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The functional magnetic resonance imaging (fMRI) technique is widely used in the medical

field because it allows the in vivo investigations of human cognition, emotions, and behaviors at

the neural level. One primary objective is to study brain activation, which can be achieved through

a conventional two-stage approach. We consider the individualized voxel-specific modeling in

the first stage and group-level inference in the second stage. Existing methods, in general, rely on

pre-determined parameters or domain knowledge, which may not properly incorporate the unique

features from different studies or cohorts, and thus also leads to some gaps in the inference for

activated regions. This dissertation focuses on Bayesian approaches to fill the gaps in statistical

inference at all levels, as well as accounting for the various information carried out by the data.

Cluster-wise statistical inference is the most widely used technique for fMRI data analyses.

It consists of two steps: i) primary thresholding that excludes less significant voxels by a pre-

specified cut-off (e.g., p < 0.001); and ii) cluster-wise thresholding that is often obtained by



counting the number of intra-cluster voxels which surpass a voxel-level statistical significance

threshold.

The selection of the primary threshold is critical because it determines both statistical power

and false discovery rate. However, in most existing statistical packages, the primary threshold is

selected based on prior knowledge (e.g., p < 0.001) without considering the information in the

data. Thus, in the first project, we propose a data-driven approach to algorithmically select the

optimal primary threshold based on an empirical Bayes framework. We evaluate the proposed

model using extensive simulation studies and real fMRI data. In the simulation, we show that

our method can effectively increase statistical power while controlling the false discovery rate.

We then investigate the brain response to the dose effect of chlorpromazine in patients with

schizophrenia by analyzing fMRI scans and generating consistent results.

In Chapter 3, we focus on controlling the FWER by conducting cluster-level inference.

The cluster-extent measure can be sub-optimal regarding the power and false positive error rate

because the supra-threshold voxel count neglects the voxel-wise significance levels and ignores

the dependence between voxels. Based on the information that a cluster carries, we provide a

new Integrated Cluster-wise significance Measure (ICM) for cluster-level significance determi-

nation in cluster-wise fMRI analysis by integrating cluster extent, voxel-level significance (e.g.,

p-values), and activation dependence between within-cluster voxels. We develop a computation-

ally efficient strategy for ICM based on probabilistic approximation theories. Consequently, the

computational load for ICM-based cluster-wise inference (e.g., permutation tests) is affordable.

We validate the proposed method via extensive simulations and then apply it to two fMRI data

sets. The results demonstrate that ICM can improve power with well-controlled FWER.

The above chapters focus on the cluster-extent thresholding method, while the Bayesian



hierarchical model can also efficiently handle high-dimensional neuroimaging data. Existing

methods provide voxel-specific and pre-determined regional (region of interest (ROI)) inference.

However, the activation clusters may be across multiple ROIs or vary from studies and study co-

horts. To provide the inference and build the bridge between voxels, unknown activation clusters,

targeted regions, and the whole brain, we propose the Dirichlet Process Mixture model with Spa-

tial Constraint (DPMSC) in Chapter 4. The spatial constraint is based on the Euclidean distance

between two voxels in the brain space. With such a constraint added at each iteration in Markov

Chain Monte Carlo (MCMC), our DPMSC can efficiently remove the single voxel or small noise

clusters, as well as provide a whole contiguous cluster that belongs to the same component in the

mixture model. Finally, we provide a real data example and simulation studies based on various

dataset features.
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Chapter 1: Introduction

1.1 Overview

Functional magnetic resonance imaging (fMRI) technique has become a popular tool for

non-invasively studying circuit-level brain activity for more than two decades. Statistical analyses

of neuroimaging data remain challenging due to their high-dimensionality and spatio-temporal

dependence structure [1, 2, 3, 4]. In addition, in most existing methods, either a pre-speci�ed

criteria is required, or the model parameters are highly depending on domain knowledge. Thus,

our main objective is to develop new statistical methods that can �ll up the gaps on inference,

as well as providing accurate estimation by properly accounting for various features carried by

different studies and datasets.

The dissertation is organized as follows: the remaining part of Chapter 1 covers the back-

ground knowledge on conducting fMRI studies including neuroimaging technologies, data pre-

processing, and statistical modeling. Chapter 2 presents a data-driven optimal threshold selection

model based on empirical Bayes two-group model. Chapter 3 presents a combing dependent

p-values technique that is suitable in the imaging setting. Chapter 4 presents a non-parametric

Bayesian model to innovatively provide voxel-level and cluster-level inference at the same time.
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1.2 Background

1.2.1 Introduction to Human Brain

The human brain is the central organ of the human nervous system that controls most of the

activities of body. It consists of the cerebrum, the brainstem and the cerebellum. As the cerebrum

is majorly in charge of controlling emotions, hearing, vision, personality, and all precision of

voluntary actions, most researches focus on studying this part of the brain.

The cerebrum consists of two cerebral hemispheres (left and right), and each hemisphere

has white matter in the inner core and grey matter on the outer surface. Conventionally, each

hemisphere is divided into four lobes – the frontal, temporal, parietal, and occipital lobes. With

modern techniques and demand for in-depth studies, for example, the brain regions and structures

that are related to human behaviors or certain chemicals/drugs, �ner parcellations of the brain

regions were created. The Brodmann areas is one popular parcellation. It a region of the cerebral

cortex de�ned by its cytoarchitecture and organization of cells, which is further split into 52

different areas based on their cognitive and behavioral functions.

The above introduction is for a single brain. Scientists are also interested in the population-

level brain activities. The �rst step is to map each individual brain into a standard space that can

accommodate the between-subject variation and provide a more accurate measurement within

each smaller unit. Under the standard atlas, the brain is put in a 3D coordinate and then divided

into hundreds of thousand to millions smaller cubes (contains many neurons), which is the voxel.

There are some commonly used brian atlas spaces including Talairach space [5], the Montreal
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Neurological Institute (MNI) space [6] and Human Brainnetome Atlas [7]. Although the above

atlas were modeled based on the single brain from different cohort, common neuroimaging pro-

cessing software can easily transform them from one to the other.

1.2.2 fMRI Techniques

One of the popular techniques to measure the brain structure and activity non-invasively is

through the fMRI scan. Different from a MRI scan, the functional imaging can track the brain

activity at dynamic status since it measures the metabolism consumption rate (e.g., Oxygenation

Level Dependent (BOLD) signal) of neural activity. In the dissertation, the outcome variable for

dataset in all of the real data examples are the BOLD signals.

1.3 Data Preprocessing and Data Analysis

1.3.1 Preprocessing Procedures

In the preprocessing steps, the goal is usually set to minimize the measurement errors and

standardize the individual images to achieve better validity and sensitivity for future statistical

analyses. The major steps include

Slice Timing Correction: In reality, the fMRI imaging consists of multiple slices that

are acquired at different time points. Thus the similar time slices are temporally shifted. With

the correction through interpolation or Fourier shift theorem, one can assume the whole brain is

measured simultaneously.

Motion Correction: Since the subject may have small amounts of head motion during the

3



course of the scanning, not properly correcting it may cause major source errors. One way to

solve it is to match the image with some target image and then minimizing the difference through

some cost functions.

Coregistration and Normalization: FMRI data usually has low spatial resolution, thus it

is commonly mapped to a MR image which has high resolution. This step can bene�t the future

group level analysis.

Spatial Smoothing: It is also a common practice to spatially smooth fMRI data since it can

improve the inter-subject registration, remove some potential noise and ensure the assumptions

for random �eld theory (RFT) based methods. The smoothing is usually done by convolving the

original images with Gaussian kernel.

1.3.2 Current Data Analysis Focus

There are massive amount of applications of the fMRI techniques that could provide in-

sights into the working mechanism of human brain. Major study focuses include (i) identifying

activation in the brain space in response to some stimuli (ii) detecting the brain networks that are

correspond to speci�c brain function (iii) making predictions for disease diagnosis or progression,

as well as biomarker selection and classi�cations.

In this dissertation, the statistical models mainly work on the activation studies. The two-

stage model is the most common statistical setting for the activation analysis, where the two

stages are modeling at single-subject level and group level. For a generalized representation of

the model, we letv = 1; � � � ; V denote the total number of voxels in the brain space,s = 1; � � � ; S

for total number of subjects in the experiment, andt = 1; � � � ; T for the entire time course, where

4



t represents each time point.

Single-subject Level Analysis:

At subject level, the model for one subjects on voxelv is given by

ys(v) = X sB s(v) + Z sv � s(v) + � s(v) (1.1)

whereys(v) = ( ysv1; � � � ; ysvT )T is the measurement obtained at all the time slices, andX s

represents thel � th; l = 1; � � � ; L condition for the stimuli. Thus the corresponding coef�cients

for the conditions are given byB s(v) = ( � sv1; � � � ; � svL )T . We useZ sv to represent the nuisance

parameters and� s(v) are the corresponding parameters. The error term is usually assumed to

follow an AR(2) correlation due to the temporal dependency [8, 9].

Group Level Analysis

Based on theB s(v) from stage 1, we are able to conduct group-level inference. The con-

ventional model assume the independence for voxels and conveniently apply the generalized

linear models (GLM) to estimate the effects. Speci�cally for voxelv, the model is given by

B s(v) = X �
sv � (v) + es(v) (1.2)

whereX �
sv is the design matrix for the covariates of interest and� (v) is the corresponding

coef�cients.
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1.4 Motivation

In the fMRI data analysis, statistical inference is usually conducted mainly at three lev-

els: voxel level, region level, or whole-brain level. A single activated voxel in the brain space,

however, could be less plausible to practical perspective as it is hard to conclude with biological

meaningful results (e.g. activation is correlated with some behaviors) with one voxel among hun-

dred thousand to million voxels. Instead of one voxel, if we look at a cluster that is formed by

some contiguous voxels, the results become much more interpretable. Based on this rationale, we

focus on clusters instead of individual voxels in our research. We also care about the statistical

inference at all levels, especially for the undecided clusters from various studies.

The existing modeling provides the possibility to achieve the goal in providing the sta-

tistical inference for fMRI studies. The two-stage model can conveniently be used in practice.

However, the independence assumption for voxels ignores the spatial dependence that is naturally

carried from the preprocessing steps for fMRI data. To address the two major issues, dependence

and multiplicity, advanced statistical methods have been developed and successfully applied to

many fMRI studies [10, 11, 12, 13, 14, 15, 16]. The widely used voxel-wise parametric methods

(e.g., random �eld theory based methods) have good sensitivity when the spatial parameters are

well estimated, though the performance could be affected by the feature of the true signals and

sample sizes [1, 12, 17]. Commonly, the activation is a cluster with irregular shape and could

possibly cross multiple regions. The contiguous activated voxels result from smoothing in the

pre-processing steps.

The cluster-wise inference method remains a popular tool for neuroimaging data analysis
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due to its relatively high sensitivity and low computational cost comparing to voxel-extent-based

thresholding methods [18, 19]. The performance and parameters of this procedure have been well

discussed and studied [20, 21, 22, 23]. The cluster-wise inference consists of two steps: a primary

thresholding step at voxel level that applies a cut-off to all voxels and only keeps those supra-

threshold voxels; and a cluster-extent- based thresholding step at cluster level to avoid selecting

false positive clusters under the null hypothesis (e.g., no activation).

Speci�cally, the step two controls the family-wise error (FWE), which is more of our inter-

est than the voxel-wise false discovery rate (FDR) as we are focusing on the cluster extent from

each supra-threshold voxels formed clusters. The FWER-contrl is commonly achieved by per-

mutation test - randomly shuf�e the group label for each subject and approximate the distribution

of the maximal cluster extent at each round.

The Bayesian inference for the whole brain is also a popular approach in the fMRI data

analysis. The Bayesian hierarchical modeling is commonly used with different prior or covari-

ance structure settings to account for the spatial and temporal dependence [4, 15, 24, 25].

In the next two chapters, we will focus on improving the accuracy as well as a better

controlling of the error at both voxel level and cluster level. The fourth chapter is a novel non-

parametric Bayesian approach towards the activation detection for unknown number of true clus-

ters.
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Chapter 2: Bayes Estimate of Primary Thresh-

old in Cluster-wise fMRI Inferences

2.1 Introduction

Unlike conventional multiple testing correction, [26] the threshold for cluster-wise infer-

ence does not directly determine the subset of selected variables, rather it speci�es the cluster-

forming condition in the 3D brain space. Then, each formed cluster was tested while controlling

family-wise error rate. Therefore, the cluster-wise inference results are spatially contiguous brain

areas (i.e., a set of adjacent voxels) instead of individual variables. The primary threshold deter-

mines the test statistic for a cluster, and thus has a major impact on the sensitivity and false

positive error rate of cluster-wise inference [19]. In this current study, we focus on the nonpara-

metric inference method at voxel level due to its robustness, though parametric methods can also

be applied under various assumptions [11, 27, 28, 29, 30].

A key limitation for cluster-wise inference is its vulnerability to the poor selection of the

voxel-level primary threshold. An overly-conservative threshold may lead to trivial clusters of

connected true positive voxels and cause low statistical power. On the other hand, a liberal
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primary threshold (e.g.,p < 0:01) can generate massive false positive points in a smoothed

brain space and thus can be connected and form false positive clusters [19]. Both false positive

clusters and low statistical power become major potential causes of the low reproducibility and

replicability of fMRI �ndings [3].

Setting the primary threshold atp < 0:001is now standard for most studies, because it can

generally effectively control false-positive �ndings based on empirical studies [19, 31]. However,

a pre-speci�ed voxel-wise threshold may be sub-optimal because it does not account for several

important factors of the data, including sample size, effect size, noise level, and the selection of

statistical models, among many others. In light of this, this chapter focuses on giving a generic

primary threshold estimation scheme that applies to most cluster-wise fMRI inferences.

We illustrate the concept of data-driven optimal threshold selection by a typical example

(Figure 2.1). We consider a simple scenario that all voxels in a brain image can be divided into

two sets: those are truly associated with the covariate of interest and the rest. The test statistics

of the two sets follow a non-null distribution and a null distribution, respectively. We argue that

the optimal primary threshold should be selected based on the non-null and null distributions

rather than a pre-speci�ed threshold. For example, if the two distributions are well separated

(large sample sizes or signi�cantly strong signals), a more rigorous primary threshold (e.g., more

stringent than 0.001) should be used, to suppress the false-positive �ndings. In contrast, if the

two distributions are less separable (but still separable, exhibiting small/moderate sample sizes

and moderate/large effect sizes), a relatively liberal primary threshold (e.g., less conservative than

0.001) should be used to keep the false discovery rate (FDR) at a low level while maintaining a

maximal statistical power. Therefore, empirical distributions of null and non-null distribution can

re�ect the sample size, effect size, and noise level from the data and provide important guidance
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for primary threshold selection.

(a) Two distributions well separated (b) Two distributions less separated

Figure 2.1: Non-null (in purple) and null (in black) distribution of test statistics from the (non-)
event spatial points. The red vertical line marks down the corresponding z-score when the p-value
is 0.001 on each graph, while the purple vertical line marks down the corresponding z-score when
the p-value is given by eBass. Yellow triangles on the x-axis indicate threshold z-values for local
fdr dfdr (z) = 0 :2 if such cases exist. The null sub-density� 0f 0 is marked in a blue dashed line,
and the mixture density is marked in a solid green line.

In the above example, we show that a data-driven primary threshold can maximize the

statistical power to detect true positive clusters while effectively controlling the FDR. However,

the data-driven primary threshold selection procedure has not been fully developed. To �ll this

gap, we propose a newempirical BayesAdaptive Threshold Selection (eBass) method to objec-

tively select the optimal primary threshold selection based on the information from data. The

eBass objective function aims to achieve a maximal statistical power while avoiding false pos-

itive voxels connected to be a false positive cluster. We develop new algorithms to implement

the objective function and provide the corresponding theoretical properties. In this chapter, we

focus on the two-step cluster-wise fMRI inference with nonparametric statistical tests by pro-

viding a new primary threshold selection strategy. We note that alternative advanced statistical
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methods, including both nonparametric inference methods (e.g., threshold-free methods clus-

ter enhancement - TFCE and pTFCE [12, 32]) and parametric inference (e.g., frequentist and

Bayesian models [10, 27, 33]), can produce reliable and biologically meaningful results. Thus,

eBass can become a complement to these commonly-used statistical approaches and enhance the

widely used two-step cluster-wise inference.

The rest of this chapter is organized as follows: 1) we introduce eBass method and algo-

rithm in section 2; 2) we perform extensive simulation analysis to fully assess the properties of

eBass, in Section 3; 3) we apply eBass to an fMRI data analysis for schizophrenia research and

conclude with discussions and future work.

2.2 Method

We consider the multiple comparison problem for all brain voxels in a spatially smoothed

3D space. The task-induced study and resting-state study are two major applications of fMRI

technique. The numeric value of a voxel in a task-induced fMRI study expresses the magnitude

of the local neural response to the task/stimuli, while the voxel value in a resting-state fMRI

study (seed voxel analysis) represents the strength of the local functional connection to the seed

voxels. The cluster-wise inference is applied to both data types. We perform statistical inference

on each voxel marginally or conditionally, where “marginally” and “conditionally” refer to two

data analysis strategies. In the �eld of fMRI data analysis, the general linear model (GLM) is

the most commonly used statistical analysis tool, which is applied to each voxel independently

for group-level regression analysis. We consider GLM inference results as “marginal” [11]. In

comparison, advanced statistical models have been developed to perform regression for each
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voxel while accounting for the dependence between voxels [4, 14, 34]. Inference results from

these analyses are treated as “conditional”, and we considerz statistics from those advanced

statistical models as uncorrelated [35].

Generally, the null hypothesisH0v at each voxel is set to no activation. Letv be an index

for brain voxel andv = 1; � � � ; V . Thus, for the whole brain volume, there are simultaneouslyV

hypothesis tests with their test statisticsz and correspondingp valuesP:

Null Hypothesis: H01; H02; H03; � � � H0V vs Alternative Hypothesis: H11; H12; H13; � � � H1V

Test Statistics: z1; z2; z3; � � � zV ; p-values: p1; p2; p3; � � � pV

The commonly-used multiple testing correction methods (Benjamini-Hochberg false dis-

covery rate, or BH-FDR correction) correct the multiplicity at the voxel level. The two-step

cluster-wise inference aims to extract cluster-level �ndings and gain additional power [17]. Specif-

ically,

1. Consider the primary thresholding as a screening step. We �rst apply a pre-determined

threshold� p to binarize all voxels based on theirp-values. Denote the indicator variable

� v = I (pv < � p) (e.g.,� p < 0:001), whereI is an indicator function, and the set� = f v :

� v > 0g that consists of voxels passing the threshold� p. The binarization naturally leads to

voxel-level false positive rate and sensitivity.

2. Perform permutation tests using the cluster extent as a test statistic to select a set of spatially

adjacent supra-threshold voxels� as the resulting cluster while controlling the family-wise

error rate (FWER). This step bears a resemblance to the commonly used spatial statistical
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models (e.g., SaTScan[36]) that can competently handle an inhomogeneous spatial point

process with clustered patterns [37]. Thus, the �nal output is cluster-level �ndings (adjust-

ing FWER).

We denote voxel-level false discovery rate as vFDR=
P V

v I (Ĥv = 1\ Hv = 0) =
P V

v I (Ĥv =

1), where theĤv denote the predicted outcome (e.g., 1 for non-null test result and 0 for null test

result) from empirical Bayes two-group model, and cluster-level family-wise error as

cFWER=Pr(at least one detected cluster is false positive). The two-step cluster-wise inference

controls cFWER instead of vFDR. Nevertheless, the vFDR can be used to evaluate the selected

primary threshold in step one (screening).

It has been well-known that the choice of primary threshold is critical because i) an over-

conservative primary threshold can achieve a low voxel-level false discovery rate at the cost of

low sensitivity (the cluster-level sensitivity is also low because true positive voxels are too few

to form clusters); ii) a liberal primary threshold can lead to detecting both true and false positive

clusters (i.e., high cFWER). Either low sensitivity or high cFWER can lead to less replicable

results because i) the probability is low to observe overlapped true �ndings across data sets with

low sensitivity, and ii) the chance for false positive voxels reappearing in different data sets is

small. Currently, the primary threshold ofp < 0:001is well accepted by the research community,

while p < 0:01 is considered overly-liberal [21]. Here, we argue that a data-driven primary

threshold may better balance the above trade-off than the pre-determined primary threshold.

We aim to select an optimal primary threshold to achieve maximal sensitivity (power) with

a low FDR at voxel-level. In practice, however, neither voxel-level sensitivity nor FDR is known

because the ground-truth is unavailable. We resort to an empirical Bayes framework for calculat-
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ing the estimated voxel-level sensitivity and FDR.

2.2.1 Empirical Bayes estimated voxel-level sensitivity and FDR

The empirical Bayes framework has been developed to estimate the marginal distribution of

the null and non-null test statistics for the multiple testing problem [38, 39]. In these models, the

test statistics of the whole brain voxels follow a mixture distribution,f (z) = � 0f 0(z) + � 1f 1(z),

where� 0; � 1 (� 1 = 1 � � 0) are the prior probabilities for a voxel belonging to the null and

non-null components.

� 0 = Prf zv 2 nullg; null densityf 0(zv)

� 1 = Prf zv 2 non-nullg; non-null densityf 1(zv)

Theposteriorprobability that a voxel belongs to the null set given the test statistics for all

voxelsz is P r(zv 2 nulljz) = � 0f 0(zv)=� 0f 0(zv)+ � 1f 1(zv) = � 0f 0(zv)=f (zv). A critical step of

the empirical Bayes method is to estimate the mixture densityf . Fortunately, numerous ef�cient

and robust numerical algorithms (e.g., MLE based and Poisson regression estimates) have been

developed [40]. The null densityf 0 can be estimated by maximum likelihood estimation,N (0; 1)

or central matching method. The prior probability� 0 is estimated based on the estimated null

distribution, and accordingly,̂� 1 is 1 � �̂ 0. Generally, the empirical Bayes estimation method

provides consistent and robust estimates for�̂ 0; �̂ 1; f̂ 0; f̂ 1jz [38, 41]. We usê� to denote the

estimated parameters from empirical Bayes, which is given by�̂ = f �̂ 0; �̂ 1; f̂ 0; f̂ 1g.

The empirical Bayes estimated prior probabilities and densities provide an effective tool to
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estimate the unknown joint or marginal distribution of the test statistics. Speci�cally, we calculate

the posterior sensitivity and FDR. Under the empirical Bayes framework, the unknown number of

non-null test statistics ism1 = V
R

z f̂ 1(t)dt. Without the loss of generality, we consider the right-

tail situation. We denote the decision rule with a cut-offz�̂ based on the empirical Bayes posterior

f̂ . The number of true non-nulls (true positives) is a function ofz�̂ given byS(z�̂ ) =
R+ 1

z�̂
f̂ 1(t)dt,

which is the tail-area of̂f 1. Then, we de�ne this true positive proportionS=m1 to be the posterior

sensitivity with cut-offz�̂ , that is

Posterior Sensitivity: [TPR(z�̂ ) =
Z + 1

z�̂

f̂ 1(t)dt=
Z + 1

�1
f̂ 1(t)dt =

Z + 1

z�̂

f̂ 1(t)dt;

By de�nition, the estimated Bayes local false discovery rate isdfdr (z�̂ ) = �̂ 0f̂ 0(z�̂ )=f̂ (z�̂ ). We

then consider the tail areas of null and mixture sub-densities, which can be obtained from the

corresponding CDFs. Thus, the posterior FDR is given by

Posterior FDR: \FDR (z�̂ ) = �̂ 0

Z + 1

z�̂

f̂ 0(t)dt=
Z + 1

z�̂

f̂ (t)dt;

and accordingly the true discovery rate (TDR) is

Posterior TDR [TDR(z�̂ ) = �̂ 1

Z + 1

z�̂

f̂ 1(t)dt=
Z + 1

z�̂

f̂ (t)dt:

The [TPR(z�̂ ) and [TDR(z�̂ ) inherit the consistency property from empirical Bayes esti-

mators. Therefore, the empirical Bayes estimated[TPR(z�̂ ) and [TDR(z�̂ ) provide satisfactory

surrogates for the true, yet unknown, sensitivity and TDR, which are required to determine the

optimal threshold.
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2.2.2 Objective function for the optimal threshold

Built on the posterior sensitivity (recall)[TPR(z�̂ ) and TDR (precision)[TDR(z�̂ ), we

propose an objective function for optimal threshold selection. Speci�cally,

arg max
z�̂

�̂ 1
R+ 1

z�̂
f̂ 1(t)dt

�̂ 1 + �̂ 1
R+ 1

z�̂
f̂ 1(t)dt + (1 � �̂ 1)

R+ 1
z�̂

f̂ 0(t)dt
(2.1)

subject to \FWERcluster (z�̂ ) � �;

where the optimal cut-offz�̂ is the estimand. The\FWERcluster (z�̂ ) is the constraint to

suppress false positive clusters, while the objective function aims to achieve voxel-level high

sensitivity and TDR. We will give the details of estimating the support
 � in section 2.2.3, and

optimizing procedure in section 2.2.4.

Equation(2.1) is the harmonic mean of precision and recall, which bears a resemblance to

the F-measure in the �eld of of information retrieval and machine learning. TheF measure is

used when two classes (i.e., null and non-null voxels) are unbalanced [42, 43, 44] and the interest

is in non-null voxels given a large number of unknown null voxels. This is well-suited for cluster-

wise inference in fMRI data analysis because only the small proportion of non-null voxels can

determine the clusters. The maximization of the harmonic mean leads to a balanced sensitivity

and FDR for unbalanced two classes.

In particular, theF1 score is the most commonly usedF measure that treats the two rates

(i.e., precision and recall) with equal importance. The concept ofF1 measure is suitable to

primary threshold selection because our goal is to maximize sensitivity while controlling the
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FDR for cluster-wise inference. The commonly used thresholding methods often only focus on

controlling false-positive �ndings without considering the sensitivity or power. Since cluster-

wise inference is a two-step procedure, the �nal inference results are subject to both the primary

threshold at the voxel level and the cluster-level threshold. Let� 1; � 2 denote the false negative

rates from primary thresholding step and cluster-extent thresholding step respectively. Then the

overall power is approximately(1 � � 1) � (1 � � 2). An overly conservative primary threshold

(e.g., BH-FDR and Bonferroni correction) can lead to a relatively low overall power.

In summary, the empirical Bayes based objective function (2.1) jointly models voxel-wise

sensitivity and FDR, and cluster-wise FWER. Our model gains more power than conventional

multiple testing methods focusing exclusively on false positive errors, and our model is thus

well-suited for the two-step inference procedure of cluster-wise inference.

2.2.3 Estimating
 �

In order to control the cluster level FWER below� , we de�ne the support
 � for z�̂ and

searchẑ�̂ on the support. Here, we describe the procedure to identify the set
 � based on the

empirical Bayes estimated sensitivity and FDR.

As stated in section 2.2, the cluster level family-wise error rate\FWERcluster is calculated

based on
R+ 1

ẑ�̂
f̂ 0(t)dt. If the total number of false positive voxelsV �

R+ 1
ẑ�̂

f̂ 0(t)dt is large at

the cut-off of ẑ�̂ , the cluster size of these false positive voxels is likely to be greater than the

permutation tests determined cluster-size thresholdK � . Thus, false positive clusters appear in

the �nal pass-threshold clusters. In order to avoid false positive clusters, the cut-offẑ�̂ is required

to prohibit forming large clusters.
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Speci�cally, we denote the estimated number of false positive voxels using a cut-offẑ�̂ by

mfp (ẑ�̂ ) = V �̂ 0
R+ 1

ẑ�̂
f̂ 0(t)dt. We next compute the upper bound of the cluster size based on

the combinatorial probability that thesemfp (ẑ�̂ ) false positive supra-threshold voxels can form

a contiguous non-trivial cluster in the three-dimensional brain space. The cluster level family-

wise error rate \FWERcluster (z�̂ ) is determined by the number of estimated false positive voxels

R+ 1
z�̂

f̂ 0(t)dt and the cluster size cut-off. Namely,\FWERcluster (z�̂ ) = Pr( Supf � (mfp (z�̂ ))g �

K � ), where� is the cardinality measure of any set of contiguous voxels formed bymfp (z�̂ ) in the

brain space. Then we de�ne the search domain forẑ�̂ by 
 � = f z�̂ : Supf � (mfp (z�̂ ))g < K � g,

In practice, the direct calculation of Supf � (mfp (z�̂ ))g is intractable. We resort to permutation

based techniques to approximate Supf � (mfp (z�̂ ))g. In each permutation, the random shuf�ing

of subject labels hypothetically produces af̂ �
0 distribution and an� p level is chosen to control

the permutation test FWER. Since we are able to theoretically calculate themfp (ẑ�̂ ) based on

empirical Bayes estimated̂f 0; f̂ 1, we consider 1) an� 1 for permutation bound that controls the

FWER among all supra-threshold voxels, 2) an� 2 for false positive cluster bound that controls the

FWER for estiamted false positive voxels. Commonly, the widely used 5%� p level is unadjusted

and that� p = � 1. The adjustment based on the de�nition of� 1 and� 2 is (1 � � 1)(1 � � 2) =

1 � � p. For � 2, it is calculated by the topmfp (ẑ�̂ ) voxels on both tail-end of̂f �
0 and randomly

choosemfp (ẑ�̂ ) from those extreme observations to form false discovery clusters. The adjustment

indicates that when� 2 ! 0, 1 � � 1 � 1 � � p. In other words, we need to take the cluster size

corresponding tomaxf � 2g (or other levels based on the adjustment) to estimate the false positive

voxels formed cluster sizeC�;z �̂
, and then we can estimate the support
 � .

The algorithm to estimate
 � is described in Algorithm 1.

In practice, we �nd bothC�;z �̂
; K � are monotonously decreasing withz�̂ while theC�;z �̂

18



decreases faster. Therefore,
 � is often a continuous domain. Next, we optimizeẑ�̂ on the support


 � .

2.2.4 Optimizingẑ�̂

The cluster level \FWERcluster is controlled while estimating the support
 � . Then we are

able to obtain the\FDR (ẑ�̂ ); [TDR(ẑ�̂ ) at eacĥz�̂ 2 
 � and �nd the optimal̂z�̂ on the support.

De�ne the decision rulef z�̂
: f (zv) � f (z�̂ ), wherez�̂ is the primary threshold andf is

the mixture density. LetY+ be the set of voxels from the non-null component, andY � be the

voxels for the null component. Then, letyv 2 f� 1; 1g be the indicator function whereyv = 1 if

zv 2 Y + andyv = � 1 if zv 2 Y � . We consider the 0-1 loss function of true positive and false

positives w.r.t. the empirical Bayes estimatedf̂ 0; f̂ 1. Inherit the notation from Section 2.2.1, we

have

TP(f z�̂
) = V

Z + 1

z�̂

f̂ 1(t)dt =
X

zv 2 Y +

1[f (zv )� f (z�̂ )] =
X

zv 2 Y +

1 � l(f z�̂
; zv; yv) (2.2)

FP(f z�̂
) = V

Z + 1

z�̂

f̂ 0(t)dt =
X

zv 2 Y �

1[f (zv )� f (z�̂ )] =
X

zv 2 Y �

l (f z�̂
; zv; yv) (2.3)

To bound the above two quantities and ensure convexity, replace the 0-1 loss function by the

hinge loss functionlh(f z�̂
; zv; yv) := max(0; 1� yv(f (zv) � f (z�̂ ))) . In this way, the lower bound

of true positivesTPL and upper bound of false positivesFPU atz�̂ satis�esTPL � TP(f z�̂
) and

FPU � FP(f z�̂
) respectively.

Once we have the upper bound and lower bound, our objective function (2.1), denoted by
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h(z�̂ ; �̂ 0; �̂ 1; f̂ 0; f̂ 1) = �̂ 1
R+ 1

z�̂
f̂ 1(t)dt=(�̂ 1 + �̂ 1

R+ 1
z�̂

f̂ 1(t)dt + (1 � �̂ 1)
R+ 1

z�̂
f̂ 0(t)dt), can be

replaced by a surrogate function

F �
eB =

TPL

jY + j + TPL + FPU
� FeB (2.4)

Our goal is to maximize the functionF �
eB given that the maximum FDR is controlled at

some level1 � � � , which equivalent to the minimum precision is greater than� � . The problem

can be written as:

max
TPL (f )

jY + j + TPL (f ) + FPU (f )
(2.5)

s:t: TPL (f ) � � � (TPL (f ) + FPU (f )) (2.6)

We also replace the notation of the hinge loss function as a shorthand

`+ (f ) =
X

z2 Y +

lh(f z�̂
; z; y); ` � (f ) =

X

z2 Y �

lh(f z�̂
; z; y); (2.7)

Alternatively, as maximizingF �
eB is equivalent to minimizing(F �

eB )� 1, we rewrite the ob-

jective function with̀ + ; ` � :

min
2jY + j � `+ (f ) + ` � (f )

jY + j � `+ (f )
(2.8)

s:t:(1 � � � )( jY + j � `+ (f )) � � � ` � (f ); (2.9)
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where� � is obtained from the boundary point on\FWERcluster constraint.

Straightforwardly, we can write� = jY + j � `+ (f ), and thus the above minimization is

equivalent to

min
f;�

max
�

� � 1(1 + ` � (f )) � �� + �
� �

1 � � �
` � (f ); (2.10)

where� is the Lagrange multiplier. The above weighted loss function can be optimized by cost-

sensitive binary classi�cation algorithms (e.g., logistic regression) [45, 46]. Since we restrict

the search region to a locally convex neighborhood, the solution of this optimization problem is

unique and we have the theorem on optimality:

Theorem 1(Optimality). Let ẑ�̂ 2 
 � , and each[TDR(ẑ�̂ ); \FDR (ẑ�̂ ) exist. The eBass primary

thresholdẑ�̂ = arg max
ẑ�̂ 2 
 �

h(ẑ�̂ ; �̂ ) s.t. h(ẑ�̂ ; �) = Sup
ẑ�̂ 2 
 �

h(ẑ�̂ ; �) is optimal.

Proof. The search region of objective functionh(ẑ�̂ ; �) is restricted on the support
 � . Since each

[TDR(ẑ�̂ ); \FDR (ẑ�̂ ) corresponds to thêz�̂ exists, and the hinge loss function (3.1) of unique

expressions in the constraint (3.3),(3.4) are convex, the optimization problem is updated in the

form (3.2). Solution to (3.2) exists and unique with cost-sensitive binary classi�cation algorithm.

Thus the eBass primary threshold is optimal.

In addition, since the support
 � is a �nite set under the empirical Bayes estimation, our

grid search algorithm can also guarantee the detection of the uniqueẑ�̂ and achieves the optimal-

ity.
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2.2.5 eBass in cluster-wise inference

In section 2.1-2.4, we have proposed an objective function (2.1) which is expressed by the

empirical Bayes estimatorŝ� 0; �̂ 1; f̂ 0; f̂ 1. The above estimators are consistent and we are able to

obtain the optimal solution̂z�̂ to h(ẑ�̂ ; �̂ ), we conclude the theorem on consistency ofẑ�̂ :

Theorem 2 (Consistency). Suppose for samplesx (1) ; x (2) ; � � � ; x (n) ; � � � , their eBass primary

threshold̂z(i )

�̂
= arg max h(ẑ(i )

� ; �̂ ); �̂ = f �̂ 0; �̂ 1; f̂ 0; f̂ 1gexist, which are denoted bŷz(1)

�̂
; ẑ(2)

�̂
; � � � ; ẑ(n)

�̂
; � � � .

Under the following mild regularity conditions, when (1) allf (z(i )
v ) in the model have the

same support; (2)� is an interior point of� ; (3) The log-likelihoodl(� ) is differentiable in� ;

(4) �̂ is unique value of� 2 � that solves the equationl0(� ) = 0 , the empirical Bayes estimators

are consistent. In addition, Hellinger consistency for an in�nity sequence of empirical Bayes

estimators is required. Speci�cally, it's given by
Q n (f : H (f; f 0) > � ) ! 0 a.s. [F 1

0 ] for all

� > 0, whereH (f; f 0) = f
R

(
p

f �
p

f 0)2g1=2 is the Hellinger distance betweenf andf 0.

Last but not least, suf�cient conditions to prove the consistency for objective function are

the following: Allh(ẑ(i )

�̂
) in the model have the same support;z�̂ is an interior point of
 � ; the

log-likelihoodl(~h(x (i ) ; ẑ(i )

�̂
)) is differentiable inz�̂ ; ẑ�̂ is unique value ofz�̂ 2 
 � that solves the

equationl0(~h(x (i ) ; ẑ(i )

�̂
)) = 0 .

Based on the above three assumptions, the estimated primary thresholdẑ�̂ from objective

functionh(ẑ�̂ ; �̂ ) is consistent asn ! 1 .

Proof. Fori th random samplex (i ) , the corresponding test statistics arez(i ) = f z(i )
1 ; z(i )

2 ; � � � ; z(i )
v g,

wherev is the number of voxels andi = 1; � � � ; n. Let the test statistics be independently

drawn from an unknown density with prior probability� (� ) and follow the marginal distribution
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z(i )
v � f (z(i )

v j� v), where� v 2 �; � = ( � 1; :::; � V ) is a �nite parameter space. The empirical Bayes

estimator�̂ = f �̂ 0; �̂ 1; f̂ 0; f̂ 1g is consistent [38, 40]. When the sample size of random sample

goes to in�nity, �̂
p

! � under mild regularity conditions [47, 48, 49].

Suppose the eBass primary thresholdẑ(i )

�̂
exists on support
 � . In the empirical Bayes

estimated objective functionh(ẑ(i )

�̂
; �̂ ) =

�̂ 1
R+ 1

ẑ
( i )
�̂

^f 1 (t )dt

�̂ 1
R+ 1

�1 f̂ 1 (t )dt+ �̂ 1
R+ 1

ẑ
( i )
�̂

^f 1 (t )dt+(1 � �̂ 1 )
R+ 1

ẑ
( i )
�̂

^f 0 (t )dt
, �̂ 1; �̂ 0 are

treated as constantcand1� c, while the two functionsg1(t) = �̂ 1
R+ 1

ẑ( i )

�̂

f̂ 1(t)dt; g2(t) = �̂ 1
R+ 1

ẑ( i )

�̂

f̂ 0(t)dt

are CDFs for either continuous random variable fromN (0; 1) or smoothed differentiable func-

tion. Thus,g1(t); g2(t) are continuous functions, and the objective functionh(g1(t); g2(t)) =

cg1 (t )
c+ cg1 (t )+(1 � c)g2 (t ) , h(g1(t); g2(t)) is continuous at eachg1(ẑ(i )

�̂
); g2(ẑ(i )

�̂
). Thenh � (g1; g2) is a

continuous function.

By continuous mapping theorem,ĥ(ẑ(i )

�̂
; �)

p
! h(ẑ(i )

�̂
; �).

For i th sample, the objective functionh(ẑ(i )

�̂
; �) can be normalized by

~h(ẑ(i )

�̂
; �) =

h(ẑ(i )

�̂
; �)

R

 �

(ẑ(i )

�̂
; �)

(2.11)

The parameter̂z(i )

�̂
for ~h(ẑ(i )

�̂
; �) satis�esẑ(i )

�̂
= arg max ~h(ẑ(i )

�̂
; �) = arg max h(ẑ(i )

�̂
; �). Consider

the likelihood function for̂z�̂ 2 
 � thatL(ẑ �̂ ) =
Q n

i =1
~h(x (i ) ; ẑ(i )

�̂
) is log-concave. Then,̂z�̂ is

the maximizer ofL(ẑ �̂ ) = 1
n

P n
i =1 log~h(x (i ) ; ẑ(i )

�̂
).

Suppose the true parameter isz�̂ . By Law of Large Numbers for anyz�̂ 2 ẑ �̂ ,

1
n

nX

i =1

log~h(x (i ) ; ẑ�̂ ) ! Ez�̂
[log~h(x; ẑ�̂ )] (2.12)
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whereEz�̂
denotes the expectation with respect to the true uknown parameter. Then, we

haveEz�̂
[log~h(x; ẑ�̂ )] � Ez�̂

[log~h(x; z�̂ )] = Ez�̂
[log

~h(x ;ẑ�̂ )
~h(x ;z�̂ )

].

Sincex 7! logx is concave, by Jensen's inequiality,Ez�̂
[log

~h(x ;ẑ�̂ )
~h(x ;z�̂ )

] � logEz�̂
[

~h(x ;ẑ�̂ )
~h(x ;z�̂ )

] =

log
R ~h(x ;ẑ�̂ )

~h(x ;z�̂ )
] = 0. Thusẑ�̂ 7! Ez�̂

[log~h(x; ẑ�̂ )] is maximized at̂z�̂ = z�̂ . When the number of

samplesn ! 1 , the consistency holds under mild regularity conditions (see Appendix C).

The empirical Bayes estimated FDR and sensitivity determine our objective function (2.1),

and bridge the data information and parameter optimization. The data-driven primary threshold

selection method eBass automatically maximizes the empirical Bayes sensitivity while control-

ling cluster-level FWER and voxel-level FDR, which fully leveraging the information from the

empirical data. Therefore, eBass primary threshold can outperform the pre-speci�ed primary

thresholds in many scenarios (see simulation and data example results).

We summarize the computational procedure of eBass in three steps:

Step 1. Calculate [TPR(z�̂ ); \FDR (z�̂ ) with the empirical Bayes estimated̂� 0; �̂ 1; f̂ 0; f̂ 1, and the

objective functionh(z�̂ ; �̂ 0; �̂ 1; f̂ 0; f̂ 1);

Step 2. Identify the support
 � which guarantees\FWERcluster � � ;

Step 3. Obtain theẑ�̂ by optimizing the objective functionarg max
z�̂ 2 
 �

h(z�̂ ; �̂ 0; �̂ 1; f̂ 0; f̂ 1) on the sup-

port calculated by step 2, with the updated constraint on\FDR (z�̂ ).

In summary, we provide a data-driven optimal primary threshold selection step via an em-

pirical Bayes framework. The selection of the primary threshold is more �exible because eBass

optimizes the primary threshold by maximizing the sensitivity while rigorously controlling the
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cluster-wise false positive error rate. In the following simulation analysis and real data example,

we demonstrate that eBass can improve the statistical power without losing the rigor of FWER.

2.3 Simulation

2.3.1 Data description

In the simulation study, we evaluate the performance of eBass and compare it to the existing

methods. We �rst simulate 2D image data for multiple subjects. The number of voxels in each

image isV = 100 � 100 = 10; 000, and thus the number of simultaneous tests is 10,000. We

assume that most voxels are from the null set, whereas two squared areas (N0 = 21 � 21+6� 6 =

477voxels) are from the non-null set, see Fig 2.2b. We apply a commonly-used two-group (i.e.,

cases vs. controls) scenario, which can be easily extended to the regression setting. First, let

voxels from the null set follow a normal distributionN (0; 1) for both cases and controls. Within

the two squared areas, the non-null voxels of the cases follow a normal distributionN (� k ; 1)

(k = 1; 2 for the two areas), whereas the voxels of the controls follow aN (0; 1) distribution.

The signal-to-noise ratio (SNR) as the reciprocal of the coef�cient of variation,SNR = � k=� ,

the � = 1 allows the difference of group means to be the true positive effect size (ES) which is

equivalent to Cohen's d. A higher SNR can lead to higher sensitivity and a lower FDR, and vice

versa. We further smooth each image with a Gaussian �lter, using a full width at half maximum

(FWHM) equivalent to 8mm. The voxels in the smoothed image are correlated like the real fMRI

data. We further let the number of subjects per group be 30, 60, and 100. For each setting, we

simulate 100 data sets.
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(a) Underlying truth (b) Original image (c) FWHM=8mm

Figure 2.2: (a) is the image of the underlying truth. Red squares represent the activated regions.
(b) shows one original image with sample size 30 per arm, an effect size set to 0.8. Non-activated
voxels in blue region of (a) followN (0; 1) and activated voxels in red regions of (a) follow
N (0:8; 1). (c) is the original image in (b) smoothed with a Gaussian kernel of FWHM=8mm.

2.3.2 Data analysis

For each data set, we perform the two-step cluster-wise inference. We determine the pri-

mary threshold using eBass as well as a variety of popular methods, including BH-FDR correc-

tion, p < 0:001, andp < 0:01. We evaluate the performance of these methods in terms of voxel-

wise sensitivity (Sensitivity) and FDR (vFDR), together with cluster-wise FWER (cFWER) by

comparing the resulting clusters selected by the cluster-wise inference to the two true squares.

Note that ultimately, the voxel-wise sensitivity and FDR are not applicable in cluster-wise infer-

ence, we yet provide them in order to evaluate the quality of controls in the voxel-level primary

thresholding step.

2.3.3 Results

We summarize simulation results in Table 3.2. We �rst compare the results when the ef-

fect size is medium (ES=0.6). For the sample size of 30 cases vs. 30 controls, the study is
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underpowered and the test statistics from the true positive voxels are mixed with false positive

voxels [50, 51]. Therefore, only a few voxels can survive the corrected primary threshold and

form a cluster with a size greater than the step two cluster-level threshold. The vFDRs for all

methods are well controlled. The Sensitivity of eBass is 137% higher thanp < 0:001 thresh-

old and 388% higher than BH-FDR correction. Although the well-controlled vFDR prohibits

false-positive �ndings, the overall low sensitivity can also lead to low replicability because true

positive �ndings are rarely overlapped across data sets.

When the sample size is increased to 60 subjects per arm, the statistical power increases

to above 80% at each voxel. The vFDRs of eBass, BH-FDR correction, andp < 0:001primary

threshold are around 0.005, while vFDR of thresholdp < 0:01 is close to 0.013. Note that our

eBass primary threshold varies across repeatedly simulated data sets, and automatically adapt to

the characteristics of the data. Our average vFDR is about the same asp < 0:001and BH-FDR,

but has a signi�cantly increased Sensitivity. Since the sample size of 60 vs. 60 and ES=0.6 is

common in fMRI studies, these results provide practical guidance for optimal primary threshold

selection for cluster-wise inference.

Last, for sample size of 100 vs. 100, the test statistics of voxels from the null set are

clearly apart from those from the non-null set, which leads to generally increased Sensitivity in

all methods. The eBass method has slightly higher Sensitivity than that ofp < 0:001with better

controlled vFDR because of its adaptive optimal threshold selection. The cFWER for all methods

are well-controlled.

The results of larger effect sizes (ES=0.8 and 1) follow a similar pattern as above (see Table

1). When the sample size is small (i.e., 30 cases vs. 30 controls), eBass signi�cantly improves

Sensitivity while keeping the vFDR at a very low level. At effect size 0.8 and the sample size

27



is medium to large (i.e., 60, 100 subjects per arm), adaptive threshold selection methods eBass

and BH-FDR correction performed slightly superior to the �xed primary thresholdp < 0:001.

When the effect size reaches to 1.0, there is not much difference in Sensitivity among all methods

especially when sample size is very large (100 subjects per arm). All methods control the vFDR

well when effect sizes increase. Since we focus on cluster-wise inference and cFWER, we only

compare eBass with existing cluster-wise inference methods. In the Appendix A, we show the

comparison results of TFCE and cluster-wise inference methods including eBass by assuming all

voxels in signi�cant clusters as positive.

In summary, eBass shows advantageous performance in improving the sensitivity while

controlling the voxel-wise FDR, especially when the sample size and effect size is small to

medium. With increased sample size and effect size, most of the widely used thresholding meth-

ods tend to have a good performance with similar primary thresholds.
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Table 2.1: Simulation result for original images of ES=0.6, 0.8 and 1.0, sample size 30, 60 and
100 per arm smoothed with FWHM=8mm

eBass BH-FDR p < 0.001 p < 0.01

Effect Size = 0.6

30 per arm Threshold 0.0027(Q1)/0.0051(Q2)/0.0147(Q3) 0.0002(Q1)/0.0009(Q2)/0.0017(Q3) 0.001 0.01
Sensitivity 0.1932� 0.0934 0.0396� 0.0325 0.0816� 0.0344 0.2263� 0.081

vFDR 0.024� 0.0653 0 0.0117� 0.0469 0
cFWER 5.6% 0 6.3% 0

60 per arm Threshold 0.0012(Q1)/0.0027(Q2)/0.0056(Q3) 0.0008(Q1)/0.0009(Q2)/0.0013(Q3) 0.001 0.01
Sensitivity 0.5039� 0.1237 0.3731� 0.1481 0.3777� 0.1075 0.6763� 0.1164

vFDR 0.0067� 0.0155 0.0050� 0.0154 0.0046� 0.0144 0.0127� 0.0256
cFWER 5% 10% 10% 10%

100 per arm Threshold 0.0009(Q1)/0.0020(Q2)/0.0032(Q3) 0.0020(Q1)/0.0021(Q2)/0.0022(Q3) 0.001 0.01
Sensitivity 0.8292� 0.0749 0.8460� 0.0767 0.7850� 0.081 0.9378� 0.0422

vFDR 0 0.0019� 0.0049 0.0001� 0.0006 0
cFWER 0 0 0 0

Effect Size = 0.8

30 per arm Threshold 0.0073(Q1)/0.0097(Q2)/0.0106(Q3) 0.0006(Q1)/0.0007(Q2)/0.0009(Q3) 0.001 0.01
Sensitivity 0.6012� 0.0886 0.2881� 0.1141 0.3146� 0.0848 0.6109� 0.0914

vFDR 0.004� 0.01 0.0045� 0.0201 0 0.0039� 0.0096
cFWER 0 5% 0 0

60 per arm Threshold 0.0034(Q1)/0.0050(Q2)/0.0055(Q3) 0.0021(Q1)/0.0023(Q2)/0.0023(Q3) 0.001 0.01
Sensitivity 0.9438� 0.0396 0.9072� 0.0552 0.8559� 0.0605 0.9624� 0.0376

vFDR 0.0109� 0.0252 0.0052� 0.0156 0.0049� 0.0129 0.0119� 0.0263
cFWER 15% 10% 15% 10%

100 per arm Threshold 0.0011(Q1)/0.0016(Q2)/0.0020(Q3) 0.0024(Q1)/0.0024(Q2)/0.0025(Q3) 0.001 0.01
Sensitivity 0.9945� 0.0095 0.9955� 0.0087 0.9897� 0.0145 0.9988� 0.0030

vFDR 0.0036� 0.0095 0.0023� 0.0073 0.0025� 0.0078 0.0064� 0.0147
cFWER 10% 5% 10% 5%

Effect Size = 1.0

30 per arm Threshold 0.0093(Q1)/0.0119(Q2)/0.0154(Q3) 0.0014(Q1)/0.0016(Q2)/0.0018(Q3) 0.001 0.01
Sensitivity 0.8539� 0.0522 0.6306� 0.1122 0.5781� 0.0982 0.8432� 0.0526

vFDR 0.0093� 0.0189 0.0045� 0.0138 0.0026� 0.0115 0.0057� 0.0168
cFWER 5% 10% 5% 5%

60 per arm Threshold 0.0015(Q1)/0.0022(Q2)/0.0031(Q3) 0.0023(Q1)/0.0024(Q2)/0.0025(Q3) 0.001 0.01
Sensitivity 0.9851� 0.0154 0.9842� 0.0191 0.9727� 0.0281 0.9951� 0.0087

vFDR 0.0003� 0.0014 0.0002� 0.0006 0.0027� 0.0085 0.0097� 0.0177
cFWER 0 0 10% 5%

100 per arm Threshold 0.0004(Q1)/0.0006(Q2)/0.0008(Q3) 0.0024(Q1)/0.0024(Q2)/0.0025(Q3) 0.001 0.01
Sensitivity 1 1 1 1

vFDR 0 0.0015� 0.0034 0 0.0067� 0.0105
cFWER 0 0 0 0
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2.4 Data Example

2.4.1 Data Acquisition

Resting-state fMRI (Rs-fMRI) data were collected from 92 schizophrenia patients (SZs)

at the University of Maryland Center for Brain Imaging Research. The average age of the SZ

cohort is 35.5� 13.2, and 26 of the participants are females. A Siemens 3T TRIO MRI (Erlan-

gen, Germany) system equipped with a 32-channel phase array head coil was used to collect

the resting-stateT2� -weighted images with the following parameters: TR=2s, TE=30ms, �ip

angle=90� , FOV=248mm,128� 128matrix, 1:94 � 1:94 in-plane resolution, 4mm slice thick-

ness, 37 axial slices, 444 volumes). During the scan, participants were asked to keep their eyes

closed and relax.

2.4.2 Data Preprocessing

Pre-processing of the rs-fMRI data was performed using the Data Processing & Analysis

for (resting-state) Brain Imaging (DPABI) toolbox [52]. The �rst ten time frames were removed

to allow for signal stabilization. Raw data underwent motion correction to the �rst image, slice-

timing correction to the middle slice, and normalization to MNI space. To ensure that spurious

motion and physiological artifacts did not drive observed effects in our statistical analyses, rest-

ing data also underwent regression of 6-motion parameters and their derivatives (12 total mo-

tion estimates) and physiological (white matter and cerebrospinal �uid) signals prior to spatial

smoothing with an 8mm FWHM Gaussian kernel. Framewise displacement was calculated for
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each image; this measure differentiates head realignment parameters across frames and generates

a 6-dimensional times series that represents instantaneous head motion [53]. All individuals in

the current analysis have mean framewise displacement� 0:25 to better control for potential

confounding effects of motion and motion artifacts on the rs-fMRI signal.

2.4.3 Data Analysis

We aim to examine the resting-state Function Connectivity (rsFC) pattern (i.e., seed voxel

based connectivity map) in�uenced by the chlorpromazine (CPZ) equivalent daily dose among

SZ. CPZ is a commonly used medication to treat psychotic disorders including schizophrenia and

bipolar disorder [54]. Although previous studies have thoroughly investigated the treatment effect

on symptoms of schizophrenia, the neurobiology of treatment effect is poorly understood. The

rsFC analysis provides a high-resolution assessment of the treatment effect on central nervous

system.

The seed-voxel based rsFC analysis is performed. A 10mm spherical seed is placed cen-

tering on the posterior cingulate cortex (PCC) at (-5, -49, 40). The correlations are calculated

between the rest of voxels and the seed, and then normalized by the Fisher's Z transformation.

We then conduct the two-step cluster-wise inference to identify treatment dose response related

voxel-clusters.

In step one, voxel-wise regression analyses on 223,553 non-zero voxels are performed in

the patient group with 92 participants. The CPZ is included as a regressor of interest, and we

adjust for age and gender. Speci�cally, we apply the eBass approach and selected the optimal

primary threshold p=0.00053 by balancing the empirical Bayes TPR, FWER in the objective
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function (2.1). At step two cluster-wise inference, AFNI's 3dttest++ with Clustsim option is used

to perform the permutation test (controlled at FWE¡0.05) on supra-threshold voxels and yield the

cluster-size threshold. In this step, voxel-wise primary thresholds eBass,p < 0:001, andp < 0:01

are applied accordingly.

2.4.4 Results

We identify patterns of rsFC correlated with CPZ dose in schizophrenia: increasing in CPZ

dose causes reduced connectivity between PCC and three signi�cant clusters located at (1) right

Heschl's gyrus (Brodmann Area, i.e., BA 41), (2) left middle orbital gyrus (BA 11), and (3) left

superior temporal gyrus (BA 21). Cluster (1) has size 240 and the peak voxel is at (48, -21, 9). It is

part of the primary auditory cortex. Cluster (2) has a similar size as cluster (1), but on the left brain

and the peak voxel is at (-24, 30, -21). This region is in charge of processing emotion and values.

The third cluster size is 79, which is only slightly larger than the cluster-wise threshold. Its peak

voxel is located at (-54, -3, -9) and the function in this area of to process auditory information and

language. All the clusters' information including cluster size, peak voxel location, BA number,

label and region's function are summarized in Table 3.3, and a demonstration of those regions on

a 3D surface model [55, 56, 57, 58] is given in Figure 2.3. The detected regions have reduced

connectivity between seed and regions.

These activation regions match relatively well with the regions reported from well-established

studies that show signi�cant rsFC differences between SZ patients and healthy controls (HCs).

Previous studies showed reduced connectivity between seed and cluster (1) among drug-resistance

patients, [59, 60] abnormal connectivity between seed and cluster (2) among patients, [59, 61]
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Table 2.2: Signi�cant clusters information: given (1) eBass primary threshold p=0.00053,
q=0.0273 when sample size is full (n=92); (2) eBass primary threshold p=0.0015, q=0.1274
when sample size is half of the full sample (n=46).

Sample
Size

Clusters Size
MNI: peak voxel

(x, y, z)
BA Label Function

N=92 Cluster 1 240 48, -21, 9 R41 Right Heschl's gyrus Part of primary auditory cortex
Cluster 2 238 -24, 30, -21 L11 Left orbitofrontal cortex Processing emotion and value
Cluster 3 79 -54, -3 -9 L21 Left superior temporal gyrus Auditory processing and language

N=46 Cluster 1 138 57, -6, 12 R41 Right Heschl's gyrus Part of primary auditory cortex

MNI, Montreal Neurological Institute; BA, Brodmann Area; R, right; L, left.

Figure 2.3: (a) is the 3D whole brain with detected clusters marked in different colors under the
full sample (n=92). (1), (2), and (3) are the anatomical diagrams focus on the corresponding
clusters listed in Table 3.3. (b) is the detected cluster under half sample (n=46). Speci�cally, (c)
shows the overlapping �ndings from full sample Cluster 1 (red outline underlay) and half sample
Cluster 1 (green solid area overlay). Various colors are used to distinguish the different clusters.
Note that all regions have reduced connectivity with the PCC seed.

and increased connectivity between seed and cluster (3) among patients without treatment group

or drug-resistance group [59, 62]. In our results, all of the three regions show reduced connec-

tivity, which indicate that CPZ dose is negatively correlated with the activation of those regions.

Comparing to the results from previous studies, CPZ effectively reduces the connectivity at or-

bitofrontal cortex and superior temporal gyrus. However, the reduced connectivity between PCC

and Heschl's gyru is not affected much by the CPZ dose. Based on above �ndings, we conclude

that the CPZ can mitigate some abnormal connectivity patterns in SZ patients, and thus ultimately
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relieve the SZ patients' psychotic symptoms, especially on auditory hallucination.

2.4.5 Comparisons between Various Primary Thresholds

We compare the eBass primary threshold with the popular primary threshold values in-

cludingp < 0:001andp < 0:01. In Figure 2.4, we demonstrate signi�cant clusters with FWER

correction based on different primary thresholds. The cluster-size threshold and cluster details

are listed at Table 2.3 .

Table 2.3: Comparison between eBass and hard thresholdsp < 0:01andp < 0:001. Sub-sample
(N=46) is randomly drawn from original patient group. Numbers inside parentheses are the
corresponding cluster-size threshold. Number of clusters display information as “# of clusters:
cluster 1 size/cluster 2 size/� � � ”.

Sample size=92 Sample size=46

Primary threshold Number of clusters Primary threshold Number of clusters

eBass 0.00053(68) 3:239/235/78 0.0015(137) 1:138
P< 0.001 0.001(118) 3:472/459/137 0.001(95) 2:102/101
P< 0.01 0.01(1097) 2:2518/2281 0.01(981) NA

The primary threshold ofp < 0:001yields three similar clusters with slightly increased

cluster size, while two over-sized clusters are detected by the primary thresholdp < 0:01 ex-

panding multiple anatomical brain gyri/sulci.

In addition, we randomly sample n=46 subjects from the original population to further

evaluate their performance. Under the sub-sample, one cluster roughly at the same location with

cluster (1) from full sample is detected by the eBass primary thresholdp = 0:0015, see Figure

2.3. As forp < 0:001, two signi�cant clusters are detected but no overlap with full sample results

( See Table 2.3 in Appendix B). The ratio of Jaccard index between full sample and sub-sample

for eBass andp < 0:001is 1.91. There is no signi�cant cluster detected by the primary threshold
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of p < 0:01and thus leads to a 0 for the Jaccard index due to the discontinuity of the signi�cant

clusters.

The eBass primary threshold identi�es signi�cant clusters that are consistent with those in

the original data set and sub-sample. Therefore, the data-driven eBass primary threshold is more

�exible and provides a better balance between the sensitivity and false discovery rate, which

should lead to greater replicability.

2.4.6 Comparison between Cluster-extent Methods and Voxel-wise

Inference

Although we focus on the two-step cluster-wise inference in the simulation study, we fur-

ther compare the cluster-extent methods with TFCE - one of the most popular voxel-extent in-

ference. The TFCE generates voxel-level correctedp values instead of considering clusters as a

whole, thus the cluster-wise FWER is not applicable to this method. Similarly, as in cluster-wise

inference we assume all supra-threshold voxel-formed clusters are signi�cant, we compare the

voxel-wise sensitivity and FDR of primary thresholding step speci�cally with TFCE.

The 2D image has the same dimension withV = 100 � 100 = 10; 000voxels. The truth

consists of four identical squared areas that are placed in the center of the image with equal

distance (roughly same as the side of the square). Different from the images in the simulation

section, we apply the smoothing step after adding the true signals to the original image. In

this way, the underlying truth have an irregular shape on the margin, and the strength of signal

decreases steady from center to margin. The total number of true signi�cant voxels is 900. We

perform the simulation study on the set of images have ES=0.6, smoothed with FWHM=8mm,
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30 subjects per group.

We perform the two-step cluster-wise inference with eBass, BH-FDR correction,p <

0:001, andp < 0:01. We also apply TFCE voxel-wise inference on the images under this set-

ting. Similarly, we evaluate the performance of methods by their voxel-wise sensitivity, FDR,

and cluster-wise FWER. We exhibit the simulation results in Table 3.1.

From the example above, we �nd out that when the signi�cant clusters have blurred edges

and close to each other, the voxel-extent methods would have a signi�cant increase (up to 50%)

in vFDR comparing to cluster-extent methods. When the ES and sample size are low to medium,

the voxel-extent method (e.g., TFCE) tends to outperform cluster-extent methods on sensitivity

by 5-30% in this type of images who have clear edges, while the vFDR remains about the same.

Table 2.4: Performance comparison between cluster-extent methods and voxel-wise thresholding
method. 30 subjects per arm with ES=0.6, smooothed with Gaussian kernel FWHM=8mm.

eBass BH-FDR < 0.001 < 0.01 TFCE

Primary Threshold 0.003� 0.0029 0.0063� 0.0001 0.001 0.01 NA
Sensitivity 0.9996� 0.0007 0.9998� 0.0004 0.9991� 0.001 0.9998� 0.0004 1

vFDR 0.2469� 0.025 0.2644� 0.0129 0.2200� 0.0096 0.2767� 0.0116 0.3602� 0.0142
cFWER 0 0 0 0 NA

2.5 Discussion

We have developed a data-driven primary threshold selection method for the two-step

cluster-wise fMRI inference. The multiple comparison problem has been at the heart of neu-

roimaging data analysis, because it can determine the validity of �ndings. In practice, true signals

in neuroimaging data are often mixed with various sources of noise, and the statistical inference

models are sensitive to the noise. Therefore, a small erroneous shift from the optimal decision-
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making threshold can cause a signi�cant loss of statistical power or uncontrolled false-positive

�ndings. However, the primary threshold has been conventionally selected based on empirical

analysis and experience, which may not provide the optimal threshold for the target neuroimag-

ing data. To address this need, we propose an empirical Bayes method to calculate estimated

sensitivity and FDR and thus facilitate the optimization of selecting the primary threshold for

cluster-wise inference.

Built on the successful development of the empirical Bayes approach in the �eld of high-

dimensional statistics, eBass enjoys several advantageous theoretical properties, regarding the

estimation robustness and consistency [40, 63]. The eBass threshold provides a reliable cut-off

to binarize voxels in the 3D brain space into a point process [64]. The step two inference (i.e.,

permutation tests) is also sensitive to the noise level of the point process. When the sensitivity

level is low (a stringent threshold), true positive points are unlikely to be spatially adjacent and

form a non-trivial cluster resulting in a reduced ability to detect no signi�cant clusters. When a

large proportion of false positive points are present in the point process, the false positive points

tend to be spatially connected due to the spatial smoothness of the neuroimaging data, leading

to cluster-wise false-positive �ndings. For these reasons, we often �nd it challenging to produce

replicable �ndings in neuroimaging studies [3].

Our simulation and data example results concur with the previous �ndings that the empir-

ical primary threshold (p < 0:001) is a good option, especially when no information from the

data is available. In general, the primary threshold (p < 0:001) can adequately control the false-

positive �ndings, which is analogous to the traditional cut ofp < 0:05 in univariate statistical

inference [21]. In practice, we �nd that the data-driven eBass threshold often varies around the

primary thresholdp < 0:001, in many applications. Nevertheless, the eBass primary threshold
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is objectively selected based on the data, and can thus improve sensitivity in many scenarios

(e.g., data sets with smaller sample sizes and small-medium effect sizes). Therefore, we consider

the eBass primary threshold to be a good complement to the existing methods for cluster-wise

inference.

We also note that the eBass is built on the estimation of the two-component mixture model.

When the empirical Bayes approach cannot estimate the two components well, we resort to the

p < 0:001primary threshold for cluster-wise inference or TFCE as potential solutions.

The eBass method is compatible with all voxel-level statistical inference because the marginal

distribution of test statistics is often robust [10]. The more accurate voxel-level statistical infer-

ence can lead to more separable null and non-null distributions and thus more accurate cluster-

wise inference results via the eBass primary threshold.

In summary, the eBass provides a data-driven and automatically optimized primary thresh-

old for the two-step cluster-wise fMRI inference. Since the computation is ef�cient, eBass can

be conveniently implemented and compatible with most existing software platforms. The imple-

mentation of eBass is published in Github athttps://github.com/yierge/eBass .

The method described in this chapter was published in Statistics in Medicine in 2021 [65].

The content is mostly from the published work, although there are some minor changes to incor-

porate the dissertation arrangement.
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Algorithm 1 Estimating
 �

INPUT:
b : number of breaks in empirical Bayes estimation.
�̂ 0 : empirical Bayes estimated prior probability
f̂ 0 : empirical Bayes estimated null density
J : number of permutation tests
� 2-level : false positive cluster bound (1% or maximum)
� p-level : commonly used 5% cluster-wise FWER
Array z of z(i )

�̂
; i = 1; � � � ; b.

OUTPUT:
Array 
 � .


 � = []
for all z(i )

�̂
2 z do

mfp (z(i )

�̂
) := V �̂ 0

R+ 1
ẑ( i )

�̂

f̂ 0(t)dt

P �
F  mth

fp smallestp-value inz

P �
�̂

 p-value corresponding toz(i )

�̂
for all j 2 [1; J ] do

Randomly permute subject group labels
zp( j )  test statistics after permutation
C(j ) := size of maximum connected component inzp( j ) thresholded byP �

F
K (j ) := size of maximum connected component inzp( j ) thresholded byP �

�̂
end for
C�;z �̂

 C � 2 � level

K �  K � p � level

if C�;z �̂
< K � then

Appendz(i )

�̂
to 
 �

end if
end for
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(a) eBass (n=92) (b) p < 0:001(n=92) (c) p < 0:01(n=92)

(d) eBass (n=46) (e)p < 0:001(n=46)

Figure 2.4: (a), (b), and (c) show signi�cant clusters using the primary thresholds of eBass,p <
0:001, andp < 0:01respectively based on all participants in the data example. Signi�cant clusters
are marked in color. (d) and (e) demonstrate signi�cant clusters using the primary thresholds of
eBass andp < 0:001based on data with a half of the original sample size. The primary threshold
p < 0:01yields no signi�cant cluster.
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Chapter 3: An Integrated Cluster-wise Signif-

icance Measure for fMRI analysis

3.1 Introduction

In high-dimensional inference, handling multiple comparison problems remains a popular

topic due to its wide applications in scienti�c �elds. Cluster-wise inference is among the most

commonly used multiplicity correction approaches for functional magnetic resonance imaging

(fMRI) data analysis [1]. This method is a two-step inference procedure including a voxel-level

thresholding step to binarize all voxels, and cluster-extent-based inference to decide the cluster-

level activation while controlling the family-wise error rate (FWER) [22, 66, 67]. Generally,

inference is used to support the claims of associations between covariates of interest and brain

imaging clusters [50, 68]. In practice, however, the cluster-wise FWER correction approach may

lead to in�ated FWE [22] due to the violation of model assumptions. To mitigate the in�ated

error, several adjustment methods have been developed [21], for example, parametric voxel-wise

inference, and Gaussian random �eld theory based cluster-wise inference with corrected long

residual tail [69, 70].
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In cluster-wise inference, the selection of both primary threshold and cluster-wise threshold

plays a critical role [65]. In the traditional approach, the cluster-wise threshold is usually decided

by the cluster extent, which is calculated by tallying the number of voxels within the cluster

[1, 71]. This computationally convenient criterion, however, ignores the variation ofp-values

beyond the pre-determined threshold and the dependence structure of voxels within the cluster.

Due to the information loss, the cluster-wise inference can be suboptimal regarding the sensitivity

and false positive error rate [19, 22]. To address this challenge, we develop a new approach to

calculate the cluster-wise signi�cance by integratingp-values of voxels and cluster extent, while

accounting for the dependence structure between voxels.

The �rst step of our proposed method is built on statistical techniques that combine the

inference results of multiple hypothesis tests [72, 73, 74]. Various combining methods, such

as Fisher's combined probability test [75], Stouffer's statistic [76], Tippett's method [77], and

recent approaches with a Cauchy distribution [78] or a harmonic meanp-value [79], have been

developed and commonly used due to their good properties on consistency and accuracy [78, 80,

81, 82]. Among the combining methods, Fisher's method is the earliest and the most popular

one. It allows both independent and dependent multiple tests because the summation of the log-

transformedp-values has by an asymptotic Chi-sqaure distribution [71, 83, 84, 85], and numerical

methods with high accuracy are available to approximate its parameters [80, 86].

In practice, combining methods are not directly applicable to our application due to two

major limitations. First, the dependence structure in brain imaging data is spatially constrained

[4]. The existing combining methods do not fully address the spatial dependence in brain imag-

ing data. Even though the permutation framework maintains the spatial structure and does not

depend on the unknown distribution of the combining methods, [1, 85] the accuracy of the com-
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bined statistics that rely on parametric distributions for a given cluster can be compromised if

the correlations between voxels are high [87]. The biased estimation can make it hard to distin-

guish the noise and the signal of interest [35]. A second major limitation is that, in cluster-wise

inference, voxel-wisep-values are restricted by their �oating-point representation; that is voxel-

wisep-values are often thresholded by a small value no greater than 0.001 [19]. Therefore, the

cluster-wisep-values can be extremely small (< 10� 100) and thus we are unable to distinguish

two clusters with similar combinedp-values but carrying much different information (e.g., sizes,

voxel-wisep-values, spatial dependence). This is incompatible with the permutation test for

controlling family-wise error (FWE) and limits their overall utility.

To address the issues of information loss and computation compatibility, we developed a

tailored method to incorporate the spatially-constrained dependence structure between voxels into

combining dependentp-values of intra-cluster voxels. Additionally, we propose a new strategy

to substitute the exact cluster-wisep-values with computationally ef�cient probability bounds.

We further prove that the log-transformed probability bound has a monotonic relationship with

the exact cluster-wisep-value, and therefore can conveniently be adopted by the permutation

tests to accurately rank the signi�cance levels of clusters. Our method is also compatible with

the Threshold-Free Cluster Enhancement (TFCE) method [12] because our enriched signi�cant

level is a suitable substitute of the cluster extent. Therefore, it can become a general tool for

cluster-wise analysis.

We further organize the Chapter as follows. In section 2, we introduce our method with

technical details. We provide a task-based fMRI data example and a resting-state fMRI data

example to demonstrate the effectiveness of our statistic in section 3. We then evaluate the per-

formance of our method through simulation studies in section 4. In the last section, we discuss
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and summarize the new approach.

3.2 Method

3.2.1 Background

In fMRI analysis, our interest is to investigate the association between clinical or experi-

mental covariates and localized brain activation or connectivity (to seed voxels). Conventionally,

statistical analysis is conducted on each voxel in the whole brain or in speci�ed spaces. In a

simple case, it can be partitioned in a general linear regression model (GLM) framework. Con-

sider a sample ofi = 1; � � � ; N subjects. There arej = 1; � � � ; V voxels in an fMRI scan for

one subject, and each voxel contains the localized measurement of brain activity as the outcome

YN � V . The subject-level covariates are denoted byX N � q, whereq represents the covariates,

such as clinical status or demographic variables. The corresponding parameters are given by

� q� V . Consider one speci�c covariate of interest. Fori -th subject,Yi = X i � + � i ; i = 1; � � � ; N ,

where� = ( � 1; � � � ; � V )0 and the error term is� i � N (0; � ). We wish to simultaneously test

the hypotheses

H0j : � j = 0 vs HAj : � j 6= 0

to search for the voxels that are correlated with the task/behavior. LetX N � 1 be the covariate

of our primary interest, the corresponding estimated parameter�̂ � N (� ; � � ) where � =

(� 1; � � � ; � V )0 and � � = � 
 (X 0X )� 1. The voxel-wise test statistics are denoted byT =
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f t1; � � � ; tV g andP = f p1; � � � ; pV g, respectively.

Based on the voxel-level test statistics, the two-step cluster-wise inference further extracts

�ndings at the cluster-level, which gains additional power [17]. The primary thresholding step is

considered to be a screening step. With a given thresholdp� (e.g.,p� < 0:001), the voxels can be

written into the setsV = V0 [ VA , whereV0 = f v 2 V : pv > p � g andVA = V nV0. At cluster

level, the inference is conducted on the clusters that are consisted of contiguous voxels inVA .

Speci�cally, in a 3D volume, we denote the clusters byc = 1; � � � ; C, where each cluster c is a

set of voxels satisfyingVc = f vj 2 VA : all voxels in the cluster c with a neighbourg. Denote

the cardinality measure ofVc asnc := jVc j. We remove the singletons fromVA to obtain all

the clusters inV , which is given byV �
A = V1 [ � � � [ VC . We further conduct inference on the

subsets inV �
A .

Each cluster c containsnc voxels with their test statisticst (c)
j ; j = 1; � � � ; nc, signi�cance

levelsp(c)
j and dependence structure� (c)

� . Our ICM utilizes all of above information and provides

a computationally convenient signi�cance level. The general procedure is described in Figure

(3.1).

Figure 3.1: An overview of ICM: we �rst integratenc; Pc; � (c)
� for clusterc to compute a statistic

a� 2
f asymptotically following a scaled Chi-square distribution. We use the correspondingp-value

Pc instead of thedf -based test statistic becausep-values can be compared between clusters with
different sizes. Lastly, the log-transformable Chernoff bound forPc is derived to overcome the
�oating-point limitation for extremely small values ofPc, which are common for fMRI clusters.
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In particular, each piece of the information is described as below:

1. Cluster extent: This is the cardinality measure of the setVc, which is given bync.

2. Voxel-wise Statistical Signi�cance Levels: For clusterc, voxels withinVc havep-values

Pc = f p(c)
1 ; � � � ; p(c)

nc g. We use the signi�cance level of each voxel to represent the associa-

tion strength between a voxel and the regressor of interest.

3. Dependence Structure: The covariance structure of estimated parameter�̂ in cluster c is

denoted by� (c)
� .

The cluster extent and the association strength are widely used statistics in the random

�eld theory based methods, which can ef�ciently accommodate either focal or spatially extended

signals [8, 71, 88]. Here, we provide the cluster-level statistic that incorporates the spatial de-

pendence in addition to the cluster extent and the association strength from all voxels within the

cluster.

3.2.2 Cluster-wise Statistic combiningp-values of voxels with de-

pendence

3.2.2.1 A probabilistic model of combining dependentp-values

Given a clusterc with nc voxels, we have a set of dependentp-valuesPc = f p1; � � � ; pnc g.

When voxels areindependent, Fisher's method can be used to compute the sum of log-transformed

p-values: 	 c = � 2
P nc

j =1 logpj � � 2
2nc

. However,Pc = f p1; � � � ; pnc g are dependent in our
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application because voxels are correlated in a cluster. Therefore,	 c = � 2
P nc

j =1 logpj approxi-

mately follows a scaled Chi-square distributiona� 2
f , wherea is the scale parameter andf denotes

the degrees of freedom (df) [80].

Thusa andf can be calculated based on the �rst two moments of	 c anda� 2
f . Speci�cally,

we have

a = V ar(	 c)=[2E(	 c)]; f = 2f E(	 c)g2=V ar(	 c):

In the above formula,E(	 c) = 2 nc is determined by the cluster extent, whileV ar(	 c) =

P
j;k cov(� 2 logpj ; � 2 logpk) and each entrycov(� 2 logpj ; � 2 logpk) can be calculated based

on correlation betweenj -th andk-th voxelsr jk = corr(�̂ j ; �̂ k) [86, 89]. Ther jk can either be

calculated empirically from the data sample or approximated by a parametric model with spatial

information (e.g., Mat́ern correlation).

Parametric covariance matrix for r jk The numerical approximation ofa� 2
f requires the

correlations across all pairs of the voxels within the cluster c. Commonly, a correlation matrix

can be estimated empirically. However, when the matrix is large, the empirical calculation may

become strenuous and inaccurate. In addition, the Pearson correlation may not be suitable to

describe the nonlinear correlation decay with distance in the smoothed fMRI images [15, 90, 91].

Here, we provide a parametric approach in estimating the spatial correlations based on the� c.

Equation 3.3 containsr jk = corr(x j ; xk) to represent the correlation between j-th and k-th

voxels in a cluster. To measure the spatial variation by the relative location of voxels, we use

the Mat́ern covariance to calculate each speci�c correlation between a pair of voxels since it

only depends on distances between points, although there are other parametric spatial correlation

model available to describe the functional similarity between voxels [15]. The original form of
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the stationary, isotropic (we consider the Euclidean distance between voxels) Matérn covariance

function is given by

C� (d) = � 2 21� �

�( � )
(
p

2�
d
�

)� K � (
p

2�
d
�

) (3.1)

whereK � is the modi�ed Bessel function of the second kind,� is the spatial range parameter, and

d is the Euclidean distance between two voxels. This covariance function has great �exibility in

practice because one can adjust the parameters for different smoothness levels. In particular, we

choose� = 3=2 so that the calculation is less complex while the function is still differentiable.

Let djk denote the Euclidean distance between voxelj and voxelk. Then the spatial cor-

relationr jk derived from Eq.(3.1) can be written into a product of an exponential function and a

polynomial of order one:

r jk = (1 +

p
3djk

�
) exp (�

p
3djk

�
) (3.2)

We perform the simulation experiments with various settings for the recommended values for

parameter� based on the full width at half maximum (FWHM), and we further provide the

corresponding values in Table 3.1. In fMRI data analyses,� = 6 or 8 are most commonly used

parameters.

Table 3.1:� for calculating the pairwise correlationr jk

Effect Size

0:2 0:4 0:6 0:8 1:0

FWHM
4mm - 2 2.5 3 3.5
6mm 3 4 4.5 5.5 6
8mm 4 6 7 8 9
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We denoteR c as the correlation matrix for the estimated parameters of interest�̂ in cluster

c. Thus,R c = D � 1=2
c � (c)

� D � 1=2
c whereD c = diag(� (c)

� ). Let Uc be approximated by

Uc � 4I c + 3:263L c + 0:71L � 2
c + 0:027L � 3

c ; (3.3)

whereL c = R c � I c, I c is the identity matrix of sizenc, and “� ” is Hadamard product. Numeri-

cally, we haveV ar(	 c) � 1T
c Uc1c, where1c is anc � 1 vector of ones, and the coef�cients are

approximated by polynomial regression models with accuracy10� 4. [80, 86].

We further let the cluster-wise statistic of dependentp-values beTc = 	 c
a , and the corre-

spondingp-value for the clusterc is

pc = 1 � ' f (Tc) (3.4)

where' f is the CDF of� 2
f . The cluster-wisep-valuepc in Eq.(3.4) integrates the three important

features of a cluster because: i) the test statistic	 c is the sum of transformed voxel-level signif-

icancePc = f p1; � � � ; pnc g; and ii) the scale parameter anddf of the reference� 2� distribution

re�ect a combination of the cluster extentnc and covariance between voxels� (c) .

3.2.2.2 An Approximate Bound for Cluster-wisepc

In practice, the cluster-wisep-valuepc can be extremely small (e.g.,pc < 10� 100) for a

commonly observed cluster of hundreds of voxels. However, the cumulative probability function

in most software yields a cluster-wisep-value equal to0 regardless of the truepc. This may cause

a serious issue for the following multiple testing correction when controlling the family-wise error
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rate. For example, in a permutation test, cluster-wisep values for two clusterc andc0 may both

be 0 based on the software for computing the cumulative probability function, althoughpc 6= pc0.

The indistinguishablep-values in permutation iterations can prohibit the proper inference from

a permutation test, and thus limit the practical utilization of the proposed cluster-wisep-value

method. To address this issue, we use a computationally-ef�cient probabilistic bound as a valid

approximate for the exactpc and provide its monotonic property withpc.

In the light of pc being a tail area of the� 2
f distribution, we apply the Chernoff bound,

which is an exponentially decreasing power-law bound on tail-distributions to approximatepc

[92]. Obtaining from the moment generating function of� 2
f , the probabilistic bound of' f (Tc) is

given by

P(� 2
f � Tc) � (

Tc

f
)f= 2 exp(

f � Tc

2
) (3.5)

The RHS of the inequality is the Chernoff upper bound for the signi�cance levelpc, denoted by

pChrf
c . Thus, our integrated cluster-wise signi�cance measure (ICM) can be calculated by

pChrf
c = (

Tc

f
)

f
2 exp(

f � Tc

2
) (3.6)

where the calculation details off; T c are given in the last section [80, 86]. Thus, Eq.(3.6) is a

closed-form approximate for thepc. Lemma 1 ensurespChrf
c is a monotonic function ofpc, and

thus we can substitutepc by log transformedpChrf
c in the permutation test.

Lemma 1. Let two clustersc1 andc2 have approximate df satisfyingf c1 = f c2 . If pc1 < p c2 , the
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Chernoff bound forpc1 ; pc2 satis�espChrf
c1

< pChrf
c2

.

Proof. For cluster c, the Chernoff bound for thep-value of its combined statistic is given by

pChrf
c = ( Tc

f )
f
2 exp [f2 (1 � Tc

f )].

Let tc = Tc
f . Sincef is �xed, for pChrf

c we only need to consider the function

h(t) = t exp (1� t) (3.7)

The functionh(t) is monotone increasing fort 2 (0; 1) and monotone decreasing fort 2 (1; 1 ).

Since the statisticTc is de�ned byTc = 	 c
a , thenTc

f = 	 c
af = 	 c

2nc
, which is the ratio of sum

statistic	 c and cluster sizenc. The uncorrected primary threshold is 0.05, thus we assume the

primary threshold is no greater than 0.05. Then for allpj 's, � logpj � 3, min f� log pj g
1 � 3 which

granteest > 1.

Thus the domain ofh(t) is [3; 1 ). h(t) is always a monotone decreasing function on its

domain.

Suppose the two clustersc1; c2 containn1; n2 voxels, with sum statistic	 c1 ; 	 c2 , accord-

ingly. Their signi�cant level of combined statistics arep�
c1

; p�
c2

. Thedfs satisfyf 1 = f 2 = f ,

wheref is a constant.

If p�
c1

< p �
c2

, then by Eq.(3.7),Tc1 > T c2 . Thus, fort1 = T1
f ; t2 = T2

f , we havet1 > t 2.

Sinceh(t) is a monotone decreasing function, the Chernoff bound for thep-values of combined

statistic satisfy

(
T1

f
)

f
2 exp [

f
2

(1 �
T1

f
)] < (

T2

f
)

f
2 exp [

f
2

(1 �
T2

f
)] (3.8)
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which ispChrf
c1

< pChrf
c2

.

3.2.2.3 An integrated measure for cluster-wise signi�cance

The proposed ICMpChrf
c integrates the information of cluster extent, voxel-wise statistical

signi�cance levels, and spatial dependence between voxels within the cluster. In particular, we

let � c = 1T
c (Uc � 4I c)1c, Uc referring to Eq.(3.3), which is the summation of the off-diagonal

elements in the correlation matrix. Note that we use� c to represent the spatial dependence so that

we can exclude the cluster-extent effect.

We re-write the ICMpChrf
c for clusterc as a function ofnc, Pc and� c as follows.

Cluster extent:g1(nc; Pc; � c) = nc

Voxel-wise Statistical Signi�cance Levels:g2(nc; Pc; � c) = � 2
ncX

j =1

logpj

Spatial Dependence:g3(nc; Pc; � c) = � c

Based ong(nc; Pc; � c) = ( g1(nc; Pc; � c); g2(nc; Pc; � c); g3(nc; Pc; � c)) , we have the composite

function

pChrf
c = ( p � g)(nc; Pc; � c) = (

� 2
ncP

j =1
logpj

2nc
)

4n 2
c

4n c + � c exp

2nc(2nc + 2
ncP

j =1
logpj )

4nc + � c
(3.9)

where “� ” is the function composition operator andp(g) = ( g2
2g1

)
4g2

1
4g1+ g3 exp 2g1 (2g1 � g2 )

4g1+ g3
. Through

this derivation, the calculation ofpCherf
c is fairly straightforward and can be conveniently imple-

mented in various software packages. As thepCherf
c has a complicated form, we explore some
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noticeable properties by its statistical parameters in the next section.

3.2.3 Properties of ICM

The ICM is jointly decided by the cluster extent, voxel-wise statistical signi�cance levels,

and spatial dependence. In this section, we speci�cally explore the relationships between ICM

and these three factors, and thus better understand their joint in�uence onpCherf
c instead ofnc

alone in classical cluster-wise inference. Based on Lemma 1, we have Theorem 3 showing that

a smaller average intra-cluster voxel-wisep-value can lead to a lowerpCherf
c value. Theorem 4

states that a largerdf results in a more signi�cantpCherf
c value. The Proposition 1 adds a more

restricted condition on Theorem 4, which concludes that the higher dependence leads to a less

sign�cant pCherf
c value.

We �rstly provide a visualized demonstration ofpChrf
c on a 3-D surface in Figure (3.2).

The averagep-value is the mean of voxel-wise signi�cance levels, while we use the average cor-

relation to represent the general dependence level of a cluster. The scale is adjusted to logarithm

base 10 for the convenience.

To begin with, we consider a �xeddf and evaluate the effect of average intra-cluster voxel-

wisep-value,sc = 	 c
nc

on ICM. With a givendf, we have the Theorem 3 as follows.

Theorem 3. Let two clustersc1 and c2 have approximated df satisfyingf c1 = f c2 . For their

average signal strength, ifsc1 < s c2 , the Chernoff bound forpc1 ; pc2 satisfypChrf
c1

> pChrf
c2

.

Proof. When thedfs are �xed,pChrf
c can be written in a function form as Eq.(3.7), wheret 2

[3; 1 ). For two clustersc1; c2 with sc1 ; sc2 correspondingly. Letsc1 < s c2 , which leads to
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Figure 3.2: Relationship betweenpChrf
c and cluster extent (x-axis), averagep-value (y-axis),

average correlation within cluster (z-axis). Cluster extent ranges from 1 to 200; averagep-value
ranges from 0.0005 to 0.01; average correlation within cluster ranges from 0.4 to 0.9.pChrf

c scale
is adjusted to logarithm base 10.

tc1 < t c2 . Thus

h(tc1 ) > h (tc2 ) ) pChrf
c1

> pChrf
c2

3.2.3.1 Simulated Example for Theorem 1

We further use a simulation data example to demonstrate this property.

Consider a100� 1002D image contains a cluster consists of22� 22 = 484'true voxels'

with strong signal, see Fig 3.3a. Another image of same size contains the cluster consists of the

original 484 voxels plus another 484 supra-threshold but noise voxels with largerp-values, see

Fig 3.3b. In cluster extent permutation test, the Fig 3.3a cluster has lower probability survive the
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cluster-extent threshold than Fig 3.3b cluster. ForpChrf
c , the average signal strength of cluster

sc in Fig 3.3a is larger than that in Fig 3.3b. When their approximateddf are about equivalent,

by proposition 1, the Fig 3.3b will yield to a largerpChrf
c (less signi�cant). To show the average

signal strength for approximated samedf, we generate the third image Fig 3.3c that contains two

clusters with samedf and cluster size similar to the clusters in Fig 3.3a and 3.3b, respectively.

This re�ect an important feather that if the true activated region is naturally small, thepChrf
c

can move up its rank among all clusters. For example, the activation region towards a stimuli is

on amygdala. The cluster size will be small and has lower chance to survive the cluster-extent

threshold. With moderate signal strength, such a activated region will have much higher chance

to survive the ICM threshold.

(a) Strong average signal (b) Extended cluster extent (c) Data example: equal f

Figure 3.3: Images showing the relationship between average signal strength andpChrf
c . (a)

contains 22� 22=484 voxels withp = 0:001(b) contains 44� 22=968 voxels. 484 withp = 0:001
and 484 withp = 0:01. (c) is an example of signal strength for different cluster sizes in achieving
the same f. The large cluster contains 102 voxels, while the small cluster contains 36 voxles

Sincedf is jointly determined by the cluster extent and dependence, we evaluate this joint

effect with a �xedsc value.

Theorem 4. Let two clustersc1 andc2 have same average signal strengthsc1 = sc2 . If f c1 < f c2,

then the Chernoff bound forpc1 ; pc2 satisfypChrf
c1

> pChrf
c2

.

Proof. For a cluster c, since the ratiosc = 	 c
nc

is �xed, we treat it as a constants; s � 3. Then the

55



pChrf
c can be written in the same form of Eq.(3.7) to the power off

2 . That ish(t)
f
2 , wheret = r

2 .

The codomain ofh(t) is (0; 1).

For two clustersc1 andc2 with �xed s, let y = h(t), y is a constant in(0; 1). If f 1 < f 2, we

have

yf 1 > y f 2 ) pChrf
c1

> pChrf
c2

Under �xed sc, thepChrf
c tends to be smaller with larger approximateddf.

If we further restrict two clusters to have the same cluster size based on Theorem 4 condi-

tion (i.e., �xed sc), we can conclude the Proposition 1 on the total dependence.

Proposition 1. Given the ratiosc = 	 c
nc

and cluster sizenc �xed, thepChrf
c is increasing if the

total dependence� c is increasing.

Proof. For two clustersc1; c2 with same ratios and cluster sizen, their approximateddfs are

given byf c1 = 8n2

4n+ � c1
; f c2 = 8n2

4n+ � c2
. Suppose� c1 < � c2 , then we havef c1 > f c2 . By the property

of Eq.(3.7),h(t)
f c1

2 < h (t)
f c2

2 ) pChrf
c1

< pChrf
c2

.

The proposition explains the phenomenon that the higher smoothness level leads to a less

signi�cant pChrf
c value.

In summary, the ICMpChrf
c is more signi�cant for a cluster with stronger average signal,

larger cluster extent, and less dependence between voxels. In the data example and simulations,

we show that ICM can outperform conventional cluster-wise inference methods.
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3.3 Data Examples

To provide real-data demonstrations of the ICM, we performed cluster-wise inference on

both task-based and resting-state fMRI(rs-fMRI) data sets. The task-based study involved the

collection of brain and behavioral data related to reinforcement learning, and we aim to evaluate

ICM and the cluster-extent method for sensitivity and reproducibility. We also conduct seed-

voxel based Function Connectivity (rsFC) analysis on rs-fMRI data to explore the FWE-control

performance of ICM.

Dataset 1: Reinforcement learning Task-based fMRI study

We apply ICM to a full task-based fMRI dataset (with all participants included) as well as

a sub-sample determined through random selection. We intend to see (1) if ICM can potentially

detect more biologically meaningful regions, and (2) if the detected regions from full sample and

sub-sample are consistent.

Data Preparation Task-based fMRI data on reinforcement learning (RL) were collected

from 26 schizophrenia patients (SZ) and 26 healthy volunteers (HV) at the University of Mary-

land Center for Brain Imaging Research. Nineteen participants were female. The average age

of all participants was36� 12, with no difference between gender groups (p = :71) or patient-

control groups (p = :68). The participants learned three probabilistic discriminations, includ-

ing the potential gain (gain/miss [GM]), nonmonetary (correct/incorrect [CI]), and potential loss

(loss/avoid [LA]). Participants performed 240 trials over the course of four runs of 60 trials, and

the functional MRI data were acquired simultaneously with task performance.

57



A 3T Siemens Trio scanner (Erlangen, Germany) was used to measureT2� -weighted blood

oxygen level–dependent (BOLD) effects with the following parameters: 81 2-mm axial slices,

128� 128matrix, FOV =22 � 22 cm, TR=2s,1:5 � 1:5 � 1:5 mm voxel size. A whole-brain

T1-weighted structural image was also acquired in each session for anatomical reference. Voxel

time series were normalized with the AFNI software package. The subject-speci�c beta coef-

�cients were obtained from two sets of regression analyses. One set contains binary regressors

corresponding to three probabilistic discriminations (GM, CI, LA) and two possible outcomes

(gain/neutral, neutral/loss, correct/incorrect); the other set has parametric regressors that are de-

rived from the results of individual behavior for estimation of reward prediction errors (RPEs),

which signal mismatches between expected and obtained outcomes. In addition, head-motion

vectors were included in each regression model as regressors of no interest [93].

Data AnalysisThe Aberrant Salience Inventory (ASI) is a measure of unusual experiences

of salience in the environment, as well as general psychosis proneness among clinical and non-

clinical participants [94]. We perform a voxel-wise regression analysis across all participants with

ASI total score as our primary regressor of interest, and age, gender, group, and educational level

as nuisance regressors. We aimed to identify regions whose activity modulates the relationship

between psychosis proneness and evoked responses to RPEs. For more rigorous FWE-control,

we applied a voxel-level primary threshold ofp < 0:0001, before performing permutation testing

(controlled at FWE< 0:05) on supra-threshold voxels to generate the cluster-extent threshold

and ICM threshold. We also applied other combiningp methods that do not speci�cally account

for the spatial dependence, such as combinedp approximated by Cauchy distribution (denoted

by pCauchy ), and uncorrected Fisher's combinedp (denoted bypF isher ).

To validate the reproducibility of ICM, we randomly sampled 36 subjects from the full
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