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Abstract. This paper presents a new boundary-value problem formulation for quantifying
uncertainty induced by the presence of small Brownian noise near normally hyperbolic attracting
periodic orbits (limit cycles) and quasiperiodic invariant tori of the deterministic dynamical sys-
tems obtained in the absence of noise. The formulation uses adjoints to construct a continuous
family of transversal hyperplanes that are invariant under the linearized deterministic flow near the
limit cycle or quasiperiodic invariant torus. The intersections with each hyperplane of stochastic
trajectories that remain near the deterministic cycle or torus over intermediate times may be ap-
proximated by a Gaussian distribution whose covariance matrix can be obtained from the solution
to the corresponding boundary-value problem. In the case of limit cycles, the analysis improves
upon results in the literature through the explicit use of state-space projections, transversality con-
straints, and symmetry-breaking parameters that ensure uniqueness of the solution despite the lack
of hyperbolicity along the limit cycle. These same innovations are then generalized to the case of
a quasiperiodic invariant torus of arbitrary dimension. In each case, a closed-form solution to the
covariance boundary-value problem is found in terms of a convergent series. The methodology is
validated against the results of numerical integration for two examples of stochastically perturbed
limit cycles and one example of a stochastically perturbed two-dimensional quasiperiodic invariant
torus in R2, R2 × S1, and R2 × S1, respectively, for which explicit expressions may be found for
the associated covariance functions using the proposed series solutions. Finally, an implementation
of the covariance boundary-value problem in the numerical continuation package coco is applied to
analyze the small-noise limit near a two-dimensional quasiperiodic invariant torus in a nonlinear de-
terministic dynamical system in R4 that does not support closed-form analysis. Excellent agreement
with numerical evidence from stochastic time integration shows the potential for using deterministic
continuation techniques to study the influence of stochastic perturbations for both autonomous and
periodically excited deterministic vector fields.
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1. Introduction. Asymptotically stable equilibria [3, 17, 35], hyperbolic limit
cycles [9, 13, 31], and normally hyperbolic attracting invariant curves [6] and quasiperi-
odic invariant tori [7, 8, 23] of deterministic dynamical systems continue to organize
the local flow over intermediate times also with the addition of noise of small intensity.
There results metastable dynamics near the deterministic limit sets with stochastic
trajectories characterized over such time scales by approximately stationary Gauss-
ian probability distributions of intersections with hyperplanes transversal to the local
vector field. Knowledge of these distributions allows the investigator to predict the
noise-induced spread of uncertainty about the deterministic limit set [3, 10, 19, 20]
and to derive estimates for the likelihood of transitions between different metastable
objects [22, 26, 27, 38, 39, 41, 42].

Specifically, for the case of small white noise, common in many applied models, the
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basic idea of tracking the effect of fluctuations with phase along a normally hyperbolic
attracting limit cycle or quasiperiodic invariant torus of an underlying deterministic
system is particularly intuitive and we briefly describe this understanding formally in
terms of different time scales. (i) On a first time scale, we expect to get attracted
close to the deterministically attracting object, and often this occurs exponentially
fast. (ii) On a very long time scale, we anticipate noise-induced fluctuations around
the deterministically stable object as the small noise only yields small perturbations.
To first approximation, these stochastic fluctuations are characterized by a stationary
distribution with statistical properties that depend on the phase along the object. (iii)
Eventually we may have a large deviation on a very long time scale causing escape
from the vicinity of the deterministically attracting object. In this paper, we are
concerned with the intermediate, very long time scale (ii) and aim to find an efficient
numerical quantification of the stochastic properties of the fluctuations over this time
scale.

Given a stochastic differential equation that appends noisy excitation to an under-
lying deterministic dynamical system, numerical integration of solution trajectories is
a commonly deployed brute-force approach for the characterization of noise-induced
uncertainty, especially for global analysis [25]. While computationally expensive and
necessarily limited to particular choices of parameter values and noise models, the
results of such analysis provide an important reality check for theoretical predic-
tions [10]. For local analysis—of primary interest here—a more affordable alternative
is the direct computation of covariance ellipsoids [5, 37] in each hyperplane through
the solution of an associated Lyapunov equation [11, 12, 24] for a covariance tensor
function with values sometimes referred to as stochastic sensitivity matrices. Intu-
itively, these matrices allow us to build local confidence neighborhoods to character-
ize the stochastic process of fluctuations in (ii) as described above. Indeed, as shown
by Kuehn [28] (see also [2, 29, 30]) in the case of equilibria, such a computation
may be embedded within a numerical continuation framework in order to investigate
the parameter dependence of the metastable dynamics and the probabilities of noise-
induced transitions between metastable objects (see, e.g., [4]). One goal of this paper
is to extend such a methodology, compatible with a numerical parameter continua-
tion framework, also to the case of normally hyperbolic attracting periodic orbits and
quasiperiodic invariant tori.

To achieve such an outcome, we expand on our preliminary treatment of hyper-
bolic limit cycles in [1] to formulate a smooth, regular boundary-value problem, such
that pairings of parameter values, deterministic limit sets, and associated covariance
tensor functions span a smooth manifold in a suitably defined variable space. Such
a formulation then supports simultaneous continuation of limit sets and covariance
functions using well-established software packages, e.g., auto [16] and coco [14],
including the possibility of monitoring or constraining the geometry of the covari-
ance ellipsoids during parameter variations. In this paper, we rely on an imple-
mentation in coco to enable numerical validation of the theoretical predictions,
and make the corresponding code freely available at https://github.com/hdankowicz/
covariance-bvp2023-scripts. Although we leave the utility of such a combined frame-
work largely to future work, a natural application is to problems in optimal robust
design of noise-disturbed engineering systems.

Several features distinguish our treatment from that in most of the existing lit-
erature. Foremost among these is the construction of transversal hyperplanes using
projection operators defined in terms of the solutions to appropriately defined adjoint
boundary-value problems with integral constraints as described in [15]. Notably, this
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construction is invariant under local coordinate transformations. The resultant fo-
liation of hyperplanes is also invariant under the linearized 
ow near the limit set,
which contracts the corresponding transversal deviations exponentially fast to 0. Nei-
ther of these properties hold for the typical construction (for autonomous systems)
of transversal hyperplanes that are chosen arbitrarily [34, 43] or required to be or-
thogonal to the local vector �eld [7, 33], as this construction is not invariant under
local coordinate transformations, the resultant hyperplanes are not invariant under
the linearized 
ow, and deviations tangential to the limit set must be eliminated, for
example, by projection onto a local set of coordinates in each hyperplane (as in [33]
and [43]; see also [21] for an analysis of phase di�usion along a limit cycle). Such a
coordinate projection is not required by the proposed construction which proceeds to
make predictions in the original coordinates. Furthermore, as is demonstrated here
through several examples, for non-autonomous, periodically excited dynamical sys-
tems, the proposed construction automatically generates hyperplanes in stroboscopic
sections (the a priori choice in [10]). Finally, in our computational implementation,
we bene�t from the existence of automated support for the construction of the adjoint
boundary-value problems using the staged construction paradigm incoco [32].

As a consequence of these choices, we obtain a Lyapunov equation that conserves
the scalar-valued image of the covariance tensor function on any pair of adjoint vec-
tors. We restrict attention to the intersection of the zero-level sets of all such images
by appending a corresponding set of boundary conditions and augmenting the Lya-
punov equation with a regularizing damping term that must vanish on solutions to
the full covariance boundary-value problem (see [18, 36] for a general methodology).
Using the invariance of the foliation under the linearized 
ow and exponential con-
traction, we obtain a unique solution for the covariance tensor function in terms of an
exponentially convergent series. The result is a function whose value at each phase
of the limit set is a positive semi-de�nite matrix with as many nonzero eigenvalues,
generically, as the co-dimension of the limit set. These (phase-dependent) eigenvalues
and corresponding eigenvectors can be used to characterize the ellipsoidal shape of
the con�dence neighborhoods we construct.

That the analysis for limit cycles may be extended also to the case of normally hy-
perbolic attracting quasiperiodic invariant tori is demonstrated already in [7, 23, 43].
In our formulation, this extension results in several coupled partial di�erential equa-
tions on a cylindrical domain with characteristics parallel to the time axis and with
boundary conditions, integral constraints, and regularizing terms enforcing quasiperi-
odicity, non-degeneracy, and uniqueness. In our numerical implementation, we rely
on a problem discretization in terms of Fourier series in the non-temporal variables
and continuous, piecewise-polynomial functions along characteristics, and show how
the discretized adjoint integro-di�erential boundary-value problems may be obtained
from a variational formulation, as also implemented in coco .

The remainder of this paper is arranged as follows. Section 2 considers the in
u-
ence of noise on the dynamics near limit cycles. Rigorous derivations for systems of
arbitrary dimension are there validated against the predictions of numerically inte-
grated stochastic trajectories for two examples where the sought covariance functions
may be obtained in closed form, viz., an autonomous, deterministic vector �eld in
R2 obtained from the Hopf normal form and a harmonically excited, damped, linear
oscillator with dynamics in R2 � S1. Section 3 generalizes the construction of families
of local projections to the case of normally hyperbolic attracting quasiperiodic invari-
ant tori of arbitrary dimension in problems of arbitrary dimension and shows that a
unique covariance (stochastic sensitivity) matrix may again be associated with each
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corresponding hyperplane. Here, validation is delivered �rst using a two-dimensional
torus of a deterministic vector �eld in R2 � S1, for which closed-form analysis of the
covariance function is possible, and then a two-dimensional torus of a deterministic
vector �eld in R4, which is not amenable to such analysis and for which an approxima-
tion must be obtained from a discretization of the governing boundary-value problem
using the software packagecoco . This latter implementation also illustrates how
uncertainty quanti�cation in terms of statistical covariance may be appended to or
integrated with parameter continuation of normally hyperbolic attracting periodic
orbits or quasiperiodic invariant tori. Appendix A collects important results that
enable automated problem construction and approximate analysis incoco of the
various adjoint boundary-value problems, including a choice of discretization in terms
of �nite sets of characteristics in the case of quasiperiodic invariant tori that can be
used analogously for �nding the tori in the �rst place and analyzing the associated
covariance functions. A concluding discussion in Section 4 re
ects on directions for
further study.

2. Periodic Orbits. In this section, we derive the set of adjoint and covari-
ance boundary-value problems (previously stated without derivation in [1]) whose
combined solution, for a given hyperbolic limit cycle of an autonomous dynamical
system, characterizes the metastable dynamics in the limit of small noise intensity.
A summary formulation is provided in Section 2.1.3. The theoretical predictions are
validated against two examples for which closed-form expressions may be compared
to the results of stochastic numerical integration.

Without making this explicit each time, the analysis below and in Section 3
assumes that all functions (e.g.,f and F ) possess the �nite degree of smoothness
necessary for the results to apply.

2.1. Theoretical derivations. Let 
 (t) 2 Rn be a periodic solution with period
1 of the smooth dynamical system de�ned by the ordinary di�erential equation (ODE)

(2.1)
dx
dt

=: _x = T f (x); where x := x(t) 2 Rn ;

for some positive scalar1 T. Let X (t) denote the solution to the corresponding varia-
tional initial-value problem

(2.2) _X = TDf (
 )X; X (0) = I n ;

where Df denotes the Jacobian off and I n is the identity matrix of size n � n. By
periodicity of 
 , it follows that X (t + 1) = X (t)X (1). Furthermore, X � 1(t)f (
 (t)) �
f (
 (0)), since equality holds at t = 0 and di�erentiation shows that the left-hand side
is constant. As a special case, again by periodicity of
 , it follows that f (
 (0)) is a
right nullvector of X (1) � I n and f (
 (t)) is a right nullvector of the linear operator

(2.3) �( t) := X (t) (X (1) � I n ) X � 1(t):

1We obtain the form of (2.1) from a dynamical system of the form y0(� ) = f (y(� )) with periodic
orbit 
 (�=T ) of period T by letting t = �=T and x(t ) = y(T t ). For an autonomous vector �eld,
T is not typically known a priori and is, instead, solved for simultaneously with 
 by appending
a suitable phase condition to the periodic boundary-value problem in x, e.g., h(x(0)) = 0 for some
smooth scalar-valued function h. Throughout, we omit explicit dependence on problem parameters
to reduce the notational complexity.
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Following [15], assume next that 
 is hyperbolic in the sense that there exists a
1-periodic, smooth family of projections of the form

(2.4) Q(t) := X (t)( I n � f (
 (0))wT )X � 1(t)

for some vectorw, such that �( t) is a bijection on the image of Q(t), i.e., that �( t)
maps the image ofQ(t) to itself in a one-to-one way. As proven following Corollary 2.4
below, this is equivalent to the standard de�nition of hyperbolicity in terms of the
eigenvalues of the monodromy matrixX (1). Importantly, the family Q(t) and the
complementary family I n � Q(t) respect the spectral decomposition of �(t) + I n .

2.1.1. The adjoint boundary-value problem. The following sequence of lem-
mas and corollaries culminate in the formulation of the adjoint boundary-value prob-
lem in Lemma 2.5 and a projection of the local dynamics onto transversal directions
relative to the limit cycle in Corollary 2.10. The discussion is adapted from [15] and
organized to set up a point of departure for the subsequent analysis of noise-induced
transversal dynamics.

Lemma 2.1. The vector w satis�es the normalization condition

(2.5) wT f (
 (0)) = 1 :

Proof. SinceQ(0) is a projection, it is idempotent, i.e., Q2(0) = Q(0) or, by (2.4),

(2.6) I n � f (
 (0))wT =
�
I n � f (
 (0))wT � 2

:

Algebraic manipulation shows that this holds if and only if (2.5) is satis�ed.

Lemma 2.2. Let Im Q(t) and ker Q(t) denote the image and kernel of the projec-
tion Q(t). Then,

(2.7) Im Q(t) = f X � 1;T (t)wg? and ker Q(t) = spanf X (t)f (
 (0))g:

Proof. By (2.4) it su�ces to show this for t = 0. If v 2 ker Q(0), then

(2.8) 0 =
�
I n � f (
 (0))wT �

v = v � f (
 (0))wT v;

i.e., that v 2 spanf f (
 (0))g. That ker Q(0) = spanf f (
 (0))g then follows from
Lemma 2.1. Similarly, if v 2 Im Q(0), then there exists a vectoru such that

(2.9) v = ( I n � f (
 (0))wT )u

and, by Lemma 2.1,

(2.10) wT v =
�
wT � wT f (
 (0))wT �

u = 0 ;

i.e., Im Q(0) 2 f wg? . Equality then follows from the rank-nullity theorem.

Lemma 2.3. The vector � (t) := X � 1;T (t)w is the unique left nullvector of �( t)
for which

(2.11) � T (t)f (
 (t)) = 1 :

Proof. By (2.3) it su�ces to show this for t = 0, where (2.11) reduces to (2.5).
To show that w is a left nullvector of �(0) = X (1) � I n , note that the left nullvector
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property wT �(0) = 0 holds if and only if wT X (1) = wT . But the latter follows by
1-periodicity of Q, sinceQ(0) = Q(1) implies that

(2.12) X (1)( I n � f (
 (0))wT )X � 1(1) = I n � f (
 (0))wT ;

which reduces tof (
 (0))w> = f (
 (0))w> X (1) by direct algebraic manipulation and
use of the fact that X (1)f (
 (0)) = f (
 (0)). Finally, suppose that ~w is any left
nullvector of �(0) and let v denote an arbitrary vector in Im Q(0). Since �(0) is onto
Im Q(0), there exists au such that �(0) u = v and, consequently, ~wT v = ~wT �(0) u = 0.
By Lemma 2.2, ~w 2 spanf wg and the uniqueness claim follows as well.

Corollary 2.4. The right nullspace of �( t) consists of vectors tangential to the
curve s 7! 
 (s) at s = t.

Proof. By (2.3) it su�ces to show this for t = 0. By substitution from (2.3) and
(2.4), it follows that

(2.13) �(0) Q(0) = ( X (1) � I n )
�
I n � f (
 (0))wT �

= �(0) ;

where we again used the fact thatX (1)f (
 (0)) = f (
 (0)). Now suppose that v is
a right nullvector of �(0). It follows that �(0) Q(0)v = �(0) v = 0. Since �(0) is
one-to-one on the image ofQ(0), Q(0)v = 0 and, by Lemma 2.2, v 2 spanf f (
 (0))g.

By Corollary 2.4, the eigenspace ofX (1) corresponding to the eigenvalue 1 equals
spanf f (
 (0))g. Consequently, since �(0)2v = 0 ) �(0) v 2 spanf f (
 (0))g, while
for all v, �(0) v 2 Im Q(0), it follows that this eigenvalue is simple. Conversely,
suppose that the eigenspace of the monodromy matrixX (1) corresponding to the
simple eigenvalue 1 is given by spanf f (
 (0))g and choosew in the construction of
Q(t) as the unique left nullvector of �(0) such that (2.5) holds. Then, by (2.13),
v 2 Im Q(0) and �(0) v = 0 imply that v = 0. Similarly, since

(2.14) Q(0)�(0) =
�
I n � f (
 (0))wT �

(X (1) � I n ) = �(0) ;

it follows from the rank-nullity theorem that if v 2 Im Q(0) then there exists a unique
~v 2 Im Q(0) such that �(0)~v = v. We conclude that �(0) is a bijection on the image
of Q(0) and, consequently, that �( t) is a bijection on the image ofQ(t).

Lemma 2.5. The function � (t) := X � 1;T (t)w is the unique solution to the adjoint
boundary-value problem

(2.15) 0 = � _� T � T � T Df (
 ); 0 = � T (0) � � T (1); 1 =
Z 1

0
� T (t)f (
 (t)) d t:

Proof. Let � denote an arbitrary solution to this boundary-value problem. It
follows that � T (t)X (t) � wT and � T (t)f (
 (t)) � 1, since i) di�erentiation and use of
(2.2) and (2.15) shows that the left-hand sides are constant, ii) the integral condition
implies that the second constant equals 1 and, consequently,� T (0)f (
 (0)) = 1, iii)
periodicity shows that � T (0)X (1) = � T (0) and, by the proof of Lemma 2.3, that � T (0)
is a left nullvector of �(0) that iv) by Lemma 2.3 must equal w.

Corollary 2.6. In the notation of the previous lemma,

(2.16) Q(t) = I n � f (
 (t)) � T (t)

and projects alongf (
 (t)) onto a co-dimension-one hyperplane orthogonal to� (t).



STOCHASTICALLY PERTURBED LIMIT CYCLES AND TORI 7

Lemma 2.7. The family of operators P(t) = Q(t) given in (2.16) is the unique
periodic family of projections onto co-dimension-one hyperplanes which satis�es the
invariance condition

(2.17) X (t)P(0) = P(t)X (t)

and such that�( t) is a bijection on the image ofP(t).

Proof. For any such family of projections, there exist two periodic functions� and
� , such that P(t) = I n � � (t)� T (t), � T (t)� (t) � 1 and, by invariance, � (t) = X (t)� (0)
and � (t) = X � 1;T (t)� (0). By direct algebraic manipulation and periodicity, we obtain

(2.18) �(0) P(0) = �(0) = P(0)�(0) :

It follows from the �rst equality that P(0)f (
 (0)) is a nullvector of �(0) and, by
injectivity of �(0) on Im P(0), that P(0)f (
 (0)) = 0. Without loss of generality, we
conclude that � (0) = f (
 (0)). From the second equality, we obtain � T (0)�(0) = 0.
By surjectivity of �(0) on Im P(0), as in the proof of Lemma 2.3, then� (0) = w.

Corollary 2.8. The stable and unstable eigenspaces of�( t)+ I n lie in the image
of Q(t).

We proceed to investigate the local geometry on a neighborhood of
 characterized
in terms of the projections Q. These provide a local decomposition into state-space
displacements tangential and transversal to the periodic orbit. When convenient, we
perform formal calculations with di�erentials in order to capture leading-order e�ects.

Lemma 2.9. For x su�ciently close to 
 (t) for some t, there exists a unique time
� (with � � t) such that

(2.19) x = 
 (� ) + x tr ;

where � (� )T x tr = 0 and, consequently,Q(� )x tr = x tr .

Proof. Let H (x; � ) = � T (� ) (x � 
 (� )). It follows that H (
 (t); t) = 0 and

(2.20) @� H (
 (t); t) = � T � T (t)f (
 (s)) = � T:

The claim follows from the implicit function theorem.

Corollary 2.10. For the di�erential dx, the result of Lemma 2.9 implies the
existence of di�erentials d� and dx tr , such that

(2.21) x + d x = 
 (� + d � ) + x tr + d x tr ;

where � T (� + d � )(x tr + d x tr ) = 0 and, consequently,

(2.22) Q(� + d � )(x tr + d x tr ) = x tr + d x tr :

It follows that

(2.23) dx tr � TDf (
 (� ))x tr d� = Q(� ) (dx � TDf (
 (� ))x tr d� ) :

Proof. Eq. (2.21) implies that

(2.24) dx tr = d x � T f (
 (� ))d �:
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Similarly, from (2.22), we obtain

(2.25) dx tr = _Q(� )x tr d� + Q(� )dx tr :

From the de�nition of Q it follows that

(2.26) _Q(� ) = � TDf (
 (� )) f (
 (� )) � T (� ) + T f (
 (� )) � T (� )Df (
 (� ))

and, consequently, that

(2.27) _Q(� )x tr = T(I n � Q(� ))D f (
 (� ))x tr ;

since� T (� )x tr = 0. Substitution of (2.24) and (2.27) into the right-hand side of (2.25)
yields (2.23), sinceQ(� )f (
 (� )) = 0.

2.1.2. The covariance boundary-value problem. In lieu of the deterministic
dynamics in (2.1), now consider the Itô SDE

(2.28) dx = T f (x)dt + �
p

TF (x)dWt

in terms of the noise intensity � and a vector Wt 2 Rm of independent standard
Brownian motions. We consider the limit of small noise intensity and are concerned
only with leading-order expansions in � . In the notation of the preceding lemmas,
we continue to calculate with di�erentials. Since we are only interested in �rst-order
terms in � , we drop any Itô corrections arising from the Itô-formula. The following
proposition is then relatively straightforward.

Proposition 2.11. For x su�ciently close to 
 (t) for somet, and in the notation
of Lemma 2.9, to �rst order in kx tr k and � ,

(2.29) dx tr = TDf (
 (� ))x tr d� + �
p

TQ(� )F (
 (� ))dW� :

Proof. For x tr = 0 and � = 0, we have � = t and dx tr = 0. In this limit, (2.28)
and (2.24) imply that

(2.30) 0 = T f (
 (� )) (d t � d� );

from which it follows that d � = d t to zeroth order in kx tr k and � . To �rst order in
kx tr k and � , (2.28) then yields

(2.31) Q(� ) (dx � TDf (
 (� ))x tr d� ) = �
p

TQ(� )F (
 (� ))dW�

and substitution in (2.23) yields the claimed result.

The Ornstein-Uhlenbeck process in (2.29) is a leading-order approximation of the
local dynamics near 
 that neglects the cumulative e�ects of higher-order terms in
kx tr k and � . Given an initial condition x tr (0), (2.29) may be solved explicitly to yield

x tr (� ) = X (� )x tr (0) + �
p

TX (� )
Z �

0
X � 1(s)Q(s)F (
 (s)))d Ws

= X (� )x tr (0) + �
p

TQ(� )X (� )
Z �

0
G(s)dWs;(2.32)



STOCHASTICALLY PERTURBED LIMIT CYCLES AND TORI 9

where G(s) = X � 1(s)F (
 (s)) and the invariance condition (2.17) with P(t) = Q(t)
was used twice. It follows that � T x tr � 0 provided that wT x tr (0) = 0. The rescaled
covariance matrix

(2.33) C :=
1
� 2 E

�
x tr xT

tr

�

is then given by

C(� ) = X (� )C(0)X T (� ) + TQ(� )X (� )
� Z �

0
G(s)GT (s)ds

�
X T (� )QT (� );(2.34)

where we used the stochastic equalities [25]

(2.35) E
� Z �

0
Y(s)dWs

�
= 0

and

(2.36) E
� Z �

0
Y(s)dWs

Z �

0
Z T (s)dWs

�
=

Z �

0
Y(s)Z T (s)ds:

It follows that � T C� � wT C(0)w and that � T C� � 0 if and only if wT C(0)w = 0.

Lemma 2.12. Let

(2.37) I =
Z 1

0
G(s)GT (s)ds:

Then, for arbitrary C(0) and k 2 N [ f 0g,

(2.38) C(k + 1) = X (1)C(k)X T (1) + TQ(0)X (1)I X T (1)QT (0):

Proof. By (2.34),

(2.39) C(k) = X (k)C(0)X T (k) + TQ(0)X (k)

 Z k

0
G(s)GT (s)ds

!

X T (k)QT (0):

Moreover, by the de�nition of G, we have

(2.40) I = X (k)

 Z k+1

k
G(s)GT (s)ds

!

X T (k):

The claim follows by substitution.

We proceed to assume that the periodic orbit is locally exponentially attracting,
i.e., that the unstable eigenspace ofX (1) is empty, such that

(2.41) X (k) = f (
 (0))wT + O (exp(� k=� tr ))

for some positive constant� tr and large k (here, the asymptotics is with respect to
large times so that the O(�)-term becomes negligible as k becomes large).

Proposition 2.13. Given a non-negative constantb, there exists an initial con-
dition C(0) with wT C(0)w = b, such that C(k) = C(0) for all k.
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Proof. The previous lemma shows thatC(1) = C(0) ) C(k) = C(0) for all k.
Suppose that

C(0) = bf (
 (0)) f T (
 (0)) + T
1X

n =1

Q(0)X (n)I X T (n)QT (0):(2.42)

The series converges by the assumption onX (1). By substitution and use of period-
icity and the invariance condition

(2.43) X (1)C(0)X T (1) = T
1X

n =2

Q(0)X (n)I X T (n)QT (0)

and the claim follows by evaluation of (2.34) at � = 1.

Corollary 2.14. For any C(0) such thatwT C(0)w = b, the matrix-valued func-
tion C(� ) in (2.34) converges to the periodic function obtained withC(0) given by
(2.42) as � ! 1 .

Proposition 2.15. Let Cper denote the function in (2.34) obtained with C(0)
given by (2.42) when b = 0 . It follows that, when a = 0 , Cper is the unique periodic
solution of the periodic Lyapunov equation (cf. [12])

_C = T
�
Df (
 )C + CDf T (
 ) + QF (
 )F T (
 )QT + af (
 )f T (
 )

�
;(2.44)

for which wT C(0)w = 0 and that no periodic solution exists otherwise.

Proof. It follows from (2.44) that

(2.45)
d
dt

� T C� = aT

Thus, C is periodic only if a = 0. The transformation C = X ~CX T then implies that

(2.46) _~C = TQ(0)GGT QT (0)

and the conclusion follows by integration.

Corollary 2.16. Let vec denote the vectorization operator that turns a matrix
into a column vector. Then, vec(Cper (0)) may be obtained from the �rst n2 compo-
nents of the image of the column vector

�
vec

�
(Q(0)X (1)I X T (1)QT (0)

�

0

�
(2.47)

under multiplication by the matrix

�
I 2n � X (1) 
 X (1) f (
 (0)) 
 f (
 (0))

wT 
 wT 0

� � 1

where the inverse exists since no pair of eigenvalues ofX (1) are reciprocal numbers.

2.1.3. Summary formulation. Per the theoretical treatment in the previous
sections and with assurances of existence and uniqueness given normally hyperbolic
attraction and f and F of su�cient smoothness, we thus seek i) a function
 (t) that
satis�es the di�erential boundary-value problem

(2.48) 0 = _
 � T f (
 ); 0 = 
 (0) � 
 (1); 0 = h(
 (�))
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for some phase condition in terms of a suitably chosen functionalh, ii) a function � (t)
that satis�es the integro-di�erential boundary-value problem

(2.49) 0 = � _� T � T � T Df (
 ); 0 = � T (0) � � T (1); 1 =
Z 1

0
� T (t)f (
 (t)) d t

and iii) a function C(t) that satis�es the over-determined di�erential boundary-value
problem

0 = _C � T
�
Df (
 )C + CDf T (
 ) + QF (
 )F T (
 )QT �

;(2.50)

0 = C(0) � C(1); 0 = � T (0)C(0)� (0);(2.51)

where Q = I n � f (
 )� T . We use the nonzero eigenvalues and corresponding eigen-
vectors of C(t) at each phaset 2 [0; 1] to characterize the geometric shape of the
con�dence neighborhood describing intermediate, but very long time statistics of
noise-induced dynamics near a limit cycle.

2.2. Numerical examples. An analytically tractable example (a version of
which was considered in [1]) is given by the periodic solution

(2.52) 
 (t) =
�

cos 2�t
sin 2�t

�

with period 1 of the dynamical system (2.1) with

(2.53) f (x) =

 
x1 � x2 � x1(x2

1 + x2
2)

x1 + x2 � x2(x2
1 + x2

2)

!

and T = 2 � , such that

(2.54) f (
 (t)) =
�

� sin 2�t
cos 2�t

�
:

Since

(2.55) X (t) =
�

e� 4�t cos 2�t � sin 2�t
e� 4�t sin 2�t cos 2�t

�
;

the eigenvalues of the monodromy matrixX (1) equal 1 and e� 4� with eigenspaces
spanned by f (
 (0)) = (0 ; 1)T and (1; 0)T , respectively. Then, wT = (0 ; 1) and, by
de�nition,

(2.56) � (t) = X � 1;T (t)w =
�

� sin 2�t
cos 2�t

�
:

and

(2.57) Q(t) = I 2 � f (
 (t)) � T (t) =
�

cos2 2�t cos 2�t sin 2�t
cos 2�t sin 2�t sin2 2�t

�
:

It follows that

(2.58) TQ(0)
� Z t

0
G(s)GT (s)ds

�
QT (0) =

�
I (t) 0

0 0

�
;
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where I (0) = 0. The result of Proposition 2.13 then implies that every periodic
solution of (2.34) is of the form

C(t) = e� 8�t
�

I (t) +
I (1)

e8� � 1

� �
cos2 2�t cos 2�t sin 2�t

cos 2�t sin 2�t sin2 2�t

�

+ b
�

sin2 2�t � sin 2�t cos 2�t
� sin 2�t cos 2�t cos2 2�t

�
(2.59)

for someb, such that � T C� � b. We obtain a periodic rescaled covariance function
provided that b = 0. Its eigenvalues equal

(2.60) e� 8�t
�

I (t) +
I (1)

e8� � 1

�

and 0 with eigenvectors (cos 2�t; sin 2�t )T and (� sin 2�t; cos 2�t )T , respectively. With
the noise de�ned in terms of the matrix

(2.61) F (x) =
�

x1x2

x2
2

�

and a single standard Brownian motion, we obtain

(2.62) I (t) =
e8�t (5 � 4 cos 4�t � 2 sin 4�t ) � 1

40

and the nonzero eigenvalue of the periodic rescaled covariance function equals

(2.63)
5 � 4 cos 4�t � 2 sin 4�t

40
:

We compare the analytical predictions with the approximate results obtained from
an implementation of the periodic boundary-value problem in the software package
coco using continuous, piecewise-polynomial interpolants for
 (t), � (t), and C(t) with
base points on a uniform mesh and constrained by a discretization of the governing
di�erential equations at collocation nodes associated with each mesh interval. Figure 1
shows the non-trivial eigenvalue of the covariance matrix obtained usingcoco and
the analytical expression (2.63). The results are in excellent agreement.

Finally, we validate our leading-order analysis by comparing the predictions with
direct numerical simulation of the original Itô SDE. To generate the stochastic tra-
jectories, we use an explicit Euler Maruyama integrator in Matlab with time-step
dt = 10 � 4, noise intensity � = 0 :1, and Brownian increments generated using the
randn command. The system is integrated for a duration of 500 periods of the un-
derlying limit cycle. In Fig. 2, we show the resultant stochastic trajectories projected
along the normalized radial eigenvectore(� ) = (cos 2��; sin 2�� )T corresponding to
the nonzero eigenvalue of the covariance matrixC(� ). Speci�cally, for each point on
the stochastic trajectory x(t), we use the hyperplane de�nition to compute the corre-
sponding value of� (t) and project the perturbation x(t) � 
 (� (t)) onto e(� (t)). These
results are compared with the one and two standard deviation predictions computed
from � times the square root of the eigenvalue given in (2.63). We observe good qual-
itative agreement between the predicted variations and those obtained from direct
integration.
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Fig. 1: Comparison of the non-trivial eigenvalue of the covariance matrix function for
the vector �eld in Eq. (2.53) obtained from a discretization of the governing boundary-
value problem in Proposition 2.15 in the software packagecoco and from the ana-
lytical expression reported in (2.63), respectively.

In the case of periodically excited deterministic dynamics, the analysis in the
previous section carries over in its entirety by assigning the identity matrix to Q in
(2.34) and (2.42). Consider, for example, the periodic solution

(2.64) 
 (t) =
�

sin 2�t
cos 2�t

�

with period 1 of the linear 1-periodic dynamical system

(2.65) _x = 2 �f (t; x ); where f (t; x ) :=
�

x2

� 2x2 � x1 + 2 cos 2�t

�
;

such that T = 2 � and

(2.66) f (t; 
 (t)) =
�

cos 2�t
� sin 2�t

�
:

In this case

(2.67) X (t) = e� 2�t
�

1 + 2�t 2�t
� 2�t 1 � 2�t

�

with the (sole) eigenvalue of the monodromy matrix X (1) equal to e� 2� . Since the
vector �eld is non-autonomous, it is not the case that X � 1(t)f (t; 
 (t)) � f (0; 
 (0)),
but this property is also no longer needed for the construction ofQ.

Now suppose thatF (x) = (0 ; x1)T . Substitution in (2.42) then yields

(2.68) C(0) =
1
32

�
5 � 1

� 1 1

�
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Fig. 2: Comparison of leading-order theoretical predictions and a numerical time
history describing the in
uence of small Brownian noise on the dynamics near a limit
cycle of the deterministic vector �eld Eq. (2.53) in cartesian (upper panel) and polar
(lower panel) coordinates. Stochastic trajectories (red dots) were obtained using an
Euler-Maruyama scheme with� = 0 :1 and dt = 10 � 4 for 500 periods of the limit cycle.
Dashed curves represent the deterministic limit cycle while solid curves represent
predicted deviations from the limit cycle equal to one and two standard deviations,
respectively, computed using (2.63). In the lower panel, the vertical axis equals the
radial deviation from the limit cycle, since the normalized radial eigenvectore(� (t)) =

 (� (t)) and � (� (t))T (x(t) � 
 (� (t))) = 0. There, �lled circles represent the statistical
mean (blue) and standard deviation (black) of simulated data collected in bins of
width � � = 1=40.
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and from (2.34),

(2.69) C(t) =
1
32

�
4 + cos 4�t � sin 4�t � cos 4�t � sin 4�t
� cos 4�t � sin 4�t 4 � 3 cos 4�t � sin 4�t

�

with pair of positive eigenvalues

(2.70)
4 � cos 4�t � sin 4�t �

p
3 + 2 cos 8�t + sin 8�t

32
:

The panels in Fig. 3 demonstrate excellent agreement between the density clouds of
points of intersection of stochastic trajectories with several constant-phase sections
and ellipses spanned by the eigenvectors of the corresponding covariance matrix and
with radii given by the square roots of the eigenvalues in (2.70).

Before concluding this section, we illustrate choices ofF for each of the two
examples that result in degeneracies of the covariance matrix function, e.g., additional
vanishing eigenvalues beyond the theoretical minimum. Without loss of generality, it
su�ces to study the matrix C(0) obtained from Eq. (2.42) for b = 0. For the �rst
example in this section, this vanishes only ifI (1) = 0, which holds for F (
 (t)) =
(F1(t); F2(t))T if and only if F1(t) cos 2�t + F2(t) sin 2�t � 0, i.e., if and only if F is
parallel to the vector �eld along the limit cycle. The su�ciency of this result is hardly
surprising. That it is necessary shows that any e�ects transversal to the limit cycle,
even if only applied near some phase, will propagate along the entire limit cycle. In
contrast, for the second example in this section, the choiceF (
 (t)) = ( F1(t); F2(t))T

with F1(t) = � F2(t) results in the eigenvalues 0 and 4�
R1

0 e4�t F 2
2 (t) dt=(e4� � 1),

whereas both eigenvalues are always positive whenF1(t) 6= � F2(t) for some t. In
this case, the degeneracy occurs due to the constant eigendirection ofX (t) given by
(� 1; 1)T which prevents the propagation of noise transversally to this direction.

3. Quasiperiodic Tori. A natural generalization of hyperbolic limit cycle dy-
namics is quasiperiodic motion on a normally hyperbolic attracting invariant torus,
which we treat in this section. As in the previous section, we �rst derive a quasiperi-
odic covariance boundary-value problem to describe small 
uctuations around a de-
terministic skeleton solution to leading order in the noise intensity. A summary for-
mulation for the case of two-dimensional tori is provided in Section 3.1.3. Next, we
validate our approach against the results of stochastic numerical integration for two
example problems.

3.1. Theoretical derivations. Let S � [0; 1]. For some positive scalar2 T,
suppose that 
 (�; t ) 2 Rn denotes a family of quasiperiodic solutions of the smooth
dynamical system

(3.1) _x = T f (x); where x := x(t) 2 Rn ;

on an invariant torus, i.e., such that (3.1) is satis�ed for x(t) = 
 (�; t ) for all � 2 Sm ,
and there exists a functionu : Sm +1 ! Rn and vector � 2 Rm so that r T � 6= 1 for all
rational vectors r 2 Rm and 
 (�; t ) = u(� + �t; t ). In particular, 
 (�; t +1) = 
 (� + �; t )
for all t. When m = 0, the analysis reduces to the case of a periodic orbit.

2As in the previous section, for an autonomous vector �eld, T is not typically known a priori
and is, instead, solved for simultaneously with 
 by appending suitable phase conditions to the
quasiperiodic boundary-value problem in x for �xed � , e.g., h i (
 (0; 0)) = 0 for some smooth scalar-
valued functions h i , i = 1 ; : : : ; m +1. As before, we omit explicit parameter dependence for notational
simplicity.
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Fig. 3: Comparison of leading-order theoretical predictions and a numerical time
history describing the in
uence of small Brownian noise on the dynamics near a limit
cycle of the harmonically excited, damped, linear oscillator in Sec. 2.2. The top
and bottom panels show samples (red dots) in sections of constant excitation phase
(t = 0 :1 and t = 0 :9, respectively) obtained using an Euler-Maruyama scheme with
� = 0 :1 and dt = 10 � 4 for 1; 000 periods of excitation. Solid (black) curves represent
deviations from the intersection of the limit cycle (centered black dot) in terms of one
and two standard deviations predicted using (2.69) and (2.70). Dashed (blue) curves
represent the one-standard deviation curve predicted from the statistical covariance
matrix for the simulated data.
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Let X (�; t ) denote the solution to the corresponding variational initial-value prob-
lem

(3.2) @t X = TDf (
 )X; X (�; 0) = I n :

By quasiperiodicity of 
 , X (�; t +1) = X (� + �; t )X (�; 1). Furthermore, it follows that
X � 1(�; t)@t 
 (�; t) � @t 
 (�; 0) and X � 1(�; t)@� i 
 (�; t) � @� i 
 (�; 0), i = 1 ; : : : ; m, since
equality holds at t = 0 and di�erentiation with respect to t followed by substitution
of (3.1) and (3.2) shows that the left-hand sides are constant. As a special case, again
by quasiperiodicity of 
 , it follows that @t 
 (�; 0) and @� i 
 (�; 0), i = 1 ; : : : ; m, are right
nullvectors of the operator

(3.3) � 0 : � (�) 7! X (� � �; 1)� (� � � ) � � (�)

and that @t 
 (�; t) and @� i 
 (�; t), i = 1 ; : : : ; m, are right nullvectors of the operator

(3.4) � t : � (�) 7! X (�; t)� 0
�
X � 1(�; t)� (�)

�
:

Analogously with the periodic case and again following [15], assume next that

is normally hyperbolic in the sense that there exists a quasiperiodic, smooth family of
projections of the form

(3.5) Q(�; t ) := X (�; t )

 

I n � @t 
 (�; 0)wT
t (� ) �

mX

i =1

@� i 
 (�; 0)wT
� i

(� )

!

X � 1(�; t )

for some periodic functionswt (� ) and w� i (� ), i = 1 ; : : : ; m, such that � 0 is a bijection
with bounded inverse on the space of functions� 7! Q(�; 0)� (� ) for arbitrary smooth
functions � on S. As before, the family Q(�; t ) and the complementary family I n �
Q(�; t ) respect the spectral decomposition of �t + Id.

In further analogy to the periodic case, we formally derive conditions on the
nullspaces of �0; the calculations are formal since we operate with transposition and
integration instead of duality pairings. In particular, we let

(3.6)
Z

Sn
wT (� ) [�] d�

denote a linear functional on the space of continuous functions onS in terms of some
continuous, periodic function w(� ). Then, the left nullspace of � 0 are all functions
w(� ) such that

(3.7)
Z

Sn
wT (� )� 0[� (� )] d� = 0

for arbitrary � (� ). Claims about uniqueness should be understood in this context as
limited to spaces in which such representations are possible.

3.1.1. The adjoint boundary-value problem. We mirror the treatment in
the previous section by deriving the adjoint boundary-value problems in Lemma 3.3
and a projection of the local dynamics onto directions transversal to the torus in
Corollary 3.6. The discussion is adapted from the treatment of two-tori (m = 1) in
[15] .
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Lemma 3.1. The linear functionals

(3.8)
Z

Sm
wT

t (� ) [�] d� and
Z

Sm
wT

� i
(� ) [�] d�; i = 1 ; : : : ; m

are the unique elements of the left nullspace of� 0 such that

(3.9) wT
t (�)@t 
 (�; 0) � 1; wT

t (�)@� i 
 (�; 0) � 0 � wT
� i

(�)@t 
 (�; 0)

for i = 1 ; : : : ; m and

(3.10) wT
� i

(�)@� j 
 (�; 0) � � ij

for i; j = 1 ; : : : ; m, where � ij = 1 when i = j and 0 otherwise.

Proof. Let � represents eithert or � i . Then, quasiperiodicity Q(�; 1) = Q(� + �; 0)
holds if and only if wT

� (� )X � 1(�; 1) = wT
� (� + � ). But,

Z

Sm
wT

� (� )� 0 [� (� )] d� =
Z

Sm
wT

� (� ) (X (� � �; 1)� (� � � ) � � (� )) d �

=
Z

Sm

�
wT

� (� + � )X (�; 1) � wT
� (� )

�
� (� ) d�(3.11)

for an arbitrary periodic function � (� ). It follows that quasiperiodicity is equivalent
to

R
Sm wT

� (� ) [�] d� lying in the left nullspace of � 0. The conditions (3.9) and (3.10)
follow by examining the equality Q2(�; 0) = Q(�; 0). Finally, to show uniqueness,
suppose that

(3.12)
Z

Sm
~wT (� ) [�] d�

is any left nullvector of � 0 and let v(� ) = Q(�; 0)� (� ) for an arbitrary continuous,
periodic function � (� ). Since � 0 is onto functions of this form, there exists a periodic
function u(� ) such that � 0 [u(� )] = v(� ) and, consequently,

(3.13)
Z

Sm
~wT (� )Q(�; 0)� (� ) d� =

Z

Sm
~wT (� )v(� ) d� =

Z

Sm
~wT (� )� 0 [u(� )] d� = 0 :

But since � is arbitrary, this implies that ~wT (� )Q(�; 0) � 0 and, consequently, that
~w(� ) 2 spanf wt (� ); w� 1 (� ); : : : ; w� m (� )g for each � . The claim follows with the
imposition of (3.9) and (3.10).

Corollary 3.2. The right nullspace of � 0 consists of functions that are tangen-
tial to the manifold (�; t ) 7! 
 (�; t ) at every � and t = 0 .

Proof. In the same notation as in Lemma 3.1,

(3.14) X (� � �; 1)@� 
 (� � �; 0)wT
� (� � � ) = @� 
 (�; 0)wT

� (� )X (� � �; 1)

and, consequently, �t [Q(�; t )�] = Q(�; t )� t [�]. Now suppose that � (� ) is a right nul-
lvector of � 0. It follows that � 0 [Q(�; 0)� (� )] = Q(�; 0)� 0 [� (� )] = 0. Since � 0 is
one-to-one on the space of functions� 7! Q(�; 0)� (� ), Q(�; 0)� (� ) � 0 and, conse-
quently,

(3.15) � (� ) = spanf @t 
 (�; 0); @� 1 
 (�; 0); : : : ; @� m 
 (�; 0)g;

for each � .
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Lemma 3.3. The functions

(3.16) � t (�; t ) :=
�
X � 1� T

(�; t )wt (� ) and � � i (�; t ) :=
�
X � 1� T

(�; t )w� i (� )

for i = 1 ; : : : ; m are the unique solutions to the adjoint boundary-value problem

(3.17) 0 = � @t � T � T � T Df (
 ); 0 = � (� + �; 0) � � (�; 1)

where

(3.18) 1 =
Z

Sm +1
� T (�; t )@t 
 (�; t ) dt d�

and

(3.19) 0 =
Z

Sm
� T (�; 1)@� j 
 (�; 1) d�; j = 1 ; : : : ; m

in the case of� t , and

(3.20) 0 =
Z

Sm +1
� T (�; t )@t 
 (�; t ) dt d�

and

(3.21) � ij =
Z

Sm
� T (�; 1)@� j 
 (�; 1) d�; j = 1 ; : : : ; m

in the case of� � i .

Proof. Let � denote an arbitrary solution to the boundary-value problem. It
follows that � T (�; t )@t 
 (�; t ) � vt (� ), � T (�; t )@� i 
 (�; t ) � v� i (� ), i = 1 ; : : : ; m, and
� T (�; t )X (�; t ) � V (� ) for some periodic functionsvt (� ), v� i (� ), i = 1 ; : : : ; m, and
V(� ), since di�erentiation with respect to t followed by substitution of (3.1), (3.2),
and (3.17) shows that the left-hand sides are independent oft. By quasiperiodicity,

(3.22) vt (� � k� ) = � T (�; 0)@t 
 (�; 0) and v� i (� � k� ) = � T (�; 0)@� i 
 (�; 0)

for any integer k. Since � is irrational, vt and v� i must be independent of� . Addi-
tionally,

(3.23) V T (� + � )X (�; 1) � V T (� ) = � T (� + �; 0)X (�; 1) � � T (�; 1)X (�; 1) = 0

and it follows that

(3.24)
Z

Sm
V T (� ) [�] d�

lies in the left nullspace of � 0.

Corollary 3.4. In the notation of the previous lemma,

(3.25) Q(�; t ) = I n � @t 
 (�; t )� T
t (�; t ) �

mX

i =1

@� i 
 (�; t )� T
� i

(�; t )

is a projection along spanf @t 
 (�; t ); @� 1 
 (�; t ); : : : ; @� m 
 (�; t )g and onto a hyperplane
orthogonal to � t (�; t ) and � � i (�; t ) for i = 1 ; : : : ; m.
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We again investigate the geometry on a neighborhood of
 in terms of the pro-
jections Q. These provide a local decomposition into state-space displacements tan-
gential and transversal to the corresponding invariant torus.

Lemma 3.5. For x su�ciently close to 
 (�; t ) for some� and t, there exist unique
 (with  � � ) and � (with � � t), such that

(3.26) x = 
 ( ; � ) + x tr ;

where � t ( ; � )T x tr = 0 and � � i ( ; � )T x tr = 0 and, consequently,Q( ; � )x tr = x tr .

Proof. Let

(3.27) H (x;  ; � ) =

0

B
B
B
@

� T
t ( ; � ) (x � 
 ( ; � ))

� T
� 1

( ; � ) (x � 
 ( ; � ))
...

� T
� m

( ; � ) (x � 
 ( ; � ))

1

C
C
C
A

It follows that H (
 (�; t ); �; t ) = 0 and

(3.28) @ ;� H (
 (�; t ); �; t ) =
�

0 � 1
� I m 0

�
:

The claim follows from the implicit function theorem.

As in the previous section, we perform formal calculations with di�erentials in
order to capture leading-order e�ects in the derivation of a suitable covariance function
and the corresponding boundary-value problem.

Corollary 3.6. For the di�erential dx, Lemma 3.5 implies the existence of dif-
ferentials d� and dx tr , such that

(3.29) x + d x = 
 ( + d  ; � + d � ) + x tr + d x tr ;

where � T
t ( + d  ; � + d � )(x tr + d x tr ) = 0 and � T

� i
( + d  ; � + d � )(x tr + d x tr ) = 0 for

i = 1 ; : : : ; m, and, consequently,

(3.30) Q( + d  ; � + d � )(x tr + d x tr ) = x tr + d x tr :

It follows that

dx tr � TDf (
 ( ; � ))x tr d� �
mX

i =1

@� i Q( ; � )x tr d i

= Q( ; � ) (dx � TDf (
 ( ; � ))x tr d� ) :(3.31)

Proof. Eq. (3.29) implies that

(3.32) dx tr = d x � @t 
 ( ; � )d� �
mX

i =1

@� i 
 ( ; � )d i :

Similarly, from (3.30), we obtain

(3.33) dx tr = @t Q( ; � )x tr d� +
mX

i =1

@� i Q( ; � )x tr d i + Q( ; � )dx tr :
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From the de�nition of Q it follows that

@t Q( ; � ) = � TDf (
 ( ; � ))

 

@t 
 ( ; � )� T
t ( ; � ) +

mX

i =1

@� i 
 ( ; � )� T
� i

( ; � )

!

+ T

 

@t 
 ( ; � )� T
t ( ; � ) +

mX

i =1

@� i 
 ( ; � )� T
� i

( ; � )

!

Df (
 ( ; � ))(3.34)

and, consequently, that

(3.35) @t Q( ; � )x tr = T(I n � Q( ; � ))D f (
 ( ; � ))x tr ;

since � T
t ( ; � )x tr = 0 and � T

� i
( ; � )x tr = 0 for i = 1 ; : : : ; m. Substitution of (3.32)

and (3.35) into the right-hand side of (3.33) yields (3.31), sinceQ( ; � )@t 
 ( ; � ) = 0
and Q( ; � )@� i 
 ( ; � ) = 0 for i = 1 ; : : : ; m.

3.1.2. The covariance boundary-value problem. In lieu of the deterministic
dynamics in (3.1), consider again the Itô SDE

(3.36) dx = T f (x)dt + �
p

TF (x)dWt

in terms of the noise intensity � , and a vector Wt 2 Rm of independent standard
Brownian motions. In the notation of the preceding lemmas, and as before under
a small noise assumption and up to leading-order terms, the following proposition
holds.

Proposition 3.7. For x su�ciently close to 
 (�; t ) for some � and t, and in the
notation of Lemma 3.5, to �rst order in kx tr k and � ,

(3.37) dx tr = TDf (
 ( ; � ))x tr d� + �
p

TQ( ; � )F (
 ( ; � ))dW� :

Proof. For x tr = 0 and � = 0, we obtain � = t,  = � , and dx tr = 0. In this
limit, (3.36) and (3.32) imply that

(3.38) 0 = @t 
 ( ; � )(d t � d� ) �
mX

i =1

@� i 
 ( ; � )d i ;

from which it follows that d � = d t and d i = 0, i = 1 ; : : : ; m, to zeroth order in kx tr k
and � . To �rst order in kx tr k and � , (3.36) then yields

(3.39) Q( ; � ) (dx � TDf (
 ( ; � ))x tr d� ) = �
p

TQ( ; � )F (
 ( ; � ))dW�

and substitution in (3.31) yields the claimed result.

The Ornstein-Uhlenbeck process in (3.37) approximates the local dynamics near

 for orbits that remain near 
 to leading order but neglects cumulative e�ects of
higher-order terms, e.g., di�erences between dt and d� and higher-order terms in d .
Given an initial condition x tr ( ; 0), (3.37) may be solved explicitly to yield

x tr ( ; � ) = X ( ; � )x tr ( ; 0) + �
p

TX ( ; � )
Z �

0
X � 1( ; s )Q( ; s )F (
 ( ; s )))d Ws

= X ( ; � )x tr ( ; 0) + �
p

TQ( ; � )X ( ; � )
Z �

0
G( ; s )dWs;(3.40)
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where G( ; s ) = X � 1( ; s )F (
 ( ; s )). With

(3.41) �(  ; � ) :=
�
� t ( ; � ) � � 1 ( ; � ) � � � � � m ( ; � )

�

and

(3.42) 
(  ) :=
�
wt ( ) w� 1 ( ) � � � w� m ( )

�

it follows that � T ( ; � )x tr ( ; � ) � 0 provided that 
 T ( )x tr ( ; 0) = 0. The rescaled
covariance matrix

(3.43) C :=
1
� 2 E

�
x tr xT

tr

�

is then given by

C( ; � ) = X ( ; � )C( ; 0)X T ( ; � )

+ TQ( ; � )X ( ; � )
� Z �

0
G( ; s )GT ( ; s )ds

�
X T ( ; � )QT ( ; � );(3.44)

It follows that � T ( ; � )C( ; � )�(  ; � ) is independent of � and equals 0 if and only if

(  )T C( ; 0)
(  ) = 0.

Lemma 3.8. Let

(3.45) I ( ) :=
Z 1

0
G( ; s )GT ( ; s )ds

Then, for arbitrary C( ; 0),

C( ; k + 1) = X ( + k�; 1)C( ; k )X T ( + k�; 1)

+ TQ( + k�; 1)X ( + k�; 1)I ( + k� )X T ( + k�; 1)QT ( + k�; 1):(3.46)

Proof. By (3.44),

C( ; k ) = X ( ; k )C( ; 0)X T ( ; k )

+ TQ( ; k )X ( ; k )

 Z k

0
G( ; s )GT ( ; s )ds

!

X T ( ; k )QT ( ; k ):(3.47)

Moreover, by the de�nition of G,

(3.48) I ( + k� ) = X ( ; k )

 Z k+1

k
G( ; s )GT ( ; s )ds

!

X T ( ; k ):

The claim follows by substitution.

We proceed to assume that the quasiperiodic orbit is locally exponentially at-
tracting, such that

X ( ; k ) = @t 
 ( + k�; 0))wT
t ( )

+
mX

i =1

@� i 
 ( + k�; 0))wT
� i

( ) + O (exp(� k=� tr ))(3.49)

for some positive constant� tr and large k. Then,
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Proposition 3.9. Given a constant matrix B , there exists an initial condition
C( ; 0) with 
(  )T C( ; 0)
(  ) = B , such that C( ; k ) = C( + k�; 0) for all k.

Proof. The previous lemma shows thatC( ; 1) = C( + �; 0) ) C( ; k ) = C( +
k�; 0) for all k. Suppose that

C( ; 0) = T
1X

n =1

Q( ; 0)X ( � n�; n )I ( � n� )X T ( � n�; n )QT ( ; 0)

+ r ( ; 0)B r T ( ; 0):(3.50)

where

(3.51) r ( ; � ) :=
�
@t 
 ( ; � ) @� 1 
 ( ; � ) � � � @� m 
 ( ; � )

�

The series converges by the assumption of local exponential attraction. Moreover,

X ( ; 1)C( ; 0)X T ( ; 1) = C( + �; 0)

� TQ( + �; 0)X ( ; 1)I ( )X T ( ; 1)QT ( + �; 0)(3.52)

and the claim follows by evaluation of (3.44) at � = 1.

Corollary 3.10. For any C( ; 0) such that
(  )T C( ; 0)
(  ) = B , the matrix-
valued function C( ; � ) in (3.44) converges to the function obtained withC( ; 0) given
by (3.50) as � ! 1 .

Proposition 3.11. Let Cqper denote the function in (3.44) obtained with C( ; 0)
given by (3.50) when B = 0 . It follows that, when the matrix A = 0 , Cqper is the
unique quasiperiodic solution of the quasiperiodic Lyapunov equation (cf. [24])

@t C = T
�
Df (
 )C + CDf T (
 ) + QF (
 )F T (
 )QT + r Ar T �

;(3.53)

for which 
(  )T C( ; 0)
(  ) = 0 and that no quasiperiodic solution exists otherwise.

Proof. It follows from (3.17) that

(3.54)
d
dt

�(  ; t )T C( ; t )�(  ; t ) = AT

Thus, C is quasiperiodic only if A = 0. The transformation C = X ~CX T then implies
that

(3.55) @t ~C( ; t ) = TQ( ; 0)G( ; t )GT ( ; t )QT ( ; 0)

and the conclusion follows by integration.

We conclude by noting that

(3.56) 
(0) T C(0; 0)
(0) = 0 ) � T (0; k)C(0; k)�(0 ; k) = 0

Assuming quasiperiodicity, it follows that

(3.57) 
( k� )T C(k�; 0)
( k� ) = 0

for every k. Since� is irrational and by continuity, it follows that 
( � )T C(�; 0)
( � ) =
0 for all � .
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3.1.3. Summary formulation. Restrict attention to two-tori, i.e., the case
with m = 1. Per the theoretical treatment in the previous sections and with assurances
of existence and uniqueness given normally hyperbolic attraction andf and F of
su�cient smoothness, we thus seek i) a function 
 (�; t ) that satis�es the di�erential
boundary-value problem

(3.58) 0 = @t 
 � T f (
 ); 0 = 
 (� + �; 0) � 
 (�; 1); 0 = h(
 (�; �))

for some phase conditions in terms of a a suitably chosen vector-valued functionalh,
ii) functions � t (�; t ) and � � (�; t ) that satisfy the integro-di�erential boundary-value
problem

0 = � @t � T
t � T � T

t Df (
 ); 0 = � T
t (� + �; 0) � � T

t (�; 0);(3.59)

0 = � @t � T
� � T � T

� Df (
 ); 0 = � T
� (� + �; 0) � � T

� (�; 0);(3.60)

1 =
Z

S2
� T

t (�; t )@t 
 (�; t ) dt d�; 0 =
Z

S
� T

t (�; 1)@� 
 (�; 1) d�;(3.61)

0 =
Z

S2
� T

� (�; t )@t 
 (�; t ) dt d�; 1 =
Z

S
� T

� (�; 1)@� 
 (�; 1) d�;(3.62)

and iii) a function C(�; t ) that satis�es the over-determined di�erential boundary-
value problem

0 = @t C � T
�
Df (
 )C + CDf T (
 ) + QF (
 )F T (
 )QT �

;(3.63)

0 = C(� + �; 0) � C(�; 1); 0 = � T (�; 0)C(�; 0)�( �; 0);(3.64)

where Q = I n � @t 
� T
t � @� 
� T

� . We use the nonzero eigenvalues and corresponding
eigenvectors ofC(�; t ) at each phase-pair (�; t ) 2 S2 to characterize the geometric
shape of the con�dence neighborhood describing intermediate, but very long time
statistics of noise-induced dynamics near the torus.

3.2. Numerical examples. As a �rst example, we take inspiration from the
second example in Sec. 2.2 and consider the non-autonomous, two-dimensional system
of SDEs

dx1 =
2�
!

�
� 
 x2 + x1

�
1 +

q
x2

1 + x2
2(cos 2�t � 1)

��
dt + �

r
2�
!

x1x2dWt(3.65)

dx2 =
2�
!

�

 x1 + x2

�
1 +

q
x2

1 + x2
2(cos 2�t � 1)

��
dt + �

r
2�
!

x2
2dWt(3.66)

of the form (3.36) with T = 2 �=! , f given by the 1-periodic vector �eld

(3.67) f (t; x ) =

0

@
� 
 x2 + x1

�
1 +

p
x2

1 + x2
2(cos 2�t � 1)

�


 x1 + x2

�
1 +

p
x2

1 + x2
2(cos 2�t � 1)

�

1

A ;

and F (x) = ( x1x2; x2
2)T . Rather than consider the suspended autonomous state space

obtained by appending a third component to the vector �eld equal to 1, we retain the
two-dimensional description but skip the boundary-value problem for � t and omit wt

and � t in the de�nition of Q.
A quasiperiodic solution of the deterministic dynamics is given by

(3.68) 
 (�; t ) =
1 + ! 2

1 + ! 2 � cos 2�t � ! sin 2�t

�
cos 2� (� + �t )
sin 2� (� + �t )

�
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provided that � = 
 =! is irrational. With the notation b := 1+ ! 2 � cos 2�t � ! sin 2�t ,
c�;t := cos 2� (� + �t ), and s�;t := sin 2� (� + �t ), we obtain

(3.69) X (�; t ) =
! 2

b2

�
e� 2�t=! ! 2c�; 0c�;t + bs�; 0s�;t e� 2�t=! ! 2s�; 0c�;t � bc�; 0s�;t

e� 2�t=! ! 2c�; 0s�;t � bs�; 0c�;t e� 2�t=! ! 2s�; 0s�;t + bc�; 0c�;t

�

such that, in particular, @� 
 (�; t ) = X (�; t )@� 
 (�; 0) while it no longer holds that
@t 
 (�; t ) = X (�; t )@t 
 (�; 0), since f is non-autonomous. It is now straightforward to
verify the equalities wT

� (� )X � 1(�; 1) = wT
� (� + � ) and wT

� (� )@� 
 (�; 0) � 1 for

(3.70) w� (� ) =
! 2

2� (1 + ! 2)

�
� sin 2��
cos 2��

�

and we obtain the family of projections

(3.71) Q(�; t ) = X (�; t )
�
I 2 � @� 
 (�; 0)wT

� (� )
�

X � 1(�; t ) =
�

c2
�;t s�;t c�;t

s�;t c�;t s2
�;t

�

onto the radial direction at each point of the corresponding torus. Substitution in
(3.50) (with B = 0), followed by extensive algebraic manipulation usingMathemat-
ica , then yields the family

(3.72) C(�; 0) =

�
1 + ! 2

� 4 �
1 + 
 2 � c2�; 0 � 
 s2�; 0

�

4! 8 (1 + 
 2)
Q(�; 0):

In Fig. 4, we compare this prediction to density clouds of points along stochastic
trajectories sampled at t 2 Z and observe excellent agreement.

As a second example, this time not amenable to closed-form analysis, we con-
sider the four-dimensional SDE obtained by adding noise to two coupled Van der Pol
oscillators:

dy =

0

B
B
@

y2

� �
�
y2

1 � 1
�

y2 � y1 + � (y3 � y1)
y4

� �
�
y2

3 � 1
�

y4 � (1 + � ) y3 + � (y1 � y3)

1

C
C
A d� + �

0

B
B
@

0
dW�; 1

0
dW�; 2

1

C
C
A :(3.73)

Here �; �; � are the problem parameters andW� 2 R2 is a vector of independent
standard Brownian motions. Quasiperiodic invariant tori of the deterministic drift
vector �eld have been investigated by Schilderet al. [40].

In the limit of small � and � = 0, a quasiperiodic solution of the rescaled deter-
ministic dynamics with T = 2 � is approximately given by

(3.74) 
 (�; t ) =

0

B
B
@

2 sin 2�t
2 cos 2�t

2 sin 2� (� + �t )
2� cos 2� (� + �t )

1

C
C
A

for irrational � =
p

1 + � . We may use this expression and corresponding value of
T to construct an initial solution guess for quasiperiodic solutions of the rescaled
deterministic dynamics for nonzero� with � = 0. Parameter continuation may then
be used to track a family of such solutions for �xed � and simultaneous variations
of � and � . An example of such a family for � = 140=62

p
2 and � = 0 :5 (computed



26 Z. AHSAN, H. DANKOWICZ, AND C. KUEHN

Fig. 4: Comparison of leading-order theoretical predictions and a numerical time his-
tory for the �rst example in Sec. 3.2 with 
 = � and ! = 1 in cartesian (upper panel)
and polar (lower panel) coordinates. Stochastic trajectories sampled at integer values
of the excitation phase (red dots) were obtained using an Euler-Maruyama scheme
with � = 0 :1 and dt = 10 � 4 for 10; 000 periods of the excitation. Dashed curves rep-
resent the intersection of the deterministic quasiperiodic invariant torus while solid
curves represent predicted deviations from this curve of intersection equal to one and
two standard deviations, respectively, computed using (3.72). In the lower panel, the
vertical axis equals the radial deviation from the (circular) curve of intersection, since
the normalized radial eigenvector e( ; 0) k 
 ( ; 0) and w� ( )T (x � 
 ( ; 0)) = 0.
There, �lled circles represent the statistical mean (blue) and standard deviation
(black) of simulated data collected in bins of width �  = 1=40.
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Fig. 5: (Upper panel) Family of quasiperiodic invariant tori for the deterministic limit
of the SDE (3.73) under simultaneous variations in� and � computed using coco .
Here, � = 0 :5 and the rotation number � is �xed at 140=62

p
2. Each torus is rep-

resented by a �nite collection of equal-duration trajectory segments coupled through
all-to-all boundary conditions in terms of the rotation number. (Lower panel) The
quasiperiodic invariant torus obtained for � = 0 :5 represented in terms of 29 trajec-
tory segments, each of which is approximated by a continuous, piecewise-polynomial
function on 20 mesh intervals.

with coco using the discretization algorithm described in Appendix A with N = 14
and individual trajectory segments approximated by continuous piecewise-polynomial
functions on 20 mesh intervals) together with a projection of the invariant torus
obtained for � = 0 :5 are shown in Fig. 5.

In the absence of closed-form analysis, we use built-in support incoco for the
corresponding discretization of the adjoint boundary-value problem (see Appendix A)
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to compute numerical approximations of � t (�; t ), � � (�; t ), and Q(�; t ) for the torus
obtained for � = 0 :5. Finally, we derive a corresponding discretization of the linear
boundary-value problem in Proposition 3.11 and solve for the covariance matrix func-
tion C(�; t ). We use the norm of the computed matrix A to verify the accuracy of the
computation, as this is predicted to equal 0 in the original boundary-value problem.
The results of this analysis are visualized in Fig. 6. In this case, the 2-norm ofA
equals 9� 10� 9, giving us con�dence in the validity of the analysis.

Fig. 6: Surfaces of the two nonzero eigenvalues for the covariance matrix function
C(�; t ) corresponding to the quasiperiodic invariant torus obtained for the determin-
istic limit of the SDE (3.73) for � = 0 :5, � = 0 :5, � = 1 :9422 and the rotation number
� = 140=62

p
2.

As in the previous examples, we use points along numerically integrated stochastic
trajectories to validate the theoretical predictions. For points on such trajectories,
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we �rst use the constraints in Lemma 3.5 to identify the corresponding values of 
and � . We then proceed to locate \intersections" with � = 0 :5 by �nding consecutive
trajectory points on opposite sides of this section and use linear interpolation through
these points to capture a point on � = 0 :5 and compute the corresponding value of
 (see Fig. 7). Finally, we project the resultant deviations x tr onto the predicted
eigenvectors of the corresponding covariance matrix associated with the two nonzero
eigenvalues (see Fig. 8). The agreement between the statistics for the resultant point
clouds and the predicted standard deviations is excellent.

Fig. 7: A point cloud of 5; 800 \intersections" (blue) along a numerically integrated
stochastic trajectory of the SDE (3.73) with the section � = 0 :5 overlaid on the
quasiperiodic invariant torus for the corresponding deterministic dynamics obtained
for � = 0 :5 (see the lower panel of Fig. 5) and the corresponding points
 ( ; 0:5) (red).
Stochastic trajectories were obtained using an Euler-Maruyama scheme with� = 0 :1
and dt = 10 � 4 and associated with points on the torus per the method described in
the text.

4. Conclusions. The results derived here provide a computationally attractive
alternative to and generalization of the earlier work by Bashkirtseva and Ryashko [7],
Guo et al. [23], and Zhaoet al. [43]. Where these references rely on projections onto
hyperplanes orthogonal to the vector �eld, transversal to the vector �eld but other-
wise arbitrary, and stroboscopic sections in a case of periodically excitations on top of
an existing limit cycle motion, the proposed boundary-value problem formulation is
closely integrated with a foliation of transversal hyperplanes that may be de�ned in-
variantly through a de�ning boundary-value problem, without the need for an explicit
coordinate basis or additional approximation. From the invariance of this foliation
under the linearized deterministic 
ow, there further follows a closed-form solution
for the covariance function in the form of a rapidly convergent series for autonomous
as well as periodically excited systems.

A further advancement is the explicit recognition of the existence of (m +1) 2 con-
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