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a p p r e c ia t io n  t o  P r o fe s s o r  D ick w ick H a ll  f o r  
s u g g e s t in g  t h i s  p rob lem  and f o r  h i s  p a t i e n t  
and gen ero u s e x p e n d itu re  o f tim e  arid e f f o r t  
d u r in g  th e  p r e p a ra t io n  o f t h i s  th e s i s *



m  m e  PROBLEM

A to p o lo g ic a l  apace A i s  s a id  t o  be embedded to p o lo g ic a l ly  in  a  

to p o lo g ic a l  space  B i f  t h e r e  e x i s t s  a  s u b s e t  A* o f  th e  sp ace  B and a 

t r a n s f o rm a t io n  T(A) * A* which i s  o n e - to -o n e  and c o n tin u o u s  i n  b o th  

d i r e c t io n s #  Under th e s e  c o n d i t io n s  th e  s e t  A* i s  s a id  t o  be hcmeomor~ 

p h ie  t o  A, and th e  t r a n s f  orsa&t i  on i s  c a l l e d  a  home ©morphism*

The q u e s t io n  a s  t o  w h e th e r a  g iv en  to p o lo g ic a l  sp ace  A can  be 

embedded to p o lo g ic a l ly  i n  a  to p o lo g ic a l  sp ace  B i s  an  u n so lv e d  and 

a p p a re n t ly  ex tre m e ly  d i f f i c u l t  problem* I t  may be ap p ro ach ed  fro®  a t  

l e a s t  tw o p o in ts  o f view* I' i r s t ,  one may r e q u i r e  t h a t  t h e r e  e x i s t  a  

s u b s e t  A1 o f B and a s in g le  v a lu e d  c o n tin u o u s  mapping T(A) * A*, and 

th e n  seek  c o n d i t io n s  on t h i s  mapping T t o  in s u r e  t h a t  i t  i s  a  homao- 

M orphism. Such an  ap p ro ach  h a s  been  u sed  by J .  f # l& rd w e ll* ^  I t  c an  be 

c o n s id e re d  an  a n a l y t i c  ap p ro ach  t o  th e  problem*

The o th e r  ap p ro ach  { th e  one w hich w i l l  I n t e r e s t  u s  h e re )  a t te m p ts  

t o  so lv e  th e  problem  from  a  s t r u c t u r e - t h e o r e t i c  s ta n d p o in t .  I n  o th er  

w o rd s, one a t te m p ts  t o  s o lv e  th e  problem  by  p la c in g  a d d it io n a l  h y p o th e se s  

on th e  s t r u c t u r e  o f th e  sp ace  A r a t h e r  th a n  on a  mapping fro®  t h i s  

sp ace  i n t o  th e  sp ace  B*

The problem  can  be wade more m e a n in g fu l, perhaps, i f  we r e s t r i c t

F* A a rd w e ll, ^C ontinuous t r a n s f o rm a t io n s  p r e s e r v in g  a l l  to p o lo g ic a l  
p r o p e r t i e s " ,  im & .c m .J m m A .  «& Jfc tfeeas a g f t .  r o l .S 8  (1 2 3 6 ) , p p . 7 0 9 -7 2 6 .
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t h e  sp a c e s  A and  B i n  o u r d is c u s s io n  t o  sp a c e s  h a v in g  w e l l  known 

p r o p e r t i e s .  C o n s id e r , f o r  exam ple, th e  c a s e  w here A i s  an  a r b i t r a r y  

co m p ac t l o c a l l y  co n n ec ted  con tinuum  (a  Peano sp ace) and w here B i s  

th e  tw o d im e n s io n a l sp h e re  * 1 . The s e t  A i s  s a id  t o

b@ skew i f  i t  c an n o t be embedded, to p o lo g ic a l ly  i n  th e  s e t  B*

K uraiow ski h a s  in tro d u c e d  th e  fo llo w in g  two s e t s ,  w hich have 

bee os© q u i t e  fam ous In  to p o lo g y * ^

A p rim i t i v e  skew c u rv e  i s  s a id  t o  be o f ty p e  1 I f  i t  c o n s is ts ' 

o f s ix  d i s t i n c t  p o in t s  P ^ , Pg, Fg , q ^ , q ^ ,  q g ,  and. n in e  a r c s

• • •  ,  w ith  end p o in ts  a s  i n d ic a te d  and w ith  th e  common

p a r t  o f tw o o f th e s e  a r c s  th a t  i n t e r s e c t  eac h  o th e r  b e in g  an end 

p o in t  of each*

A p r im i t iv e  skew c u rv e  i s  s a id  t o  be o f  ty p e  2 i f  i t  c o n s i s t s  

o f f i v e  d i s t i n c t  p o in t s  P ^ , P ^ , Pg ,  P ^, Pg ,  and t e n  © res P^Pg,

V § , ,  P^Pg w ith  and p o in ts  a s  in d ic a te d  and w ith  th e  common

p a r t  o f  tw o o f th e s e  a r c s  t h a t  i n t e r s e c t  each  o th e r  b e in g  an  end 

p o in t  o f  each*

lu ra to w s k i  ha© proved  t h a t  a  skew Peano space c o n ta in in g  o n ly  

a  f i n i t e  number o f s im p le  c lo s e d  c u rv e s  m ost c o n ta in  a  p r im i t iv e  

skew c u rv e  o f ty p e  1 o r  ty p e  2 .^  C la y to r  showed, t h a t  a  c y c l i c  

Peano space  can  be skew o n ly  i f  i t  c o n ta in s  one of th e s e  tw o ty p e s

S?Cm lu r a to w s k i ,  "S u r l a  problem® d e s  c o u rb e s  gauches en  
to p o lo g ie * ,  i undam enta Mathematics® * vo l*  15 (1 9 5 0 ) , pp* 271-285*

5E u ra to w sk i, lo c*  c i t *
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4o f cu rv es#
g

R# H# B ing h a s  r e c e n t ly  s t a t e d  th e  fo llo w in g  tw o theorem s#

The p ro o fs  o f th e s e  theorem® w ere n o t p u b lish e d  b ecau se  o f  t h e i r  

le n g th s#

S aarauM  Zmssss. .t-fcsfe px* pa. ps» -*x« *5 «sa j^s. <!£*-

tiJBsS; g a M a  s M  i s a l  px%i*  pi^2> *** * ps * s  a i a  s&ai. *><>» »*•**>

^  jg ln tg  a s jy^L cjrbsS  ang. jgug. k i u i  & m  °L  tb * « *  a r e a  in tw aact 

SSSfe 2k£S£ SSiX i£  th#y. t e a  fiQ m l  a s ln l l a  eqwon. Then tfc, jggg 

J°£ IM S® arffig I s  a sk  bpisaomoruhlc £ o  J2lgQA 3 * i«

Theorejajit ffuppogg tltSfc i*x» PE* p8* p4> PS ^£2. £*■** d i s t i n c t  

ao^ n ts and th a t  PxP2 ,  P-jPg, . . .  ,  P4Pg aEg t^n a r c s  g&kfe £2*.

M in ts as indlcatad and sucfo that two of thasa arcs intargact 

* M i akfeg£ ,snjx  1£  they iifiZE £& S2& P.°<wt l a  oseESB* Tiw>n tiifi auj£

o f thfiSg argg I s  a s k  ftBMBMEBte. £ a  £££  2l«Z2a £S&‘

The r e a d e r  i s  c a u tio n e d  t o  n o te  c a r e f u l l y  th e  d i f f e r e n c e  

betw een  th e  s e t  d e s c r ib e d  in  Theorem A and a  p r im i t iv e  skew cu rv e  

o f ty p e  1 |  a l s o  th e  d i f f e r e n c e  betw een th e  s e t  d escr ib ed  i n  Theorem 

B and a  p r im i t iv e  skew cu rv e  o f ty p e  Z* I t  i s  e v id e n t  t h a t  e i t h e r  

o f th e s e  th eo rem s co u ld  be p roved  by c o n s t r u c t in g  i n  th e  s e t  

d e s c r ib e d  a p r im i t iv e  skew c u rv e  o f  e i t h e r  ty p e  1 o r  ty p e  2#

The d i s c u s s io n  of th e  p re v io u s  p a rag rap h  i n d i c a t e s ,  and i t  

c a n  be proved  r a t h e r  e a s i l y ,  t h a t  b o th  Theorem A and Theorem B

4 £»• C la y to r ,  ^ T o p o lo g ic a l im m ersion o f P ean ian  c o n tin u e  i n  
a  s p h e r i c a l  s u r f a c e 11,  Annal s  o f M ath em atics , vo l#  55 (1 9 5 4 ) , pp#
809-055#

5
E# E* B in g , **Sk@w S o ts 1*, American J o u rn a l  o f  laathem atice*  

vo l*  69 (1 9 4 7 ) , p p . 495—498#
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would fo llo w  a t  one© i f  i t  knmm  t h a t  th e  fo llo w in g  so r e
6

g e n e r a l H uesiion  o f  Bing cou ld  bo anm®r®& in  th e  a f f in c a t lv t t t  

•twesMoni I .  tba fo llo w in g  u ta te so n t fcrua? I f  n^. ag ,  . . .  ,  

a  ara area  two o f  ir^cU  in torw otL  or.ly i f  th «y  aav-j an end aolw t

4n  cordon , th en  t h e r ,  s x t r t  M £ £  ?x* P2 > • • •  * Pn &'<&& Saak

i )  k m  a £  k te ss t  s m .  in to r e o o t  $ 1 2 . a x  a m  M m  m

end p o in t  i a  coiamo^i

i i }  4 M  « ■ « * »  jesEfe £L  k * a  M a s t  & a a  JXak

i a  c o n n a e ta d t

i l l )  {L ( i  * i a  an  a r c  i n  U  a 4 h a v in g  m m
/ =i

n n 4  ittrijaaa m  « t*

In  t i i i a  paper w» answer t h i s  q u estio n  In  th e  a f f ir m a tiv e  i n

ea ch  of the fo llo w in g ' easee*

a) At l e a s t  i*-2 o f th e  a r c s  neve a  common and p o in t*

b) $© th r e e  a r e s  hmm a  coas&on arid p o in ty  i f  n i s  even*

c) th e  i n t e g e r  n i s  lee®  th a n  f i v e .

B® a l s o  e s t a b l i s h  th e  t r u t h  o f  th e  s ta te m e n t I n  c e r t a i n

s p e c i a l  c a m s  when n  * 5 ,6 ,

I t  i s  found in  th e  p ro o f  t h a t ,  f o r  sm all v a lu e s  o f n a t  l e a s t ,

th e  problem ©ay be su b d iv id e d  i n t o  th e  c o n s id e ra t io n  of c e r t a i n

s im p le  geoE setrie  eonfl& uations« I t  i a  hoped t h a t  th e  suet hod® d e v e l­

oped h e re  c a n  be ex ten d ed  e v e n tu a l ly  t o  answ er th e  g e n e ra l  q u e st io n  

i n  th e a ffir m a tiv e *

% ± n g, le y *  c i t * p
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By m o d ify in g  th e  c o n c lu s io n  o f th e  s ta te is e n t  s l i g h t l y  w© 

o b ta in  a  th e  ore© v a l i d  f o r  a l l  v a lu e s  o f n w hich i s  e a s i l y  proved# 

T h is  f .e n e ra l r e s u l t  i s  s t a t e d  a s  th e  f i r s t  theo rem  o f th e  paper#  

T hroughout th e  p a p e r  th e  n o ta tio n  x  » (rssK ) w i l l  bo u sed  t o  

d e n o te  th e  f i r s t  p o in t  o f  th e  c lo s e d  s e t  K on th e  s im p le  a r c  r® i n  

th e  o rd e r  from  r  t o  s .  The end p o in ts  o f  th e  a re  w i l l  be 

d en o ted  by b^#

The fo llo w in g  th eo rem  d if fe r®  from  th e  problem  o f Bing i n  

t h a t  two i n t e r s e c t i n g  a r c s  p ^ , a r e  n o t r e q u ire d  t o  have an  

end p o in t  i n  common#

m ix . U  th ey  have an end p o in t i n  cpBff.nn. then  ttm ra g x jg t  area  

h »  p£. • • •  > Pn SSSM i i i S i

a) t£g. cogr on sarfc s& iK2 fi£ thaw acga ia  Sg?,tWPi<Kl 

SC emetyt
A*

b) P i ( i  *  1 , 2 , .  . . . n )  i £  3 2 . £££. i c  U  a h g ftS g  th& £§Bfc
/*« J

S2& 2 2 t e t e  ££. O il

P roof*  The p ro o f  w i l l  be by  In d u c tio n  on th e  number o f  are®* 

The th eo rem  i s  o b v io u s ly  t r u e  f o r  n » 1 .  Se s h a l l  assum e i t  i s  t r u e  

fear n m k -1  and prove i t  i s  t r u e  f o r  n •  k#

c an  f i n d  a r e s  p^> ?g* ••*  i s a t i s f y in g  th e  r e q u ire d  c o n d it io n s#

c o n ta in s  a t  l e a s t  one o f th e  point©  a ^ ,  b^« Thu® th e r e  e x i s t  a t  m ost

UL «!»  °j}» • • •  > «„ 3ES SE£S i s £  M. s& s&

c) s e t  b_ -  j  p c_c«it&in« m  M en ds. c is s s A  s m a i  
“  *•-( 1

Choose any k-1  o f th e  g iv e n  a r c s  a s  a . ,  a,

K'l
^ t  B|ĉ  * p ^ . E very  com ponent o f w hich i n t e r s e c t s
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tw o such  components*

I f  and ^  /  ^k-X ®k and a r e  d i s j o i n t *  Thus

w© can  d e f in e  p^ * o^*

I f  ^  e Bk_ ^ , and bk /  B ^ ,  l e t  p  -  ( b ^ s B ^ ) .  Then ftj, and 

p must l i e  in  the sac*  o p p o n e n t  8* o f There i s  an arc y  in

B 1 from  t o  p s in c e  B* i s  ercwis© connected*  D efin e  *"

( f) U (pbk o f ak) .

I f  a ^  and b ^  a r e  i n  th e  mam component B» o f  th e r e  i s  a n

a r c  y i n  B1 fro®  t o  b fe* D efin e  p^  •  y*

I f  and b ^  a re  i n  d i s t i n c t  com ponents A* and B * r e s p e c t iv e ly  

o f  1 s t  <4 «* (b^a^fA *) ami l e t  r  «• (q b ^ fB 1)* Then th e r e  i s  a a

arc Tj in  A* fro* ^  t c  % and an arc r2 in  B* from r  to  bfe.  B efin . 

pk ■ (ri> U (qr of s k) U  (r2) .

The r e a d e r  may n o te  t h a t  i f  p^ f \  p^ i s  n o t  c o n n e c ted  f o r  soma

i  * l #2 #***jte» l th e n  t h e r e  i s  a  su b a rc  a  o f  p^ spasm ing  p^ and 
7ly ing- i n  8^  ^* Hence th e  u n io n  o f p^ and a  c o n ta in s  a  s im p le  c lo s e d

curve*  T h is  c o n t r a d i c t s  th e  in d u c t iv e  h y p o th e s is*
K

I f  we d e f in e  B * \J p^ i t  i s  e a sy  t o  see  t h a t  c o n ta in s
^ - /

no  s im p le  c lo s e d  c u rv e , and th e  arc® p^ ( i  * l , 2 f «*«9k) s a t i s f y  th e  

r e q u i r e d  c o n d itio n s *  Bens© T h e o re s  1 1© e s ta b l i s h e d *

An exam ple w i l l  show t h a t  t h i s  thefcro® i s  n o t t r u e  i f  th© 

a d d i t i o n a l  r e s t r i c t i o n  i s  imposed t h a t  tw o i n t e r s e c t i n g  a r c s  p ,  P j

k  nozkdegenerete a rc  c  span® an  a r c  5 i f  a  h a s  e x a c t ly  i t s  end 
p o in t s  on 6* An a r c  cr w ith  d i s t i n c t  end p o in ts  r , s  i s  ©aid t o  span  
f  ran a  s e t  A t o  a  s e t  B p ro v id e d  r  e A, © s Bf and ( o - r - s )  C\ (A U  B) » 0*
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have a  common end p o in t*  Lot

<»i f)  \  -  8^*!* ( i  * 1 » 2 » 3 ),

“ b4 - * r

To s a t i s f y  th e  a d d i t i o n a l  r e s t r i c t i o n  we m ust chaos® p ® a^9

(1  •  1 ,2 ,3 ,4 } *  T h is  c h o ic e  g iv e s  u s  & s ta p le  c lo s e d  c u rv e  i n
•4
{J fi. w hich c o n t r a d i c t s  c o n d i t io n  c ) •• • /  * *

In  d is c u s s in g ' th e  p rob lem  i n  it®  o r ig i n a l  fo rm  wo s h e l l  c a l l
/n /•**

n  th e  o rd e r  o f  th e  s e t  U  « .*  He can assum e U  <%. i s  c o n n e c te d ,
X -' 1 ; r /  3.

s in c e  I f  n o t ,  th e  p rob lem  can  be red u ced  t o  s e v e r a l  c a s e s  o f lo w er 

o rd e r*  A lso , i f  * a^ and » b j  f o r  any  k , j  we can- choose

pfc * p j  s in c e  11) and i l l )  a r e  o b v io u s ly  s a t i s f i e d  and  may

i n t e r s e c t  a n y th in g  t h a t  p^ i s  p e rm itted , t o  i n t e r s e c t*  Thus we can  

assum e m and. red u ce  th© o rd e r  o f  th e  s e t  b y  one* We s h a l l  

h e n c e fo r th  c o n s id e r  th e  o rd e r  o f  o u r  cot® ha,® been  red u ced  a s  

much a© p o s s ib le  i n  t h i s  manner*

F o r  n » 1 th e  s o lu t io n  t o  th e  problem  i s  t r i v i a l l y  i n  th® 

a f f i r m a t iv e *  Hence we can s e su m  n ^  1 , and need  n o t  e s t a b l i s h  a  

p a r t i c u l a r  ea se  I n  each  in d u c t iv e  argum ent*

thPWMi .gt The wa&Am s£ lias sea kt aanesssi 4a itm.

a tfla M a  sa te  mis mm. 2f. %M £ails4E£ ss
a) A ll  th e  a r c s  have a  common end p o in t*  I n  t h i s  case

we oan number th© a r c s  i n  any o rd e r  and so  choose  p ^ , Cl * l ,£ ,* * * ,n )

t h a t  U  0 c o n ta in s  no s im p le  c lo s e d  curve*  M oreover, 0 4 c: \J  a 4
1 - / 1  J 4 r  /

£ o r  j  * l ,2 , .* * ,n *

b) E x a c tly  n -1  o f th e  a r c s  have a common end p o in t* In
rtv

t h i s  c a s e  \J con ta in®  a t  m ost one s im p le  c lo s e d  c u rv e *
i - z l
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<*) I& th ree  a r e s  have ^  common end p o in t *j i f  n i s  even*

<$) E x a c tly  n-*2 of, th e  a r c s  Im re & common end p o in t#

*> 2&L lBj&fiES£ a is. is££ J^fiv&w
P roof*  a) T h is  s ta te m e n t i s  a  c o r o l l a r y  t o  Theorem 1#

b) L et a , ,  a  * • •» ,  a d en o te  th e  a r c s  w ith  a
x <# n - l

comrton end p o in t  a ,  “ a  * * • « . » ©  n * S in ce  th e  s e t  i s  c o n n e c te d ,
1  2 « -a

th e r e  i s  an  in t e g e r  t  ^  n~l such t h a t  b » b. * No ̂ n e r a l i t y  i sn %
l o s t  I f  we aeeune t h a t  th e  f a n n e r  i s  th e  case*  We s h a l l  number th©

a r c s  ct.^, i  * 1 , 2 , . •  # ,n —1 In  such  a  manner t h a t  t  * n—X* By a )  th e

a r e a  B„ • P« , • • •  . P - may be found  s a t i s f y i n g  th e  re q u ire m e n ts  X 2 n-»z
i ) ,  11 ) ,  and i i i )  and such t h a t  p . ^  **o r  ^ •* • ***-!•

J ^  i  ^  4#. #
I f  a^  /  f o r  j  » 1 , 2 , . . . , n - 2 ,  we l e t  -  (anb n *^Lf p p .

Not® t h a t  c .  must l i e  on B  ̂ and on no o th e r  B. s in c e  cl meet© no
1 n -1  , r i  11

a r c  c.£ e x c e p t o ^  and p . c .  6  f o r  j  ** 1 , 2 , # • • ,n~2* Sine©
1 # - /  ___

I s  n o t i n  any j  *■; n - 2 ,  th e n  no p o in t  o f  c^bn i n  i s  i n  any

p^., j  ^  n«2 by l i ) .  We d e f in e  f*n t o  be th e  u n i cm o f  i n  and

® ? n  i n  pn - l*
Xf © * b, f o r  t  ^  n~2 we number th e  a r e a  a . . i  * 1 , 2 , . . •  ,n -2n t  1 ? * *

i n  such  a  manner t h a t  t  * n~2. L et e n *“ (b ,,a  *8 * (c ,b _ s p  , ) *x « i i  * n—d JL u * n—1C®lltA»*!c4 in ,_^   ̂ *
D efine  p^ a s f th e  u n io n  o f  ^n c g Pn~X* °ZC1 °** mxi* ani* c l an Pn-2*

C o n d itio n  i l l )  i s  im m ediate* A lso  p f )  * b^c^ w hich i s  c o n n ec ted !

Pn  f] Pn-^  •  c^&n w hich i s  co n n ec te d !  and /)  * 0 f o r  ;j * 1 , 2 ,# . # ,n~3
/H - 3 /n -3

sine©  B, cl c l  and a  d o es  n o t  m eet lJ  a . » Hence n e i t h e r  c l  n o r  
1 l =i 1 rs . c - ‘ 1 1

c i s  on any p ,  j  ^  n—5 , and th e r e f o r e  n e i t h e r  e £ * o n .  p n o r  
~ 1 rt~2

b^Cg on Pn^  m eet p j ,  3 * l ,2 , « . . ,n ~ S *  I t  i s  e v id e n t  t h a t  i n  e i t h e r  

c a s e  p c o n ta in s  a t  m ost one s im p le  c lo s e d  c u rv e . Renee F a r t  b)
•   X

t : i
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i s  e s ta b l i s h e d #

A l l  c a s e s  o f  o rd e r  n 6r  S a re  c o v e re d  by  a) and b)*  T h e re fo re  

we s h a l l  h en cefo rth  assume n  ^  4*

e) I f  t h e r e  e x i s t s  an  a  w ith  a  f r e e  en d , l e t  any  suoh be
SV*-'

I f  n o t ,  l e t  any  a  be a^* S ince  U  i s  c o n n e c te d , th e  n o ta tio n  

may be chosen i n  such a way t h a t  * b^* S im i la r ly  i f  ^  h a s  b een  

d e s ig n a te d ,  w@ may choose th e  n o ta t io n  such t h a t  D efin e

c u  *  (b? 2 ,g l )

° l i  * (‘ l t l W l d - l )  "* ° l> »  (1  ■ *»»*•••»*■ *> •

I f  b  * a- we d e f in e  i n  a d d i t io n  
i

c ln  * (n .( i» - l ) Bn *  «a*1>» dl  '  (bl W l n  *  “n5 *
I ^ b a  /  ^  can reach  th e  d o .ir e d  c o n c lu e ie n  by d e f in in g  ^  -  v

P i * ( “i ° l ( i - x )  of ° i_ i>  V  ^ X O ^ i  “* V *  ( i  “ 2 , 8, . ~ , n ) .

The re m a in in g  c a s e ,  •  a«  ̂ i s  more t r o u b l e I f  th e  o rd e r  on

e ^  i s  we d e f in e  p^ * {a^d^ o f  <*n ) ^  (d^5^ o f  o ^ ) ,

PA -  (a?'1 (i. 1) ai _ 1 ) U  <0 1 ( 1_ l ) b1 o f  “ J *  <1 •  2 , 5 , . . . , n ) .  Sao

F igu re 1 .

I f  th e  o rd e r  on I s  b « jd ,c .^ a^  ( s e e  f i g u r e  9) we l e t

°81  * (bz V  ° f  V *

* ^ i e l * i + l * ^ I ° 2 ( i ^ l )  a i^ *  ^  * 2 ,5 ,# * *,1>*1),

e gn " <a* O r t)* n  °* V “l > ’ d8 " (bX * l,bnc Sn ^  “n5'
S in ce  n  i s  even we n o te  thfct th e  o rd e r  on i s  b^d^d^a^# I f  th e

o rd e r  m  i s  b^c^^dga^  we d e f in e  th e  p*s i n  a  way s im i l a r

t o  t h a t  above# I f  th e  o rd e r  on i s  b^dgC^^a^ we n o te  th a t

hence C - , /  a , and c«* /  on • Hence a c o n ta in s  a t  l e a s t  th reel ( n - l )  2 ( n - l )  2n I n  a

d i s j o i n t  su b a rc s  w hich sp a a  from, cu t o  a -* nam ely c / vc« .i. n —1* ^  E (n -2 ) dn*

c l ( n - l ) ® l n # an<* o m  ccm ta^ne<5 i n  bh© a r c  ° x ( n ~ l ) C£n*

I f  Oj^ ( I  * 1 , 2 , * . . , a ) ,  and d^ have been  d e f in e d ,  and th e  p*s



10

are n o t  y e t  d e f in e d  we p ro ceed  a s  fo llo w s*  I f  t h e  o rd e r  on i s  

^ l^ 'kc k l &l

°(k*X)X “ (SW b Xbk «* °X3 *

c (k * X )i * <S ^ I « V W l-X ) °* “l 3 * ( i  * £ » S . . . . , n - X ) ,

°(le*X)n ’  ^ ° (k * X ) ( i> - X ) V V *

V x  ‘  (b x W ( k * X ) n  o f  “n 3*

I f  tm  o rd e r  on i s  b ^ e ( k * l ) i* k ^ l* l  w# <&***• th e  p ^ ’a  a s

fo llo w s*

%  ■ ( * ? k * x  *  V  u  ' < W x  °r  V »

“ ^“i ° ( k * X ) ( l - I )  oC c i _ l ; U  ( c (k * X )( i-X )° l  ^  a i 3*
Cl ** it g. 5 * * <# ^ n )•

11 th e  order on i s  k * l)  1^1 *e not® t h a t  gr  c o n ta in s

a t  l e a s t  & k-l d i s j o i n t  subarc©  which sp an  fro m  tf> an^ «

As we c o n tin u e  i n  t h i s  m anner i t  i s  c l e a r  t h a t  s in c e  & c o n ta in sn
a t  &ost a f i n i t e  number of* d i s j o i n t  s u b a rc s  w hich span  tram  a - t o

T
a  „  we w i l l  e v e n tu a l ly  re a c h  a  p o in t  wit© r e  we can  d e f in e  th e  B fs* n*»& 1

T h is  conclude©  th e  p ro o f  of F a r t  c )#

d) I n  t a b u l a t i n g  th e  jwomeferie c o n f ig u r a t io n s  f o r  more c e d u ­

c a te d  c a s e s  we hair© made us© of a  c o n v e n ie n t d i& gr& xsaiical r e p re ­

s e n ta t io n  i n  *j<ich th e  a x e s  a r e  a l l  drawn a s  n o n in te rs © c t in g  

e x c e p t  a t  th e  end  p o in ts*  I f  e x a c t ly  rv-2 arc© have a  coa^ on  end p o in t# 

th e  f ig u r e  m ust r e p r e s e n t  on© o f th e  fo llo w in g  ca ses*

% h is  fo l lo w s  sine© th e r e  e x i s t s  a  p o s i t iv e  d is ta n c e  from  <u t o  
© , } and  ©jj l i k e  ©very s im p le  a r c  &as p ro p e r ty  S . A s e t  w hich h as
p r o p e r ty  S can  b© w r i t t e n  a s  th e  sum o f a  f i n i t e  number o f co n n ec ted  
s e t s  each  of d ia m e te r  l e s s  th a n  e f o r  any p re a s s ig n e d  p o s i t i v e  b*



< • » -  /

F l C Q  R e  2 .



11

Case I t

•Aw. «■

F ig u re  5

C ase 111

D efin e p » a • For J * 2 ,S t . . . , n
1 i

lo t o , ,  * (b~ai  U s . ) .  Daflno
J" 1  3 ^ ; = .  1
.      * - •

?3 " (V > 1  of *3} U (c3-l*J *  %  V *

T h is  fo llo w s  b y  a  s l i g h t  

m o d if ic a t io n  o f  Case ! •

F ig u re  4



V

N « u f j» a  m(Z4 2® y p )

(3j) jo  3o$o) p  ( s £f 2°  £»®q) * s d osixjaa

•(* d  n s $*s q3o) *  s ® v * i •  *o

w t  • (T$ jo  V » )  f \  ( f o jo  T*£q) » H

« « T  J ® a  •  ( * d  JO  V o )  p  ( s o  JO  X o ® q )  *

©uTjs q  * ( ^ i £» Sq )  *

\
'^eq • v z s '**

* (T$ n '  3 0  V o )  ( Ca 3 0  V w )  .  f ,J
r - ^ f - t

•srp joa  •(* #  r i  * V « )  •  ^*0

q®T «* r  «»>.* * (Td p  JO % $ o )
-1

.jo p  (fig jo  V q )  * 

a u j j s a  #(2 iJ:*q£ o) « ^o

qirj •{%  jo V |o  fl% f*«^ q) « ®o %®q 

is?
• ( T̂  n  jo  * £ » )  n  (®» jo  2o3q) « %

IC ?  y

««Tj®a * (Td p*  i ^ q )  * o %*n 
*%

•<T*f jo  3^3?> n  c2® jo  « %  «ttTj®a

• ( % * V q )  * To %&x ^  © a jjao

I AX *9*0

9

f7?

■?- t

*111 »0B9

«
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8 -  (b 6cs  o f  p3 ) U (c'gCg o f  os ) U  (c'2«6 o f  P2 ) .  F o r  j  -  7 , 8 , . . . , n

- /
l e t  c  * ( a  b  * U  p ) .  D e f in e  p * ( a . c 4 o f  su )  U ( e . b  o f  U  p } 

1 j  J  / i r l  j  3 J  J j  i = i  1

C ases ?  and V Ii

F ig u re  1 F ig u re  8

These c a n  be s o lv e d  b j  o b v io u s  S im p l i f i c a t io n s  o f th e  

above s o lu t io n *

oCy

^ y

D efin e  p^ *“ ®x* y o r

j  * 2 |5 |# » • j B**4 l e t  c j  * U  p j )

L e t c  m 
0

F ig u re  9

(V - s V s *  l J , pi } * * *

c l ( n - 5 )  "  <b n - 2 * W » C s '° o  o f “n - S ^ . ^ P p *
>*

F o r 1 * n - £ ,n - l  l e t

° l i  " (b i * l * i * l ,b l c X ( i - l )  of
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c i ^  ( c l ( n - l ) Bn V ' o V s  °n -8^*  _

*X * ê oan -S ,bn ° ln  *  % >• “  e l ( ^ S) doe* n ot l i a  ** °o*n -S  **

“rv-S or ** th * °rd *r  m  * 1  18 ° 0® l(n -S )dl* n -3  "* d*f in *

Pn-3 " <* V  U  (V o  *  ° n -5 ) U  (S? n - 3  o f rW

1 » s~ & ,n - l,n  w© def i rm  ^Cl ( i - I ) ^ i  a*

I f  th® o rd er  on 1© % ^ 2 c l{n~S) * ,n _ 3  W0 co n tin u e  a s  in  p a r t  o#

Cas® VIIX i Slue® 8 can ?ne@t any o th er
r n

p ^ , i  •  1 ,2 ,  • , » , « - !  a  s im p le  

a d d i t io n  t o  th e  s o lu t io n  o f 

Can© V II w i l l  s t f f i c e  h are#

F ig u re  10

e) i f  n  S , th e  r e s u l t  f o llo w s  e a s i l y  from  p a r t e  a , b , c .

Th© ca®@ n  •  5 i s  t a b u la t e d  I n  Tabl© X Column 5 . Columns 1 and  It g iv e  

th© b a s ic  th r e e  and f o u r  a r c  c o n f ig u r a t io n s  w hich lea d  t o  l e g i t im a te  

r e p re s e n ta t io n ®  o f th e  f i v e  a r c  ease®* I f  a l l  f iv e  a r c s  m eet i n  a  

common end p o in t  we r e p r e s e n t  th e  c o n f ig u r a t io n  a s  I n  tow  1* I f  

f o u r  arc®  m eet i n  a  common, end p o in t ,  and no f i v e  d o , we have 

tw o d i s t i n c t  p o s s i b i l i t i e s *  The f i f t h  a r c  s a y  have a  f r e e  en d , 

o r  i t  may n o t ( s e e  How® % and 5 ) • I f  th r e e  arc® m eet i n  a common 

end p o in t ,  and no  f o u r  a r c s  d o , th e  f o u r th  may o r  may n o t 

have a  f r e e  end (s e e  Rows 4 and 1 0 , Column 2)*  Th© p o s s ib le



IS

p o s i t i o n s  f o r  th e  f i f t h  a r c  a r e  l im i te d  o n ly  by  th e  c o n d i t io n  t h a t  

no  f o u r  a r e s  m&y m eet i n  a  common end p o in t#  D u p lica tio n ®  have 

been  o m itte d  i n  T a b le  I .

I f  no more th a n  tw o a r c s  m eet i n  © corsmon end  p o in t  we 

have e x a c t l y  tw o p o s s i b i l i t i e s  ( s e e  low s 11 and 12)»

The so lu tio n ®  f o r  a l l  th e s e  c a se s  e x c e p t t h a t  i n  Row 12 

have been  in d ic a te d  i n  th e  p re c e d in g  p ro o fs#

Co*-t//*I/S C^l-O M N

Row 1 2 3 Row | 2 3
£ 7 /O

2 iT 8
3 & 9 /T
H- /O 10 &
5 II n o
6 O 12

" T A B L E  J
i



1 6

C o U O M t i

I Z

I T

3 H R o w  1 2 3 H-
16 l O
17

£ 16 n fT r -

£ 19

20 n ~

f ' 21 &
12

£ 23 n

( T 2 i

f? $ 25 t p
e 26 &

<< < y 27 f C
28 &

29 O y~ i\ < o\ O
30 o

T A B L E  H
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The c a s e  n  * 6 i s  t a b u la te d  i n  f a b l e  I I  i n  a  s im i l a r  maimer*

Th© s o lu t io n s  f o r  th e  c a s e s  in  Hows 1 ,2 ,5 ,4 ,5 ,6 ,7 ,8 ,9 ,1 0 ,1 1 ,1 2 ,1 5 ,1 0 ,2 0 ,* 8 : ,2 2 ,  

2 9 ,30  h&vs b een  in d ic a te d  i n  th e  p ro o f  o f  p a r t s  a ,  b ,  c ,  d o f t h i s  

theorem * The c a s e s  I n  Rows 1 3 ,1 4 ,2 3  ,2 6  can  be s o lv e d  by  a

m o d if ic a t io n  o f s o lu t io n s  g iv e n  i n  th e  p re c e d in g  work* The c a s e s
? ! ? c;3 ‘ 9

r e p re s e n te d  i n  Rows 1 8 ,1 9 ,2 4 , and 28 a r e  a s  j e t  unso lved*  The 

s o lu t io n s  f o r  th e  c a s e s  R e p resen ted  i n  Rows 17 and 27 a r e  in d ic a te d  

below#

Table I I ,  Row 17* D efine •  o^, Pg * i*g,

P3 » o _ . Let ox “ 

and o2 -  ( c ^ .  o f  *4 «P5 )« D efin e

P4  " 05 ) U  ( o p i  o f  “4 ) U

. . 3
(e  b o f O j) . Let o8 » (b g a g lU  p .)

X -  (

Note th a t i s  not on p^* b et

of aciBo) • D efine  
Figure 11 4 S 5 5 4

Pg “ (b ec4 o f  pg ) U  (o P > s  o f  « 5) U  (c^aE o f  P1 U  p4 ) .  L et

° 5  " (b6a8 ip g U  Ps ) ,  and o g -  (cgb g o f «6*P3U  e4 >* D efine

" ( * 0 ° 5  o f  ^ 2 U  Ps> U  < ° ? 6  of a fi5 u  o f  p5 U  P4 )«

3.
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T a b le  IX , Em  27*

2-.

F ig u re  12

D efin e  p^ •  p^ * ag ,  

ps  * a^* L e t <*2 *

Define p4 » ^ 4 C1 ot P^)^

(« ^ a 4  o f *4 ) .  l e t  c g ** ( a 6bg«0 2 ) ,  

and og * (c2«5 of a_*04) .  Define

P6 “ < v * s  of P4 ) u  (V e  ** “S) U  

(egbg of p^). Let

and * ( e4 a 0  ®6 * ^ 4  ^  Pg) # “  ^ 6 C4 ^  ^

( e4 °S  ^  («5»6 ^ 4 ^  P s^#
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