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ABSTRACT

While there is ample evidence that vector quantization is a very useful technique for
data compression, little is known about its sensitivity to channel and/or storage device errors.
In this paper, several issues related to vector quantization for noisy channels are addressed.
An algorithm based on simulated annealing is developed for assigning binary codewords to
the vector quantizer codevectors. It is shown that this algorithm could result in dramatic
performance improvements as compared to randomly selected codewords. Also, a modification
of the simulated annealing algorithm for binary codeword assignment is developed for the case
where the bits in the codeword are subjected to unequal error probabilities (resulting from
unequal levels of error protection). An algorithm for the design of an optimal vector quantizer
for a noisy channel is briefly discussed and its robustness under channel mismatch conditions
is studied. Numerical results for a stationary first-order Gauss-Markov source and a binary
symmetric channel are provided. It is concluded that the channel-optimized vector quantizer
design algorithm, if used carefully, can result in a fairly robust system with no additional
delay. Finally, the case in which the communication channel is nonstationary (as in mobile

radio channels) is studied and some preliminary ideas for quantizer design are presented.

t Consultant, AT&T Bell Laboratories, June-July, 1987.



1. Introduction

The objective in a data compression system is to represent a sequence of analog (or finely
discretized) samples by a relatively low rate sequence for subsequent transmission over the
communication channel or storage in the storage device. Vector quantization, as a means of
data compression, has received a tremendous amount of attention in the past decade. Utiliz-
ing vector quantization instead of scalar quantization has resulted in dramatic performance
improvements (in terms of bit rate reduction for the same level of fidelity) in various speech
and image coding situations. An informative tutorial survey of vector quantization including
the underlying principles, the design algorithms, some applications and implementation issues
can be found in [1]. Also, a tutorial survey of vector quantization with emphasis on speech
coding applications is provided in {2].

An efficient data compression system removes, to the extent possible, the redundancy in
the source and retains the useful (nonredundant) part in an effort to reduce the data rate. This
removal of redundancy, in turn, introduces a great deal of sensitivity to the transmission noise
or the storage device errors. Unless some corrective measures are taken, the more efficient the
data compression system becomes, the more sensitive it will be to the channel and/or storage
device noise. While the issues of sensitivity to the channel noise are studied in some depth
for scalar quantization [3]-[5], there seems to be very little work on channel error effects and
possible design procedures for vector quantizers. Exceptions are the works of De Marca and
Jayant [6], Chen et al. [7] and Zeger and Gersho [8] on assigning binary codewords to the
vector quantizer codevectors, as well-as an algorithm for the design of vector quantizer for a
noisy channel [9], [10], [23].

In this paper, we will study several issues related to vector quantization for noisy channels.
Specifically, we will develop an algorithm based on simulated annealing for assigning binary
codewords to the codevectors of a vector quantizer. A modification of this algorithm which
reflects an intended hierarchy in the bit positions will also be discussed. This modified scheme
is particularly suitable for subsequent unequal error protection through some type of channel
coding. Furthermore, we will briefly describe an algorithm for the design of vector quantizers
for a noisy channel and investigate its robustness under mismatch conditions. It will be shown,
as a conclusion of our study, that given some information about the statistical properties of the

channel, it is possible to improve the performance of the vector quantizer through a judicious,
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joint design of the codebook and the binary codeword assignment. Numerical results in support
of this claim will be provided.

The rest of this paper is organized as follows. Section 1I is devoted to the development
of notation and some preliminary analysis. In Section III, an algorithm based on simulated
annealing for the assignment of binary codewords to the codevectors of the vector quantizer
is provided. A modification of this algorithm for subsequent unequal error protection is also
described in Section III. Section IV includes a brief discussion of an algorithm for vector
quantizer design for noisy channels. Further, issues of robustness of the channel-optimized
vector quantizer under mismatch conditions, as well as the nonstationarity of the channel are
addressed in this section. In Section V numerical results for the stationary Gaussian source
(with and without memory) and a binary symmetric channel (possibly nonstationary) are

provided. Finally, Section VI includes a summary and conclusions.
I1. Preliminaries

We assume that the source to be encoded is a real-valued, discrete-time, continuous-
amplitude, stationary process {X;;t = 0,1,...} with zero mean and variance o%.

The source is to be encoded by means of a vector quantizer. A k-dimensional vector
quantizer is a mapping ¢, that assigns to a typical source output vector X = (Tnk,Znk+1,
«essTnk+k-1), @ vector y = ¢(x), drawn from a finite reproduction alphabet (codebook)
C = {cy1,¢2,...,¢pr}. The vector quantizer ¢ is completely described by the codebook C
together with the partition P = {S1,S2,...,Sm} of the input vector space into the sets
Si,t = 1,2,...,M. Specifically, the mapping ¢(-) is described by

q(x):c;, ifxes,:i=12,...,M. (1)

Let us assume that the distortion caused by representing a source vector x by a reproduction
vector (also called codevector) y, is given by a nonnegative distortion measure d(x,y). The

performance of a vector quantizer is generally measured by the average distortion per sample

Dg(gq) described by

Ds(e) = ¢ Z /S p(x)d(x, ¢:)dx, (2.a)



where p(x) is the k-fold probability density function of the source, and the rate is

R = 71— log, M, bits/sample. : (2.6)

For a given source and a given rate R, a vector quantizer ¢* is said to be optimum if
Ds(q*) < Ds(q), for all q. (3)

Various algorithms for the design of “good” vector quantizers have been developed in the
past decade [1],[2],[11]-[14]. Among these, the algorithm that has had a very important impact
is that developed by Linde, Buzo and Gray [11], hereafter referred to as the LBG algorithm, in
which the partition P and the codebook C are iteratively updated. For the sake of the present
discussion, unless specifically stated, we will assume that a vector quantizer ¢ is designed and
fixed.

In any practical situation, the codevectors of the vector quantizer should be mapped
to binary codewords' for subsequent transmission or storage. The length of these binary
codewords is n = kR = log, M. Let us assume that b(c;), ¢ = 1,2,..., M, is a nonnegative
tnteger whose n-bit binary representation is the binary codeword assigned to c¢;. From now
on, we will refer to b(c;) as the indez associated with the codevector c;.

Suppose that the indices (or, equivalently, binary codewords) representing the output of
the vector quantizer, are to be sent over a noisy channel. We assume that the channel is
‘memoryless with finite input and output alphabets given by {0,1,...,M — 1}. Let p(s]i);
t,7 =0,1,...,M — 1, denote the probability that the index j is received given that the index
¢ is transmitted. Therefore, for a given vector of indices, say b = (b(cy), b(c2),...,b(crs}), the

average distortion per source sample, caused by the channel noise is given by
(MM
=% Z Z (c:) P(b(c;)[b(cs))d(ess ¢5), (4)

where p(c;) is the a priori probability of the codeword c;.

! Here, we confine our attention to fixed-length binary codewords. The study of variable-length binary

codewords over noisy channels is far more difficult due to error propagation issues.
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Notice that the overall distortion caused by the vector quantizer and the channel is given
by |
y MM '
Digit) =5 2 2 Plblelbled)) [ plx)dx,c)ax, (5)

1=1 5=1 S¢

which, in general, is not equal to the sum of the source encoder distortion Dg(g) and the
channel distortion Do (b). However, if the distortion criterion is the widely used squared-error

distortion, i.e.,

d(x,y) =[x - ylI* (6)

equation (5) can be written as

?rl»—ﬂ

D(g;b) =

M M
>3 Polese) ) [, ool - il ax

[

M M
}:Z b(c;)1b(cs)) Ples)lles — ¢

?r-l—-

2 M M
5 2 2 PO )be) ) [ Pl = )T (ex - 5)ex. ")
The third term on the right hand side of (7) vanishes if c; is chosen as the centroid of S;,

t=1,2,...,M, in which case we will have
D(q; b) = Dg (q) + Dc(b). (8)

Equation (8) is the vector extension of the similar result for scalar quantization [4], [5],
suggesting the separation of the overall distortion to the sum of the quantization distortion and
the channel distortion for the squared-error distortion measure. To enjoy this nice property,
we will continue to assume in the sequel that the distortion measure is squared-error and that
- the codevectors are the centroid of their respective regions.?

In view of the above argument, we will focus our attention on minimizing the channel

distortion Dc(6) by an appropriate choice of the index assignment function b.

2 Notice that for equation (8) to hold we do not need to make any assumptions on the partition P.
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The problem of channel error effects on the performance of source encoders has recently
received some attention. Specifically, in a recent‘ paper, De Marca and Jayant [6] developed
an algorithm for assigning indices to the codevectors of the vector quantizer to minimize the
channel distortion. It is shown in [6] that a substantial reduction in channel distortion can be
obtained through a judicious assignment of indices rather than a random assignment. In two
other recent papers Chen et al. [7] and Zeger and Gersho [8] have studied a somewhat similar
algorithm for index assignment.

In what follows we will present an algorithm based on simulated annealing for the index
assignment. We will provide some justification for the choice of this approach; primarily, it is
supported by recent theoretical results on the behavior of simulated annealing for combinatorial

optimization problems.

III. Simulated Annealing for Index Assignment

Many combinatorial optimization problems belong to a class of problems which are “diffi-
cult” to solve, generally referred to as the class of NP-complete problems [15]. This is the class
of problems for which there is no known algorithm whose worst-case complexity is bounded by
a polynomial in the size of the input. Usually, heuristic algorithms are used to find a “good” or
“close-to-optimal” solution for these problems as the complexity of exhaustive search becomes
prohibitive when the problem size is large. Most heuristic algorithms perform a deterministic
search in a set of admissible configurations and often terminate in a local minimum.

To avoid this behavior, a class of randomized algorithms [16] have been devised in which
(i) the next state configuration is generated randomly and (ii) “hill climbing” is allowed, i.e.,
moves that result in configurations of higher cost than the present one are accepted. Simulated
annealing, as proposed by Kirkpatrick et al. [18] is one such random search algorithm in which
“hill climbing” is allowed according to a certain criterion which takes into consideration the
state of the search process.

The process of annealing is well-known in growing crystals. It consists of melting the
material by increasing the temperature to the melting point and then lowering the temperature
(or, cooling) slowly until the crystal is formed. The slow cooling stage allows the formation of
a molecular configuration with minimum stored potential energy. The process of annealing is

numerically simulated by the so-called Metropolis algorithm {17] to gain an understanding of
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the ground state configuration.

A typical combinatorial optimization problem sceks the minimum of a given objective (or,
cost) function of many variables. The variables are usually subject to intertwining constraints
and interact with each other in a complicated way — similar to the interaction between the
molecules in a physical system. Simulated annealing is simply a Monte Carlo Metropolis
algorithm for solving a combinatorial optimization problem. It mimics the objective function
associated with the combinatorial optimization problem as the energy associated with the
physical system, and by slowly reducing an appropriately defined effective temperature, seeks
the minimum energy state.

Simulated annealing has been applied to various combinatorial optimization problems
with varying degrees of success [18}-[20]. Perhaps most relevant to our problem is the work in
[20] in which simulated annealing is used for designing source codes as well as channel codes.
Some of the specifics of the cooling schedule employed in our work are in fact borrowed from
[20]. In what follows we will describe the simulated annealing algorithm in more precise terms
and discuss its application to our index assignment problem.

Let us recall that the objective function to be minimized is Dc(b) as described in (4).
From now on we will refer to the index assignment function b = (b(cy), b(cz2),...,b(carr)) as
the state and to the channel mean squared-error (MSE) D¢ (b) as the energy of a hypothetical

system. Then, the simulated annealing algorithm works as follows:

Algorithm:

0) Define an effective temperature T and set T':: To, an initial high temperature; fandomly
choose an initial state b.

1) Randomly choose a state b’, a perturbation of the state b and let ADc = D¢ (b') - D (b).
1.a) If AD¢ < 0, replace b by b/, go to step (2).

L.b) If AD¢ > 0, replace b by b’ with probability exp {——QTDQ-}, go to step (2).

2) If in step (1) the number of energy drops exceeds a prescribed number or if too many
unsuccessful perturbations (perturbations not resulting in energy drops) occur, go to step
(3). Otherwise, go to step (1).

3) Lower temperature T. If the temperature T is below some prescribed freezing tempera-
ture Ty or if it appears that a stable state is reached, stop, with b describing the state.
Otherwise, go to step (1).



While the above algorithm describes the basics of the operation of the simulated annealing

algorithm, it requires some elaboration. A few comments are in order.

In step (1) of the algorithm, perturbing the state b means “jiggling” it, i.e., taking two com-
ponents of the index vector b randomly and interchanging them. For instance ' = (1,0, 3,2)
is a perturbation of b = (0, 1,3,2), in which the first and the second indices in the state vector
are interchanged. Notice that this choice of perturbation allows us to move from any state to

any state in a finite number of perturbations.

In step (1.a), ADc < 0 corresponds to a decrease of the energy and hence it is accepted,
as the final goal is to minimize the energy. On the other hand AD¢c > 0 corresponds to
an increase of the energy. This is still accepted with a probability which decreases as the
effective temperature is decreased. Thus, in the beginning when the system is “hot”, almost
all perturbations (causing energy drops or energy increases) are accepted. However, as the
temperature is reduced those perturbations which cause an increase of the energy will be
accepted with diminishingly small probabilities. This process allows the algorithm to climb
out of local minima when the temperature is high in the hope that as the system is cooled
the state falls in the global minimum (or, somewhere close to it} out of which the algorithm
should not be able to climb. It is easy to show that the sequence of states in the simulated
annealing process forms a discrete-time nonhomogeneous (nonstationary) Markov chain. This
fact has been used to show that, with a suitable perturbation scheme and a sufficiently slow
cooling schedule, the algorithm converges in probability to the global minimum. Specifically,
it is shown in [21] and [22] that if the initial melting temperature Tp is sufficiently large, a
cooling schedule described by T = c/log(k + 1), insures convergence in probability to the
global minimum. Here, T} is the value of the temperature after the kth temperature drop.

Since this cooling schedule is very slow, faster cooling schedules such as T} = a7},
where 0 < a < 1, have been used in practical applications of simulated annealing 18], [20].
Details of the simulated annealing algorithm as applied to the index assignment problem, along
with some numerical results are presented in Section V.

Before we close this section, we need to make a few comments about the channel transition
probabilities in (4). If the channel used for transmission of binary codewords is a binary
symmetric channel with crossover probability ¢, the transition probabilities in (4) will be

described by



P(j i) = (1— e tnteiletn G 5 =0,1,...,M -1, (9)

where dg (i, 7) is the Hamming distance between the n-bit binary codewords represented by
integers ¢ and 7. In this case, clearly, all bits in the binary codeword suffer from the same prob-
ability of error. The index assignment obtained through the simulated annealing algorithm,
therefore, does not place any particular hierarchy on the bits depending on their position in
the codeword, as they are all transmitted through the same channel.

When the communication channel becomes very noisy, it is common practice to resort
to some type of channel coding scheme to reduce the effective channel bit error probability.
Since channel coding requires the transmission of some redundant bits, it should be used very
carefully. In practical situations, it is desirable to use channel coding in such a way as to
provide the highest level of protection on the most significant bit® (MSB) followed by lower
levels of protection on other bit positions and finally the lowest level of protection (or, perhaps
no protection at all) on the least significant bit (LSB).

If such an unequal error protection (UEP) on different bits is to be used in encoding the
binary codewords, the expression in equation (9) will not be valid any more. To be more
precise, assume that UEP is used so that the effective bit error rate on the leftmost bit is ¢,,
followed by €5 for the adjacent bit and finally €,, for the rightmost bit. Then, the objective

function to be minimized is again described by (4) in which

P(Fli) = H(l - ek)l“‘*(i’j)ci*(i’j), t,7=0,1,...,M — 1, (10)
k=1

where £;(7,7) = 1 if the binary codewords represented by ¢ and j differ in the kth position
and £(7,7) = O otherwise.

It can be seen from the above formulation that if ¢; < €3 < .-+ < ¢,, the leftmost bit
suffers from a smaller channel error than the rightmost bit. Therefore, in assigning indices to

the codevectors, the leftmost bit may be used to distinguish between two codevectors with large

3 Here, by the most significant bit we mean that bit position in which the occurrence of a channel error

causes a larger MSE in the reconstructed output than in any other bit position.
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Euclidean distance, whereas, this should be avoided, as much as possible, for the rightmost
bit.

This unequal error protection followed by simulated annealing results in a natural prioriti-
zatton of bits in the codeword so that the leftmost bit becomes the MSB and the rightmost bit
becomes the LSB. This is a desirable property in any communication system where a limited
amount of error control coding is to be utilized. We will provide a specific example in Section

1V to demonstrate the usefulness of such UEP.
IV. Vector Quantizer Design for Noisy Channels

In this section we will provide a brief description of an iterative algorithm described in
[9],[10] for the design of a vector quantizer for noisy channels. We will also address some issues
that arise as a result of channel mismatch and channel nonstationarity.

Let us recall that for a given quantizer ¢ and a given index assignment b, the average
distortion is given by (5). To simplify our notation, we will further assume that the codevectors
are rearranged so that b(c;) =¢ -1, + = 1,2,..., M. With this assumption then, for a given
codebook C = {ec1,€2,...,€ns} and a given partition P = {Sy,S,,...,Sm}, the average

distortion is given by

1 M M
DIGP) = 22 P~ 1= [ plix - el ax. (11)

i

The algorithm for optimizing the codebook and the partitiori, which is a straightforward
vector extension of the algorithm described in [5), iterates by updating the codebook C for a
fixed partition P, followed by updating P for a fixed codebook C.

More specifically, if the partition P is fixed, the best codevector c; is the conditional

expectation of X given that the index (5 — 1) is received, i.e.,

M (]—llt-—lfs xp(x)dx

Z.‘:l P(j - 1js - 1) fs‘_ (x)dx .

=EX|j-1)= (12.a)

Similarly, for a fixed codebook C, it is easy to show that the best partition is that in which
9], [10]



M M
Si={x: > P-1i-1)|x—c;||* < Z (F-1]e-1)|lx~c;||%, VE}, ¢ = 1,2,..., M. (12.b)

i=1 i=1

A successive application of equations (12.a) and (12.b) will result in a sequence of quantiz-

ers for which the corresponding average distortions form a non-increasing sequence of nonneg-
ative numbers which has to converge. This algorithm, similar to its scalar version (5], trades
quantization accuracy for smaller channel distortion in an attempt to minimize the overall
distortion. From now on, we will refer to this algorithm as the generalized Lloyd algorithm
and the resulting vector quantizer will be referred to as the channel-optimized vector quantizer.
Notice that the index assignment is a byproduct of this algorithm as we always associate the

index (¢ — 1) with the codevector ¢;, ¢+ = 1,2,..., M.
IV.A. Channel Mismatch

While the above algorithm yields a locally optimum vector quantizer when the channel
transition probability is known, it would be useful to study its robustness when applied to a
channel with a different transition probability.

To assess the performance of the channel-optimized vector quantizer under channel mis-
match conditions it would be desirable to separate the source encoder distortion from the
channel distortion. It is easy to show that if &; represents the centroid of the region S;, the

overall distortion is given by

M M M

D=1 [ sl - &lldx+ L3 APG- U= Dt (19)
i=17 S i=1j=1

in which the first term can be thought of as the source encoder distortion while the second

term can be interpreted as the channel distortion. Here, f’, is the probability that the source

vector X falls in S;.

The advantage of separating the overall distortion according to (13) is that now the source
~ encoder distortion is a quantity which is fixed and depends only upon the characteristics of
the assumed channel, while the second term, whose computation is simple, bears the effects of
the active channel. Numerical results for the performance of the channel-optimized quantizer

under channel mismatch conditions are provided in Section V.

10



I1V.B. Nonstationary Channels

In many practical situations the communication channel is inherently nonstationary. A
good example is the land mobile radio channel, in which as the vehicle is driven around,
due to various obstructions, deep fades in the received signal strength may cause large error
probabilities for short periods of time, while at other times the error probability may be fairly
small. In such a situation the following important question arises naturally: if a channel-
optimized vector quantizer is to be employed for operation over a nonstationary channel, what
error probability should it be designed for?

Let us suppose that the channel is a binary symmetric channel. Let ¢4 and ¢, denote
the crossover probability (error probability) of the channel for which the quantizer is designed
and the crossover probability of the active channel, respectively. Let D(eq,€4) denote the
corresponding mismatch condition distortion. Now suppose ¢, itself is a random quantity

with a specified distribution. Then the average value of the distortion is given by

D(eq) = E(D(es, €d)) (14)

where the expectation is with respect to the probability distribution of ¢,. We wish to deter-
mine that ¢; which minimizes D(eg). This problem, in its most generally, is difficult to solve.
However, if we assume that ¢, is restricted to take on very small values (ne, < 1), so that

only single-error patterns can be considered, we will have from (11)

M

POl — sl + 230 3 [ pbolle—eslifax, (19

¢ i=1j€r;

1M
D(eq,€q) =% E (1 - ne,) /
= s

in which 7; is the set of all integers 7 satisfying dg(7,5) = 1. When averaged with respect to

€., we will obtain

D(eq) = D(&q,€4) » (16)

where €, is simply the average value of the active channel crossover probability. Clearly,
D(,,€4) > D(%&,¢€.), suggesting that for the best average performance, we must choose

€4 = &,.
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It is important to mention that the reason behind this simplification resides in the fact
that when ne, < 1, D(e,, €q) can be approximated asa linear function of 4. If the assumption
of neg < 1 does not hold, the linearly property collapses as a result of which the above result

does not hold any more.
V. Numerical Results

This section will present numerical results for the algorithms discussed in Sections I1I and

IV.A.
V.A. Codes from the Simulated Annealing Algorithm

In all of our results, the source to be quantized is assumed to be a first-order autoregressive

Gaussian source described by

Xn=pXna+W,, n=12,..., (17)

where {W,,} is a sequence of independent and identically distributed Gaussian random vari-
ables with zero mean and variance 6, and the initial condition X, is chosen to guarantee the
stationarity of the process {X,}.

We have restricted our attention to rate B = 1 bit/sample vector quantizers. For a
memoryless Gaussian source (p = 0.0) and a heavily correlated Gaussian source with p = 0.9,
we have designed vector quantizers of dimensions k = 2,4,6, and 8. The LBG algorithm is
used for vector quantizer design and the splitting algt;rithm' is vused for initialization [11]. As
mentioned earlier, the distortion measure is the squared-error throughout.

The simulated annealing algorithm, as described in Section III, is run to minimize the
average channel distortion Dc(b). In fact, to simplify our numerical computations, we have
assumed that the channel bit error rate (BER) is sufficiently small so that we can consider
only single bit error patterns in a codeword. Specifically, let 7; be the collection of all integers
7,0 € 57 £ 2™ — 1, such that the binary representation of j is of Hamming disance one from

the binary representation of :. Then, our channel is approximated by

R I A
PGli)=q1-ne 3=1, (18)
0, otherwise,
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where € is the channel bit error rate. With this approximation for the channel, the average

channel distortion, normalized to the channel bit error rate, is given by

D¢ (b) —

€

|

M
dopled) D, dlese), (19)
i=1 dtb(e;)Emy(c;)

in which we have implicitly assumed that d(c;,¢;) =0, 1 = 1,2,..., M.

The simulated annealing algorithm is run with an initial (melting) temperature Ty = 10.0
and a final (freezing) temperature Ty = 2.5 x 10~%. The cooling schedule is as follows. The
temperature is reduced by a factor @ = 0.97 after five drops (not necessarily in a row) in the
average distortion or after more than 200 perturbations, whichever happens first. The algo-
rithm terminates when the temperature drops below T’ or if 50,000 consecutive perturbations
do not result in a drop in the average distortion. It is important to mention that the above
choices of parameters are obtained by experirnénta.tion and seem to yield satisfactory results.

Figures 1 and 2 illustrate the evolution of the simulated annealing algorithm for the
memoryless and the correlated Gaussian source, respectively. In both cases the dimension of
the vector quantizer is k = 6. In these figures, we have plotted the channel MSE as a function
of the effective temperature. Every time that a perturbed assignment is accepted, a point
indicating its energy and the corresponding effective temperature is registered on the plot. In
the example of Figure 2, the benefit of the simulated annealing algorithm is a gain of about
4.5 dB in channel error power (reduction of MSE from about 15.0 to about 5.0).

As described in Section III, it is easy to see from Figs. 1 and 2 that when the effective
temperature is high almost all perturbations are accepted. However, as the temperature is
reduced, the general trend is to accept those perturbations which result in a drop of energy.
Another interesting observation is the larger variation (when the temperature is high) in the
value of the energy when the source is heavily correlated. This is due to the fact that for a
heavily correlated Gaussian source, the codevectors of the vector quantizer are concentrated
along a thin ellipsoid in the k-dimensional Euclidean space. Therefore, some codevectors are
very close to each other, while some are very far. As a result, a small perturbation of the index
assignment could result in a large variation in the energy. This phenomenon does not occur
to the same extent when the source is memoryless, as in that case the codevectors are more

uniformly distributed in the space and the variation in their distances is not as pronounced.
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To examine the consistency of the results obtained by the simulated annealing algorithm,
for each vector quantizer we have run the simulated annealing algorithm five times. These
results, for different values of the correlation coefficient and different block sizes are summarized
in Table 1. These results indicate that the simulated annealing algorithm converges to a point
whose corresponding average distortion does not vary too much from run to run. Also, it
is interesting to observe that for situations with low dimensionality, this variation is smaller
(small number of local minima). Indeed, for the cases with k = 2 (four codevectors) the
simulated annealing algorithm yielded the same result in all five runs.

To make a comparison against the performance of a system in which the indices are
randomly chosen, it would be desirable to compute the ensemble average of the average channel
distortion over all possible codeword assignments. Since the total number of different codeword

assignments is M!, the ensemble average distortion, denoted by D¢, is computed according to

1
Do =3 3" Dolb) , (20)

“all b

which for the channel of (18) can be written as

M
Do=gm-22 el 3 dlenes), (21)

=1 all bj:b(c:,')efb(e‘.)
which, in turn, simplifies to
€n M
DC = m;p(c,);d(c,,cﬂ . (22)

For comparison purposes, this ensemble average of the average channel distortion is also
included in Table 1.

The results summarized in Table 1 suggest that use of simulated annealing results in
an improvement in average channel distortion compared with randomly chosen codewords,
which varies between 1-5 dB. Generally speaking, the improvement is more substantial for
larger dimensions (larger number of codevectors) and for more heavily correlated sources

(nonuniformly dispersed codevectors).
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An important observation to be made in Table 1 is the trend of the average channel
distortion (obtained in the simulated annealing algorithm) as the dimension k of the vector
quantizer increases. It is interesting to note that the rate of increase of the average channel
distortion (as a function of k) is much greater for p = 0.9. The reason for this behavior may
be the greater concentration of the multi-dimensional source distribution in a narrow region
of k-space in the case of p = 0.9, which forces the codevectors to be placed in a concentrated
region. As a result of this, for k = 8, the average channel distortion for p = 0.9 is smaller than
that for p = 0.0, while the reverse is true for the smaller values of k illustrated in Table 1.

Since the overall MSE is-the sum of the vector quantizer MSE and the channel MSE, to
make an appropriate comparison, in Figs. 3-10, we have plotted the overall signal-to-noise ratio
(in dB) of the vector quantization scheme followed by various binary codeword assignments.

The performance of the scheme utilizing simulated annealing for binary codeword assign-
ment is indicated by a solid line in these figures and labeled as “Simulated Annealing.” For
comparison with randomly selected codewords, we have chosen, at random, 10 binary code-
word assignments. The average performance of these sets of codewords as well as the worst
case performance are also include in these figures and labeled as “Average” and “Worst”
respectively.

The general conclusion that can be drawn from these figures is that an optimal choice
of the binary codeword assignment improves the overall signal-to-noise ratio over a randomly
selected codeword assignment. This improvement could be quite substantial when the channel
is very noisy. Also, the improvements are more noticeable in higher dimensions and for more
heavily correlated sources. -

It is important to emphasize that while in the absence of channel noise, increasing the
block size improves the performance of the vector quantizer, at the same time this increase of

block size introduces more sensitivity to the channel noise.
V.B. Codes from the Splitting Algorithm for VQ Design

Recall that we have used the “splitting” algorithm [11] for the initialization of the vector
quantizer design algorithm. One could use this initialization algorithm to obtain a binary
codeword assignment as follows. To design a k-dimensional vector quantizer with M = 2FF
codevectors, we first compute the centroid of the entire training sequence, say yo. Then, we

split yo into yo and (1 + €)yo. This will result in partitioning the set of training vectors into
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two sets, namely those training vectors which are closer to yo and those which are closer to
(1 + €)yo. We compute the centroid of these two regions, call them y;; and y;2 and label
them by “0” and “1”, respectively. Then, in the same manner, we split each of y;; and y;»
and compute four new centroids called ya1, Y22, Y23, Y24 and labeled “00”, “01”, “10” and
“11”, respectively. Clearly, if we continue in the same manner, we will end up with the desired
M codevectors with a natural binary code (NBC) assignment. The results of this algorithm
for codeword assignment is also included in Figs. 3-10 and labeled as “Splitting.”

It is interesting to note that the binary codeword assignment based on the splitting
algorithm performs very well in most cases. This is especially true when the source has memory.
In this case, as mentioned earlier, the codevectors will be concentrated on a thin ellipsoid in
the k-dimensional space and the binary partitions obtained by the splitting algorithm, are
such that, “most” vectors in the same region are closer to one another than to those in other
regions, and therefore, to a great extent, binary codewords of small Hamming distance will
be assigned to codevectors of small Euclidean distance. A side advantage of the codewords
obtained through the splitting algorithm is that, for sources with memory, they result in a
hierarchy in bit positions. In other words, a channel error in the leftmost bit causes a larger
distortion than that in the rightmost bit. This property can be exploited if subsequent channel

coding is to be used.
V.C. Unequal Error Protection

To investigate the potential advantages of error control coding in improving the robustness
of the vector quantizer against channel noise, we have considered a simple example of unequal
error protection. Specifically, to design a k-dimensional quantizer with rate R = 1 bit/sample
we can have up to M = 2* codevectors. Instead, we have considered designing k-dimensional
vector quantizers with M’ = 2%¥~1 codevectors, and hence rate R’ = (k — 1)/k bits/sample.
Then, we have taken the leftmost bit and we used a rate 1/2 channel code for encoding it.
The- other bits are transmitted without any protection. Notice that the effective encoding
rate is again 1 bit/sample. The rationale behind considering this scheme is to investigate the
potential advantages of trading source coding accuracy for increased channel error protection.

In order to obtain the optimum index assignment for this UEP scheme, we assume that
the effective bit error rate for the protected bit is two orders of magnttude smaller than that for

other bits. With this assumption, the modified version of the simulated annealing algorithm
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described in Section III is used to obtain the optimal index assignment. The resulting signal-
to-noise ratio (SNR) performance is included in Figs. 3-10 and labeled as “UEP.”

Clearly, the UEP scheme offers robustness against channel errors at the cost of some
performance degradation for the noiseless channel. The usefulness of the UEP scheme becomes
clearer for larger values of k. We should mention, however, that the results suggested by UEP
curves in Figs. 3-10 are very optimistic in the region where the channel is very notsy. This
is due to the fact that, for a very noisy channel (¢ > 0.01), gaining two orders of magnitude
improvement in the probability of error using a rate 1/2 channel code is a very difficult (if not
impossible) task. The concomitant delay and complexity of such a powerful channel code will
cause serious implementation problems. Nevertheless, these UEP curves are useful as they

determine a performance bound on what can be done by heavily protecting the MSB.
V.D. Channel-optimized Vector Quantizer

Finally, in Figs. 3-10 we have included the signal-to-noise ratio (in dB) of the channel-
optimized vector quantizer described in Section IV, for four different chagpnels, namely
e = 0.005, ¢ = 0.01, ¢ = 0.05 and ¢ = 0.1. These results are indicated by triangles and
labeled as “Channel-Optimized.” These results are interesting as they offer performance im-
provements (in some cases substantial) over the optimum vector quantizer designed for the
noiseless channel and followed by an optimum index assignment. This is done at the cost of
no additional delay. However, the comparison between the “Simulated Annealing” curves and
the “Channel-Optimized” triangles is not entirely fair. Specifically, the vector quantizer used
in the “Channel-Optimized” category is based on the exact characteristics of the channel while
the vector quantizer in the “Simulated Annealing” examples is designed based on a noiseless
channel.

To make a fair comparison, we have obtained the SNR performance results of the channel-
optimized quantizers designed for ¢4 = 0.005, ¢4 = 0.01, ¢4 = 0.05, and ¢4 = 0.1 under channel
mismatch conditions. These results for k = 8 are illustrated in Figures 11 and 12 (broken
curves). For comparison purposes, the SNR performance of the vector quantizer designed for
the noiseless channel and followed by .an optimum index assignment is also included (solid
curve) and labeled as “Simulated Annealing, €4 = 0.0.”

It can be seen from results in Figs. 11 and 12 that the channel-optimized vector quantizers

demonstrate a fair degree of robustness. Indeed, depending on the practical situation and the
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active channel characteristics, a channel-optimized vector quantizer can be chosen to obtain the
highest degree of robustness. It is also very interesting to note that by choosing an appropriate
channel-optimized quantizer, a performance close to that indicated by UEP in Figs. 9 and
10 can be obtained. This observation is very important because, as we had indicated earlier,
the UEP results in Figs. 3-10 are too optimistic for heavily noisy channels. Furthermore, the
use of a channel code for the protection of the MSB results in added complexity and delay.
These results suggest that to obtain the desired level of robustness, it is preferable to use a
judiciously designed source encoder rather than using a conventional source encoder followed

by a channel code.
V1. Summary and Conclusions

We have studied various design and performance issues related to vector quantization for
noisy channels. First, we have developed a simulated annealing type algorithm for the optimal
assignment of binary codewords to the codevectors of a vector quantizer. The performance
of the vector quantizer with this codeword assignment is compared against other types of
codeword assignment. In particular, random codewords and codeword assignment based on
the splitting algorithm are considered. It is shown that for large dimensions and for heavily
correlated sources, an optimal choice of the codeword assignment could result in substantial
performance improvements. The algorithm based on splitting performs well and almost in all
cases within 1 dB of the optimum performance.

We have also considered the possibility of redesigning the quantizer and the codeword
assignment simultaneously in an effort to obtain the optimum performance for a given noisy
channel. Again, it is shown that for very noisy channels and for high dimensionalities, the
channel-optimized quantizer offers substantial improvements over the vector quantizer de-
signed for the noiseless channel. Finally, the issue of robustness of the channel-optimized
vector quantizer against channel mismatch conditions is investigated. It is concluded that a
high degree of robustness can be obtained through an appropriate choice of the vector quantizer

at the cost of no additional delay and only a modest increase in complexity.
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p=00 p=0.9
k=2 | k=4 | k=6| k=8 | k=2 | k=4 | k=6 | k=8
Run #1 | 2.56 | 3.56 | 4.94 | 6.73 | 4.35 [ 5.42| 586 | 6.00
Run #2 | 2.56 | 3.56 [ 4.81 | 6.70 | 4.35 | 5.34 | 5.48 | 5.97
Run #3 | 2.57 | 3.54 | 5.07 | 6.68 | 4.35| 5.40| 5.44| 5.82
Run #4 | 2.56 | 3.57 | 492 | 6.63 | 4.35| 5.42| 545 | 5.88
Run #5 | 2.56 | 3.52 [ 4.73 | 6.72 | 4.35 | 5.40| 551 6.20
Random | 3.39 | 5.68 | 8.40 | 11.41 § 5.29 | 10.60 | 15.06 | 20.15

Table 1

Channel MSE (normalized to the channel bit error probability) for different vector quantizers
in five different runs of the simulated annealing algorithm and ensemble average of M! codes

(normalized to the channel bit error probability); Gaussian source, 0% = 1.
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