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The dissertation contains two main results. The first is on the twisted Weyl character
formula for split groups and the second is a cellular paving result for convolution morphisms
in partial affine flag varieties of quasi-split groups.

Let G be a connected reductive group over an algebraically closed field of characteris-
tic 0 with a pinning-preserving outer automorphism o. Jantzen’s twining character formula
relates the trace of the action of o on a highest-weight representation V,, of G to the char-
acter of a corresponding highest-weight representation (V), of a related group Goe. This
paper extends the methods of Hong’s geometric proof for the case G is adjoint, to prove
that the formula holds for all split, connected, reductive groups, and examines the role of
additional hypotheses. In particular, it is shown that for a disconnected reductive group
G, the affine Grassmannian of G is isomorphic to the affine Grassmannian of its neutral

component. In the final section, it is explained how these results can be used to draw



conclusions about quasi-split groups over a non-Archimedean local field. This paper thus
provides a geometric proof of a generalization of the Jantzen twining character formula,
and provides some apparently new results of independent interest along the way.

Now we turn to the context of Chapter 3. Let G be a tamely ramified, quasi-split
group over a Laurent series field K = k((t)), where k is either finite or algebraically closed.
If £ is finite of order ¢ and G, ; contains a factor of type Dy, then we also assume either
3] qor3]|qg—1. Given a sequence (X,,); of Schubert varieties contained in a fixed partial
affine flag variety .# for G, consider the convolution morphism m that maps the twisted
product of those Schubert varieties into the partial affine flag variety .%#. We show that the
fibers of m are paved by finite products of affine spaces and punctured affine spaces. This

generalizes a result of Haines, which proves a similar result in the case G is split and defined

over k. A consequence for structure constants of parahoric Hecke algebras is deduced.
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Chapter 1: Introduction

A fundamental starting point of geometric representation theory is the geometric
Satake correspondence. Let GG be a split, connected, reductive group over a finite residue
field k, and let F' = k((w)) be a local field with residue field & and ring of integers O =
k[w]. Let X.(T) be the cocharacter lattice of G, where 7' C G is a maximal torus,
and let W be the (finite) Weyl group of G. The Satake isomorphism is an isomorphism
of C-algebras between the spherical Hecke algebra C.(G(0r)\G(F)/G(OF),C) and the
representation ring C[X,(T)]" of the Langlands dual group G over C.

The geometric Satake correspondence geometrizes the Satake isomorphism, and gen-
eralizes the setting to an arbitrary residue field &k [22], [26]. That is, the geometric Sa-
take correspondence establishes that there is a geometric space—the affine Grassmannian
Grg = LG/LTG, which is represented by an infinite-dimensional ind-scheme over k—such
that bi-invariant functions on G(K) can be constructed via the sheaf-function correspon-
dence from LT G-equivariant perverse sheaves on Grg. Then the representations of the
Langlands dual group G are constructed by taking global cohomology groups of those per-
verse sheaves, establishing an equivalence of Tannakian categories between representations
of G (along with tensor product ®) and the LT G-equivariant perverse sheaves, equipped

with a convolution operator .



One reason the geometric Satake correspondence is so useful is that it allows us
to deduce theorems of “representation-theoretic” content by investigating the geometry of
the affine Grassmannian (and related spaces). In this dissertation two examples of that
approach are given. In the first, given in Chapter 2, a formula for the trace character of an
operator o on a representation of a split reductive group G is established by studying the
space of o-invariants for the action of 0 on Grg, where G is the Langlands dual group of
the split group G. In the second, given in Chapter 3, the idea of convolution is generalized
from the affine Grassmannian to more general partial affine flag varieties of a quasi-split
group GG. Given a twisted product of a sequence of Schubert varieties in a partial affine
flag variety .%¢, there is a convolution morphism m that projects that twisted product back
into the partial affine flag variety .%¢, and in Chapter 3 it is shown that the fibers of m
must be paved by a nice class of varieties. This result has consequences for the form of
convolutions of certain compactly supported bi-invariant functions on the group G in some
cases. We can now discuss the results and methods of Chapter 2 and Chapter 3 in some
more detail. Be aware that the contexts, and some of the notations, differ between the two
chapters.

Let G be a connected reductive group over an algebraically closed field K of character-
istic 0, and let o be an outer automorphism of G that preserves some Borel pair TcBcG ,
as well as some set of pinning homomorphisms {x,v} for é, indexed by simple roots o
for G. For a dominant character u € X*(T)", let V,, be the irreducible K-representation
of G with highest weight p. If p is o-invariant, then there is a canonical action of ¢ on
V, fixing the highest weight line pointwise. The primary aim of Chapter 2 is to prove

the Jantzen twining character formula holds for the action of o on o-invariant irreducible



representations, relating the o-twisted character of V, to the character a representation
(V) of the related group Goe.

A~ o~

Let the character lattice X*(T') be denoted XV, let the root system ®(G) be denoted
@V, let the cocharacter lattice X,(T) be denoted X, and let the coroot system ®Y(G)
be denoted ®; thus the root datum for G is (XY, ®Y, X,®). Then we can construct the
Chevalley group G over C using the dual root datum (X, ®, XV, ®Y). Let T'C B C G be
the Borel pair corresponding to the same choice of dominant cone in the character lattice,
and let {z,} be a pinning determined by the Chevalley basis of G. Since o acts on ¢
preserving the set of simple roots and also acts on XV, we can define an action of o on G
as follows: for A € X, (T) = X" and y € Gy, let o(A(y)) = o(N\)(y), and for a simple root
homomorphism z, : G, = G and y € Gy, let 0(24(y)) = Zo(a)(y). Since G is generated
by T and U, for simple roots «, this is sufficient to define an action of ¢ on G. Let G°
be the closed o-invariant subgroup of G, and let G”° be the neutral component. Since
o preserves a pinning, G?° is a split, connected, reductive group over C, and the root
datum for G° can be constructed combinatorially from the action of ¢ on the root datum
of G. Let Go° be the Chevalley group over K with root datum dual to that of G?°. In
particular, the character lattice of Go° is the set of o-invariant characters of (A?, X *(T\)"
Given a o-invariant dominant character p € X *(T )77, let the corresponding irreducible
representation of Go° be denoted (Vo) -

~

Given a o-invariant dominant character 1 € X*(7")™7, the action of o on V,, permutes

~

the weight spaces V,,(X) C V, for A € X*(T'). In particular, if A is a o-invariant character of

G and a nonzero weight of V,,, then the action of ¢ on V() has a possibly-nonzero trace,



tr (o | V,(A)). These traces are used to define the o-twisted character

ch,(V,) := E tr (o | V,(\)e,
AEW (1)
(M)A

where e

arc basis elements of the character algebra C[X*(T)].

The main theorem of the second chapter relates ch,(V),) to the ordinary character
ch ((V),), implying there is a Weyl-type formula for the action of o on V.
Theorem 1.0.1 (Jantzen twining character formula). Let @, G, and o be as above. Let i

be a o-invariant dominant character in X*(T) and let X be a nonzero, o-invariant weight

of V. Then we have the following equality for the trace of o:
tr (o [ V(A)) = dim ((V5),.(A)). (1.1)

The Weyl character formula for Go° thus implies a twining formula for the o-twisted char-

acter of V,:

IRUARTNARESS DT I ) — P

weWe aVe(@y)t

where W is the Weyl group of CA;, Weo C W s the o-invariant subgroup as well as the
Weyl group of CF"T’, and ®Y is the root system of Go°. Note that ®Y can be calculated

combinatorially from the action of o on ®¥ [11, Theorem 6.8].

The proof is geometric in nature and follows closely after the proof in the case G
is semisimple, simply connected, and adjoint (or equivalently that G is simply connected)
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found in [15]. Although the result for general split groups can be derived, as in [6], from
cohomology calculations in [19], most proofs assume at least that G is semisimple and
simply connected [16], [21].

There are two primary reasons for assuming G is simply connected when taking a
geometric approach. One is that the connected components of the affine Grassmannian
Grg are indexed by the fundamental group of GG, and so Grg is connected if and only if G
is simply connected. Due to the reductions to “stable AMV cycles” in the proof of [15], this
consideration is not a significant obstacle. The second reason is that the classification of
split reductive groups only applies to connected reductive groups. Known examples make it
clear that the correct group to appear in the statement of Theorem 1.0.1 is Goe. However,
it is not a priori obvious how the affine Grassmannian of Grge relates to Grgo.o. We show
that in fact the two functors are isormorphic over any field of characteristic 0. To prove
this result we use as a lemma that if G is an étale group scheme over a field of characteristic
0, then the three functors G, LG, and LT G are all equal. These results, though not strictly
necessary, seem to be new and interesting in their own right.

The overall strategy is to construct the affine Grassmannian Grg for the group G
and understand the natural action of o on Mirkovié¢—Vilonen (MV) cycles contained in the
affine Grassmannian Grg. In particular, there is a natural closed immersion of functors
over C given by Grge — Grg, and the reduced structure of the image of Grgs in Grg is
exactly the o-fixed-point subfunctor (Grg)? C Grg.

The geometric Satake correspondence of Mirkovié¢—Vilonen [22] establishes that, for a
dominant cocharacter p and a nonzero weight A of the representation V,,, the vector space

spanned by MV cycles of coweight (A, i) is exactly the weight space V,,(A) C V,,. Thus, the
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key step in proving the equality (1.1) is to establish that, if x4 and A are o-invariant, then
the o-fixed point subvarieties of the o-invariant MV cycles of coweight (A, u) are exactly
the MV cycles of coweight (A, u) contained in Grge; and that if g or A is not o-invariant,
then the o-fixed point subvarieties are all empty.

Given a dominant cocharacter p € X, (T)" = X *(f )" and a weight cocharacter
A € X.(T), an MV cycle of coweight (A, i) is an irreducible component of the intersection
of the Schubert variety Grf. with the semi-infinite cell S) := LU~ - @*ep. In order to
introduce an action of X, (7'), the class of MV cycles is enlarged to the class of Anderson—
Mirkovié-Vilonen (AMV) cycles. Rather than an irreducible component of S N Grf, an
AMV cycle is an irreducible component of SZAUO N S#. Then by normality of U~ in B~
and normality of U in B, cocharacters act by translation on these intersections of semi-
infinite cells. For example, given a triple of cocharacters A\, i, v € X,(T') (1 not be need be
dominant for the coweight of an AMV cycle), we have w” - (Sj, N S¥) = Syt N SH. This
can be used to translate the problem of studying arbitrary MV cycles to studying “stable”
AMV cycles, or those of coweight (A — p,0). Because stable AMV cycles are contained
in the neutral component of Grg, the proof method is not obstructed by the possibility
that Grg may not be connected. Using a criterion for determining which AMV cycles have
dense intersection with MV cycles due to [1], we can study the action of 0 on AMV cycles,
and deduce the relevant consequences for MV cycles.

In order to establish the bijection between o-invariant AMV cycles of Grg and all
AMYV cycles of Grge, as well as to establish the isomorphisms of the latter with the o-fixed

point subvarieties of the former, we make use of an indexing of AMV cycles due to [17]

by “i-Lusztig data”. These data are useful because they reflect in a transparent way the



action of o on the AMV cycles they index, allowing us to prove the following dichotomy of
taking o-fixed points: if the i-Lusztig datum of an AMV cycle is o-invariant in a suitable
sense, then its o-fixed point subvariety is a corresponding AMV cycle for G?; and if it is
not o-invariant, then its o-fixed point subvariety is empty.

Finally, Theorem 1.0.1 is used to deduce a result of [9] in the more general context of
split, connected, reductive groups, removing a hypothesis of semisimplicity.

Now let us motivate and describe the contents of Chapter 3. Note that the notation
will differ for this section.

The geometric Satake correspondence is just one example of the usefulness of ge-
ometrizing convolution of functions in partial affine flag varieties. For a reductive group G
defined over a Laurent series field K = k((t)), every parahoric group scheme is associated
to a partial affine flag variety. If GG is a constant group, isomorphic to a base change of
a group defined over k, as in Chapter 2 (note the change in notation; the residue field k
for G in Chapter 2 was the complex numbers C and the uniformizer for the Laurent series
field was denoted c rather than ¢), then the base change Gy is one such parahoric group
scheme and the affine Grassmannian Grg is the corresponding partial affine flag variety.
In that case, given a sequence of dominant cocharacters pe = (ft1, ..., ), the convolution

morphism of the corresponding Schubert varieties

O g L) |pte
my, : Grg X - x Grg — Grg

is used to define the convolution product of L+ G-equivariant perverse sheaves on Grg. From

this construction we can derive the geometric Satake equivalence, which is an essential tool



for studying representations of reductive groups, as is seen in Chapter 2.

Another example of the use of a convolution morphism is the Demazure resolution of
singularities of the full affine flag variety. If we again let G be a reductive group defined over
K but instead take the parahoric group scheme to be an Iwahori ., then the corresponding
partial affine flag variety is the full affine flag variety .. Schubert varieties of % are
indexed by elements of the Iwahori-Weyl group W for G. Then, given a sequence of
simple reflections s, = (s1,...,s,) forming a reduced word for the product w = sy --- s,
the corresponding twisted product of Schubert varieties is a smooth k-variety and the
convolution morhpism

mg, .

is a resolution of singularities of the Schubert variety X,.

Lastly, in the case that k = F, is a finite field, then for every parahoric subgroup
& C G(K), convolution morphisms help us to understand the convolution product in the
parahoric Hecke algebra J2(G//Z?) = C.(P\G(K)/Z,C). Let F5 be the partial affine
flag variety corresponding to &; Schubert varieties of .% 4 are indexed by double cosets w €
Waop\W/W gz, where W is the Iwahori-Weyl group of G and W is the parabolic subgroup
corresponding to &2. If we normalize a Haar measure on GG such that &2 has volume 1, then
for a pair of basis characteristic functions (15,2, 12w, 2) let the &-Demazure product
Zw? * 7wy be the Demazure product of the maximal-length representatives of w; and ws

in W. Then we can use the fibers of the convolution morphism

M(wy,ws) - Xy X Xopy — X&@wi@*‘@wé@



to determine the structure constants c;, ,,,(¢) in the formula

v
low 2 * 1w, 2 = E Cooy (@) L 202,
v <P« Puwd

where the sum runs over v € W4 \W/Wa. Specifically, we have the formula

cgm(q) = #m(’wlhw)(v,@)(]Fq).

A standard setting for studying the geometry of partial affine flag varieties is the one
in which we have a split, reductive, constant group G over a Laurent series field, or at least
that the residue field k is algebraically closed. However, for many applications—including
the geometric Langlands program, the study of Shimura varieties and local models, and the
calculation of structure constants for parahoric Hecke algebras—a more general context is
necessary. In Chapter 3 it is assumed that G is a connected, reductive group over a Laurent
series field K = k((t)) where the residue field k is either algebraically closed or finite, and
suppose G is quasi-split over K and splits over a tamely ramified extension K /K. We also
assume that if k is finite of order ¢ and the split adjoint form G, z of G contains a factor
of type Dy, then either 3 | g or 3| g — 1.

The main goal of Chapter 3 is to prove a suitable cellular paving result holds for all
fibers of convolution morphisms, and for all partial affine flag varieties, when G is as above.
This generalizes a result of [10], which proves a similar paving result in the case G is a split,
constant group and k is algebraically closed.

Fix a maximal K-split torus S C GG and let T' be the centralizer of S in G. Since G



is quasi-split, T is a maximal torus. Fix also a Borel subgroup B C G defined over K and
containing 7. Let & := k[t] be the ring of integers for K, and let K = k((u)) be a minimal
Galois field extension over which G splits.

Let &7 be the apartment for G with origin 0 € &7 and let Iwahori-Weyl group of G
over K be denoted W. Note that W = Q x Wy is a quasi-Coxeter group, with subgroup
Wt generated by simple reflections S,¢ and subgroup () preserving the fundamental alcove
acC .

For every facet f in the fundamental apartment there is a corresponding parahoric
group scheme % over ¢ and parahoric subgroup % (€0) C G(K). Furthermore, since
parahoric group schemes are schemes over &, for each f we have the parahoric positive
loop group functor LT % on Aff), that maps a k-algebra R — P (R[t]). Then for each
parahoric group scheme the functor L™ %% is a smooth, connected affine group scheme
over k, though it is not of finite type. Similarly, let LG be the functor on Aff; defined by
R +— G(R((t)); then LG is represented by an ind-affine ind-scheme.

Let (G, K) be the Bruhat-Tits building of G. Then the apartment .o/ is the funda-
mental apartment of the building, and G(K) acts on #(G, K). Each parahoric subgroup
P(0) fixes the corresponding facet f pointwise. If f is in the closure of a, then let
We C Wye be the subgroup of W fixing f pointwise. Then W% is a parabolic subgroup of
W, and the Bruhat order < is well-defined on the coset space W /W5 as well as the double
coset space We\W/Wk.

Given a facet f in the closure of a the functor .%; on Aff is defined by taking the
étale sheafification of the presheaf functor R — LG(R)/L" %% (R). Then %; is called a
partial affine flag variety corresponding to f, and is represented by an ind-projective ind-

10



scheme. A fundamental result about a partial affine flag variety .%; is that it is stratified
by Lt Ps-orbits indexed by the double coset space We\W/Ws [24]. If w € G(K) is a lift
of a double coset w, then the LT Z-orbit of the point wes in % is called the Schubert
cell corresponding to w, and denoted Y,,¢. The reduced closure X, ¢ := m is called the
Schubert variety corresponding to w. For a pair of double cosets v, w, we have Y, ¢ C X, ¢
if and only if v < w.

Given a sequence we = (w1, ..., w,) € (We\W/Ws)?, let the f-Demazure product fwf
be the Demazure product of the maximal representatives fwf € W of the respective double
cosets w; [7]. Then we have a twisted products of Schubert cells and Schubert varieties

formed as the reduced closed subschemes of Xr,r whose k-points are given respectively by

Y (k) =Yy, x - x Y, (

|

) ={(geg, ..., gper) € FF | gi__llgief € Ywi(l_c) for all i}

Xy (k) = Xy X -

X X, (

|

) = {(g1ex, - - -, gpes) € FL | g; gies € X, (k) for all i}.

We also have the convolution morphisms defined on k-points by

o . .
Myt Yw. — Xfw£ Mo f Xw. — Xfwi‘

(g1€s, ..., gpes) — gper, (g1€et, ..., gpes) — gpes.

The main results of Chapter 3 are pavings for the fibers of m,, s. Given a class of
k-varieties €, we say a k-scheme X is paved by varieties in %, or simply paved by %, if
there is a finite exhaustion of closed subvarieties @ = Xy C X; C --- C X,, = X such that

each locally closed difference X; — X;_; is isomorphic to a member of €.
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Theorem 1.0.2. Let G be a quasi-split group as above over a field K, and let s =
(s1,...,8p) be a sequence of simple reflections in Sar. Then the fibers of the convolution
morphism

Msya - Xs.,a — Xs*,a

are paved by finite affine spaces.

Theorem 1.0.3. Let G be a quasi-split group as above over a field K, let £ be a facet in
the closure of a, and let we = (w1, ..., w,) be a sequence of elements of We\W/Ws. Let €
be the class of finite products of affine spaces and punctured affine spaces. Then the fibers
of the convolution morphism

Mave f - Xw.jf — Xfw£

are paved by € .

The key idea of the proofs of both theorems is to work inductively. Specifically,
for a given codimension 1 facet f in the closure of an alcove a’ in the building #A(G, K),
the set of alcoves other than a’ containing f in their closure is indexed by the k-points
of a unipotent group scheme U,,,. Moreover, the corresponding Schubert cell wYs . a

is isomorphic to U,,, as a variety over k, which is isomorphic to an affine space A{ for

some d < 3. Furthermore, the punctured Schubert cell wY — {wse,} is isomorphic to

a+r,a
U,., — {1}, which is isomorphic to A{ — {0}.
We show that a fiber of m,,, has a locally closed decomposition where each locally

closed subscheme is isomorphic to a product of two spaces known to have a paving of the

desired form. The first is the fiber of a “smaller” convolution morphism, which is assumed
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by induction to have the desired paving, and the second is shown to be isomorphic to U,
(or Uyt — {1} in the proof of Theorem 1.0.3).

An essential lemma for this induction is called stratified triviality. This result states
that, for any fixed choice of facet f in the closure of a, the morphism m,,, ¢ is trivial over
the intersection of its image with an L*.#-orbit. This allows us to deduce the product
decomposition of locally closed subschemes of the fiber as mentioned above.

Stratified triviality is proved as a consequence of an Iwahori-type decomposition. This
Iwahori-type decomposition is itself a consequence of an analogous decomposition for split
groups proved in [7], along with a comparison of affine root subgroups of G to those of the
split group G .

To prove Theorem 1.0.2, induction is carried out according to the length of the se-
quence of simple reflections. Fix a sequence s, = (51, ..., ;) and a point we, in the image
of mg,. Then let s, = (s1,...,5,-1) and let my, o be the corresponding convolution mor-
phism. We use the branching in the building to show that, for a fixed choice of = in the
image of my, o and the fiber lying over we,, the space of points in the intersection of the
image of m, o with = as the (p —1)th coordinate is isomorphic to one of the following three
spaces: either U,y,(k) where s, is a simple reflection of type a + r, a single point, or an
empty set. Then by stratified triviality, the fiber over we, is a product of the smaller fiber
and one of the three spaces listed, which is sufficient to prove the fiber is paved by affine
spaces.

Next Theorem 1.0.3 is proved in three steps, which are fundamentally similar to the
proof of Theorem 1.0.2. However, in order to achieve full generality, it is necessary to use

the stratification of the twisted Schubert variety X,,, by twisted Schubert cells Y,, C X,,.
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The restriction of the convolution morphism m,,, is called m;, . In the first step we assume,
as in the proof of Theorem 1.0.2, that w, = s, is a sequence of simple reflections and that
f = a. Then we proceed as before, fixing a point we, in the image of mj, and a point
in the image of mg, lying over we,, and describing the space of points in the intersection
of the L*.7-orbit of we, with x as the (p — 1)th component of the fiber. However, for m?,
there are now four possibilities for what the isomorphism class of this space may be: it may
be U,y a single point, empty, or U,y — {1}. In all cases we deduce the desired paving
result using stratified triviality.

In the second step, we assume that w, is an arbitrary sequence of elements of W
but still work with the fixed facet f = a, and show that this convolution morphism is
isomorphic the convolution corresponding to a longer sequence of simple reflections. Finally,
we carefully choose representatives of double cosets w; € Wi\W/W; and show the desired
paving result for a twisted product of Schubert varieties in .%¢ can be deduced as a special
case.

After the proof of the main theorems, we deduce a consequence for structure constants

of parahoric Hecke algebras.
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Chapter 2: The Twining Character Formula for Reductive Groups

Jantzen’s twining character formula is a twisted version of the Weyl character formula.
Given a pinning-preserving outer automorphism ¢ on a connected, reductive group scheme
G over an algebraically closed field, the formula describes the twisted character of o on a
highest-weight representation of G in purely combinatorial terms, and can be calculated
using the o-action on the root datum of G. Tt was first proved by Jantzen, [16], with
alternative proofs provided by [21], [15], and [6].

Most of the above proofs share an assumption that the group G is connected, semisim-
ple, and adjoint, and some impose additional hypotheses. However, the proof of [6] holds
for connected, reductive groups, following some cohomology calculations in [19]. In this
paper I will make the same assumptions: that Gis a connected, and reductive group.

I will follow quite closely the geometric proof of Hong [15]. T will outline the structure,
then reproduce the proof in a fairly self-contained way to make clear where the stronger
hypotheses might be convenient—and why they are unnecessary. For one thing, Hong’s
proof applies equally well as written whether G is assumed to be adjoint or simply con-
nected. For the more general case, Proposition 2.3.1 will be useful. Although Proposition
2.3.1 is not necessary to prove Theorem 2.0.1, as shown in [6], I believe it is interesting in

its own right and have not seen it elsewhere in the literature.
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Let G be a connected, reductive group over an algebraically closed field K of char-
acteristic 0, and fix a root datum of G. In particular, fix a maximal torus and Borel
T c B c G. Let G be the complex group with dual root datum, and with a corresponding
choice of maximal torus and Borel T'C B C GG. Let ¢ be an automorphism of G preserving
the root datum and a pinning, and consider its induced action on GG, which preserves the
dual root datum and a pinning. Let G° be the fixed-point subgroup of G, and let G?°
be the neutral component of G°. Then G”° is a connected, reductive group [32] (see also
[12]), and a closed subgroup of G, with maximal torus and Borel 77° C B%° C G?°. The
cocharacter lattice X,(7T%°) is a subgroup of X,.(T), and other components of the root
datum of G?° can also be determined combinatorially. Let G7° be the dual of G°° over
K.

Note that o acts on the lattice of cocharacters of T' (i.e. characters of f) If 1 is any
o-invariant dominant cocharacter of GG, then we are interested in the action of o on the
irreducible highest-weight representation V,, of G , as well as the action of o on weight spaces
V,(X), where X is a nonzero weight of V,,. The set of such weights is denoted Wt(u). Up
to a scalar, there is a unique vector space automorphism o : V,, — V|, commuting with the
action of G on V.. We can normalize this automorphism by assuming o not only stabilizes
the highest-weight line V,,(11), but fixes it pointwise, uniquely determining an action of o.
The irreducible representation of Goe of highest weight 4 is denoted (V,),. Then we have
the following theorem relating V,, and (V,,),.

Theorem 2.0.1 (Jantzen’s twining character formula). Let G, G, and o be as above. Let

-~

w be a o-invariant dominant character in X*(T') and let A € Wt(u) be a o-invariant weight
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of V.. Then o preserves V,,(A\), and we have the following equality:

tr (o | Vu(A)) = dim ((V5) . (A))- (2.1)

The Weyl character formula for Go° thus implies a twining formula for the twisted

character of o:

1 w
Yo ot VW)t =ch (Vo)) = > w| ]I | W),
AEWt() weWe aENL(P)T

Here N.(®) is a root system explicitly determined by the o-action on ® and is the root

system of the group Goe.

See Section 2.7 for details on how to determine N.(®) using the root datum of G
Notation and proofs there are drawn from [11].

There are two apparent justifications for the stronger hypotheses taken in previous
proofs of Theorem 2.0.1. First, unless G is semisimple and either simply connected or
adjoint, G may not be connected. This turns out to be immaterial, as the affine Grass-
mannian of G? (and the category of sheaves on it) “forgets” any disconnectedness of G,
cf. Proposition 2.3.1.

Second, the root lattice of G is a strict sublattice of X *(f) in the case G is not
semisimple and adjoint. In this case the affine Grassmannian of GG is disconnected, and the
dimensions of Schubert varieties vary in differing components. However, it turns out that,
due to the use of Anderson’s polytope calculus and normalization to stable AMV cycles,

disconnectedness of the affine Grassmannian is also immaterial.
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In Section 2.1, I establish conventions used throughout the paper. In Section 2.2,
I outline the proof of Theorem 2.0.1, omitting some details, to see how the stronger hy-
potheses are used in the literature. Sections 2.3 through 2.6 comprise a complete proof
of Theorem 2.0.1: Section 2.3 describes the o-action on subvarieties of the affine Grass-
mannian of G, relating them to corresponding varieties in the affine Grassmannian of Grge;
Section 2.4 considers the action of ¢ on i-Lusztig strata, establishing a condition for invari-
ance; Section 2.5 establishes a coweight-preserving bijection between the o-invariant MV
cycles of G and all MV cycles of G?°; and Section 2.6 completes the proof of Theorem 2.0.1
by showing that o fixes basis vectors corresponding to o-invariant MV cycles, implying that
the trace of o is exactly the number of preserved MV cycles. Section 2.7 deals explicitly
with root data and uses Theorem 2.0.1 to prove a Theorem 7.7, which is stated in [11]
without reference to a fully general proof. Finally, Appendix A is a complete list of results

from [22] used in this paper.

2.1 Notation

Here I will establish some notation and conventions. Throughout, Gis a connected,
reductive group over an algebraically closed field K of characteristic 0. I primarily work

7 “coweight,” or other similar term,

with its complex dual group G. If I write “character,
without specifying which group I am referring to, I intend to refer to G.
Fix a maximal torus and Borel 7' C B C G. We also have the corresponding maximal

unipotent subgroup U C B. Let the set of simple roots be denoted II and the simple coroots

denoted ITV. Let the set of roots be denoted ® and the set of coroots denoted ®V. Let the
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character lattice be denoted X*(T") and the cocharacter lattice denoted X, (7).

Fix also a maximal torus and Borel T ¢ B ¢ G , with corresponding maximal unipo-
tent U. Then the character lattice for G is exactly X*(T) = X,(T), and the cocharacter
lattice is X, (T) = X*(T); the set of roots of G is ®", and the set of coroots is ®; the set
of simple roots of G is ITV, and the set of simple coroots is II.

Let G9" be the derived subgroup of G, and G*¢ the universal cover of G%". Then
G*¢ and G have the same set of coroots and simple coroots as G, and there is a natural
embedding X, (7%¢) — X, (T), with X, (7°°) generated by ITIV. Given any two cocharacters
A € X (T), we say A < pif and only if u — A € ZsoIIV. Let p be the half sum of positive
roots of G and p" be the half sum of positive coroots.

Let W be the Weyl group Ng(7T)/T. Then W acts on X*(T) and X, (7). For each
w € W, let A <, p if and only if w™(\) < w™!(u). Corresponding to the choice of simple
roots II, we have a set of simple reflections S = {s,}aen generating W, and (W, 95) is a
Coxeter system. Then there is a length function ¢ on elements of W let wg € W be the
longest element.

Fix a pinning of G compatible with T" and B, i.e. a collection of root homomorphisms
Zo : G, — U for each simple root a € II. Each root homomorphism x,, also uniquely deter-
mines an opposite root homomorphism y, : G, = woUw, . Fix also pinning {zsv }avenv
of G compatible with T and B.

Let o be an automorphism of G preserving the pinning {z,}.en, meaning that o
preserves 1" and B, and that 0 o w1, = Z,(q) for all & € II. Let G” be the fixed point
subgroup, and G?° the neutral component of that fixed point subgroup.

Since o acts on the constituents of the root datum of G , there is a unique action of o
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on G preserving its root datum and the pinning {x,v}. Specifically, G is generated by the
images of cocharacters generating X*(7) and by the root and opposite root homomorphisms
Tov and y,v for a¥ € IIV. It is thus sufficient to define o on these images. Let R be a
K-algebra, and suppose g € G(R). If g = A(t) for some t € G,,(R) and A € X*(T), let
o(g) = o(A)(t). Andif g = zov(u) for some u € G,(R), then let 0(g) = To(av)(u); similarly,
if g = yav (u), let 0(g) = Yo(av)(u).

For a complex, smooth, linear algebraic group H we have the loop group, positive
loop group, negative loop group, and strictly negative loop group functors from C-algebras
to sets given by LH : R+ H(R(w))), LYH : R~ H(R[w]), L H : R+~ H(R[w™!]) C
LH(R), and L=~ H : R — ker (L™ H(R) — H(R)), respectively. The étale sheafification
of the quotient functor LH/LTH : R+— H(R(w)))/H(R[w]) is known as Gry, the affine
Grassmannian of H, and is representable by an ind-finite type (strict) ind-scheme over C.
The ind-scheme Gry is ind-projective if and only if H is reductive (see, for instance, [3]
Theorem 4.5.1(iv)). For this reason, it is essential to this proof to assume G is reductive.

For each cocharacter v € X,(T') we have by definition a homomorphism v : G,, —
T C G, as well as a homomorphism v : LG,, — LT. Let w” € LT(C) be the image of w

under this homomorphism, and let w”xy be the image of @w under the composition

LG, (C) % LT(C) — LG(C) — Gre(C),

where zg is the natural basepoint of Grg(C), corresponding to the trivial coset in LG(C)/L*TG(C).
Given a locally closed, reduced sub-ind-scheme Y C Grg, let Y be the reduced closure.

If G is reduced, then Y is ind-projective. Grg has a Cartan stratification by L+G-orbits.

20



Given a cocharacter u, let Grf, be the LT G-orbit Grfy, = LG - w”zy. I refer to these orbits
as Schubert cells, and their closures as Schubert varieties. Schubert cells and Schubert
varieties are reduced, finite-type, complex schemes. Typically u will be taken dominant,
since Grf, = Grg(“ ) for all w € W. If u is dominant, we have the following closure relations

from the Cartan stratification:

Grg, = H Crgy.
AEX, (T
A<p

We also have, for each w € W, an Iwasawa stratification. The strata of the Iwasawa
stratification are known as semi-infinite cells. In contrast with Schubert varieties, semi-
infinite cells and their closures are not representable by schemes. Given w and a cocharacter
v, let S¥ be the orbit S¥ = wLUw™ ! - @"zy. Then we have the following closure relations

(see eg [22] Proposition 3.1(a)):

Sp= 1T s
nEX«(T)
n<wv

From a geometric description of the complex points, we have an intersection criterion

(see eg [22] equation (3.5) in the proof of Theorem 3.2). That geometric description is

SY(C) ={z € Grg(C) | lim w(p”)(s) ="z}, (2.2)

where w(p¥) : G,,(C) — T(C) is a homomorphism of complex groups. As a consequence
of this description, S/ N SY, # @ only if v <, n and  <,» v. Indeed, if p € (S? NS%,)(C),

then both w"x( and @w”x( are in the closure of the T'(C)-orbit of p. Since both S]! and S¥,

21



are T-invariant, that means in particular that @’y € S%,(C) and @z, € Sp(C), implying
the inequalities.

Given a reduced, irreducible, projective subvariety X C Grg, the sheaf ICx =
Jie(C[dim X]) is the unique perverse sheaf restricting to constant coefficients on the non-
singular locus of X. In the case X = G_ré for a dominant cocharacter p, this sheaf is
L*G-equivariant and known simply as IC,. The category of LTG-equivariant perverse
sheaves on closed subvarieties of Grg consists of only direct sums of IC), for dominant p

and is referred to as Pr+q(Grg).

2.2 Outline of proof

Here I will summarize the proof, adapted from [15], of Theorem 2.0.1. I do this
primarily to see that the hypothesis that G is reductive is sufficient. Suppose G is a complex,
semisimple, simply connected group, and let o be a pinning-preserving automorphism of
G.

The proof is geometric in nature, relying on the geometry of the affine Grassmannian
Grg. Of particular importance is the geometric Satake equivalence, which constructs an
explicit and canonical bijection between certain varieties contained in Grg, called MV cy-
cles, and basis vectors of highest-weight representations of G. For precise statements of the
several theorems from [22] I am referring to when I say “the geometric Satake equivalence,”
see the Appendix A. The most important results, stated according to conventions from

Section 2.1, are summarized here:

Theorem 2.2.1. Let i be a dominant cocharacter, and let X\ € Wit(u).
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i. S, N Gr¥, is equidimensional, and dim (S5, NGr%) = (p,u— \)

it. Sy, NS¥ is equidimensional, and dim (S, N S*) = (p, u — A)

iii. H*(Grg, 1C,) = €D H*wN(8),,1C,) =V,
AEW (1)
. H7%eN(Sh IC,) = P  KA=V.0.
A€lrr (Sz}o ﬁ@)

v. Ppig(Grg,Z) is isomorphic as a tensor category to Repz(é).

The direct sum in statement iv. is indexed by irreducible components A of the variety
S{,\JO N G_r‘é These irreducible components are the MV cycles. The heart of the proof of
Theorem 2.0.1 is to establish a bijective correspondence between those MV cycles in Grg
which are invariant under the action of o and all MV cycles in Grge.

This is done in three steps. First, the collection of MV cycles is generalized to a
larger collection of what are here called AMV cycles (see Section 2.3 for definition), after
Anderson’s polytope calculus [1]. Using Kamnitzer’s indexing of AMV cycles by i-Lusztig
data (see Section 2.4), a convenient criterion for o-invariance of an AMV cycle is found, as
well as a procedure for finding the datum of a corresponding AMV cycle in Grge. Second,
a criterion of [1] for when an AMV cycle intersects generically with an MV cycle is applied
to show that the restriction of this correspondence to MV cycles is also bijective. Finally,
the eigenvalues of the o-action on the @—representation V,, are examined to ensure that the
twisted character of o is exactly as expected, completing the proof of Theorem 2.0.1.

Based on the short description above, it is not obvious how the hypothesis that G
is semisimple is used. However, much of the literature explicitly makes this and other
assumptions.
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The two complications introduced by relaxing the hypotheses from semisimple and
simply connected to reductive come in the form of two different disconnected spaces. First,
if G is not either semisimple or adjoint, then the fixed point subgroup G is not necessarily
connected. Using the classification of reductive groups, it is more convenient to work with
G°° than G whenever dealing with root data. However, it is easier, and in my opinion
more natural, to relate the geometry of (Grg)? to Grge than to Grge.o. Thankfully, the
affine Grassmannians of G and G?° are isomorphic for all reductive G (see Proposition
2.3.1). So results including Proposition 2.3.2 and its consequences still go through without
issue, as they may be applied to Grgo. But the group whose category of representations is
isomorphic to Pp+ge(Grge) is G, as needed for Theorem 2.0.1.

The second complication is that my(Grg) = m1(G). So if G is not semisimple and
simply connected, then Grg is not connected. However, in the framework of AMV cycles
introduced by [1], this is not a complication at all. In fact, both Kamnitzer and Hong
work primarily with stable AMV cycles, which are AMV cycles translated by X, (T) to be
contained in S_S, which is itself contained in the neutral component of Grg. This does not
rule out possible sticking points in passing between MV cycles, AMV cycles, stable AMV
cycles and back to MV cycles, but every result solely relating to stable AMV cycles holds
automatically for all reductive groups.

And the result necessary to restrict the bijection on the level of AMV cycles to MV
cycles is Theorem 2.3.4, which is proved again without a need for triviality of m; (G). More
details are presented in Section 2.3.

In short, considering reductive groups, rather than semisimple groups—much less
simply connected groups—is no more complicated for the proof of Theorem 2.0.1. Every
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potential obstacle is either immaterial or easily deflected. In particular, Proposition 2.3.1

and the preceding lemmas are the only results I had not previously found in the literature.

2.3  Action of o on orbits

For the remainder of the paper, suppose G is a connected, reductive, complex group,
and ¢ is a pinning-preserving automorphism on G.

Unlike in the case G is semisimple and simply connected, we cannot count on G to be
a connected group in general. This leads us to a choice: should we work with G%°, to which
the classification of connected, reductive groups applies, or should we work directly with G,
which has a simpler description relative to G? Thanks to the upcoming Proposition 2.3.1,
it is immaterial whether we work with G? or G?°. I work primarily with G for simplicity,
and the final result will hold for G°. 1 will avoid referring to root datum of G where
possible. Note, however, that Hom (G,,,, 77) = Hom (G,,, T7°), so X.(T7) = X.(T7°).

First, we will need a few lemmas relating loop groups of algebraic groups and their
quotients. While the following lemmas will be applied only to group schemes over C,
their proofs hold in greater generality. In this section, the field k is only assumed to have
characteristic 0. In particular, no assumption is made about its topology or algebraic

closure.

Lemma 2.1. Let G be an affine group scheme over a field k£ of characteristic 0, and
suppose H C G is a smooth normal subgroup with affine quotient G/H. There is a natural

isomorphism of functors L*G/L*H — L*(G/H), where L*G /L1 H is the étale quotient.

In particular, if H C G is a normal subgroup and both groups are reductive, then
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LT*G/LTH and L*(G/H) are canonically isomorphic group schemes.

Proof. Let the quotient map be denoted ¢ : G — G/H. Note that LTG = @G(”), where
G™ is the nth jet group R + G(R[w]/(w")). Similarly, L*(G/H) = @(G/H)(").

Hence the map ¢ : LYG — L*(G/H) corresponds to the inverse system of morphisms

in—l

— G’(”) #} G(”—l) S ... N G(l) # G
l?n l?n71 l?l l?o
D (G/H)™ I (G H)D I y (G/H)YY 2 q/H

The first step of the proof of surjectivity will proceed inductively. For each n > 1,
I will use surjectivity of ¢,_1 and formal smoothness of gy to prove that g, is surjective.
Then I will use the surjectivity of each g, to show that ¢ is surjective, with kernel L™ H.

Suppose ¢,_1 is surjective, and let g, € (G/H)™(R), for a k-algebra R, with image
gn-1 € (G/H)"Y(R). By surjectivity of q,_1, there is a lift §,_, € G"~(S) lying over
Jn—1, Where R — S is an étale k-algebra homomorphism. Then by formal smoothness of ¢,
there is a simultaneous lift in S-points g, € G(”)(S) of both g, and g,_;. Indeed, g, corre-
sponds to a morphism Spec (R[w@]/(w@"™!)) — G/H (and by precomposition, to a morphism
Spec (S[w]/(w@" ™)) — G/H), and §,_; corresponds to a morphism Spec (S[w@]/(@")) = G
such that gp o g,_1 is equal to j,(g,) as a morphism Spec (S[w]/(w")) — G/H. Then by
the infinitesimal lifting property of formally smooth morphisms, there is a lift g, in the

diagram below. In particular, g, is surjective.

Spec (S[w]/(@")) —"——= G

gn ////
PP %

Spec (S[w] /(@) L= G/H
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Now suppose g € LT(G/H)(R). For each n there is a corresponding element g, €
(G/H)™(R). In particular, there is an element gy € (G/H)(R) with a lift in S-points
do € G(9), for some étale R — S. By above, for each n there is also a lift g, € (G/H)™(S)
of g,. These g, form an inverse system, and thus correspond to an element g € LTG(S)
lifting g. Thus ¢ is surjective.

Now consider the kernel of q. Let g € LYG(R) for a k-alebra R, and suppose ¢(g) =
e € LY (G/H)(R). Then g € ker(q)(R[w]) = H(R[w]) = LTH(R). Similarly, for
g € LYH(R) = H(R[w]), we have ¢(g) corresponds to the identity in (G/H)(R[w]) =

LY(G/H)(R), and so g € ker q(R). O

Lemma 2.2. Let R be a k-algebra over a field k of characteristic 0. If I C R((w)) is a set

of nonzero idempotents, then I C R.

As aresult, given a decomposition of R((w)) (respectively R[w]) into nontrivial Carte-
sian factors, there is a corresponding decomposition of R into nontrivial factors, such that
each factor of R((w)) (or R[w]) is a Laurent series ring (formal power series ring). Geomet-

rically, we can say that the natural maps of k-schemes induced by inclusion of k-algebras

Spec R((w)) — Spec R]w] — Spec R

are bijective on connected components.

Proof. First I will show that an idempotent e € R((w)) must be contained in R[w]. For

an element « € R((w)), let z,, be the degree-n coefficient. That is, z = > _, x,@w". Let ng

ne”L

n

be the minimal nonzero degree of e, so that e = e, .

n>ngo
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Suppose, for contradiction, that there is some idempotent element e ¢ R[w], so that
ny < 0. I will show that e,, = 0, contradicting the claim that e ¢ R[w].

Comparing coefficients of e and €2, we have

n—ng

= Z €;Crni (2.3)

1=ng
for all n > ng. Then for each n, let

n—ng

— Z eitn_i € R.

i=ng

Note that, by equation (2.3), each f, = 0 in R. If n < ng, we have e, = 0, so f, =
— > eien_; a priori. If furthermore n < 2ng, then every term of the sum is also 0 a priori.

I will construct e, as an R-linear combination of such f,,, to show that e,, = 0. I claim

= foo + Z i)eng—ifi- (2.4)

i=2ng

Substituting the f, with e,, we can expand the right-hand side of equation (2.4) as

0 0 1—ng
6
<en0 — g eieno_i> + E (4 — e i)eng— Z( e; E €€ ]> (2.5)
1=ng 1=2n9 Jj=no

The expression in equation (2.5) is a non-constant polynomial in the various e,. We can
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rewrite, ordering by total degree in e,:

0 0 0 i—ng
6 . 6 .
€ng — ( E €iCno—i — E (4 — n—OZ>€noi€i) — < E (4 — n—oz)eno,i E €j€i,j) (26)
i=ng 1=2n0 1=2n9 Jj=ngo

Gathering like terms, we can rewrite equation (2.6) as

€ng + Z Ci €;€no—i + Z Z Ci,j €i€jCng—i—j (27)

no<i<=l np<i<0 ing"UT*i

for some finite collections of rational coefficients {¢;} and {¢; ;}. Note that we can ignore
the terms where i < ngy (and thus also those where j > 0), as they are a priori equal to 0.
I claim that in fact every coefficient ¢; or ¢; ; of equation (2.7) is 0.

First consider the ¢;. Suppose that ¢+ < ng —i. Then

6 6
=24 (= )+ (= (g )

On the other hand, if i = ng — ¢, then i = ny/2 (and ny is even), and

6 N
w2 = —14+(4——-2)y=0.

Now consider the ¢; ;, with cases based on which of 7, j, and ny —i — j are equal. First

suppose i = j =ng —1i — j = ng/3. Then

6 Un

Cn0/3,n0/3 =4 — n—0<n0 — E) = 0.
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Now suppose i = j < ng — 2¢. We can see that

Next suppose i < j =mng— i — j. Then j = (ng —i)/2. We can see that

= (4 — —(ng — 24 — — .
Ci(no—i)/2 = ( no(no i) +2( w2

)=0.
Finally, suppose i < 7 < ng —¢ — j. Then we can see

ey = 2(4 — %(m — i) 4204 — %(no — ) 4204 — %(i +) =0

We therefore have canceling of every term in equation (2.7) except for e,,. Thus
equation (2.4) holds, and e,, = 0 in R. So if e € R((w)) is idempotent, then e € R[w].

Now suppose e € R[w] is idempotent. Then in particular ey is idempotent, as
eo = (e?)o = e2. Suppose for contradiction that e € R, so there is some n > 0 such that

en # 0. Let ny be the smallest such integer. Then

Cny = (62)711 = 26067117

but also

3y 2.2, _
en, = (€°)n, = 3egen, = 3epen, = 6>

which is only possible if e,,, = 0. Therefore e = ¢y € R. O
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Lemma 2.3. Suppose G is an étale group scheme over a field k£ of characteristic 0. Then

there are canonical isomorphisms LG = LTG = G.

Proof. Let R be a k-algebra, and let k|G| = I'(G, Og); note k[G] is a Cartesian product
of finitely many fields, all finite and separable over k; write k|G| = k; x --- X k.. The
respective R-point sets are equal to Homy ay (k[G], R(w))), Homyaie (k[G], R[w]), and
Homy ale (k[G], R). It is sufficient to show that for all f € k[G] and all homomorphisms
¢ : k|G] — R(w)), we have ¢(f) € R. As a result, all ¢ : k|G] — R[w] factor through R
as well.

First I would like to reduce the domain to k;, a factor of k|G| and a finite separable

A; and B =[], Bj, we

extension of k. Note that in general, for two k-algebras A =[] ics B

il

have

Homk_Alg (A, B) == H (H Homk_Alg (Al, B]))

jeJ el

Thus it is sufficient to show, if R((w)) = [];.; Bj, that for all homomorphisms ¢; ; : k; — B;

we have ¢(k;) C RN B;. By Lemma 2.2, we know that B; = R;((w)) for a k-algebra R;.

In particular, R; = e;R for an idempotent e; € R, and thus R N R;(w)) = R;. Thus it

is sufficient to assume ¢ : k; — R((@)) where k; is a finite separable extension of k and
Spec R is connected, and show that the image of ¢ is contained in R.

Suppose k; is a factor of k[G], in particular a finite separable extension of k, and let

f € ki, to show that ¢(f) € R, where Spec R is connected. Both f and ¢(f) are invertible

and satisfy a separable, irreducible polynomial P over k. For an element z € R(w)),

write x,, for the degree-n coefficient of z, that is x = Y, x,@™. Then ¢(f), = 0 for all

sufficiently small n; let ng be the smallest integer such that ¢(f),, # 0. Invertibility of ¢(f)
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implies that ¢(f),, is invertible in R, and in particular not nilpotent. Then algebraicity of
o(f) over k implies that ny > 0. Therefore ¢(f) € R[w].

Let P(T) = Z?:o P;T7, where P(f) = 0in k; and P(¢(f)) = ¢(P(f)) = 0 in R[],
and all P; € k. Assume, for the sake of contradiction, that ¢(f) ¢ R, so there is some integer
n > 1 such that ¢(f), # 0; let n; be the smallest. I claim that ¢(f),, = 0, contradicting the
assumption and implying ¢(f) € R. Indeed, ¢(f)o must satisfy P(¢(f)o) = P(é(f))o = 0.
Now consider ¢(f),,. Since P(¢(f)) = 0, we have P(¢(f)),, = 0 in particular. We can

expand this as

I
(]
e
N
/N
i\g
ISS
=
S
g
N
<
3

0 ki+-+kj_1+kj=n1

= 2_Piio(f)5 " é(f)m)

where P’ is the formal derivative of P. Since P is separable and irreducible, and since
P(é(f)o) = 0 and Spec R is connected, P'(¢(f)o) € k(o(f)o) € R and is in particular
neither 0 nor a zero divisor. Thus the only way P'(¢(f)o)P(f)n, = 0is if ¢(f),, = 0.

]

Note that Lemma 2.2 is essential in the proof of Lemma 2.3. If there were a k-algebra

R such that R((w)) had any idempotents not contained in R, then for any nontrivial étale
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group G, we would have LG(R) 2 G(R). For instance, the square roots of unity group p, is
étale over k and has k[p,] = kx k. If there were a ring R with an idempotent e € R((w))\ R,
then 1 — e would also be an idempotent in R((w)) \ R, and the map ¢ : k x k — R((w))
given by ¢(1,0) = e and ¢(0,1) = 1 —e would be a homomorphism such that ¢(k[u,]) ¢ R.

However, by Lemma 2.3, we know L, = u,.

Proposition 2.3.1. Let G be a possibly disconnected, split, reductive group over a field
k of characteristic 0, and let G*° be the identity component. Then the natural map of
functors

n
GI‘GU,O —_— GI‘GU

1s an 1somorphism Grge.. = Grge of étale sheaves over k.

Proof. Recall the affine Grassmannian is the étale sheafification of a presheaf PGrge :
k-Alg — Sets defined by R — LG°(R)/LTG?(R). In order to prove that 7 is an isomor-
phism of sheaves, it is sufficient to prove 7 is both injective and surjective (as a map of
sheaves).

Injectivity of n follows from injectivity of the the presheaf map n* : PGrgoo —
PGrgo. Let R be an arbitrary k-algebra. Then the component map nk is injective. Indeed,
an element © € PGrgo.o(R) can be written as a coset x = gL+tG?°(R), where g € LG"°(R),
and nk(xr) = gLTG?(R). This definition of nf makes sense because LG°° C LG and is
well-defined since LTG?° C LTG°. The map nk is also injective. Indeed, if g and ¢’ are
two elements of LG°(R) such that gLTG?(R) = ¢LTG?(R), let h € LTG°(R) be any
element such that gh = ¢’. Then in fact h € LTG”°(R), otherwise gh ¢ LG7°(R).

In order to show that 7 is surjective, I find it convenient to sheafify; the aim is to
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show that for all k-algebras R, and for all z € Grgo(R), there is some étale k-algebra
morphism R — S such that x, viewed by restriction as a point in Grg-(.5), lifts to a point
T € Grgoo(S). To do so, consider the following diagram of étale sheaves, for which the

rows are exact (as sheaves in pointed sets):

1l —— LTG7° —— LG7° —— Grgoo — 1

! | i

] —— LTG° ——— LG° ——— Grge —— 1

Let x € Grgo(R). By surjectivity of LG — Grgo, there is some lift g € LG7(5,) of z,
where R — S is étale. Then if we can find some h € LTG(S,) such that gh™! € LG°(S,)
(where S; — S, is étale), then n([gh™']) = x. The reason we can find such h (and Sy) is
that the étale quotient functors LTG? /LTG?° and LG / LG° are isomorphic—in fact, they
are isomorphic to the algebraic group G?/G?°, so we can take h € G?(S,). In particular,
if ¥ € LG°(S)) is any point with g(h')~' € LG7°(S,), then [W'] € (LG?/LG°)(S1) =
(G7/G7°)(5,) lifts to h € G7(Ss) for some S,.

Use the previous two lemmas to see that the sheaves LTG?/LTG"° and LG /LG"°
really are isomorphic. The group G?° is reductive and a normal subgroup of the reduc-
tive group G7, and the quotient G°/G?° is étale. Thus by Lemma 2.1, LTG? /LTG7° =
LT (G?/G?°), and by Lemma 2.3, G°/G7° = L*T(G?/G"°).

It remains to be seen that LG?/LG?° = L(G?/G?°). Note that we have a natural
map LG’ — L(G?/G*°) by applying the loop group functor L to the quotient map qo :
G° — G°/G?°. By Lemma 2.3, L(G?/G"°) = G7/G"° = LT (G?/G°°). Then the map

LG° — L(G?/G"°) is surjective, since the map LTG? — LT(G?/G?°) factors through
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it, and is itself surjective by Lemma 2.1. And the kernel is LG°, for reasons essentially
identical to those in the proof of Lemma 2.1: if the quotient map kills ¢ € LG?(R),
then g corresponds to an element of G?(R((w))) also killed by quotient, and thus g €
G7°(R(w))) = LG”°(R). And if g € LG”°(R), then the quotient map kills g when viewed
as an R((w))-point of G”°.

]

It follows from the same reasoning that the natural map G?° — G induces an

isomorphism of categories

PL+G0,0 (GI'GG,O) :> PL+GU(GTGU). (28)

Specifically, recall that the cocharacter lattices X, (77) and X, (77°) are isomorophic. And
for each cocharacter y € X, (77)", the map 7 restricts to an isomorphism Gri,, = Gri...
I do not directly use this fact, but I think it is worth acknowledging.

For the remainder of the paper, the groups G, G?, and G?° will be assumed to lie
over the field k£ = C, and their dual groups will lie over the algebraically closed K field of
characteristic 0.

I will prove equation (2.1) of Theorem 2.0.1 holds using G°. Then since the two
categories in equation (2.8) are isomorphic, they share a Tannakian dual group, which
by Theorem 2.2.1 v. has root datum dual to the connected reductive group G%°, i.e. is
isomorphic to the group Goe.

Much of the proof follows from an understanding of the relationship between the o-

action on semi-infinite cells, the o-fixed sub-ind-scheme of a g-invariant semi-infinite cell,
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and the corresponding semi-infinite cell of the o-fixed point affine Grassmannian.

Proposition 2.3.2. i. There is a natural injective map of ind-schemes Grge — Grg,

o
red*

and the reduced ind-scheme (Grge)req may be identified with (Grg)
. For pe X (T)*, o(Gry) = GrUG(“)
iwi. For pe X (T)t7, we can identify (Grly)” = Gris..

iv. Forve X, (T) andw e W, 0(5%) = §°%)

o(w)

v. Forv e X, (T)? and w € W7, we can identify (S4)° = (S,),, where (S,)% is the

w’ w

semi-infinite cell wL(U%)w™ - @’zy C Grge.

Note that, as perverse sheaves are defined using the étale topology, the identification
of reduced ind-schemes in Statement i. implies an identification of Satake categories as

well. Note also that Grge. may be reduced even if Grg is not.

Proof. Statements ii. and iv. are immediate.

Note that o acts on LG, preserving LTG. Thus we have, a priori, an action of ¢ on
Grg and an injective map of functors Grge — (Grg)°.

Statements i. and iii. follow from statement v., along with the observation that for
a sub-ind-scheme X C Grg, X7 = X N (Grg)?. Note that statement i. is taken only
on the level of reduced structures, since it follows from taking a union of locally closed
sub-ind-schemes. The same is technically true for statement iii., but Schubert varieties are
already reduced.

To see statement v., consider the action of wLUw™" on S¥: there is a subgroup,

36



Jo(w,v) CwLUw™!, with a simply transitive action on S%. Define Jg(w,v) as follows:

Jo(w,v) == wLUw ' Nw’L™~Gw™".

By construction of Jg(w, v), it is clear that for o-invariant w and v, Jg(w,v)? = Jgo (w, v).
Therefore the o-fixed points of S}, are exactly those in the orbit of the o-fixed subgroup
Jgo (W, V).

So let us see that the action of the subgroup Jg(w,v) is simply transitive on SY,
implying Statement v.. It is well known that LU has a decomposition L~~U - LTU. Since
LG D LU acts freely on Grg and LG D LU has stabilizer LTG D L*tU at the
basepoint zg, this decomposition implies that Jg(e,0) = L™~ U acts simply transitively on
SY. Similarly, we have Jg(w,0) acting simply transitively on S° for all w € W.

For more general Jg(w,v), consider the decomposition

wLUw™ " = Jo(w,v) - (wLUw ' N@’LTGw™).

It is immediate both that this is a decomposition of wLUw™! (from normality of wUw™!

in wBw™!), and also that wLUw™ N @”LTGw™" is the stabilizer of @’z in wLUw™!.

Therefore Jg(w,v) acts simply transitively on S” . as needed.

]

Note also that closure relations hold as expected, simply by intersection. Specifically,
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given a o-invariant dominant cocharacter p,

Grf,, = Grf, N Grge = ( H Grey) N Grge = H (Grgy N Grge) = H Crow,

AEX,(T)T AEX,(T)T NEX,(T) e
A<p A<p A<p

and given o-invariant v € X, (T") and w € W7,

(So)ty =S5 NGrge = ( [] Sp)NGrge= [ (ShNnGree)= [ (So)

neEX.(T) nEX«(T) n€X«(T)°
nN<wV n<wV N<wV

Either of these equalities implies that the cocharacter lattice X,(7T7) C X.(T') inherits the
partial order <. This can also be seen combinatorially; see Section 2.7 for details.

The primary varieties in consideration in this proof are Mirkovié¢—Vilonen (MV) cy-
cles and Anderson-Mirkovié—Vilonen (AMV) cycles. MV cycles of coweight (A, pt) are irre-
ducible components of the intersection Sf;o N G_ré, and according to the geometric Satake
correspondence they index a basis for V,(A). On the other hand, AMV cycles of coweight
(A, u) are irreducible components of the variety W Many authors refer to AMV
cycles as simply “MV cycles.” The following proposition will make clear how closely related
they are, and why AMV cycles may be considered a generalization of MV cycles. Note that,
for the purposes of the geometric Satake equivalence, it is not important whether we are
dealing with an equi-dimensional variety or its closure. Indeed, we can use top-dimensional
cohomology with compact support, which in this case depends only on dimension and
number of components. However, it is (formally) convenient to require AMV cycles to be

projective when defining their moment polytopes.

Proposition 2.3.3 ([1] Proposition 3). If A is an irreducible component of Sj, NS¢ and
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A C Grfy, then A is the closure of an MV cycle of coweight (A, ). If A is an MV cycle of
coweight (X, p1), then A" is an irreducible component of Sy, N SE. Thus the closures of MV

cycles of coweight (A, p) are exactly the AMV cycles of coweight (A, i) contained in Grf,.

Proof. This result follows from dimension estimates in Theorem 2.2.1 i. and ii..
First suppose A is an irreducible component of S3, NS¢’ and that A C Grg,. Of course

we have A C S_;}O N Grf. Now the Iwasawa stratification implies

Sy nGig = [ (85,nGiE) = (55, NGig) U X,

veX.(T)
v>A

where dim X < dim A. And so A’ := AN (S;, NGrf) is dense in A. Since A is irreducible,
this implies A’ is an MV cycle.
Now suppose A = A’ where A’ is an MV cycle of coweight (A, i). It is sufficient to

see that A" C 93 N S¢. Note that by Theorem A.1(a),

dim (5% N Gr) = dim (Grf) = 2{p, 1),

implying that S* N Gr, is dense in Gr%, and in particular, Grf, € S¥. So A’ C Sy, N SE.
Again using the Iwasawa stratification, we have

SnnSE= [ (o, NS =(S) NSt Uy,

veX,(T)
v<p

where again dimY < dim A’. And so A'N (S}, NS*) is dense in A, and A’ € S} NSE. O

Working with AMV cycles rather than MV cycles is convenient. The primary reason is
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that they are defined as components of the intersection of a pair of semi-infinite cells, rather
than components of a semi-infinite cell and a Schubert variety. One useful consequence is
that X, (7)) acts on the set of AMV cycles by translation, where such a translation of an
MYV cycle is no longer necessarily an MV cycle.

Given an AMV cycle A and a cocharacter v € X, (T), let v- A = w”A. We have
@’ SA = S} by normality of wUw™! in wBw™, so if A has coweight (), u), then v - A
is an AMV cycle and has coweight (A + v, u 4+ v). Given an AMV cycle A of coweight
(A, i), the X, (T)-orbit of A has one AMV cycle of coweight (A — p,0). This AMV cycle
is called the stable AMV cycle representing A, and denoted Ay. For many purposes, I will
work with stable AMV cycles only, equivalent to assuming the second coweight is 0. In
these cases I will use the subscript . This is especially convenient for the consideration
of non-simply-connected groups G, since stable AMV cycles are contained in the neutral
component of the affine Grassmannian.

The following theorem of Anderson is useful for determining which AMV cycles are

MYV cycles.

Theorem 2.3.4 ([1] Theorem 1 (1)). Let G be a semisimple group over C. There exists
a family of polytopes MV = (Pa)aep in X.(T)r with parameter set B graded by A~ (i.e.
B = U,ca- B,) such that weight multiplicities may be calculated according to the following
rule: If V), is an irreducible representation of@ with highest weight p, then the multiplicity

of the weight X in V,, equals the number of A € By_,, for which Py + p C Conv(W - p).

Above, X, (T)r = X.(T) ®z R, B, is the set of irreducible components of X (v,0),

and A~ is the set of negative coweights in X,(7°¢), i.e. the negative coroot semilattice of
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G. And P, is the moment polytope of the MV cycle A, defined as follows:

Definition 2.3.5 (Moment polytope). Suppose X is an irreducible, projective, T-invariant

subvariety X C Grg. Then define the moment polytope of X as

Py = Conv (v € X.(T) | @"xp € X).

This definition is inspired by the image of the moment map ® : Grg — X.(T)r of
the action of T on Grg. However, for our purposes, there is no need to define ®, only the

image of T-invariant subvarieties.

Note that Schubert varieties, semi-infinite cells, and AMV cycles are all T-invariant.

It is helpful to note some properties of the moment map and polytopes it produces:

Proposition 2.3.6 ([1] Proposition 4 and proof).  i. The T-fized points of Grg are the

w’xg. Those in Gri, are the wWtx,. Those in Gr{, are the w”xy where

v e Conv (W - u) N (1 + X (T°9).

The one in S% is w”xo. Those in SY are the w'xg where n <, fi.

w. If X is a one-dimensional T-orbit, then Px is a line segment in a coroot direction

joining two coweights in a common coset modulo X, (1°°).

wi. If X is any projective, irreducible, T-invariant variety, then Px is the convex hull of

the images of its T-fized points.
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Proof. Statement i. is well known. Statement iii. is an immediate consequence of the
definition of the moment polytope used here.

Suppose X C Grg is a one-dimensional T-orbit. Let x be a complex point z € X (C).
By the Iwasawa stratification, for all w € W there is a unique v,, for which z € S/». For
each w, the set of T-fixed points in S¥ is {w"zy | 7 <y v} So the set of T-fixed points
in the intersection of S¥» for all w € W is contained in Conv (v, | w € W). In particular,
Py C Conv (v, | w € W).

In fact, Py = Conv (v, | w € W). Recall the geometric description of the semi-infinite
cells (2.2): z € S (C) if and only if

B V . v
11_1}1&11}(,0 )(t) -z = w"xp.

The w"»xy for w € W are therefore limit points for the torus action on X, and contained
in X.

Since X is a one-dimensional quotient of 7', it must be isomorphic to G,,, and so X (C)
has at most two distinct limit points in Grg(C). But if there is only one, call it v, then
X(C) c (S, NSY)(C), which consists of the single point @”zy, violating the assumption
that X is one-dimensional. So let the two distinct cocharacters in the set {1, | w € W} be
denoted v and 7. Suppose v = v, so that v > 7. Then also we have n = v,,,.

Find some w € W and simple reflection s; € W such that v >, n but v <,,, 7,
and note that then ¢(w) < ¢(ws;). Such w and s; can be found by choosing a reduced

word i = (41,99, ..., %guwy)) for wy and comparing v and 7 under the order iy siy for each

0 <k < l(wp). Then w(v) < w™(n), so w (v —n) is a sum of positive coroots; and
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siw™(v) > s;w™(n), so s;w™H (v — ) is a sum of negative coroots. This is only possible

when w™! (v — n) = na) for some integer n > 0. And so v — 7 is a multiple of the positive

coroot w(c). O

I will sketch Anderson’s proof of Theorem 2.3.4 below, to see that it does not depend
on the assumption G is semisimple.

Although T-invariance is the primary consideration for the moment map, it is conve-
nient to also consider the “dilation” action of G,, on Grg defined by @w +— cw € R(w)) for
¢ € G,,,(R), since we can usefully describe a fixed point in the closure of a (G,,, x T')-orbit.
Note also that Schubert varieties, semi-infinite cells, and AMV cycles are dilation-invariant
as well as T-invariant. The following statement about the fixed points of torus actions is

well-known. The proof in the current case is taken from Anderson.

Lemma 2.4 ([1] Lemma 6). Every (G,, x T)-orbit X C Grg has a T-fixed point w"zy € X,

such that X C Gr].
Note that in the statement above, 1 is not required to be dominant.

Proof. Suppose X is a (G, x T)-orbit in Grg. By the Cartan stratification, X must be
contained in some Gr,. There is a point € X (C) N (G(C) - whzy), found as a limit of the
dilation action. Then there is some fixed point w"x, in the closure of the T'(C)-orbit of x.
Since T' C G, we still have w'xy € G(C) - w”x; in particular, n is in the Weyl orbit W - p.

And since X is both G,,- and T-invariant, both z and @"z, are contained in X (C). [

Now we are ready to prove Theorem 2.3.4.
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Proof of Theorem 2.3.4. First suppose A is an MV cycle of coweight (A, p1) for some dom-
inant cocharacter y and some A € Wt(y). Then A € Grf, and so Py C P =
Conv (W - p).

Now suppose A is an AMV cycle of coweight (A, i), and suppose Py C Conv (W - ).
Then for every vertex v of P4 and each w € W, we have v <,, w(p). Since A is (G, x T')-
invariant, it is a union of (G,, x T')-orbits. So every complex point a € A(C) is contained
in such an orbit a € X(C) C A(C), and by Lemma 2.4 there is a cocharacter n such that
whzy € X(C) C A(C) and X C Gr},. In particular, a € Grg,(C). By the assumption
that P4 C Conv (W - u), the difference p — w(n) must be a nonnegative real combination
of simple roots for each w € W. And since w"zy € A(C), and A is irreducible, it follows
that all w(n) are in the same coset modulo X,(7°°) as the vertices v of P4—so in fact

n € Wt(u). Therefore a € Gry(C). O

The following observation summarizes the convenience of moment polytopes in study-
ing the geometry of the affine Grassmannian via semi-infinite cells. It is a direct conse-

quence of Anderson’s work.

Lemma 2.5. Let X be a T-invariant, projective, irreducible subvariety of Grg, and let
v € X.(T). Then X NSY is dense in X if and only if v is <,-maximal among vertices of

the moment polytope Px.

Proof. First suppose X N SY is dense in X. Then X = X N S%. So if n £, v, then
X NS =@. In particular, @w"zg € X. And so n & Px, unless n € v + X,(7°°), in which
case 1) cannot be a vertex of Px.

Now suppose v is <,,-maximal among vertices of Py. By the Iwasawa stratification,
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X C S¥. In particular,

X=]J]&xnsy

WSwV

and so

x=J[exnsy = &nsm,

N<wV N<wv
with the last equality holding since there are only finitely many semi-infinite cells inter-
secting X. By irreducibility and completeness of X, there is thus some 1 <,, v such that

X = X NSyY. But the only n <, v with @”xy € S? is n = v. Therefore X = X N S». O

These results suggest the construction of GGMS strata: small, T-invariant subvari-
eties stratifying Grg, whose closures are sometimes AMV cycles. A GGMS stratum, named
for Gelfand, Goresky, MacPherson, and Serganova, is an intersection of a sequence of semi-
infinite cells indexed by W. A sequence vy = (V4)wew Of cocharacters such that v, >, v

for all w,w’ € W is known as a GGMS datum, and specifies the GGMS stratum

GGMS data are in bijection with pseudo-Weyl polytopes, or convex polytopes in X, (T)gr
whose edges are in root directions, and whose vertices are cocharacters in a common coset
modulo X, (7%¢). Combining the information in Proposition 2.3.6, we see that if A is an
AMYV cycle, then P, is a pseudo-Weyl polytope, and the vertices of P4 form a GGMS
datum 2. By Lemma 2.5, the GGMS stratum GGMS(A) := A(vZ) is dense in A, and is

the minimal intersection of semi-infinite cells with this property.

As a consequence of their construction as the intersections of semi-infinite cells, the
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o-action on the set of GGMS strata adheres to the following dichotomy:

Lemma 2.6. i. A GGMS stratum A(v,) is o-invariant if and only if the sequence of

cocharacters v, is o-invariant, meaning o(vy,) = Vy(y) for all w € W.
ii. If A(v,) is not o-invariant, then A(v,)? = &.

Proof. First, note that Grg is stratified by GGMS strata. Intersecting the Iwasawa strati-

fications of Grg for all w € W, we have

Grg = H A(v,).

Ve

where the disjoint union runs over all GGMS data v,.

Then let vy = (Vy)wew. We have

a(A()) =0 ( A 55”) = () Sriey’ = Alo (),

weWw weWw

where 0(ve) = (0(Vo-1(w)))wew- Then o permutes GGMS strata, implying ii. And i. follows

from observing that o(v,) = v, if and only if v, = o (vs),, for each w € W. O

2.4 Indexing using i-Lusztig data

Unfortunately, not all GGMS strata are dense in some AMV cycle. In order to work
with an indexing set where we can be sure the result is an AMV cycle, we use i-Lusztig
data.

Let A be an AMV cycle with GGMS datum v,. If we walk along the edges of the
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moment polytope P4 from v, to v, such that the vertices are indexed by Weyl elements
of strictly increasing lengths, by recording the length of each edge we produce a sequence
of ¢(wp) nonnegative integers ne € ZEZ%UO) called the i-Lusztig datum of A. This i-Lusztig

datum uniquely determines the stable AMV cycle Ag, where i is the corresponding reduced

word for wy. The i-Lusztig strata are in a useful bijection with stable AMV cycles:

Theorem 2.4.1 ([17] Theorem 4.2). Given fized reduced word i for wy, the set of i-Lusztig

data are in bijective correspondence with stable AMV cycles.

Zgéﬂ °) &5 {stable AMV cycles}

Note that since Theorem 2.4.1 concerns stable AMV cycles, there is no question that
it applies to connected, reductive groups, and not just to simply connected, semisimple

groups.

Proof. From the construction of the i-Lusztig datum of an AMV cycle, it is sufficient to find
an inverse mapping of i-Lusztig data to stable AMV cycles. This can be done explicitly.

Note Conv (W - p¥) is a pseudo-Weyl polytope, and has i-Lusztig datum (1, ..., 1) for
every reduced word i for wy; indeed, for any two neighboring vertices w(p¥) and ws;(p"),
the difference is a single coroot w(p¥ — s;(p¥)) = fw(ay). This polytope is sometimes
known as the permutahedron.

One way to construct a subvariety of Grg whose GGMS datum has a given i-Lusztig
datum n, is to intersect semi-infinite cells correponding to the cocharacters encountered

in the path from v, to v,, corresponding to i, the directions of which are determined by
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i, and which can all be seen as the directions of edges of the permutahedron. It will turn
out that this construction produces a collection of irreducible varieties in bijection with the
i-Lusztig data.

Fix i = (i1,...,%uw,)), & reduced word for wy. Let (w)o<r<r(uws) be the sequence of
Weyl group elements corresponding to the the initial (as in leftmost, assuming W acts from
the left) k letters of i: wi = e, wi = wl s, , and w;(wo) = Wp.

For 1 < k < £(wp), let B be the difference wi(p¥) —wi _,(p"), which is the direction
of an edge of the permutahedron. Then 5,1’\/ is a negative coroot; specifically, 5,1’v =

—wi s ():

since s;, permutes all positive coroots except for 0%\'27 which it transposes with —al\-g. Let

vo = 0, and for each &k > 1 let v, = vp_1 + 5;’v. Each vy, is §w;€—maximal in the sequence

(vp), since wi(p¥) is <,i-maximal in W - p". Then let

A = St

0<k<L(wo)

View

Then Af(n.) is a projective subvariety of X (Ve(uy), 0) = Swe® N SY. Note also that the map

{ne | i-Lusztig data} — {Aq | stable AMV cycles}
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given by n, — Al(n,) is injective.

Suppose that Al(n,) is irreducible. Then it is not hard to see that Ai(n,) is a stable
AMV cycle, proving the theorem.
Indeed, if Ay is a stable MV cycle with GGMS datum v, and i-Lusztig datum n,, we

have containment

Ao(ve) C Al(ny) C X (M, 0), Ap(ve) C Ay C X (W, 0).

Then by Lemma 2.5, Al(n,) N Ay is dense in Ag. Since Ay is projective, the result follows
from irreducibility of Al(n.).

And all stable AMV cycles are constructed in this way: the number of stable AMV
cycles of a given coweight (v, 0) is the Kostant partition function of v, defined as the number
of ways v can be written as a combination of negative coroots. The reason for this is that
the Kostant partition function is a sharp upper bound on the dimension of the weight
space V,(p+v), and by Theorem 2.3.4 every stable AMV cycle Ay represents an MV cycle
np” - Ap for sufficiently large n. And since every negative coroot is the direction of exactly
one edge in the paths defined by i, the Kostant partition function of v is exactly the number
of distinct i-Lusztig data of coweight (v,0).

Irreducibility is somewhat difficult. The heart of the proof of irreducibility is the

construction of surjective maps

yi: B(ne) = Ag(na),
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where B(n,) is the subfunctor of LGE" defined on R-points as

B(na)(R) = {(21, ..., Toue)) € R(@) ™ | valy (zx) = ny, for 1 < k < £(wy)}.

Clearly B(n,) is an irreducible ind-scheme, so the existence of a surjective map of
sheaves y; implies that Al(n,) is irreducible as well. For details and construction of y;, see
[17] Theorem 4.5. This construction is explicit, but somewhat complicated. Note that it

does not depend in any way on simply-connectedness or semisimplicity of G. O

It is also the case that, fixing a reduced word i, the variety X(v,0) is stratified by

i-Lusztig strata:

X(w,0)=5,nY= J[ Ains). (2.9)

Te Ezi(g’o)

Ve(wg) =V

Definition 2.4.2 (o-compatibility). A reduced word i for the longest element wy € W 1is

said to be o-compatible if there is a (uniquely determined) reduced word i, for the longest
element wy , € W7 such that i is an expansion of i,.

The group W? is a Coxeter group whose simple reflections are the longest elements in

the subgroup generated by the simple reflections in a single o-orbit (see Proposition 2.7.2).

If i, is a sequence of orbits (01, ..., Myw,.,)), we say i is an ewpansion of i, if it can be

partitioned into consecutive subsequences of letters corresponding to the orbits of i,. If this

15 the case, then each such consecutive subsequence will be the longest word in the Coxeter

subgroup generated by the simple reflections in the corresponding orbit.

Example 2.4.3. To illustrate the concept of o-compatibility, consider the involution on the
standard pinning of SLs, with fixed-point subgroup (SLs)” = SO(5). On the set of simple
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roots, o acts by (14)(23), with two orbits: m; = {1,4} and ny = {2,3}. Then

W = (81752, 53, 54 | M1z = Mig = Moy = 2, Miz = Ma3 = M3y = 3>

W = <5n17 Sna | Mayyyny = 4>7

so one (of two) possible reduced word for wo, is iy = (N1, M2,M1,M2). Since myy = 2, the
longest words on the letters in ny are (1,4) and (4,1). Since masz = 3, the longest words on
the letters in ny are (2,3,2) and (3,2,3). There are 16 reduced words for wy expanding i,,
including

i=(1,4,2,3,2,1,4,2,3,2).
Proposition 2.4.4. If Al(n,) is an i-Lusztig stratum, then o(Al(nd)) = ATV (n,).
Proof. Let i be a reduced word for wy, and n, an i-Lusztig datum. Consider
o(Am)) =a| su | = N s;’g;k;).
0<k<L(wo) 0<k<L(wo)

Now o(w}) = wg(i), and each o(vy,) = o (vk_1) + neo(By"). We have

a(BEY) = o(wi(p¥) — wi_(p")) = Wi (p") — wl%(p¥) = BT,

By induction the o(i)-Lusztig datum for o(Al(n,)) is thus also n,. O

Suppose i and i’ are distinct reduced words for wy that both expand a common reduced
word i, for wy,. Let ne be an i-Lusztig datum. Then there is an explicit procedure for
producing the i-Lusztig datum n,, for Ai(n,).
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Lemma 2.7 ([17] Proposition 5.2). Let i and i’ be two reduced words for wy related by a
braid move corresponding to a pair of simple roots either disconnected or connected by an
edge of weight 1. Specifically, let i, and i, be the indices of a pair of simple roots, and

let my, ;,,, < 3 be the order of s;, in W. Then suppose

Sikt1

1= (1, ey 01 Uy Tty Uy - - - kb, iy 1o -  Lo(wo) )

k41

s/

U= (i1, ooy Thm15 gty by Thg s - - 3 Uiy iy 1 s 16(wo) ) -

Then define a function R} : Zgg’o) — Zgg’o) as follows:
1. For k' <kor k' > k+m;,;,,,, let R (ne)p = np
2. Suppose m;, ;,,, = 2. Then let R%l(n.)k = nypq and let R(ne)ps1 = n.

3. Suppose m;, ;,,, = 3, and let p = min {ny, np4o}. Then let R (N4)k = Nyt +Niera — D,

R;' (ne)r+1 = p, and R;l (Ne)kt2 = Nk + Ng1 — -

If n, is the i-Lusztig datum of a stable AMV cycle Ay, then Ri'(n,) is the i-Lusztig

datum of Aj.

Since any two simple roots in a o-orbit are either disconnected or connected by an edge
of weight 1 in the Dynkin diagram, we are only interested in the cases above. However, [17]
proves the proposition in all cases. Since all reduced words for wy are related by sequences
of braid moves, Kamnitzer’s full proposition implies the existence of a function R for
all pairs of reduced words (i,i’). As a consequence of the cases above, we can define RY
whenever i and i’ expand a common word i,. Thus we have justification for the following

definition.
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Definition 2.4.5 (o-invariant i-Lusztig datum). Fiz a reduced word i for wo which expands
a reduced word i, for wy,. Then an i-Lusztig datum ne is o-invariant if it is constant on
each o-orbit. If ne is a o-invariant i-Lusztig datum, then let n, be the corresponding i,-

Lusztig datum.

Consider Example 2.4.3. In this case, an i-Lusztig datum n, is o-invariant if and
only if ny = no, ng = ny = ns, ng = nz, and ng = ng = ny. If this is the case, then
Ne = (n17n37n67n8)-

Note that i and o(i) are two different reduced words for wy expanding i,, and

Rf(i) (ne) = me if and only if n, is o-invariant. Thus, given a o-compatible reduced word

i for wy, an i-Lusztig datum n, is o-invariant if and only if the stable MV cycle Al(n,) is

o-invariant.

Lemma 2.8. Let i be a o-compatible reduced word for wg, and let n, be a o-invariant

i-Lusztig datum. Then we can identify the fixed-point subvariety

(Ap(na))” = Ag (7a).

Proof. Recall the surjective map

yi: B(ne) = Ay(na)

from the proof of Theorem 2.4.1, which is defined explicitly in the proof of [17] Theorem
4.5. Consider also the map
Vi, : Bo(iie) = Ay (i),
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defined analogously for G7. It is clear from the explicit definition of y; that in the square

B, (7a) —2£, B(n.)

| [

A (e) —— Aj(na)

the map ¢ is well-defined and injective, and the square commutes, for o-invariant n,. In
particular, Al (7,) C (Al(n.))? = Al(n,) N Grge.
The reverse inclusion follows from the i,- and i-Lusztig stratifications from equation

(2.9) of the varieties

Vg

(X (Ve 0))7 = (Su™ N 5¢) N Grge = (8o Jugs” N (So)e

and

X(Vg(wO), 0) = SZ;{;WO) N Sg

Note also the semi-infinite cells S and S{ are o-invariant, since o-invariance of the i-

Lusztig datum n, implies vy, is a o-invariant cocharacter. ]

Lemma 2.9. Let n, be a o-invariant i-Lusztig datum, where i expands i,. Suppose A (n,)

is of coweight (v,0). Then Ak (7,) is also of coweight (v, 0).

Proof. Let m: {1,...,0(wy)} — {1,...,€(wo,)} be the surjection of indices of the words.

It is sufficient to prove that, for each 1 < k" < ¢(wy,), we have

By = > B (2.10)

ken—1(k')
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Then since fiy = ny, for all k € 77 1(k'), equation (2.10) is equivalent to

w= Y B (2.11)

ken—1(k')

for all k’. For each k' there are two possibilities. Either 7=' (k') = {k, k + 1,k + 2}, where

o = o  and oy, ., are two distinct simple coroots connected by an edge of weight 1 in

+2
the Dynkin diagram of G; or all simple coroots corresponding to k € 7~1(k’) are pairwise
disconnected. In the first case we can say the orbit is of type As, and in the second we can

say it is of type A; x - -+ x Aj.

First suppose k' corresponds to an orbit of type As. Recall

Bty = wiii (p) = wi ;1 (p") = Wiy (i, (0) = pY) (for j=0,1,2), and

15,

Y = wig (py) —wig_ (pY) = wis_1(si,, (py) — py).-

Then the right hand side of (2.11) is

6k+1 ﬂk+2 = wk+2(ﬂv> - wliv—l(pv)
= w;lc—l(siksik+1sik+2 (pv) - pV)

= wii_y(siy, (05) = 3). (2.12)
The equality of line (2.12) follows from Propositions 2.7.2 and 2.7.3: s;,, = s;, 5, ,,Si,,, 18

the longest element of the Coxeter subgroup generated by letters in the orbit n, and so by

. . i _ icr
induction wy,_; = wy_;.
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The case k' corresponds to an orbit of type A; X - -+ x A; is similar, except the orbit
can be of any order, and each index in the orbit appears only once. Then in this case
and so equation (2.11) holds. O

Sips = SigSipgr " Sigpyy—

2.5 The bijection for AMV cycles

Theorem 2.5.1. Let (A p) be a coweight with p dominant, X\ < p, and both fized by o.
Then taking o-fixed points induces a bijection between o-invariant MV cycles in Grg of

coweight and (A, i) and MV cycles in Grge of coweight (A, ).

Proof. First I will establish the bijection between AMV cycles. The action of —u on the set
of AMV cycles gives a bijection between AMV cycles of coweight (A, 1) and stable AMV
cycles of coweight (A — 1, 0).

Fix a o-compatible reduced word i for wy expanding the reduced word i, for wy,-.
Theorem 2.4.1 gives a bijection between i-Lusztig data and all stable AMV cycles, and
restricts to a bijection between those of coweight (A — p,0). And by Lemma 2.8, there is a
bijection between o-invariant i-Lusztig strata of coweight (A — p,0) and i,-Lusztig strata
of coweight (A — pu,0), given by taking fixed points.

Then by composing the corresponding bijection between i,-Lusztig strata of coweight
(A — 11,0) and AMV cycles of coweight (A, 1), we have the desired bijection on the level of
AMV cycles.

It remains to see that the bijection on AMV cycles restricts to one on MV cycles.
Recall Proposition 2.3.3: MV cycles of coweight (A, 1) correspond bijectively to those AMV

cycles of coweight (A, u) contained in G_r’(f; Clearly, if A is an AMV cycle and A” ¢ Gri.,
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then A ¢ Grfi. However, the converse is more subtle.
Let A be a o-invariant AMV cycle as in the hypotheses, and suppose A ¢ Gr¢,; i.e.
A is not an MV cycle. Let (vy)wew be the GGMS datum of A, the W-indexed sequence

of vertices in the moment polytope P4. Then the GGMS stratum of A is

GGMS(A) = () Su.

weWw

Note that G_r‘é is an AMV cycle of coweight (—pu, 1), and thus the closure of its GGMS

stratum:

weW
Now if A ¢ Grf, then its GGMS stratum does not intersect with Grf, at all. Indeed,

suppose there exists a complex point

pe (GGMS(A) mG_rg) (C) = (ﬂ sg;v(@) N (ﬂ S;Uw(@)

weW weW

c N (sw©nsi¥e).

weWw

Then for each w € W the closure relations for semi-infinite cells imply v, <, w(u), so
Py C Conv(W - ). By Theorem 2.3.4, this implies A is in fact an MV cycle, contrary to
assumption.

By Lemma 2.5, GGMS(A) is dense in A. So if (AN Gr%)? were dense in A%, there
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would have to be some complex point
pe <GGMS(A)" N Grg[,) (C) ¢ <GGMS(A) N G_rg,) (C),

but the last intersection is empty.

As a result, the map

o-invariant MV cycles MYV cycles of
A C Grg — 3y ACGrge
of coweight (A, i) coweight (A, u)
A y A7 N (So) .
is a bijection. O]

2.6 Eigenvalues

I would like to prove that equation (2.1) holds for all o-invariant (A, ). It is known
that the number of o-invariant MV cycles of coweight (A, ) in Grg is the same as the
number of MV cycles of coweight (A, 1) in Grge, and that the bijection is given by taking
the o-fixed points. From a naive understanding of the geometric Satake equivalence, it is
thus clear that there is a linear map o’ : V,(A\) — V,(\) such that equation (2.1) holds,
replacing o with ¢’. Indeed, one may simply choose a basis {e4} for V,(\) indexed by
MV cycles A, and let ¢’ be any map such that o'(e4) is a scalar multiple if e,(4y for all
A and o'(es) = en for o-invariant A. However, it is not clear at this point that the map

constructed from the action of o on G shares these properties. We need to take a more
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careful look at the geometric Satake equivalence to see that there is indeed a basis {e4}
for which o satisfies these properties.

But first, we need to more carefully define the operator we are considering, as well as
construct an alternative operator for comparison. In the end, we will need to make some
(limited) choice to identify the operators on V,(A), so from here I will start decorating them
to keep them distinct.

On the one hand, we have constructed G as the group dual to G using the root datum,
and given it an arbitrary pinning (although there is a canonical choice one could make, to
me it is arbitrary since I will make an identification that is not canonical in any case). This
pinning uniquely determines an automorphism of G , which I will now call &, preserving B
and f, and compatible with the root homomorphisms x,v. It is now straightforward to
construct an action of o on irreducible highest-weight representations V), of G when W is o-
invariant. Since ¢* is a tensor auto-equivalence on Rep(c(@), we have 6V, is an irreducible
highest-weight representation. Furthermore, given a vector v € V,, of weight X\ and ¢ € ﬁ
we have 6(t)-v = o~ 1(\)(t)v, so as an element of 6*V,,, v has weight o~ !()\). In particular,
the highest weight of 6%V, is 0~ *(p1). In the case p is o-invariant, we thus have 6*V,, =2 V,,.
By Schur’s lemma, there is up to scalar a unique isomorphism of representations 6*V,, — V,,.
However, since 6*V,, and V,, share underlying vector spaces, we may canonically choose the
isomorphism which fixes the highest-weight line V,(u) pointwise. This automorphism on
the underlying vector space is the action of o on V,,, and will be known as 5, : V,, = V.. It
is difficult, from this construction, to directly deduce precise eigenvalues of ¢, for vectors
outside of the highest-weight line V(1) (and other extreme-weight lines V,,(w(pu))).

On the other hand, we have a construction of the dual group of G using the Tannakian
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formalism: G is the group of fiber functor automorphisms of Pr+g(Grg). I will construct
a linear isomorphism &, : H*(Grg, IC,) — H*(Grg, IC),) for o-invariant cocharacters p
of GG, and identify G = G in such a way that (using uniqueness from Schur’s lemma) the
automorphisms 6, and ¢, must be equal. However, the identification of G with G is non-
canonical, and in particular is sensitive to the pinning on GG. In order to identify G with
G , I will construct a pinning on G that is preserved by an automorphism & of G.

The advantage of considering these “tilde” constructions is that, as an induced map
on cohomology groups, it will be much more straightforward to prove that ¢, fixes all basis
vectors corresponding to o-invariant MV cycles, and thus satisfies equation (2.1).

I will henceforth refer to the functor H*(Grg, —) as F, as in “fiber.” Similarly, for
cocharacters p and A, let FA\IC, be the group H,;2<p’“7’\>(5'$0 N Grf, C).

The map &, will be constructed from an identification IC,, = ¢'IC,. (Note that,
since ¢ is an étale morphism of varieties, 0*27 is canonically isomorphic to ¢'%Z for all
perverse sheaves & on Grg. Similarly, since ¢ is proper, 017 is canonically isomorphic to
o.9/.) Suppose we have an isomorphism ¢, : IC,, — o'l C). Then, using the counit € of

the adjunction (o1, ¢') we have an isomorphism

alC, LN O’gJ!ICM —— IC,

Since Grg is an ind-proper ind-scheme, F' is canonically isomorphic to a direct sum of

compactly supported cohomology functors, implying F'IC, = Fo,IC,. Thus, we can
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compose arrows in the following (commutative) diagram

FIC, — Fo'IC,

lcan lcan

FoIC, 22 Fo'1C, —L FIC,

to produce a map &, := Fe o can o F'¢,, given an isomorphism ¢,,.

Similarly to the construction of 6, we can construct ¢, canonically. For all z in the
smooth locus Gr¥, of Grfs, the stalks of both IC, and o'IC,, at = are one-dimensional and
concentrated in degree —2(p, p1). Furthermore, the basepoint wx is preserved by o if u
is. So let ¢, be the unique isomorphism /C,, — o' IC,, that restricts to the identity on the

stalk at w"xy.

Lemma 2.10. Suppose p is a o-invariant dominant cocharacter. As constructed above,
the map &, is a direct sum of natural maps on top-dimensional cohomology groups with
compact support, with constant coefficients, induced by the morphisms of varieties o :
Sy, NGl — Sgg’\) N Grf. As a result, for all irreducible components A C S N Grfs, the
fundamental class

[A] € HZPr=2(S2 N Grps, C)
satisfies 7, ([A]) € Clo(A4)]. And in particular, if o(A) = A, then 7,([A4]) = [A] exactly.

Proof. Recall by the geometric Satake correspondence, specifically 2.2.1 iii. and iv., that

there is a natural, canonical isomorphism

GSE,:FIC, S @ HwN(S) . 1C,) S @ HX*N(Sh NG, C).

AeX,(T) AEW ()
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So the goal will be to show that a natural map on cohomology groups induced by the
morphism o : Sz)f;o N Gry, — S{f,(())‘) N Gry, commutes with GSE, and fixes pointwise the
cohomology groups corresponding to o-invariant MV cycles.

Cohomology with compact support is a covariant functor. That is, given a map of
sheaves ¢ : F — ¢ on a variety Y, we have for each i a map on cohomology with compact

support

H(¢) : Ho(Y, 7) — H (Y, 9)

Given a morphism of varieties f : X — Y, we have naturally induced such a map on
sheaves € : fif'Cy — Cy, where € is the counit of the adjunction (f;, f'). Furthermore,
H(Y, fif'Cy) is canonically isomorphic to Hi(X, f'Cy). If f is an isomorphism of varieties,
this is further isomorphic to H:(X,Cx) as f'Cy = Cx. Thus, after choosing an appropriate

isomorphism Cx — f'Cy, we have a map

T} : H(X,C) — H/(Y,C).

This map is constructed in [31, 0GJY] and referred to as the trace map of f.

Let i = 2(p, u — A\), where pu is a o-invariant cocharacter and A € Wt(u). Then the
cohomology group H:(S; N Grf, C) is spanned by fundamental classes [A], where A is an
MV cycle of coweight (A, 1), and Hi(So™ N Gr¥, C) is spanned by fundamental classes
[0(A)]. Looking on stalks, we see that Tr’ ([4]) is a scalar multiple of [¢(A)]. Supposing A
is o-invariant and choosing the normalization C — ¢'C corresponding to that for &, which

is identity on stalks preserved by o, we get that in the case o(A) = A, Tr’ ([A]) = [A]
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exactly.
By the similarity in construction of the two horizontal maps, the following diagram

commutes:

FIC, s FIC,

lGSE# lGSEu

D 5, 0G0 s @) HE (S 0 Gre. ©)

AeWt(u) AeWt(u)

Therefore 7, acts on fundamental classes as expected. O

Note that &, thus satisfies (2.1).

In order to identify the actions ¢ and &, we extend the construction of 7, to cases
where 4 is not o-invariant, constructing an automorphism ¢ : G — G. Given such an
automorphism &, we can verify that the linear map ¢*V,, — V,, on induced on o-invariant
highest-weight representations of G by the automorphism & is equal to the linear operator
7, defined above. Then, in order to prove that ¢, satisfies equation (2.1), it will be sufficient
to verify that G may be identified with G in such a way that the automorphisms ¢ and &
commute with the identification G — G.

Consider the following proposition, an immediate consequence of definitions in the

first chapter of [8]:

Proposition 2.6.1. Let G be a reductive group, and let F : Rep(c(é) — Vecc be the
natural fiber functor. Given a tensor auto-equivalence T : (Repe(G), @) — (Repe(G), ®)
and an isomorphism of fiber functors ¢ : FT — F, there is a corresponding automorphism

T of @, given by 7(g) = ¢ogo¢t. In the other direction, an automorphism T can be
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used to construct such a pair, using the functor 7*(p,V) = (pot,V), and the isomorphism

Fr* — F which takes identity on objects in Vece.

4 )
tensor auto-equivalences with
N — an isomorphism of fiber functors
Aut (G)
— T: (Rep(C(G)a ®) — (Rep(C(G>7 ®)
¢: FT — F
\ Vs
T — (7%,id)
(9> ¢ogod™) <« (T, ¢)

We could impose an equivalence relation on the right hand side above and tautolog-
ically the pairs (7, ¢) modulo equivalence would be in bijection with automorphisms. All
we need is a sufficient condition for construction of an automorphism & : G- G.

We already have a tensor auto-equivalence of functors o' : Pr+q(Grg) — Pria(Grg),
so we want an isomorphism of fiber functors ¢ : Fo' — F. As before, we can use the counit
€: O'!U!IC# — 1C,,.

Fo'IC, - Fod'1C, L FIC,

So we let ¢ = Feocan; then 5,(g9) = ¢pogo ¢!, as needed.
Finally, we need to compare ¢ with 6. Consider that, for o-invariant u, ¢ satisfies a

commutative diagram

FIC, -2 FIC, «Fewn  polrc,

" I 219

FIC, 2 FIC, «+f=un _ polrc,
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In fact &, factors through Fo'IC,, implying the linear operator on F' IC, induced by the
automorphism ¢ is exactly 7,.

Now we turn our attention to the question of identifying G and G. They are by GSE
2.2.1 v. abstractly isomorphic. Since a pinning-preserving automorphism is determined
uniquely by its action on the Dynkin diagram and the pinning it preserves, it is sufficient
to prove that there is some pinning preserved by &; any choice of such a preserved pinning
will imply 6 = ¢ after identification G = G. Note that the pinning preserved by ¢ depends
on the isomorphism o : Grg — Grg, which ultimately depends on the pinning on G. It is
for this reason that the identification G = G is not canonical.

To begin with, consider that G has a natural choice of maximal torus and Borel
TcBC CN}’, implying that identification with G may only vary by conjugation by T.
Indeed, let T C G consist of those fiber functor automorphisms that preserve weight
spaces of all representations, and B C G consist of those fiber functor automorphisms that
preserve the positive cone of weight spaces. In particular, B is generated by T and ﬁav for

oV € ®V+, where we have Uy,v defined by the property

g(FAICM) C F)_;,_av]ou. (214)

Since the action of & on V,, permutes weight spaces according to the action of ¢ on

X.(T), the group automorphism & preserves T and B. And T can be identified with T ,

such that X, (T) = X,(T). In particular, 0|7 = 0|7. Similarly, & permutes root subgroups
according to the action of o on @Y. Indeed, equations (2.13) and (2.14) imply that g € Uav

maps to 6(g) € Us(av).
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It remains to be seen that there exists a pinning {xaiv }%V crrv preserved by 0. However,
if such a pinning exists, in each g-orbit 7 C IV, one root homomorphism Toy 1 Gy — ﬁay
may be determined arbitrarily, with 2, (ay) := 6 0 z,y. In the case o acts freely on a simple
root, i.e. |n| is equal to the order of o, there is no further obstruction: an arbitrary choice of
pinning for one o € n will determine a root homomorphism respected by & for all oz}/ en.
However, if 6" (o) = ' for some n less than the order of o, we need to know o™ preserves
ﬁay pointwise. It is sufficient to consider the case n = 1, as in the following lemma of

Hong.

Lemma 2.11 ([15] Lemma 4.3). Suppose some simple o) € II" is o-invariant, i.e. o(q;) =

;. Then ¢ fixes U,y pointwise.

Proof. We may assume G is semisimple and almost simple. Indeed, Gder = él XX Gy
where each (Nlj is semisimple and almost simple, and the inclusion ﬁaz,v < G factors through
some éj — Gl 5 G Ifo preserves «, this inclusion commutes with . So suppose
G =G;.

We compare two different actions of ¢ on g, the Lie algebra of G. The first, do,
comes from differentiating the automorphism ¢ at the identity. The second, ¢.v, comes
from viewing g as the representation V,v, where 4" € &Y is the highest coroot. As noted
earlier, o,v fixes the weight space F,,vIC,v = g,v pointwise, so it is sufficient to prove
that do = &,v, as tangent space isomorphisms, implying the automorphism ¢ fixes ﬁaiv
pointwise.

For each a¥ € ®VY) let e,v be the fundamental class of the (unique) MV cycle of

coweight (a",~") in Grg. Note that for o-invariant o, we have v (eqv) = eqv. We can
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also identify b = Lie(T) with X,(T) ®z C, to understand the action of dé on b.

Schur’s lemma implies that the two maps may only differ by a constant scalar: let
do = c- 6,v. Furthermore, by commutativity of diagram (2.13), differentiating the adjoint
action of G on §, we have v ([a,b]) = [do(a), a,v(D)].

The highest root v € ® is o-invariant, so o.,v fixes the image of v : G,,, — T pointwise
and d& fixes C-~ C b as well. So dé([esv,e_v]) = [eyv,e_v] € C-~. Since dé is a Lie

algebra homomorphism, we also have

dé([eyv,e_]) = [do(eyv),do(e_ )] = - [Gyv(e), v ()] = - [eqv, e_v].
The last equality holds by o-invariance of v and —v". And so ¢? = 1, and we must have
c= =*l.
Now by comparing trace of ,v and do on 6, we see ¢ # —1. In particular, &.,v pre-
serves h = FyIC.v, so equation (2.1) implies that tr (5 | h) > 0. Similarly, since o acts on
X*(T) = X,(T) by permutation of characters forming a basis, we have tr (d& | X,(T) ®z K) >
0 as well. But by assumption, there is a o-invariant simple coroot oY, and so tr (d | X, (T) @z K) >

0. So the ratio of those two traces, ¢ = tr(dg)/tr(¢,v), must be nonnegative, hence

c=1. O

2.7 Root data and an application

Here T will be explicit about the root datum and pinning of G and (?‘7’, both in
terms of the pinned root datum tuple, and more simply the root system. I will also prove

Theorem 7.7 of [11], which was originally stated without proof.
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Suppose G is a quasi-split, connected, reductive group over a non-Archimedean local
field F'. Then let X be the root system of G' and let S be the échelonnage root system of
Gy, as defined in [11]. By Corollary 5.3 in [11], %V is the root system for G, where I is
the inertia group of F. Then, in light of Theorem 2.0.1, to prove Theorem 7.7 of [11] it is
sufficient to prove that N/(3Y) is equal to the set of roots of 517;70

We will work with pinned root data. According to the classification of connected
reductive groups (see, for instance, [30]), a group H over an algebraically closed field is
determined up to isomorphism by its root datum: a quadruple (X, ®, XV, ®V), where X
and XV are dual, finitely generated, free abelian groups; and ® ¢ X and &V C XV are
dual reduced root systems. The group H is determined up to inner automorphism if the
root datum is associated to a particular choice of maximal torus 7" C H. If the root datum
is based, or endowed with a system of simple roots and coroots II € ® and IIV C ¢V
corresponding to a choice of Borel 7" C B C H, then the datum determines H up to
inner automorphism by an element of 7. Since the systems of roots and coroots can be
constructed from the quadruple (X, IT, XV, ITIV), there is no need to give the entire 6-tuple.
Finally, H is determined up to unique automorphism by a pinning: a collection of root
homomorphisms z,, : G, = SLy — H for o; € 1L

When we say o preserves a pinning of a connected reductive group H over an alge-
braically closed field K, we mean that if H has pinned root datum (X, II, XV 11V {z,,}),

then o preserves ' C B C H, and 0 0 x4, = Zs(q,) for each o; € II. Then o also acts on X,

I, XV, and IIY, preserving Dynkin diagram edges and abelian group structure.

Proposition 2.7.1. Let G be a complex, connected, reductive group with pinning T' C B C
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G and {za, ta,enn- Let the corresponding pinned root datum be denoted (X, 11, XV, 1TV {x4,}).
Let o be an automorphism of G preserving its pinning. Then the fixed point subgroup
G? C G is a closed subgroup, and is reductive. The neutral component G*° C G° C G

s also a closed subgroup and a connected, reductive group. The root datum of G™° is

(X, /tor,res, (I), (X)7, N, (IIV), {xq, }), where

i. Xy is the group of o-coinvariants X/{x —o(x)). X, /tor is the quotient by all torsion

elements.

it. For every orbit of simple roots n C 11, there is a single root oy, equal to the image of

any «; € n under the quotient map X — X, /tor. Then res, (II) = {a, | n € II/o}.
iii. (XVY)7 C XV is the subgroup of o-invariant cocharacters.

. . v v v : o

w. For every o-orbit n C 11V, we have a, = Zaiv@? a; in the case n consists of pairwise
: . v vy : .

disconnected simple roots, and oy = 2( aVen ) in the case n consists of a pair of

simple roots connected by an edge. Then N, (I1V) = {a, | n € IV /o }.
Proof. See [32] chapters 7-8. See also [12] and [11]. O

Note that if 7 : X — X, /tor and we have a character A € X, /tor and cocharacter

1€ (XY)7, then (X, p) is given by (X, u1), where X is any lift 7(\) = A.

Proposition 2.7.2. The group of o-invariants W7 is the Cozeter group generated by s,,
where for each orbit n of simple roots, s, is the longest element of the group generated by
simple reflections in 1.

Furthermore, W7 is the Weyl group for G°°, i.e. W = Ng(T7°)/T"°.
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Proof. See [32] and [12]. O

We define res, (®) and N/ (®Y) for the root system and coroot system of G° as
follows:

res, (@) := W7 - res, (1), and N/ (®Y):=W?. N (IIY).

Proposition 2.7.3. The half sum of positive coroots is equal for G and G°: p¥ = pY.

Proof. Recall pY is the sum of fundamental coweights, or dual vectors to the simple roots
under the natural perfect pairing (-, -). For «; € II, let A" be the corresponding fundamental
coweight. Similarly, for a,, € res, (II), let A7 be the corresponding fundamental coweight.

It is sufficient to show that for each 7,
A=)
€N
For any two orbits ¢ and 7,
{ac, Z )‘i> = Z(O‘j? )‘i> = O¢ns
€en €N
where «; is any of the simple roots mapping to a¢. This works regardless of type of orbits,

since res,, treats all simple roots uniformly. O]

Note that p, # p. In particular, if A is a o-invariant cocharacter, then in general
[{ps, \)| < |{p,\)]. As a result, by Theorem 2.2.1 i., dim (A7) < dim A for a o-invariant

AMYV cycle A.

Now we can prove the following theorem, which appears in [11] as Theorem 7.7,
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although it is not proved in full generality there.

Theorem 2.7.4. Let G be a quasi-split, connected reductive group over a non-Archimedean
local field F' with inertia group I and geometric Frobenius 1. Let G be the complex dual of
G, and let G! be the fized point subgroup of @, and G'° the neutral component. Let the
root system of GI° be denoted $V. Then T is an outer automorphism of Gle preserving the
natural pinning. Let Vi ¢ be the highest-weight representation of Gl % (T) where T acts by
the scalar £ € C* on weight spaces associated to weights v € W7 - \.

Let \ € X*(f“’)*“ be a dominant, T-invariant character offl’o. There is an equality

Z tr (7| Vaa(v))e” = Z w H 1 —1e—a e,

veWH(A)T weWw'T aENL(EV)+
Proof. The group G!° is connected and reductive. And since G is quasi-split over F', 7
acts on GI ©. preserving the natural pinning. Then the theorem follows from Theorem 2.0.1
by two observations. First, V) ; = V) as a vector space and carries the same normalized

T-action as that described in Section 2.6.

——T,0

And second, N/(XV) is the set of roots of G . Indeed, VY is the set of roots

—_

of CAJI’O, so it is the set of coroots of the complex dual group G'e. Then by Proposition
2.7.1 iv., N/(2V) is the set of coroots of the neutral component of the 7-fixed subgroup

T,0 —

Gl C G'e. And finally, by again taking complex dual, N/(3V) is the set of roots of

—
T,0

Gle . 0

Note that in Theorem 2.7.4, G is assumed to be quasi-split over a non-Archimedean
local field. In particular, G may be ramified. Then the root system %Y for Gle may be
determined combinatorially from the absolute root datum of G, along with the action of
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the Galois group. In particular, as shown in [11] Theorem 6.8, N’.(XV) is equal to the root
system ig appearing in the Lusztig character formula of [18]. This is a necessary ingredient

in the proof of Theorem D in [11].
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Chapter 3: Cellular Paving of Convolution Fibers for Quasi-Split Groups

Let GG be a quasi-split, connected, reductive group over a Laurent series field K =
k((t). Let W be the Iwahori-Weyl group of LG(k) = G(k((t))), and for each p-tuple w, =
(w1, ..., wp) € WP and choice of standard parahoric subgroup &% C LG(k) corresponding

to a facet f in an apartment of GG consider the convolution morphism

Mape,f - Xw.,ﬁ”f = Ay, P X 00 X pr,L”?f — Xw*,f

defined on the twisted product of Schubert varieties X, ¢ C ¢ (see §3.2). Such morphisms
have long played an important role in the geometric Langlands program and in the study
of the geometry of Schubert varieties. For example, if we = (sq,...,5,) is a sequence of
simple affine reflections, w = s;--- s, is a reduced word, and f is the base alcove a, then
Xsoa — Xuwa is the Demazure resolution of singularities of X, o. If f is a (minimal) facet
containing an absolutely special vertex with corresponding special maximal parahoric group
scheme ¢4 and Py =: LY is a (twisted) positive loop group and we = fte = (fi1,- - -, i) i8
a sequence of cocharacters of GG, the corresponding convolution morphism is used to define
the convolution of LT%-equivariant perverse sheaves on the affine Grassmannian Grg =
LG/L*¥, and hence it plays a key role in the twisted geometric Satake correspondence.
It is common to study these morphisms and other aspects of the geometry of partial
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affine flag varieties in the context of split groups. However, for many purposes, including
the study of Shimura varieties, local models, and the geometric Langlands conjectures, it
is essential to understand the geometry of these spaces in a more general context. The
context adopted in this paper will be that of a connected, tamely ramified, quasi-split,
reductive group G defined over a Laurent series field K = k((¢)) where the residue field &
is either algebraically closed or finite. If & is finite of order ¢ and G, ; contains a factor
of type Dy, we also assume either 3 | g or 3| ¢ — 1.

As previously stated, there are many applications of the geometric study of the fibers
of these convolution morphisms. The purpose of this paper is to establish a suitable paving
of these fibers by products of affine spaces and punctured affine spaces. This generalizes a
result of Haines [10], proved in the case G is a split group defined over k.

Fix a be a quasi-split, tamely ramified, connected, reductive group G over a field
K = k((t)), where k is either algebraically closed or finite. If k is finite of order ¢ and the
split adjoint form of G has a factor of type Dy, we also assume that either 3 | g or 3 | ¢ — 1.
Let € :=k[t] C K. Let S C G be a maximal K-split torus and let T" be the centralizer of
S in G, which is a maximal torus as G is quasi-split over K. Let .# C G(K) be an Iwahori
subgroup containing .7 (€0) C T(K), where .7 is the neutral component of the 1ft Néron
model for 7. In the Euclidean building #(G, K) let 7 be the fundamental apartment
preserved by Ng(S)(K) and let a C &7 be the fundamental alcove preserved by %, with
absolutely special origin 0 € o7 in the closure of a.

For each facet f contained in the fundamental alcove a we have an associated parahoric
subgroup & C G(K) preserving f, and & C H;. Then P defines an algebraic group

scheme over 0, also referred to as %?. The schemes G and & also define functors in groups
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over k: let LG(R) = G(R((t))) and let L™ % (R) = P¢(R][t]) for a k-algebra R. The functor
LG is represented by an ind-affine ind-scheme over k and the functor Lt %% is represented
by an affine scheme over k; thus both are étale sheaves over Aff,. Let the partial affine
flag variety .Z¢ be the étale sheafification of the functor R — LG(R)/L" ZP(R), which is
represented by an ind-projective ind-scheme over k. This is shown explicitly in [27, Theorem
A] for the case k is algebraically closed, though it is pointed out there that general case
is proved by the exhaustion of the reduced structure of .%#¢ by Schubert varieties, which is
shown in [24, §8].

We have a stratification of the (reduced) partial affine flag variety %y by Lt 9-
orbits as follows. Let W be the Iwahori-Weyl group for G over K, which has a natural
action on the fundamental apartment o/. Then W is a quasi-Coxeter group with a Bruhat
partial order < inherited from the Coxeter subgroup W, generated by the set of simple
reflections Sy (see §3.2 for a defintion). For an alcove f in the closure of a let Wy C Wyt
be the subgroup fixing f pointwise. Then the Ps-orbits are referred to as Schubert cells
and are in one-to-one correspondence with the double coset space We\W/W¢, which also
inherits the Bruhat order <. Given w € We\W/Wk, let w € LG(k) be a lift. Then let
Y, = LT %% - weg where e; is the natural basepoint corresponding to the identity coset
Lt P € F¢(k). The reduced closure of Y,, is the Schubert variety X,, corresponding to w,

and provides the following stratification:

Xo=Yo= ] Y%

veWe\W/Wg
v<w

Then we have the convolution morphism m,,, defined on sequences we = (w1, ..., w,) €
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(We\W/Wrg)P:

My :Xw1>~<--->~<pr—>Xfw£

where fw! is the f-Demazure product fw] x --- % fwf where each fw{ is the maximal
representative in W of w;. See [7, §4.2] for a discussion of this operation, and proof that it is
well-defined on We\W/W¢. In the case f = a this is equal to the Demazure product w,. The
k-points of the twisted product in the domain of m,,, are p-tuples (gies, ..., gyer) € Fe(k)

such that g; ', g;er € X, for each 1 < i < p, taking g to be the identity. Then m,, is

simply the projection onto the last component:

M, (G168, - - -, Gpes) = gpes.

There is a similar morphism to the above, but with restriction of the domain to
twisted products of Schubert cells, which I will use to make a more general statement. On

k-points, we have

Yoy X - x Yo, = {(g16s, ..., gp¢¢) | 95, gies € Ya, for each i}.

Then let my, be the restriction of m,, to Y, X - X Yo,

Let us discuss what is meant by paving. Let € be a class of schemes over k. Then a
k-scheme X is paved by varieties in %', or simply paved by %, if there is an exhaustion of
X by closed subschemes X, C --- C X, such that each X, — X,,_; is contained in €.

Now we can state the main theorems of the paper:

Theorem 3.0.1. Let G be a tamely ramified, quasi-split, connected, reductive group over
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K. Let s¢ = (81,...,5p) be a tuple of simple reflections s; € Sas. Then for a point v € X,

in the image of the convolution morphism of Schubert varieties in Sy,

the fiber m;'(x) is paved by finite-dimensional affine spaces.
More generally, we will not always be able to say a convolution fiber is paved by

affine spaces, but rather by spaces that are finite products of affine spaces A™ as well as

punctured affine spaces A" — A°, where n < 3. Let € be the class of such spaces.

Theorem 3.0.2. Let G be a group as in Theorem 3.0.1, and fix a facet £ C <. Let
we = (w1, ..., w,) be a tuple of elements of We\W/W¢. Then for a point x € Xe,t ¢ in the

image of the convolution morphism of Schubert varieties

My, - thf X X prf — Xfw£7f,

the fiber myl(z) is paved by € .

As a result, in the case k = [F, we will find formulas for structure constants of para-
horic Hecke algebras. In particular it will be immediately clear that they are polynomials

in ¢ and ¢ — 1 with nonnegative integer coefficients.

3.1 Summary of approach

The paper proceeds as follows. First, we will make necessary definitions, construc-
tions, and conventions. This includes references for construction of various group schemes
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associated to GG, especially the root subgroups and affine root subgroups; the Iwahori—-Weyl
group W, and two semidirect product decompositions; the Bruhat—Tits building and fun-
damental apartment; parahoric subgroups and parahoric loop group functors; and partial
affine flag varieties with stratifications by Schubert cells. This is followed by a detailed
description of the isomorphism classes of root groups and affine root groups. Then the
branching of the Bruhat-Tits building at codimension 1 facets is described in terms of
k-points of affine root groups. Since the k-points of fibers of convolution morphisms can
be modeled by certain galleries in the building, understanding these branching points is
essential to the proof of Theorems. 3.0.1 and 3.0.2.

Then an essential lemma for the inductive step, Lemma 3.3.6 is proved. First an
Iwahori-type decomposition of the pro-unipotent Iwahori functor is proved, so it is a direct
product of affine root groups and a certain other functor in groups over k. Then that
decomposition is used to prove a certain triviality property called “stratified triviality.”

Next the main theorems are proved. First Theorem 3.0.1 is proved inductively, with
the help of stratified triviality. Given a sequence s, = (s1,...,5,), we fix a point ve, in
the image of mg, and show inductively that the fiber over ve, is paved by affine spaces.
If we let mg, be the convolution morphism defined by the sequence s, = (s1,...,5,-1).
We know that the (p — 1)-component of any point in the fiber lying over ve, must be
contained in Yy, o or Y, o. Then we fix a point z lying in the image of mg, that may also
be the (p — 1)th component of the fiber lying over ve,. Analyzing cases, we see that the
set of possible points in the image of m,, for given x is describe by one of the following
possibilities: it is in correspondence with an affine root subgroup U,., for some affine root

a + r, or consists of a single point, or is empty. By triviality of m,, over the intersection
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of its image with Y, o, we can conclude that the fiber of m,, lying over ve, is stratified by
products of one of the above spaces and the fiber over x in the image of mg,, and thus
paved by affine spaces as desired.

Next Theorem 3.0.2 is proved in a special case similar to the context of 3.0.1—we
again assume that s, is a length-p sequence of simple reflections, and again work with the
facet f = a. The only difference between this case and the one before is that we work with
the convolution morphism mg, for a twisted product of Schubert cells Y, rather Schubert
varieties, using the stratification of X, by various twisted products of Schubert cells. This
is necessary for the upcoming generalizations. The use of Schubert cells introduces some
slight complication, but the case structure is very similar. Again we fix ve, in the image
of mg, and look at various cases of points in the image of myg, . However, in this case it is
possible that for a given point in the image of mg,, the intersection of Y, 5 and the possible
points in the image of mJ, with given (p — 1)th component are in correspondence with
Uqar, Or a single point, or empty, or with U, — {1}. We similarly conclude the paving
result holds for mg, using induction and stratified triviality, but we need a larger class of
varieties to describe the paving.

At this point, we can prove Theorem 3.0.2 in its general context in two separate
deductions. First, we remove the assumption that w, is a length-p sequence of simple
reflections, using reduced words for the constituent Iwahori-Weyl group elements to view
Y., as a twisted product of a longer sequence of simple reflections Y, ,. Second, we remove
the assumption that f = a and deal with partial affine flag varieties. This requires a lemma
that relates Schubert cells in .%¢ to those in .%. Given this, we can decompose the image

of mg,, into intersections with left L*.#-orbits, where stratified triviality still holds. Thus
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we can apply our previous work, completing the proof of Theorem 3.0.2.
Finally, it is shown how this result can be applied to structure constants of parahoric

Hecke algebras.

3.1.1 Leitfaden

The remaining sections are as follows: Section 3.2 establishes notations and conven-
tions, as well as references to nontrivial constructions and detailed descriptions of root
groups and affine root groups. Section 3.3 proves Lemma 3.3.6 as well as Proposition 3.3.5,
which is a consequence of a result in [7]. Section 3.4 contains the inductive proofs of Theo-
rems 3.0.1 and 3.0.2, as well as the case reductions used. Section 3.5 applies Theorem 3.0.2

to a result on structure constants for parahoric Hecke algebras.

3.2 Notation and basic constructions

3.2.1 General notation

Fix a field K := k((t)) where k is either algebraically closed or finite. Let the ring of
integers of K be denoted ¢ := k[t]. Normalize a valuation vx on K such that vg(t) = 1.
Fix a connected, quasi-split reductive group scheme G over K and fix a minimal Galois
field extension K /K over which G splits. If k is finite of order ¢ and the split adjoint form
G ,q.i contains a factor of type Dy, then we also assume either 3 [ g or 3 [ ¢ — 1. Let the
residue field of K be denoted k, so that K = k((u)) for some uniformizer u. Let d be the
index of K over k((t)), so that we have a valuation vz on K extending the valutaion on K,
for which vz (u) = 3.
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If k is finite, let K = k((t)) and & = k[t] where k is the algebraic closure of k, and let
T E Gal(lu(/K) be the Frobenius. If k is algebraically closed, then let K = K, let & = 0,
and let 7 be the identity on K.

Where it reasonable to do so, the text style of the name of a group scheme will
denote the base ring over which it is initially defined. That is, groups defined over K
or algebraic extensions will have names in math italics, e.g. G, those defined over & or
integral extensions will have script letters, e.g. ¢, and those defined over k or algebraic
extensions will have sans-serif letters, e.g. G.

Fix a maximal K-split torus S C G. Let T be the centralizer of S in G. Since G
is quasi-split over K, T" is a maximal torus. Choose a Borel B C G defined over K and
containing 7'. We also have an opposite borel B~ such that BNB~ =T, as well as maximal
unipotent subgroups U < B and U~ < B~ such that B=TU and B~ =U"T.

Let & = ®(G, S) be the relative root system of G and let ® = &(Gz, Tz) be the
absolute root system. Corresponding to the choice of B we have sets of positive roots
dt C & and dt C d. We have, respectively, relative and absolute character lattices
X*(S) D ® and X*(T) D ® as well as relative and absolute cocharacter lattices X, ()
and X, (T ). Completing the relative and absolute root data, we have relative and absolute
coroot systems ®V C X,(S) and &V € X, (Tx).

The action of I'g := Gal(K/K) on K induces an action on G . Recall we assume
that if £ is not algebraically closed and the split adjoint form of G has a factor of type D,
k is not algebraically closed then either 3 | g or 3 | ¢ — 1. The primary reason for this is
to ensure that I'¢ has a nice description. More specifically, for each component ®; C @ let

I; be the corresponding Galois group of the splitting subfield K; € K. Then since G is
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quasi-split and tamely ramified, the assumption on ¢ implies the extension K;/K is cyclic
of index at most 3. In particular ®; is not of type ®Dy 5 and Gal(K;/K) # Ss; see §3.2.2.
Let I C I'g be the inertia subgroup I = Gal(K/k((t)). Then I = [],(0;) where each o;
has order at most 3, and T'; = I x (7) where 7 generates Gal(k/k) and has order dividing

6. If GG is almost simple, then I'¢ is cyclic of order at most 3.

We have an action of ' on the absolute root datum (&, X*(T:), ®", X,(T%)) and
on the ring k[u]. See for instance [10] for a detailed description of the relation between
the absolute and relative root data of G given the action of I'¢. In particular, X,(S) =
X (Tr)'e.

We have an isomorphism of K-groups [13] which we exploit:
G = Resg . (Gg)'e. (3.1)

Fix a Chevalley group H over Z with root datum equal to the absolute root datum of G,
with maximal torus and Borel Ty € By C H over Z. Then fix an isomorphism of K-group
schemes ¢ : Gz = Hp such that the pullbacks along inclusion ¢p : Biy — By i and
¢r : Tz — Ty i are also isomorphisms. Use ¢ to transport the action of the group I'c to

Hg. By (3.1) we have G = (Resg i (Hg))"¢. Define an affine group scheme 4 over O as
3 I,0

Then & is a parahoric group scheme for G over 0. Let 4 = Res; )4 (@)™, and ¥

is also a parahoric group scheme over &; see [24, §2.a.1.] and note that ¢ is smooth
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with geometrically connected fibers over &, with generic fiber G. We have an injective
homomorphism ¢(0) — G(K) of abstract groups determined by the Chevalley basis of H.
Let .7 be the neutral component of the Ift Néron model for 7', an &-group scheme with an
injection on &-points .7 (0) C T(K), as constructed in [5] 4.4.

The fundamental aparment .7 is canonically endowed with the structure of the affine
linear space underlying (X.(7);)” ®z R. The fundamental apartment carries a natural
action of Ng(S)(K) with stabilizer .7 (&) (see for instance [33] §§1.1-1.3 for an abstract
description). Let the origin 0 be a point in o7 fixed by N¢(S)(K)N¥Y(0); in the correspon-
dence between parahoric group schemes and facets in the building, ¢ is the parahoric group
scheme corresponding to the minimal facet containing 0. We identify any point x € o
with the real vector z — 0 € (X,(T);)” ®z R. From now on we use this identification to
treat 7 as a real vector space.

Let the group Ng(S)(K)/Z(€) be denoted W. Since G is quasi-split over K, W is
the Iwahori-Weyl group for G over K. For each w € W we fix a lift w € Ng(S)(K) as
follows. For w preserving 0, fix a lift w € Ng(S)(K)N¥(0). We also have a subgroup of
W acting by translation on &7, which is naturally indexed by the Frobenius invariants of
the inertia coinvariants of the cocharacter lattice X,(T'). For an element pu € (X,.(T);)" let
the corresponding translation element be denoted ¢, € W. The Kottwitz homomorphism
kr @ T(K) — (X.(T))7 is surjective [20], so we may choose a lift ¢, € k' (1) C T(K). We
establish the convention that the action of ¢, on &7 is translation by —u as in [33]. There
is a semidirect product decomposition W = Wy X (X, (7)), so we can lift each element
wt,, € W as a product of two lifts in G(K) in this way.

We say a root o € ® is singular if the intersection Ryoa N @ is equal to the singleton
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{a}, and we say « is plural otherwise. If all roots in (a component of) & are singular,
we say (that component of) @ is reduced. If « is plural, there are exactly two roots in
the intersection R.gax N ®: either « is divisible and Roga N & = {%a,a}, or else a is
non-divisible, and Ryoa N ® = {«, 2a}.

Corresponding to each root o € ® we have a root subgroup U, C G defined as
the minimal closed subgroup normalized by S and such that Lie(U,) contains g,, the Lie
subalgebra of Lie(G) consisting of elements such that Lie(S) acts via a. For U, C G,
there are a few possible isomorphism classes for U, depending on «, detailed in Section
3.2.2. For each a € ® we have a filtration on U, by valuation, where the valuation maps
Vo @ Us(K) — R are those defined in [33] §1.4 and described concretely in Section 3.2.2.
Then for r € R let %,+, C U(K) be the subgroup consisting of those elements such that
vo(x) > r, and so for s > r we have %, s C Xor. In particular, the valuation is normalized
such that %0 = Uo(K) N % (0). Then for each %,., we may also construct a smooth
O-group scheme, also denoted %, with generic fiber equal to U, and an embedding of
O-points Uu+r(O) C Uy(K) [5, §4.3.2].

For a root v and real number r we also have an affine linear functional on the funda-
mental apartment &7 = X, (S)g given by (a+7)(x) = a(z)+r. Then the set of affine roots
Q¢ = Pue(G, S) consists of those functionals a + r that are “break points” in the filtration
of Uy(K) by Zorr(0) as in [33]. That is, if « is singular or divisible, then a functional
a + r is an affine root if %y 4e(O) C orr(O) for all small € > 0. If o is plural and

non-divisible, then « + r is an affine root if the group

%aﬂ"(ﬁ)/%aﬂdre(ﬁ)
%2a+2r(ﬁ)/%2a+2r+26<ﬁ>
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is nontrivial for all small e. If a + r is an affine root, then for a k-algebra R we define an

affine root group scheme U, on R-points as

Ua+r(R) = %a—&-r(RHtH)/%a—i-r—&-E(R[[t]])

for any sufficiently small e. It is always sufficient to let € < see Proposition 3.2.5).

s (
Then U, is represented by a finite-type unipotent group scheme over k [33] §3.5.1, and
since K is a Laurent series field, there is a natural injective map U,y (k) — % (0) C
U,(K). The existence of this map can be seen from the classification of the groups U, as
in Proposition 3.2.6. The dimension of the unipotent group U,,, is an important constant
in the description of the Bruhat-Tits building. Let it be denoted d(a + r) = dimy(Uqq).
A detailed description of the affine root groups is given Section 3.2.2.

The Iwahori-Weyl group W = N (S)(K)/ .7 (€) acts on the fundamental apartment

such that for a lift w € G(K) as described above we have
w%oz-&-r(ﬁ)w_l = %w(a-l-r)(ﬁ)

where w(a +1)(z) = (a+r)(w(x)). For each affine root o + 7 € @, the zero set of the
functional o + r : &/ — R is denoted H,, and referred to as a wall in the fundamental

apartment. The connected components of

M—( U HaM)

a+re®,s

are the alcoves of the fundamental apartment. The unique alcove a such that 0 is contained
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in the closure of a and such that a(x) > 0 for all & € ®* is referred to as the fundamental
alcove and is denoted a. The alcoves define a triangulation of .« by polysimplices, where
the alcoves are the facets of maximal dimension. The polysimplices of this triangulation
are referred to as the facets of the fundamental apartment, usually referred to with f.

A facet f in the fundamental apartment is the intersection of the closure of an alcove
and some (finite, possibly empty) set of walls. Then 7 is the union of facets. For an affine
root a +1r € &, and a facet f in &7, we say a + r ; 0 if o 4 r takes positive values on all
points x € f. For f = a, then we say a + r > 0 if and only if a + r 0.

For each affine root a + r € @, there is a reflection s, € W defined by

Sasr(T) =2 — (a+71)(2)a,

i.e. the reflection of & across the wall H,,,. Note that if a 4+ r, Aa + A\r € @, for some
A € R* then (A\a)Y = %av and SO Sqir = Sxarnr- A reflection s, is called simple if there
is a codimension 1 facet f contained in the closure of a and the closure of s,,.(a). The set
of all simple reflections is denoted S.;. The subgroup of Wy C W generated by Sy is a
Coxeter group, called the affine Weyl group, and acts simply transitively on alcoves in 7.

Let the subgroup of W preserving a be denoted 2. The group €2 is abelian, and
W = Q x Wy. Thus W is a quasi-Coxeter group, and inherits a length function ¢ and
Bruhat order < from Wy. Indeed, let 7w, 7w’ € Q x Wy, Then ¢(tw) = ¢(w) and
7w < 7'w’ if and only if 7 = 7" and w < w'.

Given a K-group scheme X, let the loop group LX be the functor on Aff; whose R-

points are defined to be LX(R) = X(R((t)) for a k-algebra R. Given an &-group scheme
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2, let the positive loop group L*t.2" be the functor on Aff;, whose R-points are defined to
be LT 2 (R) = 2 (R[t]) for a k-algebra R.
The Bruhat-Tits building #(G, K) is a polysimplicial complex constructed in [4].

Then A(G, K) carries an action of G(K) such that

BG K)= ) 9o

9eG(K)

and such that, for any two alcoves a;, as there is some apartment A = g/ such that a;
and ay are contained in A. For a detailed description of the set of alcoves containing a
codimension 1 facet f in the building, see Section 3.2.4.

Given a facet f C & let Wy C Wyt be the subgroup preserving f. If f is contained in
the closure of a, then (W%, St) is the parabolic subgroup of (W, Sa¢) generated by the set
S¢ C Syt of simple reflections preserving f, which all fix f pointwise. Given a pair of facets
f'.f in the closure of a, the quotient spaces W/W¢ and Wg\W/W; inherit the Bruhat order
<. In the case fj is the facet containing 0 we have Wy := W, is isomorphic the finite Weyl
group described earlier, such that W = Wy x (X.(T);)".

For each facet f C o/ we also have a parahoric subgroup & C G(K) fixing f, as
well as a corresponding smooth &-group scheme with geometrically connected fibers and
generic fiber isomorphic to G, also denoted Z; the parahoric subgroup is isomorphic to
the group of O-points of . Note that the &-group scheme ¢ constructed above is the
parahoric group scheme corresponding to 0. In fact, in general, &% is constructed as a
fixed-point subgroup of a parahoric group scheme corresponding to H. As is shown in [14],

the O-points P are exactly the points in G(K) that fix f pointwise and are contained in
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the kernel of the Kottwitz homomorphism k¢g. The group scheme &2 over & is constructed
in general in [4]. Note that (G, K) = B(H, K)'¢ [25] and for a facet f ¢ B(G, K) let
fy C B(Hp, K ) be the facet containing f; then f = fIF{G. Let 7#,, be the parahoric group

scheme over k[u] corresponding to fi. Then we have

P = (Resyp,0 (H,)) 0. (3.2)

Indeed, let 9’% be the parahoric group scheme associated to the facet f c B(G f(,lu( )
containing f. Then @F = (Resg,p6 ((#)51a))"° by [24, Equation (7.1)], noting that in
general it is necessary to take the neutral component if G is not simply connected. If k is
algebraically closed, then &% = 2 and I'g = I so (3.2) follows. If not, then (Resg) (D))
is how P is originally constructed [5, §5.1.8]. Furthermore, if d = [k : k] then the action
of 7¢ is trivial on G and on H and so taking I-fixed points of (A, )k[u) commutes with
taking 7%-fixed points.

Then we have as well the positive loop group functor L+t %% on Aff, which is repre-
sented by an affine group scheme over k, though it is not of finite type. Furthermore, from
(3.2) we have

L*P¢ = (Resy,, (L' ,,)) ", (3.3)

Associated to each parahoric positive loop group LT % there is a partial affine flag

variety functor .%¢, defined as the étale-sheafification of the presheaf functor on Affy

R LG(R)/L* 2¢(R).
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Since Y is a parahoric group scheme, the partial affine flag variety .%¢ is an ind-projective
ind-scheme over k [27], [24]. The natural basepoint in .%¢ corresponding to the trivial coset
LT P (k) is denoted e € F¢(k).

The loop group LG naturally acts by left multiplication on .%. Given a pair of
facets f,f’ in the closure of a, the L™ % -orbits of % are referred to as Schubert cells,
and naturally indexed by elements of the double coset space Wy \W /W5 [14, Proposition 8
and Remark 9]. Let w € We\W/Ws be a double coset, and let w € G(K) be a lift of the
minimal representative in W of w as described above. We abuse notation, suppressing the
dot and simply referring to the point weg € F¢(k) as weg. The Schubert cell corresponding

to WewWr is defined as the orbit space

Yoeg = Lt P - wes.

If £ = f (this is usually the case) then we denote a Schubert cell Y, ¢ := Y, ¢¢. If the
context is clear, we may also shorten to simply Y,,,.

For a pair of facets f,f’ in the closure of a, the affine flag variety .%; is stratified by
Schubert cells according to the Bruhat order < on W \W/W4. In particular, the Schubert
variety X, ¢ ¢ 1= ?w7f/7f is the reduced closure in .%; of the corresponding Schubert cell
[28]. Then we have for a pair (v,w) € Weg\W/W; that Y, ¢ ¢ C Xy ¢ if and only if

v <w € Wg\W/W;. Thus the Schubert cells for v < w form the Iwahori stratification of
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the Schubert variety X, ¢ ¢:

Xog g = H Yo g

veEWp \W/Wg
v<w

In the case f’ = f = a, the corresponding parahoric is referred to as the Iwahori
S = P,. In this case the the partial affine flag variety %, is referred to simply as
the (full) affine flag variety .#. In the case f’ = f is the facet containing 0, we have
Py = Py = 94 and the corresponding partial affine flag variety is the affine Grassmannian
Grg := ¢ = Fy.

In order to define twisted products of Schubert varieties, let us define the twisted
product of a partial affine flag variety .%¢. For a facet f in the closure of a we have a

presheaf functor on Aff,

Presh(.Z7) : R —(LG(R))?)/(L* P¢(R))P

= LG(R) x= 7t . L' 7B [Q(R) /LT P (R),

where the right action of (LT Z%(R))P on (LG(R))? is given by

<917 e ;gp) . (hl, Ce ,]’Lp) == (91’11, hl_lgghg, ceey h;_llgphp) (34)

Then the étale sheafification of Presh(.%7) is denoted .ZF or % x - -- X ., and called the
(p-fold) twisted product of Z.

Denote the quotient morphism by ¢ : LG — %;. Given an element w € We\W/Wr,
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let the sheaf ¢~ (Y,, ¢) be denoted Ppw P, and let the sheaf ¢~*(X,,¢) be denoted Ppw Ps.
Both are étale subsheaves of LG. Then, given a sequence w, := (wy, ..., w,) of elements of

We\W/W¢, we have

= ~ +g + =
Yw f = le,f X X prf = :@fwlc@f ><L SER ><L Pt :@fﬂ]pc@f/[/—i_c@f C g‘\fp

LR}

. Y Y . Lt Lt2, + GP
thf = thf X - X prf = Prun Py X fooox f g@pr@f/L P C Fes

where the right action of LT £} is that of (3.4). On k-points we have

ol

Yot (k) = {(g1€s, ..., gper) | g7\ gies € Yu, (k) for each 1 < i < p}

=1

Xuwe (k) ={(g1€8, ..., gper) | g;llgief € Xwi(l;:) for each 1 < < p}.

If k is a finite field, then we can work with k-points by taking the Frobenius fixed points.
Let fwf be the Demazure product of maximal representatives of w,. That is, for each

w; € We\W/Wr let fwf € W be the maximal representative of the double coset. Then fwf

*

is the double coset corresponding to the Demazure product

Fwf = Wefwl* .-« fwin.

See [7, 84, especially Lemma 4.3.4] for more details on this product. We have a convolution
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morphism given by projection onto the last factor:

My, - Xw. — Xfw£

(glefa s agpef) — gper-

In the case f is the minimal facet containing 0, we have Wy = Wy, and W/Wy = (X.(T);)7,
and Wo\W /Wy is represented by (X.(7");)"", which contains the set of dominant cochar-
acters. Then for a sequence i, of dominant cocharacters we have °u? = |u.|wy, where
wp is the longest element of Wy, and note that |ue| represents the same double coset in
Wo\W/Wy.

Similarly, we have a convolution morphism of twisted products of Schubert cells,

which stratify the twisted products of Schubert varieties:

mo. : Yw. — Xfw£

w

(glef: S 7gp€f) = gpCr.

The goal of this paper is to construct suitable pavings of the fibers of these convolution

morphisms.

3.2.2  Description of root groups and valuations

For a root « let L, let C, be the subset of P consisting of those absolute roots & € P
such that @|s = «, also known as the set of lifts of a. Then the group I'¢ permutes the

root subgroups Uy s C H. Given any & € C,, we have a subgroup I'y; C I'¢ stabilizing
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Una. Let the field of definition of & be denoted L4 := KTa.

Proposition 3.2.1. Let G be a quasi-split, connected, tamely ramified, reductive group
over K, where K = k((t)), and suppose that k is either algebraically closed or finite of order

q such that 3| q or 3| q— 1. Furthermore suppose that G is almost simple. Then G is not

of type °Dy 5.

Proof. Suppose that G is of type °D,5. Then by [5, §4.1.16(e)], we have a non-Galois
intermediate extension K € L C K of degree 3. Since K /K is Galois by definition and
the Galois group of °Dy, is T'¢ = Ss, this means L must be equal to a totally ramified
cubic extension k((v'))/K. Since we assumed G is tamely ramified over K, we must have
char K # 3.

If £ has cubic roots of unity then we may choose a uniformizer u’ for L such that
(u')® = t, as in [24, §7(a)]. But then we see that k((v'))/K is Galois. If k is algebraically
closed or k =IF, where 3 | ¢ — 1, then k has cubic roots of unity.

Thus if G is of type 5D, 5 then k = F,, where 31 ¢ and 34¢ — 1. ]

Note that the assumption on the order of k is fairly weak: if ¢ is any prime power
not divisible by 3, then 3 | ¢ — 1.

As a consequence of Proposition 3.2.1 and our assumptions on k, every component
of ® splits over a cyclic extension of K of order < 3 [5, A.6.]. Thus for every absolute root
& € @, the field Lj is either equal to K or is a splitting field for its component of . In
particular, for a relative root o € ®, every lift a@ € C, has the same field of definition; we
thus define L, to be the field of definition L for any lift & € C,,.

Write L, = {4 (ua)), where £, is the residue field and u,, is a uniformizer. We always
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have [L, : K] <3 and L, /K is either unramified or totally ramified. If L, /K is unramified,
then we say « is unramified, and we have u,, :=t, and if L, /K is totally ramified, we say
« is ramified, and we have ¢, = k.

The following well-known fact is frequently useful in understanding the structure of

root groups and affine root groups.

Proposition 3.2.2. Let F'/F be a finite field extension. Then Resp/p (Gqpr) is isomor-

phic as a variety over F' to AEI:F].

Proof. Let d = [F' : F] and let {ay,...,aq} C F’ be a fixed basis for F'/F. Then for an

F-algebra R, the map

A%L(R) = Respr/r (Go ) (R) = R®p F'

(w1, ..., 2q) = 2101 + - - + Tgaq

is an isomorphism of F-schemes. m

For each a@ € ® the root subgroup U, C G is isomorphic to one of three possible
unipotent groups. Let V, be the group scheme over K representing that isomorphism
class. If a is singular, then V, = Res.,/k (Gq,r,), which is an [L, : K]-dimensional

KT ais plural

unipotent group scheme over K, and isomorphic as a variety to A[I?“
and non-divisible, then U, is isomorphic to the K-group scheme H(L,, K) which is a
maximal unipotent subgroup of the quasi-split form of SUs 1,k and defined in general in

Definition 3.2.3. Points of H(La, K)(R) are always referred to by pairs (z,y) € R} . If

2« is plural and divisible, then note that L,/K is a quadratic Galois extension. We have

94



Vaa C Resp, /k (Ga,r.) is the subgroup consisting of points such that o(z) = —z where o
is the nontrivial automorphism of L,/K. Thus we have a natural embedding V5, — V,
given by x — (0,x), and V3, is a central subgroup of V,,. Furthermore, V5, is isomorphic

as a group scheme to G, x and in particular isomorphic as a variety to A}.

Definition 3.2.3. Let F' be a field with a quadratic, Galois, tamely ramified extension

F'/F. For any F-algebra R, the points of H(F', F')(R) are are given by

H(F',F)(R) = {(a,y) € R} | 20(x) +y + o(y) = 0},

and multiplication is given by

(z,y) (@ y) = (x + 2, —vo (') +y + ).

Note that H(F’, F') is a 3-dimensional, unipotent, solvable, non-abelian affine group
scheme over F. As an F-variety, H(F', F') is 3-dimensional, and in particular isomorphic
to A%, Let F' = F(b). Assume, if char F' # 2, that b+ o(b) = 0. Such a b exists; for any
b€ F' — F take b := % If char I’ = 2, then instead assume b + o(b) = 1. Again,
such a b exists, since © — = + o(z) is an F-linear map F’ — F whose kernel is F'. Since
[F" : F| = 2, the map must be surjective. If F' has a valuation then also assume b is such

that v (b) is the minimal nonnegative valuation for elements of F” — F'. Then we have an
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isomorphism

A%(R) — H(F', F)(R)
(z+ 2'b,yb + (2 — 2b?)) , char F # 2

(z, 2", y) = (3.5)
(x +2'b,y + (22 + xa’ + x’%a(b))b), char F' = 2.

The map above is clearly injective.

Note that the point in the right-hand side is an element of H(F’, F')(R). Indeed,
consider that the action of ¢ on an element (x + yb,z + wb) € H(F', F)(R) is to send
b~ o(b) and leave z,y, z,w unchanged. First suppose that char F' # 2, so o(b) = —b. We

have yb + a(yb) = y(b+ (b)) = 0, and o(b*) = b so
(22 — 2"%0%) + (z + 2'b)o(x + 'b) = 2® — 220> + 2% + 2%V? = 0,
as needed. Now suppose that char F' =2, so b+ o(b) = 1. Then y +y = 0 and

(x4 2'b)o(z + 2'b) = 2* + 22’0 (b) + x2'b + 2"*bo ()

= 2% + z2' + 2%bo (),
and so
(z +2'b)o(x + 2'b) + (2* + 22’ + 2bo(b))b + o ((2* + x2’ + 2”bo(b))b) = 0.

To see that the map is injective, let (z,w) € H(F', F))(R). Then clearly z = x + 2'b for
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some z,z' € R. If char F # 2, then write w’ = w — 3z0(z) = w — 5(2* — 2/?b?). Then
the equation w + o(w) + zo(z) implies w’ + o(w') = 0, so w = yb for some y = w/b € R.
Similarly, if char FF = 2, then write w' = w — (2 + 2z’ + 2’*bo(b))b. Then by the same

reasoning we must have w’ = o(w’).

Define a valuation v, on V,(K) as follows. We give a concrete description that
matches the abstract definition in [33, Chapter 1]. In all cases let the valuation vy, be
normalized such that vy |k = vi. If a is singular, then V,,(K) = L, and v, is equal to v .
If o is plural and non-divisible, then V,(K) C L2 and v,(z,y) = jvr,(y). If 2a is plural
and divisible, then V5, (K) C L, and vs, := vr,. Note that this creates an inconsistency
between valuations such that va,(y) # v4(0, 7).

In order to define a valuation v, on U,(K), let us compare root subgroups of G to
those of H. Since for each absolute root & € ® we have the corresponding root subgroup
Una C H is isomorphic to G, z, we have UHﬁd(f() = K. Then for an element z € UH,d(K')
we define vs(z) to be vi(x). Note using the Chevalley basis for H we have a natural
injective group homomorphism Uy g(k[u]) < Ups(K) such that z is contained in the
image of Uy s(k[u]) if and only if vs(z) > 0.

For a relative root a« € ® let C,, C ® be the set of lifts of v in ®.

Lemma 3.2.4. Ifa € ® is a singular or divisible root, then we have a product decomposition

of varieties over K
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and as varieties over K we have

If a € ® is a plural and non-divisible root, then we have a product decomposition of

varieties over K

Ua)i & Una x Uy x Uy s s

and as varieties over K we have

Ua = Resg e (Una x Uy 5 ¥ UH,&+B)K)FG

Proof. From the isomorphism classes V,, (see [5, §A.3] for an explicit description) we know
that if «v is singular or divisible, then (U,)z = A%QZK], and if « is plural and non-divisible
then (Uy,) 3 = A}. All that remains is to identify the root groups appearing in the product
decomposition. It is clear that for all & € C, the group (Upa)z C (Ua)i. In the case
« is singular or divisible, then by dimension we are done. In the case « is plural and
non-divisible, then C,, = {&,B} and & and /3 are not orthogonal. (See [5, §4.1.4 Cas I1],
and note that there is some choice of simple roots for ® such that « is a simple root.)
Then since Up,s and Uy 5 do not commute, subgroup closure of (U,) thus requires that
(Unasr3) i C (Ua) - Again, by dimension, we are done. O

Then for an element x € U,(K), we have a corresponding I'g-invariant tuple (z5) €

[lsccr Una(K), taking the product in some fixed order. Let v, (z) be the minimum of
’Ud(Id).
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3.2.3 Description of affine root groups

There are a few cases for the set of » € R such that o+ r is an affine root, depending

on whether « is singular, divisible, or non-divisible, as well as the degree and ramification

of L,/K. We have

Proposition 3.2.5. Let o € ®(G,S) be a relative root. Let the set of r € R such that
a+r € Ou(G,S) be denoted R,. If o is singular (respectively plural and non-divisible), let
the smallest positive integer v such that rR, = Z (respectively such that r Ry + §Ryq = Z)

be denoted 7. If 2 is plural and divisible, then let roo = e
i. If a is ramified and singular, then R, = mZ, and ro = [Lo @ K.
it. If « is ramified, plural, and non-divisible, then R, = %Z, and ro, = 4.
1. If 2ac is ramified, plural, and divisible, then Ry, = % + 7, and roq = 2.
w. If a 1s unramified and singular, then R, = 7Z, and ro, = 1.
v. If a is unramified, plural, and non-divisible, then R, = 7Z, and r, = 2.

vi. If 2a is unramified, plural, and divisible, then Ry = 7, and 1o, = 1.

Proof. For singular « the result follows immediately from V,(K) = L,. If o is ramified
then the result is in [23] Proposition 2.2.
Suppose 2« is plural, divisible, and unramified. Then V3, (K) C L, consists of those

y € L, such that y + o(y) = 0. Recall we have v9,(y) = vr, (y) € Z, so Ryy C Z. Write
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L, = 0,((t)), with ¢, = k(b). If r € Z, we have an isomorphism of &-modules

Or 2 O — Ui (O)

x— x(b—o(b))t".

Then ¢,.(x) € %aire(0) if and only if vk (x) > €. So for all positive € < 1 we have
an isomorphism of O-modules %o (O) ) Usosric(O) = OJt0 = k, and 2a + 1 € Dy
Therefore Ry, = Z.

Suppose « is plural, non-divisible, and unramified. Then L, = ¢,((t)). Since the
image of vy, (La) C R is equal to Z and for (z,y) € Uy(K) we have v,(z,y) = Fvr.(y),
we have R, C 1Z. Let r € Z and write {, = k(b), where b+ o(b) = 0 if chark # 2 and

b+ o(b) = 1if char k = 2. Then there is an isomorphism of &-modules

by O = Uy (0)

((x +2'b)t", (yb + L (a* — 2"20?))t*"), char k # 2
(x, 2, y) —

((z + 2'D)t", (v + (2% + 22’ + 2%ba(b))D)t?*"), chark = 2.

We have ¢, (z,2",y) € Uorrse(O) for some € > 0 if and only if min(vg (), vi(2")) > € and

vk (y) > 2¢e. Thus for all € < 3 we have a quotient of &-modules

%a—&-r(ﬁ)/%a—&-r—i-e(ﬁ) = 63/(15@))3 = k3'

As seen in the case of 2«, for all € < % we have Uoy0r(O) | Usororioc(O) = k C K.
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Therefore o +r € ®,; and we have Z C R,,.
Now suppose r € % + 7. Then, using the notation as above, we have an isomorphism

of O-modules given by

¢T . ﬁg — %OH»T(ﬁ))

u? — ub?

w+ b, ubt? +
2

2+, char k # 2
(u,u’,v) —

((u+ w2, vt + (u + wr + w2bo(b))bt>+1), chark = 2.

For all positive € < 3, we have ¢, (u, v/, v) € a4ryc(0) if and only if vi(v) > 2e. Then we
have %o 1v(O) | U ir1e(O) = O Jt0 = k. But we've seen that %aqy0/(O) | Usaror0(O) = k

as well, and so a4+ r & ®,¢. Therefore R, = Z. This completes the proof. m

There are a few possible isomorphism classes of the group scheme U, over k, de-
pending on ramification of a as well as whether « is singular, divisible, or non-divisible.
Note that the isomorphism class of U, does not depend on r, only on the finite root a.

Recall that d(a + r) is defined as the dimension dimg(U,..). We have

Proposition 3.2.6. Let a+r € ®,¢. Then as a k-variety Uy, = AZ(QH). More specifically,

we have

i. If a is ramified, then as a k-group scheme Uyyy = Goyp and d(a+1) = 1.

i. If o is unramified and singular, then as a k-group scheme Uq iy = Resy, i (Gay,) and

dla+7r)=[l,: k] <3.

[

1i. If o is unramified, plural, and non-divisible, then as a k-group scheme U,., =
H(ly, k) and d(a + 1) = 3.
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w. If 2a is unramified, plural, and divisible, then as a k-group scheme Uagir = Ggp and
dla+7r) = 1. If 2r € 27Z, then for all k-algebras R there is a natural injection on

R-points Usgr9,(R) C Ugir(R).

One possible problem with decomposing subgroups of GG into products of of affine root
groups is that affine root groups may intersect. Specifically, it is possible for both a+r and
2a+2r to be affine roots, so that Usy o, C Uiy, Thus the natural map Uy, X Usgio, = G

is not injective. We define two spaces related to U, as follows.

Definition 3.2.7. If « is ramified, singular, or divisible, then for av +r € @ let U, =
Ug+r = Uayr-

If a is plural, non-divisible, and unramified, then recall Uy, = H({y, k). Let U, =
Uatr/Uszasor. In this case we have Ul . = Resy, /i (Gap, )

Let U, be a subvariety of U,,, isomorphic to U}, as a variety. Specifically, if « is
plural, non-divisible, and unramified, let o be the nontrivial Galois automorphism ¢, — /¢,

over k. Then write ¢, = k(b) where b+0o(b) = 0 if char k # 2 and b+ o0 (b) = 1 if chark = 2.

Then there is an embedding

U/a+r(R) = R® by — Ua-l—r(R) = H(gon k)(R) (36)

xo(x)

) chark # 2

(xv—
X —

(x,zo(x)b)  chark = 2.

Then U, (R) C Uy, (R) is defined to be the image of (3.6).
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3.2.4 Branching in the building

The building (G, K) is a union of apartments A all isomorphic to the fundamental
apartment, and such that any two alcoves are contained in at least one apartment. Then
LG(k) acts transitively on the set of apartments, so for each A there is some g € LG(k)
such that A = go/. The intersection of any two apartments is a (possibly empty) convex
polysimplicial subcomplex, i.e. a closed union of facets. We say a wall H in an apartment A
is of type a+r if there is an element g € LG(k) in the kernel of the Kottwitz homomorphism

kg, defined in [20], such that A = g/ and H = gH, .

Lemma 3.2.8. Let a’ be an alcove in the building (G, K) and let £ be a codimension 1
facet contained in the closure of a’. There is a unique wall H containing f; suppose H is
of type a +1r € @y, The set of alcoves a” # a’ in B(G, K) such that £ is contained in the

closure of a” is indexed by the k-points of the affine root group U,

Recall that U, = Z(aM) as a variety over k (see Propositon 3.2.6, Proposition

3.2.2, and Definition 3.2.3) and in particular that U, (k) = k%F7).

Proof. This is the content of §3.5 in [33], especially §§3.5.4 and 3.5.1.

In particular, the link in Z(G, K) of a point = € &7 is canonically isomorphic to the
spherical building of a reductive group G, defined over k—specifically, if x is in an arbitrary
facet f then G, = Gy is the reductive group formed by reducing the parahoric functor L%
modulo ¢ and taking the maximal reductive quotient of the resulting k-group. The group
G, is quasi-split, of type &, C @, where &, consists only of roots a such that z € H,, for

some affine root v 4+ r. For a codimension 1 facet f, we have Gy := G, for any = € f is of
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k-rank 1, so its relative root system is either type A; or BCj.

Let f be a fixed codimension 1 facet in /. Then the set of alcoves containing f is in
correspondence with the set of chambers in the spherical building of G¢, which indexes the
set of Borels in the neutral component G¢ C G containing a maximal k-split torus S¢ C Gg.

In particular, if B¢ is one such Borel, then

{a C B(G,K)|fcCa}=G(k)/Be(k).

Since Gg has k-rank 1, the subset of alcoves not equal to a is the big cell of Gg(k)/B¢(k) and
is indexed by the maximal unipotent subgroup Ug(k) C Gg(k). In particular, Ug = U,
where H,,, is the unique wall in &/ containing f.

If a’ is not contained in &7, then a = ga” for some a” C & and some g € LG(k) N
ker k¢, and we also have f = gf’ for some f’ C a”. Then the set of alcoves containing f’
other than a” is indexed by U, (k) for some o+ r where f* C H, . Then the wall of g.o/
containing f is of the same type, and the set of alcoves containing f in their closure other

than a is also indexed by U, (k). O

3.3 Stratified triviality

3.3.1 Descent of affine root subgroups

For a root a € @, recall C,, C ® is the set of lifts of o in ®. Recall that as a

consequence of the assumption that either 3 | g or 3 | ¢ — 1, for all « € ®, the set C, has

order [L, : K].
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Recall that for a root a € ® we refer to the lifts in ® by C,, and C,, is described
in Lemma 3.2.4. We define an analogous subset of ®,; as follows, for the purpose of
understanding the relationship between affine root subgroups of GG over k and those of H

over k.

Definition 3.3.1. Let a +r € &4 If « is singular or divisible, then let

Cosr i={a+7|aeCy).

If « is plural and non-divisble, then write C,, = {4, B} and let

Copr :={a+r,f+ra+5+2r}.

Lemma 3.3.2. Let a+1r € ® . We an have isomorphism of varieties over k

T'a
Uasr = Resl}/k ( H (UH,dJrf)fc)

d+f€ca+»p
Note that in the case k is algebraically closed, this is proved in [24, §9].

Proof. First suppose « is singular or divisible. Then use Lemma 3.2.4 to write an element

r € Uay,(k) as a I'g-invariant sequence z = (7a) € [[seq, Una(K). We must have

va(rsg) = r. In fact since the valuation on U,(K) is defined by restriction of that on

[lsco, Una(K), we have & € Uyyr(k) if and only if each x4 € Up g.(K).
Now suppose (z,y) € Uarr(k) C Us(K) and as in Lemma 3.2.4 write v = (74, 75) €

Una(K) x Uy 5(K), with y € Ug, 5(K). Then as before, for (z,y) € Uay, (k) it is necessary
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that z5 € Uayr(K), that x5 € Us, (k), and that y € U

B+r Il

a+p+2r-
Note that if a +r € &, where « is a plural, non-divisible, and unramified root,
then as a variety over k£ we have Uy, = U, X Ugyio,, and in all other cases we have

U.., = Uasr. For this reason we use U}, in product decompositions. Taking this into

account and applying Lemma 3.3.2, in all cases we have

el
U2, = Resp ([ Unasn)i) - (3.7)

aECa

Note that the product in (3.7) is taken over absolute roots C,, rather than the possibly

larger set of affine roots in C,4, as in Lemma 3.3.2.

3.3.2 An Iwahori-type decomposition

Let us define some more functors in groups over k. The goal of this section is to prove
a decomposition of the pro-unipotent Iwahori group functor L™*.#, which will be defined
shortly, generalizing the functor defined in [7, §3.7]. We will also make use of twisted
strictly negative loop functors for the purpose of describing big cells of partial affine flag
varieties.

Let .y be the Iwahori group scheme for H corresponding to the alcove ay C AB(H, K )
containing a. Let R be a k-algebra and consider the functor Lt+.#y on Aff i that sends R

to the preimage of Uy (R) in LT .y (R) under the composition

Iu(Ru]) = H(R[u]) = H(R[u] /u).
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Then L**.7 is the pro-unipotent Iwahori functor for H over k. Then the pro-unipotent

Iwahori functor for G over k is defined to be

L**.7 = (Res, (LT Iy)) o,

Given a facet f in the closure of a, we also define a twisted strictly negative loop group
functor L=~ over k as in [13, §3]. Specifically, let LH ; be the functor on Aff; that sends
a k-algebra R to H(R((u)). Let L~Hz be the functor on Aff; that sends a k-algebra R
to H(R[u™']), and let L™~ Hj, be the kernel of the natural map L™ Hy — Hj defined by
u~! + 0. Then the negative H-Iwahori loop functor L=~y is the closed sub-functor-in-
groups of LH; generated by L~ H and the opposite unipotent group (U )i C Hj.

Now let f be a facet in the closure of a, and let i be the facet of the building #(H, K )
containing f. Then we construct the negative loop group L™~ %, as in [13, Equation
(3.8)]. Let Wy be the Iwahori-Weyl group for H over K with Coxeter subgroup (W )as
generated by simple reflections. Then L~~%,, is the intersection of the w-conjugates of

L=~y C LH taken over the w € (W ),s preserving fr. Then we have

L™ P := (Resy,, (L~ H4,)) o, (3.8)

as in [13, Equation (3.12)], where (—)° denotes the fiberwise neutral component. Then
L=~ P is exactly the Frobenius invariants of the k-functor L%

Our current goal is to extend the following statement to the generality used in this

paper.

107



Proposition 3.3.3 ([7], Proposition 3.7.4). Suppose G is split over K. Then for each facet
f in the closure of a and each w in the Iwahori-Weyl group W there is a decomposition of

the pro-unipotent ITwahori functor L™ as a product of functors as follows:

LV = (LI nwl Pyt - (LT Nwlt Prw™?),

and furthermore the first factor is isomorphic as a k-scheme to an affine space

L7 nwl™ Ppw™ = [[ Vasr = [T AL (3.9)
a+r a+r

where the product is taken in any order and runs over those a+r € ®,¢ such that a+r > 0

and w (o + 1) < 0.

In order to make a statement like Proposition 3.3.3 in greater generality, we need a
few lemmas relating the affine root groups of G to those of H. In particular, since the
product (3.9) may be taken in any order, it is possible to arrange the factors, affine root

subgroups of H, in such a way that they imply an analogous result for G.

Lemma 3.3.4. The map L~ Py — F¢ defined by left multiplication on the base point eg

1s representable by a quasi-compact open immersion.

Proof. In the case k is algebraically closed, this is [13, Corollary 3.9].
Suppose k is finite. Then by [13, Corollary 3.9] for any facet f c (@(Gk,f() the
corresponding map

L~ Py — F; (3.10)
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of ind-schemes on Affz is a quasi-compact open immersion. Suppose f is the unique facet
of (G f(,f( ) containing f. Recall from [5, §5.1.8] that &% is the unique descent over &
of the group scheme @F over ¢. Then L* P is the unique descent over k of the group
scheme Lﬂ??f over k. Similarly, L=~ %% is the unique descent over k of the functor in

groups L**?f. And since (LG); = L(G}), by construction as an étale quotient we have

(Ze)i = Jvl;. Thus the base change of the map

L~ P — F5 (3.11)

to k is equal to (3.10). Since being a quasi-compact open immersion is fpqgc-local on the
base [31, 02YJ] and the map Speck — Speck is fpqc, the map (3.11) is thus also a quasi-

compact immersion by descent. O]

Proposition 3.3.5. Let G be a connected, quasi-split, reductive group over K that splits
over a tamely ramified extension K, and let £ be a facet in the closure of a. Then for each

w € W we have a decomposition of LT as a product as follows:

LY = (LY I nwl " Zew ™) - (LTI Nnwlt Pew™)

and furthermore the first factor is isomorphic as a k-scheme to an affine space:

LY NwL ™~ Pew ™t = H u”

a+r?
o+r
where the product is taken in any order and runs over those a+1r € O, such that a+1r >0
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£
and w(a + 1) < 0.

Proof. Let f be a facet in the closure of a, and let f; € Z(H, K) be the facet containing
f. Similarly, let w € W, and note that W C W}FIG. Apply Theorem 3.3.3 to H with
the parahoric group scheme ., and Iwahori-Weyl group element w. Then we have a

decomposition
Lt Iy = (L™ Iy nwl ™~ H,w™ ) - (LTI Nnwl ™4, w™r).

Note that I'g preserves the factor LT .y NwL ™~ %, w™'. Indeed, I'¢ permutes the affine
root subgroups Uy, of (3.9), which are those such that & + 7 > 0 and w™(& + r) fg 0.
Now I'¢; must preserve r, and for any & € ® lying over a relative root «, we must have
a+r > 0if and only if o +r S 0, and similarly for w=!(a + ) fg 0. Thus the defining
property for affine root groups to be contained in the first factor is invariant under action

of I', and in particular the first factor is invariant under I'. Thus we have

LTt 7 = (L++jH)FG7°

_ (L++fjH N wL——%Hw—l)Fg,o . (L++j N UJL+%HU}_1)FG’O,

Furthermore, since L% = (LT .y )le° LT P = (LT 54,)7¢° by (3.3), and L™ P =

(L= 54, )" ¢°, we have

LV = (LI nwl™ Pew™ ") - (LT NwLlT Pew™),
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as needed.

Now consider the product decomposition of L™. NwL™~ Pew!. Write

LIy nwl ™ A, w " = [ Unasr

a—+r

where the product is taken over the absolute roots & + r € @, such that & +r > 0 and
£

wa+r) < 0. Since the product can be taken in any order, let us ensure that the absolute

roots are grouped into I'g-orbits. Then by Lemma 3.3.2 and Equation (3.7), upon taking

I'g-fixed points we have the desired decomposition. O

Lemma 3.3.6 (Stratified triviality). Let f be a facet in the closure of a, let we be a
sequence of elements of We\W/W¢, and let v < fw® have veg in the image of the convolution
morphism

m thf — Xfwi,f.
Then we have an isomorphism m™ (Y, az) = m~*(veg) X YV, at.
Proof. This result is proved for G essentially as in [10, Proposition 5.3]. n

As an immediate consequence, to study the fiber over any point gey € X, it is

sufficient to study the fibers over the base points of Schubert cells ves.

Proposition 3.3.7. Letf C B(G, K) be a facet in the closure of a and let we = (wy, ..., w,)
(We\W/We)P. Then the twisted product of Schubert cells Yy, ¢ = Yo g X =+ X Yo, e and
the twisted product of Schubert varieties X, ¢ = X, ¢ X oo X Xuw, £ are representable by

finite-type schemes over k. Moreover, X, ¢ is proper over k.
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Proof. The proof is inductive on p and in exactly the same manner as [10, Lemmas 11.11
and 11.13]. In particular by Lemma 3.3.4 the quotient map 7 : LG — % has a section on
a Zariski-open neighborhood of the base point e¢. Thus, after passing to an étale cover, w

becomes Zariski-locally trivial. O]

3.4 Proof of main theorems

The proof of the main theorems proceeds in three stages. First Theorem 3.0.1 is
proved in the case f = a is the fundamental alcove. Then we drop the assumption that
$1- -8, = Sx, Maintaining the assumptions that all w; are simple reflections and that f = a.
Then the assumption that w; are simple reflections is dropped, so Theorem 3.0.2 is proved
in the case f = a. Finally, it is explained how general parahoric groups follow from the
case of the Iwahori.

Before we begin, let us establish some notation. For the time being we work with
the affine flag variety .# = .%,. In this section we work on k-points where convenient to
specify morphisms of reduced schemes. Let us introduce relations — and =Y on points
in .Z (k). We say gea — g'ea if g7'¢'ea € Yy(k), and ge, = gea if g7 g ea € Xou(k). So we

can rephrase the set of k-points of Yy, (and also X, ):

Y, X -+ X pr(l_f) = {(g1€a; - - -, gpea) € FP(k) | Gio16a— giea for all 1 < i < p}.

v . . S
We always have we, — wve,, and for simple reflections we always have we, — wse,.
—1

In general, ge, — ¢'eq if and only if ¢’e, — gea. In particular, if s is a reflection then —

. . . . . . . <s . . .
is a symmetric relation and if s is a simple reflection then — is a symmetric relation.
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Recall that for a simple reflection s € S,y and an element w € W we always have
wY; C Y, UY,s and wX; C Y, UY,s Recall from Lemma 3.2.8 that wY, = Uy,
where s = S44,, and recall from Proposition 3.2.6 that U,,(k) = k%", We also get
that wX, = Gg /B¢, where Gg is the connected reductive group over k determined by the
codimension 1 facet f; between wa and wsa and By, C G is a Borel subgroup. Then w.X
is a one-point compactification of U,y

Note that one of the following cases holds:
o wX, = Resy, (P}) for a finite extension ¢/k
° wXS = SUg /BSU3

In each case, we have

U)XS — {wea} = st =~ wXS — {’LUSGa} o Ua+r ~ Ad(a—i—rl

Note that by the stratification of Schubert varieties we have X, = Y, Il Y; in general. By
Proposition 3.2.6, the disjoint union holds on k-points as well for finite k.

Recall also some basic facts about Coxeter groups and Bruhat-Tits theory. Given
an element w € W and a simple reflection s € S,¢, we have the BN-pair relations (see for
example [29, §2.9]):

Fws.SL, w < ws
SwIs I =

SFwsSI JIwS, ws<w

Lemma 3.4.1. Suppose s = sS4y € Sar and w € W.

1. If v < ws, then v X, NY, = {ve,}.
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AlsovY,NY, = @.

2. If v <ws, then vXsNY,s = vY, = Uyyy.

Also vY;NY,s 2 Uy

3. Ifvs <w, then vX,NY, = vsXys — {vsea} = Uy

Also vYsNY, = Uyp, — {1}

4. If vs < w, then vXsNY,s = {vsea}.

Also vYs NY,s = {vsea}.

3.4.1 Special case: paving by affines

Proof of Theorem 3.0.1. Induct on p to show that if s¢ = (s1,...,s,) € S% is a sequence
of simple reflections, then the fiber of the convolution morphism (shown with the map as

defined on k-points)

m: Xs, — X,

(g1€a, - - - Gp€a) > Gp€a

is paved by affine spaces.

Assume p > 1; if p = 0 or 1 then m is an isomorphism, and fibers are isomorphic to
A% Let s, = (s1,...,8,-1) and let s, = s; % -+ * s,_1. Then assume for induction that the
fiber of m' : Xy, — X, is paved by affine spaces.

Let v € W be an element v < s,. Then ve, is in the image of m. Indeed, there is
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some sequence (¢;) € {0,1}? such that v = s{* - -+ s;”. Then we have

<s1

€1 = €1 €p—1 —
syhes) ) €a — Vea.

<sg Sspfl <5p
‘o S

where v = s{' - - - s,/ < s,, where each ¢; € {0,1}.
Let us now study the fiber over ve,.

For any (gi€a, ..., gp—1€a,v€a) € VX, (k), we have

v Ssp
Cq — VEy — gp,lea.

Since g,_1€a € VX, , we have g, 1, € Y, U szp(k). We will understand the possible
gp—1€a by decomposing into those lying over ve, and those lying over vs,e,. Define p as

the morphism that sends k-points

w:m Hvey) = Y, U Yos,

(g1€a, - - - Gp—1€a, V€a) —> Gp_1€a.

Then the following facts hold about the spaces im (y), := im () Y, and im (pt)ys, =

im (p) N Y,

(i) These subsets are either empty, consist of a single point, or are isomorphic to U,
where s, = 5,4, In all cases they are each isomorphic to an affine space, whether &,

A9 or Adle+r),
(ii) One is closed, possibly empty in im (u), and the other is open, nonempty, and dense
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in im (p).

(iii) The spaces p~'(im (p),) and p~'(im (p),s,) are isomorphic to the respective spaces
m'~1(im (p),) and m'~!(im (u)ys,) under the obvious projection; in particular, p is

isomorphic to a domain restriction of m'.

Note that (iii) is apparent. The statements (i) and (ii) can be examined by cases,
depending on the Bruhat order relationship between v, vs,, s., and s,. We have 8 total

cases, but not all are possible.
!/ /
I s, <s.s, =5,
/ /
II. sis, < s, = s,

One of the cases I. or II. holds. For the purposes of the current proof, which one holds does

not determine the shape of im (u), or im (tt)ys, -

1. v<uws,

2. vs, <w

One of these cases 1. or 2. holds, and both are possible regardless of whether I. or II. holds.

In case 1. we always have im (1), = {vea}, while in 2. we always have im (ft)ys, = {vsp€a}-
a. Both v < s/ and vs, < /.
b. Either v £ s/, or vs, £ s..

Since by assumption v < s,, at least one of v < s,s, or vs, < s.s, must hold by a standard
fact about (quasi-) Coxeter groups (see for instance [10, Lemma 6.3]). Indeed, in case
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I. that is exactly the statement either v < s/ or vs, < s.. And in II. we already have

v < s, = s,. Note also that in case I1.2. in particular we have vs, < v < s, = s, and so a.

holds automatically.

In case a. we always have im (1) = vX,, . In case b. we always have im (u) consists

of one point, either {ve,} if v < s, or {vspea} if vs, < ..

1.b.

2.b.

We have:

/
v < s, < 8,

In this case we have im (p1), = {vea}, and we have im (u),s, = vY;,. The latter is
open and dense.
v < vsp, and v < s, but vs, £ s,

In this case, we have im (1), = {vea}, and we have im (41),s, = @. The former is

open and dense.

/
. vs, <v < s,

In this case, we have im (i), = vs, X, — {vsyea}, and we have im (jt),s, = {vSp€a}-

The former is open and dense.

/ /
vs, < v, and vs, < s, but v £ s,

In this case, we have im (p1), = @ and im (p1)ys, = {vSpea}. The latter is open and

dense.

Thus in every case we have facts (i) and (ii) hold. Then by fact (iii) we observe

~

m~H(vea) = p~H(im (u)y) U (im (W)os,) m/~ ! (im (2),) Um'~ (im (K)os,)-
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Since both im (), and im (u),s, are contained in .#-orbits, we can apply stratified

triviality of m: in particular,

1%

'~ (im (p),) = m' (vea) X im ().,

I

m'~ (im ()vs,) m' ™ (vspea) X im (1)vsy

and so the paving result for m~!(ve,) holds by induction. ]

3.4.2 The case of the Iwahori

Let us now prove Theorem 3.0.2 in the case f = a, and all w; are simple reflections

s;. We will deduce the full generality from this case.

Proof of Theorem 3.0.2, simple reflections. Let f = a, and let (sy,...,s,) be a sequence of
simple reflections. Consider the Schubert cell convolution morphisms, defined in terms of

k-points as

m®:Y,, = X, (91€a, - - -1 Gp€a) > Gp€a

/
m” Yy — Xy, (g1€a, - - Gp—1€a) > Gp—1€a.

As before, fix v < s,, and assume that ve, € im (m°), and consider the morphism,
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defined below in terms of k-points

p° e m® Hvey) — Y, U Yos,

<g1€a7 s :gpfleaa Uea) — gpflea-

Again we have property (iii) holds immediately. Let us examine cases to see that

property (ii) holds and that a modification of (i) holds:

(i) Both im (u°), and im (u°),s, are either empty, consist of a single point, or are indexed
either by Uy, or Ugy, — {1} where s, = so4,. In all cases they are each isomorphic

as varieties to either @, A%, A%e+r) or Adatr) _ A0,

Let us examine the possible cases, after a few remarks.

First note that, just as we cannot guarantee ve, € im (m°) when we are dealing with
Schubert cells, we cannot guarantee Y, C im (m®) or Y,,, C im (m®). However, by Lemma
3.3.6 we have either Y, C im (m®) or else Y, Nim (m®) = @, and similarly for Y.

Note that now we never have ve, € im (x°). As a result, in case 1. (v < vs,) we
always have im (u°), = @. Case 2. is not much different, so long as Y,,,, C im (m®). And

cases a. and b. no longer have uniform interpretations.

/
lLa. v <ws, <s;

In this case we have im (1°), = @, and we have im (p),s, = vYs, Nim (m®).

Lb. v <wsy, and v < &, but vs, £ s,

In this case im (p°) = @.
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2.a. vs, <v <8,

In this case we have im (u°), = (vYs, —{vspea})Nim (M), and im (u°)ys, = {vspeatn
im (m®). If im (u°), is nonempty, it is open and dense; and if it is empty then

im (41°)ys, is either empty or open and dense.

2.b. vs, < v, and vs, < s, but v £ s,

In this case we have im (1), = @, and we have im (1°),s, = {vSpea} Nim (M*).

The induction follows exactly the same structure as in the case of Schubert varieties.

[]

With some careful setup, we can see the more general case, still assuming f = a, as

an immediate consequence.

Lemma 3.4.2. If w € Wy, then let w = s1---8; be a reduced expression. Then the

convolution morphism is an isomorphism of schemes over k

md Y, =Y,

Se

Proof. This is a well known fact. We show this inductively on ¢ = £(w). It is true trivially
for £ < 1. Then suppose it is true for all words of length < ¢ and let w € W, be an element
of length ¢ and suppose Sq4r € Sar is such that ws,, < w. Let s¢ = (S1,..., 501, 5 = Sair)
be a reduced word for w and s, = (s1,...,8,_1) be the corresponding reduced word for

WSair Let gea € Yy, (k). As seen above, the intersection wY;_, (k) N Yys, ., (k) consists of
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the unique point ws,.-€a, and so the set

{glea | gea € szaw(%) and ¢'ea o gea)

also consists of a single point, call it ¢’e,. In fact, this is a surjective map to Yys.,, (k) as
for each g'ea € Yy, ., (k) the set
{g"€a | ¢"€a € Yy(k) and ¢'en = g'en)
is in correspondence with Uy, (k) = k%+7) £ &
Furthermore, by stratified triviality of mjg_, we have
mel(waYéw) = mif,‘l(wsa+rea) X WSatrYsor,
and in particular for any ge, € Y, (k) we have
m2 ' (gea) = mz,._l(g'ea) X wYy, .
Thus Y, 2 Y, = Uggr X Vi, O

Lemma 3.4.3. Let w € W, and let 7 € €. Then there is an isomorphism

121



and on k-points we have

PYalR) = YoulF).

Proof. For all y € LG(k) we have an isomorphism yY,, = Y, following from group action

of LG on .%. Then since L.# (k) is normalized by Q, we have for all Tgwe, € 7Y, (k) that

Tgwe, = (TgT 1) Twe, € Yru(k) as well. O
As consequence of Lemmas 3.4.2 and 3.4.3, if w = 7s1---5, € W is a reduced
expression then let s, = (s1,...,5,), and we have

Lemma 3.4.4. Let wy, 7wy € W where 7 € Q and w; € Wye. Then we have

Yo, X waz(]%) = Yor X sz(]%)

Proof. Let (gi€a, g2€a) € Y, X Yru, (k). Then write giea = giwieq for some g € LT.7 (k).
By Lemma 3.4.3, we have Y., = 7Y,,, so in particular 7~ w; g g2€a € Ya,. Then, if it

is well-defined, the following map is an isomorphism:

Y, X Yy = Yigr X Y, (3.12)

(g1w1€a, g2€a) — (g1W1TEq, g2€a).-

Then (3.12) is well-defined if gjwie, = wie, if and only if gjwiTe, = wiTe,. We have
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Jiwiea = Wie, if and only if

g, € LT 7 (k) nw LTS (k)w;*,

and giwiTe, = wiTe, if and only if

g€ LY I (K)nuyr LY I (k) twt = LT 2 (k) nw, L7 (k)w;

as desired. This concludes the proof in the case f = a. O

Proof of Theorem 3.0.2, Iwahori. Let we = (wy,...,w,) be a sequence of elements of W
and for each 1 <14 < plet w; = 7s5;1 -+ 5;4 be areduced expression. Then by inductive

application of Lemma 3.4.2 we have an isomorphism

Y, = Yu, X X Yy, o X Yo, | X Yo,
=Yy, X X Yup—o X Y, 17, % o
=V X X Yy, XYoo X Y
S Vg X X Yy X Yoy | X Yy
=T1 Tp(wal X X Yw;FQ X Yw;ﬂ X Yw;)
= Yw/l X X Yvw/p72 X Yw;ﬂ X Yw;,

where each w, € Wy is an Q-conjugate of Ti_lwi. Note that 2 permutes S, and preserves
Was. For each i let si, = (s} ,,...,s;, ) be the (reduced) word for w; obtained by conjuga-
), with Demazure product s, ,.

. r ’ / ’
tion by 7i1 -7y, and let s, = (811, 815515+ Spg,
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Then the paving result for

mol }/s/

Se,e .,

_>Xs;*

implies that

My, Y, = X,

w

also has fibers paved by finite products of spaces of the form &, U,..., or Uy, — {1}. O

3.4.3 Generalization to other parahoric groups

Proposition 3.4.5. Fiz a facet £ in the closure of a and let w € W be right-f-minimal,

meaning it 1s the minimal representative of its coset wWy. Then we have isomorphisms

Yoar LTI N0l Prw ' 2 LTI Nwl " Sw T XY, ..

Let f be a facet in the closure of a. Let & be the class of varieties that are finite
products of the varieties Uy, or Uyy, — {1} for a + r € @4 Recall that for all a + r, the
group U, is isomorphic as a variety to A}, AZ or A} and if k is algebraically closed then
Uatr = A} for all @+ r. Then for a sequence we = (wy, ..., w,) € (We\W/W¢)P, we show

the reduced fibers of the convolution map

m, Yw.’f — Xwaf

We

are paved by €. With w, fixed, let us refer to m,,, and m;,_ simply as m and m°.

Similar to the proof in the case f = a, let us fix a point veg € Xfw£7f(];7) where v < fwf
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[}
We

(and v is a right-minimal representative of vWs), assuming ves is in the image of mg, | and

consider the map defined on k- points

o o—1

pm® (veg) = Xeye g

(g1e¢, . .. y Op—1C€f, Uef) = gp—16f.

We have im () C im (m") N vY,-1¢, where m” := mg, is the convolution morphism
corresponding to the sequence w), := (wy,...,wp—1). We want to pass to L*.#-orbits to
apply the results above, particularly Lemma 3.3.6. To that end, consider that L*.¢ C
LT % and so we have

vYyar C UYwEI,f’

where 7 € W is any right-minimal representative of the double coset w,' € We\W/Ws. In

particular,

—1
Wew, "Wy = |
anCWfZUEle

and so we have a locally closed stratification

Since we have vY) o ¢ C im (m/°) if and only if vY; 4 ¢ Nim (M) is nonempty, to show that
the reduced fiber of m® is paved by ¥ it is sufficient to show that the nonempty reduced
intersections

im (m"*) N oY, ar
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are paved by affines. Since 1 are assumed right-minimal, we have vY, o ¢ = VY, a. Then we

have the following:

Lemma 3.4.6. Let w : .F — Z; be the natural projection morphism. Let x,y € W be
right-f-minimal, and let w € W be any element. Then by restriction of m we have an

isomorphism of reduced k-schemes

Ty yWe Y;:,a N < H wY;;'U,a> — Y;:,a,f NwY, ,a,f
veWrs

Proof. Begin with the proper surjective morphism

TaeWe,yWs - ( H va’,a) N (H wy;/v,a) — Y;c,a,f m'vay@x,f .

v'eWs veEWe

Then since z is right-f-minimal, Y, , is closed in [ [, Y;i a, and 7, 4w, is also proper. Then
Tz ywe 1S also a monomorphism by Proposition 3.4.5, and so induces an isomorphism of

reduced k-schemes. O

The general case follows from Lemma 3.4.6 applied to intersections of the form Y, N
vY; a ¢, which stratify im (m’) N oY, -1 ¢ when taken over w < w,. And this case follows
from the work of Section 3.4.2.

3.5 Parahoric Hecke algebra structure constants

Let us now see how the results above can be applied to parahoric Hecke algebras. We

have
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Lemma 3.5.1. Suppose k =F, and suppose either 3| q or 3| q—1. Let f be a facet con-
tained in the closure of a and let we = (w1, ..., w,) be a sequence of elements of We\W/Wk.

Then the fibers of the convolution morphism

Moy, - Xw.,f — Xwaf

have the property that the number of F,-points of my,, (weg)(F,) for a point wes € my, (Xy. £)

can be expressed as a polynomial

#1Muw, (wee ) ( Z Mapq* (¢ — 1)

a beZZO
where mgy, are nonnegative integers, and almost all are 0.

Proof. By Theorem 3.0.2 as well as Proposition 3.2.6, it is sufficient to observe that the
number of points in Uy, (F,) and (Ussr — {1})(F,) are nonnegative polynomials in ¢ and
q — 1 for all affine roots a +r € ®,. Recall that U,,, is isomorphic as a variety to
AY)  Then we #Uqpr(F,) = ¢4 and also #(Uayr — {1})(F,) = g%t —1 =

(¢ = D(g® =t - 1), O

Now we can deduce a result for parahoric Hecke algebras. Let F' be a non-archimedean
local field and let kr = IF; be the residue field, with ring of integers O, and suppose ¢ is
either a power of 3 or that 3 | ¢ — 1. Let G be a quasi-split, connected, reductive group
over F' that splits over a tamely ramified extension, and let " C B C G be a maximal
torus and Borel subgroup of G, defined over F. For any facet f in the apartment o7,

let Z C G(F) be the corresponding parahoric subgroup. Consider the parahoric Hecke
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algebra (G (F)// Ps) = Co( Pe\G(F)/ P, C) with convolution x defined using the Haar
measure on G(F') such that & has volume 1. Consider the basis of characteristic functions
fw = 1o, indexed by elements w € We\W /W, Represent such a double coset by an

element of maximal length w € fW¥t.

Proposition 3.5.2. For any wy,ws € *WE, we have

fw1 *fwz = Z CZ/'l”LUQ(q)f’U

vefwft

where the structure constant is a nonnegative integer of the form

Cfm,wz (Q) = Z ma,bqa(q - 1>b

a,bGZZO
for some collection of mgp € Z>o, which all vanish except for finitely many.

Proof. If F' has residue field F, then the structure constants are the same as those for
F =TF,((t)), so we may assume F' = F,((¢)). Then note that c;, ,,,(¢) is exactly the number

of F,-points of the fiber over veg of the convolution morphism Yy, ¢ X Yt — Xuwjswst-

Thus we may apply Theorem 3.0.2 and Lemma 3.5.1. [
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Appendix A: Geometric Satake equivalence

I use several theorems of [22], along with one from [2], summarized in Theorem 2.2.1.
Collectively, I refer to these statements as the geometric Satake equivalence. In wording

more similar to that used by the original sources, I have the following:

Theorem A.1 ([22] Theorem 3.2).  a) The intersection S¥ N Gr{, is nonempty precisely
when w” € Grf, and then S N Grf, is of pure dimension (p, i + v}, if u is chosen

dominant.
b) The intersection S}, NGry, is nonempty precisely when w” € Grg, and then Sy, NGre,
is of pure dimension —(p, u + v}, if p is chosen anti-dominant.

Theorem A.2 ([22] Theroem 3.5). For all &/ € Pr+g(Grg, K) there is a canonical isomor-
phism

HE(S! o) 5 HY, (Grg, )

and both sides vanish for k # 2(p,v).

In particular, the functors F), : Pr+q(Grg, K) — Modg, defined by
F, = H2ov)(SY, —) = HXP (Grg, —),
wo

are exact.
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Theorem A.3 ([22] Theorem 3.6).

H* =~ @ F, = @ H2P¥)(SY —) : Ppig(Grg, K) — Veck

veX.(T) veX.(T)

Proposition A.0.1 ([22] Proposition 3.10). Let R be a Noetherian ring of finite global

dimension. There is a canonical identification

H2PN (82, IC,(R)) =2 HXP=2(S) N Gy, R) = R[Irr (S2 N Grpe)],

here R[Irr (S N G_r‘é)] stands for the free R-module generated by the irreducible components

of SX N Grl..

Note that [22] Theorem 3.10 is proved using a constant sheaf on the smooth variety

S2NGrY, as written above. The second isomorphism thus follows from the bijection between

Irr (S N Gr%) and Irr (S} N Grfy).

Theorem A.4 ([22] Theorem 12.1). The group scheme G is the split reductive group

scheme over Z whose root datum is dual to that of G.

Here éz is the group over Z whose category of representations is isomorphic as a tensor
category to Pr+g(Grg,Z). Mirkovié and Vilonen construct Gz as a Z-scheme so a result
analogous to Theorem A.4 will hold, by base change, for coefficients in any Noetherian ring
R of finite global dimension. In particular, the complex group with dual root datum is G ,
and so G = G 1= Spec C xz Gy has a representation category isomorphic to Pp+g(Grg, C).
Furthermore, Goo > Goe = SpecC x7 (/}’\"732.

Note that G is naturally endowed with a maximal torus and Borel T CcBC G,
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identifiable using representations of G. In particular, consider the representation
§* = Lie(|G,G)) = @ H*(Gra, IC,y),

where 7 runs through the components of the Dynkin diagram of G, and ;" is the highest

coroot in @Y. Then we have a decomposition into weight spaces

=P [ HAS), 1C) e @@ H(Se 10y | =57 0)e @ ().

i avedy aVvedV

For g € 6’, we can say g € T if g preserves all weight spaces of g**, and g € B if g preserves

the vector subspace

e @ ).

aVedVt

Thus if we fix pinnings of G and G , we can identify the two groups uniquely.

Theorem A.5 ([22] Corollary 13.2). Let R be a Noetherian ring of finite global dimension.
The A-weight spaces S, (\) and W,(\) of S, and W,,, respectively, can both be canonically
identified with the free R-module spanned by the irreducible components of S> N Grfy. In

particular, the ranks of these modules can be given by the number of irreducible components

of S} N Grf.

In the corollary above, S, and W, are canonical R-representations of G. In particular,
taking coefficients in R = C (or any other field), we have a natural map S,, — W, bijective
on underlying vector spaces, factoring through the irreducible highest weight representation

V... As a result, the underlying vector space of V,, has a basis indexed by Irr (52 N Gr)c‘;).
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Lemma A.6 ([2] Proposition 5 (iii)). Let v € X,(T') be such that v > 0. If u € X, (T)"

is sufficiently dominant, then S4" N .SE = St N Gry,.

Here a dominant cocharacter p may be considered “sufficiently dominant” if, for all
simple roots « € II, we have (a, u) > N, where N is some positive integer depending on
the group G and the cocharacter v.

These are all the statements necessary to state and prove Theorem 2.2.1:
Theorem A.7. Let u be a dominant cocharacter, and let A € Wt(u).
i. S5, NGrf is equidimensional, and dim (S;,, N Grfy) = (p, p — A)

ii. Sj, NS is equidimensional, and dim (S, NS¥) = (p, n — A)

—

i

i H'(Grg, IC,) = @ H2"N(8),,1C,) =V,
AeWt(u)

iv. H20N(S) 10, = @ ClA =V,

A€lrr (S35 NGrf)

v. Pr+c(Grg,7Z) is isomorphic as a tensor category to Repy(G).

Proof. Statement i. follows immediately from A.1 (b). Note that —p is anti-dominant
exactly when g is dominant.

Statement ii. is not a direct consequence of any statement in [22], but it is well-
known. One way to see it follows from Lemma A.6 and statement i.. Indeed, note that
for v € X.(T), the translation of semi-infinite cells v : S} — S/ is an isomorphism of

ind-schemes. In particular,

dim (82, N S*) = dim (S 1 S+).

132



So dim (S, N S#) = dim (SpF"" N S#+7") for all integers n. For sufficiently large n, the
character p + np" is sufficiently dominant, with respect to G and p — A, to satisfy the

hypotheses of Lemma A.6. Therefore

dim (83, N S#) = dim (SA" 0 S#+7) = dim (SN N Gris™") = (p, pu — ).

Statements iii. and iv. are closely tied together. Theorem A.2 tells us that the global
cohomology of L*G-equivariant perverse sheaves decomposes canonically as a direct sum
of cohomology groups with compact support, taken on semi-infinite cells. Specifically, for
o € Prrq(Grg),

H*(Gre, o) = @ HX""(S!, ).

veX.(T)
By symmetry between our choice of Borel and its opposite, we have

Hf<”’”>(SZ, IC,) = Hc‘2</’v”>(S” 1C,). (A1)

wo?

And of course by emptiness of the intersection of 5{1\;0 N Gry, for A ¢ Wit(p), the only A
appearing in the direct sum for H* are those contained in Wt(u). Thus the first equality
of iii. follows. And the first equality of iv. follows from Proposition A.0.1.

The second equality of iv. follows from Theorem A.5 and equation (A.1), which in
turn implies the second equality of iii..

Statement v. is a restatement of Theorem A .4. O
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