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Magnetic con nement fusion is a technique in which a strong magnetic eld is used to
contain a hot plasma, which enables nuclear fusion. In terms of overall energy ef ciency, the two
most promising magnetic con nement concepts are tokamaks (axisymmetric devices) and stel-
larators (nonaxisymmetric devices). The poweproduced by a magnetically con ned nuclear
fusion device is proportional t¥ 2B#, whereV is the volume of the device, is the plasma
pressure - magnetic pressure ratio, &ds the magnetic eld strength. Most tokamaks and
stellarators currently in operation are lowdevices. In general, there are three ways to increase
P, one may increase the operatingthe magnetic eld or the volume of the device. The cost
of these devices is proportional Yo, making large enough devices expensive. Similarly, a large
magnetic eld & 10T) requires superconducting magnets that, even after the recent innovations
in HTS (High-Temperature Superconductors), are expensive to manufacture. ldmhees are
an attractive idea to ef ciently produce fusion energy. However, a higjenerally also implies

a large gradient in plasma pressure that can be a source of numerous instabilities. If fusion de-



vices could be optimized against such instabilities, highperation would become an attractive
approach compared to high eld or large-volume reactors. Therefore, this thesis explores the
optimization of high- tokamak and stellarator equilibrium equilibria against linear instabilities.

We will start by investigating the stability of high-tokamaks and stellarator equilibria
against the in niten ideal ballooning mode, an important pressure-driven MHD instability. We
stabilize these equilibria against the ideal ballooning mode. To achieve this, we formulate a
gradient-based adjoint technique and demonstrate its speed and effectiveness by stabilizing these
equilibria. We also explain how this technique can be easily extended to Ideal-MHD modes
in both tokamaks and stellarators.

After demonstrating the adjoint technique for stabilizing against ideal MHD modes, we
rst analyze the kinetic stability of a sequence of axisymmetric equilibria. We study this by nu-
merically solving thef gyrokinetic model, a simpli ed version of the Vlasov-Maxwell model.
Since these kinetic instabilities are driven by temperature and density gradients, we explore them
by scanning multiple values of the plasmatemperature and density gradients, and plasma
boundary shapes, discovering interesting relationships between equilibrium-dependent quantities
and growth rates of these instabilities. We then repeat the same process for two recently pub-
lished stellarator equilibria with quasisymmetry — a favorable hidden symmetry in stellarators.
With this study, we verify that our observations from hightokamaks can be generalized to
guasisymmetric stellarators.

From our microstability study, we nd that electromagnetic effects are important for high-
devices. Hence, using the numerical tools and knowledge derived from the previous chapters we
build an optimization framework that searches for stable equilibria. Due to the similarity between

axisymmetry and quasisymmetry, we then use the microstability optimizer to search for ideally



and kinetically-stable, quasisymmetric, highstellarators.
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Chapter 1: Introduction

In this chapter, we provide a general overview of the ideas presented in this dissertation.
In 81.1, we will motivate the advantages of operating in the highegime. In the following
section, we will brie y explain a simple uid model known as ideal magnetohydrodynamics
(MHD), its properties, and how it is used to generate equilibria and evaluate their stability. In
the third section, we will explain a more complex model known as gyrokinetics, a kinetic theory
used to calculate the linear microstability of MHD equilibria. We will also explain why linear
gyrokinetic stability is important and how it is directly related to heat and particle losses from a
fusion device. In the last section, we will provide an overview of some of the open problems in

high- stability optimization and explain in detail the scope of this dissertation.

1.1 Motivation

Magnetic con nement is currently considered the most promising wiayo[ achieve the
United States' goal of building a pilot fusion power plant that generates net electricity before
2040 B]. The biggest joint international project, ITER][also plans to demonstrate net fusion
power gain using a magnetic con nement scheme. Most advanced fusion reactor designs today
are based on two main designs that use magnetic con nement: tokamaks and stellarators. These

devices work by using strong magnetic elds to keep a hot, dense plasma at their center. At high



plasma pressures and temperatures1(®K ) the ions overcome the repulsive Coulomb force

and fuse together to release energy. The fusion reaction for a Deuterium-Tritium plasma is

D+T ! He*3:5MeV) +n(1l4MeV); (1.1)

which combines the (charged) nuclei of deuterium and tritium and yields an alpha particle and
a fast neutron. Fast neutrons are then captured by a physical barrier (known as a neutron blan-
ket), and the resulting heat can be used to produce electricity. Fusion plasma comprises a high-
temperature ionized gas of charged particles. To be able to con ne these charged particles we
require a speci c topology of the magnetic eld. For example, simply closing the eld lines in

a loop, as in a Z-pinch will not con ne the particles, as they will drift perpendicular to the eld

line due to the curvature of the eld line as shown in gutel It was hypothesized by Andrei

Figure 1.1: This gure shows the trajectory of a positively charged particle in a divergence free
equilibrium eld B / 1=r, wherer is the radial distance from the center. The blue line repre-
sents a magnetic eld line. The particle drifts vertically upwards and is decon ned. A negatively
charged patrticle would drift downwards.

Sakharov 7] and Igor Tamm and independently by Lyman Spitzer§rthat to prevent particles
from drifting out of the machine, magnetic eld lines must twist in the form of a torus as shown

in gure 1.2 Once twisted, the particles following these eld lines, on average, have zero radial



displacemenrt The long way around the torus is called the toroidal direction, denoted by the

t=0.1s t=0.5s

Figure 1.2: This gure shows the trajectory of a particle at two different times in a an equilibrium
where magnetic eld lines lie on a toroidal surface. The particles is launched from the blue-
colored eld line. Due to the twist of the magnetic eld in thedirection, the particle is con ned

to the toroidal surface.

coordinate , while the short way round is called the poloidal direction, denoted by the coordi-
nate . The toroidal eld can be created by electromagnets. To create the poloidal eld, i.e., the
twist, one could induce a toroidal current throughout the plasma using a solenoid or break the
symmetry of the device in the toroidal direction, shaping the walls in such a way that they cause
the eld lines to twist without the help of a solenoid. The former idea, conceptualized by Tamm
and Sakharow]], is called a tokamak, and the latter idea, conceptualized by Spékes falled

a stellarator. The toroidal surface on which magnetic elds lie will be referred to as a ux surface.

Figurel.3shows the tokamak and stellarator equilibria that will be studied in chapter two of this

thesis.

INote that this is only true for passing particles, i.e., particles that move fast enough along a eld line to complete
a full toroidal turn. Particles that are trapped between two toroidal angles are eventually decon ned in an unoptimized
stellarator.
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The main difference between tokamaks and stellarators lies in their geometric shape. Toka-
maks are symmetric about a xed axis, whereas stellarators are not. The tokamak equilibria are
2D-axisymmetric, as they have a continuous symmetry in the toroidal direction, whereas stel-
larator equilibria are 3D. Note that, in general, stellarator equilibria have discrete symmetry in
the toroidal direction since one can always divide a stellarator toroidally into multiple identi-
cal segments. The number of identical segments in a stellarator is known as the eld period
nfp. Moreover, all the stellarator designs analyzed in this work have stellarator up-down sym-
metry —- at any point on the stellarat®(; ) = R( ; yandZ(; )= Z( ; ),
where(R; ; Z ) is the cylindrical coordinate system. However, if optimized, stellarators can also
achieve a continuous hidden symmetry known as quasisymmniéiry I], where the strength of
the magnetic eldB j does not change along the eld line with respect to one of the coordinates.
Quasisymmetry is a powerful favorable property because it ensures orbit con nement of both
trapped and passing particles, which helps improve energetic particle con nement, a major issue
in stellarators.

Since tokamaks require an internal current to twist the eld lines, they are vulnerable to
instabilities caused by that current. However, stellarators do not need a large internal current and
are usually free of current-driven instabilities. Another important difference is the design. As
tokamaks are axisymmetric, they are easier to build, whereas stellarator engineering designs are
more complicated]2, 13]. In this thesis, we will use two simpli ed models to study physics

problems that are common to both tokamaks and stellarators.



1.2 Two self-consistent models of fusion plasmas

The particle con nement model presented in the previous section to explain magnetic con-
nement is overly simplistic, as we assume that particles travel in a xed magnetic eld. How-
ever, in reality, there are enough charged particles in a fusion plasn0® m 3) to create
their own electromagnetic elds that can signi cantly alter their dynamics. To self-consistently
consider the effect of the elds on the particle and vice versa, we solve mathematical models that
vary in their levels of complexity and accuracy. In the following sections, we describe two such

models: ideal MHD and gyrokinetics.

1.2.1 Ideal MHD

One of the simplest models used to study a plasma is ideal MHD. This model assumes
that the plasma behaves like a single, perfectly-conducting, uid. The tokamak and stellarator
equilibria presented in guré.3are obtained by numerically solving the steady state ideal MHD
equations numerically. To assume that the plasma acts like a uid, ideal MHD assumes that the
plasma is strongly collisional. But even though ideal MHD is only valid in the limit of a highly
collisional plasma, we will use it to calculate steady-state tokamak and stellarator equilibria as
it will separate the non-ideal effects from our study. These non-ideal effects such as magnetic
islands, neutral beam injection, wave heating etc. are important but ignored in this work. The
most important property of the ideal MHD model is that plasma is perfectly con ned perpendic-
ular to a magnetic eld line. This is known as the “frozen-in” condition. Figliillustrates the

“frozen-in” condition.



(@) Initial state (b) Final state

Figure 1.4: This gure illustrates the “frozen-in” condition of ideal MHD. The tubes represent
magnetic eld lines containing plasma (colored purple). The “frozen-in” condition prohibits the
tubes from passing through each other. This topological constraint allows 3D toroidal equilibria
to retain their nested ux surface topology in gufe3. A short and intuitive derivation of the
“frozen-in” condition is given in chapted of Freidberg 1].

The existence of an MHD equilibrium does not guarantee its stability. Therefore, the next
step is to perform an ideal MHD stability analysis. There are multiple classes of ideal MHD
instabilities driven by pressure and currebd][ In this dissertation, we focus on an important
pressure-driven instability, called the in niteideal ballooning model5, 16]. For tokamaks,
the ideal ballooning mode sets a hard threshold on the plasntor stellarators, the stability
conditions of the ideal ballooning mode are closely correlated with a type of kinetic instability
called the kinetic ballooning mode (KBM). The KBM is thought to limit performance of stellara-
tors. Therefore, stabilizing the equilibria against the ideal MHD instability is an important step
before studying additional effects with more sophisticated models.

Ideal MHD is the simplest model to describe a fusion plasma. But due to its simplicity,
we miss a lot of important effects, especially the effects dependent on smaller length scales. In
a more general model of a fusion plasma, we must also include dynamics that occur at different

length and time scales, as shown in guré.
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Figure 1.5: This gure shows the disparate range of length and time scales that exist in a typical
nuclear fusion plasma. The length scales (from small to large) are: electron Debye length, elec-
tron gyroradius, ion gyroradius, reactor size and ion mean free path. The time scales (from short
to long) are: inverse electron plasma frequency, inverse electron cyclotron frequency, inverse ion
cyclotron frequency, inverse ion-sound frequency and the energy con nement time. The dynam-

ics at each scale along with the interaction between different scales makes this a truly multiscale
physics problem.

To account for the smaller-scale effects, we study kinetic models of fusion plasmas. One
of the most successful kinetic models in fusion plasma phy4didsthe gyrokinetic model. We

will present the details of this model in the next section.

1.2.2 The gyrokinetic model

One of the most general models used to study fusion plasmas is the gyrokinetic model. This
model, unlike ideal MHD, treats both ions and electrons as separate species represented by distri-
bution functions in velocity and con guration space. The gyrokinetic model is a simpli cation of
a fully kinetic model (6+1)D model (three con guration space dimensions, three velocity space
dimensions, and time), due to the fact that particles gyrate perpendicular to a eld lines much
faster and on much smaller scales than the time and length scales along a eld line. This allows
us to average over the gyration of the charged particles leaving us with a (5+1)D model (three
con guration space dimensions, two velocity space dimensions, and time). Hidlileistrates

8



the reason for reducing the velocity space dimension in a gyrokinetic model.

Sy

(a) A fully kinetic model (b) A gyrokinetic model
Figure 1.6: This gure illustrates the main idea of the gyrokinetic mode(a)pwe have a fully
kinetic model showing a charged particle rapidly gyrating about a magnetic eld line. The time
scale ( . 1) and length scale § on which the particle gyrates are much smaller that time and
length scale of its motion along the eld line. Due to the separation of these scal@s, ime

average over the fast gyromotion and replace the particle with a ring of charge moving along the
eld line.

Kinetic instabilities are not as deleterious as MHD instabilities, since they do not lead to
disruptions, but are directly related to anomalous/turbulent diffusion which signi cantly increases
the heat ux Q) and particle ux () out of the plasma. This reduces the plasma pressure
throughout the volume, reduces the output fusion energy, and reduces the device ef ciency. Once
an equilibrium has been optimized against MHD instabilities, the next step is usually to reduce
turbulent diffusion so that a steep pressure pro le can be maintained with practical heat sources.
Gyrokinetics has been remarkably successful in predicting the heat and particle transport for
realistic tokamaks and stellarators, especially in the core of a fusion pldsghaHowever, to
calculate these transport rates, we have to numerically solve the nonlinear gyrokinetic model,
which is computationally expensive and time consuming. The computational cost is even higher

for a general stellarator equilibrium because of its lack of continuous symmetry.
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In light of the cost of nonlinear analyses, one usually solves the linear gyrokinetic equation
and analyzes the growth rate spectrum; a measure of a linear instability for different modes of
perturbation of the equilibrium state. This is much faster and can be used as a proxy for nonlinear
heat and patrticle loss. For a growth ratealculated as a function of the uctuation wavenumber
ky, a simple random walk estimate of the diffusion coef cieh®] gives

D —; (1.2)

k2’

which means that, in general, low-wavenumber modes cause the most heat and particle fransport
Figurel.7illustrates the typical growth rate spectrum and the heat ux time trace that one obtains
from a gyrokinetic simulation. Note that the linear growth rates can be calculated with remarkable
precision and accuracy, but the non-linear heat ugealways have some statistical variation
that depends strongly on the domain size, initial conditions, velocity and con guration space

resolution and affects the precision@f

A A

> >
Ky i
(a) Growth rate spectrum (b) Heat ux time trace

Figure 1.7: This gure illustratega) a typical growth rate spectrum one obtains from solving
the linear gyrokinetic equation ar(th) the heat uxQ as a function of time for a particular
wavenumbeky. The red line marks the time averaged valu€of

Note that this is a qualitative estimate of the diffusion coef cient. One must always run the complete non-linear
solver to obtain the exact relationship diffusivity.
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1.3 Unsolved problems in stability optimization and scope of this work

Recent advances in stellarator optimization techniques and computational capabilities have
allowed physicists to nd new designs that have many favorable properties such as quasisymme-
try, low neoclassical transport, simpler coil shapes, reduced magnetic island widths, etc. These
developments have led to an increased interest in optimizing stellarators. However, only a few
recent publications have considered optimization against kinetic instabide&1, 22]. More-
over, there have been no studies that include all the kinetic effects such as self-consistent elec-
tromagnetic uctuations, particle collisions, nite velocity shear into account. Thus, as we move
towards the design of a realistic highstellarator, it is imperative to include a fully kinetic mi-
crostability analysis into the typical optimzation loop.

Moreover, these optimization tools can be easily extended to optimize tokamaks, and even
though the parameter space for tokamaks is much smaller due to axisymmetry, this could help
us learn more about stability of tokamaks and derive trends, which can then be extended to
stellarators. In the past, some optimization work has been performed againstideat MHD
modes but a freely available, general, MHD and kinetic optimizer does not exist. To that end, we
will present a framework for developing a general ideal MHD and kinetic stability optimizer for
tokmaks and stellarators.

In chapter2, we will explain in detail how to use the ideal MHD model to calculate a set
of 2D-axisymmetric and 3D equilibria. Next, we present a linear stability analysis, derive the
ideal MHD energy principle and describe how it gives instabilities with different toroidal mode
numbern, i.e., lown and highn modes. We will solve the in nitaa ideal ballooning equation

for the equilibria described in the previous sections. Using the self-adjoint property of ideal
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MHD, we then construct a technique to calculate the gradient of the growth rate and demonstrate
this technique by stabilizing equilibria against the in nitadeal ballooning mode.

In chapter3, we will linearize the complete electromagnetic, gyrokinetic model and solve
it for a set of high- tokamak and stellarator equilibria. For the tokamak equilibria, we will self-
consistently scan these equilibria in the temperature and density gradients to study the effect of
high- on their stability. We will also obtain equilibrium-dependent quantities that can be used to
explain the enhanced stability of highequilibria against electrostatic instabilities. We present
the analysis of the high-stellarator equilibria and explain how the stability trends are similar to
that of high- tokamaks.

In chapter4, we combine the tools used and our observations to study ideal MHD and
kinetic stability in the previous two chapters to create a general nitgtimization framework
that optimizes a high- equilibrium against various kinetic instabilities. We explain the details of
the optimzer and present some tests done with an axisymmetric hagjuslibrium obtained in

chapter3.
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Chapter 2. Ideal MHD stability analysis and optimization of higlequilibria

2.1 Overview

In this chapter, we will explain in detail the ideal MHD model. We will start by deriving
the steady-state ideal MHD force balance equation and show how it can be rewritten for a general
toroidal geometry. We will use a numerical solWMECto solve the force balance equation
for one 2D (axisymmetric) and two 3D equilibria. To infer the stability of these equilibria, we
will linearize the ideal MHD model and describe the stability problem as a variational principle
known as the energy principle. We will then explain useful properties of the energy principle and
categorize it based on the toroidal mode nunrtoer

To obtain the pressure gradient-driven instability known as the ideal ballooning mode, we
will simplify the energy principle in the limit of in nite toroidal mode number, explain how the
energy principle can be reduced to a simple ODE called the ideal ballooning equation, and argue
for the importance of stabilizing this mode in tokamaks and stellarators. We proceed to solve this
equation for the three equilibria described &1 Finally, using the self-adjoint property of
ideal MHD, we will explain the details of optimiziation of the three equilibria against the ideal

ballooning mode and explain how it can be extended to modes with lower mode numbers.
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2.2 ldeal MHD: Equilibrium

The simplest model that describes a hot plasma is ideal MHD. Ideal MHD assumes the
plasma to behave as a isentropic, perfectly conducting uid with a mass dengtgssurep,

owing with a ow velocity V immersed in a magnetic el& . The governing equations are

@ _n.
et " (V)=0; (2.1)
@ _ (r B) B,
@+V rv = rp+ - ; (2.2)
@ p P _q,.
ot tVr & =0 (2.3)
@B _ :
@—r (V. B); (2.4)
r B =0; (2.5)

where is the ratio of speci ¢ heat capacities. In a steady state, @e=(@t 0, with no equilib-
rium ow, we can rewrite the ideal MHD model as
(r B o) B 0 _ B o I B 0 B

r po = r — (2.6)

0 0

oN

o

r By=0; (2.7)

wherepg andB ( are the equilibrium pressure and magnetic eld vector, respectively. The steady-
state force balance equatidh ) represents a balance between plasma pressure, magnetic pres-

sure, and magnetic tension of the magnetic eld lines. The divergence-free con@itipis(an
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additional constraint that must be satis ed by the magnetic eld vector throughout the plasma.
For a general 3D geometry, this can be achieved by writing the magnetic eld in the Clebsch
form [23]

Bo=r ( I o (2.8)

The form in .8) is generally used for tokamak equilibria. For stellarators, we use the following
equivalent representation

Bo=r rog (2.9)

We will focus on solutions whose magnetic eld lines lie on closed nested toroidal surfaces,
known as ux surfaces. By taking the component 1) alongB o, we getBo r po = 0 which
givespo = po( ), i.e., each surface experiences constant plasma pressure. For tokamaks, we
label the ux surfaces with their enclosed poloidal ux, whereas for stellarators, we use the
enclosed toroidal ux . On each ux surface, lines of constant and s coincide with the
magnetic eld lines in tokamaks and stellarators, respectively. Thus, the variabéexl ¢ are
known as eld line labels.

To facilitate the calculation of various physical quantities from a general equilibrium solver,
we use multiple coordinate systems. The rst system we will use is the right-handed cylindri-
cal coordinate systerfR; ;Z ) whereR andZ are the radial and vertical distances from the
origin and is the azimuthal angle around the symmetry axis. We also de ne a curvilinear co-
ordinate system calleBEST [24] coordinatey ,; ; ) where , is the ux surface label,
is the cylindrical azimuthal angle andis the “straight- eld-line” poloidal angle43] such that

t = a( p)( o). Similarly, for 3D equilibria, we use the coordinate system; ) and

s ()X o). We illustrate the cylindrical and PEST coordinate systems in dufe
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(a) Cylindrical coordinates (b) PEST coordinates

Figure 2.1: This gure illustrates the two important coordinate systems used in this thegsiy —
shows the cylindrical coordinate syst€R; ; Z ) and the orientation of a tokamak inside it. The
center of the torus (marked with a red dot) is called the magnetic axib) e present the PEST
coordinate systerfi; ; ) at a constant-cross-section of the tokamak. The cross section shows
the constant- contours (in black) and open constantontours (in blue).

The pitch of the magnetic eld line on a ux surface is described by the safety factor

1 d 1 Bo I
OI()—() i, @) d d—Bor’ (2.10)

where , the rotational transform, is the inverse of the safety factor. For axisymmetric equilibria,

|
_ 1 BO r ]
qa )= 2) d Bor (2.11)

Using the Clebsch representation farg) or (2.9) for the magnetic eld, nding the equilibrium

involves solving a single vector equatiah ).

For axisymmetric devices2(6) can be further simpli ed. We can use the following form
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of the magnetic eld

B=r r o+ F( )r (2.12)

substitute it in the component of 2.6), and use the fac®@=@= 0 for all the equilibrium
guantities to obtain

Hence, for an axisymmetric systefm,= F( ). Next, we take a component d.¢) alongr

and simplify it to obtain the Grad-Shafrand4 26] equation

o, Ry Lpr - g 9. (2.14)

The Grad-Shafranov equation is a non-linear equation for the poloidal J(R; Z) that depends
on the pro les of pressurp( ) and current( ). For simple pro les ofp andF, (2.14) can
be solved analytically.

For a general 3D system, a reduction used to obtaib cannot be performed and the
two components4.6) must be soved simultaneously. An analytical equation does not exist for
a general 3D system. For stability analyses, solvihg)(is usually the most inexpensive step.
Therefore, throughout this work, we will use a general numerical equilibrium solver to 2o8ye (
for all the ideal MHD equilibria. In the following section, we explain how we use the numerical

solverVMEC to obtain both 2D-axisymmetric and 3D equilibria.

The main ideas of this work are independent of the equilibrium solver. Our technique will work with any other
equilibrium solver.
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2.2.1 Numerical equilibria

We generate numerical equilibria using the 3-D equilibrium cgtEC[27]. The code

works by minimizing the integral

St o dV; (2.15)

Kulsrud and Kruskal 28] have shown that minimizin§V, subject to various topological con-
straints such as existence of nested ux surfaces, constant pressure on each ux surface etc. is

equilivalent to solving the ideal MHD force balance equation

rp=j B: (2.16)

For our study, we used the xed-boundary modevdIEC The xed-boundary mode takes the
shape of the boundary surface denoted by the cylindrical coordiRgtasdZy, in terms of the

Fourier-decomposed poloidal { and toroidal () modes

X X
Ry = Ii?b(m;n)exp(i(m n);

X” X’“ (2.17)
Zp = Z’b(m;n)exp(i(m n)));

wherem andn are integers. We also providéMECwith the coef cients of the polynomials
representing the global radial pressps) and the rotational transforn{s) as a function of
the normalized toroidal uxs = = |, and the total toroidal ux () or poloidal ux ( p:)

enclosed by the boundary. The poloidal anglased byWMEG s related to the straight- eld-line
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by the following equation

= +( ;) (2.18)

where is a monotonic function calculated MMEC

For a given boundary shape, pressure, rotational transform, and enclosed toroidal ux,
xed-boundary VMECthen solves for the shapes of the ux surfaces to minimize the integral
in (2.15 on each surface for xe@ and subject to various topological constraints imposed by

the ideal MHD. In a more compact fortdMEGsolves
Rr)’}i'n WIR;Z; ; p;; (s=1)]; St.R(s=1)= Ry; Z(s=1)= Z: (2.19)

After running the code, we obtain the shape of the ux surfaces, the magnetic eld, and a set of
important physical quantities. The characteristic physical quantities that we will use in this work

are de ned below:
. R
* The total enclosed toroidal ux by the boundary = dVB r

. . pP— . .
« The normalizing magnetic el®y = ,=a3) whereay = A,= is the effective
minor radius and\, is the average area enclosed by the boundary, averaged éwe8D

equilibria,

» The ratio of the total plasma pressure to the magnetic pressure on the magnetic axis — the

ux correspongingtas =0, =2 op(s=0)=B3,

* The aspect ratid and the normalized minor radias of the device,

2 3=2
dR 1 dR

7z + 7 whereR and

» The radius of curvature of the bounddy( ) =

19



Z are the cylindrical coordinates used to parametrize the boundary,

R R
The volume-averaged, normalized plasma pressure=  dV = dV wheredV is the

differential volume element and=2 p=B?,

R
The total enclosed toroidal currgnt=j dV (j r )j,

R
The volume-averaged magnetic eiBi = dV B=VwheredV is the differential volume

element, and

R R
The mean rotational transforrr  ds = ds.

Using VMEC we generate three equilibria: an axisymmetric equilibrium with a DIlI-D-like
boundary shape2P] and two 3D equilibria: modi ed NCSX 30] and modi ed Henneberg-
QA [31]]. In the following sections, we provide important details for each of these equilibria.

In this study, the rst equilibrium that we choose is a highaxisymmetric, DIII-D-like
equilibrium with a negative triangularity boundary — a boundary that looks like an inverted-D.
Negative triangularity equilibria have previously been found to have enhanced con neadgnt [
while avoiding MHD-driven disruptions. Speci cally, we choose a negative triangularity equi-
librium from [32] where has been shown to be unstable against the ideal ballooning mode. The
input pressure, the rotational transform, and the boundary shape pro le for this equilibrium are
shown in gure2.2 With this equilibrium as an initial state, we run our ideal ballooning stability
optimization to nd a stable equilibrium.

The optimizer sometimes tends to nd solutions that are ideal MHD stable in a trivial man-
ner. For example, the optimizer may give us a large aspect ratio causingdhgecrease such

that it stabilizes pressure-driven instabilities. Sometimes, it may reduce the enclosed toroidal
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Figure 2.2: This gure plots the inputs to thMdMIEG:ode for the DIII-D-like design: the pressure,
rotational transform as a function of the normalized toroidal sixand cross-section of the
boundary.

current to eliminate current-driven instabilities. To avoid these trivial solutions, we have to im-
pose additional constraints on important characteristic physical quantities to prevent them from
changing signi cantly. The values of the relevant physical quantities for this equilibrium are

provided in table2.1. The second equilibrium we select is the 3D equilibrium for the NCSX

(%) | hi(%) | ] (MA) | RBi (T) A |an(m) | Lers(Tm?)

14 76 0:616 | 0:677 | 0:568| 242 | 0:68 1.0

Table 2.1: This table shows the values of relevant physical quantities for the DIII-D like equilib-
rium.

design BO, 33]. The pressure, rotational transform, and boundary shape pro le for this equilib-
rium are shown in gure2.3. In tokamaks, magnetic eld lines are twisted through an internal
toroidal plasma currerjt . On the other hand, in stellarators, the eldlines are twisted using a
non-axisymmetric boundary shape instead of inducing an internal plasma current. The 3D bound-
ary shape alleviates the need for an internal current and eliminates the typical current-driven

instabilities known to cause some disruptions in tokamaks. However, because of neoclassical
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effects B4, 35], stellarator equilibria can still generate toroidal current. To completely eliminate
the need for external current drive (to reduce the internal current, for example), one must ensure
that the neoclassically-induced “bootstrap” curresfi] [is self-consistent with the 3D equilib-

rium. Since we are not optimizing for a self-consistent bootstrap current, it is essential to ensure
that the toroidal current does not have a large valua@V A). Therefore, we include additional
constraints in our optimizer to prevent large changes in the toroidal current and other important

guantities. The values of these equilibrium-dependent quantities are presented fhZzable

0.6
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~ 0.60 021
<0. '
£ 0.06 0.55 N 00 |
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=0.04 0.50 —0.2 |
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0.00 0.40 —061 ‘ ‘
00 02 04 06 08 1.0 00 02 04 06 08 1.0 10 14 18
S s R
(a) Pressure (b) Rotational transform (c) Cross-section

Figure 2.3: This gure plots the inputs to thRéMECcode for the modi ef NCSX design: the
pressure, rotational transform as a function of the normalized toroidas, axd cross-section of
the boundary. Notice the large negative shear @ntil 0:85.

ax(%) | h 1(%) || (MA) | 1Bi (T) A | ay(m) | Lers(Tm?)
9:38 514 | 0174 | 159 | 0:55|4:36| 0:32 0:514

Table 2.2: This table shows the values of important physical quantities for the modi ed NCSX
equilibrium.

The nal equilibrium we study is the modi ed Henneberg-QA desigi][ This equilib-
rium is also designed to have quasisymmetry for a wide variety of pressure pro les. The pressure,

rotaional transform and boundary shape pro le for this equilibrium are shown in gute
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ax(%) | hi(%) | ] (MA) | hBi(T) A | ay(m) | Lces(Tm?)
4:5 2:4 0:235 2:5 0:263| 3:37| 0:60 2:67

Table 2.3: This table presents values of relevant physical quantities for the modi ed Henneberg-
QA design.

0.14 10/
$.0.10 05
£ 0.08 0.241
> - N 0.0
<0.06 0.22 |
<0.04 -05 1
~0.02 0.20 1
’ -1.0
0.00 018 |
00 02 04 06 08 1.0 00 02 04 06 08 10
S S
(a) Pressure (b) Rotational transform (c) Cross-section

Figure 2.4: This gure plots the inputs to thtMEQode for the modi ed Henneberg-QA design:
the pressure, rotational transform as a function of the normalized toroidal axd cross-section
of the boundary. Notice the large negative shear in the inner-core region.

For reasons explained in the previous section, we will impose additional constraints on
some of the physical quantities. The values of these equilibrium-dependent parameters that we
will use as constraints inZ4 are presented in tabi3.

The existence of an MHD equilibrium does not guarantee its stability. Therefore, the next
natural step is to perform stability analyses of the three ideal MHD equilibria calculated in this

section. We explain our approach and then present our stability analyses in the next section.

2.3 Ideal MHD: Stability

In this section, we will explain how to formulate and analyze the stability of an ideal MHD

equilibrium. We will linearize the ideal MHD model about an equilibrium state, subject to an in-
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nitesimal displacement of magnetic eld lines. We will show that this linearized model gives us
a single equation governed by a linear (force) operator and how it can be reduced to a variational
principle known as the ideal MHD energy principted]. We will then explain how the energy
principle can be simpli ed in the limit of radially localized modes, which gives us a pressure-
driven instability, known as the ideal ballooning mode.

To derive the linearized stability equations, we will closely follow cha@esf Freid-
berg [L]. We start by using the ideal MHD equatiors 1)-(2.7), assuming no equilibrium ow
Vo = 0 and equilibrium plasma density and pressure that only depend on the enclosedlmx
steady-state equilibriun@=@t0 which reduces the model to the force balance equafdi). (

We subject the steady state, no- ow ideal MHD system to an in nitesimal perturbation of

a magnetic eld line of the following form

X _
r;t) = (r)€e" (2.20)

summed over different frequencikes Upon subjecting the system to this perturbation, we obtain

the perturbed physical quantities

= ol )+ 1 (2.21)

Vo= Vi (2.22)
P=po( )+ Py; (2.23)
B=Bo+ By (2.24)

where 1= ¢ pP1=p | B1j9Bj. Due to the frozen-in condition of ideal MHD, the motion of
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the uid and the eld line are identical. Hence, we can argue ¥iat @=@t i! . Using this
fact, we can linearize and simplify the MHD equations so that we are left with a single eigenvalue

equation for

r (  ( Bo)l Bo

0 (2.25)
(r Bo (r ( B,

125 =1 ( rpo+ polr )+

The left-hand-side of4.25 denotes the kinetic energy of the plasma due to the perturbation
whereas the right-hand-side denotes the stored potential energy. The right sidebpis(also
known as the ideal MHD force operateq ].

It is often convenient and useful to write the eigenvalue equafiazby in the form of a
variational principle. Multiplying 2.25 by =2 on both sides and integrating over the whole
volume, we obtain

Z Y4

% dv ! 3 j?= dv.  F[ ] (2.26)

NI =

Assuming that the boundary is a perfectly conducting wall containing the plasma, the frozen-in
condition constrains to be such that 1t} = 0, wherert is the normal unit vector of the wall.
Using the perfectly conducting-wall boundary condition, integration by parts, and the self-adjoint

property ofF[ ], we can show that

y y
dv. F[]= dv F[ ] (2.27)

This implies that the eigenvalue! 2 of an ideal MHD instability must be a real number. There-
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fore, the perturbation, will either be purely oscillating, i.€.2 > 0or purely decaying / growing,
i.e. I 2 < 0. We ignore the decaying mode, since the purely growing mode typically limits the

lifetime of the con guration. The right side o2(26) can be de nes a functionalV :

z
WI; ] % v F[I: (2.28)

Physically, the sign ofW , which is the same as the sign of the eigenvalu€’, determines
whether an ideal MHD equilibrium is stable or unstable. This is knowns as the ideal MHD

energy principle. Figur@.5 presents an intuitive illustration of the energy principle.

[ ]
/‘\ v
W<0 W>0 W=0
Figure 2.5: This gure illustrates the main idea of the ideal MHD energy principle. For a given
equilibrium, if a perturbation makesW < 0, the equilibrium unstable to that perturbation. If

makesW > 0, the equilibrium is stable to that perturbation. FinallyWw = 0, the equilibrium
is marginally stable.

The self-adjoint property of the force operator and its variational form will be the basis
for an adjoint-based method i28.3 To further analyze the stability of an MHD equilibrium
against a particular mode, it is useful to separate the components of the perturbatiomo
different directions

(r)= «bo+ »: (2.29)

In total, there are three components qfi.e., three unknowns. Substituting this form of
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into (2.29, using the divergence theorem,

z Z
dvr X = dSh X (2.30)

and applying the perfectly conducting-wall boundary condition, we can expand the energy inte-

gral [1, 36] into a different form

Z
sz_lo dv jlbo r (> Bo) bo?+B3r ,+2 5 (by r by)j?

oPoir % 20( 2 rpo)( » (bo r bp)) (2.31)

olbo (r Bo) » bo (bo r (> Bo)] bo)

Next, we argue that the most virulent ideal MHD modes are incompressible. The only term that
hasr in (2.3)) is positive de nite — positive de nite terms can only increa¥¢ and hence
stabilize an equilibrium. To enforce incompressibility, ire., = 0, we can replace all instances

ofr y ¢k with r » which reduces the number of unknown componentsfobm three to two.

We also note that note is thal/ < 0 only due to the last two terms i2 31). The penultimate

term corresponds to pressure-induced instabilities, while the last term causes current-induced
instabilities.

Furthermore, we use the periodicity of the perturbationsamd , to write

wherem is the poloidal mode numben is the toroidal mode number ands the rotational

transform. The perturbations can be further categorized on the basis of the toroidal mode number
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n; large scale instabilities are characterized by lowiodes whereas small scale instabilities are
categorized by higm modes. In the following section, we will brie y explain the details of a

low-n solver.

2.3.1 Lowhn modes

In this section, we will brie y describe the process of solvirggdh) in the limit of a small
toroidal mode numben. These are large-scale modes that are predominantly destabilized by
the equilibrium parallel current. To obtain the governing equation, the Fourier-transfosmied
substituted into the energy integr&V [ m.n; m:n] to simplify the variational equation

R
12 = d}é‘ W[ mn; mnl,
' dV j mnj?

(2.33)

to an Euler-Lagrange equation to nd the minimum (the least stable) eigenvdléde To avoid
confusion related to the sign of the eigenvalue, we ddre ! 2asthe eigenvalue. For low-
n modes, we cannot simplify the energy integral any further and have to solve the non-linear
variational eigenvalue problem with quadratic nonlinearity isubject to boundary conditions
at = 0; p. One usually chooses a Dirichlet boundary condition on the magnetic axis, i.e.,
mn( = 0) =0 . For a conducting wall, we can also impose a Dirichlet condition at .

To numerically solveZ.33, we pick a set of lona mode$ and scan multiple values of
the poloidal mode numben and discretize the energy integral so that the problem takes the
following form

AX = bBx; (2.34)

2For a general 3D problem, the toroidal modes will be coupled due to the discrete nature of toroidal symmetry.
The set of mode numbers will depend on the eld penidgd and the rotational transform
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whereX comprises various Fourier modes of the perturbation. Note that due to the non-linear
nature of the energy integral and the discrete symmetry of 3D equilibria, one has to take into ac-
count the coupling between various toroidal modes of the perturbatigrand include groups of
higher-order(m; n) modes before obtainin@(34). This makes the matriA sparse but banded.
However, both matrice& andB are real and symmetric, therefore, self-adjoint.

Currently, there are various codes suchT&RPSICHORH37] and CAS-3D [38] that
analyze lown stability for 3D equilibria andSATOQ[39] and ELITE [40] for 2D axisymmetric
equilibria. However, performing an optimization with these codes can be computationally expen-
sive to run. We will not analyze our equilibria for lowstability in this paper. However, we can
use the self-adjoint property of these equations to formulate a faster method to optimize against

all low-n instabilities, brie y described in appendix.4.

2.3.2 The in niten, ideal ballooning mode

In this section, we will investigate the stability of the equilibria generated in the previous
sections to the in niten ideal ballooning mode. We will start by explaining the mathematical
and physical details of the ballooning mode. Next, we will explain how to solve this equation nu-
merically. Finally, we explain properties of the ballooning equation that we will use to formulate

an optimizer in the next section.

2.3.2.1 Physical and mathematical description

One of the most important MHD instabilities for us to investigate is the ideal ballooning

instability [41] — a eld-aligned, pressure-driven Alen wave that grows when the destabilizing
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pressure gradient in the region of “bad” curvature exceeds the stabilizing effect of eld line
bending. The region of “bad” curvature is that region of a ux surface wifere b) r p> 0O,

such that the eld line curvature is in the same direction as the plasma pressure gradient. For
most tokamak equilibria, this region lies on the outboard side.

The equation governing the ideal ballooning mode can be obtained by minimizing the ideal
MHD energy integral14] for incompressible modes in the limit of a large toroidal mode number.
Doing so gives us a differential equation that determiethe radial displacement of the plasma.

To ensure that the displacemefitsatis es the periodicity condition on the surface of interest and

the surrounding surfaces, one uses the ballooning transformation
X = X( 2N)ent a o 2N N2 7: (2.35)

subject to the condition

lim X(;; 0)=0; (2.36)

and solves foiX. The variablen is the toroidal mode number, is the ballooning paramefer
and the rest of the terms are de ned i8.8 Upon minimizing the ideal-MHD energy integral
and using the ballooning transformation, one obtains the ideal ballooning equigj@ri]

1@ jr P&k d(_op) B2 R [
i@ JB’@ +2 o g B r p+? r X= 1 52 X; (2.37)
where is the plasma mass density afid= X ( ; ; o) is the eigenfunction in ballooning space

3In the context of in niten ideal ballooning mode analyses, there is a value of the ballooning parargeter
which the ballooning mode is the least stable. To nd this value, one treaés a parameter and scans over its
values to nd the , for which! 2 is the smallest.
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and ! ?is the eigenvalue. The ballooning equation balances the stabilizing eld-line bending
term and destabilizing pressure gradient with the inertia of the resultin@AMwave, oscillating
with a frequency . Note that 2.37) depends on ( ,) only as a parameter and we can compute
the coef cients from the on-surface equilibrium quantities and their rst derivatives. Therefore,
it is possible to study the ballooning stability of the local equilibria that we chos2.ih B
Due to the self-adjoint nature of ideal-MHD, all the eigenvalues 6f equation 2.37) will
be real numbers. Henck,will be either purely real, an oscillating mode or purely imaginary,
a growing mode. We refer to the oscillating modes as stable, and growing modes as unstable.

Before solving 2.37) numerically, we normalize and write the ballooning equation on a eldline

(xed ¢)as
dig‘?j_% +c ¥ = bl (2.38)
where
_ ir ol
g=(b r )—B:BN ;
2 d( Op:Bﬁ) 2 0p+ 82
c= B rn —f/)m— I'n ¢t ;
B 2B2
( r N ) d N . S N (239)
f= rn~ t° .
(B=Bn)?’
lay 2 B
b- AN = N _.
Va 7 Va 194:,

wherev, is the Alfven speed. The normalizing magnetic e, and the normalizing lengidy
are de ned in 8.2.1 The ideal ballooning equation is numerically solved subject to the boundary

conditions

R( = b ¢ o=0: (2.40)
where 4, is a nite user-selected value that determines the extent of the eigenfunction in the
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ballooning space. In the next section, we present the numerical procedure used to solve the ideal

ballooning equation.

2.3.2.2 Numerical implementation and eigenvalues of the selected equilibria

In this section, we will brie y discuss the numerical technique used to solve the ballooning
equation 2.38. Our numerical technique is identical to that used by Sanehat [42] in their
ballooning solvelCOBRAVMEG@\fter brie y explaining the details of our solver, we present the
maximum eigenvalue as a function of the normalized toroidal sufor the three equilibria we
presented in3.2.1

The ideal ballooning equation is a second-order ordinary differential equation with real-
valued coef cients. This eigenvalue equation is discretized using a second-order accurate, central-

nite-difference scheme

R R) SRS

Gj+1=2 O = + (Cj bfj ))bj =0; J =0:::N 1 (241)

whereN is an odd number of uniformly spaced points in the ballooning spac2,[ ,; ]

and = ;4 ;. First-order derivatives are evaluated at half pojnts1=2;j  3=2instead

of grid points to ensure numerical stability. The boundary conditions satis ed by the discrete
equations ar, = ¥y = 0. Fora xed poloidal and toroidal resolution, the time taken by our
solver is proportional to,. Therefore, it is important to nd the right balance between speed and
accuracy. Throughout this work, we chose the domain ligit 5 for all calculations, as we
found it to be a suf cient range to capture the ballooning eigenfunction. We observed that the

values , > 5 made a relatively small difference from the value obtaineB.dfhe discrete set

32



of equationsZ.41) is written in the form of a matrix equation

AR = b (2.42)

where the exact matriR is provided in appendi®.1. We then solve4.42 to nd the largest
eigenvalue using an Arnoldi iterative scheme usingsttipy.linalg.eigs solver inPython
and re ne the accuracy of the largest eigenvalue in the grid spacingsing variational re ne-
ment where the derivativé®=d is calculated using a fourth-order accurate nite difference
scheme and the integral is performed using a fourth-order accurate Simpson'é=Rilkelle)
with scipy.integrate.simps 4. Note that we only solve for and re ne the largest eigen-
value of £.38 and not the entire eigenvalue spectrum.

An alternate technique that can be used to speed up the eigenvalue calculation, the Homo-
topy Analysis method, is also described in Appendli%. It is a semi-analytical method that has
the advantage of being free from any noise unlike the nite-difference method that we shall use

in this chapter.

2.3.2.3 Properties of the ideal ballooning equation

The ideal ballooning equatio2 38 is a linear equation that can be written as

LX = b, (2.43)

40ur Python code is freely available @t
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where the linear operator

| =

d d.
d 9

=0

: (2.44)

and the coef cientgy; ¢; f are real-valued functions along a eld line. Mathematically, the solu-

tions of .43 form the basis of a Hilbert space equipped with the following inner product

Z 1
he,: ,i = d 0,0, (2.45)

1

and are square integrable, i Wi< 1 . Duetothe self-adjoint nature of ideal MHD][ for

solutions®; and®, of equation 2.43 the operatot. satis es the following property
hLR,; 0,0 = hR;; LR, (2.46)

where we have used the boundary condition ; )bl =1lim 4 )bz = 0. Using .46, one
can show that all eigenvalu@s(2.37) will be real numbers. Therefore,= iIO b will be purely
real, an oscillating mode, or purely imaginary, a growing mode. We refer to oscillating modes
as stable and to growing modes as unstable. We will use this proper®y3r8%€ formulate an
adjoint method, a technique that can speed up the calculation of the gradﬂm};mﬁn each ux

surface.

2.3.3 Leveraging the self-adjoint property to formulate an optimizer

In this section, we derive and explain the process of calculating the gradients of the ideal
ballooning eigenvalu@ on each surface that would help us nd the maximum eigenvﬁl%e

using an adjoint method. We then elucidate how it is faster than the conventional gradient-based
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method and illustrate this by plotting gradients from a typical optimization run and calculating
the speed-up.

To nd b, on each ux surface, we need the gradient of the eigenvalue of a general
functionH such thaH is maximized if and only iP=D_.. Mathematically, this problem can

be de ned in general as
maxH(t? e; b); s.t. G(t? X e p) L % b®-=0; (2.47)

whereb is the eigenvalue)b is the eigenfunctiong is the state vector that contains all the
equilibrium parameters such as the boundary shape andptiode andp = ( ¢; o) is a vector
that contains the parameters of the ideal ballooning equatios an objective function, an@is
the ideal ballooning operator. To maximikeon a ux surface for a given equilibrium, i.e., for

a xed e, we need the gradient

dH

@
B D, (2.48)

@,
@

gle

The most expensive term to calculate 248 is the gradient of the eigenvalue To obtain that,

we take the derivative of the opera®mith respect to ° for a xed g

CP_CER, G

@D @FR@ @y

SNote that the derivative of an eigenvalue is only well-de ned when the eigenvlaue is isolated. Optimization
problems with stringent penalty terms can lead the optimizer to points with multipl&sly [

(2.49)
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This equation can be explicitly written with the help @t44)

(L b)%+ @ p. (2.50)

@y, _
Cp- =

@

To simplify (2.50 further, we multiply it by the eigenfunctio)b and integrate it throughout the
domain 2 [ ; p]. Upon doing that, we use the self-adjoint prope&y@ and work through

the algebra (given in appendix?2) to obtain the adjoint relation

° @y, @ @ > b @ pi2
@_ i @’J)bjo @ d @)J)bj : (2.51)
@ T d 02 ' '

To obtain @@b using a central nite difference scheme, one has to solve the ideal balloon-
ing equation2ny = 4 times at each optimization step, whetg is the length of the vectap.
However, using the adjoint relatio2.61), we only have to solve it once per optimization step,

as long as we can calculate the gradients of geometry-related quagtitiesndf four times.

Since gradients afj; c;f can be calculated roughly two orders of magnitude faster than solving
the ideal ballooning equation, we speed up the gradient calculation by approximately a factor of
four. Therefore, we use the adjoint relatidh2) to calculate the gradient & In this study, we
choose

H® g p)= B (2.52)
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Applying this fact to .48 and using 2.57),

b @. @d)bz @.
iz X 27T b= ivpi2
H_ @ _ . @DJJD @ d @ (2.53)
db ~ @ RN JE ' '

This relation gives us the derivative of the ballooning objective function at any pairtt ¢; o).
Note that in this work we will use53 to nd bmax on a ux surface. However, this method
is valid and, under appropriate conditions, can be extended to the equilibrium paraendtbes
details of the extended adjoint method are given in appefdix
In the next section, we present data and explain the advantages of adjoint methods over the

regular nite-difference-based method to calculate the gradier@%g(f.

2.3.3.1 Comparing adjoint gradients with a nite difference method

In this section, we will rst compare the values of the gradient@,qu from the adjoint
method with their values obtained using a central- nite difference method. We take a typical
optimization loop in the modi ed NCSX case and show a gradient comparison in gue
As you can see, the gradients obtained using an adjoint method match well with the gradients

obtained with a nite-difference method.
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Figure 2.6: In this gure we presena] comparison between the gradients of eigenv&‘lqe:
@@ , andd 0 = @@ , obtained using a nite difference scheme against ones obtained using
an adjoint method. The quantitier is the number of iterations taken by the local optimizer on a
ux surface before ndingbmax. The gradients match well for around four orders of magnitude.
The discrepancy between the adjoint and nite differehc[eis due to the nite resolution of the
VMEQun. In gure (b), we illustrate the the different grids used to calculate the gradient of the
eigenvaluep on a ux surface. A nite difference scheme requires four points whereas an adjoint
method only requires one point. This gives us a four times speed-up.

To show the computational speedup, we also compare the time taken by an adjoint method
with the regular nite-difference-based method. For the thirty iterations shown in gui@),
the adjoint method was abodtimes faster than the nite difference method. Indeed, the most
expensive part of the gradient calculation is the ballooning solver. As shown in the illustration
in gure 2.6(b), for a second-order accurate central-difference scheme, an adjoint method only

needs a single call to the ballooning solver, whereas the nite difference solver needs four. In

principle, a speed-up factor of up 4sshould be possible.

2.3.4 Details of the optimization process

In this section, we will explain the optimization process to nd equilibria that are sta-
ble against the ideal ballooning mode. 18.8.4.1 we describe the process of using an adjoint
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method to nd the maximum growth rafé‘max on each ux surface. In8.3.4.2 we then explain
how we uséf’max and other penalty terms to construct the overall objective funétiofrinally,
in 82.3.4.3 we explain how we search for ballooning stable equilibria while minimiEngsing

the SIMSOPTframework.

2.3.4.1 Findind’max 0N each ux surface

To calculate the ballooning objective function we nd the maxim@ion each ux surface.
To do that, we solve2.38 on several ux surfaces, multiple eld lines on each surface, and
numerous values of, on each eld line. We calculat@max onns = 16 ux surfaces for each
equilibrium. For the 3D equilibria, we scan, =42 eldlinesintherange { =[ ; ). Since
all eld lines are identical in a 2D axisymmetric equilibrium, we scan only one eld line, i.e.,
n =1 for the 2D equilibrium. On each eld line, we scan, = 21 values of 4 in the range
o=[ =2, =2). The maximun® from a coarse grid scan gives us a value close to the global
maximum. From the maximur of the coarse grid, we launch a local gradient-based optimizer

to nd the global maximum eigenvalue. This process is explained using the illustiation
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Figure 2.7: This gure shows the typical process of nding the globally maximum eigenvalue
bmax on the ux surfaces = 0:77. We start by rst nding the maximun® on discrete grid of

. and o. From the maximum discref we search for the global maximum eigenvalue using a
It())cal optimizer. In the inset, we show the approximate path taken by the optimizer to reach the

max -

Using this process, we obtalr’hmX as a function of the normalized toroidal ux Fig-

ure2.8shows the plot obmax againsts for the three chosen equilibria.
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Figure 2.8: This gure shows the plots Bfax against the normalized toipi(_jal uxfor the three

chosen equilibria. Note that the ideal ballooning growth ratg=v) = b so bmax = 0:008
corresponds to the normalized growth rag =va = 0:09which is not a small value.

For each new equilibrium, on aik = 16 ux surfaces, the local optimizer takes an average
of 20 iterations to ndPn.. Moreover, as described in gure.g(b), at each step, the use of a
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nite difference method require4 evaluations of the eigenvaldib This means that on average,
we have to call the ballooning solveé280(16 20 4)times. Thisis a computationally expensive

step that we speed up using our adjoint-based method.

2.3.4.2 Finding ballooning-stable equilibria

Once we have founBna, We seek an equilibrium stable to the ideal ballooning mode by
minimizing bmax on each ux surface. To do so, we need to de ne an objective function that
depends 0®max SUCh that minimizing the objective function should allow us to achieve a stable
equilibrium. Moreover, during optimization, once a ux surface is stabilized against the ideal
ballooning mode, our objective function should ignore that particular surface. This would be
useful as we do not want to penalize a stable equilibrium. To this end, we design the following
ideal ballooning objective function

NS

fpan = ReI-U(bmax;j bth §] ) (2.54)
j=1

wherensis the total number of surfaces and

is the Recti ed Linear Unit operator — an operator that sets all the non-positive values to zero
and bm j Is the threshold below which we declare a surface ideal ballooning-stable. The value

b,- = 0 on thej ! surface implies marginal stability but we cho&;@;j = 0:0001to ensure that
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all the surfaces are slightly away from marginal ideal ballooning stability. An equilibrium is ideal
ballooning stable if ,5; = 0.

It is also important to prevent the optimizer from minimizifyg, in a trivial manner. For
example, for 2D equilibria, going to a larger aspect ratio value stabilizes the ideal ballooning
mode. For 3D equilibria, the optimizer can sometimes reduce the minor radius, which, for a
xed toroidal ux, causes the magnetic eld to increase. This lowers the overahd conse-
guently the unstable curvature drive term. Similarly, if we allow rotational transforms to increase
freely, the optimizer can sometimes create large gradientsgenerating large currents which
is suboptimal. To avoid achieving such trivial solutions and uninteresting equilibria, we add a

combination of squares of the following penalty terms to the optimizer:
1. fasp = (A Ap) to penalize any deviation from the aspect ratio of the initial equilibrium,

2. Tminr = (ay ayo) to penalize any deviation from the minor radius of the initial equilib-

rium,

3. figi = (MBI h Biy) to penalize any deviation of the volume-averaged magnetic eld from

its value in the initial equilibrium,

R
4. fr. = d ReLU( R() whereR; is the radius of curvature of the boundary. This term

c

penalizes any boundary shapes that are curved into the plasma,
5. f =( o) Where and g to penalize deviation of the mean rotational transform,

6. G = ReLU( ) where 4 is some threshold value ofand

\‘

. G =ReLU(j.n ] )wherg .y is some threshold value of the enclosed toroidal current.
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Using the ballooning objective functio2.64) and one or more of the penalty terms described
above, we can get the overall objective functi®n Given a vector of input parameteps our
goal is to solve

mpin F (p): (2.55)

and select equilibria for whichyy = 0. We achieve this with the help of tf&MSOPT[44]

package. The implementation details of the optimization are described in the next subsection.

2.3.4.3 Optimization with th&IMSOPpackage

In this subsection, we discuss the implementation-related details of an adjoint ballooning
solver with theSIMSOPT[44] package. First, we brie y explain how an optimization problem
can be solved usin§IMSOPT Next, we go into the details of how we solve the ideal ballooning
optimization and how the use of an adjoint method can speed up this process.

TheSIMSOPTpackage is a optimization framework containing a suite of codes that, along
with the VMECcode, have been used to optimize 3D equilibria for various properties like en-
ergetic fast-particle con nement, quasisymmetry, simpler magnetic coil geometry, neoclassical
transport, etc. The user speci es the input parameters (also referred to as Degrees of Freedom
(Dofs)) and the objective functidh andSIMSOPTcan perform a gradient-based or gradient-free
nonlinear least squares optimization.

As an example, let us construct an optimization problem to stabilize an equilibrium while
penalizing the change in the aspect ratio and the minor radius of the boundary

F=f2 +f2., +f5: (2.56)

asp minr
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To do so, we use gradient-based optimizatiorSIMSOPT, where one calculate® =@ to

update the parameter vector at tHeiteration,p; as

@

o (2.57)

pi«1 =F pi;

This is done until the optimizer reaches a local minima, i.e., a region in the parameter space where
@ =@ = 0 or the relative change in the gradient is small enough. Typically, one has to evaluate
the gradient oF hundreds of times during an optimization loop before nding a local minimum.

In this study, evaluatindj,y is the most expensive step. Because the speed of the optimization
is limited by the rate at which we can compiitg,, we have used an adjoint method to calculate

b, ..ax Which gives ug .

2.4 Results

In this section, we present the results of our study. 28, we compare the initial and
optimized 2D axisymmetric equilibrium. In 88.2and2.4.3 we do the same for the modi ed
NCSX and modi ed Henneberg-QA equilibria, respectively. In addition, we also compare the

values of relevant physical quantities in the initial and optimized equilibria.

2.4.1 Stabilizing the DIII-D-like equilibrium

For the 2D axisymmetric case, we start with a higlkquilibrium with a negative triangu-
larity boundary. Due to axisymmetry, the 2D boundary does not depend on the toroidal angle
i.e.,n =0 in (2.17). Therefore, the number of modes needed to specify a 2D boundary is much
lower than that for a typical 3D boundary. In this problem, we pick the six largest Fourier modes
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as our Dofs:li?b(o; 1); #?b(o; 2); be(o; 3); @b(O; 1); Z)b(o; 3); Z)b(o; 5). The full objective function
is

F=flp+ TR+ fan + fiai + fhas (2.58)

asp minr

where all terms excepit,y are penalty terms to prevent the optimizer from producing a trivial
solution. After this, we start with the negative triangularity equilibrium describe®i.gand
run SIMSOPTto nd multiple equilibria that are stable against the ideal ballooning mode, i.e.,
equilibria withfpy = 0. We present one of the optimized equilibria in guPe9. We also

compare the values of equilibrium-dependent quantities in talle

State ax(%0) | hi(%) | ] (MA) | Bi (T) A | ay(m) | p(Tm?
Initial 140 7:6 0:616 | 0:677 | 0:568| 242 | 0:68 1:0
Optim.| 137 7:3 0:728 0:686 | 0:568| 242 | 0:68 1.0

Table 2.4: This table shows a comparison between relevant physical quantities of the intial and
optimized DIII-D equilibrium

T A 1.0
0.020 { —:= initial /i
0015 1 — optimized | 0.51
£0.010 | ,/ HOND00 ||
< — -
| Vs :
0.005 / o5
0.000 v
1 | | | -1.0 1
0.2 0.4 06 0.8 1.0 1.0 1.4 1.8 2.2
S R
(a) growth rates (b) cross-sections

Figure 2.9: This gure showsa) the maximum eigenvaldémax of the intial and optimized DIII-
D-like equilibrium. The optimized equilibrium is stable. In gurb)( we present the boundary
shape of the initial and nal equilibria. Note the negative triangularity of the initial equilibrium
and the positive triangularity of the optimized equilibrium.
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We observe that the optimizer is moving toward a positive triangularity equilibrium, indi-
cating that, for the similar values of the relevant parameters (given in 2ad)lpositive triangu-
larity high- equilibria are more stable than their negative triangularity counterparts. Our ndings
are consistent with recent observations 4% [and [46] that negative triangularity equilibria are
more unstable against the ideal ballooning mode compared to positive triangularity ones. This
behavior prevents the formation of a steep pressure gradient, which may limit operational beta

value of negative triangularity equilibria.

2.4.2 Stabilizing the NCSX equilibrium

The rst 3D equilibrium we optimize is an unstable NCSX equilibrium. Since the boundary
has a 3D shape, we have to use both toroidal and poloidal modes to change its shape. For this

demonstration, we choose tiA2 boundary modes listed in tabke5 as Dofs: wherdi; j ] denotes

Ro(n;m) | 2p(n;m)
([1;4]0) ([1;4}0)
(( 331 ([ 33L1)
(@ 332 | ([ 332
( 2253)| ([ 223)
(( 2214) | ([ 224
(( 225 | ([ 22]5)
(( L1L6) | ([ 1,1f6)

Table 2.5: This table provides the boundary shape Dofs for the NCSX case.

all integers between andj (includingi andj). Additionally, we also provide the optimizer
with the coef cients of the rotational transform pro I€s). For this study, we havé Dofs that
determine the rotational transform pro le. Therefore, we have a totai8dbofs, much larger
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than the axisymmetric case. After choosing the Dofs, we choose the following general objective
function

F=05f2 +0:5f2 +f% +f2+(70fpy)? (2.59)

asp minr

Note that the weights of different penalty terms in the objective function are chosen based on the
relative size of different terms. There are no well-de ned rules and nding the right objective
function occasionally requires trial-and-error by the user. WeSIMiSOPTwith this con gura-

tion to obtain multiple equilibria with 5y = 0. We have plotted a comparison of one of these

equilibria with the initial equilibrium ir2.10

0.008 | " 0.8 — 06/
i\ | — - initial / 04 1

0.006 i 071 — optimized Z._| o]

So.004 | T initial 06 | e '
- —— optimized T / N 0.07
0.002 - Tt 0.5 —= —0.2
0.000 L 7 Dol
. W‘ 0_4 1 / ‘ | | | | _O 6 |
0.2 04 0.6 0.8 1.0 0.0 0.2 04 0.6 0.8 1.0 10 14 18
s S R
(a) growth rates (b) proles (c) cross-sections

Figure 2.10: This gure showsa) the maximum eigenvalu@max of the intial and optimized
modi ed NCSX equilibrium. Similarly, in ) we compare the rotational transform pro les of
the initial and optimized equilibria. Irc§, we present the boundary shape of the initial and nal
equilibria at three different value of the toroidal angle The dotted curves correspond to the
initial cross-sections whereas the solid curves are the nal cross-sections.

The optimizer stabilizes the equilibrium mostly through negative global magnetic shear
8§ = 2(s=)(d=ds). There is minimal change in the shape of the boundary. We also present

a comparison of the important equilibrium-dependent quantities for the initial and optimized

equilibria in table2.6.
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State ax(?0) | hi(%) | ] (MA) | Bi (T) A | ay(m) | p(Tm?)
Initial 9:3 51 0:174 1:596 | 0:48 | 436 | 0:325 0:514
Optim. 8:2 4:5 0:215 1:694 | 0:59 | 448 | 0:316 0:514

Table 2.6: This table presents a comparison between relevant physical quantities of the intial and
optimized NCSX equilibrium
2.4.3 Stabilizing the modi ed Henneberg-QA equilibrium

As a nal example, we present a modi ed modi ed Henneberg-QA equilibrium. In this

example, we allow the boundary coef cients given in tabléto change freely.

Ro(n;m) | 2y(n;m)
([1;5];0) ([1;5];0)
(( 331 | ([ 33L1)
(@ 332 | ([ 332
( 2253)| ([ 223)
(( 2214) | ([ 224
(( 225 | ([ 22]5)
(( L1L6) | ([ 1,1f6)

Table 2.7: This table lists the boundary shape Dofs for the modi ed Henneberg-QA case.

We also have seven coef cients that determine the rotational transform pro le, giving us a

total of 83 Dofs. For this problem, we choose the following objective function

F=0:1f2 +0:1f2, +f3% +10 8G +5G +10f2,;

asp minr

(2.60)

After choosing the Dofs and the objective function, we BIMSOPTand obtain multiple sta-
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ble equilibria. We compare one of the stable equilibria with the initial, unstable equilibrium in

gure 2.11and the equilibrium-dependent quantities in tahlkg

A 0.30

0.04 | I‘ 1 1.0 1
0.03 | i 0251 0.5 |
% —-= initial . ;
<<E 0.02 1 optimized \ -~ 0.20 1 N 0.0
0.01 1 / \ 0.15 | —_-= |n|tt|.aI. . —05 1

/' : —— optimize
0.00 < S —1.0 |
) o100t |
0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0 1.0

S S
(a) growth rates (b) proles (c) cross-sections

Figure 2.11: This gure showsa) the maximum eigenvalu@max of the initial and optimized
modi ed Henneberg-QA equilibrium. Similarly, irbj we compare the rotational transform pro-
les of the initial and optimized equilibria. Ind), we present the boundary shape of the initial
and nal equilibria at three different positions of the toroidal angleThe dotted curves corre-
spond to the initial cross-sections whereas the solid curves are the nal cross-sections.

State ax(®) | hi(%) [ ] (MA) | Bi(T) A ay(m) | p(Tm?)
Initial 4:9 2:65 0:235 | 2501 | 0:263| 3:374| 0:601 2:677
Optim.| 45 2:47 0:002 2:588 | 0:245] 3:381| 0:592 2:677

Table 2.8: This table shows a comparison between relevant physical quantities of the intial and
optimized modi ed Henneberg-QA equilibrium

We nd that the equilibrium is stabilized by a combination of boundary shaping and ro-
tational transform. The rotation transform creates negative magnetic shear in the outer core,

whereas the boundary shape reduces the curvature in the “bad”-curvature region.

2.5 Summary and Conclusions

We began this chapter by brie y explaining the ideal MHD model and various coordinate
systems that we used to fully de ne a general 3D ideal MHD equilibrium. 2r2 8, we gen-
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erated three different equilibria: one axisymmetric 2D and two 3D, and described the important
associated physical quantities that could be used to penalize large deviations or trivial solutions
generated by the optimizer. In the following section, we brie y explain the linear stability analy-
sis in ideal MHD and the two important limits classi ed according to the toroidal mode number
n: low-n and the in niten modes.

In 82.3.2 we provided a physical description and explained the numerical methods used
to calculate the eigenvalues. We also described the self-adjoint property of the ideal ballooning
mode and using this property developed an adjoint metho@..8and used it to speed up the
calculation of the maximum ballooning eigenvalug.x on each surface for the three chosen
equilibria. To demonstrate the ef ciency and accuracy of the adjoint method, we also presented
a comparison of gradients between an adjoint method and a nite difference scheme. We found
that the adjoint method is up to four times faster than the nite-difference scheme.

In 82.3.4 we describe the details of the overall optimization process and how we do it using
the SIMSOPTcode. After implementing the optimization, we presented the result.ih 8V/e
presented the speci c details of the objective function and the degrees of freedom (Dofs) for each
equilibrium and stabilized the initial, ideal ballooning unstable equilibria. We brie y described
the physical mechanism of the optimized equilibria that stabilize the ideal ballooning mode.

This work presents many avenues for future research. A key step forward is to extend our
technique to include all equilibrium-dependent paramegeas explained in the appendix 3.

One could also use the exact same method to optimize stellarators and tokamaks against low-
unstable ideal MHD modes, as explained in the appeAdix Since solving for lown ideal
MHD codes is much more computationally expensive, the advantage of using an adjoint method

would be even greater. Another possible direction would be to use an adjoint method to get
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derivatives of the ballooning growth rate with respect to the plasma shape. Finally, one could
use the ideal balloon optimizer as a tool that could help optimize an equilibrium against Kinetic
Ballooning Modes (KBMSs).

In context of ideal MHD stability, there has been a signi cant progress by Glad3er |
48] in developing theDCON3[xode, which is based on Newcomb's criterion (brie y explained
in appendixD) to determine the stability of ideal MHD equilibria. This method determines
the stability without calculating the maximum eigenvalue. HellX@ON3[has the potential to
determine stability much faster than our solver. However, it is not clear how to do gradient-based
analysis or if we can apply our adjoint methodd@ON3DTherefore, in out quest to accelerate
ideal MHD stability optimization, it would be cruicial to compare our solver ilf@ON3Dn the

future.
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Chapter 3: Kinetic microstability analysis of highequilibria

3.1 Overview

In this chapter, we will present a detailed kinetic microstability analysis of nitequi-
libria with a focus on high- tokamaks and stellarators. We will start by introducing the
gyrokinetic model. We will then linerize, Fourier-transform, and simplify the model and explain
the origin and importance of drift waves. Next, we will use the numefficablverGS2to solve
the gyrokinetic model, rst for six tokamak and then for two stellarator equilibria. It is important
to point out that for all of this thesis, we will only investigate modes that have small wavelengths
perpendicular to the eld line, i.e., modes that are localized to a ux surface, henceforth referring
to our study as a local stability analysis and the equilibria as local equilibria. The behavior of the
most unstable mode could be different on different ux surfaces. Hence, we will study multiple
ux surfaces for each equilibrium. For axisymmetric equilibria, we will vary the local equilibria
using a semi-analytical technique and observe interesting behavior for the legtiibria —
stabilization of the ITG and TEMs through two distinct mechanisms: large negative local shear
and reversal of electron precession drift. Finally, we will solve the ful linear electromagnetic gy-
rokinetic model for all the tokamak and stellarator equilibria at nominal values of the temperature
and density gradients.

Using the results from the gyrokinetic analyses, we explore an important link between
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the ideal and the Kinetic Balooning Mode (KBM49], an electromagnetic mode observed in
tokamaks and stellarators. To further understand this relationship, we analyze the equilibria
against the in niten ideal ballooning mode and explain the connection between the ideal and

kinetic ballooning modes.

3.2 Microstability analysis

This section contains the general theoretical and numerical details of our microstability
analysis. In 8.2.1, we will explain the physical basis and theoretical details of the gyrokinetic
model. In the next section, we will explain how the model is implemented numerically using the

GS2code and provide the general details of our numerical study.

3.2.1 The gyrokinetic model

The electromagnetic gyrokinetic model is a simpli cation of the 6D Vlasov-Maxwell sys-
tem of equations that predict the self-consistent evolution of a distribution of charged particles

and the resulting electromagnetic elds

@f dw @f _ X o
6t+ wor fg+ at @: i Csoolf s; Fol; (3.1)
S
X Z
r2 = ZzZe dwfg (3.2)
S
X Z
rA= o Zse dwwfg; (3.3)
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wheref s(r ;w; t) is the plasma distribution function for spec®&<C, o is the Coulomb collision

operator, (r;t) is electrostatic potential such that the electric eld is given by

_ .. 1l
E= r o (3.4)

andA (r ;t) is the magnetic vector potential such that the magnetic eld,

B=r A (3.5)

In this chapter, we work with Coulomb gauge, ire., A = 0. The general 6D Vlasov-Maxwell
model has six independent variables (not including ttineéhree con guration space dimen-
sions and three velocity-space dimensiansTo reduce this to a 5D model, we rst divide the

distribution and the elds into an equilibrium component and a superimposed uctuation

NosMs 2
S
fs=Fos+ fg; Fos = Wexp( W2:Wt2h;s)
S
E=Eo+ E: (3.6)
B=Bg+ B;

where the equilibrium components have a subs&;ipis( ) is the equilibrium plasma density,
Tos( ) is the equilibrium plasma temperatusgy,.s = P 2Ts=mg Is the thermal speed and the

perturbed elds

. @A
E = ar (3.7)
B=r r A: (3.8)
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The uctuationsf ¢; E, and B are de ned such that they vanish when averaged over length
and time scales much larger than the length and times scales)d 1=!, respectively. This
assumption is motivated by the importance of low-frequency, small-scale uctuations in context
of fusion plasmasq0].

Next, we choose a set of asymptotic orderings to further simplify the model. We de ne the
small parameter

| s ke fs Ze  |Bj

s av ko Fos T By

1; (3.9)

where ¢ = (ZseB)=(msC) is the cyclotron frequency. The particle gyroradigsgiven by

s S (3.10)

is the perpendicular length scale of the turbulent uctuations. The length ag¢adethe effective
minor radius, de ned in 8.2.1 The wavenumbers of the mode perpendicular and parallel to the
equilibrium magnetic eld are denoted Iy andky, respectively. These orderings imply that the
charges particles gyrate much faster than the time scales of interest. Therefore, we can average the
Vlasov-Maxwell equations3(1)-(3.3) over the fast gyromotion to obtain the gyrokinetic model.

In the smalklimit, one can reduce the dimensionality of the problem from(6w, ; wy; #)
to 5D (r; w, ; wy) by averaging the Vlasov-Maxwell system over the gyrophas&/e mostly
use the velocity coordinate syste&m. ; w; #) instead of the Cartesian componefwg; wy ; w;)
due to the cylindrical symmetry of the motion of charged particles around the eld lines. For the
new 5D coordinate system, we will transform back and forth between two different coordinates,

the particle position and velocity coordinat@s w- ; wy; t) and the guiding center coordinates
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(Rs; Es; s;t) where

Es= émswz; (3.11)
2
.= mzsév? : (3.12)

are the total kinetic energy and the magnetic moment of the particle. The guiding center is given

in terms of the particle position by the Catto transformatiof [

R, b wo. (3.13)
S

I
—

1 42
Xig, = — X (r) d#; (3.14)
2 o
142
hXi, = > X (Rs) d#; (3.15)
0

denote the average of over a gyration period at xed guiding centBrs and at xed position

r, respectively. It is also convenient to de ne the gyrokinetic model in terms of the parallel

componentA  of the magnetic vector potential, the magnetic eld strength uctuat®n

Br=Db (r As); (3.16)
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and the gyrokinetic distribution function in the guiding-center coordinate sy@ReyrEs; s;t)

hs(R s Es; s t) =

W+ f (RoEs; ot): (3.17)

S
Using these new elds and applying the gyroaveraging operatos.t)-(3.3), we can now in-
troduce thef gyrokinetic theory that was rst derived for the linear electromagnetic case by
Antonsen and Lane5p] and the nonlinear case by Frieman and Che3j.[ For a linearized

model, following the notation of Abedt al.[54], we get the governing equations

@ @b _ ZeFs @ w A=dg, ,
@El+(wkb+vDs) @i: STSOS T Rs Ve 1 Fgs+ hCshglir,; (3.18)
Z

X Z 2t X T
( STe) =" ze dwhi; = (3.19)

s S s !

2 4 X £ 3 .
r A= S Zse d’w wihhgi,; (3.20)
S
Z
BB X

r 3 4k = I oI o d3W h‘nSW?W? hsir; (321)

S

where the velocity integrals i3(19 are taken at xedr. The velocitiesVg andvpg are the

E B and the magnetic drift velocities, respectively:

Ve = Bﬁb hr'ig, %b hr (W Air.; (3.22)
w2 2
Voo = Ky h r py+ M B IB. (3.23)
S 2 s B

Throughout this study, we use the linearized Coulomb operator obtained byeAlal[55]

instead of the full nonlinear collision operator.
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We have now fully de ned the linear gyrokinetic system. The gyrokinetic model is a
good approximation for the core region of a tokamak plasma in which our study is being carried
out [17, 18]. We solve the gyrokinetic model in a 3-D ux tube, a tube with a rhombus-shaped
cross section following the eld line. The appropriate length of the ux tube and the boundary
conditions at the ends are determined using the ideas developed bgtE2d¢b6]. All the uc-
tuating quantities are assumed to be periodic perpendicular to the eld line. This allows us to

further simplify 3.18 by writing the uctuating quantities as Fourier series

X
hs = he, s(E; 5t )exp(ik, Ry);
k
X
b= "k (st)explik, 1);
k
X (3.24)
Ay = Ak, (it)explik, 1);
k
X
Bk= Bk, (;t)exp(ik, r):
k
Applying this ansatz to3.18 and using the identities given below
Wo = W, cosQﬁt)b ” ko +sin(#)k—? ; (3.25)
Z, .
k’) ? k’? ?
dtexp K2V2C0SE) _ ;o keve (3.26)
0 S S
Z2 ik» W COSEH#) Ko W
d# cosg) exp —2 =, 2 (3.27)
0 5 S
z, .
Ko ws,
d# co(#) exp  K2W2 COSE) _ s . (3.28)
0 s k? W?
z, .
d# sin(2#) exp M =0: (3.29)
0 S
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Using these identities, we obtain the linearized, Fourier-trasformed gyrokinetic model

@ . @R, ; @ . Es 3
ot Il ps t‘k?;s"'(b roowi CE)LS: ot s 1+ T_: #E
Ko Wo Wi A kow, w» By
J — ' +J — —— F )
0 : ko c 1 : k, ¢ (3.30)
. b wop b wop
+ € X s C el “ s hk') S ’
Rs
Z
X N. ' X
&Ns "k _ & &V Joshsx, ; (3.31)
Ts '
S S
Z
2 _ X 445 3 .
k? Ak;k? = d°v VkJOShS;k? , (332)
S
Z
B X M¢J
— Bk, = SRVAVARLE T 3.33
4 k;k» . \% V? k'_) Vo s;k» ( )
Here,
I'ps = Ko Vps; (3.34)

is the magnetic drift frequency, add(k, s) andJ;(k-» ) are the zeroth- and rst-order cylin-

drical Bessel functions, respectively,

an d lOQ(Ts) an d loQ(ns) I—n
= : = —=; = —; 3.35
Lts d ' Ly, d ' ° Ly’ (3.35)
and = p§: P =
L [(b ko) r logng]: (3.36)
7~ Z.eB ? st '
For this study, we choose a Hydrogen plasma, Ze.= 1;Ze = 1. The variabled s and

Lt are the density and temperature gradient scale lengths. The guangjtthe diamagnetic
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drift frequency, is the typical frequency of a drift wave — waves caused due to gradients in

temperature or density. For these modes

@\ Vs 3.37
ot | L (3.37)

All the different instabilities we study using the gyrokinetic model are a result of destabilized drift
waves. Instabilities are characterized by the degree to which charged species and electromagnetic
elds contribute to a drift wave.

In this chapter, we will rst investigate collisionless electrostatic instabilities such as the
Temperature Gradient (ITG) mode and the Trapped Electron Mode (TEM). For purely electro-
static modes, we solve equatiorg19-(3.19 only and assume the magnetic uctuatiomsy
andB , to be absent. After an electrostatic stability analysis, we investigate the effect of magnetic
uctuations by solving the full set of equation3.08-(3.21). To ensure that our observations can
be generalized to stellarator equilibria, we will then solve the full linear, collisionless gyrokinetic
model for various high-, quasisymmetric stellarator equilibria. The procedure for numerically

solving the gyrokinetic model is explained in the following section.

3.2.2 Kinetic stability analysis witk6S2

GS2 [57, 58, 59, 60] is a parallel code that solves the gyrokinetic model as an initial-value
problem. It solves equation8.(L9-(3.21) numerically by calculating the evolution of an initial
perturbation inside a ux tube.

Before each run, one has to specify the value of the gradient scale lepgths; an=Lr.,

1The GS2version used for this study is freely availablet
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the range of normalized wavenumbégs ; and various geometric coef cients as a function of

. The values of these inputs are speci ¢ to the linear mode under consideration and will be
provided in the following sections. Since we are only studying stability against uctuations that
vary on a small perpendicular scdde ; 1, we can get the geometric coef cients from the
equilibria in a manner similar to the ideal ballooning stability analysis performed in the previous
chapter

The perpendicular structure of different uctuations is de ned by de ning the wavevector

k- that can be written as

kKo = kyr y+ ker X (3.38)

wherex andy are normalized forms of the coordinateand , respectively. For microstability
analysis of axisymmetric equilibria, we assukye= 0, i.e., modes with no variation in the radial
direction at o = 0.2 We choose arountl5 25 values ofky i in the rangek, ; = 0:05 6.
All of our simulations are well resolved inand well converged as can be seen in gGr& For
thisstudy, 2 [ 19; 19 ]and more thad50points along the grid for tokamak equilibria and
2 [ 5; 5 ]and more thad00points for stellarators, unless otherwise noted.

For the velocity space structu@&S2uses ar(E; ) grid instead of th€wy; w- ) grid. The

pitch angle as

= = (3.39)

For trapped particles = () where , is the bounce angle — the value ot which a trapped

20ur VMEC to GS2 interface for calculating the geometric coefcients is freely available at
3This is equivalent to choosing, = 0 in the ideal ballooning study. The parametgr ky=k, denotes the

tilt of a turbulent eddy with respect to tme direction. In axisymmetric, up-down symmetric equilibria, the most
unstable modes almost always lie gt= 0.
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Figure 3.1: This gure showsd) the output from a typical electrostatieS2 run showing the
normalized frequency and growth rate spectrum with both electron-gradieft={n. < 0) and
ion-gradient-driven!@ y=wy . > 0) instabilities andlf) showing the variation along the eld line
of the square of the normalized electrostatic poteijitifl. We can see that the potential is well
resolved and decays suf ciently before reaching the boundaries.

particle with a pitch angle re ects back from a region of high magnetic eld. For a given
trapped pitch angle, the bounce angle is de ned such tligat ) = 1= . In GS2 resolution of
the passing particle distribution function in the coordinais set by the variablalambda We
setnlambda = 12. For the trapped particle distribution, we choddebounce points. Similarly,
for energy-space resolution, we set the value ofG®2 variablenegrid = 10.* We choose7
points along the ux tube for tokamaks add for stellarators, for everg interval to ensure
suf cient resolution along the eld line. This completely de nes the resolutiolGig2

In gure 3.1, we show the results from a typic@S2run. After each run, one obtains
the normalized growth ratex y=w ., the wave frequencia y=w i, the electrostatic potential

eigenfunction' ( ;t) for electrostatic runs and( ;t); Ax(;t), and B ( ;t) for electromag-

“For the sake of brevity, we have avoided explaining the details of the velocity grid. These details and resolution
requirements can be found in Highcodd].
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netic runs. We also obtain the quasilinear particle and heat uxes for each mode

Z Z
d
siky — B r dw (VE;ky r) hs;ky; (3.40)

Y4 Z
d

Qs;ky = B r

d®w (Vex, I )Eshsk,; (3.41)

where the subscri¢, denotes the mods, in the Fourier space. These quantities can be used to
extract information about an unstable mo@&][ Since this is a linear study, the absolute values
of the uxes do not contain useful information, but their ratigy, =Qsx, can still be used to

characterize the type of instability. We will use this ratio for the TEM studyBi3:2.

3.2.3 The Greene-Chance analysis

To better understand the stability of a local axisymmetric equilibrium, we use the ability to
vary that equilibrium. For axisymmetric equilibria, this can be done by changing the magnetic
shear and pressure gradient radially locally, independently about their nominal values — equiv-
alent to varying the gradients of both the local current and plasma pressure — quantities that
determine the solution t&(14). This gives us the ability to generate multiple local equilibria sat-
isfying the Grad-Shafranov equation and do a stability analysis without recalculating the global

equilibrium. We de ne

_ dqg
_ 2,59%dp
MHD = B—,%d_ (3.43)
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p)

. >
b P
Figure 3.2: This gure summarizes the idea of Greene and Chance. The new pressure pro le
(black) with localized variation over the ux surface = ¢ lies over the equilibrium pro le

(dashed red). Although the variation in pressure at  is small, the change in pressure
gradientcan be large.

as the magnetic shear and pressure gradient, respectively. This method of varying a local equi-
librium throughs and ynp is known as ar$ vHp analysis. This technique was developed

by Greene and Chancéq] and has been used extensively to study local stability of different
axisymmetric equilibrial5, 41, 63, 64]. Figure 3.2illustrates the main point — we can change

the gradient of the pressure and the safety factor locally by a nite amount without signi cantly
changing their respective values. We will use this idea agairB8if.gand 8.3.2to vary the
pressure gradient at the nominal magnetic shear when we examine the microstability of differ-
ent equilibria and later in3®5 to analyze the ideal ballooning stabiliy of all the axisymmetric

equilibria. Details explaining the Greene-Chance analysis are given in apg&ndix

3.3 High- axisymmetric equilibria

As mentioned in the abstract, for a xed magnetic eld strength, the power density of a
tokamakP scales as 2. Present day tokamaks are lowdevices. The achievableis typically

limited by plasma instabilities. These can lead to disruptions or large turbulent transport. The
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higher s, the higher the pressure and current are and therefore the larger the free energy avail-
able to drive these instabilities is. If these problems could be overcome, hgieration could
be an attractive choice for future high-power densii§j [devices.

The high-beta, 1, regime has previously been explored in the context of asymptotic
magnetohydrodynamic (MHD) equilibria by solving the Grad-Shafranov equation in the limit
=(q? 1[3]. There have also been experimental exploratiG@s§7] of high- operation of
the MAST and START tokamaks. There have only been a few stu&$9)] that investigated
the process of accessing these states while maintaining ideal-MHD stability; even fewer studies
that study the microstability properties of 1 equilibria in detail [f0]. Therefore, a detailed
numerical analysis of these types of equilibria is required.

To this end, in this section, we generate a set of higiguilibria and study their susceptibil-
ity to local gyrokinetic and ideal MHD instabilities. First, we perform linear gyrokinetic analyses
against various electrostatic and electromagnetic modes of instability in these equilibria. These
modes are known to cause signi cant heat and particle transport in existing del/icas][ To
understand the electromagnetic modes, speci cally their susceptibility to the Kinetic Ballooning
Mode (KBM), we also study the stability of these equilibria against the in nifédeal balloon-
ing mode.

To create high- equilibria, one may start with analytical solutions of the Grad-Shafranov
equation. The most general analytical solution in the 1 limit was obtained by Hsu, Artun,
and Cowley B]. However, these analytical 1 equilibria are un t for our study, as the geomet-
ric quantities required for a local stability analysis can be discontinuous and deviate signi cantly
from the exact numerical solution. We brie y explain the analytical procedure used to calcu-

late such equilibria and their limitations in appendix To avoid these issues, we will use the
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no(m 3) | n | To(eV) | 7| ® | q| Lcrs(Tm?)
5 1090 | 04 10 111612 1.0

Table 3.1: This table contains input parameters used fowMECequilibria. Throughout this
study, in this table, every parameter remains xed.

equilibrium solve?WMEGQo generate high-, axisymmetric equilibria.

We produce high-radial-resolution equilibria using the xed-boundary solvVeMIEGafter
providing it with an L-mode-like pressure prolp = p(s) — a pro le that does not have a
sudden drop in pressure over a short radial distance, a monotonic safetygfactq(s) pro le
as a function of the normalized toroidal ux= = |crs, and the LCFS shape. We choose a

simple form for the pro legp = p(s) andq = q(s) given by

p=nT; Po=1oNoTo
n(s)=no(l+ ) )" T(s)= To(l+ 7)1 )7 (3.44)

q= (1l + g2 q)1=(2 a)-

The different parameters are given in the tablé The parametepy 2 [1;10; 70] for the low,
intermediate, and high-beta equilibria, respectively. For each triangularity value, we choose a

different LCFS shape described by a Miller parameterizatt@h [

R = Ro+ acost + (sin ! )sint);

(3.45)
Z = a sin(t):
The parameterrvaries from[ ; ). The values of the rest of the parameters3mp are given
p_

in table3.2 The radial coordinate that we will use for all the stability analyses# = s =
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Ro(m) | a(m)

1.6 0:6 04| 1.3

Table 3.2: This table contains the Miller parameters for the outer boundary

= |crs Since it is a better measure of the radial distance from the magnetic axis than the

normalized poloidal ux = |crs. The safety factor and pressure pro les as a function afe

givenin gure 3.3

Lo ——— 2.11
0.8 20
go.sf _19]
0.4 181
0.2 171 /
0.0 | 1.6 { ————
00 02 04 06 08 10 00 02 04 06 08 10
o= Vuly, p=yly,
(a) Pressure (b) Safety factor

Figure 3.3: This gure shows the safety factor and normalized pressure pro les used for creating
the equilibria. The two red lines correspond to the values of the normalized radiwshich the
local equilibria will be analyzed for their stability.

For all our studies, we use the same safety fagtand the normalized pressure pro e
with different values ofy. In this way, we are able to create three different pressure pro les
with on-axis 0:01; 0:1; 1 corresponding t@, = 1; 10; 70, respectively. Henceforth, we shall
refer to the equilibria withpg = 1;10; 70 as low, intermediate and high-or 0:.0L 01
and 1, respectively. We need to pick ux surfaces for our local stability analyses. In this
study, we choose surfaces at normalized radd 0:5 and0:8. In total, there are twelve local
equilibriain our study3 values 2boundary shapes 2 values. Becausevaries overa ux

surface, it will be convenient to introduce a reference magnetic eld for each global equilibrium
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and rede ne

()=2 op( )=B{; (3.46)

Bn= Lers=(@3); (3.47)

whereB  is a reference magnetic eld arg is the effective minor radius such that, is equal
to the area enclosed by the boundary ang-s is the toroidal ux enclosed by the LCFS. For

this study,ay = 0:684m;By = 0:681T. The values of obtained fromVMECare given in

table3.3
Low- | Intermediate- | High-
04 | 05| 0011 0:11 0:77
04 | 0:8| 0:006 0:064 0:45
04| 05| 0011 0:11 0:77
0:4 | 0:8| 0:006 0:064 0:45

Table 3.3: This table contains the normalizedalues on selected ux surfaces

Each equilibrium ha$12 surfaces with each surface representedi®yoloidal modes.
We found that the equilibria converged with this choice of resolution. All the equilibria that we
investigate in this study are up-down symmetric which is why we only show the upper half. The
ux surface contours for the twelve equilibria are shown in gu€.

The numerical high- equilibria show qualitative features like the vertical “core” on the
inboard side and thin boundary layer on the outboard side as shown bgtldkit is interesting
to see that the negative triangularity equilibria higlequilibria are more strongly shaped than

the positive triangularity ones — the vertical inboard solution causes the ux surface to develop
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Figure 3.4: This gure shows the ux surfaces for all equilibria generated uSiMg&CThe local
equilibria that will be studied in this paper are highlighted in red. The magnetic axis in each
gure is the black cross.

a “squareness”. We illustrate the “squareness” in gBIe.

0.7
0.6
0.6
0.5
0.5
0.4
0.4
0.3 0.3
0.2
.~ VMEC 0,2 ~— VMEC
.1 —— Miller fit 0.1 —— Miller fit
0.0 0.0
1.4 1.6 1.8 2.0 14 15 16 1.7 18 19 2.0 2.1

(a) (b)

Figure 3.5: This gure shows two high-equilibria and their corresponding best-Miller- t. We

can see that the t for the negative triangularity is worse due to the “squareness” of the ux
surface on the inboard side. The agreement between gradients of various physical quantities will
be even worse.

SNote that we use Miller tin gure3.5to demonstrate the strong shaping of higlequilibria. We do not use
Miller parametrization to calculate geometric coef cients in this thesis.
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Most importantly, these numerical equilibria do not suffer from any of the issues ob-
served in analytical high- equilibria (discussed in append®) such as the ones obtained by
Hsu et al B]. Therefore, all the resulting geometric coef cients are smooth, which allows for the

local stability analyses in the following sections.

3.3.1 ITG study

This section contains the results and analysis of the ITG study of the equilibria that we
obtained in 8.31n 83.3.1.1 we will present the speci c details, including the values of different
parameters used for the simulation and the reasoning behind our choice3.31h.3 we will
introduce the local magnetic shear, a quantity that characterizes the stability of an equilibrium to
the ITG mode. In the nal section, we will plot and compare the results of all the different local

equilibria and explain the stability of the highequilibria.

3.3.1.1 Details of the study

The most important form of electrostatic instability that arises at low wavenumbers, the
ITG [71], occurs when a drift wave becomes unstable due to a large ion temperature gradient,
i.e., largeay=Lt,. Therefore, our objective is to understand this mode by doing a scan in the
temperature gradient scale lengéy=Ly,. Using the de nition of the pressung, = nsTs, we

can write

an dlog(p) _ dlog(Ts) dlogns) _ 1 1

3.48
Lo d d d Nl L (3.48)

70



Using the equation above along with.43, we can write

_ X ay q?

MHD = & 5 -
2 _Lp. 20

(3.49)

Furthermore, recall that we can vary the normalized pressure gradjgpt for a local equilib-

rium using the idea of Greene and Chance without recalculating the global equilibrium. This
gives us the ability to self-consistently vary the temperature and density gradient scale lengths
fora xed as long as we recalculate the local equilibrium for the resulting valueygf .°
Table3.3 contains the nominal density, temperature and pressure gradient scale lengths, denoted

an=Lp’", ay=LT™ anday=L;"", respectively.

an :LQ?"‘ an :Lﬂi"m an :ng’m an=LT" | an=Lpd™ | an :ngm
0:5 0:59 0:21 0:80 0:59 0:21 0:80
0:8 3:00 1:09 4:09 3:09 1:09 4:09

Table 3.4: This table contains the nominal gradient scale length values

These are the values obtained from the original local equilibrium generatetMBCand
are exactly the same for all the different beta and triangularity values. For the ITG mode study,
we de ne

fac = C(jj—P d—P ; (3.50)

d nom
as the ratio of actual pressure to the nominal pressure. We clfmose (0:5; 1; 2; 4; 8) times
the nominal pressure gradient for= 0:5 andfac = (0:5; 1;2;4) times the nominal pressure

gradient for = 0:8. For each pressure gradient, we choose two density gradient scale lengths —

5Maintaining self-consistency is crucial to all local analyses. Violathig§ can lead to specious, nonphysical
instabilities [72].
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the nominal and half of the nominal value from the local VMEC equilibrium while varying the
temperature gradient scale length consistently for each gradient scale length.3abled3.6

contain the resulting values.

an=Ln, an=Lr;
021 | 019|059 1:39| 298| 6:19
0:10 | 0:29| 0:69| 1:49 | 3:08 | 6:29

Table 3.5: This table contains the valuesagtr, at = 0:5for the ITG study
an=Lp, an=Lr,
1:09 | 0:95]| 3:00| 7:10 | 1527
0:54 | 1.50| 3.55| 7.64 | 1582

Table 3.6: This table contains the valuesagtr, atat = 0:8 for the ITG study

Thesel8values of various scale lengths are exactly the same for all triangularities as well
as for all the different beta values due to the way we have de ndetom previous observations
and studies, we know that the typical peak ITG growth rate lies aréyind= 1. To capture
the maximum growth rate, we calculate the growth rates in the rijpge2 [0:05; 2]. For ITG,
we have made the common assumption of adiabatic electrons to exclude the effect of kinetic
electrons on the ITG mode and avoid other modes such as the TEM. Mathematically, this means
that one assumds;, = 0 when solving equatior8(30 for the electrons.

With the values given in table3.5 and 3.6, we runGS2in the electrostatic limit A =
0; B ¢ = 0) and obtain the maximum normalized growth rat =w; for each of thelO8cases,
18 for each beta and each triangularity value. The results showing the comparison between
different beta values, boundary shapes and normalized radii will be shov@i3ri& We expect

the equilibria to become more stable to the ITG mode as we increasdis behavior is well
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known [73, 74] in the literature for low and intermediate-equilibria. To try and explain this
trend, in the next section, we look at the local shear as a characteristic quantity that explains the

stabilization of the ITG mode with increasing

3.3.1.2 Characterizing stability to the ITG mode

In this section, we de ne and plot an important quantity, the local magnetic sB&pr |
which will help us understand the response of a local equilibrium to the ITG mode. We use
the local shear since negative global shé# known to stabilize ITGT5]. In the following
section, we will plot the local shear as a function gf, at the nominag and ynp for the high-

equilibria and compare it with the low, intermediate and a lowhifted-circle equilibrium
(abbreviated as SC in the plots). We will show that the behavior of ITG is directly related to
the local shear and argue that a large negative local shear over a wide range along the eld lines

stabilizes the ITG mode. Mathematically, the local she&rgiven by [L6, 62

Ny rn
= B r —_ 3.51
N T R (3.51)
wherer y = ayr is used to non-dimensionalize We will plot the local shear as a function of
the geometric poloidal angle de ned in the guBe6. The coordinate g, is advantageous as it,
unlike , is a physically intuitive poloidal angle. Mathematicallyg, is @ monotonic function of
— () can always be transformed t¢ 4¢,) and vice versa. To plot with respect to ge,, We

further simplify 3.51)

F qF° o q qp 2q sin(u) 1
T 9L RF P L = 3.52
qu F (RsBps)z sz)s RSBpS Rs R. ( )
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(R, Z)

(Rax, Z)

Figure 3.6: This gure illustrates the de nition ofye,. The coordinates of the magnetic axis,
marked with a cross, a®Rx; Zax)-

The symbols used and the formalism needed to deB\v&) is given in appendiB. It is impor-

tant to note that
. Z
rej 2 d

3.53
2qag o B ry (3:53)

Thus, the appropriately-weighted average of the local shear over a ux surface gives us the global
magnetic shea$. The global shear is held xed for all the local equilibria at a givenThis
relation implies that the local shear can be negative for a given rangéoma positive global

shears. Finally, we plot local shear at nomingdand ynp in gure 3.7for different beta values.

The local shear depends on the pressure gradigm which further depends onas well
as the gradient scale lengths andL 1. The beta value increases the local negative shear through
the Shafranov shift. The gradient scale length does so by increasing the poloidal current gradient
dF=d required to balance the pressure gradient which consequently increases the toroidal mag-
netic eld. A plot showing the effect of pressure gradient on local shear is shown in gy.13
Note that in our scans decreasing the pressure gradient scale length increases the driving term

= Ln=Ly. Infact, in this study, for a given, increases faster thap=L,. A plot of versus
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Figure 3.7: This gure explains the physical meaning of the local magnetic shearaysh@w-

ing a typical local shear plot of negative triangularity equilibria at the nomdnal 0:45 and
nominal yup Vvalues at = 0:8 for different beta values and a low-shifted-circle model
(abbreviated SC). On the right side) (llustrates a modi ed interpretation from Antonsen and
Drake ] explaining the concept of local magnetic shear. Negative local shear twists the turbu-
lent eddies more than positive or zero local shear in the region of bad curvature, stabilizing the
ITG mode.

the pressure gradient scaling factor is shown in garé

20 r
I (35 )rom j  ~ 601 —%— n(L,=0.21)
— 4 x (% )nom ; 501 —=— (L, =0.10)

40| —— fac

30
20

10

00 05 10 15 20 25 30 1 3 3 4 s & 3 =&
6 dp ;(dpP
geo —=aP(aP
fac dp/(dp)nom

(a) (b)

Figure 3.8: This gure showsd) the change in the local shear flac = 4 (increased pressure
gradient). The local shear is much more negative with an approximately linear dependence with
facon outboard side. On the other hang), shows the comparison between the ITG driving term

and the pressure gradient scaling fadem The term is calculated using the values given in
table3.5. We can see that grows linearly, but with a larger pre-factor. These gures illustrate
how the ITG driving term grows more rapidly than the stabilizing local shear as we increase the
pressure gradient.

The dominant mechanism for generating negative local shear is-théuced Shafranov
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shift. The local shear may also depend on the shaping, especially for negative triangularities.

However, we nd that shaping does not have a signi cant effect on the ITG stability of the high-

equilibria.

3.3.1.3 ITGresults

SinceGS2is an initial value code, resolving a growth rate  hesh Would require us to
run the simulation for at least 1= 4,esn. FOr large wavenumbers and a semi-implicit-time-
stepping scheme, it leads to a relatively high runtime cost. Hence, we de ne a small positive
“threshold” growth rate yesn Which we will use to separate stable and unstable modes. If the
maximum ITG growthmax( a n=Vn:i) < tresh, W€ Classify it as stable. For this study, we
choose iresh = 0:005

We nd that all the nominal equilibria stabilize as we increasas rst noted by 6] —

the high- equilibria are stable to the ITG mode, as shown in g@r@below.

1.4E-03 | 0.15
< 1.1E-03| 5012
2 2
= 20.09
% 7.2E-04 | %
£ £0.06

3.6E-04 | 0.03

0.0E+00:5- 101 10° 0.0075- 101 10°

B B
(a) =05 (b) =0:8

Figure 3.9: These plots show the ITG nfaxy=Mn;) (overk, ; 2 [0:05 2]) vs the typical for
nominal equilibria at different radial locations.

To better understand what causes this effect, we scan the gradient scale length values given
in tables3.5and3.6. Each group of plots contains maximum growth rate for a range-bf, ata
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xed a=L, for the three beta values. The plots are grouped by the triangularity of the equilibria.
For each group, there are subgroups based on the normalized radlius results corresponding

to the positive triangularity boundary shape are shown in giif€)
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Figure 3.10: This gure shows the ITG m@a n=W, i) plots for positive triangularity equilibria
against the temperature gradient length scale. For the higduilibria, ITG is stabilized at both
= 0:5and = 0:8. The rightmost gures in each row are the local magnetic shear vs the
geometric thetage, at the nominatip=d and$. The grey line corresponds to the local shear for

a low- shifted-circle equilibrium (abbreviated SC). The magnetic sBeésathe same for all the
equilibria at every .

In gure 3.9, one observes that for the highcases, the ITG mode is stable (that is,
< resh). FOr the intermediate and low-cases, gure3.10shows destabilization with in-
creasing temperature gradient. We believe that the stabilization of haguilibria is a result
of large local negative shear (rightmost panels) that spans a wide rangeTine local shear
becomes positive only aftege, > = 2 — the whole outboard side has a large local negative

shear. These large negative values are predominantly due to a large Shafranov shift but could
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have subdominant effects resulting from strong shaping, especially for the negative triangularity

high- equilibria. For the shifted-circle equilibria, the local shear is small as compared with the

rest of the equilibria even though it is negative over the outboard side. This is because the low-
shifted circle equilibria are neither strongly shaped nor have a large beta. The trend remains

the same even for the equilibria with half-nominal density gradients. Next, we plot results for

negative triangularity equilibriain gur&.11
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Figure 3.11: shows the ITG m@&&a y=Wn.i) plots for negative triangularity equilibria. For the
high- equilibria, ITG is stabilized at both = 0:5and = 0:8. The local shear for the high-
equilibria is negative over the whole outboard side. The grey line corresponds to the local shear
for alow- shifted-circle equilibrium (abbreviated SC).

We see that the high-equilibria with a negative triangularity boundary shape are stabilized
as well. The local magnetic shear shows the same trend with beta but is even more negative and
spans an even wider range i, as compared to the positive triangularity equilibria. We believe

that this extended range in negative local shear is due to the “squareness” of theprgles,
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which is a stronger shaping than the positive triangularity cases. Since all the leigbHibria
are stabilized and the growth rates are small, it is hard to nd a clear difference in growth rates
based on triangularity.

In the next section, we will study the stability of different equilibria to an electron-driven

electrostatic mode, the Trapped Electron Mode (TEM).

3.3.2 TEM study

In this section, we will present our analysis of the TEM instability. }1382.1 we explain
the TEM and tabulate the parameters for which we perform our study. After that, we de ne the
maximum TEM growth rate. In®3.2.2 we present the electron precession drift as a character-
istic of TEM stability of a local equilibrium. In the nal section, we plot the results in a fashion

similar to the previous section.

3.3.2.1 Details of the study

The second type of electrostatic instability that we investigate, the collisionless TEM, be-
comes unstable when drift waves resonate with the precession of the electrons. This can cause
signi cant transport loss through the electron channel that degrades plasma con nétvient [

For the TEM, we choose ve pressure gradient values, correspondiiag to (0:5; 1; 2; 4; 8) for

= 0:5and ve values corresponding fac = (0:5;0:75; 1; 2;4) for = 0:8. For each pressure
gradient, we choose two temperature gradient scale lengths — nomina0&taf the nominal,
while scanning the growth rates in the density gradient scale lengths. We do this since TEM,

unlike ITG, is primarily a density gradient-driven instability. The talegand3.8 contain the
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values for which we solved the gyrokinetic model. Note that the temperature and density scale

lengths are the same for the ions and electrons.

an=Lt, = an=LT, an=Ln, = an=L,
0:186 0:21|061| 1:41| 3.01 | 6:22
0:296 0:10| 051 | 1:31| 291 | 6:11

Table 3.7: This table contains the values of gradient scale lengths &:5 used for the TEM
study

an=Lt, = an=Lt, an=Ln, = an=Ly
0:95 1:.09| 2211 | 3:13| 7:.22 | 1545
1:50 0:54 | 1.57 | 259 | 6:68 | 1486

Table 3.8: This table contains the values of gradient scale lengths at @t8 used for the TEM
study

These20 values of gradients are the same for ions and electrons as well as both positive
and negative triangularity equilibria at all the different beta values. Unlike the ITG study, we turn
on the kinetic effects of electrons since TEM is an electron driven instability. The TEM growth
rate peak occurs over a wide rarige; 2 [0:5; 6]. Since there is an overlap with the ITG and the
Electron-Temperature Gradient (ETG) mode, having two species makes it dif cult to separate
modes with purely ITG and ETG-related effects from modes with purely TEM-related effects.
Therefore, to calculate the TEM growth rate, we choose the growth rate corresponding to the
wavenumbek, ; at which the ratio of the quasilinear electron ux to electron heat ux is the
maximum, i.e.,

Tem (Ky i) = ; (3.54)

max( exy =Qexy )

where the de nition of quasilinear uxes is given in equatiols40 and @.41).
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We runGS2for the wavenumbers in the ran@g ; 2 [0:2;6:5]. Just like the ITG study,
we runGS2and obtain the maximum growth rai@y=wy; for each of thel20cases10values
of (an=Lt;an=L,) 2 surfaces 3 values 2 boundary shapes. The results showing the
comparison between different beta values, triangularities, and normalized radius will be shown
in 83.3.2.3

Curvature-driven TEMs are associated with the precession of trapped electrons in a ux
surface. To that end, we elucidate the de nition and role of the electron precession drift frequency

in the next section and how it characterizes the stability of an equilibrium to the TEM.

3.3.2.2 Characterizing stability against the TEM

The collisionless curvature-driven TEM is a drift wave that becomes unstable when it res-
onates with the bounce precession of trapped electrons. The precession of electrons is character-

ized by their precession frequency

Z 1Z

b b
d_B d__B oo (3.55)

H oo = a b5 a b5
el W (B r ) wi (B r

where the integral operator is the bounce-average operator. The precession frequency is a function
of the bounce angleg,. Depending on the convention, one usually takga( ) = sign(! .¢) for

trapped electron modes since the TEM is a drift wave. Therefore, if

sign(t! pei)sign(! ) < O; (3.56)
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Figure 3.12: This gure shows the precession drift @ &nd the corresponding magnetic eld
magnitude in I§) for negative triangularity equilibria & = 0:45 and nominal yyp Vvalues at

= 0:8for different beta values. Note the atypical magnetic eld for the higeéquilibria where
min(B) is located at a nite .

the drift wave will not be able to resonate with the precession of electrons. If the precession drift
satis es .56 at all the different pitch angles, the curvature-driven TEM will be stabiliz&] [

79]. The expression for p, given by (3.34) can be alternatively written as

| pe = kyzeV;:eEe[z(l B )cvdrift+ B gbdrift] (3.57)

wherecvdrift andgbdrift are geometric factors independent of the electron enégggnd the
pitch angle . A semi-analytical formula for calculatingvdrift and gbdrift is given in ap-

pendixB. As a characteristic of TEM stability, we de ne the quantity

as the precession drift per energy in the electron-diamagnetic direction. A typical plot of the

R pei is shown at nomina$ and yp for different values in gure3.12 We see that the
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Figure 3.13: This gure shows the TEMeyv (an=Mn:i) Vs the typical plots for nominal equi-
libria at different radial locations.

precession drift is negative everywhere only for higlzase. This will form the basis for our

understanding of the growth rate trends in the following section.

3.3.2.3 TEM results

Just like the ITG study, we choose a value of a growth ratgn such thatif tgm (an=Vn:i) <
thresh » We classify an equilibrium as stable. The reasoning behind setting a threshold is described

in the rst paragraph of 8.3.1.3 For this study, we choosgnesh = 0:005 First, we plot the
maximum TEM growth rates for the nominal equilibria in guBel3 We nd that increasing
beta stabilizes the TEM and the highequilibria are stable to the TEM.

To further understand this effect, we plot the result from scans in the density gradients in
two groups, each group containing the maximum TEM growth rate for a rangrelgfat a xed
a=Lr, given in tables3.7 and 3.8 for different equilibria. Just like the ITG study, we group the
plots by triangularity and arrange them in rows based on the normalized radkm positive
triangularity equilibria, the results are shown in gusel4

We observe that the TEM is completely suppressed for the hjgtwsitive triangularity
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Figure 3.14: This gure presentsrem (an=Mn:i) plots for positive triangularity equilibria and
the electron precession drifts at the nominal pressure gradient. For the legbdibria, TEM
is stabilized at both = 0:5and = 0:8. As you can see in gure8.14c) and 3.14{), the
precession drift for the high-equilibria is negative for all values of the bounce angle

equilibria. The frequenchl pei is negative everywhere which means that all the trapped electrons
precess in a direction opposite to the electron diamagnetic direction. They cannot destabilize the
drift wave by exchanging energy with them.

The TEMs we seek are curvature-driven. A large pressure gradient causes the electron
precession drift to become negative for all pitch anglé.[This suppresses the curvature-driven
mode and causes the slab-like branch of the TEM called the universal mode to appear. However,

for high- equilibria, the universal mode is suppressed as well since the large local shear

L = N (3.59)

combined with strong shaping reduces the shearing length Sf@levhich makes it harder for
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Figure 3.15: This gure presentsiem (an=MWn:i) plots for negative triangularity equilibria. For
the high- equilibria, TEM is stabilized at both = 0:5and = 0:8. The rightmost plots on
each row is the electron precession drift frequency.

uctuations to grow and persist along the eld line.

Next, now look at the TEM growth rate trends for the negative triangularity equilibria,
shown in gure3.15 The negative triangularity TEM growth rates follow the same trend as the
positive triangularity ones. The TEM is suppressed for the high-beta equilibria due to the negative
precession drift. The intermediate and low beta are more unstable for the negative triangularity
equilibria at = 0:5and as unstable as positive triangularity onesat0:8.

The result of our local analyses are only strictly valid for perturbations localized to a eld-
line on a ux surface. Alternatively, one can say for all uctuations the toroidal mode number
n 1. Therefore, we must ensure that all modes in this study meet the local approximation in
order to ensure that they are self-consistent. In b8tB.8and 8.3.2 the lowest wavenumber in

our analyses i&, ; = 0:05. The largest ion gyroradius arises in the outer-core higinuilibria

85



where ;  0:005m. This corresponds to a wavelength= 0:628m. Assuming am = 1 mode
has a wavelength equal to the normalized minor radius 0:68m, k, ; = 0:05corresponds to
n 1— the longest modes are not localized. Hence, to accurately capture these modes at low
wavenumbers, we must include nonlocal effects. However, for all the electrostatic studies, the
growth ratesan=wn;; ! Oasky, ;! 0andthe mostunstable modes always aridg.glax i
0:5which correspondsto  10implying that the local approximation is a fair assumption since
we are only concerned with peak growth rates3381and 8.3.2

We have demonstrated the stability of highequilibria against two main sources of elec-
trostatic instability. However, when 1, magnetic uctuations may play an important role
in deciding the stability of an equilibrium. Therefore, in the next section, we study the effect of

electromagnetic modes on the highequilibria.

3.3.3 Linear Electromagnetic study

To see if the stability trend seen in the electrostatic study holds when we include electro-
magnetic effects, we perform an electromagnetic microstability analysis for all the nominal local
equilibria. This analysis is similar to the work done B\], albeit we are testing 1 equilibria
using an initial-value solver. We solve the linear, collisionless, gyrokinetic model allowing for
non-zero magnetic eld perturbationé y and B ¢ using theGS2 code. We use the nominal
gradient scale lengths for this study (given in tabld). First, we plot the growth rate spectrum

with ky ; for the positive triangularity cases in gu@16
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Figure 3.16: This gure shows comparison between the electrostatic (abbreviated ES) and elec-
tromagnetic (abbreviated EM) growth rates for all the nominal positive triangularity equilibria.
Some of the branches have been labeled by their corresponding mode names. Notice the KBM
in the intermediate and high-equilibria in gures @3.16(e) and @.16(f), respectively and the
emergence of the collisionless-micro-tearing and electromagnetic-ETG modes in 3JL8 )

for all values ofk, ; and gures @.16(e) and @.19(f) fork, ; > 1

SinceGS2 only calculates the maximum growth rate, in the inner core, we observe the
nite- stabilization of ITG B2] until the emergence of collisionless-microtearing (MTNBB]
84, 85] and electromagnetic-ETG (EM-ETG) mode&6[87] in gure 3.16c) ’. These modes
arise on small scales radiallp( ¢)) and are extended in the ballooning anglelo accurately
capture the extended eigenfunctions corresponding to these modes, we have to choose a wide
range in the eld-line-following coordinate (2 [ 119; 119 ]) with 21points over @ interval.

The eigenfunctions for two values kf ; in gure 3.17c) are shown in appendi.

In the outer core, we observe nitestabilization only for the low- equilibrium. For the

"Note that the purpose of this work is to look for the most unstable modes destabilizing a local equilibrium. The
distinction and correct classi cation of the type of mode is orthogonal to our objectives.
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intermediate and high-cases, the electrostatic modes are replaced by KBMs at low wavenum-
bers and collisionless-MTM and electromagnetic-ETG at high wavenumbers. Overall, positive
triangularity high- equilibria are more unstable than the low or intermediate ones in the inner
core due to the collisionless-MTM and the EM-ETG mode. As we move towards the outer core,
high- equilibria become much more stable — exactly the opposite trend compared to the inner
core. This means that the outer core is more stable for the hegpilibria.

Next, we plot the growth rates for the negative triangularity equilibria in gBuUE/.
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Figure 3.17: This gure shows comparison between the electrostatic (ES) electromagnetic (EM)
growth rates for all the nominal negative triangularity equilibria. The sudden jump in @ure
aroundk, ; = 4:5is a different branch of the collisionless MTM. Note also that the growth rate
aroundky ; = 0 in gure (e)goes to xed value ofa y=wh;; = 0:152since the equilibrium is
unstable to the ideal ballooning mode.

The negative triangularity, inner-core equilibria are also stabilized due to nigdfects.
This effect is also visible for the intermediateease fork, ; > 0:5 but absent for the high-

cases as the ITG and TEM are superseded by electromagnetic modes: collisionless MTM
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and the EM-ETG mode. For the outer-core cases, we see the exact same pattern as the inner
core — nite- stabilization for the low-, KBM and collisionless-MTMs for the intermediate-
and collisionless-MTMs and EM-ETG modes for the high-Note that unlike the postive

triangularity case, we do not observe the KBM in the negative triangularity, highuilibria.
Moreover, the growth rates are also lower than positive triangularity cases for a wide range of
wavenumberskf, ; 2 [0:01; 4:5]). Since turbulence is most likely to peak at lower wavenumbers,
the growth rate characteristics of negative triangularity, higire the most favorablé.

In summary, we nd that turning on the electromagnetic effects destabilizes the high-
equilibria. Figures3.16c), 3.17c) and 3.14f) show the emergence of collisionless-MTMs
and EM-ETG modes whereas gui&17c) also shows instability to the KBM in the range
ky i 2 [0:010:5]. These equilibria are much more unstable than the loanes in the inner
core but they are much more stable as we move towards the outer core, with negative triangu-
larity high- equilibria showing the best characteristics. We believe that the outer-core stability
is due to a large Shafranov shift and strong shaping. We also argue that negative triangularity
has better characteristics than positive triangularity due to stronger shaping, i.e., “squareness”
that we discussed in gur8.5. Since outer-core or edge transport is usually a limiting factor in
experimental low- equilibria, these equilibria may be a novel alternative to realize higher-power
devices.

In this section, the lowest wavenumber that we have scannled is= 0:01 Using the

same analyses as presented at the en&.3 the longest wavelength  3:1m. Assuming

8Some of the 1 equilibria have small but nite TEM growth rates which are larger than the growth rates
from our electrostatic TEM study. This is consistent with the electrostatic study since we chose the TEM growth
rate at a value ok, ; for which the ratio of =Q was maximized. This almost always happens at akpw —
TEM growth rates are small at loky, ; values for 1. Furthermore, the lengths of the gradient scale lengths
(tables3.7 and3.8) were different for the electrostatic study.

89



n = 1 corresponds to = ay = 0:68m, the longest mode would require< 1. Modes with

such long wavelengths violate the local assumption of ux tube codes. However, the growth rates
go to zero at low wavenumbers (with the exception of glie§e)) and peak aky.peax i  0:01
Calculating the value af at the wavenumbe(,e.« i, we obtain the lowest in gures 19(e) and

18(f) asn = 0 andn = 5, respectively. Therefore, the reader must take the low-wavenumber
results shown in gured9(e) and18(f ) with a grain of salt.

Note that this is a collisionless electromagnetic analysis. It is possible that in the presence
of collisions, more modes like collisional-MTM$88, 89|, collisional EM-ETG etc. arise and
supersede their collisionless varian&9][as the most dominant mode. On the other hand, it
is also possible to achieve lower growth rates if we include the stabilizing effect of velocity

shear 89.

3.4 High- stellarator equilibria

To test our observations about highequilibria from previous sections and verify that
they hold for stellarator equilibria, we scan two recent quasisymmetric 3D equilibria obtained by
Landremaret al. [90]. The Landreman-Buller-Drevlak (LBD) quasiaxisymmetric (QA) design
is alow- equilibrium ( ox 5%) whereas the LBD quasihelically symmetric (QH) design is an
intermediate- equilibrium ( ox  119%). In this section, we will perform gyrokinetic analysis of

the two equilibria.
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3.4.1 LBD QA low- equilibrium

In this section, we will perform both electrostatic and fully electromagnetic gyrokinetic
analysis of the two eld period LBD QA equilibrium at nominal values of density and tempera-
ture gradients on a single eld line. To do that we provMBIECGwith the presssure, rotational

transform, and cross section shown in guld.8
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Figure 3.18: This gure plots the inputs to teMEGcode for the LBD QA design: the pressure,
rotational transform as a function of the normalized radiuand cross-section of the boundary.
The red lines mark the radii= 0:5and = 0:8, locations at which we perform the gyrokinetic
analysis.

For a gyrokinetic analysis, we need thevalues on the two ux surfaces and the nominal
values of the density and temperature gradient scale lengths. These values are provided in the

table3.9

N | anv=ln | an=Llr ky i 0
05| 42| 098 0:45 | [0:056]|[ 1.5;1.5]
0:8| 1.8| 396 1:98 | [0:056] | [ 1.5;1.5]

Table 3.9: This table contains the values of quantities needed for a gyrokinetic run with the LBD
QA equilibrium. The gradient scale lengths are the same for both ions and electrons.

Using these values, we solve the linear electrostatic and the fully electromagnetic gy-
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rokinetinc model usingsS2on the eld line ; = 0 and plot the normalized growth rate in

gure 3.19
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Figure 3.19: This gure compares the normalized electrostatic and electromagnetic growth rates
for the LBD QA equilibria. In gures3.19a) and(b) we plot the electorstatic and electromag-
netic growth rates, respectively at 0:5. In gures 3.19c) and(d), we do the same for = 0:8.

Note that due to strong shaping of stellarators, we also scan in the ballooning paramneter

We see the same behavior as the axisymmetric cases; rstabilization of the ITG mode
and emergence of KBM and EM-ETG modes. Note also that both equilibria have a nite growth
rate atk, ; = 0:05value. This fact will be important in$5. Since EM-ETG is an electron-scale
mode, it does not peak in tHg ; range that we have chosen. To capture the peak EM-ETG
growth rate, we would have todg ;  (m;j=me)*=.

It is important to note that unlike tokamaks all eld lines are not identical in stellarators
even with quasisymmetry. In other words, the geometric coef cients used in a gyrokinetic calcu-

lation will vary with the eld line label ;. Hence, it is possible that the most unstable mode lies

92



on a different eldl line for a different equilibrium. However, we do not explore it further and
only scan ; = 0 in this thesis. To understand how the microstability behavior of a stellarator

changes with , we analyze a stellarator equilibrium with a highein the next section.

3.4.2 LBD QH intermediate-equilibrium

After studying a low- stellarator equilibrium in the previous section, we look at an intermediate-
(hi 5%, four eld period, LBD QH equilibrium at nominal density and temperature
graidents on a single eld line. The input pressure, rotational transform, and boundary cross-

section is shown in gures.20

49
—_ $=0

i;g \ 1.25 31 Tt

o~ . 2 1 = 1/2 period
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00 02 04 06 08 1.0 0.0 02 04 06 08 10 75 10.5 14.0
P=Vylyy P=Vylys R
(a) Pressure (b) Rotational transform (c) Cross-section

Figure 3.20: This gure plots the inputs to tveMECcode for the LBD QH design: the pressure,
rotational transform as a function of the normalized radiuand cross-section of the boundary.
The red lines mark the radii= 0:5and = 0:8, locations at which we perform the gyrokinetic
analysis.

With the output equilibria, we use the information needed for a gyrokinetic run given in
table3.1Q0 Using these values, we solve the linear electrostatic and the fully electromagnetic
gyrokinetic model withGS2 on the eld line ; = 0 and plot the normalized growth rate in

gure 3.21
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n | an=Ln | an=Ly Ky | 0
05] 108 | 090 0:45 | [0:056] | [ 1.5 1.5]
0:8| 46 | 396 1:.98 | [0:056] | [ 15;1.5]

Table 3.10: This table contains the values of quantities needed for a gyrokinetic run with the LBD
QH equilibrium. The gradient scale lengths are the same for both ions and electrons.

(a) Electrostaticay=g at =0:5 (b) Electromagneticany=¢ at =0:5
1.50 0.3
0.75 02

& 0.00
0.1

-0.75
-1.50 0-0

' 1 2 3 4 5 6
Ky pi

(c) Electrostaticay=¢ at =0:8 (d) Electromagneticay=¢ at =0:8

Figure 3.21: This gure compares the normalized electrostatic and electromagnetic growth rates
for the LBD QH equilibria. In gures3.21(a) and(b) we plot the electrostatic and electromag-
netic growth rates, respectively at 0:5. In gures 3.21(c) and(d), we do the same for = 0:8.

Note that due to strong shaping of stellarators, we also scan in the ballooning paramneter

For the intermediate- equilibrium, we see the same effects as the axisymmetric and the
3D equilibria we studied before. As expected, due to a largehe nite- stabilization of
ITG is even greater. The stabilization occurs due to the negative local shear even though the
global shear is small compared to tokmaks. Due to the larg&re also see emergence of the
KBM in gures 3.21(b) and3.21(d) in both the inner and outer core aroukd; 1. Similar
to the previous equilibrium, the electromagnetic growth rate goes to a nite non-zero value at
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ky i =0:05

Unlike the tokamaks microstability study, we cannot do a Greene-Chance analysis for these
stellarator equilibria as they are not described by an explicit, scalar, force-balance equation like
the Grad-Shafranov equation. Self-consistently performing these gradient scans would either
require generating multiple new equilibria usiMylEGor imposing additional constraints on the
type of equilibrium P1, 92]. Both of these methods are non-trivial to implement and will not be
explored further in this thesis.

Some of the tokamak cases and all the stellarator cases that we studied are unstable to
KBMs. Moreover, for some of these cases the growth rate approaches a nite vijueat0:05
instead of approaching zero. This behavior is linked to the ideal ballooning stability of these

equilibria. We will explore this effect in more detail in the next section.

3.5 Relationship between ideal and kinetic ballooning modes

In this section, we will demonstrate similarities and differences between the ideal and ki-
netic ballooning modes. First, we will brie y explain the limit in which the linear gyrokinetic
model reduces to the ideal ballooning equation. Next, we will perfor® an yp analysis of
axisymmetric equilibria using the Greene-Chance method explaine8.?3&nd calculate the
maximum ballooning eigenvalu’\efor the 3D equilibria. We will explain the correlation between
the distance from marginality of the ideal ballooning mode and the KBM.

To elucidate the similarities between the ideal and the kinetic ballooning mode, we take the

intermediate frequency, long wavelength, large aspect ratio limit of the gyrokinetic n38@}(
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(3.33. In this limit

Vi Ve 1 1 1 (3.60)

where = 1=A s the inverse aspect ratio of the device. Ta@l. [49] and Aleynikova and

Zocco P3| have shown that the linear electromagnetic gyrokinetic model can be reduced to

!
ir @ d(op)
JB2 @ d

ir J2
B2

Ji@@ B r 2p+B2 r X=(1, 1) X, (3.61)

whereX = is the electrostatic potential uctuation. This equation is nearly identical to the
ideal ballooning equation, except for the diamagnetic corrections frorh the ky Vin.i=Lp,
term. In fact, in the long-wavelength limk, ; ! 0O, (3.61) reduces to the ideal ballooning
equation 2.37).

To better understand this connection, we solve the ideal ballooning equation for all the

equilibria discussed in this chapter. For axisymmetric equilibria, we also leverage the Greene-

Chance technique to self-consistently chaggead uqp for all the twelve local equilibria.

351 b vHDp analysis of axisymmetric equilibria

In this section, we will calculate the growth rate\=c for all the axisymmetric cases
studied in 8.3, To obtain useful maximum growth rate scans, it is computationally advanta-
geous to know where the equilibrium transitions from being stable to unstable, i.e., the region of
marginal stability. This is because stable modes are extended and require many more points and

a wider range in than unstable modes, leading to a longer computation time. To that end, we
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rst integrate the marginally stable ballooning equation

!
o2 2
J; 812% +2 0? B r op+ B r X =0; (3.62)

1@
Je

along the eld and count the zeros of the functiif ) —if X has at least one zero, the mode is
unstable; otherwise it is stable. This criterion was originally develope8@iddy Newcomb, for
a screw pinch. Newcomb used it as a method to assess the stability of a screw pinch without ex-
plicitly nding the growth rates or the eigenfunctions. Itis brie y explained in apperlixXJsing
this criterion, one can obtain the signfbf 2 and infer the stability signi cantly more rapidly
than by exactly solving4.37). Coupling Newcomb's criterion with the Greene-Chance analysis
gives us the ability to scan tfe  yyp Space and plot the marginal stability contour 0)
cheaply. For axisymmetric equilibria, the marginal stability contour is a single continuous line.
Upon obtaining the contour, we choose a region around it where we sbB/A.(

To solve @.37) we use the procedure described by Sanatex. [42]. Our two-part code
rst nds the contour of marginal stability, then takes a region around the contour i& theyp
space and implements the algorithm given4d][ It outputs the maximum eigenvalue and the
corresponding eigenfunction for each valu&gahd \,,p . The plots of the maximum eigenvalue
along with the curve of marginal stability are shown in the next seétion.

This section contains the results of he yp analyses of the twelve local equilibria that

9All the calculations for axisymmetric equilibria in this chapter are done wjtk 0. A more complete picture
would require one to scan over multiple values @and take the union of the resulting marginal stability curves and
growth rate plots.
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we chose in §.3. We plot a 2D contour plot of the magnitude of the growth rate de ned as

= | = (3.63)

where the de nition of® is taken from 2.39. We begin by discussing the positive triangularity

equilibriain gure 3.22

(@ =05 0:01 (b) =0:5 0:1 (c) =05 1

(d) =08 0:01 (e) =08 0:1 (f) =0:8; 1
Figure 3.22: This gure shows the normalized growth radg,=w, . contours along with the
curve of marginal stability (white line) for the positive triangularity equilibria. The columns
correspond to the low, intermediate and higlegimes, respectively. The nominal equilibrium

value is given by the green cross. The difference between the growth rates from the low and
high- equilibria is due to our choice of normalization B.§3.

All the positive triangularity equilibria studied here are stable at their nominal values. The
low- equilibria lie below the marginal stability contour whereas the higéguilibria lie above
it. For low- equilibria the ballooning threshold is well-known to bgp 1 but for the

high- equilibria, using 8.43, wmHD 1= Zey 1 which pushes these equilibria into the
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region of “second” stability, rst discovered by Cop@9] and later explored by Greene and
Chance 62]. Note that the high- equilibrium in gure 3.2Zf) is close to marginally stable.
Also, since ballooning modes are Al waves and we use ion thermal speed to normalize the
ballooning eigenvalu@, we see that the maximum growth rate decreaseg,asva = =2

— high- equilibria having the smallest maximum growth rates. The non-conventional choice of
normalization used in this section helps us quantitatively compare ideal ballooning growth rates

with the ones obtained from various microstability studies338L, §3.3.2 and 8.3.3 In the

next paragraph, we discuss the results from ideal ballooning scans of the negative triangularity

equilibria.
(@ =05 0:01 (b) =0:5; 01 (c) =05 1
(d) =0:8§; 0:01 (e) =0:8; 0:1 (f) =0:8; 1

Figure 3.23: This gure shows the normalized growth rate contours along with the marginal
stability curve for the negative triangularity equilibria. The nominal equilibrium value is denoted
by the green cross.

In gure 3.23 we can see that the nominal equilibria for negative triangularity are stable

for all cases except gur8.23e). The trends follow those of the positive triangularity equilib-
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ria with one important exception. Unlike positive triangularity equilibria, the highegative
triangularity equilibria move closer to the marginal stability boundary in the inner core region
as seen in gure3.2c). This is different from the usual result — ballooning-stable equilibria
with peaked pressure pro les approach marginal stability as we move towards the boundary and
pressure gradient gets steeper (as seen in §u28 3.22%a), 3.22b), 3.22d), and3.2e)) —
indicating that negative triangularity, highequilibria have enhanced ballooning stability in the
outer core. We observed a similar trend when we presented results from the electromagnetic
microstability analyses in$3.3

Recently, Daviet al. [45) have published a study investigating access to higipher-
ical tokamak equilibria where they nd that high- negative triangularity equilibria are more
unstable and less accessible than their positive triangularity counterparts. At rst, this may seem
to contradict our results. However, looking at the plasmealues in Daviest al,, we realize
that their high- equilibria correspond to intermediatein our work. Indeed, the negative trian-
gularity intermediate- equilibrium in gure 3.22¢) is ballooning unstable whereas the positive
triangularity equilibrium in gure3.22e) is ballooning stable. Furthermore, Davigtsal. de ne
accessibility as the ability to reach the nomingfyp from yyp = 0 at the nominak — a
straightlineind  yup Space — the actual path of an equilibrium from startup to a steady-state
operation in thed MHD Space is a 2-D curve, similar to guregd, 2(b) in [69]. Therefore,
our results corroborate, rather than contradict, the ndings of Daties

The rstimportant takeaway from this study is that all low- and higkquilibria are stable

to the ideal ballooning mode. This indicates that it might be possible to generate highym-
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metric equilibria that are ballooning stabfe Even though one of the intermediatesquilibria
is unstable, we will use it in our study as it will help us understand the behavior of microstability
with changing .

The second important takeaway is that equilibria that are ideal ballooning unstable are also
unstable to the KBM. Moreover, there is a correlation between the distance from marginality and
ideal ballooning stability, especially for intermediateequilibria — equilibria that are closer to
the marginal stability boundary are unstable to the KBM. This will be explored further in the
next chapter. In the next section, we will calculate the maxium ballooning eigerﬁe[tuethe

stellarator equilibria.

3.5.2 Ideal ballooning analysis of LBD equilibria

To check if our observations for tokamaks can be extended to stellarators, we calculate the

maximum eigenvalu@max for both the LBD equilibria.

(a) LBD-QA (b) LBD-QH

Figure 3.24: This gure shows the maximum ideal ballooning eigenvBiug as a function
of the radial location . In gure 3.24a) we plot b..x for the LBD QA equilibrium and in
gure 3.24(b) we plotbmax for the LBD QH equilibrium.

ONote that we do not prove the experimental accessibility of these highuilibria. We show that if these
equilibria were to exist, they will be stable to the ideal ballooning mode. The problem of accessibility in the context
of ideal ballooning stability was studied b§d].
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We observe that both the LBD QA and QH equilibria are unstable to the ideal ballooning
mode. Similarly, both the ideal ballooning and gyrokinetic growth rates are also larger@i8
than at = 0:5 for both equilibria We also see from gureés19b), (d) and gures3.21(b),
(d) that the KBM growth rate is a nite positive value & ; ! 0. This serves as additional
evidence to our hypothesis that ideal ballooning unstable equilibria are also unstable to KBMs.
Even though ideal ballooning modes may not necessarily lead to disruptions in stellarators,
they can still deteriorate the heat and particle transport via the KBM channel. For haka-
maks and stellarators, the lowest wavenumber modes are KBMs. Since low-wavenumber modes
are usually the most dangerous, ensuring the KBM stability of higlevices is of paramount

importance for improved plasma con nement.

3.6 Summary and Conclusions

We began this chapter by explaining the linear, collisionless, gyrokinetic model and how to
solve it numerically using th&S2code in 8.2 We also explained Greene-Chance analysis, a
technique used to locally change the pressure gradient and shear of axisymmetric equilibria.

In 83.3, we studied the stability of all the axisymmetric local equilibria to the two most
virulent electrostatic modes of turbulence: ITG and TEM. We found a clear inverse relationship
between the beta value and the growth rates — increasing the beta value stabilized both the
ITG mode and the TEM. Using a Greene-Chance analysis, we also scanned the maximum ITG,
TEM growth rates vs the temperature and density gradient scale lengths, respectively. This was
important to ensure that these equilibria are not “stiff”, i.e., the growth rates do not increase

sharply as the gradients exceed some threshold3.8. 82 we explained how a large negative
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local shear resulting from a large Shafranov shift stabilizes the ITG mode argl3re@we
showed how the reversal of the precession of the trapped electrons stabilizes the TEM throughout
the whole range of gradient scale lengths.

The effect of electromagnetic uctuations can be important for all equilibria, especially the
intermediate and high-ones. To that end, in®3.3we performed an electromagnetic study of all
the nominal axisymmetric equilibria. We found that the stability trend seen for the electrostatic
case did not hold after turning on electromagnetic effects. However, even though the high-
equilibria were more unstable than the lowenes due to collisionless-MTMs and EM-ETGs
in the inner core, they were much more stable than low the outer core. We found that
negative triangularity, high-equilibria were stable to the KBM. We believe that this is due to
the strong shaping (“squareness”) of the negative triangularity highuilibria. This indicates
that turbulent transport may atten the pressure gradient in the core but may not signi cantly
affect the pressure gradient toward the edge for higdguilibria.

To ensure that the trends obtained from the higtokamak study are applicable to stel-
larators with a high-, in 83.4we examined both the electrostatic and electromagnetic the mi-
crostability of two recent quasisymmetric stellarator equilibria obtained by Landretaup90].
Similar to tokamaks, we also observed effects like nitestabilitization of the ITG and emer-
gence of KBMs and EM-ETG in both the LBD equilibria. Moreover, all the LBD equilibria that
we analyzed were unstable to the KBMs.

To further explore the relationship between the ideal and kinetic ballooning modé&s5jn 8§
we then analyzed the ideal ballooning stability for both the tokamak and stellarator equilibria.
We also performed a# vnp for the axisymmetric equilibria to visualize the distance of the

nominal equilibria form the curve of ideal ballooning marginal stability. We nd that all the ideal
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ballooning unstable equilibria are also KBM unstable. Furthermore, equilibria that are close to
marginality are also unstable to KBMs.

To explore the relationship between distance from ideal ballooning marginality and KBMs,
in the next chapter, we integrate microstability analysis with the adjoint ballooning stability
framework from chapteR and search for axisymmetric and 3D quasisymmetric equilibria that

are stable against the KBM.
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Chapter 4. Towards a combined MHD and kinetic stability optimization of high-

equilibria

4.1 Overview

In the previous two chapters, we have analyzed the ideal MHD and kinetic stability of
high- tokamak and stellarator equilibria. Since the overall stability of a fusion device is cru-
cial, it would be advantageous to have a single optimizer that optimizes against both types of
instabilities.

In this chapter, we combine all the ideas and tools from the previous chapters to develop
a stability optimization framework called MicroStOpt. With this framework, we calculate, test,
and present some results. Finally, we use this to search for axisymmetric and quasisymmet-
ric equilibria that are stable against the ideal and Kinetic Ballooning Modes (KBMs). Kinetic
stability calculations are typically much more expensive than ideal MHD stability calculations.
Consequently, there is a great interest in nding proxies that reliably correlate with kinetic sta-
bility. Using our optimizer, we can also test different equilibrium-dependent proxies. Using the
knowledge derived from the previous chapter, we also test whether the ideal ballooning distance-

from-marginality is a useful proxy for KBM stability.
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4.2 The MicroStOpt framework

MicroStopt is an optimization framework written in Python that can generate and optimize
tokamak and stellarator equilibria against ideal and kinetic instabilities. We ussiMi@OPT
framework to generate equilibria, our solver from chag@tév calculate the in niten ideal bal-
looning stability, GS2 to evaluate linear microstability, and the recent nonlinear gyrokinetic
code,GX[96, 97] to calculate nonlinear heat and particle uxes. A detailed explanation and
reasoning for usin@gXis provided in appendi¥. A owchart that broadly explans the working
of MicroStOpt is shown in gured.1

MicroStOpt is a program manager that couples the three different codes. The equilib-
rium parameters such as the boundary Fourier coef cients, rotational transétcmare con-
tained in the state vectory. The general idea is to reduce the transport by stabilizing the linear

mode(modes) causing the largest transport. The algorithm follows the following steps.

1. From a non-linea6GXrun, we nd the mode causing the most heat and particle transport

and the range of wavenumbeéls ; ky) corresponding to that mode

2. UsingGS2 our objective becomes to nd a new state vectgrsuch that the linear growth

rate of the mode corresponding to the larg@stnd is lower than its previous value.

3. If the optimization requires a gradient, we spawn multiple instances of the optimizer. We
change one element &f per instance by a small value and recalculate the objective func-

tion F concurrently to nd the derivativé =@ j, .

4. After every ten iterations, we take the relatively more stable equilibria an@Xagain to
check how much the uxe® and have decreased.
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[Initialize x,

Calculate geometry
with SIMSOPT

Run nonlineaGX
Calculate Q(k & ),(kxky

Calculate geometry and
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Calculate growth rate Calculate ballooning
objective withGS2 objective
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Overall objective

Gradient
of objective

and geometry-dependent objective

Vary x, and calculate geometr?{/

with SIMSOPT
Calculate growth rate Calculate ballooning
objective withGS2 objective

Gradient of the overall objectiye

Figure 4.1: This gure shows the ow chart explaining how the MicroStOpt framework operates.
The dashed gray box denotes the ow of logic inside an optimizer. The red box indicates work
in progress as we are still testing nonlinear, electromag@tic
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Like SIMSOPT, the gradient of the objective function is calculated concurrently. We can use
gradient-based or gradient-free, local or global optimizers; all of which available in Python.

Apart from wrapping these codes in an optimizer, we also implement load balancing over
multiple CPUs by storing the status of each job. In this way, we can keep track of the total
number of processors and reassign the processors used for a subprocess to another subprocess
without using MPI from within an MPI program. Since nding the globally maximum growth
rate on a(ky; ky) for different state vectors, is a highly parallel job and eaddS2run takes a
different amount of time to converge, load-balancing helps us speed up the maximum growth rate
calculation.

Using this framework, we rst perform a few simple tests with the ideal ballooning stable,
intermediate- axisymmetric equilibrium from &.4.1 Note that the weights of different penalty
terms in the objective functioR are chosen based on the relative size of different objectives.
There are no well-de ned rules, and nding the right objective function occasionally requires
trial-and-error by the user. The rst two tests scan the objective function

+ Flgi + Flpea T4 FR, +2:5F Fico; (4.1)

aspect micro

with respect to the boundary Fourier coef cients\'ﬂMEd?b(O; 1) and be(o; 2). All the terms

except the last one are de ned i2.8.4.2 The last term,

s
F micro = RelLU( thresh); (4.2)

=1

sums over the maximum growth ratgreater thanwesh in the chosen range ¢ky; ky) on each
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of ns ux surfaces indexed by. For our study, we choos@nesn = 0:02ky 2 [0; 1:5]k, 2
[0:05; 6:0]; ns = 12 with s 2 [0:05; 0:875] The plot ofF with respect tdl?b(o; 1) andli?b(o; 2)is

givenin gure4.2

(a) No mode switching (b) Mode switching

Figure 4.2: This gure shows the scan of the objective funcfionwvith respect two boundary
Fourier modedR,(0; 1) andiR,(0; 2). In gure (a), we observe a case where the most unstable
mode does not change leading to a smdetliHowever, noisy behaviour in guréo) is because
the mode corresponding to the maximum gamma changes as we dRBA{e; 2).

The objective function is smooth in guré.2 (a) but non-smooth in guret.2 (b) because
maximally growing modes switch from a KBM to an EM-ETG. The jumps occur because the
maximum EM-ETG growth rate does not lie inside the chag&nk,) domain. To capture both
electromagnetic ion- and electron-driven modes, such as EM-ETGs and MTMs, we would require
Ky P m;=m, which would make a straightforward linear calculation more expensive. A more
ef cient method is to isolate a single mode and reduce its growth rate. If we do that, we can use
gradient-based optimization, which is much faster than gradient-free algorithms.

For the sake of simplicity, as a part of the preliminary tests, and to test our hypothesis about
the connection between the ideal and kinetic ballooning modes, we will only perform stability

optimization of equilibria against the KBM. We start by testing the hypothesis from chzpter
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State | (%) | h (%) |j (MA) | mBi (T) A |avm) | o(Tm?
Iniial | 140 | 78 | 0616 | 0:677 | 0:568| 2:42| 0:68 1.0
optim.| 128 | 7.1 | 0475 | 0:749 | 0:301| 259 0:647 | 1.0

Table 4.1: This table shows a comparison between relevant physical quantities of the intial and
optimized DIII-D equilibrium.

the next section.

4.3 Finding a high-, KBM-stable tokamak

In this section, we use the MicroStOpt framework to nd a higltekamak design that is
stable against both the ideal and kinetic ballooning modes. We start with the axisymmetric equi-
librium used in 8.2.1 The degrees of freedom for this study aﬁg(o; 1), rbb(o; 2), #?b(o; 3),

Ry, (0; 4), 2,(0; 1), 2,(0; 3); 2,(0; 4); B,(0:5). We also vary the zeroth, third, and fth coef -
cients of the rotational transform pro le. Overall, we have eleven degrees of freedom. The iota
and cross-section pro les of the initial and nal equilibria are given in gut& A comparison
between the values of important physical quantities for the initial and nal equilibria is presented
in table4.2 We were able to stabilize the equilibrium against the ideal ballooning mode and re-
duce the KBM growth rate using MicroStOpt. Note also that after an equilibrium becomes stable
against the ideal ballooning mode, there is no de nitive correlation between the distance from
ideal ballooning marginality and the KBM growth rate. In the next section, we test MicroStOpt

for stellarator equilibria by searching for a quasisymmetric, higdtellarator.
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Figure 4.3: This gure plots the initial and optimized rotational transform and cross sections
in the top row. In the bottom row, it shows the the ideal ballooning eigenvalue in 4L8E)

and the KBM growth rate in guretl.3(d). Using MicroStOpt, we are able to stabilize the ideal
ballooning mode and reduce the KBM growth rate by a factor of three.

4.4 Finding a high-, KBM-stable quasisymmetric stellarator

In this section, we use the MicroStOpt framework to nd a highguasihelically symmet-

ric stellarator equilibrium. We start with a Landreman-Buller-Drevlak (LBD) QH-like equilib-

rium. To obtain this equilibrium, we take the original LBD QH equilibrium and remove all the

higher-order Fourier modes that de ne the boundary shape. Next, we vary the boundary shape

coef cients of the LBD QH-like equilibrium to stabilize the ideal and kinetic ballooning modes
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Figure 4.4: This gure shows the initial proles and boundary shape of a higtellara-

tor equilibrium. Note that the pressure and rotational transform pro les are the same as the
LBD QH equilibrium. However, the boundary is different which makes this equilibrium non-
guasisymmetric.

while recovering quasisymmetry. Mathematically, an equilibrium is quasisymmetric when the

residual

X D 1 E
fos = @KN M)B r B r (MG+ NI)B r B] ; (4.3)

vanishes. In4.3) N andM are the desired toroidal and poloidal mode numbers of the magnetic
eld, 2 is the total enclosed toroidal ux2 = oG( ) is the total poloidal current outside a
ux surface and inside the boundary, a@d= ol ( ) the total enclosed toroidal current. For
this case, we search for quasihelically symmetric (QH) equilibria that correspdhd=td and
M= 1

Figure4.4 shows the initial pressure, and rotational transform pro les, and the boundary
shape pro le of the initial stellarator equilibrium. We choose only the boundary coef cients as

degrees of freedom. The list of coef cients is provided in tahf2
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R, (n; m)

2,(n;m)

([1; 3], 0)

([1;3:0)

([ 33}1)

([ 33L1)

([ 22]2)

[ 2252

([ 22]3)

([ 22]3)

([ 1,1]4)

([ 1,1]4)

Table 4.2: This table provides the boundary shape degrees of freedom for the QH, $tigjh-
larator equilibrium. The number of degrees of freedods

Using these degrees of freedom, we use MicroStOpt to nd an ideal ballooning stable
equilibrium that also has a lower KBM growth rate. The comparison of various growth rates is

shown in gure4.5.

0.004

S initigﬂ_ /\ 0.8 | —:— initial '/',
0.003 = oprfniz/eq —— optimized 4
v 4
§ 0.002
&
0.001
0.000

0.0
0204060810 0.15 035 0.55 0.75 0.95
S S

(c) KBM growth rate

(a) Cross-section (b) Ideal ballooning eigenvalue

Figure 4.5: This gure shows the initial and nal cross-section of the higbtellarator equilib-
rium in gure 4.5a). In gures 4.5b) and(c), we present the ideal ballooning eigenvalue and
KBM growth rates of the initial and optimized equilibrium. MicroStOpt is able to stabilize the
initial equilibrium.

We observe that MicroStOpt is able to nd an equilibrium that is relatively more stable
to both the ideal and kinetic ballooning modes than the initial equilibrium. The maximum ideal
ballooning growth rate is reduced approximately by half, and the maximum KBM growth rate is

reduced by20% We also see a signi cant improvement in quasisymmetry, evident by the reduc-
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State | (%) | h (%) |j (MA) | mBi (T) A |ay(m) | fos | o(Tm?)
Iniial | 126 | 57 215 | 554 |112|650| 174 | 90 | 456
Optim.| 109 | 49 215 | 592 |1.10|654| 1:68 | 0.076| 456

Table 4.3: This table shows a comparison between relevant physical quantities of the intial and
optimized LBD-QH-like equilibrium.

tion of the quasisymmetry residual. This exercise serves as a proof-of-concept for MicroStOpt
as atool for nding high- stellarator equilibria with favorable stability properties. Note that the
original LBD QH equilibrium was also optimized for a self-consistent bootstrap current. Since
we did not include the self-consistent bootstrap current in the penalty, the bootstrap current in

this equilibrium is not self-consistent.

4.5 Summary and Conclusions

In this chapter, we described the details of a new ideal ballooning and kinetic stability op-
timization framework MicroStOpt. We presented some tests by scanning the kinetic instability
objective function with respect to various boundary shape parameters. We followed that by sta-
bilizing a high- axisymmetric equilibrium against the ideal ballooning and kinetic ballooning
mode (KBM). MicroStOpt was able to stabilize the equilibrium against the ideal ballooning mode
and reduced the growth rate of the KBM by a factor of three. Finally, we used MicroStOpt take
a general high- stellarator equilibrium and nd a quasihelical (QH) 3D equilibrium with a re-
duced ideal ballooning and KBM growth rate throughout the volume. These studies demonstrate
the ability of our optimization framework to reduce the linear instability growth rates of high-
tokamak and stellarator equilibria.

There are many more useful features that can be added to MicroStOpt. Currently, we can
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only stabilize one mode at a time. To alleviate this, we plant to add the ability to perform a multi-
mode analysis. Since these linear and nonlinear analyses are time-consuming, an interesting area
of research is to nd equilibrium-dependent proxies for the critical gradi2@f ¢f nonlinear
uxes or the overall free energyppB] available to turbulence. Calculating equilibrium-dependent
proxies is typically orders of magnitude faster than running gyrokinetic codes. Therefore, we can
use MicrStOpt to nd and test new proxies.

A complete optimization cycle with MicroStOpt requires hundreds of thousan@Saf
runs. The equilibrium data generated during the optimization combined with the linear growth
rates and nonlinear uxes can be used to train a machine learning model to map the space of
favorable tokamak or stellarator operation or to discover new equilibrium-dependent proxies.

It would also be interesting to couple this framework with a transport solver such as Trin-
ity [99, 100. In this way, we could calculate the evolution of the temperature and density pro les
on transport time scales and ensure that the kinetic turbulence is reduced and the device

increased, thereby increasing the power output.
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Chapter 4. Conclusions

In this thesis, we have studied optimization of highekamaks and stellarators in the
context of linear instabilities. To study the stability of these higkquilibria, we used two
models with different levels of complexity: ideal MHD arid gyrokinetics.

In chapter2, we analyzed three high-fusion con gurations against a pressure-driven in-
stability, the in nite-n ideal ballooning. All the chosen equilibria were initially unstable against
the ballooning mode. To stabilize said equilibria, we formulated an adjoint-based method to
speed up the calculation of the gradient of the maxium growth rate of these equilibria. We im-
plemented this method with the help of tBEMSOPTframework, nding stable equilibria for
each of the initially unstable ones. A typical 3D optimization can have hundreds of Dofs. Since
we only used the adjoint method with respect to two variables, our technique has the potential
to speed up the gradient calculation even more. We plan to use this approach withideat
MHD stability solvers which would speed up optimization against all types of xed boundary,
ideal MHD unstable modes.

In chapter3, we performed an in-depth numerical study of twelve higtekamak and
two stellarator equilibria against various types of kinetic instabilities. We used the fast parallel
codeGS2to understand the stability mechanisms of two electrostatic modes of turbulence in

high- tokamaks, ITG and TEMs. To understand the effect,ove compared these results with
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low- and intermediate-tokamaks. Next, we observed the effect of electromagnetic uctuations
on these equilibria. In the highregime, the electromagnetic uctuations caused the dominant
modes to change from ITG and TEMs, to KBMs, EM-ETGs, and MTMs. To ensure that our
observations for tokamaks could be generalized to stellarators, we then analyzed stajh-
larator equilibria and observed the same effects: nitstabilization of the ITG and the TEM,
and emergence of KBMs, EM-ETGs, and MTMs. We also highlighed the similarity between the
long-wavelength limit of the KBM and the ideal ballooning mode.

In chapte”, we combined our ideal ballooning solver and the gyrokinetic s@&2along
with the SIMSOPTframework to develop the MicroStOpt framework that can stabilize equilibria
against ideal ballooning and kinetic instabilities. Long-wavelength modes usually dominate the
heat and particle loss from a fusion device, and KBMs were the unstable electromagnetic modes
with the longest wavelength. Moreover, both the stellarators and four tokamak equilibria that we
analyzed in chapted were unstable to KBMs. Therefore, we used MicroStOpt to stabilize these
equilibria against ideal ballooning modes and KBMs. We were able to reduce the linear KBM
growth rate by more than a factor of three for the tokamak and equilibria and a20tfibr the
stellarator equilibria, thereby demonstrating the utility of our optimization framework.

The ideas explored in this thesis can be extended in many directions, especially with the Mi-
croStOpt framework. Since the heat and particle uxes calculated with the nonlinear gyrokinetic
solverGXgenerally depend on both ion- and electron-driven modes, extending our optimizer to
include multiple modes would be bene cial. Once we have the results from the optimization, it
would be useful to verify the long time evolution of the temperature and density pro les using a

transport solver like Trinity.
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Appendix A: Details of the adjoint method and ideal ballooning equation

A.1 The discretized ideal ballooning equation

After applying the boundary condition®, = ¥y = 0 to (2.4, we can rewrite the
ballooning equation as

(A 1R =0; (A.1)

with | being the identity matrix and the asymmetric tridiagonal mairixith the following form

2 3
Oi2%03=2 ( )2c1 O3=2 -
C%h h 0 0 ::: 0 0
O3=2 O3=2t9s- ( )?c Os=2 -
() ( )2h C )2t 0 0 0
... On os=2%t0n 32 ( )%cn 2 ON 3=2
0 0 0 0:: . K
ON 3=2 ON 320N 1=2 ()% 1
0 0 0 0 :: ( )2fn1 (RN

where the de nitions of the termg;c, andf are provided in Z.39 and is the (constant)
spacing between the grid points. The maxtrix is solved for the maximum eigenvalue using an

Arnoldi iterative scheme.

118



A.2 Detalils of the adjoint ideal ballooning calculation

In this appendix, we will derive2.5]) starting with .38. To do that, we will use the
self-adjoint property of ideal MHD given ir2(46 as well as the Dirichlet boundary conditions

satis ed by the eigenfunction,
R(= =R (= =0 (A.2)

De ning p = ( ;) as the union of all the parameters of the problem, we start by taking the
derivative@ =@of (2.38),

dk
d

d ,d.d
d d %4

9|®

Z z z
d % E@%+ »* Eg£@+ d @j)bjz+ d ol ol
b @d b d d @ b b
&2 z . Z ® (A-4)
& bdfj)b12+b bd D ipj2+ b bdf)b @

Using integration by partsA(2) and rearrangingA.4), we can write

Z Z
b @.4., @gdR2 @ . "
Zipiz =925 bZjhir = Rj?
1@ @d @ @ 4
z S @@ (A.5)
_ Rl A b A
= bd dgd ol + bil @
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Due to the self-adjoint property of ideal MHD, the right side Afg) is zero. The rest of the

equation can be arranged so that

R !

. @y, @dR2 @ .y

d —jppiz = 2 b= iwj?
@_ b @ Jn @ d @ _ (A6)
@ e od fiRj2 ' '

Therefore, to calculat@@o, we only need the gradients of the geometric coef ciegts, f,
the eigenfunctior)b, and the eigenvalu'% of the ballooning equation; we have to solve the ideal
ballooning equation only once. This speeds up the optimization loop, as it is much faster to obtain

the gradient of the geometric coef cients than to solve the ballooning equation multiple times.

A.3 Extending our adjoint-based technique to equilibrium degrees of freedom

In this paper, we have used an adjoint method to nd the maximum eigenba.u;e/vith
respect to the parametapsof the ballooning equation. It is possible to extend our method to
minimizefy; to the equilibrium parameteg under the appropriate conditions. We de ne the

problem and nd the pertinent conditions in this appendix. We want to nd
minfoa Pmac; ), st GE R pp) L X bR =o0: (A7)

where all symbols are de ned in283.3and the ballooning objective functidny,, is de ned

in (2.54). To minimizef 4 with respect to the equilibrium parameters, we need

doar _ @bt P, @b @ @ba
dﬂ @max e;b @ b @D bmax ;p@ bmax @ bmax ;lh'.

(A.8)
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The most expensive term to calculate /§) is the gradient of the eigenvalue To obtain that,

we take the derivative of the opera@mwith respect to ,

@ _ @ @,
@ +@+@_ (A.9)

B

We also expres'?, around a poinpg = ( Bo; o) in the state space as a Taylor series,

b = b(py) + % e+ % pr 8P oo, @%% b b+ OG pi®);  (A10)

and assume that the optimizer takes a stepjsgethat is smaller than the radius of convergence

of Taylor seriesA.10),

e @ .. @@, @ .
ee "" @ " @ "’ @ P W
Using (A.10) and A.11)
@_ @, 0 @
@ o @ o 12

Next, we use the fact th@@b =0 ath = bmax, and that our choice dfyy only explic-
itly depends 0P max. Using the explicit form of the linear operator fror@.87), we multiply

equation A.9) by X and integrate throughout the domain, to rewreg) as

R !
. ° d @j)ij @gd)b 2 b@j)bjz
Toar _ X ReLU’(Prax:i ) @ @ @ : (A.13)
dp . e - " d fjR)2 ’ '
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wherep = ( ;) is the union of all the parameters of the problem gel U™ is the derivative
of theReLU operator such that

8

. 50; if x< O
RelLU (x) =

-1 x>0

Calculating the derivative of the geometric coef ciegtx, andf, with respect to the equilibrium
parameter vectog is not straightforward ivMECand may lack the requisite accuracy for an
adjoint method to work. However, an equilibrium solver lIRESC[101, 102 103 that is de-
signed to calculate these gradients along with the geometric coef cients accurately may enable
us to utilize the full potential of this adjoint-based method. Since the speed up obtained with
an adjoint method is linearly proportional to the length of the vegtarsing A.13) we can, in
principle, speed up the calculation df,,;=de by an order of magnitude for 2D axisymmetric

equilibria and by two orders or magnitude for 3D equilibria.

A.4 Extending our adjoint technique to lom-ideal MHD solvers

Note that this process can be applied to any ideal MHD eigenvalue solver. For uctuations
that are not con ned to a ux surface, one can simplify the energy integral subject to periodic

perturbation in and as explained ir2.3.1to an equation of the form

AX = BX; (A.14)

1The derivative of théReLU operator is not well-de ned at = 0. We may have to replace it with an activation
function that is continuous with a well-de ned derivative. For example, we could use the logistic fuds{ibr
e %) with a large positive real number
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whereA andB are real symmetric matrices. Currently, solving such an equation using various
low-n stability codes can be computationally expensive. For such a problem, we can repeat the

process explained at the beginning of this appendix to obtain the gradient,

X T % X XTBX: (A.15)

9®

@
@

for all modes. EquationA.15) is similar to the Hellman-Feynman theoredDf, 105. For
axisymmetric equilibria, combining gradient information with fast equilibrium solvers such as
EFIT [10€ can help mitigate real-time disruption. One could also couple this adjoint approach

with an optimizer to nd lowh, ideal MHD stable equilibria.

A.5 Homotopy analysis method for solving the ideal ballooning equation

The Homotopy Analysis Method.P7] is a powerful technique that can be used to rapidly
solve complex, multi-dimension, nonlinear ODESs. In this appendix, we will use a particular avor
of the Homotopy analysis method called the Spectral Homotopy Analysis Method (SHAY) [
to solve the in niten, ideal-ballooning equatior2(39.

In toplogy, homotopy is de ned as a continuous deformation from one function to another.
By extending this ability of continuous deformation to ordinary differential equations, one can
solve complicated ODEs by continuously “deforming” the solution of a simpler QIDE [ We

de ne the homotopy function

H (R;0) = qL 1[R( ;0);P@]+ co(X QL o[R( ;0)  Ro( )I; (A.16)
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wherelL ¢ is a simple linear operatot, ; is the linear operator we seek to solwg,2 [0;1]
is the homotopy parameteg, is called the convergence control paramet@r,and b are the
eigenfunction and eigenvalue, respectively of homotopy function.

The equatior. ® = 0 can be solved by solvingl (X;q = 1) = 0. The homotopy
method accomplishes this by writing the Taylor series expansibh @k); b: ), ¥, andP around
g=0

H(R:g=H (Rig=0y+ @R g, GH X9 ¢

@1 o1 @8 .2 + 0 (A.17)

q@R() |, ?GR()

CGa=RO* 575 *a ey ., (A18)
bg=b 4 € , FE°
@= "o+ 7, @0yg BCINCT: 420 " (A.19)
assumingj as a small parameter and solviHg order-by-order irg. To lowest order
H (R;0)=L [R(;0) Ro()]=0; (A.20)

which can be satis ed by choosin)@( ; 0) = ¥, i.e., the lowest order functio® is equal to

the starting gues¥,.

A.5.1 Using SHAM to solve the ideal ballooning equation

The ideal ballooning equation

1d d® ¢ N
59 f)b % =0: (A.21)
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is a second-order eigenvalue value ODE with coef cients that are functions of the independent

variable . This equation must be solved subject to the boundary conditions
(= ,)=0: (A.22)
To apply SHAM, we use the following simple linear operator
L o f—)? 1=0; ®( = ,)=0: (A.23)

and rewrite the ideal ballooning operator by rescaling the eigenfun)@tibylthe positive de nite

coef cient P g

" #
g 1 ¢ 2 1° f p.
LR ———+ ] T 37 gR=0; R( = =0 (A24)
UsingL o andL 1, we de ne the homotopy function
H (R;0)= aL 1R+ co(l Lo Rol; (A.25)
and write
X0
X = anTh( = p); (A.26)
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whereT, is then'™ Chebyshev polynomial of the rst kind. We also chooég = 1. Using the

solution from this order, we solve the homotopy equation for the next order

@X b @z @X
H (X;0)=qgLiXo+caLo — = + — — 1 =0 A.27
(q)qlocOQO@qQOCOdz@q (A.27)
which gives us
@X_ (¢ Do) a0+ b,

To( )+ arTe( )+ (A.28)

@q 2 2
To obtain the value of the unknown coef cierds anday, we impose the Dirichlet boundary
conditions A.22). To obtainb,, we have to iImpose an additional conditiaktD}]. Since the
amplitude of the eigenfunction of a linear ODE can be arbitrarily scaled, we utilize this freedom
to set)b( =0) = 1 which gives u@o. This iterative process can be automated using a computer
program for each order af until b satis es a user-imposed convergence criterion. We then
repeat the same process of calculallim;)r multiple values oty and look for a region wher@
is independent ofy, i.e.,a plateau in thé-cq plot. The value oP in this region is an eigenvalue
of the ballooning equaticn

As an example, we solve the ideal ballooning equation for the lpnegative triangularity
equilibrium introduced in chapted.3 with a modi ed pressure gradient that is four times the

nominal pressure gradient. We solve the equation using SHAM for 20 orders and caicidate

a range of values af. The “plateau” plot is shown in guré.1.

2The ideal ballooning equation can have in nite eigenvalues but we are only considered with the largest eigen-
value. Fortunately, the SHAM converges the fastest for the largest eigenvalue, which is what we end up with.
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Figure A.1: This gure shows the “plateau” plot created using a homotopy analysis method. Over
the plateau region, the eigenvalbe:hanges minimally with respect to the homotopy parameter
Co. This indicates convergence of the homotopy solution.

We choose the eigenfunctiob\ and eigenvalu@ for one of the values of, in the plateau
region which gives us the solution. The initial gue@@along with the nal eigenfunctior)b is

shown in gureA.2.

Figure A.2: This gure shows a comparison between the initial guess of the eigenfun@;ion
and the nal converged solution to the ideal ballooning equation. For this case, we solved the
homotopy equation up to tH20" order.
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The eigenvalu® = 0:227matches th® = 2 (after appropriate normalization) shown

in gure 3.23e)which was obtained by solving the discretized ideal ballooning solver.
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Appendix B: Local expansion of an axisymmetric equilibrium

In this appendix, we will describe in detail how to solve the Grad-Shafranov equation
locally on a ux surface. Using this method, we will write explicit analytical formulae for all
the geometric coef cients needed for a local MHD or gyrokinetic simulation. BriLSwe will
explain the Greeen-Chance method, introduce the local coordinate systems used for our analysis.
Using the local coordinate system, we will then expand the Grad-Shafranov equation near a
ux surface and explain how one can generate an arbitrary number of local equilibria using this
technique.

In 8B.2we will demonstrate analytically that by appropriately choosing the signs of equilibrium-
dependent quantities, the coef cients can be made invariant to the transformagtion . We
will also introduce some tests that a user of a local stability code can use to check the correctness

of a set of geometric coef cients for both tokamaks and stellarators.

B.1 The analysis of Greene and Chance

This appendix explains the Greene-Chance method, a powerful technique that allows one to
vary the pressure and current gradients locally and self-consistently within a global equilibrium.
We will start by de ning the local coordinate system rst developed by Mercier and LO§][

After that, we will expand the Grad-Shafranov equation in those coordinates and use it to obtain
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other important relations, namely the gradientsgpB, and around a surface. Finally, we
explain how the derived relations can be used to vary a local equilibrium. All lengths in the
following calculations are normalized &y and the magnetic elds t8y. In 8B.1.1and 8.1.2

we de ne eto be the normalized radial distance from a ux surface whereas in appeBdix3E

eis a normalized ux surface label — exactly the same quantity as used in the main body of this

thesis.

B.1.1 Mercier-Luc local coordinate system

The Mercier-Luc coordinate system is a local orthogonal coordinate systei ) where
e is the normalized perpendicular distance from a point on the ux surfaée the cylindrical
azimuthal angle, ank) is the normalized poloidal arc length. In these local coordinates, we can

write the cylindrical(R; ; Z ) coordinates as

Z
R = Ro+ esin(u(lp)) + ’ cos() dI;;
ZO| (B.1)

Z = Zo+ ecos@(lp)) +  sin(u) dI};
0

whereRy; Zy are the normalized values Bf, Z on the outboard mid-plane of the ux surface of

interest and the angleis de ned as shown in gurd3.1. We also de ne

Z |
Re R(e=0:lp)= Ro+  cosg)dl;
v (B.2)

p
Z, Z(e=0;lp)= Zo+  sin(u)dl;
0

as the on-surface cylindrical coordinates. The azimuthal angdehe same for the cylindrical

and Mercier-Luc coordinates. Using equati@l) and after choosing a sign for the curvature,
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Figure B.1: This gure illustrates the local orthogonal coordinate systeml ,). The radial
distancee is measured in the direction normal to a ux surface and poloidal arc lehgih
measured in a counter-clockwise sense from the outboard side. We ¢hogs® point in the
direction opposite to e.

we can de ne the curvature

= - au (B.3)

whereR. is the radius of curvature. Using the coordinate transformation reladn, (we can

write 2 3 2 32 3
dR sinu) 0 1+ cospzgde
d 4~ 0 1 0 d (B.4)
dz cos) 0 1+ g sin) d,

This matrix can be inverted to obtain the transformation from Mercier-Luc to cylindrical coordi-

nates. Using this transformation, we can write the transformation Jacobian

J=(@re r )rl) =R 1+RE : (B.5)
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B.1.2 Expanding the Grad-Shafranov equation locally

The Grad-Shafranov equation

— Fd—; F >0 (B.6)

can be written in the Mercier-Luc coordinate system as

R @ (1+e&R) @,

A+eR)@p _ 2dp dF. (B.7)

R )
1+ &R, @ R @ @ R @ d, d,

To obtain the local dependence qf on various gradients suchds=d , anddp=d ,, we write

p @s an asymptotic series in terms of the normalized radial dis&ance
p= pot e p(lp)+ € p(lp) + O(e); (B.8)

de ne

o1 = lim pro = RsBps; p1< 0 Bps> O (B.9)

el 0

whereB s is the poloidal magnetic eld on the surface. Another way to write the above relation

istosayr pje0= pif € Using this asymptotic expansion, we can also write the following
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Taylor series expansions

dF dF
F(p)=F( o)t 22— +:0:=F( o) ®RBper— +:i1;
1! d, " dp o
dF’ dF°
F°C )= F( po)+ pTlpod_ +::1= F( po) ReBps o+ i)
; P . Pow (B.10)
P P
p( )= p( po)+ =2+ iii=p( ) R Bps—— i
1! dp 0 dp o
dq dq
— p_po 99 e o agq
q( p) q( pO)+ 1! dp p0+-.. q( po) &sBpsdp + 0

po

where the prime denotes a derivative with respect jo After substituting the Taylor series

expansions into the local Grad-Shafranov equatiii)( we get

sin(u 1
= 5 RsByps R() =t R2p( po) * F( po)F( po) : (B.11)
S C

Next, we write .11) in the Mercier-Luc coordinate system

|
1 F

q= — dlp=——; (B.12)
2 PR2B,s

and expand it about a ux surface to obtain

2 0
a4 _ g db Z_ s d sz il
p | RSBDS RS Bps RS ps (B.13)
N F 2d sin(u) 1
2 RS3B2 Rs R¢

133



Using the factdl,=B,s = d =B r we can write an algebraic equation in straight- eld-line

angle that de nesq’ in terms ofF " andp’

EE:FO l+i d;z +£ d2
qd , I F 2 (RsBps) 2 B3 (B.14)
N 1 2d sin(u) 1
2 RSBDS RS RC ’
written more compactly as

1d
e e Fasmun + P Byl + Cstul} (B.15)
qd

whereas.q ; bs:fui ; @ndcg.q are three constants obtained by performing the respective integrals
in (B.14). Next, using the Mercier-Luc coordinates, we expand the magnetic eld strength around

a ux surface

2
_F2  1d,

B = —+ =
R? R de
) (B.16)
_ 2 2e Bps 0 F2 . .
=B: 1+ B_g R, + RsBpsp R—gsm(u) ;
which gives us the local, radial gradient of the magnetic eld
@B_ 1 Bj o F2
— = — + RsB — sin ) B.17
@ BS RC S pSp Rg I (u) ( )

To obtain all the geometric coef cients, we also need various gradients of the eld line label

To that end, we can write the eld line label in Mercier-Luc coordinates as

= +S(elp)= q; (B.18)
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and nd S = S(el ;) by solving the equation

¢ =0: (B.19)
To solve equationR.19), we writeS(el ,) as an asymptotic series &
S = So(lp) + S1(lp) + O(€); (B.20)
and equationg.19) becomes
% * R(1 +1ecRc) % %} R +1@Rc) @@j % =0 (B.21)
The lowest-order solution yields
So= d, ;(ngZS) f(e); (B.22)

For axisymmetric equilibria, all the eld lines are identical, which means we can cHd&e 0

without loss of generality. The next-order solution gives us

Z
Si= RBp F' L4F d 20 _
F 0 (RsBps)
z Z _ (B.23)
N po q q . q 2q sin(u) 1 _
@
@jzslz RsBps Foas"'pbs"'cs

(B.24)
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This completely de nes the quantity . Using B.15), (B.17), (B.24) we can calculate all the

geometric coef cientsneeded for a local stability analysis.

B.1.3 Variation of a local axisymmetric equilibrium

Using the normalized ux surface label= P = LcFs, equation B.15) can be written as
$§ 1d dF d
- ad—q = d_as;full + d_pbs;full + Csfull 5 (B.25)

whereas i, bsrun, @ndcsqy are constants. This equation implies that on a given surface, we can
vary the pressure gradiedp=d and the sheas of a local equilibrium independently by a nite
amount as long as we adju#ft=d such that the equatiom(25) is satis ed. Using the the new
values ofdp=d ;dg=d, dF=d , we can calculate the radial gradient ofandB using B.24)

and B.17), respectively. Moreover, the gradients along the eld line do not change. Therefore,
using this method, we can generate an arbitrary number of self-consistent local equilibria. Greene
and Chance rst used this idea to perform&n yyp analysis. We are going to use this for the

ballooning and gyrokinetic stability analyses.

B.1.4 Geometric coef cients for a local analysis

In this section, we will present the complete set of geometric coef cients needed for a lo-
cal stability analysis. Using the local expansion formulae derived in the previous sections, we
simplify the complete set of coef cients to the Mercier-Luc coordinate system. The complete

set of coef cients and their simpli ed de nitions in Mercier-Luc coordinates are given t&ble

1For up-down asymmetric equilibria the lower limit in all the integrals should be some non-zero yaludo
include the effect of o, change the lower limit of integration iB(24) from |ow t0 10w + o.
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Geometric coef cient De nition Mercier-Luc expansion
gradpar anj(b 1 )] EYRY )
bmag e =
gds2 ey i @ et St
gds21 (aNéN)2dd_bg_qr p It (aNéN)ZdTpg_q p1S1
gds22 e & (aNBglN)2 e
gbdrift 2%e%p rB) r O+ HeE s g
cvdrift gbdrift L, 4&op) g G+ OF + LOeE S 8P
gbdrift0 Z%b rB)r , ZuEgs
cvdrifto Zdp rB)r o, SrRe b

Table B.1: This table lists the complete set of geometric coef cients needed to perform an ideal
ballooning or gyrokinetic analysis.

where | is de ned in (B.9) and the radial derivative® B=@andS; are calculated using(17)
and B.24), respectively. Derivatives along the eld line such@B=@ hare calculated numeri-

cally using a nite difference scheme. Note that the quarglgriftO = cvdriftO .

B.2 Some tests for the geometry

Presently, there is a discrepancy in the geometric coef cients used by different gyrokinetic
codes in the fusion community. To resolve this issue, in this section, we provide analytical and
numerical tests that can be performed to ensure the correctness of the geometric coef cients.
In 8B.2.1, we prove the sign invariance of geometric coef cients for a simple axisymmetric case.
In the next section, we present a simple numerical test based on the fact that the growth rate

should be bounded in the ballooning parameger
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B.21 ,! p invariance of the geometric coef cients

For this test, we change the sign of the poloidal ux and observe how the rest of the
guantities as well as the goemetric coef cients change in tBheThe table below lists the sign

change of the relenvant quantities when; ; )! (5 ).

Variable | Initial sign | Final sign
pl +
t1 + +
q + +
F +

Note that ; is not a constant on a ux surface, unlike the rest of the quantities. By the initial and
nal sign of , we xthe signat xed . The sign-dependent coef cients aredrift, cvdriftO =
gbdrift0, gbdrift, andgds21 Applying the sign changes listed in tal8e?.1to these geometric
coef cients, we can verify that the signs of all geometric coef cients remain unchanged. In
summary, the geometric coef cients used for tokamaks are invariant to the transformgitibn

p1- Since the de nition of the geometric coef cients is exactly the same for 3D equilibria, we

expect ! p invariance to hold for stellarator equilibria as well.

B.2.2 Periodicity and boundedness of physical quantitieg in

Another test that we can use to con rm the signs of the geometric coef cients is to scan the
ideal-ballooning growth ratB in the ballooning parametep and ensure that it is periodic and
bounded. When choosing a wrong set of coef cients, we observe that the growth rate increases
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without limits inthe { plots?.

(a) original coeffs. (b) gds21! -gds21 (c) cvdrifto!  -cvdrifto

Figure B.2: This gure shows contours of the ballooning eigeanI'ue gure (a)for the original

set of coef cients, gure(b) after ipping the sign ofgds21without changing other coef cients,
and in gure (c) after ipping the sign ofcvdriftO while keeping other coef cients xed. For
incorrect signs otvdriftO or gds21 theb increases with for every ¢, which isincorrect. This
can be used as a test for the geometric coef cients in a local simulation. Note the symrﬂétry of
in gures (b) and(c) which is a consequence of the stellarator symmetry of NCSX.

This test helps us decide the relative signs of the quanttiesiftO and gds21 Note
that for equilibria with stellarator symmetry, ipping the signs of batrdriftO andgdletheb
contour plot would be a mirror image of gur®.2(a) about the vertical axis.

These tests resolve the sign issues for both up-down symmetric tokamaks and up-down
stellarator symmetric stellarators. This is suf cient for all the equilibria studied in this thesis.

However, as optimization becomes more sophisticated and we explore up-down asymmetry, we

°Note that this is necessary but not suf cient condition — the coef cients may be wrong with a bounded growth
rate. However, if the growth rate is unbounded, the coef cients are incorrect
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may need more tests to resolve this issue fully.
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Appendix C: Hsu, Artun and Cowley's analytical (1) tokamak equilibrium

In this appendix, we provide a brief overview of the analytical, higbgquilibrium derived
by Hsu, Artun and Cowley. In®.1, we describe the asymptotic ordering and the procedure used
to analytically solve the Grad-Shafranov equation for 1. In 8C.2, we discuss two major

limitations of these analytical solutions in the context of local stability analyses.

C.1 Generating analytical 1 equilibria

The most general analytical theory for generating 1 equilibria was rst developed by
Hsu, Artun, and Cowleyd]. In that work, the Grad-Shafranov equation is solved analytically in

the limit

Hsu P :( q 2) 1 (C.l)

where = a=R; is the aspect ratio of the ux surface -abeing the minor radius of a ux
surface andRy being the major radius. For these equilibria, it is assuBigeB, q= where
Bi=Br =jr j;Bp,=B r =jr jarethetoroidal and poloidal components of the magnetic
eld, respectively, and 1 on all surfaces of interest.

Given these assumptions, Hsetial. solve the Grad-Shafranov equation to calculate the
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perpendicular distance from the boundary to a point on the ux surface labeled

:Zﬁonh (d:dﬁo)dlﬁo . (CZ)

. RRo d ’
R min . O(Qooz Rz)d_rQldeQOO

whereR( ) is the value ofR on the lineZ = 0 andp is the plasma pressure. Usingthey
formulate the “core” solution, i.e., the solution on the inboard side of where the surface are

nearly vertical

(R;R)

cos(s) '

Z(R;R) = I(R)

s = arctan % ; (C.3)

and the “boundary layer” solution, i.e., the solution in the region of closely-spaced surfaces on

the outboard side

(Q; Rboundary ) .

Rboundary (Z) = R(lﬁ; Z) + sin( s) ’ (C-4)

wherel = [(R) in (C.3) is the value ofZ on a point on the boundary. To construct a
1 equilibrium, one needs an analytical pressure, boundary shape pro les, and the value of the
poloidal eld atZ = 0. Hsuet al. used the following pro les:

pZ(Rmax IQ)Z + p3(Rmax IQ)3 + p4(Rmax lQ)4

R( )) = 1 ;
p( ( )) pl pZ(Rmax Rmin)2+ p3(Rmax Rmin)3+ p4(Rmax Rmin)4

) | : a (s
<o) = (R Run)™(Ruwc R oo (©9)

1d _ I(R) _ 27
ﬁ@ = T[a_ + b (IQ Rmin) + C (Q Rmin)“];

wherel < ¢ is a function used to generate boundary shapes corresponding to negative triangularity

equilibria. After xing the various input pro les, one solve€£(2) to obtain the perpendicular

distance as a function ofR andR. Substituting in (C.3) and (.4), one gets the core and
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Figure C.1: This gure illustrates the process of creating the two regions of thel solution in
Hsuet al. The bold black line is the LCFS and the red line is the ux surface contoua)-st{ows

the core solution@.3) which is only a good approximation on the inboard side of the device and
(b) shows the boundary layer solutio@.@) which is only valid in the boundary layer region.
The inset in the right gure highlights the approximatiofR;R) = (R; Rpoundary ) Which is
necessary to construction the boundary layer solutibd) (

boundary layer segments, respectively. Taking union of the two segments yields the ux surface

contour (R;R). FigureC.1lillustrates this process.

C.2 Limitations of the Hset al. equilibria

We nd that the equilibria of Hstet al. has two major limitations that can signi cantly
affect the accuracy of our analyses. First, as we move closer to the magnetic axis, the accuracy
of both the core and boundary layer solution degrades as the ordering fails anddp=d
approaches zero. We demonstrate this by plotting gordwhich is gure 6 in Hsuet al. To
generate the analytical solution in guf@.2, we start with C.5) using the following values of
coef cients

(P1; P2; Ps; Pa) = (0:5, 1:5, 0; 0);
(a;h;q) = (0:8;0:05; 0:85); (C.6)

(a ;b ;c)=(0:1520:022 0):
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Figure C.2: This gure showsd) the numerical equilibrium solution an@d)(a comparison be-
tween the analytical equilibrium from guré in the paper by Hset al. [3] and the same equi-
librium generated usingMEC The signi cant deviation of the analytical solution is evident, as
well as how it develops a kink near the outboard side as we approach the magnetic axis.

Second, the inaccuracy and non-smoothness of ux surfaces leads to discontinuous and
incorrect trends in the geometric quantities needed for a local stability analysis. To demonstrate
this, we plot a physical quantity that arises in both the ballooning and gyrokinetic equation that
can be seen i2(37) and @.23, respectively— as a curvature drive in the former and as a com-

ponent of the curvature drift in the latter. We chose to plot the scalar

Az (b )T =(b r b); (C.7)

where is the eld-line curvature. To better understand the discontinuity problem, we*st
a function of g, in gure C.3. To emphasize the importance of smoothness, we also plot the

tangents on the ux surface on either side of the point at whichdiscontinuous.
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Figure C.3: In this gure § compares® vs. g, Obtained using the analytical equilibrium(in
gure 6) in Hsuet al. with the correspondingMECquilibrium for a common ux surface(shown

in (b)). The inset plot ing) shows a zoomed-in version of the same plot near the discontinuity at
geo = 1:46. Figure ) shows the difference in slopes of the tangents at the point of discontinuity,

with a zoomed-in version in the inset. Notice also the deviatiohiof(a) for g, > 1:5. There

are other issues like the small sharp feature ngar= 1:3 that we will not delve into.

The kink in  seen in gure4(b) manifests itself as a discontinuity in quantities suclb,as
r andr . This causes the geometric factors and hence the physical quantities needed for a
local stability analysis to become discontinuous. Furthermore, in the regions where the gradients
are continuous, for reasons mentioned at the beginning of this section, the distances between the
surfaces deviate from the exact equilibrium, especiallyas> 1:5. To alleviate these problems,

we use the numerical solveiMMEQo create the equilibria used in this study.

145



Appendix D:  Newcomb's criterion

NewcombpP4], in his analysis of a diffuse screw pinch, described a method to infer the
stability of a system to incompressible ideal-MHD modes. He reduced the ideal-MHD energy

principle to 4
z,, 4 2

=3 dr f o Tt 2 (D.1)

r

1

w

wherer is the distance from the cente(r) is the radial perturbation, aridr); g(r) are functions
dependent on the equilibrium. One can write the kinetic energy associated with the perturbation

as

1 ZZrz

T=—
2

dr 2 (D.2)

1

Combining the potential and the kinetic energy, we can write the Lagrahgrad U and get

the Euler-Lagrange equation corresponding-to= 0
) g =12 (D.3)

This equation a self-adjoint, second-order, eigenvalue ordinary differential equation(ODE). In his

paper, Newcomb explored the marginally stable ODE,

) g =0: (D.4)



For the marginally stable equation of this form, Newcomb's theorem and the associated corollary

is given below:

Theorem 1 If ry andr, are nonsingular points of the same independent sub-interval, and if the
nontrivial Euler-Lagrange solutions that vanishratalso vanish at some poing betweermnr; and
r, , then for any Euler-Lagrange solutiog(r) there exist functions(r) with the same boundary

values and WithWW (rq;ro; ) <W (ri;ro; o)

Corollary 1.1 There exists a(r) that makesN (rq;r,; ) negative and satis es the boundary

conditions (r;) = (rp)=0

This means that upon integrating equati@n4) with a test function , such that (r,) = 0, if
crosses the zero line at any other point, then there must exist an eigenfunic&isfying
equation D.3) such thaW < 0, implying that! 2 < 0. In other words, the system will have a
growing eigenvalue and will become unstable.
Even though Newcomb derived this theorem for an ODE that is integrated in the radial di-
rection, the principle can be extended to any second-order, self-adjoint, eigenvalue ODE. Hence,

we can use it here for the ideal-ballooning equati®®6®).
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Appendix E: Extended eigenfunctions of the EM-ETG mode

In this appendix, we present two sets of eigenfunctions from the electromagnetic, negative-

triangularity, inner-core, high-growth rate spectrum shown in gu@17c)).

Figure E.1: This gure shows the eigenfunctions at two diffetgnt values from gure3.17c).

The values in each row have been normalized \witix(' ). Notice the opposite parities of the
eigenfunctions in the two rows and the extended and highly-oscillatory structure aloFige
eigenfunctions in the upper row correspond to a non-tearing-parity EM-ETG mode whereas the
lower row corresponds to a tearing-parity EM-ETG mode. Classifying modes becomes harder
for up-down asymmetric equilibria and virtually impossible for non-linear analyses.

These extended eigenfunctions make it computationally expensive to calculate the accurate
growth rate of an EM-ETG instability. This would directly affect the speed of an optimization
where EM-ETGs or MTMs are the dominant modes.
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Appendix F:  GX A robust gyrokinetic solver

F.1 Overview

For most of this work, we have used the linear gyrokinetic so¥8@ as it is the fastest
linear, electromagnetic gyrokinetic solver for a general toroidal geometry. This is due to a novel
implicit time-stepping algorithmy7]. This overcomes the Courant-Frederich-Levy (CFL) con-
straint imposed by waves and by the fast-moving electrons with explicit time stepping which
makesGS2faster than other codes by a factor(afi=m¢)*2. We can also solve the non-linear
electrostatic gyrokinetic equation wi@S2for tokamak geometry. But due to the design®@§2
solving a fully electromagnetic nonlinear gyrokinetic equation has not been generally successful
for tokamaks or stellarator equilibria.

The reason lies in the discretization of the velocity space ofGB2 code which uses
an (E; ) grid which makes calculating the trapped electron distribution complex. With other
codes likestella  [110 or GX that us€w; ) discretization, the treatment of trapped particles
becomes relatively easier (though less accurate at xed resolution). Moreover, even if these
problems are resolved @S2in the future, the ability to nely tune the velocity-scale resolution
could be advantageous in terms of computational ef ciency as nonlinearly solving the gyrokinetic
model is computationally expensive.

To this end, Mandell and Dorlan®§, 97] created thesXcode. It solves the moments of
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the gyrokinetic model by decomposing the gyrokinetic distribution fundtigm the Hermite-
Laguerre space. In this appendix, we will derive the fully electromagnetic, linear gyrokinetic
equations in the Hermite-Laguerre space and present some linear tests with fully electromagnetic

effects.

F.2 Deriving theGXmodel equations

Before obtaining the transformed gyrokinetic equations in Fourier-Hermite-Laguerre space,
we write down a set of fundamental identities related to the Hermite and Laguerre polynomi-
als. These identities have been obtained from Maretadl. [96, 97] and Abramowitz and Ste-

gun [111].

F.2.1 Fundamental identities

(B)=( 1) L(B)

(F.1)
(B)=e B
() = g
o (F.2)
m — e K
(W) = pﬁ m (W)
2 1
0=1; 1= W, 2:V_yp__
2 (F.3)
0o=1; 1=1 B;
Z 1
d(B) (B) o(B)= .o (F.4)
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Z,

2 dwi m(Wk) mO(Wk): mm© (F5)
1
X
h= "He (F.6)
Z 1 Z 1
LH,h=2 dwi d(B) -h=H., (F.7)
1 0
B (B)=(+1) "(B)+(2 +1) (B)+  YB) (F.8)
@ (B)_ “+1 ., .
@B - 5 + (F.9)
@(B) _ L
a5 - ?[ + 4] (F.10)
we mw)= P mrT ™)+ Pmom (F11)
@™ (wy) P—— i1
= m+1 W F.12
ow (W) (F.12)
J-(b) = ll % e B2 (F.13)
p X
Jo( 2Bb)= -J-(b) (F.14)
|
z, .
dhexp K2W2COSE) _ 5 kew (F.15)
0 S S
zZ, .
d# cos@) exp —Ik?w? cos¢) = 1J; _k?w? (F.16)
0 S S
Z, " COSZ(#) ox ikow, cos@) :_L 3 Ko Wo + ] Ko Wo _ s ]
0 P s B 2 0 s 2 s B k?W? !
(F.17)
zZ, .
d# sin(2#) exp oW COSE) (F.18)
0 S
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F.2.2 Intermediate derived identities

In this section, we use the identities of the previous section to obtain more complex identi-

ties that are directly applicable to the terms of the gyrokinetic modeldr8

Using F.3),
wi+ws o 31
5 5T P AWt (B 1) (F.19)
Using F.3) and F.11)
N N r_
Wi+t w; 3 3 3
W —— 5 = 5 W)t aw)rwd(B D)= T sw)+ B i(w) (F20)
Using F.6) and F.9)
X N X Fh. o
@ = —@ (B) mOB r (lOg(B))H\Qmo+ ’ mO@ m
S Rew: it ~0y0 @QB) ’ i &R
e " ' (F.21)
X 0 .0 .0 0 X NN 0,0
= r (logB) (C+1( T+ ) "Huogo+ " '
Om?° | U R
Using .14 and .10
W, . P —— w2 dJ X
i 2Bb) = k—zﬁ = (ot 0 g)do (b (F.22)

Using F.14), (F.10, and .9

Wg’ P _—— X .0 .0 .0 .0
ok Ji( 2Bb)= (C+1) o +B +1) w+@ 1) o, +( 1) 0 ,)Jo, (F23)

\Q_O
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Using .6), (F.8) and .12

@h P 0 r «B X 0 0
B—— = +1 —— B M1 Huo,
Cew "B, o
m
’ . F.24
P o r «B X h .0 0 0 N I 0 ( )
= m’+1 C+1) T+ +1) + L™ a0
B .
Using F.3), (F.4), (F.5, (F.14 and F.22
2B e (wZ=2+ B )
L'Hm Jos "k VisWkAkk + Z—S—JlsBk 2=
s s (F.25)

B
= ‘J‘S(l k moO Vis mlAk;k)"' Z—S(J N 1+ J‘S) mOFk
s

where all the quantities are normalized,= P (2B )bs andby = (Ko Vi s= s)?

F.2.3 Individual terms in the gyrokinetic model

In this section, we apply a Hermite-Laguerre transform to the gyrokinetic model and trans-
form the model term by term. To do this, we use the identities and derived relationships from the
previous sections.

The Hermite-Laguerre (HL) transform commutes with a time derivative. Therefore, apply-

ing (F.7) to a time derivative, we can write

@g« _ @ HmGsk — @G |
@t @t @t -

L-Hpm (F.26)

The HL transform also commutes with a spatial derivative. Usig ((F.4), (F.5), (F.11) and
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the component of.21) along the magnetic eld

P— P
L-Hpviswib 1 hsx = v 1 ((log(B)) pmH\ tm 1t m+1H- ;qmat
. P . P—r F.27
C+1) mMHupy 1+(C+1) m+1Hupe + (F.27)

p_ P

Taking the HL transform of the drift frequency term and usiRgl, (F.2), (F.11) and ¢.8)

L‘HmiRY( B! rdB + Vlf! d)hs;k - iky!rdB [H- Lm +(27+1) Heim +("+1) H‘+1;m]

+ iky! d P (M+)(Mm+2)Hm2 +@2m+1)H o, + P m(m 1)H., 2

Taking the HL transform ofR.23 and using E.4), (F.5 and F.24)

@h p_ . .
L ~HmVis rkB@—: Vst k(log(B))  m 'H: yn 1+(2 +1)Hyy 2
v (F.29)

+(\ +1)H‘+1;m 1

The relations [£.26-(F.29 completely de ne all the terms on the left side of the gyrokinetic
equation. Next, we simplify the driving terms on the right side of the gyrokinetic equation. We

start with the HL transform of the following term and use4), (F.9), (F.9), (F.14) and .19

n I#
2 2 ’ 22
an | an W+t w; 3 e (Wk¥2+B)

P JOS

L-Hy — A
™ Lps Lt 2 2 (2 )32

(F.30)

1
= WNgs o+t g8 (I, 4235+ (C+1)I3) mo
Lns I—Ts 2

Next, we obtain the HL transform for the term that lies in front of &g in the GK equation
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using .4, (F.95), (F.8), (F.14 and ¢.20

( " a an W2 + Wg 3|#) e (WE:2+ B)
LHm W —-+ a - 5 Jos—5 35—
I—ns I—Ts 2 2 (2 )3_2
( Ilr § #)
a N N N
I—ns I-Ts 2

Finally, we calculate the term in front of the compressive magnetic uctuagn

n !#
ay  ay W2+w; 3 2B | Bice M2E)
LnS

L-Hm 5 Jis

+
Lrs 2 2 s B (2)¥

a
:L_N(J‘S+ JS ) mo+ an

ns Ts

1
p_é(J F+3% ) me

+ 30,4308 43+ DI+ DI, mo

(F.31)

(F.32)

Now we have transformed each term of the gyrokinetic equation. These results will be directly

usedin §.3.3

F.3 Linear, collisionless gyrokinetic model in Fourier-Hermite-Laguerre space

In this section, we will obtain the gyrokinetic equations to a Fourier-Hermite-Laguerre

space. In §.3.1 we will rewrite the gyrokinetic model in Fourier space by imposing periodicity

of the distribution and elds perpendicular to the eld line. In the following section, we de ne and

normalize the gyrokinetic model. Finally, if-8.3we will use the identities obtained irFg.1

to nally transform all equations into their Hermite-Laguerre versions.
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F.3.1 Gyrokinetic equation

We start with the gyrokinetic model described in cha@an equations 3.189-(3.21) and

rede ne the gyrokinetic distribution function

_ GFos wo A )
O = hs T, c . (F.33)
simplify and rewrite 8.18
Q@g @b _ . :
6t+(ka+ Vps) ®R. h Veir, 1 Fos: (F.34)

Next, we transform the gyrokinetic equation fr¢e; ) space tqwy; ) space using the relation

@h @h @h @B

= —_— F.35
®e R w@w_ Re_ (F.35)
E;;t Wy st Rs;;t E;;t
and rewrite the convective derivative in the guiding-centre coordiffatew; ;t )
@g @b @b :
— +(wb+ v —— (b r B)——— = h Vgi r Fos: F.36
@t ( k DS) @S ( )m @W ElRg Os ( )
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We have now obtained the gyrokinetic equation in the new guiding-centre coordiRates; ;t ).

Note that the eld equations3(19-(3.21) remain unchanged. Next, we use the following ansatz

X
hs: hk?;s(;Wk;;t)eXp(ik? Rs);
K
X
"= " (t)exp(ik, r);
K
. (F.37)
A= Ak, (t)exp(iks r);
K
X
By = Bk, (;t)exp(ik, r);

k

and F.15-(F.18, to obtain the Fourier-transformed version B30

@g s : @R, s
2+ wi b he, <+ ik h. b B)— - =
at wib rohg, s+ iks vpshg,s (b r )m aw
. Es 3 K> Wo WkAk ko> wo W- Bk
s 1+ — — J - . ! +J ! ! 7% Fao
I 'S 5 Ts 2 0 < k- C 1 . k? c 0s»
(F.38)
where
G Fos K> Wo : Wi A ¢ Kow, W, By
<= hy, . J +J — F.39
Ok, s Ko s T, 0 . Ko c 1 - ko ¢ ( )
and
I .= Z[(b k») r logng = (F.40)
' B ’ Ln’sBN
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is the diamagnetic frequency. Similarly, applying the Fourier ansatz to the the eld equations

gives
Z

X N X

Cﬁ;k? = Gs dv JOShS;k') ; (F-41)
T, -
S S
X 4q,°
K3 Ak, = S d*v wiJoshsk, ; (F.42)
S
Z
B X MJ

— Bk, = dPvwZ —=8 Sh (F.43)

4 K> Wo

S
This gives us the eld equations. In the next section, we will take all the equations of the Fourier

transformed gyrokinetic model and normalize them.

F.3.2 Normalized gyrokinetic model

Using these normalizing lengtéy, magnetic eld By and de ning the thermal veloc-
itylvis = P Ts=ms and replacing the subscrifgt with k for simplicity, the normalized gyroki-

netic model becomes

@k s @b
+vieW b r hgy + ==i! pshe vis(b r B =~ =
@t ts kII s;k Zs Dsllis;k tsl( ) @W
R S ~ - (F.44)
. 2 ,
i! 'S L—ns+ L_’:s k 5 E JOS K VISWkAk + . JlsBk
Z
X Zzn ! X
=SS K= Zong APV dgshs (F.45)
S s S
X Z
2 = _ref 3
RS Ak = 2 ZsNsVis A’V WiJoshsk (F.46)

S

" P P — .
The de nition of vis = = Ts=ms in GXwhereasn,.; = 2Ts=ms in GS2 One must be aware of this factor
when comparing the results accross different codes.
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1 X W
In (F.44
ZsJ J
Osk = hsi o VisWkAx +2 B B ks (F.48)
s S
il ps= B! B+ w2l (F.49)

where! s = Ky, <= P (2 B )bs is the argument of the Bessel functiobs= (k» Vin:s= )2,
'8 =ik(b r B) r yand'y =ik (b (b r b)) r y.The quantity

_ 8n refTref

ref — B’% (F.50)

is the normalized reference plasma pressure. The four boxed equdtidds(F.47) form a
closed set of equations that completely de ne thegyrokinetic model. Note that the terms
containing the wavenumber with a supersaeipt R, in (F.46), K, in (F.49 differ from the other

instances ok, in that they do not have a factor Bf in the denominator.

F.3.3 Transforming to Hermite-Laguerre space

In this section, we will apply the Hermite-Laguerre (HL) transformfatf)-(F.47). The
de nition of a HL transform is given inK.7). Each term of the gyrokinetic equation after a

Hermite-Laguerre transform is given ifr8.3 We use relationsH26-(F.32 to transform the
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gyrokinetic equationK.44)

G

@@rt“ + Vgl k- MHALHS, , + pEHim L
+Vts (\+1) m+:|-H‘S;m+1 pm+1H‘S 1m+1
P P i
+ mH‘S;m 1+( +1) rn|_I‘s+1;m 1 r klog(B)
s hp p—
+|Z—!d (M+L)(M+2)HS ,, +@m+1)HS, + m(m 1)H
S
h i
+ iZ_S!rdB (‘+1) H‘S+1;m+(2\+1)H‘s;m+\H‘sl;m
S
= D%,:
where
Z B..
GSm = H‘S;m _SJ‘S(I k mo  Vis miA k;k)"'(‘:l‘S 1t 'J‘S) moO Bk7k'
S
and
. ay . . . .
DS =il sy A ogs oS (13,
' I—ns I—Ts
Bt Mg gs g AN vgs 4335 4@ DI+ + 1))
ZS Lns LTS
DS, = Vil NJs+ S—N[‘J\51+(2‘+1)J\S+(‘+1)J\S+1] Ay
ns Ts
1. ay s 1. an B «
D ., = p=i! —J3 + ~p=il —[33+ 33 ]—;
ne TP LT TP L o=
§. an
D .= Vg =il J3A;
‘m=3 ts 2 LTs k
D% 3 =0:
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To convert the quasineutrality equatidn45), we use E.4), (F.5), (F.14

X z2p. X X
s S o Z<Ns JSHS,: (F.54)
S

S 5 "=0
Similarly, to convert the parallel Ampere's law.46), we use E.3), (F.4), (F.5), (F.19

R2 A e ZNgV, X JSHS,; (F.55)
? k — 2 slisVis N 1 .
s =0

Finally, for perpendicular Ampere's law, we uge4), (F.5), (F.22.

X
= ] Ns s (‘] S+J3 1)H‘S;O: (F'56)
s =0

This completes the transformation of thegyrokinetic model from real space to Fourier-Hermite-
Laguerre space. Note that we have ignored collisions and non-linear effects for simplicity. Before
runningGXnon-linearly, we perform some linear electromagnetic tests with realistic equilibria.

Some of the results are presented in the next section.

F.4 Linear tests

In this section, we will compare growth rates by solving the linear gyrokinetic equation

using bothGS2andGX We choose the case analyzed in gége).
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(a) Growth rate (b) Real frequency

Figure F.1: This gure shows a comparison between the growth rates and real freuencies obtained
from GS2andGXfor a realistic tokamak equilibrium. We have used @82 normalization for
Vi Note that with the given resolutio@Xcan capture the KBM but cannot capture the electron-
driven mode arounéty ; = 1:5. This should not affect our optimization results as we are only
optimizing against the KBM.

Note that we have used a small electron-elecron collisionalig32for these linear tests
to compensate for the hypercollisionality useddX This reduces the stabilizing effect of the

trapped electrons, causing the growth rates to increase slightly. Hence, the growth rate values in

gure F.1lare slightly larger than the ones in guBs1ge).
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