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Designing parallel algorithms with sublinear space is an inevitable scenario when the

input data does not fit in the memory of available systems. In recent years, with the abun-

dance of data and the increasing demand for large scale data processing, the size of datasets

easily surpasses that of the typical machine’s memory. Examples of the problem domain

vary from social network graphs to DNA sequences. However, to address any problem

subject to this restriction efficiently, we need alternative models of computation as the tra-

ditional RAM model is no longer an option. The main focus of our research is studying

classical algorithms on texts and graphs in the Massively Parallel Computation model.

During the last decade, the Massively Parallel Computation (MPC) model attracted a

considerable amount of attention. The MPC model was originally proposed to provide a

theoretical foundation to algorithms implemented on modern large scale data processing

frameworks such as MapReduce, Hadoop, and Spark. The key idea behind this model, and

also aforementioned frameworks, is to use many machines to compensate for the shortage

of space in individual machines. In this model, the data is distributed among a set of ma-

chines each with a sublinear memory, and the process is consisted of several rounds. In each



round, machines perform an arbitrary amount of computation on their local data indepen-

dently. At the end of each round, machines can communicate with each other. We propose

constant rounds MPC algorithms for Edge Coloring, Pattern Matching, constructing Suffix

Trees, Longest Common Substring, and Longest Palindrome Substring.

Recently, the Adaptive Massively Parallel Computation (AMPC) model was introduced

as an extension of MPC. Despite the significant progress in designing highly efficient MPC

algorithms, the community is facing an impenetrable barrier due to a hardness conjecture

that Graph Connectivity requires at least a logarithmic number of rounds. Inspired by this

limitation, the AMPC model adds distributed hash-tables to the setup where each machine

can adaptively read from them during each round. This tweak not only leads to a constant-

round Graph Connectivity algorithm and a plethora of logarithmic improvements in many

graph problems, but it is also practical thanks to the recent developments in hardware in-

frastructure and technologies such as RDMA and eRPC. We explore the limitations of this

model by introducing a general Tree Contraction framework which translates well-studied

applications in the context of PRAM into constant-round AMPC algorithms, and solving

the Minimum Cut problem in sublogarithmic rounds.
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Preface

When designing sequential algorithms, we often take it for granted that we have a ran-

dom access to any part of input at any time. Furthermore, we assume that accessing any

part of input takes unit amount of time. There is some truth behind this assumption since

our computers are designed to work at certain time steps, called clocks, and the CPU is

supposed to wait until the current memory read query succeed before moving on to the

next instruction. However, any seasoned programmer knows that reading a number of con-

secutive bytes in memory is much faster than reading the same number of bytes that are

scattered through the memory. There are inherent irregular complexities in computer hard-

wares, and the programmers utilize their intuition and the vague memories of Computer

Architecture course to optimize the running time of their code.

The algorithm designers, on the other hand, need to rely on rigorous mathematical

foundations to avoid unnecessary complexities in their calculations. Algorithms must not

depend on how the computer hardwares are built currently, and the best an algorithm de-

signer can do to catch up with the recent developments in computing paradigms is to use

new models of computation. And once in a while, a group of computer scientists, including

Computer Architecture experts, Algorithm Designers, and Programmers, gather together to

define a new model that represents the computational power of the current computer sys-

tems which was not explainable with the existing models. The creation of MPC, short for

Massively Parallel Computation, loosely followed the same story. It may not be the best ap-

proach to analyze parallel algorithms, but it fills the void for a simple and almost-practical

model that we need for understanding the parallelizability of algorithms.
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Chapter 1: Introduction

We start by introducing the concept of Massively Parallel Computation, or MPC for

short. The origins of this model dates back to 2010 when Karloff et al. [95] introduced the

MRC model as an abstraction of MapReduce framework. Despite notational differences,

the MRC model has the same computation power as MPC. Notably, the MRC model re-

mains faithful to the MapReduce framework by explicitly considering map, shuffle, and

reduce stages. The main contribution of Karloff et al. [95] was a reduction from any

PRAM algorithm to an MRC algorithm with the same number of rounds, through which

the vast literature of parallel PRAM algorithms is automatically translated to counterpart

MRC algorithms. Many important techniques and building blocks such as Filtering [102]

and Sorting [76] were soon discovered for more relaxed variants of MRC. Through a line of

works by Goodrich et al [76], Andoni et al [6], and Beame et al [22] the current formulation

of MPC crystallized and it gradually became the de-facto standard model for parallel/dis-

tributed computing.

The main incentive for designing algorithms in the MPC model is that it captures

the computation power of modern parallel/distributed frameworks such as MapReduce,

Hadoop, Spark, and Flume. Basically, many MPC algorithms can be implemented in the

mentioned frameworks. A common feature of these frameworks is that both data and com-

putation are scattered through a pool of machines with limited memory. The memory of

each machine S must be sublinear in the input size, which is a sequence of N words, so let

S = O(Nε) for some 0 < ε < 1. The input is initially distributed, maybe randomly, among
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M = O(N1−ε) machines, and ideally we use asymptotically the same number of machines

during the algorithm process.

An MPC algorithm consists of several rounds. During each round, every machine per-

forms a polynomial time computation on its local data. At the end of each round, machines

can communicate with each other. This communication is all-to-all and the only constraint

is that the total amount of incoming/outgoing words to/from each machine must be limited

by O(S). We aim to minimize the number of rounds since in practice the main bottleneck is

the communication phase. Translating PRAM algorithms to MPC gives us polylogarithmic

number of rounds for many problems. However, for some problems we can design sublog-

arithmic MPC algorithms which is not possible in PRAM. Many graph problems such as

maximal matching, maximum matching approximation, maximal independent set, vertex

coloring, edge coloring, etc. have sublogarithmic MPC algorithms. On the other side of

spectrum, Dynamic programming problems such as Longest Common Substring and Edit

Distance have very efficient (sometimes O(1) rounds) algorithms. Other problems con-

sidered in this manuscript are Minimum Cut, Suffix Tree, Tree Contraction, and String

Matching.

Other Variants of MPC: In literature other variants of the MPC model is considered.

In the original MRC model, the upper bound on both space per machine and number of

machines is O(n1−ε) for some constant 0 < ε < 1. Many results solved in this memory

regime were further improved to tighter bounds on memory. The superlinear local memory

regime of S = O(n1+ε), or S = O(n1+ε +m) for some graph problems, was first considered

by Lattenzi et al [102] in which they showed O(1) round MPC algorithms for maximal

matching, maximal independent set, etc. using the Filtering technique. The next line of

work considered linear local memory O(n) for mostly graph problems in which the total

memory is O(n+m), which can be up to O(n2). Maximal matching and maximal inde-

2



pendent set were solved in O(log logn) rounds in this linear memory regime [31, 49]. The

most general regime of memory in MPC is the sublinear memory of S = O(Nε) for any

0 < ε < 1 where the number of machines is equal to M = O(N1−ε). Here N shows the size

of input so that N = O(n+m) for graph problems.
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(a) In MPC, the input data is initially dis-
tributed among the machines (usually at ran-
dom). At each round machines perform local
computations, and at the end of a round any
machine can send messages to any other ma-
chine.
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(b) In AMPC, we have distributed hash ta-
bles H0,H1,H2, . . . in addition to machines.
Every machine at round i has adaptive read
access to Hi−1 during local computations,
and at the end of round i writes to Hi.

Figure 1.1: A schematic comparison of MPC and AMPC models using three machines. Each
column of rounded rectangles corresponds to the set of machines in a specific round (the round
number is indicated below each column of machines with gray color). The yellow circular arrows
represent computations on local data, and the red arrows represent the communications. Note that
distributed hash tables in the AMPC model are sufficient for simulating MPC algorithms. We can
store the input data in H0, and H1,H2, . . . are used for machine-machine communications.

The power of MPC on graph problems in many cases is limited due to a hardness

conjecture called “1cycle-2cycle”. According to this conjecture, distinguishing between a

cycle of length n and two cycles of length n/2 needs at least Ω(logn) rounds in MPC. In

essence, “1cycle-2cycle” is a simpler version of the Connectivity problem, meaning that

if we aim to solve Connectivity in sublogarithmic rounds, first we need to solve “1cycle-

2cycle” in sublogarithmic rounds. Since many global graph properties require Connectiv-

ity, this conjecture gives a lower bound for other graph problems as well.
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AMPC: The AMPC model, introduced by Behnezhad et. al [29], is an extension of the

standard MPC model with additional access to a distributed hash table. In MPC, data

is initially distributed across machines and then computation proceeds in rounds where

machines execute local computations and then are able to share small messages with each

other before the next round of computation. A distributed hash table stores a collection of

key-value pairs which are accessible from every machine, and it is required that both key

and value have a constant size. Each machine can adaptively query a bounded sequence

of keys from a centralized distributed hash table during each round, and write a bounded

number of key-value pairs to a distinct distributed hash table which is accessible to all

machines in the next round. The distributed hash tables can also be utilized as the means

of communication between the machines, which is implicitly handled in the MPC model,

as well as a place to store the initial input of the problem. It is straight-forward to see

how every MPC algorithm can be implemented within the same guarantees for the round-

complexity and memory requirements in the AMPC model.

Formally speaking, in the AMPC model, there are M = O(n1−ε) machines each with

sublinear local space S = O(nε) for some constant 0 < ε < 1. In addition, there exist a

collection of distributed hash tables H0,H1,H2, . . ., where H0 contains the initial input. The

process consists of several rounds. During round i, each machine is allowed to make at most

O(S) read queries from Hi−1 and to write at most O(S) key-value pairs to Hi. Meanwhile,

the machines are allowed to perform an arbitrary amount of computation locally. Therefore,

it is possible for machines to decide what to query next after observing the result of previous

queries. In this sense, the queries in this model are adaptive.
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1.1 A Brief History of Parallel Models

Many algorithms that we use on a daily basis are sequential. The Random Access Ma-

chine model, or RAM 1 for short, was introduced by Cook and Reckhow [48] to act as a

basis for analyzing sequential algorithms that could be implemented on the computers at

the time. This model is a relatively realistic machine model to compensate for the short-

comings of older and somewhat unrealistic mathematical models such as Turing Machines

in analyzing time and memory complexity. Roughly speaking, there is an infinite array of

registers in this model, which resembles Random Access Memory, and a single processor

can read from and write to any register in unit time. The memory complexity is measured

by the number of registers we use throughout the algorithm, and the time complexity is

proportional to the total units of time we spend to calculate the output.

The distinguishing factor between sequential and parallel models is the multiplicity of

processors. The Parallel Random Access Machine model, or PRAM, incorporates an array

of M processors p1, p2, . . . , pM that simultaneously work on a shared memory. Similar to

RAM, the memory is simulated by an infinite array of registers, and the memory complexity

is measured by the number of registers the algorithm uses. This memory, however, is shared

among all processors. To avoid race conditions in case of concurrent reads and writes,

different policies are established leading to numerous variants of PRAM in the literature.

Based on whether reads and writes are exclusive or concurrent, i.e., whether each register

can be accessed by only one or multiple processors at a single unit of time, PRAM variants

are grouped into four categories:

• EREW (Exclusive Read, Exclusive Write): Each register is constrained to be read

and be written only by one processor at a single unit of time.

1Not to be confused with Random Access Memory
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• CREW (Concurrent Read, Exclusive Write): No two processors can write to the same

register, but any number of processors can read from the same register.

• CRCW (Concurrent Read, Concurrent Write): There are no constraints on memory

access, and any number of processors can read from or write to a single register at

the same time.2

• ERCW (Exclusive Read, Concurrent Write): Defined just for the sake of complete-

ness.

One can verify that any EREW algorithm is also a CRCW algorithm, but the reverse

is not necessarily true. Thus, we conclude that CRCW PRAM model is a stronger model

than EREW PRAM since the same problem potentially admits more efficient algorithms in

terms of time and memory complexity in CRCW PRAM. Regardless of the memory access

policy, a PRAM algorithm reads the input from the shared memory at the beginning and

writes the output to the shared memory when it finishes the computations. At one unit

of time, which we also call rounds alternatively, processors synchronously perform either

memory read, memory write, or basic arithmetic computations using their constant number

of local registers.

The running time of a PRAM algorithm is defined as the number of rounds it takes to

compute the output. It is worth noting that the concept of running time in parallel algo-

rithms is subtly different from sequential algorithms. The running time of parallel algo-

rithms, also referred to as parallel-time in literature, is the time spent while all processors

work together to compute the output, which could be much smaller the size of input unlike

sequential algorithms whose running time is lower-bounded by the size of input. Another
2Since the value of a register where multiple processors attempt to write it with different values is am-

biguous, various strategies such as “common” and “priority” are considered to determine the value of such
registers. In the former, all processors are obliged to write the same value to the register, and in the latter,
processors are assigned priorities and the value written by the processor with the highest priority overwrites
others.
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perspective is to look at PRAM algorithms as circuits where each operation is simulated by

a logical gate, and communications are modeled by wires. One can observe that the run-

ning time equals the depth of the circuit, whereas the running time of the same algorithm

simulated sequentially in RAM equals the size of the circuit. This means that the concept

of running time is not comparable between PRAM and RAM, which motivates us to de-

fine another factor called work in context of PRAM as the number of rounds multiplied

by memory. Note that the running time of the sequential version of a PRAM algorithm

simulated in RAM is comparable to the work.

For a long time, PRAM was considered the standard model for analyzing parallel al-

gorithms. Although constant-round CRCW PRAM algorithms exist at the cost of blowup

in the number of processors, possibly quadratic number of processors, we usually face a

logarithmic round barrier in PRAM if we restrict ourselves to linear number of processors.

Miller and Reif Tree Contraction [113] is an example of logarithmic round PRAM frame-

work for solving problems on trees. Even basic problems such as finding the sum of n

integers also require Ω(logn) rounds in PRAM. Another drawback of PRAM is practical-

ity. It is possible to produce specialized hardware capable of simulating PRAM algorithms,

but our typical computers are not designed for this purpose.

The crux of MapReduce framework was taking advantage of parallelism without de-

pendence on any special hardware. Clusters made of thousands of typical computers were

able to process large-scale datasets using the new easy-to-use software framework which

guaranteed fault-tolerance and fast communication. [51] It was successful in restricting the

flexibility of user while preserving the computational power of a large cluster of computer

working in parallel. The data is represented in sequences of 〈key,value〉 pairs, and the pro-

cess consists of synchronized repetitions of three stages: map, shuffle, and reduce. The

user provides two functions for map and reduce stages, and the shuffle stage is implicitly

handled by the framework. In the map stage each 〈key,value〉 pair is converted to a new

7



pair with a possibly different format, the shuffle stage aggregates pairs with the same key

into the same machine, and the reduce stage processes the set of pairs with the same key

and produces a new list of pairs.

Some years after the introduction of MapReduce, it was realized that a large amount of

natural large-scale data processing needs can be translated into the language of map and

reduce functions, and consequently be implemented in the framework. This lead to formal-

izing the MapReduce computational power as a mathematical machine model for analyzing

parallel algorithms. Karloff et al. [95] introduced MRC model as an abstract model based

off MapReduce computing paradigm. In this model, M machines µ1,µ2, . . . ,µM work in

parallel in synchronous rounds that accomplish map, shuffle, and reduce stages of MapRe-

duce. Each machine µi is a bounded-memory RAM instance consisted of a processor pi

and an array of S registers which we call local memory. The input is initially partitioned

into chunks of size O(S) and each chunk is stored in the local memory of one machine. In

some cases, we assume the input elements are randomly distributed into different machines

but it is straight-forward to see that this can be done in one round by mapping each input

pair to a new pair with a key randomly chosen from [1,M].

8



1.2 Summary of Contributions

Probably the most effective tool for solving problems in MPC is careful partitioning

of the input into smaller subproblems. By choosing the proper partitioning scheme we

could reduce the size of problem, solve the subproblems sequentially in each machine,

and aggregate the results to compute the final output. Although the overall process seems

like a standard divide-and-conquer approach many subtleties arise while completing the

big picture. In this section, we provide a summary of contributions through the lens of

partitioning techniques we used in our publications.

1.2.1 Graph Partitioning

Given a graph G = (V,E) made of n vertices and m edges with no further properties,

we have limited options for partitioning. In literature, random vertex partitioning and ran-

dom edge partitioning are studied extensively. The randomness plays an important part

especially in vertex partitioning. We can observe that if we randomly partition vertices

into a number of groups, the number of edges within each partition is concentrated due to

Chernoff Bound. This allows us to confidently send the induced subgraph of each partition

to a machine without worrying about memory blowup since we can bound the maximum

number of edges in each subgraph with high probability. Variants of this argument ap-

pear in many algorithms which are based on vertex partitioning. Behnezhad et al [31], for

example, utilized this argument in their vertex partitioning approach for solving maximal

matching in O(log logn) rounds of linear-memory MPC.

Another powerful tool in graph MPC algorithms is sparsification. Based on the nature

of the problem we can select a subset of important edges and discard the others, while

guaranteeing an approximation of the result is preserved. In conjunction with a suitable

partitioning, sparsification plays an important role in designing MPC algorithms. The fil-
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tering method of Lattenzi et al [102] uses problem-dependent sparsification along with

random edge partitioning of graph to solve problems such as Minimum Spanning Tree,

Maximal Matching, Approximate Weighted Matching, and Minimum Cut in superlinear

memory regime of MPC, i.e., S = Ω(n1+ε). The idea is to partition the edges of a graph

randomly among the machines, and discarding unimportant edges by solving the problem

locally on each subgraph.

In Appendix A, the problem of Edge Coloring in MPC is considered. The partitioning

approach used in this paper is a combination of vertex and edge partitioning. To partition

the edges of the input graph, we first partition the vertices randomly into k groups. Then,

the induced subgraph of each
(k

2

)
pairs of these groups is sent to a separate machine. This

partitioning scheme has structural properties which we utilize in solving the Edge Coloring

problem.

1.2.2 Tree Partitioning

Trees lie in the intersection of graphs and sequences. We have more flexibility when

working with trees, and at the same time we face more challenges as we aim to solve harder

problems. There are numerous ways to partition the trees, but we still face a logarithmic

barrier in MPC since usually we need to integrate a global property of a tree and parallel

tree traversal approaches require logarithmic rounds. Bateni et al [20] introduce a general

approach for solving Dynamic Programming formulations defined on trees. They devise a

low-depth decomposition of trees by recursively finding a centroid, a vertex whose removal

divides the tree into balanced subgraphs. The recursion has O(logn) levels, and therefore

in O(logn) rounds of MPC we could traverse the tree. Tree contraction is another approach

for traversing a tree in O(logn) levels introduced by Miller and Reif [113] for PRAM. A

formal definition can be found in Subsection C.2.1, but intuitively we alternate between

10



compressing long paths and removing all the leaves, and one can show that after O(logn)

repetitions we end up with a single vertex. Again, O(logn) rounds of MPC are necessary

for simulating Tree Contractions.

In Appendix C, we study the Tree Contraction method for solving tree problems in

AMPC. Even though AMPC is much more powerful than MPC, classical tree traversals

still require logarithmic number of rounds in AMPC. We introduce two partitioning meth-

ods that together lead to a constant-round AMPC algorithm for Tree Contraction. First,

pre-order decomposition partitions vertices of a degree-bounded tree into almost equal-

sized chunks based on their index in the pre-order traversal. By contracting connected

components induced in each partition, we end up with a smaller tree that after removing all

the leaves the number of vertices drops by a factor of O(S) = O(nε). Second, we devise

a generalization of Tree Contraction method by relaxing the COMPRESS stage to contract

every vertex with degree at most O(nε). The main property of the generalized formulation

of Tree Contraction is that the depth of recursion is decreased from O(logn) to (1/ε). By

combining these two partitioning method, more precisely using the first one as a subrou-

tine of the second one, we end up with a tree traversal method capable of solving problems

solvable by Tree Contraction approach in O(1/ε3) rounds of AMPC.

The partitioning method used in Appendix B for solving cut problems in AMPC is a

generalization of low-depth tree decomposition. Intuitively, we find the heavy-light de-

composition of a Minimum Spanning Tree and replace each heavy path with a binary tree.

Using the previous results regarding trees in AMPC, we can find this O(log2 n)-level de-

composition of trees in constant rounds of AMPC. This partitioning still has logarithmic

depth, and solving the min cut recursively similar to previous is still not an option for us.

Therefore, we decouple the processing of different levels of this decomposition and solve

them in parallel. This will lead to a sublogarithmic algorithm finding minimum cut of a

graph.
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1.2.3 Sequence Partitioning

For partitioning a sequence the most straight-forward approach may be dividing it into

consecutive blocks that could fit in the memory of a single machine. Since the only kind

of sequences that we studied in this manuscript are strings, here we focus only on strings,

sequences of characters from an alphabet Σ. Appendix D studies the problem of String

Matching in presence of different types of wildcard characters. When there are no wild-

cards, partitioning the string into blocks of equal size is enough for solving the problem

in constant rounds of MPC. We complement the block partitioning by computing the hash

of every prefix in each block. This data structure facilitates the process of querying the

hash of any substring of our string. The general form of such block-based data structures

is formalized in Section E.1.3.

In Appendix E, we aim to find the suffix tree of a given string in constant rounds of

MPC. At the core of our algorithm is LCPQ oracle which finds the LCP (Longest Common

Prefix) of two substrings in parallel. In making of LCPQ oracle, we used a distinct type of

partitioning in addition to block-based data structure. To approximate the length of LCP

up to O(nε) additive error, we utilize Modular Partitioning. More details can be found in

Section E.1.3. Roughly speaking, we first find the hash of each substring of length O(nε),

and then partition them based on the modulo of the index of start in division by O(nε). This

partitioning scheme gives us the ability to quickly estimate the length of LCP, and then we

again use block-based data structures to find the precise length.
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Graph Problems

13



Appendix A: Edge Coloring

A.1 Introduction

Given a graph G(V,E), an edge coloring of G is an assignment of “colors” to the edges

in E such that no two incident edges receive the same color. The goal is to find an edge

coloring that uses few colors. Edge coloring is among the most fundamental graph prob-

lems and has been studied in various models of computation, especially in distributed and

parallel settings.

Denoting the maximum degree in the graph by ∆, it is easy to see that ∆ colors are

necessary in any proper edge coloring. On the other hand, Vizing’s celebrated theorem

asserts that ∆+ 1 colors are always sufficient [133]. While determining whether a graph

can be ∆ colored is NP-hard, a ∆+ 1 coloring can be found in polynomial time [10, 61].

These algorithms are, however, highly sequential. As a result, in restricted settings, it is

standard to consider more relaxed variants of the problem where more colors are allowed

[5, 16, 60, 72, 73, 82, 90, 100, 104, 107, 119].

In this paper, we study edge coloring in large-scale graph settings. Specifically, we

focus on the Massively Parallel Computations (MPC) model and the Graph Streaming

model.
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A.1.1 Massively Parallel Computation

The Model. The MPC model [22, 76, 95] is a popular abstraction of modern parallel

frameworks such as MapReduce, Hadoop, Spark, etc. In this model, there are N machines,

each with a space of S words1 that all run in parallel. The input, which in our case is the

edge-set of graph G(V,E), is initially distributed among the machines arbitrarily. After-

wards, the system proceeds in synchronous rounds wherein the machines can perform any

arbitrary local computation on their data and can also send messages to other machines.

The messages are then delivered at the start of the next round so long as the total messages

sent and received by each machine is O(S) for local machine space S. The main parameters

of interest are S and the round-complexity of the algorithm, i.e., the number of rounds it

takes until the algorithm stops. Furthermore, the total available space over all machines

should ideally be linear in the input size, i.e., S ·N = O(|E|).

Related Work in MPC. We have seen a plethora of results on graph problems ever

since the formalization of MPC. The studied problems include matching and vertex cover

[4, 11, 26, 31, 36, 49, 65, 102], maximal independent set [26, 36, 65, 83], vertex coloring

[12, 65, 83, 121, 122], as well as graph connectivity and related problems [6, 7, 18, 28, 91].

(This is by no means a complete list of the prior works.)

We have a good understanding of the complexity of vertex coloring in the MPC model,

especially if the local space is near linear in n: Assadi et al. [12] gave a remarkable al-

gorithm that using Õ(n) space per machine, finds a (∆+ 1) vertex coloring in a constant

number of rounds. The algorithm is based on a sparsification idea that reduces the num-

ber of edges from m to O(n log2 n). But this algorithm alone cannot be used for coloring

the edges, even if we consider the more relaxed (2∆− 1) edge coloring problem which is

1Throughout the paper, the stated space bounds are in the number of words that each denotes O(logn)
bits.
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equivalent to (∆+ 1) vertex coloring on the line graph. The reason is that the line-graph

has O(m) vertices where here m is the number of edges in the original graph. Therefore

even after the sparisification step, we have Õ(m) vertices in the graph which is much larger

than the local space available in the machines.

Not much work has been done on the edge coloring problem in the MPC model. The

only exception is the algorithm of Harvey et al. [83] which roughly works by random parti-

tioning the edges, and then coloring each partition in a different machine using a sequential

(∆+1) edge coloring algorithm. The choice of the number of partitions leads to a trade-off

between the number of colors used and the space per machine required. The main short-

coming of this idea, however, is that if one desires a ∆+ Õ(∆1−Ω(1)) edge coloring, then a

strongly super linear local space of n∆Ω(1) is required.

Our main MPC result is the following algorithm which uses a more efficient partition-

ing. The key difference is that we use a vertex partitioning as opposed to the algorithm of

Harvey et al. which partitions the edges.

Result 1 (Theorem A.2.1). There exists an MPC algorithm that using O(n) space per

machine and O(m) total space, returns a ∆+ Õ(∆3/4) edge coloring in O(1) rounds.

The algorithm exhibits a tradeoff between the space and the number of colors (see

Theorem A.2.1) and can be made more space-efficient as the maximum degree gets larger.

For instance, if ∆ > nε for any constant ε > 0, it requires a strictly sublinear space of

n1−Ω(1) to return a ∆+ o(∆) edge coloring in O(1) rounds. This is somewhat surprising

since all previous non-trivial algorithms in the strictly sublinear regime of MPC require

ω(1) rounds.

Our algorithm can also be implemented in O(1) rounds of Congested Clique, leading to

a ∆+ Õ(∆3/4) edge coloring there. Prior to our work, no sublogarithmic round Congested

Clique algorithm was known even for (2∆−1) edge coloring.
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A.1.2 Streaming

The Model. In the standard graph streaming model, the edges of a graph arrive one

by one and the algorithm has a space that is much smaller than the total number of edges. A

particularly important choice of space is Õ(n)—which is also known as the semi-streaming

model [58]—so that the algorithm has enough space to store the vertices but not the edges.

For edge coloring, the output is as large as the input, thus, we cannot hope to be able to

store the output and report it in bulk at the end. For this, we consider a standard twist on

the streaming model where the output is also reported in a streaming fashion. This model

is referred to in the literature as the “W-streaming” model [53, 71]. We particularly focus

on one-pass algorithms.

Designing one-pass W-streaming algorithms is particularly challenging since the al-

gorithm cannot “remember” all the choices made so far (e.g., the reported edge colors).

Therefore, even the sequential greedy algorithm for (2∆−1) edge coloring, which iterates

over the edges in an arbitrary order an assigns an available to each color upon visiting it,

cannot be implemented since we are not aware of the colors used incident to an edge.

Our first result is to show that a natural algorithm w.h.p.2 provides an O(∆) edge color-

ing if the edges arrive in a random-order.

Result 2 (Theorem A.3.2). If the edges arrive in a random-order, there is a one-pass

Õ(n) space W-streaming edge coloring algorithm that always returns a valid edge col-

oring and w.h.p. uses (2e+o(1))∆≈ 5.44∆ colors.

If the edges arrive in an arbitrary order, we give another algorithm that requires more

colors.
2Throughout, we use “w.h.p.” to abbreviate “with high probability” implying probability at least 1−

1/poly(n).
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Result 3 (Theorem A.3.3). For any arbitrary arrival of edges, there is a one-pass Õ(n)

space W-streaming edge coloring algorithm that succeeds w.h.p. and uses O(∆2) colors.

These are, to our knowledge, the first streaming algorithms for edge coloring.

A.2 The MPC Algorithm

In this section, we consider the edge coloring problem in the MPC model. Our main

result in this section is an algorithm that achieves the following:

Theorem A.2.1. For any parameter k (possibly dependent on ∆) such that n/k� logn,

there exists an MPC algorithm with O(n∆

k2 + n
k

√
∆ logn/k) space per machine and O(m)

total space that w.h.p. returns a ∆+O(
√

k∆ logn) edge coloring in O(1) rounds.

By setting k =
√

∆+ logn, the space required per machine will be O(n) and the number

of colors would be ∆+ Õ(∆3/4). Using a reduction from [25], this also leads to an O(1)

round Congested Clique algorithm using the same number of colors.

Corollary A.2.2. There exists a randomized MPC algorithm with O(n) local space, as well

as a Congested Clique algorithm, that both w.h.p. find a ∆+Õ(∆3/4) edge coloring in O(1)

rounds.

Moreover, assuming that ∆ = nΩ(1), by setting k = ∆0.5+ε for a small enough constant

ε ∈ (0,1), we get the following O(1) round algorithm which requires n1−Ω(1) machine

space, which is notably strictly sublinear in n:

Corollary A.2.3. If ∆ = nΩ(1), there exists a randomized MPC algorithm with O(n/∆2ε) =

n1−Ω(1) space per machine and O(m) total space that w.h.p. returns a ∆+ Õ(∆0.75+ε/2)

edge coloring in O(1) rounds.
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The Idea Behind the Algorithm. The first step in the algorithm is a random parti-

tioning of the vertex set into k groups, V1, . . . ,Vk. We then introduce one subgraph for each

vertex subset, called G1, . . . ,Gk, and one subgraph for every pair of groups which we de-

note as G1,2, . . . ,G1,k, . . . ,Gk−1,k. Any such Gi is simply the induced subgraph of G on Vi.

Moreover, any such Gi, j is the subgraph on vertices Vi∪Vj, with edges with one point in Vi

and the other in Vj.

The general idea is to assign different palettes, i.e., subsets of colors, to different sub-

graphs so that the palettes assigned to any two neighboring subgraphs (i.e., those that share

a vertex) are completely disjoint. A key insight to prevent this from blowing up the number

of colors, is that since any two edges from Gi, j and Gi′, j′ with i 6= i′ and j 6= j′ cannot share

endpoints by definition, it is safe to use the same color palette for them.

To assign these color palettes, we consider a complete k-vertex graph with each vertex vi

in it corresponding to partition Vi and each edge (vi,v j) in it corresponding to the subgraph

Gi, j. We then find a k edge coloring of this complete graph, which exists by Vizing’s

theorem since maximum degree in it is k−1. This edge coloring can actually be constructed

extremely efficiently using merely the edges’ endpoint IDs. Thereafter, we map each of

these k colors to a color palette. By carefully choosing k and the number of colors in

each palette, we ensure that: (1) The total number of colors required is close to ∆. (2)

Each subgraph Gi, j can be properly edge-colored with those colors in its palette. (3) Each

subgraph fits the memory of a single machine so that we can put it in whole there and run

the sequential edge coloring algorithm on it.

The algorithm outlined above is formalized as Algorithm 1. We start by proving certain

bounds on subgraphs’ size and degrees.

Claim A.2.4. W.h.p., every subgraph of type Gi or Gi, j has maximum degree ∆

k +O(
√

∆ log n
k )

and has at most O(n∆

k2 +
n
k

√
∆ logn/k) edges.
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Algorithm 1: An MPC algorithm for edge coloring.
1 Parameter: k.;

Output: An edge coloring of a given graph G = (V,E) with maximum degree ∆

using Ψ := ∆+d
√

k∆ logn colors for some large enough constant d.
2 Independently and u.a.r. partition V into k subsets V1, . . . ,Vk.;
3 For every i ∈ [k], let Gi be the induced subgraph of G on Vi.;
4 For every i, j ∈ [k] with i 6= j, let Gi, j be the subgraph of G including an edge e ∈ E

iff one end-point of e is in Vi and the other is in Vj.;
5 Partition [Ψ] into k+1 disjoint subsets C1, . . . ,Ck,C′, which we call color palettes,

in an arbitrarily way such that each palette has exactly Ψ

k+1 colors.;
6 for each graph Gi in parallel do
7 Color Gi sequentially in a single machine with palette C′.;
8 end

// In what follows, we implicitly construct a k edge coloring of a complete k-vertex
graph Kk and assign palette Cα to subgraph Gi, j where α is the color of edge
(i, j) in Kk.

9 for each graph Gi, j in parallel do
10 Color Gi, j sequentially in a machine with palette Cα where

α = ((i+ j) mod k)+1.;
11 end

Proof. Let us start with bounding the degree of an arbitrary vertex v ∈ Vi in subgraph Gi.

The degree of vertex v in Gi is precisely the number of its neighbors that are assigned to

partition Vi. Since there are k partitions, the expected degree of v in Gi is degG(v)/k≤ ∆/k.

Furthermore, since the assignment of vertices to the partitions is done independently and

uniformly at random, by a simple application of Chernoff bound, v’s degree in Gi should

be highly concentrated around its mean. Namely, with probability at least 1−n−2, it holds

that degGi
(v) ≤ ∆

k +O(
√

∆ logn/k). Now, a union bound over the n vertices in the graph,

proves that the degree of all vertices in their partitions should be at most ∆

k +O(
√

∆ logn/k)

with probability 1−1/n.

Bounding vertex degrees in subgraphs of type Gi, j also follows from essentially the

same argument. The only difference is that we have to union bound over n ·k choices, as we

would like to bound the degree of any vertex v with say v ∈Vi in k subgraphs Gi,1, . . . ,Gi,k.
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Nonetheless, since k ≤ n, there are still poly(n) many choices to union bound over. Thus,

by changing the constants in the lower terms of the concentration bound, we can achieve

the same high probability result.

Finally, we focus on the number of edges in each of the subgraphs. Each partition Vi has

n/k vertices in expectation since the n vertices are partitioned into k groups independently

and uniformly at random. A simple application of Chernoff and union bounds, implies that

the number of vertices in each partition Vi is at most O(n
k ) w.h.p., so long as n/k� logn,

which is the case. Since the number of edges in each partition is less than the number of

vertices times max degree, combined with the aforementioned bounds on the max degree,

we can bound the number of edges in Gi and Gi, j for any i and j by

O
(n

k

)
·O

(
∆

k
+

√
∆

k
logn

)
= O

(
n∆

k2 +
n
k

√
∆

k
logn

)
,

which is the claimed bound.

Next, observe that we use palettes C1, . . . ,Ck+1,C′, each of size Ψ

k+1 to color the sub-

graphs. We need to argue that the maximum degree in each subgraph is at most Ψ

k+1 − 1

to be able to argue that using Vizing’s theorem in one machine, we can color any of the

subgraphs with the assigned palettes. This can indeed be easily guaranteed if the constant

d is large enough:

Observation A.2.1. If constant d in Algorithm 1 is large enough, then maximum degree of

every graph is at most Ψ

k+1 −1, w.h.p.

Proof. We have Ψ = ∆+d
√

k∆ logn in Algorithm 1, therefore:

Ψ

k+1
=

∆

k+1
+

d
√

k∆ logn
k+1

=
∆

k
+Θ(

√
∆ logn/k),

where the hidden constants in the second term of the last equation can be made arbitrarily
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large depending on the choice of constant d. On the other hand, recall from Claim A.2.4

that the maximum degree in any of the subgraphs is also at most ∆

k +O(
√

∆ logn/k). Thus,

the palette sizes are sufficient to color the subgraphs if d is a large enough constant.

We are now ready to prove the algorithm’s correctness.

Lemma A.2.5. Algorithm 1 returns a proper edge coloring of G using ∆+O(
√

k∆ logn)

colors.

Proof. The algorithm clearly uses Ψ = ∆+O(
√

k∆ logn) colors, it remains to argue that

the returned edge coloring is proper. Each subgraph (of type Gi or Gi, j) is sent to a single

machine and edge-colored there using the palette that it is assigned to. Since by Obser-

vation A.2.1, each palette has at least ∆′+ 1 colors for ∆′ being the max degree in the

subgraphs, there will be no conflicts in the colors associated to the edges within a parti-

tion. We only need to argue that two edges e and f sharing a vertex v that belong to two

different subgraphs are not assigned the same color. Note that all subgraphs of type Gi are

vertex disjoint and all receive the special color palette C′, thus there cannot be any conflict

there. To complete the proof, it suffices to prove that any two subgraphs Gi, j and Gi′, j′ that

share a vertex receive different palettes. Note that in this case, either i = i′ or j = j′ by the

partitioning. Assume w.l.o.g. that i = i′ and thus j 6= j′. Based on Algorithm 1 for Gi, j and

Gi′, j′ to be assigned the same color palette, it should hold that

((i+ j) mod k)+1 = ((i′+ j′) mod k)+1.

Since i = i′, this would imply that ( j mod k) = ( j′ mod k), though this would not be pos-

sible given that both j and j′ are in [k] and that j 6= j′. Therefore, any two subgraphs that

share a vertex receive different palettes and thus there cannot be any conflicts, completing

the proof.
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Next, we turn to prove the space bounds.

Lemma A.2.6 (Implementation and Space Complexity). Algorithm 1 can be implemented

with total space O(m) and space per machine of O(n∆

k2 +
n
k

√
∆ logn/k) w.h.p.

Proof. We start with an implementation that uses the specified space per machine but can

be wasteful in terms of the total space, then describe how we can overcome this problem

and also achieve an optimal total space of O(m).

We can use k+
(k

2

)
machines, each with a space of size O(n∆

k2 +
n
k

√
∆ logn/k) to assign

colors to the edges in parallel. The first m1, . . . ,mk machines will be used for edge coloring

on G1,G2, . . . ,Gk respectively. The other mk+1, . . . ,mk+(k
2)

machines will be used for edge

coloring on the Gi, j graphs. Lemma A.2.4 already guarantees that each subgraph has size

O(n∆

k2 +
n
k

√
∆ logn/k) w.h.p., and thus fits the memory of a single machine.

In the implementation discussed above, since the machines use Õ(n∆/k2) space and

there are O(k2) machines, the total memory can be Õ(n∆) which may be much larger than

O(m). This is because we allocate O(n∆/k2) space to each machine regardless of how

much data it actually received. Though, observe that each edge of the graph belongs to

exactly one of the subgraphs, i.e., the machines together only handle a total of O(m) data.

So we must consolidate into fewer machines. We do this by putting multiple subgraphs in

each machine.

We start by recalling a sorting primitive in the MPC model which was proved in [76].

Basically, if there are N items to be sorted and the space per machine is NΩ(1), then the

algorithm of [76] sorts these items into the machines within O(1) rounds. To use this

primitive, we first label each edge e = (u,v) of the graph by its subgraph name (e.g. Gi

or Gi, j) which can be determined solely based on the end-points of the edge. After that,

we sort the edges based on these labels. This way, all the edges inside each subgraph can

be sent to the same machine within O(1) rounds while also ensuring that the total required
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space remains O(m).

The algorithm for Theorem A.2.1 was formalized as Algorithm 1. We showed in

Lemma A.2.5 that the algorithm correctly finds an edge coloring of the graph with the

claimed number of colors. We also showed in Lemma A.2.6 that the algorithm can be

implemented with O(m) total space and O(n∆

k2 + n
k

√
∆ logn/k) space per machine. This

completes the proof of Theorem A.2.1.

A.3 Streaming Algorithms

We start in Section A.3.1 by describing our streaming algorithm and its analysis when

the arrival order is random. Then in Section A.3.2, we give another algorithm for adversar-

ial order streams.

A.3.1 Random Edge Arrival Setting

In this section, we give a streaming algorithm for O(∆) edge coloring using Õ(n) space

where the edges come in a random stream. That is, a permutation over the edges is chosen

uniformly at random and then the edges arrive according to this permutation.

We first note that if ∆ = O(logn) then the problem is trivial as we can store the whole

graph and then report a ∆+ 1 edge coloring (even without knowledge of ∆). As such, we

assume ∆ = ω(logn).

The algorithm — formalized as Algorithm 2 — maintains a counter cv for each vertex

v. At any point during the algorithm, this counter cv basically denotes the highest color

number used for the edges incident to v so far, plus 1. Therefore, upon arrival of an edge

(u,v), it is safe to color this edge with max(cu,cv) as all edges incident to u and v have

a color that is strictly smaller than this. Then, we increase the counters of both v and u

to max(cu,cv) + 1. It is not hard to see that the solution is always a valid coloring, in
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the remainder of this section, we mainly focus on the number of colors required by this

algorithm and show that w.h.p., it is only O(∆) for random arrivals.

Algorithm 2: Edge coloring for random streams.
Result: A feasible coloring C : E→ [Ψ] for a given graph G = (V,E) with

maximum degree ∆ in a random stream
1 cv← 0 ∀v ∈V ;
2 while (u,v) is read from stream do
3 C (u,v)←max(cu,cv);
4 cu,cv← C (u,v)+1;
5 end

We start by noting that this algorithm can actually be extremely bad if the order is

adversarial. To see this, consider a path of size n. In an adversarial stream where the edges

arrive in the order of the path, Algorithm 2 uses as many as n−1 colors while the maximum

degree is only 2! It is easy to see why this example is very unlikely to occur in random

order streams: For a fixed path, it is very unlikely that the edges are randomly ordered in

this very specific way.

To make this intuition rigorous for general graphs, we first prove the following crucial

lemma which gives us the correct parameter to bound.

Lemma A.3.1. Let Ψ be the size of the longest monotone (in the order of arrival) path in

the line-graph of G. Then Algorithm 2 uses exactly Ψ colors.

Proof. Take a monotone path v1,v2, . . . ,vΨ in the line-graph of G and let e1,e2, . . . ,eΨ be

the edges of the original graph that correspond to these vertices respectively, i.e., e1 arrives

before e2 which arrives before e3 and so on. Since for any i, vi and vi+1 are neighbors in

the line-graph, then ei and ei+1 should share an end-point v. This means that at the time of

arrival of ei+1, we have cv ≥ C (ei)+ 1 which in turn, implies C (eΨ) > C (eΨ−1) > .. . >

C (e1). Therefore, C (eΨ)≥Ψ.
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On the other hand, suppose that there is an edge e1 = (u,v) for which C (e1) = Ψ in

Algorithm 2. This means that at least one of cu or cv equals Ψ when e1 arrives, say cu

w.l.o.g. Let e2 be the last edge incident to u that has arrived before e1. It should hold that

C (e2) = Ψ−1. Using the same argument, for each 1 < i ≤Ψ, we can find a neighboring

edge ei such that C (ei) = C (ei−1)−1. This way, we end up with a sequence e1, . . . ,eΨ of

edges, the path corresponding to this sequence in the line graph will be a monotone path of

length Ψ, completing the proof.

Theorem A.3.2. There is a streaming edge coloring algorithm that for any graph G =

(V,E) uses at most (2e+ ε)∆ ≈ 5.44∆ colors w.h.p. for any constant ε > 0 given that the

edges in E arrive in a random order.

Proof. We first prove that Algorithm 2 gives us a feasible coloring of graph G. Consider

two edges e1 = (u,v) and e2 = (u,v′) incident to vertex u such that e1 appears earlier than

e2 in the stream. For any edge e we represent by C (e) the color assigned to that by the

algorithm. After the algorithm colors e1 with C (e1), it sets cu to C (e1) + 1. Thus, cu

is at least C (e1) + 1 when e2 arrives and C (e2) ≥ C (e1) + 1 consequently. Therefore,

C (e2) > C (e1) for any pair of edges incident to a common vertex, and C is a feasible

coloring.

Next, for some constant α that we fix later, we show that the probability that an edge is

assigned a color number at least α∆ is at most n−c for some constant c≥ 2, implying via a

union bound over all the edges that indeed w.h.p., Ψ≤ α∆.

We showed in Lemma A.3.1 that if the number of colors Ψ used is α∆, then there

should exist a monotone path in the line-graph with size at least α∆. Let e0,e2, . . . ,eα∆

be the corresponding edges to this path. Thus, it suffices to bound the probability of this

event. Let Π denote the set of all such paths in the line graph. For a specific path π ∈Π, the

probability that it is monotone is 1/(α∆)!. Call this event Xπ . On the other hand, we can
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upper bound the number of such paths by (2∆)α∆, i.e., |Π| ≤ (2∆)α∆. This follows from the

fact that each path should start from the corresponding vertex to e0 in the line-graph, and

that maximum degree in the line graph is 2∆−2 (which is the upper bound on the number

of neighboring edges to each edge). Thus:

Pr[C (e0)≥ α∆] = Pr[
∨

π∈Π

Xπ ]≤ ∑
π∈Π

Pr[Xπ = 1]≤ (2∆)α∆

(α∆)!
,

where the last inequality is obtained by replacing Pr[Xπ = 1] and |Π| by the aforementioned

bounds. Taking the logarithm of each side of the inequality, we get

ln(Pr[C (e0)≥ α∆])≤ α∆ ln(2∆)− ln((α∆)!)

≤ α∆ ln(2∆)− ((α∆+1/2) ln(α∆)−α∆) (A.1)

= α∆ ln(2e/α)−1/2ln(α∆) (A.2)

≤ α∆ ln(2e/α). (A.3)

To obtain (A.1), we use Stirling’s approximation of factorials to lower-bound ln((α∆)!).

Finally, we rearranged terms to imply (A.2). By plugging in α = 2e(1+ ε), we get

ln(Pr[C (e0)≥ 2e(1+ ε)∆])≤ 2e(1+ ε)∆ ln
(

1
1+ ε

)
=−2e(1+ ε) ln(1+ ε)∆

≤−2e(1+ ε) ln(1+ ε)
c

2e(1+ ε) ln(1+ ε)
ln(n) (A.4)

=−c ln(n)

Since ∆ = ω(log(n)), we have ∆ > c′ ln(n) for any constant c′. Inequality (A.4) follows

from setting c′ = c/(2e(1+ ε) ln(1+ ε)) in ∆ > c′ ln(n), where c is the constant for which
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Clique Size 100 200 300 400 500 600 700 800 900 1000
Colors Used 3.363∆ 3.563∆ 3.665∆ 3.717∆ 3.756∆ 3.787∆ 3.815∆ 3.838∆ 3.849∆ 3.863∆

Table A.1: The number of colors used by Algorithm 2 on cliques averaged over 100 trials.

we want to show the probability is upper-bounded by n−c. Hence,

Pr[C (e0)≥ 2e(1+ ε)∆]≤ n−c.

Thus, Algorithm 2 returns a feasible coloring of the input graph G using at most 2e(1+ε)∆

colors, for any constant ε > 0 w.h.p. if the edges arrive in a random order.

To further evaluate the performance of Algorithm 2, we implemented and ran it for

cliques of different size. The result of this experiment is provided in Table A.1. The

numbers are obtained by running the experiment 100 times and taking the average number

of colors used. As it can be observed from Table A.1, for cliques of size 100 to 1000, the

number of colors used by the algorithm is in range [3.3∆,3.9∆] and it slightly increases by

the size of the graph. Our analysis, however, shows that it should never exceed 5.44∆.

A.3.2 Adversarial Edge Arrival Setting

In this section, we turn to arbitrary (i.e., adversarial) arrivals of the edges. We assume

that the adversary is oblivious, i.e., the order of the edges is determined before the al-

gorithm starts to operate so that the adversary cannot abuse the random bits used by the

algorithm. Having this assumption, we give a randomized algorithm that w.h.p., outputs a

valid edge coloring of the graph using O(∆2) colors while using Õ(n) space. The algorithm

is formalized as Algorithm 3. We note that this algorithm, as stated, requires knowledge

of ∆. However we later show that we can get rid of this assumption. Overall, we get the

following result:
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Algorithm 3: Edge coloring in the adversarial order
Result: A feasible coloring for a given graph G = (V,E) with maximum degree ∆

1 for any vertex v ∈V do
2 rv← a sequence of log(n) independent random bits.
3 for any i ∈ [logn] do
4 cv,i← 0
5 end
6 end
7 for any edge e = (u,v) in the stream do
8 Let i be the smallest index for which rv,i 6= ru,i.
9 if ∆2−i > logn then

10 if ru,i = 1 then
11 Assign color (cu,i,cv,i, i) to e.
12 else
13 Assign color (cv,i,cu,i, i) to e.
14 end
15 Increase both cv,i and cu,i by one.
16 else
17 Store edge e.
18 end
19 end
20 Color the stored edges using a new set of colors.

Theorem A.3.3. Given a graph G with maximum degree ∆, there exists a one pass stream-

ing algorithm, that outputs a valid edge coloring of the G using O(∆2) colors w.h.p., using

Õ(n) memory.

Consider two vertices v and u and their string of random bits rv and ru defined in the

algorihtm. Let du,v be the smallest index i where ru,i 6= rv,i. Upon arrival of an edge e =

(u,v), we first find i := du,v. If ∆2−i > logn, we color the edge immediately. Otherwise,

we store it. We will show that all the stored edges fit in the memory thus after reading all

the stream we can color them with a palette of at most ∆+1 new colors. In the algorithm,

for any vertex v and any i ∈ [logn], we define a counter cu,i. If ∆2−i > logn for any edge

e, then we immediately assign e a color which is represented by a tuple (cu,i,cv,i, i). Then,

we increase counters cu,i and cv,i. Note that we say two colors are the same if all three
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elements of them are equal. We first show that this gives us a valid coloring, which means

it does not assign the same color to two edges adjacent to the same vertex. We use proof by

contradiction. Assume that our algorithm assigns the same color to edges e1 = (u,v1) and

e2 = (u,v2) adjacent to vertex u. None of them can be from the stored edges since we color

them using a new palette. This means that du,v1 = du,v2 . Let us denote it by i. Without loss

of generality, we assume that ru,i = 1 and that in the input stream e1 arrives before e2. Note

that the first element of the colors (which are tuples) assigned to these edges is the value of

counter cu,i when they arrive. However, the algorithm increases cu,i by one after arrival of

e1 thus the colors assigned to e1 and e2 cannot be the same.

Now, it suffices to show that the total number of colors used by the algorithm is O(∆2).

Given a vertex v, and a number l ∈ [logn] let us compute an upper-bound for counter cv,i.

Let Nv be the set of neighbors of this vertex and let Nv,i be the set of neighbors like u where

dv,u = i. We know that cv,i = |Nv,i|, thus given any vertex v and i ∈ [log(n)], we need to

find a bound for |Nv,i|. Given any edge e = (v,u) the probability of e being in set Nv,i is

2−i which means E[|Nv,i|] = deg(v)2−i where deg(v) is the degree of vertex v in the input

graph.

Using a simple application of the Chernoff bound, for any vertex v, we get:

Pr
[
|Nv,i| ≥ deg(v)2−i +O

(√
deg(v)2−i logn

)]
≤ 1

nc .

Setting c to be a large enough constant, one can use union bound and show that w.h.p., for

any vertex v and i ∈ [logn] where deg(v)2−i ≥ logn, we have |Nv,i| ≤ O(deg(v)2−i).

Having this, we conclude that for any i ∈ [logn], where ∆2−i > logn, the number of

colors used by the algorithm whose third element is i is at most O(∆22−2i) since the first

and the second element of the color can get at most O(∆2−i) different values. Therefore,

the total number of colors used for any such i is at most O
(

∑i∈[logn]∆
22−2i)= O(∆2). We
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will also show that the stored edges fit in the memory and thus we can color them using

O(∆) new colors. As a result the total number of colors used is O(∆2).

To give an upper-bound for the number of stored edges we first show that the expected

number of stored edges for each vertex is O(logn). Let j := log( ∆

logn). Recall that we store

an edge (u,v) when ∆2−du,v < logn. Thus the expected number of stored edges adjacent to

a single vertex v is at most

∑
j≤i≤logn

dv2−i ≤ ∑
j≤i≤logn

∆2−i ≤ ∑
j≤i≤logn

log(n)2−i+ j = O(logn).

To get the last equation we use the fact that ∆2− j ≤ logn. By a similar argument that we

used above (using Chernoff and Union bounds), with a high probability the total number of

stored edges is O(n logn) which can be stored in the memory. Therefore the proof of this

theorem is completed.

Knwoledge of ∆. As written, our algorithm depends on the knowledge of ∆ because

we must check ∆2−i > logn. We can get rid of this condition by keeping track of the

degree degH
v of a vertex in the subgraph H we have seen so far, and then computing the

max degree degH
max. This only requires an additional O(n) space. Thereafter, instead of

checking if ∆2−i > logn, we check if degH
max 2−i > logn. Whenever degH

max increases, we

iterate over all stored edges and recompute whether or not degH
max 2−i > logn. If so, we

color the edge and remove it from the buffer, else we keep it. It is easy to see that this

will not exceed the space bounds because at any timestep, we can assume the input graph

was H in the first place. Then its max degree is ∆H = degH
max, and we can apply the same

argument for the space bounds as before, but using ∆H instead of ∆. All other parts of the

proof still hold. Therefore our algorithm does not require knowledge of ∆.

Finally, we remark that if one allows more space, then one can modify Algorithm 3 to
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use fewer number of colors. Though we focused only on the Õ(n) memory regime.

A.4 Open Problems

We believe the most notable future direction is to improve the number of colors used in

our streaming algorithms. Specifically, our streaming algorithm for adversarial arrivals re-

quires O(∆2) colors. A major open question is whether this can be improved to O(∆) while

also keeping the memory near-linear in n. Also for random arrival streams, we showed

that Algorithm 2 achieves a 5.44∆ coloring and showed, experimentally, that it uses at least

3.86∆ colors. A particularly interesting open question is whether there is an algorithm that

uses arbitrarily close to 2∆ colors using Õ(n) space in random arrival streams.
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Appendix B: Minimum Cut

B.1 Introduction

Massively Parallel Computation (MPC) – introduced by Karloff et al. [95] in 2010 –

is an abstract model that captures the capabilities of the modern parallel/distributed frame-

works widely used in practice such as MapReduce [51], Hadoop [135], Flume [40], and

Spark [137]. MPC has been at the forefront of the research on parallel algorithms in the

past decade, and it is now known as the de facto standard computation model for the anal-

ysis of parallel algorithms.

In this paper, we focus on sublogarithmic-round algorithms for the Min Cut problem

in the Adaptive Massively Parallel Computation (AMPC) model, which is a recent exten-

sion of MPC. In both MPC and AMPC, the input data is far larger than the memory of

a single machine, and thus an input of size N is initially distributed across a collection of

M machines. In the MPC model, the algorithm executes in several synchronous rounds,

in which each machine executes local computations isolated from other machines, and the

machines can only communicate at the end of a round. The total size of incoming/outgo-

ing messages for each machine is limited by local memory constraints. We are interested

in fully-scalable algorithms in which every machine is allocated a local memory of size

O(Nε) for any constant 0 < ε < 1. Moreover, we can often improve the round complexity1

1The number of rounds is a main complexity of interest since in practice the bottleneck is often the
communication phase.
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of the massively parallel algorithms by allowing a super-linear total memory O(N1+ε), for

example, the filtering technique of Lattenzi et al. [102] in MPC or the maximal matching

algorithm of Behnezhad et al. [30] in AMPC. So we are primarily interested in algorithms

with Õ(N) total memory, and therefore we assume there are M = Õ(N1−ε) machines.

Recent developments in the hardware infrastructure and new technologies such as RDMA [54],

eRPC, and Farm [55] allow for high-throughput, low-latency communication among ma-

chines in data centers, such that remote volatile memory accesses are becoming faster than

accessing local persistent storage. The concept of a shared remote memory is in particular

useful when machines need to query data adaptively – i.e., deciding what to query next

based on the previously queried data – which requires a communication round per query in

the MPC model. Behnezhad et al. [29] incorporates this RDMA-like paradigm of remote

memory access into the MPC model and introduces AMPC. In the new model, the ma-

chines can adaptively query from a distributed hash table, or a shared read-only memory,

during each round. Machines are only allowed to write to shared memory at the end of

each round. There is also empirical evidence that AMPC algorithms for several problems –

including maximal independent set, maximal matching, and connectivity – obtain signifi-

cant speedups in running time compared to state-of-the-art MPC algorithms [30]. This fact,

which stems from the meaningful drop in the number of communication rounds, verifies

the practical power of the AMPC model.

In this paper, we provide the first AMPC-specific algorithms for the Min Cut problem.

The Min Cut of a given graph G = (V,E) is the minimum number of outgoing edges, δ (S),

among every subset of vertices S ⊆ V . The celebrated result of Karger and Stein [94]

solves Min Cut by recursively contracting edges in random order. Specifically, it runs two

instances of the contraction process with different seeds in parallel. Each instance is run

in parallel until the graph size is reduced by a factor of 1√
2
, at which point each instance

recurses (thereby creating a parallel split again). They return the minimum of the two

34



returned cuts. The algorithm itself is mainly inspired by another result of Karger [93] for

finding the Min Cut using graph contractions. We also extend our approach to the Min

k-Cut problem, in which we are given a graph G = (V,E) and an integer k and we want

to find a decomposition of V into k subsets V1,V2, . . . ,Vk so that ∑
k
i=1 δ (Vi) is minimized.

We utilize the greedy algorithm of Saran and Vazirani [129] which gives an O(2− 2
k )-

approximation of the Min k-Cut. Gomuri and Hu give an alternative algorithm with the

same approximation guarantee with additional features [74].

We study the Min Cut and Min k-Cut problems in the AMPC model. We give O(log logn)-

round AMPC algorithms for a (2+ε)-approximation of Min Cut and a (4+ε)-approximation

of Min k-Cut.

B.1.1 Adaptive Massively Parallel Computation (AMPC)

Massively Parallel Computation (MPC) and Adaptive Massively Parallel Computation

(AMPC) both sprung out of an interest in formalizing a theoretical model for the famous

MapReduce programming framework. The most common problems in MPC and AMPC

are on graph inputs, and since our paper only considers graph problems, we define these

two models in terms of problems on graphs. Say a graph has n vertices and m edges.

In standard MPC [6, 76, 95, 102], we are given a collection of M machines and are

allowed to compute the solution to a problem in parallel. As we have already discussed,

MPC computation occurs in synchronous rounds, each consisting of local polynomial-time

computation and ending with machine-machine communication where all messages sent

to and from a machine must fit within its local memory. Fully-scalable algorithms, the

strongest memory regime in MPC, require the local memory to be constrained by O(nε)

for any given 0 < ε < 1. Additionally, we are primarily interested in algorithms that require

at most O(logn) rounds. However, often sublogarithmic – i.e., O(
√

logn) or O(log logn) –
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round complexity is much more desirable. In most cases, the total space must be at most

Õ(n+m), though sometimes we allow slightly superlinear total space.

AMPC extends MPC to add functionality while remaining implementable on modern

hardware. Formally, in the AMPC model, we are given a set of distributed hash tables

H0, . . . ,Hk for each of the k rounds of computation. These hash tables are each limited in

size by the total space of the model (i.e., Õ(n+m)). As in MPC, we are given a number

of machines and computation proceeds in rounds. In each round, local computations occur

and then messages are sent between machines. The distinction in AMPC is that during the

local computations, machines are allowed simultaneous read access to the hash table for

that round (i.e., Hi−1 for round i) and during the messaging phase of the round, they are

allowed to write data to the next hash table, Hi. The power of the AMPC model over the

MPC model is that, at the beginning of a round, the machines do not need to choose all

the data they will access during the round. Instead, they can dynamically access the data

stored in the hash table over the course of the local computation, thus potentially selecting

data based on its own local computation.

It is not too hard to see that AMPC is a strictly stronger model than MPC. In fact, it

was formally shown that all MPC algorithms can be implemented in AMPC with the same

round and space complexities [29].

B.1.2 Our Contributions and Methods

This work is the first to study the Adaptive Massively Parallel Computation (AMPC)

model for Min Cut problems on graphs. We mainly focus on the standard single Min

Cut problem, although we also propose an approximation algorithm for the Min k-Cut

problem. Our main result for the Min Cut problem is a 2+ ε approximate algorithm that

uses sublogarithmic O(log logn) rounds.
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Theorem B.1.1. There is an O(log logn)-round AMPC algorithm that uses Õ(n+m) total

memory and Õ(nε) memory per machine which finds a (2+ ε)-approximation of Min Cut

with high probability.

Note that this is a vast improvement over the current state-of-the art algorithms in

MPC by Ghaffari and Nowicki [68], which achieves the same 2 + ε approximation in

O(logn log logn) rounds. Both our algorithm and that of Ghaffari and Nowicki use Karger’s

methods as a general structure for finding the Min Cut. Using this method, the goal is to

recursively execute random graph contractions. From the results of Karger, the contraction

process either finds a singleton cut that is a 2+ε approximation or preserves a specific Min

Cut with probability dependent on the depth of recursion. To leverage this result, at each

step of the recursion process, we find the best singleton cut on the existing graph. Once

the graph is small enough, the problem can be solved efficiently. Out of all the singleton

solutions found during this process and the final Min Cut on the small graph, we simply

select the best cut. This is a 2+ ε approximate Min Cut with high probability.

To implement this approach in a distributed model, both methods assign random weights

to the edges of the input graph and find a minimum spanning tree (MST). Greedily, select-

ing edges in order of decreasing weight, we contract the graph along the current edge. This

process is equivalent to the same greedy random contraction process on the original graph.

This step, already, currently requires at least Ω(logn) rounds in MPC, but the flexibility of

the AMPC model allows us to achieve this step in a constant number of rounds.

It remains to show how can one find the best singleton cuts at each level of recursion. In

order to do this, we employ a low-depth tree decomposition on the minimum spanning tree

until it becomes a set of separated vertices. On top of this recursive divide-and-conquer

process, we design a process to compute and remember the best singleton cut.

The high level idea of recursively partitioning the tree and applying a process on top of
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that to find the best singleton cut is the same in both our paper and Ghaffari and Nowicki’s

paper [68]. However, the processes used to do this in MPC do not yield simple improve-

ments in AMPC. Rather, we must use entirely novel techniques that leverage adaptivity to

get truly sublogarithmic results. In fact, this must be done in constant rounds to achieve

our results, whereas Ghaffari and Nowicki do this in O(logn) rounds. In order to create a

tree decomposition, we consider maximal paths of heavy edges (i.e., edges that go from a

parent to its child with the largest subtree). These paths are replaced by binary trees whose

leaves are the path and the root connects to the path’s parent. Consider labeling the result-

ing vertices in the graph with their depth. For each internal node in one of these binary

trees, which was not a vertex in the original tree, we select a specific descendant leaf in

the binary tree expansion of the path to send its depth to. The final value a vertex receives

is then what we call the “label”, which measures at what level of recursion the tree splits

at that vertex. An entire labeling of the tree encodes an entire tree decomposition. This is

done in constant AMPC rounds.

To compute the singleton cuts at each level, we assign to each singleton cut formed

during the contraction process a vertex that has the lowest label. We show that such vertices

are well-defined, i.e. there is only one vertex with the lowest label within vertices on the

same side of a singleton cut. Because removing vertices of labels lower than i partitions

the tree into disjoint subtrees such that each subtree contains at most one vertex with label

i, we are able to calculate minimal singleton cuts corresponding to these vertices with label

i in parallel in a constant number of AMPC rounds. Since, we constructed the low-depth

decomposition such that the range of labels has size O(log2 n), thus, by increasing the total

memory, we can perform these computations for all different lables in a constant number

of AMPC rounds. For more details, we defer to Section B.4.

We then show how this work can be leveraged to achieve efficient results for approxi-

mate Min k-Cut, generalizing the results from Saran and Vazirani [129]. At a high level, we
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start by computing a Min Cut. Then we add the edges of the cut to a set D. In all following

k−1 iterations, we calculate the Min Cut on the graph without edges in D, and add the new

cut edges to D for the next iteration. The set of the first k cuts we compute is our k-cut.

Compared to Saran’s and Vazirani’s technique, our method uses an approximate Min

Cut rather than an exact Min Cut on each splitting step. This requires adapted analysis

of this general approach. We employ the structure of Gomory-Hu trees (see [74]) for this

purpose and show the following result:

Theorem B.1.2. Algorithm APX-SPLIT is an (4 + ε) approximation of the Min k-Cut.

Furthermore, it can be implemented in the AMPC model with O(nε) memory per machine

in O(k log logn) rounds and O(m) total memory.

Therefore, for small values of k, we can achieve efficent algorithms for 4+ ε approx-

imate Min k-Cut in AMPC. Note that there are no existing results in the MPC model,

however our methods applied to the work of Ghaffari and Nowicki [68] yield:

Corollary B.1.3. There is an algorithm that achieves a (4+ ε) approximation of the Min

k-Cut with high probability that can be implemented in the MPC model with O(nε) memory

per machine in O(k logn log logn) rounds and O(m) total memory.

Note there is still a logarithmic-in-n improvement in the round complexity in AMPC

over MPC no matter the value of k. Due to space constraints both these result are presented

in Section B.5 in the appendix.

B.2 Minimum Cut in AMPC

Karger and Stein [94] proposed a foundational edge contraction strategy for solving

Min Cut:
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• Create two copies of G, and independently on each, contract edges in a random order

until there are at most n√
2

vertices.

• Recursively solve the problem on each contracted copy until they have constant size.

• Return the minimum of the cuts found on both copies.

Lemma B.2.1 ([94]). The contraction process executed to the point where there are only n
t

vertices left preserves any fixed minimum cut with probability Ω

(
1
t2

)
.

According to Lemma B.2.1, naively contracting random edges until there are only two

vertices remaining preserves at least one minimum cut with probability Ω

(
1
n2

)
. Thus, we

need to repeat the naive contraction process at least O
(
n2 logn

)
times so that we have a high

probability of success, i.e., preserving a minimum cut. However, Karger and Stein [94]

show that their recursive strategy succeeds with probability Ω

(
1

logn

)
. In turn, running

O
(
log2 n

)
instances of the recursive strategy is enough to find a minimum cut with high

probability.

Roughly speaking, the choice of t =
√

2 as the inverse of the branching factor assures

that a minimum cut is preserved with probability 1
t2 =

1
2 throughout the contractions in each

copy. Hence, the probability of success, say P(n), for n vertices is bounded by:

P(n)≥ 1−
(

1− 1
2
·P
(

n√
2

))2

(B.1)

Note that the random contractions in two copies are assumed to be independent, and the

probability of success for each copy is at least 1
2 ·P

(
n√
2

)
since we recurse on the resulting

contracted graph with n√
2

vertices. Inequality (B.1) implies that at the k-th level of recursion

(counting from the bottom), the probability of success is Ω
(1

k

)
, and in particular Ω

(
1

logn

)
at the root of recursion. [94].
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Let us now give some high-level insight into Ghaffari’s and Nowicki’s approach. Ghaf-

fari and Nowicki [68] observed that if we only desire a (2+ε) approximate cut, we can use

a better bound for the probability of preserving a minimum cut, or alternatively, the success

probability.

Lemma B.2.2 ([68, 94]). On an n-vertex graph G, let C be a minimum cut with weight λ .

Fix an arbitrary ε ∈ (0,1). The described random contraction process that contracts G

down to n
t vertices either at some step creates a singleton cut of size at most (2+ ε)λ or

preserves C - i.e., it does not contract any of its edges - with probability at least 1
t1−ε/3 .

A singleton cut is a partitioning of graph vertices so that there is only one vertex on one

side, i.e., δ (S) so that |S|= 1. Assuming that one is able to verify whether a singleton cut

of a small size has been formed during the contraction process, they show that this greater

probability of success can boost the recursive process. In short, consider the k-th level of

recursion, where level 0 corresponds to the bottom level. Let n
tk

be the size of a single

recursive instance at level k, and denote by sk the total number of instances on this level.

For all k, they ensure sk = t1−ε/3
k .

Now, let x1−ε/3
k be the branching factor on level k. That is, the recursion produces x1−ε/3

k

copies of the instance at level k, and on each of them independently contracts edges in a

random order until the number of vertices is bigger than n
tk
· 1

xk
. If we have an algorithm that

is able to track whether a small singleton cut appeared in each of these random processes,

we either get a singleton cut that (2+ ε) approximates a minimum cut or a minimum cut

is preserved with probability x1−ε/3
k . Since we made x1−ε/3

k copies, by a similar argument

as in Karger’s approach, we get that, in the latter case, the probability of preserving a

minimum cut is Ω
(1

k

)
.

Finally, observe that on the k-th level of recursion, the most costly operation is copying

a k-th level instance x1−ε/3
k times in order to contract edges in each of these instances.
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Since the instance has size n
tk

and we have sk instances, processing these tasks in parallel

requires n
tk
· sk · x

1−ε/3
k space. If one want to fit this in O(n) space, then it must be that

xk ≤ t(ε/3)/(1−ε/3)
k . Anyway, we get that the number of contractions we can make on k-th

level is polynomial in the number of contractions we made on higher levels, and if the

recurrence is solved, then it follows that it will be O(log logn) levels until we reach a graph

of a constant size.

Ghaffari and Nowicki [68], use Lemma B.2.2 and the above boosting scheme to show

an O(log logn · logn)-round MPC algorithm for Min Cut. The main non-trivial part of their

algorithm involves tracking the smallest singleton cut on each recursion level, which they

do in O(logn) rounds because of the divide and conquer nature of their approach. Effec-

tively, they assign all edges random and unique edge weights, and contract all uncontracted

edges in decreasing order by edge weight. It can then be shown that all that needs to be

done is to compute the MST of this graph and contract these edges accordingly (all other

edges will be automatically contracted when another edge is contracted). We reduce the

number of rounds for singleton cut tracking down to O(1) rounds in the AMPC model. We

aim to prove the following theorem.

Theorem B.1.1. There is an O(log logn)-round AMPC algorithm that uses Õ(n+m) total

memory and Õ(nε) memory per machine which finds a (2+ ε)-approximation of Min Cut

with high probability.

To track singleton cuts, the first step is to find a low depth decomposition of the current

MST. At a high level, a low depth decomposition of a tree is a labeling of its vertices

with values 1 through d, where d is the depth. This label must satisfy the following: for

every level i ∈ [d], the connected components induced on vertices with label at least i

must contain at most one vertex for each i. This defines a recursive splitting process:

starting at depth 1, there must be at most one vertex v with the minimum label, so we
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can split the tree into multiple parts by removing v. Then we simply recurse on each

connected component, considering the next set of labels, and knowing the process will

always split each connected component once at a time. This is the general idea captured by

both this and previous works. However, in order to increase the efficiency of this step, we

require a new decomposition structure (see Definition B.1) and new methods for finding the

decomposition. Notice that it is always true that at each level, each connected component

contains at most one vertex at the next level.

In Section B.3, we show how to find a low depth decomposition with depth O(log2 n) in

AMPC in O(1/ε) rounds (Lemma B.3.1) with O(nε) space per machine. Roughly speak-

ing, we create a heavy-light decomposition of the MST, where we store “heavy paths”

consisting of edges connecting vertices to their children with the largest number of descen-

dants and isolated “light nodes”. We replace each heavy path with a complete binary tree

whose leaves contain the vertices in the path, which gives us an efficient structure to obtain

our labeling. This yields our low depth decomposition.

In the next step, we compute the size of of every singleton cut S that is created during

the process. Note that the contractions are inherently sequential and the number of contrac-

tions we need to make at step k is xk ∈ O(n). However, each singleton cut is a connected

component on the MST containing a specific edge e, whose contraction – in the increasing

order of contracting MST edges – results in subset S, if we only allow the edges that have

a smaller weight than e. We partition these connected components based on the vertex in

the cut with the lowest level in the heavy-light decomposition of the MST. This way, we

can compute every level of the low depth decomposition in parallel with only an O(log2 n)

blowup in total memory. In Section B.4, we show that we can track every singleton cut

in the contraction process in O(1) AMPC rounds. A high level pseudocode of the main

algorithm is given in Algorithm 4.

Note that MinSingletonCut (Algorithm 6) is introduced in Section B.4 and it leverages
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Algorithm 4: AMPC-MinCut
(An algorithm that calculates (2+ ε) approximation of Min Cut in G. The novel
part is underlined. )

Data: A graph G = (V (G),E(G)), a parameter k.
Result: (2+ ε) approximation of Min Cut.

1 if |G| ∈ nε then
2 return Min Cut of G calculated on a single machine
3 end
4 Let Ĝ1, . . ., Ĝk be copies of G1, . . . ,Gk with assigned random weight on edges

(independently for each copy);
5 In parallel for all i ∈ [k], Si←MinSingletonCut(Ĝi);
6 In parallel for all i ∈ [k], Gi← copy of Ĝi after first k contractions;
7 In parallel, Ci← AMPC-MinCut(Gi);
8 return min(S1, . . . ,Sk,C1, . . . ,Ck);

LowDepthDecomp (Algorithm 5) from Section B.3.

B.3 Generalized Low Depth Tree Decomposition

This section and the next address our algorithmic formulation and analysis. Note that

all omitted proofs are deferred to the Appendix.

In order to efficiently compute the singleton cuts in parallel, we first need to compute

an efficient decomposition of the MST. The low depth tree decomposition Ghaffari and

Nowicki [68] introduce is a very specific decomposition with i levels such that at each

level, the tree is split into two trees who share a root and no other vertices and are at least

1/3 the size of the original graph. Unfortunately, it is unclear how to calculate this precise

decomposition efficiently in AMPC. To work around this, we introduce a more generalized

version of the low depth tree decomposition, show that it can be computed in AMPC, and

later show that we can leverage this to obtain our Min Cut algorithm.

Definition B.1. A generalized low depth tree decomposition of some tree T is a labeling

` : V (T )→ [h] of vertices with levels for decomposition height h ∈ O(log2 n) such that for
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each level i, the connected components induced on T i = {v ∈ T : `(v) ≥ i} have at most

one vertex labeled i each.

To see what this means, consider the first level. We start by removing the sole vertex at

the minimum level, which leaves a forest. For each tree in the forest, we must then have at

most one vertex in the next level. We then remove the next level vertices (if they exist), and

are left with a forest that is either the same or more refined. This process continues until the

final, isolated vertices are labeled with the final level. Notice that we are guaranteed that

at any level i, each connected component has at most one level i vertex that it will remove.

The completion time of this process depends on the height of the decomposition, which in

our case is O(log2 n). We will, of course, make this more efficient in Section B.4.

It is not that hard to see that Ghaffari and Nowicki’s low depth tree decomposition is a

specific example of generalized tree decomposition with depth O(logn). They put a single

vertex in the first level and then simply recurse on the two trees in the remaining forest.

Note that they require additional properties of this decomposition to obtain their result,

specifically that each new component has size at least 1
3 of the original component, but we

will see later that these are not necessary for finding the singleton cuts.

Like Ghaffari and Nowicki in MPC, we prove this can be computed efficiently in, in-

stead, AMPC.

Lemma B.3.1. Computing a generalized low depth tree decomposition of an n-vertex tree

can be done in O(1/ε) AMPC rounds with O(nε) memory per machine and O(n log2 n)

total memory.

The rest of this section is dedicated to proving Lemma B.3.1. The formal and complete

algorithm is shown in Algorithm 5 and further details and definitions can be found later in

this section. At a high level, our algorithm proceeds as follows:

1. Root the tree and orient the edges [line 2].
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2. Contract heavy paths in a heavy-light decomposition of T into meta vertices to con-

struct a meta tree, TM [lines 3 to 5].

3. For each meta vertex, create a binarized path, a binary tree whose leaves are the

vertices in the heavy path, in order. Expanding meta vertices in this manner yields

our expanded meta tree [lines 7 to 11].

4. Label each vertex according to properties of the expanded meta tree. For all new

vertices (i.e., vertices created in step 3) v, label v with the depth of the highest vertex

u in the same meta node such that v is the leftmost leaf descending from the rightmost

child of u in the binarized path of the meta node [lines 13 to 15].

Each of these steps correspond to the following subsections. For instance, step 1 cor-

responds to Section B.3.1. All relevant terminology related to these steps are additionally

found in the corresponding subsections. Lemma B.3.1 is proven at the end of the final

subsection.

B.3.1 Rooting the Tree

Like in Ghaffari and Nowicki, the first thing we need to do in line 2 of Algorithm 5 is

compute an orientation of the edges. Fortunately this, along with rooting the tree, can be

done quickly in AMPC by the results of Behnezhad et al. [29] in their Theorem 7.

Lemma B.3.2 (Behnezhad et al. [29]). Given a forest F on n vertices, the trees in F can

be rooted and edges can be oriented in O(1/ε) AMPC rounds w.h.p. using O(nε) local

memory and O(n logn) total space w.h.p.

Here, w.h.p. means “with high probability.” This completes the first step of our algo-

rithm.
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Algorithm 5: LowDepthDecomp
(Computing a generalized low depth tree decomposition of an input tree in
AMPC)

Data: A tree T = (V (T ),E(T )).
Result: A mapping ` : V (T )→ N of tree vertices to levels.

1 Initialize ` : V (T )→ N;
2 Root and orient T ;
3 Let TH = (V (T ),{e ∈ E(T ) : e is heavy};
4 Let P be the connected components of TH ;
5 Let TM = (P,{(P1,P2) : P1,P2 ∈P,∃(u1,u2) ∈V (P1)×V (P2) such that (u1,u2) ∈

E(T )});
6 for v ∈ TM of heavy path Pv in parallel do
7 Let V (Tv) be a vertex set of size 2|Pv|−1 with associated indices

1, . . . ,2|Pv|−1, denoted by iu;
8 Let Tv = (V (Tv),{(u, pu) : ipu = biu/2c});
9 Pre-order traverse T and sort Pv accordingly;

10 Pre-order traverse Tv and let L be its sorted leaves;
11 For all i ∈ [|Pv|], map Pv[i] to L[i];
12 for u ∈V (Tv) do
13 Find path Pu to the root of the expanded meta-tree;
14 Let u′ ∈V (Tv)∩Pu be such that u is the leftmost descendant of u′’s right

child (otherwise u′ = u);
15 Label `(u) = d(u′);
16 end
17 end
18 return ` limited to the original vertices in T ;

B.3.2 Meta Tree Construction

We also leverage Ghaffari and Nowicki’s notion of heavy-light decompositions for our

AMPC algorithm, which can be found from lines 3 through 5 in Algorithm 5. This process

allows us to quickly decompose the tree into a set of disjoint paths of heavy edges, which

are defined as follows (note that our definition slightly deviates from Ghaffari and Now-

icki [68], where the heavy edge must extend to the child with the largest subtree without

requiring this subtree to be that large, though it is the same as the definition used by Sleator

and Tarjan [130]):
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Figure B.1: The heavy-light decomposition of an example tree.

Definition B.2 (Sleator and Tarjan [130]). Given a tree T and a vertex v ∈ T , let {ui}i∈k be

the set of children of v where the subtree rooted at u1 is the largest out of all ui. If there is

no strictly largest subtree, we arbitrarily choose exactly one of the children with a largest

subtree. Then (u1,v) is a heavy edge and (ui,v) is a light edge for all 1 < i≤ k.

Then the definition of a heavy path follows quite simply.

Definition B.3 (Ghaffari and Nowicki [68]). Given a tree T , a heavy path is a maximal

length path consisting only of heavy edges in T .

Ghaffari and Nowicki then make the observation that the number of light edges and

heavy paths is highly limited in a tree. This comes from a simple counting argument,

where if you consider the path from root r to some vertex v, any time you cross a light

edge, the size of the current subtree is reduced by at least a factor of 2. This holds even

with our different notion of heavy edges since subtrees rooted at children of light edges

are still much smaller compared to the subtree rooted at the parent vertex. This bounds the

number of light edges between r and v, where each pair of light edges are separated by at

most one heavy path, and therefore it also bounds the number of heavy paths.

Observation B.3.1 (Ghaffari and Nowicki [68]). Consider a tree T oriented towards root

r. For each vertex v, there are only O(logn) light edges and only O(logn) heavy paths on
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Figure B.2: The meta-tree of the same tree from Figure B.1 is demonstrated in this figure.

the path from v to r.

Using the definition of heavy edge from Sleator and Tarjan [130] instead of from Ghaf-

fari and Nowicki, we get an additional nice property. This is because in our definition,

every internal vertex has one descending heavy edge to one child.

Observation B.3.2 (Sleator and Tarjan [130]). Given a tree T and an internal vertex v∈ T ,

v must be on exactly one heavy path. For a leaf ` ∈ T , ` must be on at most one heavy path.

Our first goal is to compute what we call a meta tree. This is a decomposition of our

tree that will allow us to effectively handle heavy edges. It is quite analogous to Ghaffari

and Nowicki’s notion of the heavy-light decomposition, which partitions the tree into heavy

and light edges.

Definition B.4. Given a tree T , the meta tree of T , denoted TM, comes from contracting

all the heavy paths in T . We call the vertices of T original vertices and the vertices of TM

meta vertices.

Note that contracting all heavy paths simultaneously is valid because, by Observa-

tion B.3.2, all heavy paths must be disjoint. Additionally, all internal meta vertices are

contracted heavy paths (as opposed to original vertices), again by Observation B.3.2. We

note that in AMPC, since connectivity is easy, it is additionally quite easy to contract the

heavy paths of T into single vertices.
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Lemma B.3.3. Given a tree T , the meta tree TM can be computed, rooted, and oriented

in AMPC in O(1/ε) rounds with O(nε) memory per machine and O(n log2 n) total space

w.h.p.

Proof. First off, we know subtree size can be computed in O(1/ε) low-memory AMPC

rounds on trees as shown by Behnezhad et al. [29], and the child of a vertex v with minimum

subtree can then be found in O(1/ε) rounds by dividing the children amongst machines and

iteratively finding the smallest. Next, consider removing all light edges from T to create

a forest F . Run Behnezhad et al.’s AMPC connectivity algorithm [30], which satisfies the

round and space constraints, to identify the components and contract them. Add the light

edges back in to connect contracted nodes. This clearly is TM. Additionally, as before, we

run Behnezhad et al.’s [29] AMPC algorithm for orienting the tree. This too falls within

the constraints.

This completes the second step of our decomposition algorithm.

B.3.3 Expanding Meta Vertices

In order to label the vertices, we need a way to handle the heavy paths corresponding

to each meta vertex. Let v ∈ TM be a meta vertex, and Pv be the heavy path of original

vertices in T corresponding to v. Note that we have no stronger bound on the length of a

heavy path than O(n). Therefore, a recursive partitioning, or labeling of vertices that has

polylogarithmic depth must be able to cleverly divide heavy paths. We can do this with a

new data structure.

Definition B.5. Given some path P, a binarized path is an almost complete binary tree T

with |P| leaves where there is a one-to-one mapping between P and the leaves of T such

that the pre-order traversal of P and T limited to its leaves agree.
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By “agree”, we mean that if a vertex v ∈ P comes before a vertex u ∈ P in the pre-order

traversal of P, then it also does in the pre-order traversal of T . To characterize this tree, we

make a quick observation:

Observation B.3.3. An almost complete binary tree on n leaves has 2n−1 vertices, blog2 nc+

1 max depth, and every layer is full except the last, which has 2n−2blog2 nc+1 vertices.

Additionally, we can find a relationship between the ancestry of triplets in P based off

of the order of the three vertices. While this is not required for expanding meta vertices, it

is a property of the binarized path that will be useful when we label vertices later.

Observation B.3.4. Given a binarized path T of a path P, for any u,u′,u′′ ∈ P that appear

in that order (or reversed), if v is the lowest common ancestor of u and u′ and v′ is the

lowest common ancestor of u and u′′, then v′ is an ancestor of v or v′ = v.

Proof. Consider such a u,u′,u′′ ∈ Pv that appear in this order (or reversed), and let v and v′

be the lowest common ancestors of u and u′, and u and u′′ respectively. Consider traversing

from u up the tree from child to parent, and let p be the current vertex. We start with p = u

and thus the leaf set of the subtree rooted at p is Lp = {u}. As we traverse upwards, we add

sets of leaves to Lp that are contiguous in Pv. Additionally, one vertex is directly adjacent

to a vertex from Lp in Pv because Pv was mapped to the leaves of Tv according to the pre-

order traversal. Therefore, Lp is a contiguous chunk of Pv. Thus, when u′′ gets added to the

subtree (i.e., when p = v′) u′ must be in Lp too, either because it was added previously or

it is being added at the same time. In the former case, v must have happened before v′ and

thus v′ is an ancestor of v, and in the latter case, v = v′.

To create the tree, we do the following for every v ∈ TM:

1. Create an almost complete binary tree Tv with |Pv| leaves, linking children to parents

and noting if a vertex is a left or right child [lines 7 and 8].
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2. Do a pre-order traversal of Tv and Pv and map the vertices in Pv to the leaves of Tv

such that the pre-order traversal of Pv and of Tv limited to its leaves agree. [lines 9

to 11].

Next, it is pretty direct to see that the produced tree is a binarized path.

Observation B.3.5. The process described above produces a binarized path Tv of Pv for all

v.

We prove that this can be done in the proper constraints.

Lemma B.3.4. The heavy paths of a tree can be converted into binarized paths in O(1/ε)

AMPC rounds with O(nε) local memory and O(n logn) total space w.h.p.

Proof. Correctness of the process described in this section is seen in Observation B.3.5.

Thus we simply need to show how to implement it in AMPC. For the first step, we must

construct a generic almost complete binary tree with |Pv| leaves. Call this tree Tv. By

Observation B.3.3, this has 2|Pv|− 1 vertices, blog2 |Pv|c+ 1 max depth, and each layer is

full except the last which has 2|Pv| − 2blog2 |Pv|c+1 vertices. Thus, it is fairly simple to, in

parallel, create the set of all vertices in the tree and then connect each vertex to its parent.

Each vertex can be given an index: a unique identifier for vertices numbered 1, . . . ,2|Pv|−1.

This is going to represent the order of the vertices in a breadth-first traversal of the tree.

For a vertex with index 1 < i < 2|Pv|, its parent’s index j can be computed as j = bi/2c.

Whether or not a vertex is a left or right child is simply determined by the parity of its

pre-order index.

Note that the size of the tree is O(|Pv|) but each individual processor computation (i.e.,

computing the size of the tree, and then having each index connect itself to its parent) can

be done in constant space and 2 rounds. Thus in 2 rounds, we can create such a tree. Note

that we have to construct these trees in parallel, but it is not hard to see that this will only

require O(n logn) total space which can be divided appropriately amongst machines.
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For the second step, we can use Behnezhad et al.’s [29] algorithm for pre-order num-

bering with O(1/ε) AMPC rounds w.h.p. using O(nε) local memory and O(n) total space.

Let L be a list of the leaves of Tv in pre-order. To map Pv to the leaves, one can simply do a

direct map between Pv and L in one round.

B.3.4 Labeling Vertices

Our next goal is to label the vertices with the level they should be split on. Consider,

hypothetically, expanding the meta tree TM such that every heavy path for a meta vertex

v is replaced with its binarized path (which is an almost complete binary tree) Tv, and

the tree continues at the leaves corresponding to the nodes in the heavy path. Note that

only some vertices in the hypothetical tree correspond to vertices in the original tree T .

Specifically, the internal nodes of each component subtree Tv are not vertices in T , but the

leaves correspond exactly to the vertices in T .

Ultimately, for a vertex u ∈ T in meta vertex v, let u′ be the vertex in Tv such that u is

the leftmost leaf-descendant of the right child of u′ in TuM (or if this doesn’t exist, u′ = u).

Then we will label `(u) = d(u′) where d is the depth in the expanded meta tree. Following

this, our vertex labeling process will be as follows for each v ∈ TM and u ∈ Tv:

1. Vertex u finds the path Pu from u to the root of TM, assuming the meta vertices are

expanded [line 13].

2. Let u′ be the highest vertex in Tv such that u is the leftmost descendant of the right

child of u. If there is no such vertex, let u′ = u [line 14].

3. Label u with the depth (assuming roots have depth 1) of u′ in the expanded TM

[line 15].

We start by making a quick observation that comes directly from Observations B.3.1
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and B.3.3.

Observation B.3.6. The max depth of TM with meta nodes expanded (“the expanded TM”)

into binary trees is O(log2 n).

This will be greatly helpful in showing the efficiency of our algorithm. We now show

that this final part can be implemented efficiently, which is sufficient to prove our main

lemma.

Lemma B.3.5. The process described above finds a generalized low depth tree decompo-

sition of original tree T of height h ∈ O(log2 n) in 1 round with O(nε) local memory and

O(n log2 n) total space.

Proof. First, note that Pu can be stored entirely on one machine by Observation B.3.6, and

additionally, since both TM and Tv for all v ∈M is oriented, it is quite simple to adaptively

query the path from u to the root in one round within the space constraints. Assuming

the orientations also labels if the vertex is a left or right child, u′ can be found simply by

searching the path. Finally, the depth of u′, which is the label of u, can also be found quite

simply given access to all of Pu.

It is quite simple to show the height is bounded by O(log2 n): all labels are depths in

the expanded TM and Observation B.3.6 bounds the max depth. All that is left is to show

the connected components induced on T i = {v ∈ T : `(v) ≥ i} contain exactly one vertex

with label i each.

We show this by induction on the level. At the 1st level, we should only partition the

graph once. Let u be a vertex labeled 1 and Pu be its path. For u to be given depth 1, it

must have received its label from the root rM of the expanded TM, since we are counting

depth starting at 1. Thus, it must be the leftmost descendant of the right child of rM. This

is clearly unique, thus u is unique. Therefore, there is exactly one vertex at the 1st level.
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Consider a connected component C in T i = {v ∈ T : `(v)≥ i} for some level i ∈ h. Let

the “neighborhood” N(C) be all the vertices in T \C that are adjacent to some vertex in

C. We will first show that for the largest level j of a vertex in N(C), there is exactly one

vertex in N(C) of level j. Note j < i, otherwise a vertex of level j in N(C) would actually

be included in the component C.

Assume for contradiction there are at least two such vertices, u,v ∈ N(C) with level j.

Let u′ and v′ be their respective neighbors in C. Since C is a connected component, there

is a path P from u′ to v′ containing only vertices in C. All of these vertices have level i

or higher by the definition of C. Tacking on u and v to the start and end of P respectively,

there is a path from u to v consisting of vertices {u,v}∪P. Since u and v are at level j, that

means every vertex in this path has level j or higher. Therefore, u and v must have been

in the same connected component C′ in the earlier level T j. By induction, that component

must have had only one vertex at level j. This is a contradiction. Thus N(C) must have

exactly one vertex in level j.

Let v ∈ N(C) be the vertex at level j, and let u be its neighbor in C (note there can only

be one since T is a tree). We consider three cases.

Case 1 u is a child of v and they are not on the same heavy path. Let uM and vM be the

meta vertices in TM containing u and v respectively, u′ and v′ be the corresponding nodes

found in step 2 for u and v (whose depths are the labels of u and v), and ruM be the root of

the binarized path for uM. Clearly, uM is a child of vM since u is a child of v and uM 6= vM.

Moreover, ruM must be the child of v in the expanded TM. Since v′ is an ancestor of v, that

means its depth in the expanded TM satisfies d(v′)< d(ruM). Since this defines the label of

v′, `(v)≤ d(ruM)−1.

Consider any leaf l ∈ TuM . Its label is the depth of some vertex w ∈ TuM , which must

be deeper than the root ruM . Thus `(l) ≥ d(ruM) ≥ `(v)+ 1, then implying all of TuM is in
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C. Additionally, since only one l ∈ TuM is labeled by ruM , i.e. `(l) = d(ruM), it must have a

unique (and smallest) label out of all vertices in PuM . It turns out this `(l) will be our j.

Now, consider l’s placement in the original tree T . It is on a heavy path containing u,

and it has the smallest label on the heavy path. Vertex u is also directly adjacent to v. Thus

in level i when we consider the tree induced on T i, it must be in the same component as u

since the path from l to u is contained in T i. Additionally, since T is a tree, the only vertex

in N(C) above the component itself is v. Therefore, all of C is a descendant of v, and thus

they must also be descendants of u. Thus, in TM, they must have been in meta vertices at

the depth of or below uM. By a similar logic as before, their label must be strictly greater

than l’s label. This implies that `(l) = j, and it is the only vertex in TuM with such a label.

Case 2 u is the parent of v and they are not on the same heavy path. Using uM and vM as

before and with the same logic as before but with reversed roles, we find that `(v) > `(u)

so `(u) < i. This contradicts that u is in T i, and thus this case is impossible. Note that

this also shows that C cannot contain a vertex in an ancestor uM of vM in TM, because by

connectivity, this would imply that there is some u that is the parent of the root of TvM . A

similar argument will hold.

Case 3 u and v are on the same heavy path corresponding to meta vertex uM whose

binarized path TuM has root ruM . Let P ⊆ PuM be the connected subpath of this heavy path

that contains u if we remove all vertices of level i−1 or lower. Obviously, P =C∩PuM ⊆C.

Assume for contradiction that two vertices p, p′ ∈ P have level i, so `(p) = `(p′) = i. Let

a = lcaM(p, p′) be the least common ancestor of p and p′ in TuM . Because a is the least

common ancestor, one of its children must contain p and the other p′ in its subtree. Without

loss of generality, assume p is a descendant of the left child and p′ is a descendant of the

right child.
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Let w and w′ be the (possibly internal) vertices of TuM such that p and p′ are labeled

with their expanded meta tree depths in step 3 respectively (`(p)= d(w) and `(p′)= d(w′)).

This means i = d(w) = d(w′). Also, notice that w is an ancestor of p and w′ is an ancestor

of p′, so they are on the respective paths from p and p′ to the root of TuM , call it ruM .

Additionally, a is on both paths, and specifically the paths must merge at a. Since w and w′

only pass their depth to exactly one leaf of TuM each, they must be distinct. Therefore, they

cannot be at depth duM(a) or lower, else they would both be a. Thus, w and w′ are strict

descendants of a, so d(w),d(w′)> d(a), meaning that `(p), `(p′)> d(a).

Let p be the leftmost leaf descendant of the right child of a. Then p was labeled by

a, thus `(p) = d(a). Therefore, `(p), `(p′) > `(p). Since p and p′ are at level i, `(p) < i.

Additionally, note that by the structure of TuM , p is necessarily located between p and p′ in

the leaf set, thus it must come between them in the pre-order traversal of TuM by Observa-

tion B.3.4. Since TuM is the binarized path of PuM , this also implies p comes between p and

p′ in PuM , and by extension P. Note, however, that P ⊆C ⊆ T i, and thus its vertices must

all have level i or greater. This contradicts that `(p)< i. Thus, it must be the case that there

is at most vertex in P that has level i.

Finally, all that needs to be shown is that for every vertex c ∈C \P, `(c) > i. For any

such c, let c∗ be its lowest ancestor in PuM . Since `(c∗)≥ i, we can make the same argument

as Case 1 to show that c must have label i+1 or larger.

Proof of Lemma B.3.1. By combining Lemmas B.3.2, B.3.3, B.3.4, and B.3.5, we have our

result.

B.4 Calculating the smallest singleton cut

In this section, we show a O(1/ε) round AMPC algorithm that executes a series of

contractions and outputs the size of the smallest singleton cut that appeared during the
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contraction process. That is we prove the following result.

Theorem B.4.1. There exists an AMPC algorithm that given a graph G with unique weights

on edges calculates the minimum singleton cut that appears during the contraction process

in O(1/ε) rounds using O(nε) local memory and O((n+m) log2 n) total space.

B.4.1 Contraction process

We view the contraction process of a weighted graph G = (V,E,w : E → [n3]) as a

sequential process in which we iterate over multiple timesteps 0 to n3. For a given time i,

we contract the edge e having w(e) = i to a single vertex. Let G0, . . . ,Gn3 be the sequence of

graphs created in the process, where G0 denotes the graph before any contraction and Gn3

denotes the graph after all contractions. Via a quick comparison to Kruskal’s algorithm, it

is clear that the edges whose contraction changed the topology of the graph must belong to

the minimum spanning tree of the weighted graph G (since weights are unique, the MST is

unique as well). Let T = (V,ET ,w : ET → [n3]) be the minimum spanning tree of G.

From the previous observation, it is enough to consider only contracting edges from tree

T , which we will focus on in the rest of this section. It will also be convenient visualize

vertices as simply being grouped instead of fully contracted.

Definition B.6. A bag of vertex v at time t ∈ [n3], which we denote bag(v, t), is the set of

vertices that can be reached from v using only edges of tree T of weight at most t. We

denote nbr bag(v, t) for set of neighbors of a bag, that is set of these vertices u that do not

belong to the bag and there exists an edge connecting u and any vertex of the bag of weight

greater than t. The degree of a bag, denoted ∆bag(v, t), is the size of the set nbr bag(v, t).

If we proceed with our edge contraction process, where an edge with weight t is con-

tracted at time t, then bag(v, t) is the set of all vertices that have been contracted with v at
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time t. The value ∆bag(v, t) is simply the degree of the vertex that corresponds to contracted

vertices. Therefore, the following simple observations holds.

Observation B.4.1. The value of the minimum singleton cut in the contraction process of

the weighted graph G is equal to the following:

min
v∈V,t∈[n3]

∆bag(v, t).

B.4.2 Simulating tree contractions with low depth decomposition

By Observation B.4.1 our goal is to calculate the value of

min
v∈V,t∈[n3]

∆bag(v, t).

To find this, we could calculate the value mint∈[n3]∆bag(v, t) for every vertex v indepen-

dently in parallel. However, this would require a minimum of Ω(n · (n+m)) total space,

which roughly corresponds to replicating the whole graphs for each independent instance.

There are two key observations that will allow us to reduce the space complexity. First,

bags are determined solely from the topology of tree T . Second, for larger t, it is likely

the case that bag(u, t) = bag(v, t), so we would like to remove this redundant computation.

Therefore, we will exploit tree properties and the low depth decomposition to partition the

work and avoid redundancy.

Let ` : V → [h],h ∈ O(log2 n) be the labeling from the generalized low depth decom-

position of tree T (see Definition B.1). Let us asses to each bag a uniquely chosen vertex.

Definition B.7. The leader of a bag, denoted bagLeader(v, t), is the vertex u with the

smallest label `(u) among all vertices from bag(v, t). We define a number ldr time(v) to be
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the greatest number 0≤ t ′ ≤ n3 such that bagLeader(v, t ′) = v.

Let us first argue the correctness of the above definitions.

Lemma B.4.2. The leader of every bag can be determined uniquely. Also, for every vertex

v ∈ V it holds: the number ldr time(v) exists, ldr time(v) ≥ 0, and for every 0 ≤ t ′ ≤

ldr time(v) we have that bagLeader(v, t ′) = v.

Proof. Consider bag(v, t) for some v ∈ V , t ∈ [n3]. Because v ∈ bag(v, t), this bag cannot

be empty. Let u be the vertex with the smallest label among all vertices from bag(v, t).

Assume for contradiction that there exists another vertex u′ ∈ bag(v, t) such that `(u) =

`(u′). Observe, that there exists only one path between u and u′ in tree T and all vertices of

this path must be contained in bag(v, t) since bag(v, t) always forms a connected component

when viewed as a subtree of T , c.f. Definition B.6. From the properties of the low depth

decomposition, we get that there is a vertex z on the path with label smaller than both

`(u) and `(u′) which contradicts with the choice of u. This also proves the uniqueness

of the leader. Let us now argue about ldr time(v). First, for every v ∈ V we have that

bag(v,0) = v as there is no edge with weight smaller than 1. This already proves two first

properties. Second, it holds: bag(v,0)⊆ bag(v,1), . . . ,bag(v,n3) as a bag defined for larger

time can expand more edges. Therefore, if v is the leader of bag(v, t) for some 0≤ t ≤ n3,

it has to be the leader of any subset of this bag.

Using the fact that each bag has exactly one leader, we can reformulate the expression

minv∈V,t∈[n3] ∆bag(v, t) as follows

min
v∈V,t∈[n3]

∆bag(v, t) = min
v∈V

min
0≤t≤ldr time(v)

∆bag(v, t).

We then will distribute the work needed to calculate the right-hand side of the above equal-

ity by requiring each vertex to calculate the minimal degree among bags for which it is the
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leader:

min
0≤t≤ldr time(v)

∆bag(v, t).

Let i be a number in
[
dlog2ne

]
. Let Li (the ith level) be the set of vertices v∈V with low

depth decomposition label `(v) = i, and L≤i be that with label `(v)≤ i (for convenience we

assume that L≤0 = /0). Let T i be the tree T with L≤i−1 removed. The following observation,

derived from the fact that a bag is a connected subgraph of T and the leader has lowest value

`(·), relates bag location to the topology of the low depth decomposition.

Observation B.4.2. For every i ∈
[
dlog2ne

]
, v ∈ Li, and 0 ≤ t ≤ ldr time(v), the set

bag(v, t) belongs to a single connected component of graph T i. For any two u,v ∈ Li,

sets bag(u, ldr time(u)) and bag(v, ldr time(v)) belong to different components of graph

T i.

Recall, that we wanted to calculate the value

min
0≤t≤ldr time(v)

∆bag(v, t)

for every v ∈V , which we rewrote as

min
v∈V

min
0≤t≤ldr time(v)

∆bag(v, t).

Grouping by vertices in the same layers, we get

min
v∈V

min
0≤t≤ldr time(v)

∆bag(v, t)

= min
i∈[dlog2ne]

min
v∈Li

min
0≤t≤ldr time(v)

∆bag(v, t).
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By Observations B.4.2, we can hope that computing the value

min
v∈Li

min
0≤t≤ldr time(v)

∆bag(v, t),

can be done in parallel without exceeding global memory limit of O(m log2 n), since

for different v ∈ Li, their bags up to time ldr time(v) belong to different components of T i,

thus we might avoid redundant work. The details of computing this value are presented in

the next section. Let us now formalize the progress so far.

Lemma B.4.3. Given a tree T and a graph G = (V,E,w : E→ [n3]) as an input, calculat-

ing the value minv∈V,t∈[n3]∆bag(v, t) can be reduced to O(log2 n) instances of calculating

values

min
v∈Li

min
0≤t≤ldr time(v)

∆bag(v, t),

for i∈
[
dlog2ne

]
. The reduction can be implemented in AMPC with O(1/ε) rounds, O((n+

m) log2 n) total space, and O(nε) local memory.

Proof. The correctness follows from the above discussion. For the implementation, the

generalized low depth decomposition of T can be determined in O(1/ε) rounds with O(n log2 n)

total space by Lemma B.3.1. Consider now O(log2) tuples of format (T, `,E,Li). Preparing

them requires O((n+m) log2 n) total space and the above discussion shows that the value

min
v∈Li

min
0≤t≤ldr time(v)

∆bag(v, t)

for every i∈
[
dlog2ne

]
can be computed from the tuple (T, `,E,Li), thus the lemma follows.
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B.4.3 Resolving the problem for vertices on the same level.

Following Lemma B.4.3, we fix i ∈
[
dlog2ne

]
and set Li. We calculate:

min
v∈Li

min
0≤t≤ldr time(v)

∆bag(v, t).

In this appraoch, we will frequently query the minimum value over a path in a tree, thus

the following result is helpful.

Theorem B.4.4 (Behnezhad et al. [31]). Consider a rooted, weighted tree T , the heavy-

light decomposition of this tree together with an RMQ data structure that supports queries

on heavy paths can be computed in O(1/ε) AMPC rounds using O(nε) local memory and

O(n logn) total space. If the aforementioned data structures are precomputed, then obtain-

ing a minimum value on a path of a tree can be calculated with O(logn) queries to global

memory.

We will also make use of the following theorem.

Theorem B.4.5 (Behnezhad et al. [28]). For a given sequence of integer number S of length

n, computing the minimum prefix sum over all prefix sums can be done in O(1/ε) AMPC

rounds using O(nε) local memory and O(n logn) total space.

Finally, we show that the construction of the low depth decomposition provided in

Section B.3 gives easy access to edges that connect vertices of higher labels with vertices

of smaller labels.

Lemma B.4.6. For any connected component Ci in T i, there are at most 2 tree edges

between Ci and V \T i according to the low depth decomposition ` given in Lemma B.3.5.

Moreover, both edges can be calculated in O(1/ε) AMPC rounds with O(nε) memory per

machine and O(n log2 n) total memory.
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Proof. Let v be a vertex of this component with lowest value `(v). By the construction

of the low depth decomposition, the component Ci consists of some connected part P1 of

binarized path P to which v belongs and all binarized paths incident to the part F that

contain vertices with larger values `, denote this set P2. Note, that each vertex v∈ P2 has no

edged to the part of graph V \T i. Thus, only vertices from part P1 can be connected with

vertices of smaller labels than i. However, since P1 forms a path, and we consider only tree

edges, then there can be at most two such edges.

The above proof instructs also how to compute these two edges. First, the vertex v can

determined in O(1/ε) rounds, since it requires computing max function only over labels of

vertices belonging to Ci. Assume, that for each vertex of a tree, we store not only its value

`(v), but also its position and the length of the binarized path to which it belongs. Then the

first vertex to the left with label smaller than v and the first vertex to the right with label

smaller than v on v’s binarized path can be computed in constant time in local memory

of a single machine, since their positions in the binarized path are functions of only the

length of the path and the position of v. Assumed, that in the global memory all binarized

paths are stored, then the corresponding edges can be found in O(1) queries to the global

memory.

Let us now turn to the proper part of this subsection. First, we show how to compute

values ldr time(v) for all v ∈ Li.

Lemma B.4.7. Given a tuple (T, `,E,Li) for tree T , low depth decomposition `, set of

weighted edges E, and levels Li for some i ∈ [dlog2 ne], there exists an AMPC algorithm

that calculates the value ldr time(v) for every v ∈ Li, in O(1/ε) rounds using O(nε) local

memory and O((n+m) log2 n) global memory.

Proof. Consider vertex v ∈ Li. Vertex v ceases to be the leader of a bag at the first time

t when its bag is contracted with another bag containing at least one vertex of the set
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L≤i−1. According to the tree contraction process, time t is equal to the largest weight of

tree edges between v’s connected component in graph T i and the set of vertices L≤i−1. By

Lemma B.4.6, these edges can be extracted with at most O(log2 n) queries to the low depth

decomposition structure. We then simply find the minimum. Thus, all values ldr time(v)

for vertices from Li can be computed in constant number of rounds assumed the conditions

stated in the lemma.

We can assume that values ldr time(v) ∈ Li are known. We would like to efficiently

compute

min
0≤t≤ldr time(v)

∆bag(v, t),

for each v ∈ Li. For this, we make the following observation.

Lemma B.4.8. Consider an edge (x,y) =: e ∈ E and a vertex v ∈ Li. All possible values

0 ≤ t ′ ≤ ldr time(v) at which e belongs to set nbr bag(v, t ′) form a consecutive (possible

empty) interval of integers [ae,be] ⊆ [0, . . . , ldr time(v)], called also a time interval with

respect to v.

Proof. The lemma follows immediately from the fact that

bag(v,0)⊆ bag(v,1)⊆ . . .⊆ bag(v,n3).

Additionally, the following observation shows, given edge time intervals, how to derive

min0≤t≤ldr time(v)∆bag(v, t) and clarifies the purpose of time intervals.

Observation B.4.3. Fix a vertex v ∈ V and consider time intervals [ae,be] with respect to

v, for all e ∈ E. Denote the set of all intervals containing value x by Ix. Then, computing

the value

min
0≤t≤ldr time(v)

∆bag(v, t),

is equivalent to computing the minimum over all values |Ix| for x in the range [0, ldr time(v)].
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Figure B.3: A sample structure of an MST tree. Firm edges are tree edges, while dotted are non-tree
edges. The number inside vertices denote their levels. Different colors symbolize different binarized
paths. The numbers underlined are times of contraction of corresponding edges. Next to these
number the time intervals of these edges with respect to vertex v are given. Since ldr time(v) = 2,
thus all these intervals are contained in [0,2].

Since this task is ‘linear’, it can be computed efficiently in AMPC. We now discuss how

to compute the intervals for all edges in E.

Lemma B.4.9. Given a tuple (T, `,E,Li), there exists an AMPC algorithm that for ev-

ery vertex v ∈ Li and every edge e ∈ E calculates the maximal, non-empty time interval

[ea,eb]⊆ [0, . . . , ldr time(v)] of e with respect to v. The algorithm works in O(1/ε) rounds,

uses O(nε) local memory and O((n+m) log2 n) global memory.

Proof. The algorithm starts by removing vertices L≤i−1 with all edges adjacent to them

from tree T which gives us T i. Given decomposition `, this can be done in O(1) rounds.

By definition B.1, vertices Li = {v1, . . . ,vq} belong to different trees. Next, the algorithm

roots these trees that contain vertices from Li in v1, . . . ,vq and calculates heavy-light decom-

positions of each tree together with an RMQ structure on heavy paths. By Theorem B.4.4,

this can be done in O(1/ε) within our memory constraints.

Let us now fix an edge (x,y) =: e ∈ E. Importantly, we consider here all edges of the

graph G, not only tree edges ET . Let rx ∈ {⊥,v1, . . . ,vq} be the root of this tree in T i to

which the vertex x belongs. If the vertex x does not belong to any tree, that is x ∈ L≤i−1

since these are the vertices that have been removed, we write rx =⊥. Let mw(x) be the

minimum weight over edges of path that connects vertex x with vertex rx in graph T i.
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Observe, that unless rx =⊥ this value is well defined as T i is a collection of tree and there

is exactly one path connecting is x and rx in this graph. We extend the above definitions on

y in the natural way.

By Theorem B.4.4, computing rx,ry,mw(x),mw(y) takes O(logn) queries to the mem-

ory for a single edge. Therefore, we can compute these values for all edges e ∈ E in O(1)

round under the conditions assumed in this lemma.

Observe that edge e = (x,y) can have non-empty time intervals only with vertices rx

and ry. Any other vertex from Li belongs to a different connected component in graph Ti

and therefore its bag cannot contain x nor y while the vertex is the leader of its bag. Thus,

all that is left to show is how mw(x) and mw(y) can help determine the time intervals in

which edge e belongs to nbr bag(rx) and nbr bag(ry). We consider the following cases.

Case 1. rx =⊥,ry =⊥. In this case, edge (x,y) has no effect on degrees of bags of vertices

rx and ry at any time. The algorithm skips such edges.

Case 2. rx =⊥,ry 6=⊥, (or symmetrically rx 6=⊥,ry =⊥). Since T i is a subset of the min-

imum spanning tree T , thus the first time when vertex x belongs to rx’s bag is the time

mw(x). Now, y starts to belong to rx’s bag either at the time being equal to the maximal

weight on the path between rx and y. Observer however, that this path has to contain ver-

tices that does not belong to T i and therefore the maximal weight has to be greater than

ldr time(rx). What follows the correct interval in this case is:

[mw(x), ldr time(rx)],

or an empty interval if mw(x)> ldr time(rx).

Case 3. rx 6=⊥,ry 6=⊥. We distinguish two sub-cases:

Subcase a) rx 6= ry. Since the path between rx and ry does not belong to T i we can
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proceed analogously to the Case 2.. The correct interval for vertex x is

[mw(x), ldr time(rx)],

or an empty interval if mw(x)> ldr time(rx), while for vertex y it is

[mw(y), ldr time(ry)],

or an empty interval if mw(y)> ldr time(ry)

Subcase b) rx = ry. Since T i is a subgraph of the minimum spanning tree T , we have

that min(mw(x),mw(y)) is the first time when at least one of x and y belongs to rx’s bag,

while the first time when both belong to rx’s bag is max(mw(x),mw(y)). Thus, the proper

time interval for this edge:

[min(mw(x),mw(y)),max(mw(x),mw(y))]∩ [1, . . . , ldr time(rx)]

We obtain that for every edge e ∈ E all non-empty time intervals in which this edge

belong to nbr bag of some vertex v can be computed in O(log(n)) queries to the memory.

Therefore, computing these values for all edges can be done in constant number of rounds

assumed O(m logn) total memory.

Implementing Observation B.4.3 is purely technical.

Lemma B.4.10. There exist an AMPC algorithm that given a set of integer intervals

I = {[p1,k1], . . . , [pn,kn]}, ∀i∈[n][pi,ki] ⊆ [0,R] finds the minimal number of intersecting

intervals in O(1/ε) rounds using O(nε) local memory and O(n log2 n) total memory.

Proof. First, the algorithm sorts the set {p1,k1, . . . , pn,kn} of all endpoints of these inter-

vals in non-increasing order (ties are resolved with priority for endpoints pi) obtaining a
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sequence S. Consider assigning to every endpoint pi, i ∈ [n] from sequence S value +1

and to every endpoint ki, i ∈ [n] value −1. This operation leads to a sequence S′ of pairs

of format (endpoint, value). Finally, let S′′ be a sequence constructed from S′ in which

all consecutive pairs that have the same first coordinate are compressed to a single pair in

which the first coordinate is preserved and the second is the sum of second coordinates

of contracted pairs. It can be observed that finding the minimal prefix sum of sequence

made from second coordinates of pairs in S′′ is equivalent to the minimal number of in-

tersecting intervals. The construction of sequence S′′ requires only sorting and contracting

consecutive pairs which can be implemented in O(1/ε) rounds in AMPC with the memory

constrains stated in the lemma. To find the minimal prefix sum we use Theorem B.4.5

which completes the proof.

The above discussion is summarized in the following lemma.

Lemma B.4.11. There exists an AMPC algorithm that given a tuple (T, `,E,Li) calculates

the value

min
v∈Li

min
0≤t≤ldr time(v)

∆bag(v, t)

in O(1/ε) rounds using O(nε) local memory and O((n+m) log2 n) total memory.

Proof. Using Lemma B.4.7 we are able to calculate value ldr time for every v ∈ Li in

constant number of rounds. By Lemma B.4.9 we can calculate time all non-empty time

intervals for every e ∈ E and every v ∈ Li. This requires O(m log2 n) total memory. Each

time interval [a,b] can be assigned a vertex v with respect to whom it was calculated. Then,

we group time intervals with respect to vertices from Li they were calculated. This can

be done in a single round with O(m log2 n) global memory since there are only O(m) non-

empty time intervals. Finally, Lemma B.4.10 guarantees that we can compute, for every

v ∈ Li, the minimum number of intersecting intervals in O(1/ε) rounds with total memory
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proportional to the number of these intervals. Therefore, assumed O(m log2 n) global mem-

ory we can extend the last computation to a parallel computation for v∈ Li while preserving

the round complexity. By Observation B.4.3 this is equivalent to calculating

min
0≤t≤ldr time(v)

∆bag(v, t),

for every v ∈ Li. Since the minimum of the above values over v ∈ Li can be computed in a

single round, the lemma is proven.

B.4.4 The final algorithm.

We are now able to prove Theorem B.4.1 and present the final algorithm, SmallestSin-

gletonCut, that calculates the smallest singleton cut that appears in the contraction process

of G. The pseudcode can be found in Figure 6, while the proof of correctness is below.

Algorithm 6: SmallestSingletonCut

Data: Graph G = (V,E,w : V → [n3]).
Result: Size of the smallest singleton cut.

1 Compute the minimum spanning tree T of G;
2 Compute the low depth decomposition DT of T ;
3 Prepare O(log2 n) tuples (T,DT ,E,Li), i ∈

[
dlog2ne

]
;

4 foreach tuple (T,DT ,E,Li) do
5 Compute: lci←minv∈Li min0≤t≤ldr time(v)∆bag(v, t);
6 end
7 return min(lc1, . . . , lc[dlog2ne]);

Proof of Theorem B.4.1. The correctness follows from Observation B.4.1 and Lemmas B.4.3

and B.4.11. Also the implementation details of lines 3− 7 are discussed in the these two

lemmas. To calculate minimum spanning tree in line 1 we use Lemma B.3.2 while the im-

plementation of the low depth decomposition from the next line is given by Lemma B.3.1.

70



B.5 AMPC algorithm for approximated minimum k-cut

In this section, we show that given an algorithm that calculates 2+ ε approximation

of a min cut, one can construct 4 + ε approximation of minimum k-cut. Consider the

following greedy algorithm, called APX-SPLIT, that extends the classic result of Saran

and Vazirani [129]. The algorithm works sequentially. In each iteration, it extends the

approximated solution with the smallest non-trivial approximation of the minimum cut

of the graph available at a given moment. Being precise, assume that at the beginning

i-th iteration the algorithm has split the graph G into `i connected components (we start

with c1 = 1). Then the algorithm calculates (2+ ε)-approximation of the minimum cut in

each connected component and enlarges the solution by the smallest of these cuts, thereby

increasing the number of components by at least 1. The algorithm ends after the first

iteration such that the number of connected components after this iteration is at least k.

The pseudocode of the algorithm is given in the Algorithm 7.

Algorithm 7: APX-SPLIT
(A greedy algorithm computing an approximation of the minimum k-cut in
AMPC)

Data: A graph G = (V (G),E(G)) and a parameter k.
Result: A (4+ ε)-approximation of minimum k-cut.

1 Initialize D→ /0;
2 while G′ := (V (G),E(G)\

⋃
d∈D d) has less than k connected components do

3 Let C1, . . . ,Cl be the set connected of components of G′;
4 d∗i ← AMPC-MinCut(Ci) for all i ∈ [l];
5 j← argmini∈[l]weight(di);
6 Add d∗j to D;
7 end
8 return set of cuts D;

We will show by generalizing the idea of Saran and Vazirani that the aforementioned

greedy algorithm is (4+ ε)-approximation minimum k-cut.
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Theorem B.1.2. Algorithm APX-SPLIT is an (4+ ε) approximation of the Min k-Cut.

Furthermore, it can be implemented in the AMPC model with O(nε) memory per machine

in O(k log logn) rounds and O(m) total memory.

We define comps(c1∪ . . .∪ck) the number of components of the graph G after removing

all edges from the set c1∪ . . .∪ ck.

Proof. The standard line of proof, proposed in [129] for the case whe exact minimum cut

is used at each splitting step, is to compare the cut selected by the APX-SPLIT algorithm to

the approximated minimum k-cut obtained from the Gomory-Hu tree. The main difficulty

is that in our case, we use only (2+ε) approximation in each splitting step. This makes our

proof different and novel compared to [129]. Let us set a Gomory-Hu tree H = (V (H) =

V (G),E(G)) of the graph G. The Gomory-Hu tree is defined as follows.

Definition B.8 (Gomory and Hu [74]). Consider an arbitrary graph G. A weighted tree

H = (V (H),E(H)) with the set of vertices being equal V (G) is called a Gomory-Hu tree

of G, if for every pair of different vertices s, t ∈ V (G) the minimum weight on the path

between s and t in the tree H is equal to the minimum s-t cut in graph G. The existence and

construction of Gomory-Hu trees was shown in [74].

Let us order edges of the tree H (or equivalently cuts in the G graph) with respect

to non-decreasing weights. Denote b∗1, . . . ,b
∗
l−1 the sequence of the first l ≤ k− 1 edges

(cuts equivalently) from this order such that corresponding cuts split G graph into at least

k connected components. Let b1, . . . ,bk−1 be a dual sequence of cuts corresponding to that

sequence of edges b∗1, . . . ,b
∗
l−1, with this addition that we put each cut bi this number of

times it increases the number of connected components in G and possibly cut some suffix

of such generated sequence to obtain exactly k−1 cuts. For such construction we have the

following.
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Observation B.5.1 (Saran and Vazirani [129]). The sequence of cuts b1, . . . ,bk−1 satisfies:

1. the sequence |b1|, . . . , |bk−1| is non-decreasing,

2. ∀i∈[k−1]comps(b1∪ . . .∪bi)> i.

Saran and Vazirani also proved that such selected (and possibly refactored) sequence of

cuts is (2− 2
k )-approximation of the minimum k-cut.

Theorem B.5.1 (Saran and Vazirani [129]). The cut
⋃

i∈[k−1] bi is (2− 2
k ) approximation of

the minimum k-cut of G.

Having established the crucial properties of Gomory-Hu trees and corresponding cuts

we can proceed to the proof of correctness of the APX-SPLIT algorithm.

Let d1, . . . ,dm be the successive cuts selected by the APX-SPLIT algorithm. Note that

with each new cut, at least one new component appears in the graph thus m ≤ k− 1. We

will show that the sum of these cuts’ sizes is not greater than the sum of sizes of cuts

b1, . . . ,bk−1. Let #c1, . . . ,#cm be a sequence of numbers where #ci := comps(d1∪ . . .∪di).

We will show by induction that

∀ j∈[m]|d1∪ . . .d j| ≤ (2+ ε)|b1∪ . . .∪bmin(k−1,#c j)|,

.

The idea behind the induction step defined in the previous line can be explained as

follows: inclusion of cuts from d1 to di are at least (2+ ε) approximation of cut generated

by inclusion of cuts of such prefix of sequence b1, . . . ,bk that split G on #ci for connected

components.

For the basis of induction we see that in the first step of the APX-SPLIT algorithm

chooses (2+ε)-approximation of the smallest cut in the whole graph G. The b1 is an s-t cut

therefore we have |d1| ≤ (2+ε)|b1| which implies that |d1| ≤ (2+ε)|b1∪ . . .bmin(k−1,#c1)|.
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Now consider i ∈ [m− 1]. Since i < m, we observe that #ci < k. Otherwise the algo-

rithm APX-SPLIT would have executed only m− 1 iterations instead of m. Consider cuts

b1, . . . ,b#ci+1. From the Observation B.5.1 we have that comps(b1∪ . . .∪b#c(i)+1)> #c(i).

On the other hand comps(d1∪ . . .di) = #ci. Since comps(b1∪ . . .∪ b#ci+1) > comps(d1∪

. . .di) then there must be a cut b j, j ∈ [#ci + 1] that is not covered by the first i cuts from

the sequence d1, . . . ,dm. Namely, we can choose j such that b j * d1∪ . . .∪ di. Moreover,

since b j is an s-t cut in the graph G (with all edges included), thus it must split at least

one connected component of the graph G = (V,E \ (d1∪ . . .di)) into two non-empty parts.

Thus this cut is considered in the i+ 1-th iteration of the APX-SPLIT algorithm, which

implies that |di+1| ≤ (2+ ε)|b j| ≤ (2+ ε)|b#ci+1|. Since #ci +1≤ #ci+1, we conclude that

|d1∪ . . .di+1| ≤ (2+ε)|b1∪ . . .∪bmin(k−1,#ci+1)|, which proves the inductive step. Now, we

see from Theorem B.1.2 that the solution of b1, . . . ,bk−1 is an (2− 2
k )-approximation of

the minimum k-cut. Thus the solution d1 . . .dk−1 is (2+ ε)(2− 2
k ) = approximation of the

minimum k-cut. This proves the correctness of the algorithm.

It remains to be noted that a single iteration of the algorithm can be performed in

O(log logn) rounds in the AMPC model with O(nε) memory per machine and in total

memory O(m). The dominant operation is the calculation of a (2+ε) approximation of the

minimum cut in each of the components. Its performance is analyzed in Theorem B.1.1.

The calculation of the smallest of all approximated cuts corresponding to different compo-

nents is a standard operation and can be performed in O(1) rounds. Also, Behnezhad et. al

in [30] showed that the number of components of a graph can be determined in O(1) rounds

in AMPC with O(nε) memory per machine and O(m) total memory. This completes the

performance analysis of the algorithm.
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Appendix C: Tree Contraction

C.1 Introduction

In this paper, we study and extend Miller and Reif’s fundamental FOCS’85 [113–115]

O(logn)-round parallel tree contraction method. Tree contraction is a process involving

iterated contraction on graph components for efficient computation of problems on trees

(see Section C.1.2). Their work leverages PRAM, a model of computation in which a large

number of processors operate synchronously under a single clock and are able to randomly

access a large shared memory. In PRAM, tree contractions require n processors. Though

the initial study of tree contractions was in the CRCW (concurrent read from and write to

shared memory) PRAM model, this was later extended to the stricter EREW (exclusive read

from and write to shared memory) PRAM model [52] as well, and then to work-optimal

parallel algorithms with O(n/ logn) processors [63]. Since then, a number of additional

works have also built on top of Miller and Reif’s tree contraction algorithm [1, 47, 70].

Tree-based computations have a breadth of applications, including natural graph problems

like matching and bisection on trees, as well as problems that can be formulated on tree-like

structures including expression simplification.

The tree contraction method in particular is an extremely broad technique that can be

applied to many problems on trees. Miller and Reif [114] initially motivated their work

by showing it can be used to evaluate arithmetic expressions. They additionally studied

a number of other applications [115], using tree contractions to construct the first poly-
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logarithmic round algorithm for tree isomorphism and maximal subtree isomorphism of

unbounded degrees, compute the 3-connected components of a graph, find planar embed-

dings of graphs, and compute list-rankings. An incredible amount of research has been

conducted to further extend the use of tree contractions for online evaluation of arith-

metic circuits [112], finding planar graph separators [64], approximating treewidth [33],

and much more [14, 75, 77, 89, 111, 120]. This work extends classic tree contractions to

the adaptive massively parallel setting.

The importance of large-scale data processing has spurred a large interest in the study

of massively parallel computing in recent years. Notably, the Massively Parallel Compu-

tation (MPC) model has been studied extensively in the theory community for a range of

applications [4, 6–8, 11–13, 18, 20, 27, 28, 31, 35, 49, 65, 79, 83, 101, 118, 128, 136],

many with a particular focus on graph problems. MPC is famous for being an abstraction

of MapReduce [95], a popular and practical programming framework that has influenced

other parallel frameworks including Spark [137], Hadoop [135], and Flume [40]. At a

high level, in MPC, data is distributed across a range of low-memory machines which ex-

ecute local computations in rounds. At the end of each round, machines are allowed to

communicate using messages that do not exceed their local space constraints. In the most

challenging space-constrained version of MPC, we restrict machines to O(nε) local space

for a constant 0 < ε < 1 and Õ(n+m) total space (for graphs with m edges, or just Õ(n)

otherwise).

The computation bottleneck in practical implementations of massively parallel algo-

rithms is often the amount of communication. Thus, work in MPC often focuses on round

complexity, or the number of rounds, which should be O(logn) at a baseline. More ambi-

tious research often strives for sublogarithmic or even constant round complexity, though

this often requires very careful methods. Among others, a specific family of graph prob-

lems known as Locally Checkable Labeling (LCL) problems – which includes vertex col-
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oring, edge coloring, maximal independent set, and maximal matching to name a few

– admit highly efficient MPC algorithms, and have been heavily studied during recent

years [11, 12, 24, 31, 49, 66, 69]. Another consists of DP problems on sequences including

edit distance [35] and longest common subsequence [81], as well as pattern matching [80].

The round complexity of aforementioned MPC algorithms can be interpreted as the paral-

lelization limit of the corresponding problems.

While MPC is generally an extremely efficient model, it is theoretically limited by the

widely believed 1-vs-2Cycle conjecture [67], which poses that distinguishing between a

graph that is a single n-cycle and a graph that is two n/2-cycles requires Ω(logn) rounds

in the low-memory MPC model. This has been shown to imply lower bounds on MPC

round complexity for a number of other problems, including connectivity [28], match-

ing [67, 118], clustering [136], and more [8, 67, 101]. To combat these conjectured bounds,

Behnezhad et al. [29] developed a stronger and practically-motivated extension of MPC,

called Adaptive Massively Parallel Computing (AMPC). AMPC was inspired by two results

showing that adding distributed hash tables to the MPC model yields more efficient algo-

rithms for finding connected components [97] and creating hierarchical clusterings [18].

AMPC models exactly this: it builds on top of MPC by allowing in-round access to a

distributed read-only hash table of size O(n+m). See Section C.1.1 for a formal definition.

In their foundational work, Behnezhad et al. [29] design AMPC algorithms that out-

perform the MPC state-of-the-art on a number of problems. This includes solving mini-

mum spanning tree and 2-edge connectivity in loglogm/n(n) AMPC rounds (outperform-

ing O(logn) and O(logD log logm/n n) MPC rounds respectively), and solving maximal

independent set, 2-Cycle, and forest connectivity in O(1) AMPC rounds (outperforming

Õ(
√

logn), O(logn), and O(logD log logm/n n) MPC rounds respectively). Perhaps most

notably, however, they proved that the 1-vs-2Cycle conjecture does not apply to AMPC

by finding an algorithm to solve connectivity in O(log logm/n n) rounds. This was later
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improved to be O(1/ε) by Behnezhad et al. [30], who additionally found improved algo-

rithms for AMPC minimum spanning forest and maximum matching. Charikar, Ma, and

Tan [42] recently show that connectivity in the AMPC model requires Ω(1/ε) rounds un-

conditionally, and thus the connectivity result of Behnezhad et al. [30] is indeed tight. In

a subsequent work, Behnezhad [23] shows an O(1/ε)-round algorithm for the maximal

matching problem in AMPC.

A notable drawback of the current work in AMPC is that there is no generalized frame-

work for solving multiple problems of a certain class. Such methods are important for pro-

viding a deeper understanding of how the strength of AMPC can be leveraged to beat MPC

in general problems, and often leads to solutions for entirely different problems. Studying

Miller and Reif [114]’s tree contraction algorithm in the context of AMPC provides exactly

this benefit. We get a generalized technique for solving problems on trees, which can be

extended to a range of applications.

Recently, Bateni et al. [19] introduced a generalized method for solving “polylog-

expressible” and “linear-expressible” dynamic programs on trees in the MPC model. This

was heavily inspired by tree contractions, and also is a significant inspiration to our work.

Specifically, their method solves minimum bisection, minimum k-spanning tree, maximum

weighted matching, and a large number of other problems in O(logn) rounds. We extend

these methods, as well as the original tree contraction methods, to the AMPC model to

create more general techniques that solve many problems in Oε(1) rounds.

C.1.1 The AMPC Model

The AMPC model, introduced by Behnezhad et. al [29], is an extension of the standard

MPC model with additional access to a distributed hash table. In MPC, data is initially

distributed across machines and then computation proceeds in rounds where machines ex-
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ecute local computations and then are able to share small messages with each other before

the next round of computation. A distributed hash table stores a collection of key-value

pairs which are accessible from every machine, and it is required that both key and value

have a constant size. Each machine can adaptively query a bounded sequence of keys from

a centralized distributed hash table during each round, and write a bounded number of key-

value pairs to a distinct distributed hash table which is accessible to all machines in the

next round. The distributed hash tables can also be utilized as the means of communica-

tion between the machines, which is implicitly handled in the MPC model, as well as a

place to store the initial input of the problem. It is straight-forward to see how every MPC

algorithm can be implemented within the same guarantees for the round-complexity and

memory requirements in the AMPC model.

Definition C.1. Consider a given graph on n vertices and m edges. In the AMPC model,

there are M machines each with sublinear local space S = O(nε) for some constant 0 <

ε < 1, and the total memory of machines is bounded by Õ(n+m). In addition, there exist

a collection of distributed hash tables H0,H1,H2, . . ., where H0 contains the initial input.

The process consists of several rounds. During round i, each machine is allowed to

make at most O(S) read queries from Hi−1 and to write at most O(S) key-value pairs to

Hi. Meanwhile, the machines are allowed to perform an arbitrary amount of computation

locally. Therefore, it is possible for machines to decide what to query next after observing

the result of previous queries. In this sense, the queries in this model are adaptive.

C.1.2 Our Contributions

The goal of this paper is to present a framework for solving various problems on trees

with constant-round algorithms in AMPC. This is a general strategy, where we intelligently

shrink the tree iteratively via a decomposition and contraction process. Specifically, we
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follow Miller and Reif’s [114] two-stage process, where we first compress each connected

component in our decomposition, and then rake the leaves by contracting all leaves of the

same parent together. We repeat until we are left with a single vertex, from which we can

extract a solution. To retrieve the solution when the output corresponds to many vertices

in the tree (i.e., maximum matching istead of maximum matching value), we can undo

the contractions in reverse order and populate the output as we gradually reconstruct the

original tree.

The decomposition strategy must be constructed very carefully such that we do not lose

too much information to solve the original problem and each connected component must

fit on a single machine with O(nε) local memory. To compress, we require oracle access

to a black-box function, a connected contracting function, which can efficiently contract

a connected component into a vertex while also retaining enough information to solve the

original problem. To rake leaves, we require oracle access to another block-box function, a

sibling contracting function, which executes the same thing but on a set of leaves that share

a parent. These two black-box functions are problem specific (e.g., we need a different set

of functions for maximum matching and maximum independent set). In this paper,

we only require contracting functions to accept nε vertices as the input subgraphs, and

we always run these black-box functions locally on a single machine. Thus, we can com-

press any arbitrary collection of disjoint components of size at most nε in O(1) AMPC

rounds. See Section C.2.1 for formal definitions.

This general strategy actually works on a special class of structures, called degree-

weighted trees (defined in §C.2). Effectively, these are trees T = (V,E,W ) with a multi-

dimensional weight function where W (v) ∈ {0,1}Õ(deg(v)) stores a vector of bits propor-

tional in size to the degree of the vertex v ∈V . When we use our contracting functions, we

use W to store data about the set of vertices we are contracting. This is what allows our

algorithms to retain enough information to construct a solution to the entire tree T when
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we contract sets of vertices. Note that the degree of the surviving vertex after contraction

could be much smaller than the total degree of the original set of vertices.

Our first algorithm works on trees with bounded degree, more precisely, trees with max-

imum degree at most nε . The reason this is easier is because when an internal connected

component is contracted, we often need to encode the output of the subproblem at the root

(e.g., the maximum weighted matching on the rooted subtree) in terms of the children of

this component post-contraction. In high degree graphs, it may have many children after

being contracted, and therefore require a large encoding (i.e., one larger than O(nε)) and

thus not fit on one machine.

In this algorithm, we find that if the degree is bounded by nε and we compress suffi-

ciently small components, then the algorithm works out much more smoothly. The under-

lying technique that allows us to contract the tree into a single vertex in O(1/ε) iterations

is a decomposition of vertices based on their preorder numbering. The surprising fact is

that each group in this decomposition contains at most one non-leaf vertex after contracting

connected components. Thus, an additional single rake stage is sufficient to collapse any

tree with n vertices to a tree with at most n1−ε vertices in a single iteration. However, we

need O(1/ε) AMPC rounds at the beginning of each iteration to find the decomposition as-

sociated with the resulting tree after contractions performed in the previous iteration. This

becomes O(1/ε2) AMPC rounds across all iterations. See Section C.3.1 for the proofs and

more details.

This is a nice independent result, proving a slightly more efficient O(1/ε2)-round algo-

rithm on degree bounded trees. Additionally, many problems on larger degree trees can be

represented by lower degree graphs. For example, both the original Miller and Reif [113]

tree contraction and the Betani et al. [19] framework consider only problems in which we

can replace each high degree vertex by a balanced binary tree, reducing the tree-based

computation on general trees to a slightly different computation on binary trees. Equally
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notably, it is an important subroutine in our main algorithm.

Theorem C.1.1. Consider a degree-weighted tree T = (V,E,W ) and a problem P. Given a

connected contracting function on T with respect to P, one can compute P(T ) in O(1/ε2)

AMPC rounds with O(nε) memory per machine and Õ(n) total memory if deg(v)≤ nε for

every vertex v ∈V .

Remark. It may be tempting to suggest that in most natural problems the input tree can

be transformed into a tree with degree bounded by nε . However, we briefly pose the Me-

dianParent problem, where leaves are given values and parents are defined recursively as

the median of their children. By transforming the tree to make it degree bounded, we lose

necessary information to find the median value among the children of a high degree vertex.

Next, we move onto our main result: a generalized tree contraction algorithm that works

on any input tree with arbitrary structure. Building on top of Theorem C.1.1, we can create

a natural extension of tree contractions. Recall that the black-box contracting functions en-

code the data associated with a contracted vertex in terms of its children post-contraction.

Thus, allowing high degree vertices introduces difficulties working with contracting func-

tions. In particular, it is not possible to store the weight vector W (v) of a high degree vertex

v inside the local memory of a single machine. The power of this algorithm is its ability to

implement COMPRESS and RAKE for nε -tree-contractions in O(1/ε3) rounds.

The most significant novelty of our main algorithm is the handling of high degree ver-

tices. To do this, we first handle all maximal connected components of low degree vertices

using the algorithm from Theorem C.1.1 as a black-box. This compresses each such com-

ponent into one vertex without needing to handle high degree vertices. By contracting these

components, we obtain a special tree called Big-Small-tree (defined formally in §C.3.2)

which exhibits nice structural properties. Since the low degree components are maximal,

the degree of each vertex in every other layer is at least nε , implying that a large fraction of
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the vertices in a Big-Small-tree must be leaves. Hence, after a single rake stage, the number

of high degree vertices drops by a factor of nε .

In order to rake the leaves of high degree vertices, we have to carefully apply our

sibling contracting functions in a way that can be implemented efficiently in AMPC. Unlike

Theorem C.1.1 in which having access to a connected contracting function is sufficient,

here we also require a sibling contracting function. Consider a star tree with its center

at the root. Without a sibling contracting function, we are able to contract at most O(nε)

vertices in each round since the components we pass to the contracting functions must be

disjoint. But having access to a sibling contracting function, we can rake up to O(n) leaf

children of a high degree vertex in O(1/ε) rounds. For more details about the algorithm

and proofs see Section C.3.2.

Theorem C.1.2. Consider a degree-weighted tree T = (V,E,W ) and a problem P. Given

a connected contracting function and a sibling contracting function on T with respect to

P, one can compute P(T ) in O(1/ε3) AMPC rounds with O(nε) memory per machine and

Õ(n) total memory.

Theorem C.1.1 and Theorem C.1.2 give us general tools that have the power to create

efficient AMPC algorithms for any problem that admits a connected contracting function

and a sibling contracting function. Intuitively, they reduce constant-round parallel algo-

rithms for a specific problem on trees to designing black-box contracting functions that are

sequential. We should be careful in designing contracting functions to make sure that the

amount of data stored in the surviving vertex does not asymptotically exceed its degree in

the contracted tree. Also note that a connected contracting function works with unknown

values that depend on the result of other components.

Satisfying these conditions is a factor that limits the extent of problems that can be

solved using our framework. For example, the framework of Bateni et. al [19] works
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on a wider range of problems on trees since their algorithm, roughly speaking, tolerates

exponential growth of weight vectors using a careful decomposition of tree. Indeed, they

achieve these benefits at the cost of an inherent requirement for at least O(logn) rounds due

to the divide-and-conquer nature of their algorithm. However, their framework comes short

on addressing problems such as MedianParent (defined in Remark ) that are not reducible to

binary trees. Nonetheless, we show several techniques for designing contracting functions

that satisfy these conditions, in particular:

1. In Section C.3.3, we prove a general approach for designing a connected contracting

function and a sibling contracting function given a PRAM algorithm based on the

original Miller and Reif [113] tree contraction. We do this by observing that in

almost every conventional application of Miller and Reif’s framework, the length of

data stored at each vertex remains constant throughout the algorithm.

2. Storing a minimal tree representation of a connected component contracted into v

in the weight vector W (v) enables us to simplify a recursive function defined on the

subtree rooted at v in terms of yet-unknown values of its children, while keeping the

length of W (v) asymptotically proportional to deg(v). For instance, our maximum

weighted matching algorithm (See Section 4.1 of the full version for more details)

uses this approach.

Ultimately, this is a highly efficient generalization of the powerful tree contraction

algorithm. To illustrate the versatility of our framework, we show that it gives us effi-

cient AMPC algorithms for many important applications of frameworks such as Miller and

Reif [114]’s and Bateni et al. [19]’s by constructing sequential black-box contracting func-

tions. In doing so, we utilize a diverse set of techniques, including the ones mentioned

above, that are of independent interest and can be applied to a broad range of problems on
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trees. The proof Theorem C.1.3 and more details about each application can be found in

the full version.

Theorem C.1.3. Algorithms 8 and 9 can solve, among other applications, dynamic expres-

sion evaluation, tree isomorphism testing, maximal matching, and maximal independent

set in O(1/ε2) AMPC rounds, and maximum weighted matching and maximum weighted

independent set in O(1/ε3) AMPC rounds. All algorithms use O(nε) memory per machine

and Õ(n) total memory.

C.1.3 Paper Outline

The work presented in this paper is a constant-round generalized technique for solving

a large number of graph theoretic problems on trees in the AMPC model. In Section C.2,

we go over some notable definitions and conventions we will be using throughout the paper.

This includes the introduction of a generalized weighted tree, a formalization of the general

tree contraction process, the definition of contracting functions, and a discussion of a tree

decomposition method we call the preorder decomposition. In the Section C.3, we go

over our main results, algorithms, and proofs. The first result (§C.3.1) is an algorithm

for executing a tree contraction-like process which solves the same problems on trees of

bounded maximum degree. The second result (§C.3.2) utilizes the first result as well as

additional novel techniques to implement generalized tree contractions. We additionally

show (§C.3.3) that our algorithms can also implement Miller and Reif’s standard notion

of tree contractions, and (§C.3.4) we show how to efficiently reconstruct a solution on the

entire graph by reversing the tree contracting process.
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C.2 Preliminaries

In this work, we are interested in solving problems on trees T = (V,E) where |V |= n.

Our algorithms iteratively transform T by contracting components in an intelligent way

that: (1) components can be stored on a single machine, (2) the number of iterations re-

quired to contract T to a single vertex is small, and (3) at each step of the process, we still

have enough information to solve the initial problem on T .

To achieve (3), we must retain some information about an original component after we

contract it. For instance, consider computing all maximal subtree sizes. For a connected

component S with r = lca(S)1, the contracted vertex vS of S might encode |S| and a list of its

leaves (when viewing S as a tree itself). It is not difficult to see that this would be sufficient

knowledge to compute all maximal subtree sizes for the rest of the vertices in T without

considering all individual vertices in S. Data such as this is encoded as a multi-dimensional

weight function which maps vertices to binary vectors. We will specifically consider trees

where the dimensionality of the weight function is bounded by the degree of the vertex.

We note that in this paper, when we refer to the degree of a vertex in a rooted tree, we

ignore parents. Therefore, deg(v) is the number of children a vertex has.

Definition C.2. A degree-weighted tree is a tree T = (V,E,W ) with vertex set V , edge set

E, and vertex weight vector function W such that for all v ∈V , W (v) ∈ {0,1}Õ(deg(v)).2

Notationally, we let w(v)= dim(W (v))= Õ(deg(v)) be the length of the weight vectors.

Additionally, note that a tree T = (V,E) is a degree-weighted tree where W (v) = /0 for all

v ∈V .

In order to implement our algorithm, we also require specific contracting functions

whose properties allow us to achieve the desired result (§C.2.1). In addition, we will intro-

1lca is the least common ancestor function.
2Õ( f (n)) = O( f (n) logn).
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(a) Each vertex in the degree weighted tree T
stores the size of its subtree, which is 1 initially
and the structure of the subtree between each ver-
tex and its children using parenthesis notation
which is simply a star for every vertex at the be-
ginning. In the parenthesis notation, we traverse
the tree according to the preorder numbering and
put an ‘(’ whenever we go down from a parent to
a child, and a ‘)’ whenever we go up from a child
to a parent.

(b) In the contracted degree weighted
tree T ′, the structure of the yellow sub-
graph is recorded in the weight vector
of the root, a tree with 4 leaves (equal to
the degree of root) which is not a star. In
addition, the size of the contracted sub-
graph is stored in the weight vector of
the root.

Figure C.1: A degree weighted tree T = (V,E,W ) with |V | = 11. In Subfigure C.1a, we have a
degree weighted tree with |Wv| ≤ 4deg(v). We contract the subgraph with 7 vertices depicted by
yellow in Subfigure C.1a using a connected contracting function (Defined in Definition C.4). The
resulting degree weighted tree T ′ is depicted in Subfigure C.1b. Note that the length of weight
vectors in proportional to the degree of each vertex even after the contraction.

duce a specific tree decomposition method, called a preorder decomposition, that we will

efficiently implement and leverage in our final algorithms (§C.2.2).

C.2.1 Tree Contractions and Contracting Functions

Our algorithms provide highly efficient generalizations to Miller and Reif’s [114] tree

contraction algorithms. At a high level, their framework provides the means to compute a

global property with respect to a given tree in O(logn) phases. In each phase, there are two

stages:

• COMPRESS stage: Contract around half of the vertices with degree 1 into their parent.

• RAKE stage: Contract all the leaves (vertices with degree 0) into their parent.
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Repeated application of COMPRESS and RAKE alternatively results in a tree which has

only one vertex. Intuitively, the COMPRESS stage aims to shorten the long chains, maximal

connected sequences of vertices whose degree is equal to 1, and the RAKE stage cleans up

the leaves. Both stages are necessary in order to guarantee that O(logn) phases are enough

to end up with a single remaining vertex [114].

In the original variant, every odd-indexed vertex of each chain is contracted in a COM-

PRESS stage. In some randomized variants, each vertex is selected with probability 1/2

independently, and an independent set of the selected vertices is contracted. In such vari-

ants, contracting two consecutive vertices in a chain is avoided in order to efficiently imple-

ment the tree contraction in the PRAM model. However, this restriction is not imposed in

the AMPC model, and hence we consider a more relaxed variant of the COMPRESS stage

where each maximal chain is contracted into a single vertex.

We introduce a more generalized version of tree contraction called α-tree-contractions.

Here, the RAKE stage is the same as before, but in the COMPRESS stage, every maximal

subgraph containing only vertices with degree less than α is contracted into a single vertex.

Definition C.3. In an α-tree-contraction of a tree T = (V,E), we repeat two stages in a

number of phases until the whole tree is contracted into a single vertex:

• COMPRESS stage: Contract every maximal connected component S containing only

vertices with degree less than α , i.e., deg(v)< α ∀v ∈ S, into a single vertex S′.

• RAKE stage: Contract all the leaves into their parent.

Notice that the relaxed variant of Miller and Reif’s COMPRESS stage is the special case

when α = 2. Our goal will be to implement efficient α-tree-contractions where α = nε .

In order to implement COMPRESS and RAKE, we need fundamental tools for contract-

ing a single set of vertices into each other. We call these contracting functions. In the
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Figure C.2: An example phase in α-tree-contraction for α = 4. In the leftmost tree the initial tree
is depicted, and the vertices are numbered from 1 to n in the preorder ordering. In the middle tree,
we performed a COMPRESS stage to get a tree with 12 vertices. Next, we RAKE the leaves to end
up with a tree with 3 vertices depicted on the right.

COMPRESS stage, we must contract connected components. In the RAKE stage, we must

contract leaves with the same parent into a single vertex. These functions run locally on

small sets of vertices.

Definition C.4. Let P be some problem on degree-weighted trees such that for some

degree-weighted tree T , P(T ) is the solution to the problem on T . A contracting function

on T with respect to P is a function f that replaces a set of vertices in T with a single vertex

and incident edges to form a degree-weighted tree T ′ such that P(T ) = P(T ′)3. There are

two types:

1. f is a connected contracting function if f contracts4 connected components into a

single vertex of T .

2. f is a sibling contracting function if f is defined on sets of leaf siblings (i.e., leaves

that share a parent p) of T , and the new vertex is a leaf child of p.

Since the output of the contracting function is a degree-weighted tree, it implicitly must

create a weight W (v) for any newly contracted vertex v.

3With some nuance, it depends on the format of the problem. For instance, when computing the value
of the maximum independent set, the single values P(T ) and P(T ′) should be the same. When computing
the maximum independent set itself, uncontracted vertices must have the same membership in the set, and
contracted vertices represent their roots.

4Consider a connected component S with a set of external neighbors N(S) = {v∈V \S : ∃u∈ S(v,u)∈ E}.
Then contracting S means replacing S with a single vertex with neighborhood N(S).
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C.2.2 Preorder Decomposition

A preorder decomposition (formally defined shortly) is a strategy for decomposing trees

into a disjoint union of (possibly not connected) vertex groups. In this paper, we will show

that the preorder decomposition exhibits a number of nice properties (see §C.3) that will be

necessary for our tree contraction algorithms. Ultimately, we wish to find a decomposition

of vertices V1,V2, . . . ,Vk ⊆V of a given tree T = (V,E) (∪k
i=1Vi =V and Vi∩Vj = φ ∀i, j :

i 6= j) so that for all i ∈ [k], after contracting each connected component contained in the

same vertex group, the maximum degree is bounded by some given λ . Obviously, this

won’t be generally possible (i.e., consider a large star), but we will show that this holds

when the maximum degree of the input tree is bounded as well.

The preorder decomposition is depicted in Figure C.3a. Number the vertices by their

index in the preorder traversal of tree T , i.e., vertices are numbered 1,2, . . . ,n where vertex

i is the i-th vertex that is visited in the preorder traversal starting from vertex 1 as root.

In a preorder decomposition of T , each group Vi consists of a consecutive set of vertices

in the preorder numbering of the vertices. More precisely, let li denote the index of the

vertex v ∈ Vi with the largest index, and assume l0 = 0 for consistency. In a preorder

decomposition, group Vi consists of vertices li−1 +1, li−1 +2, . . . , li.

Definition C.5. Given a tree T = (V,E), a “preorder decomposition” V1,V2, . . . ,Vk of T is

defined by a vector l ∈ Zk+1, such that 0 = l0 < l1 < .. . < lk = n, as Vi = {li−1 +1, li−1 +

2, . . . , li} ∀i ∈ [k]. See Subfigure C.3a for an example.

Assume we want each Vi in our preorder decomposition to satisfy ∑v∈Vi deg(v) ≤ λ

for some λ . As long as deg(v) ≤ λ for all v ∈ V , we can greedily construct components

V1, . . . ,Vk according to the preorder traversal, only stopping when the next vertex violates

the constraint. Since ∑v∈V deg(v) ≤ n, it is not hard to see that this will result in O(n/λ )

groups that satisfy the degree sum constraint.
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Observation C.2.1. Consider a given tree T = (V,E). For any parameter λ such that

deg(v)≤ λ for all v ∈V , there is a preorder decomposition V1,V2, . . . ,Vk such that ∀i ∈ [k],

∑v∈Vi deg(v)≤ λ , and k = O(n/λ ).

The dependency tree T ′ = (V ′,E ′), as seen in Figure C.3b of a decomposition is useful

notion for understanding the structure of the resulting graph. In T ′, vertices represent

connected components within groups, and there is an edge between vertices if one contains

a vertex that is a parent of a vertex in the other. This represents our contraction process and

will be useful for bounding the size of the graph after each step.

Definition C.6. Given a tree T = (V,E) and a decomposition of vertices V1,V2, . . . ,Vk, the

dependency tree T ′ = (V ′,E ′) of T under this decomposition is constructed by contracting

each connected component Ci, j for all j ∈ [ci] in each group Vi. We call a component

contracted to a leaf in T ′ an independent component, and a component contracted to a

non-leaf vertex in T ′ a dependent component.

(a) An example preorder decomposition of T into
V1,V2, . . . ,V7 with λ = 8. Edges within any Fi are
depicted bold, and edges belonging to no Fi are
depicted dashed.

(b) Dependency tree T ′, created by con-
tracting connected components of every
Fi. Each red vertex represents a depen-
dent component, and each white vertex
represents an independent component.

Figure C.3: In Subfigure (a), a preorder decomposition of a given tree T is demonstrated. Based on
this preorder decomposition, we define a dependency tree T ′ so that each connected component S
in each forest Fi is contracted into a single vertex S′. This dependency tree T ′ is demonstrated in
Subfigure (b). It is easy to observe that the contracted components are maximal components which
are connected using bold edges in T , and each edge in T ′ corresponds to a dashed edge in T .
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C.3 Constant-round Tree Contractions in AMPC

The main results of this paper are two new algorithms. The first algorithm applies α-

tree-contraction-like methods in order to solve problems on trees where the degrees are

bounded by nε . Though this algorithm is similar in inspiration to the notion of tree con-

tractions, it is not a true α-tree-contraction method.

Theorem C.1.1. Consider a degree-weighted tree T = (V,E,W ) and a problem P. Given a

connected contracting function on T with respect to P, one can compute P(T ) in O(1/ε2)

AMPC rounds with O(nε) memory per machine and Õ(n) total memory if deg(v)≤ nε for

every vertex v ∈V .

This algorithm provides us with two benefits: (1) it is a standalone result that is quite

powerful in its own right and (2) it is leveraged in our main algorithm for Theorem C.1.2.

The only differences between this result and our main result for generalized tree contrac-

tions is that we require deg(v)≤ nε , but it runs in O(1/ε2) rounds, as opposed to O(1/ε3)

rounds. Thus, if the input tree has degree bounded by nε , then clearly the precondition is

satisfied. Additionally, if the tree can be decomposed into a tree with bounded degree such

that we can still solve the problem on the decomposed tree, this result applies as well.

Our general results are quite similar, with a slightly worse round complexity, but with

the ability to solve the problem on all trees. Notably, it is a true α-tree-contraction algo-

rithm.

Theorem C.1.2. Consider a degree-weighted tree T = (V,E,W ) and a problem P. Given

a connected contracting function and a sibling contracting function on T with respect to

P, one can compute P(T ) in O(1/ε3) AMPC rounds with O(nε) memory per machine and

Õ(n) total memory.

In this section, we introduce both algorithms and prove both theorems.
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C.3.1 Contractions on Degree-Bounded Trees

We now provide an O(1/ε2)-round AMPC algorithm with local space O(nε) for solving

any problem P on a degree-weighted tree T = (V,E,W ) with bounded degree deg(v)≤ nε

for all v ∈ V given a connected contracting function for P. The method, which we call

BoundedTreeContract, can be seen in Algorithm 8.

Much like an α-tree-contraction algorithm, it can be divided into a COMPRESS and

RAKE stage. In the COMPRESS stage, instead of compressing the whole maximal compo-

nents that consist of low-degree vertices as required for α-tree-contractions, we partition

the vertices into groups using a preorder decomposition and bounding the group size by

nε . In the RAKE stage, since the degree is bounded by nε , all leaves who are children of

the same vertex can fit on one machine. Thus each sibling contraction that must occur can

be computed entirely locally. If we include the parent of the siblings, we can simply apply

COMPRESS’s connected contracting function on the children. This is why we do not need

a sibling contracting function.

Let T0 = T be the input tree. For every iteration i ∈ [O(1/ε)]: (1) find a preorder

decomposition V1, . . .Vk of Ti−1, (2) contract each connected component in the preorder

decomposition, and (3) put each maximal set of leaf-siblings (i.e., leaves that share a parent)

in one machine and contract them into their parent. We sometimes refer to these maximal

sets of leaf-siblings by leaf-stars. After sufficiently many iterations, this should reduce the

problem to a single vertex, and we can simply solve the problem on the vertex.

Notice that we can view the first and second steps as the COMPRESS stage except that

we limit each component such that the sum of the degrees in each component is at most

nε . Since the size of the vector W (v) is w(v) = Õ(deg(v)) = Õ(nε), we can store an entire

component (in its current, compressed state) in a single machine, thus making the second

step distributable. The third step can be viewed as a RAKE function which, as we stated,
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Algorithm 8: BoundedTreeContract
(Computing the solution P(T ) of a problem P on degree-weighted tree T with
max degree nε using connected contracting function C )

Data: Degree-weighted tree T = (V,E,W ) with degree bounded by nε and a
connected contracting function C .

Result: The problem output P(T ).
1 T0← T ;
2 for i← 1 to l = O(1/ε) do
3 Let O be a preordering of Vi−1;
4 Find a preorder decomposition V1,V2, . . . ,Vk of Ti−1 with λ = nε using O;
5 Let Si−1 be the set of all connected components in Vi for all i ∈ [k];
6 Let T ′i−1 be the result of contracting C (Si−1, j) for all Si−1, j ∈Si−1;
7 Let Li−1 be the set of all maximal leaf-stars (containing their parent) in T ′i−1;
8 Let Ti be the result of contracting C (Li−1, j) for all Li−1, j ∈Li−1;
9 end

10 return C (Tl);

can be handled on one machine per contraction using the connected contracting function.

In order to get O(1/ε2) rounds, we first would like to show that the number of phases

is bounded by O(1/ε). To prove this, we show that there will be at most one non-leaf

node after we contract the components in each group. In other words, the dependency tree

resulting from the preorder decomposition has at most one non-leaf node per group in the

decomposition. This is a necessary property of decomposing the tree based off the preorder

traversal. To see why this is true, consider a connected component in a partition. If it is not

the last connected component (i.e., it does not contain the partition’s last vertex according

to the preorder numbering), then after contracting, it cannot have any children.

Lemma C.3.1. The dependency tree T ′=(V ′,E ′) of a preorder decomposition V1,V2, . . . ,Vk

of tree T = (V,E) contains at most 1 non-leaf vertex per group for a total of at most k

non-leaf vertices. In other words, there are at most k dependent connected components in

∪i∈[k]Fi.

Proof. Each group Vi induces a forest Fi on tree T , and recall that each Fi is consisted
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of multiple connected components Ci,1,Ci,2, . . . ,Ci,ci , where ci is the number of connected

components of Fi. Assume w.l.o.g. component Ci,ci is the component which contains ver-

tex li, the vertex with the largest index in Vi. We show that every connected component in

Fi except Ci,ci is independent, and thus Lemma C.3.1 statement is implied. See in Subfig-

ure C.3b that there is at most 1 dependent component, red vertices in T ′, for each group

Vi. Also note that Ci,ci , the only possibly dependent component in Fi, is always the last

component if we sort the components based on their starting index since li ∈Ci,ci and each

Ci, j contains a consecutive set of vertices.

Assume for contradiction that there exists Ci, j for some i ∈ [k], j ∈ [ci− 1], a non-last

component in group Vi, such that Ci, j is a dependent component, or equivalently C′i, j is not

a leaf in T ′. Since Ci, j is a dependent component, there is a vertex v∈Ci, j which has a child

outside of Vi. Let u be the first such child of v in the pre-order traversal, and thus u ∈Vj for

some j > i. Consider a vertex w ∈ Vi that comes after v in the pre-order traversal. Then,

since u, and thus Vj, comes after v and Vi in the pre-order traversal, u must come after w

in the pre-order traversal. Since w is between v and u in the pre-order traversal, and u is

a child of v, the only option is for w to be a descendant of v. Then the path from w to v

consists of w, w’s parent p(w), p(w)’s parent, and so on until we reach v. Since a parent

always comes before a child in a pre-order traversal, all the intermediate vertices on the

path from w to v come between w and v in the pre-order traversal, so they must all be in Vi.

This means w is in Ci, j since w is connected to v in Fi. Since any vertex after v in Vi must

be in Ci, j, Ci, j must be the last connected component, i.e., j = ci. This implies that the only

possibly dependent connected component of Fi is Ci,ci , and all other Ci, j’s for j ∈ [ci− 1]

are independent.

Lemma C.3.1 nicely fits with our result from Observation C.2.1 to bound the total

number of phases BoundedContract requires. In addition, we can show how to implement
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each phase to bound the complexity of our algorithm. Note that we are assuming that our

component contracting function is defined to always yield a degree-weighted tree. We only

need to show that the degrees stay bounded throughout the algorithm.

Proof of Theorem C.1.1. In each phase of this algorithm, the only modifications to the

graph that occur are applications of the connected contracting functions to connected com-

ponents of the tree. Since these are assumed to preserve P(T ) and we simply solve P(Tl)

for the final tree Tl , correctness of the output is obvious.

An important invariant in this algorithm is the O(nε) bound on the degree of vertices

throughout the algorithm. At the beginning, we know that the degrees are bounded ac-

cording as it is promised in the input. We show that this bound on the maximum degree

of the tree is invariant by proving the degree of vertices are still bounded after a single

contraction.

Recall that we use preorder decomposition with λ = nε to find the connected compo-

nents we need to contract in the COMPRESS stage. According to definition, the total degree

of each group in our decomposition is bounded by λ . After we contract a component S,

the degree of the contracted vertex vS never exceeds the sum of the degree of all vertices in

S since every child of vS is a child of exactly one of the vertices in S. Thus, the degree of

vS is bounded by λ = nε . In RAKE stage, we contract a number of sibling leaves into their

common parent. In this case, the degree of the parent only decreases and the bound still

holds.

We now focus on round and space complexities. A preordering can be computed using

the preorder traversal algorithm from Behnezhad et al. [29], which executed in O(1/ε)

rounds with O(nε) local space and Õ(n) total space w.h.p.5 This completes step 1. In

steps 2 and 3, the contracting functions are applied in parallel for a total of O(1) rounds

5This means with probability at least 1/poly(n)

96



(based off our assumption about any given contracting functions) within the same space

constraints. Thus, all phases require O(1) rounds except the first, which is O(1/ε) rounds,

and satisfy the space constraints of our theorem.

Now we must count the phases. Lemma C.3.1 tells us that for every group, we only

have one non-leaf component in the dependency graph after each step 2. In step 3, we then

“RAKE” all leaves into their parents. This means that the remaining number of vertices

after step 3 is equal to the number of non-leaf vertices in the dependency graph after step 2,

which is k = nε . Observation C.2.1 tells us that the resulting graph size is then O(n/nε) =

O(n1−ε). Therefore, in order to get a graph where |Tl| = 1, we require O(1/ε) phases.

Combining this with the complexity of each phase yields the desired result.

C.3.2 Generalized α-Tree-Contractions

In the rest of this section we prove our main result: a generalized tree contraction algo-

rithm, Algorithm 9. Building on top of Theorem C.1.1, we can create a natural extension

of tree contractions. Recall from §C.2 that in the COMPRESS stage, we must contract

maximal connected components containing only vertices v with degree d(v) < α . Conve-

niently, by Theorem C.1.1, Algorithm 8 achieves precisely this. Therefore, to implement

tree contractions, we simply need to:

1. Identify maximal connected components of low degree (Algorithm 9, line 3), which

can be done in O(1/ε) rounds by Behnezhad et al. [30].

2. Use our previous algorithm to execute the COMPRESS stage on each component (Al-

gorithm 9, line 5), which can be done by Algorithm 8 in O(1/ε2) rounds.

3. Apply a function that can execute the RAKE stage (Algorithm 9, lines 7 through 14).

To satisfy the third step, we use a sibling contracting function (Definition C.4), which
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can contract leaf-siblings of the same parent into a single leaf. Since a vertex might have

up to n children, to do this in parallel, we may have to group siblings into nε -sized groups

and repeatedly contract until we reach one leaf. Assuming sibling contractions are locally

performed inside machines, this will then take O(1/ε) AMPC rounds.

Algorithm 9: TreeContract
(Computing the solution P(T ) of a problem P on degree-weighted tree T using a
connected contracting function C and a sibling contracting function R)

Data: Degree-weighted tree T = (V,E,W ), a connected contracting function C ,
and a sibling contracting function R.

Result: The problem output P(T ).
1 T0← T ;
2 for i← 1 to l = O(1/ε) do
3 Let Si−1← Connectivity(Ti−1 \{v ∈V : deg(v)> nε);
4 Let Ki−1← Components in Si−1, j which represent a leaf in T ′i−1;
5 Contract each Si−1, j ∈Ki−1 into S′i−1, j by applying

BoundedTreeContract(S j,C );
6 Let Li−1 be the set of all maximal leaf-stars (excluding their parent) in T ′i−1;
7 for Li−1,0 = {v1,v2, . . . ,vk} ∈Li−1 do
8 for j← 1 to 1/ε do
9 Split Li−1, j−1 into k/n jε parts Li−1, j,1, . . . ,Li−1, j,k/n jε each of size nε ;

10 Contract each Li−1, j,z into L′i−1, j,z by applying R(Li−1, j,z);
11 Let Li−1, j←{L′i−1, j,1, . . . ,L

′
i−1, j,k/n jε};

12 end
13 Contract Li−1,1/ε by applying R(Li−1,1/ε);
14 end
15 Let Ti← T ′i−1;
16 end
17 return C (Tl);

We can show that this requires O(1/ε) phases to execute, and each phase takes O(1/ε2)

rounds to compute due to Theorem C.1.1 and our previous argument for RAKE by sibling

contraction. Thus we achieve the following result:

Theorem C.1.2. Consider a degree-weighted tree T = (V,E,W ) and a problem P. Given

a connected contracting function and a sibling contracting function on T with respect to
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P, one can compute P(T ) in O(1/ε3) AMPC rounds with O(nε) memory per machine and

Õ(n) total memory.

Recall the definition of α-tree-contraction (Definition C.3) from §C.2.1. First, we prove

Lemma C.3.2 to bound the number of phases in α-tree-contraction.

Lemma C.3.2. For any α ≥ 2, the number of α-tree-contraction phases until we have a

constant number of vertices is bounded by O(logα(n)).

To show Lemma C.3.2 we will introduce a few definitions. The first definition we use

is a useful way to represent the resulting tree after each COMPRESS stage. Before stating

the definition, recall the Dependency Tree T ′ of a tree T from Definition C.6.

Definition C.7. An α-Big-Small Tree T ′ is the dependency tree of a tree T with weighted

vertices if it is a minor of T constructed by contracting all components of T made up of

low vertices v with deg(v)< α (i.e., the connected components of T if we were to simply

remove all vertices u with deg(v)≥ α) into a single node.

We call a node v in T ′ with deg(v)>α in T a big node. All other nodes in T ′, which re-

ally represent contracted components of small vertices in T , are called small components.

Note that a small component may not be small in itself, but it can be broken down

into smaller vertices in T . It is not hard to see the following simple property. This simply

comes from the fact that maximal components of small degree vertices are compressed into

a single small component, thus no two small components can be adjacent.

Observation C.3.1. No small component in an α-Big-Small tree can be the parent of an-

other small component.

Consider our dependency tree T ′ based off a tree T that has been compressed. Obvi-

ously, T ′ is a minor of T constructed as described for α-Big-Small Tree because the weight
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of a vertex equals its number of children (by the assumption of Lemma C.3.2). Note a small

component refers to the compressed components, and a big node refers to nodes that were

left uncompressed.

To show Lemma C.3.2, we start by proving that the ratio of leaves to nodes in T ′ is

large. Since RAKE removes all of these leaves, this shows that T gets significantly smaller

at each step. Showing that the graph shrinks sufficiently at each phase will ultimately give

us that the algorithm terminates in a small number of phases.

Lemma C.3.3. Let T ′i be the tree at the end of phase i. Then the fraction of nodes that are

leaves in T ′i is at least α/(α + 4) as long as w(v) is equal to the number of children of v

for all v ∈ T ′i and α ≥ 2.

Proof. For our tree T ′i , we will call the number of nodes n, the number of leaves `, and

the number of big nodes b. We want to show that ` > nα/(α + 4). We induct on b.

When b = 0, we can have one small component in our tree, but no others can be added by

Observation C.3.1. Then n = `= 1, so ` > nα/(α +4).

Now consider T ′i has some arbitrary b number of big nodes. Since T ′i is a tree, there

must be some big node v that has no big node descendants. Since all of its children must

be small components and they cannot have big node descendants transitively, then Obser-

vation C.3.1 tells us each child of v is a leaf. Note that since v is a big node, it must have

weight w(v)> α , which also means it must have at least α children (who are all leaves) by

the assumption that w(v) is equal to the number of children.

Consider trimming T ′i on the edge just above v. The size of this new graph is now

n∗ = n−w(v)−1. It also has exactly one less big node than T ′i . Therefore, inductively, we

know the number of leaves in this new graph is at least `∗ ≥ α

α+4n∗ = α

α+4(n−w(v)−1).

Compare this to the original tree T ′i . When we replace v in the graph, we remove up to one

leaf (the parent p of v, if p was a leaf when we cut v), but we add w(v) new leaves. This
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means the number of leaves in T ′i is:

`=`∗−1+w(v)

=
α

α +4
(n−w(v)−1)−1+w(v)

=
α

α +4
n− α

α +4
w(v)− α

α +4
−1+w(v)

=
α

α +4
n+

4
α +4

w(v)− 2α +4
α +4

>
α

α +4
n+

4
α +4

α− 2α +4
α +4

(1)

≥ α

α +4
n (2)

Where in line (1) we use that w(v)> α and in line (2) we use that α ≥ 2.

Now we can prove our lemma.

Proof of Lemma C.3.2. To show this, we will prove that the number of nodes from the start

of one COMPRESS to the next is reduced significantly. Consider Ti as the tree before the

ith COMPRESS and T ′i as the tree just after. Let Ti+1 be the tree just before the i+ 1st

COMPRESS, and let ni be the number of nodes in Ti, n′i be the number of nodes in T ′i , and

ni+1 be the number of nodes in Ti+1. Since T ′i is a minor of Ti, it must have at most the same

number of vertices as Ti, so n′i ≤ ni. Since Ti+1 is formed by applying RAKE to T ′i , then it

must have the number of nodes in T ′i minus the number of leaves in T ′i (`′i). Therefore:

ni+1 = n′i− `′i ≤ n′i−
α

α +4
n′i =

4
α +4

n′i ≤
4

α +4
ni

Where we apply both Lemma C.3.3 that says `′i≥ α

α+4n′i and the fact that we just showed

that n′i ≤ ni. This shows that from the start of one compress phase to another, the number

of vertices reduces by a factor of 4
α+4 . Therefore, to get to a constant number of vertices,

we require log α+4
4
(n) = O(logα(n)) phases.
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Now we are ready to prove our main theorem.

Theorem C.1.2. Consider a degree-weighted tree T = (V,E,W ) and a problem P. Given

a connected contracting function and a sibling contracting function on T with respect to

P, one can compute P(T ) in O(1/ε3) AMPC rounds with O(nε) memory per machine and

Õ(n) total memory.

Proof. We will show that our Algorithm 9 achieves this result. Lemma C.3.2 shows that

there will be only at most O(1/ε) phases. In each phase i, we start by running a connec-

tivity algorithm to find maximally connected components of bounded degree, which takes

O(1/ε) time. Let Ki−1 be the set of connected components which are leaves in T ′i−1. Then

for each component Si−1, j ∈ Ki−1, we run BoundedTreeContract (Algorithm 8) in par-

allel using only our connected contracting function C . Since the total degree of vertices

over all members of Ki−1 is not larger than |Ti−1| and the amount of memory required

for storing a degree-weighted trees is not larger than the total degree, the total number of

machines is bounded above by O(n1−ε). By definition, the maximum degree of any Si−1, j

is nε . By Theorem C.1.1, each instance of BoundedTreeContract requires O(1/ε2) rounds,

O(|Si−1, j|ε) local memory and Õ(|Si−1, j|) total memory. As |Si−1, j| ≤ |Ti−1| (we know

|T0| = n and it only decreases over time), we only require at most O(nε) memory per ma-

chine. Since Since the total degree of vertices over all members of Ki−1 is not larger than

|Ti−1|, the total memory required is only Õ(|Ti−1|)) = Õ(n). This is within the desired total

memory constraints.

Finally, R is given to us as a sibling contractor. Consider the RAKE stage in our al-

gorithm. We distribute machines across maximal leaf-stars. For any leaf-star with nε ≤

deg(v) ≤ knε for some (possibly not constant) k, we will allocate k machines to that ver-

tex. Since again the number of vertices is bounded above by n, this requires only O(n1−ε)
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machines. On each machine, we allocate up to nε leaf-children to contract into each other.

We can then contract siblings into single vertices using R. Since there are at most n chil-

dren for a single vertex, it takes at most O(1/ε) rounds to contract all siblings into each

other. Then, finally, we can use C to compress the single child into its parent, which takes

constant time.

Therefore, we have O(1/ε) phases which require O(1/ε2) rounds each, so the total

number of rounds is at most O(1/ε3). We have also showed that throughout the algorithm,

we maintain O(nε) memory per machine and Õ(n) total memory. This concludes the proof.

C.3.3 Simulating 2-tree-contraction in O(1) AMPC rounds

Due to Theorem C.1.2, we can compute any P(T ) on trees as long as we are provided

with a connected contracting function and a sibling contracting function with respect to P.

A natural question that arises is the following: for which class of problem P there exists

black-box contracting functions? We argue that many problems P for which we have a

2-tree-contraction algorithm can also be computed in O(1/ε3) AMPC rounds using nε -

tree-contraction.

In many problems which are efficiently implementable in the Miller and Reif [114] Tree

Contraction framework, we are given C and R contracting functions, for COMPRESS and

RAKE stages respectively, which contract only one node: either a leaf in case of RAKE or

a vertex with only one child in case of COMPRESS. Let us call this kind of contracting

functions unary contracting functions and denote them by C 1 and R1. This is a key point

of original variants of Tree Contraction which contract odd-indexed vertices, or contract

a maximal independent set of randomly selected vertices. Working efficiently regardless

of using only unary contracting functions is the reason Tree Contraction was considered a
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fundamental framework for designing parallel algorithms on trees in more restricted models

such as PRAM. For example, in the EREW variant of PRAM, an O(log(n)) rounds tree

contraction requires to use only unary contracting functions R1 and C 1. More generally,

we define i-ary contracting functions as follows.

Definition C.8. An “i-ary contracting function”, denoted by C i or Ri, is a contracting

function which admits a subset S = {v1,v2, . . . ,vk} of at most i+1 vertices at a time such

that ∑
k
j=1 deg(v j) = O(i). A special case of i-ary contracting functions, are “unary con-

tracting functions”, denoted by C 1 or R1, which contract only one vertex at a time.

However, in the the AMPC model, we can contract the chains more efficiently, and

thus we are allowed to utilize more relaxed variants of COMPRESS stage. Furthermore,

as we show in Theorem C.3.4, designing unary contracting functions C 1 and R1 is not

easier than designing i-ary contracting functions C i and Ri in the AMPC model. We show

this by reducing C i and Ri to C 1 and R1 in O(1) rounds for any i = O(nε). In other

words, the restrictions of PRAM model, which requires C 1 and R1 exclusively, enables us

to directly translate a vast literature of problems solved using tree contraction to efficient

AMPC algorithms for the same problem given C 1 and R1.

As we have shown in Theorem C.1.2, it is possible to solve any problem P(T ) in

O(1/ε3) AMPC rounds given a connected contracting function C and a sibling contract-

ing function R, where both are nε -ary contracting with respect to P. In what follows,

we demonstrate the construction of nε -ary contracting functions given a unary connected

contracting function C 1 and a sibling contracting function R1.

Theorem C.3.4. Given a unary connected contracting function C 1 and a unary sibling

contracting function R1 with respect to a problem P defined on trees, one can build an

i-ary connected contracting function C i and an i-ary sibling contracting function Ri with

respect to P and both C i and Ri run in one AMPC rounds as long as i = O(nε).
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Proof. First, we present an algorithm for C i. We are given a connected subtree induced by

S = {v1,v2, . . . ,vk} of T so that ∑
k
j=1 degT (v j) = O(i). Since i = O(nε), the whole subtree

fits into the memory of a single machine. Some of the leaves of this subtree are known,

meaning that they are a leaf also in T , and others are unknown, meaning that they have

children outside S. Let U = {u1,u2, . . . ,ul} be the set of the children of unknown leaves

as well as the children of non-leaf nodes which are outside of S. Ultimately, we want to

compress the data already stored on the vertices of S into a memory of Õ(l) as the degree

of v1 in the contracted tree T ′ will be l +1, and thus degT ′(v1) = l +1.

The W (v1) of each contracted vertex v1 is a weighted-degreee tree structure T C (v1)

whose leaves are the children of v1 in T ′, and there is no vertex with exactly one child in

T C (v1). Thus, the number of vertices in T C (v1) is bounded by O(l) =O(degT ′(v1)). In ad-

dition, we are guaranteed that the total size of vectors on each vertex of T C (v1) is bounded

by |T C (v1)| since C 1 and R1 are unary contracting functions. Therefore, we assume each

W (v j) for each vertex v j ∈ S has stored a tree structure of size Õ(degT (v j)). We concatenate

all these trees to get an initial T C (v1) whose size is bounded by ∑
k
j=1 Õ(degT (v j)) = Õ(nε).

We run a 2-tree-contraction-like algorithm locally on T C (v1) using C 1 and R1. Note

that we can only rake the known leaves since the data of unknown leaves depend on their

children. We repeating COMPRESS and RAKE stages until there is no known leaf or a

vertex with one child remain in T C (v1). Then, according to Lemma C.3.2 for α = 2, the

number of remaining vertices in T C (v1) is bounded by O(l). We store the final T C (v1) in

T ′ which requires a memory of Õ(l) = Õ(wT ′(v1)). Hence, C i satisfies the size-constraint

on the weight vectors of the resulting weighted-degree tree.

Finally, we present an algorithm for Ri which is more straight-forward compared to

that of C i. We are given a leaf-star S = {v1,v2, . . . ,vk} of T so that ∑
k
j=1 degT (v j) = O(i).

This implies that there are at most O(nε) vertices in S as long as i = O(nε), and we can

fit the whole S into a memory of a single machine. To simulate Ri, we only need to k−1
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times apply R1 on S j = {v1,v j+1} at the j-th iteration. Note that every v j ∈ S is a leaf in

T , so the data stored in W (v j) is just Õ(1) bits and not a tree structure. Theorem C.3.4

statement is implied.

C.3.4 Reconstructing the Tree for Linear-sized Output Problems

Consider a problem P(T ) whose output size is also linear in the size of input n. For

instance, in maximum weighted matching we need to find the matching itself. Up to this

point, in all of our algorithms, we assume the output of function P(T ) is of constant-sized.

We simply contract the tree through some iterations until it collapses into a single vertex,

and we do not need to remember anything about a vertex which is contracted as a member

of a connected component or as a member of a leaf-star.

In this section, we present a general approach for retrieving the linear-sized solution in

a natural scenario, where we need to retrieve a recursively-defined weight vector P(v) of

constant size for each vertex v ∈ V . In the special case of maximum weighted matching

which can be formulated as a dynamic programming problem, P(v) contains the final value

of different DP values with respect to the subtree rooted at v6.

Roughly speaking, our reconstruction algorithm is based on storing the information

about components we contracted throughout the algorithm in an auxiliary memory of size

O(n). It is easy to observe that if we store the degree-weighted subtree of every connected

component or leaf-star that we contract during the algorithm we need at most O(n) addition

total memory. Note that during each application of black-box contracting functions, we

remove at least one vertex from the tree and each vertex except root is removed exactly

once when the algorithm terminates. Namely, for every phase i we need to store Si and Li

in Algorithm 8, and Ki and every Li, j,z in Algorithm 9 (In addition to the data stored by

6Note that retrieving P(v) for each vertex v still does not give us the optimum matching and a problem-
specific post-processing step is required to retrieve the actual matching
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each black-box application of Algorithm 8). Since we have adaptive access to these subsets

in AMPC, it is sufficient to index them by the id of the surviving vertex of each subset.

The full reconstruction algorithm starts after the main contraction algorithm finishes.

We only need to store the information about contracted subsets during the running time

of the contraction algorithm. Next, we iterate over the phases of the algorithm in reverse

order, i.e., i = {1/ε,1/ε−1, . . . ,1}, and undo the contractions that were performed during

phase i. Let Cv be a connected contracted component rooted at v, and {w1,w2, . . . ,wk} be

children of v post-contraction.

Whenever we undo a connected contraction like Cv, we replace v with the whole struc-

ture of Cv including W (u) for every u ∈ Cv,u 6= v. Then we populate the P(u) for every

u ∈ Cv,u 6= v. During the contraction algorithm P(w j) is not known for any j. However,

during the reconstruction we know P(w j) for every 1≤ j ≤ k since these vertices are con-

tracted in a later phase than the phase we contract Cv. Hence, we have already populated

P(w j) and we can use these values to locally populate P(u) for every u ∈Cv. Undoing the

sibling contracting functions in much simpler since their values do not depend on other

vertices nor the value of other vertices depend on their value. We populate P(u) for every

u ∈ L, where L is a leaf-star, based on the already constant-sized weight vectors W (u).

C.4 Conclusion

This paper introduces some of the first generalized techniques for solving various prob-

lems in the AMPC model. Specifically, we show that Miller and Reif’s [113] O(logn)-

time PRAM tree contraction algorithm can be efficiently extended to a constant-round

low-memory AMPC algorithm. This implies O(1/ε2)-round algorithms for expression

evaluation, tree isomorphism testing, maximal matching on trees, and maximal indepen-

dent set on trees. It additionally implies O(1/ε3)-round algorithms for maximum weighted
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matching and maximum weighted independent set on trees. However, we expect these

algorithms to have much broader applications to tree-based problems, as did the original

work by Miller and Reif.

It remains to be seen precisely which of extensions of the PRAM algorithm apply to

the AMPC model. Many of them require computational overhead beyond the black-box

application of the tree contraction process (which our algorithm can directly and efficiently

simulate), therefore the extension of those applications to this work is highly non-trivial.

Of notable interest is the application of tree contractions to graphs of bounded treewidth,

where Bodlaender and Hagerup [34] showed how to construct low-width tree decomposi-

tions using PRAM tree contractions. If AMPC tree contractions can also solve this and

additionally solve tree contractions on graphs of bounded tree-width, then our work can be

notably generalized. Another potential course of research is the exploration of problems

such as MedianParent, which cannot be simplified to problems on trees with bounded tree

width. It is an open question if these, too can be solved in O(1/ε2) rounds.
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Part II

String Problems
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Appendix D: String Matching

D.1 Introduction

The string matching problem with wildcards, or pattern matching, seeks to identify

pieces of a text that adhere to a certain structure called the pattern. Pattern matching is one

of the most applied problems in computer science. Examples range from simple batch ap-

plications such as Awk, Sed, and Diff to very sophisticated applications such as anti-virus

tools, database queries, web browsers, personal firewalls, search engines, social networks,

etc. The astonishing growth of data on the internet as well as personal computers embold-

ens the need for fast and scalable pattern matching algorithms.

In theory too, pattern matching is a well-studied and central problem. The simplest

variant of pattern matching, namely string matching, dates back to 1960s. In this prob-

lem, two strings T and P are given as input and the goal is to find all substrings of T that

are identical to P. The celebrated algorithm of Knuth, Morris, and Pratt [98] (KMP) de-

terministically solves the problem in linear time. Since then, attention has been given to

many variants and generalizations of pattern matching [2, 3, 17, 32, 39, 43, 44, 56, 84–

86, 98, 103, 105, 109, 116, 117, 123–127, 131]. Natural generalizations of string matching

are when either the text or the pattern is a tree instead of a string [56, 84, 127, 131] or when

the pattern has a more sophisticated structure that allows for ‘?’, ‘+’, ‘*’, or in general any

regular expression [17, 39, 86, 103]. Also, different computational systems have been con-

sidered in the literature: from sequential algorithms [17, 39, 56, 84, 86, 98, 103, 127, 131],
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to quantum algorithms [32, 109, 116, 126], to distributed settings [3, 44, 85], to the stream-

ing setting [2, 43, 123], to PRAM [105, 117, 124, 125], etc.

An obvious application of pattern matching is in anti-virus softwares. In this case, a

malware is represented with a pattern and a code or data is assumed to be infected if it

contains the pattern. In the simplest case, the pattern only consists of ascii characters.

However, it happens in practice that malwares allow for slight modifications. That is, parts

of the pattern code are subject to change. This can be captured by introducing wildcards to

pattern matching. More precisely, each element of the pattern is either an ascii code or a

special character ‘?’ which stands for a wildcard. The special character is allowed to match

with any character of the text.

Indeed the desirable property of the ‘?’ case is that the length of the pattern is always

fixed. However, one may even go beyond this setting and consider the cases where the pat-

tern may match to pieces of the text with variant lengths. Two classic ways to incorporate

this into the model is to consider two special characters ‘+’ and ‘*’. The former allows

for arbitrary repetitions of a single character and the latter allows for arbitrary repetitions

of any combination of characters. For example, as an application of pattern matching in

bioinformatics, we might be looking for a set of gene patterns in a DNA sequence. Ob-

viously, these pattern are not necessarily located consecutively in the DNA sequence, and

one might utilize ‘*’ wildcard to address this problem.

In practice, these problems are formulated around huge data sets. For instance, a hu-

man DNA encompasses roughly a Gigabyte of information, and an anti-virus scans Giga-

bytes (if not Petabyets) of data on a daily basis. Thus, the underlying algorithm has to

be scalable, fast, and memory efficient. A natural approach to obtain such algorithms is

parallel computation. Motivated by such needs, the massively parallel computation (MPC)

model [6, 22, 76, 95] has been introduced to understand the power and limitations of paral-

lel algorithms. It first proposed by Karloff et al. [95] as a theoretical model to embrace Map
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Reduce algorithms, a class of powerful parallel algorithms not compatible with previously

defined models for parallel computation. Recent developments in the MPC model have

made it a cornerstone for obtaining massively parallel algorithms.

While in the previous parallel settings such as the PRAM model, usually an O(logn)

factor in the round complexity is inevitable, MPC allows for sublogarithmic round com-

plexity [49, 95, 102]. Karloff et al. [95] also compared this model to PRAM, and showed

that for a large portion of PRAM algorithms, there exists an MPC algorithm with the same

number of rounds. In this model, each machine has unlimited access to its memory, how-

ever, two machines can only interact in between two rounds. Thus, a central parameter in

this setting is the round complexity of algorithm since network communication is the typi-

cal main bottleneck in practice. The ultimate goal is developing constant-round algorithms,

which are highly desirable in practice.

The MPC model. In this paper, we assume that the input size is bounded by O(n),

and we have M machines of each with a memory of S. In the MPC model [6, 22, 76, 95],

we assume the number of machines and the local memory size on each machine is asymp-

totically smaller than the input size. Therefore, we fix an 0 < x < 1 and bound the memory

of each machine by Õ(n1−x). Also, our goal is to have near linear total memory and there-

fore we bound the number of machines by Õ(nx). An MPC algorithm runs in a number of

rounds. In every round, every machine makes some local computation on its data. No com-

munication between machines is allowed during a round. Between two rounds, machines

are allowed to communicate so long as each machine receives no more communication than

its memory. Any data that is outputted from a machine must be computed locally from the

data residing on the machine and initially the input data is distributed across the machines.

In this work we give MPC algorithms for different variants of the pattern matching

problem. For the regular string matching and also ‘?’ and ‘+’ wildcard problems, our
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algorithms are tight in terms of running time, memory per machine, and round complexity.

Both ‘?’ and ‘+’ wildcard problems are reduced to fast convolution at the end, and make

use of the fact that FFT could computed in O(1) MPC rounds with near-linear total running

time and total memory. Also, for the case of ‘*’ wildcard we present nontrivial MPC

algorithms for two special cases that mostly tend to happen in practice. However, the round

complexity of these two cases is O(log(n)), and the general case problem is not addressed

in this paper.

D.1.1 Our Results and Techniques

Throughout this paper, we denote the text by T and the pattern by P. Also, we denote

the set of characters by Σ.

We begin, as a warm-up, in Section D.3 by giving a simple MPC algorithm that solves

string matching in 2 rounds. The basic idea behind our algorithm is to cleverly construct

hash values for the substrings of the text and the pattern. In other words, we construct an

MPC data structure that enables us to answer the following query in a single MPC round:

Given indices i and j of the text, what is the hash value for the substring of the text

starting from position i and ending at position j?.

Indeed, after the construction of such a data structure, one can solve the problem in a

single round by making a single query for every position of the text. This gives us a linear

time MPC algorithm that solves string matching in constant rounds.

Result 4 (Theorem D.3.1). There exists an MPC algorithm that solves string matching

in constant rounds. The total memory and the total running time of the algorithm are

linear.

For the case of wildcard ‘?’, the hashing algorithm is no longer useful. It is easy to

see that since special ‘?’ characters can be matched with any character of the alphabet, no
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hashing strategy can identify the matches. However, a more sophisticated coding strategy

enables us to find the occurrences of the pattern in the text. Assume for simplicity that

m = |Σ| is the size of the alphabet and we randomly assign a number 1≤mpc ≤ m to each

character c of the alphabet. Moreover, we assume that all the numbers are unique that is for

two characters c and c′ we have mpc = mpc′ if and only if c = c′. Now, construct a vector

T † of size 2|T | such that T †
2i−1 = mpTi

and T †
2i = 1/mpTi

for any 1 ≤ i ≤ |T |. Also, we

construct a vector P† of size 2|P| similarly, expect that P†
2i−1 = P†

2i = 0 if the i’th character

of P is ‘?’. Let nzP be the number of the normal characters (‘?’ excluded) of the pattern. It

follows from the construction of T † and P† that if P matches with a position i of the text,

then we have:

T †[2i−1,2i+2(|P|−1)].P† = nzP

where T †[2i−1,2i+2(|P|−1)] is a sub-vector of A only containing indices 2i−1 through

2i + 2(|P| − 1). Moreover, it is showed in [59] that the vice versa also holds. That is

if T †[2i− 1,2i+ 2(|P| − 1)].P† = nzP for some i then pattern P matches position i. This

reduces the problem of pattern matching to the computation of dot products which is known

to admit a linear time solution using fast Fourier transform (FFT) [38].

Result 5 (Theorem D.4.2). There exists an MPC algorithm that computes FFT in con-

stant rounds. The total memory and the total running time of the algorithm are Õ(n).

Corollary D.4.3 gives us an efficient MPC algorithm for the wildcard setting. While the

reduction from wildcard matching to FFT is a known technique [46] the fact that FFT is

computable in O(1) MPC rounds leads to efficient MPC algorithm for a plethora of prob-

lems. FFT is used in various combinatorial problems such as knapsack [21], 3-sum [41],

subset-sum [99], tree-sparsity [15], tree-separability [21], necklace-alignment [37], etc.

The case of ‘+’ and ‘*’ wildcards are technically more involved. In the case of rep-

etition, special characters ‘+’ may appear in the pattern. These special characters allow
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for arbitrary repetitions of a single character. For instance, a pattern “a+bb+” matches all

strings of the form ax.by such that x≥ 1 and y≥ 2. Indeed this case is more challenging as

the pattern may match with substrings of the text with different lengths.

To tackle this problem, we first compress both the text and the pattern into two strings

T ◦ and P◦ using the run-length encoding method. In the compressed versions of the strings,

we essentially avoid repetitions and simply write the numbers of repetitions after each

character. For instance, a text “aabcccddad” is compressed into “a[2]b[1]c[3]d[2]a[1]d[1]”

and a pattern “ab+ccc+” is compressed into “a[1]b[1+]c[3+]”. With this technique, we

are able to break the problem into two parts. The first subproblem only incorporates the

characters which is basically the conventional string matching. The second subproblem

only incorporates repetitions. More precisely, in the second subproblem, we are given a

vector A of n integer numbers and a vector B of m entries in the form of either i or i+. An

entry of i matches only with indices of A with value i but an entry of i+ matches with any

index of A with a value at least i. Since we already know how to solve string matching

efficiently, in order to solve the repetition case, we need to find a solution for the latter

subproblem.

To solve this subproblem, we use an algorithm due to Cole and Hariharan [46]. They

showed the subset matching problem could be solved in near-linear time. The definition of

the subset matching problem is as follows.

Problem D.5.2 (restated). Given T , a vector of n subsets of the alphabet Σ, and P, a vector

of m subsets in the same format as T , find all occurrences of P in T . P is occurred at

position i in T if for every 1≤ j ≤ |P|, Pj ⊆ Ti+ j−1.

We can reduce our problem to an instance of the subset matching problem by replacing

every Ti with {1+,2+, . . . ,Ti+}∪{Ti}, and keep S intact, i.e., replacing each Si with {Si}.
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This way, if there is a match, each Si has to be included in the respective Tj. There is an

algorithm for this problem with Õ(s) running time [46], where s shows the total size of all

subsets in T and P. The running time is good enough for our algorithm to be near linear

since s is at most twice the number of characters in the original text and pattern. Each Ti

is the compressed version of Ti consecutive repetitions of a same character in T . We also

show that the subset matching problem could be implemented in a constant number of MPC

rounds, and thus a constant-round MPC algorithm for string matching with ‘+’ wildcard is

implied.

Result 6 (Theorem D.5.4). There exists an MPC algorithm that solves string matching

with ‘+’ wildcard in constant rounds. The total memory and the total running time of

the algorithm are Õ(n).

Despite positive results for ‘?’ and ‘+’ wildcards, we do not know whether a poly-

logarithmic round MPC algorithm exists for ‘*’ wildcard in the most general case or not.

This wildcard character matches any substring of arbitrary size in the text. We can consider

a pattern consisted of ‘*’ and Σ characters as a sequence of subpatterns, maximal substrings

not having any ‘*’, with a ‘*’ between each consecutive pair. In the sequential settings, we

can solve the problem by iterating over the subpatterns, and find the next matching position

in the text for each one. If we successfully find a match for every subpattern in order, we

end up with a substring of T matching P. Otherwise, it is easy to observe that T does not

match the pattern P. To find the next matching position, we can perform a KMP algorithm

on T and all the subpatterns one at a time, and make a transition to the next subpattern

whenever we find a match, which is still linear in n+m, as the total size of the subpatterns

is limited by m. The algorithm is provided with more details in Observation D.6.1.

However, things are not as easy in the MPC model, because each subpattern can happen

virtually anywhere in the text, and furthermore the number of subpatterns could be as large
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as O(m). Thus, intuitively, it is impossible to know which subpatterns match each location

of T with a linear total memory since the total size of this data could be Ω(nm), and also

we cannot transfer this data in poly-logarithmic number of MPC rounds. Nonetheless, we

provide two examples of how we can overcome this restriction by adding a constraint on the

input. In both the cases, a near-linear O(log(n))-round MPC algorithm exists for solving

‘*’ wildcard problem.

1. When the whole pattern fits in a single machine, m = O(n1−x), then the number of

subpatterns is limited by O(n1−x). Thus, each machine could access each subpattern,

and finds out if an interval of subpatterns happens in its part of input. At the end, we

merge these pieces of information using dynamic programming to obtain the result.

Result 7 (theorem D.6.1). Given strings s ∈ Σn and p ∈ {Σ∪ ‘*’}m for m = O(n1−x),

there is an MPC algorithm to find the solve the string matching problem in O(logn)

rounds using O(nx) machines.

2. When no subpattern is a prefix of another, then the number of different subpatterns

matching each starting position is limited by 1. Exploiting this property, we can find

out which subpattern matches each starting position, if any. Next, we create a graph

with positions in T as vertices, and we put an edge from a position i which matches

a subpattern Pk, to the minimum position j matching subpattern Pk+1, which is also

located after i+ |Pk|−1. This way, ‘*’ wildcard string matching reduces to a graph

connectivity problem; finding whether there is path from a position matching the

first subpattern to a position matching the last subpattern. Therefore, we will have a

O(log(n))-round MPC algorithm for ‘*’ wildcard problem using the standard graph

connectivity results in MPC [95].
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Problem Theorem Rounds Total Runtime Nodes
P ∈ Σm D.3.1 O(1) O(n) O(nx)

P ∈ {Σ∪ ‘?’}m D.4.3 O(1) Õ(n) O(nx)

P ∈ {Σ∪ ‘+’}m D.5.4 O(1) Õ(n) O(nx)

P ∈ {Σ∪ ‘*’}m m = O(n1−x) D.6.1 O(log(n)) O(n) O(nx)
no prefix D.6.2 O(log(n)) O(n) O(nx)

Table D.1: Overview of results

Result 8 (Theorem D.6.2). Given strings s∈Σn and p∈{Σ∪‘*’}m such that subpatterns

are not a prefix of each other, there is an MPC algorithm to find the solve the string

matching problem in O(logn) rounds using O(nx) machines.

D.2 Preliminaries

In the pattern matching problem, we have two strings T and P of length n and m over an

alphabet Σ. In the string matching problem, the first string T is a text, and the second string

P is the pattern we are looking for in T . For a string s, we denote by s[l,r] the substring of

s from l to r, i.e., s[l,r] = 〈sl,sl+1, . . . ,sr〉. Given two strings T and P, we are looking for

all occurrences of the pattern P as a substring of T . In other words, we are looking for all

i ∈ [1,n−m+1] such that T [i, i+m−1] = P. In this case, we say substring T [i, i+m−1]

matches pattern P.

Problem D.2.1. Given two strings T ∈ Σn and P ∈ Σm, we want to find all occurrences of

the string P (pattern) as a substring of string T (text).

Problem D.2.1 has been vastly studied in the literature, and there are a number of solu-

tions that solve the problem in linear time. [98] However, the main focus of this paper is to

design massively parallel algorithms for the pattern matching problem. We consider MPC
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as our parallel computation model, as it is a general framework capturing state-of-the-art

parallel computing frameworks such as Hadoop MapReduce and Apache Spark.

We extend the problem of string matching adding wildcard characters to the pattern. A

wildcard character is a special character φ 6∈ Σ in pattern that is not required to match by the

same character in T . For example, wildcard character ‘?’ can be matched by any arbitrary

character in T . For instance, let T and P be “abracadabra” and “a?a” respectively. Then,

pattern P occurs at i = 4 and i = 6 since P
?≡ T [4,6] and P

?≡ T [6,8]. Notation
φ

≡ denoted

the equality of two strings regarding the wildcard character φ .

We consider three kinds of wildcard characters in this paper:

1. Character replacement wildcard ‘?’: Any character can match character replacement

wildcard.

2. Character repetition wildcard ‘+’: If character repeat wildcard appears immediately

after a character c in the pattern, then any number of repetition for character c is

accepted.

3. String replacement wildcard ‘*’: A string replacement wildcard can be matched with

any string of arbitrary length.

D.2.1 Hashing

To boost comparing the pattern p with the substrings of string s, we can compare the

fingerprints or hashes instead. A hash of string s, denoted by h(s), is a single number

such that h(s) 6= h(s′) implies s 6= s′ always, and h(s) = h(s′) implies s = s′ with a high

probability. Consider a naive hash function hr such that hr(s) = ∑
|s|
i=1 si mod r, where r

is an arbitrary number. Note that we can label the characters in Σ with a permutation of

size |Σ|, thereby, considering a numerical value for each character to simplify the formulas.
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This hash function does not guarantee a high probability of s = s′ in the case of hr(s) =

hr(s′), because this hash function is not locally sensitive, i.e., modifying two consecutive

characters in s in a way that the first one reduced by one and the other one increased by one

gives us the same hash.

However, simple hash function hr has a desirable property that is rolling. A rolling hash

function h allows us to achieve h(s[l + 1,r+ 1]) from h(s[l,r]) in O(1) time, i.e., hr(s[l +

1,r+ 1]) = hr(s[l,r])− sl + sr+1 mod r. Using a rolling hash function, one can imagine

a Monte-Carlo randomized algorithm for string matching problem by first computing h(p)

and h(s1,m) in O(m) time, and then building h(s[i+ 1, i+m]) from h(s[i, i+m− 1]) for i

from 1 to n−m in O(n) time. Afterwards, we can compare the hash of each substring with

h(p) in O(1) time. Therefore, we desire a locally sensitive rolling hash function. Karp and

Robbin [96] provided such rolling hash functions that guarantee a bounded probability of

hash collision. An example of such hash function is

hr,b(s) =
|s|

∑
i=1

sib|s|−i mod r

The difference between this hash function and the previous one is local sensitivity. It’s

not likely anymore to end up with the same hash applying few modifications if we chose

r to be a prime number or simply chose such r and b to be relatively prime numbers. Be-

sides, the hash collision probability of an ideal hash function is r−1, and no matter how we

minimize the correlation of the hashes of similar strings, we cannot achieve a smaller prob-

ability. By the way, hr,b with relatively prime r and b achieve a probability in that this cor-

relation is almost negligible. Therefore, it suffices to pick a large enough r to guarantee high

probability. More precisely, we want
⋃n−m+1

i=1 Pr[P 6= T [i, i+m−1]∧h(P) = h(T [i, i+m−1])]

be at most 1/n. Thus,
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n−m+1⋃
i=1

Pr[P 6= T [i, i+m−1]∧h(P) = h(T [i, i+m−1])]≤ 1
n
⇒

n−m+1

∑
i=1

Pr[P 6= T [i, i+m−1]∧h(P) = h(T [i, i+m−1])]≤ 1
n
⇒

O(n)
1
r
≤ 1

n
⇒ r ≥ O(n2)⇒ log(r)≥O(log(n))

Therefore, the number of bits required to store hashes should be logarithmic in the

size of the text which is a fairly reasonable assumption. Alternatively, we can reduce the

probability substantially by comparing hashes based on multiple values of r. Hence, we

can safely assume that using locally such sensitive hash functions, we can guarantee a high

probability of avoiding hash collisions.

Fact D.2.1. Given two strings T ∈ Σn and P ∈ Σm, using locally sensitive rolling hash

functions one can find all occurrences of the string P (pattern) as a substring of string S

(text) in O(n+m) time with a high probability.

In addition to rolling property, we can consider a more general property for hr,b namely

partially decomposability. A hash function h is partially decomposable if it is possible to

calculate in O(1) time h(s[l,r]) from the hash of the prefixes of s, that is h(s[1, i]) for all

i ∈ [1, |s|]. In addition, it should be possible to calculate the hash of the concatenation of

two strings in O(1) time. For example, hr,b(s[l,r]) = (hr,b(s[1,r])−hr,b(s[1, l−1])br−l+1)

mod r, and hr,b(s+ s′) = (hr,b(s)b|s
′|+hr,b(s′)) mod r, where s+ s′ means the concatena-

tion of s and s′.

Throughout this paper, we refer to the suitable hash function for an instance of string

matching problem by h and ignore the internal complications of the hash functions.
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D.3 String matching without wildcard

In this section, we provide an algorithm for the string matching problem with no wild-

cards; Given strings T and P, we wish to find all the starting points in T that match P.

The round complexity of our algorithm, which is the most important factor in MPC model,

is constant. Furthermore, the algorithm is tight in a sense that the total running time and

memory is linear. For the more restricted cases, we enhance our algorithm to work in even

less rounds.

The algorithm consists of three stages. We discuss the different stages of the algorithm

with details in the following. The main goal of the algorithm is to compare the hash of each

length m substring of string T with the hash of string P, and therefore, find an occurrence

if they are equal. We consider the following properties, namely partially decomposability,

for our hash function h,

• Merging the hashes of two strings s and s′, to find the hash of their concatenation

s+ s′, can be done in O(1).

• Querying the hash of a substring s[l,r] can be done in O(1), with O(|s|) preprocessing

time.

Consider strings T and P are partitioned into several blocks of size S, each fit into a

single machine. We denote these blocks by T 1,T 2, . . . ,T n/S and P1,P2, . . . ,Pm/S. It is easy

to solve the problem when P is small relative to S. We can search for P in each block

independently by maintaining the partial hash for each prefix of the block. The caveat of

this solution is that some substrings lie in two machines. We can fix this issue by feeding

the initial string chunks with overlap. If the length of the overlaps is greater than m, it is

guaranteed than each candidate substring is contained as a whole in one of the initial string

chunks. We call this method “Double Covering”. Utilizing this method, we can propose an
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algorithm which leads to Observation D.3.1. Therefore, the main catch of the algorithm is

to deal with the matching when string P spans multiple blocks.

Observation D.3.1. Given T ∈ Σn and P ∈ Σm where m = O(n1−x), there is an MPC algo-

rithm for string matching problem with no wildcards in 1 MPC round using O(nx) machines

in linear total running time.

Proof. We provide for each machine, which holds T i, the next m characters in the T , i.e.,

T [iS+ 1 : iS+m], which is viable since m = O(S). Therefore, we can compute the hash

of each substring starting in T i as well as P in each machine. See Algorithm 10 for more

details.

Algorithm 10: StringMatching(a)
Data: two array T and P, where m = O(S)
Result: function f : {1,2, . . . ,n−m+1}→ {0,1} such that f (i) = 1 iff

T [i : i+m−1] = P.
1 f (i)← 0 ∀1≤ i≤ n−m+1;
2 send a copy of P as well as T [iS+1 : iS+m] to the i-th machine, which holds T i,

truncate if iS+m surpasses n.
3 Run in parallel: for 1≤ i≤ n/S do
4 append T [iS+1 : iS+m] to T i;
5 for 1≤ j ≤ S do
6 if h(P) = h(T i[ j : j+m−1]) then
7 f ((i−1)S+ j)← 1;

Theorem D.3.1. For any x < 1/2, given T ∈ Σn and P ∈ Σm, there is an MPC algorithm

for string matching problem with no wildcards in O(1) MPC rounds using O(nx) machines

in linear total running time.

Intuitively, we can handle larger patterns by transferring the partial hash of each ending

point to the machine which the respective starting point lies in. In addition, we compute the

hash of each k first blocks, and by which, we can find the hash of each interval of blocks.
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Note that we need to assume x < 1/2, so that memory of a single machine be capable of

storing O(1) information regarding each machine. The algorithm is outlined in Algorithm

11.

Proof. Assume there are (n+m)/S+2 machines as following:

• machines a1,a2, . . . ,an/S which T i is stored in ai.

• machines b1,b2, . . . ,bm/S which Pi is stored in bi.

• machines c and d which are used for aggregation purposes.

At the first round, we compute the hash of each block T i and Pi and send them to

machines c and d respectively. Furthermore, we compute the partial hashes of each prefix

of each block T i, that is h(T i[1, j]) for 1≤ j≤ S. The calculated hash of each prefix should

be sent to the machine containing the respective starting point. Therefore, T i[1, j] should

be sent to the node containing starting point (i−1)S+ j−m+1. The total communication

overhead of this round is O(n+m).

In the next round, we aggregate the calculated hashes in the previous round. In node

d, we calculate the hash of string P by merging the hashes of T 1,T 2, . . . ,T m/S. The value

of h(P) should be sent to all ai for 1 ≤ i ≤ n/S. Those nodes are supposed to compare

h(P) with the hash of each starting point lying in their block to find the matches in the last

round. Furthermore, in node c, the hash of each first k blocks of T should be calculated,

i.e., h(T 1 +T 2 + . . .+T i) for all 1≤ i≤ n/S. Each machine ai needs to compute the hash

of a sequence of consecutive blocks of T that lie between each starting point in T i and its

respective end point. Therefore, each machine should receive up to O(1) of these hashes,

because the set of respective ending points spans at most 2 blocks.

In the final round, we have all the data required for finding the matches with starting

point inside block T i at node ai. It suffices to find the hash of each suffix of T i, i.e.,
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h(T i[l,S]), in which l is the candidate starting point. Consider T k is the block where the

ending point respective to l lies inside, and r is the index of the ending point inside T k.

Then, using the hash of the sequence of block between T i and T k, and h(T k[1,r]) (both the

hashes has been sent to ai in the previous steps) one can decide whether the starting point l

in block T i is a match or not.

Algorithm 11: StringMatching(b)
Data: two array T and P
Result: function f : {1,2, . . . ,n−m+1}→ {0,1} such that f (i) = 1 iff

T [i : i+m−1] = P.
1 f (i)← 0 ∀1≤ i≤ n−m+1;
2 Run in parallel: for 1≤ i≤ m/S do
3 send h(Pi) to machine d;

4 Run in parallel: for 1≤ i≤ n/S do
5 send h(T i) to machine c;
6 for 1≤ j ≤ S do
7 send h(T i[1, j]) to the machine ak, where the corresponding starting point,

i.e., (i−1)S+ j−m+1, lies in T k;

8 send h(P)←merge(h(P1),h(P2), . . . ,h(Pm/S)) to each ai for 1≤ i≤ n/S;
9 for 1≤ i≤ n/S do

10 h(T 1 +T 2 + . . .+T i)←merge(h(T 1 +T 2 + . . .+T i−1),h(T i));
11 send h(T 1 +T 2 + . . .+T i) to each machine a j that needs it in the next round;

12 Run in parallel: for 1≤ i≤ n/S do
13 for 1≤ l ≤ S do
14 s← (i−1)S+ l;
15 let k be the index of the machine where s+m−1 lies in T k;
16 r← s+m−1− (k−1)S;
17 η = h(T i+1 +T i+2 + . . .+T k−1);
18 h(T [s,s+m−1])←merge(h(T i[l,S]),η ,h(T k[1,r]));
19 if h(T [s,s+m−1]) = h(P) then
20 f (s)← 1;
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D.4 Character Replace Wildcard ‘?’

We start this section summarizing the algorithm for string matching with ‘?’ in sequen-

tial settings, which require Fast Fourier Transform.

Theorem D.4.1 (Proven in [59]). Given strings T ∈ Σn and P ∈ (Σ∪{?})m, it is possible

to find all the substrings of T that match with pattern P in Õ(n+m).

The idea behind Theorem D.4.1 is taking advantage of fast multiplication algorithms,

e.g. using Fast Fourier Transform, to find the occurrences of P which contains ‘?’ wildcard

characters. Fischer and Paterson [59] proposed the first algorithm for string matching with

‘?’ wildcard. The main idea is to replace each character c ∈ Σ in string T or P with two

consecutive numbers mpc and 1/mpc and each ‘?’ with two consecutive zeros. If we

compute the convolution of T and the reverse of P, we can ensure a match if the convoluted

value with respect to a substring of T equals the number non-wildcard characters in P,

aka nzP. This procedure requires a non-negligible precision in float arithmetic operations

that adds a log(|Σ|) factor to the order of the algorithm. In the subsequent works, the

dependencies on the size of alphabet has been eliminated. [45, 88, 92]

As stated in Theorem D.4.1, we can solve string matching with ‘?’ wildcards in

O(n log(n)) using convolution. Convolution can be computed in O(n log(n)) by apply-

ing Fast Fourier Transform on both the arrays, performing a point-wise product, and then

applying inverse FFT on the result. Therefore, we should implement FFT in a constant

round MPC algorithm in order to solve pattern matching with wildcard ‘?’. Inverse FFT is

also possible with the similar approach.

Given an array A = 〈a0,a1, . . . ,an−1〉, we want to find the Discrete Fourier Transform

of array A. Without loss of generality, we can assume n = 2k, for some k, to avoid the

unnecessary complication of prime factor FFT algorithms; it is possible to right-pad by
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zeroes otherwise. By Fast Fourier Transform, applying radix-2 Cooley-Tukey algorithm

for example, one can compute the Discrete Fourier Transform of A in O(n log(n)) time,

which is defined as:

a∗k =
n−1

∑
j=0

a j · e−2πi jk/n (D.1)

Where A∗ = 〈a∗0,a∗1, . . . ,a∗n−1〉 is the DFT of A. We interchangeably use the alternative

notation Wn = e−2πi/n, by which Equality D.1 becomes

a∗k =
n−1

∑
j=0

a j ·W jk
n (D.2)

We state the following theorem regarding the FFT in the MPC model.

Theorem D.4.2. For any x ≤ 1/2, a collection of O(nx) machines each with a memory of

size O(n1−x) can solve the problem of finding the Discrete Fourier Transform of A with

O(1) number of rounds in MPC model. The total running time equals O(n log(n)), which

is tight.

Roughly speaking, our algorithm is an adaptation of Cooley-Tukey algorithm in the

MPC model. In Subsection D.4.1, we justify Theorem D.4.2 by giving an overview of the

algorithm, and then we show how it results in a O(1)-round algorithm for computing the

DFT of an array in the MPC model.

Corollary D.4.3. Given strings T ∈ Σn and P ∈ (Σ∪{?})m, it is possible to find all the

substrings of T that match with pattern P with a O(1)-round MPC algorithm with total

runtime and memory of Õ(n+m).
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Proof. Build vectors T † and P† as following:

T † = 〈mpT1
,mp−1

T1
,mpT2

,mp−1
T2
, . . . ,mpTn ,mp−1

Tn
〉

P† = 〈mpP1
,mp−1

P1
,mpP2

,mp−1
P2
, . . . ,mpPn ,mp−1

Pn
〉

Note that mpc for all characters c ∈ Σ has a positive integer value, and mp−1
c equals

1/mpc. However, let mp? = mp−1
? = 0 for wildcard character ‘?’. For example, for text

“abracadabra” and pattern “a?a”, considering mpc equals the index of each letter in the

English alphabet, we will have

T † = 〈1, 1
1
,2,

1
2
,18,

1
18

,1,
1
1
,3,

1
3
,1,

1
1
,4,

1
4
,1,

1
1
,2,

1
2
,18,

1
18

,1,
1
1
〉

P† = 〈1, 1
1
,0,0,1,

1
1
〉

Let C = T †~ rev(P†), where operator ~ shows the convolution of its two operands.

We can observe that for all 1≤ i≤ n−m+1 we have

C2i+2m−1 =
2m

∑
j=1

T †
2(i−1)+ j ·P

†
j (D.3)

It is clear that if T [i, i+m− 1] matches pattern P, then C2i+2m−1 = 2nzP since each

the wildcard characters add up to 0, and for any other character c, mpc× 1/mpc +mpc×

1/mpc = 2. According to [59], the other side of this expression also holds, i.e., T [i, i+

m− 1] matches pattern P if C2i+2m−1 = 2nzP. Therefore, to find that whether a substring

T [i, i+m−1] matches pattern P or not, it suffices to
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1. Compute C = T †~ rev(P†) utilizing FFT, which can be implemented in O(1) rounds

in MPC model as stated in Theorem D.4.2.

2. For all 1≤ i≤ n−m+1, substring T [i, i+m−1] matches pattern P iff C2i+2m−1 =

2nzP.

D.4.1 O(1)-round algorithm for FFT

To find the O(1) round algorithm in MPC model, we first review how one can find the

Discrete Fourier Transform in O(n log(n)) time. The following recurrence helps us to solve

the problem using a divide and conquer algorithm. [50] Let Ψ[2k] = 〈a0,a2, . . . ,an−2〉, i.e.,

an array of the even-indexed elements of A, and Ψ[2k + 1] = 〈a1,a3, . . . ,an−1〉, an array

of the odd-indexed elements of A likewise. If Ψ[2k]∗ = 〈ψ[2k]∗0,ψ[2k]∗1, . . . ,ψ[2k]∗n/2−1〉

and Ψ[2k+1]∗ = 〈ψ[2k+1]∗0,ψ[2k+1]∗1, . . . ,ψ[2k+1]∗n/2−1〉 show the DFT of Ψ[2k] and

Ψ[2k+1] respectively, then for all 0≤ j < n/2


a∗j = ψ[2k]∗j +W j

n ψ[2k+1]∗j

a∗j+n/2 = ψ[2k]∗j −W j
n ψ[2k+1]∗j

(D.4)

Intuitively, the recurrence decomposes A into two smaller arrays of size n/2, Ψ[2k] and

Ψ[2k + 1], and represents the DFT of A based on Ψ[2k]∗ and Ψ[2k + 1]∗. Accordingly,

we can solve two smaller DFT problems, each with size n/2, and then merge them in

O(n) time to find A∗. Therefore, we can find A∗ in O(n log(n)) time since the depth of the

recurrence is O(log(n)). We cannot find a constant round MPC algorithm exclusively using

this recurrence. To extend the recursion, we can define Ψ[pk+q] as the following,
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Ψ[pk+q] = 〈aq,ap+q, . . . ,a(l−1)p+q〉 ∀ 0≤ q < p≤ n

Where l = bn−1−q
p c+ 1 is the number of the indices whose reminder is q in division

by p. Ψ[pk+ q] contains all the elements of A whose index is q modulo p. Note that the

notation of Ψ[pk+q] assumes a universal quantification on all 0≤ k≤ n/p. We also show

the DFT of Ψ[pk+q] by

Ψ[pk+q]∗ = 〈ψ[pk+q]∗0,ψ[pk+q]∗1, . . . ,ψ[pk+q]∗l−1〉

We can observe that for all 0 ≤ b ≤ log2(n) and 0 ≤ q < 2b+1, assuming p = 2b, the

following counterpart of Recurrence D.4 holds for all 0 ≤ j < l, where l is the length of

Ψ[2bk+q] which equals log(n)−b:


ψ[2bk+q]∗j = ψ[2b+1k+q]∗j +W j

l ψ[2b+1k+2b +q]∗j

ψ[2bk+q]∗j+l/2 = ψ[2b+1k+q]∗j −W j
l ψ[2b+1k+2b +q]∗j

(D.5)

Since Ψ[2b+1k+q] and Ψ[2b+1k+2b+q] decompose Ψ[2bk+q] into the even-indexed

and odd-indexed elements, Recurrence D.5 is implied by plugging in Ψ[2bk+ q] as A in

Recurrence D.4. The following Lemmas (D.4.4 and D.4.5) point out two properties re-

garding FFT in the MPC model. These properties immediately give us an O(log(n))-round

algorithm for the FFT problem.

Lemma D.4.4. For all log(M)≤ b≤ log(n) and 0≤ q < 2b, the value of Ψ[2bk+q]∗ could

be computed in a single machine with memory of S.

Proof. If all of the entries of Ψ[2bk+q] exist in the memory of a single machine, which is

viable since b≥ log(M), then we can compute Ψ[2bk+q]∗ as following:
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Ψ[2bk+q]∗ = fft(Ψ[2bk+q])

In many implementations of Fast Fourier Transform, bit-reversal technique is used to

facilitate the algorithm from various perspectives, to achieve an in-place FFT algorithm

for example. Bit-reversal technique reorders the initial array based on the reverse binary

representation of the indices; Considering (10100)2 as the sort key for a5, 5 = (00101)2,

when n = 32 for example. In other words, bit reversal technique permutes the elements of

A by a permutation π such that π(i) = rev(i), where rev(i) is the reverse binary presentation

of i. Applying bit reversal technique guarantees the locality of data, especially in the first

log(S) stages.

Lemma D.4.5. The bit-reversal operation makes a permutation of input entries which if we

it split into 2b continuous chunks of equal size, then for all 0≤ b≤ log(n), Ψ[2bk+ rev(q)]

would the q-th chunk.

Proof. Notice that the bit-reversal permutation is actually sorting the entries based on the

reverse binary representation of the index of each entry. Therefore, all indices with the same

low b bits form a continuous interval of size 2log(n)−b in the bit-reversal permutation. Thus,

Ψ[2bk+ rev(q)] which all of its members have the same low b bits, rev(q). Moreover, it is

the q-th chunk in the bit-reversal permutation, because rev(q) ranks q-th in the bit-reversal

ordering of all non-negative integers less than 2b.

Definition D.1. For all 0 ≤ q < M, Let Φq = Ψ[Mk+ rev(q)]. (Φq shows the input of the

q-th machine after performing the bit-reversal permutation, according to Lemma D.4.5) We

also show the DFT of Φq by Φ+
q , instead of Φ∗q. The j-th element of Φq (Φ+

q ) is denoted

by φq, j. (φ+
q, j)
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Utilizing Lemma D.4.4 and Lemma D.4.5, we can achieve a O(log(n))-round MPC

algorithm which merges all Φ+
q s in log(M) steps. At the first step, we apply bit-reversal

permutation in order to gather each Φq in a single machine. Applying bit-reversal permuta-

tion does not have any special communication overhead, as we are just transferring the ele-

ments. Then we compute Φ+
q for all q∈Zm. Afterwards, in the l-th step, for 0≤ l < log(m),

we can merge 2log(m)−l blocks of size 2log(S)+l using equation D.5 in pairs.

It seems that log(n) MPC rounds is required because we need to merge Φ+
q s which are

distributed in various machines, and according to Equality D.1, each a∗k depends on every

Φ+
q for q ∈ Zm. However, we can exploit the nice properties of the graph of dependencies

of a∗i s to Φ+
q s, which is also called the Butterfly Graph, to decompose these dependencies

efficiently. An example of this dependencies graph is demonstrated in Figure D.1. We

can concentrate these dependencies in single machines by gathering φ
+
q, js with the same

j. Figure D.1 demonstrates why it suffices to have φ
+
q, js with the same j stored in a single

machine. In this figure, S and M are equal to 4, and the entries that should be stored in the

same machine are colored with the same color. At the first step, the entries are distributed

in bit-reversal permutation, and continuous chunks are stored in each machine. However,

in the next step, we can see for example a∗5, which is colored green, depends only on the

green entries, which all have the same j = 1.

Definition D.2. Let φ̃
+
q, j =W q j

n φ
+
q, j. These coefficients are called twiddle factors, which al-

lows us to express a∗k based on the FFT of φ̃
+
q, js. Let Φ∗j be the DFT of vector 〈φ̃+

0, j, φ̃
+
1, j, . . . , φ̃

+
M−1, j〉.

We will show in Lemma D.4.6 that a∗qS+ j equals φ∗j,q, which is the j-th element of Φ∗j .

Lemma D.4.6. a∗qS+ j = φ∗j,q.

Proof. We know that a∗k equals a weighted sum of all a j where weights are the n-th roots

of unity to the power of k. i.e.,

132



Figure D.1: The dependency graph of the FFT recurrence in MPC model. Different colors represent
different machines, in a setting with 4 machines with memory of 4 each. It could be observed that
the dependency graph in each machine at the first stage is isomorphic to the one of the second stage.

a∗k =
n−1

∑
j=0

W jk
n a j

We break down the summation into M smaller summations of size S such that each

smaller summation represent one Φi for some 0 ≤ i ≤ M− 1. Moreover, we show k by

qS+ j, where 0≤ j ≤ S−1. Hence, we can show the following.
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a∗qS+ j =
M−1

∑
z=0

S−1

∑
l=0

W (lM+z)(qS+ j)
n alM+z (D.6)

=
M−1

∑
z=0

S−1

∑
l=0

W lMqS
n W lM j

n W zqS
n W z j

n alM+z (D.7)

=
M−1

∑
z=0

S−1

∑
l=0

W l j
S W zq

M W z j
n alM+z (D.8)

=
M−1

∑
z=0

W zq
M W z j

n

S−1

∑
l=0

W l j
S alM+z (D.9)

=
M−1

∑
z=0

W zq
M W z j

n φ
+
z, j (D.10)

=
M−1

∑
z=0

W zq
M φ̃

+
z, j = φ

∗
j,q (D.11)

Equality D.8 is implied from the fact that W k
kn = Wn, and therefore, W lMpS

n = W l pn
n =

W l p
1 = 1, W lM j

n =W l j
S , and W zpS

n =W zp
M .

Utilizing Lemma D.4.6, we can provide an algorithm which solves the FFT problem in

O(1) MPC rounds, because we already know how to compute φ∗j,qs. Algorithm 12 shows

the algorithm in details. It can be observed that our algorithm is analogous to Cooley-Tukey

algorithm with radix nx.

Theorem D.4.2. At the first step of the algorithm, we apply the bit-reversal permutation

in the input, thereby grouping the members of Φq in each of M machines. Applying a

permutation imposes a communication overhead of O(S) for each machine. Now, the q-th

machine can compute Φ+
q and Φ̃

+
j standalone in Õ(n) time as following:

• Φ+
q = fft(Φq)

• Φ̃
+
q, j =W q j

n Φ
+
q, j
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Algorithm 12: mpc-fft(b)
Data: an array a.
Result: array a∗ containing the DFT of a.

1 permute a such that members of Φq be together in a single machine for all q ∈ ZM.
2 Run in parallel: for q ∈ ZM do
3 Φ+

q ← fft(Φq);
4 φ̃

+
q, j←W q j

n φ
+
q, j ∀ j ∈ ZS;

5 distribute φ̃
+
q, j into different machines such that entries with same j be in a same

machine.
6 Run in parallel: for j ∈ ZS do
7 Φ∗j ← fft(〈φ̃+

0, j, φ̃
+
1, j, . . . , φ̃

+
M−1, j〉);

8 permute all φ∗j,q (= a∗qS+ j) in a way that each of them retain its correct position.

In the next round, we distribute Φ̃
+
q, js with the same j in the same machines. Note that

Φ̃
+
q, js with the same j fit into a single machine since x ≤ 1/2. We even might need to fit

multiple groups of Φ̃
+
q, js into a single machine, which causes no problem. By the way, we

can compute Φ∗js in this stage in Õ(n) time. Afterwards it suffices restore appropriate a∗ks

to their original position, where for k = qS+ j, a∗k = φ∗j,q.

Observation D.4.1. Although Algorithm 12 requires 3 rounds of communication for com-

puting DFT in the MPC model, the convolution of two arrays can be computed in 4 com-

munication rounds.

Proof. Since we need to apply FFT twice for computing the convolution, we can find the

convolution in 6 communication rounds. However, since the first round applies a permuta-

tion on the elements, and the last round applies the inverse permutation, we can ignore the

last round of computing the FFT, along with the first round of computing the inverse FFT.

The point-wise product operation which is needed two be done between two FFTs allows

us to do so, as it is independent of the order of the arrays.
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D.5 Character Repetition Wildcard ‘+’

The character repetition wildcard, shown by ‘+’, allows expressing “an arbitrary num-

ber of a single character” within the pattern. An occurrence of ‘+’ which is immediately

after a character c, matches arbitrary repetition of character c. For example, text “book-

keeper” has a substring that matches pattern “oo+k+ee+”, but neither of its substrings

won’t match pattern “oo+kee+”. In Subsection D.5.1, we reduce pattern matching with

wildcard ‘+’ to greater-than matching in O(1) MPC rounds. The greater-than matching

problem is defined with further details in Problem D.5.1. Afterwards, we show a reduc-

tion of greater-than matching from subset matching problem, explained in D.5.2. Then,

by showing subset matching could be implemented in O(1) MPC rounds, we propose an

O(1)-round MPC algorithm for string matching with wildcard ‘+’ in Theorem D.5.4.

D.5.1 Relation to greater-than matching

Problem D.5.1. Greater-than matching: Given two arrays T and P, of length n and m

respectively, find all indices 1 ≤ i ≤ n−m + 1 such that the continuous subarray of T

starting from i and of length m is element-wise greater than P, i.e., Ti+ j−1≥Pj ∀1≤ j≤m.

To reduce pattern matching with wildcard ‘+’ to greater-than matching, we perform

run-length encoding D.3 on both the text and the pattern. This way, we have a sequence of

letters each along with a number showing the number of its repetitions, or a lower-bound

restricting the number of repetitions in case we have a ‘+’ wildcard. Subsequently, we can

solve the problem for letters and numbers separately, and merge the result afterwards. Note

that pattern P matches a substring of T if and only if the both the respective letters and the

respective repetition restrictions match. We also show we can find the run-length encoding
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of a string in O(1) MPC rounds in Observation D.5.1.

Definition D.3. For an arbitrary string s, let s◦ be the run-length encoding of s, computed

in the following way:

• Ignoring ‘+’ characters, decompose string s into maximal blocks consisting of the

same character representing by pairs 〈ci,cnti〉 which show a block of cnti repetitions

of character ci.

• If a ‘+’ character is located immediately after a block or within a block, that block be-

comes a wildcard block, and represented as 〈ci,cnti+〉, where cnti is still the number

of the occurrences of character ci in the block.

• s◦ equals the list of these pairs 〈ci,cnti〉 or 〈ci,cnti+〉, concatenated in a way that

preserves the original ordering of the string.

For example, for T = “bookkeeper” and P = “o+o+k+ee+p”,

T ◦ = 〈〈b,1〉,〈o,2〉,〈k,2〉,〈e,2〉,〈p,1〉,〈e,1〉,〈r,1〉〉

P◦ = 〈〈o,2+〉,〈k,1+〉,〈e,2+〉,〈p,1〉〉

We alternatively show the compressed string as a string, for example,

• T ◦ = “b[1]o[2]k[2]e[2]p[1]e[1]r[1]”.

• P◦ = “o[2+]k[1+]e[2+]p[1]”.

Observation D.5.1. We can perform run-length encoding in O(1) MPC rounds.
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Proof. Suppose string s is partitioned among M machines such that i’th machine contains

si for 1≤ i≤M. Run-length encoding of each si could be computed separately inside each

machine. Let

s◦i = 〈〈ci,1,cnti,1〉,〈ci,2,cnti,2〉, . . . ,〈ci,li,cnti,li〉〉

be the run-length encoding of si, where li is its length. Then in the next round, we can

merge 〈ci,li,cnti,li〉 and 〈ci+1,1,cnti+1,1〉 if ci,li = ci+1,1 for all 1 ≤ i ≤ M− 1, and we will

end up with s◦ if we concatenate all s◦i s.

As we mentioned before, in order to reduce from greater-than matching, it is possible to

divide the problem into two parts: matching the letters, and ensuring whether the repetition

constraints are hold, and solve each part separately. The former is a simple string matching

problem, but the latter requires could be solved with greater-than matching. Formally, we

need to find all indices 1 ≤ i ≤ n−m+ 1 such that for every 1 ≤ j ≤ m, the following

constraints holds:

1. T ◦i+ j−1 = 〈c j,x〉 for some x≥ cnt j if P◦j = 〈c j,cnt j+〉.

2. T ◦i+ j−1 = 〈c j,cnt j〉 if P◦j = 〈c j,cnt j〉 and 2≤ j ≤ m−1.

3. T ◦i+ j−1 = 〈c j,x〉 for some x≥ cnt j if P◦j = 〈c j,cnt j〉 and j ∈ {1,m}.

Constraint 3 needs to be considered to allow the substring in the original text T starts

and ends in the middle of a block of c1 or cm letters. By considering only those substrings

which their letters match, we can get rid of letter constraints. Also to ensure constraint 2,

we can perform a wildcard ‘?’ pattern matching by replacing each cnt j+ and also cnt1

and cntm by a ‘?’ wildcard, and keep only the numbers that constraint 2 checks. Thus, if a

substring T ◦i,i+m−1 matches according to this wildcard ‘?’ pattern matching, what remains is

a greater-than matching, as we only need to check constraints 1 and 3, and we can replace

numbers we already checked for constraint 2 by some 0’s.
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Observation D.5.2. We can reduce pattern matching with wildcard ‘+’ from greater-than

matching in O(1) MPC rounds.

Using Observation D.5.1, it only remains to perform O(1) wildcard ‘?’ matchings to

obtain an instance of greater-than matching that already satisfies constraint 2, as well as

letter constraints. Thus, Observation D.5.2 is implied.

D.5.2 Reduction from subset matching

Problem D.5.2. Subset Matching: Given T , a vector of n subsets of the alphabet Σ, and P,

a vector of m subsets in the same format as T , find all occurrences of P in T . P is occurred

at position i in T if for every 1≤ j ≤ |P|, Pj ⊆ Ti+ j−1.

The subset matching problem is a variation of pattern matching where pattern matches

text if each of the pattern entries is a subset of the respective entries in text. Keeping this

in mind, we use subset matching to solve greater-than matching in O(1) MPC rounds, and

thereby achieving a O(1)-round solution for the problem of pattern matching with ‘+’ wild-

card character using the subset matching algorithm proposed by Cole and Hariharan [46].

Observation D.5.3. We can reduce greater-than matching to subset matching in O(1) MPC

rounds with total runtime and total memory of O(Q), where Q is the sum of all Tt’s, i.e.

Q = ∑
m
i=1 Ti.

The idea behind Observation D.5.3 is to have a subset {0,1,2, . . . ,Ti} instead of each

entry of Ti, and a subset {Pi} instead of each Pi. This way if T matches P in a position

1≤ i≤ n−m+1, then we have Pj ∈{0,1,2, . . . ,Ti+ j−1} since Pj ≤ Ti+ j−1 for all 1≤ j≤m.

This way, we can solve pattern matching with wildcard ‘+’ in O(1) MPC rounds if subset

matching could be solved in O(1) MPC rounds. In the following, Lemma D.5.3 shows

it is possible to solve subset matching w.h.p in a constant number of MPC rounds. The

algorithm utilizes O(log(n)) invocations of wildcard ‘?’ matching.
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Lemma D.5.3. We can solve subset matching in O(1) MPC rounds with total runtime and

total memory of Õ(Q), where Q is the sum of the size all Ti’s, i.e. Q = ∑
n
i=1 |Ti|.

Proof. First, consider solving an instance of the greater than matching problem in O(1)

MPC rounds. We partition the entries inside all T i’s into Σ sequences T i,1,T i,2, . . . ,T i,Σ

inside each machine, where T i, j = {k | j ∈ TiS+k}. We just create a subset of these sets

which are not empty, i.e., Ti = {T i, j | |T i, j|> 0}, so that Ti fits inside the memory of each

machine. Pi also can be defined similarly. We can sort all the union of all Ti’s and Pi’s

in a non-decreasing order of j and breaking ties using i in O(1) MPC rounds [76].

This way, we end up with a sparse wildcard matching for each character in Σ, because

we want to check in which substrings of T each occurrence of character j ∈ Σ in P is

contained in the corresponding Ti. We can put a ‘1’ instead of each occurrence of j in

P, a ‘?’ instead of each j in T , and a ‘0’ in all other places since we are considering

a greater than matching instance. Using the similar algorithm as in [46], we can easily

reduce each instance of sparse wildcard matching to O(log(k)) normal wildcard matching

with size of O(k) in O(1) MPC rounds, where k is the number of non-zero entries. Using

Corollary D.4.3, we can give a O(1) round MPC algorithm for subset matching when the

input is an instance of greater than matching. We can easily extend these techniques to

solve subset matching algorithm in O(1) MPC rounds, as Cole and Hariharan [46] showed

it is analogous to sparse wildcard matching.

Theorem D.5.4. There exists an MPC algorithm that solves string matching with ‘+’ wild-

card in constant rounds. The total memory and the total running time of the algorithm are

Õ(n).

Proof. We can also simplify the algorithm for pattern matching with wildcard ‘+’, by ex-

ploiting subset matching flexibility. We can also use subset matching to verify constraint

2 of greater-than matching reduction (instead of wildcard ‘?’ pattern matching), as well as
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letter constraint (instead of regular string matching with no wildcard). We define T ′ and P′

as follows:

T ′i =
cnti⋃
j=1

{〈ci, j+〉}∪{〈ci,cnti〉} if T ◦i = 〈ci,cnti〉 (D.12)

P′i = {〈ci,cnti〉} if P◦i = 〈ci,cnti〉 (D.13)

P′i = {〈ci,cnti+〉} if P◦i = 〈ci,cnti+〉 (D.14)

It could easily be observed that subset matching of T ′ and P′ is equivalent to pattern

matching with wildcard ‘+’ of T and P, and also this simpler reduction is straight-forward

to implement in O(1) MPC rounds. In addition, the total runtime and memory of this subset

matching which is Õ(Q) is equal to Õ(n) in the original input. Note that T ′ is resulted form

T ◦ whose sum of its numbers, that each of them shows the repetitions of the respective

letter, equals n.

D.6 String Replace Wildcard ‘*’

In this section we consider the string matching problem with wildcard ‘*’.

Given strings s ∈ Σn and p ∈ {Σ∪ ‘*’}m, we say a substring of p is a subpattern if it is

a maximal substring not containing ‘*’. We present the following results in this section:

1. A sequential algorithm for string matching with wildcard ‘*’ in time O(n+m).

2. An MPC algorithm for string matching with wildcard ‘*’ in O(logn) rounds using

O(nx) machines if the length of pattern p is at most O(n1−x).

3. An MPC algorithm for string matching with wildcard ‘*’ in O(logn) rounds using

O(nx) machines if all the subpatterns of p are not prefix of each other.
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D.6.1 Linear time sequential algorithm

Observation D.6.1. Given strings s ∈ Σn and p ∈ {Σ∪ ‘*’}m, there is a sequential algo-

rithm to decide if s matches with pattern p in time Õ(n+m).

Let the subpatterns of p to be P1,P2, . . . ,Pw. Our sequential algorithm is StringMatch-

ingWithStar(a).

Algorithm 13: StringMatchingWithStar(a)
Data: s ∈ Σn and p ∈ {Σ∪ ‘*’}m.
Result: Yes or No.

1 Set i← 1;
2 for j = 1,2, . . . ,w and i≤ n do
3 Run KMP for the string s[i,n] and pattern Pj;
4 If KMP fails, then Return No;
5 Let i′ be the position satisfying s[i′, i′+ |Pj|−1] = Pj obtained by KMP;
6 Set i← i′+ |Pj|;
7 Return Yes.

D.6.2 MPC algorithm for small subpattern

Theorem D.6.1. Given strings s ∈ Σn and p ∈ {Σ∪ ‘*’}m for m = O(n1−x), there is an

MPC algorithm to find the solve the string matching problem in O(logn) rounds using

O(nx) machines.

We assume string s is partitioned into s1,s2, . . . ,st for some t = O(nx) such that every si

has length at most O(n1−x). We say string s is an exact matching of p if there is a partition

of s into |p| (possibly empty) substrings such that if p[i] is not ‘*’, then i-th substring is

same to p[i].

Given indices i, j ∈ [t] of string s and position k of pattern p, let f (i, j,k) be the largest

position of p such that the concatenation of si,si+1, . . . ,s j matches pattern p[k, f (i, j,k)].

To illustrate our idea, we need the following definitions:
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1. g(k) for position k of p: the largest position which is smaller than or equal to k such

that p[k] is ‘*’.

2. h(k) for position k of p such that p[k] 6= ‘*’: the smallest integer r such that p[g(k)+

1,k− r] is a prefix of p[g(k)+1,k].

Consider the following equation for an arbitrary i≤ i′ < j (let β = f (i, i′,k))

• if p[β ] = ‘*’:

f (i, j,k) = f (i′+1, j,β )

• if p[β ] 6= ‘*’:

f (i, j,k) = max


f (i′+1, j,g(β )),

max
0≤`≤b β−h(β )

g(β ) c
{ f (i′+1, j,β − ` ·h(β ))}

(D.15)

Our algorithm is StringMatchingWithStar(b).

of D.6.1. We show that Eq. D.15 correctly computes f (i, j,k) for an arbitrary i ≤ i′ < j.

Then the theorem follows from the description of StringMatchingWithStar(b), Eq. D.15

and Observation D.6.1.

Let α be the largest position of p such that there is an exact matching of the concate-

nation of si, . . . ,s j and p[k,α]. If f (i, i′, ·) and f (i′+ 1, j, ·) are correct, and f (i, j,k) is

computed by Eq. D.15, then f (i, j,k) ≤ α , since Eq. D.15 implies a feasible exact match-

ing.

Now we show that f (i, j,k)≥ α if f (i, j,k) is computed by Eq. D.15. There is an exact

matching of the concatenation of si, . . . ,s j and p[k,α]. Let γ be the position of pattern p

such that the last symbol of si′ is matched to p[γ]. By the definition of function f , γ ≤ β .
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Consider the case of p[γ] =‘*’ or p[γ] 6=‘*’ but p[γ] =‘*’. We have g(β ) ≥ γ and

f (i′+1, j,γ) = α . By the monotone property of f , we have f (i, j,k)≥ f (i′+1, j,g(β ))≥

f (i′+1, j,γ) = α .

Consider the case of p[γ] 6=‘*’ and p[β ] 6=‘*’. If γ and β are in different subpatterns,

then using above argument, we have f (i, j,k)≥ α . Otherwise, p[h(β )+1,γ] is a suffix of

p[h(β )+1,β ], which implies that there is a non-negative integer ` such that γ = β−` ·h(β ).

Hence, f (i, j,k)≥ α .

Algorithm 14: StringMatchingWithStar(b)
Data: two array s and p.
Result: Yes or No.

1 Distribute s1,s2, . . . ,st to distinct machines, and distribute p to every machine;
2 Compute f (i, i,k) for all the k on the machine containing si by algorithm

StringMatchingWithStar(a) in parallel;
3 for m = 1,2, . . . ,dlog2 te do
4 For every i≥ 1, put f (i, i+2m−1−1,k) and f (i+2m−1, i+2m−1,k) into

same machine for all the k in parallel;
5 For every i≥ 1, compute f (i, i+2m−1,k) for all the k by Equation D.15 with

j = i+2m−1 and i′ = i+2m−1−1 in parallel;
6 Return Yes if f (1, t,1) = w, otherwise return No.

D.6.3 MPC algorithm for non-prefix subpatterns

Theorem D.6.2. Given strings s ∈ Σn and p ∈ {Σ∪ ‘*’}m such that subpatterns are not

a prefix of each other, there is an MPC algorithm to find the solve the string matching

problem in O(logn) rounds using O(nx) machines.

Proof. We show that algorithm StringMatchingWithStar(c) solves the problem.

We first prove the correctness of the algorithm. Since all the subpatterns are not a prefix

of each other, for every position i of string s, there is at most one subpattern Pu such that

Pu is a prefix of s[i,n]. On the other hand, if s[i, j] is not a prefix of any subpattern, then
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h(s[i, j]) does not equal to any of the hash value obtained in Step 1, otherwise, h(s[i, j]) is

equal to some hash value obtained in Step 1. Hence, for every i∈ [n], the “for” loop of Step

2 finds the subpattern Pu such that Pu is a prefix of s[i,n] by binary search if Pu exists.

If string s matches pattern p, then any set of positions a1,a2, . . . ,au with the following

two conditions

1. Pi is a prefix of s[ai,n] for every i ∈ [w].

2. ai + |Pi| ≤ ai+1 for every i ∈ [w−1].

corresponds to a matching between s and p. Hence, string s matches pattern p if and only

if v0 and vm+1 are connected in the constructed graph of Step 15 and 16.

Now we consider the number of MPC rounds required. Using the argument of Sec-

tion D.6.2, computing hash of all the prefixes of every subpattern or a set of n substrings of

s needs constant MPC rounds. Hence Step 1 needs constant rounds, and the “for” loop of

Step 2 needs O(logn) rounds. Step 15 naturally needs a single round. Step 16 can be done

in O(logn) rounds by sorting all the (i, f (i)) pairs according to the f function values and

selecting j such that j ≥ i+ |Pf (i)| and f ( j) = f (i)+1 for all the pairs (i, f (i)). The graph

connectivity needs O(logn) rounds.
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Algorithm 15: StringMatchingWithStar(c)
Data: two array s and p.
Result: Yes or No.

1 For each subpattern Pi in parallel compute the hash value of every prefix of pi;
2 for each position i of string s in parallel do
3 Set j = 0 and k = n initially;
4 while j < k do
5 Let `= d( j+ k)/2e;
6 Compute the hash h(s[i, i+ `]);
7 if there is a hash obtained in step 2 same to h(s[i, i+ `]) then
8 Set j← `;

9 else
10 Set k← `−1;

11 if there is a subpattern pu same to s[i, i+ j] then
12 Set f (i)← u;

13 else
14 Set f (i)→ 0;

15 Construct an empty graph in parallel with vertices v0,v1, . . . ,vn+1. Add edge
(v0,vs) and (vt ,vn+1) where s is the smallest integer such that f (s) = 1, t is the
largest integer such that f (t) = w;

16 For every i ∈ [n] such that f (i)> 0, in parallel add edge (vi,v j) to the graph where
j is the smallest integer such that j ≥ i+ |Pf (i)| and f ( j) = f (i)+1;

17 Run graph connectivity algorithm on the graph constructed. return Yes if v0 and
vn+1 are in the same connected component of the graph, otherwise return No ;
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Appendix E: Suffix Tree

E.1 Introduction

Perhaps the earliest questions that were studied in computer science are the algorithmic

aspects of string problems. The longest palindrome substring (LPS), the longest common

substring (LCS), string matching, and edit distance are some of the more famous prob-

lems in this category. Some of these problems such as string matching, LCS, and LPS are

location-sensitive, i.e. solutions to these problems require compiling information from con-

tinuous sequences of characters of the input string(s) and are dependent on the order of said

characters and sequences. Efforts to solve these problems led to the discovery of several

fundamental techniques such as hashing algorithms and suffix trees which are useful tools

for solving the location-sensitive problems. These algorithms have numerous applications

in several fields including DNA-sequencing, compiler design, anti-virus softwares, etc.

Suffix trees are tries made of the sorted suffixes of a given string, and computing a suffix

tree is a classic and well-studied problem in the computer science literature. The concept

was first introduced by Weiner [134], and McCreight (JACM, 1976) [110] showed that it

is possible to create a compressed suffix tree of total size O(n). Later, Ukkonen [132]

introduced an online O(n)-time algorithm that dynamically maintains an updated suffix

tree as new characters are appended to the input string. There are numerous applications

for the suffix tree data structure such as exact and approximate string matching, matching

statistics, Lempel-Ziv decomposition, and longest repeated substring [78]. Two particular
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applications of interest [62] that we discuss at length in this paper are:

1 Longest Palindrome Substring (LPS), and

2 Longest Common Substrings (LCS).

Designing algorithms which are sublinear in space is crucial when the input data does

not fit in the memory of available systems. In recent years, with the abundance of data and

the increasing demand for large scale data processing, the size of datasets easily surpasses

that of the typical machine’s memory. Examples of the problem domains vary from so-

cial network graphs to DNA sequences, and efficiently analyzing such datasets has great

economic and social impact. However, to address any problem subject to this restriction

efficiently, we need alternative models of computation as the traditional RAM model is no

longer feasible in practice. One approach to overcome this obstacle is to utilize a large pool

of typical machines which have a substantially smaller amount of memory comparing to the

input size. This simple idea is the key ingredient behind the modern distributed processing

frameworks such as MapReduce, Hadoop, and Spark that are widely deployed across the

industry at very large scales. The Massively Parallel computation (MPC) model is proposed

by Karloff, Suri, and Vassilvitskii [95], and enhanced in subsequent works [6, 22, 76], to

provide a theoretical foundation for algorithms implemented on such frameworks.

In the MPC model, problem data of size O(n) is distributed among a set of machines

each with sublinear memory, and algorithms proceed in several rounds. In each round, ma-

chines perform an arbitrary amount of computation on their local data independently. At

the end of each round, machines can communicate with each other. Since the communica-

tion phase is often a major performance bottleneck in real world scenarios, the main goal in

designing MPC algorithms is to optimize the round complexity while keeping total mem-

ory across all machines linear. Note that for some 0 < ε < 1, each machine has O(n1−ε)

memory; during a single communication round, each machine may send and receive any
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number of messages such that the total size of the messages fits within its local memory

constraints. In some of our algorithms below, we require that each machine may have a

large enough local memory to store a message from every other machine in a single round

of communication. To this end, we must make sure that the local memory of a machine

O(n1−ε) is larger than the number of machines O(nε), and so, we restrict ε to 0 < ε ≤ .5.

This restriction is well-motivated for the MPC model since often in practice, the number of

machines does not exceed the size of the local memory of each machine.

In this paper, we introduce a massively parallel framework for solving a wide range

of location-sensitive string problems such as string matching, LCS, and LPS, which usu-

ally are easily solvable using either a suffix tree (or hashing) in the sequential setting. We

simulate powerful tools such as the suffix tree of the given string and a novel MPC data

structure for handling batches of LCP queries. We call this data structure an LCPQ ora-

cle. In addition to demonstrating constant-round MPC reductions from the aforementioned

problems of LPS and LCS to suffix trees, our framework provides the means to give algo-

rithms with tight O(n) total memory for LPS and LCS by applying a technical analysis of

string periodicity in each problem.

In one of the final sections of the paper, we also discuss an improved algorithm for

suffix tree construction in the stronger Adaptive MPC (AMPC) model recently proposed in

[29]. In the AMPC model, each machine is subject to the same local memory and commu-

nication limitations as in MPC. However, the model is stronger because in each round, all

communications can be stored in a large O(n) shared memory that allows adaptive reads

by all machines. We will utilize the shared memory to store hashes of suffixes, which is an

interesting strategy that will allow us to avoid sending large messages between machines

when comparing suffixes and instead just compare hash values of constant size in the shared

memory. With this simpler communication, we show how to create an improved LCPQ or-

acle of a given string in AMPC and then subsequently the suffix tree in Õ(n) memory and
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constant rounds 1.

Further Related Works. Among others, a specific family of graph problems known as

Locally Checkable Labeling (LCL) problems – which includes vertex coloring, edge color-

ing, maximal independent set, and maximal matching to name a few – admit highly efficient

MPC algorithms, and have been heavily studied during recent years [11, 12, 24, 27, 31, 49,

66, 69]. Another interesting family of problems studied in the MPC model are string prob-

lems. The String Matching problem, that is to find all occurrences of a pattern string in a

text, has a wide range of applications on massive datasets from analyzing genomic data to

Search Engine Indexing.

In a previous work, Hajiaghayi, Saleh, Seddighin, and Sun [80] show that the string

matching problem and also some of its variants can be solved efficiently in MPC. In par-

ticular, they show an O(1) rounds algorithms for String Matching and Integer Convolution

(using FFT) in MPC, and as a result they give efficient algorithms for String Matching

with wildcard characters. Some building blocks in the string matching solution such as

fast batch substring hash queries, which is a special case of block-based data structures, are

also used in this paper (defined in later Section E.1.3). Furthermore, our methods in this

paper can be applied to the string matching problem (without wildcards) as an application

of suffix trees [110].

PRAM solutions to these problems also are heavily related to our work. Apostolico,

Breslauer and Galil [9] give a PRAM solution for LPS with O(n2) total memory needed.

While this solution requires more memory and rounds than we want if we were to convert

it directly to MPC, our own optimal LPS algorithm utilizes their main idea that strings with

multiple palindromes must be periodic. Iliopoulos and Rytter [87] build a suffix tree from a

simpler data structure, the suffix array, in PRAM in tight Õ(n) total memory with O(logn)

1Õ(n) is used to denote a linear size with a multiplicative logarithmic factor, i.e. O(npolylog(n)) = Õ(n)
and is used for convenience in the rest of the paper.
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rounds. We follow this construction technique as well for our own suffix tree algorithm,

with significant changes so that the transformation works in O(1) rounds. Several other

papers discuss related problems in PRAM such as [106] which solves the longest common

subsequence problem and [57] which solves suffix tree construction for binary strings, both

in the PRAM model as well.

E.1.1 Problem Definition

A string s ∈ Σn of length n is a sequence of n characters s0s1 . . .sn−1 from alphabet Σ.

For any pair of integers 0 ≤ l < r ≤ n, we use brackets and parentheses2, i.e., s[l : r), to

denote a substring of string s which is a consecutive interval of characters slsl+1 . . .sr−1

from index l to index r− 1. The length of a substring s[l : r) is equal to r− l. Every

substring s[l : n) which ends with sn−1 is called a suffix of s. Similarly, every substring

s[0 : r) which starts with s0 is called a prefix of s.

The suffix tree of a given s is a rooted trie-like data structure in which every edge is

labeled with a string, and it stores every suffix of s, i.e., s[0 : n),s[1 : n), . . . ,s[n− 1 : n).

Every node in the suffix tree represents a substring of s which is equal to the concatenation

of the labels in the path from the root to this node. There is a leaf in the suffix tree for every

suffix s[i : n) (0 ≤ i < n), and the concatenation of the labels in the path from the root to

this leaf results in suffix s[i : n). See Figure E.1 for an example for string s = “bobocel”. A

compressed suffix tree of string s is a minimal suffix tree that does not have any vertex with

degree 2, with an exception for the root, and thus the total number of vertices is bounded by

O(n). In addition, the total length of the labels on the edges of a compressed suffix tree is

bounded by O(n). We can create a compressed suffix tree for any given string s with O(n)

running time [110], and in O(n) total time even if the characters are accessible one by one

2This notation is often used for intervals [l,r) that include l and exclude r.
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– and the suffix tree is maintained after every incoming character [132]. Often we will need

a suffix tree for two strings, and we follow the traditional approach of building a suffix tree

on the concatenation of the two strings with a special character such as ’#’ between each

string, e.g. s#s′ represents the concatenation of strings s and s′.

Figure E.1: An example of suffix tree for example string “bobocel”.

Since the implementation of compressed suffix trees is complicated, Manber and Mey-

ers [108] introduced a simpler and consequently less flexible data structure called suffix

array as an alternative representation of suffix trees. Let [n) denote the set of numbers

{0,1,2, . . . ,n− 1}. The suffix array of s is a permutation π : [n)→ [n) which represents

an order of the suffixes of s that is sorted in the lexicographical order, i.e., s[πi,n) is lexi-

cographically smaller than s[πi+1,n) for every i ∈ [n− 1). When it is clear from context,

we may simply refer to the ith suffix according to the order of the suffix array, i.e. s[πi,n),

as suffix i. In the sequential setting, the suffix array of a given string s can be found in

O(n logn) running time without using suffix tree by performing a radix sort for sorting the

prefixes of length 2i of every suffix at step i for a total of O(logn) steps.

One of the primitive tools in solving classical string problems is the longest com-

mon prefix (LCP) query. For two input strings of lenght n denoted by s and s′, we de-

fine LCPs,s′(i, j) as the length of the longest prefix shared between two suffixes s[i : n] and

s′[ j : n]. For example, [108] uses an array containing LCPs,s(πi,πi+1) for every 0≤ i< n−1

as an auxiliary data structure alongside suffix arrays to mimic the capabilities of suffix trees.
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In the sequential setting, we can find the solution of LCP queries in O(logn) time by per-

forming a binary search on the solution size and comparing the hashes of substrings of each

suffix. Alternatively, if we already have a suffix tree built for string s#s′, we may find the

lowest common ancestor (LCA) in the suffix tree of the two suffixes s[i : n]#s′ and s′[ j : n].

Definition E.1. Given strings s and s′ each of length n, the LCP of indices i and j, denoted

by LCPs,s′(i, j), is equal to the length of the longest common prefix of suffixes s[i : n) and

s′[ j : n).

In the longest common substring problem (LCS), the input consists of two strings s

and s′ and our goal is to find the longest substring which is shared between the two strings.

We assume that s and s′ have the same length, which we denote by n. We use Σ to denote

the alphabet of the strings.

In the longest palindrome substring problem (LPS), the goal is to find the longest

substring of a given string s which reads the same both forward and backward. Let s denote

the reverse of string s. Formally, a string s is a palindrome if s = s. The length of s is also

denoted by n and its alphabet is denoted by Σ.

E.1.2 Our Results and Techniques

We present a general framework for solving location-sensitive string problems in the

MPC model. At the core of most of our algorithms, we rely on a novel data structure

we call an LCPQ oracle which handles a large number of Longest Common Prefix (LCP)

queries simultaneously in MPC. To build a suffix tree, it is necessary to do some sort of

lexicographic comparisons on pairs of suffixes to find their placement in the trie. Anytime

we need to sort suffixes of a given string, we will call the LCPQ Oracle.

We utilize an LCPQ oracle to give algorithms for constructing suffix array and suffix

tree in O(1/ε) rounds of MPC using Õ(n1+ε) total memory. Then, we study location-
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sensitive problems Longest Palindrome Substring (LPS) and Longest Common Substring

(LCS). We show direct reductions from LPS and LCS to suffix tree in MPC where we show

a novel approach to traversing the suffix tree since we cannot easily perform traditional tree

searches, viz. breadth-first search and depth-first search. Moreover, we present memory-

efficient algorithms for LPS and LCS relying on an analysis of the periodicity of strings

and compressed LCPQ oracles in which we save memory when storing the LCPQ oracle

by only storing information relevant to the queries we will need to answer.

Problem Model Source Rounds Total Memory

LCPQ Oracle

(with k queries)
MPC

Theorem E.1.1 O(1) Õ(n1+ε + k)

Corollary E.1.2 O(1) Õ(n+ k+min(n,k) ·nε)

Lemma E.4.2 O(log logn) Õ(n+ k)

Suffix Array/Tree MPC Theorem E.1.3,E.1.5 O(1/ε) Õ(n1+ε)

LPS MPC Theorem E.1.8 O(1) Õ(n)

LCS MPC Theorem E.1.9 O(1) Õ(n1+ε)

Suffix Tree AMPC Theorem E.1.10 O(1) Õ(n)

Table E.1: The above table shows a summary of our results for LCPQ oracle, suffix array/tree, LPS,
and LCS problems in MPC, as well as suffix tree in AMPC. The local memory of each machine is
Õ(n1−ε) for a small constant ε .

Problem Model Source Rounds Notes

LPS PRAM [9] O(logn) O(n2) memory/work

String Matching MPC [80] O(1) O(n) total memory

Suffix Array/Tree PRAM [87] O(log(n)) Õ(n) memory/work

Table E.2: The existing results for LPS and suffix tree in the PRAM model, and string matching in
MPC.
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LCPQ Oracle

Given two strings s and s′ of length n, an LCP query q = (i, j) returns the length of

the longest common prefix of the suffixes of s and s′ which start at indices i and j re-

spectively, i.e., the LCP of s[i : n) and s′[ j : n). The main challenge of finding the longest

common prefix between two suffixes is that a suffix may be very long, up to O(n) if it

includes most of the string. A single machine cannot compare two such suffixes of length

O(n) in its O(n1−ε)-size local memory, and furthermore, a naive approach to computing

the longest common prefix by comparing substrings of length O(n1−ε) sequentially could

require O(nε) rounds for long suffixes. By hashing every substring of size n1−ε , which

we call blocks, and storing the hashes of subsequent blocks in a single machine, we can

compare hashes of entire suffixes even of length O(n) on a single machine. For exam-

ple, for a suffix s[i,n] we will store on a single machine the hashes of blocks s[i, i+ nε ],

s[i+nε , i+2nε ], etc. Notice that the starting index of each of the blocks considered in the

previous example has a remainder of i modulo nε . Grouping blocks by their remainders

after a modulo operation is a classic algorithmic technique, and we call this idea Modular

Partitioning. Modular partitioning is the main way we can build and compare suffixes from

their composite blocks efficiently on a single machine. Given query q = (i, j), we then just

have to make sure that the hashes of all blocks of suffixes s[i : n) and s′[ j,n) are stored on

the same machine together in order to find a rough estimate of the longest common prefix

between them.

Once we know the specific blocks where the prefixes no longer match, we can then

easily compare these blocks of size O(nε) by sending a query to a machine that contains

the (not hashed) substrings of each block using a single round of communication. Since

each string can be broken into nε blocks of size n1−ε , in order to compare blocks directly

we only need O(n2ε) machines which will each contain a unique pair of blocks from the
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input strings. This is not a novel technique, but we formalize this idea of block-based

data structures in Section 1.3.1 since it is common to all of our MPC algorithms. The

resulting data structure can answer a collection of k = O(n1+ε) arbitrary LCP queries Q =

{q1,q2, . . . ,qk} in O(1) rounds.

Since our LCPQ oracle construction relies on hashing, our algorithms are necessarily

randomized and must succed with high probability3. Additionally, our algorithms may need

to try O(logn) different large prime numbers as the modulo base in our hash functions. To

avoid logn communication rounds, we may try these prime numbers in parallel at the cost

of an additional O(logn) factor in our space constraint. Furthermore, to perform modular

partitioning, clearly local memory O(n1−ε) must be larger than O(nε) in order to find the

hashes of blocks of length nε . Therefore, as discussed in the introduction, we bound ε

by 0 < ε ≤ .5 to make sure local memory O(n1−ε) is always larger than the number of

machines O(nε).

Theorem E.1.1. For ε ∈ (0, .5], there is an O(1)-round MPC algorithm, with Õ(n1+ε)

total memory and Õ(n1−ε) memory per machine, which initializes the Longest Common

Prefix Query (LCPQ) Oracle in O(1) rounds w.h.p., and then computes a collection of

k = O(n1+ε) queries, Q = {q1,q2, . . . ,qk}, in O(1) rounds.

We show in Section E.4 that for any value of k which is either O(n1−ε) or Ω(n1+ε),

we can solve a batch of k queries in O(1) rounds of MPC using tight total memory O(n+

k). For the values of k = ω(n1−ε)∩ o(n1+ε), we present a compressed LCPQ oracle with

O(n+ k +min(n,k) · nε) total memory. Intuitively, since the bottleneck is min(n,k) · nε

for the values of k in this range, we end up having a sub-optimal total memory size if n

and k are too close (within an O(nε) multiplicative factor of each other); we introduce a

different approach utilizing modular partitioning to show that solving the LCP queries with

3w.h.p. (with high probability) should have an exponentially small probability of failure 1
nc for some

constant c we can choose.
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a total of O(n+k) memory is achievable if we allow O(log logn) rounds of communication

in MPC (Lemma E.4.2). In the uncompressed LCPQ oracle algorithm discussed before,

recall that we hash blocks of size nε until we find the specific blocks where the prefix of

two suffixes no longer match. We can simply repeat this process for blocks of size nε/2,

nε/4, etc. to find smaller and smaller non-matching blocks until we find the exact longest

common prefix length in at most O(log logn) rounds. See Figure E.2 or Table E.3 to find

more precise details about the performance of a compressed LCPQ oracle.

Corollary E.1.2. For ε ∈ (0, .5], there is an O(1)-round MPC algorithm Õ(n1−ε) memory

per machine which initializes an LCPQ oracle in O(1) rounds w.h.p., and then processes

a collection of k queries, Q = {q1,q2, . . . ,qk}, in O(1) rounds. The total memory used by

this algorithm is Õ(n+ k+min(n,k) ·nε).

Massively Parallel Suffix Tree

One of our main contributions is an O(1/ε)-round MPC algorithm for building the suffix

tree of a given string with O(n1+ε) total memory. The LCPQ oracle is central to suffix

tree construction and its applications in the MPC model. But first, we give an O(1/ε)-

round algorithm for the suffix array problem using O(n1+ε) total memory. We start by

sorting the suffixes of a given input string by utilizing an LCPQ oracle which we initialize

for string s and itself, to support a comparison-based parallel quick sort in total space

Õ(n1+ε) similar to the one discussed in [76]. At each round, we choose nε random pivots

for every remaining unsorted interval. In this process, the maximum interval size at round

i is bounded by Õ(n1− iε
2 ) with high probability. Thus, after O(1/ε) rounds, we end up

with Õ(n
ε

2 )-sized intervals which we sort locally using the LCPQ oracle. For comparing

a pair of suffixes (i, j), we need to compare characters si′ and s j′ , the first unequal pair of

characters we encounter if we start moving forward from indices i and j at the same rate.
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k (#Queries)

LCPQ Oracle Memory
OPT=O(n+k)

O(log logn) rounds

LPS LCS

LCPQ oracle, k = O(n)

suffix tree/array
O(1) rounds• •

•

••

nε n2ε n1−ε n n1+ε n1+2ε n2−ε n2

Õ(1)

Õ(nε)

Figure E.2: This plot illustrates the ratio of the memory blowup in a compressed LCPQ oracle for
different ranges of k where k denotes the number of LCP queries in a batch. The vertical axis shows
the ratio of memory blowup of the LCPQ oracle given query set Q of size k compared to the optimal
memory O(n+ k). The horizontal axis shows the number of queries k. Both axes are logarithmic.
The yellow path shows the memory performance of our best algorithm for a compressed LCPQ
oracle in O(1) rounds. The green points – corresponding to problems LPS (Section E.5), LCS
(Section E.6), and suffix tree (Section E.3) – show the problems in which we use memory-tight
variants of the LCPQ oracle. The red point shows the problem of LCPQ oracle with k = O(n)
queries, in which we use sub-optimal memory for the LCPQ oracle, and the blue point demonstrate
a memory-tight algorithm for the same problem if we allow O(log logn) communication rounds in
MPC.
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It is easy to observe that by definition i′ = i+LCPs,s(i, j) and j′ = j+LCPs,s(i, j), and so

the LCPQ oracle provides all the information we need to find these indices.

Theorem E.1.3. For ε ∈ (0, .5], there is an O(1/ε)-round MPC algorithm for computing

the suffix array of a given string s with Õ(n1+ε) total memory and Õ(n1−ε) memory per

processor w.h.p..

When converting a suffix array to a suffix tree, we follow the main ideas of [87]. One

important observation of [87] is that the order of suffixes in the suffix array corresponds

to the order of leaves in the suffix tree. Furthermore, they show that internal nodes of the

suffix tree correspond to longest common prefixes of a pair of neighboring suffixes in the

suffix array. Therefore, we will store these longest common prefixes between neighbor

suffixes in an auxiliary array that we call the LCP array. To populate the LCP array, we

send O(n) queries to the LCPQ oracle to find the LCP of each pair of neighboring suffixes

of the suffix array. So, by Theorem E.1.1 we can find the LCP array of s using Õ(n1+ε)

memory in O(1) rounds of MPC with high probability.

Corollary E.1.4. For ε ∈ (0, .5], given a string s and its suffix array π , there is an algorithm

for computing the LCP array of s, w.h.p., with Õ(n1+ε) total memory and Õ(n1−ε) memory

per machine.

We next construct the suffix tree from the suffix array and the LCP array in O(1/ε)

rounds and O(n1+ε) memory, again mainly following the ideas of [87]. As discussed above,

each leaf of the tree corresponds to a unique suffix of the input string, and each internal node

represents the longest common prefix between two subsequent suffixes in the suffix array.

Therefore, each internal node is already given to us for free from the LCP array, we just

need to find the edges between the nodes.

For a suffix i and its corresponding leaf in the suffix tree, we may find its parent by

finding the nearest pair of neighboring suffixes with a smaller LCP than that of i and i+
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1. Since we are only checking the LCP of pairs of neighboring suffixes, finding parents

with this method can easily be done with the LCP array. In fact, we observe that any

consecutive sequence of suffixes containing i and i+ 1 such that no pair of neighboring

suffixes have a larger LCP than LCPs,s(πi,πi+1) must in fact share a common prefix. For

any such sequence, all the leaves corresponding to the suffixes of this sequence must be

descendants of some common internal node corresponding to the nearest smaller LCP of the

sequence, which we call the nearest smallest neighbor. Unfortunately, it may be possible

that some internal nodes are actually the parents of more than two children depending on the

prefix this node represents, so it is possible that several entries of the LCP array correspond

to the same internal node. To find a unique internal node from the LCP array without any

repetitions, we find the leftmost suffix that shares a common prefix with a sequence of

suffixes which provides a unique internal node (see [87] for further discussion).

Finding the nearest smallest neighbors and leftmost suffixes for a given suffix i may

require communication between many machines containing different blocks of the input

string. In particular, if an internal node is the ancestor of O(n) suffixes, the nearest smallest

neighbor and the leftmost suffix for this internal node may be very far away in the suffix ar-

ray from some of its descendant suffixes. To avoid unnecessary communication, we utilize

a novel block-based data structure to find the exact blocks containing the nearest smallest

neighbor and leftmost suffixes without needing to check up to O(nε) blocks first. We first

find the minimum LCP array value for blocks of size O(n1−ε) of the LCP array. If the min-

imum LCP of a block is smaller than the LCP of a pair of adjacent suffixes, we know this

block is a candidate to find the nearest smallest neighbor and leftmost suffixes for this pair.

Each pair of suffixes will need to communicate with at most two other machines to find

the nearest smallest neighbor, checking the first block with a smaller minimum LCP array

value to the left of the given pair of suffixes and the first block with a smaller minimum LCP

array value to the right. And similarly, once we have the nearest smallest neighbor values
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for each pair of neighboring suffixes, we only need a constant number of communications

to determine the leftmost suffix pair. Therefore, we can limit communication needed be-

tween machines to calculate the edges of the suffix tree to O(1) rounds by using a novel

block-based data structure containing minimum LCP array values for each block, which

completes the suffix tree.

Theorem E.1.5. For ε ∈ (0, .5], there is an O(1/ε)-round MPC algorithm for computing

the suffix tree of a given string s with Õ(n1+ε) total memory and Õ(n1−ε) memory per

processor with high probability.

After making the suffix array and the suffix tree, we show reductions to the two appli-

cations discussed above, LPS and LCS. Folklore solutions utilizing a suffix tree typically

require a tree search such as depth-first search or bread-firth search to find specific nodes

within the tree. Unfortunately, since a suffix tree may have depth O(n) and breadth O(n),

we must find a different way to answer suffix tree queries without searching or else our

communication rounds may be as large O(nε). We first solve this problem for the LCS

application. We will build the suffix tree on s#s′ for input strings s and s′. Recall that each

internal node of the suffix tree corresponds to a longest common prefix of two suffixes of

the string s#s′. Therefore, we wish to find the lowest internal node of the suffix tree that

is an ancestor of a suffix from s and a suffix from s′. The depth of this node represents

the length of the longest common substring of s and s′. In MPC, since we cannot do a

traditional tree search in constant rounds, we first construct a novel auxiliary array that

mediates as an oracle to answer O(n) queries in O(1) rounds about whether or not internal

nodes have descendants from both input strings. This array is constructed using similar

techniques to the nearest smaller neighbor. We find the range of leaves that are children of

a given internal node by comparing LCP array values, and using a block-based data struc-

ture, we check if the internal node is indeed the parent of a suffix from each input string in
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O(1) rounds.

Corollary E.1.6. (LCS using Suffix Tree). For ε ∈ (0, .5], there is an O(1/ε)-round MPC

algorithm for computing the LCS of two input strings s,s′ with Õ(n1+ε) total memory and

Õ(n1−ε) memory per processor with high probability.

The LPS solution using suffix tree follows similarly to the LCS solution and uses a

modified approach to the typical folklore reduction to suffix tree as well. Instead of building

the suffix tree on two input strings, we build the suffix tree on the input string and its reverse

string. Then, we want to find the lowest internal node of the suffix tree that is an ancestor of

a suffix and its corresponding reverse suffix in the reverse string. Similarly to the modified

LCS reduction, we build an auxiliary array that allows us to efficiently check if each internal

node is indeed the ancestor of such a suffix and its reverse. With this array, we are able to

then investigate each internal node in parallel to find the lowest one and output the longest

palindrome of the input string.

Corollary E.1.7. (LPS using Suffix Tree). For ε ∈ (0, .5], there is an O(1/ε)-round MPC

algorithm for computing the LPS of an input strings s with Õ(n1+ε) total memory and

Õ(n1−ε) memory per processor with high probability.

LPS, LCS, and the Periodicity Properties

In Section E.5, we present an improved algorithm for LPS over the previous suffix tree

reduction that uses linear total memory and a constant amount of rounds for communica-

tion. A naive approach to solving LPS in the MPC model would be to distribute blocks

of the input string to processors and have each processor find palindrome candidates. For

any palindrome candidate, to find the actual full length of any palindrome would require

comparing any two pairs of blocks since the palindrome may span the entire string, and to

find the full length of many palindromes naively would require either super-linear memory
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or non-constant rounds. It might be tempting to suggest an MPC algorithm which queries

the LCPQ oracle for all indices, and finds the longest palindrome centered at each location

subsequently. However according to Figure E.2, we end up with either a super-linear total

memory or O(log logn) rounds since we need to query every index and k = O(n).

To avoid having to check each palindrome, we use an idea from [9] to analyze the

periodicity of a string with multiple palindromes complemented by the novel compressed

LCPQ oracle (see Section E.4) to find the maximum length palindrome per block using tight

memory and constant rounds, as described in Theorem E.1.8. The periodicity property of

blocks with more than one LPS candidates helps us to reduce k, the number of LCP queries.

Theorem E.1.8. For ε ∈ (0, .5], there is an O(1)-round MPC algorithm that solves Longest

Palindrome Substring (LPS) with Õ(n) total memory and Õ(n1−ε) memory per processor,

w.h.p.

Similarly, in Section E.6 we present an improved algorithm for LCS over the initial

suffix tree reduction that uses O(1) rounds. The algorithm uses O(n1+ε) total memory and

is based on the periodicity properties of a pair of blocks with more than one LCS candidate

pair. A candidate pair p = (i, j) is a pair of suffixes i and j – in two given strings s and s′

respectively, i.e., s[i : n) and s′[ j : n) – such that LCP(q)≥ 3n1−ε where q = (i, j) is an LCP

query for those pair of suffixes. As it is clear from the definition of the candidate pairs,

they represent maximal common substrings with length at least 3n1−ε . We use pairwise

block machines to compute the longest common substring with length smaller than 3n1−ε

by an exhaustive search. Therefore, it only remains to find the result of LCP queries for

each candidate pair and take the maximum value.

The number of maximal candidate pairs excluding the pair of blocks with same period

string is bounded by O(n2ε). However, if we include the candidate pairs for a common

periodic range in both strings the number of LCP queries increases to O(n). We can further
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reduce the total number of candidate pairs to O(n2ε) by finding the common periodic range

imposed by a collection of more than one candidate pairs in a pair of blocks. The subse-

quent pair of indices in s and s′ after the periodic range determine the candidate pair with

maximum LCP in this pair of blocks. Thus, there are a collection of O(n2ε) candidate pairs

which the maximum LCP among these candidate pairs is equal to the LCS of two strings s

and s′.

Theorem E.1.9. For ε ∈ (0, .5], there is an O(1)-round MPC algorithm that solves Longest

Common Substring (LCS) with Õ(n1+ε) total memory and Õ(n1−ε) memory per proces-

sor, w.h.p.

Suffix Tree in AMPC

Last but not least, we observe that in the Adaptive Massively Parallel Computation

(AMPC) model, it is possible to build a fully-functional suffix tree4 using O(n) total mem-

ory and in O(1/(1− ε)) rounds. Note that LCP queries are handled by O(logn) sequential

adaptive queries as we perform a binary search to find the length of an LCP query (i, j),

i.e., the maximum l where s[i : i+ l) and s′[ j : j+ l) have the same hash value. We retrieve

the hash of a substring s[l : r) using a block-based hashing data structure by spending only

O(1) adaptive queries. Since we use the O(n) shared memory to store hashes, we avoid the

requirement that ε ≤ .5, which stemmed from modular partitioning and the MPC versions

of the block-based data structures.

Theorem E.1.10. (Suffix Tree in AMPC). For ε ∈ (0,1], there is an O(1)-round AMPC

algorithm for computing the suffix tree of a given string s with Õ(n) total memory and

Õ(n1−ε) memory per processor with high probability.
4By a fully-functional suffix tree we mean one including backward and forward pointers as opposed to

suffix tree we build in the MPC model which only captures the structure of the tree. A fully-functional suffix
tree rarely relies on the suffix array and auxiliary block-based data structures for solving location-sensitive
problems.
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We do not give the statements and their proofs, but utilizing the fully-functional suffix

tree to solve LPS and LCS in AMPC easily follows using the reductions shown for MPC.

E.1.3 MPC Implementation Details

In the rest of this section, we summarize a set of tools we frequently use in our MPC

algorithms. First we introduce a technique called Modular Partitioning that is used to

construct LCPQ oracles in Sections E.2 and E.4, which are an important building blocks

of most of our algorithms. Next, we formalize two folklore MPC techniques called Block-

based Data Structures and Weighted Load Balancing. We extensively use block-based data

structures as auxiliary tools in the reduction of LPS and LCS to suffix tree in Section E.3,

as well as in the memory-optimal algorithms for LPS and LCS in Sections E.5 and E.6.

Moreover, weighted load balancing is used in the construction of LCPQ oracles and suffix

trees as well as in the reductions from LPS and LCS to suffix tree.

At the core, our algorithms use hashing and thus all of our results are randomized

and succeed with high probability. There are additional sources of randomness in our

algorithms such as the randomness induced by quick sort for finding the suffix array, but

hashing is used in all algorithms described in this paper. We define the hash of a substring

s[l : r) as the following for a large enough prime number p.5

hash
(
s[l : r)

)
=
( r−1

∑
i=l

si · |Σ|r−1−i
)

mod p (E.1)

Block-based Data Structures

The input string s is initially partitioned into nε consecutive blocks of size O(n1−ε),

denoted by b0,b1, . . . ,bnε−1, so that each block fits into the memory of a single machine.
5We can pick a set of O(log(n)) random prime numbers, and process them in parallel, so that our algorithm

succeeds with high probability.
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We denote the machine which stores bα by µα . Furthermore, we assume that µα has

local access to the next block bα+1 and previous block bα−1 if either exists. Similarly, in

problems that have two input strings s and s′, we denote the blocks of s′ by b′
β

, and the

dedicated machine that stores this block by µ ′
β

. In this paper, we use α and β variables

when referring to the index of a block in s and s′ respectively. We also always assume

w.l.o.g. that both strings have length n. Otherwise, we pad the smaller one with enough

number of ‘#’ character, where ‘#’ 6∈ Σ, to make their sizes equal.

Definition E.2 (Blocks bα and Block Machines µα ). There is a collection of nε machines

{µ0,µ1, . . . ,µnε−1} referred to as block machines for string s (and {µ ′0,µ ′1, . . . ,µ ′nε−1} for

string s′), where µα (and µ ′
β

) contains the substring of the α-th block of s (and the β -th

block of s′) denoted by bα = s[αn1−ε : (α +1)n1−ε).

We often use block-based data structures in our algorithms which is a standard tech-

nique in the MPC model. Roughly speaking, in a block-based data structure we gather a

constant-sized information about every block bα , say f (bα)
6, so that { f (b0), f (b1), . . . , f (bnε−1)}

can be copied and fit inside the memory of a single machine as long as ε ≤ 0.5. Further-

more, we use a segment tree inside each machine µα which computes f (bα [l : r]) for a total

of O(n1−ε) substrings bα [l : r] inside block bα . Such data structures can answer a batch of

O(n) queries f (s[l : r]) about arbitrary substrings of s in 2 rounds of MPC. For example, we

can define f (s) = hash(s), and thus query the hash of an arbitrary batch of O(n) substrings

efficiently in MPC. Function f needs to have the property that there exists a merge function

g so that f (s) = g
(

f (s[0 : i]), f (s[i : n]), i,n
)

for every 0 < i < n. For the example function

hash as defined in (E.1), the corresponding function merge function g equals:

g
(
hash(s[0 : i]),hash(s[i : n]), i,n

)
=
(
hash(s[0 : i]) · |Σ|n−i +hash(s[i : n])

)
mod p

6Function f can also be defined on any arbitrary array with length n instead of the string itself.
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Modular Partitioning

The Modular Partitioning of an array of length n is to partition its elements based on

their remainder when dividing by nε . Recall the definition of block machines µα from

Definition E.2. Within each block bα , µα computes the hash of every substring of length

nε starting in bα , i.e., hash(s[i : i + nε ]) for every αnε ≤ i < min{(α +1)nε ,n}7. We

allocate a machine λx for every 0 ≤ x < nε and gather into λx the hash values of every

substring s[i : i+nε) such that i mod nε = x. In other words, we are assigning each index

i to one of nε machines λ0,λ1, . . . ,λ(nε−1) so that indices assigned to each machine have

the same remainder in division by nε . This simple trick allows us to compute the hash

of any substring whose length is a multiple of nε inside the local memory of some λx. A

substring s[i : i+ unε) is a concatenation of several substrings of length nε , specifically

s[i : i+nε)+ s[i+nε : i+2nε)+ . . .+ s[i+(u−1)nε : i+unε), all of which are assigned to

the same machine λ(i mod nε ). For an example, see Figure E.3 in which block machines µα

and mod machines λx are specified for an example string s.

Definition E.3. There are a collection of nε machines {λ0,λ1, . . . ,λnε−1} for string s (and

{λ ′0,λ ′1, . . . ,λ ′nε−1} for string s′), where λx (and λ ′x) contains the hash of substrings of length

O(nε) starting at indices i so that i mod nε = x, and they are called mod machines.

Weighted Load Balancing

Our machine and data structures are often required to answer large amounts of queries

in parallel, i.e. O(n) or O(n1+ε) queries. We first partition a query set into groups so that all

queries that must be routed to the same machine to be answered are together. Unfortunately,

more queries than the size of the local memory of a machine may be routed to a single

machine. We use a 2-round algorithm Weighted Load Balancing to replicate the data stored
7Note that we have a local access to the next block, i.e., bα+1, inside µα .
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l c p d a t a s t r u c t u r e i n m p c m o d e l .

µ0 µ1 µ2

λ0 λ1 λ2

Figure E.3: The modular partitioning is illustrated in this figure. In this example, n = 27 and
ε = 1/3, which means nε = 3 and n1−ε = 9. There are 3 block machines µ0, µ1, and µ2 which
store the substrings of s corresponding to blocks b0, b1, and b2 respectively. There are also 3 mod
machines λ0, λ1, and λ2. Each λx for 0≤ x≤ 2, stores the hash of every substring of length nε = 3
which start at a location i so that i mod 3 = x.

in each machine proportionally to the number of queries assigned to that machine so that

the local memory constraint is never violated.

We take our LCP query set Q as an example where each query q ∈ Q is a pair of

indices (i, j) such that we want to find the LCP between the suffixes starting at index i in

one string and j in another. We partition Q into n2ε groups Qx,y based on the remainders

of dividing both coordinates of each query by nε . Each group Qx,y contains all the queries

q = (i, j) such that i mod nε = x and j mod nε = y. We may assign small groups, ones with

size O(n1−ε), to one of λx,y machines without violating the memory constraints. However,

sometimes a large number of queries are concentrated in specific groups. The input queries

might even consist of a single group of size O(n1+ε). To fix this issue, we replicate the data

stored in each machine based on the number of queries assigned to it. See Algorithm 16

for more details. In Algorithm 16, the data with total size O(n1+ε) is partitioned into n2ε

groups Px,y, and we aim to distribute the queries among a collection of O(n2ε) machines
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ξx,y with possible repetitions8.

Algorithm 16: WeightedLoadBalancing(S = {ξ1,ξ2, ...ξm},{P1,P2, ...Pm})
1 for ξx ∈S do
2 cx← d |Px|

n1−ε e;
3 Replicate the data stored in machine ξx into cx copies ξ

(1)
x ,ξ

(2)
x , . . . ,ξ

(cx)
x ;

4 Partition the elements of Px into cx groups P(1)
x ,P(2)

x , . . . ,P(cx)
x of almost equal

size;

5 Send P(z)
x to ξ

(z)
x for every 1≤ z≤ cx ;

6 end
7 return {c1,c2, ...,cm};

E.1.4 Outline of the Paper

In Section E.2, we introduce the LCPQ oracles and show that they can handle a batch of

LCP queries using O(n1+ε) total memory. In Section E.3, we build suffix array and suffix

tree using LCPQ oracles in O(1/ε) rounds. Moreover, we show constant-round reductions

from LCS and LPS to suffix trees in MPC using block-based data structures. In Section E.5

and Section E.6, we give MPC algorithms respectively for LPS and LCS with linear total

memory using the periodicity properties of strings. But first, we introduce compressed

variants of LCPQ oracles in Section E.4 with tight memory for different ranges of k, the

number of queries. In Section E.5, we improve the total memory and the number of rounds

of the LPS problem to O(n) and O(1) respectively using compressed LCPQ. In Section E.6,

we first demonstrate an O(1)-round MPC algorithm for solving LCS using O(n1+ε) total

memory. We improve the total memory of LCS to O(n) for the case that the solution size

is larger than O(n2ε). Then, we exploit the optimizations of the LCPQ oracles to give an

8In the definition Algorithm 16, we label the servers and query groups with subscript indices in the range
[1,m]. However, in our actual applications, servers may have any labelling such as a pair of subscripts, e.g.
λx,y. The only requirement is that a query in Pi is expected to be sent to a copy of ξi for any ξi of the server
set.
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O(n) memory for LCS in O(log logn) rounds of MPC. Finally, we show a memory-optimal

and constant round algorithm for finding suffix arrays in the AMPC model in Section E.7.

E.2 Longest Common Prefix Query Oracle

A fundamental component of our later algorithms is a data structure for simultaneously

processing a query batch consisting of O(n1+ε) arbitrary Longest Common Prefix (LCP)

queries in O(1) rounds of the MPC model. Recall the definition of LCP queries from

Definition E.1. An LCP query q = (i, j) returns the length of the longest common prefix of

the suffixes of two given strings s and s′ starting at indices i and j respectively, denoted by

LCPs,s′(i, j). Along with the input strings s and s′, we are also given a collection of LCP

queries Q = {q1,q2, . . . ,qk} where k = O(n1+ε).

Recall the definitions of block machines and mod machines from respectively Defi-

nitions E.2 and E.3. In order to use the data stored in a collection of mod machines

λ0,λ1, . . . ,λnε−1,λ
′
0,λ
′
1, . . . ,λ

′
nε−1 to estimate the length of the LCP queries, it is tempt-

ing to allocate a machine for each pair of remainders. In other words, if we allocate O(n2ε)

machines λx,y for every pair 0≤ x,y < nε so that it contains the data stored in λx as well as

the data stored in λ ′y, we do not violate the memory constraints. However, we only need an

O(nε)-sized subset Λ⊆ {λx,y} of mod machines. We can retrieve the required information

from the following subset9:

Λ = {λ0,0,λ0,1, . . . ,λ0,nε−1,λ1,0, . . . ,λnε−1,0}.

The sketch of the algorithm is to only allocate λx,y when there is a query q = (i, j)

where i mod nε = x and j mod nε = y. In each λx we don’t need to keep the hash of every

9We will need this observation later in Section E.4 to optimize the required memory for a compressed
LCPQ oracle.
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substring with length nε and starting index i mod nε = x. We can only keep the substrings

with the length equal to the difference between two consecutive existing first coordinate of

queries, i.e.,

Dx,y = {d | ∃ 1≤ j ≤ |Qx,y| s.t. d = i j+1− i j} (E.2)

where i1, i2, . . . , i|Qx,y| is the sorted sequence of the first coordinate of every (i, j) in Qx,y.

If we only keep the substrings with a length included in Dx,y, we have O(n2γ) total memory,

where the worst cost happens when all queries belong to Q0,0 for example. We do another

similar step for block machines µα,β in the second stage of processing LCP queries.

The total memory used by all λx,y machines is therefore bounded by O(n1+ε). For a

given query q = (i, j), so that i mod nε = x and j mod nε = y, we use machine λx,y to find

the longest common prefix of s[i : n] and s′[ j : n] whose length is a multiple of nε . Each

machine λx,y is able to find the hash of every substring with a length multiple of nε which

start at indices with remainder x in s or with remainder y in s′ when dividing by nε . Thus,

we only need to redirect every query to a target machine λx,y in order to finish the first

phase. Similarly, we create µα,β for every 0 ≤ α,β < nε that contains the data stored in

µα and µ ′
β

, see Figure E.4 for an example.

Definition E.4. There are two collections of n2ε machines, {µα,β | 0 ≤ α,β < nε} and

{λ ′x,y | 0≤ x,y < nε}, so that:

• µα,β contains the substring of the α-th block of s and β -th block of s′, respectively

bα and b′
β

, and is called a pairwise block machine.

• Similarly, λx,y contains the hash of substrings of length O(nε) starting at indices i

in s so that i mod nε = x, and indices j in s′ so that j mod nε = y, and is called a

pairwise mod machine.
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µ0 µ1 µ2

µ ′0

µ ′1

µ ′2

∪

µ0,0 µ1,0 µ2,0

µ0,1 µ1,1 µ2,1

µ0,2 µ1,2 µ2,2

λ0 λ1 λ2

λ ′0

λ ′1

λ ′2

∪

λ0,0 λ1,0 λ2,0

λ0,1

λ0,2

Figure E.4: An illustration of pairwise block machines µα,β and pairwise mod machines λx,y for
the same example. Pairwise block machines and pairwise mod machines have O(n2ε) and O(nε)
members respectively (9 and 5 members in this example), where in the former for every 0≤ α,β <
nε , µα,β stores the union of the data of µα and µ ′

β
, i.e., µα,β = µα ∪ µ ′

β
. Similarly, we have

λx,y = λx∪λ ′y for every 0≤ x,y < nε such that min(x,y) = 0.

We initialize a pairwise block-based data structure which fits into O(n2ε) machines

each with Õ(n1−ε) local memory by utilizing Modular Partitioning and Weighted Load

Balancing. Next, we utilize the data stored in our data structure to find in parallel the

length of every LCP query from Q using O(1) rounds. Theorem E.1.1 formally states our

result about initializing and using the LCP data structure in the MPC model.

Theorem E.1.1. For ε ∈ (0, .5], there is an O(1)-round MPC algorithm, with Õ(n1+ε)

total memory and Õ(n1−ε) memory per machine, which initializes the Longest Common

Prefix Query (LCPQ) Oracle in O(1) rounds w.h.p., and then computes a collection of

k = O(n1+ε) queries, Q = {q1,q2, . . . ,qk}, in O(1) rounds.

The data structure processes the queries in two phases:

1 It first computes an estimated length of each query q = (i, j). More precisely, it finds

the longest common prefix starting at i and j whose length is a multiple of nε . In

other words,

max{u≥ 0 | s[i : i+unε ] = s′[ j : j+unε ]}
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2 Then, it finds the exact length of each query by gathering the queries that end in

block bα of s and block b′
β

of s′ into the same machine so that all such queries can

be answered locally.

Algorithm 17: LCPInit(s,s′)

1 for 0≤ x < nε do
2 for 1≤ u < n1−ε do
3 Compute hash(s[(u−1)nε + x : unε + x]) in µbu/n1−2εc and send it to λx;
4 Compute hash(s′[(u−1)nε + x : unε + x]) in µ ′bu/n1−2εc and send it to λ ′x;

5 Replicate the data stored in mod machines λx and λ ′x into pairwise mod
machines λx,y and λy,x respectively for all 0≤ y < nε ;

6 Replicate the data stored in block machines µα and µ ′α into pairwise block
machines µα,β and µβ ,α respectively for all 0≤ β < nε ;

Now that we have shown how to initialize the LCP data structure, which is formally

summarized in Algorithm 17, we are ready to describe an O(1)-round MPC algorithm

to answer a batch of queries Q of size O(n1+ε). In the rest of this section, we prove

Theorem E.1.1.

of Theorem E.1.1. We first partition Q into n2ε groups Qx,y based on the remainders of

dividing both coordinate of each query by nε . Each group Qx,y contains all the queries

q = (i, j) such that i mod nε = x and j mod nε = y. We may assign small groups, ones with

size O(n1−ε), to one of λx,y machines without violating the memory constraints. How-

ever, sometimes a large number of queries are concentrated in specific groups. The input

queries might even consist of a single group of size O(n1+ε). We utilize Algorithm 16

(WeightedLoadBalancing) to balance the number of replicas of each machine λx,y based on

the number of queries assigned to the same machine, i.e., |Qx,y|.

We partition the queries and redirect them into the replicas of λx,y created by Algo-

rithm 16. Then, for a batch of queries Q(z)
x,y of size O(n1−ε), we use the local memory of a
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replica of λx,y to find an estimate of the length of each query. See line (6) of Algorithm 18

for more details. We compute the longest common prefix of query q = (i, j) whose length

is a multiple of nε . In terms of a variable u∗, the longest common prefix for the query (i, j)

found so far has length equal to u∗nε . We also have n2ε initially empty bags Fα,β for all

0≤ α,β < nε , one for each pair of blocks. We use the estimated length to find out the pair

of blocks (bα ,b′β ) on which the LCP query q = (i, j) ends, and we put it in the respective

bag Fα,β . We use Algorithm 16 again, to balance the number of replicas of each µα,β based

on the size of the bags Fα,β , which represent the load, and to redirect the queries,.

Once every query is assigned to a replica µ
(z)
α,β , we start the second phase of processing

queries. In this phase, our goal is to find the exact length of every query, and each query

q = (i, j) is already redirected to a machine µ
(z)
α,β where bα and b′

β
are respectively blocks

of s and s′ on which the LCP of q = (i, j) ends. Thus, the data stored in µ
(z)
α,β is sufficient

to find the exact LCP of q = (i, j). Let i′ = i mod n1−ε and j′ = j mod n1−ε be indices

of respectively bα and b′
β

with the same offset i and j have in their own blocks. Let d

be the minimum of {i′, j′}. We find the longest common prefix of bα [i′− d : n1−ε ] and

b′
β
[ j′− d : n1−ε ], and we denote by ` the length of this common prefix. We show that the

length of query q = (i, j) is equal to `+max{αn1−ε − i,βn1−ε − j}. See Algorithm 18 for

more details.

E.3 Suffix Array and Suffix Tree

We wish to find the suffix tree of a given string s with length n in the MPC model with

O(1/ε) rounds and Õ(n1−ε) memory per machine for some 0 < ε ≤ 0.5. In addition, the

total memory needs to be Õ(n1+ε). First, we attempt to build the suffix array of a given

string s in a constant number of rounds in MPC. The suffix array of a given string s is just

a permutation π : [n]→ [n] over the suffixes of s so that they are sorted lexicographically
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Algorithm 18: LCPBatchQueries(s,s′,Q)

1 Fα,β ← /0 for all 0≤ α,β < nε ;
2 Qx,y←{q = (i, j) ∈Q | x = i mod nε ∧ y = j mod nε} ∀0≤ x,y < nε ;
3 cx,y←WeightedLoadBalancing({λx,y | 0≤ x,y < nε},{Qx,y | 0≤ x,y < nε});
4 for 0≤ x,y < nε ,1≤ z≤ cx,y do

// in machine λ
(z)
x,y

5 for q = (i, j) ∈ Q(z)
x,y do

6 u∗←max{u | s[i : i+unε ] = s′[ j : j+unε ]};
7 Add q to Fb i+u∗nε

n1−ε
c,b j+u∗nε

n1−ε
c;

8 c′
α,β ←WeightedLoadBalancing({µα,β | 0≤ α,β < nε},{Fα,β | 0≤ α,β < nε});

9 for 0≤ α,β < nε ,1≤ z≤ c′
α,β do

// in machine µ
(z)
α,β

10 for q = (i, j) ∈ F(z)
α,β do

11 i′← i mod n1−ε ;
12 j′← j mod n1−ε ;
13 d←min{i′, j′};
14 `←max{` | bα [i′−d : i′−d + `] = b′

β
[ j′−d : j′−d + `]};

15 LCP(i, j)← `+max{αn1−ε − i,βn1−ε − j};

based on π . We employ a quick-sort-like approach, similar to [76], which sorts an array in

O(1/ε) rounds in MPC. Note that we need to make comparison queries carefully since we

can’t answer each of them in O(1) time as opposed to the sorting of an array of integers.

Theorem E.1.3. For ε ∈ (0, .5], there is an O(1/ε)-round MPC algorithm for computing

the suffix array of a given string s with Õ(n1+ε) total memory and Õ(n1−ε) memory per

processor w.h.p..

Proof. In the first step z = 1, we uniformly randomly select nε/2 pivots for each remaining

bag in Lz, and therefore, we need to perform a total of O(n1+ε/2) lexicographical compari-

son of two suffixes of s in the first step. There are a total of `= (2/ε)−1 steps to finish the

sorting, and at the end of the z-th step (1≤ z≤ `), we have O(nzε/2) disjoint subsequences

with expected size O(n1−zε/2), which is concentrated, and then each of them needs to be
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Algorithm 19: SuffixArray(s)

1 Let `← d2
ε
e−1;

2 Let L0,L1,L2, . . . ,L` be a collection of lexicographically ordered bags of sets;
3 Add {1,2, . . . ,n} to L0;
4 Ds,s← LCPInit(s,s);
5 π ←{(i, i) | 0≤ i < n};
6 for 1≤ z≤ ` do
7 for 1≤ t ≤ |Lz| do
8 Let Ut = {ut,1,ut,2, . . . ,ut,k} be the t-th set in Lz ordered by the

lexicographical order;
9 if z = ` then

// We have k = O(nε/2).
10 SmallChunkSort(t,Ut ,π)

11 else
12 PivotFiltering

(
t,Ut ,O(nε/2)

)
13 end
14 end
15 end
16 Relabel π so that the relative order of πi’s is preserved, and the range of π is [n];

sorted recursively. See Algorithm 20 for more details. PivotFiltering(t,Ut ,V ) assumes Ut

is the t-th unsorted chunk, in the relative ordering of the chunks, and decomposes Ut into V

smaller chunks based on V −1 pivots so that the smaller chunks are relatively sorted, and

will be processed in the next step.

In each step 1 ≤ z < 2/ε , we again choose nε/2 random pivot for each of those subse-

quences, but still the total number of comparisons is bounded by O(nε/2 ·nzε/2 ·n1−zε/2) =

O(n1+ε/2). We first sort the randomly selected pivots using Algorithm 21 since V =

O(nε/2), which we explain shortly. We group the remaining elements of a bag using the

result of their comparison with the O(nε/2) sorted pivots of the same bag.

Finally, in the last step z = `, we have at most O(nε/2) suffixes in each bag, and we

can query every pair of suffixes in every bag to create a collection Q of O(n1+ε/2 ·nε/2) =

O(n1+ε) queries. We locally sort the small number, O(nε/2) of suffixes by comparing each
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Algorithm 20: PivotFiltering(t,Ut = {ut,1,ut,2, . . . ,ut,k},V )

1 Let p0 and pV be dummy elements which are by definition lexicographically
smaller and lexicographically greater respectively than any other suffix;

2 Let p′1, p′2 ≤ . . .≤ p′V−1 be V −1 uniformly random indices from [k] ;
// Sorting the pivots

3 Let π ′←{(i, i) | 1≤ i <V};
4 SmallChunkSort(0,{p′1, p′2, . . . , p′V−1},π ′);
5 Let pπ ′i

← p′i for all 1≤ i <V ;
// Decompose Ut based on O(V ) pivots into v0,v1, . . . ,vV−1.

6 κi, j← Ds,s.query(pi,ut, j) for every 0≤ i≤V and 1≤ j ≤ k;

7 Let vi←
{

ut, j ∈Ut |

{
s[pi +κi, j]≤ s[ut, j +κi, j],and

s[pi+1 +κi+1, j]> s[ut, j +κi+1, j]

}
for every 0≤ i <V ;

8 Add v0,v1, . . . ,vV−1 to Lz+1 so that vi has index (t−1)nε/2 + i in Lz+1;

pair of them together and use it as an oracle for sorting. See Algorithm 21 for more details.

According to Theorem E.1.1, we can handle all these queries in O(1) round and O(n1+ε)

total memory using our LCPQ oracle. Knowing the result of the collection of queries Q,

we can compare the respective characters and compare two suffixes lexicographically. Ul-

timately, we sort each bag of size O(nε/2) using SmallChunkSort subroutine, and the result-

ing function π is sorted lexicographically but exceeds the range limits. The last step is to

relabel π so that the range of the function is indeed [0,n) and also π is a valid permutation.

Algorithm 21: SmallChunkSort(t,Ut = {ut,1,ut,2, . . . ,ut,k},π) s.t k = O(nε/2)

1 κi, j← Ds,s.query(ut,i,ut, j) ∀(i, j)≤ [k]× [k];

2 ηi, j←

{
1 if s[ut,i +κi, j]≤ s[ut, j +κi, j]

0 if s[ut,i +κi, j]> s[ut, j +κi, j]
;

3 Sort Ut locally using ηi, j’s as a comparison oracle to get Wt = {wt,1,wt,2, . . . ,wt,k};
4 Let πwt,i ← tn+ i for every 1≤ i≤ k;
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E.3.1 Converting Suffix Array to Suffix Tree

Now we are ready to use the constructed suffix array to build a suffix tree. Let π :

[n]→ [n] be the permutation returned by the suffix array algorithm. Then sπisπi+1 . . .sn−1

is the i-th substring of s lexicographically. We start by finding the LCP of each pair

of adjacent suffixes in the suffix array, which we store in an array denoted LCPπ , e.g.

LCPπ [i] = LCPs,s(πi,πi+1). We populate the n indices of LCPπ using our LCPQ oracle

from Section E.2. Once the LCPπ array is made, we utilize the ideas from Iliopoulos and

Rytter [87] complemented by a block-based data structure on the minimum values of the

LCPπ array across each block to build the internal nodes of the suffix tree in constant rounds

and Õ(n1+ε) total memory.

a a
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a
b
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a
b
a

a
b
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a
b
a
a
b
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b
a

b
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b
a

LCPπ :
π:

0 1 4 1 3 0 2

Figure E.5: The above figure is an example of the suffix array π and LCPπ array for string
“aabaaba”. Furthermore, we look at π1 as an example, the second suffix in the suffix array de-
noted by the arrow. The nearest left suffix and nearest right suffixes with a smaller LCPπ value are
the suffixes “a” and “ba”, as denoted by the blue and red colorings. The indices of these suffixes
will therefore be L [π1] and R[π1], respectively.

To describe the details of our suffix tree algorithm, we review the solution of [87] to

address the difficulties we need to confront when implementing their approach in MPC.

First, they observe that each non-leaf node in a suffix tree is the longest common ancestor

(LCA) of two consecutive suffixes in the suffix array. They therefore start by finding the

LCP of each pair of consecutive suffixes in the suffix array, which in turn gives the depth
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of the LCA of the same pair of vertices in the suffix tree. As we mentioned before we can

find the LCP of pairs of suffixes using our LCPQ oracle. Following the methods of [87],

we need to compute two more arrays. The first array is a nearest smallest neighbor array

SN, which is defined as:



SN[i] =


L [i], if LCPπ [L [i]]≥ LCPπ [R[i]]

R[i] o.w.

L [i] = max j<i LCPπ [ j]< LCPπ [i],

R[i] = min j>i LCPπ [ j]< LCPπ [i].

Intuitively, SN[i] will correspond to the parent of suffixes i and i− 1 since it is the

nearest pair of suffixes that have a shorter LCPπ value than LCPπ [i]. See Figure E.5 for an

example of the LCPπ array and finding L and R values for an index. To break the ties

between multiple pairs of suffixes that have the same LCP, we will also compute an array

named Leftmost[i] which is the leftmost sibling of the LCA of suffixes i and i−1, defined

formally as:

Leftmost[i] =


0 if LCPπ [i] = 0

min j∈[1,i]{LCPπ [ j] = LCPπ [i], j ≥ SN[i]} o.w.

By doing this, [87] observed that the parent of each non-leaf vertex i may be correctly and

uniquely identified by j = Leftmost[SN[i]] with label ( j,LCPπ [ j]). It is not hard to find the

father of leaves as well using the same two arrays Leftmost and SN. The following lemma

from [87] summarizes the relationships between these arrays and the suffix tree:

Lemma E.3.1 (Lemma 1, [87]). Given internal node (k1,LCP
π [k1]) and leaf node (k2)

where k1,k2 are the indices of leaf nodes corresponding to the suffixes s[k1 : n),s[k2 : n)
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respectively:

1 The parent of (k1,LCP
π [k1]) is ( j,LCPπ [ j]) for j = Leftmost[SN[k1]].

2 If LCPπ [k2]≤ LCPπ [k2+1] then the parent of (k2) is ( j,LCPπ [ j]) for j = Leftmost[k2].

Else the parent of (k2) is (k2 +1,LCPπ [k2 +1]).

Now, to compute the SN and Leftmost arrays in MPC, we will first find and store LCPπ

using the compressed LCPQ oracle. Specifically, on all block processors µα , 0 ≤ α <

nε , the processor with block bα = s[in1−ε : (i+ 1)n1−ε ] as defined in E.2, we will store

LCPπ [ j] for any index j such that s j ∈ bα . Additionally, on every processor µα , we find the

minimum over all stored LCPπ values of the previous step, which we denote as

mi := min
j∈[in1−ε ,(i+1)n1−ε )

(LCPπ [ j]).

We will distribute these minimum to all processors so that any processor µα has a block-

based data structure M such that M[i] = mi. We then easily find L [k] and R[k] by finding

the nearest left and right blocks b` and br such that m`,mr < LCP[k] and then send queries

to find the exact value of L [k],R[k] to processors µ`,µr, respectively, of all indices k where

b`,br are the nearest blocks with a smaller longest common prefix value than LCP[k]. If

Ω(n1−ε) queries are sent to a single processor, we will duplicate the processor and distribute

the queries evenly using Algorithm 16. Since there is only one query per index to find SN,

there is O(n) total queries, which means we only need constant rounds of communication

for this step. A similar set of steps is used to then build the Leftmost array for block bi on

processor µi. If LCPπ [k] = 0 for an index k, then Leftmost[k] is trivially 0. Otherwise, we

check the minimum LCPπ values of each neighboring blocks to the left of bi to see if any

have an equal value to LCPπ [k]. If there is an equal minimum, then we query the processor

with that block to find the exact value of Leftmost[k]; if there is not an equal minimum,
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we query µ` again since it is the first block with a smaller minimum since either that block

may have an index j such that LCPπ [ j] = LCPπ [k] or there is no such index with an equal

longest common prefix for a j ≥ SN[i] as required by the definition of Leftmost. In this

case, Leftmost[k] = k. Again, since we have n indices that require a single processor query,

we can use Algorithm 16 to build the Leftmost array in constant rounds. We formally give

the suffix tree construction by Algorithm 12 below.

Algorithm 22: SuffixTree(π,s)

1 Distribute blocks of the suffix array from π such that processor µα has
παnε ,παnε+1, ...,π(α+1)nε−1 for all 0≤ α < nε ;

2 Ds,s← LCPInit(s,s);
3 LCPπ [ j]← Ds,s.query(π j,π j−1) for all 0≤ j < n;
4 mα ←min j∈[αn1−ε ,(α+1)n1−ε ](LCPπ [ j]) for all 0≤ α < nε ;
5 L ,R←BuildL R(LCPπ ,{mα |0≤ α < nε});
6 P←{(k,L [k],R[k],LCPπ [L [k]],LCPπ [R[k]])|0≤ k < n};
7 SN← BuildSN(P);
8 Leftmost← BuildLeftmost(LCPπ ,SN);
9 for 0≤ k < n do

10 Add leaf node (k) to suffix tree;
11 if k == Leftmost[k] then
12 Add internal node (k,LCPπ [k]) to suffix tree;

Using Algorithm 12 and all its subroutines, we then can prove our main result.

Theorem E.1.5. For ε ∈ (0, .5], there is an O(1/ε)-round MPC algorithm for computing

the suffix tree of a given string s with Õ(n1+ε) total memory and Õ(n1−ε) memory per

processor with high probability.

Proof. We initialize the LCPQ oracle for s with itself in step 2 and then perform O(n)

queries to find the LCP between all pairs of consecutive suffixes in the suffix array in step

3. By Theorem E.1.1, the LCP initialization and O(n) LCP queries can be performed in

O(1) rounds and Õ(n1+ε) total memory. Each processor µα will be in charge of storing

the O(n1−ε) values of LCPπ [ j] for all indices j in its block of the suffix array. In step 4,
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we use these LCPπ values to find the minimum LCP of two consecutive suffixes per suffix

array block, which can be done locally on each block machine and then sent to all other

machines in a single round since each of the nε < n1−ε machines only sends a single value

to all other machines. Next, we call a subroutine described in the following paragraph to

fill in the L and R as defined previously.

The below algorithm, Algorithm 28, finds L and R in O(n) total space and O(1)

rounds. First, we will discuss building the L array in steps 3-8 and 20-22, where L [k]

contains the index of the nearest pair of consecutive suffixes in the suffix array to the left of

k that has a smaller LCP than that LCPπ [k]. The R array has the same steps but mirrored

to find the nearest pair of suffixes with a smaller LCP to the right of k and can be seen

in steps 9-14 and 23-24. First, for each index k, we check all LCPπ values for an LCP

smaller than LCPπ [k] within the block containing k only for indices to the left of k. This

is performed locally on a single processor. If L [k] is not found in the same block as k,

we then check the minimum LCPπ values of neighboring blocks to the left of the block

containing k using our block-based data structure until we find the nearest left block with

a minimum LCPπ smaller than LCPπ [k]. Since the minimum LCPπ value of this block is

smaller than LCPπ [k], we are guaranteed to find L [k] at this block. We add requests to

a request set so that we can query these left blocks for L [k] for all indices k in parallel.

Before actually sending the queries, we use WeightedLoadBalancing to make sure each

processor can handle its requests and copy any processor when needed. Since each index

k for 0≤ k < n only has a single query to find L , then there are only O(n) queries total to

find the L and R arrays. Therefore, steps 17-25 only requires O(1) rounds and ˜O(n1−ε)

space per processor after WeightedLoadBalancing. To handle each L query in steps 20-22,

a processor is given the index k and its LCPπ [k] and can compare the LCPπ [k] locally to its

own values of LCP until it finds the maximum index in its suffix array block with a smaller

LCP than LCPπ [k]. The maximum index with a smaller LCP is also the rightmost index,
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i.e. we find L [k] which is the closest index to k with a smaller LCP than LCPπ [k]. As

mentioned previously, it is easy to check that the steps to find R[k] mirror those to find

L [k] and require the same space and number of rounds.

Algorithm 23: BuildL R(LCPπ ,{mα |0≤ α < nε})
1 Fα ← /0 for 0≤ α < nε ;
2 for 0≤ α < nε do

// in machine µα

3 for k ∈ [αn1−ε ,(α +1)n1−ε ] do
4 if ∃k′ ∈ [αn1−ε ,k) s.t. LCPπ [k′]< LCPπ [k] then
5 L [k]←maxk′∈[αn1−ε ,k){k′ : LCPπ [k′]< LCPπ [k]};
6 else
7 `←maxβ<α{β : mβ < mα};
8 Add (k,LCPπ [k]) to F̀ ;
9 end

10 if ∃k′ ∈ (k,(α +1)n1−ε) s.t. LCPπ [k′]< LCPπ [k] then
11 R[k]←mink′∈(k,(α+1)n1−ε ){k′ : LCPπ [k′]< LCPπ [k]};
12 else
13 r←minβ>α{β : mβ < mα};
14 Add (k,LCPπ [k]) to Fr;
15 end
16 end
17 end
18 {cα | 0≤ α < nε}←WeightedLoadBalancing({µα |0≤ α < nε},{Fα |0≤ α < nε};
19 for 0≤ α < nε ,1≤ z≤ cα do

// in machine µ
(z)
α

20 for (k,LCPπ [k]) ∈ F(z)
α do

21 if k > (α +1)n1−ε then
22 L [k]←maxk′∈[αn1−ε ,k){k′ : LCPπ [k′]< LCPπ [k]};
23 else
24 R[k]←mink′∈(k,(α+1)n1−ε ){k′ : LCPπ [k′]< LCPπ [k]};
25 end
26 end
27 end
28 Return L ,R;

Using the L , R, and LCPπ arrays, we can build the SN array according to its definition.
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We call another subroutine Algorithm 8 to build the SN array with these inputs in steps 7-8

of the suffix tree construction. Each processor µα can find and store the block of SN for

the suffixes in its block of the suffix array. Therefore, this step trivially runs in constant

rounds, O(n1−ε) space per machine, and O(n) total memory.

Algorithm 24: BuildSN(P = {(k,L [k],R[k],LCPπ [L [k]],LCPπ [R[k]])|0 ≤ k <
n})
1 for (k,L [k],R[k],LCPπ [L [k]],LCPπ [R[k]]) ∈ P do
2 if LCPπ [L [k]]≥ LCPπ [R[k]] then
3 SN[k]←L [k];
4 else
5 SN[k]←R[k];
6 end
7 end
8 return SN;

After building the SN array, we can construct the final array before making the suffix

tree, the Leftmost array. In step 9, we call the BuildLeftmost subroutine, described be-

low, which builds Leftmost according to its definition using similar steps to the BuildL R

subroutine.

Algorithm 15 begins in steps 3 and 4 for a suffix index k by setting any index with

LCPπ [k] = 0 to 0, which is the correct value by the definition of the Leftmost array. If

LCPπ [k] 6= 0, let bi be the block containing k of size n1−ε , i.e. i = d k
n1−ε e. Then, in steps

5 and 6, the algorithm searches for the farthest block b j from bi of length n1−ε with a

minimum LCPπ value equal to LCPπ [k] between bk and the block containing SN[k]. If SN[k]

is to the right of k, no such block exists and we know that Leftmost[k] = k by definition

which is fulfilled in step 9. If SN[k] is to the left of LCPπ [k], we know that the block

containing SN[k] is the farthest block to the left of bi with a smaller minimum LCPπ value

than LCP[k]. Thus, if we do not find such a block b j with a minimum LCPπ equal to

LCP[k], we know no such block exists between bi and the block containing SN[k] and
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again in step 9 we set Leftmost[k] to k. If we find such a block b j, then in steps 6 and

7 we add a query to be handled later to find Leftmost on block b j in processor µπ
j . Step

10 calls AdjustRepetitions2 to make sure each processor only needs to handle O(n1−ε)

queries out of the total O(n) queries, and then steps 13 and 14 find Leftmost[k] according

to its definition by finding the leftmost index on block b j for index k with an LCPπ value

equal to LCPπ [k]. Since each index k only requires a single query, AdjustRepetitions2 will

successfully allow all O(n) potential queries to be handled in O(1) rounds, total space O(n),

and O(n1−ε) memory per processor. Thus, BuildLeftmost will build the leftmost array in

the desired space and rounds.

Algorithm 25: BuildLeftmost(LCPπ ,SN)

1 Fα ← /0 for 0≤ α < nε ;
2 for 0≤ α < nε do

// in machine µα

3 for k ∈ [αn1−ε ,(α +1)n1−ε) do
4 if LCPπ [k] == 0 then
5 Leftmost[k]← 0;
6 else if ∃β ,dSN[k]n1−ε e ≤ β < d k

n1−ε e s.t. mβ = LCPπ [k] then
7 β ′←min

β∈[d SN[k]
n1−ε
e,d k

n1−ε
e);

8 Add (k,LCPπ [k]) to Fβ ′;
9 else

10 Leftmost[k]← k;

11 {cα | 0≤α < nε}←WeightedLoadBalancing({µα |0≤α < nε},{Fα |0≤α < nε});
12 for 0≤ α < nε ,1≤ z≤ cα do

// in machine µ
(z)
α

13 for (k,LCPπ [k]) ∈ F(z)
α do

14 Leftmost[k]←min j∈[αn1−ε ,(α+1)n1−ε ]{LCPπ [ j] = LCPπ [k]};

15 return Leftmost;

With the addition of the SN and Leftmost arrays, we may build the suffix tree according

to [87]. We simply add internal nodes for every unique Leftmost suffix. Edges are detailed

in Lemma E.3.1 and are implicitly already provided to us using the LCPπ , SN, and Leftmost
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arrays.

Corollary E.3.2. Given a string s, its suffix array π , and its LCPπ array, we can construct

the suffix tree of s in MPC with O(1) rounds and O(n) total memory.

Proof. This corollary is a natural result of the previous proof. Note that to build a suf-

fix tree from π and LCPπ in MPC, we only need to run the BuildL R, BuildSN, and

BuildLeftmost subroutines. All three of these algorithms use WeightedLoadBalancing to

run in O(1) rounds and O(n) total memory.

E.3.2 LCS with Suffix Tree in MPC

We will now use our suffix tree structure augmented with the LCPπ ,L ,R,SN,Leftmost,

and suffix arrays to solve the LCS and LPS applications in O(1/ε) rounds and Õ(n1+ε)

total memory. Our algorithms for these problems utilizing the suffix tree in MPC are dif-

ferent than prior sequential solutions due to an inability to perform tree searches in constant

rounds. To overcome this issue, we look at each internal node of the suffix tree and find its

descendants using the ordering of the suffix array and block-based data structures. We will

formally state this idea for the LCS application first in this section.

Given two input strings s and s′ for the LCS problem, we first follow the steps of a

typical suffix tree solution and concatenate the strings with a special character such as $ to

separate the strings. For example, given input strings s = ”apple” and s′ = ”banana”, we

build the suffix tree on concatenated string ”apple$banana”. Once we have our suffix tree,

we then search the internal nodes of the tree in parallel for the LCS; note there may be at

most O(n) internal nodes, one per suffix. Any internal node represents the longest common

ancestor between at least two suffixes in the suffix tree. If any internal node is the ancestor

of suffixes from both strings s and s′, then it corresponds to a common substring between s
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and s′, and we therefore want to find the internal node corresponding to the longest common

substring. However, to check if an internal node is an ancestor of a suffix from each input

string typically requires a search of the tree, e.g. a depth-first search. Unfortunately, since

the suffix tree can have a depth of O(n), a depth-first search could require up to O(nε)

rounds of communication, one per processor. We avoid a depth-first search entirely by

using the underlying suffix array and the additional suffix information we computed when

converting suffix array to suffix tree. Given an internal node (k,LCPπ [k]) of the suffix tree,

we observe that the range of indices in the suffix array that are descendants of this internal

node is (L [k],R[k]).

Observation E.3.1. Given internal node v = (k,LCPπ [k]), a leaf node u = ( j) is a descen-

dant of v if and only if L [k]≤ j < R[k].

The previous statement follows since any suffix with index k′ within this range has

LCPπ [k′]> LCPπ [k], which implies that the k′th suffix indeed contains the prefix of length

LCPπ [k] corresponding to the internal node (k,LCPπ [k]). Note that only one side is inclu-

sive because the LCPπ [k] is defined as the longest common prefix between πk and πk−1.

By keeping track of whether or not each block of the suffix array has a suffix from

each string, we can easily find the lowest internal node on each processor µα that has a

leaf descendant from each input string and then take the lowest internal node across all

processors to find the longest common substring. To this end, we will simply construct an

additional array B that has a value of 1 if an internal node of the suffix tree has a child

from both strings to complete the algorithm.

With the above algorithm that relies on our suffix tree construction, we have the follow-

ing corollary:

Corollary E.1.6. (LCS using Suffix Tree). For ε ∈ (0, .5], there is an O(1/ε)-round MPC

algorithm for computing the LCS of two input strings s,s′ with Õ(n1+ε) total memory and
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Algorithm 26: LCS(s = {s0s1...sn−1},s′ = {s′0s′1...s
′
n−1})

1 Let t = {s0s1...sn−1$s′0s′1...s
′
n−1};

2 π ← SuffixArray(t);
3 SuffixTree(π, t);
4 BuildB();
5 mxα ,mxkα ← 0 for 0≤ α < nε ;
6 for internal nodes (k,LCPπ [k]) do

// On processor µb k
n1−ε
c

7 α ← b k
n1−ε c;

8 if B[k] == 1 AND LCPπ [k]> mxα then
9 mxα ← LCPπ [k];

10 mxkα ← k;
11 end
12 end
13 Return mxα ,mxkα such that mxα = max0≤beta<nε{mxβ};

Õ(n1−ε) memory per processor with high probability.

Note that the construction of B is written below in Algorithm 27. The construction

of B is long but straightforward. First, a block-based data structure is created and stored

on all block machines that stores whether or not a block has a suffix from s and s. Then,

for each internal node (k,LCPπ [k]), we simply check if any blocks in the range of blocks

between L [k],R[k] have a suffix from s and s using the block-based data structure. If

not, we check the specific blocks containing L [k] and R[k] as a last chance and set B[k]

accordingly.

E.3.3 LPS with Suffix Tree in MPC

For our second suffix tree application, we solve the LPS problem in O(1/ε) rounds

and Õ(n1+ε) total memory. Once again, we use the suffix tree structure augmented with

the same arrays created during the suffix tree construction. Instead of building a suffix

tree on two concatenated input strings as in LCS, we build the suffix tree on the single
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Algorithm 27: BuildB()

1 for 0≤ α < nε do
// On processor µα

2 hα ,hα ← 0;
3 if ∃k ∈ (αn1−ε ,(α +1)n1−ε) such that $ ∈ s[πk : n) then
4 hα ← 1;
5 end
6 if ∃k ∈ (αn1−ε ,(α +1)n1−ε) such that $ /∈ s[πk : n) then
7 hα ← 1;
8 end
9 Send hα ,hα to all processors µβ for 0≤ β < nε ;

10 end
11 Fα ← /0 for 0≤ α < nε ;
12 for internal nodes (k,LCPπ [k]) do

// On processor µb k
n1−ε c

13 α ← b k
n1−ε c;

14 fk, fk← 0;
15 if ∃β ,bL [k]

n1−ε c< β < bR[k]
n1−ε c s.t. hβ = 1 then

16 fk← 1;
17 end
18 if ∃β ,bL [k]

n1−ε c< β < bR[k]
n1−ε c s.t. hβ = 1 then

19 fk← 1;
20 end
21 Add (k,L [k], fk, fk) to Fb L [k]

n1−ε
c;

22 Add (k,R[k], fk, fk) to Fb R[k]
n1−ε
c;

23 end
24 {cα | 0≤α < nε}←WeightedLoadBalancing({µα |0≤α < nε},{Fα |0≤α < nε});
25 for 0≤ α < nε ,1≤ z≤ cα do

// in machine µ
(z)
α

26 for (k,o, fk, f ′k) ∈ F(z)
α do

27 if ∃ j s.t. $ ∈ s[π j : n) for αn1−ε ≤ j < o OR o≤ j < (α +1)n1−ε then
28 fk← 1;
29 end
30 if ∃ j s.t. $ /∈ s[π j : n) for αn1−ε ≤ j < o OR o≤ j < (α +1)n1−ε then
31 fk← 1;
32 end
33 Send ( fk, fk) to µb k

n1−ε
c;

34 end
35 end
36 for internal nodes (k,LCPπ [k]) do

// On processor µπ

b k
n1−ε
c

37 B[k] = 0;
38 if fk == 1 AND fk == 1 then
39 B[k] = 1;
40 end
41 end
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input string s concatenated with the reverse of the input string s. Any internal node that is

an ancestor of both a suffix from s starting at index i and a suffix from s starting at n− i

corresponds to a palindrome since it is a common prefix of the substring to the left and

right of index i in s. Unfortunately, as in the LCS suffix tree solution, we cannot perform

efficient tree searches in constant rounds and small memory to find the lowest internal node

in a sequential fashion. Instead, we will once again search all internal nodes of the suffix

tree in parallel with an additional array P that we must construct that will answer queries

for whether or not an internal node corresponds to a palindrome of s or not, i.e. is the

ancestor of a suffix and its correlated reverse suffix.

Algorithm 28: LPS(s = {s1s2...sn}
1 Let t = {s1s2...sn$snsn−1...s1};
2 π ← SuffixArray(t);
3 SuffixTree(π, t);
4 BuildP();
5 mxi,mxki← 0 for 0≤ i < nε ;
6 for internal nodes (k,LCPπ [k]) do

// On processor µπ

b k
n1−ε
c

7 i← b k
n1−ε c;

8 if P[k] == 1 AND LCPπ [k]> mxi then
9 mxi← LCPπ [k];

10 mxki← k;
11 end
12 end
13 Return mxi,mxki such that mxi = max0≤ j<nε{mx j};

With Algorithm 28, which relies on our suffix tree construction and subroutine Algo-

rithm 29, we have the following corollary:

Corollary E.1.7. (LPS using Suffix Tree). For ε ∈ (0, .5], there is an O(1/ε)-round MPC

algorithm for computing the LPS of an input strings s with Õ(n1+ε) total memory and

Õ(n1−ε) memory per processor with high probability.
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Note that to build P we follow a similar set of steps in Algorithm 29 to the construction

of B for LCS. For an internal node (k,LCPπ [k]), instead of checking for a suffix descendant

of both strings between L [k] and R[k], we simply check for a suffix and its reverse suffix

between L [k] and R[k].

Algorithm 29: BuildP()

1 P[k]← 0 for 0≤ k < n;
2 for 0≤ α < nε do

// On processor µα

3 `α ←max{ j|∃k ∈ [αn1−ε ,(α +1)n1−ε) s.t. j < k and π j = n−πk};
4 rα ←min{ j|∃k ∈ [αn1−ε ,(α +1)n1−ε) s.t. j > k and π j = n−πk};
5 Send `α and rα to all processors;

6 Fj← /0 for 0≤ j < nε ;
7 for internal nodes (k,LCPπ [k]) do

// On processor µb k
n1−ε

c

8 α ← b k
n1−εc ;

9 α`← bL [k]
n1−ε c;

10 αr← bR[k]
n1−ε c;

11 if ∃β ∈ (α`,αr) s.t. L [k]≤ `β ≤R[k] or L [k]≤ rβ ≤R[k] then
12 P[k]← 1;

13 Add (k,L [k],R[k]) to Fα`
,Fαr ;

14 {cα | 0≤α < nε}←WeightedLoadBalancing({µπ
α |0≤α < nε},{Fα |0≤α < nε});

15 for 0≤ α < nε ,1≤ z≤ α do
// in machine µ

(z)
α

16 for (k,L [k],R[k]) ∈ F(z)
α do

17 if ∃ j ∈ [αn1−ε ,(α +1)n1−ε ] s.t. π j = n−πk and L [k]< j,k < R[k] then
18 P[k]← 1;

E.4 Compressed LCPQ Oracle

In this section, we study instances of the LCPQ oracle in which there are a smaller

collection of queries Q = {q1,q2, . . . ,qk}, for example k = O(n) as opposed to O(n1+ε)
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which we considered in the previous part. The ultimate question is whether it is possible

to handle k queries for any value of k using Õ(n+ k) total memory in a constant number

of rounds since we need at least Ω(n+ k) total memory to store the strings and queries.

However, it is not possible to always get Õ(n+ k) memory using our techniques. So the

natural question is for which range of the values of k, we can can handle k queries in

O(1) rounds of MPC with Õ(n+ k) total memory. In this section, we study this problem

thoroughly and optimize it for different ranges of k, which is summarized in Table E.3 as

well as in Figure E.2.

In Lemma E.4.1, we present an alternative approach for solving a batch of k LCP

queries. The total memory used by this approach equals Õ(n+knε) instead of Õ(n1+ε +k)

total memory of Theorem E.1.1. This implies a constant round MPC algorithm with total

memory Õ(n+k+min(n,k) ·nε) if we use Theorem E.1.1 when k =Ω(n) and Lemma E.4.1

when k = O(n). Thus, the algorithm uses Õ(n+ k+min(n,k) · nε) total memory since it

needs to store the strings and queries.

Corollary E.1.2. For ε ∈ (0, .5], there is an O(1)-round MPC algorithm Õ(n1−ε) memory

per machine which initializes an LCPQ oracle in O(1) rounds w.h.p., and then processes

a collection of k queries, Q = {q1,q2, . . . ,qk}, in O(1) rounds. The total memory used by

this algorithm is Õ(n+ k+min(n,k) ·nε).

However, for the values of k in the range from ω(n1−ε) to o(n1+ε), we still get a sub-

optimal total memory of O
(
n+ k+min(n,k) · nε

)
= ω(n+ k). In this case, we show an

O(log logn)-round MPC algorithm with optimal total memory O(n+ k) which solves a

batch of LCP queries of size O(k) (See Lemma E.4.2 for more details). Our memory-

optimal algorithms for different ranges of k are demonstrated in Table E.3. We start by

showing the algorithm with Õ(n+ k ·n1+ε) memory and a constant number of rounds that

handles a batch of k queries.
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#Queries Source Rounds Total Memory

k = O(n1−ε) Lemma E.4.1 O(1) O(n+ k ·nε) = O(n)

k = ω(n1−ε), and
k = o(n1+ε)

Lemma E.4.1 O(1) O(n+ k+min(n,k) ·nε)

Lemma E.4.2 O(log logn) O(n+ k)

k = Ω(n1+ε) Theorem E.1.1 O(1) O(n1+ε + k) = O(k)

Table E.3: The above table shows the different memory-optimal results we show in this section for
different ranges of k, the number of LCP queries.

Lemma E.4.1. For 0 < ε < 1/2, there is an O(1)-round MPC algorithm, with Õ(n+ k ·

n1+ε) total memory and Õ(nε) memory per machine, which initiates the LCPQ Oracle in

O(1) rounds w.h.p., and then computes a collection of k queries, Q = {q1,q2, . . . ,qk}, in

O(1) rounds.

Proof. Recall from our observation at the start of Section E.2, we can assume the length

of the queries in Q is bounded by O(nε). We need a total memory of O(n+ k · nε) to

store every substring of length O(nε) starting at endpoints i and j (in s and s′ respectively)

for every query q = (i, j) ∈ Q. Once we gathered the required information, we solve

the LCP queries locally by comparing the characters of s
[
i : min(i+ nε ,n)

)
and s′0

[
j :

min( j+nε ,n)
)

one by one.

Lemma E.4.2. For 0< ε < 1/2, there is an O(log logn)-round MPC algorithm, with Õ(n+

k) total memory and Õ(nε) memory per machine, which uses the LCPQ Oracle to compute

a collection of k queries, Q = {q1,q2, . . . ,qk}, w.h.p.

Proof. Again, we know from observation from Section E.2 that the solution of every query

q= (i, j)∈Q is bounded by O(nε). Let L denote the guarantee on the maximum length of

the current queries. We use an iterative approach that at each step reduces the current guar-

antee on the length of LCP queries from O(L ) to O(
√

L ). It is clear that after O(log logn)

iterations, the guarantee on the size of LCP queries collapses to O(1). We use the ideas of

Lemma E.4.1 to solve the problem using O(n+k) at that point to solve the problem locally.
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Recall the modular partitioning technique from Section E.1.3. To reduce the current

guarantee from L to O(
√

L ) at each iteration, we perform a modular partitioning modulo

O(
√

L ). Since the total number of characters on s and s′ which are within substrings of

length O(L ) starting from i or j for any query q = (i, j) is bounded by O(n), we need to

query the hash of a total of at most O(n) substrings either to find out that LCPs,s′(i, j)≤
√

L

or to reduce the guarantee to O(
√

L ). We use a block-based data structure such that

f
(
s[l : r)

)
= hash

(
s[l : r)

)
to handle the interval hash queries. Utilizing the computed

modular partitioning, we estimate the length of each LCP with an additive error of O(
√

L ).

This imply that we can reduce our guarantee on the maximum LCP among all queries in Q

to O(
√

L ) by replacing each query q = (i, j) by q′ = (i′, j′) = (i+κ, j+κ), where

κ =
⌊LCPs,s′(i, j)

√
L

⌋
·
√

L .

E.5 Longest Palindrome in MPC

In this section, we give an improved solution to emphLongest Palindrome Search (LPS).

Given a string s = s0s1...sn−1, let s = sn−1...s1s0 be the reverse of s. Note we also use s[ j : i)

to represent the reverse of a substring s[i+1 : j+1) for i < j. A palindrome contained in

a string s is a substring c of s such that c = c. If c0 is a palindrome in s such that for

all other palindromes c1 in s, |c0| > |c1|, then LPS(s) = c0. Our algorithm, Algorithm

33 below, will use O(nε) processors each with Õ(n1−ε) memory for ε < .5 and finish in

O(1) rounds. In LPS, finding short palindromes locally on an individual processor is very

easy. However, like many of the other problems in the paper, finding long palindromes

that have length larger than the memory of a processor becomes difficult since it requires

194



coordination between processors to calculate the exact length. Moreover, it is possible that

there are many such long palindromes, even as much as Ω(n) palindrome candidates. The

existence of multiple palindromes that overlap in a string implies that the section of the

string containing these palindromes is periodic. For example, if there are two palindromes,

a first palindrome to the left of a second palindrome, then the left side of the first palindrome

must match its right side, which overlaps the left side of the second palindrome. Thus, each

left side must match and therefore, this left side is exactly the repeated substring of this

section of the string. We call this repeated substring the period of a substring if it spans

the entire substring. By finding periods of each block of length O(n1−ε) of the original

string s, we can keep track of palindrome candidates and find the largest palindrome per

period without needing to check all Ω(n) candidates across the entire string, which would

otherwise require either a non-constant number of rounds or super-linear memory.

Our algorithm for LPS, based on the properties of periodic substrings proven in [9],

will be split into several steps. At the start of our main algorithm (Algorithm 33), we break

the input string s into blocks bα of size n1−ε where n = |s|,0≤ α < nε . We then utilize the

following algorithm, Algorithm 30, for finding palindrome candidates and a period string

on each block. After finding each period wα for block bα , we find the exact range of the

period and use the center of this range as our palindrome candidate for period wα . Once

we have our final set of palindrome candidates per period, we can use the LCPQ oracle to

find the length of each palindrome by finding the longest common prefix of a palindrome

center in string s with the corresponding center in s and return the longest palindrome.

The first algorithm we formally write, Algorithm 30, takes three adjacent blocks bα−1,bα ,bα+1

as input and returns the period of block bα if it is a periodic string as well as any potential

palindrome candidates in case block bα is not periodic. Algorithm 30 begins by storing

the indices of palindrome centers from block bα in an array C by checking if the block

to the left of the center equals the block to the right. Without loss of generality we can
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assume all palindromes have a single character as their center since we can simply add an

additional character not found in the string between every two characters of the string to

preserve all palindromes while converting any palindromes with a two character center to

a one character center. Therefore, each index stored in C will be the center of a palindrome

of length at least 2n1−ε−1 characters, i.e. the palindrome spans the entire block bα . Then,

we exploit the fact that any string will have periodic characters if there are at least two

different palindromes that span the length of the string. If there are several palindrome

centers within a block bα with palindrome length 2ε −1, then to find the minimum period

length we can take the Greatest Common Divisor (GCD) of the pairwise differences of the

indices of these centers multiplied by 2 to account for the mirrored left and right side of

each palindrome. We use this length to pull a period string w from the beginning of the

block and return w alongside C.

In the following two lemmas, we show that Algorithm 30 correctly finds minimum

length period strings in space O(n1−ε) given blocks of size n1−ε .

Lemma E.5.1. On input t = bα−1bαbα+1 with |bα−1|= |bα |= |bα+1|= n1−ε , Algorithm

30 will return w,C where C contains all indices of bα that are centers of palindromes of

length at least 2n1−ε +1 and w is the minimum length period string if |C| ≥ 2.

Proof. On input t = bα−1bαbα+1 with |bα−1| = |bα | = n1−ε , any index j such that nε ≤

j < 2nε implies that t[ j : j+ 1) ∈ bα . Thus, any palindrome candidate index added to C

in step 5 of Algorithm 30 will be an index of bα . Furthermore, index j is added to C if

and only if t[ j−nε : j) = t[ j+nε , j), i.e. j is a palindrome center with palindrome length

2nε +1.

From Lemma 3.3 of [9], |C| ≥ 2 implies that block bα is periodic, and for any j,k ∈

C, j < k, there is a period of length l = 2(k− j)+1. Thus, the minimum period length will

be the GCD of all period lengths for any index pair of C, which we denote with l0 in step
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Algorithm 30: LPSCandidate(t = bα−1bαbα+1)

1 Initialize the list of LPS candidate indices to the empty set, C← /0;
// Find palindrome center candidates in bα

2 for nε ≤ j < 2nε do
3 if t[ j−nε : j) = t[ j+nε : j) then
4 C←C∪{ j};

5 if |C| ≥ 2 then
// Calculate the minimum period length of t

6 For any j,k ∈C such that j < k, `( j,k) := 2(k− j)+1;
7 `0← gcd({l( j,k)−1| j,k ∈C, j < k})+1;
8 else
9 l0← 2nε +1;

10 if |C| ≥ 1 then
// Find the minimum period w of block bα

11 Let the period string of bα be w := t[nε ,nε + l0];
12 else
13 Find the maximum length palindrome centered at j in bα using any sequential

palindrome algorithm, store j in C[0];
14 w←−1;

15 Return w,C;
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Figure E.6: An example of two consecutive string blocks b1 and b2. Block b1 has period w1 =
”abcba”, which is used to build W1 as well as W2, a rotation of W1, used to check that b2 follows
the same period.

9 of Algorithm 30. Since each candidiate j ∈C is the center of a palindrome spanning the

entire block bα , the period string is repeated across the entire block and so we can take the

first `0 characters as the period of the block.

Lemma E.5.2. On input t = bα−1bαbα+1 with |bα−1|= |bα |= |bα+1|= n1−ε , Algorithm

30 uses O(n1−ε) memory.

Proof. By Lemma E.5.1, Algorithm 30 only considers candidates within block bα of size

O(n1−ε), so storing palindrome centers requires at most space O(n1−ε). Calculating the

period and storing the period string of a single block of size O(n1−ε) similarly requires

space O(n1−ε).

After finding the period and palindrome centers of a block bα , we then find the range

of blocks surrounding bα with matching period. We build a generic ”period block” W , the

concatenation of the period string with itself dn1−ε

|w| e times. By carefully rotating W , we can

find a range of block indices denoted [`1,r1] such that the blocks bα , j ∈ [`1,r1], including

bα , form a large periodic substring of the original string s. Figure E.6 shows an example

of a period block W1 for a block b1 and its subsequent rotation. After finding this block

range, we then also find the exact indices in blocks b`1 and br1 where the period ends. The

following subroutines, performed by each processor µα in parallel, lists the above steps,

formalized.
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Algorithm 31: LPSPeriodRange(wα ,H = [hash(b0),hash(b1), ...,hash(bnε−1)])

1 Wα ← dn1−ε

|wα | e ·wα ;
2 `,r←−1;
3 for β = 0 to nε −1 do
4 if `==−1 and α−β ≥ 0 then
5 Wβ ← rotate(Wα ,−β · (|Wα |−n1−ε));
6 if H[α−β ] 6=Wβ [0 : nε) then
7 `= α−β ;

8 if r ==−1 and α +β < nε then
9 Wβ ← rotate(Wα ,β · (|Wα |−n1−ε));

10 if H[α +β ] 6=Wβ [0 : nε) then
11 r = α +β ;

12 return `,r;

Lemma E.5.3. Given the period string wα of periodic block bα and an array of block

string hashes, Algorithm 31 finds the period range (`,r) of consecutive blocks surrounding

block bα that fully contains a periodic substring with period wα in space Õ(n1−ε) w.h.p..

Proof. The correctness of Algorithm 31 to find the period range (`,r) relies on the claim

that Wβ [0 : nε) as constructed in steps 5 and 11 matches blocks bα−β and bα+β , respec-

tively, if these blocks are part of the period range with period wα . We will prove this claim

by induction on index j. For j = 0, this is trivial since we are given that block bα is already

periodic with period wα .

Now let β be an index such that the claim holds true; we will prove that the claim holds

for β +1, first for the Wβ constructed in step 11. Since the claim holds for β , we know that

Wβ [0 : nε) = bα+β . Furthermore, Wβ is just a rotation of Wα , a periodic string with period

wα as constructed in step 1. Therefore, string Wβ contains a fragment of a period that must

be the start of the next block bα+β+1 if the following block is in the period range. Thus Wβ

rotated to the right by |Wβ |−nε characters will correctly match the remaining fragment to

the next block as well as make sure the rest of the block is periodic since Wβ is a rotation
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of period block string Wα . Therefore,

Wβ+1 = rotate(Wβ ,(|Wβ |−n1−ε))

= rotate(Wβ ,(|Wα |−n1−ε))

= rotate(Wα ,β · (|Wα |−n1−ε)+ |Wα |−n1−ε))

= rotate(Wα ,(β +1) · (|Wα |−n1−ε))

which is exactly the string we set Wβ+1 to be in step 11. The same arguments hold for

Wβ constructed in step 5 but with left rotations since we are checking the reverse direction

from β to β −1. Thus, the claim holds.

From this claim, we can see that by checking that each block bβ surrounding bα

matches Wβ , we will find some index β1 such that block bα−β1 does not match Wβ1 in

step 6 and some index β2 such that block bα+β2 that does not match Wβ2 in step 12, which

are the nearest left and right blocks that fall outside of the period range. We then set our

range indices accordingly in steps 7 and 12 so that `= α−β1 and r = α +β2.

Finally, Algorithm 31 requires O(n1−ε) space to store Wα and Wβ . Furthermore, Algo-

rithm 31 must also store its input array H, which contains the hash of each block. Since we

have that ε < .5 in our parallel setting, |H|= nε < n1−ε , and so Algorithm 31 only requires

n1−ε space.

Lemma E.5.4. Given period w of block bα and period range `,r on processor µα , Algo-

rithm 32 returns indices o`,or which are the indices of the leftmost and rightmost charac-

ters, respectively, denoting the last consecutive full period w in b` and br in space Õ(n1−ε)

and O(1) rounds w.h.p.

Proof. The main idea of Algorithm 32 is to iteratively check that the hash of the period

w matches the hash of period-length chunks of the blocks b` and br. This idea itself seen
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Algorithm 32: LPSExactPeriodRange(α,w, `,r)

1 ar← |w|− (r−α)(dn1−ε

|wα | e ·wα −n1−ε) mod (|w|);
2 a`← |w|− (`−α +1)(dn1−ε

|wi| e ·wα −n1−ε) mod (|w|);
3 hw← hash(w);
4 Send ar,hw, |w| to µr;
5 Send a`,hw, |w| to µ`;
6 for j = 0 to bn1−ε

|w| c on processor µr do
7 t← br−1brbr+1;
8 k← j · |w|+(n1−ε −ar);
9 if hw 6= hash(t[k : k+ |w|)) then

10 or← k;

11 for j = 0 to bn1−ε

|w| c on processor µ` do
12 t← b`−1b`b`+1;
13 k← (2n1−ε +a`)− j · |w|;
14 if hw 6= hash(t[k−|w| : k)) then
15 o`← k−w;

16 Return o`,or;

in steps 6-12 and 13-19 is quite simple; the main difficulty is aligning the period with the

blocks. Since the block lengths are n1−ε , it is not guaranteed that the start of the period will

align with the start of a block. Thus, in steps 1 and 2 we calculate the number of characters

before the start of each block until the beginning of a full period.

When calculating value ar in step 1, we follow a similar argument as in the proof of

Lemma E.5.3. The misalignment of block bα and period block Wα built in Algorithm 31

consisting of repeated period w is initially just dn1−ε

|w| e− n1−ε . Therefore, each additional

block extends the misalignment by another factor of dn1−ε

|w| e−n1−ε . Since the period range

is the range of the period w repeated consecutively, misalignment can only be at most

the size of the period before another starts; thus, we mod our misalignment by |w|. To

calculate the length of the period fragment at the beginning of block br, we therefore have

(r−α)(dn1−ε

|w| e−n1−ε). Lastly, since we want to make sure we check for full periods and
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the beginning of block br is a period fragment, we subtract the length calculated up until

now from |w| to find out how many characters before br we must check to find a full period,

and store this number in ar. Step 8 on processor µr finds where a full period should start

just before block br using ar and steps 9 and 10 find the leftmost index that does not begin

a full period |w| and store it in or. By a symmetric argument, step 2 finds the number of

characters after block b` until a full period and stores this in a`. Steps 15-17 then use a` to

find the rightmost index in b` that does not begin a full period |w| and stores this index in

o`.

The number of rounds needed for the algorithm is only 2 since process µα must send

and receive once each to processors µ` and µr to send integers ar,a`,hw, |w| and receive

o`,or. Additionally, there is only O(n1−ε) space needed per processor since the size of the

string blocks t will be O(n1−ε) and all auxiliary variables created to find o` and or trivially

only require a constant amount of space.

To wrap up the section, we present the full LPS algorithm for a string s on nε processors

in the MPC model with O(n) total memory and O(1) rounds. First, each processor µα finds

palindrome candidates and a period string wα on block bα using Algorithm 30. Each block

then finds its surrounding period range using Algorithms 31 and 32. The center of the

period range will be the longest palindrome center for all blocks in the period range and

so we use the LCPQ oracle to check the length of the palindrome by finding how many

characters to the left of the palindrome center match the characters to the right. After

finding the longest palindrome on each block, we use a separate processor to compare each

block’s longest palindrome to find the maximum length palindrome across the entire string

Theorem E.1.8. For ε ∈ (0, .5], there is an O(1)-round MPC algorithm that solves Longest

Palindrome Substring (LPS) with Õ(n) total memory and Õ(n1−ε) memory per processor,

w.h.p.
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Algorithm 33: LongestPalindromeSearch(s = {s0sα ...sn−1})
1 Partition s into nε blocks of length n1−ε where bα denotes the αth block;
2 Distribute blocks bα−1,bα ,bα+1 to processor µα for 0≤ α < nε ;
3 Distribute H = (hash(b1),hash(b2), ...,hash(bnε−1)) to all processors;
4 D← LCPinit(s,s);
5 for processors µα ,0≤ α < nε in parallel do
6 wα ,Cα ← LPSCandidate(bα−1bαbα+1);
7 `α ,rα ← LPSPeriodRange(wα ,H);
8 o`α

,orα
← LPSExactPeriodRange(α,wα , `α ,rα);

9 cα ← 1
2

(
(rα ·n1−ε +or)− ((`α +1) ·n1−ε −o`α

)
)
+((`α +1) ·n1−ε −o`α

);
10 if scα

∈ bα then
11 dα ← 2 ·D.query(scα

,n− scα
)+1;

12 dmax = maxα,1≤α≤nε{dα};
13 Return (cα ,dα) such that dα = dmax;

Proof. For the correctness of Algorithm 33 we parse the algorithm one step at a time. First,

each process µα receives its blocks bα−1,bα ,bα+1 of length n1−ε and an array of hashes

of each block. Second, the LCPQ oracle is setup on s and its reverse string s. In parallel,

by Lemma E.5.1, step 6 finds the largest palindrome candidate centers in block bα and the

period wα of this block. In step 7, by Lemma E.5.3, the range of block indices (`α ,rα)

is found such that each block in this range matches a periodic string with period wi. In

step 8, by Lemma E.5.4, the exact indices o`α
,orα

that denote the exact characters in b`α

and brα
where the period ends, specifically no more full periods continue to the left of

o`α
nor to the right of orα

. At this point, we know that any maximum length palindrome

must be at the center of this period range and spans at least the entire period range length.

If there was another maximum length palindrome within this period range that was not

the center, then it could not be longer than the period range since we know that one side

would have a longer periodic section than the other. Therefore, we can consider only the

very center of the period range for a maximum length palindrome. This center is therefore

exactly halfway between the (n1−ε−o`α
)-th character in block b`α

and the orα
-th character
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in block brα
. Since each block has length n1−ε , the first character of block b`α

has index

`α · n1−ε in s and the first character of block brα
is at index rα · n1−ε . Thus, the length of

the period range will be

(rα ·n1−ε +or)− ((`α +1) ·n1−ε −o`α
)

and in step 9, we add half this length to the leftmost index of the period range, ((`α +1) ·

n1−ε −o`α
), to find the center of the period range cα . In step 11, we use the LCPQ oracle

to find the length of the palindrome by finding the length of the longest common prefix of

the palindrome center in s with the palindrome center in s, which is equivalent to finding

the length of characters to the right of cα in s that match the characters to the left of cα ,

which is equivalent to the characters to the right of n− cα .

The number of rounds needed in steps 1-4 to distribute the blocks, hashes, and to set

up the LCPQ oracle is just O(1) since each processor only receives O(n1−ε) information,

which is the size of each processor’s memory. Then, in steps 6 and 7, LPS Candidate

are performed locally on a single processor. By Lemma E.5.4, Step 8 only requires O(1)

rounds and can be performed in parallel by each processor since each processor only sends

a constant amount of information to two other processors. Step 11 requires O(1) rounds as

discussed in Section E.2 and Section E.4. Finally, finding the max palindrome across the

entire string in step 14 can be done in 1 round since there is at most nε candidate indices,

one per block, and there is O(n1−ε) memory per processor which is larger than nε since

ε < .5.

The memory per processor is trivially O(n1−ε) since each processor only gets 3 blocks

of size O(n1−ε) and by Lemma’s E.5.2, E.5.3, and E.5.4. Since we use O(nε) processors

to store each block of the string, build the LCPQ oracle (see Corollary E.1.2), and find the

maximum length palindrome across the entire string, we therefore use O(nε ·n1−ε) = O(n)
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memory total.

E.6 Longest Common Substring in MPC

In this section, we show a constant-round MPC algorithm for finding the Longest Com-

mon Substring (LCS) of two strings s and s′. Without loss of generality, we assume both

strings have length n. A substring s[i : i+ l) of string s is a consecutive interval of characters

si,si+1, . . . ,si+l−1. Recall the definition of LCP queries from Section E.2. LCPs,s′(i, j) is

the longest common prefix of two suffixes s[i : n) and s′[ j : n). Thus,

LCSs,s′ = max
i, j∈[n]

LCPs,s′(i, j) (E.3)

Assume both strings are partitioned into nε consecutive blocks of size O(n1−ε), denoted

by b1,b2, . . . ,bnε for s and b′1,b
′
2, . . . ,b

′
nε for s′, so that each block fits into the memory of a

single machine. We denote the machine which stored bα and b′
β

by µα and µβ respectively.

Our high-level approach is to find the longest common substring whose starting points fall

in a fixed pair of blocks, say bα and b′
β

. Let us denote this value by LCSs,s′(bα ,b′β ), i.e,

LCSs,s′(bα ,b′β ) = maxi∈bα , j∈b′
β

LCPs,s′(i, j). Then, the final answer can be computed as the

maximum of this partial solutions for each pair of blocks, i.e.,

LCSs,s′ = max
α,β∈[M]

LCSs,s′(bα ,b′β ) (E.4)

Thus, our focus in this section is to efficiently compute LCSs,s′(bα ,b′β ). We may omit

subscripts in LCS and LCP functions whenever s and s′ are implied from the context. We
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also need that this process requires only O(1) machines, so that we can compute O(n2ε)

different values in parallel and still have O(n1+ε) total memory.

Definition E.5 (Candidate Pair). For a pair of blocks bα and b′
β

, we call a pair of indices

p = (i, j), where i ∈ bα and j ∈ b′
β

, a “candidate pair” if LCP(i, j)≥ 3S. The “offset” of

a candidate pair p = (i, j), denoted by δ (p), is defined as i− j.

We can find a set of candidate pairs by transferring O(1) blocks into a single machine

and performing an exhaustive search. Let Pα,β = {p1, p2, . . . , pk} be the set of candidate

pairs belonging to the pair of blocks bα and b′
β

. If there are multiple candidate pairs with

the same offset, we only keep the one with the smallest i. We show that when there are

multiple candidate pairs, k > 1, the subsequent blocks bα+1 and b′
β+1 are periodic. We will

later use this periodicity property in our algorithm. Roughly speaking, assume we have two

candidate pairs p1 and p2. This means that for every i ∈ bα+1,

si = s′i−δ (p1)
= si−δ (p1)+δ (p2)

This intuitively means that bα+1 is periodic with period length δ (p1)− δ (p2). How-

ever, since |δ (p1)− δ (p2)| might be as large as 2n1−ε , we prove the periodicity prop-

erties for the concatenation of the next two blocks bα+1bα+2. In the following lemma,

we formally show that the period lengths of both bα+1bα+2 and b′
β+1b′

β+2 are equal to

gcd{δ (p1)−δ (p2) | p1, p2 ∈ Pα,β}.

Lemma E.6.1. The period length of both bα+1b′
α+2 and b′

β+1b′
β+2 is equal to gcd{δ (p1)−

δ (p2) | p1, p2 ∈ Pα,β}.

Proof. Recall that Pα,β is the set of candidate pairs (i, j) ∈ bα × b′
β

so that LCP(i, j) ≥
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3n1−ε . This implies that for any p◦ = (i◦, j◦) ∈ bα+1bα+2×b′
β+1b′

β+2, we have

si◦ = s′j◦ if ∃ p = (i, j) ∈ Pα,β s.t. δ (p) = δ (p◦) (E.5)

We can further expand the domain of variable p◦ in equation E.5 by requiring either

i◦ ∈ bα+1bα+2 or j◦ ∈ b′
β+1b′

β+2. As long as there is a candidate pair p with the same

offset as p◦, then we have either


i◦ ∈ bα+1bα+2: i≤ (α +1)n1−ε ≤ i◦⇒ j ≤ j◦

j◦ ∈ b′
β+1b′

β+2: j ≤ (β +1)n1−ε ≤ j◦⇒ i≤ i◦

Thus, if at least one of the indices in a pair p◦ is within the two subsequent blocks, i.e.,

i◦ ∈ bα+1bα+2, and there is a candidate pair in Pα,β with the same offset, then si◦ = s′j◦ .

We exploit this fact to demonstrate that the length of the period string wα,β of subsequent

blocks, bα+1bα+2 and b′
β+1b′

β+2, divides the offset difference of every pair of candidate

pairs. More precisely, we show that the subsequent blocks are periodic with length δ (p1)−

δ (p2), which means that this length is a multiple of the minimal period length, i.e., |wα,β |.

(δ (p1)−δ (p2)) mod |wα,β |= 0 ∀ p1, p2 ∈ Pα,β (E.6)

To show that bα and b′
β

are periodic with length δ (p1)− δ (p2), we use the same idea

we intuitively mentioned before. Note that the period range δ (p1)− δ (p2) is bounded by

2n1−ε . Consider two indices i, j ∈ bα+1bα+2, so that i− j = δ (p1)− δ (p2). Since i is

within the two subsequent blocks, then si = s′i−δ (p1)
. In addition, since j is also within the
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subsequent block, then s j = s′j−δ (p2)
. However,

i−δ (p1) = (i− j)− (δ (p1)− j) = δ (p1)−δ (p2)−δ (p1)+ j = j−δ (p2)

Hence, si = s j since at least one index in each pair is within the periodic region. Now

that we have shown that the period length of bα divides the offset difference of every

p1, p2 ∈ Pα,β , it is straight-forward to observe that the period length of bα is equal to the

GCD of all the offset differences in every pair of candidate pairs, i.e., the right hand side of

Equation E.7. We can prove the same thing for b′
β

similarly.

|wα,β |= gcd{δ (p1)−δ (p2) | p1, p2 ∈ Pα,β} (E.7)

As mentioned before, we aim to compute LCS(bα ,b′β ) for every pair of blocks bα and

b′
β

in parallel. We reduced this problem to a collection of O(n2) LCP queries according

to Equation (E.3). Even by excluding every query which is not a candidate pair, we might

have to make Ω(n2) LCP queries, while an LCPQ oracle from Section E.2 is capable of

handling at most O(n1+ε) LCP queries in O(1) rounds without blowing up the memory. To

overcome this issue, we use the periodicity properties of the subsequent blocks bα+1bα+2

and b′
β+1b′

β+2 to limit the number of LCP queries we need to make for each pair of blocks

to O(1). At the beginning, we build three instances of the LCPQ oracle Ds,s, Ds,s′ , and

Ds′,s′ . The algorithm consists of three stages:

1 Find the set of candidate pairs, Pα,β , by an exhaustive search on the local data of

µα,β . If |Pα,β | = O(1), we make a separate LCP query to Ds,s′ for each candidate

pair and we are done. Otherwise, the subsequent blocks bα+1bα+2 and b′
β+1b′

β+2 are

periodic. Let wα,β be the period string where |wα,β |= gcd{δ (p1)−δ (p2) | p1, p2 ∈
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Figure E.7: Candidate pairs, first inconsistent character, and the extension beyond periodic part

Pα,β} according to Lemma E.6.1.

2 Next, we find the boundaries of the periodic pattern. The periodic pattern might

repeat after the subsequent blocks bα+1bα+2 and b′
β+1b′

β+2 and span several blocks.

Let i◦ ∈ α◦ and j◦ ∈ β ◦ be the first characters in s and s′ which are inconsistent

with the periodic pattern. We call i◦ and j◦ the first inconsistent characters. To

find the exact location of i◦ and j◦, we utilize the LCPQ oracle we build for the

strings and themselves, Ds,s and Ds′,s′ . The first inconsistent characters in s and s′

are respectively located at:

i◦ = αn1−ε + |wα,β |+Ds,s.query(αn1−ε ,αn1−ε + |wα,β |)

j◦ = βn1−ε + |wα,β |+Ds′,s′.query(βn1−ε ,βn1−ε + |wα,β |)

3 If there exists a candidate pair p∗ = (i∗, j∗) ∈ Pα,β so that δ (p∗) = i◦− j◦, then

LCP(i∗, j∗) may extend beyond the boundaries of the periodic pattern. For this spe-

cific candidate pair, we make an LCP query to Ds,s′ . For all other candidate pairs

in Pα,β , we claim that knowing the location of i◦ and j◦ is sufficient for computing

LCP(i, j).

Algorithm 34 demonstrates the algorithm in more details. In what follows, we prove

that the described algorithm correctly finds the Longest Common Substring of two strings

s and s′, LCSs,s′ , and the MPC memory constraints are not violated during O(1) rounds.
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Algorithm 34: LCS(s = {s0s1...sn−1},s′ = {s′0s′1...s
′
n−1},)

1 Ds,s,Ds,s′,Ds′,s′ ← LCPInit(s,s),LCPInit(s,s′),LCPInit(s′,s′);
2 for all processors µα,β , 0≤ α,β < nε , in parallel do

3 Pα,β ←
{
(i, j) ∈ bα ×b′

β
|

{
s[i : i+3S) = s′[ j : j+3S)

s[i−1 : i−1+3S) 6= s′[ j−1 : j−1+3S)

}
;

4 wα,β ← bα+1bα+2[1 : gcd{δ (p1)−δ (p2) | p1, p2 ∈ Pα,β}];
// Find the boundaries of the periodic region

5 i◦← (α +1)n1−ε +Ds,s.query((α +1)n1−ε ,(α +1)n1−ε + |wα,β |);
6 j◦← (β +1)n1−ε +Ds′,s′.query((β +1)n1−ε ,(β +1)n1−ε + |wα,β |);
7 p◦← (i◦, j◦);
8 Sα,β ←max(i, j)∈Pα,β

min{i◦− i, j◦− j};
// Find the extension beyond the periodic region

9 if there is any p∗ = (i∗, j∗) ∈ Pα,β such that δ (p∗) = δ (p◦) then
10 Sα,β ←max{Sα,β ,Ds,s′.query(i∗, j∗)};
11 end
12 end

Theorem E.1.9. For ε ∈ (0, .5], there is an O(1)-round MPC algorithm that solves Longest

Common Substring (LCS) with Õ(n1+ε) total memory and Õ(n1−ε) memory per proces-

sor, w.h.p.

Proof. The algorithm starts by building the set of candidate pairs using an exhaustive

search on each µα,β in parallel. There are a collection of O(n2ε) machines {µα,β | 0 ≤

α,β < nε} each with memory O(n1−ε), which are initialized with the appropriate data

in the beginning. Recall the construction of µα,β machine from Section E.2. We al-

low each machine to have access to 3 subsequent blocks in each string additionally, i.e.,

{bα+1,bα+2,bα+3,b′β+1,b
′
β+2,b

′
β+3}, so that we can locally compute the set of candidate

pairs Pα,β in each machine µα,β (Line 3 of Algorithm 34 which follows the definition of

candidate pairs from Definition E.5). Note that if there are several candidate pairs with the

same offset, we keep the one with smallest i. Therefore, the total size of Pα,β is bounded

by O(n1−ε).
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The next step is to reduce the number of potential candidates in each machine to O(1),

which may count up to O(n1−ε) and in that case we need to make O(n1−ε) queries per

machine if we naively query each candidate pair.10 If the number of candidate pairs is

already O(1), we can query each candidate pair separately using an LCPQ oracle. As

mentioned before we initiate 3 instances of LCPQ oracle as the following which fit the

memory limits.


Ds,s← LCPInit(s,s)

Ds,s′ ← LCPInit(s,s′)

Ds′,s′ ← LCPInit(s′,s′)

We use Ds,s and Ds′,s′ for finding the borders of the periodic pattern in s and s′ respec-

tively, and Ds,s′ allows us to query the LCP of an individual candidate pair. According

to Lemma E.6.1, the subsequent blocks bα+1bα+2 and b′
β+1b′

β+2 are periodic with period

length

|wα,β |= gcd{δ (p1)−δ (p2) | p1, p2 ∈ Pα,β}.

Once we know the period length |wα,β |, we query Ds,s to find where the periodic pattern

ends in s, aka the first inconsistent character or i◦. We can pick any two pair of indices

with distance |wα,β | which both belong to bα+1bα+2, for example, (α +1)n1−ε and (α +

1)n1−ε + |wα,β |. Similarly, we find j◦ by querying Ds′,s′ , and let p◦ = (i◦, j◦). The LCP of

every candidate pair except one needs to end at either i◦ or j◦.

Note that a character within the periodic range never matches with a first inconsistent

character. Therefore, no candidate pair with an offset not equal to δ (p◦) can extend beyond

p◦. On the other hand, we know that every candidate pair p = (i, j) has an LCP which is at

10The LCPQ oracle actually supports O(n1−ε) queries per machine, however we minimize the number of
required queries anyways for more flexibility.
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least min{i◦− i, j◦− j} since the periodic pattern continues up to p◦. Thus, we don’t even

need to query Ds,s′ for almost all of the candidate pairs. However, if there is a candidate

pair p∗ = (i∗, j∗) so that δ (p∗) = δ (p◦), it may go beyond p◦ as long as the two strings

have the same inconsistent characters, i.e, si◦+1 = s′j◦+1,si◦+2 = s′j◦+2, . . .. Only for this

candidate pair, which is unique since we keep only one candidate if there were several with

the same offset initially, we make a query to Ds,s′ . Since we already have computed the

LCP of every pair i, j ∈ bα×b′
β

, we return the maximum LCP as the partial solution of this

pair of blocks LCSs,s′(bα ,b′β ).

The total number of queries we make to LCPQ oracles is bounded by O(n2ε), since

there are only O(1) LCP queries for each pair of blocks. Therefore, the total memory we

need for LCP data structures is bounded by O(n1+ε).

E.7 Suffix Tree in AMPC

We will now show that in the AMPC model, we are able to improve the total memory

of the suffix tree construction from MPC to Õ(n) memory. The main flexibility that AMPC

allows us from MPC is providing an O(n) shared memory in which we can preprocess the

input string s and answer O(n) LCP queries within Õ(n) space. In the preprocessing step,

for all indices i,0 ≤ i < n, we store hash(s[i : n)). Utilizing these partial hashes, we can

then find the hash of any interval in string s, and by performing a binary search on interval

length, we can find exactly the interval where two prefixes match in log(n) memory. The
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following algorithm performs such a recursive search.

Algorithm 35: LCP2Queries(i, j,o,k)

1 if hash(s[i : i+o)) = hash(s[ j : j+o)) then

2 if k = 1 or hash(s[i : i+o+1)) 6= hash(s[ j : j+o+1)) then

3 return o;

4 o← o+ dn− j
2k e;

5 LCP2Queries(i, j,o,k+1);

6 else

7 o← o−dn− j
2k e;

8 LCP2Queries(i, j,o,k+1);

Lemma E.7.1. For a preprocessed string s, given any indices i < j such that 0≤ i < j < |s|

and s[i] = s[ j], k = 1, and o = n− j as input, Algorithm 35 computes the LCP of two indices

in s in O(1) rounds and O(log2 n) total space with high probability.

Proof. Algorithm 35 is essentially performing a binary search on potential LCP lengths

until it finds the exact length of the longest common palindrome between two prefixes of s

starting at i and j. Therefore, we will prove the above claim by induction.

The algorithm ends in line 3 if the hash of the prefixes of s starting at i and starting at

j are equal and k = 1, which means the entire suffix starting at i is equal to the suffix at j.

If k = 1, then Algorithm 35 has just began and therefore o = n− j. Thus, if the hash of the

prefixes of s starting at i and j are equal up to o characters, then the prefixes are completely

equal up until the end of the string s and o is returned as the LCP length. Alternatively,

if the hash of the prefixes are equal up to o characters but not o+ 1, we also stop since

we’ve found the LCP. If LCP(i, j) = 1, we will eventually stop due to this second condition

since si = s j but si+1 6= s j+1 when k = logn. We will assume without loss of generality that

LCP(i, j)> 0, which is easily verifiable without the need for hashing.
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Assume that for the kth recursive call to Algorithm 35, the algorithm is correct. Con-

sider the (k+1)th call. If LCP(i, j)≥ o, then we find in step 1 that hash(s[i : i+o])=hash(s[ j :

j+o]) and call the algorithm again with o+d n− j
2k+1 e< o+dn− j

2k e. Similarly, if LCP(i, j)< o,

we call the algorithm again with o−d n− j
2k+1 e > o−dn− j

2k e. Since the algorithm was cor-

rect up to the kth recursive call, and we continue the search for the next smallest inter-

val in both cases, the algorithm continues correctly. In the case that LCP(i, j) = o, then

hash(s[i : i+o+1)) 6= hash(s[ j : j+o+1)) and we still stop at step 3 correctly and output

LCP(i, j) = 0.

This algorithm has log(n) recursive calls since k increases from 1 to at most log(n)

before terminating. Since this algorithm runs locally on a single processor and for suffi-

ciently large n, nε > log(n), then Algorithm 35 uses only O(1) rounds and requires O(logn)

space per LCP query. We gain an additional O(logn) space factor to guarantee a good hash

function with high probability.

With our updated LCP query algorithm and Lemma E.7.1, we have reduced the memory

requirements of the LCPQ oracle construction from O(n1+ε) in MPC to Õ(n) in AMPC

with O(1) rounds. We are also able to update the PivotFiltering parameters from Section

E.3 in AMPC to select n1−ε pivots at once rather than nε . With high probability, we will

then only need two rounds of pivot filtering to sort the suffixes. This change is seen in the

third parameter at step 12.

With the updated LCPQ oracle we therefore can use Algorithm 36 to construct the suffix

array π for a string s in O(1) rounds and Õ(n) memory since constructing the suffix array

requires O(n) queries per pivot sort and the LCPQ oracle requires O(log(n)) memory per

query. Furthermore, by Corollary E.3.2, we can construct the suffix tree in the same space

and rounds. Thus, we have our main AMPC result:

Theorem E.1.10. (Suffix Tree in AMPC). For ε ∈ (0,1], there is an O(1)-round AMPC
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Algorithm 36: SuffixArray(s)

1 Let `← d2
ε
e−1;

2 Let L0,L1,L2, . . . ,L` be a collection of lexicographically ordered bags of sets;
3 Add {1,2, . . . ,n} to L0;
4 Ds,s← LCPInit(s,s);
5 π ←{(i, i) | 0≤ i < n};
6 for 1≤ z≤ ` do
7 for 1≤ t ≤ |Lz| do
8 Let Ut = {ut,1,ut,2, . . . ,ut,k} be the t-th set in Lz ordered by the

lexicographical order;
9 if z = ` then

// We have k = O(nε/2).
10 SmallChunkSort(t,Ut ,π)

11 else
12 PivotFiltering

(
t,Ut ,O(n(1−ε)/2)

)
13 end
14 end
15 end
16 Relabel π so that the relative order of πi’s is preserved, and the range of π is [n];

algorithm for computing the suffix tree of a given string s with Õ(n) total memory and

Õ(n1−ε) memory per processor with high probability.
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