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Stochastic partial differential equations (SPDEs) can be used to model sys-
tems in a wide variety of fields including physics, chemistry, and engineering. The
main SPDEs of interest in this dissertation are the semilinear stochastic wave equa-
tions which model the movement of a material with constant mass density that is
exposed to both determinstic and random forcing. Cerrai and Freidlin have shown
that on fixed time intervals, as the mass density of the material approaches zero,
the solutions of the stochastic wave equation converge uniformly to the solutions of
a stochastic heat equation, in probability. This is called the Smoluchowski-Kramers
approximation. In Chapter 2, we investigate some of the multi-scale behaviors that
these wave equations exhibit. In particular, we show that the Freidlin-Wentzell
exit place and exit time asymptotics for the stochastic wave equation in the small
noise regime can be approximated by the exit place and exit time asymptotics for
the stochastic heat equation. We prove that the exit time and exit place asymp-

totics are characterized by quantities called quasipotentials and we prove that the



quasipotentials converge. We then investigate the special case where the equation
has a gradient structure and show that we can explicitly solve for the quasipotentials,
and that the quasipotentials for the heat equation and wave equation are equal. In
Chapter 3, we study the Smoluchowski-Kramers approximation in the case where
the material is electrically charged and exposed to a magnetic field. Interestingly, if
the system is frictionless, then the Smoluchowski-Kramers approximation does not
hold. We prove that the Smoluchowski-Kramers approximation is valid for systems
exposed to both a magnetic field and friction. Notably, we prove that the solutions
to the second-order equations converge to the solutions of the first-order equation
in an L? sense. This strengthens previous results where convergence was proved in

probability.
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Chapter 1: Introduction

1.1 Semilinear stochastic wave equations

By Newton’s law, the movement of a material with constant mass density
g > 0 in the spatial region D C R can be modeled by the damped semilinear

stochastic wave equation

DPuk ut ow?
pos (1:6) = Mul(1,€) = "5 (1,6) + Bl (D)(©) + Ve 5 (1.6). €€ D,

out
ot

u’j(O,f) = uO(S)? (O,S) = UO(S)a 5 € D7 Ug(t,f) = 07 5 € 0D.

(1.1)
In the above equation, the Laplacian A models the forces neighboring particles exert
on each other, —0u*/0t models friction, and B models some nonlinear forcing.
Stochastic perturbations of this system are modeled by dw®/dt which is a noise
that is white in time and @-correlated in space. We also impose Dirichlet boundary
conditions and initial conditions.

In this dissertation, we are interested in the limiting behaviors of u/(t,¢) as
the mass density p and noise intensity € go to zero. It is not surprising that on
a fixed time interval as the noise intensity e goes to zero, the perturbed solutions
u¥ converge to uly, the solution to the unperturbed deterministic PDE. As for the

small-mass asymptotics, Cerrai and Freidlin [2, 3] showed that if € > 0 is fixed and



a time horizon 7" > 0 is fixed, then u# converge to u. the solution of the following
semilinear stochastic heat equation

Ou, ow?

ot ot (1.2)

ue(0,€) =wup(§), &€ D, wuJ(t,& =0, &e€aD.

Formally, equation (1.2) is derived by setting g = 0 in (1.1). Specifically, they

showed that for any 0 > 0, ¢ > 0, and T > 0,

lim P < sup [ub(t,-) — ue(t,-)|z2py > 5) = 0. (1.3)

p—0 te[0,T]

In fact, by using the methods developed in Chapter 3 of this dissertation, we can

strengthen this result to prove that for any p > 1,

lImE sup |uf(t,-) — uc(t, )| = 0. 1.4
fiy E sup (1) = et ) (1.4

This small mass asymptotic, called the Smoluchowski-Kramers approximation,
is useful because in practice the second-order equation (1.1) is somewhat cumber-
some to study. For example, u” is not a Markov process because its dynamics
depend not only on the position of the particles, but also on their velocities. It is
most natural to study the pair (u#, dut/0t) in phase space, as this pair is a Markov
process. On the other hand, the solution wu, of the first-order equation (1.2) is a
Markov process and has other nice features because of the regularizing properties
of the heat equation.

While the solutions u* and u. are close over finite time intervals for small y, on
an infinite time horizon the solutions deviate substantially. Because of the presence

of random noise, we can show that for € > 0 and p > 0 fixed,

P (sup [ul'(t,-) — ue(t, )| 2y = +oo) = 1. (1.5)

>0



In light of (1.3) and (1.5), we see that u/ exhibits multi-scale behaviors that depend
on the relationship between the mass density p and the time horizon 7. In fact, this
multi-scale behavior also depends on € because when there is less random noise, it
takes more time for u# to deviate from wu..

In Chapter 2, we study the relationship between the Smoluchowski-Kramers
approximation and the exit problems from a domain of attraction. In particular, we

fix an open bounded subset G C L?(D) and study the exit times

e o =1inf{t > 0: u!(t,-) & G}

uo,v0

(1.6)
Ty, = inf{t > 0:uc(t,) € G}

Because of the non-degeneracy of the noise terms, these exit times are finite with
probability 1 for any ¢ > 0. The unperturbed solutions, on the other hand, will
dissipate and will not leave a bounded set G. The wave equations dissipate because
they are exposed to friction. If the unperturbed solutions have the property that

ug(t,-) € G and u(t,-) € G for all t > 0, then 7/ ~and 77, will diverge as ¢ — 0.

uo,v0

By using the theory of large deviations, we show that these exit times diverge
approximately exponentially and that

ErHe )— inf V,(z),

limelo
& %0,0 z€0G

e—0

(
lim e log (E7,) = inf V(x), (1.7)
(7
(7

hmelog T UO) = 11%f V,.(x) in probability,
re
,) = inf V(z) in probability.

lim € log it
xe

e—0
The functionals V,, and V map L?*(D) to [0, +o00] and are called the quasipotentials.
These functionals also characterize the exit place. We study the L?(D)-valued ran-
dom variables u¥ (7, ) and u.(7y, ) and show that these converge to the minimizers

uQ,V0o

3



of the quasipotentials on the boundary of G. That is, if N C G is closed and

inf V,(xz) > inf V,(z),

rEN z€0G
then
lim P (ut(ric,,) € N) = 0. (1.8)

Such an N is far from the minimizers of V,, on dG. The above equation means that
the exit place (74, ) cannot be far from the minimizers of V,,. We also have the

uo,v0

analogous result for the heat equation. If N C 0G has the property that

inf V(z)> inf V(z),

zeN r€IG

then

lim P (uc(7g,) € N) = 0. (1.9)

e—0
The main result of Chapter 2 is that the quasipotentials converge as u goes to

zero. More specifically, for any closed N C 0G,

lim inf V() = inf V(x). (1.10)

u—0zeN TEN

Consequently, when y is small, the exponential divergence rate of the wave equation

and the heat equation are close. Namely,

o e\ _ 1; .
/EILI(IJ lg% elog(ETi<,.) lg% elog(ETy,)

and

llgr(l) 11_1)% elog(7h,.) = 11_{% elog(7y,) in probability.



Another consequence is that when g is small, the exit place for the wave equation

is close to the exit place for the heat equation. If N C OG is such that

inf V(z)> inf V(z),

zeN r€IG

Then it follows from (1.10) that there exists po > 0 so that if p < po,

inf V,(x) > inf V,(z).

TeN z€0G

Therefore, for p < py,

lim P (u(7/,,) € N) = P_I}I(%P (ue(r,) € N) = 0.

U,V
e—0 0,40

Finally, Chapter 2 concludes with the analysis of some special cases where (1.1)
and (1.2) are gradient systems. That is, we assume that the nonlinearity is of the
form B(z) = —Q*DF(z) where DF(z) denotes the Frechet derivative of a sufficient
differentiable F': L?(D) — [0, +00). In this particular case one can explicitly solve
for the quasipotentials. In fact, in this case the wave equation and heat equation

quasipotentials are equal for all x € L*(D) and
Vi(z) = V(z) = Q7 (—=A)uf* + 2F ().

Therefore, in the gradient case, the exit time and exit place asymptotics for the heat
equation and wave equation match for all p > 0.

In Chapter 3 we study the Smoluchowski-Kramers approximation for a slightly
different stochastic wave equation that models the movement of an electrically
charged material that is exposed to a magnetic field as well as deterministic and
random forcing. Consider, for example, an electrically charged one-dimensional

5



string in three-dimensional space. At rest, the string has finite length L forms a line
segment from (0, 0,0) to (0,0, L). The string can move freely through the other two
spatial dimensions, but its endpoints are fixed. This is a different situation than
(1.1) where the string only moved through one other spatial dimension. This string
has constant mass density p > 0 and is exposed to several different forces. The
forces neighboring particles exert on each other can be modeled by a Laplace oper-

ator 2 5z Lhe electrically charged string is exposed to a constant uniform magnetic

t2
field that is parallel to the string’s rest position m = (0,0,1). The string is also
exposed to a deterministic nonlinear forcing b that depends only on the position of
the string and a stochastic forcing whose intensity also depends on the position of

the string. By Newton’s law, the position of the string at time ¢ is parameterized by

£e0,L] — (u"(&,t),€) € R, where u,, : [0, L] x [0, +00) — R? solves the following

SPDE
p(€,8) = G 0) 40 ¢ (E(E0.0) 4 b€, 6.0
ow
< o1, 2 €, ) -
u,(0,t) = u,(L,t) =0,
(6, 0) = w(6). H(€,0) = ().

The cross product can be modeled as



We can generalize this problem to any spatial dimension. Let D C R¢ be
bounded and sufficiently regular. Consider the following SPDE where

u, : D x [0, 400) = R2

(€. 1) = D (€6) = 2 €) + b .8).€.) + (1. €).€.) 2 (€.
w(6,8) =0, €€dD,
0al€,0) = 10(6), o (£,0) = n(e).

(1.12)

We would like to prove a Smoluchowski-Kramers approximation for this sys-

tem. That is we want to find the limit of u, as ¢ — 0. By formally replacing p
by 0 in (1.12), one might guess that the limit of w,, is the solution of the first order

equation

(

Cren =" (Bulet) + (). .0+ olute ). €0 % 6.0
u(é,t) =0, £€aD, (1.13)

u(€,0) = uo(&).

Unfortunately, as in the finite dimensional case [4], u, does not converge to w.
Actually, if the stochastic term were replaced by a continuous function, then u,
would converge uniformly on [0,7] to u. As observed in [4], this phenomenon is
related to the fact that if ¢ is any continuous function,

t

lim [ sin(s/p)e(s)ds =0,

n—0 0

but if this continuous function is replaced by an Ito integral, then

t

lim [ sin(s/p)dB(s) #0

pn—0 0



because
2

E /0 sin(s/u)dB(s) :/0 sin®(s/p)ds — t/2.

In [4], the authors consider various regularizations of (1.12) under which
Smoluchowski-Kramers approximations are valid. In [4] as well as [17] the au-
thors consider a finite dimensional system that is exposed to regularized noise using
the Wong-Zakai approximation. They show that in this situation, a Smoluchowski-
Kramers approximation does hold. In Chapter 3 of this dissertation we regularize

(1.12) by adding a small amount of friction. That is, we consider for any € > 0,

i (€.6) = AU (.8) — Jo T (€. 1) — € (€, 1)+ b (€.1).6.)
g (,6), t)a e
(1.14)
Ui (6,1) =0, €€ aD,
auZ
uu(ﬁ,O) = U'U(g)’ E(gao) = UO(S)'

\

and the associated first order equation

Hee.1) = (o + e1)” (Auxg D)+ b (€.0).€.8) + g0 (1.). €. 2 . t>)

u(&,t) =0, £€aD,

ue(§,0) = uo(§)-
(1.15)

The addition of friction is reasonable from a physical point of view because very few
real-world systems are frictionless. Mathematically, this approximation is useful

because we show in Chapter 3 that for any fixed e > 0,7 >0, p > 1,

p _
}g%tzg%]E |us, (-, 1) — ue(-, 1) e = O (1.16)



The proof of (1.16) is based on the stochastic factorization lemma and some explicit
estimates of the linear semigroups associated with equation (1.14). We separate the
proofs of these results into the additive and multiplicative noise cases. If G(u,t,§) =
@ is a constant linear operator, then we can prove (1.16) for any spatial dimension
d > 1 as long as (@) is sufficiently regular. If G depends on u, then our methods
suffice to prove the Smoluchowski-Kramers approximation only in the case that the
spatial dimension d = 1. In fact, these methods will also work in the case where
there is only friction and no magnetic field. In this sense, the results of Chapter
3 strengthen the Smoluchowski-Kramers results of [2] and [3]. In these papers,
Cerrai and Freidlin showed the solutions to (1.1) converge to the solutions of (1.2)
uniformly on bounded time intervals in probability. In fact, the convergence is in
L (Q; ([0, TT; L*(D)))-

Once we have established that the Smoluchowski-Kramers approximation is
valid for systems exposed to small friction, we show that the approximations (1.14)

and (1.15) are close to (1.12) and (1.13). Namely, we show that

' € p _
B sup Ju (1) = (s Ol apipey =0 (1.17)
and
1 . — . p —
lg%EtSEéPT] |ue(+ ) = u(-, ) |72 pagey = 0 (1.18)

We note, however, that the limit (1.16) is not uniform with respect to € > 0 and the

limit does not hold for € = 0.



1.2 Sobolev spaces and semigroups

Let D C R? be an open connected region with sufficiently smooth boundary.
Let H = L*(D) be the Hilbert space of square integrable functions from D — R

endowed with the inner product

.9y = /D F(6)g(€)de.

Let A: Dom(A) C H — H be the realization of the Laplace operator with Dirichlet
boundary conditions. There exists a complete orthonormal basis of H consisting of

eigenvalues of A. We order this basis in such a way that
A@k = —ager, 0<ai < Olfgq - (119)

Also we note that limy_, , o axp = 400 so the operator A is unbounded. For example,
in the one-dimensional case D = (0, ), the eigenfunctions and eigenvalues of the
52

Lapace operator Af = g—gg‘ are egx(§) = %sin(/ﬂg) and oy, = k?. In any spatial

dimension, every f € H can be written in its Fourier expansion

f = <f7 €k>H €.
k=1

Let C§°(D) denote the space of infinitely differentiable functions whose support
is compactly contained in D. For any § € R we define H® as the closure of C$°(D)

under the norm
e =D (fren)y (1.20)
k=1

H? is a Hilbert space with inner product

<f7 h>H5 = Zai <fa 6k>H <h7€k>H'

k=1

10



The space H? is the fractional Sobolev space W?(D). When § = n € N, H" is
the space of square integrable functions with zero trace and square integrable weak

derivatives up to degree n. As an example, we will show that H' = W, *(D).

Proposition 1.2.1. The spaces H' and Wy*(D) are equivalent.

Proof. Suppose that f € Cg°(D). Such an f can be written as a Fourier series
Z f7 ek
k=1

Notice that by linearity and the fact that e, are eigenvalues of A, that

AFE) = (fren)y Aex(S Zak ex(£).
By the integration by parts formula,

/IVf ) de = - /f Af(e d€+/f €2 (¢)ae

where v denotes the outward pointing normal on the boundary of D. Because f has

zero trace on the boundary, we see that

/ VO de = - / FOAF(©)de

N (1.21)
— (AN =Y an{fren)h = |f i
k=1

Furthermore,
[ 17(©Pde =115 < Il
J 1

Therefore, the norm in W, (D) and the norm in H' are equivalent. This means

that the completion of C§° in the H' and W,**(D) norms coincide. O

11



We define the fractional powers (—A) by

(—A)ﬁf = Z Oéi (fex) ex-
k=1

The space H° = Dom(—A)%? and

[Flis = [(=A)°2f] -

Proposition 1.2.2. For 6 < n, the closed unit ball of H" is a compact subset of

H°.

Proof. Let |x,|gm < 1. Because H" is a Hilbert space, there is a subsequence which
we label as x,, that converges to a limit = in the weak topology. In particular, for
any k € N,

nl_{I_iI_loo <ZL’m 6k>H’I - <ZL’, ek>H" .

Then for N € N to be chosen later

[e¢] oo
= ol = 3 (r — mca)ly = Y0 (e, — 3 eu)
k=1 k=1

By first choosing N large and then n large we can make the above expression arbi-

trarily small because 6 —n < 0. O

Let S(t) : H® — H? be the semigroup generated by A. That is for any x € H?,

u(t) = S(t)x is the solution of the linear differential equation

ou

E(t) = Au(t), u(0) = =x.

12



The semigroup S(t) is independent of the specified domain H°. For any Fourier

coefficient,

and it follows that
(S()w,en)y = e (x, ex) p -

Therefore the Fourier series of S(t)z is

o0

St = e (x,ep) ex (1.22)

k=1

We also want to define the semigroup related to the damped wave equation
(1.1). Define the phase spaces Hs = H° x H°"'. H; is a Hilbert space endowed

with the inner product
(2, 9) s = l2lfs + [ylipar.

We set H = Hy. Define the operator A, : Dom(A,) C Hs — Hs by
Aui,0) = (0,57 (Au = 0)). (123

Then Let S, (t) be the semigroup generated by A,,. Thenif (u(t),v(t)) = S,.(t)(uo, vo),

it follows that

ou
)= ()

20 0) = 5 (Au(t) — v(t)).
u(0) = up, v(0) = vy.

Therefore, such a u(t) solves the damped wave equation

0%u ou
’MW(O + a(t) = Au(t).

An explicit representation of S, (t) is given in [2].

13



There is an analogous way of building the Sobolev spaces and semigroups
related to problems (1.12), (1.13), (1.14), and (1.15) which we describe in Chapter

3.

1.3 Noise and mild solutions

Let D C RY In this section we describe space-time white noise. Space-
time white noise is a Schwartz-distribution-valued Gaussian random variable. It is
Gaussian in the sense that the (probability) distribution of white noise integrated
against any test function is Gaussian. For any deterministic test function
p € C§°(D x [0,400)), the real valued random variable

a ist
| eenGaca®afo [ e

Dx[0,+00) Dx[0,+00)

These random variables have covariance

0 0
Bl [ eenfas| | [ wena]| = [ e ouendar

D x[0,+00) D x[0,400) Dx[0,+00)

Space-time white noise is transition and rotation invariant in law. Further-
more, if the support of ¢ and the support of ¢ are disjoint, then the above equation
implies that

0 0
[ oeeniac | ma | [ wenaca

D x[0,400) D x[0,400)

are independent. In fact, up to a multiplicative constant the distribution of white
noise is characterized by its Gaussianity, independence on disjoint subsets of space-
time and translation invariance in law. When considering random perturbations

14



on space-time, these three features are completely natural. In many applications,
white noise models difficult-to-predict microscopic behaviors such as the collision of
molecules. By the central limit theorem, large quantities of random collisions should
average to a behavior that is approximately Gaussian. The translation invariance
means that the nature of the noise is similar in all regions of space-time. No regions
of space-time are noisier than others. Finally, the independence on disjoint regions
of space-time is a very natural assumption. If the noise is the consequence of mi-
croscopic collisions, then those collisions should be approximately independent on
regions of space that do not overlap, and the future noise should be independent of
the past noise.

The Ito “derivative” of a Brownian motion () is an example of a time-only

white noise in the sense that if ¢ and ¢ are deterministic test functions

[ etasts) ana [ vt

are Gaussian random variables with covariance

[ ety

This is why continuous finite dimensional SDEs are often driven by df. Of course,
the Ito integral is not the only type of stochastic integration that has this property.
The Stratovich integral and Ito integral coincide for deterministic integrands. This
example demonstrates that there is some ambiguity in the original description of a
space-time white noise. We choose to work with Ito integrals so that time incre-
ments are independent, and we can explicitly build a space-time white noise from
one-dimensional Ito integrals. Specifically, let {3(t)} be a sequence of independent

15



identically distributed one-dimensional Brownian motions defined on some proba-
bility space (2, F,P) and adapted to a filtration F;. Let H = L*(D) and let {e;}

be a complete orthonormal basis of H.

Definition 1.3.1. Space-time white noise is given by the formal sum

Ow(t,&) =) ex(§)dBi(t). (1.24)

k=1

which means that for any o(t,€) that is adapted to F,

(g) tgdgdt Z (t,€)en(€)dedp(t)
/ e

Dx[0,T] (1.25)

—Z/ )i Bk (1)

where the above integrals are taken in the Ito sense.

This definition of white noise has the properties that we desire. If ¢ and ¢ are

predictable,
’ m 0lY ) ( PRENC >>
(?/ ) (3 [ it
Definition 1.3.2. The mild solution of the abstract stochastic equation
0 )
8—?&) = Au(t) + B(u(t)) + a—‘f( ), u(0) = ug (1.26)

s given by

u(t) = S(t)uo +/0 S(t — s)B(u(s))ds +/0 S(t — s)dw(t). (1.27)

By (1.22) and (1.24), the stochastic convolution

/tS(t—s dw(s Z/ “ e dBi(s).
0 0

16



Therefore, we can calculate that for 6 > 0

/St—sdw

By Weyl’s law for the asymptotics of the eigenvalues of the Laplacian,

—20¢k(t s)

Zak/ —2a (t—s) S:ZZI 2a1§
k

k=1 k=1

Qy ~ k2/d

where d is the spatial dimension. This means that the stochastic convolution is
H'-valued for any 6 < 2%‘1. If d = 1, then the stochastic convolution is H? valued
for § < 1/2 and is therefore function valued. On the other hand, if d > 2, then the
solutions only exist in negative Sobolev spaces and are therefore genuine Schwartz-

distributions. In the linear case (B(u) = 0), the mild solution (1.27) is simply H°

2—d
= -

valued for § < If, however, the domain of the nonlinearity B is functions,
then the mild solution has no meaning when d > 2. For example, consider for any
function u(&), the composition operator B(u)(§) = b(u(§)) for some b : R — R.
Such a B has no meaning when u € H? for negative 4.

It is therefore necessary to study SPDEs exposed to regularizations of white

noise that guarantee that the mild solution is function valued.

Definition 1.3.3. Let Q € L(H). A noise that is white in time and Q*-correlated

i space is given formally by

= "(Qex)(&)dBi(1). (1.28)
k=1
Proposition 1.3.4. If Qe = M\rex and Aep, = —ayey, then the stochastic convolu-

tion

/Ot S(t — s)dw®(s)

17



is H valued if
2 )\2
PR
Qg
k=1
Proof. We take the expectation of

E S(t—sdw

- —Q S Oo)\2
:Z/ = \2 s gza—’;.

-1 70 k=1

Such a noise is still white in time in the sense dw® is translation invariant (in
distribution) in time and the future is independent of the past. On the other hand,
dw® no longer is translation invariant in space, and it is not independent on disjoint
subsets of space. Despite these drawbacks, dw® can be a suitable model of noise in

cases where dw is too rough for solution of the SPDE to exist.

18



Chapter 2: Smoluchowski-Kramers approximation of the exit prob-

lem

2.1 Introduction

In the present chapter, we are dealing with the following stochastic wave equa-

tion in a bounded regular domain D C R?, with d > 1,

Oyt out ow®
pos (1:6) = Mul(1.€) = "5 (1,6) + Bl (D)(©) + Ve 5 (1.6). €€ D,
0.0 =w(e), FEO0.0=w(6), f€ D, w(§=0, ccaD.
(2.1)

Here Ow?/0t is a cylindrical Wiener process, white in time and colored in space,
with covariance 2, and p and € are small positive constants.

As a consequence of the Newton law, we may interpret the solution u#(t, &) of
equation (2.1) as the displacement field of the particles of a material continuum in
the domain D, subject to a random external force field \/e0w®/dt(t,£) and a damp-
ing force proportional to the velocity field du/0t(t,&). The Laplacian describes
interaction forces between neighboring particles, in presence of a non-linear reaction
described by B. The constant p represents the constant density of the particles.

In [2] and [3], it has been proven that, for fixed ¢ > 0, as the density p
converges to 0, the solution u#(t) of problem (2.1) converges to the solution u.(t) of
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the stochastic first order equation

e (1,6) = D (1,6) + Bluc()(€) + Ve

ue(07§) - uO(S)v 5 € D, ue(t7£> =0, 5 € aD,

ow®
t? ) D7

uniformly for ¢ on fixed intervals. More precisely, they have shown that for any
n>0and 7T >0

p—0 te [0,T]

lim P ( sup |ut(t) — ue(t)|g > 77) = 0. (2.3)
Such an approximation is known as the Smoluchowski-Kramers approximation. In
fact, in Chapter 3 of this dissertation, we show that the solutions converge in

LP(Q; C([0,T); H)) for any p > 1. That is

lim E sup |uf(t) — u.(t)|% = 0. (2.4)
=0 yejo, 17

Once one has proved the validity of (2.3), an important question arises: how
do some relevant asymptotic properties of the second and the first order systems
compare, with respect to the small mass asymptotic? In [14] and [10] finite di-
mensional analogues of this problem were studied. The authors investigated the
interactions between the small mass asymptotic (@ — 0) and other asymptotic be-
hviors including large deviation estimates, the exit problem from a domain, various
averaging procedures, the Wong-Zakai approximation, and homogenization. It has
been proven that in some cases the two asymptotics do match together properly and
in other cases they exhibit non-trivial multi-scale behaviors.

In [2], where the validity of the Smoluchowski-Kramers approximation for
SPDEs has been approached for the first time, the long time behavior of equations
(2.1) and (2.2) has been compared, under the assumption that the two systems are
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of gradient type. Actually, in the case of white noise in space and time (that is
@ = I and hence d = 1) an explicit expression for the Boltzman distribution of
the process z#(t) := (u”(t), Ou /Ot(t)) in the phase space H := L*(0,1) x H~1(0,1)
has been given. Of course, since in the functional space H there is no translation
invariant measure analogous to the Lebesgue measure in finite dimensional space, an
auxiliary Gaussian measure has been introduced, with respect to which the density of
the Boltzman distribution has been written down. This auxiliary Gaussian measure
is the stationary measure of the linear wave equation related to problem (2.1).
In particular, it has been shown that the first marginal of the invariant measure
associated with the process z/(t) does not depend on g and coincides with the
invariant measure of the process u.(t), defined as the unique solution of the heat

equation (2.2).

In the present chapter, we are interested in comparing the small noise asymp-
totics, as € | 0, for system (2.1) and system (2.2). Actually, we want to show that
the Smoluchowski-Kramers approximation, which implies pathwise convergence on
finite time intervals, also implies a certain convergence in the large deviations regime.
More precisely, we want to compare the quasi-potential V#(z,y) associated with
(2.1), with the quasi-potential V'(x) associated with (2.2). We to show that for any

closed set N C L?*(D) it holds

0 a2, Vel = el V) 25
where
Vi(z) = yeérlg(m Vi (x,y). (2.6)



This means that taking first the limit as € | 0 (large deviation) and then taking
the limit as p | 0 (Smoluchowski-Kramers approximation) is the same as first taking
the limit as p | 0 and then as € | 0. In particular, this result provides a rigorous
mathematical justification of what is done in applications, when, in order to study
rare events and transitions between metastable states for the more complicated
system (2.1), as well as exit times from basins of attraction and the corresponding
exit places, the relevant quantities associated with the large deviations for system

(2.2) are considered.

The first key idea in order to prove (2.5) is to characterize V#(x,y) as the min-
imum value for a suitable functional. We recall that the quasi-potential V#(x,y) is
defined as the minimum energy required to the system to go from the asymptotically

stable equilibrium 0 to the point (z,y) € H, in any time interval. Namely
Vi, y) = inf {If1(2) ; 2(0) =0, 2(T) = (x,y), T > 0},

where
u L. 2 . @
Io,T(Z) = Emf {|¢|L2((0,T);H) - 2= Zw} )
is the large deviation action functional and 2}, = (ul;, Juy,/0t) is a mild solution of

the skeleton equation associated with equation (2.1), with control ¢» € L?((0,T); H),

2, 1
8uw

m
p ou ”
ot?

(1) = Aufi(t) = =20 + Bi(n) + Qu(1),  te [0,7].  (27)

By working thoroughly with the skeleton equation (2.7), we show that, for small

enough p > 0,

t——o00

VH(z,y) = min {Iﬁoqo(z) : lim [z(¢)| =0, 2(0) = (w,y)} : (2.8)
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In particular, we get that the level sets of V# and V), are compact in H and L?*(D),
respectively. Moreover, we show that both V# and V), are well defined and continuous
in suitable Sobolev spaces of functions. We would like to stress that in [6] a result
analogous to (2.8) has been proved for equation (2.2) and V(z), in terms of the
corresponding functional I_ ., ¢. In both cases, the proof is highly non trivial, due to
the degeneracy of the associated control problems, and requires a detailed analysis
of the optimal regularity of the solution of the skeleton equation (2.7).

The second key idea is based on the fact that, as in [10] where the finite
dimensional case is studied, for all functions z € C((—o0,0];H) that are regular

enough,
82

I (2) = Looli0) + %/ el )|

wn [ (@820, (S0 - 2000 - Ba®)) ) = L)+ Il
(2.9)

Q 1

where (t) = II;2(¢). Thus, if 2* is the minimizer of V,(x), whose existence is
guaranteed by (2.8), and if z* has enough regularity to guarantee that all terms in

(2.9) are meaningful, we obtain

V(@) = I_oo(pu) + JE(21) > V() + JE(ZH). (2.10)

In the same way, if ¢ is a minimizer for V(x) and is regular enough, then

Vi(z) < I (@,00/0t) = V(x)+ JE ((¢,0p/01)). (2.11)

If we could prove that

liminf J*__(z*) = limsup J*  ((@, 0p/0t)) = 0, (2.12)

n—=0 u—0
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from (2.10) and (2.11) we could conclude that (2.5) holds true. But unfortunately,
neither z* nor ¢ have the required regularity to justify (2.12). Thus, we have to
proceed with suitable approximations, which, among other things, require us to
prove the continuity of the mappings V, : D((—=A)Y2Q7!) — R, uniformly with
respect to u € (0, 1].

In Section 2.9 we want to apply (2.5) to the study of the exit time and of
the exit place of u# from a given domain in L?(D) . For any open and bounded

domain G C L*(D), containing the asymptotically stable equilibrium 0, and for any

20 € G x H7Y(D) we define the exit time

T =inf {t>0: ul, (t) € 9G }.

€,20

Our first goal is to show that, for fixed > 0 and 2y € G,

: pe
11_{% elog ETi = xlenaf(; Vu(z), (2.13)
and
: ey : .
113(1) elog (74°) = mlenafc V.(x),  in probability. (2.14)

We also want to prove that if N C 0G has the property that injfV Vu(z) > maf(; Vu(z),
S xe
then

lim P (ul, (7)€ N) = 0. (2.15)

e—0 203" 20
We would like to stress that the method we are using here in our infinite
dimensional setting has several considerable differences compared to the classical
finite dimensional argument developed in [15] (see also [13]). The most fundamental
difference between the two settings is that, unlike in the finite dimensional case, in
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the infinite dimensional case the quasi-potentials V, are not continuous in L?(D).
Nevertheless, we show here that the lower-semi-continuity of V,, in L?(D) along with
a convex type regularity assumption for the domain G are sufficient to prove our
results. Another important difference is that u# is not a Markov process, but the pair
(u¥, Ou/0t) in the phase space H is. For this reason, the exit time problem should
be considered as the exit from the cylinder G x H=! C H. But, unfortunately,
this is an unbounded domain, and as we show in Section 2.3, the unperturbed
trajectories are not uniformly attracted to zero from this cylinder. We show that
the unboundedness of this cylinder does not prevent us from proving the exit time
and exit place asymptotics. We believe that the methods we use to prove the exit
time and exit place results should be applicable to most stochastic equations with
second-order time derivatives.

In a similar manner, one can show that if
T = inf{t > 0:u(t) € G}

is the exit time from G for the solution of (2.2), and V(z) is the quasipotential
associated with this system, the exit time and exit place results for the first-order
system are analogous to (2.13), (2.14), and (2.15).

In view of (2.5), the exit time and exit place asymptotics of (2.1) can be

approximated by V. Namely

lim lim elog E7/' = inf V(z) = lin(l)elog Er¢
e—

p—0e—0 € G 0’

and

lim lim elog 74> = inf V(x) = limelog 7
e—0

. -1- .
(=0 =0 2€9C in probability

0’
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Furthermore, if there exists a unique € 9G such that V(Z) = inf,csq V (), then

lim lim u#(7#¢) = Z = limu.(7°),  in probability.
pn—0e—0 e—0

We conclude this chapter in Section 2.10 with the discussion of a special case in
which the quasipotentials V#, V,, and V' have explicit representations. Specifically

we assume that the non-linearity B in (2.1) has the gradient form
B(z) = —Q*DF(z)

where @? is the covariance operator of the noise w® and DF denotes the Frechet

derivative of a suitably regular non-negative function F': H — R. In this case

Vi) = (3@ |+ 2R () + ulQ 'yl (216)

and

V(z) = ‘(—A)%Q—lx‘z +2F(2). (2.17)

In particular, for any p > 0,

Therefore, if follows from (2.13) and (2.14) that for any p > 0,
. e _ 1: €
11_1)1% elog(Erlc) = 11_{1% elog(E7; )

and

lim € log(7/:“) = lim elog(7;, ) in probability.
e—0 e—0

Furthermore, it follows from (2.15) that the exit place asymptotics also match for

the solutions of (2.1) and (2.2) as € — 0.
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2.2 Preliminaries and assumptions

Let D be an open, bounded, regular domain in R¢, with d > 1 and let H denote
the Hilbert space L*(D). In what follows, we shall denote by A the realization in H
of the Laplace operator, endowed with Dirichlet boundary conditions, and we shall
denote by {extren and {—ax fren the corresponding sequence of eigenfunctions and
eigenvalues, with 0 < a7 < ay < agyq, for any £ € N. Here, we assume that the

domain D is regular enough so that
o~k ke N (2.18)

For any 6 € R, we shall denote by H° the completion of C§°(D) with respect to the

norm
+oo
i =D ol (@, en)y
k=1
H? is a Hilbert space, endowed with the scalar product
+o0
(@, y) s = Zai (@, )y (Y, en)ys T Y€ Hé(D)-
k=1

Finally, we shall denote by Hs the Hilbert space H® x H°~! and in the case § = 0

we shall set Hg = H. Moreover, we shall denote
I, : Hs — H°, (u,v) — u, Oy : Hs — HOL, (u,v) — v.
Sometimes, for the sake of simplicity, we will denote for any p > 0 and 6 € R
T, (u,v) = (u,/uv), (u,v) € Hs. (2.19)

The stochastic perturbation is given by a cylindrical Wiener process w?(t, &),
for t > 0 and & € O, which is assumed to be white in time and colored in space, in

27



the case of space dimension d > 1. Formally, it is defined as the infinite sum

+o00o
wl(t, &) =Y Qex(€) Bi(t), (2.20)
k=1
where {e;}ren is the complete orthonormal basis in L?(D) which diagonalizes A

and {fk(t) }ren is a sequence of mutually independent standard Brownian motions

defined on the same complete stochastic basis (Q, F, F;, P).

Hypothesis 1. The linear operator Q) is bounded in H and diagonal with respect to
the basis {ex}ren which diagonalizes A. Moreover, if {\.}ren is the corresponding

sequence of eigenvalues, we have

1
o < <ee?, keN, (2.21)
C

for some ¢ >0 and > (d —2)/4.

Remark 2.2.1. 1. If d = 1, according to Hypothesis 1 we can consider space-

time white noise (Q = I).

2. Thanks to (2.18), condition (2.21) implies that if d > 2, then there exists

v < 2d/(d — 2) such that
Z AL < 0.
k=1

Moreover

3. As a consequence of (2.21), for any 6 € R
D((_A>6/2Q—1> — [o+28
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and there exists ¢; > 0 such that for any z € H°*+?/

1 - —
P [(—A)°PQ 2|y < |Z|s5128 < 5 (—A)°2Q  z|y.

Concerning the nonlinearity B, we shall assume the following conditions.
Hypothesis 2. For any § € [0,1 + 23], the mapping B : H® — H° is Lipschitz
continuous, with

[B]Lip(m) =17 < oq.

Moreover B(0) = 0. We also assume that B is differentiable in the space H*, with

sup IDB(2)| c(mzey = Yos-

Remark 2.2.2. 1. The assumption that B is differentiable is made for conve-
nience to simplify the proof of lower bounds in Theorem 2.8.2. We believe that
by approximating the Lipschitz continuous B with a sequence of differentiable
functions whose C! semi-norm is controlled by the Lipschitz semi-norm of B,

the results proved in Theorem 2.8.2 should remain true.
2. If we define for any x € H

B(z)(&) = b(&,z(&)), &€ D,

and we assume that b(¢,-) € C?*(R), for k € [8+6/2—5/4,8+6/2 — 1/4],

and
d7b

%(57 O-)\azo = Oa f € E)

then B maps H? into itself, for any § € [0,1+23]. The Lipschitz continuity of
B in H? and the bound on the Lipschitz norm, are satisfied if the derivatives

of b(§, ) are small enough.
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With these notations, equation (2.2) can be written as the following abstract

evolution equation in H
due(t) = [Auc(t) + B(ue(t))] dt + Vedw?(t), u(0) = uo. (2.22)

Definition 2.2.3. A predictable process u. € L*(Q; C([0,T]; H)) is a mild solution

to equation (2.22) if

t t
uc(t) = eug + / e D4B(u.(s)) ds + /e / et =D Aquw?(s).
0 0
Now, for each 1 > 0 and § € R we define A, : D(A,) C Hs — Hs by setting
1 1

A, (u,v) = (—v, EAu — ;v) . (u,v) € D(A,) = Hiys, (2.23)

and we denote by S,(t) the semigroup on Hs generated by A,. In [2, Proposition

2.4], it is proved that for each y > 0 there exist w, > 0 and M, > 0 such that
1Sl < My et > 0. (2.24)
Notice that, since for any 6 € R and (u,v) € Hs
(=AY ILS, (1) (u, ), (—A)T2S,(1) (1, 0)) = Su(t)(—A) u, (=A)’v), =0,
(2.24) implies that for any 0 € R
1S, ()]l sy < Mue ™, t>0. (2.25)
Next, for any p > 0 we denote

B(u,v) = %(O,B(u)), (w,v) € H,
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and

QMU = (07 Qu)7 u e H

1
I
With these notations, equation (2.1) can be written as the following abstract evo-

lution equation in the space H
dz(t) = [A,z(t) + Bu(2(t))] dt + VeQudw(t), 2(0) = (ug,vo). (2.26)

Definition 2.2.4. A predictable process u" is a mild solution of (3.12) if

I
u' € L*(Q;C([0,T); H)), = aa—“tf c L*(Q;C([0,T); H ™)),

for any T > 0, and

(1) = 5,(£)2(0) + / Syt = 5)Bu(2t(s))ds + Ve / St — 5)Qudu(s), (2:27)

where z(0) = (ug, vo) and 2 = (uk, v*).

€) 7€

In view of Hypothesis 1 and of the fact that B : H — H is Lipschitz continuous,
for any 4 > 0 and any initial condition zy = (ug,vg) € H, there exists a unique
mild solution u# for equation (2.1), (for a proof see e.g. [2]). In [2, Theorem 4.6]
we have proved that for any fixed e > 0 and 7" > 0 the solution u* of equation
(2.1) converges in C([0,T]; H), in probability, to the solution u. of equation (2.2),

as i | 0. Namely, for any n > 0

lim P ( sup |uf(t) — ue(t)|g > 77) = 0.

p—0 te [0,T]
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2.3 The unperturbed equation

We consider here equation (3.12), for e = 0. Namely,

%(t) = A,z(t) + Bu(2(t)), 2(0) = 2o = (uo, vo). (2.28)

The solution to (2.28) will be denoted by 2% (). We recall here that vy denotes the

Lipschitz constant of B in H (see Hypothesis 4).

Lemma 2.3.1. If u < (a1 — 7o), 2, there exists a constant ¢;(p) > 0 such that

stliloa {zgo(t)}ﬂ + ‘zé‘o‘LQ((07+m);H) < (w)lzolyu, 20 € H. (2.29)

Proof. If ¢(t) = II, 2% (t) then

nZ2(0)+ 22(4) = Aplt) + Ble(), (2:30

By taking the inner product of (2.30) with %f in H~!, and by using the Lipschitz
continuity of B in H, we see that

2 2

d |0

K ) Y o P oy s
Hat | ot =T P\l T gy

'Yg 2
—= |o(t)];7 . (2.31
iy + B e @3y

H-1 H-1 H-1

By integrating this expression in time, we see that

2 2

dyp

2 t
i
Sos)| ds < plunfhes + ol + 2 [ (o)l ds.
(05} 0

ol + [

dp
p E(t)

H-1 H-1

(2.32)
Next, by taking the inner product of (2.30) with o(t) in H~!, since

2

(GE0.e0) = 5l - |20

Y
H—l
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we have

d” 2 d 2 s 2% 9 dp 2
pos 1O s + e f1 < =210 + —=le®)lf + 21| 5 (0)

aq

H*l

By (2.31), this yields

2

d ) d )
ps [0 s + () s <

2

27 2 o, d |0y d 2 2951 2
—2le®)|5 + = |e®)|3 — 21> — | == (t — 2u—|op(t t)[3;.
o) + 20— 2 (o) 2ot + 20
(2.33)
Now, if 11 < (a; — Y)Y 2, it follows
2% 2py
Pu =2 — =0 0 > 0.
(03] (675}
Then, by integrating both sides in (2.33), we see
d 2 2 ! 2 4
o Ol + o) gs + o | lo(s)] ds
0 (2.34)

< 24 (g, Up) -1 + |- + 203 vo| 51 + 2plug |3,

and this implies that

e 1
/wm%ws;@m%wﬁ1ﬂw#wm%wﬁ+wmm.<mm
0 H

Actually, if there exists ty > 0 and § > 0 such that

to 1
/ l(t)|5ds > o (211 (vo, wo) r—1 + |uo|F-1 + 26> [vo|F—1 + 2pluoly) + 6,
0 H

then, in view of (2.34), for any t > t,

d 9
— ()], < =9.
r ()31 <

This would imply that for any ¢t > ¢,

()| F-1 < [(to) [F-1 — (t = t0)d,
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which is impossible because |p(¢)[3,, is always nonnegative.

We conclude the proof by combining (2.32) and (2.35), to see that

2

%)

Dip
Y —-(5)

2 t
2
o0+ [ |5

H-1

1
H

Lemma 2.3.2. Assume < (a; — Y)Y, 2, then for any R > 0,

lim sup |[2%(t)], = 0.

I+ 5l <R "

Proof. Let us fix R, p > 0 and for any p > 0 let us define

4R2
r_ )
p
Let |20l% < R. Since
”Zgo’L?((O,T);H) =z ﬁfgg |24 (5) ]3¢

according to (2.29) there must exists to < 7' such that

4ol < s

By using again (2.29), this implies
sup }zgo(t)‘ﬂ = sup Zgé‘o(to)(t - t[))‘ < p.

t>T t>T H

Notice that T is independent of our choice of 2z so we can conclude that

wp s |2 (O] <
t2T |z0|ln<R

34

t
@ﬁ/W@mdema
—1 0

(2.36)



Now that we have shown that the unperturbed system is uniformly attracted
to 0 from any bounded set in ‘H, we show that if the initial velocity is large enough,

I, 28 will leave any bounded set.

Lemma 2.3.3. For any > 0 and t > 0, there exists co(u,t) > 0 such that

sup [111.9,,(s) (0,v0)|; > c2(pt,t) [vol -1y vo € H'. (2.37)

s<t
Proof. Let ¢(t) =11,.5,(t)(0,vo). Then

% Do

p 220+ %) = e, g =0, %

E(O) = Vp.

By taking the inner product of this equation with %—f(t) in H=!, we see that

3s0

dp
ot (t)

+2 E(t)

Therefore, by standard calculations,

dp 2
- (1)
ot -

o 1 [t _20¢-9 d
=e 2ut|v|%1_1—p/0 e n £|gp(s)|fqu

2 1 2 [ _at-s)
I T [ e el as
w K= Jo

so that
g -2 12 1 2
< 3 1 — . .
at() e fvolpr—1 + MS;I;I;MO(SHH (2.38)
Next, since
d Oy _ dp .\ Op ol
alewr ol =2(ew o FoeadEn) -
a 2 d ‘
—2 (0 + uZE 0, Act >>H1 = 200} ol

if we integrate in time we get

2

Op t
lfes = ol +n5r 0] 2 [ lphds + e
H-1
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For any a > 0 to be chosen later, we have

2

dyp
B (t)

1
<(1+at) o () [5, + (1 + a)

H-1 H-1

and therefore,
2

i
n (t)

1
Wi lvolt-— < (u +2t+ (1+a7") —) sup [ (s)[3 + 1*(1 + a)

a1 ) s<t H-1

Thanks to (2.38), this yields

2t 1
(1= @ @) folfos < (1204 (1) 2 (0 a ) sup (o)
k s<t

and our conclusion follows with if we pick a < en — 1.

O

As a consequence of the previous lemma, we can conclude that the following

lower bound estimate holds for the solution of (2.28).

Lemma 2.3.4. For any 1 > 0 and t > 0 there exists c¢(u,t) > 0 such that

sup ’lefo(s)‘H > c(p, t)|Hazo|g-1, 20 € H. (2.40)

s<t
Proof. Let zy = (ug,vg). Since

lego(t) = HlSM(t)(uo, 0) + HlSu(t)(O, UQ) + H1 /Ot Sﬂ(t — S)BM(ZZ) (S))ds,

from Hypothesis 4 and (2.24), for any s > 0

M
15,0630, )l < (23 + 220 Y sup 132, 1),

W,u,U/ r<s

According to (2.37), this implies that for any ¢ > 0,

M
co(p, ) |vol -1 < sup [111.5,(¢)(0,v0) | < <2Mu + 20 ”) sup ’leé‘o(s)‘H.
s<t

Wptt ) s<t
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Therefore, the result follows with

M
c(p,t) = c1(p,t) (ZMH + L0 “) :

Wyt

2.4 The skeleton equation
For any p > 0 and s < t and for any ¢» € L*((s,t); H) we define
t
L?,tw = / Su(t - T)Quw(r)dr-

Clearly LY, is a continuous bounded linear operator from L*([s,]; H) into H. If we

define the pseudo-inverse of LY, as

(L4,) " (@) = argmin {|(L{,) " ({o P2 - @ € Im (L)),

we have the following bounds.

Theorem 2.4.1. For any p > 0 and s < t, it holds

-1 N _
()7 2], o = VRN = Sult = 9)CuSit = )Mol = I (L),
(2.41)
where
1
Cu(u,v) = <Q2(—A)1u, —QQ(—A)lv) . (u,v) € H. (2.42)
1
Moreover, for every > 0 there exists T, > 0 such that
Im (LY,) =Im ((C)"?) = Hijos,  t—s5>T, (2.43)
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and

|(L4)) Z}m( sy < €t = $)2la, 0,0 2 € Higes, (2.44)

for some constant c(p, ) > 0, with r > T),.

Proof. 1t is immediate to check that for any z € H

*_|2 1 - - * 2
’(Lf:,t) Z‘LQ((syt);H) = E/ {Q(—A) IHQS#(T)Z‘HdT’. (2.45)
0

Now, if we expand S} (t)(u, v) in Fourier series, we have (see [2, Proposition 2.3])

Sh(t uv:i( t)ek, gk (t)e ),
=1

where f,’; and g, solve the system

u(iE) (&) = =gk (). F0) = g,
(2.46)
u(§hY (1) = s fE(0) = (), 31(0) = e
In particular,
2 d
P =~ S e - B g (247)

Due to (2.45), we get

\od
(B - Z / (2o - 25 L or) o

- A2 A7 A A2
(- 'f|fkt—s>|—a—ﬂ|gk<t—s>|2 2+ 2ot

k k k

l\DI»—t [\DIH

k=
) 1 \
(1G22 = 1C/2 8t = 5)2[30) = 5 ((Cu = St = $)CuSji(t = 9))2,2),,
(2.48)

This implies that

Im (L%,) = Im ((C, — Su(t — 8)C,.S;(t — s))'/?,
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and (2.41) follows.

Next, in order to prove (2.43), we notice that
C128x(t) = S5(t)Cy?, >0, (2.49)

and that
AAVE) |G, < [C122] <+ VR[22l

so that, due to (2.24), we have
\Ci/zS;(t)z\H < CMMNe’w“t\Cﬁ/Qz\H, t > 0.
According to (2.48), this implies

. 1 1
(2)°25, = SICH22, = SICH2S,(t = )2l 2

2 —2wy (t—s
2= (1= ¢ M2e2nt=90)| 02,2,

DO | —

Therefore, if we pick 7, > 0 large enough so that cﬁ M,e~“wTv < 1, we obtain that
Im (Lf,) = Im ((C)'?),
and

_ Cow.m\ —1/2 _
|(ZE1) 1Z‘L2((s,t) m S V2 (1= e Me™™7) (C) ™22 .

)

Now, as for any g > 0 we have Im ((C,,)/2) = H, 25, and

(LA ) |2lat142s S 1C) ™22 < (14 ) 234y, (2.50)
(2.43) and (2.44) follow immediately, with

() = (14 1) V2 (1= & M2e2um) 12,

39



Remark 2.4.2. 1. In fact, it is possible to show that Im (L%,) = Im ((C,,)"/?),

for all t — s > 0, by using the explicit representation of Sy(t).

2. From (2.24) and (2.41), it easily follows that
|(Llioo,t)_lz|L2 —co,t)H) = \/_|C Y220, 2z e Im(L* coit)- (2.51)

Lemma 2.4.3. Let us fix v € L*((—00,0); H*¥), with a € [0,1/2], and u > 0 and

let zy, € C((—00,0);H) solve the equation
t

2y (t) :/ Su(t = 8)Byu(zy(s)) ds +/ Syt —s)Qu(s)ds, te R. (2.52)

—0o0 —00

lim |z}(t)] = 0, (2.53)

t——o00

we have zy, € C((—00,0]; Hiy2(ats)) and

tgr—noo |Z¢ |H1+2(o¢+6)

= 0. (2.54)

Proof. According to (2.25), for any § > 0 we have

M, ' (t—s)
< sup |B(Il;z e WritT9)ds
Hs M s<1t)| ' ¢( ))’H&l /oo

‘/ Lt — $)By(2A(s))ds

E sup ‘B lew( ))|

< ot
,uwu s<t

Therefore, due to Hypothesis 4, if we take § = 1

M
< 170 sup}le )‘ (2.55)
P
wy | HWu s<

‘/ w(t = 8)Bu(z,(s))ds
For the second term in (2.52), if ¢ € L*(—o00,0; H**), then Q1) € L*((—00,0); Hi12(a+8)),
with

Q| L2((—o0,t): Hipoiars) = |¢\L2 —osot)H2y, <0,
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Due to (2.25), this yields

M, > —2w,, 8 2
< — (/ e~ u ds) ’w|L2((foo,t);H2°‘)-
K 0

[ sit-9auts

Hiv2(a+8)

(2.56)

Therefore, from (2.52), (2.55) and (2.56), we get
|zZ(t)|H1 <e¢, (Sslilt) ‘leg(s)’H + |77/}|L2((_Oo,t);H2a)) :
In particular, we have zj; € L>((—00,0);H1) and
tLignoo |21’Z(t)|H1 =0.

Now, by repeating the same arguments, we can prove that for any n € N, with

2 € L%((=00,0);H,), and  lim [zj(1)], =0,
then
2 € L%((=00,0);Husr), and  lim [2f(t)], =0

Since there exists n € N such that H, 248 D Ha, we can conclude that zg belongs
to L>((—00,0); Hit2(ats)) and (2.54) holds. Continuity follows easily, by standard

arguments. ]

Remark 2.4.4. 1. From the previous lemma, we have that if z}; € C((—o00,0); H)
solves equation (2.52) and limit (2.53) holds, then z}i(t) € Hi 94, for any ¢ < 0.
In particular 2,(0) € Hiyap.

2. In [6, Lemma 3.5], it has been proven that the same holds for equation (2.22).
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Actually, if ¢, € C((—00,0); H) is the solution to

el = [t Bunds + [ A Quisyas

— 00 —00

for ¢ € L*((—o00,0); H), and

t——o00

then ¢, € C((—00,0); H'*?%) and there exists a constant such that for all

t <0,
[0y ()] 128 < €[] L2((—00,0:m)- (2.57)
Moreover,
Jim_ [y (t)]as = 0. (259)

Lemma 2.4.5. Let a € [0,1/2] and let 11,109 € L*((—00,0); H**). In correspon-
dence of each ¢y, let z, € C((—00,0); Hitaasp) be a solution of equation (2.52),
verifying (2.53). Then, z), € L*((—00,0); Hito(arp)), fori = 1,2, and there exist

o > 0 and ¢ > 0 such that for any p < po and 7 <0

2
’ZZl - ZT/ZQ ’%2((_0077);H1+2(a+5)) _'_ §1<1£) |I“<ZZI (t> - Z’ZQ (t))| S c |17D1 - w2|%2((—0077');H20‘)7

Hiva(a+p)

(2.59)

where Z,, is defined in (2.19).

Proof. 1f we define

and



we have

u%(t) + %(t) = Au(t) + (= A7 (B(IL 2 (1) — B(ILizh, (1)) + ¥(t).

(2.60)
According to Hypothesis 4, B : HX et — H2o+8) is Lipschitz-continuous, and
then
(=AY (B2, (6) — BOLz(0)], = 1B (1) — BT ) e

< Ya(atp) [T (2, (8) = 2y, () g2ern = Ya(ats) [ult)]a-

Therefore, by taking the scalar product of both sides with du/0t, we get

2

ou pd |Ou > 1d 1 2
3 "), 2 [, 2 MO, 260
du Ju '
< s ) 5 0]+ | 550
Now, since
8u 8u 1 au 2 2 )
Years) (0] | 55 (8) s (@)l | 5 () L3 ) H+722(a+,8) |u(®) [ + [0y
(2.61) implies
W ud 120 L] < 22 OB+ 21000, 262
o |, M joe |, T at g = Tt 1 Ho A=

Therefore, integrating this expression with respect to ¢t € (—oo, ), we obtain

/—00 ! H (2.63)

< Dy [ Byt +2 [

— 00 —0o0

2

dt + |u(T) % + p
H

2

ou

ou
E(ﬂ

e (t)

since, due to Lemma 2.4.3,

I
ot \!

ou
=K E(T)

ou
En (t)

2

H

2 + ’(—A)%u(t) i ) dt

2 2

+ Ju(7) [
H

ou

5 (7)

. ou
()~ lim (u \Em " |u<T>r§p> —p

H H
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Next we take the inner product of each side of (2.60) with u(t) and use the fact that

0*u 1 d? 9
(Gatut) =5 W -

and again the Lipschitz-continuity of B in H>5) to get

ou . |?
— ()
ot |y,

d2 1d R (‘3
o 1O+ 5 g 1Ol + 3 ()i < afj() S GORION
, :
< i (0] + 3Ok + el

where 4 := 1 — Yo(a48)/1 > 0. This yields

2

d 0
o )+ a0+ ut) e < 20 G0 Felwl. 260

Combining together (2.62) and (2.64), we get

d2

2 d 811/
o O + D+ () +2

d 2
- <t> + 20 u(t) 3

<y plu(t)f + (1 + p) W(Q’H .
If we take
Yo

2C1 ’
and integrate both sides with respect to ¢t € (—o0o, ), as a consequence of (2.54),

we get

5| B < 2 <u(7),%<7>>H+CZ(1+M) [ woa @)

—00 —00

Substituting this back into (2.63), we have
2

[ H

< —eu(ur) 5i0) +e [ e
gcm<u A +\u<¢>rip) o [t

H —00

ou
E(t)

- (7)

2 ou
D%, | dt
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Therefore, since
[W(®)|u < clihi(t) — Ya(t)|m2a,

and
2

+ [u(7) |3
H

ou
E(T)

| Zu(2, (7) = 26, (7)] =

Hitoars)

if we choose po small enough this yields (2.59). O

Remark 2.4.6. 1. Notice that, since B(0) = 0, we have z = 0, so that from

(2.59) we get

B2 N E: 2
’z¢|L2((—0077')§H1+2(a+,8)) T igg |Zﬂzw(t) ‘7“1-‘-2(&4_5) <c |w|L2((—OO7T);H2O‘)7 (266)

for any p < pg and 7 < 0.

2. By proceeding as in the proof of Lemma 2.4.5, we can prove that

2
’251 - ZZQ|%2((—OO,T);H25) + Stl<1p |I#(Zil (t> - Zgg (t))’HZB <c |1/}1 - ¢2‘%2((—oo,7');H*1)‘

(2.67)
and
2
|ZZ’%2((—OO,T);H2[3) + St1<113 ‘qug(t)}ﬂw <c ‘w’%?((—ooﬂ');H*l)'
2.5 A characterization of the quasi-potential
For any t; < ty, p > 0 and z € C((t1,t2); H), we define
i L. 2 i
[t1,t2 (Z) = 5 1nf {‘w|L2((t1,t2);H) PRE= Z’I,Z),Zo} ) (268>

where zgm) is a mild solution of the skeleton equation associated with equation
(3.12), with deterministic control v € L?((t1,t5); H) and initial conditions zp,
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0 = A (04 B, 0)+ Q) nStst (200

As in Definition 2.2.4, for e, > 0 and 2y € H we denote by 2, € L*(; C([0,T]; H))
the mild solution of equation (3.12). Since the mapping B, : H — H is Lipschitz-
continuous and the noisy perturbation in (3.12) is of additive type, as an immediate
consequence of the contraction lemma, for any fixed > 0 the family {£(2, )}es0
satisfies a large deviation principle in C([ty,t2]; H), with action functional I} , . In

particular, for any 6 > 0 and T > 0,

. . 1,
lim inf € log ( inf P (‘zgzo — ZZ:ZO‘C([O,T];H) < 5)) > —§|¢|L2((07T);H) (2.70)

e—0 20€EH

and, if Ky, (r) = {z € C([0,T];H) : Ij(2) <1},

lim sup € log (sup P (distgy (2., Kip(r)) > 6)) < —r. (2.71)

e—0 20€EH 0’
Analogously, if for any € > 0 u, denotes the mild solution of equation (2.22),
the family {£(ue)}e=o satisfies a large deviation principle in C'([t1, to]; H) with action

functional
: L, o
It 4, () = inf {5 W12t oy = P = %} ; (2.72)
where ¢, is a mild solution of the skeleton equation associated with equation (2.22)

du

—r(t) = Au(t) + B(u(t)) + Qu(t), h<t<t.

In particular, the functionals If , and I; 4, are lower semi-continuous and have

compact level sets. Moreover, it is not difficult to show that for any compact sets
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E C H and £ C H, the level sets

KE,tl,tz(r) = {90 S C([tlth]; H) ; [t1,t2<§0> <, @(tl) € E}

and

Kg,tl,tg(r) = {Z € C([ti, tas H) 5 Iﬁ,tQ(Z) <r z2(t)€ S}

are compact.
In what follows, for the sake of brevity, for any p > 0 and t € (0,+o0] we
shall define " := If, and I"; := I", ; and, analogously, for any ¢ € (0, +o0o] we shall

define [, := Iy, and I_; := I_;. In particular, we shall set

I'(2) =supI*, (), Loolip) = sup ().

t>0 t>0

Moreover, for any r > 0 we shall set
K" (r) = {z € C((—o0,0;H) ; tl}r_noo |2(t)|lg =0, I* (2) < r}
and
Konlr) = {0 € Cl-o0,0) 5 i lol0ln =0, () <7}

Once we have introduced the action functionals If, ;, and Iy, ,, we can intro-

duce the corresponding quasi-potentials, by setting for any u > 0 and (z,y) € H
Vi (z,y) = inf {I{'1(2) ; 2(0) =0, 2(T) = (z,y),T > 0},

and for any x € H



Moreover, for any ¢ > 0 and z € H, we shall define
Vu(z) = inf V*(z,y). (2.73)

In [6, Proposition 5.1] it has been proved that the level set K_(r) is compact in
the space C'((—o0,0]; H), endowed with the uniform convergence on bounded sets,

and in [6, Proposition 5.4] it has been proven that

V(z) = min { Loo(p) s w € C(=00,0[; H), Tim [p(t)]n =0, ¢(0) = } :
In what follows we want to prove an analogous result for K* _, V*(x,y) and V, ().

Theorem 2.5.1. For small enough p > 0, the level sets K" (1) are compact in the

topology of uniform convergence on bounded intervals.

Proof. Suppose that z, is a sequence in K*” __(r) where u < g and g is the constant

introduced in Lemma 2.4.5. Let ¢ be the constant from that lemma and let
_1
&= {z EH:|C, 2 zly < 201"}

By Lemma 2.4.5, z, € K¢ _yo(r), for any N € N. Since £ is compact in #, in
view of what we have seen above K¢y ,(r) C C([=N,0];H) is compact, for each
N € N. Then, by using a diagonalization procedure, we can find a subsequence of
{z.} that converges uniformly to a limit z* € C((—o0, 0]; 1), uniformly on [—N, 0]

for all N. This means that there exist controls ¢y such that for ¢t € [—N, 0],

t t

S, (t — s)Bu(2"(s))ds + / Su(t —5)Qun(s)ds

—-N

(1) = Sy(t + N)2#(—N) + /

-N
and
1 2
§WN‘L2([—N,0};H) <.
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All of these ¥y coincide, because if ¢ = I1; 2# satisfies the above equation,

ox(0) = @ (1520 + 520~ 4000 - Ble(0)

weakly. Therefore, we can let ¢ = ¢y and notice that

3 172 ((—oo0yirr) ST

This implies that for each Ny € N

t t
2M(t) = Su(t+ No)zH(—No) + S, (t—8)Bu(2"(s))ds + S,(t—9)Qu(s)ds
—No -No
Thus, by taking the limit as Ny — +o00, we conclude that
t t
2 (t) = / Su(t —s)B,(2"(s))ds + / St —5)Qu(s)ds, t<O0.

—c0 —00

Lastly, we need to show that

p _
Jim[2#(t)[ = 0.

By (2.66), each z, has the property that
| 2] L2((—o0.0)20) < CVT
Since z, — 2" uniformly in C((—N,0); H) for each N,
|12 = Hm |2 |2 nom < eV

Next, by (2.56) and Hypothesis 4,

283, = ‘/ u(t =) (Bu(2"(s)) + Quir(s)) ds| < ¢|2"| 2 oo pyany TE IV L2 oo ) r—20) -

Hy

Because 2/ € L*((—00,0);H), and ¢ € L*((—o0,0); H),

p _
tgm |24 (t)]5, = 0.
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Corollary 2.5.2. There exists pg > 0 such that for any ¢ € L*((—o0,0); H) and
1 < po there ezists z, € C((—o0,0]; H) such that

zy(t) = / Su(t = 8)B(2y(s))ds + / Su(t—9)Qu(s)ds, t<0, (2.74)

Moreover,

lim |2}()|» = 0.

t——o0
Proof. A standard fixed point argument shows that for any 4 > 0 and N € N there
exists ziy € C([—N,0]; H) satisfying

t

40 = [ Sut- B+ [ St - 9Qu(ss

N -N
Each z; can be seen as an element of C((—o0,0]; H), just by extending it to 2/, (¢) =
0, for all £ < —N. According to Theorem 2.5.1, there exists a subsequence {2y }
converging to some z* € K" __ <%|w|i2((_oo70);H)>, uniformly on compact sets. We
notice that for any fixed Ny € N and t > —N

t t

2 (t) = S, (t+ No)zh (—No) + S, (t—s)B,(2h(s))ds + S,(t—35)Qu(s)ds.
—No —~No

Therefore, by taking the limit as N — 400, we obtain

t t

Su(t =B (s)ds+ [ 8,0t = 5)Qui(s)ds.

—No

2(t) = S, (t + No)z"(—No) +/

—No
Finally, if we let Ny — +o00, we see that z* solves equation (2.74).

]

As K_(r) is compact in C((—o0,0]; H) with respect to the uniform conver-

gence on bounded intervals, we have analogously that for any ¢ € L?((—o0,0) there

20



exists ¢, € C((—o00,0]; H) such that

t

pult) = / =94 B(p(s))ds + / e-IAQ (s)ds,

—0o0 — 00
and

lim |pyu(t)|g = 0.

t——o00

In [6], it has been proved that the V(z) can be characterized as

V(z) = inf {]_oo(cp) ; tliznoogo(t) =0,¢(0) = x} .

Here, we want to prove that an analogous result holds for V#(z,y) and V,(x), at

least for p sufficiently small.

Theorem 2.5.3. For small enough > 0, we have the following representation for

the quasipotentials V*(z,y)

VH#(z,y) = min {[ﬁoo(z) : tgr_noo |2(t)]% = 0,2(0) = (;U,y)} , (2.75)
and for V,(z)
V,(z) = min {]”00(2) p lim |z(t)|% = 0,11;2(0) = x} : (2.76)

whenever these quantities are finite.
Proof. From the definitions of I} , ., it is clear that

VH(a,y) =inf {If o(2) : 2(t1) = 0,2(0) = (x,y),t1 < 0} .
Now, if we define

M*"(x,y) = inf {[ﬁoo(go) : tlim |2(t)|% = 0,2(0) = (x,y)} , (2.77)

——00

o1



it is immediate to check that M*(z,y) < VH(x,y), for any (z,y) € H. To see this,

we observe that if z € C([t1,0]; H), with z(¢1) = 0 and 2(0) = (z,y), then

0, t<t
2(t) = (2.78)

2(t), t1<t<0

has the property that 2(0) = (z,y), and |2(t)|% — 0, as t = —oo. Moreover,

Therefore, we need to show that V#(x,y) < M*(z,y), for all (z,y) € H.

If M*(z,y) = +oco there is nothing to prove. So, assume that M*(z,y) <
+00. In view of Theorem 2.5.1, there is a minimizer z* € C((—00,0]; H1425), with
2#(0) = (x,y) such that

M*(z,y) = IE ().

Moreover, thanks to (2.54)

lim |2(t)

t——o0

0.

‘H1+25 =
This means that for € > 0 fixed, there exists . < 0 such that
|2#(¢)

|’H1+25 < €, t S tE.

Now, let us denote z. = z/(t.) and let us define
Ve = (Li—Tu,te)_lze’

where T, > 0 is the time introduced in Theorem 2.4.1. Then, by Theorem 2.4.1

|¢E|L2((te*Tu,te);H) S C(:ua T#)|Z€|H1+2B S Ec(lu’aT#)‘ (279>
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Next, for t € [t. — T}, t], we define

C(t) = /t t . S, (t — 8)Q,(s)ds.

et

Clearly we have (#(tc —T,) = 0 and (#(t.) = z.. Moreover, thanks to (2.25), we

have

M, ! —w, (t—s cM, ! —w, (t—s
|(£(t)’7.[1+2ﬁ < 7“/ e u(t )|Q¢6(5)|H23 ds < u“/ e u(t )W)E(S)‘H dS,
t

te—T), =Ty

so that, due to (2.79)

te 2
m 2 CM#
/t . [« (t)bngdtg( " )

2
te t
/ M=) | (s)], ds | dt
=Ty te—Ty te—Ty

M, \> M,
< —M> Vel72((s.— : S(_u) c(p, Tp)e.
(52) Wl < (5% T,

(2.80)

Since

t

“t) = /t Su(t—s)B(2(s)) ds+/ Su(t—5)Qu (wg(s) — Q_lB(leé‘(s))) ds,

=Ty te—Tp

we have

I o (C) < 200l Boqr, gy + 21Q7 B 2E) T2 -1y 00,0

Then, as due to Hypothesis 4

Q7' BILCY ()i < ¢ BILCH () mze < e2p [Tk (8)|m2s < 25 [C(8) [z

thanks to (2.79) and (2.80), we can conclude

I g, () S cue (2.81)
Finally, we define
~ f(t)u te_T,u,StSte
Ht) = (2.82)
2(t), t>t.



It is immediate to check that (* € C([t, — T,,0;H), ¢* = 0 and C*(0) = (z,y).

Moreover, thanks to (2.81)

It g o Q) S TR () + I g () = MM (2, y) + T gy (CF) < MP(2,y) + ¢’
(2.83)

Due to the arbitrariness of € > 0, this implies
Vi(z,y) < M*(z,y),

and then (2.75) follows.
Finally, in order to prove (2.76), we just notice that there exists {y,} C H™*
such that

Vu(z) = lim V¥*(z,y,)

n—o0

and

for some {z,} C C((—o0,0]; H) such that z,(0) = (z,y,) and

lim |z,(t)|3 = 0.

t——o0

sup I” (z,) < o0,
neN

due to Theorem 2.5.1 we have that there exists a subsequence {z,, } which is uni-
formly convergent on bounded sets to some z € C((—o0,0];#). In particular,

I1,2(0) = z and |z(t)| — 0, as t — —oo. Since I*__ is lower semi-continuous, we

have

1" () < liminf I (2,,) = V,(a),

k—o0

o4



and then V,(x) = I _(2), so that (2.76) holds true. O

The characterization of V#(x,y) and V,(x) given in Theorem 2.5.3, implies

that V# and V), have compact level sets.

Theorem 2.5.4. For any pn > 0 and r > 0 the level sets

K*(r)y={(zx,y) € H : V¥(z,y) <r}

and

K,(r)y={xe H : V,(z) <r}
are compact, in H and H, respectively.
Proof. We prove this result for V# and K*, as the proof for V,, and K, is completely
analogous. Let {(xp,yn)}nen C K#(r). In view of Theorem 2.5.3, for each n € N
there exists 2" € C((—o0,0];H), with 2™(0) = (zn,yn), and |2"(t)|g — 0, as
t § —oo, such that V*(z,,y,) = I" (2"). As I" (z") < r and the level sets of I*

are compact in C'((—o0, 0]; H), as shown in Theorem 2.5.1, there exists a subsequence
{z™} C {2"} converging to some 2 € C((—o0,0];H), with I* (%) < r. Since

lim (2, , yn,) = lim 2" (0) = 2(0) =: (z,y), inH,

k—o00 k—o0
due to Theorem 2.5.3 we have

V@, 9) < I8 (2) <,

so that (Z,9) € K*(r).
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2.6 Continuity of V# and V),

As a consequence of Theorem 2.5.4, the mappings V#* : H — [0,+o0] and
V., : H — [0, +00] are lower semicontinuous. Our purpose here is to prove that the
mappings

VH: Hipes — [0,400), V,: H = [0, +00)

are well defined and continuous, uniformly in 0 < p < 1.

Lemma 2.6.1. Let us fix (x,y) € Hitop and pp > 0 and let z(t) = S, (—t)(z, —y),

t < 0. Then, if we denote p(t) = I1,2(t), we have that ¢ is a weak solution to

ot (2.84)

and

2

L[ [ Dy 1 | 12
5|0 (13m0 + G0 - a00)| ae= [ ke e]) i@ ol
(2.85)
Moreover, ¢ € L*((—00,0); H'*28) and
° 2
| et < et i)l 0) o, (2.56)

Proof. The weak formulation (2.84) is clear because for ¢ < 0

0 = A5, (~0)(z.~y) = (~Taz(t), ~ 1 Ap(D) + 1 Tax(1)

so that

w20 = Ag(t) + (1)

o6



Moreover,

Now, property (2.85) can be proven by noticing that
1 /O —1 P e
5[ |ot (WG + S0 - a0
2 = ot? ot "
1 -1 Py dp
5[ e (15 - G- ax)| @

w2 (0% 0.0 (1550 - 4000 )

— @ (- A)ke

2

dt

2

2
-1,,12 : —1/2 2

Then, (2.85) follows from (2.25), as
]C’;l/Qz(t)|H < 2() 110y < My, e’w“t|(x,y)|yl+26 — 0, ast] —ooc.
Finally, to obtain estimate (2.86), we notice that if
p(t) = LS, (=t)(z, —y)

then by (2.39),

1d Oy

s = 557 [o0) = 1520|455 1O

Integrating, we obtain

0
1 p
| 10O Bniasdt = 5o+l + 4 el

which yields (2.86).

]

As a consequence of the previous lemma, we obtain the following bounds for
Vi(z,y) and V,(x).
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Corollary 2.6.2. For any p > 0 and (z,y) € Hit23, we have

VA, y) < (14 p+ ) (@, y) |00 (2.87)

and

V(@) < c(1+p) |$|?{1+2B (2.88)
Proof. The proof is based on the fact that

and

V(o) < I (Sy(=) (, 0)).

Now, if we set z(t) = S,(—t)(z,—y) and ¢(t) = II12(¢), due to Hypothesis 4 we

have
)= [ @ (nG + G — et - Be))| a
< [ o (Gro+Fw-a00)| arred [ ool ar

From (2.85) and (2.86), this give (2.87). Finally, (2.88) is a consequence of (2.87)

and of the way V), (z) has been defined. O

Now, we can prove the continuity of V# and V,,.

Theorem 2.6.3. For each j1 > 0 the mappings V* : Hitos — [0,400) and V,, :

H*28 — [0, 4+00) are well defined and continuous. Moreover,

lim [(2,9) = (20, ) gy, = 0 = lim sup [VA(a,y) — VE(aa, y)| = 0. (2.89)

n—0o0 n—00 0<u<l
and

lim |x — x| 142 = 0= lim sup |V, (z)— V,(z,)| =0. (2.90)

n—oo n—oo 0<pu<l
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Proof. In view of Corollary 2.6.2, if (x,y) € Hiiop, then V#(z,y) < 400 and if
r € H'Y then V,(z) < +o00. On the other hand, if V*(x,y) < 400, thanks to

Theorem 2.5.3 there exists z# € C((—o0,0]; H) such that
Vi(z,y) = 12(2),  2#(0) = (z,).

According to Lemma 2.4.3, this implies that z# € C((—o0,0];Hit28), so that
(z,y) = 2*(0) € Hi42s. Analogously, if V,,(z) < +o0o, we can prove that z € H'*25,
so that we can conclude that the mappings V* and V), are well defined in H;425 and
H't28_ respectively.

Now, in order to prove (2.89), by using again Theorem 2.5.3, for each n € N

we can find 2 € C((—o0,0]; H) such that
Vi @n,yn) = I5(20), 21(0) = (2n, yn)-
Then, if we define
2 (1) = Su(=t)(x = 0,y — yn),
and
pn(t) =Ihzi(t),  &p(t) = L2R(t), ¢ <0,

we have 24(0) = (z — x,,y — y») and for any € > 0

<2 [ ot (5 + 2 s + o))
+Q (52RO + 20 - 45400)) + Q7 (Bt + 280 - BleA() &
<(1+aI" (") +(1+ %)/_ Q! (6820325 (t) + (9;% (t) — A@Z(t)) Hdt

1. [ .
ve(t ) [ 1ot de.

— 00

29



Now, by (2.85) and (2.86), we see that for 0 < pu < 1

V‘u(l',y) < (1 + G)Vu(xnayn)
1 2 2 1
e D@ =y =yl T+ D@ =20y =)y,

If we follow the same procedure with z# as the minimizer of V#(x,y) and
we see that for 0 < p < 1

Vi@, yn) < (14 )V (2, y)

el e (@ =2y = )y, H e+ (@ = 20,y = Ya)lgy,, -

From these two estimates and Corollary 2.6.2, we see that

2 _
sup |V*(z,y) — V*(zp, yn)| < ce \(:c,y)\HHw +c (1 + € 1) (2 — zp,y — yn)ﬁ_[Hw,

O<pu<1

so that

limsup sup |[V*(z,y) — Vi(zn,yn)| < ce \(w,y)]in :

n—oo O<pu<l

Due to the arbitrariness of € > 0, (2.89) follows. The proof of (2.90) is completely

analogous to the proof of (2.89) and for this reason we omit it. O
2.7 Upper bound
In this section we show that for any closed set N C H
lin;foup ;2}% Vu(z) < ;gjng(x) (2.91)
First of all, we we notice that if I_..(¢) < 0o, then
¢ € L*((—o0,0); H*HA), %f € L*((—o0,0); H*), (2.92)
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and
2

dt.
H

I_oo(p) = %/;

Actually, if ¢ solves

@t (570~ 4000 - Blet)

t

o) = [ Blpas + [ Guss

—0o0

then we can check that (2.92) holds and

0(0) = @ ()~ 40(0) - Blet0)),

so that (2.93) follows. Moreover, if

2
2 S Lz((_ooao);HQ(H_ﬁ))a Ea W € LQ((_OO7O)7H2,B)a
then
1 [0 % ) 2
P =y [ Q1<w—w®+—w®—AWﬂ—ﬂwm> .
2/ o2 ot B
where

so that

weakly.
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In particular, as in [10], where the finite dimensional case is studied, this means

2 0 82g0 2
o) =T+ 5 [ Q'S L] a
2 /00 oy (2.94)

wn [ (@500 (S0 - ap0 - Ble)) ) ar

oo H

where ¢(t) = I1;2(), as long as all of these terms are finite.

Now, for any p > 0 let us define

1 t
pult ——p(—), te R, 2.95
u(t) AV (2.95)

for some o > 0 to be chosen later, where p € C*°(R) is the usual mollifier function

such that
supp(p) CC [0, 2], /p(s)ds =1, 0<p<1.
R

This scaling ensures that

/Rpu(s)ds _1

Next, we define ¢, as the convolution

0
oult) = / pult — 5)p(s)ds. (2.96)
Lemma 2.7.1. Assume that

pE LQ((—oo,O);HQ(Hﬁ)) N C’((—oo,O];HHQB), g—f € LQ((—oo,O);HQB)

with
p(0) ==z € HH%, tlim |0(t)| 1428 = 0.
——00

Then,

o € L¥((—00,0); H2HD)\C((~o0, 0]; H'2P), % € L2((—o00,0); H?), (2.97)
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and

lim sup [pu(t)] 142 = 0. (2.98)

t—— 0 >0

Moreover,

L0 ¢ 12((~00,0 HY)

and for all > 0,

C
<

2(—00,0);H28)

&p Doy
ot

Do,
ot?

(2.99)

L2((—00,0);H28)

Proof. Since we have

it follows
/0

Therefore, as

2

0 21 t
as [ ([ sas) ([ 16 ds) a
H2(1+8) —00 0 t—2u™

/ pult— S)p(s)ds

w
we get
|90M|L2( —00,0); H2(1+5)) dt < _/ / |H2(1+5 dsdt
5 e (2.100)
ue
S F |90(8)|H2(1+5) ds =2 |(’0|%2((*OO,0);H2<1+B))'
Next, since

Jim [o(t)] givzs =0,

we have that ¢ : (—oo, 0] — H'*?? is uniformly continuous. Therefore, as

' / Oo pults = s)p(s)ds — [ OO ou(ta— 8)o(s)ds
/OOO pu(s) (p(ty — s) — p(ta — s)) ds

H1+2[3

)
H1+26
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we can conclude that ¢, is uniformly continuous too, with values in H'*2°,
Finally, since

0= [ oGt s)ds,

by proceeding as above we get
0
% € L2((—o00,0); H*),

so that, thanks to (2.100), we can conclude that (2.97) holds true.

Concerning (2.98), let us fix € > 0. Then there exists 7. > 0 such that
lo(t) | grives <€, t<—T.

Then, for t < —T,, we have

/ e )l

t o)
< [ bt = 9o lpmds <c [ po)ds=c
H1+28 0

—00

and this yields (2.98).

Finally, let us prove (2.99). As

Opu .\ 0 Op
By (t) = /_OO pu(t —s) P (s)ds,
we have

%o, 0 q ) 1 [ [t—s\ Op
o= [ get-9gon= o [ o (S7) Feas

2
12 ) o

2

This yields
6290 2 1 0
- (1)

0
/oo ot? H?28 _:u4a —0o0
([ ) )
2 —0o0 t—2pe 2 t—2p«

2 0
8_g0<8) dsdt < %/
88 H?2B 2 “ —0o0

t p—
/ o (t 8) 9 (s)ds| dt
t—2u> :ua 83 H?28

0y 2
—(s)ds ds | dt
0s 26

2
ds.

H28

D
g(s)
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The following approximation results hold.

Lemma 2.7.2. Under the same assumptions of Lemma 2.7.1, we have

}Lli% |2 = ©u(0)| 125 = 0, (2.101)
and
lim Sup | pu(t) = ()] grav2s = 0. (2.102)
Moreover,
}}{}(1) 01 = Plra((—oo0)mzarm) =0, (2.103)
and
0 9]
lim | 228~ % = 0. (2.104)
P00t O | pa((oayerrs)

Proof. We have

¢Am—x—/ipﬁﬂmw@—¢m»w,

o0

so that, by the continuity of ¢ in H'*25 (2.101) follows.

In order to prove (2.102), we have

t

‘S%(ﬂ - @(t)‘HHzﬁ < / Pu(t - 5) |80(5) - So(t)’HHw ds.

Now, as ¢ : (—o0,0] — H'*2?# is uniformly continuous, for any fixed ¢ > 0 there

exists d. > 0 such that. We use the uniform continuity of ¢ to find §. > 0 such that

€
it — 5| < = |90(3) - 90(75)|H1+2B < 5

Then if we pick p small enough so that pu* < d./2,

t t 1 €

ma—www—wwmmﬂws/ Le o

t—2u :ua 2

|%@—wmmms/

—0o0
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uniformly in ¢. This proves (2.102).

Limit (2.103) can be proved using the fact that

60— Plua e = q/‘< A ()0 = p(0))  AD)  dt

| ‘L2<< 00,0):H) S

- q// CAYHE (ot — ) — (), h(B)),, dsdt

WL?(( 00,0 H) =

2p
s/‘;M@wc—@—¢mmwmmmmmw.
0
Because translation is continuous in L?, this converges to 0 as p | 0. The same

argument will show that (2.104) holds true.

O
Using these estimates we can prove the main result of this section.
Theorem 2.7.3. For any v € H'™?% we have
limsup V,,(z) < V(z). (2.105)

w0
Proof. Let ¢ be the minimizer of V(z). This means ¢(0) = z, (2.93) holds and
I () = V(z). For each 1 > 0, let ¢, be the convolution given by (2.96) and let
Ty = u(0).
It is clear that

V() < I (24), (2.106)

where
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According to Lemma 2.7.1, we can apply (2.94) and we have

2 0
P <t [

—00

2

%o,
I
1 (t) . dt + I_oo(pu)

wn [ {02007 (%0 - Ao - o)) a

o H

2 0 1/2
<4/ dt) (ool

By (2.99), this implies

2

A+ Lalpn) +a ( / TP

2 2

%o,
52 (1)

ot?

H2p

8@2

Iﬁoo(’zu) < 1700(90/1)"‘0/12_206 It

E (1700(90#))1/2 )

L2((—00,0);H?P) L?((—00,0);H?P)

and by (2.103) and (2.104)

hm I (p) = oo () = V(7).
w0
Therefore, if we pick o < 1 in (2.95), we get

limsup V,(z,) < limsup I* (z,) < V(z). (2.107)
©l0 #40

Since, in view of (2.101) and Theorem 2.6.3,

limsup V,,(z,) = limsup V,,(z)
w0 40

we can conclude that (2.105) holds. O

Corollary 2.7.4. For any closed set N C H,

limsup inf V,(z) < inf V() (2.108)

u—0 TEN zeN

Proof. 1t in]fv V(z) = 400 then the theorem is trivially true. So we assume that this
Te

is not the case. Then by the compactness of the level sets of V' and the closedness of

67



N, there exists g € N such that V(zy) = inf,en V(x). By (2.105), we can conclude,
as

limsup inf V,(x) < limsup V,(z¢) < V(zo) = inf V().
pu—0 zeN ulo zeEN

2.8  Lower bound

Let N C H be a closed set with N N H'*2% = (). In particular, by Theorem
2.6.3 we have inf ey V,(z) < +00. Due to (2.76) and Theorem 2.5.1, there exists

2t € C((—o0,0]; H) such that

ot =1024(0) e N,  I" () =V, (a") = inﬁ, V().
xre

Now, let " € L*((—00,0); H) be the minimal control such that

t

2H(t) = / Su(t —s)B,(2"(s))ds + / St —s5)Quu" (s)ds,

—00 —00

and

. 1
inf V,(z) = V,(a") = B ’1/)“&2((_00,0);1{) : (2.109)

zeN

In what follows, we shall denote y* = II;2#(0). For any § > 0, we define the

approximate control
W) = (I = 8A) 2" (1), t<0,

and in view of Corollary 2.5.2 we can define z*° to be the solution to the corre-

sponding control problem

290 = [ St = 9B s)ds+ [ St 5)Qut(s)ds.



Notice that, according to (2.54),

Moreover, as " € L*((—00,0); H'), thanks to (2.54) we have

. 76 o
tlenoo 2" ra145) = 0-

In what follows, we shall denote (29, y*°) = 2#9(0).

Lemma 2.8.1. There exists pg > 0 such that
. 5 2 o
(lsl_r)l”[l) 5;15) |t — ot ’HQB = 0. (2.110)

Proof. By (2.67), there exists po > 0 such that for u < pyg

[ — gz < |9 — |2 oo 0yirr-y.

Now, since for any h € H
- 2
_1 _1 1|2 1 1 5
(A =sy = cayhn| =32 (1 ey )

and

we have

This implies
0
|2t — 202, < 05/ [*(s)|3 ds = cd 1n]€/VM(x)
oo xc
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In Corollary 2.7.4 we have proved

limsup inf V,(z) < inf V(x),

ul0 zeEN TEN

and then we obtain
sup |z# — 20| gas < ¢ V6 (2.111)
n<po

which implies (2.110). O

Now we can prove the main result of this section.

Theorem 2.8.2. For any closed N C H, we have

: < Timinf i ‘ .
;g}% V(z) < hrlr}ﬁ)nf ;g}f\’[ Vu(z) (2.112)

Proof. 1f the right hand side in (2.112) is infinite, the theorem is trivially true.

Therefore, in what follows we can assume that

lim inf injf\’/ Vu(z) < 4o00. (2.113)

n—0  z€e

We first observe that, if we define
OO (t) = M 2M0(t), <0,

in view of (2.94)

2

dt
H

B 82g0“’5
g )

,LL2 0
V() < L) = 2 - 5 [

0 52 1,0 o 5
# /oo <Q_1 0,720~ @ A () - Q_IB(<P”’6(t))>Hdt,

(2.114)
Since
W ()| = (I — 6A) V2 () |e < " (t)|m, ¢ <0, (2.115)
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we have

I (249) < T (o) = inf Vi),

so that

1,6 ;
V(@"") < inf V,(z)

0 82 ,0 o 5
_“/!0<Q_le§§<”“94 g:<”'-Q‘5%Wﬁ@>—CJ*Buwﬁu»>Hdt

Thanks to (2.54) and Hypothesis 4, by integrating by parts

V(x"%) < inf V,(z)

zeEN
o~ _ _ _ _
=@y — p{(=A)Q ", Q7N + p{QTIB(x), Q7N
0 5 2 0 5 2 5
Ot / Oph . 5
+c t dt +c t dt = inf V,(z)+ » I/"°.
wf ol o [T 0] = v+
(2.116)
First, we note that
I <. (2.117)

Next, by (2.66) see that

0
[5’6 + Llf’(s <cy/p (|$u’6|§{2ﬁ+2 + M’yu’é‘%pﬁﬂ) + Clu/ |Z#’6<t)’3-t2+25dt

0 — 0o
<clut Vi) [ OO
Since for any h € H we have (I —A)"2h € D(—A)2 and

(AT —54)7hn| <87 nl,,,

we have
W2 ()] < 0TV IR, E <0
Therefore, by (2.109),
t
I+ I < e (u+ /) / [ (0 =267 P (u+ /) inf V(). (2118)
0 S
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By the same arguments, (2.66), and (2.115) give
IV 4 I < e(p + /1) ;g] Vi (z). (2.119)
Combining together (2.117), (2.118), and (2.119) with (2.116), we obtain,
V(2H0) < inf V() + clp + /p) (1 + 6713 inf V.(2). (2.120)
From this, due to (2.113) we see that

liminf V (z*V#) < liminf inf V().

u—0 pu—0 xeN

Since we are assuming (2.113), and, by [6, Proposition 5.1], the level sets of V' are

compact, there is a sequence y,, — 0 and 2° € H such that

lim |g#mvir — 20y =0, V(2°) <lim iglf V(v
p—

n—o0

By (2.110), we have that z# converges to z° in H, so that g € N. This means

that we can conclude, as

inf V(z) < V(2") < liminf V(2*v*) < liminf inf V,(z).

zeN n—0 pn—0 xeN

2.9 Application to the exit problem

In this section we study the problem of the exit of the solution u* of equation
(2.1) from a domain G C H, for any p > 0 fixed. Then we apply the limiting results

proved in Theorems 2.7.3 and 2.8.2 to show that, when p is small, the relevant
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quantities in the exit problem from G for the solution u* of equation (2.1) can be
approximated by the corresponding ones arising for equation (2.2).

First, let us give some assumptions on the set G.

Hypothesis 3. The domain G C H is an open, bounded, connected set, such that
0 € G. Moreover, for any v € 0G N H?® there exists a sequence {Zp}nen C
G° N H'*?8 such that

n1—1>1—|T-loo |z, — I|H1+2B = 0. (2.121)

Example 2.9.1. Assume now that G is an open, bounded and connected set such

that, for any v € 0G N H'2P there exists a y € G° N H'?# such that
{ty+ (1 —-t)z:0<t <1} C G“ (2.122)

Then it is immediate to check that (2.121) is satisfied. Condition (2.122) is true,
for example, if G is convezx, because of the Hahn-Banach separation theorem and the

density of H'*?% in H.
Lemma 2.9.2. Under Hypothesis 5

V,.(0G) := i%fG Vi(z) =V, (za,u) < oo, (2.123)
re

for some xg, € OGN Hiiop.

Proof. Since G¢ is an open set, there exists 7 € G°N H'+25. Because 0 € G, and the
path ¢ — tZ is continuous, there must exist 0 < ty < 1 such that o2 € 9G. Clearly,

toZ € H'?8 so that, as G N H'*?% £ (), according to Theorem 2.6.3

xle%% Vu(z) < o0.
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Moreover, thanks to Theorem 2.5.4, the first equality in (2.123) implies that there

exists g, € 0G N Hitop such that
Vi(za,u) = V. (0G). (2.124)
O

Now, if we denote by 2/ = (u¥_,v#_ ) the mild solution of (3.12), with initial

position and velocity zo = (ug,vo) € H, we define the exit time

T =inf{t > 0:u', (t) ¢ G}. (2.125)

€,20
The following theorem is the main result of this section.

Theorem 2.9.3. There exists g > 0 such that for p < pg the following conditions
are verified. For any zy = (ug,v0) € H such that ug € G and the unperturbed

system has the property that vy, (t) € G, fort >0,

1. The exit time has the following asymptotic growth

lgléelogE (1) = xle%fG V. (z), (2.126)
and for any n > 0,
liiréelog (1) = JB1enafG Vi.(x) in probability. (2.127)

2. For any closed N C OG such that inj{[ Vi(x) > inafG Vi.(z), it holds
TEe s

lim P (ul, (7)€ N) = 0. (2.128)

€20\ 2
e—0 #0 0
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Remark 2.9.4. The requirement that ug, (¢) € G for all t > 0 is necessary because
in Lemma 2.3.4 we showed that there exist zp € G x H~' such that uf, leaves G
in finite time. Of course, for these initial conditions, the stochastic processes ul,
will also exit in finite time for small e.

In [5] it has been proven that an analogous result to Theorem 2.9.3 holds for

equation (2.22). If we denote by u.,, the mild solutions of equation (2.22), with

initial condition uy € H, we define the exit time

Too = I0f{t > 0 ucy, () € G}

U

In [5] it has been proven that for any uy € G such that ug,, () € G, for any ¢ > 0,
it holds

limelogE (7, ) = inf V(z).

e—0 z€0G

Similarly, as we would expect, it also holds that

11_1}(1) elogt; = xle%fG V(z), in probability,

and if N C 0G is closed and inf,cn V(z) > inf,coq V (),

lim P (ug, (75,) € N) = 0.

e—0
The proof of these facts is analogous to the proof of Theorem 2.9.3.

In view of what we have proven in Sections 2.7 and 2.8 and of Theorem 2.9.3,
this implies that the following Smoluchowski-Kramers approximations holds for the

exit time.

Theorem 2.9.5. For any initial conditions zy = (ug, vo) such that the unperturbed
system ug , (t) € G for allt >0,
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lim lim elog E (7/°) = lii%elog E(r,) = inf V(). (2.129)

n—0e—0 x€ 0G

lim lim e log (7£:°) = lgléelog (the) = ;IG%V(I) in probability. (2.130)

pn—0e—0

3. For any N C 0G such that inf,cn V(x) < infcoc V(x), there exits pp > 0

such that for all i < py,

limP (u?, (7)€ N) = 0. (2.131)

€20\ 2
e—0 #0 0

4. If there ezists a unique T € OG such that V(Z) = inf,coc V (z), then

. . 1 e _ 1 €y _ &
}LIL% llj}(l) ue,zo(Tzo ) lg% U’E,ZO (Tzo) L. (2132)

The above theorem demonstrates that the exponential divergence rates of the

exit times and the exit place of the wave equation are accurately approximated by

studying exit problems for the heat equation.

2.9.1 Proof to Theorem 2.9.3

In order to prove Theorem 2.9.3, we will need some preliminary lemmas, whose

proofs are postponed to the next subsection.

Lemma 2.9.6. For u < (a; — )7, >, there exists a constant c(u) > 0 such that

21,29 EH

I 7
sup sup |z, ,. () — 2y, . (L < c(p)|z1 — 22|n- 2.133
e 2., () = 2, ()], < ()] (2.133)
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Lemma 2.9.7. For any closed set N C H, and any v < V,,(N), there exists py > 0

such that if z € C((0,T); H), with [2(0)|3 < po and Ij+(2) < v, then it holds
gg;dIStH(le(t),N) > 12(0)]%.
Lemma 2.9.8. For any pu,e >0 and zg € H, let

THe = inf {t >0: 1Lz, (1) € G or |zész(t)‘H < p} ’

20,0 °

where p > 0 is small enough so that By (p) C G x H™'. Then
tLieroo lir?j&lpelog (ZOEsGuXIJ)LI1 P (i, > t)) = —00. (2.134)

Lemma 2.9.9. Let 74, be the exit time from Lemma 2.9.8 and let N C 0G be a

closed set. Then
lim lim sup € log sup P (I22,, (1) € N) | < =Vu(N),  (2.135)
P=0 es0 20€ By ((1+My,)p) ’ ’

where V,(N) = inf,c n V().

Lemma 2.9.10. For fized p > 0,

lim lim sup € log ( sup P (Sup ZZZO(S)}H > (1+ Mu)p)> = —o00. (2.136)

t=0 50 20€ B (p) s<t

Proof of Theorem 2.9.3. This proof is based on the approach by [13] but we have
made important modifications to deal with both the infinite dimensionality of H as
well as the unboundedness of the cylinder G x H~!. For completeness, the entire
proof is included.

Upper Bound
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As G C H is a bounded set, there exists R > 0 such that G C By(R — 1) If

c(u, 1) is the constant from Lemma 2.3.4, for any zo = (ug, vo) € H such that
u € G, |volg—r > Re(p, 1)t =1 &,

we have that II, 22 leaves Bg, (and therefore ) before time ¢t = 1. Since for any
T>0

lim sup E |2, — 2% [cqorm) = 0, (2.137)

€,20
e—0 ZOE’H ’

this yields

lim inf P (7‘5’6 < 1) >lim inf P (
e—0 ’uoEG 0 e—0 ’LL()EG
|v0‘H_1>N ‘vo‘H_1>l€

ZZZO - Zgo C([0,T];H) < 1) =1 (2.138)

Now, fix n > 0. According to (2.124), there exists zg, € 0G N H'*?? such
that V,(zg,) = V.(0G). Now, if {z,} C G°N H'? is a sequence from (2.121)
such that =, — g, in H'28 as n — oo, due to Theorem 2.6.3 we have that

Vu(z,) = Vu(2e,). This means that there exists 7 such that

Vi(22) < Vi(za,) + £ = V,(0G) +

o
N

In particular, there exists 71 > 0 and 2}, , € C([0,T1]; H) such that z); ;(0) = 0 and

leZ,O(Tl) =T € Gc with

U Ui
I7, (2f0) < Vilwa) + 5 < Vu(0G) + 3

According to (2.133), the mapping zo € H + 2, . € C([0,T1];H) is continu-
ous, and therefore, we can find p > 0 such that
1
|20l < p==dist (2, (T1), (G x H')) > 5dist (2 6(T1), (G x H ') = a > 0.
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In view of (2.70), we can see that there exists €; > 0 such that for all € < €1, and

all |zo|ly < p

p > ¢ e(Vul@t) (2.139)

P (7'236 < Tl) > P <‘Ze O Zw,zo|0([0,T1];H) < a) -

Now, by Lemma 2.3.2 we can find 75 > such that

sup }z“ T2)|
ugeG
‘U0|H71 <k

l\’)lb

Therefore, thanks to (2.137), there exists 0 < €3 < € such that for ug € G, and

|’Uo|H—1 S K,

1

ezo(T2)| <p> > 57 € < €.

P (
Thanks to (2.139), by the Markov property, this implies that for ug € G and

lvo| -1 < K,
1

P (7”” <T)+ Tg) 5 _%(V“(G)J“"), € < €9.

Hence, if we combine this with (2.138), we see that there exists 0 < ¢y < € such

that for all € < ¢,

inf P (8¢ < 14T+ Tp) > —e < Vul@F0), (2.140)

20€Gx H—1

[\DI»—t

By using again the Markov property, for any k¥ € N and zp € G x H~! this

gives

k k
1
P (> k(1+ Ty +Tv)) < ( sup  P(r4 > (1+ Ty + TQ))) < (1 — 56—1%@“’7)) :

20€EGxH—1

so that
L) <

E(74) < (L+ Ty +T0) Y P(r > k(1 + T1 + T3)) < 201+ Ty + Tp)e V@4,
k=0

79



Thus, the upper bound of (2.126) follows as  was chosen arbitrarily small and
the upper bound of (2.127), follows from this by using the Chebyshev inequality.
Lower Bound Let p > 0 to be chosen later. We define a sequence of stopping

times.

O'():O,

(t) & G or |z, ()] < p}, (2.141)

T = inf{t > o, : 1I; 2 L o

€,20
Om1 = Inf{t > 7, 0 |2, (O)|n = (14 M,)p}.

€,20

Notice that these stopping times depend implicitly on u, €, and z; but we have
suppressed those superscripts to simplify notation.

Fix n > 0. By Lemma 2.9.9, we can find p > 0 small enough so that

lim sup € log ( sup P (le“

€,20
=0 20€ By ((1+M,)p)

(10) € 8G)> < —V(0G) +

N3

By the Markov property and the above formula, there exists ¢y > 0 so that for any

€ < € and any m > 1

-V (0G) + 1
supP (71 = 7,,) < sup P (I 2", (10) € OG) < exp (#) _
= 20€ By ((1+My)p) ’

€

(2.142)
Furthermore, by Lemma 2.9.10, we can find Ty > 0 small enough so that by possibly

decreasing ¢, it holds that for all € < ¢

supP (0, — Tmo1 <Tp) < sup P (sup
20 20€B3(p) s<Tp

-V (oG
2ag(8)]y = (1+ Mu)p) < exp (#) .

(2.143)
In [13], the authors observe that the event {7/ < KT} implies that either

{ng’e = T} for some m < k or at least one of the excursions 7,41 — 7, < Tp. Then
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by (2.142) and (2.143) we can bound

k
P (t4° < kTy) < P(71° = 79) Z P(TE = 7)) + P (0 — Tin—1))
m=1

_V(OG) + 1
< P(74° = 19) + 2k exp <&) i

€

We choose

b= |t e (VOD=1) | 4

€

and observe that for small € > 0,

€ V(8G> — 17 € € 4 Ui
P (TZ) < exp (7)) <P (7'2“0 < kTO) < P(TZ)’ = ) + 7T()exp( 2e> .

We argue that this converges to zero. Recall that the initial condition was chosen so
that the unperturbed equation z& ., never leaves G. Also that unperturbed system
converges to any neighborhood 0 in finite time. In particular, we can find 7" > 0
such that |z, (T)[» < §. By uniform convergence on finite time intervals, for small
€,

P
o, (D)l < 2

without first leaving G. Therefore P(7£:¢ = 1) — 0.

This concludes the proof of the lower bound of (2.127). The lower bound of
(2.126) follows by Chebyshev inequality.

Exit place

Let N C OG have the property that V(N) > V(9G). Let n > 0 satisfy
n < 3(V(0G) — V(N)). As in the proof of the lower bound, we choose p > 0 small

enough and ¢y small enough so that by Lemma 2.9.9 for € < e,

sup P (II2!, (1) € N) < exp (M> :

20€By(p) €
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By possibly decreasing ¢p, we can use Lemma 2.9.10 to find 7y such that for all

€ < €p,

sup P (Sup |22 (8)],, > (1 + Mu)p> < exp <_@)

z0€ B (p) s<Tp €

Then for any integer [,

!
supP (1 < 1Tp) < Z sup P (sup
20 m=1 %0 €By(p) s<Tp

2 ()], = 1+ Mu)p> < lexp <—V(N)) .

€

For [ € N to be chosen later

P (le“ The € N)) <P (TZ)’E > Tl) +P (le“

e,zo( 2 €,20

(7’0) - N)

I
+ Z P(rl¢ > 7 1)P(I 22, (7o) € N|TIS > 70)
m=1

< P(7¢ > ITy) + P(ry < 1Ty) +IP’(H12520(70) EN)+Il sup P (le“ The) € N)

€,20 ( 20,P
20€Bx(p)

V(N) —
< P(7° > ITp) + P(I12F, (10) € N) + 2l exp (—u) :

€

We choose [ = [exp (w)} By the upper bound of (2.129) and Chebyshev

inequality we can guarantee that for some 7" > 0 and small enough € > 0

P(r¢ > 1Tp) < %exp (w) :

0 €

This converges to 0 because (V(N) — V(0G)) < 3n. Finally,

P(le’u

€,20

(10) e N) =0

because zy was chosen in such a way that the deterministic path 2, reaches By/(p)

before exiting G. From all of these estimates, (2.128) follows. O
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2.9.2 Proofs of Lemmas from 2.9.6 to 2.9.10

Proof of Lemma 2.9.6. If we let @(t) = Ty (2}, . (t) — 2 _ (1)), then it is a weak

solution to

Py dp
P2 ) + 2 (1) = Ag(t) + B (1) — B2, (1), (2.144)
Therefore, we can conclude as in Lemma 2.3.1. O

Proof of Lemma 2.9.7. Fix v < V,(N). Suppose by contradiction that there exist

{z.} CH, {T,,} C (0,400) and {+,,} C L?((0,T},); H) such that

Jim |zn|n =0, %Wn\%%(o,n);m <,
and
distH(lezmzn(Tn),N) < |zn|nu-
Now, if we set x,, := I, 2}, ((Ty), for any n € N we have, by (2.133),
w0 — izy, . (Tl < c(p) |2,
so that

disty (zn, N) < c(p)|znln + |2nln, n € N. (2.145)

Recalling how V), is defined, we have

1
Vi(z,) < §|wn|i2((0,Tn);H) <.

Now, as proven in Theorem 2.5.4, V,, has compact level sets. Therefore, there
is a sequence {x,, }; C H such that z,, — x, so that V,(z) < v. But, by (2.145),
x € N, and then V,(N) < V,(z) < V,(N), a contradiction. O
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Proof of Lemma 2.9.8. Fix R > sup,cq |z|g + p + 1 and, by Lemma 2.3.4, let us
take £ > 0 such that if |vo|g-1 > & then 2/ leaves Br x H~' before time t = 1.

By Lemma 2.3.2, we can find 77 > 0 such that

p
sup |24 (T <=,
ug€G } 0( 1)|H 4

‘UO|H71SK

and then for any zy € G x H™', 2 (t) leaves (G x H™')\ By(p/2) in less than time

T =T, 4 1. Let us set
a:=inf {I};(2) : 2(t) € (Bu(R—1) x H ')\ By(p/2) for t € [0,T]}. (2.146)

The set above contains no unperturbed trajectories. We would like to show that
a > 0. Suppose that Zi,zo is a controlled trajectory with the property that
2. (t) € (Bu(R) x H')\ By(p/2) for t € [0,T]. Then because the unperturbed

trajectory zfﬁzo either leaves By (R) x H™! or enters By(p/4),

1

B p
<[220 = ool ooz

On the other hand, by arguments similar to those used in Lemma 2.4.5 we see that

sup 120 (20.25 (t) — 205 ()2 < el 20,7y

Therefore, any such v has the property that

p
2 < .
1 S V| L2((0,1): 1)

and

2
p

> — > 0.
a_3202
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By (2.71)

lim sup € log ( sup P(r > T))

e—0 20€GxH1

< limsup elog < sup P (disto([07T];H)(zéfZO, Kb p(a)) > E)) < —a.

e—0 20€EGxH~1

By the Markov property, for any k£ € N,

k
sup P(ro > kT) < ( sup  P(m > T))

20€GxH1 20€Gx H—1

and therefore,

lir%elog < sup P(m > Tk;)) < —ka.
e—

20€EGxH—1
O
Proof of Lemma 2.9.9. Let I', := By((1 4+ M,,)p). For any T > 0 we have
sup P (HIZQZO (Tz*f)’fp) € N)
20€ls (2.147)

< sup P(74°, > T) + sup P(II, 2!

€,20
20 el“p 20 GFP

(t) € N, for some t <T).

Next, thanks to Lemma 2.9.7, for any v < V,(N) fixed we can find py > 0

such that for p < pp and any 7" > 0, the set

{z:2(0) €T, disteqora (2 Kbp(v) < (14 M,)p}

contains no trajectories that reach N by time T. Then by (2.71), for any n > 0, for

small enough € > 0,

sup ]P’(leéfz()
ZQGFp

(t) € N for some t <T)

. 1y
< sup P (distoorym (2 Kor(#) > (1+ M)p) < e e,

€,207
ZoEFp

Now, according to (2.134), we pick T > 0 so that, for small enough € > 0,

sup P(74, > T) < e <.
Z()Erp
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Due to (2.147), this implies our result, as v < V,,(N) and > 0 were arbitrary. [

Proof of Lemma 2.9.10. If 2(t) = 2}, , (t), then

2(t) = S,(t)z0 +/0 S, (t —s)B,(2(s))ds —|—/ St —s)Qu(s)ds
so that, if zo € Byu(p),

tM M, |Q| 2
sup |2(s)n < Moup + 2000 G 12 (8)le + LJ TR

s<t A/ O s<t HA/ O

Therefore, if sup |2(s)| > (M, + 1/2) p, then we get

s<t

1 yotM,(M,+3) r/a
(t):=p (‘ - 2 <|Y|r20.0):1
2 Vo) MQllean Vi Lo

This means that

lim sup € log ( sup P (sup |2 ( ‘H > (1+ My)p>)

e—0 20€ By (p)

1 E
< lim sup € log sup P (dlStC ([0,61:) ( 6ZO,K(’)‘t (_(Eu(t))z)) > B) < _( 1
e—0 20€ B(p) m\2 2

and our result follows as

lim E,(t) = +o00.

t—0

2.10 Gradient nonlinearities

We conclude this chapter by studying a special case of (2.1) and (2.2) where
the nonlinearity B is of gradient type. That is, we assume that B : H — H is given
by

B(z) = —Q*DF(z) (2.148)
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where DF denotes the Frechet derivative of a function F' € C'(H;R) and Q € L(H)
is the covariance operator of the noise w?. We assume that F'(0) = 0 and F(x) > 0.
This means that F'(0) is necessarily a minimum of F' and therefore DF'(0) = 0.
When B has this structure, we have explicit representations for V', V# and V,,.
Moreover, V' and V), coincide for all x € H, u > 0.

First we introduce some examples of B that are of gradient type.

Example 2.10.1. 1. Assume d = 1 and Q = I (white noise). Let b : R — R
be a decreasing Lipschitz function with b(0). Then the composition operator

B : H — H defined by

is of gradient type. In this case we set

z(§)
Flz) = — / /0 b(n)dnde, = € H.
D

Then B(x) = —DF(x) and F(0) = 0. Furthermore, F(x) > 0 because we

assumed that b is decreasing with b(0) = 0. Therefore, for any real number ¢

¢
—/0 b(n)dn > 0.

This function also has the property that

(DF(x) 1), = — / b(a(€))a(€)dE > 0.

D
2. Assume now d > 1 so that we cannot necessarily set ) = I. Letb: R — R

be a function of class C' with Lipschitz continuous first derivative such that
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b(0) =0 and b(n) >0 for alln € R. For x € H set

We can check that F(0) = 0 and F(x) > 0. Furthermore, for any x € H
DF(z)(§) = b'(x(£)).
Therefore, the nonlinearity
B(x) = —Q%(a()), v € H
s of gradient type.

If z € C((—o0,0];H) is such that I ,(z) < 400, then we have

I () = %/_(;

Actually, if I"__ ;(z) < +oo, then there exists ) € L*((—00,0); H) such that

2

dt.  (2.149)
H

@ (W52 0+ 520 - Apto) + PDF(0)

¢ = Iz is a weak solution to

W2 () = Aolt) - 220) - Q*DF(o(0)) + Qv

This means that

00 = @ (1550 + 520 — 4000 + PDF(p(0)

and (2.149) follows.

By the same argument, if I_, ¢(¢) < 400, then it follows that

2

dt (2.150)
H

Lat= [ o (50 - e+ DEGo)
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Theorem 2.10.2. For any fived yu > 0 and (z,y) € D((—A)Y2QY) x D(Q™Y) it
holds

Vi (z,y) = ’(—A)éQ_la:EI +2F (z) + |Q_1y|2 . (2.151)
Moreover

2 +2F(x). (2.152)

Proof. First, we observe that if ¢(t) = I1;2(¢), then

I (2) = %/O

o

w2 [ OO (@ %2007 (k520 - 460)) + QDF (o)) .

H

2

dt

([, Eey 08 2
Q" (WG () = Got0) — Actt) + @DF(e(0) )| .

Recall that in (2.42) C), : H — H was defined as

C(u,v) = (QZ(—A)_IU, %QQ(—A)_IU) . (u,v) e H.

Now, if
. ~1/2 o
tLlEnm|C“ z(t)] 0,
then
tim |30 e)] +|@"%m)| =0
t——00 H ot i ’
so that




This yields

Vi) > | (~A)RQ |

+ 2F (x +u!Q y]H

Now, let Z(¢) be a mild solution of the problem

£(0) = S,(0)(w. =) = | Su(t = 5)QuQDF(:(s))ds.

and let (z,y) € D(C;UQ). Then ¢(t) = I1,2(¢) is a weak solution of the problem

WI2 ) = Ap() ~ 22(0) ~ @ DF(p(), g0 =7, £(0)=

Moreover, as proven below in Lemma 2.10.3,

lim |C 25 )|H:0.

t——o00
Then, if we define $(t) = ¢(—t) for t < 0, we see that ¢(t) solves

T2 = A0+ 20 - @DFGW). p0) =2, P(0)=y

Thanks to (2.153) this yields

= Jeated,

+ 2F (x +/¢{Q y|H

and then

Vi (z,y) —’ Q x‘ +2F (z +,LL|Q y|H

As known, an analogous result holds for V'(z). In what follows, for complete-

ness, we give a proof. We have

Lo =3 [ |0 (G0 + et - @ DFo(0)
w2 [ (0,07 (~a00 + @DP0) )

H

2

dt
H (2.154)
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From this we see that

V(z) > ‘(—A)%Q-lx 2 4 2F(x).

Just as for the wave equation, for z € D((—A)zQ ™), we define @ to be the solution

of
t
@(t) = o — / e =1Q2DF (p(s))ds.
0
We have

lim [(—A4):Q7'3(t)|x = 0.

t——+o0

Then, if we define ¢(t) = @(—t) we get

(1) = ~A0(1) + QD))
so that
I wl$) =[50 +2F()
and

V(z) = ‘(—A)%Q‘lx Z +2F ().

O

Now, in order to conclude the proof of Theorem 2.10.2, we have to prove the

following result.

Lemma 2.10.3. Let (z,y) € D((—A)2Q™Y) x D(Q™Y) and let o solve the problem

pI2(0) = Ap(t) — P20~ @DF(e(1),  p(0) =2, E0) =y (215)

Then



and

lim ‘Cl_l/Qz(t)‘ —0. (2.156)

t—4o00 H

Proof. If in (2.155) we take the inner product with 2Q=20p/dt(t), we have

et H =4 (kle el + [t p]) +2re)) . 2150

Therefore, if we define

CID(xy—‘ Q:c

@yl +2F (@),
as a consequence of (2.157) we get
D, (2(t) < Dp(u,v). (2.158)

Next, by (2.155) and the assumption that (DF(z),z) > 0, we calculate that

=0 (20 + o) @ Act) - QDF((0) )
Q7 0] 2 F(olh).

\@( S0 +0)
< 2‘@ At (t)‘2

H

H

A consequence of this is that

2 [t @ < oty + Q7 tel + Q7 — ka4 20P )

(2.159)

Now, if z(t) = ((2), %f(t)), for any t,7 > 0 we have

T+t

AT +1) = Su(t)=(T) / Su(T +t — $)QuQDF ((s))ds.

T

Because the semigroup S, is of negative type (|[S,(t)|lzp) < Mue=“#") and DF is
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Lipschitz continuous,

T+t
‘Cl”{/ S,(t +T — 5)QuQDF(p(s))ds

T
T+t
< /
/ fwu (t+T—s)
/ t+T s

H

Su(t+T = $)Qu(~AV DF(p(s))| ds

(~AVQDF(e(s))|  ds

H-1
lo(s)] g ds < c|90|L2((T,T+t);H) :

Therefore, by (2.159), for any € > 0 we can pick 7, > 0 large enough so that for all

t>0

Te+t
Cr [ S+ T - 9)Q,QDF () ds| < 5

H

We also note that C'; commutes with S,. Because of this commutivity and the fact

that S, is of negative type,

Of”@upuvﬂgA@awt

OfﬂdTm{

Then, as

\C;1/22|H <c®,(2), z€eH,
by (2.158) we can find a t. large enough so that for all 7' > 0 and ¢ > t.

_ €
‘Cﬁ”&upaﬂﬂ<§

Then for t > T, + ¢,

)oﬁ”dﬂﬂ<e

which is what we were trying to prove. O]
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Chapter 3: Smoluchowski-Kramers approximation near a magnetic

field

3.1 Introduction

We consider here the following two dimensional system of stochastic PDEs

02 B, Ow®
H a;ﬂ (£7t) = Au#(é-’t) + B(u“<,t),t) + m X %(gut) + G(u#(7t>7t) %(5725)7
0
0, (6,0) = wo(®), FE0) =w(§). €D, wl&) =0, €D,
(3.1)

where D is a bounded regular domain in R?, with d > 1, B and G are suitable
nonlinearities, m = (0, 0,m) is a constant vector and w?(t, £) is a cylindrical Wiener
process, white in time and colored in space. In the case that the spatial dimension
d = 1 we can take space-time white noise.

By Newton’s law, the vector field u, : D — R? models the displacement of
a continuum of particles with constant density ¢ > 0 in the region D C R? in
presence of a noisy perturbation and a constant magnetic field m = (0,0, m), which
is orthogonal to the plane where the motion occurs (in what follows we shall assume
just for simplicity of notations m = 1). For example, if d = 1 and D = [0, 1], this
could model the displacement of a one-dimensional string, with fixed endpoints, that
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can move through two other spacial dimensions, where the Laplacian A models the
forces neighboring particles exert on each other, B is some nonlinear forcing, and
Ow? /0t is a Gaussian random forcing field, whose intensity G' may depend on the
state wu,.

In [2] and [3], the authors prove the validity of the so-called Smoluchowski-
Kramers approximation, in the case the magnetic field is replaced by a constant
friction. Namely, it has been shown that, as p tends to 0, the solutions of the
second order system converge to the solution of the first order system which is
obtained simply by taking p = 0. Moreover, in [8] and [7] we have studied the
interplay between the Smoluchowski-Kramers approximation and the large deviation
principle. In particular, we have shown how some relevant quantities associated with
large deviations and exit problems from a basin of attraction for the second order
problem can be approximated by the corresponding quantities for the first order
problem, in terms of the small mass asymptotics described by the Smoluchowski-

Kramers approximation.

One might hope that a similar result would be true in the case treated in the

present paper. Namely, one would expect that for any 7> 0 and p > 1

lim E sup |u,(t) — u(t)|?s, ppey =0, 3.2
fin B s [0,(0) = 00 5:2)

where u(t) is the solution of the following system of stochastic PDEs

Ow®

%(5, ) = Jy' [ Bul€ 1) + Blul 1), 1) + Glul 1)) - (6] (3.3)

u(§,t) =0, £€dD,  u(£,0)=wu(§), & €D,
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where

0 —1
J&lI—JOI

1 0
Unfortunately, as shown in [4] such a limit is not valid, even for finite dimen-
sional analogues of this problem. Actually, one can prove that if the stochastic term
in (3.1) is replaced by a continuous function, then u, would converges uniformly in
[0, 77 to the solution of (3.3). But if we have the stochastic noise term, this is not
true anymore. An explanation of this lies in the fact that, while for any continuous
function ¢(s) it holds

t

lim [ sin(s/p)p(s)ds =0,

u—0 0
but if we consider a stochastic integral and replace ¢(s)ds with dB(s), we have

t

lim [ sin(s/p)dB(s) # 0,

pn—0 0

since

Var (/Otsin(s/u)dB(s)> :/OtsiHQ(s/,u) ds =L as pl0)

Nevertheless, this problem can be regularized in such a way that a counterpart
of the Smoluchowski-Kramers approximation is still valid. One possible way consists
in regularizing the noise (to this purpose, see [4] and [17] for the analysis of finite
dimensional systems, both in the case of constant and in the case of state dependent
magnetic field). Another possible way, which is the one we are using in the present

paper, consists in introducing a small friction proportional to the velocity in equation
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(3.1) and considering the regularized problem

9%us ous ous Ow®
M _ € € (. - M _ M €.
(1) = D (6) + B, 0),0) 4 7 % (1) — € (1) + Gl - 0),1) T (1),
ouS,
U,Z(O) = Uo, 0tﬂ (0) = o, UZ(gat) = 07 f S aD:
(3.4)

which now depends on two small positive parameters € and . Our purpose here is
showing that, for any fixed ¢ > 0, we can take the limit as p goes to 0. Namely, we

want to prove that for any 77> 0 and p > 1

ImE sup |u(t) —u(t)[Vs, poy =0, 3.5
lim te[o%]‘ () = we ()72 p ey (3.5)

where u,(t) is the unique mild solution of the problem

ou, 1 ow®
W(gat) = (JO + €I> Au6(€7t) + B(UE('7t)7t) + G(“E('?ﬂ?ﬂ?(&t) s
u(§,t) =0, £€0D,  u(£,0)=uo(§),£ €D,

(3.6)

which is precisely what we get from (3.4) when we put u = 0.
The proof of (3.5) is not at all straightforward. First of all, it requires a thor-
ough analysis of the linear semigroup S5 (t) in the space L*(D) x H~(D), associated

with the differential operator
1
A (u,v) = ;(/w, Au—(Jo+el)v), (u,v) € D(A;) =H' (D) x L*(D).

Suitable uniform bounds with respect to g have to proven in order to prove the
convergence in an appropriate sense of the semigroup Sf(t) to the semigroup 7T.(t)
associated with the linear differential operator (Jy + €I)"'A in equation (3.6).
Next, as the nonlinearities B and G are assumed to be Lipschitz-continuous,
in order to obtain (3.5) the whole point is showing that the stochastic convolution
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associated with equation (3.4) converges to the stochastic convolution associated
with equation (3.6). To this purpose, we have to distinguish the case of additive
noise (G constant) and of multiplicative noise (G depending on the state u). As a
matter of fact, while for additive noise the result is true in any space dimension, for
multiplicative noise we are only able to treat the case of space dimension d = 1 (see
also [3] for an analogous situation). In both cases, one of the key tools in the proof

is the stochastic factorization formula combined with a-priori bounds.

Once we have obtained (3.5), we show that the regularized problems (3.4) and
(3.6) provide a good approximation for the original problems (3.1) and (3.3), where
the magnetic field is acting in absence of friction. Thus, we prove that for any fixed
p > 0 and for any € > 0 small enough the solution uj, of the regularized system (3.4)

is close to the solution of the original system (3.1). More precisely,

g s 6) — (0 iy =0 (3.7)
and
ImE sup %(t) - %( ) ' =0 (3.8)
=0 epor)| Ot ot H~1(D;R2)
In the same way, we prove that
HImE sup [uc(t) — u(t)|72pge) =0, (3.9)

0 4e0,1)
where u(t) is the solution of system (3.3). To this purpose, we would like to stress
that system (3.3) is not of parabolic type and the semigroup 7p(¢) associated with

the differential operator

JO_IA<U1, UQ> == (—AUQ, Aul)
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is not analytic in L*(D;R?) (in fact, it is an isometry). In particular, equation
(3.3) is not well posed in L?(D;R?) under the minimal regularity assumptions on
the noise required for systems (3.1), (3.4) and (3.6) to be well posed and for limit
(3.5) to hold. Actually, the noise in system (3.3) has to be assumed to be taking
values in L?(D;R?) (which means that the covariance of the noise is a trace-class
operator). Moreover, in spite of the fact that both system (3.1) and system (3.4)
are well defined under weaker regularity conditions on the noise, limit (3.7) is true

only if the covariance is trace-class.

3.2 Assumptions and notations

Let us assume that D is a bounded regular domain in R, with d > 1. In what
follows, we shall denote by H the Hilbert space L?(D,RR?), endowed with the scalar

product

(21, 5), (X2, 12)) s :/

D

(€)1 (€) dE + /D U1 (€9 (€) de.

and the corresponding norm | - |4.

Now, let A denote the realization of the Laplace operator in L?(D;R), endowed
with Dirichlet boundary conditions. Then there exists an orthonormal basis {é}
for L?(D) and a positive sequence {&;} such that Aé, = —ayéy, with 0 < & <

ar < Gpy1. Thus, if we define for any k& € N,
eak—1 = (€x,0), ag = ay,

ear, = (0,€1), Qa1 = dy,
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we have that {e,}?2, is a complete orthonormal basis of H. Moreover, if we define

~ ~

D(A) = D(A) x D(A), A(z,y) = (Az, Ay), (z,y) € D(A),
we have that
A@k = — g€, ke N.

Next, for any § € R, we define H° to be the completion of C§°(D;R?) with

respect to the norm
oo
2
[ulfs = D g (wen) -
k=1
Moreover, we define Hs := H® x H°~!, and in the case § = 0 we simply set H := Ho.

Finally, for any (z,y) € Hs, we denote
M(z,y) =z € H, Ih(r,y)=yeH "
The cylindrical Wiener process w@(t) is defined as the formal sum

wl(t) =Y Qerfi(t),
P

where @ = (Q1,Q2) € L(H), {06k} is a sequence of identical, independently dis-
tributed one-dimensional, Brownian motions defined on some probability space
(Q, F,P) and {e;} is the orthonormal basis of H introduced above.

Concerning the non-linearity B we assume the following conditions

Hypothesis 4. The mapping B : H x [0, +00) — H is measurable. Moreover, for

any T > 0 there exists kp(T) > 0 such that

|B(x,t) — B(y,t)|y < ks(T)|x —ylg, xye H, te[0,T],
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and

sup |B(0,8)|n < kp(T).
te (0,7

In the case there exists some measurable b : R X D x [0,4+00) — R such that

for any # € L*(D) and t > 0

B(x,t)(§) = b(z(£),€,1), &€ D,

then Hypothesis 4 is satisfied if b(-,&,¢) : R — R is Lipschitz continuous and has
linear growth, uniformly with respect to £ € D and t € [0,7], for any 7' > 0.

Concerning the diffusion coefficient G, we assume the following

Hypothesis 5. The mapping G : H x [0, +00) — L(L>®(D); H) is measurable and

for any T > 0 there exists kg(T) > 0 such that
|[G(x7t>_G(y7t)]Z|HSKG(T>|$_Z/|H|Z’007 r,y€ H, z¢€ LOO(D)u L e [O,T],
and
sup |G(0,t)z|lg < ka(T)|2|ee, 2z € L=(D), te [0,T].
te (0,7
In particular, this implies that for any x,y,2z € H
[G"(2,t) = G*(y. )]zl wepyy < we(T)le —ylulzln, € [0,T]. (3.10)
If for any x € L*(D) and z € L®(D) we define

(G(z,1)2](§) = 9(x(£),&,1)2(), € D,

for some measurable g : R? x D x [0, +oc] — £(R?), then Hypothesis 5 is satisfied if

sup sup ‘g(l’,f,t) - g(yafat)‘E(RQ) < KT‘:C - y‘RQ
£eD te(0,T)
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and that it has linear growth

sup sup |g(x,&,t)|cme) < k(1 + |2]re).
¢eD te[0,T]

Actually, in this case

|(G(l’1, t) - G(l’g, t))yﬁ{ = /D |(g(x2(§), 57 t) - g($2<§), 57 t>>y<§>|%§2d£
< rr /D 22(E) — 21(6) oy (©)|2ade < |2 — 13 Iyl

and by the same reasoning

G (@, )yln < vr(l+ [z]m)]Y] (3.11)

Now, for any > 0 and § € R, we define on H; the unbounded linear operator
1
Ay (u,v) = ;(/w,Au — Jov),  (u,v) € D(A,) = Hst1,

where Jj is the skew symmetric 2 x 2 matrix

It can be proven that A, is the generator of a strongly continuous group of bounded
linear operators {S,(t) }+>0 on each H; (for a proof see [18, Section 7.4]).

Moreover, for any p > 0 we define
B, :H x[0,400) = H, (2,t)€ H x[0,+00) > %(O,B(le,ﬂ),
and
G, H x[0,400) = L(L®(D),H), (z,t) € H x[0,400) — %(O,G(le,t)).

102



With these notations, if we set

system (3.1) can be rewritten as the following stochastic equation in the Hilbert

space H

A1) = [Au2u(t) + Bu(zu(0).0] di+Goulz,(0), 0w (1), 2,(0) = (g, o). (3.12)

3.3 The approximating semigroup
In what follows we will consider (3.4). For any p,e > 0 and 0 € R, we define
€ 1 €
A (u,v) = ;(,uv,Au —Jw),  (uw,v) € D(A,) = Hs,

where

Je=Jo+el = ., e>0.
—1 €

As we have seen in the previous section for A, it is possible to prove that for any
p,€ > 0 the operator Aj, generates a strongly continuous group of bounded linear

operators Sg(t), t > 0, on Hs.
Lemma 3.3.1. For any (z,y) € Hy, with 0 € R, and for any p, e > 0 let us define
up () = ILS, () (), v (t) = TS (t) (2, y).
Then
Mm@@H+mmm;+%Aﬁmw;1m:um;l+mm, (3.13)
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and

t
2 €
s (B) 2 + |1 (1 +Ju(ﬂm1+2§/\%@N#dszum@w+my+ﬁﬂ%ev
0

(3.14)
Proof. Since
ous
(1) = i (1),
we have
v, ; c
Sy (t) + Jevp, (t) = Aug,(t). (3.15)

Then, if we take the scalar product of both sides above with v}, in H =1 we get

1d
2dt (“ [V s + Iu;(t)ﬁ,@) = —€ [vn(6)] 30 »

which implies (3.13), as uf,(0) = = and v;,(0) = y.
Next, by using again (3.15), we have

dt2 |/w )+ Jeug,( ’29 L </w ) + Jeug, (t ),Au;(t)>H971

wd

5 77 |60 — €l ®)]0

and then, integrating with respect to time, we get (3.14). O

Notice that in particular this implies that for any s, e > 0 there exists ¢, > 0

such that for any (z,y) € Hy

| 150 e < Ll

As a consequence of the Datko theorem (see [1] for a proof), we can conclude that

there exist M

we> and w, . > 0 such that

1S5 ()| gy < Mpee™ <, £>0.
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Lemma 3.3.2. For any p,e > 0, and for any 0 € R and v € [0, 1] it holds
LSS (1)(0.9)] 0 < 200 Jylposns, 20, ye HOOL (3.16)
Proof. Let ug,(t) := I11.55(t)(0,y). By (3.13),
€ 2 2
|43, ()] o1, < Hilylipo-s.

Notice that for any = € R?, |Jz|3; = (1 + €?)|z|ge. Then by (3.14) and (3.13),

€ 2
JEU’/,L (t) | HO+~v—1

€ 2 € 2
uﬂ<t)|H9+W*1 S (1 + 62) uu(t>}H9+wf1 =

2

ous ous,  |?
<2 w a2 [SE0] < 4.
8t HO+v—1 8t HO+v—1
Then, since for any x € H™
1—

2] o < |x|’[y{9+w—1|x|H9+w

we conclude that

€ € € — 14y
s O)lo < 150 oo [ O < 2708 o,

Now, for any p > 0 we define the bounded linear operator
1
Q. :H—H, =z¢€ HH;(O,Qx)E H.
Lemma 3.3.3. Assume that there exists a non-negative sequence {\}ren such that
Qek = )\kek, k € N.

Then, for any 0 < § < 1 and € > 0 there exists a constant ¢ = c(e,0) > 0 such that

for any k € N and 6 > 0
OO -4 € 2 /\i
sup/ s |HISM(5)Quek|H ds < e (3.17)

n>0Jo k

105



and

o0 3 . 9 )\2
sup MH(S/ 570 ’HQSu(S)Quek’Hg_l ds <c 159. (3.18)
n>0 0 (7%
Proof. We have
-1
00 B . ag - . 5 00 - . 5
/ s70 |H15H(S)Q“ek|2ds :/ s70 |HlSM(s)Quek|Hds+/ 8 J ‘HlSu(s)Quek‘Hds.
0 0 .

Due to (3.16), with # = 0 and v = 1, we have

a;l a;l 4 22
570 ‘HISZ(S)Q“ek‘i{ds <4 |Qek|§{/ s0ds = —1—55. (3.19)
0 0 1—9 Q.

Moreover, due to (3.14) we have

/a,;l s }Hlsu(S)Quek‘Hds < 2_60% |Qex|i— = 2_604,1;6'
Together with (3.19) this implies (3.17).

To establish (3.18), we write
- -0 € 2
/ s ‘HQSM(S)Quek‘Hgfl ds
0

m 0
= /O s70 ’HQLS’;(S)Q”(B;C{2971 ds + / s7° |HQS;(3)QHek|H071 ds.
I

Thanks to (3.13) we have

" S 6)Que s < DiQenfns [ 570 = T B
s s < —|Qex|o- s %ds = ,
and
- € 2 L5l 2 _ b A
/M S ‘H2SH<S)Q“€IC‘H9*1 ds S %,U/ ;|Q€k‘Hg_1 = %Fﬁ’
and these two estimates together imply (3.18). O

Now, for any € > 0 we define

FRPE =R R I (3.20)
€ -— J¢ _1+€2 ) .
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and we denote by T,(t), t > 0, the strongly continuous semigroup generated by A,

in H?, for any # € R. Moreover, we denote
Qe = Je_lQ
Lemma 3.3.4. We have

ITo(t) | ooy < € v, 1> 0.

Moreover, if there ezists a non-negative sequence {\g}ren such that

Qer, = \wer, ke N,

(3.21)

then, for any 0 < 6 < 1 and € > 0 there exists a constant ¢ = ¢(0,€) such that for

any k € N
2

> A
/ s70|Tu(8)Qeex|? ds < ¢ kd.
0 a

1—
k

Finally, for any k € N

T
1

/ s70 \TG(S)QGek]z ds < 135 79 AL
. _

Proof. Let x € H?, and u.(t) = T.(t)z. This means

Oue 1 e —1

(1) = Acu(t) = 5 — Auc(t)

Then, if we take the scalar product in H? of the above equation by wu.(t)

2¢

d

a (’ue(t)‘?{e) = —1 T 2 (‘Ue(t)ﬁiue)
2eq

<~ (Ju®)fe)

and this implies (3.21).
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In order to prove (3.22), we observe that if u.(t) = T.(t)Q.ex, then

ou,
ot

(t) = —apJ tuc(t).

By the same arguments that we used above,

_cop e e
|u6(t)|H =€ 62+115|Qe€k:|H - Ve + 16 ez+1t7

and therefore,

00 )\2 ]  2eay,
—6 2 k 4 s
s 0 Te(s)Qeek |7y ds < / s % 1+e27ds
/0 B m (1+€) Jo
S 2eay

A % s 5 —2o
< s7%ds + ay, e +2°(s
62 + 1 0 at
2

k
)\i 1 51 51—|—62 i
—— af < k.
>~ €2+1 (1_50% +ak 2€C¥k —C(aae) allc_é

Finally, in order to prove (3.23), we notice that

T T T1—5
/ s70|Tu(s)Qeer o ds < )\i/ s 0ds = AL

]

In view of the previous estimates for S7,(t) and T¢(t), we can prove the following

convergence result.

Theorem 3.3.5. For anye >0,0<ty <T, andn € N,

llg% sup |51221 |11y S5, (8) (Poz, 0) — Te(t) Paz|,, = 0, (3.24)
and
lim sup  sup |SILSS()(0, Pay) — T(0)J Pay| =0, (3.25)
H=00<to<t<T |y|y <1 | 1 H
where P, is the projection of H onto the n-dimensional subspace H,, := span{e, ..., ea,}.
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Proof. Fix k € N, and let us consider the function wus,(t) = I1,.5;(t) (x, %), with

x,y € span{egg_1, €ax ;. We have

0%us ous
I

P (0) T (1) = — e (1)
; du, y
UN(O) =7, atu (0) = p7

so that

d [ 2,0u; Qo ey .
pr <eu 8t“(t)> = ———er u(tl).

By integrating in time, we see that

Integrating once again, and exchanging the order of integration, we conclude that

IL S5, () (z,y/p) = ug,(t) solves

ey

¢
up,(t) = o + (] —e n ) J 1y — O./Qk/ <] — e_Jf(t_s)) Je_lu;(s)ds. (3.26)
0
Now, since T.(t)x solves the equation
¢
T(t)xr =z — a%/ J T, (s)xds,
0
from (3.26) and (3.13), we get

|TL,.S5 () (2,0) = Te(t)z |,
t t
< Oégk/ ‘Je_l(HlS;(s)(x,O) - Tg(s)z)‘Hds + agk/ |e*%(t’S)ngS;(s)(x,O)|Hd3.
0 0
t t
< Oégk/ ‘HlS;(s)(x,O) - Te(s)x}Hds + Oégk/ e ult=9) ds|z|g.
0 0

From Gronwall’s inequality we see that for 0 <t < T,

|1, S5(t)(2,0) — T.(t)z] , < ga%mf,eaﬂ,
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and this yields (3.24).
We prove (3.25) analogously, by taking x = 0 in (3.26). In this case, thanks

to (3.16) and the fact that [|J || ;g2 < 1.

1 .
’—Hls,i(t)(o,y) STy < ey
I H H
¢ 1
raue [ |1 (—nls,i(s)(o,y)—Te<s>J;1y) s
0 % H

ds
H

1
Eﬂlsz(s)(ovy) - Te(S)ngy

€ ].
e‘i(t_s)JelﬁﬂlS;(s)(O, y)

t
+Oé2k /
0

t
< e—;t‘th + 042k/
0

_ €y Qo b ‘11 € -1
< (e S . > lyla + o ;Hlsu(s)(ovy) —T(s)J 'y
0

t
d3+a2k/ e n(t9 dsly|u
0

H

ds.

H

By Gronwall’s inequality,

1
LS00.0) - 70

< (7% [yly + FEyl ) T, e [0.T],
H €

and this implies (3.25). O
Corollary 3.3.6. For any ¢ >0 and T > 0 and for any (x,y) € H,

lim sup |11, S}, (t) (7, y) — Te(t)x|m = 0. (3.27)

u—=0 <

Moreover, for any y € H and 0 < to < T,

1
lim sup |~I1,S;(t) (0,y) = T.(t)J 'y
H=0 o <t<T |

— 0. (3.28)

H

Proof. We have

(S0 (2, y) = Te@)z|n < [TSEE)(0,y) | + TS (4) (Pax, 0) = Te(t) Pox|a

+|H13;(t)(x — Pz, 0)| 4+ sup |T.(t)(z — Pyx)|g := L (t) + Z I, (t).

t<T
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By (3.13) and (3.21), for any n > 0 there exists n, € N such that
A%Aﬂ+hﬂmgmx—QMM§g,t20

Moreover, by (3.24), we can then find p; such that for u < py

sup I, 2(t) <
te (0,7

w3

Y

and then since from (3.13)

sup I1(t) < 2ulylm,
t>0

we can conclude that

sup |ILS)(t)(z,y) — Te(t)zln <n,  p < po,
t€ (0,7

and (3.27) follows from the arbitrariness of n > 0.

In order to prove (3.28), we have

‘iSZ(t) 0.y) = T.() )"y

1 _
< ‘;S;(t) (07 Pny) - TG(t)Je 1Pny

T Iy = Pay)|y = D Ing(8):

Jj=1

H

H

1 €
+ ’;HISM(t) (07 Yy — Pny)

H

By Lemma 3.3.2 and (3.21), we have
Lno(t) + Ins(t) < cly — Poylu, t>0.
Then, for any > 0 we can fix n,, € N such that

sup I o(t) + I, 5(t) <
>0

N3

Moreover, thanks to (3.25), we can find pg such that for all p < po,

sup Inn,1<t) <
te [to,T]

N3

Because n > 0 was arbitrary, (3.28) follows.
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Corollary 3.3.7. Foranye >0, T > 0 andp > 1 and for anyp € LP(Q; LP([0,T]; H)),

p

1/0 HlS;(t—s)(O,w(s))ds—/o Tt — $)J-\i(s)ds| —0. (3.29)

H H

lim E sup
=0 e 0,17

Proof. For any ¢ € LP(Q; LP([0,T]; H)) and n € N, let us define

Un(t) = Ly wemp Patp(t),  t € [0,T].

We have clearly ¢,, € L*(2x[0,T]; H,) and by the dominated convergence theorem

Tim Bt — I, = 0-

If for any p,e > 0 and ¢ > 0 we define

€ €

1
(I)#(t)y = ﬁnls;@)(ovy) - Te(t>‘]71y7 Y€ HJ

for any 0 < 0 < t, we have

L ! 4
[ msste = (0. 0eNs = [ T =957 0

t t—48
= [ @ =9 —vasNds+ [ @ =9 (s)as

N / B (t — 8)bn(s)ds = Ina(t) + Lna(0,1) + Lns(6,1).
t—0

As a consequence of Lemma 3.3.2 and (3.21), we have that for any fixed € > 0

sup sup ||[®X(t)| zm) = M < +oo,
te [0,7] p>0

so that

E sup Un,1(t)|p <717 IMPE|¢ ¢n Lp([0,T);H

te [0,T
Therefore, for any 7 > 0 there exists n, € N such that
p n
E sup [l 1(0)|h < 5. (3.30)
te (0,7 3
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Next, since [, (5)|g < ny, for every s € [0,77], we have

R p 1
_ (1 < .
0y (t) (3> nnM/\t:EtSE%}’]n,3(5n(t)vt)|H— (3.31)

w

Finally, by (3.25) we can find pp > 0 small enough so that for p < pg

1
sup  sup |®X(t)P,, yln < (%)p>
te [0, (t),T] |yla<ng

so that

E sup |L,(0,(t), )} <
te (0,7

w3

Together with (3.30) and (3.31), this implies (3.29).

3.4 Approximation by small friction for additive noise

In this section, we assume that the noisy perturbation in system (3.1) is of
additive type, that is G(z,t) = I, for any x € H and t > 0. Moreover, we assume

that the covariance operator () satisfies the following condition.

Hypothesis 6. There exists a non-negative sequence {\ }ren such that Qe = \pey,

for any k € N. Moreover, there exists 6 > 0 such that

e 2
> <

e
k=1

1_
Qy

With the notations we have introduced in Sections 3.2 and 3.3, if we denote

ous
A0 = W0, T W), 120,

the regularized system (3.4) can be rewritten as the abstract evolution equation

dz(t) = [A525(t) + Bu(z(t),1)] dt + Qudw(t),  z(0) = (z,y) (3.32)

"
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in the Hilbert space H.

€

..(t) converges

Our purpose here is to prove that for any fixed € > 0 the process u

to the solution wu.(t) of the following system of stochastic PDEs

ou Owe
“(t) = JT Auc(t) + Be(ue(t),t) +
ot ot (3.33)

ue(0) = ug, w(&t)=0, &€ 9D,

where for any € > 0 we have defined Q. = J'Q and
B(x,t) = J 'B(x,t), z€ H, t>0.

Notice that with these notations and A, defined by (3.20), system (3.33) can be

rewritten as the abstract evolution equation
du(t) = [Acuc(t) + Be(uc(t), )] dt + Qcdw(t),  uc(0) = uo, (3.34)

in the Hilbert space H.

According to Lemma 3.3.3, due to Hypothesis 6 for any ¢ > 0 we have

t [es) 0 2
A
[ S I 90l <009 30 Ay
0 k=1 =1 Yk

This implies that the stochastic convolution

I,(t) ::/0 SL(8)Qudw(s), t=>0,

takes values in LP(Q;C([0,T);H)), for any T" > 0 and p > 1 (for a proof see
[12]). Therefore, as the mapping B, (-,t) : H — H is Lipschitz-continuous, uni-
formly with respect to t € [0,7], we have that there exists a unique process

z;, € LP(€;C([0,T]; H)) which solves equation (3.32) in the mild sense, that is

2, (t) = S5 (t)(uo, vo) —i—/o S5t — 5)B(2,(s), s) ds + T, (t).
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In the same way, due to (3.22) we have that the stochastic convolution

I.(t) = /OtTe(s)Qedw(s), £>0,

takes values in LP(Q2; C([0,T]; H)), for any T' > 0 and p > 1, so that, as the mapping
B(-,t) : H — H is Lipschitz-continuous, uniformly with respect to t € [0,7], we
can conclude that there exists a unique process u, € LP(€;C([0,T]; H)) solving

equation (3.34) in mild sense, that is

u€<t>:T€<t>u0+/0T<t—s>B< (3), 8)ds + T (t).

Theorem 3.4.1. Under Hypotheses 4 and 6, for any e >0, T > 0 and p > 1 and

for any initial conditions zo = (ug,vo) € H, we have

lim E sup |ug, (t) — u(t P =0. 3.35)
H

p=0 <
Proof. Due to Lemma 3.3.2 and the Lipschitz continuity of B, we have
‘u;(t) — ug(t)‘H < |HlSZ(t) uo|H +c/ ‘u — Ue(s | ds

+ /o (11155, (t — 5)Byu((uc(s),0), s) — Te(t — 5)Be(ue(s), s)] ds

T ITL(8) = Te()]n,

and then, from Gronwall’s Lemma, for any p > 1 we get

sup ‘u - ue(t)’];{ < ¢,(T) sup |1 S5 (t) (w0, vo) — T6u0|§{
te (0,77 te [0,T]
t P
+c,(T') sup / (I1.S5,(t — $)Bu(Xc(s),s) = Te(t — s)B(Xe(s),5)) ds
te [0,T] H
3
+e(T) sup [T (2) |p = ¢,(T) Z sup |1 (t)|%-
te [0,T 1 t€[0,T]
By (3.27)

lim sup |/ =0.
Nﬁote[OT]’ 1Ol
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Moreover, by (3.29), we know that

limE sup |I. =0.
ti & s |1(0)

The analysis of I3(t) is more delicate. By using the factorization method

(see [12, Chapter 5]) for any o € (0,1) we have

s1n7r7ra 3(t) = /0 (t=o)" /OU(U — ) (HIS;(t —8)Qu — Te(t — S)Qe) dw(s)do
/0 (=0 Tt = oW+ [ (6= LS (= )0, Vi)

+/ ) IS5 (t — o) — Tt — 0)] Y,25(0)do,

where

(0 —s) " [II1S(0 — $)Qu — T.(0 — 5)Qc] dw(s)

(0 — ) "sS}, (0 — 5)Qudw(s),

i
o\c\o\

(0 — ) IS}, (0 — 5)Qudw(s).

We have

T 00
o)y < / 572 Z | [I155,(5)Qp — Te(s5) Q] ekﬁ{ ds.
0 k=1

If we choose o = ¢, then by (3.17), (3.22), (3.28), and Hypothesis 6, from the

dominated convergence theorem we have

T 00
lim s9/2 Z | [HlS;(s)QM — Te(s)Qe] ekﬁq ds = 0.
—1

n—0 0

Therefore, from the Gaussianity of Yli /14(0), for any p > 2

lim sup E|Y§’/14(0) b=0.

w=0 <
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Thanks to (3.21), this implies that if we take p large enough so that

p(0 —4)/4(p — 1) > —1, we have by Holder’s inequality,

p

limE sup
1=0 te(0,7]

t
/O (t — 0P T(t — )Y (0)do
H

-1

T pe-a) = T
< sup |T.0]com / Gt ) lim [ E
0

0<t<T u=0 Jo

Y6/4(0)‘p do = 0.

1
l’L7 H

Next, we remark that in view of (3.18) and Hypothesis 6,

EJY, 5 (o) < e DY
k=1

s < 00,
ag

and by Lemma 3.3.2,

¢ 5/4 2 5/4
S5 (00,75 )| < 200y ) s,

Therefore,

b
2

sup BT, 55(t — 0)(0, LY} ()

o<t<T

p 1 )\
B E k
<— Cp‘ ‘ 1-6
Ho-1 o

k=1

Therefore, if we pick again p large enough so that p(§d —4)/4(p — 1) > —1, we get

t p
lim E sup / (t— 0)0‘_1H1$;(t —0)(0,Y(0))do
r=0 <1 | Jo ’ H
T oap Pl . 5/4
<T o= do lim sup E[I1,S},(t —0)Y,5 (0)[%s- = 0.
0 #=05<t<T ’

Finally, for any n € N, we have

/t(t — a)(%%4 [HlS;(t — o)} — T.(t — O')} Y£é4(0)da

— / (- o) [ILSE (1 — o)IT: — Tt — o) (P25 0) + (v (0) = PYili(o))) do

By (3.17),
54, \|? T i 2 N2
sup E|P,Y,.5 (a)‘ < / §72 Z ‘HlS;(s)Quek‘Hds <c Z -~
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and

5/4 54, |2 T s . 2 SNPY,
E|v[(o) - P,Y?, (a)‘H:/ s Y ISLo)Quenlyds < S
0 k=n-+1 k=n+1 QU

This implies

p
sup sup E PnY,fé4(a)‘ < 400 (3.36)
p>0,neN g€ [0,T] ' H
and
lim sup sup E|v2(0) - PYY o) =o. 3.37
n—>-+00 u>13 e [OI,)T} w3 ( ) w3 ( ) - ( )
This implies that for any p such that p(6 —4)/4(p — 1) > —1
t - . 51 P
E sup (t—o)® [ILSy(t — o)} = T.(t —0)] Y, 5 (0)do
te (0,17 1Jo ’ H

T gy P r
< (/ o =D da) sup sup IS, (¢)(Puz,0) — Tg(t)anV;{/ E
0 0

te[0.7] |zl <1

P
PnY,ié4(U) ‘H do

T
+ s (LSO e + 17 0lecn) [ B

te (0,7

M3

/4 5/4, [P
Y o) — PY.S (o—)‘Hda)
By choosing n large enough, (3.36) and (3.37) yield
p

= 0.
H

limE sup
=0 e 0,1

/t(t — )T [ILSS(t — 0T} = Tt — 0)] Y5 H0)do

w3

3.5 Approximation by small friction for multiplicative noise

In this section we assume that the space dimension d = 1 and D is a bounded
interval, the diffusion coefficient GG satisfies Hypothesis 5 and the covariance operator

@ satisfies the following condition.
Hypothesis 7. There exists a bounded non-negative sequence {\tren such that

Qek = )\kek, k € N.
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We begin by studying the stochastic convolutions
t
T = [ it =G0, 9)du%s), = € Q. C0.TIH),
and
t
Le(u)(t) =/ Tt = 5)Ge(u(s), s)dw(s),u € LP(Q,C([0,T]; H)).
0

With the notations introduced in Sections 3.16 and 3.19, the regularized system

(3.4) can be rewritten as

dz(t) = [AGz(t) + Bu(zg (1), )] di+Gu(zg(t), 1) dw®(t), 25(0) = (uo, vo), (3.38)

"

and the limiting problem (3.33) can be rewritten as
duc(t) = [Acuc(t) + Be(uc(t), )] dt + Ge(uc(t),t) dw®(t),  uc(0) =ug, (3.39)

where

Ge(u,t) = J7'G(u,t).

Lemma 3.5.1. Under Hypotheses 5 and 7, for any p,e > 0, T > 0 and p > 4 we

have

ze IO C(0, T H)) = T5(2) € LP(;C(0, T]; H)).

Moreover, there exists a constant ¢ := c(e, p, p, T) such that

T
E‘F;(Zl) — F;(ZQ)‘%([O,T];H) S C / E‘lel — le?‘g([o,a];H) do. (340)
0
Proof. 1t is sufficient to prove (3.40). By the factorization method, for any o €
(0,1/2) we have

_ sin(ma)

[L(20)(t) = T (22)(1) =

/0 (t — o) 185 (t — 0)YP(0)do,

™
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where

Y#(o) = (Y(0),Y5'(0)),

with
V(o) = [ (o= 5 " ThSilo = 9 [Gu(1(,9) = Gulzal). )] du(c)

and

V(o) = / (0= 8) IS5 (0 — 5) [Go(=1(5), 5) — Gu(za(s), 5)] duw(s).

Then, for any p > 1/a we have

(a—1)p

500 = )08, < e ([ 5 da)p_l [ (vt + vt ) do
(3.41)

By the Burkholder-Davis-Gundy inequality, we have

EY{ o)k

(M|

< % E (/Oa(a —5) 72 A LSS (0 — 5)(0, [G(ITz1(s), 5) — G(ITy29(s), 5)]€k)‘izd3>

Now, for any v € H~! we have

1, S5(£)(0, v)

= Z [<H15;(t)(0, €2n-1), €2h—1>H (v, ean—1)yy + (LS5 ()(0, e2n), 62h—1>H (v, 62h>H} €2h—1
h=1

g

+ Z [<H15;(t)(0, Ggh_l), €2h>H <U, egh_1>H -+ <HlS;(t) (O, egh)7 62h>H <U, 62h>H] €ap -
h=1

The above equation implies that

LS54 (0,0)3 < 3 [ILS5)(0, en)[, [v, en) I

h=1
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Z ‘HlS;(a — 5)(0,[G(IT121(s), ) — G(I1129(s), s)]ex) 2

k=1
Z |HlSE (0 —35)(0,ep ‘H Gz (s),s) — G<H122(S>73)]€k76h>H|2
k=1 h=1

= Z 11, Si(o—5)(0,ep |HZ| “(Iy21(s), s) — G* (T 25(5), 8)en, ex) |

h=1
Z ‘Hlse(a —5)(0, ey |H [G* (T, 21(5), 8) — G* (T, 25(5), 8)]en7; -

h=1

Therefore, thanks to (3.10) and (3.17), for any a < 1/2 we get

[N4S)

ElY (o)l < ) (/ 20‘2 ‘Hl (0 —s)(0 eh)ﬁ{ [Ty 21 (s) — leg(s)]%ds)

/“Lp
c
ZPTE 12y — H122|C ((0,T);H </ _QQZ |H15 )(0, ep ‘Hds)
) o] 1 2
< prE[hz — HlZ2|C([o,T];H) Z o2 |
h=1 h

and if we take av < 1/4, we can conclude that
E|}/1H<O-)|I;{ S Cp,TE|H121 H122|C ([0,0];H)* (342)

In the above equation we recall that the eigenvalues grow as ay ~ hi and we
assumed that d = 1. By proceeding in the same way as for Y/(0), for any 6 < 1/2

we have

iS]

2

E|Y“( )H9 1 S ZPTE|H121 H122|C [00’ </ _QQZ |HQS O (3 ’HB 1d ) s
and then, thanks to (3.18)

p(1+20¢

Therefore, according to (3.41), if p > 4 we can find o, € (1/p,1/4) such that

E

T
T1(21) = Tz2)| oo, )301’/0 E |z — 2l do
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for a constant ¢ depending on p, u, € and T O

Remark 3.5.2. From the proof of the Lemma above, we easily see that, as a

consequence of estimates (3.13) and (3.16), for any 2y, 2o € LP(; C([0,T); H))

T
Sli}gE|H1F;(Zl) — LT, (22) G0 < / Elliz1 — 2o 5o o oy (3.44)
7 0

for a constant ¢ = ¢(e,p, T) > 0.

In Lemma 3.5.1 we have proven that the mapping
ze LM (0, T H)) = T(2) € L7 C([0, T H)),

is Lipschitz continuous. Therefore, as the mapping B, (-,t) : X — H, is Lip-
schitz continuous, uniformly for ¢ € [0,7], we have that for any initial condi-

tion zp = (ug,v9) € H, system (3.38) admits a unique adapted mild solution

z, € LP(;C([0, TT; H)).
Lemma 3.5.3. Under Hypotheses 5 and 7, for any €, > 0 and any p > 4
uwe LP(Q;C([0,T); H) = T'(u) € LP(;C([0,T]; H)).
Moreover, there exists a constant ¢ := c(e,p, T) such that for anyu,v € LP(Q; C([0,T]; H))
T
E|Te(w) — Le()&qom10n) < € / Elu = v[¢ (0,07 4o (3.45)
0

If we assume that
Z A} < o0,
k=1

then the constant c in (3.45) is independent of € > 0.
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Proof. The proof is obtained from the same arguments used in the proof of Lemma
3.5.1, just by replacing the use of Lemmas 3.3.1, 3.3.2 and 3.3.3, with the use of

Lemma 3.3.4. O

As a consequence of this lemma, since the mapping B.(-,t) : H — H is Lips-
chitz continuous, uniformly for ¢ € [0, 7], we have that for any initial condition ug €

H, system (3.38) admits a unique adapted mild solution u, € LP(Q; C([0,T]; H)).
Theorem 3.5.4. For any fizede > 0, T > 0 andp > 1, and anyu € LP(Q2,C([0,T]; H))

) ¢ p —
lim B |TL T (v, 0)) = Te(w) g0 41,11, = O-

Proof. Once again, by the factorization method, we can write

™

sin

[T T (1, 0) (1) — To(w) ()] = /0 (t — o) TL(t — 0) Y (0)do

/‘\

ma)

(t —o)* I 19, (t — o)} = T (t — 0)|Yy (0)do

t—a LS (t—0) (0,Y(0)) do

\N

<>+f“< )+ I5(0).
where
V(o) = [ (o= 5 IS = 9G,(1(:).0).5) = il = )G (uls). )du(s)
V(o) = [ (o= 5 Mo = G ((ul),0), 5w (e
V(o) = [ (o= 5 Mo 56, ((ul),0), 5w (o)
By the Burkholder-Davis-Gundy inequality, for any p > 2

E[Y{ (o)

<o ( | =97 X msilo = 96, ((u(s).0).5) —Te<a—s>Ge<u<s>,s>1ek!2ds)
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Now, proceeding as in the proof of Lemma 3.5.1, we have

2

Z /00(0 —5)7% HHlS;(a —5)Gu((u(s),0),s5) = Te(o — s)Ge(u(s), s)]ek}H

o0

1

< caqr (1+ Juleqomymn) Y —-

=1 “h

Moreover, according to (3.28), for any fixed 0 < s <o and k € N
lim |[H15;(0 —5)Gu((u(s),0),s) — Te(o — s)Ge(u(s), 8)]6]41{ =0, P-—as.
n—0

Therefore, by the dominated convergence theorem for any o < T,

lim E|Y{ (0)|% = 0,

n—0

so that, if p > 4 there exists a € (1/p,1/4) such that

T p—1 T
p(a—1)
\ff%([o,T];H) < (/0 o rt dU) S;ig HTE(S)H}Z(H) /0 Y (0)[5do
Due to the dominated convergence theorem, we can conclude that
: g —
}}L%El]l ooy = O- (3.46)

For each n € N we rewrite I} (t) as
I(t) = /Ot(t — o) LSt — o)L} = Te(t — 0))(Y3'(0) — PoY{'(0))do
+ /Ot(t — o) LS5 (t — o) — T.(t — 0)| P.YY (0)do.

Therefore, if « < 1/p

<c

T pla—1) Pl
» (/ (T'— o) »1 da)
0

T
{Stgg (Ilﬂls;(t)ﬂﬂlf;(,{) + IITe(t)H’}’;(H)) / Y3 (0) — Y4 (o)} do
=z 0

12600

T
+ sup sup |S;(3)H{an—Te(s)an|Z/ \Pn}g“(a)@da] = Iy, (n) + I55(n).
0

0<t<T |z|;<1
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Now, as we have seen above for Y/(t), for any n € N we have

E|PYY (@) < epr (14 Eullomym ) - (3.47)

Moreover, by proceeding as in the proof of Lemma 3.5.1, we have By the same

arguments, we can show that

E Yy (0) = P.Y3' (o)l

Cp,T 7 9% s .
<2 (L+ Elule o) ( [y |Hlsu<s><o,eh>|zds>

0 h=n+1

=1
< ¢ (1 +E|”‘%([O,T];H)) < Z a1—2a>

h=n+1 h

[SliS]

D
2

Therefore, if « < 1/4 we get

lim E|Yy' (o) — P.Y{ (o)l = 0. (3.48)

n—oo

Since by (3.13), |[I1,S5,(s)II5]|z(zry is uniformly bounded independently of s and 4,

this means that for any 7 > Othere exists n,, € N such that

sup Efﬁl(nn) <
>0

N3

By (3.24) and (3.47) we can find po > 0 small enough such that
Elfy(n,) < 3. 1< po
and then, since n was arbitrary, we can conclude that
iij}})m[ﬁg([o,ﬂ;ﬂ) =0. (3.49)

It remains to estimate I%'(t). By proceeding as in the proof of Lemma 3.5.1,

we have

_ p(14+2a)

Y2 (o) < o™ B (14 [0l oy ) -
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Then, for a < 1/p we have

T 2m(a—1) p-l T
516 0.0y < (/ o 2m-1 da) sup LSy, (OS2 oy (/ |}/3“(0')|};{d0) .
0 > 0

From Lemma 3.3.2,

IS5 ()51 ) <

Therefore,

p(1—2a)
E|f§|g([o,T];H) <cu 7 E(1+ ’u‘g([O’T]?H))’

and we can conclude that
. 1P _
M BT & o,y = O-

This, together with (3.46) and (3.49) implies that for any p > 4
; € . p _
}LIL% E[ILTY, (u, 0) = Pe(w)[e o 7161y = 0-

The case p > 1 is a consequence of the Holder inequality.

]

Theorem 3.5.5. Let z;, = (uf,v;,) and u. be the mild solutions of problems (3.38)

and (3.39), with initial conditions zy € H and uy = 129 € H, respectively. Then,

under Hypotheses 4, 5 and 7, for any T >0, € > 0 and p > 1 we have

Y Bl = ueleqorym = 0

Proof. We have

uZ(t) = Hlsz(t)(uo, vo) + 113 /0 S;(t — S)Bu(ZZ(S), s)ds + Hlfi(z;)(t),

and
u(t) = T.(t)ug + /0 Tc(t — s)Be(ue(s), s) + Te(ue)(t).
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Then

u;, (t) — ue(t)|H < ‘Hlsi(t)(uo,vo) — Te(t)uo}H

+] [ TS5 = 9B 5) = Byl(u5).0).5)ds

0

H

1 [ . t B
-I—‘;/O H1S#(t—s)(O,B(ue(s),s))ds—/0 T.(t — 5)J ' B(u(s), s)ds

H
1Ty [ (0(8) = Do), 0))] ] + [T ue(6), 0) — Tefue) (1),
By Lemma 3.3.2, and Hypothesis 4, there is a constant independent of y and of

0 < s < t, such that

TS (t = 8)[Bu(z,(3), ) = Bul(ue(s), 0), s)]|; < elug(s) — uels)ln,

"

so that for any p > 2

p

t t
/ Hlsli(t - 8)[BH(Z;(S)v 3) - BM<<UG<3)7 O)a 8)]d3 < Cp tp_l /0 ’uz_uﬁ‘]é([ﬂ,s];H)dS'
0

H

Thanks to (3.44), this implies

t
€ p —1 € p
E |uf, = el oo g < o T" / E |, = uel o, 95
+¢p Sg) ‘HlS;(s)(uo,vo) “0|H + pE ‘H (e, 0)) = ’p C([0,4];H)
L )
+c, Esup —/ IS, (s — 7)(0, B(ue(r),r))dr —/ T(s —r)Be(uc(r),r)dr|
s<t |1+ Jo 0 H

and the Gronwall’s inequality yields

P
1E|ue — U,

p C([0,T);H)
< ¢,(T) <51<11T) |HlS s)(uo, vo) — Te(t)uoﬁl +E ’Hll“;((ue, 0)) — F€(u€)|2([O’T};H))
1 S s p
+c¢,(T) Esup —/ HIS;(S —7)(0, B(ue(r),r))dr — T.(s —r)Be(uc(r), r)dr| .
s<T | Jo 0 H
Finally, the result follows because of (3.27), (3.29), and Theorem 3.5.4. O
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3.6 The convergence for ¢ | 0

In the previous sections, we have shown that under suitable conditions on the

coefficients and the noise, for any fixed e >0, 7T > 0 and p > 1

lim E

pn—0

Uy, — U 2 . =0.
((0,7);:H)

This limit is not uniform in € > 0, and the limit is not true for e = 0. In this section
we want to show that

e—0

where u is the mild solution of the problem
du(t) = [Agu(t) + Bo(u(t), )] dt + Go(u(t), t) dw®(t),  u(0) = uo, (3.51)

with
Ag:i=Jy'A, By=J;'B, Go=J;'G.
This statement is true if we strengthen Hypothesis 6. Actually, Hypothesis 6
is the weakest assumption on the regularity of the noise that implies Theorem 3.4.1

and Theorem 3.5.5, for € > 0. But in order to prove (3.50) we need to assume the

following stronger condition on the covariance Q).

Hypothesis 8. There exists a non-negative sequence { A\ }ren such that Qe = \ey,

for any k € N, and
Z ;< +oo.
k=1

In what follows, we shall denote by Ty(t), t > 0, the semigroup generated by
the differential operator Ay in H, with D(Ag) = D(A). The semigroup Ty(t) is

128



strongly continuous in H. Moreover, if we define u(t) = Ty(t)x, for € D(Ay), we

have

8u1
W(t) = —Auy(t), u1(0) =2,

Ous
ot

This means that if we take the scalar product in H? of the first equation by u; and

(t) = Aul (t), UQ(O) = X9

of the second equation by us, we get

d
a3 =,

so that

|T0(t)$|H9 = |x|H97 t>0, (352)

forany # € R and x € H.
Now, let us consider the stochastic convolution associated with problem (3.51),

in the simple case G = 1

I'(t) = /Ot To(t — s)Qdw(s), t>0.

As a consequence of (3.52), we have

t 00 t oo 00
B0 = [ Y moafyds = [ S Qe ds =13
0 k=1 0 k=1 k=1

and this implies that Hypothesis 8 is necessary in order to have a solution in H for

the limiting equation (3.51).

Lemma 3.6.1. The matriz J-' converges to Jy* in L(R?). Furthermore, for any

T 2>0,

tIot gt

) (3.53)

lim sup e

0 4e —T/1)

(&
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Proof. Recall that

1 e —1 € 1
J_lz — ] —1
¢ 1+ e2 . 1+ e2 +1+€2 0
€
Then,
2
I =gt = 5 !

and this means that

-1 -1 €
[ = o llemey < e 21
Moreover, we have
t : t
ethl _ €€2€j_1 COS m — Sin m
sin o' cos oty
Therefore, limit (3.53) follows and is uniform with respect to t € [T, T]. O
Lemma 3.6.2. For anyn € N, and T > 0,
lim sup sup |T.(t)P,x — To(t) Pzl = 0. (3.54)

=0 1e[0,7) 2w <1

Proof. If & € span{ey_1, e}, then T.(t)x = e=02+/ 'ty and Ty(t)a = e~/ g,

Therefore, by (3.53),

lim sup sup |T.(t)P.x — To(t) Pzl <lim  sup el — ety =0.
=0 4 (0,7] |z|n <1 €20 te [~ Tag,0] L(R?)
As we can extend this result to span{e;}:",, for any n, our result follows. ]

Notice that, as in the proof of Theorem 3.4.1, this implies that for any v € H

lim sup |T.(t)x — To(t)z|g = 0. (3.55)

€0 tc[0,7]

Now, as a consequence of (3.54), by proceeding as in the proof of Corollary
3.3.7, we obtain the following result.
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Lemma 3.6.3. For any ¢ € LY(Q; L'([0,T); H))

IimE sup
=0 yejo,1)

/0 (Tt = $)IN0(s) — Tolt — ) I o(s)) ds| =0, (3.56)

H

Now, u, is the unique mild solution in LP(€2; C([0,T]; H) of problem (3.34) (in
the case of additive noise) or problem (3.39) (in the case of multiplicative noise), so

that
) = T+ [ Tt = 9B als).5) ds + L))
Moreover, u(t) is the unique mild solution in LP(€2; C([0,T]; H)) of the problem
du(t) = [Aou(t) + Bo(u(t),t)] dt + Go(u(t),t) dw?(t),  u(0) = uo,
with Go = J;'I or Gy = J; 'G, so that

u(t) = To(t)uo + /0 To(t — s)Bo(ue(s), s) ds + To(ue)(t).

Then, in view the previous two lemmas, we have that the arguments used in
the proof of Theorem 3.4.1 and Theorems 3.5.4 and 3.5.5 can be repeated and we

have the following result.

Theorem 3.6.4. Assume either G satisfies Hypothesis 5 or G(x,t) = I. Then,

under Hypotheses 4 and 8, we have that for any T >0 and p > 1

lim E |ue — ul¢ 0. 73.1) = 0- (3.57)

e—0

We conclude this section by showing that the convergence result proved above

for € | 0 is also valid for the second order system, that is for every u > 0 fixed.
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Theorem 3.6.5. Assume either G satisfies Hypothesis 5 or G(x,t) = I. Then,
under Hypotheses 4 and 8, we have that for any initial conditions (ug,vy) and p > 0
B |27, — 2eleqomyny:

forany T >0 and p > 1.

As long as we can show that S (t) P,z — S))(t) P,z for any fixed n, we can prove
Theorem 3.6.5 by following the arguments of Theorems 3.4.1 and 3.5.5. Fortunately,
we can prove something stronger. We show that sup, [|S5(t) — S)(t)|| 2z = 0.

To this purpose, we introduce an equivalent norm on H x H~! by setting
(@, 9) 30 = llF + plylf-
Because of (3.13), for any € > 0,
Sup 15, (O)llceo < 1. (3.58)

Note that if € = 0, then, by (3.13), for any z € H and ¢ > 0,

| ()2l = |23
Lemma 3.6.6. For fized p > 0 and T > 0,

lim sup [[S5(6) = SO0y = O (3.59)

€20 1e (0,77
Proof. If we fix z € H and define ug, (t) = I, S},(t)z, then

d?us ous
o

G (t) + Je at“ (t) = Aug,(t).

Therefore, if we define v (t) = S, (t) — u))(t), we have

m p
s, ous, ou, .
n 1)+ 7,25 0) = 7,21 = M)
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Since J. — Jy = el, we have

ou ou’ ove ol
By po_ u 0
Tegr O = Jogp = Jegy T
so that
82 2% — ave — 2%y o) = Doy = 0
W) + 12 1) = () — (1), 44(0) = T(0) =0

This yields

S;(t)j - o)z = (5500, 500 ) === [ -9 (o 80_”) ® )

= _;/O St —s) (0,11,5))(s)z) ds.

Then, by (3.58), since |(0, ILz2) | < |2]2(u), We conclude

€t
S;( )z — SO / | (0, H250 |H( ;|Z|'H(N),

and (3.59) follows. O
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