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The theory of topological phases of matter, now a major direction in condensed matter

physics, is framed around two complementary problems. The first is to mathematically classify

topological states of matter given various symmetries, in terms of suitable topological invariants.

The second is to characterize a given state by numerically or experimentally extracting the

topological invariants associated with it. Although remarkable progress has been made for

topological states with internal symmetries, major open questions remain in the case of many-

body systems with crystalline symmetries, especially those with a nonzero Chern number and a

magnetic field.

The first part of this thesis develops a theory of crystalline topological response in (2+1)

dimensions based on the idea of crystalline gauge fields and their effective actions, which we

derive using topological quantum field theory. We use this to obtain a complete classification

of topological states with U(1) charge conservation, discrete magnetic translation, and point



group rotation symmetries, finding several new invariants. We separately consider symmetry-

enriched topological states of bosons, which admit anyonic excitations with fractional statistics,

and invertible fermionic states, which do not.

The second part of this thesis focusses on numerically extracting these invariants from

many-body invertible states. First we study two quantized invariants, the discrete shift, and a

charge polarization which is quantized by rotational symmetries. We show how to extract these

invariants in multiple different ways, which include the fractional charge bound to lattice defects,

as well as the angular and linear momentum of magnetic flux. Thereafter, we obtain a complete

characterization of the theoretically predicted invariants, by studying the expectation value of the

ground state under partial rotation operators.

An immediate application of these ideas is to fully characterize the celebrated Hofstadter

model of spinless free fermions on a square lattice. Although the Chern number and filling were

first computed in this model in 1982, our theory predicts seven nontrivial invariants, including

four new invariants which depend on the crystalline symmetry. We compute these numerically

and obtain several additional colorings of Hofstadter’s butterfly.
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Chapter 1: Introduction

1.1 General overview

One of the main goals of condensed matter physics is to organize and explain phenomena

involving systems composed of large numbers of particles that may be interacting with each

other and with their environment. This is in general a dif�cult task because of the immense

range of the phenomena encountered. Even if we only consider atomic systems at very low

temperatures, there is so much diversity in the observable properties (such as the microscopic

patterns of arrangement, and the response of the system to electric and magnetic �elds, thermal

gradients, or strains, to name just a few) that attempting such an organization is a formidable task.

To make progress, the �eld has developed some basic guiding principles. The �rst is

to studyphasesof matter rather than individual states. A phase of matter is a class of states

characterized byuniversallow-energy properties that remain �xed or vary smoothly as the micro-

scopic parameters of a system change. The parameters at which universal properties change

sharply represent aphase transition. If the universal properties of two states can be connected by

an adiabatic path in parameter space, without going through a phase transition, the states are said

to belong to the same phase of matter.

A second guiding principle is to use the symmetries of the system as a basis for organization.

For our purposes, we de�ne the (microscopic) symmetry as the group determined by the operators
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that commute with the microscopic Hamiltonian. The symmetry is not only an important universal

property in its own right (for example, a symmetry-breaking phase transition is de�ned by the

property that the ground state of the system has different symmetries on either side of the transition),

but also serves to constrain other universal properties, such as the response to various perturbations.

The problem of organizing our knowledge of different states of matter can then be conveniently

framed as the classi�cation and characterization of phases. Toclassifyphases of matter is to

write down a complete list of the relevant universal properties (such as symmetries, response

coef�cients, and other observable quantities), along with the different values that they could take

in a numerical simulation or an experiment. Tocharacterizea particular state of matter is to

measure all the relevant universal properties in that state, using either a numerical or physical

experiment, and thus assign the state to one of the phases in the above classi�cation.

In general, the problem is still extremely dif�cult. It is not at all clear whether a �nite

set of universal properties can give a `complete' classi�cation of phases. Furthermore, it may

be dif�cult to tell two phases apart even if there is some difference in their properties, because

there might not be an obvious phase transition based on available data. A common example

is the relationship between water and steam: even though there appears to be a sharp difference

between their properties at ambient pressures, water can be converted into steam without crossing

a phase transition if the pressure is allowed to vary.

In this thesis, we will focus on a special class of gapped quantum systems modeled at

zero temperature (meaning that the universal properties are controlled by the states at lowest

energy). We will assume that the ground state preserves a certain symmetry, which we �x

at the start. Here the problem simpli�es tremendously. First, the relevant universal properties

correspond to discrete quantized observables that remain almost perfectly constant with respect
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to a wide range of parameters, and only jump between two such quantized values at phase

transitions. Second, one can study such systems using a variety of mathematical tools. These

predict that for a given symmetry group the number of different phases is well-de�ned, and each

can be completely characterized by measuring a �nite number of relevant universal properties.

Therefore, at least theoretically, it is possible to make precise the notion of a `complete' classi�ca-

tion and characterization of such systems. Since many of the mathematical techniques originate

from the branch of topology, the universal properties they describe are referred to as `topological

invariants'.

The main result of this thesis is to develop a complete classi�cation and characterization

of the topological invariants in quantum many-body states with U(1) charge conservation and

crystalline symmetries in two space dimensions (we conventionally write this as (2+1) dimensions

of spacetime). The crystalline symmetries we assume include discrete lattice translations and

discrete point group rotations. The study of crystalline topological invariants has grown immensely

over the last decade, and the tools we use were only developed fully within the last �ve years.

However, these tools yield new insight into many interesting models that are much older. An

example we will focus on is the spinless free fermion Harper-Hofstadter model, which was �rst

proposed in 1955 [1] and whose energy spectrum was plotted by Hofstadter in 1976 [2]. In fact

the �rst known topological invariant in condensed matter physics, namely the Chern number,

was calculated theoretically for this model in 1982 [3]. However, there are several crystalline

topological invariants in this model that were not recognized for many years thereafter. One

of the major applications of the theory presented here is to �nd a complete set of topological

invariants for the phase diagram of the square lattice Hofstadter model (the famous 'Hofstadter

butter�y'), and thus demonstrate that there are many more interesting invariants in this model
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besides the Chern number.

The rest of this Chapter is organized as follows. In Sec. 1.2 we de�ne the topological

phases of matter that we study more precisely. In Sec. 1.3 we review prior work in the �eld and

highlight some important unresolved problems. Then in Sec. 1.4 we discuss the outline of each

of the following Chapters of this thesis, and explain how they address these open questions.

1.2 De�nition of invertible and topologically ordered states

This thesis focuses on gapped (2+1) dimensional topological phases modeled at zero temperature,

in which the ground state preserves the symmetryG of the Hamiltonian. The elementary objects

in the problem may be bosonic or fermionic; we will be explicit about which case we consider

in later Chapters. It will be useful to distinguish two possibilities. In the �rst case, the system

has a unique ground state on any closed spatial manifold, and corresponds to aninvertiblestate

of matter. The term invertible refers to the fact that the ground statej	 i possesses an “inverse”

statej	 � 1i , such thatj	 i 
 j 	 � 1i (which is referred to as a stack ofj	 i and j	 � 1i ) can be

adiabatically connected to a trivial product state.

Important examples of invertible states without any symmetry (other than fermion parity,

which is a symmetry in all fermionic systems) include the Majorana chain in (1+1) dimension

[4], and thep + ip superconductor in (2+1) dimensions [5]. The canonical example of an

invertible state with symmetry is the integer quantum Hall (IQH) state, which is characterized

by a quantized topological invariant, the Chern numberC, that is protected by U(1) charge

conservation symmetry.C is an integer which sets the Hall conductance� H = C e2

h ; this has

been measured experimentally with incredible precision, up to 10 decimal places.1 Other notable

1Indeed, the Hall conductance in the IQH state is now the experimental standard used tode�ne the fundamental
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examples of invertible topological states with symmetry include the quantum spin Hall (QSH)

insulator (and topological insulators more generally) [6], Chern insulators (which are lattice

analogs of the IQH states) as well as symmetry-protected topological states (SPTs) [7,8], which

are invertible states with symmetryG that can be connected to a trivial product state via aG

symmetry-breaking adiabatic path, but not by aG symmetry-preserving path. It is also possible

to formulate topological superconductors as invertible states in a mean-�eld treatment, in which

phase �uctuations are ignored.

The fact that invertible states indeed have a well-de�ned inverse under the stacking operation

means that their classi�cation can be expressed as a group. For example, stacking two U(1)

symmetric invertible states with Chern number 1 gives another U(1) symmetric invertible state

with Chern number 2. Since the Chern number can take any integer value and is additive under

stacking, the classi�cation based on Chern number alone is given by the groupZ. On the

other hand, note that if we stack two copies of the quantum spin Hall insulator, the gapless

edge states which are protected by time-reversal symmetry in a single copy can be gapped out

by local backscattering terms which couple the two copies, and thus the full system can be

adiabatically connected to a product state without breaking symmetry. Therefore two copies of

the QSH insulator belong to the trivial phase, and the classi�cation is captured by aZ2 topologi-

cal invariant. In this sense, the classi�cation of invertible phases with a given symmetry amounts

to �nding and physically interpreting the group that describes the classi�cation under stacking.

The second possibility is that oftopological order[9], in which the system de�ned on a

closed manifold with genusg (that is,g holes) has a ground state degeneracyN g, whereN >

1 is some integer. Such states carry quasiparticle excitations with fractional statistics, known

constante2=h, the unit of resistance (ohm), and even the kilogram.
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as anyons, which can also carry fractional charge and other symmetry quantum numbers. A

topologically ordered phase is said to beAbelianif its anyons all transform as one-dimensional

representations of the braid group, and non-Abelian otherwise. For Abelian topological order,

N equals the number of topologically distinct anyons; this is not true for non-Abelian states.

Canonical examples of topologically ordered states include the fractional quantum Hall (FQH)

states and their lattice analogs, the fractional Chern insulators, as well as quantum spin liquids

[9]. Apart from exhibiting an array of exotic and counterintuitive phenomena, they are also a

tantalizing potential platform for fault-tolerant quantum computation [10].

Note that anyons, along with their fusion and braiding properties, areintrinsic topological

invariants that can be de�ned without invoking any conventional symmetries. On the other hand,

the fractional charges of anyons and the associated fractionally quantized response properties can

only be de�ned in the presence of symmetry; see below for an example. In our work we will

�x the intrinsic topological invariants and then try to classify the possible symmetry-protected

invariants.

Topologically ordered states arenot invertible: it is not possible to stack two topologically

ordered states and adiabatically connect the resulting state to a trivial product state. In particular,

topologically ordered states with symmetry (technically referred to assymmetry-enriched topologi-

cal (SET) states) do not form a group under stacking. Instead, their classi�cation is captured

by two layers of data: the symmetry fractionalization (or equivalently the fractional symmetry

quantum numbers of the anyons), and the fractionally quantized response properties [11].

Let us work with the example of fractional quantum Hall states, and assume only U(1)

charge conservation symmetry. Here, the fractional chargeQa of each anyona is �xed by the
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mutual braiding phase betweena and a special anyonv:

e2�iQ a = M a;v : (1.1)

The anyonv is referred to as the vison, �uxon, or as the `charge vector'. The number of different

mathematically allowed fractional charge assignments is therefore given by the number of choices

of v, which is in turn equal to the number of distinct Abelian anyons. Similar considerations apply

when classifying more general symmetry quantum numbers.

Next, the fractional charge of the anyons �xes the fractional part of the Hall conductance:

e2�i� H = e2�iQ v : (1.2)

This relation determines� H up to an integer. In general, the braiding properties of the anyons

�x the fractional part of the quantized topological response. The integer part of the response can

be thought of as a contribution from an invertible state (in this example, an IQH state). For a

given numerical or experimental model, it is therefore necessary to determinev and� H (or more

generally, the full set of symmetry fractionalization anyons and quantized response properties) in

order to characterize the system fully. To give a particular example, in the 1/3 Laughlin state [12],

v is the quasihole with charge+ e=3, while � H = 1
3

e2

h .

Although the relationship between fractional charge and Hall conductance was long known

in the FQH effect, the general understanding of the classi�cation of SET states in terms of two

layers of data is much more recent and less well appreciated. Furthermore, although general

mathematical theories of invertible as well as SET states are now available, they have not yet
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Figure 1.1: Hofstadter butter�ies for the Chern numberC and the �lling invariant� , plotted using
the analytical results in [3]. The �gure for the Chern number is adapted from Ref. [13]. The total
�lling is � = C�= 2� + � .

been systematically applied to many symmetries of interest (and indeed, doing so is a major goal

of our thesis). Below we brie�y review some major previous developments in the �eld that give

more context for our work, and then highlight some open problems.

1.3 Review of prior work

1.3.1 Theory of invertible states

As mentioned above, the �rst experimentally discovered topological state was the integer

quantum Hall state in 1980 [14], which is invertible. The Hall conductance in IQH states was

understood mathematically as an instance of the Chern number (and was computed analytically

in the Hofstadter model) by the group known as TKNN in 1982 [3] (see Fig. 1.1). A model for

a Chern insulator without a magnetic �eld was suggested by Haldane soon after [15]. Further

examples of invertible states were discovered in the form of the bosonic Haldane chain [16] and

the Kitaev Majorana chain [4], both in 1d, and thep + ip superconductor [5] in 2d. However,
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the search for invertible phases exploded with the discovery of topological insulators in 2005

[6, 17, 18], which made it clear that there exist nontrivial invertible states protected by general

symmetries, and that charge conservation is not unique in this sense. The next several years saw

the development of a range of mathematical techniques to classify invertible states with internal

symmetries, assuming free fermions (usingK -theory, or equivalently topological band theory)

[8, 19, 20], interacting bosons (using group cohomology and cobordism theory) [21, 22] and

interacting fermions (using fermionic generalizations of these methods) [7,11,23–28]. Currently

a complete classi�cation framework is available in each of these cases, but many symmetries

of interest have not been fully explored. We will discuss the important case with crystalline

symmetries separately below.

1.3.2 Theory of topologically ordered and SET states

Interestingly, states with topological order appeared in the literature in the 1970s in the

context of lattice gauge theories [29], much before the concept of topological order existed.

The possibility of fractional statistics in (2+1)D systems was appreciated soon after [30, 31].

However, the �rst experimental system to display topological order was the FQH system (in the

form of a fractional Hall conductance) [32]. The term `topological order' was later proposed [33]

to describe the properties of FQH states and certain quantum spin liquids, which displayed

fractionalized excitations. Important later theoretical advances included schemes to construct

exactly solvable models of topologically ordered states [34, 35], as well as proposals to extract

topological data from ground state wave functions, using the entanglement entropy [36, 37] and

the entanglement Hamiltonian [38–46].
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A theory to classify Abelian topological orders using Abelian (equivalentlyK matrix)

Chern-Simons theory was developed in Ref. [47]. It was applied to partially classify SET phases

in Ref. [48]. The full theory of SET phases covering non-Abelian anyons and various subtleties

pertaining to fermions was only achieved quite recently using the framework ofG-crossed braided

tensor categories (BTCs) [11, 28, 49–51]. Following this, FQH states and gapped quantum spin

liquids have come to be incorporated into the general understanding of SET phases [52, 53].

Currently we have a well-developed theory of SET phases with unitary symmetries, but only a

partial theory for antiunitary symmetries [49,54]

1.3.3 Crystalline symmetries

Given the centrality of crystalline symmetries to our work, we discuss them separately.

Even before crystalline topological phases became an active research area, several topological

invariants of crystalline (or more generally spatial) symmetries were recognised. These include

the �lling per unit cell in many lattice models such as the Hofstadter model [3] (see Fig. 1.1),

and the shift and spin vector in quantum Hall states [55], which are associated to continuous

rotational symmetry in the plane and physically manifest through a quantized Hall viscosity [56–

60]. Lattice translation symmetry furthermore plays an important role in the Lieb-Shultz-Mattis

constraint and its various generalizations [61–65], in which a system is forbidden from having a

trivial product ground state given certain symmetry conditions (such as a fermionic system with

translation symmetry and spin-1/2 per unit cell).

The study of topological phases with crystalline symmetries has grown massively in the

last decade, with the advent of general techniques to classify invertible and SET phases. Progress
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has been especially rapid in the context of free fermions, where the main tool is topological band

theory. The classi�cation of topological crystalline insulators and superconductors [66], as well

as their higher-order versions (in which fractional charges or unpaired Majorana zero modes are

predicted at hinges, corners, and lower-dimensional surfaces of the spatial manifold) [67,68] has

been accomplished to a large degree [69–75]; connections to realistic materials are also being

explored in these works, which have initiated the �eld of topological quantum chemistry.

The classi�cation of bosonic and fermionic SPT phases with interactions and with different

crystalline symmetries has been taken forward using a number of ideal wave function or ideal

Hamiltonian constructions [76–81]. These methods are applicable quite generally as long as the

system does not have gapless chiral edge states. The main idea is to adiabatically connect a given

system to an idealized limit in which charges can be placed exclusively at special high-symmetry

points within the unit cell (this can be in real space or in momentum space, depending on the

problem). In this limit, it is often straightforward to construct ground state wavefunctions and

their associated Hamiltonians, and also to determine the abstract classi�cation of topological

phases.

An alternative approach, which we in fact develop further and use in this thesis, is known as

thecrystalline equivalence principle[82–85]. This principle (which is a conjecture that has many

explicit checks, but no complete proof as yet) states that the classi�cation of topological phases

with spatial symmetryG is identical to that of topological phases with some internal symmetry

Geff, and moreover thatGeff can be determined fromG using a concrete algebraic formula [85].

It allows us to use the powerful techniques available for internal symmetries, but in the context

of spatial symmetries.

The characterization of lattice models and ground state wave functions through topological
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response properties is also an active direction, albeit less well developed. Particular crystalline

invariants that have been studied previously include a discrete analog of the Wen-Zee shift

[86–88], and a charge polarization that can be quantized by point group symmetries [88–94]; most

results on these invariants are however limited to the case with zero Chern number (with notable

exceptions [95]). Substantial progress has also been made to extract many-body crystalline

invariants using partial symmetry operations [40–42,96,97].

1.3.4 Open theoretical questions

Despite the remarkable advances made over the past decade and more, there are a number

of basic theoretical questions that need addressing.

First, there are important classes of systems that have not been fully explored using the

existing classi�cation techniques. Let us focus on systems with charge conservation and crystalline

symmetries. Note that the ideal wavefunction or ideal Hamiltonian constructions mentioned

above cannot be applied in the case where the system has chiral edge states (that is, a nonzero

chiral central charge). Therefore one needs to generalize the available classi�cation tools to

properly include this case. Furthermore, systems with magnetic translation symmetry have a

complicated group structure whose implications for topological invariants have not yet been

systematically studied. A consequence of this is that many results about crystalline topologi-

cal invariants have only been studied in detail whenC = 0 and� = 0, with limited results in the

general case. Crystalline topological invariants have not been systematically studied in classic

models such as the Hofstadter model, which haveC; � 6= 0.

A more general problem is that until recently, technical tools to fully capture the topological
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response in crystalline topological phases were lacking. Note that it is standard to study quantum

Hall systems using effective response theories in terms of background gauge �elds (such as

Chern-Simons �eld theory) [47]. This idea existed even earlier for bosonic systems with internal

symmetries, in the context of Dijkgraaf-Witten theories [98]. However, the concept of gauge

�elds and associated topological actions for crystalline symmetries did not exist until recently.

This represented a major gap because such topological actions are a particularly convenient way

to fully encode topological response properties. Moreover, the standard techniques to study

crystalline topological phases, such as ideal wavefunction constructions and topological band

theory, are very useful for classi�cation but are not best suited to identifying topological responses

and extracting them from lattice models. A number of recent works have sought to address these

problems [53,82,83,85,99–101], and some of them form the core of this thesis.

1.3.5 Experimental progress

We close this section by highlighting recent experimental advances that make the problem

of fully characterizing crystalline topological states even more timely. We focus on ordinary and

fractional Chern insulators, which form the main subject of this thesis.

1.3.5.1 Chern insulators

As a paradigmatic model for a Chern insulator, the Hofstadter model has attracted immense

experimental interest in the last decade. Various states in the Hofstadter model have now been

effectively realized in moiŕe superlattice systems [102–107], ultracold atoms [108–113], and

photonic systems [114–116]. In twisted bilayer graphene, many recent experiments have also
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demonstrated Chern insulators that exist down to zero magnetic �eld [117–120].

Photonic crystals (see Ref. [121] for a review) have also been used to study zero modes and

fractional photon numbers bound to lattice defects such as disclinations and dislocations [122,

123]. These are especially interesting because defect charges directly encode various crystalline

topological invariants.

1.3.5.2 Fractional quantum Hall states

The most precise and well-controlled quantization results on topologically ordered systems

have been obtained in FQH systems. Progress has, however, been incremental: the fractional

Hall conductance was seen in 1982 [32], the fractional charge of anyons was �rst convincingly

measured in the 1/3 Laughlin state in 1997 [124, 125]; and the �rst direct demonstrations of

fractional statistics only appeared in 2020 [126, 127]. A direct experimental signature of non-

Abelian anyons (such as non-Abelian braiding) has not been observed till date.

1.3.5.3 Fractional Chern insulators (FCIs)

In the last decade, much attention has focussed on FCIs (reviewed in Refs. [128–130]),

for several reasons. From a theoretical perspective, they exhibit several phenomena not seen

in continuum quantum Hall systems (including the nontrivial crystalline topological invariants

studied in this thesis). Moreover, they offer the potential of being realized at low or even zero

magnetic �elds, in contrast to FQH states, which require strong magnetic �elds of� 10T.

The �rst reported observation of FCI states was in in a bilayer graphene heterostructure

aligned with a hexagonal boron nitride substrate [131]. This setup however required a strong
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magnetic �eld of 15-30T. FCIs were also reported in magic angle twisted bilayer graphene

(TBG) at lower magnetic �elds of� 5T [132]. Related 2d systems such as twisted transition

metal dichalcogenides (e.g. WSe2; MoTe2) also appear to have Chern bands as well as strong

interactions in their moiŕe lattices [133], and could also potentially host FCIs. Recently, FCI

states were claimed to exist even down to zero �eld in twisted MoTe2 bilayers [134,135].

Although FCIs have not been realized in photonic systems, there has been substantial effort

towards simulating bosonic fractional Chern insulators, in particular the 1/2 Laughlin state, in

photonic lattices [136–139]. In a promising development, Laughlin states have been realized in

a gas of polaritons (bound states of photons with a Rydberg excitation) [140].

1.3.5.4 NISQ processors

In the last �ve or so years, noisy intermadiate-scale quantum (NISQ) devices, built from

superconducting qubits, trapped ions, or cold atoms, have attracted signi�cant interest. Although

they are prone to errors and have �nite-size limitations, these synthetic platforms may be able

to simulate a number of phenomena that are extremely hard to realize in conventional solid-state

systems.

For example, various experimental signatures ofZ2 quantum spin liquids were studied in

quantum simulators built from superconducting qubits [141] and a lattice of Rydberg atoms [142];

the latter experiment also showed signatures of anyonic statistics. Although these platforms could

potentially be used to simulate fractional Chern insulators, this has not yet been demonstrated.

More recent experiments have claimed further progress, such as the observation of a non-

Abelian zero mode in aZ2 spin liquid simulated with a superconducting qubit processor [143].
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Even more excitingly, a recent work has claimed to observe intrinsic non-Abelian topological

order and non-Abelian braiding in a trapped ion quantum simulator [144].

Although the theory of topological phases has run well in advance of experimental capabilities

for several years, the pace of recent progress offers the hope that this gap will eventually close.

Therefore it is imperative that we develop a more complete understanding of the possible phenomena

that could theoretically be simulated on these various platforms.

1.4 Main results and outline of later chapters

1.4.1 Statement of the problem

First we de�ne the symmetries that we study in this thesis. In Chapter 2 we consider

bosonic SET phases with the symmetryG = U(1) � Gspace, whereGspace is an orientation-

preserving wallpaper group in two space dimensions. We writeGspace = Z2 o Z M whereZ2

refers to discrete translation symmetry, andZM for M = 1; 2; 3; 4; 6 refers to discrete point

group symmetry (often written asCM in the physics literature). In particular,M = 2 de�nes a

parallelogram lattice,M = 4 a square lattice, andM = 3; 6 either a triangular or a honeycomb

lattice. In Chapter 2 we assume that elementary translations commute, so� = 0.

In all subsequent chapters we consider invertible fermionic phases with the symmetryGf =

U(1)f � � Gspace. Gspaceis as above. The symbolf in Gf and U(1)f implies that these groups

contain a subgroup of order 2 generated by(� 1)F , the fermion parity.� mod 2� denotes the

magnetic �ux per unit cell, and we assume� = 2�p=q wherep; q are coprime integers. The

symbol� � means that the many-body magnetic translation operators generated by~Tx ; ~Ty do not
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commute; rather, they satisfy

~T � 1
y

~T � 1
x

~Ty
~Tx = ei� N̂ (1.3)

whereN̂ is the number operator.

The main problem can be formulated in two parts. Consider bosonic SET phases with

symmetryG (Chapter 2), or invertible fermionic topological phases with symmetryGf (Chapters

3, 4, 5). Then, we have the

Classi�cation problem: Find the full classi�cation of topological phases with the above symmet-

ries. Note that for SET phases we require the complete data corresponding to the symmetry

fractionalization and the topological response. For invertible fermionic phases we require the

group which gives the classi�cation under stacking, and an interpretation of this group in terms

of topological response properties.

Characterization problem:Given a lattice Hamiltonian or a ground state wave function of an

invertible fermionic state with symmetryGf , develop a numerical scheme to extract all the many-

body topological invariants predicted by the above classi�cation. (One can ask the same question

for SET phases, but we do not consider this in our thesis.)

For concreteness, we state the same problem but in the speci�c context of the Hofstadter

model, which will be our main numerical example:

Classi�cation and characterization problem for Hofstadter model:Consider the spinless free

fermion Hofstadter model with �ux� per unit cell on a square lattice, with Hamiltonian

H = �
X

hij i

e� iA ij cy
i cj + h.c.
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(We can also consider other lattices, but numerically we focus on the square lattice in this

thesis.) For this model, extract a complete set of crystalline topological invariants, and for each

invariant obtain a coloring of Hofstadter's butter�y analogous to the coloring with Chern number.

Furthermore, if two disconnected regions in the Hofstadter butter�y have the same Chern number,

examine if they can be distinguished using one or more crystalline invariants.

We should clarify that although the Hofstadter model is a noninteracting model, we want

to study its many-body topological invariants, that is, the ones that remain well-de�ned even in

the presence of interactions that may destroy the band structure, as long as they do not break

symmetry or close the gap. Therefore our methods all need to be applicable in the presence of

interactions.

Below we will outline the subsequent Chapters of this thesis and explain how these problems

are addressed.

1.4.2 Outline of Chapter 2

In this Chapter we study bosonic SET phases described by an Abelian topological order.

For a concrete example of what we are seeking, note that there is a well-known topological

response theory for Abelian fractional quantum Hall states in terms ofK matrix Chern-Simons

theory coupled to a background U(1) vector potentialA:

L =
1

4�
� ��� aI

� K IJ @� aJ
� +

1
2�

qI � ��� aI
� @� A � +

k1

2�
� ��� a� @� A � : (1.4)

The non-degenerate, symmetric integer matrixK characterizes the intrinsic topological order,

including the Abelian anyons, their fusion and braiding. The charge vectorqI determines the
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fractional U(1) charge of each anyon~a, through the relationQ~a = ~qT K � 1~a mod 1. The

coef�cient k1 represents a bosonic integer quantum Hall state that can be added toL so as to

change the Hall conductance without changing the fractional charge of the anyons.

Upon integrating out the dynamical gauge �eldsaI , this topological action gives an effective

response theory

L resp =
~qT K � 1~q+ 2k1

4�
� ��� A � @� A � : (1.5)

From this one can directly read off the Hall conductance� H = ( ~qT K � 1~q + 2k1) e2

h . The

different choices of~q; k1 determine the full classi�cation of bosonic SET phases, assuming a

�xed topological order with only U(1) symmetry.

Here the only background symmetry gauge �eld is the U(1) gauge �eld A. We wish to

generalize this action to include gauge �elds for the crystalline symmetries. The main result of

Chapter 2 is to develop gauge �elds for the full symmetryG de�ned above, in terms of a triple

B = ( A; ~R; ! ). A is the usual U(1) gauge �eld; �ux of A corresponds to magnetic �ux. The

new ingredients are aZ2 translation gauge �eld~R and a discreteZM rotation gauge �eld! .

Fluxes of~R and! correspond to lattice dislocations and disclinations respectively, which may be

familiar from elasticity theory. These gauge �elds can be de�ned either discretely on a simplicial

manifold, or as differential 1-forms in the continuum.

A major question is how to write down quantized topological terms that couple these gauge

�elds to the dynamical gauge �eldsaI . We show how to do this using the framework of group

cohomology and topological quantum �eld theory (TQFT). The resulting effective action is given

in Eq. (2.30), and the response theory derived from it is given in Eq. (2.44). We �nd that the

symmetry fractionalization is speci�ed by four parametersqI ; sI ;~t I ; mI which generalize the
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charge vector, while the response is �xed by seven additional parameterski ; 1 � i � 7, which

generalize the integer Hall conductancek1 (see Tables 2.1 and 2.2).

We discuss each topological term in detail. Although many quantitative predictions of the

response theory are speci�c to bosonic SET phases, the qualitative predictions are general and

also apply to the invertible fermionic phases we study in later Chapters. In particular, at each

high symmetry point o of the unit cell, we can de�ne two response coef�cientsSo and ~P o. The

theory predicts that they can be measured in (at least) two complementary ways:

Defect charge response: A disclination of angle
 centered at o binds fractional chargeSo

2� , while

a dislocation with Burgers vector~bo binds fractional charge~P o � ~bo.

Dual response (angular and linear momentum of �ux): A statej	 i with m total �ux quanta has

angular momentumlo = Som + : : : mod M , wheree
2�i
M lo is the eigenvalue under the operator

that generatesZM point group rotations, and: : : refers to contributions from other terms in the

action. The same state also haslinear momentum in thei = x; y directionpo;i = P o;i m + : : : ,

wheree2�ip o;i is the phase of the ground state expectation value of the operator that generatesZ2

translations along thei direction.

The existence of two complementary dual responses for the same invariant is a powerful

prediction of TQFT that is dif�cult to arrive at using any alternative method. Note that these

predictions do not account for many subtleties that are only apparent when we consider actual

lattice models. Making these predictions more precise and testing them in concrete lattice models

is the goal of Chapter 4 (although there we consider invertible fermionic states rather than bosonic

SET states).

An interesting application of this theory is to count the number of distinct SET states in

speci�c cases of interest. We �nd, for example, that there are 2304 distinct SET states with the
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intrinsic topological order of the1=2 Laughlin state on the square lattice, once the integer part

of the �lling and Hall conductivity are �xed. Thus, at least for simple topological orders, the

classi�cation problem can be solved exactly with our approach.

1.4.3 Outline of Chapter 3

One speci�c motivation for the theory developed in Chapter 2 was to fully understand

the topological response properties of fractional Chern insulators. However, it is much more

practical numerically and experimentally to �rst study the same response properties in ordinary

Chern insulators, which are invertible states with U(1) charge conservation and lattice symmet-

ries, together with a nonzero Chern number.

We therefore consider invertible fermionic states with symmetryGf = U(1)f � � [Z2 o

ZM ], which was de�ned above and consists of U(1)f charge conservation, discreteZ2 magnetic

translations, andZM point group rotations. Although we set� = 0 in Chapter 2, many standard

models of Chern insulators, such as the Hofstadter model, have� 6= 0. Thus, we need to

generalize the computations in Chapter 2 in two ways, by including invertible fermionic states,

and also by allowing a rational �ux� = 2� p
q per unit cell.

It is mathematically most convenient to �rst develop a general classi�cation framework for

invertible fermionic states, and then specialize to the above symmetry. Note that free fermion

invertible states have been classi�ed in detail using the mathematical formalism of K-theory,

which classi�es all inequivalent topological band structures that can exist for a given symmetry

group [19, 20, 69, 70]. However, we require a theory which is also valid for interacting systems,

in which free fermion classi�cations are known to break down [145–147]; moreover, certain
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invertible states can only be realized in the presence of interactions, and cannot be classi�ed by

free fermion methods [27,80,85,148].

Invertible fermionic phases with interactions were �rst classi�ed using cobordism theory

[24]. Although very powerful, this formalism is mathematically very abstract and computationally

challenging; moreover, it is dif�cult to relate cobordism data to observable physical properties.

Therefore we use a different mathematical framework developed in Ref. [27] (see also [28,149]),

based on group cohomology andG-crossed braided tensor category theory. This framework

very naturally relates the desired topological action to certain group cohomology data that can in

principle be computed for any given symmetry by solving a set of algebraic equations. This gives

a more physically transparent and computationally simpler classi�cation method than cobordism

theory.

This framework strictly applies to internal symmetries, and so we need a systematic argument

to extend it to spatial symmetries. In Chapter 2 we argue that the classi�cation of bosonic

topological phases with spatial symmetryG is identical to that of bosonic topological phases

with internal symmetryG, as long asG is orientation preserving. This is a special case of the

crystalline equivalence principle(CEP) [82–85]. For fermionic states with symmetryGf , it is

possible to formulate a fermionic crystalline equivalence principle (fCEP), which is much more

subtle. According to the fCEP, the classi�cation of fermionic topological phases with spatial

symmetryGf is in one-to-one correspondence with that of topological phases with internal

symmetryGeff
f ; but in generalGf 6= Geff

f , even if Gf is orientation preserving. An important

achievement of Ref. [85] was to provide a computationally useful algebraic formula of the fCEP

relatingGf to Geff
f , which is also valid for re�ection and antiunitary symmetries, and which we

reproduce here.

22



This Chapter therefore synthesizes three new ingredients: the crystalline gauge �elds used

in Chapter 2 with� 6= 0, the theory of invertible fermionic phases developed in Ref. [27], and an

algebraic formulation of the fCEP [85]. Starting with the desired spatial symmetryGf , we use

the fCEP to �ndGeff
f , and then derive a crystalline gauge theory for invertible fermionic states

with the symmetryGeff
f .

The main result of this Chapter is to provide an explicit solution to the classi�cation

problem. For invertible fermionic states withGf = U(1)f � � [Z2 o Z 4] (that is, on a square

lattice), the classi�cation is given by the group

Z3 � Z8 � Z2
4 � Z2:

Similar classi�cations are obtained forM = 1; 2; 3 and 6 (see Table 3.1). This classi�cation is

contained in a topological effective action that we derive, see Eqs. (3.20) and (3.23).

The three integer invariants are �xed by the chiral central chargec� , the Chern numberC,

and the �lling � . The remaining four invariants are described by various quantized coef�cients in

the effective action, for which we obtain several concrete predictions (see Sec. 3.3.3.3). Extracting

these invariants from lattice models forms the focus of Chapters 4 and 5. Interestingly, the overall

group structure of the classi�cation does not depend on the value of� , but response coef�cients

such as the �lling� acquire a� -dependence.

1.4.4 Outline of Chapter 4

The success of TQFT in predicting a classi�cation and a response theory for crystalline

topological phases, as outlined in Chapters 2, 3, raises some new problems. Given a set of
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topological invariants predicted by �eld theory, how do we match the �eld theory to numerics and

robustly extract the predicted invariants from lattice models? In this Chapter, we present detailed

numerical studies of two invariants, the `discrete shift'So and a quantized charge polarization

~P o, and verify the predictions regarding them. We compute these invariants in the Hofstadter

model, and obtain several new colorings of Hofstadter's butter�y (see Fig. 4.1). It is easy to

verify that regions with the same Chern number can have different values ofSo and ~P o; therefore

these quantities represent new invariants that extend the phase diagram of the model.

1.4.4.1 Discrete shiftSo

The discrete shiftSo is a lattice analog of the Wen-Zee shift [55] in clean isotropic continuum

quantum Hall systems, which characterizes the response to geometric curvature [56–60, 150–

154]. So is an invariant that depends on a discreteZM rotational symmetry and U(1)f charge

conservation; it is de�ned with respect to a high symmetry point o of the unit cell which is

symmetric underM o-fold rotations. For invertible fermionic topological states, we �nd that2So

is an integer de�ned mod2M o. We show that for �xed Chern numberC, So can in principle

take one ofM o distinct values. Thus, in the square lattice unit cell (see Fig. 4.2), there are three

invariantsS� ; S� ; S
 , which can take 4,4 and 2 values respectively for �xedC. For each o, we

�nd that So mod 1 = C
2 mod 1. These results agree exactly with the predictions derived in

Chapter 3.

We moreover explicitly verify the prediction in Chapter 2 thatSo can be found in two ways,

in terms of a quantized contribution to the fractional charge bound to lattice disclinations (see

Eq. (4.35)) and, dually, the fractional angular momentum bound to magnetic �ux (see Eq. (4.40)).
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Remarkably,So re�nes the known phase diagram of the Hofstadter model, leading to a

new set of square lattice Hofstadter butter�ies (Fig. 4.1), which we numerically compute. We

theoretically justify several properties ofSo that are evident from Fig. 4.1, and also propose

empirical formulas forSo (Eq. (4.41), (4.42)).

1.4.4.2 Quantized charge polarization~P o

The calculations in Chapter 3 predict the existence of a quantized many-body polarization

in the presence of2, 3, 4 or 6-fold rotational symmetry. For invertible topological phases, the

polarization acquires aZ2 � Z2, Z3, Z2, or Z1 classi�cation, respectively. The TQFT not only

predicts the presence of the invariant, but also its bulk physical manifestation. As explained in

Chapter 2, this is in terms of a fractional quantized contribution of the charge bound to lattice

defects (Eq. (4.44)) and a dual response, the momentum of the ground state in the presence of

additionally inserted magnetic �ux (Eq. (4.21)).

We show how~P o can be extracted from bulk response properties of microscopic models in

four different ways. In addition to the above two methods, we extract~P o from the 1d polarization

along thêi direction by treating the system as an effectively 1d system alongî and using Resta's

formula (see Eq. (4.73)). Finally, assuming we know the �lling� , we can measure~P o by taking

suitable linear combinations ofSo for different o (see Table 4.1).

As an application, we extract the quantized charge polarization for the Hofstadter model,

providing yet another way to color Hofstadter's butter�y (see Fig. 4.1). We also �nd empirical

formulas for ~P o on the square lattice: see Eqs. (4.52), (4.53).

25



1.4.4.3 Signi�cance of our de�nition of~P o whenC 6= 0

Remarkably, the TQFT prediction of a quantized charge polarization applies also in the

presence of a non-zero Chern number and a non-trivial magnetic �eld. In contrast, the modern

theory of polarization in insulators is based on the Berry-Zak phase of single-particle wave

functions in momentum space [95,155–157]. This Berry phase theory of polarization assumes the

phase of the single-particle states is globally well-de�ned throughout the Brillouin zone, which

applies only in the case of zero Chern number. For the case of non-zero Chern number, while

there has been work showing how one may de�ne a notion of polarization in the single-particle

context by �xing an origin in the Brillouin zone [95], its quantization from crystalline symmet-

ries, the effects of non-zero magnetic �eld, and its implication for bulk response properties have

not been studied. In fact the TQFT prediction appears to be in tension with several statements

made previously in the literature about whether the polarization is well-de�ned in the presence

of a non-zero Chern number [89,94].

In many-body systems with interactions, the single-particle Berry phase formulation breaks

down. It can be replaced with a Berry phase theory based on twisted boundary conditions or with

an expectation of Resta's exponentiated polarization operator [158]. However these apply only

to the effective 1d polarization, meaning the system is viewed as an effective one-dimensional

system; such a 1d polarization is no longer an intensive quantity in a higher dimensional system.

The implication of this Chapter is that one can indeed de�ne a quantized charge polarization

in an intrinsically many-body fashion and in the presence of both non-zero Chern number and

non-zero magnetic �eld. This is not an effective 1d polarization obtained by viewing the system

as a 1d system – rather, this is an intrinsic bulk 2d polarization, which has non-trivial bulk
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responses mentioned above.

1.4.5 Outline of Chapter 5

Although Chapter 4 makes signi�cant progress towards characterizing crystalline topologi-

cal invariants for the symmetries we assume, it only studies four invariants in the response theory

(C; �; So; ~P o) out of a total of seven; moreover, one can show that computingSo; ~P o for each o

is insuf�cient to obtain a full characterization of topological invariants. In Chapter 5, we use a

different method, based on partial rotations, to obtain a complete characterization for systems on

a square lattice.

Our main result is to numerically extract a set of many-body invariantsf � �
o g associated to

the crystalline symmetries by computing expectation values of partial rotation operators centered

at high symmetry points o of the unit cell (see Eq. (5.1)). For example, if o is preserved by

rotations of orderM o whereM o is even, then for a �xed Chern number,� +
o and� �

o can take

M o=2 and2M o different values respectively, for each o.

Recall that the expected theoretical classi�cation for the symmetryGf on the square lattice

is given by the groupZ3 � Z8 � Z2 � Z2
4. We �nd that the invariantsf � �

o g, together with the

Chern numberC, the chiral central chargec� and the �lling � , give acompletecharacterization of

these invariants. In particular, the discrete shiftSo and quantized charge polarization~P o studied

in Chapter 4 can be obtained fromf � �
o ; C; c� ; � g.

Our numerical results are in remarkable agreement with analytical calculations from conformal

�eld theory and TQFT. Speci�cally, the invariantsf � �
o g encode theG-crossed modularS; T

matrices of symmetry defects [11,53]. Furthermore, our methods to extractf � �
o g require only a
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single bulk ground state on a disk, without needing to insert additional defects, adding to a line

of work that extracts topological invariants from single bulk ground states [36, 37, 42–46, 159].

With this result, we arrive at a solution to the main problems posed in this thesis.

1.4.6 Outline of Chapter 6

Finally, in Chapter 6, we conclude and discuss some interesting future directions.
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Chapter 2: Crystalline gauge theory and quantized discrete geometric response

for Abelian topological phases with lattice symmetry

The material in this Chapter is based on the paperCrystalline gauge �elds and quantized

discrete geometric response for abelian topological phases with lattice symmetryby Naren Manjunath

and Maissam Barkeshli, Phys. Rev. Research3, 013040, Jan 2021.

Notational remarks:

The crystalline gauge �elds~R; ! which we de�ne in this Chapter all implicitly have a

dependence on some origin o within the lattice unit cell. Therefore all the coef�cients in the

effective action, Eq. (2.30), and the response theory, Eq. (2.44), may also depend on the choice

of o. We will suppress this dependence here, but make it explicit in Chapers 3, 4, 5. In later

Chapters we also use� superscripts for the coef�cients in the response theory; see Chapter 3

for details. Since the superscripts are only necessary in fermionic systems, we will not use them

here.

Here we use� c to denote the U(1) charge per unit cell and~P c to denote the charge

polarization. In later chapters we instead use� and ~P respectively.
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2.1 Introduction

One of the most striking discoveries in physics is the quantized Hall conductivity of integer

and fractional quantum Hall (FQH) systems [160, 161]. The quantized Hall conductivity [?],

which requires U(1) charge conservation to de�ne, is however only one of many symmetry-

protected topological invariants of FQH systems. In the continuum, clean isotropic quantum Hall

systems possess additional symmetry-protected invariants, such as a quantized Hall viscosity

[56–58,151,162,163], the shift, and fractional orbital spin of quasiparticles [55]. These invariants

de�ne quantized responses to deformations of the spatial geometry [55,150–152,164].

The problem of interacting particles in the continuum is in many cases an approximation

to interacting particles on a lattice. This approximation is typically only valid in a dilute limit

where the lattice effects can be ignored. However topologically ordered phases can also occur

when lattice effects are strong, such as in fractional Chern insulators or quantum spin liquids [128,

165]. The crystalline symmetry can in principle allow for new topological invariants that are not

possible in continuum systems, while also modifying the known invariants of continuum systems.

It is therefore important to understand the possible topological invariants that are protected by the

crystalline symmetry of the lattice, together with the on-site symmetry.

In this paper we develop such an understanding in the case of (2+1)D Abelian bosonic

topological phases with symmetry groupG = U(1) � Gspace, whereGspace = Z2 o Z M , for

M = 1; 2; 3; 4; 6, is a discrete orientation-preserving space group symmetry of a lattice. To do

this, we develop a theory of discrete “crystalline gauge �elds” coupled to the emergent dynamical

U(1) gauge �elds that describe the topological order. The crystalline gauge �elds include gauge

�elds associated with the discrete translation and rotation symmetries, which keep track of certain
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Characterizing symmetry fractionalization SPT terms: integer contributions to response theory

Parameter ~q ~s ~t ~m k1 k2 k3
~k4

~k5 k6 k7

Allowed values ZD ZD ZD � ZD ZD Z Z Z Z2 Z2 Z Z

Trivial values K ~� K ~� 1 + M ~� 2
� K ~� 1

K ~� 2

�
+ (1 � U( 2�

M ))
� ~� 1

~� 2

�
K ~� 0 M Z M Z (1 � U( 2�

M ))Z2 (1 � U( 2�
M ))Z2 0 M Z

Classi�cation A A=MA K M 
 A A Z ZM ZM K M K M Z ZM

Table 2.1: Summary of the parameters de�ning topologically non-trivial terms in the effective
action (Eq. 2.30) forG = U(1) � Gspace, and their classi�cation.~q;~s;~t; ~m characterize symmetry
fractionalization, whileki parameterize additional SPT (Dijkgraaf-Witten) terms in effective
action. The topological order is characterized by aD � D K matrix, and the vectors~� i ; ~� i

are arbitraryD � 1 integer vectors.A is the Abelian group arising from fusion of the anyons.
K M = Z1; Z2

2; Z3; Z2; Z1, for M = 1; 2; 3; 4; 6 respectively. Relabelling the dynamical gauge
�elds can give redundancies among different choices of the above parameters.

geometric properties of the lattice, such as the presence of dislocations and disclinations, and

areas and lengths of closed cycles in lattice units. As such, they form a discrete analog of the

coframe �eld and spin connection used in continuum geometry. While crystalline gauge �elds

have been discussed before in the theory of elasticity [166], previous treatments in elasticity

theory have not fully taken into account the non-Abelian nature of the space groups involved. We

note that recently crystalline gauge �elds have also been used in the study of quantum phases of

matter, see e.g. Ref. [82, 167], although effective actions involving both translation and rotation

gauge �elds have not to our knowledge been discussed previously.

Recently a powerful algebraic theory using G-crossed braided tensor categories has been

developed to comprehensively characterize and classify (2+1)D topologically ordered phases of

matter with symmetry [11]. In the case of Abelian topological orders with symmetries whose

action does not permute distinct quasiparticle types, an alternate approach using topological

effective actions, which we develop here, is signi�cantly simpler and yields insight into the

physical response.

Our results may be of particular relevance in a number of physical systems. These include

the experimentally realized fractional Chern insulators in van der Waals heterostructures [132,
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Fractional symmetry quantum numbers

Generalized charge vectorAssociated quantum number

qI
2� aI [ dA Q~l = ~lT K � 1~q, fractional charge of~l
sI
2� aI [ d! L~l = ~lT K � 1~s, fractional angular momentum of~l
~t I
2� aI [ d~

��R ~P~l = (1 � UT ( 2�
M )) � 1(~lT K � 1~tx ;~lT K � 1~ty)T , fractional linear momentum

of ~l
m I
2� aI [ AXY �~l = ~lK � 1 ~m, fractionalization of translation algebra:Tx;~lTy;~l =

Ty;~lTx;~le
i� ~l

Quantized fractional response terms

Response theory term Associated response property
� H
2 A [ dA � H = Hall conductivity
S
2� A [ d! De�nes discrete analog of shift. Charge of2�=M disclination isS=M,

angular momentum of� �ux given by S�= 2� .
`s
4� ! [ d! Angular momentum of elementary disclination equals`s=M (up to

framing anomaly)
~P c
2� � A [ d~R Fractional quantized charge polarization: (i) Charge of dislocation with

Burgers vector~bequals~P c � ~b; (ii) Charge per unit length on a boundary
alongê equals ~P c � ê; (iii) A U (1) �ux of � has linear momentum equal
to ~P c�= 2�

~P s
2� � ! [ d~R Fractional quantized angular momentum polarization: Angular

momentum of dislocation with Burgers vector~bequals~P s � ~b
� ij

4� Ri [ dRj Fractional quantized torsional response: Momentum of dislocation with
Burgers vector~bis ~Pdisloc;~b = � ~b

� c
2� A [ AXY � c = charge per unit cell (�lling)
� s
2� ! [ AXY � s = angular momentum per unit cell
~� p

2� � ~R [ AXY ~� p = ~P~m linear momentum per unit cell

Table 2.2: Summary of the quantized topological terms that arise in the effective action for
a topological order coupled to a background crystalline gauge �eldB = ( A; ~R; ! ) for the
symmetryG = U(1) � Gspace. A; ~R and! refer to the U(1), translation (Z2) and point group
rotation (ZM ) components of the gauge �eld, whileAXY denotes the area element and can be
written in terms of( ~R; ! ). d��R is de�ned in Eq. 2.14. Symmetry quantum numbers are associated
to the coupling terms betweenB and the Abelian topological order, speci�ed by aK matrix
of internal gauge �elds. U( 2�

M ) is the elementary point group rotation matrix. The response
coef�cients are obtained by integrating out the internal gauge �elds. The classi�cation of the
parameters in the effective action is summarized in Table 2.1.
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168] and synthetic quantum Hall systems in photonics [115, 123] or ultracold atoms [138, 169].

These platforms may in particular be able to directly measure the (fractionally) quantized charges

bound to lattice dislocations and disclinations. Our results are also of relevance for the study of

quantum Hall systems with crystalline symmetries on orbifolds [150, 170, 171], polygons, and

two-dimensional surfaces of polyhedra.

Our results are summarized in Tables 2.1 and 2.2. We �nd that in general symmetry

fractionalization forG = U(1) � Gspaceis determined by four invariants, which are speci�ed by

a charge vector~q, a discrete spin vector~s, a discrete torsion vector(~tx ;~ty), and an area vector~m.

The discrete spin vector~s is a discrete version of the well-known spin vector used in continuum

FQH states [55], which speci�es a fractional orbital angular momentum for the anyons [170].

The discrete torsion vector~t has no analog in the continuum and can only be non-trivial for

M = 2; 3; 4-fold lattice rotational symmetry; it speci�es a fractional linear momentum for the

anyons that does not appear to have been discussed in previous studies of topological phases

of matter. Finally the area vector~m, which also has no analog in the continuum, speci�es the

anyon per unit cell [172] and determines how the anyons effectively fractionalize the translation

algebra [172–177]. The discrete spin and torsion vectors~s and~t furthermore can only be non-

trivial when there is some appropriate commensuration betweenM , the order of the point group

symmetry, and the group structure of the fusion rules of the anyons.

The quantized response theory, obtained by integrating out the dynamical U(1) gauge

�elds, provides the response of the system to background gauge �elds describing background

electromagnetic �elds and geometrical defects of the lattice (see Eq. 2.44). We �nd, for example,

1. A discrete analog of the shift of FQH states. This binds a quantized fractional charge

33



(modulo the charge of the anyons) to disclinations and angular momentum to magnetic

�ux.

2. Fractional quantized angular momentum for disclinations.

3. Fractional quantized charge polarization forM = 2; 3; 4-fold rotational symmetry. This

implies a fractional charge bound to lattice dislocations (modulo the charge of the anyons),

fractional charge per unit length along boundaries (modulo the charge of the anyons), and

associates a quantized momentum to U(1) �ux.

4. An angular momentum analog of the fractional charge polarization, which associates a

fractional angular momentum to dislocations (modulo the angular momentum of the anyons).

5. Fractional quantized charge� c, angular momentum� s, and linear momentum~� p per unit

cell. The charge �lling� c gives a generalized Lieb-Schulz-Mattis constraint that imposes

constraints on the topological order,~m, and~qgiven the charge per unit cell [172].

6. Fractional quantized torsional response which associates momentum to dislocations. In

particular, this addresses a long-standing issue raised by Ref. [178,179], where the coupling

to continuum geometry gave an unquantized torsional Hall response; our work predicts that

properly taking into account the discrete crystalline space group symmetry gives rise to a

fractional quantized torsional response, but only forM = 2; 3; 4.

Our effective �eld theory allows us to explicitly classify all distinct symmetry-enriched

topological phases for a given Abelian topological order (for the case where symmetries do not

permute the anyons). We �nd, for example, that there are 2304 distinct symmetry-enriched
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topological states with the intrinsic topological order of the1=2 Laughlin state on the square

lattice, once the integer part of the �lling and Hall conductivity are �xed.

The outline of this Chapter is as follows. In Section 2.2 we de�ne the background crystalline

gauge �eld forG = U(1) � Gspaceon a manifoldM with a triangulation, and in Section 2.3 we

study their gauge transformations and the symmetry �uxes associated to them. The effective

action for SET phases withG symmetry is discussed in Section 2.4 by coupling the crystalline

gauge �eld and background U(1) gauge �eld to the dynamical gauge �elds that specify the

intrinsic topological order. In this Section we also study the effective response theory obtained by

integrating out the internal gauge �elds. Speci�c examples involving the 1/2 Laughlin topologi-

cal order and theZ2 gauge theory are discussed in Section 2.5. In Section 2.6, we compare our

formulation of crystalline gauge theory on a discrete triangulation to the more standard continuum

�eld theory approach and compare the crystalline gauge �elds to the coframe �elds and spin

connection used in continuum geometry. We conclude with a discussion in Section 2.7.

The main purpose of this chapter is to give a physical interpretation of the response coef�cients

in the topological action. We therefore do not show how to compute the full classi�cation of SET

phases in the main text. However, in Appendix A.2, we give several examples showing the full

classi�cation, and also discuss how it is reduced when we account for relabellings of the gauge

�elds.

2.2 Crystalline gauge �elds

At a formal mathematical level, our theory of crystalline gauge �elds is equivalent to

treating the discrete space group symmetryGspace as an internal symmetry of the topological

35



effective �eld theory. The main difference with usual internal symmetries, which arise from

on-site symmetries of a microscopic lattice model, is the physical interpretation of the crystalline

gauge �elds, which in turn requires certain gauge-invariant quantities to be determined by geometric

properties of the underlying lattice, as we describe below.

Ultimately, the topological �eld theory that we develop in terms of the quantum Chern-

Simons theory possesses an implicit dependence on a space-time metric, which is the framing

anomaly associated with the chiral central chargec� [152, 180]. To be physically meaningful,

this space-time metric must be determined by the crystalline gauge �elds (see Section 2.4.2.7).

Further discussion regarding the relation between the space group symmetry in bosonic lattice

systems and internal symmetries of the topological effective �eld theory is presented in Sec. 2.7.

A more complete discussion which applies to fermionic systems and to more general symmetries

can be found in Chapter 3.

We consider a(2+1) D space-time manifoldM = � 2 � R, where� 2 is the space on which

the clean lattice system is de�ned. We �x an arbitrary triangulation ofM and we de�ne on the

links a gauge �eld valued in the symmetry groupG = U(1) � Gspace. Gspace= Z2 o Z M contains

translation symmetry and a discreteM -fold rotation symmetry forM = 1; 2; 3; 4; 6. Physical

results will be independent of triangulation. We de�ne a U(1) gauge �eldA ij on the linkij of

the triangulation, with the link directed towardsj (with A ij = � A ji andA ij � A ij + 2� ). Next,

we de�ne the crystalline gauge �eld

B ij = ( ~Rij ; ! ij ): (2.1)
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Here,

~RT
ij = ( X ij ; Yij ) = (( Rij )x ; (Rij )y) 2 2� Z2 (2.2)

is an integer gauge �eld corresponding toZ2 translations. The �eld! corresponds to point group

rotations, where we take! ij 2 2�
M Z; with ! ij � ! ij + 2� . Group multiplication is given by

( ~R1; ! 1)( ~R2; ! 2) = ( ~R1 + U(! 1) ~R2; ! 1 + ! 2), where we use addition in place of multiplication

when the group is abelian.U(! 1) is the2� 2 rotation matrix corresponding to! 1. Formally 1
2� B

is a lift of an element ofGspaceto Z2 o 1
M Z, while A is a lift from U(1) to R.

The gauge freedom in~R corresponds to the freedom to relabel lattice coordinates. It

arises from the well-known ambiguity in elasticity theory that the displacement vector is only

meaningful up to an integer lattice vector [166]. The gauge freedom in! corresponds to the

freedom in locally orienting thex andy axes at every point in space and time. For example, if

for M = 4 we have! ij = �= 2 on some linkij , this means the local coordinate axes ati andj

will be rotated relative to each other by an angle�= 2.

Under a gauge transformation which places the gauge variable(~ri ; hi ) at the vertexi , we

have:

B ij ! (~ri ; hi )� 1B ij (~rj ; hj )

= ( U(� hi )( ~Rij + U(! ij )~rj � ~ri ); � hi + ! ij + hj ): (2.3)

The underlying lattice of the physical system speci�es the gauge invariant quantities of the

crystalline gauge �eld. Flux of! corresponds to disclinations:
H


 ! gives the total angle of
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disclinations within the cycle
 . If ! vanishes everywhere, then
H



~R gives the total Burgers

vector of dislocations contained in
 . If space is a torus and! vanishes everywhere, then
H

x X ,

H
y Y give the lengths of the torus in thex andy directions, while

H
y X gives the shear in thex

direction upon traversing they cycle, and similarly for
H

x Y.

When! is non-zero, one needs to take into account the local change of coordinate frame

along
 . Let o be the origin of
 and de�ne a path012: : : n, with o = 0. Consider the product

B01B12 : : : Bn� 1;n , whereB ij 2 Gspace. The translation component of this product is given by

Z
~R (0) :=

n� 1X

k=0

U(! 01 + ! 12 + � � � + ! k� 1;k )Rk;k +1 (2.4)

Motivated by this, we de�ne a Burgers vector
H



~R (0) , where

~R (0)
k;k +1 = U(! 01 + ! 12 + � � � + ! k� 1;k ) ~Rk;k +1 (2.5)

for some arbitrary choice of origin0 and path from0 to k. The extra! factors play a role

analogous to the covariant derivative allowing parallel transport of~R on the lattice. Under a

gauge transformation,

I




~R (0) ! U(� h0)
I




~R (0) ; (2.6)

corresponding to the fact that the Burgers vector rotates under rotation of the local coordinate

system at the origin0. The value of this Burgers vector is invariant under the~r-dependent part of

the gauge transformation (i.e. the translation gauge transformations), but is only well-de�ned up

to an overall rotation. In general the value of this integral around a closed loop
 de�nes the total
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Burgers vector for any dislocations located inside
 . In the special case of a closed loop in a �at

con�guration,
H



~R (0) = 0. To compare Burgers vectors in different regions, it is important that

a common origin0 is chosen.

( ~R; ! ) thus play a role similar to the coframe �eld and spin connection used in continuum

geometry (see Section 2.6.2 for further discussion); it is useful to distinguish them because( ~R; ! )

have discrete gauge transformations, which play a crucial role in the classi�cation of topological

terms. Note that we do not consider the continuous elastic response of the crystal due to stresses

and strains, which does not receive any topological, quantized contributions [181,182].

2.3 Symmetry �uxes

In order to construct the effective topological �eld theory, we need to understand how to

construct symmetry �uxes that can be used in the effective action. While symmetry �uxes forA

and! are relatively straightforward, the symmetry �uxes for the translation gauge �eld are more

complicated, particularly in the presence of the rotation gauge �eld! . Mathematically, when the

gauge �elds are �at the symmetry �uxes correspond to representative2-cocycles associated with

the second group cohomologyH 2(G; Z).

The U(1) gauge �ux

dA[012] = A01 + A12 � A02 (2.7)

de�ned on a 2-simplex [012] of the triangulation is gauge-invariant, withdA � dA + 2� . Note

that mathematicallyd corresponds to the coboundary operation on the triangulation.

! behaves mathematically like a discrete version ofA; the �ux
R

D d! for any regionD is
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gauge-invariant and gives the total angle of disclinations withinD. Below we will discuss the

�uxes associated to translation symmetry, which are less familiar.

2.3.1 The �uxd��R and its relation to dislocation density

Naively one may think thatd~R (0) should be the gauge-invariant physical quantity corresponding

to the dislocation density. Howeverd~R (0) depends on a choice of origin together with a choice

of local coordinate frame at that origin. Therefored~R (0) is both non-local in general and also not

gauge invariant. Moreover, in the presence of a disclination, the value of~R (0)
ij depends on the

precise path chosen between the origin andi , and is therefore ambiguous up to a rotation by the

disclination angle.

The solution is to instead use the~R �elds themselves, which are local. But there is

considerable ambiguity in~R under gauge transformations. In particular, we now show that gauge

transformations preserve the value ofd~R only up to terms of the form(1 � U
�

2�
M

�
)d~� where

1
2�

~� 2 Z2.

We argue as follows. From the de�nition of~R (0) we have

~Rij = ~R (0)
ij + (1 � U(! 0! i )) ~Rij : (2.8)

Here we have de�ned! 0! i =
R


 ! for some given path
 from the origin 0 to the pointi . The

last term is of the form(1 � U
�

2�k
M

�
) ~Rij , for some integerk. Let ! 0! i = 2�k 0;i

M . Using the fact
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that1 � Uk = (1 � U)(1 + U + � � � + Uk� 1), we conclude that

~Rij = ~R (0)
ij + (1 � U (2�=M ))(1 + U (2�=M ) + � � � + U(k0;i � 1) (2�=M )) ~Rij (2.9)

:= ~R (0)
ij + (1 � U (2�=M ))~� ij (2.10)

The last line de�nes the vector �eld~� in terms of~R, with 1
2�

~� 2 Z2.

A general gauge transformation sends~Rij ! U(� hi )( ~Rij + U(! ij )~rj � ~ri ). But the

above relation will still hold with~� replaced by some~� 0 where 1
2�

~� 0 2 Z2. Now under gauge

transformations, assume that the coordinate axes at the origin are rotated by the angle2�m=M .

Thend~R transforms as

d~R = d~R (0) + (1 � U (2�=M ))d~� (2.11)

! U(2�m=M )d~R (0) + (1 � U(2�=M ))d~� 0 (2.12)

= d~R (0) + (1 � U(2�=M ))( d~� + d~� 0) (2.13)

where~� = (1 + U(2�=M ) + � � � + Um� 1(2�=M )) ~R (0) , and also satis�es1
2�

~� 2 Z2.

Therefore gauge transformations preserve the value ofd~R only up to terms of the form

(1 � U
�

2�
M

�
)d~� .

To summarize, the correct de�nition of a Burgers vector, given in terms of~R (0) , is nonlocal

due to the choice of origin0, and so we are forced to use the �eld~R instead in the effective

action.d~R is not gauge-invariant: it is determined only up to terms of the form(1 � U
�

2�
M

�
)d~� .

However,d~R andd ~R (0) are gauge-equivalent up to such terms. Therefore the fractional part of
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M (1 � U
�

2�
M

�
)� 1(a; b)T Gauge invariants mod 1 K M

2 1
2(a; b)T 1

2 f (0; 0); (1; 0); (0; 1); (1; 1)g Z2
2

3 1
3(2a + b; b� a)T f (0; 0); (1=3; 1=3); (2=3; 2=3)g Z3

4 1
2(a + b; b� a)T f (0; 0); (1=2; 1=2)g Z2

6 (a � b; a)T (0; 0) Z1

Table 2.3: Gauge invariant, locally well-de�ned part of the Burgers vectors for different rotation
point groups, with1

2�

H ~R (0) = ( a; b)T 2 Z2. We use a lattice basis whereU(2�=M ) takesx̂ ! ŷ
for M 6= 2 (see Appendix A.1).

(1 � U
�

2�
M

�
)� 1d~R is (i) local, (ii) gauge-invariant, and (iii) equal to the physically meaningful

quantity 1
2� (1 � U

�
2�
M

�
)� 1d~R (0) mod1.1 This motivates us to de�ne the local quantity

d~
��R =

�
1 � U

�
2�
M

�� � 1

d~R; (2.14)

which captures the local, gauge-invariant part of a Burgers vector.

The possible holonomies thus fall into different classes based on the distinct values taken

by

1
2�

I

@D

~
��R mod1: (2.15)

Eq. 2.15 de�nes a �nite group grading on Burgers vectors, where we denote the �nite group as

K M , and which is formally de�ned as

K M = Z2=(1 � U(2�=M )Z2: (2.16)

To understand this physically, note that to each regionD we can assign a local Burgers vector

1Note that this quantity is invariant if the origin changes by a lattice vector, but isnot invariant if the origin
changes by a fraction of a lattice vector. See Chapter 4 for a detailed discussion.
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with the choice of origin0 2 D. Without picking a common origin, the Burgers vector for a

region containing two subregionsD andD 0 is thus ambiguous up to separate local rotations of

the coordinate axes for the origins0 2 D and00 2 D 0. This is explained below in more detail.

The part of the Burgers vector that is gauge invariant and can be de�ned locally de�nes a �nite

group grading on Burgers vectors, where we denoteK M as the �nite group. The results for

variousM are given in Table 2.3.

Note that a nontrivial Burgers vector is associated to dislocation defects as well as disclination

defects, which additionally have a nonzero holonomy of! . A disclination dipole is a composite

of two defects in which the individual! holonomies are equal and opposite; however, the net~R

holonomy may still be nonzero. This is the gauge-theoretic formulation of the well-known fact

that a disclination dipole is physically equivalent to a dislocation.

2.3.1.1 Understanding the groupK M

There are a number of ways to understandK M more intuitively and physically. Let us

consider the most direct way following the mathematical derivation above. A second derivation

based on rotationally symmetric con�gurations of boundary charge is discused in Section 2.4.2.

Let us �rst consider the caseM = 2, and start by considering a small region with a locally

de�ned Burgers vector(a; b) (see Fig. 2.1). Under a local rotation of the space, this Burgers

vector transforms to(a; b) ! (� a; � b). Thus the Burgers vector(1; 0) � (� 1; 0) and(0; 1) �

(0; � 1). Now consider two regions, each with a locally de�ned Burgers vector(a; b) and(a0; b0).

The combined Burgers vector thus would be(a + a0; b+ b0). Upon a� rotation of the second

region however,(a0; b0) ! (� a0; � b0), so(a + a0; b+ b0) ! (a � a0; b � b0). Therefore, when
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Figure 2.1: Visual representation of how the groupsK M classify dislocation Burgers vectors. (a)
ForM = 2, the vectors(a; b) and(� a; � b) are in the same equivalence class. Moreover, the sum
of two neighbouring Burgers vectors can be viewed as either(a; b)+( a0; b0) or (a; b) � (a0; b0); this
gives the relations(0; 0) � (2; 0) � (0; 2), which reduce the classi�cation to a groupZ2 � Z2.
(b) For M = 3, we see that(3; 0) � (1 + U(2�= 3) + U(4�= 3))(1; 0)T = (0 ; 0); in general
(2a + b; b� a) � (0; 0), so the classi�cation is given byK 3

�= Z3. (c) For M = 6, we can
combine theM = 2 andM = 3 results to show that(0; 0) � (2; 0) � (3; 0); thus(0; 0) � (1; 0),
and similarly(0; 0) � (0; 1). Therefore every Burgers vector can be trivialized. Similar reasoning
applied to theM = 4 case givesK 4

�= Z2.
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considering the Burgers vector of a large region containing Burgers vectors in smaller regions,

(2; 0) � (0; 0) and similarly(0; 2) � (0; 0). We see that the Burgers vectors form the group

Z2 � Z2, due to the fact that the Burgers vector of a region, when including these local rotations,

is only partially well-de�ned. An equivalent analysis forM = 3; 4; 6 gives the groupsZ3, Z2,

and the trivial group (see Fig. 2.1).

In general, dislocations whose Burgers vectors are of the form(1� U(2�=M ))~bare equivalent

to zero. If we have two neighbouring dislocations with~b and � ~b, the total Burgers vector

associated to a loop containing the dislocations is zero. However a local rotation of� ~b by the

angle2�=M will give a net holonomy equal to~b � U(2�=M )~b around the same loop. These

values of Burgers vectors are therefore considered to be in the trivial equivalence class. This is

what we mean by the statement that rotation gauge symmetry induces a �nite group grading on

Burgers vectors. They are thus classi�ed by elements ofZ2 modulo(1 � U(2�=M ))Z2, which

can be taken as the mathematical de�nition ofK M .

Mathematically, if we consider a generic group element inGspace, we can de�ne theK M

grading of the translation component of the group element. One can show that thisK M grading

is invariant under conjugation; therefore thisK M grading can be viewed as an invariant of

conjugacy classes ofGspace. The same idea can be expressed intuitively as follows. Suppose

we have two well-separated symmetry defectsp and q which are de�ned by the holonomies

of B as follows:
H

p B = Bp = ( ~Rp; ! p) and
H

q B = Bq = ( ~Rq; ! q). Now the holonomy

of B around a loop encircling bothp and q can be measured equally by the group element

BpBq = ( ~Rp + U(! p) ~Rq; ! p + ! q) or by the group elementBqBp = ( ~Rq + U(! q) ~Rp; ! q + ! p).

These values of the holonomy should therefore be treated as physically equivalent. They are in
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fact gauge-equivalent: the difference in the translation component of the two holonomies equals

~Rp + U(! p) ~Rq � ( ~Rq + U(! q) ~Rp)

= (1 � U(! q)) ~Rp � (1 � U(! p)) ~Rq: (2.17)

In the most general case, the rhs is a multiple of the matrix(1 � U( 2�
M )) by an integer vector.

Therefore, a dislocation Burgers vector which takes such values should be regarded as trivial.

Indeed, we can always �nd a gauge transformation which sets these values of Burgers vectors to

zero.

In the same way, we can consider three well-separated defectsp; q; r, whose holonomies are

given by the group elementsBp; Bq andB r = B � 1
q . Now, the holonomy of the gauge �eld can be

written either asBpBqB � 1
q = Bp or asBqBpB � 1

q . Therefore two defects in the same conjugacy

class must be regarded as physically equivalent; the corresponding translation components will

be gauge equivalent and thus have the sameK M grading.

The groupsK M arise naturally while classifying the allowed fractional U(1) charges associated

to the ~R holonomy of a disclination. This was shown for topological crystalline insulators in free

fermion systems in Ref. [88]; we will carry out a similar analysis for bosonic SET phases in

Section 2.4.2.

2.3.2 Area �ux

In terms of the translation gauge �elds we can also construct a �uxAXY , which is quadratic

in ~R and corresponds to an area element. We will see thatAXY is not by itself gauge-invariant,

which is analogous to the fact that area elements are not invariant under general diffeomorphisms
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in continuum geometry. Nevertheless, we will see that under a gauge transformation, whenB =

( ~R; ! ) is �at, AXY changes by an integer-valued coboundary, so that it gives a well-de�ned area

on closed manifolds. Physically this area corresponds to the number of unit cells of the clean

(defect free) lattice. With some minor modi�cations, we will see thatAXY can also provide a

well-de�ned area for spaces with boundary.

We de�ne

AXY [ijk ] =
1

4�
~Rij � (U(! ij ) ~Rjk ); (2.18)

where� is the cross product of vectors. When! = 0 everywhere, this gives the usual area

element as expected, and it is easy to verify that on a torusT2 whose side lengths areL x andL y,

1
2�

Z

T 2
AXY = L xL y: (2.19)

The factorU(! ij ) keeps track of the relative orientation of the coordinate axes ati andj when

! 6= 0. In the absence of dislocations,AXY is gauge-invariant up to a boundary term, so thatAXY

integrated over a closed surface is gauge invariant. To obtain a well-de�ned area on spaces with

boundary, we require the translation gauge transformations to reduce fromZ2 to the subgroup of

translations preserved by the boundary. Here we study the behavior of the area �uxAXY under a

gauge transformation and discuss its properties in the presence of dislocations and boundaries.
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The area �ux on a 2-simplex[ijk ] can be written as

AXY [ijk ] =
1

4�
~Rij � U(! ij ) ~Rjk (2.20)

=
1

4�
U(! 0! i ) ~Rij � U(! 0! i )U(! ij ) ~Rjk (2.21)

=
1

4�
~R (0)

ij � ~R (0)
jk (2.22)

where� refers to the cross product:~v � ~u = vxuy � vyux . The second line uses the fact that the

cross product is invariant under an equal rotation of both arguments; the symbol! 0! i refers to

the sum of! 's on any given path from the origin 0 to the pointi . The last line uses the de�nition

of ~R (0) . Note that the cross product of two~R (0) �elds is thus local even though a single such �eld

is not. SinceAXY is independent of the choice of origin0, we drop this superscript and simply

write

AXY =
1

4�
~R ij � ~R jk ; (2.23)

with the understanding that~R ij is de�ned with respect to an arbitrary choice of origin0.

Under a gauge transformation, this equality implies that

4�A XY [ijk ] = ~R ij � ~R jk (2.24)

! ( ~R ij + d~~rij ) � ( ~R jk + d~~rjk ) (2.25)

Here we have de�ned~~ri = U(! 0! i )~ri (for the same arbitrary choice of origin0 used to de�ne
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R). The difference�A XY can be written as

4��A XY [ijk ] = ( ~R ij ) � d~~rjk + d~~rij � ( ~R jk + d~~rjk ) (2.26)

De�ning

f ij = ~R ij � ~~rj + ~~ri � ( ~R ij + d~~rij ); (2.27)

we see that�A XY is a coboundary wheneverd~R = 0:

4��A XY [ijk ] = df [ijk ] (2.28)

Therefore whenAXY is integrated over the entire manifold, this property implies that a gauge

transformation will only contribute boundary terms to the integral (assuming~R is �at). Therefore

1
2�

R
� 2 AXY over a closed 2-manifold� 2 is gauge-invariant (when~R is �at), which we physically

interpret as the area of the space� 2. Note that since the cross-product gives the area of a

parallelogram, the integration over the whole space covers the manifold twice, such thatAXY

is quantized to be an integer multiple of2� when integrated over a 2-cycle.

Although we have de�ned a gauge-invariant area only for closed manifolds, we can also

de�ne a gauge-invariant area for manifolds with boundary by restricting the gauge transformations

on the boundary. Speci�cally, we require that the quantityf de�ned above must vanish for

every boundary 1-simplex. For this to occur, it is suf�cient that the boundary �elds~R ij and the

boundary gauge transformation variables~~rj be parallel to each other. This requirement can also

be viewed as a consequence of the fact that a boundary can be chosen to break one of the twoZ
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translation symmetries, so that the~R �eld essentially reduces to aZ gauge �eld on the boundary.

For example, suppose the space is a square formed by the region0 � x; y � a with origin

(0,0). For simplicity let! = 0 everywhere on the boundary except on links associated with the

corners, which have! = �= 2. Let the �elds ~Rij on they = 0 line have zeroY-component. Now

as we meet the corner(a;0), we meet a 1-simplex with! = �= 2. The above condition on~R now

means that on thex = a line, ~R has zeroX -component. In fact, one component of~R is always

constrained to vanish on the boundary.

The discussion above has so far required that~R be �at. In particular, when~R is �at,

~R ij � ~R jk = ~R jk � ~R ki , so the de�nition ofAXY does not depend on the ordering of the vertices.

But if we assume that the simplex[ijk ] contains a dislocation, this equality no longer holds. we

instead have~R (0)
ij + ~R (0)

jk + ~R (0)
ki = ~b(0) 2 (where we have reinstituted the explicit dependence on

the origin), so

~R (0)
ij � ~R (0)

jk � ~R (0)
jk � ~R (0)

ki = ~b(0) � ~R (0)
jk 6= 0: (2.29)

This means that the area of a simplex with nonvanishing holonomy of~R is not well de�ned.

This is physically expected: on a lattice with a dislocation, the number of unit cells within a

region containing a dislocation cannot be obtained purely from the dimensions of the boundary.

In fact, the number of unit cells in a small region containing a dislocation is not well-de�ned.

Moreover, as the dislocation moves, additional unit cells are added or removed. Therefore

extensive observables such as the total charge or angular momentum will no longer be gauge-

invariant. However, intensive quantities such as the �lling or angular momentum per unit cell

2The same quantity is denoted~bo in later Chapters, where o= 0 .
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will still be well-de�ned, because they are a ratio of two extensive quantities computed with the

same triangulation.

A well-de�ned area can be de�ned for a given �xed con�guration of dislocations by cutting

out the regions containing the dislocations. Then the system is viewed as a manifold with

boundary, and a gauge-invariant area can be de�ned as discussed above by restricting the gauge

transformations on the boundary. Effectively this approach treats the dislocation as a hole in the

simplicial formulation. In principle we can consider alternatively treating it as a puncture (for

example, a sphereS2 with a puncture would correspond to the planeR2), but then we cannot

describe the open set near the puncture in terms of a �nite triangulation.

2.4 Effective action and response theory

With this understanding of the local gauge-invariant �uxes of the crystalline gauge �elds,

we are now ready to study the effective action.

2.4.1 Effective action

To derive the effective action, we rely heavily on group cohomology, which classi�es the

distinct, inequivalent topological terms that can appear. The derivation of these terms from group

cohomology is detailed in Appendix A.4 and their classi�cation is summarized in Table 2.1.
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The topological effective Lagrangian is

L = �
1

4�
aI [ K IJ daJ + L f rac + L SP T

L f rac =
1

2�
aI [ (qI dA + sI d! + ~t I � d~

��R + mI AXY )

L SP T =
k1

2�
A [ dA +

k2

2�
A [ d! +

k3

2�
! [ d! +

1
2�

A [ (~k4 � d~
��R)

+
1

2�
! [ (~k5 � d~

��R) +
�

k6

2�
A +

k7

2�
!

�
[ AXY : (2.30)

We have used the cup product from cohomology:(A [ dA)[ijkl ] = A ij dA[jkl ] for a 3-simplex

[ijkl ].

The non-degenerateD � D symmetric integer matrixK [9], which couples the dynamical

U(1) gauge �eldaI , characterizes the intrinsic topological order3. Topologically distinct quasiparticles

correspond to integer vectors~l � ~l + K ~� , where~l; ~� 2 ZD . The quasiparticles form an Abelian

groupA = Zn1 � � � � � ZnD under fusion, whereni are the diagonal entries in the Smith normal

form of K . This simplicial formulation of the Abelian CS theory was recently used in Ref. [183]

to develop a local bosonic model for chiral topological phases.

L f rac , which contains the coupling between the background gauge �elds andaI , speci�es

symmetry fractionalization, i.e. how the anyons carry fractional symmetry quantum numbers.

Mathematically this is classi�ed by the second group cohomologyH 2(G; A ) [11, 176] 4. The

distinct terms inL f rac are consistent with, and in fact can be derived from, the group cohomology

3FormallyaI here are the lifts from U(1) to R.
4Note that the symmetry fractionalization anomaly [11, 49, 184] always vanishes here becauseH 4(U(1) �

Gspace ; U(1)) is trivial.
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classi�cation (see Appendix A.4)

H 2(G; A ) = A � (A=MA) � (K M 
 A ) � A ; (2.31)

for G = U(1) � [Z2 o Z M ]. Here
 denotes the tensor product of groups, de�ned in Appendix

A.4; for example,Zq 
 Zp = Zgcd(p;q) .

The terms inL SP T correspond to Dijkgraaf-Witten (DW) terms, classi�ed byH 3(G; U(1)) �=

H 4(G; Z) [98]. In our case, we have

H 3(U(1) � [Z2 o Z M ]; U(1)) = Z2 � Z3
M � K 2

M (2.32)

The terms inL SP T correspond explicitly to representative cocycles inH 3(G; U(1)), as discussed

in detail in Appendix A.4. Physically the DW terms can be understood in terms of stacking

symmetry-protected topological (SPT) states [11,21].

While we have de�ned our topological �eld theory using the framework of discrete gauge

theory, we can equivalently use integral, real-valued differential forms, as discussed in Section

2.6.1.

The terms we have written above are complete for bosonic systems. For invertible fermionic

states, in which there are no additional anyons, it is most helpful to use a classi�cation based on

G-crossed braided tensor categories. This will be summarized in Chapter 3. In the fermionic case,

there may also be symmetry-enriched topological phases beyond group supercohomology [28,50,

51], which cannot be fully described by the above effective action. We leave a comprehensive

understanding of the fermionic case for future work.
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Note that the above action is only uniquely de�ned when the gauge �elds are �at:daI ; dA,d!; d ~
��Ri 2

2� Z. When the gauge �elds are not �at, the action is not invariant under the shift ofa, A, or ! by

2� on a single 1-simplex. More generally, for non-�at gauge �elds, one can add additional terms

to the action which depend on the �eld strength and which are not uniquely speci�ed [185].

Non-trivial �uxes of a, A, ! , and ~
��R can be included by treating them as punctures or holes

in the spatial manifold around which the gauge �elds have non-trivial holonomy, such that the

gauge �elds remain �at. The above also implies the action is invariant under changes of lift

aij ! aij + 2� as long as~q;~s;~t; ~m are integer vectors.

In what follows, to read off physical properties, we use the fact that objects charged under

A, ! , R correspond to U(1) charge, angular momentum, and linear momentum. The generalized

charges can be de�ned physically through the Berry phase obtained by adiabatically braiding

charges around the associated �uxes.

2.4.1.1 Charge vector~q

The charge vector~q2 ZD assigns fractional electric charge

Q~l = ~qT K � 1~l (2.33)

to the anyon~l. Alternatively, this term induces an anyon~qunder insertion of2� �ux. As such,~q

is also sometimes referred to as a vison or �uxon.

Two charge vectors~q;~q0 describe the same anyon if~q0 = ~q+ K ~� for some~� 2 ZD .

Therefore the group of inequivalent choices for~qis A . Note that for a �xed state, this equivalence

is realized in the effective action by relabelling~a ! ~a � ~� A. Shifting ~qthus also changes the
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values ofk1; k2; k4 andk6, which coupleA. The full equivalence relation is

(~q; k1; k2; k4;i ; k6) � (~q+ K ~�; k1 � ~q� ~� � ~� T K ~� =2;

k2 � ~s� ~� ; k4;i � ~t i � ~� ; k6 � ~m � ~�) : (2.34)

2.4.1.2 Discrete spin vector~s

The discrete spin vector~s 2 ZD is the analog for discrete rotational symmetry of the spin

vector de�ned previously for continuum FQH systems [55]. However, as we discuss below, this

term is only non-trivial when there is a compatibility between the intrinsic topological order and

the orderM of the point group symmetry.

This term induces an anyon~s under the insertion (fusion) ofM elementary disclinations.

In particular, this term contributes a phaseei 2�~s T K � 1~l to the adiabatic transport of an anyon~l

aroundM elementary disclinations. Alternatively, this term associates a fractional orbital angular

momentum

L~l = ~sT K � 1~l (2.35)

to the quasiparticle~l, which contributes a braiding phasee2�iL ~l =M to an anyon~l encircling a

2�=M disclination.

Consider a continuum FQH state where we adiabatically transport an anyon~l around a

region� of a manifold with curvature. The resulting Aharonov-Bohm phase
 AB = 
 AB; 1+ 
 AB; 2

receives two contributions [170]. The �rst contribution
 AB; 1 is associated to the fractional U(1)
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charge of~l and equals


 AB; 1 = Qa�(�) ; (2.36)

where�(�) is the total magnetic �ux through� . The second contribution is due to coupling to

the spatial curvature:


 AB; 2 =

 
~lT K � 1~l

2
+ ~lT K � 1~s

!

NR(�) (2.37)

HereNR(�) is the integrated curvature �ux through� . The quantity in parantheses de�nes

the total spin of~l,

S~l = L~l +
~lT K � 1~l

2
: (2.38)

The �rst contribution is the orbital angular momentum, which comes from the symmetry fractionalization,

and can be understood as the braiding of~l with the anyon~sassociated to a2� curvature �ux. The

second contribution arises because of self-interaction effects that result in the anyon~l braiding

around itself as it is transported around a closed loop. For an explicit calculation of the full A-B

phase in a continuum geometry the reader is referred to Refs. [170,186].

In the discrete case that we are considering in this paper, the same equations are expected

to hold, with the modi�cation that the curvatureN (�) arises only due to point sources of2�=M

curvature �ux arising from disclinations and corners.

Note that taking~s = M ~� for ~� 2 ZD is trivial, since it can be completely accounted

for by binding an anyon~� to an elementary disclination, which can in turn always be done by
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adjusting the local energetics at disclinations. The non-trivial case cannot be captured simply by

associating an anyon to an elementary disclination. Therefore we have two equivalence relations:

(~s;f ki g) � (~s+ K ~� ; f k0
i g) (2.39)

(by relabellinga ! a � ~� ! ), and

(~s; k3) � (~s+ M ~� 0; k3): (2.40)

The choices of~s inequivalent under both relations constitute the groupA=MA. ForA = Zn1 �

� � � � ZnD , A=MA = Z(n1 ;M ) � � � � � Z(nD ;M ) , where(n; M ) = gcd(n; M ). We see, therefore,

that the order of the groupA must be compatible withM to obtain a non-trivial fractionalization

class.

The equivalence on~s implies that the theory predicts the angular momentum of an anyon~l

moduloM (~� T K � 1~l).

2.4.1.3 Discrete torsion vector(~tx ;~ty)

The integer vector(~tx ;~ty), with ~t i 2 ZD , which we refer to as the discrete torsion vector,

does not have an analog in the continuum because torsion (i.e. the gauge-invariant part of the

dislocation density) is not quantized in continuum geometry. Furthermore this term is non-trivial

only in the presence of rotational symmetry, withM = 2; 3; 4, because, as summarized in Table

2.3, the gauge-invariant part of the dislocation density (de�ned by the group gradingK M ) is

nontrivial only whenM = 2; 3; 4.
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~t associates an anyon(~tx ;~ty) � (a; b) to a region with Burgers vector(1 � U(2�=M )) � (a; b).

Note that an anyon is attached only for Burgers vectors in the trivial class inK M . Values of~t

which can be accounted for by attaching an anyon to an elementary dislocation are topologically

trivial, as they can be accounted for by adjusting the local energetics of a dislocation. It follows

that the topologically distinct values of(~tx ;~ty) are classi�ed by the groupK M 
 A , which for

M = 2; 3; 4 equalsA=2A � A =2A; A=3A and A=2A respectively (see Appendix A.4 for a

de�nition of the symbol
 ).

The term de�ning the torsion vector can be written in full as1
2� aI [ (t I;i (1� U(2�=M )) � 1dRi ).

From this we obtain that the discrete torsion vector furthermore associates a fractional (linear)

momentum

~P~l = (1 � U(2�=M )T )� 1~p~l

(~p~l ) i = ~lT K � 1~t i (2.41)

to the anyon~l, which is well-de�ned (i.e. topologically robust) modulo the equivalence on~t:

~t I � ~t I + (1 � U(2�=M ))Z2; for I = 1; � � � ; D

~t i � ~t i + K ZD ; for i = x; y): (2.42)

The momentum~P~l of an anyon can be de�ned by the Berry phasee2�i ~P~l �
~b obtained upon adiabatically

braiding the anyon~l around a dislocation with Burgers vector~b.

Under a2�=M rotation, the momentum transforms as~PT
~l

! PT
~l

U(2�=M ); in other words,

under a2�=M rotation, the change in momentum is(UT (2�=M ) � 1)~P~l = � ~p~l . However this
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is precisely the �rst ambiguity in~t I : shifting ~t I ! ~t I + (1 � U(2�=M ))( � ~t I ) changes the

momentum~P~l by � ~p~l . Therefore, the topologically robust part of the fractional momentum~P~l is

consistent with rotational invariance.

We emphasize that this “crystal momentum fractionalization,” which is only non-trivial

for M = 2; 3; 4, is fundamentally distinct from the more familiar notion usually discussed in

the context of quantum spin liquids (see e.g. [176, 177]). The latter case is associated with non-

commutativity of the translation operator restricted to a given anyon and arises from the existence

of an anyon per unit cell (discussed below), which can be non-trivial even in the caseM = 1.

2.4.1.4 Area vector~m

Finally, ~m 2 ZD , which we refer to as the area vector, also has no analog in the continuum.

This associates an anyon~m to each unit cell, as has been discussed algebraically in previous

work [65,172] and gives rise to certain notions of “crystal momentum fractionalization” discussed

previously [173–177]. This means that if a quasiparticle~l is taken around a regionS containing

Num(S) unit cells, the wave function acquires a braiding phasee2�i ~lT K � 1 ~mNum(S). Algebraically,

this means that the translation operators satisfy a magnetic translation algebra when its action is

restricted to the anyon~l:

Tx;~lTy;~l = e2�i ~lT K � 1 ~mTy;~lTx;~l ; (2.43)

whereTx;~l andTy;~l are the translation operators in thex andy direction, restricted to the anyon~l.

See Ref. [11] for a precise formulation of symmetry operations restricted to anyons.
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2.4.2 Response theory

Given the topological effective action, we can integrate out the dynamicala gauge �elds to

obtain an effective response theory:

L eff =
� H

2
A [ dA +

S
2�

A [ d! +
`s

4�
! [ d! +

~P c

2�
� (A [ d~R) +

~P s

2�
� (! [ d~R)

+
1

2�
(� cA + � s! ) [ AXY +

~� p

2�
� ~R [ AXY +

� ij

4�
Ri [ dRj +

�
4�

AXY [ d� 1AXY + L anom;

(2.44)

L anom = �
sgn(K )

48�
! [ d!: (2.45)

Note that as usual, the effective response theory is not well-de�ned on compact manifolds due

to the fractional values of the coef�cients; nevertheless, the response theory can be used to read

off the fractionally quantized responses of the system on an open patch of space.

The �rst term is the well-known Hall conductivity, which is given by

� H = (2 k1 + ~qT K � 1~q)=2�: (2.46)

The second and third terms are discrete analogs of the known continuum geometric response of

FQH states [55, 56, 150–152, 162–164]. The remaining terms inL eff are intrinsic to the lattice

and have no analog in continuum FQH states. In what follows, we discuss them individually in

detail.

We note that the term formally written asAXY [ d� 1AXY , with � = ~mT K � 1 ~m, corresponds

to AXY [ c, wheredc = AXY . This term arises from the fact that an anyon is associated with
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each unit cell. However it is not clear how or whether this term can be physically measured as a

quantized geometric response. We thus do not discuss this term further below.

2.4.2.1 Discrete shiftS and fractional charge of disclinations

The second term gives a discrete analog of the shift [55,86,87,92]S, where

S = k2 + ~qT K � 1~s: (2.47)

In particular, this term implies that lattice corners and disclinations carry fractional U(1) charge.

Both an elementary2�=M disclination and a corner of angle2�=M carry a fractional U(1) charge

of

Qdisclin;2�=M = S=M =
k2 + ~qT K � 1~s

M
: (2.48)

For example, ifM = 4 and the system is de�ned at the surface of a 3D cube, there are effectively

8 disclinations, each one carrying a fractional chargeS=4. If the system is de�ned on a square,

each corner also has a fractional chargeS=4. This term therefore implies the system is a fractional

“higher order” topological state [148,187,188]. Note that when the edge of the system is gapped,

the corner charge is clearly well-de�ned; however when the corner lies along a chiral gapless

boundary of the system, it is not clear whether any remnant of the corner charge persists.

Since theA [ d! term de�ning the shift can also be written as! [ dA, this term also
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associates an angular momentum to a� �ux given by

LA;� =
�
2�

S =
�
2�

(k2 + ~qT K � 1~s): (2.49)

Note that the fractional part of the angular momentum of a2� �ux equalsL~q = ~qT K � 1~s (mod1),

which is the angular momentum of the anyon~qassociated to a2� �ux.

Note that the response theory only predicts the fractional charge, angular momentum, and

linear momentum of the dislocations and disclinations up to those of the elementary anyons, as

anyons can always be bound to these defects by adjusting the local energetics. Therefore in this

case, the fractional chargeS=M is determined only modulo the chargesQ~l = ~qT K � 1~l, for any

integer vector~l.

2.4.2.2 Disclination angular momentum

The third term gives a fractionally quantized contributionL2�=M to the angular momentum

of an elementary2�=M disclination,

L2�=M =
`s

M
�

1
M

c�

12

`s = (2 k3 + ~sT K � 1~s) (2.50)

The contribution proportional to the chiral central chargec� = sgn(K ), where sgn(K ) is the

signature ofK , arises from the framing anomaly,L anom, which we discuss further in Sec. 2.4.2.7.
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2.4.2.3 Fractional quantized charge polarization~P c and fractional charge of

dislocations

The term with

~P c = (1 � UT (2�=M )) � 1(~k4 + ~p~q)

= ~P~q + (1 � UT (2�=M )) � 1~k4 (2.51)

is referred to as a fractionally quantized charge polarization. As we now discuss, this leads to

three basic properties that are predicted by the topological response theory:

1. Fractionally quantized charge of dislocations (modulo charge of anyons)

2. Fractionally quantized momentum of U(1) �ux

3. Fractionally quantized charge per unit length along boundaries (modulo charge of anyons)

The quantization arises due to the rotational symmetry of the lattice. Without rotational symmetry

(M = 1), the polarization is a non-quantized topological response [167]. Furthermore,P c;j is

only well-de�ned moduloZ.

This term associates a fractional charge

Qdisloc;~b = ~P c � ~b (2.52)

to a dislocation with Burgers vector~b. Note that, as in the case of the disclination charge,

the topological response theory only predicts the dislocation charge modulo the charges of the
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anyons.

Whether the fractional charge of a dislocation actually signi�es a non-trivial value of the

discrete torsion vector is a somewhat subtle issue. In principle, the dislocation charge can be

fractions of the minimal anyon charge even when the discrete torsion vector is trivial, due to

the interplay between the SPT term~k4 and the minimal anyon charge. Observe that the fractional

charge receives two contributions: one from the intrinsic topological order and symmetry fractionalization,

which arises from~P~q, and one from the SPT termk4. The SPT term can contribute a fractional

charge in multiples of1=2 (for M = 2; 4) or 1=3 (for M = 3). Together with the charge of

the anyonsQ~l which can be trivially bound to dislocations due to local energetics, this implies

that in principle one can obtain fractional charges at dislocations that may be fractions of the

anyon charge, but which arise from a trivial value of~t. For example, consider the case of the1=2

Laughlin topological order on a honeycomb lattice (M = 3) andk4 = 1. There, all choices of

discrete torsion vector~t are trivial, becauseZ3 
 Z2 = Z1; nevertheless, even a trivial value of~t

can give rise to a dislocation charge1=3 � 1=2 = 1=6. On the other hand, on the square lattice

(M = 4), a dislocation charge of1=4 can only occur for the non-trivial choice of discrete torsion

vector~t 2 Z2 
 Z2 = Z2, while the trivial choice can only give multiples of1=2.

Let us compare the charge of a dislocation with Burgers vector~band its rotated counterpart
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U(2�=M )~b. The difference is given by

� Q = Qdisloc;~b � Qdisloc;U(2�=M )~b

= ~P T
c (1 � U(2�=M ))~b

= ( k4;i + ~qT K � 1~t i )bi

= ( k4;i + Q~t i
)bi : (2.53)

In other words, the difference is some integer multiple of the fractional charge of~tx and~ty. Thus

the contribution to the dislocation charge from the topological response theory, which is only

well-de�ned modulo the charges of the anyons, is rotationally invariant.

The charge polarization term also contributes to the charge of a disclination, if it has

nontrivial ~R holonomy. Interestingly, the classi�cation of free fermion SPT phases based on

their disclination charges is shown to equalZM � K M in Ref. [88]. This agrees with the bosonic

crystalline gauge theory, which predicts that the disclination charge is classi�ed by the terms

1
2� A [ (k2d! + ~k4 � d��~R), wherek2 2 ZM and~k4 2 K M . (The coef�cients in a crystalline gauge

theory of fermions can in principle have different quantization conditions than in the bosonic

case, but we will not discuss the fermionic case in detail here.) The classi�cation approach in

Ref. [88] based on Wannier orbitals centred at high-symmetry points is an example of a defect

network construction. The problem of establishing a correspondence between the topological

responses in the defect network picture and the group cohomology picture is brie�y alluded to in

Section 2.7.

If the dislocation described by~bis connected to an edge of the system, the holonomy at the

edge is changed by the amount� ~b. Hence there must be a compensating fractional charge at the

65



edge. However since the dislocation line is not by itself well-de�ned, this boundary fractional

charge can be delocalized along the boundary.

This term also associates a momentum

~PA;� = ~P c�= 2� (2.54)

to a U(1) �ux of � spread uniformly throughout the system. The momentum of2� �ux has

been discussed previously in the context of Dirac spin liquids in Refs. [189,190]; our results are

consistent with these works for systems with orientation-preserving symmetries. Note that the

contribution to ~P c from the intrinsic topological order is equal to the momentum~P~q of the anyon

~q, which is the anyon associated to a2� �ux.

Finally, this term associates a fractional charge per unit length~P c� ê to a boundary along the

directionê. This corresponds to a fractional charge polarization~Pc = ~P c � ẑ for a system de�ned

on a space with boundary. As above, this fractional charge per unit length is only topologically

robust modulo the charge of the anyons. Under a rotation, the charge per unit length along the

boundary stays invariant up to the charge of the elementary anyons. Therefore the contribution

of the topological response theory to the boundary charge per unit length is rotationally invariant.

We note that because the boundary charge per unit length is only topologically protected

modulo the charge of the anyons, the system does not necessarily have a non-zero polarization

on a space with boundary; one can arrange the local energetics along the boundary so that the

boundary charge per unit length is the same on all boundaries. Nevertheless, the three physical

effects described above are all intimately related to the quantum theory of polarization in higher

dimensions [167], which is why we refer to this term as the fractional charge polarization.
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Figure 2.2: TheK M classi�cation of rotationally symmetric con�gurations of boundary charge
for (a) M = 2, (b) M = 3, (c) M = 4, and (d)M = 6. We choose our coordinate axes to be
normal to the boundaries, and place a charge per unit length equal to(q1; q2)T~n on the boundary
with normal vector~n. Thus in (b), forM = 3 we have the arrangementA = ( q1; q2; � q1 � q2)
as we proceed anticlockwise around the boundary segments. Now under a2�= 3 rotation of axes,
the charge per unit length at the same three segments gets rede�ned asA0 = ( � q1 � q2; q1; q2).
Since the fractional charge per unit length on each boundary segment remains the same if we
only rotate the coordinate axes, we should haveA = A0 mod 1. This implies thatq1 = q2 and
3q1 2 Z; the three distinct choices ofq1 now determine the groupK 3. We can follow similar
reasoning in (a),(c) and (d).
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The polarization response can be used to obtain another simple way to understand the group

K M . The groupK M corresponds to the group of allowed fractional charges per unit length along

the boundary when the bulk has no intrinsic topological order, as we explain below.

Consider a system with fractional charge per unit length along its boundary given by

~P � n̂, where ~P is the polarization vector and̂n is the normal to the boundary. An integer

value of ~P corresponds to placing an integer charge per unit length on the boundary, which

can always be done locally. This is shown pictorially in Fig. 2.2, where we assign fractional

charge per unit length to each boundary segment under one choice of coordinate axes. For

example, if we consider a system withM = 4, the charge per unit length on the boundaries

normal tox̂; ŷ; � x̂; � ŷ are(q1; q2; � q1; � q2) respectively. Now we can perform rotations of the

axes by2�=M , which will relabel the charge on each segment since the normal vectors~n get

rede�ned. In this case, the coordinate axes are rotated by an angle�= 2, and the charges on the

same boundary segments will now be labelled as(� q2; q1; q2; � q1) (see Fig. 2.2). However,

the fractional charge on each edge should be the same from either calculation. Therefore we

must have(q1; q2; � q1; � q2) = ( � q2; q1; q2; � q1) mod 1. We can see that the only solutions

are(q1; q2) = (0 ; 0) or (1=2; 1=2). Therefore the group of distinct assignments of charge at the

boundary isK 4
�= Z2. One can work out the other cases similarly.

We note that in our initial discussion of Section 2.3.1.1, theK M classi�cation arose from

general properties of the dislocations that do not depend on a particular Lagrangian, while in

the second derivation given here, it arose from demanding rotational invariance of a physical

response related to the term~P2� A [ dR in the Lagrangian.

Finally, we look at the case withM = 1, corresponding to the absence of rotation symmetry.

We cannot directly apply the previous reasoning in this case to obtain a useful classi�cation. In
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a system without rotation symmetry, the Burgers vector of any dislocation is well-de�ned: the

value ofd~R is gauge-invariant. Since there is no gauge transformation relating them, there is no

grading of Burgers vectors. In the example of boundary charge, one can now have any assignment

of fractional charges per unit length on the boundary of such a system. In either case, the group

classifying inequivalent dislocations or fractional boundary charge con�gurations is not a �nite

group. However, if we de�neK 1 so that it classi�es thequantizedfractional charges per unit

length that can be assigned to a boundary, the group is trivial. The quantization was a direct

result of discrete rotation symmetry, which is broken whenM = 1.

2.4.2.4 Quantized angular momentum polarization~P s

The term with ~P s is the rotational analog of~P c, where

~P s = (1 � UT (2�=M )) � 1(~k5 + ~p~s)

= ~P~s + (1 � UT (2�=M )) � 1~k5 (2.55)

It associates a fractionally quantized angular momentum

Ldisloc;~b = ~P s � ~b (2.56)

to a dislocation with Burgers vector~b. Note that the contribution to~P s coming from the symmetry

fractionalization is simply~P~s, the linear momentum of~s.

However it is not clear whether dual response, which is the analog of attaching momentum

to a U(1) �ux, which here would formally correspond to a momentum of a disclination, is well-
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de�ned. It is also unclear whether the analog of the boundary charge per unit length has any

meaning in this context, because the boundary is not �xed by a rotation.

2.4.2.5 Charge, linear momentum, and angular momentum �lling:� c; � s; ~� p

The term proportional toA [ AXY corresponds to a charge of

� c = k6 + ~qT K � 1 ~m (2.57)

per unit area. This gives a generalized Lieb-Schulz-Mattis constraint [172] which imposes con-

straints on~q, K , and ~m in terms of the �lling � c. Likewise, the term proportional to! [ AXY

associates a fractional angular momentum of

� s = ( k7 + ~sT K � 1 ~m) (2.58)

to each unit area.

The term~R [ AXY associates a momentum of

(~� p) j =
X

i

~tT
i K � 1 ~m(1 � U(2�=M )� 1

ij (2.59)

per unit area of the system. It arises from the fact that there is an anyon~m per unit cell, which in

turn carries a momentum as speci�ed by the coupling~t. Indeed, observe that

~� p = ~P~m: (2.60)
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Remarkably, this implies that the ground state may carry momentum, depending on the area of

the system; only for certain commensurate areas is the ground state momentum trivial. Further,

this term is also only non-trivial forM = 2; 3; 4-fold rotational symmetry.

2.4.2.6 Fractionally quantized torsional response

The term with� ij associates a fractionally quantized momentum of

~Pdisloc;~b =
X

j

� ij bj (2.61)

to a dislocation with Burgers vector~b. Here

� ij = eT
i K � 1ej ;

ei =
X

i 0

(1 � U(2�=M )) � 1
ii 0 ~t i 0 (2.62)

This is closely related to the torsional Hall response that has been discussed for continuum Dirac

theories [178,179], although there the corresponding term is not quantized and is sensitive to the

ultraviolet cutoff. The non-trivial quantization only occurs for lattice systems withM = 2; 3; 4-

fold rotational symmetry.

We note that here we read off momentum as being de�ned by the charge of the translation

gauge �eld. It is not clear how to de�ne the momentum of a dislocation microscopically. For

example, naively one would de�ne the charge in terms of the Aharonov-Bohm phase obtained

by braiding with a �ux; in this case this naively corresponds to the phase obtained by braiding

dislocations around each other. However to de�ne this microscopically, the restricted mobility of
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the dislocations on a lattice with a conserved number of atoms must be taken into account.

2.4.2.7 Framing anomaly

We note that the topological �eld theory itself does possess a continuous space-time symmetry

corresponding to diffeomorphism invariance, which corresponds to the retriangulation invariance

of the path integral for a given �xed con�guration of �at gauge �elds. For chiral topological

phases, a gravitational CS term, proportional to the chiral central chargec� , for the full SO(2; 1)

spin connection
 also arises upon evaluating the path integral. This arises from the implicit

metric dependence in the path integral measure required for gauge �xing and quantizing the CS

theory, and is referred to as the framing anomaly [152, 180]. In a continuum formulation, this is

written as:

L anom = �
c�

96�
Tr

�

 d
 +

2
3


 3

�
: (2.63)

This term may also be viewed as the gravitational anomaly of the (1+1)D boundary of the system,

which hosts a chiral CFT with central chargec� .

We note that the quantization of the CS theory also gives rise to another contribution to

the effective theory, given by the Ray-Singer analytic torsion [180]. This term is a topological

invariant of the underlying space-time manifold, and is unimportant for our discussion.

Mathematically we may consider
 to be a separate quantity depending on an underlying

space-time metric, and to be distinct from! and ~R. However to be physically meaningful, the

space-time manifoldM should split into space and time separately as assumed in this work, with
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the time-components of
 vanishing:


 a
0;� = 
 0

b;� = 0

! SC;� � 
 1
2;� : (2.64)

Furthermore, the spatial component of
 , which we have denoted! SC;� , is anSO(2) gauge �eld

whose �eld strength corresponds to the curvature of the system. The physical origin of this

curvature in a lattice system arises from lattice disclinations, so we require that! SC should be

determined by the lattice rotation gauge �eld! . We can relate the continuum de�nition of! SC to

the de�nition of ! on the triangulation by integrating over a1-simplex[ij ] of the triangulation:

Z

ij
! SC;� = ! ij : (2.65)

We see therefore that the framing anomaly contributes the following term to the effective

response theory:

L anom = �
c�

48�
! [ d!: (2.66)

This term will then contribute an additional angular momentum to disclinations proportional toc

(see Eq. 2.50).
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2.4.2.8 Additional coboundary terms in response theory

When we consider a system with only U(1) charge conservation andZ2 translation symmet-

ries (i.e.M = 1), the charge polarization corresponds to a non-quantized topological term [167].

In our notation, this term has the form~P c
2� � ~R [ dA in 2 + 1 dimensions, where~P c is a pair

of real numbers de�ned modulo 1. This non-quantized term is not associated to symmetry

fractionalization or to SPTs; rather than corresponding to a non-trivial 3-cocycle, the above term

can be understood as a 3-coboundary of the group U(1) � Z2. Nevertheless, such a term can be

physically meaningful. This means that for a complete understanding of the topological terms, we

should also study response terms that are not associated to SPT responses but which correspond

to group 3-coboundaries. In this section we consider these possibilities whenG = U(1) � Gspace,

and the rotation symmetry is nontrivial.

We �rst note that in the presence of rotation symmetry, we do not �nd any non-quantized

topological terms (i.e. terms that are retriangulation invariant in our simplicial formulation). For

example, the nonquantized polarization term mentioned above becomes quantized as a result

of the rotation symmetry. However, we do �nd that we can add certain additional quantized

topological terms beyond the SPT terms in the effective action, Eq. (2.30). Although we have

not explicitly found a coboundary representation for these cocycles, these terms correspond to

coboundaries because the SPT terms already present in the effective action form a complete set

of cocycle representatives ofH 3(G; U(1)) (see Appendix A.4).

First consider the response term� ij

4� Ri [ dRj , where� ij = (1 � UT (2�=M )) � 1(tT
i K � 1t j )(1�

UT (2�=M )) � 1. This coef�cient can be modi�ed in a manner that preserves gauge-invariance, as
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follows: we can de�ne

~� ij � (1 � UT (2�=M )) � 1((~t i )T K � 1~t j + kij )(1 � UT (2�=M )) � 1 (2.67)

wherekij 2 Z. In some cases, this shift in the momentum of a dislocation due tokij can be

considered to be trivial, and part of the equivalence in the de�nition of~t i . However, in general

this contribution may not be completely accounted for by the equivalences on~t i .

Similarly, consider the response term~� p

2� � ~R [ AXY . We can modify the coef�cient of this

term as follows:

(~~� p) j =
X

i

(~tT
i K � 1 ~m + ki )(1 � U(2�=M )) � 1

ij (2.68)

whereki 2 Z.

Finally, in principle we can have terms which are not related to the response terms already

present in Eq. (2.44). For example, we can consider terms proportional toR [ R [ R, or

terms composed of various powers ofA; R and! . Most terms of this kind will not be topologi-

cal, i.e. will not satisfy the requirement of retriangulation invariance. Those terms that are

retriangulation invariant will be coboundaries or equivalent to one of the existing SPT terms,

since we already have a complete set of SPT cocycles. To our knowledge, none of these terms

are associated to non-quantized topological responses. However, we have not checked all the

possibilities systematically.
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2.5 Examples

2.5.1 1=2 Laughlin topological order

Consider the 1/2 Laughlin topological order on a square lattice (M = 4), with symmetry

U(1) � [Z2 o Z 4]. We haveK = 2 andA = Z2, with the anyons given byI = 0 ( mod2)

and S = 1 ( mod2). The symmetry fractionalization classi�cation isH 2(G; A ) �= Z4
2, with

A=4A �= K 4 
 A �= Z2. Thus there are two inequivalent symmetry fractionalization classes

associated to each ofq; s;~t andm. Throughout this discussion we will de�ne the elementary

rotation matrix asU(�= 2) =

0

B
B
@

0 1

� 1 0

1

C
C
A . At various points, we will comment on the differences

in the analysis when we consider different values ofM .

The charge, spin and area vectors are each determined by choosingq; s; m 2 f I; S g. The

fractional charge and angular momentum of the anyona are thus given by

Qa =
qa
2

mod 1; La =
sa
2

mod 1 (2.69)

respectively. The charge �lling gives an LSM constraint onm andq:

� c =
qm
2

mod 1: (2.70)

Therefore half-�lling (i.e. half charge per unit cell) necessarily �xesq = m = S, while integer

�lling requires at least one ofq or m to be trivial.

There are two inequivalent choices of discrete torsion vector, corresponding to(tx ; ty) =
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(I; I ) and(S; I ), with (I; I ) � (S; S) and(S; I ) � (I; S ). To see this, note that naively the

possible discrete torsion vectors are(tx ; ty) 2 f (I; I ); (I; S ); (S; I ); (S; S)g. The equivalence

condition satis�ed by them is

�
tx

ty

�
�

�
tx

ty

�
+ (1 � U(�= 2))

�
t0
x

t0
y

�
=

�
tx

ty

�
+

�
t0
x � t0

y

t0
x + t0

y

�
: (2.71)

This condition implies that the symmetry fractionalization class is completely determined by the

value of(tx + ty) mod 2. Therefore the assignments(I; S ); (S; I ) are equivalent and correspond

to nontrivial symmetry fractionalization, while the assignment(S; S) is in fact trivial. The latter

assignment is seen to be trivial because we have
� 1

1

�
= (1 � U(�= 2))

� 1
0

�
, and thus(S; S)

corresponds to attaching the anyonSbx I by to a dislocation with Burgers vector(bx ; by).

The momentum associated to each anyona is

~Pa = (1 � U(�= 2))� 1~tT 1
2

a =
a
4

�
tx + ty

ty � tx

�
: (2.72)

Recall this momentum is only well-de�ned (i.e. topologically robust) up to the equivalences on~t

(and the representativea of the anyon). Therefore for the trivial choice(tx ; ty) = ( I; I ) � (S; S),

we have2Pa;i 2 Z ; that is, we have~PI ; ~PS =
� 0

0

�
�

� 1=2
0

�
�

� 0
1=2

�
. Therefore half-integer

momentum components should be regarded as trivial. Physically this can be understood from

the fact that the change in the braiding phase betweena and an elementary dislocation can be

compensated for by attaching a semion to the elementary dislocation. For the non-trivial choice

of (tx ; ty) = ( S; I ) � (I; S ), we have~PS =
� 1=4

� 1=4

�
�

� 1=4
1=4

�
. Observe that under a rotation,2~PS

is invariant modulo1.
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The above analysis shows that for the1=2 Laughlin state, a momentum whose components

are integer or half-integer is an indication of trivial symmetry fractionalization: it corresponds

to attaching the anyonS to an elementary dislocation in some �xed direction. Thus, while

considering some otherM , we will continue to associate the momentum1=2with trivial symmetry

fractionalization. For the1=N Laughlin state withN even, an analogous argument would imply

that a momentum of1=N units corresponds to trivial symmetry fractionalization, and therefore it

is enough to check whetherNPa;x andNPa;y are nontrivial.

Let us consider the classi�cation of spin vectors in more generality. For the 1/2 Laughlin

state withM even, the spin vector is always nontrivial if it equals1 mod 2. However, forM = 3,

we haves = 3s mod 2. This means that every spin vector can be thought of as associating the

anyons to an elementary2�= 3 disclination. Therefore in this case, the choices = 1 is in fact

trivial. If we generalize to1=N Laughlin states withA = ZN , the number of distinct spin vectors

equalsZN =MZN = Z(M;N ) .

Next we discuss the fractionally quantized responses. The Hall conductivity is given by

� H = 1
2� (q2=2 + 2k1), as usual.

The discrete shift is de�ned asS = qs
2 + k2. Therefore the fractional charge associated to

a �= 2 disclination is

Qdisclin;�= 2 =
S
4

=
qs
8

+
k2

4
: (2.73)

Thus we see that shiftingk2 by an integer changes the fractional charge by1=4; shifting k2 !

k2 +4 adds a trivial integer charge to the elementary disclination. Furthermore, whenq = s = S,

we obtain a1=8 charge at the elementary disclination.
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The angular momentum of a�= 2 disclination is

L �= 2 = `s=4 � c� =48 =
s2

8
+

k3

2
�

1
48

(2.74)

where we have included the contributionc� =48from the central chargec� = 1 which arises due

to the framing anomaly. Note that the fractional part of the angular momentum remains the same

when we shiftk3 ! k3 + 2, even thoughk3 has aZ4 classi�cation.

The charge of a dislocation with Burgers vector~bis Qdisloc;~b = ~P c � ~b, where

0

B
B
@

P c;x

P c;y

1

C
C
A =

1
2

0

B
B
@

k4;x + k4;y

k4;x � k4;y

1

C
C
A +

q
4

0

B
B
@

tx + ty

tx � ty

1

C
C
A : (2.75)

Observe that the SPT contribution from~k4 can only take two inequivalent values:(0; 0)T or

(1=2; 1=2)T . This follows from demanding rotational invariance of the polarization up to integers,

i.e. of ~P c modulo integers. The non-trivial symmetry fractionalization (q = S and(~tx ;~ty) =

(S; I ) � (I; S ), then contributes(1=4; 1=4)T � (1=4; � 1=4)T . Therefore dislocations can carry

charge of� 1=4, even though the minimal anyon charge is1=2. A similar calculation can be

performed for the angular momentum polarization.

On a space with boundary, the non-trivial symmetry fractionalization class (q = S and

(~tx ;~ty) = ( S; I ) � (I; S )) therefore contributes a charge of1=4 (mod1=2) per unit length along

the boundary. The other symmetry fractionalization classes contribute a0 charge (mod1=2) per

unit length along the boundary.

The momentum per unit cell is given by the momentum of the anyon per unit cell,~� p =
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~P~m = m
4

0

B
B
@

tx + ty

tx � ty

1

C
C
A . For trivial fractionalization (eitherm or ~t trivial), 2~� p is an integer vector.

The non-trivial fractionalization gives rise to~� p = (1 =4; 1=4) � (1=4; � 1=4).

Finally, we compute the momentum of a dislocation with Burgers vector~b. Thei component

of the momentum equals� ij bj , where� ij = (1 � UT (�= 2))� 1tT
i K � 1t j (1 � U(�= 2))� 1. Thus

we obtain

� ij =
1
8

0

B
B
@

(tx + ty)2 t2
x � t2

y

t2
y � t2

x (tx � ty)2

1

C
C
A : (2.76)

For nontrivial symmetry fractionalization , wheretx � ty is odd, we see that� ij has diagonal

components equal to1=8. On the other hand, if we have trivial symmetry fractionalization, the

only possible values of the components are0 and 1=2, which correspond to trivial values of

crystal momentum, as discussed above.

Finally, we note that different choices of the parameterski do not necessarily give different

SET phases. This is because of redundancies that arise when we consider gauge �eld relabellings,

as we discuss for the1=2 Laughlin state in App. A.2.

2.5.2 Z2 gauge theory

In this example we consider the case where the intrinsic topological order is given byZ2

gauge theory (i.e. that of theZ2 toric code), which hasA = Z2 � Z2. This is the case relevant

for gappedZ2 quantum spin liquids.

The system is described by aK -matrix K =

0

B
B
@

0 2

2 0

1

C
C
A . The anyons are given byI =

(0; 0)T ; e = (1 ; 0)T ; m = (0 ; 1)T and = (1 ; 1)T , and we have~aT K � 1~b= a1b2+ a2b1
2 .
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The symmetry fractionalization classes are speci�ed by inequivalent choices off ~q;~s;~t i ; ~mg 2

A � (A=MA) � (K M 
 A ) � A . Thus the classi�cation of~qand ~m is individually Z2 � Z2,

irrespective of the value ofM . Suppose we wish to determine~q. To do so, we �rst compute the

fractional chargeQ~l = ~qT K � 1~l = q1 l2+ q2 l1
2 , for each anyon~l. From this data, we can uniquely

determine the integersqI mod 2, which �x the charge fractionalization. A similar method allows

us to determine the anyon~m. Together these determine the charge �lling, which places a LSM-

type constraint on the fractionalization data:

� c mod 1= ~qT K � 1 ~m =
q1m2 + q2m1

2
: (2.77)

Next we turn to the spin vector. We haveA=MA = Z2 � Z2 if M is even, and is

Z1 otherwise. As in the previous example, we see that the anyons~s and M~s are equivalent

whenM = 3, so any choice of~s can be understood in terms of attaching anyons to elementary

disclinations in this case. Now supposeM is even. When~s = e, the fractional angular momentum

of each anyon (modulo 1), given by~sT K � 1~l, equals

L I = 0; Le = 0; Lm = 1=2; L  = 1=2: (2.78)

If we choose~s = m, a similar calculation yields

L I = 0; Le = 1=2; Lm = 0; L  = 1=2; (2.79)
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and choosing~s =  gives

L I = 0; Le = 1=2; Lm = 1=2; L  = 0: (2.80)

Note that measuring the angular momentum for any one anyon does not uniquely �x the value of

~s. This result emphasizes that in general we need to know the angular momentum ofeveryanyon

in order to �x the symmetry fractionalization class. All these calculations could formally be done

in the same manner forM odd; however, each set of angular momentum values thus calculated

would correspond to trivial symmetry fractionalization.

ForM = 2; 3; 4, the distinct torsion vectors are classi�ed by

K 2 
 (Z2 � Z2) = Z4
2 (2.81)

K 3 
 (Z2 � Z2) = Z1 (2.82)

K 4 
 (Z2 � Z2) = Z2 � Z2 (2.83)

We can understand theZ4
2 classi�cation as follows: whenM = 2, the anyons~tx and~ty are �xed

independently, and each can be equal toI; e; m or  . The equivalence relation on~tx ;~ty does not

provide any additional constraint.

ForM = 3, the equivalence relation is

� ~tx

~ty

�
�

� ~tx

~ty

�
+ (1 � U(2�= 3))

�
t0
x

t0
y

�
=

� ~tx

~ty

�
+

�
t0
x � t0

y

t0
x + 2t0

y

�
(2.84)

(see Appendix A.1 for the explicit forms of the rotation point group matrices). Notice that every
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anyon can be written in the form
� t0

x � t0
y

t0
x +2 t0

y

�
mod 2. Therefore every assignment is trivial. In this

case, although we can certainly adjust~tx ;~ty so as to obtain nontrivial values of momentum for

the anyons, the symmetry fractionalization class is still trivial.

ForM = 4, we �nd, as in the previous example, that~tx and~ty are not independent: we can

only �x ~tx + ~ty 2 f I; e; m;  g. This leads to theZ2 � Z2 classi�cation. Finally, forM = 6, the

torsion vectors are always trivial, irrespective of the structure ofA .

Let us consider below the fractional U(1) charges of the defects, for the special case of

the standard gappedZ2 spin liquid at half-�lling and on the square lattice, whereM = 4, ~q =

m = (0 ; 1)T , ~m = e = (1 ; 0)T and all ki = 0. In this case, the Hall conductivity vanishes,

� H = 0, and depending on the value of~sthe U(1) charge of a pure�= 2 disclination is calculated

asS=4 = ~qT K � 1~s=4. To �nd the U(1) charge of a dislocation, we compute

0

B
B
@

P c;1

P c;2

1

C
C
A = (1 � U(�= 2))� 1

0

B
B
@

~qT K � 1~tx

~qT K � 1~ty

1

C
C
A (2.85)

=
1
4

0

B
B
@

~tx;1 + ~ty;1

~tx;1 � ~ty;1

1

C
C
A (2.86)

The four fractionalization classes related to the torsion vector are speci�ed by choosing~tx + ~ty �

I; e; m or  . Note that~t i; 1 = 1 if ~t i = e;  , while~t i; 1 = 0 if ~t i = I; m . Thus, if the momentum

fractionalization class is speci�ed byI or m (i.e. it is trivial), the polarization will take values of

the form(0; 0)T ; (0; 1=2)T ; (1=2; 0)T . The charge of a dislocation computed using these values

will be a multiple of1=2 and can be understood as the charge of some anyon associated to that

dislocation. If the momentum fractionalization is speci�ed bye or  , the polarization will take
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values of the form(1=4; � 1=4). Then the charge of a dislocation can take the values 1/4 or 3/4,

which cannot be understood through the attachment of anyons to each dislocation. This is a

feature of nontrivial momentum fractionalization. Note that the seeming asymmetry betweene

andm in this example is due to our choice of~q= m.

The rest of the responses are straightforward to compute in this example given our general

theory and we leave them for more detailed studies ofZ2 spin liquids.

2.6 Crystalline gauge theory: continuum approach

In this section we discuss two aspects of crystalline gauge theory. The �rst is that our

method of de�ning discrete crystalline gauge �elds on simplices and using simplicial calculus to

evaluate the action was a practical choice to make direct the relation with the group cohomology

classi�cations of symmetry-enriched topological states (SETs) [11]. However we expect that the

same results can also be obtained by working with real-valued differential forms. The second

aspect is that the discrete translation and rotation gauge �elds de�ned in this work are directly

related to the coframe �eld and the spin connection that arise in continuum geometry and are

known to be closely related to elasticity theory.

2.6.1 Crystalline gauge �elds as differential forms

In order to construct actions from discrete gauge �elds, it was convenient to work in terms

of simplicial cohomology and simplicial calculus (see Appendix A of Ref [185] for a review).

There, our translation gauge �elds could be viewed asZ2-valued1-cochains de�ned on the

triangulated space-time manifoldM ; that is,X; Y 2 C1(M ; Z). Similarly, the rotation gauge
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�eld can be viewed as aZM valued1-cochain,! 2 C1(M ; ZM ) (strictly speaking, in the main

text ! corresponded to a lift of theZM gauge �eld to 2�
M Z. The action is then invariant under

changes of lift, e.g. shifting! ij ! ! ij + 2� for a single 1-simplexij ).

We can consider instead a formulation where we take the gauge �elds to be real-valued

differential1-forms. We thus can de�ne

aI ; A; X; Y; ! 2 
 1(M ; R); (2.87)

where
 k(M ; R) denotes the space of real-valued differentialk-forms. aI , A, ~R = ( X; Y ),

and! are the internal, U(1), translation, and rotation gauge �elds, respectively, now de�ned as

differential1-forms.

The discreteness of the gauge �elds enters through constraints on the holonomies of these

gauge �elds. Given a cycle
 , we require

I




~R 2 2� Z2;
I



! 2

2�
M

Z; (2.88)

with the equivalence

I



! �

I



! + 2�;

I



A �

I



A + 2�

I



aI �

I



aI + 2� (2.89)

Dislocations and disclinations must therefore correspond to singular sources of �ux forX , Y, ! .

Differential forms which are required to integrate to discrete values along cycles are referred to
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as integral differential forms.

The gauge transformations are also real-valued. In particular large gauge transformations

for aI , A and! must be quantized in units of2� .

We then write the effective action using the wedge product:

L = �
1

4�
K IJ aI ^ daJ + L f rac + L SP T

L f rac =
1

2�
aI ^ (qI dA + sI d! + ~t I � d~

��R + mI AXY )

L SP T =
k1

2�
A ^ dA +

k2

2�
A ^ d! +

k3

2�
! ^ d! +

1
2�

A ^ (~k4 � d~
��R) +

1
2�

! ^ (~k5 � d~
��R)

+
�

k6

2�
A +

k7

2�
!

�
^ AXY (2.90)

HereAXY is the continuum analog of the area element we de�ned in the simplicial formulation.

For example, when! = 0, AXY = 1
4� (X ^ Y � Y ^ X ). Note that the terms inL aside from

those involvingAXY andd~
��R are standard. To ensure that the terms involvingd~

��R are invariant

under large gauge transformations ofaI , A, and! , we require 1
2�

R
W d~

��R 2 Z2 over any closed

2-cycleW. WhenW is the space, for example, this physically corresponds to the fact that the

total Burgers vector of the whole closed space is trivial.

While we do not pursue a formal proof here, we expect that the effective action de�ned

using this continuum formulation yields identical physical results as compared with the lattice

gauge theory formulation used in previous sections.

Given a triangulation of the space-time manifoldM , we can understand the relation between

the discrete formulation and the continuum formulation as follows. Given a link (1-simplex)

ij with verticesi and j , the discrete gauge �elds,A ij , ! ij , X ij and Yij are taken to be the

integral fromi to j along the 1-simplexij of their continuum counterparts. Note that only those

86



continuum gauge �eld con�gurations can be used that give rise to the appropriate discrete values

of ! , X , and Y. Since the only gauge invariant quantities for~R and ! are associated with

disclinations and dislocations, we expect that such gauge con�gurations can always be found.

We can see how to specify the action of! on ~R by noting that in the continuum setting,

~R and! correspond exactly to the continuum coframe �eldse and spin connection! SC. In the

following section we discuss this correspondence in more detail.

2.6.2 Gauge �elds for continuous spacetime symmetries: coframe �eld and

spin connection

The Euclidean groupE2 = R2 o SO(2) is a semidirect product of the group of continuous

rotations in 2D,SO(2) = U(1) and the group of continuous translations,R2. In this case we

can consider background gauge �elds associated with the continuous translation and rotation

symmetries.

The translation gauge �elds in the continuum setting now correspond to the 1-form coframe

�elds ea
� ; a = 1; 2 associated with the space� 2. For physically realistic space-time manifolds of

the formM = � 2� R, where� 2 is space, we choosee1; e2 to be of the formea
i dxi = ea

xdx+ ea
ydy.

There is also a �xed time-component of the coframe �eld,e0 = dt. Below we will assume the

space� 2 can be curved, but time is separate, as is appropriate for directly describing a condensed

matter system. That is, the metric tensorg = gij dxi dxj + gtt dt2.

The coframe �elds diagonalize the metric tensor

gij = ea
i eb

j � ab; (2.91)
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where� ij (the Kronecker delta) is the �at space metric. In the linearized approximation where

ea
i = � a

i + ~ea
i , we have

gij = � ij + ~ei
j + ~ej

i ; (2.92)

where� a
i = � ai is the Kronecker delta. A translation gauge transformation can be identi�ed as an

in�nitesimal diffeomorphism:

x i ! f i (x) = x i + � i (x); (2.93)

under which

ea
i ! @i f j ea

j = ( � j
i + @i � j )ea

j

= ( � j
i + @i � j )( � a

j + ~ea
j ) = � a

i + ~ea
i + @i � a + � � �

= ea
i + @i � a + � � � ; (2.94)

where the� � � indicate the subleading term which we ignore in the linearized approximation.

We see therefore that in the linearized approximation, the gauge transformations ofea
i are the

continuous analog of the discrete translation gauge transformations~Rij ! ~Rij + ~rj � ~ri on

the lattice. Note that as in the discrete case, the continuous translation gauge transformations

should preserve the gauge-invariant holonomies associated withea. In particular, the gauge

transformations therefore correspond to diffeomorphisms that preserve the lengths along non-

contractible cycles.
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Physically, the continuous translation gauge �eldsea
i correspond to the plastic distortion

tensor discussed in Ref. [166]. The full strain tensoru is the sum of the elastic strain tensoruel

and the plastic strain tensorup: u = uel + up. The gauge-invariant combination isuel = u � up.

In addition to the translation gauge transformations, there are also rotation gauge transformations.

These correspond to locally rotating the coordinate axes by an element ofSO(2), at every point.

The gauge �eld associated with these gauge transformations is the spin connection, which is a

1-form gauge �eld! SC that corresponds to the continuous spatial rotation symmetry. The spin

connection speci�es how the frame �elds at nearby points are rotated relative to each other.

In terms of the full 3D space-time spin connection
 a
b;� , the spin connection associated with

spatial rotations corresponds to! SC;� = 
 1
2;� . In this language, we can explicitly write the

correspondence between the continuum and discrete gauge �elds as~R � (e1; e2) and! � ! SC.

We emphasize that when the continuousE2 symmetry is broken down to a discrete space group

symmetry, there is no distinction between( ~R; ! ) and(~e; ! SC). The gauge-invariant properties

associated to( ~R; ! ) can equally be calculated using(ea; ! SC).

To further clarify the correspondence, we calculate the contribution of! SC to the covariant

derivative ofea using our discrete formulation with certain limiting arguments. At a point~r + �~r ,

the coframe �eld (written here using the translation gauge �eld notation of the main text) is

Rj (~r + �~r ) � Rj (~r) + @i Rj � �r i : (2.95)

As stated in the main text, the vector~R(~r) parallel transported to~r + �~r is U(! ~r;~r + �~r ) ~R(~r), where

we have chosen~r as the origin. In the continuum, we can writeU(! ~r;~r + �~r = � ) as a rotation

matrix ei�� y (this would not be appropriate on a lattice, where we need to useGL(2; Z) matrices
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in a lattice basis, but it is not a problem in the continuum). The total rotation applied between

~r 0 and ~r 0 + d~r 0 is written in terms of! SC ase
� i

~r + �~rR

~r
~! SC(~r 0)�d~r0� y

. Here we have written the spin

connection as a vector with components! SC;� . This representation of! shows that it directly

corresponds to! SC in the continuum.

To �rst order in �~r , we can approximate

U(! ~r;~r + �~r ) = e
� i

~r + �~rR

~r
~! SC(~r 0)�d~r0� y

(2.96)

� 1 � i� y~! SC(~r) � �~r (2.97)

The covariant derivative of~R in the directionx i can then be written as

D i Rj (~r) = lim
x i ! 0

1
x i

(Rj (~r + x i ) � (U(! ~r;~r + x i ) ~R(~r)) j ) (2.98)

= lim
x i ! 0

1
x i

(@i Rj x i + ! SC;i (~r)x i � (i� yR) j ) (2.99)

= @i Rj + ! SC;i (~r)� jk Rk : (2.100)

This is precisely the formula for the covariant derivativeD of ea in terms of! SC, which is written

in the usual notation as

Ta � Dea = dea + � a
b! SCeb = dea + 
 a

b ^ eb: (2.101)

Here
 a
b;� is the full spin connection. We have proved this formula using the fact that
 a

b = � 
 b
a

is anti-symmetric, so that
 1
1 = 
 2

2 = 0 and
 1
2 = � 
 2

1 = ! SC.

Ta is the torsion 2-form, which characterizes how the frame �eld is rotated along the
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path traced by a curve in spacetime. The torsion as de�ned above can be directly related to

the dislocation density, i.e. to the holonomy of translation gauge �elds after accounting for

parallel transport, similar to the quantityd~R used in our work. Furthermore, the �ux associated

to rotational symmetry alone (d! in the lattice formulation, ord! SC in the continuum) gives

the curvature of the manifold, which is directly related to the disclination density. Therefore

couplings involvingd! or d! SC are essentially coupling the system to curvature. Given that

torsion is not quantized in the continuum, there cannot be any quantized topological terms formed

by coupling anyons or symmetry charges to the torsion (although nonquantized terms which

are topological in the sense of being independent of changes in the underlying metric are well-

known).

The classi�cation of SET phases with U(1) � E2 symmetry is identical to the classi�ca-

tion for U(1) � U(1) symmetry (this can be proved, for example, by computing the relevant

cohomology groups) [53]. So while the translation groupR2 has associated gauge �eldsX

andY, the Lagrangian does not have any contribution fromX andY; the only relevant terms

for Euclidean group symmetry fractionalization and for the associated SPT states are given by

sI
2� aI ^ d! SC and k

2� ! SC ^ d! SC respectively.

2.7 Discussion

2.7.1 Spatial vs. internal symmetries

As we have discussed, at a formal level our mathematical treatment of crystalline gauge

�elds is equivalent to treating the symmetry as an internal symmetry of the low energy quantum

�eld theory. The main difference is (1) the physical interpretation of the �uxes in terms of
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geometrical properties of the lattice, with certain holonomies being restricted by the lattice area

and lengths, and (2) the fact that we ultimately tie the space-time metric of the low energy

topological quantum �eld theory, which arises from the framing anomaly, to the crystalline gauge

�elds. Here we will begin by discussing this issue in some more detail.

We have two levels of description of the system. The �rst is the microscopic lattice model,

which has a global symmetryG = U(1) � Gspace, for some spatial symmetry groupGspace. The

second is the effective �eld theory description, which in our case is a topological �eld theory. The

symmetry of the topological �eld theory isGIR � Diff (M ), whereGIR is the internal symmetry

of the �eld theory and Diff(M ) is the group of diffeomorphisms of the space-time manifoldM .

Here the internal symmetryGIR allows us to couple the �eld theory to background principalGIR

bundles. The action of the microscopicG symmetry in the low energy �eld theory is described

by a group homomorphism:

� : G ! GIR � Diff (M ): (2.102)

When g 2 G is a purely on-site symmetry of the microscopic lattice model, then� (g) =

(� (g)jGIR ; 1), where� (g)jGIR denotes the restriction of� to the �rst factor and1 refers to the

identity element of Diff(M ). That is, an on-site symmetryg in the microscopic lattice model

is mapped to an internal symmetry in the �eld theory. On the other hand, ifg 2 G is a purely

spatial symmetry of the microscopic lattice model, then� (g) mapsg to a combination of an

internal symmetry and an element of Diff(M ). For example, aZM spatial rotation in the micro-

scopic lattice model will be mapped in general to aZM internal symmetry combined with aZM

rotation of space in the �eld theory. The distinct ways that a microscopic lattice symmetry can
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act in the �eld theory is taken into account by the different ways of coupling the effective �eld

theory to backgroundGIR gauge �elds.

Another way to state the above is that given any spatial symmetryg, one can always

consider the combination� (g) followed by an appropriate element of Diff(M ), to obtain a

symmetry action in the �eld theory that has trivial component in Diff(M ). Therefore, given

any spatial symmetry in the microscopic lattice model, the effective �eld theory description can

also in general contain a corresponding internal symmetry. To fully describe all possible SETs,

we thus takeGIR = G, and we classify all the ways that the effective �eld theory can be coupled

to G bundles.

Observe that in the above description, the symmetry defects associated with spatial symmet-

ries in the micrscopic lattice model, such as dislocations and disclinations, should therefore be

described in the �eld theory by symmetry �uxes of the internal symmetry of the �eld theory

and, simultaneously, torsion and curvature defects in the space-time metric of the effective �eld

theory. This re�ects the fact that� maps to bothGIR and Diff(M ). This explains why we equate

the spin connection of the space-time metric to the rotation gauge �eld in Eq. 2.65.

The above explanation is not a proof that spatial symmetries in lattice models can always be

treated as internal symmetries in the effective �eld theory description. Nevertheless, all known

examples of effective �eld theories of quantum many-body systems can be understood via the

above paradigm. As a simple example, consider the action of translation symmetries in spin

chains and their description in the low energy Luttinger liquid theory [191].

The conjecture that spatial symmetries can always be treated as internal symmetries in

the �eld theory (with some technical caveats) has recently been formalized in Ref. [82] as the

“crystalline equivalence principle,” where additional arguments have also been given in support
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of it. This principle has also received signi�cant support from the theory of crystalline SPTs,

where the SPT classi�cations obtained by treating spatial symmetries as internal symmetries can

be compared with other more direct methods [76,77,79,83], and the results agree with each other.

We will present a careful statement of this principle in Sec. 3.2.

2.7.2 Relation to defect network constructions

Ref. [83] gives a general construction of crystalline SET phases in terms of defect networks;

a similar approach has been studied for invertible phases in Ref. [79]. Here the manifoldM is

decomposed by means of a cellulation, and the defects in the theory, which include anyons as

well as symmetry defects, are assumed to live on the 0-cells (vertices) of the cellulation.

The authors of Ref. [83] show that the defect network picture is equivalent to the crystalline

equivalence principle. Our formalism is equivalent to assuming the crystalline equivalence principle

and proceeding with the G-crossed braided tensor category [11] and associated group cohomology

classi�cations of SET phases. In this sense, we expect that our approach formally yields the same

classi�cation results as the defect network picture.

However the two approaches differ in details of physical interpretation. Let us restrict to

the SPT case for concreteness. In this special case the defect network picture is mathematically

related to an equivariant cohomology theory, in which one considers the high-symmetry points

of a space group unit cell and places symmetry charges on these high symmetry points. Two

con�gurations of symmetry charge are in different SPT phases if they cannot be deformed into

one another by local, symmetry-preserving unitaries. (This procedure is essentially the ”block

state” construction of SPT phases developed in Refs [76, 77].) It is not fully clear how this
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approach is equivalent to the topological response theory that we have described in our work. We

can also express this distinction as follows: the equivariant cohomology approach has symmetry

charges, but in this picture it is not apparent how these arrangements of charge give rise to

different responses upon introducing symmetry �uxes. Reconciling the two pictures properly

is an interesting direction, but beyond the scope of the present work.

2.7.3 Outlook

We have predicted a type of momentum fractionalization, characterized by the discrete

torsion vector, which can only be non-trivial forM = 2; 3; 4-fold rotation symmetry together with

translation symmetry. This term leads to a number of fractionally quantized response properties

with no analog in the continuum. Perhaps most notably this includes a fractionally quantized

charge polarization, which can assign non-trivial fractional charges to dislocations and fractional

charges per unit length to boundaries (modulo the anyon charge). In addition to this, the theory

predicts fractionally quantized linear and angular momenta for disclinations, dislocations, and

units of area. It is important to verify the predictions of this crystalline gauge theory through

microscopic studies of model Hamiltonians and wave functions; we will do this in the setting

of invertible fermionic states in Chapters 4 and 5. While the fractional charges of dislocations

and disclinations can in principle also be probed by experiments on fractional Chern insulators

with suf�ciently weak disorder, it is an interesting theoretical question to understand the extent to

which the fractionally quantized linear and angular momenta of anyons, lattice defects, and units

of area can be experimentally measured.

Our theory is expected to be complete for topological phases of bosons, where symmetries
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do not permute anyon types. For fermionic states, which are most relevant for experimental

studies of fractional Chern insulators in solid state systems, we need to use a modi�ed theory

which is discussed in Chapter 3. When the space group symmetries do permute anyon types [192,

193], lattice defects can be non-Abelian and the classi�cation of SETs is different. Furthermore,

certain values of the coef�cients of the response theory may be constrained by the symmetry

permutation. A detailed study of this is left for future work.

The crystalline gauge theory we have developed treats the lattice defects as a �xed background

con�guration that is described in terms of a �xed background gauge �eld. Such a gauge theory

apparently does not take into account the restricted mobility of dislocations and disclinations

in a crystalline environment. The restricted mobility of these lattice defects can be described

using higher rank tensor gauge �elds, which are known to be dual to fracton theories (see e.g.

Refs [194–196]). It would be interesting to understand the relation between the topological

�eld theory developed here and a formulation including higher rank tensor gauge �elds which

explicitly takes into account the restricted mobility of the lattice defects.

Finally, we note that in general, given a symmetryG of a condensed matter system, the

effective �eld theory must include coupling to background gauge �elds of the symmetry in order

to be fully speci�ed. It would be interesting to revisit the large family of effective �eld theories

used throughout condensed matter physics, including gapless theories, and to properly understand

the coupling to background crystalline gauge �elds.
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Chapter 3: Crystalline gauge theory for invertible fermionic topological phases

This chapter is organized as follows. In Sec. 3.1, we present a brief review of the classi�ca-

tion of invertible fermionic phases in (2+1) dimensions with internal symmetryGf . In Sec. 3.2 we

explain how to extend the theory to the case with spatial symmetries, and state the general version

of the fermionic crystalline equivalence principle. Finally, in Sec. 3.3 we state the classi�cation

of invertible fermionic phases with symmetryGf = U(1)f � � [Z2 o Z M ] in terms of a topologi-

cal action (Eq. (3.20)), and point out several of its predictions that we will test numerically in

Chapters 4 and 5. The complete derivation of this action is given in App. B.3.

This Chapter contains material based on the following papers:

Classi�cation of (2+1)D invertible fermionic topological phases with symmetry, by Maissam

Barkeshli, Yu-An Chen, Po-Shen Hsin, and Naren Manjunath, Phys. Rev. B 105, 235143 (2022)

Non-perturbative constraints from symmetry and chirality on Majorana zero modes and defect

quantum numbers in (2+1)Dby Naren Manjunath, Vladimir Calvera, and Maissam Barkeshli,

Phys. Rev. B 107, 165126 (2023).

The calculations in Appendix B.3 have not previously appeared in full, although the results

in it have partially appeared in Refs. [100,101].

Notational remarks: Compared to the notation in Chapter 2, there are two differences.

Here we explicitly show how each topological invariant depends on the choice of origin o (by
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writing S+
o ; ~P o and so on). This dependence was present but not made explicit in Chapter 2.

Moreover, in fermionic systems there are two natural choices of rotation symmetry operators

about o, which we denote as~C+
M o

and ~C �
M o

. Invariants are given+ and� superscripts when they

are de�ned with respect to~C+
M o

and ~C �
M o

respectively. This distinction did not arise in Chapter 2,

because we restricted to bosonic systems.

3.1 Review of classi�cation of invertible fermionic phases

3.1.1 Overview

Let Gf be the symmetry group of the invertible fermionic phase (assumed to be internal

in this section). De�neGb = Gf =Z f
2 whereZ f

2 denotes the fermion parity symmetry. Let(g; a)

dentote an element ofGf , whereg 2 Gb; a 2 Z f
2 . Then, the group law inGf can be written as

(g1; a1)(g2; a2) = ( g1g2; a1 + a2 + ! 2(g1; g2)) (3.1)

where! 2 is a 2-cocycle representative of the groupH 2(Gb; Z2). The homomorphisms1 : Gb !

Z2 speci�es if g 2 Gb is unitary (s1(g) = 0 ) or antiunitary (s1(g) = 1 ).

If the symmetry is of the formGf = Gb � Z f
2 , we can set! 2 = 0. If [! 2] belongs to a

nontrivial class, there is some combination of operationsf gi g 2 Gb with
Q

i gi = 0, such that

Y

i

(gi ; 0) = ( 0; 1): (3.2)

Thus a sequence of symmetry operations which acts as the identity on bosonic operators instead
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acts as(� 1)F on fermionic operators. The symmetry acts through a projective representation of

Gb (which is still however a linear representation ofGf ). In this situation the fermion is said to

have fractionalGb quantum numbers.

For example, consider a system withGb = SO(3) in which a2� rotation withinGb equals

1 or (� 1)F . Such a system has integer and half-integer spin respectively. As another example,

consider a system withGb = ZT
2 time-reversal symmetry implemented byT , satisfyingT 2 =

(� 1)F ; we can also express this as! 2(T ; T ) = 1 mod 2. In this case the relevant fractionalGb

quantum number is the Kramers degeneracy carried by a fermion.

The main result of Ref. [27] is that each invertible fermionic phase with symmetry group

Gf is classi�ed by the data(c� ; n1; n2; � 3), wherec� is either an integer or a half-integer, and

n1 : Gb ! Z2; n2 : Gb � Gb ! Z2; � 3 : Gb � Gb � Gb ! U(1) are functions (`cochains') in 1,2

and 3 variables respectively. They satisfy the following consistency conditions:

dn1 = 0 (3.3)

dn2 = O3[c� ; n1] (3.4)

d� 3 = O4[c� ; n1; n2]: (3.5)

The operatord is a derivative de�ned on cochains, see Appendix B.1. The quantitiesO3; O4

have complicated expressions and will be discussed further below (see Eqs. (3.13) and (3.15)

respectively). Different sets of data(c� ; n1; n2; � 3) can describe the same physical system, and

are thus equivalent. The classi�cation of invertible phases for a givenGf is obtained by �nding

all possible solutions to the above equations, and then modding out by such equivalences.

In the rest of this section, we will explain the general meaning of the above data and
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equations. While the mathematical content in this section is the same as in Ref. [27], we include

several examples and additional physical arguments to aid readers who are new to the formalism.

We refer the reader to [11,27,49] for background on the general formalism that we use here.

3.1.2 De�nition of (c� ; n1; n2; � 3)

3.1.2.1 c�

Let us �x Gf (and hence! 2). The quantityc� denotes the chiral central charge of the

invertible fermionic phase. It can be measured from the thermal Hall conductance� xy at a

temperatureT through the relation

� xy = c�
� 2k2

B

3h
T: (3.6)

c� is an integer or a half-integer; in a topological superconductor,2c� is the spectral Chern

number of the associated Bogoliubov-de Gennes (BdG) Hamiltonian.

The basic data fully specify the quantized topological properties of symmetry defects in

the system, such as their fusion rules, their quantum numbers underGf , and so on. Symmetry

defects are objects labelled by a group element inGf . In a Hamiltonian picture, ag defect is a

static modi�cation of the Hamiltonian along some spatial cut, so that a particle which crosses the

cut gets acted upon byg. Topologically distinct defects corresponding to the same group element

are denotedag ; bg ; and so on.

c� determines the nature of the fermion parity(0; 1) �uxes in the system. These are also

sometimes referred to as `fermion parity defects' or `fermion parity vortices.' Ifc� is a half-
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integer, there is a single fermion parity �ux, denoted� (0;1), which is nonabelian and hosts an

unpaired Majorana zero mode (MZM). (A notational remark: for fermion parity �uxes, we will

usually drop the subscript and instead just write� .) It satis�es the fusion rules� �  =  � � =

� ; � � � = 1 +  , where denotes a fermion. This is the situation in the weak-pairing spinless

p + ip superconductor, wherec� = 1=2.

If c� is an integer, there are two fermion parity �uxes, which do not carry an unpaired

MZM. Whenc� is even we denote them bym ande = m �  . They satisfye� e = m � m = 1.

If c� is odd, we instead denote the fermion parity �uxes asv; �v = v �  . In this case,v � v =

�v � �v =  . Whenc� is an unspeci�ed integer, by convention we will usee; m.

Note that if we gauge the fermion parity symmetry of an invertible fermion phase, the

fermion parity �uxes are promoted to anyons with the same fusion rules as given above. The

topological twist� of these anyons satis�es� = ei 2�
c�
8 and thus encodesc� mod 8.

3.1.2.2 n1 and MZMs

Next we have a parametern1 : Gb ! Z2. The following interpretation ofn1 is valid

for unitary as well as antiunitary symmetries. Suppose we gauge the fermion parity. Then, if

n1(g) = 1 , any fermion parity �ux (say we denote it asm) is converted tom �  when acted

upon byg. Thus the action ofg changes the fermion parity ofm. We write this asgm = m �  .

Wheng is a unitary operation, there is a second equivalent interpretation which is useful:

c� and n1 together completely specify which symmetry defects carry unpaired MZMs. First

supposec� 2 Z. Now, if n1(g) = 0 , then any(g; a) defect in the invertible fermionic phase is

abelian, i.e. does not carry an unpaired MZM, while ifn1(g) = 1 , every(g; a) defect carries an
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unpaired MZM.

Whenc� is a half-integer, we saw that the(0; 1) defect always hosts an unpaired MZM. If

n1(g) = 0 , the situation is the same as wheng = 0: the (g; 1) defect hosts an unpaired MZM

while the(g; 0) defect does not. On the other hand,n1(g) = 1 implies that a(g; 0) defect hosts

an unpaired MZM, but a(g; 1) defect does not.

Wheng is the time-reversal operation, ag defect is not in general a well-de�ned concept in

a Hamiltonian framework.1 However, there is still an interpretation ofn1(g) = 1 : it means that a

fermion parity �ux carries two degenerate states with different fermion parities which are related

by g. These states can be identi�ed withm ande = m �  . Wheng is a general antiunitary

operation, this latter interpretation extends to all cases in whichn1 = s1 [85]. However, since we

are interested in unitary symmetries, we will not discuss this further here.

By considering the fusion of a(g1; a)-defect with a(g2; b)-defect into a(g1; a)(g2; b)-

defect, we can prove thatn1 should be a homomorphism:

n1(g1) + n1(g2) = n1(g1g2) mod 2

=) dn1 = 0 mod 2: (3.7)

3.1.2.3 ! 2 and fractional quantum numbers of 

The content of Eq. (3.1) is summarized by the de�nition

�  (g1; g2) := ( � 1)! 2 (g1 ;g2 ) ; (3.8)

1In a Euclidean space-time path integral, one can think of a time-reversal defect as an orientation-reversing wall
in space-time. See e.g. [54].
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whereg1; g2 2 Gb. Physically,�  (g1; g2) measures the phase difference between acting on the

fermion by g1 andg2 separately as opposed tog1g2. A detailed discussion of the meaning of

the� symbols in general can be found in Refs. [11,27,49,50].

The symbols�  also determine the fractionalGb quantum numbers carried by . Given

someGb, the choices of[! 2] are classi�ed byH 2(Gb; Z2) �= (Z2)r for somer � 0. Thus there are

r Z2 invariants which together specify[! 2]. We denote these asQi
 mod 1, i = 1; 2; : : : ; r . Each

Qi
 2 f 0; 1=2g mod 1is aGb quantum number of , and is de�ned by some `gauge-invariant'

combination of�  symbols. The precise de�nition ofQi
 is symmetry-dependent. Whenever

Qi
 = 1

2 mod 1(i.e. Qi
 is a fractional Gb quantum number), there exists a sequence of group

operations which act trivially on any bosonic operator but transform any fermionic operator by a

minus sign.

Example.Consider a system withGf = U(1)f charge conservation symmetry. HereGf

andGb = U(1)f =Z f
2 are both isomorphic to U(1), but the operator generating a rotation by� in Gb

only generates a rotation by�=2 in Gf . Note that two� = � rotations inGb together act trivially

on any bosonic operator, but transform a fermionic operator by a sign. Thus! 2(�; � ) = 1 . We

can also de�ne

�  (�; � ) = � 1 =: e2�iQ  : (3.9)

This means that hasGb chargeQ = 1
2 . SinceH 2(U(1); Z2) �= Z2, we only de�ne one

invariantQ .
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3.1.2.4 n2 and fractional quantum numbers of fermion parity �uxes

We can similarly de�ne� symbols for the fermion parity �uxes, saye andm. � a(g; h) 2

U(1) for a = e; m;  essentially describes the phase difference between applyingg and h

sequentially as compared togh (See [11] for a detailed de�nition). The� symbols in general

encode the fractionalGb quantum numbers of excitations.

Just as�  encodes! 2, � e and� m together encode a functionn2 : Gb � Gb ! Z2. For

example, whenc� = 0, we can de�ne

� m (g; h) = ( � 1)n2 (g;h )

� e(g; h) = ( � 1)(n2+ ! 2 )( g;h ) : (3.10)

The� symbols for generalc� in terms ofn2 are given in Ref. [27].

Example. Consider a crystalline topological insulator with charge conservation and translation

symmetries, withc� = 0 and a fermion per unit cell (implying a �lling� = 1). HereGf =

U(1)f � Z2. Note that transporting ane (or m) particle around a single unit cell results in an

overall phase of -1, because the fermion within the unit cell is seen as a� -�ux for the e and

m particles. Thus the elementary translations do not commute on a state with a fermion parity

�ux ( Tx Ty = � Ty Tx in such a state). This is the `nontrivialGb quantum number' encoded

by the � e; � m symbols. In particular, we can choose a gauge where� e(g; h) = � m (g; h) =

(� 1)X 1 (g)X 2 (h ) whereX i is the projection to thei -th component ofZ2. Then, on a state with ane

or m particle, we haveTx Ty (Ty Tx )� 1 = � e(Tx ; Ty )=� e(Ty ; Tx ) = � 1.
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Although we will not require them for this paper, we note for completeness that the theory

also contains a set ofU symbolsUg(a; b; a � b) for a; b 2 f e; m;  g, which can all be set to

1 for unitary symmetries. Through appropriate `gauge-invariant' combinations of the� andU

symbols, we can de�ne fractionalGb quantum numbersQj
e; Qj

m for the fermion parity �uxes,

wherej = 1; : : : ; k is an index andk is the number of independent fractional quantum numbers.

For a discussion of gauge transformations on the basic data, see Appendix A of Ref. [27].

3.1.2.5 O3 obstruction to de�ningn2

By requiring that the symmetry action on the fermions and the fermion parity �uxes respect

their fusion rules, we can obtain various relations among the� symbols. For example, when the

symmetry is unitary, we can show that

� a� b = � c (3.11)

wheneverc is a fusion product ofa andb, anda; b; ccorrespond to or to a fermion parity �ux.

(For antiunitary symmetries, see Eq. 25 in Ref. [85].) This places constraints on the fractionalGb

quantum numbers (or equivalently, onn2). For example, ifGf = U(1)f as above andc� = 0, we

can de�nee2�iQ a := � a(�; � ) for a = e; m;  . Then the relatione� m =  along with Eq. (3.11)

implies thatQe + Qm = Q mod 1.

Another important relation (again written for unitary symmetries) takes the form

� a(g; h)� a(gh; k) = � �g a(h; k)� a(g; hk ): (3.12)

Here �g a is the result of permutinga by �g = g� 1. Note that ifn1 6= 0, there is a group element
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which permutese andm. In that case the above condition may introduce further constraints on

Qe andQm . These relations serve to constrainn2 in terms ofn1; c� and! 2.

The constraint onn2 is summarized by a cocycleO3 2 Z 3(Gb; Z2). The general form of

O3 is

O3 := n1 [ (! 2 + s1 [ n1) + c� ! 2 [ 1 ! 2 mod 2: (3.13)

For reference, the same equation is written after expanding the[ -cup products in Appendix B.1.

O3 is viewed as an obstruction, because ifO3 is in a non-trivial cohomology class ofH 3(Gb; Z2),

then the equationdn2 = O3 cannot be solved, as the lhs is a 3-coboundary and thus trivial in

H 3(Gb; Z2). In particular, for a unitary symmetry,O3 encodes how! 2 andc� �x whether or not

symmetry defects can host unpaired MZMs.

3.1.2.6 O4 obstruction and� 3

Above we discussed constraints at the level ofn2. Even ifn2 is well-de�ned, however, the

invertible phase may not be well-de�ned if the data(! 2; c� ; n1; n2) have a nontrivial obstruction

(often referred to as 't Hooft anomaly), given by a class[O4] 2 H 4(Gb; U(1)). The obstruction is

trivial if there exists some� 3 : C3(Gb; U(1)) such that

d� 3 = O4[c� ; n1; n2]: (3.14)

Whenn1 = 0, the expression forO4 (both unitary and antiunitary symmetries) is

O4 =
c� P(! 2)

8
+

1
2

n2 [ (! 2 + n2) mod 1 (3.15)
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whereP : H 2(Gb; Z2) ! H 4(Gb; Z4) is the Pontryagin square which is a cohomology operation

that re�nes the square - in the sense that2P(! 2) = 2 ! 2 [ ! 2 mod 4 (see Appendix B.1).

Expressions forO4 whenn1 6= 0 can be found in Ref. [27].

If [O4] vanishes, we can de�ne a consistent set of fusion and braiding data for all the

defects; this requires an additional parameter� 3(g; h; k), which satis�es Eq. (3.14). As described

below, � 3 speci�es theGb quantum numbers ofGb symmetry defects. However, if[O4] is

nonvanishing, the system with data(! 2; c� ; n1; n2) can only be de�ned in conjunction with

another system that cancels the obstruction. For example, such a system may exist on the

boundary of a bosonic SPT in (3+1) dimensions.

Examples. First consider an integer quantum Hall state withGf = U(1)f . There are no

obstructions, so� 3 can be de�ned consistently. In this case Ref. [27] showed that� 3 directly

encodes the Hall conductance. This can be generalized: just as the Hall conductance measures the

U(1) charge bound to magnetic �ux, in general� 3 encodes theGb quantum numbers associated

to Gb symmetry defects.

An example of a system with nontrivialO4 (and hence no solution for� 3) is a translationally

symmetric system in (2+1)D with spin-1/2 per unit cell. HereGf = Z2 � SU(2)f andGb =

Z2 � SO(3). The statement that fermions carry spin-1/2 underSO(3) implies that! 2 is nontrivial,

while the statement that there is a fermion in each unit cell implies thatn2 is nontrivial. In this

case, the data(! 2; c� = 0; n1 = 0; n2) give a nontrivialO4. This recovers a version of the well-

known Lieb-Shultz-Mattis theorem, which states that there cannot be an invertible state in 2+1

dimensions satisfying the above criteria.

While solving the obstruction equations, it may happen that certain choices ofn2 that
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satisfy Eq. (3.13) do not satisfy Eq. (3.14). In this sense theO4 obstruction is a more restrictive

constraint onc� andn1, so it is not enough to solve only theO3 equation and ignoreO4.

Remark: In this chapter we identify U(1) �= R=Z and we will interchangeably use

multiplicative and additive notation for� 3, which are related as follows:

� multiplicative
3 = exp(2�i� additive

3 )

where� additive
3 is to be understood as a real number modulo 1.

3.2 Extending the formalism to crystalline symmetries

The formalism above is strictly valid only whenGf is an internal symmetry. However, with

the aid of the fermionic crystalline equivalence principle (fCEP) [80,82–84], it can be applied in

situations whereGf acts on space. We note that the fCEP has only been discussed for completely

general symmetries in [82]; furthermore [82] used the more abstract language of vector bundles.

Below we present a concrete formula for the fCEP that is more useful in our context.

3.2.1 Fermionic crystalline equivalence principle

We consider a bosonic symmetry groupGb that may include spatial symmetries. We

assume that the clean 2d system without any defects is de�ned on the in�nite plane, so that the

spatial elements inGb are speci�ed by a map( ~R; � s) : Gb ! R2 o O(2) whereR2 o O(2) is the

group of continuous translations, rotations and re�ections in 2 dimensions. Here~R : Gb ! R2

and� s : Gb ! O(2). When( ~R; � s) is non-trivial, we include it as part of the symmetry data of the

system. Note that previous works checking the CEP for bosonic and fermionic systems [79–81]
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consideredGb = H � GspacewhereH is internal andGspaceis a point-group or wallpaper group

symmetry. But our result below is expected to hold for arbitraryGb.

The fCEP states that the classi�cation of invertible fermionic topological phases with

spatial symmetryGf de�ned by the data(Gb; s1; ! 2; ( ~R; � s)) is in 1-1 correspondence with the

classi�cation of invertible fermionic topological phases with an effective internal symmetryGeff
f

that has data(Gb; seff
1 ; ! eff

2 ) whereGb acts trivially on space.seff
1 ; ! eff

2 are completely determined

by s1; ! 2; � s.

We conjecture that the internal symmetry data are given by

seff
1 = s1 + w1

! eff
2 = ! 2 + w2 + w1(s1 + w1)

(3.16)

wherew1 = � �
sw1;r ; w2 = � �

sw2 are obtained by pulling back the Stiefel-Whitney classesw1;r ; w2

that generateH 1(O(2); Z2); H 2(SO(2); Z2) respectively. If there are no re�ections inGf , w1 =

0; if there are no rotations,w2 = 0. In App. B.2 we explain the notation further, check each term

in the above formula with examples and give some heuristic justi�cation.

Note that this formula treats unitary translations exactly as if they were internal symmetries:

they do not appear in Eq. (3.16). The formula can also be straightforwardly generalized tod

spatial dimensions, as we discuss in App. B.2.

Each term above can be understood as follows. The termw1 in the equation forseff
1 implies

that spatial orientation-reversing symmetries are mapped to internal antiunitary symmetries.

The termw2 in the equation for! eff
2 implies that if a2� spatial rotation acts as the identity

in Gf , it should act as(� 1)F in Geff
f , and vice versa. The termw2

1 implies that if two successive
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re�ections in Gb act as the identity inGf , they should act as(� 1)F in Geff
f , and vice versa.

The termw1s1 implies that ifGb has time-reversal and re�ection symmetries generated byT ; R

respectively that act on fermions asRT = TR , the fCEP maps them to a pair of anti-unitary

internal symmetriesT ; R 0 that satisfyR 0T = ( � 1)F TR 0.

This principle has not been proven in complete generality for all invertible phases, but

its predictions have been tested in several examples using different techniques. For example,

Ref. [80] provides evidence through a real space construction that ifGb = H � Gspace with

s1 = 0, whereH is an internal symmetry andGspaceis a 2d wallpaper group, thenseff
1 and! eff

2

should be de�ned as in Eq. 3.16.

Our general strategy to study crystalline invertible phases is thus to identifys1; ! 2, say from

the system Hamiltonian, and then computeseff
1 ; ! eff

2 . Thereafter we study solutions to theO3 and

O4 obstructions usingseff
1 ; ! eff

2 instead of the original spatial symmetry data. We refer the reader

to Ref. [85] for several examples that check the fCEP in models of topological superconductors

which have been proposed in the recent literature.

3.3 Classi�cation of invertible fermionic phases withGf = U(1) � � [Z2 oZ M ]

3.3.1 Simpli�cations for our choice ofGf

For the symmetries we consider, the above formalism simpli�es considerably:

1. The symmetry is unitary, therefores1 = 0. It is also spatial orientation-preserving, therefore

from Eq. (3.16),seff
1 = 0.

2. Since the symmetry contains U(1)f charge conservation as a subgroup, the chiral central
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chargec� must be an integer.

3. Eq. (3.13) turns out to have a solution only whenn1 = 0 (see Ref. [85] for a mathematical

derivation of this result). Physically, the above two conditions both stem from the well-

known fact that a system with U(1)f charge conservation symmetry cannot host unpaired

Majorana zero modes at symmetry defects. Therefore we can setn1 = 0 throughout.

The main simpli�cation whenn1 = 0 is that the topological action can be obtained directly from

� 3 via the pullback operation. LetB be aGb gauge �eld. When� = 0, B was discussed in detail

in Chapter 2; the de�nition ofB for � 6= 0 is similar and will be given below. Then, whenn1 = 0

we simply have

2� L = B � � 3: (3.17)

Note that Eq. (3.17) is valid only whenn1 = 0; we do not have a complete understanding of how

to relateL to (c� ; n1; n2; � 3) whenn1 6= 0. Furthermore, for our choice ofGb we can further

simplify Eqs. (3.13), (3.15) as follows:

dn2 = 0

d� 3 =
1
2

n2 [ (n2 + ! eff
2 ) +

c�

8
! eff

2 [ ! eff
2 mod 1: (3.18)

Here! eff
2 determines the effective internal symmetryGeff

f as a group extension ofGb by Z f
2 . An

expression for! eff
2 andn2 in terms of group cocycles is given in App. B.3, see Eqs. (B.18), (B.27).
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3.3.2 De�nitions

3.3.2.1 Symmetry operators

Note that all point group operation operators must be de�ned with respect to a speci�ed

origin within the elementary unit cell (see Fig. 4.2). Consider any high symmetry point o of

the unit cell. LetM o be the order of the rotational symmetry group which preserves o. There

is a canonical choice of magnetic point group rotation operators~C+
M o

which are centered at o

and satisfy( ~C+
M o

)M o = +1 . In a system with �ux� per unit cell, the operator~C+
M o

inserts zero

excess �ux at a disclination of angle2�=M o centered at o. We also de�ne another set of operators

~C �
M o

:= ei �
M o

N̂ ~C+
M o

, and ~C �
M o;� := ei� 2�

M o
N̂ ~C �

M o
. Note that~C �

M o
= ~C+

M o;1=2 and( ~C �
M o

)M o = ( � 1)F

where(� 1)F is fermion parity.

3.3.2.2 De�nition ofGb gauge �eld

Note thatGb = Gf =Z f
2 = U(1) � 2� [Z2 o Z M ] (corresponding to2� �ux per unit cell).

Intuitively, we can see this by noting that a boson is composed of an even number of fermions, and

therefore always sees a multiple of2� �ux per unit cell. On a manifoldM 3 with a triangulation,

we de�ne a �atGb gauge �eldB = ( �A b; ~R; ! ), whose gauge transformations compose according

to the group law ofGb. We have�A b 2 R with �A b � �A b + 2� . We also have1
2�

~R 2 Z2, and

1
2� ! 2 Z=MZ with ! � ! + 2� .

An important point that was not made fully explicit in Chapter 2 is that these gauge �elds

implicitly depend on a choice of origin o within the unit cell; therefore all gauge �uxes and

quantized topological terms will in general carry an origin-dependence, which we make explicit
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below.

In Chapter 2 we denoted the U(1)b gauge �eld byA; here we use the notation�A b. We

write the U(1) component ofB as�A b because it is thedeviationof the full bosonic U(1) gauge

�eld Ab from some reference that assigns uniform �ux2� per unit cell. When� = 0, as in

Chapter 2, the reference can be set to zero and therefore we have�A b = Ab. We use the subscript

b in this case to distinguishAb from the usual vector potentialA, which is a U(1)f gauge �eld

seen by the fermions. This distinction did not arise in Chapter 2.

Next we discuss the �uxes ofB . The quantitiesd!; d ~R; AXY are de�ned exactly as in

Chapter 2 (if we takeG � Gb), and are interpreted as disclination �ux, dislocation �ux, and the

area element respectively. Note that in a system with a nonzero disclination angle, the dislocation

Burgers vector~bo = 1
2�

R
d~R depends on the origin o of the loop used to de�ne

R
d~R. This is

discussed in more detail in Chapter 4 (see in particular Eq. (4.28)).

Importantly, in a system with� 6= 0, the U(1) component of the �eld strength ofB is not

d�A b, butd�A b + 2�
2� AXY . Mathematically, this is a consequence of the group multiplication law,

which speci�es that magnetic translations only commute up to a U(1) rotation. The second term

measures the background �ux per unit cell seen by the bosons, while the �rst term measures the

excess �ux above this background. But ifA is the full vector potential (U(1)f gauge �eld) in the

system, anddA represents the total �ux seen by thefermions, we must have

dA =
1
2

�
d�A b +

2�
2�

AXY

�
; (3.19)

because the elementary fermions see half the total �ux as the elementary bosons. It will be much

more convenient to write the �eld theory in terms ofA instead of�A b, becauseA appears directly
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M Classi�cation

1 Z3

2 Z3 � Z3
4 � Z2

3 Z3 � Z5
3

4 Z3 � Z8 � Z2
4 � Z2

6 Z3 � Z12 � Z6 � Z3

Table 3.1: Classi�cation of invertible fermionic states with symmetryGf = U(1)f � � [Z2 o Z M ]
for M = 1; 2; 3; 4; 6. The result is independent of� .

in a fermionic lattice Hamiltonian as opposed to�A b. Therefore in App. B.3, we will �rst derive

the response theory in terms of�A b, but then replace it withA. The �nal result is stated below.

3.3.3 Classi�cation result

3.3.3.1 Topological action

For general o, the response theory de�ned with respect to~C+
M o

reads

L =
C
4�

A ^ dA +
S+

o

2�
A ^ d! +

`+
s;o � c� =12

4�
! ^ d! +

~P o

2�
� ~R ^ dA

+
~P +

s;o

2�
� ~R ^ d! +

�
4

A ^ AXY +
� +

s

4
! ^ AXY : (3.20)

The response theory de�ned with respect to~C �
M o

can be obtained from Eq. (3.20) after relabelling

A ! A + != 2. We have used+ superscripts only for the coef�cients that change under this

transformation. Note the general similarity between this action and the one written for bosonic

SET phases in Eq. (2.44).

Eq. (3.20) is actually derived using a discrete simplicial formulation of the crystalline

gauge theory. However, as argued in Chapter 2, the same effective action can be derived using

a continuum formulation, in which the gauge �elds are de�ned as differential 1-forms with
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quantized holonomies, and simplicial cup products are replaced by wedge products. It is this

form of the topological �eld theory that we present in Eq. (3.20), and use in subsequent Chapters.

This action has a term� c�

48� ! ^ d! that arises from the framing anomaly [152, 180]. This

term cannot be derived directly from the calculations presented in App. B.3, but must be present

in any invertible topological state withc� 6= 0.

3.3.3.2 Quantization of coef�cients

Below we �x o such thatM o = M = 4 (that is, we consider a square lattice). The

calculation outlined in App. B.3 gives the quantization conditions in two main steps. The �rst step

is to determine a partial quantization of the coef�cients, without including certain equivalences

that arise in the computation. The second step is to include these equivalences.

After the �rst step, we �nd that

C = c� + 8k1; k1 2 Z

S+
o =

c�

2
+ [ so]2 + 2k+

2;o mod 8; so 2 Z2; k+
2;o 2 Z4

`+
s;o =

c�

4
+ 2k+

3;o mod 8; k+
3;o 2 Z4

~P o =
([to]2 + 2k4;o)

2
(1; 1) mod Z2; to; k4;o 2 Z2

~P +
s;o =

k+
5;o

2
(1; 1) mod Z2; k+

5;o 2 Z2

� 2 Z

� +
s 2 Z4: (3.21)

We have used+ superscripts only for the coef�cients that change when we takeA ! A + != 2.
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In the second step, we �nd two equivalences that reduce the classi�cation. These correspond

to relabelling disclination and dislocation defects by fermions; such relabellings can modify the

coef�cients but should be considered trivial, since fermions can be created by local operators.

For a; b2 Z2, these relabellings imply that

(k+
2;o; k+

3;o) ' (k+
2;o + 2a; k+

3;o + 2a)

(k4;o; k+
5;o) ' (k4;o + b; k+

5;o + b) (3.22)

where we assume all other coef�cients remain unchanged. After modding out by the equivalences,

we can verify that a complete and independent set of (integer quantized) invariants is given by

c� ; �; k 1 2 Z

S+
o � `+

s;o �
c�

4
2 Z8

1
2

�
`+

s;o �
c�

4

�
2 Z2

2( ~P o � 2 ~P s;o) � (1; 0) 2 Z4

� +
s 2 Z4: (3.23)

3.3.3.3 Main theoretical predictions

With this, we obtain the following important predictions:

1. The full classi�cation of invertible fermionic states with the spatial symmetryGf = U(1)f � �

[Z2 o Z M ] is given by a groupZ3 � (Z8 � Z2) � Z4 � Z4 and is independent of the value

of � . The three integer factors can be obtained from the chiral central chargec� , the Chern
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numberC, and the integer� . These are well-de�ned even without point group rotational

symmetry. Moreover,C = c� + 8k1 wherek1 is a bosonic SPT invariant. In a free fermion

state, we havek1 = 0, and thereforec� = C.

2. We have the following interpretation of� . Suppose the �lling per unit cell is� . On a spatial

torusT2 with N unit cells, the total charge predicted by the �eld theory is

�N =
Z

T 2

� L
�A

=
C
2�

Z

T 2
dA +

�
2�

Z

T 2
AXY (3.24)

=
�

C�
2�

+ �
�

N: (3.25)

Here we used
R

T 2 dA = �N
R

T 2 AXY = 2�N . SinceN is arbitrary,� must be related to

the �lling � as follows:

� =
C�
2�

+ �: (3.26)

This relation was previously derived in special cases such as in the Hofstadter model [3],

and more generally for Chern insulators using �ux-threading arguments [65], in which

the role of symmetry was not fully clear. The above derivation shows that it is a direct

consequence of the magnetic translation symmetry in the problem.

3. The coef�cientsS+
o ; `+

s;o both depend onc� :

S+
o =

c�

2
mod 1; `+

s;o =
c�

4
mod 1:

In the free fermion models that we study numerically, we can setc� = C.

4. For a �xed value ofc� , there are four distinct values ofS+
o (corresponding to the choices
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of so; k+
2;o), two distinct values of~P o (corresponding to the choice ofto), and two distinct

values of̀ +
s;o (corresponding to the choice ofk+

3;o). These statements hold wheneverM o =

4 but are modi�ed for generalM ; see App. B.3.

5. Interestingly, the classi�cation of thepair (S+
o � `+

s;o � c� =4; `+
s;o=2 � c� =8) is Z8 � Z2,

that is, there are in total 16 different choices. This seems to contradict our statement that

S+
o and`+

s;o can take 4 and 2 different values respectively. The explanation is that before

including any equivalences,So and`+
s;o take 8 and 4 different values respectively, for �xed

c� ; the equivalences in Eq. (3.22) then reduce the total classi�cation by a factor of 2,

giving 8 � 4=2 = 16. The seeming inconsistency arises becauseS+
o ; `+

s;o do not form an

independent set of invariants spanning theZ8 � Z2 subgroup of the classi�cation; however,

the pair(S+
o � `+

s;o � c� =4; `+
s;o � c� =4) gives more information. In Chapter 5, we show

how to obtain precisely thisZ8 � Z2 invariant from partial rotation operations.

Whenc� = 0 andk1 = 0, we recover the classi�cation derived in Ref. [80] using a real-space

construction. The classi�cation result forGf = U(1) � � [Z2 o Z M ] with M = 1; 2; 3; 4; 6 is

given in Table 3.1. The �eld theory is also stated and derived for these cases in App. B.3.

3.4 Conclusion

Using the general theory of invertible fermionic states, combined with the fermionic crystalline

equivalence principle, we have obtained a number of powerful predictions that can be tested

numerically. In Chapter 4 we discuss the invariantsSo and ~P o in detail, understand how to

measure them in several complementary ways, and obtain precise agreement between theoretical

and numerical calculations. Then, in Chapter 5, we show that theentireset of invariants predicted
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above can be extracted numerically in a given lattice model; indeed, this can be done from a single

wave function.
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Chapter 4: Discrete shift and quantized charge polarization as many-body invariants

in (2+1)D crystalline topological states, and Hofstadter butter�ies

In this chapter we present a thorough numerical study of two invariants predicted by the

theory in Chapter 3. This Chapter is based on the paperQuantized charge polarization as a many-

body invariant in (2+1)D crystalline topological states and Hofstadter butter�ies, by Yuxuan

Zhang, Naren Manjunath, Gautam Nambiar, and Maissam Barkeshli, arXiv: 2211.09127 (2022).

Notational comments: As in Chapter 3, we explicitly show the dependence of each topologi-

cal invariant on the chosen origin o in the unit cell. We use the same �eld theory as the one in

Chapters 3 (Eq. (3.20)) with+ superscripts on the �eld theory coef�cients, but here we drop

the superscript for ease of notation. In particular, the quantitySo studied here is the same as

the quantityS+
o studied in Chapters 3 and 5. We use the same operator referred to as~C+

M o
in

Chapters 3 and 5, but call it~CM o here.

4.1 Overview of main results

We consider a gapped phase of matter with the symmetry group

G = U(1) � � [Z2 o Z M ]; (4.1)
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M So+ ~v
~P o+ ~v

2 So � 4~v � ~P o + 4� (v2
x + v2

y + vxvy) ~P o + ( � vy �; v x � )

4 So + 2P o � � ~P o + ( � 1
2 �; 1

2 � )

3 So � 3vyP o � 3� (v2
x + v2

y + vxvy) ~P o + ( � vy �; v x � )

6 So 0

Table 4.1: Transformation ofSo and ~P o under o! o+ ( vx ; vy), which shifts the origin from one
CM symmetric point to anotherCM symmetric point. Note thatSo and ~P o are only de�ned up
to equivalences as described in the main text. ForM = 4 we have taken the unique non-trivial
choice~v = ( 1

2 ; 1
2):

whereZ2 denotes magnetic lattice translations andZM for M = 2; 3; 4; 6 denotes point group

rotations.1 The symbol� � implies that the magnetic translation operators, generated by~Tx ; ~Ty ,

obey the algebra~T � 1
y

~T � 1
x

~Ty
~Tx = ei� N̂ whereN̂ is the total fermion number. The tilde superscript

indicates that the de�nition of the operator involves a U(1) gauge transformation.

The charge conservation and translation symmetries allow us to de�ne a charge per unit

cell � . Each unit cell can be divided intoM subcells with equal �ux� sub. The total �ux per

unit cell is then� = M� sub. Note that for our purposes, depending on the microscopic model

we may need to specify the �ux within even smaller subregions of the unit cell. Therefore we

assume that the 2d system is embedded in a continuum, and that the magnetic �eldB is speci�ed

at each continuum point. This allows us to specify�; � sub exactly as real numbers, even though

the symmetry only requires us to de�ne� mod 2� . We comment further on this in Sec. 4.3.

1More speci�cally G is the fermionic symmetry group, which acts non-trivially on fermionic operators. It is
sometimes written as U(1)f � � [Z2 o Z M ]. The symbol U(1)f means that the order 2 element of this group is
identi�ed with the fermion parity operation.
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