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Distributed storage systems are designed to have the capability to recover the contents of failed nodes
by accessing the contents of other functional nodes in the storage cluster. To achieve this property in storage
systems, engineers have focused considerable effort on developing codes that enable local recovery. An
encoding method is said to have locality r if the contents of a storage node can be reconstructed by accessing
r other nodes in the storage cluster. An additional constraint faced by the designer is accounting for the
underlying topology of the system that may affect the functioning of the recovery method. In this research,
we study certain aspects of storage systems with graphical structure, modeling them as storage codes on
graphs. A storage code is an assignment of bits to the vertices of a graph with the property that every vertex
can recover its value from its neighbors.

Specializing the problem further, we assume that several vertices in the graph represent failed storage
nodes, and the task of code construction is to support their recovery. Suppose that every vertex is erased
with some probability p independently from the other vertices, and that the recovery proceeds in rounds,
whereby the vertices with more than 7 functional neighbors are assumed to be able to recover themselves.
As the number of erased vertices decreases, additional vertices may be able to restore their values until all
the erasures are corrected. In graph-theoretic terms this procedure is known as bootstrap percolation with

infection threshold 7 (it is often called infection spread in graphs).



The research presented in this thesis extends earlier works on bootstrap percolation. We determine
asymptotics of the critical probability p. of bootstrap percolation on the binary n-dimensional hypercube,
solving for several regimes of dependence of r on the dimension n. We also determine the maximum time
to erasure recovery (the maximum percolation time) on the g-ary hypercube graph. Extending the classical
setting, we modify the hypercube graph to expand the neighborhood to allow vertices at distance 2 or more,

and compute the asymptotics of critical probability and obtain other similar asymptotic results.
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Chapter 1

INTRODUCTION

Distributed storage systems have been extensively utilized in various fields such as cloud computing, big
data processing, and scientific computing, among others. Given their ability to handle large volumes of data
across multiple nodes in a distributed environment, it is imperative to design robust distributed storage sys-
tems capable of efficient information storage and recovery. One commonly employed model for distributed
storage systems has the ability to locally recover from a single node failure, or even withstand multiple node
failures simultaneously. In practical terms, the most frequent error event in a distributed storage system is
the failure of a single node. When such a failure occurs, the objective is to reconstruct the content of the
failed node from the remaining properly functioning nodes, minimizing the number of nodes involved in
the recovery process. In order to handle this challenge, the study of codes with locality for was initiated
by Gopalan et al. [32]. We say that the ith coordinate of a codeword c in a code C has locality r if ¢; can
be recovered from {c;};cg where |S| = r and S C [n\i]. However, this model does not account for the
underlying topology of a distributed system and in practice that aspect has to be dealt with. Motivated by
this consideration and also by earlier works by Alon et al. [3], Mazumdar [40] [41] and Shanmugam and
Dimakis [45] introduced the concept of storage codes for graphs around 2014.

Let us formally define storage codes for a graph G. Given a connected graph G(V, F) with |V| = N,
denote by N'(v) = {u : (u,v) € E} the set of neighbors of the vertex v on G. A storage code for G is

a set C of vectors ¢ = (Cy)pey € Fév such that for every ¢ € C and v € V the value of c, is uniquely



determined by the values of ¢,, with w € N (v). More precisely, for every vertex v € V there is a function
fo: Fy(v) — [y such that for every ¢ € C and every v € V we have ¢, = f,((Cw)wenr(v))- The definition
of storage codes implies the ability to recover an erased coordinate of a codeword from its neighborhood.
This highlights the primary distinction between codes with locality and storage codes for graphs. While
codes with locality can correct an erased coordinate of a codeword using the values of other coordinates
(repair group), aiming to minimize the size of the repair group, storage codes for a graph G impose an
additional constraint on the repair group for each coordinate of a codeword. In other words, the repair group
for each coordinate of a codeword consists of its neighbors as defined by the underlying graph.

While the most probable error event is the failure of a single node, it is also possible to encounter multiple
node failures. From an erasure correction perspective, a single node failure corresponds to correcting a single
erasure, while multiple node failures correspond to correcting multiple erasures. Moreover, the problem
of correcting multiple erasures naturally extends the problem of single-erasure correction. Building upon
this concept, Mazumdar [41] introduced the problem of correcting multiple erasures. In this discussion,
our focus will be on codes constructed from the edge-vertex construction, defined below, using a d-regular
underlying graph G. Various known constructions of storage codes for a given graph G can be found in [20],
[44], [4], and some of these constructions, including the matching construction, edge-vertex construction,
clique-vertex construction, and fractional clique cover, were mentioned in [15].

Now we will describe the edge-vertex construction for a d-regular graph G(V, E') with N vertices, as
introduced in [20] and [24]. Consider the space (IFq)|E | of vectors indexed by the edges of G. Next, we map

. d\N ~ TN
this space onto (Fg)™ = i

by assigning to each vertex v a d-vector formed by the symbols written on

the edges incident to it. Equivalently, the code C(G) = ¢,,v € V is obtained as the image of the following

mapping:

Fift— FD,

(ze)eer = (cv)vev, Where ¢, = (me)eea(v)-
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Here, O(v) represents the edge neighborhood of v in G. According to this definition, for a given v € V, ¢,
from C(G) is an element in IFfZl , or it can be viewed as a d-vector over I, obtained from the values placed on
the edges incident to v € V. Now, it is required for C(G) to be able to correct multiple erasures. In other
words, for every v € V and every ¢ € C(G), ¢, can be recovered from ¢/, where v' € N (v), as long as at
most ¢ of them are erased. One way to achieve this is by enforcing the symbols on the edges incident to each
vertex v € V' to belong to a linear code D of length d over ;. Additionally, we require the linear code D to
be capable of correcting ¢ erasures. This defines a linear code C(D, GG) that enables each vertex to recover
its value from d — t or more non-erased neighbors.

The problem of correcting multiple erasures in a deterministic manner using storage codes for a given
graph GG appears interesting. However, it is also worthwhile to explore the same problem in a random setting,
as formulated by [15]. Let’s consider the edge-vertex construction with a local code capable of correcting ¢
erasures. Under this setting, each vertex is independently and randomly erased with a probability p, resulting
in a set of erased vertices. It is important to note that erased vertices can be recovered iteratively until all of
them are corrected. In other words, a vertex is not erased with a probability p = 1 — p, which is independent
of any other vertices, and an erased vertex can recover its value if it has at least d — ¢ non-erased neighbors.
Barg and Zémor [15] established a connection between correcting multiple erasures using storage codes for
a graph G and bootstrap percolation on the same graph G.

The process of r-neighbor bootstrap percolation on an undirected graph G(V, E), with an integer r > 1,
was introduced by Chalupa, Leith, and Reich [23]. In this process, each vertex is either infected or healthy,
and once a vertex becomes infected, it remains infected forever. Initially, a set of vertices Ay is infected, and
let A; denote the set of infected vertices up to step 7. The bootstrap percolation process evolves in discrete

steps as follows: for i > 0,

A=A 1 U{veV:|Nw)nAi_1| = r},



where N (v) represents the neighborhood of vertex v. In simple terms, a vertex that is not initially infected
becomes infected at step ¢ if it has at least r infected neighbors at step ¢ — 1. Here, we define r as the
infection threshold for all v € V' and a contagious set as a set of initially infected vertices that leads to the
complete infection of the entire graph. Percolation occurs if all vertices have been infected by the end of
the process. In random bootstrap percolation, each vertex is independently and randomly infected at the
beginning with a probability p. The central question in the problem of random bootstrap percolation is to

determine the critical probability, denoted as p.(G,r):

pe(G, 1) = sup {p € (0,1) : P,(A percolates on G) <

N | =
H,_/

where A represents the set of initially infected vertices.

Indeed, the erasure correction process in the random setting can be seen as equivalent to random boot-
strap percolation on a graph G, just described in different terms. In our context, percolation occurs when all
erased vertices have been corrected through the iterative process. The critical probability can be defined as

follows:

3

N

pe(G,d —t) = sup { p € (0,1) : P,(all erased vertices are corrected by the iterative process) <

Bootstrap percolation in the deterministic setting has attracted considerable attention, as evident in works
such as [25] and [30]. In the deterministic setting, two main questions have been investigated. The first
question focuses on finding the minimum number of initially infected vertices required for the entire graph
to eventually become infected. The second question involves determining the maximum number of steps
needed for percolation to occur, considering all possible contagious sets.

Rephrasing bootstrap percolation in the deterministic setting for the erasure correction process, one

question is to determine the minimum size of the non-erased vertex set required to ensure the correction of all



erased vertices in the end. This corresponds to finding the smallest set of non-erased vertices that guarantees
complete correction. The second question relates to determining the maximum correction time, which
refers to the maximum number of steps required to correct all erased vertices. This involves considering all
choices of initially non-erased vertices, ensuring that the chosen set guarantees the eventual full correction
of all erased vertices. By addressing these questions in this specific context, we can gain insights into the
minimum requirements for complete erasure correction and the maximum time needed for the correction
process across different choices of non-erased vertices.

Mathematically, the grid and the hypercube are fundamental structures that arise in a wide range of
areas in mathematics, such as combinatorics, graph theory, and theoretical computer science, due to their
rich structural properties, inherent symmetries, and recursive definitions. In terms of practical applications,
grid and hypercube topologies serve as main network architectures in computer networking and data storage
systems, where they are employed to facilitate efficient data routing and communication among multiple
processing units or computers [1].

Motivated by the mathematical importance and applications for the storage systems, we study the pro-
cess of bootstrap percolation on the hypercube, the hypercube with the extended neighborhood, and the
discrete torus. More precisely, under the probabilistic setting, we study the critical probability for the n-
dimensional hypercube when the infection threshold is of the form n® where 0 < a < 1 and for the
n-dimensional hypercube with extended neighbors when the infection threshold is half of the degree of a
vertex. Additionally, we study the percolation time on the d-dimensional torus under the probabilistic set-
ting. Under the deterministic setting, we derive the maximum percolation time on the n-dimensional g-ary
hypercube. These results can help us estimate approximately how long it will take for the system to recover
from multiple node failures, and how many node failures the system can tolerate while still being able to

support data recovery. The results of this thesis appear in preprints [46—49], submitted for publication.



Chapter 2

EXISTING RESULTS AND OUR
CONTRIBUTIONS

2.1 EXISTING RESULTS

For bootstrap percolation under the random setting, Aizenman and Lebowitz [2] demonstrated that when
the process occurs within a finite box {1,2,...,n}¢, the critical probability scales as ©((log(n))*~%) with
d > r = 2. In their work [7], Balogh and Bollobas established the sharp phase transition for bootstrap
percolation on a d-dimensional box, building upon the results from [31]. Notably, Holroyd [27] achieved
a significant breakthrough by identifying the precise threshold for d = r = 2. Subsequent advancements
were made by Gravner and Holroyd [33] as well as Hartarsky and Morris [36], who determined the scaling

of the second-order term,
T e
18logn  (log n)% .

pe([n)?,2)

For the case where d = r = 3, Cerf and Cirillo [22] established that the critical probability scales as
© (W). In the scenario where d > r > 3, Cerf and Manzo [21] demonstrated that the critical proba-
bility follows a behavior of © ((log(r_l) (n))’"‘d_l), where log(" b represents the logarithm iterated 7 — 1
&

times. The sharp threshold for the r-neighbor process on [n]* was ultimately determined by Balogh, Bol-

lobas, Duminil-Copin, and Morris [9]. For every d > r > 2, they identified an explicit constant A(d, ) > 0



such that the critical probability can be expressed as follows:

Ad,r) + 0(1)] d=rtl '

pc([n]d,r) = |: log(rfl)n

While a considerable amount of attention has been devoted to the study of random bootstrap percolation
in the d-dimensional box, it has also been extensively explored on the hypercube. Let Q(n) be a hyper-
cube graph whose vertices are the binary n-dimensional vectors. Balogh and Bollobds [8] established the

following result: there exist constants ¢c; > 0 and c2 > 0 such that

c1 . _ C2 _
52 2V < pe(Q(n),r = 2) < 52 2V,

In a subsequent study, Balogh, Bollobés, and Morris further improved upon the bound presented in [12] and

obtained the following result: there exists an explicit constant A > 0 such that

16 logn . _sum 16 5(logn)*\ . _aym
104 (4 <pelQm),2) < —y (14 250 ~
o (14 ) 22 e, < 2 (14 2020

For majority bootstrap percolation on the hypercube (),,, where the infection threshold r is equal to %n,

Balogh, Bollobés and Morris in [11] and [10] proved that:

1 1 /logn 2loglogn < <Q n> o 1 1 /logn 4 loglogn n loglogn
a . A - ~ . X5 A o ~ .
2 2 n vnlogn Pe{en 3 2 2 n 2v/nlogn 2¢y/nlogn

In addition to the d-dimensional box and the hypercube, some efforts have been devoted to investigating

bootstrap percolation on random graphs. Feige, Krivelevich, and Reichman [28] examined the r-neighbor

r—1
nloglogn\ r
log?n :

bootstrap percolation on the binomial random graph G(n, p), where p = % and 1 € d K (

Assuming r > 1 to be a constant independent of n, they proved that the minimum size of a contagious set,



denoted by m(G(n, p),r), satisfies

m(G,r) =0 % )
drT1logd

with high probability. Furthermore, they determined that the threshold probability for m(G,r) = r to hold

18

1
p" =0

S =

(n log" ! n)

Subsequently, Holmgren, Juskevicius and Kettle [37] studied the majority bootstrap percolation on the bi-
nomial random graph G(n,p). Their approach involved selecting an initially infected set Ay of size m
uniformly from [n]™ (all subsets of [n] of size m), followed by the selection of edges for G(n,p). This
process is referred to as M B(n,p;m). We say that the M B(n, p; m) percolates if all vertices eventually

become infected. They proved the following theorem:

Theorem 2.1.1. Fix some number € > 0. Assume that for n large enough, (1 + €)logn < p(1 — p)n and

p<1-— %. Letd = %. If the initially infected set Aq has size

n n [logd N log log log d <logloglogd)
o 9

2V a T JdTogd Jdlogd

then as n — oo,

L ifA> g,
P(M B(n, p;m) percolates) =

0, ifA<0.

Let’s now consider the deterministic setting for bootstrap percolation. By employing the techniques
developed in [6], Morrison and Noel [42] determined the leading term of the minimum size of the conta-
gious set for the r-neighbor process on the hypercube Q)(n) with n vertices. This quantity is denoted as

m(Q(n),r). In the case where n tends to infinity while keeping r > 2 fixed, they established the following



expression:

m(@y.n =28 "),

r—1

Another significant class of graphs comprises graphs with good expansion. It is well known that the
expansion property of a graph is controlled by the spectral gap, i.e., the difference between the largest eigen-
value of its adjacency matrix A; and the absolute value of the second eigenvalue. Heuristically, in a graph
with a strong expansion property, every set of vertices is expected to have a large number of external neigh-
bors, leading to the possibility of small-sized minimum contagious sets. Coja-Oghlan et al. [25] formally
proved this statement. To describe their result, consider d-regular graphs on n vertices with eigenvalues
AL > X2 > ... = Ay, and let A := max{| 2|, |A\,|}. In order to get a sense of their results, let us mention

one of the theorems that establishes an upper bound for the minimum size of contagious sets.

Theorem 2.1.2. Let G be an (n, d, \)-graph. If \ = O(V/d), then m(G,r = 2) = O(%).

ISH

While the expansion property of a graph roughly ensures that every set of vertices has a significant
number of external neighbors, a graph with high density, where the minimum degree of vertices is very
large, can achieve the same effect. Formally, Gunderson [34] characterized the minimum size of contagious

sets in terms of the minimum degree of a graph. The following theorem was proved in [34].

Theorem 2.1.3. In the r-neighbor bootstrap percolation on any graph G with n vertices (n large enough)
and with minimum degree L%J + 1, we have m(G,r = 3) = 3. Moreover, for v > 4, in the r-neighbor
bootstrap percolation on any graph G with n vertices (n large enough) and with minimum degree L%J +r—3,

we have m(G,r) = r. The minimum-degree requirements are sharp.

One important class of dense graphs is Ore graphs. An Ore graph G(V, E) is defined such that for any
u,v € V with uv ¢ E, it holds that deg(u) + deg(v) > n. Efforts have been made to determine the
minimum size of contagious sets on Ore graphs. Freud, Poloczek, and Reichman [30] proved the following

theorem:



Theorem 2.1.4. In the 2-neighbor bootstrap percolation on an Ore graph G with n vertices (Where n is

sufficiently large), we have m(G,r = 2) = 2.

Another direction of research in bootstrap percolation involves determining the maximum percolation
time for the process across all choices of initially infected sets that result in the infection of the entire
graph. Let (),, denote the hypercube on n vertices. Przykucki proved the following theorem regarding the

maximum percolation time for the 2-neighbor process in [43].

Theorem 2.1.5. Assume the 2-neighbor bootstrap percolation on Q. If A € Q,, percolates, then it perco-

. 2
lates in at most L%J steps.

Following Przykucki’s work, Hartarsky [35] determined the maximum percolation time on (), up to a logn

factor for the r-neighbor process, where r > 3. The following result was shown by Hartarsky in [35].

Theorem 2.1.6. Assume the r-neighbor bootstrap percolation on Q, with r > 3. If A € Q,, percolates,

—0(1)

. . on . ..
then it percolates in at most =~ (logn) steps. Moreover, this bound is tight for all n.

By comparing Theorem 2.1.5 and Theorem 2.1.6, we observe a significant increase in the maximum perco-

lation time on the hypercube when transitioning from r = 2 to r > 3.

10



2.2 OUR CONTRIBUTIONS

We consider bootstrap percolation on the Hamming cube, including a generalized cube, and on the n-
dimensional torus. The n-dimensional Hamming cube, denoted by Q,,(V, E), is a graph with vertices given
by the n-vectors over a g-ary alphabet, V = {0,1,...,¢— 1}" and edges £ = {zy : dg(x,y) = 1}, where
dp is the Hamming distance. The generalized n-dimensional Hamming cube, denoted by @), (V, E), has
the same set of vertices and edges E = {zy : 1 < dg(x,y) < k}, where k > 2. The d-dimensional torus
is the graph, denoted by T¢, with vertex set V = {0,...,n — 1}? and x, y € V are connected if and only if
forsomei € {1,...,d}, x; =y; £1 (mod n) and z; = y; forall j # 1.

In the thesis, we consider the cases of the generalized binary cube, the g-ary n-cube, ¢ > 2 and the torus.

2.2.1 BOOTSTRAP PERCOLATION ON A GENERALIZED HAMMING CUBE 1

We study the bootstrap percolation process on a generalized Hamming cube @), x. As our main contri-
butions, we characterize percolating sets and determine the critical probability for the process when the
infection threshold is 2 and 3. Additionally, we determine the size of minimum percolating sets in certain
cases and establish bounds in others.

Our arguments start with a simple characterization of initially infected sets that fail to percolate. An
initially infected set fails to percolate if and only if there exists a set of uninfected vertices B such that every
vertex in B has fewer than r neighbors outside of B. To derive a lower bound on the minimum percolating
sets, we use this description of initially infected sets to derive a lower bound for the case of large r. The
bound turns out to be exponentially tight when r = ©(n*).

These results are presented in Ch. 3 and appear in [46].

11



2.2.2 BOOTSTRAP PERCOLATION ON A GENERALIZED HAMMING CUBE 1I

While percolation on the n-dimensional hypercube with infection threshold r = %n (majority bootstrap
percolation) has been studied in [11] and [26], the case where the threshold is 7 = n® for some a < 1 had
not been investigated prior to our work. In Section 9 of [26], two open questions were posed: characterizing
d-regular graphs for which the critical probability is of the form d~* with 0 < a < 1, and investigating the
behavior of the critical probability for d-regular graphs with infection threshold » = v/d. We resolve the
first question for the n-dimensional Hamming cube with infection threshold r = n® for % <a<l

We also examine bootstrap percolation on the n-dimensional hypercube with extended neighborhoods,
another problem highlighted as an open question in Section 9 of [26]. We determine the leading term and
establish bounds on the second-order term of the critical probability on (), ;.. In the case k = 2, the second-
order term is tight up to a factor of v/Iog n.

We combine the tools used in [11] and [26] with the additional tools such as the FKG inequality, the De
Moivre—Laplace theorem and the factorization theorem of the complete k-uniform hypergraph to derive the
desired results.

These results are presented in Ch. 4 and appear in [47].

2.2.3 MAXIMUM PERCOLATION TIME ON THE Q-ARY HYPERCUBE

We study the maximum percolation time on the g-ary Hamming cube @, (V, E),q > 3 with infection
threshold 2. To derive a recursive formula for this quantity, we introduce a set of new operations designed
to count the number of nonzero elements in a g-ary string of length n under certain constraints. These
operations enable the formulation of several technical lemmas that characterize the spread of infection under
various configurations of initially infected vertices, ultimately leading to the desired recursive formula for
the maximum percolation time.

The derivation of the recursive formula is significantly more intricate than in the case of the binary

12



hypercube. In several parts of the proof, we introduce some more involved inductive arguments to establish
important claims.

By using the recursive formula with the initial condition for n = 0,1, 2, we successfully derive the
maximum percolation time for every n > 0.

These results are presented in Ch.5 and appear in [48].

2.24 THE TIME OF BOOTSTRAP PERCOLATION IN HIGH DIMENSIONS

We study the percolation process on the d-dimensional torus, defined above, with infection threshold d. In
two dimensions [5], the key intuition is that the event in which a vertex x remains uninfected at time ¢ is
“equivalent to” the existence of a line segment of uninfected vertices of length roughly ¢ “near” x. In higher
dimensions, it is not immediately clear whether this key intuition still holds. However, we show that it
remains valid in higher dimensions, provided that the infection threshold equals the dimension.

In the two-dimensional case, the idea from [5] of analyzing the intersection between a path of uninfected
vertices and squares of a certain size was effective in reducing the combinatorial factor from counting the
number of such paths. In higher dimensions, however, it is not obvious which geometric objects should
be used to achieve a similar reduction. We find that replacing two-dimensional squares with their higher-
dimensional analogs (cubes) is a viable approach.

Another challenge lies in generalizing the definition of the interior of a square from two dimensions
to higher dimensions in a way that serves our purposes. In the two-dimensional setting, the notion of a
square’s interior was introduced to properly define certain events, and a similar concept is required in higher
dimensions. We address these challenges and provide the necessary definitions to extend the analysis.

These results are presented in Ch. 6 and appear in [49].

13



2.2.5 IMPLICATIONS FOR DISTRIBUTED STORAGE SYSTEMS

The g-ary hypercube is a natural generalization of the binary hypercube that preserves its fundamental
structure. The torus can be viewed as a grid with periodic boundary conditions, where opposite edges are
identified, resulting in a structure without boundary. Since the underlying topologies of many distributed
storage systems are hypercubes or grids [1], our results about critical probability help to evaluate the robust-
ness and resilience of such systems for a wider range of the parameter recovery threshold, i.e, the minimum
number of functional neighboring nodes required to recover a failed node. More specifically, they enable us
to estimate the number of failed nodes that a system can tolerate and return to full functionality without data
rewrite. Our results about percolation time give insights into the expected time to complete recovery of the

system.

14



Chapter 3

BOOTSTRAP PERCOLATION ON A
GENERALIZED HAMMING CUBE, I

3.1 INTRODUCTION

In this chapter we study bootstrap percolation on the hypercube {0, 1}"™ with edges added between the pairs
of vertices at Hamming distance < k for a fixed k& > 2. We denote this graph by Q,, x(V, E), where
V ={0,1}"and E = {zy : 1 < dy, < k}, where d,y := dy(x,y) is the Hamming distance and k is a
fixed integer. Given a subgraph G C @, and v € V, we denote by INV,,(G) the set of neighbors of v in G,
omitting the reference to G if it is the entire cube.

Our main results concern the critical probability p.(Qy x,r) for 7 = 2,3, for which we obtain tight
estimates of the form 2~/"n% as n — co. These results are formally stated and proved in Sections 3.2
and 3.3. In Section 3.4 we prove some results about the size of the minimum contagious set on @), 1., with

the most detailed answers for & = 2.

3.2 CRITICAL PROBABILITY FOR THE 2-NEIGHBOR PROCESS

We begin with two simple lemmas used repeatedly in this chapter.

Lemma 3.2.1. Let .k > 2,n > r — 1 and let Ag C Qp 1 be a set of already infected vertices. If Ag

contains an (r — 1)-dimensional subcube of Qy, i, then the r-process on Qy, i, will percolate after several
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additional steps.

Proof. W.l.o.g., consider the subcube' ngl,k = {x = (¥*~10""*+1)} formed of all the vertices that end
with n — 7 + 1 0’s and assume that all of its vertices are infected. We will show by induction that all the
subcubes Q2k7i = r,...,n become infected, implying the percolation claim. For the base, consider the
vertex v = (0"~110"") and observe that |NU(Q9_17,€)| > rforall £ > 2: the origin 0" and all the vertices
of the form x = (2]0"~"1) with |z| = 1 satisfy d(v,z) < 2, so the infection spreads to v. Similarly, all
the vertices of the form x = (*"~1|1|0"~") have > r neighbors in the set Qg—h 1> SO the entire set Q% i gets
infected, completing the base step. The transition from Q?—l, i O Q2 T+ 1 <@ < nisargued in the same
way (in fact, it becomes easier to propagate the infection as the dimension grows because the set of close

neighbors in Q?_l 1 Srows in size as ¢ increases). O

Because of this observation, to prove that percolation takes place, it suffices to show that with the
appropriate choice of the initially infected set Ag C V several steps of the process will infect a subcube

Qr—1,x- We will use variations of this approach in the proofs of the main results.

Lemma 3.2.2. Let X,,,n > 1 be a collection of random variables such that X, € Ny, EX,, — oo and

Var(X,,) = o(EX2) as n — co. Then P(X,, = 0) = o(1) and

Proof. The first statement follows by an application of the second moment method and the second one by

Chebyshev’s inequality. O

Below by w(n) and C'(k) we denote an arbitrarily slowly growing function of n and a constant which

may depend on k respectively. We will use w(n) and C'(k) as generic notations, where the specific form of

1by abuse of notation, we may write Q1,5 to refer to an (r — 1)-dimensional subcube of @, ,, where the locations of * are
not necessarily consecutive.
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these functions may be different in different expressions. In this section our goal is to prove the following

theorem.

Theorem 3.2.3. (Critical probability for the 2-neighbor process). We have

——27 0" < po(Qup,2) S w(n)2 2n . CRY

Proof. We assume that at the start of the process, every vertex is infected independently of the others with
probability p and is not infected with probability 1 — p. Let Aj be the set of initially infected vertices. We
claim that percolation occurs if and only if there is a pair x,y € Ay with d,,, < 2k. If not, then no vertex
will have 2 neighbors in @), 1., so the process cannot evolve. Now suppose the assumption holds true. We
will prove that the process percolates, differentiating between the following two cases.

Suppose that d,,, = t, where 1 < ¢t < k. Let us write z = (21,...,%¢, %¢41,...2p) and y =
(Z1T2 ... T4xy1 - .. y) Where T refers to the negation of the bit z. Making one step of the process en-
sures that all the vertices in the subcube (x * - - - % |z4412¢42 . . . xy) are infected, and the claim follows by
Lemma 3.2.1.

Now suppose that k + 1 < t < 2k. Writing x and y as above, consider the vertex

U = (;Ull‘z e TET 1T k42 - DT - - l‘n)

We have dy; =t — k < k and d,y, = k, so after one step, u will be infected. Considering the pair (u,x),
we have reduced the percolation task to the previous case, so our claim is proved.

Now let X;,i = 1,2,...,2k denote the number of initially infected pairs (z,y) with d, = i. Clearly,

2k 2k
EY X, =Y 2! (?)p?
i=1

i=1
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Fora pair T' = (z,y) € V x V, let X7 = L7 inigally infected}- L€t 77 := {(7,y) € V X V 1 dyy, = i}.

2k 2k
Var (ZX) =3 Y covXrXp)+ Y S Cov(Xr, Xo). (32)
=1 i<j TeZ;,T'eT; i=1TT'e;

LetT € Z; and T" € 7 with i < j. Then we have
COV(XT, XT’) = ]E[XTXT/] — E[XT]E[XT/]
- pITUT’\ _ pITIHT’I
0 if|TNT'|=0
pd—pt if|TNT|=1.

Summing over all choices of the pairs T}, T/, we obtain

Y Ccov(T.T) = (?) <?) (p® — p*)2m. (3.3)

TeT;. T'eT;

Now let T, T" € .7;. We have

Cov(Xp, X)) = E[X70Xp/] — E[X7]|E[X7/]
— pITVT'| _ ) TIH+IT]

p?—pt T =T

=\ \pP-pt fITNT|=1

0 if [TNT'| =0.
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Summing over all choices of the pairs 7T;, T}, we obtain

|
—

Y. Cov(T.T') = (p* —p*)2" (?) + -2 (?) < i

T 1T, l

(;) <7:;> ) 69

Il
=)

Let X = Zfﬁl X, (the dependence on n is suppressed). Therefore,
EX = C(k)2"n?*p?.

To fit the assumptions of Lemma 3.2.2, we will choose p so that Var(X) = o(EX?). Write the variance

using (3.3) and (3.4) in (3.2) to observe that
2k
Var() © X;) < C(k)(p*2"n®* + p*2"n ).
i=1

It suffices to take

1

(p32nn4k) 7 < 2nn2kp2,

or equivalently
p>27",

and

(p22nn2k)% < 2"n2kp?
or equivalently

p > 2 3nk,

The second of these conditions is more restrictive, giving the lower bound in the claim (3.1) of the theorem.

At the same time, by Markov’s inequality, if p < 2_%71_’“, then EX — 0 if n — oo, and thus,
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percolation does not occur with probability approaching 1. This proves the upper bound in (3.1). O

3.3 CRITICAL PROBABILITY FOR THE 3-NEIGHBOR PROCESS

3.3.1 THE CASEOF k =2

We start with k = 2 and treat general k in the second part of this section. Thus, in this part we will study
Pe(Qn,2,3). The following lemma gives a necessary and sufficient condition on the initially infected set

Ap C V for the r-process to percolate.

Lemma 3.3.1. 3-neighbor percolation on )y, 2 takes place if and only if there exist vertices x1,z2,x3 € Ag

with pairwise distances at most 4.

Proof. To prove the only if part, note that if no three vertices in Ag form a triangle with sides at most 4, then
the process cannot evolve beyond the initially infected set.

To prove sufficiency, suppose that x1, z2, x5 € Ag are three initially infected vertices. W.l.o.g, we can
place x; at the origin. The proof proceeds by a case study depending on the values of the distances dy2, di3
and da3. By inspection, if we disregard the order, there are 9 types of triangles that three vertices can form?.
We will consider each of them, showing that after several steps of the process there emerges an infected
subcube ()2 2, and then percolation follows from Lemma 3.2.1.

Case 1: (di2,d13,do3) = (1,1,2). We already assumed that z; = 0™. W.L.o.g. assume that x5 = 10771,
and z3 = 010" 2. The subcube (02,2 will be formed by vertices 1, x2, x3, x4, Where 4 = 110™2. Observe
that x4 is added in the next step of the process because 1, z2, 3 € Ngc4 (recall that IV, is the neighborhood

of v in (), ;). We write this concisely as

(1,29, 23) — 4.

These are all the unordered triples of integers i, j, k with 1 < 4,5,k < 4 such that |i — j| < k < i+ jandi — j + k even.
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Case 2: (d12,d13,d23) = (2,2,2). Assume that o = 110”2 and 23 = 0110"3. We have Q22 =

(%2, 23,24, T5), Where

zq=010""2, x5 =130""3.

These vertices are infected following the sequence

(1,2, 23) = x4, (@2,x3,%4) — Ts5.

Case 3: (d12,d13,d23) = (2,2,4). Assume that 2o = 110”2 and 23 = 00110"*. We have Q22 =

(21, x3, x5, x6) Where

x5 = 0010" 3, 26 = 00010 %,

These vertices are infected following the sequence

($1,$2,1‘3) — 24, ($1,1’3,$4) — Ts, (1’1,$3, 335) — T6,

where x4 = 0110773,
Case 4: (di2,d13,da3) = (1,2,3). Assume that o = 0010" 2 and 23 = 110"~ 2. We have Q22 =

(z2, x4, x5, x6), Where

xq =0110""3, x5 =1110""3,

xg = 1010" 73,
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These vertices are infected following the sequence

($1,$2,I’3) — T4, (1'2,17371’4) — Ts, (17271’4, ‘T5) — 6.

Case 5: (di2,d13,d23) = (2,3,3). Assume that 2o = 110"~ 2 and 23 = 01110"*. We have Q22 =

(3, x4, 5, 26), where

zq = 0110"73, 25 =1110""3, ¢ =11110""%.

These vertices are infected following the sequence

(1,22, 23) = x4, (X2,23,24) = x5, (T3,2T4,%5) = T6.

Case 6: (di2,d13,do3) = (4,4,4). Assume that x5 = 11110"* and 23 = 0011110"°. We have

Q2,2 = (24,75, 6, 7), Where

x4 = 00110""*%, x5 =011110"75,

zg = 001110"7°, 27 = 011104,

These vertices are infected following the sequence

(.’El,LEQ,LL‘g) — X4, (ZE2,$3,$4) — Ts,

(.%'3, .’E4,.’L’5) — T, (x4,$5,$6) — Z7.

Case 7: (di2,d13,d23) = (4,2,4). Assume that o = 11110"* and 23 = 000110"°. We have
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Q2,2 = (23,24, 5, x6), Where

x4 = 00110" %, 25 = 00010"*, x4 = 001110"°.

These vertices are infected following the sequence

(x1,22,23) = x4, (x1,73,24) = x5, (T3,T4,%5) — Ts. 3.5)

Case 8: (di2,d13,d23) = (4,1,3). Assume that o = 11110"% and z3 = 00010"~%. We have

Q2,2 = (3,24, 25, 26), Where

x4 = 00110""%, x5 = 01010""*, x4 = 01110"*.

The infection sequence is the same as in (3.5).

Case 9: (di2,d13,d23) = (4,3,3). Assume that x5 = 11110"* and 23 = 001110">. We have

Q2,2 = (x3, 24, x5, x6), Where

x4 = 01110"%, 25 = 00110"*, 24 = 01111077,

The infection sequence is again the same as in (3.5). ]

Now we are in a position to find the critical probability for the graph G with the infection threshold

r=3.

Theorem 3.3.2 (Critical probability for the 3-neighbor process with k = 2). We have

——27 5072 < pe(Qups 3) S w(n)2 5n 2 (3.6)
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Proof. Call a triple of vertices 21, 2,23 € @y 1 good if each of d12,d13,d23 < 4. By Lemma 3.3.1, every
vertex will be infected by the r-neighbor bootstrap percolation on @, ;. if and only if the starting set Ao
contains a good triple. Let X be the number of good triples in Ag. To compute EX, we count the number

of triangles whose sides (d12, d13, d23) fall under one of the nine cases enumerated in Lemma 3.3.1. For

2"n(n—1)
6

instance, the number of triples with (di2, d13,d23) = (1,1,2) is at least and at most 2"n(n — 1)

since the number of such ordered triple is 2"n(n — 1). Indeed, once we fix x1, say to 0, there are n options
for x5 and n — 1 options for x3 to form the ordered triple. For other values of (dy2, d13, d23) the count of

triples is found in a similar way, and we obtain

E[X] > %ngn[n(n— 1) +2<721) (n—2)+ (Z) (n;2> +n<”;1>
25 (727 ()3 ) (e
3+ () G)e-)

o3

and

) 2 oin -1 +2(3 )2+ () (%) +("; )
()37 ) (L) (e
~4(3) + (3) (2)er- 0]

Let 71 = {21, 22,23} and T] = {2, 2%, 23} be a pair of good triples. For a triple T'let X7 = Tpc 4.3
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We have

Cov(Xr,, X1y) = E[X7, Xoy] — E[ X7, JE[X7y]
- p\TlUT{\ _ plTl\-HT{l

0 if TN =0

p°—pb i NT] =1

pt—pb Wf|NT]| =2

pd—pb if | NTY| =3.

Estimating the variance, we obtain

Var(X) = ) Cov(Xgy, X7y)
Ty,T}

= Z COV()(T1 , XT/) + Z COV()(T1 R XT/) + Z COV(XPT1 , XT/)
|1 AT |=1 |TyNT"|=2 |TyNT"|=3

el () ) o () )
+ (" - p0)2 (Z) (g) 3

where C' is a constant. For the first term above, the number of good triples 7} is at most C'(k)2" (Z) (’2‘) and
T7 is at most C'(k)(}) () since [T} N T}| = 1. Other terms can be derived in a similar way.

In order to satisfy the assumption that Var(X) = o((EX)?), it suffices to take
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()6 = () @)
()6 () ()

A direct check shows that if p >> 27312, then Var(X) = o((EX)?) and EX — oo. By Lemma 3.2.2,

and

P(X > 0) — 1, and then Lemma 3.3.1 implies that percolation occurs, proving the lower bound in (3.6).
At the same time, if p < 27312, then by Markov’s inequality, P(X > 1) < E[X] = o(1). Thus with
probability — 1 there are no good triples in Ap, so by Lemma 3.3.1 the process does not percolate. This

proves the upper bound. O

Remark 1. This theorem forms a particular case of Theorem 3.3.4. At the same time, that theorem relies on

Lemma 3.3.3, which does not apply to £ = 2, so we kept the presentation of the case k = 2 self-contained.

3.3.2 GENERALE > 3

We begin with an extension of Lemma 3.3.1 beyond k = 2.

Lemma 3.3.3. 3-neighbor percolation on Q),, i, takes place if and only if there exist vertices x1, 2,23 € Ag

with pairwise distances at most 2k.

Proof. Without loss of generality, assume that 77 = 07, 2o = 19179207 701792 gpd g3 = (91192 FTa3()—a1—a2—a3
The distance assumptions translate into a;+a; < 2k with (4, j) = (1,2), (1, 3) or (2, 3). The proof proceeds

by case analysis in accordance with a9 § k.

1. a2 > k Inthiscase a1 < k and a3 < k.

1.1 a; > 0 and a3 > 0. Our plan is to assemble an infected 2-dimensional subcube and use Lemma 3.2.1.
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The subcube will be formed by the vertices, which are added to the infected subset one by one.

Ty = 0a1 1k0n—a1—k, x5 = Oa1—11k+10a2—k10n—a1—a2—1’

T6 = 0a1—11k+10n—a1—k7 T7 = 01 1k0a2—k10n—a1—a2—1‘

We follow the writing pattern used in the proof of Lemma 3.3.1. The infection sequence is as follows:

(1,22, 23) = x4, (X2,T3,24) = X5,

(w2, w4, 25) = w6, (24, %5,T6) — T7.

The remaining cases follow the same pattern.

1.2 a; = 0 and ag > 0. The subcube that proves overall percolation is Q2 = (x4, 5, 6, £7), Where

fL‘4 — 1k0n—k7 :C5 — 1]{?—‘1-10”—]{?—1,

Te = 1k+20n—k—2’ Ty = 1k’010n—k—2'

We have

(1,22, 23) = 14, (22,73,74) = 5,
3.7

(23,4, 25) = x6, (T4,25,T6) = T7.

1.3 a1 > 0 and a3 = 0. The proof is the same as in the previous case by symmetry.

2. a9 = k Inthiscase a; < kand ag < k.
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21 0<a; <kand0 < ag < k. We have Q2 = (24, x5, 6, 7), where

Ty = 0a1 1agon—a1—ag7 x5 = Oal—l10,2—&—10n—a1—ag7

Te = 0a1 1a2+10n—a1—a2—1 Ty = 0a1—11a2+20n—a1—a2—1
9

and these vertices are infected in 4 steps starting with x1, xo, x3 and following the sequence in (3.7).

22 ap =0and 0 < ag < k. We have Qi 2 = (2, x4, 5, z6), Where

x4 = 1]€—107’l—]€+1’ T5 = 1k+107’l—k—1’ Te = 1]€—1010TL—]€—1

and these vertices are infected in 3 steps starting with x1, x2, x3 and following the sequence

(x1,22,23) = x4, (T2,23,24) = x5, (T2,T4,T5) — T6. (3-8)

23 0<a; <kandasz =0.If0 < a; < k the proof is the same as in 2.2 due to symmetry. Therefore we

can assume that a; = k. We have Q2 = (23, x4, 5, ), where

2q = OF11RQn=2k+1 o gk=lqk+lgn—k.

:E6 — Ok 1k—10n—2k+1,

and these vertices are infected in 3 steps starting with =1, 2, x3 and following the sequence (3.8).
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24 a1 = a3 = k. We have Q2 = (24, x5, 6, 27), Wwhere

Tg = Ok1k+10n_2k_1, T7 = Ok—l 1k+10n—2k’.

These vertices are infected in 4 steps starting with x1, x2, x3 and following the sequence (3.7).

3.a2<k
3.1 a1 + a3 < k.

3.1.1 a; > 0,a2 > 0, and a3 > 0. We have Q2 = (x4, 5, T6, £7), Where

Ty = Oallagon—al—ag’ x5 = 0(11—1]_(Lg—l-QoTL—CLl—(12—17

Tg = 0a1 1a2+10n—a1—a2—1’ T7 = 0a1—11a2+10n—a1—a2_

These vertices are infected in 4 steps starting with x1, 22, 3 and following the sequence in (3.7).

3.1.2 a1 > 0,a2 = 0, and a3 > 0. We have Qj, 2 = (x1, 24, 5, T6), Where

zqg=10""1, x5 =010""2, 6= 110""2

These vertices are infected in a single step starting with x1, x2, x3:

(x1,22,23) = x4, (21,22,23) = x5, (T1,22,23) — T6.
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3.1.3 a; > 0,a2 =0, and a3 > 0. We have Q2 = (x2, x4, T5, L), Where

Ty = 1a2+10n—a2—1, x5 = 1a2+20n—a2—2’ T6 = 1a2010n—a2—2

and these vertices are infected in 2 steps starting with x1, x2, x3 and following the sequence

(1,22, 23) = x4, (22,73,74) = T5,

(x2,x3,24) — 6.

3.14 a1 > 0,a2 > 0, and a3 = 0. Due to symmetry the proof is the same as in Case 3.1.3.

32 ay +a3z > k,and k > 3.

32.1 a3 > k,a; < k,as < k—1and a; > as + 2. Let x4 = 0 —hijeztlethgn-ai—az=lz
The vertices x1, z9 and x3 will fall in N (z4) if

\

l1 + 1o+ a9 < k,

li +a3 =12 <k, (3.9)

lo+a1 — 11 <k.

Let

It is easy to check that [; and [y satisfy (3.9). It is also easy to see that a; > [; and a3 > Io.

Finally, a; > as + 2 implies that [y > 1 and as + 2 < a1 < k implies I3 > 1.

322 a3 > k,a1 < k,a2 <k —1anda; < ag. Letl; = 0. and lo = k — as. It is easy to check that

if a; < ag then [ and [5 satisfy (3.9).
323 a3 > k,a1 <k,ao<k—1,a1 =as+1landay > %

30



324

Let

and

It is easy to check that /; and 2 satisfy (3.9). Note that [; > 1 since

as +ag <2k —2

and that a; > [; which requires

2a1 + as + ag = 2k. (3.10)

In order for (3.10) to be satisfied it is sufficient that as > §

ag > k,a1 <k,as <k—1,a1 =as+1and as < % Letly =0andls = k — ay. Itis easy
to check that [; and lo satisfy (3.9). It is also easy to see that [ > 2 as long as & > 3, and this
implies that a; < k — 2.

Now for Cases 3.2.1-3.2.4, we need to construct vertices x5, ¢ and x7 such that each of them
will be infected by the percolation process, and together with x4 they form a subcube ()2 .

Givenly > 1 and ly > 1, we define these vertices in the form

T5 = Oal—ll+1 1[12—‘,—[2—‘,—[1—lo’n—al—(lg—lz7
Tg = 0a1—l1 1a1+l2+l1—10n—a1—a2—l2+1’

Ty = Oa1 —l1+1 1a2+lg+l1720n7a17a2+1
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and note that they are infected starting with x1, x2, 3 and following the sequence

(x1,23,24) = x5, (T1,%2,24) = T, (T4,T5,T6) — T7.

Now given /1 = 0 and [y > 2, we have

Y

T5 = 0a1 1l2+a2—10n—a1—a2—l2+1, T = 0(11 1l2+a2—210n—a1—a2—l2+1

T = 0(11 1l2+a2720n7a17a2+2’

where these vertices are infected starting with x1, 22, 3 and following the sequence

(x1,22,24) = x5, (21,22,24) = T, (T4,T5,T6) — T7.

325 a3 > k,a1 <kandas =k —1

Since ag = k — 1, then a3 = k + 1. We have Qj 2 = (24, x5, T6, £7), Where

T4 = 0(11 1k0n—a1—k’, x5 = 0a1+1 1]6071—@1—]6—1’

0a1711k+10n7a17k Ty = Oa1+11k710n7a17k

Te = ’ )

and these vertices are infected starting with x1, x2, 3 and following the sequence

(x1,$2,$3) — X4, ($1,$3,$4) — T5,

(73, 24,25) = w6, (T4,25,76) — T7.
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3.2.6 a3 < k,a; < kand ap > 0. We have Q2 = (24, x5, 6, 27), Where

Ty = 0a1 1a20n—a1—a2’ x5 = Oa1 1a2+10n—a1—a2—1’

T6 = 0a1—11a2+10n—a1—a2’ Ty = 0a1—11a2+20n—a1—a2—1'

These vertices will be infected starting with x1, x2, 3 and following the sequence

(56175627333) — T4, (56171“3,564) — T5,

(w2, 4, 25) = w6, (x4, %5,T6) — X7.

327 a3 < k,a1 < kand az = 0. We have Q2 = (21, x4, x5, x6), where the vertices

xg = 071110 gy = 010"

Te = 0a1+1 10n—a1—2

will be infected starting with x1, x2, 3 and following the sequence

(1,22, 23) = x4, (21,23,24) = X5,

(r1,24,25) = 6.

This concludes the proof.

This lemma enables us to find the main term of the critical probability of percolation.

Theorem 3.3.4 (Critical probability for the 3-neighbor process). We have

72_%n_k < pc(Qn,ka 3) < w(n)Q_%n_k_
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Proof. By Lemma 3.3.3, percolation occurs if and only if the initially infected set Ag contains a triangle
with all sides at most 2k. Let X be the number of such triangles in Ag. Let z1 = 0", 2o = 191 Ta2(n—a1-02

and z3 = 091192 asQn—a1—a2=03 where all the pairs (a;, a;) satisfy a; + a; < 2k. Then

n ai + as n—ap—ag
E[X] < p32"
X<p Z <a1+a2>( a >< as >

a1,a2,a3
aita; <2k

and

1 n a1 +az2\ [n—a; —as
E[X] > =p32" .
X1 6" Z <a1+a2>( az >( az >

ai,a2,a3
aita; <2k

Since k is a constant, for large n the largest term in the sum is given by (272,) (Qkk) (”_k%)
Next let us estimate the variance of X. Let T = {z1, 22,23} and Ty = {2}, 25, 25} be two triangles

with all the sides at most 2k. For a triple 7" define the indicator random variable X7 = Li7¢ 4.} We have

Cov(Xr,, X1,) = E[X7, X1,] — E[X7,|E[X71,]
— p\TlUT2\ _ p|T1\+\T2|

0 if [Ty NTy =0

p’—pb TNy =1

pt—pb T NTy =2

pd—pb if Ty NTy| =3.
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Thus, we obtain

Var(X) = Z Cov(Xr,, X13,)

Ty, T
= Y Cov(Xp,Xp)+ Y Cov(Xp,Xp)+ > Cov(Xp, Xr)
‘TlﬂTz‘:l |T1ﬂT2|:2 |T1ﬁT2|:3
n n n 5 6 n n 4 6 n
< _ _
< (2) (o)D) + o ()
+(p3—p6)]

where C'(k) is a constant that depends only on k. For the first term above, the number of good triples 77 is

at most C'(k)2" () (;) and T% is at most C'(k) () (i) since [Ty N T5| = 1. Other terms can be derived in a

similar way.

In order to fit the assumption that Var(X) = o((EX)?), it suffices to take

() ()= (= () ())
() () (= () ()
()@= () ()

It is easy to check that if p > 275 n~*, then Var(X) = o((EX)?) and EX — oo, and the lower

and

bound on p, follows by Lemma 3.2.2. On the other hand, if p < 273 n~*, then by Markov’s inequality,

P(X > 1) < E[X] = o(1). 0

Lemma 3.3.3 gives a sufficient condition for bounding the critical probability, and one would want to
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extend it to all . Unfortunately, this extension fails, as will be shown next.

Lemma 3.3.5. Let r > 4 and rk < n. There exists a subset Ay = {x1,22,...,z,} of 7 vertices with all
pairwise distances < 2k such that the r-neighbor percolation process that starts with Ay fails to infect the

entire graph Qy, .

Proof. We will show that the set Ag = {x1,29,...,2,-1,2, = 0"} with z; = QUi—Dk1kgn—ik ; —
1,...,7 —land d(x;,x;) < 2k forall 1 <4, j < r satisfies the claim of the lemma. We claim that

T

i=1

Suppose the contrary and let y € N}_; N (x;) be a vertex common to all the neighborhoods. Suppose that

the Hamming weight of the subvector (y(;_1)k+1,-- -, Yjk) is aj, where 0 < a; < kand j =1,...,r — 1.
We have
r—1
0< Zai <k
i=1

and for j € {1,...,r — 1},

Then we have

which is a contradiction since it forces 37— a; < 0. O

3.4 MINIMUM PERCOLATING SETS

In this section, we study the size of the smallest percolating sets m(r) for the graph @), , where r is the

infection threshold and £ > 2. Our first main result in this section is as follows.
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Theorem 3.4.1. The size of the smallest percolating set m(r) satisfies

m(r)=r ifk=2and2 <r <6 (3.11)
<mr > ifk=2and10<r <n (3.12)
1 2
r) < <n+ ) if/c:2andn<7“<% (3.13)
Bl 2
< > ifk=23r=cnwithO<c<1l,andr > 21 (3.14)
=0 mkr+]
k—1 nk
ifk > 3andn < r < 3.15
= o<mkr+g> Jh=SadnsTs G 12
m(r) >r ifk=2andr > 15 (3.16)
m(r)=r ifk > 3andr =o(n), (3.17)

where m,. := |\/2r| and My = Uﬁ“l/kJ.

Proof. Let us prove (3.12). Clearly, m(r) > r because otherwise the initial set . will never change.
Repeating the proof of Lemma 3.2.1, we claim that if the initially infected set includes the subcube QT Lk
then the r-neighbor process will infect the entire graph. Again, in the first step, infection spreads to every
vertex v in the subcube {*"~110"~"} since |N, N ngl’ | = r, and induction completes the argument.
Thus, if ngl,k C 4, then percolation occurs. Denote by V' the set of vertices of ngl,k and let us
write V = Ug;(l)Vj, where V is the set of vertices of Hamming weight j = 0,...,r—11in Q2717k. We claim
that if (V,,,,—1 UV}, ) C 9, then the process propagates to the entire subcube QE_L i~ Indeed, every vertex

r—1 —er +z)

of weight m, — 7 is adjacent to ( vertices of weight m, — ¢ + 2. By a direct check, if » > 10 then

—l—m, i
<T 2m “) > (3.18)
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Moreover, every vertex of weight m, + ¢ is adjacent to (maﬂ) vertices of weight m,. + ¢ — 2. We have

<m”2+ Z) . (3.19)

Once every vertex in V,,,, 1 U Vp,, . is initially infected, then in the next step every vertex on V,,,, _o and
Vin,.+1 will be infected. After that the infection will go on due to the monotonicity in 7 on the left side of
(3.18) and (3.19). Therefore, we have m(r) < (') + (,. ), which shows (3.12).

Now let us prove (3.13), which is very similar to that for (3.12). Firstlet us write V (@, 2) = UiV (Qn,2),
where V;(Qy2) is the set of vertices of Hamming weight j = 0,...,n in V(Qy2). We claim that if
(Vin, U Vi, 41) C %, the process infects the entire graph (), o. Indeed every vertex of weight m, — i is

adjacent to (n_(”;r_i)) vertices of weight m, — i + 2. Aslong as r < %2,

(” = e S Z) > (3.20)

Moreover, every vertex of weight m, + ¢ is adjacent to (mgﬂ) vertices of weight m, + ¢ — 2. We have

<m””2+ Z) > (3.21)

Once every vertex in V,,,, UV, 41 is initially infected, then in the next step every vertex on V,,,, _; and
Vin,+2 Will be infected. After that the infection will go on due to the monotonicity in % on the left side of
(3.20) and (3.21). Therefore, we have 7 < m(r) < (, ) + (,,", ), Which shows (3.12).

Now let us prove (3.14). Again, if qu—l, » C ), then percolation occurs. Denote by V' the set of vertices
of QB_L ;. and let us write V' = U?;éVj, where Vj is the set of vertices of Hamming weight j = 0,...,7—1
in Q0_, ;. We claim that if Uf;é Vg5 C @, then every vertex in Q0 , will be infected by the process.

Indeed, every vertex of weight my, ,. — ¢ is adjacent to (T_l_(:””_i)) vertices of weight my, . — ¢ + k. If
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2
r > 2ﬁ, by using the (;) > (ﬂ)m, we have

(T — = (g - i)) > 7. (3.22)

Moreover, every vertex of weight my, . + 4 is adjacent to (m’“kr Jri). We have for ¢ > k

(m’” + Z) > (3.23)

Once every vertex in U?;é Viny, .+5 18 initially infected, then in the next step every vertex on Vi, .1 and
Viny, .+, Will be infected. After that the infection will go on due to the monotonicity in 7 on the left side of
(3.22) and (3.23). Therefore, we have m(r) < E;:é (m’;_ﬂr]) which shows (3.14). Similarly, (3.15) can

be proved.

Before proceeding, we will need the following lemma.

Lemma 3.4.2. Suppose thatk > 2,n>1 > 2,and 2 < r < 2k. Then
m(r) =r.

Proof. By Lemma 3.2.1, it suffices to exhibit a set .o/ of size r that implies percolation. First suppose
that r — 1 < k. Let @ = {x1,...,2,}, where 71 = 0", mp = 17710" "+ and 23 = 177207 "2
xy = 1773010"", ete., z, = 10177307+

Since r — 1 < k every binary sequences in {0,1}"~! are within Hamming distance k from z1, ..., z,.
Therefore, every vertex on this 7 — 1 dimensional cube will be infected.

Now let us consider the case where » — 1 > k. Again let us initially infect z1,...,z,. It is easy to
see that every binary sequence of length » — 1 and of weight &k will be infected by the process since those

sequences have 1, ..., z, as their neighbors. Then every binary sequence of length » — 1 and of weight
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k + 1 will be infected by the process and every binary sequence of length » — 1 and of weight up to r — 2
will be infected by the process. Therefore, every vertex in this » — 1 dimensional cube is infected by this

process. O

Returning to the proof of Theorem 3.4.1, we will now address (3.11), which has been mostly taken care
of by Lemma 3.4.2. What remains is to show that m(5) = 5, and m(6) = 6. Let z; = 170"~ j =
1,...,5. We claim that if 27, contains these 5 vectors, the process will percolate to the entire graph. Indeed,
observe that the first steps of the process propagate to the subcube Qi i» and after that Lemma 3.2.1 implies
the full claim m(5) = 5.

Moving to the case r = 6, consider the set

% — {On’ 012077,737 02 13077,75’ 14071,74’ 014077,757 02 14077,76}'

The proof is completed by observing that the first steps infect the subcube Qg ;. and using Lemma 3.2.1 to
prove the full claim.

Next we address (3.16). Let V(Qn %) = Vo U Vi U --- UV, be the set of vertices of the cube with V;
denoting the subset of all vertices of Hamming weight ¢, for all z. Without loss of generality assume that
0™ € ), then the remaining r — 1 vertices in %% should be of weights 1 to 4. Let v € V3, then |[N,NV,| =5
and |N, N V4| = 10. Similarly, if w € Vg, then | N, N V4| = 15. Thus even if U?ZOVQ C 9, percolation
does not occur.

It remains to prove (3.17). As before, let V;,¢ = 0, ..., n be the subset of vertices of weight . We claim
that for the r-process to percolate it suffices that |V N <% | = r. Indeed, since the vertices in V[ and V; form
a clique, the process clearly spreads to every vertex in Vy U V;. Next, since a vertex in V3 is connected to
all of Vy U V1, so the process further spreads to V5. Continuing in this way, every vertex in V; has at least

(1i1> + (1_12) (n — 4) neighbors in V;_; since k > 3. This suffices to claim percolation. Ul
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While our first main result focuses on the upper bound of m(r), our second main result addresses its

lower bound.

Theorem 3.4.3. Suppose that k > 2 and n is sufficiently large. If Zle (7;/) < ertand Zi-:ll Z?;i (7;/) ("771/) <

%

r—crfwith0 <0< 1and0 < ¢ < 1, then
m(r) > 52”,,

where 6 > 0.

Proof. 1t is not difficult to see that percolation fails to occur from some initially infected set if and only if
there exists a set B of healthy vertices such that every vertex in B has fewer than r neighbors outside of B.
Therefore our task is to show the existence of a such set B with |.of| = 62" regardless of the locations of
the vertices in ..

Consider a partition of V(Q,, 1) into 2"~ parts, i.e.,

VQen)= U ",

ac{0,1}n—n'

’

where []" a denotes # * - - - * a. Let us denote the induced subgraphs {Ga}oeqoayn—n WithV(Ga) = [+]" a

n/

and E(G,) = {2y : 1< dyy < kand z,y € V(G,)}.

Note that each induced subgraph G, is an n'-dimensional subcube and each vertex of G, has cr! =
Zle (TZ‘/) neighbors in G, where 0 < ¢ < 1. We will argue that if || = 62" with § > 0, then there
exists a set B of healthy vertices such that every vertex in that set has less than r neighbors outside that set
and thus percolation does not happen.

Since |.a%| = 62", there is a set B, of healthy vertices of size (1 —§)2" in G, for each a € {0,1}" "

Additionally, the vertices in the sets (By),c (0,1} satisfy the following condition: if zjxs - - - z,/a is in
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B, then 2125 - - - &d is in By for all a,a’ € {0,1}"~". Therefore, B = Unefo,1}n—n" B,.
Now let us count the number of possibly infected neighbors not in V(G,) for a vertex in B,. W.Lo.g,
we can assume that a = [0}"_"/. Let us denote the number of possibly infected neighbors not in V(G,,) for

a vertex v in Byg, s by N (v). It is not difficult to see that

Flkio N g
N(v) < (;) ( Z, ) (3.24)
=1 j=1

Therefore, as long as cr + N(v) < r, we can conclude m(r) > 62" where § > 0. O

The following corollary highlights some implications of Theorem 3.4.3 and its proof is a direction

calculation.

Corollary 3.4.4. Let n be sufficiently large, and let 0 < 6 < 1,0 < ¢ < 1, and 0 < ¢ < 1. We have

2

5 37

m(r) > 52V2er ifk=2andr > noe Ve (3.25)

2(1—¢)
2

m(r) > 62Y%  ifk=2andr > i — (3.26)

vae+ (52)
k k(k—1) )k k1
m(r) > §exp (Tz/ke(z)l/k> ifk>3andr >n p i 1> (%) E(k—0) T-c (3.27)

k re\1/k 2 e VL A
> k2 (Z ] > > k — — . X
m(r)/5exp<r 6(2) > ifk>23andr >2n (1—c<k—l> (2> e) (3.28)

Proof. Let us show (3.25). For k = 2, we have (g) +n' < er! and thus n’ < v/2c¢r. From (3.24), we

a1—t)2 _ael—e/2 .
have (n — n/)n’ < (1 — ¢)r and thus n < V2er! + & (’;)/%C <4 \C/);ic since 1 — £ > £ and nis

sufficiently large. We have the desired result.

(3.26) can be proved very similarly.

Now let us prove (3.27). For k > 3, we have Zle (T;/) < erf and thus n’ < rf/kg (%) % From (3.24),
we have Zf;ll Zf;{ ("J/) ("_"I) < (1 —c¢)r. It suffices to have 2(72__7{/)71’ < (1 —c¢)r since n is sufficiently

i
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large.

(3.28) can be proved similarly. ]

3.5

DISCUSSION AND OPEN PROBLEMS

We conclude with several problems left open in our research.

1.

What is m(Qp, k,r) when k > 2 and r = r(n) is large ?
We conjecture that if 7 = r(n) is a relatively fast growing function of n, then m(Qy x,7) = 62"
where n’ satisfies that Zle (7;,) < cerwith0 < ¢ < 1and 6 > 0. Note that if this holds, then we

obtain an exponentially tight bound for m(Q,, i, r) over a wide range values of r, whereas Theorem

3.4.3 gives such a bound only when r = (n*).

In order to explain our conjecture it is necessary to introduce the notion of the weak saturation intro-
duced by Bollobas [17]. Given fixed graphs G and H, a spanning subgraph F' of G is weakly (G,
H)-saturated if the edges of E(G)\E(F') can be added to F, one edge at a time, in such a way that
each edge creates a new copy of H when it is added. The weak saturation number of H in G is defined
by

wsat(G, H) := min{|E(F)| : F is weakly (G, H)-saturated }.
Our conjecture is based on the following bound:

m(G,r) > WG S (3.29)

r

where S, denotes a star with r + 1 rays.

In [42], Morrison and Noel used bound (3.29) to determine tight asymptotics for m(G, ), where G

is the n-dimensional Boolean cube and  is a fixed constant. In their proof they relied on a linear-
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algebraic method developed in [13] to obtain an asymptotically tight lower bound for wsat(G,Sy+1).
We conjecture that wsat(Qy, k, Sr+1) = 6r2" . To support this conjecture, consider a partitioning of
Qn . into gn—n/ isomorphic parts so that each induced subgraph is an n’-dimensional subcube. Each
vertex of an n/-dimensional subcube has cr = Zle (Tz,) neighbors, and the total number of edges

in the subcube is 2" ~'¢r. We believe that the lower bound wsat(Qn i, Sr+1) = 62" can be proved

relying on a version of the linear algebraic method.

. What is p.(G, r) for a fixed k and r?

Although Lemma 3.3.3 does not hold when r > 4, it might still be possible to derive asymptotics of

the critical probability using alternative characterizations of percolating sets.
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Chapter 4

BOOTSTRAP PERCOLATION ON A
GENERALIZED HAMMING CUBE, 11

4.1 INTRODUCTION

While majority bootstrap percolation on the hypercube has been studied in [11] and [26], where the infection
threshold r = %n, the case of infection threshold r = n® with @ < 1 has not been investigated prior to our
work. In fact, this has been mentioned as an open question in Section 9 of [26]. By utilizing key techniques
from [11] with some new ideas, we extend the results established in [11] to the case where the infection

threshold » = n® with a < 1. More precisely, we prove the following two theorems.

Theorem 4.1.1. As n — o0,

nafl + 0<na71)?

Pe(Qn,n®)

where% <a<l.

In fact if % < a < 1, more precise information about the second-order term of the critical probability

can be derived.

Theorem 4.1.2. Asn — o0,
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where 2 < a < land§ > (1 — a).

Holroyd, Liggett, and Romik [38] considered percolation on a generalized grid graph with each vertex
having more than four neighbors. Inspired by their work we consider an n-dimensional hypercube graph
with extended neighborhoods and prove estimates for the critical probability of majority bootstrap percola-
tion. Again this has been mentioned as an open question in Section 9 of [26].

Let Qg be a graph with vertices V(Q) = {0,1}" and edges E(Qkn) = {zy : du(z,y) =

1,2,--- , k}, where k > 2. We prove the following theorem.

Theorem 4.1.3. Consider a positive integer k > 2 such that k divides n, and let N = Zle (?).Then

/!
DN | =

1 1 N <
§_E<pc Qk,m?

where a < 1.

Moreover, for k = 2, we have

)

1 Cylogn N 1
*—7g<pc Qon,— | S5 —
2 n 2 2

S|

where C'is a sufficiently large constant independent of n.

4.2 PROOF OF THEOREM 1

In order to prove Theorem 4.1.1, we will prove several lemmas.

We will use the standard Chernoff bound (See Remark 2.5 in [39]) which was also used in [11].

Lemma 4.2.1. Letn € N,0<p < 1,t > 0and S(n) ~ Bin(n,p). Then,

2t2
P(S(n) 2 np +1) Sexp { ———
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and

P(S(n) < np —t) < exp (—f) :

Fact 4.2.2. If S C V(Qy,) satisfies di (y, z) > 2k + 1 for every y, z € S, then the events {y € Ay }ycs are

independent.
We will also use the following three lemmas which were proved in [10].

Lemma 4.2.3. Let p € (0,1) and n € N satisfy pn? < 1, and let S(n) ~ Bin(n,p). Then

for every m € [n]. In particular, if c,e > 0 and p < e~ ", then for b = b(z, €) not depending on n,
P(S(n) > en) < e’
Lemma 4.2.4. Let G be a graph, let k,m € N, and suppose that for each x € V(G),
B(z,k) ==y € V(G) : d(z,y) < k| < m.

Then there exists a partition

V(G)=ByU---UBy

of V(QG), such that if y,z € B;, then d(y,z) > k + 1. Here, d(x,y) denotes the graph-theoretic distance

between the vertices x and y.

Lemma 4.2.5. Let n,k € N, and x € V(Qy,). Then there exists a partition

S(x, k) :={yeV:dy(y,z) =k} =B1U---UB,,
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of S(x, k) intom < k(") < 2n*=1 sets, such that if v,y € Bj for some j, then dy(x,y) > 2k.

The key observation is that after running the process for only a few steps, the probability of any unin-
fected vertices remaining uninfected becomes exponentially small in n. Hence, it suffices to analyze the

initial few steps of the process. Following Lemma 4.3 in [11], we prove the following lemma.

Lemma 4.2.6. Let ¢ > 0, 6 > 0, and k be absolute constants. Suppose that initially, each vertex is infected

with probability p, independent of the other vertices. Suppose that for every x € V(Qy,)

é

Pz ¢ Ap) <e .

Then there exists a constant d > 0 such that

—dnlté

P(z ¢ Aggy1) <e

Proof. Suppose that ¢ Agiii. Let S(z,l) = {y € V : duy(y,x) = [}. We claim that for each

t € [0,k + 1], there exist a set T'(t) C S(x,t) and a function 0 < «(¢) < 1 such that

T(t) N A2k+1—t = @, 4.1

and

IT(t)] > a(t)n® —O(n'™1). (4.2)

We will prove the claim by induction on ¢. In the base step, we have ¢ = 0 and so the claim is trivially
true. Suppose that T'(¢) satisfies (4.1) and (4.2) for some ¢ > 1. Then every y € T'(t) has at most n®

neighbors in S(z,t 4+ 1) N Ag,_ and so at least n — ¢t — n® neighbors in S(z,t + 1)\ Aox—;. Each element
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of S(z,t+ 1) has t + 1 neighbors in S(x, t). Therefore, there exists a set 7'(t + 1) C S(z,t + 1) such that

T(t+1)N Ay = 0and

(n—t —n)T(0)]

Tt+1) =
T(t+ 1)) —

Therefore, we have

T(t+1)] > alt+ D't — O('),

which concludes the proof of the claim.

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of V' (Q,,) as follows:

where, for each i € [m], and for any x and y € B;, we have dy(z,y) > 2k + 1. Furthermore, the number

of subsets m in this partition satisfies m < 2n*.

Now we claim that there exists j € [m] and a sufficiently small € > 0 such that
|Bj| = en

and

T(k+1)| > €| B;].

Otherwise

IT(k+1)| < Emn—i-e(kj_l),

which is a contradiction since e can be taken to be arbitrarily small.
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Recall that T'(k + 1) N A = 0 and P(x ¢ Ay) < e="" . We have, by Lemma 4.2.3,

P(|T(k+ 1) N B;j| > €¢|B;|) < 2(e ™" )IBil/2

<2~ e,

Therefore,
P(x ¢ Aggy1) < P[3j with |B;| > en and |T'(k + 1) N Bj| > €| Bj|]
< m2(e= 2y
< efdnhL‘S
for some d > 0. L]

In order to proceed we will introduce a process closely related to the bootstrap percolation process
(which was originally introduced in [11]). The only difference is the less strict requirement for a vertex to
be infected at step 1. Let A; denote the set of infected vertices up to step i. We define the process Boot1(%)
as follows:

* Initially, each vertex is infected with probability p, independent of other vertices.

* If a vertex becomes infected then it remains infected forever.

*A healthy vertex will be infected at step 1 if it has at least n® — ¢ infected neighbors at the initial step
ie,r € Ayifz € Agor [N (z) N Ag| = n® —t.

* Let s > 1. A healthy vertex will be infected at step ¢ + 1 if it has at least n® infected neighbors at step
i,ie,x € Ajpq ifx € A;or [N (x) N A;] = n

Let us refer to the original n®-neighbor process as Boot. Note that the process Boot1(¢) dominates the

process Boot, in the sense that given the same initial set Ay, then for each k& € N, the set A given by
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Bootl(?) contains that given by Boot. Therefore, if percolation does not happen (with high probability) in
the process Bootl1(?) then percolation will not happen in the process Boot as long as the initial probability

for each vertex to be infected is the same for both processes.

Lemma 4.2.7. Let €1,e5 > 0, €1 > 2¢9 and% < a < 1. Consider the Bootl(t) process, with p =

n® ' —en® " andt = ean® Then Ay = Ay with high probability in the process Bootl(t).

Proof. Letx € V(Qy,) and suppose x € As\ A;. Then by definition we have

IN(z) N Ay| = n®

and

INV(x) N Ag| < n® —t.

Thus there exists a set T C NV (z) with |T| = ¢, and T' C A1\ Ao.

Let S(x,l) ={y € V : dg(y,z) = I} and consider the set N'(T") N S(x,2). It has a set (denoted as B)
of (;) vertices with two neighbors in 7', and a set (denotes as C) of t(n — t) elements with one neighbor in
T.

Since T' C A1\ Ay, we have

t
€ A >t(n“—t)—2<2> 3)
=tn® — 2% + ¢ (4.4)
= egn?® — 2e%n2a + ean®. 4.5)

Indeed, this follows by counting the number of edges between 7" and N(T') N S(x,2). Note that every

element in T has at least n® — ¢ neighbors in Ay and even if every element in B is in Ag (4.4) is still valid.
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However, since |C' N Ag| ~ Bin(t(n — t), p), we have

IC'N Ag| — E[|C N Ag|] > —2€2n2% 4+ ean® 4+ nP77 12 + e1ean®® — epedn3L,

By Lemma 4.2.1 and the fact that % < a < 1, we have

P (\c A Ao| > tn® — 1) — 2@) < exp (-2(61?(773%)2”4‘1)

2(€169 — 2€3)?n3e1
€2 '

< exp (—

Since we have at most () choices for the set 7', thus for some ¢ > 0,
P(e ¢ A2\A1) < (7:;)1[» (\c N Aol > t(n® — 1) — 2(2)) < exp(—en* ).
Moreover, since |V (@) = 2", we have
P(A2\A1 # 0) < 2"P(z € A3\ A7) < 2" exp (—cnga_l) =o(1). O

Now we are ready to prove Theorem 4.1.1.

Proof. Let us first show the upper bound. Let the probability p for every vertex to be initially infected be

n® 1 4+ en® ! assuming € > 0, and = € V(Q,,), by Lemma 4.2.1 we have,

Pz ¢ A1) =P({z ¢ Ao} N{|N () N Ao| <n?})
< P(IN(z) N Ag| < n%)
= P(Bin(n, p) < n%)

< exp(—2€n2e ).
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By Lemma 4.2.6, with 6 = 2a — 1 > 0 we have

P(x ¢ A3) < exp(—dn®®).

Therefore, since % <a<l1

P (3z € Q, such that z ¢ A3) < 2" exp(—dn®®) < o(1).

Now we will move on to the lower bound. Consider the process Bootl () and let p be the probability that
each vertex is initially infected, where p = n®~! — en®~1, If we can prove P(A; = V(Q,)) = o(1) for
Bootl1(t), then together with Lemma 4.2.7, this would imply that the process Boot1(t) does not percolate
with high probability, and therefore the process Boot does not percolate with high probability. Indeed, We

have

P(x ¢ A1) = Pz ¢ Ao)P(|N(z) N Ag| < n?)
> 0.9(1 —o(1))

= 0.8.

From Fact 4.2.2 it is clear that if S C V(Q,,) satisfies di(y, z) > 3 for every y, z € S, then the events
{y € A1}yes are independent.

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of V' as follows:

where, for each ¢ € [m] and for any = and y € B;, we have dy(z,y) > 3. Furthermore, the number of
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subsets m in this partition satisfies m = 23:1 (7)

Thus there exists a set B; with |B;| > i—z such that for any = and y € B;, we have dy(z,y) > 3.

Therefore, with the independence condition in place, we have
P(z € A; forall z € B;) < (0.2)/Bil.

Thus,

P(A1 = V(Qn)) = o(1).

The theorem is proved. 0

4.3 PROOF OF THEOREM 2

Let’s begin by proving the upper bound. To do so, we require a slightly more general concept. Let A; ,
represent the set of infected vertices up to and including step ¢ when the infection threshold is 7. In order to
establish the upper bound, we will rely on a few lemmas.

The key observation is that after running the process for only a few steps, the probability of any non-
infected vertex remaining noninfected becomes exponentially small in n. Hence, it suffices to analyze the
initial few steps of the process.

We need to introduce more tools before proceeding.

Lemma 4.3.1. (De Moivre-Laplace Theorem) Let S(n) ~ Bin(n,p). Then

lim ]P’{is (n) —np

n—oo np(l —p) < #h =20

where ®(-) is the cumulative distribution function of the standard normal distribution.

Before stating the next lemma we need to introduce some concepts and notation.
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Suppose that = {0,1}?", and each coordinate is assigned independently. In other words, we have a
collection of independent Bernoulli random variables X1, ..., Xon.

Define a partial order on the elements of {2 as follows:

($17 "'7$2") 2 (y17 "'7y2”)

if and only if x; > y; forall 1 <7 < 2™
We say that an event A C (2 is increasing(decreasing) if € A and y > z(y < x) implies that y € A.
There is a one-to-one correspondence between the initial infection configuration and €2. Let us enumer-
ate all the vertices in V(Q),) as v, ve,--- ,von and denote z; = 1 if v; is initially infected and otherwise

xi:().

Lemma 4.3.2. (FKG Inequality [29]) In the above setting, if both events A and B are increasing (or

decreasing), then

P(AN B) > P(A)P(B).

1

Lemma 4.3.3. Let © € V(Q,,) and let the initial infection probability p = n®~" — nz =" with % <a<l
We set the infection threshold to r = n® + 3. Then there exists an absolute constant 6 > 0 such that as

n — 00,

P(x € ALT) > 0.

Proof. We have

P(z € A1) =P(z € Ag) + P(|N(z) N Ag| = r|z ¢ Ag)P(z ¢ Ayp)

=P(z € Ay) + P(IN(z) N Ag| > r)P(z ¢ Ao).
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Let S(n) = |N(x) N Ap| and note that S(n) ~ Bin(n, p). Then, we have

S ) = S(n) —np r—np
P20 <P (S s ).

Let z(n) = —~—=£—. Then it is easy to see that
np(1—p)

nlg]g() z(n) = 1.

By Lemma 4.3.1, we have

lim P(S(n) >7r)=1—-®(1).

n—o0

Therefore there exists an absolute constant § > 0
IP)(.I S Al,r) > 6. O

Lemma 4.3.4. Let § > 0. Let p be the same as that in Lemma 4.3.3 and then P(x € Aj yay3) = 0. Then

there exist a constant ¢ > 0 and §' > 0 such that
6/

Plx € Aypa)>1—e "

Proof. Let z € V(Qy,). There exists a set S,

S| = n® such that S C N (x)\Ap. Otherwise, it follows that
x belongs to Ay. Let T = N (S)\{z}. Denote T; = {y € T : [N (y) N S| =i} fori € {1,2}. Itis easy to
see that

Ta| = (n —n®)n®
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and
na
= (%),
Let |7} N As| = band [T, N As| = c. Note that if S N A3 = (), then b + 2¢ < n?%.

Note that [Ty N Ag| ~ Bin(n'*t® — n?® no=1 —n5-1). By Lemma 4.2.1, there exits ¢’ > 0 such that
P(||T1 N Ag| — n2?| = 2037 1) < exp(—c'n®*73).

Let F'(.S) denote this event that || 71N Ag|—n2?| < 2n3¢~! and thus we have P(F(S)) > 1—exp(—c'n®?73).
From now on we assume the event F'(:S) occurs. Note that if |77 N A\ Ag| > 8n3?~L, then b > n??* and

thus S N Az # 0.

Claim 4.3.5. If F'(S) holds, then
P(|Ty N A2\ Ag| = O(n>*™ 1)) < Inexp(—c”d%en' ),

where ' > 0.

Proof. Consider a bipartite graph H with V(H) = W UY where W = T1\ Ao, Y = S(z,3) and E(H) =
{wy : wy € E(Qy)}. Color an edge of H red if its end in the set Y is in A; and color an edge of H blue if
its end in the set Y is not in Aj.

It is easy to see that |[E(H)| = (n — 2)|W|. Since F(S) holds, we have |W| = (n — n®)n® — n2® +
O(n3e-1),

Now suppose |71 N A2\ Ag| = O(n3*~1). Since only O(n3¢~1) vertices in 71\ A¢ can have at least n®
neighbors in Y, we have

er(H) < n®|W| 4+ O(n®)

57



and

ep(H) = (n—2)|W| = n|W| - O(n’), (4.6)

where eg(H ) and e(H ) denotes the number of red edges and blue edges in H respectively.

From Lemmas 4.2.4 and 4.2.5 , we can observe that there exists a partition of the set S(x, 3) as follows:

where, for each i € [m], and for any = and y € B;, we have dy(z,y) > 3. Furthermore, the number of
subsets m in this partition satisfies m < 3n.

Let us define for i € [3] and j € [m]

BJ(Z) = {.CC € Bj : ’N(.CC) ﬂT1| = Z}

Claim 4.3.6. For a sufficiently small € > 0, then there exists i € [3] and j € [m] such that
(a) | edges of H are incident with B;(i) where | > en'™® and

(b) at most gl of those edges are red.

Proof. Suppose the claim is false. We will find a contradiction by counting the number of blue edges.
Indeed, we have at most 3men!* 4 e(H)(1 — g) < 3men! o4 (1 — g)n]W\ blue edges. Since € is small

enough, this is a contradiction to the bound in (4.6). L]

Note that {y € Ai},e B, (i) are independent but this event is not independent of which members of
B(z,2) are in Ap. Since y € B;(i) has at most 3 neighbors in B(z,2) and P(y € Ay paq3) > 6, then

P(y € Ajna) > 6 for any set B(xz,2) N Ay.
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Let E;(i) denote the event that B;(7) satisfies (a) and (b). Then

1+4a 5 1+a
P(U;;E(i)) < ) P (Bin <6ni ,5> < ;ni >
12

< Inexp(—c’d%en' ).

for ¢’ > 0. O

The number of choices for S is at most

(o) < ()"

_ enaJrna logn—an®logn

Let M(S) denote the event |77 N (A2\Ag)| = 8n3%~!. Note that if for every S C N(x)\ A with
|S| = n® both F'(S) and M (S) hold, then z € Ay4.

Therefore,

P(z ¢ As) <Y PIF(S)]+ > P[M(S)] 4.7
S S
< exp(—c"'n?), (4.8)
where ¢’ > 0and &' > 0.
It is easy to check that (4.8) is valid since a > %. ]

Now we are in a position to prove the upper bound in Theorem 4.1.2
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Proof. By Lemmas 4.3.3, 4.3.4, and 4.2.6 there exists d > 0 and 4" > 0 such that

P(Ag does not percolate) < P(Ucy () (7 ¢ Ao))

< Z P(x ¢ Ay)

zeV(G)

In order to prove the lower bound on the probability that percolation does not happen we will introduce
a new process closely related to the bootstrap percolation process (which was originally introduced in [11]).
The only difference is the less strict requirement for a vertex to be infected at steps 1 and 2. Let A; denote
the set of vertices infected up to step ¢. We define the process Boot2(¢) as follows:

* Initially, each vertex is infected with probability p, independent of the other vertices.

* If a vertex becomes infected, then it remains infected forever.

*A healthy vertex will be infected at step 1 if it has at least n® — 2¢ infected neighbors at the initial step
ie,x € Ayife € Agor [N (z) N Ag| = n* — 2t.

*A healthy vertex will be infected at step 2 if it has at least n® — ¢ infected neighbors at the first step i.e.,
x € Agifz € Ay or |N(z) N Ay > n® —t.

* Lets > 2. A healthy vertex will be infected at step ¢ + 1 if it has at least n® infected neighbors at step
i,ie,x € Ay ifz € A;or IN(x) N A;| = n®

Note again that the process Boot2(t) dominates the process Boot, in the sense that given the same initial
set Ap, then for each £ € N, the set Ay given by Boot2(¢) contains that given by Boot. Therefore, if
percolation does not happen with high probability in the process Boot2(?) then percolation will not happen
with high probability in the process Boot as long as the initial probability for each vertex to be infected is

the same for both processes.
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In order to prove the lower bound we need the following two lemmas. The first lemma is taken from [11],
which generalizes Lemma 4.2.1 to a weighted binomial distribution. In the second lemma we will show that

P(A3 = A3) =1 — o(1) by drawing on ideas from [11].

Lemma 4.3.7. Let t,k,d,...,d, € Nandp € (0,1). Let X; ~ Bin(d;,p) for each i € [k], let Y}, =

Zle iX;, and let D(k) = Zle i%d;. Then

B(Ve > E(Yi) +1) < (20 exp (;?}5) .

Lemma 4.3.8. Consider the Boot2(t) process, where the value of the initial infection probability p = n® ' —

n2 =10 with % <a<1, andd > %(1 — a). Then with high probability A3 = As in the process Boot2(t)

. _i 2+5
witht = o2

Proof. Suppose x € A3\ As. Then we have
N (z) N Ag| = n®

and

INV(xz) N Ar] < n® —t.

Thus there exists a set 7" C N (z) such that |T'| =t and T' C A2\ A;. Lety € T, and then we have
N(y) N Ay > n —t

and

IN(y) N Ag| < n® — 2t.

Thus every y € T must have at least ¢ neighbors in A;\Ag. Therefore there exists a set S such that
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S C N(T) N A1\A0 and

12 5
5<IS\<t.

Let |S| = s, D = N(S) N S(z,3), and let d be the number of edges between S and D. Next partition D as

D = U3_; D; where each element in D; has i neighbors in S and let |D;| = d;. Then we have

d:Zidi = s(n — 2).

Now consider E(r). We have

E(r) = pd
=ps(n —2)

= (n* — nztd —opo-l 4 2ng_1+5)s.
Since {x € A3\ Ay} implies that {r > E(r) + %n%Ms}, we have

nfm) (nt 3 a
P (Uer(Qn)l‘ € A3\A2) <2 (t) ( >t2 Z P <7’ > E[r] + 4n2+55) .

Then by Lemma 4.3.7 we have
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where D(3) = Y22 i%d,.

Moreover, there exists a C' > 0 such that

3 3
D(3) = idi+ Y (i —i)d;
=1 =1
3
=s(n—2)+ Y (i* —i)d;
=1
< Csn.

P(Uzev(,)r € As\Az) < 2" <n> (nt t2 Z %na+2552 exp(—C'nat?-1g)

<o <n> (nt> tz(ns)?’gn‘”%sQ exp(—C/n+25-1g)

aslongasd > (1 —a). O
Now we are ready to prove the lower bound in Theorem 4.1.2

Proof. Consider the process Boot2(t) with ¢ = %n%”, where each vertex is initially infected with prob-
ability p. Let p = n% ' — n2 71+ where 3 <a<1l,andé > (1 —a). If we prove that P(4; =
V(Qr)) = o(1) for Boot2(t), together with Lemma 4.3.8, then this would imply that the process Boot2(t)

does not percolate with high probability, therefore also that the process Boot does not percolate with high
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probability. Indeed, we have

Pz ¢ Az) = P(z ¢ Ag)P(IN () N Ao <n® = 20)P(IN (z) N (A1\Ao)| = 0).

It is obvious that P(z ¢ Ag) > 1 — o(1). By Lemma 4.2.1, we have

!

PN (z) N Ag| < n® — 2t) > 1 — exp(—n®

),

where ¢’ > 0.
Lety € N(x)\Ag. Then P(y € A1) = P(IN(y) N Ag| = n® — 2t) = €(n), where e(n) = exp(—n’").

Since the events {y & A1} enr(2)\4, are decreasing events and thus by Lemma 4.3.2,

P(IN(z) N (A1\Ag)| =0) > ] Ply ¢ Ar)

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set V' (Q,,) as follows:

where, for each i € [m], and for any = and y € B;, we have dy(x,y) > 6. Furthermore, the number of
subsets 1 in this partition satisfies m = >.°_ ().

Let B C V. Assume forany x € B and y € B, we have df(x,y) > 6. Then from Fact 4.2.2, the events
{x € As},cp are independent.

Given the partition of V, there exists a set B; such that |B;| > 372 Furthermore, for any = and y
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belonging to B;, it holds that dg (z,y) > 6. With the independence condition in place, we have

P(x € Ay forallz € B;) = (1 — e—Qﬁ(n)n)\Bil

since €(n) is an exponentially decaying function of n. O

44 PROOF OF THEOREM 3

Let us start by proving the upper bound. To do so, we require a slightly more general concept. Let A;

represent the set of infected vertices up to and including step 7 when the infection threshold is . Hence,

A; = A; ~. In order to establish the upper bound, we will rely on a few lemmas.
7’2

3k

g, and let the infection threshold be r = % + (2k)’ where

Lemma 4.4.1. Let z € V(Qk.p), let p = % _ (1)

n

k > 2 is an integer. Then there exists an absolute constant § > 0 such that

]P’(:ZZ S Alﬂ") = % + 4.

Proof. We have

Pz € A1) =P(z € Ag) + P(IN(z) N Ag| = r|z ¢ Ag)P(x ¢ Ao)

— Pz € Ao) +B(N(2) N Ag| > r)B( ¢ A).
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Let S(N) = |[N(z) N Ap| and so S(N) ~ Bin(N, p). Then, we have

Pwmm>mzp(5m”_Np> r—Np ).

VNp(L—p) ~ /Np(L —p)

Let 2(N) = —~=N2__ Then it is easy to see that
Np(1—p)
2V k!
li N)=——.
WP =

By Lemma 4.3.1, we have

(220

lim P(S(N)>r)=1-® X

N—oo

Therefore there exists an absolute constant § > 0

P(AL) > 3 +6

Before stating the next lemma, we will introduce two definitions and one theorem.

Definition 4.4.1. A I-factor of a hypergraph is a spanning I1-regular sub-hypergraph.

Definition 4.4.2. A decomposition of a hypergraph into edge-disjoint I-factors is a 1-factorization.
The following Theorem was originally proved in [14] by Baranyai.

Theorem 4.4.2. Let k > 2. A I-factorization of the complete k-uniform hypergraph on n vertices exists if

and only if k|n.

Now we are ready to state the next lemma.
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Lemma 4.4.3. Let § > 0 be a real number and k > 2 be an integer. Additionally, we assume that k
divides n. Additionally assume that with the initial infection probability p = % - (%)k/ 2 we can establish

P (x €A ﬂ+(3k)> > 0. Then there exists a constant ¢ > 0 such that
72 2k

P(x € A4g) >1- e—en™ !

Proof. Let z € V(Qy ). There exists a partition S(x, k) = U, B; such that supp(z) N supp(y) = 0 for all
r,y € B;and all i € [m]. Moreover, |B;| = } forall i € [m] and m = (Z:})

Indeed, we can consider S(x, k) as the edges of a k-uniform hypergraph on n vertices. According to
Theorem 4.4.2, such a partition of S(z, k) exists given that k|n.

There exists an ¢ € [m] such that there is a set S C B;\ Ag of size |S| = g + 1. If such a set S cannot
be found, this implies that for every i € [m], |B; N Ao| > 5. If for every i € [m], [B; N Ag| = 5 + 1,
then x € A1, and we are done. Since the ”+1” term will not affect the calculations, we can safely assume
that there exists a set S C B;\ Ag with [S| = 4.

Let T = N(S)N S(x,2k). Denote T; = {y € T : [N (y) N S| =i} fori € {1,2}. It is easy to see that

_(n—=k\n 2N\ nfl o (3k —1)(k? — k)n” b1
‘T1‘< k >2k 2<2>2kk! 4EE! +0(n™)

and
n 2
Tol=(26) =™ _ ™
g (2) 8k2 4k

Let |71 N As| = a and |Tb N As| = b. Note that if SN A3 = 0, then a + 2b < (iN) =

nk+1 —0. - — nk _
L RZ0S( D=D)nt | -y

4kk!
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Note that

nk 1l (3k — 1)(k% — k)n* _
E|Ty N Ag| = T A% + O(nk1).

By Lemma 4.2.1, that there exits ¢’ > 0 such that

nk+1

4kk!

/. k—1

P(||T1 N Ao| — | > kn*) < exp(—cn*1).

| nk+1

Let G(S) denote this event doesn’t happen, i.e., [|T1 N Ag| — Z77| < kn* and we have P(G(S)) <

1 — exp(—cnF=1).

nk+1

From now on, we assume that the event G(5) holds. If [T} N A2\ Ag| > 2kn*, then a > %+ + knF

and thus S N Az # (.

Claim 4.4.4. If G(S) holds, then

P(ITy 1 As\Ao| = O(n*)) < c@:) n* exp(—c"6%en1H).

Proof. Consider a bipartite graph H with V(H) = Hy U Hy where Hy = T1\ Ay, Hy = S(x,3k) and
E(H) = {uv: w € E(Qk,n)}.We will color edges of H red and blue. If the end point in H> is in A1, then
color edges zy red for every « € H; and if the end point in H» is not in A, then color edges zy blue for
every x € Hj.

It is easy to see that |E(H)| = (”_kzk)|H1| Since G(s) holds, we have |H;| = % + O(n*).

Now suppose that |71 N A2\ Ao| = O(n¥). Since at most O(n*) vertices in H; can have at least &

neighbors in A, the number of red edges in H, denoted Er(H), satisfies

N

Er(] < 5 (1) 11l + 06
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and thus the number of blue edges in H, denoted by Ep(H ), has to satisfy

a1l (") - 5 (7))l - ot 49)

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set S(x, 3k) as follows:

where, for each i € [m], and for any x and y € B;, we have dy(z,y) > 2k + 1. Furthermore, the number
of subsets m in this partition satisfies m < 1 + Zle (3251) (nfgk) < Cnk,

1

Let us define, for i € [(g:)] and j € [m],
D;(i) ={x € Dj : |[N(z) NTh| =i}

Claim 4.4.5. If € > 0 is arbitrarily small, then there exists an i € [(g:)] and a j € [m| such that
(a) l edges of H are incident with D;(i) where | > en'** and

(b) at most (% + g)l of those edges are red.

Proof: Suppose the claim is false. Let us count the number of blue edges. We have

n — 2k 1 9 3k
Eatl < ("7 Yimig - )+ o (G et

which is contradiction to (4.9) since € is chosen arbitrarily small.
Note that events {y € A1}, D, (#) are independent, but they are not independent of which members of
B(z,2k) are in Ay. Since y € B;() has at most (32) neighbors in B(x,2) and P(y € A, ng(sk)) > 146,
2 2k

thenP(y € A, x) >  + 6 for any set B(z,2) N Ay.
2
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Let E;(i) denote the event that D, (i) satisfies (a) and (b). Thus

for ¢’ > 0.

The number of choices for S is at most

=3

(5//22) s

Let M () denote the event Ty N (A2\Ag)| > 2kn”. Note that if for every i € [2=] and every subset

S C B;j\Ap of size g; both G(S) and M (S) hold, then x € Ay.

Therefore,

Pla ¢ Ai) <3S BIGS)T+ 0 3 BIM(
% S ) S

< eXp(—C”/nk_l),

where ¢ > 0.

Now we are ready to prove the upper bound for k£ > 2 in Theorem 4.1.3.
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Proof. By Lemmas 4.4.1 and 4.4.3 we have, for k > 2,

P(Ag does not percolate) < P(Ucy () (7 ¢ A4))

< ) P ¢ Ay
zeV(G)
111 k—1

< ne—c"'n

=o(1). O

For k = 2, we can observe that Lemma 4.4.3 is insufficient to prove the statement in Theorem 4.1.3.

Therefore, it is necessary to prove an additional lemma in order to prove the statement for k = 2.

Lemma 4.4.6. Let § > 0 be a real number. Additionally, we assume n to be even. Let the initial infection

probability be p = % — %for each vertex. With this value of p we can establish P(x € A, T:ﬂ+21) = % + 4.
)

Then

0.1

]P)('T € A4,T=%) 2 1-— efcn

Proof. Assume n is even. Recall S(z,1) = {y € V(Q2,) : du(x,y) = 1}.

From Theorem 4.4.2, there exists a partition of S(z,2) of the form S(x,2) = U, B; such that
Support(z) N Support(y) = @ for all z,y € B; and all i € [m]. Moreover, |B;| = % for all i € [m]
andm =n — 1.

From Lemma 4.2.1 we have

. 1
P(IB; N Ao| < & —n'3) <exp ( - n0'1*>-

n
4

Let J(i,x) denote this event does not happen, i.e [B; N Ag| > § — n2 . From now on, we assume that

J(i, ) holds and then choose S C B;\Ag with |S| = 2 + 1. We will show that S N A3 = () is highly
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unlikely. Since the +1 term will not affect the calculation, we will drop it.

LetT =N(S)NS(z,4)and T; = {y € T : IN(y) N S| = i} fori € {1,2}. Itis easy to see that

and
n—2\n n nd 11
Ty = G T p—r
& <2>4 <2> 8§ 16" "

Leta = |Ty N As| and b = |T N As|. Observe thatif SN Ag = 0, thena +2b < 21((5) +n) = 2 + 2.

w
N

From Lemma 4.2.1, we have

n3 9 1
P<HT10A0|—E‘ Zn ) <€'XP(—mn)-

Let G(S) denote the event that ||77 N Ag| — 711—2| < n? and so P(G(S)) > 1 — exp( . Assume

1
~3000")
that G(S) holds. Therefore, if |7} N Az\Ag| > 2n?, then with high probability, a > T—Z + n? and thus

SN As#£0.

Claim 4.4.7. If G(S) holds, then
P(|T; N A2\ Ag| = O(n?)) < n? exp(—c'6%en).

Proof. Consider a bipartite graph H with the vertex set H; U Ha, where Hy = T1\Ay C S(z,4) and

Hy = S(z,6), and the edge set {uv : wv € E(G)}. We have

el =1mi("5 ")
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and

n

1l = 16

+0(n?),

since G(.5) holds.
We will color the edges of H red and blue. If y € Hs is in Ay, then color xy red for every x € H; and
if y € Hj is not in Ay, then color zy blue for every z € Hy. Now suppose |71 N Ao\ Ag| = O(n?). Thus,

only O(n?) vertices of H; can have at least %2 + n neighbors in A;. Thus

2

5
n n
|Er(H)| < -] + O(n*) = 61t O(n*)

and

n—4

2
) >|H1| —~ ”Z|H1| —0(n") = = - 0(n"), (4.10)

Batin)| > (

where Er(H) denotes the red edges of H and F(H) denotes the blue edges of H.

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set S(x, 6) as follows:
S(i[f, 6) = UzrilDia

where, for each i € [m], and for any = and y € B;, we have dy(z,y) > 9. Furthermore, the number of
subsets m in this partition satisfies m = (g) (”16) + (g) (”56) + (g) ("36) + (g) ("16) + 1.

Define a refinement of D; as D;(i) = {z € D; : |[N(z) NT1| = i} fori € [15].

Claim 4.4.8. For a sufficiently small € > 0, there exist an i € [15] and j € [m] such that:
(a) l edges of H are incident to D;(i) and | > en. And

(b) at most (5 + g)l of those edges are red.
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Proof. Suppose the claim is false. We can have at most
1 46
|[Ep(H)| < |E(H)](§ - 5) + 15enm

blue edges, which is a contradiction to the bound in (4.10). ]

Note that {y € Ai},c p, () are independent, but this event is not independent of which members of
B(z,5) are in Ag. Since y € Dj(i) has 21 neighbors in B(z,5) and P(x € A, ,_~_ ) > + + 4, then
’ 2
P(y € A, n) > 1 + ¢ for all set B(z,5) N Ag.
2

Let E;(i) denote the event that D; (1) satisfies (a) and (b). Thus, there exists a constant ¢ > 0 such that

1 1 6
P(U; ;E;(i)) < ZIP’ (Bin <6?’ 5 + 5) < (2 n 2) ezn>
,J

< 150t exp(—c'6%en). O

The number of choices for S is at most

(Z + n0'55> < (e (1 . n;/lf))n

< exp(n”*) exp(

0.55

I3

TLO'55)

n0-9/2

< exp(n®7).

Let M (.S) denote the event |Ty N (A2\Ag)| > 2n?. Note that if for every i € [n — 1] and for every subset

S C B;j\A; of size %, J(i,2),G(S), and M (S) hold, then z € Ay.
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Therefore,

Pleg¢ A) < Y PU@))+ D> D PGS+ >, D PM(S)]
] S ] S

1€[n—1] i€n—1 i€n—1

< exp(—en®). O
Lemma 4.4.9. Suppose that for every x € V(Q2,y,) there exists an absolute constant ¢ > 0 such that
0.1

Pz ¢ Ap) < e

Then for some d > 0, we have

IP(x §7_£ A3k+2) < €7dn1'1.

Proof. Suppose that © ¢ Aspio. Assume that k is an absolute constant. We claim that for each even

t € [0,2k + 2], there exists a set T'(t) C S(x,t) and a function 0 < «(¢t) < 1 such that
T(t) N Agpos =0 (@.11)
and
IT(t)] = a(t)n® — O(nt™1). (4.12)

We will prove the claim by induction on ¢. When ¢ = 0,

T(t)] = 1 so the statement is trivially true.
Suppose that 7'(t) satisfies 4.11 and 4.12. Then for every y € T(t) it has at most 5(n + (})) neighbors in
S(z,t +2) N Agi_¢ and so at least (”;t) — 3(n + (3)) neighbors in S(z,t + 2)\Asj_s. Note that each

element of S(x,t + 2) has (t;r?) neighbors in S(z, ).
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Therefore, there exists a set T'(t + 2) C S(x,t + 2) such that T'(t + 2) N A3 = () and

" =S+ (DT
T4y > (2) ((t?)()]l Ol

Moving forward, We need the following fact.

From Fact 4.2.2, it is easy to see that if S C V(Q2,y,) satisfies dy(y, z) > 4k + 1 for every y, z € S,
then the events {y € Ay },cs are independent.

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set S(x,2k + 2) as
follows:

where, for each i € [m], and for any x and y € B;, we have dy(z,y) > 4k + 1. Furthermore, the number
of subsets m in this partition satisfies m = 2(k + 1) (%11).

Now we claim that there exist a j € [m] and a sufficiently small € > 0 such that
|Bj| = en

and

IT(2k + 2)| > €| B;].

Indeed, if the claim is not true then
|T(2k + 2)| < emn + e(

n
2k +2)’

which is a contraction since ¢ is sufficiently small.
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Recall that T'(2k +2) N Ay, = 0 and P(z ¢ Ay,) < e~ From Lemma 7 in [10], we have

P(|T(2k +2) N Bj| > €|Bj]) < 2(e~cn" )€l Bjl/2

< 2e7en /),

Therefore,

P(z ¢ Agpsz) < P (3j with | Bj| > en and [T(2k +2) 1 B;| > €|B))
< m2(e—cn1'1e2/2)

7dn1'1

<e ) ]

Now we are ready to prove the upper bound for £ = 2 in Theorem 4.1.3.

Proof. By Lemmas 4.4.1, 4.4.6, and 4.4.9 we have

P(Ag does not percolate) < P(Uyev(q)(z ¢ A14))

< Y Pz ¢ An)

zeV(GQ)

—d 1.1
< 2N

=o(1). O

Next we will prove the lower bound of Theorem 4.1.3. Let us introduce a new process closely related to
the bootstrap percolation process. The only difference is a less strict requirement for a vertex to be infected
at step 1 and step 2. Let A; denote the set of infected vertices up to step i. We define the process Boot3(t)

as follows:

* Initially, each vertex is infected with probability p, independent of other vertices.
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* If a vertex becomes infected, then it remains infected forever.

*A healthy vertex will be infected at step 1 if it has at least % — 2t infected neighbors at the initial step,
ie,x € Ajifa € Agor |[N(z)N Ao > & —2t.

*A healthy vertex will be infected at step 2 if it has at least % — t infected neighbors at the first step,
ie,r € Agifw € Ayor [N (z) N A > % —t.

* Let ¢ > 2. A healthy vertex will be infected at step ¢ + 1 if it has at least % infected neighbors at step
i,ie,x € A ifx € Ajor [N (x) N A;] > %

Let us refer to the original %—neighbor process as Boot(%).

To establish the lower bound, we will use Lemma 4.3.7 to show that P(A3 = A2) = 1 — o(1). Subse-

quently, we will establish that P(Ay = V') = o(1).

Lemma 4.4.10. Consider the Boot3(t) process, where the initial infection probability p = % — L with

na

a<landt=nbwithk —1 < b< k. Then A3 = Ay with high probability.

Proof. Suppose x € A3\ As. Then we have

|N($) N A2| >

| =

and

N
WN(z)nAil < 5 —t.

Thus there exists a set 7' C N () with |T| = ¢ such that 7' C A3\ A; and

TN S(z, k)| >t—ki<7;>.

=1

Let y € T, and then we have

N
IN(y)ﬂA1I>§—t
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and

N
INV(y) N Ag| < 5 2t.

Thus every y € T' must have at least ¢ neighbors in A;\ A.
For every y € (T N S(x,k)), it must have at least ¢ neighbors in A;\ Ay among which at least ¢ —
O(n*F=1) are in S(z,2k). This is because each vertex in S(z, k) has at most O(n*~!) neighbors outside

Sz, 2k).Therefore, there exists a set .S such that
S C (A1\Ap) NS(x,2k) NN(T N S(z,k))

and

since each vertex in S(z, 2k) has at most (%) neighbors in S(z, k).

Now, let us consider the set D := N (S) N S(x,3k). Let d be the number of edges between .S and D.
(%)

We can express D as a union of disjoint sets D;, where D = U, %/ D;. Each element in D; has ¢ neighbors

in S. Let | D;| = d; and |S| = s. Then we have

=

(%)

n — 2k
d= id; = .
i:lz 3< k >

Let R; = AgN D; and |R;| = r;. We have

S

(3). N .
o= i:1zri>s<2—2t—0<n )>

79



and also

where § = n%

Since the event {x € A3\ A} implies the event {r > E(r) + (%k — 2t)s}, we have

n nk nkt snk
P(Uzev(Qu.)T € A3\A2) <2 ( . ) ( . >t2 Z P (r > E[r] + <k:‘ — 2t> s> .

d1,d2,-~~d(3kk)

Indeed, we have at most 2" vertices in Qy, ,, (’"; ) choices for the set T, ("S t) choices for the set S and
at most ¢2 values that s can take.

Assume n¥§ > t,i.e., k — a > b. Thus, from Lemma 4.3.7, there exists a constant ¢ > 0 such that

3k 3k
Since D <(3,f)) = Zz( :kl) i?d; and ZZ(:"I) id; = s(”_k%), there exists a big absolute constant C' such that
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Thus, we have

]P)[EL’L’ € A3\A2] = 0(1). O

Finally, we are ready to prove the lower bound of Theorem 4.1.3

Proof. Consider the process Boot3(t), where the initial infection probability p = % — n—la, where 0 < a < 1.
Let k > 2 be an integer independent of n and ¢t = n® where k — 1 < b < k. Furthermore, we assume
k —a > b. If we can prove that P(Ay = V(Qk,n)) = o(1) for Boot3(?), in conjunction with Lemma 4.4.10,
it implies that the process Boot3(¢) does not percolate with high probability. Consequently, this suggests
that the process Boot(%) does not percolate with high probability.

Indeed, we have
N
P o ¢ 42) > Plo ¢ AP (IN(2) 1 Aol < 5 = 26) PON() 1 (41 Ao =0).
It is obvious to see that P(z ¢ Ag) > 3 and by Lemma 4.2.1, that

P <|N(1:) N Al < g — Qt) > 1 — exp(—n’),

where § > 0.
Consider y € N(z)\Ap. Then we have P(y € A1) = P (N (y) N Ao| > § —2t) = €(n), where

e(n) = exp(—n®). Since the events {y ¢ A1}yen @)\ A, are decreasing and thus by Lemma 4.3.2,

P(N(x) N (A\Ao) =0) > ] Py ¢ A1)
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From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set V' (Q ) as follows:

V(Qk,n) = Ungia

where, for each i € [m], and for any x and y € B;, we have dy(z,y) > 4k + 1. Furthermore, the number
of subsets m in this partition satisfies m = Zfﬁrl ().

Let B C V(Qgy). Assume for every x € B and y € B, dy(z,y) > 4k + 1. Then the events
{x € As},cp are independent.

Given the partition of V' (Q ), there exists a set B; such that | B;| > WETZQ Furthermore, for any = and

y € By, itholds that dy(z,y) > 4k + 1. With the independence condition in place, we have

P(x € Ay forall x € B;) = (1 — 626(n)nk)\Bi|

< (2e(n)n)P

since €(n) is an exponentially decaying function of n. O

Now let us prove the lower bound for Theorem 4.1.3 when k£ = 2.

Cylogn

n

Lemma 4.4.11. Consider the Boot3(t) process, where the initial infection probability p = % — and

t = 10n. Then A3 = As with high probability.

Proof. Suppose z € Az\ As. Then we have

|N(l‘) N A2| >

=
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and

N
N (z) N Ay] < 5

Thus there exists a set 7' C A () with |T| = ¢ such that 7" C A3\ A; and
[TNS(x,2)] >t—n,

since |S(z,1)| = n.
Lety € T, and then we have

N
M) N | > 5 —t

and

N
IN(y) N Ap| < 5 2t.

Thus every y € T must have at least ¢ neighbors in A;\ Ap.
For every y € (T' N S(x,2)) must have at least ¢ neighbors in A;\ Ay among which at least ¢t — 2(n —
2) — (n — 2) — 2 are in S(x,4) since every vertex in S(z,2) have 2(n — 2) neighbors in S(z,2), n — 2

neighbors in S(z, 3) and 2 neighbors in S(z, 1).Therefore, there exists a set S such that
S C (A1\Ap) N S(z,4) NN (T N S(x,2))

and

(t—n)(t—3(n—2) —2)
6

<8 <t

since every vertex in S(x, 4) has 6 neighbors in S(z, 2).
Now consider D = N (S) N S(z,6). Let d be the number of edges between S and D. We can express D

as a union of disjoint sets D;, where D = UllilDi. Each element in D; has i neighbors in S. Let |D;| = d;
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and |S| = s. Then we have

Let R, = Ag N D; and ’Rz| = r;. We have

r:_gm>s<§—2t—4—(g)—(n—z;)— <§>(n—4)),

since every vertex in S has at least & — 2¢ neighbors in A and at most 4 + (5) + (n — 4) + (3)(n — 4)
neighbors in Ap\S(x,6).

We also have

n?  9n n3§  9nd
= (— — == -+ — 41
(4 4+5 2+2+05)s,

where § = Civiog". Note that the event {x € A3\ Ay} implies the event {r > E(r) + %s}. Therefore, we

have

o (M2 [(n?t on?
P<Ux6V(Q2,n)x € A3\A2) < 2 < ; ) < >t2 Z P <7“ 2 E[T] + 4S> .

s
dy,dz,...d1s
2 2
Indeed, we have at most 2" vertices in the graph G,(T; ) choices for the set T, (”St) choices for the set .S
and t2 values that s can take.

Thus, from Lemma 4.3.7, we have
on? sn2\ " (0n?s)?
P(r>Ep]+s) <5 G
(7m0 50) < (%) o (1apiim)
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Since D(15) = Y12, i%d; and 32,2 id; = s(";4), we have

D(15) = s(n ) 4> + i}(ﬁ —i)d; < c's<” N 4),

where C’ > 0. Thus we have

]P)(Hi‘ € A3\A2) = 0(1) O

Finally, we are ready to prove the lower bound of Theorem 4.1.3 when k = 2.

Civjfg”. If we can

Proof. Consider the process Boot3(t), where the initial infection probability p = 5 —
prove that P(As = V(Q2,,)) = o(1) for Boot3(?), in conjunction with Lemma 4.4.11, it implies that the
process Boot3(¢) does not percolate with high probability. Consequently, this suggests that the process
Boot(%) does not percolate with high probability.

Indeed, we have
N
P o ¢ 42) > Plo ¢ AP (IN(2) 1 Aol < 5 = 20) PON() 1 (41\Ao)] =),
It is obvious to see that P(z ¢ Ag) > 3 and by Lemma 4.2.1, that
2

N 1
IP(W(x)mAO\ <—2t> >1—H,

since C' is sufficiently large.

Consider y € N(z)\Ag. Then we have P(y € A1) = P (N (y) N Aol = § —2t) < e(n), where
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e(n) = %. Since the events {y ¢ A1}ycnr(x)\ 4, are decreasing and thus by Lemma 4.3.2,

PN (z) N (A1\Ao)| = 0) > H P(y ¢ A1)

From Lemmas 4.2.4 and 4.2.5, we can observe that there exists a partition of the set V(Q2,,,) as follows:

V(QQ,’II) = UlnllBi)

where for each ¢ € [m], and for any z and y € B;, we have dy(z,y) > 9. Furthermore, the number of

subsets m in this partition satisfies m = Z?:l (7)

Let B C V(Q2,,). Assume for every z € Bandy € B, dy(x,y) > 9. Then the events {x € As},cp

are independent.
Given the partition of V(Qy, ,,), there exists a set B; such that |B;| > 3—1”0 Furthermore, for any = and

y € By, itholds that dg(x,y) > 9. With the independence condition in place, we have
P(x € Ay forall z € B;) = (1 — 626(")n2)\3i|

< (2¢(n)n?)Bl

since €(n) = #. O
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4.5 DISCUSSION AND OPEN PROBLEMS

1. Question 1. What is the exact second-order term of p.(Q,,n®) where % <a<1?

For % < a < 1 we derived the first-order term of p.(Q,,n") and obtained some insights into the
second-order term. It would be interesting to extend this analysis and derive an exact expression for

the second-order term.

2. Question 2. What is the exact first-order term of p.(Q,,n®) where 0 < a < %?

We conjecture that pe(Qy,n%) = n® (1 + 0,(1)) for 0 < a < 2. For the infection threshold in
this regime, determining the first-order term of the critical probability seems to be beyond the reach

of existing techniques, suggesting that entirely new ideas are needed to make progress.

3. Question 3. What is the exact second-order term of p.(Qy k. %) where N = Zle (")?

We conjecture that it is on the order — an,f}%”, up to a positive constant.

Let us explain the limitations of our approach. In our proof of the lower bound the first key step is to

show that for some § > 0
1
IP)(.%' S Alﬂ«) = 5 + (5,

where © € V(Qk,,) and A;, is the set of infected vertices up to and including step i when the
infection threshold is .

It is clear that the De Moivre-Laplace Theorem can not yield the desired result because ®(z(V))

JBER

approaches 1asn — coif p =5 — C nl,?/gQ" with some constant C.
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In [11], the moment method was used to show that
1
]P)({L‘ S Ag,r) 2 5 + 0.

The proof was based on the relations NV (y) N N (z) = {z,w} and N'(z) N N (y) = (), where y, z €
N (z) and x € V(Q,,) which made the application of the second-moment analysis manageable. In our
case, these relations are absent, so application of the second-moment analysis lacks a good starting

point.
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Chapter 5

MAXIMUM PERCOLATION TIME ON
THE Q-ARY HYPERCUBE

5.1 INTRODUCTION

In this paper we address a combinatorial question in bootstrap percolation, namely, the maximum percolation
time over all contagious sets on g-ary hypercubes with the infection threshold » = 2. More specifically we
extend the main theorem in [43] about the maximum percolation time with threshold » = 2 on the binary
hypercubes to the g-ary case.

Let us define the n-dimensional g-ary hypercube, denoted by Q, 4 , as V(Qn,4) = {0,1,...,¢ — 1}"
and E(Qng) = {zy 2,y €{0,1,...,q = 1}" [{i s zi # yi}| = 1}

In order to simplify the notation, instead of writing M (Qy,. 4, 2), we write M,(n) to denote the maximum

percolation time on the n-dimensional g-ary hypercube under 2-neighbor bootstrap percolation.

Theorem 5.1.1. For g > 3, M,(0) =0, My(1) = 1 and M,(2) = 3. For larger n,

%2_‘_2?” l:fn:376797"'7
Ms(n) =qni 20 ifn=4,7,10,---

»
N

424l ifn=5811--.
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For q > 4,

n o+ ifn =369,
M) =92 4n—1 ifn=4,7,10,--,

2 in—1 ifn="5811,--.

5.2 PRELIMINARY RESULTS

We adopt the notation introduced in [8] and [43]. Specifically, we denote by (); any of the (7) q”*l subcubes
of dimension [ in @y, 4. For z = (x;)7; € {0,1,...,¢ — 1,%}", let Q" be the subcube {z = (2;)7_, €
{0,1,...,g—1}": z; = m; if @y # =}

We will write © = x129 - -z, and x = (x1,x9. ..., x,) interchangeably. For convenience and clarity
we will write x = @ ---ab- - - bas [a]*[b]".

T/\T/

Define the distance between two coordinates

4
1 if:Ci 7'5 Yis Tg 75 * andyi 75 *,

(i, yi) = 40 if either z; = % or y; = *,

Using the above definition we can define the distance between two subcubes * and Y in @), as

n

d(Q",QY) = d(xi,yi),

=1

where x and y represent subcubes Q* and QY.

Let (Ag) = U2, A be the set of all eventually infected vertices under the 2-neighbor process when Ag
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is the set of initially infected vertices.

Aset S C V(Qqn) is closed if every vertex z € V(Q, 4)\S has at most one neighbor in S. Note that
every subcube of a hypercube is closed.

Let us prove some preliminary results by following [8]. Before stating the first lemma we need to give a
definition.

Forzandy € {0,1,...,q — 1,%}", define

rVy=z=(z)l,

where
z; ifx =y,
(21) =
*  otherwise.
Forz € {0,1,...,q — 1,*}" we define the dimension of z as dim(x) = |[{i : x; = *}|.

If the dimension of a subcube Q* is [ we will sometimes write it as 7. Similarly if we only know that
the cube has dimension at most [ we may write it as ()%,
The following three lemmas were proven for the binary hypercube in [8]. For the non-binary case the

proofs follow similarly and we give the proofs for completeness.

Lemma 5.2.1. If the hypercube Qy, 4 contains a subcube Q with S C @y, then (S) C Q.

Proof. Let S C Q; C Qn, where @) is a subcube of @), 4. Note that (S) is the intersection of all closed sets
containing S.
Since the subcube Q); is a closed set containing .9, it contains the intersection of all closed sets containing

S and thus it contains (.5). O
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Lemma 5.2.2. Let x and y be vectors € {0,1,--- ,q — 1,%}" with z = = V y and d(z,y) < 2. If
ScCQfu Q7, then (S) C Qil+k+2'
Proof. Since S C QF U Q7 C Q and the subcube Q* is closed, we have (S) C Q7. Since the number of *

in the coordinates of z is at most [ + k + d(x, y), the dimension of the subcube Q% is < [ + k + 2. O

Lemma 5.2.3. Forxandy € {0,1,...,q — 1,x}" with d(z,y) < 2, we have

(@ UQY) =Q™™.

Proof. Since the subcube Q*VY is closed and Q¥ U QY C Q*VY, we have (Q* U QY) C Q*VY. by Lemma
5.2.2. What remains is to show Q*V C (Q* U QY).

W.l.o.g we can assume that

z = [x]*[o]" "
y = 0)F I ] 0] R a,

where a,b € {1,2,...,q—1}and0< j<k<n—I1+j—2

We will use the following claim several times in the proof.
Claim 5.2.4. Let A be a subset of V(Qy q). If a vertex u has at least 2 neighbors in A, then u € (A).
Proof. Let u = ujug - - - uy,. Since u has at least 2 neighbors in A, w.l.o.g the two neighbors y and z of
ware y = augug - - - Uy and z = bug - - - u, where a ¢ {b,u1} and b ¢ {a,u1} or y = augus - - - u, and
z = uibug - - - u, where a # w1 and b # uo.

If y = augug - - - up, and z = bujugy - - - Uy, then (y U z) = xugus - - - u, and thus u € (A).

If y = augus - - - uy and z = ujbus - - - uy, then (y U z) = * * uzuy - - - uy, and thus u € (A). O
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ForO<i<k+1—2j,letz be

2 = [*]i+j0”_i_j_2 * %,

We will prove by induction on i that Q* C (Q* U QY) for 0 < i < k + [ — 2j, which is sufficient to
prove this lemma since z,1;_2; =z V y.

Consider a vertex w in Q*°\(Q* U QY). If u = ujug - - - up—2a0 or u = ujusg - - - u,—20b then it has one
neighbor in Q* and one neighbor in @Y. Then by Claim 5.2.4, u € (Q* U QY).

For a vertex u = ujusg - - - u, we will write u®

= Uiu9 - - - Up—oab. Now if u = ujug - un_9aj
with j ¢ {0,b} then it has two neighbors u® = wjus - - - u,_sab and u™® = wuyus - - - u,_2a0 and thus
u € (@ U QY). Similarly, a vertex u = ujug - - - up—27b for j ¢ {0,a} is also in (Q* U QY). Finally
if u = wjug - up—oij where i ¢ {0,a} and j ¢ {0, b}, it has two neighbors in @ and Q¥ and thus
u € (Q* U QY). Indeed, one of them is ujug - - - up—2u,—1b and another one is u = ujug - - - Up—20Uy,.

Now assume that for i > 0, Q% C (Q* U Q¥) and our goal is to show that Q%+ C (Q* U QY).

Let a vertex v € Q%+1\(Q% U Q" U QY). Thus u has a neighbor in @, and thus we would like to find
another neighbor of u in (Q* U QY).

First let us consider the case when ¢ < k — j — 1. Since u ¢ Q7, the last two digits of of u cannot be
both 0. If u = uqusg - - - up—2a0, then it has a neighbor is Q* and by Lemma 5.2.4 u € (Q* UQY). Similarly,
u® € (Q* U QY) and it is easy to see that u** € (Q* U QY).

Now assume that ¢ > k — j. Let u = wjuy---up—sab. Let r be the smallest value in the range
0 <7 <k — jsuchthat uj,41 = --- = ux = 0. We apply induction on r to prove that u € (Q* U QY).
Letr = 0, thenu € QY C (Q" U QY). Let us turn to the induction step. Thus 1 < r < k — jujqyr =1
and uj,41 = --- = up = 0. Since u ¢ %, we have u;4 ;1 # 0, and so switching u; ;41 to 0 we

obtain a neighbor of w in Q%. Since r < k — j < i, then j + r # i + j 4+ 1. Therefore if we change the
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(j + r)th digit of u to 0 then by the induction hypothesis we get a vertex in (Q* U QY). Thus by Claim 5.2.4
u€(QTUQY).

Then it is easy to see that u*/ € (Q* U QY) foralli,j € {0,1,---,q— 1}. O

The following three lemmas were proven for the binary hypercube in [8] and for the non-binary case the

proofs are identical, by applying Lemmas (5.2.1),(5.2.2), and (5.2.3). Therefore we ommit the proofs.

Lemma 5.2.5. (i)The only subsets of the hypercube that are closed under 2-neighbor percolation are those
which are a union of disjoint subcubes that are at distance at least 3 from each other.

(i) If a subcube Q; = (S), then |S| > £ + 1.

Before stating the next lemma, we need to give a definition. For a given bootstrap percolation process
on @, 4 with an initially infected set of vertices A C @, 4, a subcube Q; C @ 4 is said to be internally

spanned if (AN Q) = Q.

Lemma 5.2.6. If the initially infected set percolates on the hypercube @y, 4, then for each k < n there is an

integer | such that k < | < 2k and the hypercube Q),, 4 contains an internally spanned cube of dimension l.

Lemma 5.2.7. Let A C Q4 be such that (A) = Q. Then there is a nested sequence Qo = Qf:l C
QZZ Cc---C ijt = @Qn g of internally spanned subcubes with respect to A, where 2i; + 2 > i1 for all
7,0 < 5 < t— 1. Furthermore, for j > 2 each subcube inj is spanned by two internally spanned cubes,

namely by Qij il ' and a subcube Qmj_, withmj_1 < ij_1 which is not a member of the sequence.

Let Ay be the set of initially infected vertices in a graph G and let

T(;(Ao) = min{t : At = <A0>}
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For the n-dimensional g-ary hypercube its maximum percolation time is defined to be

M, (n) := A:(gr)li}é TQn,q (A).

5.3 MAXIMUM PERCOLATION TIME

In this section, we prove Theorem 5.1.1 by drawing on ideas from [43], beginning with a lemma on the
monotonicity of the maximum percolation time. We then define several new operations, which are slight
modifications of those introduced in [43]. With those defined operations, we then establish six technical
lemmas (which are similar to those established in [43] but more technical) that characterize the spread
of infection on (),, 4 based on the set of initially infected vertices. Using these lemmas along with some
preliminary results, we derive a recursive formula for the maximum percolation time, ultimately obtaining

the desired closed-form expression for M, ,.
Lemma 5.3.1. Foranyn € N, My(n) < My(n+1).

Proof. Let Ag be the set of initially infected vertices such that (Ag) = Q4 and Ty, . (Ao) = M,(n). Let
AE) ={(a1,...,an,1) : (a1,...,a,) € Agand i € {0,...,q — 1}}.

Then <AE)> = Qn+17q and MQ(”) - TQn,q (A()) = TQn+1 (A;)> g MQ(n + 1) D

We need to define the following operation. Let n,d,ny,ny € {1,2,...} withn > d 4+ nj + ng and

a; € {1,2,...,q— 1} foralli € [d]. Foreachz € {0,1,--- ,q— 1}" with z = x129... 2y, set

n—d d
117y s ™ = < H{wisﬁo]’) L, wi>0}H{Zn1+"2 z;>0} H]I{%de:ai}'
1 i=1

- i=nq+1
1=

ag, -

nlm’ad is the number of the none-zero elements in {z1,...,x,_q} if the following three

In words, ||z||
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conditions are satisfied:

(1) There is at least one nonzero element in {1, x2, ..., Zp, },

(2) There is at least one nonzero element in {41, ..., ZTni4ny }»

and

(3) The last d digits of z are exactly equal to a1, ag, ..., ag, i.e., Tp—_q+; = a; for all i € [d].

By the same spirit we will define

n
2] == " Tz 0y
=1

n—d d
Hx”ahm’mj = <Z H{mi?éo}) Hﬂ{fﬂn—dH:(li}’
=1 =1

n—d d
HﬂfHZﬁ’ = (Z ]I{a:ﬁéO}) H{Z?:ll z;>0} H H{In—d+i:ai}’
=1

i=1

[, = (Z H{xﬁm}) L asop

i=1
and

n
]y iy = (Z H{xﬁéo}) H{z;;llmi>o}ﬂ{zg;{flxi>0}-

i=1
We now proceed to prove six technical lemmas that provide useful characterizations of the spread of
infection for various configurations of initially infected vertices.

Recall that Ay denotes the set of initially infected vertices on @y, 4.

Lemma 5.3.2. Let k,1 € No, n = k4 1. Let S = []*[0)! and T = [0]*[«]". With Ay = SUT, then we have
Ao {zre{0,1,...,q—1}": |z <t + 1},

forallt € N.
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Proof. Lett = 0. For every vertex = with ||z|| < 1, we have x € Ay.

Now assume that for ¢ > 0
A D {xe{0,1,...,q—1}": |jz|| <t + 1},

Consider a vertex = with ||z|| = ¢ + 2 > 2. This vertex x has at least 2 neighbors y with |y|| = ¢ + 1.

Therefore, x € Ay11. Thus
A1 D{z e{0,1,...,¢—1}": ||z]| <t +2}.

O]

Lemma 5.3.3. Let k,l € No,n = k+ 1+ 1. Let S = [¥]*[0)"*! and T = [0]*[*])i, where i # 0.With

Ao = SUT, then we have

45 (0741) e e {01, g1 1< ol <6} (J {z € 0,1, ,q-1)" 1 1 < 2l < -1,
=0, §#0,i

forallt € N.

Proof. Lett = 1. Itis easy to see every vertex in [0]!x has two neighbors in S U T". Therefore, [0]*!x
A;. Now consider « such that ||z||” = 1. Either 2z € S or there exists exactly j with k < j < n — 1 such
that 2; # 0. For the latter case, = has one neighbor in S and one neighbor in 7". For the case where llz||%,

the analysis is very similar. Therefore

Ao (1075) (J fw e {01, oq = 117 flall = 1}

7=0,7
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Assume fort > 1,

A0 Jfze{o1,. ,q-1ym 1< ol <t}
7=0,7

Consider ||z]|” = ¢ 4 1. It is easy to see that 2 has two neighbors y with ||y||® = ¢. Therefore, 2 € A,,;.

Similarly, z € A;11 with ||z||" = ¢ 4 1. Thus

A1 D (J{z e 0,1, g—1}" 1<l <t + 1}
j=0,i

Now let ¢ > 2 and consider = with ||z||Y = ¢ — 1 where j ¢ {0,4}. Note that  has one neighbor
in {y : ||ly||® = ¢ — 1} and one neighbor y5 in {y : ||y|" = ¢t — 1}. Moreover, y1,y2 € A;_,. Therefore

.TEAt. ]

Lemma 5.3.4. Let k,l € No,n = k41 +2. Let S = []*[0]"*2 and T = [0]*[#]'ab. With Ag = SUT,

where a,b # 0, then we have

Ay S {[0]"*0b, [0]* a0, [0]*Fab, [0]*100},

Ay D {[0]F 0%, [0]FHax, [0]¥F % 0, [0]FF % b},
Az D {[0)H x #},

and forall t > 2,
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Ao {0 s} {z e {0,1,. g = 13" 1 < | < £ - 1) (5.1)

Ufze{o1,...q—1}" 1< 2 <t =1} (5.2)
Ulz e {01, .g—1}" s 1 < lof|” <t — 2} (5.3)
i#b
Ufze{0,1,....q— 13" 1 < JJaf* <t — 2} (5.4)
j#a
Ufzefo.1,....q—1}" 1<z <t -2} (5.5)
i£0
Ufzefo1,....q—1}" 1< 2)* <t -2} (5.6)
770
U{zefo1,....q—1}" 1< ||| <t -3} (5.7)
c#0,a
d£0,b

Proof. Consider the vertex [0]T/0b and it has one neighbor in S and one neighbor in T". Therefore this
vertex is in A1. The same holds for the vertex [0]T!a0. Note that both [0]**!ab and [0]*+'00 are in A,.

First consider the vertex [0]**05 where j ¢ {0,b}. It has two neighbors in A;, namely, [0]**'0b and
[0]*+100. The same holds for the vertices in {[0]*+'0x, [0]*+ ax, [0]**! x 0, [0]**! % b}. Now Consider the
vertex [0]**1ij where i ¢ {0,a} and j ¢ {0, b}.This vertex has at least 2 neighbors in A,. Therefore, this
vertex is in As.

Now let ¢ = 2 and consider a vertex z with ||z = 1.

It has at least 2 neighbors in A;. Indeed, one
of the neighbors of vertex z is [0]*T/0b and another one is in S if there exists a j with 1 < j < k such that

x; # 0 orin T if there exists a j with £ + 1 < j < k + [ such that z; # 0. The analysis is the same for =

with ||z[*° = 1.
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Now assume that for ¢t > 2,

Ao {re{01, g1} 1< 2P <t -1} JHz e {01, g1} 1< 2|0 <t — 1)

Consider a vertex z with ||z||” = ¢ and it has 2 neighbors y satisfying ||y|® = ¢ — 1. By the hypothesis
both neighbors are in A; and thus « € A, ;. The analysis for the case where the vertex z satisfies ||z||"® = ¢
is the same. This finishes the proof of (5.1) and (5.2).

Now let us prove (5.3)—(5.6). Let ¢ = 3 and consider a vertex z with ||z||" = 1. The vertex z has
2 neighbors in Ay. Indeed one is [0]¥+10i and another neighbor is y satisfying ||y||”” = 1. Therefore, the
vertex x is in As. The analysis is the same for the vertex x satisfying (5.4),(5.5), or (5.6). Thus, for ¢ = 3,
(5.3)—(5.6) are satisfied.

Let us assume fort > 3,

Ao | Hze {01, q— 1y 1< lof” <t -2}
i#b
Now consider a vertex x satisfying ||z||" = ¢ — 1. It is easy to see that 2 has at least 2 neighbors ¥ satisfying
||yH0i =t — 2. Therefore, x is in A; 1. Similarly, (5.4),(5.5), and (5.6) can be proved.
Now we will prove (5.7). Let ¢ = 4 and consider a vertex z satisfying ||z[|° = 1 with ¢ ¢ {0,a} and
d ¢ {0,b}. Note that z has at least two neighbors in A3, of one which is [0]*+!cd and another is y satisfying
Iyl = 1.

We assume that for ¢ > 4,

Ao (J{ze {01, g—1}" 1< ol < t - 3}

c#0,a
d#0,b

Consider a vertex x satisfying ||| ) = ¢ — 2 and it has at least two neighbors y satisfying ||y||** = ¢ —3.
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Thus the vertex x is in A1 1. O

Lemma 5.3.5. Let k,1 € Ng, n = k+1. Let S = []*[0)! and T = [0]F[*]". With Ay = SUT, then we have

Acn{r € {0,1,...,¢ = 1}" s [|z|[, > t + 2} =0,

forall0 <t<k+1-2.

Proof. Lett = 0 and consider a vertex z with ||z, , = 2. Then it is clear that z ¢ Ao. Now let¢ > 0 and
assume that

Acn{r €{0,1,...,g = 1}" : ||z, = t + 2} = 0.

Consider a vertex  with [|z||; ; > + 3 and it has at most one neighbor y satisfying ||y||; ; <t + 2. Indeed
if E§=1 [(z,20y = 1, we have y = [0)*2p 41 - - - 2, and if Z?:,Hl [iz,20y = 1, wehavey = 21 - -- 1 [0].

Therefore, x ¢ Ayiq. O

Lemma 5.3.6. Let k,l € No,n = k+1+ 1. Let S = [«]*[0]'"*! and T = [0]*[«]'i where i # 0. With
Ag = S UT, then we have the following.

Forall 0 <t<k+1-1,

An{z e {0,1,...,q—1}": |z} >t +1} = 0.

For1<t<k+landj ¢ {0,i},

An{ze{0,1,....,q—1}": |zl =t} = 0.
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Proof. We will first prove that forall 0 <t < k+1—1,

An{ze{0,1,...,q—1}": |zl =t +1} =0,

where j # 0.
Let ¢ = 0 and consider a vertex x with ||:L'WC > 1 where j # 0. It is easy to see that x ¢ Ajy. Now let

t > 0 and assume that for j # 0,

An{zef{0,1,....q—1}": ||lz|i >t +1} = 0.

Then consider a vertex = with HQC\Hf >t + 2 with j # 0. It has ¢ — 1 neighbors y such that HyWC < t,
obtained by changing z,, to one of the other ¢ — 1 symbols in {0, 1, ..., ¢ —1}. By the induction hypothesis,
among these ¢ — 1 neighbors, at most one y = x1x2 - - - 10 may be in A;. If Ele I¢z,#0y = 1, another

k .
Tg41 " Tn—1]-

neighbor z of x satisfying ||z||i = 0 has not been considered. Indeed, z = [0]

We claim that if z exists then z ¢ A;. If such a z exits, we have Zle iz, 20y = Land Zfi,i 11 a0y 2
t+ 1. Now let 2/ = (2p11, -+ Zhil, 21, - » 2k Zhpit1)- Let 8" = [¥]'[0]*+1 and T7 = [0]'[*]*4. Then we
have ||z’ ||{ > t + 1. By the induction hypothesis, it follows that 2’ ¢ A, where A; is the set of infected
vertices after ¢ steps by the 2 neighbor process with the initially infected set S’ U T”. By symmetry, z ¢ A;.

Therefore, x ¢ Ayiq.

Now we will try to prove for 1 < ¢t < k+1landj ¢ {0,i},

An{ze{0,1,....,q—1}": ||}, =t} = 0. (5.8)

Let t = 1 and consider a vertex x with {0,1,...,¢ —1}": |\31:|HC >t} where j ¢ {0,4}. It is clear that this

vertex x has at most one neighbor in Ay specifically in S. Therefore, = ¢ A;.
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Now assume that for ¢ > 1, (5.8) is satisfied. Now consider a vertex = with Hfo€ >t + 1. Consider the
neighbors y of x satisfying HQUHf€ < t — 1. Specifically, we have y satisfying y = 1 - - - x,—1m for m # j.
If m = i, we have ||y||, >t + 1 implying that y ¢ A;. If m = 0, y might be in A;. If m ¢ {0,4,;}, we
have HyHﬁg >t + 1, by the induction hypothesis, implying that y ¢ A;.

If Zle (s, 20y = 1, another neighbor z of z satisfying Hszc = 0 has not been considered. Indeed,

z = [0)*wg 1 - Tn_1j. By the same argument, z ¢ A;. Therefore, v ¢ A; 1. d

Lemma 5.3.7. Let k,l € No, n = k + 14 2. Let S = []*[0)'"2 and T = [0]*[+]'ab where a,b # 0. With
Ag = S UT, then we have the following.
Fort > 1,

An{ze{0,1,...,q—1}": ||lz]|% >t} = 0,

and

An{z e {0,1,...,q—1}": ||lz]|2° >t} = 0.

Forj ¢ {b,0} andt > 2,

An{ze{01,...,q—1}": 2| >t -1} =0.

Fori ¢ {a,0} andt > 2,

An{ze{0,1,....q—1}": ||z >t -1} = 0.

Forj#0andt > 2,

An{ze{0,1,....q—1}": |z|¥ >t -1} =0.
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Fori#0andt > 2,

An{ze{0,1,....q—1}": |zl >t -1} =0.

Fori ¢ {a,0}, j ¢ {b,0}, andt > 3,

Anf{ze{0,1,...,q—1}": =7 =t -2} =0.

Proof. Lett = 1 and consider a vertex = with Hngb > 1 where b # 0. It is easy to see that this vertex x has
at most one neighbor in A specifically in S. Thus z ¢ A;. Similarly, the vertex y with HyHZO > lisnotin
Aj.

Now let ¢ = 2 and consider a vertex = with Ha:HgJ > 1 where j ¢ {0,b}. Note that the vertex x has at
most one neighbor in A specifically in S. Thus z ¢ A;. Similarly, the vertex y with ||y|/% > 1, where
i ¢ {a,0},isnotin A;.

Again let ¢ = 2 and consider a vertex x with ||:L'||ij > 1 where j # 0. Note that the vertex = has no
neighbor in A unless Zle I{z;50y = land z,—1 = a and z;, = b. It is easy to see that even for a such z
it has just one neighbor in Ag. Thus z ¢ A;. Similarly, the vertex y with Hy||}€b > 1 where @ # 0, is not in
Aj.

Now let ¢ = 3 and consider a vertex = with ||x|]§g > 1 where ¢ # a,0 and j ¢ {0,b}. Note that the
vertex x has no neighbor in Ay. Thus z ¢ A;.

The neighbors y of a vertex x with Ha;”,g] > 1 satisfying Hyng = 0 will be considered since the other
neighbors of « will not be in A;. Specifically, we only need to analyze y = x1 - - - 200,y = 1 - - - ©,,_201
with i ¢ {0,5}, y = @1+ Tp_oij with i # 0 and y = [0]F2pps 2205 if S5 Irpsey = L.
The only neighbors y of x which are possibly in A; are the ones satisfying y = x1---x,_200 and

y = [0]Fzpy1 - 2,_207. However, it is clear that the vertex y with y = [0]*zg 1 - - 2, 205 is not in
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A; since it has at most one neighbor in Ay specifically in S. Therefore, the vertex = ¢ As. Similarly, the
vertex = with [|z]|%> > 1 where i ¢ {a, 0}, is not in As.

Now we will show that the vertex x with HxHZJ > 1 where j # 0, is not in As. Again we only need to
consider the neighbors y of a vertex x with HxHZJ > 1 satisfying HyHZ] = 0. Specifically, y = 1 - - - ©p_2ai
with i # j,y = @1 ---2y_0ij withi # a and y = [0]Fzpy1 - - 2p_0aj if Zle I{z,20y = 1. The only
neighbor y of z possibly in A; is the one satisfying y = [0]*2}, 1 - - - 7,,_2aj.Therefore, the vertex z ¢ As.
Similarly, the vertex x with ||yc|\2b > 1 where i # 0, is not in As.

Now let us turn to proving that the vertex x with ||x||2] > 1, where i ¢ {0,a} and j ¢ {0, b}, is not
in As. Note that x does not have any neighbor in Ay so that x ¢ A;. Let us first show that x ¢ As.
The only neighbors y of = possibly in A; satisfy ||y||;j = 0. Specifically, y = z; - - - xp_2aj with a # 1,
Y =21 Ty oiawitha # jand y = [0]Fzpyy - 2p_0ij if Zle I¢z,0y = 1. The only neighbor y of
x possibly in A; is the one satisfying y = [0]*2y,1 - - - x,,_2ij. Therefore, 2 ¢ A. Note that the vertex
y with y = [0]*2p41 - - 2,,_2ij is not in A; since it does not have any neighbor in Ag. Very similarly,
the only neighbors y of = possibly in Ay satisfy HyHZJ = 0. Specifically, y = x1 - xp_2aj With a # 1,
Y =21 Ty otawitha # jandy = [0)F2, 1 - 2, _oij if Zle I{z,20y = 1. The only neighbor y of z
possibly in As is the one satisfying y = [0]¥2y1 - - - 7,,_2ij. Therefore, x ¢ As.

Now we will move on to the inductive step. Now assume we have the following.

Fort > 1,

An{ze{0,1,...,q—1}": ||lz]|% >t} =0,

and

An{z e {0,1,...,q—1}": ||lz]|i* >t} = 0.
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Forj ¢ {b,0}and t > 1,

Appi N{z € {0,1,...,q = 1}": ||z >t} =0.

Fori ¢ {a,0} and t > 1,

AN {z € {0,1,...,q—1}": |||}’ >t} = 0.

Forj#0andt > 1,

A n{z € {0,1,...,q—1}": =¥ >t} =0.

Fori#0andt > 1,

Ain{z e {0,1,...,q—1}": ||| > t} = 0.

Fori ¢ {a,0}, 5 ¢ {b,0},and t > 1,

Ao N{z € {0,1,...,q — 1}": ||zl >t} = 0.

Let us consider a vertex x satisfying ||a7||2b > t+1. The neighbors y of the vertex  must satisfy Hy||2b >
t [yl =t+1forj ¢ {b,0}, |[ylle’ = t+1, |y||> >t+1wherei# 0ory = [0Fzgyy - - - x,,. From the
induction hypothesis only two neighbors y and z of z satisfying ||y\|20 >t+1andz = [0]Fzpy; -2, can
possibly be in A;. However we claim that z ¢ A;.

Now let us prove the claim. In order for a such z to exist, we must have Zle I¢z,20p = 1 and

K+l 0b
Yoimpat Lagzoy =t Let 2/ = zpq1 - 2pq21 - - Zk2kq141 261142 and then [|2/][})7 > t 4 1. Now let
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S’ = []'[0]**+2 and T" = [0]'[«]*ab. Then by the induction hypothesis, we have z’ ¢ A;, where A, is the
set of infected vertices with the initial infected set S’ U T”. Thus z ¢ A;. Now we can conclude = ¢ Az4q.
Similarly, the vertex z satisfying ||z[|%” > ¢ 4 1is notin Az 1.

Now consider a vertex x satisfying HxHiJ >t + 1 where j ¢ {b,0}. The neighbors y of the vertex x
yll > ¢

must satisfy |Jy||% > ¢ + 1 for all i # j, yHZ] >t+1foralli #0,ory = [0]Fzpyq--- 2.

By the induction hypothesis and what we have already proved, only two neighbors y and z of x satisfying
||y]|2O >t+1and z = [0]*x4,1 - - - T, can possibly be in A;, 1. However by using a very similar argument,
we can show that that z ¢ A, 1. Therefore, z ¢ A, ;9. In a very similar way, we can prove that x ¢ Ao if
x satisfies ||z||}" >t + 1 fori ¢ {a,0}, |=]|¥ >t +1forj # 0, 0r ||z]|i’ >t +1fori # 0.

Let us consider a vertex z satisfying ||:c||;€] >t+ 1wherei ¢ {a,0}and j ¢ {b,0}. We would like
to show that x ¢ A;;3. The neighbors y of the vertex 2 must satisfy Hy||2j > t, Hy||2n] > t + 1 where
m # i, |yl >t + 1 where m # j ory = [0]*z41 - - - &, From the induction hypothesis and what we
have already proved, the neighbor ¥ of x satisfying y = [0]*xy1 - - - 2, is the only possible vertex in Ay, o.

Therefore, x ¢ Ayys. d

Now let us summarize Lemmas (5.3.2)—(5.3.7) in the following lemma.

Lemma 5.3.8. For z,y € {0,1,---,q — 1}" such that dim(x)=Fk, dim(y)=1I, dim(x \V y)=m, where k,l <

m<n, dz,y) =d <2 and|{i:z; =y, = x}| = p, then the infection time of Q* U QY in Qy, q is:

Ford =0,
19,,Q@"UQY) =m—p—1.
Ford =1,
TQn,q (Qx U Qy) =m—=p.
Ford =2,

15, ,Q"UQY) =m—p+1.
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Proof. Notethatwehavem =p+ (k—p)+(l—p)+d=k+1—p+d.

Let us consider the case where d = 0. By Lemma 5.3.2, we have Ty, . (Q"UQY) < k—p+l—p—1=
m—p—1. ByLemma5.3.5, wehavek —p+1l—p—1=m—p— 1.

Now let us consider the case where d = 1. By Lemma 5.3.3, we have Tp,, (Q*UQY) <k —p+1—
p+1=m—p. ByLemma5.3.6,wehavek—p+1l—p+1=m—np.

Finally let us consider the case where d = 2. By Lemma 5.3.4, we have Tg,, (Q"UQY) <k —p+1—

p+3=m-—p+ 1. ByLemma53.7, wehavek —p+{—p+3=m—p+ 1. ]

We are now in a position to prove the main theorem of this section, where we establish a recursive

formula for the maximum percolation time, leading to its closed-form expression.

Theorem 5.3.9. Forq > 3, M,(0) = 0 M,(1) = 1, and My(2) = 3. Moreover, for all n > 3

Ms(n) — M3(n —3) =2n —1,

and forq > 4

M,(n) — My(n — 3) = 2n.

Proof. 1t is obvious that M,(0) = 0 and M,(1) = 1. Now consider the case where n = 2. W.Lo.g we can
assume 00 € Ag and first consider Ay = {00, ab} where a, b # 0. It takes 3 steps to infect every vertex in
(Q4(2). Another initially infected set that we need to consider is Ay = {00, a0, 0b} where a, b # 0 and again
it takes 3 steps to percolate. These are the only sets of initially infected vertices that we need to consider
since adding any other vertex to these sets will not increase the percolation time and the process can not be
initiated if any vertex is removed from these sets.

We will first prove the lower bound of M,(n).

Case 1. Let A"~2 be a set that internally spans Q%_, for x = [¥]"7200 in time M,(n — 2) such that
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[0]™ is infected at time M, (n — 2). Now let A’ = A"~2U[0]"~211 and assume that we initially infect every
vertex in A’. Note that (4’) = @, and before the time M,(n — 2), none of the vertex in [0]"~2 * * has
interaction with the infection process in [x]"~200.

Now assume that every vertex in [¥]"~200 has been infected. Then it takes exactly n + 1 additional
steps to infect the rest of the vertices in Qy, 4. Indeed, by Lemma 5.3.8, we have d([*]" 200, [0]"~211) = 2,
|{i : 2 = y; = *}| = 0 where z = [*]"7200 and y = [0]" 211, and ([*]"200, [0]"211) = 2) = Qnq-
Therefore,

TQn,q(A') =My(n—2)+n+1.

Case 2. Let A"3 be a set that internally spans Q%_; for x = [¥|*~2000 in time M,(n — 3) such
that [0]" is infected at time M,(n — 3). Let A’ = []*~3000 U [0]*~3110 U [2]" and assume we initially
infect every vertex in A’. Note that (4’) = Q4 and the set of sites infected after M,(n — 3) steps is
[¥]"=3000 U [0]" 3110 U [2]™.

After My(n — 3) +n — 1 steps, we claim that [2]" is the only vertex infected in U,zo([*]" ' j). Indeed,

the vertices y in [*]"~10 that are at distance 2 from [2]" satisfy for i # 2

y?° =n - 3, (5.9)
for j #£ 2

lyl¥° =n -3, (5.10)

yl**° =n -4, (5.11)
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or

y|*° = n —3. (5.12)

By Lemma 5.3.4 and Lemma 5.3.7, none of those vertices y satisfying (5.9)—(5.12) is infected at time
< My(n —3) +n — 2. In fact some of those vertices y are infected exactly at time M,(n — 3) +n — 1 and
the rest of those vertices will be infected at time M, (n — 3) + n. Therefore, at time M,(n —3)+n —1, [2]"
is the only vertex infected in U;o([+]"~!5). Now we assume that every vertex in [+]"~!0 U [2]" has been
infected, then by Lemma 5.3.8, it takes exactly n steps to infected the entire Q,, 4 since d([*]" 10, [2]") = 1,
|{i:2; = yi = *}| = 0 where z = [*]" 10 and y = [2]", and ([*]" 710 U [2]") = Qpn.q-

Therefore, we have

19, ,(A) = My(n —3)+2n— 1.

Additionally we would like to show that for ¢ > 4,

To, ,(A) = My(n — 3) + 2n. (5.13)

In order to prove this tighter bound we need to further analyze the process right after M, (n — 3) steps.

Now we need to show the following claim for ¢ > 4.

Claim 5.3.10. For 1 < k < n — 1, every k dimensional cube in [¥|"~'2 will be fully infected at time
My(n —3) +n+ k and at time < My(n — 3) +n + k — 1 none of the k dimensional cubes in [*]" 12 has
been fully infected. In particular, the vertices x with x,, = 2 satisfying the following condition, denoted as

Condition(k),are not infected at time < Mg(n —3) +n+k —1:
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there exists a subset I C [n — 1] of size at least k such that

¢ {0,2} ifi€landi ¢ {n—2,n—1},
¢ 1{0,1,2} ifielandic {n—2n—1},

€ {0,2} ifi¢ Landi ¢ {n—2,n— 1},

€{0,1,2} ifi¢Iandic{n—2,n—1}.

Forl # 0,2 and for 1 < k < n — 1, none of the k dimensional cubes in [¥]" 'l has been fully infected
at time < My(n — 3) + n + k. In particular, the vertices x with x,, = [ satisfying Condition(k) are not

infected at time < My(n —3) +n + k.

Proof. Let k = 1. Note that by Lemma 5.3.4 and Lemma 5.3.7, after M, (n — 3) + n — 1 steps every vertex
x in [¥]"10 has been infected except for the vertices z satisfying
ij0

HJZH =n-23,

where i, j ¢ {0, 1} and after one additional step, the cube [*]”~10 has been fully infected.

Again [2]™ is the only vertex infected in U0 ([*]"'4) at time My(n — 3) + n — 1 and after one more

step there are no infected vertices in Uj¢{0,2}([*]”_1 j) besides [2]™. The following vertices are infected in

[*]"~12 at time My(n — 3) + n:

[2]"73122  [2]"3022

[2]"73202 [2]" 3212,
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and

[2"~*0[2]°.

Indeed the vertex [2]" 3122 has two neighbors infected at time < My(n — 3) +n — 1, namely [2]" and
[2]773120 and it is similar for other vertices listed above.

Attime M,(n — 3) +n + 1, every 1 dimensional cube in []" 12 is fully infected since the vertices in a
1 dimensional cube are either infected at time M, (n — 3) + n or having at least 2 neighbors infected at time
My(n—3)+n+1.

Now consider the vertices in Ujg{og}([*]"flj). Attime M,(n — 3) + n + 1, the following vertices are
infected:

Ujet10,2} 21"

since the vertex [2]"~1j has two neighbors infected at time < M (n — 3) + n namely [2]” and [2]"~!0.

Additionally, at time M,(n — 3) +n + 1, forall I ¢ {0, 2}

[2]" 3121 [2]" %021

[2]" 73200 [2]" 3211,
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and

0[2]" 21
2027731

220274

(2" 0[]

are infected. It is easy to see that the rest of the vertices in Uj¢{072}([*]"_1 j) are not infected at time

My(n—3)+n+1.

Therefore, the statement is true for k£ = 1.

Now assume the statement is true for £ > 1. Consider a vertex z with x,, = 2 satisfying Condition(k+1).
By the induction hypothesis this vertex « has only one neighbors at time My (n — 3) + n + k — 1, namely,
129+ Tp—10.

Indeed, let us choose a particular i € [n — 1] where i ¢ {n — 1,n — 2} and i ¢ I and w.l.o.g we can
assume that x; = 0. Consider a neighbor y of x where y; = x; for j # ¢ and y; = 2. By the induction
hypothesis, the vertex y is not infected at time M,(n — 3) + n + k — 1. Consider another neighbor z of =
where z; = x; for j # i and z; = a where a ¢ {0,2}. By the induction hypothesis, z is not infected at
time My(n — 3) + n — k — 1 since the vertex z satisfies Condition(k + 2). The analysis is very similar for
ie{n—1,n—2}andi ¢ I.

Now we choose a particular ¢ € [n — 1] where i ¢ {n — 1,n — 2} and ¢ € I. Consider a neighbor y
of x where y; = x; for j # ¢ and y; ¢ {x;,0,2}. By the induction hypothesis y is not infected at time
My(n — 3) + n+ k — 1 since the vertex y satisfies Condition(k + 1). Consider another neighbor z of x

with z; = x; for j # i and z; = a where a € {0,2}. By the induction hypothesis the vertex z is not
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infected at time < M,(n — 3) + n + k — 1 since z satisfies Condition(k). The analysis is very similar for
ie{n—1,n—2}andi ¢ I.

Now consider a neighbor y of  where y; = x; for j # n and y,, ¢ {0, 2}.By the induction hypothesis,
the vertex y is not infected at time M, (n — 3) + n — k since y satisfies Condition(k).

Consider a vertex x with z,, = [ satisfying Condition(k + 1). By the induction hypothesis this vertex x
has only one infected neighbor at time M, (n — 3) + n + k, namely, x122 - - - ,,—10. The analysis is very

similar to the case where x,, = 2. O

It is easy to see that claim 5.3.10 suffices to show (5.13).

Now let us try to prove the upper bound of M, (n). Let A be a set of initially infected vertices spanning
the hypercube (@, 4 by the process.

xT

Let Qo = QZ” C Qif C---C Qz” = (Qn,q be a nested sequence of internally spanned subcubes with
respect to A and Qo .Qm? - -+ Q2 Q! be the cubes that marge with cubes Qf;j as described in
Lemma 5.2.7. Assume w.l.0.g both sequences are of maximal lengths.

W.Lo.g, assume that A is minimal (under containment) set spanning (), 4. Note that 7;_; < n. We
will proceed by analyzing different cases based on the the values of 7;_; and ¢;_2. By Lemma 5.2.7, for all
1<j<t—1wehavei; > m;

Case 1. If is—1 < n — 2, then after at most M, (i;—1) < My(n — 2) steps, both Qii:l and Qfﬁjt_’ll are
fully infected. Since <QZ:1 U Q;Zt_‘ll) = Qn,q¢, after at most additional n + 1 steps every vertex in @y, 4

will be infected by Lemma 5.3.8. Indeed, we have dim(QZC::1 \% Q:ﬁti’ll =n and consider the worst case

where d(z,y) = 2,and |{i : x; = y; = *}| = 0 with z = Qf::l and y = Q. Therefore, we have
TQn,q(A) < M(n — 2) +n+1.

Case 2. Ifi;_1 = n—1and i;_o = n—2, then there is a vertex v € AN Qf,:lt_;z such that d(z;—2,v) =1
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and <Qf::2 Uv) = Qfﬁ;l . Moreover, there exists a vertex w € ANQy."," such that <QZI:1 Uw) = Qngq-
Note that d(z;, ,,w) = 1 or d(x;, ,,w) = 2. If (x;, ,,w) = 2, then <QZZ2 Uw) = @Qn,q, Which
contradicts the minimality of A since (A\{v}) = @y, 4. Thus d(x;, ,,w) = 1.
W.l.o.g we can assume that

Tip_o = [*]n72007

and

Ty, Vw = [¥]"720 %

It is easy to see that after at most M, (n — 2) steps the cube Qf:jj is fully infected. After at most (n—1)

Tiy_o VU Tiy_o VW

additional steps both and are fully infected by Lemma 5.3.8. After 2 more steps every

n—1 n—1

vertex in (), 4 will be infected again by Lemma 5.3.8. Therefore, we have

19,,(A) < My(n—2)+n—14+2= My(n—2)+n+1.

Case3.Ifiy_1 =n— 1,442 <n—3,and d(x;, ,,2m,_,) < 1, then after M (n — 3) steps both Qzﬁj
and Q? are fully infected. Since <QZ£;2 UQmi?) = QZZ:I , after at most i;_1 more steps the cube
Q7" is fully infected by Lemma 5.3.8.

Since iy—1 = n — 1, d(zi, ,,Zm, ,) < 1. Again by Lemma 5.3.8 after at most n more steps every

vertex in (), 4 will be infected. Therefore, we have

Case 4. If i1 = n — Lo < n—3,d®i, 5, 2m, ,) = 2, and my_o = n — 3, then after at most
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Zs

M (n — 3) steps both QZ:Q and Q"2 are fully infected. Note that (Q U Quit2) = Q"' and

T Tg—1

since 7;—2 = my_o then i;_o = n — 3. After at most 3 additional steps the cube Qfﬁzl is infected. Indeed
observe that |[{i : z; = y; = *}| = n — 3 where z = QZZ:Q andy = QZZ:Q since one of the coordinates
must be the same for 2 and y. since d(z,y) = 2 and dim(z Vy) =n - 1,Tg, , (Q:ﬁf UQm2) =3by
Lemma 5.3.8.

Since i1 = n — 1,d(x;,_,,2m,_,) < 1. By lemma 5.3.8 after at most n more steps every vertex on

Qn,q Will be infected. Therefore, we have

T, (A) < My(n —3) +3+n.

Additionally we would like to show

Tg,.4(A) < My(n—3)+2+n.

W.l.o.g, we can assume that

Tiy_y = [*]n—l(),
z;,_, = [¥]"73000,

and

]330,

Bmi_g = [*

where ¢ = 0 and j # 0.
Again after M3(n — 3) steps, both QZ:Z and Qi:;t_’f are fully infected. After at most 2 additional steps
every vertex in Qf::l satisfying []"~3kl0 for all k,l € {0,1,2} butk ¢ {0,i} and [ ¢ {0, j}.

There is a vertex y € A such that A € [¥]" 1] where [ # 0. Otherwise the vertices not in the cube
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Qfﬁ;l will not be infected. Let y = y192 * - - Yn_11.

Therefore, after M3(n — 3) + 2 steps, the vertices v and w in Qfﬁzl are infected, where

V=Y1y2" " Yn-3 1 Yp—10
and
w=y1Y2- " Yn—3 0 yn—10.

Assume 4, o ¢ {0,i}. Then after M3(n — 3) + n, vertices v* and w* in [¥]"~![ are infected, where

VY =Yy Yn—3 1 Yn—1l

and

w* =yiy2 - Yn—3 0 yn—1l.

Therefore, after M3(n — 3) + 3, [*]"710 and y1y2 - - Yn_3 * yn_1l have been infected. By Lemma 5.3.8
after at most n — 1 steps every vertex in (), 3 will be infected.

Now assume y,,—o = 0. If y,,1 ¢ {0, 7}, similarly it can be shown that after M3(n — 3) + n + 2 every
vertex in (), 3 will be infected. Thus we can assume y,,—1 € {0,j}. First let y,_; = 0. Note that after

Ms(n — 3) +n — 1 steps, the vertices u and z in Qitzl are infected where

u=y1y2 - Yn—3k00

with & ¢ {i,0} and

Z = 1y1y2 - Yn—3100.
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Then after one more step, the vertices u* and z* in [*]"~1[ are infected, where

u* = y1Y2 - - - Yn—3kO0l

and

2" = y1y2 - - Yn—310L.

Therefore, after M3(n — 3) + 3 steps, [*]”_10 and y1y2 - - - Yn—3 * Ol have been infected. By Lemma 5.3.8
after at most n — 1 steps every vertex in (0, 3 will be infected.

Due to symmetry for other values of y,_2 and y,,_; the argument is the same.

Therefore, we have

Ty, s < Ma(n —3) +n+2.

Case 5. If i1 =n— 1o < n—3,d(xi, o, 2m, ,) = 2,and my_o < n — 3, after at most My(n — 3)
steps, both Qf:jj and Q2 are fully infected. After at most n more steps the cube QZ:I is fully infected

by Lemma 5.3.8. Then after at most n more steps every vertex on (), 4 is infected again by Lemma 5.3.8

Zmy_q

since (x4, o, 2m, ,) < 1and (Qiﬁl UQm; ') = Qnq- Therefore, we have for ¢ > 3

19, ,(A) < My(n —3) +n+n = My(n — 3) + 2n.

Additionally we would like to show that

10, .5(A) < Ms(n —3) 4+ 2n — 1.

In order to show this tighter bound we need to analyze the process after M3(n — 3) steps in a more

careful way. Assume that ¢ = 3.
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W.l.o.g we can assume that

Tiy_y = [*]nilov
Tiy_o = [*]it_Q[O]niit_a

and

Zmey = P[] 2 TP ]2 PO,

where ¢ # 0 and j # 0.

Again after at most M3(n — 3) steps both Qf::? and Qf,;?:; are fully infected. After at most n — 1
additional steps, by Lemma 5.3.4 and Lemma 5.3.7, vertices x in Qf::l satisfying 1 < ||z||** < n — 3 for
all k,1 € {0,1,2} but k ¢ {0,7} and [ ¢ {0, j} are infected.

There is a vertex y € A such that A € [¥]"~1] where [ # 0. Otherwise the vertices not in the cube
Qf::l will not be infected. Let y = y1y2 - - - Yn_11.

Assume that Z?:_f’ Iy, 20y = 1. Therefore, after M3(n — 3) + n — 1 steps, the vertices v and w in
Qii:l are infected, where

V=y1Y2" Yn—3 t Yn—10

and

w="1Y1Y2- " Yn—3 0 yn—10.
Assume ¥, _o ¢ {0,i}. Then after M3(n — 3) + n, vertices v* and w* in [¥]"~![ are infected, where
V" = Yiy2** Yn—3 1 Yn—1l

and

w* =yiy2 - Yn—3 0 yn—1l.
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Therefore, after Ms(n — 3) + n steps, [*]”_10 and Y192 - - - Yn—3 * Yn—10 have been infected. By Lemma
5.3.8 after at most n — 1 steps every vertex in ()5, 3 will be infected.

Now assume y,—2 = 0. If y,—1 ¢ {0, j}, similarly it can be shown that after M3(n — 3) + 2n — 1 every
vertex in (), 3 will be infected. Thus we can assume y,,—; € {0,7}. First let y,—1 = 0. Note that after

Ms(n — 3) +n — 1 steps, the vertices u and z in Qf::l are infected where

U= y1y2 - Yn—3k00
with k ¢ {i,0} and
z2 = y1y2 - Yn—3100.

Then after one more step, the vertices u* and z* in [*]"~1{ are infected, where

u* = 1y1Y2 - - Yn—3k01

and

2 =y1y2 - Yn—310L.

Therefore, after M3(n — 3) + n steps, [*]”_10 and y1y2 - - - Yn—3 * Ol have been infected. By Lemma 5.3.8
after at most n — 1 steps every vertex in (), 3 will be infected.

Due to symmetry for other values of y,,_2 and y,,_; the argument is the same.

Therefore, we have

To,, < Ms(n—3)+2n — 1.

Assume y = [0]"3y,,_oy,_1l. Therefore, after M3(n — 3) +n — 1 steps, as long as n — 1 > 2, the
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. o Ty .
vertices v and w in Qitil ! are infected, where

v =[0]""3 4 y,_10

and

w = [0]"73 0 y,,_10.

Indeed, the vertex [0]™ and [0]"2i;0 are infected at time < M3(n — 3). From now on the proof is identical
to the case where Y7 P T, oy > 1.
Finally we have

19,5 < M3(n—3)+2n— 1.
We need one more claim to conclude the proof.
Claim 5.3.11. If M,;(0) = 0,M,(1) = 1 and M4(2) = 3 and for n > 3

M3(n) = max{M3s(n —2) +n+ 1, M3z(n —3)+2n — 1}

and forq > 4

M, = max{My(n —2) +n+ 1, My(n — 3) + 2n},

then

Mg(n) = Mg(n - 3) +2n—1

and for q > 4

My(n) = My(n — 3) + 2n.

Proof. Assume that ¢ = 3. We have M3(3) = M3(0) +5 =5o0r M3(3) = M3(1) +4=5
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M3(4) = Mg(l) +7=8or M3(4) = M3(2) +5=8.
M3(5) = M3(2) +9=12o0r M3(5) = M3(3) +6=11.
Thus the lemma holds for 1 < n < 3.

For n > 3, we assume that the lemma holds for n,n + 1,n + 2. We have

Ms(n — 3) = max{Ms(n) +2(n+3) — 1, M3(n+ 1) + n + 4} (5.14)

=max{Ms(n—3)+2n—1+2(n+3)—1,M3(n—2)+2(n+1)—3+n+4} (5.15)

=max Mz(n —3) +4n +4, M3(n —2) +3n+3 (5.16)
= Ms(n—3) +4n + 4 (5.17)
= Ms(n)—2n+1+4n+4 (5.18)
= Ms(n) + 2n + 5, (5.19)

where (5.17) follows from

Ms(n—3)+4n+4=Ms(n—3)—2n+1+2n+5
>Ms(n—2)+n+1+2n+5

> Ms(n —2) + 3n + 3.

For g > 4, the calculation is almost the same. OJ
Therefore, we have our desired results. O
Now we are ready to prove Theorem 5.1.1.

Proof. Since M3(n) = Mz(n — 3) 4+ 2n — 1, we have M3(n) = %2 + 2 4 C where C is an undetermined

real constant. Since M3(0) = 0, we have C' = 0 and thus M3(n) = %2 + %" forn =3,6,9,---.
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Other expressions in Theorem 5.1.1 can be derived in the same way. O

5.4 OPEN PROBLEMS

We conclude with several open problems.

1. What is the maximum percolation time on the n-dimensional g-ary hypercube when the infection

threshold r > 37?

The value M (Qy 2,7 > 3) = %(log n)*o(l) was obtained in [35] by discovering a link between this
problem and a generalization of the Snake-in-the-Box problem. Improving upon this result to achieve
an asymptotically tight, up to a constant, is an interesting question. Finding an exact expression for

M (Qn,q, 7 > 3) remains as a challenging open problem.

2. What is the maximum percolation time, denoted by M ([n]?,r), on the [n]¢ grid when the infection

threshold 2 < r < 2d?

The value M ([n]?,2) = % was established in [16]. However, for the other values of d and r, the

behavior of M ([n]?,r) has not been explored.
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Chapter 6

THE TIME OF BOOTSTRAP
PERCOLATION IN HIGH DIMENSIONS

6.1 INTRODUCTION

While significant efforts have been dedicated to studying the critical probability of the process, estimating
percolation time, denoted by 7' = min{t : A; = V(G)}, has also garnered attention. In the determin-
istic setting, papers [43], [35], and [16] estimated the maximum percolation time for the process on the
n-dimensional hypercube and the [n]? grid. In the probabilistic setting, papers [19], [5], and [18] estimated
the distribution of percolation time on a [n]¢ grid.

In particular, from [5] we have the following theorem.

Theorem 6.1.1. Let 0 < p = p(n) < 1 be such that liminf ploglogn > 2\ and 1 —p = n=°W) (that is
log 1/(1—p) < logn). Let T denote the percolation time of a p-random subset of [n|? under the 2-neighbor
bootstrap percolation process and A = 7{—;. Then we have

_ (I+o0(1))logn
2log(1/(1 —p))’

with high probability as n — oo.

In this chapter we investigate the distribution of the time of bootstrap percolation on the d-dimensional
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discrete torus' ’]I“fL. As our main result we extend Theorem 6.1.1 in [5] from the two-dimensional case to
d-dimensions.

We highlight the primary challenges in extending Theorem 6.1.1 to higher dimensions, as well as our
main contributions. In two dimensions [5], the key intuition is that the event in which a vertex x remains
uninfected at time ¢ is “equivalent to” the existence of an empty line segment of length roughly ¢ “near”
z. In the higher dimensions, it is not immediately clear whether this key intuition still holds. However, we
show that it remains valid in higher dimensions, provided that the infection threshold equals the dimension.

In the two-dimensional case, the idea of analyzing the intersection between a path of uninfected vertices
and squares of a certain size was effective in reducing the combinatorial factor from counting the number
of such paths. In higher dimensions, however, it is not obvious what geometric objects should be used to
achieve a similar reduction. We find that replacing two-dimensional squares with their higher-dimensional
analogs (cubes) is a viable approach.

Another challenge lies in generalizing the definition of the interior of a square from two dimensions
to higher dimensions in a way that serves our purposes. In the two-dimensional setting, the notion of a
square’s interior was introduced to properly define certain events, and a similar concept is required in higher
dimensions. We address these challenges and provide the necessary definitions to extend the analysis.

Our main result is given by the following theorem.

Theorem 6.1.2. Consider a graph G as G = T and let T be the percolation time. Assume that every vertex
on the graph G is initially infected with probability p(n) independent of any other vertex and the infection

threshold r = d. Assume that p(n) > and 1 — p = n=°W, where C > 0 is sufficiently large and

C
log(?) (n)

log(’") (.) denotes iterating the logarithm r times. Then we have

T=06 (logL n),
1-p

'A graph with vertex set V = {0,...,n — 1}? and &,y € V are connected if and only if for some i € {1,...,d}, z; =
yi £ 1 (mod n) and z; = y; forall j # .
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with high probability as n — oo.

Let us explain our strategy in the proof of the lower bound of the percolation time. For the two-
dimensional case, a natural example of an event that would prevent percolation from happening by time
t is the existence of an initially uninfected [2¢ + 1] x [2] rectangle. For the d-dimensional case, an event
that there exists an initially uninfected [2¢ 4 1] x [2]~! rectangle initially would prevent percolation from
happening by time ¢ by [19]. One can easily show that the largest ¢ for which such a rectangle is likely to

exist is about log_1
1—

P

n. This observation essentially proves the lower bound of Theorem 6.1.2.

We briefly outline the key ideas behind the proof of the upper bound in Theorem 6.1.2. The strategy is
to show that if a vertex x remains uninfected at time ¢, then this deterministically implies the existence of
a “path” of nearby [L]? cubes, each of which is not internally spanned. By choosing L appropriately (and
hence controlling the length of the path), we can show that the probability of this event is small.

However, this summary is so brief and somewhat misleading. In fact, requiring each [L]? cube to be
internally spanned is so strong that it is not necessary for bounding the probability of interest and, moreover,
the probability of this stronger event differs significantly from the probability of interest. As a result, we
must consider a weakened version of the condition, which introduces additional technical complexity. A
more detailed sketch of the proof will be provided in Section 6.2.

Below by C(d) we denote a constant which may depend on d. We will use C(d) as generic notation,
where the specific form of this function may be different in different expressions.

We write [Ag] = U2 A: and call [A] the span of A. We say A percolates on G if [A] = V(G) and a set
X C [n]?is internally spanned if X C [AU X].

A set of vertices is defined as empty if all its vertices are initially uninfected and call it non-empty

otherwise.
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6.2 SKETCH OF THE PROOF FOR THE UPPER BOUND

The upper bound in Theorem 6.1.2 is roughly saying that the initially uninfected [2¢ 4 1] x [2]¢~! rectangles
are the only obstacles to percolation by time ¢.

Suppose a site - in T¢ is uninfected at time . It is easy to see that at least d + 1 neighbors of 2 must be
uninfected at time ¢t — 1. Thus at least one of its neighbors among (1 + 1, z2, -+ , zq), (z1, 2+ 1, , 24),
-+, (x1,29, -+ ,xg+1) is uninfected at time ¢ — 1 and say it is y. Then at least one of y’s neighbors among
(i + Ly, yya) (yi,y2+ 1.+ ,ya), -+, (Y1, 42, ,ya + 1) is uninfected at time ¢ — 2. In fact, it is
easy to see that there must exist a sequence of ¢ initially uninfected vertices, starting with z, and continuing
on the direction parallel to the standard vector ey, es, - - - , or eg4 each time.

We would like to show that by far the most probable way for this to occur is for this path to be aligned
to form a line segment starting at x, or more specifically, we would like to show that the probability that the
uninfected paths exist is not much more than (1 — p)*, which is the probability that a given line segment of
length ¢ is initially uninfected.

One possible attempt of a proof might go as follows. Assume x is uninfected at time ¢ and thus there
is a path of uninfected vertices starting at x and continuing on the direction parallel to e, ea, - - - , €4 each
time. This path, denoted by P, of uninfected vertices may not be a line segment and then this would cause
a big combinatorial factors about the choice of such path.

However, it is possible to modify this idea. Following the ideas from [5], rather than counting paths along
directions parallel to the standard vectors ey, e, - - - , egq of vertices individually, we look at the intersection
of these paths with cubes [L]¢ and count these. First we allow an initial time ¢ = o(t). By this time we
expect nearly all internally spanned cubes [L]? to have been infected. Now consider just the first ¢t — ¢/
vertices in the path P: at time #' they are still uninfected, and they intersect a path of cubes [L]? all of which

are not internally spanned; we call such squares bad. Now we have an optimization question: how large
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should L be to minimize the probability of this event that there is a path of bad cubes [L]¢ ? In order to have
any hope, the probability that a cube [L]¢ is bad should be at most (1 — p)(1+C)L , for some ¢ > 0. This is
because we would like to show that the probability there exists a path of bad cubes [L] is about (1 — p)*,
so we need the additional ¢ to overcome the combinatorial factor coming from taking a union bound over all
paths. Thus, L must be large enough for the probability that a cube [L]? is bad to be small. Another reason
L should be large is to minimize the combinatorial factor. As L increases, there are fewer paths of cubes
[L]¢ inside a cube [t — #'], so the combinatorial factor decreases. On the other hand, L cannot be too large,
because the error time ¢’ = L? must be o(t).

This second attempt of a proof is also not quite right: the probability that a cube [L]? is bad, as we have
defined it, is at least (1 — p) because if any of the 27~1d “sides” of the cube is empty then the cube cannot
be internally spanned. On the other hand we have said that the probability needs to be at most (1 — p) (+e)L
so our definition of bad cannot be the right one. The way around this is as follows. Let us define a cube [L]%
is bad if it is not internally spanned except for its “sides”, which will be defined precisely in Section 6.4 . It

turns out this definition is the right one to use for our purpose.

6.3 LOWER BOUND

To prove the lower bound for the percolation time 7" we will use a theorem by Bollobas, Smith and Uzzell
[19].
First let us observe that the states of vertices at [; distance greater than ¢ from the vertex x cannot affect

whether or not the vertex x is infected at time ¢. Therefore we can restrict ourselves to the /;-ball

Bi(x) = {y € [n]*: |z —yl, <t}.

The following theorem from [19] will be used in the proof.
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Theorem 6.3.1. Let

exg,(t) == min{|B;(0)\Ag| : 0 ¢ A;}.

and

Pd,r(t) = {.’B S Bt(O) T Xd—r42y .-, 2d € {0, 1}}

where © = (x1,x2,...,2q).
Then for every 2 < r < d

exq r (t) = |Pd77~ (1)
Using this result, let us prove the lower bound for the percolation time. Assume that d = r.

Proof. Let E; be the event that every vertex in {x € By(0) : xa, ..., x4 € {0,1}} is initially uninfected and
Es be the event that the vertex (0, 0, ..., 0) is uninfected at time ¢.

From Theorem 6.3.1, the event E; implies the event Ey. Therefore, the event E; implies the event
{T > t}.

Let E3 be the event that every rectangle [2¢ + 1] x [2]4~! is nonempty. It is easy to see that the event
{T < t} implies the event E3. Let us divide [n]? into 2% disjoint rectangles [2]9~! x [2t + 1]. Let Ey be
an event that every such disjoint rectangle [2]9~! x [2¢ + 1] is nonempty. It is easy to see that the event 3
implies the event Fj.

Therefore, we have

d

PT<<(1-0- p)%)%

d
dy N
< exp <— (1-p)° t2dt>

— exp <_ exp <d log(n) — log(2%) — 2% log <1ip>)>

= o(1),
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Thus, with high probability,

log(n
C(d) IO;E)) .

6.4 UPPER BOUND

Before proceeding, we introduce some elements of notation and definitions.

Define a subcube
[(a1,01), (az,b2), ..., (ag, ba)] == {(x1, 22, ..., zq) € [n]? : a; < x; < b; Vi € [d]}.

Define a sub-grid

[(a17 bl)? (a27 b2)7 X3) (aj—17 bj—1)7 (aj)7 (a’j-i-l? bj+1)7 ) (ad7 bd)} =

{(z1, 29, ...,2q) € [n]¢: rj = aj,a; < x; < by Vi€ [d\{j}}
Define a line segment

[(a1)7 (a2>7 T (aj—l), (a’j7 bj)v (aj-f-l)"'v (ad)] = {(%1,1’2, "'7xd) € [n]d :

1= apa; < ;< by Vi € [A\{j}}.

d

Define a side of the cube [m]¢ as of the form [(a1), (a2), ..., (aj—1), (1,m), (aj+1), ..., (aq)] with a; €

{1,m} foralli € {[d]\j} for some j € [d]. Note that there are in total 2¢~1d sides of [m]°.
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Let G4 be the symmetric group on d coordinates. Then define:

Permy(z) := {ox : 0 € &4},

where for z = [(z1),. .., (z4)], we define:

Note that by abuse of the notation if x; is an interval for some ¢ € [d], regarding the permutation it is treated
as a single value.
We will give the definition of interior([mn]?) such that it serves our purpose.

Define the interior of [m]? as

int([m}d) = [m]d\{Permd[((a1)7 (a2)7 Sx) (aj—l)v (17m)7 (aj+1)7 ) (ad))] ta; € {17 m} fori € [d]\{]}}a

i.e., int([m]?) includes every vertex in [m]?

except for its sides.

Let A ~ Bin([m]¢,p) be the initial set. Define the cube D = [m]? to be good if its span contains its
interior. Formally, the cube D is good if int(D) C [D N A]. The cube D is strongly good if it is internally
spanned, i.e., D C [D N A]. At last, D is semi-good if it is good but not strongly good, and bad if it is not
good.

We denote by 7, - the probability that [m]¢ is bad with the infection threshold 7 and in order to simplify

the notation, sometimes we may drop the dependence on r if it is clear on the context.

We need the following theorem by Bollobds, Balogh, Duminil-Copin, and Morris [9].

Theorem 6.4.1. For every d > r > 2, there exists an explicit constant \(d,r) > 0 such that the critical
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probability for [n]¢ with infection threshold r,denoted by p.([n]?, ), can be expressed as follows:

Ad,r) + 0(1)]‘1—”1
log"™ Y '

pellnttr) = |

641 d=r=3

Before stating the next lemma let us state one fact which will be used very often in this section.

Fact 6.4.2. Assume that P(B) < a, P(C) < b, P(AN B) =0, and P(AN C) = 0. Moreover, assume that

the event B and the event C are independent. Then
P(A) < 2ab.
Proof.

P(A) =P(ANBNC)+PAN(BNC)Y)
=P(AN(BNC)Y)
<P(ANB) +PANCY)
SPANBNC)+PANB°NCY) +PANC°NB)+P(ANC°N B°)
< 2P(B¢ N C°)

= 2ab. O

When d = r = 3, we use Lemma 6.4.3 to derive a recursive relation on the probability that [m]? is bad.

Lemma 6.4.3. Let 1, 3 be the probability that [m]? is bad with the infection threshold 3. We have

M2m3 < C(d)1 5 + C(d)m*(1 — )™=,
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The intuition behind the proof of Lemma 6.4.3 is as follows. We begin by partitioning the cube [2m]?
into eight disjoint subcubes and break the proof into several subcases according to the number of bad sub-
cubes in this 8-tuple. Specifically, we analyze the cases where exactly one or two of the eight subcubes are
bad as well as the case where none are bad. The main technical part of the proof is devoted to the analysis to
these three subcases, where we study the interaction arising among the 8 subcubes. Further the probability
of having at least three bad subcubes can be estimated by a very rough upper bound of C3,, as established

in Lemma 6.4.3.

Before proving this lemma we need to introduce notation and prove several auxiliary lemmas.

Let us partition the cube [2m]? into 8 disjoint subcubes as shown in Figure 6.1.

Cr = [(17m)7 (17m)’ (17m)]702 = [(m+ 172m)7 (Lm)v (17m)]7

Cs =[(1,m),(m+ 1,2m), (1,m)],Cy = [(m + 1,2m), (m + 1,2m), (1,m)],

Cs = [(1,m),(1,m), (m+ 1,2m)],Cs = [(m + 1,2m), (1,m), (m + 1,2m)],

C7 =1[(1,m),(m+1,2m),(m+1,2m)],Cs = [(m + 1,2m), (m + 1,2m), (m + 1, 2m)].

We will first define a few events.

s E:={[2m]3 is good }.

» A:={all cubes C,Cq,--- ,Cg are good}.

» A;:={exactly ¢ subcubes among C1,C5,...,Cs are bad} fori € {1,...,8}.

Note that

P(E) = P(E° N A) + P(E® N A°). (6.1)
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A C?j Cs
Cy Cy
Z V4
v y4 C Cy
‘ a4
Cs Cy
x
v

Figure 6.1: Subcubes C,Cs, - -- , Cy

Let us consider the term P(E°NA) in (6.1) and this is the case where all 8 subcubes C1, . . ., Cs are good.
Since the sides of these 8 subcubes may still remain uninfected the event A does not necessarily imply that
the cube [2m]? is good. Therefore, we have to analyze the interaction between the events that some vertices
in the sides of C1, ..., Cg are initially infected and the event A. Moreover, in order for our method to work
the probability that the complement of the events that some vertices in the edges of C', . .., Cy are initially
infected needs to be small and in fact it needs to be < (1 — p)*™. Let us define these events precisely.

Let B(m, (1,2m), a3) for az € {1, m + 1,2m} denote the event that at least one of the following 2 line

segments is non-empty:

[(m)v (17 2m)a (a3)}70r [(m + 1)7 (17 2m)> (QB)]'

Note that the above 2 line segments belong to the sides of (', ..., Cy if a3 = 2m, and belong to the
sides of C4,...,Cyif ag = 1.

B(mw(m),w((1,2m)), 7(as3)) are defined similarly for all = where 7 is an ordering of the set {m, (1,2m), a3}.
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Let B(m,m, (c1, c2)) denote the event that at least one of the following 4 line segments is nonempty:

{[(m)v (m)7 (Clv 62)]7 [(m)v (m + 1)7 (Clv 62)]7

[(m + 1)7 (m)v (CI’ 02)], [(m + 1)7 (m + 1)’ (Cl, 62)]}'

B(w(m),m(m), n((c1,c2))) are defined similarly for all 7 where 7 is an ordering of the set {m, (m), (¢1,c2)}.
Let us define an event B such that if the events A and B occur then the event E occurs and P(B¢) <

C(1 — p)*™ with C > 0.
Let

By = m(136{2m,m—i—l,m,l}B(7na (17 2m)7 a3)7

By = magG{Qm,m—i-l,m,l}B((l7 2m), m, as),

Bs = B(m,m,(m+ 1,2m) N B(m,m, (1,m)),

By = B(m,1,(1,2m)) N B((1,2m), 1,m),

Bs = B(2m7m7 (17 Qm)) n B(2m) (17 2m)7m)7

Bs = B((1,2m),2m, m) N B(m, 2m, (1,2m)),

B; = B(1,m,(1,2m)) N B(1, (1,2m), m).

Let B = Nj¢[7Bi. Note that

P(EC) =P(E‘NANB)+P(E‘NA°NB)+P(E°NANB°)+P(E°N A°N BY). (6.2)

Therefore we will try to bound the 4 terms on the right side of (6.2). If we can show that AN B = E,
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then the first term on the right side of (6.2) vanishes. The next lemma shows this.

Lemma 6.4.4. If the events A and B occur; then the event E occurs, i.e., [2m]? is good.

Proof. Note that since all 8 subcubes C, Co, ..., Cyg are good, the interior of C; has been infected after m?
steps for all i € [8]. Thus after m? steps the only possibly uninfected vertices are the vertices on the sides
for each cube C;. Without loss of generality, since the event B(m, (1,2m), 2m) occurs, we can assume that
there is a vertex a = (a1, ag, ag) in [(m), (1,m), (2m)] is initially infected.

Let us consider the vertices in [(1,2m), (1,2m), (2m)] after m? steps. Since all 8 subcubes Oy, Cs, - - - , Cg
are good, every vertex in [(m), (2,m — 1),2m] has at least 2 infected neighbors after m?3 steps. Since the
vertex a is initially infected, it takes at most m? + m steps to infect every vertex in [(m), (2, m — 1), 2m].

Since the vertex a is initially infected and all 8 subcubes are good, the vertex y = (a1 + 1, az, az) has 3
infected neighbors after m? so it will be infected in the next step and then it takes at most m? + m steps to
infect every vertex in [(m + 1), (2,m — 1), 2m].

Note that every vertex in

[(m)a (m)> (m + 27 2m — 1)]a

[(m+1),(m),(m+2,2m — 1)),

[(m),(m+1),(m+2,2m — 1)],

and

[(m+1),(m+1),(m+2,2m —1)]

already has 2 infected neighbors since all 8 small cubes are good. Therefore since the event B(m, m, (m +

1,2m)) occurs, it takes at most m?3 + m steps to infect every vertex in

[(m)’ (m)v (m + 27 2m — 1)]a
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[(m+1),(m),(m+2,2m — 1)],
[(m),(m+1),(m+2,2m — 1)],

and

[(m+1),(m+1),(m+2,2m —1)].

Then note that after m?3 + m steps, the vertices (m, m, 2m) and (m + 1, m, 2m) have at least two infected
neighbors and the vertices (m,m + 1,2m) and (m + 1, m + 1, 2m) have at least one infected neighbor.

Since the event B((1,2m), m, 2m) occurs, a vertex b in

[(1,m), (m), (2m)],

[(1,m), (m + 1), (2m)],
[(m +1,2m), (m), (2m)],

or

[(m+1,2m), (m + 1), (2m)]

is initially infected. Then following the same logic, every vertex in [(2,m — 1), (m),2m] and [(2,m —
1), (m + 1), (2m)] will be infected after at most m? + m steps. Thus the vertex (1, m,2m) has 3 infected
neighbors after at most m?3 +m steps and will be infected in the next step and after that the vertices (1, m +
1,2m) and (m + 1, m,2m) will be infected. Since the vertex (m + 1, m,2m) has been infected after at
most m3 + m steps it is easy to see that every vertex in [(m + 1,2m — 1), (m), (2m)] will be infected after

at most m?® + 2m steps. Then every vertex in [(m + 1,2m — 1), (m + 1), (2m)] has 3 infected neighbors
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after at most m?> + 2m steps and will be infected in the next step. Similarly, every vertex in
[(m), (m +1,2m — 1), 2m),] [(m + 1), (m +1,2m — 1), (2m)]

will be infected after at most m? + 3m steps.
The rest of the uninfected vertices on the edges of C1, ..., Cs can be handled in a very similar way and

so we have the desired result. OJ

Using Lemma 6.4.4, we have

P(E)=P(E°NANB)+P(E°NA°NB)+P(E°NANB°) +P(E°N A°N B°)
< P(E°N A°N B) + 2P(B°)
= 2P(B°) + P(U5_;(E° N A; N B))
8

<C'(1-p)*™ +P(E°NANB)+P(E°NA;NB)+ Y P(A))
=3

8
<SC'(1-p) " +P(E°NANB)+P(E°NA;NB)+ ) (f) M3
=3

<C'(1—p)*" +P(E°N A N B) + P(E°N Ay N B) + Cp, 3,

where C' > 0 and C’ > 0 are absolute constants. Now let us estimate the term P(E° N A; N B).

Before proceeding, let us define a few events.
Bs = Nayefomm+1yB(m, az, (1,2m)) N B((1,2m), ag, m) N B(m, (m + 1,2m), m),

BQ = male{Qm,m—i-l}B(ahma (L Qm)) n B(ala (17 2m)a m) a B((m + 17 2m>a m7m)a
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and

Bio = Nagefomm+1yB(m, (1,2m), az) N B((1,2m), m, az) N B(m,m, (m + 1,2m)).

Lemma 6.4.5. The probability that [2m)? is bad along with the occurrence of the event that there is exactly

one bad subcube is correlated with double empty line segments of length 2m. More precisely, we have

P(E° N Ay) < O(1 — p)im.

Proof. Due to symmetry, without loss of generality, we may assume that the subcube C is bad. The main
idea of the proof is as follows. We will construct 4 set of events Sgiart, Sz=1, Sy=1 and S.—1 such that,
if the events in these 4 sets occur along with events A; and B, then the event F also occurs; that is, the
cube [2m]? is good. Moreover, the probability that some of these events in these 4 sets fails to occur
is approximately (1 — p)*™. If the probability that any of the events in these four sets fails to occur is
significantly larger than (1 — p)*™, then a more detailed analysis is required. The rough idea is that other
events, not contained in Sy, Sz=1, Sy=1, or S.—1, can also lead to percolation. The probability of the

complement of these additional events, together with the complement of the events in Sy, Se=1, Sy=1,

and S,_1, is < (1 — p)*™. The exact details are presented below.

The infection spreads as follows. First, after at most m? steps, the interior of Cs, ..., Cg have been
infected since Cs, ..., Cg are good. Then the sides of the subcubes Cs, ..., Cg become infected (except
for those on [(1,2m), (1), (1,2m)], [(1), (1,2m), (1,2m)] and [(1,2m), (1,2m), (1)] and those belonging
to the sides of [2m]3 )after at most m? + C'm steps, due to the occurrence of the events in Sy4¢. Then,
after at most 2m3 + Cm steps the interior of C; have been infected. Finally, the uninfected vertices on
[(1,2m), (1), (1,2m)], [(1), (1,2m), (1,2m)] and [(1,2m), (1,2m), (1)] will be infected after at ost 2m> +
C'm’ steps, due to the occurrence of the event in S,—1, Sy—1 and S.—1.

Now we will start defining the events in the set Sszqr¢. It turns out that the following Bg, By, and Big
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S€rve our purpose.

Now we can focus on analyzing how to infect the vertices on [(1,2m), (1), (1,2m)], [1, (1, 2m), (1, 2m)],
and [(1,2m), (1,2m), (1)]. Due to symmetry we only need to consider infecting vertices on [(1,2m), (1),
(1,2m)].

Consider the vertices in the region [(1,2m), (1), (1,2m)] as shown in Figure 6.2, where the vertices in
the shaded area are infected, and those in the white area remain uninfected. Note that after 2m? + C'm

steps among those vertices the only possible uninfected vertices are on [(1,m), (1), (1, m)] and the sides of

Cs,C5,Cs.

Y

Figure 6.2: Configuration on [(1,2m), (1), (1, 2m)] after 2m3 + Cm steps.

Let us define the event D(y = 1) in Sy as

D(y =1) :={[(1,m), (1), (m)] is non-empty } N {[(m), (1), (1,m)] is non-empty}.

It is easy to see that if the events Ay, B, B; for i € {8,9,10} and D(y = 1) occurs, then every vertex
on [(1,2m), (1), (1,2m)] will be infected except for those on the sides of [2m]3.

We will define the event D(z = 1) in S;—; and the event D(z = 1) in S,—; accordingly.
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Therefore, we have

P(ECNANBN(NSB)NDx=1)ND(y=1)ND(z=1)) =0.

and thus we have

P(EN A NB)=PENANBNN%B)NDx=1)ND(y=1)ND(z=1))
+P(ENANBN((NEB)ND(x=1)ND(y=1)ND(z=1))°)

=P(E°NA NBN((N2gB;)ND(x=1)ND(y=1)ND(z = 1))°).

We need to further analyze the event E°N A1 N BN (N2 B;) N D(z =1)ND(y =1)ND(z = 1))“.
Note that P(Bf) < C(1 — p)*™ fori € {8,9,10}.
Since P(D(y = 1)¢) = 2(1 — p)™, we need to construct some other events. Let us consider the event

D(y = 1)¢ and we have

D(y: I)CZDl U Dy U Ds,

where

Dy = {[(1,m), (1), (m)] is non-empty} N {[(m), (1), (1,m)] is empty},

Dy = {[(1,m), (1), (m)] is empty} N {[(m), (1), (1, m)] is non-empty},

and

D3 = {[(1,m), (1), (m)] is empty} N {[(m), (1), (1,m)] is empty}.

We will need to do further analysis based on the event D(y = 1)°.
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Case 1: Assume that the event D occurs.

In order to proceed we need to define another event. Let F (y = 1) be the event that one of [(m), (1), (m+
1,2m)] or [(m+1), (1), (m+1,2m)] is non-empty. It is easy to see that if the events A;, B, D1, F1(y = 1)
and B; for i € {8,9,10} occur, then every vertex on [(1,2m), (1), (1,2m)] will be infected after at most
2m? + C'm steps, except for those on the sides of [2m]3.

Now we need to consider A1 N B N% B, N Dy N Fi(y = 1)°. Let Fo(y = 1) be the event that
[(m+1),(1),(1,m)] is non-empty. It is easy to see that if the events Ay, B, D1, Ff(y = 1), Fo(y = 1), B;
fori € {8,9,10} occur, then every vertex on [(1,2m), (1), (1,2m)] will be infected except for the sides of
[2m]3.

Since P(D; N Fy(y = 1)°N Fy(y = 1)¢) < (1 — p)*™ and Fact 6.4.2, we have the desired result.

Case 2: Assume that the event Dy happens.

The analysis is the same as Case 1 due to symmetry.

Case 3: Assume that the event D3 happens.

Before proceeding we need to define another event. Define F5(y = 1) to be the event that both [(m +
1), (1), (m + 1,2m)] and [(m + 1,2m), (1), (m + 1)] are non-empty. It is easy to see that if the events
A1,B,Ds, F35(y = 1) and B; for i € {8,9,10} occur, then every vertex on [(1,2m), (1), (1,2m)] have
been infected after at most 2m?3 + C'm steps, except for those on the sides of [2m]?3.

Now we need to analyze F5(y = 1)¢. Define the event H be the event that [(1,m), (1), (m + 1)] is
non-empty.

We have

F35(y=1)°=F, U FyN Fs,
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where

Fy ={[(m+1),(1),(m+ 1,2m)] is non-empty } N {[(m + 1,2m), (1), (m + 1)] is empty},

Fy={[(m+1),(1),(m+1,2m)] isempty} N {[(m + 1,2m), (1), (m + 1)] is non-empty },

and

Fs={[(m+1),(1),(m+1,2m)] is empty} N {[(m + 1,2m), (1), (m + 1)] is empty}.

Assume that F} occurs. Then again it is easy to see that if the events Ay, B, D3, F}, H and B; for i €
{8,9,10} occur, then every vertex on [(1,2m), (1), (1,2m)] have been infected after at most 2m? + Cm
steps, except for those on the sides of [2m]3. Note that P(D3 N Fy N H¢) = (1 — p)*™.

Assume that F5 occurs. The analysis is the same as the case where F} occurs.

Assume that F3 occurs. Note that P(D3 N F3) = (1 — p)i™. O

Now let us move on to estimating the term P(E° N Ay N B).

Lemma 6.4.6. The probability that [2m)? is bad along with the occurrence of the event that there are exactly

two subcubes are bad is correlated with double empty line segments of length 2m. More precisely, we have

P(E°N Az) < C(d)ym*(1 — p)*™ .
Proof. In order to estimate P(E° N Ay N B) we will separate cases based on the locations of the two bad
subcubes.

Case 1: Two bad cubes are adjacent.
Without loss of generality assume the subcubes C7 and Cs are bad, as in Figure 6.3.

The main idea of the proof is somewhat similar to that of Lemma 6.4.5. We will construct 5 sets of
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Figure 6.3: Bad subcubes C'; and C.

events Tgqrt, To—1, Ty=1, T>.—1 and T—9,, such that, if the events in these 5 sets occur along with events
Ao and B, then the event E also occurs; that is, the cube [Qm]d is good. Moreover, the probability that some
of these events in these 5 sets fails to occur is approximately (1 — p)#™. If the probability that some of
the events in these 5 sets fails to occur is significantly larger than (1 — p)?™, then a more detailed analysis
is required. The rough idea is that other events, not contained in T, Thp=1, Ty=1, T>=1,0r T—2p, can
also lead to percolation. The probability of the complement of these additional events, together with the
complement of the events in Tyar, Th—1, Ty—1,T2=1,and Tp—op, is < (1 — p)*™. The exact details are

presented below.

The infection spreads as follows. First, after at most m? steps, the interior of C3, ..., Cg have been
infected since Cs, . .., Cg are good. Then the sides of the subcubes Cs, . . . , C's become infected (except for
those on [(1,2m), (1), (1,2m)], [(1), (1,2m), (1,2m)], [(1,2m), (1,2m), (1)] and [(2m), (1,2m), (1,2m)]
and those belonging to the sides of [2m]¢ )after at most m3 + C'm steps, due to the occurrence of the
events in Sgr¢. Here it comes to the difference between this case and the case where there is only one
subcube is bad. We will need to define a new event H' to be {every two adjacent line segments of the form
[(2,2m — 1), (y), (2)] of length 2m — 2 in [(1,2m), (1,m), (1,m)] parallel to the z-axis is non-empty},
where y,z € {1,2,...,m}.

Then, after at most 3m? + C'm steps the interior of C'; and C'> have been infected due to the occurrence
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of the events H'. Finally, the uninfected vertices on [(1,2m), (1), (1,2m)], [(1), (1,2m), (1,2m)] and
[(1,2m), (1,2m), (1)] will be infected after at most 3m? 4+ C'm/ steps, due to the occurrence of the event in
Tx:h Ty:l, Tz:l and sz?m-

It is easy to see that P(H'¢) < Cm?2(1 — p)*m—4,

Now we will start defining the events in the set Tg4q.¢. It turns out that Bg and B in the set T'szq,¢ s€TVE
our purpose. It is easy to see that after at most 2m? + C'm steps, every vertex in [(1,2m), (1,2m), (1,2m)]
will be infected except for the vertices in [(1), (1, 2m), (1, 2m)],[(1,2m), (1), (1,2m)], [(1,2m), (1, 2m), (1)],
and [(2m), (1,2m), (1,2m)]} and the sides of [2m]? due to the occurrence of As, Bg, Big and H'.

We can apply the same method from Lemma 6.4 to infect uninfected vertices in [(1), (1,2m), (1,2m)]

, [(1,2m), (1,2m), (1)], and [(2m), (1,2m), (1,2m)]}. Therefore, we just need to focus on infecting the

vertices on [(1,2m), (1), (1,2m)].

Y

Figure 6.4: Configuration on [(1,2m), (1), (1, 2m)] after 3m3 4+ C'm? steps.

Consider the vertices in the region [(1,2m), (1), (1,2m)] as shown in Figure 6.4, where the vertices in
the shaded area are infected, and those in the white area remain uninfected. Note that since the subcubes

C5 and Cj are good, the only uninfected vertices are in the sides of C5 and Cg and [(1,2m)(1)(1, m)] after
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3m? + COm? steps.

Let us define the events in T} —;. Let
Eq(y = 1) :={every two adjacent line segments of length m — 2 in [(2,m — 1), (1), (1, 2m)] parallel

to the x-axis is non-empty },
Es(y = 1) :={one of [(m), (1), (2,2m — 1)] or [(m + 1), (1), (2,2m — 1)] is non-empty },

and E3(y = 1) :={every two adjacent line segments of length m — 2 in [(m + 2,2m — 1), (1), (1,2m)]

parallel to the z-axis is non-empty }.

It is clear that if the event F(y = 1) occurs along with either the event Ej(y = 1) or the event
E3(y = 1) then every vertex in [(1,2m), (1), (1, 2m)] will be infected except for the sides of [2m]3.
Note that P(E1(y = 1)°N E3(y = 1)) = (1 — p)*™ 8 and P(E2(y = 1)¢) = (1 — p)*™~%. By Fact

6.4.2, we have the desired result.

Case 2: Two bad subcubes are non-adjacent and not located diagonally.

Without loss of generality, assume that the subcubes C and Cj are bad as in Figure 6.5.

The main idea is as follows. We will define two new events 4 and E5 such that along with the occur-
rence of the events Ag and B, every vertex in [(1,2m), (1,2m), (1, 2m)] has been infected except for those
belonging to [(1), (1,2m), (1,2m)], [(1,2m), (1), (1,2m)], [(1,2m), (1,2m), (1)], [(2m), (1,2m), (1, 2m)],
[(1,2m), (2m), (1,2m)] and the edges of [2m]3 after at most 2m3 + Cm steps. Another requirement for
the events E4 and Ej is that P(E$ N Ef) is roughly (1 — p)*™. Then consider the uninfected vertices on
[(1), (1, 2m), (1, 2m)], [(1,2m), (1), (1, 2m)], [(1,2m), (1, 2m), (1], [(2m), (1,2m), (1,2m)], [(1,2m),
(2m), (1,2m)] and the sides of [2m]? after 2m? + C'm steps. The analysis of infection for these uninfected
vertices is the same as in the cases where the two bad subcubes are adjacent or where there is only one bad
subcube.

Now let us define events 4 and Es.
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E, := {every two adjacent line segments of length m — 2 on [(m + 2,2m — 1), (2, m+ 1), (m)] parallel
to the x-axis is non-empty}, and
Es :={ at least one of the two line segments [(m), (2,2m — 1), (m)] or [(m + 1),(2,2m — 1), (m)] is

non-empty}.

Figure 6.5: Bad subcubes C'; and Cj.

Case 3: Two bad subcubes are located diagonally.

Without loss of generality we can assume the subcubes C'3 and Cg are bad as in Figure 6.6.

z

Figure 6.6: Bad subcubes ('3 and Cg.

The main idea is as follows. We will define three new events Eg , 7 and Eyg such that along with the
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occurrence of the events A and B, every vertex in [(1,2m), (1,2m), (1,2m)] has been infected except for
those belonging to [(1), (1,2m), (1,2m)], [(1,2m), (1), (1,2m)], [(1,2m), (1,2m), (1)], [(2m), (1,2m),
(1,2m)], [(1,2m), (2m), (1,2m)], [(1,2m), (1,2m), (2m)] and the sides of [2m]? after at most 2m? + C'm
steps. Another requirement for the events Fg, E7 Eg is that P(EY) is roughly (1 — p)*™ fori € {6,7,8}.
Then consider the uninfected vertices on [(1), (1, 2m), (1,2m)], [(1,2m), (1), (1,2m)], [(1,2m), (1, 2m), (1)],
[(2m), (1,2m), (1,2m)], [(1,2m), (2m), (1,2m)] except for these on the sides of [2m]? after 2m3 + C'm
steps. The analysis of infection for these uninfected vertices is the same as in the case where there is only
one bad subcube.

Let us define the events Fg,FE7, and Ex.

Eg:= {at least one of the 4 line segments of [(m), (1,m), (m)], [(m), (1,m), (m+1)], [(m+1), (1,m), (m)],
or [(m+1),(1,m), (m+ 1)] is non-empty},

E7:={atleast one of the 4 line segments [(1,m), (m), (m)][(1,m), (m), (m+1)],[(1,m), (m+1), (m)],
or [(1,m), (m + 1), (m + 1)] is non-empty },

Eg={at least one of the 4 line segments [(m + 1,2m), (m), (m)], [(m + 1,2m), (m), (m + 1)], [(m +

1,2m), (m+ 1), (m)], or [(m + 1,2m), (m + 1), (m + 1)] is non-empty}. O
Now we are in a position to prove Lemma 6.4.3, which is the main lemma in this subsection.

Proof. In order to estimate the probability of the event E° we will write the event E° in a different way and
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so we have, by using Lemma 6.4.4, Lemma 6.4.5 and Lemma 6.4.6,

P(E°) = P(E°N AN B) +P(E°N A°N B) + P(E°N AN B°) + P(E° N A° N B°)
<2P(B°) +P(E°NA°N B)
= 2P(B°) + P(L_(E° N A; N B))

8
<SC'(1-p) " +P(E°NANB)+P(E°NA;NB)+ > P(A)

1=3

8 ] ]
< C/(l _p)4m+P(ECmA1 ﬁB) +P(ECﬁA2 ﬂB) +Z < )777171,3

i=3

<C'(1-p)" +P(E°NA;NB)+P(E°N A2 N B) + Cni, 3

< Bm*(1—p)"™ % 4 Oy 5,

where C and C’ are absolute constants. O

642 d=r>3

This lemma gives a recursive relation on the probability that [m]? is bad. As mentioned in the introduction,

we prove Lemma 6.4.7 using induction, where Lemma 6.4.3 is the base case.

Lemma 6.4.7. Let 1, , be the probability that [m]d is bad with the infection threshold r = d. We have
2ma < C(d)iy, g + C(d)m™ (1 —p)*™=.

The intuition behind the proof of Lemma 6.4.7 is as follows. We begin by partitioning the cube [2m]%+!
into 2411 disjoint subcubes and break the proof into several subcases according to the number of bad sub-
cubes. Specifically, we analyze the cases where exactly one or two of the 2¢*1 subcubes are bad as well as
the case where none are bad. The main technical part of the proof is devoted to the analysis to these three

subcases, where we study the interaction arising among the 2%*! subcubes by using the induction on the
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dimension d. Further the probability of having at least three bad subcubes can be estimated by a very rough
upper bound of C’nf’n 4+1» as established in Lemma 6.4.7.
Before proving this lemma we need to introduce some notation and prove several auxiliary lemmas.

Consider partitioning [2m]? into 2¢ subcubes, i.e
[(a1,a1 +m —1), (a2, a2 + m — 1), ..., (ag, aq + m — 1)},
where a; = {1, m + 1} for i € [d].
First we need to define a few events.
« E4:=[2m]?is good.
+ A% :={all 27 subcubes are good }.

o A¢ :={exactly i subcubes among 2¢ subcubes are bad } for i € [2¢].

We would like to prove that for d > 3

P((E?)° N A% < C(d)(1 —p)*™, (6.3)
P((E?)°n Af) < C(d)ym?=3(1 — p)*™, (6.4)

and
P((EY° N Ad) < C(d)yma=1 (1 — p)*m~3. (6.5)
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Then we have

P((E?)%) = P((E")° N AT) + P((BY)" N (A%)°)

= P((E%)° N A%) + P(UZ | (EY)° N AD)

2d
=P((EY)°N A% + P((EY)° N A]) + P((E)° N A3) + > P(A)
1=3

< C(@mH L= p)™ = + C(d), 5.

When d = 3 it is easy to see that (6.3)(6.4)(6.5) are satisfied by Lemmas (6.4.3)(6.4.5)(6.4.6). Now
assume that (6.3)(6.4)(6.5) are satisfied for d > 3 we would like to show they are satisfied for d + 1.

Before proceeding, we need some notation. Let a d-dimensional subgrid [(1,2m), (1,2m), ..., (1,2m), (i)]

d
be denoted by B((1,2m), d, ) and a d-dimensional subgrid [(1,m), (1, m),...,(1,m), (¢)] by B((1,m),d, ).

-~

d
Let us define £ to be the event that (B(1,2m),d, ) is good.
Let B (a1, a2, ,Qi—1,Qi41, " ,0j—1, 041, ,aq, (1,m)) be the event that at least one of the 4 line
segments
[(al)v ((12) ) (aifl)v (m)7 (aiJrl)a Ty (aj71)7 (m)v (ajJrl)a ) (ad)v (17 m)]v
[(al)a (a2) Tty (ai—l)a (m)a (a'i—i-l)v ) (aj—1)7 (m + 1)7 (aj—i-l)v ) (a‘d)a (17m)]a
[(al)v (a2) ) (aifl)a (m + 1)) (aiJrl)v Tty (ajfl)a (m)v (ajJrl)v Tty (ad)a (Lm)]a
or

[(al)a (a2) ) (aifl)a (m + 1)7 (aiJrl), H) (ajfl)v (m + 1)’ (ajJrl)’ ) (ad)? (1a m)]

is non-empty, where a; € {1, m,m + 1,2m} for ! € [d]\{i, j}.

The event B (a1, a2, -+, Gi—1,Qit1, "+ ,Qj—1,0j4+1," - ,ad, (m + 1,2m)) is defined similarly.
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Let B(o (a1,a2, -+ ,@i—1,Git1, " ,Gj—1,0j+1, - ,ad, (1,m))) denote the event that at least one of

the 4 line segments

J[(al)v (a2) Tty (ai—l)v (m)’ (a’i-l-l)v Ty (a]'—l)’ (m)v (aj+1)7 T (ad)v (Lm)}v

U[(al)v (aQ) Ty (ai*1)> (m)v (ai+1)a T ((ijl), (’I’)’L + 1)? (aj+1)v T (ad)v (1>m)]7
U[(al)v (CL?) ) (aifl)a (m + 1)7 (aiJrl)a ) (aj*1)7 (m)a (aj+1)v ) (ad)v (Lm)]v

or

U[(al)v (aQ) R (ai—1)7 (m + 1)7 (ai-i-l)’ Ty (aj—1)7 (m + 1)’ (aj-i-l)’ Ty (ad)’ (17 m)]

is nonempty, where a; € {1, m,m + 1,2m} forl € [d]\{i,j} and 0 € S441.
Theevent B(o (a1, a2, -+ ,@i—1,Git1, "+ ,Gj—1,Gj41, " , a4, (m + 1,2m))) is defined similarly, where
o c 6d+1.

Let us define D, (1, m) and D,(1,2m) to be

DU(lvm) = B(J (alaa27"' s Ai—1, Qi4-1, 5 Aj—1, Aj41, " * aada(lvm)))

and

Dg(m + 1,2m) = B(U (al,ag, RN 7 R P PN 7 S P T P 7 (m+ 1,2m))).

Let us define D to be

D := Miejar)\ i Nare{t,mm+1,2m} Noe gy (Do(1,m) N Dg(m + 1,2m)).
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Let B’ be defined as

B’ := Nicfa+1)\{i,j} Nare{imm+1,2m} Noe&gsy Do(m 4 1,2m).

Let D (a1,a2, -+ ,a;—1,a;+1," - ,aq, m) be the event that at least one of the 4 line segments

[(a1>7 <a2) Ty (ai—l)v (1,m), (ai-f-l)v Ty (a’d)7 (m)],

(@), (az) -+ (@), (m+1,2m), (ais1), -+ » (aa), (m)]
[(al)v (CL?) M) (ai—1)7 (1, m)7 (ai—‘rl)a Tty (ad)7 (m + 1)],

or

[(al)v <a2) R (ai—1>7 (m +1, 2m)7 (ai—i-l)a R (ad)7 (m + 1)]

is non-empty, where a; € {1,2m} fori € [d].
The event D(o(ay,ag, -+ ,a;—1,0i4+1, - ,aq,m)) is defined similarly.

Let us define D’ to be

/
D= Ojeld+1)\i] ﬁaje{1,2m} ﬁaeed+1D (ar,a2, -+ ,ai-1,ai41, -+ ,aq,m)

Let £ (ay,a2, -+ ,a;—1,ai+1," - ,aq,m) be an event that one of the 4 segments

[((11), (aQ) T (ai—1)7 (m)a (ai-i-l)a T (ad)a (17m)]7

[(a1>v (CL?) B (aifl)v (m + 1)7 (aiJrl)a T (ad)7 (Lm)]v

[(al)v (CL?) ) (ai—l)v (m)a (ai-i-l)v R} (ad)a (m + 1’ 2m)]7
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or

[(a1)7 (aQ) M) (ai—l)v (m + 1)7 (ai+1)7 ) (ad)7 (m +1, 2m)]

is non-empty, where a; € {1,2m} fori € [d].
The event E (0(a1, a2, ,ai—1,Gi+1, - ,aq,m)) is defined similarly.

Let E(1,2m) to be defined as

E(17 2m) = mle[dJrl}\{i} mal€{1,2m} mUGGd+1E (0(a17 az, - ,Aj—1, i1, ,0ad, m)) .

Let us first deal with the case where all 247! subcubes are good, where the subcubes are [(ay, a; +m —

1), (ag,a0 + m —1),..., (ags1,aqg+1 +m — 1)] where a; = {1,m + 1} fori € [d + 1].
Lemma 6.4.8. The probability that [2m]d is bad along with the occurrence of the event that all subcubes
are good is correlated with double empty line segments of length 2m. More precisely, we have

P((E")°N AT) < C(d)(1 —p)*™

Proof. The idea for the proof is as follows. We will construct some events in the set B¢ such that with

the occurrence of these events and the event A%*! then the event E4*! occur. Additionally, the probability

of the complement of these events is roughly (1 — p)*™.

Assume that all 2¢+1 subcubes are good, i.e

[(a1,a1 +m — 1), (az,az +m — 1), ..., (@g41, ag1 +m — 1)),

where a; = {1,m + 1} for i € [d + 1], are good.

After m?*! steps, the only possibly uninfected vertices on B((1,2m),d,q) fori ¢ {1,m,m + 1,2m}
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are [(a1), (a2),- -, (aq), (7)], where a; € {1,m, m + 1,2m} for j € [d].
Now consider the possibly uninfected vertices on B((1,2m),d, ) fori € {1, m, m+1,2m} after m®+!

steps. Note that the vertices on the sides of subgrids

[(a1,a1 + m —1),(ag,a2 + m — 1), ..., (ag,aq + m — 1), (j)],

where a; € {1,m + 1} fori € [d] and j € {1, m,m + 1,2m}, may have not been infected.
Observe that the vertices in the sides of the subcubes B((1,2m),d, i) where i € {m, m + 1} do not

]d—i-l

belong to the sides of [2m except for the vertices of the form

[(al)a (a2)a T (ad)7 (7’)]’

where a; € {1,m,m +1,2m} for j € [d] and i € {m,m + 1}.

It turns out that the events D, D’ and E(1,2m) in Byt SETVE OUT PUIPOSE.

With the occurrence of D and A%+, after at most m4*! 4+ C(d)m steps, every vertex on the subcube
B((1,2m),d,q) with i ¢ {1,m, m + 1,2m} has been infected except for those belonging to the sides of
[2m]?+! and the vertices in [(a1), (az), - -, (ai_1), (m), (ait1), -, (aq), (1,2m)] and [(a1), (az),- - -, (ai_1),
(m+1),(ait1),-- -, (aq), (1,2m)] where a; € {1,2m} for j € [d].

Now every vertex, except possibly for the vertices on the sides of B((1,2m), d, ), on subcubes B((1,2m),d, 1)

fori € {1,m, m + 1,2m} has exactly one infected neighbor which does not belong to B((1,2m), d, ) for
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i € {1,m,m + 1,2m}. Hence we can use the induction hypothesis and thus we have

P((ETH)en AT < P(ETHYn AT NnDNEYNESNES L NES,)
+P((ETHYn AT ND N Ef N EL NEY L NES))
<P(ETHYnA N DNE{NEL NEL  NES,) + 4P(EY)®) + P(D°)

<P(E™NYnAnDNE{NELNEL,  NES)+ 001 —p)'™.

Now we need to handle the term P((E*1 )N DN A N E{ N EL NES NES)).

It clear that with the occurrence of the events D, AT E{ Ed EL 115 Eg and D', every vertex on

[2m]9*! has been infected after at most m?*! + C/(d)m steps, except for those on the sides of [2m]?+1.

Thus we have

P(EMYNDNA™ nE{nELNES,  NES, N D NE(,2m)) =0
Note that
P((D')) < C(d)(1 = p)*™,
and
P(E(1,2m)°) < C(d)(1 - p)*™.
By Fact 6.4.2, we have the desired result. 0

Now we will move onto the case where there is exactly one bad subcube and we will show the following

lemma.

Lemma 6.4.9. The probability that [2m]? is bad along with the occurrence of the event that there is exactly
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one bad subcube is correlated with double empty line segments of length 2m. More precisely, we have

P((E")° N Af) < C(d)m™ (1 —p)'™.

Proof. There is exactly one bad subcube, i.e

[(alual +m— 1)7 (a27a2 +m — 1)7 ety (adJrl:a'dJrl +m— 1)]7

where a; = {1, m + 1} for i € [d + 1] are good except for one.

W.Lo.g, we can assume that the subcube [m]%+! is bad.

The main idea of the proof is somewhat similar to that in the proof of Lemma 6.4.5. We will construct
an event such that every vertex in B((1,2m),d,¢) has been infected for all i € {m + 2,--- ,2m — 1}
after at most m?*! 4 C(d)m steps except for those vertices on the sides of B((1,2m),d, i) fori € {m +
2,---,2m — 1}. For the uninfected vertices on B((1,2m),d,m + 1) and B((1,2m),d,2m) we can use
induction hypothesis because every vertex in B((1,2m),d, m + 1) and B((1,2m), d,2m) has at least one
infected neighbor which does not belong to B((1,2m),d, m + 1) and B((1,2m),d,2m). The same can
be applied to infecting vertices on B((1,2m),d,i) for i € [m]. Then we will deal with the rest of the

uninfected vertices that are not in the sides of [2m]%+!

The exact details are presented below.

After m?*! steps let us describe the uninfected vertices on [2m]%*!. Every vertex on B((1,2m),d, )
fori € {m+2,m+3,---,2m—1} has been infected except for those of the form [(a1), (a2),- -, (aq), (7)],
where a; € {1,m,m + 1,2m} for j € [d].

For the vertices on B((1,2m),d, j) where j € {m + 1,2m}, all of them have been infected except for
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those on the sides of

[(a1,a1 + m —1),(ag,a0 + m — 1), ..., (ag,aq + m — 1), (j)],

where a; = {1, m + 1} fori € [d].

For the vertices on B((1,2m),d, j) where j € {1, m}, the vertices on B((1,m), d, 1)and B((1,m),d, m)

have not been infected. Additionally, the vertices on the edges of

[(alv ap +m— l)a (a27 az +m — l)a ey (advad +m — 1)a (.7)]7

where a; = {1, m + 1} for i € [d] have not been infected either.

For the vertices on B((1,2m),d, j) for j € {2,3,--- ,m — 1}, the vertices on B((1,m), d, j) have not

been infected. Additionally, the vertices on the edges of

[(al, ai +m — 1), (az, as +m — 1), ey (ad,ad +m — 1), (])],

where a; = {1, m + 1} for i € [d] have not been infected either.

With the occurrence of the events AT and B’ then every vertex on B((1,2m),d, i) for i € {m +
2,m+3,---,2m — 1} has been infected after m?*+' + C/(d)m steps. except for those belonging to the sides
of [2m]%*! and the vertices in [(a1), (a2), - - - , (a;i_1), (M), (@ix1), - -, (aq), (1,2m)] and [(a1), (a2), - - -,
(@i—1),(m+1),(ait1),- -, (aq), (1,2m)] where a; € {1,2m} for j € [d].

Now note that every vertex in the subcube B((1,2m),d, m + 1) has at least one infected neighbor that

isnot on B((1,2m),d, m + 1) except for those that are in the sides of B((1,2m(,d, m + 1). So does every
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vertex in the subcube B((1,2m), d, 2m). Therefore we can use the induction to have

P((Em41)° N AT) < C(d)m™3 (1 - p)'™,

and

P((E5,)° NA]) < C(d)m?(1 —p)*™.

Since every vertex in the subcube B((1,2m),d, m) has at least one infected neighbor that is not on
B((1,2m), d, m) except for those that are in the sides of B((1,2m/(, d, m+1), then the induction hypothesis
can be applied and we have

P((Ep,)° N Af) < C(dym™>(1 - p)™™.

Inductively, every vertex on [(1,2m), (1,2m),---,(1,2m), (i)] fori € {1,2,--- ,m — 1} has been
infected infected except for those on the edges of B((1,2m),d,q) fori € {1,2,--- ,m — 1} after at most
2mat1 - O(d)m? steps.

Now we need to deal with the uninfected vertices that are not in the sides of [2m]?*! after at most
2ma*l 4 C(d)m? steps. Let us describe them. For the vertices on B((1,2m),d,i) for i € {m +

d+1

2,m + 3,---,2m — 1}, the remaining uninfected vertices are on the sides of [2m)] and of the form

[(a1), (a2),- -, (ai=1), (M), (ait1), -, (aa), (i) and [(a1), (a2), - - , (ai=1), (M+1), (@iv1), -, (@), (9)]
where a; € {1,2m} for j € [d].

For the vertices on B((1,2m),d, j) where j € {m + 1,2m} U [m], those remaining uninfected ver-
tices are on the sides of B((1,2m),d,j). More precisely, for the vertices on B((1,2m),d, j), where
j€{2,3,---,m—1}, the remaining uninfected vertices are ((1,m), (az2),- - , (aq),?) where a; = 1fori €
[d]\{1} and of the form [(a1), (a2), - - - , (ai-1), (n), (@it1), -+, (aq), (1)] and [(a1), (a2), - - -, (@i-1), (m+

1), (ai+1), -, (aq), ()] where a; € {1,2m} for j € [d]\{i} and [(a1), (a2),- -, (aq), ()] where a; €
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{1,2m} for j € [d].

Let us consider the uninfected vertices on Permy1[(1,2m), (1), -+, (1), (1,2m)]. W.Lo.g, it is suffi-

N———
d—1

cient to consider the uninfected vertices on [(1,2m), (1),---, (1), (1,2m)].

—_——
d—1

Let <7 be event that both line segments [(m+1,2m), (1),---, (1), (m)] and [(m), (1), (1), (m+1,2m)]
are non-empty. This event is the same as the event D(y = 1) in the proof of Lemma 6.4.5. Therefore, the
further analysis is the same as that in the proof of Lemma 6.4.

The other uninfected vertices can be handled in the same way in Lemma 6.4.8. O

Lemma 6.4.10. The probability that [Qm]d is bad along with the occurrence of the event that there are
exactly two bad subcubes is correlated with double empty line segments of length 2m. More precisely, we

have

P((B7)° N A3) < C(d)m™ ' (1 —p)*™*.

Proof. There are exactly two bad subcubes, i.e

[(alﬂal +m— 1)7 (aQ,aQ +m — 1)7 i3} (ad+17ad+1 +m — 1)]7

where a; = {1, m + 1} for i € [d + 1] are good except for exactly two of them.

d+1

Case 1. Assume that two bad subcubes are [m|*"* and

[(m+1,2m), (1,m),(1,m),---,(1,m)].

d
After m®*! steps let us describe the uninfected vertices on [2m]?+1.
Every vertex on B((1,2m),d, i) fori € {m+2,m+3,---,2m — 1} has been infected except for those
of the form [(a1), (a2),- - -, (aq), (¢)], where a; € {1,m, m + 1,2m} for j € [d].
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For the vertices on B((1,2m),d, j), where j € {m + 1,2m}, all of them have been infected except for

those on the sides of

[(a1,a1 + m —1),(ag,a0 + m — 1), ..., (ag,aq + m — 1), (j)],

where a; = {1, m + 1} fori € [d].

For the vertices on B((1,2m),d, j) where j € {1,m}, the vertices on B((1,m),d,j) and [(m +

1,2m), (1, m),---,(1,m), (j)] have not been infected. Additionally, the vertices on the sides of

d—1

[(a1,a1 + m — 1), (ag,a2 + m — 1), ..., (ag,aq + m — 1), (4)]

have not been infected, where a; = {1, m + 1} fori € [d].

For the vertices on B((1,2m),d, j) forj € {2,3,--- ,m—1}, the vertices on B((1,m),d, j) and [(m+

1,2m), (1,m),---,(1,m), (j)] have not been infected. Additionally, the vertices of the form [(a1), (a2),- - -,

d-1
(aq), (j)] have not been infected, where a; € {1, m, m + 1,2m} for j € [d].

Now assume that B’ occurs. Then after at most m@+! ++ C(d)m steps, every vertex on

[(1,2m), (1,2m),---,(1,2m), (j)] forj € {m+2,--- ,2m—1} has been infected except possibly for those

d

on the sides of [2m]¢*+!

and are of the form [(a1, ag, -+ ,a;—1,m,a;41, - ,aq,7)] and [(a1, a2, -+ ,a;—1, m+
1,ai41, - ,aq,7)] where a; € {1,2m} for i € [d].

Therefore, every vertex on B((1,2m),d,2m) and B((1,2m), d, m + 1) except for those on the sides of
B((1,2m),d,2m) and B((1,2m), d, m+1) has one infected vertex that do not belong to B((1,2m), d,2m)

and B((1,2m),d, m + 1). We can use the induction to have that

P((Eq4) N A5 < C(d)(1 —p)*™,
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and

P((E5,) N AST) < C()(1—p)*™

Similarly, every vertex on the subcube B((1,2m), d, m) has an infected neighbor in B((1,2m),d, m +
1) except for those that are in the sides of B((1,2m),d, m). The induction hypothesis can be applied and

we have

P(EY N ASTY < C(d)ymd=1(1 — p)*m8.

Similarly, then every vertex on the subcube B((1,2m), d, m—1) has an infected neighbor in B((1, 2m), d, m)
except for those that are in the sides of B((1,2m),d, m — 1). The induction hypothesis can be applied and

we have

P(Ey, 1 N AGT) < C(dym?~H (1 —p)*™*.

Inductively, we have for i € [m)]

P(EL N ALY < C(d)ym?1(1 — p)im=S.

Let us describe the possibly uninfected vertices after 2m?*! 4+ C(d)m? steps.

The vertices on B((1,2m),d, 1) and B((1,2m), d, 2m) have been infected except for those on the edges

of [2m]®+1.

The vertices on B((1,2m),d, j) where j € {2,3,--- ,m,m + 1} have been infected except for those

that are of the form

[(a1)7 (a2)a T (aifl)v (17 2m)a (aiJrl)a T ((Id), (.7)]7
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where a; = 1 for i € [d], and of the form

[(a1)7 (a2)7 B (aifl)v (m)7 (aiJrl)a ) (ad)a (])]7

[(al)a ((Ig), T (aifl)a (m + 1)7 (aiJrl)a B (ad)> (])]7

where a; € {1,2m} fori € [d].

The vertices on B((1,2m),d, j) where j € {m+2,m+3,---,2m — 1} have been infected except for

those of the form

[(a1)7 (a2)7 ) (ai—1)7 (m)7 (ai-i-l)? T (ad)7 (.7)]

and

[(al)a ((Ig), T (aifl)a (m + 1)7 (aiJrl)a R (ad)> (])]7

where a; € {1,2m} fori € [d]andj € {m +2,m +3,---,2m — 1}.

Let us consider the uninfected vertices on Permg1[(1,2m), (1),---,(1),(1,2m)]. Due to symmetry
d—1
we only need to analyze the uninfected vertices on [(1,2m), (1),---,(1),(1,2m)]. The analysis is in the
d-1

same fashion of that in the proof of Lemma 6.4.6, specifically in the case where two bad cubes are adjacent.

The other uninfected vertices can be handled in the same way as Lemma 6.4.8.

Case 2. Assume that two bad subcubes are [m]?*! and [(m + 1,2m), (m + 1,2m), - -+ , (m + 1,2m)].
d+1

Let us describe the uninfected vertices after m+! steps.

Every vertex on B((1,2m),d, i) fori € {m+2,m+3,---,2m — 1} has been infected except for those

on [(m + 1,2m), (m + 1,2m),--- ,(m + 1,2m), ()] and of the form [(a1), (a2),- - , (aq), (¢)], where
a; € {1,m,m+1,2m} for j € [d].

For the vertices on [(1,2m), (1,2m), -, (1,2m), (j)], where j € {m + 1,2m}, all of them have been
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infected except for those on [(m + 1,2m), (m + 1,2m),--- ,(m + 1,2m), (j)] and the sides of

[(a1,a1 + m —1),(ag,a0 + m — 1), ..., (ag,aq + m — 1), (j)],

where a; = {1, m + 1} fori € [d].

For the vertices on B((1,2m),d,j ) where j' € {1,m}, the vertices on B((1,mm),d, j ) have not been

infected. Additionally, the vertices on the sides of

’

[(al,al +m — 1), (CLQ,CLQ +m — 1), ey (ad,ad +m — 1), (] )],

where a; = {1, m + 1} for i € [d] have not been infected.

For the vertices on B((1,2m),d,j") for j* € {2,3,---,m — 1}, the vertices on B((1,m),d,j")
have not been infected. Additionally, the vertices of the form [(a1), (a2),--- , (aq), (j")], where a; €
{1,m,m + 1,2m} for j € [d], have not been infected.

Assume that the event D happens and then let us describe the uninfected vertices after m®*! + C(d)m
steps.

Every vertex on B((1,2m),d,i) fori € {m + 2,m + 3,--- ,2m — 1} has been infected except for
those of the form [(a1), (a2), - -, (aq), (¢)], where a; € {1,2m} for j € [d]. Additionally, the vertices on
[(a1),(a2), -+ ,aj—1,(1,m),a;41, - ,(aq), (1) fori € {m+2,m+3,---,2m — 1} where a; = 2m for
J € [d], have not been infected.

For the vertices on B((1,2m),d, j), where j € {m + 1,2m}, all of them have been infected except for

those on the sides of

[(a1,a1 + m —1),(az,a2 + m — 1), ..., (ag,aq + m — 1), (j)],
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where a; = {1, m + 1} fori € [d].

/

For the vertices on B((1, 2m), d, j )where j* € {1,m}, the vertices on [(1,m), (1,m), --- , (1,m), (j

)]

have not been infected. Additionally, the vertices on the sides of

’

[(a1,a1 + m — 1), (ag,a0 + m —1),..., (ag,aq + m — 1), (5 )],

where a; = {1, m + 1} for i € [d] have not been infected.

For the vertices on B((1,2m),d,j ) forj € {2,3,---,m—1},the vertices of the form [(a1), (a2), - ,
(aq), ()], where a; € {1,2m} for ;" € [d]. Additionally, the vertices on [(a1), (a2), - - - ,aj_1, (1,m), a;11
-, (aq), (@) fori € {m+2,m+3,---,2m — 1} where a; = 1, have not been infected.
Then we can apply exactly the same method from the case where there is only one bad subcube to handle

the rest of the uninfected vertices.

Case 3. Assume that the two bad subcubes are [m]9*! and

[(m+1,2m),(m+1,2m),--- ,(m+1,2m),(1,m),(1,m),---, (1,m),(1,m)],

l d—l

where 2 <[ < d.

d+1

Then let us describe the uninfected vertices after m“ ™" steps.

Every vertex on B((1,2m),d,q) fori € {m+2,m+3,---,2m — 1} has been infected except for those

of the form [(a1), (a2),- - , (aq), ()], where a; € {1, m,m + 1,2m} for j € [d].

For the vertices on B((1,2m), d, j), where j € {m + 1,2m}, all of them have been infected except for

those on the sides of

[(a1,a1 +m — 1), (az,a2 + m —1),..., (ag,ag + m — 1), (4)]
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where a; = {1, m + 1} fori € [d].

For the vertices on B((1,2m),d,j ) where j* € {1,m}, the vertices on B((1,m),d, 5 ) and

[(m+1,2m),(m+1,2m),--- ,(m+1,2m),(1,m), (1,m),---, (l,m),(j/)]
l d—l

have not been infected. Additionally, the vertices on the sides of

[(a1,a1 +m — 1), (ag,a2 +m —1),..., (ag,aq +m — 1), (j,)]

where a; = {1, m + 1} for i € [d] have not been infected.

For the vertices on B((1,2m), d,j”) for j" € {2,3,---,m — 1}, the vertices on B((1,m), d,j") and

[(m+1,2m),(m +1,2m),---, (m+1,2m), (1,m), (1,m),---, (1,m),(§")]

l d—l

have not been infected. Additionally, the vertices of the form [(a1), (a2), - ,(aq), (5 )], where a; €
{1,m,m + 1,2m} for j € [d], have not been infected.

Now assume that the event D’ occurs. Then let us describe the uninfected vertices after m4+! + C(d)m
steps.

Every vertex on B((1,2m),d,q) fori € {m+2,m+3,--- ,2m — 1} has been infected except for those
of the form [(a1), (a2),- -+, (aq), (¢)], where a; € {1,2m} for j € [d].

For the vertices on B((1,2m),d, j), where j € {m + 1,2m}, all of them have been infected except for

those on the sides of

[(a1,a1 + m —1),(ag,a0 + m — 1), ..., (ag,aq + m — 1), (j)],
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where a; = {1, m + 1} fori € [d].

For the vertices on B((1,2m), d, j') where j € {1, m}, the vertices on [(1,m), (1,m),-- -, (1,m), ()]

and

[(m+1,2m),(m+1,2m),--- ,(m+1,2m),(1,m), (1,m),-- -, (l,m),(j,)]

l d—l

have not been infected. Additionally, the vertices on the edges of

’

[(alaal +m — 1)7 (a27a2 +m— 1)7 E) (ad7ad +m— 1)7 (.7 )]7

where a; = {1, m + 1} for i € [d] have not been infected.

For the vertices on B((1,2m),d,j" ) forj' € {2,3,---,m — 1}, the vertices on B((1,m),d, ;") and

"

[(m+1,2m),(m+1,2m),--- ,(m+1,2m),(1,m),(1,m),--- ,(1,m),(j )]
l d—l

have not been infected. Additionally, the vertices of the form [(a1), (a2),--- , (aq), (j")], where a; €
{1,m,m + 1,2m} for j € [d], have not been infected.

Note that after m@*! + C(d)m steps, every vertex on B((1,2m),d, j) where j € {m + 1,2m} except
for those on the sides of B((1,2m),d, j) where j € {m+1,2m} has one infected neighbor which does not
belong to B((1,2m),d, j) where j € {m + 1,2m}. Thus we can use the induction hypothesis to deal with
the uninfected vertices that do not belong to the sides of B((1,2m),d, j) where j € {m + 1,2m}.

Similarly for the uninfected vertices on B((1,2m), d, j) where j € [m] we can use the induction hypoth-
esis to deal with the uninfected vertices that do not belong to the sides of B((1,2m),d, j) where j € [m)].

For the rest of the uninfected vertices, we can use the same approach from the case where there is only

one bad subcube to handle. O

Now we will use the inequality derived in Lemma 6.4.7 to derive an important property of the grid size
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L, which states that the probability percolation fails to happen in a grid [L]¢ correlates to the probability of
the existence of an empty double line segments of length L.
Before stating the following lemma, we need to define a quantity X = K (p) which will be used multiple

times from now on in this section. Define

exp@D(2) if p < po,
K(p) :=

exp(™D(2) if p > po,

where exp!(-) denotes iterating the exponential function [ times and po will be defined later.

2 2
Lemma 6.4.11. If L > 16K3 (log ﬁ) (102 T ) , then the probability 1y, that a grid [L]? is bad satisfies
6

np < B(d)L* (1 —p)*E8,

where B(d) > 0, and ¢ < ﬁ.

Proof. We will make use of Theorem 6.4.1. Since p.([n]¢,r = d) = ﬁ)‘gﬁi’ﬁ?yz

, by taking pg small enough,
we have

R([K],r = d,p) =1 - o(1),

where R([K]?,d, p) is the probability that every vertex on [K]¢ will be infected by the percolation process
with the infection threshold » = d if each vertex is initially infected with probability p.

Therefore, let § > 0 and we have

N
>

K

From Lemma 6.4.7, we have

Nam < C(d)n3, + B(d)ym* (1 — p)*™~%,
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and thus

Nom < 2max{C(d)nS,, B(d)m?~1(1 — p)™~8}

We will use C' and B to denote C'(d) and B(d) respectively in the proof.

Note that if

Cn3, < Bm® (1 — p)t™8, (6.6)

then we have

Nam < Bmdfl(l _p)4m78’

and thus the desired result.

From the recursive relation 7, < Cn3, with the initial condition 7y < &, we have

371

N < C 2

5%,

In order to satisfy (6.6) it suffices to have

3"

c Y < B 'K (1 _p)4><2T*1K—8,

which is equivalent to

3r—1

1 1
logC' — 3" log 5 <log B+ (d—1)log(2"'K) — 2" K log 1

©6.7)

Assume § < % by taking pg small enough. Then it is easy to see that as long as

31 1
“log= > 2"tK1
2 %% BTy
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is satisfied, (6.7) is satisfied.

Therefore, we have

r 1 1
3 > 4K <log ) — |
27 1—p logg

which is equivalent to

rlogs 2 1 1 10%%2
3 * K>K|4K (log .
2 1—p log

4

logs 2
Thusif L > K (4K (log 15 (5ir)) * . then

log %

nr < BLd_l(l _p)ZL—8' n

Now fix L = 16 K3 (log ﬁ)Q (10;92.

Let us provide some explanations before stating and proving the following lemma. We would like to
estimate the probability that a particular vertex, say the origin, is uninfected at time ¢. We show that this
particular probability is roughly the same as the probability of having an empty line segment of length ¢
starting on the origin. As mentioned in the introduction, the existence of an initially uninfected [2¢ 4 1] X
[2]7~1 rectangle “near” the origin implies that the origin will not be infected at time ¢. Thus the following

lemma is essentially saying that the probability from other configurations that also prevent the origin from

being infected at time ¢ is negligibly small.

Lemma 6.4.12. Let t be an integer and t' = L. Every vertex of [n]? is initially infected with probability p

independent of any other vertex. Then

(L-p"

P(the origin is uninfected at time t) < C(d)
p
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Proof. Let us introduce some notation before proceeding. Let [(a)*, (b)!] := [(a),--- , (a), (b), - - - , (b)].

k
Suppose that the origin is uninfected at time . Then at least one of the vertices among [(1), (0)9~1],

[(0), (1), (0)972] ,---, and [(0)?~1, (1)] has to be uninfected at time ¢ — 1 since the origin has 2d neighbors
and the infection threshold d. Without loss of generality if [(1), (0)%~!] is uninfected at time ¢ — 1 then one
of the vertices among [(2), (0)471] , [(1), (1), (0)4=2] ,---, and [(1), (0)?=2,(1)] } has to be uninfected at

time ¢ — 2 by the same reason. It is easy to see that there has to exist a path starting at the origin and moving

along only in the directions of the standard basis vectors e, es, - - - , eq of initially uninfected vertices of
length ¢.
Therefore, there exists a path y1,ys,--- , y:_y, starting at the origin, of initially uninfected vertices of

length ¢ —¢' at time ¢’. Let M > 0 be the maximal such that at least two coordinates of y;__ s are non-zero.
By definition if M = 0, then the path y1,y2, - - - , y;—¢ starts at the origin and keeps going straight along
the standard basis vector ey, es...., or e;. We will show that the most likely way to guarantee the origin to
be uninfected at time ¢ is to have the path y1,y2, - - - , y;— starting at the origin and parallel to the standard
basis vector e, e, - -+ , or eq which corresponds to M = 0. This corresponds to the heuristic that the
minimal configuration of uninfected vertices for the origin being uninfected at time ¢ is the most likely way
to guarantee the origin to be uninfected at time .

The path y;_¢_pr, - -+, yp—p intersects an L-path which consists of disjoint cubes D1, Ds, ..., D; of size

(L) with Dy = [(y;_p_pps Yoy ne + L= 1), (Ui p_aps Yo pg H L= 1) e (s vy pg + L= 1)
where Y1y nr = (Yl y Yoy ape Y ). Itis easy to see that 22 —2 <1 < &L
The cubes D1, Dy, ..., D; are either semi-good or bad since at time ¢’ = L%, y1, ...y are uninfected.

Let Fy(i,j) denote the event that the cubes D;,--- , D; are semi-good, and that there exists a path

Yk, ,yp of uninfected vertices at time ¢/, which is entirely contained in the sides of these cubes. The
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initial vertex yy, lies in one of the following sets:

[(a1,a1 + L —1),(a2),...,(aq)], [(a1),(ag,as+ L—1),...,(ag)], ...,

or [(al), (CLQ), ey (ad,l), (ad, aq + L — 1)],

where

D, = [(al,al—|—L—1),(&2,&2—1—1)—1),...,(ad,ad—|—L—1)].

Similarly, the final vertex yy, lies in one of the following sets:

[(bl - (L - 1)7b1)7 (b2)7 SRR (bd)]7 [(b1)7 (b2 - (L - 1)7b2)7 R (bd)]7 s

or [(bl)v (b2)v SRR (bd—l)v (bd - (L - 1)abd)]v

where

Dj = [(br = (L = 1),b1), (b2 = (L = 1),b2), ..., (ba — (L — 1), ba)].

If a path of uninfected vertices goes through one side [(a1,a; + I — 1), (a2), ..., (ag)] of a cube of
size [L]¢ at time ¢’ and the interior of this cube has been infected at time ¢/, then the sides [(a,a; + 1 —
1), (a2), (a3), ..., (aq)], [(a1,a1 +1—1), (a2 + 1), (a3), ..., (ag)],....[(a1, a1 +1—1), (a2), (a3), ..., (ag+1)]
will have to be uninfected. Since the interior of this cube has been infected by time ¢’ every vertex on the
sides has d — 1 infected neighbors by the time t'.

We need to give a definition before proceeding. Given a cube D = [(a1,b1), (a2,b2),- -, (ag4,bq)]
where b; — a; = m — 1 for i € [d], let a buffer of D for the side [(a1), (a2,b2), (a3),- -, (aq)] be the

[2] x [m—2] x[1]--- x [1] rectangle [(a; — 1,a1), (a2 +1,b2—1), (a3),- - - , (aq)]. Define the set of buffers

N——
d—2
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of D for the side [(a1), (a2, b2), (a3),- -, (aq)] to be the set

{[(al - 1’a1)7 (aQ + 1,02 — 1)’ (a3)7' o 7(ad)]a

[(a1)7 (aQ + 17b2 - 1)7 (a3 - 170'3)7 T 7(ad)]a

[(a1), (a2 + 1,02 — 1), (a3), -, (aqg — 1, aq)]}.

The set of buffer for the other sides of D is defined similarly. Let B be the set of buffers of D;, - -+ , D;1_1.

Now suppose that there is a consecutive r semi-good cubes D, ..., D;1,_1 so that the event F (7,7 +
r — 1) happens. Since the interior of the cubes D, ..., D; 1,1 have been infected at time ¢, the existence
of a path of uninfected vertices along the standard basis vectors ej, e, - - - ,eq going along the sides of
D, .-+, Diy,r—1 implies that at least » — 1 of the buffers in B are uninfected. Since each buffer is a set of

d(L — 2) vertices, we have
P(Fy(ii4+7—1)) <d (1 _p)d(r—l)(L—Q)’

If r = 1, we have

B(RG ) < 200

Indeed since D; is semi-good at least one of its sides is initially uninfected.

Let Fi (i, j) denote the event that the cubes D;, ...D; are bad. From Lemma 6.4.11, we have
P(Fi(i,i+r—1)) < (BLY(1-p) %) (1 —p)*".
There exists a finite sequence 0 = b; < s1 < by < sg < b3 < ..., where the last term is [/, such that the
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event

F = Fl(bl,sl — 1) N FQ(Sl,bQ — 1) ﬂFl(bQ,SQ — 1) N FQ(SQ,bg — 1) n..

happens. Assume that the last term of the sequence is [ = b, 41 — 1. Let v be the number of ¢ such that
biy1 —1 = s;,1.e, v is the number of times that there are three consecutive cubes in the sequence Dy, ..., D,

that are of the form bad, semi-good, bad. We have

P(F) = HIP’(F1(bi,Sz‘ = 1) N Fa(si, bip1 — 1))
i=1
< (2d—1d>’v(1 _ p)L'U Hg(p)SL_bl(l _ p)QL(Si_bi)dbi+l_3i_1(1 _p)d(L—Q)(bi+1—8i—1)
=1
< @) (1= p)P [ o)t (1 - p)Petlatm sl (g - p) Db ey
=1

< (2d71d29(p))l(1 o p)(Lf2)(2lf2u+v)7

where g(p) = BL4(1 — p)~8.
Moreover, we have 2v 4 3(u — v) < [ by partitioning sequences of consecutive semi-good cubes of size

[L]¢ into those of length 1 and those of length greater than 1. Thus we have 2u — v < %l Therefore,

(L—2)1
P(F) < ) (1-p) 7

For a given [, there are d' choices of the path along along the standard basis vector ey, es,..., or eg of

cubes of size [L]? and 2! ways of choosing whether each cube is good or bad. Therefore, if we let H be an

event that there exists a path along eq, eg,...,or eq direction of length M starting from a given vertex, then

we have

M AM(1-2)
L

P(H) < (2%dPg(p)) T (1 —p)— 5~ < (2%d3g(p)) T (1 - p)"*M.
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Therefore, with G being an event that the origin is uninfected at time ¢, we have

t—t’
P(G)<d Y (1-p) =" M2ldPg(p) T (1 —p)"M 6.8)
M=0
c-p*
< W (6.9
_ t—t'
< C(lpm (6.10)

The inequality 6.10 is true since (2dd3g(p))%(1 —p)%3 < (1 — p)°2 and py can be made sufficiently

small. O
Now we are ready to prove the upper bound for the percolation time.

Proof. Lett' = L% and H' be an event that there exists a vertex in [n]? which is uninfected at time ¢. We

have

1
1—p

= o(1),
if dlogn <t—t
log ﬁ = ’
Therefore, with high probability
r <o e
log E
since t/ = o [ 1287 ).
log e
Thus the upper bound is proved. O

175



6.5 OPEN PROBLEMS

In this paper we have extended one of the two main theorems in [5] to the higher dimensional case when the
initial infection probability p(n) is large and the infection threshold » = d. There are a few questions that

can be further investigated.

1. Question 1: What is the distribution of the percolation time 7 on [n]? if logd/\* - < p(n) < logg(n)

and r = d?

In [5], this question was addressed for the case d = 2 and r = 2. The main difficulty in adapting
the ideas from [5] to higher dimensions lies in the fact that the percolation process behaves quite
differently when d = r > 3 compared to the two-dimensional case. For d = r = 2, the results in [5]
rely heavily on the so-called rectangular process. In higher dimensions, however, it is unclear how to
generalize this notion, and indeed, all existing results on the critical probability rely on induction on
the dimension d. Nevertheless, to analyze the percolation time in higher dimensions, this inductive

approach appears to be insufficient.

2. Question 2: What is the distribution of the percolation time 7" on [n]¢ if 7 < d and p(n) >

log®(n) °
This question remains largely open, and very little is known except in the case where the initially
infected set is very dense, i.e., when p(n) is close to 1, as studied in [18] and [19]. The first nontrivial

case arises when d = 3 and r = 2.
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Chapter 7

CONCLUSION AND FUTURE
RESEARCH

In this thesis, we studied bootstrap percolation, motivated by its application to erasure correction in graph-
based codes. In particular, we extended existing results about the critical probability of bootstrap percolation
on the binary hypercube to the generalized hypercube, and investigated the behavior of the critical proba-
bility under varying infection thresholds. We also characterized the percolation time on the torus with high
probability. Additionally, we determined the maximum percolation time on the g-ary hypercube. Some
open questions related to our results have been listed in the end of Ch. 3 (Sec. 3.5), Ch. 4 (Sec. 4.5), Ch. 5
(Sec. 5.4), and Ch. 6 (Sec. 6.5), which can be explored in future research.

In addition to the open questions discussed in the previous chapters, another promising direction for
further research is the study of graphs with strong expansion properties. The work of Balogh, Bollobas,
and Morris [11] provided valuable insights by deriving the first-order term of the critical probability for the
majority bootstrap percolation process on a class of regular graphs. While the conditions for that specific
class of graphs were strong, their findings suggest the possibility of deriving the critical probability for the
process on other classes of regular graphs as well. One such conjecture, proposed by Holmgren, Juskevicius,
and Kettle [37], pertains to d-regular graphs on n vertices where d = logn and possessing strong expan-

sion properties. The conjecture states that the critical probability for these graphs satisfies the following
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expression:

11 logd+ logd
Pe=o 2V 0 "2\Va )

Formulating this conjecture more precisely and subsequently proving it would be of significant interest.
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