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Topological phases of matter have long been a central theme in condensed matter physics.
When subject to certain symmetries, these phases are classified by topological invariants that
often take fractional, quantized values. Despite significant theoretical advancements, major open
questions remain regarding the computation of these invariants in Chern insulators or fractional
Chern insulators with crystalline symmetry.

The first part of this dissertation establishes the necessary theoretical background, defining
symmetry operators, geometrical measures, and topological actions used to determine crystalline
topological invariants.

The second part focuses on extracting these invariants numerically for invertible fermionic
states in multiple ways. Specifically, we calculate the discrete shift &, the electric polarization
930, and the invariants @(jf. We discuss the properties of these invariants, such as how &, and

—

P, determines the universal charge response of crystalline defects and boundaries, and how they



depend on an origin o in real space. Concrete numerical methods are demonstrated using the
Hofstadter model, which exhibits non-zero Chern number and magnetic field. These invariants,
together with several established invariants in the literature, gives a complete classification of
ground states and reveal novel colorings of the Hofstadter butterfly.

The third part of this dissertation extends the calculation of crystalline topological invariants
to fractional quantum Hall states, such as the 1/2-Laughlin state constructed by projecting parton
states onto the same position. We show that the numerically extracted values of these invariants
align with theoretical predictions from conformal field theory and G-crossed braided tensor

categories.
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Chapter 1: Introduction

1.1 General overview

Many-body physics is central to our understanding of how large ensembles of interacting
particles can exhibit emergent phenomena that are absent in few-body systems. P. W. Anderson's
phrase “more is different” underscores the idea that collective behavior—such as superconductivity,
magnetism, and topological phases—arises from interactions in ways that cannot be deduced
from single-particle physics. Even seemingly simple Hamiltonians can give rise to rich and
unexpected phenomena when many degrees of freedom are involved. As the number of particles
increases, the Hilbert space grows exponentially, rendering the reductionist approaches typical of
high-energy physics computationally intractable. Consequently, the study of many-body systems
requires new conceptual frameworks and computational methods.

One of the most profound discoveries in this domain is the quantum Hall effect, rst
observed by Klaus von Klitzing and collaborators in 1980. In systems of two-dimensional
electrons subjected to strong magnetic elds and low temperatures, the Hall resistance was found
to exhibit quantized plateaus that remain invariant under small changes in external parameters
such as the magnetic eld or electron density. This discovery catalyzed a sequence of theoretical
developments, including the identi cation of topological invariants and the formulation of effective

eld theories, ultimately leading to a new language for describing quantum phases of matter.
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The broader theoretical program is to classify quantum phases of matter, including those
exempli ed by the quantum Hall states. Classi cation refers to the identi cation of a complete set
of universal properties—such as symmetries, quantized response coef cients, and other topological
data—that uniquely characterize a gapped phase at zero temperature. Given a Hamiltonian
with speci ed symmetries, one seeks to extract these universal properties from the ground state
wavefunction. In the absence of symmetry breaking or a gapless transition, the response coef cients
are quantized and robust to local perturbations; they constitute topological invariants of the phase.
This framework parallels classical thermodynamics, where distinct phases such as water and ice
require a phase transition to interpolate between them, whereas water and vapor can be smoothly
connected under varying pressure, and hence belong to the same phase.

The primary goal of this dissertation is to extract and characterize the topological invariants
of (2+1)D quantum many-body ground states that preserve W(ith charge conservation and
crystalline symmetries. Crystalline symmetries—comprising discrete lattice translations and
point group operations—are ubiquitous in condensed matter systems. We analyze representative
models such as the Harper-Hofstadter model, originally proposed in 1955, which serve as canonical
examples of systems realizing these symmetries. We provide new insights into their topological
structure and demonstrate that the associated quantized response coef cients fully classify the
corresponding gapped ground states. Among these topological invariants, electric polarization
has been extensively studied in the literature and admits several seemingly distinct de nitions;
we show that these de nitions are, in fact, mutually equivalent. Furthermore, we extend the
formalism to encompass settings in which the ground state is non-invertible and exhibits intrinsic

topological order, thereby broadening the classi cation beyond invertible fermionic systems.



Figure 1.1: The Hofstadter butter ies for the Chern numB¢f] adopted from Ref. [2], and the
integer lling invariant .

1.2 Review of prior works

This dissertation focuses on extracting topological invariants in gapped (2+1)-dimensional
topological phases at zero temperature, where the ground stapgeserve the symmeti@ of
the Hamiltonian. In general, ground states fall into two broad categories: invertible states and
states with intrinsic topological order.

A ground statg i is said to be invertible if there exists another staté * such that
their tensor producy, i j i °,is adiabatically connected to the trivial product state. A trivial

product state is one that factorizes into single-particle (or single-site) states with no entanglement:

joi= gy (1.1)

where eacly ;i represents a local degree of freedom, independent of all others.



The rst experimental realization of a topological phase was the quantum Hall effect,
discovered in 1980 [3], which exempli es an invertible state. Shortly after, Thouless, Kohmoto,
Nightingale, and den Nijs (TKNN) identi ed the rst topological invariant associated with this
state: the integer-valued Chern number, which quantizes the Hall conductivity. This invariant
was subsequently computed in explicit models such as the Haldane model [4] and the Hofstadter
model [5]. In the Hofstadter model, another integer invariant—the lling factor—also characterizes
the phase (see Fig. 1.1). In systems with continuous rotational symmetry, as in the quantum
Hall effect, an additional topological invariant known as the Wen-Zee shift emerges [6], which
manifests physically through the Hall viscosity [7—11].

Several other invertible topological phases have been studied, including the Haldane spin
chain [12], the Kitaev Majorana chain [13], theet ip topological superconductor [14], and
notably, topological insulators, discovered in 2005 [15-17]. Each of these phases is protected by
speci ¢ symmetries and associated topological invariants. Various classi cation schemes have
been developed to organize such phases, given their symmetry constraints [18—22]. While these
classi cation frameworks are powerful, many symmetry settings remain underexplored. In this
dissertation, we concentrate on phases protected by crystalline symmetries, which are among the
most prevalent in real materials and experimental platforms.

Beyond invertible phases, another class of gapped ground states exhibits intrinsic topological
order. These states are non-invertible and possess long-range entanglement. When an abelian
topological order is placed on a closed manifold of gegusuch a ground state exhibits a
degenerate subspace of dimendibfy whereN > 1is an integer determined by the underlying
topological order. The low-energy excitations in these systems—called anyons—obey fractional
statistics and may carry fractional quantum numbers, such as charge or spin. These phases
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are fundamentally non-invertible, as there exists no inverse ptate such that the product
j ij i !becomestrivial.

If a topologically ordered state also preserves a global symmetry, it is referred to as a
symmetry-enriched topological (SET) phase. SET phases are characterized by two types of
data: symmetry fractionalization, which describes the fractional quantum numbers carried by
anyons, and fractionalized response coef cients, which describe how the system couples to
background gauge elds associated with the symmetry [23]. A paradigmatic example of an
SET phase is the Fractional Quantum Hall (FQH) state at lling= 1=3, which exhibits
intrinsic topological order with quasiparticles obeying fractional statistics and carrying fractional
electric charge=3. The globalJ(1) charge conservation symmetry is preserved in these systems,
and the Laughlin quasiparticles carry fractiohHl) quantum numbers. The Hall conductance

2 . . . . .
Xy - serves as a quantized response coef cient—robust against disorder and perturbations

Wl

that respect the symmetry. When additional symmetries are imposed, such as discrete translation
or rotational symmetry (as in lattice realizations of FQH physics), the system can have symmetry
fractionalization sensitive to the crystalline symmetry group, making it a crystalline SET.

In what follows, we review prior approaches to computing topological invariants in both

invertible and topologically ordered phases, with a focus on cases involving crystalline symmetries.

1.3 Theory on invertible states

Refs. [24, 25] developed a systematic framework for classifying topological invariants in
gapped quantum many-body systems(2n+ 1) dimensions withU(1) charge conservation,

discrete magnetic translation symmetry, and point group rotational symmetry. Their approach



combines ideas from topological quantum eld theory (TQFT) and the algebraic theory of symmetry
defects [23], providing a powerful toolkit to analyze crystalline symmetry-protected phases. This
framework plays a central role in the present work.

In particular, Refs. [24, 25] identify two key crystalline topological invariants: the discrete
shift S and the crystalline charge polarizatiBh These invariants have been studied in various
contexts. The discrete shifi is a lattice analog of the Wen-Zee shift originally de ned in
continuum quantum Hall systems [26—28], white has no direct continuum analog, yet it is
shown to be quantized and symmetry-protected by point group operations [28—31].

A notable result from TQFT is thd® remains quantized even in the presence of a non-
zero Chern number and background magnetic ux. This appears to contradict earlier claims in
the literature, where the polarization was argued to be ill-de ned in systems with nonzero Chern
number [29, 32].

Moreover, the TQFT approach predicts explicit physical manifestations of these invariants.
For instanceP” andS control the fractional charge bound to lattice defects such as dislocations
and disclinations, and their dual responses include the momentum shift of the many-body ground
state under ux insertion. These physical interpretations are reviewed in Chapter 2, and we will
provide numerical procedures for computing these invariants in Chapter 3.

In the case of vanishing Chern numbe€r € 0), it is well-established that botA andS
determine boundary and corner charge distributions. In particular, the fractional charge bound to
disclinations implies the presence of fractional corner charge in systems with crystalline symmetry
[28, 33—-36]. Likewise, electric polarization determines the boundary charge density at edges
perpendicular to the polarization vector.

This leads to a natural question: what is the fate of these corner and boundary charges in the

6



case of non-zero Chern numb& € 0), where the system has topologically protected gapless
edge states? Speci cally, can the invariaBtand P still be extracted from the boundary and
corner response of a Chern insulator with crystalline symmetry? In Chapter 3, we will show that
the charge response to disclinations, dislocations, corners, and edges all obeys a single universal
charge response equation. Within this framework, corners and edges are equivalent to lattice
defects—disclinations and dislocations, respectively.

In contrast, the modern theory of polarization in band insulators is based on the Berry-Zak
phase of Bloch wavefunctions in the Brillouin zone [37—40]. This formulation assumes that the
Bloch states have a globally smooth gauge, which only holds when the Chern number vanishes.
In systems withC 6 0, while certain de nitions of polarization can be formulated—e.g., by
Xing an origin in momentum space [40]—these constructions lack symmetry quantization and
do not yield a well-de ned bulk response theory. In Sec. 3.2.6, we examine this distinction in
detail and show that, under certain parameter conditions, the Berry-phase polarization and the
crystalline topological invariarf® can be made equivalent.

In many-body systems with interactions, the single-particle Berry phase formulation breaks
down. It can be replaced with a Berry phase theory based on twisted boundary conditions or with
an expectation of Resta's exponentiated polarization operator [41]. However, these approaches
reduce the polarization to an effectively one-dimensional quantity, which becomes non-intensive
in higher-dimensional systems. In Sec. 3.2.5, we demonstrate that the intensive part of Resta's

many-body polarization precisely still reproduces the crystalline invaRant



1.4 Theory on topological ordered states and SET states

The theoretical understanding of the FQH effect has undergone remarkable development
since its experimental discovery in 1982 by Tsui, Stormer, and Gossard [42]. Shortly after,
Laughlin proposed a variational wavefunction for the 1=3 state [43], capturing the essential
physics of strongly interacting electrons in a magnetic eld and revealing the presence of quasiparticles
with fractional charge and anyonic statistics. This breakthrough marked the beginning of a
new paradigm in condensed matter physics—topological order—which lies beyond the Landau
symmetry-breaking framework [44]. Subsequent work extended the Laughlin construction to
hierarchical [45, 46] and non-Abelian states [47], culminating in the understanding of the FQH
effect as a manifestation of emergent gauge theory and modular tensor categories [48]. Topological
guantum eld theory (TQFT), particularly Chern-Simons theory, was developed as an effective
low-energy description of FQH states [49,50], encoding their braiding statistics, edge modes, and
guantized responses. The FQH effect thus provided the rst physical realization of topologically
ordered phases and remains a foundational platform for studying anyons, topological quantum
computation, and symmetry-enriched topological phenomena [51].

In recent years, attention has turned to the interplay between topological order and crystalline
symmetries, leading to the study of symmetry-enriched topological (SET) phases. Crystalline
symmetries can act nontrivially on the anyonic excitations. For example, discrete translation or
rotation symmetries may permute anyon types. As shown in Refs. [23,52], dislocations in such
systems can be non-Abelian, even when the underlying topological order is Abelian.

In addition to permutation actions, anyons can carry fractional quantum numbers under

crystalline symmetries, leading to crystalline symmetry fractionalization. This phenomenon



generalizes internal symmetry fractionalization to spatial symmetries and is an intrinsic part of

the SET data. Early signatures of this idea appeared in the fractional quantum Hall context

[53], and have since been developed more formally across a variety of models and techniques
[24,25,54-61].

Beyond symmetry action on anyons, crystalline SET phases can exhibit fractional quantized
responses to lattice defects. For instance, inserting a dislocation or disclination into the lattice
can bind a fractional U(1) charge or momentum, analogous to how Laughlin quasiparticles bind
fractional charge in the quantum Hall effect. These responses are governed by bulk topological
invariants that generalize familiar notions like the Chern number or Wen-Zee shift to topologically

ordered, symmetry-enriched settings [24, 25, 27, 28,31,62,63].

1.4.1 Experimental progress

We highlight several recent experimental developments related to Chern insulators and
fractional Chern insulators (FCIs), as these systems form a central focus of this thesis.

A canonical example is the Hofstadter model, which describes electrons on a lattice subjected
to a uniform magnetic ux and exhibits a fractal energy spectrum with nontrivial Chern bands.
This model has been realized in various experimental platforms, including reoperlattice
systems [64—67], ultracold atomic gases in optical lattices with arti cial gauge elds [68—70], and
photonic lattices [71, 72]. In addition, recent experiments have demonstrated that twisted bilayer
graphene aligned with hexagonal boron nitride can realize Chern insulating states even in the
absence of an external magnetic eld [73—-75]. These observations are attributed to the breaking

of time-reversal symmetry due to spontaneous orbital magnetization. Similar Chern insulating



behavior has been observed in other raglystems, including twisted-monolayer—bilayer graphene
heterostructures [76, 77], further expanding the family of at-band materials that host integer
Chern phases.

In suf ciently clean samples with strong electron-electron interactions, the Hall conductance
can quantize at fractional lling factors in the presence of a strong magnetic eld. Such phases are
known as fractional quantum Hall (FQH) states. The rst observation of the FQH effect occurred
in 1982 [42], when a Hall conductance plateau was measured at lling facter 1=3—a
result that could not be explained within the integer quantum Hall framework and marked the
experimental discovery of topological order.

In contrast, fractional Chern insulators (FCIs) arise in the absence of external magnetic
elds, purely due to strong correlations in partially lled, topologically nontrivial bands. These
FCls have been observed more recently in crystalline two-dimensional materials [78—80] and in
ultracold atomic systems engineered with topological at bands and tunable interactions [81].
These advances not only provide direct access to strongly correlated topological phases in lattice
systems but also demonstrate the potential of engineered quantum platforms to realize and study

exotic quantum matter beyond conventional paradigms.

1.4.2 Open questions and motivations

Despite remarkable theoretical advances in crystalline topological eld theory, several open
guestions remain to be explored. In principle, crystalline topological eld theory can classify
response coef cients and provide an effective action; however, it offers only partial guidance on

how to compute such invariants within a microscopic Hamiltonian. Some prior works propose
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extraction schemes in simple systems with vanishing Chern number an€ ex; = 0), but
these methods fail to generalize to cases Wit 0 or 60
For example, one commonly adopted approach de nes the defect charge by subtracting a

uniform “background” contribution:

X
Qw = Qw Quak= (Q ) mod (1.2)

i2wW

whereW is a region enclosing the defe€); is the charge at site and is the lling fraction.
While this de nition seems straightforward, it is not robust to perturbation: adding an empty
orbital to the defect core chang@g, by which could be any real number. The root of the
problem lies in the ambiguity of “background” removal. In a eld-theory viewpoint, one expects
a uniform charge per unit cell, but if there is a irregular unit cell at the center of the defect, or
if sites are on the boundary @, the correct counting of the background becomes unclear.

These subtle issues underscore the need for a rigorous microscopic de nition of charge
responses, rather than relying solely on intuitions from the continuum description. One recurring
theme of this thesis is to use the insights from topological eld theory to precise de ne the
responses in the microscopic lattice models. By doing so, we can bridge the gap between the eld
theory and microscopic Hamiltonian, and correctly identify topological invariants that apply for
ground states with botG 6 0 numbers and 6 0.

Another important theme of this thesis is the uni cation of various de nitions of electric
polarization. Classically, polarization is viewed as the dipole moment within a unit cell, whereas
the modern theory of polarization interprets it in terms of Berry phases. We will de ne an intrinsic

polarization as a topological invariant that can be measured in multiple ways, for example via the
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charge localized at dislocations or boundaries, or through the linear momentum boufid to a
magnetic ux. Although these de nitions appear different, they are secretly equivalent once the
subtle requirements of the microscopic formulation are properly satis ed.

For instance, the dipole-moment de nition necessitates specifying a real-space origin, against
which the distances of the orbitals are measured. Similarly, the Berry-phase de nition of polarization
requires appropriate choices of both real-space and momentum-space origins to ensure consistency
with other de nitions of polarization. Such nuances are often glossed over or completely ignored,
yet they are crucial for unifying the various perspectives. By incorporating these details, we show

that all de nitions of polarization ultimately coincide.

1.5 Outlines of later chapters

Outline of chapter 2: Geometrical Measures and Crystalline Gauge Theory

This chapter establishes the framework for extracting crystalline topological invariants in
(2 + 1) D systems, speci cally the discrete sh8t and electric polarizatio® ,. The underlying
symmetry group is de ned a& = U(1) [Z2 0 Z ], whereZ? accounts for magnetic
translations andy, (M = 2;3;4;6) encodes point group rotations. A unit cell carries charge
density and magnetic ux . The systemis embedded in a continuum to allow precise de nitions
of ux and charge per subregion. Key reference points such as maximal Wyckoff positions
(MWPs) ; ; ; are used to de ne the origin o around which symmetries and geometrical data

are anchored.
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The central result is the universal charge equation:

C )
QW=802_+EO Pot+t Nwot 2W'0 mod 1

which expresses the total char@g, in a regionW in terms of lattice geometry and topological
invariants. The angle encodes curvature (e.g., from corners or disclinatidisis a generalized
Burgers vector obtained from traversing a logpenclosing all defects and boundariesy.,
quanti es the effective number of unit cellsW, and \y., represents excess ux. The quantized
invariantsS, and P, yield fractional contributions to charge and are sensitive to the Wyckoff
position of the chosen origin.

The chapter de nes these geometrical quantities precisely and explores their behavior under
changes of origin. The Burgers vectirand corner angle ¢, = 2 play essential roles in
relating boundaries to bulk defects. An equivalence relatiofl ois de ned such that physical
observables are invariant under lattice translations. A key insight is that corners and disclinations
can be treated on equal footing via conical embeddings of the lattice.

Finally, the chapter presents a eld-theoretic formulation using crystalline gauge theory. A
topological action is constructed from background gauge éAld ,; R) encodingJ(1) charge,
rotation, and translation symmetries. The topological action's response reproduces the universal
charge formula above, justifying it from effective eld theory. This formalism offers a robust
and universal framework to compute many-body invariants in crystalline topological phases
with spatial defects and boundaries, forming the basis for extracting and interpreting many-body

crystalline topological invariants.
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Outline of chapter 3: Discrete shiff, and Quantized charge polarizatiBr,

This chapter develops multiple many-body methods to compute two crystalline topological
invariants in 2D systems: the discrete sftand the quantized charge polarizatiey. These
invariants were introduced in the context of crystalline gauge theories and are central to the
classi cation of symmetry-protected topological phases with spatial symmetries. Key results are
drawn from recent papers focusing on Chern insulators and the Hofstadter model.

P, which captures charge polarization relative to the origin o, is computed in seven

different ways:
1. Dipole moment in the unit cell, the classical de nition.
2. Dislocation charge responsgusing a universal charge formula.
3. Boundary charge responserelating charge accumulation at the edge to bulk polarization.
4. Linear momentum in a clean lattice, which is dual to the charge response.
5. Resta’'s formula, interpreting the 2D system as effectively 1D.
6. Berry phase formulation, connecting polarization to the Bloch band geometry.
7. Origin dependence calculatingP, from the difference 08, at two different origins.

S, which corresponds to the charge response to rotational defects (e.g. disclinations), is

computed via:
1. Disclination charge responsgeusing the same charge formula.

2. Corner charge responserelating fractional corner charge to angular momentum.
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3. Angular momentum in clean systemsas a dual of the corner charge.

4. Differences of certain , invariants, discussed in a later chapter.

(o]

The square lattice Hofstadter model is used as a testbed to numerically verify the quantization
and classi cation of these invariants. The universal charge response equation de ned in chapter 2
is veri ed numerically in different geometries, where we explicitly calculate the charge response
to dislocations and edges to extr&t, and calculate the charge response to disclinations and
corners to extrack,. In addition, the angular momentum and linear momentum calculations
con rms thatS, andP, also manifests in their dual response. These results rely on carefully
chosen translation operators and rotation operators. Importantly the momentum calculations and
the charge response calculations of the invariants only agree if the same rotational/translational
operators are used to calculate momentum and creating defects through cut and glue procedure.

Depending on the high symmetry points (plaquette centdattice site , or edge center

), the invariants take values in different nite groups: for, Sy 2 Z4,P,2 Z, Z,;for

So2 2, P22, Z, Importantly, there's a constraint:

So mod1=C=2 mod ]

which tiesS, to the Chern numbeC.
Moreover,P, andS, are found to shift under origin translations, but the physical total

polarization (including ionic background) remains origin-independent. Explicit relations connect
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the invariants at different HSPs. For example, under o + v

Poy! Poy+tVvw modl

where 2— is the integer charge per unit cell.

Finally, the Berry phase de nition of polarization. While we have de nedPg as a
topological invariants, its connection with the berry phase de nition of the polariz&i@not
clear. The key is understanding the dependence of the Berry phase on both the real-space origin
+o and the reference momentuy, along with other parameters of the Hamiltonians such as the
gauge origiro which speci es the global holonomies of the vector potential, and the system size

L. A central result of this part of the chapter is the condition that must be satis ed for agreement:

P =% P, ifandonlyif:

*0;Ko

S L

St X+1=2=0, mod1 if 60
2

3 Ly . .

S rox+ O Koysin =0 mod2 ifC60

This result gives a complete dictionary between the single particle and many-body de nitions
of electric polarization, even in the presence of magnetic elds and non-zero Chern number.
In sum, the chapter provides a uni ed and robust framework—both analytic and numerical—for

computing and interpreting§, andP,, and establishes them as topological invariants for classifying

crystalline topological phases.
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Outline of chapter 4: complete crystalline topological invariants

Chapter 4 introduces a complete characterization of (2+1)D invertible fermionic topological
phases with crystalline symmet& = U(1) [Z20Z ], focusing orM = 4. By computing
expectation values of partial point group rotations centered at high-symmetry points o on a disk,
we extract many-body topological invariafits , g. For a xed Chern numbe€, these quantities
areZy -2 andZ,y -valued, and together wit@, the chiral central charge , and the lling
They form a complete set of invariants with classicatidd Zg Z, Zﬁ, and the full
setf ,;C;c ; gsufcesto distinguish all phases. Extensionsgvo= 2; 3; 6 are brie y noted.

This numerical method works without inserting defects and is validated through comparison with
conformal eld theory (CFT) and topological eld theory (TQFT) predictions.

We analyze the Hofstadter model as a case study, identifying empirical formulas that relate

o to Chern number and origin dependent integers, which are shown to encoBectissed
modularS; T matrices of the underlying topological order. The invariants also determine the
discrete shifS, and polarizatior .

Furthermore, these invariants are connected to the effective response action, ﬁi@ta’bly

d! , where! is the rotation gauge eld.

Outline of chapter 5: fractionally quantiz&d andP", from charge response

This chapter investigates the universal charge responses in fractional Chern insulators (FCIs),
again focusing the electric polarizatiéh, and the discrete shi,. We establishes that FCls,
characterized by fractional Hall conductivity; and anyonic excitations, can exhifractionally

guantizedversions of these invariants. These quantities govern universal charge contributions
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from lattice defects—dislocations, disclinations, boundaries, and corners—that are fractional in
units of the minimal quasiparticle charge

In FCIs, S, and P, assume fractional values determined by the anyon and symmetry
fractionalization data. A key result is the FCI version of the universal charge formula for the

total chargeQyy in a regionW, given by:

Qw = 2_So+|:o Pot+t Nwot w  wo mModay;

which is similar to the universal charge formula de ned in Chapter 2. Hgrés the minimal
anyon charge.

Model FCI wavefunctions constructed via parton methods are used to numerically verify
the charge response across various lattice geometries. The predicted quantized responses are
con rmed in 1/2- and 1/3-Laughlin states on lattices with disclinations, dislocations, edges and
corners. These results bridge abstract topological eld theory predictions with concrete lattice

realizations, revealing invariants exclusive to crystalline FCIs which has no continuum analog.

Outline of chapter 6: Crystalline invariants of fractional Chern insulators from
partial rotation

In this chapter, we develop a theoretical framework to extract crystalline topological invariants
in FCls and other SET phases using partial rotation operators centered at high symmetry points.
This extends results in chapter 4 to intrinsically topologically ordered systems with anyons. We
show that ground state expectation values of partial rotations encode symmetry fractionalization

data and defect responses, providing a non-local probe for crystalline SET invariants. We focus
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on bosonic = 1=2 Laughlin states on the square lattice.
The effective response theory includes a Chern-Simons term coupled to backgr@d)nd
and crystalline gauge elds, with invarian{s; s; k;; k»; k3) encoding Hall response, orbital spin,
and SPT data. The key quantity is the partial rotation expectation VaR(@&,=M ;2I=M ),
which yields a phase fact@ X, with K, a function of the topological and SPT invariants.
These values, modulo appropriate integers dependingads, yield the symmetry fractionalization
invariants .
We use the parton construction to generates model wavefunctions for FCIs, allowing theoretical
predictions of crystalline invariants from the parton states. We verify our theory with large-scale

Monte Carlo simulations, nding excellent agreement.

Outline of chapter 7: Conclusion

Finally, we conclude and note a few interesting future directions in chapter 7.
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Chapter 2: Geometrical measures and crystalline gauge theory

In this chapter, we introduce the foundational concepts and formalism necessary for extracting
crystalline topological invariants. We begin by de ning the crystalline symmetry group and
specifying the structure of the unit cell. Next, we introduce several geometric measures relevant
for charge response calculations. These geometric measures can be interpreted as uxes of a
background crystalline gauge eld, and we review the framework of crystalline gauge theory that
describes their role in topological response.

This Chapter is based on the following papers

1. Qunatized charge polarization as a many-body invariant in (2+1)D crystalline topological
states and Hofstadter butter ie®y Yuxuan Zhang, Naren Manjunath, Gautam Nambiar,

and Maissam Barkeshli, PhysRevX.13.031005, July, 2023.

2. Electric polarization and discrete shift from boundary and corner charge in crystalline
Chern insulatorsby Yuxuan Zhang and Maissam Barkeshli, Phys. Rev. B 111, 075168,

February, 2025.

Notational comments:In this thesis we use natural unit where ~=1.
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2.1 Symmetry and unit cells

Consider a invertible fermionic phase in a 2d crystal with the symmetry group:

G=U®1) [Z?0Zwm]; (2.1)

whereZ? denotes magnetic lattice translations ahgl for M = 2; 3; 4; 6 denotes point group
rotations.! The symbol implies that the magnetic translation operators, generatdg 1, ,
obey the algebrd, T Ty T = € N whereN is the total fermion number. The tilde superscript
indicates that the de nition of the operator involvetlél) gauge transformation.

The charge conservation and translation symmetries allow us to de ne a charge per unit
cell . Each unit cell can be divided intd subcells with equal ux g,,. The total ux per unit
cellisthen = M 4. Note that for our purposes, depending on the microscopic model we may
need to specify the ux within even smaller subregions of the unit cell. Therefore we assume
that the 2d system is embedded in a continuum, and that the magneti® &dspeci ed at
each continuum point. This allows us to specify s exactly as real numbers, even though the
symmetry only requires us to de ne mod 2 . Note that some Hamiltonians are intrinsically
ill de ned in the sense that it is impossible to uniquely de newe show this in Sec. B.2.

A representative unit cell with high symmetry points (HSP$init cell center), (unitcell

vertices), ; (edge centers) is shown in Fig. 2.1. The points , are not translation-equivalent

IMore speci cally G is the fermionic symmetry group, which acts non-trivially on fermionic operators. It is
sometimes written abl(1)f [Z2 0Z »]. The symbolU(1)" means that the order 2 element of this group is
identi ed with the fermion parity operation.
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Figure 2.1: Maximal Wyckoff positions fd€,, C3, C4 andCgs symmetries (colored circles).
marks the unit cell center, which we denote aslhe high symmetry points; and ; each
belong to a single maximal Wyckoff position pr ), but are all inequivalent under lattice
translations. The dotted lines show a possible division of the unit celMngubcells.

but are related by rotations about ; ;  refer to maximal Wyckoff position (MWPSs), which
are collections of points related by lattice symmetries; the precise de nition of a MWP is given
in App. B.1. and have an order 4 site symmetry group generated by the “magnetic” rotation
operatorsC;,. ;C4. (which also include a gauge transformation), \/\ﬂIﬁl = Cf{; = 1. The
point has an order 2 site symmetry group generated by the opeZatomwith CZ = 1. We

can pick any of these points as our origin o.

2.2 The universal charge equation

Two of the main topological invariants we aim to extract 8seandP ,. The discrete shift
Sois aZy invariant protected b -fold rotations about o, and it speci es a quantized fractional
contribution to the electric charge in the vicinity of a lattice disclination centered at o. [62, 63]
It also speci es a dual response, the angular momentum of magnetic ux, and can be extracted
from (partial) rotation operations. [82].

To determine the contribution of these invariants to the charge response, we consider a
large subregiofV of the systemW is chosen such that its boundag@Wis deep in the bulk, far

away from any boundaries of the lattice and any defects in the interior of the lattice. Moreover,
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W is de ned so that@Wis aligned with the boundary of the unit cell. We note that unlike

the de nition in Ref. [63],W can include boundaries and corners of the lattice in addition to
disclinations and dislocations. Our results show how equivalences can be made between lattice
defects and boundaries, which will be discussed in Sec. 2.4.

The total charg®,y within the regionW is de ned as

X
Qw wi(i) Qs (2.2)

i2wW

Herei 2 W labels the sites iW, andQ; is the average charge on siteThe weighting factor
wt(i) = 1 if i is in the interiorW, and w{i) = O if i is outside ofW. For sites that lie at the
boundary@W?2 wit(i) is the angle subtended I& Wn the interior ofW ati (See Fig. 2.2(a) as
an example). This de nition ensures additiviy + Qwo = Qw wo When two regiondV; W°
overlap only on their boundaries. Note that the valu®@f depends on the de nition of the unit
cell.

We nd that, in the limit where@Wis far from boundaries and defect9,y obeys the

following equation:

C )
Qu = Soz+ Lo Pot Nuo+ —— W mod & (2.3)

Here, the quantities, C,, nw.0, and ., depend on geometrical properties of the lattice with
boundaries, corners, dislocations, and disclinations in the réfgiceind will be de ned precisely

in Sec. 2.3. Briey,2 is the total angle by which a vector is rotated upon travergng?

2As we will explain, is de ned as a real number, not just mod@o.
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C, is the sum of translation vectors obtained upon traversing a lgdp W that starts at o
and encloses all lattice boundaries and defect&/in , should be smoothly deformable to the
boundary@ Wwithout passing through any defects or boundaries of the lattice. For simplicity
we also require , to be non-self-intersectingiy., is @ measure of an effective number of unit
cellsinW, and ., is a measure of the change in magnetic uxihrelative to an appropriate
reference background.

Adding or removing an orbital localized within the regi® only affects the integer
part of Qy . Consequently, the fractional part @y is topological: it is invariant under local
perturbations near boundaries or defects, and thus represents a robust physical observable.

The main point of Eq. 2.3 is that given a choice of high symmetry point o, there are distinct
fractionally quantized contributions @,y arising from the invariant§, andP ,, Chern number
C, and lling . Eq. (2.3) is numerically veri ed in Sec. 3, and is explained using eld theory in
Sec. 2.5.

Importantly, ., andny., in general depend on the position of o relative to the chosen
unit cell . Nevertheless, the nal results f&, andP, are independent of the choice of unit

cell. This is explained using themmingmethod developed in App. B.3.

2.3 Geometrical measures of defects and boundaries

2.3.1 De nitions ofC, andty,

Consider a loop, which is obtained by starting and ending at a high symmetry point o and
following a set of unit translation vectors.

Note that o refers to a point on the lattice. We canwole f ; ; 1; »gasthe maximal
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Figure 2.2:(a) RegionW covering a boundary with three corners. The red loogs aligned

with @Wand determines the corresponding =2andC = ( 6;0), the total corner angle is
cor = 2 = 3=2. The weightings foQ\y are labeled on each site. This lattice is created
by removing the central site of aysc = - disclination.(b) RegionW covering a boundary with

four corners. The red loop determines the corresponding 4 andC,=(0; 1), the total
corner angle is ¢or = 2 =2 .(c)RegionW covering one side of a cylinder with
non-trivial shear. Here,=2 andC =(16; 1) (d) RegionW covering the outside of a

ribbon. Here, =5 =2,C =(0;19), and the corner angle is¢or = =2.

Wyckoff position (MWP) of 0. In this paper we will slightly abuse notation and drop the square
brackets. Whether a given quantity depends on o as a speci ¢ high symmetry point in the lattice
or only through its MWP should be clear from context.

The interior of , contains all relevant defects and boundaries whose charge response we
wish to compute. Note that here the interior is de ned to the left of the loop; that is, in the
direction of the cross product of the out-of-plane direction and the translation vector. We then

de ne

Co C;: (2.4)

Here the sum is taken over the set of unit translations needed to trayeveieh C,- 2f R Y9
being the unit translation vectors, apdeing points on the loop, related by the translations.
All j points correspond to the same MWP as o.

When , encloses a single boundaliy, is a vectorized edge length of that boundary. In
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Fig. 2.2(c) we give an example of calculatifig on a cylinder with non-zero shear. In this case
C, is independent of o, and the subscript can be omitted. Whemcloses a single dislocation
or disclination [, is reduced to the Burgers vectyr= L, (see also the discussion below in Sec.
2.3.3).

The Burgers vector for a pure dislocation, in the absence of any disclinations, is independent
of the choice of origin 0. However in the presence of disclinations, the Burgers vector does

depend on the MWP of o.

2.3.2 Denitionsof , gscand cor

For the loop ,, is de ned as:

2 K;: (2.5)

Here, theP i2 , Is as above, where we sum over points related by unit translation ve&tgrs.
is the curvature of the loop at the pojnbn ,. More speci cally,K; is equal to where

2f =2, ; 3=2gis the angle subtended by the inside of the loop. Importantly, we de &
a real number (not just modul® ), so we have chosen a particular lift of the angles to the real
numbers.

In the case where, only encloses a disclination, ther s, Which is the disclination

angle lifted to the real numbers. This de nition of;s. diverges slightly from more standard
previous formulations, whereis de ned as the angle by which a local frame (vielbein) is rotated

upon being parallel transported around the defect; under such a de nitiags,only de ned
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Figure 2.3: A gisc= 2 disclination.

modulo2 , which is problematic: A 4sc = 2 disclination shown in Fig. 2.3 contributes a
non-trivial fractional charg®yw = S, = C=2 mod 1(See 3.1.1 and App.C.1 for a derivation).
This issue is xed upon treating 4isc as a lift of the disclination angle to the real numbers.

When , only encloses a boundary, the corner anglg can be determined from by:

For instance, a lattice with corner angle,, = =2is shown in Fig. 2.2(d).

Note that the boundary in Fig. 2.2(c) also includes two corners with opposite corner angle

and the total corner angle.,, = 0.
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2.3.3 Equivalence classesIo§

When the total corner angle for a boundary is not zero mo8u)& , depends on the origin

0. If we shift o by a vector, & o+ w such that o+ s still a point on ,, then

Cov=LCo (@ U()) w; (2.7)

whereU() represents a counterclockwise rotation by
If v is a integer vector, the shiftlo o+ + does not change the high symmetry point of o;

they both lie in the same maximal Wyckoff position. We de ne an equivalence claBg:on

Co" Eo+ (@ U() 75 (2.8)

where™ is an integer vector. Thelh,., ' LCo. Notably,(1 U()) = P, =0 mod 1, which
implies that the charge response in Eq. (2.3) only depends on the equivalence ¢lasatber
than its exact value [24, 63].

We can see this equivalence in the example shown in Fig. 2.4(b). For two origarsdo
0., both having MWP and related by an integer vector, b@tf) andC,, lie in the samég(0; 0)]
equivalence class. If;o= , as seen in Fig. 2.4(c), thdnh, lies in the[(0; 1)] equivalence class
instead.

We remark that a lattice with corner anglg,, can be isometrically embedded on a cone
with de cit angle = cor T2 as seen in Fig. 2.4(a) This demonstrates that a lattice with a

corner will reduce to a pure disclination in the limit whé&rgvanishes. This equivalence between
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Figure 2.4:(a) Lattice with corner angle= =2 can be isometrically embedded on a cone
with apex angle =3 =2 (i.e. disclination angle for a latticefb) andC, can be calculated
using the red loop via Eq. 2.4. Foro , choosing origin to be either @r o, gives either

Co, =(0;10)orC,, = (1;9), which is in the same equivalence clagy.For o=,

Co, = (0;11)which lies in a different equivalence class compared to choosimg o

corners and disclinations will be a recurring theme and discussed in Sec. 2.4.

2.3.4 De nitions ofnwe and wi

To calculate the charge associated to lattice disclinations, dislocations, boundaries, and
corners, we need to account for the background charge density. Thus we need a measure of the
number of unit cells in the regio/. However, when we have lattice defects and boundaries, it
is possible that the defect cores and lattice boundaries have irregular, fractional unit cells. This
makes it more complicated to properly de ne the number of unit celd/inThe resolution to

this is that we de ne a quantitgy.o:

nW;O = k + Eo ﬁo + mo. (2.9)

Here,k is an integer, which is the number of full unit cells insMg f, is a fractional vector and

m, is a fractional scalar, both of which depend only on the maximal Wyckoff position of 0. Their
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M| o | Mg A m, o | Mg g m
2 2 (0,0) 1 3 3 (0,0) 1
2 | (1/2,272)] O 3 | (1/3,2/13)] O

2 | (1/20) | O 3 |(2/3,1/3)] O

2 | (0,2/2) | O 6 6 (0,0) 1

4 4 (0,0) 1 1| 3 | (1/3,2/3)] O
4 | (1/2,2/2)| 0 2| 3 ](2/3,1/3)| O

2| 2| (@20 | 0 11 2] (012 |0

11 2| (012 | 0 > 2| (1/20) | O

s | 2 | @R21/2)] 0

Table 2.1:A, andm,, for all high symmetry pointsM, denotes the order of the point group at o.

values are tabulated in Table 2.1, and are determined by tting Eqg. (2.3), (2.9) to the case where

the Chern numbe€ = 0 and the insulating state can be fully described in terms of maximally

localized Wannier functions (see App. C.5), in which case there is an independent de nition of

the electric polarization.

Nw:o plays the role of an effective number of unit cellswh. When there are no defects

or lattice boundaries W, thenny., = K is simply the integer number of unit cells W, and

is independent of 0. However in the presence of defects and/or boundaries, the contribution of

the background charge term ., in Eq. 2.3 necessarily depends on maximal Wyckoff position

(MWP) of o. This is because the other terms in the decomposition of EqSg.32 ,C, P,

also depend on the MWP of o.

Similarly, we de ne an effective excess ux W as
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