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core in the second type of potential simulated the main effect of anti-

8Ylllmetrization, namely repulsion at small radii, and there is no spurious 

st ate. The second type of potential was therefore chosen as the better 

form, given the lack of antisymmetrization. The absence of a spurious state 

indicates that the lack of antisymmetrization has been at least partially 

compensated for. For computational simplictty, the repulsive core was taken 

to be a hard core, and the rest of the potential had the ''Woods-Saxon" form. 

The Coulomb pot~ntial was also included. With this the form of the potential, 

the parameters were searched to satisfy the above criteria on the potential 

and the bound state wave function, and a satisfactory solution was found. 

The wave function obtained is felt to be very reliable for reaction calcu­

lations involving the long range a+ d structure of Li~. 

This cluster wave f~nction was Fourier transformed and squared to pro-
. 6 

duce a theoretical momentum distribution for a's in Li. When the experimental 
6 -· 

momentum distribution from the Li (a,2a)d reaction was compared with this 

theoretical one, the two were found to be in serious dis.agreement, both in 
. . . 

Width and in magnitude. It was found, howev~r~ that the introduction .of a 

cutoff radius of about 5 fm. in the cluster wave function produced good 

agreement in both width and magnitude, In addition, by making the cutoff 

radius an adjustable parameter, the theoretical momentum distribution was 

found to be consistent with momentum distributions for Li 6 from a large 

variety of rea_ctions, over a wide range of energies. Although the use of a 

cutoff radius is an ad hoc procedure, it is a well known technique and has 

been used successfully in other types of reaction calculations for many years. 

The necessity of introducing a cutoff into the cluster wave function, 

6 . 
indicates that the Li (a,2a)d knockout reaction tends to be localized to 

the nuclear surface. In a sense this is a severe failure of the P.W.I,A. 
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The remarkable overall consistency of P.W.I.A. with a cutoff indicates, 

however, that the reactions taking place (other than quasi-free knockout), 

do not generally contribute to the a+ a+ d final state in the same 

region of phase space as quasi-free knockout, and that the impulse approx­

imation is a good description of those knockout events that do occur. 
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Section 6.3 Conclusions 

There are several conclusions that can be drawn from the data analysis 

and the calculations in this thesis. The first major conclusion is that the 

off-mass-shell a-a 6 cross section extracted from the Li (a,2a)d reaction 

-+ 
at q = 0 appears to be in very good agreement both as a fun'ction of angle 

and energy with free a-a scattering at tpe final state energy. This agree-

3 ment implies that d o/dn
1

dn
2

dE
1 

does indeed ·factorize, and strongly supports 

the P.W.I.A. or _peripheral model. It also implie~ that the preferred off-mass­

shell T matrix is (I/Jf(-)jVj<1>i) rather than ~flVll/li(+)). 

The second major conclusion is that the measured a-particle momentum 

distribution and the one calculated · from the theoretical cluster wave function 

do not agree. It is necessary to introduce an ad hoc cutoff into the cluster 

wave function to produce _agreement. This implies that strong absorption 

effects are present, and that the reaction seems to be localized in the nuclear 

surface region, The necessity for a cutoff justifies the effort that went into 

guaranteeing that the cluster wave function had the correct asymptotic pro- · 

perties, while the short range behaviour, which requires a detailed treatment 

of the antisymmetrization, was treated approximately. It also indicated that 

this reaction is not sensitive to the details of the Li
6 

wave function at 

short distances, so that other reactions must be found for studying them. 

The third major conclusion is that a cutoff works surprisingly 

well. With the cutoff radius as an adjustable parameter, the measurement~ 

of the cluster wave function for Li6 from this and a variety of other reactions 

are consistent with the cluster wave function calculated here. This may mean 

that the use of this very simple model may have a rather general usefulness 

for extracting spectroscopic information from medium-energy reactions, until 

more complex models are formulated, 
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APPENDIX I 

THREE BODY KINEMATICS 

Al.l General Considerations 

In this appendix the following conventions will be used: 

7P = (p,iE) is a four momentum 
' 

-+ pis a momentum 

E = T +mis a total energy 

Tis a kinetic energy 

mis a mass. 

Note that these conventions may differ from those used in the body of this 

thesis. They are consistent with the notation of the 3-body kinematics pro-

gram QUASTA. 

Figure Al shows the initial and final states in the laboratory system. 

-+ Particle o with mass IIlo and momentum Po is incident on a stationary target 

of mass ~- In the final state there are 3 particles with masses m1 , m2 , m3 

Initial State I Final ·state 

> 6) 
,: = 0 ' rT . 

I 
I 
I 
I 
I 

6J 
~ '3 

Figure Al: The initial and final states 
of the reaction, as seen in 
the laboratory. 

...... 

✓ 
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.,1 



I 

J 

- 160 -

The coordinate system wi~l be a spherical polar system with the polar axis 

defined by p
0

, i,e, the incident beam direction, The components of a momentum 

For the angle e ij between two momenta Pf and Pf the 

following relationship holds: 

COS 9 ., ::: COS$. Cos (9 . t- $lnQ<. SW 8J, c.DS ( cf;_- <{);) 
"-J -l j .J 

(Al.l) 

The basic quantities of interest are T2 '.'1nd p3, given p0 , P1, S 2,_cp2 , and 

Q. Q is the "energy loss" or "Q value" of the reaction, defined by: 

The starting point of the calculation is four momentum conservation: 

1Q = m +-1R -1P-W 1r 
3 

1r T . o 1 ~ 

Squaring both sides of {Al,3): 

wl. -;:; w.T;>.. + w 7. -r w.2· .... T-P :t )_ 
3 0 

+ ') ~ . 'fP. _ ;i:w. . 1P - 11r.r , 1P.i - ;ri? . TP, - ;n~ . lG +- 11, · lf'.;t 
II(, T o T I o 

No~ ,P .a :::: _ m :- hence in the laboratory one finds 
( ,I. 

Using (Al.2) and rearranging (Al.5) yields 

0 -=- A Q m3 + ~;t 

'\ d-.T(m3+m,+Q) 
+- ~ T

0 
( tYlj - W\, t Q / - ' 

- ;;}_ To ( l'Y13 +h1J + ~) - l To~ - ').. To T?. + ~T, T;;i, 

t- l Pop, Cose, + 'J..Po p~ cos 9~ - ';}. r, P-:i.. cos e, a. 

(Al.2) 

(Al.3) 

{Al.4) 

(Al.5) 

(Al.6) 
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Rearranging (Al.5) and dividing by 2 yields 

[ Ql'Y'3 +- ~ ;)/'J. -r To (m3- hl0 -t Q) - T, ( m
3 

.\--rYl1 + Q -\- T 0) 

+ Pop. c..os e 1 ] 

- T;t [ rYl} + ni 2 + Q + T 0 -T,] 
+ pl.. [Po cos e.., - P, C.os el:l ]-= 0 

This will be written as 

c<. _ (3 TJ. +- y p ;,._ == o 

(Al. 7) . 

(Al.8) 

There are two ways of solving (Al.8). The first method is to substitute 

Y Pa = 0 r;_ - o<.. (Al.9) 

-~ (Ta.a+-::.lTa.m~)=· f-,:;\T; +-cl..;}._ 'J..d-.~ T~ (Al.10) 

T: ( 'I) l. - r 2 ') + T ~ ( ~ )' 2 Y)'\ l + l a<. r, J - J.). = o 
(Al,11) 

(Al.11) can be solved by the quadratic formula, but if there are two disadvan-

tages. Firstly, this method usually requires double precision on the computer 

for reasonable accuracy in obtaining, p2 and T
2

. Secondly, the sign of p2 

is ambiguous, i.e. solution may be possible with particle two traveli.ng either 

direction along the (0
2

,cp
2

) line. 

2 2 1/2 
The second method for solving (Al.8) involves substituting (p

2 
_+ m2 ) -m2 

for T2 , and then squaring: 

ex..+ <>Pa= (3TJ.. (Al .12) 

o(. t- o ?.;t + rm~=- 0 ( f~ + yr\; J y~ 
(Al.13) 
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(Al.14) 

(Al.15) 

This · Will be called 

A 1'/ + B p.,_ + C := 0 
(Al.16) 

llence 

(Al.17) 

The 
remaining kinematic variables follow from conservation of momentum 

__., _,. _. -I. 

r 3 = r., - r, - r 2. 

p / = r/ :· r,l. : P/ - 'l p0 f', c..os e, - ?. p O p'l.. cos @ ~ 

t- l p,·P:t cos e,~ 

(Al.18) 

(Al.19) 

2 and T3 _can of course be calculated from p2 and p
3 

~ e 
3 

and cp
3 

can be found 

Conser Vation of the various components of momentum, i.e. 

(Al.20) 

(Al.21) 

(Al.22) 

An additiQnal kinematic quantity of interest is the center of mass ~nergy 

of Pairs of existing particles. This is found by considering the Lorentz in­

Variant scalar product of the sum of the four momenta of two particles A and B. 

(Al.23) 

(Al. 24) 

,1 , 
·I 
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l'hen 

f: 
AOC~ 

T f -m-m 
A 13 CM = A (3C l'1 A 13 (Al. 26) 

It should be noted that there are t possible solutions to (Al 17) WO • , 

"1hich 
makes the kinematics double valued, i.e. there can be two values of 

l'2 for a given value of T1 • The solution to (Al.17) with the minus sign for 

the radi 
cal corresponds to the larger value of T2 • 
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Al.2 _!Sinematic Variables for Off-Mass-Shell Cross·sections·in"l{nockout Reactions 

For the off-mass-shell cross section there are three kinematic variables: 

Ti, the initial state c.m. energy; Tf, the final state c,m. energy; e the · cm 

c.m. scattering angles. The off-mass-shell collision is presumed to involve 

Particles 1 and 2 with particle 3 being a spectator. The t~rget contains two 

particles, particle 3 and particles (for s~ruck). The impulse approximation 

requires that 

(Al.27) 

It is also assumed that particle O becomes particle 1 and particle S becomes 

Particle 2. 

Tf has already been derived. It is just T12cm from (Al.25) and (Al.26). 

Specifically: 
. ½ 

~ = [m,4 +- rfla;i, + l. (-r: t-l'Y\,J (T.,;i.i m.;i) -lp, p,. cos 8,~ l a-- m 1 - ma, 

(Al.28) 

To calculate Ti it is necessary to first determine what 1Ps is. There· 

are two conservation laws assumed for the reaction. One for the three body 

reaction, and one for the two body off-mass-shell scattering: 

~ -t- "fP T = ~ -t-11'.l + ~ 
(Al.29) 

lPO + 7P 5 =- 1P, t 1P~ 
(Al.3O) 

These two conservation laws require 

(Al.31) 

Thus in the laboratory system 

(TPs) = [-~ > i (m.- E3~LA8 = [Ps; ;_Es] 
LAO 

(Al.32) 
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Now because of (Al.30) 

E 
05CM 

= E 
1-:l CM (Al.33) 

And E12cm is already known. Thus Toscm the center-of-mass kinetic energy 

in th~ initial ~tate can be calculated easily: 

T T [ -Y\1 -m-=-L::: osc"" = oc;cM " s 
E -V'tl-m 

l':l..(.M O 5 

(Al.34) 

mo is of course already known. m
5

, the invariant mass of the off-mass-shell 

particle is determined as follows: 

ma :: 7r<- -=-
s s 

(Al.35) 

(Al. 36) 

So 
[(mr - T3 ) d. - P J] y').. 

m') == - vvt 1 

(Al.37) 

Note that 

ms -;6 VY\~ 
(Al.38) 

i.e., the struck particle is off the mass-shell. 

The remaining quantity of interest is9cm· 

vectors p
0 

and p1 in the center-of-mass system 

One starts with the dot product ~t 1P
0 

and 1P1 

This is the angle between the 

for the two body collision. 

(1f0 -~)LAB = (1ro -~)CM= 1POCH ·lF; CM (Al.39) 

- E ~ + b p co·s e, "' - E
0 

E + 
0 I 10 I CM ICl-1 

p T-' cos G 
0CM ICM fC:1\-1 

(Al.40) 

Therefore: 
('OJ G)lc.M:: re>f',COS$1 - E:oc , + fOCM E:_ICM 

ftcM Pocl-'l 

= pr c.ose- Eo£, + EOCM E:,CM 
I I I ' . 

(Al. 41) 
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So E and E1 are needed. But 
QCJll CJ!l 

Hence 

[C~ -t 1f\ \ .lf l =- rc-w + 1f , ·1P 7 
"') o L.i'\8 ~ I c.~ Ht-t ) OC/w\ j 

E = 
Oct-1 

E ·E 
- /;)..CM OCM 

ED(£,+ E;l) - Po Cr, (OS e, 1- ?~<.OS e~) 

f l':l.C.M 

. 
Similarly from ap1 +1P

2
):iP1 one obtains 

Hence cos~1 in (Al.37) can be calculated, using (Al.44) and (Al.45). cm 

(Al.42) 

(Al.43) 

(Al.44) 

(Al.45) 
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APPENDIX 2 

MOMRATH 

The following is a more complete description of the program discussed in 

Section 2.1.4. MOMRATH is a computer program that will calculate the effects 

of finite resolution in a three body breakup reaction. The principal quantity 

generated by MOMRATH is the "resolution function" W(x) for a given kinematic 

variable x. This resolution function W(x) depends on the geometry and kine­

matics of the reaction, the sizes of the detectors, and the E1 energy bin 

width but not on any assumptions made about the reaction mechanism. The reso­

lution function W(x) is a measure of the ability of the experimental system 

to resolve the kinematic quantity x. The discussion to follow will be special­

ized to the calculation of W(p3) where p3 is the magnitude of the momentum of 

the residual nucleus. The generalization for other kinematic variables is 

obvious. 

For a given reaction, at a specified bombarding energy, p3 has a unique 

value for every point in the five dimensional volume ~n1~n2~E1 defined by the 

solid angles of the detectors and the width of the E1 energy bin. W(p3)dp3 

is defined as the probability of finding p3 in the range dp3 for events occur­

ring in the volume ~n1~n
2

~E
1

, assuming that each volume element is equally 

probable. The normalization of W'(p
3

) is 

(A2. l) 

Operationally,MOMRATH generates W(p
3

) by calculating p
3 

for a large number 

of points in ~o1~n2 ~E1 and making a distribution of values obtained. 
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MOMRATH selects this large number of points in a systematic manner. A 

grid of points is selected for each counter and a series of points is selected 

for the E1 energy interval. 

might look 

Figure A.2 shows how such an array of points 

r . . 
h(?),= 'i 

.. . . . . 
t. <PI 

. . . . 'r\ q> • .,,(o 

• . . . ,,,. <D. = e • • • • • y' 1·&,... ~ 

1 . . . . . I • • • • • I 
. . .. . . . . 

~ A6 1--"'1 

Counter One Counter Two E1 Energy Bin 

Figure A2 Grid Points on the Counters and E1 Energy Bin 

The number of grid pt>int_s n0]_, n'P.i,, ne.i, n<P.z and nE1 for each of the five 

variables e1, cp1 , e2 , cp2, and E1 is assigned according to the sensitivity of p3 

to changes in the five variables. This sensitivity is determined in the early 

stages of the program by varying the five variables one at a time. MOMRATH then 

calculates PJ for every possible combination of a grid point from counter one, a 

grid point from counter two, and a grid point from the E1 energy bin. This 

means typically p3 is evaluated for about 3000 different combinations. The 

values of p3 are stored and displayed in a histogram which is W(p3). 

When W(p3) has been calculated it can be used within certain limitations to 

evaluate the amount to which the measured cross section will be smeared by the 

This is done as follows. The cross finite resolution of the system for p3 • 

section is assumed to be a function of p
3 

only. For quasi-free scattering in 

the Plane Wave Impulse Approximation (1.7) this means that the kinematic factor 

and (d<r/d.n) are assumed to be constant over the volume ..6.i\A~AE1 • Then 

(A2.2) 
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The measured cross section which will be called oM is an average of 

3 . 
d o/dn1dn2dE1 over 6n

1
6n

2
6E

1 

(A2. 3) 

~ cfn,JJQ~f d.E, /lCr,)t 
.b.fl. 1 ~S'lJ b.( 1 

(A2.4) 

Since the cross section is a function of p
3 

only, OM can be evaluated directly 

from W(p3}, i.e.: 

(A2, 5) 

If MOMRATH is given a momentum distribution l!(p3)j
2 

it will calculate OM 

from (A2.5) after evaluating W(p
3
). 

If d3o/dn
1

dn
2

dE
1 

were not expected to depend on only p3 within the volume 

6n16n26E1 , a more elaborate program would have to be devised. 
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APPENDIX 3 

LITHIUM TARGET PREPARATION 

Self-supporting Li targets were made by evaporating a thin film of Li 

metal onto a glass plate and then removing the Lithium fro~ the glass. Before 

the evaporation the glass plate was dipped· into a saturated solution of 

Hexadecylamine in Hexane, and then allowed to dry thoroughly. The plates 

were then brushed with laboratory wipes to remove most of the deposit, so 

that a thin fairly uniform layer was left. This layer of Hexadecylamine 

served as a releasing agent, and the best thickness for the layer on the 

plates was determined by experience. 

A boat made of stainless steel was used for the evaporation (Lithium 

reacts with Tantalum or Tungsten). The evaporation was done over a period 

f -6 -7 o several minutes in a vacuum of 10 or 10 torr. 

After the Lithium was evaporated onto the plate·s the evaporator bell-jar 

was filled with Helium to mi nimize oxidation of the Li deposit. From this 

point on, speed was essential. The plates were quickly placed in Hexane 

and r emoved from the evaporator. Working under Hexane, the Li film was 

peeled off the glass with a cl ean sharp razor blade. The ease wi th which 

this could be done depended on the thickness of the Hexadecylamine deposit. 

Too thi n a deposit would cause the target to curl badly while being peel ed 

off the glass • . Too thick a deposit would al l ow the Lithium to float off the 

glass plate and t hen to the surface of the Hexane where it oxidized. 

Still working under Hexane, the Li foil was mounted in a target frame 

and then transferred quickly to a vacuum container and pumped down to a 

good vacuum. The layer of Hexane ori the Lithium protected i t from oxi dati on 

during the transfer and pump-down. With a cold trap and a vacuum of one 
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micron the targets could be kept for a day or more without deterioration. 

To transfer the target to and from the scattering chamber, the chamber was 

filled with Argon. Very little deterioration was found to occur in this 

process. 

The work in Hexane was done under a hood to remove noxious vapors. It 

also was necessary to work with bare hands-because gloves were found to 

significantly slow down the process. The Hexane was kept clean and water 

free because Lithium oxidizes violently in contact with water. The resultant 

reaction has been known to ignite the Hexane, which is highly flammable. 

With the above procedure it is easy to make s elf-supporting Lithium 

2 2 targets as thin as 600 µgm/cm, and probably as thin as 300 µgm/cm. 
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