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Due to their high degree of controllability and precise measurement capabilities,

ultracold ensembles of neutral atoms are a leading platform for performing quantum

simulations. In this thesis, I will describe the design and construction of an analog

quantum simulator based on 23Na Bose-Einstein Condensates (BEC). Our system can

produce and trap BECs in arbitrary-shaped quasi two-dimensional optical dipole traps,

which can be dynamically altered during an experimental sequence. Such controlled

variation of the BEC’s spatial mode enables exploration of open questions in superfluidity,

atomtronics, and analogue cosmology. I will describe the implementation of our system

to study the inflationary dynamics of the early universe and report our recent results on the

simulation of cosmological Hubble friction. We expand and contract a toroidally shaped

BEC and analyze the time evolution of its collective phonon modes. These excitations are

analogous to fluctuating scalar fields in an expanding universe. The changing metric of the

expanding or contracting background BEC results in dilation of the phonon field through

a term dependent on the expansion speed, similar to Hubble friction in inflationary models



of the universe. We conclusively demonstrate the analogy by experimentally measuring

Hubble attenuation and amplification. Our measured strength of Hubble friction disagrees

with recent theoretical work [J. M. Gomez Llorente and J. Plata, Phys. Rev. A 100

043613 (2019) and S. Eckel and T. Jacobson, SciPost Phys. 10 64 (2021)], suggesting

inadequacies in the current model.
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Chapter 1: Introduction

Since their �rst realization in 1995 [6, 7], Bose-Einstein Condensates (BEC) have

emerged as an ideal platform for performing quantum simulations. Early efforts in simulating

the Bose-Hubbard model in 3D optical lattices [8, 9] and tuning atomic interactions via

Feshbach resonances [10–13] have illustrated the ability of such systems to simulate

defect-free and fully con�gurable synthetic materials. Moreover, the coherent manipulation

of BEC matter waves has opened up the �elds of atomtronics [14–19], atomic wave

interferometry [20], and laboratory simulations of cosmological phenomena [21–25], to

name a few.

Bose-Einstein condensation occurs due to the macroscopic occupation of the single-

particle ground state. The phenomenon was �rst predicted in 1925 by Albert Einstein [26]

using methods of quantum statistics developed by S.N. Bose [27]. At a temperatureT,

atoms of massm can be regarded as wavepackets with a spatial extent corresponding to

the thermal de Broglie wavelength� dB =
q

2� �h2=mkB T. As these atoms are cooled,� dB

increases, and at extremely low temperatures, it exceeds the inter-atomic spacing. These

individual wavepackets at ultracold temperatures coherently superimpose to form a single

collective matter wave. If the atoms are bosonic, all of them occupy the lowest quantum

state to form a BEC, thereby serving as a macroscopic lens into quantum phenomena.
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Attaining quantum degeneracy requires cooling atoms to sub 100 nK temperatures, making

the production of BEC technically challenging. With the availability of tunable wavelength

lasers, signi�cant progress in laser cooling [28–30] in the 1980's and forced evaporation

techniques [31, 32] in the early 1990's resulted in the laboratory realization of BECs, 70

years after the �rst prediction.

Depending on the system, quantum effects become apparent at different temperatures.

For example, metal electrons exhibit strong quantum phenomena below the Fermi temperature

(104 � 105 K), liquid helium around 1K, and atomic nuclei around1011K [33]. These

temperatures are signi�cantly higher than those required for Bose condensing neutral

atoms. However, despite their technically challenging production, quantum-degenerate

gases are superior for performing quantum simulations due to the unprecedented control

and measurement capabilities they offer. Almost all atoms in a BEC occupy the same

quantum state, allowing the interactions between the component atoms to be described

by an effective mean-�eld interaction potential [33,34]. This approach reduces the many-

body problem into a single-body problem which is much easier to model. Furthermore,

the inter-atomic interactions can be tuned by orders of magnitude using Feshbach resonances [35].

In addition to the interaction potential, BEC systems offer tunability in terms of the

condensate fraction, temperature, and shape of the atomic cloud. Because of the dilute

nature of these atomic samples, they can be probed via optical means, thereby facilitating

an ease of measurement.

The process of Bose condensation is a purely statistical one and has nothing to

do with inter-atomic interactions. When gases are cooled, they liquify and eventually

solidify, at which stage the interactions become dominant. Avoiding this solidi�cation is
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a major challenge in producing quantum degenerate gases. Usually, atoms have a very

high molecular binding energy which energetically favors solidi�cation [36]. However,

since it occurs at a rate proportional to the gas density, molecular binding is avoided by

reducing the atomic density.

In this thesis, I will describe the construction of our23Na BEC apparatus, aimed

at performing quantum simulations. Historically, our group has used BECs to study

super�uidity [17,37–40], atomtronics circuits [18,19] and perform cosmological simulations [41].

In 2007, the old Sodium Rings lab at the National Institute of Standards and Technology

(NIST) observed super�ow in the form of persistent currents in a toroidally shaped BEC [37].

Since then, many of our experiments have focused on exploring the persistent current's

decay mechanism [17,39,40] and using them for atomtronic circuits [18,19]. Towards the

old apparatus's end of life, the group performed some experiments to simulate cosmological

analogues in BECs [41]. In 2015, we started building a new apparatus to make a dual-

species BEC with Sodium and Erbium. The old apparatus had many limitations, which

were addressed in this new system. Additionally, we decided to add highly magnetic

Erbium with a magnetic moment 7� B , to exploit its long-range interactions for studying

strongly correlated many-body systems. In 2018, we Bose condensed23Na, and after that

developed capabilities to con�ne the BEC in arbitrary-shaped two-dimensional Optical

Dipole Traps (ODT). Signi�cant advances have been made on the Erbium front as well.

In this thesis, I will describe our apparatus, our approach to simulate analogue cosmology

using BECs, and a speci�c example where we simulate the cosmological phenomena of

Hubble friction. Since many references describe laser cooling, forced evaporation, and

production of BECs [42, 43], I will only brie�y touch upon these topics. In the next two
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chapters I will describe collective modes in a BEC, introduce the idea of analogue gravity

and explain how a BEC's collective modes can be used to develop experimental systems

for analogue gravity.

1.1 Outline of the Thesis

In 2015, after decommissioning the NIST Sodium Rings apparatus, we embarked

on the journey of constructing the new Sodium-Erbium BEC laboratory. The rest of

the thesis describes the construction and working of this new apparatus and explains an

analogue cosmology experiment performed on it. It is structured as follows. In Chapter 2

I start with describing the theory of Bose-Einstein condensation and follow it with a

discussion on the origin and nature of collective excitations in BECs. Chapter 3 introduces

the idea of Analogue Gravity and explains how collective excitations in BECs could be

used for simulating cosmology. Chapter 4 describes the experimental apparatus, and

Chapter 5 explains the procedure employed for producing BEC and further transferring

them into arbitrary 2D Optical Dipole Traps (ODT). Chapter 6 reports the simulation of

Hubble attenuation and ampli�cation in a toroidal BEC. Though these experiments were

performed with23Na BEC, we have made signi�cant progress towards trapping Erbium in

a Magneto-Optical trap (MOT). Chapter 7 describes a Scanning Transfer Cavity scheme

used for locking Erbium lasers in our laboratory. Finally, I end with with an outlook in

Chapter 8.
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Chapter 2: Theory of Bose Gas

2.1 Ideal Non-interacting Bose Gas

Bose-Einstein condensation is a quantum-statistical phenomenon that occurs due to

the macroscopic occupation of the ground state. This section will discuss the behavior of

an ideal non-interacting ensemble of bosons and highlight the role of quantum statistics

in Bose condensation as the ensemble's phase space densities approach unity. It follows

the discussion in Ref. [44].

Consider an system ofN bosons with chemical potential� and temperatureT. The

occupancy of a staten(� ) with energy� is described by the Bose-Einstein statistics, given

by

n(� ) =
1

exp((� � � )=kBT) � 1
; (2.1)

wherekB is the Boltzmann constant. The density of states for a 3D homogeneous system

a(� ) is given by

a(� ) d� = (2 �V=h 3)(2m)3=2� 1=2d�; (2.2)

whereV is volume,m is the mass of the atoms, andh is Plank's constant. Using Eq. (2.1)
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and (2.2), it can be shown that the number of atoms in all the excited statesNe is given by

Ne =
V

� 3
dB

g3=2(z); (2.3)

whereg� is the Bose-Einstein function1, andz = e�=k B T lies between 0 and 1. Since

g3=2(z) increases monotonically withz, the total number of atoms in the excited state

satis�es the inequality

Ne �
V

� 3
dB

g3=2(1): (2.4)

Since Eq. (2.4) sets an upper limit on the maximum number of atoms in the excited state,

the remaining atoms are in the ground state. If the phase space density(N=V)� 3
dB exceeds

g3=2(1), the only way to satisfy Eq. (2.4) is if all the excess atoms are in the ground

state. This results in a macroscopically large number of atoms occupying the ground

state, marking the onset of Bose-Einstein condensation. As evident from Eq. (2.4), the

necessary condition for Bose condensation is(N=V)� 3
dB > g3=2(1) � 2:612. In terms

of the densityn = N=V, and phase space density PSD= n� 3
dB , the condition for Bose

condensation is expressed as

PSD> 2:612: (2.5)

2.2 Mean Field Dynamics of Weakly Interacting BECs

Though the non-interacting picture of ideal Bose gases describes the phenomena

of Bose condensation, weak atom-atom interactions in a BEC lead to several interesting

1g� (z) = 1
�( � )

R1
0

x � � 1

z � 1 ex � 1 dx = z + z2

2� + z 3
3 � + :::
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phenomena. This section derives the time evolution of the BEC wavefunction. Starting

from the many-body hamiltonian in the second quantization, a mean-�eld approach is

applied to model the atom-atom interactions. The discussion here follows that in Ref. [33,

34,45], where detailed derivations can be found.

The second quantization many-body Hamiltonian describingN interacting bosons

in an external potentialV(r ) is given by

Ĥ =
Z

dr 	̂ y(r )
�
�

�h2

2m
r 2 + V(r )

�
	̂( r )

+
1
2

Z
dr dr0 	̂ y(r ) 	̂ y(r0) Vint (r � r0) 	̂( r ) 	̂( r0);

(2.6)

wherem is the mass of the atom, andVint is the two body interaction potential, and	̂ y(r )

and	̂( r ) are the the boson �eld operators corresponding to the creation and annihilation

of particles at positionr , respectively. The �eld operator̂	( r ; t), can be expressed as

	̂( r ; t) =  (r ; t) + 	̂ 0(r ; t); (2.7)

where (r ; t) is a complex function de�ned as the expectation of	̂( r ; t) such that

 (r ; t) =
D

	̂( r ; t)
E

; (2.8)

and	̂ 0(r ; t) represents a small perturbation. The complex function (r ; t) is a classical

�eld representing the BEC wavefunction withj (r ; t)j2 equal to the condensate density.

This serves as the order parameter for Bose condensation. Since we wish to derive the

time-evolution of condensate wave function (r ; t), we write the Heinsenberg equation
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of motion for the operator̂	( r ; t)

i �h
@
@t

	̂( r ; t) = [ 	̂ ; Ĥ ]

=
�
�

�h2

2m
r 2 + V(r ) +

Z
dr0	̂ y(r0; t)Vint (r0 � r )	̂( r0; t)

�
	̂( r ; t):

(2.9)

Due to its diluteness and low temperature, the atom-atom interactions in an alkali BEC

can be described by elastic two-body s-wave scattering processes [33, 45]. This allows

for the introduction of an effective mean �eld approach to model these interactions such

that the short wavelength degrees of freedom are integrated out. For dilute Bose gases, the

effective mean �eld interaction potentialVint = g� (r � r0) is a contact interaction between

two atoms atr and r0, whereg = 4� �h2as=m, andas is the s-wave scattering length.

Applying this mean �eld interaction potential in Eq. (2.9) and neglecting the perturbing

operator	̂ 0(r ; t) in Eq. (2.7), we get the time-dependent Gross-Pitaevskii (GP) equation

�
�

�h2

2m
r 2 + V(r ) + gj (r ; t)j2

�
 (r ; t) = i �h

@ (r ; t)
@t

; (2.10)

which describes the time evolution of the BEC wave function (r ; t). It should be noted

that since the operator̂	( r ; t) has been approximated to the complex valued scalar �eld

 (r ; t), Eq. (2.10) is simply the zeroth order approximation of Eq. (2.9). The �rst order

approximation developed by Bogoliubov, involves retaining terms in the interaction which

are at most quadratic in̂	 0(r ; t), and treating the resulting interaction as a perturbation on

the BEC wavefunction (r ; t). This �rst order analysis reveals the existence of collective

excitations, which have a phonon-like linear dispersion relationship for long wavelengths.

Sec. 2.2.3 covers details of the �rst order analysis useful for understanding concepts in this
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thesis. Higher order corrections, which involve retaining terms proportional to	̂ 03(r ; t)

and	̂ 04(r ; t), result in damping of the collective excitations. These are �nite temperature

effects. Sec. 2.2.3 touches upon some of the commonly observed damping mechanisms

in BEC experiments.

The stationary solutions of (r ; t) are obtained by considering the form (r ; t) =

#(r ) exp(i�t= �h), where# depends only on the spatial coordinater . This gives the time-

independent GP equation

�
�

�h2

2m
r 2 + V(r ) + gj#(r )j2

�
#(r ) = � # (r ) (2.11)

The �rst term in Eq. (2.10) and Eq. (2.11) correspond to the kinetic energy, the second

corresponds to the external potential energyV, and the third term is the inter-atomic

interaction energy.

2.2.1 Thomas Fermi Approximation

Eq. (2.11) is not exactly solvable and requires the implementation of numerical

methods. However, for a BEC with large number of atoms and repulsive inter-atomic

interactions (as > 0), the kinetic energy term� �h2

2m r 2#(r ) can be neglected with respect

to the interaction and potential energy terms. This, known as the Thomas Fermi (T-F)

approximation modi�es Eq. (2.11) to

V(r )#(r ) + gj#(r )j2#(r ) = � # (r ); (2.12)
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which is exactly solvable. The solutions for are given under the T-F approximation are

given by

j#(r )j2 =

8
>>><

>>>:

� � V (r )
g ; if V (r ) < �

0; if V(r ) > �;

(2.13)

wherej#(r )j2 = n(r ) is the volume density.

2.2.2 Collective Excitations: Phonons

As mentioned in Sec. 2.2, a �rst-order correction to the hamiltonian in Eq. (2.9)

reveals the existence of collective excitations or phonons. In this section, starting from

the time-dependent GP equation, I will show how slight variations of (r ; t) leads to

collective excitations, which appear as oscillations in the background condensate density

and phase.

The wavefunction (r ; t) can be expressed in terms of the atomic densityn(r ; t) and

phase� (r ; t) as (r ; t) =
p

n(r ; t)ei� (r ;t ) . Substituting this in Eq. (2.10) and comparing

the real and imaginary parts gives the continuity equation

@n
@t

+ r � (nv) = 0 ; (2.14)

and an equation analogous to Euler equation of �uid dynamics,

m
@v
@t

+ r
�

1
2

mv2 + ~�
�

= 0; (2.15)
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where the velocity of the condensatev of the condensate is de�ned asv = (�h=m)r � , and

~� = V + gn �
�h2

2m
p

n
r 2p

n: (2.16)

The term/ �h2

2m
p

n r 2p
n in Eq. (2.16) depends on spatial variations in the BEC density

and is known as the `quantum pressure' [33]. It arises due to the kinetic energy term of

the GP equation. Neglecting this is equivalent to the T-F approximation, as described in

the previous section. Collective excitations can be expressed as small variations of the

densityn, as

n(r ; t) = n0(r ; t) + �n (r ; t); (2.17)

where�n are small �uctuations about the background condensate densityn0. Linearizing

Eq. (2.14) and (2.15) with (2.17) and treating�n andv as small, gives the following set

of coupled differential equations.

@ �n
@t

+ r � (n0v) = 0 (2.18)

m
@v
@t

+ r � ~� = 0: (2.19)

where� ~� is obtained by linearizing~� . Differentiating Eq. (2.18) and substituting the

value of@v=@tfrom Eq. (2.19), we get

m
@2 �n
@t2

= r � (n0r � ~� ) (2.20)

Under the T-F approximation, the quantum pressure term in Eq. (2.16) can be neglected.
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Furthermore assumingjr n0j << jr �n j, Eq. (2.21) can be expressed as

@2 �n
@t2

= r � (c2r �n ) (2.21)

wherec2 = gn0=m. Eq. (2.21) is a wave equation representing sound waves or phonons

propagating in the BEC with a local velocityc(r ) which depends on the local density

n0(r ).

2.2.3 Damping of Low-energy Excitations

Starting from the mean-�eld time-dependent GP equation (Eq. (2.10)), Sec. 2.2.2

derives the propagation of collective excitations as solutions to an undamped wave equation

(Eq. (2.21)). Due to absence of a damping term (/ @ �n=@t) in Eq. (2.21), one expects

the phonons to be long lived. However, collective excitation in a �nite temperature BEC

always damp with time [39,46,47]. To understand the mechanisms of phonon decay, we

need to look beyond the mean-�eld GP approach and consider interactions between the

different collective and thermal excitations. Eq. (2.9) describes the time-evolution of the

condensate. A full solution to Eq. (2.9) would involve coupling between the different

excitations, which becomes apparent as one retains terms proportional to	̂ 03(r ; t) and

	̂ 04(r ; t) in the hamiltonianH [33, 46]. The system could no longer be described as a

closed system and �nite temperature effects need to be considered.

Two mechanisms for phonon decay in BECs are Landau [46] and Beliaev [48]

damping. While Beliaev damping is four-wave mixing process where an elementary

excitation decays into two or three lower energy excitation, Landau damping results from
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the interaction of phonons with thermal excitations. Since the available �nal state phase-

space is very restricted for low-energy initial excitations, Beliaev damping is usually not

the dominant mechanism. Landau damping occurs due to scattering of a low energy

phonon with thermal excitations , which leads to phonon creation or anhilation. This

form of damping depends on the temperature and arise due to presence of thermal atoms

in the system.

In the next chapter, I will describe how collective excitations in a BEC can be

used to simulate analogous systems for studying cosmological phenomena. The concepts

developed in this chapter will be useful in establishing the analogy between �elds in

cosmology and phonons in a moving BEC.
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Chapter 3: Analogue Gravity

The broad goal of analogue gravity experiments is to mimic cosmological processes

involving general relativity and �eld theory in controllable systems [49,50]. The genesis

of this �eld can be traced back to Unruh's seminal paper [51] from 1981, where he

established an analogy between �elds at a black hole event horizon and sound waves in a

moving �uid. His focus was to study mechanisms and assumptions involved in Hawking's

prediction of black hole evaporation [52, 53]. Since the experimental investigation of

Hawking radiation is virtually impossible, developing analogous systems to study quantum

thermal radiation could improve our understanding of the evaporation process at trans-

Planckian length scales, where many of Hawking's assumptions might not hold.

Unruh argued that analogous to light at a black hole event horizon, sound waves

with speedcs traveling in a �uid �owing at supersonic velocitiesv > cs will not be able

to travel upstream. Fig. 3.1 schematically illustrates this idea by displaying the time-

evolution of acoustic wavefronts on a 2D space as the �uid velocityv and sound speed

cs are varied. The colored circles represents acoustic wavefronts on theex � ey spatial

plane. The different colors correspond to different times, as indicated by the color bar

to the left. Fig. 3.1 (a) shows the time evolution for four different values of the �uid

velocity v with the same speed of soundcs across all four situations. The horizontal axis
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Figure 3.1: A moving �uid creating an acoustic horizon when supersonic �ow avoids
upstream movement of sound waves. The colored circles represent time-evolution of
acoustic wavefronts in the �uid space-time.ex � ey plane represents spatial coordinates.
Time is expressed in different colors according to the color bar to the left. The vertical
red lines denotes the sonic horizon. (a) and (b) depict how the wavefront time-evolution
changes with varying �uid velocityv and sound speedcs, respectively.

represents the control parameterv. The leftmostex � ey panel in Fig. 3.1 (a) corresponds

to v = 0, where acoustic waves expand uniformly in all directions. However, as the

�uid attains a non-zero velocity, this is no longer true. Beyond the sonic horizon (vertical

red line), where the �uid velocity equals the speed of sound, the acoustic waves can no

15



longer travel upstream, creating causally disconnected regions in the �uid space-time.

Fig. 3.1 (b) shows a similar situation where the �uid velocityv is the same across all the

panels, but the speed of soundcs is varied. Here the panels are in reverse order because

now the region left of the red line represents supersonic behavior. In this chapter I will

introduce the idea of simulating cosmological phenomena in BECs and formally establish

the analogy in terms of a wave equation in curved space-time.

3.1 Previous Experiments

Due to their high degree of quantum coherence and ease of control and manipulation,

BECs were always considered a promising candidate for developing Unruh's sonic analogues

of Hawking radiation. Early proposals for BEC analogues involved creating sonic horizons

in long and thin quasi 1D condensates by explosively expanding them or tuning interactions

via Feshbach resonances [54,55]. In addition, several proposals involved the implementation

of the de Laval nozzle in linear traps to obtain regions of supersonic and subsonic �ows in

the same condensate, thereby creating a sonic horizon [21,56–58]. A detailed description

of the proposed de Laval nozzle implementation can be found Ref. [56]. Despite these

theoretical proposals, major experimental progress wasn't made until 2010, when Jeff

Steinhauer's group realized a sonic black hole for the �rst time in a BEC [59]. By

accelerating an elongated harmonically-trapped BEC across a step-like potential (also

called “waterfall potential”), they achieved �uid velocities an order of magnitude greater

than the speed of sound. This resulted in the creation of black and white hole horizons in

the same condensate, which they exploited in later experiments to observe self-amplifying
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Hawking radiation [23] and spontaneous Hawking radiation [24,60].

Apart from simulating Hawking radiation, several BEC experiments have exploited

the sonic analogue for simulating other cosmological phenomena. Notable among them

is the observation of Sakharov oscillations, where synchronously generated sound waves

were created by quenching the atomic interactions via Feshbach resonances [22]. Another

interesting experiment was the observation of sonic analogue of dynamical Casimir effect,

which was performed by modulating the density of a BEC [61]. The goal of our experiments

is to simulate cosmological phenomena associated with the in�ationary dynamics of the

early universe. In particular, we wish to study the evolution of scalar �elds in expanding

and contracting universes. We use a toroidally shaped BEC, which serves as our analogous

universe. We expand and contract our BEC universe by dynamically varying the radius of

the toroid during an experiment. Such a toroidal BEC has azimuthally traveling collective

phonon modes, which serve as our �uctuating scalar �elds. These phonon modes can

be created either by intentionally imprinting them or they could also be spontaneously

generated. Our experiments study the evolution of these phonon modes as the BEC

universe is expanded or contracted.

3.2 BEC Phonon Wave Equation and the Space-time Metric

Unruh's analogy relies on the condition that acoustic scalar �elds satisfy the wave

equation in curved space-time. Formally the geometric and causal structure of space-time

is expressed in the form of metric tensors. For Unruh's analogy to hold, the metric tensor

associated with acoustic waves in �uids should algebraically depend on sound speed and
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the medium's velocity. Ref. [49] derives the metric related to the phonon �eld in a BEC.

This section follows that derivation and show that the phonon's metric represents a curved

space-time.

The time evolution of a BEC wavefunction (r ; t) is given by the time-dependent

GP equation, given by Eq. (2.10). We re-write the equation here.

�
�h2

2m
r 2 (r ; t) + V(r ) (r ; t) + gj (r ; t)j2 (r ; t) = i �h

@ (r ; t)
@t

; (3.1)

m is the atomic mass,V(r ) is the external potential andg is the GP interaction constant.

The wavefunction can be expressed in terms of the atomic densityn(r ; t) and phase� (r ; t)

as (r ; t) =
p

n(r ; t)ei� (r ;t ) . Substituting this in Eq. (3.1) and comparing the real and

imaginary parts gives the continuity equation

�
@n
@t

=
�h
m

r � (nr � ); (3.2)

This equation is same as Eq. (2.14) withv replaced by(�h=m)r � . We also obtain an

equation analogous to Euler equation of �uid dynamics,

� �h
@�
@t

= �
�h2

2m
p

n
r 2p

n +
�h2

2m
(r � )2 + V + gn: (3.3)

Since we are dealing with only low-energy and long-wavelength collective excitation, the

relevant length scales are larger than the healing length� = �h=
p

mgn. As a result the

�rst term in Eq. (3.3) can be neglected, resulting in the hydrodynamic approximation. We
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express the condensate density and phase as

n(r ; t) = n0(r ; t) + �n (r ; t); and � (r ; t) = � 0(r ; t) + �� (r ; t); (3.4)

where�n and�� are small �uctuations about the background condensate densityn0 and

phase� 0. Linearizing Eq. (3.2) and (3.3) with (3.4) gives the following set of coupled

differential equations.

@ �n
@t

= �
�h
m

r � [n0r �� + �n r � 0] (3.5)

� �h
@ ��
@t

=
�h2

m
r � 0 � r �� + g �n �

�h2

2m
D̂2 �n; (3.6)

whereD̂2 represents a second order differential operator. By substituting the value of

�n from Eq. (3.6) into Eq. (3.5), we obtain a partial differential equation (PDE) for�� .

This PDE can be expressed in terms of the (3+1) dimensional space time coordinates

x � � (t; x i ) as

@� (f �;� @� �� ) = 0 ; (3.7)

where the tensorsf �;� are given by

f 0;0 = �
�
g �

�h2

2m
D̂2

� � 1

f 0;j = �
�
g �

�h2

2m
D̂2

� � 1
�h
m

r j � 0

f i; 0 = �
�h
m

r i � 0

�
g �

�h2

2m
D̂2

� � 1

f i;j =
n0 � i;j

m
�

�h
m

r i � 0

�
g �

�h2

2m
D̂2

� � 1
�h
m

r j � 0

(3.8)
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The acoustic compton wavelength� c = �h=mcs sets a lower limit on the length scale

of the problem, wherecs =
p

gn=m is the speed of sound. Since� c corresponds to

the BEC healing length� , the contribution of the second order differential operatorD̂2

can be neglected as is done in the Thomas-Fermi (T-F) approximation. The tensorsf �;�

can now be represented by just numbers. By introducing a tensorg�;� which satis�es

p
� g g�;� = f �;� , Eq. (3.7) can be expressed as

1
p

� g
@� (

p
� g g�;� @� �� ) = 0 ; (3.9)

whereg is the metricg�;� 's determinant. This effective metricg�;� describes a curved

Lorentzian geometry. The effective wave equation (3.9) for the scalar �eld� is analogous

to that observed by a massless scalar �eld over curved space-time. It is important to note

that even though the underlying �uid motion is Newtonian and non-relativistic with a

space-time metric� �;� �
�
diag[� c2

light ; 1; 1; 1]
�

�;�
, the phonon scalar �eld� evolves on a

curved space-time given by the metricg�;� . This establishes an analogy between phonons

in a �owing BEC and scalar �elds in the curved space-time of the universe.

3.3 Wave Equation in a Toroidal BEC

The previous section dealt with deriving the wave equation for phonons in a BEC

of arbitrary geometry. For our analog cosmology experiments, we use a toroidally shaped

BEC. This section focuses on that and derives the corresponding wave equation. It is

based on Ref. [62] which derives the wave equation starting from the action of the GP

equation and then applying Hamilton's principle of least action. Ref. [62] represents the
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action of the GP equationS for a condensate with density and phase variations given by

Eq. (3.4) in the T-F approximation. The resultant action can be expressed as

S =
�h2

2g

Z
dt d3x

p
h

" �
@
@t

+ r � � r ��
� 2

� c2hij @ ��
@xi

@ ��
@xj

#

; (3.10)

wherehij is the eucledian metric, such thathij x i x j is the spatial line element andh =

det(hij ). When applied to co-moving cylindrical coordinates(�; �; z ), such that� =

r � R(t), whereR(t) is the time-varying mean radius, Eq. (3.10) becomes

S =
�h2

2g

Z
dt d� dz d� (R(t) + � )

" ��
@
@t

+ r � �
@
@�

+ r z�
@
@z

�
��

� 2

� c2hij @ ��
@xi

@ ��
@xj

#

:

(3.11)

Since we are concerned only with the low-energy azimuthal excitations, Eq. (3.11) is

integrated along the radial (� ) and azimuthal (� ) directions. This gives

S =
�h2

4�g

Z
dt d� V

" �
@ ��
@t

� 2

�
c2

�

R2

�
@ ��
@�

� #

; (3.12)

where the volume of the condensateV and azimuthal speed of soundc� is given by

V = 2�
Z

dz d� (R + � ); and c2
� =

2�R
V

Z
dz d�

c2

1 + �=R
: (3.13)

Note that the term containing� doesn't contribute toV because of its odd symmetry.

Under a thin ring approximation (�=R << 1) it doesn't contribute toc� as well. By

applying Hamilton's principle of least action to the action in Eq. (3.12), we get the wave
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equation
 

@2
t +

_V
V

@t �
c2

�

R
@2

�

!

�� = 0: (3.14)

Eq. (3.14) describes the evolution of scalar �elds in a toroidal BEC. The term proportional

to the change in volume_V
V is analogous to the cosmological phenomenon of Hubble

friction which is responsible for exponentially attenuating scalar �elds in an expanding

universe. In Chapter 6, I will discuss an experiment where we exploit this analogy and

simulate Hubble friction in a toroidally shaped BEC.
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Chapter 4: Experimental Apparatus

Every successful run of our experiment involves cooling gaseous sodium atoms to

quantum degeneracy, shaping them using arbitrary two-dimensional (2D) Optical Dipole

Traps (ODT), and acquiring data by directly imaging the atomic sample. In this chapter,

I will describe the apparatus we built to perform the above steps. Compared to the

previous version of this experiment at NIST, we made signi�cant modi�cations in this

setup. The NIST experiment used a glass cell, but we designed this experiment using

a stainless steel vacuum chamber. Fig. 4.1 shows a Computer Aided Design (CAD)

diagram of our vacuum chamber. It consists of a source and science chamber maintained

at high and ultra-high vacuum, respectively. Atoms are pre-cooled in the source chamber

in a 2D Magneto-Optical Trap (MOT). Design details of our 2D MOT are covered in

Chapter 5. As shown in Fig. 4.1, the pre-cooled atoms are then transferred from the source

to the science chamber using a push beam. I will �rst give an overview of the vacuum

system, then describe the laser cooling setup, followed by a detailed description of the

optical system design used for creating arbitrary shaped quasi 2D BECs. Finally, I will

examine some of the imaging challenges particular to our experiment and our techniques

to overcome them.
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Figure 4.1: Schematic of the vacuum chamber. The source chamber, science chambers,
and the sodium oven are indicated. The blue circle points to the location of the differential
pumping tube, with the inset showing a schematic of the tube. The yellow line indicates
the push laser beam used for transferring atoms from the source to the science chamber.

4.1 Vacuum Chamber

In the absence of vacuum, atoms collide with air molecules gaining enough energy

to escape their trapping potentials. This problem worsens if the traps are shallow, as is

often the case in ultracold atom experiments, our �nal ODTs being less than 1� K deep.

Moreover, in our experiments, we attain quantum degeneracy by forced evaporation in a
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magnetic and optical dipole traps. The ef�ciency of this technique relies on having long

vacuum-limited trap lifetimes. Because of these reasons, quantum degenerate gases can

only be produced in Ultra High Vacuum (UHV) conditions.

We perform our experiments in a stainless steel UHV chamber pumped with getter,

ion, and titanium sublimation pumps. Since we plan on adding highly magnetic Erbium

(magnetic moment 7� B ) to this system, the chamber is custom-made by Kimball Physics

with non-magnetic 316L stainless steel. The vacuum chamber is divided into two sections,

source and science chamber, as shown in Fig. 4.1. The source section contains the atomic

source, which is heated to about 250 °C, to obtain a vapor of sodium atoms. Given

the metal outgassing at these temperatures, maintaining UHV conditions is not possible.

Therefore we separate the source section from the science chamber using a differential

pumping tube. Fig. 4.1 denotes the location and shows a schematic of the differential

pumping tube. Fig. 4.2 is a mechanical drawing of the tube's cross section. The source

side is maintained at a pressure of about 10� 8 torr while the science chamber is maintained

at 1.2� 10� 10 torr. Due to its small conductance, the differential pumping tube can hold

this pressure differential in steady state. We monitor these pressures with two Agilent

UHV 24P ion gauges, one on the source chamber and the other on the science chamber.

The science chamber is pumped using a SAES D-500 getter and a Gamma Vacuum 45S

ion pump in steady-state. In addition, we have a titanium sublimation pump which is

occasionally activated to counter a gradual increase in the science chamber pressure. On

the source side, pumping is achieved using a SAES D-100 getter pump.

Gases adsorbed in the metallic chamber limit the vacuum's quality. Therefore,

while constructing this chamber, we baked it in two stages. First, we performed a week-
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Figure 4.2: Cross-section of the differential pumping tube.

long high-temperature bake at 400 °C without any vacuum viewports. This was performed

in a kiln while a turbo pump pumped out most of the adsorbed hydrogen. The second

stage was a month-long bake with the vacuum viewports at around 180 °C to outgas water

vapor absorbed in the chamber walls. This brought the pressure down to low 10� 8 torr.

After the two bakes, we activated the getter and ion pumps which decreased the pressure

to 2.8 � 10� 10 torr, followed by titanium sublimation pump activation, which achieved

1.2 � 10� 10 torr. The goal of maintaining UHV in the science chamber is to minimize

collisions of cold atoms with air molecules. Therefore, the vacuum limited lifetime of an

atomic trap serves as a metric to quantify experimental limitations. We measure the drop

in atom number in a magnetic trap as a function of the hold duration and measure the

lifetime to be 23 s.

4.2 Laser Frequency Stabilization

In our experiment, we perform laser cooling of23Na atoms along theD2 line

of atomic sodium. Fig. 4.3 shows the various hyper�ne levels of the sodium ground
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Figure 4.3: Energy levels for the23Na D2 transition [2]. The yellow and green lines
indicate the cooling and repump transitions separated in frequency by 1.7 GHz.

state
�
�32S1=2

�
and the excited state

�
�32P1=2

�
corresponding to theD2 transition [2]. We

perform Doppler and sub-Doppler cooling along the
�
�32S1=2; F = 2

�
to

�
�32P1=2; F 0 = 3

�

transition with laser light at 589 nm, as shown by the yellow line in Fig. 4.3. To recycle the

atoms which spontaneously decay from the excited state into theF = 1 ground state, we

add a repump beam corresponding to the
�
�32S1=2; F = 1

�
to

�
�32P1=2; F 0 = 2

�
transition,

as shown by the green line in Fig. 4.3. This beam is roughly 1.7 GHz blue detuned to the

cooling line.

For laser cooling, we use two commercial Toptica DL-Pro 589 nm laser systems,

one at the cooling transition and the other at the repump transition. Fig. 4.4 shows

a schematic of these commercial lasers [3]. It consists of an External Cavity Diode

Laser (ECDL) followed by a Tapered Ampli�er (TA) and a Second Harmonic Generation

(SHG) crystal in a ring cavity. The diode emits light in the infrared (IR), which upon
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Figure 4.4: Schematic of the optical setup inside the Toptica DL-pro laser [3]. The inset
shows a magni�ed view of the ECDL, indicating the piezo actuated grating, which can be
externally controlled via the voltageVpiezo.

ampli�cation through the TA, is frequency-doubled to 589 nm. The ECDL has a piezo

actuated diffraction grating in the Littrow con�guration, as shown in the inset of Fig. 4.4.

To control the laser frequency, we provide a feedback signal to this piezo and the diode

current. The overall feedback signal is represented byVpiezo

The linewidths of the two Toptica DL-Pros lasers is about2� 30 kHz, estimated

by a self heterodyne measurement with 2 km long optical �ber and an Acousto Optical

Modulator (AOM). Though these linewidths are much smaller than the2� 9:8 MHz

natural linewidth of the sodiumD2 line, the lasers have a long-term frequency drift of

0.8 MHz over 30 minutes, measured on an Angstrom WSU2 wavemeter. To correct

these drifts, we feedback the cooling transition Toptica laser and lock it to theD2 line

obtained via Saturation Absorption Spectroscopy (SAS). Fig. 4.5 is a schematic of the
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Figure 4.5: Optical schematic of the SAS setup. The yellow lines indicate light from a
Toptica DL-pro laser which is �rst upshifted by 150 MHz and then split into pump and
probes. The signal from a balanced photodetector, as shown in the rectangular box, is
sent to a lock-in ampli�er.

Figure 4.6: (a) Lock-in scheme to obtain the derivative of the SAS absorption signalVPD .
The blue and purple lines representVPD and the derivative signalVlockin respectively. The
dashed box indicates the components of a lock-in ampli�er. The local oscillator is a
Voltage Controlled Oscillator (VCO) that drives the AOM. The servo generates the signal
Vpiezo to control the laser frequency. (b)VPD andVlockin indicated in blue and purple,
respectively.
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SAS setup. We perform SAS on the crossover of the
�
�32S1=2; F = 2

�
to

�
�32P1=2; F 0 = 2

�

and
�
�32S1=2; F = 2

�
to

�
�32P1=2; F 0 = 3

�
transitions. Light from the bare laser is up-

shifted by double passing through a 75 MHz AOM and then sent to the vapor cell heated

to 150 °C. This beam is split into two low-intensity 40� W probe beams and a 1.1 mW

pump beam. One of the probe beams is used to obtain a Doppler-free signal. The other

probe is subtracted from the Doppler-free signal to eliminate the Doppler broadened dip

on a balanced photodetector. The Doppler-free spectroscopy signalVPD thus obtained is

shown in the inset of Fig. 4.5. This signal is symmetric about the transition, and therefore,

does not give any information about which direction the piezo voltage needs to be driven

to correct the drift. However, the phase of the electric �eld associated with the transmitted

probe has odd symmetry about the atomic resonance. To extract this phase information,

we perform frequency modulation of the SAS laser beam and use a lock-in ampli�er

to get a signal proportional to the derivative of the SAS absorption signalVlockin [63].

Fig. 4.6 shows a schematic of the frequency modulation and lock-in scheme used. For

the frequency modulation, we dither an AOM at a modulation frequency of 50 kHz. Once

the cooling laser is locked to the atomic transition, the repump laser is beatnote locked

to the cooling laser in a master-slave con�guration. Light from the two locked lasers

is frequency shifted using AOMs and then sent to the experiment table via single-mode

optical �bers. Tab. 4.1 lists the frequency and intensities of the different beams used to

address the atoms.
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Table 4.1: Detunings and intensities of the different laser cooling beams. For the �rst
�ve entries, detunings are from the cooling transition. For the last three entries, detunings
are from the repump transition. For reference, the saturation intensity for the cooling
transition isI sat = 6.26 mW/cm2

Laser Beam Detuning from transition
(MHz)

Intensity (mW/cm2)

2D MOT cool -12 0.98
3D MOT cool -16 1.13
Zeeman Slower(ZS) -219 20
Push +9 9
Polarization Gradient
Cooling (PGC)

-39 to -16 1.13

2D MOT rep. -8 30
3D MOT rep -8 3
Spin Polarization -26 0.005

4.3 Optical Dipole Traps

We use three far-detuned laser beams to generate ODTs for our experiment. Fig. 4.7

shows the propagation of the three ODT beams with respect to the science chamber. One

of them is red-detuned to the atomic transition and is used for evaporative cooling. The

other two are blue-detuned and are used in combination to trap atoms in arbitrary 2D

potentials. The subsections below discuss the optical setup for all three laser beams.

4.3.1 Red-detuned Optical Dipole Trap

We use a red-detuned ODT for evaporatively cooling atoms to quantum degeneracy.

The forced evaporation scheme will be discussed in Chpt. 5. For this ODT, we use a

1064 nm single beam from an IPG `YLR30-1064-LP-SF' Ytterbium �ber laser. 10 W

of 1064 nm power is �ber-coupled into an NKT Photonics `aeroGUIDE 15 PM SMA-
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Figure 4.7: Propagation of ODT beams in the science chamber. The main �gure shows
the red-detuned ODT propagating along positiveex and being focused down at the center
of the chamber. The blue-detuned sheet ODT propagates along positiveey. The inset
shows beam propagation on theey � ez plane. The blue-detuned DMD ODT propagates
along negativeez. Gravity acts along negativeez.

905' photonic crystal �ber and sent to the experiment table. The light out of the �ber is

collimated into a 800� m beam using a LMH-10X-1064 microscope objective with10�

magni�cation and 0.25 numerical aperture. A 1:5 telescope expands the beam into a 4

mm waist, which is then focused by a 300 mm focal length spherical lens into a beam
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waist ofw0 = 25� m at the plane of the atoms.

4.3.2 Blue-detuned Optical Dipole Trap

Our experiments rely on creating arbitrary shaped 2-dimensional ODT. For this, we

use two blue-detuned lasers beams from a 532 nm IPG GLR-30 �ber laser. Blue-detuned

laser beams create repulsive potentials and can achieve smaller diffraction limited spot

sizesdspot . The diffraction limited spot size is given bydspot = ��= NA, where � is

the wavelength and NA is the numerical aperture of the optical system. Due to their

smaller wavelength, blue-detuned ODTs allow us to achieve tighter con�nements than

red-detuned light. One of the two 532 nm beams is used for vertical con�nement (along

ez) and the other for con�nement on the horizontal plane (ex � ey). Fig. 4.8 shows

a schematic of the optical system used for vertical con�nement. With the help of a

cylindrical lens, two spherical lenses, and a� phase plate, we shape the TEM00 mode out

of a single-mode SM460 optical �ber into an elongated TEM01 mode, providing sheet-like

con�nement for atoms in between the two lobes of the TEM01 mode. The vertical width of

this sheet trap is about 9� m at the focus of the �nal lensL3. For the planar con�nement,

we project arbitrary patterns from a Digital Micrometer Device (DMD) onto the plane of

atoms through an objective lens stack [64], as shown in Fig. 4.10 (a). The two beams are

slightly shifted (� 10 MHz) in frequency to avoid any interference effects. Together, they

provide arbitrary shaped quasi 2D con�nement for BECs.
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Figure 4.8: Schematic for the sheet trap optical setup. Blue-detuned laser light from
a single-mode �ber is collimated and propagated through lensesL1, L2, L3 and a�
phase plate along theey direction. (a) and (b) shows the beam pro�le in theez � ey

andex � ey planes, respectively. Figures (c) and (d) show the simulatedez � ex beam
intensity pro�les at indicated Y positions, withez along the vertical axis andex along the
horizontal. The color bar encodes the relative beam intensity for �gures (c) and (d). The
atoms, as depicted by the yellow dots, lie close to the front focal plane of lensL3. Gravity
acts along negativeez.

4.3.2.1 Vertical Con�nement

The sheet trap is generated using a cylindrical (L1) and two spherical lenses (L2

andL3) and a� phase plate placed at positions, as indicated in Fig. 4.8. The TEM00 beam

from a single-mode �ber is �rst collimated into a uniform beam with a1=e2 diameter of

1360� m. This then passes �rst through the cylindrical lensL1 followed by the spherical

lens L2. L1 and L2 together form a telescope along the vertical directionez thereby

magnifying the vertical beam waist byjf 2=f1j = 7:5, wheref 1 = -40 mm is the focal

length ofL1 andf 2 = 300 mm is the focal length ofL2. As a result, the beam atL2's front

focal plane has a vertical waistwz = 5.1 mm, while the horizontal waist gets focused

down to a small spot. This elongated beam passes through a� phase plate, which adds
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Figure 4.9: Simulations exploring slight vertical misalignment between laser spot and�
phase plate. The top panel is a schematic depicting the relative vertical distance between
the laser spot and the� phase plate. The elongated beam has a1=e2 beam waist of
5 mm on a phase plate of clear aperture radius 25 mm. The middle panel shows the
ez � ex intensity pro�le of the beam at the front focal plane ofL3. The color bar encodes
the relative beam intensity for the middle panel. The bottom panel is a vertical cut-out
showing the intensity pro�le along theez axis from the middle panel. (a), (b), and (c)
correspond to 0, 3, and 5 mm misalignments, respectively.

a � phase difference between its top (Z> 0) and bottom (Z< 0) halves [40]. Finally,

the beam goes through the �nal lensL3 of focal lengthf 3 = 200 mm.L2 andL3 form a

telescope for the beam alongex , while it focuses theez waist into a tight spot. Exploiting

the Fourier transform property of lenses, the beam's intensity pattern is determined at the

front focal plane ofL3, as shown in Fig. 4.8 (d) and Fig. 4.9 (a).

The bottom panel of Fig. 4.9 (a) shows that alongZ , the intensity has a minimum

at z = 0, thereby providing vertical trapping. However, along the beam propagation
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