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This thesis focuses on two problems in biophysics.

1. Inference in networks far from equilibrium.

2. Optimal transitions between network steady-states of unequal dimensions.

The system used for development of the theory and design of computational algorithms is

the fully connected and asymmetric version of the widely used Ising model. We begin with

the basic concepts of biological networks and their emergence as an analytical paradigm

over the last two decades due to advancements in high-throughput experimental methods.

Biological systems are open and exchange both energy and matter with their environment.

Their dynamics are far from equilibrium and don’t have well characterized steady-state dis-

tributions. This is in stark contrast to equilibrium dynamics with the Maxwell-Boltzmann

distribution describing the histogram of microstates. The development of inference and

control algorithms in this work is for nonequilibrium steady-states without detailed bal-

ance.

Inferring the Ising model far from equilibrium requires solving the inverse problem in sta-

tistical mechanics. As opposed to using a known Hamiltonian to solve for the macro-



scopic averages, we calculate the couplings and fields, i.e., model parameters, given the

microstates or stochastic snapshots as inputs. We first demonstrate a time-series calculation

for the inverse problem and use Poisson and Põlya-Gamma latent variables to construct a

quadratic likelihood function which is then maximized using the expectation-maximization

algorithm. In addition to the main calculation, properties of the Põlya-Gamma variables are

used to solve logistic regression on a Gaussian mixture. This has applications to problems

like clustering and community detection.

Not all available data in biology is time-ordered. In fact for some systems, e.g., gene-

regulatory networks, most of the data is not in time-series. The solution to the inverse

problem for such systems (data) is qualitatively different as it involves solving for the ther-

modynamic arrow of time. The present work uses the definition of a sufficient statistic

based on equivalence classes to design a likelihood function through the disjoint cycles of

the permutation group. The geometric intuition is provided using dihedral group of the

same order. We state and prove that our likelihood function is minimally sufficient and

present an optimization algorithm with computational results.

The second problem, i.e., optimal network control is solved using optimal transport. We

recognize that biological networks have the property to grow and shrink while remaining

functional and robust. Recent works that have continued the progress made by earlier sem-

inal results have concentrated on systems which do not undergo transitions that alter their

dimensions. For example, a network increasing or decreasing its number of nodes. The

connection between thermodynamics and optimal transport is well established through the

Wasserstein metric being the minimal dissipation for stochastic dynamics. This result de-

pends on narrow convergence which requires that the system size remains the same.

Recently introduced Gromov-Wasserstein metric defined on a space of metric measure

spaces, makes it possible to design optimal paths between probability distributions of dif-

ferent sizes. In context of networks, the GW metric can define geodesics between two



network nonequilibrium steady-states with different number of vertices. The last two chap-

ters discuss the mathematical concepts and results that are required to develop the GW

metric on networks and the computational algorithms that follow as a result. We de�ne the

probability measures and loss functions as per the physical properties of the Ising model

and demonstrate a geodesic calculation between two networks of different sizes.



INFERENCE AND CONTROL IN NETWORKS FAR FROM
EQUILIBRIUM.

by

Siddharth Sharma

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial ful�llment

of the requirements for the degree of
Doctor of Philosophy

2023

Advisory Committee:
Professor Doron Levy, Chair/Advisor
Professor Maria Cameron
Professor Abba Gumel
Professor Wojciech Czaja
Professor William F. Fagan, Dean's Representative



c
 Copyright by
Siddharth Sharma

2023



Dedication

To my parents.

ii



Acknowledgments

First and foremost, I would like to thank my advisor Prof. Doron Levy for teaching

me how to approach and make progress on a research problem. My journey towards this

doctorate would not have been possible without his constant guidance and encouragement.

Coming from chemical engineering, the transition to applied mathematics and biophysics

had a learning curve. No matter how hopelessly stuck I felt at any point, his experience

and feedback always put me back on track. I hope to have an opportunity in the future to

support others with the same enthusiasm and positive energy.

I would like to thank the members of my dissertation committee, Prof. Maria Cameron,

Prof. Abba Gumel, Prof. Wojciech Czaja and Prof. Bill Fagan for agreeing to serve and

guiding me through different stages of the program. Dr. Cameron's course on stochastic

methods was my introduction to the subject and I am thankful for her dedication towards

her students learning the material, as it made application a natural next step. Prof. Czaja's

textbook on Integration theory was used as the texbook for the �rst ever course I took on

measure theory. I have used what I learnt through it to understand previous works and also

while developing our method. Prof. Gumel's contributions to the �eld, especially on the

COVID-19 pandemic are an illustration of the signi�cance of quantitative approaches and

their applications. My interactions with Prof. Fagan have been illuminating. The appli-

cations of quantitative methods to ecology and conservation biology made me realize that

I should look for a wider application space for methods that appear specialized and �eld

speci�c at �rst glance. I am fortunate to have you all on my committee and hope to emulate

your example in the future.

The Maryland Biophysics Program in the Institute for Physical Science and Technology

is my home at UMD. An interdisciplinary program with the breadth and openness to new

ideas is apt for students from diverse backgrounds to have experiences outside of their tra-

ditional areas of learning. Having been pushed out of my comfort zone expanded my skill

iii



set and I feel incredibly grateful for the opportunity. The support of the program directors,

Prof. Arpita Upadhyaya and Prof. Jeffrey Klauda has been reassuring throughout. I must

mention Souad Nejjar, the biophysics program coordinator for helping all of us from the

day of our admission to our graduation.

The Department of Mathematics is where I have worked, learned and taught throughout

my PhD. It is the warmth and kindness of people here that makes dif�cult appear simple.

I have been fortunate to work under some incredible course chairs. They have developed

me as a teacher and made me a better guide to the students, �rst as their discussion TA

and later as an instructor. I would like to express my gratitude to Prof. Mike Boyle, Prof.

David Levermore, Prof. Chris Laskowski, Prof. Amin Gholampour, Matt Grif�n, Susan

Mazzullo, Karen Mclaren, Casey Cremins and Nathan Manning. I would be remiss not

to mention all my students. Your faith in me as your teacher was a huge encouragement

throughout. I cannot thank you enough and wish you all the best.

I now want to recognize the staff at the Math department. Whenever I needed help they

were always there for me going above and beyond what was required. Jackie, Bill, Martha,

Agi, Sara, Liz , Ruth and Christina. You all are cherished and will always be.

My masters thesis advisor Prof. Sudeep Punnathanam at the Department of Chemical En-

gineering, Indian Institute of Science Bangalore guided me through my �rst project. My

work at IISc exposed me to the scienti�c way of thinking and what it takes to do serious

research. Prof. Punnathanam, Prof. Prabhu Nott, Prof. K Ganapathy Ayappa and Prof.

Sanjeev Kumar Gupta shaped my thinking process and prepared me for things ahead. My

scienti�c journey began with the guidance and support of my undergarduate advisors, Prof.

Tapan Sarkar and Prof. Uttam Kumar Mandal at the University School of Chemical Tech-

nology, Guru Gobind Singh Indraprastha University. Their belief in me helped me take

those �rst steps that have led me to write this thesis.

I have met many friends throughout my time at UMD. Their contribution to this thesis is

iv



immense and instrumental. Whether it be through the RIT meetings on complex networks,

machine learning or applied statistics or just discussions about research problems we were

working on. It makes one realize that they are not alone and everyone around is dealing

with issues relating to research or outside it, making success meaningful when it eventually

arrives. I want to thank Pranav, Teju, Shashank and Harshithaa for all the movie nights,

bored games, birthday cakes and surprises. I don't know what the future holds but with

you guys around, I am sure it will be fun.

I was an international student at UMD with no family in the area and really fortunate to

have people who looked after me when they had no obligation to do so. I would like to

thank Drs. Miriam and Eric Cohen for their love and support and treating me as one of

their own. I was just a friend to Sam and your kindness was and still is truly appreciated.

I wish all of you the very best. A huge thanks to Sriram and Shanti Kalaga. Ramu uncle

and Shanti aunty do not know when to stop while helping someone. A part of me does not

want to tell them because some things should never change.

Last but by no means the least, I would like to thank my family for their unconditional love,

support and sacri�ces that have led to this thesis. Mom, Dad, Arjun, Shuchita, Varenya and

Varush. You all have made this thesis possible and it is as much yours as it is mine. I

dedicate this thesis to my parents as it is truly a labor of their love.

v



Table of Contents

Dedication ii

Acknowledgements iii

1 Prologue 1

2 Inference and Control in biological networks 5
2.1 Networks and Biology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.1.1 Symmetry, detailed balance and thermal equilibrium . . . . . . . . 7
2.1.2 Irreversible processes and the Nonequilibrium steady-state . . . . . 12

2.2 Precision Medicine and the Nonequilibrium Steady-State . . . . . . . . . . 14
2.2.1 Big data in network biology: New insights into pathology . . . . . . 16

Understanding Cancer with GRNs . . . . . . . . . . . . . . . . . . 20
2.2.2 Identifying and characterizing gene interactions: The inverse Ising

problem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
2.2.3 Network control far from equilibrium . . . . . . . . . . . . . . . . 25

Optimal transport: A basic introduction for biological network control 29
2.3 Network growth in biology . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.4 Synopsis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

3 The inverse problem far from equilibrium 34
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34
3.2 Structure of the Problem . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
3.3 Asynchronous Glauber dynamics . . . . . . . . . . . . . . . . . . . . . . . 36
3.4 Likelihood for a time-series of network con�gurations . . . . . . . . . . . . 37
3.5 Latent Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.5.1 Poisson random variables for no-�ip likelihood function . . . . . . 40
3.5.2 P ˜olya-Gamma distribution . . . . . . . . . . . . . . . . . . . . . . 42
3.5.3 Gibbs Sampling . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.5.4 Gibbs Sampling for a logistic regression using P ˜olya-Gamma latent

variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

vi



3.5.5 Moments of the P ˜olya-Gamma distribution. . . . . . . . . . . . . . 53
3.5.6 The latent variable form of the Likelihood function . . . . . . . . . 59

3.6 The Expectation-Maximization Algorithm . . . . . . . . . . . . . . . . . . 61
3.6.1 Convex functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
3.6.2 Derivation of the EM-algorithm . . . . . . . . . . . . . . . . . . . 65
3.6.3 EM algorithm for the inverse Ising problem . . . . . . . . . . . . . 68

E-step . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
M-step . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71

3.7 Calculations and Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
3.7.1 Dependence of reconstruction error on simulation parameters . . . . 73

Estimated vs. ground truth values of the coupling matrix . . . . . . 74
Variation of the reconstruction error with the length of input data . . 75
Variation of Reconstruction error with the standard deviation of the

coupling matrix. . . . . . . . . . . . . . . . . . . . . . . 76
Variation in the reconstruction error with the probability rateg . . . 76

3.8 Synopsis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

4 The inverse problem in absence of time-ordered data 80
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.2 Pro�le likelihood . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

4.2.1 Permutation group . . . . . . . . . . . . . . . . . . . . . . . . . . 82
Cauchy and cyclic notations . . . . . . . . . . . . . . . . . . . . . 83

4.3 Suf�cient statistic: Kolmogorov and H ˜ajek de�nitions . . . . . . . . . . . . 84
4.4 Disjoint cycles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
4.5 Permutation-glass . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4.5.1 The Dihedral group:Dn . . . . . . . . . . . . . . . . . . . . . . . . 92
The order ofDn . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
Relationship between rotations and re�ections . . . . . . . . . . . . 96
Conjugacy classes . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

4.6 Deriving the likelihood function for a permutation glass . . . . . . . . . . . 101
4.6.1 Level sets of the Pro�le likelihood probability distribution . . . . . 102
4.6.2 Minimal Suf�ciency . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.6.3 Orbit-reduced Ising likelihood function . . . . . . . . . . . . . . . 106

4.7 Inference using the orbit-reduced likelihood function . . . . . . . . . . . . 108
4.7.1 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

4.8 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

5 The Gromov–Wasserstein distance between networks 112
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 112
5.2 Basic concepts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5.2.1 Metric Spaces and isometric embedding . . . . . . . . . . . . . . . 114
5.2.2 Polish spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

vii



5.2.3 The notion ofClosenessbetween two measure networks . . . . . . 116
5.2.4 Pushforward or image measure and the change of variables formula 117
5.2.5 Network Isomorphisms . . . . . . . . . . . . . . . . . . . . . . . . 119
5.2.6 Isomosrphisms in context of real network data . . . . . . . . . . . . 122

5.3 Measure couplings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
Couplings as Markov Kernels . . . . . . . . . . . . . . . . . . . . 124

5.3.1 Distortion of a coupling . . . . . . . . . . . . . . . . . . . . . . . . 127
5.3.2 Continuity of the distortion functional . . . . . . . . . . . . . . . . 135
5.3.3 Existence of optimal couplings . . . . . . . . . . . . . . . . . . . . 137

5.4 Gromov-Wasserstein distance . . . . . . . . . . . . . . . . . . . . . . . . . 137
5.4.1 Computing Gromov-Wasserstein distance between two distributions 138
5.4.2 Computing Wasserstein distance . . . . . . . . . . . . . . . . . . . 139

1-D optimal transport with the Wasserstein metric. . . . . . . . . . 141
2D optimal transport between empirical distributions . . . . . . . . 143

5.5 Synopsis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 145

6 Optimal driving between network steady states 148
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 148
6.2 Borel-Probability measures . . . . . . . . . . . . . . . . . . . . . . . . . . 149

6.2.1 Edwards-Anderson order-parameter for spin-glasses . . . . . . . . . 150
6.2.2 Entropy of a coupling map . . . . . . . . . . . . . . . . . . . . . . 151

6.3 The cost function: A notion of the metricdX . . . . . . . . . . . . . . . . . 152
6.4 Optimal driving between nonequilibrium steady-states of unequal dimnen-

sions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
6.4.1 Tensor notation . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154
6.4.2 Matrix formulation of the tensor product . . . . . . . . . . . . . . . 156
6.4.3 Entropic regularization . . . . . . . . . . . . . . . . . . . . . . . . 158
6.4.4 Equivalent steady-states with different dimensions . . . . . . . . . . 159
6.4.5 Geodesics between two networks far from equilibrium . . . . . . . 162

6.5 Numerical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 163
6.6 Synopsis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164

7 Epilogue: A discussion about the results 167

Bibliography 170

viii



Chapter 1: Prologue

Three questions pertinent to this thesis are answered below. The aim is to contextualize

methods and results presented in the chapters that follow.

Why should we study biological networks?

The progress in understanding individual components of biological systems such as pro-

teins, genes and neurons, has led to deeper insights about the structure and function of

systems that are made from them [3, 55, 71, 112]. The interplay of multiple such compo-

nents leading to stationary distributions of their collections further emphasized the need for

multivariate analysis resulting from observations of multiple degrees of freedom. Network

models that included the simultaneous action and evolution of multiple nodes interacting

through pairwise couplings were an outcome of such observations [48, 118]. These models

and their statistics are an ef�cient tool to gain further insights [17, 69] into the thus far

unknown aspects of living systems and to consequently progress therapeutic modalities,

tackling some de�ning challenges [21, 39, 61, 76, 84, 97] of our time. This is contingent

upon the understanding of biological networks and our capacity for targeted control of their

components.

Can we control biological networks?

The answer to this question depends on the prevailing capabilities forin-vivo editing of

biological systems [33]. Due to the pioneering efforts of experimental groups, those capa-

bilities have quantum leaped in the last two decades. The most notable being the CRISPR-

Cas9 endonuclease [68, 115] method using palindromic repeats to cleave and rejoin DNA

1



fragments. Other tools such as zinc-�nger nuclease [122], transcription activator-like ef-

fector nucleases [78] and other meganucleases [114] have also developed in parallel. In

addition, the capacity to interfere at the level of RNA is also present in the form of RNA

interference [120]. The promise of these techniques is to induce a paradigm shift in thera-

peutic regimes for human diseases where instead of interfering in cell structure and function

through chemical agents, i.e., drugs, the correction can be carried out at the level of tran-

scription or translation within the central dogma. The minutest lack of accuracy and/or

precision could lead to a collapse of such a strategy as robustness is a crucial property of

gene-expression. Any errors, especially in a networked structure are catastrophic. In fact,

off-target mutations are a sub-topic of gene-editing science [24, 44, 67, 135] while also

being a consistent feature of neural circuit manipulations [91]. The issues that arise have

nothing to do with the nature of editing itself but can be characterized as relaxations of the

network post perturbation, i.e., a new steady-state resulting due to targeted edits leading to

additional unexpected off-target mutations. So, as per state of the art at the time of writing

this document, biological networks can be edited but not controlled with the accuracy re-

quired for prospective therapeutic applications.

How should a biological network be controlled?

A prerequisite for designing a process to go to a desired �nal state is the knowledge of the

initial state. For networks, this is encoded in the coupling matrix, i.e. the matrix of all the

pairwise interactions or edges of the network. An observer cannot directly infer the magni-

tudes of these edges as the only data available is the collective and simultaneous behavior

of all the nodes or a subset of nodes that is of interest. On the other hand, edits are made di-

rectly to the edges or vertices and the behavioral change is consequential. This implies that

an inference of the coupling matrix is the �rst step towards network control as it is the only

way to characterize the interactions, besides the statistical properties of nodes, which are

not directly controllable as they are collective in nature and cannot be mapped to speci�c

2



nodes or edges. This �rst step requires inferring the coupling matrix from a set of observa-

tions of the networks behavior [103, 133, 134]. A networks steady state determines the type

of inference method used for obtaining its coupling matrix. Living systems, through active

transport [100]1 exchange matter and energy with their surroundings and therefore do not

obey detailed balance (see chapter 2). This has implications for the inference algorithm

which cannot use thermal equilibrium and the resulting Maxwell-Boltzmann distribution

[38, 89]. So, for biological networks the inference of the coupling matrix needs to be car-

ried out far from equilibrium. In addition, the set of network observations are sometimes

not available in time-series [1, 111] and a fundamentally different approach is needed for

those type of data where the network snapshots are not arranged as per the thermodynamic

arrow of time [108].

With the initial state coupling matrix inferred, the next step is to drive the network to the de-

sired set of couplings and by extension its new steady state distribution. Pioneering efforts

[80, 101, 102, 138] have led to numerical algorithms capable of optimally driving between

network nonequilibrium steady states. In all of these works, the size of the network remains

the same across the transition path. This is in contrast with biology where nodes are added

and deleted as a functional feature [131]. This makes biological networks dynamic not only

in node states but also node number. This, yet again calls for a different approach where all

the dynamic features of the network steady state are accounted for. The resulting methods

needs to be informed by the coupling matrices of the initial and �nal state while allowing

for them to have different dimensions. Such a procedure, when implemented would lead to

an optimal control of a network nonequilibrium steady state and be a template for biologi-

cal network control.
1Active transport is the movement of molecules or ions across a cell membrane from a region of lower

concentration to a region of higher concentration-against the concentration gradient. Active transport requires
cellular energy to achieve this movement. There are two types of active transport: primary active transport
that uses adenosine triphosphate (ATP), and secondary active transport that uses an electrochemical gradient.
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The work presented here uses statistical learning and optimal transport to accomplish the

above mentioned tasks.
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Chapter 2: Inference and Control in biological networks

2.1 Networks and Biology

Networks are ubiquitous in biology. Although the notion of networks in biology has

been that of an analytical tool representing binary interactions among bio-entities, it is

experimentally con�rmed that such structures exist. A network, also known as agraph,

consists of two types of components

1. Nodes or vertices: These are the basic units that make the network. In biological

networks, these can be genes, proteins, neurons, metabolites, epigenetic components

or even individual cells when cell signalling network behavior is investigated.

2. Edges:These are the connections between the nodes.

If the edges in a network are directed, i.e., pointing in only one direction, the network is

called adirected network(or a directed graph, sometimes digraph for short). When draw-

ing a directed network, the edges are typically drawn as arrows indicating the direction,

as illustrated in Fig.(2.1). If all edges are bidirectional, or undirected, the network is an

undirected network (or undirected graph), as illustrated in Fig.(2.2).

Biological networks are generally directed in nature as some edges are almost always

directed. For example, the TP53 network shown in Fig.(2.3) has both directed and undi-

rected edges and is therefore, by de�nition, a directed network. This would be the case

for most networks where functional control is relegated to a particular set of nodes as the

5



Figure 2.1: A directed network represented by edges with directions. All edges with an arrow along
one end are thedirectededges, whereas the edges with arrows on both ends are undirected.

�ow of information would have a bias. This almost universal characteristic of biological

networks can be of an advantage for inferring the edge matrix of networks depending upon

the quality of data and the belief in clinical/experimental observations. In general, one

must assume that the network is undirected and that the entire edge matrix has non-zero

non-diagonal entries. The evolution data of the network used to compute the edge matrix

would reveal the directed nature of some edges, usually through near zero values for on

of the directions. For networks where no prior information about the edges is known, the

only option is to assume an undirected edge matrix. For example, directly imaging protein

evolution in the brain [95] reveals real time spike activity of neurons (Fig.(2.4)) with no

prior information of synaptic connections between them, making it necessary to label all

edges as undirected.
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Figure 2.2: An undirected network represented by edges without directions. All edges are assumed
to be bi-drectional.

2.1.1 Symmetry, detailed balance and thermal equilibrium

We now discuss the symmetry or the lack thereof in the coupling matrices1 for biolog-

ical networks. From the very characterization of a coupling matrix as directed, its asym-

metry is a direct consequence. The asymmetry of biological networks, can be understood

from the viewpoint of stochastic dynamics of networks with Hamiltonians de�ned through

coupling matrices.

Let T be then� n Markov matrix corresponding to a coupling matrix. The elements of

T are then� n conditional/transition probabilities between two states of the network, i.e,

Ti j is the probability of going from statei to statej. The probabilitiespiTi j = p jTji mean

that there is no preference between statesi and j for the network. Here,pi andp j are the

probabilities of statesi and j in the stationary distribution (histogram of microstates). For

the stationary distribution, the solution to the eigenvalue problemT p= l p is obtained for

1A coupling matrixJJJ, contains all the pairwise interactions for a network. It is always ann� n square
matrix wheren 2 N, is the number of nodes in the network
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Figure 2.3: Gene Regulatory Network ofTF family p53 in homo sapiens(Image courtesy: Cold
Spring Harbor Laboratory, New York). The blue rectangles are genes. The pink ellipses are tran-
scription factors. The yellow hexagons are clustered genes with the number of genes in the cluster
as the hexagon label. The red lines indicate that the protein DNA binding is known. Theedgesof
this network are not all undirected so by de�nition it is a directed network. The clustered genes with
transcription factors in green are listed as follows.
21 �! TP53: PPP1R13L, BTBD14B, APEX1, IRF8, NSEP1, GTSE1, PIN1, ING3, PPM1A, PPP1CB, CARF, SSTR3, THRB,
UBE2D2, UBE2D3, YY1, CUL5, PCAF, TNFRSF7, MAGED1, TNFRSF5.
TP53�! 262: CEBPA, E2F2, E2F3, E2F4, E2F5, EGR1, ESR1, ETS1, ETS2, FOXD1, FOS, MYC, ATF3, NFIC, NFKB1, BCL2,
RELA, BCL3, BRCA1, BRCA2, STAT1, STAT3, TOPORS, ABCC4, TRIM22, PRG3, NDRG1, PIAS3, CDX1, HTATIP, SIVA, PLK2,
CHEK1, CHEK2, BIRC8, TP53AP1, CHUK, CLK1, ABCC2, PLK3, KLF6, CSF1, CSPG2, CTNNB1, CTSD, DGKA, DGKB, DGKG,
DDB2, GADD45A, AFP, ARID3A, DUSP1, EEF1A1, EEF1A2, EGFR, EPHA2, EIF4EBP1, HIPK1, ERBB2, AKT1, EZH2, FANCC,
PTK2B, FBLN1, UNC5B, FBLN2, ALDH1A3, EFEMP1, FDXR, FKBP3, DKK1, KIN, P2RX2, FNBP4, PRG1, GAMT, GAS1,
BBC3, SESN1, C20orf10, GCLM, GML, GPX1, RPA4, HD, HIC1, HLA-A, HLA-B, HMGN2, APAF1, APC, APCS, HRAS, BIRC2,
BIRC3, HSPA1A, HSPA4, BIRC4, BIRC5, HSPCB, IGF1R, IGF2, IGFBP3, KLK3, TNFRSF6, IL1B, IL2, IL4, IL6, IL8, AQP1, IL11,
IL15, IL15RA, JAK2, KAI1, APITD1, RHOA, STMN1, LGALS3, LIG1, LIG2, LIG3, LIG4, TACSTD1, MAP4, MCM2, MGMT,
MIF, MKI67, MMP1, MMP2, MMP13, ABCC1, MSH2, JST, COX1, MUC2, BIRC1, NFATC4, NHLH2, NINJ1, NINJ2, NME1,
NOS2A, NOS3, NTHL1, P2RX1, P2RX3, P2RX4, P2RX5, RRM2B, PCNA, POLK, LISCH7, PEG3, ABCB1, PIK3CA, PMAIP1,
PML, POLD1, ATR, PPP1R7, PPP2R4, SMPD3, PRKAB1, MAPK1, MAPK8, MAPK9, PRODH, PSEN1, PCBP4, BAG1, PTGS2,
PTHLH, BIRC6, BAI1, BAI2, BAK1, PTPN13, BAX, CARD12, RAD51, RAD51L1, ACTA2, RB1, CCND1, BCL2L1, RPS6KA1,
BDKRB1, S100A4, S100B, CX3CL1, PERP, BLM, WIG1, SIAH1, SLC19A1, SMPD1, SMPD2, SOD2, SSTR2, SYK, TAF9, TBP,
TBXAS1, BTG1, TERT, TFRC, TGFA, TGFB1, TGM1, TIMP3, TK1, TOP2A, TP53BP1, TUBA1, TYMS, TYR, TYRP1, WRN,
XPC, XRCC5, BTG2, BIRC7, CALM2, PDRG1, CASP1, CASP3, SESN2, MAD1L1, CASP8, AMID, DGKE, DGKD, CDC14B,
CDC14A, CAV1, ABCC3, TNFRSF10C, TNFRSF10B, TNFRSF10A, CFLAR, IER3, CCNA2, CCNA1, CCNB1, MBD4, CCNE1,
CCNG1, CCNH, P2RXL1, PTTG1, TP53INP1, LITAF, GDF15, TP53I11, EI24, TP53I3, CDC25C, MVP.
TP53+ TP73�! 5: HIPK2, MDM2, THBS1, VEGF, CABLES1.
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Figure 2.4: Fluorescent imaging of neuron populations reveals their spike patterns [95]. In the top
row, the probe employed images all synaptic activity. In the bottom row, the neurons are isolated
as the probe speci�cally accumulates in the neuron which screens the activity from the axons. If a
time-series of such a system is recorded with no prior synaptic information for the recorded neurons,
then is prudent to assume an undirected edge or coupling network.

l = 12. The distributionp that solvesT p = p is the stationary distribution. For a sym-

metricT which is the result of a symmetric coupling matrix,p is the Maxwell-Boltzmann

distribution.

p(Hi) =
e� bHi

Z
; (2.1)

whereZ = å M
i= 1e� bHi is the partition function for a system withM microstates. This

distribution is a characteristic of systems with symmetric transition matrices corresponding

to detailed balanceor a lack of a probability current within the system. This means that

piTi j = p jTji 8i; j 2 M.

The thermodynamic implication here is that a system which obeys detailed balance is in

thermal equilibrium. At this point it is good to review the basic tenets of equilibrium.

Equilibrium describes an averaged behavior over many realizations of the same system

2This condition is actually called global balance. The requirement here is the symmetry of the matrixT.
The conditionpiTi j = p jTji mentioned is actually known aslocal detailed balanceand is a stronger condition.
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under similar conditions or multiple systems under the same set of conditions. The primary

characteristics are

1. Equilibrium is not static and must not be con�ated with kinetic arrest. It refers to

dynamics with constant averaging.

2. There is no net �ow in any real, conformation or population space of either material,

probability or reactions.

The former is a characterization of thermal equilibrium as dynamic rather than static. The

latter condition is a manifestation of detailed balance. This is because detailed balance is

the balance of �ows between any (and every) pair of states that can be de�ned. Not just

”detailed” in�nitesimal states, but a balance of �ows among tiny states implies a balance of

�ows among global states which are groups of tiny states. The ”�ow” as de�ned here refers

to the motion of material or trajectories/probability, depending on the situation at hand. A

few illustrative examples are of help here

(a) A Solution mixture: The �rst step is to divide our system into multiple sub-volumes.

We now consider two adjacent sub-volumes out of these i.e. sub-volumesi and j (See

Fig.(2.5(a))). In just these two sub-volumes, some set of molecules will move from

region to the other in a given time interval. For a solution at equilibrium, there will be

other systems in which the opposite �ow occurs. Averaging over all systems, there

is no net �ow of any type of molecule between any two sub-volumes in equilibrium.

This is a detailed balance.

(b) Molecule conformations: In the conformation space of a single molecule, if only

two conformal statesi and j are available, then there will be an equal number of

i �! j and j �! i transitions over any interval of time. See Fig.(2.5(b)).
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(c) Chemical Reaction(s):For a single reaction the equilibrium is determined by the

ratio of the reaction rates, de�ned by the well-known equilibrium constantKeq =
kf

kb
.

In Fig.(2.5(c)), it isKeq =
ki j

k ji
.

As it is evident, equilibrium dynamics vary in the type of quantities that change over a

period of observation for different systems. What is a consistent feature is that the time

average and ensemble average both approach the same average measurement. This is ex-

plained by Daniel. M. Zuckerman as

In equilibrium, time averaging and ensemble averaging will yield the same

result. To see this, consider a solution containing many molecules diffusing

around and perhaps exhibiting conformational motions as well. Assume the

system has been equilibrating for a time much longer than any of its intrinsic

timescales (inverse rates). Because �nite-temperature motion in a �nite sys-

tem is inherently stochastic, over a long time each molecule will visit different

regions of the container and also different conformations - in the same propor-

tion as every other molecule. If we take a snapshot at any given time of this

equilibrium system, the ”ensemble” of molecules in the system will exhibit the

same distribution of positions and conformations as a long single trajectory of

any individual molecule. This has to be true because the snapshot itself results

from the numerous stochastic trajectories of the molecules that have evolved

over a long time [136].

This coinciding of time and ensemble averages is a result of detailed balance as the

locally stochastic sub-volume level time measurements lead to the total volume, i.e., en-

semble level measurements. This collective averaging would be the same as if the total

system was measured and averaged over time.

With the nature of equilibrium described along with its connection to detailed balance and
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symmetric coupling matrices, the next step is identify the nature of biological networks

and their steady states. The fact that directed networks are the norm in biophysics means

that detailed balance is not a possibility in most situations and should de�nitely not be an

assumption for any type of inference or control algorithm unless there is strong experimen-

tal/clinical evidence to do so.

Figure 2.5: A schematic of the three illustrative examples of equilibrium/detailed balance.

2.1.2 Irreversible processes and the Nonequilibrium steady-state

If a system is left isolated, i.e., no matter or energy exchange occurs in the long time

limit, then it would eventually equilibrate. This itself excludes biological systems from

equilibration as the consistent exchange of matter and energy is a hallmark of most pro-

cesses at almost every scale. From the ATP energy exchange and storage to the ion-

exchange mechanisms of cellular membrane voltage gates, to the numerous enzymatic pro-

cesses that abound within the cell organalles, all require energy and matter to be transported

across the cytoplasm to maintain what is known as cellular homeostasis. In fact, the earliest

works on abiogenesis elucidate principal scenarios such as the primordial soup where the
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exchange of matter and energy within an initial aqueous mixture of inorganic compounds

leads to synthesis of organic compounds and eventually amino acids. Charles Darwin in

his letter to Dalton Hooker commented:

It is often said that all the conditions for the �rst production of a living being

are now present, which could ever have been present. But if (and oh what a

big if) we could conceive in some warm little pond with all sort of ammonia

and phosphoric salts,—light, heat, electricity present, that a protein compound

was chemically formed, ready to undergo still more complex changes, at the

present such matter would be instantly devoured, or absorbed, which would

not have been the case before living creatures were formed [35].

Subsequent works by the likes of Urey and Miller [86] proved the existence of such mech-

anisms under laboratory settings, making it evident that exchange of matter and energy was

a feature of the �rst organic processes. This means that the characterization of steady-states

of biological systems do not constitute thermal equilibrium at the system scale and conse-

quently detailed balance and network edge-symmetry.

Looking at thermodynamic details, the processes with energy and mass exchange as a fea-

ture would generally have some irreversible steps, i.e., events which have a very low proba-

bility of occurring in the reverse directions, e.g., chemical reaction equilibrium with skewed

reaction rate ratios, thereby pushing the reaction essentially in only one direction. One such

example is enzyme kinetics with the Michealis-Menten kinetics as one of the basic models.

For an enzymeE and substrateS, the binding leads to the enzyme-substrate complexES.

The next step is the catalysis where the enzyme-substrate complex leads to the productP.

13



The reaction can be written as

E+ S
k f

�� *) ��
kb

ES
kc��! P+ E

In the second step, the backward reaction rate is so small as compared to the forward rate

that the reaction is considered irreversible. This makes the enzyme catalysis irreversible in

the catalytic step. This means that the ensemble average of any subset of phase-space of

this process would not give an ensemble (or time) averages where the backward step i.e.

P+ E ��! ES is going to happen at a rate comparable to its forward counterpart, making

equilibration impossible. This is just a very basic example of how a system has irreversible

steps leading to a steady state that is not characterized by detailed balance. Such a steady

state is called aNonequilibrium Steady-State.

Directed networks have asymmetric coupling matrices, don't obey detailed balance and op-

erate in a nonequilibrium steady-state (NESS). Relevant examples for Biophysics include

Gene regulatory networks, networks of neurons, metabolic networks, etc. Since the steady-

state of a system far from equilibrium is generally not characterized, therefore the algo-

rithms for inferring biological networks have to be designed not for thermal equilibrium

but for a NESS. Having established the nature of the steady-states in which a biological

network is expected to exist and its impact on the numerical methods for inference and

control, the next task is to investigate the need and signi�cance for such processes and the

challenges they present for precision medicine in systems biology.

2.2 Precision Medicine and the Nonequilibrium Steady-State

Therapeutic procedures are by and large disease speci�c, but due to different kinds

of variations at the population or individual level, this ”one-size �ts all” approach has its
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shortcomings. The FDA de�nesprecision medicine3, sometimes known as ”personal-

ized medicine” as an innovative approach to tailoring disease prevention and treatment that

takes into account differences in people's genes, environments, and lifestyles. The goal of

precision medicine is to target the right treatments to the right patients at the right time.

The idea is to move away from the idea of the ”average patient” and to quantify the differ-

ences between population groups and individuals based on the Next-generation sequencing

(NGS) data. The nature of biological networks is of signi�cance for such a goal. Far from

equilibrium dynamics need to be inferred before any type of control algorithm can be de-

signed. In addition the lack of availability of time-ordered NGS data poses a different set of

challenges. Solutions to these problems that stem from the nature of the steady state distri-

butions of biological networks and the experimental/clinical data available from them, are

crucial to the success of precision medicine. In context of the present work, we attribute

the prospect of successful therapeutic algorithms to the following three sequential tasks.

1. The experimental procedures for obtaining high-quality NGS data

2. Inferring the coupling matrices of networks of interest.

3. Designing control algorithms for networks far from equilibrium with asymmetric

coupling matrices, speci�c to the experimental techniques at hand.

The accuracy and precision of �rst task lies in the advancements in experimental methods

for data acquisition and processing. The progress has been considerable and as observers

we are optimistic that future recording techniques [106] would be even more conducive to

statistical analysis and model recognition. One such avenue is the development ofin � vivo

single-cell methods [29] that do not destroy the cell. This combined with gene editing

techniques has a paradigm shifting potential for downstream processing as time-series data

3https://www.fda.gov/medical-devices/in-vitro-diagnostics/precision-medicine
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with targeted edits would be a possibility.

The two remaining tasks are the focus of this work, albeit for very simple model systems.

We are hopeful that the extendable methods we propose would be useful for additional

complexities arising with the evolution of data sets. We brie�y discuss the three steps

mentioned as follows.

2.2.1 Big data in network biology: New insights into pathology

The central dogma of molecular biology is the standard �rst principle in genomics. It

was the �rst insight into the speci�city of protein synthesis. In 1970, Francis Crick de�ned

it as the residue by residue transfer of sequential information. This reinstated his earlier de-

scription form 1958 about the unidirectional nature of the process where the sequence infor-

mation is passed from double-stranded DNA to single-stranded RNA and �nally to proteins

but any kind of retrieval, i.e., information transfer in the reverse direction is impossible. To

brie�y state the process: Proteins are biopolymers that are central to the functionality of

the cell. Processes ranging from metabolism to reproduction to antigen defense are all de-

pendent on proteins. The sequences for every synthesized protein are encoded in speci�c

regions of the DNA called genes. These genes are transcribed by polymerase enzymes to

produce mesenger-RNAs which are translated by ribosomes to produce proteins.The entire

collection of proteins produced by a genome is called thegene-expressionof a cell. This is

a stationary characteristic of the cell and by extension the organism which is more or less

invariant over laboratory observations. This control is mainly attributed to proteins that are

extraneous to the DNA called transcription factors which bind to the promoter region of a

gene i.e. the site on the DNA where the transcription of gene commences. Finally, there is

combinatorial control [15] exerted over the gene-expression through multiple transcription

factors controlling the expression of multiple genes.
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Advances in microarray techniques [109] has made gene expression mapping a common

reference for research over the past two decades. The pivot of almost all high-throughput

expression mapping techniques is the process of generating complimentary DNA(cDNA)

from mRNA using the enzyme reverse transcriptase. These cDNA libraries are then used as

a measure of individual gene expression. The two main classes of methods used for map-

ping eukaryotic gene expression are

1. Microarray DNA sequencing: These are microchips with small DNA sequences

planted on them to act as probes [121]. After reverse transcription of the mRNA, the

cDNA sequences are �uorescently labelled and are allowed to bind with their com-

plimentary DNA sequences on the microarray. The amount of cDNA on a particular

probe gives an estimate of the concentration of its complimentary mRNA and by ex-

tension the expression of the particular gene associated with it. An issue that results

from the methodology is that mRNA concentrations have to be averaged within in a

population of cells.

2. RNA-seq: This method [125] is similar to DNA sequencing up to the cDNA syn-

thesis. Afterwards, it uses sequencing adaptors attached to the cDNA fragments to

read short sequences. These read sequences are then aligned with the genome and

classi�ed into three types:

� Exonic reads: These are completely contained within the exons of the reference

genome.

� Junction reads: These are the reads lying on the junction between two genes.

� Poly(A) end-reads: Polyadenylation marks the end of transcription of gene as it

adds multiple molecules of adenine to the end of mRNA transcribed. When the

reads are aligned as complimentary to these, they are called poly(A) end-reads.
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Using these reads, an expression pro�le of each gene in the library can be mapped

[54]. It would be known from the �nal sequence that which genes are active and by

how much. The main advantage of RNA-seq is the direct measurement of mRNA

levels as opposed to DNA-microarrays.

The above mentioned techniques have revolutionized the understanding of genotype-

phenotype correlations at an unprecedented rate. It has been possible to identify loci all

across genomes that are signi�cant in a wide variety of diseases [53]. See Fig.(2.6) for an

example.
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Figure 2.6: The HDN and the DGN. (a) In the HDN, each node corresponds to a distinct disorder,
colored based on the disorder class to which it belongs, the name of the 22 disorder classes being
shown on the right. A link between disorders in the same disorder class is colored with the corre-
sponding dimmer color and links connecting different disorder classes are gray. The size of each
node is proportional to the number of genes participating in the corresponding disorder, and the link
thickness is proportional to the number of genes shared by the disorders it connects [52].

This has lead to a surge in studies trying to pin down mechanisms of processes that

were previously partially understood. Issues ranging from aging [113] to ailments like

alzhiemers [85], diabetes [63] and heart disease [14] have been studied in unprecedented

detail. Parallel to these developments, there have been instances where the apparent geno-

types were not particularly aligned with their observed phenotypic variants [31, 43, 65,

137]. This was expected from a system with a high number of degrees of freedom. The

next question was: How to uncover the complexity that was not explained by the standard
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model of DNA(gene)-RNA-Protein chain given by Crick?

Gene-regulatory networks(GRNs) [7] were one of the most prominent answers to this ques-

tion. A GRN is de�ned as a collection of genes or parts of genes that interact to control a

particular cellular function. This leap of thought from genes as individual switches [60] to

parts of a larger system is not uncharacteristic of biology and even less so for systems bi-

ology. Different cellular functions are known to be controlled by a collection of molecules

acting in conjunction to form signaling pathways providing cohesion and control. Extend-

ing that idea to genes has made it possible to explain the observed correlations to a greater

extent. It is natural that the investigations that followed gravitated towards the least under-

stood phenotypes [94].

Understanding Cancer with GRNs

Cancer is a collection of diseases which are characterized by the ability of cells to divide

uncontrolled with a potential to spread to secondary locations in addition to the initial site

of proliferation. This makes it a condition resulting from gene dysregulation [16, 98, 99]

since processes like cellular division, motility, cohesion, mortality, etc., are transcribed and

tightly controlled. This gives cancer cells a sense of free will where they do everything

from evading the immune system to arresting healthy cell functionality so that their own

survival and proliferation is paramount [58]. As a result, in cases where detection is late

prognosis could be poor. An interrogative opinion about the lack of understanding about

cancer could be stated as follows.

Different aspects of neoplastic pathology are initiated, progressed and regu-

lated by distinct parts of the genome. Yet it is possible to have a unifying

principle consisting of almost universal symptoms appearing as if they were
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co-regulated by a common information processing unit. [58]

The common processing unit here implies a re�ned layer of information processing

that consists of not only individually transcribed genes but also a set of interactions among

different genes all over the genome which signi�cantly distinguishes their collective ex-

pression from the logical sum. There are several instances in which including regulatory

genomics in studies may be of bene�t. One primary example is that of cancer.

Cancer proliferation and progression are multistage processes with simultaneous as well

as sequential appearance of characteristic changes to processes that are critical to cellu-

lar function. It is therefore standard clinical practice that therapies are multi-pronged and

therefore parallely disruptive to all the progression factors. A schematic of this fact is

presented in Fig.(2.7) where the ten hallmarks of cancer are shown with their respective

therapeutic protocols [58].

Figure 2.7: Therapeutic targeting of the hallmarks of cancer [58].
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It is well known that many cancer patients are over-treated [8, 62] and during ther-

apy, even healthy cells can be disrupted or destroyed. In addition, standard therapeutic

approaches are not guaranteed to disrupt malignant cells. Any analytical necessity would

enable identifying the main targets for a speci�c type of malignancy and then to design

the minimally disruptive yet effective therapies that do not adversely affect cells that are

neither a part of neoplasia nor are assisting in progression.

2.2.2 Identifying and characterizing gene interactions: The inverse Ising

problem

Life at its core creates higher order structures and more complex functional organiza-

tion from smaller individual units [107]. Clearly, multi-cellular organisms are more com-

plex than single cells. At �rst glance this seems to be a violation of the second law of

thermodynamics as life, almost like a struggle against entropy, is creating lower entropy

structures using constituent units which collectively have a higher entropy as compared

to the structures or organisms they constitute. This would be true if one assumes thermal

equilibrium. However, in absence of thermal equilibrium, higher biological complexity is

a valid outcome. One may �nd this as an all pervasive characteristic of life if its origins are

looked at more carefully. The �rst unicellular organisms appeared on earth at three main

sites: Tidal pools, geothermal vents in the deep oceans and water below the ice sheets. All

three of these places have one thing in common, i.e., they all sit on energy gradients. These

energy gradients provided the essentialfree energyto construct more complex structures.

This did not violate the second law as the �rst living cells were open systems exchanging

matter and energy with their surroundings. This basic trait of living systems should not

be neglected for modeling biological systems, including GRNs, networks of neurons and

other relevant classes of biological networks. A far from equilibrium model informed from
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the physics of the system is required to correctly model most biological systems. This is

contextual to the type of dynamics being observed. For example, if the node states of a net-

work are classi�ed as binary, then the model of network interactions needs to be a binary

state network interaction model. If on the other hand the observation is that of communities

of nodes of multiple states, then a multi-species model is needed. The present work focuses

mainly on the former case with the fully-connected Ising model far from equilibrium.

The theory of complex networks intersects signi�cantly with those a random graphs

and biological networks are no exception. As mentioned earlier, the goal here is to iden-

tify a simple approximation for biological networks and to derive numerical methods for

inference and control. The particular type of random graph used to model binary state in-

teractions is the fully connected Ising model ofN nodes where the state of each spinsi is

denoted by

s i (t) = f + 1; � 1g 8t 2 [0;¥ ): (2.2)

The notation in Eq.(2.2) denotes that the nodes can have binary up or down spins as their

states in a continuous-time stochastic process. So, we have

sss (t) = [ s1(t);s2(t); � � � ;sN(t)] ; (2.3)

as an array of time varying spins connected by an asymmetric coupling matrix. This matrix

JJJ along with the external �eld vectorqqq, represent the Ising Hamiltonian:

E(sss (t)jJ;qJ;qJ;q) =
N

å
i= 1

qis i (t) +
N

å
i= 1

N

å
j= 1

Ji j s is j : (2.4)
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The local �eld at each vertex is written as

Hi(t) = qi(t) +
N

å
j= 1

Ji j s j (t) (2.5)

In the present case, self-couplings are allowed, i.e.,Jii 6= 0. The task at hand is to infer the

square matrixJJJ and the �eld vectorqqq, given a set of network con�gurations

[sss (t1);sss (t2);sss (t3); � � � ;sss (tM)] where t1 < � � � � � � < tM; (2.6)

denoting the time-sequenced nature of the network con�gurations. This is the inverse prob-

lem in statistical mechanics and it is the central method of inference used in the present

work for the binary state biological networks considered in their original or binarized form.

In a forward problem, the Hamiltonian is given and the con�gurations of the systems, i.e.,

microstates are generated through an analytical or numerical solution. The one-dimensional

Ising model has an analytical solution but a fully connected Ising graph far from equilib-

rium needs to numerically simulated to observe its behavior. The method used for the same

in this work is the asynchronous Glauber dynamics explained is the next chapter. In an

inverse problem on the other hand, the observables are the microstates and the unknown

parameters are the interactions between the spins. The goal of the numerical method is to

learn the interaction matrix from statistical properties of the data available. In case of the

Ising model, these are the magentisation

mi = hs i i ; (2.7)

and the pairwise correlations

ci j = hs is j i ; (2.8)
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where the angular brackets denote ensemble averages. The subsequent chapters include a

discussion of the inverse problem under two classi�cations of the available data, i.e., time-

series and time-disordered data. The former uses is the standard inverse problem while the

latter needs a deeper discussion of the properties of a set of con�gurations under the action

of the permutation group leading to a approximation of the thermodynamic arrow of time.

The discussion at the point of de�nition and the solution is self-contained so we defer the

introduction to the detailed problem to the subsequent chapters in both cases.

2.2.3 Network control far from equilibrium

The de�nition of network control varies as per the diversity of systems and the envi-

ronment. Thus it is of importance that a contextual de�nition is provided. Consider two

network steady-states with different probability distributions, i.e., relative frequency distri-

butions of microstates.The problem of network control is to optimally drive a network

from one steady-state to another. The two steady-state distributions of the individual

Markov chains are called the initial and target distributions respectively. A basic idea to

establish a sense of distance between two distributionsp andq of a continuous random

variablex, is their relative entropy or the Kullback-Leibler divergence

KL(pjjq) =
Z

p(x) log
�

p(x)
q(x)

�
dx : (2.9)

If x is discrete, then

KL(pjjq) = å
i

pi(x) log
�

pi(x)
qi(x)

�
: (2.10)

Relative entropy is a quantity encountered frequently in information theory and machine

learning. To demonstrate the meaning behind the relative entropy, we calculate it for two
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normal distributionsN (0;2) andN (2;2).

Figure 2.8: TheKL-divergence betweenN (0;2) andN (2;2). The relative entropy is a measure
of the overlap between the two distributions.

The divergence value is 500 (see Fig.(2.8)) and as can be seen in the formulae above

which only contain probability distributions, it is a dimensionless quantity. The divergence

is higher when the overlap is lesser as shown in Fig.(2.9).KL� divergence is not symmetric

and whenp andq are switched as shown in Fig.(2.10).
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Figure 2.9: TheKL-divergence betweenp = N (0;2) andq = N (5;4). The relative entropy is a
measure of the overlap between the two distributions and is greater than the case in Fig.(2.8).

Figure 2.10: TheKL-divergence betweenp = N (4;5) andq = N (0;2). The relative entropy is a
measure of the overlap between the two distributions and is different from the case in Fig.(2.9) as
relative entropy is asymmetric.

As this behavior of the relative entropy is observed, it begs the question how sensitive

it is to translation along the random variablex. It is shown in Fig.(2.11a) and Fig.(2.11b).
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(a) TheKL-divergence betweenp= N (5;1)
andq = N (7;1)

(b) The KL-divergence between
p = N (7;1) andq = N (9;1)

Figure 2.11: Anx� translation of the random variable leaves theKL� divergence unchanged to
2000. This means that the same distribution overlap at anymx for p and q results in the same
relative entropy.

This property of theKL� divergence of measuring just overlap and not translation can

also be extended to the fact that the overlap measured for two distributions with almost no

overlap is going to approach in�nity no matter their separation along the random variable

axis. This is not ideal for physical systems as the translation of the mean has physical im-

plications. To take an elementary example of the velocity distribution of a gas, a shift in

the mean of the distribution would indicate an increase in the average velocity, i.e., tem-

perature and if two positions of the curve are treated as the same, then the relative entropy

of the two distributions fails to capture the true energetic cost of the transition in terms of

either work done or heat absorbed. Taking the example of cancer, studies have shown that

not only structure and function but the levels of proteins markedly change when compared

to healthy tissue [23, 105]. If a protein interaction network of such proteins is considered,

then higher average values of node speci�c protein concentrations is observed. This is an

indication of a shift in the value of the �rst moment of the distribution of concentration and

again it is insuf�cient to just consider the shape of the distribution and not its displacement

about the original mean.
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Optimal transport: A basic introduction for biological network control

In terms of a network far from equilibrium, if the probability distribution of microstates,

i.e., the steady state distribution is changed, the relative entropy is not the ideal method to

calculate theeffective costof that change. Especially, if the difference between the initial

and the target distributions is not just of shapes but also of their respective means. In fact if

relative entropy is used in such a case, then the calculated cost only takes into account the

overlap and fails to capture the translation of the mean even if the shape remains the same.

This raises the question, ”How does oneoptimally transport a probability distribution?”

The answer(s) lie inoptimal transport. The details of the theoretical concepts are given in

the last two chapters of this thesis but here we try to develop an introductory discussion of

the basic ideas and extend the same to biological networks.

One can imagine a steady-state probability distribution of a network as a sequence oflike-

lihood masseswhere each microstate is assigned its own mass, making the histogram akin

to a sand pile. A method to shift the pile to another location in a different shape is required

and the simplest way to do so is to de�ne a cost function, which multiplied by the individual

masses gives the work required to move the mass from one location to another in addition

to also moving it among the microstates, i.e., change the shape of the sand pile. The French

mathematician Gaspard Monge wrote this speci�c problem forprobability sand pilesand

the most ef�cient way of moving them. The original Monge problem consists of �nding the

optimal way for rearranging a Borel probability measuremI onRd onto a Borel probability

measuremT on Rd against the cost functionc(zzz) = jjzzzjj . The work involved by a particle

of massdmT(xxx) moving from a pointxxx to a pointr(xxx) along a smooth patht �! g(t;xxx)
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between time 0 and 1 is

Z 1

0
jj

:
g(t;xxx)jjdtdmI (xxx) : (2.11)

Hence, the total work for the entire pile is

L[ggg] :=
Z

Rd

Z 1

0
jj

:
g(t;xxx)jjdtdmI (xxx) : (2.12)

We have to account for the fact that the pile of likelihoods still has the same mass, i.e.,

mI [r � 1(A)] = mT(A) (2.13)

for all Borel setsA 2 Rd. The Monge formulation of the problem is somewhat less useful

as compared to the Kantorovich formulation which consists of transport plans of the form

m(xxx;yyy). A transport plan is a joint probability distribution with marginalsmI andmT . They

are cartesian products onX � XX � XX � X and the projections of a transport plan on each axis are

the steady statesmI and mT . The transportation price for a given plan is an integral of

the metric as a function of two variables, and the task is to minimize this value over all

admissible transport plans: in obvious notation it takes the form

Kr (mI ;mT) := inf
� Z

XXX

Z

XXX
r(xxx;yyy)dm(xxx;yyy)

�
(2.14)

This thesis only deals with �nite systems i.e. biological networks and therefore by de�ni-

tion m(xxx;yyy) is a probability measure. Here,r(xxx;yyy) is the matrix of the cost of transporting

a unit of sand from one point to another, but it is not necessarily a metric. In �nite sys-

tems, the Kantorovich formulation is better suited and therefore we develop our methods

later based on this approach. A property of this formulation is that it requires the distri-
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butionsmI andmT to be of the same size, i.e., the number of nodes of the network in the

two steady states should be equal. This is not true for biological networks. Microarray data

has constantly demonstrated the recruitment of new genetic and epigenetic factors leading

to dysregulation and consequently compromised or lost functionality. This aspect of bio-

logical networks we refer to as codimensionality of their Markov Chains and its impact on

optimal transport is discussed in the next section.

2.3 Network growth in biology

Spatial biological networks, i.e., networks where the vertices are bioentities in real

space and endowed with a metric, exist at various scales. From GRNs to ecosystems, they

perform various signi�cant functions from signal transduction to nutrient transport. The

performed functions are a result of the network architecture and are a direct consequence

of the developmental processes. During critical developmental processes, the size of these

functional networks changes to include new functions and exclude redundancies as needed.

This variation in size is important to understand both development and disease. At any

scale, it is dif�cult to observe network growth experimentally and therefore theoretical

models and simulations based on them are to be relied upon. The �rst model of biological

network growth was published in 1967 [30] and there has been constant progress ever

since. The main issue is the domain speci�city of different models and a consequent lack

of a generalized growth model. There are results for development of new edges between

preexisting nodes which is apt for modeling branching neurons or leaf vascular networks.

Then there is another class of models where speci�c nodes are targeted to grow outwards

with branching and merging. These models are well-suited for neural network development

[22, 70, 81], branching of organ structures [59] or even �brous materials [49]. This crucial

lack [9] of a uni�ed growth model means that optimal control cannot be guaranteed if a
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particular network growth model is applied to a certain scenario. It is reasonable to look

for alternative approaches and we again turn towards optimal transport and the Kantorovich

formulation.

We still consider the same example and follow the same notation we used for developing

the Kantorovich problem with one difference: The dimensions ofmI andmT are different.

This means that instead of

Kr (mI ;mT) := inf
� Z

XXX

Z

XXX
r(xxx;yyy)dm(xxx;yyy)

�
(2.15)

We have

GWr (mI ;mT) :=
1
2

inf
m(X� Y)2G

� Z

X� YX� YX� Y

Z

X� YX� YX� Y
[w(xi ;x j ) � w(yi ;y j )]2dm(xi ;yi)dm(x j ;y j )

�

(2.16)

5.

2.4 Synopsis

We introduced complex networks and classi�ed them as directed and undirected. Bio-

logical networks were explained to be directed and examples fromp53 and neuron popula-

tions were given to support the categorization. This was followed by a brief introduction to

the thermodynamics of biological networks and their far from equilibrium dynamics. Their

steady states are distinguishable from thermal equilibrium by the lack of detailed balance

and the resulting Maxwell-Boltzmann distribution. Next, the fully connected asymmetric

Ising model was introduced as an approximation to certain types of biological networks.

The dynamics, albeit simple, is an appropriate platform for testing numerical algorithms

while also being extendable to more complex phenomena, e.g., multiple species of vertices
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instead of just two. Precision medicine is a signi�cant component of the future treatment

protocols for many human diseases. Its requirement and the steps necessary for its real-

ization include inference and control of biological networks. This means the capability to

infer and optimally control nonequilibrium steady states. This is the signi�cance of the

two problems solved in this thesis. The inverse problem in statistical mechanics is to be

solved for the Ising model to accomplish the task of inference far from equilibrium. This

needs to be done for time-ordered as well as time-disordered data as certain systems, e.g.,

gene-regulatory networks, do not provide enough time-series data. For control, the usage of

optimal transport as opposed to relative entropy is discussed in context of driving between

steady state distributions that not only differ in their shapes but also their location on the

horizontal axis. Finally, biological networks grow and shrink as they evolve in structure

and function. We emphasize the need to incorporate this feature in any numerical method

that aims to optimally drive between two network steady states. All the above tasks, in the

sequence they are discussed, will be accomplished in the next four chapters.
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Chapter 3: The inverse problem far from equilibrium

3.1 Introduction

In chapter 2 we introduced biological systems as open systems that exchange material

and energy with their surrounding environment. Next, the fully-connected Ising model was

shown to be an appropriate choice for a pairwise interactions that would be driving the

dynamics and functionality of such biological networks. The fully-connected Ising model

is a good approximation for several types of networks, e.g., neuron interaction networks,

somatic mutation maps between normal and disease states, etc., while being an acceptable

approximation of binarized versions of others. Binarization is a �eld on its own where

random variables are mapped to the �eld of integers, speci�cally the setf� 1;+ 1g. The

methods mentioned here are speci�c to binary data but the basic principle can be easily

extended to multi-species mixture networks, e.g., GRN's with more than two values of

vertices. The model is deceptively complex even with the binary version because of the

generally intractable nature of the systems steady state. Nevertheless, the algorithm is

general and can be extended to multi-species models.

We start with formulating the inverse problem far from equilibrium. We are following the

traditional setup of maximum likelihood estimation [42, 87]. The problem in its original

form is tough to solve even with considerable computational resources and therefore we

use latent variable [25, 73, 77, 96] approximations into the original likelihood function

making it quadratic [40, 51] in the estimated parameters. The latent variables used merit
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their own discussion. Finally, the effect of variations in data length, standard deviation of

the coupling matrix, and probability rate of node selection are shown so a hyperparameter

[46, 130] dependence of the inference method can be mapped.

3.2 Structure of the Problem

We consider a fully connected asymmetric Ising graph ofN nodes where the state of

each spinsi is denoted by

s i (t) = f + 1; � 1g 8t 2 [0;¥ ) (3.1)

The notation in Eq.(3.1) refers to the nodes that can have binary up or down spins as

their states in a continuous-time stochastic process. Accordingly,

sss (t) = [ s1(t);s2(t); � � � ;sN(t)] ; (3.2)

is an array of time varying spins connected by an asymmetric coupling matrix. This

matrixJJJ along with the external �eld vectorqqq, represent the Ising Hamiltonian:

E(sss (t)jJ;qJ;qJ;q) =
N

å
i= 1

qis i (t) +
N

å
i= 1

N

å
j= 1

Ji j s is j : (3.3)

The local �eld at each vertex is written as

Hi(t) = qi(t) +
N

å
j= 1

Ji j s j (t) : (3.4)

In the present case, self-couplings are allowed, i.e.,Jii 6= 0. The task at hand is to
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infer the square matrixJJJ and the �eld vectorqqq, given a set of network con�gurations

[sss (t1);sss (t2);sss (t3); � � � ;sss (tM)] wheret1 < � � � � � � < tM, denoting the time-sequenced nature

of the network con�gurations.

3.3 Asynchronous Glauber dynamics

The term asynchronous [134] here refers to �ipping only one spin in a certain time

interval Dt. This type of dynamics would be observed for biological systems like gene-

regulatory networks where the �ipping of individual nodes is slow on observed time-scales

as compared to the thermal motion in the surrounding environment. Synchronous updates

make more sense of arti�cially constructed systems like social networks, �nancial markets,

etc.

For the system described above, the probability of a spin to be selected for �ipping over a

time periodDt is given bygDt. Here,g > 0 is the probability rate of spin-selection which

remains constant over the entire observation time. The quantityg can be thought of as a

property of the network itself. This also gives the probability of a spin not selected for

�ipping to be 1� gDt. The probability of spin being �ipped post selection is given as

Pf
i (t) =

e� (s i(t)Hi(t))

2cosh(Hi (t))
: (3.5)

This gives the probability of a spin not being �ipped during the intervalDt as

1� gDt + gDt
�

1� Pf
i (t)

�
: (3.6)

Since the �ipping of a spin in a particular con�guration is incumbent upon that con�gura-

tion resulting as the outcome of a previous transition, therefore the �ip and no-�ip prob-

abilities are conditional probabilities of a Markov Chain. Thus, the total probability of a

36



time-series of network con�gurations can be written as

P(sss N ([0;t]) jJ;qJ;qJ;q) = Õ
(i;t)2F

(

gDt
e� (s i(t)Hi(t))

2cosh(Hi (t))

)

� Õ
(i;t)2NF

(

1� gDt + gDt
e(s i(t)Hi(t))

2cosh(Hi (t))

)

:

(3.7)

The �rst term on the right-hand side is the multiplication of all the �ipping probabilities of

nodes which were selected for �ipping ((i; j) 2 F). The second term consists of multipli-

cation probabilities of nodes which were either not selected for �ipping or the ones which

were selected but not �ipped ((i; j) 2 NF).

3.4 Likelihood for a time-series of network con�gurations

As mentioned earlier, the approach discussed here is of likelihood maximization. To

that end we have

Theorem 3.1. For a kinetic Ising model with coupling matrix JJJ, external �eldsqqq and

spin selection probability rateg, the complete data likelihood for a time sequenced set of

con�gurations over a time interval(0;T] is given by

L (sss N ([0;t]) jJ;qJ;qJ;q) = Õ
(i;t)2F

(
e� (s i(t)Hi(t))

2cosh(Hi (t))

)

�
N

Õ
i= 1

exp

 

g
Z T

0

(
e(s i(t)Hi(t))

2cosh(Hi (t))
� 1

)

dt

!

:

(3.8)

Proof. The time sequence total probability is given by equation 3.7. We now use the de�-

nition of the likelihood function as

L (q;x) = Õ
i

f (xi ;q) = Õ
i

dP(q)
dm

; (3.9)

where the last term on the right is the Radon-Nikodym derivative [45, 57, 126] of the
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probability functionP w.r.t the Lebesgue measurem[12]. At this point, we need to observe

the difference between the �ipping and non-�ipping terms. The �ipping terms are the

points within the time-series where the spins �ipping are selected with probabilitygDt and

the spin selected is �ipped through Glauber dynamics. The rest of the time, the spins which

get selected are not �ipped. It is therefore clear that the former are discrete events while

the latter are continuous accumulations of probability terms in a product along the arrow of

time. This is when we use the Radon derivative to construct the likelihood function. First,

we consider the �ipping term. The Lebesgue measure isgDt. This means that this term is

equal to

L f =
dPf

d(gDt)
=

dPf

d(Dt)
d(gDt)
d(Dt)

= Õ
i;t2 f

es i(t)Hi(t)

2coshHi(t)
: (3.10)

As for the second term, the lack of �ipping event occurs over each time intervalDt and as

long as the �ipping does not occur, the probability product keeps accumulating new no-�ip

probabilities. Consider the Radon derivative

dPn f

d(gDt)
=

dPn f

d(Dt)
d(gDt)
d(Dt)

= Õ
i;t2n f

 
es i(t)Hi(t)

2coshHi (t)
� 1

!

: (3.11)

It can be observed that there are no-�ip events for allN spins in this product and all of them

can be considered as decomposition's of a multivariate Poisson process [72] which has the

probability rate represented by the product on the right hand side. This leads to a direct

de�nition of the likelihood function for a single spin as follows

38



dP
dt

= g

 
e(s i(t)Hi(t))

2cosh(Hi (t))
� 1

!

P :

=)
dP
P

= g

 
e(s i(t)Hi(t))

2cosh(Hi (t))
� 1

!

dt :

=) logPjP(t= T)
P(t= 0) = g

Z T

0

 
es i(t)Hi(t)

2cosh(Hi (t))
� 1

!

dt :

logL n f
i � log1= g

Z T

0

 
es i(t)Hi(t)

2cosh(Hi (t))
� 1

!

dt :

L n f
i = exp

"

g
Z T

0

 
es i(t)Hi(t)

2cosh(Hi (t))
� 1

!

dt

#

:

The complete no-�ip likelihood for allN spins can then be written as,

L n f =
N

Õ
i= 1

exp

"

g
Z T

0

 
es i(t)Hi(t)

2cosh(Hi (t))
� 1

!

dt

#

: (3.12)

This gives the complete-data likelihood as,

L (sss N ([0;t]) jJ;qJ;qJ;q) = L f � L n f

= Õ
i;t2F

(
e� (s i(t)Hi(t))

2cosh(Hi (t))

)

�
N

Õ
i= 1

exp

 

g
Z T

0

(
e(s i(t)Hi(t))

2cosh(Hi (t))
� 1

)

dt

!

: (3.13)

This completes the proof.

The optimization of this likelihood by gradient ascent with respect to the couplings and

�elds will solve the inverse problem. The issue is the complexity of the solution which has

two sources:

1. The no-�ip integration being inside an exponential function.

2. The hyperbolic cosines in the denominators of both the �ipping and no-�ip terms.
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We note that this computational issue arises because they have the �elds and couplings

are the arguments of the exponential and hyperbolic functions. This makes inverting these

functions an issue while solving .

3.5 Latent Variables

A latent variable in context of a statistical model is a variable that is not observed or

directly measured. Such variables can only be inferred when the model is reformulated

in a form which includes them. Such models that aim to explain the values taken by the

observed variables through processes described by the latent variables are known as latent

variable models. This is precisely what we aim to do in the present case. The original

model of the likelihood function gave us the observed variables, i.e., the couplingsJJJ and

the external �eldsqqq, in a form which makes their inference computationally intractable.

So, we describe the same complete-data likelihood through latent variables which remedy

the above problem. This leads us to de�ne variables that eliminate the exponential function

of the no-�ip integral and to de�ne another set of latent variables for elimination of the

hyperbolic cosine. We begin with the former.

3.5.1 Poisson random variables for no-�ip likelihood function

We decompose the no-�ip integral in a manner similar to its construction. Recall that

while constructing the integral, we used the Radon derivative to get the probability rate

of the Poisson process of a spin not �ipping for a time interval. Vice-versa, we order the

intervals in which a spin remains unchanged and order them asn 2 f 0;1; � � � ;nmaxg. For a

spins i that remains un�ipped over an intervaln denoted bys n
i , the value of local �eldHn

i

remains constant overn. This means that the no-�ip Glauber probability integral can be
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approximated as

Z T

0

 
es i(t)Hi(t)

2cosh(Hi (t))

!

dt �
nmax

å
n= 0

 
es n

i Hn
i

2cosh
�
Hn

i

�

!

(tn+ 1 � tn) : (3.14)

At this stage, the no-�ip Glauber probability integral can be approximated as

Z T

0

 
es i(t)Hi(t)

2cosh(Hi (t))

!

dt �
nmax

å
n= 0

 
es n

i Hn
i

2cosh
�
Hn

i

�

!

(tn+ 1 � tn) : (3.15)

At this stage we look at the moment generating function of the Poisson distribution [72]

Theorem 3.2. Let X be a discrete random variable which is Poisson distributed with pa-

rameter l where l 2 R+ . Then the moment generating function MX of X is given by

MX(t) = el (et � 1).

Proof. For a Poisson distribution

P(X = n) =
l ne� l

n!
: (3.16)

By de�nition

MX (t) = E
�
etX�

=
¥

å
n= 0

P(X = n)etn =) MX (t) =
¥

å
n= 0

l ne� l

n!
etn

= e� l
¥

å
n= 0

(l et)n

n!
= e� l el et

= el (et � 1) : (3.17)

By theorem 3.2 for the moment generating function, we get the no-�ip integral for a
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single spin as

exp

"

g
Z T

0

 
es i(t)Hi(t)

2cosh(Hi (t))
� 1

!

dt

#

=
nmax

Õ
n= 1

¥

å
r n

i = 0

 
es n

i Hn
i

2cosh
�
Hn

i

�

! r n
i

e� g(tn+ 1� tn) g(tn+ 1 � tn)r n
i

r n
i !

:

(3.18)

Here the variabless n
i are Poisson distributed for each spini and each time intervaln of

s i being constant. The complete product of sums is the total probability of spini being

constant over any number of times slices within thenth interval of constants i . The prod-

uct just extends the same to all the intervals of constants i with the notation,t0 = 0 and

tnmax+ 1 = T. So the product is that of moment generating functions over the entire set

n 2 f 0;1; � � � ;nmaxg.

3.5.2 P ˜olya-Gamma distribution

Consider the example of a logistic regression. The probability distribution being bino-

mial, the likelihood function can be written down as

L (p) µ
N

Õ
n= 1

pyn (1� p)1� yn = på yn (1� p)N� å yn : (3.19)

The probabilities are parameterized as follows.

log
�

p
1� p

�
= b0 + b1x1 + b2x2 + � � � � � � + bDxD = bbbTxxx : (3.20)
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Solving for p we get,

p =
ebbbTxxx

1+ ebbbTxxx
; (3.21)

and 1� p =
1

1+ ebbbTxxx
: (3.22)

So, the likelihood function can be written as

L (b) =
[ebbbTxxx]å yn

[1+ ebbbTxxx]N
: (3.23)

The likelihood function in Eq.(3.23), when used for Bayesian inference, would require a

prior distribution multiplied with it and the resulting product to be normalized. For this

reason, the regression is intractable. To remedy this Polson et al. introduced an augmenta-

tion scheme using P ˜olya-Gamma random variables [96]. Forw � PG(b;c) with b > 0 and

c 2 R, the distribution has the form

PG(wjb;c) =
1

2p2

¥

å
k= 1

gk
�

k �
1
2

� 2

+
� c

2p

� 2
: (3.24)

wheng � gamma(b;1) are gamma distributed random variables. The moments of this

density can be all written in closed form despite the complicated form of the function itself.

This property comes in handy as the expectation is written as

E[w] =
b
2c

tanh
� c

2

�
: (3.25)

It is important in the present context to have the closed form expressions for the expectation

of the Põlya-Gamma variable. To get to a point where this result can be proven, we �rst
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derive two signi�cant results which are as follows.

Theorem 3.3.For w � PG(b;c)

(ey )a

(1+ ey )b = 2� beky
Z ¥

0
e� (wy 2=2) p(w) dw : (3.26)

Proof. Let us begin by writing

a = k +
b
2

Next, we use the above transformation in the left-hand side of Eq.( 3.26).

(ey )a

(1+ ey )b =
e

 

ky +
y b
2

!

(1+ ey )b =
eky e

y b
2

(1+ ey )b =
eky (e

y
2 )b

(1+ ey )b =
eky

�
1+ ey

e
y
2

� b

=
eky

�
e� y

2 + e
y
2

� b =
eky

�
2cosh

� y
2

�� b =
2� beky

coshb
� y

2

� (3.27)

At this stage, we need another fact about P ˜olya-gamma distributions. It is that they are

subset of a class of distributions which are in�nite convolutions of the gamma distribution.

PG(wj1;0) =
1

2p2

¥

å
k= 1

gk
�

k �
1
2

� 2 : (3.28)

Whengk � Gamma(1;0) are mutually independent gamma distributed random variables.
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Now, we take the Laplace transform ofw � PG(b;0) as

E
�
e� wt � =

t

Õ
i= 1

0

B
B
B
@

1+
t

2p2

�
k �

1
2

� 2

1

C
C
C
A

� b

(3.29)

From the Weierstrass Factorization theorem, we can write the product on the right hand

side of Eq.(3.29) as

1

coshb
� r

t
2

� (3.30)

Next, we replacet with y 2

2 giving us,

E
h
e� (wy 2)=2

i
= cosh� b

� y
2

�
(3.31)

This gives

(ey )a

(1+ ey )b =
2� beky

coshb(y =2)
= 2� beky E[e� (wy 2)=2] (3.32)

The expectation in Eq.(3.32) is with respect tow � PG(b;0). Applying the de�nition of

expectation to we get:

(ey )a

(1+ ey )b = 2� beky E
h
e� (wy 2)=2

i
= 2� beky

Z ¥

0
e� (wy 2)=2p(w)dw ; (3.33)

wherek = a� b
2 andp(w) = PG(wjb;0). This proves the result.

The second result deals with the exponential tilting ofPG(b;0). It is as follows.

Theorem 3.4.PG(wjy ) � PG(b;y ).
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Proof. The expectation ofe� (wy 2)=2 is

E[e� (wy 2)=2] =
Z ¥

0
e� (wy 2)=2p(w) dw : (3.34)

Next we normalize a P ˜olya-gamma distribution for a tilting parameterc as,

PG(wjb;c) =
e

�
c2

2
w

PG(wjb;0)

E[e� (c2w)=2]
(3.35)

Forc = y we get

PG(wjb;y ) =
e(� y 2w)=2 � PG(wjb;0)

E[e� (y 2w)=2]
= PG(b;y ) : (3.36)

The denominator acts as a normalization constant for the tilted probability density i.e. a

partition function. This completes the proof.

At this point one would wonder how the results thus far would help us solve the problem

of logistic regression or for that matter, the inverse problem. The utility of the P ˜olya-

Gamma augmentation for logistic regression is that it helps us in constructing a Gibbs

sampler for the likelihood. Lets take a quick detour towards the concept of Gibbs sampling.

Note that for our purpose, it is not essential to construct a Gibbs sampler but just have closed

form expressions for expectation of P ˜olya-Gamma variables. We look at Gibbs sampling

to better understand the solution to logistic regression using latent variables. The context

of the original solution is actually what makes the variables themselves applicable to the

inverse problem.PGaugmentation helps to stratify Gaussian mixtures. We want to use the

variables for the hyperbolic cosine denominators which by design contain all the different

types of transitions as products. The cosine hyperbolic is just the closed form of their

averages and we want to transition that to expectations of exponential functions.
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3.5.3 Gibbs Sampling

Gibbs Sampling is a Markov-chain Monte Carlo method used to obtain a sequence

of observations (system con�gurations) from a multivariate probability distribution when

direct sampling from the distribution is not feasible. In the present case, we use a Gibbs

sampler as a method to solve logistic regression which is an inference problem. Recall

from Eq.(3.23) that the likelihood function for all observations of the Bernoulli random

variable is

L (b) =
[ebbbTxxx]å yn

[1+ ebbbTxxx]N
: (3.37)

This gives the contribution of thenth observation to be

L n(b) =
[ebbbTxxxn]yn

[1+ ebbbTxxxn]
: (3.38)

from Eq.(3.33) we can write the above likelihood as

L n(b) =
[ebbbTxxxn]yn

[1+ ebbbTxxxn]
= � 2e(knbTxnbTxnbTxn)Ep(wnj1;0)

2

6
6
4e

�
wn(bbbTxxxn)

2

2

3

7
7
5

= � 2e(knbTxnbTxnbTxn)
Z ¥

0
e

�
wn(bbbTxxxn)

2

2 p(wnj1;0)dwn ; (3.39)

wherekn = yn � 1
2. The basic tenet of a Gibbs sampler is to condition on one variable while

changing the others. In this present case, we condition onwn, i.e., we keep it constant. This
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makes thenth observation's contribution to the likelihood Gaussian inbbb. This means that

p(bbb jW;y) = p(b)
N

Õ
n= 1

L n(bbb jwn) ; (3.40)

whereW= diag(w1;w2; � � � ;wN) is a diagonal matrix with its elements as theN latent, i.e,

Polya-Gamma variables. It is also to be noted that if we condition on the latent variables,

the expectation is constant. This means that

p(bbb jW;y) = p(b)
N

Õ
n= 1

L n(bbb jwn) µ p(bbb)
N

Õ
n= 1

e(knbTxnbTxnbTxn) � e
�

wn(bbbTxxxn)
2

2

This product can be transformed by completion of squares.

p(bbb jW;y) µ p(bbb)
N

Õ
n= 1

e(knbTxnbTxnbTxn) � e
�

wn(bbbTxxxn)
2

2 = p(bbb)
N

Õ
n= 1

e
(knbTxnbTxnbTxn)�

wn(bbbTxxxn)
2

2

= p(bbb)
N

Õ
n= 1

e
�

wn

2

0

@(bTxnbTxnbTxn)2� 2
knbbb

Txn

wn

1

A

= p(bbb)
N

Õ
n= 1

e
�

wn

2

0

@(bTxnbTxnbTxn)2� 2
knbbb

Txn

wn
+

 
kn

wn

! 2

�

 
kn

wn

! 2
1

A

:

At this point we recall that the conditioning is with respect towww and therefore the least term

i.e. �
�

kn

wn

� 2

is just a constant giving the following result

p(bbb)
N

Õ
n= 1

e
�

wn

2

0

@(bTxnbTxnbTxn)2� 2
knbbb

Txn

wn
+

 
kn

wn

! 2

�

 
kn

wn

! 2
1

A

(3.41)

µ p(bbb)
N

Õ
n= 1

e
�

wn

2

 

(bTxnbTxnbTxn)�

 
kn

wn

!! 2

:
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At this point we can write

p(bbb jW;y) = p(b)
N

Õ
n= 1

L n(bbb jwn) µ p(bbb)
N

Õ
n= 1

e
�

wn

2

 

(bTxnbTxnbTxn)�

 
kn

wn

!! 2

: (3.42)

Next,
kn

wn
is a quotient of variables on the same index set and can be combined to one single

variablezn i.e. zzz=
�

k1

w1
;

k2

w2
; � � � � � � ;

kn

wn

�
giving the quadratic form on the R.H.S below

p(bbb)
N

Õ
n= 1

e
�

wn

2

 

(bTxnbTxnbTxn)�

 
kn

wn

!! 2

= p(bbb)
N

Õ
n= 1

e
�

1
2

((zzz� XbXbXb)TWWW(zzz� XbXbXb))

= p(bbb)
N

Õ
n= 1

e
�

1
2

([XXX(bbb� X� 1zzzX� 1zzzX� 1zzz)]TWWW[XXX(bbb� X� 1zzzX� 1zzzX� 1zzz)])
= p(bbb)

N

Õ
n= 1

e
�

1
2

((bbb� X� 1zzzX� 1zzzX� 1zzz)TXXXTWWWXXX(bbb� X� 1zzzX� 1zzzX� 1zzz))

(3.43)

Finally, we can write the proportionality relation

p(bbb jW;y) µ p(bbb)
N

Õ
n= 1

e
�

1
2

((bbb� X� 1zzzX� 1zzzX� 1zzz)TXXXTWWWXXX(bbb� X� 1zzzX� 1zzzX� 1zzz))
: (3.44)

This means that if the priorp(bbb) is Gaussian, then the posteriorp(bbb jW;y) can be written

as a Gaussian inbbb too. This enables us to sampleWWWgivenbbb and thenbbb givenWWW. This is

exactly what a Gibbs sampler is. The main idea can be written as a pair of time-discretized

probability relations:

WWW(t + 1) � p(WWWjbbb(t)) ; (3.45)

bbb(t + 1) � p(bbb jWWW(t + 1)) : (3.46)
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Our next task is to identify where these densities would come from. The �rst one, i.e.,

p(WWWjbbb(t)) is the exponential tilting relation we proved in Theorem 3.4. More speci�cally

p(wnjbbb) � PG(1;bbbTxn) : (3.47)

Recall thatWWW= diag(w1;w2; � � � ;wN) and therefore the sampling would be along the diag-

onal of the latent matrix for each observations' contribution. The second relation requires

a derivation related to the summation of quadratic forms. To that end

Lemma 3.1.

(XXX � aaa )TYYY � 1(XXX � aaa )+ ( XXX � zzz)TFFF � 1(XXX � zzz) (3.48)

can be written as the sum of a single quadratic form and constant term that is independent

of XXX.

Proof. First we expand both terms as

(XXX � aaa )TYYY � 1(XXX � aaa ) = XXXTYYY � 1XXX � 2aaa TYYY � 1XXX + aaa TYYY � 1aaa ; (3.49)

(XXX � zzz)TFFF � 1(XXX � zzz) = XXXTFFF � 1XXX � 2zzzTFFF � 1XXX + zzzTFFF � 1zzz : (3.50)

Next we rearrange terms as

(XXX � aaa )TYYY � 1(XXX � aaa )+ ( XXX � zzz)TFFF � 1(XXX � zzz) (3.51)

= XXXT(YYY � 1 + FFF � 1)XXX � 2(aaa TYYY � 1 + zzzTFFF � 1)XXX +( aaa TYYY � 1aaa + zzzTFFF � 1zzz)
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This is quadratic inXXX. We can write a more condensed form.

(XXX � aaa )TYYY � 1(XXX � aaa )+ ( XXX � zzz)TFFF � 1(XXX � zzz) = XXXTAAAXXX � 2BBBXXX + CCC : (3.52)

where

YYY � 1 + FFF � 1 = AAA ; (3.53)

aaa TYYY � 1 + zzzTFFF � 1 = BBB ; (3.54)

aaa TYYY � 1aaa + zzzTFFF � 1zzz = CCC : (3.55)

Moreover,

XXXTAAAXXX � 2BBBXXX + CCC = ( XXX � AAA� 1BBB)AAA(XXX � AAA� 1BBB) � BBBTAAA� 1BBB+ CCC : (3.56)

Inside the exponential function, the L.H.S of Eq.(3.56) leads to a kernel that is propor-

tional to the Gaussian kernel with meanAAA� 1BBB and covarianceAAA� 1. The termsBBBTAAA� 1BBB and

CCC do not contain the variableXXX so they give rise to multiplicative constants and hence the

proportionality. To be speci�c to the notation we used in Eq.(3.44), we consider two Gaus-

sians quadratic inbbb. One with meanddd and covarianceD, and the other with meanXXX� 1zzz

and covarianceXXXTWWW� 1XXX. With respect to Eq.( 3.56), the quantities for these two Gaussians

are as follows

AAA = ( DDD� 1 + XXXTWWWXXX)� 1 ; (3.57)

BBB = DDD� 1ddd+ ( XXXTWWWXXX)XXX� 1zzz= DDD� 1ddd+ XXXTWWWzzz= DDD� 1ddd+ XXXTkkk : (3.58)
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The second equation is transformed �rst due to cancellation and then due to the fact that

zzz=
�

k1

w1
;

k2

w2
; � � � � � � ;

kn

wn

�
andWWW= diag(w1;w2; � � � ;wN). Now we get back to the second

equation in the Gibbs sampling couple Eq.( 3.45) and write down the second conditional

probability as

p(bbb jWWW;yyy) � N (BBBwww;AAAwww) (3.59)

where

AAAwww = ( DDD� 1 + XXXTWWWXXX)� 1 (3.60)

BBBwww = AAAwww(XXXTkkk + DDD� 1ddd) (3.61)

If WWWcan be sampled, then the above two equations give a conditionally Gaussian likelihood

centered atXXX� 1zzzand with covarianceXXXTWWWXXX.

3.5.4 Gibbs Sampling for a logistic regression using P ˜olya-Gamma latent

variables

As an illustration of the P ˜olya-Gamma augmentation, we solve a logistic regression

problem through a Gibbs sampling algorithm based on latent variable augmentation of the

posterior and by extension the likelihood function. The task is to classify points from two

different normal distributions. The algorithm is as follows

1. Sample 1000 points each from two normal distributions. The ones used for this

example areN (0;1) andN (5;1:5). These are

2. Distribute both Gaussians according to a Binomial with parameterp. The value used

here isp = 0:5. This follows from the concept of sampling distributions based on the
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central limit theorem.

3. Initialize the Gibbs sampler with the �rst step of calculating theWWW diagonal ma-

trix. This is done through a draw from the P ˜olya-Gamma distributionp(wnjbbb) �

PG(1;bbbTxn).

4. Next, use the Gaussian distributionp(bbb jWWW;yyy) � N (BBBwww;AAAwww) according to Eq.( 3.60)

and use these to obtainWWWto apply step 3 again.

5. Repeat 3 and 4 in an iterative manner to achieve the classi�cation of points from both

the Gaussians.

We demonstrate the application of above steps to construct a Gibbs sampler for classifying

data within a binary Gaussian mixture. The two distributions sampled for 1000 points

i.e. the ground truth are shown in Fig.(3.1). The P ˜olya-Gamma augmented gibbs sampler

classi�es points as per logistic regression for 1000 iterations. The resulting labelled data

is shown in Fig.( 3.2). The incorrectly classi�ed points lie mainly along the intersection of

both the distributions.

3.5.5 Moments of the P ˜olya-Gamma distribution.

We now use the results obtained previously to prove three key facts about the P ˜olya-

Gamma distribution. The �rst one is the formula for expected value and the second is

the resulting corollary that P ˜olya-Gamma distribution is an in�nite convolution of Gamma

random variables.

Lemma 3.2. The expectation value of PG(wjb:c) is given byE[w] =
b
c

tanh
c
2

.
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Figure 3.1: The two normal distribution histograms shown in bluef N (0;1)g and redf N (5;1:5)g.

Proof. Rewriting Eq.(3.29) and Eq.(3.30) we get

E
�
e� wt � =

t

Õ
i= 1

0

B
B
B
@

1+
t

2p2

�
k �

1
2

� 2

1

C
C
C
A

� b

=
1

coshb
� r

t
2

� :

This gives

E
�
e� wt � =

1

coshb
� r

t
2

� : (3.62)

Next we recall that

PG(wjb;c) =
e

�
c2

2
w

PG(wjb;0)

E[e� (c2w)=2]
: (3.63)
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Figure 3.2: The classi�cation of the all points according to their original sampling distributions
using a Gibbs sampler constructed using P ˜olya-Gamma latent variables. The augmented sampler
was iterated for 1000 cycles i.e. steps 3 and 4 of the algorithm. The incorrectly classi�ed points are
mainly in the region of intersection of both the distributions i.e. aroundm� 3s and further.

From Eq.(3.62) and Eq.(3.64), we get that

PG(wjb;c) =
e

�
c2

2
w

PG(wjb;0)

cosh� b
� c

2

� = e
�

c2

2
w

PG(wjb;0) � coshb
� c

2

�
: (3.64)

Taking Laplace transform again

E
�
ewt � = cosh� b

0

B
B
B
@

vu
u
t

c2

2
+ t

2

1

C
C
C
A

� coshb
� c

2

�
: (3.65)

This is a moment generating function and differentiating with respect tot would give us
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the moments ofw with respect toPG(wjb;c) as

dE[ewt ]
dt

=
b
2c

sinh� b

0

B
B
B
@

vu
u
t

c2

2
� t

2

1

C
C
C
A

� coshb
� c

2

�
: (3.66)

Takingt = 0

E[w] =
b
2c

tanh
� c

2

�
: (3.67)

Next we prove that P ˜olya-Gamma distributions are in�nite convolutions of Gamma

distributions.

Corollary 3.1. The P̃olya-Gamma distributions are in�nite convolutions of Gamma ran-

dom variables.

Proof. Rewriting Eq.(3.65) we have

E
�
ewt � =

coshb
� c

2

�

coshb

0

B
B
@

vu
u
t

c2

2
+ t

2

1

C
C
A

: (3.68)
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Applying the Weierstrass factorization theorem

E
�
ewt � =

coshb
� c

2

�

coshb

0

B
B
@

vu
u
t

c2

2
+ t

2

1

C
C
A

=
¥

Õ
k= 1

0

B
B
B
B
B
B
B
@

1+

c2

2
2(k� 1

2)2p2

1+

c2

2
+ t

2(k� 1
2)2p2

1

C
C
C
C
C
C
C
A

=
¥

Õ
k= 1

�
1+ d� 1

k t
� � b

: (3.69)

wheredk = 2
�
k� 1

2

� 2
p2 +

c2

2
. Each term in this product is the Laplace transform of a

Gamma distribution. This givesPG(wjb;c) as an in�nite convolution

w �
¥

å
k= 1

G(b;1)
dk

=
1

2p2

¥

å
k= 1

G(b;1)

2
�
k� 1

2

� 2
p2 +

c2

2

: (3.70)

Next, we derive the variance of the P ˜olya-Gamma distribution. For that we already

have the Moment Generating function from Eq.(3.69). We state the result as follows.

Corollary 3.2. s 2 [PG(wjb;c)] =
b

4c3
(sinhc� c)

cosh2
c
2

.

Proof. We rewrite Eq.(3.69)

E
�
ewt � =

coshb
� c

2

�

coshb

0

B
B
@

vu
u
t

c2

2
+ t

2

1

C
C
A

=
¥

Õ
k= 1

0

B
B
B
B
B
B
B
@

1+

c2

2
2(k� 1

2)2p2

1+

c2

2
+ t

2(k� 1
2)2p2

1

C
C
C
C
C
C
C
A

=
¥

Õ
k= 1

�
1+ d� 1

k t
� � b

: (3.71)
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taking logarithm yields the cumulant generating function.

F (t) =
¥

å
k= 1

� blog
�

1+
t
dk

�
: (3.72)

The Taylor series ofF (t) aroundt = 0 can be written as

F (t) = � m0
1t +

1
2!

�
m0

2 � (m0
1)2�

t2 + � � � (3.73)

wherem0
k represents the raw moment of orderk as is standard notation on cumulant gener-

ating functions. In Eq.( 3.73), the coef�cient oft is the mean and that oft2 is the variance.

Now we expand the Taylor series as

F (t) =
¥

å
k= 1

� b
�

t
dk

+
t2

2dk
+ � � �

�
= � b

¥

å
k= 1

t
dk

� b
¥

å
k= 1

t2

2d2
k

+ � � � (3.74)

Applying the Weierstrass Factorization Theorem yields

m0
1 =

b
2c

tanh
c
2

: (3.75)

�
m0

2 � (m0
1)2�

=
b

4c3
(sinhc� c)

cosh2
c
2

: (3.76)

The contour plots of both the moments are shown in Fig.( 3.3) and Fig.(3.4). It is to be

noted that the functions are not de�ned atc = 0. Limiting values i.e.c �! 0 are possible

though and give the estimates for the mean and variance values.
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Figure 3.3: Contour plot ofE[PG(wjb;c)] with b andc as the variables. It can be seen how the
exponential tilting changes the value of the mean.

3.5.6 The latent variable form of the Likelihood function

To write down the augmented likelihood function in terms of the latent variablesr and

w from the Poisson and P ˜olya-Gamma distributions, we need to divide the augmentation

into two parts, i.e., �ip and no-�ip times. The �ip times only need the hyperbolic cosine

augmentation through the P ˜olya-Gamma variables while the no-�ip times require both.

This is where the ef�ciency gain of the computation lies as the no-�ip part is the one with

the bulk of complexity given that it has the exponential for the integration as well as the

hyperbolic cosine which is a standard feature of the local �eld. By Eq.(3.30) we have

Z ¥

0
e� 2wx2

PG(wjb;0)dw = cosh� b (x) : (3.77)
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Figure 3.4: Contour plot ofs 2 [PG(wjb;c)] with the shape factors as the contour variables.

This is the expectation value that we would assign to the hyperbolic cosines in the �ip and

the no-�ip parts of the likelihood function. In general, we write

P(sss N ([0;t]) jJ;qJ;qJ;q) = å
r

Z
L (f s; r ;wg([0;t]) jJ;qJ;qJ;q)dw ; (3.78)

and the likelihood functionL (f s; r ;wg([0;t]) jJ;qJ;qJ;q) is the augmented form of Eq.(3.8)

written as

L (f s; r ;wg([0;t]) jJ;qJ;qJ;q) = Õ
(i;t)2F

e[� s iHi(t)� wi(Hi(t))2]PG(wi j1;0) (3.79)

� Õ
i;n

e[r n
i (s n

i Hn
i � log2)� 2(Hn

i )2wn
i ] � e� g(tn+ 1� tn) g(tn+ 1 � tn)r n

i

r n
i !

� PG(wn
i jr n

i ;0) :

The exponents of the exponential functions in this product are at most quadratic and con-

sequently this is a much more tractable form of the complete data likelihood. Due to the

presence of latent variables it is favorable to apply an optimization program that can ac-
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commodate the latent variable augmented form of the likelihood. One such procedure is

the Expectation-Maximization Algorithm and we describe it in the next section, marking

the transition from augmentation to inference in solving the inverse problem.

3.6 The Expectation-Maximization Algorithm

The expectation-maximization algorithm is a numerical method for obtaining the max-

imum likelihood estimate (MLE) of model parameters in presence of latent variables. In its

original form, the algorithm is meant to obtain MLE for missing variables. It works just as

well if we treat the variables we are not supposed to observe, i.e., latent variables, as miss-

ing variables. The algorithm also works for other problems that can be posed as missing

data problems such as mixture estimation. This section explores the concepts behind the

workings of the EM-algorithm and its applications.

3.6.1 Convex functions

Let f be a real-valued function de�ned an an intervalI [a;b]. f is said to be convex on

I if 8x1;x2 2 I and a real numberl 2 [0; I ].

f (l x1 + ( 1� l ) x2) � l f (x1) + ( 1� l ) f (x2) ; (3.80)

Note that the equation of the secant between(x1; f (x1)) and (x2; f (x2)) is y � f (x1) =
f (x2) � f (x1)

x2 � x1
(x� x1). This means the de�nition of convexity is that the value of function

evaluated in the intervalI should not exceed they value of the secant line between the

end-points ofI . In addition, the function� f is strictly concave iff is strictly convex.

Theorem 3.5. If f (x) is twice differentiable on[a;b] and f00(x) on [a;b] , then f(x) is

convex on[a;b].
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Proof. For

x � y 2 [a;b] ; l 2 [0;1] ;

let

z= l y+ ( 1� l ) x :

By de�nition, f (x) is convex iff

f (l y+ ( 1� l ) x � l f (y)+ ( 1� l ) f (x)

Note that

f (z) = l f (z)+ ( 1� l ) f (z) � l f (y)+ ( 1� l ) f (x) (3.81)

Takingl and 1� l terms to the same sides of the inequality the de�nition of convexity can

be written as

l [ f (z) � f (y)] � (1� l ) [ f (x) � f (z)] (3.82)

The Lagrange's mean value theorem states that9s2 [x;z] such that
f (z) � f (x)

z� x
= f 0(s)

Similarly, 9t 2 [z;y] ; such that
f (y) � f (z)

y� z
= f 0(t) : Since,

f 00(x) � 0; 8x 2 [a;b] and s� t ;
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thereforef 0(s) � f 0(t) Next, we write

z= l y+ ( 1� l ) x (3.83)

which gives

z� l z+ l z= l y+ ( 1� l ) x ;

(1� l ) (z� x) = l (y� z)
(3.84)

(1� l )
f (z) � f (x)

z� x
= f 0(s) (1� l )

(1� l ) ( f (z) � f (x)) = f 0(s) (1� l ) (z� x)

(1� l ) ( f (z) � f (x)) � f (t) (1� l ) (z� x) = f 0(t) l (y� z)

(1� l ) ( f (z) � f (x)) � l ( f (y) � f (z))

(1� l ) [ f (x) � f (z)] � l [ f (z) � f (y)] (3.85)

which is the condition for convexity. This completes the proof.

Corollary 3.3. � logx is strictly convex on(0;¥ )

Proof. If f (x) = log(x) then f 00(x) =
1
x2 > 0;8x 2 (0;¥ ). From Theorem 3.5f (x) is

strictly convex. By extension logx is concave on(0;¥ ).

Theorem 3.6(Jensen's Inequality). Let f(x) be a convex function de�ned on I. If x1;x2;x3::::xn 2

I with l 1; l 2; l 3; : : : l n > 0 andå n
i= 1 l i = 1 then

f

 
n

å
i= 1

l ixi

!

�
n

å
i= 1

l i f (xi)
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Proof. n= 1 is a triviality. n = 2 is the de�nition of convexity as it is proven above. For

a generaln, we need to use induction. To that end, assume the theorem is true for somen.

Then

f

 
n+ 1

å
i= 1

l ixi

!

= f

 

l n+ 1xn+ 1 +
n

å
i= 1

l ixi

!

= f

 

l n+ 1xn+ 1 + ( 1� l n+ 1)
1

(1� l n+ 1)

n

å
i= 1

l ixi

!

� l n+ 1 f (xn+ 1) + ( 1� l n+ 1) f

 
1

(1� l n+ 1)

n

å
i= 1

l ixi

!

= l n+ 1 f (xn+ 1) + ( 1� l n+ 1) f

 
n

å
i= 1

l ixi

(1� l n+ 1)

!

� l n+ 1 f (xn+ 1) + ( 1� l n+ 1)
n

å
i= 1

l i

1� l n+ 1
f (xi)

= l n+ 1 f (xn+ 1) +
n

å
i= 1

l i f (xi) =
n+ 1

å
i= 1

l i f (xi) : (3.86)

This proves the inequality.

Now, we can use the fact that logx is a concave function and write the following relation

which would be handy later in our main derivation. We use the fact that logx is a concave

function and write

log

 
n

å
i= 1

l ixi

!

�
n

å
i= 1

l i log(xi) (3.87)

giving us a lower-bound on the logarithm of a summation. We are now in a position to

prove the key results for the EM-algorithm.
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3.6.2 Derivation of the EM-algorithm

Let a parameterized family with the parameter setqqq produce a vectorXXX. The task we

have at hand is to estimateqqq such thatP(XXXjq) is maximum, i.e., the MLE forqqq. We de�ne

the log-likelihood function

L(qqq) = log(P(XXXjqqq)) : (3.88)

The probability is de�ned as conditioned onqqq but the likelihood function is considered to

be a function of theta givenXXX. This means that the estimation of parameters is dependent

of the available data. In addition, our aim is to maximizeL in an iterative manner, i.e., if

we estimateL(qqqn), then the update from the algorithmL(qqq) > L(qqqn). This is equivalent to

maximizing the difference

L(qqq) � L(qqqn) = logP(XXXjqqq) � logP(XXXjqqqn) : (3.89)

Thus far in this standard MLE procedure, we have not considered the possibility of vari-

ables we do not directly observe but the EM procedure includes these latent variables quite

naturally. We begin this second leg of latent variable inclusion by considering variable vec-

tor ZZZ and single realization of the same vector byzzz. The actual likelihood estimate is now

written as a total probability with latent variables conditioned on the observed variables as

P(XXXjqqq) = å
zzz

P(XXXjz;qz;qz;q) P(zzzjqqq) : (3.90)

We rewrite the difference relation

L(qqq) � L(qqqn) = logå
zzz

P(XXXjzzz;qqq) P(zzzjqqq) � logP(XXXjqqqn) : (3.91)
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The presence of the logarithm of a suggests the use of Jensen's inequality, namely the

relation in Eq.(3.87). The next task is to identify thel is, i.e., the multiplicative constants

that are always positive and sum to 1. To accomplish this we see thatP(XXXjz;qz;qz;q) are prob-

ability measures. This means that they are positive and sum to 1 for a particularzzz. That

is

å
zzz

P(XXXjzzz;qqq) = 1 ;

P(XXXjzzz;qqq) � 0 :

(3.92)

So we have

L(qqq) � L(qqqn) = logå
zzz

P(XXXjzzz;qqq) P(zzzjqqq) � logP(XXXjqqqn)

= logå
zzz

P(XXXjzzz;qqq) P(zzzjqqq)
P(XXXjzzz;qqqn)
P(XXXjzzz;qqqn)

� logP(XXXjqqqn)

= logå
zzz

P(XXXjzzz;qqq) P(zzzjqqq)
P(XXXjzzz;qqqn)

P(zzzjXXX;qqqn) � logP(XXXjqqqn)

� å
zzz

P(zzzjXXX;qqqn) log
P(XXXjzzz;qqq) P(zzzjqqq)

P(XXXjzzz;qqqn)
� logP(XXXjqqqn)

= å
zzz

P(zzzjXXX;qqqn) log
P(XXXjzzz;qqq) P(zzzjqqq)

P(XXXjzzz;qqqn) P(XXXjqqqn)
D= D(qjqnqjqnqjqn) : (3.93)

This gives

L(qqq) � L(qqqn) + D(qjqnqjqnqjqn) : (3.94)

We now de�ne a function which is equivalent to the right-hand side of eq. 3.94

l (qjqnqjqnqjqn) = L(qqqn) + D(qjqnqjqnqjqn) ; (3.95)
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giving

L(qqq) � l (qjqnqjqnqjqn) : (3.96)

In addition, we observe the following

l (qnqnqnjqnqnqn) = L(qqqn) + D(qqqnjqqqn) : (3.97)

We now substitute forD(qqqnjqqqn) using Eq.(3.93) and get the expression

l (qnqnqnjqnqnqn) = L(qqqn) + å
zzz

P(zzzjXXX;qqqn) log
P(XXXjzzz;qqqn) P(zzzjqqqn)
P(XXXjzzz;qqqn) P(XXXjqqqn)

: (3.98)

Using the chain rule for conditional probability we get

= L(qqqn) + å
zzz

P(zzzjXXX;qqqn) log
P(XXX;zzzjqqqn)
P(XXX;zzzjqqqn)

= L(qqqn) + å
zzz

P(zzzjXXX;qqqn) log1= L(qqqn) :

(3.99)

This result gives us the insight we need for our iteration process, which is that atqqq =

qqqn;we have; l (qqqjqqqn) = L(qqqn). In addition, the upper bound onl(qjqqjqqjqn) isL(qqq). This makes

the goal of the algorithm to incrementl (qjqqjqqjqn) as any increment inl (qjqqjqqjqn) is effectively

an increment in the value ofL(qqq). This allows to consider maximizing the likelihood as an

iterative process. We now derive the recursion relation for this process.

qn+ 1 = arg max
qqq

l(qjqqjqqjqn) = arg max
qqq

"

L(qqqn) + å
zzz

P(zzzjXXX;qqqn) log
P(XXXjzzz;qqq) P(zzzjqqq)

P(XXXjzzz;qqqn) P(XXXjqqqn)

#

(3.100)

The terms that do not containqqq can be dropped as they are inconsequential in the maxi-
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mization.

qn+ 1 = arg max
qqq

"

å
zzz

P(zzzjXXX;qqqn) log
P(XXX;zzz;qqq) P(zzz;qqq)

P(zzz;qqq)P(qqq)

#

:

= arg max
qqq

"

å
z

P(zzzjX;qX;qX;qn) logP(X;zX;zX;zjqqq)

#

= arg max
qqq

�
EzzzjX;qX;qX;qn

logP(X;zX;zX;zjqqq)
�

(3.101)

Eq.(3.101) is the basis for the numerical procedure we are about to undertake. The expecta-

tion of the log-likelihood of the available data as a function of latent variables conditioned

on the actual (overt) parameters with respect to the latent variable distribution conditioned

on the data and actual variables. At this point we de�ne the two repeating steps of the EM

algorithm:

1. E- step: Calculate the expected valueEzzzjX;qX;qX;qn
logP(X;zX;zX;zjqqq).

2. M-step : Maximize the conditional expectation calculated in the E- step with respect

to the actual parametersqqq.

At this point we must establish the advantage of the EM algorithm versus direct maxi-

mization of the log-likelihood. The intended use we have for this procedure is to express

the time-series likelihood in terms of Poisson and P ˜olya-Gamma variables and to then fol-

low the above two steps repeatedly. We now go on to derive the corresponding numerical

algorithm.

3.6.3 EM algorithm for the inverse Ising problem

We apply the concepts discussed in the previous section to construct a EM scheme for

a fully connected Ising model. The idea is to evaluate the expectation of the likelihood

with respect to the latent variables conditioned on the coupling matrix. This cost-function

is then maximized within a tolerance value. We look at the expectation calculation parallel
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to our derivation of the EM-algorithm as follows.

E-step

By de�nition, the expectation of the log-likelihood

l(J;qJ;qJ;qjJJJm;qqqm) = å
r

Z
L (f s; r ;ws; r ;ws; r ;wg([0;t]) jJ;qJ;qJ;q)p(r ;wr ;wr ;wjf sssg([0;t]);JJJm;qqqm)dw ; (3.102)

where the conditional distribution

p(r ;wr ;wr ;wjf sssg([0;t]); f JJJm;qqqmg) = p(wwwjf s; rs; rs; r g([0;t]); f JJJm;qqqmg) � P(rrr jf sssg([0;t]); f JJJm;qqqmg) :

(3.103)

The �rst term on the right-hand side of eq. 3.103 can be written as

p(wwwjf s; rs; rs; r g([0;t]); f JJJm;qqqmg) = Õ
i;t2F

PG(wi(t)j1;2Hi(t)) � Õ
i;n

PG(wn
i jr n

i ;2Hn
i ) : (3.104)

Here the �rst term is for the �ipping times, while the second is result of expressing the

hyperbolic cosines in non-�ipping terms with ther n
i being the Poisson variable for theith

node being constant in its state for thenth interval. Note that the second term of this product

is the tilted P ˜olya-Gamma distribution we de�ned in eq. 3.35 with the variable now aswn
i .

Therefore,

PG(wn
i jb;c) =

e
�

c2

2
wn

i PG(wn
i jb;0)

E
h
e� (c2wn

i )=2
i =

e
�

c2

2
wn

i PG(wn
i jb;0)

cosh� b
� c

2

� : (3.105)

This achieves the latent variable transformation for the hyperbolic cosine for the entire

time-series making use of both the tilted and regular form of the P ˜olya-Gamma distribution.
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The second term of Eq.(3.103) pertains to the Poisson variables, i.e.,r n
i conditioned on the

data, coupling matrix and �elds. This was written exactly as it is in the latent likelihood

Eq.(3.79) giving

P(rrr jf sssg([0;t]); f JJJm;qqqmg) = (3.106)

Õ
i;n

e[r n
i (s n

i Hn
i � log2)� 2(Hn

i )2wn
i ] � e� g(tn+ 1� tn) g(tn+ 1 � tn)r n

i

r n
i !

� PG(wn
i jr n

i ;0) :

The Põlya-Gamma variables appear again as a hyperbolic cosine is still there in the no-�ip

Glauber terms. In addition to the above, the following expectation values are needed:

1. Flipping time P ˜olya-Gamma expectation

hwi(t)i =
1

4Hi(t)
tanh(Hi(t)) : (3.107)

2. Non-�ipping time Põlya-Gamma expectation

hwn
i i =

r n
i

4Hn
i

tanh(Hn
i ) (3.108)

3. Non-�ipping time Poisson expectation

hr n
i i = g(tn+ 1 � tn)

es n
i Hn

i

2cosh(Hn
i )

(3.109)

These averages have been calculated by applying lemma 3.2 and the expectation formula

for a Poisson variable. With the expectation integral, i.e., the cost-function set, we go the

maximization procedure.
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M-step

The central idea is to have the scheme

JJJm+ 1;qqqm+ 1 = argmax
f JJJm;qqqmg

l (J;qJ;qJ;qjJJJm;qqqm) : (3.110)

At this point, we recall that the log-likelihood in Eq.(3.79) is quadratic inJ;qJ;qJ;q. The maxi-

mization of this quadratic form would lead to a system ofN linear equations to be solved

simultaneously. This gives

AAAiJJJi� = bbbi� ; (3.111)

whereJJJi� = [ qi ;Ji1;Ji2; � � � JiN ]T . The coef�cients are written as

Ai jk = 4

 

å
t2Fi

hwi(t)i sk(t)s j (t) + å
n

hwn
i i s n

k s n
j

!

; (3.112)

and

bi j = �

 

å
t2Fi

s i(t)s j (t) + å
n

hr n
i i s n

i s n
j

!

; (3.113)

whereFi is the set of all times where spins i got �ipped. This framework is the result of

differentiation followed by separation of terms with and without the couplings and �elds.

As one can see, it naturally lends itself to a structure very similar to a multivariate Gaus-

sian and also uses the Covariance matrix. We now solve the inverse Ising problem in the

nonequilibrium steady state. The algorithm used for the calculations is shown in Algo-

rithm 1. The collection of averages over theE� step as well as the maximization of the

augmented likelihood are in a while loop conditioned on a tolerance value, which we set as
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10� 4 in this example.

Figure 3.5: (a) The estimated coupling matrixJest vs the ground truth for the bench-marking simu-
lation Jgt for N = 10;T = 1000,g = 1 anda = 0:1. The scatter plot is juxtaposed against the line
y= x. (b) The complete-data likelihood(� 10� 5) evolution along the iterations of the EM algorithm.
The likelihood saturates to a maximum value until step tolerance is achieved.

3.7 Calculations and Results

Our �rst calculation is for a network of 10 nodes withg = 1 anda i.e. thespread

factor of the Gaussian distribution that generates the coupling matrix being 0:1. We are

looking for bench-marking calculations where we compare a ground truth we obtain from

a simulation with our maximum-likelihood estimation. We also demonstrate the evolution

of our augmented likelihood with each iteration. The size of the dataset is determined by

the time for which our simulation runs to generate the microstates. We now categorize our

discussion based on the variation of the parametersT;g anda .
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Figure 3.6: (a) The estimated coupling matrixJest vs the ground truth for the bench-marking simu-
lation Jgt for N = 10;T = 10000,g = 1 anda = 0:1. The scatter plot is juxtaposed against the line
y= x. (b) The complete-data likelihood(� 10� 5) evolution along the iterations of the EM algorithm.
The likelihood saturates to a maximum value until step tolerance is achieved.

3.7.1 Dependence of reconstruction error on simulation parameters

The reconstruction error de�ned as

RE=
jjJest� Jgtjj2

jj Jgtjj2
; (3.114)

is the ratio of the 2-norm of the difference between the estimated(Jest) and ground truth

(Jgt) couplings to the 2-norm of the ground truth couplings. This ratio decreases as the

estimated values of couplings get closer to the actual ground truth values which have been

used for the monte carlo simulations to generate the data used as input. We now discuss

each result.
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Estimated vs. ground truth values of the coupling matrix

We show the calculations forN = 10;g = 1;a = 0:1 and very the values ofT, i.e. the

length of simulation time. This gives us different values for the length of our benchmarking

data set. The �rst result forT = 1000 is shown in Fig.(3.5). The graph on the right is that of

the likelihood function as the iterations for the numerical method are increased. The better

the estimate, the lower the reconstruction error(RE) and the points are closer to the line

x = y for the graph ofJest vs Jgt. This can be seen through a comparison among Fig.(3.6),

Fig.(3.7) and Fig.(3.8).

Figure 3.7: (a) The estimated coupling matrixJest vs the ground truth for the bench-marking simu-
lation Jgt for N = 10;T = 50000,g = 1 anda = 0:1. The scatter plot is juxtaposed against the line
y= x. (b) The complete-data likelihood(� 10� 5) evolution along the iterations of the EM algorithm.
The likelihood saturates to a maximum value until step tolerance is achieved.
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Variation of the reconstruction error with the length of input data

The value ofRE decreases with an increase in the the number of data points, i.e, the

number of microstate snapshots available. Fig.(3.9) shows how the numerical approxima-

tions get better as the length of the available data increases. In fact, for a network of size

N, the asymmetric coupling matrix withN2 independent elements has to be determined by

a histogram of at least 2N independent stochastic snapshots. Therefore for a 10 node net-

work, a minimum of 210 = 1024 snapshots are required to account for all possible network

states. The algorithm shows marked improvement as the number of available data points

are much larger than that. It is to be expected as the histogram representing the steady state

is more accurate as the number of data points increases.

Figure 3.8: (a) The estimated coupling matrixJest vs the ground truth for the bench-marking simu-
lationJgt for N = 10;T = 100000,g = 1 anda = 0:1. The scatter plot is juxtaposed against the line
y= x. (b) The complete-data likelihood(� 10� 5) evolution along the iterations of the EM algorithm.
The likelihood saturates to a maximum value until step tolerance is achieved.
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Figure 3.9: The reconstruction error as a function of the size of the data-set, expressed through the
simulation time for the ground truth Glauber dynamics. For the reference set,a = 0:3 andg = 1

Variation of Reconstruction error with the standard deviation of the coupling

matrix.

In our calculations, the input set is generated by running a monte carlo simulation with

a ground truth coupling matrixJgt, which is generated through a standard normal. We

vary the standard deviationa of this normal distribution and calculate its effect on the

reconstruction error for the case ofT = 100000. As we see in Fig.( 3.11), there is a marked

decrease in the value ofR:E for higher values ofa .

Variation in the reconstruction error with the probability rateg

The probability rate is the same for each node in the network. Within this framework, it

can be different for each node. The higher the probability rate, the more the probability of

selection of a spin and hence it frequency of �ipping over the period of observation. For a

higherg, there would be more �ip terms as compared to non-�ip terms. The resulting effect

is very similar to having a larger data set. The graph in Fig.(3.10) shows the dependence of

R:E ong.
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Algorithm 1 Algorithm for MLE for a fully connected Ising model

Require: N;T 2 Z+ and g;a 2 R+
Ensure: N � g� T = Number of updates>> N

Jgt  [N (0;1)]N� N . This is the coupling matrix
qgt  [N (0;1)]T

N . These are the �eld(threshold) values at individual nodes.
Data generated Glauber MCMC
Separate �ipping and no-�ip parts.
r n

i  Poisson distributed no-�ip time intervals for spini
wn

i  cosh(s n
i Hn

i ) PG variables for no-�ip data
wi(t)  cosh(s i(t)Hi(t)) PG variables for �ip data
llk  � ¥
Jest = [ 0]N+ 1� N . Initialize the �elds an couplings as one matrix
while not convergeddo
oldllk=llk
r t ;wt ;Ht  E-step(�ip data,Jest;g)
Jest  M-step(r t ;wt , �ip intervals, �ip nodes, Correlation matrix(�ip data))
llk  log likelihood(�ip data,Jest, �ip intervals, �ip node, g)
converged=(llk-oldllk)/(N � T)� 10� 4

end while
output Jest

Figure 3.10: The reconstruction error as a function of the probability rateg of the network Glauber
dynamics. For the reference set,a = 0:3 andT = 100000
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Figure 3.11: The reconstruction error as a function of the standard deviation of the Gaussian distri-
bution i.e.a of the network coupling matrix. For the reference set,g = 1 andT = 100000

3.8 Synopsis

We set out to demonstrate a latent variable based calculations for solving the inverse

Ising problem for a time-series data. The latent variable approach was taken to reduce the

computational complexity of the likelihood. The integral of exponential functions in the

complete-data likelihood in Eq.(3.8) was approximated by using its structural similarity

to the moment generating function of a Poisson distribution in Eq.(3.18) whereas P ˜olya-

gamma random variables in Eq.(3.26) were used to transform the hyperbolic cosine terms

in he denominator of the Glauber transition probabilities. The P ˜olya-gamma variables were

introduced to reduce the computational complexity of the likelihood function for logistic

regression. We demonstrate this solution method through a Gibbs sampling procedure for

a binary Gaussian mixture. Although the main purpose of this solution is to explain the

properties and applications of the distribution, it can be applied to complex networks for

clustering and community detection problems. The time-series calculations are used to

show the dependence of the reconstruction errorRE on the parameters of the Ising model

used to generate the data. It should be noted that in a real-world machine learning prob-
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lem, these would be hyperparamters which would be tuned to minimize the difference in

ensemble averages of order parameters between the data generated byJest and the input.
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Chapter 4: The inverse problem in absence of time-ordered data

4.1 Introduction

In the introduction to the inverse Ising problem, we described a certain class of the

experimental and clinical data sets that do not lend themselves to a time-series format.

The two main examples that were discussed were those of gene-regulatory network data

recorded through single cell micro-arrays and neuronal spike trains that come from differ-

ent sources and do not have a common origin point in time. Such data is also important for

mapping the mechanisms and biophysical origins of several categories of human pathol-

ogy such as cancer, diabetes, autoimmune disorders, Alzheimer's disease, etc. In addition,

there is a lack of thorough understanding of some basic mechanisms of cellular dynamics

and behavior under different environmental conditions. For example, the behavior of the

brain on larger scales is still bringing new details with ever deeper insights possible due

to improved experimental techniques. On the side of gene-regulation, there is still lack

of clarity about epigenetic behavior of several non-coding constituents in special network

states like colorectal cancer, triple negative breast carcinoma, etc. All this makes the prob-

lem of time-disorder a signi�cant one in context of network inference. To develop the

theory, we go back to the history of de�nition of a suf�cient statistic. It is the insight given

by this de�nition which leads us to formulate a likelihood which represents the empiri-

cal distribution through conditional probabilities as in the case for time-series data. This

task is computationally intensive so we would still use latent variable augmentation for our
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calculations.

4.2 Pro�le likelihood

The idea of pro�le likelihood is central to the development of the numerical method for

the time-disordered inverse Ising problem. We �rst introduce the concept informally. Con-

sider a set ofn samples with the distribution ˆp = ( p̂1; p̂2; � � � p̂n). Maximize the probability

of observing the empirical distribution ˆp up to a relabeling.k ( p̂) D= ( p̂k (1); p̂k (2); � � � p̂k (n))

wherek is some permutation. This means de�ning a likelihood of observing the same em-

pirical distribution when the constituent elements have been rearranged in a form, which is

different from the original one. This likelihood is the pro�le likelihood and its maximiza-

tion, i.e., PML and its distributionp� is written as

p� = argmax
p

å
k

e� nKL(k ( p̂)jj p) : (4.1)

This is the maximization of the negative exponential to the Kullback-Liebler divergence

so that the estimated distributionp is closest to each permutation of the elements and the

sum of the exponential leads to the pro�le maximum likelihood distribution. The pro�le

likelihood is a permutation likelihood and therefore if the brute force version of a problem

is solved, then the complexity isO(n! ) which makes PML computations computationally

prohibitive. As a result, approximations schemes are introduced based on a case by case

basis. In the present case, we are interested in an irreducible and aperiodic Markov chain,

i.e., Glauber dynamics and therefore, our approximation to the pro�le likelihood would

be based on that. Before that, we need to formalize some theoretical aspects of PML in

context of it being a suf�cient statistic for the empirical distribution. As a �rst step, lets

informally de�ne a suf�cient statistic.
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De�nition 4.1 (Suf�cient statistic-I). [47] A statistic is said to be suf�cient with respect to

a statistical model and its associated parameters if no other statistic that can be calculated

from the same sample provides any additional information about the value of the model

parameters.

To further develop this idea we need to be familiar with two concepts, the �rst one

being the invariance of a statistic under labeling. Thereafter, we look at a recent notation

concept in statistical physics known as a permutation glass [128]. The former is required to

formulate the de�nition of the likelihood function we would develop and use while the latter

will associate the likelihood function to a physical system through the statistical concept of

quenched disorder. In the following sections, familiarity with the basic concepts of groups

of �nite order is assumed. In absence of the same, any of the references [5, 10, 18, 41] and

[20] are a great source.

4.2.1 Permutation group

De�nition 4.2 (Permutation group). A permutation group is a �nite groupG whose ele-

ments are permutations of a given set and whose group operation is composition of permu-

tations inG.

The order of a group being the number of elements in it, the order of a permutation

group would always dividen!. This follows from Lagrange's theorem which we state as

follows.

Theorem 4.1(Lagrange). If H is a subgroup of G, thenjGj= [ G : H]:jHj. HerejGj denotes

the order of G, while[G : H] is the index of H in G, i.e., the number of left-cosets of H in G.

Proof. Let x;y 2 G and call them equivalent if9h 2 H such thatx = yh. This is because the

left cosets ofH in G are the equivalence classes of a certain equivalence relation onG. This
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leads to the facts that the left cosets form a partition ofG. Each left cosetaH has the same

cardinality as H becausex 7! axde�nes a bijectionH ! aH (the inverse isy 7! a� 1y): The

number of left cosets is[G : H] and thereforejGj= [ G : H]:jHj.

De�nition 4.3 (Symmetric group). The group of all permutations of a setM is called the

symmetric group ofM. It is denoted asSym(M)

Being a subgroup of a symmetric group, all that is necessary for a set of permutations

to satisfy the group axioms and be a permutation group is that it contain the identity per-

mutation, the inverse permutation of each permutation it contains, and be closed under

composition of its permutations. The intuition of the order of a permutation group dividing

n! comes from the fact that the number of left cosets ofP in Sn i.e. [P : Sn] would be a

factor of the order ofSn, i.e., n!. It is clear from the above de�nitions that a permutation

group is a subgroup of the symmetric group. IfM = f 1;2;3;4; � � � ng thenSym(M) is called

the symmetric group ofn letters and is denoted bySn.

Cauchy and cyclic notations

For M = f 1;2;3;4; � � � ng, the permutations are bijections ofM and they can be repre-

sented by Cauchy's two-line notation. Ifs is a permutation ofM, then

0

B
@

1 � � � n

s (1) � � � s (n)

1

C
A : (4.2)

(4.3)
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For instance, a particular permutation off 1;2;3;4;5g can be written as

0

B
@

1 2 3 4 5

2 5 4 3 1

1

C
A : (4.4)

(4.5)

This meanss (1) = 2;s (2) = 5;s (3) = 4;s (4) = 3 ands (5) = 1. Another way to write a

permutation is in cyclic form. Consider the permutation

0

B
@

3 2 5 1 4

4 5 1 2 3

1

C
A : (4.6)

This meanss (1) = 2;s (2) = 5;s (3) = 4;s (4) = 3 ands (5) = 1. The cyclic notation for

this is (1;2;5)(3;4). As it is evident, both forms are equivalent and represent the same

fundamental transitions, i.e., permutations of the elements of a set. Moving forward, one

can also denote a permutation or a set of permutation as a mapping. For instance a setXXX

when acted upon by a permutation maps as a bijection say,T(x) = t. Having some sense

of the permutation group, we now develop concept of a pro�le likelihood and see if it

suf�cient as a statistic.

4.3 Suf�cient statistic: Kolmogorov and H ˜ajek de�nitions

Consider the statistical model

E = f X ;Pq ;q 2 QQQg : (4.7)
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The setX denotes the observations asX � Pq for q 2 QQQ andXinX . Let F(q) : QQQ 7! Y

be a measurable function which induces a metricd(F; F̂) : Y � Y 7! R+ . This metricd

is a loss function. Lets consider a statisticT which we are assuming to be suf�cient. If

that is the case, then a PML approach would aim to maximize the probability ofT(x) = t

occurring in the data rather than the probability ofx itself as we did thus far in the MLE

approach.

De�nition 4.4 (PML estimator). The pro�le maximum likelihood estimator ofq is de�ned

as

q̂T(t) D= argmax
q

Pq (T(X) = t) : (4.8)

Next we tie this de�nition of the estimator into the PML by de�ning a performance

estimate for the likelihood function through the measurable functionF.

Theorem 4.2.Consider the statistical model

E = f X ;Pq ;q 2 QQQg : (4.9)

Let T = T(X) be a statistic such that T: X 7! T andjT j< ¥ . Let F(q) : QQQ 7! Y be a

measurable function. Suppose there exists an estimatorF̂ : T 7! Y such that

sup
q2QQQ

Pq (d(F(q); F̂(T)) > e) < d : (4.10)

Then

sup
q2QQQ

Pq (d(F(q);F(q̂T)) > 2e) < djT j : (4.11)

Theorem 4.2 puts into light an issue with the suf�ciency of a parameter. In general, one

would say that with the estimator of̂F(T) well de�ned and the cardinalityjT j be small
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enough,T as a statistic is suf�cient. But what happens if there are nuisance parameters, i.e.,

any set of parameters which is not of immediate interest but which must be accounted for

in the analysis of those parameters which are of interest. This is a very important question

in statistical decision theory and was addressed by Kolmogorov as follows.

De�nition 4.5 (Suf�ciency:Kolmogorov). [75] A statisticT = T(X) is called suf�cient for

F(q), if the posterior distribution ofF(q) givenX = x, depends only onT = t and on the

prior distribution ofq.

There was an issue with this de�nition whenF(q) is not constant. If that is the case

andT is suf�cient for F(q) , thenT is suf�cient for q as well. This makes the de�nition

void and therefore it should be revised/corrected. This was done by H ˜ajek as follows.

De�nition 4.6 (Suf�ciency:Hãjek). [56] A statisticT = T(X) is called suf�cient forF(q)

if there exists some other functionalR(q) such thatF(q) = F1(R(q)) , and the following is

satis�ed:

1. The distribution of T will depend onR(q) only, i.e.PqdT = PR(q)dT.

2. There exists a distributionQR 2 PR such thatT is suf�cient for the family f QRg,

wherePR is the convex hull of the distributionsf Pq : R(q) = Rg.

This does put forward the question about the determination of suf�ciency ofT with

respect toF(q). To state the standard method to de�ne a suf�cient statistic, we must state

one concept regarding equivalence classes for a group.

De�nition 4.7 (orbit). [41] Let G be a group acting on a setX. The orbit of an element

x 2 X is de�ned asOrb(x) := f y 2 X : 9g 2 G : y = g� xgm where� denotes the binary

operation of the group, i.e., the group action. Thus the orbit of an element is all its possible

destinations under the group action.
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It can be seen that if there is a relation that the group action induces betweenx and its

imagey under the group action, then orbit,Orb(x) is the equivalence class ofx under the

relationxR y induced by the group action. Coming back to the de�nition of a suf�cient

statistic, we letG = g be a group of surjective transformations of theX space on itself. We

de�ne an event as G-invariant, ifgA= A for all g 2 G. The set ofG-invariant events is a

sub� s � algebraB , and a measurable functionf is B -measurable if and only iff (gx) =

f (x) for all g 2 G.

De�nition 4.8. Consider two sets of transformationsg 2 G acting uponX. De�ne a family

of probability distributions with parameterst given asPt such that

Pt ;g(X 2 A) = Pt (gX 2 A) : (4.12)

Lettingq = ( t ;g), the statistic corresponding to the sub-s -algebra ofG-invariant events is

suf�cient for t in the sense of Def.(4.6). In other words, it is suf�cient fort to look at the

set of equivalence classesX=G, while Gx2 X=G denotes the equivalence class (orbit) ofx,

i.e.,

Gx D= f gx: g 2 Gg : (4.13)

We now look at applying the above de�nition to a the case of a fully connected Ising

model while the data of con�gurations is not available as a time series. For that we need to

�nd a G where the following two tasks will be performed successfully.

1. A G-invariant likelihood functions is constructed. This means that this likelihood

contains all the equivalence classes for eachx 2 A, i.e., the data under the group

actiongx: g 2 G.

2. MLE for the likelihood function would give the correct coupling matrix and inciden-
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tally infer the thermodynamic arrow of time.

4.4 Disjoint cycles

Recall from the cycle notation that a cycle of lengths denoted(a1;a2; � � � as) where

a1;a2; � � � ;as 2 1;2; :::;n are distinct elements is a permutations such thats (a1) = a2,

s (a2) = a3; � � � s (as� 1) = as, ands (as) = 1 and where all other elements in the permuta-

tion are mapped to themselves. Now suppose that we have two cycles of elements from

1;2; :::;n. One way to compare these cycles is to see whether they ”move” any elements

in common. If two cycles do not move any elements in common, then we give the pair of

cycles a special name which we de�ne below.

De�nition 4.9 (Disjoint cycles). If (a1;a2; � � � as) and(b1;b2; � � � bt) are cycles of 1;2; :::;n

then these cycles are said to be disjoint ifai 6= b j for all i 2 1;2; :::;sand for all j 2 1;2; :::;t.

We now prove a very important theorem regarding disjoint cycles which would help us

with invariance property of our likelihood later.

Theorem 4.3. [41][Disjoint cycles commute] If the pair of cyclesa = ( a1;a2; � � � ;am) and

b = ( b1;b2; � � � ;bn) have no entries in common, thenab = ba .

Proof. Supposea andb are permutations ofS= f a1;a2; � � � ;am;c1;c2; � � � cl ;b1;b2; � � � ;bng,

where thec's are left �xed by the permutation cycles. Ifx = ai for somei andb �xes all

thea elements, then

ab (ai) = a (b(ai)) = a (ai) = ai+ 1 :

ba (ai) = b(a (ai)) = b(ai+ 1) = ai+ 1 :

Soab = ba on thea elements. Similarly, ify= bi for somei anda �xes all theb elements,
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then

ab (bi) = a (b(bi)) = a (bi+ 1) = bi+ 1 :

ba (bi) = b(a (bi)) = b(ai) = ai+ 1 :

Finally botha andb �x the c elements so we have

ab (ci) = a (b(ci)) = a (ci) = ci :

ba (ci) = b(a (ci)) = b(ci) = ci :

Thusab (x) = ba (x); 8x 2 S

After proving the above result about disjoint cycles and combining it with the version of

suf�cient statistic, we would be able to construct the likelihood function for time-disordered

data using the concept of a permutation glass [128].

4.5 Permutation-glass

Williams and Shakhnovich [127, 128] de�ne the permutation glass as a model analo-

gous to quenched disorder models such as spin glasses. The disorder here is vicinal, i.e.,

the zero energy ground state puts all states in their lowest energy or highest probability

neighborhood. The permutations therefore get assigned disorder potentials based on the

extent of vicinal disagreement compared to the ground state. Fig.(4.1) and Fig.(4.2) are

the schematics in the original work used to illustrate the concept. The original work deals

with the distributions for such systems at thermal equilibrium and as expected it ends up

with the Boltzmann distribution at the steady state. The present work focuses on nonequi-

librium steady states. This means that we will not have any standard characterization of
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Figure 4.1: The permutation graph[128] depiction of four microstates in a permutation system with
N = 15. In each graph,j is equivalent to the number of diagonal lines in the permutation graph.
The number of “correct” connections are shown as vertical lines.

the the probability distribution like a CDF or MGF. All we have is a histogram of the mi-

crostates constituting the empirical distribution of macrostate. The basic statistical physics

of the permutations of unique microstates postulates a disorder energy based on the order-

ing of states. Consider the set ofN unique microstatesf w1;w2; � � � ;wNg where we assign

the zero disorder energy to the ordering(w1;w2; � � � ;wN). If a statewi is not in itszero

ordering position qi , then the arrangement, i.e., vicinal order has the energyl i . This gives

us a disorder Hamiltonian

H (f qig) =
N

å
i= 1

l i Iqi6= wi ; (4.14)

whereI is the indicator function. Now that the zero time-disorder energy is de�ned as

the permutation where theIqi6= wi = 0;8i 2 f 1;2; � � � Ng, the scenarios where it has a �nite

value can be identi�ed as the disorder permutations. In a way, these permutations derive

their energy cost from a quenched disorder decided upon by the thermodynamic arrow

of time. If they have vicinal distributions of microstates that are disordered as per the
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Figure 4.2: “Matching problem” depiction[128] of aj = 10 microstate for a 2N = 30 permutation
system. The spatial location of each pair is not important in determining the energy of the state. For
this state, the matching pairs are 3;6;11;14; and 15.

arrow of time, then the quenched disorder of the dynamical system, de�ned for networks

by the coupling matrix(J;qJ;qJ;q), is different from the arrangement with zero disorder energy.

Thus, each steady-state distribution of microstates has a unique zero-disorder permutation

corresponding to the thermodynamic arrow of time. It is along this arrow of time that

the unique(J;qJ;qJ;q) would produce the zero-disorder permutation, if the forward problem was

solved, e.g., an MC simulation or a set of experimental observations. Our goal is to perform

a procedure over a minimal set of transitions that form the basis of the permutation glass

and solve for the(J;qJ;qJ;q). Our calculation of the arrow of time is indirect in the sense that we

derive the model parameters corresponding to the steady state distribution and the solution

of the system, analytical or numerical, would generate the permutation corresponding to

zero time-disorder energy, i.e., the arrow of time.

The �rst task from this point on is to have a geometric intuition for the minimal set over

which the computation is to be performed.
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4.5.1 The Dihedral group:Dn

The question asked here is the following.

What are the generators of a permutation glass?

The answer lies in the minimal set of disjoint cycles that form a basis for the entire permu-

tation set. We de�ne the group action as a permutation, i.e., one element moved to another.

This action is done as incrementally additive, i.e., for a set of microstatesf 1;2;3� � � Mg,

the cycles(1;2;3� � �) and (1;3;5; � � �) represent two disjoint sets of permutations as the

elements are moved to distinct targets in both the sets.

De�nition 4.10 (Rigid motion). A rigid motion is a distance-preserving transformation,

such as a rotation, a re�ection, and a translation, and is also called an isometry.

De�nition 4.11. For n � 3, the dihedral groupDn is de�ned as the rigid motions taking a

regular n-gon back to itself, with the operation being composition.

The symmetries of a polygon becomes signi�cant for equivalence of its con�gurations

upon re�ections. The lines of symmetry of the polygonsn = 3;4;5 are shown in Fig.(4.3).

These re�ections lie inD3, D4 andD5 for the triangle, square and pentagon respectively.

In addition to re�ections, a rotation by a multiple of
2p
n

radians around the center carries

the polygon back to itself, soDn contains some rotations. These type of transitions are

of interest for construction of likelihoods with respect to transition probabilities. Some

properties of the dihedral group need to discussed before the construction of a permutation

glass based likelihood function. The �rst step in that direction would be examine the num-

ber of elements inDn, i.e., the total number of re�ections and rotations. Afterwards, the

relationship between rotations and re�ections can be examined. The creation of a minimal

set of transitions on a permutation glass comes out naturally from the concept of conjugacy

classes.

92



Figure 4.3: The symmetries of a triangle, square and polygon with respect to re�ections. When
the polygons are re�ected with respect to any of their symmetry lines, the original con�guration
remains unchanged.

The order ofDn

Points in the plane at a speci�ed distance from a given point form a circle, e.g.,x2 +

y2 + ax+ by+ c = 0 8a;b:c 2 R, so points with speci�ed distances from two given points

are the intersection of two circles, which is two points (non-tangent circles) or one point

(tangent circles). For instance, the red points in the �gure below have the same distances

to each of the two black points.

Lemma 4.1. Each point on a regular polygon is determined by its distance from the adja-

cent vertices.

Proof. In Fig.(4.4), let the red dots be adjacent vertices of a regular polygon. Therefore,

the line segment connecting them is an edge of the polygon. Also, the polygon is entirely

on one side of the line through the red dots. Consequently, the two black dots can't both

be on the polygon, which means each point on the polygon is distinguished from all other
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Figure 4.4: A non-tangent intersection of two circles.

points on the polygon by its distances from two adjacent vertices.

Theorem 4.4.The order of Dn = 2n

Proof. First, we provide a visual proof. We separate the intuitive argument by odd and

even vertex polygons. It can be seen that for both the cases, i.e., odd and even vertex

regularn� gon, there are two symmetries

1. n symmetries by rotation of all vertices.

2. Furthern symmetries by rotation on any of the axes of symmetry followed by re�ec-

tion.

Both of these are demonstrated in Fig.(4.5) and Fig.(4.6). Firstly, we examine the number

of �xed vertices with each type of rigid motion.

1. A non-identity rigid motion �xes no vertex.

2. An identity rigid motion �xes all vertices.

3. A re�ection �xes three vertices.
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For oddn, there is a re�ection across the line connecting each vertex to the midpoint

of the opposite side. This is a total of n re�ections. They are different because each one

�xes a different vertex. For evenn, there is a re�ection across the line connecting each pair

of opposite vertices (
n
2

re�ections) and across the line connecting mid-points of opposite

sides (another
n
2

re�ections). The number of these re�ections is
n
2

+
n
2

= n. They are

different because they have different types of �xed points on the polygon: different pairs

of opposite vertices or different pairs of midpoints of opposite sides. This completes the

Figure 4.5: The symmetries of a heptagon. The corresponding diheral group would beD7. In
general for odd vertices we haveDn = 2n+ 1

visual proof. Another argument can be made on the basis of lemma 4.1. Consider A and

B as two adjacent vertices of a regularn-gon. Letg 2 Dn be a rigid motion. The group

action ofg 2 Dn would have to preserve vertex adjacency and thereforeg(A) andg(B) are

adjacent vertices. See Fig.(4.7).

Having proved thatg(A) andg(B) are adjacent vertices, one can see that for each choice for

g(A), there are two choices forg(B), i.e., the vertex on either side ofg(A). Since there are

a total ofn vertices, thereforejDnj� 2n. Combined with the result earlier from the visual
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Figure 4.6: The symmetries of a octagon. The corresponding diheral group would beD8. In general
for even vertices we haveDn = 2n

proof, we have

jDnj= 2n : (4.15)

This completes the proof.

Relationship between rotations and re�ections

We denoter as a counterclockwise rotations of
2p
n

radians, with the consideration that

r is dependent onn. A schematic of symmetries of re�ection of re�ection forn = 3;4;5 is

shown in Fig.(4.8). We now state and prove two results.

Theorem 4.5.The rotations in Dn are1;r; r2 � � � ; rn� 1.

Proof. The only issue here is whether all the rotations are different from each other and

since the number of rotations inDn is n, therefore the rotations are different.
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Figure 4.7: For each pointP on the polygon, the location ofg(P) is determined byg(A) andg(B),
because the distances ofg(P) from the adjacent verticesg(A) andg(B) equal the distances ofP
from A andB, and thereforeg(P) is determined on the polygon by lemma 4.1. To countjDnj it thus
suf�ces to �nd the number of possibilities forg(A) andg(B).

Figure 4.8: Axes of re�ection symmetry for regular polygonsn = 3;4;5. It can be seen that for each
case the number of axes isn.

Next, we denote a re�ection along a line passing through two opposite vertices assand

observe as earlier thatshas order 2. This meanss2 = 1 and consequentlys� 1 = s.

Theorem 4.6.The re�ection in Dn are s; rs;sr2; � � � ;srn� 1.

Proof. By theorem 4.5, all the re�ections are different as each of them is just a re�ection

s multiplied by a rotation which are all different. To answer the question if any of therks

is a rotation we observe that forrks= r l we haver l � k = s but s is not a rotation. Since out

of the 2n elementsn are rotations and none of the othern of therks elements are rotations,

therefore they are all re�ections. Also, it should be noted that there is norotation-re�ection
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term. If an element is of the formrks or srk, then by de�nition it is a re�ection. Fig.(4.9)

shows the geometric interpretation of such terms forn = 3;4;5.

Figure 4.9: Lines of re�ection for a regularn-gons forn= 3;4;5 with clockwise rotations around the
polygon starting from a vertex �xed bys. If s is the re�ection across the line through the rightmost
vertex thenrs is the next line of re�ection counterclockwise. This repeats incrementally forn terms.

Theorem 4.7. srs� 1 = r � 1

Proof. It is known thatrs is re�ection. See Fig.(4.9). This means

(rs)2 = 1

rsrs= 1

srs= r � 1

but we know thats being a re�ection has order 2, i.e.,s2 = 1 which givess = s� 1. So

�nally, we have

srs� 1 = r � 1 (4.16)

completing the proof.
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Conjugacy classes

Let x;y andz are subsets of a setA which consist of only blue, green and black balls.

Now consider the relation� de�ned as ”has the same color as”. Then� is a an equivalence

relation and the set of equivalence classes of this relation is given by the quotient spaceA=�

as the set all ball colors. In context of the topic at hand, we ask the following question.

What are the equivalence classes of the group actions ofDn?

The similarity or equivalence of geometric structures are calledconjugacy classes. These

are stated through the following theorem.

Theorem 4.8.The conjugacy classes of Dn are the following.

1. If n is odd.

(a) The identity element:f 1g.

(b)
n� 1

2
conjugacy classes of size= 2: f r � 1g; f r � 2g; � � � ; f r � (n� 1)=2g

(c) All n re�ections ris; 8i 2 f 0;1;2; � � � ; (n� 1)g.

2. If n is even.

(a) Two conjugacy classes of size 1:f 1g; f r (n=2)g

(b)
n
2

� 1 conjugacy clases of size 2:f r � 1g; f r � 2g; � � � ; f r � (n=2� 1)g.

(c) Two classes of re�ections:f r2isg andf r2i+ 1sg; 80 � i �
n
2

� 1

Proof. The theorem says the following.

1. Except for the identity andf rn=2g for evenn, every rotation is conjugate to its inverse.
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2. Re�ections are conjugate for oddn but split into two conjugacy classes for even

n. These are the lines of re�ection passing through opposing vertices(revens) and

the lines that pass through vertices and mid-points of the corresponding opposite

sides(rodds). See Fig.4.9

This means we have to prove these two facts about the conjugacy classes ofDn Every

element ofDn is r i or r is for some integeri. Therefore to �nd the conjugacy class of an

elementg we will computer igr� i and(r is)g(r is)� 1. Consider the equation

r ir j r � i = r j

(r � is)r j (r is)� 1 = r � j

This shows that the conjugate ofr j is r � j . The next task is to prove that this is the only

conjugate. For that consider,r isr� 1 = r2isand its direct extension(r is)s(r � 1s) = r2is. As i

varies,r2is runs through the re�ections in whichr occurs with an exponent divisible by 2.

If n is odd then every integer modulon is a multiple of 2. This means that whenn is odd

r2is= rks; 8i;k 2 Z

that is, every re�ection inDn is conjugate tos. The case is different for an evenn as only

half of the re�ections are conjugate tos, the other half are conjugate tors

r i(rs)r � i = r2i+ 1s

(r is)( rs)( r is)� 1 = r2i� 1s

This completes the proof

Now, that we have an algebraic intuition of the concept of equivalence classes, we
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proceed to establish the type of class based likelihood function to solve for the arrow of

time from a permutation glass as per theorem 4.8.

4.6 Deriving the likelihood function for a permutation glass

Consider a set of microstatesf 1;2� � � ;Mg for a fully connected Ising graph withN

nodes. The �rst task is to put the microstates as vertices of a regularM-gon. This makes

the entire structure anM � N con�guration representation. The rotationsr i represent the

moving vertices from one position to the other. As we have shown in theorem 4.5, the

re�ections and rotations are related and therefore it suf�ces to consider only the latter for

the purposes of the present discussion. The goal is to construct an invariant suf�cient

statistic with respect to the conjugacy classes of theM-gon. Earlier discussion about pro�le

maximum likelihood, which is the same as a permutation glass likelihood, introduced the

idea of a G-invariant suf�cient statistics. The invariance with respect to conjugacy classes

of theM-gon for a likelihood function would make it suf�cient1

The procedure we follow is informed by the physics of the system. The transition matrix

consists of the conditional probabilities derived from glauber dynamics and the unknown

variables ,i.e., the couplings(JJJ) and �elds(qqq) are therefore contained in it. The numerical

method should be able to derive(J;qJ;qJ;q) from just theM � N time-disordered data matrix.

That means the columns of the matrix which correspond to the network states are not

ordered in time. We now construct this likelihood.
1In fact, such a function would be minimally suf�cient because the likelihood is based on transition

probabilities of anM � M Markov Chain(see Chapter-2). At a minimum for all such possible transitions,M2

conditional probabilities exist. If a partition of such a chain is coarsened, then the suf�ciency is lost. It is
impossible to get the correct histogram of microstates, if all of their relative transition probabilities are not
available.
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4.6.1 Level sets of the Pro�le likelihood probability distribution

We de�ne the level set of a probability distributionp as

X = f x : px = ug (4.17)

The motivation for the method lies in whatX contains for a dataset. The distribution would

have the tendency to put a set of pointsx with same empirical count on the sameX. In

fact it does that withinO(
p

M) for the complete set ofM elements. This means that the

microstates with the same empirical counts will be(approximately) in the same level set.

If we can �nd a way to measure the weight of all microstates on the level sets of the

distribution, then it would be possible to construct a likelihood based on those weights.

The conjugacy classes ofDM are a way to do just that. The empirical distribution is our

steady-state distribution and we would have the probability currents of the nonequilibrium

steady-state lead to the relative counts of the microstates which would be different from the

case where detailed balance would have those counts described by the Maxwell-Boltzmann

distribution(see chapter 2).

The likelihood we aim to construct has to be based on transition probabilities as that is the

only possible measure we have for time-disordered data. To connect that to the counts of

micorstates we observe that

Lemma 4.2. For a fully connected Ising graph with a coupling matrix JJJ and �eldsqqq, the

permutation glass is completely generated by the conjugacy classes of DM, where M is the

number of available snapshots of the system.

Proof. Let PPP be the Markov matrix(Glauber chain) of the Ising model. We place the snap-

shots i.e. available microstates of the chain on the vertices of a regularn-gon. The vicinal

distribution is generated for each elementi 2 M by the conditional probabilityPki8k 2 MMM.
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The permutations are generated by the orbits ofk 2 M. The elementPki will have the value

Pkpi8kp 2 PPP repeated as per the frequency ofk in M. More precisely, the number of times

an element is repeated in the permutation glass therefore is in the same proportion to its fre-

quency inM. It can be seen that this representation is of the sizeM2 as opposed toM!. The

size of each orbit isM due to the orbit-stabilizer theorem [41]. The orbit of each element

is of sizeM as the conjugacy classes move each vertex to every position on the polygon

and there areM vertices. Recall that the identity is of size one and not two in this case

as we do not differentiate between re�ected con�gurations due to the fact that the vicinal

distribution is invariant with respect to re�ections. We call thisO(M2) representation as

theorbit-reduced form of the permutation glass.

Another observation is the equivalence of this construction with the disjoint cycles of

the permutation group.

Corollary 4.1. The orbit-reduced form of a permutation-glass is the set of disjoint cycles

of a permutation group of order M with respect to the labels of each element.

Proof. Consider the elementxk 2 SM, 8k 2 M. As xk is a con�guration of the fully con-

nected Ising graph, the orbit ofxk is the set of con�gurations that can transition toxk by

group action. Assuming that all transitions are of �nite probability or all elements of the

transition matrix are nonzero, we now construct the following set of cycles.

All cycles will havex1 as the initial and by de�nition the �nal con�guration. The rest of

the elements of each cyclec j ;8 j 2 M would bef xk 2 c j : k =
Z
jZ

g. For instance, the cycle

cr = ( x1;x1+ r ;x1+ 2r ; � � �). The dihedral groupDM is a subgroup of the symmetric groupSM

and the cyclesc j are the minimal set of disjoint cycles with all the orbits of the Markov

Chain

An advantage of the above construction is that it holds even when some transition prob-

abilities are zero. This is carried forward to any likelihood constructions based on the above
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as the pro�le likelihood is based only on transition probabilities. We wish to have optimal

inference and for that we would need the likelihood to be minimally suf�cient. We discuss

the basic concepts brie�y.

4.6.2 Minimal Suf�ciency

In de�nition 4.6, we introduced the concept of suf�ciency and how a statistic onX can

be de�ned as suf�cient when it is invariant with respect to a group actionGx de�ned on a

quotient spaceX=G of the equivalence classes. Suf�ciency of a statistic ensures that it is

providing the maximum possible information from the data available and no other statistic

will be able to provide any additional information.

The concept is silent on the optimal nature of a statistic and for that we de�ne minimal

suf�ciency as follows.

De�nition 4.12 (Minimal suf�ciency). A suf�cient statisticT is minimal if for every suf-

�cient statistic T0 and for everyx;y 2 X;T(x) = T(y) wheneverT0(x) = T0(y). In other

words,T is a function ofT0, i.e.,9 f such thatT(x) = f (T0(x)) 8x 2 X:

The following theorem is a test for suf�ciency

Theorem 4.9. Let f p(x;q);q 2 Wg be a family of densities with respect to some measure

m. Note thatmis a Lebesgue measure for continuous distribution and a counting measure

for discrete distribution. Suppose that there exists a statistic T such that for every x;y 2 X :

p(x;q) = Cx;yp(y;q) , T(x) = T(y) 8Cx;y 2 R : (4.18)

Then T is minimally suf�cient.

Proof. We begin by noticing that the theorem is not assuming thatT is even suf�cient and

therefore that needs to be proven. We are going to use theNeyman-Fischer factorization
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theoremto prove that and then proceed to the minimal suf�ciency.

Let us de�ne the range ofT asT(X) = f t : t = T(x)g for somex 2 X. For eacht 2 T(X),

consider the preimageAt = f x : T(x) = tg and select an arbitrary representativext from

eachAt . Then, for anyy 2 X we havey 2 AT(y) andxT(y) 2 AT(y). By the de�nition of At

this implies thatT(y) = T(xT(y)). The theorem therefore implies

p(y;q) = Cy;xT(y) p(xT(y);q) = h(y)gq (T(y)) ; (4.19)

giving us the suf�ciency ofT by the Neyman-Fischer factorization condition. Next we see

that for any suf�cient statisticT0, by the factorization condition we have

p(x;q) = h̃(x)g̃q (T0(x)) : (4.20)

SupposeT0(x) = T0(y) for anyx;y 2 X. Then, multiplying and dividing bỹh(y) gives

p(x;q) = h̃(y)g̃q (T0(y))
h̃(x)
h̃(y)

= p(y;q)Cx;y : (4.21)

By the assumption of the theorem, this meansT(x) = T(y) and therefore

T0(x) = T0(y) =) T(x) = T(y) 8x;y 2 X ; (4.22)

for any suf�cient statisticT0. This meansT is minimally suf�cient.

Having the theoretical tools we have thus far, we should construct a likelihood function

which can be proven to be minimally suf�cient. To do so we must ensure the suf�ciency

using a set of equivalence classes. Next, we must use theorem 4.9 to make sure the com-

putation would be optimal. It is of signi�cance that we work with an optimal statistic as

the task at hand is computationally intensive i.e.O(M! ) for the original permutation glass
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andO(M2) for the orbit-reduced version. Even though the improvement is signi�cant,M2

is still computationally intensive and we have to make sure that nothing better is available

before we proceed.

4.6.3 Orbit-reduced Ising likelihood function

The results thus far would facilitate the construction a minimal suf�cient statistic i.e

the orbit-reduced likelihood function. We use lemma 4.2 to establish the suf�ciency with

respect to the H ˜ajek de�nition, i.e., de�nitions 4.6 and 4.8, to actually base the construction

on a quotient space rather than the entire permutation set. This gives us suf�ciency as a

property of the construction. For minimal suf�ciency, the relationship between an orbit-

reduced and permutation likelihood would need to be that of proportionality as in theorem

4.9. With these two tasks accomplished, we would then make an information theoretic

connection to approach the likelihood function as a relationship between the steady-state

distribution and an arbitrary one. The procedure is as follows.

Theorem 4.10.Let M be the index set of stochastic snapshots of a fully-connected asym-

metric Ising model with its cardinalityjMj. The parameters of the model are the cou-

pling matrix JJJ and �eldsqqq. Let the Glauber transition Matrix be PPP with snapshot labels

i; j 2 f 1;2; � � � ; jMjg indexing the transition probabilities pi j . Then the log-likelihood func-

tion:

L (M;JJJ;qqq) =
1

jMj
log

 
1

jMj

jMj

Õ
j= 1

pc j

!

; (4.23)

where pc j is the set of sequential transition probabilities de�ned in the sense of corollary

4.1, is a minimal suf�cient statistic.

Proof. 1. L is suf�cient:
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By the de�nition of pi j as per corollary 4.1 is a statistic de�ned by equivalence

classes of the permutation group as the sequence of microstatesxi8i 2 f 1;2; � � � ; jMjg

is Õ
jMj
r= 1cr wherecr = ( x1;x1+ r ;x1+ 2r ; � � �). These are all the disjoint cycles of a the

permutation group of orderjMj. From a geometric standpoint, these are thejMj2

elements of the rotational conjugacy classes. Therefore, by de�nition 4.8L is suf�-

cient.

2. L is minimally suf�cient:

Let P be the probability distribution associated withL and de�neP 0 the distribu-

tion for another suf�cient likelihood functionL 0. By de�nition,

P = Õ
i2NF

pi(cNF 2 c j ) � Õ
i2F

pi(cF 2 c j ) 8cNF
[

cF =
[

j

c j ; (4.24)

where we distribute the probabilities within the conjugacy classes into two categories.

The probabilities that correspond to a spin �ip(F) and the ones that correspond to

no �ipping(NF) of a spin, leaving two labels with the same snapshot. Also,L 0 is

suf�cient. Therefore it has to contain all the transition probabilities corresponding to
S

j c j . SoL 0can contain more terms thanL but not less. So we have

P 0= Õ
i2NF

p0
i(cNF 2 c0

j ) � Õ
i2F

p0
i(cF 2 c0

j ) 8cNF
[

cF =
[

j

c0
j ; (4.25)

where

[

j

c j �
[

j

c0
j : (4.26)
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From Eq.(4.24), Eq.(4.25) and Eq.(4.26) we get

P 0(J;qJ;qJ;q) = a (J;qJ;qJ;q)P (J;qJ;qJ;q) ; (4.27)

wherea (J;qJ;qJ;q) contains all the terms that are inP 0 but not inP . If we can prove

thata is not a function ofJ;qJ;qJ;q for a particular steady-state distribution, then we have

L 0 as a minimal suf�cient statistic. But this is true as bothP andP 0 are gener-

ated by the same steady state distribution. This is because the same nonequilibrium

steady-state would generate the same proportion of frequencies for two suf�ciently

large time intervals and therefore lead to the same relative frequencies of microstates.

Therefore,

P 0(J;qJ;qJ;q) = a (c;c0)P (J;qJ;qJ;q) ; (4.28)

wherea (c;c0) indicates the dependence ofa on the relative sizes of the two distri-

butions. Note that 0< a (c;c0) < 1 as the proportionality constant itself is product of

Glauber transition probabilities. From theorem 4.9 we haveL = L 0.

Now that we have derived our likelihood function and proved that it is minimally suf-

�cient, we apply it to compute the coupling matrix for a set of time-disordered snapshots

of a neural network. We use the fact thatL 0 is de�ned on a quotient space to use parallel

computing and accelerate our convergence.

4.7 Inference using the orbit-reduced likelihood function

The computation onN2 glauber terms with an exponential in the numerator and hy-

perbolic cosine in the denominator is intensive. We propose an ef�cient algorithm for the
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same using the fact that the conjugacy classes contain all orbits. This makes it possible to

compute element wise in parallel. The algorithm is as follows

Algorithm 2 Algorithm for MLE for a fully connected Ising model with time-disordered
data
Require: N;T 2 Z+ and g;a 2 R+ as hyperparameters
Ensure: N � g� T = Number of updates= j >> N

Jgt  [N (0;1)]N� N . This is the coupling matrix
qgt  [N (0;1)]T

N . These are the �eld(threshold) values at individual nodes.
Data generated Glauber MCMC
for i 2 f 1;2� � � ; jg calculatep( j �! i) for eachi in parallel

CalculateL =
1
j
å j

i= 1
1
j
log(p( j �! i))

Jest = [ 0]N+ 1� N . Initialize the �elds an couplings as one matrix
while not convergeddo
oldllk=L

oldllk
J;qJ;qJ;q
��! L (BFGS optimization step)

converged=(L � oldllk) � 10� 4

end while
output Jest

The addition of different orbit probabilities in parallel makes the calculation of the

likelihood function ef�cient. The optimization with respect to the couplingsJJJ and �eldsqqq

is done using the Broyden–Fletcher–Goldfarb–Shanno algorithm available as a part of the

optimize routine in the package SciPy. We now present the results.

4.7.1 Numerical results

The �rst calculation is that of a neural network of sizeN = 10. The number of available

snapshots is 107 and the the reconstruction errora = 0:65738. The plot ofJgt i.e. the

ground truth coupling matrix vs. the estimated valuesJest is shown in Fig.(4.10).

Next we investigate the dependence of the reconstruction errora on the number of

available snapshots ,i.e., the size of available data. This is signi�cant as it gives an estimate

of the length of data required for a desired accuracy level. It is natural that the amount of
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Figure 4.10: A plot of the estimated coupling matrix,Jest (y-axis) vs. the ground truth matrixJgt.
TheBFGSalgorithm gave an estimated value of 0:65738 for 10 million snapshots.

data required for this algorithm is large as compared to time-series computations as each

permutation contained in a permutation glass is a combinatorial bijection of a time-series

data of the same size. This means the we are computing over a minimum number of such

bijections through a minimal suf�cient statistic.

4.8 Discussion

We began with the Kolmogorov and H ˜ajek de�nitions of suf�ciency and to explain the

development of the latter, discussed the concept of equivalence classes. The permutation

group was used as an example and the result on the commutativity of disjoint cycles was

stated and proved. For a geometric perspective, the dihedral group and its conjugacy classes

were discussed. The quotient spaceX=G denoting a partition ofX was used the construct
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Figure 4.11: A plot of the reconstruction errora vs. the number of stochastic snapshots. The
amount of data required for the orbit-reduced likelihood is larger as compared to a MLE for time-
series computation.

the proof of lemma 4.2. Having developed the tools required, we proved that a likelihood

constructed on the quotient space is minimal suf�cient(Theorem 4.10). Finally, a parallel

algorithm was used to calculate the likelihood function and the results were presented.
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Chapter 5: The Gromov–Wasserstein distance between networks

5.1 Introduction

The idea of distance between two entities is central to our understanding of the differ-

ence between them. In a physical setting like classical mechanics, the displacement of an

object is a measure of difference between the initial and �nal coordinates of its center of

mass. In an abstract setting, for instance two strings or character sequences of equal length,

the Hamming distance is the number of points where those two entities differ. For exam-

ple, the Hamming distance betweenVarenyaandVaarushis 5. In statistics, the entities

between which distances are sought are probability distributions. The most common of

these distance measures is the relative entropy or Kullback–Leibler divergence [32] from a

probability distributionQ to anotherP, which is

D(PjjQ) = å
x2X

P(x) log
�

P(x)
Q(x)

�
;

for x 2 X whereX is a probability space. For networks, the above notions of distance do

not suf�ce as the de�nition of what could constitute the distance between two networks is

not apparent given that one cannot endow a network with a natural distance like displace-

ment or an abstract one like the KL-divergence. Moreover, biological network dynamics

includes growth and shrinkage as a functional feature during signi�cant processes like can-

cer, morphogenesis and ageing. This puts an additional requirement on the metric to be
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de�ned between two networks of different sizes, leading to steady state distributions of

different dimensions. Optimal driving between nonequilibrium steady state has seen ex-

tensive developments over the last two decades but they have been mainly concentrated on

probability distributions with the same support [80, 101, 138]. We follow [116] to write

an essential theoretical framework for biological network dynamics. This would add to the

existing network growth models [92, 129] while being grounded in the order parameters

of the fully connected asymmetric Ising model [83, 90]. The connection between ther-

modynamics and optimal transport is well described in literature [6, 11, 36, 66, 88] and

computational works also exist for the same [74]. Our approach contrasts these in terms of

a property of measurable functions known as narrow convergence [4] which is an outcome

of the topology induced by the Wasserstein metric. Since biological networks grow and

shrink, therefore narrow convergence is not available for any metric which is to be de�ned.

This is the reason a new kind of metric, i.e., the Gromov-Wasserstein metric [82] is chosen

for such networks.

5.2 Basic concepts

In this section, the construction of a metric between two networks is described. Begin-

ning with some basic de�nitions, the concepts of Hausdorff distance, isometric embedding

and Wasserstein distance are explained with examples. A combination of these leads to the

Gromov-Hausdorff distance. Finally, metric measure spaces are introduced to accommo-

date the notion of coupling measures along with a metric. This leads to the de�nition of

the Gromov-Wasserstein distance.
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5.2.1 Metric Spaces and isometric embedding

De�nition 5.1 (Metric Space). A metric space(X;dX) consists of a set of pointsX and a

distance functiondX : X � X �! R+ which satis�es the following properties

1. For everyx;y 2 X, dX(x;y) � 0.

2. For everyx 2 X, dX(x;x) = 0.

3. For everyx;y 2 X such thatx 6= y, dX(x;y) > 0.

4. For everyx;y 2 X, dX(x;y) = dX(y;x).

5. The triangle inequality: For everyx;y;z2 X, dX(x;y)+ dX(y;z) � dX(x;z)

The above de�nition sometimes is relaxed with respect to condition 3, i.e., two distinct

points inX are allowed to havedX = 0. In such cases, the set X is said be endowed with a

pseudometricor asemimetric.

De�nition 5.2 (Embedding). Given two metric spaces(X;dX) and(Y;dY), a mapf : X �!

Y is called an embedding.

De�nition 5.3 (Isometric embedding). An embedding is called distance-preserving oriso-

metric if for all x;x02 X, dX(x;x0) = dY(f (x); f (x0))

Let B (X) be the Borels � algebra ofX. Given two metric spaces(X;dX) and(Y;dy)

with measuresmX and mY respectively. Now consider the product spaceX � Y with the

product measuremX 
 mY. This product measure is de�ned on(X � Y;B (X) � B (Y)) .

In particular for subsetsA;B 2 (X � Y) that generate thes � algebra, we have a product

measure de�ned asmX 
 mY(A� B) = mX(A)mY(B); 8A2 B (X); B2 B (Y). Any network

as de�ned in this work has three underlying components.
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1. The space of nodes, denoted byX.

2. A set of interactions between each pair of nodes. This is represented through the

adjacency matrix of the network and we represent it aswX.

3. A set of probability measures assigned to each node, denoted by the setm.

This gives us a descriptor(X;w;m) for a network. To further characterize a network as

de�ned above, we need to establish properties of this triplet.

5.2.2 Polish spaces

De�nition 5.4 (Cauchy Space). A sequencex1;x2;x3 � � � 2 (X;d) is Cauchy if for8e 2 R+

9N 2 Z+ such that8m;n 2 Z+ andm;n > N, the distanced(xm;xn) < e.

What is implied by the above de�nition is that the terms of the sequence get close to each

other in such a way that they seem to approach a limit. When such a limit exists insideX

for every Cauchy sequence belonging to X, it makesX aCauchy space.

De�nition 5.5 (Separable metric space). A topological space is de�ned as set of points

which have sense of closeness de�ned among them but not a concrete notion of distance

to measure it. One way to measure closeness of two set of points is through the notion

of neighborhoods. A topological space which contains a countable dense subset is called

separable. This means that there exists a sequencef xg¥
n= 1 consisting of all elements of the

space such that every nonempty open subset of the space contains at least one element of

f xg¥
n= 1.

This means that all �nite spaces or separable. The space of nodesX de�ned earlier will be

a countable dense subset of itself and hence separable.

De�nition 5.6 (Completely metrizable space). A spaceX is completely metrizable if there

exists at least oned such that(X;d) is Cauchy. The topologyT induced byd then de�nes
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the topological space(X;T). i.e., the separation of points is now de�ned by the metricd

and the space is Cauchy.

De�nition 5.7 (Homeomorphism). Consider two topological spacesX andY. A mapping

f : X �! Y is a Homeomorphism if

1. f is bijective.

2. f is continuous.

3. f � 1 is continuous.

If such a mappingf exists, thenX andY are homeomorphic to each other. It is straightfor-

ward that this is an equivalence relation.

De�nition 5.8 (Polish spaces and Measure networks). A Polish spaceXp is a completely

metrizable space that is separable. This means thatXp is homeomorphic to a complete

metric space (Cauchy) that has a countable dense subset.

In our de�nition of network space(X;w;m), the spaceX is a Polish space. The metric

w induces a topology onX. At this point, it is visible that any choice ofw that maintains

the de�nition ofX being a Polish space is acceptable. This means that we can move beyond

adjacency or interaction matrices and tackle any kind of measured class ofw. This is useful

in situations where a direct measurement of coupling matrices is not available and we have

to depend on other measures of nodal distances. Most of biological data belongs to this

category. It is understood that the nodal measuremwould From hereon we refer toX;w;m

as ameasure network.

5.2.3 The notion ofClosenessbetween two measure networks

One of the prerequisites of the above de�nition of measure networks, the goal of which

is to de�ne a distance between two such triplets is to de�ne which networks are considered
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as the same. This leads to two cases.

1. A measure network is invariant under relabeling.

2. If there is a node that splits into multiple nodes such that the incoming and outgoing

nodal distances remain the same, then the resulting network is the same as the original

one.

The above conditions are formalised through the notion of isomorphisms. This is done

through pushforward and pullback measures.

5.2.4 Pushforward or image measure and the change of variables formula

De�nition 5.9 (Pushforward measure). Given the measure space(X;mX) and Y and a

Borel-measurable maph : X �! Y. The pushforward ofmX is de�ned ash� mX(A ) =

mX(h� 1(A )) whereA is the Borels � algebra on(X;mX). The construction essentially is

that of a Borel measure onY given the sigma algebraA and measuremX de�ned onX.

This proceeds through the preimage of a subsetC 2 C generated by the inverse maph� 1.

A schematic of the process is shown in Fig.(5.1).

De�nition 5.10 (Pullback metric). Suppose that you have two spacesX andY,a metricd

onY, and a functionh : X �! Y. The pullback metric is the following metric onX

h� d(x(1);x(2)) = d(h(x(1));h(x(2))) ; x(1);x(2) 2 X : (5.1)

Thus, we de�ne a metric onX by mapping points over toY and taking the distance there.

It can be seen that the process of constructing a pullback metric somewhat mirrors the

construction of the pushforward measure. In the latter, we construct a measure onY using

the preimage of a subset ofY on X throughh� 1. We go from a subset onX to a subset on
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[t]

Figure 5.1: A schematic representation of the pushforward measure between two measure spaces.
The two polish spaces X and Y have sigma algebrasA andC respectively. The bijective map
h : X �! Y has the inverse mapping fromY to X on a subsetC of Y denoted byh� 1(C). The
pushforward measure is the method to construct a measure onY through the measure already de�ned
on X. This is done through the preimage of the subsetC 2 Y i.e. h� 1(C) and measuring it withm.
The notationh� mis preferred as it establishes the signi�cance ofh in the de�nition.
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Y and hencepush forwarda measure.

In the case of a pullback, we are given the images onY throughh : X �! Y and wepull

back the metric onX through the inverse function, with the �nal result being a metric.

Notice, that we did not begin with any knowledge of the metric onX.

5.2.5 Network Isomorphisms

With pushforwards and pullbacks de�ned, we are in a position to create a notion of

closenessbetween networks. To that end, letN be the space of metric measure spaces i.e.

measure networks.

De�nition 5.11 (Strong Isomorphism). Given(X;wX;mX), (Y;wY;mY) 2 N and a Borel-

measurable bijectionj : X �! Y, with j � 1 denoting the inverse map. LetwX(x;x0) de-

note the distance between the nodesx andx0 with f x;x0g 2 X. The two network spaces

(X;wX;mX) and(Y;wY;mY) are strongly isomorphic if

1. wX(x;x0)= wY(j (x); j (x0)) 8x;x02 X.

2. j � mX = mY.

The strong isomorphism is denoted asX �= Y.

From the viewpoint of practical applications, strong isomorphisms would be rare as the

de�nition is strong and borders on equality. For a measure of similarity between network

spaces, a weaker set of conditions could suf�ce. The parallel here is from the zeroth law

of thermodynamics which states that if two thermodynamic systems are each in thermal

equilibrium with a third system, then they are in thermal equilibrium with each other. Ac-

cordingly, thermal equilibrium between systems is a transitive relation. In case of metric

measure spaces, we aim for sustaining a ”transitive” de�nition of isomorphism given a third
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measure space(Z;mZ). The de�nition cannot be exact like the zeroth law as isomorphism

needs a pushforward and pullback.

De�nition 5.12 (Weak Isomorphism). The two network spaces(X;wX;mX) and(Y;wY;mY)

areweaklyisomorphic if9(Z;mZ) along with f : Z �! X andg : Z �! Y such that.

1. f� mZ = mX, g� mZ = mY .

2. jj f � wX � g� wYjj¥ = 0 .

Here, f � wX is the pullback weight of from the map(z;z0) 7! wX( f (z); f (z0)) andg� wY is

from (z;z0) 7! wY(g(z);g(z0)) with the notations running parallel to the De�nition 5.10.

The pullbacks mentioned have to be measurable. For this lets consider the following.

Theorem 5.1(Measurable Pullbacks). The pullbacks de�ned in de�nition 5.12 are mea-

surable.

Proof. A measuremz on the metric measure spacez is a linear functional from a vector

space of functionsF (Z) onZ. This gives

mZ : F (Z) �! R; j 7! hmZ; j i :=
Z

Z
j (z)mZ(dz) :

We can view the space of measuresM(Z) onZ as dual toF (Z). The dual operation on this

space of measures is the pushforward. Thus iff : Z �! X is a map then we get two linear

maps

f � : F (X) �! F (Z); f� : M(Z) �! M(X)

related as follows,

hmZ; f � j i = hf� mZ; j i ; 8j 2 F (X);mZ 2 M(Z)
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This program is analogous for the network spaceY.

The pullbackf � acts on spaces of functions via the equalityf � j = j � f . It is the dual

of the pushforwardf� in the sense of duality of locally convex topological spaces.

We can illustrate this through the example networks in Fig.(5.2). Three networksX;Y

andZ with different weight matrices and probability vectors are weakly isomorphic to each

other, generating pushforwards and measurable pullbacks. In this particular example, the

networkZ maps surjectively ontoX andY. For X, let the mapf : Z �! X induce the

pushforwardmX and analogouslyg : Z �! Y would inducemY for Y. The surjection maps

both I andJ to C. The pullbacksf� wX andg� wY both generatewZ as dual maps to their

respective pushforwardswX andwY.

Figure 5.2: The networkZ maps surjectively onX andY. ConsideringX andZ, the surjection maps
I andJ both toC as the incoming and outgoing edges as well as self-edges are the same for all three
while G andH are the same asA andB. The pullbacks i.e.ws can be mapped toZ according to
Theorem 5.1.
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5.2.6 Isomosrphisms in context of real network data

Consider the network space(X;wX;mX). Two nodesf x;x0g 2 X, are said to bee similar

if for e > 0,

kwX(x; :) � wX(x0; :)k¥ < e; kwX(:;x) � wX(:;x0)k¥ < e

The rationale of thee inequalities lies in the internal and externalperceptionsof x and

x0. If wX(x;x0) = wX(x0;x) = wX(x;x) = wX(x0;x0), then the nodesx andx0have the same

internal perceptions. To have the same external perceptions, all the incoming and outgoing

edges need to be the same for bothx andx0. Thee inequalities accommodate a reasonable

relaxation to the same in context of real-world data which is subject to instrumentation

(calibration) as well as measurement errors.

Given ak � k weight matrixMk 2 Rk� k and k � 1 vectorm such thatå k
i= 1 mM = 1,

a network withk nodes denoted by(Mk;mM) is obtained. Another network(Nj ;nN) �= s

(Mk;mM) if and only if j = k and9 P, a permutation matrix such thatNj = PMKPT , and

PmM = nN.

5.3 Measure couplings

In this section we formalize the notion of measure couplings on metric measure spaces.

More speci�cally, we de�ne what are known astransport plansbetween network spaces in

context of optimal transport. We follow the construction in [116] and extend through the

previous sections.

De�nition 5.13 (Measure coupling). Given two network spaces(X;wX;mX) and(Y;wY;mY),

any probability measuremon the product spaceX � Y (equipped with the product topology
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and products � �eld) satisfying

(pX)� m= mX; (pY)� m= mY ; (5.2)

is called a coupling of measuresmX andmY. The network measure vectorsmX andmY will

be the marginals of the coupling (transport plan)m. HerepX andpY are projections from

X � Y to X andY respectively.

The pushforwards in Eq.(5.2) are de�ned on the Borels � algebras of both the net-

works. This makes it possible to write them as

m(AX � Y) = mX(AX) 8AX 2 B (X) : (5.3)

m(AY � X) = mY(AY) 8Ay 2 B (Y) : (5.4)

The collections of all couplings between(X;wX;mX) and(Y;wY;mY) will be denoted as

C(mX;mY). The setC(mX;mY) is nonempty as because it always contains theproduct

coupling m= mX 
 mY, which is unique as

m(AX � AY) = mX(AX):mY(AY); 8AX 2 B (X); AY 2 B (Y) : (5.5)

If one of the probabilities is a Dirac measure, thenm= mX 
 mY is the only coupling, i.e.,

C(dxo;mY) = f dxo 
 mYg

Lemma 5.1. Given(mX andmY), the set of all couplingsC(mX;mY) is a nonempty compact

subset ofP (X � Y), the set of all probability measures on X� Y equipped with the weak

topology.

Proof. As the projection mapspX andpY in Eq.(5.13) are continuous andC(mX;mY) is a

closed subset ofP (X � Y), the result is an application of Prokhorov's theorem (Theorem
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5.3).

For every mapf : X �! Y with f� mX = mY a coupling ofmX andmY can be written as

m= ( Id; f )� mX :

If mX = mY asX = Y, then for the choicef = Id, we get the diagonal coupling

dm(x;y) = ddx(y)dmX(x) :

In general, for(Z;wZ;mZ) and measurable mapsg : Z �! X andh : Z �! Y with g� m= mX

andh� m= mY. A coupling ofmX andmY is given by

m(x;y) = ( g;u)� m :

One can now look at the concept of coupling from the perspective of correspondence

between two measure spaces. The support for the couplings between two metric-measure

space will be a subset ofX � Y for the network spaces(X;wX;mX) and(Y;wY;mY).

Couplings as Markov Kernels

Couplings as de�ned above refer to a joint probability distribution ofmX andmY so as

to admit a disintegration through a Markov kernel. This is achieved as follows.

The metric measure spaces(X;wX;mX) and(Y;wY;mY) have their respective Borel prob-

ability measuresmX andmY. The couplingdm(x;y) is admitted as a map fromX � Y to

S .

dm(x;y) = dmx(y)dmX(x) :
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Figure 5.3: The coupling has the correspondence between(X;wX;mX) and(Y;wY;mY) as its un-
derlying structure. The couplings are an optimal quantitative representation of a correspondence
setS 2 X � Y which is the support set of the optimal couplings between the two metric measure
spaces.

This is how couplings are de�ned as measures onX � Y. This disintegrationof probabil-

ity measures is the basis ofsoft-couplingas it replacese� isometries, i.e.,f : X �! Y,

between the two metric-measure spaces(X;wX;mX) and(Y;wY;mY). The kernel facilitates

the mapping ofmX 2 X to mx(y) 2 Y instead of the mapf : X �! Y mapping points directly

from X to Y. This new disintegration of a measure onX into one on Y depending on the

coordinates mapped providesprobability mapsirrespective of the codimensionality ofX

andY in N , i.e., the space of all networks. This is the measure map which we refer to as

a soft-coupling. Further development of this concept is required as two issues need to be

addressed.

1. A series of couplings need to form a connected map so that multiple spaces could be

soft-coupled.

2. An optimal coupling set has to exist and to de�ne such a set, a metric optimal condi-

125



tion needs to be de�ned between any two metric measure spaces.

We begin these tasks by stating the gluing lemma for couplings.

Theorem 5.2(Gluing lemma). Let X1;X2; � � � Xk be polish spaces andm1;m2; � � � mk be re-

spective probability measures on thes � �elds. Then for every choice of couplingsm2

C(mi� 1;mi); 8i 2 f 1;2;3; � � � kg; 9! m2 P (X1;X2; � � � Xk) such that

(pi� 1;pi)� m= mi ; 8i 2 f 1;2;3; � � � kg :

mis de�ned as the gluing of the couplingsm1;m2; � � � mk and is denoted as

m= m1 � m2 � � � � mk :

In particular mhas marginalsm1;m2; � � � mk, i.e.,(pi)� m= mi ; 8i 2 f 1;2;3; � � � kg .

Proof. The result fork = 2 [124] is presented �rst. The basic idea fork > 2 is to form a

sequence of probability measures using the Markov kernel. Central to this scheme is the

idea ofdisintegration of measure. If p is a probability measure onX � Y with marginalmX

onX, then there exists a measurable applicationx 7! px;8x 2 X from X to P (Y), uniquely

determineddm(X) almost everywhere, such that

p =
Z

X
(dx 
 px)dm(x) :

This means that a probability mapping fromX to Y throughu 2 (C)(X � Y)

Z

X� Y
u(x;y)dp(x;y) =

Z

X

� Z

Y
u(x;y)dpx(y)

�
dm(x) ;
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or for any measurable setA � X � Y

p[A] =
Z

X
px[Ax]dm(x) ;

where

Ax = f y 2 Y : (x;y) 2 Ag :

Next we go to three Polish spaces to take the �rst gluing step. Consider a third spaceZ and

de�ne probability maps/transport plansp(x;y) 2 C(X � Y) andp(y;z) 2 C(Y � Z). The

common marginal here ismY so it will be used to disintegrate both probability maps. This

occurs through measurable applicationspxy:y : Y 7! P (Y) andpyz:z : Y 7! P (Z) such that

pxy =
Z

Y
pxy:y 
 dydmY(y) ;

and

pyz =
Z

Y
dy 
 pyz:zdmY(y) :

Finally, the three space glued coupling is formed as

p(X � Y � Z) =
Z

Y
pxy:y 
 dy 
 pyz:zdmY(y) :

5.3.1 Distortion of a coupling

We again work with(X;wX;mX) and(Y;wY;mY) as two metric-measure networks. Let

m2 C(mX;mY) and consider a probability space(X � Y)2 equipped with the product mea-
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surem
 m. Thep� distortion function is de�ned as

disp(m) =
� Z

X� Y

Z

X� Y
jwX(x;x0) � wY(y;y0)jpdm(x;y)dm(x0;y0)

� 1
p

;

in the sense ofl p� spaces. In the present work we would be concerned mainly with the

casep = 2. The distortion is a metric de�ned on the space of spaces and its optimization

would lead to the optimal coupling set. We now state that theory. First, we need tightness

of probability measures within the network spaces. For that we need the following result

Theorem 5.3(Prokhorov's Theorem). Let X be a Polish space. Then P� P (X) is tight,

if and only if its closure is compact inP (X).

Proof. We �rst prove the backward argument.( ( = ) :

Claim: If U1;U2; � � � are open sets inX that coverX and if e > 0 then there exists ak � 1

such that

m

 
k[

i= 1

Ui

!

> 1� e; 8m2 P :

To prove by contradiction, suppose that for everyk > 1 there is amk 2 P with mk

�
kS

i= 1
Ui

�
�

1 � e. As Pc is compact, there is am2 Pc and a subsequencemk j =) m. For anyn �

1;
kS

i= 1
Ui is open. Hence

m

 
n[

i= 1

Ui

!

� lim
j ! ¥

inf mk j

 
n[

i= 1

Ui

!

� lim
j ! ¥

inf mk j

0

@
k j[

i= 1

Ui

1

A � 1� e :

But
¥S

i= 1
Ui = X, som(

nS

i= 1
Ui) ! m(X) = 1 asn ! ¥ . This a contradiction, proving the claim.

As the next step we start withe > 0 and takeD = f a1;a2; � � �g to be dense inX. For every

m � 1, the open ballsB
�
ai ; 1

m

�
; i = f 1;2; � � �g coverX. So by the claim we just proved,
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there is akm such that

m

 
km[

i= 1

B
�

ai ;
1
m

� !

< 1� e2� m; 8m2 P :

now we de�ne

K :=
¥\

m= 1

km[

i= 1

B̄
�

ai ;
1
m

�
:

To makeK totally bounded we observe that it is closed and then see that for eachd > 0 we

can takem> 1
d andK �

kmS

i= 1
B̄(ai ;d). This makesK compact asX is complete. Now, for

everym2 P

m(X nK) = m

 
¥\

m= 1

"
km[

i= 1

B̄
�

ai ;
1
m

� #c!

�
¥

å
m= 1

m

 "
km[

i= 1

B̄
�

ai ;
1
m

� #c!

=
¥

å
m= 1

 

1� m

 
km[

i= 1

B̄
�

ai ;
1
m

� !!

<
¥

å
m= 1

e2� m = e

HenceP is tight.

The forward proof is much more delicate and has prerequisites. Namely,

1. Compacti�cation of metric spaces.

2. Riesz representation theorem.

First, we look at compacti�cation. To that end, lets rephrase the forward proof slightly.X

is a compact metric space and therefore every set of Borel probability measures on it is

tight and thereforeP (X) is tight. Thus the forward result implies thatP (X) is compact

wheneverX is compact. This would be our proof. As we stated earlier, there are some

prerequisites for the proof and we now gather them.

Proposition 1. If (X;d) is a metric space, then(P ;dP) is a compact metric space.
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Proof. Let us denote the set of continuous and bounded functions onX as

Cb(X) := f f : X �! R : f is continuous and boundedg

This implies that eachf 2 Cb(X) is integrable with respect to any �nite Borel measure on

X. Also, sinceX is compact, therefore

Cb(X) = C(X) = f f : X �! R : f is continuousg :

This means thatC(X) is a Banach space under the supremum norm de�ned by

jj f jj¥ = sup
x2X

j f (x)j :

We denote byC(X)0the dual Banach space ofC(X) and consider

F := f f 2 C(X) : jj f jj� 1; f (1) = 1; f ( f ) � 0;8 f 2 C(X); with f � 0g ;

with m2 P (X) de�ne f m( f ) :=
R

f dm;with f 2 C(X). Now, T : m! f m is a bijection

from P (X) onto F . Moreover,T is a sequential homeomorphism relative to the weak�

topology onF . This follows straightforwardly from the Riesz representation theorem. At

this point we invoke Alaoglu's theorem which reads as follows

Theorem 5.4(Banach–Alaoglu). For a topological vector space X with continous dual

space X0, the polar set

U0 = f x02 X0: sup
x2U

jx0(x)j� 1g

of any neighborhood U of origin in X is compact in weak� topologys (X0;X) on X0. More-
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over, U0 is the polar of U with respect to the canonical systemhX;X#i and it is also a

compact subset of(X#;s (X#;X)) .

A specialized version of this would be, IfX is a normed space then the closed unit ball

in the continuous dual spaceX0 (endowed with its usual operator norm) is compact with

respect to the weak� topology. We omit the proof but use the specialized version for our

mapF . Banach–Alaoglu theorem implies thatB0de�ned as

B0= f f 2 C(X)0: jj f jj� 1g ;

is weak� compact and therefore so isF since it is weak� closed inB0. This proves the

proposition by leading to the fact thatP (X) is compact sinceF is sequentially compact.

It is to be noted that the converse is also true.

We now take the next step in the compacti�cation of a probability space by proving the

existence of a homeomorphic map as follows.

Lemma 5.2. If (X;d) is a separable metric space then there exists a compact metric space

(Y;d) and a map T: X �! Y such that T is a homeomorphism from X onto T(X).

Proof. To begin the argument, we need to de�neY andT as follows. LetY := [ 0;1]N =

f (xi)¥
i= 1 : xi 2 [0;1]8ig and

d(x ;h ) :=
¥

å
i= 1

2� i jxi � hi j; x ;h 2 Y :

This makesd a metric onY with its topology being the topology of coordinate-wise con-

vergence and(Y;d) is compact. LetD = f a1;a2; � � �g be dense inX and de�ne

a i(x) := minf d(x;ai);1g; x 2 X; i = 1;2� � �
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Then for eachk, aK : X ! [0;1] is continuous. Forx 2 X de�ne

T(x) := ( a i(x))¥
i= 1 2 Y :

Claim: for anyC � X closed andx =2 C there existse > 0 andi such that

a i(x) �
e
3

; a i(y) �
2e
3

; 8y 2 C :

To prove the claim, takee := mind(x;C);1 2 (0;1]. Takei such thatd(ai ;x) < e
3, then

a i(x) � e
3 and fory 2 C we have

a i(y) = minf d(y;ai);1g � minf (d(y;x) � d(x;ai)) ;1g � minf (d(x;C) �
e
3

);1g

� minf
2e
3

;1g =
2e
3

This proves thatT is injective as ifx 6= y, then9 an i such thata i(x) 6= a i(y). The way

we de�nedT : X �! T(X), it is surjective, so it is a bijection. For proving the lemma, we

need to show sequential convergence, i.e. ,

xn �! x () T(xn) �! T(x)

To that end, ifxn �! x thena i(xn) �! a i(x);8i and therefored(T(xn);T(x)) ! 0; asn !

¥ .

We now complete the proof of Prokhorov's theorem.

Theorem 5.5(Forward direction for Prokhorov's Theorem). If (X;d) is a separable metric

space andG2 P (X) is tight, thenḠis compact.

Proof. We �rst observe that bothGandḠare tight inX. Now, lete > 0 andK be a compact
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subset ofX such thatm(K) � 1� e;8m2 G. Then for everym2 Ḡ, there is a sequence(mn)n

in Gthat converges tomgiving

m(K) � limsup
n! ¥

mn(K) � 1� e

Next, let(mn)n be a sequence in̄Gand we aim to show that(mn)n has a convergent subse-

quence. Repeating our earlier construction for homeomorphic maps, let(Y;d) be a compact

metric space and a mapT : X �! Y such thatT is a homeomorphism fromX ontoT(X).

For,B 2 B (Y);T � 1(B ) is Borel inX. De�ne, nn(B) := mn(T � 1B) , B2 B ; 8n2 N. Then

n 2 P (Y) 8n. AsY andP (X) are compact metric spaces, there is sn such that there is a

compact subsequencennk ! n in P (Y). We need to construct a map to bringn back toX.

To be exact, a translation ofn on a measure onX. For this, setY0 = T(X).

Claim: There exists a setE 2 B (Y) such thatE � Y0 andn(E) = 1. This means thatn

is concentrated onY0.

Proof. Let n0(A) := n(A\ E); A 2 B (Y0). Why this works is becauseA 2 B (Y0) =)

A\ E 2 B (E) =) A\ E 2 B (Y) asE is a Borel subset ofY. Also, n0 is a �nite Borel

measure onY0 andn(E) = n0(E) = 1. This provides us with the measure translation

m(A) = n0(T(A)) = n0((T � 1)� 1(A)) ; A 2 B (X)

This givesm2 P (X) and now we have to show thatmnk ! min P (X). Let C be closed

in X. ThenT(C) is closed inT(X) = Y0 and need not be closed inY. This means9Z 2 Y

closed withZ\ Y0 = T(C). This meansC = f x 2 X : T(x) = T(C)g= f x 2 X : T(x) 2 Zg=
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T � 1(Z), because there are no points inT(C) outsideY0, andZ \ E = T(C) \ E. This gives

lim sup
k! ¥

mnk(C) = lim sup
k! ¥

nnk(Z) � n(Z) = n(Z [ E)+ n(Z [ Ec)

= n(T(C) \ E)+ 0 = n0(T(C)) = m(C) ;

and consequentlymnk ! m. Finally, to prove the claim we use tightness ofḠ. For each

m� 1 takeKm compact inX such thatm(Km) � 1�
1
m

8m2 G. ThenT(Km) is a compact

subset ofY hence closed inY, so

n(T(Km)) � lim sup
k! ¥

nnk(T(Km)) � lim sup
k! ¥

mnk(Km) � 1�
1
m

:

Now we take
S ¥

m= 1Km. This givesE 2 B (Y) andn(E) � n(Km)8m. Son(E) = 1, proving

the claim.

This completes the proof of Prokhorov's theorem, hence paving the way for the com-

pactness of couplings in the space of network spaces. In the next chapter, we use this fact

to construct maps between to isomorphism classes and characterize the geodesics.

Lemma 5.3 (Compactness of couplings). Following the notation in previous sections,

C(mX � mY) is compact inP (X � Y).

Proof. This proof requires the following lemma.

Lemma 5.4. [123] Let X and Y be two Polish spaces. Let PX � P (X) and PY � P (Y)

be tight in their respective spaces. Then the setC(PX;PX) � P (X � Y) of couplings with

marginals PX and PY is tight inP (X � Y).

We omit the proof. Lemma 5.4 states that the couplings are tight and we have to prove

that they are compact. We have to apply Prokhorov's theorem (Theorem 5.3). Consider

the singletonsf mXg and f mYg. They are closed and compact inP (X) andP (Y). By
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theorem 5.3, they are tight. Now considerC(PX;PX) � P (X � Y). This set is obtained by

the intersecting the preimages of continuous projections onto the marginalsmX andmY and

therefore is closed. By lemma 5.4 it is tight. By applying theorem 5.3 again, it is compact.

Compactness of couplings is a crucial component of the proof of existence of optimal

couplings. Without compactness, the in�mum of the metric does not necessarily exist

which is a fact an optimal metric relies upon. In thermodynamics, the Wasserstein metric

induces the minimum entropy topology due to compactness of the measure couplings and

the same is required here in the absence of narrow convergence. The second necessary

component is of course the continuity of the distortion functional. We cannot guarantee

the existence of the metric at all points (network spaces) in space of (network)spaces if the

integral over the pseudomanifold is not continuous.

5.3.2 Continuity of the distortion functional

Lemma 5.5. [27][Continuity of the distortion functional] Let1 � p< ¥ , with (X;wX;mX),

(Y;wY;mY) 2 [N ]. The distortion functional disp is continuous onC(mX;mY). For p = ¥ ,

dis¥ is lower semicontinuous.

Proof. Uniform limit of continuous functions is continuous. The strategy is to make a se-

quence of continuous functions converge todisp, making it continuous. We are only con-

sidering Polish spaces with �nite measures and therefore as it is true forLp spaces, bounded

continuous functions are dense. We pick two such functions.wn
X = Lp

�
m
 2

X

�
andwn

Y =

Lp
�
m
 2

Y

�
such thatkwX � wn

XkLp(mX 
 mX) �
1
n

, and kwY � wn
YkLp(mY
 mY) �

1
n

. For each

n 2 N we de�ne the functionaldisn
p : C (mX;mY) ! R+ asdisn

p (n) = kwn
X � wn

YkLp(n
 n).

We also note that this function is bounded on the probability space. Next, the narrow topol-

ogy onP (X � Y) is induced by a distance and therefore it is enough to show sequential
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continuity to prove thatdisn
p is continuous. Letn 2 C (mX;mY) and let(nm)m2N be a se-

quence onC (mX;mY) converging narrowly ton. Thennm
 nm converges narrowly ton 
 n

[13, 110]. This gives

lim
m! ¥

disn
p (nm) = lim

m! ¥

� Z

X� Y

Z

X� Y
jwn

X � wn
Yjpdnm 
 dnm

� 1
p ; (5.6)

and with the bounded and continuous integrand gives

lim
m! ¥

disn
p (nm) =

� Z

X� Y

Z

X� Y
jwn

X � wn
Yjpdn 
 dn

� 1
p = disn

p(n); (5.7)

from the de�nition of narrow convergence. This gives sequential continuity and therefore

by the de�nition of narrow convergence, continuity ofdisn
p(n). Now, we have to show that

disn
p(n) is uniformly convergent. For that we start withm2 C (mX;mY) and




 disp (m) � disn

p (m)



 =

�
�
�kwX � wYkLp(v
 n) � kwn

X � wn
YkLp(n
 v)

�
�
� : (5.8)

From Minkowski inequality [12], we get

�
�
�
�kwX � wn

XkLp(mX 
 mX) � kwY � wn
YkLp(mY
 mY)

�
�
� �

2
n

: (5.9)

This shows that the distortion functional is the uniform limit of continuous functions and

is therefore uniformly continuous. The lower semicontinuity ofdisn
p follows from Jensen's

inequality as we are working in probability spaces.

Now that we have proven the continuity of the distortion functional over the network

space along with the compactness of measure couplings, the next step is use the gluing

lemma to prove the existence of optimal couplings.
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5.3.3 Existence of optimal couplings

First, we need a de�nition

De�nition 5.14 (optimal couplings). Let (X;wX;mX), (Y;wY;mY) 2 [N ] andp 2 [1;¥ ]. A

couplingm2 C (mX;mY) is optimal if disp(m) = inf
n2C(mX ;mY)

disp(n).

We now have the following theorem.

Theorem 5.6(Existence of optimalm2 C(mX;mY)). Let 1 � p < ¥ , with two measure

networks(X;wX;mX), (Y;wY;mY) 2 [N ]. Then there exists a minimizer of disp(:) in C(X �

Y) it is the optimal coupling.

Proof. The work for this proof has already been done. We invoke lemmas 5.5 and 5.3

and observe thatdisp(m) is lower semicontinous and compact. This implies that it has an

in�mum on C(mX;mY).

We can now de�ne the optimal metric from the in�mum we have just proven to exist.

5.4 Gromov-Wasserstein distance

De�nition 5.15 (Gromov-Wasserstein distance). [82, 116] The Gromov-Wasserstein dis-

tance between two networks(X;wX;mX), (Y;wY;mY) 2 [N ] is given as

dN p(X;Y) =
1
2

= inf
m2C(mX ;mY)

disp(m) (5.10)

We observe that this distance is bounded [27]. In addition, it is apseudometric[117].

Now that we have our main tool ready, it is time to test it through some simple example

computations.
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Figure 5.4: Plots of two normal distribution samples. The �rst distribution is two-dimensional and
the points are generated on a plane withN (0;1), while the second is three-dimensional and the
points are generated in a volume withN (4;1).

5.4.1 Computing Gromov-Wasserstein distance between two distributions

We illustrate the GW metric calculation through two gaussian distributions of different

sizes. This is the example for the optimal transport library for the Python language. Once

we have this example calculation correct, then we can extend the same to a network cal-

culation. The �rst task is plot the two distribution samples between which the GW metric

is to be calculated. A two and a three dimensional set of points sampled from two normal

distributions is shown in Fig.(5.4). The second plot shown in Fig.(5.5) shows the heat maps

of the loss functions of both distributions. The �rst distribution would have these as line

segments in a plane while the second would have them in a volume. What is shown in the

maps is the magnitude of the lengths of those line segments. We now plot the GW metric.

The GW metric is calculated through the Sinkhorn algorithm [34] and is cumulative for

all the points in the �nal calculation. The plot shows the individual contribution for each

point. The Borel probability measures are taken from the uniform distribution. The color
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