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Lattice field theory provides a framework for which to explore properties of quantum

field theories non-perturbatively. However for certain lattice calculations, for example when

considering real-time dynamics or fermionic systems at finite density, sign problems occur which

render those calculations intractable. One approach to solving the sign problem is to avoid it

altogether by instead considering a simulation of the field theory on a quantum computer. For

bosonic field theories, a procedure of qubitizing the bosonic fields is a necessary first step. The

infinite-dimensional Hilbert space of the bosonic fields must be properly truncated as to encode

those fields on a finite-dimensional Hilbert space spanned by the qubits on the quantum computer.

This thesis first discusses various strategies of making such a truncation. Ideally, the

truncation yields a discrete spin system that contains a critical point in the same universality class

as the untruncated field theory. That way, the physics of the original field theory is reproduced in

the continuum limit of the truncated theory without needing to take a second limit of removing



the truncation. Simulations of different models arising from various truncation strategies of

the (1+1)-dimensional O(3) nonlinear sigma model are performed and different qubitizations

for SU(2) gauge fields are considered and proposed. Due to a lack of an efficient method for

solving many-body systems in more than one dimension, numerical simulations of these SU(2)

qubitizations are unavailable.

The second half of the thesis explores the use of machine learning techniques in providing

effective ways to solve quantum many-body problems. Neural network structures, such as feed-

forward networks and restricted Boltzmann machines are universal approximators for continuous

and discrete functions respectively. Therefore, they can be used as flexible wave function ansatze.

Gradient descent algorithms can be applied to variationally search the general functional space

spanned by neural-network-based ansatze for ground states of interacting, many-body systems.

An ansatz is constructed explicitly for a system of indistinguishable bosons in one dimension and

tested by comparing numerical results with analytic solutions of several exactly-solvable models.

An extension of these neural-network ansatze to systems of identical bosons and fermions and

discrete spin systems in higher dimensions would allow for concrete simulations of systems

ranging from nuclei and qubitization models.
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Chapter 1: Introduction

The universe around us is described primarily by many-body phenomena. These range from

classical N -body problems in celestial mechanics to quantum-mechanical many-body problems

in superconductivity, condensates, and nuclei. The theory of the standard model, which describes

elementary particles and their electroweak and strong interactions with one another, is also

inherently an interacting many-body theory. Many-body problems, however are in general difficult

to solve exactly. One either needs to solve a system ofN coupled differential equations or exactly

diagonalize an exponentially large Hamiltonian matrix containing information about the particle

interactions. Thus, numerical or approximation methods are typically employed.

In quantum field theory, for theories with small interaction strengths (such as quantum

electrodynamics), one can treat the interactions as perturbations about an exactly-solvable free

theory. In the case of quantum electrodyanamics, a procedure of computing higher and higher

order terms in a perturbative expansion has yielded predictions for observables (such as the

anomolous magnetic moment of the electron) consistent with experiments to over ten digits of

precision [1,2]. However for quantum chromodynamics (QCD), the theory of strong interactions,

the coupling strengths for the interactions are large at low energy; there, perturbation theory is

no longer valid. A main tool for the study of QCD instead is to regularize the fields on a lattice

and numerically compute the high-dimensional integrals involved in the theory using statistical
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methods such as Monte Carlo. Appendix A provides a brief introduction to the method of lattice

field theory. While lattice methods have had success, for example in computing the masses of

light hadrons [3], it is not without its own set of problems. For example, large amounts of statistics

are needed to obtain precise, useful correlator values at large distances to extract energy gaps; the

computation of Monte Carlo configurations for QCD are expensive, especially at large volumes

using near-physical pion masses. Additionally, when computing theories in real time (as opposed

to imaginary time) or theories with fermions at a finite chemical potential (for example when

simulating nuclear matter for neutron stars), Monte Carlo computations of the integrals involved

contain fine cancellations of large contributions of opposite sign. This causes a computationally-

intractable sign problem [4].

While there have been efforts to solve the statistics problems in lattice field theory, for

example, using normalizing flows [5] and complex manifold deformations [6], an alternative

strategy is to employ the use of quantum computers to simulate field theories [7]. Because

quantum computers are themselves also quantum-mechanical systems, they are well-suited to

simulating other quantum systems [8, 9]. The use of quantum computers to study quantum field

theories would circumvent the sign problem entirely and allow the study of real-time dynamics

directly. In principle, the quantum simulation of a field theory also offers an exponential advantage

over classical simulation because only a number of qubits proportional to (and not exponential

in) the volume need to be manipulated.

This thesis discusses, generally, methods of tackling the many-body physics described

above in two broad sections. In the first part, in Chapter 2, we discuss methods of qubitization

of quantum field theories — a necessary step to encode the degrees of freedom of a bosonic

field onto a quantum register in preparation for simulation with a quantum computer. We discuss
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attempts to find proper qubitizations and Hamiltonian models needed to simulate both O(3) and

SU(2) field theories. Then we propose a strategy for the qubitization of a general SU(N) gauge

field. In the case of the (1+1)-dimensional O(3) model, we are able to perform explicit classical,

numerical simulations of the proposed qubitizations and explore which strategies are the most

effective in reproducing the physics of the original model. For that, we primarily use tensor

network methods introduced in Appendix B. However, for theories defined on more than one

spatial dimension, there do not yet exist efficient classical techniques to simulate the interacting

many-body systems involved in qubitization models; current error-corrected quantum hardware

is also not powerful enough to directly test different qubitizations.

In the second part of the thesis, in Chapter 3, we explore the use of machine learning models

of neural networks to solve for the ground-state properties of many-body quantum systems of

indistinguishable bosons in one dimension. Because neural networks are flexible parametrizations

of general functions, they can be used as an effective basis for a ground-state wave function

ansatz. Without needing to specify a pre-determined functional form for the ground-state wavefunction,

the neural network ansatz can be variationally tuned as to approximate the ground-state of the

many-body system. The method is tested via comparison to exact solutions of various integrable

one-dimensional models. We further propose extensions of our methodology in using neural

network structures as wave function ansatze to explore many-body systems of indistinguishable

bosons and fermions in higher dimensions as well as discrete, interacting spin systems. If

effective, this extension of the neural network methodology would allow the study of problems

ranging from chemical and molecular physics to nucleon interactions in nuclei. Tying back to

quantum simulations of quantum field theories, being able to study the low-lying energy states of

(non)-locally interacting spin-systems in higher dimensions more efficiently than current methods
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would allow for a more stringent check of newly proposed qubitizations of quantum field theories

in (2+1) and (3+1)-dimensions.
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Chapter 2: Qubitization Strategies for Bosonic Quantum Field Theories

2.1 Motivations to Truncate

The quantum simulation of a quantum field theory involves encoding a particular state

of the field theory onto a register of qubits and time-evolving the state according to e−iĤT for

some time length T , where Ĥ is the Hamiltonian 1 of the theory [7, 8, 10]. Quantum computer

simulations typically fall under two broad categories — analog and digital computing. Analog

simulations involve setting up an initial quantum state and letting that state evolve continuously

through a set of user-specified operations. Custom quantum hardware is designed for specific

problems being studied. In contrast, a digital quantum simulation involves manipulating quantum

states only using a set of universal quantum gates — analogously with classical computing. In this

thesis, we are mostly concerned with digital quantum simulations. The time-evolution operator

is typically approximated by a Trotterization [11]

e−iĤT ≈

(∏
j

e−iaj ĥj
T
n

)n

(2.1)

where the Hamiltonian Ĥ =
∑

j ajĥj here is broken up into a linear combination of Pauli-

string operators ĥj . In general, the Hamiltonian can be split into a sum over any number of

1It is more natural to think about the Hamiltonian formulation of quantum field theory when discussing quantum
simulation.
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sub-operators which may be commuting or non-commuting. The entire real-time evolution over

length T is performed through n successive implementations of time evolution over time slices of

length T/n. Each time-slice operation e−iaj ĥjT/n is a unitary operation which can implemented

using a universal set of quantum gates [12]. If this time evolution is not exponentially costly on

the number of quantum gates, this procedure is exponentially faster than classically computing

e−iĤT . This is generally true for local Hamiltonians.

In order to study a quantum field theory using a quantum computer, one must first map the

degrees of freedom of the field theory onto qubits used by the quantum computer. This is not

always trivial to do. Each qubit is a two-level system with states

|ψ〉 = α|0〉+ β|1〉, |α|2 + |β|2 = 1, α, β ∈ C (2.2)

and so a register of N qubits is able to represent a finite number of 2N states. On the other hand,

the Hamiltonian of a quantum field theory, has in general an infinite-dimensional Hilbert space.

This arises firstly because the fields of the theory take on values at each point in space-time;

for a continuous space-time, there are infinitely-many such points. There are both infrared and

ultraviolet infinities. The ultraviolet infinity is regulated by putting the theory on a space-time

lattice and the regularization must be removed systematically by taking the lattice spacing a to

zero. An infrared infinity is remedied by prescribing a finite spatial extent of the lattice and

must be recovered through taking an infinite-volume limit. In bosonic theories, an additional

infinity is manifest. While fermionic fields can be represented by only a finite set of values (i.e

using occupation number) at each space-time point due to the Pauli-exclusion principle and can

be mapped to spin operators through a Jordan-Wigner transformation [13], bosonic fields have
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no such limitation. Thus, bosonic field theories have an infinite-dimensional field space at each

space-time point as well. The Hilbert space of a quantum field theory must be truncated to a finite-

dimensional space before one can perform a quantum simulation of the theory. While the space-

time infinity can be regulated using standard techniques of lattice field theory, the truncation of

the field-space infinity in bosonic theories requires special treatment. A field-space-truncated,

finite-dimensional representation or approximation of a bosonic field theory is sometimes called

a qubitization of the theory. As we will find in the following sections, for a qubitization to be

valid, it should recover the full, original field theory either in the limit of removing the field-

space truncation or the limit of taking the space-time lattice spacing to zero, or both. Lattice field

theory and the procedure of taking the space-time continuum limit is introduced and summarized

in Appendix A.

2.2 Qubitization Strategies

There are various strategies in qubitizing bosonic quantum field theories. In general, these

strategies fall under three distinct categories — using a finite subset of points, performing cutoffs

in momentum space, and using a field space deformation. We describe each of the categories

below.

1. Finite Subsets: In a finite-subset truncation, the continuous manifold of the field space

of the theory at each site is approximated by a finite subset of points instead. For instance —

if the fields can take values on a unit 2-sphere, the 2-sphere may be approximated by a Platonic

solid [14–16] (i.e a tetrahedron, cube, etc.); if the fields are SU(3) gauge fields, the SU(3)

7



manifold may be approximated by a discrete subgroup (i.e S(1080) [17,18]). The field values of

the theory are then limited only to values in the finite-subset, thus defining a finite-dimensional

Hilbert space at each site. The goal is to recover the full theory using larger and larger finite-

subset approximations. However, sometimes this isn’t always feasible because the finite-subset

cannot be made arbitrarily large.

2. Momentum cutoff : To truncate the theory via a momentum cutoff, one Taylor expands

the general single-site wave function of Hamiltonian in the basis of eigenfunctions of the kinetic

operator of the theory. Then one cuts off the expansion at a finite number of terms, defining a

finite basis for the single-site Hilbert space. Interaction terms of the Hamiltonian may involve

mixing between elements in the truncated basis and higher-order functions in the expansion, but

such matrix elements are explicitly dropped. In principle, the full theory is recovered in the

double limit of taking the number of truncated terms to infinity and the space-time lattice spacing

to zero. This dual limit can potentially be computationally expensive on a quantum computer;

as we will explore in the following sections, a systematic removal of the field space truncation

is exponentially expensive and ruins the quantum simulation advantage. In fact, we also find

that taking the a → 0 limit in the momentum cutoff method requires, at the same time, the full

lifting of the field-space truncation. In other words, the limit of a→ 0 and the momentum cutoff

lmax →∞ must both be taken to recover the full original theory.

3. Field space deformation: The philosophy behind a field space deformation truncation is

to replace the continuous manifold on which the fields live with an non-commutative geometric

construction. The single-site wave functions are spanned by a finite basis which define elements

of the non-commutative manifold; the basis states form a closed set such that the operators in the

Hamiltonian do not take states outside of that truncated basis. Importantly, the finite-dimensional
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manifold is chosen such that the original symmetries of the theory are preserved. Because of

this, the truncated theory ideally lies in the same universality class as the original theory. Then,

the full theory is recovered through only a single limit of approaching the critical point of the

truncated theory; no removal of the truncation is required.

Ideally, the qubitization should be able to reproduce the original field theory using as few

quantum computing resources as possible. This includes both the number of qubits required to

represent the Hilbert space of the qubitization at each site as well as the number of quantum gates

needed to enact a time evolution of the truncated Hamiltonian.

Lacking a general theory for determining the necessary and sufficient conditions for a

successful qubitization, we explore implementations of these qubitization strategies on several

different field theories and discuss the advantages and disadvantages of each strategy. In Sec. 2.3

we study the O(3) Non-Linear Sigma-Model in 1+1-dimensions and in Sec. 2.4 we explore a

qubitization construction for SU(2) gauge fields.

2.3 Qubitization of the O(3) Non-Linear Sigma-Model

We first consider the qubitization of theO(3) Non-Linear Sigma Model in 1+1-dimensions.

The Euclidean action of the O(3) sigma model is defined as

S =
1

2g2

∫
d2x ∂µ~n(x) · ∂µ~n(x) (2.3)

where µ = 1, 2 and the fields live on a unit sphere ~n(x) · ~n(x) = 1. The model is invariant under

global rotations of the fields ~n(x) → R~n(x) for R ∈ O(3). For simulations of the model on a

9



quantum computer, we instead study the Hamiltonian formulation of the theory.

H = η
∑
x

[
−g

2

2
∇2(x) +

1

2g2
(~n(x+ 1)− ~n(x))2

]

= η
∑
x

[
−g

2

2
∇2(x)− 1

g2
~n(x+ 1) · ~n(x)

] (2.4)

We write the discretized Hamiltonian 2 [19–25] in anticipation of using a lattice to regularize

the infinite-dimensional Hilbert space arising from a continuous space-time. The first term is

a single-site kinetic operator involving the Laplace-Beltrami operator on S2 and the second is

a nearest-neighbor potential interaction. The factor η is an overall multiplicative factor that is

important for taking the continuum limit. The value of η rescales the energy spectrum of the

Hamiltonian without affecting the eigenstates. By tuning η, we can recover a Lorentz-invariant

theory in the continuum by using it to match the spatial and temporal lattice spacings at each

coupling g2. This procedure is discussed with more detail in Sec. 2.3.4

The 1+1-dimensional O(3) sigma model has many desirable qualities which make it an

interesting test-bed for various field-space truncation strategies. Importantly, the O(3) sigma

model shares similar characteristics as the theory of QCD and serves as a stepping stone towards

qubitizing the gauge fields of QCD. Both theories are asymptotically free — the running coupling

strength of the theory decreases as the probed energy scale increases [26–32]. Although the sigma

model has a global rotational symmetry, the Mermin-Wagner theorem [33] forbids Goldstone

bosons from spontaneous symmetry breaking in two dimensions and the O(3) model has a

mass scale like ΛQCD [30, 34]. Also, the O(3) model is integrable and has been exactly solved

[35], allowing for straightforward physics comparison with different qubitizations. A massive

2The first line of Eq. 2.4 uses a finite difference discretization of the spatial derivatives. The second line drops
an overall constant shift in the Hamiltonian.
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isovector triplet of particles was found and the scattering S-matrix is known [36]. The model is

simple and does not allow for particle production.

2.3.1 Finite Subgroups

One approach to truncating the field space of the O(3) model is to approximate the unit

sphere by a discrete set of points — namely the vertices of Platonic solids. Taking the single-site

field space to be the symmetry groups of regular polyhedra 3 yields discrete spin systems which

interact via a nearest-neighbor potential (second term of Eq. 2.4). Hasenfratz and Niedermayer

[14] studied the tetrahedron, octahedron, cube, icosahedron, and dodecahedron subgroups (dims.

4, 6, 8, 12, and 20 respectively). They argued that the tetrahedron model is identical to the

q = 4 Potts model [37] while the cube is equivalent to three independent copies of the Ising

model [38]. Examining properties of the q = 4 Potts and Ising models, they concluded that the

tetrahedron and cube models cannot be in the same universality class as the O(3) model. By

computing a section of the O(3) model finite-sized scaling curve (see Sec. 2.3.4.3 for details

on finite-sized scaling curves) using the discrete models in the limit of large correlation lengths,

they found that the tetrahedron, octahedron and cube models conclusively do not reproduce the

O(3) model. On the other hand, within errors, they could not distinguish the larger subgroup

models (the icosahedron and dodecahedron) from the O(3) model. Caracciolo et. al. [16] instead

argued that the discrete subgroups break the full rotational O(3) symmetry of the original sigma

model and thus should not be in the same universality class as the O(3) model; the discrepancies

between the two models may only be seen at large correlation lengths ξ & 105. It remains unclear

but unlikely that the truncated models using the large subgroups indeed have a continuum limit

3These are finite-dimensional subgroups of O(3).
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that reproduces the sigma model [16,39]. One may consider performing a systematic removal of

the truncation by approximating the 2-sphere via larger and larger subgroups; however, only the

above five convex regular polyhedra exist 4 and such a systematic procedure is impossible for the

O(3) model.

2.3.2 Angular Momentum Truncation

An alternative approach to truncate the field space of the O(3) model is to consider a

truncation in angular momentum [40–42]. To demonstrate the procedure, we consider the states

at a single site x. The single-site wave function is, in general, a function on the sphere and can

be expanded in terms of spherical harmonics. We then impose a truncation on the Hilbert space

of the model by setting a cutoff l = lmax.

Ψx(θ, φ) =
lmax∑
l=0

l∑
m=−l

ψxlmY
m
l (θ, φ) (2.5)

where θ and φ are polar and azimuthal angles corresponding to ~n(x), Y m
l are the usual spherical

harmonics on the 2-sphere, and ψxlm are the expansion coefficients at site x. The truncation is

lifted and the full sets of functions on the sphere are recovered as lmax → ∞. This procedure

is not limited to use in the O(3) sigma model but can easily extended to use in theories with

other symmetry groups [42–46]. Bruckmann et. al. [40] showed that as the limit of lmax is taken,

the physics of the truncated models approaches features of the full O(3) model including the

predicted asymptotic scaling of the mass gap and the divergence of the entanglement entropy

with the correct central charge as the continuum limit is approached.

4This was proven by Euclid in the Elements.
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However, increasing lmax adds to the dimensionality of the local Hilbert space quadratically

and is costly to simulate on a quantum computer. The number of qubits needed to represent

states increases in addition to an exponential increase in the number of quantum gates used to

time evolve the system [47]. Thus a removal of the truncation lmax → ∞ is impractical on

quantum hardware. We instead take the approach of exploring whether the smallest non-trivial

truncation of lmax = 1 — requiring the least number of qubits per site — is in itself sufficient to

reproduce the full physics of the O(3) in the continuum limit. In other words, does the lmax = 1

truncated theory reproduce the low-lying spectra of the O(3) model when we study the truncated

theory at distance scales much larger than the lattice spacing? This would constitute the truncated

theory being in the same universality class as the O(3) sigma model. Further discussion of the

angular momentum truncated model in this chapter focuses on lmax = 1 where our Hilbert space

at each site is four-dimensional — spanned by the ordered basis {|Yi〉} = {Y 0
0 , Y

−1
1 , Y 0

1 , Y
1

1 }.

Only two qubits are needed to represent a single-site state.

To determine the Hamiltonian of the lmax = 1 truncated theory, we examine how the full

lattice Hamiltonian (Eq. 2.4) acts on the basis {|Yi〉}. For the first term, the spherical harmonics

are eigenfunctions of the Laplace operator

− 1

2
∇2Y m

l =
1

2
l(l + 1)Y m

l (2.6)

and so the single-site kinetic term in the truncated theory is Hc
0 = diag(0, 1, 1, 1). For the

potential term, we study the action of ~n(x) on {|Yi〉}; we represent the kth component operator

13



nk by the matrix yk (k = 1, 2, 3) whose matrix elements are define by

(yk)ab = 〈Ya|nk|Yb〉 =

∫ 2π

0

∫ π

0

sin(θ) (Y∗a(θ, φ)nkYb(θ, φ)) dθdφ (2.7)

We can write the nk as linear combinations of the l = 1 spherical harmonics

n1 =

√
2π

3

(
Y −1

1 − Y 1
1

)
n2 = i

√
2π

3

(
Y −1

1 + Y 1
1

)
n3 = 2

√
π

3
Y 0

1

(2.8)

and so the integrals in Eq. (2.7) amount to computing Clebsch-Gordan coefficients. States with

l = 2 arising from summing two l = 1 states are dropped explicitly in order to remain in the

four-dimensional Hilbert space spanned by |Yi〉. We find

y1 =
1√
6



0 1 0 −1

1 0 0 0

0 0 0 0

−1 0 0 0


, y2 =

i√
6



0 −1 0 −1

1 0 0 0

0 0 0 0

1 0 0 0


, y3 =

1√
3



0 0 1 0

0 0 0 0

1 0 0 0

0 0 0 0


(2.9)

Combining both terms, the full N -site Hamiltonian for the lmax = 1 truncated theory is

aHlmax=1 = η

[
g2

N∑
x=1

Hc
0(x)± 1

g2

N−1∑
x=1

3∑
k=1

yk(x)⊗ yk(x+ 1)

]
(2.10)

We consider both periodic and open boundary conditions, in which we include or remove the

operator yk(N) ⊗ yk(1) connecting the two ends of the chain. Because the lmax-truncation
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method keeps full irreducible representations of O(3), both terms of the truncated Hamiltonian

(Eq. 2.10) are individually invariant under O(3) rotations as with the sigma model. Having the

same symmetries as the full sigma model satisfies a necessary criteria for the truncation to be

in the same universality class as the sigma model. This, however, must be studied explicitly via

taking a spatial continuum limit of the truncation.

Additionally, while the Hamiltonian formulation of the full sigma model (Eq. 2.4) has a

potential term with a ferromagnetic sign, we should in principle study the truncated model with

potential terms of both ferromagnetic and anti-ferromagnetic signs; both signs yield Hamiltonians

which are O(3)-symmetric and the different signs may lead to different critical points with

different universality. However, the lmax = 1 truncated Hamiltonian is a special case. For an even

number of lattice sites, we find that it contains an additional mapping taking the ferromagnetic

phase to the anti-ferromagnetic phase and vice versa [41]. At a fixed coupling g2 (and η), the

spectra and eigenstates of the ferromagnetic phase are identical to those of the anti-ferromagnetic

phase. To show this mapping, we explicitly construct an operator U = diag(1,−1,−1,−1)

which has the property

UHc
0U
† = Hc

0 , UykU
† = −yk (2.11)

Then, the global operation of OHO† where

O =

N/2⊗
x=1

(U2x−1 ⊗ 12x) (2.12)

brings ferromagnetic states to anti-ferromagnetic states and vice versa. Therefore, the lmax = 1

truncation only has a single (anti)-ferromagnetic phase for which we need to study the universality
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of. Operators U with the properties in Eq. 2.11 and thus such a mapping can be found for any

lmax truncation of the O(3) model.

2.3.3 Fuzzy Model Truncation

A final qubitization strategy we consider involves approximating the group the field space

is defined on by a alternate finite-dimensional geometric structure. Typically this will require the

field variables to become non-commutative. This is not an approximation of the manifold by a

subset of its points (i.e a finite subgroup). For the O(3) sigma model, we replace the 2-sphere

by a non-commutative fuzzy sphere [41,48–50]. We review the fuzzy 2-sphere construction [51]

below.

The fuzzy sphere is obtained by mapping the function space on the sphere onto a matrix

space — nk → Jk. We choose the Jk to be proportional to the spin-j (j = 0, 1/2, 1, ...) generators

Tk of SU(2) since they preserve the rotation property of the original nk

eiθk
σk
2 Tie

−iθk
σk
2 = RijTj , R ∈ O(3) (2.13)

Like the original 2-sphere, we also retain the manifold equations

∑
k

n2
k = 1→

∑
k

J2 = 1 (2.14)

This requires

Jk =
1√

j(j + 1)
Tk (2.15)

Via the mapping, the fuzzy sphere truncation single-site wave function Ψx becomes a (2j + 1)×
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(2j + 1) matrix. Let us write Ψx as a Taylor expansion

Ψx(~n) = ψx0 + ψxi ni +
1

2
ψxijninj + ...→ Ψx = ψx0 1 + ψxi Ji +

1

2
ψxijJiJj + ... (2.16)

The expansion of the matrix-valued wave function only contains a finite number of terms because

the space of (2j + 1) × (2j + 1) matrices is spanned by a basis of (2j + 1)2 elements. For

example, for j = 1/2, Jk = σk/
√

3 where σk are the Pauli matrices; because the set {1, σk} form

a complete basis for 2×2 matrices, the expansion for the single-site matrix-valued wave function

is truncated at linear order.

We can also further define a conjugate momentum operator Lk

LkΨ = i
∂

∂θ

(
eiθk

σk
2 Ψe−iθk

σk
2

)
|θ=0 =

1

2
[σk,Ψ] (2.17)

Thus, we map Lk = −iεijkni∇j → Lk = [Jk, •]. The operators obey the same symmetry-related

algebra as in the original sigma model. Except now, the commutivity of the nk is lost.

[ni, Lj] = iεijknk → [Ji,Lj] = iεijkJk

[Li, Lj] = iεijkLk → [Li,Lj] = iεijkLk

[ni, nj] = 0→ [Ji,Jj] =
1√

j(j + 1)
iεijkJk

(2.18)

As we take j → ∞, the fuzzy sphere recovers the full 2-sphere and the fuzzy position operators

Jk recover commutativity. We define the norm of a fuzzy state as 〈Ψ|Ψ〉 = tr
(
Ψ†Ψ

)
. As with

the lmax truncation, we would like to study if the fuzzy sphere truncation is able to reproduce

the physics of the O(3) sigma model at a fixed truncation. Like the lmax truncation model, the
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fuzzy model is constructed explicitly to preserve the full O(3) rotational symmetry of the sigma

model. For the following analysis in this chapter, we restrict ourselves to the smallest non-trivial

truncation — the j = 1/2 fuzzy model. Here, as with the lmax = 1 truncation, the local Hilbert

space is four dimensional with the basis {|Ji〉} = {(i/
√

2)1,
√

3/2Ji} and only two qubits are

required to describe single-site states.

Now let us construct the Hamiltonian of the j = 1/2 fuzzy model by considering how

the lattice Hamiltonian (Eq. 2.4) acts on {|Ji〉}. The Laplacian term gets mapped to a double

commutator such that matrix elements of the the kinetic term are

(
Hf

0

)
ab

= −1

2
〈Ja|∇2|Jb〉 =

κ

2

3∑
k=1

tr
(
J †a [Jk, [Jk,Jb]]

)
(2.19)

The normalization factor κ = j(j + 1) = 3/4 is chosen such that Hf
0 = diag(0, 1, 1, 1), exactly

capturing the lowest four eigenvalues of the Laplacian on the 2-sphere. This term is similar to

that of the lmax = 1 truncation. The matrix elements for the fuzzy sphere coordinates Jk are

(jk)ab = 〈Ja|Jk|Jb〉 = tr
(
J †aJkJb

)
(2.20)

Explicitly

j1 =
1√
3



0 −i 0 0

i 0 0 0

0 0 0 −i

0 0 i 0


, j2 =

1√
3



0 0 −i 0

0 0 0 i

i 0 0 0

0 −i 0 0


, j3 =

1√
3



0 0 0 −i

0 0 −i 0

0 i 0 0

i 0 0 0


(2.21)
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Putting the pieces together, the full fuzzy model Hamiltonian is

aHf = η

[
g2

N∑
x=1

Hf
0 (x)± κ

g2

N−1∑
x=1

3∑
k=1

jk(x)⊗ jk(x+ 1)

]
(2.22)

Again, we consider both open and periodic boundary conditions. Also, Hf is symmetric under

O(3) rotations for both the ferromagnetic (−) sign and the anti-ferromagnetic (+) sign, in the

sense that

aHf (RΨ) = R(aHfΨ) where RΨ = eiθk
σk
2 Ψe−iθk

σk
2 (2.23)

Thus we must consider both phases, each of which may yield different critical points as we

approach the continuum limit. Unlike the lmax truncations, the fuzzy model does not contain a

mapping between ferromagnetic and anti-ferromagnetic phases.

For an additional observation, suppose we now expand the local wave function in the basis

of matrices Eab = ea ⊗ eb and not in the {|Ji} basis. That is

Ψx = ψxab(ea ⊗ eb) = ψxabEab (2.24)

where

e1 =

1

0

 , e2 =

0

1

 (2.25)

Then the results of acting the Jk and Lk operators on the wave function are as follows

JkΨx ∝ (σk)aa′ψ
x
a′bEab

LkΨx ∝ [σk,Ψ] = ((σk)aa′ψ
x
a′b − ψab′(σk)b′b)Eab

(2.26)
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We can interpret the system as having two spin-1/2 at each site. In other words, the system has two

spin-1/2 chains a and b. The neighbor operator V ∝
∑

x,k Jk(x)Jk(x + 1) couples neighboring

a spins while leaving the b spins unchanged; the kinetic operator K ∝
∑

x,k Lk(x)Lk(x) couples

the a and b spins at each site but does not couple neighboring b sites. This picture yields a

comb-like structure. Setting the Hamiltonian 5 as

aHHC ∝
∑
x,k

Lk(x)Lk(x)± 1

g4

∑
x,k

Jk(x)Jk(x+ 1) (2.27)

shows that the j = 1/2 fuzzy sphere model (Eq. 2.22) is equivalent to (up to a choice of basis) the

Heisenberg comb model introduced by Bhattacharya et. al. in Ref. [52]. In the g2 → 0 limit, the

fuzzy model reduces then to 2N copies of a spin-1/2 Heisenberg chain, where N is the number of

lattice sites.

2.3.4 Methods

The goal is to take the continuum limits of the truncated Hamiltonian models — the

commutative lmax = 1 truncation (Eq. 2.10) and the j = 1/2 fuzzy sphere truncation (Eq.

2.22). Because we expect the theories to be asymptotically free like the O(3) sigma model,

we expect that we should approach the continuum limit as g2 → 0; however, this must be

checked empirically by computing correlation lengths of the ground states of the models as

g2 → 0. In lattice field theory, the continuum limit of the theory is analogous to a statistical

mechanical critical point (see Appendix A). At the critical point, the correlation length of the

system ξ = 1/(am∞), in lattice units, diverges as the lattice spacing a → 0. Thus, a diverging

5We multiplied the Hamiltonian here by a factor of 1/g2.
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correlation length would indicate that the continuum limit for a particular Hamiltonian model

indeed exists. Furthermore, as a stringent check of universality between the qubitization and the

O(3) model, we compute the low-lying energy spectra of the qubitizations at various box-sizes

and construct their finite-size step-scaling curves [53, 54]. In large (but not infinite) volumes,

finite-volume corrections to the mass of a particle are directly related to the scattering phase shifts

of the particle interacting with its periodic images. Thus, by computing finite-volume masses of

the theory at various box sizes, we are able to probe the physics of the theory at a wide range of

energy scales. The step-scaling curve measures ratios of these finite-volume masses as box sizes

are doubled. If two step-scaling curves of two different models in their continuum limits lie on

top of one another and agree over the entire kinematic region, the two models must have the same

scattering physics and must be in the same universality class [53–57].

We seek to observe the diverging correlation lengths and step-scaling curves by computing

low-lying eigenstates and energies numerically. To do this, we use tensor networks methods —

in particular matrix product states (MPS) [58, 59] and the density matrix renormalization group

(DMRG) algorithm [60, 61]. For details on MPS and DMRG methods, see Appendix B. These

methods are efficient at finding ground states of local, gapped Hamiltonians in one dimension and

importantly, are sign-problem free. Attempts to simulate the j = 1/2 fuzzy model using Monte

Carlo methods yielded sign problems that made computations intractable.

2.3.4.1 Spatial Correlation Lengths

To search for the continuum limit of the qubitization models, we compute the spatial point-

to-point correlation function of the field operator in the ground state |ψ0〉 at various values of g2.
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We obtain the ground state of the system numerically as an MPS with some bond dimension D.

The correlation function is defined by

C(x, y) = 〈ψ0|O(x)O(y)|ψ0〉ζx−y (2.28)

where O = y3 for the lmax = 1 model and O = j3 for the fuzzy sphere truncation. The

parameter ζ is set as ζ = 1 for ferromagnetic systems and ζ = −1 to account for alternating

signs in anti-ferromagnetic systems; C(x, y) is thus strictly positive. For periodic boundary

conditions, C(x, y) is translationally invariant and so we can easily define a correlator C(r)

where the distance r = x − y can be represented by any pair of x, y of distance r apart.

For open boundaries however, the ground state is no longer translationally invariant and the

correlator becomes distorted near the walls of the box. We find that the boundary effects drop

off exponentially in the distance away from the walls; the rate of exponential decay is set by the

infinite-volume correlation length ξ = 1/am∞ of the system. To deal with the boundary effects,

we define an “inside-out” correlator by

C(r) = C(x, y = x+ r) =


C
(
N−r+1

2
, N+r+1

2

)
r odd

1
2

[
C
(
N−r

2
, N+r

2

)
+ C

(
N+2−r

2
, N+2+r

2

)]
r even

(2.29)

For odd r, we construct C(r) using points x, y that are equally spaced from the center of the

box; for even r there are two such pairs of x, y which are equally spaced from the center and so

we choose C(r) to be the average between the correlators of both setups. We only consider even

values ofN since odd values ofN lead to frustrated systems in anti-ferromagnetic phases [62,63].
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Once C(r) is obtained, we extract the infinite-volume correlation length of the system by

performing set of two-parameter fits to the expected form of the correlator of a scalar field in 1+1

dimensions at large r 6 [64].

C(r) = AK0((am)r) (2.30)

The fit parameters include an amplitude A and the inverse spatial correlation length (in lattice

units) am = 1/ξ 7. K0 is the zeroth-order modified Bessel function of the second kind. We fit

our correlators to Eq. 2.30 on an interval [r0, r0 + w] with a window size w. Typically we choose

w to be between five and ten. As we slide the left end of the window r0 towards larger values,

we expect the contamination of higher energy eigenstates to drop out and the extracted mass am

should plateau. At the largest available values of r however, C(r) becomes unreliable due to

boundary effects. Thus, in order to extract the infinite-volume mass am∞ (and correspondingly

the infinite-volume spatial correlation length), we must simulate the theory at large box sizes

L = aN . Typically a choice of the number of lattice sites N such that m∞L & 5 is sufficient,

but this bound should be enlarged here because we want the correlation function at values of r0

such that (am∞)r0 � 1 to not be affected by the walls.

Finally, the correlation function can suffer from effects of choosing a finite bond dimension

D. To account for this — at a particular value ofD — we define the extracted mass am(D) as the

minimum value extracted from fitting the correlator over all fitting windows. We the extrapolate

the mass to infinite D by computing am(D) with several different bond dimensions and fitting

the results to a power law: am(D) = am∞ + A/Dp. We define the error on the extrapolation

similarly to Bruckmann et. al. [40] as εm = (am∞ − am(Dmax)) /2. Figure 2.1 demonstates this

6For periodic boundaries, a symmetric term AK0((am)(N − r)) must be added.
7We use a convention in which m is a fixed, physical mass and a is the lattice spacing that depends on g2.
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procedure using a particular g2 in the anti-ferromagnetic j = 1/2 fuzzy model.
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Infinite-volume Mass vs. Fitting Window
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Infinite-volume Mass: D extrapolation

Figure 2.1: The top panel shows an example of the extracted infinite-volume mass as a function
of the start of the correlator fitting window. Here we show results for g2 = 0.75, D = 800, w = 5
in the anti-ferromagnetic fuzzy model. The vertical dotted lines show the r0 at which the fitting
window ceases to include correlator points at a distance 1/am∞ away from the open boundary
walls. The red point and horizontal dotted line represent the estimate for am∞ at this particular
g2 and D. The bottom panel displays a typical extrapolation of the infinite-volume mass in bond
dimension; the example here is also for g2 = 0.75 in the anti-ferromagnetic fuzzy model.
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2.3.4.2 Parameter Tuning

As we take the limit of g2 → 0, we must additionally tune the normalization factor η of the

Hamiltonians (Eq. 2.10, 2.22). Restricting η > 0, the factor serves to scale the energy eigenvalues

of the system without affecting the eigenstates. Thus, the value of η does not affect ground state

properties of the system at a particular coupling g2 — in particular the spatial correlation length.

The factor η must be tuned as a function of g2 in a careful manner to renormalize the speed of

light and retain a relativistic theory. We outline how to choose η(g2) below.

We first define the energy eigenvalues computed at a fixed g2 and N setting η = 1 as

aÊi(g
2, N). The energy gap a∆̂(g2, N) = aÊ1(g2, N) − aÊ0(g2, N) is the difference between

the first excited state energy and the ground state energy 8. We compute the gaps numerically

using an MPS ansatz and DMRG algorithms at finite bond dimension D. Again, systematic

errors are present from finite D. So, we compute a∆̂(D) for several values of D and extrapolate

the gaps by fitting them to a power law a∆̂(D) = a∆̂ + A/Dp; a∆̂ is our final estimate for

the gap. We define the error on the estimate again using Bruckmann et. al.’s [40] prescription

— ε∆̂ =
(
a∆̂− a∆̂(Dmax)

)
/2. Figure 2.2 shows an example of such an extrapolation in the

j = 1/2 fuzzy model truncation.

The gap a∆̂ in the infinite-volume limit corresponds to a temporal correlation length ξ̂t =

1/a∆̂∞. In a relativistic thory, we must match the temporal and spatial correlation lengths [65].

When η(g2) is tuned away from unity, the renormalized energies and gaps become Ek(g2, N) =

η(g2)Êk(g
2, N), a∆∞ = η(g2)∆̂∞. Matching the temporal and spatial correlation lengths

8Note that for periodic boundary conditions, this energy gap corresponds to the mass of the lightest particle in
the theory. For open boundary conditions however, this energy gap is the energy of the lightest particle moving with
minimal momentum in the box — ∆̂(N) =

√
m2 + (π/N)2. In the infinite-volume limit, both energies should

coincide.
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amounts to ξt = 1/a∆∞ = ξ = 1/am∞. Thus, we choose η such that

η(g2) =
am∞(g2)

a∆̂∞(g2)
(2.31)

The continuum limit is obtained by taking g2 → 0 while following the line in (g2, η)-space on

which the η-renormalized infinite-volume energy gap equals the inverse spatial correlation length.

What remains to be discussed is the procedure by which we extrapolate the gaps a∆̂ to their

infinite volume values a∆̂∞. At a fixed g2, η = 1, we compute gaps a∆̂(N) and various volumes

N . Then we estimate the infinite-volume gap by fitting the gaps to the expected functional forms

of their finite-volume corrections.
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Gap: D extrapolation

Figure 2.2: An example of the extrapolation of the energy gap in MPS bond dimension using
open boundaries. The data here is for the anti-ferromagnetic fuzzy model at g2 = 0.53, N = 800.
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For systems with periodic boundary conditions, the finite-volume corrections to the single-

particle energy gaps depend on interactions between the particle and its periodic images around

the boundary. As derived by Lüscher [66, 67], for large box sizes m∞L = am∞N � 1, the

corrections to a∆̂ depends on the two-particle scattering phase shifts of the model. For the O(3)

sigma model in 1+1 dimensions, the S-matrix elements are known [36] and so the exact form of

the volume dependence of the gap is known [68]

a∆̂(N) = a∆̂∞ (1 + I (am∞N)) +O
(
e−
√

3am∞N
)

(2.32)

where

I (am∞N) = 4π

∫ ∞
−∞

dθ e−am∞N cosh θ cosh θ

θ2 + 9π2

4

(2.33)

In principle, we can determine the inverse spatial correlation length am∞ by fitting correlators

and the infinite-volume gap by fitting finite-volume gaps to Eq. 2.32 to obtain η(g2) via their ratio.

However, rewriting a∆̂∞ = am∞/η(g2) on the right hand side of Eq. 2.32 shows that we can

alternatively simply perform a two-parameter fit to the finite-volume gaps to immediately extract

both η(g2) and am∞ without the need to compute and fit correlators. In the case of periodic

boundary conditions, this method of performing two-parameter fits of the finite-volume gaps to

obtain η and am∞ provides a computational advantage over obtaining am∞ through fits to the

correlator. We find that the value of am∞ obtained through both methods agree to several parts

per thousand [49]. We perform the fits to the finite-volume gap data by again fitting windows of

between five to ten gaps of different volumes. As we shift the window towards larger volumes,

we again expect to see a plateau in the values of am∞ and η(g2) as higher order exponential
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corrections become less important.

For open boundary conditions, however, Lüscher’s original formulation for finite-volume

corrections no longer applies. We expect that instead of an exponential correction to the gap, the

finite-volume gap in open boundary conditions differ from the infinite-volume gap by a power

law in the volume. We motivate this by computing the one-particle scalar field irreducible loop

diagram related to the mass in momentum space — both using integrals over momenta and

discrete sums. The difference between the two represents the finite-volume correction to the

mass in open boundaries.

Following Bedaque et. al. [69], the finite-volume corrections for the mass of a scalar field

theory in 1+1 dimensions are computed by

∆m2

m2
∝ i∆I (2.34)

where i∆I is the correction to the tadpole diagram. We start the exercise by repeating the

argument for periodic boundary conditions.

i∆IPBC =

∫
dq0

2π

1

L

∑
q=2πn/L

i

q2 −m2
−
∫
dq0

2π

dq1

2π

i

q2 −m2

=
1

L

∑
q=2πn/L

1

2ωq
−
∫
dq1

2π

1

2ωq

(2.35)

where ωq =
√
q2

1 +m2. The allowed momenta in the finite periodic box are q = 2πn/L for

integer n. We then employ the Poisson summation formula

1

L

∑
q=2πn/L

f(q) =

∫
dq

2π
f(q) +

∑
n6=0

∫
dq

2π
f(q)eiLqn (2.36)
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to simplify

i∆IPBC =
∑
n6=0

1

2π
K0 (mLn · sgn(n)) (2.37)

The magnitude of the corrections to the mass are thus asymptotically exponentially decreasing in

the volume for periodic boundary conditions as expected.

In open boundary conditions, the allowed momenta in the finite box instead become q =

nπ/Lwhere the zero mode is omitted and n > 0. Then the expressions for the volume corrections

are altered as follows:

i∆IOBC =
1

L

∑
q1=nπ/L,n>0

1

2ωq
−
∫
dq1

2π

1

2ωq
(2.38)

We modify the sum to a form that resembles the Poisson summation formula

∑
q=nπ/L,n>0

f(q) =
∑

q=nπ/L

f(q)− f(0)−
∑

q=nπ/L,n<0

f(q)

=
1

2

 ∑
q=nπ/L

f(q)− f(0)

 (2.39)

where in the second line, we used that f(q) is even in q. Then

i∆IOBC =
1

2L

∞∑
n=−∞

1

2
√

(πn/L)2 +m2
−
∫
dq1

2π

1

2
√
q2

1 +m2
− 1

4mL

=
∑
n6=0

∫
dq1

2π

ei2Lq1n

2
√
q2

1 +m2
− 1

4mL

=
1

2π

∑
n 6=0

4EK0 (2mLn · sgn(n))− 1

4mL

(2.40)
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We find that in open boundary conditions, we should expect the finite-volume corrections to

the energy gap to instead be dominated by a term that is inversely proportional to the volume.

Therefore, we extrapolate the energy gaps to infinite volume using

a∆̂(N) = a∆̂∞ +
A

Np
(2.41)

where a∆̂∞, A, and p are fit parameters. We ignore the small exponential corrections and we

only consider fits of large system sizes; typically this is of the range am∞N & 5. We again look

for plateaus in the extrapolated value of a∆̂∞ as we shift the fitting window towards larger box

sizes. Figure 2.3 shows an example of the power-law extrapolation of the finite-volume gaps,

again in the j = 1/2 fuzzy sigma model.

To summarize the procedure: at a fixed g2, we first obtain the infinite-volume spatial

correlation length ξ = 1/am∞ by fitting the spatial correlator of the ground state to Eq. 2.30. The

system size N must be chosen to be much larger than the correlation length in lattice units. Then

we compute the energy gaps at various volumes N fixing η = 1. We use Eq. 2.41 to extrapolate

the energy gap to infinite volume to define a temporal correlation length ξt = 1/a∆̂∞. Then, to

match the temporal and spatial correlations lengths — a step necessary to preserve relativity —

we set η(g2) to be the ratio of am∞ and a∆̂∞. The continuum limit is approached by adjusting

g2 and η together while maintaining equality between the temporal and spatial lattice spacings

in such a way that am∞ → 0 9. All energy eigenvalues and eigenstates are computed using the

DMRG algorithm.

9In the limit am∞ → 0, the physical, infinite-volume mass m∞ stays fixed while the lattice spacing a(g2)→ 0.
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Gaps: Infinite-volume Extrapolation

Figure 2.3: A typical extrapolation of the energy gaps to infinite volume in open boundaries; the
red points show the fitting window. The results displayed are for the anti-ferromagnetic fuzzy
model at g2 = 0.53. The horizontal dashed line shows the infinite-volume result of the fit while
the vertical dashed line corresponds to am∞N = 1.

2.3.4.3 Finite-Size Scaling Curves

To determine whether the qubitization models are valid truncations of the original field

theory, we compute the finite-sized step-scaling curves of both the truncated model and the

original theory. The scaling curve was introduced by Caracciolo et. al. [53, 54] as a universal

function measuring the response of an observable to a doubling in volume. For the qubitization

to be in the same universality class as the original field theory, the step-scaling curves should

coincide with one another as the lattice continuum limit is approached.

We choose the considered observable to be the finite-volume correlation length — defined
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as the inverse of the finite-volume η-renormalized energy gap ξ(g2, N) = 1/η(g2)∆̂(g2, N).

Thus, at a particular value of g2, the step-scaling curve is ξ(g2, 2N)/ξ(g2, N) = ∆̂(N)/∆̂(2N)

as a function of ξ(g2, N)/N = 1/η(g2)∆̂(N)N . In the infrared regime am∞N � 1, Lüscher’s

formula (for periodic boundaries) or a suitable power law (for open boundaries) approximates

the finite-volume corrections to the gap (and thus the correlation length) well and can be used

to construct the scaling curve; in the limit of am∞N → ∞, the energy of the one-particle state

becomes independent of the volume and ∆̂(N)/∆̂(2N) → 1 as 1/η(g2)∆̂(N)N → 0 10. In

the ultraviolet regime am∞N � 1, the O(3) model is asymptotically free and the coupling g2

becomes weak; the scaling curve can then be determined from perturbation theory results [34].

For open boundary conditions the energies ∆̂ =
√
m2 + (π/N)2 are dominated by 1/N in the

ultraviolet region and so in the limit am∞N → 0, ∆̂(N)/∆̂(2N)→ 2 as 1/η(g2)∆̂(N)N →∞;

for periodic boundaries, the energies also go as ∆̂(N) ∝ 1/N [34] and the above limits also hold.

For periodic boundary conditions, the left side of the scaling curve of theO(3) model can be

built using Lüscher’s formula (Eq. 2.32) while the right side of the curve can be computed from

perturbation theory. A more complete picture of the scaling curve however, can be constructed

using the Thermodynamic Bethe Ansatz (TBA). The TBA equations can determine finite-sized

effects of both ground and excited states in integrable two-dimensional field theories [70,71] and

were used to compute the full range of the scaling curve for the O(3) model [24, 72] by Balog.

For open boundary conditions, which are more convenient for MPS calculations, Lüscher’s

formula and exact results from the TBA can no longer be used and so an open boundary scaling

curve for the O(3) model must be computed numerically. We do so by performing Monte Carlo

10Here, η(g2)∆̂(N) will tend to a finite-valued renormalized infinite-volume mass and so 1/η(g2)∆̂(N)N → 0
as N →∞.
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calculations on the lattice and the final result for the scaling curve is the curve computed in the

continuum limit of the calculations. The action for the O(3) sigma model is given by Eq. 2.3.

We discretize space-time and use the lattice action

S = −β
∑
t,x

(~n(t, x) · ~n(t+ 1, x) + ~n(t, x) · ~n(t, x+ 1)) (2.42)

where ~n(t, x) are unit vectors and β = 1/g2. While we allow the Nt×Nx lattice to be periodic in

the time direction (~n(0, x) = ~n(Nt, x)), the boundaries are open in the spatial direction. “Open”

in the x-direction means that we do not include a neighbor coupling to the left of ~n(t, 0) and

to the right of ~n(t, Nx). Simulations at various increasing β 11 were carried out using the Wolff

cluster algorithm [73]; in general, a large number of statistically independent configurations were

required to obtain precisions comparable to those from MPS methods. We estimated the finite-

volume energy gaps E(Nx) = E1(Nx)− E0(Nx) by computing time-slice correlators

C(t) =
1

N2
x

∑
x,y

〈~n(t, x) · ~n(0, y)〉 (2.43)

where 〈•〉 indicates an average over independent ground-state lattice configurations. The time-

slice correlators were fit to exponentials of form exp (−E(Nx)t). Because the MPS results are

in the zero-temperature limit, we must obtain energy gaps in (imaginary) time-extents in which

finite-temperature effects are suppressed. Such effects are of order exp (−amNt) and so we

only select Nt such that amNt & 8. Furthermore, because open boundary condition states lack

translation invariance, only nonzero-momentum states are available. The time-slice correlator for

11The continuum limit is approached as β →∞.
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a free scalar field in a Dirichlet box is

C(t) =
∑
n odd

(
2Nx

nπ

)2
1

ωn
e−ωn(Nx)t (2.44)

where ωn(Nx) =
√
m2 + p2

n(Nx), pn(Nx) = nπ/Nx. The leading order exponential becomes

dominant only when t (ω3(Nx)− ω1(Nx)) ≈ 8π2/(mN2
x). Thus, simulations must use Nt &

8/ (ω3(Nx)− ω1(Nx)) ≈ amN2
x/π

2 in order to extract a clean estimate for E(Nx) = ω1(Nx).

Upon computingE(Nx) for various box sizes and β, we use the values to construct a scaling

curve for the O(3) model. Each β value yields a separate scaling curve but as β is increased, the
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Figure 2.4: The step-scaling curve for the full O(3) sigma model computing using Monte Carlo
with open boundary conditions. The points with constant β are interpolated with a cubic spline
to guide the eye. The black band, constituting our continuum-limit curve, results from fits to the
envelope formed by the individual β scaling curves.
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curves overlap and trace out a common envelope for the continuum O(3) scaling curve. As

β → ∞ the curve is built from the infrared out to the ultraviolet region. Our final result for the

O(3) step-scaling curve is a fit of the common envelope region of the finite-β scaling curves to a

function form described by the ratio of two quadratic polynomials

f(x = 1/NxE(Nx)) =
Ax2 +Bx+ 1

Cx2 +Dx+ 1
(2.45)

The constant terms of the quadratic polynomials are fixed to unity because of the restriction that

the function must approach one when 1/NxE(Nx)→ 0. The results are shown in Figure 2.4.

2.3.5 Results

Now that we are equipped to compute observables — such as correlation lengths, mass

gaps, and scaling curves — of our qubitization models, we are in position to determine whether

the various qubitizations indeed reproduce the O(3) sigma model in their continuum limits. We

would like to first test whether critical points exist for the truncated models and more stringently,

whether those critical points lie in the same universality class as the O(3) sigma model. The

existence of such critical points implies that we may use a quantum computer to simulate the field-

space truncated theory to obtain the same physics as the O(3) sigma model at all energy scales

without needing to lift the truncation. Below, we present results for the tests of universality for

the angular momentum lmax = 1 truncation, the ferromagnetic j = 1/2 fuzzy model truncation,

and the anti-ferromagnetic j = 1/2 fuzzy model truncation.

1. Existence of Critical Points

As a primary check for the universality of our qubitizations, we first determine whether a

35



critical point exists for each qubitization. To do so, we compute the inverse spatial correlation

lengths am∞ for various values of g2 for all three models. A critical point exists at a particular

g2 where am∞(g2) → 0. For each qubitization, we fit am∞ as a function of g2 to its expected

functional form from the O(3) sigma model [24, 40, 65]

am∞(g2) =
A

g2
e
− B
g2 (2.46)

where A, B are fit parameters. Figure 2.5 displays these calculations. We find that while the

ferromagnetic and anti-ferromagnetic fuzzy models fit Eq. 2.46 well 12, implying a continuum

12The evidence is weaker for the ferromagnetic model but we do not pursue the ferromagnetic model further
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Figure 2.5: The inverse correlation lengths of the truncated models, plotted as a function of g2.
The solid lines represent fits of the data; the fuzzy model masses (green and blue) were fitted
to Eq. 2.46 whereas the lmax model masses (red) were fitted to a quadratic form. Each fit was
performed to the two lowest-g2 points (solid). The errors are too small to be seen.
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limit exists for both models as g2 → 0, the correlation length of the lmax = 1 truncation freezes

out at a finite value at small g2. This provides strong evidence that the lmax truncation does not

have a continuum limit to begin with and therefore cannot be in the same universality class as the

original sigma model.

2. Finite-Volume Mass

The O(3) sigma model is exactly solvable and has a known mass gap. In periodic finite-

sized systems, the mass gap is affected due to self-scattering effects and must be corrected.

Lüscher’s formula (Eq. 2.32) provides the form of these corrections for large volumes. At

intermediate and small volumes, the TBA equations can exactly determine finite-sized effects

of the mass gap for integrable models such as the O(3) sigma model [72]. Thus, as a consistency

check between the qubitization models and the O(3) sigma model, we compute fixed, finite

volume masses of the truncated models in their continuum limits and compare their values to the

O(3) model results given by the TBA equations.

To do so, we set a fixed physical box size m∞L = Nam∞
13. At a particular chosen value

of N , we tune the value of g2 to obtain the desired am∞(g2) = m∞L/N
14. Using the obtained

value of g2 we compute the ratio of gaps in a periodic system.

a∆̂(N, g2)/a∆̂∞(g2) = ∆̂(L)/∆̂∞ = m(L)(η(g2)−1)/m∞(η(g2)−1) = m(L)/m∞. (2.47)

This ratio of gaps is equivalent to the finite-volume mass in units of the infinite-volume

mass at a particular g2. The continuum limit is achieved when the lattice spacing a(g2) → 0

towards its continuum limit for reasons explained below.
13The box size m∞L = L/ξ∞ is the size of the system in units of a physical correlation length (ξ∞) given by the

inverse of the particle mass (m∞).
14We fit am∞ vs. g2 data to a polynomial form to interpolate values of g2 given a desired am∞; see Fig. 2.5.
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while the number of lattice sitesN →∞; therefore, we repeat the above procedure for increasing

choices of N . We then extrapolate the values of ∆̂(L)/∆̂∞ as a function of am∞ → 0. We

display the results of the continuum, finite-volume mass gap for a small volumem∞L = 1 for the

ferromagnetic and anti-ferromagnetic fuzzy models in Figure 2.6. As expected, the discretization

errors are of order a2. We find that while the continuum finite-volume mass gap of the anti-

ferromagnetic fuzzy model is consistent with the TBA prediction [49], the mass gap of the

ferromagnetic fuzzy model is in tension with the O(3) model result. From this analysis at a

particular kinematic point of the theory, it suggests that the ferromagnetic fuzzy model does not

belong in the same universality class as the O(3) model whereas the anti-ferromagnetic model

may.

3. Scaling Curves

So far, we have provided some evidence that the lmax = 1 truncation and the ferromagnetic

fuzzy model do not reproduce theO(3) sigma model in the continuum limit. The anti-ferromagnetic

fuzzy model, on the other hand, agrees with the O(3) model at a particular kinematic point in the

continuum. For a more stringent and broader analysis of the models, we compute the step-scaling

curves of each qubitization and compare them with that of the O(3) model. Figure 2.7 compares

the scaling curves of the two fuzzy models (computed in periodic boundary conditions) [49];

figure 2.8 compares the scaling curves of the anti-ferromagnetic fuzzy model with the those of

the lmax = 1 truncation (computed in open boundary conditions) [41]. Each scaling curve is

plotted against the scaling curve of the O(3) model.

For each truncated model, we compute scaling curves for various values of g2. Data points

with constant g2 are interpolated in order to guide the eye. The scaling curves at fixed g2 exhibit

similar behavior with those computed for the full O(3) model using Monte Carlo sampling (see
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Figure 2.6: The continuum limit of the finite-volume mass gap in periodic boundary conditions
at m∞L = 1 for both the ferromagnetic (red) and anti-ferromagnetic (blue) fuzzy models. The
data is extrapolated assuming a quadratic discretization error.

Fig. 2.4). In particular, the g2-constant scaling curves at smaller g2 trace out the infrared (left)

region of the larger-g2 scaling curves but also extend out farther towards the ultraviolet (right)

region of the theory. As g2 → 0, the scaling curves form an envelope representing the continuum-

limit scaling curve of the truncated model.

We first compare the ferromagnetic and anti-ferromagnetic fuzzy models (Fig. 2.7). Here

the scaling curves were computed using finite-volume gaps of a periodic box. We find that in

the deep infrared limit, the scaling curves of both truncated models are consistent with the O(3)

model scaling curve. Going towards the ultraviolet however, the behavior of the two models

begin to differ. In the ferromagnetic case, all g2-constant curves overlap and begin to deviate

from the O(3) model scaling curve where the Lüscher formula starts to become invalid. For the
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anti-ferromagnetic model, on the other hand, the g2-constant curves follow theO(3) scaling curve

deeper into the ultraviolet as g2 → 0. This implies that more and more of the high-energy physics

of the O(3) model is reproduced as the continuum limit of the anti-ferromagnetic fuzzy model

is approached. As expected, the curves peel off of the O(3) curve and exhibit non-universal

behavior in the ultraviolet region (small N at a fixed g2) where the scale of the lattice spacing is

approached.

We also compare the scaling curve behaviors of the lmax = 1 truncation and the anti-

ferromagnetic fuzzy model (Fig. 2.8). Here, using open boundary conditions to compute the

scaling curve, we were able to explore the anti-ferromagnetic fuzzy model further towards the

continuum limit than when periodic boundaries were used; we found that the scaling curve

of the anti-ferromagnetic fuzzy model continues to agree with that of the O(3) model (up to

discretization effects at small volumes) up to correlation lengths 1/am∞ ≈ 66.5. This provides

more evidence that the critical point of the anti-ferromagnetic fuzzy model lies in the same

universality class as the O(3) model it qubitizes. The scaling curves of the lmax = 1 truncation

again also follow theO(3) scaling curve in the deep infrared region. The curves trend towards the

full model curve as g2 → 0. However, this trend halts when the correlation length of the lmax = 1

model freezes out and stops changing (see Fig. 2.5).

In summary, we find that the lmax truncated model does not have a critical point and is

only able to capture the physics of the original O(3) model up to a particular energy threshold

set by the maximum correlation length achieved by the truncation. Calculations of correlation

lengths at various values of g2 imply that both the ferromagnetic and anti-ferromagnetic j = 1/2

fuzzy models contain critical point at g2 → 0; this is as expected in asymptotically-free theories.
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Through building scaling curves using finite-volume mass gaps, we find that, as we approach

the qubitizations’ respective continuum limits, the ferromagnetic fuzzy model fails to capture

the high-energy behavior of the O(3) model while the anti-ferromagnetic model continues to

reproduce the correct physics. Of the three models examined, only the anti-ferromagnetic fuzzy

model has a critical point in the same universality class as the continuum O(3) sigma model and

serves as a valid qubitization of the theory.
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Figure 2.7: A comparison of the step-scaling curves for the anti-ferromagnetic fuzzy model
(upper panel) and the ferromagnetic fuzzy model (lower panel) with the T = 0 (from TBA)
O(3) sigma model scaling curve (black). All curves were computed using periodic boundary
conditions. Data points with constant g2 have been smoothly interpolated to show their envelopes.
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(black). All curves were computed using open boundary conditions. Data points with constant
g2 have been smoothly interpolated to show their envelopes.
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2.3.6 Discussion

We studied several truncated models of the O(3) sigma model, each of which preserve

the O(3) symmetry of the original theory. Typically, the fact that two theories share the same

symmetries constitutes a plausible argument for the theories to be in the same universality class.

However, we found that symmetry alone is not a sufficient condition; two of the three truncations

(the lmax = 1 and ferromagnetic fuzzy models) failed to reproduce the high-energy physics of the

sigma model, even in their continuum limits (if one exists). Thus, other favorable characteristics

must be identified.

1. Ferromagnetic vs. Anti-ferromagnetic Phases

It was found [74, 75] that the spin-1 anti-ferromagnetic Heisenberg spin chain

H = J
∑
i

~Si · ~Si+1 , J > 0 (2.48)

provides an low-energy (energy scales E � m) effective description of the O(3) sigma model.

Haldane [74,76,77] also argued that half-integer spin chains are gapless while integer spin chains

contain a finite mass gap m. This fits with a picture that half-integer spin chains reproduced

the infrared of the O(3) with a topological term with θ = π (massless [78, 79]) and integer

spin chains reproduced the O(3) model without the topological term θ = 0 (massive). This

suggests that, although the Hamiltonian formulation of the O(3) model (Eq. 2.4) implies a

ferromagnetic interaction term, we should instead choose an anti-ferromagnetic sign when the

model is truncated into a spin chain. The fact that the lmax truncation contains an equivalence
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between the ferromagnetic and anti-ferromagnetic phases implies the truncation possesses an

additional mapping which takes the model away from the O(3) model universality. Furthermore,

we showed that in a different choice of basis, the fuzzy model is equivalent to a Heisenberg

comb [52,80] model. We find that it is only when the Heisenberg spin chain of the comb is taken

to be anti-ferromagnetic, and not ferromagnetic as expected, does the critical point at g2 → 0

reproduces the O(3) model. This aligns with the intuition from Haldane’s conjecture.

2. Existence of a Critical Point

We wish to find qubitized models which lie in the same universality class as the O(3)

model. In other words, this requires the qubitization to have a critical point such that in the

limit of approaching that critical point in the correct direction, the full physics of the original

continuum O(3) model is reproduced. It is not known a priori which truncated models even have

a critical point where the infinite-volume correlation length ξ diverges to begin with. It was not

known beforehand that the lmax = 1 truncation lacked a continuum limit outright. However, we

argue below that taking a fuzzy approach — promoting the operators to act on a matrix-spaced

wave function — provides the truncated model with properties which strongly imply the existence

of a continuum limit [50].

We showed in Sec. 2.3.3 that in the Eab matrix-space basis, the j = 1/2 fuzzy model

with two spin-1/2 at each site is equivalent to a Heisenberg comb model [52] with two spin-1/2

Heisenberg chains a and b. The potential operator V =
∑

x,k Jk(x)Jk(x + 1) couples nearest

neighbors of chain a while leaving b uncoupled. Therefore, the eigenstates of V for an N -site
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system factorize as

Ψ = ((ψn)a1...aNχb1...bN ) (Ea1b1 ⊗ Ea2b2 ⊗ ...⊗ EaN bN )

= |n〉 ⊗ |χ〉
(2.49)

where |n〉 is an energy eigenstate of the spin-1/2 Heisenberg Hamiltonian (Eq. 2.48 where Si =

σi) and |χ〉 is any arbitrary 2N -dimensional state. This factorization is guaranteed for neighbor

operators which act by only left (or right) multiplication. Therefore, the neighbor operator of the

fuzzy model has an at least 2N -degenerate set of eigenstates for each |n〉. The kinetic term K,

on the other hand, couples the spins in chains a and b at a single site. This breaks the degeneracy
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Figure 2.9: Shows the finite volume gap of a N = 4 site, open boundary system for the lmax = 1
and fuzzy models as a function of g2. The inset shows a log-log plot of a∆̂ vs. g2 for small
coupling; the slope of the fitted blue line is 3.
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of the lowest eigenstates (n = 0) of V into a gap between a singlet ground state and a triplet

of first excited states. For any finite number of lattice sites N , the gap vanishes as g2 → 0

since the potential term V/g2 dominates with a small perturbation g2K. As g2 → 0, the gaps

collapse together into a number of degenerate states which grows exponentially in the volume.

Although gaplessness cannot be proven in infinite volume, we observe evidence for the existence

of a critical point nonetheless for the fuzzy model (see Fig. 2.5).

On the other hand, for the lmax = 1 truncation, the potential operator is gapped. Unlike V

for the fuzzy truncation, it does not have an exponentially degenerate ground state. Therefore, as

g → 0 and the potential term dominates, the gap does not close; in fact the gap as a function of

g2 is convex and never vanishes. Instead, the gap tends toward an infinite value as g2 → 0. These

features may serve to explain the lack of a continuum limit for the lmax = 1 truncation. Figure

2.9 shows an explicit numerical comparison of the finite-volume gaps of the fuzzy and lmax = 1

models as g2 is varied.

3. Perturbation Theory and Asymptotic Freedom

Although the existence of a critical point is a necessary feature for a qubitization to be

in the same universality class as the full bosonic field theory, it is not a sufficient one. For the

O(3) model and other asymptotically free theories (like QCD), we seek to also show that the

qubitization indeed becomes asymptotically free its continuum limit g2 → 0. In particular, we

study the most promising qubitization of the O(3) model — the anti-ferromagnetic model. To do

so, we study the small g2 regime of the qubitization using degenerate perturbation theory with

the effective Hamiltonian methodology [81]. We treat the kinetic term as a small perturbation to

the degenerate ground states of the potential term.

The first order correction term aH
(1)
eff is the projection of the kinetic operator to the subspace
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of the ground state of the potential term {|Ψα〉 = |0〉 ⊗ |χα〉} where |0〉 again is the ground state

of the spin-1/2 Heisenberg chain and |χα〉 is an arbitrary 2N -dimensional state with α = 1, ..., 2N .

The matrix elements are explicitly

(
aH

(1)
eff

)
αβ

= aKαβ = ηg2〈Ψα|
∑
x,k

Lk(x)Lk(x)|Ψβ〉

= ηg2

(
A1δαβ − A2

∑
x,k

〈0|Jk(x)|0〉〈χα|Jk(x)|χβ〉

) (2.50)

where A1 and A2 are constants. To obtain the second line, we used that L2
k = [Jk, [Jk, •]] =

J2
k • + • J2

k − 2Jk • Jk and J2
k ∝ 1. The second term (A2) term vanishes. This is because the

ground state of the Heisenberg chain is rotationally invariant and so 〈0|Jk|0〉 = 0 15. Because(
aH

(1)
eff

)
αβ
∝ δαβ and does not contain a gap in its eigenvalues, the first order does not contribute

to the gap a∆̂. Thus, the gap scales as a∆̂ ∼ (1/g2)(Ag4 +Bg8 + ...) ∼ g6 at lowest order where

A = 0 and B is a constant. This is confirmed numerically through exact diagonalization (see the

inset of Fig. 2.9).

Now we compute theB coefficient by studying the second-order contribution to the effective

Hamiltonian in the subspace {|Ψα〉}.

(
aH

(2)
eff

)
αβ

= 〈Ψα|KP1(v0P1 − P1V P1)−1P1K|Ψβ〉

= 2
∑
n≥1

∑
x,y

ηg6

vn − v0

〈0|Ji|n〉〈n|Jj(y)|0〉〈χα|Ji(x)Jj(y)|χβ〉
(2.51)

where P1 is a projection operator to the subspace of excited states {|n〉 ⊗ |χ〉}, n ≥ 1. We

denote excited states of the Heisenberg chain by |n〉, n ≥ 1 and v0, vn are the energy eigenvalues

15Recall that for the j = 1/2 fuzzy model, Jk ∝ σk
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corresponding to |0〉 and |n〉 respectively. For an even number of sites N , the excitations of

the spin-1/2 Heisenberg chain are spinon pairs with a linear dispersion relation E(p) = vn −

v0 ∼ p, (p ≈ 2π/L, ... for large L) [82–84]. Thus, for states |n〉 with total spin 1 such that

the matrix elements 〈0|Ji(x)|n〉 do not vanish, the sum over n results in an expression which

diverges logarithmically

a∆̂ ∼
∫ 2π/a

2π/L

dp

p
∼ log

(
L

a

)
(2.52)

This implies that while perturbation theory is valid for small box sizes m∞L = am∞N � 1, it

breaks down in large volumes m∞L = am∞N � 1. To support this, we compute B numerically

by the exact diagonalization of aH(2)
eff . Figure 2.10 shows the results.
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Figure 2.10: Shows the perturbative coefficient B in the anti-ferromagnetic fuzzy model for the
energy gap a∆̂ at order g6 as a function of box size N . The blue curve is a fit of the data to a
logarithmically-diverging form B(N) = A+B log(N).
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This feature is indicative of asymptotic freedom. This is because for asymptotically free

theories, the evolution of the mass gap am∞(g2), and consequently a∆̂(g2) 16, typically goes

as ec/g2 for some c (see Eq. 2.46). Such a function is non-analytic and cannot be expanded in

power of g2 at g2 = 0 where the continuum limit is expected. The fact that the anti-ferromagnetic

fuzzy model has a critical point, combined with the demonstration of its perturbation theory

breakdown in large volumes, supports our observation that the fuzzy model is able to reproduce

the asymptotically-free O(3) model in its continuum limit.

4. Quantum Computing Costs

The goal of a successful qubitization of a bosonic field theory is not only to reproduce the

entire physics of the original field theory in qubitization’s space-time continuum (and perhaps

field-space truncation lifting limit), but also to do so in as few quantum computing resources as

possible.

Using an angular momentum truncation strategy for theO(3) model results in qubitizations

that do not possess continuum limits at finite lmax. We find in the lowest truncation case of

lmax = 1, the correlation length freezes out and ceases to diverge as g2 → 0 and so cannot

reproduce the physics of the O(3) model past a particular energy scale. Thus, taking the angular

momentum truncation approach requires a systematic lifting of the truncation lmax → ∞ to

capture the physics at all energy scales. The quantum computation costs of performing such

a lifting of the truncation turns out to increase rapidly. Firstly, the number of states in the local

Hilbert space at each lmax grows as (lmax + 1)2; consequently, the number of qubits required at

each site grows as d2 log2(lmax + 1)e. This is a cost-increasing but not unreasonable growth.

However, we can use the methods developed in Ref. [47] to construct quantum circuits for the

16Note that the conversion factor η(g2) is finite as g2 → 0 [41].
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time evolution (e−iHT ) operator of various lmax truncated models. We find that in order to time-

evolve a two-site system with lmax = 1, 2 and 3, the quantum circuit requires 60, 3826, and 11826

CNOT 17 gates respectively [85]. We use the number CNOT gates in a circuit as a measure of

quantum resources because they are the noisiest, most error prone gates on current hardware.

This rapid increase in the number of CNOT gates required as the local Hilbert space dimension

grows is a generic feature of qubitizations. Thus in general, this approach of removing the field

space truncation is not practical.

For the anti-ferromagnetic fuzzy model, we instead found evidence that the continuum limit

of the model can reproduce the O(3) model physics over all energy regimes. Even the lowest

order j = 1/2 fuzzy-sphere truncation, with a cost of two qubits per site, is able to accomplish

this. The removal of the field-space truncation is not needed and the dimension of the local Hilbert

space remains small and finite throughout. Importantly, the two-site time evolution operator for

the j = 1/2 fuzzy model requires only 10 CNOT gates in its quantum circuit [48]. For simulating

bosonic quantum field theories, having a lean, small-sized qubitization which does not need to be

expanded is crucial. We have shown that for the O(3) model, the anti-ferromagnetic fuzzy model

accomplishes this while the lmax and finite-subgroup models do not.

2.4 Qubitization of SU(2) Pure-Gauge Theory

One of the main goals of designing qubitizations of bosonic fields is to use them to study

quantum chromodynamics on quantum computers. Due to the sign problem, classical Monte

17A CNOT gate acts on two qubits as


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 represented in the basis {|00〉, |01〉, |10〉, |11〉}.
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Carlo methods of studying QCD are limited in their ability to solve problems with real-time

evolution and finite chemical potential [86–92]. By performing computations directly in real

time, quantum simulations of QCD offer a possible exponential speed-up.

QCD is an asymptotically-free, SU(3) gauge theory. While the quarks in the theory are

fermionic fields, the gluon gauge fields are bosonic and the local Hilbert space of the gauge links

must again be truncated to be represented on quantum hardware. Through studying different

ways of qubitizing the O(3) non-linear sigma model, we learned about important properties for

truncations to satisfy to properly reproduce asymptotic freedom. Now as a stepping stone towards

understanding how to qubitize SU(N) gauge theories, we learn from our experiences with the

O(3) model and propose a fuzzy truncation for SU(2) gauge fields.

2.4.1 Previous Truncations

First, we provide a historical overview of previous attempts to qubitize gauge fields.

2.4.1.1 Hamiltonian Formalism of Lattice Gauge Theory

Before discussing these types of truncations, we first review the Kogut-Susskind formulation

of lattice, SU(2) gauge theory in the Hamiltonian formalism. While the fermions of the theory

live on lattice sites, the gauge fields live on the links between sites. The wave function for a

single link is some function of an SU(2) matrix U and the wave function of the whole system is

Ψ(U1, U2, ...) — a function of all the links. A single-link wave function can be expanded in terms

of a Taylor series

Ψ(U) = Ψ0 + ΨijUij + Ψ̃ijU
∗
ij +O(U2) (2.53)
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where there is an implied sum over the color indices i, j = 1, 2. A gauge transformation at site x

involves the multiplication of the links connected to x by an SU(2) matrix either from the left or

the right. This causes the single-link wave function to transform as

Ψ(U)→ LΨ(U) = Ψ(L−1U)

Ψ(U)→ RΨ(U) = Ψ(UR)

(2.54)

Whether the transformation acts on the left or the right depends on if the link points away from or

into the site. The operators L and R can expressed in terms of the infinitesimal group generators

TL,Ra . For SU(2), the index a runs from 1, 2, 3, since the group is three-dimensional.

L = e−ω
L
a TLa

R = e−ω
R
a TRa

(2.55)

where ωL,Ra ∈ R parametrize the SU(2) group elements L = e−iω
L
a λa/2, R = e−iω

R
a λa/2 where

L,R ∈ SU(2) and the λa are the generators in the fundamental representation of SU(2). The

infinitesimal generators obey the usual SU(2) commutation relations

[TLa ,T
L
b ] = iεabcT

L
c

[TRa ,T
R
b ] = iεabcT

R
c

[TLa ,T
R
b ] = 0

(2.56)

The field operators at each link are defined as

UijΨ(U) = UijΨ(U) (2.57)
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All the Uij commute with one another

[Uij,Ukl] = [Uij,U
∗
kl] = 0 (2.58)

and must satisfy the SU(2) manifold equations

U∗jiUjk = UijU
∗
kj = δik

U11U22 − U12U21 = 1

(2.59)

where the second line of Eq. 2.59 is the determinant condition. Note that the ordering of the

operations in Eq. 2.59 does not matter since all link operators commute amongst themselves.

The link operators transform under gauge transformations as

R†L†UijLR = Lii′Ui′j′(R
−1)j′j (2.60)

Expanding out the infinitesimal version of Eq. 2.60 leads to the following commutation relations:

[TLa ,Uij] = −1

2
(σa)ii′Ui′j

[TRa ,Uij] =
1

2
Uij′(σa)j′j

(2.61)

where σa are the Pauli matrix generators of SU(2). Together, Eqs. 2.56 and 2.61 form the

symmetry algebra of the theory and can be used to show that the Kogut-Susskind Hamiltonian is

gauge invariant. The Hamiltonian is

aH = η

[
g2

2

∑
l,a

(
TLa (l)TLa (l) + TRa (l)TRa (l)

)
− 1

2g2

∑
P

�(P ) + h.c

]
(2.62)

54



where the kinetic term sums over the links l = (x, µ) (site x and direction µ) and P = (x, µ, ν)

(site x and directions µ, ν) is a plaquette starting at x.

�(P ) = Uij(l1 = (x, µ))Ujk(l2 = (x+ µ, ν))U∗lk(l3 = (x+ ν, µ))U∗il(l4 = (x, ν)) (2.63)

where the links li are the positively-oriented links that make up the plaquette. The factor

η(g2) in the Hamiltonian again should be chosen appropriately in order to recover relativity in

the continuum limit (see Sec. 2.3.4.2). Other gauge invariant terms (for example larger sized

plaquettes) can be added to the Hamiltonian 2.62, but they should in principle lead to the same

continuum physics due to universality [93]; only the rate at which this continuum limit is reached

is affected. Adding other gauge invariant terms to quicken the approach to the continuum limit —

allowing for more accurate results at coarser lattice spacings — is called Symanzik improvement

x x + μ

x + μ + νx + ν

U(x, μ)

U(x, ν)

U(x + ν, μ)

U(x + μ, ν)

Figure 2.11: A drawing of a plaquette at lattice site x in the µ, ν plane. The gauge links U live
between the sites.
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[94, 95]. For simplicity, we consider only the lowest-order plaquette term. However, this point

becomes important when deciding how to construct the kinetic, electric field term in the truncated

theories.

The physical Hilbert space, different from the full Hilbert space of the theory, comprises of

states that satisfy gauge invarience. The wave functions of the physical space must satisfy

e−iωaGa(x)Ψphys({Ul}) = Ψphys({Ul}) (2.64)

where

Ga(x) =
∑
µ

(
TLa (x, µ) + TRa (x− µ, µ)

)
(2.65)

is the quantum Gauss’s law operator. The infinitesimal version of the gauge invariance condition

Ga(x)Ψphys({Ul}) = 0 is the Gauss’s law of the theory.

2.4.1.2 Electric-field Truncation

Similar to the lmax truncation of the O(3) sigma model, one way of truncating the field

space of SU(2) gauge fields is to expand wave functions on a single-link in terms of a basis of

eigenfunctions of the theory’s kinetic term and truncate that expansion at a finite irrep [42, 44,

96, 97]. The local Hilbert space at a link consists of states |jmn〉 in a representation basis; for

SU(2), j denotes the total angular momentum quantum number of a link, and m and n denote

the z-component angular momenta at the two ends of the link.

|Ψ(l)〉 =
∞∑

j=0,m,n

c
(l)
jmn|jmn〉 (2.66)
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where m,n = −j,−j + 1, ..., j and j = 0, 1/2, 1, .... The wave function can also be expressed

as a function of the SU(2) rotation Euler angles α, β, γ —

Ψl(α, β, γ) = 〈αβγ|Ψ(l)〉 =
∞∑

j=0,m,n

ψ
(l)
jmnD

j
mn(α, β, γ) (2.67)

where the

Dj
mn(α, β, γ) =

√
8π2

2j + 1
〈αβγ|jmn〉 (2.68)

are the Wigner D-matrix functions [98]. Similar to the lmax truncation strategy for the O(3)

sigma model, one can truncate the sum over j in the wave function 2.67 by picking a jmax.

For example by choosing jmax = 1/2, the Hilbert space is spanned by a five-dimensional basis

{D0
00, D

1/2
−1/2,−1/2, D

1/2
−1/2,1/2, D

1/2
1/2,−1/2, D

1/2
1/2,1/2}. Then all operators can be written in terms of

their actions on this finite basis. Much like in the lmax model, any matrix elements of the operators

which take elements within the Hilbert space to j > jmax are explictly dropped.

An alternative approach to truncating the field space of the gauge fields is to find finite-

sized matrices that satisfy the exact symmetry algebra required (Eqs. 2.56 and 2.61) for the

theory [99]. Then a gauge-invariant Hamiltonian — typically in the form of the Kogut-Susskind

[99] Hamiltonian — is constructed out of those matrices. Examples of taking such an approach

include the Horn, Orland-Rohrlich, and quantum link models.
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2.4.1.3 Horn Model

In 1981, Horn [100] proposed using five-dimensional finite matrices to as link variables in

order to truncate the gauge fields of the continuous SU(2) theory. Horn constructed the following

matrices

L1 =



0 0 0 0 0

0 0 0 0 0

0 0 0 −i 0

0 0 i 0 0

0 0 0 0 0


, L2 =



0 0 0 0 0

0 0 0 i 0

0 0 0 0 0

0 −i 0 0 0

0 0 0 0 0


, L3 =



0 0 0 0 0

0 0 −i 0 0

0 i 0 0 0

0 0 0 0 0

0 0 0 0 0


(2.69)

and

N1 =



0 0 0 0 0

0 0 0 0 −i

0 0 0 0 0

0 0 0 0 0

0 i 0 0 0


, N2 =



0 0 0 0 0

0 0 0 0 0

0 0 0 0 −i

0 0 0 0 0

0 0 i 0 0


, N3 =



0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 −i

0 0 0 i 0


(2.70)

which follow the commutation relations

[Li, Lj] = iεijkLk

[Ni, Nj] = iεijkNk

[Li, Nj] = iεijkNk

(2.71)
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Then constructing the matrices Ji = 1
2
(Li+Ni) andKi = 1

2
(Li−Ni), they obey the commutation

relations.

[Ji, Jj] = iεijkJk

[Ki, Kj] = iεijkKk

[Ji, Kj] = 0

(2.72)

Thus, the Ji and Ki are the generators of two independent SU(2) groups — one for the right

gauge transformations and one for the left. This follows the same relations as Eq. 2.56. Thus,

we relate TLi → Ji and TRi → Ki. Note that the electric field term involving
∑

i

(
TLi TLi + TRi TRi

)
becomes

∑
i (JiJi +KiKi) ∝ diag(0, 1, 1, 1, 1) — reproducing exactly the first two irreps of the

full kinetic term.

Next, Horn also defines matrices

(Mi)αβ = δα,0δβ,k + δα,kδβ,0

(M4)αβ = δα,0δβ,4 + δα,4δβ,0

(2.73)

where α, β run from 1 to 4, and k = 1, 2, 3. These matrices follow the commutation relations

[Li,Mj] = iεijkMk , [Li,M4] = 0

[Ni,Mj] = iδijM4 , [Ni,M4] = −iMi

(2.74)

Then constructing the matrix

V = I2×2 ⊗M4 + iσk ⊗Mk (2.75)
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it follows that

[Ji, V ] = −1

2
σiV , [Ki, V ] =

1

2
V σi (2.76)

This is the same relationship as Eq. 2.61 and so we can identify the V → U as the matrix for the

links. We can form a plaquette for the theory where we only trace over the σ-matrices

�(P ) = trσ
[
V (l1)V (l2)V †(l3)V †(l4)

]
(2.77)

Then putting the pieces together gives the full Hamiltonian for the Horn-truncated SU(2) gauge

theory

aH =
g2

2

∑
l,a

(Ja(l)Ja(l) +Ka(l)Ka(l))−
1

2g2

∑
P

(
�(P ) +�†(P )

)
(2.78)

Horn further attempted to build a similar construction for general SU(N) by defining new

generators for gauge transformations Jk = 1
2
(Fk +Dk) and Kk = 1

2
(Fk −Dk) where

(Fk)αβ = −ifkαβ(Dk)αβ = dkαβ +

√
2

N
(δα,kδβ,N2 + δα,N2δβ,k) (2.79)

where fijk and dijk are the SU(N) structure constants, k = 1, ..., N2 − 1 and α, β = 0, ..., N2.

The new link operators were formed by defining slightly altered (from the SU(2) case) matrices

(Mk)αβ = δα,0δβ,k and (MN2)αβ = δα,0δβ,N2 and constructing

V =

√
2

N
MN2 + λiMi (2.80)

60



where λi are the SU(N) generalization of the SU(3) Gell-Mann matrices. He found that these

choices yielded link matrices that followed the correct SU(N) gauge symmetry algebra

[Jk, V ] = −1

2
λkV , [Kk, V ] =

1

2
V λk (2.81)

These commutation relations ensure that construcing a Hamiltonian of the same form as Eq. 2.78

yields an SU(N) gauge-invariant theory. However, it was found that such a Hamiltonian contains

an extra local U(1) gauge symmetry; in other words, the truncated gauge theory constructed from

these new Jk, Kk, V is invariant under SU(N) × U(1) local gauge transformations — not just

SU(N). This extra symmetry makes it unlikely that this truncated theory reproduces the same

physics as the continuous-field SU(N) gauge theory in its continuum limit. Furthermore, no

numerical simulations of the Horn model have yet been performed and it is unclear whether

the SU(2) (or SU(N)) truncated model indeed possesses a critical point — much less whether

that critical point is in the same universality class as the original, untruncated gauge theory. In

fact, Horn argues that this larger symmetry trivializes the structure of the gauge invariant states

in the truncated theory. Therefore he claims that this generalized method of truncating of the

SU(N)× U(1) gauge theory cannot be used to simulate SU(N) gauge theory.

2.4.1.4 Orland-Rohrlich Model

Another finite-matrix truncation of SU(2) gauge theory is the gauge magnet proposed by

Orland and Rohrlich [101]. The simplest gauge magnet Hamiltonian has the form

H = J
∑
x,µ6=ν

tr
(
Ux,µUx+µ,νU

†
x+ν,µU

†
x,ν

)
(2.82)
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consisting of only a plaquette term where the U are the link matrices. They parametrize a

particular SU(2) link as

U = Γ0 ⊗ 1− i~Γ⊗ ~σ (2.83)

where Γ0, and Γi are Hermitian operators represented by finite matrices. They further define

generators of left and right transformations ΣL and ΣR. Again the Σ and Γ are required to satisfy

the symmetry commutation relation relations in Eq. 2.56 and 2.61 — namely [ΣL,R
a ,ΣL,R

b ] =

iεabcΣ
L,R
c , [ΣL

a ,Σ
R
b ] = 0, [ΣL, U ] = −1

2
σU, and [ΣR, U ] = 1

2
Uσ. They realized that the relations

could be satisfied by using the generators of an SO(5) algebra that embeds the SU(2)L⊗SU(2)R

algebra. A four-dimensional example, using the fundamental representation of SO(5) can be

realized by choosing

ΣR
a = TRa =

σa 0

0 0

 , ΣL
a = TLa =

0 0

0 σa



Γ0 =

0 1

1 0

 , Γa =

 0 iσa

−iσa 0


(2.84)

For a Hamiltonian theory to have a continuum limit, the theory must have more than one term —

their relative sizes can then be tuned to reach criticality. The Hamiltonian of the gauge magnet

only contains one term with a single parameter J . By itself, the model cannot have a continuum

limit since changing J only results in changing an overall multiplicative factor which affects

only the spacing of the spectra of the theory but not the eigenstates. Thus, J cannot be tuned such

that the inverse correlation length of the truncated theory approaches zero. The only relevant

parameter is the dimension of the representation of SO(5) chosen to truncate the theory.
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2.4.1.5 Quantum Link Model

Another truncation for the link degrees of freedom with finite matrices in SU(N) gauge

theory is the quantum link model proposed by Chandrasekharan et. al [102]. The quantum link

model builds upon the Orland-Rohrlich gauge magnet truncation and generalizes its construction

for an arbitrary SU(N) theory.

For the SU(2) quantum link model, they again consider the Hamiltonian operator

H = J
∑
x,µ 6=ν

tr
(
Ux,µUx+µ,νU

†
x+ν,µU

†
x,ν

)
(2.85)

where the U again are constructed from generators of SO(5) (See Eq. 2.84).

Instead of adding additional gauge invariant terms to the Hamiltonian or just simply studying

the gauge magnet alone, Chandrasekharan et. al. propose to simulate the truncated four-dimensional

gauge theory with an additional, fifth Euclidean direction. The extent β of the fifth dimension

serves as an additional tuning parameter and they argue that in the limit of taking β → ∞,

the continuum limit of the quantum link model is approached and the continuous SU(2) gauge

theory is recovered. The argument relies on an analogy to the O(3) model where it was shown

that the 2-dimensional quantumO(3) model at finite temperature is equivalent to a 3-dimensional

classical O(3) model with a finite Euclidean time extent β. The value of the inverse finite

temperature β is related to the inverse coupling of the classical model by 1/g2 ∝ β. Thus the

3-dimensional classical model in the limit β → ∞ corresponds to the zero-temperature limit of

the 2-dimensional quantum O(3) model or equivalently the continuum limit of the 2-dimensional

classical model at g2 → 0.
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They attempt also to generalize the Orland-Rohrlich construction to general SU(N) theories

[103]. They do this by embedding the SU(N)L ⊗ SU(N)R algebra inside an SU(2N) algebra.

For example, for the fundamental representation of SU(2N)

TRa =

λa 0

0 0

 , TLa =

0 0

0 λa


Uij = Re(Uij) + iIm(Uij)

Re(Uij) =

 0 M (ij)

M (ji) 0

 , Im(Uij) =

 0 −iM (ij)

iM (ji) 0


(2.86)

where a = 1, ..., N2 − 1, i, j = 1, ..., N , and (M (ij))kl = δilδjk. There however, exists an

additional generator

T =

1 0

0 −1

 (2.87)

where [T,TRa ] = [T,TLa ] = 0 and [T, U ] = 2U, [T, U †] = −2U †. This implies that the general

SU(N) quantum link model again has an additional U(1) gauge symmetry, like the Orland-

Rohrlich model. They argue that this unwanted symmetry can be removed by adding an additional

term to the Hamiltonian that breaks the U(1) gauge symmetry 18.

H = J
∑
x,µ>ν

tr
(
Ux,µUx+µ,νU

†
x+ν,µU

†
x,ν + h.c

)
+ J ′

∑
x,µ

(
detUx,µ + detU †x,µ

)
(2.88)

While the determinant vanishes for the fundamental representation of SU(2N), implying that the

18Note that there is no ambiguity in the ordering of the terms in the determinant of U . This is because by
construction, [Uij , Ukl] = [(U†)ij , (U

†)kl] = 0.

64



Hamiltonian in Eq. 2.88 still retains a SU(N)×U(1) gauge symmetry, the determinant is nonzero

in general for higher representations of SU(2N). Thus, the combination of choosing a higher

dimensional representation of the embedding algebra and adding the additional determinant term

serves to construct a truncated theory that has purely SU(N) gauge symmetry. For SU(2), this

amounts to using a six-dimensional representation for each link.

2.4.2 Fuzzy SU(2) Truncation

As seen above, there are various ways of choosing finite-sized matrices which satisfy the

gauge symmetry algebra and can be used as building blocks for truncating the field space of

link operators. The goal of such truncations is to reproduce the original SU(2) gauge theory

in the continuum limit of the truncated model. In each of the truncations above — the Horn,

Orland-Rohrlich, and quantum link models —- it is still unclear whether such a continuum

limit exists. Drawing upon our experiences truncating the O(3) sigma model, we propose a

method of “fuzzifying” SU(2) gauge theory and, via analogies, present arguments for favorable

properties of the fuzzy SU(2) construction [50]. Here, we define “fuzzifying” loosely to mean

a replacement of the Hilbert space of functions on SU(2) (or any other group manifold) by a

finite-dimensional matrix space (as opposed to staying in a vector space).

2.4.2.1 Construction

To construct a fuzzy truncation of SU(2) gauge theory, we replace each SU(2) matrix

element Uij by a D × D matrix Uij . Then the wave function at a particular link of the theory
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becomes matrix-valued. When expanded as a Taylor series,

Ψ(l) = Ψ
(l)
0 1 + Ψ

(l)
ij Uij + Ψ̃

(l)
ij (Uij)† +O(U2) (2.89)

the wave function must terminate at finite order since higher-order terms become linearly dependent

to the lower-order terms. In particular, any D×D matrix used to represent the wave function can

be written as a linear combination of a basis of D2 elements. Then the local, link Hilbert space

has an inner product 〈Ψ|Φ〉 = tr(Ψ†Φ) and has a finite dimension of D2.

In order to preserve the gauge symmetry of the theory, we also need to find D×D matrices

L andR that perform gauge transformations via conjugation

Ψ→ RLΨL†R† (2.90)

The generators of the transformations are

T La = [TLa , •] , T Ra = [TRa , •] (2.91)

where the TLa are the D-dimensional representation of the generators of SU(2). In other words,

the link matrices should transform as

e−iω
R
a T Ra e−iω

L
a T La Uij = RLUijL†R† = Lii′Ui′j′(R−1)j′j (2.92)

We find that the infinitesimal version of this relation again gives the symmetry algebra commutation
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relations for SU(2) gauge theory:

[T La , T Lb ] = iεabcT Lc , [T Ra , T Rb ] = iεabcT Rc

[T La , T Rb ] = 0

[T La ,Uij] = −
(

1

2
σa

)
ii′
Ui′j , [T Ra ,Uij] = Uij′

(
1

2
σa

)
j′j

(2.93)

As an additional constraint beyond satisfying the above commutation relations, we would like for

the matrices Uij to satisfy the SU(2) manifold equations for unitarity and having a determinant

of one. Now, since the Uij are matrix valued and may not commute, the conditions for both

equations are not unique. We choose the natural choice for the unitarity condition

1

2
{(Uji)†,Ujk} = δik1 (2.94)

where {•, •} anti-commutes over the products of U and U †. For the determinant, we choose the

classical definition

1

2
(U11U22 − U12U21) = 1 (2.95)

Since U is an element of SU(2), we choose — similarly to the Orland and Rohrlich — to

parametrize the U as

Uij = δijγ0 − i(σa)ijγa (2.96)

where we find that choosing the γ0, γa, TRa , and TLa from the generators of an embedding SO(5)
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group satisfies the commutation relations necessary in Eq. 2.93. Specifically:

TRa =

σa 0

0 0

 , TLa =

0 0

0 σa



γ0 =

0 1

1 0

 , γa =

 0 iσa

−iσa 0


(2.97)

Note that it is the Ta in Eq. 2.91 that are the generators of gauge transformations and not the Ta

above. Contrary to the quantum link and Orland-Rohrlich models however, the matrices are here

meant to be operators on a matrix space. The wave function now can be expanded as

Ψ(l) = Ψ
(l)
0 1 + Ψ

(l)
5 γ5 + Ψ(l)

a γa + iΨ
(l)
5α[γ5, γa] + iΨ

(l)
ab [γa, γb] (2.98)

where γ5 = 8γ1γ2γ3γ0. The local Hilbert space for a link is 16-dimensional as compared with

the four-dimensional local (vector-valued) Hilbert space dimension for the Orland-Rohrlich and

quantum link models. In a chosen computational basis {|Bi〉} = {1, γa, γ5, [γ5, γa], [γa, γb]}, the

operators are then represented by 16× 16 matrices whose elements are

(Γ5)ab = 〈Ba|Γ5|Bb〉 = tr(B†aΓ5Bb)

(Γi)ab = 〈Ba|Γi|Bb〉 = tr(B†aΓiBb)

(T (L,R)
i )ab = 〈Ba|T (L,R)

i |Bb〉 = tr(B†a[T
(L,R)
i ,Bb])

(2.99)

As with the Horn, Orland-Rohrlich, and quantum link models, we have thus far chosen operators

that preserve the SU(2) gauge symmetry of the original theory. But we must check also if the
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truncated theory has any larger, unwanted symmetries; for example the Horn and quantum link

SU(N) models have additional U(1) symmetries. However, for the fuzzy SU(2) theory, one can

show through explicit construction that there does not exist matrices TR,L0 that generate the U(1)

symmetry transformation

e−iωT
R,L
0 UijeiωT

R,L
0 = e∓iωUij (2.100)

that also commute with the SU(2) transformation generators. In other words, no matrices TR,L0

exist that simultaneously satisfy the U(1) gauge symmetry algebra [TR,L0 ,Uij] = ±Uij while

having the property [TR,L0 , TR,La ] = 0 and [TR0 , T
L
0 ] = 0. The fuzzy SU(2) theory does not have

an additional U(1) symmetry.

The fuzzy SU(2) Hamiltonian again follows the same form as the Kogut-Susskind Hamiltonian

aH = η

[
g2

2

∑
l

K(l)± 1

2g2

∑
P

(�(P ) + h.c.)

]
(2.101)

Each term again is independently gauge invariant and so both signs for the plaquette, potential

term must be considered. The multiplicative factor η again must be tuned as a function of g2 to

recover a relativistic theory in the continuum limit as g2 → 0.

There are several choices for the kinetic term. One such choice is for it to be the usual

quadratic Casimir on the fuzzy Hilbert space

K1 =
∑
a

(
T La T La + T Ra T Ra

)
= [TLa , [T

L
a , •]] + [TRa , [T

R
a , •]] (2.102)

However, additional gauge-invariant terms can also be added to the theory and can act as alternative
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kinetic terms.

K2 = −Uij • (Uij)† − (Uij)† • Uij

K3 = γ5

(2.103)

Note that K1 and K2 are not available kinetic terms in the Orland-Rohrlich construction. In

principle any linear combination of K1,K2,K3
19 can be used with the same coupling; or each

terms can be considered individually — each with its own coupling constant. It is still unclear

which kinetic term should be chosen or whether the choice of kinetic term has an effect on

whether the theory is able to reproduce the un-truncated SU(2) gauge theory in the fuzzy theory’s

continuum limit.

When simulating the fuzzy truncation of SU(2) gauge theory, we want to consider the

subspace of states from the total Hilbert space that are gauge-invariant. Such physical states are

satisfy

e−iωaGa(x)Ψphys = Ψphys (2.104)

where

Ga =
d∑

µ=1

(
T La (x, µ) + T Ra (x− µ, µ)

)
= [Ga(x), •] (2.105)

Here, Ga(x) is the Gauss’s law operator defined in the same way as in the ordinary theory (Eq.

2.65) with TL,Ra → TL,Ra . In the fuzzy gauge theory, the state in which each link is an identity

matrix is a trivially gauge invariant state. Then other gauge-invariant states can be obtained by

applying gauge-invariant products of Us to the trivial state. The fuzzy theory contains at least as

19There is an another possible gauge invariant term K4 = Uij(Uij)† + (Uij)†Uij . However, fuzzy unitarity
(Eq.2.94) implies that K4 ∝ 1 and does not affect the dynamics of the theory.
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many physical states as the original gauge theory. Any gauge-invariant state in the untruncated

theory can be mapped to a fuzzy state. But, because of the non-commutativity of the Uijs, more

invariant products of Us are possible.

2.4.2.2 Discussion

Ideally, we would like to simulate our fuzzy truncation of SU(2) gauge theory to see

if it reproduces the physics of the untruncated theory in its continuum limit. Unfortunately,

methods of studying low-lying energy eigenstates of spin systems such as tensor networks only

work efficiently for one dimensional systems with local interactions; efficient technique for

approximating eigenstates of higher-dimensional systems have yet to be developed. One can only

exactly-diagonalize the fuzzy theory up to a single plaquette on current classical hardware. Thus,

we are still unable to compute the continuum physics of the Horn, Orland-Rohrlich, quantum link,

and fuzzy SU(2) models in 2+1 or 3+1 dimensions. Furthermore, in 1+1 dimensions, without

fermion matter in the theory, SU(N) gauge theory is a trivial theory without any interesting

physics. This because after making a gauge choice (i.e. Coulomb gauge) and imposing Gauss’s

law, the gauge fields are fully determined and can be integrated out (see Ref. [104] for an example

in the U(1) Schwinger model). Without the ability to concretely simulate the fuzzy gauge theory,

we instead analyze properties of the model that make it a desirable candidate for a qubitization

of SU(2) gauge theory.

1. Existence of a Continuum Limit

The continuum limit of the theory, because of asymptotic freedom, is expected to be

approached as g2 → 0. In that limit, the potential term dominates the kinetic term. Therefore, we
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study of properties the plaquette term. Similar with the fuzzy O(3) model, in the Eab = ~ea ⊗ ~eb

basis (where a, b = 1, ..., 4), the eigenstates of the fuzzy plaquette term factorize as

|Ψn〉 = |n〉 ⊗ |χ〉 (2.106)

where |n〉 are energy eigenstates of a 4N , N -link plaquette operator which happens to be the

Orland-Rohrlich gauge magnet. The state |χ〉 is any arbitrary 4N -dimensional state. Thus, the

energy eigenstates of the fuzzy gauge theory plaquette term are exponentially degenerate. When a

suitable kinetic term is added, this degeneracy on the ground state is broken. As g2 → 0, the low-

lying states of the full fuzzy Hamiltonian merge together into the degenerate ground subspace

of the plaquette operator. This behavior, mirroring that of the low-lying states in the fuzzy O(3)

model, suggests that a critical point indeed exists for the fuzzy gauge theory at g2 → 0. This

opens up the possibility that such a critical point may be in the same universality class as the

continuous SU(2) theory. Like the lmax truncation, the jmax truncation of SU(2) gauge theory

instead has a gap that diverges as g2 → 0 and never closes — suggesting that the electric-field

truncation model likely does not have a continuum limit to begin with and probably is only able

to reproduce the low-energy physics (up to some finite correlation length) of the original theory.

Figure 2.12 numerically confirms this behavior by displaying results for the energy gaps in the

physical subspace of a single-plaquette system as g2 is varied.

It is still unclear which kinetic term, K1,K2,K3, or some linear combination, should be

chosen. The choice K1 resembles the standard choice of kinetic term as proposed by Kogut and

Susskind. However here, we find through exact-diagonalization of a single-plaquette system that

K1 alone does not fully lift the exponential, ground-state degeneracy of the plaquette term. The
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Figure 2.12: Shows the energy gaps in the physical subspace of a single-plaquette system for the
jmax = 1/2, jmax = 1, and fuzzy SU(2) models as a function of g2.

choiceK2 does fully lift the degeneracy in the ground state term, but it is not related to the Casimir

operator of the untruncated gauge theory. One can attempt to construct a linear combination of

kinetic operators such that the low-lying eigenspectrum of the original gauge theory kinetic term

is reproduced exactly (including degeneracies), containing up to a number of states equal the

dimension of the local link Hilbert space. Doing so would resemble how the kinetic term of the

fuzzy O(3) model reproduced the first four eigenvalues of the S2 Laplacian exactly. However,

in fuzzy SU(2) gauge theory in its lowest representation, this is not entirely possible. The size

of the degeneracies of the kinetic term go as j2; therefore, the 16-dimensional space for a proper

linear combination of kinetic terms in the fuzzy model would only be able to reproduce and
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include the first three full representations (14 states) of the full gauge theory and part (2 states)

of the fourth. Some more physical insight or a full numerical simulation of the fuzzy theory is

needed to determine which choice of kinetic term leads to the correct continuum physics — or if

the choice of kinetic term even matters.

2. Exponential Growth of the Physical Subspace

Another property that the qubitization of gauge theory must have is a physical Hilbert

subspace that grows exponentially in the volume — similarly with the untruncated gauge theory.

To see that the fuzzy gauge theory satisfies this property, we again note that eigenstates of the

fuzzy plaquette operater factorize as |Ψn〉 = |n〉 ⊗ |χ〉 where |n〉 is an eigenstate of the Orland-

Rohrlich gauge magnet and |χ〉 is any arbitrary 4N -dimensional state. The Gauss’s law operator

in the fuzzy theory then acts on these states via a commutation (see Eq. 2.105) by

Ga(x)|Ψn〉 = G|n〉 ⊗ |χ〉 − |n〉 ⊗Ga(x)|χ〉

= −|n〉 ⊗Ga(x)|χ〉
(2.107)

This is because |n〉 is gauge invariant and so Ga(x)|n〉 = 0 (see Eq. 2.104). Therefore, physical,

gauge-invariant states of the fuzzy model must satisfy Ga(x)|χ〉 = 0. This set of states is

equivalent to the set of physical gauge-magnet states, with dimension DOR. However, there are

also physical states in the fuzzy model that cannot be written as a tensor product of two gauge-

invariant Orland-Rohrlich states. Therefore, we have that the dimension of the physical subspace

of fuzzy statesDF must satisfyDF ≥ D2
OR. We showed numerically, by exactly diagonalizing the

Orland-Rohrlich model and searching for states that vanish under the application of
∑

x,aGa(x)2,

that the gauge magnet has 2 physical states for the single-plaquette system and 50 physical states
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for the four-plaquette system. This analysis supports diagrammatic arguments in [105] that

imply an expectation that the size of the physical Hilbert space of the Orland-Rohrlich model

and therefore fuzzy theory grows exponentially with the volume.

3. Quantum Computing Resources

It is important not only that the truncated gauge theory reproduce the original theory in the

continuum limit, but that it also does so with as few quantum computing resources as possible.

This includes the number of qubits needed to represent the quantum states of the truncated theory

and the number of gates (especially CNOTs) needed to implement the time evolution of the

Hamiltonian. Below we compare the qubit and gate costs for simulating each of the jmax, Horn,

Orland-Rohrlich, and fuzzy SU(2) gauge theory truncations.

The smallest nontrivial jmax truncation is that of jmax = 1/2. The local Hilbert space size,

like the Horn model, is five-dimensional — requiring only three qubits to represent at each link.

However, the plaquette terms of both the jmax = 1/2 and Horn models require O(105) CNOT

gates [47] to simulate on a quantum computer. Furthermore, it is unclear whether the jmax = 1/2

or Horn models have continuum limits at which the entire physics of the untruncated gauge theory

is reproduced. More likely the truncations will only be able to recover the low-energy physics of

the theory only and the limit of taking jmax → ∞ or larger-sized, finite matrices will be needed

to obtain the ultraviolet physics. This limit, by analogy to taking the lmax →∞ limit in the O(3)

model, will likely require a rapidly increasing number of quantum gates to simulate — making

this strategy untenable.

The Orland-Rohrlich and lowest-representation quantum link models have local Hilbert

spaces of dimension four, requiring only two qubits per link. The Orland-Rohrlich gauge magnet

requires 180 CNOT gates [47] to simulate a single plaquette system. This is much more economical
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than the jmax and Horn models. However, again it is unclear whether the gauge magnet is in

itself has a continuum limit and is sufficient to reproduce the entire physics of the SU(2) gauge

theory. Finally, the fuzzy model we propose has a 16-dimensional local Hilbert space, requiring

four qubits per link to represent. Surprisingly though, the one-plaquette system only requires 236

CNOT gates [50] to simulate — on the same order as the Orland-Rohrlich model, even though the

individual link’s larger dimensionality may suggest that the fuzzy operators are more complicated

to simulate. It is possible that because the fuzzy SU(2) model likely has a continuum limit, it may

be able to properly reconstruct the physics of the untruncated gauge theory over all energy scales

without needing to increase the truncation dimensionality. This would give the fuzzy SU(2)

qubitization a marked advantage over previous truncation proposals.

2.5 Conclusions

Quantum computers can in princple be powerful tools for studying quantum field theories.

For field theories with only local interactions, the time-evolution of the quantum system can be

performed through a sub-exponential number of quantum gate operations on the qubits representing

the system. This offers a potential exponential speed-up of simulations when compared to current

classical methods. A challenge which needs to be overcome to simulate bosonic field theories

on a quantum computer is to determine how to properly enocde the infinite-dimensional Hilbert

space of the bosonic theory onto a finite-dimensional Hilbert space spanned by the finite number

of available qubits on quantum hardware. One of the infinities of the Hilbert-space dimension

of the bosonic theory comes from having a continuous space-time; this infinity can be regulated

through standard lattice field theory techniques. A second infinity arises for bosonic field theories
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because the field at each lattice site can take an infinite set of values; a truncation over this set

of values is called a qubitization of the theory. The goal is to devise a proper truncation strategy

such that the physics of the full, continuous field theory is recovered through taking a continuum

limit of the truncated theory. In other words, we hope to construct qubitizations that have critical

points in the same universality class as the original field theory.

In the preceding several sections, we investigated various different strategies for qubitizing

bosonic field theories. As a toy model testbed, we began by studying field-space truncations

of the asymptotically-free O(3) sigma model in (1+1)-dimensions. We found that replacing

the field-space manifold by a finite subgroup or attempting to truncate the angular momentum

spectrum of the states led to finite-dimensional theories that did not have continuum limits. Those

truncated models were only able to reproduce the original O(3) model up to a certain energy

scale. The field-space truncation scheme would have to be systematically lifted — for example

truncating at higher angular momenta lmax, in order to recover the O(3) model across all physical

scales. However, we showed that this procedure is impossible for the finite-subgroup strategy in

a continuous fashion and extremely impractical and costly in quantum-computing resources for

the lmax strategy. We proposed instead to replace the 2-sphere over which the bosonic field takes

values on by a geometrically non-commutative, finite-dimensional fuzzy sphere. We showed

through various numerical simulations that the anti-ferromagnetic fuzzy-sphere-truncated model

contained a critical point in the same universality class as the O(3) model. By taking the

continuum limit of the fuzzy O(3) model, we were able to recover the universal scaling curve

of the continuous O(3) model.

Next, we explored different ways of qubitizing SU(2) gauge theory. These included a

method of truncating the number of states in the electric field, kinetic basis of the theory —
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analogous to the truncation in angular momentum. By studying the spectrum of this jmax-

truncated theory across various coupling strengths, we posit that it is unlikely that this truncation

scheme leads to a qubitization with a continuum limit. It is likely that the truncation only

reproduces SU(2) gauge theory up to a certain energy scale. Other truncation strategies involved

finding finite-sized matrices to represent the SU(2) link and gauge transformation operators

which exactly satisfy the symmetry algebra of the theory. The finite-sized matrices act on an

ordinary vector-valued Hilbert space. Examples of this strategy of truncation include the Horn,

Orland-Rohrlich, and quantum link models. By construction, these theories satisfy the exact

SU(2) gauge symmetry of the original model and so it is conceivable that these models may be

in the same universality class as the original model. However, it has not yet been shown whether

these models indeed have critical points at all — much less whether those critical points would be

in the same universality class as the SU(2) model. From our experiences with the O(3) model,

symmetry is in itself not enough to guarantee this; both the lmax and ferromagnetic fuzzy models

maintained the full O(3) rotational symmetry of the original model yet neither were able to fully

reproduce the O(3) model physics in their continuum limits.

Through analogy with the construction of the fuzzy O(3) model and building on the work

of Orland and Rohrlich, we instead proposed a fuzzy SU(2) qubitization. Like the Orland-

Rohrlich model, the fuzzy model also finds finite-dimensional matrices satisfying the SU(2)

gauge symmetry algebra; however, these finite-dimensional matrix operators now act instead

on a matrix-valued Hilbert space. Without being able to numerically simulate the fuzzy SU(2)

model in (2+1) and (3+1)-dimensions (the pure-gauge theory is trivial in (1+1)-dimensions), we

instead provide arguments for favorable properties of the fuzzy truncation. Namely, we show

that the fuzzy theory contained the same gauge and global symmetries as the original theory, has
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a global physical Hilbert space that grows exponentially with volume, likely has a critical point

and a mass gap that is nonperturbative near the continuum limit. These characteristics, going

beyond simply satisfying the symmetries of the original theory, are a necessary but not sufficient

set of conditions for the truncated theory to be in the same universality class as the full theory. A

full, numerical calculation of the Horn, Orland-Rohrlich, quantum link, and fuzzy SU(2) models

should be performed to concretely settle which, if any, of these indeed contain

A long-term goal is to be able to study quantum chromodynamics on a quantum computer.

This would require a qubitization of an SU(3) gauge theory. Efforts to extend the Horn and

quantum link truncation strategies to general SU(N) theories led to theories with un-intentional,

additional U(1) symmetries. Generalizations of the fuzzy matrix operators to an SU(N) theory

result in operators that satisfy the SU(N) gauge symmetry but fail to obey the group manifold

equations of unitarity and unit-determinant conditions. The fuzzy theory also includes a spurious

U(1) symmetry. The U(1) symmetry can be removed by including extra SU(N) gauge-invariant

terms in the Hamiltonian of the theory which explicitly break the U(1) symmetry; however,

these terms typically require high-dimensional matrix representations for the theory’s operators

— increasing the local Hilbert space dimension. This may yield higher quantum compututation

costs for simulating the theory. Furthermore, it still must be studied whether failing to satisfy the

group manifold equations leads to any consequences for the ability of the truncation to reproduce

the physics of the original theory.

To summarize, we find that of the three qubitization strategies — using finite subgroups,

truncating in angular momentum, and using manifold deformations — the manifold deformation

strategy produces models which are the most promising as qubitizations in the theories we

explored. The strategy yields models that, with a fixed local Hilbert space dimension, reproduce
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the physics of the untruncated bosonic field theory in their continuum limits. To study theories of

the electroweak and strong forces on a quantum computer, proper qubitizations of U(1), SU(2),

and SU(3) gauge theores must be found. We advocate for employing a fuzzy qubitization strategy

where finite-matrix operators satisfying the full gauge symmetry are found and used to act on a

local, finite-dimensional, matrix-valued Hilbert space at each link. For any qubitization found to

be in the same universality class as the original theory, it must possess at least

1). the same gauge (i.e. SU(N)) symmetries as the original theory

2). the same global (i.e. ZN center) symmetries 20 as the original theory,

3). a physical Hilbert space that grows exponentially with the volume,

4). a critical point,

5). a nonperturbative mass gap, indicative of an asymptotically free theory,

6). Lorentz covariance in the continuum limit,

7). and possibly the same group manifold constraints as the untruncated field.

While we were able to show each of these properties numerically for the O(3) fuzzy model

qubitization, these properties have yet to be explicitly verified for possible fuzzy SU(2) and

SU(3) constructions. Because current quantum hardware is still unable to handle the large

number of qubits and gates required to simulate the continuum limits of these qubitization theories

in an error-corrected way, the ability for these verifications to be done relies strongly on the

development of efficient classical techniques for simulating many-body spin systems in higher

number of spatial dimensions. Finally, any qubitization found should also ideally

a). have a small local Hilbert-space dimension such that as few qubits per site or link as

possible are needed to represent the full space of the truncated theory

20See Refs. [50, 106] for a discussion of center symmetry for SU(2) original and fuzzy gauge theories.
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b). and have a time-evolution quantum circuit that does not need an exponential number of

quantum gates.

Together, these properties make for qubitizations that fully encode the physics of bosonic

theories in a way that is most amenable for quantum simulation.
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Chapter 3: Neural Network Approaches to Quantum Many-Body Physics

3.1 Introduction

Many important problems in physics are quantum many-body problems. These problems

include studying models of superconductivity, Bose-Einstein condensates, Bose and Fermi gases,

chemical and molecular structure, and nuclear matter — to name a few. Typically the goal is

to understand the behavior of the low-lying energy eigenstates of these systems of interacting

particles. For example, in nuclear theory, an effective potential can be derived to describe the

interactions of nucleons with one another. Then obtaining the ground state wave function of

such a system of nucleons interacting with those effective potentials would allow for ab initio

calculations of nuclei properties including binding energies, spatial and momentum distributions,

decay rates and transitions.

Quantum mechanical many-body problems are in general difficult to solve directly. For

discrete systems of many interacting spins, one would ideally directly diagonalize the Hamiltonian

matrix to obtain the full eigenspectrum and their corresponding eigenstates. However this is

not possible for large systems of many spins because computers memories are unable to store

matrices large enough for interest. For problems of many particles interacting through potentials

defined on a continuous space, one typically would need to solve the time-independent Schrödinger

equation — a high-dimensional partial differential equation — to find the probability density
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function of the particle locations. Obtaining the eigenfunctions and corresponding eigen-energies

of the system Hamiltonian would also allow computation of the time-evolution of the system to

study dynamics. Acquiring analytic solutions to the Schrödinger equation is often very difficult,

if not impossible. Because of these various challenges, there have been very few exactly-solved

models [107–113].

Instead, many different approximation techniques have been developed to tackle various

quantum many-body problems. Applying these approximation methods typically do not result

in solutions for entire eigenspectra of systems; instead the methods usually focus on the low-

lying energy states. However, for most physical purposes, it is the gap between the lowest two

eigenstates that is of most importance (for example when extracting a mass gap).

For discrete spin systems, tensor networks such as matrix product states were shown to be

efficient parametrizations of low-lying eigenstates [60] of spin systems in one dimension. Tensor

networks (see Appendix B) take advantage of entanglement structure to encode the exponential

number of coefficients needed to describe a quantum state in only a polynomial number of

parameters. To find the ground state, the tensor network state is varied with respect to its

parameters with the goal of minimizing the expectation of the energy of the system. Instead

of searching through an exponentially-large Hilbert space, only a small corner of it needs to be

explored. However, a similar, efficient method for higher-dimensional systems has yet to be

found. More recently, a type of neural network called restricted Boltzmann machines [114]

were also shown to sufficiently represent ground state wave functions of spin systems [115,

116]. Restricted Boltzmann machines are commonly used in machine learning applications

to learn probability distributions of sets of discrete inputs. The restricted Boltzmann machine

architecture allows for full connections between the visible input units and can, in princple,
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capture correlations between inputs which are “far apart”. This allows the structure to perhaps be

equally as efficient in studying systems with non-local interactions and higher spatial dimensions.

Later it was shown that particular types of restricted Boltzmann machines map directly to matrix

product state approximations of spin states [117, 118].

Several techniques have been developed to approximate solutions for continuous-space

quantum systems 1. The method of Variational Monte Carlo relies on the variational principle

(see Sec. 3.2.1). A parametrized ansatz for the ground state wave function of the system is

proposed and is then varied with respect to its parameters in search for the lowest expectation

value for the energy. The use of trial wave functions has been used extensively to study physical

systems ranging from quantum chemistry to Fermi and Bose gases [120–129]. When employing

a variational Monte Carlo calculation, the chosen form of the trial wave function is important.

If the chosen functional form for the ansatz does not allow for a close approximation of the true

ground state to be reached, the results will not be accurate. Therefore, some physical intuition for

how to best approximate the ground states of particular physical systems is necessary. Particular

examples of such intuition include the Slater-Jastrow ansatz [130–133] which by construction

incorporates the correct functional form to capture correlations between interacting particles.

Another approach is to use the Hartree-Fock approximation [134, 135] in which takes a mean-

field approach and assumes that the ground state wave function can be factorized into a product

of single-particle wave functions. For N bosons for instance, the Hartree-Fock approximation is

Ψ(x1, .., xN) = ψ(x1)ψ(x2)...ψ(xN) (3.1)

1For a comprehensive introduction to various methods, see [119].
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In that way, the Schrödinger reduces to a set of N coupled, single-variable differential equations

which one can solve by parametrizing and varying ψ to yield the minimum energy state.

Recently, machine learning techniques of neural networks have been introduced as effective

wave function ansatze for variational Monte Carlo methods [136]. Treating the system energy

as a cost function, machine-learning-developed backpropagation and gradient descent algorithms

have been used to efficiently minimize the system energy towards the ground state energy as

the neural network parameters are varied. Neural networks were shown to be universal function

approximators [137, 138] and can be used to parametrize any functional form for a ground state

wave function. Therefore, the number of variational parameters can be easily increased (or

decreased) systematically without affecting the particular form of the ansatz. This generates

more flexibility than using the Jastrow or Hartree-Fock ansatze. Neural networks have been used

to study a variety of different models including the Calogero-Sutherland model [139], models

describing nuclei [140–144], and chemical systems [145–147].

Without going into their details, alternative methods for finding ground states of quantum

many-body systems include Green’s Function Monte Carlo methods [127] and Density Functional

Theory [148, 149]. The Green’s function Monte Carlo method has been used widely to study,

among other things, nuclear structure and dynamics [150–153]. Density functional theory has

been used extensively in quantum chemistry applications [154].

3.2 Methods

Of the various numerical methods listed above used to solve for the ground states of

quantum many-body systems, we focus on the variational Monte Carlo method. Specifically, we
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seek to construct neural-network-based variational ansatze that allow us to flexibly and universally

capture the ground states of systems without needing to worry deeply about the underlying

physics of the systems.

3.2.1 Variational Monte Carlo

1. The Variational Principle

A non-relativistic quantum system of particles and their interactions is described through

a Hamiltonian differential operator Ĥ . Given such a Hamiltonian, one can understand all the

properties of the system by solving the time-independent Schrödinger equation for the ground

state wave function Ψ0 and energy E0.

ĤΨ0 = E0Ψ0 (3.2)

The squared norm of the position-space wave function |Ψ0(X)|2 is proportional to a probability

density function (over space) and the expectation value of any observable in the ground state of

the quantum system can be computed by

〈O〉 =

∫
dX Ψ∗0(X)ÔΨ0(X)∫

dX |Ψ0(X)|2
(3.3)

To solve for the ground state of a quantum many-body system, we employ the variational principle.

It states that the expectation of the energy for any general wave function Ψ must be at least as
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large as the ground state energy of the system.

〈E〉0 ≤ 〈E(θ)〉 =

∫
dX Ψ∗(X, θ)ĤΨ(X, θ)∫

dX |Ψ(X, θ)|2
(3.4)

Here we denote the set of positions of all the particles in the system as X . To make use of the

variational principle, one writes an ansatz for the ground state wave function of the system — a

guess whose functional form is parametrized by parameter variables θ. Then one can minimize

the expectation of the energy for the ansatz by tuning the parameters θ. This tuning is typically

done via a gradient descent algorithm — the simplest of which involves updating the parameters

in the following way:

θi+1 = θi − γ
∂〈E〉
∂θ
|θ=θi (3.5)

where γ is some adjustable learning rate.

If the family of the parametrized functional form of the ansatz contains the form for the true

ground state wave function of the system, then the result of the minimization will yield the exact

ground state energy and wave function of the theory. On the other hand, if the functional family

of the ansatz does not happen to contain the true ground state, the result of the minimization only

provides an estimate to the exact solution; larger differences between the qualitative functional

features of the ansatz and the exact solution will yield worse approximations. Thus, some prior

intuition about the physical properties of the ground state of the system is typically needed to

obtain accurate results.

(As a simple illustration, consider a single particle in a harmonic trap with the Hamiltonian

Ĥ = −1
2
∂2

∂x2
+ 1

2
x2. If one chooses an un-normalized wave function ansatz Ψ(x, θ) = e−θx

2 , the
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variational approach will yield θ = 1/2 and E0 = 1/2 — the true ground state of the system.

However, if one chooses Ψ(x, θ) = e−θx
4 instead, which is outside the functional family of the

true ground state, only an approximate answer of θ ≈ 0.167, E0 ≈ 0.5854 is obtained — far from

the true solution.)

2. Realness of the Wave Function

Before moving on to discuss how we compute the relevant integral expressions for the

energy 〈E(θ)〉 and its gradient ∂〈E(θ)〉/∂θ, we first provide an argument that the ground state

wave function for Hamiltonians which we consider can be chosen to be real-valued. To see this,

first consider a complex-valued wave function Ψ that satisfies the time-independent Schrödinger

equation.

ĤΨ = E0Ψ (3.6)

We can separate the wave function into its real and imaginary parts Ψ = ΨR + iΨI . Then,

assuming a real-valued Hamiltonian (in the position basis), each of the parts must individually

satisfy the Schrödinger equation as well.

ĤΨR = E0ΨR

iĤΨI = iE0ΨI

(3.7)

If the system has a non-degenerate ground state with energy E0, then we must have either ΨR =

ΨI , ΨR = 0 or ΨI = 0 — with each choice giving the same ground state energy. Thus we

must choose a particular representation for the weavefunction. From here on, we restrict ΨI = 0

without loss of generality and we consider only real-valued ansatze for the ground state wave

function.
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3. Monte Carlo

In general, for complicated systems of many particles, the integral for the expectation of the

energy in Eq. 3.4 cannot be computed analytically. Therefore, we instead compute it numerically

using importance sampling — namely using the Metropolis-Hastings algorithm [155, 156]. The

procedure for the Metropolis-Hastings algorithm goes as follows:

1. Start with some randomly initiated vector of positions X0. Typically the individual

particle positions of the initial sample X0
j can be drawn from random uniform distributions.

2. For each sample X i, propose an update X i+1 = X i+ξ where ξ is some small uniformly

drawn vector — ξi ∼ Unif(−a, a). The value a is known as the step size.

3. Accept the change X i+1 with probability

P (X i+1 → X i) = min

(
1,

Π(X i+1)

Π(X i)

)
(3.8)

where Π(X) is the probability distribution from which one wants to sample. That is, if the change

is accepted, then X i+1 = X i + ξ; otherwise the change is rejected and X i+1 = X i.

4. Repeat steps 2-3 for Ntot times such that Ntot total samples are obtained. For the highest

efficiency, the step size a should be tuned such that the ratio between the number of accepted

changes and Ntot is around 50%.

Such obtained samples typically have two main issues. The first issue is that there are a

number of accept-reject steps needed for the sampling to thermalize. Because the initial sample

was drawn from a uniform distribution very far from the desired distribution Π, it takes in general

Nth Metropolis steps before the samples X i become truly drawn from Π. A second issue is that

because the the acceptance or rejection for proposals of the next sample in the Markov chain
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X i+1 depends on the value of the current sample X i, adjacent samples can be highly correlated

with one another. When we want to compute an expectation value and error estimate using the

Monte Carlo generated samples, we do not want to include samples which are correlated. This

is because the error estimate is ideally derived from the central limit theorem which calls for

independent samples. Therefore, one strategy can be to only keep every Nauto sample where Nauto

is some autocorrelation time for samples from Metropolis steps to become decorrelated. Thus,

computing Ntot accept-reject steps typically yields N = (Ntot − Nth)/Nauto usable, independent

samples from Π. The jackknife method is an alternative strategy for estimating the errors of a

Monte Carlo calculation.

To compute the expectation of the energy, we have

〈E〉 =

∫
dXΨ(X)Ψ(X)Ψ(X)−1ĤΨ(X)∫

dXΨ(X)2

=

∫
dX Π(X)Ψ(X)−1Ĥ(X)Ψ(X) = 〈Ψ−1ĤΨ〉Π

(3.9)

where 〈•〉Π means an average over samples of X drawn from the probability distribution

Π(X) =
Ψ(X)2∫
dX Ψ(X)2

(3.10)

Implementing the Metropolis-Hastings algorithm yields samples of X from Π, which can then

be used to compute 〈E〉. The error on such a computation is defined as σ/
√
N where σ =

〈(Ψ−1ĤΨ)2〉Π − 〈Ψ−1ĤΨ〉2Π is the standard deviation of the sampled observable values.
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To compute the gradient of the energy with respect to the parameter, we have

∂E

∂θ
=

∫
dX

(
∂θΨĤΨ + ΨĤ∂θΨ

)
∫
dX Ψ2

− 2

∫
dX ΨĤΨ∫
dX Ψ2

∫
dX Ψ∂θΨ∫
dX Ψ2

=

∫
dX Ψ2

[
Ψ−1ĤΨ− 〈E〉

]
(Ψ−1∂θΨ)∫

dX Ψ2

= 〈
(

Ψ−1ĤΨ− 〈E〉
)

(Ψ−1∂θΨ) 〉Π

(3.11)

The gradient again can be computed as an average of some function over the X drawn from

Π(X).

4. Monte Carlo for Delta-function Observables

In this chapter, we consider Hamiltonians which contain potential terms involving delta-

function interactions in the position of particles. This causes terms in the expressions for the

energy and gradient (Eqs. 3.9 and 3.11) which look like 〈δ(Xi − Xj)〉Π. This creates a zero-

overlap problem where the probability of a Metropolis-sampled position configuration containing

pairs of coordinates Xi, Xj exactly satisfying Xi = Xj is zero. Therefore, performing a Monte

Carlo sampling to evaluate the integral
∫
dX Ψ2(X)δ(Xi−Xj)/

∫
dX Ψ2 will yield an incorrect

value of zero; such sampling techniques would not correctly capture the delta-function potential’s

effects on the system energy. One must do something to regulate this integral in order to make

Monte Carlo sampling useful again.

A first solution one may try to use is to regularize the delta-function by a Gaussian (or any

other finite-width function). This amounts to replacing the integral

∫
dX Ψ2(X)δ(Xi −Xj)∫

dX Ψ2
→
∫
dX Ψ2(X) 1√

2πa
e−

(Xi−Xj)
2

2a2∫
dX Ψ2

(3.12)
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The right-hand-side integral can now be computed properly for some choice of a because the

observable 1√
2πa
e−

(Xi−Xj)
2

2a2 now has a finite width and a non-zero value for all Monte Carlo

samples. One can then attempt to take the limit of the right hand side as a → 0 to obtain the

value of the delta-function integral. However, such a scheme is also flawed. As a→ 0 the region

for which the observable is significantly non-zero narrows, making it rare to sample significant

parts of the integral once again. This leads to a case in which few samples will obtain observables

with a large value while most will obtain observables with values close to zero. Then for small a,

which would theoretically give the best approximation to the delta-function integral, estimates of

the integral via Monte Carlo methods will be of large variance — making the estimates unreliable

for extrapolation. We propose an alternative strategy below [157].

As an example, let us consider the following two-particle Hamiltonian.

Ĥ = −1

2

(
∂2

∂x2
+

∂2

∂y2

)
+ δ(x− y) (3.13)

and a real wave function Ψ(x, y). We are interested in computing the energy associated with that

wave function

〈E〉 =

∫
dxdy Ψ(x, y)ĤΨ(x, y)∫

dxdy Ψ(x)2
= K + V (3.14)

where

K =

∫
dxdy Ψ(x, y)2Ψ(x, y)−1

(
−1

2
∂2Ψ(x,y)
∂x2

− 1
2
∂2Ψ(x,y)
∂y2

)
∫
dxdy Ψ(x, y)2

V =

∫
dxdy Ψ(x, y)2δ(x− y)∫

dxdy Ψ(x, y)2

(3.15)
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While the kinetic term K can be easily computed through Monte Carlo sampling,

K = 〈Ψ(x, y)−1

(
−1

2

∂2Ψ(x, y)

∂x2
− 1

2

∂2Ψ(x, y)

∂y2

)
〉Π(x,y) (3.16)

using importance sampling to estimate the potential term V runs into the zero-overlap problem

described above. We instead propose to restructure the integral for V to become amenable to

importance sampling. We first explicitly integrate out the y degree of freedom such that

V =

∫
dxΨ(x, x)2∫
dxdy Ψ(x, y)2

(3.17)

Because we want evaluate the integral via importance sampling from Π(x, y), we rewrite V as

V =

∫
dxdy Ψ(x, y)2

(
Ψ(x,x)2

Ψ(x,y)2
D(y)

)
∫
dxdy Ψ(x, y)2

= 〈 Ψ(x, x)2

Ψ(x, y)2
D(y) 〉Π(x,y) (3.18)

where D(y) is any function that satisfies

∫ ∞
−∞

dy D(y) = 1 (3.19)

In practice we choose a Gaussian form

D(y) =
1

α
√
π
e−y

2/α2

(3.20)

The value of α should be specially chosen according to Ψ(x, y). We choose it arbitrarily such

that D(y∗) ≈ 10−5, where y∗ is the maximum value of |y| from many samples of (x, y) from
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the distribution Π(x, y). That way, D(y) is significant for portions of Ψ(x, y)2 that are sampled

most often and small for portions sampled least often. This method of avoiding the zero-overlap

problem will however, occassionally yield results with large variances — particularly when

Ψ(x, y)2 is close to zero for many samples (x, y). However the method is still reliable in

general because this is precisely the region of Ψ(x, y)2 which is sampled the least by importance

sampling techniques such as the Metropolis-Hastings algorithm. Although we only considered

an example for two particles here, the methodology given above works in the same way for

higher-dimensional integrals with more particles.

3.2.2 Neural Networks: Architecture and Learning

Typically, the accuracy of the ground state wave function and energy given by a variational

Monte Carlo calculation depends on both the number of tunable parameters in the wave function

ansatz as well as the functional form of the ansatz. One approach to increasing the accuracy

of the variational result is to successfully make well-posed guesses as to the correct functional

family the ground state wave function belongs to based on physical intuitions about the system

being studied. However, this is not always reliable. Instead, we would like to systematically

search the space of potential ground-state wave functions and arrive at accurate results without

prior knowledge about the quantum system. In order to do so, we employ the power of neural

networks.

Since neural networks were developed [158], many variants of the architecture of neural

networks have been proposed (including convolutional and recurrent networks) and applied to

problems from image recognition and language processing to robotics control [159]. However,
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for our purposes, we consider the standard feed-forward neural network as building blocks for

wave function ansatze.

A feed-forward neural network with L layers is a function that maps a vector of n1 inputs

~I0 to a vector of nL outputs ~OL. At each layer, we have the following operations

~Ii+1 = ~Oi = f(Wi
~Ii +~bi) , 1 ≤ i ≤ L− 1

~OL = WL
~IL +~bL

(3.21)

The input vector is multiplied by an ni+1 × ni, fully-connected matrix of weights Wi. The value

ni is the number of nodes at layer i. A bias vector ~bi of length ni+1 is then added to the result

before applying some activation function f to each of the resulting vector elements. The output

of a layer then becomes the input for the next layer and the process repeats again for a new set of

weights and biases. In principle, while a different activation function may be used at each layer,

we choose to keep the same function throughout. The activation function is chosen to be a non-

linear function; applying a linear activation function or no activation function at all would result

in a trivial linear mapping for the entire neural network. While typical choices for f include the

sigmoid (f(x) = 1/(1 + e−x)) or ReLU (f(x) = max(0, x)) functions, we choose to use CELU

— a continuously differentiable variant of ReLU

CELU(x) =


x , x > 0

ex − 1 , x ≤ 0

(3.22)

This is because we would like our wave function ansatz to be a continuously-differentiable

function. In order for the range of the wave function to not be limited by the range of the activation
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function, we do not apply CELU on the final output layer.
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Figure 3.1: Shows an example of a feed-forward neural network structure withN inputs, 1 output,
and L hidden layers. Each solid line between the mth and nth inputs at consecutive layers i and
i+ 1 indicates a relationship between the two inputs where I i+1

n = f(I imW
i
mn + bin) where f,W i,

and bi are the activation function, weights, and biases at layer i respectively.

Neural networks serve as powerful building blocks for variational ansatze for ground state

wave functions. This is because multilayer neural networks were shown to be universal function

approximators [137, 138]; in other words, given enough layers in a neural network and nodes

at each layer, the neural network function can flexibly and accurately represent any functional

form. Therefore, if we use the feed-forward neural network as a building block for a variational

ansatz, the ansatz should in principle encapsulate a fully general space of functions. Given a large

enough network structure with enough free parameters, we can search through this space easily

to find the ground state wave function by varying the parameters θ = {Wi,~bi} without needing

to change the general architecture of the network. With what efficiency (number of layers and

nodes) neural networks are able to accurately represent many-body wave functions however, is

96



not yet clear and must be explored systematically.

Because we use the neural networks as wave function ansatze, we limit the output size to

a single output (nL = 1). We denote the neural network function by A(~I0). Furthermore, in

order to avoid large outputs from the neural network which may cause numerical instabilities in

computing 〈E〉 and ∂〈E〉/∂θ, we initialize the real-valued weights and biases to be small and

non-zero. We draw the initial parameters from a normal distribution with zero mean and standard

deviation σ = 1; the parameters at each layer are then multiplied by a factor
√

2/ni, related to

the input vector size (and thus weight matrix size) at layer i.

Another appeal for using neural networks is that we are able to utilize powerful, standard

machine learning techniques for gradient descent. Backpropagation [160–162] allows us to

easily take gradients of our wave function ansatze with respect to their parameters. We also

use the efficient Adam optimizer [163] gradient descent algorithm. Adam uses adaptive learning

rates which draw on the values of previous gradients, allowing for quicker convergence towards

minima. Kingma et. al. found that Adam also approaches minima at a lower training cost than

other gradient descent methods such as AdaGrad [164] or RMSProp [165]. We use Adam step

sizes of between 10−3 and 10−6; we decrease the step size as we reach closer to convergence

because using large step sizes close to convergence may lead to oscillatory behavior in the loss

function [166]. We keep the other hyperparameters used to describe decay rates and maintain

numerical stability of the Adam optimizer to their default values: β1 = 0.9, β2 = 0.999, ε = 10−8.

We summarize our procedure for solving for the ground state of a quantum many-body

system below. We utilize the variational principle to search for ground state wave functions of

the system. In order to search through a wide family of functional forms for the wave function,
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we use neural networks as the basis for a flexible wave function ansatz. In this way, little prior

knowledge about the physical system needs to be known and we do not need to worry about the

effects of poorly chosen ansatze functional forms on estimates for the ground state energy and

wave function. We then use the energy 〈E〉 as a loss function and perform a gradient descent

on 〈E〉 as a function of the neural network parameters θ. We compute the integrals involved in

〈E〉 and ∂〈E〉/∂θ via importance sampling with the Metropolis-Hastings algorithm. Although

the Monte Carlo results, especially if few samples are taken, can be rather imprecise with large

variances in central value, the stochasticity of the gradient can help gradient descent algorithms

avoid being stuck in local minima [167–169].

There is not yet, in general, a systematic understanding of how to optimally choose the

number of layers and nodes to solve any particular problem [170]. Throughout our work, we

choose to arbitrarily use neural network functions of between four to ten layers. Each layer

has O(102) nodes. We anticipate that the more complicated and interacting the system is and the

more particles the system contains, the more parameters and therefore the more layers are needed

in the neural network to capture the correct ground state behavior. To study the validity of this,

we keep the number of layers constant in solving for a particular solvable system and explore the

convergence of the ground state energy as the number of nodes at each layer is systematically

increased. Figure 3.2 shows the results of such a series of calculations for the quantum system

described in Sec. 3.3.1.2. We computed the variational ground state energy for the system of two,

five, and ten particles with increasing neural network size (and number of paramters β) and found

convergence in 〈E〉 to within Monte Carlo statistical errors. We found that larger β is required

for convergence in systems of larger number of particles N — although this growth in necessary
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Figure 3.2: Shows the relative error between the ground state energy predicted by the neural
network variational method and the converged ground state energy of the quantum system
described in Sec. 3.3.1.2 as β is increased. A fixed network depth of eight layers was used.
The statistical errors on certain points are too small to be seen. Here, 〈E〉0 is the value of the
ground state energy computed with the largest β.

β appears to be slower than exponential in N .

Finally, there are many well developed packages for setting up and performing neural

network, backpropagation, and gradient descent calculations. For Python, these include, among

others: TensorFlow [171], PyTorch [172] and JAX [173]. In particular, we utilize JAX for our

computations because of its useful automatic differentiation, just-in-time compilation speed-up,

and vectorization features.
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3.3 Bosons in One Dimension

To test the ability of neural networks to serve as general and flexible variational wave

function ansatze for many-body quantum systems, we start from considering systems of indistinguishable

bosons in one dimension. Indistinguishable particles form the basis of many important quantum

systems ranging from atomic nuclei to chemical systems. Studying bosons in one dimension

serves as an stepping stone towards those important three-dimensional systems. Considering

only one dimension, there are several important systems which are exactly solvable and serve as

testbeds for our methodology.

3.3.1 Models

The two models which we primarily study are a system of cold bosons interacting in a

harmonic trap and a system in which those trapped bosons interact further with both long and

short-range interactions. Both models are derived from the Lieb-Liniger model [107, 108] —

Ĥ =
N∑
i=1

− 1

2m

∂2

∂x2
i

+
N∑
i<j

gδ(xi − xj) (3.23)

indistinguishable bosons interacting through a contact, delta-function potential in a periodic box

of size L. The one-dimensional model was solved exactly by using the Bethe ansatz [174–

177]. The two models we consider, inspired by the Lieb-Liniger model, exhibit various phase

structures and have been studying through both finding exact solutions and performing numerical

analyses [113,122,178–181]. Thus, they are interesting models to compare both quantitative and

qualitative ground state results to.
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3.3.1.1 Cold Bosons in a Harmonic Trap

A simple model that we first consider consists of identical, spinless bosons of mass m in a

harmonic trap of frequency ω. The condensate of bosons interact via a contact potential. Using

units in which ~ = 1, the Hamiltonian of the system is

Ĥ =
N∑
i=1

(
− 1

2m

∂2

∂x2
i

+
1

2
mω2x2

i

)
+

N∑
i<j

gδ(xi − xj) (3.24)

For simplicity, we consider m = ω = 1. When g > 0, the delta-function potential is repulsive

and when g < 0, the interaction is attractive. In the general case of N particles, the model has

no exact solution; but in the special case of two particles, the exact ground state is known for all

couplings g [122, 178]. The ground state energy is related to g by

√
2

(
Γ
(
1− E0

2

)
Γ
(

1
2
− E0

2

)) = −2

g
(3.25)

When g > 0, the coupling is related to the two-boson s-wave scattering length a0 by g = −2/a0.

3.3.1.2 Trapped Bosons with Short and Long-Range Interactions

Another quantum system that has been shown to be exactly solvable for N interacting

bosons consists again of indistinguishable bosons in a harmonic trap with a delta-function potential

of strength g. An additional long-range interaction of strength σ is added. The Hamiltonian is

Ĥ =
N∑
i=1

(
− 1

2m

∂2

∂x2
i

+
1

2
mω2x2

i

)
+

N∑
i<j

(gδ(xi − xj) + σ|xi − xj|) (3.26)
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The linear potential is attractive for σ > 0 and repulsive for σ < 0. In fact, in one dimension, this

term acts as either a Coulomb (with charges of the same sign) or a gravitational potential.

To see this, we present the following simplified argument: Consider the usual Gauss’s law

in three dimensions ∮
S

~E · d ~A = Q (3.27)

For a point charge, the Gaussian surface in three dimensions is a 2-sphere 2 and the electric field is

then ~E ∝ 1/r2 where r is the magnitude of the distance from the point charge. Using ~E = −∇V ,

this corresponds to an potential that goes as V ∝ 1/r. In two dimensions, the Gaussian surface

becomes a circle, ~E ∝ 1/r, and V ∝ log r. In one dimension, the Gaussian surface reduces to

two points, one at +r and one at −r; the surface area is a constant — independent of r. Thus

the electric field becomes a constant and correspondingly V ∝ r where r is the absolute distance

between the point and test charges.

Again, we consider m = ω = 1. It was shown in Refs. [113, 181] that the model is

integrable in the special case of σ = −mωg/2 3. For the integrable model, g > 0 causes both

potential terms to be repulsive and g < 0 causes both terms to be attractive. For negative g,

the coupling strength is once again related to the s-wave scattering length as = −2/(mg). The

ground state energy of the Hamiltonian 3.26 was shown to be

E0 =
Nω

2
−mg2N(N2 − 1)

24
(3.28)

2The surface area of a n-dimensional sphere is 2πn/2

Γ(n/2)r
n−1.

3Beau et. al. claim the analytic solution exists for σ = −mωg. However, we find analytically that their solution
is an eigenfunction of the system with the quoted ground state energy for σ = −mωg/2 and not σ = −mωg.
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The analytic ground state wave function (un-normalized) is

Ψ0(x1, ..., xN) =
N∏
i<j

e−|xi−xj |/as
N∏
i=1

e−x
2
i /(2aho)2 (3.29)

where aho =
√

1/(mω) is the harmonic oscillator length of the harmonic trap.

At repulsive coupling g > 0, the ground state wave function reaches its maxima when

|xi − xj| = Na2
ho/as. The bosons tend to spread out evenly about the center of the harmonic

trap and forms a crystal-like structure. For small, positive g, the system forms an incompressible

liquid with a density that is mostly constant over the length of the fluid [182, 183]. When g � 1

however, the particles spread far apart and the probability of any two particles overlapping shrinks

towards zero. The system then becomes a Wigner crystal [184]. At attractive coupling g < 0,

the bosons tend to clump together towards the center of the harmonic trap. When g → −∞, the

ground state wave function (un-normalized) of the system tends towards

Ψ0(x1, ..., xN) =
∏
i<j

e−|xi−xj |/as (3.30)

This form resembles the solution for a McGuire bound-state [177] which describes bright solitons

[185]. It is unexpected that although various values of the interaction strength g result in diverse

behaviors, the formula for the system’s ground state energy 3.28 suggests that this energy is

unaffected by the sign of g.
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3.3.2 Neural Network Wave Function Ansatz

Quantum systems with indistinguishable bosons must have wave functions which satisfy

position exchange symmetries. Such symmetries must be built into the neural network wave

function ansatz. While in one spatial dimension, Bose symmetry can be satisfied for a neural

network by feeding the ordered coordinates of the bosons as the inputs [139]. However, such a

method is not easily be generalizable for systems in higher dimensions. Therefore, we instead

propose to use a particular set of symmetric function inputs to enforce the Bose symmetry.

A system of N indistiguishable bosons must have wave functions which satisfy

Ψ(..., xi, ..., xj, ...) = Ψ(..., xj, ..., xi, ...) (3.31)

for any two pairs i 6= j where xn are positions of the bosons. We need to ensure that our neural

network function also obeys the same relation and is symmetric under the exchange of any two

particle positions. To accomplish this, we search for a bijective mapping between the set {xi}

and a set of symmetric polynomials in {xi}. The most straightforward such bijection is the one

that maps {xi} to the set of elementary symmetric polynomials {ei} where

ei =
∑

1≤j1<j2<...<i≤N

xj1xj2 ...xji (3.32)
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An explicit example for N = 3 is the following:

e1 = x1 + x2 + x3

e2 = x1x2 + x1x3 + x2x3

e3 = x1x2x3

(3.33)

To show this, consider a degree-N polynomial over some auxilliary variable t whose N roots are

the N positions xi

f(t) = (t− x1)(t− x2)...(t− xN) (3.34)

To specify the polynomial f(t) by providing the coefficients of the terms in f(t) would specify

the xi; in fact, those coefficients happen to be the ei. For ease of implementation however, we

use the Newton-Girard identities to bijectively map the {ei} to the set of power sums {ξi} where

ξi =
N∑
k=1

xik (3.35)

Since the elements of the set {ξi} are also all symmetric under the exchange xi → xj for all i, j,

we can construct a Bose-symmetric neural network function of the coordinates {xi} by instead

using {ξi} as inputs. In other words, instead of using I0
i = xi, we use I0

i = ξi. For large N ,

the magnitudes of the ξi can easily grow exponentially large. Having extremely large inputs for

the neural networks can cause numerical instabilities. Therefore, we normalize the inputs by

rescaling the initial particle positions by a factor w

ξ̃i =
N∑
k=1

(xk
w

)i
(3.36)
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such that the new inputs ξ̃i are at most O(1) over the course of the variational calculation. We

choose w to be an estimate for the width of the ground state position-space probability density

Ψ0(X)2. This is well estimated by the largest magnitude of xk Monte-Carlo sampled from

Π(X) = Ψ0(X)2/
∫
dX Ψ0(X)2. However, typically the ground state wave function for a

particular system is not known (i.e for systems that are not analytically solvable). Therefore

we must estimate an appropriate value of w through trial and error. When w is not chosen to be

large enough, numerical instabilities may arise. We construct the wave function to depend on the

symmetric neural network

Ψ(x1, ..., xN) ∼ A(ξ̃1, ξ̃2, ..., ξ̃N) (3.37)

Because the {ξ̃i} are bijective a set of the {xi}, the neural network function retains all information

about the original particle coordinates while losing information about their particular ordering.

This is exactly the property desired by a Bose-symmetric system.

Another property that bosonic quantum system ground states should satisfy is that they

can be chosen to be strictly positive. To see this, let us examine the expression for the energy

expectation value for a non-degenerate ground state of a generic Hamiltonian.

〈E〉0 = − 1

2m

∫
dX

N∑
i=1

Ψ
∂2Ψ

∂x2
i

+

∫
dX V (X)Ψ2

=
1

2m

∫
dX

N∑
i=1

(
∂Ψ

∂xi

)2

+

∫
dX V (X)Ψ2

(3.38)

where in the integration by parts in the second line, we assume that the wave function vanishes at

infinity. We see that both Ψ(X) and |Ψ(X)| yield the same energy 〈E〉0. It is important to note

that if Ψ(X) satisfies the Bose exchange symmetry, then |Ψ(X)| does as well. Thus, we can either
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choose Ψ(X) or |Ψ(X)| to represent the ground state and we restrict the ground state to be strictly

positive without loss of generality. Note that this argument fails for indistinguishable fermions

since |Ψ(X)| becomse disallowed by fermion exchange anti-symmetry. Because the ground state

wave function of a non-degenerate Bose system can be taken to be positive (assuming it vanishes

at infinity), we write our (un-normalized) wave function ansatz as

Ψ(x1, ..., xN) = e−A(ξ̃1,...,ξ̃N ) × e−Ω
∑N
i=1 x

2
i (3.39)

We first exponentiate the neural network function to ensure that the wave function is real. Because

the neural network function, especially when just initialized, can be flat across various inputs, we

also multiply the neural network piece by a Gaussian factor to ensure that Ψ→ 0 as xi →∞. The

bosons in the quantum systems we study are trapped in a harmonic potential withm = ω = 1 and

so we typically choose Ω = 1/2. This yields a particularly nice interpretation in that the neural

network A then becomes solely responsible for capturing the effects of particle interactions. At

zero interaction strength, the neural network should train itself such that A = 0 for all X and the

ansatz trivially reproduces the ground state of free particles in the harmonic trap.

3.3.3 Results

To verify the universality of our variational bosonic neural network wave function ansatz

3.39 in capturing the ground state characteristics across diverse quantum systems, we apply it to

compute ground states in different phases of the Hamiltonian models outlined in Sec. 3.3.1. We

contrast our findings with the analytical solutions of the exactly-solvable models. Because our

neural network, variational methodology is not restricted in its use to integrable systems only and
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in principle should be able to perform accurately without prior information about the physics of

the systems, we then also explore an unsolved regime of one of the models.

3.3.3.1 Cold Bosons in a Harmonic Trap

As a preliminary test of our neural network ansatz, we first study a one-dimensional system

of just two indistinguishable bosons in a harmonic trap, interacting through a delta-function

potential (3.25). Busch et. al. [178] solved the system exactly and provided a closed-form

expression for the ground state energy (3.25) for any coupling strength g. We use the variational

method on our neural network ansatz and compute the ground state energy of the system at a

1.0 0.5 0.0 0.5 1.0 1.5 2.0 2.5 3.0
g

0.25
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E
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V(x, y) = 1
2 (x2 + y2) + g (x y)

Exact Result
Neural Network Ansatz ( 50000)
Neural Network Ansatz ( 5000)
Neural Network Ansatz ( 500)

Figure 3.3: Compares the ground state energies computed by the neural network ansatz and the
exact solution for the quantum system described in Sec. 3.3.1.1. The green, blue, and red points
represent the numerical results for increasing values of β while the black line shows the exact
result.
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variety of g values. We display the results in Fig. 3.3. We find that over a wide range of g, the

neural network ground state energies converge towards the exact result as the number of neural

network paramters β is increased. At the largest values of β, the central values of the numerical

results are consistent with the exact result to within one to two percent precision; the two solutions

also agree within statistical error bars of the Monte Carlo calculations of 〈E〉0. Throughout

the calculations at various values of g at large β, the same neural network architecture of four

layers and approximately 5 × 104 number of variational parameters was kept fixed. While we

may use a greater number of parameters than necessary for describing the more straightforward

two-boson system, the outcomes provide confidence that our Bose-symmetric neural network

framework effectively captures the ground state properties of various systems without requiring

a predetermined functional form for the ansatz or modifications to the neural network structure.

3.3.3.2 Trapped Bosons with Short and Long-Range Interactions

A more interesting model, which more diverse phases, is the model in which the bosons

also interact via a long-range Coulomb or gravitational force in one dimension. The properties

of the ground state of the model are summarized in Sec. 3.3.1.2. We apply our neural netowrk

method to examine the ground state both in the exactly solvable regime (σ = −g/2) as well as

the regime σ = −g in which no analytic solution is known.

1. Exactly-solvable Regime (σ = −g/2)

We first consider the exactly-solvable theory with a system of just two particles. We again

compute the ground state energies and wave functions numerically using the neural network

ansatz at large β and compare the results with the analytic solution. Figure 3.4 shows a comparison
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of the ground state energies. We find that the neural network results agree with the exact expression

for the ground state energy (Eq. 3.28) to within two-percent statistical errors. The results also

confirm the unintuitive result that the ground state energy does not depend on the sign of g.

Qualitatively, we display the ground state wave functions of the numerical results in Figure 3.5

We find that when g > 0 for a repulsive potential, the two bosons separate from one another an

equal distance away from the center of the harmonic trap. When g < 0 instead and the potential

is attractive, the two bosons collapse towards the center of the trap to form a bright soliton. These

behaviors match those predicted by the exact ground state wave function.

Having demonstrated that our neural network approach produces accurate ground state
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Figure 3.4: Shows the ground state energies for the quantum system with short and long-range
interactions at σ = −g/2. The black line displays the analytic result and the red points are
energies produced by the neural network variational method. The neural network contain β ≈
2.5× 104 parameters over 6 hidden layers.
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wave functions and energies for smaller, less complex systems, we now showcase its adaptability

and generalizability by using it to compute ground state properties for the quantum system in

Sec. 3.3.1.2 with fifty identical bosons. For a repulsive system, we numerically computed the

ground state energy for g = 0.05; we obtained a neural network result of ENN
0 = 12.083(72)

as compared with the analytic result E0 = 11.984375. For an attractive system, we computed

the ground state energy for g = −0.03; we found ENN
0 = 20.367(76) as compared with the

exact E0 = 20.314375. In both cases, we found that a neural network ansatz with β ≈ 2 × 105,

minimized via a variational calculation, yielded ground state energies within one percent of those

of the exact solution.
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Figure 3.5: Shows a representation of the ground state wave functions for two bosons interacting
with short and long-range interactions at σ = −g/2. The heat maps plot the position-space
probability density. Bright colors correspond to large values of Ψ0(x, y)2; the particles have a
higher likelihood of being in those locations. The blue lines which run through y = −x serve
to guide the eye. The top panel displays results for a repulsive system (g = 1.5) and the bottom
displays results for an attractive system (g = −1.0).
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To compare qualitative features, we also compute the local density

n(x) =

∫
dx2...dxNΨ0(x = x1, x2, ..., xN)2 (3.40)

and the density-density correlation function

g2(y) =

∫
dx1...dxNδ(y − |x1 − x2|)Ψ0(x1, ...xN)2 (3.41)

for both the numerical ground state wave function represented by the neural network ΨNN
0 as well

as the analytic expression Ψ0 (Eq. 3.29). The choice of particles x = x1 and y = |x1−x2| for n(x)

and g2(y) respectively was arbitrary since the particles are indistinguishable. We generate n(x)

and g2(y) numerically by obtaining Monte Carlo samples from Π(X) = Ψ
(NN)
0 (X)2/

∫
dXΨ

(NN)
0

and creating binned histograms of the values of the position x1 and distance |x1−x2| respectively.

In Figure 3.6, we plot the density functions for Ψ0 and ΨNN
0 to compare the qualitative

results. We find that in both phases of the model (g > 0 and g < 0), the neural network

and exact-result density functions agree closely with one another. This demonstrates that the

neural network approach is capable not only of accurately estimating the ground state energies

but also of effectively encoding information regarding the ground state wave functions of one-

dimensional, many-body bosonic systems.
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Figure 3.6: Displays the density functions for the ground state of the system with short and
long-range interactions with fifty bosons at σ = −g/2. The top panel shows the normalized
local density and the bottom panel shows the normalized pair correlation. The points displayed
here are the heights of the histogram bins and are linearly interpolated for clarity. The dark/light
red lines show the density functions from the analytic/neural network wave function for g < 0
while the dark/light blue lines show the density functions from the analytic/neural network wave
function for g > 0.
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2. Non-integrable Regime (σ = −g)

Because ideally no prior knowledge or physical intuition about the functional form of the

ground state wave function of the system is needed to apply the variational neural network ansatz

approach, we can also use the method to solve non-integrable systems which have not previously

been analyzed. Thus, we apply our neural network ansatz to explore the system of short and

long-range interactions with a symmetric coupling of σ = −g. There, no exact ground-state

solution has been found.

We first analyze a smaller system of four bosons, both at a strong repulsive coupling g =

−σ = 2.5 and at an attractive coupling g = −σ = 1.0. Upon reaching a converged state energy

on the neural network ansatz, we then compute the local and correlation density functions of the

converged ansatz. Fig. 3.7 displays those results. We find that at large repulsion, the four bosons

spread out evenly about the center of the harmonic trap and form a crystal-like structure; this

resembles the same Wigner-crystal phase of the exactly-solvable model. While the local density

has four distinct peaks at the most likely particle positions, the pair-correlation function shows

peaks at distinct particle separations at y = ±|x1 − x2| = nd, n ∈ Z where d is the distance

between the two nearest particles in the crystal. The pair-correlation drops towards zero near

y = 0 indicating that the probability of two overlapping bosons is small. In the case of the

attractive potential, the density functions show that all of the bosons prefer to cluster at the center

of the harmonic trap forming a bright soliton [185].
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Figure 3.7: The top panel shows the local densities for the system of four bosons and the bottom
panel shows the pair correlation functions. The red curves (linearly interpolated) show the
functions for the attractive potential while the blue curves (also linearly interpolated) show the
results of the repulsive potential.
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As another demonstration of the power of the neural network ansatz, we also search for

ground state energies and wave functions of systems with ten and fifty bosons at several different

couplings g = −σ. We plot the obtained ground state energies for the case of g = −σ against the

analytic solution for g = −2σ in Fig. 3.8. We find that the asymptotic behavior of the energies

for both cases are the same — namely E0 → −∞ as |g| → ∞. However, in the non-analytic

case, the ground state energy ceases to be unaffected by the sign of g and behaves differently for

g > 0 and g < 0. For g > 0, the system undergoes a transition towards E0 → −∞ much more

rapidly than the integrable model. On the other hand, for g < 0, the system ground state energy

first rises slightly before dropping again at larger attractive coupling.

Qualitatively, the non-integrable model behaves similar to the exactly-solvable system. We

show the various results for the density functions in Fig. 3.9. At a small repulsive potential

strength, the bosons spread out evenly around the center of the harmonic trap again. The single-

particle density froms a mesa-like structure with a flat density of some finite width w. An

example of a physical system which has similar properties is that of nuclei at saturation density;

adding additional particles does not affect the density but instead only increases the droplet

size. The two-body correlation starts out at zero at maximal separation y = ±w and increases

monotonically towards y = 0 because more and more pairs of bosons are separated at smaller

than large distance. However, right around y = 0, the pair-density function exhibits a slight dip

as the bosons still prefer to spread out by more than some small “lattice” spacing. This dip is

more evident in the system of ten particles where the repulsion was chosen to be stronger. In

the case of fifty particles at small repulsion, the bosons still retained some larger probability of

overlap. Once again, as an attractive potential is turned on, the density functions peak strongly at

the origin — quickly forming a bright soliton.
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Figure 3.8: The numerical ground state energies from the neural network ansatz (red) at g = −σ
are plotted against the analytic results (black) at g = −2σ. The top panel shows results for ten
bosons while the bottom panel shows results for fifty bosons. The errors are too small to be seen
at this scale.
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Figure 3.9: The top panel shows the local densities for the systems of ten and fifty bosons and
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for the fifty-boson system again at repulsive/attractive coupling.
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3.4 Discussion

Through performing variational Monte Carlo calculations of both the model of identical

bosons interacting through a contact interaction in a harmonic trap as well as an integrable

model of bosons interacting through both a delta-function potential and a Coulomb/gravitational-

like long-range potential, we showed that our neural network wave function ansatz was able

to accurately solve for ground state properties of both exactly-solvable systems and systems

which have no analytic solutions. The results demonstrated that the neural network ansatz was

able to encode the ground state information of the systems in widely different phases without

needing to change the structure of the ansatz. We were able to not only reproduce qualitative

and quantitative properties of the integrable systems we studied, but were also able to make

meaningful predictions about the ground state energies, particle densities, and phase structures

of models in a non-integrable regime.

Contrary to previous approaches that use neural network ansatze, we advocated for the use

of symmetric function inputs rather than using ordered coordinates [139] or equivariant network

layers [146, 147] to enforce bosonic symmetry in the ansatze. While we studied systems of

bosons in one dimension, this serves as stepping stone towards the goal of computing interacting

systems of indistinguishable particles in three dimensions; systems of large nuclei, for example,

are of important interest. The idea of feeding the neural network ordered coordinates is not easily

generalizable to a higher number of spatial dimensions. The equivariant neural network layers

proposed by Pfau et. al. build a most general fermionic wave function ansatz in three dimensions,

but the structure of the layers relied on the structure of the problem they were trying to solve;

namely, the equivariant layers depended on a Jastrow-like term for describing electron-ion and
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electron-electron correlations. The structure of the equivariant layer may need to be changed

when considering different physical systems (i.e. nuclei).

The method of using symmetric function inputs however, can easily be generalized to

higher dimensions and to fermionic problems. The symmetric function inputs only need to

be chosen such that the set of symmetric functions are bijective to the set of original particle

coordinates. For a system of indistinguishable fermions, the ground state wave function would

need to satisfy the following anti-symmetry constraint:

Ψ(..., xi, ...., xj, ...) = −Ψ(..., xj, ..., xi, ...) (3.42)

for all exchanges of coordinates i 6= j. In general, any totally anti-symmetric function can be

written as an infinite linear combination of Slater determinants of single-particle functions

Ψ(x1, ..., xN) =
∞∑
i=1

ci

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

φi1(x1) φi1(x2) ... φi1(xN)

φi2(x1) φi2(x2) ... ...

... ... ... ...

φiN(x1) ... ... φiN(xN)

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(3.43)

for real ci 4. To write a general and flexible fermionic wave function, one could potentially

parametrize each φij as a neural network and approximate the infinite sum via a truncation.

However, determinant computations are costly and calculations with such an ansatz would be

cumbersome to implement. However, it was shown in [146] that, in fact, only a single Slater

4Following the argument in Sec. 3.2.1, the fermionic ground state can still be taken to be real. However, the
ground state is now no longer strictly positive.
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determinant of N -body functions is necessary

Ψ(x1, ..., xN) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

φ1(x1; {x1/}) φ1(x2; {x2/}) ... φ1(xN ; {xN/})

φ2(x1; {x1/}) φ2(x2; {x2/}) ... ...

... ... ... ...

φN(x1; {x1/}) ... ... φN(xN ; {xN/})

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
(3.44)

provided that the functions φi(xj; {xj/}) (over all positions x1, ..., xN ) are Bose-symmetric over

all position coordinates except for xj . By parametrizing the φi as neural network functions, no

approximation in the number of determinant terms is needed and a fully general anti-symmetric

function can be constructed. Thus, because we know how to build Bose symmetry over particle

positions into general functions using symmetric coordinates, we can use the same methodology

to build in Fermi anti-symmetry.

In three dimensions, we would like to construct functions which are fully symmetric under

exchanges of three dimensional coordinates ~ri ↔ ~rj . But extra symmetries, such as being

symmetric under exchanges of individual coordinates (i.e. rxi ↔ rxj ), should not be allowed.

Thus we must find a set of functions {sj(rx1 , r
y
1 , r

z
1, ..., r

x
N , r

y
N , r

z
N)}, j = 1, ...,M that fully

determine the set of particle positions {~ri}, i = 1, ..., N . Here M may be greater than 3N .

As required, the functions sj must be symmetric about exchanges ~ri ↔ ~rj but not contain extra

symmetries. Devising such a set of functions would allow us to construct fully general and

adaptable Bose symmetric and Fermi anti-symmetric wave function ansatze to variationally study

quantum many-body problems in three dimensions.
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Chapter 4: Summary

This thesis discusses various quantum simulation and classical machine learning techniques

for studying both relativistic and non-relativistic quantum many-body systems. From a nuclear

theory perspective, important many-body systems to study include the theory of QCD — used

to understand the properties of hadrons — and systems of interacting, indistinguishable particles

describing nucleon interactions in nuclei.

In Chapter 2, we explored strategies for effectively simulating bosonic quantum field theories

using quantum hardware. The challenge is to properly truncate or qubitize the infinite-dimensional

field space of the bosonic fields to represent them with a finite-dimensional Hilbert space spanned

by the qubits of a quantum computer. The goal is to choose a truncation strategy such that the

physics of the original field theory can be recovered exactly in the limit of either the continuum

of taking the lattice spacing to zero and/or the limit of lifting the field-space truncation.

In Section 2.2, we summarized the various truncation strategies typically employed. These

include replacing the field-space manifold by a finite subgroup, truncating in angular momentum,

and fuzzifying the theory by deforming the field-space manifold into a non-commutative geometry

by considering finite matrix operators acting on a finite-dimensional, matrix-valued Hilbert space.

In Section 2.3, we explored these three truncation strategies as applied to the toy model of

the O(3) non-linear sigma model. The O(3) model shares features of asymptotic freedom and a
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finite mass scale with QCD and so it serves as an interesting testbed for qubitization. We found

that the finite-subgroup and angular momentum truncation methods were only able to reproduce

the O(3) model up to a fixed energy scale at finite truncation. Thus, when possible, a systematic

lifting of the truncation is needed. However, this procedure was found to be costly in terms of

the number of quantum circuit gates needed to simulate Hamiltonian models with higher-order

truncations. By performing numerical simulations of the O(3) fuzzy model in (1+1)-dimensions

using tensor networks, we found that it was able to reproduce the O(3) model in its entirety in its

continuum limit without needing to lift the dimension of the truncation. Of the three truncation

models, the fuzzy model was found to qubitize the O(3) model in the most efficient way.

In Section 2.4, we summarized different truncation techniques for the gauge fields of SU(2)

gauge theory. Although we are unable to simulate the different truncations in (2+1) and (3+1)-

dimensions, we postulate that by analogy to the angular momentum truncation model in the O(3)

model, the electric-basis truncation of the SU(2) theory likely fails to reproduce the physics of

the SU(2) model over all energy scales. A lifting of the truncation is likely to be needed. We

further propose a fuzzy SU(2) qubitization, constructed from finite-dimensional matrix operators

which satisfy the exact gauge symmetry algebra and act on a matrix-valued Hilbert space. We

postulate that the fuzzy theory likely contains a continuum limit, an exponential growing number

of physical states in the volume, and possibly has a breakdown of perturbation theory consistent

with asymptotically free theories. These properties make the fuzzy theory a viable candidate for

a proper qubitization of SU(2) gauge theory in the sense that the continuum limit of the fuzzy

theory may lie in the same universality class as the original gauge theory. What remains is to

perform a full numerical simulation of the various SU(2) gauge theory truncation models to

determine which of these properly reproduce the SU(2) theory in its continuum limit. Efficient
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classical techniques for performing such simulations in (2+1) and (3+1)-dimensions are still not

yet available and must be developed.

In Chapter 3, we explored using efficient machine learning techniques of neural networks,

backpropogation, and gradient descent to variationally study ground states of non-relativistic

quantum many-body systems. Neural networks are universal function approximators and are able

to parametrize any functional form with a modest number of nodes and layers. Therefore, they

can be used as effective ground-state wave function variational ansatze; no particular functional

form, such as Jastrow or Hartree-Fock, needs to chosen. Thus neural networks can be employed

to study ground-state properties of quantum systems ranging from Bose and Fermi gases and

condensates to chemical and nuclear systems.

In Section 3.2, we reviewed the method of variational Monte Carlo. While Monte Carlo is

a well established technique, we contribute by demonstrating a way of computing integrals with

delta-function observables using importance sampling — solving a zero-overlap problem. We

further reviewed the architecture of neural networks and explored how effectively they are able

to parametrize wave functions of a particular quantum many-body system. It is still however, an

important open question as to what the most efficient neural network structure is for any particular

problem and how the number of needed nodes and layers scales as a function of the number of

particles in the system and the complexity of their interactions.

In Section 3.3, we constructed a neural-network-based wave function ansatz for the ground

state of a system of indistinguishable bosons in one spatial dimension. Rather than using ordered

coordinates or equivariant neural network layers, we advocated for building in the Bose symmetry

of the wave function by feeding a bijective set of functions of the original particle coordinates

that are fully symmetric in the exchange of coordinates. That way, the neural network function,
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by construction, is Bose symmetric while retaining all information about the original particle

positions. We then applied our neural network wave function ansatz to various different exactly-

solvable models across vastly different phase structures. We found that without needing to change

the parametrized form of the neural network, our ansatz was able to encode the ground state

effectively across all of the different systems. Observables such as system energies and particle

densities were accurately predicted through the variational method. A similar neural network

ansatz using symmetric-function inputs is also able to be used to enforce Fermi anti-symmetry.

Work is currently being done to test the efficacy of such an ansatz for systems of indistinguishable

fermions in one dimension. Ultimately, the goal is to extend this methodology of using neural

networks and symmetric inputs to systems of identical particles in two and three dimensions.

Then numerous important systems such as molecules and nuclei can be more efficiently studied.

Finally, along the lines of using neural networks as parametrized wave function ansatze

for systems of particles with continuous degrees of freedom, we are also currently pursuing

the use of restricted Boltzmann machines as ansatze for discrete spin systems in one or more

spatial dimensions. Restricted Boltzmann machines, like neural networks, serve as universal

parametrizers of discrete probability distributions. They form a superset of ansatze to tensor

networks and in principle are, by construction, able to model systems with local and non-local

interactions. This perhaps allows them to efficiently encode low-lying energy eigenstates of spin

systems in two and three spatial dimensions. If successful, an important use of this restricted

Boltzmann machine technique for solving higher dimensional discrete systems would be classically

simulating the qubitization models developed for truncating bosonic quantum fields. This ties

together how machine learning methods can help in the further development of quantum computing

simulations of physical systems.
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Appendix A: Lattice Field Theory

A.1 Quantum Field Theory

Quantum field theory provides a mathematical framework to descibe particles and their

interactions. Below, we first review the path integral formulation of quantum field theory; the path

integral formulation provides both a physical interpretation of the theory as well as a methodology

of pertubatively computing important physical quantities of the theory from correlation functions.

The path integral formulation of QFT also has a surprising but useful connection to classical

statistical mechanics. When the theory contains effects that are non-perturbative in nature, this

connection allows us to still compute observables in the theory numerically via statistical sampling.

In order to perform the sampling on a classical computer, we must first discretize the theory on a

space-time lattice; physical quantities are then obtained in the limit of taking the lattice spacing

to zero. This lattice field theory procedure of taking the continuum limit has deep ties both

to renormalization in quantum field theory and the theory of critical phenomena in statistical

mechanics.
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A.2 Path Integral Formulation of QFT

A.2.1 Path Integrals

A useful and powerful formulation of quantum field theory involves the method of path

integrals. Following Ch. 9 of Peskin and Schröder [186], we first begin with a non-relativistic

quantum theory defined by a set of coordinates qi, conjugate momenta pi and a Hamiltonian

H(q, p). We wish to compute the amplitude or the probability of a particle to travel from a point

qa to another point qb in time T . This is given by

U(qa, qb;T ) = 〈qb|e−iHT |qa〉 (A.1)

To write the amplitude as a functional integral, we break the time interval T into N time slices

of length ε and insert a complete set of intermediate states between each factor of e−iHε. The

expression for the amplitude becomes

U(q0 = qa, qN = qb;T ) =
∏
i,k

∫
dqik 〈qk+1|e−iHε|qk〉 (A.2)

where k is a time-slice index. In the limit of large N or ε→ 0, we have

〈qk+1|e−iHε|qk〉 → 〈qk+1|(1− iHε+ ...)|qk〉 (A.3)
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Since we have the following matrix elements

〈qk+1|f(q)|qk〉 = f

(
qk+1 + qk

2

)(∏
i

∫
dpik
2π

)
exp

[
i
∑
i

pik(q
i
k+1 − qik)

]

〈qk+1|f(p)|qk〉 =

(∏
i

∫
dpik
2π

)
f(pk) exp

[
i
∑
i

pik(q
i
k+1 − qik)

] (A.4)

we can write

〈qk+1|e−iHε|qk〉 =

(∏
i

∫
dpik
2π

)
exp

[
−iεH

(
qk+1 + qk

2
, pk

)]
exp

[
i
∑
i

pik(q
i
k+1 − qik)

]
(A.5)

Thus, the transition amplitude is

U(q0, qN ;T ) =

(∏
i,k

∫
dqik

∫
dpik
2π

)
exp

[
i
∑
k

(∑
i

pik(q
i
k+1 − qik)− εH

(
qk+1 + qk

2
, pk

))]
(A.6)

Note that this is the discretized form of

U(qa, qb;T ) =

(∏
i

∫
Dq(t)Dp(t)

)
exp

[
i

∫ T

0

dt

(∑
i

piq̇i −H(qi, pi)

)]
(A.7)

where the integration measureDq(t) andDp(t) represents an functional integral over all possible

paths of q(t) and p(t).

In the example of a scalar field theory 1, the field φ(x) takes the place of the coordinates qi.

For the Hamiltonian H =
∫
d3x 1

2
π2 + 1

2
(∇φ)2 + V (φ), the transition amplitude, following the

1For other types of fields, such as gauge and spinor fields, the formulation is more complicated. However the
general principles discussed remain the same.
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result of Eq. A.7, becomes

〈φb(x)|e−iHT |φa(x)〉 =

∫
DφDπ exp

[
i

∫ T

0

d4x

(
πφ̇− 1

2
π2 − 1

2
(∇φ)2 − V (φ)

)]
=

∫
Dφ exp

[
i

∫ T

0

d4x L
] (A.8)

where L is the Lagrangian density of the theory. We can interpret the above expression as the

probability of the field transitioning from φa to φb in time T being a sum over all possible paths

of the field φ to evolve from state a to b — with each path given a weight according to a phase

exp[iS(φ)]. The classical path which contributes most to the sum, using the method of stationary

phase, can be identified as the path of least action — leading to the Euler-Lagrange equations.

For a free theory S0 = 1
2

∫
d4x φ(−∂2 − m2)φ, the integral in Eq. A.8 is Gaussian and can be

evaluated exactly as a functional determinant

Z0 =

∫
DφeiS0 ∝

[
det(m2 + ∂2)

]−1/2 (A.9)

A.2.2 Correlation Functions

Futhermore, we would like to use the path integral formulation to compute correlation

functions of the theory. Consider the expression

∫
Dφ φ(x1)φ(x2) exp

[
i

∫ T

−T
d4x L(φ)

]
(A.10)
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where φ(−T,x) = φa(x) and φ(T,x) = φb(x). If we break the functional integral in Eq. A.10

up ∫
Dφ =

∫
Dφ1(x)

∫
Dφ2(x)

∫
φ(x01,x)=φ1(x),φ(x02,x)=φ2(x)

Dφ (A.11)

then Eq. A.10 (for x0
1 < x0

2) becomes

∫
Dφ1(x)

∫
Dφ2(x) φ1(x1)φ2(x2)〈φb|e−iH(T−x02)|φ2〉〈φ2|e−iH(x02−x01)|φ1〉〈φ1|e−iH(x01+T )|φa〉

(A.12)

If we now turn the field φi(xi) into a Schrödinger operator φs(xi)|φi〉 = φi(xi)|φi〉 and use the

completeness relation
∫
Dφi|φi〉〈φi| = 1, the expression becomes

〈φb|e−iHTT{φH(x1)φH(x2)}e−iHT |φa〉 (A.13)

where φH(xi) = eiHx
0
iφs(xi)e

−iHx0i are Heisenberg operators. The expression is time ordered

since in the case of x0
1 > x0

2 instead, the orders of x1 and x2 would be interchanged. In the limit

of T →∞(1− iε), the ground state |Ω〉 is projected from |φa〉 and |φb〉. In this limit

e−iHT |φa〉 → 〈Ω|φa〉e−iE0T |Ω〉 (A.14)

and so we obtain

〈Ω|T{φH(x1)φH(x2)}|Ω〉 = lim
T→∞(1−iε)

∫
Dφ φ(x1)φ(x2) exp

[
i
∫ T
−T d

4x L
]

∫
Dφ exp

[
i
∫ T
−T d

4x L
] (A.15)
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Note that the φH on the left hand side is an operator whereas the φ’s on the right are c-numbers.

This relates the two-point correlator to a functional integral expression which we can then evaluate.

For higher-order correlation functions, we simply need to add additional φ’s in the numerator of

the right hand side.

To compute correlation functions using the functional integral, we define a generating

functional

Z[J ] =

∫
Dφ exp

[
i

∫
d4x (L+ J(x)φ(x))

]
(A.16)

We can obtain correlation functions by taking functional derivatives of Z[J ] — for example

〈Ω|T{φ(x1)φ(x2)}|Ω〉 =
1

Z0

(
−i ∂

∂J(x1)

)(
−i ∂

∂J(x2)

)
Z[J ]

∣∣∣∣
J=0

(A.17)

For the free theory, we have the concise expression

Z[J ] = Z0 exp

[
−1

2

∫
d4xd4y J(x)DF (x− y)J(y)

]
(A.18)

where DF is the Feynman propagator — a Green’s function of the Klein-Gordon operator. As an

example compute the four-point function below:

〈Ω|T{φ(x1)φ(x2)φ(x3)φ(x4)}|Ω〉 =
1

Z0

∂

∂J(x1)

∂

∂J(x2)

∂

∂J(x3)

∂

∂J(x4)
Z[J ]

∣∣∣∣
J=0

= DF (x3 − x4)DF (x1 − x2) +DF (x2 − x4)DF (x1 − x3) +DF (x1 − x4)DF (x2 − x3)

(A.19)

This is consistent with the result of Wick’s theorem from standard perturbation theory. In the
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case of an interaction with perturbative coupling — for example φ4 theory — L = L0 − λ
4!
φ4,

assuming λ� 1, we can expand

exp

[
i

∫
d4x L

]
= exp

[
i

∫
d4x L0

](
1− i

∫
d4x

λ

4!
φ4 + ...

)
(A.20)

We then find that any correlator in the φ4 theory can be expressed as an expansion of free-field

correlation functions which we can easily evaluate using the generating functional and Wick’s

theorem.

A.2.3 Relation to Statistical Mechanics

To see how quantum field theory is related to statistical mechanics through the path integral

formulation, we return to the generating functional of correlation functions in Eq. A.16. If we

perform a Wick rotation on the time coordinate t → −ix0, we obtain a Euclidean 4-vector inner

product x2 = t2 − |x|2 → −(x0)2 − |x|2 = −|xE|2. Upon this Wick rotation

Z[J ] =

∫
Dφ exp

[
−
∫
d4xE (LE − Jφ)

]
(A.21)

where LE = 1
2
(∂aφ)2 + 1

2
m2φ2 +V (φ). This resembles a statistical mechanical partition function

where it is an integral over all possible Boltzmann weights exp(−
∫
d4xE LE). By analogy, LE

is like an free energy where the φs are fluctuating spin fields and J is an external magnetic field.

For a free theory, the correlation function 〈φ(xE1)φ(xE2)〉 falls off as exp(−m|xE1 − xE2|);

thus in the Wick rotated field theory, the mass of the particle is related to the inverse correlation

length of statistical fluctuations. In summary, quantum field theories in D spatial dimensions
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and one time dimension is analogous to a classical field theory in D + 1 spatial dimensions. The

Euclidean action is analogous to
∫
d4xELE is related to the HamiltonianH and Planck’s constant

~ is analogous to the temperature of the classical statistical system. Quantum flucutations in the

quantum field theory are like thermal fluctuations in the classical theory.

A.3 Critical Phenomena and Universality

Because of the relationship between quantum field theory and classical statistical mechanics,

it is important to study the interesting features of statistical mechanics and find their analogies in

quantum field theory — namely phase transitions, behavior near critical points, and universality.

The following discussion of these three topics are based off Refs. [187, 188].

A.3.1 Phase Transitions

Matter in thermodynamic equilibrium exists in different macroscopic phases. Water, for

example, has solid (ice), liquid (water), and gas (vapor) phases. The system changes phases

through a phase transition based on external properties such as temperature and pressure. Other

examples of phases transitions include ferromagnet to paramagnet, liquid to superfluid, and metal

to superconductor transitions — to name a few. To distinguish between phases, one chooses

an observable called an order parameter; the order parameter is chosen such that it takes on

distinctly different values for different phases of the system. For example between the solid and

liquid phases of water, one can choose the Fourier transform of the density at some wavevector

to be the order parameter; its value would be finite in the solid where the density is spatially

periodic and zero in the liquid where the density is uniform. For the paramagnet and ferromagnet
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transition, one can choose the average magnetization as the order parameter because its value is

zero for the paramagnet where the spins of the metal point in random directions and finite for the

ferromagnetic where the spins are aligned.

Phase transitions are classified by their abruptness. To put it more mathematical terms,

phase transitions in which the thermodynamic variables undergo discontinuities in their first

derivatives — with respect to an external tuning parameter such as the temperature — are first-

order, discontinuous transitions whereas transitions in which the variables undergo discontinuities

only in their second derivatives are second-order, continuous transitions. First-order transitions

are phase changes typically happen slowly and are accompanied by latent heat while second-

order transitions happen abruptly. For example, the water to vapor transition is first-order while

the ferromagnetic-paramagnetic transition is second-order. Because the partition function in a

finite system is a finite sum of analytic functions, any sharp phase transition is a mathematical

idealization that only happens in the thermodynamic limit where the system is assumed to be

infinite; however, macroscopic systems with O(1023) degrees of freedom are well described

by the thermodynamic limit. The non-analytic behavior of systems near second-order phase

transitions are called critical phenomena and are of primary interest.

A.3.2 Critical Phenomena

We define the correlation length of a system as the distance over which thermal or quantum

fluctuations are strongly correlated with each other. During a second-order, continuous phase

transition the correlation length of the system diverges toward infinity and the fluctuations become

correlated over all distance scales; the system at that point exists as a unique, critical phase. As the
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system approaches the critical point, the correlation length diverges in a smooth fashion and the

difference between the order parameters in the two phases at both sides of the critical point goes

to zero smoothly as well. At a critical point and the correlation length diverges, the system loses

its length scale and system becomes scale-invariant and exhibits self-similar properties. Thus,

when approaching a critical point, the correlation length and other thermodynamic quantities

must evolve according to power-laws (rather than an exponentials) in the external parameters of

temperature, pressure, etc. For example, for the ferromagnetic-paramagnetic phase transition,

the specific heat goes as C ∼ |t|α, the magnetization goes as M ∼ (−t)β , the susceptibility

χ ∼ |t|−γ , and the correlation length of the system ξ ∼ |t|−ν where t = (T − Tc)/Tc is the

reduced temperature from the critical temperature Tc. The power-law exponents α, β, γ, and ν

are the critical exponents of the system.

A.3.3 Universality

When one examines the values of the critical exponents of different systems, one finds that

they fall into sets of values characterized by universality classes. The macroscopic properties

of systems near a critical transitions appear to be independent of the microscopic properties. A

classic example is that the specific heat near the liquid-gas critical point behaves in the same way

as the specific heat near the paramagnet-ferromagnet critical point. That is, the power laws of the

specific heats of both systems — although the systems have very different microscopic behaviors

— have the same critical exponents. In fact the whole set of critical exponents for both systems

are the same around the two critical points [188]. Both systems are said to be in the “Ising”

universality class.
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The universality class of a theory typically depends on the symmetry of the system. Some

examples of universality classes include the Ising class with a Z2 symmetry, the XY class with

an O(2) symmetry, and the Heisenberg class with an O(3) symmetry.

A.4 Lattice Field Theory

Now that we have discussed critical phenomena and universality in the context of statistical

mechanics, we now discuss the analogies of those phenomena to quantum field theory. For a

comprehensive review of lattice field theory, see Montvay and Münster [189]. Recall that in

Euclidean quantum field theory, we want to compute the expectation value of some observable

(such as a correlation between fields) — weighted by a probability distribution based on the

action of the theory.

〈O(φ)〉 =

∫
d4xO(φ)e−SE(φ)∫
d4x e−SE(φ)

(A.22)

where φ are the fields. For a free theory, the integrals involved are Gaussian and can be computed

analytically. For a weakly interacting theory, one can treat the interaction as a perturbation about

the free theory. However, for an interacting theory where the couplings are strong, perturbation

theory breaks down and is no longer valid. In such cases, we resort to lattice field theory. In

lattice field theory, one discretizes the theory such that the fields are now defined only at discrete

lattice sites; derivatives of the field are approximated by finite differences. For example, consider

the O(3) nonlinear sigma model in (1+1)-dimensions, where the Euclidean action is

SE(~n) =

∫
d2x

1

2g2
∂µ~n(x)∂µ~n(x) (A.23)
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where ~n is a unit 3-vector and µ = 1, 2. On the lattice, we discretize the derivative as ∂µ~n(x) =

(~n(i+ 1)− ~n(i))/a where i denotes the µ-direction lattice site. Then the lattice action is

S =
Nx∑
i=1

Ny∑
j=1

1

2g2

[(
~n(i+ 1, j)− ~n(i, j)

ax

)2

+

(
~n(i, j + 1)− ~n(i, j)

ay

)2
]

(A.24)

where (i, j) denotes the lattice site and Nx and Ny are the number of lattice sites in the x and y

directions respectively. In lattice units, the volume of the box is axNx × ayNy.

By implementing this procedure, the integrals in Eq. A.22 reduce from infinite-dimensional

functional integrals to finite-dimensional integrals — the dimension of which depends on the

number of lattice sites simulated and the dimensionality of the theory. The finite-dimensional

integrals, even for large-dimensionality, can be computed numerically on classical computers

using Monte Carlo methods. For an introduction to Monte Carlo importance-sampling methods,

see either Sec. 3.2 or Refs. [190, 191] (as applied to lattice field theory).

While the theory on the lattice can be simulated numerically, it is only in the limit of

the lattice spacing going to zero — where the fields are defined at a continuum of space-time

points — that the theory is physical. Thus, the continuum limit of a → 0 must be taken. To do

this, one can compute the correlation function of the system at some finite choice of N — the

number of lattice sites. At a finite lattice spacing away from the continuum limit, the correlation

function decays exponentially at a rate according to the inverse correlation length 1/ξ = am.

Here m is a fixed physical mass scale, a is the lattice spacing, and ξ is the correlation length of

the system. Then Nam is a fixed, physical system size. Thus, one finds the continuum limit by

takingN →∞ (making the lattice finer and finer) along with a proper choice of couplings (g2 for

the example of the O(3) model) with a fixed physical box size — searching for where am → 0
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(or equivalently a → 0). Thus, the continuum limit where am → 0 is where the correlation

length diverges ξ →∞; in other words, the continuum limit of a lattice quantum field theory is a

critical point of the lattice system.

A crucial feature of lattice field theory is that when the lattice spacing changes, a new

effective Lagrangian (or Hamiltonian) is needed to describe the new system. The coupling

strength of interaction terms in the Lagrangian/Hamiltonian effectively change with respect to

the lattice spacing. Additional interaction terms that obey the global or local symmetries of the

theory that did not previously contribute due to a zero-strength coupling can now suddenly have a

non-trivial impact on the theory. A classic example of this is seen in the (two-dimensional) Ising

model. The Hamiltonian of the theory is given by

H = −J1

∑
〈i,j〉

sisj (A.25)

where sk = ±1 is the z-component of a spin at site k and 〈i, j〉 denotes a nearest neighbor pair of

sites. The model has a Z2 symmetry of s → −s. Consider a simulation of the Ising model with

Nx×Ny sites with only the nearest neighbor interaction. Now, consider performing a block-spin

transformation on the system where the Nx×Ny grid is divided into a new Nx/b×Ny/b grid —

each new site being a conglomerate of a b× b block of the original system. Let the spin value at

each new coarse-grained site hold a value determined by a majority rule of the spin values in the

original b × b block. Then, to ensure that this new system with the coarser lattice has the same

thermodynamic properties (magnetization, correlation length, susceptibility, etc.) as the original
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system, the Hamiltonian must be altered to an effective Hamiltonian

Heff(b) = −J̃1(b)
∑
〈i,j〉

s′is
′
j + J2(b)

∑
〈〈i,j〉〉

s′is
′
j + J3(b)

∑
〈i,j,k,l〉

s′is
′
js
′
ks
′
l + ... (A.26)

where s′k are the new spin values at the kth, coarse-lattice site. The effectively coupling of the

original nearest-neighbor operator is now a different value J̃1 and is a function of the block size

b. Clearly, because spins from farther than just the nearest neighbors now interact with one

another, additional terms such as a next-to-nearest neighbor pair interaction 〈〈i, j〉〉 or a nearest-

neighbor, cross-like, four-spin interaction 〈i, j, k, l〉 now may also be included. In principle, any

term obeying the Z2 symmetry of the model may contribute with non-zero coupling. The study

of how the coupling constants of the effective Lagrangian or Hamiltonian changes with respect

to the lattice spacing is called the theory of renormalization group flows [192, 193].

The idea of renormalization group flows ties rather deeply to the theory of renormalization

in quantum field theory. In quantum field theory, one often encounters divergences in loop-

integrals when computing higher-order Feynman diagrams. Renormalization seeks to regulate

these divergences. These infinities are resolved when one realizes that the coupling strengths of

the theory must change depending on the energy scale at which one probes the theory. This is

described by a beta-function — a differential equation of the coupling constant with respect to

the cutoff scale. Renormalization predicts the finite difference between observable values (such

as the scattering cross-section) observed at two different energy scales, even if the prediction for

the observable itself is divergent and one particular energy scale. In lattice field theory, the lattice

spacing a is directly related to the energy scale ∼ 1/a 2 at which one probes the theory. Thus the

2In units where c = ~ = 1, distances and energies have inverse units.
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way the coupling constants of the operators in the lattice theory change as one performs block

transformations is related to the beta function of the theory.

The continuum limit of a lattice field theory is analogous to a critical point in a statistical

theory. Thus, the continuum limits of field theories also have universality classes. Different

lattice discretizations of the original field theory can flow to the same continuum theory. Like in

statistical mechanics, the universality class of a continuum limit depends highly on the symmetry

of the theory. For example, it is possible for two different lattice discretizations, with different

theory-symmetric terms, to approach the same critical theory; only the rate at which the continuum

limit is approached is altered. The process of systematically adding extra symmetric terms to

increase the approach rate is called Symanzik improvement [94, 95]. It is also possible for

statistical mechanical systems to have critical points in the same universality class as lattice

field theories; this allows simulations of statistical mechanical theories to also be useful in

understanding continuum limits of field theories. For example, φ4 theory in (1+1)-dimensions

has a continuum limit in the same universality class as the 2-dimensional Ising model [194].

In principle, for any lattice field theory, one has to search the space of parameters for

points at which the correlation length diverges; this point has to be approached carefully along

a proper direction in parameter-space. However in this thesis, we are mainly concerned with

asymptotically free theories. For an asymptotically free theory, we know that the beta function

has a negative sign. In other words, the strength of the coupling is weak at high energies

allowing for perturbative calculations but is strong at low energies. Thus, the continuum limit

of an asymptotically-free theory, where we probe at higher energy (and equivalently finer lattice

spacing), is expected to be the limit of taking the coupling g2 → 0.
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Appendix B: Tensor Networks Methods

To perform calculations of the low-lying eigenstates of spin-system Hamiltonians, we rely

on the machinary of tensor networks — in particular, we focus on matrix product states (MPS)

and the density matrix renormalization group (DMRG) methods introduced by Steve White [60].

DMRG has become one of the main tools to study one-dimensional quantum lattice systems.

Tensor networks are useful in that they avoid various limitations of other classical methods. For

example, exact diagonalization of Hamiltonians are restricted by memory to systems of small

sizes (on the order of a few dozen sites). A spin-1/2 Hamiltonian of twenty sites, for example,

requires 220 × 220 complex values to specify; using two 64-bit numbers for each complex value,

this would require over 105 gigabytes to store — well over the memory capacity of modern day

machines. Thus, exact diagonalization is only applicable far from the thermodynamic limit and

we cannot use it to explore critical regions of a theory. Quantum Monte Carlo methods [4,6,195]

may suffer from the sign problem, particularly for fermionic systems. The DMRG method

provides a sign-problem-free procedure to explore large Hamiltonian systems. The trade-off

however, is that the technique is only computationally efficient for one-dimensional systems.

Furthermore, DMRG is in essence a variational method and so number of variational parameters

and the entanglement structure of the MPS ansatz play restrictive roles in the accuracy of the

eigenstate and eigenvalue approximations. Nonetheless, for one-dimensional, local, gapped
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Hamiltonians, the MPS ansatz is useful and effective. Below, we briefly detail the MPS ansatz

and the DMRG algorithm which we utilize extensively in our study of our qubitization models.

The following follows a review article from Orus [196].

B.1 Matrix Product States

An arbitrary quantum state of a N -site system can be written as

|Ψ〉 =
∑

i1,...,iN

Ci1i2...iN |i1〉 ⊗ |i2〉 ⊗ ...⊗ |iN〉 =
∑

i1,...,iN

|i1i2...iN〉 (B.1)

for a set of pN complex coefficients Ci1i2...iN and single-site basis states |ik〉; p is the dimension

of the local Hilbert space. The Ci1i2...iN can be thought of as a rank-N tensor C whose number

of entries is exponential in the system size. Thus it is computationally iinefficient to represent

|Ψ〉 by C. Tensor networks instead aim to approximate C by decomposing it into a series of

tensors with smaller rank which are easier to store and manipulate. Typically the rank of the

smaller tensors will be truncated such that the tensor network, and consequently the quantum

state, depends and is approximated by only a polynomial number of parameters. Explicitly the

MPS ansatze for states of an N -site system is

|Ψ〉 =
∑

i1,i2,...,iN

Ai11 A
i2
2 ...A

iN
N |i1i2..iN〉 (B.2)

where the Ainn are Dn−1×Dn matrices for each in = 1, ..., p. For periodic boundary conditions, a

trace of the product of the An matrices is taken to obtain the complex coefficient Ci1...iN whereas

for open boundary conditions, the ends of the MPS chain Ai11 and AiNN are 1×D1 and DN−1 × 1
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row and column vectors respectively. The maximum size of the matricies D = max(Dn) is

denoted to be the bond dimension of the MPS.

As advertised, the MPS only contains a polynomial O(NpD2) number of parameters as

opposed to the full set of pN coefficients. The rationale behind only needing a polynomial number

of coefficients is that typically, for low-lying eigenstates of Hamiltonians, the pN coefficents in

Ci1...iN are not independent but rather contain an entangled structure that is well captured by

the contraction structure of the MPS. In fact, low-energy states of local Hamiltonians (those

involving only nearest of next-to-nearest neighbor interactions for example) obey the area-law for

entanglement entropy — that is, the entanglement entropy of a region scales with the size of the

boundary of the region and not the volume. Therefore, only a small corner of the exponentially-

large Hilbert space needs to be searched to obtain low-energy states. The MPS representation

satisfies the area-law scaling of the entanglement entropy: S(L) = O(D) ∼ constant for region

sizes L� 1. So the MPS provides an efficient representation of the low-energy states of gapped,

local Hamiltonians even with small bond dimensions D.

B.2 MPS Canonical Form

In general, the MPS ansatz can describe any quantum state exactly if we take the bond

dimension to grow to pN/2 (for even N ). We can see this by exploring the MPS canonical form

through performing a series of singular value decompositions on the original coefficient tensor

Ci1...iN . We illustrate the first couple iterations below, following Sec. 4.1.3 of Schollwöck [197].
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An initial singular value decomposition of C gives

Ci1...iN =

r1∑
a1

Ui1a1Sa1a1(V
†)a1,(i2...iN ) =

r1∑
a1

Ui1a1Ca1i2...iN (B.3)

where (i2...iN) indicates a superindex over a flattening of the indices i2, ..., iN and rank r1 ≤ p.

Now decompose U into a set of r1-dimensional row vectors Ai1a1 and reshape Ca1i2...iN into a

r1p× pN−2 matrix C(a1i2),(i3...iN ) so that

Ci1...iN =

r1∑
a1

(A1)i1a1C(a1i2),(i3...iN ) (B.4)

We perform an additional singular value decomposition to the new C obtaining

Ci1...iN =

r1,r2∑
a1,a2

(A1)i1a1U(a1i2),a2Sa2a2(V
†)a2,(i3...iN ) =

r1,r2∑
a1,a2

(A1)i1a1(A2)i2a1a2C(a2i3),(i4...iN ) (B.5)

where r2 ≤ r1p ≤ p2. Continuing this procedure, we arrive at

Ci1...iN =
∑

a1...aN−1

(A1)i1a1(A2)i2a1a2 ...(AN−1)iN−1
aN−2aN−1

(AN)iNαN−1
(B.6)

which is exactly the open-boundary MPS ansatz. The maximal sizes for the matrices, providing

for an exact representation of the full quantum state are (1×p), (p×p2), ..., (pN/2−1×pN/2), (pN/2×

pN/2−1), ..., (p2 × p), (p× 1). However, for practical calculations, the matrix sizes (and singular

values) are capped at the bond dimensionD. Typically small values ofD are enough to accurately

represent low-energy states of local, gapped Hamiltonians. As an example, the ground state of

the one-dimensional AKLT model introduced by Affleck, Kennedy, Lieb, and Tasaki [198] whose
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Hamiltonian is given by

H =
N∑
i=1

(
~Si~Si+1 +

1

3

(
~Si~Si+1

)2
)

(B.7)

with spin-1 operators ~S is given exactly by an MPS with bond dimension D = 2. In general,

for more complicated systems, an MPS with small D may not give an exact solution for the

ground state; however, any systematic errors from choosing a cutoff D can be controlled via an

extrapolation in the bond dimension towards D →∞.

B.3 Expectation Values

The MPS ansatz is also useful because expectation values 〈Ψ|Ô|Ψ〉 for MPS states can be

computed exactly. Any operator Ô for an observable, such as the Hamiltonian Ĥ or a pair-wise

correlator Ĉ(x)Ĉ(y) can be written as a linear combination of projectors

Ô =
∑
i1,j1

...
∑
iN ,jN

hi1...iNj1...jN
|j1...jN〉〈i1...iN | (B.8)

for basis states |i1...iN〉 = |i1〉 ⊗ ... ⊗ |iN〉 from local bases |in〉 and p2N complex coefficients

hi1...iNj1...jN
. Similarly to the MPS, we can decompose the tensor h into a set of matrix products [199]

hi1...iNj1...jN
=

∑
w0,...,wN

(W1)i1j1w0,w1
(W2)i2j2w1,w2

... (WN)iN jNwN−1,wN
(B.9)

where each tensor Wi is rank-4 with two physical indicies i1 and j1 and two bond indices wi−1

and wi. Again, for open boundary conditions, W1 and WN are row and column vectors such that

the matrix multiplication over all Wi gives a scalar coefficient hi1...iNj1...jN
. This decomposition forms

an object we call a matrix product operator (MPO). There are efficient algorithms by which one
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can contract the tensors from the MPSAinn (and their complex conjugates (A∗n)jn) with those from

the MPO (Wn)injnwn−1wn
via shared their physical indicies in and jn as well as their bond indicies.

It turns out that the computation cost for contracting the tensors is O(NpD3) for open boundary

conditions and O(NpD5) for periodic boundary conditions; thus, while lattice calculations and

analyses are typically performed with periodic boundaries, we consider the use of open boundary

conditions as well. The speed-up of O(D2) becomes significant for calculations close to the

continuum limit of theories where large bond dimensions are needed to more accurately capture

states of large systems with large correlation lengths.

B.4 The Variational DMRG Algorithm

Armed with the ability to compute the energy of an arbitrary MPS efficiently and the

intuition that MPS’s should capture low-lying eigenstates of local, gapped Hamiltonians well

using only modest bond dimensions, what remains is to demonstrate an algorithm to search for

those low-lying eigenstates in the MPS-space of states. The DMRG algorithm for searching

for ground states employs the variational principle [196]. For any Hamiltonian H the following

inequality must hold for all states |Ψ〉

〈Ψ|H|Ψ〉
〈Ψ|Ψ〉

≥ E0 (B.10)

with E0 the ground state energy. The two sides of the inequality are only equal when |Ψ〉 =

|Ψ0〉 — the ground state. Thus, if |Ψ〉 is an MPS, we can approach the ground state energy by
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minimizing the expectation value of the Hamiltonian over the family of MPS states.

E0 = min
|Ψ〉∈MPS

(〈Ψ|H|Ψ〉 − λ〈Ψ|Ψ〉) (B.11)

where λ 1 is a Lagrange multiplier constraining |Ψ〉 to be normalized. Ideally, the minimization

should be done over all free parameters of the MPS and thus all tensor entries simultaneously.

However, this is computationally inefficient and so instead, we perform the minimization tensor

by tensor. We minimize the expression in Eq. B.11 with respect to one tensor keeping all the

others fixed, then move to the next tensor repeating the same minimization procedure. We

sweep over all tensors sequentially several times until a desired convergence in the value of E is

obtained.

Let Ainn be the tensor in the MPS which we choose to vary at a particular step of the

optimization. We calculate (Heff)(inan−1an),(jnbn−1bn) and (Neff)(inan−1an),(jnbn−1bn) which are the

contractions of 〈Ψ|H|Ψ〉 and 〈Ψ|Ψ〉 respectively without the tensors (An)inan−1an
and (A∗n)jnbn−1bn

.

For the environment matrices Heff and Neff, the physical indices are flattened with the dangling

bond indices to form superindices; the matrices are then of size pDn−1Dn× pDn−1Dn. Then the

minimization is written as

min
An

(〈Ψ|H|Ψ〉 − λ〈Ψ|Ψ〉) = min
An

(
~A†nHeff

~An − λ ~A†nNeff
~An

)
(B.12)

where ~An is the tensor Ainn with its values reshaped as a pDn−1Dn-dimensional vector. The

1The value of λ coincides with the energy eigenvalue.
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minimization is then achieved by solving for

∂

∂ ~A†n

(
~A†nHeff

~An − λ ~A†nNeff
~An

)
= 0 (B.13)

or equivalently solving the generalized eigenvalue problem

Heff
~A′n = λNeff

~A′n (B.14)

where ~A′n is the optimal vector of tensor values at site N at this step of the minimization. The

vector must then be reshaped back into the p×Dn−1 ×Dn tensor.

To obtain excited states |Ψk〉 a similar variational algorithm can be peformed, but with

an additional constraint such that the excited states must be orthogonal to the lower-lying states

〈Ψj|Ψk〉j<k = 0. This can be achieved by incuring a penalty term to the minimization

Ek = min
|Ψ〉∈MPS

(
〈Ψ|H|Ψ〉 − λ〈Ψ|Ψ〉+

∑
j<k

P 〈Ψj|Ψ〉

)
(B.15)

where typically P & 50 is some chosen, large penalty factor. Again, systematic errors of Ek can

arise from choosing a small bond dimension cutoff and can be controlled via an extrapolation

towards large D. However, for larger k (high-energy excited states), larger Ds are required to

approximate those eigenstates because those high-energy states no longer necessarily follow the

area-law satisfied by the MPS ansatz. Therefore, we typically restrict our calculations to search

only for ground states and first or second excited states.

All MPS calculations are performed using performance-optimized libraries for open-boundary

algorithms — namely the C++ ITensor [200] and the Python TeNPy libraries [201].
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