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Abstract

In this paper, we study asymptotic stability properties of risk-sengitive filters with respect to their
initial conditions. In particular, we consider alinear time-invariant systems with initial conditions that
are not necessarily Gaussian. We show that in the case of Gaussian initial conditions, the optimal risk-
sensitive filter asymptotically convergesto any suboptimal filter initialized with an incorrect covariance
matrix for theinitial state vector in the mean square sense provided theincorrect initializing valuefor the
covariance matrix resultsin arisk-sensitivefilter that isasymptotically stable, that is, resultsin asolution
for a Riccati equation that is asymptotically stabilizing. For non-Gaussian initial conditions, we derive
the expression for the risk-sensitive filter in terms of finite number of parameters. Under a boundedness
assumption satisfied by the fourth order absolute moment of the initial state variable and a slow growth
condition satisfied by acertain Radon-Nikodym derivative, we show that asuboptimal risk-sensitivefilter
initialized with Gaussian initial conditions asymptotically approachesthe optimal risk-sensitivefilter for

non-Gaussian initial conditionsin the mean square sense.

1 Introduction

Risk-sensitive filtering optimizes an exponential of quadratic (or more general convex) cost criterion. As
opposed to L filtering, risk-sensitive filtering penalizes the higher order moments of the estimation error
energy, thus making thefilters useful in uncertain plant and noise environments. It also allows atrade-off
between optimal filtering for the nominal model case and the average noise situation, and robustness to
worst case hoise and model uncertainty by weighting the index of the exponentia by a risk-sensitive
parameter. For example, it has been shown in [1] that discrete-time risk-sensitive filters for hidden
Markov models (HMM) with finite-discrete states perform better than standard HMM filtersin situations

involving uncertaintiesin the noise statistics. A morerecent work [2] showsthat such risk-sensitivefilters
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enjoy an error bound which is the sum of two terms, thefirst of which coincideswith an upper bound on
the error one would obtain if one knew exactly the underlying probability model, while the second term
is a measure of the distance between the true and design probability models. Although risk-sensitive
filtering was introduced for discrete-time linear systems in [3], the term “risk-sensitive filtering” was
introduced in [4] and more general discrete-time nonlinear systemswere treated, using similar techniques
of [5] in the context of risk-sensitive control. Apart from the potential usefulness of risk-sensitivefilters
in uncertain environments, risk-sensitive problems, in the small noise-limit, have been shown to be
closely related to estimation/control problemsin a deterministic worst-case noise scenario given from a
differential game (H ., estimation/control problemsfor linear systems) [6] [7] [5] [8] [9].

It is well known that the mean of the conditional density of the state given the observations for a
stochastic state space signal model achieves the minimum variance filter. For alinear Gaussian system
with known or Gaussian distributed initial conditions, the conditional density is Gaussian and given by its
mean and covariance (which can be calculated off-linefrom aRiccati differential or difference equation).
This is aso popularly known as a Kalman filter. On the other hand, the optimal estimation problem
becomes an essentially nonlinear problem if the initial condition is not Gaussian distributed. However,
for linear Gaussian systems, it has been shown [10] [11] that the optimal filter (or itsdensity) can begiven
by a finite number of statistics, which constitute the optimal (in the minimum variance sense) filter for
an augmented linear system. Theinitial conditionisoften not known and it is often unrealistic to assume
that the initial condition has a Gaussian density. However, it has been shown in [11](continuous-time)
[12] (discrete-time) that the conditional density filter forgets the initial condition asymptotically in an
exponential rate. In other words, one can assume a Gaussian density for the initial condition and use
a suboptimal Kalman filter which asymptotically becomes optimal, provided the actual density of the
initial condition hasfinitefirst and second order moments. Exponential stability results for discrete-time
filters have been shown in [13] and for Benesfilters [14] in [15]. Also, stability results for filters based
on Lyapunov exponents have been explored in [16] [17] [18].

It is also well known that the optimal risk-sensitive filter for a discrete-time linear Gaussian system
with a Gaussian initial conditionisan H, filter [3] [4]. Analogous results for continuous-time systems
canbefoundin[19] [20] [21]. Inthe caseof anon-Gaussianinitial condition, therisk-sensitiveestimation
problem, as can be expected, becomes a nonlinear problemin general.

In this paper, we consider the problem of risk-sensitive estimation for discrete-time linear Gaussian
time-invariant systems with non-Gaussian initial conditions. Our objective is to study the effects of
initial conditions on the risk-sensitive estimates and asymptotic stability or forgetting properties of such
estimates with respect to initial conditions. We first consider the case of arbitrary Gaussian initial
conditions, i.e., arbitrary initial covariance matrices (the mean of the Gaussian distribution is taken
to be zero without loss of generality), a suboptimal risk-sensitive estimate (initialized with an incorrect
covariance matrix) asymptotically approachesthe optimal risk-sensitive estimate (initialized with thetrue
covariance matrix) provided theincorrect initial covariance matrix results in a stabilizing solution of the

H.-like Riccati equation. The case with non-Gaussian initial conditionsis slightly more complicated.



We first derive an expression for the risk-sensitive estimate that is finite-dimensional, and a sum of
two quantities, the first of which asymptotically approaches the risk-sensitive estimate for the Gaussian
initial condition (with arbitrary but stabilizing initial covariance matrix) and the second term approaches
zero asymptotically under a boundedness condition satisfied by the fourth order absolute moment of the
initial state variable and a dow growth condition satisfied by a the fourth order moment of a certain
Radon-Nikodym derivative. These convergenceresults are derived in the mean square sense.

In Section 2, we introduce the signal model, the risk-sensitive estimation problem and reformulate
it under a new probability measure. In Section 3, we briefly present the optimal risk-sensitive filter for
linear Gaussian systemswith Gaussian initial conditionsand show the asymptotic stability of thesefilters
with respect to arbitrary Gaussian initial conditionsin the mean sguare sense. Section 4 deals with non-
Gaussian initial conditions where we first derive the optimal risk-sensitive filter using the information
state approach and then we show the asymptotic mean square convergence properties of such filterswith

respect to their initial conditions. Section 5 presents some concluding remarks.

2 Signal model

Consider a complete probability space (Q, F, P) on which we define the following stochastic linear

time-invariant discrete-time state space mode!:

Tht1 = Fxp + ka+1, xo ~ no(l’o)

ye = Haxp+vg (21

Herez;, € IR",y; € IRP, k € IN. The process noise wy, € IR"™ and the measurement noise v, € IR? are
i.i.d. Gaussian distributed with zero mean and covariance I,, and I, respectively. Also, GG* = %,, > 0.
Mo is not necessarily Gaussian.

We assume that o, wy, vi, are mutually independent and that (F, G) are stabilizable and (F, H) are
detectable.

Denote the complete filtration generated by the observation o-algebra, namely, o {yo, y1, ..., yx} 8
{Vr}, thecompletefiltration generated by o {0} V o{wn, . . ., w1} 8s{F } and the completefiltration
generated by o{yo,...,yr} V o{zo} Vof{wo,...,wr_1} as{Gy}.

Risk-sensitive estimation

We define the risk-sensitive estimation problem for the discrete-time system (2.1) as to obtain a V.-

measurable process Z;, € IR™ (assumed to be well-defined) such that

k—1

& € arggwinE[expu{Zl(xl,@) +1(zr, Q) } | V] (22)
=0

Here, E[.] denotes expectation under P, u > Oand [ : IR" x IR® — IR is measurable in (z, z) and

continuousin z and is of the following form

l(z,2) = %(x — ) (x — ) (2.3



Remark 2.1 Please note above that while estimating ., we do not obtain new estimates of z;, [ < k.
Hencethisisastrict filtering problem. However, we consider asum of estimation error costsin the index
of the exponential. Note that considering just the cost at onetime point (instead of the sum) will giverise
to adifferent optimization problem. In the linear Gaussian case, this resultsin a Kalman filter whereas a

cost like (2.2) resultsin an H, filter. For more discussion on this, see[8] [4].

Next, wework under aprobability measure P such that under P, {yr} isasequenceof i.i.d. Gaussian
distributed random variables with zero mean and covariance I, and independent of x;, (and hence o).
Using achange of measure argument and adiscrete-timeversion of Girsanov’stheorem, therisk-sensitive

estimation can be re-formulated as

k—1

By € arg?winé[/\k expu{d_ lwr, 1) + 1wk, )} | Vil (2.4)
=0

where/A, = Hf:o exp((Hzk)'yr,— 3(Hzy,)' (HX)). For detailsonthis particular application of change

of probability measure technique, see [22](discrete-time) and [23] [20] (continuous-time).

3 Discrete-timerisk-sensitive estimation with Gaussian initial condi-
tion

In this section, we present the risk-sensitive estimation results for discrete-time linear Gaussian systems
with Gaussianinitial conditionsand study the asymptotic forgetting property of the estimateswith respect
to initial conditions. Without loss of generality (see [10]), we take the mean of the initial density to
be zero. It is with respect to the covariance matrix of the initial state that we study the asymptotic
convergence properties.

The following theorem summarizes the risk-sensitive estimation results for the linear Gaussian

systemswith Gaussian initial condition (for similar proofs, see [4].

Theorem 3.1 Consider the signal model (2.1) and the risk-sensitive cost given by (2.2), (2.3). Suppose
zo ~ N(0,Z). Theoptimal risk-sensitive estimate z$’ isthen given by the following stochastic difference

equation
& = Fif,+3.H'(y, — HF%( y)
3§ = (H'H+ZHH'y (3.1)

where X, satisfies the following discrete-time Riccati equation:

S =HH+[Z,+FE - ) P So=(HH+3 )™ (3.2)

Proof A similar proof can be found in [4] and is not repeated here. |



Remark 3.1 Itisimplicitly assumed abovethat p issmall enough suchthat =, + F(Z,;_l1 —ul)7F >
0, Vk > 0.

3.1 Asymptotic optimality of discrete-time risk-sensitive filters with Gaussian
initial conditions

In this subsection, we present the results for the asymptotic optimality of the discrete-time risk-sensitive
filters with respect to arbitrary Gaussian initial conditions. Without loss of generality ([10]), we take the
mean of the Gaussian density to be 0. Itiswell known (from H,, filtering theory) that the solutionsto the
Riccati equation (3.2) are not necessarily stabilizing under the previous stabilizability and detectability
assumptions (unlike Kalman filtering Riccati equations). If the initial value of % is chosen such that
limg_ o Zx (assuming that the limit exists) which is the steady state solution of the algebraic Riccati
equation associated with (3.2), is stabilizing, then we consider that value of 2 to be a candidate for an
arbitrary initial value for solving (3.2). We denote the set of such admissibleinitial choicesfor 2y asD.

The steady state solution X, isthe solution to the following algebraic Riccati equation:

Pl=HH+[Z,+FP = pun)tF? (3.3

Inwhat follows, we will always consider initializing valuesfor X that result in astabilizing solution X .
Consider the following suboptimal risk-sensitive estimate 35" which satisfies the following stochastic

difference equation:

B¢ = FB{+QuH'(y, — HFBS )

8§ (H'H+Q Y tH'y, (3.4)

where ;, satisfies the following Riccati difference equation:
Q' =H'H+[Z, +F(Qly —u)T'FT™, Q= HH+Q™" ™, QeD (35

In other words, (3.4), (3.2) describe a suboptimal risk-sensitive estimate with an arbitrary initial
covariance matrix @ € D. We will show that 3S convergesto ¢ in the mean square sense, that is as
k — oo, E|Z{ — BS2 — 0.

We make the following assumptions:

Assumption 3.1 Weassumethat §’ exists for all £ € IN and y is small enough such that

T
lim 1 |OgE[expp{Zl(;rl,§:,G)} | V7] < e1 < o0, for somecy >0 (3.6)
T—oo T P

Assumption 3.2 There exists a bounded symmetric positive definite solution 2, to (3.2) (X € D) for all
k > 0,suchthat limy_, 002y, = Zo, existsand p(F — 2 H'HF) < 1.



Remark 3.2 Theaboveassumptionimpliesthat thefollowing discrete-timeunforced time-varyinglinear
system
W1 =(F - HHF)W, Wo=1 (3.7

isexponentially stable. Thisfollowsfrom thefact that (see[12]) limg_ oo % INAmax (W3, W) < 2Inp(F —
S H'HF).

Hence we have the following proposition:

Proposition 3.1 Thereexistsa|lnp(F — . H'HF)| > o0 > 0, M} > 0such that

[WeW; | < My exp(—o(k —j)), Vk>j >0 (3.8)

We also state the following result without proof, that can be derived from Assumption 3.2. For similar
proofsin continuous-time literature, see [11] and the referencestherein. Related resultsin monotonicity

and stability properties of discrete-time Riccati equations can be found in [24].
Proposition 3.2 Thereexistsao > 0, M2 > 0, ko > 0 such that

Ik = Qxll < M exp(~ak), Yk > ko (39

In other words, it follows that both limg_, oo Q1 — Zoo, liMp_ 00 2 — Zoo exponentidly fast and

also that the unforced linear system

Wpi1 = (F — QuH'HF) Y, (3.10)
is exponentialy stable.
Define the following quantity:
Definition 3.1
er =yr — HFBS | (3.11)

Using Propositions 3.2 and the fact that 2, is a stable matrix for al &£ € IN, one can prove the following

Lemma

Lemma3.1
sup Efex[?] < Df < 0 (312)
k

Proof Using (3.1), (3.4), (2.1), one can write
er = HFvi_1 + v, + HGwy, (3.13)

where
v = (F — QkH,HF)I/kfl + (G - QkH’HG)wk - QkHIUk (314)



Since, xg, vi, and wy, are mutually independent and sup,, || Q|| is bounded, one can show from stability
of time-varying discrete-time systems that sup;, E|vy|? is uniformly bounded. Note that the exponential
stability of (3.10) plays an important role.

Once we obtain the above, using similar arguments, one can show that (3.12) holds. |

Now, we present the main theorem of this section:

Theorem 3.2 Consider the risk-sensitive optimization problemgiven by (2.2), (2.3) withzg ~ N(0, X).
Consider also the evolution equations for the optimal and a suboptimal estimates given by (3.1), (3.4)
and the associated Riccati difference equations (3.2), (3.5). Suppose Assumptions 3.1, 3.2 holds. Then,

lim E|z2{ - 85> = 0 (3.15)
k—oo
Proof Using (3.1), (3.4), one can write
ef =(F -3 H'HF)ef 1+ (£ — Q) H'ey, ef =25 — 87 (3.16)
wheree§ £ 26 — S
Now, the solution to (3.16) can be written as
k
eg = wkeg; + Z ‘Pkkl—';lnj (3.17)

=1

whereny, 2 (34 — Qi) H'sy,.
Using Minkowski’sinequality, one can write
2

k
Bleg|? < (\/ |WkI2E|e§ |2 + \l E| Zwktu].—lw) (3.18)

j=1

One can easily show using the facts that xg, vp are Gaussian distributed and mutually independent, that

thereexistsa0 < M3 < oo such that E|eg’ 2 < Mas. Using Proposition 3.1, one can then write

2
EleSP < (M;‘ exp(—ak) + E|zk|2) (3.19)

Whel’ezk = E?:l kaq-"j_l’l]j.
Now, one can use Propositions 3.1, 3.2 again and the C'.-inequality [25] for » = 2 to obtain

k
Blze> < MZE)Y  exp(—o(k — j)) exp(—aj)le;]]?
j=1
k
= Mpexp(—20k)E[)  |g;(1?
j=1

k
< MJexp(=20k)kE[Y  |ej|’]

j=1
M3D?k? exp(—20k

IN

(3.20)



Here M2, M? are constants independent of k. Also, we have assumed without loss of generality that
ko = 0. Thisisso becauseif ko > 0, one can use the fact that Eley,|? < oo, E|ex,|? < oo and carry on
theanaysisfromthereasif k = kg istheinitial time point.

It is obvious from the above that E|z;|> — 0 ask — oo. Using this together with (3.19), we have
(3.15). O

One can obtain the following corollary to the previous theorem:

Corollary 3.1 Consider therisk-sensitive optimization problemgiven by (2.2), (2.3) withzo ~ N (0, Z).
Consider also the evolution equations for the optimal risk-sensitive estimate given by (3.1), (3.2).

Consider the following suboptimal risk-sensitive estimate given by
B¢ = FBY,+EH (yr — HFBE )
g5 = 0 (3.21)
where &, satisfies the following Riccati difference equation:
S =HH+[Z,+ FE —pl) ™ 5=0 (3.22)
Suppose Assumptions 3.2, 3.1 hold. Then,
lim E|2§ — 3512 - 0 (3.23)
k—o0

Smilarly,
lim E|8S — B> - 0 (3.24)
k—oco

Remark 3.3 Notethat 5o = OimpliesS; = [H'H + 57%~! andwe assume S, > 0, Vk > 0.

4 Discrete-time risk-sensitive estimation with non-Gaussian initial

conditions

In this section, we first derive the optimal risk-sensitive estimate for discrete-time linear time-invariant
systems with non-Gaussian initial conditions. We derive a recursive update formula for a modified
information state and express the optimal risk-sensitive asafunction of the parameters of theinformation
state and the non-Gaussian distribution of the initial condition. Throughout this section, we assume
that xo ~ Mo(xzo), where Mp(xp) is not Gaussian but has zero mean and satisfies certain properties.
We will make the formal assumptions later on. Also, the superscript NG will stand for estimates with
non-Gaussian initial condition.

Now, we define the risk-sensitive information state conditioned on theinitial state. Note that thisisa
slightly modified definition than the one used in [4].



Definition 4.1 Define the unnormalized conditional measure g (z, &) where

k-1

gr(z,)dr = E[Ncexp(py_ U(z1, &) (z) € dz) | Vi, x0 = ]
=0

w(,€) = epl- 3¢ HHE + & H'yols(x — €) (@)

Remark 4.1 Notethat the risk-sensitive information state defined in [4] can be written as ¢ (x) (which

isonly conditioned on ), ) where

w) = [ alnomo©e 42)
Using the Definition 4.1, one can easily prove the following Lemma:

Lemma4.1 Theinformation state g (x, £) obeysthe following recursive equation:

(@8 = Zye®l(Ho)p—5(Ho)(Ha)] [ eqi=3(a— P25 o - F2)
P52 — d1-1)' (2 — - Dla-1(2, )z (43
where Z,, = LR
(2r|Zw]) 2

Proof The proof simply follows from Definition 4.1. A similar proof can be found in [4] and is not
repeated here. |
It also follows from the Definition 4.1 that the optimal risk-sensitive estimate is given by

b agnin [ [ (.6 ez, 0)Mo(e)drde (4.)
C n n

It is obviousfrom the above Definition 4.1 that the information state achievesan expression similar to
that for theinformation state with aknown initial state vector. It isaso well known that for knowninitial
state vectors, the information state achieves an unnormalized Gaussian expression for linear Gaussian
systems. The proof follows by induction. We can use similar proof techniques to prove the following

Theorem:

Theorem 4.1 The risk-sensitive information state defined as the unnormalized conditional measurein

Definition 4.1 for the linear time invariant system (2.1) is given by

1(2,6) = 51(6) &Xp(—3 ( — mi(€)) 5z — ma(£)) @9

where 3, satisfies the Riccati difference equation (3.22). such that 5, > 0, Vk > Oand V, 7} =
F'S2IF + i,;ll —ul >0, Vk > 1. my (&) isgiven by the following equations:

mi(&) = B9+ g, mo(é) =€
S.8NC = PV ANG - na D) + Hlye, B¢ =0 (4.6)

where @, is given by

Oy = [F — S, H'HF + pS1,3, FVi 1)@ 1, =1 (4.7)

9



Also s (€) isgiven by

sk(€) = wexp ——EL E+€pC

Ve = Ve-1ZkSk(@r-1,B6-1,Yk), Yo =1

Li = Lpa+ %_1(5;}1 = 5V 5 ) O - 5Ny, Lo = H'H
= AT B — 0 (5 - E N Ve aZ )Y - ndy a5 Vi a B G
O (4.8)

where Z;, is a deterministic constant and Sy (Zx—1, Bk—1,yx) 1S a function involving exponential of

quadratic expressions of Zy,_1, Br—1, Y-

Proof First of all, one can obtain an unnormalized Gaussian expression like (4.5) for g1(z, ) us ng the
expressionfor go(z, £) givenin (4.1). go(z, £) aso givesustheexpressionsfor o, BYE, ®o, 0, Lo, piY

One can then apply the method of induction to obtain the expression for g (z, £) for any k£ using Lemma
4.1.

In view of the fact we are considering a linear Gaussian system with exponential of quadratic cost,
the mean of the information state (as afunction of &) naturally assumes an affine structure like that given
in (4.6) (thisapproachissimilar to that in [23]). 3¢, p¢, 21 bear the superscript NG to denote that
we are dealing with non-Gaussian initial conditions.

The recursive expressionsfor BN, 5 vk, Ly, and pN ¢ are obtained equating two sides of (4.3) and

expressing the right hand side of (4.3) in the form of the left hand side. |

Remark 4.2 Note that the above theorem expresses the information state in terms of finite number of
parameters BN, 54, vk, Ly, and pNC. Also, @y, 3, and L, can be calculated off-line.

Also notethat 5o = 0 merely implies that the initial condition is known.

One can now apply the above theorem to obtain the expression for the optimal risk-sensitive estimate

using (4.4), which we state in the following theorem.

Theorem 4.2 Consider thelinear time-invariant systemgiven by (2.1). Consider also the cost objective
given by (2.2) , (2.3). Suppose zo ~ Mo(zo). Then the optimal risk-sensitive estimate denoted by 7
isgiven by

N =B + o Dy(NN) (4.9)
where Dy, (N}N9) is given by
Jrn € &XP[=3€' Myé + € NN INo(€)dé

Dy (NN = (4.10)
¢ Jre ©XP[— 3¢/ My + & NN CINo(€)d¢
and My, NN¢ are given by
My, = Lp+ cpgci*lcpk — LSS - u) TSy, Mo = Lo — pul
NN = O - Y+ BRI E ) BN - p @ B E ) Y
Ng'@ = p¢ - w?év ¢ (4.12)

10



Proof The proof follows easily by using (4.4) along with the expression for g (z, &) given by (4.5),
(4.6). Differentiating with respect to 21 and equating the derivative equal to zero, some algebraic
manipulations result in (4.10), (4.11). The fact that the cost function is convex and approaches oo as
|ZNE| — oo, implies that the solution is a minimum and the desired solution. It also guarantees the

existenceof NN¢, Vk from above. i

Remark 4.3 Note that the difficulty in obtaining aclosed form expression for 1 isthat it is given by
animplicit equation. This makesthe analysisfor asymptotic optimality of such estimates difficult and to
simplify the analysis, we make certain assumptionsin the next subsection. Although these assumptions
are sufficient to guarantee the asymptotic optimality of risk-sensitive filters with respect to non-Gaussian
initial conditions, it is essentially hard to verify the some of the assumptionsin practice. However, for
1 = 0, one can solve the implicit equations explicitly to obtain solutions for risk-neutral estimation and

similar results asin [10] can be obtained.

Note above that one can express Dy (V') as the conditional mean of z under a different probability

measure P such that g—ﬁ = A, where A, isa{)r Vv o{xo}}-adapted process given by

— exp[— 3z Mo + 2y NN ]
Ak = 1y INNG
S &XP[—3E M€ + ENNCINo(€)dE

(4.12)

Hence, Dy (NNC) = B, [wo/Ar|Vi] and aso, B, [Ax] = 1.

4.1 Asymptotic optimality of risk-sensitivefiltersfor non-Gaussian initial condi-

tions

In this section, we present the results on the mean sgquare asymptotic convergence of the optimal risk-
sensitive estimate to a suboptimal risk-sensitive estimate with a Gaussian initial condition assumption
with zero mean and arbitrary covariance matrix () € D (defined as 3¢’ in the previous Section).

Before presenting the main theorem on the convergence result, we make the following assumptions:

Assumption 4.1 u is chosen small enough and [Mg(.) has such regularity properties that
S €XP[— 3" M€ + € NNINo(€)d¢ iswell-defined for all k.

Denote F — S, H'HF + pikZ;lFVk_l 2 Ay. Thenthe existenceof limy_, oo A, = A followsfrom

the fact that lim_, o, 3 = 5., exists.

Assumption 4.2 p(A) < 1.

Remark 4.4 Obviously, the above assumption guaranteesthat thefollowing linear time-varying unforced

linear system (see (4.7)):

Oy = [F — S H'HF + pS1 3 FVi_q]®p_1, O =1 (4.13)

11



is exponentialy stable, i.e., thereexistsa|Inp(Aw)| > o1 > 0, M,, > 0 such that
[®r[| < Moy, exp(—o1k) (4.14)
Assumption 4.3 Thereexistsa0 < M, < oo suchthat E[|zo|*] < M,.

Assumption 4.4 Thereexistsa My > 0and 0 < o4 < 01 for some0 < o1 < |Inp(A.)| such that A
isa{Yx V o{zo}}- adapted process where sup,, E[/\_kA] < Mgexp(4o4t).

Remark 4.5 Note that Assumption 4.3 and Assumption 4.4 together imply that E|Dy(NN)? <
M. exp(204t), Yk € INwhere M. > Oisaconstant. Toseethis, notethat | Dy (NNG) 2 < By, [|2o2A2 |
Y] from Jensen'sinequality. Hence E| D (NY'9)? < Eljao’A2) < v/Elfzo["],/ EIAL] wherethelast
step followsfrom Schwartz'sinequality. Now, using Assumption 4.3 and Assumption 4.4, it follows that
E|Dg(NN9)

2 < M. exp(204t), VE € IN. Onecan possibly look for asufficient condition by imposing

regularity properties on Mo(.) and boundedness properties on the process NN such that Assumption
4.4 s satisfied. But due to the complicated nature of the process N;¥¢ we postpone such investigation
for the time being. However, it is clearly seen that Assumption 4.4 is not that restrictive since it allows

an exponential growth (slow enough).

With the above assumptions and Assumption 3.2 holding, one can summarize the main result of this

section in the following theorem:

Theorem 4.3 Consider the signal model (2.1) where zo ~ Mo(xo), Mo being non-Gaussian. Consider
also the risk-sensitive estimation problem given by (2.2), (2.3). Suppose Assumptions 3.2, 4.3, 4.4, 4.2
hold. Then the optimal risk-sensitive estimate given by (4.9), (4.10), (4.11) asymptotically approaches a

suboptimal risk-sensitive estimate given by (3.21), (3.22) in the mean sgquare sense, i.e.,

Jim B¢ — B¢ =o0 (4.15)

Proof Note that one can write

~NG 3G _ (aNG G G 3G
=B =@ -8+ (BT - BY)

whichimplies

6 - B < [ - Y1+ 19 - B P

Now, one can apply Minkowski’sinequality to obtain

2
BIa© - BEP < [\/EI8C — BY0R + /BN - B (416)
Also, from Remark 4.5 and (4.14), we have
E|'%§cVG - BIICVG|2 < Mole eXp(_ZO—Wk) (417)

where0 < 0, = 01 — 04.

12



Now, consider the process &; = NG _ 3¢ Using (4.6), (3.21), one can write
&r = (F =S H'HF)&, 1 — pEpZ, FVi 1®p 1D 1(NNG), &0 =0 (4.18)

Denoting 112,51 F'Vj,_1 as Ry,_1, one can then obtain

k—1
El&> = B> W%, [ R;®;D;)? (4.19)
j=0
where W}, isthe transition matrix associated with F — 5, H' H F. Using the assumption that 5, is stable

for all k > 0, one can have sup,, || Rx|| < oo whichimplies

k—1
Elen? < K.E[Y [P Wrh®501D5017
j=0
S Ma,alE[Z exp[_g(k _j - 1)] exp(_glj)|Dj|]2
k—1
< aalkEZexp 20( _J)]exp( 201])|D |2]
7=0
5 ez o]
< Mg, M.kexp(—20k) | Y exp2(o — 0,)j]
= ]
< My g0, M.k exp(—20.,k)[1 — exp[—2(c — 0,)Fk]]
< My, Mak exp(—20,k) (4.20)

wherewe have assumed o > o,,. If 0 < 0., we have the following expression for the above bound

Eléy|* < ML, . M.kexp(—20k) (4.21)

0,01,0

In the above derivation, the exponential stability of ¥, 1, has been used following (3.10). Also,
Ko,Myo,, M3, My 5,0, M? are constants independent of £. We have also used the so-called

0,01 0,01,0~

C'r-inequality [25] which states

n n
EQ fu)" <n"TEY fugl", > 1 (4.22)
j=1 j=1

Itisclear fromtheabovethat ask — oo, wehave E|éx|2 — Oand E|zY ¢ — BN¢

these two results, we have (4.15). ]

Remark 4.6 One can proveacorollary similar to Corollary 3.1 stating E|2Y¢ — 352

5 Conclusions

In this paper, we investigated the problem of asymptotic forgetting of initial conditions by risk-sensitive
filtersfor linear time-invariant systems. For Gaussianinitial conditions, we show that under an asymptotic
stability condition satisfied by a state transition matrix associated with the H,-like Riccati difference

13



equation, with appropriate stabilizability and detectability condition holding for the linear system under

consideration, the optimal risk-sensitive estimate initialized with the true initial covariance matrix ap-

proaches a suboptimal risk-sensitive estimate initialized with an incorrect covariance matrix in the mean

square sense. For non-Gaussian initial conditions, the analysisis more complex. However, under a cer-

tain boundedness condition satisfied by the fourth order absolute moment of theinitial state distribution

and a dow growth condition satisfied by a certain Radon-Nikodym derivative, we have a similar mean

square convergence result.
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