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Chapter 1: |l ntroducti on

1.1 Statement of Problem

Problemsolving strategs, defined as actions people select intentionally to
achieve desired objectivéalexander et al., 1998have been distinguished from
skills that are gplied unintentionally(e.g.,Paris et al., 1991)n contrast to strategies,
skills are fnapplied unconsciously for many
practice, compliance wi t(Parisctiak,299)i ons, | uck
Afflerbach et al(2008)used an example to clarify the difference between strategies
and skills in the reading tasks: when a reader intends to understand the meaning of the
textbysefguest i oning ADoes that make ®ense?0 |,
comprehends the text fAautomaticallyo witho
a skill. Thereforepne way ofdetermiring whether an action is a strategy or a gkill
toasktheguesti on: #fAls the action wunstlagegy del i ber
that requires deliberate control could turn into a skill that is implemented
automatically with repeated practig@dflerbach et al., 2008 Fromthe problerm
solving perspective, forming arategy and caripg out the skills required by the
strategy can be treated as two steps in solving a problem. For examtipéd DEAL
problemsolving model proposed Bransford and Stein (1998)here the problem
solving processisdigied i nto five steps, fAexplore pos
two of the key steps which correspond to forming the strategies and implegribet
skills, respectively

Instructions have been designed to guide studemisvielopproblemsolving

stratgyies(e.g.,Bottge et al., 2003; Jitendra et al., 2002; Mercer & Mercer, 2001;



Paris et al., 1984)or instance, the scherbhased instruction guides students through
the process of problem solving, including identifying the key patteproblems and
forming tentative solution@litendra et al., 2002T his study refers to these
instructions as strategyiented instructions. In contrast, skalfiented instructions
refer to the instctions that train students to turn the problsstving process
demanding deliberate control into a more automatic prqégisrbach et al., 2008)
Both strategyoriented and skibriented instructionsra beneficial to the
student s6é pr obl e (Raris e hl.yl988;0Pregsley, Z0d)t tinéa n c e
effectiveness may differ across students with different achievement levels. Skill
oriented instructions may help the general students to solve problems more
efficiently, but they may be less effective to some-bhievement students. For
example, whileeonventional reading programs tend to be skiknted, strategy
oriented instructions may be more effective for some struggling regiféesbach
et al., 2008) Strategyoriented instructions have befrund to be effective especially
at the initial learning stage and for students with low achievement or learning
disabilities(e.g., Coughlin & Montague, 2011; Swanson, 200herefore, in
educational practice and cognitive diagnosis, it is necessary to identify the type of
instructions neededytstudents. In addition, to assess the effectiveness of the
instructions, studentsd changes in strateg
measured.
As skills and strategies are unobservable mental processes, instruments that
provide observable indicatopsired with latent variable models are needed to

measure them. Analyzing the response daii@hos inaninstrument with appropriate



latent variable models makes it possible to draw inferences about unobservable skills
and strategies. Given that the cqpiseof strategies and skills are seldom

distinguished in existing latent variable models, the overall goal of this study is to
develop a latent variable model that better distinguishes the role of the strategies and
skills in the problersolving process.

Given the complex nature of the problawmlving process, it is indispensable

to make assumptions about the nature of the skills and strategies in the latent variable
models in order to draw valid inferences from the model parameters. In general, latent
variable models designed for understanding skills and strategies explicitly or

implicitly make assumptions about the following three questions based on their
specific purposes and cognitive theory:

1) How is the problensolving strategy operationally defined {hto
distinguish different strategies)?

2) What is the relationship between the strategies and skills?

3) How to define multiple strategies? The rest of this section reviews the
assumptions made in the existing latent variable models and introduces the
assumpbns to be made in this study about each of the three questions.
These assumptions lay a foundation to the proposed model.

How is the problemsolving strategy operationally defineddn the latent

variable models for problefsolving strategies, the strate usually represented as a
discrete variable in a mixtwdistribution mode(e.g., Mislevy & Verhelst, 1990;

Rost, 1990; Yamamoto, 1989ifferent strategies are distjuished by their unique

cognitive processes and/or by the wunique

fi



item functioning. An example drawn frolislevy (1996)is given below to

demonstrate that different strategies can be distinguished by different sets of skills

that are intentionally chosen to solve a peotn Table1 displaysa mixed-number

subtraction item that can be solved with two approaches. As side notes, this study
refers fistrategyo as a person property and
distinguish the person property from the item property; items that can be solved with
more than one approac-bhppr eac bdtseokee md 0t o as
(1987, 1990¥ound that middleschool students employ two different strategies to

solve the mixeechumber subtraction problems like the one shawTablel.

Specifically, using Strategy A, students would convert the mixed numbers into

improper fractions and then do the subtraction; using Str&egydents would

separate the mixed numbers into two parts, i.e., a whole number and a fraction, and

then do the subtraction separately for each part. Compared to Strategy A, Strategy B

is less demanding on the computational sKilistsuoka, 1987)n Table2, Strategy

A and Strategy B are distinguished by two matrices where each row represents an

item and each column represents a skill. Each entry in the matrix indicates whether a

. . . 1
strategyinvolves a skill to solve an item. For example, to solve the Ben%,

Strategy A involves skills 1, 2 and 5 while Strategy B involves skills 1, 3, 4 and 5.
Thus, various problersolving strategies are operationally defined as variou
cognitive processes and can be represented as diffematr@es in cognitive
diagnosis modsl(CDMs) (e.g., de la Torre & Douglas, 2008)islevy and Huang
(2007)refer to the mixture models designed for such mixed proisigring

strategies as measurement models with narrative structures, the narrative theme of

4



which i s that ADiI ff etrsteategies puearepesumedmase use d
the same strategy for all items. It is not known which strategy a person is using.

Features of tasks that render them di fficu

Tablel
An ExampleéMultiple-Approach Item with Stepy-Step Solutions
Step Strategy A Strategy B
1,1 5 1
3 3
(5) Convert whole number to (3) Separate whole number from
fraction fraction;
6 1 (4) Borrow one from whole numbe
"3 3 to fraction;
(5) Convert whole number to
fraction;
:l§ _1
3 3
2 (1) Basic fraction subtraction (1) Basic fraction subtraction
5 2
= — =1—
3 3
3 (2) Simplify/Reduce
:12
3

Note The numbers in parentheses correspond to the numbering of the skills in
Mislevy (1996)

Table2
An Exampleof Strategy Operationally Defined as a Unique Set of Skills
Strategy A Strategy B
Item Skill 1 Skill  Skill  Skill  Skill Skill - Skill  Skill ~ Skill
2 5 6 7 2 3 4 5
2- 1 1 1 1 0 0 0 1 1 1
3
3- 2% 1 0 1 1 0 1 1 1 1
7
35- 1 1 1 1 1 0 1 0 0

In contrast, different strategies can be distinguished by different item
parameters (e.g., items are deemed more difficult for the subpopulation employing
one strategy than another); thus, the strategy is operationally defined by its outcome

5



in terms of iem functioning. Such definition is more likely to be adopted when the
measurement model is an item response theory (IRT) model where no parameter
directly represents the cognitive process. In sum, the way to distinguish different
strategies is dependent tire characteristics of the measurement model, which will
be further elaborated in the literature review section.

This study chooses to use the cognitive process (i.e., a set of skills) to
operationally define the strategy mainly for two reasons. On ané, lsuch
operational definition of strategy is more aligned with its theoretical definition given
thatParisetal. (1983) ef er strategies as fAskills wunder
hand, the proposed model is in the LEramework; the characteristics of CDMs
make it more convenient to define the strategy with its cognitive process as opposed
to its outcome.

What is the relationship between strategy and skills®lost existing latent
variable models designed foreasuring strategies do not explicitly distinguish
between the concepts of strategies and skills. However, the model specifications
imply that the skills and strategies are assumed to be dependent on each other. In the
existing CDMs for studying problersdving strategies, the attribute mastery status is
assumed to be dependent on the prokdemn| v i ng Atttrraitbewgtieeds .i s a
commonlyused term for the discrete latent variable in CDMs; it will be used
interchangeably with tnttext. It sememmodels,khe | | 6 i n t
distributions of the attribute mastery profiles are allowed to vary across strategies
(e.g., von Davier, 2007Alternatively, the choice of strategy can be conditional on

the attribute mastery stat(es.g., de la Torre & Douglas, 2008; Ma & Guo, 20F3)r



instance, individuals who have mastered an attribute could be more likely to choose
strategies that involva specificattribute. However, without explicitly specifying the
roles that skills and strategies play in the probsaiving process, it would be hard to
verify or assess the modeling assumptions about the relationships between the
strategy and attributes. Furthermadhes validity of the strategy and attribute
classification results could be questionable.

In order to distinguish the roles of skills and strategies, this study adapts the
IDEAL problemsolving model proposed Bransford and Stein (1998) model the
item responding process. As showrfigurel, The IDEAL model consists of five
steps required to solve a problem: 1) Identify the problem (I); 2) Define the cause
(D); 3) Explore possible strategies (E); 4) Act (A); 5) Look keadn (L). This study,
utilizing a simplified version of the IDEAL moddFigurel), divides the item
responding process into two independent stagesegyrahoice and skill
implementation. The strategy choice stage corresponds to the first three steps of the
IDEAL model where respondents intentionally form a strategy by analyzing the item
and identifying the skills required to solve the item. The skiplementation stage
corresponds to the last two steps in the IDEAL model where respondents utilize the
chosen skills to solve the item. In this study, a strategy is said to be successfully

applied when all the skills required by the strategy are implemente



IDEAL Model ( Bransford & Stein, 1984)

: , 3. Explore
1. Identify the ‘ 2. Define the ‘ : 5.Look and
possible | mmp 4. Act —>
problem cause strategies learn
\ ) \
| |

A Simplified Strategy Choice — Skill Implementation

IDEAL Model

Figurel. The IDEAL model for problem solving and a simplified IDEAL model.



From a cognitive diagnostic perspective, the separation of the strategy choice
process from the skill implementation process is desirable as more targeted
instructions could be designed if the diagnostic results can indicate, for example,
whether the studes have difficulty in choosing a strategy or implementing a #ksll.
aninitial attempt to explicitly separate the rolesloé strategy andheskill in a
measurement modehis study assumes that the strategy choicetzaskill
implementatiorprocesses are independémtsimplicity, given that there is not a
consistent theory about the correlational or causal relationships betvestrategy
choice and skill implementatiolVhile this study does not impose&arrelational or
causarelation$ip betweernthe strategy choice and skill implementatjdhe
proposed model will serve as a basis to future studies that have a more compelling
theory or hypothesis about the relationship betwhestrategy choice and skill
implementation.

Figure2 shows the structure underlying an item response. The latent
components (i.e., strategy choice, skill implementation and attribute mastery status)
that are not directly linked with each other are assumed to be independent. The
independence between the strategy choice and skill implementation has two aspects.
On one hand, the strategy choice is assumed to be independent from the attribute
mastery staus that affects the item response probability through the skill
implementation stag&igure3 elaborates on the independence between the strategy

choice(q) and attribute mastery statug J. When solving an item, different

combinations of strategy choices and attribute mastery statuses result in 2*2=4

possible mental statuses involving an attribute. In the strategy choice stage, an



individual attempting to use a skill (i.e., identifying ti¢ribute to be required) to

solve the item §=1) may (@ =1) or may not @ =0) be able to implement the skill.

Similarly, an individual who does not identify an attribute to be requinesidiwing
the item may & =1) or may not @ =0) have mastered the attribute.

On the other hand, it is assumed that the strategy choice and skill
implementation stages do not hargnteraction effect on the pbability of correct
item response. While this study makes a strong assumption that the strategy choice
and skill implementation processes are completely independent from each other in
order to simplify the model structure, such an assumption could beddbgx
allowing the two processes to have some interaction that affects the probability of a
correct responsdhus,the proposed model cére easily extended to scenarios where
somecorrelational or causal relationshigie hypothesizedetween stragy choice

and skill implementation
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Attribute Mastery
Status

()

Strategy
Choice

(9)

Skill
Implementation

ltem
Response

Figure2. The structureinderlying an item response.

Strategy Choice
(Whether one attempts to use the
attribute to solve the problem?)

No (q=0) Yes (q=1)

No attempt and Attempted but

No (a - O) non-mastery non-mastery

No attempt but Attempted and
mastery mastery

Skill implementation
(Whether the attribute is mastered?)

Yes (@ =1)

Figure3. Crossclassified status of an attribute in the probigoiving process.
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How to define multiple strategies?The definitions of multiple strategies can
be dependent on the nature of the tasks or items. For exdviiglieyy and Verhelst
(1990) and Yamamoto (1988¥sume that different subpopulations can choose
different strategies, but each respondent only uses one strategy throughout a test. In
contrastRijkes and Kelderman (200pyoposed a strateeghift model where an
examinee may choose to use different strategies for different items within the same
test administrationCho et al. (2010jnodeled the shift of strategy over time. In the
vocational education settingpele and von Davier (2019gve found that the car
mechatronics shifted their diagnostic strategies based on the difficulty of the
problems In sum, there is not a universal definition about multiple strategies and
different models are designed for different scenarios of multiple strategies.

This study focuses on two types of multiple stratedheshetweenperson
multiple strategies and thin-person strategy shift. The betwegerson multiple
strategies refer to the scenario where different respondents on the same test
administration choose different strategies to solve an item. It is assumed that each
respondent only uses one strateggrie test administration. The withperson
strategy shift refers to the scenario where a respondent chooses different strategies to
solve the same problems over time; in other words, the respondent shifts his or her
strategy over time.
1.2Purpose

This study proposes a longitudinal CDM that takes into account both between
person multiple strategies and witfperson strategy shift. The model, separating the

strategy choice process from the skill implementation process, aims at providing

12



richer diagnosticriformation compared to the traditional CDMs. In particular, while

traditional CDMs diagnose studentsoé ski.l

information on st udent shiftingheirsteategygwer ¢ h o i
time. The proposed modeh addition to providing information on whether attributes
are mastered as skills, informs that whether attributes are chosen as part of the
problemsolving strategy.

A Monte Carlo simulation studyg conducted to examine the parameter
recovery of the promed model under several simulated conditions and to investigate
the effects of ignoring betwegrerson multiple strategies and witkperson strategy
shift on the classification accuracy and growth estimates of the longitudinal CDM.

As an empirical data deonstration, the proposed modeapplied to the
response data from a study with repeated measure gpeststst desig(Bottge et
al., 2015)that assessed the effectiveness of the Enhanced Anchored Instfiétipn
Bottge, 2001and compared effectiveness of EAI with that of business as usual
(BAU). The empirical data analysis intends to demonstrate the use of the proposed
model to provide diagnostic information about strategy choice and skill
implementation, respectively.

Specifically, this study aims addressinghe followingfive research
guestionsthe first three of which afgased on the simulation studsile the last two
of which are based on tleenpirical data analysis:

1) How do the relative model fit indices performidentifying the proposed
model as the besitting modelin the presence dfothbetweenperson

multiple strategies and withiperson strategy shift?

13
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2) What is the impact of ignoring betweeerson multiple strategies and/or
within-person strategy shift dherecovery of the model parameters,
especially those parameteedevantto diagnostic inferencesf the
longitudinal CDMs?
3) How is the parameterecoveryof the proposed model affected by the
manipulated factor§.e., thesample size, thimitial mixing proportions of
strategies, thetrategy latent transition probabiligyd the correlation between
the initial ability and ability changen the simulatiorstudy?
4) According to the empirical daenalysishow do studentsd6 strate
overall skillimplementation ability and attribute mastery status change from
the pretest to the posttest?
5) Accordingto the empirical datanalysis do Enhanced Anchorelshstruction
(EAI) andBusiness as usuaBQU) differ in terms oftheir effectsons t udent s 6
learning outcomes regarditige strategy choice, overall skill implementation

ability and attribute mastery status?
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ChaptlLeirt eZ:ature Review

Given thatthis study aims at developindangitudinal CDM for multiple
strategiestheliterature review is conducted two topic areas, ©OMs andlatent
variablemodels for multiple strategies. Within each atba,modes are further
categorizedased on their application settgyghat is, whether they are desigried
the data frona single time poinor for data frommultiple time points

It should be noted that the models ing®vo areas are not mutually
exclusive. Instead, CDMs attide latent variable models for multiple strategies are
closely related: 1Both of them arembraced inthe latent variable modeling
framework 2) Both d them arebased on mixturelistribution modelg§McLachlan &
Basford, 1988)3) CDMscan be usedsthe measurement modei the multiple
strategy mode|sand 4)In the longitudinal settings, both of them daextended to
model the sequential change of the latent varidbaacorporating the latent
transition analysi§LTA; Collins & Wugalter, 1992)

2.1 Theoretical Foundation

A brief introductionto the latent variable modeling frameworkixture-
distribution modehlnd LTAis provided ashetheoreticafoundation.

Latent variable modeling framework. By definition, latent variablesefer to
thevariables that are nobbservabldutthe values of whiclean be inferred from the
observed variablet.atent variable modekre statistical models containing latent
variables, and these models are the linkage between the latent and observed variables
(Spearman, 1904Psychometric modekre latent variable modsland they are used

for psychological andducational measuremein the field of educational
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measurementategorical item responsae usually used as observed variabléss
review focuses on the models designed for dichotenitem responses as the
proposed modas tobe applied to dichotomous response data, but it should be noted
most of the models introduced below have been extended to accommodate
polytomous responses.
Latent variables can be continuous or categoritednples of latent variables
are personsod ability and skill s. Di fferent
latent variablesf different natureFor instance, Wwen the latent variakdare
continuous latent tragt IRT models can be uspdhen the latet variable are
attributes or skillswhose mastery status is categorical (binary in most c&3Bs)s
should be considered
Mixture -distribution model. Mixture-distribution moded (McLachlan &
Basford, 1988areused when the sample consists of subjects thibi@rent
Ssubpopul ations or | at e n tif the tlamssnemlershiplshe t er m
unobservableThe distribution of the observed dagaonditional orthelatent class
membershipMathematically, in the mixture modeheg marginal probability of the

observed data can be written as

P(Y=y)=a p.P(Y =y |0,

c=1
wherec is thediscrete latentlassvariable p. is the mixing proportion of class
which corresponds tie class size P(Y =y | ¢) is the conditional probability of the

observed data giveriassc. When the observed data are categorical, the mixture
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model can be referred to as latent class analysis (eGQALazarsfeld & Henry,
1968)
Latent transition analysis.LTA (Collins & Wugalter, 1992¢an be treated
as a longitudinal extension of the LCIA.the LTA, the dataat each time poins
modeled with an LCAbutthe latent class membershapan individualis allowed to
changeover time The latent class progressgare represented withtent transition
probabilities. The marginal probability of the observed data in the LTA is specified as
G G X
P(Y=y)=4 .. &PwO foaPY =y |C)
=1 M 2 =2

wherep ,is the mixing proportion of latent clas®’ at the initial time pointz‘é(‘,;llg(,_l)

is the latent transition probability from the latent cla$s'to ¢ at time point(t - 1)
; that is, for an individual who is classified & at time point(t - 1), the
probability of this individual transitioning to latent clas8 at time pointt'is

z‘é(‘;)llc)(t_l). ¢ =(d?,...,d" )representshe latent @ssprogressiompattern.P(Y =y | )

is the conditional probability of the observed data given latent class pattern
2.2CDM for a Single Time Point
CDMs are psychometric models thaitn at providing finegrained diagnostic
i nformati on about omsatseridseofatrisubelVhea appliedoy st at us
response datiom cognitive diagnds assessment€DMs can be used to classify
students into latent classes, each of whiatefinedby a unique attribute mastery
profile. Thus, inferencesanbe mada b out st udent sstatus€DMsr i but e m

can be treated as speaiakesf thediscrete mixturedistribution mode(McLachlan
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& Basford, 1988Wwherethelatent clasesare defined by attributerofiles and the
outcome variabkearecategoricale.g.,Rupp et al., 2010)n CDMs, themarginal

probability of the obsrved responggatternsof respondenitis givenas

A -
P(Y, =y;) =a 4, O P(Y, ¥IU),

i A =1
wherel, =(a, ,..., g )indicateshelatent classlefinedby anattribute mastergtatus
pattern assuming thaK attributes are measureg the assessmeand each attribute
only has two mastery statuses, i.e., mastafy<1) and noamastery @, =0). For
examplewhentwo attributes are measured, = (1, 0)represents a latent clask

respondents/ho have masteredhe firstattribute but hae not mastered the second

one. A represents all the permissible attribute mastery status gattemaximum

number of latent classes 25 , if all the attributeprofile patternsare permissiblew;
is themixing proportionof classU,and P(Y, = ¥ |U,) representshe conditional
response probabilitgiventhe latent class.

There arenumerousvays to specify the distribution tdtent classs U, . In a

saturated formthemixing proportionparameter, , of everylatent clasgexcept the

referencdatentclass) can be freely estimated, with the constreﬁj\tuoc =1.If one
Ol A

or moreattributeprofile patterns are known to be impermissjltkee corresponding
mixing proportion(sian be constiaed to zerqe.g., Liu & HugginsManley, 2016)
the mixing proportions of the remaining classes are freely estinfdtechatively, a

general unidimensionability parameterg, , can beassumed to underlie all the
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attributes as in the higherder structure specified lme la Torre and Douglas
(2009:

_expk g+ b
1+expl, g + 4

P(ajk =1 Q) Q)

where x, and b, represent théactor loadingand interceptorresponding to attribute

k, respectivelyAs the parameterization in equatibnesembles the two parameter

logistic (2PL; Birnbaum, 1968)RT model, x, and b, are referred to aheattribute

discrimination and easiness parameteti@subsequent sections. It is assumed that
the attribute mastery probabilities are locally independent ghesability (de la
Torre & Douglas, 2004)Vhen thehigherorderstructureis usedthe marginal

probability of the observed response patterns is written as

P ]
P(Y, =y,) RO P@, HoPY, y=10) §(m .

€k=1

c

Under the higheorder structure, the attribute discrimination and easiness parameters
instead othe latent class mixing proportions, are to be estimated. Thaikjgher
order structure results in fewer model parameters than the saturatedhocincan
improwve the estimation efficiencwhenusingthe Bayesian Markov chain Monte
Carlo (MCMC)estimationrmethod(de la Torre & Douglas, 2004)

A variety of CDMs have begmroposed to modehe item response

probability, P(Y, = y |U.), andCDMs were originally used to model data from a

single time pointExamples othe commonlyused CDMsaredeterministic input,
noi sy f @MWNA;dunkerét Sgtsma, 2001; Macready & Dayton, 19@10del,

deterministic i(DINOyTemplim8oHerssgn, 2006)ogdinegra t e
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cognitive diagnosis model (LCDM{enson et al., 2009)nd general diagnostic
model(GDM; von Davier 2005) Different CDMs are designed for different
purposes and rest variousassumptionsThe DINA model is one of the simplest
andmostwidely-used CDMsiIt is anoncompensatory CDNMssuminghat, ideally,
a student can correctly respond to an itenly if he or she masters all the required
attributes of the itenSpecifically,the ideal item response spondengto itemi is

given as

wherea ; is an indicator of whetheespondent masters attributk; and g, , as an

element in the @natrix, indicates whether itenrequires attribut&. The Q-matrix is
an itemby-attribute matrix. Each element in then@atrix, alsorefer ed t o as fiq
entryo, i s a binary entry with the foll owi

_ &8l thei th item requires the th attribute

G = L0, thei th item does not require tke thiatite

The Qmatrix is an importantomponentn CDMs, as itdescribes the mapping
relationships between items and attribyfestsuoka, 1983, 198%and reflects the
cognitive specification of a tefteighton et al., 2004)Thus, in the DINA modelhe

probability of a correct responsewsitten as

~ . - (17 6&}7{(‘( 1- 6‘%‘(
P(Y, =1|0,) L sY' (g ' & sF (9 .
where UC(D is the attributenastery status patteafirespondent g, = P(Y |f 6)

ands = (Y 9|4 3 represent the guessing and slipping probabilities,
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respectivelyThe constraintg, <1 -s, is set to ensure that individuals who lack one

or more required attributes have a lower probability of success than those who master
all the requied attributegJunker & Sijtsma, 2001 A compensatory counterpart of

the DINA model is the DINO model. The DINO model assumes that students can
correctly respond to an item as long as he or sheensaste of the required

attribute(s), when slipping does not occur.

Both the DINA and DINO models are highly restricted models relying on
strong assumption&or example, the DINA model does not differentiate the correct
response probabilities among resgents who lack one or more attribytége DINO
model does not differentiate the correct response probabilities among respondents
who master one or more attributes. These assumgtand$y holdtrue in reality
Some more generalized CDMs based on weak®rmaptions have been developed.

TheLCDM is a generalized CDM where the correct response probaililityitten as

oty 110y = Pt 11Ty )
ij 07 1+ expl/,, + iTh(Uc(j) , 9)]1

(2)

where/, ,is the itemintercept parameter; it can be interpreted as a guessing

parameter in the sense that it is the logihefcorrect response probability when no

attribute is mastered.iTh(UC(D, A)is alinear combination of the main and interaction

effectsof the required attributese.,
T X .
Iih(Ug, @=a /i1 4% * A b 1@ k8% *
k=1 k %

is the main effect of attribute /.

where /. 12,0 Ky)

1K) is the tweway interaction

effect ofattributesk, andk,. The hgherorder interactioacan be representéxy

21



/ d =3,...,K, whered is the order of the interaction. In the saturated form

id (kg kg ) ?
of theLCDM, all the main and interaction effects are included. Alternativedin
and/orinteraction terms can be dropped to reduce the number of estimated
parameters. The LCDM is more generaliZeantthe DINAor DINO models as it
allows each attribute to uniquely contribute to ¢berectresponse probabilityn
fact, the DINA model can be written as a constrained versitmedfCDM where
only the highesbrder interaction term is retained foetbomplex item¢Rupp et al.,
2010) Another special case of the LCDM is the linear logistic m@deM;
Hagenaars, 1990, 1993; Maris, 19883t only retains the main effeerins of the
LCDM. Note thathe ordering constraintaeed to be set ahemain effect and each
interaction effecin orderto ensurenodel identificatiorfor the LCDM: all the main
effects are constrained to be positiveeractions are constrained to ensure that
respondents who master more required attributegd have higher success
probabiliies (Lao, 2016)

The GDM isageneralizeanodelwhich ercompasssthe LCDM as a special
case(von Davier, 2014)In addition, he GDM allows the latent attributes to be
continuousor discreteA number of other CDMs are not elaborated here as the
purpose of this literature review is to provide an overview and to lay a foundation to
the proposed modeA more compreénsive review of CDMs that are designed for
data froma single time point can be foundRupp and Templin (2008b)
2.3CDM for Multiple Time Points
Recent years have seen the development of longitudinal CDMs that model

datafrom multiple time pointgHansen, 2013; Huang, 2017; Kaya & Leite, 2017,
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Lee, 2017; F. Li et al., 2016; Madison & Bradshaw, 2018a, 2018b; Pan, 2018; S.
Wang et al., 2018; Zhan, Jiao, Liao, et al., 20Ii®peneralthese longitudinal CDMs
can bedivided into two catgories, on®ased othe LTA and the other based time
growthmodeling The two categories of models assume diffeegtnibute
distributions: the LTAbased CDMs assume that the attributes follow a discrete
distribution, while thegrowthrmodetbased CDMsest onhigherorder structure
underlyingt he attri butes. Accordingl yvyayt he oper e
acrosghe two categories cDMs.

The LTA-based CDMgKaya & Leite, 2017; F. Li et al., 2016; Madison &
Bradshaw, 2018a, 2018b; S. Wang etal.,2018usi ng t he concept of
assumehat the attributes follow a discrete distributidhis category of longitudinal
CDMsfocusesonthe probabilities of respondents transitionfragn one attribute
mastery statukatent classo anothewover time(usuallyoveradjacent time points)n

theLTA-based CDMs, thearginalprobability ofthe observedesponsgatternis

specified as
P(Y; =y;) =
. . A L A A . RO
a - aupO fy'y O O KO =y )
g A Qi A =2 ts i E

whereu, is the mixing proportion of latent clag$” at the initial time pointz‘é%;ll)@n
is the latentransition probability from théatent clasdf™ to U at time poin(t-1);
that is for a respondent who is classifiedds" at time point(t-1), the probability of
this respondent stghing to latent clasgl” at time pointtis z‘gcgll’@l) . The latent

transition probability can be directly estimatedy., Li et al., 2016; Madison &
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Bradshaw, 2018)r further decomposed as a combination of covar{&@e¥/ang et

al., 2018) Different measurement models have been usetwtel P(Y" = y |(fY)

in the LTA-based CDMs, includinthe DINA (F. Li et al., 2016)DINO (Kaya &
Leite, 2017)and LCDM(Madison & Bradshaw, 2018byhe growth in the LTA
based CDMs can be quantified as the changeeiproportion of examinees who are
classified as attribute mastery over tifMadison & Bradshaw, 2018a028b)
MadisonandBradshaw(2018a)furtherincorporateca multigroupstructureinto an
LTA-based CDM to assess the differential growth among multiple manifest groups
(e.g., a control group and a treatment group)

In contrastmostgrowthrmodetbased CDMs assumeh@yherorder structure
(de la Torre & Douglas, 2004yith continuous latent trait(s)nderlying the attributes
(e.g.,Lee, 2017; Zhan, Jiao, Liao, et al., 20148) that the growth can be defined as
the changén the continuous latent trait(s) over tinTdae marginal probability of the

observed respongmttern is given as

P(YO =y?) = O Py 1I)OPN 1.4 FO
€k=1 i u
where the latent abilityq, is multidimensional given that multiple time points are
involved.
Thedenotationparameterization and structuregivary acrosslifferent
studiesHansen (2013applied the hierarchical diagnostic model to model data from
multiple time points. Only one attribute imeasured at each time point. Correlations

of the attribute across time points are allowed by specifying continuous latent

variables, q, underlying the attribute across time poiisan, Jiao, Liao, et al.
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(2019) following themodelof Andersen (1985)3enotedq as a vector of ability at
multiple time points, i.e.q; =(g{,..., §’)", and specified thag; follows a

multivariate normal distribution, i.eq; ~ MVN(E ,, E ).Lee(2017)used agrowth

curve model to model the change of latent ability over tiitegrowth curve model
allowsindividualspecificgrowth curve. Statistically, the ability parameter at each
time point is a function of a time covariate, dhdtthe slope andchiercept are
random,.e.,

gV = | £ v+ )Vtime
wheretime” is the time covariatee!" is the error term. In this model, both intercept
and slope are specified as random parametgyss the random intercepfy’ + )

is the slope consisig of a fixed componenty , and a radom component)/, . The

random effects of the intercept and slope follow a multivariate normal distribution,

av, o €0 § o
ae‘}o f;MVNéB% &(g) , and theerror termfollows a normal distribution,
ciL =+ é(; =

e}" ~N(O, \59)1 ). Further, amultivariateversion of thegrowth curve modetan be

usedto directly modelthe change adittributemastery probabilitypver time without
assuming a latent trait underlying the attribu{fésn, 2018)

In the longitudinal CDM studies, there is not a consistent rulenetherand
howto handle the dependencies of the repeated items oveMiaeson and
Bradshaw (2018lid not consider the dependencies of the repeated items over time,
while Hansen(2013 andZhan, Jiao, Liao, et al2019)included random effects to

account for the dependencies of the repeated items oveHownever, all the studies
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above assume that the repeated items are measurement invariant, i.e., have the same
item parameters over time.

The neasurement invarianceasimportantassumptionn longitudinal
modeling inthe education studieas it is a preequisite tahe meaningful comparison
of thelatent trait or attribute mastery status across timep¢ans,Meredith & Horn,
2001) In the longitudinal CDM, the measurement invariance assumption holds when
the conditional distribution of the observed response patterns tigattribute
profile remain identical across time poikdadison & Bradshaw, 2018b)he
majority ofexistingstudies orthelongitudinral CDM assume measurement invariance
without testinghe assumptiowith Madison and Bradshaw (20183an exception.
Madison and Bradshaw (201&yamined the robustness of an L-bAsed CDM to
the violation ofthe measurement invariance assumption due to item parameter drift
(IPD). They found that, under the simulated conditions, the item paraestieates
are less accuratghen the IPD exists, but the classification accuracy is robust to IPD.
Specifically, In thesimulation study conducted by Madison and Bradshaw (2018),
three manipulated factors considered were related to the item parameter drift (IPD)
over time. Specifically, they considered the percentages of items with IPD (0%, 20%,
40%, 60%, 80%, and 100%he magnitude of IPD (i.e., difference in item
parameters) over time (0.5 and 1) and the IPD type (IPD only in the item intercept
parameters, IPD only in the main and interaction parameters and IPD in all the item
parameters). They found that, in their pyepd model (i.e., Transition Diagnostic

Classification Model), the classification accuracy rates were higher than 0.9 in all the
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simulated conditions. Further, the classification accuracy rate only decreased by 0.01
in the 100% IPD conditions compared he 0% IPD conditions.

NeverthelesdPD may not be the only factor leading to the violation of
measurement invariancehd@shift in problemsolving strategy, manifested as a
differencein the Q-matrix (e.g., de la Torre & Douglas, 2008puldalso reult in the
violation of measurement invariand¢o study has investigated the impact of the drift
of Q-matrix on the performance of longitudinal CDMs. In addition, the drift-of Q
matrix could be associated with thenqatrix misspecification issues iongitudinal
CDMs. Studies osingletime-point CDMs have found that misspecifiedr@atrices
can result in inaccurate item parameter estimates and lower the classification
accuracy(lm & Corter, 2011; Rupp & Templin, 2008a)herefore, the variability of
the Q@matrix over time is worth exploring.

Usingthe same @natrixfor all the individualsandfor all the time points
existing studies on longitudinal CDMs.g.,Li et al., 2016; Madison & Bradshaw,
2018b; Zhan, Jiao, Liao, et al., 20 E®sumehat all the respondents employ a
uniformtype ofproblemsolvingstrategyat each time point arehch individual
would notchangethe problersolving strateg over time. Such assumpti®may not
be realistiayiven that individuals may choose to use different strategies at different
stages otognitive developmer{Siegler et al., 1981gnd a number acéducational
programshave beenlesigned formprovings t u d e n t ssolving stratéglese m
(e.g., Mercer & Mercer, 2001Thus, it is reasonable to expétatthere are variety

of problemsolving strategieamong the populatioat a single time point arah
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i ndi vi dual éhangedver amenighymoto/ates the proposal of a
longitudinal CDMincorporating thenultiple strategies and strategy shift
2.4Modeling Multiple Strategies at a Single Time Point

Discrete mixturedistribution models combined withe IRT models or
CDMs, have been uséd model multiple strategigslela Torre & Douglas, 2008;
Mislevy & Verhelst, 1990; Rost, 1990; von Davier, 2010; Yamamoto, 1S&h
mixture models for probleraolving strategies are referred to as measurement models
with narrative structures blislevy and Huang (2007)

In asingletime-point scenariothe problerrsolving process generally consists
of two stages. In the first stage, a respondent chooses a strategy; in the second stage,
the respondenimplementgherequired skillsand makea response. As the strategy
chosen by a persas unobservabldhe strategy is treated as a categotedaint
variablein the discrete mixturdistribution modebnd the mixing proportions of the
categories are to be estimated. Mathematicallymtéeginal probabilityof the

observedesponsgatternof respondenttis written as

M A
P(Y; =y;) a ., OPY, xI|m,

m=1 i=1
wherep, . is the mixing proportion of strategy, indicating the proportion of
respondents choosing strategy P(Y, = Yy | m)is the item response probability
conditional on strategy, which can be modeled with a chosen measurement model,
such asaIRT model or a CDM.

IRT modelsas the measurement modelWWhen IRT models are used as the

measurement modehe item response probability is a function of thatinuous
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personability parameterq. Different strategies can be characterizediiffgrent
item parametey ability distributons and/ordifferent measurement moddésg.,
Mislevy & Verhelst, 1990; Rost, 1990; Yamamoto, 19&)e of the simplest
mixture IRT modedis the mixed Rasch mod@Rost, 1990Wwhere thanarginal
probability of the observed response pattern of resporjdsrgiven agassuming

local item independence):

M A
P(Y,=y,) - P.fOPY, xImagf gmd,

m=1 i=1
where f (g|m)is the distribution of the ability parametnditional orstrategym.
Theresponse probability of an individual item is writtertlEsRasch modeg|Rasch,

1960}

_ exp@j - Q)
1+ exp@j - Q )'

P(Y, =1lg.m &) )

P(Y, =0lg.m #) =1 Py ¥ qgm,, L
As intheRasch modely,, is the item difficulty parameteHowever, in the mixture
Rasch model for multiple strategie§,, is alsodependent on the discrete latent class

variable m, and thereforejs strategyspecific.

Mislevy and Verhelst (1990)oted that the strateggpecific item difficulty
parameter could be associated with the nature of the strategy and the characteristics of
theitem. Therefore, thegroposedhe mixture linear logistic test mode(LLTM).
Specifically, the item difficulty prameter in the mixed Rasch model is decomposed

as a linear combination of item featusssociated witthe strategy:
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5u(@=8 Re
where each element matrix R, indicateswhethera strategyrelated featuréis
presentn itemi; the value of the element can be dichotomous or polytonmus.
representshe contribution of featuréto the item difficulty parameter. BotR,,, and

g,, can be predetermined based on theories.

While boththe mixed Rascimodelandthe MLLTM usel the Raschtype
modelsas measurement models for all the strategiferent types omeasurement
modelscould be used for different strategigsthe HYBRID IRTmodel proposed by
Yamamoto(1987, 1989)two subpopulations (i.e., normal respondents and random
guessers) who implement different strategies are assurnechofmal respondents
are modeled with an IRT model while the random gusssemodeled with a latent
class analysis (LCA) modeAs a special caséhe HYBRID Rasch moddlvon
Davier & Yamamoto, 20074onsists otheA RASCHO and ALCMKAO | at ent
the HYBRID Rasch model, thmarginal probability of the observeesponse pattern
is written as

PCY; =y, Ip) =
pRASCHﬁD(Yj =Y, IM gascrr @F (M gasced ¥a Eq)ﬁ, Y5 |m)

mi M ca
The measurement modefithen RASCH O ¢ bame &s that sf thiitee
Rasch modelequation3). The measurement modgf the ALCAO classis written as:
PCY, =1lm) =g, m M,
CDMsas the measurement modelWhen CDMs are used as the

measurement model, tikenditionalitem response probability is a function of the
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person attribute profileb). Different strategies can be characterizedlifferent Q
matricesas well aglifferent distributions oattribute profileqe.g.,de la Torre &
Douglas, 2008; von Davier, 200As a natural extension dig¢mixture IRT models
to the CDM framework, the mixture GDI#¥on Davier, 2007has the marginal

probability of the observed response pattern:

M C - A -
P(Y, =y)) AP, &PEIMO RY 1 0. m,

m=1
whereeach strategyn corresponds to a unique@atrix. In some multiplestrategy
CDMs, the strategy choice is specified to be dependetieattribute mastery status
(e.g., de la Torre & Douglas, 2008; Ma & Guo, 2008hen the strategy choice is
conditional on the person attribute profilés,the marginal probability of the

response patteiis specified as
S oM. A -
P(Y;=y)) | PU) apme, O P, 1 U m,
c=1 m3 i=1
wherep,,, =P(m| U is the probability of choosing strategygiventheattribute

profiles,Oc. The relationship between strategy choice thedattribute mastery

statused), can be eithereterministic or probabilistidn the multiplestrategy DINA
(MS-DINA; de la Torre & Douglas, 2008hodel, it is assumed that respondents
would choosea strategy as long as they master all the attributes required by the

strategy Mathematically, the ideal response in the-BIBNA model is specified as

hij = max{ {j71’ ij/Z""’ ith}1

31



K
where/y,, = O 4 is the ideal item response corresponding to strateayd its Q
k=1

matrix, Q.Inthissense r espondent s deteaminedebytkegy choi ce i
attribute mastergtatusesin contrastMa andGuo (2019)relatesthe strategy choice

probabilityto the conditional correct response probability gittemattribute profile

and strategy

P(Y, =1]0,, my’

P(m|Uj): T - ,
élP(\(j :1|Uj,m)“
whereuisr e f e r r e dstrategys @ Is e dpdnaenetdr.dn particulawhenu=0,
all the strategies are equally likely to be chosemenu=1, the probability of
choosing a strategy is proportional to the conditi@oatect response probability
given this strategy.

Comparisons between RT models and CDMs as measurement model.
The mixturedistribution models, incorporating the IRT models or CDMs as
measurement models, have been used for mukipdéegy modeling. Regardless of
the type of the measurement model, the strategy is indibgtadliscrete latent
variable in the mixture models. However, the operational definitions of preblem
solving strategy can vary across different measurement models. In the CDM
framework, strategies are defined by their unique cognitive processes. Inlggrticu
each strategy, characterized by -an@trix, is defined by a unique combination of
attributes involved in the problesolving process. In contrast, strategies tend to be

defined based on their Aout comeso of i tem
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example, items could be deemed more difficult for the subpopulation employing one
strategy than another.
2.5Modeling Multiple Strategies at Multiple Time Points

In the longitudinal settinghe LTA-mixture Rasch model has been proposed
to model strategy shift over tinad has been used to evaluate the effectiveness of an
education interventiofCho et al., 2010 In the LTA-mixture Rasch model, the
marginal probability of the response pattertirak pointt is:

Mo Mr A .
P(YO =yP) =& - 8P, O £ PO =y [m),
m

=1 m % t'=2

wherem =(m, m,..., m) is the strategy progressioner time.z ") is the latent

transition probability from strategg. ,to m.at time pointt'- 1, t'=2,..T . In the

LTA-mixture Rasch modegachlatent class is a strategy pattern, and the mixing

XL
proportion of datent classs pmlO ﬁ”'nlgl . The conditional probability ahe
t'=2

response pattern given a latent class is specified as

P(Y? =y |ni)=

J

A
FQP(Y,-“) =y Ima)f(dm)d.a =" ,..7 )

wherethe ability, g, is multidimensional and follows the structure specified by
Andersen (1985)Specifically, within each latent class , the ability parameters

follow amultivariate normal distributign.e., A |m ~ MVN(S(d)*m 72 (*d))- The

mean andariance of the ability parameter at the first time point in the first latent
class are set to be 0 and 1, respectively, for scale identificaherconditional

probability of a correct item response at time pbistgiven as
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_exp@"- b))

im

1+expg® - B)

P(YO =1]g" ,m, 4))

im’

The item parameterbﬁ? , IS allowed to vary across latent classes but is constrained to

be invariant over time, i.ef") = b., for scale comparabilityCho et al(2013)

extended the LTAnixture Rasch model to accommodate a multilevel structure.
2.6 Parameter Estimation of theCDMs for Multiple Time Points or Multiple
Strategies

The maximum likelihood estimation (MLE) with the Expectation
Maximization (EM) algorithmandthe BayesianMICMC methodare twofrequently
usedparameteestimation methods fahe CDMs with multiple stategies or multiple
time points(e.g., de la Torre & Douglas, 2008; Huo & de la Torre, 2014; Madison &
Bradshaw, 2018b; Zhan, Jiao, Liao, et al., 2019; Zhan, Jiao, Man, et al., PI0a.9)
two estimation methods differ in the@issumptions and optizationalgorithms.The
MLE is a frequentist approaethich assumeshateach parameter is fixed. The MLE
finds the parameter values tmaaximize the likelihoodunction and uses them as the
parameter estimatels contrast, thd&ayesiarapproach assumedsat each parameter
is a random variable which is represented by a probability distriblitidhe
Bayesian estimationhé priorknowledge about a parameter (i.e., the prior
distribution) is updated with the knowledge gained from the observed datthé.e.,
likelihood) to yield the updated knowledge about the parametettifiegaosterior
distribution). Thus, in the Bayesian eséition methodshe estimate and standard
error of a parameter is obtained by summarizing the mean and standard deviation,

respectively, of the posterior distribution of the paramétewever, despite the
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difference inthe estimation algorithm, evidence$ been found that thdLE and the
Bayesiarestimation methods yield comparable parameter estirimates CDMs
(e.g.,Huo & de la Torre, 2014)

Given that the comparative efficiencies of the twanestion methods vary
from case to case, the choice between the MLEl8ayesian MCMC method
depends on a variety of facto@ne factor thatouldaffect the choice ahe
estimation method is tr@istributionassumed underlying the attribute profégeint
classesln general, the MLE is more likely to be chosen wtienattribute profiles
are assumed to followdiscrete distributiorfe.g.,Huo & de la Torre, 2014; Madison
& Bradshaw, 2018b)hile the Bayesian MCMC igvoredwhen a higheorder
structure (equatiof) is assumed underlying the attribufesy.,de la Torre &
Douglas, 2008; Zhan, Jiao, Man, et al., 20&Rh Zhan, Jiao, Liao, et al2019)
being an exceptiomhe MLE tends to be more efficient than the Bayesian MCMC
when the attribute distribution is discréte the MSDINA model (Huo & de la
Torre, 2014)However the memory requigkby the MLE increases #se number of
theattributesincreasesind, thus, evethe MLE could become burdensome when the
number of attributes is extremely larg@gompared to the MLE, the Bayesian MCMC
is more flexible tdoe appliedo different formulatios of the models. For example, it
is straightforward to estimate the parameters of theCHKDA model with the
Bayesian MCMC method, which is relatively hard with kheE (de la Torre, 2009)

As for the software ogram,flexMIRT (Houts & Cai, 2015andMplus
(Muthén & Muthén, 2007have been used tarry out the MIE for thelongitudinal

CDMs (Madison & Bradshaw, 2018b; Zhan, Jiao, Liao, et al., 2008GS
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(Plummer, 2015has beemsed to carry out the Bayesian MCMC estimafmrthe
longitudinal CDMs (Zhan, Jiao, Man, et al., 2019x (Doornik, 2009has been used
to implemenboththe MLE andtheBayesian MCMC for estimating the multiple
strategy CDMgde la Torre & Douglas, 2008; Huo & de la Torre, 20T4e
function and accessibility of the estimation s@buld also be taken into account
while choosing theppropriateestimation method.
2.7 Summary of the Literature Review

This chapter reviews the literature on CDMs amatlels for multiple
strategiesThree limitations are identified and this study is motivated to filling the
gaps in the existing literaturkirst, he existing longitudial CDMs using a single
matrix for all the respondents over tinage prone tohe Q-matrix misspecification
issues. The betwegrerson multiple strategies could result in differenn@trices for
different subpopulations and the withperson strategyh#t could result in a drift of
Q-matrix over timeUsing the same @natrix for all the respondenésross time
pointscould render the @natrix misspecified for at least some of the respondents.

Second, lie existingmodelsfor within-person strategy shife.g.,Cho et al.,
2010)areoriginated in the IRT framework and are limited in providing fgmained
diagnostic information. Like the mixture IRT models designed for a single time point,
the LTA-mixture Rasch model distinguished different probfmiving strategies by
different itemfunctioning as opposed to different cognitive processes. Thus, a shift in
strategy is characterized by a shift in the item functioning. For example, a research
guestion that can be answered usingtheddffAXxt ur e Rasch model

individual shiting from Strategy A to Strategy B, which item(s) become easier for
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this individual 2?0 However, in the I RT fram
AFor an individual shifting from Strategy
utilize additin a | attributes to solve the probl ems?
strategies as unigque cognitive processes could make it possible to answer the latter
type of research questions. Currently, no study has been done to model strategy shift
over time in the CDM famework.

Third, previous latent variable modedeldom explicitly distinguish the
concept of strategies from skillEBhe model specification®.g., Rost, 1990; von
Davier, 2007)mply dependencies among strategies and skills. For exavaple,
Davier(2007)allowedthe distributions of the attributeasteryprofilesand/or item
parameter$o vary across strategy latent clasgdternatively,Ma and GuoZ019)
specifiedthe probability of thestrategychoiceasa function of the attribute mastery
statusesHowever, fom a diagnostic perspective, it may be worthwhilsgparate
strategies from skilldiagnostic models thaeparad the strategy choicgrocess
(identifying the attributes required to solve the problem) from the skill
implementatiomprocesgimplementingthe attributes to solve the problems) could
indicate, for example, whether the students have difficulty in choosing a strategy or
implementing a skillThus, &ill-oriented or strateggriented instructions could be
designed accordingly to meet studentsd nee

Regarding the limitations of previous studies, this stidys atproposng a
longitudinal CDM that makes three contributionsst the proposed model is
designed to reduce the risk ofr@atrix misspecification due to differential problem

solving strategies by considering multiplen@atrices While studies with similar
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purposes have been done in the IRT framewexds, Mislevy & Huang, 200%r
singletime-point CDMs (e.g., de la Torre & Douglas, 2008his studyaddresses the

purpose in théongitudinal CDMs. Second, the proposed model is intended to

measure strategy shift in the CDM framework, which could serve as a measure for the
effectiveness afomestrategyoriented intervention prograsrFinally, the proposed

model aims at providing more informative diagnostic information: In addition to
informing studentsd6 strengths and weakness
the model provides information on students
information ould potentially inform whether strategyiented or skilloriented

instructions are needed.
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Ch ap tMert h3o:d s

3.1The Proposed Model

This study proposes a longitudinal CDM that takes into acdmthtbetween
person multiple strategies and witperson strategy transitiomhe model,
separating the strategy choice process fronskileimplementatiorprocess, aims at
providingmore finegraineddiagnostic information compared to traditional CDMs
More specificallyjn addition to providing diagnostic information on the attribute
mastery statushe model is intended to inforthe cognitive process underlying the
strategychoice andkill implementationrespectively.

Figure4 demonstrates the relations among strategy chskaeé,
implementationQ-matrices attribute mastery statanhditem response In this
study,the strategy choice is represented with a disdegént variablem, and
different strategy choicedistinguished bylifferent @matrices.The underlying
assumption is that people who choose different strategies attempt to use different sets

of attributes to solve the same multyalpproach problemVhen a @matrix

represents a problesolving strategy, eachentry, g,.,, can be interpreted as

Awhet herwhachqoees strategywould attempt tauseattributek to solve
itemio Whether the attempt would be successful isrdateed by the attribute

mastery statuthataffects theskill implementatiorprocessin Figure4, the value of

g,,, determines whethanr not the path from attribute, to item respons¥, is
present. Specificallyg, , =0 denotes that respondents who choose strategguld

not attempt to apply attributeto solve item , thusthe path froma, to Y, is absent
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for respondents who choose strategyvhen the path is absent, the mastery pf
does not contribute to the correct item response probability. When1, the path

from a, to Y is present for respondents who chesisategym; the mastery of, is

expected to increase therrect item response probabili#.continuous latent

variableq is used to represent the skill implementation abilitgerlyingthe mastery
statuses of all the attributesivén that the strategy choice asklll implementation
stagesare assumed to be independent, the attempt to apply an attribute does not imply
tha attribute is mastered; the mastery of an attribute does not imply the attempt to

apply the attribute.

Skill
Implementation
Ability

0

Strategy

/ \\\ qllnr\ - Q][gm _ q1Km
q’] Im q2]m ”‘_‘::n::;(:/,——’ q2Km ) L
YI Y2 e Y[

Figure4. The relations among strategy choiskill implementatiorability, Q-
matrices, attribute mastery status and itesponseslhe strategy choice is
represented with a discrete latent variabjeéhe skill implementation ability is
represented with a continuous latent variajpld he dashed lireindicate that the
paths may or may not be presedepending on the valsief q.
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As one of the goals of the proposed model is to quantify the growth of the
ability of skill implementationthe model is based on growth modeling and a higher
order structure is specified to underlie the attribateshow in Figure4. The
continuous ability parameter in the higherorder structure render it feasible to
guantify thegrowth on a continuous scaleheLLM is usedas the measurement
modelas it is flexible to incorporate the unique contribution of each attribute to the
correct response probabiliteverthelessas theLLM can be easily generalized to
the LCDMT one ofthe most widelyused generalized CDMsby incorporating the
attribute interaction terms, the proposed model is presented in the form of the LCDM
for the convenience of future generalizatibollowing the model specification of the
mixture GDM (von Davier, 2007)this study assumes that the population consists of
subpopulations who choose different strategies (i.e., betpeeon multiple
strategies) and the-@atrices are different for different subpopulatidnsa mixture
CDM (MCDM) with a higherorderattributestructure équationl) and with the
LCDM as the measurement modedjation2), the marginal probability of the

observed item responses is written as

P(Y, =y,) =
O _ A o 2
qpmrbéQP(qk—ll m)OPK =y K ) f € 1) d

wherep, is the mixing proportion of strategy. The conditional item response

probability given strateggnis:
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P(Y, =10, g .m) =

K
eXp(/im,o ta (m,l,(k) Aim T A im,é,(g,lé) ik DG A i m +.)
k=1 k %

(4)

- ‘
1+ exp(/im,o a /m,l,(k) Jﬂikm a im,é,(K k) ik ai&q@mq ilk m -j)
k=1 k%

where q,,, denotes whether individuals wishoosestrategym would attempt to use
attributek to solve item. /, , is the item intercept parameter and equals to the logit

of the correct response probability when no attributes are attempted and/or mastered.

/ and / arethe main and interaction effectstbf attributesonthe

im,1,(k) im,2,(k k)

correctresponse probability of iteimvhen the attributeareattemptedWhen/ ,

/ and/.

ma.k k) arestrategyspecific another way of interpreting these

im.1, (k)
parameters is that they are interaction effects ahe strategy choice anskill
implementatioron the correct response probabiliBecall that thistudy assumes
that the strategy choice askill implementation stagesre independerand no

interaction between strategy choice and implementation is considered for simplicity

/ / and/ areconstrairdto be equal across strategies, i.e.,

im0+ im1,k) im,2,(k k)

lino = o limig = {10y Timateio) = {2t so) thUS /i34y @and/, ;) denotethe

mainand interactioreffectsof the skill implementation on the correct response

probability. When dependencies between the strategy choice and skill implementation

are considered, the above equality constraints imposéd,en/,,, ., and/;, , . «,

can be relaxedn the LLM, the interactin term,/, , , \ ),

Is dropped.

Empirical data analyses using the LCDM haietded twoeway attribute

interaction estimatesf different sizes and directionsyt most of these empirical
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findings supported the compensatory relatigps among the required attributesg.,
Templin & Hoffman, 2013; Toprakt al., 2019) TemplinandHoffman (2013)
indicated that the attributateractiondeingzerohas suggested a compensatory item
response functiarkFurther,Toprak et al(2019)pointed out that the LCDM with
negative attributeniteractionterms resembledhe DINO modelwhere when one of

the required attributes is mastertte mastery of additional required attribute will
not increase the correct item response probabllgyplinandHoffman (2013)

applied the LCDM to th&xamination for the Certificate of Proficiency in English
(ECPE) dataset and found that, amonglitems requirindwo attributes4 items

had attribute interaction effects being negative or positiverpatler than 0.1.
TemplinandHoffman (2013)alsosuggestedemoving the interaction terms when
thar estimatesreclose to OToprak et al(2019)analyzed the Michigan English Test
data and foundegativeattributeinteractionestimategor all the four itemsrequiring
more than onattributesln sum, conclusions about whether the attribute interaction
terms should be included in the model vary across items and daitbsetszer, gven
that it is challenging to accurately recover the inteoacterm in the LCDMe.g.,

Sen & Bradshaw, 201,/)hedatagenerating and daffiiting models in tis study are
based on the LLM that does not contain the interaction terimsierto reduce
estimation difficulty Constraining the interéion terms at 0 impliethe assumption
that the normastery ofa requiredattribute can be compensatatileast partiallyby

the mastery of the other required attributdgen an item requires more than one
attributeg(Templin & Hoffman, 2013)Future studies couldonsider includinggome

two-way attributeinteractionsand examine how the specification of the interaction
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terms affectshe estimation accuracy. Nevertheldhseeway interactions or
interactions of an evdnigherorder ardikely to causeestimation issugeghus are
seldom includede.g., Templin & Hoffman, 2013; Toprak et al., 2019p ensure
model identification, all the attribute main effects in the LLM are constrained to be

positive, i.e.,/;,, ., >0. Such constraint is adaptedrin the ordering constraints

required for the LCDM to ensure model identification and prevent label switching
issue(Lao, 2016)
The conditional attribute mastery probability given the general ability and

strategymis specified as

=1 gm) =P T )

1+expl, g + )

Given that the strategyhoiceis assumed to be independent from attribute mastery
status the attribute discrimination and easiness paramatec®nstrained equal

across strategies, i.ex,, = 3, b, = 4. Such equality constraints denote the

assumption that the relationskipetween the general skill implementation ability and
the attribute mastery statuses avariant across different strategiearthermore,

the distribution of the latent ability parameigmdependent from the strategy latent
class membership, i.€.(g|m)= f( §, implying thatg affects the item response
probability only through thskill implementatiorstage and thagy does not affects
thestrategy choiceTherefore, in this studyg is interpreted as the ability to
implement thestrategy. With these equality constrajritee conditionaattribute

mastery probability is written as
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. expes g+ b
T expl g+ b

P(a, =1 g.m) =P( @ ¥

Incorporating betweenpersonmultiple strategiesinto longitudinal
CDMs. When response data from multiple time pointsaualable growth-modet
basedongitudinal CDMs(e.g.,Lee, 2017; Zhan, Jiao, Liao, et al., 20t8h be used
to providediagnostic information on thattribute mastergtatusas well as estimate
the growth in the latent ability underlying the attribufBsis study illustrates the
longitudinal models under a repeat@éasure pretegtosttest desigas it is a simple
and widelyused study design for effectiveness studies on education intervention
programge.g., Bottge et al., 201%@)nd the data to be used in our empirical data
analysis example have been collected with such design. Extensions could be made to
accommodate other assessment designs symratel forms with anchor items and
to scenarios with more than two time points.

Taking into account thietweenpersommultiple strategies in longitudinal
CDMsis advantageous as it potentially attenugttesindesirable effect dhe Q-
matrix misspeciftation induced by multiple strategi@e la Torre & Douglas, 2008)
In particularthe Qmatrix misspecification can jeopardize the classification accuracy
and item parameter estimates in CD{Rsipp & Templin, 2008a)The between
person multiple strategies at each time point can be modelled by incorporating the
MCDM into the longitudinal CDMsA Longitudinal MCDMis yieldedby extending
the longitudinal DINA mode{Zhan, Jiao, Liao, et al., 201&) the LCDM case and
incorporating a mixturelistribution structure. Specifically, in thengitudinal

MCDM, the marginal probability of the response pattern at timgiven as
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M
m=1

and, assuming thatdividuals do not change thgiroblemsolving strategsover

time, the conditional prolmlity of response pattern given stratagyat timet is:
P(Y® =y! [m)=
RO P ey = 10)0P =y’ [ am)ff (&
€k=1
whereis a vector of ability parameters at all theme points, i.e.g=(q®,..., §)".

Themeasurement mode specified as

P(Yij(t) = |U£%) q ,m) =
eXp(/.(3+a /1«) i%km +a |(2/4<1 k) 52 |t<)2qiﬁlink2m +.)
K % (6)

M) 4 A Oy ) 4t
1+eXin, -la. [1(()] km +a |2(<1kZ Ky kzqﬁmqlkgn )

Given thattheitem parameters ka been assumet be timeinvariantin most
existingstudies on longitudinal CDMEho et al., 2010; Kaya & Leite, 2017; S.

Wang et al., 2018; Zhan, Jiao, Liao, et al., 2G8) thatMadisonandBradshaw
(2018)did not find evidence suggesting that the violation of measurement invariance

due to IPDwould diminishthe attributeclassification accuracy, this studpecifies
the item parameters to be invariant actose points, i.e./9 = /o, /04, = {14y

(t) —
/|2(k1kz) /24(1k2)

The higherorder structure underlying the attributes is parameterized
differently from that inzhan, Jiao, Lia, et al.(2019) While Zhan, Jiao, Liao, et al.
(2019)follows the Andersontype parameterizatiofAndersen, 1985kpecifying that

the latent abilities at different time points follow-alimensional multivariate normal
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distribution,this studyfollows theEmbretsortype parameterizatiofembretson,
1991)specifying a multivariate normal distribution fitre initial ability and ability
changesas shown idrigure5. Specifically,Embretson (1991)roposed the
multidimensional Rascimodel for learning and change (MRMLC) where the ability

at thet" time point, T, (t>1), is written as a linear combination tbieinitial ability

and ability changes:

AN P @)

t=T,

whereDg", referred to &sbraisongi®9]fepresenttiei t i es o by

j
change in abilitfrom the ¢-1)" time point to the™ time point.The advantage of
usingthe Embretsortype parameterization is that it enables the alzlitgngeo be
directly estimate@dnd the hypotheses about ability change to be taatieitk the
interpretation of the parameters are different between the Embitgfson
parameterization and the Anderdgpe parameterization, the two parameterizations
are statistically equivalentV.-C. Wang et al(1998)havefound that the two
parameterizations yielded comparable maiih fit when fitted to an empirical
dataset; antlV.-C. Wang(2014)has established equatidias convering the mean

and variance of the ability parameters between the two parameteriz&eexen
Davier et al(2011)andW.-C. Wang(2014)for more detailed contrasbetweernhe
Andersontype and Embretsetype parameterizationg\nother advantage of utilizing
the Embretsottype parameterization is that it overconttesparadoxical reliability
issue, noted bRereiter(1963) of measuring change using the etved change

scores. Specificallygs explained byV.-C. WangandWu (2004) the paradoxical
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reliability refeisto the phenomenon where the higher correlation betiegretest
and posttest scores is associated with the lower reliability of the change $tere
paradoxical reliabilityresuls from the fact that theneasurements at different
occasiongareincorrectly assumed to be unidimensignhusthis issuas hard to be
resolved in the classical test theory (CTT) framework. Howekerparadoxical
reliability issue can be resolved by formulating the initial ability and ability change as
separate latent dimensioimsthe IRT frameworkas demonstrated ymbretson
(1991)

This study, incorporated a 2PL version of the MRMIEhbretson, 1997)

into the higheforder structure. When only two time point$,andT,, are involved,

the conditional probability of attribute mastery given the latent ability is spec#ied a

_expy g+ (B)
1+expe? & +B)

P(aj’ =1]q;)

(T2) (o) (Ts (T)
. XPEK + D, 2
P =1)q) = SPU '+ (¥ D P

1+ expe?’ Jj) +¥ D g p a &Y, B (9

whereqj(Tl) represents the initial abilityDg; represents the ability change from time

point T, to time pointT,. q; =(¢™, Dg)" is specified to follow a multivariate

normal distribution:

(@}

2 () & o3 A S2
% § MVN & oo
B 8E, K, 4

e

The mean and variance qfl) are constrained at 0 and 1, respectively, for scale

identification. The attribute discrimination and easiness pasamare set to be

48



invariant across time points, i.e¢? = £ = 3, andp™ = F2 = 4 When

more than two time points are involved, the conditional probability of attribute

mastery given the latent ability at ttfetime point T, (t>1), is specified as

T;
expls, ' +a XDV g+) !
P(al =1|q)) =

T

1+expk, & A x g ¢)

t=T,

where Dg" is the ability change from the-{)" time point to the™ time point.
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Measuring within -personstrategy shift. A shift in problemsolving strategy
could occur over time as a result of learnamgl education interventide.g.,Cho et
al., 2010; Siegler et al., 198Brom a modeling perspectivestrategy shift can be
operationdly defined by a shift ithe strategy latent class membership over time
in theLongitudinal MCDM (equationb), as shown idrigure6. Thus,the LTA model
can be incorporated into th@®ngitudinal MCDMto model the shift ithe strategy
choice over timeln the proposed LTAongitudinatMCDM, the marginal probability

of theresponse pattelis given as

T

no M A 4 .
PO =y =8 . BP0 A PO =y M) (@)
m=1 mn =

1
wherem indicates the strategshoiceat time point, t =1,2,....T; M, having the

subscriptt, implies that th@ptionsof strategies are allowed to vary across time
points. pfy) represents the mixing proportion of respondents e¥tumsestrategym

(t-1)

at the first time pointz,,, |

is the latent transition probability from strategy. , to
m. at time pointt'- 1, t'=2,...,T ; in other words, for a respondent wtitooses
strategym._, att'- 1, the probability of this respondecttoosingstrategym. at time
point t' is t,ﬁi'ﬁlrﬁ_l.m* , represented as a patterrchbserstrategies over time, i.e.,
(m, m,...,m), is referred to athefi s t r ehdicetgrya j e c thel TAr 0 . I
longitudinatMCDM, each latent class is a stratezhoicetrajectory as opposed to a

staticstrategychoice and the mixing proportion of a strategjyoicetrajectory is

I ' - - - - - I
pmlg ﬁ;l'r;_)l . The maximum number of strateglgoicetrajectories |89 M, .
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The conditional probability of an observed response pattern given a strategy choice

trajectory is written as
P(Y® =y m")=

~

RO P&y =1 )OP 60 = B am)d (o

Ek=1
where the measurement model is the LCDM:
M — D ) —
P(Y = |Uf:(j) g, m) =

eXp(/.o"'a /1«)1 (t)* +a i,2,/k1k2) J(li)l (é-? q(kzm +.) (10)
k 4

A (th (1) A (t) ( (t)
1+ equi,o "kal /,1,(() € . ;’? i,2,/klk2) kg é |k2m
= 2

The measurement model is similar to the one inLtmgitudinal MCDM
(equatione) except the subscripts gf Specifically, the egntries are invariant across
time points in the.ongitudinal MCDM In contrast, in the LTAongitudinatMCDM,

q". is specific to strategy choice trajectories; the valueg'of can vary across time

ikm” ikm”

points in the trajectories involving strategy shift. The higbreler attribute structure

is specified in a similar wags that of the longitudindMCDM (equation3).
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3.2Model Parameter Estimation

Given thata higherorder structure is assumed underlying the attribute profiles
and that the Bayesian MCMC estimation method, compared to the MLE, is more
suitable for the higheorder structure as introduced in Section 26,rhodel
parameteri this studyareestmated using the Bayesian MCMC methdtie model
parameter estimation isiplemented in JAG8Ilummer, 20%) with the default
Gibbs sample(Gelfand & Smith, 1990)The JAGS program is called from35.3
(R Development Core Team, 20Mith the R2jags package0.57 (Su & Yajima,
2015)

Prior specifications.The priors of the model parameters arebssied on
previous studies that utilizeétde Bayesian MCMC methotbr longitudinal model
parameter estimatidiikadengye et al., 2013; F. Li et al., 2016; Zhan, Jiao, Man, et
al., 2019) As the item parameters atite higha-order structural parameters are
specified as timeand strategynvariant, the prior distributions of these parameters
are the same between tiagletime-point model (i.e., MCDM)and the multiple
timepoint models (i.eLongitudinal MCDMand LTA-longitudinatMCDM):

/., ~ Normal(- 1.096, 4),

/ ~ Normal(0,4)T (0+ o),

i,1,(k)
b, ~ Normal(0, 4),

X, ~ Normal(0, 4)T (0+ =),
wherefi No r ma | 0 that a phiameget fellsws a normal distribution; the two

parameters specified in the parentheses fo

variance of the distribution, respectively. For instance, the prior distributiéy), aé
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a normadistribution with mean and variance beitdg. 096 and 4, respectdi
indicates that the distribution is truncated and the two elements in the parentheses

following ATO denote t he Iruneatedistribdiannhd and u

respective). For example/, , ,, ~ Normal(0, 4)T (0;+ =) means that themain effect

parameter/,iyl,(k), is constrained to be positiweghich corresponds tihe moded s

ordeing constraintge.g., Rupp et al., 2010) he pror distributions for the ability
and attribute parameters are specified differently betweesirtgketime-pointand
the multipletime-point models. In the MCDM, the prior distributions of attributes

and the underlying ability parameter are specified as:

é— ex + {
ajkl g, b xBernoullige P, A o«

B ety 94,0 |

g, ~ Normal(0,1).

In theLongitudinal MCDMand LTA-longitudinatMCDM, the prior

distributions of attributes are specified as:

a expg, '+ b O

a@| ¢v, b xBernoulligs

&+expl, P+, 0 8

a Y+ XD, bi
al?| ¢”.D q .4 ~Bernoullig expes '+ D, av ) b
J J éﬁ+exp0(k &) +,xD C/'k")é.

where the multidimensional ability parameters are drawn fromlévariate normal

distribution:
J(Tl) o %”Zm) gE
g MVN & )
é%q - gﬂﬁq -
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is the varianceovariance matrix of the ability parameter

M, and S;m need to be set @tand 1, respectivelyor scale identificationThe

mean oftheability change parameter is drawn fromravariatenormal distribution,

i.e., m, ~ Normal(0, 2). Since it is hard to impose the constraints@qu =1if E(G, :

were drawn fronthe commonly useWishart distribution(Wishart, 1928)this study
utilizes theprior configurationproposed byAzevedo et al. (2016which has been

based on thevork of McCulloch et al(2000) to draw E(G, : Azevedo et al. (2016) s
prior specification forE(d, -was foundo beeffective in handling the restricted
variancecovariance matrix for identification purpose in the longitudinal IRT model
and achiegd good parameter recove@pecifically,séq in E(d, :is reparameterized
conditioning onsj(m =1,ie.,55,= S, *+ q%l)D J z(g =*08 %T%Ds, where the
priors of 55" and S o ¢ aresg,” ~ InvGammgl,1) and S jwp .~ Normal(0,1),

respectively. According tdzevedo et al. (2016such reparameterizatianf séq is

equivalent for Dg; to have a conditional distribution of
Dg, | § ~Normal( yn %), wherem, = mg, + 5, ( (g - ;¥and

slgq* = §Dq - ;&)D q/ 2(?
As for themixing proportiors of strateges, the prior distributions are Dirichlet

distribuions:

p ~ Dirichlet(k,,..., & ),
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wherek  is set at 1, fom=1,2,..M, which satisfies the criteria of a sparse prior
(i.e., k,<d/2, whered is the number of latent claspecific parametersguch

sparse priorbave been found fpossess property: thegan make the redundant

latent classesmpty when amixture models overfitted through thICMC sampling
procesgNasserinejad et al., 2017; Rousseau & Mengersen, ZDid ymplicationof

such property is that the number of strategy options are overspecified (e.g., experts
identify two different strategiemmongthe population but the respondents only
choose to use one of them), gstimatedmixing proportion of the unused strategy

will be extremely smalvhen a sparse prior is specified jr. Thus, the estimates of
themixing proportiors mayserve asndicatorsto verify the theory about problem
solving stategiesThe prior distribution of the latent transition probabiliythe

LTA-longitudinatCDM is specified as

tom =t § ) ~Dirichlet ( ., 1,

wherew;, =1, form, =1,2,..M,,.

The number of MCMC chains, iterations and convergence checkiwo
MCMC chainsarerun.To ensure that the sampled iterations adequately represent the
posterior distributions of intereshe convergence dhe iterative parameteiraws
from the twoMCMC chainsis evaluated by inspectirtge raceplots of the MCMC
drawsandcalculatingthe potential scale reduction fac(®SRF;Gelman & Rubin,
1992) A traceplotis a time series pldahatdisplaysthe parameter dragat each
iterationof the MCMCchairs; traceof draws fromdifferent chainare often
displayed in different colorg.hus,one can observe the mixing of the MCMC chains
in the traceplot and the trace plot can serveaagaphical diagnostiof convergence
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In particularif the location andspread othe traces arstable and the traces of
different chains converge to the same locatiowill be a piece of evidence for

convergencgf different parts othe tracesre stuck around differetdcations alack

of convergencés suggestedrhe PSRFalsodenoted aﬁ, is theratio ofthe
estimatedooled posterior varianad the MCMC drawdi.e., a weighted mean die

estimatedeaweenchain and withirchain variance of the MCMC drawsto the

estimatedvithin-chain variancef the MCMC drawsAn IE close to lindicates that

theinferences drawfrom different chains arelose to each othewhich is a sigrof

convergencehy contrastan ik muchgreater than $uggestshe lack of

convergenceBrooksandGelman(1998 andGelmanandRubin (1992)suggestd

using the criterion of<1.2 for all the model parameters determinghe MCMC

convergencethis studyappliesa more stringent and commosniged criterionn

practice R<1.1.

Five thousand iterations are run for edd@BMC chain, including 2,500 bufn
in iterations. The chains are thinned biye2ations to reduce the autocorrelation of
the draws before summarizing the parameter estimates. As a result, each parameter
estimate is summarized based on a total S0 iterations. The chain length is
determined hsed ora pilot studywhere one rdation was run for evergimulated
conditionandthe convergence has been achieweath 5,000 iterations eacthain

including 2500 burrin and a thinning of 2or all the three datétting modelsunder

21n JAGS, the number of iterations retained in each chain=(the total number of iterations of each chain
i the number of burm iterations)/the number of thinning. Thus, the total number of iterations used to
summarize each parameestimate is calculated as: [(5000 tat&500 burrin)/2 thinning]*2

chains=2500
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all the conditionsSince it is possible thahe number of MCMC iterations required
for convergence vasacrosssimulation studyeplications, izis monitored for all

the parameters in all the replications in the full sticdgnsurenodelconvergencdf
one or more parametenave 3 greater than 1.1 after the first 5,000 iterations,

additional iterationsvill berun untilthe & convergenceriterion is met before
summarizing the parameter estimates.
3.3Simulation Study Design

A Monte Carlo simulation studg conducted to examine the parameter
recovery of the. TA-longitudinatMCDM under several simulated conditions and
investigate the effesbf ignoring multiple strategies and strategy shift on the
classification accuy and growth estimate.

Due to the complex nature béiman cognition and problesolving
strategies, this study simulates a simplified scenario of an education intervention in
order to make the simulation study managealite. goals and effects of the
hypathesized education intervention are speciirelight of the Enhanced Anchored
Instruction(EAI; Bottge, 2001whichai ms at i mproving student s¢
problemsolving Someinstructiors designedn EAI arestrategyorientedin the sense
that they guide students to first solve a problemth@multimedia and theto
generalize the problersolving methods to relevant harois problemgHickey et al.,
2001) An effectiveness study has found thaidentswvho wereunder the EAI
conditiontend to peform better on problems requiring compkkills than those who
werenot (Bottge et al., 2007)Thus, ths study simulates an interventitratconsists

of both skilloriented and strategyriented instructions. The interventimdesigned
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toi mpr ove st u-davimgpsriormane lyduidiegihemto chooseamore
complexstrategyas well aenhancingheir skill implementation abilityln particular,
themore complesstrategy tensito involve more difficult and more various skills to
solve a problemin the simulated scenario, two strategaes assumedabelled as
AStrategy A0 and 0 St sinplerstrgatggy tBad invohes gasiet e gy A
and fewer skills to solve thegblems; Strategy B is theore complesstrategy that
involves more difficult and more various skills. It should be emphasized that, in this
study, the strategy choice is independent fronskiéimplementation ability or the
attribute mastery statughatis, choosing to use thr@mplerstrategy does not imply
the lower ability to implement th&kills required by thenore complexstrategyand
vice versaFurthermore, the strategy choice akil implementatiorprocess are
assumed to independently cohtrie to the correct response probab#isyshown in
Figure2.

Thus, to operationally define tliesired effects of thieypothesized
intervention compared to the pretest, a larger proportion of studeatxpected to
chooseStrategy Bin the posttesta growthis expectedtoben st uderskils 6 aver a
implementatiorability andthe probabilities oattribute mastery.

3.3.1Fixedfactors

A repeatedmeasure pretegtosttes{i.e., two time pointsytudy design is
simulated, the configuration of which reflects the design of the EAI effectiveness
study(Bottge et al., 2015At each time point, two groups of simulees who choose
either Strategy A or Strategy B are simulated. After specifying the group

membership, abilitparameters, attribute profiles and item parameters, the response
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data of each group at each time point are generated usibghhéi.e., equation2
without the attribute interaction terijn3 o make the simulation study manageable,
factors that have been studied by previoagitudinal modelingstudies(e.g., Cho et
al., 2010;Lee, 2017; Madison & Bradshaw, 2018; Zhan, Jiao, Liao, et al., 2019)
are not expected to affect tharameter recovery performance are fixed across
conditions,aslisted inTable3. The fixed factors include item intercepts, main
effects, attribute easiness and discrimination parameters;iatiQx design, the
types of strategy choice trajectories and the distribution of lateniedalitd attribte

profiles.
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Table3
Fixed Factors in the Simulation Study

Factor Value

Test length() 20

The rumber of attributesK) 4

The rumber of time pointsT) 2

Strategy types Strategy A M,),
Strategy B M)

Strategychoicetrajectory types M, =M, M),

M;B:(MA’MB)'
Mee = (Mg, Mo)
Data generating @natrices Q.. Qg

The proportion osimuleesvho switch from
Strategy B to Strategy £py, . )

Prvamg =

Item intercept parameter (;) [i,= 2.2

(It corresponds to a correct
item response probability of
0.1 when nattribute is

mastered.)
Attribute interaction parameter (; ¢ ) Li 24k =0
Attribute easiness parametey, () b, =1, b, =0.5,

b,= 05 b4, =1
Attribute discrimination parametex,, X, ,) X,= % 4
Mean and variance of the initial abilitg(®) me, =0, 5%, =1

q q

Mean and variance of the ability chand2y() m, =0.5, Séq =1

Item intercept parameters and higherorder structural parameters. Each
test contains 20 items measuring 4 attributé® firsttenitems are singl@approach
items while the others are multipdgproach itemsto simplify the relations between
theattribues and item response probabilities aedder the data generation feasible
each iterasolving approachequires no more than two attributes (i.e., the maximum

number of required attribugén a gvector is 2) ancho interaction effect is assumed

amongtheattributes on the correct response probabilities (/iigy(kl,kz) =0). The true
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item interceps are set al2.2, which corresponds to a corréetmresponse
probability of 0.1 when no attribute is masterAchong the four attributes, the dir

two attributes a, and a, , are relatively easyo masterthelasttwo attributes a,
and a,, are difficult to masterThe easiness of the attributesontrolled by the

attribute easiness parametéy,. The true values ob, are set at, 0.5,-0.5 and-1
for k=1, 2, 3, 4these parameter valuesrrespondo theattribute mastery
probabilities 0f0.73 0.62 0.38and0.27, respectivelywhen the latent abilityg, is

zero. The attribute discrimination paramsteq, , and X, ,, areset at 1, indicating

thatif curves of attribute mastery probabiligre drawras a function ofy, these
curveswould not intersect with each other; the order of the attribute mastery
probabilities renainuniform across different latent ability levels.

The Q-matrix design and attribute main effect parametersTwo Q-

matrices,Q, andQ,, are designetbr Strategy A and Strategy, BespectivelyAs
shown inTable4, Q, and Q; only differ in the gvectors of the multipl@pproach

items(i.e., Items 1120). The gvectors of the singlapproach itemare designed to
ensure the completeness of then@trix (Chiu et al., 2009)which is relevant to
ensurehe identifiability ofthe CDMs. For the multipleapproach items, Strategy A

and Strategy B involve different sets of attributes ((&,,only involvesa, anda,,
whereasQ, only involvesa,, a, anda,), which are designed based on the findings

about multiple strategies involved in math multiplgproach itemsTatsuoka, 1987)

and the @matricesdesigredfor these itemsNiislevy, 1996)
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Based on théindingsthat studenttended to perform better on items
involving complex skillsafter theEAI treatmeni{Bottge et al., 2007and that
students tend to make fewer mistakes in reading tasks after some strasedgd
instructiongAfflerbach et al., 2008the conditional correct response probabilities of
the multipleapproach items givenetsuccessfudpplicationof the more complex
strategy (i.e.Strategy B are set to be higher than thatlo¢ simplerstrategy (i.e.,

Strategy A. To control the effects of strategiesthe conditional correcitem

response probabilitiethe true main féect parameters/; , ., are set a¥able5; the

g-vectors of each multiplapproach item are designed to satisfy one or both of the
following rules 1) more difficult attributes areequired byStrategy B than Strategy

A; 2) more attrilutes are needed to solve the item using Strategy B than Strategy A.
Specifically,as shown ifmmable4, Items 1116, satisfying the first rulesan be solve
with the same number of attributesingboth strategies buequiremore difficult
attributgs) underStrategy BThe correct item response probabilities gities
successfuaipplicationof Strategy A and Strategy B are 0.8 and 0.9, respectively, for
Items 1116. Items 1720, satisfying both rulesre solved bynore difficultand more
variousattributeswhen usingStrategy B than Strategy A. The correct item response
probabilities giverthe successfuapplicationof Strategy A and Strategy B are 0.8 and
0.95, respectively, for Items 420. While the conditional correct response
probabiliiesgiven the successfabpplicationof Strategy Bare higher than those of
Strategy Ait is more dificult to implementskills required byStrategy B than

Strategy A. As shown ifiable5, the probabilities of mastering all the required

attributesof Straegy Barelower than those of Strategy A when the latent ability is
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zera Such relations remathe samdor other levels of abilit given that the attribute

discrimination parameters are uniform across attributes.

Table4
Q-matrices for Data Generation
tem | Strategy AQ,) Strategy B(Qg)
Type tem a a, a, a, a a, a, a,
1 1 1
2 1 1
3 1 1
. 4 1 1
Single
appr%ach S 1 1
items 6 1 1
7 1 1
8 1 1
9 1 1
10 1 1
11 1 1
12 1 1
13 1 1
: 14 1 1
e, 25 1 T
items 16 1 1 1 1
17 1 1 1
18 1 1 1
19 1 1 1
20 1 1 1

NoteThe AOO entries -matrieesomi tted from the Q
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Table5

Main Parametersof Multiple-Approach Itemgor Data GenerationConditionalltem
Correct Response Probability Given SuccesSfrdategyApplicationand Skill
Implementation Difficulty

Conditional probability ~ Probability of simulees

Main effect of correct response with g =0 mastering
ltem parameters 1K) giventhesuccessful all the required

strategyapplication attributesof a strategy

a a, a, a, Strategy A Strategy B Strategy A Strategy B
11 3.6 4.4 0.8 0.9 0.73 0.38
12 3.6 4.4 0.8 0.9 0.73 0.38
13 4.4 3.6 0.8 0.9 0.62 0.27
14 4.4 3.6 0.8 0.9 0.62 0.27
15 18 1.8 2.6 0.8 0.9 0.45 0.17
16 18 18 22 2.2 0.8 0.9 0.45 0.10
17 3.6 26 2.6 0.8 0.95 0.73 0.10
18 3.6 26 2.6 0.8 0.95 0.73 0.10
19 3.6 1.6 0.8 0.95 0.62 0.17
20 3.6 1.6 0.8 0.95 0.62 0.17

Note A blankentry in the main effect parameténglicates that aattribute desnot
affect the correatemresponse probabilityn StrategyA or Strategy Bas based on
the Qmatricestheattribute is notequiredto solvethe item by either strategy

The types of strategy choice trajectoriesAn assumption made abahie
strategy shift is that respondents witmosethe more complesstrategy (i.e., Strategy

B) at the first time point would not shift the simplerstrategy (i.e.StrategyA) at the
second time point (i.e Py, = 0 andpPy_w, =1). As a results, there are three unique
strategychoicetrajectoriesincluding consistentlychoosing Strategy AM ,, ),
consistentlychoosing Sttegy B M ;) and shifting from Strategy A to Strategy B (

M’z )- The underlying assumption about the strategy choice made by this study is

that, for the simulees who have acquired both strategies, they waatthligtchoose
the strategy that corresponds to higher correct response probabilities (i.e., Strategy B)

over the other one (i.e., Strategy Xhile not simulated in this study, scenarios
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where simuleesbd strategy c hhasthemasterar e af f ec

statuses of the skills required by the strategies, could be considered in future studies.
The distribution of latent abilities and attribute profiles. The distribution

of the underlying abilitie§.e., initial ability and ability change parametdss)

specified to follow a multivariate normal distributiofhe means of the initial ability

(qj(Tl)) and ability changelq ) are set at 0 and%).respectivly, whichcorrespond to

attribute mastery probabyitthange®f 0.09, 0.11, 0.12 and 0.11 of the four
attributes, respectively. These changes in attribute mastery probabilities fall within
the rangeof attribute mastery probability changes from the preti@posttesteported

by Madison and Bradshaw (2018ased on the data from the EAI effectiveness study
(Bottge et al., 2015)The variancs of the initial ability and ability dnge parameters
are set at 1 based on the empiraadlysisresults that the variance estimates of the
two parameters are close to each ofEenbretson, 1991)

3.3.2Manipulated factors

Fourfactors, the sample size (small, mediuthgmixing proportiors of
strategesat the first time point (balaed, imbalanced}he proportions osimulees
shifting from Strategy A to Strategy @ow, high)and thecorrelationbetween the
initial ability and ability change (negative, none, posit@emanipulated and fully
crossed, yielding a total of 2*2*3=24 conditions. The valugeset at each level of the
manipulated factors are listedTiable6. The manipulated factors and their values are
chosen in light of the simulation study design and empirical data analysis findings
from previous literature olongitudinal CDMs oiproblemsolving strategiege.g.,

Bottge et al., 2015; Cho et al., 2010; Zhan, Jiao, Liao, et al., 2019)
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Sample sizeThe sample size is manipulated to examine the effect ofleamp
size on the parameter recovery. The parameter recovery under extremely small
sample size is of special interest. Whikse (2017 andZhan, Jiao, Liao, et a]2019)
have foundin simulation studies that smaller sample size is associated with less
accuratanodelparameteestimatedy manipulatig the sample size 800,500
andor 1000simuleesno research has been done to study the parameter recovery
underanextremely small sample size (i.emaller tharR00). In fact,extremely small
sample sizefi.e., around 100have beembserved in empirical data analyses
especially in those involve longitudinal dé&g., Cho et al., 2010; Li et al., 2016)
Thus, in this simulation studyyb levels of sample siz&D0and800, areusedto
represent the extremely small and medium levels of sampleSsingple sizes larger
than 1000 are not consia@elin this simulation studgs large sample sizes are rarely
observed irthelongitudinal diagnostic assessmefBsttge et al., 2015; F. Li et al.,
2016; Zhan, Jiao, Liao, et al., 2019)

Initi al mixing proportions of strategies.The mixing proportions of

oLV 4=0.8:0.2 and 0.6:0.4 are used to represent the imbalanced and balanced mix

of Strategy A and Strategy & the first time point. The two levels of initialixing

proportions are chosen based on either theoretical assumptions or empirical

observations. It is intuitive that the majority of the studerite are enrolled into an

education intervention program wouwboose to use tr@mplerstrategybeforethe
interventionCho et al. (20103pecified that the majority (i.enith a proportion of

around 0.8) of the -abmui eogass,aba@appoeeptheé o t he

Ahiagbhi | ityo class, at t he dtheirespgorssédatii me poi
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an education intervention program. However, the empirical data analysis results show
a more balanced (i.e., around 0.6:0.4) mix of latensekat the initial time point
(Cho et al., 2010)Therefore, this study considers conditions with different mixing
proportions of strategies at the initial time point.

Strategy transition probability. The high (i.e., @) and low (i.e., B)
proportions of thesimulees shifting from Strategy A to Strategwi® used to mimic
the strategy transition with and withdbe strategyorientedinstructiors. These
values are sdiased on the finding from an effectiveness study of the EAI involving
two pretestgi.e., pretest 1 and pretestaét)d a posttegCho et al., 2010)Cho et al.
(2010)found that a larger proportion of students transitioning from latent class 1 to
latent class 2 after the pretegta?ound 082) than pretest Xaround 045), implying
that the implementation dfie EAlinduce a significant strategy shiflowever, in
Cho et al. (2010)latent clases are distinguished by different item parameters and
different latent ability distributions, implyingthatn i ndi vi du datedts t r ansi
class membershipver timecould be a result ad strategy shiftharacterized by
differential item parametees well asa memoryeffect characterized by differential
ability distributions Therefore, it is expected that the proportions of individuals with
strategy shifover time is lower than the latent class transition probabibtiserved
in Cho et al. (2010)

Correlation betweenthe initial ability and ability change. Negative(

r jop 4:'0-3)' none (rq q:O) and positive r jop 4:0.3) correlatiors areused to

(M)p

reflect different intrinsic relations between the initial ability and ability change.

Although negative correlations between the initial ability and almhgngeare
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reported in empirical studi€e.g.,Alder et al., 199Q)the observed coriation values
should be taken with cautionh& observed correlations betwehbainitial ability
and ability change are jointly affected by the measurement error and the intrinsic
relations between the initial ability and ability chaiig#ison, 1990) it has been
found that the measurement error can resudtriagatively biased correlation
estimate between the initial ability and ability chalgg., Alder et al., 1990)
Positive correlations between the initial ability and ability change have also been
observed in a few studiés.g.,Thorndike, 1966)In fact the sign of the observed
correlations can vary when different tipeints are chosen as the initial time point
and there is not a consistent rule for choosing the initial time Qafitiett, 1997)
The intrinsic association between the initial ability and the almhigngds affected
by a variety of factors sucls @ahe nature of the test and the social pro@esky &
Ye, 2017)andno consensus has been reaohethe direction of the association.
Therefore different directions of the intrinsi@ssociatiorbetween the initial ability
and abilty change areonsidered in this simulation study.

The range of the true correlation between the initial ability and ability change
(i.e., from-0.3 to 0.3) was chosen such that it falls within the range of the correlations
between the initial abilitand ability changesbservedrom the empirical data
analysegW.-C. Wang et al., 1998; \AC. Wang& Wu, 2004) Correlationsof -0.3, 0
and 0.3between thability and ability change correspondamrrelations of 0.59, 0.71
and 0.81 between the abilities at the two timepoints, respectively, which are derived

based on the true variances set for the initial ability and ability change parameters. In
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other wordsin the simulated conditionthe correlabns between the abilities at the

two timepoints range from medium to large.

Table6
Manipulated Factors in Simulation Study
Factor Levels
Sample sizeJ) Small: 100 Medium: 800
The mixing proportiors of strateges Balanced;p{ =0.6, p\Y =0.4;
. . . 1) A B !
at thefirst time point (0,") Imbalancedpﬁl 0.8,
py. =0.2
The proportiorof simuleesshifting from Low: 0.3;
Strategy A to Strategy By, ) High: 07

Thecorrelation between the initiability and  Negative:-0.3( r o g =0.59)
ability changdg A q) None:0 ( I g =0.71)
Positive:0.3( r o g =0.81)

3.3.3 Data generating prodere

The data are simulatedlfowing the stepsbelow:
1) Simulatethetrue item parameteend highetorder structural

parameters as specifiedTables3 and5. Spedically, the item

parameterinclude theitem intercep(/, , = 2.2) andmain effect

whose values are listed Trable5. The higherorder structural

parametersclude the attribute easiness parametéys1,
b, =0.5, b, = 0.5, b, = 1) and the attribute discrimination
parametersX , = x, ).

2) Simulate theskill implementation ability parameterg. The initial

ability (¢™) and ability changeljg) parameters are simulated

from a multivariate normal distribution, the mean vector of which
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3)

4)

. éITI(Tl) 6é 0 . . .
issetase’ @ andthevariancecovariance matrix of

&, 0205

g /7%[] - g

o a1l
whichisS . = , Wwheres ., =-0.3,00r0.3
q) o g VD¢
C 9'bg

depemnling on the simulated condition specificatidiote that the
variancecovariance matrix specified above refers to the empirical
variancecovariance matrix in order to avoid the potential-non
positivedefinite variancecovariance matrix issue.
Simulate thattribute mastery status parameteys The attribute
mastery status parameters are simulated th@Bernoulli
distributions whose the probability parameters are simulated from
equationl by plugging in the higheorder structural parameters
generated in step 1) and the skill implementation ability parameters

generated in step 2).

Simulate the strategy choice membership parametersAt the

initial time point, thesimulees are randomly assigned to Strategy A
or Strategy B latent class with the constraint that the empirical
proportions of simulees choosing Strategy A and Strategy B at the
initial time points argp’ andp!’, respectively o\ : 4= 0.8:0.2

or 0.6:0.4depending on the simulated condition specification). As
for at the second time point, a portion of the simulees who are
assigned to Strategy A latent class at the initial time point are

assgned to Strategy B latent class at the second time point, the
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proportion of whom is eithdd.7 or 0.3depending on the simulated
condition specification. The strategy choice latent classes of the
remaining simulees remain unchanged over time.

5) Simulate theesponse data using equatiihby plugging in the
item parameters, high@rder structural parameters and person
parameters generated in steps 1) to 4) hedXtmatrices specified
in Table4.

As 30 replications are run in this simulation study, the data generating steps
above are repeated and performed once for each replication. As a result, a dataset
containing responses of either 100 or 800 simulees to 20 items is simulated for each
replicaton.

3.34 Datafitting models

Three models are fitted to the simulated data, including T#elongitudinat
MCDM, Longitudinal MCDMandLongitudinal LLM. TheLTA-longitudinat
MCDM takes into account both betweparson multiple strategies and witkperson
strategy shiftvhile the other twanodelsignoreone or both of the multiptetrategy
scenarioslin particular, the_ongitudinal MCDM (equationb), without alatent
transition probability parameter, constrains the strategy to be the same overtime and
thusignores thewithin-personstrategyshift. In boththe LTA-longitudinatMCDM
andLongitudinal MCDM the Qmatrices are correctly specified. Although the Q
matix misspecification is an important issue to investigat€ DM studiesit is not
considered in this simulation study as the focus @sthdy is on parameter recovery

and model misspecification.
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TheLongitudinal LLM is an extension of longitudinal DINA mod@&han,
Jiao, Liao, et al., 2019 theLLM with the Embretsortype growth parameterization
(equation’), whichignores bottbetweenrperson multiple strategies and within
person strategy shifOnly one of the @natrices can be used in thengitudinal

LLM. Given that theeducationntervention prograsmaredesigned for thetudents
who use thaimplerstrategiesthe Strategy AQ-matrix, Q,, is usedn the

Longitudinal LLM. In all the three datétting models, he mean and variance of the
initial ability parametearesetat0 and 1, respectivelyor scale identification

3.35 Outcomameasures and analysis procedure

Outcome measures and statistical analyses are chosen to address the following

three research qagons:

1) How do the relative model fit indices perform in identifying the proposed
model as the beditting model in the presence of both betwgrartson
multiple strategies and withiperson strategy shift?

2) What is the impact of ignoring betweererson multiple strategies and/or
within-person strategy shift on tihecovery of the model parametefsthe
longitudinal CDMs?

3) How istheparameter recovemyf the proposed model affected by the
manipulated factors?

Before addressing the research questidresposterior predictive model check

(Guttman, 1967; Rubin, 1981, 1984)conducted to evaluate thbsolute modetlata
fit of theLTA-longitudinatMCDM. Although, theoretically speaking, the LTA

longitudinatMCDM would fit all the simulated datasets adequately given that it is the
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true datagenerating model, the posterior predictivegue (PPP) is assessed as the
absolute fit index in each replicationagmpirically confirm that each simulated

dataset possesses the expected characteristtbss study, the PPP is determined

based on the distribution of a discrepancy measure between the data and thie model
the sum of squares of standardized residuadgher than classical test statistics. The
major difference between a classical test statistic and a discrepancy measure is that
the former is only dependent on the data while the latter is dependent on both the data
and unknown model parameters; thediais more aligned with the Bayesian
formulation(Gelman et al., 19965pecifically, the following procedure is

implemented for posterior predictive model check:
i) Simulate item responses (i.e., replicated d¥ta,) are generated using
the sampled model parameters in each MCMC iteration;

ii) Calculate the discrepancy measures (IXy,,;Q) and D(y;Q)) using

the replicated datay,,,) and obsered data {/ ), respectively, i.e.,

T osa yO . poO 2(:)

DY Q=8 4 &—— 9
P t=1i % ] % F?j(t)(l- Fij’(t)) o

° 2,

T 1 g a (t) (t) (0]

T 0@ yo_po @
D(yQ=a a &—— Q

A
t=1 i % | 1:89 F?j(‘)(l_ E])(t))
where Q represents all the model parameters, %%F P( yj(t) 4|Q).

iii) Calculate the PPP valuieg.,B,(Y) = H X ¥, Q 20y Q| L Y, where

L is the proposed model.
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The PPP value in this study denotes the proportioD(gf,,; Q) s that are

greater tharD(y; Q) . According toGelman et al(2003) aPPPvalue extremely

close to 0 or Indicates a misfit between the model and the observedHiateever,
given that the sum of squares tdrddardized residuals is used as the discrepancy
measure in this study, only extremely small PPP indicates a rejection of the data
fitting model.Given that no specific suggestion on the PPRoiutalue was found,
this study rejects a model when the RaRie is lower than 0.05, as 0.05<PPP<0.95
was mentioned belman et al(2003)as a reasonable ranggeaccept a modelf the
LTA-longitudinatMCDM is not rejeted by thesimulateddata (i.e., having
extremely small PPP valuene can be more confident that the simulated datasets
possess the desired characteristics of the truegga@rating model and can move on
to address the research questions.

Assessinghe performance of the model fit indicesTo address the first
researh question, the performance of three relative model fit indioeksiding
Akai keds i nf oAl Akaikepl974)Bayesiae information criterion
(BIC; Schwarz, 1978and deviance information criterig®IC; Spiegelhalter et al.,
2002) in correctly identifying the LTAongitudinatMCDM as the bestitting model
in the presence of both betweperson multiple strategies and witfperson strategy
shiftis investigatedThe performance of a model fit index is operationally defined as
the frequency (i.e., the number of replications) that the model fit index correctly
selects the LTAongitudinatMCDM as the bestitting model (i.e., the LTA
longitudinatMCDM has the loweasmodel fit index among the three dditéing

models).
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AIC and BIC have originallypeendesigned for the maximum likelihood
estimation. According t€ongdon (2003)when used ithe Bayesian MCMC

estimation, AIC and BIC can be calculated as:
AIC=D +p,
BIC=D +logJ Bp,

where D is the posterior mean of the devianpés the number of estimated
parameters] is the sample size. DIC has been designed for model selection in the

Bayesian MCMC estimation, which is a generalization of AIC. DIC is calculated as
DIC=D 4, B var(D)/2,

where p, represents the effective number of paramefgrean be approximated by

var(D)/2(Gelman et al., 2003; Su & Yigja, 2015) wherevar(D) is the posterior

variance of the deviance.

The evidence ratiQAnderson, 2008has been proposéd examine whether
the differencan AIC between two models (amoigdatafitting models) is
significant.To determine whether the discrepancies in the model fit indices among
the models in comparison are significant, this study calculated the evidence ratio
based on AIC and applied the evidence ratio calculation to the other information
based model fit indices that are evaluated in this study, including BIC and DIC.

Specifically, he evidence ratio of mod&V, to modelW, is calculated as

_LW 1Y) w,

PUTLOW, ) g

q

1



where L(W, | y) and L(W, | y) are the likelihood of modelg/, and W,
respectively, givethedatay. w, and v, are the Akaike weights of evidence of
modelsW, and W, , respectively, being the best fitting model in the set ofetsod
Specifically, w, forp= 1 , Z,istcalculated based on the difference between the

informationbased model fit indices:

expt R/2)
éexp(- D/2)

z=1

p
D, 94C, C .
wherelC is a specific type of informatiehased model fit index (i.e., AIC, BIC or

DIC in this study).IC, is the model fit indexalueof model W, while IC_; is the

minimum model fit index vake amongZ datafitting models. An evidence ratio
greater than 55 can serve as a piece of evideneesignificant differencen the
model fit indexbetween two modelAnderson, 2008)

Assessing thenodel parameter recovery.To assess the recovery of the
continuous model parameters such askiéimplementation abilityparameters, the
bias empirical standard error (S&Bhd root mean squared error (RMSE}ra
parameteestimatesrecalculated Specifically the bias SEand RMSE are

calculated as

, 15
Bias( ) = =8 & - Yo
r=1
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wherey is the parameter to be evaluategl,, is thesimulated true value of the

parameter ¥ is the parameter estimasndR is thetotal number of replicationsThe

bias and SE quantify the systematic errors and random errors, respectively, of a
parameter estimate. The RMSE quantifies both the systematic and randemaerro
for a particular parametehe square oRMSE equals to the sum of squares of bias
and SE, i.e.,
RMSE( y= Bia§ )y + SE )y

As for the discrete model parameters, such as the strategy latent class
membership and attribute mastery status, the classification accuracies of these
parameters are assessEde classification accuracy of the probksolving strategy
is evaluated usinthe proportion of simuleeshose strategy trajectories sirategy
latent class membersisiat each timepoint amorrectly identified. The classification
accuracy of the attribute mastery status is quantified witatthibute profilecorrect
classificaton rate (PCCR) and the attribute correct classification rate (ACCR) at each
time point. The former is the proportion of consistency between the true and
estimated attribute profiles (i.e., the proportion of simulees with all the attributes
being correctlyclassified out of the whole simulated sample) while the latter is the
proportion of consistency between the true and estimated values of a single attribute

(i.e., the proportion of simulees being correctly classified in terms of a single attribute
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out ofthe whole simulated sample). Specifically, within each replication, the PCCR

and the ACCR of attributeare calculated as

PCCR:%é 8 =D,

ACCR =14 &, =3,

wherel(x) is a binary indicator of whether the estimated and true atii$attribute
profiles are consistent with each otheis the simulated sample size.

Analysesfor assessing the impact of ignoring the multiplestrategy
scenarios.To address the second research question, it is necessary to compare the
recovery of thgparameters of interest across different ditimg models.This study
focuses on examininipe effect of ignoring betwegmerson multiple strategies and/or
within-person strategy shift dhe recovery of the attribute mastery prqfgkill
implementation ability changend thestrategy latent class membershag these
parameters are directly relevant to the diagnostic inferences drawn from the
longitudinal CDMs

As it is possible thaheimpact of ignoringhe multiple-strategy scenariam
the model parameter recovaryuldvary across different simulated conditions (i.e.,
there are interaction effects betwekadatafitting model type and the manipulated
factors on thenodel parameter recovgryhe outcomeneasures of each type of
parameters are plotted against different levetb@manipulated factors and/or the
datafitting model type to help discover the possible interactions between the data

fitting model type and the manipulated factprs., samplesize (), initial mixing

proportions of the strategiepf’ : &), the transition probability from Strategy A to
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Strategy B v, ) and thecorrelation between the initiability and ability change (
rq(Tl)D 4)]

To further investigatéhe statistical and practicaignificance of the effects of
the datdfitting model type and its interactions with the manipulated factioes,

mixed-effect analyss of variance (ANOVA) areplanned to beonductedor the

parametetypeswith sufficient sample siz8, includingtheinitial ability (g™,

j=12,..0), ability changgDg, , j=1,2,....)), item intercept/, o, 1=12,...) ),

and attribute main effeét¢/,, ., i=1,2,...) , k=1,2,...K, /14, , 0), provided

thattherequired assumptions ftine ANOVAs aremetor the ANOVA inferences are
robust to the violation of assumptioffie ANOVAs and the corresponding

assumption checks are implemented WBM SPSSStatistics 2qIBM Corporation,
2011) Specificaly, in themixed-effectANOVA, each parametes treated as a

A s u b jGwen that three mode(ge. Longitudinal LLM, Longitudinal MCDM and
LTA-longitudinatMCDM) arefitted to the same dataset in each replicatioa,data
fitting model typeis treatedas the repeategheasure factor (i.e., withisubject

factor). The recovery outcome measures (i.e., bias/SE/RMSE) of the parameters are
treated as repeated measurem@res the dependent variabkaken on each subject
(i.e., parameter)lhe maniplated factors are treated as betwsehject factors.

Thus, there ar&3 24 =7Z cells of the desigim themixed-effect ANOVAS, andeach

3 The number of parameters of the parameter type is greater than 20.

4 Twenty-two attribute main effect parameters are present in all the thredittiagamodels and
thirteen attribute main effect parameters are present only in the Longitudinal MCDM ard LTA
longitudinatMCDM. The mixedeffect ANOVA was performed on the 22 attribute main effect
parameters that are present in all the three models.
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cell containsa parameter recovemyutcome measure yielded from one of the three
datafitting models under one of the twerfyur simulated conditions.

Before conductinghe mixed-effect ANOVAS, three assumptions tifie
ANOVAs are checkedncludingthe normality of residuals, theomogeneity of
residual varianceand sphericity.Theassumption of residualormalityis assessed by
testing whether the dependent variable in each cell is normally distributed with the
ShapireWilk test of normality(Shapiro & Wilk, 1965)Nevertheless, sindbe F-test
in the ANOVA is considered to bfairly robust to the violation of the normality
assumptior{fPearson, 1931; Tiku, 1964he ANOVA will be carried out in this study
even if the normality assumption is violateg,long as the nonnormality is not
extreme Theassumption ohomogeneusresidual variancemeans thathe residual
variance®f the dependent variabége equal across grouptbetweersubject

factors This assumptiors tested witltheL e v e n eod exjualityeoketror variances

(Levene1960) the null hypothesis okhichist hat @At he sefthe or vari anc
dependent variablareequal acrosthegr oups o. Thus, i f the test
Levenebdbs test is significantly different f

assumption ohomogeneity is violated. The violation of the assumption of
homogeneitynayaffect the Type | error rate of the ANOMBox, 1954; Horsnell,
1953) Howeverthe ANOVA results were found to be robust to the violation of the
assumption of homogeneity when the sample sizes are approximately equathacross
groups(Kohr & Games1974) and itis also suggested to use equal sample size

desigrs to protect against the violation of homogeneity assumtaxwell &

Delaney, 1990)Therefore, given that the sample sipésheitem intercept ( o,
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i=1,2,...) ) and attribute main effect (,4,, i =12,...] , k=1,2,...K, /;14,. 0)

are equal across groupsthe ANOVA, the ANOVA will be carried out for these

parametergven if the assumption of homogeneity is violatédwever, vhen the

ANOVA is performed on thenitial ability (g™, j =1,2,...,) ) andability change (

J

Dg,, j=1,2,...J ) parameterghe group sample sizes would differ across different

levels of the sample size factdy;(thus,if the assumption of homogeneity is violated,
an alternative desigof ANOVA will be carried out fothe skill implementation

ability parameters as elaborated in the following paragréipé simericity

assumption means thidle variances of the differences between the levels of the
within-subject factor are equal, whichca be t est ed with Mauchl yds
(Mauchly, 1940)If the sphericity assumption is violated, fiealuesin the ANOVA
resultswill be corrected by adjusting the degrees of freedom with the Greenrhouse
Geisser procedur@reenhouse & Geiss, 1959) In addition, observations are
assumed to be randomly and independently sampled in ANOR&AVviolation of the
independence assumption could resufinimflated Type | error rate in the ANOVA
(e.g.,Kenny & Judd, 1986)

The mixedeffect ANOVA is conducted for each type of model parameters
separately. If not otherwise specifiedl, the possible main effects and interactions
amag the datditting model type and the four manipulated factors are included in
the mixed-effect ANOVA design. If the assumptiaof homogeneous residual

variancess violated,the inferences about the effects of the factorthenecoveryof

theinitial ability (g™ ) andability change Dg, ) parameterbased orthefull
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ANOVA designcan be misleadindue to the unequal sample sigsueas mentioned
in the last paragrapfhus,if the assumption of homogeneous residual variances is
violated,the mixedeffect ANOVAs will be performed separately for the small

sample sizéJ=100)and large sample siZd=800)conditionsto investigate the

effects of the other three manipulafedtors(i.e., p : 4, py_u, and rmp ) and

datafitting model typeon therecoverieof g™ and Dg, .

A main or interaction effect wita p-value smaller than 0.05 deemed

statistically significant. In addition to the statistical significarhis study evaluated
the effect size quantified by the partfal (Cohen, 1965Jor eacheffect The effect
size is used as a measure of practical significahtiee resultsUsingthe criterion

suggestetby Cohen(1988)i . e . ,parflalhb<t 0Q 06 f or smal | effec

partial #?< 0.14 for medium effect, arghrtial O 0. 14 f o,thisktady ge ef f ec
only reports and further investigates #féects that arbothstatistically significant
and have tleast a small effect size (i.partial#”’ O 0. 01) .

Analysesfor assessing theffectsof the manipulated factorson the
parameter recovery of the proposed modello address the third reseamgphestion,
effects of the manipulated factors on the LIbAgitudinatMCDM parameter
recovery need to be examindéd a graphical inspection, marginal means of the
outcome measures of each type of parameters are plotted against different levels of
the maniplated factorsLike in the second research question,dtagistical and
practicalsignificance of the effects of the manipulated factors omeibevery of

parametersf a sufficient sample size can be examined \ili®ANOVAS. In
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particular,four-way ANOVAs, with each manipulated factor as a factor of the design,
are planned to be conducted on the recovery outcome measures of the initial ability,
ability change, item intercept and attribute main effect parameters of the LTA
longitudinatMCDM. All the ANOVA assumptions described above, except the
sphericity assumptiowhich is not required by the fouvay ANOVAs, are checked
before conducting the fotway ANOVAs.

Checking the stability of the simulation resultsThirty replicationsarerun.
Thenumber of replications is chosen based on the previous stutig lemgitudinal
CDM (Zhan, Jiao, Liao, et al., 2019)o further justify the sufficiency of the number

of replicationsa pilot study wagonductedvhere70 repliations were run ia

selected simulated conditi¢d=100, p\y : & =0.6:0.4, p,, ,, =0.3, g =0-3)

Therecovery outcomeneasures ddll theparameteren the proposed modéle., the
LTA-longitudinatMCDM) areplotted against the number of replicati¢renging
from 2 to 70)to investigate the stability of the simulation study resatlthie
replication number 080. Figure7 displaysthe classification accuracy resulthé the
categorical model parametestimats, includingthe attribute mastery stat(8 ) and

the strategy choicém), wheread-igure8 displaysthebias, SE and RMSE of the

estimates of the continuous model parameters, such as the initial aitity ability
change Dg ), item intercept (, ), attribute main effect/ i1.4)) and strategy latent

transition probability# ;) ). Both Figures’ and8 demonstratehatthe stability in

recovery outcome measurestioé LTA-longitudinatMCDM paranetess has been

achieved at the 30replication.The stabilities irthetwo more constrainealternative
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modelstheLongitudinal LLM and Longitudinal MCDMhave also been reachieg

the 30" replicationalthough not presented here
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Figure7. Correct classification rate of the categoripatameter estimates ihe
LTA-longitudinatMCDM by the number of replications.
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Figure8. Bias, SE and RMSE of the continuous parameter estimates in the LTA
longitudinatMCDM by the number of replications.
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3.4Empirical Data Analyses

3.4.1Data and esearclhguestions

Theapplication of thgproposednodelis demonstrated with the empirical data
from a study(Bottge et al., 2015 ssessing the effectiveness of BEmhanced
Anchoredinstruction(EAI; Bottge, 2001)and comparing the effectiveness Bl
that of the businesasusual (BAU) The studyhada repeateaneasure pretest
posttest desigrand the participated schools were randomly assigned into the EAI or
BAU condition(Bottge et al., 20155tudents in the BAU condition were given
traditional mathematics instructiongnile sudents in the EAI condition were given
instructions with ealistic problem&mbedded in more interactive formats [Bedtge
et al.(2014, 2015¥or detailed instructional activitieavolved in the two conditions].
Theempiricaldataset contains item responses of 879 middi®mol students
(456 were in the BAU condition and 423 were in the EAI conditiBojh the pretest
and posttestontain 21dichotomously scoredt e ms ai mi ng at measur i n
mathematicaproblemsolving ability. The items were designed to measure four
attributes includingl) ratios and proportional relationshii®PR) 2) measurement
and datgMD), 3) number system fractions(NSF)and 4)geometryi graphing
(GG). The experdeveloped Qmatrix is shown inrable7, which isreferred to ashe
theoretical Qmatrix (Q- ).
The proposed LTAongitudinatMCDM is applied to the dataset &mldess
two research questions:
1) How do studentsd strategy choice, over

attribute mastery status change from the pretest to the posttest?
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2) Do EAIl and BAU differ in terms oftheir effectsons t udent sé | ear ni n
outcomes regardinipe strategy choice, overall skill implementation
ability and attribute mastery status?
Each of the research question has three perspectivethasrategy choice,
overallskill implementation ability and attribute mastery status, each of wdaalbe
inferred froma type of parameters in the LTlAngitudinatMCDM. Specifically, to

answer the first research question, the strategy latent transition probability estimates (

a;glmT) are reported to inform studentso shif

meanofabilitychangeestimatﬁ(,) can provide inferences on
implementation ability change; and thiequencies of attribute mastery status patterns

(-ﬁ?) are summarized to provide information

over time.

In this studythe learning outcomeegarding thestrategy choice is
operationally defineds the distribution of strategy choice trajectory; the learning
outcomeregarding theverall skill implementation ability is operationally defined as
the ability change estimates of the individuals; the learning outcegaedingthe
attribute mastery atus is operationally defined as the proportion of attribute non
mastery students at the pretest who are classified as attribute mastery at the posttest.
Thus, b answer the second research questimylistribution ofthe strategy choice
trajectory avemageability change estimates of the individuasdthe proportion of
attribute noAmastery students at the pretest who are classified as attribute mastery at

the posttestare compared across the EAI and BAU groups.
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3.4.2Data analysisprocedure

3.4.2.1Data cleaning

Thirty out of the 879 students have missing item responses, and these students
have missed 43% to 100% of the items in eittiexpretest or posttesfsthe
students with missing data only take up a small percentage of the sample (3.4%),
these students aexcluded from the analysis in this demonstratisma result, the
analytical sample contair&!9 student$435were in the BAU condition andl4
were in tke EAI condition)
3.4.2.2Empirical @matrix development

As i mproving st ude nman@oabpfeithdr theeEAlos ol vi ng
BAU instructiong(Bottge et al., 2014Wwhich include teaching studeritschoog a
more effective problensolving strategieghis studyassumeshe existence of
multiple Q@matrices representing different strategies before and afterdinedional
interventionsGiven that little expert knowledge is available about alternative
theoreticalQ-matrices, a nonparametrici@atrix refinement metho@hiu, 2013)is
used to empirically construtivo Q-matrices, one based on the pretest and the other
based on posttest dathis expected that the disgr@ncies in these two empiricat Q
matrices can capture some differencetheproblemsolvingstrategies before and
after the intervention An advantage of empirically constructitige Q-matrix is that
it complements the expert knowledge and has the potential to discover strategies that
are not expected by experts. In addition, the empirieadafyicesareless prone to
subjectivity of human judgment. In general, the nonparametrita@ix refinement

method(Chiu, 2013)is implemented aflows: The theoretical @natrix is input as

92



a provisional @matrix to estimate the person attribute profiles for the initial iteration,
and an iterative process is used to find the optimadafix that minimizes the
residual sum of squares between theeexed response and the observed response.
The detailecempirical Qmatrix developmenalgorithm can be found i€hiu (2013)
Compared tahe other empirical @matrix development methods, this nonparametric
method is advantageous in that it does not rely on ruoakdd assumptions about the
observed item responses and it is computationally effi¢igmti, 2013) As the focus
of this empirical data analysis is to demonstrate the use of thddighudinat

MCDM, other @matrix construction methods are not considered. However, future
research could investigate the effect of the differem&rix development methods
on the resultsThe resulting @matrices from the empirical-@atrix development

methodarelabelled as empirical @atrices( Q. ) to be distinguished from the

theoretical @matrix.

To attenuate the overfitting issue, #realyticaldatasets randomlysplit into
twosubdatasets | abel | ed a $=100h58 in BAUraredidhin EAtands e t 0
At est i(Jn7¢9 382irt BAU and 367 in EAI The training set is used ftire
empirical @matrix development while the testing set is usectfopirical Qmatrix
validationandmodel fit.

The empirical @natrices developed with the nonparametrim@&rix
refinement method using the NPCD packé&geenget al., 2014pare shown irrable

7. The empirical Qnatricesdeveloped fronthe pretestQ.,. ) andposttest Q)

have 16 and 4 differententries (shaded iyellow in Table7) from the theoretical

matrix, respectivelyf-or most of the itens with discrepant theoretical and empirical

93



g-vectors the empirical evectorsinvolve more attributes than the theoretigal

vectors do
Table7
Q-matricesUsed in the Empirical Data Analysis
QT QEpre QEpost
item (Theoretical Strategy) (Empirical Complex (Empirical Simple
Strategy Strategy

RPR MD NSF GG RPR MD NSF GG RPR MD NSF GG

©o0 O o0k WNPE

-
=
OO0OO0OO0OrROORFRODODO0OO0OO0OODODO0OO0OO0OOOR
OO0 0O0OO0OO0O0OORRRLRRPROODOOORRO
OO0 000O0O0O0O0O0OORRRRLRRLOOO
PRPRPPRPORRPOO0OO000O000O0O0O0O0OO
PRPOOROO0OO0OO0OO0OO0OO0OO0OOROOOROR
OO0OO0OO0O0OO0OORRLRRPRRLPRLPRPROOORRRERR
OCO0O0OO0O0OO0OO0OROO0O0OO0ORRRERRERLRREOO
PRPRPRPORRPOO0OO0OO0OO0OORROOOR OO
OO0OO0OO0OrROORFRODODO0OO0OO0OODO0OO0OOOOR
POOOO0OO0OO0OOORRLRRPRRLRPOOOOORRELO
OO0OO0OO0ORrROO0OO0OO0OO0OO0O0OORRRRLRRELEOO
PRPRPRPPRPPRPRPRPO0OO0OO0O0O00000O0O0O0OO

21
Note.RPR=ratios and proportional relationships; MD=measurement and data;
NSF=number systeiinfractions; GG=geometry graphing.Theempiricalg-entries
that are different from the theoreticakqtriesare shadea yellow. The item
numbers of the multiptapproach itemgdifferentg-vectors betweeQy, . and

Qcpos) @reshaded in blue
Elevenitems have different-gectorsbetweenQg,, and Qg (Theitem

numbers arshadedn bluein Table7), which suggest thahese itemsnaybe solved
in a different approach in the posttest from that inpifieeest As eightout of the

elevenmultiple-approach items involve more attributesQn, . than Qg the
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strategies associated wi@y, . thanQ,,a r e | a b e lritaecdmplexs i e mp

strategy Mccompe) © @nd fdempi ri Mag,) soespactiveyinshe r at egy (

following sections for the convenience of interpretatidecordingly, the strategy

associated with the theoreticali@a t r i x i s | abel |l ed, )acs. it heor e

The two empirical @natricesarefurther validated with the tesfy dataseby
fitting the following modelsFoursingletime-point models(the models irnrable8)
and four longitudinal models (the first four modelsable9) with different Q
matricesarefittedto thetestingdataset. The four singletime-point models include
two LLM s with either the theoretical one of theempirical Qmatrices(i.e., SLLM-
T and SLLM -E), an MCDM with the theoretical armhe of the empirical @natrices
(SMCDM-TE) and an MCDM withthetwo empirical Qmatrices (SMICDM-EE).
The four longitudinal models include threengitudinal LLMs with either the
theoretical oone of theempirical Qmatrices(i.e., L-LLM -T, L-LLM -E-pre and Lk
LLM -E-post) and a Longitudinal MCDM with a mixture of the two empirical Q
matrices (LMCDM-EE). The relative model fit indices, AIC, BIC and DIC, were
compaed across the modelBhe SMCDM-EE is identified as the beftting model
among the fousingletime-point modelsby bothAIC and BIC in both the pretest and
posttesttheL-MCDM-EE is identified as the beftting model among the four
longitudinal modés by bothAIC and BIC(ThedetailedQ-matrix validationresults
will be presentedh Tables34 and35in Chapter 5)These model comparison results

providea justification for usinghe empirical @natrices,Qg,. and Qg , in the

subsequent longitudinal analysegolving the LTAlongitudinatMCDM. Further,

the absolutenodetdata fit is evaluated using the posterior predictive model ¢heck
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the procedure of which is the same as that carried out in the simulatior{Stedy
Section3.35). An adequate modelata ft could also serve as evidence supporting

the appropriateness of the empiricahf@trices.

Table8
SingleTimePoint Model Specifications for Empirical-@atrix Validation
Model Model Model Pretest Data PosttestData
No. Abbrevation ode QT QEpre QEpost QT QEpre QEpost
1 SLLM-T LLM a a
2 SLLM-E LLM a a
S-MCDM- a a a a
3 TE MCDM
S-MCDM- a a a a
4 EE MCDM

Note. Q; =Theoretical Qmatrix; Qg,.=Empirical @matrix based on the pretest;
Qgpos= Empirical @matrix based on the posttest

Table9
LongitudinalModel Specifications
Model Model Model Q-matrix
No. Abbrevation Qr Qe Qepost
1 L-LLM-T LongitudinalLLM a
2 L-LLM -E-pre LongitudinalLLM a
3 L-LLM -E-post LongitudinalLLM a
4 L-MCDM-EE LongitudinalIMCDM a a
5 LTA-L-MCDM- LTA-longitudinat a a

EE MCDM
Note. Q; =Theoretical Qmatrix; Q.. =Empirical Gmatrix based on the pretest;

Qepost= EMpirical @matrix based on the posttest.

3.4.2.3LTA-longitudinatMCDM analysis
In order to answer the research questions, the-lohgitudinatMCDM is fit

to the testinglataset. Q.. and Q. , are useds the Qmatricesfor both

timepoints Thus, therexpected to béour uniquestrategy choice trajectorigise.,

(M E,Complex M E Comple)U (M E,Complex M E Simpll ’ (M E,Simple M E Compla)< and

96



(Mg simpie M £ simpid - AS mentioned irBection3.4.1, the estimates of thaodel

parameterselevant tostrategy choicegverallskill implementation abilitychange
and attribute mastery status are summarizedepattedto address the research
guestions

In addition,therelative model fit indicegéi.e., AIC, BIC and DIQ of the
LTA-longitudinatMCDM arecomparedo those of the other longitudinal models
listed inTable9, including the EMCDM-EE thatignores withinperson strategy shift
and the LLLM sthatignore both betweeperson multiple strategies and within

person strategy shift
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Chaepr 4: Si nRudsaulitosn St udy

Thesimulation studyvasconducted t@examine 1) the performance of AIC,
BIC and DIC in correctly selecting the LHAngitudinatMCDM as the bestitting
model in the presence of betwegerson multiple strategies and witiperson
strategy shift2) the impact of ignoringhe multiple-strategy scenarios in the model
on the parameter recovery of the longitudinal CDMs; and 3) the effect of the
manipulated factors on the parameter recovery of the-longitudinatMCDM.

In particular, the effects of ignoring betwepearson multiple strategies and
within-person strategy shift on the parameter recovery were examined by comparing
the parameter recovery outcome measures across thredétaeganodels,including
i) the LTA-longitudinatMCDM that models both betwegrerson multiple strategies
and withinperson strategy shift, ii) the LongitudiA=iICDM that ignores within
person strategy shift and iii) the Longitudinal LLM that ignores both betpeeson
multiple strategies ahwithin-person strategy shifan overview of the model
specification of the three daf#ting models is presented ifable 10.

Tablel0
Overvew of Model Specifications of the Ddtiting Model in the Simulation Study

The presence multiplstrategy
scenario in the models

Model Betweenperson Within-person
multiple strategies strategy shift
Longitudinal LLM X X
Longitudinal MCDM X a
LTA-longitudinatMCDM a a
Notel represents absence; & represents prese

Four factors were manipulat¢8eeTable6 for detailed specifications of the
manipulated factorsh the simulation study, including the sample size, the initial

mixing proportions of the strategies, the strategy latent transitiomipititp and the
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correlation between the initial strategy and strategy change, resulting in a total of 24
simulated conditionsThirty replications were run in easimulated condition,

yielding a total of30° 24 =72(replications.The model parameters were estimated
with Bayesian MCMC method'wo MCMC chains were ryreach of which
containedb,000iterations including 2,500 iterations as bumrand a thinning of 2.

As a result, estimates of the model parameters wenensirized based on a total of

2,500 iterationsConvergencevasachieved fomall the model parametens all the

replications and simulated conditioagcording to tth< 1.1 criterion andthetrace
plots.As for the computational effiency,running theLTA-longitudinatMCDM
with two MCMC chainsachcontaining5,000 iterationsdok around 3 minuteand
90 minutedor the small sample sizé100)andlarge sample sizel£800)
conditions respectively

In orderto confirm that the simulated datasets possess the desired
characteristics of the dagenerating model (i.e., the LF®ngitudinatMCDM), the
absolute fit of the LTAongitudinatMCDM to each simulated dataset was inspected.
Tablel11 lists the summary statistics that reflect the distributions of posterior
predictive pvalue (PPP) across the 30 replications for each simulated conditien.
smallest PPP value of theoposed model among dlle replications is 0.47 which is
not extremely close to The PPRalues range from 0.47 to 0.78, meaning that
proportion ofthereplicated datgenerated from the LTAongitudinatMCDM

having asum of squares of standardizediduals that are greater ththat ofthe

5 The computing time is bad on the analyses run on a desktop with @teki7 CPU and 3.2GHz
processor. Multiple MCMC chains were run in parallel with multiple cores.

99



observed data ranges from 0.47 to OTt&ese PPP value results support that the
observed datasets are likely to be seen in the replicated data if thlhdiAidinal
MCDM is the true datgenerating model. Intber words, the simulated datasets
possess the characteristics of the -@gaerating model from the perspective of the
sum of squares of standardized residuals

Tablell
Summary of the Posterior PredictiveMRlues othe LTA-longitudinatMCDM under
the 24 Simulated Conditions

Condition O . 9 PPP value

No I P Mo P, Tqo Min Median Mean Max
1 100 0.6:0.4 0.3 -0.3 055 0.67 0.66 0.74
2 0 054 0.67 0.67 0.78
3 0.3 060 0.66 0.67 0.76
4 0.7 -0.3 053 066 0.65 0.71
5 0 0.52 065 0.65 0.75
6 0.3 058 064 0.66 0.76
7 0.8:0.2 0.3 -0.3 055 0.68 0.67 0.76
8 0 055 0.67 0.67 0.76
9 0.3 054 0.66 0.67 0.78
10 0.7 -0.3 050 066 0.66 0.73
11 0 0.58 0.64 0.66 0.77
12 0.3 054 064 065 0.76
13 800 0.6:0.4 0.3 -0.3 050 0.56 055 0.60
14 0 0.50 057 056 0.59
15
16
17
18
19
20
21
22
23

03 051 055 0.56 0.63

0.7 -0.3 049 054 055 0.61

0 049 056 0.56 0.62

03 047 053 054 0.60

0.8:0.2 0.3 -0.3 051 055 055 0.59

0 047 055 055 0.59

03 051 055 0.55 0.62

0.7 -0.3 050 056 056 0.61

0 049 055 0.56 0.62

24 03 049 054 055 0.63

Note PPP=Posterior Predictive\Ralues.J=Sample sizepy; : 4} =initial mixing

proportions of the strategieg,,_,,, =transition probability from Strategy A to
Strategy B r jwp q:correlation between the initial ability and ability change.
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Theremainingsimulationstudyresults are arrangethd presenteldy the type
of outcome or model parameterTable12 provides an overview of theodel
parameters evaluated in the simulation study. Since some parameters (e.g., the
strategy choice parameters) are absent in caftdafitting models, the recovery of
these parametersas only compared across the models that contain them. If a
parameter only exists in one model (e.g., the strategy latent transition probability
parameter only exists in th&d A-longitudinatMCDM), only the descriptive statistics
of the parameter recoverytcome measuresill be presented. Specificallihe
remaining part othis chapter is divided into four major sections: (a) the performance
of the model fit indices, (b) the recovery of the person parameters, (c) the recovery of

the item parameters and) tthe recovery of the highearder stuctural parameters.
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Table12

Overview othe Model Parameter&valuated irthe Simulation Study

The presence of parameter in the

Parameter Parametel Description models
type b L- L- LTA-L-
LLM MCDM MCDM
a(It() Attribute mastery status a a a
J
q(Tl) Initial skill implementation ability a a a
Dg Skill implementation ability change a a a
m, Mean of theskill implementationability change a a a
2 Variance of thekill implementationability change a a a
Person Sog P y g
arameter . - . . . ~ ~ ~
P S w Covariance between the initial skithplementation ability and a a a
7P < ability change
m Strategy choicenembership a a
(1) Initial mixing proportion ofthe strategy a a
t r(nTﬁ)m Strategy latent transition probability (from Timepoint 1 to X X a
% Timepoint 2)
ltem /. Item intercept a a a
parameter li16 Attribute main effect a a a
Higherorder b, Attribute easiness a a a
structural Attribute discrimination a a a

parameter X

Note L-LLM =Longitudinal LLM; L-MCDM=Longitudinal MCDM; LTA-L-MCDM=LTA -longitudinatMCDM.
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4.1 Performance of theModel Fit Indices

To evaluate the performanceAliC, BIC and DICin correctly selecting the
LTA-longitudinatMCDM as the bestitting model,the number of replications of
each datditting model Congitudinal LLM, Longitudinal MCDMand LTA
longitudinatMCDM) beingidentified as the beditting modelby each relative fit
indexare reported iTable13. Specifically, the model with the smallest model fit
indexwaslabeled as thbestfitting model. The LTAlongitudinatMCDM (i.e.,the
datagenerating modghwas correctly identified as the bditing model by AIC and
BIC in nearly all thereplications (i.e., 29 to 30 out of 30hderall the simulated
conditions. The performanaé DIC variesacross conditionsn particular,DIC
correctly identified the LTAongitudinatMCDM as the bestitting model in nearly

all the replications (29 to 30 out of 3Mderthe conditionwith a hightransition
probabilityfrom Strategy A to Sttagy B (py,u, =0.7). However,DIC incorrectly
favored the_ongitudinal MCDMwhich only takes into account betweperson
multiple strategies in a small proportion of replications (7 to 10 out afirdddr the

conditions with a lowtransition probability from Strategy A to Strategy B

imbalanced initiamixing proportions ofhe strategiesand a small sample size
simultaneouslyi(e., py_u, =0.3; p3 : & =0.8:0.2 J =100). Further,underthe
conditions withbotha low transition probability from Strategy A to Strategy B and

balanced initiamixing proportions othestrategieg p,, ,y, =0.3;

Py g =0.6:0.4), DIC tendedo incorrectlyidentify theLongitudinal MCDMas

the besfitting model in most of the replication sum, the ability of DIC to

correctlyselectthe proposedodel as the beditting modelis diminished when the
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true latent transition probability from Strategy A to Strategy Bws( py_u, =0.3),

and such diminishment is more severe under the conditionsnaithbalanced initial
mixing proportions of strategiep(; : 4 =0.6:0.4).

While it is convenient to identify the bef#tting model by directly comparing
the model fit indices, it remains unknown whether the discrepancies in fit indices
between the LTAongitudinatMCDM as the beslitting model and the alternative
models are significantly large. Therefore, to examine the significance in
discrepancisg, theevidence ratis of the LTAlongitudinatMCDM to the alternative
models were calculated when the LIgxgitudinatMCDM has the smallest fit index
among the three dafiating models. In this study, the evidence ratio being greater
than 55 was used ascriterion to determine the significant difference in the model fit
index between two mode{é\nderson, 2008)Table14 reports the frequency of the
evidence ratio of the LTAongitudinatMCDM to the alternative models being
greater than 55 (among the replications where the-longitudinatMCDM was

identified as the beditting model).
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Tablel3
The Number of Replicatiord Each Model Identified as the Béstting Model in the Simulation Study

AIC BIC DIC
3R Puw, e Lo Lo HIA Lo B Lo B
LM wmcom S0 M mcom E 0 Lm mcom b

100 0604 03 03 0 0 30 0 0 30 0 22 8
0 o0 0 30 0 1 29 0o 25 5

03 0 0 30 0 0 30 0o 23 7

07 03 0 0 30 0 0 30 0 0 30

0 o0 0 30 0 0 30 0 0 30

03 0 0 30 0 0 30 0 0 30

0802 03 03 0 0 30 0 0 30 0 9 21

o o0 0 30 0 0 30 0 10 20

03 0 0 30 0 0 30 0 7 23

07 03 0 0 30 0 0 30 0 1 29

0 o0 0 30 0 0 30 0 0 30

03 0 0 30 0 0 30 0 1 29

800 0604 03 03 0 0 30 0 0 30 0 13 17
0 0 0 30 0 0 30 0o 21 9

03 0 0 30 0 0 30 0o 23 7

07 03 0 0 30 0 0 30 0 0 30

0o o0 0 30 0 0 30 0 0 30

03 0 0 30 0 0 30 0 0 30

0802 03 03 0 0 30 0 0 30 0 1 29

0 o0 0 30 0 0 30 0 0 30

03 0 0 30 0 0 30 0 1 29

07 03 0 0 30 0 0 30 0 0 30

o o0 0 30 0 0 30 0 0 30

03 0 0 30 0 0 30 0 0 30

Note The largest numbers of replications among the three model under each condition are Hdldédl bngitudinal LLM; L-MCDM=Longitudinal MCDM;
LTA-L-MCDM=LTA -longitudinatMCDM.
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The fATot al Tabledslist therfreguencies of the LTRngitudinal
MCDM having the smallest fit indices among the three modedsvalues of which
matcht h o s e i nL-MDeMof LcToA Tabled3slt canrbe seen thaamong
the replications where the L FlngitudinatMCDM have the smallesAlC, BIC or
DIC, the differences the fit indicesbetween the LTAongitudinatMCDM and the
Longitudinal LLM are significant under all the conditiori&he differences between
the LTA-longitudinatMCDM and thelL.ongitudinal MCDMin terms of AIC and BIC
are significant in nearly all the replications (with at most one exceptiogr all the
conditions. Nevertheless)significantDIC discrepancies betwedhe LTA
longitudinatMCDM and thel.ongitudinal MCDMare observed in some of the

conditionswith bothalow transition probability from Strategy A to Strategy B and

balanced initiamixing proportions othestrategieg p,, ,y, =0.3;

Py A =0.6:0.4).

Further, for the replications where thengitudinal MCDMhas the smallest
relative fit index among the three modédlse evidence ratios of th@ngitudinal
MCDM to the LTAlongitudinatMCDM were calculated. None of these evidence
ratioswasgreater than 55The small evidence ratios of the Longitudinal MCDM to
the LTA-longitudinatMCDM are a result ofhe small magnitude of difference in
DIC between the two modelsuggesting that, eventtie Longitudinal MCDMhad a
smaller fit index than the LTAongitudinatMCDM in certain conditionsno
evidence was found to supparsignificantdiscrepancy in model fit between the two
models.Such results arexpectedsincethe LTA-longitudinatMCDM is the true

datagenerating model, while tHeongitudinal MCDM is an undespecified data
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fitting model. Even though DIC may overly punish the LToAgitudinatMCDM for
its model complexityn certain conditionsresulting in a higer DIC for the LTA
longitudinatMCDM than theL ongitudinal MCDM,a strong evidence favoring the
underspecified model to the true daganerating model is not expected.

In summary, AIC and BIC had a satisfying performance under the simulated
conditionsi they correctly identified the proposed model as the-fittisg model
such that th@roposed modaldisplaysignificantdiscrepancies against the alternative
modelsthat ignore the multipkstrategy scenario3 he performance of DIC was
sensitive tasome of the manipulated factors, such agriinitial mixing
proportions of strategiesnd thdatent transition probability fror8trategy A to
Strategy B DIC tended to select thengitudinal MCDMwhich ignores the within
person strategy shift as thestfitting model whenheinitial mixing proportions of
strategiesvasbalanced and thiatent transition probabilitfrom Strategy A to
Strategy Bwvaslow. Even so, the discrepancies in DIC betweerltirggitudinal
MCDM as the bestitting model and the proposed model as the sedmsdfitting

model were not adequately large.
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Table14
The Number of Replicatioms theEvidence Ratio of the Proposed Model to Each Alternative Melegy Greater than
55

0 g AIC BIC DIC
J  Puyt Ky Pugm, Tgmo VsL- VsL- VsL- VsL- VsL- VsL-
Moo 7PE Total Uy meom @ [lm mcom o ['M mcDM

100 0604 03 03 30 30 30 30 30 30 8 8 4
0 30 30 29 29 29 29 5 5 5

03 30 30 30 30 30 30 7 7 3

07 -03 30 30 30 30 30 30 30 30 29

0 30 30 30 30 30 30 30 30 30

03 30 30 30 30 30 30 30 30 30

0802 03 -03 30 30 30 30 30 30 21 21 17

0 30 30 30 30 30 30 20 20 18

03 30 30 30 30 30 29 23 23 23

07 -03 30 30 30 30 30 30 29 29 29

0 30 30 30 30 30 30 30 30 30

03 30 30 30 30 30 30 29 29 29

800 0604 03 -03 30 30 30 30 30 30 17 17 16
0 30 30 30 30 30 30 9 9 8

03 30 30 30 30 30 30 7 7 6

07 -03 30 30 30 30 30 30 30 30 30

0 30 30 30 30 30 30 30 30 30

03 30 30 30 30 30 30 30 30 30

0802 03 -03 30 30 30 30 30 30 29 29 29

0 30 30 30 30 30 30 30 30 30

03 30 30 30 30 30 30 29 29 29

07 -03 30 30 30 30 30 30 30 30 30

0 30 30 30 30 30 30 30 30 30

03 30 30 30 30 30 30 30 30 30

Total=Total frequency of the LTAongitudinatMCDM having the smallest fit indexmong the three daféating models Vs L-
LLM=LTA-longitudinatMCDM versusLongitudinal LLM; Vs L-MCDM= LTA -longitudinatMCDM versusLongitudinal MCDM.
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4.2 Recovery ofthe Person Parameters

The person parametesmiow one todraw inferenceabout each individual
person or the populatiand, thus, are directly related to the diagnostic information
provided by the proposed modkel generalthreecategories operson parameteese
examinedincluding the attribwt mastery statugll the parameters relevant &9,
skill implementation abilityall the parameters relevant 49 and strategy choicelf
the parameters relevantn, as listed ifrable12.

4.2.1 Attribute mastery status

The recovery of thattribute mastery stattﬂsv}i)) Is evaluated wittthe

attribute correct classificatiarate (ACCR) angbrofile correct classification rate

(PCCR. Given thata{ areestimated in all the three dditting models, theACCRs

and PCCRarecompared across the three modeider all the simulated conditions
in order to investigate the effects of ignorihg multiple-strategy scenarios on the
attribute (profile) classification accuradys shown inFigure9, themarginal mean
ACCRsof LTA-longitudinatMCDM by the levels of each manipulated factars
higherthan0.85, indicating thaton averaggthe attribute mastery statokover85%

of the simuleesvere correctly classifietbr each attribut@ising the proposed model
The averagacrossreplications ACCRs for each of the 24 simulated conditions are
supplied in Appendix AAccording toFigure9, the marginal means of ACCR of
Attribute 1 is lower for thé.ongitudinal LLM which ignore both betweegperson

multiple strategies and withiperson strategy shift than the other two models.
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Figure9. Marginal mean attribute correct classification sgf&CCRs) at each level
of the manipulated factordl to A4 indicate Attribute 1 to Attribute 4.

In terms of theattributeprofile classification accuracy, the averaaoss
replications PCCRs ohe LTA-longitudinatMCDM are over 0.75 in all the
simulated conditions (Séeable15), meaning that, on average, over 75% of the
si mul e e spiofila(t.et, attribbtemtistery status pattejnsere successfully
recovered with the proposed model. In addition, as shovabte15, the LTA
longitudinatMCDM demorstrates the highest PCCR among the three models under

all theconditiors.
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Tablel5
Attribute ProfileCorrect Classification Rte

3 p(l). ,@1) P r oo PCCR (Timepoint 1) PCCR (Timepoint 2)

Ma ™ Mo MalM 9°P¢ |-LLM L-MCDM LTA-L-MCDM L-LLM L-MCDM LTA-L-MCDM

100 0.6:04 0.3 -0.3 0.533 0.763 0.777 0.560 0.777 0.781

0 0.592 0.783 0.793 0.652 0.788 0.801

0.3 0.643 0.787 0.798 0.620 0.794 0.801

0.7 -0.3 0.532 0.721 0.781 0.484 0.790 0.812

0 0.597 0.750 0.802 0.584 0.792 0.834

0.3 0.642 0.745 0.810 0.536 0.787 0.839

0.8:0.2 0.3 -0.3 0.640 0.761 0.763 0.634 0.757 0.783

0 0.691 0.776 0.788 0.676 0.777 0.796

0.3 0.702 0.764 0.791 0.626 0.769 0.787

0.7 -0.3 0.623 0.700 0.763 0.516 0.773 0.821

0 0.683 0.733 0.793 0.591 0.770 0.821

0.3 0.706 0.734 0.802 0.548 0.748 0.808

800 0.6:04 0.3 -0.3 0.658 0.781 0.805 0.630 0.815 0.821

0 0.670 0.785 0.802 0.650 0.819 0.824

0.3 0.675 0.795 0.811 0.664 0.832 0.836

0.7 -0.3 0.654 0.726 0.804 0.546 0.829 0.852

0 0.667 0.731 0.803 0.568 0.832 0.857

0.3 0.675 0.740 0.813 0.587 0.841 0.865

0.8:0.2 0.3 -0.3 0.732 0.760 0.788 0.669 0.790 0.810

0 0.737 0.761 0.786 0.690 0.798 0.817

0.3 0.744 0.772 0.797 0.702 0.807 0.828

0.7 -0.3 0.731 0.698 0.788 0.589 0.802 0.845

0 0.739 0.705 0.787 0.605 0.802 0.847

0.3 0.745 0.713 0.800 0.608 0.804 0.857

Note PCCR=Rofile Correct Classification &e L-LLM=Longitudinal LLM; L-MCDM=Longitudinal MCDM; LTA-L-
MCDM=LTA -longitudinal MCDM. The highest PCCR among the three-tiitag models is bolded under each condition at each
time point
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To examine the effects of the manipulated factors on the attribute profile
classification accuraogf the proposed modethe marginal mean PCCRlded
from the proposed model apéotted against different levels of the manipulated
factors, as shown iRigure10. The slopes of the solid lineskiigurel10 are close to
0, implying that the manipulated factors have little effect orattréoute profile
classification accuracy of the LTlngitudinatMCDM.

To sum upthe ACCR and PCCR results above suggest that ignoring
betweenrperson and/or withiperson multiple strategies does correspond to a
diminished accuracy in the recovery of the attril{ptefile) classification
Nevertheless, on average, the attributef(lejoclassification accuracy of the

proposed model tends to be similar across different levels of the manipulated factors.
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Figurel10. Marginal mean attributerofile correct classification rates (PCCRS) at
each level of the manipated factors.

4.2.2Skill implementatiombility

The skill implementation ability parameters include the initial ability

paramete(qj”l’) and ability change parametf@dg; ) and their corresponding mean
vectors,(nZ(Tl, /33)T , and varianceovariance matrix$(q,) ). This study classiés

the skill implementation ability parameters it first-level and secontevel

parameters. Thiirst-level parameters, including!™ and Dg; , areindividuak
specific.In contrast, the secordvel parameters, includingrz(m /g;;)T and S(q*) :

delineate thelistributions of the firstevel parameters and, thus, are population
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specific.The bas, SE and RMSEreevaluated to examine the recovery of the ability
parametefs
As described irsection 3.3, the mixed-effect ANOVAs were conducted to

examine the féects of thedatafitting model typeandthe manipulated factors on the

recoveryof g™ and Dg; . In particular, investigating the effectstbi datafitting

model type allow one to draw inferences about tiygaict of ignoringhe multiple-
strategy scenarios in the models on the model parameeterery Given that the
mixedeffectANOVAs 6 assumption of homogenous
but thatthe mixed-effect ANOVA results from groups with nearly equal sample sizes
are robust to such assumption violatiomxed-effect ANOVAs were performed
separately for the small sample si2e]00) and large sample sizE=800) conditions

to investigate the effesif the dafitting model type and its interaction withe

other three manipulatdectors (i.e..oy : 4, py . and r g ) ON therecovery

of qj‘m and Dg; . Specifically, the mixeeeffect ANOVAs were set up as follows

within each level obample size: each individual ability parameter was treated as a
subject, the bias/SE/RMSE of the ability parameter was treated as the measurement
(i.e., dependent variable) &k on each subject, the dditing model type was

treated as the repeatattasure factor (i.e., withisubject factor) and the three

manipulated factors (i.e., the initial mixing proportions of the strategies, the latent

6 The recoveries of the mean and variapaeametersf the initial abilityarenot examined, athese

parametes have beemonstrained at 0 and 1, respectively, for scale identification. For the same reason,

only the SEandRMSE are examined for the initial ability parameter estimates.
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transition probability from Stragyy A to Strategy B, and the correlation betwien
initial ability and ability change) were treated as the betvgedaject factors.

The statisticallysignificant effectdi.e., p-value<0.05)with at least amall
effect size (i.e.partial 72O ®1) arereported in the following sectionSince the

interpretation of the loweorder interactions or main effects would be misleading if a
higherorder interaction were significant, the fallimg sections oly visualize and
elaborate th@ighestorder significant effectslable16 provides an overview of the
highestorder significant effects found in timeixed-effect ANOVAs along with the
effect siza. In generalthe significant tweway or three way interactions amoting
correlation between the initial ability and ability change (COR&gnttransition

probability from Strategy A to Strategy BR_Prob and the datditting modeltype

(MODEL) arefoundonthe recoverpputcome measurex qj”l’ andDg; .

In addition,thethreeway ANOVAs were performed on the recovery outcome

measures ot]}m and Dg; of the LTA-longitudinatMCDM to investigate the effects

of the manipulated factors on the fitevel ability parameterecoveryof the

proposed model. The threeay ANOVA results regardinglj(Tl) andDg; are

presented at the end of Sections 4.2.2.1 and 4.2.2.2, respectively.

As for therecoveryof the secondevel person parameteiss., (/77 )’

and E(d, » towhich ANOVA wasnot applicable, the marginal means of teeovery

outcome measures these parameteby the levels of each manipulated facioe

summarized and compared across the moAslthe mean (7(77”1)) and variance (

115



sj(m) of the initial ability parameter were constrained to be 0 and 1, respectively, the

estimated seconrlével person parameters only include the meag) X and variance (
séq) of the ability change, and the covariance between the initial ability and ability

change (9q<T1>D ). Biases SEs and RMSEs of thestimates of all thassessed

parametes under all the simulated conditions are tabulategppendix A.

Table16
Summary oEffect Sizesf theHighestOrder Significant Effectérom theMixed
EffectANOVAon the Skill Implementatiobility ParameteriRecovery

Initial Ability Ability Change Parametel
J Effect Parameter ¢;™) (Dg,)
SE Bias SE RMSE
100 TR_ProMODEL 0.010 0.061
CORR*TR_ProbMODEL 0.014 0.058
800 TR_ProMODEL 0.012 - 0.040
CORRMODEL 0.024

Effect Si Small Medium
ectSize | (0. 01 HF<008)| ( 0. 06 HF<0n4)

Note J=Sample sizeCORR=Correlation between the initial ability and ability changtgﬁg q);

TR_Prob=Transition probability from Strategy A to Strategy B,(,s, ); MODEL=Datafitting

model typeThe values in the cells are partfa .

4.2.2 1Initial ability estimates

As an overviewthe datéfitting modeltypeinteract with one or multiple

manipulated factors to affect the random erroﬁéfquantiied by SE in both the

small sample sizelJ€£100) and large sample siz&=800) conditionsaccording to the
Al ni tial Abi |l it yablRk.ingantedlae vhénthe samhplersipe isi n

small J=100), a significant threway interactioramong CORRTR_Proband

MODEL on the SE ot?jm was found with a small effecize (F=8.54,p<0.001,
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partial #°=0.014), as shown ifiable17. Moreover, thenixed-effect ANOVA results
indicate a large twavay interaction effect of CORR*MODELR=197.23,p<0.001,
partial #?=0.249), a medium main effect of MODEE=%116.48 p<0.001 partial />
=0.089) and a small twavay interaction offR_ProbMODEL (F=13.81,p<0.001,
partial #°=0.011) on the SE aﬁj“’ . The patterns of the highestder significant
effect, the threavay interaction of CORRFR_Prol¥M ODEL on theSE of L%D , are
visualized inFigurell. Specifically, the left, middle and right panelsFafurell
display the interactions of MODEI'R_Probon the SE ot%m under the conditions
with negative ¢q(T1)D = 0.3), zero (rq(mD = 0) and positive Qmo = 0.3) true
correlations between the initial ability and ability change, respygtibifferent line
patterngan Figurellrepresent different dafiétting models. When the true correlation
between the initial ability and ability change is nega(inng)D = 0.3), the
Longitudinal LLM produces the highest mean SE%‘P among the three dafdting
models, followed by the LTAongitudinatMCDM, regardless of the levels of the
strategy transition probability (i.e., eithey, , =0.3 or p, ,,, =0.7); the
discrepancies in the mean SELET‘) among the three models vary across the levels
of the strategy transition probability. In contrast, when the true correlation between

the initial ability and ability change is positiveﬁrq(mD = 0.3), the Longitudinal LLM

produces the lowest mean SECEP among the three models. When there is no
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correlation between the initial ability and ability chang%TgD = 0), the three

models yield similar mean SEs ‘ﬁm :

Tablel7
Significant Effects in thBlixedEffectANOVA Results of the SEtbé Initial Ability
EstimategJ=100)

SE of &7

Source — —
F Statistics  p-value Partial #

Within -Subject Effects
(with GreenhouseGeisserAdjustment)

MODEL 116.48 <0.001 0.089
TR_ProMODEL 13.81 <0.001 0.011
CORR*MODEL  197.23 <0.001 0.249
CORR*TR_ProbMODEL 8.54 <0.001 0.014

Note CORR=Correlation between the initability and ability change/(qmD q);

TR_Prob=Transition probability from Strategy A to Strategy B( v, ); MODEL=Datafitting
model type.

Correlation between Initial Ability and Ability Change
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Figurell. Significantthreeway interactionof CORR*TR_Prots MODEL on the SE
of the initial ability parametafstimatescﬁ.“’ , in the conditions of small sample size

(J=100).[Note.CORR=Correlation between the initial ability and ability change (
r o q); TR_Prob=ransition probability from Strategy A to Strategy By(v, );

MODEL=Datafitting model type.]
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When the sample size is lar=800) there is a significant CORR*MODEL
interaction orthe SE of c%m with a small effecsize F=115.4, p<0.001 partial #°
=0.024) as shown iable18. In addition, a large main effect of MODEL
(F=4625.72p<0.001 partial #>=0.325) is found on th8E of zﬁ.m . The significant
two-way interactiorof CORR*MODEL on theSE of (;J.Tl) is plotted inFigurel12. It

can be seen thadt each level of the true correlation between the initial ability and

ability change Qmo = -0.3, 0 or 0.3)the LTA-longitudinatMCDM produceghe

lowestmeanSE of L%Tl) among the thredatafitting models, followed by the

Longitudinal MCDM However the magnitude of differences in the SEz%TP

among the three models \@sacross the levels of the true mation between the

initial ability and ability changérq(mD q).

Table18
Significant Effects in thBlixedEffectANOVA Results of the SEtbé Initial Ability
EstimategJ=800)

SE of &7
F Statistics  p-value Partial #*

Source

Within -Subject Effects
(with GreenhouseGeisserAdjustment)
MODEL 4625.72 <0.001 0.325
CORRMODEL 115.6 <0.001 0.024
Note CORR=Correlation between thaitial ability and ability change '(q”va [1); MODEL=Data

fitting model type.
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Figure12. Significant tweway interaction oCORR'MODEL on the SE of the initial
ability parameteestimatescﬁ.m , in the conditions of large sample siZze§00).

[Note. MODEL=Datdfitting model type; CORR=Correlation between the initial
ability and ability changérq(mD q). ]

The hreeway ANOVAs were performed to investigate the effects of the
manipulated factors on the initial ability parameter recovery from the proposed
model. As shown iTablel9, only significant effects with small effect sizes are

found of the correlation between the initial ability and ability change (CORRhand
transition probability from Strategy A to Strategy BR(_Prol) on the SE ot%m of
the proposednodel.An inspection of the marginal means found thdtewthe

sample sizés small, the mean SE a:?jm is higher in the lowr strategy transition
probability conditiong py,_,, =0.3). No significant effect is found of the manipulated

factors on the RMSE Qﬁm of the proposed model.
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Table19
Significant Effects in the Thra&ay ANOVA Results of the Recovery of the Initial
Ability Parameterfrom the LTAongitudinatMCDM

SEof &Y
J Source L% .
p-value Partial #°
100 CORR <0.001 0.013
TR _Prob <0.001 0.014
800 CORR <0.001 0.016

Effect Si Small Medium
ectSize | 9. 01 H3<0108)| ( 0. 06 HF<0114)

Note J=Sample sizeCORR=Correlation between the initial ability and ability changgwgD q);

TR_Prob=ransition probability from Strategy A to Strategy B( v, )-

4.2.2.2Ability changeestimates
Overall, as shown by the columns unfleA b iGhiatnyge Pa Mablmet er 0 i
16, the datditting model interacted with one of the manipulated factors, the latent

transition probability from Strategy A to Strategy BR(_Prob), to affect thebias and

RMSE of DCEJ- in both the small sample sizé&=(00) and large sample sizi=800)

conditions. However, under conditions of different sample sizes, thdittiaig

model interacted with different sets of manipulated factors to affect the Bfof

In particular, vinen the sample size is sm@h100), signficant

TR_ProBMODEL interactionsarefound on both the bia$€12.30,p<0.001, partial
hH?=0.010) and RMSER=77.13,p<0.001, partial?*=0.061) ochf.—, according to

Table20. In addition, MODEL is found to have medium main effemtsboththe bias

(F=85.51,p<0.001 partial #2=0.067) and RMSEF=126.37 p<0.001 partial #*

=0.096)of DLE.. CORRhas small main effects on both bi&s10.73,p<0.001,

partial #*=0.018) and RMSER=11.24,p<0.001 partial #*>=0.019)of DLEJ.. Figure
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13displaysthe patterns of theignificanttwo-way interactions offR_Proband
MODEL on the bias and RMSE dijcﬁ.. TheLongitudinal LLM that ignores both
betweenrperson multiple strategies and witiperson strategy shift yield the highest
absolute mean bias and RMSE[D:FJ. at each leel of the strategy transition
probability (i.e., eitherp,, ,, =0.3 or py_, =0.7). Nevertheless, the model

discrepancies in terms of theeanbias and RMSE oD(Fj appear to bé&argerin the

higher strategy transition probability conditiorigy_,, =0.7).

Table20
Significant Effects in thBlixedEffectANOVA Results of the Biasnd RMSEof the
Ability Change Estimatggd=100)

Biasof D RMSE of Dé
Source p- Partial p- Partial
value h? value h?

Within -Subject Effects

(with Greenhouse

GeisserAdjustment)
MODEL 85.51 <0.001 0.067 126.37 <0.001 0.096
TR_ProbMODEL 12.30 <0.001 0.010 77.13 <0.001 0.061

BetweenSubject Effects
CORR 10.73 <0.001 0.018 11.24 <0.001 0.019

Note CORR=Correlation between the initial ability and ability chang’%(g)D q);

TR_Prob=ransition probability from Strategy A to Strategy By, ); MODEL=Datafitting
model type.
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Figure13. Significant tweway interactions oT R_ProiMODEL on the bias and
RMSE of the abilitychange paramet@&stimates DLFJ., in the conditions of small

sample sizeJ=100).[Note. TR_Probransition probability from Strategy A to
Strategy B @y, ); MODEL=Datafitting model type.]

As for the random errors chFj in the small sample size conditiords={00),
a significant threavay interactions foundamong CORRTR_Proband MODELon
the SE of DLEJ. (F=36.48,p<0.001, partialh’*=0.058) as shown ifiable21. The

lower-order interactions and main effects of these three factors (i.e., CORRyob

and MODEL) on the SE oIDcEj are also significant according T@ble21. The
patterns of the highestrder significant interaction.e., the threeway interaction of
CORR*TR_ProbMODEL on theSE of D(;j, are displayed ifrigure14. The
Longitudinal LLM tends to produce higher mean SE[XE than the other two

models except in the conditions with a positbeerelationbetween the initiahbility

and ability change and a low strategy transition probability (/'r.t;am,D = 0.3 and

Pugm, = 0.3).
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Table21
Significant Effects in th®ixedEffectANOVA Results of the QfEthe Ability Change
EstimategJ=100)

SE of D&

F Statistics  p-value Partial #*

Source

Within -Subject Effects
(with GreenhouseGeisserAdjustment)
MODEL  1386.62 <0.001 0.325

CORRMODEL 342.75 <0.001 0.36

TR_ProMODEL 347.2 <0.001 0.226

CORR*TR_ProbMODEL 36.48 <0.001 0.0
BetweenSubject Effects

CORR  99.48 <0.001 0.143

TR_Prob  32.13 <0.001 0.026

CORR*TR _Prob  19.29 <0.001 0.031

Note CORR=Correlationbetween the initial ability and ability changeq(mD q);

TR_Prob=ransition probability from Strategy A to Strategy B,( v, ); MODEL=Datafitting
model type.
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Figure14. Significant treeway interactions of CORRPR_ProtiMODEL on theSE
of the abilitychange paramet«astimatesDL?, in the conditions of small sample size

(J=100).[Note: MODEL=Datafitting model type;TR_Probransition probability
from Strategy A to Strategy Bpy, v, ); CORR=Correlation between the initial

ability and ability chang(arq@D q).]
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In thelarge sample size conditio(i3=800), significant tweway interactions

arefound of TR_Proband MODEL on the bias119.73 p<0.001, partialh?
=0.012), SEF=3355.56 p<0.001, partiah?=0.259) and RMSER=403.31,

p<0.001, partialh*=0.040) of DCF, according tdrables22 and23. Moreover,
MODEL has a small main effect on RM$E=539.48 p<0.001 partial #>=0.053) a
medium main effect on bid&=796.46,p<0.001 partial #*=0.077)and a large main
effecton SE(F=11254.17p<0.001,partial #*>=0.540)of Dc?. Figurel5 plots the
significant tweway interactions oTR_ProdMODEL on the bias, SE and RMSE of
DIE. The upper left panel dfigurel5shows that the mean biasesDer produced

by the LTA-longitudinatMCDM areclose to Qregardless of the strategy transition

probability (i.e., eitherpy, ,, =0.3 or p, ,, =0.7), while those produced by the

Longitudinal LLM and Longitudinal MCDMarenegative the magnitudes of which

increase as the strategy transition probability incre&esh results imply thabg,

tends to be nderestimated by the models that ignore mukgtiatey scenariosThe

upper right panel dfigurel5indicates that theongitudinal LLM produces higher

mean SEs oDcEj than the other two models @b both levels of strategy transition
probability (i.e., eitherp,, ,, =0.3 or py, v, =0.7), implying that ignoringwithin-
person strategy shift may result in an increase in the random errbzg of

Nevertheless, the magnitude of the difference in the mean S@vjdﬁetween the

Longitudinal LLM and the other two models aps to be larger in the high
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strategy transition probabilityonditions( py, . =0.7). The lower left panel of

Figurel15 shows that théongitudinal LLM yields higher mean RMSE olt)(;j than

the other two models the high strategy transition probability conditions (

Pu,m, = 0-7), whilethe three models yield similar mean RMS# Dz;j in the low

strategy transition conditionsp(, ,, =0.3).

Table22
Significant Effects in thBlixed-EffectANOVA Results of the Bias and RMSEhef
Ability Change Estimatgd=800)

Biasof D RMSEof Dé
Source p- Partial p- Partial
value h? value h?

Within -Subject Effects
(with Greenhouse
GeisserAdjustment)
MODEL 796.4 <0.001 0.077 539.48 <0.001 0.053
TR_ProbMODEL 119.72 <0.001 0.012 403.31 <0.001 0.040
Note TR_Probransition probability fronStrategy A to Strategy Bpy_u, ); MODEL=Data

fitting model type.

Table23
Significant Effects in th®lixed-EffectANOVA Results of the SEthE Ability Change
EstimategJ=800)

SEof D

Source — _
F Statistics  p-value Partial#*

Within -Subject Effects
(with GreenhouseGeisserAdjustment)
MODEL 11254.17 <0.001 0.540
TR_ProbMODEL 3355.56 <0.001 0.259
BetweenSubject Effects
CORR 99.3% <0.001 0.020
TR Prob 1066.11 <0.001 0.100
Note CORR=Correlation between the initial ability and ability charﬁg(qe(mD q);

TR_Prob=ransition probability from Strategy A to Strategy( B, s, ); MODEL=Datafitting
model type.
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Similar to thefindingsabout thenitial ability parameterecoveryof the
proposed modethethreeway ANOVA resuls on the ability change parameter
indicate that the correlation between the initial ability and ability change (CORR) and

transition probability from Strategy A to Strategy BR(_Prol) have significant

effects onthe SE of DCEJ- from the LTA-longitudinatMCDM (SeeTable24). An

inspection inthie marginal mea8Esindicated that, Wwen the sample sizesmall, the
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mean SE oDcEj is higher in the lowr strategy transition probability conaitis(

Pu,m, =0-3) Additionally, in the small sample size conditiotee correlation
between the initial ability and ability change (CORR) has significant effects on the
bias and RMSE oD(;j from the proposed model.

Table24
Significant Effects in the Thra&ay ANOVA Results of the Recovery of the Ability
Change Parameter from the LiidngitudinatMCDM

Biasof Dgr SEof D4 RMSEof D&

J Source p- Partial p- Partial p- Partial

value  h? value  Ah? value  h?

100 CORR <0.001 0.019 <0.001 0.025 <0.001 0.017
TR Prob <0.001 0.028
800 CORR <0.001 0.021

Effect Si Small Medium
BCLSIZE | (o . 01 HP<008)| ( 0. 06 F<0N4)

Note J=Sample sizeCORR=Correlation between the initial ability and ability chang’e[z]((l)D q);

TR_Prob=ransition probability from Strategy A to Strategy By u, )-

4.2.2.3 The raanestimate of thability change

To examne howthe underspecification of thenultiple-strategy scenarias

the modehffecttherecovery otthemean ability change parameten, , under
various simulated condition)e mean bias, SE and RMSEE&7 are plotted against

each level othemanipulated fact@for each datditting model, as shown iRigures
16, 17 and18. The impact of ignoringhe multiple-strategy scenarios on the recovery
of m, can be inferred by comparing the recovery outcome measures afcross
different datéfitting model types which are manifested as different line patterns in

Figuresl6, 17 and18. Ovenall, the systematic errors tfe ﬁq guantified by bias are
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sensitive to thelatafitting model type compared tdts random errors quantified by

SE that are relatively invariant across different models. To be spé&dfficel6

indicate that, thenarginalmean biases oﬁq from the LTAlongitudinatMCDM
are closer to 0 than those from the other two models, when averaged by sample size

(J), initial mixing proportions of the strategi(a,sﬁi’) or the transition probability from

Strategy A toStrategy B( p v, ). Further, all thenarginalmean biases oﬁq
estimated fronthe Longitudinal LLM andLongitudinal MCDMare negative,
implying that, on averagey,, tends to be underestimatedthyg modelsthat ignore

themultiple-strategy scenariaa the simulated conditionslowever, he pattern of

the marginalbiasesof qu estimated from the LTAongitudinatMCDM is less

consistent when &vaged by different levels abrrelation between the initiability

and ability changeOn average, when the initial ability and ability change are

positively correlated r o o= 0.3), m, tends to be underestimated by the -TA

longitudinatMCDM; when thecorrelation between the initiability and ability

change is negati\/(erq(Tl)D = 0.3) or zero( r o o= 0), m, tends to be

overestimate by the LTAlongitudinatMCDM. In contrast,he mean SEs oﬁq,

averaged by any one of the four manipulated factors, are similar dveabseedata

fitting models according tbigurel17. The mean RMSEsf ﬁq displayed inFigure
18reflectthe magnitudes afystematic and random errpas a wholeof /ﬁq. The

marginalmean RMSEs oﬁq estimated fronthe LTA-longitudinatMCDM are the

smallest among the three dditéing models,which arefollowed by those from the
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LongitudinalMCDM, at all the levels of the manipulated factexseptat the small

sample size levgD=100)
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To examine how the manipulated factors affect the recoveng pfrom the
proposed model, theTA-longitudinatMCDM, the trends of the solid lines in
Figuresl6, 17 and18 are further inspected. While the absolute value of the mean bias
of /ﬁq from the proposed moddbes not appear to diffsignificantly between
different levels of sample si{8eeFigurel6), the mean SE and RMSE aﬁ?,q of the

proposed model are notably highethie smaller sample size conditio(See Figures

17 and18).
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4.2.2.4 The vaance estimate of theodity change
As for thevariance estimate of the ability chanﬁ , bothits systematic
errors quantified by bias and the random errors quantified by SE are sensitive to the
datafitting model type In particular,Figures19and20 show that the absolute values
of all themarginalmean biases and SEsﬁq estimated from theongitudinal
LLM that ignores betweeperson multife strategies are greater than those estimated

from the models that consider betwgmrson multiple strategies (i.theLTA-

longitudinatMCDM andLongitudinal MCDM). This observation implies thabth
theaveragesystematic errors and randarors ofﬁq increase whebetween
person multiple strategieseignored in the modeFurther,on averagesgq tends to

be overestimated when betwegerson multiple strategieseignored as indicated
by the positivamarginalmean bias yielded by theongitudinal LLM shown inFigure
19. Neverthelesshe mean biases and SEsﬁjq from the LTAlongitudinal

MCDM are similar to thos&éom theLongitudinal MCDM suggesting thahe
average systematic errors and random erroﬁg)farefairly robust to theneglectof
the withinperson strategy shiiit the simuted conditionsA possible reason for
such robustnessf ﬁq could be that, in the simulated conditions, the extent-of Q
matrix misspecification resulted from ignoring the witiperson strategy shift is not
large enough to signifemtly affect the biasr SE of ﬁq. However future study is
needed to verify this hypothesas little study has been dooerrentlyto investigate

the effects of @matrix misspecification on the recovery of the variance parameter of

the higherorder latent trait ira higherorder CDM In termsof the mean RMSEs of

133



ﬁq, those of the LTAongitudinatMCDM are the mallest among the three data

fitting modelsat all the levels of all the manipulated fact@scording td-igure21.
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The trends of the solid lines in FigurEs 20 and21 indicate that, compared
to the other manipulated factors, the sample size and the correlation between the

initial ability and ability change have more significant effects orbtas, SE and
RMSE of ﬁq from the LTAlongitudinatMCDM. In particular, theabsolute value of
themeanbias, SE antRMSE ofﬁq from the LTAlongitudinatMCDM is lower in

the conditions with é&arger sample size arapositive true correlation between the

initial ability and abilitychange.
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4.2.2.5 The ovarianceestimatebetweertheinitial ability and ability change

On averaggthe covariance between and ability and ability chaeg%b a

tends tabeoverestimated by all the thréatafitting models, according to the

positive mean biases ciEVq@D _shown inFigure22. The marginal SEs oEq(Tl)D are

similar across the tee datditting models at all the levels of the manipulated factors

(seeFigure23), while the marginal RMSEs of%(ﬁ)D _are relatively less consisten

across the datfitting models (Se&igure24). Obtaining an unbiased estimate of the
covariance between the initial ability and ability changeldesnfound to be

challengingoy previoudongitudinalstudieg(e.g.,Embretson, 1991 andresultsfrom

this studyindicate thathe estimation ofsq@D . in theproposed model is not an

exception.Therefore, cautions should be taken when drawmgdiagnostic

inferences fromsi%(% - Howeverno evidence has been foumcthis studyshowing

that the inaccuratd‘:q(mD _hindes the accuracyheother person parametestimates
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4.2.3Strategychoice

Like the skill implementation ability pameters, the strategy choice
parameters are alsategorizednto thefirst-level and secontkvel parameters. The
first-level parameters include the strategy choice membership classifiqatjosits

each timepointwhile the secontevel parameters include th@tial mixing

proportions of the strategi¢p‘™) and thestrategylatent transition probability

m
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paramete(trﬁi'l,f{l ). Given that the strategy parameters arepnegent inthe

Longitudinal LLM, the recovery of the strategy choice paramdtxsept the latent
transition probability parameténatis unique to the LTAongitudinatMCDM) are
only compared across the LTlAngitudinatMCDM andthe Longitudinal MCDM
Hence the results would shed light on the effects of ignoring wigi@rson strategy

shift on the strategy choigarameteestimatesSincethe strategy latent transition

probability parametert(;;,) ) is unigue to the LTAlongitudinatMCDM, the

recovery of this parameter is only reported for the HdAgitudinatMCDM.
4.2.3.1Strategy choice membership classification

The recovery of the firdevel strategy choic@arameterss quantified by the
correctclassificationrateof the strategy choicat each time poirds well aghe
correct classification ratef the strategy choice trajectoyccording to Figureg5
and26, the marginal mean correct classification ratethebtrategy choice at each
time pointas well as the thstrategy choicérajectoryare higher for the LTA

longitudinatMCDM than those for the Longitudinal MCDEKkcept at the low level

of strategy transition probabilityp,_,,, = 0.3). Theaverageacrossreplication

strategy choice (trajectory) classification accuracies under all the simulated
conditions are listed in Tabl@s and26 where the higher accuracy among the two
models is bolded under each conditibhe LTA-longitudinatMCDM is higher in
strategy choice trajectory classification accuracy than the LongituidiG&lM by a
maximum of 0.407, rcept incertainconditions with balanced initial mixing
proportions of the strategies and a low strategy transition probability (i.e.,

Py A =0.6:0.4 andp,_,, =0.3), In the conditions with balanced initial mixing
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proportions of the strategies and a low transition probability from strategy A to
strategy B (i.e.p) : 4 =0.6:0.4 andp, ,,, =0.3), theLongitudinatMCDM is

slightly highe than the LTAlongitudinatMCDM in the strategy choice trajectory
classification accuracy, by a maximum of 0.061.

Moreover Tables25 and26 present the proportion of replications, among the
30 total replicationsywherethe strategy choicétrajectory)classification accuraes
arehigher for the LTAlongitudinatMCDM than the Longitudinal MCDMwhich is
an additional piece of information tife comparative performance of the LTA
longitudinatMCDM and the Longitudinal MCDMn terms ofthe strategy choie

classificationWhenthe true latentransitionprobability from Strategy A to Strategy

B is high( py u, =0.7), the LTAlongitudinatMCDM has higher classification

accuraeesof thestrategy choice (trajectory) than the Longitudinal MCDM7% to

100% of the replication$Vhen the true latent transition probability from Strategy A

to Strategy B is low p,, ,, =0.3), the relative performance of the LTA

longitudinatMCDM to the Longitudinal MCDM on the strategy choice (trépeg)
classification accuracy is diminished. The diminishment is particularly severe at the

second time point under the conditions with balanced initial mixing proportions of
strategieg o)y : 4 =0.6:0.4)and a small sample siza=(100).

To examine the effects of the manipulated factors on the strategy choice
(trajectory)classification accuracy of the proposed model, trends of the solid lines in
Figures25and26 are inspected. The differential slopes of the solid lines across
timepointsin Figure25imply that the effects of the manipulated factors on the

strategy choice classification accuracy tend to be inconsistent across timepoints. For
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instanceas shown in the lowdeft panel of Figur@5, the narginal mean strategy

choice classification accuracy is similar across the two levels of true latent transition

probability from Strategy A to Strategy B at Timepoint 1, thetmarginal mean

strategy choice classification accurasyigher in theeonditions with highestrategy

transition probabilityat Timepoint 2.
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manipulated factors.
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Table25
ClassificationAccuracyof Strategy Choice at Each Timepoint

Strategy Choice Classification Strategy Choice Classification
3P A p ro Accuracy at Timepoint 1 Accuracy at Timepoint 2
Ma® Mo FMaMa = 70D L- LTA-L-  Prop. of Rep L- LTA-L-  Prop. of Rep
MCDM MCDM LTA>L MCDM MCDM LTA>L
100 0.6:0.4 0.3 -0.3 0.859 0.873 0.53 0.843 0.818 0.17
0 0.836 0.847 0.63 0.800 0.786 0.40
0.3 0.813 0.827 0.60 0.798 0.810 0.60
0.7 -0.3 0.711 0.875 1.00 0.793 0.874 0.97
0 0.721 0.848 1.00 0.728 0.843 1.00
0.3 0.67 0.827 1.00 0.757 0.874 0.97
0.8:0.2 0.3 -0.3 0.885 0.9 0.87 0.807 0.818 0.63
0 0.856 0.912 0.97 0.772 0.766 0.47
0.3 0.845 0.907 0.90 0.789 0.801 0.57
0.7 -0.3 0.717 0.928 1.00 0.671 0.862 1.00
0 0.738 0.911 1.00 0.606 0.8 1.00
0.3 0.702 0.905 1.00 0.642 0.857 1.00
800 0.6:0.4 0.3 -0.3 0.828 0.857 1.00 0.841 0.832 0.33
0 0.8 0.852 0.97 0.821 0.825 0.67
0.3 0.8 0.854 0.93 0.816 0.814 0.37
0.7 -0.3 0.674 0.858 1.00 0.799 0.897 1.00
0 0.686 0.854 1.00 0.780 0.886 1.00
0.3 0.680 0.853 1.00 0.774 0.882 1.00
0.8:0.2 0.3 -0.3 0.844 0.908 1.00 0.808 0.837 1.00
0 0.846 0.903 1.00 0.791 0.828 1.00
0.3 0.858 0.904 1.00 0.784 0.8 0.97
0.7 -0.3 0.672 0.908 1.00 0.679 0.887 1.00
0 0.691 0.903 1.00 0.652 0.873 1.00
0.3 0.694 0.904 1.00 0.649 0.863 1.00

Note L-MCDM=Longitudinal MCDM;LTA-L-MCDM=LTA -longitudinatMCDM. Prop. of Rep LTA>L=The proportion of
replications (out of 30 replications) with strategy choice classification accuracy higher for tHenditudinatMCDM than the
Longitudinal MCDM.The higherclassificationaccuracy amng the two models are bolded under each condition at each time point
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the manipulated factors.
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Table26
Classification Accuracyf Strategy Choice Trajectory
Strategy ChoicdrajectoryClassification

@ . o9 Accuracy
I PR Pugn, Mo L- LTA-L- Prop. of Rep
MCDM MCDM LTA>SL
100 0.6:04 03 -03 0.761 0.716 0.10
0 0.728 0.667 0.07
03 0715 0.674 0.17
0.7 -03  0.542 0.764 1.00
0 0.514 0.719 1.00
0.3  0.504 0.7 1.00
0.8:0.2 03 -0.3  0.726 0.761 0.83
0 0.694 0.703 0.53
0.3  0.697 0.73 0.80
0.7 -03 0414 0.797 1.00
0 0.392 0.754 1.00
0.3  0.392 0.771 1.00
800 06:04 03 -03 0.744 0.715 0.03
0 0.735 0.703 0.00
03  0.733 0.693 0.00
0.7 -03 0527 0.768 1.00
0 0.523 0.753 1.00
0.3 0517 0.747 1.00
0.8:02 03 -03  0.706 0.775 1.00
0 0.698 0.764 1.00
0.3  0.701 0.754 1.00
0.7 -03  0.39 0.803 1.00
0 0.392 0.784 1.00
0.3  0.391 0.774 1.00

Note.L-MCDM=Longitudinal MCDM; LTA-L-MCDM=LTA -longitudinatMCDM.
Prop. of Rep LTA>L=The proportion of replications (out of 30 replications) with
strategy choice classification accuracy higher for the ddgitudinatMCDM than
the Longitudinal MCDM.The higherclassification accuracy among the two models
are bolded under each condition.

4.2.3.2Initial strategy mixing proportioestimates

To investigatetheimpactof ignoringthe multiple-strategy scenariasnthe

estimates ofhe initial mixing proportion parametep ™ , under various simulated

conditions themarginalmean bias, SE and RMSE tbe initial mixing proportion
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estimates of Strategy Aﬁ};’ , are plotted against each &hof each manipulated
factor forthe LTA-longitudinatMCDM and Longitudinal MCDM as shown in
Figures27, 28 and29. Given thathe mixing proportion estimate of Strategy,ﬁ};,

can be directly calculated frothat of Strategy Aas the two mixing proportions sum

up to land, thus, th recoveries are similar between the two initial mixing proportion

parameters, the outcome measure;EﬁQf are not plotted to avoid redundan@ye

impact of ignoringhe multiple-strategy scenarios on the recoverypdf’ can be

examined by comparing the recovery outcome measures across differdittidgta

model types manifested as different line patterns in Figgife28 and29. In general,

the absolute values of tinearginalmean biases ntEAT;) from the LTAlongitudinat

MCDM arelower than those from the Longitudinal MCD{&eeFigure27), while

themarginalmean SEs oﬁﬁ,ﬁ’ are similar across the two modéBeeFigure28).
Such patterns imply that, on average, the systematic errqﬁv‘éfoare sensitive to the

neglectof the withinperson strategy shift in the model, but the random eof VT;’

arerelativdy insensitive As for the RMSE that quanigsthe magnitudes of
systematic and random erranfs,LE‘mT;) as a wholethe marginal meaiRMSEsfrom
the LTA-longitudinatMCDM are smaller than those from the LongitucdivilCDM
at all the levels of all the manipulated fact(®eeFigure29).

To examine how theecovery ofp'™ from the LTA-longitudinatMCDM is

affected by the manipulated factptise trends of the solid lines in Figu2g 28 and

29 are inspectedl’he absolute values diemean bias, SE and RMS{EAT;) are lower
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in the large sample size conditiods800) than in the small sample size conditions

(J=100). Nevertheless, the recovery outcome measurg§:btio not appear to differ

significantly acrosshelevels ofthe other manipulated factors.

Mean Bias of Initial Mixing Proportion
of Strategy A Estimates

Mean Bias of Initial Mixing Proportion
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o
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Figure27. Marginal mean bias of the initial mixing proportion estimates of Strategy
A, M, at each level of the manipulated factors.
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Figure29. Marginal nean RMSE of the initial mixing proportion estimates of
Strategy A,,ﬁ,ﬁ), at each level of theanipulated factors.

4.2.3.3 Strategy choice latenansition probabilityestimates
Given that the simuleeme assumed to choose either Strategy A or Strategy B
at each time point and that the transition probability from Strategy B to Strategy A

has been constrained at zero, only stnategy choicéatent transition probability

paramete(i.e., the transitioprobability from Strategy A to Strategy By ) iS

freely estimatedrigures30, 31 and32 displaythebiases, SEsand RMSEs o Tls)lMA

from the LTAlongitudinatMCDM in all the 24simulated conditions. Each bar in
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Figures30, 31 and32represents the outcome measurﬁéfm in one condition, and

comparing the bars from different perspectigasreveal the effectsf each

manipulated factgrcontrolling for the other three factoms) the recovery ot&)lMA :

First,one carobserve the effects ghmple size by comparinige adjacent bars of
different colorsForinstance, according teigures31 and32, the SEs and RMSEs of

mMA arelowerin the large sample size conditiogds800)than in the small sample

8l

size conditios (J=100), controlling for the other manipulated factors. Nevertheless,

according tdrigure 30, the effects of sample size on the biaﬁBBflMA are

inconsistent across different levels of the other thraripulatedactors.Second,
comparingbars in the left panels to the bardhtecorresponding position in the right

panels allow one to see the effects of the initial mixing proportions of the stratégies
Py ). For example, according &igure31, when the true transition probability
from Strategy A to Strategy B is higtp,, ,,, =0.7), the SEs oﬁ}s’lm are lower in

the conditions witmoreimbalan@d initial mixing proportions of the strategies

Py . =0.8:0.2), controlling for the other factorghird, comparing bars in the

upper panels to the barsthé corresponding position in the lower panels aB@ne

to observe the effects of the true transition probability from Strategy A to Strategy B

Pu,m, )- Last, comparing the bars of the same color acrossdxeswithin a panel

enablene view the effects thteue correlation betweetheinitial ability and ability

changg r o q). No consistent effect of the initial mixing proportions of the

strategieg o)y : 41 ), true transition probability frorBtrategy A to Strategy B
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Pu,m, ) OF thecorrelation between the initiability and ability chang(erq(mD q) on

the bias, SE or RMSE

manipulatedactors.

Initial Mixing Proportions of the Strategies

T;)|MA is observed across different levels of the other
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gIMa?
condition.

4.3Recovery ofthe Item Parameters
Item parametergefer tothe parameters that delineate tharacteristics of

items and, thus, are iterapecific The item parameters considered in this study

include the item intercept parameters §) and the attribute main effect parameters (

/ i1.4)): @s shown ifable12 Theseitem parameterare estimated imll the three

datafitting models Thus, in order to examine the effeofsgnoringthe multiple-
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strategy scenarios on the item parameter recovery, the recovery outcome measures of
the itemparameters wereompared across the three models wigmixed-effect

ANOVASs. As elaborated in Section 353in the mixedeffect ANOVAS, each item
parameter was treated as a subject, the bias/SE/RMSE of the parameter was treated as
the measurement (i.e., dependent variable) taken on each subject, {fittrttata

model typewas treated as the repeatedasure factor (i.e., withisubject factor) and

thefour manipulated factors were treated as the betvgedbject factors.

Table27 summaizes thehighestordersignificant effectof thedatafitting
modeltypeandthe manipulated factors on the item parameter estinfateslin the
mixed-effect ANOVASs. Elaborations andisualizations otheseeffectsare provided
in the following sectiondNote that the number of attribute main effect parameters
varies across the dafiting models, i.e., the longitudinal LLM only has 22 attribute
main effect parameters whereas the Longitudinal MCDM and-lohgitudinat
MCDM have 3%thatsubsume the 22 ithe Longitudinal LLM.The mixed-effect
ANOVAswereonly performed on the recovery outcome measures of the 22 attribute
main effect parametetbat areshared by the three dditting models; for the
remaining 13 attribute main effect parameters d@inatonly contained by the
Longitudinal MCDM and LTAlongitudinatMCDM, only marginal mean plots are
inspected to examine the effects of the ddtimg model and manipulated factors on
the parameter recovery, due to the insufficient group sizRN@VASs.

While theresults from the mixeéffect ANOVASs inform the impact of
ignoring the multiplestrategy scenarios on titem parameter recovery of the

longitudinal CDMs the four-way ANOVAs were also performed on the recovery
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outcome measures of the item paeders to investigate the effects of the manipulated
factors on the item parameteicoveryof the proposed modéle., theLTA-
longitudinatMCDM). The fourway ANOVA results regarding the item intercept and
attribute main effect parameters are preseatddde end of Sections 4.3.1 and 4.3.2,
respectively.

Table27

Summary oEffect Sizes of the HigheSrder Significant Effects from thdixed
EffectANOVAontheltem Parameter Recovery

Item Intercept Attribute Main Effect
Parameter {; ;) Parametér(/, )
Effect Bias SE RMSE Bias SE RMSE
MODEL
SIZE 0.083
MIXING 0.015
TR_Prob 0.10 0.019
SIZEFMODEL 0.032
MIXING*MODEL 0.011
Effect Si Small Medium
CCLSIZEl 0. 01 O <008)[ ( 0. 0 6 OF<Dn4)

Note Only therecoveryof theattribute main effect parameters that sinared byall the three
models were comparadth ANOVA.
SIZE=Sample siz&J); MIXING=Initial mixing proportions of Strategy A and Strategy( B

p,f,ﬂ ; ,ﬁl ); TR_Prob=Transition probability fronStrategy A to Strategy BPy_, );

MODEL=Datafitting model type. The values in the cells are pavﬁél The table does not
include simple effects.
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4.3.1ltem intercept

As shown in the col umns ufhable27,th@ 1 t e m

datafitting model type (MODEL) as well as three manipulated factors, including
sample size (FE), initial mixing proportions of the strategies (MIXING) and latent

transition probability of strategyf R _Prob), have significant main effects on one or
more recovery outcome measures/of,. To be more specifiche datdfitting model
type (MODEL and sample size (SIZE) have significant main effects on the

systematic errors oﬁo that are quantified by bias, random errors/';:?g that are

quantified by SE, and the systatic and randonerrorsof /'%O as a wholghat are

guantified by RMSEIn particular, the effects of MODEL dhebias =162.06,

p<0.001, partial #*=0.262) and RMSER=157.33 p<0.001, partial #*=0.257) of

-~

/'iE,0 are of large effect sizeaccording torable28. Figures33 and34 show thathe

LTA-longitudinatMCDM has the lowest marginal mean béasl RMSEof /'%O

among the three competing models, whileltbegitudinal LLM that ignores both

betweerperson multiple strategies and witiperson stategy shift has the highest

mean biasnd RMSEof /'%O. In addition,SIZE is found to have largmaineffects
onthe SE(F=2862.75 p<0.001, partial #*=0.863)and RMSEF=184.26 p<0.001,

partial #%=0.288)of /',EO according tdrables28 and29. As shown inFigures34

and35, the marginal meaSE and RMS©f /'%o arelowerin the large sample size

conditions(J=800)thanthose inthe small sample size conditiofds=100)
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Moreover as seen iTables28 and29, TR_ProbandMIXING havesmall or

mediumsignificant main effects on the bias and (SH'iE,O, respectivelyTo visualize

thesesignificantmain effects,lte marginal means of the bj&E and RMSBf /'iE,0

by the levels of each factareplottedin Figures33, 34 and35.

Table28
Significant Effects in thBlixed-EffectANOVA Results of the Bias and RMSE of the
Item Intercept Estimates

Biasof /&, RMSEof /&,
Source p- Partial p- Partial
value h? value h?

Within -Subject
Effects
(with Greenhouse
GeisserAdjustment)
MODEL 162.66 <0.001 0.262 157.8 <0.001 0.257
BetweenSubject
Effects
SIZE 41.15 <0.001 0.083 184.5 <0.001 0.288
TR _Prob 4.58 0.033 0.010
Note TR_Probransition probability from Strategy A to Strategy B\(, ); SIZE=Sample

size (J); MODEL=Datafitting model type

Table29
Significant Effects in th®lixed-EffectANOVA Results of the SE of the Item Intercept
Estimates

SE of £,

F Statistics  p-value Partial#*

Source

Within -Subject Effects
(with GreenhouseGeisserAdjustment)

MODEL 9.81 0.001 0.021
BetweenSubject Effects

SIZE  2862.5 <0.001 0.863

MIXING 7.10 0.008 0.015

Note MIXING=Initial mixing proportions of Strategy A and Strategy BY : £ );
SIZE=Sample sizel]; MODEL=Datafitting model type.
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Figure34. Significant main effects of MODEL and SIZE on the RMSE of thenite
intercept parametesstimates /',EO [Note. MODEL=Datdfitting model type;
SIZE=Sample siz€)).]
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Figure35. Significant main effects of MODEL, SIZE and MIXING on the SE of the
item intercepparameteestimates /',5O [Note. MODEL=Datéfitting model type;

SIZE=Sample sizelf; MIXING=Initial mixing proportions of Strategy A and
Strategy B oy : 4)1]

While the mixedeffect ANOVA results above indicated some of the
manipulated factors have significant main effects on one or more recovery outcome
measures of the item intercept parameters;¥aay ANOVAs were conducted to
further examine the effects dfa manipulated factors on the item intercept parameter

recoveryof the proposed model. According to the results showrabie30, sample

size (SIZE) has large effeats the biagF=406.06 p<0.001, partial’*=0.471), SE
(F=1680.52 p<0.001, partialh*=0.787) and RMSEF=2196.89 p<0.001, partial?

N~
i

=0.828) of /E,o from the proposed modeén inspection in the marginal means

indicatedthat he absolute values of the mean bias, SE and RMSE@from the

proposed model are lower in the large sample Siz@00) conditons tharthosein

the small sample sizd<£100) conditions.
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Table30
Significant Effectsn the FourWay ANOVA Resultsf theRecovery of thééem
InterceptParameterfrom the LTAlongitudinatMCDM

Biasof /&, SEof /£, RMSEof £,
Source p- Partial p- Partial p- Partial
value h? value h? value h?

SIZE <0.001 <0.001 <0.001

CORR 0.019 0.017

Small Medium
(0. 01QpP<008)| (0. 06 OPF<Dna)

Note CORR=Correlation between the initial ability and ability changg(% q); SIZE=Sample
size (J); MODEL=Datafitting model type

Effect Size

4.3.2Attribute main effect

4.3.2.1Attribute main effect parameters shared by the three models
As mentonedatthe beginning of Section 4.8)e effects of theatafitting

model typeand the manipulated factors on the recovery of the 22 attribute main effect
parameters/(iyll(k)) that are present ill the three datéitting models were

investicated withthe mixedeffect ANOVAs. As indicated by the columns under
AAttr i but e Mai n E fTabe27tthe Badittengmeotiebtypeé (MODEL)

as well as samplaize (SIZE) and initial mixing proportions of the strategies

(MIXING) have significant main effects on the biaSIEi(k). SIZE and MODEL
interact to affect th&E of /ﬁl’«); MIXING andMODEL interact to affecthe RMSE

of ﬁi,l,(k)' These significant effects are elaborated in the following paragraphs.
According toTable31, MODEL has asignificant main effectvith a large

effect sizeon the systematic errors of tagribute main effeoaastimatesﬁlya(), that
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are quantified by biag-=188.25 p<0.001, partial #*=0.272. A visualization of the

MODEL main effect inFigure36indicates thatite LTA-longitudinatMCDM has the
lowed marginal mean biasf /E’l,(k) among the three models, while thengitudinal
LLM has the highest mean birafsElv(k). Additionally, SIZE (F=19.74 p<0.001,
partial #°=0.038)andTR_Prob(F=9.89 p=0.002 partial #*=0.019)are found to

have significantnain effects with smakffect sizes on the bias Q"l:“’l‘(k).

As for the random errors,significant tweway interaction of SIZE*MODEL

(F=16.71, p<0.05, partial?*=0.032) with a small effect sizis found on the SE of
E , as shown imable32. As visualized inFigure37, theLongitudinal LLM has
i,1,k)

thelowestmarginal mean SEs oﬁl,(k) among the three models in tegher thdarge

or small sample sizg.e., eitherJ=800 orJ=100)conditions.Moreover, a significant

two-way interaction of MIXING*MODEL £=5.66 p=0.016 partial #>=0.011) with

a small effect sizes found on the RMSE oﬁyl‘(k). Accordingto Figure38, the LTA-

longitudinatMCDM has the dwest marginal mean RMSEs &,w) among the three

models in the conditions with either balanced or imbalanced initial mixing

proportions of the strategigise., eitherpy) : g =0.6:0.40r pi) : 4 =0.8:0.2).
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Table31
Significant Effects in th®lixed-EffectANOVA Results of the Bias of the Attribute
Main Effect Estimates

Biasof /ﬁly(k)

F Statistics  p-value Partial #*

Source

Within -Subject Effects
(with GreenhouseGeisserAdjustment)

MODEL 188.25 <0.001 0.272
BetweenSubject Effects

SIZE 19.74 <0.001 0.038

TR Prob 9.89 0.0® 0.019

Note TR_Prob=ransition probability fronStrategy A to Strategy B, , ); SIZE=Sample

size (J); MODEL=Datafitting model type Only therecoveryof the 22 attribute main effect
parameters that are shared by all the thegefitting models were compared withixed-effect
ANOVA.

Table32
Significant Effects in th®lixed-EffectANOVA Results of the SE and RMSE of the
Attribute Main Bfect Estimates

SEof £, RMSEof £,
Source p- Partial p- Partial
F 2 2
value h value h

Within -Subject
Effects
(with Greenhouse
GeisserAdjustment)
MODEL 111.0¢ <0.001 0.181 202.Z7 <0.001 0.286
SIZE*MODEL 16.71 <0.001 0.032

MIXING*MODEL 566 0.016 0.011
BetweenSubject
Effects

SIZE 5270.63 <0.001 0913 15540 <0.001 0.236

TR_Prob 11.67 0.001 0.023

Note MIXING=Initial mixing proportions of Strategy A and Strategy Bif : & );

TR_Prob=ransition probability from Strategy A to Strategy B,( v, ); SIZE=Sample sizeJ};

MODEL=Datafitting model type Only therecoveryof the 22 attribute main effect parameters
that are shared by all the thrd&tafitting models were compared with mixeffect ANOVA.
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Transition Probability from

Model Sample Size Strategy A to Strategy B

0.61 0.6 0.6
0.31 0.31 0.31

-0.31 -0.31 -0.31

Mean Bias of the
Attribute Main Effect Estimates

-0.61 -0.61 -0.61

N
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Figure36. Significant main effects of MODEL, SIZE affR_Probon the bias of the
attribute main effect parametestimates /'iE’l,(k), based on the 22 attribute main effect

parameters that are shared byltbagitudinal LLM, Longitudinal MCDM and LA-
longitudinatMCDM. [Note. MODEL=Datafitting model type; SIZE=Sample size

(J); TR_Prob=Transition probability from Strategy A to Strategy( B, )]

0.61

0.4+
N Model
Longitudinal LLM
N - = - Longitudinal MCDM
> LTA Longitudinal MCDM
0.21 \

Mean SE of the
Attribute Main Effect Estimates
V/

00 === — = mmmmmm - — -~

Small Lall'ge
Sample Size

Figure37. Significanttwo-way interaction o5IZE*MODEL on theSE of the
attribute main effect parametestimates /‘%ww based on the 22 attribute main effect

parameters that are sharedtbglLongitudinal LLM, Longitudinal MCDM and LTA
longitudinatMCDM. [Note. MODEL=Datafitting model type; SIZE=Sample size

()]
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Figure38. Significant tweway interaction oMIXING *MODEL on theRMSE of the
attribute main effect parametestimates /'iE’l,(k y» based on the 22 attribute main effect

parameters that are shared byltbagitudinal LLM, Longitudinal MCDM and LTA
longitudinatMCDM. [Note. MODEL=Datdfitting model typeMIXING=Initial

mixing proportions of Strategy A and Strateg{ /&, : 4 ).]

4.3.2.2Attribute main effectparameters only contained by the Longitudinal MCDM

and LTArlongitudinatMCDM

For the 13 attribute main effect parametev’s,yl((k)) that are only contained by
the Longitudinal MCDM and LTAongitudinatMCDM, the marginal mean bias, SE
and RMSE of/'?’ly(k) by the levels of each manipulated factor are plotted separately

for the LTA-longitudinatMCDM and Longitudinal MCDM (Se€igures39, 40 and

41), in order tanvestigate the effects of tmeglectof the withinperson strategy shift

as well as the manipulated factors on the recoverk; of,. In generaltheLTA-

longitudinatMCDM yieldslower marginal meariases and RMSE®f /ﬁ(k) than

the Longitudinal MCDM does, but the two modpt®ducesimilar marginal mean
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