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Quantum computing promises applications in physics, cryptography, material science,

pharmaceuticals, and a wide range of other science. Superconducting qubits offer a possible

platform for developing a quantum computer. To perform useful quantum computations, the

coherence and control of present day superconducting qubits must be greatly improved. In

this dissertation, I present two main results to improve the performance of transmon qubits.

For the first project, I fabricated and characterized the coherence of transmon devices

with asymmetric superconducting gaps. Previous models suggested that devices with asym-

metric superconducting gaps on either side of the Josephson junction can be designed to be

less subject to loss from quasiparticle tunneling. To gap-engineer the Josephson junctions, I

used Ti metal to proximitize and lower the superconducting gap of the Al counter-electrode.

Unfortunately, the energy relaxation time constant for an Al/AlOx/Al/Ti 3D transmon I

fabricated and tested was T1 = 1 µs, over two orders of magnitude shorter than the mea-



sured T1 = 134 µs of an Al/AlOx/Al 3D transmon with Al capacitor pads and the measured

T1 = 143 µs of an Al/AlOx/Al 3D transmon with Ta capacitor pads. DC IV measurements

of proximitized Josephson junctions showed a reduced superconducting gap, demonstrating

that the gap-engineering in the Al/Ti layer was successful. However, these same IV measure-

ments showed greatly increased excess current for voltage biases below the superconducting

gap compared to my Al/AlOx/Al junctions. This suggests the addition of Ti caused the junc-

tion quality to worsen, potentially being a source of tunneling loss in the transmon devices.

Intentionally adding oxygen disorder between the Al and Ti layers reduced the proximity

effect and subgap current in DC measurements while increasing the relaxation time of a 3D

transmon to T1 = 32 µs.

Additionally, I designed an Al/AlOx/Al SQUID device to perform DC IV measurements

of junctions with tunable total critical current. In a single junction, subgap tunneling fea-

tures can be due to the critical current interacting with the environment, subgap quasipar-

ticle processes, or other sources. Reducing the critical current allows these features to be

differentiated and more accurately measure the effects from quasiparticle tunneling alone.

Characterizing this device showed subgap tunneling features consistent with inelastic Cooper

pair tunneling and quasiparticle transport via multiple Andreev reflection in a low trans-

parency junction. This measurement technique could be used to further study gap-engineered

junctions.

For the second project, I characterized an Al/AlOx/Al 2D transmon device with Ta

features and performed high-fidelity single qubit gates. First, I used error amplifying pulse

sequences to fine-tune the qubit gate pulses. I evaluated the gate error with randomized

benchmarking. I characterized gates with Gaussian and cosine shaped pulses at a variety of



pulse lengths. Analyzing the pulse envelopes in the frequency domain and directly measuring

leakage to the transmon’s second excited state revealed that leakage from driving higher qubit

transitions was a major source of gate error. Next, I characterized gates using a pulse shape

designed by a physics informed neural network designed by Güngördü and Kestner and found

improved gate error for 16 ns pulses achieving an average error per gate of (3.36�0.03)�10�4.

This outperformed errors of (5.54�0.24)�10�4 for a cosine shaped pulse and (3.93�0.12)�

10�4 for a Gaussian shaped pulse of the same length. Further optimization of the pulse using

predistortion or leakage reduction strategies may yield even greater performance.
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Chapter 1

Introduction

In 1981, Richard Feynman gave a talk on using quantum systems to simulate quantum

physics [1]. In this talk, he introduced the idea of a quantum computer as distinct from a

classical computer. Speci�cally, he argued the binary coding of a classical computer would

make it di�cult and resource intensive to simulate quantum systems. Instead he proposed

using a quantum system to simulate an analogous quantum system can have signi�cant

bene�ts.

Quantum mechanics describes the behavior of atomic scale systems, and quantum com-

putation requires the precise manipulation and measurement of these quantum systems. The

�eld of quantum computing seeks to develop, engineer, and control quantum systems and

use these systems to perform quantum computations and simulate problems of interest.

1.1 The Potential of Quantum Computers

Though discussed around the time Feyman coined the term, quantum computation gained

serious academic, industry, and societal interest with the publication of Peter Shor's factoring

algorithm [2]. This algorithm showed a theoretical exponential speed-up in factoring using a

quantum computer vs a classical computer. Prime factoring features prominently in modern

RSA cryptography implying that a su�ciently powerful quantum computer could decrypt
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most modern secure communication, generating serious industry and government interest.

While the reality of implementing cryptologically relevant algorithms is still far in the future,

interest in quantum algorithms with computational advantage, as well as simulations with

current or upcoming hardware abounds [3{5].

1.2 Building Blocks of a Quantum Computer

The essential components of a quantum computer are called qubits, short for quantum bits.

In principle, a qubit can be physically implemented with any quantum system with two

addressable quantum energy levels. DiVincenzo laid out �ve criteria required for qubit

operation [6, 7]:

1. A scalable physical system with well-de�ned qubit

2. Reliable state preparation

3. Long decoherence times compared to computation time

4. Accurate quantum gate operations, including entangling gates

5. Ability to measure the quantum state

A wide range of possible qubit systems have been experimentally demonstrated includ-

ing, but not limited to, trapped ions [8], photons [9], neutral atoms [10], semi-conductor

spins [7, 11], and superconducting circuits [12]. My dissertation work has involved super-

conducting qubits, lithographically de�ned circuits of superconducting metal which exhibit

quantum-mechanical properties. Unlike most other realizations of quantum computers, su-

perconducting circuits are macroscopic objects up to millimeters in size. This makes the

systems especially vulnerable to loss mechanisms via coupling to the environment around

them.
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1.3 The Need to Improve Qubit Performance

Qubit decoherence or control errors limit the e�ective length of a quantum computation that

can be performed. While there have been a number of reports of \quantum supremacy" or

\quantum utility" [13{16], where a quantum computer is claimed to outperform a classical

computer, there have been a corresponding number of refutations of the details of these claims

[17{20]. Implementation of ground-breaking, or even practical, quantum algorithms requires

more operations than are achievable on modern devices. While theoretical e�orts in quantum

error correction provide paths to robust qubit operation [21], these error-corrected logical

qubits are made up of physical qubits and individual controls. The �delity requirements on

these constituent components are right around the break even point for these error-correcting

codes to be bene�cial [22, 23]. Therefore, improving qubit lifetimes and control �delity is

paramount for achieving useful quantum computers.

My dissertation work concerns increasing both qubit lifetimes and improving qubit gate

�delity. My �rst main project involved the study of gap-engineered transmons. Transmons

with di�erent superconducting gaps on either side of the Josephson junction, such that

the gap energy di�erence is greater than the qubit frequency, should be protected from

relaxation due to quasiparticle tunneling from the low-gap side to the high-gap side [24{

26]. Additionally, gap-engineered transmons have been recently shown to be resistant to

quasiparticle bursts caused by cosmic ray impacts [27, 28]. To test these ideas, I fabricated

devices with large gap energy di�erences utilizing the superconducting proximity e�ect in

AlTi superconducting bilayers. Unfortunately, I found that other loss sources dominated

these devices and measurements of DC junction characteristics, resonator quality factors,

and qubit relaxation times helped disentangle the sources of loss in superconducting devices

with AlTi bilayers.

My second project involved improving transmon qubit control. For this work, I tuned

and characterized high-�delity single qubit gates [29, 30] on a transmon device. I found that

the power spectral density of a given pulse at the next highest transmon transition frequency

3



was proportional to the error of a given gate, suggesting that leakage to higher transmon

levels was a signi�cant source of error in my gates. Finally, I implemented a new pulse shape

designed by a physics informed neural network (PINN) for high-�delity transmon gates [31].

This pulse performed better than the Gaussian or cosine pulse shapes commonly used by

the superconducting qubit community. Further optimization of these pulses may lead to

improved qubit control and application of the PINN framework to other control sequences

may lead to other improved qubit gates.

1.4 Dissertation Outline

In Chapter 2, I cover the basic physics of superconductivity theory and junction tunnel-

ing theory. In addition to the standard quasiparticle tunneling, Josephson tunneling, and

Bardeen, Cooper, and Schrie�er (BCS) theory, I discuss more complex tunneling theories

including Multiple Andreev Re
ection (MAR) and inelastic Cooper pair tunneling in Joseph-

son junctions.

In Chapter 3, I introduce the mathematics of a qubit and how this can be implemented in

superconducting circuits with details of the transmon qubit including it's energy structure,

coupling, and common loss mechanisms.

In Chapter 4, I consider the design of a 3D transmon and simulation techniques I used

to verify these designs.

In Chapter 5, I discuss the steps I followed to fabricate a transmon device, covering a

range of fabrication steps and techniques used for di�erent devices that I describe in this

dissertation.

In Chapter 6, I discuss the hardware and supporting technologies required to perform

superconducting qubit measurements, including dilution refrigeration, microwave thermal-

ization and �ltering, signal readout, and device packaging.

In Chapter 7, I cover the series of measurements I used to characterize my qubits and

4



control gates. This includes spectroscopic measurements to identify energy level spacings of

the transmon and resonant cavity, time domain measurements to characterize the coherence

of my qubits, and gate tuning and benchmarking used to tune and evaluate high-�delity

qubit gates.

In Chapter 8, I introduce the techniques used to measure the DC conductance properties

of tunnel junctions and give an example using these techniques to characterize an NIS tunnel

junction and show the device's functionality as an electron thermometer.

In Chapter 9, I discuss my analysis of energy loss in gap-engineered transmon devices

with AlTi electrodes. Using the superconducting proximity e�ect, I fabricated junctions,

resonators, and qubits with reduced and asymmetric superconducting gaps. Measurements

of the three types of devices suggest that lossy oxides of Ti and alloys of Al and Ti contribute

signi�cant loss to these devices.

In Chapter 10, I discuss my measurements of the di�erential conductance of a SQUID

device and distinguish supercurrent tunneling features from quasiparticle tunneling features

by suppressing the critical current of the device with external magnetic 
ux. This reveals

features consistent with MAR for a low transparency junction.

In Chapter 11, I discuss experiments on single-qubit pulse �delities. I measure gate errors

for two standard pulse shapes and �nd the error and leakage per gate depend on the power

spectral density of the pulse at the next-highest transmon transition, suggesting leakage

reduction strategies as a path to improving gate �delity. Additionally, I implement a pulse

designed by a physics informed neural network (PINN) and demonstrate a small improvement

in �delity over the common pulse shapes with average error per gate of 3:4� 10� 4 for a 16 ns

qubit gate.

Finally, I conclude with a summary of my main results and some suggestions for future

work.
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Chapter 2

Tunneling Theory

A Josephson junction is formed when a tunnel barrier exists between two superconducting

electrodes such that Cooper pairs can tunnel through the barrier. Josephson junctions are

a key component for superconducting qubits, and the associated physics is instrumental in

understanding the behavior, limitations, and loss in these qubits.

This chapter covers the physics of a Josephson junction relevant to my measurements and

the superconducting qubit �eld. I �rst cover the basics of the microscopic BCS theory of su-

perconductivity including calculations of the superconducting gap and the excitations of the

superconducting state, superconducting quasiparticles. I then discuss the critical tempera-

ture, TC , below which superconductivity occurs for the case of a standard superconductor

and for a bilayer of two superconductors with di�erent gaps.

Next, I discuss di�erent junction tunneling processes. For junctions between supercon-

ductors, tunneling processes involving both quasiparticles and pairs must be considered. I

begin by describing quasiparticle tunneling, also known as Gaiever tunneling [32]. I next

present two generalizations of quasiparticle tunneling for tunnel barriers with �nite trans-

parencies, Blonder, Tinkham, and Klapwijk (BTK) theory [33] and Multiple Andreev Re-


ection (MAR) theory [34].

For Cooper pair tunneling theory, I will explain the Josephson relations, inelastic scat-
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tering in P(E) theory, and modulation of the critical current. In total this chapter should

provide a background of the physics of superconductors and Josephson junctions for under-

standing the experiments of this dissertation.

2.1 BCS Theory

Superconductivity was discovered in 1911 by Heike Onnes shortly after he developed a pro-

cess to liquify He. The solid mercury he measured had no resistance and expelled all magnetic

�eld when cooled below 4 K [35]. In 1957, Bardeen, Cooper, and Schrie�er (BCS) proposed

a microscopic theory for superconductivity where a phonon-mediated pairing potential al-

lowed electrons to form Cooper pairs between other electrons with opposite momentum

and spin. This pairing allows the electrons to condense into a single macroscopic quantum

state with the property of zero electrical resistance [36]. BCS theory was able to predict

important measured properties of the superconducting state including dissipationless DC

current, expulsion of magnetic �eld, and the superconducting energy gap. Here I review the

BCS pairing Hamiltonian and occupation probabilities as it is relevant to superconducting

junction tunneling and quasiparticle excitations.

2.1.1 BCS Pairing Hamiltonian

The BCS superconducting state can be derived from the Hamiltonian of a normal metal elec-

trons experiencing an attractive potential. I follow the solution by canonical transformation

shown in Ref. [37]. Starting from the BCS single-particle pairing Hamiltonian,

H =
X

k�

nk� � k +
X

k;l

Vkl c
y
k" cy

� k#c� l#cl " (2.1)

wherecy
k� (ck� ) is the creation (annihilation) operators for an electron with momentumk and

spin � , nk� is the occupation of electrons with given spin and momentum,� k = �h2k2=2m is
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the kinetic energy of the electrons,Vkl is the pairing potential betweenk and l states. First,

the number of particles is controlled by examiningH � � n̂ where the chemical potential,

� , times the number operator,n̂, has been subtracted from the energy. Then� k = � k � �

is de�ned as the electron's energy relative to� . Assuming the superconductor is in charge

equlilibrium, � is equal to the Fermi energy,EF , of the metal.

Next, taking the mean �eld approximation

c� k#ck" = bk + ( c� k#ck" � bk) (2.2)

bk = hc� k#ck" i (2.3)

yields the BCS model Hamiltonian

H M =
X

k�

� kcy
k� ck� �

X

k

�
� kcy

� k#cy
k" + � kc� k#ck" � � kb�

k

�
(2.4)

Here

� k = �
X

l

Vk;l bl (2.5)

which will later be identi�ed as the superconducting energy gap. It is clear in Eq. 2.4 that

the electronic states have paired up with other states of opposite momentum and spin.

To diagonalize this Hamiltonian in momentum space, Bogolyubov and Valetin introduced

quasiparticle operators
 k0, 
 k1 such that [38, 39]

ck" = u�
k 
 k0 + vk 
 y

k1; c� k# = � v�
k 
 k0 + uk 
 y

k1 (2.6)


 y
k0 = u�

kcy
k" � v�

kc� k#; 
 y
k1 = u�

kcy
� k#v�

kck" (2.7)

whereuk and vk are complex rotation amplitudes with the normalization constraintjuk j2 +

jvk j2 = 1.

Substituting the Bogolyubov operators, Eq. 2.6, into the model Hamiltonian, Eq. 2.4,
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and setting jvk j2 = 1 � j uk j2 = 1
2(1 � � k=Ek) diagonalizes the Hamiltonian by canceling any

non-particle conserving terms. The resulting Hamiltonian can be written diagonally in the

new quasiparticle excitation basis as

HM =
X

k

(� k � Ek + � kb�
k) +

X

k

Ek(
 y
k0
 k0 + 
 y

k1
 k1) (2.8)

where Ek =
p

� 2
k + � 2

k is the quasiparticle excitation energy. The second sum in Eq. 2.8

shows that the quasiparticles have a minimum excitation energy �k , which is the BCS pairing

potential. However, since the ground state is made of paired electrons, excitations from the

ground state are created two at a time costing a total energy of 2�k .

2.1.2 Superconducting Gap and Occupation Amplitudes

From the choice ofuk and vk the de�nition of the energy gap (Eq. 2.5) can be written at

zero temperature as

� k = �
X

l

Vkl hc� l#cl " i = �
X

l

Vkl u�
l vlh1 � 
 y

l0
 l0 � 
 y
l1
 l1i (2.9)

= �
X

l

Vkl u�
l vl = �

1
2

X

l

� l

E l
Vkl (2.10)

which gives the self-consistency condition for the pairing energy for particles at momentum

k; l . If Vkl is assumed to be constant up to a cuto� and 0 otherwise, the energy gap is

independent ofk and also constant up to the cuto�, allowing the subscript to be dropped

and calling � the superconducting energy gap. The self-consistency condition can be used

to calculate a numerical value for the gap [37]. By rewriting the �nal sum in Eq. 2.10 as an

integral to the cuto� energy, �h! C , the pairing energy, �, can be evaluated as

� � 2�h! Ce� 1=N (0)V (2.11)
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whereN (0) is the normal density of states at the Fermi level and! C is the Debye frequency

of the metal.

For a classic BCS superconductor, including the superconducting materials used in this

dissertation, the gap is independent of electron momentum, this is calleds-wave pairing,

drawing further analogue between atomic orbitals and pairing wavefunctions. In some ma-

terials, the superconducting gap may depend non-trivially on the electron momentum. The

behavior of the pairing potential must accommodate the Fermi statistics of electron ex-

change; therefore, the pairing wavefunction must be symmetric (antisymmetric) when the

spin state of the pair is antisymmetric (symmetric) [40].

With the energy gap, uk and vk can be found as a function of energy. As seen in Fig.

2.1, at energies,� k , well below Fermi energy, the occupationvk is near unity while uk is near

zero. This reverses fork far above the Fermi-wavevector. For this reason the semiconductor

picture of excitations in the superconductor is often adopted [41]. This picture considersv2
k

the occupation probability for a hole-like excitation andu2
k the occupation probability for an

electron-like excitation. This way of thinking about the superconducting excitations should

not be confused with actual electrons and holes semiconducting materials. For states near

EF , the quasiparticle excitation has �nite electron-like and hole-like occupation probability,

meaning at these energies the excitations are a superposition of an electron and hole in the

superconductor.

2.1.3 Superconducting Density of States

The 
 y
k operators correspond to creation operators for quasiparticles with momentumk and

energyEk =
p

� 2
k + � 2

k . The density of states of excitations in the superconductor,NS, can

be found by connecting to the density of states of the electrons in the normal metal,Nn ,

NS(E)dE = Nn (� )d� (2.12)
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Figure 2.1: Plot of occupation probabilitiesu2
k and v2

k around EF . As energy increases,v2
k

smoothly decreases andu2
k smoothly increases, reaching equal occupations at� k = 0. Near

this crossing point, excitations in the superconductor consist of a superposition of electron-
and hole-like excitations.
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Therefore the ratio of superconducting to normal density of states can be calculated

NS

NN
=

d�
dE

=

8
>><

>>:

jE jp
E 2 � � 2 ; for jE j > �

0; for jE j � �
(2.13)

where the excitations have an energy gap between� � around the Fermi energy. On the

energy scales of the gap,NN can be approximated as constant implying a diverging number

of available states atE = � �.

2.1.4 Critical Temperature

Until this point the superconductor has been assumed to be atT = 0. At �nite temperatures,

the quasiparticle excitations take on a Fermi-Dirac distribution,

f (E) =
1

1 + e� E=kB T
(2.14)

where kB is Boltzman's constant andT is the temperature of the superconductor. Finite

temperature modi�es Eq. 2.10 such that

� k = �
X

l

Vkl u
y
l vl (1 � 2f (E l )) = �

1
2

X

l

� l

E l
Vkl tanh(E l=2kB T) (2.15)

By de�nition as T ! TC , �( T) = 0. In this limit and with weak coupling, Eq. 2.15 can be

rewritten in integral form giving

kB TC = 1:13�h! ce� 1=N (0)V =
�(0)
1:764

(2.16)

where the relation to � is obtained from Eq. 2.11. This prediction of the relationship

between the zero-temperature gap and critical temperature is a key result of the BCS theory

and is numerically accurate for many materials [37].

12



2.1.5 Proximity E�ect

When a superconductor is placed in contact with a normal metal, the coherent electron

interactions extend into the normal metal. Therefore, a thin normal-metal �lm placed on a

superconductor can be \imbued" with superconductivity [42]. This is called the proximity

e�ect. I used the proximity e�ect to produce junction electrodes with variable gaps. Here

I will explain how to calculate the critical temperature of such a bilayer. Then using Eq.

2.16, I can estimate the e�ective gap of a superconducting bilayer and make predictions of

junction behavior.

The Usadel equation generalizes BCS theory for inhomogeneous, di�usive (dirty) super-

conductors [43]. These equations have been applied to the case of normal-superconductor

(NS) and superconductor-superconductor (SS') bilayers [44{46]. Here I follow Zhao,et al.

deriving the TC for S-S' bilayers of two superconductors using the Usadel equation.

The Usadel equation parameterizes the superconducting properties of the metal with

complex angle� (x; E ) which depends on both position and energy in the material. The

Usadel equation is written in terms of� as

�hDS

2
@2�
@x2

+ iE sin� + �( x) cos� = 0 (2.17)

whereDS = � S=NSe2 is the di�usion constant for the electrons with the normal density of

states in the metal,NS, � S is the conductivity of the metal, and �( x) is the now position

dependent superconducting energy gap.� = �= 2 corresponds to paired electrons and� = 0

corresponds to normal metal electrons. The energy gap can be de�ned

�( x) = NSV0;S

Z �h! D;S

0
tanh

�
E

2kB T

�
Im(sin � )dE (2.18)

where V0;S is the pair interaction potential, and ! D;S is the Debye frequency in the metal.
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Figure 2.2: Schematic of the Usadel parameter in a superconducting bilayer. For a thin
bilayer, � S;S0 is approximated by a quadratic centered atx = dS and x = � dS0 respectively.
There is a discontinuity in both � and � 0 at x = 0 described by Eq. 2.22.

The �nal ingredient for using the Usadel equations is the interface condition

� r
@�r
@x

= � l
@�l
@x

=
1

RB A
sin(� l � � r ) (2.19)

whereRB is the interface resistance andA is the interface area.

These conditions are su�cient for deriving many properties using the Usadel equation.

Here for the S-S' bilayer, two additional approximations are made. First,@2�=@x2 can be

approximated as a constant when� varies slowly over the bilayer. Second, nearTC , � � 1

because superconductivity is weak when �ndingTC [44, 47]. For a bilayer with the �rst
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superconductor, S, in the rangex = ( � dS0; 0) and the second, S', inx = (0 ; dS), yielding

three interface equations

@�S0

@x
= 0 at x = � dS0 (2.20)

@�S
@x

= 0 at x = dS (2.21)

� S0
2dS0

�hDS0
(� S0 + iE� S0) = � S

2dS

�hDS
(� S + iE� S) =

1
RB A

(� S � � S0) at x = 0 (2.22)

Figure 2.2 shows a schematic of the Usadel approach in the bilayer, adapted from [47].

Next, Eq. 2.22 can be rearranged to express� S;S0 in terms of � S and � S0. Using the small

� approximation in Eq. 2.18 leads to self-consistency equations for the gaps in both layers

at T = TC

� S = [ � � S + � � S0] (2.23)

� S0 = [ � 0� S0 + � 0� S] (2.24)

where �; � are integral factors which can be numerically solved forTC of an arbitrary S-S'

bilayer.

For more general calculations using the Usadel equation, I refer the reader to the Yale

Boulder school Usadel notes [48].

2.2 WKB Picture

A simple semi-classical model for quantum tunneling is the Wentzel-Kramers-Brillouin (WKB)

approximation (see Fig. 2.3). In this picture, the quantum state is written as a plane wave

	( x) / A0eix= �h
p

2m(E � V (x)) (2.25)
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with A0 being some initial amplitude of the state with energyE in a potential V . For a

tunnel barrier starting at x = 0 and extending to x = a, the potential is written

V(x) = V0[�( x) � �( x � a)] (2.26)

where �( x) is the Heaviside step function andV0 is the barrier height. A particle with

positive energy outside the barrier propagate as a plane-wave. However, if the barrier height

exceeds the energy (V0 > E ), the wave function experiences exponential decay inside the

barrier.

	 barrier = A0e� x=�h
p

2m(V0 � E ) (2.27)

Once this state has left the tunnel barrier, it propagates with reduced amplitude

	( x > a ) =
h
A0e� a=�h

p
2m(V0 � E )

i
eix= �h

p
2mE (2.28)

The result in Eq. 2.28 can be used to estimate a junction's tunneling matrix element

hl j T̂ jr i for a quasiparticle tunneling from statejl i on the left of the junction to state jr i on

the right of the junction. Estimating the states and Hamiltonian using the WKB picture

yields
�
�
�hl j T̂ jr i

�
�
� �

j	( x > a )j
j	( x < 0)j

= e� a=�h
p

2m(V0 � E ) (2.29)

Setting V0 = 3:5 eV as half the energy gap of Al2O3 [49], the thickness of the tunnel barrier

a = 1 nm, m = 9:1 � 10� 31 kg as the mass of an electron, andE = 200 � eV as the

energy of a quasiparticle at the superconducting gap edge, the resulting matrix element is

4:1� 10� 5. This can be used to predict the junction normal state resistance,Rn , and depends

exponentially on the barrier thickness.
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Figure 2.3: Cartoon of a quantum state tunneling under the WKB approximation. The
state is a plane wave propagating from the left. In the barrier (blue), the sign of the total
energy changes causing the state to exponentially decay. After the barrier, the state is again
a propagating wave with reduced amplitude.

2.3 Quasiparticle Tunneling

Now I move beyond the simple WKB picture to actual physics models of tunneling pro-

cesses in junctions. The transmission of quasiparticles is one important process in any

tunnel junction. The tunneling physics that I cover will relate to large junction tunneling as

my measurements were of mesoscopic junctions consisting of multiple quantum conducting

channels.

2.3.1 Giaever Tunneling

Giaever tunneling describes the conduction of current,I , as a function of bias,V , through

a tunnel barrier separating two conductors at temperature,T,[32, 37]

I (V) =
4�e
�h

Z 1

�1
jM j2NL (E � eV)NR(E)[gL (E � eV; T) � gR(E; T )]dE (2.30)
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Figure 2.4: IV tunneling characteristics for junctions with the three di�erent electrode per-
mutations at T = 0 from Giaever theory. NIN junctions (red) behave like a resistor. NIS
junctions (green) have a sharp increase fromI = 0 when V = �. SIS junctions (blue) have
a discontinuous jump at voltage equal to the sum of the two superconducting gaps.

Here M is a phenomenological tunneling matrix element between electron states,NL (R)

is the density of states of quasiparticles in the left (right) electrodes, andgL (R) are the

occupation functions of quasiparticle as a function of the energy,E, and temperature,T, of

the quasiparticle states. V is the voltage across the barrier. Here I consider tunneling for

all possibilities of superconducting (S) and normal (N) electrodes separated by an insulating

(I) barrier: i.e. NIN, NIS, and SIS tunneling.

For normal metals under small biases and low temperatures, the density of states is
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approximately constant in energy. Therefore the tunneling between two normal metals is

I (V) =
1

eRn

Z 1

�1
[f (E � eV; T) � f (E; T )]dE =

V
Rn

(2.31)

whereNL (R);0 is the normal density of states of the left (right) electrodes at the Fermi level,

f (E; T ) is the Fermi-Dirac distribution function at a given energy and temperature, and

1=Rn = 4�e 2

�h jM j2NL; 0NR;0 is the e�ective resistance of the junction. Since the Fermi distri-

butions are symmetric about their center energy, the integral simply becomes the di�erence

in the energies of the distributions,eV. A tunnel barrier functions as a resistance for normal

metal tunneling (see Fig. 2.4).

An NIS junction has one superconducting lead and one normal metal lead (section 8.2).

Eq. 2.30 now has one normal, energy-independent density of states,NL; 0 and one BCS

density of states (Eq. 2.13) yielding

I (V) =
2

eRn

Z 1

�

E
p

E 2 � � 2
R

[f (E � eV; T) � f (E; T )]dE (2.32)

for positive V and electron distributions in thermal equilibrium. At low temperatures,

kB T � �, the Fermi distributions can be approximated as step functions, and Eq. 2.32

can be written as

I (V) =
2

eRn

Z eV

�

E
p

E 2 � � 2
dE =

1
Rn

p
V 2 � (� =e)2 (2.33)

for eV > �. Ignoring junction leakage, I = 0 for V < � =e. The tunneling characteris-

tic for an NIS junction is much di�erent from NIN tunneling. There is no tunneling for

voltages below �=e because the gap in the superconducting density of states (Eq. 2.13)

prevents the tunneling of charges from the normal metal into the superconductor. At biases

directly above V = �, there is a steep increase in current due to the large density of states.

Tunneling behavior approaches the typical NIN behavior at large biases (see Fig. 2.4). At
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�nite temperatures, the sharp kink at eV = � is smoothed out by the Fermi distributions.

This temperature dependence makes NIS tunnel junctions an accurate low-temperature ther-

mometer (section 8.2.2).

For an SIS junction, the tunneling of quasiparticles depends on the superconducting gaps

of the two electrodes and the distribution functions of the excitations in each electrode. For

SIS junctions with BCS density of states and thermal Fermi-Dirac occupation probabilities,

Eq. 2.30 becomes

I (V) =
1

eRn

Z 1

�1

jE � eVj
p

(E � eV)2 � � 2
R

jE j
p

E 2 � � 2
L

[f (E � eV; T) � f (E; T )]dE (2.34)

where the superconducting gaps on opposite sides of the junction �R , � L can take di�erent

values.

If the temperature is well below the gap such thatkB T << � R;L then I = 0 for biases

V < (� R + � L )/e. At V = � R + � L a discontinuous increase in current occurs toI �

V=Rn for higher voltages (Fig. 2.4). At �nite temperatures, a thermal peak appears at

V = j� R � � L j=e due to thermally excited carriers. Note that the Giaever process in SIS

junctions is thetunneling characteristic ofquasiparticleexcitations only and is separate from

Andreev re
ection (2.3.2) or supercurrent from tunneling Cooper pairs (2.4.1) which both

involve Cooper pairs.

2.3.2 Blonder, Tinkham, Klapwijk Tunneling for Finite Barriers

When an electron in a normal metal is incident on a superconducting �lm, the process of An-

dreev re
ection is possible [37]. In this process, the electron retro-re
ects from the interface

as a hole with opposite spin and a Cooper pair is transmitted into the superconductor.

Considering Andreev re
ection and traditional tunneling processes at an NS interface,

Blonder, Tinkham, and Klapwijk (BTK) generalized Giaever tunneling to account for par-

tially transmissive tunneling barriers in superconducting junctions [33]. To do this, the
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tunneling Hamiltonian Eq. 2.4 was solved on both sides of the NS interface giving four

quantum tunneling conditions allowing the calculation of the process probabilites. BTK

theory calculates four di�erent probabilities for an arbitrary tunnel barrier strength Z :

ˆ A corresponding to the probability of Andreev re
ection,

ˆ B corresponding to the probability of ordinary re
ection,

ˆ C corresponding to the transmission probability without branch crossing (e.g. electron

tunneling into an electron state),

ˆ D corresponding to the transmission probability with a branch crossing (e.g. electron

tunneling into a hole state with opposite momentum).

Fig. 2.5 shows the A and B amplitudes for di�erent barrier heightsZ =
q

jr j2=jtj2 where

r , t are the re
ection and transmission amplitudes for electrons incident on the barrier.

Z = 0 corresponds to a totally transparent interface experiencing only Andreev re
ection

[50]. Z = 1 corresponds to a totally re
ective barrier and the tunneling limit (section 2.3.1).

Summing these probabilities gives the total junction current as

I =
1

eRn

Z 1

�1
[g(E � eV) � g(E)](1 + A(E) + B(E))dE (2.35)

whereg is the electron distribution function in the normal metal, andA (B) is the Andreev

(ordinary) re
ection probability. For details on the derivation and tunneling processes, see

[33, 37, 51].

2.3.3 Multiple Andreev Re
ection

Averin and Bardas developed a model for Andreev re
ection processes in SIS junctions.

In their model of an SIS junction, the two superconducting electrodes sandwich a normal

transmission channel with a partially transmitting barrier, for which they were able to derive
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Figure 2.5: Andreev (A, blue) and ordinary (B, orange) re
ection amplitudes vs incident
electron energy for SIN junctions with varying barrier strengthsZ . As the barrier strength
increases, ordinary re
ection becomes the dominant process.
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the resulting tunneling characteristics for a �nite-barrier Josephson junctions. In the normal

channel, electrons can undergo a series of Andreev re
ections from the NS interfaces. Because

of this, the tunneling theory is called Multiple Andreev Re
ection (MAR) theory [34].

More explicitly, the junction is modeled as a superconductor region (I), followed by a

normal region (II), a partially transmissive barrier, then a second normal region (III), and

�nally a superconductor region (IV) (Fig. 2.7). When an electron within the barrier is

incident on a superconducting electrode (II! I or III ! IV) the process has a complex

re
ection amplitude

a(E) =
1
�

8
>><

>>:

E � sgn(E)
p

E 2 � � 2; jE j > �

E � i
p

� 2 � E 2; jE j < �
(2.36)

where E is the energy of the electron relative to the Fermi-energy, and � is the supercon-

ducting energy gap of the relevant electrode. This is simply Andreev re
ection at an NS

interface.

The center barrier (II $ III), is characterized by a scattering matrix

Sel = S�
h =

0

B
@

r t

t � r � t=t �

1

C
A (2.37)

where the transmission amplitude,t, squared is the transmission probability,D, of the link

jtj2 = D and jr j2 = 1 � j tj2 is the re
ection probability. The Andreev re
ection process in

Eq. 2.36 and the ordinary re
ection process from Eq. 2.37 (see Fig. 2.6) must be satis�ed

with a self-consistent wavefunction.

Writing the total wavefunction using the planewave ansatz

 =

8
>><

>>:

P
n Aneikx + Bne� ikx ; Region II

P
n Cneikx + a2n+1 Dne� ikx ; Region III

(2.38)
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Figure 2.6: The two processes involved in MAR theory. Solving both simultaneously yields
the current due to MAR processes. The incident electron (black) can have two outcomes
(grey) for each process. Top : ordinary scattering o� a tunnel barrier characterized by
scattering matrix Sel. An electron incident on the barrier from the right can be re
ected as
an electron with probability jr j2 or transmitted as an electron with probability jtj2. Bottom :
Andreev re
ection at an NS interface characterized by amplitudea(E). The electron can
be transmitted into the superconducting electrode with probability 1� a(E) if it has energy
above the superconducting gap. The electron can also be re
ected as a hole with opposite
energy and momentum with probabilitya(E), adding a Cooper pair to the superconductor
(orange pair).
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where the sum is taken over the number of re
ectionsn, with V as the applied voltage across

the junction, and an = a(E + neV) adjusts the amplitude of the counter-propagating wave

to account for Andreev re
ection o� the barrier. Averin and Bardas then used the scattering

matrix to get a recursive relationship between the wave amplitudes of di�erentn. The series

can be truncated at some �nite nmax and recursively solved for the coe�cients given the

superconducting gaps of each electrode and the applied voltage.

With the wavefunctions solved, the probability current densityj (E; t ) = �h=2mi ( � r  �

 r  � ) can be calculated with electron mass, m, yielding the current 
owing to the left as

I L (t) =
em

2� �h2k

Z 1

�1
j (E; t )f R(E; T )dE (2.39)

Heref R is the distribution function of the electrons in the right electrode. Combining the left

and right 
owing currents allowed Averin and Bardas to write the total current in Fourier

components

I (t) =
X

K

I K ei 2KeV t= �h (2.40)

whereI K is

I K =
e

� �h

�
eV �K 0 �

Z 1

�1
dE tanh(E=kbT)

� p
1 � j a0j2

�
a2K A �

K + a� 2K A � K
�

(2.41)

+
X

n

(1 + a2na�
2(n+ K ))(AnA �

n+ K � BnB �
n+ K )

� �

The DC current is the 0th Fourier component,K = 0. Detailed derivation of the current

characteristics for asymmetric gapped junctions are similar and can be found in work by

Liao [51].

These IV curves di�er from the Gaiever tunneling result, showing �nite current steps

at biaseseV = � R;L =n for integer n. These current steps have a height proportional to

the junction transparency,D, and the number of re
ections,n. The superconducting gaps
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Figure 2.7: Example theoretical, normalized current-voltage characteristics for BCS theory
(blue) and MAR theory (orange) for a tunnel junction with asymmetric gaps (�R = 0:75� L ).
A junction transparency of D = 0:1 was used for the MAR simulation. While the Gaiever
theory has exponentially small current in the subgap, the MAR processes yields �nite current
steps at integer fractions of the individual superconducting gaps. Only the �rst step of each
electrode is visible here with straight scale at low transparencies. Inset: the four regions
of the junction used to model MAR e�ects. Regions I and IV are the superconducting
electrodes. The junction barrier consists of two normal regions (II and III) with a �nite
transmitting barrier separating them.
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� R;L , junction transparency D, electron temperature,T, and normal tunneling resistance,

Rn , completely determine the tunneling characteristic in this model.

2.4 Cooper Pair Tunneling

Despite Bardeen's initial incredulity, Cooper pairs in a superconductor can tunnel across a

thin barrier. I will outline some of the relevant measurable behaviors of the supercurrent

given by this pair tunneling.

2.4.1 Josephson Relations

The tunneling process of pairs results in the following physics known as the Josephson

relations [52, 53]

I S = I C sin' (2.42)

d'
dt

=
2e
�h

V (2.43)

Here the DC Josephson relation, Eq. 2.42 says the lossless supercurrent through the tunnel

junction is proportional to the sine of the di�erence of the phase of the superconducting

wavefunction across the junction,' , times a maximum critical current, I C . For a constant,

non-zero' , the junction will experience a supercurrent even with no applied voltage. Eq.

2.43, the AC Josephson equation, states the phase di�erence across the junction evolves pro-

portional to the voltage across the junction. These relations are important in understanding

the physics of a superconducting qubit circuit.

2.4.2 P(E) Theory

Cooper pairs can interact with the environment when tunneling across the junction. P(E)

theory describes inelastic Cooper pair tunneling across a junction [54]. The theory describes
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charging in Coulomb blockade measurements [55] and critical current measurements in small

junctions [54]. For a given electromagnetic environment for a tunnel junction, theP(E)

function describes a tunneling Cooper pair which emits energyE to the environment and is

calculated

P(E) =
1

2� �h

Z 1

�1
exp

�
J (t) +

i
�h

Et
�
dt (2.44)

whereJ is the phase correlation function. Given this function, the supercurrent characteristic

is given by

I (V) =
� �hI 2

C

4e
[P(2eV) � P(� 2eV)] (2.45)

where I C is the critical current of the junction decoupled from the environment [54, 56].

Ingold and Grabert [54] rearranged the emission probability into a more useful form

P(E) = I (E) +
Z 1

�1
K (E; ! )P(E � �h! )d! (2.46)

whereI is the inhomogeneity of the total circuit (junction plus environment) corresponding

to the Lorentzian P(E) of an ohmic environment at high temperatures.

I (E) =
1

� �h
D

D 2 + ( E=�h)2
(2.47)

whereD = ( �k B T=�h)(Re Z(0)=RQ) is the magnitude of the asymptotic, ohmic behavior of

the junction, with the DC resistance ReZ(0), and the resistance quantum,RQ = h=2e2. K

is the integral kernel

K (E; ! ) =
E=�h

D 2 + E 2=�h2 k(! ) +
D

D 2 + E 2=�h2 � (! ) (2.48)

where

k(! ) =
1

1 � e� �h!=k B T

ReZ(! )
RQ

�
kB T
�h!

ReZ(0)
RQ

(2.49)

and � is the Laplace transform ofk.
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For a given a rf-environment, the kernel can be calculated for arbitraryE. Then Eq. 2.46

can be solved numerically starting from the initial guessP(E) = I (E) until relative correc-

tions from the last term in Eq. 2.46 become small. Finally, the current can be calculated

from Eq. 2.45 using theP(E) calculated.

2.4.3 SQUIDs

A DC Supercondcuting QUantum Interference Device (SQUID) consists of two Josephson

junctions in parallel forming a SQUID loop. The superconducting loop must be threaded

by an integer number of 
ux quanta, n� 0 = nh=2e, resulting in a circulating current and

generating an interference in the phase di�erence between the two junctions [57].

In this dissertation, I used an applied magnetic 
ux to suppress the critical current

measured across the SQUID. For an ideal, symmetric DC SQUID with� = 2LI C;0=� 0 � 1,

the critical current is modulated by the external 
ux through the SQUID loop by

I C = 2I C;0

�
�
�
�cos

�
�

� ext

� 0

� �
�
�
� (2.50)

whereI C;0 is the critical current of one of the junctions in the loop.
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Chapter 3

Qubit Theory

3.1 Qubit Basics

A qubit is composed of a two-level system which can be put in a quantumsuperposition. To

be useful in quantum computation it must also be able to beentangledwith other qubits.

The two levels are calledj0i (the ground state) and j1i (the excited state). An arbitrary

single qubit state can then be written as

j i = � j0i + � j1i = cos(�=2) j0i + sin( �=2)ei� j1i (3.1)

where � and � are complex amplitudes which are normalized (j� j2 + j� j2 = 1). The state

can also be parameterised with two angles�; � , where� 2 [0; � ] and � 2 [0; 2� ].

The qubit state can be represented on the Bloch sphere (Fig. 3.1) where� is the polar

angle and� is the azimuthal angle for the polar coordinates representing the sphere andj0i

is the north pole of the sphere whilej1i corresponds to the south pole [58].

30



Figure 3.1: Bloch sphere with a superposition qubit state in green. This state is characterized
by the two angles� and � shown.
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3.2 Qubits from Superconducting Circuits

Superconducting circuits are one platform to implement a qubit as described above. Here I

derive the Hamiltonian for the transmon, a common superconducting qubit that I used for

my qubit measurements.

3.2.1 Resonant Circuits

An inductor with inductance L and capacitor with capacitanceC connected together forms

a simple circuit that can exhibit quantum properties (Fig. 3.2a) [59{61]. The circuit follows

the di�erential equations

v = q=C (3.2)

v =
dI
dt

L (3.3)

with I = �
dq
dt

(3.4)

with v being the voltage across the capacitor or inductor andI being the current in the

circuit, which can be simply rearranged into the second-order di�erential equation for an

undriven, undamped resonator
d2q
dt2

LC + q = 0 (3.5)

The solutions areq(t) = q0e� i! r t where ! r = 1=
p

LC is the resonant angular frequency of

the circuit which is half the rate the capacitor and inductor exchange energy in the circuit.

Initial charge q0 depends on the initial conditions of the resonator.

The total energy stored in the LC circuit can be written in terms of the inductor 
ux

� = IL as

E =
q2

2C
+

� 2

2L
(3.6)

Note that the charge,q, is the canonical momentum associated with the 
ux coordinate �.

At this point, the charge and 
ux can be promoted to quantum operators and the system
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Hamiltonian can be written [62]

Ĥ r =
q̂2

2C
+

�̂ 2

2L
: (3.7)

Considering the circuit in terms of total excitation number is more useful when coupling

multiple bosonic systems (e.g. coupling the resonator to a qubit) [63]. Therefore, next

non-Hermitian operators are introduced

â = q̂

r
1

2C
+ i �̂

r
1

2L
(3.8)

ây = q̂

r
1

2C
� i �̂

r
1

2L
(3.9)

which are the lowering and raising operators, respectively. Next, by writing ^q and �̂ in terms

of these new bosonic operators, the Hamiltonian can be diagonalized

Ĥ r = ! r (âyâ + 1=2) = �h! r (n̂ + 1=2) (3.10)

where the energy is clearly proportional to the number of photons in the resonator given by

n̂. The remaining 1/2 term corresponds to vacuum 
uctuations in the QSHO, which will

give only a relative energy o�set when looking at an uncoupled resonator.

A superconducting microwave resonator can be cooled to its ground state in a dilution

refrigerator with base temperature,Tsys � 20 mK

� E = �h! r = �h=
p

LC � h � 5 GHz = kB � 240mK > k B Tsys (3.11)

3.2.2 Josephson Junctions in Circuits

While a QSHO can exhibit interesting quantum behavior, the equal spacing of the energy

levels makes isolating only two levels to form a qubit di�cult in this system. However, this

can be remedied by adding some non-linearity to the circuit. In superconducting circuits,
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Figure 3.2: Circuit diagrams of a resonator and transmon. a) Linear LC oscillator with an
inductor and capacitor in parallel. b) Transmon qubit. Similar to the LC resonant circuit
but with the inductor replaced by a Josephson Junction. The junction functions as a non-
linear inductor with e�ective inductance depending on total current. c) Quantized energy
levels of the LC oscillator with equal spacing, �h! r between all energy levels. d) Energy levels
of the transmon. Here the non-linearity of the junction give a �nite anharmonicity between
! 01 and ! 12 = ! 01 � � . The di�erence in energy level spacing allows any chosen two levels
to be addressed as a qubit.
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this non-linearity comes from the physics of Cooper pair tunneling in a Josephson tunnel

junction [53]. Rewriting the Josephson relations de�ned in section 2.4.1, these equations can

be combined to get the Josephson inductance,L J . Taking the time derivative of the DC

Josephson relation and using the AC Josephson relation ford�=dt yields

dI
dt

= I c cos�
d�
dt

=
2�I c

� 0
cos� V = V=LJ (3.12)

where I c is the junction critical current, � 0 = h=2e is the superconducting magnetic 
ux

quantum, and I; V; � are the current, voltage, and superconducting phase di�erence across

the junction respectively. The remaining terms in Eq. 3.12 can be written as an inductance

because the current derivative of a junction depends on the voltage bias, similar to an

inductor. Note that, the magnitude of this inductive term depends on the phase di�erence

and can take a di�erent value at larger currents. This results in a circuit element with

non-linear inductive behavior. Combined with a capacitor, a non-linear oscillator is formed.

Rearranging the Josephson relations again, the Josephson energy can be calculated

UJ =
Z

IV dt =
� I c� 0

2�
cos� �

I c� 0

2�
(� 1 + � 2=2 � � 4=4) (3.13)

the cosine potential energy has been expanded to fourth order in� , showing that to lowest

order, the potential energy of the junction is identical to a physical inductor while higher

order corrections will give the transmon �nite anharmonicity between levels (Fig. 3.2).

3.2.3 Transmon Hamiltonian

A transmon consists of a Josephson junction and a capacitor in parallel. This is the same

circuit as an unbiased phase or charge qubit. Initial charge qubits, such as the Cooper pair

box, showed quantum coherence [12, 64], but were extremely sensitive to o�set drift and

1=f charge noise [65, 66]. To mitigate the e�ect of charge noise on the qubit, Koch,et al.

proposed the transmon qubit by adding a large shunting capacitor to the Cooper pair box
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[67].

The Hamiltonian of transmon circuit can be written

Ĥq =
(q̂ � qg)2

2C
�

I c� 0

2�
cos�̂ (3.14)

=
2e2

C
(n̂ � ng)2 �

I c� 0

2�
cos�̂ (3.15)

= 4EC (n̂ � ng)2 � EJ cos�̂ (3.16)

wheren̂ = q̂=2e, charge number operator, gives the number of Cooper pairs on one capacitor

plate of the transmon,EC = e2=2C is the single-electron charging energy, andEJ = I C � 0=2�

is the junction tunneling energy. Additionally, the gate charge,qg, and gate charge number,

ng = qg=2e, are continuous charge o�sets, historically controlled with bias gates. Nowng is

a slowly varying parameter determined by the charge environment near the transmon. The

transmon's tunneling energy is determined physically by the junction's critical current while

the charging energy is determined by the total capacitance of the circuit.

Written from the circuit representation, the transmon Hamiltonian, Eq. 3.16, involves

terms in both the phase,�̂ , and charge number, ^n, bases. However, the charge and phase

are a conjugate pair of variables, allowing the Hamiltonian to be written in the phase basis

Ĥq = � 4EC (i
@

@̂�
+ ng)2 � EJ cos�̂ (3.17)

Now that the Hamiltonian is expressed in a single variable, the transmon eigenstates

can be found by solving the time-independent Schr•odinger equation. By rotatinĝHq such

that ng = 0, the solutions become Mathieu functions [68], special functions which also arise

in the mathematics for inverted pendulums, train-track stability, and elliptical bongos [69].

The eigenenergies for the system are Mathieu characteristic numbers,ak(� 2EJ =EC ), where

k is a counter specifying the set of solutions for a givenng [68]. This solution is useful for

obtaining exact transmon energy spectra.

36



If one wants to avoid these elegant but complex mathematics,̂Hq can be written instead

in the charge basis,

Ĥq = 4EC (n̂ � ng)2 � EJ =2
X

n

jni hn + 1j + jn + 1i hnj (3.18)

Eq. 3.18 has quadratic charging energies diagonal in ^n and hopping terms adjacent to

the diagonal given by half the tunneling energy. For a device withEJ =EC � 1 (known as a

Cooper pair box, an early superconducting qubit), the eigenstates have signi�cant population

in only a few charge levels so it is possible to truncate Eq. 3.18 tojngj < 10 [12, 64]. However,

due to the the transmon's low charging energy, truncation atjngj < 80 must be used for

accurate calculations.

By numerically diagonalizing Hq in the charge basis using SCQubits [70], the energy

spectrum vs. o�set charge in Fig. 3.4 is shown forEJ =EC = 2; 10; and 50. For lowerEJ =EC

values the energies depend strongly onng. The change in energyE01(ng = 0) � E01(ng = 1=2)

de�nes the charge dispersion for a transmon. Small changes in background charge can shift

the qubit energy levels, causing dephasing proportional to the charge dispersion (see 3.6.2).

From asymptotics of the Mathieu functions, the charge dispersion is exponentially suppressed

with increasing EJ =EC motivating the transmon regime for charge qubits [67].

In the transmon regime with EJ =EC > 20� 50, the cosine potential is large leading to

strongly localized phase for transmon eigenstates. The lowest energy eigenstate stays trapped

in the cosinusoidal well shown in Fig. 3.3a. Conversely, the charge number is delocalized

and eigenstates can have contributions in a large range of charge numbers (Fig. 3.3b).

3.2.4 Diagonalizing the Transmon

For further analytical work on the transmon, it is useful to introduce transmon raising (by)

and lowering (b) operators similar to Eq. 3.8 for the simple harmonic oscillator. Following
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Figure 3.3: a) Transmon eigenstates in the phase basis. Shown are the wavefunctions as
functions of the phase di�erence,� , o�set by the level's energy. Also shown is the cosine
potential which results in anharmonic energy levels.b) The absolute value of the �rst two
eigenstates in the charge basis with the amplitudes at each integer charge.

Figure 3.4: Charge qubit spectrum normalized byE01 vs. ng for di�erent EJ =EC ratios.
As this ratio increases, the charge dispersion within a given level decreases exponentially.
The transmon qubit has largeEJ =EC on the order of the right-most plot to decrease charge
dispersion.
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[60, 63]

b̂y =
1
2

�
EJ

2EC

� 1=4

�̂ + i
�

2EC

EJ

� 1=4

n̂ (3.19)

b̂=
1
2

�
EJ

2EC

� 1=4

�̂ � i
�

2EC

EJ

� 1=4

n̂ (3.20)

�̂ =
�

2EC

EJ

� 1=4

(b̂+ b̂y) (3.21)

n̂ =
i
2

�
EJ

2EC

� 1=4

(b̂� b̂y) (3.22)

Here the hats on theb operators have been dropped for convenience. Performing a Taylor

expansion on the cosine term inHq (Eq. 3.16) to fourth order in �̂ gives

Ĥq � 4EC (n̂ � ng)2 +
EJ

2
�̂ 2 �

EJ

24
�̂ 4 (3.23)

=
p

8EJ EC (byb+
1
2

) �
EC

12
(by + b)4 (3.24)

�
� p

8EJ EC � EC

�
(byb+

1
2

) �
EC

2
bybybb (3.25)

= �h! q(byb+
1
2

) �
�
2

bybybb (3.26)

In Eq. 3.24, the quartic term was expanded and the rotating-wave approximation (RWA)

was used to drop number non-conserving terms, each term was normal ordered resulting in

Eq. 3.26. For details see C.2.

In Eq. 3.26 the transmon frequency and anharmonicity are approximated using typical

transmon limit formulas

�h! q �
p

8EJ EC � EC ; � = ( E2 � E1) � (E1 � E0) � � EC (3.27)

In the transmon limit, the charge dispersion can be approximated from Mathieu asymp-
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totics as

� m = Em (ng = 1=2) � Em (ng = 0)

= ( � 1)mEC
24m+5

m!

p
2=�

�
EJ

2EC

� m=2+3 =4

e�
p

8EJ =EC (3.28)

The motivation for going to the transmon regime is the exponential suppression of the charge

dispersion inEJ =EC at the expense of slowly decreasing anharmonicity [67]. The results in

Eq. 3.27 and Eq. 3.28 are approximations in theEJ =EC � 1 limit so more accurate results

from the Mathieu solutions [68] or numerical diagonalization [70] are often needed.

3.3 Controlling the Qubit

A microwave drive at (or near) the qubit frequency was used in order to perform operations

and characterizations on a qubit device. The Hamiltonian formalism for a qubit drive is

presented here.

3.3.1 Hamiltonian of a Driven, Multi-level Transmon

A multi-level transmon with an applied classical drive at frequency! d has the Hamiltonian

H = HJ + HD = �h
X

j

! j jj i hj j +
�h
 q

2
(bei! d t + bye� i! d t ) (3.29)

where the undriven Hamiltonian is written in terms of the transmon eigenstatesjj i at

eigenenergies �h! j (e.g. ! 1 � ! 0 = ! q and ! 2 � ! 1 = ! q � � ). The drive strength is character-

ized by the rate of Rabi 
opping, 
 q, caused by the qubit drive and the expectation values

of the ladder operatorsb; by on the di�erent transmon levels.

Eq. 3.29 is rotated into the frame of the drive by applying a time-dependent unitary

40



transformation

U = ei! d t
P

j j j j ihj j (3.30)

which yields for a resonantly driven transmon

H 0 = �h
X

j

(! j � j! d) +
�h
 q

2
(b+ by) (3.31)

(see C.3 for details).

3.3.2 Phase Control of the Qubit Drive

In the previous section 3.3.1, a continuous qubit drive was modeled. In many applications,

short microwave pulses with controlled amplitude and phase are applied to control the qubit.

In this case, Eq. 3.31 can be generalized following [61] in the lab frame

Hd =
�h
 q

2

�
I (t)(bei! d t + bye� i! d t ) + Q(t)(bei! d t � bye� i! d t )

�
(3.32)

whereI; Q are the in-phase and out-of-phase time dependent drive amplitudes and Eq. 3.33

approximates the transmon as a two level system. In the frame of the drive

H 0
d =

�h
 q

2

�
I (t)(b+ by) + Q(t)(b� by)

�
=

�h
 q

2
(I (t)� x + Q(t)� y) (3.33)

This formalism will be used to treat pulse shaping and phase error pulse correction 7.5.2.

3.4 Coupling the Qubit to a Cavity

The �eld of circuit quantum electrodynamics (cQED) was adapted from the AMO �eld of

cavity quantum electrodynamics (cavity QED). In cavity QED an atom was dropped into

an optical [71] or microwave [72] cavity and the properties of the atom were probed optically

via photons stored inside the cavity.
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Circuit QED encompasses much of the same physics, but implemented in mesoscopic

superconducting circuits [63, 73]. In cQED a superconducting resonator (section 3.2.1) or

cavity is used in place of the optical cavity. The resonator is then coupled to the arti�cial

atom, a.k.a. the transmon qubit (section 3.2.3).

3.4.1 Jaynes-Cummings Hamiltonian

In many applications, cQED architecture is used to perform non-demolition qubit readout.

This is achieved by capacitively coupling a transmon to a resonator resulting in the coupled

Hamiltonian

HJC = H r + Hq + H I (3.34)

= �h! r (aya +
1
2

) + �h
X

j =0

! j jj i hj j + �h
X

i;j

gi;j
�
ji i hj j + jj i hi j

�
(a + ay) (3.35)

where the interaction term models the interaction between the qubit and resonator [59, 60].

The resonator is approximated as a single oscillator mode with frequency! r .

To further simplify, Eq. 3.26 is used to approximate the transmon levels. Additionally,

coupling to only adjacent levels is assumed (see discussion of Eq. 3.46) and the rotating

wave approximation is applied and terms which do not conserve photon number are dropped

giving a simpli�ed

HJC = �h! r (aya +
1
2

) + �h! qbyb+
EC

2
bybybb+ �hg(aby + ayb) (3.36)

Here the transmon Hamiltonian is written in the basis of transmon eigenstates. The inter-

action term represents the swapping of photons between the transmon and resonator when

the two systems are resonant.

Often, it is convenient to consider only the �rst two levels of the transmon, approximating

the device as an ideal qubit. In this case only terms up toj = 1 are kept and rewritten in
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terms of Pauli matrices, giving

H = �h! r (aya +
1
2

) +
1
2

�h! q� z + �hg(a� + + ay� � ) (3.37)

Here � � = � x � i� y.

This Hamiltonian is block diagonal in 2x2, equi-excitation blocks, with all other elements

0. For a �xed excitation number n, the block can be diagonalized to �nd the dressed energies

E g;n = �hn! r �
�h
2

q
(! r � ! q)2 + 4ng2 (3.38)

E e;n� 1 = �hn! r +
�h
2

q
(! r � ! q)2 + 4ng2 (3.39)

where a constant o�set of! r =2 has been dropped.

3.4.2 Dispersive Jaynes-Cummings

Typical cQED devices operate with large detuning! r � ! j � g. In this limit the Hamiltonian

can be expanded perturbatively ing=� where � = ! q � ! r [63]. The formal method for

going about this diagonalization is using the Schrie�er-Wol� transformation [60, 74]. Details

can be found in C.5.

Diagonalizing the block-diagonal JC Hamiltonian, Eq. 3.37, gives the dispersive Jaynes-

Cummings Hamiltonian

H = �h(~! r + �� z)aya +
�h
2

~! q� z (3.40)

= �h~! r aya +
�h
2

(~! q + 2�a ya)� z (3.41)

where ~! r = ! r � � 12=2 is the dressed cavity frequency and ~! q = ! q + � 01 is the dressed qubit

frequency with � ij = g2
ij =(! r � ! ij ) [75]. The term �h�� zaya is the dispersive interaction
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between the cavity and qubit. In Eq. 3.40 this interaction causes a shift in the cavity

frequency by 2� dependent on the qubit state. This shiftforms the basis for cQED qubit

readout (section 7.2).

In Eq. 3.41, the interaction term is grouped with the qubit, showing that the qubit

frequency is shifted by 2� for each photon in the coupled cavity. This can lead to cavity

photon dephasing (section 3.6.3) in the qubit if the number of cavity photons 
uctuates

(e.g. from thermal noise photons), but also provides a method to measure the cavity photon

number [63, 76]. Interestingly, during cQED experiments, both the dressed and bare cavity

frequencies are regularly measured, but only the dressed qubit frequency is measured.

In the dispersive limit, the dressed eigenvectors can be written

jg; ni = jg; ni �
p

ng
�

je; n � 1i (3.42)

�
�e; n � 1

�
= je; n � 1i +

p
ng

�
jg; ni (3.43)

which can be understood as mainly the qubit (cavity) states perturbed by a small amount

of the cavity (qubit) state.

3.4.3 Higher order � shifts

The Schrie�er-Wol� transform can be generalized as [77, 78] to the multi-level transmon and

obtain the following

H = �h! r (aya +
1
2

) + �h
X

j =0

(! j + � j ) jj i hj j + �h
X

j =0

� j aya jj i hj j (3.44)

The �rst term is the Hamiltonian for the bare resonator. The second term is the transmon

Hamiltonian with Lamb shift � k =
P

j =0 � jk . The �nal term is the interaction Hamiltonian

between the transmon and resonator which can be seen as a shift on either the transmon or

resonator frequency. The frequency shift on the resonator from the transmon'sj th state is
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given by

� j =
X

k=0

(� jk � � kj ) (3.45)

where� jk = g2
jk =� jk and � jk = ( ! j � ! k) � ! r [78].

While it is often su�cient to take the harmonic approximation such that

gjk =

8
>><

>>:

p
j + 1; if j � k = 1

0; otherwise
(3.46)

it is more accurate to note that for a resonator capacitively coupled to a transmon, this

g comes from matrix elements in the charge basis. So while the approximation is close

and transitions betweenj and j � 2n are forbidden for integern, the matrix elements

between states di�ering by odd numbers are �nite. This can lead to signi�cant changes to

the dispersive shifts from Eq. 3.45 when the relevant detunings (e.g. �j;j +3 ) are small. An

example of the higher order� shifts a�ecting qubit measurement and readout is given in

section 7.2.1.

3.5 Density Matrix Formalism

In this section the density matrix will be introduced as a tool modeling for loss in a qubit.

When considering ensembles of quantum states (e.g. repeated measurements) and decoher-

ence, the density matrix formalism provides a generalization of the qubit state vector, Eq.

3.1.

Any ensemble of quantum states can be expressed as

� =
X

i

pi j i i h i j (3.47)

wherepi is the probability of the system having quantum state i [79]. The density matrix
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for a qubit in a pure state (Eq. 3.52) is given by

j i h j =

0

B
@

j� j2 �� �

� � � j� j2

1

C
A (3.48)

The expectation value of operatorA for a general density matrix istr (�A ). With these two

properties, it is possible to evaluate

tr (� ) =
X

i

pi tr (j i i h i j) =
X

i

pi = 1 (3.49)

which is the �rst property of a density matrix: the trace of the density matrix is 1.

The expectation value of an arbitrary statej' i

h' j � j' i =
X

i

pi jh' j i ij
2 � 0 (3.50)

A density matrix is a positive operator (i.e. all eigenvalues are positive).

Finally looking at the square of the density matrix,

tr (� 2) =
X

i

p2
i j i i h i j i i h i j =

X

i

p2
i (3.51)

tr (� 2) = 1 if f 9j : pj = 1 and pk6= j = 0 (3.52)

Where Eq. 3.51 has� written in its eigenbasis. This property quali�es that � represents a

pure state if and only if the tr (� 2) = 1.

3.5.1 Bloch-Red�eld Decoherence

Wangsness, Bloch, and Red�eld developed a formalism for noise a�ecting a qubit [61, 80{

82]. Under this model, when the qubit is coupled to a noisy thermal bath with no long-term

correlations, the decoherence of the qubit can be modeled byT1 and T� error processes. The
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T1 errors are called relaxation errors and correspond to a� x operation on the qubit from

the environment. Noise sources which can spontaneously absorb (emit) a photon from (to)

the qubit will relax (excite) the qubit unexpectedly and cause aT1 error. Dephasing errors,

or T� errors, correspond to� z operations removing coherence from the qubit. Noise sources

which adjust the qubit frequency will giveT� errors. The coherence of a qubit state can

be e�ected by both relaxation and dephasing errors which in total are calledT2 coherence

errors.

The total density matrix for a single qubit state starting in a pure state and under the

e�ects of Bloch-Red�eld decoherence is

� (t) =

0

B
@

1 + ( j� j2 � 1)e� � 1 t �� � e� � 2 t

� � �e � � 2 t j� j2e� � 1 t

1

C
A (3.53)

where the diagonal terms decay to thej0i state at a rate � 1 and the o�-diagonal coherences

decay away at a rate �2 = � 1=2 + � � [61]. If desired, this time-dependent density matrix

can be derived from the master equation dynamics explained below in section 3.5.2.

3.5.2 Master Equation Dynamics

When considering evolution of the density matrix with decoherence, I used the Lindblad-

Kossakowski master equation which states that the density matrix evolves according to its

commutator with the Hamiltonian and completely dissipative operators [75, 83, 84]

i �h
@�
@t

= � [�; H ] + L [� ] (3.54)

where the Liouvillian super-operator,L , gives the dissipation dynamics of a jump operator,

A, by

L [� ] = � A

�
A�A y �

1
2

AyA� �
1
2

�A yA
�

(3.55)
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where the loss rate due to the given jump operator is �A . For example,T1 relaxation errors

in a qubit can be accurately modeled as this formalism and� � as the jump operator. For

an excellent review of Lindblad-Kossakowski evolution in a qubit, see [85].

3.6 Qubit Decoherence

Any physical quantum system will be coupled to its environment. These couplings provide

loss channels where information or excitations can leave or enter the computational subspace.

In this section commonly considered loss mechanisms for superconducting qubits will be

considered.

3.6.1 Purcell E�ect

Originally described by Edward Purcell [86], coupling a two level system to a resonator can

enhance the spontaneous emissions rate by e�ectively increasing the density of states which

the system can decay into. In this case, the interaction between the qubit and the cavity

provides a relaxation pathway for the qubit increasing its spontaneous emission rate. The

interaction here is aT1 relaxation rate for a transmon coupled to a cavity. Here two quick

derivations of the standard dispersive limit Purcell decay approximation commonly used

will be presented. The �rst uses Fermi's golden rule for an intuitive approximation. The

second presents a more formal operator derivation. Finally, I brie
y discuss the limitations

of analytical Purcell loss calculations.

Derivation from Fermi's Golden Rule

The rate the transmon qubit will relax from the excited to ground state due to interaction

with the cavity (section 3.4.2) can then be written simply from Fermi's golden rule

� a
eg =

2�
�h

N (! )
�
�h0; gj � â

�
�0; e

� �
�2

(3.56)
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Here N (! ) is the density of states of the bath which the resonator relaxes into and� is the

coupling strength between the resonator and the bath. Here, the cavity has a decay rate

� = 2�= �hN (! )j� j2 [63].

Starting from the Eq. 3.34, the dressed eigenstates (Eq. 3.42) for a single excitation are

written

�
�g;1

�
= jg;1i �

g
�

je;0i (3.57)

�
�e;0

�
= je;0i +

g
�

jg;1i (3.58)

Therefore, in the dressed
�
�e;0

�
state, there is probability g2=� 2 of having 1 photon in the

cavity. This state decays with the rate� yeilding the Purcell relaxation rate

� a
ge = �

g2

� 2
(3.59)

Operator Derivation

For a cavity relaxing to a bath, the relevant operator isH � = � k � kacy
k = �a , lumping all the

bath dynamics (characterized byc operators) into a single coupling rate� . This relaxation

is in the uncoupled basis so it needs to be transformed into the dressed basis. Using the

Schrie�er-Wol� rotation in section C.5.1

U = eiS ; S =
g
�

(ay� � � a� + ) (3.60)

to transform H � with the Baker-Campbell-Hausdor� (BCH) formula.

H 0
� = H � + [ S; H� ] + ::: = � â �

g
�

�� � + ::: (3.61)
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Again, we're interested in

� � =
2�
�h

N (! )jh0; gj H 0
� j0; eij 2 (3.62)

�
2�
�h

N (! )� 2 g2

� 2
(3.63)

= �
g2

� 2
(3.64)

The �rst order correction is the main term that contributes in Fermi's golden rule. I have

notes calculating other terms to higher levels but it was not particularly informative or

di�cult, just tedious.

Limitations in a Physical Systems

The Purcell loss will have contributions from all the modes of a microwave cavity. In some

regimes, the multi-mode Purcell e�ect can be an important source of relaxation. However,

considering this naively, the parallel loss channels lead to a diverging loss rate and a more

careful analysis is required [60]. In a physically realized circuit, the loss can calculate �� =

Re[Y(! q)]=C� = 1=RC whereY(! q) = 1 =Z(! ) is the admittance of the circuit seen by the

transmon at the transmon's frequency. Often the admittance is simulated with a �nite-

element solver such as HFSS [87] including contributions up to the limit of the solver, then

the Purcell loss is calculated to con�rm a design is not limited by this loss mechanism (section

4.2.2).

3.6.2 Dephasing from Charge Dispersion

Section 3.2.4 examined how the transmon's charge dispersion, or how the transition fre-

quencies vary with o�set chargeng. Due to quasiparticle tunneling (section 3.6.4) and slow

background charge drifts,ng can change randomly. A transmon with largeEJ =EC , Eq. 3.28
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gives the frequency sensitivity tong as

d! q

dng
= � 1

�
�h

sin(2�n g) (3.65)

Fluctuations of ng can have 1=f behavior at low frequencies [61], and so for long times the

o�set charge will explore it's full periodic range with �n g > 1. Therefore a rough bound on

the dephasing becomes

T� <
1

� ! q
=

�h
� 1

(3.66)

while more complex modeling involving charge noise spectral densities can give tighter re-

sults.

3.6.3 Cavity Photon Dephasing

Another source of dephasing from the structure of cQED is cavity induced dephasing. From

Eq. 3.41, the qubit frequency is dependent on the number of photons in the cavity. The

total shift of the qubit frequency is given by

� ! q;Stark = 2�n (3.67)

wheren is the photon number in the cavity [88].

From this, the dephasing due to the cavity in the dispersive limit (� � �) is

� � �
4� 2

�
�n (3.68)

where � is the decay rate of photons in the cavity [61, 89]. Dephasing from cavity photons

makes it especially important to properly thermalize the cavity input lines [76, 88, 90].
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3.6.4 Quasiparticle Loss

Quasiparticles are excitations of the superconducting condensate (section 2.1). These quasi-

particles present another source of loss in a transmon device [91]. When a quasiparticle

tunnels across the transmon junction, the quasiparticle can absorb energy from the qubit,

causing relaxation from the excited state to the ground state (Fig. 3.5a). Additionally, at

higher temperatures, quasiparticles with energies well above the gap can emit a photon while

tunneling and excite the qubit. Together, these two e�ects give the quasiparticle relaxation

pathway for the qubit.

Following Catelani et al. [91], I assume equal superconducting gaps �1 = � 2 and that

the quasiparticles have a thermal distribution with temperature below the qubit frequency

kB T � �h! q � 2� 1. In this case the quasiparticle relaxation rate is

� 1! 0 =
�
�
�h0j sin

�
�̂= 2

�
j1i

�
�
�
2
Sqp(! 01) =

EC

�h! 01
Sqp(! 01) (3.69)

where Sqp is the quasiparticle tunneling noise spectrum. This formula can be used to �nd

the loss for an arbitrary distribution function given its noise spectrum.

Sqp can be written in terms of the quasiparticle density as

Sqp(! ) �
!
2�

�
2�
�h!

� 3=2

xqp (3.70)

wherexqp = nqp=2� 0� is the quasiparticle density normalized by the density of paired elec-

trons. � 1! 1 then simpli�es to

� 1! 0 =
Ec

2� �h

�
2�
�h!

� 3=2

xqp (3.71)

The quasiparticle noise spectral density can also be calculated with the junction tunneling
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at the qubit energy [92].

Sqp(! 01) =
e

2�
[I qp(�h! 01=e) + I qp(� �h! 01=e)] (3.72)

Equation 2.34 gives the net current across a junctionI net = I RL � I LR but can be modi�ed

to give the total current due to quasiparticle tunneling. For a single quasiparticle tunneling

through a low-transparency barrier,

I qp(V) = I RL + I LR (3.73)

=
1

eRn

Z 1

�1

jE � eVj
p

(E � eV)2 � � 2
R

jE j
p

E 2 � � 2
L

� [f R(E � eV; T) + f L (E; T ) � 2f R(E � eV; T)f L (E; T )]dE (3.74)

If quasiparticles are present in the electrodes, their tunneling should be suppressed in a

junction with asymmetric gaps whenj� R � � L j > hf 01 where the di�erence in supercon-

ducting gap energies, �R ; � L is greater than the qubit frequencyf 01. At low temperatures,

any quasiparticles present should have energy close the the gap energy. Therefore any qps

on the low-gap side require more thanhf 01 of energy to tunnel to the high-gap side of the

junction (Fig. 3.5b).

Modi�cations for other, more exotic tunneling processes such as Multiple Andreev Re-


ection (MAR) can be made to Eq. 3.73 to calculate the loss due to those processes.

3.6.5 Thermal Quasiparticles

Due to the non-zero operating temperature of the dilution refrigerator and environment

of the qubit, the qubit has thermally distributed quasiparticle excitations [37]. In thermal

equilibrium, quasiparticles lie near the gap edge and their density is exponentially suppressed

at low temperature.

With this new assumption, the thermal distribution of superconducting quasiparticles
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Figure 3.5: Energy gap diagrams of Josephson junctions.a) a typical junction with equal
superconducting gaps allows quasiparticles at the junction to tunnel across and absorb a pho-
ton from the qubit causing relaxation of the qubit state. b) In a gap engineered junction,
quasiparticles on the low-gap side require su�cient energy to tunnel to the high-gap side,
suppressing quasiparticle tunneling in the large di�erence limitj� 1 � � 2j > hf 01. Quasipar-
ticles will tend to accumulate in the low-gap side to minimize their energies.

can be written

xqp =
p

2�k B T=� e� � =kB T (3.75)

Plugging into Eq. 3.71 �nds that the relaxation rate can be expressed by

� 1! 0 =
2EC �

�h

s
kB T

� (�h! )3
e� � =kB T (3.76)

It is worth noting the exponential decrease in relaxation rate with decreasing temperature.

In Al �lms at base temperature of the dilution refrigerator, 20 mK, the normalized thermal

quasiparticle densityxqp � 10� 51 and the expected relaxation time for a typical qubit due

to thermal quasiparticles far longer than the age of the universe.

3.6.6 Non-Equilibrium Quasiparticles

Quasiparticles in transmons have been hypothesized to come from many sources including

normal tunneling in Josephson junctions [93], IR radiation on the device [24{26, 94], cosmic

ray scattering in the chip [27, 95, 96], mechanical modes [97], and other excitations in the

system.
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No matter their source, these non-equilibrium quasiparticles will, by de�nition, have a

distribution di�erent from the thermal quasiparticles in Eq. 3.75. One popular modi�cation

is arrived at by assuming the quasiparticles reach a thermal distribution at an e�ective

temperature,T � , above the temperature of the thermal phonon bath [24, 26, 98]. This model

arises when pair-breaking phonons persist in the superconductor and limit the quasiparticle

density decay time [98]. For a general e�ective temperature,

n2
neqp = n2

thqp

�
T �

T

� 3
" Z 1

X �
G

x2

ex � 1
dx=

Z 1

X G

x2

ex � 1
dx

#

(3.77)

where X G = 2�( T)=kB T and X �
G = 2�( T � )=kB T � are the thermal and e�ective thermal

energies normalized. As long askB T � � � remains, this e�ective temperature de�nes a

non-equilibrium quasiparticle density

nneqp =
p

2�k B T � =�( T � ) e� �( T � )=kB T �
(3.78)

These densities are found to be much higher than expected thermal densities. Measured

quasiparticle densities,xQP , range from around 10� 9 [26] to 10� 5 [99] corresponding to 100

- 200 mK e�ective temperatures. An alternative model introduces a chemical potential,� ,

for the quasiparticles in the superconductor [100].

Additionally, if there is any gap asymmetry between electrodes on either side of the

Josephson junction, the quasiparticles can redistribute, giving complicated loss properties as

equilibrium is reached by the quasiparticles rearranging to the lower gap material [24, 25].

3.6.7 Two-Level System Loss

A �nal loss mechanism commonly considered in superconducting qubits is two-level system

(TLS) loss. Somewhat confusingly, both the qubit level system and this microscopic loss

mechanism are referred to as two-level systems. To di�erentiate, I will use the abbreviation
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TLS exclusively to refer to the loss source.

In dielectric materials and interfaces, the stored electric energy is partially lost due to

TLSs in the dielectrics [101, 102]. The loss from an ensemble of TLSs can be characterized

by the loss tangent of a given material

tan � =
Im (� )
Re(� )

(3.79)

where � is the complex permitivity constant of the dielectric material when electric �eld is

applied [103]. The loss tangent gives the portion of power lost due to energy stored in the

dielectric material meaning the dielectric loss for the device can be written as

� T LS = ! q

X

i

Pi tan � i (3.80)

where the sum is over all the lossy dielectrics in the system with participation ratiosPi

quantifying the portion of the energy stored in a given material. Normally, these include the

dielectric sapphire substrate, oxide interfaces of metal layers [104, 105], and even packaging

material [106].

Dielectric loss arises in low temperature dielectrics from two-level systems. A TLS can

be thought of as a charge moving in a double-well potential characterized by the energy

di�erence between the two trapped states and the energy of the tunneling barrier. From this

microscopic picture, Gao [107{109] derived the loss of an ensemble of TLSs as

� T LS = � T LS; 0
tanh(�h! q=2kB T)

q
1 + 


2
T1T2

= � T LS; 0
tanh(�h! q=2kB T)

q
1 + �E 2C tanh(�h! q=2kB T )

kB T

(3.81)

Here 
 is the Rabi rate of the TLS under the applied �eld, and T1 and T2 are the coherence

times for the TLS [110, 111], �E is the electric �eld strength, C is a coupling constant

between the qubit and TLS, and �T LS; 0 is the loss at zero temperature and �eld for the

TLS. This theory predicts a temperature and power dependence of the measured TLS loss.
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Measurements of low-loss resonators withQi > 105 do not follow the power dependence

in Eq. 3.81 so the power dependence is modi�ed with a weaker power dependence [109].

These changes to the model often have tenuous or no justi�cation making the details of TLS

loss models phenomenological. Non-linear behavior of quasiparticles has been proposed as

an alternative explanation for the measured power dependence of loss in superconducting

devices [112].
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Chapter 4

Device Design

The unparalleled 
exibility of superconducting qubits is one of the �elds greatest strengths,

enabling a wide range of circuits, experiments, and science. However, since a wide range

of cavities, qubits, couplings, readouts, controls, and more are possible, careful design work

must be done to ensure a given device is well suited for an experiment. A device designed

to test fast state readout will make a terrible design for testingT1 limitations whose design,

in-turn, would be terrible for testing 2-qubit gates. In this chapter, I cover the principles

of designing a 3D cavity-transmon system. I then discuss the design of the 3D transmons I

fabricated. Next I cover �nite element simulation of a 3D cQED architecture. Finally, I cover

black box quantization (BBQ) to extract simulated qubit parameters before any devices are

fabricated.

4.1 3D Transmon Design

A 3D transmon system cconsists of a transmon with large dipole moment placed in a 3

dimensional conducting cavity. Implementing cQED architecture in a 3D geometry has many

bene�ts including providing a high quality cavity for readout, a superconducting enclosure to

shield the qubit from electromagnetic �elds, and a large qubit electromagnetic mode volume

leading to dispersed electric �eld and lower TLS loss [113].
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4.1.1 Circuit Design

The circuit diagram for my 3D transmon devices is shown in Fig. 4.1a and resembles any

cQED transmon system [63]. The transmon consists of a capacitively shunted Josephson

junction coupled to a cavity. A coupling capacitorCg controls the coupling strength between

the transmon and resonator in the Jaynes-Cummings Hamiltonian (Eq. 3.36). The cavity is

modeled as a single mode resonator and is coupled to an input transmission line through an

input coupling capacitor, Cin , and an output transmission line through an output coupling

capacitor, Cout .

4.1.2 Cavity Design

In my physical system, an Al 3D cavity serves as the readout resonator (Fig. 4.1b). A 35 mm

by 20.5 mm by 5 mm cavity was machined out of 6063 Al. The lowest fundamental resonant

mode of the cavity is theTE101 mode at approximately 7.8 GHz [114].

To excite and measure the cavity, two SMA coupling ports were connected to the refriger-

ator wiring. The conducting center-pins of the non-magnetic SMA feed-through connectors

enter the cavity and form the coupling capacitors between the cavity and external transmis-

sion line.

A physical cavity has multiple resonant frequencies. For my qubit experiments, the cavity

was designed so the dominant interaction with the qubit was with the fundamental resonant

TE101 mode. Since the interaction between the qubit and a given cavity mode scales like

� / 1=(! i � ! q), this is accomplished by fabricating a transmon with transition frequency

below the �rst cavity mode, reducing the e�ect of higher modes.

A sapphire chip with the transmon device is placed in a slot in the center of the cavity.

The transmon pads create a dipole moment aligned with the cavity mode electric �eld. This

gives relatively strong couplingCg to the primary mode and also reduces coupling to higher

order modes with di�erent electric �eld con�gurations (e.g. the TE102 has a node at the

qubit position) [114].
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(a)

(b)

Figure 4.1: Circuit model (a) and photograph(b) of a 3D transmon. a) Transmon (blue)
consists of a Josephson junction (markedJJ ) and capacitor (Cq). Cavity is modeled as
a single mode LC resonator withL r and Cr . The transmon and cavity are coupled by
capacitanceCg. The cavity is coupled to an external transmission line via coupling capacitors
Cin and Cout . b) Al 3D cavity with transparent sapphire transmon chip in the center of the
right half and two coupling ports on the left half.
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4.1.3 Transmon Design

The design of a 3D transmon consists of two large pads forming the capacitor and a small

junction connecting the two pads (Fig. 4.2). For my transmon, the capacitor pads were

designed to haveEC=h � 190 MHz andg=2� � 100 MHz. These values were veri�ed by

simulation and previous device measurements [24].

The junction electrodes were designed to be 150 nm x 150 nm. The size is chosen to

be large enough for repeatable fabrication, but as small as otherwise possible to minimize

the number of anomalous two-level system in the junction [107]. Next, a desired transmon

transition frequency is chosen, usually between 2-6 GHz. This range is below the readout

cavity and far enough detuned to be in the dispersive regime (section 3.4.2). Qubits with

higher frequencies in this range will have larger readout signals and less charge dispersion of

the transmon levels, but lower frequency qubits have been found to have longer coherence

times [24, 115].

For a designedEC and qubit frequencyf q, the required EJ can be estimated from Eq.

3.27 asEJ � h(f q + EC )2=8EC . Using the Ambegaokar-Barato� relation for a symmetric

gap, low-temperature tunnel junction [116], the target normal-state resistance is given by

Rn =
�� 0

4eEJ
(4.1)

These approximations provide a good design target for fabrication. The qubit frequency

range of 2-6 GHz and �Al � 200 �eV corresponds to junction resistanceRn = 24 � 6 k
.

For the process outlined in section 5.3, this resistance range was achieved with an oxidation

dose of 10 - 100 mbar�min. In general, multiple rounds of test junctions should be fabricated

and measured because the oxygen dose's relation to junction resistance changes over time

due to uncertainties in control parameters.
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