term A[k|T?,., in (4.3.20) is estimated using Holder inequality, Young’s

inequality and the definition of « (4.3.4):

« 1 -~ 112 B ~ 12
T < El‘\/aayyckng + WHMH%

which by (4.3.7), (4.3.17) and (4.3.20) is consistent with (4.3.11) given A large. For

the A|I<:\Tfl;k term in (4.3.20), we estimate it using the fact that ||[u”|| < C, the
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definition of 8 (4.3.4), Holder inequality and Young’s inequality as follows

TB1 & —4kRe<zﬂu , 0 ck> — 2]{;Re<zﬁu//ck, ;>

Bl 19, CkH L Gllz Bl
< 1~ 2 2 2
~ A4/3 ||\/_ ||2 BA1/3 + A7/3|]€|2/3’

which by (4.3.7), (4.3.17) and (4.3.20) is consistent with (4.3.11) given B, then A large.
Similarly, the A|k|T,, term in (4.3.20) can be estimated using Hélder inequality and

Young’s inequality

8 2 N2 M |k|8/3 'S |k‘4/3 I~ 12
Tc,l;k:2|k| Re PY(U) Ck’?z A1/3BH\/_ H2 A5/3 ||\/’7unk||27
which is consistent with (4.3.11) given that B, then A, are chosen large enough thanks

0(4.3.7), (4.3.17) and (4.3.20). The A|k|T” vo term in (4.3.20) can be estimated using

Holder inequality, Young’s inequality and the definition of 5 (4.3.4) as follows

81k|*[v/Bu'ck|l3 | [10yckl3
Alk|TS,,, < Alk| ( 1 2+ 224/32 : (4.3.23)

which can be absorbed by Alk|Nj[c,] in (4.3.20) given that A is chosen large enough.

This completes the estimation of all the terms in (4.3.20).

Time evolution estimates: %@[VC#]

In this subsection, we estimate the time evolution of ®[Vc,] (4.3.18) and (4.3.19).
We start by estimating the terms in 5 ®[0,c.] since they involve destabilizing effect
of strong shear flow. First we estimate the term T} ., in (4.3.18) using the definition

of 5 (4.3.4), Holder inequality and Young’s inequality as follows:

T! ‘k‘2/3Ha CkHQ + B <A2/3|k3|2/3) |k|2||\/Bch\ ||2

115



Now we see that the first term is absorbed by the negative terms in (4.3.18) given B
chosen large enough, and the second term can be absorbed by the term — A|k|?||\/Bu'cy||3
in (4.3.20) given A chosen large enough. Now we see that this term is consistent with
(4.3.11). Next, combining the definition of «, 5 (4.3.4), Holder inequality and Young’s

inequality, the o term in T ek Canl be estimated as follows:

o 1
Tayl c,2;k 5 E

1Vadyy@ills + B (A [k[*%) [k[*||/Bu'el 5,

which is consistent with (4.3.11) given that B, then A, are chosen large. For the first
£ term in Tém;k, combining the definition of § (4.3.4), the fact that ||u/||1. < C,
integration by parts, Holder inequality and Young’s inequality yields

2k Re(ipu' (—u'ikey,), Oy k) = —2|k|* Re(B2u'u"ey, ,ck) — 2|k|* Re(Bu*0,Ck, D,k )

. . . k>3
<2/ Bu"E| I3 + 21k[|| v/ Bu' 0,2l 15 — 2kl V/Bud,a 3 < Z e 3,

which can be absorbed by the negative term A|k|Nj[c.] in (4.3.20) given A large
enough. By applying integration by parts, we see that the second [ term in Tgy Le2ik
is equivalent to the first one up to the following term, which can be estimated using

the definition of § (4.3.4), ||u”" || < C, Hélder inequality and Young’s inequality

[6[*/2110,C|13

2k Re{ifu" 0k, w'ikth) S e + BIKP|lVAu'd 3

Since the first terms can be absorbed by Nj[0,,c.] and the second term can be
absorbed by A|k|N[c.], this is consistent with (4.3.11) given that B, then A, are
chosen large. The Tgylc,Q;k term in (4.3.18) can be estimated using ||v/||» < C,

Holder inequality and Young’s inequality as follows:

, ]k|8/3
Oyy ¢,2:k ~ Al/3B

||/l 3] K[**

IVAuB,GI3 + B (A2 k) N
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Now we see that the first term is absorbed by the negative term N[0y, c,] in (4.3.18)
if B is chosen large, and the second term is absorbed by A|k|N[c.] in (4.3.20) given
that A is chosen large. This finishes the estimation of the terms Tg;,)lcz;k in (4.3.18).

For the terms of the form Té;)l eask 0 (4.3.18), we will use the negative terms in
(4.3.17) and (4.3.18) to absorb them. For the Talylc,l;k in (4.3.18), we have that by

Holder inequality and Young’s inequality,

1 1

1
Tﬁylc,l;k < m

7| 19u 5.

19y 7ll3 +

By choosing A large, these two terms can be absorbed by the negative terms in
(4.3.17) and (4.3.18). Combining the definition of a (4.3.4), Holder inequality and

Young’s inequality, the T3 ., term in (4.3.18) can be estimated as follows,

o 1 ~ 112 1 ~ 112
Taylc,l;k < WH\/aayyyCHb + WH@AT%HQ»

which is consistent with (4.3.11) for A large enough. For the first 5 term in Ta”ilc’l;k,
we can estimate it using the definition of 8 (4.3.4), the fact that ||u/|| < C, Holder

inequality and Young’s inequality as follows

~

2kRe<lﬁu/yT,8yka> < m”aynkH% + m”ayyckH%'

This term is consistent with (4.3.11) given A chosen large. The second term in Taﬁy ek
is the same as the first one through integration by part up to a controllable term,
which can be estimated using the definition of 5 (4.3.4), the fact that ||u”||» < C,

Holder inequality and Young’s inequality as follows

o,n 1
ke oo, 200 ) < il +

1 ~
MH@ynkII%-
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As long as A is large enough, these two terms can be absorbed by the negative terms
in (4.3.17) and (4.3.18). Finally, for the v term T ., we estimate it using the
definition of v (4.3.4), ||v/||wr~ < C, Holder inequality and Young’s inequality as
follows

M (AL N |10y, 7k I3
aylc,lgk ~ A2/3 A4/3

This is consistent with (4.3.11) given that A is chosen large enough. The treatment
of the term Taﬁqug;k in (4.3.18) is similar to the treatment of (4.3.23), so we omit the
estimate for the sake of brevity. This concludes the estimate of the time evolution
FPk[0yc].

The estimate of the time derivative %@k[@xc;é] is similar to the estimates of the

terms Té;)lc?l;k and T, Bi ek I (4.3.18), hence we omit it for the sake of brevity.

Time evolution estimates: %@[n?g]

Estimate on the L terms in (4.3.17)

The treatment of the L terms has similar flavour to the corresponding treatment
of the L terms in the parabolic-elliptic case. Unfortunately, we need to omit it for

the sake of brevity.

Estimate on N L terms

The treatment of the N L terms has similar flavour to the corresponding treat-
ment of the NL terms in the parabolic-elliptic case. Unfortunately, we need to omit
it for the sake of brevity.
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4.4 Nonzero mode L%H;y estimate (4.2.8a)

The estimates in this section has similar flavour to the corresponding proof in

the parabolic-elliptic case. For the sake of brevity, we omit the proof.

4.5 Zero mode estimate (4.2.8¢)

The proof of the zero mode estimate has similar flavour to the corresponding
proof in the parabolic-elliptic case. For the sake of brevity, we omit the proof and

refer the interested readers to the paper [65].

4.6  Uniform L* control (4.2.8d) and (4.2.8e)

In this section we prove the uniform L> control (4.2.8d) and (4.2.8¢). We
separate the proof into two different time regimes, namely, the initial time ¢ < A'/3+¢
and the long time ¢ > A'Y/3%¢. Here € > 0 is a small constant determined by the

proof. For the sake of clarity, we use C™" in to denote bounds in the initial

7,007 Ve ,00

time and C'79, C“™ {0 denote bounds in the long time. At the end of the proof,

7,00 ) Ve ,00

we will take the C), o, to be large compared to C™  and Ofggg and take the Cy.,

n,00

in long
large compared to Cg, , ,, and Cg. -

Initial Time Layer Estimate

In this subsection, we would like to prove the following lemma:

Lemma 4.6.1. Under the assumptions of Proposition 10, there exist a constant 0 <
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€< % independent of the solution and constants C, «, Cve, 00s Copnoo depending on
CED, Nin, M such that the following estimates hold on the time interval 0 < t < Al/3+e

when A is chosen large enough:

110272(8) oo <Coumo[[msnllarr), Vi € [0, AV (4.6.1¢)

Remark 16. In the proof of the lemma, the destabilizing effect of shear flow has to be
treated carefully because the enhanced dissipation effect of the shear flow is too weak
at the initial time. We will propagate the estimates (4.6.1) till t = AY3Fe. After this

time threshold, the enhanced dissipation kicks in to stabilize the dynamics.

Proof. We use a bootstrap argument to prove the lemma. Assume that for constants

mn in
Cn,oo? CVC;&,OO’

Ca,n. depending on the proof, T}, € [0, A3+ is the maximal time

on which the following hypothesis is satisfied:

[1n(t)||o0 <2C3; (4.6.2a)
IVer ()l <205, (4.6.2D)
10:1()]|oo <2Co,m00, Yt € [0, Ter), Tew < min{ A3t T, }. (4.6.2c)

We will show that all the estimates (4.6.2) hold on the same time interval [0, 7} with
"1’ instead of ’2’ if we choose Aq large. These improvements combined with the local
well-posedness of the equation (4.1.1) yield (4.6.1).

We split the proof into three steps. In the first step, we obtain the improvement
to (4.6.2a) together with a suboptimal estimate of ||Vcx||,,Vp < co. Here the esti-
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mate in ||Veyl|,, Vp < oo is suboptimal in the sense that on the interval [0, T, ), the
estimate loses a small power of A, i.e., [|[Vex||, < A% 6 > 0. In order to compensate
for the loss in powers of A, we need information about the higher regularity of n..
This is why we propagate another estimate (4.6.1c) in the initial time layer [0, T.,).
In the second step, we complete the proof of (4.6.1c). In the last step, we use the
extra regularity information to get the optimal L> bound of Vc,.

First step: We prove the improvement to (4.6.2a) on [0,7,,). We start with

the estimate on ||0,c.||4. Direct energy estimate yields

d 3 6 4

Doucallt < IV @ues PIE + lloucalBlinall; — Flloealll (463)
Integration in time yields

Vit
|[0zc£(t)]]a < \/5—1/2 sup |[n(s)||a + |10z (cin) 4- (4.6.4)
A 0<s<t

With the equation (4.2.3b), we estimate the time evolution of the L* norm of
OyCx:

6Im2[[3]10yc|I3
A

d 3 4
%H@yc#lli < —ﬁHV(ayC;é)QH% + + 410y cx| 3w Dpcs| 4 — ZH@yC#Hi-

As in the 0,c. case, we drop the negative term at the moment, and end up with the

following inequality

6[m2 5110y c2 [

1 + 410, c2 (311w Ozt . (4.6.5)

d
lloyedlt <

Recall from the statement of the main theorem 5 that ||V (cin) || g1 < Cin A7 ¢ >

1/2. Now the idea is to compare ||0yc.||4 with the solution to the following differential
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equation,

d n
zﬁ#:1wﬁOWacﬂh+Hzmh+A), (4.6.6)

f0) =1> Cin A7 2 [|0y(cin)£]]4. (4.6.7)

and show that ||0,c.(t)|ls < f(t) for ¢ < T,,. The function f is estimated using

(4.6.4) and the fact ¢ > 1/2 as follows:

1 ' [In ()13
F) S1+ i+ [ Iduea(oll+ 2
S+ A B (9l i s (o) v < AV
~ A1/2 0<s<t # A1/2 0<s<t # 4> >~ .
(4.6.8)
Next we show that ||0yc||ls < f for V& € [0,T%,). Since f is strictly increasing in
time, f > 1. Assume that there exists a first time t* < T}, such that ||9,c.(t*)||]

is equal to the function f*(¢*). At time ¢*, we have ||9,c.(t*)||s = f(¢*) > 1, which

yields the following relation
10yc2 ()17 > (18, ()13 (4.6.9)

Combining this with (4.6.5), (4.6.6) yields that at time t*,

4
dt

d
loyexlls (4.6.10)

ARl ueslle) N9,eallt] < L
t=t* t=t*

t=t*

On the other hand, 4||9,c.|[} > 44
t=t*

which is a contradiction. As a result, we have that ||Oyc.(t)|]s < f(t), Vt < T,

at the first break-through time t*,

t=t*

4
dt

which together with (4.6.8) yields the following estimate

3/ 1
19yex(O)lle S 1+ Za7 sup [Ine()lla+ 7 sup linx(s i V< T (46.11)
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Recall the Gagliardo-Nirenberg-Sobolev inequality on T x R,

11l SIVARPIA? + £

Combining this with Lemma 4.2.10, ||Vcx||4 estimates (4.6.4)and (4.6.11), we esti-

mate the time evolution of ||n||} as follows

IV )12 + 11V (021 [ 1n2]12)([[Veglla + 118y, colla)

H H4<——HV( I+ 1

H”Hz;( 4 4 t° 4 0 4
S—— 14+ M* +||V(cin + — sup ||n(s)||y + — sup ||nx(s
. 9 ealolli+ g s lIns(@)I + S sup llns(o)
. | ()||8>

— sup ||nx(s )

AzOSsI;t 7 4

Thanks to the hypothesis (4.2.7d), conservation of mass and Hélder inequality, we

can take A large enough such that the above estimate can be simplified as follows:

C|| Ik

H 15 < = (M* + 1+ 19y, (cin)oll3 + A% sup |In(s)I[2),
0<s<t

where the constant C' is the implicit constant in the estimate above. Now we can

compare the ||n|[} to the solution to the following differential equation:

d 2C'f .
%f A (M4+||ay1(cm> ||4+1+A6 ), f(0) >maX{17||nm||i}-

The strictly increasing solution f is bounded f < C(n;,) on the interval [0, AY/3+¢] if
€ is chosen small enough and A is chosen large enough compared to M, ||0,, (¢in)olla
and C. Assume that there exists a first time 0 < t, < AY3*¢ such that ||n(t,)|[} is

equal to the function f(t¢,). Since f is strictly increasing, at the first break-through

time t,, we have ||n(t,)|[s = supy<.<;, ||[7(s)||4, which yields the following relation

Cllnl
- < 14
Al <=

tx

<if

(M 110y, (candol [+ 1+ Al < 2

(4.6.12)

t=t. t=t,
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> 4

5 at the first break-through time ¢, > 0,

On the other hand, 4||n||}

t=ty t=ty

which is a contradiction. As a result, we have that
HTL( )H4 < frZLL4 (nln) Vi € [07 T**)- (4613)

Next we start the iteration process. Assume that ||n||, is bounded, we estimate
the ||n||2, in terms of ||n||,. We start with estimating the H&cc#ng. By calculating

the time derivative, we see that

1 d
ol
2p—1 2p _ 1
—— L IV @I + (@ece ol @ece ) mls — 5 10ec
<= LV @I+ Dl0uca i lInsl By — l10ucall2
— 2A 2 C# 2 C# Nt l2p A xC#l2p

As a result, we have that

d 2 2]9 2
Zil10zczlly, < —linlla, (4.6.14)

which yields
1/2

t €
10sc2()]]2p S \/2_905<ul<3t 12 ($)ll2p 75 + [10a(cin)ll2p, V2 € [0, AV3%). (4.6.15)

Next we estimate the time evolution of ||8yc7g||§g,

2p1

2p
Ha cx| 138 < 2p|[u/Dycs| |20y e 150 Ha x| |22 Inell3, — ZH%C#HZ

(4.6.16)

By comparing the solution with the following strictly increasing function f

d ] Il 1 ;
G = (aducally 4952 4 ) 0 =1 Cod 2 [0, ol

(4.6.17)
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and applying a similar argument to prove (4.6.13), we have that

t3/2
10y (Oll2p < F(8) S 1+ —v/P sup [[nz(s)ll2p
0<s<t

+ A_q+1/3+6 + pSUpogsgt | |n7é<8) | |%p

Y , Vtel0,T.). (4.6.18)

Next we estimate the time evolution of ||n| |§§. Applying the hypothesis, ||Vey| |2,
estimates (4.6.18), (4.6.15), Lemma 4.2.10 and the Gagliardo-Nirenberg-Sobolev in-

equality on T x R
11l S USRI + 11 ]

we have the following estimate by picking A large

2pdt
2p—1
T IV (n?)][3 + (n”)[2[[n"Vella
< _ 2p v 2 2p p p l—l/p v
< || (nP)[lz + (nP)[l2[[n?lly " lnlloo| Vel |2p
2p Cj D 1 p+1 p+1 (7p2 2%}2
YT HV( )Hz+—||an = ¢ IVell, e + =Pl [inl Sl Vellz,
Cp’ F=y 2-2\ 3¢/2 !
p+1 P €
<+ )0 (OO, oy Dyfende) + 42 s0p 49y )

where the constant C' is a universal constant depending on the constant in the
Gagliardo-Nirenberg-Sobolev inequality. Time integrating on both side of the es-
timate and applying the hypothesis (4.2.7d), conservation of mass and Holder in-

equality, we have

2
sup  |[n(s)|l2,

0<s<T4«
< p—SC(Czoo Iy(cin)o)| sup [[n(s )!|pp(”+1) + sup [[n(8)|2P7D ) + (a3
T A2/3Te oy 0<s<Ts 0<s<T,, b P

(4.6.19)
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Finally, we use the (4.6.19) together with (4.6.13) to prove the |[n||ze (0,1, 1) <
Cjr. Note that if for Vj € N, supy< 7, [[n(s)||2 < 1, we have that supyc 7, [[7]|o <
1, and the result follows. Therefore, we define 4 < p, = 2= € 2% to be the first integer

such that supy,.7,, [|n||p, > 1. Note that for p = p, /2,

1] e 0.1, 122 < max{C}"4,1}. (4.6.20)

In the following argument, we will only care about p > p, since we want to find the
limit of HnHL;’O(O,TH;LQy) as p — 0o.

By the Holder’s inequality,

1< sup |[n(s)
0<s<Tsx

MSM@wa!W@Mﬁ Vp > p..

<s<Tx

Combining this estimate with the conservation of mass, we can get a lower bound for

SUDg<s<T, [[n(s)] |p

sup |[n(s)|l, > (1+ M) 759 > (1+M)™>5, wp=2 eV j>j >2 (4621)
0<s<Ty«

Combining this with (4.6.19), we have that

8

2p b 2 2p
5 I < o CCane) sup lIn( + lmallfy (4622

Now we can pick the A big such that

Csup In()E <7 s ()l VP =2 2pojeN. (4623

<s<Tux

Now by the L* bound of n (4.6.13), the LP*/2 bound of n (4.6.20) and the standard

Moser-Alikakos iteration ( [1]),we have that

sup  ||n(s)]]eo < C’,i" (M) (4.6.24)

,O0
0<s<T}s
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Second step: We prove the improvement to (4.6.2c). First we estimate the

time evolution of Hamc75]|§§:

1 d 2p
1054l < = T IV O P11 + K 0um By 0nacal 372 -

1 2
Z10acAllZ
Here we use the fact that 0,n = 0,n». As a result, we see that

2pt
[|0zac2 (t)]|2p S \/% sup Hé? n(s)llop + 1107 (cin)2ll2p. - VE € [0, L) (4.6.25)

By a similar argument as in the estimate of the term ||0yc||o, in (4.6.18), we have
that

SUP<<y |10 (3)]13,
Al/2 '

pt3/2
VPEZ up 1185n(s)]lzp +

0,7.,).
a7z S € [0,7,)

Oeyex (D)]|2p S 1+
(4.6.26)
Now we can calculate the time evolution of ||0,n| ]gg

1 d 2p —1 2p
5 25 319 2y < = =5 IV (@en)?||5 + e (HV(a n)?|[a]10un| 5, 102 Vs [op| 1] oo

+|rv<axn>pr|2||<axn>pw|r2)

2p—1

(0:n)P||5 + T1 + To. (4.6.27)

In the first line, we have used the fact that 0,Ve = 9, V.. Now we need to separate
the estimate into two cases, p = 1 and p # 1. First we discuss the p = 1 case. The T}
term in (4.6.27) can be estimated using the ||V, cx||s, estimates (4.6.25) and (4.6.26)

as follows:

g N4AIIV(3 n)lls + ||3zVC¢||§|In||§o

1 2 2 3e 2
S V@R + 5 (s s 100(s) B + 1+ 4% sup [10.0(o)

1
5 2w 101l (4.6.28)
0<s<t
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The T3 in (4.6.27) can be estimated using Ve, L* estimates (4.6.4), (4.6.11), Lemma

4.2.10, Gagliardo-Nirenberg-Sobolev inequality on T x R and Hélder inequality as

follows:
T5N4AHVG9HNB H&mﬂﬁHVdﬁ-%HVdﬁ)
2 4 y 4
SV @R + 10l (14 2 + 10 ol + 5 s I
t6 1 g
+ 2 s In(a)+ 5 sup [In(o)];) (1.6.29)

Now combining (4.6.24), (4.6.27), (4.6.28), (4.6.29), Lemma 4.2.1, and, we obtain

that

d
llo.nll3 <

C(CZ,ooa ay (Cin)(]) (
A1—6e

1+ sup H(’?xn(s)H%)

0<s<t
Now use a comparison argument similar to the one used to prove (4.6.13), we end up

with the following estimate given A chosen large enough
[10:n(t)|]2 < Copnr2(nim), Vt e [0,T4). (4.6.30)

This finishes the treatment of the case p = 1.
For the p # 1 case, there exists a large B such that the 7} term in (4.6.27) can

be estimated as follows:

2p BCp
T, <
' = BAp?

BCp

(lﬁ) p+1 p+1
HV( n)?||3 + —— (@), 4'Hvacﬂ\+HnH+

-
@12 19Dl By ] 2

which combined with Vd,c, L? estimates (4.6.25), (4.6.26), hypothesis (4.6.2¢) and
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L? estimate of d,n in the initial time layer (4.6.30) yields

2p —
Ty < IV @)
Bp 1-2%4) -3
+ izee (1(@en)? [ + 1@ C(C200, Copnyoos Min) . (4.6.31)

For the T5 in (4.6.27), we can estimate it using Lemma (4.2.10), L™ estimate of n
(4.6.24), Ve L* estimates (4.6.15), (4.6.18) and the Gagliardo-Nirenberg-Sobolev

inequality on T x R as follows:

2
T < (0an)]2[(8am)”|16/711V €l 16

2p 2 BCP 2 32/7 2
<BA2"V< n I3+ =L@ 12 (IVel 7 + [Vl )

2p
IIV( n)?|3 +

< BA -5 ||a n||22C(Ca,00). (4.6.32)

Al Te

Combining (4.6.27), (4.6.31) and (4.6.32) and integrating in time, we have that

1 2
;p!!ﬁxn(t)!bﬁ

1 Bpt 2p(1—-25) _
S%H(’?xnml\iﬁ Ao S (Haxn(S)Hp P |00l 2P C(Cay05 Conyoos Min)

Bp4t %
141—7 sup. ||8 n(s)|[;FC(Cono), VE € [0,T.]. (4.6.33)
Finally, we use the (4.6.33) together with (4.6.30) to get the |[0,n||rz(0,1150,) <

2C9,n,0- Note that if for Vj € N,

sup [[en(s)ly <1,

0§S<T**

we have that supgc,.r,, [[0:n(5)||« < 1, and the result follows. Therefore, we as-

sume that there exists 4 < p, = 27+ € 2N such that it is the first integer that
SUPo<s<T,, ||aa:n||p* > 1. For p = p*/27
||8$n||Ltoo(0’TH;Lg’*Jz) < maX{Caszﬁ, 1} (4634)
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We will only care about p =27 > p,, j € N. By the Holder’s inequality,

1< sup [|8,n(s)|]p. < sup [|8n(s)]|5 sup [|0:n(s)|[,7, p>pe,pe 2
0<s<Tix 0<s<Tix 0<s<Tsx

Now combining this with (4.6.30), we have a lower bound for supy<,<7,, ||0zn(s)|[,:

sup |[0x1(8)|lp > (14 Coynz2) ™, Vp>p,, pe 2. (4.6.35)
0<s<T%x

Now combining this with (4.6.33), we have that

Bp®
ax 2p< aa: in o Ho/7_<, aa: ZPCC 00 C n,00 'bin ) -
Ogilé%** H n(S)H2p —H n H2p + A2/3—8¢ Oﬁsslél;** H n(s)Hp ( 2,005 Ldgn,00, T )
(4.6.36)
Now we can take the A large such that
sup ([0, (s)| 2 <[|0manll3+5° sup [Oen()|[Z. (4637)
0<s<Tys 0<5<Tx

Combining L? estimate of 9,n (4.6.30), LP+/? estimate of 9,n (4.6.34) and the standard

Moser-Alikakos iteration yields

sup  ||0:1(8)||oo < C(nin). (4.6.38)

0<s<Tx
Now by picking 2Cy,,00c > C(ni,), we finishes the proof of the improvement to
(4.6.2¢).
Third step: We prove the (4.6.1b). First we calculate the time evolution of
||0zc£||2p using (4.6.30) and (4.6.38):

1 d

1
Pl < —(C n) + C. o)) || 02|52
2p dt ( 8In72(nzn) + 81”700(77'1”))” CCC#H

1
2
[10scll3 < 110 |apl|Oncx 357" < — o

2p —
This implies that

t

sty <

(C[)xn,Q + Oﬁxn,oo) + ||8$(cz-n)¢||2p, \le - [2, OO) (4639)
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Therefore, by the assumption that ||V (¢y)£||giawre < CA™9, ¢ > 1/2, we have
that

t
1022 (t)]|00 < Z(Camnz + Copnoo) + CA™Y (4.6.40)

For t < T,, < AY3%¢ we have the following estimate for A chosen large enough
|0zc£()]|oo <1, WVt €[0,Th). (4.6.41)

In order to estimate the norm ||dyc.||2,, we need to introduce a time weighted
norm. To define it, we first consider the following simpler equation only taking into

account the destabilizing effect of strong shear flow

d
%.f = _ul(y)axcsﬁ - u(y)ava fm = ayl (Cin)7é~

We can estimate the time evolution of the L* norm of the solution using (4.6.39) as
follows:

1d

t
2p dt

A2 < B oI £ < ( ! (Couni + Conn) +OA-q) (NI
(4.6.42)

Time integration yields

tQ
1 @)l2p < Zl0lloo(Com ot Copmoe) +C[0 [l A +CA™ =: G (1), 0 <t < Ty, ¥p > 2.

(4.6.43)
Note the following relation:
Glo(t) = 2%(Cazn,2 + Counoo) [[t|loo + Ol AT 2 [t/ Ot (4.6.44)
Next we consider the following time weighted norm:
Fir(t) = ||azgi_<é))”ﬁ, (4.6.45)



Since G4 is bounded by a universal constant if we choose A large enough, the norm
.7-",)1/ P is equivalent to the L” norm. However, the quantity F, has better property than

L w will

the usual L” norm. When we take the time derivative of F,, the weight —z

contribute extra negative term to compensate for the destabilizing effect of strong
shear flow.
The time derivative of the Fy, can be estimated with the L> bound of n in the

initial time layer (4.6.24) and Gagliardo-Nirenberg-Sobolev inequality on T x R as

follows

d 2p [ 2p—1l10scxllyp  2p—1 2p—1 2p—2 .
—F, < — P 8 2p 6 P M Om 2
dt 2p = 6G’oo2p < C'p2A Hayc#HIQ)p pzA || yc¢||p + A || yc7é||2p ( + n,oo)

2p—1 2
+ﬂ%%M§HM@%Mw%£ﬁW%%MQ-

S

2
If supg< <7, % <1, we have

Fop(t) <1, Vtel[0,Ty]. (4.6.46)
Otherwise if supg<,<r,, % > 1, we have that at the maximum point ¢, of

Fop, ||0ycx(ts)|]2p > 1. Combining this fact, Holder inequality and the hypothesis

e(4.2.7b), we obtain the following:

d 2p
p < mH(@y%)p(u)II%x

Fop

t=ty
( 2p — 1 ||8ycx(te)|[3h)eCoe )2 L3
CAp? (||10ycx(t)|[p/eG=tP)2 — pA

2p—1 in
(Coollmnlil + 1)+ L7201 + €7 ).

Now we have that

" 104, ()1
sup  Fy,(s) < C(M,C), Cep, ||nin||m1)p?  sup Fp(s)Z—l—y;szp. (4.6.47)
0<s<Tx 0<s<Tx e
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Combining (4.6.46) and (4.6.47), and noting that C}". only depends on n, (4.6.24),

we have

sup  F,(s) < max{C(M,Cgp,nin)p° sup F.(s),1} (4.6.48)

0<s<Tys 0<5<Tha

for A large enough. Combining this with the fact that ||0ycx||s < VCrp(||nml||m +
1) < oo from the hypothesis (4.2.7b) and using similar Moser-Alikakos iteration

argument as before, we end up with

sup ||0yc£(s)||oo < C(M, Crp, nip). (4.6.49)

0<s<Tsx

Combining this with (4.6.41), we have proven that
[Ver ()] < Clvnc# (M, Cgp,nin), Vtel0,Ts). (4.6.50)

Now since we have proven the bootstrap conclusion (4.6.38), 75, can be extended all
the way to A3+ ¢ < % Therefore all the estimates we got above can be extended

to [0, AY/3+€]. This completes the proof of the lemma. O

Remark 17. One might slightly improve the value of q in Theorem 5. However, if q
18 too small, we are not able to prove Theorem 5. For example, we could not prove
the theorem with ||V (cin)2||mawie &~ A™Y4. The main obstacle is the estimate of
the chemical gradient near the initial time. From the ||O,c.||s estimate (4.6.4), we

can only obtain that

el < V3L

Az S Sup ||n¢||4+A V4t e0,T.]

Combining this and the estimate (4.6.8) and the fact that ||Oycx(t)|la < f(t), we

obtain that

t3/2 1 2
R vVt < T,
\1/2 Oiligtun#(smél A1/2 ng<t”n#<3)|’4v =

18yc()]la S AV2HE +
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which depends badly on A. Since we do not have a bound which is independent of A,

we could not continue the proof.

Long time estimate

In this subsection, we prove (4.2.8d) and (4.2.8¢) in the time interval [AY/3+¢, T,).
For the sake of brevity, we omit the proof and refer the interested readers to the

paper [65] for further details.

4.7 Conclusion

In this paper we consider the parabolic-parabolic Patlak-Keller-Segel models in
T x R with advection by a large strictly monotone shear flow. Without the shear flow,
there exist solutions with mass larger than 87 which blow up in finite time [106]. We
show that the additional shear flow, if it is chosen sufficiently large, suppresses one

dimension of the dynamics and hence can suppress blow-up.
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Chapter 5: Global Regularity of Two-Dimensional Flocking Hydrody-

namics

5.1 Overview

We consider the system of Eulerian dynamics where the density p(z,t) and
velocity field u(z,t) = (uy,...u,) : R” x Ry + R™ are driven by nonlocal alignment

forcing,

pt+v<pu) =0,
(2,1) € R" x R, (5.1.1)

w - Va= [ alopt)(aly.t) - ule )0,y

A solution (p,u) is sought subject to the compactly supported initial density
p(x,0) = po(xz) € LL(R™) and uniformly bounded initial velocity u(z,0) = ug(z) €
Whe(R"). The alignment forcing on the right hand side of (5.1.1) involves the non-
negative interaction kernel a(x,y,t). Different models involve different interaction
kernels. We focus on two cases. The Cucker-Smale (CS) model [46] is subject to
a symmetric interaction kernel a(x,y) = ¢(|]z — y|). The Motsch-Tadmor (MT)

¢(lz —yl)

model [97] utilizes a more realistic interaction kernel a(z,y,t) = ——————~. The

(¢ % p)(x,1)
kernel is non-symmetric but normalized such that [ a(z,y,t)p(y,t)dy = 1.
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It is shown in Chapter 1 that taking hydrodynamic limit on the particle system

yields the following conservative equation

pr+V-(pu)=0

(pu)s + V(pu@u) = 1) %/wu—mxm%w—uuw»mem%ww.

(¢ *p)(z,t
(5.1.2)

Here a(z,t) is the amplitude of alignment, a(x,t) = (¢ * p)(x,t) in the case of CS
model, and a(x,t) =1 in MT model. When classical solutions of these equations are

restricted to the support of p(+,t), one ends with the equivalent system (5.1.1) with

a(z,y,t) = oz, t)o(|x — y[) /(¢ * p)(z,1), namely

pH—V-(pu) =0,
(5.1.3)

a(x,t) /
w+u-Vu= —— [ o(|lx —y|)(u(y,t) — u(x, t))p(y, t)dy.
: e oo ] = oty 0~ ute )y,
One aspect of the long time behavior of (5.1.1) is the emergence of flocking

phenomena, which can be characterized in terms of the diameters

D(ty:= swp  fr—yl,  VE)=  swp |ulz,t)—ulyb).
x,yesupp{p(-,t)} z,yesupp{p(-,t)}

The system (5.1.1) converges to a flock if there exists a finite D, such that

sup D(t) < Dyy and  V(t) =X 0. (5.1.4)

t>0

5.1.1 Strong solutions must flock

For the reader’s convenience, we recall the following strong solution must flock

result from Chapter one.
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Theorem 10 (Strong solutions must flock [112]). Let (p(-,t),u(-,t)) € (L N L') x
W be a global strong solution of the system (5.1.1) subject to a compactly supported
initial density po = p(-,0) > 0 and bounded initial velocity uy = u(-,0) € WhH>,
Assume that a monotonically decreasing influence function ¢ < ¢(0) =1 is global in

the sense that'

Vo < my o(r)dr, mo = |pol1s (5.1.5)
Dy

where Dy and Vy are the initial diameters of non-vacuum density and velocity. Then
(p,u) converges to a flock at exponential rate, namely — the support of p(-,t) remains

within a finite diameter Do, whose existence follows from assumption (5.1.5)

Doo

sup D(t) < Do, where mq (s)ds =V, (5.1.6a)
t>0 Do

and

o MoPoo, CS model,
V(t) < Voe ™ — 0, K= boo = P(Doo). (5.1.6b)

Do, MT model,
In particular, if |¢|1 = oo then there is an unconditional flocking in the sense that

(5.1.6) holds for all finite V.

5.1.2 Critical thresholds

Theorem 10 raises the problem whether solutions of the hydrodynamic model
(5.1.1) remain smooth for all time. This question was addressed in [35,112], prov-

ing that if the compactly supported initial data stay below certain critical threshold

We let | - |, denote the usual LP norm.
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in configuration space then initial smoothness propagates and, as a result, the cor-
responding strong solutions will flock. Recall the finite-time blow-up of compactly
supported density in the presence of local pressure [92,110] and even in the presence
of global Poisson forcing [96]. In both cases, a positive lower-bound on the (potential
of) the forcing — the pressure, the Poisson forcing, etc., over the finite supp{p(-,t)}
leads to finite time blow up. In contrast, here the non-local character of the influence
function ¢ guarantees global regularity, at least for sub-critical initial data. This
type of conditional regularity for Eulerian dynamics depending on a critical thresh-
old in configuration space, was advocated in a series of papers [54,85,87,89,90,113].
Here, we pursue this approach to derive sharp critical thresholds for propagation of

regularity of the two-dimensional flocking hydrodynamics.

5.1.3 Vacuum and the finite horizon alignment

According to (5.1.5), if the influence function is global in the sense that / ooqb(r)dr =
00, then the alignment dynamics (5.1.1) admits unconditional flocking in the sense
that (5.1.6) holds for all V4’s. This holds for both the symmetric CS model and non-
symmetric MT model [98, proposition 2.9]. In this case, alignment in (5.1.3) is active
throughout R™, inside and outside supp{p(-,t)}. Indeed, one has a global lower-bound

on the action of alignment for all z € R", [112, proposition 6.1]

(6% p)(a,t) = mod(d(x,t) + Do) > 0, d(x,t) = dist{z,supp{p(-,£)}}

The flocking behavior of such a global approach was pursued in [112].

Another possible approach to study (5.1.3) is to focus on a specific initial configuration
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with finite velocity variation Vj < oco. Then, since supp{p(-,t)} cannot grow beyond
a maximal diameter of size D, dictated by (5.1.6a), it follows that the alignment

term on the right of the underlying conservative formulation (5.1.2),

o(lz —y)(uly,t) —ulz,t))p(z,t)p(y,t) = 0, |2 —y| > D,

independently of the values of {¢(r), 7 > Dy }. Alternatively, we can fix a compactly
support influence function ¢ and view (5.1.6a) as a restriction on initial velocities
whose variation is “not too large”, so that they lead to flocking. With either one of
these two points of view, the values of ¢(r) for r > D, play no role in the dynamics.
We therefore may set ¢(r)p~p.. = 0 which in turn sets a finite horizon on the action

of alignment. Namely, the alignment in (5.1.3) is still active in the vacuous annulus

outside supp{p(-,t)},
A(t) :={z | 0 < dist{x,supp{p(-,t)}} < Do},
and (5.1.3) applies in supp{p(-,t)} U A(t),

pe+ V- (pu) =0,
dlSt{Ivsupp{p(7t)}} < De.

w4 V= % / 81z — y1)(u(y) — u(z))o(y)dy
(5.1.7a)

However, since ¢(|z — y|)p(y) is supported for y’s in the intersection y € Y, (t) :=

supp{p(-,t)} N Bp_ (), it implies the alignment bound

‘/¢(|x —y(u(y,t) —u(z,t)ply, t)dy| < V(L) - |p(-1)|eo X / o(|r —y|)dy.

yeYa(t)
It follows that the alignment on the right of (5.1.7a) approaches zero, as © € A(t)

approaches the “horizon” boundary dist{x,supp{p(-,t)}} = Ds and vol(Y,(t)) —
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0. In particular, (¢ * p)(z,t) = 0 beyond the horizon dist{z,supp{p(-,t)}} > D,
where the momentum equation is reduced to inviscid pressureless equations, u; +u -
Vu = 0. Accordingly, (5.1.7a) can be complemented with constant far-field boundary

conditions, in agreement with [112, Remarks 2.8 & 6.6],

u(x,t) = uy, for dist{z,supp{p(-,t)}} > Dw. (5.1.7b)

5.2 Cucker-Smale hydrodynamics: global regularity and fast align-

ment

5.2.1 Global regularity

We begin by recalling the one-dimensional Cucker-Smale model for (p,u) :

(R7 R+) = (R+7 R)v

pe + (,OU);,; = 07
(z,t) € (R,Ry). (5.2.1)
s = [ o = yl)(ulyet) = ule, 0)ply. Oy
R
In [35] it was proved that (5.2.1) has a global classical solution if and only if the initial

data satisfies

Opup(x) > —(p* po)(x), forallz €R. (5.2.2)

Condition (5.2.2) separates the space of initial configurations into two distinct regimes:
a sub-critical regime of initial data satisfying O,ug(z) > —¢ * po(z), Vo € supp(po),
which guarantee global smooth solutions; and a supercritical regime of initial condi-
tions such that d,ug(xg) < —¢ * po(xo) for some zy € R, which leads to a finite time
blowup. This is a typical one-dimensional example for the critical threshold behavior.
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Condition (5.2.2) provides a sharp improvements to the earlier critical threshold re-

sults in [86,105,112]. Recent results in [48,109] prove the global regularity of (5.2.1)

for singular kernels ¢(|z|) = |z|~*® for a € (0,2) independent of any finite critical
threshold. Singularity helps!.

A first attempt to extend the study of critical threshold to the two-dimensional

CS model was derived in [112]. Here, we improve this result with a simplified deriva-

Kt

tion of a sharper critical threshold condition, leading to alignment decay of order e™"*.

We recall (5.1.6b) which set k = Mm@ in the present case of CS model.

Theorem 11 (Critical threshold for 2D Cucker-Smale hydrodynamics). Consider the

two-dimensional CS model

pt+ V- (pu) =0,
r€R*t >0, (5.2.3)

w e Va= [ 6z = ol)aly.0) ~ e O)p(v. 0y
subject to initial conditions, (po,ug) € (L1 (R?), Wh>(IR?)), with compactly supported
density, Dy < oo, and such that the variation of the initial velocity satisfies the

strengthened bound

2
vogmo-min{|¢|1, O } Vo= max  |u(@) - uo), du = 6(DLH.24)

4]¢'| o z,y€supp(po)
Assume that the following critical threshold condition holds.

(i) The initial velocity divergence satisfies
divug(z) > —¢ * po(x) for all = € R (5.2.5)

(it) Let S = ${(0ju; + Oiu;)} denote the symmetric part of the velocity gradient with
eigenvalues i; = 1;(S). Then the initial spectral gap ng = p2(S0) — p1(So) is
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bounded

mod)ooa Ne = N2(S<I?t)) - N/l(S(m?t))' (526)

N —

max [, ()] <

Then the class of such sub-critical initial conditions (5.2.5),(5.2.6) admit a classical
solution
(p(-,t),u(-,t)) € C(RT; L™ N LY(R?)) x C(RT; WH*(R?)) with large time hydrody-

namics flocking behavior (5.1.6b), max  |u(z,t) —u(y,t)| e "
z,y€supp(p(-,t))

Before turning to the proof of theorem 11, we comment on its assumptions.

Remark 18 (on the critical threshold (5.2.5),(5.2.6)). Theorem 11 recovers the one-
dimensional critical threshold (5.2.2). It amplifies the same theme of critical threshold
required for global reqularity of other two-dimensional Fulerian dynamics found in re-
stricted Euler-Poisson equations [89], rotational Euler equations [90],etc., namely —
if the initial divergence is “not too negative”, as in (5.2.5), and the initial spectral gap

is “not too large”, as in (5.2.6), then global reqularity persists for all time. In par-

ticular, since ng = /(O1u1 — Oauz)? + (Dyug + Oour)? we find that both (5.2.5),(5.2.6)
hold if

1
10jui(z,0)] < —=mpPec.

42
Remark 19 (on the finite variation (5.2.4)). Observe that (5.2.4) places a restriction
on the size of Vi even in the case of unconditional flocking, |p|; = co. Specifically,
recall that Vy dictates the maximal diameter of the flock in (5.1.6a) and thus, (5.2.4)
amounts to
- o(s)ds < ¢*(Dec)

Do ~ 4dmax,<p, ¢/ (s)]

(5.2.7)
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Since the term on the left is increasing while the term on the right is decreasing as
functions of D, it follows that (5.2.7) is satisfied for diameters Dy, up to some
mazximal finite size, that is — the condition made in (5.2.4) is met for finite Vo =
mo - (s)ds depending on the influence function ¢. This finite restriction on Vj
can probably be improved, but unlike the one-dimensional case it cannot be completely

removed. In fact, since Vi < (u2(So) + wo)Deo, the bound sought in (5.2.4) places a

purely two-dimensional restriction on the size of initial vorticity.

Remark 20 (on the finite horizon). Observe that in the case of alignment with a finite
horizon, the critical threshold (5.2.5) requires that div ug(x) > 0 for dist{x, supp{po}} >
Do. This is precisely the critical threshold condition which rules out finite time blow-
up in the pressure-less equations [111], which is satisfied when prescribing far-field
constant velocity (5.1.7b). In this case, the critical threshold (5.2.5) needs to be ver-

fied within the finite horizon dist{z, supp{po}} < Doo.

Proof. Our purpose is to show that the derivative {0;u;} are uniformly bounded. We

proceed in four steps.

Step #1 — the dynamics of divu + ¢  p. Differentiation of (5.1.1) implies that the

2 x 2 velocity gradient matrix, M;; := 0;u;, satisfies

The entries of the residual matrix {R;;} can be bounded by the commutator estimate
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[112, proposition 4.1] in terms of V(t) = sup |u;(z,t) — ui(y,t)| < Voe ™,
supp(p)

Rl = | [ 9jolle = D 0s:0) o )l 0| < 6 malie ™, = oo

The first step is to bound the divergence: taking the trace of (5.2.8) we find that

d := V - u satisfies
d, +u-Vd+Tr M?> = —(¢* p)d + Tr R.

Expressed in terms of the material derivative along particle path, X’ := (0;+u-V)X,
we have d’ + Tr M? = —(¢ * p)d + Tr R. We now make a key observation that Tr R is
in fact an exact derivative along particle path. Indeed, as in [35] we invoke the mass

equation,
TtR=¢*V - (pu) —u-Voxp=—(p*p) —u-Voxp=—(¢xp),

and we end up with

(d+¢xp) +TrM? = —(¢ * p)d. (5.2.9)
2 g2
To proceed, we express Tr M? = TM in terms of the spectral gap, n,, = Ao(M) —

A1 (M), associated with the eigenvalues of M,

1 1
(d+¢*p) = —517; — 5ol(ol + 20 % p). (5.2.10)

We need to follow the dynamics of the spectral gap ny;. To this end, one may try to

use the spectral dynamics associated with M, [87]: by (5.2.8) the \;’s satisfy

N4 N2 = —(¢* p)\; + (£, Rr), i=1,2,
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where {€;,r;} are the left and right eigenvectors associated with \;, normalized such
that (£;,r;) = 1. Taking the difference of these two equations shows that the spectral

gap 1n,, = A2 — Ay, satisfies the transport equation
77;\4 + (d + ¢ * p)TIM = <£27 RI‘2> - <£17 RI‘1>.

Here one faces the difficulty which arises with the term on the right, namely — even
with the control of the entries { R;;}, we may still encounter an ill-conditioned M with
|€;] - |r;] > 1 so that the magnitude of this term is left unchecked. To circumvent this
difficulty, we proceed along the lines argued in [111]: we split M into its symmetric

and antisymmetric parts M = S +  and use the identity?
nl, =0 — 4w?, M=S+Q, Q:= , (5.2.11)

where w is the scaled vorticity® w = %(61u2 — Oyuy). Expressed in terms of 7, the

trace dynamics (5.2.10) now reads
I R R 1
(d+ ¢ *p) = 5(4w —n.) — 5d(d—|—2q§*p).
This calls for the introduction of the new “natural” variable e = d + ¢ * p, satisfying

e == ((¢pxp)+4uw®—nl—¢). (5.2.12)

1
2
Our purpose is to show that {x | e(x,t) > 0} is invariant region of the dynamics

(5.2.12).

2Equating the trace of M? with that of S? + Q2% + SQ + QS we find Tr M? = Tr S? — 2w?. Using

Tr X? = (d? + n2) with X = M on the left and X = S on the right implies (5.2.11).

3The use of such scaling simplifies the computation below.
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Step #2 — bounding the spectral gap 7,. Consider the dynamics of the symmetric

part of (5.2.8)
4 2 2 1 T
S'+ 5% = wilhua — (¢ * p)S + Reym, Rsymzi(RJrR ),
The spectral dynamics of its eigenvalues, ps(.S) > u1(S), is governed by

'u/; + /4%2 = u}2 — (Qb * p),u, + <Si7 Rsymsi> (5213)

driven by the orthonormal eigenpair {si, sy} of the symmetric S. Taking the differ-

ence, we find that 7, := p2(S) — p1(S) > 0 satisfies,
n.+ens=q, e=d+¢xp. (5.2.14)

This is the same dynamics found with 7,, except that the different residual on the

right of (5.2.14) given by
q:= <Sz, Rsym52> - <Sl, Rsymsl>7
is now controlled by the size of {R;;}: since s; are normalized,
(1)) < 2max | Ry;(- )] < 2 lowmoloe™, & = moee. (5.2.15)

Hence, as long as e(+,t) remains positive then 7, remain uniformly bounded

/
00 1
Ing(z,t)] < max Ing(z,0)] + 2%% < max Ing(z,0)] + §m0¢oo < Mmodoo  (5.2.16)

The first inequality on the right follows from integration of (5.2.14)-(5.2.15); the
second follows from the Vj-bound in (5.2.4) and the third from the assumed bound
on 7, in (5.2.6).
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Step #3 — the invariance of e(-,t) > 0 . We return to (5.2.12): expressed in terms

of c(x,t) := /(¢ * p)> — 12 we have

> (SPxt)—e),  clxt)=4/(¢xp)?—n (5.2.17)

N~

Observe that ¢(+) is well-defined in R: the upper-bound (5.2.16) and the lower-bound
¢ * p > mpdo imply that as long as e > 0, the right term on the right of (5.2.17)

remains boundedly positive

c(a,t) > \/m%qﬁzo — maxn?(z, 1) > cin > 0.

Since € > 2(c2;, —€?) = 1(Cmin — €)(Cmin +€), it follows that e is increasing whenever

e € (—Cmin, Cmin) and in particular, if ey > 0 then e(x,t) remains positive at later

times. Thus, if the initial data are sub-critical in the sense that (5.2.5) holds
eo = divug(x) + ¢ * po(x) > 0,
then e(-,t) > 0 and 7,(+, t) remains bounded.

Step #4 — an upper-bound of e(+,t). The lower-bound e > 0 implies that the vorticity
is bounded. Indeed, the anti-symmetric part of (5.2.8) yields that the vorticity w =

%Tr JM satisfies
, 1
W +ew= 3 Tr JR, J= (5.2.18)
hence
/ 1 / —Kt
ol < —elwl+3lal, la(-0] < 20 amoVoe ™, k= mode,  (5:219)
and we end up with same upper-bound on w as with 7,

1
lw(z,t)] < wWnax, Wmax ‘= Max |wo| + §m0¢oo- (5.2.20)
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Returning to (5.2.12) we have (recall ¢ < 1)

¢ <3002+ 47— &) < S(mbaid, — &),
which implies that e(x,t) < epax < 0o. The uniform bound on e implies that divu
is uniformly bounded, |divu| < |e|e + |@ * plooc < €max + Mo, and together with
the bound on the spectral gap (5.2.16), it follows that the symmetric part {S;;} is

bounded. Finally, together with the vorticity bound (5.2.20) it follows that {0;u;}

are uniformly bounded which completes the proof. n

Remark 21. Observe that the region of sub-critical configuration leading global requ-
larity becomes larger for |wo| > 1 in agreement with the statements made in [38, 90]

that rotation prevents or at least delays finite-time blow-up. Specifically, if |wo(-)| >

2

Wmin > 0 then one can set a larger lower barrier ¢ = \/(¢*p)2 + 4wy, — 12 in
(5.2.17) leading to the improved threshold divug > —¢ * pg — Wyin. In particular, if w
is large enough so that 4w* —n% > 0, that is — if M has complez-valued eigenvalues,
then the invariance of the positivity of e follows at once from the fact that (5.2.12) is
dominated equation by € > 1 ((¢xp)? —e€?). As in the 2D restricted Euler-Poisson

equations [89], the difficulty lies with the case of real eigenvalues.

Remark 22. The proof of theorem 11 reveals two main aspects. First, the commu-
tator structure of the alignment term on the right of (5.2.3)s, expressed as [p*,ul(p),
leads to the ‘residual terms’ R;; with exponentially decaying bound. The role of com-
mutator structure was highlighted in our recent work [109]. Second, the use of spectral
dynamics, [85,87,89], to trace the propagation of regularity for the remaining, non-

residual terms in (5.2.8).
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5.2.2 Fast alignment

We extend the one-dimensional arguments of [109] that show an exponentially
rapid convergence towards a flocking state, consisting of a constant 2-vector velocity
u € R? and a traveling density profile p(x, t) = p(x—ti). We only indicate the main
aspects in the passage to the present system. We start by noting that the positivity
of e implies more than the mere boundedness of the spectral gap ns and the vorticity
w. Indeed, (5.2.14) and (5.2.19) imply that these quantities follow the exponential
decay of ¢ in (5.2.15)

0, t)loo + [w (-, t)]oo S €7
This shows that modulo rapidly decaying error terms FE(t) of order E(t) < e "

equation (5.2.12) which governs e takes the form

eetu-Ve= - (h*—¢*) +E(t), h:=¢xp

1
2
Moreover, convolving the mass equation with ¢ we find

hy +u-Vh = /V¢(\x —y|) - (u(x,t) —u(y,t))p(y, t)dy. (5.2.21)

Observe that the quantity on the right of rapidly decaying, being upper-bounded by

S ||V (t) S e Hence, the difference d = e — h satisfies
1

The positivity of e+ h then implies the rapid decay of the divergence, |divu(-,t)]oo <

~

e ", The exponential decay of the divergence, the vorticity and the spectral gap
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imply that [0;u;(-,t)|c S 7. Let u be a large-time limiting value of u(-,¢). The
mass equation reads

pi+u-Vp=—dp+ (u—nu)- Vp.

The term on the right is rapidly decaying because d and (w—u) are, and one concludes
along the lines of [108], that there exists a traveling density profile such that p(z,t) —

Poo(z —tu) — 0.

5.3 Motsch-Tadmor hydrodynamics

In this section, we study the flocking hydrodynamics which arises from MT

model (?77?) with kK = ¢o. We begin by recalling the one-dimensional case

pt + (pu)a: =0, (ZL’, t) S (Rv R-ﬁ-)
(5.3.1)

I
o+ utty = / e (1) (e D)oly. )y

System (5.3.1) was recently studied in [21], as the hydrodynamic description for agent-
based model of “emotional contagion”, and in [62] in the context of stable swarming.
In [35] it was proved that (5.3.1) has a global classical solution for sub-critical initial
data such that

Opup(z) > —o(Vp) forall z € R, (5.3.2)

for a certain critical curve o, > 0. We now make a precise statement of the critical

threshold for both the one - and two-dimensional MT model.

Theorem 12 (Critical threshold for 2D Motsch-Tadmor hydrodynamics). Consider
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the two-dimensional MT model in (z,t) € (R* R,),

pi+ V- (pu) =0,
W +u-Vu= /“(ﬂf, y,t)(u(y,t) —u(z,t)p(y, t)dy,  a(x,y,t):= %’
(5.3.3)

subject to initial conditions (pg,ug) € (L', WH>°(R?)), with compactly supported den-

sity, Dy < oo and initial velocity of finite variation

P
49|00 (1 4 2¢c)

Vo < myp - min {|gz5|1, } ) oo = O(Doo)- (5.3.4)

Assume that the following critical threshold condition holds.

(i) The initial velocity divergence satisfies
divug(z) > —1 for all z € R (5.3.5)
(i1) Then the initial spectral gap 1y = pa(So) — p11(So) is bounded

o s = k(S 1) = (S(2,1)). (5.3.6)

N | —

max [, (z)] <

Then the class of such sub-critical initial conditions (5.3.5),(5.3.6) give rise to a
classical solution (p(t),u(t) € C(R*; L®(R?)) x C(R*; W1>(R?)) with large time

hydrodynamics flocking behavior (5.1.6b) max( )|u(m,t) —u(y,t)] Se "
xTeESsupp(p

Remark 23. In the case of finite horizon alignment encoded in (5.1.7) with o = ¢ p,

the critical thresholds (5.3.5),(5.3.6) can be restricted to the finite set dist{z, supp{po}}.

For the sake of brevity, we skip the proof and refer the interested readers to the

paper [68] for further details.
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5.4  Conclusion

We study the systems of Euler equations which arise from agent-based dynamics
driven by velocity alignment. It is known that smooth solutions of such systems
must flock, namely — the large time behavior of the velocity field approaches a
limiting “flocking” velocity. To address the question of global regularity, we derive
sharp critical thresholds in the phase space of initial configuration which characterize
the global regularity and hence flocking behavior of such two-dimensional systems.
Specifically, we prove for that a large class of sub-critical initial conditions such that
the initial divergence is “not too negative” and the initial spectral gap is “not too

large”, global regularity persists for all time.
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Chapter 6: Collective behavior of Multi-species

6.1 Overview

6.1.1 Multi-species hydrodynamic flocking model

The classical single-species hydrodynamic flocking model is an Eulerian dy-
namics of agent density p and velocity u subject to nonlocal alignment forcing on

T¢, d=1,2:

pr+ V- (pu) =0, (6.1.1a)

u +u - Vu=¢x*(pu) — ¢ * pu. (6.1.1b)

Here the initial condition (p, u)| o = (po, up) is satisfied. The first equation (6.1.1a)
describes the transportation of the mass density p along the velocity u. The second
equation (6.1.1b) governing velocity evolution is a pressure-less compressible Eulerian
equation subject to alignment forcing. The forces in the equation (6.1.1b) involve a

nonnegative radially decreasing influence function ¢(-) = ¢(| - |), #(]-|) € CYT9)

¢ * (pu)
¢*p (I7 t)?

which neutralize the forcing in the equation (6.1.1b). The @ is called the dynamical

and drives the velocity u(z,t) to the dynamic mean velocity w(z,t) =

mean velocity. Since the agents tend to align their velocity to their neighbors, the
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velocity u is expected to approach a uniform constant velocity u., =
tends to infinity. This is the flocking behavior.
In this paper, we extend the model (6.1.1) to the Eulerian multi-species hydro-

dynamic flocking model on T¢, d = 1,2:

Otpa + V- (Uapa) = 0; (6.1.2a)

O (patia) + V - (patia ® ua) = Z bappa {¢ = (psus) — (¢ * pgluat, o, B €L,
BeL

(6.1.2b)

subject to initial condition (pa, ta)] ((pa)o, (ta)o) € LY (T4 xWhee(T4 RY), Va €

t=0
7. Here p,, u, denote the density and velocity of the species «, respectively. The pa-
rameters «, 5 € Z indicate the species of the agents. The total number of species |Z|
is assumed to be finite. The alignment forces in (6.1.2b) now also involve interations
between species determined by the coupling coefficients b,z. For the most part of the
paper, the coupling coefficients b,z > 0 are assume to be symmetric and stochastic,

1.e.

bop =bpar Y bap=1, Va,BeL (6.1.3)

BEL

Clearly, a row stochastic matrix B = (bag)a, ez has an eigenvalue 1 with the cor-
responding eigenvector w; = (1,1,1,...,1)T. We say that the symmetric row stochas-
tic matrix B is essentially negative if all its eigenvalues are negative except for the

simple eigenvalue \; = 1. These matrices have the general form:

T T T T
B = lwjw; — Awaw, — Aswsws — ... — )\|I‘w|z|w‘z|, AM=1, A, A3, 07 <0,

(6.1.4)
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where {wz}lil1 is an orthonormal basis of RFI. To ensure positivity of each entry of

B, it suffices to choose 0 > ZEQ A > —1/|Z].

Remark 24. If the coupling coefficient matriz is the identity bys = 0ap, the matriz B
fails to be essentially negative. In this case, there will be no interaction between dif-

ferent groups. On the other hand, if the matriz (byg) is one of the following matrices,

0 1/2 1/2
01
12 0 12| (6.1.5)
10
1/2 1/2 0

the essential negativity condition is satisfied. In this case, every group couples with

all the other groups.

The model (6.1.2) arises as the hydrodynamic realization of the following agent
based dynamics which describes the collective motion of agents each of which adjusts

its velocity to a weighted average velocity of its neighbors from different species:

il =0l 2l €T o, e RY (6.1.6a)
1

o= 7 D bag(xl — ab)(Wh —vl), i€{1,2,..,No}. (6.1.6b)
BET j=1

Here z¢,, v, denote the position and velocity of the ith agent subject to initial data
(k02| ,_y = ((&1)o, (v,)0) in species o, respectively. The total number of agents in
each species « is denoted by N,. The explicit derivation is carried out in section 2.2.

For the single-species model (6.1.1), the long time behavior has been studied by
several authors. It is shown in [112] that if the influence function decays slow enough,

the strong solution exhibits flocking behavior, i.e., the velocity wu(z,t) aligns to a
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limiting velocity us, as t — oo. This fact raises the problem whether the solutions
to the models (6.1.2) stay smooth for all time. In one-dimension, the well-posedness
theory is complete [35]. It is related to the critical threshold phenomenon, see, e.g.,
[54], [90], [88]. In dimension two, the critical threshold is partially characterized in
the papers [112], [68].

In this paper, we extend the single species results to multi-species equation
(6.1.2). Before stating the main theorems, we need to introduce some terminologies
and assumptions. First, as a multispecies counterpart of flocking, we say that the
system (6.1.2) converges to a flock on the Torus T¢ if the velocity variation approaches

zero, i.e.,

lim 6V (t) =0, oV (¢):= sup |ua(z,t) —ug(y,t)|, Vo,B €I, (6.1.7)

=00 z,y€Uq ez supppa(t)

which is also equivalent to saying that there exists a constant velocity u., such that
all velocities u,(x) approach us, as time tends to infinity. Next, we assume that all

the initial densities (p4)o are bounded away from vacuum, i.e.,

in (pa)o(z) > q> 0. 6.1.8
olmin (Pa)o(r) = g (6.1.8)

The main theorems are as follows:
Theorem 13. [Strong Solutions must flock] Consider classical solutions to the multi-
species flocking dynamics (6.1.2) subject to global influence function ¢ on a torus T¢,
1.€.,

x,yceTd

Assume that the coupling matriz (bag)a.per 15 essentially negative (6.1.4). Then the
classical solutions exhibit flocking behavior in the sense of (6.1.7) with limiting velocity
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ZaeI f(paua)odx
ZaeI f(pa)()dx .

(6.1.9)

Uso =

Remark 25. The conservative form of the equation (6.1.2) implies that the mass
|pallt =2 Ma, Vo€ T and the total momentum Y, [ patiadz is conserved in time.

As a result, the only possible us, in the flocking (6.1.7) is us defined in (6.1.9).

Similar to the case of one species, we developed well-posed-ness theorems for
the multi-species flocking dynamics (6.1.2). We discuss one dimensional case and
two-dimensional case separately.

One-dimensional Flocking. Recall from [35] that the quantity e := d,u+¢p*p
characterizes the the critical threshold of the equation (6.1.2) in one dimension. If
e(r) > 0, Yz € R, then the solution exists globally. Otherwise there is finite time
blow-up. In the multi-species case, we find the corresponding quantity

€q = Opliy + Z bap® * p3, Va €.
BeT

The one-dimensional flocking result is summarized in the following theorem.

Theorem 14. [One-dimensional Flocking] Consider the multi-species flocking dy-
namics (6.1.2) on T subject to intial data {((pa)o, (ta)o) taer € (LL(T), WL(T; R))H.

If the initial condition satisfies the threshold

Optia(z,t=0)+ Y bagps * ¢(x,t=0)>0, VreT acl, (6.1.10)

BeT

then the multi-species flocking dynamics (6.1.2) admits classical solution for all time.

Two-dimensional Flocking. In order to state two-dimensional result, we
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introduce some terminology. First we define the energy deviation as follows:

8= Y [ [ a0l luate) — usty) Pdzdy, (6.1.11)

a,BeET

Next we define the velocity gradient matrix as (Vua)’ = (95ul), 4,7 € {1,2}. Let
Sa = 3(Vua+(Vus)") denote the symmetric part of the matrix Vu, with eigenvalues

N, (S,). Finally, similar to the paper [35], [68], we need to define a shifted eigenvalue

1
N = Xo(Sa) + 5 D bas(é % ps). (6.1.12)
BeT

With these concepts and assumptions, we can state the well-posedness theorem on

T2.

Theorem 15. [Two-dimensional Flocking] Consider the multi-species flocking dy-

namics (6.1.2) on T? subject to initial condition

{((pa)o, (1a)o) Yacz € (LL(T2), Who (T2, R2))FI

and (6.1.8). Assume that the influence function is smooth ¢(| - |) € C'(T?) and
the coupling matriz (bag)a.per is essentially negative. There exists a constant Cy =
Co(Omins ||@l|c1s bag, Ma) such that if the initial velocity variation and energy deviation

15 bounded by Cy, 1.e.,
V' (0) +0E(0) < Cy, (6.1.13)
and the shifted eigenvalues AY, are bounded below

1
(Afx)o > =3 ZbaﬂgbmmMﬁy VaeZ,le {1,2},
3 BeL

158



then the multi-species flocking dynamics (6.1.2) admits a classical solution (pg, ua) €
C(R*; L>® N LY(T?)) x CO(R*; W (T?;R?)), Va € T with large time hydrodynamics

flocking behavior 6V (t) S e k= %minag ZBGI bosMpPmin.-

6.1.2 Multi-species aggregation model

The next model we analyse is the multi-species aggregation equation modelling
opinion dynamics. Before giving the full equation, we recall the single-species aggre-
gation equation describing evolution of agent density p subject to strictly positive

radially symmetric influence function ¢:
Op+V-((¢px)*xpp) =0, p(t=0,2)=py(z), z€&R™% (6.1.14)

The equation (6.1.14) can be viewed as the macroscopic realization of the agent-based

dynamics of N agents each of which has position x*:

N
= N E (z" — 27 (27 — 2"). (6.1.15)

In this paper, we extend the model (6.1.14) to the multi-species setting

(Pa)t + D _bapV - ((67) ¥ pp)pa) =0, a,BET (6.1.16)
BEL
pa(t =0) = (pa)o, z€R™ (6.1.17)

Here p, denotes the agent density in the group a. The parameters «, 5 take value in
a finite index set Z. The strictly positive influence function ¢ is a radially symmetric
decreasing function. Since it is radially symmetric, we slightly abuse the notation

and write ¢(-) = ¢(] - |). The positive coupling coefficients b, > 0 are assumed to be
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symmetric:

bas = bpa. (6.1.18)

The single-species aggregation equation (6.1.14) is well-understood. We refer
the interested readers to the following representative papers, [20], [74], [58], [36], [63],
[103]. We summarize the results in our framework. If the influence function satisfies

the following Osgood condition

!
/0 ¢(S)Sds:oo, (6.1.19)

then the solution exists for all time and the support of the solution shrink to zero as
time approach infinity. Otherwise, if the integral is smaller than infinity, the solution
blows up in finite time. One observe that, for a strictly positive C? radially symmetric
influence function ¢, the condition (6.1.19) is always satisfied.

There is also an increasing interest in two species aggregation model. We refer
the interested readers to the papers [63], [59], [53], and [56]. In the paper [59],
the authors used the optimal transport and Wasserstein gradient flow techniques to
show existence and uniqueness of measure solutions to the two-species system. In the
paper [53], the authors studied measure-valued solutions - the solutions which capture
the dynamics after the blow-ups - to the one dimensional hyperbolic aggregation
equation with two species and gave interesting numerical results. In [56], the authors
categorize the possible steady states of the two-species system.

In this paper, we extends the results to the multi-species setting and give explicit
sufficient condition to guarantee consensus under the assumption that the influence
function is sufficiently smooth ¢ € C?. Our main theorem is as follows:
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Theorem 16. Consider the equation (6.1.16) subject to strictly positive radially sym-
metric influence function ¢(-) = ¢(|-|) € C*(R?) and compactly supported initial data
(pa)o. Further assume that the influence function ¢ is decreasing and |¢'|(s) S <.
If the coupling coefficient matriz (bag)a,per Satisfies the essential negativity condition

(6.1.4), then the solutions (pa)acz exist globally and converge to single Dirac mass as

time approaches infinity.

The paper is organized as follows: In section 2, we will derive the macroscopic
model (6.1.2) from the microscopic model (6.1.6); in section 3, we prove theorem 13;
in section 4, we prove theorem 14; in section 5, we prove theorem 15; in section 6, we

prove the Theorem 16.

6.2 Derivation of the mesoscopic and hydrodynamic models

Since the derivation is similar to the one carried out in chapter one, we omit

the details here.

6.3 Hydrodynamic flocking

In this section, we prove Theorem 13. Applying the continuity equation (6.1.2a)
in the momentum equation (6.1.2b), we could write the equation in the following form

as long as p, > 0:

Opa + V- (Uapa) = 0; (6.3.1a)
8tua + Uq - Vua = Z baﬁ{¢ * (pﬁu[g) — ((b * pg)ua}. (631b)
BeT
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subject to initial data (pa, ua)(t = 0,2) = ((pa)o, (Ua)o), « € Z. The equation (6.3.1)
will be our main object of study later on.
First of all, since the coupling matrix (bas)a gez i symmetric, the total momen-

tum of the agents are preserved, i.e.,

d
N « ad = 0. 6.3.2
dt ;/ﬂ:d PatiadT ( )

Up to change of coordinates in the velocity space, it is reasonable to assume that the

initial total momentum is zero, i.e.,

Z /Td(paua)oda: = 0. (6.3.3)

acl
A natural consequence of this assumption is that the final flocking velocity is zero,

i.e., us, = 0. Under this assumption, we define the initial total energy as follows:

E = Z/pa|ua|2dx. (6.3.4)

acel

Note that the condition (6.1.13) implies the following estimate up to adjusting the
constant Cy:

oV (0) + E(0) < Co(llo(] - Dllers dmins bag, Ma)- (6.3.5)

Before proving Theorem 13, we need some preparation.

Lemma 6.3.1. The essential negativity of the matriz (bag)a,pezr (6.1.4) is equivalent

to the following condition,

the matriz J* (bagly)J is negative definite, where J* is the d|Z| x d(|Z| + 1) matriz

162



Iy 0 0 0 —I4

(6.3.6)

0 0 0 I —I
Proof. First we prove the result for the one dimension case, i.e. d = 1. To prove
the essential negativity condition is necessary, note that the image of J is exactly in
S = lljﬂ. If (bop) has positive eigenvalue which has w € 1|Ji|, w! (bop)w > 0, then
condition (6.3.6) does not hold.

Next we prove that the essential negativity implies (6.3.6). If all eigenvalue of

(bag)a,per is negative, then the result is true. If not, first note that

1 1 1
1 0 0 0 JI VI V@
() o 0 —co 0 0 0. o * * * *
baﬁ — , e
0 0 — 0 * * * *
0 0 0 —¢r * * * *

Note that if w € lfﬂ, Ow = (0, as, as, ~--7G\Z|) and

|Z|
Vw € 11, (Ow)Tdiag(1, —ca, —cs, ..., —ciz7))Ow = Z(—Cj)a? <0.

j=2
For dimension d higher than one, the proof is as follows. The image of J contains

the subset
|Z]

(ai,...,a1,az, ..., 09, ..., a7, ..., a7), 5.l E a; = 0.
Y =1

d d d

If the matrix (bss) has eigenfunction w = (wq,ws, ..., wiz)) corresponding to positive

163



eigenvalue which lies in 1‘%', we can choose the vector

W = (wi, ..., w1, Wa, .., Wa, .., Wz|, ..., w)z|)) € Image(J

d d d

so that W (baslg)a,sezW > 0, which is a contradiction.
To prove the essential negativity condition implies (6.3.6), we could decompose

the matrix (b,pli)a, ger as follows:

I, I, I,
Ia 0 0 0 iz /1l 7|
. 0 —cl; O 0 * * * *
(bopla) = O 0, 0=
0 0 — 0 * * * *
0 0 0 —C|I|Hd * * * *

Note that if W € Image(J), OW = (0, s, @, ..., @z)), (OW)7 (bagly) OW = — S e;a% <

0. The result follows. O

We use a sequel of lemmas to prove Theorem 13. First we estimate the total

energy of the solution.

Lemma 6.3.2. Consider the strong solution to the equation (6.1.2). Assume that the

wnitial total first momentum is zero, i.e.,

Z/(paua)o(rﬂ)dx =0. (6.3.7)

a€l

If the matriz (bag)apsez s essentially negative (6.1.4), then the following energy-

enstrophy relation holds:

d )
a(zl/pojua‘zdx) < —2¢mm77<2/pa|ua|2)’ n = Iilel%l (Zba5M5> > 0.
ac

a€l BET

=MNa

(6.3.8)
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Specifically, we have the following estimate

> / palua|*da < e 2ommt / (pa)ol(ta)o|dz. (6.3.9)

a€l a€el

Proof. First we estimate the time derivative of the total energy F using the equations

(6.1.2)
d :
{5 onre)
=2 bs [ [ palohual) - us(0)0(z — s)patt) = pa()iE @) (ls — l)pats)dody
a,BET
== D bas || ollx = yDpal@)ps(y)(ualz) — usy))’dzdy
aﬂzez 5// B B
< — Omin ba ‘ua(x) —u (y)‘Zpa(x)p (y)dxdy
aﬂzez ﬁ// B B
<= bmin 3 bos (M [ [tal@)Ppala)ds + My [ Jus(a)2ps(e)d
aﬂzez ﬁ( 5/ / B B )
200 Y s [ (wopa) @) [ uapa) o)y (6:3.10)

a,feT
If we can prove that the last term in (6.3.10) is negative, the result of the lemma
follows. Note that we can rewrite the last term in (6.3.10) as follows:

2min Y, bagMalla - Mplig.

a,fET

Since the total momentum is zero (6.3.7), we have the following relation:

Mmﬂm = — Z M, u,.
a#|Z|
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Now we see the following relation

— T — T — T
(M1U1 ,MQUQ ,...,M‘Z|U‘I| )

Iy 0 0 0 -I4

—= T — T - T
:(M1u1 ,MQUQ ,...,M|I‘,1U‘Z|,1 )

:<M1E1T, MQEQT, e M|I‘,1E‘Z|,1T)JT. (6‘3.11)
Therefore,

> basM,, - Mgt

a,BET
Miuq

Mom
=My, ", Moy, ..., Mz 1Tz 1) I (bapla)apd #
) y ooy M Z|—1U|Z) -1 afld)a,p

Mz 1uz -1
By Lemma 6.3.1 and the assumption that (bas)a,sez is essentially negative, J7 (byslly)J

is negative definite. As a result, we have that the last term in (6.3.10) is negative.

]

Not only the L2-based velocity variation is decreasing, the L>®-based velocity

variation is also decreasing. This is the main content of the following lemma.

Lemma 6.3.3. Consider the strong solution to (6.3.1) subject to the condition (6.3.6)

and non-vacuum condition (6.1.8). Then the total variation 0V (6.1.7) decays to zero
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u,(X) u,(Y)

1u,(X)-u, (V)|

Figure 6.1: The geometric relation

as times goes to infinity. Moreover, the time evolution of OV is bounded:

d
%51/2 < —OminndV? + 2\/§5V||¢|\001£12%<77i/2E1/2, (6.3.12)

where we recall 0,1, from (6.3.8) and the total energy E from (6.3.4).

Proof. First we need to show that given condition (6.1.8), there is no vacuum forma-

tion for all finite time, i.e., min, ,(pa)o(t,z) > 0, t € [0,00). Consider the following

trajectories:
dX
o = aXtat;
o = Ua(X(2),7)
ay
— = Y(t),1).
= us(Y (), 1

We could calculate the time evolution of the density p, along the partical trajectory:

(O + Uo - V)pa = =V - Ugpa. (6.3.13)

Since the solution is assumed to be strong for all time, we have that |V - u,| < co. As
a result, p, > 0 if initially the condition (6.1.8) is satisfied. Therefore, all points (t, )

are connected to (0, zg) through some trajectory X (t) corresponds to u,, Yo € Z(7).
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Applying the facts that 0 < b,s < 1 and |ua(X) —ug(Y)| < 0V, we estimate the time

evolution of |u,(X) — ug(Y)|? as follows:

o) — us(¥)P
=0 (X) =) 6 (10) () — X6 ) ()
=Sl (o))~ sl > s (1
—{ua(X) — us(Y), Z bt # (1)) = S b » ()
+ <ua(X) —ug(Y), —ua(X (WGZI% ¢ % py)(X )
" uﬁm(; b6 0,V 1) ) = it () = 051
<26V max (;wwbmw) (Z [ de)

(100 = ua(1), X (Zbam*py -n)

Fus() (S blop)0) =) )

YEL
N

-~

=:d

— NOmin|Ua(X) — u@(Y)|2. (6.3.14)

If the second line in (6.3.14) is negative, the result of Theorem 6.3.3 follows. To prove
this, we first need to derive a geometric constraint. Since T? is compact, we can
assume that the dV is realized by |uq(X) — ug(Y)|. First look at Figure 6.3. Since

|ua(X) — up(Y)| saturates the variation 0V, all the possible velocities of the agents
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lie in the region

[ = Blua(X), |ua(X) = us(V)]) 0 Blus(¥), ua(X) = us(Y)]).

Since the total momentum is assumed to be zero (6.3.3), the total average velocity

Uny = %LW is zero and hence the origin must lie inside I'. Observe from Figure
a€el o
6.3 that

(a(X) — us(Y)), us(Y))p2 < 0. (6.3.15)

This is the geometric constraint we are after. Next we recall the definition of 7 (6.3.8),
and one observe that 7 < 35 7 bag(¢* pg), which in turn implies ¢,d > 0 in (6.3.14).
Without loss of generality, we assume that 0 < ¢ < d. Combining it with (6.3.15),

we estimate the second line of (6.3.14)

<ua(X) —ug(Y), —cua(X) + cug(Y) + (d — c)u5(Y)>

T2

= — Jua(X) — us(V)P + (d — ) (ua(X) — us(Y)), us(¥Y))r < 0.

Therefore, the second line in (6.3.14) is negative. This completes the proof of Lemma

6.3.3. O

Proof of Theorem 13. Combining Lemma 6.3.1, Lemma 6.3.2, Lemma 6.3.3, the re-

sult follows. 0
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6.4 Global well-posedness of the multi-species system

6.4.1 Critical threshold in one-dimensional flocking dynamics

Proof of Theorem 1/. Taking the spatial derivative in the second equation (6.1.2b)

yields

(O + 1a0p) (Ot + Z bappp * @) = —Oruy <Z bap® * pg + ('Lua) , Yael.

BEL BET
(6.4.1)
One can see that d,u, + ZB bapps * ¢ > 0 is invariant zone. If
81:“& + Z baﬂpﬂ * gb > 07
8 t=0
then
Ostia + > _bapps ¢ >0, V>0, (6.4.2)
Bez
Since ¢ has upper bound ||¢||« < 00, we get lower bound for d,u,
Ortia(2,t) > = bagMjy||¢llee, Vo €T t R a €L (6.4.3)

BeT

On the other hand we can see directly from the equation (6.4.1) that 9,u, has an upper
bound for all time. Combining this with the lower bound, we have that ||0,ua]e0 <
C < oo for all time. As a result, we have that the strong solutions exist for all

time. OJ
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6.4.2 Critical threshold in two-dimensional flocking dynamics

Proof of Theorem 15. Here the key is to prove that the actual solution is strong given

some condition. From (6.3.9) and (6.3.12), we have that

SV (1) < 8V (0)e 2¢minmt 4 zﬂm(e—%%m"t)o(baﬁ, M,)EY(0). (6.4.4)

By choosing 6V (0) + E(0) small enough (6.3.5), we can make the §V (¢) small for all

time:
SV (t) <& Vtel0,00]. (6.4.5)

The € can be made arbitrarily small. We will determine € later in the proof. The
smallness of 0V (t) guarantees that the 2-dimensional effects from the alignment forc-
ing are small and do not have drastic effect on our spectral analysis.

Following the single species case, we calculate the time evolution of the velocity

2

gradient matrix Vug := (0;ul,)? ;—;,

(Vta)e + tto - V(Vita) + (Vta)® = =Y bapt * ps Vit + Ra,
BeT

fﬁd:Ejjiwvwx—wwyw—uuwmaw@.

BEL

(6.4.6)

Combining the smallness of 6V (6.4.4), one could see that the R, is small for all time:

R < S basMalIVl o0V (1) <3 basMs|| V6| | e, (6.4.7)

BET BezT

As is observed in the paper [68], it is crucial to track the dynamics of the
eigenvalues of the symmetric part of the velocity gradient matrix Vu,. Therefore, we
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define the following quantities:

Vg + (Vua)"

Sa - )
2
0 —%wa
Vg =S4 + Qoy, Qo = , Wo = alui — (%u(lx;
%wa 0
AL =) (S Zbaﬁgb*pﬁ, (=1,2.

,BGI

We denote )\g(Sa) the eigenvalues of the matrix S,. Recall the vorticity w, of the
velocity field u,. From equation (6.4.6), we can derive the time evolution of the

matrix S,:

2
1
(Sa)i + tta - VS + 52 — %12 = =Y basd * psSa + oy, Rosum = 5(Ra + RE).
BET
(6.4.8)

Conjugate both sides of the equation (6.4.8) by the eigenvectors s, ¢ = 1,2 of S,, we

obtain the equations governing the eigenvalues of the matrix S,:

2
(0 + o+ V)O) + L = 22 = 37 bas(@ 5 pp)Ns + (sl Rusomsl). (6.4.9)

BeT

The crucial observation is that the trace of the R, has a special structure

TrR, =¢ % V - (Zngg) —ua-v(ng*p[,)

BET BET
= - (Z¢*Pﬂ> — Uq - V(Zbaﬁﬁb*Pﬂ)
BeT ¢ BeT
— (0r + U - (Z bapd * pﬁ) (6.4.10)
BeEL
Combining (6.4.9) and (6.4.10) yields the evolution equations for A%:
2 basd * pg)? TrR
(8t + Uqy * V)AQ = Ya _ (A£)2 + (Z/B ﬁ¢ Pﬁ) + <5(€7Ra sym5£l> _ tM%sym
4 4 ’ 2
(6.4.11)
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Figure 6.2: Critical Threshold
Note that w, = =TrJVu,, we derive from (6.4.6) the equation for vorticity
(O + to - V)wa = — (A; + Ai)wa —TrJR,. (6.4.12)

To study the coupling ODE’s (6.4.11) and (6.4.12), we divide the R? plane whose
horizontal axis denotes the AY, ¢ = 1,2 variables and whose vertical axis denotes the

vorticity w, into three parts:

ba man ba mmM
Ry i={(@,y)le < 2 B;b Y Ry ()] < 22 Bj %
ba mlnM
Ry i~{(a.g)|o > 2220l

3

Under the assumption of Theorem 15, we have that initially the point P :=
((AL,wa), (A2, w,)) is inside the region (ReUR3) X (R2UR3). Our goal is to show that
the point P moves to the region Rz x R3 and stay bounded for all finite time. We will
separate the proof into three cases: case 1, P € Ry X Ry; case 2, P € Ry x R3UR3 X Ry;
case 3, P € R3 X Rs.

Case 1: Here we need to show that the point P moves into region Ry x R3 U

Rg XR2 or R3 XR3.
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In this case, |[A] < %ZBeI basPminMp, we have that

2
5
(0 +ua - V)N, = (Z bawmmMﬁ) e (6.4.13)

BeL

If we choose the € to be small enough, we have that

2
(Z baﬁ(pmmMB) > 0. (6.4.14)

BeEL

l
AL >

SIS
O =

As a result, we have that
AL > (ML), (6.4.15)

and Af, reaches Rj in finite time.

Next we estimate the w,. Without loss of generality we assume w, > 0. Com-

bining (6.4.12) and (6.4.15), we have that
(8 + ta - VIwa < —((Ad)o + (A2)o)wa + €. (6.4.16)

As a result, w, is bounded for all finite time. To conclude we have that the point P
cannot blow up to infinity and it must reach Ry X R3, R3 X Ry or R3 X R3 in finite
time.

Case 2: Here we need to show that the point P goes into region R3 X Rs.
Without loss of generality, we assume that Al € Ry and A2 € R3. From the same

argument as in the first case, we have that

<dez baﬁ¢minMﬁ> 2
9 .

(O + ug - V)AL > (6.4.17)

Without loss of generality, we assume w, > 0. Combining (6.4.17) and equation

(6.4.12), we have that
(O + g - Vwa < —(AL)owa + €. (6.4.18)
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As a result, w, is bounded when P stays inside Ry x R3 U R3 x Rs. Finally we
need to show that A2 doesn’t blow up to infinity in this time period. Since w, is
bounded, from the equation (6.4.11), we can see that A% could not goes to infinity.
This completes the treatment of case 2.

Case 3: Here we need to show that the point P stays bounded. From the

equation (6.4.12) and the fact that A%, ¢ = 1,2 are bounded below, we have that
2 -
(01 + ta+ V)wo < =3 > basbminMpwa + . (6.4.19)

BeT

Hence w, is uniformly bounded in time. Now from the equation (6.4.11), we have
that AY, ¢ = 1,2 are uniformly bounded above in time. This completes the proof of
the main theorem. O
6.5 Multi-species aggregation equation

In this section, we prove Theorem 16. For the sake of brevity, we omit the proof
and refer the interested readers to the paper for further details.

6.6 Second order singular interaction

The equation for the multi-species equation might be the following:

(pa)t+ax(pauoc> = 0; (6.6.1a)
(Ua)iFUaOptiy = Zbo‘ﬁ (psug) — L(pp)ta); (6.6.1b)
£f = [ olle = o)) = F@)dy (6.6.1¢)

This equation has the remarkable quantity G, := Oyuq + Y seT bapsLps.
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6.7 Conclusions

In this section, we introduced the multi-species concept into the hydrodynamic
flocking models. We introduced the concept of essentially negative matrices and give
explicit criterion to guarantee global well-posedness of the multi-species hydrody-

namic flocking systems (6.1.2) and multi-species aggregation systems (6.1.16).
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Chapter 7:  Multi-species Patlak-Keller-Segel system

7.1 Overview

In this paper, we consider the multi-species parabolic-elliptic Patlak-Keller-
Segel systems subject to cross chemical interraction which model social phenomena

involving multiple bacteria species

(na)t+V - (Vean,) = An,, a €T (7.1.1a)

—Aca = Z bagng, (711b)
BeZ

no(t =0) = (na)o, =€ R (7.1.1c)

Here n,, ¢, denote the bacteria and the chemical densities respectively. The param-
eters «, § € 7 indicate the bacteria and chemicals’ species. The total number of
species, which is denoted |Z| throughout the paper, is assumed to be finite. The first
equation in the system (7.1.1) describes the time evolution of the bacteria density
ne subject to chemical density distribution ¢, and diffusion. The second equation
governs the evolution of the chemical density ¢,, which is determined by the collec-
tive effect of different species of bacteria ng. The chemical generation coefficients bygs
represent the relative impact of the bacteria density ng on the chemical distribution
(Ca)-
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In the last few years, social interaction within biofilms - a special form of bacteria
colonies - intrigued increasing interest among the biology and biophysics community,
[45]. In a biofilm, billions of bacteria of different species live together and create hard-
to-remove infections. Different cells in the biofilm specialize in various tasks, acquiring
food, defending the colony and reserving genetic information included. Chemical
signals and ion signals are generated to commute information within these bacteria
colonies. The multi-species PKS model (7.1.1) serves as an attempt to understand the
biofilm. Moreover, in the Chemotaxis experiment, the bacteria involved have large
genetic variation. For example, E.coli only share 30% of their genes. The equation
(7.1.1) also serves as a more accurate model taking into account the possible genetic
variation appeared in the experiments.

We recall the large literature on the single species Patlak-Keller-Segel model
(7.1.1) (|Z| = 1), referring the interested reader to the review [73] and the following
works [22], [23], [75], [72], [101], [100], [43], [42], [72], [114], [31], [82], [44], [28], [27],
25], [30], [15], [17], [14], [7]. We summarize the essential results here. The equation
(7.1.1) with one species is L! critical in dimension two. The maximum principle and
divergence structure of the equation yield that the solutions n preserve positivity
and L' norm M := ||n(t)||;1 = ||nol|z:. If the intitial data ny has subcritical mass
M < 8 and finite second moment, the unique global smooth solutions exist for all
time, [28], [34], [52]. If M > 87 and the second moment is finite, solutions blow up
in finite time, [75], [99], [28]. If M = 8, solution aggregates to a dirac mass as time
tends to infinity, [27].

The multi-species PKS equation (7.1.1) has attracted increasing interest in the
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last decade. Its study originates in Wolansky’s work [119]. Since then, a lot of research
was carried out in the specific case of two interacting species, [40], [3], [83], [2], [57],
[55]. Even in the two species case, the behavior of the multi-species PKS system differs
from the single species one. Consider a two-species model with chemical generation
coefficients by = bys = 0 and b5 = by; = 1. If one species has mass strictly less than
47, the mass of the other species can be arbitrarily large without yielding finite time
blow-up. In this paper, we rigorously quantify the subcritical mass condition for the
multi-species PKS model.

Before stating the main theorems, we list the basic assumptions and terminolo-
gies. In the most part of this paper, we assume the chemical generation coefficient

matrix b,s to be symmetric

ba,@ = b,Ba- (712)

Moreover, the following initial conditions are always satisfied

Z(na)o(l +|z|?) € LY(R?);  (nq)olog(na)o € L'(R?), Va €T (7.1.3)

ael

We introduce the function @) acting on subsets J of the index set Z, i.e., J C Z,

20 peg basMaMy
@eMm[T] = ’Bij 7 B = (baplager, M= (Mo = [[na]li)aer
acg

(7.1.4)

If 7 =7, Qm[J] has a simple matrix representation:

(BM, M)
Qem[Z] = : (7.1.5)
[M]

where (-,-), |-| denote the vector inner product and the vector L' norm, respectively.
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Same as in the single species case, there exists natural dissipated free energy

for the system (7.1.1)

ba
Bln) = Y [ natognade+ 3 %2 [ na(a)logla = slnay)dudy, 0= (na)ocr.
acl a,BET
(7.1.6)
The proof of the dissipation of (7.1.6) is postponed to the next section. We solve the

equation (7.1.1) in the distribution sense with free energy dissipation constraint.

Definition 6 (Free energy solutions). For any distributional solutions n to the equa-
tion (7.1.1) subject to initial data ng, they are the free energy solutions to (7.1.1) if
the following free energy dissipation inequality holds on some maximal time interval

[0,T5,)

t
En(t)] + Z/ / no|Vlogng — Veo|*drds < E[ng), Vt €[0,Ty). (7.1.7)
= Jo Jre
The existence and blow-up theorems of (7.1.1) are stated as follows.

Theorem 17 (Global existence: subcritical mass). Consider the equation (7.1.1)
subject to initial conditions (7.1.3). If the chemical generation matriz B and the

mass vector M satisfy that

QeM([T] < QeMI[Z] < 87 for all D # T G I, (7.1.8)

then the free energy solutions to (7.1.1) exist for all finite time.

Theorem 18 (Blow-up: supercritical mass). Consider the equation (7.1.1) subject to
smooth initial data n, € H®,s > 2 with finite second moment. If Qg m|Z] > 87, the

solution blows up in finite time.
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Remark 26. It is not clear whether the subcritical mass conditions provided in The-
orem 17 is sharp in general. However, if |Z| = 1,2, we can show that the condition

18 sharp.

Remark 27. It can be shown that for the two species PKS with chemical generation
coefficients by = byy = 0, b1y = by = 1, the condition in Theorem 17 is equivalent to
(Ml_1 + My ™Y™Y < dx. If either My or My is strictly less than 4r, the inequality is

always true. As a result, we prove the claim in the introduction.

To formulate the smoothness and uniqueness theorems, we need further physical
restriction on the free energy solutions. First, the physical solutions to equation

(7.1.1) should satisfy the conservation of mass:
na(®)ll =lna(0)[lh = Ma,  Va €I (7.1.92)

Moreover, by formal computation, which is postponed to the next section, we have
that the total second moment grows linearly

D Valt) =) nalt yx\dx—<Z4M)< QBM )t+ZV . (7.1.9b)

acl acl a€cl
Finally, since it is well-known that the boundedness of the entropy S[n,| := / Ne log ng
is closely related to existence of smooth solutions, we consider free energy solutions

subject to bounded entropy and free energy dissipation,

Ai[n] := sup {Z/na z, 8)log™ ng(z, s)dx}

s€f0t] U o7

+Z/ /na z,5)|Vlogng(r,s) — Veo(z, 8)Pdeds < 0o, ¥Vt <T,, (7.1.9c)

a€el
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where T, denotes the maximal existing time and log™ denotes the positive part of the
function log. A similar quantity is defined in the paper [52]. We say that a free energy
solution is physically relevant if it satisfies physical constraints (7.1.9a),(7.1.9b) and

(7.1.9¢).

Theorem 19 (Smoothnness of the free energy solutions). Consider the equation
(7.1.1) subject to initial condition (7.1.3). The physically relevant free energy solu-
tions (ng)acz are smooth, i.e., n, € C*((0,7}) x R?), Va € I, where T} is the
maximal existence time. If the subcritical mass condition (7.1.8) is satisfied, T, = oo.

Furthermore, the equality holds in (7.1.7).

Theorem 20 (Uniqueness of the free energy solutions). Consider the equation (7.1.1)
subject to initial condition (7.1.3). There exists at most one physically relevant free

enerqy solution.

If the chemical generation matrix B is non-symmetric, the analysis applied
to prove the theorems above faces significant difficulties. However, we can prove the
global existence and uniqueness result for a special class of multi-species PKS systems

which are called essentially dissipative. The definition is as follows:
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Definition 7. Define the sequences of subsets T c W < ... ¢ ZUID of T as follows:

IO = {a € I|bas <0, VB €T}

ey

W = {a € T|boy < 0, VB e€I\ZT* Y},

ceey

T = {a € I|bos <0, VB e Z\ZTWDy.
If U = T, we called the matriz B essentially dissipative.

The theorem corresponding to the multi-species PKS model (7.1.1) subject to

essentially dissipative B is as follows.

Theorem 21. Consider the multi-species PKS system (7.1.1) subject to initial con-
dition (na)o € H®, Voo € I, s > 2. Assume that the chemical generation matriz B is

essentially dissipative. Then there exists a global solution to the equation (7.1.1).

The paper is organized as follows: in section 2, we give preliminaries and the
proof of Theorem 18; in section 3, we prove the existence of global free energy solu-
tions with subcritical mass; in section 4, we prove the smoothness of the free energy
solutions; in section 5, we prove the uniqueness of the free energy solutions; in the

last section, we discuss the non-symmetric case.

7.2  Preliminary

Two quantities are crucial in the analysis of the long time behavior of the
multi-species PKS dynamics (7.1.1), i.e., the free energy F[n] (7.1.6) and the second
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moment »_ V, (7.1.9b). In this section, we calculate the time evolution of these two
quantities formally and give the proof of Theorem 18.
Same as in the single species case, the free energy E[n] (7.1.6) is formally dis-

sipated under the equation (7.1.1).

Lemma 7.2.1. Consider smooth solutions n to the equation (7.1.1) subject to initial
data ng, the free energy E[n] (7.1.6) is deceasing and it satisfies the following free

enerqy dissipation relation

Efn(t)] = Eng| - Y /O / 10|V l0g ne — Veo|2dzds = E[ng) — /O Dln(s)|ds.

a€el

(7.2.1)

Proof. We apply the equation (7.1.1) and the symmetric condition (7.1.2) to calculate

the time evolution of the free energy F[n]
d Ca(Na)t
%E[H] :;/<na>t lognadx — g/TdI'
bag
+y 1 [ [ (s)i(@)logla —ylna(y)dzdy
a,B
:Z/(n )i logn d:p—Z/de
- « [0 - 2
bap
+ Z = (nq)i(z) log |2 — yng(y)dxdy
a,p
= Z /(na)t(log N — Co)dx. (7.2.2)

Since the equation (7.1.1) can be rewritten as

(na)t = V- (na(Vlogn, — Ve, )),
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applying integration by parts on the time evolution of E[n| (7.2.1) yields

d
7 ——Zo;/na|V10gna—Vca|2dx§O.
Now by integration in time, we obtain (7.2.1). O

Next we give the time evolution of the second moment.

Lemma 7.2.2. Consider smooth solutions n to the equation (7.1.1) subject to smooth

initial data ng. The time evolution of the total second moment Y _-V, satisfies the

a€cl

following equality

%;Va — (%:4]\4&) (1 — QB8—1‘7”T‘[I]> (7.2.3)

Proof. Applying the equation (7.1.1) and the symmetry condition (7.1.2), we calculate

the time evolution of the total second moment as follows

dt;v Z4M ZbaﬂQ // |x_y|2 15 (y)na(z)dody
—Z4M Zbaﬂ4 // |m_y|2 Y oyl dady
:(Z4Ma)(1—QBé—1:H>,

This completes the proof of the lemma. O

Proof of Theorem 18. Suppose that the solution n is smooth for all time. By the
assumption Qg m[Z] > 87, we have that the time evolution (7.2.3) is a strictly neg-
ative constant. As a result, the total second moment will decrease to zero at a finite

time T}, while the L' norm of the solution > |na||1 is preserved. At time T, the

aE€l ‘
smoothness assumption of the solution will be contradicted. Hence the solution must

lose H?® regularity before 7. O
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7.3 Global existence for subcritical data

7.3.1 A priori estimate on entropy

Same as in the classical Patlak-Keller-Segel equation analysis, the a priori esti-
mate of the free energy (7.1.7) is combined with the logarithmic Hardy-Littlewood-
Sobolev inequality to recover a uniform in time a priori bound on the entropy, which
in turn yields existence of free energy solution for all time. In stead of the classical
logarithmic Hardy-Littlewood-Sobolev inequality, we use the log-Hardy-Littlewood-
Sobolev inequality for systems proven in the paper [107]. We recall some definition
from the paper [107]. Let Z := {1,..., N} be the index set and J be a subset of Z,
and define the following quantity:

Ag(M) =87 Mo— Y agsMoMs, M= (M,)acr. (7.3.1)
aeJ o,BeT

the function space

Im(R?) = {(ng)acz|na > O,/ Ne|log ng|de < oo,
R2

/nadx = Ma,/na log(1 + |z|?)dz < oo, Va € T}, (7.3.2)

and the functional

U((ng)acz) = Z/na log nadx + % Z Aop // ne(z)log |z — y|ns(y)dzdy.

a€l a,BET

(7.3.3)
We summarize the inequality from the paper [107] in the following theorem (Theorem

4 in [107)):
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Theorem 22. Let A = (ang)aper be symmetric matriz with entry a,z > 0 and

M = (My, My, ...My) € RY. Then Az(M) =0 and

As(M) >0, ¥0+JCT,
(7.3.4)
if Ag(M) =0 for some J, then aga + Aj\ja}(M) >0, Va e J,

are the necessary and sufficient conditions for the boundedness from below of the

functional W((ne)Y_,) on Tpm(R?).

Recall set function @ (7.1.4). The above theorem yields the following proposi-

tion:

Proposition 13. Consider the equation (7.1.1) subject to smooth initial data. If for
all nonempty set J G I, we have that Qem[J| < @m[Z] < 87, then the entropy

> J nalognadx is bounded for all time.

Proof. First we rewrite the free energy dissipation relation (7.2.1) as follows

E[n] > Eny| =(1 — Q)Z/nalogna +9(Z/na log nydx

acl acl
1 (bas)+ //
+ ym Z 7 ne(z)log |z — y|ng(y)dzdy
a,BET
bas)—
> %(Mavg + M3V,). (7.3.5)
T
a,B

Define anp 1= bos/6, 0 < 6 < 1.
In order to apply Theorem 22, we need to check two conditions, i.e., A;(M) =0

and (7.3.4). By choosing 6 properly, we make A;(M) = 0. Calculation yields

2o per bapMa Mg _ UsmM[7]

Af(M) =00 =
1(M) 87D ger Mp 87
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Note that the assumption Q(I) < 87 guarantees that 6 < 1.
Next we check the second condition (7.3.4). Recalling the definition of 6§ and
QBMm[T], the following equivalent stronger conditions guarantees the existence of a

lower bound of ¥

QeMmI] > Qm[T), Y0 #JT CI,

87 > ez M
SAs(M) =81y Ms— oe bagMaMs >0, VD # T CT,
526;7 2 o pex bagMa Mg %E:j .

SA7(M) >0, W#TCT,

which yields the condition (7.3.4). Once the two conditions (7.3.4) are checked,

combining Theorem 22 and the fact that 0 < 6 < 1 yields that

E[n] >E[ng] > (1 — G)Z/nalogna —0C,

E
:>Z/na lognydr < [rio]j—e@C < 00

a€el

This completes the proof. O

7.3.2 Local existence and extension theorems

The following two propositions are the main local existence theorems.

Proposition 14. (Criterion for Local Ezistence) Let (nf)acz be the solutions to
the regularized multi-species PKS system (7.3.6) on [0,T] subject to initial condi-
tion (7.1.3). If 3~ S[n(t)] is bounded from above uniformly in € for t € [0,T], then
the cluster points of {(nS)aer }es0, i the L2L2 strong topology, are non-negative free-
energy solutions of the multi-species Patlak-Keller-Segel system (7.1.1) with initial
data (ng)o on [0,7T].
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Proposition 15. (Mazimal Free-energy Solutions) Consider the multi-species PKS
system (7.1.1) subject to initial condition (7.1.3). There exists a maximal existence
time T* > 0 of a free-energy solution to the system (7.1.1). Moreover, if T* < oo

then da € Z, such that

lim ne lognadr = oo.
t—T* R2

Proof of proposition 14. The proof is divided into several steps.
First, we derive the existence of the approximate solution, which is obtained by

appropriately truncate the singularity in the convolution kernel K = (—A)~!:

KY(J2l) =0, | < 1.

Since ||V K¢|| is bounded for any fixed positive €, under appropriate conditions, we
have the global solution in L*((0,7], H')NC((0,T1], L?) for the regularized version of

the PKS system with cross chemical attraction

(n&)+V - (Veans) = An,, a€Z (7.3.6a)
¢ =K x (Zbaﬁnﬁ), (7.3.6b)

BeT
né(t =0) = (na)o, € R (7.3.6¢)

The following Gagliardo-Nirenberg-Sobolev inequality is useful in the sequel:

ul 2, < Cans@)|[Val[32"?|[u] |37, Yu € H',¥p € [2, 00).
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Step 1- A priori estimates on n® and ¢¢. First define the second moment V,, by:

Vo= | |ofnade,i=1,2.
R2

Similar to the calculation in [27], we have the following:

%(ZVQ) <4 M, (7.3.7)

from which (1 + |z|*)nS, € L>=((0,T), L') uniformly in e.

Moreover, the following lemma can be proved without change:

Lemma 7.3.1. For any g such that (1 + |z|*)g € L} (R?), we have glog™ g € L'(R?)

and

1 1
/ glog™ gdr < —/ z|?g(x)dz + log(27r)/ g(x)dx + —. (7.3.8)
R2 2 R2 R2 e

Proof. The proof of the lemma can be found in the paper [28] and [27]. We refer the

interested readers to these papers for further details. O

The lemma yields that
€ € € € 2 2
Ing, logng |de < | nt (logng, + |z|*)dx + 2log(2m) M, + —.
e

The entropy term verifies nf, lognt, € L=((0,T),L') uniformly in ¢ whenever
(1 + |z|*)ng, € L>((0,T), L") uniformly in € and S[n(¢)] is bounded from above
uniformly in € and ¢ € (0,7).

Using that n¢ lognt, € L>((0,T), L"), ¢, = K¢ * n¢, and applying the Young’s

o« —
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inequality, we deduce that
1 € €
|Ca ()] S%Zwam [K(Jz = yl)ns(y)ldy + ) lbag] K(|lz = yl)ns(y)dy
Bez |z—y|<1 Ber jz—y|>1

< b Ml [K()|| 2 51) +Z|ba6|/ log(1 + [z) +log(1 + [y]))ns(y)dy
BET BET

SO 1basl (Mg + Vs + Mg log(1 + |z])).
BET

Combining it with the second moment Y V, control (7.3.7), we have that [ n,(t)c,(t)dx
is bounded independent of € on time interval [0, T7:

/na(t)ca(t)dx <5 busl (M + V) Mo+ 3 [bugl MyVi < 00, t€ [5,T].
BET BET

Next we estimate ||/n&Vcg||r2(s1)xr2). For the sake of simplicity, we do the
formal estimation here. Further details can be found in [28]. Before going into detailed
calculations, we note that the total mass in the superlevel set can be controlled in

terms of the bound on the entropy

od Jlogn,|d Crigr _, K), 7.3.9
Z/MK” x_log Z/m ognalde < EEE (), (739

a€el

where Cp1g 1, 18 the bound of the total entropy > nglogn, € L>((6,T),L"). The

time evolution of the S[n] can be calculated using the equation (7.1.1) as follows

%ZS[na] ——42/’V\/E’ d.%‘—l— Z baﬁ/na ng( )d . (7310)

ol a€l a,BET
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The second term on the right hand side of (7.3.10) can be estimated as follows:

> bag / N (t)ng(t)dz

o,BET

=sup bag Z [|7a]]2 Z [[ns] ]2
5 R ;
2
<supbos (Z ozl + 5 Mi/zKl/Z)

2
Ssupbos (Z ||na1naZK||}/4||na||§/4> +sup bas|ZIK > M,

1/2
SU(K>1/2 Sug |bas] <Z Ma> (Z Vv na“%) + Sug bozﬂ|Z|KZ M,.
(7.3.11)

Combining (7.3.10) and (7.3.11), we have the following estimate on the time evolution

of >~ Snal:

d
=3 slnal)

1/2
< - (4 — n(K)Y? sup bas ( > Ma> CLlOgL> |V /T2 + sup bap| ZIK Y~ M.
(7.3.12)

The factor (4 —n(K)"?sup, 43 bas(>", M )Y2C L 10g 1) is negative for K large enough.

Therefore, for large enough fixed K, we have the following estimate on ||V \/na |22

T ) Sm(d)] = Sm(T)] 4 Csup, g bagm(I)K Y-, M T
Z/ e v T et S T ooy

(7.3.13)

It follows that V,/n, is bounded in L*([6,T] x R?).

As a consequence of the L?([6,T] x R?) estimate on V. /nf, and of the compu-
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tation

%5 :—4Z/|v\/n_e| d:v+22/

acl

together with the fact that —Ac; > 0, we have that the function busngAch €

LY([6,T] x R?). Now we obtain
Z/nec deEZ/(ne)tc€d$+EZ/n€(c
th 2 ~ are 2 = ¢
:Z/n;ACZ+Z/]ch|2n;da:,

implies that

T
Z/ /n;|Vc;|2dxdt <C < 0.
—Js

We have that /n5 |V | € L2([6, T] x R?) where the bounded-ness of (?7) was
used. In this way, we obtained estimates on the two terms appearing in the dissipation
of the free energy.

Step 2- Passing to the limit in L?([§, T]; L?). Thanks to the equation (7.1.1),
we obtain that the 9;n¢, is in L?([6,T]; H;') (Check!). Here we would like to use
the Aubin-Lions compactness lemma. Therefore, we need to show the bounds on the

sequence

Ingllz2o,m,2) < C < o0,

el Lzsm,ay < C < oo, Vael,

where the constant C’s are independent of e.

[n& [l z2o.m;02) estimate: Here we prove the following lemma
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Lemma 7.3.2. Consider the system (7.3.6) subject to initial condition (ny)o € L,

for alla € T and p € (1,00). The solution to (7.3.6) is bounded in LP,p € (1,00).

Proof. We do the LP energy estimate formally and refer the interested readers to the
paper [28] for detailed justifications. During the calculation, we will use the following

natural implication of the GNS inequality
/ (f — K)"da
p/22 |1/ 1og f]lx p/2}2
< Cons [ (f = K)qdz [ |V(f = K){ [ de < Cons ™00k IV(f = K) 7 Pda
—: Consn(K) / V(f — K 2da. (7.3.14)
Here note that if || f log f||; is bounded,

_|Iflog Sl

K
e (KC) log K

is small if one choose K large. Now we estimate the time evolution of ) [|(na—K)|[}
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with (7.3.14) as follows

1 d

—1
- K)ﬂ/2|2dx + g pT /Vca -V(n, — K)ldx
— E /Acana(na—K)ﬂ_ldx
-1
<A S [ 1V - KPP

[0

1/(p+1) p/(p+1)
+5up b (Z [(na — Kmv;) (Z I(n ||”P> x
x (Z 1V (na — >”/2H2>
+ C(K, (bug)aper M)|| (0 — K) 4|2+ C(K, (bag)apez, M)
< (—%‘FU(KW@H) SUPbaﬁ(ZMg) " ) Z/!V KY}*Pda

+ C(K, (bag)aper; M| (na — K) 4[|y + C(K, (bag)a,sez, M).

If n(K) is small enough, the leading order term is negative, and the estimate can be

further simplified as follows:

dtZH |p < C ( ) aﬁ 046617 ZH ||p+0 ( 7<ba,8)oc,,8617M)'
(7.3.15)
Now we see that for any finite time interval [0, 7|, the L? norm is bounded uniformly

independent of e. O

Lemma 7.3.3. Consider (7.1.1) subject to initial data ng satisfying (7.1.3) and
QeMm[T] < QBMm[Z] < 87,0 # T & Z. Then there exists hy(t) € C(0,00) such
that for almost any t > 0, ||n(-,t)||, < hy(t).
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Proof. The proof is similar to the corresponding proof in [28] with some modifications.
For the sake of completeness, we sketch the proof. First, we fix t > 0and 1 < p < oo,

and define

q(s) =1+ (p—1)-. (7.3.16)

Next, we define the following quantities:

1/4(s)
F, :( / (g — K)i(s)dx) , (7.3.17)

1/q(s)
F :<ZF3(S)) | (7.3.18)

By taking the time derivative of F, combining the log-Sobolev inequality we have the

following relation

d /
]F‘IAEIF :% Z /(na — log (na +dx + Z/ )i lﬁtnadx

<Z(2"q (& mez)q;lf((q)n)uvw— K|l

¢

/

=S (2 + log(2m0)) L /(na — K)%da. (7.3.19)

q

Now by taking o small, we have that

d /
“Fr<_L
dt]F " (2 + log(2mo))F.

By integrating in time, noting that F(0) is finite, we have that F < h,(t). This finishes

the proof of the lemma. O

IVne|| 2i5,r;2) estimate: In order to get the L*([d,T] x R?) control of the

Vn¢, we first calculate the time evolution of the L? norm of nf, Y [|n||3:

d
EZ/yn;de zzz/n;mn; — V- (V&S ) da
:—Z/|vn;|2dx+22/vn;-vc;n;dx.
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Integration in time yields that

D e (DI = D eI +2 ) IIVnalTa e < D IInaVealTag e

(7.3.20)
From (7.3.20) we see that since n, is bounded independent of € in L°([d, T]; L2), if
the quantity |[ng, Ve, ||r206,0;02) is bounded, Vng, is bounded in L2([6,T); L?) inde-

pendent of €. By the HLS inequality, we have that

IVells < Crrs D [basl|Ingllas.
Bez

As a result, we have that

IneVeallz < [IngllalIVeslle < Y CreslbaslllngllalIngllass.
5

Since n¢, is bounded independent of € in the space L{°([6,T]; L2), p € (1,00), we
have that nV¢¢ is bounded on L$°([§, T; L?). Combining this fact and the estimate
(7.3.20), we have the bound on Vn¢,.

Define the space V as H' N {f| [ f|z|*dz < oo}. A bounded set in the space V
is precompact in L?. Combining the second moment bound (7.3.7) and the H' bound
of (nf,)aecz, we have that the set (nf )0, Va € Z lies in a compact subspace of L?
for almost every t € [0, T].

Step 3- Proof of the free energy estimates (7.1.7). Since the solution to the
regularized multi-species PKS system has a decreasing free energy E[n€|, we have

that

Elng > En“(9)] = Em“(t)]+>_ /6 / ne|V logns — 3 busVes Pdudt, ¥t € [6,T].
a B
(7.3.21)
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In order to show (7.1.7), we need to show proper convergence for each single term in

(7.3.21). We first decompose the free energy dissipation term as follows:

T

/ /n&]VIogn; - ZbQBVc%IQda:dt

g 8

:4// ]V\/ngé]Qd:cdth// ng | Ve | d:cdt—zz// bapngngdrdt.
(6,T)xR2 [6, T xR2 5,T)xR2

(7.3.22)
By the convexity of f — [o, |[V+/f|*dz, weak semi-continuity and the strong conver-
gence of n¢, in L([d,T); L?), we have that the first two terms in (7.3.22) satisfies the

following inequalities
// IV /1| dxdt <l1m1nf // |V /n [P dadt (7.3.23)
(6, T)xR2 6,T)xR2

// No|Veo|*dodt = lim // n |V |Pdadt. (7.3.24)
(8,T)xR2 =0+ J J(5,1)xR2

Since the (nf).so converges strongly in the L?([§, T x R?) space. The last term on the
right hand side of (7.3.22) converges. Moreover, it can be checked that S[n¢ (¢)] —
S[ne(t)] for almost every t € [0, 7]. The argument is similar to the one used in [28§]
Lemma 4.6. As a result, combining these facts and (7.3.21), (7.3.22), (7.3.23) and

(7.3.24) yields that

E[ng] > E[n(0)] +Z/ /na|Vlogna Veo|*dxds.

Now by the monotone convergence theorem, we have proven (7.1.7).

]

Proof of proposition 15. We prove by contradiction. Assume that at time T, < oo,
the entropy ), S[n&(7%)] is uniformly bounded with respect to e.
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First, from the equation (7.3.6), we directly calculate the time evolution of the

entropy:

%Z/n;logng
:—Z4/V\/ﬁ—2ba5/ ng A(K x nj) Zbag/ nE,A(K® * n)
a a,fB

ng <K ng>K

=—) 4 / VVne+ 1411 (7.3.25)
The term I in (7.3.25) can be estimated as follows:

I <Y Klbag|||AK®[|,Mp. (7.3.26)
a,B

Recall that ||AK€||; is bounded independent of ¢, so term [ is bounded independent
of e. For the second term I7 in (7.3.25), we estimated it using the Holder’s inequality,

Gagliardo-Nirenberg-Sobolev inequality and Young’s inequality as follows:

1/2
1153 s (( I IR A AR AN (Mﬁm / E>K<nz>2)>

B
e2y 2 () ‘
<Y lbaslCans(1+ [|AKI} I log KK MYP|V/gll5 + ) [basl[[AK[FMo K.
a,f B

(7.3.27)

Here S denote the positive part of the entropy, i.e., ST[f] = [ flog® fdz. Combining

the estimates (7.3.25), (7.3.26) with (7.3.27), we end up with

d S
@Zsm]sZ(—4+Z|baﬁ|cms<1+||AKE||%> o >M1/2) IV /g3
a B

(03
N

=:A(t)

+ > (1 [bap]) (1 + [JAKC[[}) Mo K. (7.3.28)
a,B
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Since the negative part of the entropy is bounded (7.3.8) and the second moment

control (7.3.7), we have that A(t) can be estimated as follows:

Aft) < — 4T+ —— > bl (1 +[[AK[D) D | Slng(6)] + Vng(T2)]
log K
B

[0}

+ 4M,(t — T.) + 2log(2m) M, + zel) (7.3.29)

Since the entropy ) S[n¢] is uniformly bounded independent of € at time 7,. We
could take the K large such that A(t) < —2 at time 7}. By continuity, there is a

small time 7. such that for Vt € [T,, T, + ),

<Y ST + (= T) Y (1 + [bag)) (1 + |AK|D)MK, Vit € [T, Ty + 7],
o a,p

(7.3.30)

But then we can pick 7 independent of € such that

A(t) < — 4T+ @ ( S ST + K+ 1> <0

The solution 7 to the above inequality is independent of the choice of €, and [T, T, +
7) C [T%, T, + 7.) for any e. Therefore, by Proposition 14, we can extend the free
energy solution pass the T}, contradicting the maximality of Ty. As a result, we have

completed the proof of the proposition. O

7.4 Smoothness of the free energy solutions

For the sake of brevity, we skip the proof of Theorem 19 and refer the interested
readers to the paper [66].
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7.5 Uniqueness of the free energy solutions

After proving the smoothness theorem for the system (7.1.1), we are ready to
prove the uniqueness of the free energy solution (n,)a.cz. We will organize the proof

into several lemmas.

Lemma 7.5.1. Consider the free energy solution n to the system (7.1.1). The fol-
lowing holds

lm £ |n4(t)]]4/3 = 0. (7.5.1)

t—0t

Proof. The proof is similar to the one carried out in the paper [52]. For the sake of

completeness, we give the proof below. Standard L? energy estimate yields

d
EZHMH%HZHWQHS = > baﬁ/ninﬁdx. (7.5.2)

a,BET

Applying the Nash inequality, we estimate the right hand side as follows

d 2

i 2l

<=1Vl + S asllimsll
o a,f

SUPye(o,T S[n(t)]1/3 2/3
I
o a,B

> lInall3
< - Com s ]2\42 Y [bas| K2 My, (7.5.3)
(0% [0 a75

where K is a big number. Now by solving a super equation

A r
dar’ Cens sup,, M?2

+C'K?Y " |bapl Mg, £(0) = oo,
a,B
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where C” is chosen large compared to the implicit constants appeared in (7.5.3). We

have that
Y lIna(®)]3t < € < o0, (7.5.4)
for Vt € [0,T7.

By the Holder’s inequality and the boundedness of the entropy, we have that

2/3 1/3
/ni/gdx < (/ ne(log" ng + 2)dx> </ n2(2 +log* na)de>

1/3
<C (/ n2(2 + log™ na)Zdaz) : (7.5.5)

We can separate the domain into n, < R and n, > R case and use the increasing

property of the function s/(2 + log™ 5)2, the conservation of mass and (7.5.4) to get

t/ni(2+log+ Ny ) 2 §t/ n2(2 +log" ny) 2 +/t/ n2(2 +logt ny) 2
na<R na<R

<t MR n K
~ (2+1log" R)2  (2+1log" R)?

Now set R := 1/t, we have

M+ K
t | n2(2+1logtn,) %< —0,t — 0. 7.5.6
/na( + og n ) = (2+10g+1/t)2 + ( )
Combining this with (7.5.5) yields the result. O

Now consider the equation in the mild form. Since we have smoothness of the
free energy solution, we have that the two formulation are equivalent. Suppose that
(Na1)acz, (Na2)acz are two solutions subject to the same initial data (n4)o, o € Z,

their difference satisfies:
t
N2 — Nt :/ e(t_s)AV((Vca,Q(s) — Vo 1(8))na2(s))ds
0

+ /0 IV (Veaa(5)(nap(s) = na(s)))ds.
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Define the following quantities:

Zoy(t) := sup 81/4||na7g(8)||4/3, ¢={1,2}; (7.5.7)
0<s<t
Ay (t) == sup s |na2(8) — 11 (5)]|as- (7.5.8)
0<s<t

From the estimate (7.5.1), we have that lim,_,o, Z,¢(t) = 0. The A,(t) can be further

decomposed as follows:

A (T) < sup /4 / e IAY ((Vega(s) — Vea1(5))nas(s))ds

0<t<T 0 4/3
t
+ sup /4 / e(t_S)AV(Vca,l(s)(nag(s)—nml(s)))ds
0<t<T 0 4/3
=: sup Ja1(t) + sup Jua(t). (7.5.9)
0<t<T 0<t<T

Now we can estimate the J, term in (7.5.9) using the Hélder inequality, Minkowski

integral inequality and heat semigroup estimate

t
C
J2,a §t1/4/0 mHVCa,lHM?)Hna,Q - na,l”4/3d5
t t1/4
0 seT

Similarly, we can estimate the J,; term as follows:

Jia < C Y |baplAp(t) Zaa(t). (7.5.11)
B

Combining (7.5.9),(7.5.11),(7.5.10) and (7.1.2), we have that

D AT =D sup Y4 nas(t) = naa(t)]lays

0<t<T
a U=

SO bagl sup Aa(t)(Zpa(t) + Zs2() S D AalT) YD baplZse(T).
8
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Now thanks to the fact that (7.5.1), we have that

S AT < %ZAQ(T), T e 0,7, (7.5.12)

for some small T, > 0. So we have A, = 0,Va € Z,Vt € [0,7;]. Now the uniqueness

follows if we iterate this argument.

7.6  Multi-species PKS subject to non-symmetric B matrix

7.6.1 symmetrizable case

In general, the chemical generation coefficient matrix (b,s)a, gez is nonsymmet-
ric. This introduces new challenges in the analysis. We will not cover the general
situation in this paper. However, in certain cases, one can symmetrize the system.

First recall the sign function:

sign(f) = f/Ifl, f#0; sign(f)=0, f=0. (7.6.1)

If sign(bag) = sign(bs,) and the matrix B is three diagonal, i.e., byg # 0 only if
|a— | < 1, the system can always be symmetrized.To show the method, we consider

system (7.1.1) subject to general 3-by-3 matrix

Ong + Z Vo (bap(=VA Dngng) = Ang,  sign(bas) = sign(bss), biz = bz = 0.
8e{1,2,3}

First we can multiply the equation corresponds to ny by bis/bg; and redefine ny :=

Z;—fng and obtain

8tn1+v . (bu(—VA_l)nlnl + bgl(—VA_l)’ngnl) = Anl,
621622

12

8tﬁ2+V . <bgl(—VA_1)n177L2 + (_VA_I)fLQﬁQ -+ b23<—VA_1)7’L37~L2> == ATNZQ
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Now we can do the same trick on the third equation, multiplying the it by % and

redefine ngz := b};l;—zb?g?’, we obtain that

bo1 b b3ob
21 22(—VA*1)7~127~12+ 32021

12 12
b32b21b33

b12b23

O¢no+V - <b21(—VA1)n1ﬁ2 + <_VA1)ﬁ3ﬁ2> = Any,

b32b21
b12

Oynz+V - < (—VA_I)ﬁﬂNl:J. + (—VA_I)ﬁgﬁg) = Ans.

Now we see that the new coefficient matrix is symmetric. For general tridiagonal
matrix with sign(ba.g) = sign(bg,), the symmetrization is similar.
Furthermore, if we have the relation b,z = —bg, and bag > 0, « > 3, the

solution is global in time without restriction on the mass M,.

7.6.2 Essentially dissipative case
In this section, we prove Theorem 21.

Proof of Theorem 21. If Tl = T, T £ (. Otherwise Z(ZD is an empty set, which is

a contradiction. For any finite time interval [0, 7|, we prove that ||n.||gs < Chs < 00
for all t € [0,T7.
First we use the maximum principle of parabolic equation to prove the L

bound of the n,’s. First we pick all the a® € T, and calculate the time evolution

of the maximum of n,0

gnao (24, 1) = Ango (24, 1) — Veao (24, t) - Vngo(a,, t) + E bapng (T, t)ngo (24, t) < 0.
t

B
(7.6.2)

As a result, we obtain that the n,o is bounded from above. Since n,o > 0, we have

that |[140]lcc < Cr) < 00. Next we look at all the a!’s in the set Z. Apply the
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maximum principle, we have that

Qnal(l'*, t) = Angi (x4, t) — Veai (T4, 1) - Vg (x4, t) + Z bapns (e, t)ngo (24, t)
O 5

< 3 basllngllocnar.

BEZO)

Since ||ngl|eo < Croy < 00, we have that |1, (t)||e < Cray < 00, ¥Vt € [0,T]. By the

same arguement, we have that
[na(t)]|os < Coo < 00, VYa e (7.6.3)

Since B is essentially dissipative, ZIZD = 7, we have that ||ng||e < Cs for all a € 7.
This completes the first part of the proof.
Next we estimate the H®, 2 < s € N norm of the solution. Assume that we

have already obtained the H*~! estimate, i.c.,
[|na ()| gs—1 < Chs—1 < o0, te0,T]. (7.6.4)
We estimate the time evolution of > [|V*n,||3 as follows:
d S
% Z ||V naH%
s+1
<= IV alls ) IVeal BllVonalls + 3 ) 11V eal IV nal I}
a a a (=2
SO IVnalls.

As a result, we have that ) ||na(t)]

s < Cys < oo for all t € [0,7]. This completes

the proof of the theorem. n
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7.7 Conclusion

In this section, we introduced the multi-species concept into the PKS equation
and continued a project initiated by Wolansky. We used the log-HLS inequality
associated to systems to give explicit criterion to guarantee global well-posedness
of the multi-species PKS system (7.1.1) subject to symmetric chemical generation
matrix B. We also analysed some specific cases where the chemical generation matrix

is non-symmetric.
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Chapter 8: Conclusion

8.1 Chemotaxis in moving fluid

I focus on the parabolic-elliptic Patlak-Keller-Segel equation with additional

advection modelling Chemotaxis in a moving fluid:

(

o =An —V - (Ven) — Au - Vn,

— Ac=n, (8.1.1)

\ V-u=0; n(-,0) =ne.
I address the problem that whether there exists a simple vector field u to suppress
the blow-up of the system subject to supercritical mass. In Chapter 2 and 3, I exploit
the shear flow enhanced dissipation effect and hyperbolic flow fast splitting effect to

suppress the blow-up of the system. In Chapter 4, I further extend some of these

results to the parabolic-parabolic PKS system.

8.2 Flocking

The hydrodynamic flocking model describes the evolution of the population

density p and the agent velocity u subject to alignment forces determined by the
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influence function ¢:

e+ - Vu ={o+ (pu) — 6% pu},
(8.2.1)
pr+ V- (pu) =0, (p,u)(0) = (po, uo)-
In Chapter 5, I give explicit global well-posedness criteria in dimension two. The

result clarifies the roles played by stretching and vorticity in the dynamics. It is

worth noting that these two effects are not present in the one dimensional analysis.

8.3 Multi-species PKS systems and multi-species hydrodynamic flock-

ing models
In Chapter 6 and 7, I introduce multi-species concepts into the PKS models and
Hydrodynamic flocking models. I gave explicit global well-postedness criteria. These

criteria have strong relations to the interaction matrix B = (bs3)a,ger involved in the

system, which cannot be observed in the single-species models.
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