
ABSTRACT

Title of Dissertation: ERASURE CORRECTION FOR GRAPH CODES AS A PROBLEM OF
BOOTSTRAP PERCOLATION

Fengxing Zhu
Doctor of Philosophy, 2025

Dissertation directed by: Professor Alexander Barg
Department of Electrical and Computer Engineering

Distributed storage systems are designed to have the capability to recover the contents of failed nodes

by accessing the contents of other functional nodes in the storage cluster. To achieve this property in storage

systems, engineers have focused considerable effort on developing codes that enable local recovery. An

encoding method is said to have locality r if the contents of a storage node can be reconstructed by accessing

r other nodes in the storage cluster. An additional constraint faced by the designer is accounting for the

underlying topology of the system that may affect the functioning of the recovery method. In this research,

we study certain aspects of storage systems with graphical structure, modeling them as storage codes on

graphs. A storage code is an assignment of bits to the vertices of a graph with the property that every vertex

can recover its value from its neighbors.

Specializing the problem further, we assume that several vertices in the graph represent failed storage

nodes, and the task of code construction is to support their recovery. Suppose that every vertex is erased

with some probability p independently from the other vertices, and that the recovery proceeds in rounds,

whereby the vertices with more than r functional neighbors are assumed to be able to recover themselves.

As the number of erased vertices decreases, additional vertices may be able to restore their values until all

the erasures are corrected. In graph-theoretic terms this procedure is known as bootstrap percolation with

infection threshold r (it is often called infection spread in graphs).



The research presented in this thesis extends earlier works on bootstrap percolation. We determine

asymptotics of the critical probability pc of bootstrap percolation on the binary n-dimensional hypercube,

solving for several regimes of dependence of r on the dimension n. We also determine the maximum time

to erasure recovery (the maximum percolation time) on the q-ary hypercube graph. Extending the classical

setting, we modify the hypercube graph to expand the neighborhood to allow vertices at distance 2 or more,

and compute the asymptotics of critical probability and obtain other similar asymptotic results.
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Chapter 1

INTRODUCTION

Distributed storage systems have been extensively utilized in various fields such as cloud computing, big

data processing, and scientific computing, among others. Given their ability to handle large volumes of data

across multiple nodes in a distributed environment, it is imperative to design robust distributed storage sys-

tems capable of efficient information storage and recovery. One commonly employed model for distributed

storage systems has the ability to locally recover from a single node failure, or even withstand multiple node

failures simultaneously. In practical terms, the most frequent error event in a distributed storage system is

the failure of a single node. When such a failure occurs, the objective is to reconstruct the content of the

failed node from the remaining properly functioning nodes, minimizing the number of nodes involved in

the recovery process. In order to handle this challenge, the study of codes with locality for was initiated

by Gopalan et al. [32]. We say that the ith coordinate of a codeword c in a code C has locality r if ci can

be recovered from {cj}j∈S where |S| = r and S ⊂ [n\i]. However, this model does not account for the

underlying topology of a distributed system and in practice that aspect has to be dealt with. Motivated by

this consideration and also by earlier works by Alon et al. [3], Mazumdar [40] [41] and Shanmugam and

Dimakis [45] introduced the concept of storage codes for graphs around 2014.

Let us formally define storage codes for a graph G. Given a connected graph G(V,E) with |V | = N ,

denote by N (v) = {u : (u, v) ∈ E} the set of neighbors of the vertex v on G. A storage code for G is

a set C of vectors c = (cv)v∈V ∈ FN
q such that for every c ∈ C and v ∈ V the value of cv is uniquely
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determined by the values of cw with w ∈ N (v). More precisely, for every vertex v ∈ V there is a function

fv : FN (v)
q −→ Fq such that for every c ∈ C and every v ∈ V we have cv = fv((cw)w∈N (v)). The definition

of storage codes implies the ability to recover an erased coordinate of a codeword from its neighborhood.

This highlights the primary distinction between codes with locality and storage codes for graphs. While

codes with locality can correct an erased coordinate of a codeword using the values of other coordinates

(repair group), aiming to minimize the size of the repair group, storage codes for a graph G impose an

additional constraint on the repair group for each coordinate of a codeword. In other words, the repair group

for each coordinate of a codeword consists of its neighbors as defined by the underlying graph.

While the most probable error event is the failure of a single node, it is also possible to encounter multiple

node failures. From an erasure correction perspective, a single node failure corresponds to correcting a single

erasure, while multiple node failures correspond to correcting multiple erasures. Moreover, the problem

of correcting multiple erasures naturally extends the problem of single-erasure correction. Building upon

this concept, Mazumdar [41] introduced the problem of correcting multiple erasures. In this discussion,

our focus will be on codes constructed from the edge-vertex construction, defined below, using a d-regular

underlying graph G. Various known constructions of storage codes for a given graph G can be found in [20],

[44], [4], and some of these constructions, including the matching construction, edge-vertex construction,

clique-vertex construction, and fractional clique cover, were mentioned in [15].

Now we will describe the edge-vertex construction for a d-regular graph G(V,E) with N vertices, as

introduced in [20] and [24]. Consider the space (Fq)
|E| of vectors indexed by the edges of G. Next, we map

this space onto (Fd
q)

N ∼= FN
qd

by assigning to each vertex v a d-vector formed by the symbols written on

the edges incident to it. Equivalently, the code C(G) = cv, v ∈ V is obtained as the image of the following

mapping:

F|E|
q −→ FN

qd

(xe)e∈E −→ (cv)v∈V , where cv = (xe)e∈∂(v).
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Here, ∂(v) represents the edge neighborhood of v in G. According to this definition, for a given v ∈ V , cv

from C(G) is an element in Fd
q , or it can be viewed as a d-vector over Fq obtained from the values placed on

the edges incident to v ∈ V . Now, it is required for C(G) to be able to correct multiple erasures. In other

words, for every v ∈ V and every c ∈ C(G), cv can be recovered from cv′ , where v′ ∈ N (v), as long as at

most t of them are erased. One way to achieve this is by enforcing the symbols on the edges incident to each

vertex v ∈ V to belong to a linear code D of length d over Fq. Additionally, we require the linear code D to

be capable of correcting t erasures. This defines a linear code C(D,G) that enables each vertex to recover

its value from d− t or more non-erased neighbors.

The problem of correcting multiple erasures in a deterministic manner using storage codes for a given

graph G appears interesting. However, it is also worthwhile to explore the same problem in a random setting,

as formulated by [15]. Let’s consider the edge-vertex construction with a local code capable of correcting t

erasures. Under this setting, each vertex is independently and randomly erased with a probability p̄, resulting

in a set of erased vertices. It is important to note that erased vertices can be recovered iteratively until all of

them are corrected. In other words, a vertex is not erased with a probability p = 1− p̄, which is independent

of any other vertices, and an erased vertex can recover its value if it has at least d− t non-erased neighbors.

Barg and Zémor [15] established a connection between correcting multiple erasures using storage codes for

a graph G and bootstrap percolation on the same graph G.

The process of r-neighbor bootstrap percolation on an undirected graph G(V,E), with an integer r ⩾ 1,

was introduced by Chalupa, Leith, and Reich [23]. In this process, each vertex is either infected or healthy,

and once a vertex becomes infected, it remains infected forever. Initially, a set of vertices A0 is infected, and

let Ai denote the set of infected vertices up to step i. The bootstrap percolation process evolves in discrete

steps as follows: for i > 0,

Ai = Ai−1 ∪ {v ∈ V : |N (v) ∩Ai−1| ⩾ r},
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where N (v) represents the neighborhood of vertex v. In simple terms, a vertex that is not initially infected

becomes infected at step i if it has at least r infected neighbors at step i − 1. Here, we define r as the

infection threshold for all v ∈ V and a contagious set as a set of initially infected vertices that leads to the

complete infection of the entire graph. Percolation occurs if all vertices have been infected by the end of

the process. In random bootstrap percolation, each vertex is independently and randomly infected at the

beginning with a probability p. The central question in the problem of random bootstrap percolation is to

determine the critical probability, denoted as pc(G, r):

pc(G, r) = sup
{
p ∈ (0, 1) : Pp(A percolates on G) ⩽

1

2

}
,

where A represents the set of initially infected vertices.

Indeed, the erasure correction process in the random setting can be seen as equivalent to random boot-

strap percolation on a graph G, just described in different terms. In our context, percolation occurs when all

erased vertices have been corrected through the iterative process. The critical probability can be defined as

follows:

pc(G, d− t) = sup
{
p ∈ (0, 1) : Pp(all erased vertices are corrected by the iterative process) ⩽

1

2

}
.

Bootstrap percolation in the deterministic setting has attracted considerable attention, as evident in works

such as [25] and [30]. In the deterministic setting, two main questions have been investigated. The first

question focuses on finding the minimum number of initially infected vertices required for the entire graph

to eventually become infected. The second question involves determining the maximum number of steps

needed for percolation to occur, considering all possible contagious sets.

Rephrasing bootstrap percolation in the deterministic setting for the erasure correction process, one

question is to determine the minimum size of the non-erased vertex set required to ensure the correction of all
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erased vertices in the end. This corresponds to finding the smallest set of non-erased vertices that guarantees

complete correction. The second question relates to determining the maximum correction time, which

refers to the maximum number of steps required to correct all erased vertices. This involves considering all

choices of initially non-erased vertices, ensuring that the chosen set guarantees the eventual full correction

of all erased vertices. By addressing these questions in this specific context, we can gain insights into the

minimum requirements for complete erasure correction and the maximum time needed for the correction

process across different choices of non-erased vertices.

Mathematically, the grid and the hypercube are fundamental structures that arise in a wide range of

areas in mathematics, such as combinatorics, graph theory, and theoretical computer science, due to their

rich structural properties, inherent symmetries, and recursive definitions. In terms of practical applications,

grid and hypercube topologies serve as main network architectures in computer networking and data storage

systems, where they are employed to facilitate efficient data routing and communication among multiple

processing units or computers [1].

Motivated by the mathematical importance and applications for the storage systems, we study the pro-

cess of bootstrap percolation on the hypercube, the hypercube with the extended neighborhood, and the

discrete torus. More precisely, under the probabilistic setting, we study the critical probability for the n-

dimensional hypercube when the infection threshold is of the form na where 0 < a < 1 and for the

n-dimensional hypercube with extended neighbors when the infection threshold is half of the degree of a

vertex. Additionally, we study the percolation time on the d-dimensional torus under the probabilistic set-

ting. Under the deterministic setting, we derive the maximum percolation time on the n-dimensional q-ary

hypercube. These results can help us estimate approximately how long it will take for the system to recover

from multiple node failures, and how many node failures the system can tolerate while still being able to

support data recovery. The results of this thesis appear in preprints [46–49], submitted for publication.
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Chapter 2

EXISTING RESULTS AND OUR
CONTRIBUTIONS

2.1 EXISTING RESULTS

For bootstrap percolation under the random setting, Aizenman and Lebowitz [2] demonstrated that when

the process occurs within a finite box {1, 2, . . . , n}d, the critical probability scales as Θ((log(n))1−d) with

d ⩾ r = 2. In their work [7], Balogh and Bollobás established the sharp phase transition for bootstrap

percolation on a d-dimensional box, building upon the results from [31]. Notably, Holroyd [27] achieved

a significant breakthrough by identifying the precise threshold for d = r = 2. Subsequent advancements

were made by Gravner and Holroyd [33] as well as Hartarsky and Morris [36], who determined the scaling

of the second-order term,

pc([n]
2, 2) =

π

18 log n
− Θ(1)

(log n)
3
2

.

For the case where d = r = 3, Cerf and Cirillo [22] established that the critical probability scales as

Θ
(

1
log log(n)

)
. In the scenario where d ⩾ r ⩾ 3, Cerf and Manzo [21] demonstrated that the critical proba-

bility follows a behavior of Θ
(
(log(r−1)(n))r−d−1

)
, where log(r−1) represents the logarithm iterated r− 1

times. The sharp threshold for the r-neighbor process on [n]d was ultimately determined by Balogh, Bol-

lobás, Duminil-Copin, and Morris [9]. For every d ⩾ r ⩾ 2, they identified an explicit constant λ(d, r) > 0
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such that the critical probability can be expressed as follows:

pc([n]
d, r) =

[
λ(d, r) + o(1)

log(r−1) n

]d−r+1

.

While a considerable amount of attention has been devoted to the study of random bootstrap percolation

in the d-dimensional box, it has also been extensively explored on the hypercube. Let Q(n) be a hyper-

cube graph whose vertices are the binary n-dimensional vectors. Balogh and Bollobás [8] established the

following result: there exist constants c1 > 0 and c2 > 0 such that

c1
n2

2−2
√
n ⩽ pc(Q(n), r = 2) ⩽

c2
n2

2−2
√
n.

In a subsequent study, Balogh, Bollobás, and Morris further improved upon the bound presented in [12] and

obtained the following result: there exists an explicit constant λ > 0 such that

16λ

n2

(
1 +

log n√
n

)
2−2

√
n ⩽ pc(Q(n), 2) ⩽

16λ

n2

(
1 +

5(log n)2√
n

)
2−2

√
n.

For majority bootstrap percolation on the hypercube Qn, where the infection threshold r is equal to 1
2n,

Balogh, Bollobás and Morris in [11] and [10] proved that:

1

2
− 1

2

√
log n

n
− 2

log log n√
n log n

⩽ pc

(
Qn,

n

2

)
⩽

1

2
− 1

2

√
log n

n
+

log log n

2
√
n log n

+ o

(
log log n

2
√
n log n

)
.

In addition to the d-dimensional box and the hypercube, some efforts have been devoted to investigating

bootstrap percolation on random graphs. Feige, Krivelevich, and Reichman [28] examined the r-neighbor

bootstrap percolation on the binomial random graph G(n, p), where p = d
n and 1 ≪ d ≪

(
n log logn
log2 n

) r−1
r .

Assuming r > 1 to be a constant independent of n, they proved that the minimum size of a contagious set,
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denoted by m(G(n, p), r), satisfies

m(G, r) = Θ

(
n

d
r

r−1 log d

)
,

with high probability. Furthermore, they determined that the threshold probability for m(G, r) = r to hold

is

p∗ = Θ

 1(
n logr−1 n

) 1
r

 .

Subsequently, Holmgren, Juskevicius and Kettle [37] studied the majority bootstrap percolation on the bi-

nomial random graph G(n, p). Their approach involved selecting an initially infected set A0 of size m

uniformly from [n]m (all subsets of [n] of size m), followed by the selection of edges for G(n, p). This

process is referred to as MB(n, p;m). We say that the MB(n, p;m) percolates if all vertices eventually

become infected. They proved the following theorem:

Theorem 2.1.1. Fix some number ϵ > 0. Assume that for n large enough, (1 + ϵ) log n ⩽ p(1 − p)n and

p ⩽ 1− log4 n
n . Let d = np

1−p . If the initially infected set A0 has size

m =
n

2
− n

2

√
log d

d
+ λn

log log log d√
d log d

+ o

(
log log log d√

d log d

)
,

then as n −→ ∞,

P(MB(n, p;m) percolates) =


1, if λ > 1

2 ,

0, if λ < 0.

Let’s now consider the deterministic setting for bootstrap percolation. By employing the techniques

developed in [6], Morrison and Noel [42] determined the leading term of the minimum size of the conta-

gious set for the r-neighbor process on the hypercube Q(n) with n vertices. This quantity is denoted as

m(Q(n), r). In the case where n tends to infinity while keeping r > 2 fixed, they established the following

8



expression:

m(Q(n), r) =
1 + o(1)

r

(
n

r − 1

)
.

Another significant class of graphs comprises graphs with good expansion. It is well known that the

expansion property of a graph is controlled by the spectral gap, i.e., the difference between the largest eigen-

value of its adjacency matrix λ1 and the absolute value of the second eigenvalue. Heuristically, in a graph

with a strong expansion property, every set of vertices is expected to have a large number of external neigh-

bors, leading to the possibility of small-sized minimum contagious sets. Coja-Oghlan et al. [25] formally

proved this statement. To describe their result, consider d-regular graphs on n vertices with eigenvalues

λ1 > λ2 ⩾ . . . ⩾ λn, and let λ := max{|λ2|, |λn|}. In order to get a sense of their results, let us mention

one of the theorems that establishes an upper bound for the minimum size of contagious sets.

Theorem 2.1.2. Let G be an (n, d, λ)-graph. If λ = O(
√
d), then m(G, r = 2) = O( n

d2
).

While the expansion property of a graph roughly ensures that every set of vertices has a significant

number of external neighbors, a graph with high density, where the minimum degree of vertices is very

large, can achieve the same effect. Formally, Gunderson [34] characterized the minimum size of contagious

sets in terms of the minimum degree of a graph. The following theorem was proved in [34].

Theorem 2.1.3. In the r-neighbor bootstrap percolation on any graph G with n vertices (n large enough)

and with minimum degree
⌊
n
2

⌋
+ 1, we have m(G, r = 3) = 3. Moreover, for r ⩾ 4, in the r-neighbor

bootstrap percolation on any graph G with n vertices (n large enough) and with minimum degree
⌊
n
2

⌋
+r−3,

we have m(G, r) = r. The minimum-degree requirements are sharp.

One important class of dense graphs is Ore graphs. An Ore graph G(V,E) is defined such that for any

u, v ∈ V with uv /∈ E, it holds that deg(u) + deg(v) ⩾ n. Efforts have been made to determine the

minimum size of contagious sets on Ore graphs. Freud, Poloczek, and Reichman [30] proved the following

theorem:
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Theorem 2.1.4. In the 2-neighbor bootstrap percolation on an Ore graph G with n vertices (where n is

sufficiently large), we have m(G, r = 2) = 2.

Another direction of research in bootstrap percolation involves determining the maximum percolation

time for the process across all choices of initially infected sets that result in the infection of the entire

graph. Let Qn denote the hypercube on n vertices. Przykucki proved the following theorem regarding the

maximum percolation time for the 2-neighbor process in [43].

Theorem 2.1.5. Assume the 2-neighbor bootstrap percolation on Qn. If A ∈ Qn percolates, then it perco-

lates in at most
⌊
n2

3

⌋
steps.

Following Przykucki’s work, Hartarsky [35] determined the maximum percolation time on Qn up to a log n

factor for the r-neighbor process, where r ⩾ 3. The following result was shown by Hartarsky in [35].

Theorem 2.1.6. Assume the r-neighbor bootstrap percolation on Qn with r ⩾ 3. If A ∈ Qn percolates,

then it percolates in at most 2n

n (log n)−O(1) steps. Moreover, this bound is tight for all n.

By comparing Theorem 2.1.5 and Theorem 2.1.6, we observe a significant increase in the maximum perco-

lation time on the hypercube when transitioning from r = 2 to r ⩾ 3.
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2.2 OUR CONTRIBUTIONS

We consider bootstrap percolation on the Hamming cube, including a generalized cube, and on the n-

dimensional torus. The n-dimensional Hamming cube, denoted by Qn(V,E), is a graph with vertices given

by the n-vectors over a q-ary alphabet, V = {0, 1, . . . , q− 1}n and edges E = {xy : dH(x, y) = 1}, where

dH is the Hamming distance. The generalized n-dimensional Hamming cube, denoted by Qn,k(V,E), has

the same set of vertices and edges E = {xy : 1 ⩽ dH(x, y) ⩽ k}, where k ⩾ 2. The d-dimensional torus

is the graph, denoted by Td
n, with vertex set V = {0, . . . , n− 1}d and x, y ∈ V are connected if and only if

for some i ∈ {1, . . . , d}, xi = yi ± 1 (mod n) and xj = yj for all j ̸= i.

In the thesis, we consider the cases of the generalized binary cube, the q-ary n-cube, q ⩾ 2 and the torus.

2.2.1 BOOTSTRAP PERCOLATION ON A GENERALIZED HAMMING CUBE I

We study the bootstrap percolation process on a generalized Hamming cube Qn,k. As our main contri-

butions, we characterize percolating sets and determine the critical probability for the process when the

infection threshold is 2 and 3. Additionally, we determine the size of minimum percolating sets in certain

cases and establish bounds in others.

Our arguments start with a simple characterization of initially infected sets that fail to percolate. An

initially infected set fails to percolate if and only if there exists a set of uninfected vertices B such that every

vertex in B has fewer than r neighbors outside of B. To derive a lower bound on the minimum percolating

sets, we use this description of initially infected sets to derive a lower bound for the case of large r. The

bound turns out to be exponentially tight when r = Θ(nk).

These results are presented in Ch. 3 and appear in [46].
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2.2.2 BOOTSTRAP PERCOLATION ON A GENERALIZED HAMMING CUBE II

While percolation on the n-dimensional hypercube with infection threshold r = 1
2n (majority bootstrap

percolation) has been studied in [11] and [26], the case where the threshold is r = na for some a < 1 had

not been investigated prior to our work. In Section 9 of [26], two open questions were posed: characterizing

d-regular graphs for which the critical probability is of the form d−a with 0 < a < 1, and investigating the

behavior of the critical probability for d-regular graphs with infection threshold r =
√
d. We resolve the

first question for the n-dimensional Hamming cube with infection threshold r = na for 2
3 < a < 1.

We also examine bootstrap percolation on the n-dimensional hypercube with extended neighborhoods,

another problem highlighted as an open question in Section 9 of [26]. We determine the leading term and

establish bounds on the second-order term of the critical probability on Qn,k. In the case k = 2, the second-

order term is tight up to a factor of
√
log n.

We combine the tools used in [11] and [26] with the additional tools such as the FKG inequality, the De

Moivre–Laplace theorem and the factorization theorem of the complete k-uniform hypergraph to derive the

desired results.

These results are presented in Ch. 4 and appear in [47].

2.2.3 MAXIMUM PERCOLATION TIME ON THE Q-ARY HYPERCUBE

We study the maximum percolation time on the q-ary Hamming cube Qn(V,E), q ⩾ 3 with infection

threshold 2. To derive a recursive formula for this quantity, we introduce a set of new operations designed

to count the number of nonzero elements in a q-ary string of length n under certain constraints. These

operations enable the formulation of several technical lemmas that characterize the spread of infection under

various configurations of initially infected vertices, ultimately leading to the desired recursive formula for

the maximum percolation time.

The derivation of the recursive formula is significantly more intricate than in the case of the binary
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hypercube. In several parts of the proof, we introduce some more involved inductive arguments to establish

important claims.

By using the recursive formula with the initial condition for n = 0, 1, 2, we successfully derive the

maximum percolation time for every n ⩾ 0.

These results are presented in Ch.5 and appear in [48].

2.2.4 THE TIME OF BOOTSTRAP PERCOLATION IN HIGH DIMENSIONS

We study the percolation process on the d-dimensional torus, defined above, with infection threshold d. In

two dimensions [5], the key intuition is that the event in which a vertex x remains uninfected at time t is

“equivalent to” the existence of a line segment of uninfected vertices of length roughly t “near” x. In higher

dimensions, it is not immediately clear whether this key intuition still holds. However, we show that it

remains valid in higher dimensions, provided that the infection threshold equals the dimension.

In the two-dimensional case, the idea from [5] of analyzing the intersection between a path of uninfected

vertices and squares of a certain size was effective in reducing the combinatorial factor from counting the

number of such paths. In higher dimensions, however, it is not obvious which geometric objects should

be used to achieve a similar reduction. We find that replacing two-dimensional squares with their higher-

dimensional analogs (cubes) is a viable approach.

Another challenge lies in generalizing the definition of the interior of a square from two dimensions

to higher dimensions in a way that serves our purposes. In the two-dimensional setting, the notion of a

square’s interior was introduced to properly define certain events, and a similar concept is required in higher

dimensions. We address these challenges and provide the necessary definitions to extend the analysis.

These results are presented in Ch. 6 and appear in [49].
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2.2.5 IMPLICATIONS FOR DISTRIBUTED STORAGE SYSTEMS

The q-ary hypercube is a natural generalization of the binary hypercube that preserves its fundamental

structure. The torus can be viewed as a grid with periodic boundary conditions, where opposite edges are

identified, resulting in a structure without boundary. Since the underlying topologies of many distributed

storage systems are hypercubes or grids [1], our results about critical probability help to evaluate the robust-

ness and resilience of such systems for a wider range of the parameter recovery threshold, i.e, the minimum

number of functional neighboring nodes required to recover a failed node. More specifically, they enable us

to estimate the number of failed nodes that a system can tolerate and return to full functionality without data

rewrite. Our results about percolation time give insights into the expected time to complete recovery of the

system.
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Chapter 3

BOOTSTRAP PERCOLATION ON A
GENERALIZED HAMMING CUBE, I

3.1 INTRODUCTION

In this chapter we study bootstrap percolation on the hypercube {0, 1}n with edges added between the pairs

of vertices at Hamming distance ⩽ k for a fixed k ⩾ 2. We denote this graph by Qn,k(V,E), where

V = {0, 1}n and E = {xy : 1 ⩽ dyx ⩽ k}, where dxy := dH(x, y) is the Hamming distance and k is a

fixed integer. Given a subgraph G ⊂ Qn,k and v ∈ V , we denote by Nv(G) the set of neighbors of v in G,

omitting the reference to G if it is the entire cube.

Our main results concern the critical probability pc(Qn,k, r) for r = 2, 3, for which we obtain tight

estimates of the form 2−n/rn−k as n → ∞. These results are formally stated and proved in Sections 3.2

and 3.3. In Section 3.4 we prove some results about the size of the minimum contagious set on Qn,k, with

the most detailed answers for k = 2.

3.2 CRITICAL PROBABILITY FOR THE 2-NEIGHBOR PROCESS

We begin with two simple lemmas used repeatedly in this chapter.

Lemma 3.2.1. Let r, k ⩾ 2, n ⩾ r − 1 and let A0 ⊂ Qn,k be a set of already infected vertices. If A0

contains an (r − 1)-dimensional subcube of Qn,k, then the r-process on Qn,k will percolate after several
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additional steps.

Proof. W.l.o.g., consider the subcube1 Q0
r−1,k = {x = (∗r−10n−r+1)} formed of all the vertices that end

with n − r + 1 0’s and assume that all of its vertices are infected. We will show by induction that all the

subcubes Q0
i,k, i = r, . . . , n become infected, implying the percolation claim. For the base, consider the

vertex v = (0r−110n−r) and observe that |Nv(Q
0
r−1,k)| ⩾ r for all k ⩾ 2: the origin 0n and all the vertices

of the form x = (z|0n−r+1) with |z| = 1 satisfy d(v, x) ⩽ 2, so the infection spreads to v. Similarly, all

the vertices of the form x = (∗r−1|1|0n−r) have ⩾ r neighbors in the set Q0
r−1,k, so the entire set Q0

r,k gets

infected, completing the base step. The transition from Q0
i−1,k to Q0

i,k, r + 1 ⩽ i ⩽ n is argued in the same

way (in fact, it becomes easier to propagate the infection as the dimension grows because the set of close

neighbors in Q0
i−1,k grows in size as i increases).

Because of this observation, to prove that percolation takes place, it suffices to show that with the

appropriate choice of the initially infected set A0 ⊂ V several steps of the process will infect a subcube

Qr−1,k. We will use variations of this approach in the proofs of the main results.

Lemma 3.2.2. Let Xn, n ⩾ 1 be a collection of random variables such that Xn ∈ N0, EXn → ∞ and

Var(Xn) = o(EX2
n) as n → ∞. Then P(Xn = 0) = o(1) and

P
(EXn

2
⩽ Xn ⩽

3

2
EXn

)
= 1− o(1).

Proof. The first statement follows by an application of the second moment method and the second one by

Chebyshev’s inequality.

Below by ω(n) and C(k) we denote an arbitrarily slowly growing function of n and a constant which

may depend on k respectively. We will use ω(n) and C(k) as generic notations, where the specific form of

1by abuse of notation, we may write Qr−1,k to refer to an (r − 1)-dimensional subcube of Qn,k, where the locations of ∗ are
not necessarily consecutive.
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these functions may be different in different expressions. In this section our goal is to prove the following

theorem.

Theorem 3.2.3. (Critical probability for the 2-neighbor process). We have

1

ω(n)
2−

n
2 n−k ⩽ pc(Qn,k, 2) ⩽ ω(n)2−

n
2 n−k. (3.1)

Proof. We assume that at the start of the process, every vertex is infected independently of the others with

probability p and is not infected with probability 1 − p. Let A0 be the set of initially infected vertices. We

claim that percolation occurs if and only if there is a pair x, y ∈ A0 with dxy ⩽ 2k. If not, then no vertex

will have 2 neighbors in Qn,k, so the process cannot evolve. Now suppose the assumption holds true. We

will prove that the process percolates, differentiating between the following two cases.

Suppose that dxy = t, where 1 ⩽ t ⩽ k. Let us write x = (x1, . . . , xt, xt+1, . . . xn) and y =

(x̄1x̄2 . . . x̄txt+1 . . . xn) where x̄ refers to the negation of the bit x. Making one step of the process en-

sures that all the vertices in the subcube (∗ ∗ · · · ∗ |xt+1xt+2 . . . xn) are infected, and the claim follows by

Lemma 3.2.1.

Now suppose that k + 1 ⩽ t ⩽ 2k. Writing x and y as above, consider the vertex

u = (x1x2 . . . xkx̄k+1x̄k+2 . . . x̄txt+1 . . . xn).

We have dux = t − k ⩽ k and duy = k, so after one step, u will be infected. Considering the pair (u, x),

we have reduced the percolation task to the previous case, so our claim is proved.

Now let Xi, i = 1, 2, . . . , 2k denote the number of initially infected pairs (x, y) with dxy = i. Clearly,

E
2k∑
i=1

Xi =

2k∑
i=1

2n−1

(
n

i

)
p2.
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For a pair T = (x, y) ∈ V × V , let XT = 1{T initially infected}. Let Ti := {(x, y) ∈ V × V : dxy = i}.

Var
( 2k∑

i=1

Xi

)
=
∑
i<j

∑
T∈Ti,T ′∈Tj

Cov(XT , XT ′) +
2k∑
i=1

∑
T,T ′∈Ti

Cov(XT , XT ′). (3.2)

Let T ∈ Ti and T ′ ∈ Tj with i < j. Then we have

Cov(XT , XT ′) = E[XTXT ′ ]− E[XT ]E[XT ′ ]

= p|T∪T ′| − p|T |+|T ′|

=


0 if |T ∩ T ′| = 0

p3 − p4 if |T ∩ T ′| = 1.

.

Summing over all choices of the pairs Ti, T
′
i , we obtain

∑
T∈Ti.T ′∈Tj

Cov(T, T ′) =

(
n

i

)(
n

j

)
(p3 − p4)2n. (3.3)

Now let T, T ′ ∈ Ti. We have

Cov(XT , XT ′) = E[XTXT ′ ]− E[XT ]E[XT ′ ]

= p|T∪T ′| − p|T |+|T ′|

=



p2 − p4 if T = T ′

p3 − p4 if |T ∩ T ′| = 1

0 if |T ∩ T ′| = 0.
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Summing over all choices of the pairs Ti, T
′
i , we obtain

∑
T,T ′∈Ti

Cov(T, T ′) = (p2 − p4)2n
(
n

i

)
+ (p3 − p4)2n

(
n

i

)( i−1∑
l=0

(
i

l

)(
n− i

i− l

))
. (3.4)

Let X =
∑2k

i=1Xi (the dependence on n is suppressed). Therefore,

EX = C(k)2nn2kp2.

To fit the assumptions of Lemma 3.2.2, we will choose p so that Var(X) = o(EX2). Write the variance

using (3.3) and (3.4) in (3.2) to observe that

Var(
2k∑
i=1

Xi) ⩽ C(k)(p22nn2k + p32nn4k).

It suffices to take

(p32nn4k)
1
2 ≪ 2nn2kp2,

or equivalently

p ≫ 2−n,

and

(p22nn2k)
1
2 ≪ 2nn2kp2,

or equivalently

p ≫ 2−
n
2 n−k.

The second of these conditions is more restrictive, giving the lower bound in the claim (3.1) of the theorem.

At the same time, by Markov’s inequality, if p ≪ 2−
n
2 n−k, then EX → 0 if n → ∞, and thus,
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percolation does not occur with probability approaching 1. This proves the upper bound in (3.1).

3.3 CRITICAL PROBABILITY FOR THE 3-NEIGHBOR PROCESS

3.3.1 THE CASE OF k = 2

We start with k = 2 and treat general k in the second part of this section. Thus, in this part we will study

pc(Qn,2, 3). The following lemma gives a necessary and sufficient condition on the initially infected set

A0 ⊂ V for the r-process to percolate.

Lemma 3.3.1. 3-neighbor percolation on Qn,2 takes place if and only if there exist vertices x1, x2, x3 ∈ A0

with pairwise distances at most 4.

Proof. To prove the only if part, note that if no three vertices in A0 form a triangle with sides at most 4, then

the process cannot evolve beyond the initially infected set.

To prove sufficiency, suppose that x1, x2, x3 ∈ A0 are three initially infected vertices. W.l.o.g, we can

place x1 at the origin. The proof proceeds by a case study depending on the values of the distances d12, d13

and d23. By inspection, if we disregard the order, there are 9 types of triangles that three vertices can form2.

We will consider each of them, showing that after several steps of the process there emerges an infected

subcube Q2,2, and then percolation follows from Lemma 3.2.1.

Case 1: (d12, d13, d23) = (1, 1, 2). We already assumed that x1 = 0n. W.l.o.g. assume that x2 = 10n−1,

and x3 = 010n−2. The subcube Q2,2 will be formed by vertices x1, x2, x3, x4, where x4 = 110n−2. Observe

that x4 is added in the next step of the process because x1, x2, x3 ∈ Nx4
(recall that Nv is the neighborhood

of v in Qn,k). We write this concisely as

(x1, x2, x3) → x4.

2These are all the unordered triples of integers i, j, k with 1 ⩽ i, j, k ⩽ 4 such that |i− j| ⩽ k ⩽ i+ j and i− j + k even.
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Case 2: (d12, d13, d23) = (2, 2, 2). Assume that x2 = 110n−2 and x3 = 0110n−3. We have Q2,2 =

(x2, x3, x4, x5), where

x4 = 010n−2, x5 = 130n−3.

These vertices are infected following the sequence

(x1, x2, x3) → x4, (x2, x3, x4) → x5.

Case 3: (d12, d13, d23) = (2, 2, 4). Assume that x2 = 110n−2 and x3 = 00110n−4. We have Q2,2 =

(x1, x3, x5, x6) where

x5 = 0010n−3, x6 = 00010n−4.

These vertices are infected following the sequence

(x1, x2, x3) → x4, (x1, x3, x4) → x5, (x1, x3, x5) → x6,

where x4 = 0110n−3.

Case 4: (d12, d13, d23) = (1, 2, 3). Assume that x2 = 0010n−2 and x3 = 110n−2. We have Q2,2 =

(x2, x4, x5, x6), where

x4 = 0110n−3, x5 = 1110n−3,

x6 = 1010n−3.
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These vertices are infected following the sequence

(x1, x2, x3) → x4, (x2, x3, x4) → x5, (x2, x4, x5) → x6.

Case 5: (d12, d13, d23) = (2, 3, 3). Assume that x2 = 110n−2 and x3 = 01110n−4. We have Q2,2 =

(x3, x4, x5, x6), where

x4 = 0110n−3, x5 = 1110n−3, x6 = 11110n−4.

These vertices are infected following the sequence

(x1, x2, x3) → x4, (x2, x3, x4) → x5, (x3, x4, x5) → x6.

Case 6: (d12, d13, d23) = (4, 4, 4). Assume that x2 = 11110n−4 and x3 = 0011110n−6. We have

Q2,2 = (x4, x5, x6, x7), where

x4 = 00110n−4, x5 = 011110n−5,

x6 = 001110n−5, x7 = 01110n−4.

These vertices are infected following the sequence

(x1, x2, x3) → x4, (x2, x3, x4) → x5,

(x3, x4, x5) → x6, (x4, x5, x6) → x7.

Case 7: (d12, d13, d23) = (4, 2, 4). Assume that x2 = 11110n−4 and x3 = 000110n−5. We have
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Q2,2 = (x3, x4, x5, x6), where

x4 = 00110n−4, x5 = 00010n−4, x6 = 001110n−5.

These vertices are infected following the sequence

(x1, x2, x3) → x4, (x1, x3, x4) → x5, (x3, x4, x5) → x6. (3.5)

Case 8: (d12, d13, d23) = (4, 1, 3). Assume that x2 = 11110n−4 and x3 = 00010n−4. We have

Q2,2 = (x3, x4, x5, x6), where

x4 = 00110n−4, x5 = 01010n−4, x6 = 01110n−4.

The infection sequence is the same as in (3.5).

Case 9: (d12, d13, d23) = (4, 3, 3). Assume that x2 = 11110n−4 and x3 = 001110n−5. We have

Q2,2 = (x3, x4, x5, x6), where

x4 = 01110n−4, x5 = 00110n−4, x6 = 011110n−5.

The infection sequence is again the same as in (3.5).

Now we are in a position to find the critical probability for the graph G with the infection threshold

r = 3.

Theorem 3.3.2 (Critical probability for the 3-neighbor process with k = 2). We have

1

ω(n)
2−

n
3 n−2 ⩽ pc(Qn,k, 3) ⩽ ω(n)2−

n
3 n−2. (3.6)
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Proof. Call a triple of vertices x1, x2, x3 ∈ Qn,k good if each of d12, d13, d23 ⩽ 4. By Lemma 3.3.1, every

vertex will be infected by the r-neighbor bootstrap percolation on Qn,k if and only if the starting set A0

contains a good triple. Let X be the number of good triples in A0. To compute EX , we count the number

of triangles whose sides (d12, d13, d23) fall under one of the nine cases enumerated in Lemma 3.3.1. For

instance, the number of triples with (d12, d13, d23) = (1, 1, 2) is at least 2nn(n−1)
6 and at most 2nn(n − 1)

since the number of such ordered triple is 2nn(n− 1). Indeed, once we fix x1, say to 0, there are n options

for x2 and n − 1 options for x3 to form the ordered triple. For other values of (d12, d13, d23) the count of

triples is found in a similar way, and we obtain

E[X] ⩾
1

6
p32n

[
n(n− 1) + 2

(
n

2

)
(n− 2) +

(
n

2

)(
n− 2

2

)
+ n

(
n− 1

2

)
+ 2

(
n

2

)(
n− 2

2

)
+ 4

(
n

4

)(
n− 4

2

)
+ 4

(
n

4

)
(n− 4)

+ 4

(
n

4

)
+

(
n

4

)(
4

2

)
(n− 4)

]

and

E[X] ⩽p32n
[
n(n− 1) + 2

(
n

2

)
(n− 2) +

(
n

2

)(
n− 2

2

)
+ n

(
n− 1

2

)
+ 2

(
n

2

)(
n− 2

2

)
+ 4

(
n

4

)(
n− 4

2

)
+ 4

(
n

4

)
(n− 4)

+ 4

(
n

4

)
+

(
n

4

)(
4

2

)
(n− 4)

]
.

Let T1 = {x1, x2, x3} and T ′
1 = {x′1, x′2, x′3} be a pair of good triples. For a triple T let XT = I{T∈A0}.
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We have

Cov(XT1 , XT ′
1
) = E[XT1XT ′

1
]− E[XT1 ]E[XT ′

1
]

= p|T1∪T ′
1| − p|T1|+|T ′

1|

=



0 if |T1 ∩ T ′
1| = 0

p5 − p6 if |T1 ∩ T ′
1| = 1

p4 − p6 if |T1 ∩ T ′
1| = 2

p3 − p6 if |T1 ∩ T ′
1| = 3.

Estimating the variance, we obtain

Var(X) =
∑
T1,T ′

1

Cov(XT1 , XT ′
1
)

=
∑

|T1∩T ′|=1

Cov(XT1 , XT ′) +
∑

|T1∩T ′|=2

Cov(XT1 , XT ′) +
∑

|T1∩T ′|=3

Cov(XT1 , XT ′)

⩽ C
{
(p5 − p6)2n

(
n

4

)2(n
2

)2

+ (p4 − p6)2n
(
n

4

)2(n
2

)
+ (p3 − p6)2n

(
n

4

)(
n

2

)}
.

where C is a constant. For the first term above, the number of good triples T1 is at most C(k)2n
(
n
4

)(
n
2

)
and

T ′
1 is at most C(k)

(
n
4

)(
n
2

)
since |T1 ∩ T ′

1| = 1. Other terms can be derived in a similar way.

In order to satisfy the assumption that Var(X) = o((EX)2), it suffices to take

p32n
(
n

4

)(
n

2

)
≫

(
p52n

(
n

4

)2(n
2

)2
)1/2
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p32n
(
n

4

)(
n

2

)
≫

(
p42n

(
n

4

)2(n
2

))1/2

and

p32n
(
n

4

)(
n

2

)
≫
(
p32n

(
n

4

)(
n

2

))1/2

.

A direct check shows that if p ≫ 2−
n
3 n−2, then Var(X) = o((EX)2) and EX → ∞. By Lemma 3.2.2,

P(X > 0) → 1, and then Lemma 3.3.1 implies that percolation occurs, proving the lower bound in (3.6).

At the same time, if p ≪ 2−
n
3 n−2, then by Markov’s inequality, P(X ⩾ 1) ⩽ E[X] = o(1). Thus with

probability → 1 there are no good triples in A0, so by Lemma 3.3.1 the process does not percolate. This

proves the upper bound.

Remark 1. This theorem forms a particular case of Theorem 3.3.4. At the same time, that theorem relies on

Lemma 3.3.3, which does not apply to k = 2, so we kept the presentation of the case k = 2 self-contained.

3.3.2 GENERAL k ⩾ 3

We begin with an extension of Lemma 3.3.1 beyond k = 2.

Lemma 3.3.3. 3-neighbor percolation on Qn,k takes place if and only if there exist vertices x1, x2, x3 ∈ A0

with pairwise distances at most 2k.

Proof. Without loss of generality, assume that x1 = 0n, x2 = 1a1+a20n−a1−a2 and x3 = 0a11a2+a30n−a1−a2−a3 .

The distance assumptions translate into ai+aj ⩽ 2k with (i, j) = (1, 2), (1, 3) or (2, 3). The proof proceeds

by case analysis in accordance with a2 ⋚ k.

1. a2 > k In this case a1 < k and a3 < k.

1.1 a1 > 0 and a3 > 0. Our plan is to assemble an infected 2-dimensional subcube and use Lemma 3.2.1.
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The subcube will be formed by the vertices, which are added to the infected subset one by one.

x4 = 0a11k0n−a1−k, x5 = 0a1−11k+10a2−k10n−a1−a2−1,

x6 = 0a1−11k+10n−a1−k, x7 = 0a11k0a2−k10n−a1−a2−1.

We follow the writing pattern used in the proof of Lemma 3.3.1. The infection sequence is as follows:

(x1, x2, x3) → x4, (x2, x3, x4) → x5,

(x2, x4, x5) → x6, (x4, x5, x6) → x7.

The remaining cases follow the same pattern.

1.2 a1 = 0 and a3 > 0. The subcube that proves overall percolation is Qk,2 = (x4, x5, x6, x7), where

x4 = 1k0n−k, x5 = 1k+10n−k−1,

x6 = 1k+20n−k−2, x7 = 1k010n−k−2.

We have

(x1, x2, x3) → x4, (x2, x3, x4) → x5,

(x3, x4, x5) → x6, (x4, x5, x6) → x7.

(3.7)

1.3 a1 > 0 and a3 = 0. The proof is the same as in the previous case by symmetry.

2. a2 = k In this case a1 ⩽ k and a3 ⩽ k.
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2.1 0 < a1 ⩽ k and 0 < a3 < k. We have Qk,2 = (x4, x5, x6, x7), where

x4 = 0a11a20n−a1−a2 , x5 = 0a1−11a2+10n−a1−a2 ,

x6 = 0a11a2+10n−a1−a2−1, x7 = 0a1−11a2+20n−a1−a2−1

and these vertices are infected in 4 steps starting with x1, x2, x3 and following the sequence in (3.7).

2.2 a1 = 0 and 0 < a3 < k. We have Qk,2 = (x2, x4, x5, x6), where

x4 = 1k−10n−k+1, x5 = 1k+10n−k−1, x6 = 1k−1010n−k−1

and these vertices are infected in 3 steps starting with x1, x2, x3 and following the sequence

(x1, x2, x3) → x4, (x2, x3, x4) → x5, (x2, x4, x5) → x6. (3.8)

2.3 0 < a1 ⩽ k and a3 = 0. If 0 < a1 < k the proof is the same as in 2.2 due to symmetry. Therefore we

can assume that a1 = k. We have Qk,2 = (x3, x4, x5, x6), where

x4 = 0k−11k0n−2k+1, x5 = 0k−11k+10n−k,

x6 = 0k1k−10n−2k+1,

and these vertices are infected in 3 steps starting with x1, x2, x3 and following the sequence (3.8).

28



2.4 a1 = a3 = k. We have Qk,2 = (x4, x5, x6, x7), where

x4 = 0k1k0n−2k, x5 = 0k−11k+20n−2k−1,

x6 = 0k1k+10n−2k−1, x7 = 0k−11k+10n−2k.

These vertices are infected in 4 steps starting with x1, x2, x3 and following the sequence (3.7).

3. a2 < k

3.1 a1 + a3 ⩽ k.

3.1.1 a1 > 0, a2 > 0, and a3 > 0. We have Qk,2 = (x4, x5, x6, x7), where

x4 = 0a11a20n−a1−a2 , x5 = 0a1−11a2+20n−a1−a2−1,

x6 = 0a11a2+10n−a1−a2−1, x7 = 0a1−11a2+10n−a1−a2 .

These vertices are infected in 4 steps starting with x1, x2, x3 and following the sequence in (3.7).

3.1.2 a1 > 0, a2 = 0, and a3 > 0. We have Qk,2 = (x1, x4, x5, x6), where

x4 = 10n−1, x5 = 010n−2, x6 = 110n−2.

These vertices are infected in a single step starting with x1, x2, x3:

(x1, x2, x3) → x4, (x1, x2, x3) → x5, (x1, x2, x3) → x6.
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3.1.3 a1 > 0, a2 = 0, and a3 > 0. We have Qk,2 = (x2, x4, x5, x6), where

x4 = 1a2+10n−a2−1, x5 = 1a2+20n−a2−2, x6 = 1a2010n−a2−2

and these vertices are infected in 2 steps starting with x1, x2, x3 and following the sequence

(x1, x2, x3) → x4, (x2, x3, x4) → x5,

(x2, x3, x4) → x6.

3.1.4 a1 > 0, a2 > 0, and a3 = 0. Due to symmetry the proof is the same as in Case 3.1.3.

3.2 a1 + a3 > k, and k ⩾ 3.

3.2.1 a3 > k, a1 < k, a2 < k − 1 and a1 ⩾ a2 + 2. Let x4 = 0a1−l11a2+l2+l10n−a1−a2−l2 .

The vertices x1, x2 and x3 will fall in N(x4) if

l1 + l2 + a2 ⩽ k,

l1 + a3 − l2 ⩽ k,

l2 + a1 − l1 ⩽ k.


(3.9)

Let

l1 =

⌊
a1 − a2

2

⌋
, l2 = k −

⌈
a2 + a1

2

⌉
.

It is easy to check that l1 and l2 satisfy (3.9). It is also easy to see that a1 ⩾ l1 and a3 ⩾ l2.

Finally, a1 ⩾ a2 + 2 implies that l1 ⩾ 1 and a2 + 2 ⩽ a1 < k implies l2 ⩾ 1.

3.2.2 a3 > k, a1 < k, a2 < k − 1 and a1 ⩽ a2. Let l1 = 0. and l2 = k − a2. It is easy to check that

if a1 ⩽ a2 then l1 and l2 satisfy (3.9).

3.2.3 a3 > k, a1 < k, a2 < k − 1, a1 = a2 + 1 and a2 ⩾ k
3 .
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Let

l1 = k −
⌈
a2 + a3

2

⌉

and

l2 =

⌊
a3 − a2

2

⌋
.

It is easy to check that l1 and l2 satisfy (3.9). Note that l1 ⩾ 1 since

a2 + a3 ⩽ 2k − 2

and that a1 ⩾ l1 which requires

2a1 + a2 + a3 ⩾ 2k. (3.10)

In order for (3.10) to be satisfied it is sufficient that a2 ⩾ k
3 .

3.2.4 a3 > k, a1 < k, a2 < k − 1, a1 = a2 + 1 and a2 < k
3 . Let l1 = 0 and l2 = k − a1. It is easy

to check that l1 and l2 satisfy (3.9). It is also easy to see that l2 ⩾ 2 as long as k ⩾ 3, and this

implies that a1 ⩽ k − 2.

Now for Cases 3.2.1–3.2.4, we need to construct vertices x5, x6 and x7 such that each of them

will be infected by the percolation process, and together with x4 they form a subcube Q2,k.

Given l1 ⩾ 1 and l2 ⩾ 1, we define these vertices in the form

x5 = 0a1−l1+11a2+l2+l1−10n−a1−a2−l2 ,

x6 = 0a1−l11a1+l2+l1−10n−a1−a2−l2+1,

x7 = 0a1−l1+11a2+l2+l1−20n−a1−a2+1
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and note that they are infected starting with x1, x2, x3 and following the sequence

(x1, x3, x4) → x5, (x1, x2, x4) → x6, (x4, x5, x6) → x7.

Now given l1 = 0 and l2 ⩾ 2, we have

x5 = 0a11l2+a2−10n−a1−a2−l2+1, x6 = 0a11l2+a2−210n−a1−a2−l2+1,

x7 = 0a11l2+a2−20n−a1−a2+2,

where these vertices are infected starting with x1, x2, x3 and following the sequence

(x1, x2, x4) → x5, (x1, x2, x4) → x6, (x4, x5, x6) → x7.

3.2.5 a3 > k, a1 < k and a2 = k − 1

Since a2 = k − 1, then a3 = k + 1. We have Qk,2 = (x4, x5, x6, x7), where

x4 = 0a11k0n−a1−k, x5 = 0a1+11k0n−a1−k−1,

x6 = 0a1−11k+10n−a1−k, x7 = 0a1+11k−10n−a1−k,

and these vertices are infected starting with x1, x2, x3 and following the sequence

(x1, x2, x3) → x4, (x1, x3, x4) → x5,

(x3, x4, x5) → x6, (x4, x5, x6) → x7.
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3.2.6 a3 ⩽ k, a1 ⩽ k and a2 > 0. We have Qk,2 = (x4, x5, x6, x7), where

x4 = 0a11a20n−a1−a2 , x5 = 0a11a2+10n−a1−a2−1,

x6 = 0a1−11a2+10n−a1−a2 , x7 = 0a1−11a2+20n−a1−a2−1.

These vertices will be infected starting with x1, x2, x3 and following the sequence

(x1, x2, x3) → x4, (x1, x3, x4) → x5,

(x2, x4, x5) → x6, (x4, x5, x6) → x7.

3.2.7 a3 ⩽ k, a1 ⩽ k and a2 = 0. We have Qk,2 = (x1, x4, x5, x6), where the vertices

x4 = 0a1−1110n−a1−1, x5 = 0a110n−a1−1,

x6 = 0a1+110n−a1−2

will be infected starting with x1, x2, x3 and following the sequence

(x1, x2, x3) → x4, (x1, x3, x4) → x5,

(x1, x4, x5) → x6.

This concludes the proof.

This lemma enables us to find the main term of the critical probability of percolation.

Theorem 3.3.4 (Critical probability for the 3-neighbor process). We have

1

ω(n)
2−

n
3 n−k ⩽ pc(Qn,k, 3) ⩽ ω(n)2−

n
3 n−k.
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Proof. By Lemma 3.3.3, percolation occurs if and only if the initially infected set A0 contains a triangle

with all sides at most 2k. Let X be the number of such triangles in A0. Let x1 = 0n, x2 = 1a1+a20n−a1−a2 ,

and x3 = 0a11a2+a30n−a1−a2−a3 , where all the pairs (ai, aj) satisfy ai + aj ⩽ 2k. Then

E[X] ⩽ p32n
∑

a1,a2,a3
ai+aj⩽2k

(
n

a1 + a2

)(
a1 + a2

a2

)(
n− a1 − a2

a3

)

and

E[X] ⩾
1

6
p32n

∑
a1,a2,a3
ai+aj⩽2k

(
n

a1 + a2

)(
a1 + a2

a2

)(
n− a1 − a2

a3

)
.

Since k is a constant, for large n the largest term in the sum is given by
(
n
2k

)(
2k
k

)(
n−2k

k

)
.

Next let us estimate the variance of X . Let T1 = {x1, x2, x3} and T2 = {x′1, x′2, x′3} be two triangles

with all the sides at most 2k. For a triple T define the indicator random variable XT = 1{T∈A0}. We have

Cov(XT1 , XT2) = E[XT1XT2 ]− E[XT1 ]E[XT2 ]

= p|T1∪T2| − p|T1|+|T2|

=



0 if |T1 ∩ T2| = 0

p5 − p6 if |T1 ∩ T2| = 1

p4 − p6 if |T1 ∩ T2| = 2

p3 − p6 if |T1 ∩ T2| = 3.
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Thus, we obtain

Var(X) =
∑
T1,T2

Cov(XT1 , XT2)

=
∑

|T1∩T2|=1

Cov(XT1 , XT2) +
∑

|T1∩T2|=2

Cov(XT1 , XT2) +
∑

|T1∩T2|=3

Cov(XT1 , XT2)

⩽ C(k)2n
(
n

2k

)(
n

k

)[
(p5 − p6)

(
n

2k

)(
n

k

)
+ (p4 − p6)

(
n

2k

)
+ (p3 − p6)

]
.

where C(k) is a constant that depends only on k. For the first term above, the number of good triples T1 is

at most C(k)2n
(
n
2k

)(
n
k

)
and T2 is at most C(k)

(
n
2k

)(
n
k

)
since |T1 ∩ T2| = 1. Other terms can be derived in a

similar way.

In order to fit the assumption that Var(X) = o((EX)2), it suffices to take

p32n
(
n

2k

)(
n

k

)
≫

(
p52n

(
n

2k

)2(n
k

)2
)1/2

p32n
(
n

2k

)(
n

k

)
≫

(
p42n

(
n

2k

)2(n
k

))1/2

and

p32n
(
n

2k

)(
n

k

)
≫
(
p32n

(
n

2k

)(
n

k

))1/2

.

It is easy to check that if p ≫ 2
−n
3 n−k, then Var(X) = o((EX)2) and EX → ∞, and the lower

bound on pc follows by Lemma 3.2.2. On the other hand, if p ≪ 2
−n
3 n−k, then by Markov’s inequality,

P(X ⩾ 1) ⩽ E[X] = o(1).

Lemma 3.3.3 gives a sufficient condition for bounding the critical probability, and one would want to
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extend it to all r. Unfortunately, this extension fails, as will be shown next.

Lemma 3.3.5. Let r ⩾ 4 and rk ⩽ n. There exists a subset A0 = {x1, x2, . . . , xr} of r vertices with all

pairwise distances ⩽ 2k such that the r-neighbor percolation process that starts with A0 fails to infect the

entire graph Qn,k.

Proof. We will show that the set A0 = {x1, x2, . . . , xr−1, xr = 0n} with xi = 0(i−1)k1k0n−ik, i =

1, . . . , r − 1 and d(xi, xj) ⩽ 2k for all 1 ⩽ i, j ⩽ r satisfies the claim of the lemma. We claim that

r⋂
i=1

Nxi(Qn,k) = ∅.

Suppose the contrary and let y ∈ ∩r
i=1N(xi) be a vertex common to all the neighborhoods. Suppose that

the Hamming weight of the subvector (y(j−1)k+1, . . . , yjk) is aj , where 0 ⩽ aj ⩽ k and j = 1, . . . , r − 1.

We have

0 <
r−1∑
i=1

ai ⩽ k

and for j ∈ {1, . . . , r − 1},
r−1∑
i=1
i ̸=j

ai + k − aj ⩽ k.

Then we have

(r − 3)

(
r−1∑
i=1

ai

)
⩽ 0,

which is a contradiction since it forces
∑r−1

i=1 ai ⩽ 0.

3.4 MINIMUM PERCOLATING SETS

In this section, we study the size of the smallest percolating sets m(r) for the graph Qn,k where r is the

infection threshold and k ⩾ 2. Our first main result in this section is as follows.
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Theorem 3.4.1. The size of the smallest percolating set m(r) satisfies

m(r) = r if k = 2 and 2 ⩽ r ⩽ 6 (3.11)

m(r) ⩽

(
r

mr

)
if k = 2 and 10 ⩽ r ⩽ n (3.12)

m(r) ⩽

(
n+ 1

mr

)
if k = 2 and n ⩽ r ⩽

n2

8
(3.13)

m(r) ⩽
k−1∑
j=0

(
r − 1

mk,r + j

)
if k ⩾ 3, r = cn with 0 < c < 1, and r ⩾ 2

k2

k−1 (3.14)

m(r) ⩽
k−1∑
j=0

(
n

mk,r + j

)
if k ⩾ 3 and n ⩽ r ⩽

nk

(2k)k
(3.15)

m(r) > r if k = 2 and r > 15 (3.16)

m(r) = r if k ⩾ 3 and r = o(n), (3.17)

where mr := ⌊
√
2r⌋ and mk,r = ⌊kr1/k⌋.

Proof. Let us prove (3.12). Clearly, m(r) ⩾ r because otherwise the initial set A0 will never change.

Repeating the proof of Lemma 3.2.1, we claim that if the initially infected set includes the subcube Q0
r−1,k,

then the r-neighbor process will infect the entire graph. Again, in the first step, infection spreads to every

vertex v in the subcube {∗r−110n−r} since |Nv ∩Q0
r−1,k| = r, and induction completes the argument.

Thus, if Q0
r−1,k ⊂ A0, then percolation occurs. Denote by V the set of vertices of Q0

r−1,k and let us

write V = ∪r−1
j=0Vj , where Vj is the set of vertices of Hamming weight j = 0, . . . , r−1 in Q0

r−1,k. We claim

that if (Vmr−1∪Vmr) ⊂ A0, then the process propagates to the entire subcube Q0
r−1,k. Indeed, every vertex

of weight mr − i is adjacent to
(
r−1−mr+i

2

)
vertices of weight mr − i+2. By a direct check, if r ⩾ 10 then

(
r − 1−mr + i

2

)
⩾ r. (3.18)
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Moreover, every vertex of weight mr + i is adjacent to
(
mr+i

2

)
vertices of weight mr + i− 2. We have

(
mr + i

2

)
⩾ r. (3.19)

Once every vertex in Vmr−1 ∪ Vmr is initially infected, then in the next step every vertex on Vmr−2 and

Vmr+1 will be infected. After that the infection will go on due to the monotonicity in i on the left side of

(3.18) and (3.19). Therefore, we have m(r) ⩽
(
r−1
mr

)
+
(

r−1
mr−1

)
, which shows (3.12).

Now let us prove (3.13), which is very similar to that for (3.12). First let us write V (Qn,2) = ∪n
j=0Vj(Qn,2),

where Vj(Qn,2) is the set of vertices of Hamming weight j = 0, . . . , n in V (Qn,2). We claim that if

(Vmr ∪ Vmr+1) ⊂ A0, the process infects the entire graph Qn,2. Indeed every vertex of weight mr − i is

adjacent to
(
n−(mr−i)

2

)
vertices of weight mr − i+ 2. As long as r ⩽ n2

8 ,

(
n−mr + i

2

)
⩾ r, (3.20)

Moreover, every vertex of weight mr + i is adjacent to
(
mr+i

2

)
vertices of weight mr + i− 2. We have

(
mr + i

2

)
⩾ r. (3.21)

Once every vertex in Vmr ∪ Vmr+1 is initially infected, then in the next step every vertex on Vmr−1 and

Vmr+2 will be infected. After that the infection will go on due to the monotonicity in i on the left side of

(3.20) and (3.21). Therefore, we have r ⩽ m(r) ⩽
(

n
mr

)
+
(

n
mr+1

)
, which shows (3.12).

Now let us prove (3.14). Again, if Q0
r−1,k ⊂ A0, then percolation occurs. Denote by V the set of vertices

of Q0
r−1,k and let us write V = ∪r−1

j=0Vj , where Vj is the set of vertices of Hamming weight j = 0, . . . , r−1

in Q0
r−1,k. We claim that if ∪k−1

j=0Vmk,r+j ⊂ A0, then every vertex in Q0
r1,k

will be infected by the process.

Indeed, every vertex of weight mk,r − i is adjacent to
(r−1−(mk,r−i)

k

)
vertices of weight mk,r − i + k. If
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r ⩾ 2
k2

k−1 , by using the
(
n
m

)
⩾
(
n
m

)m, we have

(
r − 1− (mr,k − i)

k

)
⩾ r. (3.22)

Moreover, every vertex of weight mk,r + i is adjacent to
(mk,r+i

k

)
. We have for i ⩾ k

(
mk,r + i

k

)
⩾ r. (3.23)

Once every vertex in ∪k−1
j=0Vmk,r+j is initially infected, then in the next step every vertex on Vmk,r−1 and

Vmk,r+k will be infected. After that the infection will go on due to the monotonicity in i on the left side of

(3.22) and (3.23). Therefore, we have m(r) ⩽
∑k−1

j=0

(
r−1

mk,r+j

)
, which shows (3.14). Similarly, (3.15) can

be proved.

Before proceeding, we will need the following lemma.

Lemma 3.4.2. Suppose that k ⩾ 2, n ⩾ r ⩾ 2, and 2 ⩽ r ⩽ 2k. Then

m(r) = r.

Proof. By Lemma 3.2.1, it suffices to exhibit a set A0 of size r that implies percolation. First suppose

that r − 1 ⩽ k. Let A0 = {x1, . . . , xr}, where x1 = 0n, x2 = 1r−10n−r+1, and x3 = 1r−20n−r+2,

x4 = 1r−3010n−r+1, etc., xr = 101r−30n−r+1.

Since r − 1 ⩽ k every binary sequences in {0, 1}r−1 are within Hamming distance k from x1, . . . , xr.

Therefore, every vertex on this r − 1 dimensional cube will be infected.

Now let us consider the case where r − 1 ⩾ k. Again let us initially infect x1, . . . , xr. It is easy to

see that every binary sequence of length r − 1 and of weight k will be infected by the process since those

sequences have x1, . . . , xr as their neighbors. Then every binary sequence of length r − 1 and of weight
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k + 1 will be infected by the process and every binary sequence of length r − 1 and of weight up to r − 2

will be infected by the process. Therefore, every vertex in this r − 1 dimensional cube is infected by this

process.

Returning to the proof of Theorem 3.4.1, we will now address (3.11), which has been mostly taken care

of by Lemma 3.4.2. What remains is to show that m(5) = 5, and m(6) = 6. Let xi = 1i−10n−i+1, i =

1, . . . , 5. We claim that if A0 contains these 5 vectors, the process will percolate to the entire graph. Indeed,

observe that the first steps of the process propagate to the subcube Q0
4,k, and after that Lemma 3.2.1 implies

the full claim m(5) = 5.

Moving to the case r = 6, consider the set

A0 = {0n, 0120n−3, 02130n−5, 140n−4, 0140n−5, 02140n−6}.

The proof is completed by observing that the first steps infect the subcube Q0
6,k and using Lemma 3.2.1 to

prove the full claim.

Next we address (3.16). Let V (Qn,k) = V0 ∪ V1 ∪ · · · ∪ Vn be the set of vertices of the cube with Vi

denoting the subset of all vertices of Hamming weight i, for all i. Without loss of generality assume that

0n ∈ A0, then the remaining r−1 vertices in A0 should be of weights 1 to 4. Let v ∈ V5, then |Nv∩V4| = 5

and |Nv ∩ V4| = 10. Similarly, if w ∈ V6, then |Nw ∩ V4| = 15. Thus even if ∪4
i=0Vi ⊂ A0, percolation

does not occur.

It remains to prove (3.17). As before, let Vi, i = 0, . . . , n be the subset of vertices of weight i. We claim

that for the r-process to percolate it suffices that |V1 ∩A0| = r. Indeed, since the vertices in V0 and V1 form

a clique, the process clearly spreads to every vertex in V0 ∪ V1. Next, since a vertex in V2 is connected to

all of V0 ∪ V1, so the process further spreads to V2. Continuing in this way, every vertex in Vi has at least(
i

i−1

)
+
(

i
i−2

)
(n− i) neighbors in Vi−1 since k ⩾ 3. This suffices to claim percolation.
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While our first main result focuses on the upper bound of m(r), our second main result addresses its

lower bound.

Theorem 3.4.3. Suppose that k ⩾ 2 and n is sufficiently large. If
∑k

i=1

(
n′

i

)
⩽ crℓ and

∑k−1
i=1

∑k−i
j=1

(
n′

j

)(
n−n′

i

)
⩽

r − crℓ with 0 < ℓ ⩽ 1 and 0 < c < 1, then

m(r) ⩾ δ2n
′
,

where δ > 0.

Proof. It is not difficult to see that percolation fails to occur from some initially infected set if and only if

there exists a set B of healthy vertices such that every vertex in B has fewer than r neighbors outside of B.

Therefore our task is to show the existence of a such set B with |A0| = δ2n
′

regardless of the locations of

the vertices in A0.

Consider a partition of V (Qn,k) into 2n−n′
parts, i.e.,

V (Qk,n) =
⋃

a∈{0,1}n−n′

[∗]n′
a,

where [∗]n′
a denotes ∗ ∗ · · · ∗︸ ︷︷ ︸

n′

a. Let us denote the induced subgraphs {Ga}a∈{0,1}n−n′ with V (Ga) = [∗]n′
a

and E(Ga) = {xy : 1 ⩽ dxy ⩽ k and x, y ∈ V (Ga)}.

Note that each induced subgraph Ga is an n
′
-dimensional subcube and each vertex of Ga has crℓ =∑k

i=1

(
n′

i

)
neighbors in Ga, where 0 < c < 1. We will argue that if |A0| = δ2n

′
with δ > 0, then there

exists a set B of healthy vertices such that every vertex in that set has less than r neighbors outside that set

and thus percolation does not happen.

Since |A0| = δ2n
′
, there is a set Ba of healthy vertices of size (1− δ)2n

′
in Ga for each a ∈ {0, 1}n−n′

.

Additionally, the vertices in the sets (Ba)a∈{0,1}n−n′ satisfy the following condition: if x1x2 · · ·xn′a is in
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Ba then x1x2 · · ·xn′a′ is in Ba′ for all a, a′ ∈ {0, 1}n−n′
. Therefore, B = ∪a∈{0,1}n−n′Ba.

Now let us count the number of possibly infected neighbors not in V (Ga) for a vertex in Ba. W.l.o.g,

we can assume that a = [0]n−n′
. Let us denote the number of possibly infected neighbors not in V (Ga) for

a vertex v in B[0]n−n′ by N(v). It is not difficult to see that

N(v) ⩽
k−1∑
i=1

k−i∑
j=1

(
n′

j

)(
n− n′

i

)
. (3.24)

Therefore, as long as crℓ +N(v) ⩽ r, we can conclude m(r) ⩾ δ2n
′

where δ > 0.

The following corollary highlights some implications of Theorem 3.4.3 and its proof is a direction

calculation.

Corollary 3.4.4. Let n be sufficiently large, and let 0 < δ < 1, 0 < ℓ < 1, and 0 < c < 1. We have

m(r) ⩾ δ2
√
2cr if k = 2 and r ⩾ n

2
2−ℓ

( √
2c

2(1− c)

) 2
2−ℓ

(3.25)

m(r) ⩾ δ2
√
2cr if k = 2 and r ⩾

n2(√
2c+ (1−c)√

2c

)2 (3.26)

m(r) ⩾ δ exp

(
rℓ/k

k

e
(
c

k
)1/k

)
if k ⩾ 3 and r ⩾ n

k(k−1)
k−ℓ

(
e

k − 1

) (k−1)k
k−ℓ ( c

2

) k
k(k−ℓ)

1
1−c (3.27)

m(r) ⩾ δ exp

(
r1/k

k

e

( c
2

)1/k)
if k ⩾ 3 and r ⩾ nk

(
2

1− c

(
e

k − 1

)k−1 ( c
2

)1/k k

e

) k
k−1

. (3.28)

Proof. Let us show (3.25). For k = 2, we have
(
n′

2

)
+ n′ ⩽ crl and thus n′ ⩽

√
2cr. From (3.24), we

have (n − n′)n′ ⩽ (1 − c)r and thus n ⩽
√
2crℓ + (1−c)r1−ℓ/2

√
2c

⩽ 2(1−c)r1−ℓ/2
√
2c

since 1 − ℓ
2 ⩾ ℓ

2 and n is

sufficiently large. We have the desired result.

(3.26) can be proved very similarly.

Now let us prove (3.27). For k ⩾ 3, we have
∑k

i=1

(
n′

i

)
⩽ crℓ and thus n′ ⩽ rℓ/k k

e

(
c
2

)1/k. From (3.24),

we have
∑k−1

i=1

∑k−i
j=1

(
n′

j

)(
n−n′

i

)
⩽ (1− c)r. It suffices to have 2

(
n−n′

k−1

)
n′ ⩽ (1− c)r since n is sufficiently
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large.

(3.28) can be proved similarly.

3.5 DISCUSSION AND OPEN PROBLEMS

We conclude with several problems left open in our research.

1. What is m(Qn,k, r) when k ⩾ 2 and r = r(n) is large ?

We conjecture that if r = r(n) is a relatively fast growing function of n, then m(Qn,k, r) ⩾ δ2n
′

where n′ satisfies that
∑k

i=1

(
n′

i

)
⩽ cr with 0 < c < 1 and δ > 0. Note that if this holds, then we

obtain an exponentially tight bound for m(Qn,k, r) over a wide range values of r, whereas Theorem

3.4.3 gives such a bound only when r = θ(nk).

In order to explain our conjecture it is necessary to introduce the notion of the weak saturation intro-

duced by Bollobás [17]. Given fixed graphs G and H , a spanning subgraph F of G is weakly (G,

H)-saturated if the edges of E(G)\E(F ) can be added to F , one edge at a time, in such a way that

each edge creates a new copy of H when it is added. The weak saturation number of H in G is defined

by

wsat(G,H) := min{|E(F )| : F is weakly (G,H)-saturated}.

Our conjecture is based on the following bound:

m(G, r) ⩾
wsat(G,Sr+1)

r
, (3.29)

where Sr+1 denotes a star with r + 1 rays.

In [42], Morrison and Noel used bound (3.29) to determine tight asymptotics for m(G, r), where G

is the n-dimensional Boolean cube and r is a fixed constant. In their proof they relied on a linear-
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algebraic method developed in [13] to obtain an asymptotically tight lower bound for wsat(G,Sr+1).

We conjecture that wsat(Qn,k, Sr+1) ⩾ δr2n
′
. To support this conjecture, consider a partitioning of

Qn,k into 2n−n′
isomorphic parts so that each induced subgraph is an n′-dimensional subcube. Each

vertex of an n′-dimensional subcube has cr =
∑k

i=1

(
n′

i

)
neighbors, and the total number of edges

in the subcube is 2n
′−1cr. We believe that the lower bound wsat(Qn,k, Sr+1) ⩾ δ2n

′
can be proved

relying on a version of the linear algebraic method.

2. What is pc(G, r) for a fixed k and r?

Although Lemma 3.3.3 does not hold when r ⩾ 4, it might still be possible to derive asymptotics of

the critical probability using alternative characterizations of percolating sets.
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Chapter 4

BOOTSTRAP PERCOLATION ON A
GENERALIZED HAMMING CUBE, II

4.1 INTRODUCTION

While majority bootstrap percolation on the hypercube has been studied in [11] and [26], where the infection

threshold r = 1
2n, the case of infection threshold r = na with a < 1 has not been investigated prior to our

work. In fact, this has been mentioned as an open question in Section 9 of [26]. By utilizing key techniques

from [11] with some new ideas, we extend the results established in [11] to the case where the infection

threshold r = na with a < 1. More precisely, we prove the following two theorems.

Theorem 4.1.1. As n −→ ∞,

pc(Qn, n
a) = na−1 + o(na−1),

where 2
3 < a < 1.

In fact if 3
4 < a < 1, more precise information about the second-order term of the critical probability

can be derived.

Theorem 4.1.2. As n −→ ∞,

na−1 − n
a
2
−1+δ ⩽ pc(Qn, n

a) ⩽ na−1 − n
a
2
−1,
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where 3
4 < a < 1 and δ > 1

2(1− a).

Holroyd, Liggett, and Romik [38] considered percolation on a generalized grid graph with each vertex

having more than four neighbors. Inspired by their work we consider an n-dimensional hypercube graph

with extended neighborhoods and prove estimates for the critical probability of majority bootstrap percola-

tion. Again this has been mentioned as an open question in Section 9 of [26].

Let Qk,n be a graph with vertices V (Qk,n) = {0, 1}n and edges E(Qk,n) = {xy : dH(x, y) =

1, 2, · · · , k}, where k ⩾ 2. We prove the following theorem.

Theorem 4.1.3. Consider a positive integer k ⩾ 2 such that k divides n, and let N =
∑k

i=1

(
n
i

)
.Then

1

2
− 1

na
⩽ pc

(
Qk,n,

N

2

)
⩽

1

2
−
(
1

n

) k
2

,

where a < 1.

Moreover, for k = 2, we have

1

2
− C

√
log n

n
⩽ pc

(
Q2,n,

N

2

)
⩽

1

2
− 1

n
,

where C is a sufficiently large constant independent of n.

4.2 PROOF OF THEOREM 1

In order to prove Theorem 4.1.1, we will prove several lemmas.

We will use the standard Chernoff bound (See Remark 2.5 in [39]) which was also used in [11].

Lemma 4.2.1. Let n ∈ N, 0 < p < 1, t > 0 and S(n) ∼ Bin(n, p). Then,

P(S(n) ⩾ np+ t) ⩽ exp

(
−2t2

n

)
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and

P(S(n) ⩽ np− t) ⩽ exp

(
−2t2

n

)
.

Fact 4.2.2. If S ⊂ V (Qn) satisfies dH(y, z) ⩾ 2k + 1 for every y, z ∈ S, then the events {y ∈ Ak}y∈S are

independent.

We will also use the following three lemmas which were proved in [10].

Lemma 4.2.3. Let p ∈ (0, 1) and n ∈ N satisfy pn2 < 1, and let S(n) ∼ Bin(n, p). Then

P(S(n) ⩾ m) ⩽ 2p
m
2 ,

for every m ∈ [n]. In particular, if c, ϵ > 0 and p ⩽ e−cn, then for b = b(x, ϵ) not depending on n,

P(S(n) ⩾ ϵn) ⩽ e−bn2
.

Lemma 4.2.4. Let G be a graph , let k,m ∈ N, and suppose that for each x ∈ V (G),

B(x, k) := |y ∈ V (G) : d(x, y) ⩽ k| ⩽ m.

Then there exists a partition

V (G) = B1 ∪ · · · ∪Bm

of V (G), such that if y, z ∈ Bi, then d(y, z) ⩾ k + 1. Here, d(x, y) denotes the graph-theoretic distance

between the vertices x and y.

Lemma 4.2.5. Let n, k ∈ N, and x ∈ V (Qn). Then there exists a partition

S(x, k) := {y ∈ V : dH(y, x) = k} = B1 ∪ · · · ∪Bm
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of S(x, k) into m ⩽ k
(

n
k−1

)
⩽ 2nk−1 sets, such that if x, y ∈ Bj for some j, then dH(x, y) ⩾ 2k.

The key observation is that after running the process for only a few steps, the probability of any unin-

fected vertices remaining uninfected becomes exponentially small in n. Hence, it suffices to analyze the

initial few steps of the process. Following Lemma 4.3 in [11], we prove the following lemma.

Lemma 4.2.6. Let c > 0, δ > 0, and k be absolute constants. Suppose that initially, each vertex is infected

with probability p, independent of the other vertices. Suppose that for every x ∈ V (Qn)

P(x /∈ Ak) ⩽ e−cnδ
.

Then there exists a constant d > 0 such that

P(x /∈ A2k+1) ⩽ e−dn1+δ
.

Proof. Suppose that x /∈ A2k+1. Let S(x, l) = {y ∈ V : dH(y, x) = l}. We claim that for each

t ∈ [0, k + 1], there exist a set T (t) ⊂ S(x, t) and a function 0 < α(t) < 1 such that

T (t) ∩A2k+1−t = ∅, (4.1)

and

|T (t)| ⩾ α(t)nt −O(nt−1). (4.2)

We will prove the claim by induction on t. In the base step, we have t = 0 and so the claim is trivially

true. Suppose that T (t) satisfies (4.1) and (4.2) for some t ⩾ 1. Then every y ∈ T (t) has at most na

neighbors in S(x, t+ 1) ∩A2k−t and so at least n− t− na neighbors in S(x, t+ 1)\A2k−t. Each element
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of S(x, t+ 1) has t+ 1 neighbors in S(x, t). Therefore, there exists a set T (t+ 1) ⊂ S(x, t+ 1) such that

T (t+ 1) ∩A2k−t = ∅ and

|T (t+ 1)| ⩾ (n− t− na)|T (t)|
t+ 1

.

Therefore, we have

|T (t+ 1)| ⩾ α(t+ 1)nt+1 −O(nt),

which concludes the proof of the claim.

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of V (Qn) as follows:

V = ∪m
i=1Bi,

where, for each i ∈ [m], and for any x and y ∈ Bi, we have dH(x, y) ⩾ 2k + 1. Furthermore, the number

of subsets m in this partition satisfies m ⩽ 2nk.

Now we claim that there exists j ∈ [m] and a sufficiently small ϵ > 0 such that

|Bj | ⩾ ϵn

and

|T (k + 1)| ⩾ ϵ|Bj |.

Otherwise

|T (k + 1)| ⩽ ϵmn+ ϵ

(
n

k + 1

)
,

which is a contradiction since ϵ can be taken to be arbitrarily small.
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Recall that T (k + 1) ∩Ak = ∅ and P(x /∈ Ak) ⩽ e−cnδ
. We have, by Lemma 4.2.3,

P (|T (k + 1) ∩Bj | ⩾ ϵ|Bj |) ⩽ 2(e−cnδ
)ϵ|Bj |/2

⩽ 2(e−cnδ+1ϵ2/2).

Therefore,

P(x /∈ A2k+1) ⩽ P[∃j with |Bj | ⩾ ϵn and |T (k + 1) ∩Bj | ⩾ ϵ|Bj |]

⩽ m2(e−cn1+δϵ2/2)

⩽ e−dn1+δ

for some d > 0.

In order to proceed we will introduce a process closely related to the bootstrap percolation process

(which was originally introduced in [11]). The only difference is the less strict requirement for a vertex to

be infected at step 1. Let Ai denote the set of infected vertices up to step i. We define the process Boot1(t)

as follows:

* Initially, each vertex is infected with probability p, independent of other vertices.

* If a vertex becomes infected then it remains infected forever.

*A healthy vertex will be infected at step 1 if it has at least na − t infected neighbors at the initial step

i.e., x ∈ A1 if x ∈ A0 or |N (x) ∩A0| ⩾ na − t.

* Let i ⩾ 1. A healthy vertex will be infected at step i+ 1 if it has at least na infected neighbors at step

i, i.e., x ∈ Ai+1 if x ∈ Ai or |N (x) ∩Ai| ⩾ na.

Let us refer to the original na-neighbor process as Boot. Note that the process Boot1(t) dominates the

process Boot, in the sense that given the same initial set A0, then for each k ∈ N, the set Ak given by
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Boot1(t) contains that given by Boot. Therefore, if percolation does not happen (with high probability) in

the process Boot1(t) then percolation will not happen in the process Boot as long as the initial probability

for each vertex to be infected is the same for both processes.

Lemma 4.2.7. Let ϵ1, ϵ2 > 0, ϵ1 > 2ϵ2 and 2
3 < a < 1. Consider the Boot1(t) process, with p =

na−1 − ϵ1n
a−1 and t = ϵ2n

a. Then A2 = A1 with high probability in the process Boot1(t).

Proof. Let x ∈ V (Qn) and suppose x ∈ A2\A1. Then by definition we have

|N (x) ∩A1| ⩾ na

and

|N (x) ∩A0| ⩽ na − t.

Thus there exists a set T ⊂ N (x) with |T | = t, and T ⊂ A1\A0.

Let S(x, l) = {y ∈ V : dH(y, x) = l} and consider the set N (T ) ∩ S(x, 2). It has a set (denoted as B)

of
(
t
2

)
vertices with two neighbors in T , and a set (denotes as C) of t(n− t) elements with one neighbor in

T .

Since T ⊂ A1\A0, we have

|C ∩A0| ⩾ t(na − t)− 2

(
t

2

)
(4.3)

= tna − 2t2 + t (4.4)

= ϵ2n
2a − 2ϵ22n

2a + ϵ2n
a. (4.5)

Indeed, this follows by counting the number of edges between T and N (T ) ∩ S(x, 2). Note that every

element in T has at least na − t neighbors in A0 and even if every element in B is in A0 (4.4) is still valid.
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However, since |C ∩A0| ∼ Bin(t(n− t), p), we have

|C ∩A0| − E[|C ∩A0|] ⩾ −2ϵ22n
2a + ϵ2n

a + n3a−1ϵ22 + ϵ1ϵ2n
2a − ϵ1ϵ

2
2n

3a−1.

By Lemma 4.2.1 and the fact that 2
3 < a < 1, we have

P
(
|C ∩A0| ⩾ t(na − t)− 2

(
t

2

))
⩽ exp

(
−2(ϵ1ϵ2 − 2ϵ22)

2n4a

t(n− t)

)
⩽ exp

(
−2(ϵ1ϵ2 − 2ϵ22)

2n3a−1

ϵ2

)
.

Since we have at most
(
n
na

)
choices for the set T , thus for some c > 0,

P (x /∈ A2\A1) ⩽

(
n

na

)
P
(
|C ∩A0| ⩾ t(na − t)− 2

(
t

2

))
⩽ exp(−cn3a−1).

Moreover, since |V (Qn)| = 2n, we have

P(A2\A1 ̸= ∅) ⩽ 2nP(x ∈ A2\A1) ⩽ 2n exp
(
−cn3a−1

)
= o(1).

Now we are ready to prove Theorem 4.1.1.

Proof. Let us first show the upper bound. Let the probability p for every vertex to be initially infected be

na−1 + ϵna−1 assuming ϵ > 0, and x ∈ V (Qn), by Lemma 4.2.1 we have,

P(x /∈ A1) = P({x /∈ A0} ∩ {|N(x) ∩A0| ⩽ na})

⩽ P(|N (x) ∩A0| ⩽ na)

= P(Bin(n, p) ⩽ na)

⩽ exp(−2ϵ2n2a−1).
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By Lemma 4.2.6, with δ = 2a− 1 > 0 we have

P(x /∈ A3) < exp(−dn2a).

Therefore, since 2
3 < a < 1

P (∃x ∈ Qn such that x /∈ A3) ⩽ 2n exp(−dn2a) ⩽ o(1).

Now we will move on to the lower bound. Consider the process Boot1(t) and let p be the probability that

each vertex is initially infected, where p = na−1 − ϵna−1. If we can prove P(A1 = V (Qn)) = o(1) for

Boot1(t), then together with Lemma 4.2.7, this would imply that the process Boot1(t) does not percolate

with high probability, and therefore the process Boot does not percolate with high probability. Indeed, We

have

P(x /∈ A1) ⩾ P(x /∈ A0)P(|N(x) ∩A0| < na)

⩾ 0.9(1− o(1))

⩾ 0.8.

From Fact 4.2.2 it is clear that if S ⊂ V (Qn) satisfies dH(y, z) ⩾ 3 for every y, z ∈ S, then the events

{y ∈ A1}y∈S are independent.

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of V as follows:

V = ∪m
i=1Bi,

where, for each i ∈ [m] and for any x and y ∈ Bi, we have dH(x, y) ⩾ 3. Furthermore, the number of
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subsets m in this partition satisfies m =
∑3

i=1

(
n
i

)
.

Thus there exists a set Bi with |Bi| ⩾ 2n

n4 such that for any x and y ∈ Bi, we have dH(x, y) ⩾ 3.

Therefore, with the independence condition in place, we have

P(x ∈ A1 for all x ∈ Bi) ⩽ (0.2)|Bi|.

Thus,

P(A1 = V (Qn)) = o(1).

The theorem is proved.

4.3 PROOF OF THEOREM 2

Let’s begin by proving the upper bound. To do so, we require a slightly more general concept. Let Ai,r

represent the set of infected vertices up to and including step i when the infection threshold is r. In order to

establish the upper bound, we will rely on a few lemmas.

The key observation is that after running the process for only a few steps, the probability of any non-

infected vertex remaining noninfected becomes exponentially small in n. Hence, it suffices to analyze the

initial few steps of the process.

We need to introduce more tools before proceeding.

Lemma 4.3.1. (De Moivre-Laplace Theorem) Let S(n) ∼ Bin(n, p). Then

lim
n→∞

P{ S(n)− np√
np(1− p)

⩽ z} = Φ(z),

where Φ(·) is the cumulative distribution function of the standard normal distribution.

Before stating the next lemma we need to introduce some concepts and notation.
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Suppose that Ω = {0, 1}2n , and each coordinate is assigned independently. In other words, we have a

collection of independent Bernoulli random variables X1, ..., X2n .

Define a partial order on the elements of Ω as follows:

(x1, ..., x2n) ⩾ (y1, ..., y2n)

if and only if xi ⩾ yi for all 1 ⩽ i ⩽ 2n.

We say that an event A ⊂ Ω is increasing(decreasing) if x ∈ A and y ⩾ x(y ⩽ x) implies that y ∈ A.

There is a one-to-one correspondence between the initial infection configuration and Ω. Let us enumer-

ate all the vertices in V (Qn) as v1, v2, · · · , v2n and denote xi = 1 if vi is initially infected and otherwise

xi = 0.

Lemma 4.3.2. (FKG Inequality [29]) In the above setting, if both events A and B are increasing (or

decreasing), then

P(A ∩B) ⩾ P(A)P(B).

Lemma 4.3.3. Let x ∈ V (Qn) and let the initial infection probability p = na−1 − n
a
2
−1 with 3

4 < a < 1.

We set the infection threshold to r = na + 3. Then there exists an absolute constant δ > 0 such that as

n → ∞,

P(x ∈ A1,r) ⩾ δ.

Proof. We have

P(x ∈ A1,r) = P(x ∈ A0) + P(|N(x) ∩A0| ⩾ r|x /∈ A0)P(x /∈ A0)

= P(x ∈ A0) + P(|N(x) ∩A0| ⩾ r)P(x /∈ A0).
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Let S(n) = |N(x) ∩A0| and note that S(n) ∼ Bin(n, p). Then, we have

P(S(n) ⩾ r) = P

(
S(n)− np√
np(1− p)

⩾
r − np√
np(1− p)

)
.

Let z(n) = r−np√
np(1−p)

. Then it is easy to see that

lim
n→∞

z(n) = 1.

By Lemma 4.3.1, we have

lim
n→∞

P(S(n) ⩾ r) = 1− Φ(1).

Therefore there exists an absolute constant δ > 0

P(x ∈ A1,r) ⩾ δ.

Lemma 4.3.4. Let δ > 0. Let p be the same as that in Lemma 4.3.3 and then P(x ∈ A1,na+3) ⩾ δ. Then

there exist a constant c > 0 and δ′ > 0 such that

P(x ∈ A4,na) ⩾ 1− e−cnδ′

Proof. Let x ∈ V (Qn). There exists a set S,|S| = na such that S ⊂ N (x)\A0. Otherwise, it follows that

x belongs to A1. Let T = N (S)\{x}. Denote Ti = {y ∈ T : |N (y) ∩ S| = i} for i ∈ {1, 2}. It is easy to

see that

|T1| = (n− na)na

56



and

|T2| =
(
na

2

)
.

Let |T1 ∩A2| = b and |T2 ∩A2| = c. Note that if S ∩A3 = ∅, then b+ 2c < n2a.

Note that |T1 ∩A0| ∼ Bin(n1+a − n2a, na−1 − n
a
2
−1). By Lemma 4.2.1, there exits c′ > 0 such that

P(||T1 ∩A0| − n2a| ⩾ 2n3a−1) ⩽ exp(−c′n5a−3).

Let F (S) denote this event that ||T1∩A0|−n2a| ⩽ 2n3a−1 and thus we have P(F (S)) ⩾ 1−exp(−c′n5a−3).

From now on we assume the event F (S) occurs. Note that if |T1 ∩ A2\A0| ⩾ 8n3a−1, then b ⩾ n2a and

thus S ∩A3 ̸= ∅.

Claim 4.3.5. If F (S) holds, then

P(|T1 ∩A2\A0| = O(n3a−1)) ⩽ 9n exp(−c′′δ2ϵn1+a),

where c′′ > 0.

Proof. Consider a bipartite graph H with V (H) = W ∪ Y where W = T1\A0, Y = S(x, 3) and E(H) =

{wy : wy ∈ E(Qn)}. Color an edge of H red if its end in the set Y is in A1 and color an edge of H blue if

its end in the set Y is not in A1.

It is easy to see that |E(H)| = (n − 2)|W |. Since F (S) holds, we have |W | = (n − na)na − n2a +

O(n3a−1).

Now suppose |T1 ∩ A2\A0| = O(n3a−1). Since only O(n3a−1) vertices in T1\A0 can have at least na

neighbors in Y , we have

eR(H) ⩽ na|W |+O(n3a)
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and

eB(H) ⩾ (n− 2)|W | − na|W | −O(n3a), (4.6)

where eR(H) and eB(H) denotes the number of red edges and blue edges in H respectively.

From Lemmas 4.2.4 and 4.2.5 , we can observe that there exists a partition of the set S(x, 3) as follows:

S(x, 3) = ∪m
i=1Bi

where, for each i ∈ [m], and for any x and y ∈ Bi, we have dH(x, y) ⩾ 3. Furthermore, the number of

subsets m in this partition satisfies m ⩽ 3n.

Let us define for i ∈ [3] and j ∈ [m]

Bj(i) = {x ∈ Bj : |N(x) ∩ T1| = i}.

Claim 4.3.6. For a sufficiently small ϵ > 0, then there exists i ∈ [3] and j ∈ [m] such that

(a) l edges of H are incident with Bj(i) where l ⩾ ϵn1+a and

(b) at most δ
2 l of those edges are red.

Proof. Suppose the claim is false. We will find a contradiction by counting the number of blue edges.

Indeed, we have at most 3mϵn1+a + e(H)(1− δ
2) ⩽ 3mϵn1+a + (1− δ

2)n|W | blue edges. Since ϵ is small

enough, this is a contradiction to the bound in (4.6).

Note that {y ∈ A1}y∈Bj(i) are independent but this event is not independent of which members of

B(x, 2) are in A0. Since y ∈ Bj(i) has at most 3 neighbors in B(x, 2) and P(y ∈ A1,na+3) ⩾ δ, then

P(y ∈ A1,na) ⩾ δ for any set B(x, 2) ∩A0.

58



Let Ej(i) denote the event that Bj(i) satisfies (a) and (b). Then

P(∪i,jEj(i)) ⩽
∑
i,j

P
(

Bin
(
ϵn1+a

i
, δ

)
⩽

δ

2

ϵn1+a

i

)

⩽ 9n exp(−c′′δ2ϵn1+a).

for c′′ > 0.

The number of choices for S is at most

(
n

na

)
⩽
(en
na

)na

= en
a+na logn−ana logn.

Let M(S) denote the event |T1 ∩ (A2\A0)| ⩾ 8n3a−1. Note that if for every S ⊂ N (x)\A0 with

|S| = na both F (S) and M(S) hold, then x ∈ A4.

Therefore,

P(x /∈ A4) ⩽
∑
S

P[F (S)c] +
∑
S

P[M(S)c] (4.7)

⩽ exp(−c′′′nδ′), (4.8)

where c′′′ > 0 and δ′ > 0.

It is easy to check that (4.8) is valid since a > 3
4 .

Now we are in a position to prove the upper bound in Theorem 4.1.2
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Proof. By Lemmas 4.3.3, 4.3.4, and 4.2.6 there exists d > 0 and δ′′ > 0 such that

P(A0 does not percolate) ⩽ P(∪x∈V (G)(x /∈ A9))

⩽
∑

x∈V (G)

P(x /∈ A9)

⩽ 2ne−dn1+δ′′

= o(1).

In order to prove the lower bound on the probability that percolation does not happen we will introduce

a new process closely related to the bootstrap percolation process (which was originally introduced in [11]).

The only difference is the less strict requirement for a vertex to be infected at steps 1 and 2. Let Ai denote

the set of vertices infected up to step i. We define the process Boot2(t) as follows:

* Initially, each vertex is infected with probability p, independent of the other vertices.

* If a vertex becomes infected, then it remains infected forever.

*A healthy vertex will be infected at step 1 if it has at least na − 2t infected neighbors at the initial step

i.e., x ∈ A1 if x ∈ A0 or |N (x) ∩A0| ⩾ na − 2t.

*A healthy vertex will be infected at step 2 if it has at least na− t infected neighbors at the first step i.e.,

x ∈ A2 if x ∈ A1 or |N (x) ∩A1| ⩾ na − t.

* Let i ⩾ 2. A healthy vertex will be infected at step i+ 1 if it has at least na infected neighbors at step

i, i.e., x ∈ Ai+1 if x ∈ Ai or |N (x) ∩Ai| ⩾ na.

Note again that the process Boot2(t) dominates the process Boot, in the sense that given the same initial

set A0, then for each k ∈ N, the set Ak given by Boot2(t) contains that given by Boot. Therefore, if

percolation does not happen with high probability in the process Boot2(t) then percolation will not happen

with high probability in the process Boot as long as the initial probability for each vertex to be infected is

the same for both processes.
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In order to prove the lower bound we need the following two lemmas. The first lemma is taken from [11],

which generalizes Lemma 4.2.1 to a weighted binomial distribution. In the second lemma we will show that

P(A3 = A2) = 1− o(1) by drawing on ideas from [11].

Lemma 4.3.7. Let t, k, d1, ..., dk ∈ N and p ∈ (0, 1). Let Xi ∼ Bin(di, p) for each i ∈ [k], let Yk =∑k
i=1 iXi, and let D(k) =

∑k
i=1 i

2di. Then

P(Yk ⩾ E(Yk) + t) ⩽ (2t)k−1 exp

(
−2t2

D(k)

)
.

Lemma 4.3.8. Consider the Boot2(t) process, where the value of the initial infection probability p = na−1−

n
a
2
−1+δ with 3

4 < a < 1, and δ > 1
2(1 − a). Then with high probability A3 = A2 in the process Boot2(t)

with t = 1
10n

a
2
+δ.

Proof. Suppose x ∈ A3\A2. Then we have

|N (x) ∩A2| ⩾ na

and

|N (x) ∩A1| ⩽ na − t.

Thus there exists a set T ⊂ N (x) such that |T | = t and T ⊂ A2\A1. Let y ∈ T , and then we have

|N (y) ∩A1| ⩾ na − t

and

|N (y) ∩A0| ⩽ na − 2t.

Thus every y ∈ T must have at least t neighbors in A1\A0. Therefore there exists a set S such that
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S ⊂ N (T ) ∩A1\A0 and

t2

2
⩽ |S| ⩽ t2.

Let |S| = s, D = N (S) ∩ S(x, 3), and let d be the number of edges between S and D. Next partition D as

D = ∪3
i=1Di where each element in Di has i neighbors in S and let |Di| = di. Then we have

d =

3∑
i=1

idi = s(n− 2).

Let Ri = A0 ∩Di and ri = |Ri|. Since every vertex in S has at least na − 2t neighbors in A0, we have

r :=
3∑

i=1

iri ⩾ s(na − 2t− 2).

Now consider E(r). We have

E(r) = pd

= ps(n− 2)

= (na − n
a
2
+δ − 2na−1 + 2n

a
2
−1+δ)s.

Since {x ∈ A3\A2} implies that {r ⩾ E(r) + 3
4n

a
2
+δs}, we have

P
(
∪x∈V (Qn)x ∈ A3\A2

)
⩽ 2n

(
n

t

)(
nt

s

)
t2

∑
d1,d2,d3

P
(
r ⩾ E[r] +

3

4
n

a
2
+δs

)
.

Then by Lemma 4.3.7 we have

P
(
r ⩾ E[r] +

3

4
n

a
2
+δs

)
⩽

9

4
na+2δs2 exp

(
−na+2δs2

D(3)

)
,
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where D(3) =
∑3

i=1 i
2di.

Moreover, there exists a C > 0 such that

D(3) =
3∑

i=1

idi +
3∑

i=1

(i2 − i)di

= s(n− 2) +
3∑

i=1

(i2 − i)di

⩽ Csn.

Therefore, there exists a C ′ > 0 such that

P
(
r ⩾ E[r] +

3

4
n

a
2
+δs

)
⩽

9

4
na+2δs2 exp(−C ′na+2δ−1s).

Putting everything together we have

P(∪x∈V (Qn)x ∈ A3\A2) ⩽ 2n
(
n

t

)(
nt

s

)
t2

∑
d1,d2,d3

9

4
na+2δs2 exp(−C ′na+2δ−1s)

⩽ 2n
(
n

t

)(
nt

s

)
t2(ns)3

9

4
na+2δs2 exp(−C ′na+2δ−1s)

= o(1),

as long as δ > 1
2(1− a).

Now we are ready to prove the lower bound in Theorem 4.1.2

Proof. Consider the process Boot2(t) with t = 1
10n

a
2
+δ, where each vertex is initially infected with prob-

ability p. Let p = na−1 − n
a
2
−1+δ, where 3

4 < a < 1, and δ > 1
2(1 − a). If we prove that P(A2 =

V (Qn)) = o(1) for Boot2(t), together with Lemma 4.3.8, then this would imply that the process Boot2(t)

does not percolate with high probability, therefore also that the process Boot does not percolate with high
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probability. Indeed, we have

P(x /∈ A2) ⩾ P(x /∈ A0)P(|N (x) ∩A0| < na − 2t)P(|N (x) ∩ (A1\A0)| = ∅).

It is obvious that P(x /∈ A0) > 1− o(1). By Lemma 4.2.1, we have

P(|N (x) ∩A0| < na − 2t) ⩾ 1− exp(−nδ′),

where δ′ > 0.

Let y ∈ N (x)\A0. Then P(y ∈ A1) = P(|N (y) ∩ A0| ⩾ na − 2t) = ϵ(n), where ϵ(n) = exp(−nδ′).

Since the events {y /∈ A1}y∈N (x)\A0
are decreasing events and thus by Lemma 4.3.2,

P(|N (x) ∩ (A1\A0)| = ∅) ⩾
∏

y∈N (x)

P(y /∈ A1)

⩾ (1− ϵ(n))n

⩾ e−2ϵ(n)n.

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set V (Qn) as follows:

V = ∪m
i=1Bi,

where, for each i ∈ [m], and for any x and y ∈ Bi, we have dH(x, y) ⩾ 6. Furthermore, the number of

subsets m in this partition satisfies m =
∑5

i=1

(
n
i

)
.

Let B ⊂ V . Assume for any x ∈ B and y ∈ B, we have dH(x, y) ⩾ 6. Then from Fact 4.2.2, the events

{x ∈ A2}x∈B are independent.

Given the partition of V , there exists a set Bi such that |Bi| ⩾ 2n

n6 . Furthermore, for any x and y
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belonging to Bi, it holds that dH(x, y) ⩾ 6. With the independence condition in place, we have

P(x ∈ A2 for all x ∈ Bi) = (1− e−2ϵ(n)n)|Bi|

⩽ (2ϵ(n)n)|Bi|

= o(1),

since ϵ(n) is an exponentially decaying function of n.

4.4 PROOF OF THEOREM 3

Let us start by proving the upper bound. To do so, we require a slightly more general concept. Let Ai,r

represent the set of infected vertices up to and including step i when the infection threshold is r. Hence,

Ai = Ai,N
2

. In order to establish the upper bound, we will rely on a few lemmas.

Lemma 4.4.1. Let x ∈ V (Qk,n), let p = 1
2 − ( 1n)

k
2 , and let the infection threshold be r = N

2 +
(
3k
2k

)
, where

k ⩾ 2 is an integer. Then there exists an absolute constant δ > 0 such that

P(x ∈ A1,r) ⩾
1

2
+ δ.

Proof. We have

P(x ∈ A1,r) = P(x ∈ A0) + P(|N (x) ∩A0| ⩾ r|x /∈ A0)P(x /∈ A0)

= P(x ∈ A0) + P(|N (x) ∩A0| ⩾ r)P(x /∈ A0).
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Let S(N) = |N (x) ∩A0| and so S(N) ∼ Bin(N, p). Then, we have

P(S(N) ⩾ r) = P

(
S(N)−Np√
Np(1− p)

⩾
r −Np√
Np(1− p)

)
.

Let z(N) = r−Np√
Np(1−p)

. Then it is easy to see that

lim
N→∞

z(N) =
2
√
k!

k!
.

By Lemma 4.3.1, we have

lim
N→∞

P(S(N) ⩾ r) = 1− Φ
(2√k!

k!

)
.

Therefore there exists an absolute constant δ > 0

P(A1,r) ⩾
1

2
+ δ.

Before stating the next lemma, we will introduce two definitions and one theorem.

Definition 4.4.1. A 1-factor of a hypergraph is a spanning 1-regular sub-hypergraph.

Definition 4.4.2. A decomposition of a hypergraph into edge-disjoint 1-factors is a 1-factorization.

The following Theorem was originally proved in [14] by Baranyai.

Theorem 4.4.2. Let k ⩾ 2. A 1-factorization of the complete k-uniform hypergraph on n vertices exists if

and only if k|n.

Now we are ready to state the next lemma.

66



Lemma 4.4.3. Let δ > 0 be a real number and k ⩾ 2 be an integer. Additionally, we assume that k

divides n. Additionally assume that with the initial infection probability p = 1
2 − ( 1n)

k/2 we can establish

P
(
x ∈ A

1,N
2
+(3k2k)

)
⩾ δ. Then there exists a constant c > 0 such that

P(x ∈ A4,N
2
) ⩾ 1− e−cnk−1

.

Proof. Let x ∈ V (Qk,n).There exists a partition S(x, k) = ∪m
i=1Bi such that supp(x)∩ supp(y) = ∅ for all

x, y ∈ Bi and all i ∈ [m]. Moreover, |Bi| = n
k for all i ∈ [m] and m =

(
n−1
k−1

)
.

Indeed, we can consider S(x, k) as the edges of a k-uniform hypergraph on n vertices. According to

Theorem 4.4.2, such a partition of S(x, k) exists given that k|n.

There exists an i ∈ [m] such that there is a set S ⊂ Bi\A0 of size |S| = n
2k + 1. If such a set S cannot

be found, this implies that for every i ∈ [m], |Bi ∩ A0| ⩾ n
2k . If for every i ∈ [m], |Bi ∩ A0| ⩾ n

2k + 1,

then x ∈ A1, and we are done. Since the ”+1” term will not affect the calculations, we can safely assume

that there exists a set S ⊂ Bi\A0 with |S| = n
2k .

Let T = N (S) ∩ S(x, 2k). Denote Ti = {y ∈ T : |N (y) ∩ S| = i} for i ∈ {1, 2}. It is easy to see that

|T1| =
(
n− k

k

)
n

2k
− 2

( n
2k

2

)
=

nk+1

2kk!
− (3k − 1)(k2 − k)nk

4kk!
+O(nk−1)

and

|T2| =
( n

2k

2

)
=

n2

8k2
− n

4k
.

Let |T1 ∩ A2| = a and |T2 ∩ A2| = b. Note that if S ∩ A3 = ∅, then a + 2b < n
2k (

1
2N) =

nk+1

4kk! +
k(1−0.5(k−1)(k−2))nk

4kk! +O(nk−1).
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Note that

E|T1 ∩A0| =
nk+1

4kk!
− (3k − 1)(k2 − k)nk

8kk!
+O(nk−1).

By Lemma 4.2.1, that there exits c′ > 0 such that

P(||T1 ∩A0| −
nk+1

4kk!
| ⩾ knk) ⩽ exp(−c′nk−1).

Let G(S) denote this event doesn’t happen, i.e., ||T1 ∩ A0| − nk+1

4kk! | ⩽ knk and we have P(G(S)) ⩽

1− exp(−c′nk−1).

From now on, we assume that the event G(S) holds. If |T1 ∩ A2\A0| ⩾ 2knk, then a ⩾ nk+1

4kk! + knk

and thus S ∩A3 ̸= ∅.

Claim 4.4.4. If G(S) holds, then

P(|T1 ∩A2\A0| = O(nk)) ⩽ C

(
3k

2k

)
nk exp(−c′′δ2ϵn1+k).

Proof. Consider a bipartite graph H with V (H) = H1 ∪ H2 where H1 = T1\A0, H2 = S(x, 3k) and

E(H) = {uv : uv ∈ E(Qk,n)}.We will color edges of H red and blue. If the end point in H2 is in A1, then

color edges xy red for every x ∈ H1 and if the end point in H2 is not in A1, then color edges xy blue for

every x ∈ H1.

It is easy to see that |E(H)| =
(
n−2k

k

)
|H1|. Since G(s) holds, we have |H1| = nk+1

4kk! +O(nk).

Now suppose that |T1 ∩ A2\A0| = O(nk). Since at most O(nk) vertices in H1 can have at least N
2

neighbors in A1, the number of red edges in H , denoted ER(H), satisfies

|ER(H)| ⩽ 1

2

(
n

k

)
|H1|+O(n2k),
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and thus the number of blue edges in H , denoted by EB(H), has to satisfy

|EB(H)| ⩾ |H1|
(
n− 2k

k

)
− 1

2

(
n

k

)
|H1| −O(n2k). (4.9)

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set S(x, 3k) as follows:

S(x, 3k) = ∪m
i=1Di,

where, for each i ∈ [m], and for any x and y ∈ Bi, we have dH(x, y) ⩾ 2k + 1. Furthermore, the number

of subsets m in this partition satisfies m ⩽ 1 +
∑k

i=1

(
3k

3k−i

)(
n−3k

i

)
⩽ Cnk.

Let us define, for i ∈ [
(
3k
2k

)
] and j ∈ [m],

Dj(i) = {x ∈ Dj : |N(x) ∩ T1| = i}

Claim 4.4.5. If ϵ > 0 is arbitrarily small, then there exists an i ∈ [
(
3k
2k

)
] and a j ∈ [m] such that

(a) l edges of H are incident with Dj(i) where l ⩾ ϵn1+k and

(b) at most (12 + δ
2)l of those edges are red.

Proof: Suppose the claim is false. Let us count the number of blue edges. We have

|EB(H)| ⩽
(
n− 2k

k

)
|H1|(

1

2
− δ

2
) + C

(
3k

2k

)
nkϵn1+k,

which is contradiction to (4.9) since ϵ is chosen arbitrarily small.

Note that events {y ∈ A1}y∈Dj(i) are independent, but they are not independent of which members of

B(x, 2k) are in A0. Since y ∈ Bj(i) has at most
(
3k
2k

)
neighbors in B(x, 2) and P(y ∈ A

1,N
2
+(3k2k)

) ⩾ 1
2 + δ,

then P(y ∈ A1,N
2
) ⩾ 1

2 + δ for any set B(x, 2) ∩A0.
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Let Ej(i) denote the event that Dj(i) satisfies (a) and (b). Thus

P(∪i,jEj(i)) ⩽
∑
i,j

P
(

Bin
(
ϵn1+k

i
,
1

2
+ δ

)
⩽

(
1

2
+

δ

2

)
ϵn1+k

i

)

⩽ C

(
3k

2k

)
nk exp(−c′′δ2ϵn1+k),

for c′′ > 0.

The number of choices for S is at most

(
n/k

n/2k

)
⩽ 2

n
k .

Let M(S) denote the event |T1 ∩ (A2\A0)| ⩾ 2knk. Note that if for every i ∈ [n−1
t−1 ] and every subset

S ⊂ Bi\A0 of size n
2t both G(S) and M(S) hold, then x ∈ A4.

Therefore,

P(x /∈ A4) ⩽
∑
i

∑
S

P[G(S)c] +
∑
i

∑
S

P[M(S)c]

⩽ exp(−c′′′nk−1),

where c′′′ > 0.

Now we are ready to prove the upper bound for k > 2 in Theorem 4.1.3.
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Proof. By Lemmas 4.4.1 and 4.4.3 we have, for k > 2,

P(A0 does not percolate) ⩽ P(∪x∈V (G)(x /∈ A4))

⩽
∑

x∈V (G)

P(x /∈ A4)

⩽ 2ne−c′′′nk−1

= o(1).

For k = 2, we can observe that Lemma 4.4.3 is insufficient to prove the statement in Theorem 4.1.3.

Therefore, it is necessary to prove an additional lemma in order to prove the statement for k = 2.

Lemma 4.4.6. Let δ > 0 be a real number. Additionally, we assume n to be even. Let the initial infection

probability be p = 1
2 −

1
n for each vertex. With this value of p we can establish P(x ∈ A1,r=N

2
+21) ⩾

1
2 + δ.

Then

P(x ∈ A4,r=N
2
) ⩾ 1− e−cn0.1

.

Proof. Assume n is even. Recall S(x, l) = {y ∈ V (Q2,n) : dH(x, y) = l}.

From Theorem 4.4.2, there exists a partition of S(x, 2) of the form S(x, 2) = ∪m
i=1Bi such that

Support(x) ∩ Support(y) = ∅ for all x, y ∈ Bi and all i ∈ [m]. Moreover, |Bi| = n
2 for all i ∈ [m]

and m = n− 1.

From Lemma 4.2.1 we have

P(|Bi ∩A0| ⩽
n

4
− n

1.1
2 ) ⩽ exp

(
− n0.1 1

50

)
.

Let J(i, x) denote this event does not happen, i.e |Bi ∩ A0| ⩾ n
4 − n

1.1
2 . From now on, we assume that

J(i, x) holds and then choose S ⊂ Bi\A0 with |S| = n
4 + 1. We will show that S ∩ A3 = ∅ is highly
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unlikely. Since the +1 term will not affect the calculation, we will drop it.

Let T = N (S) ∩ S(x, 4) and Ti = {y ∈ T : |N (y) ∩ S| = i} for i ∈ {1, 2}. It is easy to see that

|T2| =
(n

4

2

)
=

1

32
n2 − 1

8
n

and

|T1| =
(
n− 2

2

)
n

4
− 2

(n
4

2

)
=

n3

8
− 11

16
n2 + n.

Let a = |T1 ∩A2| and b = |T2 ∩A2|. Observe that if S ∩A3 = ∅, then a+ 2b ⩽ n
4
1
2(
(
n
2

)
+ n) = n3

16 + n2

16 .

From Lemma 4.2.1, we have

P
(
||T1 ∩A0| −

n3

16
| ⩾ n2

)
⩽ exp

(
− 1

3000
n
)
.

Let G(S) denote the event that ||T1 ∩ A0| − n3

16 | ⩽ n2 and so P(G(S)) ⩾ 1 − exp(− 1
3000n). Assume

that G(S) holds. Therefore, if |T1 ∩ A2\A0| ⩾ 2n2, then with high probability, a ⩾ n3

16 + n2 and thus

S ∩A3 ̸= ∅.

Claim 4.4.7. If G(S) holds, then

P(|T1 ∩A2\A0| = O(n2)) ⩽ n3 exp(−c′δ2ϵn).

Proof. Consider a bipartite graph H with the vertex set H1 ∪ H2, where H1 = T1\A0 ⊂ S(x, 4) and

H2 = S(x, 6), and the edge set {uv : uv ∈ E(G)}. We have

|E(H)| = |H1|
(
n− 4

2

)
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and

|H1| =
n3

16
+O(n2),

since G(S) holds.

We will color the edges of H red and blue. If y ∈ H2 is in A1, then color xy red for every x ∈ H1 and

if y ∈ H2 is not in A1, then color xy blue for every x ∈ H1. Now suppose |T1 ∩ A2\A0| = O(n2). Thus,

only O(n2) vertices of H1 can have at least n2

4 + n neighbors in A1. Thus

|ER(H)| ⩽ n2

4
|H1|+O(n4) =

n5

64
+O(n4)

and

|EB(H)| ⩾
(
n− 4

2

)
|H1| −

n2

4
|H1| −O(n4) =

n5

64
−O(n4), (4.10)

where ER(H) denotes the red edges of H and EB(H) denotes the blue edges of H .

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set S(x, 6) as follows:

S(x, 6) = ∪m
i=1Di,

where, for each i ∈ [m], and for any x and y ∈ Bi, we have dH(x, y) ⩾ 9. Furthermore, the number of

subsets m in this partition satisfies m =
(
6
2

)(
n−6
4

)
+
(
6
4

)(
n−6
2

)
+
(
6
3

)(
n−6
3

)
+
(
6
5

)(
n−6
1

)
+ 1.

Define a refinement of Di as Dj(i) = {z ∈ Dj : |N(z) ∩ T1| = i} for i ∈ [15].

Claim 4.4.8. For a sufficiently small ϵ > 0, there exist an i ∈ [15] and j ∈ [m] such that:

(a) l edges of H are incident to Dj(i) and l ⩾ ϵn. And

(b) at most (12 + δ
2)l of those edges are red.
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Proof. Suppose the claim is false. We can have at most

|EB(H)| ⩽ |E(H)|(1
2
− δ

2
) + 15ϵnm

blue edges, which is a contradiction to the bound in (4.10).

Note that {y ∈ A1}y∈Dj(i) are independent, but this event is not independent of which members of

B(x, 5) are in A0. Since y ∈ Dj(i) has 21 neighbors in B(x, 5) and P(x ∈ A1,r=N
2
+21) ⩾ 1

2 + δ, then

P(y ∈ A1,N
2
) ⩾ 1

2 + δ for all set B(x, 5) ∩A0.

Let Ej(i) denote the event that Dj(i) satisfies (a) and (b). Thus, there exists a constant c′ > 0 such that

P(∪i,jEj(i)) ⩽
∑
i,j

P
(

Bin
(
ϵn

i
,
1

2
+ δ

)
⩽

(
1

2
+

δ

2

)
ϵn

i

)

⩽ 15n4 exp(−c′δ2ϵn).

The number of choices for S is at most

(n
4 + n0.55

n
4

)
⩽

(
e

(
1 +

n1.1/2

n/4

))n0.55

⩽ exp(n0.55) exp(
4

n0.9/2
n0.55)

⩽ exp(n0.7).

Let M(S) denote the event |T1 ∩ (A2\A0)| ⩾ 2n2. Note that if for every i ∈ [n − 1] and for every subset

S ⊂ Bi\Ai of size n
4 , J(i, x),G(S), and M(S) hold, then x ∈ A4.

74



Therefore,

P(x /∈ A4) ⩽
∑

i∈[n−1]

P(J(x)c) +
∑

i∈[n−1]

∑
S

P[G(S)c] +
∑

i∈[n−1]

∑
S

P[M(S)c]

⩽ exp(−cn0.1).

Lemma 4.4.9. Suppose that for every x ∈ V (Q2,n) there exists an absolute constant c > 0 such that

P(x /∈ Ak) ⩽ e−cn0.1
.

Then for some d > 0, we have

P(x /∈ A3k+2) ⩽ e−dn1.1
.

Proof. Suppose that x /∈ A3k+2. Assume that k is an absolute constant. We claim that for each even

t ∈ [0, 2k + 2], there exists a set T (t) ⊂ S(x, t) and a function 0 < α(t) < 1 such that

T (t) ∩A3k+2−t = ∅ (4.11)

and

|T (t)| ⩾ α(t)nt −O(nt−1). (4.12)

We will prove the claim by induction on t. When t = 0, |T (t)| = 1 so the statement is trivially true.

Suppose that T (t) satisfies 4.11 and 4.12. Then for every y ∈ T (t) it has at most 1
2(n +

(
n
2

)
) neighbors in

S(x, t + 2) ∩ A3k−t and so at least
(
n−t
2

)
− 1

2(n +
(
n
2

)
) neighbors in S(x, t + 2)\A3k−t. Note that each

element of S(x, t+ 2) has
(
t+2
2

)
neighbors in S(x, t).
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Therefore, there exists a set T (t+ 2) ⊂ S(x, t+ 2) such that T (t+ 2) ∩A3k−t = ∅ and

|T (t+ 2)| ⩾
[
(
n−t
2

)
− 1

2(n+
(
n
2

)
]|T (t)|(

t+2
2

) .

Moving forward, We need the following fact.

From Fact 4.2.2, it is easy to see that if S ⊂ V (Q2,n) satisfies dH(y, z) ⩾ 4k + 1 for every y, z ∈ S,

then the events {y ∈ Ak}y∈S are independent.

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set S(x, 2k + 2) as

follows:

S(x, 2k + 2) = ∪m
i=1Bi,

where, for each i ∈ [m], and for any x and y ∈ Bi, we have dH(x, y) ⩾ 4k + 1. Furthermore, the number

of subsets m in this partition satisfies m = 2(k + 1)
(

n
2k+1

)
.

Now we claim that there exist a j ∈ [m] and a sufficiently small ϵ > 0 such that

|Bj | ⩾ ϵn

and

|T (2k + 2)| ⩾ ϵ|Bj |.

Indeed, if the claim is not true then

|T (2k + 2)| ⩽ ϵmn+ ϵ

(
n

2k + 2

)
,

which is a contraction since ϵ is sufficiently small.
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Recall that T (2k + 2) ∩Ak = ∅ and P(x /∈ Ak) ⩽ e−cn0.1
. From Lemma 7 in [10], we have

P(|T (2k + 2) ∩Bj | ⩾ ϵ|Bj |) ⩽ 2(e−cn0.1
)ϵ|Bj |/2

⩽ 2(e−cn1.1ϵ2/2).

Therefore,

P(x /∈ A3k+2) ⩽ P (∃j with |Bj | ⩾ ϵn and |T (2k + 2) ∩Bj | ⩾ ϵ|Bj |)

⩽ m2(e−cn1.1ϵ2/2)

⩽ e−dn1.1
.

Now we are ready to prove the upper bound for k = 2 in Theorem 4.1.3.

Proof. By Lemmas 4.4.1, 4.4.6, and 4.4.9 we have

P(A0 does not percolate) ⩽ P(∪x∈V (G)(x /∈ A14))

⩽
∑

x∈V (G)

P(x /∈ A14)

⩽ 2ne−dn1.1

= o(1).

Next we will prove the lower bound of Theorem 4.1.3. Let us introduce a new process closely related to

the bootstrap percolation process. The only difference is a less strict requirement for a vertex to be infected

at step 1 and step 2. Let Ai denote the set of infected vertices up to step i. We define the process Boot3(t)

as follows:

* Initially, each vertex is infected with probability p, independent of other vertices.
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* If a vertex becomes infected, then it remains infected forever.

*A healthy vertex will be infected at step 1 if it has at least N
2 − 2t infected neighbors at the initial step,

i.e., x ∈ A1 if x ∈ A0 or |N (x) ∩A0| ⩾ N
2 − 2t.

*A healthy vertex will be infected at step 2 if it has at least N
2 − t infected neighbors at the first step,

i.e., x ∈ A2 if x ∈ A1 or |N (x) ∩A1| ⩾ N
2 − t.

* Let i ⩾ 2. A healthy vertex will be infected at step i+ 1 if it has at least N
2 infected neighbors at step

i, i.e., x ∈ Ai+1 if x ∈ Ai or |N (x) ∩Ai| ⩾ N
2 .

Let us refer to the original N
2 -neighbor process as Boot(N2 ).

To establish the lower bound, we will use Lemma 4.3.7 to show that P(A3 = A2) = 1 − o(1). Subse-

quently, we will establish that P(A2 = V ) = o(1).

Lemma 4.4.10. Consider the Boot3(t) process, where the initial infection probability p = 1
2 − 1

na with

a < 1 and t = nb with k − 1 < b < k. Then A3 = A2 with high probability.

Proof. Suppose x ∈ A3\A2. Then we have

|N (x) ∩A2| ⩾
N

2

and

|N (x) ∩A1| ⩽
N

2
− t.

Thus there exists a set T ⊂ N (x) with |T | = t such that T ⊂ A2\A1 and

|T ∩ S(x, k)| ⩾ t−
k−1∑
i=1

(
n

i

)
.

Let y ∈ T , and then we have

|N (y) ∩A1| ⩾
N

2
− t
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and

|N (y) ∩A0| ⩽
N

2
− 2t.

Thus every y ∈ T must have at least t neighbors in A1\A0.

For every y ∈ (T ∩ S(x, k)), it must have at least t neighbors in A1\A0 among which at least t −

O(nk−1) are in S(x, 2k). This is because each vertex in S(x, k) has at most O(nk−1) neighbors outside

S(x, 2k).Therefore, there exists a set S such that

S ⊂ (A1\A0) ∩ S(x, 2k) ∩N (T ∩ S(x, k))

and

(t−
∑k−1

i=1

(
n
i

)
)(t−O(nk−1))(
2k
k

) ⩽ |S| ⩽ t2,

since each vertex in S(x, 2k) has at most
(
2k
k

)
neighbors in S(x, k).

Now, let us consider the set D := N (S) ∩ S(x, 3k). Let d be the number of edges between S and D.

We can express D as a union of disjoint sets Di, where D = ∪(
3k
k )

i=1 Di. Each element in Di has i neighbors

in S. Let |Di| = di and |S| = s. Then we have

d =

(3kk )∑
i=1

idi = s

(
n− 2k

k

)
.

Let Ri = A0 ∩Di and |Ri| = ri. We have

r :=

(3kk )∑
i=1

iri ⩾ s

(
N

2
− 2t−O

(
nk−1

))
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and also

E(r) = pd

= p

(
n− 2k

k

)
s

= (
1

2
− δ)

(
n− 2k

k

)
s

=

(
nk

2k!
− δnk

k!
+O

(
nk−1

))
s,

where δ = 1
na .

Since the event {x ∈ A3\A2} implies the event {r ⩾ E(r) + ( δn
k

k! − 2t)s}, we have

P(∪x∈V (Qk,n)x ∈ A3\A2) ⩽ 2n
(
nk

t

)(
nkt

s

)
t2

∑
d1,d2,...d(3kk )

P
(
r ⩾ E[r] +

(
δnk

k!
− 2t

)
s

)
.

Indeed, we have at most 2n vertices in Qk,n,
(
nk

t

)
choices for the set T ,

(
nkt
s

)
choices for the set S and

at most t2 values that s can take.

Assume nkδ ≫ t, i.e., k − a > b. Thus, from Lemma 4.3.7, there exists a constant c > 0 such that

P
(
r ⩾ E[r] + (

δnk

k!
− 2t)s

)
⩽

(
2
δnk

k!

)(3kk )
exp

−c
(δnks)2

D
((

3k
k

))
 .

Since D
((

3k
k

))
=
∑(3kk )

i=1 i2di and
∑(3kk )

i=1 idi = s
(
n−2k

k

)
, there exists a big absolute constant C such that

D

((
3k

k

))
= s

(
n− 2k

k

)
+

(3kk )∑
i=1

(i2 − i)di ⩽ Cs

(
n− 2k

k

)
.
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Thus, we have

P[∃x ∈ A3\A2] = o(1).

Finally, we are ready to prove the lower bound of Theorem 4.1.3

Proof. Consider the process Boot3(t), where the initial infection probability p = 1
2 −

1
na , where 0 < a < 1.

Let k ⩾ 2 be an integer independent of n and t = nb where k − 1 < b < k. Furthermore, we assume

k− a > b. If we can prove that P(A2 = V (Qk,n)) = o(1) for Boot3(t), in conjunction with Lemma 4.4.10,

it implies that the process Boot3(t) does not percolate with high probability. Consequently, this suggests

that the process Boot(N2 ) does not percolate with high probability.

Indeed, we have

P (x /∈ A2) ⩾ P(x /∈ A0)P
(
|N (x) ∩A0| <

N

2
− 2t

)
P (|N (x) ∩ (A1\A0)| = ∅) .

It is obvious to see that P(x /∈ A0) >
1
2 and by Lemma 4.2.1, that

P
(
|N (x) ∩A0| <

N

2
− 2t

)
⩾ 1− exp(−nδ),

where δ > 0.

Consider y ∈ N (x)\A0. Then we have P(y ∈ A1) = P
(
|N (y) ∩A0| ⩾ N

2 − 2t
)
= ϵ(n), where

ϵ(n) = exp(−nδ). Since the events {y /∈ A1}y∈N (x)\A0
are decreasing and thus by Lemma 4.3.2,

P(|N (x) ∩ (A1\A0)| = ∅) ⩾
∏

y∈N (x)

P(y /∈ A1)

⩾ (1− ϵ(n))n
k

⩾ e−2ϵ(n)nk
.
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From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set V (Qk,n) as follows:

V (Qk,n) = ∪m
i=1Bi,

where, for each i ∈ [m], and for any x and y ∈ Bi, we have dH(x, y) ⩾ 4k + 1. Furthermore, the number

of subsets m in this partition satisfies m =
∑4k+1

i=1

(
n
i

)
.

Let B ⊂ V (Qk,n). Assume for every x ∈ B and y ∈ B, dH(x, y) ⩾ 4k + 1. Then the events

{x ∈ A2}x∈B are independent.

Given the partition of V (Qk,n), there exists a set Bi such that |Bi| ⩾ 2n

n4k+2 . Furthermore, for any x and

y ∈ Bi, it holds that dH(x, y) ⩾ 4k + 1. With the independence condition in place, we have

P(x ∈ A2 for all x ∈ Bi) = (1− e2ϵ(n)n
k
)|Bi|

⩽ (2ϵ(n)nk)|Bi|

= o(1).

since ϵ(n) is an exponentially decaying function of n.

Now let us prove the lower bound for Theorem 4.1.3 when k = 2.

Lemma 4.4.11. Consider the Boot3(t) process, where the initial infection probability p = 1
2 −

C
√
logn
n and

t = 10n. Then A3 = A2 with high probability.

Proof. Suppose x ∈ A3\A2. Then we have

|N (x) ∩A2| ⩾
N

2
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and

|N (x) ∩A1| ⩽
N

2
− t.

Thus there exists a set T ⊂ N (x) with |T | = t such that T ⊂ A2\A1 and

|T ∩ S(x, 2)| ⩾ t− n,

since |S(x, 1)| = n.

Let y ∈ T , and then we have

|N (y) ∩A1| ⩾
N

2
− t

and

|N (y) ∩A0| ⩽
N

2
− 2t.

Thus every y ∈ T must have at least t neighbors in A1\A0.

For every y ∈ (T ∩ S(x, 2)) must have at least t neighbors in A1\A0 among which at least t − 2(n −

2) − (n − 2) − 2 are in S(x, 4) since every vertex in S(x, 2) have 2(n − 2) neighbors in S(x, 2), n − 2

neighbors in S(x, 3) and 2 neighbors in S(x, 1).Therefore, there exists a set S such that

S ⊂ (A1\A0) ∩ S(x, 4) ∩N (T ∩ S(x, 2))

and

(t− n)(t− 3(n− 2)− 2)

6
⩽ |S| ⩽ t2,

since every vertex in S(x, 4) has 6 neighbors in S(x, 2).

Now consider D = N (S)∩S(x, 6). Let d be the number of edges between S and D. We can express D

as a union of disjoint sets Di, where D = ∪15
i=1Di. Each element in Di has i neighbors in S. Let |Di| = di
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and |S| = s. Then we have

d =
15∑
i=1

idi = s

(
n− 4

2

)
.

Let Ri = A0 ∩Di and |Ri| = ri. We have

r :=

15∑
i=1

iri ⩾ s

(
N

2
− 2t− 4−

(
4

2

)
− (n− 4)−

(
4

3

)
(n− 4)

)
,

since every vertex in S has at least N
2 − 2t neighbors in A0 and at most 4 +

(
4
2

)
+ (n − 4) +

(
4
3

)
(n − 4)

neighbors in A0\S(x, 6).

We also have

E(r) = pd

= p

(
n− 4

2

)
s

= (
1

2
− δ)

(
n− 4

2

)
s

= (
n2

4
− 9n

4
+ 5− n2δ

2
+

9nδ

2
+ 10δ)s,

where δ = C
√
logn
n . Note that the event {x ∈ A3\A2} implies the event {r ⩾ E(r) + δn2

4 s}. Therefore, we

have

P(∪x∈V (Q2,n)x ∈ A3\A2) ⩽ 2n
(
n2

t

)(
n2t

s

)
t2

∑
d1,d2,...d15

P
(
r ⩾ E[r] +

δn2

4
s

)
.

Indeed, we have at most 2n vertices in the graph G,
(
n2

t

)
choices for the set T ,

(
n2t
s

)
choices for the set S

and t2 values that s can take.

Thus, from Lemma 4.3.7, we have

P
(
r ⩾ E[r] +

δn2

4
s

)
⩽

(
δn2

2

)14

exp

(
− (δn2s)2

16D(15)

)
.
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Since D(15) =
∑15

i=1 i
2di and

∑15
i=1 idi = s

(
n−4
2

)
, we have

D(15) = s

(
n− 4

2

)
+

15∑
i=1

(i2 − i)di ⩽ C ′s

(
n− 4

2

)
,

where C ′ > 0. Thus we have

P(∃x ∈ A3\A2) = o(1).

Finally, we are ready to prove the lower bound of Theorem 4.1.3 when k = 2.

Proof. Consider the process Boot3(t), where the initial infection probability p = 1
2 − C

√
logn
n . If we can

prove that P(A2 = V (Q2,n)) = o(1) for Boot3(t), in conjunction with Lemma 4.4.11, it implies that the

process Boot3(t) does not percolate with high probability. Consequently, this suggests that the process

Boot(N2 ) does not percolate with high probability.

Indeed, we have

P (x /∈ A2) ⩾ P(x /∈ A0)P
(
|N (x) ∩A0| <

N

2
− 2t

)
P (|N (x) ∩ (A1\A0)| = ∅) .

It is obvious to see that P(x /∈ A0) >
1
2 and by Lemma 4.2.1, that

P
(
|N (x) ∩A0| <

N

2
− 2t

)
⩾ 1− 1

n4
,

since C is sufficiently large.

Consider y ∈ N (x)\A0. Then we have P(y ∈ A1) = P
(
|N (y) ∩A0| ⩾ N

2 − 2t
)
⩽ ϵ(n), where
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ϵ(n) = 1
n4 . Since the events {y /∈ A1}y∈N (x)\A0

are decreasing and thus by Lemma 4.3.2,

P(|N (x) ∩ (A1\A0)| = ∅) ⩾
∏

y∈N (x)

P(y /∈ A1)

⩾ (1− ϵ(n))n
2

⩾ e−2ϵ(n)n2
.

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set V (Q2,n) as follows:

V (Q2,n) = ∪m
i=1Bi,

where for each i ∈ [m], and for any x and y ∈ Bi, we have dH(x, y) ⩾ 9. Furthermore, the number of

subsets m in this partition satisfies m =
∑9

i=1

(
n
i

)
.

Let B ⊂ V (Q2,n). Assume for every x ∈ B and y ∈ B, dH(x, y) ⩾ 9. Then the events {x ∈ A2}x∈B

are independent.

Given the partition of V (Qk,n), there exists a set Bi such that |Bi| ⩾ 2n

n10 . Furthermore, for any x and

y ∈ Bi, it holds that dH(x, y) ⩾ 9. With the independence condition in place, we have

P(x ∈ A2 for all x ∈ Bi) = (1− e2ϵ(n)n
2
)|Bi|

⩽ (2ϵ(n)n2)|Bi|

= o(1).

since ϵ(n) = 1
n4 .
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4.5 DISCUSSION AND OPEN PROBLEMS

1. Question 1. What is the exact second-order term of pc(Qn, n
a) where 2

3 < a < 1?

For 2
3 < a < 1 we derived the first-order term of pc(Qn, n

a) and obtained some insights into the

second-order term. It would be interesting to extend this analysis and derive an exact expression for

the second-order term.

2. Question 2. What is the exact first-order term of pc(Qn, n
a) where 0 < a ⩽ 2

3?

We conjecture that pc(Qn, n
a) = na−1(1 + on(1)) for 0 < a ⩽ 2

3 . For the infection threshold in

this regime, determining the first-order term of the critical probability seems to be beyond the reach

of existing techniques, suggesting that entirely new ideas are needed to make progress.

3. Question 3. What is the exact second-order term of pc(Qn,k,
N
2 ) where N =

∑k
i=1

(
n
i

)
?

We conjecture that it is on the order −
√
logn
nk/2 , up to a positive constant.

Let us explain the limitations of our approach. In our proof of the lower bound the first key step is to

show that for some δ > 0

P(x ∈ A1,r) ⩾
1

2
+ δ,

where x ∈ V (Qk,n) and Ai,r is the set of infected vertices up to and including step i when the

infection threshold is r.

It is clear that the De Moivre-Laplace Theorem can not yield the desired result because Φ(z(N))

approaches 1 as n → ∞ if p = 1
2 − C

√
logn
nk/2 with some constant C.
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In [11], the moment method was used to show that

P(x ∈ A2,r) ⩾
1

2
+ δ.

The proof was based on the relations N (y) ∩ N (z) = {x,w} and N (x) ∩ N (y) = ∅, where y, z ∈

N (x) and x ∈ V (Qn) which made the application of the second-moment analysis manageable. In our

case, these relations are absent, so application of the second-moment analysis lacks a good starting

point.

88



Chapter 5

MAXIMUM PERCOLATION TIME ON
THE Q-ARY HYPERCUBE

5.1 INTRODUCTION

In this paper we address a combinatorial question in bootstrap percolation, namely, the maximum percolation

time over all contagious sets on q-ary hypercubes with the infection threshold r = 2. More specifically we

extend the main theorem in [43] about the maximum percolation time with threshold r = 2 on the binary

hypercubes to the q-ary case.

Let us define the n-dimensional q-ary hypercube, denoted by Qn,q , as V (Qn,q) = {0, 1, . . . , q − 1}n

and E(Qn,q) = {xy : x, y ∈ {0, 1, . . . , q − 1}n, |{i : xi ̸= yi}| = 1}.

In order to simplify the notation, instead of writing M(Qn,q, 2), we write Mq(n) to denote the maximum

percolation time on the n-dimensional q-ary hypercube under 2-neighbor bootstrap percolation.

Theorem 5.1.1. For q ⩾ 3, Mq(0) = 0, Mq(1) = 1 and Mq(2) = 3. For larger n,

M3(n) =



n2

3 + 2n
3 if n = 3, 6, 9, · · · ,

n2

3 + 2n
3 if n = 4, 7, 10, · · · ,

n2

3 + 2n
3 + 1

3 if n = 5, 8, 11, · · · .
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For q ⩾ 4,

Mq(n) =



n2

3 + n if n = 3, 6, 9, · · · ,

n2

3 + n− 1
3 if n = 4, 7, 10, · · · ,

n2

3 + n− 1
3 if n = 5, 8, 11, · · · .

5.2 PRELIMINARY RESULTS

We adopt the notation introduced in [8] and [43]. Specifically, we denote by Ql any of the
(
n
l

)
qn−l subcubes

of dimension l in Qn,q. For x = (xi)
n
i=1 ∈ {0, 1, . . . , q − 1, ∗}n, let Qx be the subcube {z = (zi)

n
i=1 ∈

{0, 1, . . . , q − 1}n : zi = xi if xi ̸= ∗}.

We will write x = x1x2 · · ·xn and x = (x1, x2. . . . , xn) interchangeably. For convenience and clarity

we will write x = a · · · a︸ ︷︷ ︸
k

b · · · b︸ ︷︷ ︸
l

as [a]k[b]l.

Define the distance between two coordinates

d(xi, yi) =



1 if xi ̸= yi, xi ̸= ∗ and yi ̸= ∗,

0 if either xi = ∗ or yi = ∗,

0 if xi = yi.

Using the above definition we can define the distance between two subcubes Qx and Qy in Qn as

d(Qx, Qy) =
n∑

i=1

d(xi, yi),

where x and y represent subcubes Qx and Qy.

Let ⟨A0⟩ = ∪∞
i=0At be the set of all eventually infected vertices under the 2-neighbor process when A0
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is the set of initially infected vertices.

A set S ⊂ V (Qq,n) is closed if every vertex x ∈ V (Qn,q)\S has at most one neighbor in S. Note that

every subcube of a hypercube is closed.

Let us prove some preliminary results by following [8]. Before stating the first lemma we need to give a

definition.

For x and y ∈ {0, 1, . . . , q − 1, ∗}n, define

x ∨ y = z = (zi)
n
i=1,

where

(zi) =


xi if xi = yi,

∗ otherwise.

For x ∈ {0, 1, . . . , q − 1, ∗}n we define the dimension of x as dim(x) = |{i : xi = ∗}|.

If the dimension of a subcube Qx is l we will sometimes write it as Qx
l . Similarly if we only know that

the cube has dimension at most l we may write it as Qx
⩽l.

The following three lemmas were proven for the binary hypercube in [8]. For the non-binary case the

proofs follow similarly and we give the proofs for completeness.

Lemma 5.2.1. If the hypercube Qn,q contains a subcube Ql with S ⊂ Ql, then ⟨S⟩ ⊂ Ql.

Proof. Let S ⊂ Ql ⊂ Qn, where Ql is a subcube of Qn,q. Note that ⟨S⟩ is the intersection of all closed sets

containing S.

Since the subcube Ql is a closed set containing S, it contains the intersection of all closed sets containing

S and thus it contains ⟨S⟩.
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Lemma 5.2.2. Let x and y be vectors ∈ {0, 1, · · · , q − 1, ∗}n with z = x ∨ y and d(x, y) ⩽ 2. If

S ⊂ Qx
l ∪Qy

k, then ⟨S⟩ ⊂ Qz
⩽l+k+2.

Proof. Since S ⊂ Qx
l ∪Qy

k ⊂ Qz and the subcube Qz is closed, we have ⟨S⟩ ⊂ Qz . Since the number of ∗

in the coordinates of z is at most l + k + d(x, y), the dimension of the subcube Qz is ⩽ l + k + 2.

Lemma 5.2.3. For x and y ∈ {0, 1, . . . , q − 1, ∗}n with d(x, y) ⩽ 2, we have

⟨Qx ∪Qy⟩ = Qx∨y.

Proof. Since the subcube Qx∨y is closed and Qx ∪ Qy ⊂ Qx∨y, we have ⟨Qx ∪ Qy⟩ ⊂ Qx∨y. by Lemma

5.2.2. What remains is to show Qx∨y ⊂ ⟨Qx ∪Qy⟩.

W.l.o.g we can assume that

x = [∗]k[0]n−k

y = [∗]j [0]k−j [∗]l−j [0]n−k−l+j−2ab,

where a, b ∈ {1, 2, ..., q − 1} and 0 ⩽ j ⩽ k ⩽ n− l + j − 2.

We will use the following claim several times in the proof.

Claim 5.2.4. Let A be a subset of V (Qn,q). If a vertex u has at least 2 neighbors in A, then u ∈ ⟨A⟩.

Proof. Let u = u1u2 · · ·un. Since u has at least 2 neighbors in A, w.l.o.g the two neighbors y and z of

u are y = au2u3 · · ·un and z = bu2 · · ·un where a /∈ {b, u1} and b /∈ {a, u1} or y = au2u3 · · ·un and

z = u1bu3 · · ·un where a ̸= u1 and b ̸= u2.

If y = au2u3 · · ·un and z = bu1u2 · · ·un, then ⟨y ∪ z⟩ = ∗u2u3 · · ·un and thus u ∈ ⟨A⟩.

If y = au2u3 · · ·un and z = u1bu3 · · ·un, then ⟨y ∪ z⟩ = ∗ ∗ u3u4 · · ·un and thus u ∈ ⟨A⟩.
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For 0 ⩽ i ⩽ k + l − 2j, let zi be

zi = [∗]i+j0n−i−j−2 ∗ ∗.

We will prove by induction on i that Qzi ⊂ ⟨Qx ∪ Qy⟩ for 0 ⩽ i ⩽ k + l − 2j, which is sufficient to

prove this lemma since zk+l−2j = x ∨ y.

Consider a vertex u in Qz0\(Qx ∪Qy). If u = u1u2 · · ·un−2a0 or u = u1u2 · · ·un−20b then it has one

neighbor in Qx and one neighbor in Qy. Then by Claim 5.2.4, u ∈ ⟨Qx ∪Qy⟩.

For a vertex u = u1u2 · · ·un we will write uab = u1u2 · · ·un−2ab. Now if u = u1u2 · · ·un−2aj

with j /∈ {0, b} then it has two neighbors uab = u1u2 · · ·un−2ab and ua0 = u1u2 · · ·un−2a0 and thus

u ∈ ⟨Qx ∪ Qy⟩. Similarly, a vertex u = u1u2 · · ·un−2jb for j /∈ {0, a} is also in ⟨Qx ∪ Qy⟩. Finally

if u = u1u2 · · ·un−2ij where i /∈ {0, a} and j /∈ {0, b}, it has two neighbors in Qx and Qy and thus

u ∈ ⟨Qx ∪Qy⟩. Indeed, one of them is u1u2 · · ·un−2un−1b and another one is u = u1u2 · · ·un−2aun.

Now assume that for i ⩾ 0, Qzi ⊂ ⟨Qx ∪Qy⟩ and our goal is to show that Qzi+1 ⊂ ⟨Qx ∪Qy⟩.

Let a vertex u ∈ Qzi+1\(Qzi ∪Qx ∪Qy). Thus u has a neighbor in Qzi and thus we would like to find

another neighbor of u in ⟨Qx ∪Qy⟩.

First let us consider the case when i ⩽ k − j − 1. Since u /∈ Qx, the last two digits of of u cannot be

both 0. If u = u1u2 · · ·un−2a0, then it has a neighbor is Qx and by Lemma 5.2.4 u ∈ ⟨Qx∪Qy⟩. Similarly,

u0b ∈ ⟨Qx ∪Qy⟩ and it is easy to see that u∗∗ ∈ ⟨Qx ∪Qy⟩.

Now assume that i ⩾ k − j. Let u = u1u2 · · ·un−2ab. Let r be the smallest value in the range

0 ⩽ r ⩽ k − j such that uj+r+1 = · · · = uk = 0. We apply induction on r to prove that u ∈ ⟨Qx ∪ Qy⟩.

Let r = 0, then u ∈ Qy ⊂ ⟨Qx ∪ Qy⟩. Let us turn to the induction step. Thus 1 ⩽ r ⩽ k − j,uj+r = 1

and uj+r+1 = · · · = uk = 0. Since u /∈ Qzi , we have ui+j+1 ̸= 0, and so switching ui+j+1 to 0 we

obtain a neighbor of u in Qzi . Since r ⩽ k − j ⩽ i, then j + r ̸= i + j + 1. Therefore if we change the
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(j+ r)th digit of u to 0 then by the induction hypothesis we get a vertex in ⟨Qx ∪Qy⟩. Thus by Claim 5.2.4

u ∈ ⟨Qx ∪Qy⟩.

Then it is easy to see that uij ∈ ⟨Qx ∪Qy⟩ for all i, j ∈ {0, 1, · · · , q − 1}.

The following three lemmas were proven for the binary hypercube in [8] and for the non-binary case the

proofs are identical, by applying Lemmas (5.2.1),(5.2.2), and (5.2.3). Therefore we ommit the proofs.

Lemma 5.2.5. (i)The only subsets of the hypercube that are closed under 2-neighbor percolation are those

which are a union of disjoint subcubes that are at distance at least 3 from each other.

(ii) If a subcube Ql = ⟨S⟩, then |S| ⩾ l
2 + 1.

Before stating the next lemma, we need to give a definition. For a given bootstrap percolation process

on Qn,q with an initially infected set of vertices A ⊂ Qn,q, a subcube Ql ⊂ Qn,q is said to be internally

spanned if ⟨A ∩Ql⟩ = Ql.

Lemma 5.2.6. If the initially infected set percolates on the hypercube Qn,q, then for each k ⩽ n there is an

integer l such that k ⩽ l ⩽ 2k and the hypercube Qn,q contains an internally spanned cube of dimension l.

Lemma 5.2.7. Let A ⊂ Qn,q be such that ⟨A⟩ = Qn,q. Then there is a nested sequence Q0 = Q
xi1
i1

⊂

Q
xi2
i2

⊂ · · · ⊂ Q
xit
it

= Qn,q, of internally spanned subcubes with respect to A, where 2ij + 2 ⩾ ij+1 for all

j, 0 ⩽ j ⩽ t − 1. Furthermore, for j ⩾ 2 each subcube Q
xij

ij
is spanned by two internally spanned cubes,

namely by Q
xij−1

ij−1
and a subcube Qmj−1 with mj−1 ⩽ ij−1 which is not a member of the sequence.

Let A0 be the set of initially infected vertices in a graph G and let

TG(A0) = min{t : At = ⟨A0⟩}.
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For the n-dimensional q-ary hypercube its maximum percolation time is defined to be

Mq(n) := max
A:⟨A⟩=Qn,q

TQn,q(A).

5.3 MAXIMUM PERCOLATION TIME

In this section, we prove Theorem 5.1.1 by drawing on ideas from [43], beginning with a lemma on the

monotonicity of the maximum percolation time. We then define several new operations, which are slight

modifications of those introduced in [43]. With those defined operations, we then establish six technical

lemmas (which are similar to those established in [43] but more technical) that characterize the spread

of infection on Qn,q based on the set of initially infected vertices. Using these lemmas along with some

preliminary results, we derive a recursive formula for the maximum percolation time, ultimately obtaining

the desired closed-form expression for Mn,q.

Lemma 5.3.1. For any n ∈ N, Mq(n) ⩽ Mq(n+ 1).

Proof. Let A0 be the set of initially infected vertices such that ⟨A0⟩ = Qn,q and TQn,q(A0) = Mq(n). Let

A
′
0 = {(a1, . . . , an, i) : (a1, . . . , an) ∈ A0 and i ∈ {0, . . . , q − 1}}.

Then ⟨A′
0⟩ = Qn+1,q and Mq(n) = TQn,q(A0) = TQn+1(A

′
0) ⩽ Mq(n+ 1).

We need to define the following operation. Let n, d, n1, n2 ∈ {1, 2, . . . } with n ⩾ d + n1 + n2 and

ai ∈ {1, 2, . . . , q − 1} for all i ∈ [d]. For each x ∈ {0, 1, · · · , q − 1}n with x = x1x2 . . . xn, set

∥x∥a1,··· ,adn1,n2
=

(
n−d∑
i=1

I{xi ̸=0}

)
I{∑n1

i=1 xi>0}I{∑n1+n2
i=n1+1 xi>0}

d∏
i=1

I{xn−d+i=ai}.

In words, ∥x∥a1,··· ,adn1,n2
is the number of the none-zero elements in {x1, . . . , xn−d} if the following three
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conditions are satisfied:

(1) There is at least one nonzero element in {x1, x2, . . . , xn1},

(2) There is at least one nonzero element in {xn1+1, . . . , xn1+n2},

and

(3) The last d digits of x are exactly equal to a1, a2, . . . , ad, i.e., xn−d+i = ai for all i ∈ [d].

By the same spirit we will define

||x|| :=
n∑

i=1

I{xi ̸=0},

||x||a1,...,ad :=

(
n−d∑
i=1

I{xi ̸=0}

)
d∏

i=1

I{xn−d+i=ai},

∥x∥a1,··· ,adn1
:=

(
n−d∑
i=1

I{xi ̸=0}

)
I{∑n1

i=1 xi>0}

d∏
i=1

I{xn−d+i=ai},

∥x∥n1
:=

(
n∑

i=1

I{xi ̸=0}

)
I{∑n1

i=1 xi>0},

and

∥x∥n1,n2
:=

(
n∑

i=1

I{xi ̸=0}

)
I{∑n1

i=1 xi>0}I{∑n1+n2
i=n1+1 xi>0}.

We now proceed to prove six technical lemmas that provide useful characterizations of the spread of

infection for various configurations of initially infected vertices.

Recall that A0 denotes the set of initially infected vertices on Qn,q.

Lemma 5.3.2. Let k, l ∈ N0, n = k+ l. Let S = [∗]k[0]l and T = [0]k[∗]l. With A0 = S ∪ T, then we have

At ⊃ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥ ⩽ t+ 1},

for all t ∈ N0.
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Proof. Let t = 0. For every vertex x with ∥x∥ ⩽ 1, we have x ∈ A0.

Now assume that for t ⩾ 0

At ⊃ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥ ⩽ t+ 1},

Consider a vertex x with ∥x∥ = t + 2 ⩾ 2. This vertex x has at least 2 neighbors y with ∥y∥ = t + 1.

Therefore, x ∈ At+1. Thus

At+1 ⊃ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥ ⩽ t+ 2}.

Lemma 5.3.3. Let k, l ∈ N0, n = k + l + 1. Let S = [∗]k[0]l+1 and T = [0]k[∗]li, where i ̸= 0.With

A0 = S ∪ T, then we have

At ⊃
(
[0]k+l∗

) ⋃
j=0,i

{x ∈ {0, 1, . . . , q−1}n : 1 ⩽ ∥x∥j ⩽ t}
⋃
j ̸=0,i

{x ∈ {0, 1, . . . , q−1}n : 1 ⩽ ∥x∥j ⩽ t−1},

for all t ∈ N.

Proof. Let t = 1. It is easy to see every vertex in [0]k+l∗ has two neighbors in S ∪ T . Therefore, [0]k+l∗ ⊂

A1. Now consider x such that ∥x∥0 = 1. Either x ∈ S or there exists exactly j with k < j ⩽ n − 1 such

that xj ̸= 0. For the latter case, x has one neighbor in S and one neighbor in T . For the case where ∥x∥i,

the analysis is very similar. Therefore

A1 ⊃
(
[0]k+l∗

) ⋃
j=0,i

{x ∈ {0, 1, . . . , q − 1}n : ∥x∥j = 1}.
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Assume for t ⩾ 1,

At ⊃
⋃
j=0,i

{x ∈ {0, 1, . . . , q − 1}n : 1 ⩽ ∥x∥j ⩽ t}.

Consider ∥x∥0 = t + 1. It is easy to see that x has two neighbors y with ∥y∥0 = t. Therefore, x ∈ At+1.

Similarly, x ∈ At+1 with ∥x∥i = t+ 1. Thus

At+1 ⊃
⋃
j=0,i

{x ∈ {0, 1, . . . , q − 1}n : 1 ⩽ ∥x∥j ⩽ t+ 1}.

Now let t ⩾ 2 and consider x with ∥x∥j = t − 1 where j /∈ {0, i}. Note that x has one neighbor y1

in {y : ∥y∥0 = t − 1} and one neighbor y2 in {y : ∥y∥i = t − 1}. Moreover, y1, y2 ∈ At−1. Therefore

x ∈ At.

Lemma 5.3.4. Let k, l ∈ N0, n = k + l + 2. Let S = [∗]k[0]l+2 and T = [0]k[∗]lab. With A0 = S ∪ T,

where a, b ̸= 0, then we have

A1 ⊃ {[0]k+l0b, [0]k+la0, [0]k+lab, [0]k+l00},

A2 ⊃ {[0]k+l0∗, [0]k+la∗, [0]k+l ∗ 0, [0]k+l ∗ b},

A3 ⊃ {[0]k+l ∗ ∗},

and for all t ⩾ 2,
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At ⊃ {[0]k+l ∗ ∗}
⋃

{x ∈ {0, 1, . . . , q − 1}n : 1 ⩽ ∥x∥0b ⩽ t− 1} (5.1)⋃
{x ∈ {0, 1, . . . , q − 1}n : 1 ⩽ ∥x∥a0 ⩽ t− 1} (5.2)⋃

i ̸=b

{x ∈ {0, 1, . . . , q − 1}n : 1 ⩽ ∥x∥0i ⩽ t− 2} (5.3)

⋃
j ̸=a

{x ∈ {0, 1, . . . , q − 1}n : 1 ⩽ ∥x∥j0 ⩽ t− 2} (5.4)

⋃
i ̸=0

{x ∈ {0, 1, . . . , q − 1}n : 1 ⩽ ∥x∥ai ⩽ t− 2} (5.5)

⋃
j ̸=0

{x ∈ {0, 1, . . . , q − 1}n : 1 ⩽ ∥x∥jb ⩽ t− 2} (5.6)

⋃
c ̸=0,a
d̸=0,b

{x ∈ {0, 1, . . . , q − 1}n : 1 ⩽ ∥x∥cd ⩽ t− 3}. (5.7)

Proof. Consider the vertex [0]k+l0b and it has one neighbor in S and one neighbor in T . Therefore this

vertex is in A1. The same holds for the vertex [0]k+la0. Note that both [0]k+lab and [0]k+l00 are in A0.

First consider the vertex [0]k+l0j where j /∈ {0, b}. It has two neighbors in A1, namely, [0]k+l0b and

[0]k+100. The same holds for the vertices in {[0]k+l0∗, [0]k+la∗, [0]k+l ∗ 0, [0]k+l ∗ b}. Now Consider the

vertex [0]k+lij where i /∈ {0, a} and j /∈ {0, b}.This vertex has at least 2 neighbors in A2. Therefore, this

vertex is in A3.

Now let t = 2 and consider a vertex x with ∥x∥0b = 1. It has at least 2 neighbors in A1. Indeed, one

of the neighbors of vertex x is [0]k+l0b and another one is in S if there exists a j with 1 ⩽ j ⩽ k such that

xj ̸= 0 or in T if there exists a j with k + 1 ⩽ j ⩽ k + l such that xj ̸= 0. The analysis is the same for x

with ∥x∥a0 = 1.

99



Now assume that for t ⩾ 2,

At ⊃ {x ∈ {0, 1, · · · , q − 1}n : 1 ⩽ ∥x∥0b ⩽ t− 1}
⋃

{x ∈ {0, 1, · · · , q − 1}n : 1 ⩽ ∥x∥a0 ⩽ t− 1}.

Consider a vertex x with ∥x∥0b = t and it has 2 neighbors y satisfying ∥y∥0b = t − 1. By the hypothesis

both neighbors are in At and thus x ∈ At+1. The analysis for the case where the vertex x satisfies ∥x∥a0 = t

is the same. This finishes the proof of (5.1) and (5.2).

Now let us prove (5.3)–(5.6). Let t = 3 and consider a vertex x with ∥x∥0i = 1. The vertex x has

2 neighbors in A2. Indeed one is [0]k+l0i and another neighbor is y satisfying ∥y∥0b = 1. Therefore, the

vertex x is in A3. The analysis is the same for the vertex x satisfying (5.4),(5.5), or (5.6). Thus, for t = 3,

(5.3)–(5.6) are satisfied.

Let us assume for t ⩾ 3,

At ⊃
⋃
i ̸=b

{x ∈ {0, 1, · · · , q − 1}n : 1 ⩽ ∥x∥0i ⩽ t− 2}.

Now consider a vertex x satisfying ∥x∥0i = t−1. It is easy to see that x has at least 2 neighbors y satisfying

∥y∥0i = t− 2. Therefore, x is in At+1. Similarly, (5.4),(5.5), and (5.6) can be proved.

Now we will prove (5.7). Let t = 4 and consider a vertex x satisfying ∥x∥cd = 1 with c /∈ {0, a} and

d /∈ {0, b}. Note that x has at least two neighbors in A3, of one which is [0]k+lcd and another is y satisfying

∥y∥c0 = 1.

We assume that for t ⩾ 4,

At ⊃
⋃

c ̸=0,a
d̸=0,b

{x ∈ {0, 1, . . . , q − 1}n : 1 ⩽ ∥x∥cd ⩽ t− 3}.

Consider a vertex x satisfying ∥x∥cd = t−2 and it has at least two neighbors y satisfying ∥y∥cd = t−3.
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Thus the vertex x is in At+1.

Lemma 5.3.5. Let k, l ∈ N0, n = k+ l. Let S = [∗]k[0]l and T = [0]k[∗]l. With A0 = S ∪ T, then we have

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥k,l ⩾ t+ 2} = ∅,

for all 0 ⩽ t ⩽ k + l − 2.

Proof. Let t = 0 and consider a vertex x with ∥x∥k,l = 2. Then it is clear that x /∈ A0. Now let t ⩾ 0 and

assume that

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥k,l ⩾ t+ 2} = ∅.

Consider a vertex x with ∥x∥k,l ⩾ t+ 3 and it has at most one neighbor y satisfying ∥y∥k,l < t+ 2. Indeed

if
∑k

j=1 I{xj ̸=0} = 1, we have y = [0]kxk+1 · · ·xn and if
∑n

j=k+1 I{xj ̸=0} = 1, we have y = x1 · · ·xk[0]l.

Therefore, x /∈ At+1.

Lemma 5.3.6. Let k, l ∈ N0, n = k + l + 1. Let S = [∗]k[0]l+1 and T = [0]k[∗]li where i ̸= 0. With

A0 = S ∪ T, then we have the following.

For all 0 ⩽ t ⩽ k + l − 1,

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥ik ⩾ t+ 1} = ∅.

For 1 ⩽ t ⩽ k + l and j /∈ {0, i},

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥jk ⩾ t} = ∅.
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Proof. We will first prove that for all 0 ⩽ t ⩽ k + l − 1,

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥jk ⩾ t+ 1} = ∅,

where j ̸= 0.

Let t = 0 and consider a vertex x with ∥x∥jk ⩾ 1 where j ̸= 0. It is easy to see that x /∈ A0. Now let

t ⩾ 0 and assume that for j ̸= 0,

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥jk ⩾ t+ 1} = ∅.

Then consider a vertex x with ∥x∥jk ⩾ t + 2 with j ̸= 0. It has q − 1 neighbors y such that ∥y∥jk ⩽ t,

obtained by changing xn to one of the other q−1 symbols in {0, 1, . . . , q−1}. By the induction hypothesis,

among these q − 1 neighbors, at most one y = x1x2 · · ·xn−10 may be in At. If
∑k

i=1 I{xi ̸=0} = 1, another

neighbor z of x satisfying ∥z∥jk = 0 has not been considered. Indeed, z = [0]kxk+1 · · ·xn−1j.

We claim that if z exists then z /∈ At. If such a z exits, we have
∑k

i=1 I{xi ̸=0} = 1 and
∑k+l

i=k+1 I{xi ̸=0} ⩾

t+ 1. Now let z′ = (zk+1, . . . , zk+l, z1, · · · , zk, zk+l+1). Let S′ = [∗]l[0]k+1 and T ′ = [0]l[∗]ki. Then we

have ∥z′∥jl ⩾ t + 1. By the induction hypothesis, it follows that z′ /∈ A
′
t, where A

′
t is the set of infected

vertices after t steps by the 2 neighbor process with the initially infected set S′ ∪ T ′. By symmetry, z /∈ At.

Therefore, x /∈ At+1.

Now we will try to prove for 1 ⩽ t ⩽ k + l and j /∈ {0, i},

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥jk ⩾ t} = ∅. (5.8)

Let t = 1 and consider a vertex x with {0, 1, . . . , q − 1}n : ∥x∥jk ⩾ t} where j /∈ {0, i}. It is clear that this

vertex x has at most one neighbor in A0 specifically in S. Therefore, x /∈ A1.
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Now assume that for t ⩾ 1, (5.8) is satisfied. Now consider a vertex x with ∥x∥jk ⩾ t+ 1. Consider the

neighbors y of x satisfying ∥x∥jk ⩽ t− 1. Specifically, we have y satisfying y = x1 · · ·xn−1m for m ̸= j.

If m = i, we have ∥y∥ik ⩾ t + 1 implying that y /∈ At. If m = 0, y might be in At. If m /∈ {0, i, j}, we

have ∥y∥ik ⩾ t+ 1, by the induction hypothesis, implying that y /∈ At.

If
∑k

i=1 I{xi ̸=0} = 1, another neighbor z of x satisfying ∥z∥jk = 0 has not been considered. Indeed,

z = [0]kxk+1 · · ·xn−1j. By the same argument, z /∈ At. Therefore, x /∈ At+1.

Lemma 5.3.7. Let k, l ∈ N0, n = k + l + 2. Let S = [∗]k[0]l+2 and T = [0]k[∗]lab where a, b ̸= 0. With

A0 = S ∪ T, then we have the following.

For t ⩾ 1,

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥0bk ⩾ t} = ∅,

and

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥a0k ⩾ t} = ∅.

For j /∈ {b, 0} and t ⩾ 2,

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥0jk ⩾ t− 1} = ∅.

For i /∈ {a, 0} and t ⩾ 2,

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥i0k ⩾ t− 1} = ∅.

For j ̸= 0 and t ⩾ 2,

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥ajk ⩾ t− 1} = ∅.
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For i ̸= 0 and t ⩾ 2,

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥ibk ⩾ t− 1} = ∅.

For i /∈ {a, 0}, j /∈ {b, 0}, and t ⩾ 3,

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥ijk ⩾ t− 2} = ∅.

Proof. Let t = 1 and consider a vertex x with ∥x∥0bk ⩾ 1 where b ̸= 0. It is easy to see that this vertex x has

at most one neighbor in A0 specifically in S. Thus x /∈ A1. Similarly, the vertex y with ∥y∥a0k ⩾ 1 is not in

A1.

Now let t = 2 and consider a vertex x with ∥x∥0jk ⩾ 1 where j /∈ {0, b}. Note that the vertex x has at

most one neighbor in A0 specifically in S. Thus x /∈ A1. Similarly, the vertex y with ∥y∥i0k ⩾ 1, where

i /∈ {a, 0}, is not in A1.

Again let t = 2 and consider a vertex x with ∥x∥ajk ⩾ 1 where j ̸= 0. Note that the vertex x has no

neighbor in A0 unless
∑k

i=1 I{xi>0} = 1 and xn−1 = a and xn = b. It is easy to see that even for a such x

it has just one neighbor in A0. Thus x /∈ A1. Similarly, the vertex y with ∥y∥ibk ⩾ 1 where i ̸= 0, is not in

A1.

Now let t = 3 and consider a vertex x with ∥x∥ijk ⩾ 1 where i ̸= a, 0 and j /∈ {0, b}. Note that the

vertex x has no neighbor in A0. Thus x /∈ A1.

The neighbors y of a vertex x with ∥x∥0jk ⩾ 1 satisfying ∥y∥0jk = 0 will be considered since the other

neighbors of x will not be in A1. Specifically, we only need to analyze y = x1 · · ·xn−200, y = x1 · · ·xn−20i

with i /∈ {0, j}, y = x1 · · ·xn−2ij with i ̸= 0 and y = [0]kxk+1 · · ·xn−20j if
∑k

i=1 I{xi ̸=0} = 1.

The only neighbors y of x which are possibly in A1 are the ones satisfying y = x1 · · ·xn−200 and

y = [0]kxk+1 · · ·xn−20j. However, it is clear that the vertex y with y = [0]kxk+1 · · ·xn−20j is not in
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A1 since it has at most one neighbor in A0 specifically in S. Therefore, the vertex x /∈ A2. Similarly, the

vertex x with ∥x∥i0k ⩾ 1 where i /∈ {a, 0}, is not in A2.

Now we will show that the vertex x with ∥x∥ajk ⩾ 1 where j ̸= 0, is not in A2. Again we only need to

consider the neighbors y of a vertex x with ∥x∥ajk ⩾ 1 satisfying ∥y∥ajk = 0. Specifically, y = x1 · · ·xn−2ai

with i ̸= j, y = x1 · · ·xn−2ij with i ̸= a and y = [0]kxk+1 · · ·xn−2aj if
∑k

i=1 I{xi ̸=0} = 1. The only

neighbor y of x possibly in A1 is the one satisfying y = [0]kxk+1 · · ·xn−2aj.Therefore, the vertex x /∈ A2.

Similarly, the vertex x with ∥x∥ibk ⩾ 1 where i ̸= 0, is not in A2.

Now let us turn to proving that the vertex x with ∥x∥ijk ⩾ 1, where i /∈ {0, a} and j /∈ {0, b}, is not

in A3. Note that x does not have any neighbor in A0 so that x /∈ A1. Let us first show that x /∈ A2.

The only neighbors y of x possibly in A1 satisfy ∥y∥ijk = 0. Specifically, y = x1 · · ·xn−2aj with a ̸= i,

y = x1 · · ·xn−2ia with a ̸= j and y = [0]kxk+1 · · ·xn−2ij if
∑k

i=1 I{xi ̸=0} = 1. The only neighbor y of

x possibly in A1 is the one satisfying y = [0]kxk+1 · · ·xn−2ij. Therefore, x /∈ A2. Note that the vertex

y with y = [0]kxk+1 · · ·xn−2ij is not in A1 since it does not have any neighbor in A0. Very similarly,

the only neighbors y of x possibly in A2 satisfy ∥y∥ijk = 0. Specifically, y = x1 · · ·xn−2aj with a ̸= i,

y = x1 · · ·xn−2ia with a ̸= j and y = [0]kxk+1 · · ·xn−2ij if
∑k

i=1 I{xi ̸=0} = 1. The only neighbor y of x

possibly in A2 is the one satisfying y = [0]kxk+1 · · ·xn−2ij. Therefore, x /∈ A3.

Now we will move on to the inductive step. Now assume we have the following.

For t ⩾ 1,

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥0bk ⩾ t} = ∅,

and

At ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥a0k ⩾ t} = ∅.
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For j /∈ {b, 0} and t ⩾ 1,

At+1 ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥0jk ⩾ t} = ∅.

For i /∈ {a, 0} and t ⩾ 1,

At+1 ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥i0k ⩾ t} = ∅.

For j ̸= 0 and t ⩾ 1,

At+1 ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥ajk ⩾ t} = ∅.

For i ̸= 0 and t ⩾ 1,

At+1 ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥ibk ⩾ t} = ∅.

For i /∈ {a, 0}, j /∈ {b, 0}, and t ⩾ 1,

At+2 ∩ {x ∈ {0, 1, . . . , q − 1}n : ∥x∥ijk ⩾ t} = ∅.

Let us consider a vertex x satisfying ∥x∥0bk ⩾ t+1. The neighbors y of the vertex x must satisfy ∥y∥0bk ⩾

t, ∥y∥0jk ⩾ t+1 for j /∈ {b, 0}, ∥y∥00k ⩾ t+1, ∥y∥ibk ⩾ t+1 where i ̸= 0 or y = [0]kxk+1 · · ·xn. From the

induction hypothesis only two neighbors y and z of x satisfying ∥y∥00k ⩾ t+1 and z = [0]kxk+1 · · ·xn can

possibly be in At. However we claim that z /∈ At.

Now let us prove the claim. In order for a such z to exist, we must have
∑k

i=1 I{xi ̸=0} = 1 and∑k+l
i=k+1 I{xi ̸=0} ⩾ t. Let z′ = zk+1 · · · zk+lz1 · · · zkzk+l+1zk+l+2 and then ∥z′∥0bl ⩾ t + 1. Now let
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S′ = [∗]l[0]k+2 and T ′ = [0]l[∗]kab. Then by the induction hypothesis, we have z′ /∈ A
′
t, where A

′
t is the

set of infected vertices with the initial infected set S′ ∪ T ′. Thus z /∈ At. Now we can conclude x /∈ At+1.

Similarly, the vertex x satisfying ∥x∥a0k ⩾ t+ 1 is not in At+1.

Now consider a vertex x satisfying ∥x∥0jk ⩾ t + 1 where j /∈ {b, 0}. The neighbors y of the vertex x

must satisfy ∥y∥0ik ⩾ t + 1 for all i ̸= j, ∥y∥0jk ⩾ t, ∥y∥ijk ⩾ t + 1 for all i ̸= 0, or y = [0]kxk+1 · · ·xn.

By the induction hypothesis and what we have already proved, only two neighbors y and z of x satisfying

∥y∥00k ⩾ t+1 and z = [0]kxk+1 · · ·xn can possibly be in At+1. However by using a very similar argument,

we can show that that z /∈ At+1. Therefore, x /∈ At+2. In a very similar way, we can prove that x /∈ At+2 if

x satisfies ∥x∥i0k ⩾ t+ 1 for i /∈ {a, 0}, ∥x∥ajk ⩾ t+ 1 for j ̸= 0, or ∥x∥ibk ⩾ t+ 1 for i ̸= 0.

Let us consider a vertex x satisfying ∥x∥ijk ⩾ t + 1 where i /∈ {a, 0} and j /∈ {b, 0}. We would like

to show that x /∈ At+3. The neighbors y of the vertex x must satisfy ∥y∥ijk ⩾ t, ∥y∥mj
k ⩾ t + 1 where

m ̸= i, ∥y∥imk ⩾ t + 1 where m ̸= j or y = [0]kxk+1 · · ·xn. From the induction hypothesis and what we

have already proved, the neighbor y of x satisfying y = [0]kxk+1 · · ·xn is the only possible vertex in At+2.

Therefore, x /∈ At+3.

Now let us summarize Lemmas (5.3.2)–(5.3.7) in the following lemma.

Lemma 5.3.8. For x, y ∈ {0, 1, · · · , q − 1}n such that dim(x)=k, dim(y)=l, dim(x ∨ y)=m, where k, l <

m ⩽ n, d(x, y) = d ⩽ 2, and |{i : xi = yi = ∗}| = p, then the infection time of Qx ∪Qy in Qn,q is:

For d = 0,

TQn,q(Q
x ∪Qy) = m− p− 1.

For d = 1,

TQn,q(Q
x ∪Qy) = m− p.

For d = 2,

TQn,q(Q
x ∪Qy) = m− p+ 1.
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Proof. Note that we have m = p+ (k − p) + (l − p) + d = k + l − p+ d.

Let us consider the case where d = 0. By Lemma 5.3.2, we have TQm,q(Q
x∪Qy) ⩽ k−p+ l−p−1 =

m− p− 1. By Lemma 5.3.5, we have k − p+ l − p− 1 = m− p− 1.

Now let us consider the case where d = 1. By Lemma 5.3.3, we have TQm,q(Q
x ∪Qy) ⩽ k − p+ l −

p+ 1 = m− p. By Lemma 5.3.6, we have k − p+ l − p+ 1 = m− p.

Finally let us consider the case where d = 2. By Lemma 5.3.4, we have TQm,q(Q
x ∪Qy) ⩽ k− p+ l−

p+ 3 = m− p+ 1. By Lemma 5.3.7, we have k − p+ l − p+ 3 = m− p+ 1.

We are now in a position to prove the main theorem of this section, where we establish a recursive

formula for the maximum percolation time, leading to its closed-form expression.

Theorem 5.3.9. For q ⩾ 3, Mq(0) = 0Mq(1) = 1, and Mq(2) = 3. Moreover, for all n ⩾ 3

M3(n)−M3(n− 3) = 2n− 1,

and for q ⩾ 4

Mq(n)−Mq(n− 3) = 2n.

Proof. It is obvious that Mq(0) = 0 and Mq(1) = 1. Now consider the case where n = 2. W.l.o.g we can

assume 00 ∈ A0 and first consider A0 = {00, ab} where a, b ̸= 0. It takes 3 steps to infect every vertex in

Qq(2). Another initially infected set that we need to consider is A0 = {00, a0, 0b} where a, b ̸= 0 and again

it takes 3 steps to percolate. These are the only sets of initially infected vertices that we need to consider

since adding any other vertex to these sets will not increase the percolation time and the process can not be

initiated if any vertex is removed from these sets.

We will first prove the lower bound of Mq(n).

Case 1. Let An−2 be a set that internally spans Qx
n−2 for x = [∗]n−200 in time Mq(n − 2) such that

108



[0]n is infected at time Mq(n− 2). Now let A′ = An−2 ∪ [0]n−211 and assume that we initially infect every

vertex in A′. Note that ⟨A′⟩ = Qn,q and before the time Mq(n − 2), none of the vertex in [0]n−2 ∗ ∗ has

interaction with the infection process in [∗]n−200.

Now assume that every vertex in [∗]n−200 has been infected. Then it takes exactly n + 1 additional

steps to infect the rest of the vertices in Qn,q. Indeed, by Lemma 5.3.8, we have d([∗]n−200, [0]n−211) = 2,

|{i : xi = yi = ∗}| = 0 where x = [∗]n−200 and y = [0]n−211, and ⟨[∗]n−200, [0]n−211) = 2⟩ = Qn,q.

Therefore,

TQn,q(A
′) = Mq(n− 2) + n+ 1.

Case 2. Let An−3 be a set that internally spans Qx
n−3 for x = [∗]n−3000 in time Mq(n − 3) such

that [0]n is infected at time Mq(n − 3). Let A′ = [∗]n−3000 ∪ [0]n−3110 ∪ [2]n and assume we initially

infect every vertex in A′. Note that ⟨A′⟩ = Qn,q and the set of sites infected after Mq(n − 3) steps is

[∗]n−3000 ∪ [0]n−3110 ∪ [2]n.

After Mq(n− 3) + n− 1 steps, we claim that [2]n is the only vertex infected in ∪j ̸=0([∗]n−1j). Indeed,

the vertices y in [∗]n−10 that are at distance 2 from [2]n satisfy for i ̸= 2

∥y∥i20 = n− 3, (5.9)

for j ̸= 2

∥y∥2j0 = n− 3, (5.10)

∥y∥220 = n− 4, (5.11)
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or

∥y∥220 = n− 3. (5.12)

By Lemma 5.3.4 and Lemma 5.3.7, none of those vertices y satisfying (5.9)–(5.12) is infected at time

⩽ Mq(n− 3) + n− 2. In fact some of those vertices y are infected exactly at time Mq(n− 3) + n− 1 and

the rest of those vertices will be infected at time Mq(n− 3)+n. Therefore, at time Mq(n− 3)+n− 1, [2]n

is the only vertex infected in ∪j ̸=0([∗]n−1j). Now we assume that every vertex in [∗]n−10 ∪ [2]n has been

infected, then by Lemma 5.3.8, it takes exactly n steps to infected the entire Qn,q since d([∗]n−10, [2]n) = 1,

|{i : xi = yi = ∗}| = 0 where x = [∗]n−10 and y = [2]n, and ⟨[∗]n−10 ∪ [2]n⟩ = Qn,q.

Therefore, we have

TQn,q(A
′) ⩾ Mq(n− 3) + 2n− 1.

Additionally we would like to show that for q ⩾ 4,

TQn,q(A
′) ⩾ Mq(n− 3) + 2n. (5.13)

In order to prove this tighter bound we need to further analyze the process right after Mq(n− 3) steps.

Now we need to show the following claim for q ⩾ 4.

Claim 5.3.10. For 1 ⩽ k ⩽ n − 1, every k dimensional cube in [∗]n−12 will be fully infected at time

Mq(n− 3) + n+ k and at time ⩽ Mq(n− 3) + n+ k − 1 none of the k dimensional cubes in [∗]n−12 has

been fully infected. In particular, the vertices x with xn = 2 satisfying the following condition, denoted as

Condition(k),are not infected at time ⩽ Mq(n− 3) + n+ k − 1:
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there exists a subset I ⊂ [n− 1] of size at least k such that

xi =



/∈ {0, 2} if i ∈ I and i /∈ {n− 2, n− 1},

/∈ {0, 1, 2} if i ∈ I and i ∈ {n− 2, n− 1},

∈ {0, 2} if i /∈ I and i /∈ {n− 2, n− 1},

∈ {0, 1, 2} if i /∈ I and i ∈ {n− 2, n− 1}.

For l ̸= 0, 2 and for 1 ⩽ k ⩽ n− 1, none of the k dimensional cubes in [∗]n−1l has been fully infected

at time ⩽ Mq(n − 3) + n + k. In particular, the vertices x with xn = l satisfying Condition(k) are not

infected at time ⩽ Mq(n− 3) + n+ k.

Proof. Let k = 1. Note that by Lemma 5.3.4 and Lemma 5.3.7, after Mq(n− 3)+ n− 1 steps every vertex

x in [∗]n−10 has been infected except for the vertices x satisfying

∥x∥ij0 = n− 3,

where i, j /∈ {0, 1} and after one additional step, the cube [∗]n−10 has been fully infected.

Again [2]n is the only vertex infected in ∪j ̸=0([∗]n−1j) at time Mq(n− 3) + n− 1 and after one more

step there are no infected vertices in ∪j /∈{0,2}([∗]n−1j) besides [2]n. The following vertices are infected in

[∗]n−12 at time Mq(n− 3) + n:

[2]n−3122 [2]n−3022

[2]n−3202 [2]n−3212,
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and

0[2]n−1

202n−2

2202n−3

...

[2]n−40[2]3.

Indeed the vertex [2]n−3122 has two neighbors infected at time ⩽ Mq(n− 3) + n− 1, namely [2]n and

[2]n−3120 and it is similar for other vertices listed above.

At time Mq(n− 3) + n+1, every 1 dimensional cube in [∗]n−12 is fully infected since the vertices in a

1 dimensional cube are either infected at time Mq(n− 3)+n or having at least 2 neighbors infected at time

Mq(n− 3) + n+ 1.

Now consider the vertices in ∪j /∈{0,2}([∗]n−1j). At time Mq(n− 3) + n+ 1, the following vertices are

infected:

∪j /∈{0,2}[2]
n−1j

since the vertex [2]n−1j has two neighbors infected at time ⩽ M(n − 3) + n namely [2]n and [2]n−10.

Additionally, at time Mq(n− 3) + n+ 1, for all l /∈ {0, 2}

[2]n−312l [2]n−302l

[2]n−320l [2]n−321l,
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and

0[2]n−2l

202n−3l

2202n−4l

...

[2]n−40[2]2l

are infected. It is easy to see that the rest of the vertices in ∪j /∈{0,2}([∗]n−1j) are not infected at time

Mq(n− 3) + n+ 1.

Therefore, the statement is true for k = 1.

Now assume the statement is true for k ⩾ 1. Consider a vertex x with xn = 2 satisfying Condition(k+1).

By the induction hypothesis this vertex x has only one neighbors at time Mq(n− 3) + n+ k − 1, namely,

x1x2 · · ·xn−10.

Indeed, let us choose a particular i ∈ [n − 1] where i /∈ {n − 1, n − 2} and i /∈ I and w.l.o.g we can

assume that xi = 0. Consider a neighbor y of x where yj = xj for j ̸= i and yi = 2. By the induction

hypothesis, the vertex y is not infected at time Mq(n − 3) + n + k − 1. Consider another neighbor z of x

where zj = xj for j ̸= i and zi = a where a /∈ {0, 2}. By the induction hypothesis, z is not infected at

time Mq(n− 3) + n− k − 1 since the vertex z satisfies Condition(k + 2). The analysis is very similar for

i ∈ {n− 1, n− 2} and i /∈ I .

Now we choose a particular i ∈ [n − 1] where i /∈ {n − 1, n − 2} and i ∈ I . Consider a neighbor y

of x where yj = xj for j ̸= i and yi /∈ {xi, 0, 2}. By the induction hypothesis y is not infected at time

Mq(n − 3) + n + k − 1 since the vertex y satisfies Condition(k + 1). Consider another neighbor z of x

with zj = xj for j ̸= i and zi = a where a ∈ {0, 2}. By the induction hypothesis the vertex z is not
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infected at time ⩽ Mq(n − 3) + n + k − 1 since z satisfies Condition(k). The analysis is very similar for

i ∈ {n− 1, n− 2} and i /∈ I .

Now consider a neighbor y of x where yj = xj for j ̸= n and yn /∈ {0, 2}.By the induction hypothesis,

the vertex y is not infected at time Mq(n− 3) + n− k since y satisfies Condition(k).

Consider a vertex x with xn = l satisfying Condition(k + 1). By the induction hypothesis this vertex x

has only one infected neighbor at time Mq(n − 3) + n + k, namely, x1x2 · · ·xn−10. The analysis is very

similar to the case where xn = 2.

It is easy to see that claim 5.3.10 suffices to show (5.13).

Now let us try to prove the upper bound of Mq(n). Let A be a set of initially infected vertices spanning

the hypercube Qn,q by the process.

Let Q0 = Q
xi1
i1

⊂ Q
xi2
i2

⊂ · · · ⊂ Q
xit
it

= Qn,q be a nested sequence of internally spanned subcubes with

respect to A and Q
zm1
m1 ,Qzm2

m2 ,· · · ,Q
zmt−2
mt−2 ,Q

zmt−1
mt−1 be the cubes that marge with cubes Q

xij

ij
as described in

Lemma 5.2.7. Assume w.l.o.g both sequences are of maximal lengths.

W.l.o.g, assume that A is minimal (under containment) set spanning Qn,q. Note that it−1 ⩽ n. We

will proceed by analyzing different cases based on the the values of it−1 and it−2. By Lemma 5.2.7, for all

1 ⩽ j ⩽ t− 1 we have ij ⩾ mj

Case 1. If it−1 ⩽ n − 2, then after at most Mq(it−1) ⩽ Mq(n − 2) steps, both Q
xit−1

it−1
and Q

zmt−1
mt−1 are

fully infected. Since ⟨Q
xit−1

it−1
∪ Q

zmt−1
mt−1 ⟩ = Qn,q, after at most additional n + 1 steps every vertex in Qn,q

will be infected by Lemma 5.3.8. Indeed, we have dim(Q
xit−1

it−1
∨ Q

zmt−1
mt−1 )=n and consider the worst case

where d(x, y) = 2, and |{i : xi = yi = ∗}| = 0 with x = Q
xit−1

it−1
and y = Q

zmt−1
mt−1 . Therefore, we have

TQn,q(A) ⩽ M(n− 2) + n+ 1.

Case 2. If it−1 = n−1 and it−2 = n−2, then there is a vertex v ∈ A∩Q
zmt−2
mt−2 such that d(xt−2, v) = 1
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and ⟨Q
xit−2

it−2
∪v⟩ = Q

xit−1

it−1
. Moreover, there exists a vertex w ∈ A∩Q

zmt−1
mt−1 such that ⟨Q

xit−1

it−1
∪w⟩ = Qn,q.

Note that d(xit−2 , w) = 1 or d(xit−2 , w) = 2. If (xit−2 , w) = 2, then ⟨Q
xit−2

it−2
∪ w⟩ = Qn,q, which

contradicts the minimality of A since ⟨A\{v}⟩ = Qn,q. Thus d(xit−2 , w) = 1.

W.l.o.g we can assume that

xit−2 = [∗]n−200,

xit−2 ∨ v = [∗]n−10,

and

xit−2 ∨ w = [∗]n−20 ∗ .

It is easy to see that after at most Mq(n−2) steps the cube Q
xit−2

it−2
is fully infected. After at most (n−1)

additional steps both Q
xit−2

∨v
n−1 and Q

xit−2
∨w

n−1 are fully infected by Lemma 5.3.8. After 2 more steps every

vertex in Qn,q will be infected again by Lemma 5.3.8. Therefore, we have

TQn,q(A) ⩽ Mq(n− 2) + n− 1 + 2 = Mq(n− 2) + n+ 1.

Case 3. If it−1 = n− 1, it−2 ⩽ n− 3, and d(xit−2 , zmt−2) ⩽ 1, then after M(n− 3) steps both Q
xit−2

it−2

and Q
zmt−2
mt−2 are fully infected. Since ⟨Q

xit−2

it−2
∪ Q

zmt−2
mt−2 ⟩ = Q

xit−1

it−1
, after at most it−1 more steps the cube

Q
xit−1

it−1
is fully infected by Lemma 5.3.8.

Since it−1 = n − 1, d(xit−1 , Zmt−1) ⩽ 1. Again by Lemma 5.3.8 after at most n more steps every

vertex in Qn,q will be infected. Therefore, we have

TQn,q(A) ⩽ Mq(n− 3) + n− 1 + n = Mq(n− 3) + 2n− 1.

Case 4. If it−1 = n − 1,it−2 ⩽ n − 3, d(xit−2 , zmt−2) = 2, and mt−2 = n − 3, then after at most
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M(n − 3) steps both Q
xit−2

it−2
and Q

zmt−2
mt−2 are fully infected. Note that ⟨Q

xit−2

it−2
∪ Q

zmt−2
mt−2 ⟩ = Q

xit−1

it−1
and

since it−2 ⩾ mt−2 then it−2 = n − 3. After at most 3 additional steps the cube Q
xit−1

it−1
is infected. Indeed

observe that |{i : xi = yi = ∗}| = n − 3 where x = Q
xit−2

it−2
and y = Q

xit−2

it−2
since one of the coordinates

must be the same for x and y. since d(x, y) = 2 and dim(x ∨ y) = n− 1, TQn,q(Q
xit−2

it−2
∪Q

zmt−2
mt−2 ) = 3 by

Lemma 5.3.8.

Since it−1 = n − 1, d(xit−1 , zmt−1) ⩽ 1. By lemma 5.3.8 after at most n more steps every vertex on

Qn,q will be infected. Therefore, we have

TQn,q(A) ⩽ Mq(n− 3) + 3 + n.

Additionally we would like to show

TQn,3(A) ⩽ M3(n− 3) + 2 + n.

W.l.o.g, we can assume that

xit−1 = [∗]n−10,

xit−2 = [∗]n−3000,

and

zmt−2 = [∗]n−3ij0,

where i ̸= 0 and j ̸= 0.

Again after M3(n−3) steps, both Q
xit−2

it−2
and Q

zmt−2
mt−2 are fully infected. After at most 2 additional steps

every vertex in Q
xit−1

it−1
satisfying [∗]n−3kl0 for all k, l ∈ {0, 1, 2} but k /∈ {0, i} and l /∈ {0, j}.

There is a vertex y ∈ A such that A ∈ [∗]n−1l where l ̸= 0. Otherwise the vertices not in the cube
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Q
xit−1

it−1
will not be infected. Let y = y1y2 · · · yn−1l.

Therefore, after M3(n− 3) + 2 steps, the vertices v and w in Q
xit−1

it−1
are infected, where

v = y1y2 · · · yn−3 i yn−10

and

w = y1y2 · · · yn−3 0 yn−10.

Assume yn−2 /∈ {0, i}. Then after M3(n− 3) + n, vertices v∗ and w∗ in [∗]n−1l are infected, where

v∗ = yiy2 · · · yn−3 i yn−1l

and

w∗ = yiy2 · · · yn−3 0 yn−1l.

Therefore, after M3(n − 3) + 3, [∗]n−10 and y1y2 · · · yn−3 ∗ yn−1l have been infected. By Lemma 5.3.8

after at most n− 1 steps every vertex in Qn,3 will be infected.

Now assume yn−2 = 0. If yn−1 /∈ {0, j}, similarly it can be shown that after M3(n− 3) + n+ 2 every

vertex in Qn,3 will be infected. Thus we can assume yn−1 ∈ {0, j}. First let yn−1 = 0. Note that after

M3(n− 3) + n− 1 steps, the vertices u and z in Q
xit−1

it−1
are infected where

u = y1y2 · · · yn−3k00

with k /∈ {i, 0} and

z = y1y2 · · · yn−3i00.

117



Then after one more step, the vertices u∗ and z∗ in [∗]n−1l are infected, where

u∗ = y1y2 · · · yn−3k0l

and

z∗ = y1y2 · · · yn−3i0l.

Therefore, after M3(n − 3) + 3 steps, [∗]n−10 and y1y2 · · · yn−3 ∗ 0l have been infected. By Lemma 5.3.8

after at most n− 1 steps every vertex in Qn,3 will be infected.

Due to symmetry for other values of yn−2 and yn−1 the argument is the same.

Therefore, we have

TQn,3 ⩽ M3(n− 3) + n+ 2.

Case 5. If it−1 = n− 1,it−2 ⩽ n− 3, d(xit−2 , zmt−2) = 2, and mt−2 < n− 3, after at most Mq(n− 3)

steps, both Q
xit−2

it−2
and Q

zmt−2
mt−2 are fully infected. After at most n more steps the cube Q

xit−1

it−1
is fully infected

by Lemma 5.3.8. Then after at most n more steps every vertex on Qn,q is infected again by Lemma 5.3.8

since d(xit−2 , zmt−2) ⩽ 1 and ⟨Q
xit−1

it−1
∪Q

zmt−1
mt−1 ⟩ = Qn,q. Therefore, we have for q ⩾ 3

TQn,q(A) ⩽ Mq(n− 3) + n+ n = Mq(n− 3) + 2n.

Additionally we would like to show that

TQn,3(A) ⩽ M3(n− 3) + 2n− 1.

In order to show this tighter bound we need to analyze the process after M3(n − 3) steps in a more

careful way. Assume that q = 3.
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W.l.o.g we can assume that

xit−1 = [∗]n−10,

xit−2 = [∗]it−2 [0]n−it−2 ,

and

zmt−2 = [∗]p[0]it−2−p[∗]mt−2−pij0,

where i ̸= 0 and j ̸= 0.

Again after at most M3(n − 3) steps both Q
xit−2

it−2
and Q

zmt−2
mt−2 are fully infected. After at most n − 1

additional steps, by Lemma 5.3.4 and Lemma 5.3.7, vertices x in Q
xit−1

it−1
satisfying 1 ⩽ ∥x∥kl0 ⩽ n− 3 for

all k, l ∈ {0, 1, 2} but k /∈ {0, i} and l /∈ {0, j} are infected.

There is a vertex y ∈ A such that A ∈ [∗]n−1l where l ̸= 0. Otherwise the vertices not in the cube

Q
xit−1

it−1
will not be infected. Let y = y1y2 · · · yn−1l.

Assume that
∑n−3

i=1 I{yi ̸=0} ⩾ 1. Therefore, after M3(n − 3) + n − 1 steps, the vertices v and w in

Q
xit−1

it−1
are infected, where

v = y1y2 · · · yn−3 i yn−10

and

w = y1y2 · · · yn−3 0 yn−10.

Assume yn−2 /∈ {0, i}. Then after M3(n− 3) + n, vertices v∗ and w∗ in [∗]n−1l are infected, where

v∗ = yiy2 · · · yn−3 i yn−1l

and

w∗ = yiy2 · · · yn−3 0 yn−1l.
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Therefore, after M3(n − 3) + n steps, [∗]n−10 and y1y2 · · · yn−3 ∗ yn−1l have been infected. By Lemma

5.3.8 after at most n− 1 steps every vertex in Qn,3 will be infected.

Now assume yn−2 = 0. If yn−1 /∈ {0, j}, similarly it can be shown that after M3(n− 3)+2n− 1 every

vertex in Qn,3 will be infected. Thus we can assume yn−1 ∈ {0, j}. First let yn−1 = 0. Note that after

M3(n− 3) + n− 1 steps, the vertices u and z in Q
xit−1

it−1
are infected where

u = y1y2 · · · yn−3k00

with k /∈ {i, 0} and

z = y1y2 · · · yn−3i00.

Then after one more step, the vertices u∗ and z∗ in [∗]n−1l are infected, where

u∗ = y1y2 · · · yn−3k0l

and

z∗ = y1y2 · · · yn−3i0l.

Therefore, after M3(n− 3) + n steps, [∗]n−10 and y1y2 · · · yn−3 ∗ 0l have been infected. By Lemma 5.3.8

after at most n− 1 steps every vertex in Qn,3 will be infected.

Due to symmetry for other values of yn−2 and yn−1 the argument is the same.

Therefore, we have

TQn,3 ⩽ M3(n− 3) + 2n− 1.

Assume y = [0]n−3yn−2yn−1l. Therefore, after M3(n − 3) + n − 1 steps, as long as n − 1 ⩾ 2, the
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vertices v and w in Q
xit−1

it−1
are infected, where

v = [0]n−3 i yn−10

and

w = [0]n−3 0 yn−10.

Indeed, the vertex [0]n and [0]n−3ij0 are infected at time ⩽ M3(n− 3). From now on the proof is identical

to the case where
∑n−3

i=1 I{yi ̸=0} ⩾ 1.

Finally we have

TQn,3 ⩽ M3(n− 3) + 2n− 1.

We need one more claim to conclude the proof.

Claim 5.3.11. If Mq(0) = 0,Mq(1) = 1 and Mq(2) = 3 and for n ⩾ 3

M3(n) = max{M3(n− 2) + n+ 1,M3(n− 3) + 2n− 1}

and for q ⩾ 4

Mq = max{Mq(n− 2) + n+ 1,Mq(n− 3) + 2n},

then

M3(n) = M3(n− 3) + 2n− 1

and for q ⩾ 4

Mq(n) = Mq(n− 3) + 2n.

Proof. Assume that q = 3. We have M3(3) = M3(0) + 5 = 5 or M3(3) = M3(1) + 4 = 5
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M3(4) = M3(1) + 7 = 8 or M3(4) = M3(2) + 5 = 8.

M3(5) = M3(2) + 9 = 12 or M3(5) = M3(3) + 6 = 11.

Thus the lemma holds for 1 ⩽ n ⩽ 3.

For n ⩾ 3, we assume that the lemma holds for n, n+ 1, n+ 2. We have

M3(n− 3) = max{M3(n) + 2(n+ 3)− 1,M3(n+ 1) + n+ 4} (5.14)

= max{M3(n− 3) + 2n− 1 + 2(n+ 3)− 1,M3(n− 2) + 2(n+ 1)− 3 + n+ 4} (5.15)

= maxM3(n− 3) + 4n+ 4,M3(n− 2) + 3n+ 3 (5.16)

= M3(n− 3) + 4n+ 4 (5.17)

= M3(n)− 2n+ 1 + 4n+ 4 (5.18)

= M3(n) + 2n+ 5, (5.19)

where (5.17) follows from

M3(n− 3) + 4n+ 4 = M3(n− 3)− 2n+ 1 + 2n+ 5

⩾ M3(n− 2) + n+ 1 + 2n+ 5

> M3(n− 2) + 3n+ 3.

For q ⩾ 4, the calculation is almost the same.

Therefore, we have our desired results.

Now we are ready to prove Theorem 5.1.1.

Proof. Since M3(n) = M3(n− 3) + 2n− 1, we have M3(n) =
n2

3 + 2n
3 +C where C is an undetermined

real constant. Since M3(0) = 0, we have C = 0 and thus M3(n) =
n2

3 + 2n
3 for n = 3, 6, 9, · · · .
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Other expressions in Theorem 5.1.1 can be derived in the same way.

5.4 OPEN PROBLEMS

We conclude with several open problems.

1. What is the maximum percolation time on the n-dimensional q-ary hypercube when the infection

threshold r ⩾ 3?

The value M(Qn,2, r ⩾ 3) = 2n

n (log n)−O(1) was obtained in [35] by discovering a link between this

problem and a generalization of the Snake-in-the-Box problem. Improving upon this result to achieve

an asymptotically tight, up to a constant, is an interesting question. Finding an exact expression for

M(Qn,q, r ⩾ 3) remains as a challenging open problem.

2. What is the maximum percolation time, denoted by M([n]d, r), on the [n]d grid when the infection

threshold 2 ⩽ r ⩽ 2d?

The value M([n]2, 2) = 3n2

8 was established in [16]. However, for the other values of d and r, the

behavior of M([n]d, r) has not been explored.

123



Chapter 6

THE TIME OF BOOTSTRAP
PERCOLATION IN HIGH DIMENSIONS

6.1 INTRODUCTION

While significant efforts have been dedicated to studying the critical probability of the process, estimating

percolation time, denoted by T = min{t : At = V (G)}, has also garnered attention. In the determin-

istic setting, papers [43], [35], and [16] estimated the maximum percolation time for the process on the

n-dimensional hypercube and the [n]2 grid. In the probabilistic setting, papers [19], [5], and [18] estimated

the distribution of percolation time on a [n]d grid.

In particular, from [5] we have the following theorem.

Theorem 6.1.1. Let 0 < p = p(n) < 1 be such that lim inf p log log n > 2λ and 1 − p = n−o(1) (that is

log 1/(1−p) ≪ log n). Let T denote the percolation time of a p-random subset of [n]2 under the 2-neighbor

bootstrap percolation process and λ = π2

18 . Then we have

T =
(1 + o(1)) log n

2 log(1/(1− p))
,

with high probability as n → ∞.

In this chapter we investigate the distribution of the time of bootstrap percolation on the d-dimensional
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discrete torus1 Td
n. As our main result we extend Theorem 6.1.1 in [5] from the two-dimensional case to

d-dimensions.

We highlight the primary challenges in extending Theorem 6.1.1 to higher dimensions, as well as our

main contributions. In two dimensions [5], the key intuition is that the event in which a vertex x remains

uninfected at time t is “equivalent to” the existence of an empty line segment of length roughly t “near”

x. In the higher dimensions, it is not immediately clear whether this key intuition still holds. However, we

show that it remains valid in higher dimensions, provided that the infection threshold equals the dimension.

In the two-dimensional case, the idea of analyzing the intersection between a path of uninfected vertices

and squares of a certain size was effective in reducing the combinatorial factor from counting the number

of such paths. In higher dimensions, however, it is not obvious what geometric objects should be used to

achieve a similar reduction. We find that replacing two-dimensional squares with their higher-dimensional

analogs (cubes) is a viable approach.

Another challenge lies in generalizing the definition of the interior of a square from two dimensions

to higher dimensions in a way that serves our purposes. In the two-dimensional setting, the notion of a

square’s interior was introduced to properly define certain events, and a similar concept is required in higher

dimensions. We address these challenges and provide the necessary definitions to extend the analysis.

Our main result is given by the following theorem.

Theorem 6.1.2. Consider a graph G as G = Td
n and let T be the percolation time. Assume that every vertex

on the graph G is initially infected with probability p(n) independent of any other vertex and the infection

threshold r = d. Assume that p(n) ⩾ C
log(d)(n)

and 1 − p = n−o(1), where C > 0 is sufficiently large and

log(r)(.) denotes iterating the logarithm r times. Then we have

T = Θ
(
log 1

1−p
n
)
,

1A graph with vertex set V = {0, . . . , n − 1}d and x, y ∈ V are connected if and only if for some i ∈ {1, . . . , d}, xi =
yi ± 1 (mod n) and xj = yj for all j ̸= i.
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with high probability as n → ∞.

Let us explain our strategy in the proof of the lower bound of the percolation time. For the two-

dimensional case, a natural example of an event that would prevent percolation from happening by time

t is the existence of an initially uninfected [2t + 1] × [2] rectangle. For the d-dimensional case, an event

that there exists an initially uninfected [2t + 1] × [2]d−1 rectangle initially would prevent percolation from

happening by time t by [19]. One can easily show that the largest t for which such a rectangle is likely to

exist is about log 1
1−p

n. This observation essentially proves the lower bound of Theorem 6.1.2.

We briefly outline the key ideas behind the proof of the upper bound in Theorem 6.1.2. The strategy is

to show that if a vertex x remains uninfected at time t, then this deterministically implies the existence of

a “path” of nearby [L]d cubes, each of which is not internally spanned. By choosing L appropriately (and

hence controlling the length of the path), we can show that the probability of this event is small.

However, this summary is so brief and somewhat misleading. In fact, requiring each [L]d cube to be

internally spanned is so strong that it is not necessary for bounding the probability of interest and, moreover,

the probability of this stronger event differs significantly from the probability of interest. As a result, we

must consider a weakened version of the condition, which introduces additional technical complexity. A

more detailed sketch of the proof will be provided in Section 6.2.

Below by C(d) we denote a constant which may depend on d. We will use C(d) as generic notation,

where the specific form of this function may be different in different expressions.

We write [A0] = ∪∞
t=0At and call [A] the span of A. We say A percolates on G if [A] = V (G) and a set

X ⊂ [n]d is internally spanned if X ⊂ [A ∪X].

A set of vertices is defined as empty if all its vertices are initially uninfected and call it non-empty

otherwise.
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6.2 SKETCH OF THE PROOF FOR THE UPPER BOUND

The upper bound in Theorem 6.1.2 is roughly saying that the initially uninfected [2t+1]× [2]d−1 rectangles

are the only obstacles to percolation by time t.

Suppose a site x in Td
n is uninfected at time t. It is easy to see that at least d+ 1 neighbors of x must be

uninfected at time t−1. Thus at least one of its neighbors among (x1+1, x2, · · · , xd), (x1, x2+1, · · · , xd),

· · · , (x1, x2, · · · , xd+1) is uninfected at time t−1 and say it is y. Then at least one of y’s neighbors among

(y1 + 1, y2, · · · , yd), (y1, y2 + 1, · · · , yd), · · · , (y1, y2, · · · , yd + 1) is uninfected at time t− 2. In fact, it is

easy to see that there must exist a sequence of t initially uninfected vertices, starting with x, and continuing

on the direction parallel to the standard vector e1, e2, · · · , or ed each time.

We would like to show that by far the most probable way for this to occur is for this path to be aligned

to form a line segment starting at x, or more specifically, we would like to show that the probability that the

uninfected paths exist is not much more than (1− p)t , which is the probability that a given line segment of

length t is initially uninfected.

One possible attempt of a proof might go as follows. Assume x is uninfected at time t and thus there

is a path of uninfected vertices starting at x and continuing on the direction parallel to e1, e2, · · · , ed each

time. This path, denoted by P , of uninfected vertices may not be a line segment and then this would cause

a big combinatorial factors about the choice of such path.

However, it is possible to modify this idea. Following the ideas from [5], rather than counting paths along

directions parallel to the standard vectors e1, e2, · · · , ed of vertices individually, we look at the intersection

of these paths with cubes [L]d and count these. First we allow an initial time t′ = o(t). By this time we

expect nearly all internally spanned cubes [L]d to have been infected. Now consider just the first t − t′

vertices in the path P : at time t′ they are still uninfected, and they intersect a path of cubes [L]d all of which

are not internally spanned; we call such squares bad. Now we have an optimization question: how large
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should L be to minimize the probability of this event that there is a path of bad cubes [L]d ? In order to have

any hope, the probability that a cube [L]d is bad should be at most (1 − p)(1+c)L , for some c > 0. This is

because we would like to show that the probability there exists a path of bad cubes [L]d is about (1 − p)t ,

so we need the additional c to overcome the combinatorial factor coming from taking a union bound over all

paths. Thus, L must be large enough for the probability that a cube [L]d is bad to be small. Another reason

L should be large is to minimize the combinatorial factor. As L increases, there are fewer paths of cubes

[L]d inside a cube [t− t′]d, so the combinatorial factor decreases. On the other hand, L cannot be too large,

because the error time t′ = Ld must be o(t).

This second attempt of a proof is also not quite right: the probability that a cube [L]d is bad, as we have

defined it, is at least (1− p)L because if any of the 2d−1d “sides” of the cube is empty then the cube cannot

be internally spanned. On the other hand we have said that the probability needs to be at most (1−p)(1+c)L,

so our definition of bad cannot be the right one. The way around this is as follows. Let us define a cube [L]d

is bad if it is not internally spanned except for its “sides”, which will be defined precisely in Section 6.4 . It

turns out this definition is the right one to use for our purpose.

6.3 LOWER BOUND

To prove the lower bound for the percolation time T we will use a theorem by Bollobás, Smith and Uzzell

[19].

First let us observe that the states of vertices at l1 distance greater than t from the vertex x cannot affect

whether or not the vertex x is infected at time t. Therefore we can restrict ourselves to the l1-ball

Bt(x) = {y ∈ [n]d : |x− y|l1 ⩽ t}.

The following theorem from [19] will be used in the proof.
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Theorem 6.3.1. Let

exd,r(t) := min{|Bt(0)\A0| : 0 /∈ At}.

and

Pd,r(t) := {x ∈ Bt(0) : xd−r+2, . . . , xd ∈ {0, 1}}.

where x = (x1, x2, . . . , xd).

Then for every 2 ⩽ r ⩽ d

exd,r(t) = |Pd,r(t)|.

Using this result, let us prove the lower bound for the percolation time. Assume that d = r.

Proof. Let E1 be the event that every vertex in {x ∈ Bt(0) : x2, ..., xd ∈ {0, 1}} is initially uninfected and

E2 be the event that the vertex (0, 0, ..., 0) is uninfected at time t.

From Theorem 6.3.1, the event E1 implies the event E2. Therefore, the event E1 implies the event

{T > t}.

Let E3 be the event that every rectangle [2t + 1] × [2]d−1 is nonempty. It is easy to see that the event

{T ⩽ t} implies the event E3. Let us divide [n]d into nd

2dt
disjoint rectangles [2]d−1 × [2t + 1]. Let E4 be

an event that every such disjoint rectangle [2]d−1 × [2t+ 1] is nonempty. It is easy to see that the event E3

implies the event E4.

Therefore, we have

P(T ⩽ t) ⩽
(
1− (1− p)2

dt
) nd

2dt

⩽ exp

(
− (1− p)2

dt nd

2dt

)
= exp

(
− exp

(
d log(n)− log(2dt)− 2dt log

(
1

1− p

)))
= o(1),
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if

2dt log( 1
1−p)

d log(n)
⩽ 1.

Thus, with high probability,

T ⩾ C(d)
log(n)

log( 1
1−p)

.

6.4 UPPER BOUND

Before proceeding, we introduce some elements of notation and definitions.

Define a subcube

[(a1, b1), (a2, b2), ..., (ad, bd)] := {(x1, x2, ..., xd) ∈ [n]d : ai ⩽ xi ⩽ bi ∀i ∈ [d]}.

Define a sub-grid

[(a1, b1), (a2, b2), ..., (aj−1, bj−1), (aj), (aj+1, bj+1), ..., (ad, bd)] :=

{(x1, x2, ..., xd) ∈ [n]d : xj = aj , ai ⩽ xi ⩽ bi ∀i ∈ [d]\{j}}.

Define a line segment

[(a1), (a2), · · · , (aj−1), (aj , bj), (aj+1)..., (ad)] := {(x1, x2, ..., xd) ∈ [n]d :

xi = ai, aj ⩽ xj ⩽ bj ∀i ∈ [d]\{j}}.

Define a side of the cube [m]d as of the form [(a1), (a2), ..., (aj−1), (1,m), (aj+1), ..., (ad)] with ai ∈

{1,m} for all i ∈ {[d]\j} for some j ∈ [d]. Note that there are in total 2d−1d sides of [m]d.
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Let Sd be the symmetric group on d coordinates. Then define:

Permd(x) := {σx : σ ∈ Sd},

where for x = [(x1), . . . , (xd)], we define:

σx := [
(
xσ(1)), · · · , (xσ(d)

)
].

Note that by abuse of the notation if xi is an interval for some i ∈ [d], regarding the permutation it is treated

as a single value.

We will give the definition of interior([m]d) such that it serves our purpose.

Define the interior of [m]d as

int([m]d) := [m]d\{Permd[((a1), (a2), ..., (aj−1), (1,m), (aj+1), ..., (ad))] : ai ∈ {1,m} for i ∈ [d]\{j}},

i.e., int([m]d) includes every vertex in [m]d except for its sides.

Let A ∼ Bin([m]d, p) be the initial set. Define the cube D = [m]d to be good if its span contains its

interior. Formally, the cube D is good if int(D) ⊂ [D ∩ A]. The cube D is strongly good if it is internally

spanned, i.e., D ⊂ [D ∩ A]. At last, D is semi-good if it is good but not strongly good, and bad if it is not

good.

We denote by ηm,r the probability that [m]d is bad with the infection threshold r and in order to simplify

the notation, sometimes we may drop the dependence on r if it is clear on the context.

We need the following theorem by Bollobás, Balogh, Duminil-Copin, and Morris [9].

Theorem 6.4.1. For every d ⩾ r ⩾ 2, there exists an explicit constant λ(d, r) > 0 such that the critical
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probability for [n]d with infection threshold r,denoted by pc([n]
d, r), can be expressed as follows:

pc([n]
d, r) =

[
λ(d, r) + o(1)

log(r−1) n

]d−r+1

.

6.4.1 d = r = 3

Before stating the next lemma let us state one fact which will be used very often in this section.

Fact 6.4.2. Assume that P(B) ⩽ a, P(C) ⩽ b, P(A ∩ B) = 0, and P(A ∩ C) = 0. Moreover, assume that

the event B and the event C are independent. Then

P(A) ⩽ 2ab.

Proof.

P(A) = P(A ∩B ∩ C) + P(A ∩ (B ∩ C)c)

= P(A ∩ (B ∩ C)c)

⩽ P(A ∩Bc) + P(A ∩ Cc)

⩽ P(A ∩Bc ∩ C) + P(A ∩Bc ∩ Cc) + P(A ∩ Cc ∩B) + P(A ∩ Cc ∩Bc)

⩽ 2P(Bc ∩ Cc)

= 2ab.

When d = r = 3, we use Lemma 6.4.3 to derive a recursive relation on the probability that [m]3 is bad.

Lemma 6.4.3. Let ηm,3 be the probability that [m]3 is bad with the infection threshold 3. We have

η2m,3 ⩽ C(d)η3m,3 + C(d)m2(1− p)4m−8.
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The intuition behind the proof of Lemma 6.4.3 is as follows. We begin by partitioning the cube [2m]3

into eight disjoint subcubes and break the proof into several subcases according to the number of bad sub-

cubes in this 8-tuple. Specifically, we analyze the cases where exactly one or two of the eight subcubes are

bad as well as the case where none are bad. The main technical part of the proof is devoted to the analysis to

these three subcases, where we study the interaction arising among the 8 subcubes. Further the probability

of having at least three bad subcubes can be estimated by a very rough upper bound of Cη3m, as established

in Lemma 6.4.3.

Before proving this lemma we need to introduce notation and prove several auxiliary lemmas.

Let us partition the cube [2m]3 into 8 disjoint subcubes as shown in Figure 6.1.

C1 = [(1,m), (1,m), (1,m)], C2 = [(m+ 1, 2m), (1,m), (1,m)],

C3 = [(1,m), (m+ 1, 2m), (1,m)], C4 = [(m+ 1, 2m), (m+ 1, 2m), (1,m)],

C5 = [(1,m), (1,m), (m+ 1, 2m)], C6 = [(m+ 1, 2m), (1,m), (m+ 1, 2m)],

C7 = [(1,m), (m+ 1, 2m), (m+ 1, 2m)], C8 = [(m+ 1, 2m), (m+ 1, 2m), (m+ 1, 2m)].

We will first define a few events.

• E := {[2m]3 is good }.

• A:={all cubes C1, C2, · · · , C8 are good}.

• Ai:={exactly i subcubes among C1,C2,...,C8 are bad} for i ∈ {1, . . . , 8}.

Note that

P(Ec) = P(Ec ∩A) + P(Ec ∩Ac). (6.1)
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C1

C3

C2

C4

C5

C7

C6

C8

Figure 6.1: Subcubes C1, C2, · · · , C8

Let us consider the term P(Ec∩A) in (6.1) and this is the case where all 8 subcubes C1, . . . , C8 are good.

Since the sides of these 8 subcubes may still remain uninfected the event A does not necessarily imply that

the cube [2m]d is good. Therefore, we have to analyze the interaction between the events that some vertices

in the sides of C1, . . . , C8 are initially infected and the event A. Moreover, in order for our method to work

the probability that the complement of the events that some vertices in the edges of C1, . . . , C8 are initially

infected needs to be small and in fact it needs to be ⩽ (1− p)4m. Let us define these events precisely.

Let B(m, (1, 2m), a3) for a3 ∈ {1,m+1, 2m} denote the event that at least one of the following 2 line

segments is non-empty:

[(m), (1, 2m), (a3)], or [(m+ 1), (1, 2m), (a3)].

Note that the above 2 line segments belong to the sides of C5, . . . , C8 if a3 = 2m, and belong to the

sides of C1, . . . , C4 if a3 = 1.

B(π(m), π((1, 2m)), π(a3)) are defined similarly for all π where π is an ordering of the set {m, (1, 2m), a3}.
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Let B(m,m, (c1, c2)) denote the event that at least one of the following 4 line segments is nonempty:

{[(m), (m), (c1, c2)], [(m), (m+ 1), (c1, c2)],

[(m+ 1), (m), (c1, c2)], [(m+ 1), (m+ 1), (c1, c2)]}.

B(π(m), π(m), π((c1, c2))) are defined similarly for all π where π is an ordering of the set {m, (m), (c1, c2)}.

Let us define an event B such that if the events A and B occur then the event E occurs and P(Bc) ⩽

C(1− p)4m with C > 0.

Let

B1 = ∩a3∈{2m,m+1,m,1}B(m, (1, 2m), a3),

B2 = ∩a3∈{2m,m+1,m,1}B((1, 2m),m, a3),

B3 = B(m,m, (m+ 1, 2m) ∩B(m,m, (1,m)),

B4 = B(m, 1, (1, 2m)) ∩B((1, 2m), 1,m),

B5 = B(2m,m, (1, 2m)) ∩B(2m, (1, 2m),m),

B6 = B((1, 2m), 2m,m) ∩B(m, 2m, (1, 2m)),

B7 = B(1,m, (1, 2m)) ∩B(1, (1, 2m),m).

Let B = ∩i∈[7]Bi. Note that

P(Ec) = P(Ec ∩A ∩B) + P(Ec ∩Ac ∩B) + P(Ec ∩A ∩Bc) + P(Ec ∩Ac ∩Bc). (6.2)

Therefore we will try to bound the 4 terms on the right side of (6.2). If we can show that A ∩ B = E,
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then the first term on the right side of (6.2) vanishes. The next lemma shows this.

Lemma 6.4.4. If the events A and B occur, then the event E occurs, i.e., [2m]3 is good.

Proof. Note that since all 8 subcubes C1, C2, ..., C8 are good, the interior of Ci has been infected after m3

steps for all i ∈ [8]. Thus after m3 steps the only possibly uninfected vertices are the vertices on the sides

for each cube Ci. Without loss of generality, since the event B(m, (1, 2m), 2m) occurs, we can assume that

there is a vertex a = (a1, a2, a3) in [(m), (1,m), (2m)] is initially infected.

Let us consider the vertices in [(1, 2m), (1, 2m), (2m)] after m3 steps. Since all 8 subcubes C1, C2, · · · , C8

are good, every vertex in [(m), (2,m − 1), 2m] has at least 2 infected neighbors after m3 steps. Since the

vertex a is initially infected, it takes at most m3 +m steps to infect every vertex in [(m), (2,m− 1), 2m].

Since the vertex a is initially infected and all 8 subcubes are good, the vertex y = (a1 + 1, a2, a3) has 3

infected neighbors after m3 so it will be infected in the next step and then it takes at most m3 +m steps to

infect every vertex in [(m+ 1), (2,m− 1), 2m].

Note that every vertex in

[(m), (m), (m+ 2, 2m− 1)],

[(m+ 1), (m), (m+ 2, 2m− 1)],

[(m), (m+ 1), (m+ 2, 2m− 1)],

and

[(m+ 1), (m+ 1), (m+ 2, 2m− 1)]

already has 2 infected neighbors since all 8 small cubes are good. Therefore since the event B(m,m, (m+

1, 2m)) occurs, it takes at most m3 +m steps to infect every vertex in

[(m), (m), (m+ 2, 2m− 1)],
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[(m+ 1), (m), (m+ 2, 2m− 1)],

[(m), (m+ 1), (m+ 2, 2m− 1)],

and

[(m+ 1), (m+ 1), (m+ 2, 2m− 1)].

Then note that after m3 +m steps, the vertices (m,m, 2m) and (m+ 1,m, 2m) have at least two infected

neighbors and the vertices (m,m+ 1, 2m) and (m+ 1,m+ 1, 2m) have at least one infected neighbor.

Since the event B((1, 2m),m, 2m) occurs, a vertex b in

[(1,m), (m), (2m)],

[(1,m), (m+ 1), (2m)],

[(m+ 1, 2m), (m), (2m)],

or

[(m+ 1, 2m), (m+ 1), (2m)]

is initially infected. Then following the same logic, every vertex in [(2,m − 1), (m), 2m] and [(2,m −

1), (m+ 1), (2m)] will be infected after at most m3 +m steps. Thus the vertex (m,m, 2m) has 3 infected

neighbors after at most m3+m steps and will be infected in the next step and after that the vertices (m,m+

1, 2m) and (m + 1,m, 2m) will be infected. Since the vertex (m + 1,m, 2m) has been infected after at

most m3 +m steps it is easy to see that every vertex in [(m+ 1, 2m− 1), (m), (2m)] will be infected after

at most m3 + 2m steps. Then every vertex in [(m + 1, 2m − 1), (m + 1), (2m)] has 3 infected neighbors
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after at most m3 + 2m steps and will be infected in the next step. Similarly, every vertex in

[(m), (m+ 1, 2m− 1), (2m), ] [(m+ 1), (m+ 1, 2m− 1), (2m)]

will be infected after at most m3 + 3m steps.

The rest of the uninfected vertices on the edges of C1, . . . , C8 can be handled in a very similar way and

so we have the desired result.

Using Lemma 6.4.4, we have

P(Ec) = P(Ec ∩A ∩B) + P(Ec ∩Ac ∩B) + P(Ec ∩A ∩Bc) + P(Ec ∩Ac ∩Bc)

⩽ P(Ec ∩Ac ∩B) + 2P(Bc)

= 2P(Bc) + P(∪8
i=1(E

c ∩Ai ∩B))

⩽ C ′(1− p)4m + P(Ec ∩A1 ∩B) + P(Ec ∩A2 ∩B) +

8∑
i=3

P(Ai)

⩽ C ′(1− p)4m + P(Ec ∩A1 ∩B) + P(Ec ∩A2 ∩B) +
8∑

i=3

(
8

i

)
ηim,3

⩽ C ′(1− p)4m + P(Ec ∩A1 ∩B) + P(Ec ∩A2 ∩B) + Cη3m,3,

where C > 0 and C ′ > 0 are absolute constants. Now let us estimate the term P(Ec ∩A1 ∩B).

Before proceeding, let us define a few events.

B8 = ∩a2∈{2m,m+1}B(m, a2, (1, 2m)) ∩B((1, 2m), a2,m) ∩B(m, (m+ 1, 2m),m),

B9 = ∩a1∈{2m,m+1}B(a1,m, (1, 2m)) ∩B(a1, (1, 2m),m) ∩B((m+ 1, 2m),m,m),
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and

B10 = ∩a3∈{2m,m+1}B(m, (1, 2m), a3) ∩B((1, 2m),m, a3) ∩B(m,m, (m+ 1, 2m)).

Lemma 6.4.5. The probability that [2m]3 is bad along with the occurrence of the event that there is exactly

one bad subcube is correlated with double empty line segments of length 2m. More precisely, we have

P(Ec ∩A1) ⩽ C(1− p)4m.

Proof. Due to symmetry, without loss of generality, we may assume that the subcube C1 is bad. The main

idea of the proof is as follows. We will construct 4 set of events Sstart, Sx=1, Sy=1 and Sz=1 such that,

if the events in these 4 sets occur along with events A1 and B, then the event E also occurs; that is, the

cube [2m]d is good. Moreover, the probability that some of these events in these 4 sets fails to occur

is approximately (1 − p)4m. If the probability that any of the events in these four sets fails to occur is

significantly larger than (1 − p)4m, then a more detailed analysis is required. The rough idea is that other

events, not contained in Sstart, Sx=1, Sy=1, or Sz=1, can also lead to percolation. The probability of the

complement of these additional events, together with the complement of the events in Sstart, Sx=1, Sy=1,

and Sz=1, is ⩽ (1− p)4m. The exact details are presented below.

The infection spreads as follows. First, after at most m3 steps, the interior of C2, . . . , C8 have been

infected since C2, . . . , C8 are good. Then the sides of the subcubes C2, . . . , C8 become infected (except

for those on [(1, 2m), (1), (1, 2m)], [(1), (1, 2m), (1, 2m)] and [(1, 2m), (1, 2m), (1)] and those belonging

to the sides of [2m]3 )after at most m3 + Cm steps, due to the occurrence of the events in Sstart. Then,

after at most 2m3 + Cm steps the interior of C1 have been infected. Finally, the uninfected vertices on

[(1, 2m), (1), (1, 2m)], [(1), (1, 2m), (1, 2m)] and [(1, 2m), (1, 2m), (1)] will be infected after at ost 2m3+

Cm′ steps, due to the occurrence of the event in Sx=1, Sy=1 and Sz=1.

Now we will start defining the events in the set Sstart. It turns out that the following B8, B9, and B10
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serve our purpose.

Now we can focus on analyzing how to infect the vertices on [(1, 2m), (1), (1, 2m)], [1, (1, 2m), (1, 2m)],

and [(1, 2m), (1, 2m), (1)]. Due to symmetry we only need to consider infecting vertices on [(1, 2m), (1),

(1, 2m)].

Consider the vertices in the region [(1, 2m), (1), (1, 2m)] as shown in Figure 6.2, where the vertices in

the shaded area are infected, and those in the white area remain uninfected. Note that after 2m3 + Cm

steps among those vertices the only possible uninfected vertices are on [(1,m), (1), (1,m)] and the sides of

C2, C5, C6.

x

z

y

Figure 6.2: Configuration on [(1, 2m), (1), (1, 2m)] after 2m3 + Cm steps.

Let us define the event D(y = 1) in Sy=1 as

D(y = 1) := {[(1,m), (1), (m)] is non-empty} ∩ {[(m), (1), (1,m)] is non-empty}.

It is easy to see that if the events A1, B,Bi for i ∈ {8, 9, 10} and D(y = 1) occurs, then every vertex

on [(1, 2m), (1), (1, 2m)] will be infected except for those on the sides of [2m]3.

We will define the event D(x = 1) in Sx=1 and the event D(z = 1) in Sz=1 accordingly.
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Therefore, we have

P(Ec ∩A1 ∩B ∩ (∩10
i=8Bi) ∩D(x = 1) ∩D(y = 1) ∩D(z = 1)) = 0.

and thus we have

P(Ec ∩A1 ∩B) = P(Ec ∩A1 ∩B ∩ (∩10
i=8Bi) ∩D(x = 1) ∩D(y = 1) ∩D(z = 1))

+ P(Ec ∩A1 ∩B ∩ ((∩10
i=8Bi) ∩D(x = 1) ∩D(y = 1) ∩D(z = 1))c)

= P(Ec ∩A1 ∩B ∩ ((∩10
i=8Bi) ∩D(x = 1) ∩D(y = 1) ∩D(z = 1))c).

We need to further analyze the event Ec ∩A1 ∩B ∩ ((∩10
i=8Bi)∩D(x = 1)∩D(y = 1)∩D(z = 1))c.

Note that P(Bc
i ) ⩽ C(1− p)4m for i ∈ {8, 9, 10}.

Since P(D(y = 1)c) = 2(1 − p)m, we need to construct some other events. Let us consider the event

D(y = 1)c and we have

D(y = 1)c = D1 ∪D2 ∪D3,

where

D1 = {[(1,m), (1), (m)] is non-empty} ∩ {[(m), (1), (1,m)] is empty},

D2 = {[(1,m), (1), (m)] is empty} ∩ {[(m), (1), (1,m)] is non-empty},

and

D3 = {[(1,m), (1), (m)] is empty} ∩ {[(m), (1), (1,m)] is empty}.

We will need to do further analysis based on the event D(y = 1)c.
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Case 1: Assume that the event D1 occurs.

In order to proceed we need to define another event. Let F1(y = 1) be the event that one of [(m), (1), (m+

1, 2m)] or [(m+1), (1), (m+1, 2m)] is non-empty. It is easy to see that if the events A1, B,D1, F1(y = 1)

and Bi for i ∈ {8, 9, 10} occur, then every vertex on [(1, 2m), (1), (1, 2m)] will be infected after at most

2m2 + Cm steps, except for those on the sides of [2m]3.

Now we need to consider A1 ∩ B ∩10
i=8 Bi ∩ D1 ∩ F1(y = 1)c. Let F2(y = 1) be the event that

[(m+ 1), (1), (1,m)] is non-empty. It is easy to see that if the events A1, B,D1, F
c
1 (y = 1), F2(y = 1), Bi

for i ∈ {8, 9, 10} occur, then every vertex on [(1, 2m), (1), (1, 2m)] will be infected except for the sides of

[2m]3.

Since P(D1 ∩ F1(y = 1)c ∩ F2(y = 1)c) ⩽ (1− p)4m and Fact 6.4.2, we have the desired result.

Case 2: Assume that the event D2 happens.

The analysis is the same as Case 1 due to symmetry.

Case 3: Assume that the event D3 happens.

Before proceeding we need to define another event. Define F3(y = 1) to be the event that both [(m +

1), (1), (m + 1, 2m)] and [(m + 1, 2m), (1), (m + 1)] are non-empty. It is easy to see that if the events

A1, B,D3, F3(y = 1) and Bi for i ∈ {8, 9, 10} occur, then every vertex on [(1, 2m), (1), (1, 2m)] have

been infected after at most 2m3 + Cm steps, except for those on the sides of [2m]3.

Now we need to analyze F3(y = 1)c. Define the event H be the event that [(1,m), (1), (m + 1)] is

non-empty.

We have

F3(y = 1)c = F1 ∪ F2 ∩ F3,
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where

F1 = {[(m+ 1), (1), (m+ 1, 2m)] is non-empty} ∩ {[(m+ 1, 2m), (1), (m+ 1)] is empty},

F2 = {[(m+ 1), (1), (m+ 1, 2m)] is empty} ∩ {[(m+ 1, 2m), (1), (m+ 1)] is non-empty},

and

F3 = {[(m+ 1), (1), (m+ 1, 2m)] is empty} ∩ {[(m+ 1, 2m), (1), (m+ 1)] is empty}.

Assume that F1 occurs. Then again it is easy to see that if the events A1, B,D3, F1, H and Bi for i ∈

{8, 9, 10} occur, then every vertex on [(1, 2m), (1), (1, 2m)] have been infected after at most 2m3 + Cm

steps, except for those on the sides of [2m]3. Note that P(D3 ∩ F1 ∩Hc) = (1− p)4m.

Assume that F2 occurs. The analysis is the same as the case where F1 occurs.

Assume that F3 occurs. Note that P(D3 ∩ F3) = (1− p)4m.

Now let us move on to estimating the term P(Ec ∩A2 ∩B).

Lemma 6.4.6. The probability that [2m]3 is bad along with the occurrence of the event that there are exactly

two subcubes are bad is correlated with double empty line segments of length 2m. More precisely, we have

P(Ec ∩A2) ⩽ C(d)m2(1− p)4m−8.

Proof. In order to estimate P(Ec ∩ A2 ∩ B) we will separate cases based on the locations of the two bad

subcubes.

Case 1: Two bad cubes are adjacent.

Without loss of generality assume the subcubes C1 and C2 are bad, as in Figure 6.3.

The main idea of the proof is somewhat similar to that of Lemma 6.4.5. We will construct 5 sets of
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x

z

y

Figure 6.3: Bad subcubes C1 and C2.

events Tstart, Tx=1, Ty=1, Tz=1 and Tx=2m such that, if the events in these 5 sets occur along with events

A2 and B, then the event E also occurs; that is, the cube [2m]d is good. Moreover, the probability that some

of these events in these 5 sets fails to occur is approximately (1 − p)4m. If the probability that some of

the events in these 5 sets fails to occur is significantly larger than (1 − p)4m, then a more detailed analysis

is required. The rough idea is that other events, not contained in Tstart, Tx=1, Ty=1, Tz=1,or Tx=2m can

also lead to percolation. The probability of the complement of these additional events, together with the

complement of the events in Tstart, Tx=1, Ty=1,Tz=1,and Tx=2m is ⩽ (1 − p)4m. The exact details are

presented below.

The infection spreads as follows. First, after at most m3 steps, the interior of C3, . . . , C8 have been

infected since C3, . . . , C8 are good. Then the sides of the subcubes C3, . . . , C8 become infected (except for

those on [(1, 2m), (1), (1, 2m)], [(1), (1, 2m), (1, 2m)], [(1, 2m), (1, 2m), (1)] and [(2m), (1, 2m), (1, 2m)]

and those belonging to the sides of [2m]d )after at most m3 + Cm steps, due to the occurrence of the

events in Sstart. Here it comes to the difference between this case and the case where there is only one

subcube is bad. We will need to define a new event H ′ to be {every two adjacent line segments of the form

[(2, 2m − 1), (y), (z)] of length 2m − 2 in [(1, 2m), (1,m), (1,m)] parallel to the x-axis is non-empty},

where y, z ∈ {1, 2, . . . ,m}.

Then, after at most 3m3 +Cm steps the interior of C1 and C2 have been infected due to the occurrence
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of the events H ′. Finally, the uninfected vertices on [(1, 2m), (1), (1, 2m)], [(1), (1, 2m), (1, 2m)] and

[(1, 2m), (1, 2m), (1)] will be infected after at most 3m3 +Cm′ steps, due to the occurrence of the event in

Tx=1, Ty=1, Tz=1 and Tx=2m.

It is easy to see that P(H ′c) ⩽ Cm2(1− p)4m−4.

Now we will start defining the events in the set Tstart. It turns out that B8 and B10 in the set Tstart serve

our purpose. It is easy to see that after at most 2m3 +Cm steps, every vertex in [(1, 2m), (1, 2m), (1, 2m)]

will be infected except for the vertices in [(1), (1, 2m), (1, 2m)],[(1, 2m), (1), (1, 2m)], [(1, 2m), (1, 2m), (1)],

and [(2m), (1, 2m), (1, 2m)]} and the sides of [2m]3 due to the occurrence of A2, B8, B10 and H ′.

We can apply the same method from Lemma 6.4 to infect uninfected vertices in [(1), (1, 2m), (1, 2m)]

, [(1, 2m), (1, 2m), (1)], and [(2m), (1, 2m), (1, 2m)]}. Therefore, we just need to focus on infecting the

vertices on [(1, 2m), (1), (1, 2m)].

x

z

y

Figure 6.4: Configuration on [(1, 2m), (1), (1, 2m)] after 3m3 + Cm2 steps.

Consider the vertices in the region [(1, 2m), (1), (1, 2m)] as shown in Figure 6.4, where the vertices in

the shaded area are infected, and those in the white area remain uninfected. Note that since the subcubes

C5 and C6 are good, the only uninfected vertices are in the sides of C5 and C6 and [(1, 2m)(1)(1,m)] after
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3m3 + Cm2 steps.

Let us define the events in Ty=1. Let

E1(y = 1) :={every two adjacent line segments of length m − 2 in [(2,m − 1), (1), (1, 2m)] parallel

to the x-axis is non-empty},

E2(y = 1) :={one of [(m), (1), (2, 2m− 1)] or [(m+ 1), (1), (2, 2m− 1)] is non-empty},

and E3(y = 1) :={every two adjacent line segments of length m− 2 in [(m+2, 2m− 1), (1), (1, 2m)]

parallel to the x-axis is non-empty}.

It is clear that if the event E2(y = 1) occurs along with either the event E1(y = 1) or the event

E3(y = 1) then every vertex in [(1, 2m), (1), (1, 2m)] will be infected except for the sides of [2m]3.

Note that P(E1(y = 1)c ∩ E3(y = 1)c) = (1 − p)4m−8 and P(E2(y = 1)c) = (1 − p)4m−4. By Fact

6.4.2, we have the desired result.

Case 2: Two bad subcubes are non-adjacent and not located diagonally.

Without loss of generality, assume that the subcubes C1 and C4 are bad as in Figure 6.5.

The main idea is as follows. We will define two new events E4 and E5 such that along with the occur-

rence of the events A2 and B, every vertex in [(1, 2m), (1, 2m), (1, 2m)] has been infected except for those

belonging to [(1), (1, 2m), (1, 2m)], [(1, 2m), (1), (1, 2m)], [(1, 2m), (1, 2m), (1)], [(2m), (1, 2m), (1, 2m)],

[(1, 2m), (2m), (1, 2m)] and the edges of [2m]3 after at most 2m3 + Cm steps. Another requirement for

the events E4 and E5 is that P(Ec
4 ∩ Ec

5) is roughly (1 − p)4m. Then consider the uninfected vertices on

[(1), (1, 2m), (1, 2m)], [(1, 2m), (1), (1, 2m)], [(1, 2m), (1, 2m), (1)], [(2m), (1, 2m), (1, 2m)], [(1, 2m),

(2m), (1, 2m)] and the sides of [2m]3 after 2m3 +Cm steps. The analysis of infection for these uninfected

vertices is the same as in the cases where the two bad subcubes are adjacent or where there is only one bad

subcube.

Now let us define events E4 and E5.
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E4 := {every two adjacent line segments of length m−2 on [(m+2, 2m−1), (2,m+1), (m)] parallel

to the x-axis is non-empty}, and

E5 :={ at least one of the two line segments [(m), (2, 2m− 1), (m)] or [(m+ 1), (2, 2m− 1), (m)] is

non-empty}.

x

z

y

Figure 6.5: Bad subcubes C1 and C4.

Case 3: Two bad subcubes are located diagonally.

Without loss of generality we can assume the subcubes C3 and C6 are bad as in Figure 6.6.

x

z

y

Figure 6.6: Bad subcubes C3 and C6.

The main idea is as follows. We will define three new events E6 , E7 and E8 such that along with the
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occurrence of the events A2 and B, every vertex in [(1, 2m), (1, 2m), (1, 2m)] has been infected except for

those belonging to [(1), (1, 2m), (1, 2m)], [(1, 2m), (1), (1, 2m)], [(1, 2m), (1, 2m), (1)], [(2m), (1, 2m),

(1, 2m)], [(1, 2m), (2m), (1, 2m)], [(1, 2m), (1, 2m), (2m)] and the sides of [2m]3 after at most 2m3+Cm

steps. Another requirement for the events E6, E7 E8 is that P(Ec
i ) is roughly (1 − p)4m for i ∈ {6, 7, 8}.

Then consider the uninfected vertices on [(1), (1, 2m), (1, 2m)], [(1, 2m), (1), (1, 2m)], [(1, 2m), (1, 2m), (1)],

[(2m), (1, 2m), (1, 2m)], [(1, 2m), (2m), (1, 2m)] except for these on the sides of [2m]3 after 2m3 + Cm

steps. The analysis of infection for these uninfected vertices is the same as in the case where there is only

one bad subcube.

Let us define the events E6,E7, and E8.

E6:= {at least one of the 4 line segments of [(m), (1,m), (m)], [(m), (1,m), (m+1)], [(m+1), (1,m), (m)],

or [(m+ 1), (1,m), (m+ 1)] is non-empty},

E7:= {at least one of the 4 line segments [(1,m), (m), (m)][(1,m), (m), (m+1)], [(1,m), (m+1), (m)],

or [(1,m), (m+ 1), (m+ 1)] is non-empty},

E8={at least one of the 4 line segments [(m + 1, 2m), (m), (m)], [(m + 1, 2m), (m), (m + 1)], [(m +

1, 2m), (m+ 1), (m)], or [(m+ 1, 2m), (m+ 1), (m+ 1)] is non-empty}.

Now we are in a position to prove Lemma 6.4.3, which is the main lemma in this subsection.

Proof. In order to estimate the probability of the event Ec we will write the event Ec in a different way and

148



so we have, by using Lemma 6.4.4, Lemma 6.4.5 and Lemma 6.4.6,

P(Ec) = P(Ec ∩A ∩B) + P(Ec ∩Ac ∩B) + P(Ec ∩A ∩Bc) + P(Ec ∩Ac ∩Bc)

⩽ 2P(Bc) + P(Ec ∩Ac ∩B)

= 2P(Bc) + P(∪8
i=1(E

c ∩Ai ∩B))

⩽ C ′(1− p)4m + P(Ec ∩A1 ∩B) + P(Ec ∩A2 ∩B) +

8∑
i=3

P(Ai)

⩽ C ′(1− p)4m + P(Ec ∩A1 ∩B) + P(Ec ∩A2 ∩B) +
8∑

i=3

(
8

i

)
ηim,3

⩽ C ′(1− p)4m + P(Ec ∩A1 ∩B) + P(Ec ∩A2 ∩B) + Cη3m,3

⩽ Bm2(1− p)4m−8 + Cη3m,3,

where C and C ′ are absolute constants.

6.4.2 d = r ⩾ 3

This lemma gives a recursive relation on the probability that [m]d is bad. As mentioned in the introduction,

we prove Lemma 6.4.7 using induction, where Lemma 6.4.3 is the base case.

Lemma 6.4.7. Let ηm,r be the probability that [m]d is bad with the infection threshold r = d. We have

η2m,d ⩽ C(d)η3m,d + C(d)md−1(1− p)4m−8.

The intuition behind the proof of Lemma 6.4.7 is as follows. We begin by partitioning the cube [2m]d+1

into 2d+1 disjoint subcubes and break the proof into several subcases according to the number of bad sub-

cubes. Specifically, we analyze the cases where exactly one or two of the 2d+1 subcubes are bad as well as

the case where none are bad. The main technical part of the proof is devoted to the analysis to these three

subcases, where we study the interaction arising among the 2d+1 subcubes by using the induction on the
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dimension d. Further the probability of having at least three bad subcubes can be estimated by a very rough

upper bound of Cη3m,d+1, as established in Lemma 6.4.7.

Before proving this lemma we need to introduce some notation and prove several auxiliary lemmas.

Consider partitioning [2m]d into 2d subcubes, i.e

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1)],

where ai = {1,m+ 1} for i ∈ [d].

First we need to define a few events.

• Ed := [2m]d is good.

• Ad :={all 2d subcubes are good }.

• Ad
i :={exactly i subcubes among 2d subcubes are bad } for i ∈ [2d].

We would like to prove that for d ⩾ 3

P((Ed)c ∩Ad) ⩽ C(d)(1− p)4m, (6.3)

P((Ed)c ∩Ad
1) ⩽ C(d)md−3(1− p)4m, (6.4)

and

P((Ed)c ∩Ad
2) ⩽ C(d)md−1(1− p)4m−8. (6.5)
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Then we have

P((Ed)c) = P((Ed)c ∩Ad) + P((Ed)c ∩ (Ad)c)

= P((Ed)c ∩Ad) + P(∪2d

i=1((E
d)c ∩Ad

i ))

= P((Ed)c ∩Ad) + P((Ed)c ∩Ad
1) + P((Ed)c ∩Ad

2) +
2d∑
i=3

P(Ad
i )

⩽ C(d)md−1(1− p)4m−8 + C(d)η3m,3.

When d = 3 it is easy to see that (6.3)(6.4)(6.5) are satisfied by Lemmas (6.4.3)(6.4.5)(6.4.6). Now

assume that (6.3)(6.4)(6.5) are satisfied for d ⩾ 3 we would like to show they are satisfied for d+ 1.

Before proceeding, we need some notation. Let a d-dimensional subgrid [(1, 2m), (1, 2m), . . . , (1, 2m)︸ ︷︷ ︸
d

, (i)]

be denoted by B((1, 2m), d, i) and a d-dimensional subgrid [(1,m), (1,m), . . . , (1,m)︸ ︷︷ ︸
d

, (i)] by B((1,m), d, i).

Let us define Ed
i to be the event that (B(1, 2m), d, i) is good.

Let B (a1, a2, · · · , ai−1, ai+1, · · · , aj−1, aj+1, · · · , ad, (1,m)) be the event that at least one of the 4 line

segments

[(a1), (a2) · · · , (ai−1), (m), (ai+1), · · · , (aj−1), (m), (aj+1), · · · , (ad), (1,m)],

[(a1), (a2) · · · , (ai−1), (m), (ai+1), · · · , (aj−1), (m+ 1), (aj+1), · · · , (ad), (1,m)],

[(a1), (a2) · · · , (ai−1), (m+ 1), (ai+1), · · · , (aj−1), (m), (aj+1), · · · , (ad), (1,m)],

or

[(a1), (a2) · · · , (ai−1), (m+ 1), (ai+1), · · · , (aj−1), (m+ 1), (aj+1), · · · , (ad), (1,m)]

is non-empty, where al ∈ {1,m,m+ 1, 2m} for l ∈ [d]\{i, j}.

The event B (a1, a2, · · · , ai−1, ai+1, · · · , aj−1, aj+1, · · · , ad, (m+ 1, 2m)) is defined similarly.
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Let B(σ (a1, a2, · · · , ai−1, ai+1, · · · , aj−1, aj+1, · · · , ad, (1,m))) denote the event that at least one of

the 4 line segments

σ[(a1), (a2) · · · , (ai−1), (m), (ai+1), · · · , (aj−1), (m), (aj+1), · · · , (ad), (1,m)],

σ[(a1), (a2) · · · , (ai−1), (m), (ai+1), · · · , (aj−1), (m+ 1), (aj+1), · · · , (ad), (1,m)],

σ[(a1), (a2) · · · , (ai−1), (m+ 1), (ai+1), · · · , (aj−1), (m), (aj+1), · · · , (ad), (1,m)],

or

σ[(a1), (a2) · · · , (ai−1), (m+ 1), (ai+1), · · · , (aj−1), (m+ 1), (aj+1), · · · , (ad), (1,m)]

is nonempty, where al ∈ {1,m,m+ 1, 2m} for l ∈ [d]\{i, j} and σ ∈ Sd+1.

The event B(σ (a1, a2, · · · , ai−1, ai+1, · · · , aj−1, aj+1, · · · , ad, (m+ 1, 2m))) is defined similarly, where

σ ∈ Sd+1.

Let us define Dσ(1,m) and Dσ(1, 2m) to be

Dσ(1,m) := B(σ (a1, a2, · · · , ai−1, ai+1, · · · , aj−1, aj+1, · · · , ad, (1,m)))

and

Dσ(m+ 1, 2m) := B(σ (a1, a2, · · · , ai−1, ai+1, · · · , aj−1, aj+1, · · · , ad, (m+ 1, 2m))).

Let us define D to be

D := ∩l∈[d+1]\{i,j} ∩al∈{1,m,m+1,2m} ∩σ∈Sd+1

(
Dσ(1,m) ∩Dσ(m+ 1, 2m)

)
.
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Let B′ be defined as

B′ := ∩l∈[d+1]\{i,j} ∩al∈{1,m,m+1,2m} ∩σ∈Sd+1
Dσ(m+ 1, 2m).

Let D (a1, a2, · · · , ai−1, ai+1, · · · , ad,m) be the event that at least one of the 4 line segments

[(a1), (a2) · · · , (ai−1), (1,m), (ai+1), · · · , (ad), (m)],

[(a1), (a2) · · · , (ai−1), (m+ 1, 2m), (ai+1), · · · , (ad), (m)],

[(a1), (a2) · · · , (ai−1), (1,m), (ai+1), · · · , (ad), (m+ 1)],

or

[(a1), (a2) · · · , (ai−1), (m+ 1, 2m), (ai+1), · · · , (ad), (m+ 1)]

is non-empty, where ai ∈ {1, 2m} for i ∈ [d].

The event D(σ(a1, a2, · · · , ai−1, ai+1, · · · , ad,m)) is defined similarly.

Let us define D′ to be

D′ := ∩j∈[d+1]\i] ∩aj∈{1,2m} ∩σ∈Sd+1
D (a1, a2, · · · , ai−1, ai+1, · · · , ad,m)

Let E (a1, a2, · · · , ai−1, ai+1, · · · , ad,m) be an event that one of the 4 segments

[(a1), (a2) · · · , (ai−1), (m), (ai+1), · · · , (ad), (1,m)],

[(a1), (a2) · · · , (ai−1), (m+ 1), (ai+1), · · · , (ad), (1,m)],

[(a1), (a2) · · · , (ai−1), (m), (ai+1), · · · , (ad), (m+ 1, 2m)],
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or

[(a1), (a2) · · · , (ai−1), (m+ 1), (ai+1), · · · , (ad), (m+ 1, 2m)]

is non-empty, where ai ∈ {1, 2m} for i ∈ [d].

The event E (σ(a1, a2, · · · , ai−1, ai+1, · · · , ad,m)) is defined similarly.

Let E(1, 2m) to be defined as

E(1, 2m) := ∩l∈[d+1]\{i} ∩al∈{1,2m} ∩σ∈Sd+1
E (σ(a1, a2, · · · , ai−1, ai+1, · · · , ad,m)) .

Let us first deal with the case where all 2d+1 subcubes are good, where the subcubes are [(a1, a1 +m−

1), (a2, a2 +m− 1), ..., (ad+1, ad+1 +m− 1)] where ai = {1,m+ 1} for i ∈ [d+ 1].

Lemma 6.4.8. The probability that [2m]d is bad along with the occurrence of the event that all subcubes

are good is correlated with double empty line segments of length 2m. More precisely, we have

P((Ed)c ∩Ad) ⩽ C(d)(1− p)4m.

Proof. The idea for the proof is as follows. We will construct some events in the set Bstart such that with

the occurrence of these events and the event Ad+1 then the event Ed+1 occur. Additionally, the probability

of the complement of these events is roughly (1− p)4m.

Assume that all 2d+1 subcubes are good, i.e

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad+1, ad+1 +m− 1)],

where ai = {1,m+ 1} for i ∈ [d+ 1], are good.

After md+1 steps, the only possibly uninfected vertices on B((1, 2m), d, i) for i /∈ {1,m,m + 1, 2m}
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are [(a1), (a2), · · · , (ad), (i)], where aj ∈ {1,m,m+ 1, 2m} for j ∈ [d].

Now consider the possibly uninfected vertices on B((1, 2m), d, i) for i ∈ {1,m,m+1, 2m} after md+1

steps. Note that the vertices on the sides of subgrids

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j)],

where ai ∈ {1,m+ 1} for i ∈ [d] and j ∈ {1,m,m+ 1, 2m}, may have not been infected.

Observe that the vertices in the sides of the subcubes B((1, 2m), d, i) where i ∈ {m,m + 1} do not

belong to the sides of [2m]d+1 except for the vertices of the form

[(a1), (a2), · · · , (ad), (i)],

where aj ∈ {1,m,m+ 1, 2m} for j ∈ [d] and i ∈ {m,m+ 1}.

It turns out that the events D, D′ and E(1, 2m) in Bstart serve our purpose.

With the occurrence of D and Ad+1, after at most md+1 + C(d)m steps, every vertex on the subcube

B((1, 2m), d, i) with i /∈ {1,m,m + 1, 2m} has been infected except for those belonging to the sides of

[2m]d+1 and the vertices in [(a1), (a2), · · · , (ai−1), (m), (ai+1), · · · , (ad), (1, 2m)] and [(a1), (a2), · · · , (ai−1),

(m+ 1), (ai+1), · · · , (ad), (1, 2m)] where aj ∈ {1, 2m} for j ∈ [d].

Now every vertex, except possibly for the vertices on the sides of B((1, 2m), d, i), on subcubes B((1, 2m), d, i)

for i ∈ {1,m,m+ 1, 2m} has exactly one infected neighbor which does not belong to B((1, 2m), d, i) for
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i ∈ {1,m,m+ 1, 2m}. Hence we can use the induction hypothesis and thus we have

P((Ed+1)c ∩Ad+1) ⩽ P((Ed+1)c ∩Ad+1 ∩D ∩ Ed
1 ∩ Ed

m ∩ Ed
m+1 ∩ Ed

2m)

+ P((Ed+1)c ∩Ad+1(∩D ∩ Ed
1 ∩ Ed

m ∩ Ed
m+1 ∩ Ed

2m)c)

⩽ P((Ed+1)c ∩Ad+1 ∩D ∩ Ed
1 ∩ Ed

m ∩ Ed
m+1 ∩ Ed

2m) + 4P((Ed
1)

c) + P(Dc)

⩽ P((Ed+1)c ∩Ad+1 ∩D ∩ Ed
1 ∩ Ed

m ∩ Ed
m+1 ∩ Ed

2m) + C(1− p)4m.

Now we need to handle the term P((Ed+1)c ∩D ∩Ad+1 ∩ Ed
1 ∩ Ed

m ∩ Ed
m+1 ∩ Ed

2m).

It clear that with the occurrence of the events D,Ad+1, Ed
1 , E

d
m, Ed

m+1, E
d
2m and D′, every vertex on

[2m]d+1 has been infected after at most md+1 + C(d)m steps, except for those on the sides of [2m]d+1.

Thus we have

P((Ed+1)c ∩D ∩Ad+1 ∩ Ed
1 ∩ Ed

m ∩ Ed
m+1 ∩ Ed

2m ∩D′ ∩ E(1, 2m)) = 0

Note that

P((D′)c) ⩽ C(d)(1− p)4m,

and

P(E(1, 2m)c) ⩽ C(d)(1− p)4m.

By Fact 6.4.2, we have the desired result.

Now we will move onto the case where there is exactly one bad subcube and we will show the following

lemma.

Lemma 6.4.9. The probability that [2m]d is bad along with the occurrence of the event that there is exactly
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one bad subcube is correlated with double empty line segments of length 2m. More precisely, we have

P((Ed)c ∩Ad
1) ⩽ C(d)md−3(1− p)4m.

Proof. There is exactly one bad subcube, i.e

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad+1, ad+1 +m− 1)],

where ai = {1,m+ 1} for i ∈ [d+ 1] are good except for one.

W.l.o.g, we can assume that the subcube [m]d+1 is bad.

The main idea of the proof is somewhat similar to that in the proof of Lemma 6.4.5. We will construct

an event such that every vertex in B((1, 2m), d, i) has been infected for all i ∈ {m + 2, · · · , 2m − 1}

after at most md+1 + C(d)m steps except for those vertices on the sides of B((1, 2m), d, i) for i ∈ {m +

2, · · · , 2m − 1}. For the uninfected vertices on B((1, 2m), d,m + 1) and B((1, 2m), d, 2m) we can use

induction hypothesis because every vertex in B((1, 2m), d,m + 1) and B((1, 2m), d, 2m) has at least one

infected neighbor which does not belong to B((1, 2m), d,m + 1) and B((1, 2m), d, 2m). The same can

be applied to infecting vertices on B((1, 2m), d, i) for i ∈ [m]. Then we will deal with the rest of the

uninfected vertices that are not in the sides of [2m]d+1

The exact details are presented below.

After md+1 steps let us describe the uninfected vertices on [2m]d+1. Every vertex on B((1, 2m), d, i)

for i ∈ {m+2,m+3, · · · , 2m−1} has been infected except for those of the form [(a1), (a2), · · · , (ad), (i)],

where aj ∈ {1,m,m+ 1, 2m} for j ∈ [d].

For the vertices on B((1, 2m), d, j) where j ∈ {m+ 1, 2m}, all of them have been infected except for
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those on the sides of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j)],

where ai = {1,m+ 1} for i ∈ [d].

For the vertices on B((1, 2m), d, j) where j ∈ {1,m}, the vertices on B((1,m), d, 1)and B((1,m), d,m)

have not been infected. Additionally, the vertices on the edges of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j)],

where ai = {1,m+ 1} for i ∈ [d] have not been infected either.

For the vertices on B((1, 2m), d, j) for j ∈ {2, 3, · · · ,m− 1}, the vertices on B((1,m), d, j) have not

been infected. Additionally, the vertices on the edges of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j)],

where ai = {1,m+ 1} for i ∈ [d] have not been infected either.

With the occurrence of the events Ad+1
1 and B′ then every vertex on B((1, 2m), d, i) for i ∈ {m +

2,m+3, · · · , 2m−1} has been infected after md+1+C(d)m steps. except for those belonging to the sides

of [2m]d+1 and the vertices in [(a1), (a2), · · · , (ai−1), (m), (ai+1), · · · , (ad), (1, 2m)] and [(a1), (a2), · · · ,

(ai−1), (m+ 1), (ai+1), · · · , (ad), (1, 2m)] where aj ∈ {1, 2m} for j ∈ [d].

Now note that every vertex in the subcube B((1, 2m), d,m+ 1) has at least one infected neighbor that

is not on B((1, 2m), d,m+ 1) except for those that are in the sides of B((1, 2m(, d,m+ 1). So does every

158



vertex in the subcube B((1, 2m), d, 2m). Therefore we can use the induction to have

P((Ed
m+1)

c ∩Ad
1) ⩽ C(d)md−3(1− p)4m,

and

P((Ed
2m)c ∩Ad

1) ⩽ C(d)md−3(1− p)4m.

Since every vertex in the subcube B((1, 2m), d,m) has at least one infected neighbor that is not on

B((1, 2m), d,m) except for those that are in the sides of B((1, 2m(, d,m+1), then the induction hypothesis

can be applied and we have

P((Ed
m)c ∩Ad

1) ⩽ C(d)md−3(1− p)4m.

Inductively, every vertex on [(1, 2m), (1, 2m), · · · , (1, 2m), (i)] for i ∈ {1, 2, · · · ,m − 1} has been

infected infected except for those on the edges of B((1, 2m), d, i) for i ∈ {1, 2, · · · ,m − 1} after at most

2md+1 + C(d)m2 steps.

Now we need to deal with the uninfected vertices that are not in the sides of [2m]d+1 after at most

2md+1 + C(d)m2 steps. Let us describe them. For the vertices on B((1, 2m), d, i) for i ∈ {m +

2,m + 3, · · · , 2m − 1}, the remaining uninfected vertices are on the sides of [2m]d+1 and of the form

[(a1), (a2), · · · , (ai−1), (m), (ai+1), · · · , (ad), (i)] and [(a1), (a2), · · · , (ai−1), (m+1), (ai+1), · · · , (ad), (i)]

where aj ∈ {1, 2m} for j ∈ [d].

For the vertices on B((1, 2m), d, j) where j ∈ {m + 1, 2m} ∪ [m], those remaining uninfected ver-

tices are on the sides of B((1, 2m), d, j). More precisely, for the vertices on B((1, 2m), d, j), where

j ∈ {2, 3, · · · ,m−1}, the remaining uninfected vertices are ((1,m), (a2), · · · , (ad), i) where ai = 1 for i ∈

[d]\{1} and of the form [(a1), (a2), · · · , (ai−1), (m), (ai+1), · · · , (ad), (i)] and [(a1), (a2), · · · , (ai−1), (m+

1), (ai+1), · · · , (ad), (i)] where aj ∈ {1, 2m} for j ∈ [d]\{i} and [(a1), (a2), · · · , (ad), (i)] where aj ∈
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{1, 2m} for j ∈ [d].

Let us consider the uninfected vertices on Permd+1[(1, 2m), (1), · · · , (1)︸ ︷︷ ︸
d−1

, (1, 2m)]. W.l.o.g, it is suffi-

cient to consider the uninfected vertices on [(1, 2m), (1), · · · , (1)︸ ︷︷ ︸
d−1

, (1, 2m)].

Let A be event that both line segments [(m+1, 2m), (1), · · · , (1), (m)] and [(m), (1), (1), (m+1, 2m)]

are non-empty. This event is the same as the event D(y = 1) in the proof of Lemma 6.4.5. Therefore, the

further analysis is the same as that in the proof of Lemma 6.4.

The other uninfected vertices can be handled in the same way in Lemma 6.4.8.

Lemma 6.4.10. The probability that [2m]d is bad along with the occurrence of the event that there are

exactly two bad subcubes is correlated with double empty line segments of length 2m. More precisely, we

have

P((Ed)c ∩Ad
2) ⩽ C(d)md−1(1− p)4m−8.

Proof. There are exactly two bad subcubes, i.e

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad+1, ad+1 +m− 1)],

where ai = {1,m+ 1} for i ∈ [d+ 1] are good except for exactly two of them.

Case 1. Assume that two bad subcubes are [m]d+1 and

[(m+ 1, 2m), (1,m), (1,m), · · · , (1,m)︸ ︷︷ ︸
d

].

After md+1 steps let us describe the uninfected vertices on [2m]d+1.

Every vertex on B((1, 2m), d, i) for i ∈ {m+2,m+3, · · · , 2m−1} has been infected except for those

of the form [(a1), (a2), · · · , (ad), (i)], where aj ∈ {1,m,m+ 1, 2m} for j ∈ [d].
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For the vertices on B((1, 2m), d, j), where j ∈ {m+ 1, 2m}, all of them have been infected except for

those on the sides of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j)],

where ai = {1,m+ 1} for i ∈ [d].

For the vertices on B((1, 2m), d, j) where j ∈ {1,m}, the vertices on B((1,m), d, j) and [(m +

1, 2m), (1,m), · · · , (1,m)︸ ︷︷ ︸
d−1

, (j)] have not been infected. Additionally, the vertices on the sides of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j)]

have not been infected, where ai = {1,m+ 1} for i ∈ [d].

For the vertices on B((1, 2m), d, j) for j ∈ {2, 3, · · · ,m−1}, the vertices on B((1,m), d, j) and [(m+

1, 2m), (1,m), · · · , (1,m)︸ ︷︷ ︸
d−1

, (j)] have not been infected. Additionally, the vertices of the form [(a1), (a2), · · · ,

(ad), (j)] have not been infected, where aj ∈ {1,m,m+ 1, 2m} for j ∈ [d].

Now assume that B′ occurs. Then after at most md+1 + C(d)m steps, every vertex on

[(1, 2m), (1, 2m), · · · , (1, 2m)︸ ︷︷ ︸
d

, (j)] for j ∈ {m+2, · · · , 2m−1} has been infected except possibly for those

on the sides of [2m]d+1 and are of the form [(a1, a2, · · · , ai−1,m, ai+1, · · · , ad, j)] and [(a1, a2, · · · , ai−1,m+

1, ai+1, · · · , ad, j)] where ai ∈ {1, 2m} for i ∈ [d].

Therefore, every vertex on B((1, 2m), d, 2m) and B((1, 2m), d,m+1) except for those on the sides of

B((1, 2m), d, 2m) and B((1, 2m), d,m+1) has one infected vertex that do not belong to B((1, 2m), d, 2m)

and B((1, 2m), d,m+ 1). We can use the induction to have that

P((Ed
m+1)

c ∩Ad+1
2 ) ⩽ C(d)(1− p)4m,
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and

P((Ed
2m)c ∩Ad+1

2 ) ⩽ C(d)(1− p)4m.

Similarly, every vertex on the subcube B((1, 2m), d,m) has an infected neighbor in B((1, 2m), d,m+

1) except for those that are in the sides of B((1, 2m), d,m). The induction hypothesis can be applied and

we have

P(Ed
m ∩Ad+1

2 ) ⩽ C(d)md−1(1− p)4m−8.

Similarly, then every vertex on the subcube B((1, 2m), d,m−1) has an infected neighbor in B((1, 2m), d,m)

except for those that are in the sides of B((1, 2m), d,m− 1). The induction hypothesis can be applied and

we have

P(Ed
m−1 ∩Ad+1

2 ) ⩽ C(d)md−1(1− p)4m−8.

Inductively, we have for i ∈ [m]

P(Ed
i ∩Ad+1

2 ) ⩽ C(d)md−1(1− p)4m−8.

Let us describe the possibly uninfected vertices after 2md+1 + C(d)m2 steps.

The vertices on B((1, 2m), d, 1) and B((1, 2m), d, 2m) have been infected except for those on the edges

of [2m]d+1.

The vertices on B((1, 2m), d, j) where j ∈ {2, 3, · · · ,m,m + 1} have been infected except for those

that are of the form

[(a1), (a2), · · · , (ai−1), (1, 2m), (ai+1), · · · , (ad), (j)],
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where ai = 1 for i ∈ [d], and of the form

[(a1), (a2), · · · , (ai−1), (m), (ai+1), · · · , (ad), (j)],

[(a1), (a2), · · · , (ai−1), (m+ 1), (ai+1), · · · , (ad), (j)],

where ai ∈ {1, 2m} for i ∈ [d].

The vertices on B((1, 2m), d, j) where j ∈ {m+2,m+3, · · · , 2m− 1} have been infected except for

those of the form

[(a1), (a2), · · · , (ai−1), (m), (ai+1), · · · , (ad), (j)]

and

[(a1), (a2), · · · , (ai−1), (m+ 1), (ai+1), · · · , (ad), (j)],

where ai ∈ {1, 2m} for i ∈ [d] and j ∈ {m+ 2,m+ 3, · · · , 2m− 1}.

Let us consider the uninfected vertices on Permd+1[(1, 2m), (1), · · · , (1)︸ ︷︷ ︸
d−1

, (1, 2m)]. Due to symmetry

we only need to analyze the uninfected vertices on [(1, 2m), (1), · · · , (1)︸ ︷︷ ︸
d−1

, (1, 2m)]. The analysis is in the

same fashion of that in the proof of Lemma 6.4.6, specifically in the case where two bad cubes are adjacent.

The other uninfected vertices can be handled in the same way as Lemma 6.4.8.

Case 2. Assume that two bad subcubes are [m]d+1 and [(m+ 1, 2m), (m+ 1, 2m), · · · , (m+ 1, 2m)︸ ︷︷ ︸
d+1

].

Let us describe the uninfected vertices after md+1 steps.

Every vertex on B((1, 2m), d, i) for i ∈ {m+2,m+3, · · · , 2m−1} has been infected except for those

on [(m + 1, 2m), (m + 1, 2m), · · · , (m + 1, 2m), (i)] and of the form [(a1), (a2), · · · , (ad), (i)], where

aj ∈ {1,m,m+ 1, 2m} for j ∈ [d].

For the vertices on [(1, 2m), (1, 2m), · · · , (1, 2m), (j)], where j ∈ {m+ 1, 2m}, all of them have been
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infected except for those on [(m+ 1, 2m), (m+ 1, 2m), · · · , (m+ 1, 2m), (j)] and the sides of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j)],

where ai = {1,m+ 1} for i ∈ [d].

For the vertices on B((1, 2m), d, j
′
) where j

′ ∈ {1,m}, the vertices on B((1,m), d, j
′
) have not been

infected. Additionally, the vertices on the sides of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j
′
)],

where ai = {1,m+ 1} for i ∈ [d] have not been infected.

For the vertices on B((1, 2m), d, j
′′
) for j

′′ ∈ {2, 3, · · · ,m − 1}, the vertices on B((1,m), d, j
′′
)

have not been infected. Additionally, the vertices of the form [(a1), (a2), · · · , (ad), (j
′′
)], where aj ∈

{1,m,m+ 1, 2m} for j ∈ [d], have not been infected.

Assume that the event D happens and then let us describe the uninfected vertices after md+1 + C(d)m

steps.

Every vertex on B((1, 2m), d, i) for i ∈ {m + 2,m + 3, · · · , 2m − 1} has been infected except for

those of the form [(a1), (a2), · · · , (ad), (i)], where aj ∈ {1, 2m} for j ∈ [d]. Additionally, the vertices on

[(a1), (a2), · · · , aj−1, (1,m), aj+1, · · · , (ad), (i)] for i ∈ {m+2,m+3, · · · , 2m− 1} where aj = 2m for

j ∈ [d], have not been infected.

For the vertices on B((1, 2m), d, j), where j ∈ {m+ 1, 2m}, all of them have been infected except for

those on the sides of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j)],
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where ai = {1,m+ 1} for i ∈ [d].

For the vertices on B((1, 2m), d, j
′
)where j

′ ∈ {1,m}, the vertices on [(1,m), (1,m), · · · , (1,m), (j
′
)]

have not been infected. Additionally, the vertices on the sides of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j
′
)],

where ai = {1,m+ 1} for i ∈ [d] have not been infected.

For the vertices on B((1, 2m), d, j
′′
) for j

′′ ∈ {2, 3, · · · ,m−1}, the vertices of the form [(a1), (a2), · · · ,

(ad), (j
′′
)], where aj ∈ {1, 2m} for j

′′ ∈ [d]. Additionally, the vertices on [(a1), (a2), · · · , aj−1, (1,m), aj+1

· · · , (ad), (i)] for i ∈ {m+ 2,m+ 3, · · · , 2m− 1} where aj = 1, have not been infected.

Then we can apply exactly the same method from the case where there is only one bad subcube to handle

the rest of the uninfected vertices.

Case 3. Assume that the two bad subcubes are [m]d+1 and

[(m+ 1, 2m), (m+ 1, 2m), · · · , (m+ 1, 2m)︸ ︷︷ ︸
l

, (1,m), (1,m), · · · , (1,m),︸ ︷︷ ︸
d−l

(1,m)],

where 2 ⩽ l ⩽ d.

Then let us describe the uninfected vertices after md+1 steps.

Every vertex on B((1, 2m), d, i) for i ∈ {m+2,m+3, · · · , 2m−1} has been infected except for those

of the form [(a1), (a2), · · · , (ad), (i)], where aj ∈ {1,m,m+ 1, 2m} for j ∈ [d].

For the vertices on B((1, 2m), d, j), where j ∈ {m+ 1, 2m}, all of them have been infected except for

those on the sides of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j)]
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where ai = {1,m+ 1} for i ∈ [d].

For the vertices on B((1, 2m), d, j
′
) where j

′ ∈ {1,m}, the vertices on B((1,m), d, j
′
) and

[(m+ 1, 2m), (m+ 1, 2m), · · · , (m+ 1, 2m)︸ ︷︷ ︸
l

, (1,m), (1,m), · · · , (1,m),︸ ︷︷ ︸
d−l

(j
′
)]

have not been infected. Additionally, the vertices on the sides of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j
′
)]

where ai = {1,m+ 1} for i ∈ [d] have not been infected.

For the vertices on B((1, 2m), d, j
′′
) for j

′′ ∈ {2, 3, · · · ,m− 1}, the vertices on B((1,m), d, j
′′
) and

[(m+ 1, 2m), (m+ 1, 2m), · · · , (m+ 1, 2m)︸ ︷︷ ︸
l

, (1,m), (1,m), · · · , (1,m),︸ ︷︷ ︸
d−l

(j
′′
)]

have not been infected. Additionally, the vertices of the form [(a1), (a2), · · · , (ad), (j
′′
)], where aj ∈

{1,m,m+ 1, 2m} for j ∈ [d], have not been infected.

Now assume that the event D′ occurs. Then let us describe the uninfected vertices after md+1 +C(d)m

steps.

Every vertex on B((1, 2m), d, i) for i ∈ {m+2,m+3, · · · , 2m−1} has been infected except for those

of the form [(a1), (a2), · · · , (ad), (i)], where aj ∈ {1, 2m} for j ∈ [d].

For the vertices on B((1, 2m), d, j), where j ∈ {m+ 1, 2m}, all of them have been infected except for

those on the sides of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j)],
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where ai = {1,m+ 1} for i ∈ [d].

For the vertices on B((1, 2m), d, j
′
) where j

′ ∈ {1,m}, the vertices on [(1,m), (1,m), · · · , (1,m), (j
′
)]

and

[(m+ 1, 2m), (m+ 1, 2m), · · · , (m+ 1, 2m)︸ ︷︷ ︸
l

, (1,m), (1,m), · · · , (1,m),︸ ︷︷ ︸
d−l

(j
′
)]

have not been infected. Additionally, the vertices on the edges of

[(a1, a1 +m− 1), (a2, a2 +m− 1), ..., (ad, ad +m− 1), (j
′
)],

where ai = {1,m+ 1} for i ∈ [d] have not been infected.

For the vertices on B((1, 2m), d, j
′′
) for j

′′ ∈ {2, 3, · · · ,m− 1}, the vertices on B((1,m), d, j
′′
) and

[(m+ 1, 2m), (m+ 1, 2m), · · · , (m+ 1, 2m)︸ ︷︷ ︸
l

, (1,m), (1,m), · · · , (1,m),︸ ︷︷ ︸
d−l

(j
′′
)]

have not been infected. Additionally, the vertices of the form [(a1), (a2), · · · , (ad), (j
′′
)], where aj ∈

{1,m,m+ 1, 2m} for j ∈ [d], have not been infected.

Note that after md+1 + C(d)m steps, every vertex on B((1, 2m), d, j) where j ∈ {m+ 1, 2m} except

for those on the sides of B((1, 2m), d, j) where j ∈ {m+1, 2m} has one infected neighbor which does not

belong to B((1, 2m), d, j) where j ∈ {m+ 1, 2m}. Thus we can use the induction hypothesis to deal with

the uninfected vertices that do not belong to the sides of B((1, 2m), d, j) where j ∈ {m+ 1, 2m}.

Similarly for the uninfected vertices on B((1, 2m), d, j) where j ∈ [m] we can use the induction hypoth-

esis to deal with the uninfected vertices that do not belong to the sides of B((1, 2m), d, j) where j ∈ [m].

For the rest of the uninfected vertices, we can use the same approach from the case where there is only

one bad subcube to handle.

Now we will use the inequality derived in Lemma 6.4.7 to derive an important property of the grid size
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L, which states that the probability percolation fails to happen in a grid [L]d correlates to the probability of

the existence of an empty double line segments of length L.

Before stating the following lemma, we need to define a quantity K = K(p) which will be used multiple

times from now on in this section. Define

K(p) :=


exp(d−1)(2λp ) if p ⩽ p0,

exp(d−1)(2λp0 ) if p ⩾ p0,

where expl(·) denotes iterating the exponential function l times and p0 will be defined later.

Lemma 6.4.11. If L ⩾ 16K3
(
log 1

1−p

)2 (
1

log 1
δ

)2
, then the probability ηL that a grid [L]d is bad satisfies

ηL ⩽ B(d)Ld−1(1− p)2L−8,

where B(d) > 0, and δ ⩽ 1
C(d) .

Proof. We will make use of Theorem 6.4.1. Since pc([n]
d, r = d) = λ(1+o(1))

log(d−1) n
, by taking p0 small enough,

we have

R([K]d, r = d, p) = 1− o(1),

where R([K]d, d, p) is the probability that every vertex on [K]d will be infected by the percolation process

with the infection threshold r = d if each vertex is initially infected with probability p.

Therefore, let δ > 0 and we have

ηK ⩽ δ.

From Lemma 6.4.7, we have

η2m ⩽ C(d)η3m +B(d)md−1(1− p)4m−8,
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and thus

η2m ⩽ 2max{C(d)η3m, B(d)md−1(1− p)4m−8}

We will use C and B to denote C(d) and B(d) respectively in the proof.

Note that if

Cη3m ⩽ Bmd−1(1− p)4m−8, (6.6)

then we have

η2m ⩽ Bmd−1(1− p)4m−8,

and thus the desired result.

From the recursive relation η2m ⩽ Cη3m with the initial condition ηK ⩽ δ, we have

η2rK ⩽ C
3r−1

2 δ3
r
.

In order to satisfy (6.6) it suffices to have

C
3r−1

2 δ3
r
⩽ B(2r−1K)d−1(1− p)4×2r−1K−8,

which is equivalent to

3r − 1

2
logC − 3r log

1

δ
⩽ logB + (d− 1) log(2r−1K)− 2r+1K log

1

1− p
. (6.7)

Assume δ ⩽ 1
C by taking p0 small enough. Then it is easy to see that as long as

3r

2
log

1

δ
⩾ 2r+1K log

1

1− p
,
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is satisfied, (6.7) is satisfied.

Therefore, we have

3r

2r
⩾ 4K

(
log

1

1− p

)(
1

log 1
δ

)
,

which is equivalent to

(
3

2

)r log 3
2
2

K ⩾ K

(
4K

(
log

1

1− p

)(
1

log 1
δ

))log 3
2
2

.

Thus if L ⩾ K
(
4K

(
log 1

1−p

)(
1

log 1
δ

))log 3
2
2
, then

ηL ⩽ BLd−1(1− p)2L−8.

Now fix L = 16K3
(
log 1

1−p

)2 (
1

log 1
δ

)2
.

Let us provide some explanations before stating and proving the following lemma. We would like to

estimate the probability that a particular vertex, say the origin, is uninfected at time t. We show that this

particular probability is roughly the same as the probability of having an empty line segment of length t

starting on the origin. As mentioned in the introduction, the existence of an initially uninfected [2t + 1] ×

[2]d−1 rectangle ”near” the origin implies that the origin will not be infected at time t. Thus the following

lemma is essentially saying that the probability from other configurations that also prevent the origin from

being infected at time t is negligibly small.

Lemma 6.4.12. Let t be an integer and t′ = Ld. Every vertex of [n]d is initially infected with probability p

independent of any other vertex. Then

P(the origin is uninfected at time t) ⩽ C(d)
(1− p)t−t′

p
.
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Proof. Let us introduce some notation before proceeding. Let [(a)k, (b)l] := [(a), · · · , (a)︸ ︷︷ ︸
k

, (b), · · · , (b)︸ ︷︷ ︸
l

].

Suppose that the origin is uninfected at time t. Then at least one of the vertices among [(1), (0)d−1],

[(0), (1), (0)d−2] ,· · · , and [(0)d−1, (1)] has to be uninfected at time t− 1 since the origin has 2d neighbors

and the infection threshold d. Without loss of generality if [(1), (0)d−1] is uninfected at time t− 1 then one

of the vertices among [(2), (0)d−1] , [(1), (1), (0)d−2] ,· · · , and [(1), (0)d−2, (1)] } has to be uninfected at

time t− 2 by the same reason. It is easy to see that there has to exist a path starting at the origin and moving

along only in the directions of the standard basis vectors e1, e2, · · · , ed of initially uninfected vertices of

length t.

Therefore, there exists a path y1, y2, · · · , yt−t′ , starting at the origin, of initially uninfected vertices of

length t−t′ at time t′. Let M > 0 be the maximal such that at least two coordinates of yt−t′−M are non-zero.

By definition if M = 0, then the path y1, y2, · · · , yt−t′ starts at the origin and keeps going straight along

the standard basis vector e1, e2,..., or ed. We will show that the most likely way to guarantee the origin to

be uninfected at time t is to have the path y1, y2, · · · , yt−t′ starting at the origin and parallel to the standard

basis vector e1, e2, · · · , or ed which corresponds to M = 0. This corresponds to the heuristic that the

minimal configuration of uninfected vertices for the origin being uninfected at time t is the most likely way

to guarantee the origin to be uninfected at time t.

The path yt−t′−M , · · · , yt−t′ intersects an L-path which consists of disjoint cubes D1, D2, ..., Dl of size

[L]d with D1 = [(y1t−t′−M , y1t−t′−M +L−1), (y2t−t′−M , y2t−t′−M +L−1), ..., (ydt−t′−M,, y
d
t−t′−M +L−1)]

where yt−t′−M = (y1t−t′−M , y2t−t′−M , · · · , ydt−t′−M ). It is easy to see that M
L − 2 ⩽ l ⩽ M

L .

The cubes D1, D2, ..., Dl are either semi-good or bad since at time t′ = Ld, y1, ...yt−t′ are uninfected.

Let F2(i, j) denote the event that the cubes Di, · · · , Dj are semi-good, and that there exists a path

yk, · · · , yh of uninfected vertices at time t′, which is entirely contained in the sides of these cubes. The
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initial vertex yk lies in one of the following sets:

[(a1, a1 + L− 1), (a2), . . . , (ad)], [(a1), (a2, a2 + L− 1), . . . , (ad)], . . . ,

or [(a1), (a2), . . . , (ad−1), (ad, ad + L− 1)],

where

Di = [(a1, a1 + L− 1), (a2, a2 + L− 1), . . . , (ad, ad + L− 1)].

Similarly, the final vertex yh lies in one of the following sets:

[(b1 − (L− 1), b1), (b2), . . . , (bd)], [(b1), (b2 − (L− 1), b2), . . . , (bd)], . . .

or [(b1), (b2), . . . , (bd−1), (bd − (L− 1), bd)],

where

Dj = [(b1 − (L− 1), b1), (b2 − (L− 1), b2), . . . , (bd − (L− 1), bd)].

If a path of uninfected vertices goes through one side [(a1, a1 + l − 1), (a2), ..., (ad)] of a cube of

size [L]d at time t′ and the interior of this cube has been infected at time t′, then the sides [(a1, a1 + l −

1), (a2), (a3), ..., (ad)], [(a1, a1+ l−1), (a2+1), (a3), ..., (ad)],...,[(a1, a1+ l−1), (a2), (a3), ..., (ad+1)]

will have to be uninfected. Since the interior of this cube has been infected by time t′ every vertex on the

sides has d− 1 infected neighbors by the time t′.

We need to give a definition before proceeding. Given a cube D = [(a1, b1), (a2, b2), · · · , (ad, bd)]

where bi − ai = m − 1 for i ∈ [d], let a buffer of D for the side [(a1), (a2, b2), (a3), · · · , (ad)] be the

[2]× [m−2]× [1] · · · × [1]︸ ︷︷ ︸
d−2

rectangle [(a1−1, a1), (a2+1, b2−1), (a3), · · · , (ad)]. Define the set of buffers
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of D for the side [(a1), (a2, b2), (a3), · · · , (ad)] to be the set

{[(a1 − 1, a1), (a2 + 1, b2 − 1), (a3), · · · , (ad)],

[(a1), (a2 + 1, b2 − 1), (a3 − 1, a3), · · · , (ad)],

· · ·

[(a1), (a2 + 1, b2 − 1), (a3), · · · , (ad − 1, ad)]}.

The set of buffer for the other sides of D is defined similarly. Let B be the set of buffers of Di, · · · , Di+r−1.

Now suppose that there is a consecutive r semi-good cubes Di, ..., Di+r−1 so that the event F2(i, i +

r − 1) happens. Since the interior of the cubes Di, ..., Di+r−1 have been infected at time t′, the existence

of a path of uninfected vertices along the standard basis vectors e1, e2, · · · , ed going along the sides of

Di, · · · , Di+r−1 implies that at least r − 1 of the buffers in B are uninfected. Since each buffer is a set of

d(L− 2) vertices, we have

P(F2(i, i+ r − 1)) ⩽ dr−1(1− p)d(r−1)(L−2),

If r = 1, we have

P(F2(i, i)) ⩽
2dd

2
(1− p)L.

Indeed since Di is semi-good at least one of its sides is initially uninfected.

Let F1(i, j) denote the event that the cubes Di, ...Dj are bad. From Lemma 6.4.11, we have

P(F1(i, i+ r − 1)) ⩽ (BLd(1− p)−8)r(1− p)2Lr.

There exists a finite sequence 0 = b1 < s1 < b2 < s2 < b3 < ..., where the last term is l, such that the
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event

F = F1(b1, s1 − 1) ∩ F2(s1, b2 − 1) ∩ F1(b2, s2 − 1) ∩ F2(s2, b3 − 1) ∩ ...

happens. Assume that the last term of the sequence is l = bu+1 − 1. Let v be the number of i such that

bi+1 − 1 = si, i.e, v is the number of times that there are three consecutive cubes in the sequence D1, ..., Dl

that are of the form bad, semi-good, bad. We have

P(F ) =
u∏

i=1

P (F1(bi, si − 1) ∩ F2(si, bi+1 − 1))

⩽ (2d−1d)v(1− p)Lv
u∏

i=1

g(p)si−bi(1− p)2L(si−bi)dbi+1−si−1(1− p)d(L−2)(bi+1−si−1)

⩽ (2d−1d)v(1− p)Lv
u∏

i=1

g(p)si−bi(1− p)2L(si−bi)dbi+1−si−1(1− p)2(L−2)(bi+1−si−1)

⩽ (2d−1d2g(p))l(1− p)(L−2)(2l−2u+v),

where g(p) = BLd(1− p)−8.

Moreover, we have 2v+3(u− v) ⩽ l by partitioning sequences of consecutive semi-good cubes of size

[L]d into those of length 1 and those of length greater than 1. Thus we have 2u− v ⩽ 2l
3 . Therefore,

P(F ) ⩽ (2d−1d2g(p))l(1− p)
4(L−2)l

3 .

For a given l, there are dl choices of the path along along the standard basis vector e1, e2,..., or ed of

cubes of size [L]d and 2l ways of choosing whether each cube is good or bad. Therefore, if we let H be an

event that there exists a path along e1, e2,...,or ed direction of length M starting from a given vertex, then

we have

P(H) ⩽ (2dd3g(p))
M
L (1− p)

4M(1− 2
L

)

3 ⩽ (2dd3g(p))
M
L (1− p)1.3M .
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Therefore, with G being an event that the origin is uninfected at time t, we have

P(G) ⩽ d
t−t′∑
M=0

(1− p)t−t′−M (2dd3g(p))
M
L (1− p)1.3M (6.8)

⩽
C(1− p)t−t′

1− (1− p)0.2
(6.9)

⩽
C(1− p)t−t′

p
. (6.10)

The inequality 6.10 is true since (2dd3g(p))
1
L (1 − p)0.3 ⩽ (1 − p)0.2 and p0 can be made sufficiently

small.

Now we are ready to prove the upper bound for the percolation time.

Proof. Let t′ = Ld and H ′ be an event that there exists a vertex in [n]d which is uninfected at time t. We

have

P(T ⩾ t) = P(H ′)

⩽ nd (1− p)t−t′

p

⩽ exp

(
d log n+ log

1

p
− (t− t′) log

1

1− p

)
= o(1),

if d logn

log 1
1−p

⩽ t− t′.

Therefore, with high probability

T ⩽ C
log n

log 1
1−p

,

since t′ = o

(
logn

log 1
1−p

)
.

Thus the upper bound is proved.
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6.5 OPEN PROBLEMS

In this paper we have extended one of the two main theorems in [5] to the higher dimensional case when the

initial infection probability p(n) is large and the infection threshold r = d. There are a few questions that

can be further investigated.

1. Question 1: What is the distribution of the percolation time T on [n]d if λ
logd−1 n

⩽ p(n) ⩽ C
logd(n)

and r = d?

In [5], this question was addressed for the case d = 2 and r = 2. The main difficulty in adapting

the ideas from [5] to higher dimensions lies in the fact that the percolation process behaves quite

differently when d = r ⩾ 3 compared to the two-dimensional case. For d = r = 2, the results in [5]

rely heavily on the so-called rectangular process. In higher dimensions, however, it is unclear how to

generalize this notion, and indeed, all existing results on the critical probability rely on induction on

the dimension d. Nevertheless, to analyze the percolation time in higher dimensions, this inductive

approach appears to be insufficient.

2. Question 2: What is the distribution of the percolation time T on [n]d if r < d and p(n) ⩾ λ
logd(n)

?

This question remains largely open, and very little is known except in the case where the initially

infected set is very dense, i.e., when p(n) is close to 1, as studied in [18] and [19]. The first nontrivial

case arises when d = 3 and r = 2.
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Chapter 7

CONCLUSION AND FUTURE
RESEARCH

In this thesis, we studied bootstrap percolation, motivated by its application to erasure correction in graph-

based codes. In particular, we extended existing results about the critical probability of bootstrap percolation

on the binary hypercube to the generalized hypercube, and investigated the behavior of the critical proba-

bility under varying infection thresholds. We also characterized the percolation time on the torus with high

probability. Additionally, we determined the maximum percolation time on the q-ary hypercube. Some

open questions related to our results have been listed in the end of Ch. 3 (Sec. 3.5), Ch. 4 (Sec. 4.5), Ch. 5

(Sec. 5.4), and Ch. 6 (Sec. 6.5), which can be explored in future research.

In addition to the open questions discussed in the previous chapters, another promising direction for

further research is the study of graphs with strong expansion properties. The work of Balogh, Bollobas,

and Morris [11] provided valuable insights by deriving the first-order term of the critical probability for the

majority bootstrap percolation process on a class of regular graphs. While the conditions for that specific

class of graphs were strong, their findings suggest the possibility of deriving the critical probability for the

process on other classes of regular graphs as well. One such conjecture, proposed by Holmgren, Juskevicius,

and Kettle [37], pertains to d-regular graphs on n vertices where d = log n and possessing strong expan-

sion properties. The conjecture states that the critical probability for these graphs satisfies the following
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expression:

pc =
1

2
− 1

2

√
log d

d
+ o

(√
log d

d

)
.

Formulating this conjecture more precisely and subsequently proving it would be of significant interest.
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