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We present a quasi-elastic neutron scattering study of liquid deuterium hydride carried
out using the Disc Chopper Spectrometer at the National Institute of Standards and Tech-
nology. Under saturated vapor pressure, the self-diffusion constant of deuterium hy-
dride obeys an Arrhenius law D = Dgexp (—Ea/kpT ), where the prefactor Dy is given
by Dy =9.5+1.2 A’ /ps and the activation energy is given by E4 = 58 +2 K. We apply
the quantum law of corresponding states to the known diffusion constants of the hydrogen
isotopologues. From this application, we estimate that Dy ~ 9.1 A? /ps and E4 =~ 75K
in liquid tritium. Young’s theory of quantum-mechanical effects in van der Waals fluids
[Phys. Rev. A 23, 1498 (1981)] is shown to apply to the diffusion constants of the liquid
hydrogens. Our results underscore the importance of nuclear quantum effects in shaping

the properties and behavior of the hydrogen isotopologues.
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I. INTRODUCTION

The hydrogen isotopologues comprise a family of quantum fluids and solids that bear consider-
able importance to contemporary many-body physics. Given the three isotopes of hydrogen (H, D,
and T), there exists six different hydrogen isotopologues (H,, HD, HT, D,, DT, and T,). The prop-
erties and behavior of their condensed phases are shaped by quantum mechanical effects stemming
from their light masses, small rotational moments of inertia, and nuclear particle statistics!. These
effects include molecular zero-point motion, quantized rotational energy levels, and metastable
spin isomers. Apart from their respective masses, the hydrogen isotopologues are distinguished
from each other by their centers of rotation. In the homonuclear isotopologues (H;, D, T»), the
molecular center-of-mass coincides exactly with the center-of-rotation, whereas this is not the case

in the heteronuclear isotopologues (HD, HT, DT).

There is a rich scientific literature about the atomic-scale structure and dynamics of the
homonuclear isotopologues, H, and D;. At present, comparatively less information is avail-
able about the heteronuclear isotopologues, such as deuterium hydride. The solid state of HD
has been investigated by means of inelastic neutron scattering?, infrared spectroscopy>, Raman
spectroscopy”, and nuclear magnetic resonance techniques®. The behavior of deuterium hydride
within restricted geometries, i.e. within adsorbed thin films and porous media, has also attracted
interest®®. Recently, Guarini et al assessed the prospects of employing liquid HD as a neutron
moderator!®. To obtain the neutron double-differential scattering cross section, they constructed
an atomistic model of liquid HD by means of path integral molecular dynamics simulations.
Meanwhile, Abe et al have carried out a comparative theoretical study of molecular diffusion in

the homonuclear isotopologues, including tritium!'!.

In this paper, we present a quasi-elastic neutron scattering study of liquid deuterium hydride un-
der saturated vapor pressure. The experiment was conducted using the Disc Chopper Spectrometer
at the NIST Center for Neutron Research!?. As shown below, the observed dynamic structure fac-
tor S(Q,E) is dominated by incoherent, quasi-elastic scattering at low wavevectors and energies
(0<25 10%_1; E <2 meV). We employ the Hall-Ross model of random jump diffusion to ob-
tain empirical estimates of the diffusion constant, mean-squared jump length, and effective mean-
squared displacement. The diffusion constant obeys an Arrhenius law D = Dyexp (—Ea/kpT),
with a prefactor Dp =9.5+1.2 A’ /ps and an activation energy E4 = 58 2 K. The path integral

molecular dynamics simulations of Ref 10, which are based on the Silvera-Goldman potential,
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predict that the self-diffusion constant of liquid HD is 0.32 A? /ps at 17 K, in excellent agreement
with our Arrhenius law fit.

Below, we examine the known diffusion constants of the hydrogen isotopologues from the
standpoints of both the classical and quantum laws of corresponding states. The classical form
clearly breaks down in the case of the hydrogen isotopologues, showing the importance of molec-
ular zero-point motion to their transport properties. By applying the quantum law of corresponding
states, we find that the reduced Arrhenius parameters depend linearly upon the quantum parameter
A*. We exploit this dependence to estimate the Arrhenius parameters of liquid tritium, obtaining
Dy ~9.1 A? /ps and E4 ~ 75 K as provisional estimates.

The paper 1s structured as follows. In Section II, we provide details about our experimental
procedure. Section III presents the outcome of the experiment and our estimates of the self-
diffusion constant, mean-squared jump length, and effective mean-squared displacement of liquid
HD. In Section IV, we consider the diffusion constants of the condensed hydrogen isotopologues
from the standpoints of de Boer’s quantum law of corresponding states and Young’s effective

potential theory!3. The paper closes by restating our central findings.

II. EXPERIMENTAL APPROACH

We performed quasi-elastic neutron scattering measurements of liquid deuterium hydride using
the Disc Chopper Spectrometer at the NIST Center for Neutron Research!?. This instrument is a
direct geometry, time-of-flight spectrometer that views a cold source. The primary spectrometer
consists of a series of seven disc choppers that produce monochromatic pulses of neutrons. The
secondary spectrometer consists of 913 3He detectors spanning -30° to 140° in the horizontal
plane, excluding small angles between -5° to +5°. The data acquisition system records neutron
counts as a function of detector index and time channel, and the raw data is histogrammed over
the course of a measurement. In this experiment, we chose 3.55 meV (A = 4.8 A) for the incident
neutron energy. Measurements of a vanadium standard revealed the elastic energy resolution to be
49 ueV.

The sample environment may be briefly described as follows. Low temperatures were attained
by means of a continous-flow, liquid helium cryostat with aluminum tails surrounding the sam-

114

ple cell'*. An oscillating radial collimator was employed to reduce nuisance scattering from the

cryostat tail. Deuterium hydride gas with a chemical purity of ~ 98% was introduced in situ to an
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annular, Al-6061 sample cell. The annulus possessed an outer diameter of 9.65 mm, a height of
110 mm, and a thickness of 0.095 mm. A vertical stack of twenty absorbing cadmium disks with
5.33-mm spacing was placed within the interior of the sample cell.

The sample geometry was chosen to make self-shielding and multiple scattering effects neg-
ligible. At our incident neutron energy, the microscopic scattering cross section of HD is ap-
proximately 40 barns/molecule!>. Given the liquid density at the triple point (0.0245 A%), the
macroscopic scattering cross section is 0.98 cm™! and the neutron mean free path is 1.02 cm. Ac-
cording to the isotropic elastic scattering approximation, the single scattering fraction is 2.8% of
the incident beam and the ratio of double-to-single scattering is only 1.4%.

We carried out measurements upon the bulk liquid at three different temperatures: 20.64(6) K,
19.31(8) K, and 17.81(9) K. Two measurements were performed in the solid phase at 16.35(5)
K and 14.85(5) K. The observed vapor pressure was consistent with the thermometry'®. The
background scattering originating from empty cell and sample environment was determined at
17.5 K. Each measurement took approximately six hours to complete. The temperature on top of
the sample cell was logged every 10 minutes, and the quoted errors on the temperature represent
one standard deviation about the mean temperature. Under these experimental conditions, the HD
molecules may be regarded as occupying only their rotational grounds states. For example, at 20
K, the thermal population of molecules within the first excited rotational state is only 0.5%!”.

The raw data was transformed to the dynamic structure factor by means of the Data Analysis
and Visualization Environment!8. This transformation included corrections for detector efficiency,
dark counts, and background scattering. Detailed balance effects were removed from the dynamic
structure factor by multiplying it everywhere by the appropriate Boltzmann factor. Throughout
the paper, we shall consider only the resulting “symmetrized” dynamic structure factor and, for

simplicity, we will simply designate it as S(Q, E).

III. RESULTS

Figure 1 illustrates the dynamic structure factor S(Q, E) of bulk liquid HD at T = 19.4 K. The
scattering is dominated by an incoherent quasi-elastic signal that appears in the figure as an “en-
velope” of intensity expanding from the origin of the (Q,E) coordinate system. In this way, the
scattering from liquid deuterium hydride strongly resembles the scattering from normal-hydrogen,

where one observes the diffusion of ortho-hydrogen in the liquid!®. In normal-deuterium, one ob-
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serves both coherent and incoherent quasi-elastic scattering that overlaps with inelastic scattering
from the collective excitations?®. Neither coherent quasi-elastic scattering (with its attendant de
Gennes narrowing) nor inelastic scattering due to collective excitations are evident in the HD data.

We now proceed to write down an appropriate model of the dynamic structure factor. The basic
premise of the data analysis is that the observed double-differential scattering cross section is due
solely to incoherent scattering. To our knowledge, there are no published measurements of the
coherent and incoherent scattering cross sections of condensed HD. Despite the fact that there
are equal molar amounts of hydrogen and deuterium within the system, there are nevertheless
compelling reasons to suppose that coherent scattering can be ignored. First, Guarini ef al have
calculated the double-differential scattering cross section of liquid HD within a generalized Young-
Koppel theory!'?. They find that the double-differential scattering cross section differs negligibly
from its incoherent part at all Q and all incident neutron energies. Second, Seiffert points out
that the total cross sections of liquid and solid HD are essentially identical functions of neutron
energy, indicating that incoherent scattering dominates in both phases!. Lastly, we include an
appendix describing the elastic scattering from solid HD at 16.4 K. While a few Bragg reflections
are present in the observed scattering, their combined integrated intensity is much less than that of
elastic incoherent scattering, which appears as a strong, sloping “background” on top of which the
peaks appear.

The second premise is that the translational and rotational motions of the HD molecule are
decoupled, which is a good approximation for the hydrogen isotopologues at low energies. It fol-
lows that the incoherent dynamic structure factor is represented by a convolution of functions that
separately describe the translational and rotational motions of the molecule. In a classical liquid,
molecular rotations are often described by supposing the constituent atoms are confined to diffuse

along the surface of a sphere of fixed radius?!.

In that case, the rotational part of the dynamic
structure factor consists of both elastic and quasi-elastic components. However, the rotational mo-
tion of deuterium hydride is strongly quantized, and therefore it should not be viewed as classical
diffusion along the surface of a sphere. In a quantum-mechanical treatment, the rotational part
of the dynamic structure factor is represented by a spectrum of sharp peaks, each corresponding

to a possible transition from the rotational ground state to an excited state>!'?. Therefore, at low

energies, the incoherent dynamic structure factor assumes the following form:
S(Q.E) =S1(Q,E)® Sr(Q,E) = Sr(Q.E)® Y (2J'+1) j7(Qa)S(E — Ey). (1)
J/
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Here j; is a spherical Bessel function of order /; a = 0.494 A is the distance between the H atom
and the molecular center-of-mass; and E is the energy of the J = 0 — J = J' rotational transition.
Given the narrow range of (Q,E)-space considered in this experiment (see Figure 1), we need
only consider the J' = 0 term in Equation 1, for which Ey = 0. The first excited rotational state
occurs at £y = 11.06 meV, well outside the energy window of the measurements. Thus, the form
of the dynamic structure factor is essentially determined by the center-of-mass motion, which is
described by S7(Q,E).

We adopt a Lorentzian model of the quasi-elastic lineshape?:

A(Q) /2

% ([/2)°+(E—E.) @

S(Q.E) =

The adjustable parameters of the model consist of the integrated intensity A(Q), peak position E,,
and full-width at half-maximum I'(Q). Empirical estimates for these quantities are obtained by
a least-squares fit to the experimental data. The model lineshape in Equation 2 is numerically
convoluted with the instrument resolution function when being fit to the scattering. Therefore, our
empirical estimates of I represent the intrinsic width of the quasi-elastic peak.

Figure 2 illustrates representative fits of S(Q,E) to Equation 2 at Q = 0.4 A™". The model
provides an excellent description of the data, with values of 2 being close to unity. At the current
level of precision, there is no evidence for another component to the scattering. The covariance
matrix shows that the adjustable parameters of the model are not strongly correlated with one
another. The parameter E. is intended to account for systematic errors in the definition of the
energy scale. It is typically less than 10 peV.

We employ the Hall-Ross model?? to obtain empirical estimates of the self-diffusion constant
D from the intrinsic quasi-elastic widths I'(Q). In this model, molecular diffusion is understood
as a random walk consisting of a series of discrete and variably sized jumps. Particles reside at
quasi-equilibrium sites for a characteristic residence time, after which they make a rapid jump to
another quasi-equilibrium site. The probability distribution of jump lengths is taken in this model
to be a Gaussian with a mean-squared jump length (L?). At small Q, the Lorentzian widths are

given by:

DF Gre wre 5

12 216 5184

Figure 3 plots least-squares fits of I'(Q) versus Q? to the above expression. However, at the highest

I'(Q) ~ 2rDQ? (1 —

temperature considered, I" could reliably be determined for Q < 0.8 A™". We therefore limited the

fit of I" vs Q to the zeroth order term in the series expansion, namely 2ADQ?.
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The Hall-Ross model is consistent with the observed quasi-elastic widths, as we previous found
in liquid normal-hydrogen'®. However, we suggest that the Hall-Ross theory may be regarded as
a phenomenological description of the experimental data, rather than as a microscopic theory of
diffusion mechanism. First, the underlying physical picture requires a sharp distinction between
oscillations at quasi-equilibrium sites and jumps between those sites, and it is possible that this
distinction cannot be drawn in a quantum liquid where zero-point motion is large. Second, the
distribution of jump lengths is not unique; there is no a priori reason to prefer a Gaussian dis-
tribution, and it seems likely that other distributions can be postulated that would agree with the
available data. In the present context, the essential point is that the Hall-Ross model of I'(Q) has
the correct behavior in the hydrodynamic limit Q — 0, namely 2hDQ2, allowing us to obtain a
reliable empirical estimate of the self-diffusion constant, while at the same time accounting for
effects of & (Q*) in I'(Q) a non-arbitrary way.

The integrated intensity A(Q) of the quasi-elastic line is proportional to the product of the

rotational form factor (a consequence of Equation 1) and an effective Debye-Waller factor:

A(Q) = jo(Qa)exp (%) 4)
Here (u?) is the effective molecular mean-squared displacement, a free parameter that is deter-
mined by a least-squares fit of A(Q) versus Q to the above expression. Strictly speaking, the
quantity (u?) is only interpreted as a displacement parameter when considering elastic or inelas-
tic scattering from a solid phase since there are finite correlations between particle positions at
zero time and infinite time. However, in the liquid state, the effective Debye-Waller factor origi-
nates in the phonon-like dynamics of the system, which accordingly “deplete” the intensity of the
quasi-elastic signal. Thus, the effective quantity (¥?) should not be confused with the particle’s
time-dependent mean-squared displacement in the sense of (r? (t)) = 6Dt.

We compile empirical estimates of the self-diffusion constant D, root-mean-square jump length
Lyms = \/@ and effective mean-squared displacement (u?) in Table I. Figure 4 compares the
self-diffusion constant of liquid HD with normal-hydrogen (n-H;) and normal-deuterium (n-D5).
The diffusion constant of HD falls between the values of n-H; and n-D; over the same temperature
range. The results in Figure 4 are fit to an Arrhenius law: D = Dgexp (—E /kgT ), with Dy as a
prefactor and E4 as the activation energy. We find that Dg =9.54+1.2 A’ /psand E4 =58 £2K
in bulk liquid HD. Based on path integral molecular dynamics simulations, Guarini et al predict

that the self-diffusion constant of liquid HD is 0.32 Az /psat 17 K!0. There is excellent agreement
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between their simulation and our Arrhenius law fit, as can be seen in Figure 4.

Here one might pose the following question: what is the expected range of validity of the Ar-
rhenius law in quantum liquids, such as the hydrogen isotopologues? Yonetani and Kinugawa
carried out simulations of liquid para-H; using both intercept molecular dynamics and path inte-
gral molecular dynamics?®. Quantum-mechanical effects upon the transport properties of liquid
hydrogen can be identified by comparing these simulations. In the classical liquid, the Arrhenius
activation energy was independent of temperature. However, in the quantum-mechanical model,
the activation energy was not constant at sufficiently high temperatures. Figure 4 shows that the
self-diffusion constants of Hy, HD, and D, are largely consistent with a constant activation energy.
However, there are a few measurements at “high” temperature in Hj that seem to deviate from
simple Arrhenius behavior. From these facts, we infer that the Arrhenius law is valid approxima-
tion for liquid HD over the temperature range considered here, though deviations in H, and HD

may occur at higher temperatures.

IV. DISCUSSION
A. Law of Corresponding States

In this section, we consider the transport properties of the hydrogen isotopologues from the
standpoint of the law of corresponding states, which assumes classical and quantum-mechanical

forms2+-26,

Both versions of the law of corresponding states are premised on the supposition
that the interparticle forces are described by a static, isotropic, and pairwise potential of the form
V(r) = ef (r/o), where r is the distance between the particles, € is a characteristic energy, o
is a characteristic length, and f is a universal function. A given equilibrium or transport prop-
erty R may be expressed in reduced form R* by producing a dimensionless combination of R
with €, o, and the particle mass m. According to the classical law, the reduced property R* is
a universal function of the reduced pressure P* = Po /¢ and reduced temperature T* = Tkg/&:
R* = R:(P*,T*). The quantum-mechanical form generalizes the classical law through the intro-
duction of the quantum parameter A* = h/(0+/me), a dimensionless form of Planck’s constant
h. It may also be interpreted as the reduced de Broglie wavelength of two particles of mass m

in relative motion with energy €. In the quantum-mechanical case, R* = Rj,(P*, T*,A"), which

reduces to the classical limit as A" — 0. The functions R and R, are determined by the function
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f.

From this point of view, van der Waals substances fall on a continuous spectrum in A* ranging
from essentially classical systems, e.g. Xe, to highly degenerate, quantum-mechanical ones, e.g.
3He and “He, with the hydrogen isotopologues occupying a middle position. In de Boer’s model®*,
further developed by Souers!’, these substances consist of distinguishable, spinless point particles
that interact through a 12-6 Lennard-Jones potential?’ with a hard core diameter ¢ and well-
depth €. (More sophisticated model interactions, such as the Silvera-Goldman?® and Patkowski?’
potentials, are discussed and examined in Refs 30-32.) According to the classical law of cor-
responding states, the reduced diffusion constant D* = (D/0) \/m_/s of the saturated liquids is a
universal function of the reduced temperature: D* = Df.(T*). Therefore, according to the classical
law, the diffusion constants of the hydrogen isotopologues should scale as 1/y/m. The quantum-
mechanical generalization assumes the form: D* = Dp,(T*, A”), thereby establishing a more com-
plex relationship between D and the particle mass.

Before examining D*, we pause to introduce the asymmetric rotor correction to A* for het-
eronuclear molecules®3. If the molecule is comprised of atoms with masses m’ and m”, then the
quantum parameter must be replaced by a larger effective value:

. . 1 (m! —m"?
eff:/\\/lJr e — ) ®)

6 mlm//

This correction serves to distinguish the properties of D, from HT, which have nearly the same
mass but possess different values of AZ;. In the case of deuterium hydride, the quantum parameter
is increased from 1.41 to an effective value of 1.47. In homonuclear molecules, such as H,, D5,
and T, ALy = A™.

Figure 5 plots D* versus T* for Hy, HD, and D,. We reply upon values of € and ¢ obtained
from the second virial coefficient and gas phase viscosity>*. As can be seen, the reduced diffusion
constants of the hydrogen isotopologues do not fall on a single, universal curve. This is unam-
biguous evidence that the classical law of corresponding states breaks down with the hydrogen
isotopologues. Another way to see this point in Figure 5 is the well-known fact that the reduced
triple points of the hydrogen isotopologues do not coincide.

The quantum law of corresponding states asserts that the reduced diffusion constant depends
upon both the reduced temperature and the quantum parameter. As shown in Figure 4, the diffusion
of the hydrogen isotopologues obey Arrhenius laws. We are therefore lead to consider how the

reduced prefactor Dj; = (Dg/0) /m/€ and reduced activation energy E; = E4 /€ depend upon
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quantum-mechanical effects through A*.

In Figure 6 (a) and (b), we plot measurements of Djj and E against the quantum parameter.
The prefactor and activation energy of liquid Xe, Kr, Ar, and Ne are obtained from Refs 35-37,
and values of ¢ and € taken from Ref 38. Both Djj and E; are monotonically decreasing functions
of the quantum parameter. At present, there are no theoretical calculations of the functions D (A*)
and E; (A*) for Lennard-Jones fluids available in the literature. For simplicity, we assume that the
relationship is linear. The intercepts of E} (A*) and D (A*), which represent the classical limit,
are 3.23(12) and 2.3(3), respectively; the corresponding slopes are -1.21(7) and -0.95(18). The
A* — 0 limit is used to construct the curve for a classical liquid shown in Figure 5.

Gaines et al carried out a nuclear magnetic resonance study of atomic and molecular diffusion
of the solid hydrogen isotopologues, including T»>3°. They demonstrate that the self-diffusion
constants obey Arrhenius law, with the underlying transport mechanism being vacancy exchange.
The activation energy of the process is determined by the vacancy formation energy, potential
barrier height, and the first tunneling level. Here again the classical law of corresponding states
breaks down since the observed diffusion constants do not scale as 1/y/m. However, their results
for the pure-component substances can be interpreted from the standpoint of the quantum law
of corresponding states. Figure 6 (c) plots the reduced activation energy E (A*) of molecular
diffusion in the hydrogen isotopologues and the noble gas solids against the effective quantum
parameter. As before, there is a linear relationship between the reduced activation energy and the
quantum parameter, the intercept being 16.52(13) and the slope being -6.50(17).

An additional comment can be offered about the solid state. Gaines et al suggest that the
activation energy of molecular diffusion goes like 1/A%; in the solid hydrogen isotopologues.
Thus, they propose that the diffusion constant D obeys a universal dependence upon a new scaling
variable, namely Ts = TA*, where T is the ordinary temperature. In our view, their experimental
results do not support the suggestion that E4 o 1/A%;. Moreover, the proposed scaling method
does not have the correct behavior in the classical limit, where the quantum parameter vanishes.

Little is known about the material properties of liquid T, from an empirical point of view!”.
Our linear model of Djj(A*) and E} (A*) may be used to estimate the values of its Arrhenius
parameters. Since A* =~ 1.0 for liquid T,, we anticipate that its properties and behavior are inter-
mediate between Ne and D;. Our linear model predicts that £} ~2.02 and Dy~ 1.4, or E, =75 K
and Dy ~ 9.1 Az/ps for liquid T,.

The concept of molecular self-diffusion is only physically meaningful if the particles compris-
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ing the substance are distinguishable from one another. In reduced units, the thermal de Broglie
wavelength is given by: A% = A*/\/2nT*. Particle statistics are important when the thermal de
Broglie wavelength exceeds the interparticle spacing A} > 21/6, taken here to be the minimum
of the Lennard-Jones potential. The ratio A*/+/T* satisfies this condition in liquid *He and “He,
but not in the hydrogen isotopologues or the other noble gas liquids. Indeed, path integral Monte
Carlo simulations show that exchange effects are small in liquid Hp*°.

It is therefore interesting to extrapolate the linear models of the Dj (Asz) and E} (A:ff) to
larger values of the quantum parameter and see what a naive application of the quantum law of
corresponding states yields for highly degenerate quantum fluids and solids, such as “He and *He.
In the liquid state, the prefactor and activation energy are found to vanish when the quantum
parameter is 2.45 and 2.67, respectively. In the solid, E} reaches zero when A* = 2.54. Strikingly,
the quantum parameters*! of “He and *He assume the respective values 2.68 and 3.08, thereby
placing the helium isotopes beyond the point(s) at which Djj and E} vanish, regardless of phase.
This seems consistent with the idea that molecular diffusion loses all physical meaning in a highly
degenerate system. Analogously, the de Boer model predicts that the triple point temperature of a
Lennard-Jones substance goes to zero when the quantum parameter is sufficiently large, thereby
explaining why neither *He nor “He possess a triple point**,

The present argument depends on the assumption that the physical property under considera-
tion, namely self-diffusion, does not depend too strongly on particle statistics, even for large values
of the quantum parameter. This is sometimes the case. For example, particle statistics has little
effect on the the pair-correlation function of liquid “He*2. In this connection, Imaoka and Kinu-
gawa calculated the transport properties of liquid “He using the path integral molecular dynamics
method, which treats the system as if its constituent atoms obeyed Boltzmann statistics*>. They
find reasonable, though not fully quantitative, agreement between the computational model and
measurements of the thermal conductivity and shear viscosity of the normal fluid. As one would
expect, their computational model completely breaks down in the superfluid phase, where there is

a Bose broken symmetry.

B. Young’s Method

Here we apply Young’s method of accounting for quantum-mechanical effects in van der Waals

fluids'3. In this theory, one treats the behavior of Lennard-Jones fluids using the effective potential
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method of statistical mechanics**. To obtain an approximation of the quantum-mechanical parti-
tion function, one substitutes a temperature-dependent, effective potential for the original potential
in the classical partition function. The new potential is obtained by convoluting the original poten-
tial with a Gaussian blurring function whose width is proportional to the thermal de Broglie wave-
length. Unfortunately, in the case of the Lennard-Jones potential, the convolution integral diverges
everywhere due to the singular behavior of the potential at zero interparticle distance. By suitably
regularizing this integral, Young shows the effective potential of a Lennard-Jones fluid retains its
original functional form, but the well-depth and hard core diameter are replaced by effective val-
ues that depend on both the system temperature and the quantum parameter: € — & (7", A*) and
o — 6 (T*,A*). Explicit expressions for these quantities are given in Ref 13. At low tempera-
tures, quantum-mechanical effects reduce the effective depth of the potential well and increase the
effective particle diameter. As one passes to the classical limit (T* — oo; A* — 0), the effective
quantities, € and &, asymptotically approach their respective “bare” values, namely € and ©.

Young’s theory predicts that the classical law of corresponding states will be valid when the
thermodynamic and transport properties of van der Waals fluids are reduced using the effective,
temperature-dependent potential. To that end, we introduce “corrected” values for the reduced
diffusion constant D = (D/&) \/m/& and reduced temperature 7' = Tkp/&. Figure 7 compiles D
versus T. In the liquid state, the hydrogen isotopologues generally exhibit the expected universal
behavior. Furthermore, the hydrogen data superimposes on the D (T) curve of krypton, which,
to a high degree of approximation, rates as a classical liquid. Meanwhile, Young’s theory is only
partially successful in the solid phase, with the “corrected” diffusion constants of nonradioactive
isotopologues nearly coinciding with each other.

In the previous subsection, we proposed estimates of the self-diffusion constants of liquid tri-
tium. These estimates are based on the assumptions that molecular diffusion in Lennard-Jones
fluids obey Arrhenius laws and furthermore that the reduced Arrhenius parameters are both linear
in the quantum parameter. To check consistency with Young’s method, we calculated diffusion
constants of liquid T, assuming that Dy = 9.1 A’ /ps and E4 = 75 K and then converted these
values to D. Figure 7 includes the estimated tritium curve as a dashed purple line, which lies
close to the other hydrogen liquids. This establishes semi-quantitative consistency between the
two approaches to quantum-mechanical effects in van der Waals fluids.

We note that the case of liquid neon appears to be anomalous. The reduced activation energy

E shown in Figure 6(b) is more than one standard deviation from the assumed linear relationship
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between E} and A*. In Figure 7(a), the D (T) curve for neon does not overlap with the universal
behavior shown by krypton and the hydrogen isotopologues. We found that the latter disagreement
altogether disappears if one assumes that the correct activation energy for liquid neon is, in fact,
quantitatively given by our linear model of E; (A*). While potentially fortuitous, that convergence
suggests the hypothesis that the correct activation energy of liquid neon diffusion is not 106.2 K,

as reported in Ref 37, but is instead closer to 90.3 K.

V. CONCLUSION

In this paper, we presented a quasi-elastic neutron scattering study of liquid deuterium hydride.
Our experimental data shows that the dynamic structure factor at low energies is dominated by
self-diffusion. We employed the Hall-Ross model to obtain empirical estimates of the diffusion
constant, whose temperature dependence is consistent with Arrhenius behavior. Our results are
in excellent agreement with the path integral molecular dynamics simulations reported in Ref 10.
By applying the quantum law of corresponding states to the hydrogen isotopologues and other van
der Waals substances, we show that the reduced Arrhenius parameters bear a linear relationship
to the quantum parameter. The diffusion constant of liquid tritium was provisionally estimated on

the basis of this relationship.
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Appendix A: Solid HD

In this appendix, we consider the static structure factor of solid HD. Figure 8(a) plots the
elastic signal S(¢) observed at 16.35(5) K as a function of scattering angle ¢. Elastic incoherent
scattering, which appears as a sloping “background,” is clearly predominant. Nevertheless, three
Bragg peaks are observed in S (¢). The data set collected at 14.85(5) K is nearly identical to what
is seen in Figure 8, apart from a small rightward shift of the peaks, presumably resulting from

thermal contraction of the crystals.

The molar volume of the solid may be inferred from the Bragg reflections focused upon in
Figure 8(b). We assume that HD forms an hcp crystal with ideal packing, so that the lattice
constants a and c satisfy the relation ¢/a = \/%, which is nearly the case in p-H,* and 0-D»*.
Moreover, we suppose that the lattice constant @ must fall between its value in 0-D; at 0 K (3.603
A) and p-H» at its triple point (3.798 A). Given these plausible assumptions, we index the peaks
located at 97° , 105.1°, and 115.5° as the (100), (002), and (101) reflections, respectively. The
uncertainty in the scattering angles of the latter two Bragg peaks may conservatively be estimated
to be £0.5°. Accordingly, we find that the lattice parameter a is 3.70(5) A and the solid molar
volume is 21.6(3) cc/mol at 16.35(5) K. On the basis of the quantum law of corresponding states,
Souers!” estimated that the molar volume of solid HD at its triple point (16.60 K) is 21.8 cc/mol,
in good agreement with our finding. Of course, a definitive measurement of the molar volume of
solid HD requires more extensive diffraction measurements, as well as a sample of higher chemical

purity.
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TABLE 1. Values of the self-diffusion constant D, root-mean-square jump length L., and mean-squared

displacement (u?), as a function of temperature 7.

T [K] DA% /ps) | Lms A) | (12) (A2)

17.81(9) 0.379(4) 1.25(8) 0.30(3)
19.31(8) 0.481(4) 1.32(6) 0.22(2)
20.64(6) 0.604(12) - -

Appendix B: Table and Figures

Intensity (arb. unit)

0.5 1.0 1.5 2.0 2.5
Q| (A™)

FIG. 1. The dynamic structure factor of bulk liquid HD at 19.31(8) K. The chemical purity of the sample is
approximately 98%.
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FIG. 2. The dynamic structure factor S(Q = 0.4 A ,E) of bulk liquid HD at three different temperatures:
17.81(9) K (blue squares), 19.31(8) K (green circles), and 20.64(6) K (red triangles). The scattering has
been scaled to 100 arbitrary units at E = 0 meV. The instrumental resolution function is shown as a dashed
line. Model fits, described in the main text, are shown as solid lines. The inset re-plots the scattering on a
logarithmic intensity scale. Error bars throughout the text represent one standard deviation. Here they are

due to Poisson counting statistics.
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FIG. 3. Lorentzian widths I" obtained from liquid HD at 17.81(9) K (blue squares), 19.31(8) K (green
circles), and 20.64(6) K (red triangles). The solid lines represent non-linear least-squares fits to the Hall-

Ross model.
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FIG. 4. The self-diffusion constant D of saturated liquid normal-hydrogen, deuterium hydride, and normal-
deuterium as a function of temperature 7. Measurements of n-H, are shown as open47 and closed!® red
circles. Current empirical estimates for HD are shown as black circles. Values for n-D, are shown as open
blue circles*’ and as a closed blue triangle®®. A predicted value for HD based on path integral molecular
dynamics is shown as a black star'?. The triple point of each substance has been indicated by an arrow on
the horizontal scale. The curves are non-linear least-squares fits to an Arrhenius law, where solid curves are

fit to solid points and dashed curves are fit to open points.
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FIG. 5. Reduced diffusion constant D* as a function of reduced temperature for n-Hp, HD, and n-D;.
Symbol designations are identical to the previous figure. Also shown is the behavior of a classical Lennard-

Jones fluid.
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FIG. 6. Panel (a) plots the reduced prefactor for several van der Waals liquids against the effective quantum
parameter. Panels (b) and (c) plot the reduced activation energy Ej against Al in the liquid and solid
phases, respectively. Red dashed curves are linear fits to the data. Liquid xenon, for which Dj = 4.81’}:; has

been excluded for the sake of clarity. The estimates for liquid tritium are obtained by interpolation.
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FIG. 7. Application of Young’s method to the diffusion constants of the hydrogen isotopologues. Panel (a)
plots D versus 7T in the liquid phase. The symbols represent hydrogen, deuterium, and deuterium hydride,
as in Figure 4. Error bars have been suppressed for the sake of clarity. Experimental values for neon’’
and krypton®% are shown as black dotted and orange dash-dot curves, respectively. The estimated curve for
liquid tritium is shown as a purple dashed line. In panel (b), the method is applied to nuclear magnetic

resonances measurements of molecular diffusion in the solid hydrogens>.
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FIG. 8. Panel (a) plots the elastic signal S(¢) of solid HD at 16.35(5) K as a function of scattering angle
¢. Panel (b) focuses upon the observed Bragg reflections, as described in the text. The solid red curve is a

least-squares fit to the data consisting of three Gaussian peaks and a linear background.
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