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Let F' be a non-Archimedean local field with ring of integers Op, uniformizer ¢, residue
field k = Op/(t), and let L = F be the completion of the maximal unramified extension of F,
with ring of integers O, and Frobenius automorphism o = o;,r. Let G be an unramified con-
nected reductive group over F', fix a Borel subgroup B C G and a maximal split torus 7" C B,
and write K = G(Oy,) for the hyperspecial subgroup. For b € G(L) and a dominant cochar-
acter i € X4(7T), the (affine Grassmannian) affine Deligne-Lusztig variety is the locally closed
subfunctor

XC(b)(r) = {z€G(L)/K : z7'bo(z) € Kt"K },

I

viewed as a (perfect) «-scheme locally of finite type. For a Levi subgroup M C G and a basic

element b € M (L), there is a natural “reduction to Levi” morphism (see [GHKRO06, Prop. 5.6.1])

B X70) — [ X0,

par €Sn (pyvy)



where the disjoint union runs over those M -dominant cocharacters ji,, that are maximal with the

properties (fias)dom = 4 and X (b) # @.

Y

We already have a good understanding of the geometric structure of the affine Deligne—
Lusztig variety when b is basic: Fox and Imai studied the irreducible components of the affine
Deligne-Lusztig variety X (b) over G = GU(2,n — 2) when b is a basic element in G (see
[F122]). This thesis focuses primarily on the case G = GL,, when b is not basic in G but basic
in M, which is a standard (block diagonal) Levi, to study X f (b), using the reduction to Levi
map (3. A further emphasis is placed on the Drinfeld case, where the base X! (b) has dimension
zero, and in this case we prove that [ is a (globally) trivial algebraic bundle with constant affine
space fiber. Moreover, when (i is the G-dominant representative of an M/ -minuscule cocharacter
1ar, we show that 5 is a Zariski locally trivial vector bundle over X %{(b) under natural non-
degeneracy conditions on (M, p, b). In this setting we compute the dimension of every geometric
fiber of 5 and, under explicit slope-compatibility hypotheses, establish that 3 is a Zariski locally
trivial algebraic vector bundle over X! (b).

Our approach exploits an Iwasawa-type factorization relative to P = M N together with an
explicit block-matrix/lattice analysis that converts the fiber condition into linear-algebraic data

governed by valuations of matrix entries.
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Chapter 1: Introduction

Let £ be any non-Archimedean local field, with ring of integers Op, a fixed uniformizer
t, and residue field k = O /(t). Denote by L = F' the completion of its maximal unramified
extension, with ring of integers O, and Frobenius automorphism o = oy,/r. Let G be an unram-
ified connected reductive group over F|, fix a Borel subgroup B C G and a maximal split torus
T C B, and write K = G(QOp,) for the hyperspecial subgroup. For b € G(L) and a dominant

cocharacter 1 € X,(T), the affine Deligne-Lusztig variety X7 (b) is defined by

X7(b)={ze€GL)/K: z7"bo(z) € KI"K }.

Write B(G) for the set of o-conjugacy classes in G(L) and let
v=v(-):B(G) — (X«(T)q)

dom

be the Newton map to dominant, ['-invariant rational cocharacters. Here

I':= Gal(L/F) = Gal(F/F) =~ Z,

topologically generated by the arithmetic Frobenius o = o,/r. The group I' acts on X, (7") via



the natural Galois action on 77, and ( - )F denotes the I'-invariants; the subscript “dom” is taken
with respect to B (equivalently By). For b € G(L) we write v, := v([b]) for its Newton point
and denote by

Jy(R):={g€G(L@rR): g'bo(g) =1}

the o-centralizer of b (an algebraic group over F'), with defect

defs(b) := rankpG — rankpJp.

We say that b is basic if its Newton point is central, i.e. v, € Xo(Z(G))q; equivalently, [b] is basic
in B(G). We say that b is superbasic if it is not o-conjugate into any proper Levi subgroup of G
defined over F'; equivalently, [b] does not lie in the image of B(M) — B(G) for any proper Levi
M C G. (For G = GL,, bis basic iff the associated isocrystal is isoclinic, and b is superbasic iff,

in addition, it is not block-diagonalizable into a proper Levi.)

A simplest version of classical Deligne-Lusztig varieties. Let GG be an unramified connected
reductive group over the finite field F,, B C G a Borel subgroup with flag variety G/ B, and Fr

the g-Frobenius. For a Weyl group element w € W, the classical Deligne—Lusztig variety is

X,(1):={gB e GF,)/B: g 'Fr(g) € BuB}.

These varieties are smooth, quasi-projective, and satisfy dim X,,(1) = ¢(w). Deligne and Lusztig
used X, (1) for w in the finite Weyl group to classify the irreducible representations of the finite

group of Lie type G(F,). Affine Deligne—Lusztig varieties (ADLVs) are the natural p-adic/affine



analogues obtained by replacing B with a parahoric (e.g. K = G(Op)) and allowing a general

element b; they arose from studying the geometry of Shimura varieties over finite fields.

Fact 1.0.1. Rapoport’s dimension formula (see [GHKR06, Conjecture 1.0.1] and [VieO6]). Let

G be an unramified connected reductive group, and i € Xo(T') dominant. If X (b) # @, then
. 1
dim X (b) = (p, p— ) — 5defG(b), (1.0.1)

where p is the half-sum of the positive roots (with respect to B).

In particular, in situations where the right-hand side of (1.0.1) vanishes, the corresponding
affine Deligne—Lusztig variety is zero-dimensional. For a Levi M C G, and b € M (L) basic in
M, and a M-dominant minuscule cocharacter ; with X i‘/[ (b) # @, if dim X i” (b) = 0, we refer

to this zero-dimensional basic locus in a Levi M as the Drinfeld case for (M, 11, b).

Let G = GL,, and set a standard Levi subgroup M of GG by

T

M:HGLM, im:n,
i=1

i=1

so that M is “r-block” standard. Note that in this case I" acts on X,(7") trivially. Let b € M (L)

be M-basic. For a G-dominant y € X,(T') with X (b) # @, define
S(u)m = {par € Xo(T) : par is M-dominant and (fiar)dom =< 1},

Sy(p) = {,uM € 3(u)p ¢ gy is maximal under <, in Z(,u)M},



and

S]V[(M,Ub) = {,MM S SM(/l) : Xﬁ{(b) 7£ @}

Notice first that the projection of b to each factor GL,,,, say b;, is basic in GL,,. Let v, =
Ai - (1,...,1) be its Newton point, so n;A; = v(det b;). For any uy, € Syr(p, vp) write ppy =
(p®, ..., ™) with u@ € X,(GL,,) dominant. The non-emptiness condition for X a1 (b) forces

the blockwise sum constraint

(Lo, o) =35l = ndi = v(deth;)  (1<i<r).

a=1

If further 1) is minuscule in GL,,, one must have u) = (1+¢;,...,1+ ¢;, ¢, ..., ), where
pi
¢ = |\, pi = ny(A; — [ \i]). In what follows we are primarily interested in the case where

pns is M-minuscule and (gtps)qom = w4~ In this case, for any element p/ € Sy;(u,vp) and any
1 <4 < r,its GL,,, component has the same weight as the GL,,, component of 1,;. The GL,,
component of 11, is minuscule for all ¢ so one has 1)y =<; ¢/, and hence by maximality one has
iy = (. Hence in this case the set Sy (u,v,) is a singleton: there is a unique y,; compatible
with (u, b). The reduction morphism

B XY%0b) — XM (b)

1 1233

(on the unique non-empty summand) is induced by the canonical projection G — M coming

from the Iwasawa decomposition relative to P = M N.

Our main goal is, in the Drinfeld case for (M, juyy, b),

1. Compute dim 3~!(x) for every geometric point z € X (b).

23,7
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2. Give conditions under which [ is (Zariski) locally trivial, and in favorable cases a vector

bundle, with explicitly computed rank.

The philosophy is that the geometry of X uMm (b) is basically “understood” when b is basic
in M (see [FI122]), so the point is to relate the general ADLV to those which are basic. Since any
F-Levi subgroup of G is G(F')-conjugate to a standard one, the statements hold for a general

Levi subgroup of G.



Chapter 2: Background for the ADLV on GL,

Basic and superbasic elements in GL,,. For G = GL,, an element b € GL, (L) is basic iff
the isocrystal (L", bo) is isoclinic, i.e. all its Newton slopes are equal: v, = A - (1,...,1) witha
single A € Q. It is superbasic iff it is not o-conjugate into any proper Levi of GL,,, equivalently,
the isocrystal is simple (no nontrivial slope-stable decomposition).

Let 7,, € GL,,(L) be the cyclic shift matrix defined by

Taer =ten,  Tae;=¢i1 (2<i<n).

Then one checks

(Tho)" =t-o", (ti7P o) = P . g7

so (L™, t?7Po) has single slope A = ¢ + 2. By the classification (see [Kot97]), every isoclinic
n-dimensional isocrystal of slope A is isomorphic to one of the form (L”, t777¢) with0 < p < n

and ¢ = | A[; in particular:
o If b is superbasic, then b is o-conjugate to t¢7? with ged(p, n) = 1 (the simple cyclic block

of dimension n).

* In general, if b is basic of slope A, then b is o-conjugate into a standard Levi to a block
diagonal €, t%7P¢ with all ratios p;/s; = A — |A] equal; thus b is built from the same

6



cyclic shift/wrap pattern as powers of 7,.

Consequently, for purposes of our combinatorial/block computations on affine Deligne-Lusztig
varieties, basic elements in GL,, may be treated as (block) powers of 7,,, with the central factor ¢4

merely shifting the (central) Newton slope and not affecting the cyclic index bookkeeping.

In the Drinfeld situation for GL,, (i.e. the minuscule case with zero-dimensional basic lo-
cus), the Euclidean decomposition p = 1 or n — 1 (mod n) is forced; in other words, modulo
inversion of the cyclic direction, one is essentially in the two cases b = 7,, or b = 7," !, Taking
to be the corresponding minuscule coweight (so that the Hodge point matches the Newton slope in
the basic setting), the condition g~*bo(g) € K t*K = K b K is equivalentto g 'bo(g) € J,- K,
and the natural map

Jy — X7 (b), j— K,

induces an identification X (b) = .J,/(.J, N K), i.e. the basic locus in the Drinfeld case is a

single Jp-orbit of hyperspecial cosets.

2.1 Iwasawa decomposition

Let P = MU be the standard parabolic with Levi M and unipotent radical U. By Iwasawa,



and recall that the reduction to Levi map ( is defined by the natural projection:

X =G(L)/K — M(L)/Ky = XM,

We will simply denote K to be the maximal compact subgroups for all the subgroups of G in the

following.

We first establish the argument for a “2-block™ standard Levi M in G. Let G = GL, 1,
M = GL, x GL,,, and b € M(L) a basic element in M. Write b = diag(by, b2), and take
14; to be the unique dominant minuscule cocharacter having the same totoal weight as b; in the
corresponding block, and finally take ;1 = (p1 @ f12)qom- Fix a representative A @& B such that

(A@ B) mod K € Xl (by) x X3l (by), then any coset g/ € 37 (A B) can be written as

g= , CerL™m,

We try to use C' above to parametrize the fiber 57 (A @ B), then restricting to K € X (b)

mapping to (A & B) mod K imposes two conditions on C":
(i) When will two parameters C;, Cy represent the same coset in G(L)/ K,

(ii) the admissibility g 'bo(g) € Kt* K.



2.2 Coset parametrization and admissibility

Write

A C
9= , gKep ' (A®B).
0 B

1. Coset identification. Two such blocks C', C'y define the same coset iff

A O A Oy
K= K < A YC, —Cy) e O™

0 B 0 B

2. Admissibility. Computing

one finds

g 'ba(g) =
0 B~ by 0(B)
Now we rewrite g as
A C
g = = (A@® B) x (', C':=A"'C e L™
0 B



Set

M, = A'bo(A) € Kt"K, M, = B 'byo(B) € Kt"K.

Then the congruent condition for the new parameter C” is rewritten as:

Cl~C, < C|—C, e Oomrm

and the admissibility condition g~'bo(g) € K t* K is equivalent to force

M1 M1 O'(C/> — Cl MQ
e Kt'K.

0 M,

This reformulation in terms of C” and the conjugates M, M, makes it clear that the fiber is cut

out by a system of linear congruences in the entries of C’. We firstly recall the following lemma:

Lemma 2.2.1 (Smith normal form criterion for Cartan decomposition). For any g € GL, (L),

define the fractional Op-ideal by:

Ak(g) = Or(determinant of all k X k minorsof g) C L, k=1,...,n,

which must be principal ideals. Given integers

a; < az < - < ap,

then
g € Kdiag(t™,...,t") K

10



if and only if

U(Ak(g)) = a+ay+---+ap forallk=1,... n.

Then to study what conditions should be imposed on C”, we need to apply the criterion of Lemma

2.1 for the given M, M.

Corollary 2.2.2. Let

A C
0 B

where A € GL,,(L) and B € GL,,,(L) are monomial matrices, i.e. each row of A and each col-
umn of B contains exactly one nonzero entry. For 1 <1 < n, let a; = U(Aiﬁg(i)) be the valuation
of the unique nonzero in row i of A, and for 1 < j < m, let B; = v(B.;;) be the valuation
of the unique nonzero in column j of B. Order the combined list {cv, ..., ap, b1, ..., B} into

v <72 < or < Yy Then

g € Kdiag(t'“, e ,t”"*m) K

if and only if for every entry c;; of the off-diagonal block C, one has

U(Cz‘j) > min{ai, 6]}

Proof of Corollary 2.2.2. By left and right multiplication with permutation matrices in K (which

11



preserves the Cartan double coset and the determinantal ideals Aj), we may assume

A = diag(t™, ... t), B = diag(t™, ..., "),

so that
diag(t™, ... t*) C
g =
0 diag(thr, ... t°m)
Let ' = {ay,...,an,B1,...,Bn} and write its nondecreasing rearrangement as y; < --- <
ﬁ)/n+m-

Sufficiency. Assume that for all 7, j one has

U(Ci]’) > min{ai> BJ}

Fix k and consider any nonzero k£ X k minor of g. Such a minor necessarily selects some set
I C {1,...,n} of rows from the top block and some set J C {1,...,m} of rows from the
bottom block, with |I| + | J| = k, together with the same number of columns; because the lower-
left block is zero, any chosen left (resp. right) column must be matched with a top (resp. bottom)
row, except possibly when a top row is paired with a right column via an entry of C'. Expanding
the determinant as a sum over matchings, every monomial term is a product of factors, each
of which is either ¢ (if a top row i is matched to its left column i), or t% (if a bottom row j is
matched to its right column j), or ¢;; (if a top row 7 is matched to a right column j through C'). By
the hypothesis v(c;;) > min{«;, 5;}, the valuation of any such product is bounded below by the

sum of the corresponding - and /-contributions in which each ¢;; is replaced by min{«;, 5, }.

12



In particular, the minimal possible valuation among all terms is achieved by the “block-diagonal”
matching that avoids C altogether and pairs s top rows with s left columns and k£ — s bottom rows

with k£ — s right columns, for some 0 < s < k. Hence

v(Aklg)) = 0@3&(%) totae + B +'“+5(1H>)’

where ;. (resp. 3()) denotes the r-th smallest « (resp. ). This minimum is exactly y; +- - -+;.

By the Smith normal form criterion (Lemma 2.2.1), we conclude
g € Kdiag(t”, e ,t”"“”) K.
Necessity. Conversely, suppose there exist indices (ig, jo) with
V(Ci50) < min{o,, 5 }-

We will produce a k x k minor whose valuation is strictly smaller than ; + - - - 4+, contradicting
the Smith criterion.
Let S be the multiset of the & — 1 smallest elements of I" \ {max(c,, 5j,)}; that is, from I'

remove the larger of o, 3;, and take the k — 1 smallest remaining elements. Then

YAt = min{@io,ﬂjo} + Zl’
€S

Form the k£ x k submatrix by choosing:

* the top row ¢ and the right column n + j, (thus contributing the entry c;;,);

13



e for each o;; € S, the top row ¢ and the left column ¢ (contributing ¢*);
« for each 3; € S, the bottom row n + j and the right column n + j (contributing ¢%).

Because all other chosen entries lie on the block diagonal and the lower-left block is zero, this

submatrix is upper triangular up to a single off-diagonal c¢;j,, so its determinant is (up to a unit)

det = Ciojo . H tai . H tﬁj,

a; €S ,BjES

and therefore

v(det) = v(cipjy) + Zm < min{a;,, B} + ZI = 4+

zeS zeSs

Thus v(Ax(g)) < 71 + -+ + &, contradicting the Cartan/Smith criterion. Hence necessarily
v(c;j) > min{oy, B;} for all 4, j.

Combining the two directions completes the proof. O

We give an example below to help readers better understand the above Corollary.

Example 2.2.3. (A = 7, B = 73). Recall

010
01

T2 = ) 3=10 0 1
t 0

t 00

14



These are monomial. By rows of A we get

The multiset {1, as, 51, P, B3} = {0, 1,1, 0,0} rearranges to

v = (0,0,0,1,1).

Hence the corollary says that

A C
g = € Kdiag(1,1,1,t,t) K <= v(¢;) > min{ay, 5;}.

0 B

Writing the 2 x 3 matrix C' = (c¢;;), the inequalities are

i=1]v(c) >0 vie) >0 v(ez) >0

1=2 U(Cgl) 2 1 U(CQQ) 2 0 U(ng) 2 0

Thus only the lower-left entry must be divisible by ¢; all other off-block entries need only be

integral. If, for instance, v(c;) = 0, one can choose a 4 x 4 minor using cy; whose valuation

15



drops below v; + - - - + 74 = 1, contradicting the Smith normal form criterion.
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Chapter 3: Triviality of 3 for the Drinfeld Case in a 2-Block Levi M

Let » > 1 and recall that 7, € GL,(L) denotes the canonical superbasic element. By

definition, one computes

0 1

Tr = )
0 1
t O 0

i.e. the unique r X r matrix with ¢ in the lower-left corner, 1 on the super-diagonal, and 0 else-

where. Moreover notice that 7 = (t) € GL;(L).

3.1 The canonical Drinfeld case

We firstly study the case where b is canonically superbasic in a 2-Block Levi M, say the
component of b in each r x r block is 7. We retain all notation from above: G = GL, 1,

M = GL,, x GL,,, and for the canonical superbasic

b = diag(7,, 7m) € M(L)

17



we write = (1,1,0,...,0)and ppy = (1,0,...,0)®(1,0,...,0). Recall that for the superbasic
element 7, € GL,(L) and the minuscule coweight w, = (1,0, ..., 0), the affine Deligne-Lusztig

variety

XS (1) = {gK € GL.(L)/K | g7, alg) € Kt K}

identifies canonically with the o-centralizer quotient

XSt () =2 I, /(I N K).

Wy

In particular, in our case we may fix

M1 =T, € GLn(L), MQ =Tm € GLm(L)

Notice that we are mainly interested in the case where b is NOT basic in G, in which case m # n,
but now we also include the case m = n for the study of our whole setting which can be seen
later.

Writing
C'= A'C e L™, h = Mo(C) — C'"My= (hij)

Applying Corollary 2.2.2, g~ 'bo(g) € K t* K iff:

hn,l = (Tn O'(C/) — Cl’/’m)ml € tOL, hi]’ S OL for all other (Z,j)

18



Theorem 3.1.1. Fix integers n,m > 1. Let G = GL,, 1,,,, M = GL,, x GL,,, and set
b= diag(7,, 7n), p=(1,1,0,...,0).
Then for every point (A®B) mod K € X! (b), the fiber of f: X (b) — X (b) has dimension
dimz 3~ '(A® B) = min{n,m} —1,
in exact agreement with the Rapoport dimension formula
dim(X (b)) = (p, pp — V) — 3 defg(b).

Moreover, as varieties over i, (3 is a trivial bundle with fiber

Amin{n,m}—l lfn 7& m,

AFT X (LG’“/OLak)k ifn=m=k

Before proving the main theorem, we introduce a convenient shorthand and establish an integral-

ity lemma.

19



Definition 3.1.2. For elements w, v € L, we write

w—v <= ow) —v e O

Since for any w € L, o has finite order on the image w € L/O;, one sees that the relation —~
generates an equivalent relation ~ on L/Op, and each equivalence class of it has finitely many

elements.

For elements w,v € L, we write
to

w—v <= to(w) — v e O,

wiy = o(w) — tv € Or.

-1
It is easy to see that 27, © < induce a reverse relation pairon (L/O;)/ & which we denote by

t ! .
—, — respectively. Moreover, one has

as well as

t ..
w—w <= w= O, the trivial class,

that is, the relation ' extends to a cotree order (i.e. each element in the set has at most 1

successor) on (L/Or)/ ~ with the unique terminal element Oy

Lemma 3.1.3 (Integrality on a Cyclic Tree). Let R = {ry,...,ry} C L be a finite set whose

20



. . . t t~!
images in L/ Oy, form a cycle under the relations ——, —, or —%. Suppose furthermore that R

admits a piecewise partition

into disjoint subchains W; and S; satisfying:
(1) Within each W; or S;, every arrow is of type —.

o “1g o
(2) For each adjacent pair W;, W, they are connected by an arrow of type — or £q ( N

resp.).

. . . t=1
(3) Ineach S; = {s;1,...,Si,,} the first element s;; admits an incoming arrow of type -3,

and the last element s; ,, admits an outgoing arrow of type N
(4) At least one adjacent pair(W;, W;) admits an arrow of type 11; (t—a> resp.).
Then:
o Every element of each W; belongs to Oy,

» Within each S;, once one entry is fixed modulo Oy, all others are uniquely determined
modulo Oyp. Equivalently, the set of solutions in S; is a torsor under the one-dimensional

k-vector space t~*Or/Oy.

Proof. By (3), each subchain S; is "sandwiched” between a unique incoming arrow of type i;
and a unique outgoing arrow of type 7. These two arrows necessarily connect S; to (resp.
from) the same o-equivalence class among the IV by the uniqueness of the immediate successor.

Now remove all the .S; from the original cyclic diagram in R, replacing each by a finite
concatenation of pure — arrows. The result is a smaller loop whose arrows are only of type

21



5 or ’1; (t—0> resp.). Tracing this loop from any element necessarily returns to the starting
point, and hence by (4), each such parameter must coincide with its own ¢ ~'o-successor (to-
successor resp.), forcing it into Op,.

Finally, re-inserting each S; between its prescribed incoming and outgoing arrows shows
that each S; contributes exactly one free class in t7'O0;/Oy. These yield the independent &-
parameters claimed, completing the proof. [

Proof of Theorem 3.1 in the Case n # m

Proof. Write C" = (¢;;) for 1 <i <n, 1 < j < m, and extend the indices periodically by

¢ij=cpy wheret =i (modn), i/ =7 (modm).

Then the admissibility conditions

hij = (TnO'(C/) -’ Tm)z‘j - OL (V(l,]) 7'é (TL, 1)), hnl - tOL

translate into the relations

U(Ci,j)_cifl,jfl EOL (1 <1< n, 1 <j Sm),
tO’(CLj) — Cpj-1 € OL (1 <3< m),
o(cin) —tcicim € On (1 <i<n),

to(crn) —tenm €tOL <= o(c11) — cam € OL.
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Starting from any c;; and for each time we subtract both indexes by 1, we then get a cyclic loop:

Cij = Ci—1,4-1 =7~ Cit1j+1 — Cijj,

-1
where the arrows are %, ‘% or =%, By certain symmetric argument of the following one,
without loss of generality, we can assume n < m. Foreach 1 < ¢ < n — 1, define the i-th

diagonal block parameter set

Si = {¢jmiry | 15 <},

i.e., the set of the i-th “strict upper off-diagonal”, and for n < ¢+ < m, define the i-th diagonal
block parameter set

Wi = {¢jmuirj | 1<5<n},

i.e., the set of the i-th “diagonal other than the strict upper off-diagonals”. Then the loop above
consists of some specific IW;’s and .S;’s. A direct inspection shows that for any given loop above,
the hypotheses (1)-(3) of Lemma 3.3 hold for the collection {IV;} and {.S;} that appear in the
loop with the arrow in hypotheses (2) the N (the assumpion n < m plays a role here: if instead
n > m, the arrow in hypotheses (2) is &)). We have to check the hypothesis (4): There is at
least one adjacent pair (IV;, W;) that admits an arrow of type %, in the loop. Such an arrow can
only from ¢; j to ¢, ;1 for some 1 < 57 < m, and ¢y j, ¢, j—1 can both be contained in W;’s iff
J < m—n+1. Therefore it suffices to show that the loop contains ¢ ; forsome 1 < 7 < m—n+1.
Write d = ged(n, m), then it is easy to observe that two parameters c; j, ¢; ; belong to the same

loop iff j = 7' (mod d). Since m > n, one has that the list 2,--- ,m — n + 1 is a full list of
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representatives in Z/dZ, so it has nontrivial intersection with any loop above.

Therefore by Lemma 3.3, each w € W, lies in Oy, and within each S; there is a single free
class in 71O, /Oy, Hence the total number of free parameters is 7' 1 = n — 1, as claimed.
Moreover, we can choose the coordinates c; ,, - - - , c,—1,, uniformly as the free parameters so

that we see /3 is trivial with fiber A"~ !, O

Next we establish a discreteness lemma to prove the remaining part of Theorem 3.1.

Lemma 3.1.4 (Discreteness on a Cyclic Tree). Let

R:{’I"l,...,’I"N} C L

. . . . . t t=1
be a finite set whose images in L/QOy, form a single cycle under the relations ——, —, ~—5

Suppose furthermore that R admits a decomposition into disjoint subchains

satisfying the conditions (1)-(3) of Lemma 3.3, and in addition
(4’) Every adjacent pair (W;, Wi,1) in the cycle is connected by an arrow of type —.

Let d = |R| be the length of the cycle. Then for any chosen base-point wy € W, the

iterated congruences around the loop give

O'd<w0) — Wy € OL.
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Moreover, once wy is fixed modulo Oy, all other elements of every W; are uniquely determined,
while each S; carries a free parameter identified with (t 'wy + t1Op)/Oy. In particular, the
solution space for wy is L”d/OLUd, and the total solution set of R is k%3 x L”d/OLad, which is

a finite dimensional affine k-space times a discrete set.

o g
Proof. First, replace each s; € S; by §; = ts;. Under this rescaling every L7 or =% arrow
becomes a plain —~+ arrow, so the entire cycle on R = (|_| Wz) U (|_| S”Z) is now a o-cycle of

length d. Fix a base-point wy € W;; following the unique o-arrows around the loop yields

O'd<w0) — Wy € OL.

Each W;-element is then uniquely recovered from w, via successive o-arrows, and each original
s; is determined by (t713; + t7*Op) /Oy, with §; itself uniquely determined by w, (mod Or).
Again, inside one S;, once a base-point s is fixed, the other s;’s are determined by the o-arrows.
Consequently the full solution set is a product of one copy of the discrete group Lo /O,

(parametrizing wy) and one copy of < for each S;, as claimed. [l

Proof of Theorem 3.1 in the Case n = m = k

Proof. Retain the notation and periodic indexing from the n # m case. Observe that the index
range

l<j<m-n+1=1
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is empty, so no c; ; ever appears and hence the condition (4”) in Lemma 3.4 holds. Notice that

each loop has length
nm k¥ "
ged(n,m) k0
There are exactly k& loops: one “pure” diagonal loop W, = {c11,¢29,...,cxx} and k — 1 “off-

diagonal” loops each of which traverses a single IV; and a single .S;.

By Lemma 3.4 each off-diagonal loop yields a one-dimensional affine x-parameter together
with the discrete factor L /O, ... The pure diagonal loop, having no S;, contributes only the
discrete quotient L /O, ,x. Altogether there are k — 1 nontrivial loops, together with a discrete

factor (L"k /O, )¥, which can be parametrized uniformly by ¢, 1, - - - ¢ x, as required. O

We compute some easy examples below to help readers understand the above argument

better.

Example 3.1.5. Taken = 1, m = 1,50 G = GLy, M = GL; x GL;. Fix

b1 :t, b2:1, /J,I<1,O)

Then A, B € L* satisfy A~'to(A) € KtK, B 'o(B) € K. Recall that Xﬁ{‘l(l) =F/Op =7,

thus we may take A = t"', B = t"2. Then the parameter C' € L is subject to

tO’(O) —C S AOL

Write v(—) for the valuation on L. Since v(tc(C) — C) = min{v(C) + 1, v(C)} = v(C), the
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condition to(C') — C' € AQy, is equivalent to

v(C) > v(A).

Hence C' € AOQ;, and modulo the equivalence C' ~ C’ when C' — C" € AQOy, the fiber is

AOL/AOL = {0},

a single point. In particular dim 3~(A @ B) = 0.

Example 3.1.6. Take G = GL3,n =2,m = 1. Let

01
blz EGLQ(L), bQItELX, /L:(l,l,())

t 0

Any element of the fiber above (A @ B) mod K € X! (b) may be written as

A C
g = = (A ® B) x (', C'=A"'C e L7
0 B
Set
t 0
M1 = A71b10'<A) S K K, M2 = BilbgO'(B) < KtK.
0 1
Notice that

Xg,lff)(bl) = X3, (1) = Jp, /(I N K)
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is itself a basic locus, so we may take M; = b, and M, = t.

Then the congruence condition is rewritten as:

Cl~Ch <= O -C)c 0

and the admissibility condition ¢g7'bo(g) € K t* K is equivalent to the single matrix-equation

M1 U(Cl) — C, MQ = h = (hl]) € (OL)H @ (tOL)gl.

Writing C" = (¢, co)7, the admissibility condition

o(cy) —te

Myo(C") — C"My = bio(C') — tC" = € (Op)n @ (tOr)a
t(o(cr) — c2)

implies ¢; € Oy, and ¢y € Of. Therefore the dimension of 571 ((A ® B) mod K) is 0.

Example 3.1.7 (recover a known basic example). Take G = GLy, n = m = 1. Let

Here one sees b is in fact basic in G but we can still use the off-block analysis. With the same

notations as before, it is obvious that M; = 1 and M, = 1, and the admissibility condition
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g tbo(g) e K"K = K is

s(C) — C' € 0.

We know that {c € L : o(c) — c € O} = Op, + F, therefore we recover the fact:

X2 (1d) = GLy(F) /GLy(OF),

hence [ is trivial with fiber isomorphic to F'/Op, which is a discrete set and has dimension 0.

Example 3.1.8 (a non-trivial example). Set G = GL5, n = 2, m = 3, with

010
0 1
b, = , bbo=10 0 1|, w»=(1,10,00),
t 0
t 00

Again we have

XGa) = Xpy(b) = Jo /(I NK)  X{50)(02) = X, (b)) = Jo,/ (o, N K)

are themselves basic loci.

Thus we can again take M; = by, My = by and write

g = =A@ Bx (', C'=A"'C e ¥,
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The admissibility condition g~'bo(g) € K t*K becomes

bio(C) — C'by € O @ (tOL)a.

Write C” = (c¢;;), one computes

o(ca1) —tcis  o(ca) —cnn o(ca3) — iz

bl O'(Cl) — O/bz =

tO’(CH) — thg tO’(Clg) — C91 tO'(Clg) — C9292

The “loop tracing” argument implies that ¢;3 € ¢~ 'Oy, and the other ¢;;’s lie in Oy, Therefore
the solution space is one-dimensional over x with free parameter cy3. In particular the map 3 is a

trivial vector bundle over the basic loci X 8162) (b)) x X 8,163:0) (by).

3.2 The general Drinfeld case

Next we treat the general Drinfeld case in M = GL,, x GL,,. Recall that for a superbasic

bin M (L), we can write

b= (Td1 TdZ),

n m

with ged(dy, n) = ged(de, m) = 1. Since 77 = tId,., perform the Euclidean divisions

di=qn+p, 0<p <n, dy = gm +p2, 0<py<m,
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so that

b= (t(h 7_75)1’ +22 T£2),

still with ged(p1, n) = ged(pe, m) = 1.

The unique M -dominant minuscule f,; is then

luM:(}+q17"'71+q1’q1""7q1) D <1+q27"'71+q27q2a"'7q2)7

-~ -~

p1 p2

and we take 4 to be its G-dominant rearrangement. In the Drinfeld case, we have dim X %I (b) =

0, which forces p; € {1,n — 1} and p» € {1,m — 1}.

Theorem 3.2.1. (layered case) In the setting of Drinfeld case above, assume q; # qs. Then for
every (A, B) mod K € X! (b) the fiber

B7Y(A,B) C X7(0)

is zero-dimensional (indeed, a single K -coset over k).

Proof. In the Drinfeld case setting of GL,,, we can write

— 91 -P1 — 92 P2
Ml—th,IZ, Mg—thgl,

with p; € {1,n — 1} and p, € {1, m — 1}. Without loss of generality assume ¢; < ¢, and set
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§:=¢qs — q. > 1. Asin Section 2, put ¢’ = A~'C and

h = My o(C') = C' M,.

By Corollary 2.2.2 together with the Drinfeld (minuscule) shape of 1, the admissibility con-
dition ¢g~'b o(g) € K"K forces all entries of h to have valuation > ¢, and the entries with
minimal possible valuation are exactly those lying in ¢t% (0. Factoring out ' we obtain the

normalized congruence system

h = P g(C) — t°C' 7P2, (3.2.1)

with some entries lying in O, and all others in Op.

Now recall the shape of 77: it is the permutation matrix for the shift by p with a factor ¢
exactly at the wrap positions; more precisely, multiplication on the left by 77 sends an entry of C’
either to a unit multiple (coefficient 1) of a o-shifted entry or to a uniformizer multiple (coefficient
t) of a o-shifted entry, depending on whether the row-shift wraps. Likewise, multiplication on
the right by 772 sends an entry either to a unit multiple or to a t-multiple, depending on whether
the column-shift wraps.

Consequently, each scalar congruence extracted from (3.2.1) has the form

wo(c;;) — t‘gvcmv e WO, u,v € {1,t}, (3.2.2)

linking a pair of entries (i,j) — (¢, ') determined by the shifts p; and py. Rewriting (3.2.2)
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gives

o(c;) = n ¢y (mod Op), k=0+v —u €{6—1,6,6 +1},

where u; = 1 if u = t and 0 otherwise (similarly for v;). Since 6 > 1, we always have k£ > 0;
moreover £ = 0 can occur only when § = 1 and simultaneously v = ¢,v = 1. In all other cases
k> 1.

View the index set {(7, )} as vertices of a directed graph whose edges are the relations
(1,7) — (i, ') furnished by (3.2.2). Because the loop advances by (—p;, —p2) modulo (n,m),
andp; =1,n—1landp, = 1,m — 1, wehave i/ =i + 1, j/ = j + 1. Along any loop, compose
the congruences to obtain

o'(c) = t*¢ (mod Op), (3.2.3)

for some length > 1 and integer K = > _ k; equal to the sum of the exponents k along the loop.
By the discussion above, every edge satisfies k;, > 0, and k;, = 0 can only happen when § = 1
and o (¢; ;) is shifted by a uniformizer multiple while ¢; j is shifted by a unit multiple at that step.
It is impossible for every step in a loop to satisfy this simultaneous wrap condition: indeed, the
left wrap occurs precisely on a subset of p; consecutive rows, and the right wrap on a subset of
po consecutive columns; as the loop advances by either plus or minus one index modulo (n,m),
it must exit at least one of these wrap subsets. Hence every loop contains at least one edge with
ke > 0,s0 K > 1.

From (3.2.3) we deduce tX ¢ — 0"(c) € Op with K > 1, which forces ¢ € Oy, (apply
valuations and use that o preserves v). Since this holds for the representative ¢ of each o-orbit
of entries in every loop, all entries of C’ lie in Oy. By the coset identification ] ~ C, <=

C1 — Cy € OF*™, it follows that all admissible C’ represent the same coset as 0, and hence the

33



fiber 371(A, B) consists of a single K-coset, and hence dimg 37(A, B) = 0. O

Therefore, the only potentially nontrivial situation for a 2-block Levi M arises when ¢; =
2. In this case the pair (b, p) differs from (72* @ 722, 1') by the central twist ¢9!, so by dividing
out this scalar we reduce to the case ¢y = ¢ = 0 without changing the fiber structure. The
canonical superbasic case p; = p» = 1 has already been treated; thus it remains to analyze the

complementary Drinfeld configurations

<p17p2) € {(n_ 17m - 1)7 (17m - 1)7 (TL - 17 1)}

By symmetry between the two blocks, it suffices to handle the mixed cases (1,m — 1) and (n —
1,m — 1); the remaining mixed case follows by swapping the roles of n and m. We now turn to

these three residual cases.

32.1 Thecasepi=n—1, pp=m—1

Write
0 O 01 0 0 01
t 0 00 t 0 00
wi=t-n =0 ¢ , =t =0 ¢
00 00
0 0 t 0 0 0 t 0
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Thus 7,71 is the “reverse cyclic shift”: it shifts indices by —1 with a factor ¢ on the subdiagonal

and a unit at the (1, r)-entry. The admissibility equation in this case reads

h =71"1a(C) — C' 71,

m

and by Corollary 2.2.2 (applied with the monomial factors 7.~ ! and 7,™~!) entrywise one has

hi,j = tO’(CZ’,LJ) — tCi,j+1 € tOL (1 <1 < n, 1< j < m),
th = O'(ij) — tcl,j-‘rl c OL (1 < j < m),
him = to_(ci—l,m) —Ci1 € Or, (1 <1 < TZ),

)

hl,m = O'(Cn’m) —C1 c OL.

The integrality pattern is obtained from the canonical case p; = p; = 1 with the direction of
the arrows reversed as well as the roles of the arrows of type to / t~'o interchanged. Hence all
loop-tracing and congruence arguments from the case p; = p, = 1 apply essentially the same
way to C” here as before. In particular, the fiber description, the number of free parameters, and
the (local) triviality of § in this (n — 1, m — 1) configuration agree with the canonical case, up to

the above interchange.

Theorem 3.2.2. Fix integers n,m > 1. Let G = GL,,.,,, M = GL,, x GL,,, and set

b= diag(r; ', 7Y, p=(1,1,...,1,0,0).

m
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Then for every point (A®B) mod K € X! (b), the fiber of f: X (b) — X! (b) has dimension

1M
dimg 871 (A® B) = min{n,m} — 1,
in exact agreement with the Rapoport dimension formula
dim(Xf(b)) =(p,p—1y) — 3defg(b).
Moreover, as varieties over R, [3 is a trivial bundle with fiber

Amin{n,m}—l lfn 7& m,
k
AR (L"k/C)LUk> ifn=m =k

Sketch of proof. This is the “dual” version of Theorem 3.1.1. Write

h =r1"lo(C) - C' 77

m

As noted in the preceding subsection, the integrality pattern for / is obtained from the canonical
case p; = pp = 1 with the direction of the arrows reversed as well as the roles of the arrows
of type to / t~'o interchanged. Consequently, all loop-tracing and congruence arguments from
Theorem 3.1.1 apply verbatim to C” as well.

Define the diagonal “chains” S; and W, exactly as in the canonical case: S; consists of
the strictly upper off-diagonals of height i (1 < ¢ < min{n,m} — 1), while W; consists of

the remaining diagonals (including the possible main diagonal). The coset-congruence C] ~
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C) <= C]—CY% € O™ and the admissibility bounds for i imply that each 1¥/; contributes no
free K-parameter, whereas each \S; contributes exactly one. Thus the number of free parameters

is fol‘{"’m}*l 1 = min{n, m} — 1, realized explicitly, e.g., by the entries on the last column of

the strictly upper off-diagonals

Cimy C2my -+ -5 Cmin{n,m}—1, m-

The fiber description then reduces exactly the same way as in Theorem 3.1.1. [

322 Thecasep; =1, pp=m—1

In this mixed Drinfeld configuration we have

m

h = 1,0(C") — C'7 1.

Writing C" = (¢ij)1<i<n, 1<j<m, and using that 7,, shifts rows up by +1 with a factor ¢ on wrap
((n, 1)-entry), while 7, shifts columns down by —1 with a factor ¢ on the subdiagonal and a

unit at (1,m), one checks the entrywise formulas

hi,j = U<Ci+1,j) — tci,j—l—l c OL (1 < 1< n, 1 < ] < m),
hn,j = tO’(CLj) — tCn7j+1 € tOL (1 Sj < m),
Rim = U(Ci+1ym) —C1 € OL (1 <1< n),

)

h'nm = tO’(CLm) —Cn1 S OL-

)
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By inspecting the congruence relations above, the only to-edge in the index diagram arises from
hn,m =1 U(Cl,m) — Cn,1, that is,

to
Cl,m ? Cn,l-

All other edges are of type o or t~'o. Consequently, except the degenerate cases that we list in
the following theorem, loop-tracing forces integrality to propagate through every cycle, and the
only free parameter occurs at the entry ¢, ,, (modulo Or). Hence ¢, ,, is the unique free variable,

and the fiber 371(A @ B) is an affine line over &; in particular, dimg 571 (A @ B) = 1.

Theorem 3.2.3. Letn,m > 1, G = GL,,,,, M = GL,, x GL,,,, and consider the mixed Drinfeld
configuration

b= diag(7,, "), p=(1,...,1,0,...,0),

m

with the analogous statement holding after swapping the two blocks (7’ n—1 Tm). Except for the

n

degenerate case n = m = 2 (which reduces to the canonical case p; = py = 1), the following

holds: for every point (A ® B) mod K € X" (b), the fiber of 3: X7 (b) — X1 (b) is an affine

12378 12378

line over R, hence

dimgz 37'(A® B) =1,

and (3 is (Zariski) a trivial A*-bundle over its image.
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Proof. Retain the mixed Drinfeld configuration and the entrywise relations

hi,j:a(ciJ’»l’j)_tci’jJ’»l EOL (1 §i<n, 1 §]<m),

hnj=to(cr;) —tenji €10, (1 <5 <m),

hi,m = U(Ci—i-Lm) —Ci1 € Oy, (1 <1< n),

hym =to(c1m) — cna € Of.

Thus every edge in the index diagram is labelled by o or ¢t o, except for the unique to-edge

to
Ci,m ? Cn,1-

We focus on the t~1o-edges:

(*)

t—1 . .
Citlj —— Cijt1 (1<i<n, 1<j<m).

Loops on the torus and their number. Indices live on the torus Z/n x Z/m. Every edge moves

by

so directed cycles are exactly the orbits of the translation by (—1,+1). Hence the diagram de-

composes into d := ged(n, m) disjoint loops; an invariant of a loop is

s(i,j) :=1i4+7 (mod d).

(Indeed s is unchanged by (—1,+1).)
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Covering all loops by t~o-targets. Consider the two strips of sources for (*):

Vi={(+1,1): 1<i<n}, H:={(2,7): 1<j<m}.

These give t~'o-edges with targets

(,2) (i=1,....n—1) and (Lj+1) (G=1,...,m—1),

respectively. When n, m > 3, the residues s(i,2) = i+2 (fori = 1,...,n—1)and s(1,j+1) =
j+2(orj=1,...,m—1)form (n—1)+(m—1)—1= m+n— 3 consecutive classes modulo
d. We have

m—+n—3 > min{n,m} > d,

so every residue class s € Z/dZ occurs among these targets. Equivalently, each loop contains at

least one t~'-edge. Thus the fiber 37!(A & B) is an affine line over & with coordinate ¢y ,,,:

dimgz 37 '(A® B) =1.

Degenerate exceptions. By the trial and error method, the above counting fails only for the case
n = m = 2. A direct inspection shows that this is exactly the degenerate canonical case singled

out in the theorem. This completes the proof. [

Notice that the above argument of Drinfeld cases also holds for the exceptional trivial cases
when one or both of m, n equal to 1, which can be thought as the canonical case or the dual case
or the layered case, and the dimension of the fiber in this case is always 0. For integers n,m > 1
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and exponents d; € {1,n — 1} + nZ, dy € {1,m — 1} + mZ, we encode the fiber dimension in

the Drinfeld case (79!, 792) above by

dp.(n,d;; m,dy) = dimz 7 (A @ B), (3.2.4)

which is independent of the choice of (A ® B) € XM (b).

12274
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Chapter 4: Triviality of 3 for the Drinfeld Case in a 3-Block Levi M

In this chapter we generalize our two-block Levi analysis to the three-block Levi case and

prove the triviality of [ in this case. This serves as the idea of the general N-block Levi case. Let

G = GLk1+k2+k37 M = GLk1 X GL]C2 X GLk3, k’l,kz,kg 2 1

and choose the superbasic elements 7, € GLy, (L). Set b; = T,f; such that d; = +1 (mod k;)

and y; to be the corresponding minuscule cocharacter of b; in GLy,. Write

b= diag (b, b2, bs), = (11 D pr2 B 13)dom-

Consider next a general block-upper-triangular matrix

A Dy D,

g9=10 B D;| € GU),

where A € GLy, (L), B € GLy, (L), C € GLg,(L) and D; are the off-diagonal blocks of

appropriate sizes. Recall the Iwasawa decomposition in 2.1: G(L) = M(L)U(L)K = P(L)K,
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hence every coset g/ admits a representative (A, B, C, Dy, Dy, D3). Our goal is: given a base
. GLy GLy GLy ) .
point (A, B,C) € X, (b)) x X, 2(bs) x X, *(bs), determine exactly which Dy, Dy, D3

lie in the fiber 571 (A, B, C).

The coset parametrization of g

Set
0 A'D;, A7'D,

N=1o o0 B'Dy|, U =diag(4B0C).
0 0 0

Then g = U(I + N)and (I + N)™! = I — N + N2 We want to use N to parametrize
ﬁ_1<A7 B, C) Define El = A_lDl, E2 = A_1D27 E3 = B_ng and write N = N(El, EQ, Eg)
Assume N’ = N(E1, E), E}) and ¢ = U(I + N’) is another representative of g. A direct

calculation gives

gl =I-N+N)I+N)=I + N=N—-NN'+ N

Since
0 B, By 0 E, E,
N=1lo 0 E|> N=|o o E|.
00 0 00 0
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one computes

NN’
Hence
I 00
g'g=|o o1 0f+
0 0 I

0 0 EE}

00 0 [

00 0
0 El—E, E,—E,
0 0  E,—E
0 0 0

N2

Collecting terms gives the final block-matrix expression

| E,—E, E,—E, —

Therefore we get the congruent conditions:

E| — By € Ok,

B} — By € Ohxks,

The admissibility condition

Next we compute

g 'bolg)

44

E\E} + E\Fs

E} — Ej

I

(97'b) o(g).

0 0 EyE;5
100 0
00 0
€ K.

Ey—Fy, — E\Ey + E B3 € 05




First,

9 b=

Al by _Alelel by
0 B! by
0 0

Then multiplying on the right by o(g),

yields the full block matrix

Ail(DlBing — DQ)Cil b

a(A) o(Dy)

og)=1 0 o(B)
0 0

M, H,

g bolg)=| 0 g
0 0

45

—Bingcil bs

C~1b;




where

Ml = A_l bl U(A),
H1 = A_1 (bl O'(Dl) — D1 B_1 bg U(B)) = Mla(El) — ElMg,

H2 = A_l (b1 O'(DQ) — D1 B_l b2 O'(D3) + (DlB_1D3 — DQ) O_l bg O'(O))

= M10'<E2> — E2M3 - E1H3
M2 = Bil bg O'(B),
H3 = B_1 (bg O'(Dg) - D3 C_l b3 G(C)) = MQO'(Eg) - E3M3,

M3 = C_l bgU(O)

These explicit formulas are the starting point for checking admissibility g~ 'bo(g) € K t* K and

analyzing the resulting congruences on the blocks E, Fs, Ej3.

4.1 Analysis of Ey, F», E5 for pairwise distinct (k1,dy), (k2, d2), (k3, d3)

We first study the case in which the pairs (k1,dy), (ke, ds), (k3,d3) are pairwise distinct. Recall

that for each block GLy,, one has

Xp i (b) = g/ (B, N K,
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so we may henceforth fix

M, =by, My=10by, M;s=bs.

In the block-matrix computation

M, Hy H,
gbolg)=1| 0 M, Hs|
0 0 M;
one finds
Hl == bla(El) — Elbg, H3 == bQO'(Eg) — Egbg,
and

ngblo'(Eg) — E2b3 — Eng.
by Hy H,
Applying Corollary 2.2.2 to the block matrix g~'bo(g9) = | 0 b, Hs

0 0 b3
sibility g~ o(g) € K t* K is equivalent to requiring:

(Hl>ij _ (bl U(El) . El b2)ij c tmin(mwi(bl)vc‘ﬂj(bZ))OL

and

(H3>ij _ (bg O'(Eg) . E3 b3)ij c 2frnin(rowi(bz),colj(bg))(/)L
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and

(Hy)ij = (by0(FEy) — Eyby — By Hy),; € tmintowiboeliba)) o, (4.1.3)

Conditions (4.1.1), (4.1.2), together with the coset congruences ] — E; € Of“’”, E} —
E; €O EQXkS, reduce the behaviour of E;, F'5 exactly to the two—block analyses of Chapter 3.
We want to control the “extra terms” in the congruent conditions and admissibility related to Fs,
say in the equations

Ey—Fy — E\Ey + E B3y € 05

and (4.1.3), we want to make —F; E, + E) E3 and F; Hj as 0, so that we can reduce E» to the
two-block analyses of Chapter 3 as well. Firstly we fix a full set of representatives (which we
will determine later) in O?Xk:” for all possible choices of FEs3, and use them to parametrize F,
therefore we can make —F Ef + Ey E3 = E1(E3 — Ef) = 0.

In chapter 3, we know that in any Drinfeld setting there are at most min(k;, ko) — 1 free parame-
ters for £/, and in any case they are distributed among the entries of the strict upper off-diagonals.
Therefore we can fix our choices of E so that any entry of it other than the off-diagonal ones is
0. Therefore, to make F; Hs = 0, it suffices to make the entries of H3 other than its first row to
be 0.

Write E5 = (¢;j)1<i<ks,1<j<ks- Thensince Hy = byo(E3;) — Es5bs, keeping the notations in
Chapter 3, given free parameters in Fs, any “loop” of E5 can be traced so that at most one entry
of Hj that the loop corresponds is nonzero, and we can make those entries to be inside the first
row of H3. So we get our desired set of representatives of F5 and desired H3. We then have the

following theorem:
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Theorem 4.1.1. Let G = GLy, 45y tkyy M = GLi, X GLg, X GLy,, and set b, = T,i" such that
d; = £1 (mod k;) with (k1,dy), (ka.ds), (ks, d3) pairwise distinct. Set ji; to be the corresponding

minuscule cocharacter of b; and set

b= diag(bl, by, 53), = (1 D p2 D 113)dom-

Then for every point (A, B,C) mod K € XM (b), the fiber of 3: Xf(b) — XM (b) has dimen-

1237 12378

sion

dimff 6_1(1473’0) = Ez<dir(k:zad7,a k]7dj)a

in exact agreement with the Rapoport dimension formula

dirn(XuG(b)) = (p,p—y) — 3defg(b).

Moreover, as varieties over i, [3 is a trivial bundle with fiber A>i<idodkidiik;.d;)

4.2 The degenerate case where some (k;, d;) are equal

Now suppose that

(ko, dy) = (k3,d3).

Then the two Levi-blocks of size k5 share the same basic slope:
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As before, write

ADI D2 OE1 E2

9=|0 B D;|, U=diag(A, B,C), N=|o 0 Es|>

so that g = U (I + N). For another representative ¢’ = U (I + N') with N’ = (E', E}, EY}), one
checks

g'g=I+(N —N)— NN +N*

As in the distinct-slope case, this gives the congruences

Ey—E € O™ E{—FE3€ O"%,  E)— Ey— E\Ey+ E1F3 € O™,

Next, computing

by Hy H,

we find

H1 :b10'<E1>—E1b2, H3:b20<E3>_E3b27

H2 = b1 O'(EQ) — EQ bg — E1 Hg.

Since one may have (ki,d;) = (ko,dy), we cannot zeroing out the first column of £, but we

claim that H3 can be made identically zero. Indeed, writing £'5 = (¢;;) and tracing the cyclic
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relations

H3 = bg O'(Eg) — Eg bg

one finds (by the same “loop-tracing” argument of Chapter 3) a choice of base-point w, € Lo"

such that each congruence becomes a genuine equality. Indeed, the last entry before we return to

1 o.kg -1 ko

. . . . t
wy 1s either ¢~ wq or o2~ 1wy, and by either the relation s or 25, we get o*2w, = wy.
This forces H3 = 0. Once Fj is thus normalized, the remaining congruences on F; and then on

E5 each reduce to the two-block analyses of Chapter 3.

Notice that our assumption “(ko, dy) = (k3, d3)” does not lose generality since in any cases we
can reorder ki, ko, k3 in the blocks by “change of basis”, and thus recovers the same dimension
count and coordinates’ behaviour. In all cases, [ remains a trivial bundle of the predicted rank.

We have the following theorem:

Theorem 4.2.1. Let G = GLg, yor,, M = GLi, x GLy, x GLy,, and set b; = T,i" such that

d; = £1 (mod k;). Set y; to be the corresponding minuscule cocharacter of b; and set

b= diag (b1, by, b2), 1= (1 © 12 B p2)dom-

Then for every point (A, B,C) mod K € X (b), the fiber of 3: X5 (b) — X} (b) has dimen-

122 123

sion

dim,—{ 6_1(14, B, C) = 2dDr(k’1,d1; k27d2> + k‘g — 1.

Moreover, as varieties over i, (3 is a trivial bundle with fiber
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k
pzd s bay et s (17210, )i (R dy) # (ke o),

X 3k
AM (17 /0,,0) if (1, dy) = (ks, d) = (, d).
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Chapter 5:  Triviality of 3 for the Drinfeld Case in a N-Block Levi M

In this chapter we extend the block-matrix analysis to the general case
G = GL]C1+]§2+...+]€N7 M = GLk1 X GL]€2 X e X GLkN

Set b; = T,fz such that d; = +1 (mod k;) and p; to be the corresponding minuscule cocharacter
of b; in GLg,. Set the superbasic b = diag(by, bs, . . ., by) and minuscule cocharacter pn = (1 ®
fo B+ D pN)dom- Write {(h1, f1), -+, (hm, fm)} for the distinct values among the (k;, d;),
each with multiplicities r;. We shall show that for each point (4;,..., Ay) mod K € X" (b),

the fiber 371(Ay,. .., Ay) is canonically isomorphic to

ri(ri=1)
ri(r;—1 . hi ———=
A 1<i<i<m Aorhinfi shy Frimi+ 30 <ig (=) 2= | | (Lahl/(’)mhi) b

1<i<m

Y

of dimension ), ..y dp:(ki, d;i ; k;, d;), and hence 3 is a trivial bundle of that rank over the
target.
Fix a point (A, ..., Ay) mod K € XM (b). By Iwasawa decomposition we may write any lift

122,74

g € G(L) of this coset in the form

g =U(l+E), U = diag(4;,..., Ay), E= (Ei')lgi,jSN’
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where E;; = 0 unless i < j. For another representative ¢ = U (I + E’), one checks

gl =(I—E+E — + (-)N'EV YT+ E)=1 + A,

and for each ¢ < j, we compute

Ay = Ez{j — Ey — Z Ei, Ay;. (5.0.1)

i<k<j

The coset-congruences g~ '¢g’ € K yield, for each i < j, A;; € Ofiij . In other words, one
solves the (i, j)-entry of A by first taking the naive difference £}, — E;; and then subtracting

all the “earlier” corrections coming from E;; A;. This triangular recursion uniquely determines

every A;j.
Next, write

M, Hy --- Hiy

1 My
g bo(g) = ,
Hy_1n
My

where

Mi = Al_l bz O'(Ai),

and for each ¢ < j, we compute

Hij= M;o(Ey) — Ejj My — Z Ei Hy;. (5.0.2)
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Using induction on (i, j) in lexicographic order in (5.0.1) and the two-block base case, we see
that we can assume A,y = Ejy — Eyy and A;; = 0 for other (4, 7) (i.e. Ej; = Ej; for other
(i, 7)), which means that the 1N -th block is the only non-trivial block.

As before, in the Drinfeld setting we can take M; = b;. We want to eliminate all the terms F;, Hy;
in (5.0.2) so that the 1/V-th block is completely reduced to the two-block base case. In the case
that all the (k;, d;)’s are pairwise distinct, from Chapter 4 we see that we can canonically make
all £, have zeros on the first column while making all H,; have zeros except on the first row, so
that £y Hy; = 0 and we finish the argument.

For the degenerate case where some (k;, d;)’s are the same, we use another approach. Notice that
this reduces to the case where b is basic in G, which we would not be interested in itself. But
here we need to study the arithmetic computation in this case to get the desired computation in

our general situation. Firstly we introduce the following lemma:

Lemma 5.0.1. Suppose

G=GLny, M=CLyx---xGL, de{l,k—1}+kZ, b=diag(rl,...,77).

TV
N factors

Set pg to be the corresponding minuscule cocharacter of T and set pn = (19 ® -+ & 10)dom.-
—_———

N factors
Then b is basic in G, and the ADLV X (b) coincides with the basic locus X,(b), and there is a

canonical identification

X7 () = Xp(b) = J/(HNK).

In particular, XMG(b) is a single Jy-orbit of hyperspecial cosets, and the reduction to Levi map

TR _ - b N@-1)
B: X5 (b) — X1 (b) is trivial with fiber (Ak box (L k/OL[,k) )2

23,78
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Proof. Since all block-slopes of b agree, the Newton point 7, factorizes through the center of
G, so b is basic in G. Keeping the notations above, by Chapter 4, we know that we can make
all H;; in the expression of g~'bo(g) as zero, so that g € J, as required, and it follows that

XC(b) = Xp(b) = Jp/(Jy N K). The fact that 3: X5 (b) — X} (b) is trivial with fiber

123,74

ko nv-
<Ak*1 X <L"k /OL(,k> )N“; “ follows from that for each i < J, Li; is parametrized by

k
AR x (L“k /O LUk) , which is derived from the previous arguments. [

Next we state the first main theorem in this chapter:

Theorem 5.0.2. Let

G:GLn, M:GLklx---xGLkN.

Ford; € {1,k; — 1} + k;Z, set ; to be the corresponding minuscule cocharacter of T,i" and

b:diag(Tgll,...,Tgfv\’), M:(Ml@ﬂz@"‘@ﬂjv)dom.

Write {(h1, f1), -+, (hm, fm)} for the distinct values among the (k;, d;), each with multiplicities

r;. Foreachi=1,...,m, let

bi g dlag(’r;{z, e ,T}{Z) e GLhﬂ‘i(L)7
N——

Ti

and let 19 be the GLy,,,-dominant rearrangement of the direct sum of r;-copies of “the minus-

cule dominant cocharacter corresponding to 7;,'” in GLy,.,. Then the partial reduction to Levi
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map
o GL.
Br: XHG(b) — Xﬂmhz Z(bz‘)

=1

is isomorphic, over R, to a trivial vector bundle of rank

Z dDr(hiafi;hja.fj)rirj‘

1<i<j<m

Consequently, by Lemma 5.0.1, the full map (3 XuG(b) — XM () is a trivial bundle with fiber:

122,78

ri(r;—1 . 0
A21§i<j§mdDr(hiyfi%hjvfj)"'i"'j"‘Zlgigm(hi_l)% X H (LUhZ/OLUhi> 2

1<i<m

h ri(ri—1)

Proof. By a proper change of basis, we may simply assume that b = diag(bl, cee bm). Keep all

the notations as before, and write

g 'bo(g) = diag(My, -+, My)(I + (Hy)

1§i<j§m)’

then as (5.2), one has the recursion formula

Hj; = Mio(Ey;) — By M; — Y Ey Hy,

1<l<j

and by Lemma 5.0.1 we may take M; = b;. We proceed by induction on the pair (7, j) in lex

57



order. For the minimal pairs j = ¢ + 1, the sum is empty and

Hiip1 = b;0(Eiip1) — Eiip1bigr. (5.0.3)

We see that every original /; X h;y; sub-block of H;; ; in (5.0.3) exactly satisfies the two-
block condition since b;, b, are diagonal block matrices with Drinfeld setting superbasic sub-

blocks. Suppose we have arranged parameters so that » EyyHy; = 0, then the formula of

i<l<j
H;; reduces to

Hij = bi O'(EZ']‘) — Ez bj

and one applies the two-block case on each original /; x h; sub-block of H;; to solve for ;.
Since h;’s are pairwise distinct, we can indeed make each F; H,; as 0, by applying the same
method in Chapter 4 to each original h; x h; sub-block of F;; and each h; x h; sub-block of Hj;.

For each H;;, there are r;r; many original h; X h; sub-blocks so by Theorem 3.1.1, the theorem

YR

follows. ]

Indeed, the map S; in Theorem 5.0.2 is the essential map that we want to look at, since it is a
“vector bundle”, while the fiber map in Lemma 5.0.1 serves as the “degenerate case” where the

element b is already basic in G. We have the following main theorem:

Theorem 5.0.3. Let

G =GL,, beG(L),

and suppose M C G is a Levi subgroup such that b is basic in M, and that M is maximal with
this property. Writing jias for the unique M -dominant and minuscule cocharacter corresponding
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to b and let n = (puar)dom- Assume that for some Levi M' C M with b € M'(L) and piyy the
unique M'-dominant cocharacter corresponding to b, the tuple (M, pyy, b) satisfies the Drinfeld

setting, then the reduction to Levi map

B: XZ(b) — X (b)

122,73

is isomorphic to a trivial vector bundle (over k).

Proof. Since b is basic in a Levi M C G, under a “change of basis” and “re-identification of a

uniformizer” and up to “o-conjugation isomorphism” we may assume

m

M:HGLM, b= diag(bi,...,bm),

i=1

where each b; € GL,, (L) is of the form 7%, By a further “change of basis” within each GL,,-

block, we can diagonalize b; into r; copies of a superbasic element of size h; X h;:

b ~ diag(r,..., 1),

Vv
r; times

with ged(h;, f;) = 1. Since (M’ upy, b) satisfies the Drinfeld setting for some Levi M’ C M, we
have f; € {1, h; — 1} + h;Z. Maximality of M forces the pairs (hq, f1), ..., (hm, fm) to be pair-
wise distinct. Denote 1; as the projection of i, onto the GL,,, component, then Theorem 5.0.2

applied to M shows that the reduction to Levi map

1220 g

B: XS() — XM (b) = [ " (by)
=1
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1s a trivial vector bundle, as claimed.
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Chapter 6: The Non-Minuscule Case: Triviality of 5 Without Linearity

In the reduction morphism

B: XS — || XM

war €Sas (1,vp)

the geometry of the fibers over X %{(b) is especially transparent when i, is the unique M-
minuscule and dominant cocharacter corresponding to b and p = (pps)dom: all congruence con-
straints are linear modulo ¢, and the fibers assemble into Zariski locally trivial vector bundles.
When 11 > (ftar)dom» OF pas itself is not minuscule for some pipy € Spy(p, vp), the situation will
be different. We will study some special examples in this case where the same Iwasawa/block
analysis still apply but the fiber will be defined by some higher-level congruences, and the mod-
t relations are no longer linear; in particular, the fiber need not carry a canonical vector space

structure. Nevertheless, the reduction to Levi remains Zariski locally trivial as a principal bundle

under an explicitly described set of parameters at higher congruence level.

A first example: GL, with 4 = (2,0) and b = diag(¢,t)

Here M = GL; x GLy, bis basic and central, and the set Sy, (1, v,) consists of iy = (1,1).

We show that the fiber of 3 is Zariski trivial with fiber F'/Op x (% \ k) (hence not a vector space
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times a discrete set).
Choose representatives so that M; = M, = ¢ (block-monomial normalization). A point in

the fiber over (A @ B) is represented by

A0 1 C
g= K, Cel,
0 B 0 1
and a direct computation gives
t t(o(C)—=0)
g 'bo(g) =
0 t

By Corollary 2.2.2, the condition
g 'bo(g) € Kdiag(t?, 1) K
reduces to the requirement that the reduction modulo ¢ of the (1, 2)-entry be a unit. Equivalently,

u = t(o(C)-C) € OF. (6.0.1)

Thus the fiber over (A @ B) identifies canonically with

(Cel : t(a(C)—C)eog}/oL.
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We use the t-adic Witt expansion for C":

C = Eizio a; ti, a; € K

which preserves the addition, but not the multiplication when F' is of mixed characteristics. Tak-
ing C' modulo Oy, we see a; = 0 for ¢ > 0. For the principal part of C, one has a_; € & \ K,

and a; € k for ¢ < —1. The fiber has dimension 1 provided by a_1, and it is not a vector space.

6.1 The two-block canonical Drinfeld case where ;1 = 2 wy

Let G = GL,, 1, M = GL,, x GL,,, and consider the canonical Drinfeld configuration

b = diag(7,, Tm), p=(2,0,...,0).

One can check that S(u,v,) = {(1,0...,0) @ (1,0...,0)} and we pick uy, to be the unique

element in it. As before, after block-monomial normalization we may assume

M, = A"'b1o(A) = 7,,, My := B~ 'byo(B) = 1,

and a point of the fiber of 3 over (A @ B) mod K is represented by

g= K, h := (1,2)-block of g 'bo(g9) = 7,0(C) — C 1.
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Claim. For the admissibility condition g~ 'bo(g) € Kt*K with t* = diag(t?,1,...,1), the

off-diagonal block h satisfies

hn,l c OZ, h@j € Oy, for all (Z,j) 7é (n, 1) (6.1.1)

Proof via Smith normal form. Recall the Smith normal form criterion (Lemma 2.2.1): with t# =

diag(t?,1,...,1), the nondecreasing list of exponents is (0, ..., 0, 2); hence

o(Ak(g o) =0 A<k<ntm—1),  o(Aun(gbo(g) =2

Step 1: Integrality of all entries of h. By the SNF requirement that v(A;) = 0 we already see
h@j € OL for all ('l,])
Step 2: The lower-left entry hy, 1 is a unit. Consider the (n +m — 1) X (n +m — 1) minors

obtained by deleting one row and one column. There are four types:

(a) Delete a row and a column both in the 7, block: the resulting minor is block upper-
triangular with an (n — 1)-minor of 7,, and the full determinant of 7,,,. Since v(det 7,,,) =1
and v(A,_1(7,)) > 0, its valuation is > 1.

Delete a row and a column both in the 7, block: similarly the valuation is > v(det 7,,) = 1.

(b) Delete a row in the 7, block and a column in the 7,,, block: a zero entry from the lower-left

block will be picked up and therefore the determinant of the minor is 0.

(c) Delete a row in the 7, block and a column in the 7,, block: either the row is not the

last row of 7, or the column is not the first column of 7,,, then any mixed minor of this
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type necessarily picks up the unique ¢ from 7, (row n is present) or from 7,, (column
1 is present), and there is a unique corresponding h; ; such that the minor valuation >

1 +w(hi;) > 1.

(d) The special mixed minor: delete the last row and the first column. Choose all remaining top
columns and bottom columns; the only way to connect the blocks is through the entry A, ;,
while the (n — 1)-minor of 7,, avoiding the wrap ¢ and the (m — 1)-minor of 7,, avoiding

the wrap ¢ both have valuation 0. Thus this minor has valuation exactly v(h, 1).

By the SNF lemma, v(A,4m-1(97'bo(g))) = 0. Among the above candidates, all minors in
(a)-(c) have valuation > 1, whereas the special minor in (d) has valuation v(h,, ;). Therefore
necessarily v(h,1) = 0, i.e. h,1 € OF.

Combining Steps 1 and 2 yields

hn,l € O;, hi,j € OL for all (Z,j) 7é (TL, 1),

as claimed. O]

Theorem 6.1.1. Let G = GL,,1,,, and M = GL,, X GL,,. Consider

b = diag(Tn, Tm), w=1(2,0,...,0).

Then the reduction to Levi morphism

B XJ(b) — X! (b)

war
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is a Zariski trivial bundle. Moreover, each fiber has dimension

dimz ' (A® B) = min{n,m} forevery (A® B) € XM (b).

123,74

When n # m, we have

B—I(AEBB) ~ Gm % Amin{n,m}—l

canonically over k. Heuristically: the unique t-adic unit pivot forced by the Smith-normal-form
condition contributes the G,,-factor, while the remaining min{n, m} — 1 free principal-part co-

efficients contribute the affine factors.

Proof. Keeping all the notations above, a point of the fiber of 5 over (A @ B) mod K is repre-

sented by

g= K, h = (1,2)-block of g *bo(g) = 7, 0(C) — C 7,p..
0 B)\0o I,

Congruence equations and the arrow diagram. Write C' = (¢;;)1<i<n,1<j<m. then the Smith
normal form criterion for Kt* K with t* = diag(t?,1,...,1) forces one extra negative valuation

among the off-block relations; this appears only in the wrap relation linking the two corners:

o(c11) — Cum € t~t Oy, (%)

Loop tracing and the special loop. As in Chapter 3, we do the loop tracing on C, so directed

cycles are orbits of the translation (i, j) — (¢ — 1,7 — 1) on the torus Z/n x Z/m; there are
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d = ged(n,m) disjoint loops. The loop containing the special edge ¢1; — ¢, closes after

¢ = lecm(n, m) steps. Chasing along that loop (composing the edge labels) gives

4—1(

i1 = o ewm) for some integer K.

When n # m, we have seen in Chapter 3 that K (m —n) > 0. Without loss of generality, assume

n < m and hence K > 0. Applying ¢ and comparing with (%),

forces

Cnm € L‘_IOZ )

Thus the principal part of c,, ,,, is a unit of valuation —1. This unit determines the entire chain

Cnms Cn—1,m—15 -+ Clym—n+1

along the long off-diagonal in the n X m block (assuming n < m; the other case is symmetric),

but contributes only one free parameter: the class of ¢, ,,, modulo Oy, i.e.

707 /0L =2 BX 2 Gy,

The long off-diagonal and the other strict off-diagonals contained in this loop serve as free pa-

rameters for this loop , while the remaining entries on this loop lie in Oy..
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Free parameters on strict off-diagonals. Every strict off-diagonal in C' behaves exactly as in

Chapter 3. The loop tracing there shows that each such strict off-diagonal contributes one free

Y

parameter in t 'O /O = R, and different strict off-diagonals contribute independently. The

number of these strict off-diagonals is min{n, m} — 1; hence they contribute an affine factor

Amin{n,m}fl )

Dimension count and triviality. Collecting the parameters:

(i) one multiplicative parameter) £* = G, (ii) min{n,m}—1 additive parameters) Amin{nm}=1

Therefore

dimz 7Y(A® B) = 1 + (min{n,m} — 1) = min{n, m},

and when n # m we obtain a canonical identification

/Bil(AGE B) = Gm X Amin{n,m}fl.

The same loop-solving shows that the coordinates of the fiber depend algebraically and trivially
on the base point (A® B) (the base is zero-dimensional in this Drinfeld case), hence [ is a Zariski

trivial bundle.

Example 6.1.2. Take n = 2, m = 3, so

G:GL5, M = GLy X GLg, b:diag(TQ,Tg), o= (2,0,0,0,0).
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Keeping notations above, entrywise one has

h171 = U(Cgl) — tClg, h271 = tO'(CH) — tczg,
his = o(c) — i1, hao = to(ci2) — ca,

his = 0(ca3) — c12, oz =1to(ci3) — ca0.

By the Smith normal form criterion for Kt* K with t* = diag(t?, 1,1, 1, 1), one has

o(c1y) — o3 €707, and all other entries of h are integral. (%)

Loop tracing. As in §3, encode the relations by arrows of type ¢~ 'o and o. There are ged(2,3) =
1 loops on the 2 x 3 torus, and the unique loop contains the edge determined by (x). Chasing

once around the loop (length lem(2, 3) = 6) shows that

c11 = t05(023)7

hence from (x) we obtain

tO’G(ng) — Co3 € t_l(’)z = (o3 € t_lOf.

Thus the class of

u=7c3 €t 0] /O 2 R*

is a multiplicative free parameter (the G,,-factor). The remaining strict off-diagonals contribute
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exactly one additive parameter; equivalently, we may take, for instance,

vi=rc3 € t7'0L/0p = F,

while all other entries of C' are uniquely determined by (u, v) via the congruences. Consequently,

B Y A®B) & G, x A and dimz S ' (A® B) =2 =min{2, 3}.

This realizes concretely the theorem in the case G = GL5, M = GLs x GLs3.
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