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AN ARC PHOBLER

& topological space A is said to be embedded topologically in a
topological space B if there exists a subset A' of the space B and a
transformation T(A) = A' which is one-to-one and continuous in both
directions, iUnder these conditions the set A' is said to be homeomor-
phic to 4, and the transformation is called a homeomorphism.

The yuestion as to whether a given topological space A can be
embedded topolopgically in & topological space B is an unsolved and
apparently extremely difficult problem. It may be approached from at
least two points of view, First, one way require that there exist a
subset A' of B and a single valued continuous mapping T(4) = A', and
then seek conditions on this mapping T to insure that it is a homeo-
morphism. Such an approach has been used by de Fe %ardwell.l It can be
considered an analytic approach to the problem.

The other approach (the one which will interest uz here) attempts
to zolve the problem from a structure~theoretic standpoint. In other
words, one attempts to solve the problem by placing additional hypotheses
on the structure of the space A rather than on a mapping from this
space into the space B.

The problem can be made more meuningful, perhaps, if we restrict

IJ. ¥eo Wardwell, "Continuous transformations preserving all topological
properties", American Journal of Hathepatics, vol.58 (1938), ppe 709-726.




the spacees 4 and B in our discussion to spaces having well known
properties. Consider, for example, the case where A is an arbitrary
compact locally comnected continuum (2 Peano space) and where B is
the two dimensional sphere x* + y% + 22 « 1. The set A is said to
be gkew if it cannot be embedded topologically in the set B,
Kuratowski has introduced the folluwing two sets, mhich have
become guite famous in topalag.g

A oricitive sikew curvg is said to be of type 1 If it consists

of six distinct points Py, Pp, Py, 412 Sgr g and nine arcs Pydy,
lea, see 3 Pas.zs with and pointe as indicated and with the commen
part of two of these arcs that intersect each other baing an end
point of eaci.

A primitive skew cnrve is said to be of type 2 if it consists

L

of five distinct points P,, Fz, PE’ Pys

PlPa’ ese » PgPg with end pointe as indicated and with the cowmon

?5, and ten arcs PlPa,

part of two of these arcs that intersect each other being an end
soint of each.

Kuratowsii has proved that a skew Peano space containing only
a finite number of siwple closed curves must contain a primitive
skew curve of type 1 or type z.5 Claytor showed that & cyellc

Peano space can be skew only if it contains one of these two types

26. Kuratowski, "Sur le probleme des courbes gauches en
topologie®, Iundamenta Mathemeticae, vole 15 (1930), pp. 271-283,

3Kurat0wski, doc. gcit.



of cnrvas.4

R. He Fing Las recently stated the following two theoremse>
The proofs of these theorems were not published because of their
langths.

Iheorem At Suppoge that Pl, Poy PS’ <ys “ps Ny are six dig-
tinet polints and thal Pywy, Pyugs +«» » Pyvy are nine arcs with
end points as indicated and guch thak fwo of these arce intersect
each other only if they pave an end noint in common. Then the sum
of thege arcs is not hompemorphic to any plang set.

Theorem B: Suppose that Py, Pp, Pg, Py, Py are five distinot
points and that PyPy, PyPg, -«s , PgPg are ten arcs mith end
boints as indicated and sugh Lhal twg of these arcs intersect
gach other only if they have an gnd point in common. Then the sum

of these sres is not homeopornhig Lo any plans sot.
Tha reader iz cautioned to note carefully the difference

between the set described in Theorem A and a primitive skew curve
of type 1§ also the difference btetween the set described in Theorem
E and a primitive skew curve of type 2. It is evident that either
of these theorenm@ counld be proved by constructing in the set
described a prinitive skew curve of either type 1 or type 2.

The discussion of the previous paragraph indicates, and it

can be proved rather easily, that both Theorem A und Theorem B

4S. Claytor, *Topological immersion of FPeanian continua in
a spherical surface", innals of sathema volsa 35 (1934), ppe
BOG=B835,

ﬁ. iﬁ. Eing, ”E‘ka bﬂt3ﬂ,
vole. 69 (1947), ppe. 49%-498,



would follow at once if it were known 4hst the following more
gensral question of hing could Le answerad in the afrirmativass
sueglions Is the following statgment true? If a4, Cuy ove o
in gomson, then thore exish srce Py, Pps eee » Py Zuch that
1) ime of these sree interseot enly AL Ligy lave &n

i1) the common part of two of Lhese arcs that jutersect
ig connected;

~
134) By (4 = 1,2,..0,n) ig &0 axc dn .l:,‘ o4 Laving e game
and pointkg 48 o4 d
To tils paper we answer ihis uastion in tie alTirmative in
aach of the followlng casosal
a) At lsast n~R of Lis areg nave & common and polnt,
L) No three &res have & comuon ond pointe if n is even.
¢} The integer n is less than five,
he also estahllish the truth of the stuatemsnt in certain
gpecial cases when n ® 5,6,
it 1s found in thse proof that, for small valves of n al lsast,
the problem may be subdivided into ithe consideration of certain
simple geometric coniijuations. It is hoped that the methods devele-
oped here can be axtended eventuelly to answer tlie general Question

in the alffirmative,

6‘311'13: dog. cite p



By modifying tiue conclusion of the statement slightly we
obtain a theorem valid for all values of n which is easily proved,
This zeneral result is stated as the {irst theorem of the papers

Throughout the paper the notation x = (rsiK) will be used to
denote the first point of the closed set K on the simple arc rs in
the order from r %o 8. The end points of the arc ay will be
dencted by e, 5°
The followlng theorem differe from the problem of Bing in

s b

that two intersecting arcs ﬁi, ;35 are not reyuired to have an
end moint in common,.

Theorem 1s If O3 Gps eee p &, Aro arce two of whioh intersect
enly Af they have an end polnk in common, then there exist ares
Pys Bgs oo » Pp such that

a) the comron pert of two of these arce is cennected

or emptyj
A
b) By (4 #1,2,...,n) 48 &n arc in U‘ o, having the same
J:

end points as a4}
"~
c) the set B, = U‘ P, centains no simple closed curve;
&=

Proof: The oroof will be by imduction on ihs number of arcs.
The theorem is obviously true for n = 1, le shall assume it is true
for n = k-1 and prove it is true for n = k.

Choose any k-l of the given arce as Gys aa, cee 3 Gy _qe WO

can find arce B4, Posy e pk--l satisefyin; the reyuired conditions.

k-1
lal Bk—l = {J f}i. Every component of Bk~1 whiich intersects Gy,

.=

containg at least one of the points 8y s bk' Thus there sxist at most



two such components.

If & £ By and b £ By.y then g and B, , are disjoint. Thus
we can define 32 " ae

If a e B,_3y» and b £ B, _qs let p = (bkakak__l). Then a, and

p must lie in the same component B! of B o There is an arc y in

k=1
BY {rom a, to p since B! iz arcwlise connected. Lefine f!k -
(VU (I’bk of ak)-

If g, and b_ are in the same component B' of B, , there is an

k
&re Y in BY from 8, to bk' Define P, = Ye

It 8, and bk are in distinct components A* and B' respectively
of Ek«l’ let 4 = (g;akm’} and let »r = (qbksﬁ'). Then there is an
arc vy in A' from a, to q and an are 713 in BY from r to bk‘ Dafine
gk = (‘Yl) U (ar of &k)u (Ta)o

Thie reader may note that if Bk M B4 i® not connected for some

1 ®1,2,e00,k=1 then there is a subarc o of ﬁk spanning ﬁi and

lying in Ek .7 Hence the unien of 51 and o contains g simple closed
curve, This contradicts the inductive hypothesis.
K
if we define Bk = U By it is easy to see that B, contains

<=1

ne simple closed curve, and the arcs ﬁi (L = 1,2,000,k) satisfy the
required conditions, Hence Theorem 1 ie established.
in example wlll show that this thebrem ls not true if the

additional raestriction is imposed that two intersecting arcs Bi’ ,83

Ta nondegenerate arec ¢ spang an arc & if o has exactly its end
points on 6. An arc ¢ with distinet end pointes r,s is said to span
from a set A to a set B provided r ¢ 4, 8 ¢ B, and (o-r-s) N (AUR) =0,



have a comnon end point. Let
cin Gy " by, = &4, (1 =1,2,3),
mén o = by = Bpe
To satisfy the additional restriction we must choose gi = a5,
(i = 1,2,3,4). This choice gives us 2 simple closed curve in
'Q‘ f; which contradicts condition e¢).
“ In Jdiscussing the problem in its original form we shell call

N M
n the order of the zet U o . We can assume U a, i connected,
e

iz
since 1f not, the problem can be reduced to several casas of lower
order. flso, 1f a = ‘j and bk - bd for any k,J we can choose
By = gs since 1i) and 13i) are obviously s=atisfied and P\ ™8y
intersect anything that Bj is permitted to intersect. Thus we can
asgume o = aj and reduce the order of the sst by one. We shall
henceforth consider the order of ocur sets has been reduced as
puch as pogsible in this mennere

For n = 1 the solution to the probler is trivially in the
affirmative., Hence we can amsume n ~ 1, and need not establish a

particular case in esach inductive argument.

Theoream 23 The question of Ping can be answered in the
affirmetive under any one of the following conditiongms

a) All the arce have a common end point. In this case

we cen pumber the ares in any order and so choose Bi’ (4 = 1,25000,m)

ol J
that ‘9: ﬁi contzins no simple closed curve. Koreover, gj < U/ ay
iz 'y

for j = 1,3,...,!1.

b) Exactly n-l of the ares have a common and point. In

"
this case ( ﬂi conteains at most one simple closed curve.

4=l




¢) Ho three ares have @ common gond point. if n iz aven,
d) Exagtly n-2 of the arcs have g common end point.
e} The integer n is less thanfive.,

Proofs a) This statorment is s corollary to Theoren l.

b) lLet Bys gy eoe 5 8 o denote the arcs with a

cornon end point 2. g ™ ... ® 2 .. fince the set iz connected,
1 2 Tl QA Cos T

there is an integer ¢ < n=-l such that b - b «» Ho ;enerality is
lost if we assume that the former jis the case. %e ghall nunber the
eres o, 1= 1,2500s =L in suech a menner that ¢ = n-l, By a) the
arcs ﬁl. 52, cee o gn._l may be "ound aafi&f}dnn the reyuirements

i), i1}, and 1ii) and such that ﬁ < U,ai Tor 3 = 1,250aeyn=1e
-l

If a # b for § = 1,2,...,n=2, we lot oy = (anb 3 u ﬁi).
Nots that cy rust lie on ﬁn—»}. and on no other Bi since “n meets no

arc o; excopt a1 and ﬁ»jc ﬁ g, for j = 1,2,.00,n~2. Sincs ey

-

ie not in any 53, J = n-2, than no point of clbn in g el de in any

ﬁ,j’ J £ n=2 by 1i). ®e define 8 to be the union of anc in a, and

1 5 in fn_.lo
If a, = bt for t £ n-2 we number the arcs Gy im=1,2,0.0,n=8
in such a manner thet ¢ = n-2. Let ¢, = (b 2,18, 2), - {albnz‘,. 1).
contained n =

Define 8 asfthe union of b w2 of B -1? °2°l of a,, and olan of P pe

Condition 1i1) is immedlate. Also B, N Py ™ bnc which i= connected}

2
B.NE = €.a_ which is connected; and B /)1p, =0 for j = 1,2 n=3
n =2 1 . T A ! 3 : sT3eces

m -3
since B, = u ay and a_does not meet U/ a,. Hence neither ¢, nor
J s n L= i 1
—
2 iz on any P 3 J € n=3, and therefore neither ¢y, on En—i nor
“

2 on S -1 meet 53, J = 1,2,00e,n=3s It is evident that in either

case U ﬁi contains at most one simple closed curve. fence Part b)
¢S



is estub:lished.
411 cases of order n < 8 are covered by a) and b). Therefore
we shall henceforth assume n = 4,

e) If there exists an ¢ with a free end, let any such be

P o

;¢ If not, let any a te a,. Since ‘k!’ ¢, is comnected, the notation
may be chiosen in such & way Lhat a, = bqe Similarly if VR has been
designated, we may choose the notation such that & = bknl' Lafine
- (};\
cn 282“‘1)
— —
cu L (bi*lai*labicl(iwl) of ﬂi)’ (1 - 2,3,-0-,!1“'1)0
if bn = al we define in addition
—_—T R
L (el(n-ljbn of aptay), d; = (blal’bncln of nﬁ).
If b, # a, we can reach the desired conclueion by defining ﬁl = G55
— —_—
By = (‘&91(1-1) of ai—l) Vv (cl(i“&)bi of ai), (L = 2,3500050)
The remaining case, bn * 8, is uore troublesome. If the order on
ay is blclldlal we define ﬁl - (aldl of an) (dibl of al),
gi - (aiel(i__l) of ai“'l) U (el(i-'l)bi of ﬂi), (i = 2,5,...,}1). See
Yigure 1.

If trs ordsr on ay is bldlcllnl (see Figure 2) we let

—_

Gpy = (baags bd, of al),
—_— —
e, = (cz(nol)bn of unsal), dy = (blaitbncan of an).
Since n is even we note that the order on g« is bld&dl « If the
1 - ] '
order on a, is blceldgal we define the P's in a way similar
to that above. If the order on a; is byd,c.,a, we note that dy A 5,
; p

hence €3 (1) F Sa(n=1) and e, F 8y, fence o contains at least three
disjoint subares which span from % to G .y namely oa(n-z)°2n’
Gl(n—l)aln’ and one comtained in the arc %y (n-1)%2n°

ir ey (1 = 1,2,e00,n), and dk have been defined, and the B's
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are not yet delined we provesd 3z followsSe if the order on g is
—
S(re1)1 * (VaBpby0y of a3),
A i -
C(xe1)s ™ (Bre18se1tB18( 401y (1-1) OF 9305 (3« &,5,000,n-1),

(e, N

Cliadin ” (ie1) (ne1)Pn?%)?
dk*l (blalzbnc(k’l)n of “n)'

Ii tne or : i vo cufine the B!
if the order on @y is blp(k01)lak*la1 we cufine lae Py's as

1
foilowss

pm— —— N
- ® - e ! RS o %
1 (ﬁﬂkﬂ. o oy v \yaaty OF 9ys
% . of ) U ( b, af a,)
Gy ® ¢ N ) e o a
PL " \8%(ka1j (1) M %53/ (k+1) (i~1)"3 1/
(i Lud 3’3’000 ,!1).
fL tie order is b,d ; ws note that o contain
Il tie order on oy 8 by k*lc(k+l)la1 b oo aine
at least Zkel disjoint subarces wnich span from al tp Opay®
A8 we continue in this manner it lg c¢lear tLat sinecs @ contains
et nost & [inite nurber of disjoint subares which span {rom “1 to
a,._q» ¥e will eventually reach a point wiwre we can daoline the ﬁi'sa
-
This concludee the proof of Fart c)e
d) in tabulating the ;eometric configurations for more complie
cated cases we bave wads uss of a cunvendenlt Jdiagrengiical repré-
ssntation o wudch the arcs ars all drawn ws neonintersecting
except at tie end pudntse if sxactly n=2 arce nave & comson ond point,

the fijure must represent onc of liw following Caze.

Bfnis follows since there exists a positive distance from gy to
@ 45 and ay like every simple arc Yas property S. A set which has
pP5darty S can be written as the sum of a finite number of connected
sets sach of diameter less than e for any preassigned positive z.
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Case 18

""J Ay As~
o3
o

«

4 ¢,
Figure 8§

Case Il

of
o3 L
oLy 4

Figure 4

11

Define ﬁl - ﬂlo For j » 2,5,...,!1
-1
L e—
let 63" (bja,aa 2‘51). Define .
—— —— ;-‘
ﬁj - (bj°j-1 of aj) U (cj-la;) of "Q.:/I Byle

This follows by a slight
modification of Case I,
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13

56 ..(E;;s of Bz) Lf(é;;é of ag) lJ (é;;é of Bz). For J = 7,8,ee4,n
“ ")1 S — a1
s }fagi)‘ Define ﬂj - (ajc3 of aj) L/(ejb of U

let Cj » (&jb 3 iz Ei).

J

Cases V and VI

Figure 7 Figure 8

These can be solved by obvious dimplifications of the

above solutione

Define B, = oy For

- .. :,P,M_B'-am—x.
—1
J = 2,300,046 lot o, = (%%3: U 8.
— — #-1
,(’m_L: a,,,,. - ! .
Define B, (ajcj of o:j) U (cjbj 01;9, By)
n-f
o Let ¢, -‘(an_sbn_salleai). Let
m-f

©1(n-8) * (bn-zanma‘an-sco of “n-skjtgipi)’
i
For i = n=-2,n~1 let

Figure 9 ¢y " (bi*lai&l'bicl(i~l) of ai)-



e,
let e, " (°1(n 1}5 of ahcenan~3 ”3). Dafine
dy = (e “nus’ af “n)‘ ir Y n3) does not lis on c.a = of
g OF if the order on ay iz ¢ cl(n 5) we deftfeq

B,z ™ (an_sdl of-qa)lJ (d e of o 5 )]0 (o 3 of LJ B, j§ for
i = n=2,n=1,n we dafine ﬁi = (aial(iul) of a; U (“1{1-1}”1 of “i)'
I¢ the order on ay is °a¢191(n~$}‘m-5 wa continue as in pard c.

Case VIIiI: Since ﬁn can mgat any other
51’1 - 1,2,-.”1'}‘-»1 3 35—5&“}31@

addition to the molution of

Cose VII will suffice here,

Figure 10

e) if n < B8, the result follows easily from parts a,b,c.
The cage n = § ig tabulated in Table I Column 3. Columns 1 and 2 give
the hasiec three and four are configurations which lead to legitimate
repraesentations of the five arc cases. If all five arcs meet in a
comzon end point we represent the configuration as in fAow l. 1If
four arcs meet in a common end point, and no {ive do, we have
two distinet possitilities. The £ifth arc may have a free end,
or it may not (see Hows 2 and 8), If three arcs meet in a comron
end noint, and no four arcs do, the {ourth may or may not

have a free end (see Rows 4 and 10, Column 2). The possible

14
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positions for the fifth arc are limited only by the condition that

no four arcs may meet in & comron end point. Duplications have

been omltted in Table X.

If ro pore than two arce mest in a common end noint we
have exactly two possibilities (see Rows 11 and 12),

The solutions for all these cases except that in Row 12

have been indicated in the preeeding proofs.

COI—-UMN

Row | 22

3
<>
lg/ﬂ\

9 5

&

TR 2,
@

3
¢
P
<

A S <
A 7
7
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Corvmn

COL.UMN

g 5L ULES D0

3 @ p @ﬁ,/\

X 2
=

Fet 9 2253 LE&EXII

Trlhae LT Lewl Uy g
2 L v X &

~ L $,
-

TABLE 11
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The case n = 8 is tabulated in Table II in a similar manners
The solutions for the cases in Rows 1,2,3,4,5,6,7,8,9,10,11.12,15,18,20,%,22,
29,30 hazves been indicated in the proof of parts a, b, ¢, 4 of thie
theorem. The cases in Rows 13,14,23. ,26 can be solved by a

modification of solutione given in ‘he preceding worke. The cases

-
231, 2%

reprecented in Rows 16,19,24, and 283 are as yet unsolved, The
solutions for the cases fepresented in Rowe 17 and 27 are indicatsd
belowe
Table 1I, Row 173 Define ﬁl = gy 32 = Go»
By = Byge let o) = (agbg3py)s
and o, = (c a, of a,%Bz). Define

= (8,0, of B,.)/ (c 8, of a,) U
By 8,0, Bg) U (cycy of ay)

(c 4 of al) Let oy = (brﬂs' U ﬁi).

Note that ¢, is not on BE’ Let

3

e, " (chs of “5‘32)’ Define

Figure 11

ce = (bﬁaﬁzﬁau ﬁs), and es * (°5b6 of assﬁsu 34). Define

(a g of By U Bg) U (°5c6 of ag) U (c,.’bs of By UBgle
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Table II, Row 272 Define ﬁl * Gy ﬁz = gy

Ba - ﬂso Let 01 ~ (&‘b‘3pl).
Deiine B, = (bsey of By) U

(;;a* of ag). let o, = (agbgifys),

and o, * (cpag of ‘35°34)' Detine

g ™ (:5;5 of ﬁ‘)U (4;5-33 of ag) U
Figure 12 (3;35 of Bo). Let o, = (agbgiby)s
and ce = (oiaa of 36'9‘4U as). Define Bg = ('E;c:‘ of ﬁs) U

(;;;5 of ﬂe} 9, (0/;36 of B4U ﬂs}o
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